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Anna Karlin and Shayan Oveis Gharan

Department of Computer Science

This dissertation demonstrates that there is an approximation algorithm for the metric trav-
eling salesperson problem (TSP) with approximation ratio below 3/2. This represents the first
improvement in nearly half a century, answering a long-standing open problem in combinatorial
optimization.

The algorithm we analyze, a variant of Christofides” 3/2 approximation from the 1970s,
exploits a distribution over spanning trees that has as much entropy as possible subject to obeying
certain marginal constraints. A key component of this work is to show that despite the inherent
unpredictability of such a distribution, the trees it produces nevertheless exhibit surprisingly
robust structural properties. To show these properties, we use that the generating polynomials of
these distributions have a zero-free region in the complex plane, allowing us to employ a suite
of tools coming from work on the geometry of polynomials. As a byproduct of our analysis, we
prove several new statements that sharply characterize the behavior of such distributions.

We also discuss several other results in network design, including a lower bound for this
algorithm, an optimal rounding algorithm for a special case of TSP, and improved algorithms for

the k-edge-connected multi-subgraph problem and the laminar thin tree problem.
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1 Introduction

One of the flagship optimization problems in computer science is the metric traveling salesperson
problem (TSP). Metric TSP is the following: given a list of cities and their pairwise symmetric
distances, find the shortest route that visits each city at least once and returns to the starting point.
Equivalently, given a weighted graph, we wish to find the shortest closed walk that visits every
vertex. In the following, we will call such closed walks TSP tours.

Figure 1: On the left, a graph in which all edge weights are equal to 1. On the right is a minimum
cost TSP tour. It has cost 11.

Metric TSP has been of practical use for as long as traveling salespeople existed. See, for
example, a note on designing practical TSP tours from 1832 discussed in [App+07]. And it is
of immense use today, as TSP models a large class of planning and decision problems. Many
companies use TSP to route and schedule their vehicles and airplanes; researchers at the NIH
use TSP solvers to construct maps related to genome sequencing; semi-conductor companies use
it to design chips and optimize drilling routes on circuitboards. Typically, these organizations
solve TSP to obtain a solution to the standard problem using approximation algorithms and then
modify it to satisfy additional application-specific constraints.

For theorists, though, TSP’s real utility comes from its ability to inspire exciting new mathe-
matics. It has played the role of mathematical muse: it sparked the use of linear programming
relaxations to model and solve non-convex optimization problems [DF]54], was one of the first
problems proved NP-Complete [Kar72], and was one of the first problems for which an approxima-
tion algorithm was developed [Chr76]. It also inspired local search techniques such as simulated
annealing [KGV83] and the field of average case analysis [BHH59]. To give you a sense of the
impact of these ideas, these five works collectively have roughly 80,000 citations and each created
research areas that are active to this day.

It is difficult to say why exactly TSP encourages so much new mathematics. One possibility
is that it is simply more studied than many other problems, perhaps because of its ubiquity in
real life: popping into the theorist’s head when they run errands or go on a road trip. However, I
think there is also something special about the mathematical structure of TSP: there is a global
constraint on the set of edges (that the output is connected) as well as a local constraint (that every
vertex has even degree), and — unlike many other problems — these local constraints cannot be
fixed locally.! This throws a wrench in algorithm design and makes many methods unusable,
prompting frustration and wonder in just the right ratio to hook the unsuspecting researcher. As
Christos Papadimitriou once said, “TSP isn’t a problem, it’s an addiction."

11f I have a connected set of edges, and a vertex is odd, my impulse might be to simply add an arbitrary edge to
that vertex to make it even. However, that edge might make another vertex odd. So, this local constraint also deals
with the global structure of the graph.



1.1 Approximation Algorithms

Optimization problems like TSP abound in the world around us. Unfortunately, many of those
routinely seen in applications are NP-Hard. In other words, unless P=NP, finding exact answers
to these questions takes exponential time. Therefore, we must often accept finding approximate
answers. Enter approximation algorithms:

For a minimization problem, we say an algorithm A is a (randomized) & approximation
algorithm if on every instance Z, the (expected) cost of A(Z) is at most a times the cost of
the optimal solution for Z.

In addition to providing worst-case guarantees and good approximate solutions quickly,
developing approximation algorithms helps us understand the core difficulties of solving NP-Hard
problems, illuminates their structure, and contributes to the algorithmic toolbox. Approximation
algorithms are the main focus of this thesis.

The golden standard in approximation algorithms is to find an algorithm with « very close to
1. In certain special cases, it is even possible to find an approximation algorithm with a =1 +¢€
for any € > 0 and running time polynomial in # and 1/€. For metric TSP, however, we know
that any polynomial time algorithm must obey a > 133 unless P=NP [KLS15]. However, we are
currently far from finding an algorithm with a guarantee so close to 1.

In the 1970s, Christofides and Serdyukov independently found the same beautiful 3/2 approx-
imation algorithm for metric TSP [Chr76; Ser78]. The algorithm, often taught in a first algorithms
course, is to find a minimum cost spanning tree T of the input graph and then add the minimum
cost matching on the odd degree vertices of T. The resulting graph is Eulerian and therefore has
an Eulerian tour, which is a TSP tour as it visits every vertex and returns to the starting point.?

Due to the algorithm’s simplicity, some researchers believed it would quickly be improved
upon. However that was not the case, and improving upon it remained open despite significant
work, e.g. [Wol80; SW90; BP91; Goe95a; CV00; GLS05; BEM10; BC11a; SWZ12; HNR17; HN19;
KKO20]. As stated by Bill Cook [Coo12]:

Christofides” algorithm first appeared in a Carnegie Mellon University research
report in 1976. At the time, the result seemed easy enough. Thirty years later, with no
improvements in sight, it no longer seems so simple. Indeed, it is a pressing problem
to find a polynomial-time approximation algorithm with « less than 1.5, capable of
handling all metric instances.

Case in point, it is at the top of a list of ten open problems in approximation algorithms in
Shmoys and Williamson’s textbook on the subject from 2011 [WS11].

The main result of this dissertation is to finally address this problem, albeit with an astronomi-
cally small improvement. In particular, I discuss joint work with my advisors Anna Karlin and
Shayan Oveis Gharan in which we show the following theorem:

Theorem 1.1. For some absolute constant € > 10~%, there is a deterministic 3 — € approximation
algorithm for metric TSP.

2If desired, this tour can be shortcut to a Hamiltonian cycle by assuming that the costs form a metric (as is the case
in metric TSP).



As discussed in Section 1.4 and summarized in the below Table 1, this also improves the best
known approximation algorithm for a range of other problems such as Path TSP and 2-ECSM.

Problem Input Approximability
Path TSP An arbitrary symmetric metric, but find | 1.5 — 10736 approximation
a path instead of a cycle (this work with [TVZ20])

Prize-Collecting TSP An arbitrary symmetric metric. Vertices | 1.599 [BN23; BKN23]
are given a value 71(v), and the tour can
skip vertices at a cost of 77(v) per vertex
skipped

Many Visits TSP An arbitrary symmetric metric, and ver- | 1.5 — 1073¢ approximation
tices have requirements r(v) for the | (this work with [PS23])
number of visits

Capacitated Vehicle An arbitrary symmetric metric, and ver- | (1.5 — 1073 +2)(1 — )
Routing tices have demands between 0 and 1. | (this work with [Fri+22;
Design a set of tours visiting all nodes | BV22])

such that each contains a fixed depot
vertex and no tour has demand more

than 1
2-Edge-Connected Given an arbitrary symmetric metric, | 1.5 — 1073¢ approximation
Multi-Subgraph buy the cheapest set of edges that 2- | (this work with [GB93b])

edge-connects the graph

Table 1: Approximability of some TSP variants and related problems. While the approximability
of Prize-Collecting TSP is not currently related to the TSP constant, over the years many works
have used approximation algorithms for TSP as a subroutine, e.g. [Arc+11; Goe09].

1.2 High Level Overview of Techniques

The reason Christofides” algorithm is no better than a 3/2 approximation (see Appendix A for
a proof that it is no worse than a 3/2 approximation) is because it can be forced to choose a
spanning tree with an expensive matching, as shown in Fig. 2.

In other words, it is easy to design a graph where the minimum spanning tree has an expensive
matching. However, intuitively, one might imagine that it is not so easy to design a graph in which
“many" spanning trees simultaneously have expensive matchings. This observation is a small piece
of intuition for the merits of the algorithm we study;, first proposed by Oveis Gharan, Saberi, and
Singh [Asa+10] in 2010. The algorithm is very similar to Christofides” algorithm. It only differs in
the first step: instead of picking a minimum spanning tree, it picks a random spanning tree from a
well-chosen distribution of large support.

To find this distribution, we first solve the natural linear programming relaxation for TSP. This
LP, first formulated by Dantzig, Fulkerson and Johnson [DF]54], is often known as the subtour
elimination LP or the Held-Karp relaxation (see also [HK70]). As input, we assume we get our TSP
instance in the form of a weighted graph G = (V, E) with metric completion ¢ (see Appendix A for

10
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Figure 2: A tight example for Christofides” algorithm. Let c, = 1 for all edges. In red is a minimum
spanning tree, and marked in red are the odd vertices. In blue is a minimum cost matching on the
odd vertices. We can force the algorithm to pick the red edges by making their costs just slightly
cheaper than the remaining edges. The cost of the tour produced by the algorithm here is 31 — 2,
which is a 3/2 approximation as n — .

N\

4

various equivalent formulations of TSP and the definition of metric completion). Where for F C E
we let x(F) = Y .cr X., the subtour LP finds the cheapest point x € Psy,, i.e. the one minimizing
¥ Cuo1 X {u0)- Where 6(S) := {{u,v} € E:u € S,0 & S}, Py, is defined as follows:

Uu,0

Subtour Polytope

x(6(S))>2 VSCV
Psyp = x(6(v)) =2 YoeV (1)
X{u,0} >0 YuoveV

Notice that if we replace the constraint x(,, ,; > 0 with xy, 1 € {0,1}, this polytope describes
the set of Hamiltonian tours. Thus it is a natural (and valid) relaxation for the problem, meaning
that the cost of any optimal solution to this LP is at lower bound on the cost of the optimal TSP
tour. By solving® this LP we obtain a fractional solution x which we will use as a starting point
for constructing our distribution.

It is well known that any point x € Psy}, can be written as a convex combination of 1-trees
(spanning trees plus an edge) [Wol80; SW90]. Instead of finding an arbitrary convex combination,
this algorithm finds the distribution y over 1-trees such that P, [e € T] = x, for all edges E,
and has as much entropy as possible among all such distributions. This is why the algorithm is
often called the “max entropy" algorithm for TSP. As hinted at above, one way to account for
the improvement given by the max entropy algorithm is to argue that it is able to avoid such
adversarial examples via its inherent randomness.

In order to prove this formally, we will need to have a deep understanding of the properties of
the max entropy algorithm. It turns out that max entropy distributions over spanning trees are
equivalent to so-called A-uniform spanning tree distributions, in which we have a vector A € RE

3Note this LP has exponentially many constraints, one for each set S C V. However there is an efficient separation
oracle for the problem in the form of any global minimum cut algorithm, and it can be solved in strongly polynomial
time (see [Sch03], pp. 984-986).

11



and the probability of a tree T is proportional to [].c1 Ae. This allows us to state the algorithm as
follows:

Max Entropy Algorithm

1. Solve the subtour LP to obtain x € Pgy.(2)

2. Choose an arbitrary root r. Then there is a A-uniform distribution y, over the graph
G' = (V~{r},E~4(r)) such that P, [e € T] = x. (see Section 2 for more details,
and note that the equality is met with possibly exponentially small error).

3. Sample T ~ yu, and find the minimum cost matching M on the odd vertices of T.
Output3 T W M.

We give a sample point x € Psy, and its resulting distribution , in Fig. 3 and Fig. 4.

1
2

Figure 3: On the left is a point in Pgyp. In the middle, the root (chosen arbitrarily) is marked in red.
The remaining nodes and non-dashed edges form a point z € Pst. On the right is a A-uniform
distribution with marginals approximately equal to z, where k is chosen to be a positive number
tending to oo. (The € error in Theorem 2.6 goes to 0 as k — c0.)

H =
+
NS
_|_
[
_|_
=

Figure 4: The trees and their probabilities in the above A-uniform distribution. We show only
the trees T for which limy_,,, P [T] > 0 and give their probabilities in the limit. Note that after
sampling, two edges from the red vertex above are added at random (sampled proportional to x,).

A-uniform distributions have been studied for some time, with their roots going back to the
work of Kirchhoff and Borchardt in the mid-1800s. We will study A-uniform distributions in

12
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Figure 5: A distribution is strongly Rayleigh if its generating polynomial is real stable. One way
to characterize a multivariate real stable polynomial is that its hyperbolicity cone contains the
positive orthant, or equivalently that every restriction of the polynomial to a line is real rooted.
y = 1/x is real stable, as shown by the above plot: in blue are the real roots of y = 1/x, and every
line with positive slope hits two real zeros and thus is real rooted. An equivalent definition of
real stability is that the polynomial has no roots in the upper half of the complex plane, i.e. if all
variables have positive imaginary value then the polynomial cannot vanish.

their own right, building on this long history. However, we will crucially use a more modern
view of A-uniform distributions as part of a broader class of strongly Rayleigh (SR) distributions,
introduced by Borcea, Brandén, and Liggett [BBL09]. These distributions are characterized by the
location of the roots of their generating polynomials (see Fig. 5 for a brief explanation). This allows
us to study their properties using tools from the geometry of polynomials, linking operations
from the two worlds: conditioning, for example, is now kin to differentiation, truncation with
homogenization, projection with specialization, and so on.

By exploiting this link, probabilists have proved powerful properties of strongly Rayleigh
distributions. In our proof we exploit a range of these properties and find some new ones as
well. One elementary fact that is a consequence of this link is that every vertex has even degree
in the sampled tree T from the algorithm above with probability at least 1 (1 — e~2) ~ 0.43. This
alone should give the reader some hope that max entropy is better than Christofides: in the bad
example above, the matching is expensive because every vertex is odd. This fact demonstrates
that such a thing does not occur in a typical max entropy tree.

However, properties of strongly Rayleigh distributions alone are not enough, and neither
is having many even vertices.* After using properties of A-uniform and SR distributions to
understand our spanning tree distribution, we turn to the structure of the near-minimum cuts of
graphs. The cost of the matching is closely related to these structures, as we will explain in future
sections. In particular, we prove new properties of the polygon representation [Ben95; BG08] and
show that cut structures of a particular type lead to polygons with additional properties.

“For example, even if there are only two odd vertices for a given tree, if they have distance OPT /2 we get a 3/2
approximation. Indeed, even the property that every vertex is even independently with probability 1 — 0(1) would not
even be enough to beat 3/2 on the cycle graph. One would need to combine this property with other observations.

13



Figure 6: Consider the graph on the left, with minimum cut 7 (or, consider setting x, = 2 for
all edges and a min cut of 2 as in the support graph of a solution to Ps,). On the right is the
polygon representation of the connected component of all proper cuts with at most 8 edges (or
x(6(S)) <2+1/7). We prove many new properties of this representation for use in our analysis.

These two pieces are the mathematical core of our proof. We then use these to carefully
construct an analysis which shows that the matching is slightly cheaper than the one guaranteed
by Christofides in expectation.

Finally, we show that the algorithm can be derandomized using the method of conditional
expectation and the matrix tree theorem, which allows us to evaluate the generating polynomial
of the max entropy distribution at any point in the complex plane. This derandomization shows
that while randomness is a useful tool for analysis, it is not fundamental to the improvement.

1.3 Other Results on TSP
1.3.1 Lower Bounds for the Max Entropy Algorithm

We now know that max entropy out-performs Christofides” algorithm by at least a small constant.
While perhaps the most pressing problem is to figure out a significantly improved analysis for
max entropy (3 — 1073 is certainly not the true approximation ratio of the algorithm), it is also
worthwhile to determine lower bounds for the algorithm to better understand how far we might
expect to push the analysis.

It has long been conjectured that the natural linear programming relaxation for TSP has an
integrality gap of 4/3, as we will discuss later — this is informally known as simply “the 4/3rds
conjecture." Therefore a natural target for max entropy is 4/3. I will discuss joint work with Billy
Jin and David Williamson in which we show for the first time that there are examples where the
Eulerian tour returned by max entropy has cost strictly greater than 4/3 times the cost of the
LP. In particular, we show that a variant of the “k-donut" instance introduced by Boyd and Seb&
[BS21] gives a lower bound of 11/8 for the Eulerian tour returned by max entropy. Interestingly,
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Figure 7: An example of a half integral cycle cut instance, in which every edge represents LP
value 1/2. This is also the canonical integrality gap example for the Subtour LP. The cuts present
in the hierarchy are shown in blue.

our lower bound example is an instance of graphic TSP, and empirically, max entropy performs
extremely well on graphic instances (see [GW17]). This highlights the often large gap between
worst case and average case performance.

This work shows that despite its promise, the max entropy algorithm is unlikely to resolve the
4/3 conjecture. However there is still a slim possibility that it does: we do not bound the cost of
the tour produced after shortcutting. There may be a way to exploit this in the proof, although
at the moment all known algorithms for TSP of which we are aware only look at the cost of the
Eulerian tour.

1.3.2 Optimal Results for a Special Case of TSP

Instead of trying to bring down the approximation ratio from 3/2 — € to something slightly
smaller, one in pursuit of proving the 4/3rds conjecture can ask: what is the largest class of
instances for which we can find a 4/3 approximation? In joint work with Billy Jin and David
Williamson, we found a 4/3 approximation for a class of instances we call “half integral cycle
cuts," and proved that the integrality gap of this class is at most 4/3. This class includes the two
known examples achieving the integrality gap of the LP relaxation for TSP, thus our result is tight.

Our results work by constructing a hierarchy of cuts similar to what is done in the analysis of
max entropy, taking the form of a laminar family £ C 2. We then perform a top-down induction
on L: for each set in £, we define a set of “patterns” of edges incident on it such that the set
has even degree. For each pattern, we give a distribution of edges connecting the chain of child
nodes in the cycle cut, which induces a distribution of patterns on each child. Crucially, we then
show that there is a feasible region R of distributions over patterns, such that if the distribution of
patterns on the parent node belongs to R, then the induced distribution on patterns on each child
node also belong to R. The algorithmic idea is illustrated in Fig. 8.

15



Figure 8: S is an example of a cut in £ with three children. In gray is the rest of the graph with S
contracted. In our recursive algorithm, we are given a distribution of Eulerian tours over G/S, so
in particular we know the distribution on the red edges. We then extend it to G with the children
of S in L contracted by picking a distribution over the black edges.

To handle the many possible configurations of the red edges, we designate four distinct states
that they may be in and analyze the behavior of a Markov chain showing transitions between
them. Our proof then boils down to finding transitions which have a good stationary distribution.

Interestingly, the lower bound example from above is in this class of instances. Thus, the
algorithm in this work outperforms max entropy (without shortcutting) on this example, achieving
4/3 instead of 11/8. This suggests two interesting directions: (i) further develop this algorithm
to work on larger classes of instances, and (ii) use ideas from this algorithm to modify the max
entropy algorithm, so that it performs better on this class of examples.

1.4 Summary of Results on TSP and Corollaries

The majority of this thesis is devoted to proving the following theorem:

Theorem 1.2. Let x € Psy,. Sample a tree T from the max entropy distribution u, as in Algorithm 1, and
add a minimum cost matching M on the odd vertices of T. Then,

E [e(M)] < (; - ) c(x),

where € > 1073, Therefore, the max entropy algorithm produces a solution of expected cost at most
(3 —€)e(x).

Implication for Path TSP. In recent exciting work, Traub, Vygen, Zenklusen [TVZ20] showed
that an a-approximation algorithm for metric TSP can be used as a black box to get a a(1 + €)
approximation algorithm for Path TSP. With the above theorem, this implies that there isa 3/2 — €
approximation algorithm for Path TSP (for € > 10~%). On the other hand, it is a folklore result
that the integrality gap of the natural LP relaxation of Path TSP is at least 3/2. Therefore, an
interesting consequence of the above theorem is that although the best possible approximation
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factors of the two problems are the same (up to polynomial reductions), the natural LP relaxation
of metric TSP has a strictly smaller integrality gap.

Implication for 2-ECSM. In the 2-edge-connected multi-subgraph problem, or 2-ECSM for short,
we are given a weighted graph G and we want to find a minimum cost 2-edge-connected spanning
subgraph, where an edge can be chosen multiple times. The classical Christofides-Serdyukov
algorithm gives a 3/2-approximation for 2-ECSM and despite significant attempts [CR98; BFS16;
SV14; Boy+20] improved algorithms were designed only for special cases of the problem. Since
in [GB93a] it is shown that LP (2) is a valid relaxation for 2-ECSM, we also obtain a randomized
LP-relative 3 — € approximation for the 2-edge-connected multi-subgraph problem.
We later show that the algorithm can be derandomized, giving the following theorem:

Theorem 1.3. The max entropy algorithm can be derandomized using the method of conditional expectation.
Therefore, there is a deterministic 3 — 10736 approximation algorithm for TSP, 2-ECSM, and Path TSP,

As mentioned, we also show a lower bound on the performance of the algorithm.

Theorem 1.4. There is an infinite family of instances of graphic TSP for which the performance of the max
entropy algorithm is 1.375 as the size of the instances go to infinity.

A major open question is to determine the true worst-case performance of the max entropy
algorithm. We currently only know that it is in the range [1.375,3 — 10736].5

1.5 Other Results on Network Design Problems

I will also discuss new progress on two classic problems in network design: the k-edge-connected
spanning multi-subgraph problem and the thin tree conjecture.

1.5.1 Designing k-Edge-Connected Graphs

In an instance of the minimum k-edge connected spanning subgraph problem, or k-ECSS, we are
given an (undirected) graph G = (V,E) with n := |V| vertices and a cost function c : E — R,
and we want to choose a minimum cost set of edges F C E such that the subgraph (V,F) is
k-edge connected. The k-edge-connected multi-subgraph problem, k-ECSM, is a close variant of
k-ECSS in which we want to choose a k-edge-connected multi-subgraph of G of minimum cost,
i.e., we can choose an edge ¢ € E multiple times. Note that without loss of generality we can
assume the cost function c in k-ECSM is a metric, i.e., for any three vertices x,y,z € V, we have
c(x,z) <c(x,y) +c(y,z).

Around four decades ago, Fredrickson and J&ja [FJ81; FJ82] designed a 2-approximation
algorithm for k-ECSS and a 3/2-approximation algorithm for k-ECSM. The latter essentially
follows from a reduction to the traveling salesperson problem (TSP). Since then, despite a number
of papers on the problem [CT00; KR96; Kar99; Gab05; GG08; Gab+09; Prill; LOS12], progress was
made only in cases where the underlying graph is unweighted or k > log n. Most notably, Gabow,
Goemans, Tardos and Williamson [Gab+09] showed that if the graph G is unweighted then k-ECSS

5A1though as remarked, if you consider the version of the algorithm with shortcutting, it may be possible to go
below 1.375.
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and k-ECSM admit 1 4 2/k approximation algorithms, i.e., as k — oo the approximation factor
approaches 1.
Motivated by [Gab+09], Pritchard posed the following conjecture:

Conjecture 1.5 ([Prill]). The k-ECSM problem admits a 1+ O(1) /k approximation algorithm.

In other words, if true, the above conjecture implies that the 3/2-classical factor can be
substantially improved for large k, and moreover that it is possible to design an approximation
algorithm whose factor gets arbitrarily close to 1 as k — co. With Anna Karlin, Shayan Oveis
Gharan, and Xinzhi Zhang we proved a weaker version of the above conjecture.

Theorem 1.6. There is a polynomial time randomized algorithm for (weighted) k-ECSM with approximation

5.06
factor (at most) 1+ N

This gives the first approximation algorithm with ratio tending to 1 as k — co.

1.5.2 The Thin Tree Conjecture and the Laminar Crossing Spanning Tree Problem

A spanning tree T of a graph G is called a-thin if the number of edges of T crossing any given
cut of G is at most an « fraction of the total number of edges. In 2004, Goddyn [God04] made
the following conjecture: there exists a function f : Z — [0, 1] with limy_,« f(k)/k = 0 such that
every k-edge-connected graph G has an f(k)-thin spanning tree. This has become known as the
thin tree conjecture, and it remains open despite substantial efforts.

A natural strengthening of the conjecture, which we will refer to as the strong thin tree conjecture
makes the same claim, but for f(k) = C/k for some constant C. This conjecture is found explicitly
in [Asa+17] and is the best that one could hope for up to constant factors; clearly no k-edge-
connected graph has an a-thin tree for any « < 1/k. In a different direction, there is also an
algorithmic question one can ask: if a thin tree always exists, can we find one in polynomial time?

The thin tree conjecture has some surprising implications. It implies the weak 3-flow conjecture
of Jaeger [Jae84]. This has since been resolved, by Thomassen [Thol2], however this would
provide an alternate proof. Another application lies in the asymmetric traveling salesman problem
(ATSP). As shown by Asadpour, Goemans, Madry, Oveis Gharan and Saberi [Asa+17; OS11], if the
constructive form of the strong thin tree conjecture is true, it would yield an O(1)-approximation
algorithm to ATSP. This has since been resolved by Svensson, Tarnawski and Végh [STV20] using
completely different methods. Nonetheless, a new algorithm stemming from thin trees would be
of significant interest.

In joint work with Neil Olver, we focus on a special case of the strong thin tree conjecture. We
show that we can obtain a strong thin tree if we only need it to be thin with respect to an arbitrary
laminar family of cuts. Previously results were only known if we want the tree to be thin with
respect to the vertex set [Goe06; SL15] or a chain of constraints [OZ18]. This work generalizes
both of these works in the context of the thin tree problem.

Our work also gives the first constant factor approximation to the laminar crossing spanning
tree problem. Here, we are given a weighted graph and a laminar family of cuts £ with bounds
bs for each S € £, and we suppose a tree T exists which has at most bs edges in §(S) for every
S € L. We show it is possible to find a tree with cost at most O(1) - ¢(T) and at most O(1) - bg
edges in every cut S € L. Previously, it was not even known how to achieve O(1) - bg violation on
the cut constraints and an arbitrary violation in cost.
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2 Essential Background

This section will introduce essential background for the main result of this dissertation, a deter-
ministic 3 — € approximation for metric TSP for some constant € > 1073, It will:

¢ Introduce the subtour polytope, the spanning tree polytope, and the O-Join polytope and
show that the integrality gap is at most 1.5 using the analysis of Wolsey [Wol80] and Shmoys
and Williamson [SW90].

¢ Introduce the max entropy algorithm of Oveis Gharan, Saberi, and Singh [OSS11], the main
focus of this work.

¢ Introduce real stable polynomials and strongly Rayleigh distributions which we will use to
prove some essential properties of the max entropy algorithm.

¢ Introduce the structure of (near) minimum cuts and give some intuition about why their
structure is useful in the proof.

¢ Give a brief overview on the current state of knowledge of the max entropy algorithm and
some intuition for the proof.

In other words, here we give a much more in-depth introduction to our framework for studying
metric TSP. For the reader unfamiliar with basic terminology and background on TSP, such as the
definition of a closed walk, the notion of shortcutting an Eulerian tour to a Hamiltonian cycle,
the double tree algorithm, and the proof that Christofides” algorithm is a 3/2 approximation, see
Appendix A.

Before starting, the reader may want to review Table 2. This shows a number of TSP variants
and their approximability, placing metric TSP in its larger context.

2.1 Polyhedra of Interest

Here we describe three important polyhedra for studying TSP.

2.1.1 Notation

For a graph G = (V,E) and a set S C V, we write
E(S) :={{u,v} € E:u,ve S},
5(S) :={{u,v} € E:ueSv¢S}
For a vector x : E — R, and a set F C E, we write x(F) = Y,cr x.. We write x| to denote the
restriction of x to the edges in F such that x|y € RE.
2.1.2 The Subtour LP

As mentioned in the introduction, the following linear program, first formulated by Dantzig,
Fulkerson and Johnson [DF]54], is extremely well-studied and an important tool for solving TSP
instances. It is often known as the subtour elimination polytope or the Held-Karp LP relaxation
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Problem Input Approximability
(Asymmetric) TSP A (directed) weighted graph. Find the | No a approximation for
min cost (directed) Hamiltonian cycle. | any a [Kar72]
Asymmetric Metric TSP | An arbitrary asymmetric metric 22 + € approximation
[STV20; TV22]
Metric TSP An arbitrary symmetric metric 1.5 —1073¢ approximation
(this work)
Graphic Metric TSP The metric completion of an wun-| 1.4 approximation [OSS511;
weighted graph MS16; SV12]
Euclidean TSP A Euclidean metric in R? 1 4 € approximation for
any € > 0 if d is fixed
[Aro96; Mit99]
Bounded Genus TSP The metric completion of a bounded | 1 + € approximation for
genus graph any € > 0 [DHMO07] (fol-
lowing work on planar
graphs [GKP95; Aro+98;
Kle05])

Table 2: Fundamental classes of TSP instances and their approximability.

(see also [HK70]). As input, we assume we get a weighted graph G = (V,E) with metric
completion c. We now want to minimize )’ ¢y, ,1X(,,0} Subject to x € Psyp, defined as follows:
u,o

Subtour Polytope

x(6(S))>2 VSCV
Psyp := { x(6(v)) =2 VYoeV ()
X{u0} >0 YuoveV

This LP has exponentially many constraints, one for each set S C V. However there is an
efficient separation oracle for the problem in the form of any global minimum cut algorithm, and
it can be solved in strongly polynomial time (see [Sch03], pp. 984-986).

2.1.3 The Spanning Tree Polytope

For any graph G = (V,E), Edmonds [Edm70] gave the following description for the convex hull
of spanning tree of a graph G, known as the spanning tree polytope.
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Spanning Tree Polytope

z(E)=n—-1
Py =< z(E(S)) <|S|-1 VSCV 3)
Ze >0 Ve € E

Edmonds [Edm70] proved that the extreme point solutions of this polytope are the characteristic
vectors of the spanning trees of G. This implies that the integrality gap of Pst is 1.
First we note the following:

Fact 2.1. Let x € Psyp. Then for all sets S C V, we have x(E(S)) < |S| — 1.
Proof. We have
X(E(S)) — 2‘5’ _;(5(5)) < 2‘5’2_2

Where we use that x(6(S)) >2forall S C V. O

— S| - 1.

Therefore the only constraint broken by x € Py, is the constraint x(E) = n — 1. We get the
following corollary:

Corollary 2.2. Let x € Psyp,. Then "1x € Per.
A similar useful fact is as follows:

Fact 2.3. Let x € Poyp and S C V such that x(5(S)) = 2. Then, if Psy is the spanning tree polytope on
the graph G' = (S, E(S)), we have x|g(s) € Pst.

Proof. Let z = xg(5). We have

25| - x(6(S)) _ 2[S[ =2

Y oz = =S| -1
ecE(S) 2 2
Thus the first constraint holds. The remaining constraints hold due to Fact 2.1. O

This follows from Fact 2.1.
Corollary 2.4. Given a graph G = (V,E), let x € Psy, and suppose e is an edge with x, = 1. Define x’'
such that x} = xg forall f # eand x, = 0. Then x" € Per.
2.2 The O-Join Polyhedron and the Integrality Gap of Ps,

The following characterization of the O-Join polytope is due to Edmonds and Johnson [E]73]:
for any graph G = (V, E), cost function ¢ : E — Ry, and a set O C V with an even number of
vertices, the minimum weight of an O-join equals the optimum value of the following integral
linear program: minimize c(y) subject to y € Poj, where Pqy is given by the following.
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O-Join Polyhedron

Py — {y(é(s)) >1 VYSCV,[SNO]| odd o

Ye >0 Ve € E

In other words, they proved that the integrality gap of Poy is 1. The following useful fact is
immediate from the fact that x(6(S)) > 2 forall S C V.

Fact 2.5. Let x € Psyp,. Then for any O C V (with |O] even), x/2 € Poy.

We combine the above facts to show that the integrality gap of Psy, is at most 3/2, following
the analysis of Wolsey [Wol80] and Shmoys and Williamson [SW90].

To do so, we show that Christofides’ algorithm produces a solution of cost at most 3¢(x) for
any solution x to the subtour LP.

First, notice that cost of a minimum spanning tree T is at most ¢(x). This is due to Corollary 2.2.
Since we can write ”T_lx as a convex combination of spanning trees, the cheapest one must cost at
most c(x). It remains to show that the cost of the matching on T is at most 3c(x). However this

follows from the fact that the integrality gap of the O-Join polyhedron is 1 and Fact 2.5.

2.3 The Maximum Entropy Algorithm for TSP

Given the above background, we now introduce the max entropy algorithm.

2.3.1 A-uniform Spanning Trees

The algorithm relies upon create a distribution of the following type.

A-Uniform Spanning Trees

For a vector A : E — R0, a A-uniform distribution y, over spanning trees of a graph

G = (V,E) is a distribution where for every spanning tree T C E, P, [T] = anﬁei%

[Asa+10] showed that for any point z € Pst, one can find a A-uniform distribution over trees
with marginals z (up to negligible error) in polynomial time. In particular, they proved the
following theorem:

Theorem 2.6 ([Asa+10, Theorem 5.2]). Let z be a point in the spanning tree polytope (85) of a graph
G = (V,E). Forany € > 0, a vector A : E — R can be found in time polynomial in n, —log min,cg z,
and log(1/€) such that the corresponding A-uniform spanning tree distribution u, satisfies

Z Py, T] < (1+4¢€)z., Ve€cekE,
TeT :Toe

i.e., the marginals are approximately preserved. In the above T is the set of all spanning trees of G.

Fig. 9 is an example output of the above theorem for the point z in the spanning tree polytope
where the topmost edge has z, = 1 and the remaining edges have z = 3. Notice that in this case
€ =0, i.e. the A-uniform distribution has marginals exactly z.
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Figure 9: Top is an example of a A-uniform spanning tree distribution. The normalizing term is
Y.rITeer Ae = 8, so the probability of each tree is %]‘[eeT Ae. The bottom picture represents the
marginal vector of this distribution, i.e. it represents the probability of each edge. Thus, this
A-uniform distribution is a potential output of Theorem 2.6 for the point z € Pst above.

This computation can be done using the multiplicative weight update algorithm [Asa+10] or
by applying interior point methods [SV19] or the ellipsoid method [Asa+10]. (We note that the
multiplicative weight update method can only guarantee € < 1/poly(n) in polynomial time.) We
will sometimes call such a distribution the maximum entropy distribution because a A-uniform
distribution has maximal entropy over all distributions with marginals x.°

This theorem suggests the following algorithm for TSP. Instead of finding a minimum spanning
tree as in Christofides, select a random spanning tree from the distribution y,. Then add the
minimum cost matching as before.

2.3.2 The Algorithm

Our starting point is to solve the subtour LP (2) to obtain a solution x’. We then pick an arbitrary
node, u, split it into two nodes 19, vy and set X (ug09) = 1,c(up,v9) = 0 and we assign half of
every edge incident to u to 1 and the other half to vy. This allows us to assume without loss of
generality that x* has an edge ey = (19, vp) such that x,, = 1,c(eg) = 0.

Using the above Theorem 2.6, we find a vector A such that for every edge e € E(G ~\ {r}),
Py, [e € T] = x.(1%¢€), for some € < 27". We then sample a tree T ~ i, and add the minimum
cost matching on the odd degree vertices of T.

The guiding intuition for this algorithm is that a random spanning tree should have a cheaper
matching on average than the minimum spanning tree. This is what we are able to prove. However
to do so we need to understand properties of y,. The next few sections are dedicated to giving
some essential background for studying p,.

We will use the following definition:

Definition 2.7 (Satisfied cuts). For a set S C V such that ug, vy ¢ S and a spanning tree T C E we say
a vector y : E — R>q satisfies S if one of the following holds:

® Although, note that since we do not always find a distribution which preserves marginals exactly (as one does not
necessarily exist), for precision we generally refer to the distribution used by the algorithm as A-uniform instead.
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Figure 10: On the left is a point in Pgp,. In the middle, the root (chosen arbitrarily) is marked in
red. The remaining nodes and non-dashed edges form a point z € Psr. On the right is a A-uniform
distribution with marginals approximately equal to z that could the output of Theorem 2.6, where
k is chosen to be a large positive number. The € error in Theorem 2.6 goes to 0 as k — co.
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+
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Figure 11: The trees and their probabilities in the above A-uniform distribution. We show only
the trees T for which limy_,., IP [T] > 0 and give their probabilities in the limit. Note that after
sampling, two edges from the red vertex above are added at random (sampled proportional to x.).

Algorithm 1 Max Entropy Algorithm (slight modification of [OSS11])

Find an optimum solution x° of (2), and let ¢y = (19, vp) be an edge with xJ = 1,¢(ey) = 0.
Let Eg = E U {ep} be the support of x° and x be x restricted to E and G = (V, E).

Find a vector A : E — R such that for any e € E, P, [e] = x(1 £27").

Sample a tree T ~ 1.

Let M be the minimum cost matching on odd degree vertices of T.

Output T U M.

® 5(S)r is even, or
* y(6(5)) = 1.

In other words, a cut is satisfied if the constraint corresponding to S is satisfied in Poy (where O is the odd
vertices of T) by y or the constraint does not exist.

To analyze our algorithm, we will see that the main challenge is to construct a (random) vector
y that satisfies all cuts and E [c(y)] < (1/2 — €)c(x).
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2.4 Generating Polynomials and A-uniform Spanning Trees

Given a vector z € R and aset S C E, let z° := [[,cgz. Let u: {0,1}f — Rbe a probability
distribution over subsets of E. The generating polynomial g, € R[{z.}.cg] of y is defined as

follows:
gu(z) ==Y u(8)2".
S

In general, this polynomial may have exponentially many terms and no compact representation.
However, if p is the uniform distribution over spanning trees on a graph G (equivalently, the
1-uniform distribution), then Kirchhoff’s matrix tree theorem tells us that ¢, has a very succinct
representation, which we prove here for completeness.

Theorem 2.8 (Matrix tree theorem). For a graph G = (V, E) let g7 be the generating polynomial of the
1-uniform spanning tree distribution on G. Pick a root r € V arbitrarily. Then,

87 ({ze}eer) = det(}_ zLe),

ecE

where for e = {u,v} with u,v # r we let L, € RV = (1, — 1,) (1, — 1,)7 be the Laplacian of e. For
e={u,r}welet L, =1,1].

Proof. Let b, = (1, — 1,) for e = {u,v} with u,v # r and b, = 1, for e = {r,u}. Let B € R"~1*™
be the matrix with columns b, for all e € E (where |E| = m). Then, by Cauchy-Binet, where Z is
the diagonal matrix with entries z,,

det()_ z.L.) = det(BZB") =} det((BZ)[n_l],ng[nfl}): Y z°det(Bj,_q5)
ecE se(") se( ™)

If the edges in S contain a cycle, then det(B,_q)s) = 0 as the set of edges in the cycle are linearly
dependent. So it remains to show that the determinant is &1 if S forms a spanning tree. To see
this, notice that since the tree contains a leaf, there must be a row of the matrix with exactly
one non-zero “leaf" entry. We can place this entry in the bottom right of the matrix, and recurse
(considering the leaf as deleted in the tree and the matrix), leaving us with an upper triangular
matrix. This implies det(B,_1)s) = &1 as desired. O

We will often use the slightly more convenient form

87 ({ze}eer) = det()_ zeLe + 117 /n) (5)

ecE

where L, = (1, — 1,)7 for all e = {u,v}. We leave the proof of the equivalence as an exercise.
This immediately generalizes to any A-uniform distribution u,. We can simply write (using
the above, and assuming A is normalized such that Y rc AT = 1):

1

gu(z) = Y ATzl = gr({Aeze}eck) = — det (Z ZeAeLe + 11T/n>
TeT n ecE

Another consequence of this fact which we will rely on later is that g, can be computed at any

point in C in polynomial time.
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Figure 12: A normalized A-uniform distribution and its generating polynomial.

For example, for the A-uniform distribution from Fig. 12, one can check:
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2.5 Real Stable Polynomials

For a field F, let F[zy, . .., z,| be the ring of polynomials with coefficients in FF in the indeterminates
Z1,++-+,2p.-

Real Stability

Let H = {z : J(z) > 0} be the upper half of the complex plane. We say a polynomial
p € Clzi,...,2y,] is stable if z € H" implies p(z) # 0, i.e. it has no zeros in H".”

We say a polynomial p is real stable if it is stable and p € R|zy, ..., z,].

“Note we do not treat the zero polynomial as stable.

For example, z1z; + 1 is not stable since z; = z, =i is a root in H?. However, z1zo — 1 is (real)
stable, since for any root in " we have zj,z; not equal to 0 so zo = Zl—l However (z1) and %(%)
cannot both be positive.

We will often work with the following equivalent definition of stability.

Fact 2.9. A polynomial p € Clzy,...,2y) is (real) stable if and only if for every a € R”, and every b € R",
the univariate polynomial p(ax + b) is (real) stable.

Proof. This follows from the identity H" = {ax +b |a € R, b € R",x € H}. O

Recall the following for univariate polynomials with real coefficients.
Fact 2.10. If p € R[x], then if x is a root of p so is X.
Proof. Let p = Y a;x' € R[x] and x € C for which p(x) = 0. Then,

0=px)=Y axi =Y ax =) ax = p(x).

More abstractly, this is because complex conjugation is an automorphism of C which fixes R. [

26



Note that the above is not true for univariate polynomials with complex coefficients, for
example z + i has just a single root z = —i. This is because complex conjugation does not fix C.
An immediate consequence of this is the following;:

Corollary 2.11. A univariate polynomial p € R[x] is real stable if and only if it is real rooted.
Thus, by Fact 2.9, a polynomial p € R(z1,...,z,] is real stable if and only if for every a € R, and
every b € R", the univariate polynomial p(ax + b) is real rooted.

We also record the following fact about univariate real rooted polynomials that we will give as
a consequence a key lemma in future sections:

Lemma 2.12 ([Edr53]). Let p € R>o[x] be real rooted, and suppose p(1) = 1. Then where p(x) = ag +
X+ apx2+ - - - +ayx? there exists independent Bernoullis By, . .., By such that Vi,a; = P [2?21 B; = i] .

Proof. Let Ay,...,A; € R be the negation of the (not necessarily distinct) roots of p. Note Vi, A; > 0
since p has non-negative coefficients. Then p(x) = CT]%,(x + A;) for some C > 0, and since

_ _ 1
p(1) =1, we have C = TEEnE Therefore

x4 A d X
- [ (20 )
gl—{—)\i H 1+ A ( 1+)\i)

However this is simply [T%_, (pix + (1 — p;)) for Bernoullis with success probabilities p; = ﬁ, as
desired.

The following is an important class of real stable polynomials:

Lemma 2.13. Suppose p(z1,...,2zn) = det(}j_; z;P; + S) for positive semidefinite matrices Py, ..., P, €
R"™ "™ and a symmetric matrix S € R™ ". Then, p is real stable.

Proof. Consider any a € RZ;,b € R" and the polynomial

n

q(x) = det (Z(aix + bi)Pi + S) = det (x ZaiPi + 2 b;P; + S) .
i=1 i=1

i=1

By the above fact it is enough to prove that g is real rooted.

First assume that each P; is positive definite. Then D = Y ; a;P; is positive definite since
a € RY, so it has a symmetric square root D'/2 and symmetric negative square root D~1/2.
Therefore we can rewrite this polynomial as

i=1

det(D'/?) det (xl +D"1/2 (Z biP; + s) D1/2> det(D'/?)

det(D'/2) is a constant, so this is real rooted if det(xI + D~2(Y", b;P; + H)D~1/2) is real rooted.
However this is the characteristic polynomial of the matrix Q = D~V/2(Y"", b;P; + S)D~'/2, so
its roots are the eigenvalues of Q. Finally we observe that Q is symmetric since all P; and S are
symmetric, so its eigenvalues are all real, implying that this polynomial is real rooted as desired.

If the P; are not positive definite, this follows from taking the limit of P; +¢€l as € — 0 and
applying Hurwitz’s theorem, summarized in the below corollary. O
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Corollary 2.14 (Of Hurwitz’s theorem (1.3.8 in [RS05])). A polynomial obtained as the limit of a
convergent sequence of stable polynomials is stable.

Real Stability of gy,

It follows from Lemma 2.13 that the generating polynomial g, of a A-uniform spanning
tree distribution is real stable, since by Theorem 13.2 we can write it as a constant times
det (Zee £ ZeheLe + 117/ n) (and A.L. are all positive semidefinite matrices and 117 /n is
symmetric).

Said again, the zeros of the polynomial g,, for any graph G and any A € R>¢ avoid the
upper half of the complex plane, i.e. if 3(z.) > 0 for all e € E, then g, (z) # 0.

Real stable polynomials are closed under many natural operations, some of which we list
below:

e External field. p(zy,...,z,) = p(Mz1,...,Auzy) for A € Rxo.

* Specialization. p(z1,...,24) — p(z1,...,2i-1,4,2i+1,-..,2n) fora € Rand i € [n].

e Diagonalization. p(zy,...,z,) = p(zi,...,z;) for any i € [n].

e Differentiation. p(z1,...,z,) — a%p(zl,...,zn) for any i € [n].
We leave these as an exercise. Note differentiation will need the Gauss-Lucas theorem: that the
roots of p’ for p € R[x] lie in the convex hull of the roots of p.
2.6 Strongly Rayleigh Distributions

We can now introduce a class of probability distributions key to this thesis. Let Bg be the set of all
probability measures on 2E.

Strongly Rayleigh distributions

We say u € Bg is a strongly Rayleigh distribution, defined in [BBL09], if g, is real stable.”
The above shows that every A-uniform distribution over spanning trees is strongly Rayleigh.

“Notice that we only consider SR distributions on 2E. Thus, the generating polynomial of any SR distribution
is multiaffine.

There are a number of useful closure properties of strongly Rayleigh (SR) distributions. A
simple one is as follows:

Fact 2.15. If u, u’ are strongly Rayleigh distributions then so is p X y'.

Proof. g, and g, are both real stable. But g, ;s = gu&,s- Thus the zeros of g, are the union of
the zeros of g, and g;,. O

We summarize a number of important closure operations here:
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Closure Operations of SR Distributions. SR distributions are closed under the following
operations. Here we are given a SR distribution y € Bg and we are sampling a set S ~ u.

* Projection. For any F C E, the projection of i onto F is SR and is defined as the measure yr
where for any A C F,

S:SNF=A

* Conditioning. For any ¢ € E, }|,cs and p|.¢s are SR, i.e. we can condition on an element to
be in or out of the sample.

* Truncation. For any integer k > 0 and y € Bg, the truncation of u to k, y; defined as u
conditioned on |S| = k, is SR. 7

* Product. As in the above fact, for any two SR distributions ug € Bg, ur € Br the product
measure jigxr is SR. In particular this is the measure where for any A C E,B C F, ppxp(AU

B) = pe(A)ur(B).

These can be derived from the closure properties of stable polynomials listed in the previous
subsection. For example, conditioning an element e in is equivalent to differentiating with respect
to z,, and conditioning an element out is equivalent to specializing z, = 0.

Rank Sequence. The rank sequence of a distribution y is the sequence
P[|S|=0],P[|S|=1],...,P[|S| =m],

where S ~ 1. Let g,(z) be the generating polynomial of y. The diagonal specialization of y is the
univariate polynomial

$u(z) :==gu(z,z,...,2).
Observe that §(.) is the generating polynomial of the rank sequence of y. By the above closure

properties of real stable polynomials, if u is SR then g, is real rooted. Thus, the following is an
immediate corollary of Lemma 2.12:

Corollary 2.16. Let p be a strongly Rayleigh distribution. Then the rank sequence ro,11,...,"m Of 4
follows the law of a sum of independent Bernoullis, i.e. there exists Bernoullis By, ..., B, such that
ri = P [2?1:1 Bi = Z]

Bernoullis are particularly easy to analyze, especially when one applies the following theorem
of Hoeffding:

Theorem 2.17 ([Hoe56, Corollary 2.1]). Let ¢ : {0,1,...,n} — Rand 0 < g < n for some integer
n > 0. Let By, ..., B, be n independent Bernoulli random variables with success probabilities p1,. .., pn,
where Y_!' | pn = q that minimizes (or maximizes)

E[g(Bi+ - +By)]
over all such distributions. Then, p1,...,pn € {0,x,1} for some 0 < x < 1. In particular, if only m of

o X ) t]*g
pi’s are nonzero and £ of p;’s are 1, then the remaining m — £ are . —;.

"Note that SR distributions are not necessarily closed under truncation of a proper subset, i.e., if we require exactly
k elements from F C E. We can of course project and then truncate, however we then lose the distribution on the
remaining elements.
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We can now describe one of the most important aspects of SR distributions for our purposes:

Sum of Bernoullis and Even Vertices

We call a random variable with expectation ¢ which has the same law as a sum of indepen-
dent Bernoullis as BS(gq). By the closure of projection and the above corollary, we get the
following as immediately from Corollary 2.16, which is a crucial window into the behavior
of the max entropy algorithm.

Corollary 2.18. Let F C E and let ) be the A-uniform distribution from Algorithm 1 with
marginals x. Then, the random variable |F N T| is a BS(x(F)).

It is intuitive that an important property of ) should be that vertices have even degree in T
with constant probability.” The above corollary along with Theorem 2.17 lets us prove this
with ease, detailed shortly:

Lemma 2.19. Let T ~ u, where the marginals of x are a solution to (2) as in Algorithm 1. Then
for all vertices v, the probability that v has even degree in T is at least 0.43.

More generally, if S C V and 2 < x(6(S)) < 2.2, then

]PTNM H(S(S) N T‘ even] > (1 — 3*2(3‘(‘5(5))*1)) > 0.43.

N —

In particular, its behavior should differ from Christofides as detailed in Fig. 83.

Figure 13: Trees are shown in black and matchings in red. Assume that all edges have cost 1 in
this complete graph. While Christofides” algorithm (left) may pick a minimum spanning tree with
many odd vertices, causing the matching on the odd vertices to be expensive (here 8 edges), a
tree sampled from a A-uniform or max entropy distribution (right) will usually have a cheaper
matching (here only 4 edges). In this simple example, this is because in the tree drawn from the
max-entropy distribution will have many vertices of even degree by Lemma 2.19.

To prove the above lemma, we first need the following simple fact, which demonstrates the
benefits of working with Bernoullis.
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Fact 2.20. Let By, ..., B, be independent Bernoulli random variables each with expectation 0 < p < 1.
Then

1

P ;Bi even] = §(1+(1—2p)”)

Proof. Note that

n n— n n . n— n
(e (=p) = L a-pr () and (=) - = L pa-p ()
Summing them up we get,
1+(1-2p)"= 3 2p'(-p"* (Z)
0<k<nk even
as desired. O
This now lets us prove the following:

Lemma 2.21. Given a BS(q) random variable with 0 < q < 1.2, then
IP [BS(gq) even] < %(1 + e~ %)

Proof. We apply Hoeffding’s theorem Theorem 2.17 to the function indicating if BS(q) is even.
First, if g < 1, then by Hoeffding’s theorem we can write BS(q) as sum of # Bernoullis with success
probability p = q/n for some n > 1. If n = 1, then the statement obviously holds. Otherwise, by
the previous fact, we have (for some n),

P(BS(q) even] < 3 (1 (1-2p)")) < 5 (1+¢2)

N =

where we used that |1 —2p| < e 2! for p < 1/2.

So, now assume g > 1. Write BS(g) as the sum of n Bernoullis, each with success probabilities
1 or p. First assume we have no Bernoullis with success probability 1. Then, either we only have
two non-zero Bernoullis with success probability /2 in which case

1

IP [BS(q) even] = (q/2)*+ (1 —q/2)* < 0.6 4+ 0.4% = 5

and we are done. Otherwise, n > 3 so p < 1/2 and similar to the previous case we get
IP [BS(q) even] < 1(1+¢7%).
Finally, if 4 > 1 and one of the Bernoullis is always 1, i.e. BS(q) = BS(gq —1) + 1, then we get

IP [BS(q) even] = P [BS(g — 1) odd] = = (1 — (1 —2p)"!) <1/2

N =

where we used that p < 0.5 (since g4 < 1.2). ]
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Now to obtain Lemma 2.19, we observe that (i) by Corollary 2.18, |§(S) N T| for any cut is a
BS(x(6(S)); (ii) since any cut has at least 1 edge in T (with probability 1) there is a Bernoulli with
success probability 1in BS(x(6(S)), so we can model the parity of |6(S) N T|as 1+ BS(x(6(S)) —1);
and finally (iii) we apply Lemma 2.21 so BS(x(6(S)) —1).

Another beautiful consequence of the above Bernoulli fact (see [HLP52; Dar64; BBL09]) is
that the rank sequence of any strongly Rayleigh measure is ultra log concave (see below for the
definition), unimodal, and its mode differs from the mean by less than 1.

Definition 2.22 (Log-concavity [BBL09, Definition 2.8]). A real sequence {ai}}", is log-concave if
a% > a1 - agyq forall 1 <k < m —1, and it is said to have no internal zeros if the indices of its non-zero

2
terms form an interval (of non-negative integers). It is ultra log concave if <(1sz)) > (”’5;1) . (a"nﬁ).
k k-1 k+1

Figure 14: Two log concave sequences.

2.7 Additional Properties of SR Distributions

In this section we provide some additional properties of SR distributions. On a first reading one
could skip this subsection.

Negative Dependence Properties. An upward event, A, on 2F is a collection of subsets of E that
is closed under upward containment, i.e. if A € Aand A C B C E, then B € A. Similarly, a
downward event is closed under downward containment. An increasing function f : 28 - R, is a
function where for any A C B C E, we have f(A) < f(B). We also say f : 2FE 5 Risa decreasing
function if —f is an increasing function. So, an indicator of an upward event is an increasing
function. For example, if E is the set of edges of a graph G, then the existence of a Hamiltonian
cycle is an increasing function, and the 3-colorability of G is a decreasing function.

Definition 2.23 (Negative Association). A measure y € Bg is negatively associated if for any
increasing functions f, g : 28 — R, that depend on disjoint sets of edges,

E, [f]-Eulg] > Ex[f - g

It is shown in [BBL09; FM92] that strongly Rayleigh measures are negatively associated.
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Stochastic Dominance. For two measures u,v : 2F — R>0, we say u < v if there exists a coupling
p:2E x 2F — R+ such that

Zp(A,B) = ],t(A),VAGZE,
B

Y _p(A,B) = v(B),VBe2E,
A

and for all A, B such that p(A, B) > 0 we have A C B (coordinate-wise).
Theorem 2.24 ([BBLO09]). If u is strongly Rayleigh and iy, px1 are well-defined, then py < 1.

Note that in the above particular case the coupling p satisfies the following: For any A,B C E
where p(A,B) >0, B2 A and |B\ A| =1, i.e., B has exactly one more element.

Let u be a strongly Rayleigh measure on edges of G. Recall that for a set A C E, we write
At = |ANT| to denote the random variable indicating the number of edges in A chosen in a
random sample T of u. The following facts immediately follow from the negative association and
stochastic dominance properties. We will use these facts repeatedly in this paper.

Fact 2.25 ([BBL09, Theorems 4.8, 4.19]). Let u be any SR distribution on E, then for any F C E, and
any integer k

1. (Negative Association) If e ¢ F, then Py, [e|Fr > k]| < Py [e] and P, [e|Fr < k| > P [e]

2. (Stochastic Dominance) If e € F, then P, [e|Fr > k| > P, [e] and IP), [e|Fr < k] < Py, [e].

The following fact is a direct consequence of the above, see e.g. Corollary 6.10 of [OSS11].
Fact 2.26. Let u be a homogenous SR distribution on E. Then,

* (Negative association with homogeneity) For any A C E, and any BC A

E, [Br|Ar = 0] < E, [Br] + E, [Ar] (6)

* Suppose that y is a spanning tree distribution. For S C V, let q := |S| —1 —E, [E(S)]. For any
A CE(S),BCE(S),

E, [Br] —q < E, [Br|S is a tree] < E, [Br] (Negative association and homogeneity)
E, [Ar] < E, [Ar|S is a tree] <E, [Ar] +q (Stochastic dominance and tree)

2.8 Staying in the A-Uniform Distribution

Since A-uniform spanning tree distributions are special classes of SR distributions, if we perform
any of the above operations on a A-uniform spanning tree distribution y we get another SR
distribution. However the distributions are no longer necessarily A-uniform. Below we list two
special operations that also preserve the A-uniform property (with possibly a different A). The
second operation is especially important to our proof.
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Closure Operations of A-uniform Spanning Tree Distributions For G = (V, E), a spanning tree
distribution p € Bg, and T ~ u, we have:

e Conditioning. Forany e € E, {u |e ¢ T}, {p|e € T}.

* Tree Conditioning. For S C V, { | |[E(S)NT| = |S| — 1}, i.e. T restricted to S is a tree. We
will often just write S is a tree to denote such an event.

Note that A-uniform spanning tree distributions are not necessarily closed under truncation and
projection.® We remark that SR measures are also closed under an analogue of tree conditioning,
ie., foraset F C E,let k = maxscsupp i |S M F|. Then, { | [SNF| = k} is SR. But if y is a spanning
tree distribution we get an extra independence property which is a property we heavily rely on
throughout the entire work. Thus a general proof strategy we follow in this work to study a
particular event is to start with p,, apply several tree conditioning operations, and only then
apply the stronger closure properties of general SR distributions. The independence property is
as follows:

Fact 2.27. For a graph G = (V,E), and a vector A(G) : E — Rxo, let py ) be the corresponding
A-uniform spanning tree distribution. Then for any S C V,

{Hre) [E(S)NT[ = [S| =1} = {pa) | S is a subtree} = pygs)) X Hacc/s)-

Proof. Intuitively, this holds because in the max entropy distribution (recall a A-uniform distribu-
tion maximizes entropy subject to matching the marginals of x), conditioned on S being a tree,
any tree chosen inside S can be composed with any tree chosen on G/S to obtain a spanning tree
on G. So, to maximize the entropy these trees should be chosen independently. More formally for
any Ty € G[S]and T, € G/S,
ATAT

Yriegis)mec/s ATIAT:

AR AL

LTleGs) AT Y.TeG/S AL

=Prgis) [T1 = T1] Pryecys [Ts = T,

P[T=TUT,|Sisatree| =

giving independence. O

In the following, to denote that |E(S) N T| = |S| — 1 we simply say “S is a tree." This situation
in is actually quite common due to the following lemma, which is very crucial to our proof:

Lemma 2.28. Let G = (V, E, x), and let p be any distribution over spanning trees with marginals x. For
any e-near min cut S C V (such that none of the endpoints of eg = (19, vo) are in S), we have

Pt~ [S is a subtree of T] = P, [[TNE(S)| = |S| —1] > 1 —€/2.

8For example, if we project to E(S) for some S C V and then truncate to yy for some k < |S| — 1, we have an SR
distribution on E(S) but we are not sampling a spanning tree anymore.
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Up Yo

Figure 15: Suppose this is a solution to P, where every displayed edge has x, = 1/2. Then by
Fact 2.27 and Lemma 2.28, (i) the sampled tree is always a subtree inside the red set and inside the
blue set, and (ii) the edges in red are sampled independent of all other edges in T (and similarly
for blue).

Proof. First, observe that

_ 2IS| — x(8(5))
- 2

E[E(S)r] = x(E(S)) > [S|~1-e/2,

where we used that since 19, vy ¢ S, for any v € S we have E [6(v)7)] = x(6(v)) = 2.
Let ps = Pr, [S is a subtree of T]. Then, we must have

S| =1—(1—=ps)=ps(IS| =1) + (1 = ps)(|S| —2) 2 E[E(S)r] > |S| -1 —€/2.
Therefore, ps > 1 —€/2. OJ

Near minimum cuts and independence

As an immediate corollary of Fact 2.27 and Lemma 2.28, we obtain the following.

Let S C V be a near minimum cut, i.e. x(6(S)) < 2+ 5. Then, with probability at least
1 —1/2, the distribution y, decomposes into y) = yiy([s]) X Hr(G/s)-

This is an incredibly powerful fact and says that (near) minimum cuts essentially break our
tree distribution into a collection of independent pieces. See Fig. 15 for an example. We
will use this fact over and over again in our proofs.

We also record a useful fact here:

Corollary 2.29. Let A, B C V be disjoint sets such that A, B, AU B are € 4, €g, € aup-near minimum cuts
w.r.t., x respectively, where none of them contain endpoints of eg. Then for any distribution u of spanning
trees on E with marginals x,

P, [E(A,B)r =1] > 1— (es +€p+€aup)/2.
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Proof. By the union bound, with probability at least 1 — (€4 + € +€4up)/2, A, B, and AU B are
trees. But this implies that we must have exactly one edge between A, B. O

2.9 The Structure of (Near) Minimum Cuts

Recall Fact 2.5, which claims that if x € Py, then x/2 € Poy for any O C V with |O| even. This
proves that the max entropy algorithm is a 3/2 approximation.

Our proof strategy will show that there is a random variable y : 7 — RE such that: (i) y € Pgy
with probability 1, where O is the set of odd vertices in T, and (ii) E [c(y)] < (3 — €)c(x) for some
€ > 0. This would complete the proof as it upper bounds the expected cost of the matching by
slightly less than half of the cost of the LP. To do this, we will show the following;:

Slack vector and slack space

For some very small #7 > 0 there exists a slight perturbation of x/2 we call a “slack vector"
s: T — RE such that:

(i) Given a tree T, s(6(S)) > 0 with probability 1 for every S C V with |d7(S)| odd and
x(6(S)) <2+1.

(i) E[s.] < —ex, for all e € E for some € > 0,
(iii) s > —ﬁxe for all e € E with probability 1.

We will call the space which x/2 + s lives the “slack space."

e

Figure 16: The space in which x/2 + s lives (with probability 1) projected onto e and f. We will
sometimes call this the slack space.
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The existence of such a vector immediately implies a 3 — € approximation for TSP. First observe

that y = x/2 + s has the property y € Poj with probability 1. The reason is as follows: for every
cut S C V,if x(6(S)) > 2+, then y(6(S)) > 2+ U)(ﬁ) > 1 by condition (iii). Therefore,
the cuts that are not 7-near minimum are never violated in Pgj, regardless of their parity in the
sampled tree T. However, condition (i) implies that all the near minimum cuts are satisfied. So, to
finish the proof one simply uses (ii). By the integrality of the O-Join polyhedron, the expected
cost of the matching is at most the expected cost of the solution x/2 + s we have designed, which
itself has expected cost at most (3 — €)c(x).

The reason we design a slack vector of this type, which only deals with the near minimum cuts,
is that it reduces the space of constraints we have to worry about from every cut to a much smaller
set. To handle the near minimum cuts, we will need to intimately understand their structure. In
this section, as a warmup we introduce the structure of minimum cuts (where 1 = 0) and briefly
introduce polygons, a tool for understanding the structure of near minimum cuts.

Figure 17: Here is an example support graph and its cactus representation which is a variant of
the k-donut introduced by Boyd and Seb6 [BS21]. The dotted edges have x, = 1/2 and the solid
edges x, = 1. One can check that every minimum cut of the graph on the left is represented in
the cactus as a cut containing exactly two edges. In particular the mapping ¢ from Theorem 2.34
should be clear: each of the black vertices in the left is mapped to a black vertex on the right. We
will return to this example later: it shows a lower bound of 11/8 for the performance of the max
entropy algorithm as the number of nodes goes to infinity.

2.9.1 Notation

For a set of edges A C E and (a tree) T C E, we write

Ar=|ANT]
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For two sets A, B C V, we say A crosses B if all of the following sets are non-empty:
ANB,ANB,BNA ,AUB.

We write G = (V, E, x) to denote an (undirected) graph G together with special vertices ug, vy
and a weight function x : E — R>( such that

x(6(S)) >2, VS CV :ug, vy ¢ S.

For such a graph, we say a cut S C V is an y-near min cut w.r.t., x (or simply 7-near min cut when
x is understood) if x(4(S)) < 2+ 7. Unless otherwise specified, in any statement about a cut
(S,S) in G, we assume 19, vg € S.
2.9.2 The Cactus Representation
Definition 2.30. Consider a graph G = (V, E) with min-cuts of value k.

e Anyset S C 'V such that |6(S)| = k (i.e., its boundary is a min-cut) is called a tight set.

» Acut (S,S) is properif |S| > 2 and |S| > 2.

e Two sets S and S' crossifall of S\ S', ' \'S, SNS and V ~. (SUS’) are non-empty.

To discuss the cactus representation, we will rely on a number of basic facts about min-cuts.
For proofs, see [FF09]. Suppose G is a k-edge connected graph, i.e. |6(S)| > k forall S C V.

Fact 2.31. If two tight sets S and S’ cross, then each of S\ S', S' .S, SNS" and S U S’ are tight. Moreover,
there are no edges from S~ S' to S’ \.'S, and there are no edges from SNS' to SUS'.
Therefore, if two distinct tight sets S and S’ cross each other, then §(S) N §(S') = @.

The following fact is especially useful to us, since the support graph of x is 4-edge-connected.

Fact 2.32. Suppose that every proper mincut is crossed by some other proper mincut. Then k is even and G
is a cycle, with k/2 parallel edges between each adjacent pair of vertices.

Definition 2.33 (Cactus Graph). A loopless and 2-edge connected graph C = (U, F) is a cactus if each
edge belongs to exactly one cycle.

Theorem 2.34 (Cactus Representation [DKL76]). Let G = (V, E) be a loopless graph with min-cut size
k > 1. There is a cactus C = (U, F) and a mapping ¢ : V. — U such that the 2-element cuts of C are in
one to one correspondence with the min-cuts of G. Equivalently, S is at tight set of G if and only if (X)) is
a tight set of C.

2.9.3 Near Minimum Cuts

The previous subsection demonstrates that minimum cuts have a very simple structure. Unfortu-
nately, near minimum cuts get quite a bit more complicated. Here are some essential facts about
them. One can see that the lemmas are much more powerful when € = 0.

Lemma 2.35 ([OSS11]). For G = (V,E, x), let A,B C V be two crossing € o, €p near min cuts respectively.
Then, ANB,AUB, A~ B,B~ A are €4 + €g near min cuts.
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Proof. We prove the lemma only for A N B; the rest of the cases can be proved similarly. By
submodularity,

x(6(ANB))+x(6(AUB)) <x(6(A))+x(6(B)) <4+e€a+e€p.
Since x(6(AUB)) > 2, we have x(6(ANB)) <2+ €4 + €p, as desired. O
The following lemma is proved in [Ben97]:

Lemma 2.36 ([Ben97, Lem 5.3.5]). For G = (V,E, x), let A,B C V be two crossing e-near minimum
cuts. Then,

x(E(ANB,A—B)),x(E(ANB,B—A)),x(E(AUB,A—B)),x(E(AUB,B—A)) > (1 —¢/2).
Lemma 2.37. For G = (V,E,x), let A,B C V be two € near min cuts such that A C B. Then
x(6(A)Né(B)) = x(E(A,B)) <1+e¢, and
x(6(A)~46(B)) >1—e€/2.
Proof. Notice
2+¢€>x(6(A)) =x(E(A,BNA))+x(E(A,B))
2+¢e>x(6(B)) =x(E(BNA,B))+x(E(A,B))
Summing these up, we get
2x(E(A,B)) +x(E(A,B~N A)) + x(E(B~N A,B)) = 2x(E(A,B)) + x(§(BN A)) <4+ 2e.

Since B \ A is non-empty, x(6(B . A)) > 2, which implies the first inequality. To see the second
one, let C = B ~. A and note

4 < x(6(A)) +x(5(C)) = 2x(E(A,C)) 4+ x(6(B)) < 2x(E(A,C)) +2+¢€
which implies x(E(A,C)) > 1—¢€/2. O

2.9.4 The Polygon Representation

Near min cuts can be represented by what is known as a polygon, which we will use to study
the #-near minimum cuts of a fractionally 2-edge-connected graph. All of the statements are
generalizable to the (1 + 77)a near minimum cuts of an a-edge-connected graph (by rescaling) for
1 <6/5.

Definition 2.38 (Connected Component of Crossing Cuts). Given the set of n-near min cuts of a graph
G = (V,E), construct a graph where two cuts are connected by an edge if they cross. Partition this graph
into maximal connected components. In the following, we will consider maximal connected components C of
crossing cuts and simply call them connected components. We say a connected component is a singleton
if it has exactly one cut and a non-singleton otherwise.

For a connected component C, let {a;}i>o be the coarsest partition of vertices V such that for any C € C,
either a; C C or a; C C. Each set a; is called an atom of C and we write A(C) to denote the set of all
atoms.
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Note for any atom a; € A(C) which is an y-near min cut, (a;,a;) is a singleton component, and is not
crossed by any y-near min cut. Therefore (a;,a;) ¢ C.

We can now represent any cut in S € C either by the set of vertices it contains or as a subset of A(C).
In the following, we will often identify an atom with the set of vertices that it represents’.

Figure 18: Consider the graph on the left, with minimum cut 7 (or, consider setting x, = % for
all edges and a min cut of 2 as in the support graph of a solution to Pgyp). On the right is the
polygon representation of the connected component of all proper cuts with at most 8 edges (or
x(6(S)) < 2+1/7). This component consists of all proper near minimum cuts of the graph
excluding the cut {7,8}, which is in its own connected component of size 1. As in the below
definition, 15 and 16 are inside atoms, the others are outside atoms. Note {7, 8} is a single atom.

To study these systems, we will utilize the polygon representation of near minimum cuts
defined in [Ben97] and then extended in [BGO8]. Their work implies that any connected component
C of crossing #-near minimum cuts has a polygon representation with the following properties, so
lon < 2

gasn < &

9For example, it will be convenient to write cuts as subsets of atoms. In this case the cut is the union of the vertices
in those atoms.
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Polygon Representation

1. A polygon representation is a convex regular polygon with a collection of representing
diagonals. All polygon edges and diagonals are drawn using straight lines in the plane.
The diagonals partition the polygon into cells.

2. Each atom of C is mapped to a cell of the polygon. If one of these cells is bounded
by some portion of the polygon boundary it is non-empty and we call its atom an
outside atom. We call the atoms of all other non-empty cells inside atoms. Note that
some cells may not contain any atom. WLOG label the outside atoms ay, ..., 4,1 in
counterclockwise order, and label the inside atoms arbitrarily. We also label points of
the polygon py, ..., pm—1 such that outside atom a; is on the side (p;, pi+1) and ag is
on the side (py—1, po)- (In future sections we will refer to the special atom called the
root, and if it is an outside atom WLOG we will label a4 as the root.)

3. No cell has more than one incident outer polygon edge.

4. Each representing diagonal defines a cut such that each side of the cut is given by the
union of the atoms on each side. Furthermore, the collection of cuts given by these
diagonals is exactly C.

The following fact follows immediately from the above discussion:
Fact 2.39. Any cut S € C (represented by a diagonal of P) must have at least two outside atoms.

Definition 2.40 (Outside atoms). For a polygon P and a set S of atoms of P, we write Op(S) to denote
the set of outside atoms of P in S; we drop the subscript when P is clear from context. We also write O(P)
(or O(A(C)) where C is the connected component of P) to denote the set of all outside atoms of P.

Note that, given S € C, since S may be identified with a set of atoms, O(S) is also well defined.
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3 Building Up: Degree Cuts and The Half Integral Case

We will start with two special cases in terms of the structure of x € Py, to slowly build up to the
fully general case. The first, called the “degree cut case" is not too difficult to beat 3/2 on and
provides a good introduction to our proof strategy. And despite its simplicity, it is an intriguing
open question to design an algorithm (or analysis for max entropy) with a significantly improved
constant in this simple case.

In the second case, we assume that every edge e € E has x, € {0, %, 1}. This assumption on x
is known as the half integral case and has been studied extensively in its own right. The proofs in
this section closely follow [KKO20], in which we obtained a 1.49993 approximation for the half
integral case prior to the improvement in the general case. The best known approximation for this
case is now 1.4983 [Gup+22], an approach which combines max entropy with a matroid-based
rounding algorithm introduced in [HN19].

The half integral case (building on the degree cut case) is an especially useful window into
the proof in the general case. As we highlight at the end of the section (Section 3.6), while the
analysis ideas we present may at first sound specialized to the half integral case, essentially all of
them will be present in some form in the general case. More than that, these ideas really appear
in their “idealized" form in the half integral case. So, we highly recommend fully understanding
this section before moving on, as then in future sections a reader can see a complicated statement
and parse it more quickly by comparing it to its cleaner analog in the half integral case.!’

3.1 The Degree Cut Case

Here we assume that there exists an absolute constant 77 > 0 such that for every proper cut S C V
we have x(5(S)) > 2+ 1. We allow one exception for the cut containing ug, v9, which by definition
of the algorithm has x(J(S)) = 2. In this section we will deal with this by contracting 1o and v to
a single vertex r we call the root (this is achievable since we assume c({up,v9}) = 0). Note that
dr(r) = 2 with probability 1.

As will be the case for the remainder of the paper, “all" we need to do is show how to construct
the slack vector s : 7 — RE with the three properties detailed in Section 2.9. Since this is the first
time we explicitly construct such a vector, we remind the reader of the three necessary properties:

(i) Given a tree T, s(6(S)) > 0 with probability 1 for every S C V with |67(S)| odd and
x(6(S)) <2+1.

(i) E[s.] < —ex, forall e € E for some € > 0,
(iii) s, > —ﬁxe for all e € E with probability 1.

The reason the degree cut case is such a massive simplifying assumption is that condition (i)
instead simply reads that for all vertices v with dr(v) odd we require s(é(v)) > 0.

In the half integral case, as mentioned we have 17 = 1. This is because by splitting every edge
with x, = 1 into two edges with x, = 1/2, we obtain a 4-regular 4-edge connected graph. Such a
graph is Eulerian, so every cut has an even number of edges. Therefore in the degree cut case,
every non-vertex cut S has x(4(S)) > 3.

190f course, many completely new techniques are required in the general case so this trick does not always work.
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In this section, we say that an edge e = (u,v) is good if Pt.,, [u, v both even in T| > p, where
we say a vertex v is even in a tree T if 6(v) is even and we define p = 1/27. We will first assume
the following probabilistic lemma and obtain a 3 — € approximation in the degree cut case. We

will then prove it in the following subsection.

Lemma 3.1 (Good Edges). Let v be a vertex. Then, if G, is the set of good edges adjacent to v,
x(Gy) >1/2.

We note that not all edges are good, and call these edges “bad." Indeed, the variant of the
k-donut has a large number of bad edges. In the below picture (where we omit the root for a
cleaner picture), every edge connecting the two cycles is bad!

Figure 19: In the k-donut variant that is a running example in this dissertation, every red edge
(with the exception of those adjacent to the root, not shown here) has the property that its two
vertices never have the same parity in the tree at the same time. In this section, we call such edges
“bad." Note in future sections the definition of bad depends on the structure of near minimum
cuts.

3.1.1 The Construction of s in the Half Integral Degree Cut Case

The vector m will consist of the convex combination of two feasible points in the O(T)-Join
polyhedron, ¢ and b (where g is for “good" edges and b is for “bad" edges).
For a tree T and an edge e = (u,v) we let:

|

Lemma 3.2. g is in Poy with probability 1.

If u and v are both even in T

= O\ =

Otherwise

Proof. First, consider any cut consisting of a single vertex v (or its complement). If v is odd, we
need to ensure that g(é(v)) > 1. If v is odd, then g, = 1/4 for all e € 6(v), so this follows from
the fact that the support graph is 4-regular.
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Now consider any cut S with 2 < |S| < n — 2. We now argue that g(6(S)) > 1 with probability
1. This follows from the fact that:

where we use that every cut S with 2 < |S| < n — 2 is not minimal so it has at least 6 edges. [

We now design our second vector b. For a tree T and an edge e = (1, v) we let:

If e is good
If e is bad

S

A

|
——
Q= N=

Lemma 3.3. b is in Poy.

Proof. For any non-vertex cut, similar to above, the O(T)-Join constraint is easily satisfied. For a
vertex cut v, by Lemma 3.1 there is at least one good edge adjacent to every vertex. Therefore,
bo)>5+2=1 O

Definition 3.4 (Matching vector m in the degree cut case). Let m = ab+ (1 —a)g, for some 0 < a < 1
we choose in the next subsection. Since b and g are both in the O(T)-Join polyhedron, so is m.

Lemma 3.5. For any good edge e, E [g.] < 1 — &.

Proof. Let p, = P, [u,v even]. We can compute:

. 1—p, 1—
E[ge]=%+ 4p §§+TP:

as desired. O

Therefore, for any good edge e,

E[m] < sa+(1-a) (i‘ﬁ)

For any bad edge e, we have

1 1
E[m] < >a+ (1 —
[me]_6oc+4( )

To make the two equal, we set a = ﬁ. Therefore,

1 p
4 48+4p

E [m,] <

for all edges e, giving a 1.4985 approximation for p = 1/27.
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3.1.2 Proof of Lemma 3.1

We now prove the lemma from above which claims there is at least one good edge adjacent to
every vertex for p = 1/27.
To do so we first slightly strengthen Lemma 2.19 in the half integral case.

Lemma 3.6. Let S C V with x(6(S)) = 2 in the half integral case. Then P [61(S) even] > 13/27.

Proof. By Corollary 2.16 d7(S) is a BS(2) for at most four Bernoullis with success probabilities
p1 > p2 > p3 > pa. We now apply Hoeffding (Theorem 2.17) to the function indicating if d7(S) is
even. There are four possible cases for the worst case setting of the remaining three Bernoullis:

* p1 = p2 = 1, in which case the probability it is even is 1.

* p1 =1and p, = p3 = 1/2. In this case the probability it is even is 1/2.

* p1 =1land p, = p3 = ps = 1/3. In this case, the probability it is even is 4/9 +1/27 = 13/27.
* p1 = p2 = p3 = pa = 1/2. Then the probability it is even is 1/2.

Note one can also exclude the last case by observing that since S is a cut in the graph, é7(S) > 1
with probability 1, implying p; = 1. One then applies Hoeffding to the remaining three Bernoullis
and the function indicating their sum is odd. O

Lemma 3.7. For every vertex v in the half integral case, there is an edge e = {u,v} such that
IP [u,v even] > 1/27.

Proof. Let i’ be the conditional measure where dr(v) = 1. Observe that in /, first we sample
a tree in G \ {v}, and then we independently add an edge in §(v). As conditioning dr(v) = 1
is equivalent to conditioning dr(v) < 1, by Fact 2.25, P,; [e € T] < 1/2 for all edges e € 6(v).
Thus, for at least one edge e € 6(v), we have 1/4 < Py [e € T] < 1/2. In the special case that
IP [07(v) = 1] = 0, we just let e be an arbitrary edge in 6(v). Let e = {u, v}.

It remains to prove that IP,, [6(u),d(v) even]| > 1/27.

P [6(u),6(v) even] = 1—1TP[6(u) or é(v) odd]
1—-TP[6(u) odd] — P [6(v) odd] + P [6(u),é(v) odd]
I

> 13/27 —TP[6(v) odd] + P [67(v) =1 A d(u) odd
by Lemma 3.30. First, note if P [0r(v) = 1] = 0, then we get that P [0r(v) =2] = 1 (since
P [67(v) > 1] = 1, and E [67(v)] = 2). So, the RHS is 13/27 and we are done.
Otherwise,
P [67(v) =1Adr(u) odd] = P [ér(u) odd | dr(v) =1]-P [or(v) = 1]

> [ Plr() =1].

The inequality is because edge e can make §(u) odd by being in/out of the tree and that has
probability at least 1/4. Therefore,

P [6(u),d0(v) even] > 13/27 — P [67(v) odd] + E]P [0r(v) = 1]

_ 13/27- Z]P 67(0) = 1] = P [57(0) = 3].
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Finally, by Fact 2.26, the RHS attains its minimum value when d7(v) is sum of 4 Bernoullis with
success probabilities 1,1/3,1/3,1/3. O

3.1.3 The Construction of s in the General Degree Cut Case

We simply generalize the above to the degree cut case when 7 is an arbitrary constant and
the edges are not necessarily half integral. As before the vector m will consist of the convex
combination of two feasible points in the O(T)-Join polyhedron, g and b (where g is for “good"
edges and b is for “bad" edges).

Here we will rely on a probabilistic lemma which is slightly more involved to prove. It is an
immediate corollary of a statement proved later in this dissertation:

Corollary 3.8 (Corollary of Theorem 6.21). Let v be a vertex. Then, if G, is the set of good edges adjacent
tov, x(Gy) > 1.

For a tree T and an edge ¢ = (u,v) we let:

{ pERTES If u and v are both evenin T
8e =

5 Ly, Otherwise

Lemma 3.9. ¢ is in Poy.

Proof. First, consider any cut consisting of a single vertex v (or its complement). If v is odd, we
need to ensure that g(6(v)) > 1. If v is odd, then g, = x./2 for all e € 4(v), so this follows from
the fact that x(é(v)) = 2.

Now consider any cut S with 2 < |S| < n — 2. We now argue that ¢(6(S)) > 1 with probability
1. This follows from the fact that:

g(6(8)) >

> mx(&(s)) s—2+n) =1,

T 2+7
where we use that every cut S with 2 < |S| < n —2has x(5(S)) > 2+1. O
We now design our second vector b. For a tree T and an edge e = (1,v) we let:

14+ .
b= | 70 x. If eis good
Ziq x. If eisbad
Lemma 3.10. b is in Poy.

Proof. For any non-vertex cut, similar to above, the O(T)-Join constraint is easily satisfied. For
a vertex cut v, by Corollary 3.8 the x weight of the set of good edges adjacent to v is at least 1.

Therefore, b(v) > ;IZ + 2+11 =1. O

Definition 3.11 (Matching vector m in the degree cut case). Let m = ab + (1 — a)g, for some
0 < & < 1 we choose in the next subsection. Since b and g are both in the O(T)-Join polyhedron, so is m.

Lemma 3.12. For any edge e, E [m,] < (% — %) Xe.



Proof. Let p, = P, [u, v even]. We can compute:

(P lopeN (P l-p\_ _(1__np
IE[ge]_<2+f7+ 2 >x6_<2+17+ 2 )x8_<2 a+27) "

as desired. O

Therefore, for any good edge e,
1+7 1 np
< 7 _ Z
1E[me]-<“<2+17)+(1 %) (2 av2p))
For any bad edge ¢, we have
1—
]E[mg]§<2in+ 2“>xe

To make the two equal, we set & = %. Therefore,

p/2+p) 1-p/(2+p) 1 py
]E[me]§< 2+17 + B >xe<<2—9>xe

for all edges e. Since 1, p are absolute constants, this is at most (% — €)x, for some absolute
constant € > 0. Therefore in the degree cut case, the expected cost of the max entropy algorithm
is at most (3 — €)c(x).

3.2 The Half Integral Case

We now build up significantly and obtain a better-than-3/2 approximation for the half integral
case with no additional assumptions. Here we assume that there is an optimal LP solution with
x. € {0, %, 1} for all edges e € E. In particular, we show:

Theorem 3.13. Let x be a half-integral solution to (2), i.e. x, € {0, %, 1} for all edges e € E. Then, max
entropy algorithm produces a solution of expected cost at most 1.49993 - ¢(x).

Assumption 3.14. Throughout the paper, we assume that we are given a feasible half-integral solution of
the Poyy, that is, for each e = {u,v}, x. € {0,3,1}.

Remark 3.15. We will often talk about the support graph G = (V, E) of x, replacing any edge of
value 1 with two parallel edges. Therefore the number of edges crossing any minimum cut is 4
(corresponding to fractional value 2), and the graph is Eulerian. Henceforth, any reference to the
graph G refers to this support graph.

One of the very nice things about the half integral case is that there are no cuts S with
2 < x(6(S)) < 3, as every cut in this 4-regular support graph has an even number of edges (and
at least 4). This allows us to define a completely equivalent algorithm that adds a lot of intuition
for the proof. The equivalence is an immediate consequence of Fact 2.27 and Fact 2.1: for every
minimum cut S, E(S) is in the spanning tree polytope, thus u decomposes into pig(s) X pig/s-
Thus we get the immediate consequence:
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Algorithm 2 Algorithm for half-integral TSP

Given a half-integral solution x of the subtour LP, with an edge e™ with x,+ = 1.
Let G be the support graph of x.
SetT =0 > T will be a 1-tree
while there exists a proper tight set of G that is not crossed (by a tight set) do
Let S be a minimal such set such that e* ¢ E(S) > Note such a set always exists, as S, S are
both proper tight sets, so one does not have e™. In Fact 3.17 we show that e™ ¢ §(S).
Compute the maximum entropy distribution y of E(S)
Sample a tree from y and add its edges to T
Set G=G/S > Note we never contract e
end while
10: Randomly sample a cycle from G (including e*) and add itto T > In Fact 3.18 we show G
itself is a cycle
11: Compute the minimum O-Join on the odd nodes of T. Shortcut it and output the resulting
Hamiltonian cycle.

Fact 3.16. Any tree chosen from a max-entropy distribution corresponding to a proper tight set S which is
not crossed is independent of all other edges of T that we choose in different iterations of the while loop in
our algorithm.

Our algorithm can be viewed as essentially constructing a cactus representation of the min-cuts.
More precisely, the critical cuts of our algorithm (defined below) are in one to one correspondence
with the cycles of the cactus.

3.2.1 Critical Sets

In this section we will more fully explore the interaction between our algorithm and the structure
of the cactus representation of minimum cuts. From now on, assume G is the 4-regular support
graph of the half-integral LP solution x and that we have executed our algorithm on G.

Fact 3.17. In step 5 of the algorithm, we have et ¢ 6(S).

Proof. Say et € §(S), and let et = {u, v}. Then, since x,+ = 1, {u, v} is a tight set. It also crosses
S (as S is a proper set). That is a contradiction. O

Fact 3.18. In step 10 of the algorithm the remaining graph G is a cycle of length at least 3 such that there
are exactly two parallel edges between each pair of consecutive vertices.

Proof. Let G be the graph which remains after the while loop in the algorithm terminates. By the
algorithm, e* = {u, v} is not contracted yet. G has at least 3 vertices, as otherwise in the last of
the while we contracted a set S where et € §(S) which contradicts Fact 3.17. If G has 3 vertices
then it must be a cycle. Otherwise, {1, v} is a proper tight set in G, and it must be crossed. In this
case by Fact 17.4 G is a cycle of length at least 4. ]

A tight set S selected in step 5 of the algorithm is called a critical set and the corresponding
cut §(S) := E(S,S) is called a critical cut. Vertices of G are degenerate critical sets.
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There is a natural hierarchy of critical sets associated with the execution of the algorithm. The
leaves of the hierarchy are vertices of the original graph. If S and S’ are critical sets such that S or
a contracted version of S is a vertex in §’, then S is a child of S’ (respectively S’ is the parent of S).
If S is an ancestor of S in the hierarchy of critical sets, then we say that Sisa higher critical set
than S (resp. S is a lower critical set than S). For example, in Fig. 21, critical set F is the parent of
and is higher in the hierarchy than critical sets A, B and C.

The root of the hierarchy is the graph G once we get to step 10 of the algorithm.

Definition 3.19 (Going higher). An edge e in 6(S) goes higher if the lowest critical set S’ such that
S C S satisfies e € 5(S').

Note that by Fact 3.16 any edge going higher is independent of all edges which do not.

Figure 20: Example execution on a half integral graph. In the first figure, we visualize five tree
operations in parallel, which we may do since all these tight sets have size 4 and are not crossed
by other tight sets. Similarly in the second figure we do two operations in parallel. In the final
step, a cycle is chosen by picking two edges at random. A, B,C, D, E are all “degree cuts" whereas
F and G are both “cycle cuts." t is an example top edge (as are all edges picked in the first graph).
a,g and b, h are cycle partners with respect to the cut F. ¢, f are companions.

Structure of critical cuts: Consider a critical set S chosen in step 5 in the algorithm. We will
abuse notation and, at any time during the execution of the algorithm, refer to G with vertex set V
as the graph remaining at that time, after contraction of all trees that have been sampled before S
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Pick a cycle

N
NN

Figure 21: An execution tree on this graph.

A

is considered. Consider the graph G’ := G/V \ S and let w be the contracted vertex representing
V \S. There are two possibilities for the structure of G':

* Case 1: There are no proper min-cuts inside S. In this case, we call §(S) a degree cut. In
Fig. 20, A, B,C, D, E are all degree cuts.!!

¢ Case 2: There is a proper min-cut (So, So) such that Sy C S. In this case, it (and every other
proper min-cut inside S) is crossed by some other min-cut (or would be more minimal than
S).

It follows that in G’, every proper mincut is crossed by some other proper mincut and
therefore, by Fact 17.4, the graph is a cycle with two edges between each pair of adjacent
vertices in the cycle. In this case, we call §(S) a cycle cut. For example, F and G in Fig. 20 are
cycle cuts.

We divide the 4 edges from w into two pairs, such that each pair share an endpoint inside S.
We call each such pair cycle partners with respect to 6(S). Every other pair of edges between
two adjacent vertices in the cycle are called companions.

For example, in Fig. 20, 6(F) is a cycle cut and a, g and b, I are cycle partners with respect to
O(F). e and f are companions.

Cycle cuts correspond to cycles of length 3 or more in the cactus.

Note that every edge has at most one companion but possibly many partners depending on the
underlying cactus.

Definition 3.20 (Highest critical cuts). For a vertex u and an edge e = {u, v}, let S, be the highest
critical set S such that u € Sand v ¢ S, and let S, be the lowest critical set such that both S, , and S, . are
(contracted) nodes in S,. Then 6(S,,,e) and 6(Sy,.) are the highest critical cuts containing e. If the edge e is
clear from context, we may drop e in the notation S, .

Definition 3.21 (Bottom Edge and Top Edges). For an edge e, if S, is a cycle cut, we say that e is a
bottom edge and otherwise it is a top edge.

For example, in Fig. 20, ¢, f,a, g, b, h are bottom edges (among the labeled edges) and ¢ is a top
edge. The following fact is immediate:

Fact 3.22. Companion bottom edges e, f are in or out of T independently of every other edge of T.

HThese cuts correspond to cycles of length two in the cactus.
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Min-cuts containing a particular edge: The set of min-cuts an edge ¢ = (u,v) is on are the
following:

(a) all critical degree cuts §(S) such that e € 6(S). (This includes the cuts (u,V \ u) and
(v,V\0).)

(b) For any set S such that §(S) is a critical cycle cut, and e is either in S or on §(S), every cut of
the cycle that includes the edge e is a min-cut e is on.

It is easy to see that each of the above is a min-cut. To see that there are no others, it suffices to
observe by induction that whenever a set S is contracted, we have accounted for all min-cuts in
which nodes inside S are partitioned between the two sides of the cut.

Other facts: We end this part by recording the following basic facts about structure of min cuts,
and we will use them throughout our proofs.

Fact 3.23. Suppose that S is a critical set. If some (contracted) vertex v € S has two edges to w := V \. S,
then S is a cycle cut.

Proof. This is immediate if |S| = 2, so suppose that |S| > 2. Then v has two edges to w, which has
two edges to S . v which has two edges to w. Since S \ v is therefore a proper min-cut but was
not selected in step 5, it must be crossed by some other set, which, by the earlier discussion of the
structure of critical cuts , means that §(S) is a cycle cut. O

Fact 3.24. Suppose that S and S are two distinct tight sets. Then |6(S) N6(S")| < 2.

Proof. By contradiction. Suppose that S and S’ are both proper min-cuts and have §(S) N4é(S") > 3.
Then by Fact 17.3, they do not cross. Therefore it must be that, say, S C S’. But in this case, if
5(S)Né(S") > 3, since §(S) and §(S’) are both min-cuts, there can only be one edge from S to
S\ S and at most one edge from S’ \.'S to V \ (S U S’) which contradicts 6(S' \. S) > 4. O

Fact 3.25. Suppose that S and S’ are two critical sets such that S C S'. Then if §(S) N 6(S') = 2, then S’
is a cycle cut.

Proof. Once S is contracted, it has two edges to V . §’, and therefore by Fact 3.23 is a cycle cut. [

Fact 3.26. Suppose that S C S are two critical cycle cuts. Then any two edges are cycle partners on at
most one of these (cycle) cuts.

Proof. Suppose not. Then there is a pair of edges e and f that are cycle partners on both. Suppose
that g and & are the other pair of cycle partners on §(S) and that their endpoint inside S is node
u. Then (S’ ' S) Uu is a min-cut that crosses S, which is a contradiction to the selection of S.
[Essentially this means that in fact there is a larger cycle here.] O

Fact 3.27. Say S is a critical set and exactly two edges of 6(S) are bottom edges that do not go higher. Then
the other two edges of 5(S) must go higher.

Proof. Say 6(S) = {a,b,c,d} and suppose a,b are bottom edges that do not go higher. Say S’ is
the parent of S in the hierarchy of critical cuts. This implies that 4(S’) is a cycle cut. So, a,b
are companions in this cycle. This implies that either c,d are also companions or they are cycle
partners in 6(S’). O
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Lemma 3.28. Let S C E with |S| = 3. Furthermore, assume that P [67(S) > 1] = 1. Then,
P [or(S) =1] = ; and P [6r(S) = 2] > §.

Proof. By Corollary 2.18, we can write the rank sequence of d7(S) as a sum of 3 independent
Bernoullis By, By, B3, and since P [07(S) > 1] = 1 we know that for one Bernoulli p = 1. Without
loss of generality let p; = 1. Then by Theorem 2.17 we know that P [07(S) = 1] and PP [67(S) = 2]
are minimized when p; = p3 = % or pp = % and p3 = 0. Therefore:

P [57(S) = 1] > mm{(i)zi} :%

P[|SAT| = 2] > min {z@) <i>;} zg

The following two lemmas are proved using a similar analysis.
Lemma 3.29. Let S C E with [S| =2. Let } <E[|SNT|] < 3. Then P [67(S) = 1] > 2.

This lemma was proved in the previous subsection (see Lemma 3.30, but we repeat it here.
Lemma 3.30. For a min-cut S, P [01(S) even] > 13/27.

Lemma 3.31. Let S1,Sy C E with |S1 N Sy| = @. Let |S1] = |S2| = 2, or equivalently E [67(S1)] =
E [67(S2)] = 1. Then P [67(S1) = 1 A67(S2) = 1] > &

Proof. Let S; = {¢, f}. Then condition on e € T: this occurs with probability % By Fact 2.25 we
have

E[[fNnT||eeT] <

N =

Then condition on f ¢ T. Given the above, this happens with probability at least 3. Similarly
consider the evente ¢ T and f € T. One of these occurs with probability 3. Therefore, in either
event we have:

<E[S2NT|] < =

N =

And now by Lemma 3.29 both events occur simultaneously with probability at least . O

3.3 Overview of Analysis

As already mentioned, our algorithm consists of two steps: sample a 1-tree T, and then construct
an optimal O-join for the odd degree vertices in the 1-tree.

Given a feasible LP solution x, the choice y, = x,/2 for each edge e € E (which gives y, :=1/4
in the half integral case), yields an O-join solution of total cost at most OPT /2. However, this is
essentially Christofides” algorithm and guarantees only a 3/2 approximation.

The key to improving on this is the observation that constraint (4) in the O-join LP is not
binding if the intersection of the cut 6(S) with the tree is even.

Definition 3.32 (Even cuts). A cut §(S) is even in T (or simply “even” when T is understood) if o1(S)
is even.
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Thus, for every edge e with the property that every min-cut that e is on is even, we can
reduce y, to 1/6, since every non-min-cut has at least 6 edges, and therefore this guarantees that
constraint (4) remains satisfied everywhere. This is the gist of the approach taken in [OSS11].

Suppose that there are multiple “good" edges e with the property that every min-cut they
are on is even, say with probability at least p (over the randomness in the selection of T). Then
for those outcomes T in which e has this property, we could set y, := 1/6 and satisfy the O-join
constraints. This would save us 15c(e) on every such edge e (the reduction from 1/4 to 1/6) and
thereby guarantee a reduction in the cost of the O-join solution of ), rgo0q- Be(e).

Unfortunately, in general, it is not possible to argue that every min-cut an edge is on is even
simultaneously in T with constant probability. So, we will use a careful charging scheme.

Definition 3.33 (Last Cuts). For an edge e, the last cuts of e are the only (two) min-cuts containing e and
edges going higher in the graph right before contracting S,.

Observe that the last cuts of a top edge are critical cuts, but the last cuts of bottom edges are
not critical.

Definition 3.34 (Even at Last). For an edge e we say e is even at last if the two last cuts of e are even.

Equivalently, if e is a bottom edge, we say e is even at last if all the min cuts containing e on the cycle
defined by the graph consisting of S, with V \. S, contracted are even. Otherwise, if e = {u, v} is a top
edge, then it is even at last if the critical cuts S, S, are even simultaneously.

Fact 3.35. If a bottom edge e is even at last, then all (bottom) edges f where Sy = S, are even at last.

Proof. Since 6(S,) is a cycle cut, the edges inside S, form a path, and thus, exactly one edge
between each pair of (possibly contracted) vertices inside S, is selected as part of the tree on S,
chosen in step 6 of the algorithm. If, e is even at last, we must have exactly one of each pair of
cycle partners on 6(S) is in T; therefore, every pair of adjacent nodes in the cycle have one edge
connecting them in the tree. So, all cuts on the cycle have exactly two edges in T. This implies
every bottom edge of this cycle is even at last. O

Remark 3.36. By Fact 17.4, the companion of every bottom edge e has exactly the same pair of last
cuts as e.

Definition 3.37 (Good edges). An edge e = (u,v) is good if it is even at last with probability at least p
for some constant p > 0.

Instead of proving that all min-cuts that a single edge is on are even, we will instead prove that
every minimum cut contains at least one good edge. Each good edge e will then be responsible
for its last two cuts. This will allow edges to be reduced when they are even at last, as all cuts
lower in the hierarchy are handled by other edges.

Theorem 3.38. There is a universal constant p > 1/27 such that every every min-cut has at least one

good edge.

We already proved this theorem for vertices in Lemma 3.1. Proving it for min-cuts is identical,
thus we omit the proof here.

As we hinted at, we will reduce the value of y. to 1/6 whenever an edge e is even at last.
However, since e may also be on many other lower min-cuts, if we reduce ., the solution may
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not be feasible ((4) may be violated) as the lower min-cuts may be odd. To handle any lower
min-cut C that e is on, we show that, conditioned on e being even at last, the probability that C
is also even is at least g for some g > Q)(1). Therefore, we only need to worry about the lower
cuts with probability 1 — g each. In the bad event that a lower cut C is odd, we will need to fix
the solution to guarantee that (4) still holds: our approach is to split the deficit introduced in the
O-Join constraint for C among the good edges that do not go higher (see Definition 3.19). We
then simply show that in expectation each edge gains. This part of the proof heavily exploits the
properties of cactus representation of the min-cuts that we discussed above.

We note that Theorem 3.38 on its own is not enough to run our charging argument; so, we
need a slightly stronger version. In particular, in some cuts we may need to have two or three
good edges.

3.4 Probabilistic lemmas

In this section, we present three probabilistic lemmas which show that in every min-cut there is at
least one good edge, (and in some there are even more). This immediately proves Theorem 3.38.

Note the last cycle that we choose in step 10 of the algorithm has all edges even at last so
we don’t need to address it in this section. Furthermore, by Fact 3.17, et does not belong to any
critical cut.

Lemma 3.39 (Bottom edge lemma). Suppose that e = (u,v) is a bottom edge. Then e is good (where
p > 3/16).

Figure 22: Tllustration of edges in Bottom Edge Lemma.

Proof. If e is a bottom edge then S, (= S, ) is a cycle cut. By construction, when a tree on S,
is selected in step 8 of the algorithm, exactly one edge is chosen between every pair of adjacent
nodes in E(S,). So it suffices to consider the edges in 6(S,). These divide up into two pairs of
cycle partners connecting S, to V \.'S,, say {a,b} and {c,d}. (See Fig. 22.) Then by Lemma 3.31,
setting Sq := {a,b} and S, := {c,d}, we have P [67(S1) = 1 and é7(S2) = 1] > 3/16. O

Lemma 3.40 (Top edge lemma). In a critical cut 6(S) with one edge that goes higher, of the remaining
three edges in the cut, at least two are good with p > %.

Proof. First, suppose that e is the edge that goes higher from §(S), and f, g and & are the other
edges in 6(S).
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Figure 23: Illustration of top lemma. The figure shows the case where all three of S¢, Sg and Sy,
have an edge that goes higher (a, b, c respectively). It may be that some number of these nodes do
not have an edge going higher.

If the other endpoint of one of these three edges, say S;,, has no edge that goes higher then h
is good. (See left side of Fig. 23.) To see this, observe that we can condition on §(S;,) being even
which by Lemma 3.30 has probability at least 13/27. Given this event, |{f,g,h} N T| is either even
or odd. In either case, the event e € T is an independent event that occurs with probability 1/2.
Therefore,

P [|6(Sy) NT| even] - P [e makes 6(S) even | [6(S,) N T| even] > 5 : %

Therefore, at least two of f,g and h are good if at least two of S, S¢ and S, do not have an
edge that goes higher.

Consider next the case that, say, Sy and S,y both have an edge that goes higher, but S, doesn't.
As before, h is good. We claim that one of f and g is also good. To see this, since e € T is
independent of f,g,h € T, we observe using Lemma 3.28 that

Plee Tand [{f,gh}NT| =1] > %

N =

Next, note that for one of a2 and b, say a,
1
PlacTlecT] > T

Therefore, as before, regardless of the even/odd status of X U f after conditioning e in and f, g, h
to 1, the cut can be fixed by 4, meaning we have p > 11—6.

Finally, if all three of S fr Sg and Sj, have an edge that goes higher, then again, condition e in
and {f,g,h} N T| = 1. Then Among 4, b and ¢, for two of them, say a and b, their probability of
being in T given that e € T is at least 1/4. Therefore, each can fix their corresponding cut (6(Sy)
for a and §(Sy) for b) and both f and g are good. O
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As mentioned, we proved this lemma for vertices in Lemma 3.1, and it can be easily extended
for any critical cut S and the fact that every bottom edge is good.

Lemma 3.41. For every critical cut S, there is an edge e € 6(S) such that IP [e even at last] > 1/27.

3.5 Proof of Main Theorem

Recall that every good edge is even on top with probability at least p. The following statement is
the main technical result of this section.

Lemma 3.42. There is a (random) feasible O-join solution such that for every good edge e,
E [y.] <1/4—p/240,
and for every bad edge y. = 1/4 with probability 1.
Before, proving the above statement we use it to prove Theorem 3.13.

Proof of Theorem 3.13. Consider the trivial O-join solution y’ where y, = 1/2 if e is good and y, =
1/6 otherwise. Note that this is a valid O-join by Theorem 3.38. Now, define z = ay + (1 — a)y/
for some a that we choose later. It follows that for any good edge e,

1 1
E [z,] < “(1 - ﬁ) +(1- “)E'
and for a bad edge f:
1 1
E [zf] = ocEJr(l—oc)g

So, for p = 5, and « = 3% we obtain E [z,] < 0.249962. Since any edge e is chosen in T with

probability 1/2 (up to a 27") error), we pay at most 1/2 + E [z,] for any edge e whereas x pays
1/2. Therefore, we get a 0.749962 /0.5 approximation algorithm. O

So, in the rest of this section we prove Lemma 3.42.

O-join construction for good edges: For each good edge ¢, define B, to be an independent
Bernoulli random variable which is 1 with probability p/p., where p is the lower bound on the
probability that any good edge is even on top, and p, is the actual probability that e is even on top.
If ¢, f are bottom edge companions, then we let By = B, (with probability 1). Note that this still
makes selection of ¢, f independent of B, and any other edge of the graph.

We then construct an O-join solution for each 1-tree T using the following three step process:

1. Initialize y, := 1/4 for each edge ¢ € E.

2. Next, if e is even at last in T and B, = 1, reduce y, by r.(T) where:

B if eis a bottom edge.

T, ife={u,v} is a good top edge and there are exactly 2 good top edges

in both 4(S,) and 4(S,) that do not go higher.
173 if e is a good top edge that does not meet the previous criteria.

1e(T) :=

B, T2, T3 are parameters we will set later. For now, we just assume 173 < 7o < 8 < 1/12. When
re(T) > 0, we say that e is reduced.
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3. On each cut C that is odd, let A(C) := Y ,cc 1.(T) be the amount by which edges on that cut
were reduced in step 2, and let G¢ be the set of good edges on C such that C is one of their
last cuts. Now, for an edge e € G¢, let C' (and C) be the last cuts of e. Then increase y. by

A(©) AC)

Gel 7 1G]

in T and therefore is not reduced in step 2.

max { } Notice that in this case, since C is one of ¢’s top cuts, e is not even on top

By construction, this is a valid O-join solution since on every min-cut we began with at least 4
edges crossing every cut with y, = 1/4 and then guaranteed that every reduction on an odd cut
in step 2 was compensated for by a matching increase on that cut in step 3. (The ultimate gain
of course will come from the fact that many cuts will be even and hence, there will not need to
be an increase.) All non-min-cuts have at least 6 edges on them, each of value at least 1/6 (after
reduction) and are therefore satisfied in (4).

In the rest of the proof, it is enough to show that for any good edge ¢, E [y.] < 1/4 — p/240.
We complete the proof using the following two lemmas.

Lemma 3.43. If B > 572/4, then for any good top edge e = {u,v},

E [y.] < }L —pmin{n — B/2,73 —5B/12}.

Proof. Let C :=J(S,) and C’' := §(S,). Recall that, since ¢ is a top edge, C and C’ are critical cuts.
Let Hc (resp. Hcr) be the good edges in C (resp. C’) that go higher. Note that |H¢| and |Hc| is
either 0 or 1 by Fact 3.25. We consider 3 cases:

Case (i): |Gc| = |G| = 2. In the worst case, there is an edge, say f € Hc and an edge ¢ € He.
If f is a bottom edge, then

E [ri(T)]=p-p and PP[Cisodd|f reduced] =1/2
since

IP [parity of |f N T| = parity of |(6(S,) ~ f)NT|] =1/2,
by Fact 3.22. Therefore, the expected reduction in step 2 on C is at most

1 1_Bp

E [rf(T)] : @ -IP [C is odd|f reduced] = Bp -

N[ =
S

On the other hand, if f is a top edge, then the expected reduction in step 2 on C is at most

E [r¢(T)] - |Glc| -IP [C is odd|f reduced] < Top

| Q1

15 _pr
2 — 4

where we use Lemma 3.28 and the fact that edge f is independent of the rest of edges in C
to infer that , IP [C is odd|f reduced] < 5/8. The same reasoning applies to g, so we get

1
E [v.] gi—r2p+2-%.
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Figure 24: Cases (i) is on the left and case (ii) is on the right. Orange edges are good. On the
left, y. is reduced by T, with probability p and pays half the burden on both sides; on the right v,
is reduced by 13 with probability p and pays half the burden on one side and one third of the
burden on the other.

Case (ii): |G¢c| > 3 or |G/ > 3 (or both). Again, in the worst case, there is an edge, say f € Hc
and an edge ¢ € H¢r. By the same reasoning as above, E [y,] is largest if f and g are bottom
edges. In this case, the same calculation as above gives,

1

1 .
E [Tf(T)] . @ P [C 1S Odd‘f reduced] < ﬁp . @ .

7

N —

and similarly for g, so
1 1 1
E[y] < 1—13p+ﬁ—p (+>

Case (iii): |Hc| + |Hc| < 1. In the worst case, |He| = 1 and |He| = 0 and f € Hc is a bottom
edge. Note that in this case we may have G = {e}. But the advantage is that we never
increase y, to fix C' since Hor = @. Then,

1 11 Bp
E[y] =~ — I <1/4— PE.
el =g —mp+bp gy SVA—TP T

Note that if case (iii) does not happen, then by Lemma 3.40 we have |G|, |Gc/| > 2. So, either (i)
or (ii) will happen. O

Lemma 3.44. If 313 < 21y, then for any (good) bottom edge e,
E[y.] <1/4—pmin{p/4,38/4— 1, p—412/3}.

Proof. Say f is the companion of e. Let S = S, and S’ be the parent of S in the hierarchy of critical
cuts. Say the last cuts of e (and f) are C = {e, f,a,b} and C’' = {e, f, g, h}. In other words 4, b are
partners and g, h are partners. Note that |G¢c| = |G¢/| = 2 because all edges {a,b, g, h} go to the
higher critical cut S,.

Case (i): 2 and g go higher than S. We have a,g € §(S’). So, by Fact 3.25, §’ is also a cycle cut.
This means that b and h are companions and a and g are cycle partner pairs on 6(S’). (See
Fig. 25). Edge e has to increase to fix the cuts C,C’ whenever a,b, g or h are decreased and
the corresponding cut is odd. The expected increase in y, due to reductions on a,b,g,h
divides into two types.
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Figure 25: Case (i) of Lemma 3.44.

We start with b, h: By Fact 3.22 and the fact that B, = B, we know that b and h are always
reduced at the same time. Furthermore, conditioned on b (and /) being reduced, we have

parity of |T N C| = parity of [TNC’|.

This is simply because b (and h) are reduced only when they are even at last which implies
|ITN{a,g}| = 1. So, we can fix the reduction of b, h simultaneously when we increase e (or
f). In other words, it is enough to only take into account the expected increase of v, due to
b,ie.,

1

E [r,(T)] - Gal”

P[|CNT|is odd|b reduced] = Bp -

N =
N —
.

Now, we calculate the expected increase due to g, g: We compute the charge due to a and
the same will hold for g. Again, by Fact 3.22, b and & are chosen independently of 4, g, i.e.,
P [|T N C| odd|a reduced] < 1/2. Therefore, the expected increase due to a is

Bp

E[r,(T)] - 1 -IP[[CNT| odd|a reduced]| < Bp - 1

|Gc|

N =
N —

using 13, » < B. Therefore, altogether,

E[ye]<1—ﬁp+3-ﬁp

_— 4 T.
Case (ii): Only one edge, say 4, goes higher than S. In this case, by the same reasoning as above,
we have .
E [ro(T)] - = -P[|CNT| is odd|a reduced] < Bp- = - =,
|Gcl 2 2

since b is independent of 2 and it can be chosen to correct the parity.
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For the remaining three edges {b, g, h}, by Lemma 3.40 either two or three of b, g and h are
good. If two are good, then each has an expected reduction of at most Tp or three are good
and each has an expected reduction of at most t3p.

Therefore, altogether,

1

by the assumption of the lemma.

Case (iii): a, g are companions and b,/ are companions (on the next critical cut). This case fol-
lows the same analysis as case (i) but gains because in this case a,g are also reduced
simultaneously.

Case (iv): No edge goes higher than S and all {a4,b, g, 11} are top edges. Some number of these
edges are good; if more than two are good we pay 4713 (at most) with probability p and
otherwise we pay 27, (at most) with probability p . Then:

4T2p

1
<z <7_
E [y.] < 1 Bp + |G | max{21,413} By + — 3

To finish the proof we just need to argue that we exhausted all cases. By Fact 3.24, among
{a,b,g,h} at most two go higher. By Fact 3.26, from each pair of cycle partners, i.e., {a,b} or
{g,h}, at most one goes higher. Therefore, if case (i) does not happen, we have at most one that
goes higher. If (i), (ii) do not happen, then no edge goes higher. So, by Fact 3.27 either all four
edges in {a,b, g, h} are bottom edges, i.e., case (iii), or none are bottom edges, i.e., case (iv). [

To finish the proof of Lemma 3.42, let B = 1/12, » = 7/120 and 13 = 7/180 chosen to
satisfy 3 < 1 < B, B > 51»/4 and 313 < 27. Plugging in these numbers into Lemma 3.43 and
Lemma 3.44 we obtain that E [y,] < 1/4 — p/240 for any good edge e as desired.

3.6 Summary of special cases

This completes the proof for the half integral case. The key technical ideas to take away from the
degree cut case and the half integral case are as follows:

¢ The edges that end in different levels of the hierarchy of minimum cuts are independent.

* Many edges in every critical cut are good, i.e. their top two cuts are even simultaneously
with constant probability.

¢ We can define a matching between edges that end at level i and edges that end at level higher
than 7 in the hierarchy.

* Bottom edges are difficult to define this matching for since there are fewer edges ending at
level i per edge going higher. However, they are very well behaved: in the half integral case,
one of each pair of cycle partners is chosen independently of all other events.

While all of these notions may appear specialized to the half integral case, they are in fact all
robust enough to be generalized and each one appears in some form in what follows. For this
reason, we again highlight that understanding this section on special cases is an excellent window
into the proof in the general case.
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4 Qverview

In this section we will first describe three of the most important new theorems we proved that
allowed us to give an improvement in the general case, and then give a proof overview. This
section will focus on [KKO21], which shows that the cost of the max entropy algorithm is at most
(3 —€) - c(OPT) instead of (3 — €) - c¢(x) where x € Py, (as is done in [KKO22]). In a later section
we discuss the tools necessary to obtain the stronger claim. The essential difference is here we use
the optimal cycle in our analysis, which dramatically simplifies a key part of our argument. Thus
the theorem we outline in this section is as follows:

Theorem 4.1. The max entropy is a randomized 3 — € approximation for metric TSP for some € > 10~%.

While this section is an overview, we do include some technically important material, in
particular a proof of Theorem 4.1 using the two main technical theorems in later sections.

4.1 Three New Techniques
4.1.1 Polygon Structure for Near Minimum Cuts Crossed on one Side.

It should be clear from the previous section that understanding the structure of the set of near
minimum cuts is key. We already know that if the only minimum cuts are the vertices, we can
obtain a better-than-3/2 algorithm. So we need to study what other structures can arise.

Let G = (V,E, x) be an undirected graph equipped with a weight function x : E — R>( such
that for any cut (S, S) such that ug, vy € S, x(5(S)) > 2.

For some (small) # > 0, consider the family of #-near min cuts of G. Let C be a connected
component of crossing #-near min cuts. Given C we can partition vertices of G into sets ay, ..., 4,1
(called atoms); this is the coarsest partition such that for each 4;, and each (S,S) € C, we have
a; C S or a; C S. Here ag is the atom that contains g, vg.

There have been several works studying the structure of edges between these atoms and the
structure of cuts in a connected component of cuts C w.r.t. the a;’s. The cactus structure (see
[DKL76]) shows that if 7 = 0, then we can arrange the 4;’s of a connected component around a
cycle, say ajy, ..., a, (after renaming), such that x(E(a;,a;41)) = 1 for all i.

Benczir and Goemans [Ben95; BG08] studied the case when 7 < 6/5 and introduced the
notion of polygon representation, in which case atoms can be placed on the sides of an equilateral
polygon and some atoms placed inside the polygon, such that every cut in C can be represented
by a diagonal of this polygon. Later, [OSS11] studied the structure of edges of G in this polygon
when 1 < 1/100.

In this paper, we show it suffices to study the structure of edges in a special family of polygon
representations: Suppose we have a polygon representation for a connected component C of
n-near min cuts of G such that

* No atom is mapped inside,

* If we identify each cut (S,S) € C with the interval along the polygon that does not contain
ap, then any interval is only crossed on one side (only on the left or only on the right).

Then, we have (i) For any atom a;, x(6(a;)) < 2+ O(y) and (ii) For any pair of atoms a;,4;,1,
x(E(aj, ai+1) > 1—Q(n) (see Theorem 5.9 for details).
We expect to see further applications of our theorem in studying variants of TSP.
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4.1.2 Generalized Gurvits’ Lemma

Given a real stable polynomial p € R>¢[z1, .. .,z,] (with non-negative coefficients), Gurvits proved
the following inequality [Gur06; Gur08]
(z1,.-,2n)

< azl e az,,p’z:o < ;gg pzlizn (7)

. 21,2
e nmfw
z>0  Z1...Zy

He defined inf,~ p(ii.’::'z’f”) as the capacity of the polynomial p at the all ones vector, 1.
As a consequence, one can prove the following theorem about strongly Rayleigh (SR) distribu-
tions by demonstrating that the capacity of the generating polynomial of such a distribution is at

least 1.

Theorem 4.2. Let  : 21"} — R~ be SRand Ay, ..., Ay be random variables corresponding to the number
of elements sampled in m disjoint subsets of [n] such that E [A;] = n; forall i. If n; =1 forall 1 <i <,
then P [Vi, A; = 1] > e ™.

One can ask what happens if the vector (n1,...,1,) in the above theorem is not equal but
close to 1. To answer this, we prove a generalization of the above statement, although with a
significantly weaker constant. Roughly speaking, we show that as long as } /" |[n; —1| <1 —¢€
then IP [Vi, A; = 1] > f(e,m) where f(e, m) has no dependence on 1, the number of underlying
elements in the support of u.

Theorem 4.3 (Informal version of Proposition 6.8). Let u : 2 R>o be SR and let A, ..., Ay be
random variables corresponding to the number of elements sampled in m disjoint subsets of [n]. Suppose
that there are integers ny, ..., Ny, such that for any set S C [m], P [Y;c5 Ai = Yjes ni] > €. Then,

P [Vi, A; = nj] > f(e,m).

If one only cares about bounding the probability by a constant, the above statement is even
stronger than Theorem 4.2 as we only require P [} ;5 A; = Y ;jcs 1] to be bounded away from
0 for any set S C [m] and we don’t need a bound on the expectation. Our proof of the above
theorem has doubly exponential dependence on €. We leave it an open problem to find the
optimum dependency on €. Furthermore, our proof of the above theorem is probabilistic in nature;
we expect that an algebraic proof based on the theory of real stable polynomials will provide a
significantly improved lower bound.

In an independent work, Gurvits and Leake [GL21] proved a variant of the above theorem
with a much better dependence on € and m for a homogeneous strong Rayleigh distribution. This
was subsequently updated to a version of the above theorem that does not require homogeneity.
While the constant they obtain is much better, the statement is still slightly weaker in that it deals
with expectations and not probabilities. Thus it gives constant bounds for a strictly smaller set
of events. We reproduce it here, stated in the case in which we want all m sets to equal 1 for
simplicity (the theorem in [GL21] deals with a general vector x in which we want A; = «; for all 7).

Theorem 4.4 (Corollary 8.1 in [GL21]). Let y : 2ln] — R be a strongly Rayleigh distribution and let
A1, ..., Ap be random variables corresponding to the number of elements sampled in m disjoint subsets of
[n]. Define B; = E [A;]. Then if || —1||1 <1 — € then

P[A; = 1,Vi] > (g)m
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This is proved by lower bounding the capacity of the generating polynomial of such an SR
distribution y by € and applying Gurvits” bound (7). It is interesting to study how to further
bridge the gap between the two theorems: is it possible to bound the capacity for every regime in
which Theorem 4.3 gives us a constant?

4.1.3 Conditioning while Preserving Marginals

Consider a SR distribution y : 2I"l — R> and let x : [n] — Rxo, where for all i, x; = Pr., [i € T},
be the marginals.

Let A, B C [n] be two disjoint sets such that E [Ar], E [Br] ~ 1. It follows from Theorem 4.3
that IP [Ar = By = 1] > Q(1). Here, however, we are interested in a stronger event; let v =
u|Ar = Br = 1 and let y; = P, [i € T]. It turns out that the y vector can be very different from
the x vector, in particular, for some i’s we can have |y; — x;| bounded away from 0. We show that
there is an event of non-negligible probability that is a subset of A7 = Br = 1 under which the
marginals of elements in A, B are almost preserved.

Theorem 4.5 (Informal version of Proposition 6.13). Let p : 2"} — R~ be a SR distribution and let
A, B C [n] be two disjoint subsets such that E [Ar],E [Br| ~ 1. For any a < 1 there is an event E4 p
such that P [E4 ] > Q(a?) and

e P [AT = BT = 1‘514’3] =1,
® Yica P[] —P[i|Eap]| < a,
* Yies|P[i] =Pi|€ap] | <.

We remark that the quadratic lower bound on « is necessary in the above theorem for a
sufficiently small @ > 0. The above theorem can be seen as a generalization of Theorem 4.2 in the
special case of two sets.

We leave it an open problem to extend the above theorem to arbitrary k disjoint sets. We
suspect that in such a case the ideal event €4, 4, occurs with probability Q(a)* and preserves all
marginals of elements in each of the sets Aj,..., Ax up to a total variation distance of «.

4.2 Overview of Proof

As alluded to earlier, the crux of the proof of Theorem 4.1 is to show that the expected cost of the
minimum cost matching on the odd degree vertices of the sampled tree is at most OPT(1/2 — ¢).
We do this by showing the existence of a cheap feasible O-join solution to (4).

First, recall that if we only wanted to get an O-join solution of value at most OPT /2, to satisfy
all cuts, it is enough to set y, := x,/2 for each edge [Wol80]. To do better, we want to take
advantage of the fact that we only need to satisfy a constraint in the O-join for S when 6(S)7 is
odd. Here, we are aided by the fact that the sampled tree is likely to have many even cuts because
it is drawn from a strongly Rayleigh distribution.

If an edge e is exclusively on even cuts then y, can be reduced below x,/2. This, more or
less, was the approach in [OSS11] for graphic TSP, where it was shown that a constant fraction of
LP edges will be exclusively on even near min cuts with constant probability. The difficulty in
implementing this approach in the metric case comes from the fact that a high cost edge can be
on many cuts and it may be exceedingly unlikely that all of these cuts will be even simultaneously.
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Overall, our approach to addressing this is to start with y, := x,/2 and then modify it with a
random!? slack vector s : E — IR: When certain special (few) cuts that e is on are even we let
se = —X.p (for a carefully chosen constant B > 0); for other cuts that contain e, whenever they are
odd, we will increase the slack of other edges on that cut to satisfy them. The bulk of our effort is
to show that we can do this while guaranteeing that E [s,] < —efx, for some € > 0.

By carefully choosing f smaller than #, we do not need to worry about the reduction breaking
a constraint for any cut S such that x(6(S)) > 2(1 + 7). In particular, if we choose p ~ 11/4, any
such cut is always satisfied, even if every edge in d(S) is decreased and no edge is increased.

Let OPT be the optimum TSP tour, i.e., a Hamiltonian cycle, with set of edges E*; throughout
the paper, we write ¢* to denote an edge in E*. To bound the expected cost of the O-join for a
random spanning tree T ~ y,, we also construct a random slack vector s* : E* — R>( such that
(x+ OPT)/4+ s+ s* is a feasible for Eq. (4) with probability 1. In Section 4.2.1 we explain how
to use s* to satisfy all but a linear number of near mincuts.

Theorem 4.6 (Main Technical Theorem). Let x° be a solution of (2) with support Eg = E U {eo}, and x
be x0 restricted to E. Let z := (x + OPT) /2,7 < 10712, B > 0, and let u be the max-entropy distribution
with marginals x. Also, let E* denote the support of OPT. There are two functions s : Ey — R and
s* : E* = R> (as functions of T ~ u), , such that

i) Foreachedgee € E, s, > —x,p.
ii) For each n-near-min-cut S of z, if 6(S) is odd, then s(6(S)) +s*(6(S)) > 0.
iii) For every OPT edge ¢*, E [s3.] < 218np and for every LP edge e # eo, E[s.] < —31x.epp for

e*

ep = 3.12-1071° (defined in (38)).

In the next subsection, we explain the main ideas needed to prove this technical theorem. But
tirst, we show how our main theorem follows readily from Theorem 4.6.

Proof of Theorem 4.1. Let x° be an extreme point solution of the 2, with support Ey and let x be
x0 restricted to E. By Fact 2.3 x is in the spanning tree polytope. For u = y,- the max entropy
distribution with marginals x and f > 0 a parameter we choose below, let s,s* be as defined in
Theorem 4.6. We will define y : Eg = R>g and y* : E* — R>¢. Let

Ye =

xX./4+s, ifeeE
ife=e¢y

we also let y¥ = 1/4 + s}, for any edge e* € E*. We will show that y + y* is a feasible solution!3
to (4). First, observe that for any S where ey € §(S), we have y(6(S)) +y*(5(S)) > 1. Otherwise,
we assume 1,09 ¢ S. If S is an 77-near min cut w.r.t.,, z and §(S)t is odd, then by property (ii) of
Theorem 4.6, we have

y(6(9) +y°(0(5)) = 2V 1 ss(5)) +57(0(5)) 2 1.

12where the randomness comes from the random sampling of the tree
13Recall that we merely need to prove the existence of a cheap O-join solution. The actual optimal O-join solution can
be found in polynomial time.
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On the other hand, if S is not an 7-near min cut (w.r.t., z).

. z(8(S

y(e(9) +v°(0(5)) > 20 pra(s))

z(0(S

) pa(z(o(s)) ~ 1)

>2(6(5))(1/2 =2p) +2p > (2+1)(1/2 - 2B) +2p

where in the first inequality we used property (i) of Theorem 4.6 which says that s, > x, with
probability 1 for all LP edges and that s}. > 0 with probability 1. In the second inequality we used
that z = (x + OPT)/2, so, since OPT > 2 across any cut, x(6(S)) < 2(z(6(S)) — 1). Finally, if we
choose

v

p=n/41 ®)
then the righthand side is at least 1, so y 4 y* is a feasible O-join solution.
Finally, using c(ep) = 0 and part (iii) of Theorem 4.6,
Elc(y) +c(y")] = OPT/4+c(x) /4+E c(s) + c(s")
< OPT/4+c(x)/4+ 218yBOPT — %ep,l%c(x) <(1/2- %ep,B)OPT
choosing # such that
218y = éep )

and using c(x) < OPT.

Now, we are ready to bound the approxirnation factor of our algorithm. First, since 1" is an
extreme point solution of the 2, min,cg, x0 > L. So, by Theorem 2.6, in polynomial time we can
find A : E — Ryg such that for any e € E, P, [e] < x,(1+ ) for some 4 that we fix later. It follows

that
Z \]P P, [e] | < né.

ecE
By stability of maximum entropy distributions (see [SV19, Thm 4] and references therein), we
have that ||u — uy|l1 < O(n*6) =: g. Therefore, for some § < n=* we get || — |1 = 9 < %.
That means that

E.,, [min cost matching] < Er, [c(y) +c(y*)] +q(OPT/2) < (1 — —epB+ il(;g) OPT,

where we used that for any spanning tree the cost of the minimum cost matching on odd degree
vertices is at most OPT/2. Finally, since Er.;, [¢(T)] < OPT(1+6), ep = 3.12-107'¢, and
B =1/41=€,/5362.8 (from (62)) we get a 3/2 — 3 - 10 3¢ approximation algorithm for TSP. [

4.2.1 Ideas underlying proof of Theorem 4.6

The first step of the proof is to show that it suffices to construct a slack vector s for a “cactus-like”
structure of near min-cuts that we call a hierarchy. Informally, a hierarchy H is a laminar family of
mincuts'4, consisting of two types of cuts: triangle cuts and degree cuts. A triangle S is the union of
two min-cuts X and Y in H such that x(E(X,Y)) = 1. See Fig. 52 for an example of a hierarchy
with three triangles.

14This is really a family of near-min-cuts, but for the purpose of this overview, assume 1 = 0
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Figure 26: An example of part of a hierarchy with three triangles. The graph on the left shows
part of a feasible LP solution where dashed (and sometimes colored) edges have fraction 1/2
and solid edges have fraction 1. The dotted ellipses on the left show the min-cuts uy, u2, u3 in
the graph. (Each vertex is also a min-cut). On the right is a representation of the corresponding
hierarchy. Triangle u; corresponds to the cut {a,b}, u, corresponds to {c,d} and us corresponds
to {a,b,c,d}. Note that, for example, the edge (a,c), represented in green, is in 6(u7), 6(u3z), and
inside u3. For triangle 11, we have A = é(a) \ (a,b) and B = 4(b) . (b, d).

We will refer to the set of edges E(X, S) (resp. E(Y,S)) as A (respectively B) for a triangle cut
S. In addition, we say a triangle cut S is happy if At and Br are both odd. All non-triangle cuts
are called degree cuts. A degree cut S is happy if 6(S) is even.

Theorem 4.7 (Main Payment Theorem (informal)). Let G = (V, E, x) for LP solution x and let y be
the max-entropy distribution with marginals x and B > 0. Given a hierarchy H, there is a slack vector
s : E — R such that

i) Foreachedgee € E, s, > —x,p.
ii) For each cut S € H if S is not happy, then s(6(S)) > 0.
iii) For every LP edge e # ey, E [s.] < —Bepx, for ep > 0.

In the following subsection, we discuss how to prove this theorem. Here we explain at a high
level how to define the hierarchy and reduce Theorem 4.6 to this theorem. The details are in
Section 5.

First, observe that, given Theorem 4.7, cuts in ‘H will automatically satisfy (ii) of Theorem 4.6.
The approach we take to satisfying all other cuts is to introduce additional slack, the vector s*, on
OPT edges.

Consider the set of all near-min-cuts of z, where z := (x + OPT) /2. Starting with z rather than
x allows us to restrict attention to a significantly more structured collection of near-min-cuts. The
key observation here is that in OPT, all min-cuts have value 2, and any non-min-cut has value at
least 4. Therefore averaging x with OPT guarantees that every 77-near min-cut of z must consist
of a contiguous sequence of vertices (an interval) along the OPT cycle. Moreover, each of these cuts
is a 2r-near min-cut of x. Arranging the vertices in the OPT cycle around a circle, we identify
every such cut with the interval of vertices that does not contain (1, v9). Also, we say that a cut
is crossed on both sides if it is crossed on the left and on the right.
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To ensure that any cut S that is crossed on both sides is satisfied, we first observe that S is odd
with probability O(7). To see this, let S and Sg be the cuts crossing S on the left and right
with minimum intersection with S and consider the two (bad) events {E(SNS.,S. N\ S))r #
1} and {E(SNSgr,Sr~S))r # 1}. Recall that if A,B and A U B are all near-min-cuts, then
P [E(A, B)r # 1] = O(n) (see Corollary 2.29). Applying this fact to the two aforementioned bad
events implies that each of them has probability O(7). Therefore, we will let the two OPT edges
in 6(S) be responsible for these two events, i.e., we will increase the slack s* on these two OPT
edges by O(77) when the respective bad events happens. This gives E [s*(e*)] = O(?) for each
OPT edge e*. As we will see, this simple step will reduce the number of near-min-cuts of z that
we need to worry about satisfying to O(n).

Next, we consider the set of near-min-cuts of z that are crossed on at most one side. Partition
these into maximal connected components of crossing cuts. Each such component corresponds to
an interval along the OPT cycle and, by definition, these intervals form a laminar family.

A single connected component C of at least two crossing cuts is called a polygon. We prove the
following structural theorem about the polygons induced by z:

Theorem 4.8 (Polygons look like cycles (Informal version of Theorem 5.9)). Given a connected
component C of near-min-cuts of z that are crossed on one side, consider the coarsest partition of vertices of
the OPT cycle into a sequence ay, . .., a,—1 of sets called atoms (together with ag which is the set of vertices
not contained in any cut of C). Then

* Every cut in C is the union of some number of consecutive atoms in ay, ..., ay,—1.
e For each i such that 0 <i < m —1, x(E(a;,a;+1)) ~ 1 and similarly x(E(a,_1,a0)) ~ 1.
® Foreachi> 0, x(6(a;)) =~ 2.

The main observation used to prove Theorem 4.8 is that the cuts in C crossed on one side can
be partitioned into two laminar families £ and R, where L (resp. R) is the set of cuts crossed on
the left (resp. right). This immediately implies that |C| is linear in m. Since cuts in £ cannot cross
each other (and similarly for R), the proof boils down to understanding the interaction between
L and R.

The approximations in Theorem 4.8 are correct up to O(y). Using additional slack in OPT,
at the cost of an additional O(%?) for edge, we can treat these approximate equations as if they
are exact. Observe that if x(E(a;,a;11)) = 1, and x(6(a;)) = x(6(a;31)) =2for1 <i < m-2,
then with probability 1, E(a;,a;11)7 = 1. Therefore, any cut in C which doesn’t include a; or
a1 is even with probability 1. The cuts in C that contain a; are even precisely15 when E(ag,a1)r
is odd and similarly the cuts in C that contain a,,_; are even when E(ag, a,,—1)7 is odd. These
observations are what allow us to imagine that each polygon is a triangle, i.e., assume m = 3.
(Note that often it is convenient to look at the event in which E(ag,a1)r = 1 and E(ag, a,—1)7 = 1
since this is a simple criteria which implies that all cuts in C are even.)

The hierarchy H is the set of all #-near mincuts of z that are not crossed at all (these will be the
degree cuts), together with a triangle for every polygon. In particular, for a connected component
C of size more than 1, the corresponding triangle cutis aq U...Ua,_1, with A = E(ap,a;1) and
B = E(ag, a;,—1). Observe that from the discussion above, when a triangle cut is happy, then all of
the cuts in the corresponding polygon C are even.

15Roughly, this corresponds to the definition of the polygon being left-happy.
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Summarizing, we show that if we can construct a good slack vector s for a hierarchy of degree
cuts and triangles, then there is a nonnegative slack vector s*, that satisfies all near-minimum
cuts of z not represented in the hierarchy, while maintaining slack for each OPT edge e* such that
E [s*(e")] = O(%).

Remarks: The reduction that we sketched above only uses the fact that y is an arbitrary distribu-
tion of spanning trees with marginals x and not necessarily a maximum-entropy distribution.

We also observe that to prove Theorem 4.1, we crucially used that 2857 < €. This forces us to
take # very small, which is why we get only a “very slightly” improved approximation algorithm
for TSP. Furthermore, since we use OPT edges in our construction, we don’t get a new upper
bound on the integrality gap. We leave it as an open problem to find a reduction to the “cactus”
case that doesn’t involve using a slack vector for OPT (or a completely different approach).

4.2.2 Proof ideas for Theorem 4.7

We now address the problem of constructing a good slack vector s for a hierarchy of degree cuts
and triangle cuts. For each LP edge f, consider the lowest cut in the hierarchy, that contains
both endpoints of f. We call this cut p(f). If p(f) is a degree cut, then we call f a top edge and
otherwise, it is a bottom edge'®. We will see that bottom edges are easier to deal with, so we start
by discussing the slack vector s for top edges.

Let S be a degree cut and let e = (1, v) (where u and v are children of S in H) be the set of all
top edges f = (u/,v’) such that u’ € u and v’ € v. We call e a fop edge bundle and say that u and v
are the top cuts of each f € e. We will also sometimes say that e € S.

Ideally, our plan is to reduce the slack of every edge f € e when it is happy, that is, both of its
top cuts are even in T. Specifically, we will set s; := —#x; when §(u)r and §(v)r are even. When
this happens, we say that f is reduced, and refer to the event {6(u)r,d(v)r even} as the reduction
event for f. Since this latter event doesn’t depend on the actual endpoints of f, we view this as a
simultaneous reduction of se.

Now consider the situation from the perspective of the degree cut u (where p(u) = S) and
consider any incident edge bundle in S, e.g., e = (u,v). Either its top cuts are both even and
Se := —1]Xe, Or they aren’t even, because, for example, é(u)7 is odd. In this latter situation,
edges in 67(u) := §(u) N6(S) might have been reduced (because their top two cuts are even),
which a priori could leave é(u#) unsatisfied. In such a case, we increase se for edge bundles in
07 (u) :=6(u) \ 6(S) to compensate for this reduction. Our main goal is then to prove is that for
any edge bundle its expected reduction is greater than its expected increase. The next example
shows this analysis in an ideal setting.

Example 4.9 (Simple case). Fix a top edge bundle e = (u,v) with p(e) = S. Let x,, := x(67(u)) and
let x, := x(67(v)). Suppose we have constructed a (fractional) matching between edges whose top
two cuts are children of S in 7 and the edges in §(S), and this matching satisfies the following
three conditions: (a) e = (u,v) € S is matched (only) to edges going higher from its top two cuts
(i-e., to edges in 6T(u) and &T(v)), (b) e is matched to an m,, fraction of every edge in 6'(u) and
to an ., fraction of each edge in 6 (v), where

Me,y + Mey = Xe,

16For example, in Fig. 52, p(a,c) = u3, and (g, ¢) is a bottom edge.
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and (c) the fractional value of edges in 6~ (u) := 6(u) \ 8 (1) matched to edges in ' (u) is equal
to xy. That is, for each u € S, Y g5 () Meu = Xu-

The plan is for e € S to be tasked with part of the responsibility for fixing the cuts 6(u) and 6(v)
when they are odd and edges going higher are reduced. Specifically, s, is increased to compensate
for an m,, fraction of the reductions in edges in §'(u) when §(u)r is odd. (And similarly for
reductions in v.) Thus,

x
E =—-P u P P 8
[Se] [e reduced] 7xe + e, ge;(u) [0(u)T odd|g reduced] IP [¢ reduced] 7 < ()
g
+ ey Y, P[6(v)r odd|g reduced] P [g reduced] 0 (@) (10)
8" (v)

We will lower bound P [6(u)T even|g reduced]|. We can write this as
P [5%(M)T and 6" (u)r have same parity |g reduced} .

Unfortunately, we do not currently have a good handle on the parity of 6'(u)r conditioned on
¢ reduced. However, we can use the following simple but crucial property: Since x(§(S)) = 2,
by Lemma 2.28, T consists of two independent trees, one on S and one on V \ S, each with the
corresponding marginals of x. Therefore, we can write

P [6(u) T even|g reduced] > min(P [(6 7 (u))7 even], P [(67 (u))r odd]).

This gives us a reasonable bound when € < x,, x, < 1 — € since, because x(6(u)) = x(6(v)) =2,
by the SR property, (6~ (#))r (and similarly (67 (v))r) is the sum of Bernoulis with expectation in
[1+¢€,2 —€]. From this it follows that

min(P [(67 (u))r even],P [(67 (u))r odd]) = Q(e).

We can therefore conclude that IP [§(u)r odd|g reduced] <1 — O(e).

The rest of the analysis of this special case follows from (a) the fact that our construction will
guarantee that for all edges g, the probability that g is reduced is exactly p, i.e., it is the same for
all edges, and (b) the fact that me;,x;, + me Xy, = xe. Plugging these facts back into (10), gives

IE [Se] S _pﬂxe + me,u(l - e)p’? + me/z}(l - €)p17
< —pnxe + (1 — €)pyxe = —€pinxe. (11)

If we could prove (11) for every edge f in the support of x, that would complete the proof that the
expected cost of the min O-join for a random spanning tree T ~ y is at most (1/2 — €)OPT.
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Remark: Throughout this paper, we repeatedly use a mild generalization of the above "inde-
pendent trees fact": that if S is a cut with x(6(S)) < 2+ ¢, then St is very likely to be a tree.
Conditioned on this fact, marginals inside S and outside S are nearly preserved and the trees
inside S and outside S are sampled independently (see Lemma 2.28).

Ideal reduction: In the example, we were able to show that P [6(#)r odd | g reduced] was
bounded away from 1 for every edge ¢ € 6'(u), and this is how we proved that the expected
reduction for each edge was greater than the expected increase on each edge, yielding negative
expected slack.

This motivates the following definition: A reduction for an edge g is k-ideal if, conditioned on
g reduced, every cut S that is in the top k levels of cuts containing g is odd with probability that is
bounded away from 1.

Moving away from an idealized setting: In Example 4.9, we oversimplified in four ways:

(a) We assumed that it would be possible to show that each top edge is good. That is, that its
top two cuts are even simultaneously with constant probability.

(b) We considered only top edge bundles (i.e., edges whose top cuts were inside a degree cut).
(c) We assumed that x,, x, € [e,1 —€].

(d) We assumed the existence of a nice matching between edges whose top two cuts were
children of S and the edges in 4(S).

Our proof needs to address all four anomalies that result from deviating from these assumptions.

Figure 27: An Example with Bad Edges. A feasible solution of the 2 is shown; dashed edges
have fraction 1/2 and solid edges have fraction 1. Writing E = Ej \ {¢p} as a maximum entropy
distribution y we get the following: Edges (a,b), (¢, d) must be completely negatively correlated
(and independent of all other edges). So, (b, up), (a,up) are also completely negatively correlated.
This implies (a,b) is a bad edge.

Bad edges. Consider first (a). Unfortunately, it is not the case that all top edges are good. Indeed,
some are bad. However, it turns out that bad edges are rare in the following senses: First, for an
edge to be bad, it must be a half edge, where we say that an edge e is a half edge if xo € 1/2+ €/,
for a suitably chosen constant €1,,. Second, of any two half edge bundles sharing a common
endpoint in the hierarchy, at least one is good. For example, in Fig. 27, (a, 1) and (b, up) are good
half-edge bundles. We advise the reader to ignore half edges in the first reading of the paper.
Correspondingly, we note that our proofs would be much simpler if half-edge bundles never
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Figure 28: In this representation of the cut hierarchy (as in Fig. 52), for the triangle u corresponding
to the cut 6(a; Uay), when At and Br are odd, all 3 cuts (6(a1)7,6(az2)r and 8(ay Uay)r = 6(u)r
are odd (since fr is always 1). (Recall also that the edges in the bundle e must have one endpoint
in {a; Ua,} and one endpoint in {a3 Uay}, as was the case, e.g., for the edge (a,c) in Fig. 52.)

showed up in the hierarchy. It may not be a coincidence that half edges are hard to deal with, as it
is conjectured that TSP instances with half-integral LP solutions are the hardest to round [SWZ12;
SWZ13].

Our solution is to never reduce bad edges. But this in turn poses two problems. First, it
means that we need to address the possibility that the bad edges constitute most of the cost of
the LP solution. Second, our objective is to get negative expected slack on each good edge and
non-positive expected slack on bad edges. Therefore, if we never reduce bad edges, we can’t
increase them either, which means that the responsibility for fixing an odd cut with reduced edges
going higher will have to be split amongst fewer edges (the incident good ones).

We deal with the first problem by showing that in every cut u in the hierarchy at least 3/4
of the fractional mass in §(u) is good and these edges suffice to compensate for reductions on
the edges going higher. Moreover, because there are sufficiently many good edges incident to
each cut, we can show that either using the slack vector {s.} gives us a low-cost O-join, or we can
average it out with another O-join solution concentrated on bad edges to obtain a reduced cost
matching of odd degree vertices.

We deal with the second problem by proving Lemma 7.2, which guarantees a matching
between good edge bundles e = (u,v) and fractions e, e, of edges in 8" (u), " (v) such that,
roughly, mey, + Mep = (14 O(€1/2))Xe.

Dealing with triangles. Turning to (b), consider a triangle cut S, for example 6(a; U a2) in Fig. 28.
Recall that in a triangle, we can assume that there is an edge of fractional value 1 connecting a;
and a4 in the tree, and this is why we defined the cut to be happy when Ar and Br are odd: this
guarantees that all 3 cuts defined by the triangle (5(a1),(a2),d(a; U ay) are even.

Now suppose that e = (1,v) is a top edge bundle, where u and v are both triangles, as shown
in Fig. 28. Then we’d like to reduce s when both cuts u and v are happy. But this would require
more than simply both cuts being even. This would require all of Ar, Br, Aff, B’T to be odd. Note
that if, for whatever reason, e is reduced only when §(u)7 and é(v)r are both even, then it could
be, for example, that this only happens when A7 and By are both even. In this case, both é(aq)7
and 6 (az) will be odd with probability 1 (recalling that fr = 1), which would then necessitate an
increase in s whenever e is reduced. In other words, the reduction will not even be 1-ideal.

It turns out to be easier for us to get a 1-ideal reduction rule for e as follows: Say that e is 2-1-1
happy with respect to u if 6(u)7 is even and both A, B are odd. We reduce e with probability p/2
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when it is 2-1-1 happy with respect to u and with probability p/2 when it is 2-1-1 happy with
respect to v. This means that when e is reduced, half of the time no increase in s is needed since
u is happy. Similarly for v.

The 2-1-1 criterion for reduction introduces a new kind of bad edge: a half edge that is good,
but not 2-1-1 good. We are able to show that non-half-edge bundles are 2-1-1 good (Lemmas 6.28
and 6.29), and that if there are two half edges which are both in A or are both in B, then at least
one of them is 2-1-1 good (Lemma 6.30). Finally, we show that if there are two half edges, where
one is in A and the other is in B, and neither is 2-1-1 good, then we can apply a different reduction
criterion that we call 2-2-2 good. When the latter applies, we are guaranteed to decrease both of
the half edge bundles simultaneously. All together, the various considerations discussed in this
paragraph force us to come up with a relatively more complicated set of rules under which we
reduce s, for a top edge bundle e whose children are triangle cuts. Section 6 focuses on developing
the relevant probabilistic statements.

Bottom edge reduction. Next, consider a bottom edge bundle f = (a3, a;) where p(a1) = p(a2)
is a triangle. Our plan is to reduce s¢ (i.e., set it to —#x¢) when the triangle is happy, that is,
At = Br = 1. The good news here is that every triangle is happy with constant probability.
However, when a triangle is not happy, sf may need to increase to make sure that the O-join
constraint for é(a1) and 6(a,) are satisfied, if edges in A and B going higher are reduced. Since
x¢ = x(A) = x(B) = 1, this means that f may need to compensate at twice the rate at which it is
getting reduced. This would result in E [s¢] > 0, which is the opposite of what we seek.

We use two key ideas to address this problem. First, we reduce top edges and bottom edges
by different amounts: Specifically, when the relevant reduction event occurs, we reduce a bottom
edge f by Bx¢ and top edges e by Txe, where B > T (and T is a multiple of 7).

Thus, the expected reduction in s¢ is pfxs = pp, whereas the expected increase (due to
compensation of, say, top edges going higher) is pt(x(A) 4+ x(B))g = pt24q, where

q = P [ triangle not happy | reductions in A and B].

Thus, so long as 279 < B — €, we get the expected reduction in s¢ that we seek.

The discussion so far suggests that we need to take T smaller than 8/24, which is /2 if q
is 1, for example. On the other hand, if T = /2, then when a top edge needs to fix a cut due
to reductions on bottom edges, we have the opposite problem — their expected increase will be
greater than their expected reduction, and we are back to square one.

Coming to our aid is the second key idea, already discussed in Section 4.1.3. We reduce
bottom edges only when At = Br = 1 and the marginals of edges in A, B are approximately
preserved (conditioned on At = Br = 1). This allows us to get much stronger upper bounds on
the probability that a lower cut a bottom edge is on is odd, given that the bottom edge is reduced,
and enables us to show that bottom edge reduction is co-ideal.

It turns out that the combined effects of (a) choosing T = 0.5718, and (b) getting better bounds
on the probability that a lower cut is even given that a bottom edge is reduced, suffice to deal
with the interaction between the reductions and the increases in slack for top and bottom edges.

Example 4.10. [Bottom-bottom case] To see how preserving marginals helps us handle the inter-
action between bottom edges at consecutive levels, consider a triangle cut a} = {a1,a2} whose
parent cut S = {a},a}} is also a triangle cut (as shown in Fig. 29). Let’s analyze E [s¢] where
f = (a1,az). Observe first that A~ U B~ is a bottom edge bundle in the triangle S and all edges in
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Figure 29: Setting of Example 4.10. Note that the set A = §(a1) N J(a}) decomposes into two sets
of edges, AT, those that are also in §(S), and the rest, which we call A~. Similarly for B.

this bundle are reduced simultaneously when At = Br = 1 and marginals of all edges in AU B
are approximately preserved. (For the purposes of this overview, we’ll assume they are preserved
exactly). Furthermore, since the tree inside S is picked independently of the tree on G /S (using
Lemma 2.28 and assuming € = 0 for this overview), exactly one edge in A~ U B~ is selected
independently of the reduction event A = By = 1. Let x(A") = a. Then since A = AT U A~ and
x(A) = 1, we have x(A~) = 1 — . Moreover, since A = AT UB" and x(A) = 1, we also have
x(B") =1—aand x(B7) = a.

Therefore, using the fact that when A~ U B~ is reduced, exactly one edge in AT U BT is selected
(and also exactly one edge in A~ U B is selected independently since it is a bottom edge bundle,
as mentioned above), and marginals are preserved given the reduction, we conclude that

IP [a} happy | A7 UB™ reduced] =P [Ar = Br =1| A~ UB™ reduced] = & + (1 — a)*.

Now, we calculate E [s¢]. First, note that f may have to increase to compensate either for reduced
edges in AT UB 1 orin A~ U B™. For the sake of this discussion, suppose that AT U BT is a set of
top edges. Then, in the worst case we need to increase f by pT in expectation to fix the cuts a1, a»
due to the reduction in AT U BT. Now, we calculate the expected increase due to the reduction in
A7 UB™. The crucial observation is that edges in A™ U B~ are reduced simultaneously, so both
cuts d(a1) and d(az) can be fixed simultaneously by an increase in s¢. Therefore, when they are
both odd, it suffices for f to increase by

max{x(A7),x(B7)}B = max{a,1 —a}p,
to fix cuts ay, a,. Putting this together, we get

E [sf] = —pp + E [increase due to A7 UB~| + E [increase due to ATUB!

< —pB+ pﬁ“g}%llzx[l >~ (1—a)} +pt

which, since maxyeq1 /2,1 #[1 — 4> — (1 — #)*] = 8/27 and T = 0.571p is

=pp(—1+ % +0.571) = —0.13pp.
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Dealing with x, close to 1. 7 Now, suppose that e = (1,v) is a top edge bundle with x,, :=
x(6T(u)) is close to 1. Then, the analysis in Example 4.9, bounding r := IP [6(u)7 odd|g reduced]
away from 1 for an edge g € 6'(u) doesn’t hold. To address this, we consider two cases: The
first case, is that the edges in 6" (1) break up into many groups that end at different levels in
the hierarchy. In this case, we can analyze r separately for the edges that end at any given level,
taking advantage of the independence between the trees chosen at different levels of the hierarchy.

The second case is when nearly all of the edges in §'(u) end at the same level, for example,
they are all in 6 (u") where p(1') is a degree cut. In this case, we introduce a more complex (2-1-1)
reduction rule for these edges. The observation is that from the perspective of these edges ' is a
"pseudo-triangle". That is, it looks like a triangle cut, with atoms # and #’ ~ u where é(u) N (1)
corresponds to the “A”-side of the triangle.

Now, we define this more complex 2-1-1 reduction rule: Consider a top edge f = (1/,7¢') €
07 (u'). So far, we only considered the following reduction rule for f: If both u’, v’ are degree cuts,
f reduces when they are both even in the tree; otherwise if say u’ is a triangle cut, f reduces when it
is 2-1-1 good w.r.t., u’ (and similarly for v’). But clearly these rules ignore the pseudo triangle. The
simplest adjustment is, if #’ is a pseudo triangle with partition (#,u’ \ u), to require f to reduce
when Ar = Br = 1 and ¢’ is happy. However, as stated, it is not clear that the sets A and B are
well-defined. For example, u’ could be an actual triangle or there could be multiple ways to see u’
as a pseudo triangle only one of which is (#, u’ \ u). Our solution is to find the smallest disjoint pair
of cuts a,b C 1 in the hierarchy such that x(é(a) Nd(u')), x(6(b) Né(u')) > 1 — €11, where €11 is
a fixed universal constant, and then let A = é(a) Né(u'),B=6(b) Nd(1') and C = 5(u') N A\ B
(see Fig. 30 for an example). Then, we say f is 2-1-1 happy w.r.t., v’ if Ar = By =1 and Cr = 0.

A few observations are in order:

e Since u is a candidate for, say a4, it must be that a is a descendent of u in the hierarchy (or equal
to ). In addition, b cannot simultaneously be in u, since aNb = @ and x(5(u) Nd(u')) <1
by Lemma 2.37. So, when f is 2-1-1 happy w.r.t. 1’ we get (6(u) Né(v'))r = 1.

e If ' = (X,Y) is a actual triangle cut, then we must have a C X,b C Y. So, when f is
2-1-1 happy w.rt. u/, we know that " is a happy triangle, i.e., (6(X)Nd(u'))r = 1 and
G(Y)ns(w'))r=1.

Now, suppose for simplicity that all top edges in 6(u’) are 2-1-1 good w.r.t. #’. Then, when an
edge g € 6(u) Nd(u') is reduced, (6(u) No(u'))r =1, so

IP [6(u)r odd|g reduced] < P [E(u,u’ \ u)r even|g reduced]| < 0.57,

since edges in E(u, ' \ u) are in the tree independent of the reduction and E [E(u,u’ \ u)7] ~ 1.

Dealing with x, close to 0 and the matching. We already discussed how the matching is
modified to handle the existence of bad edges. We now observe that we can handle the case x, ~ 0
by further modifying the matching. The key observation is that in this case, x(6 7 (1)) > x(5T(u)).
Roughly speaking, this enables us to find a matching in which each edge in 6 (1) has to increase
about half as much as would normally be expected to fix the cut of u. This eliminates the need to
prove a nontrivial bound on IP [6(u)r odd|g reduced]. The details of the matching are in Section 7.

17Some portions of this discussion might be easier to understand after reading the rest of the paper.
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Figure 30: Part of the hierarchy of the graph is shown on top. Edges of the same color have the same
fraction and € > 7 is a small constant. 1 corresponds to the degree cut {ay,a;,a3}, up corresponds to the
triangle cut {uq,a4} and u corresponds to the degree cut containing all of the vertices shown. Observe
that edges in 67 (a;) are top edges in the degree cut u. If € < 1e;/; then the (A, B, C)-degree partitioning
of edges in 6(uy) is as follows: A = 6(a1) N6(uy) are the blue highlighted edges each of fractional value
1/2 —€, B = 6(ag) Nd(up) are the green highlighted edges of total fractional value 1, and C are the red
highlighted edges each of fractional value €. The cuts that contain edge (a1,c1) are highlighted in the
hierarchy at the bottom.
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5 Polygons and the Hierarchy of Near Minimum Cuts

This section, as detailed in Section 4 above, demonstrates that we can focus our attention on a
laminar family of cuts instead of every near minimum cut in the graph. This is an important
step in the analysis as it gives us a clean combinatorial object to analyze using properties of SR
distributions.

This section is modular up to Section 5.6, in which the results of this section are combined
with the main result from the remainder of the paper to demonstrate the main technical theorem,
Theorem 4.6. Thus readers wishing to skip this part may decide to only read Section 5.6 before
moving on and assuming that the set of near minimum cuts in the LP solution is laminar.

5.1 Notation

Let OPT be a minimum TSP solution, i.e., minimum cost Hamiltonian cycle and without loss of
generality assume it visits 1y and vy consecutively (recall that c(uo, vg) = 0). We write E* to denote
the edges of OPT and we write ¢* to denote an edge of OPT. Analogously, we use s* : E* — R>g
to denote the slack vector that we will construct for OPT edges.

Throughout this section we study 7-near minimum cuts of G = (V, E, z) Note that these cuts
are 277-near minimum cuts w.r.t., x. For every such near minimum cut, (S,g), we identify the cut
with the side, say S, such that up, v € S. Equivalently, we can identify these cuts with an interval
along the optimum cycle, OPT, that does not contain u, vo.

We will use “left" synonymously with “clockwise” and “right" synonymously with “counter-
clockwise." We say a vertex is to the left of another vertex if it is to the left of that vertex and to
the right of edge ey = (o, vp). Otherwise, we say it is to the right (including the root itself in this
case).

Definition 5.1 (Crossed on the Left/Right, Crossed on Both Sides). For two crossing near minimum
cuts S,S', we say S crosses S’ on the left if the leftmost endpoint of S on the optimal cycle is to the left of
the leftmost endpoint of S. Otherwise, we say S crosses S’ on the right.

A near minimum cut is crossed on both sides if it is crossed on both the left and the right. We also say
a a near minimum cut is crossed on one side if it is either crossed on the left or on the right, but not both.

5.2 Cuts Crossed on Both Sides

The following theorem is the main result of this section:

Theorem 5.2. Given OPT TSP tour with set of edges E*, and a feasible LP solution x° of (2) with support
Eo = EU {eg} and let x be x° restricted to E. For any distribution u of spanning trees with marginals x
and B > 0, if n < 1/100, then there is a random vector s* : E* — R (the randomness in s* depends
exclusively on T ~ ) such that

e For any vector s : E — R where s, > —x.p for all e and for any y-near minimum cut S w.r.t.,
z = (x + OPT) /2 crossed on both sides where 5(S)t is odd, we have s(6(S)) +s*(6(S)) > 0;

e Foranye* € E*, E [s}.] < 37yB.

For an OPT edge e* = (u,v), let L(e*) be the largest 7-near minimum cut (w.r.t. z) containing
u and not v which is crossed on both sides. Let R(e*) be the largest near minimum cut containing
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L(e* (e*)

Figure 31: L and R for an OPT edge e*.

v and not u which is crossed on both sides. (Note that L(e*), R(e*) do not necessarily exist). For
example, see Fig. 31.

Sr

St

Figure 32: S is crossed on the left by S; and on the right by Sg. In green are edges in §(S);, in
blue edges in 4(S)g, and in red are edges in §(S)o.

Definition 5.3. For a near minimum cut S that is crossed on both sides let Sy be the near minimum cut
crossing S on the left which minimizes the intersection with S, and similarly for Sg; if there are multiple
sets crossing S on the left with the same minimum intersection, choose the smallest one to be Sy, (and similar
do for Sg).

We partition 6(S) into three sets 6(S)r,6(S)r and 6(S)o as in Fig. 32 such that

(S
E(SNSL,SL\S)

6(S)L =
( )R:E(SQSR,SR\S)
5(S)o = 8(S) ~ (6(S)LUd(S)r)

For an OPT edge e* define an (increase) event (of second type) Z,(e*) as the event that at least
one of the following does not hold. (If L(e*) does not exist, assume the first and third events always
hold; similarly if R(e*) does not exist, assume the second and fourth events always hold.)

ITNS(L(e*))r| =1,|TNS(R(e*))L] =1, TNS(L(e*))o =D, and TNS(R(e*))o =D.  (12)
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In the proof of Theorem 5.2 we will increase an OPT edge ¢* whenever 7, (e*) occurs.
Lemma 5.4. For any OPT edge e*, P [Z,(e*)] < 18y.

Proof. Fix e*. To simplify notation we abbreviate L(e*), R(e*) to L,R. Since L is crossed on
both sides, Ly, Lr are well defined. Since by Lemma 2.35 Ly N L, Ly \ L are 4y-near min cuts
and L is 2y-near mincut with respect to x, by Corollary 2.29, P[|[TN4é(L)L)| =1] > 1— 57.
Similarly, P [[TN6(R)L| = 1] > 1 — 55. On the other hand, since L, L1, Lg are 27-near min cuts,
by Lemma 2.36, x(E(LN Lg,Lgr)),x(E(LNLg,Ly)) > 1 —y. Therefore

X((S(L)O) < 2+217 - X(E(Lﬂ LR,LR)) — X(E(LQLL,LL)) < 41’]

It follows that P [TNé(L)p = @] > 1 — 4. Similarly, P [TN§(R)p = @] > 1 — 4y. Finally, by the
union bound, all events occur simultaneously with probability at least 1 — 187. So, IP [Z2(e*)] < 18y
as desired. O

SL SR
E . E
o ¢ -0 0 0 0 0 ¢ ¢
L R
[ — — ]
1 1

Figure 33: Setting of Lemma 11.3. Here we zoom in on a portion of the optimal cycle and assume
the root is not shown. If 7, (e} ) does not occur then E(SN Sy, Sp N S)r = 1.

Lemma 5.5. Let S be a cut which is crossed on both sides and let e}, ey be the OPT edges on its interval
where e} is the edge further clockwise. Then, if 6(S)t # 2, at least one of I (e} ), Z»(ey) occurs.

Proof. We prove by contradiction. Suppose none of Z,(ej ), Z>(e) occur; we will show that this
implies 6(S)r = 2.
Let R = R(ej); note that S is a candidate for R(ej ), so S C R. Therefore, S; = R, and we have

5(R)L - E(RQRL,RL AN R) == E(Rﬂ SL,SL AN R) == (S(S)L

where we used SN Sy = RN Sy and that S; \ S = S\ R. Similarly let L = L(ey), and, we have
S(L)r = (S)r-

Now, since Z,(ej ) has not occurred, 1 = |[TNJ(R).| = |T N J(S)L|, and since 7> (e} ) has not
occurred, 1 = |[TNJ(L)r| = |TNI(S)r|, where L = L(eg). So, to get 6(S)r = 2, it remains to show
that TN6(S)p = @. Consider any edge e = (u,v) € 6(S)o where u € S. We need to show e ¢ T.
Assume that v is to the left of S (the other case can be proven similarly). Then e € §(R). So, since
e goes to the left of R, either e € E(RN Ry, R N\ R) or e € §(R)p. But since e ¢ §(S)r. = 6(R), we
must have ¢ € §(R)o. So, since 7, (e} ) has not occurred, e ¢ T as desired. O
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Proof of Theorem 5.2. For any OPT edge ¢* whenever 7, (e*) occurs, define s}. = 2.028. Then, by
Lemma 11.5, E [s,-] < 18-2.02p and for any 27-near min cut S (w.r.t., x) that is crossed on both
sides if §(S)r is odd, then at least one of Z (e} ), Z, (e ) occurs, so

5(5(5)) +5°(5(S)) = —x(8(S))B + % + 55y > —(24+27)B+2.026 > 0

for 1 < 1/100 as desired. O

5.3 Proof of the Main Technical Theorem, Theorem 12.1
The following theorem is the main result of this section.

Theorem 5.6. Let x° be a feasible solution of the 2 with support Eg = E U {eo} and x be x° restricted
to E. Let u be the max entropy distribution with marginals x. For n < 10712, B > 0, there is a set
Eq C E N 6({uo, vo}) of good edges and two functions s : Eg — R and s* : E* — R (as functions of
T ~ ) such that

(i) Foreachedge e € Eg, s, > —x.p and for any e € E \ Eg, s = 0.
(ii) For each n-near-min-cut S w.r.t. z, if §(S)r is odd, then s(6(S)) +s*(6(S)) > 0.

(iii) We have EE [s,| < —eppx. for all edges e € Eq and E [s};.] < 218y for all OPT edges e* € E*. for
ep defined in (38).

(iv) For every n-near minimum cut S of z crossed on (at most) one side such that S # V ~ {ug,vo},
x(0(S)NEg) >3/4.

Before proving this theorem we use it to prove the main technical theorem as given in the
overview.

Theorem 4.6 (Main Technical Theorem). Let x° be a solution of (2) with support Eg = E U {eo}, and x
be x0 restricted to E. Let z := (x + OPT) /2,7 < 10712, B > 0, and let u be the max-entropy distribution
with marginals x. Also, let E* denote the support of OPT. There are two functions s : Ey — R and
s* : E* = R (as functions of T ~ u), , such that

i) Foreachedgee € E, s, > —x,p.
ii) For each n-near-min-cut S of z, if 6(S) is odd, then s(6(S)) +s*(6(S)) > 0.
iii) For every OPT edge e*, IE [si.] < 218y and for every LP edge e # eg, E [s.] < —3x.€ppB for

e*
ep = 3.12 - 1071° (defined in (38)).
Proof of Theorem 4.6. Let Eq be the good edges defined in Theorem 5.6 and let E; := E \ E; be the

set of bad edges; in particular, note all edges in §({up, vo}) are bad edges. We define a new vector
§:EU{eop} — R as follows:

00 if e = ¢
§(e) <= —x.(4B/5)(1 —2y) ife € Ey, (13)
x.(4B/3) otherwise.
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Let §* be the vector s* from Theorem 5.2. We claim that for any #-near minimum cut S such that
4(S)t is odd, we have
§(0(S)) +57(s(S)) > 0.

To check this note by (iv) of Theorem 5.6 for every set S # V ~ {up, v} crossed on at most one
side, we have x(E; N 4(S)) > 2, so

S(6(5)) +5(5(5) > 5(6(5)) = P x(Egn8(5)) ~ L - 2)x(En5(8) 2 0. (19)

For S = V ~\ {uo,v0}, we have §(S)r = 6(ug)r + 6(vo)r = 2 with probability 1, so condition

ii) is satisfied for these cuts as well. Finally, consider cuts S which are crossed on both sides. By
Theorem 5.2,

5(6(5)) +57(4(5)) =0 (15)

since §, > —%ﬁxe > —pBx. for all e.

Now, we are ready to define s,s*. Let 3,5" be the s,s* of Theorem 5.6 respectively. Define
s = Y5+ (1 — 7)$ and similarly define s* = 4§* 4 (1 — 7)8* for some -y that we choose later. We
prove all three conclusions for s, s*. (i) follows by (i) of Theorem 5.6 and Eq. (13). (ii) follows by (ii)
of Theorem 5.6 and Eq. (14) above. It remains to verify (iii). For any OPT edge ¢*, E [s}.] < 21848
by (iii) of Theorem 5.6 and the construction of 5*. On the other hand, by (iii) of Theorem 5.6 and
Eq. (13),

Efs.]{ ™ xe(738— (1—7)epp) Ve € Eg,
Tl=—xr- (38)(1-2p)  Ve€E,

Setting v = 2ep we get E[s;] < —1eppx. for ¢ € Eg and E[s.] < —2ix.Bep for e € E, as
desired. O

5.4 Structure of Polygons of Cuts Crossed on One Side

Definition 5.7 (Connected Component of Crossing Cuts). Given a family of cuts crossed on at most
one side, construct a graph where two cuts are connected by an edge if they cross. Partition this graph into
maximal connected components. We call a path in this graph, a path of crossing cuts.

In the rest of this section we will focus on a single connected component C of cuts crossed on
(at most) one side.

Definition 5.8 (Polygon). For a connected component C of crossing near min cuts that are crossed on one
side, let a, ..., a,—1 be the coarsest partition of the vertices V , such that for all 0 < i < m — 1 and for
any A € C either a; C A or a; N A = @. These are called atoms. We assume aq is the atom that contains
the special edge ey, and we call it the root. Note that for any A € C,ap N A = @.

Since every cut A € C corresponds to an interval of vertices in V in the optimum Hamiltonian cycle,
we can arrange Ao, . . ., Ay,—1 around a cycle (in the counter clockwise order). We label the arcs in this cycle
from 1 to m, where i 41 is the arc connecting a; and a; 1 (and m is the name of the arc connecting a,,—1
and ag). Then every cut A € C can be identified by the two arcs surrounding its atoms. Specifically, A is
identified with arcs i,j (where i < j) if A contains atoms a;,...,a;_1, and we write {(A) = i,r(A) = j.
Note that A does not contain the root ag.
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By construction for every arc 1 < i < m, there exists a cut A such that {(A) = iorr(A) = i
Furthermore, A, B € C (with £(A) < {(B)) cross iff {(A) < {(B) < r(A) < r(B).
See Fig. 34 for a visual example.

Notice that every atom of a polygon is an interval of the optimal cycle. In this section, we
prove the following structural theorem about polygons of near minimum cuts crossed on one side.

Theorem 5.9 (Polygon Structure). For €, > 141 and any polygon of cuts crossed on one side with atoms
ag...a,—1 (where ay is the root) the following holds:

* For all adjacent atoms a;, a; 1 (also including ag, a,,—1), we have x(E(a;, a;41)) > 1 — €.
e All atoms a; (including the root) have x(6(a;)) < 2+ €.
* x(E(ao,{az,...,am—2})) < €.

The interpretation of this theorem is that the structure of a polygon of cuts crossed on one side
converges to the structure of an actual integral cycle as # — 0. The proof of the theorem follows
from the lemmas in the rest of this subsection.
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Figure 34: An example of a polygon with contracted atoms. In black are the cuts in the left
polygon hierarchy, in red the cuts in the right polygon hierarchy. OPT edges around the cycle are
shown in green. Here R; is an ancestor of Rp, however it is not a strict ancestor of R; since they
have the same right endpoint. L; is a strict ancestor and the strict parent of L3. By Theorem 5.9,
every edge in the bottom picture represents a set of LP edges of total fraction at least 1 — ¢,.

81



Definition 5.10 (Left and Right Hierarchies). For a polygon u corresponding to a connected component
C of cuts crossed on one side, let L (the left hierarchy) be the set of all cuts A € C that are not crossed on
the left. We call any cut in L open on the left. Similarly, we let R be the set of cuts that are open on the
right. So, £, R is a partitioning of all cuts in C.

For two distinct cuts A, B € L we say A is an ancestor of B in the left polygon hierarchy if A O B.
We say A is a strict ancestor of B if, in addition, ((A) # ¢(B). We define the right hierarchy similarly: A
is a strict ancestor of Bif A O B and r(A) # r(B).

We say B is a strict parent of A if among all strict ancestors of A in the (left or right) hierarchy, B is
the one closest to A.

See Fig. 34 for examples of sets and their parent/ancestor relationships.

Fact 5.11. If A, B are in the same hierarchy and they are not ancestors of each other, then AN B = @.
Proof. If AN B # @ then they cross. So, they cannot be open on the same side. O

This lemma immediately implies that the cuts in each of the left (and right) hierarchies form a
laminar family.

Lemma 5.12. For A, B € R where B is a strict parent of A, there exists a cut C € L that crosses both
A, B. Similarly, if A, B € L and B is a strict parent of A, there exists a cut C € R that crosses A, B.

Proof. Since we have a connected component of near min cuts, there exists a path of crossing cuts
from A to B. Let P = (A = Cy, Cy,...,Cx = B) be the shortest such path. We need to show that
k=2.

First, since C; crosses Cp and Cy is open on right, we have

0(Cq) < £(Cy) < r(Cq1) < r(Co).

Let I be the closed interval [¢(C7),7(Cp)]. Note that Cy = B has an endpoint that does not belong
to I. Let C; be the first cut in the path with an endpoint not in I (definitely i > 1). This means
Ci_1 C I; so, since C;_; crosses C;, exactly one of the endpoints of C; is strictly inside I. We
consider two cases:

Case 1: r(C;) > r(Cp). In this case, C; must be crossed on the left (by C;_1) and C; € R and it
does not cross Cy. So, Cyp € C; and

Z(Cl) < K(Ci) < E(CO)

where the first inequality uses that the left endpoint of C; is strictly inside I. Therefore, C; crosses
both of Cy, C;, and C; is a strict ancestor of A = Cy. If C; = B we are done, otherwise, A C B C C;,
but since C; crosses both A and C;, it also crosses B and we are done.

Case 2: /(C;) < £(Cy). In this case, C; must be crossed on the right (by C;_1) and C; € £ and it
does not cross C;. So, we must have

T’(C1> < T’(Cl’) < V(Co),

where the second inequality uses that the right endpoint of C; is strictly inside I. But, this implies
that C; also crosses Cy. So, we can obtain a shorter path by excluding all cuts Cy,...,C;_1 and that
is a contradiction. O
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Lemma 5.13. Let A,B € R such that AN B = @, i.e., they are not ancestors of each other. Then, they
have a common ancestor, i.e., there exists a set C € R such that A,B C C.

Proof. WLOG assume r(A) < {(B). Let C be the highest ancestor of A in the hierarchy, i.e., C
has no ancestor. For the sake of contradiction suppose BN C = @ (otherwise, C is an ancestor
of B and we are done). So, r(C) < ¢(B). Consider the path of crossing cuts from C to B, say
C==Co,...,C=B.

Let C; be the first cut in this path such that 7(C;) > r(Cp). Note that such a cut always exists as
r(B) > r(C). Since C;_1 crosses C; and r(C;_1) < r(Cp), C;j_1 crosses C; on the left and C; is open
on the right. We show that C; is an ancestor of C = Cy and we get a contradiction to Cy having no
ancestors (in R). If £(Cy) < £(C;), then C; crosses Cy on the right and that is a contradiction. So,
we must have Cy C C;, i.e., C; is an ancestor of Cj. ]

It follows from the above lemma that each of the left and right hierarchies have a unique cut
with no ancestors.

Lemma 5.14. If A is a cut in R such that r(A) < m, then A has a strict ancestor. And, similarly, if
A € L satisfies £(A) > 1, then it has a strict ancestor.

Proof. Fix a cut A € R. If there is a cut in B € R such that r(B) > r(A), then either B is a strict
ancestor of A in which case we are done, or AN B = @, but then by Lemma 5.13 A, B have a
common ancestor C, and C must be a strict ancestor of A and we are done.

Now, suppose for any R € R, r(R) < r(A). So, there must be a cut B € L such that
r(B) > r(A) (otherwise we should have less than m atoms in our polygon). The cut B must be
crossed on the right by a cut C € R. But then, we must have r(C) > r(B) > r(A) which is a
contradiction. O

Corollary 5.15. If A € C has no strict ancestor, then r(A) = mif A € R and ((A) = 1 otherwise.

Lemma 5.16 (Polygons are Near Minimum Cuts). x(d(a1 U---Ua,_1)) < 2+47.

Proof. Let A € L and B € R be the unique cuts in the left/right hierarchy with no ancestors.
Note that A and B are crossing (because there is a cut C that crosses A on the right, and B is an
ancestor of C). Therefore, since A, B are both 21 near min cuts (with respect to x), by Lemma 2.35,
AU B is a 47 near min cut. O

Lemma 5.17 (Root Neighbors). x(E(ag,a1)),x(E(ag, am—1)) > 1—27.

Proof. Here we prove x(E(ag,a1)) > 1 — 21. One can prove x(E(ap,a,—1)) > 1 — 25 similarly. Let
A € £ and B € R be the unique cuts in the left/right hierarchy with no ancestors. First, observe
that if /(B) = 2, then since A, B are crossing, by Lemma 2.36 we have

x(E(ANB,AUB)) = x(E(ay,a0)) > 1—1.

as desired.
By definition of atoms, there exists a cut C € C such that either /(C) = 2 or r(C) = 2; but if
r(C) = 2 we must have ¢(C) = 1 in which case C cannot be crossed, so this does not happen. So,
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we must have /(C) = 2. If C € R, then since C is a descendent of B, we must have ¢(B) = 2, and
we are done by the previous paragraph.

Otherwise, suppose C € L. We claim that B crosses C. This is because, C is crossed on the
right by some cut B’ and B is an ancestor of B’, so BN C # @ and C € B since ¢(B) > 2. Therefore,
by Lemma 2.35 BU C is a 457 near min cut. Since A crosses BU C, by Lemma 2.36 we have

x(E(AN(BUC),AUBUC)) = x(E(a1,a9)) > 1—275
as desired. 0

Lemma 5.18. For any pair of atoms a;,a;1 where 1 < i < m — 2 we have x(6({a;,a;41})) <2+ 12y,
so x(E(aj, ai+1)) > 1 — 6.

Proof. We prove the following claim: There exists j < i such that x(6({aj,...,ai11})) < 2+ 6.
Then, by a similar argument we can find j* > i + 1 such that x(6({a;,...,ay})) < 2+ 65. By
Lemma 2.35 it follows that x(5({a;,a;41})) < 2+ 125. Since x(8(a;)), x(5(a;+1)) > 2, we have

x(6({ai,ai11})) + 2x(E(ai, ai1)) 2 4.

But due to the bound on x(é({a;,a;11})) we must have x(E(a;,a;+1)) > 1 — 61 as desired.

It remains to prove the claim. First, observe that there is a cut A separating a;,1,4;1, (Note
thatif i +1 = m — 1 then a;,, = ag); so, either {(A) =i+2orr(A) =i+2. If r(A) =i+ 2 then,
A is the cut we are looking for and we are done. So, assume ¢(A) =i+ 2.

Case 1: A € L. Let L € L be the strict parent of A. If /(L) < i then we are done (since there
is a cut R € R crossing A, L on the right so L . (A UR) is the cut that we want. If /(L) =i+1,
then let L' be the strict parent of L). Then, there is a cut R € R crossing A, L and a cut R’ crossing
L,L'. First, since both R, R’ cross L (on the right) they have a non-empty intersection, so one of
them say R’ is an ancestor of the other (R) and therefore R’ must intersect A. On the other hand,
since R crosses L and /(L) =i+ 1, ¢(R") >i+2 = {(A). Since R’ intersect A, either they cross,
or A C R/, so we must have x(6(AUR)) < 2+ 4. Finally, since R’ crosses L’ (on the right) we
have x(6(L' ~ (AUR))) <2+ 65 and L' \. (AUR) is our desired set.

Case 2: A € R. We know that A is crossed on the left by, say, L € L. If /(L) < i, we are done,
since then L \ A is the cut that we seek and we get x(§(L~\ A)) <2+ 4y.

Suppose then that /(L) =i+ 1. Let L be the strict parent of L, which must have ¢(L") <i. If
L’ crosses A, then L' \ A is the cut we seek and we get x(6(L \ A)) < 2+ 4.

Finally, if L’ doesn’t cross A, i.e., 7(A) < r(L’), then consider the cut R € R that crosses L and
L’ on the right. Since (L) < r(A), and A is not crossed on the right, it must be that /(R) =i + 2.
In this case, L’ \ R is the cut we want, and we get x(6(L' \ R)) < 2 + 47. O

Lemma 5.19 (Atoms are Near Minimum Cuts). Forany 1 <i < m — 1, we have x(5(a;)) < 2 + 147.

Proof. By Lemma 5.18, x(6({a;,a;41})) < 24 1275 (note that in the special case i = m — 1 we
take the pair a;_1,a;). There must be a 27-near minimum cut C (w.r.t., x) separating a; from a;1.
Then either a; = CN{a;, 4,41} or a; = {a;,a;+1} ~ C. In either case, we get x(5(a;)) < 2 + 14y by
Lemma 2.35. O
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5.5 Happy Polygons

Definition 5.20 (A, B, C-Polygon Partition). Let u be a polygon with atoms ay, . .., a,,—1 with root ag
where a1, a,,_1 are the atoms left and right of the root. The A, B, C-polygon partition of u is a partition of
edges of 6(u) into sets A = E(ay,a0) and B = E(a,,—1,49), C = 6(u) N~ A~ B.

Note that by Theorem 5.9, x(A),x(B) > 1 — ¢, and x(C) < €, where we set
€; = 147 (16)
as needed for Theorem 5.9.

Definition 5.21 (Leftmost and Rightmost cuts). Let u be a polygon with atoms ay, . .., a,_1 and arcs
labelled 1, ..., m corresponding to a connected component C of y-near minimum cuts (w.r.t., z). We call
any cut C € C with £(C) = 1 a leftmost cut of u and any cut C € C with r(C) = m a rightmost cut of
u. We also call ay the leftmost atom of u (resp. a,,_1 the rightmost atom).

Observe that by Corollary 5.15, any cut that is not a leftmost or a rightmost cut has a strict
ancestor.

Definition 5.22 (Happy Polygon). Let u be a polygon with polygon partition A, B, C. For a spanning
tree T, we say that u is happy if
AT and BT Odd, CT =0.

We say that u is left-happy (respectively right-happy) if
Arodd,Cr =0,
(respectively Br odd, Ct = 0).

Definition 5.23 (Relevant Cuts). Given a polygon u corresponding to a connected component C of cuts
crossed on one side with atoms ay, . .., a,,—1, define a family of relevant cuts

C'=CU{a;:1<i<m—1,z(6(a;)) <247}

Note that atoms of u are always €, /2-near minimum cuts w.r.t., z but not necessarily 77-near
minimum cuts. The following theorem is the main result of this section.

Theorem 5.24 (Happy Polygons and Cuts Crossed on One Side). Let G = (V,E, x) for x be an
LP solution and z = (x + OPT) /2. For a connected component C of near minimum cuts of z, let u be
the polygon with atoms ag, aj...a,,—1 with polygon partition A, B, C. For y an arbitrary distribution of
spanning trees with marginals x, B > 0, there is a random vector s* : E* — R> (as a function of T ~ )
such that for any vector s : E — R where s, > —Bx. for all e € E the following holds:

e If u is happy then, for any cut S € C' if 5(S)r is odd then we have s(6(S)) 4+ s*(6(S)) >0,

e Forany S € C' that is not a rightmost/leftmost cut or rightmost/leftmost atom, if 6(S) is odd, then
we have s(6(S)) +s*(6(S)) > 0.

® For all OPT edges e, ..., e;,_, with respect to the above polygon, E [s:*} < 181yB. E[s}] = 0 for
all other OPT edges.
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Before proving the above theorem, we study a special case.

Lemma 5.25 (Triangles as Degenerate Polygons). Let S = X UY where X, Y, S are €,-near min cuts
(w.r.t., x) and each of these sets is a contiguous interval around the OPT cycle. Then, viewing X as ay and
Y as ap (and ag = X UY) the above theorem holds viewing S as a degenerate polygon.

Proof. In this case A = E(ay,a0), B = E(a,a9),C = @. For the OPT edge e* between X,Y we
define Z;(e*) to be the event that at least one of TN E(X), TNE(Y), TN E(S) is not a tree.
Whenever this happens we define s}. = 2.05 - B. If S is left-happy we need to show when 6(X)r
is odd, then s(6(X)) + s*(6(X)) > 0. This is because when S is left-happy we have Ar is odd
(and Cr = 0), so either 7;(e*) does not happen and 4(X)r is even, or it happens in which
case s(0(X)) +s*(6(X)) > 0ass(6(X)) > —(2+25)pB and s;. = 2.05B. Finally, observe that by
Corollary 2.29, P [Z;(e*)] < 3ey, so E [s;.] = 3¢, - 2.058 < 87y using 7 < 1/100 and €, as defined
in Eq. (16). O

Lemma 5.26. For every cut A € C that is not a leftmost or a rightmost cut, P [6(A)r = 2] > 1 —221.

Proof. Assume A € R; the other case can be proven similarly. Let B be the strict parent of A. By
Lemma 5.12 there is a cut C € £ which crosses A, B on their left. It follows by Lemma 2.35 that C \
A,CN A are 45 near minimum cuts (w.r.t., x). So, by Corollary 2.29, P[E(ANC,C\ A)r =1] >
1 —57. On the other hand, B\ (AUC) is a 67 near minimum cut and A \ C, B\ C are 47 near
min cuts (w.r.t., x). So, by Corollary 229 P [E(ANC, BN (AUCQC))r =1] >1—-7y.

Finally, by Lemma 2.36, x(E(ANC,C~ A)),x(E(A~C,B~N(AUC))) > 1—3y. Since A
is a 217 near min cut (w.r.t.,, x), all remaining edges have fractional value at most 87, so with
probability 1 — 8%, T does not choose any of them. Taking a union bound over all of these events,
P[6(A)r =2] >1—227. O

Lemma 5.27. For any atom a; € C’ that is not the leftmost or the rightmost atom we have
P [6(ai)T = 2] > 1-— 4217

Proof. By Lemma 5.18, x(6({a;,a;41})) < 2+ 125, and by Lemma 5.19, x(é(a;11)) < 2+ 147 (also
recall by the assumption of lemma x(d(a;)) < 2+ 25, Therefore, by Corollary 2.29,

P [E(a;, ai11)7 = 1], P [E(ai-1,a:)r = 1] > 1 — 147,

where the second inequality holds similarly. Also, by Lemma 5.18, x(E(a;_1,4;)), x(E(a;,ai+1)) >
1 —6n. Since x(8(a;)) <2+2y, x(E(a;,a;—1Ua;Ua;+1)) < 147. So,

P[TNE(a;,a;—1Ja;Ua;1) =] >1—14y.
Finally, by the union bound all events occur with probability at least 1 — 427. O
Let e, ..., ey, be the OPT edges mapped to the arcs 1,...,m of the component C respectively.

Lemma 5.28. There is a mapping'® of cuts in C' to OPT edges e3,. .. e*, | such that each OPT edge has

ctm—1

at most 4 cuts mapped to it, an OPT edge e* is mapped to a cut S only if e* € §(S), and every atom of the
polygon in C' gets mapped to two (not necessarily distinct) OPT edges.

18Each cut will be mapped to one or two OPT edges.
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Proof. Consider first the set of cuts in Cf, := RU{a; : 1 <i < m—1,z(6(a;)) < 2+1} and
similarly Cj, := LU{a; : 1 <i < m—1,z(6(a;)) <2+ n}. Observe that this is also a laminar
family. Note that atoms are in both C}, and C}.. We define a map from cuts in Cy to OPT edges
such that every OPT edge e3, ..., e;,_; gets at most 2 cuts mapped to it. A similar argument works
for cuts in C}.

Forany 2 <i < m — 1, we map

argmaXAec;z:z(A):i‘M and argmaXAec;z:r(A):iM’

to e, where recall £(A) is the OPT edge leaving A on the left side and r(A) the OPT edge leaving
on the right. By construction, each OPT edge gets at most two cuts mapped to it.

Furthermore, we claim every cut A € C, gets mapped to at least one OPT edge. For the
sake of contradiction let A € C, be a cut that is not mapped to any OPT edge. First note that
a1 is mapped to edge e; (in both hierarchies) and a,,_1 is mapped to edge e;,_;. Otherwise, if
A € R, ((A) # 1. Furthermore, if A € R and r(A) = m, then A is definitely the largest cut with
left endpoint £(A). So assume, 1 < ¢(A) < r(A) < m. Let B = argmaxBe%:g(B):g(A)|B| and let
C= argmaXxpecr .,(C)=r(A) |C|. Since A is not mapped to any OPT edge but B, C are mapped by
above definition, we must have B, C # A. But that implies A C B, C. And this means B, C cross;
but this is a contradiction with R being a laminar family. O

Definition 5.29 (Happy Cut). We say a leftmost cut L € L is happy if
E(L,ﬂo U L)T =1

Similarly, the leftmost atom ay is happy if E(a1, a0 Uay)r = 1. Define rightmost cuts in u or the rightmost
atom in u to be happy, similarly.

Note that, by definition, if leftmost cut L is happy and u is left happy then L is even, i.e.,
O(L)r = 2. Similarly, a; is even if it is happy and u is left-happy.

Lemma 5.30. For every leftmost or rightmost cut A in u that is an y-near min cut w.r.t. z, P [A happy] >
1 — 10y, and for the leftmost atom ay (resp. rightmost atom a,,_1), if it is an y-near min cut then
IP [a1 happy| > 1 — 24y (resp. P [ay,—1 happy] > 1 — 24n).

Proof. Recall that if A is a y-near min cut w.r.t. z then it is a 2y-near min cut w.r.t. x. Also, recall
foracut L € £, Ly is the near minimum cut crossing L on the right that minimizes the intersection
(see Definition 5.3). We prove this for the leftmost cuts and the leftmost atom; the other case
can be proven similarly. Consider a cut L € L. Since by Lemma 2.35 Lg N L, Lg \ L are 4y near
min cuts (w.r.t., x) and Lg is a 2y near min cut, by Corollary 2.29, P [E(Lk N L,Lg \ L) = 1] >
1 —57. On the other hand, by Lemma 2.36, x(E(Lk N'L,Lg ~ L)) > 1 —#, and by Lemma 5.17,
x(E(L,a9)) > 1— 2#. It follows that

x(8(L) ~ E(Lg N L, Lg ~ L) ~ E(L,a0)) < 5y

Therefore, by the union bound, P [L happy|] > 1 — 107, since if (6(L) ~ E(Lk N L,Lg L) \

E(L,a0))r =0and E(LRNL,Lg ~ L)r = 1 then E(L,ap U L)7 = 1 and therefore L is happy.
Now consider the atom a7, and suppose it is an 77 near min cut. By Lemma 5.18, x(6({a1,a2}))

2+ 125 and by Lemma 5.19, x(6(a2)) < 2+ 14#. Therefore, by Corollary 2.29, P [E(ay,a2)1 = 1]

<
>
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1 —145n. On the other hand, by Lemma 5.18, x(E(a1,42)) > 1 — 65 and by Lemma 5.17,
x(E(a1,a9)) > 1 — 27. Therefore,

x(E(ay,a3U---Uay_1)) <2+42n—(1—-61)—(1—21)) < 101.

Observe, a1 is happy when both of these events occur; so, by the union bound, PP [a; happy] >
1 — 2475 as desired. ]

Proof of Theorem 5.24. Consider an OPT edge e; for 1 < i < m. For the at most four cuts mapped
to ef in Lemma 5.28, we define the following three events:

i) A leftmost cut assigned to e} is not happy. (Equivalently, a leftmost cut L € £NC’ with
r(L) = i is not happy.)

ii) A rightmost cut assigned to e is not happy. (Equivalently, a rightmost cut R € R N C’ with
I(R) = i is not happy.'?)

iii) A cut which is not leftmost or rightmost assigned to e is odd.

Observe that the cuts in (i) and (ii) are assigned to ¢; in Lemma 5.28. We say an atom a is
singly-mapped to e} if in the matching a is only mapped to e once, otherwise we say it is
doubly-mapped to e;.

We say an event 7 (e ) occurs if either (i), (ii), or (iii) occurs. If Z;(e}) occurs then we set:

2.058 If (i),(ii), or (iii) occurred for at least one non-atom cut in C’, or for an atom
Spr = which is doubly-mapped to e}
2.058/2 Otherwise.

If Z1(ef) does not occur we set s%. = 0. First, observe that for any non-atom cut S € C’ that is not

a leftmost or a rightmost cut, if I(S(S)T is odd, then if e} is the OPT edge that S is mapped to, it
satisfies s}, = 2.058, so

s(6(S)) +s"(6(S)) > —x(6(S))B+s"(ef) > —(2+21)Bp+2.058 > 0,

for 7 < 1/100. The same inequality holds for non-leftmost/rightmost atom cuts a € C’ which are
doubly-mapped to e}. For non-leftmost/rightmost atom cuts a € C’ which are singly-mapped to
e;, a is mapped (possibly even twice) to another edge e; (note j =7 —1 or i + 1), and in this case
s*(ef) +s"(ej) = 2.05B, and again the above inequality holds.

Now, suppose for a leftmost cut S € LN C’" with 7(S) = i has 6(S)7 odd. If u is not left-happy
there is nothing to prove. If u is left-happy, then we must have S is not happy (as otherwise 6(S)r
would be even), so Z; (e}) occurs, so similar to the above inequality s(6(S)) 4 s*(d(S)) > 0. The
same holds for rightmost cuts and the leftmost/rightmost atoms in C’ (note leftmost/rightmost
atoms are always doubly-mapped: a; to €5 and a,,—1 to e}, ;).

It remains to upper bound E [s*(e})] for 1 < i < m. By Lemma 5.28 at most four cuts are
mapped to e;. Then, either there is an atom which is doubly-mapped to e or there is not.

YNote in the special case that i = 2, L in (i) will be the leftmost atom if it is a near min cut, and similarly in (ii) when
i = m — 1, R will be the rightmost atom if it is a near min cut.
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First suppose exactly one atom is doubly-mapped to e;. Then there are at most three cuts
mapped to ¢}, including that atom. The probability of an event of type (i) or (ii) occurring for
the leftmost or rightmost atom is at most 1 — 245 by Lemma 5.30. Atoms which are not leftmost
or rightmost are even with probability at least 1 — 421 by Lemma 5.27. Therefore, in the worst
case, the doubly-mapped atom is not leftmost or rightmost. For the remaining two cuts, leftmost
and rightmost cuts are happy with probability at least 1 — 107 by Lemma 5.30, and (non-atom)
non leftmost/rightmost cuts are even with probability at least 1 — 22y by Lemma 5.26. Therefore
in the worst case the remaining two (non-atom) cuts mapped to ¢; are not leftmost/rightmost.
Therefore, if an atom is doubly-mapped to e},

E[s*(ef)] <421y -2.058+2-225-2.058 < 1771B
Note if two atoms are doubly-mapped to e},
E[s*(ef)] <2-425-2.058 < 1731B

Otherwise, any atoms mapped to e; are singly-mapped. In this case, if only an atom cut is
odd/unhappy, we set s*(e}) = 2.058/2. The probability of an event of type (i) or (ii) occurring
for the leftmost or rightmost atom is at most 1 — 24y by Lemma 5.30, so we can bound the
contribution of this event to IE [s* (e} )] by 241 - 2.058/2. Atoms which are not leftmost or rightmost
are even with probability at least 1 — 427 by Lemma 5.27, and so we can bound their contribution
by 425 - 2.058/2. Therefore, in the worst case four non-leftmost/rightmost non-atom cuts are
mapped to e, in which case,

E[s*(ef)] <4-225-2.058 = 1815B
as desired. O

5.6 Hierarchy of Cuts and Proof of Theorem 5.6

Definition 5.31 (Hierarchy). For an LP solution x° with support Eg = E U {eg} and x be x° restricted to
E, a hierarchy H is a laminar family of €,-near min cuts of G = (V, E, x) with root V . {ug,vo}, where
every cut S € H is either a polygon cut (including triangles) or a degree cut and ug, vy ¢ S. Furthermore,
every cut S is a union of its children. For any (non-root) cut S € H, define the parent of S, p(S), to be the
smallest cut S" € H such that S C S'.

ForacutS e H,let A(S) :={u € H :p(u) = S}. If S is a polygon cut, then we can order cuts in
A(S), uq, ..., uy_1 such that

* A=E(S,u1),B=E(upu-1,S) satisfy x(A),x(B) > 1 —¢,.
e Forany1 <i<m—1,x(E(uj,uiy1)) > 1—¢y.
o C=U",?E(u;,S) satisfies x(C) < ey

We call the sets A, B, C the polygon partition of edges in §(S). We say S is left-happy when At is odd
and Ct = 0 and right happy when Br is odd and Ct = 0 and happy when Ar, Bt are odd and Ct = 0.

We abuse notation, and for an (LP) edge e = (u,v) that is not a neighbor of ug, vy, let p(e) denote the
smallest?® cut S’ € H such that u,v € S'. We say edge e is a bottom edge if p(e) is a polygon cut and we
say it is a top edge if p(e) is a degree cut.

20in the sense of the number of vertices that it contains
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Note that when S is a polygon cut uy, ..., u,,_1 will be the atoms 4y, ..., a,,_1 that we defined
in the previous section, but a reader should understand this definition independent of the polygon
definition that we discussed before; in particular, the reader no longer needs to worry about the
details of specific cuts C that make up a polygon. Also, note that since V ~\ {up, vp} is the root of
the hierarchy, for any edge e € E that is not incident to ug or vy, p(e) is well-defined; so all those
edges are either bottom or top, and edges which are incident to ug or vy are neither bottom edges
nor top edges.

The following observation is immediate from the above definition.

Observation 5.32. For any polygon cut S € H, and any cut S’ € H which is a descendant of S let
D = 6(S")Né(S). If D # @, then exactly one of the following is true: D C Aor D C Bor D C C.

We now introduce the “main payment theorem" which is the other key technical piece of the
proof.

Theorem 5.33 (Main Payment Theorem). For an LP solution x° and x be x° restricted to E and a
hierarchy H for some e, < 1071° and any B > 0, the maximum entropy distribution y with marginals x
satisfies the following:

i) There is a set of good edges E; C E \ 6({uo,vo}) such that any bottom edge e is in Eq and for any
(non-root) S € H such that p(S) is a degree cut, we have x(Eq N 6(S)) > 3/4.

it) There is a random vector s : E¢ — R (as a function of T ~ p) such that for all e, s; > —x.p (with
probability 1), and

ii1) If a polygon cut u with polygon partition A, B,C is not left happy, then for any set F C E with
p(e) =u foralle € Fand x(F) > 1 —e€,/2, we have

s(A)+s(F)+s (C) >0,
where s~ (C) = Y ,cc min{s,, 0}. A similar inequality holds if u is not right happy.
iv) For every cut S € ‘H such that p(S) is not a polygon cut, if 6(S)t is odd, then s(5(S)) > 0.
v) For a good edge e € Eg, IE [s,] < —eppBx. (see Eq. (38) for definition of ep) .

The above theorem is the main part of the paper in which we use that y is a SR distribution. See
Section 8 for the proof. We use this theorem to construct a random vector s such that essentially
for all cuts S € H in the hierarchy z/2 + s is feasible; furthermore for a large fraction of “good”
edges we have that E [s.] is negative and bounded away from 0.

As we will see in the this subsection, using part (iii) of the theorem we will be able to show
that every leftmost and rightmost cut of any polygon is satisfied.

In the rest of this section we use the above theorem to prove Theorem 5.6. We start by
explaining how to construct H. Given the vector z = (x + OPT) /2 run the following procedure
on the OPT cycle with the family of 77-near minimum cuts of z that are crossed on at most one
side:

For every connected component C of 7 near minimum cuts (w.r.t., z) crossed on at most one
side, if |C| = 1 then add the unique cut in C to the hierarchy. Otherwise, C corresponds to a
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polygon u with atoms ay, ..., a,—1 (for some m > 3). Add a4, .. . am—12! and U?:llai to H. Since
every vertex except 1o, vy has degree 2, they all appear in the hierarchy as singletons. Therefore,
every set in the hierarchy is the union of its children. Note that since z(6({uo,v0})) = 2, the root
of the hierarchy is always V ~ {u,vo}.

Now, we name every cut in the hierarchy. For a cut S if there is a connected component of at
least two cuts with union equal to S, then call S a polygon cut with the A, B, C partitioning as
defined in Definition C.4. If S is a cut with exactly two children X, Y in the hierarchy, then also
call S a polygon cut??, A=E(X,X\Y),B=E(Y,Y\ X) and C = @. Otherwise, call S a degree
cut.

Fact 5.34. The above procedure produces a valid hierarchy for €, > 141.

Proof. First observe that whenever |C| = 1 the unique cut in C is a 27 near min cut (w.r.t, x) which
is not crossed. For a polygon cut S in the hierarchy, by Lemma 5.16, the set S is a €, near min cut
w.rt, x. If S is an atom of a polygon, then by Lemma 5.19 S is a €, near min cut.

Now, it remains to show that for a polygon cut S we have a valid ordering uj, ..., u; of cuts
in A(S). If S is a non-triangle polygon cut, the uj, ..., u; are exactly atoms of the polygon of S
and x(A),x(B) > 1—¢, and x(C) < ¢; and x(E(u;, u;11)) > 1 — €, follow by Theorem 5.9. For
a triangle cut S = X U Y because S, X, Y are €;-near min cuts (by the previous paragraph), we
get x(A),x(B) > 1 — ¢, as desired, by Lemma 2.37. Finally, since x(J(X)), x(d(Y)) > 2 we have
x(E(X,Y)) > 1—¢y. O

The following observation is immediate:

Observation 5.35. Each cut S € H corresponds to a contiguous interval around OPT cycle. For a
polygon u (or a triangle) with atoms ay, . .., a,—1 for m > 3 we say an OPT edge e* is interior to u if
e* € E*(aj, ai11) for some 1 <i < m —2. Any OPT edge e* is interior to at most one polygon.

Theorem 5.6. Let x° be a feasible solution of the 2 with support Eg = E U {eg} and x be x° restricted
to E. Let u be the max entropy distribution with marginals x. For n < 1072, B > 0, there is a set
Eq C E~\6({uo, vo}) of good edges and two functions s : Eg — R and s* : E* — Rxq (as functions of
T ~ ) such that

(i) Foreachedge e € Eg, s, > —x¢p and for any e € E \ Eg, se = 0.
(ii) For each n-near-min-cut S w.r.t. z, if §(S)r is odd, then s(6(S)) +s*(6(S)) > 0.

(iii) We have E [s,] < —eppx. for all edges e € Eq and E [s}.] < 2181 for all OPT edges e* € E*. for
ep defined in (38).

(iv) For every n-near minimum cut S of z crossed on (at most) one side such that S # V ~ {up,vo},
x(6(S)NEg) > 3/4.

Proof. For €, as in Eq. (16), let Eg, s be as defined in Theorem D.2, and let s,; = co. Also, let s*
be the sum of the s* vectors from Theorem 5.2 and Theorem 5.24. (i) follows (ii) of Theorem D.2.
E [s;.] < 218yp follows from Theorem 5.2 and Theorem 5.24 and the fact that every OPT edge

2INotice that an atom may already correspond to a connected component, in such a case we do not add it in this step.
22Think about such set as a degenerate polygon with atoms a1 := X,a, := Y, a9 := X UY. So, for the rest of this
section we call them triangles and in later section we just think of them as polygon cuts.
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is interior to at most one polygon. Also, E [s.] < —eppx, for edges e € Eg follows from (v) of
Theorem D.2.

Now, we verify (iv): For any (non-root) cut S € # such that p(S) is not a polygon cut
x(8(S)NEg) > 3/4 by (i) of Theorem 5.33. The only remaining #-near minimum cuts are sets S
which are either atoms or near minimum cuts in the component C corresponding to a polygon u.
So, by Lemma 2.37, x(6(S) N d(u)) < 1+ €. By (i) of Theorem D.2 all edges in §(S) ~\ d(u) are in
E,. Therefore, x(6(S)NEg)) > 1—¢, > 3/4.

It remains to verify (ii): We consider 4 groups of cuts:

Type 1: Near minimum cuts S such that ¢y € §(S). Then, since s,, = o0, 5(6(S)) +s*(6(S)) > 0.

Type 2: Near minimum cuts S € H where p(S) is not a polygon cut. By (iv) of Theorem D.2
and that s* > 0 the inequality follows.

Type 3: Near minimum cuts S crossed on both sides. Then, the inequality follows by
Theorem 5.2 and the fact that s, > —px, for alle € E.

Type 4: Near minimum cuts S that are crossed on one side (and not in ) or S € H and p(S)
is a (non-triangle) polygon cut. In this case S must be an atom or a #-near minimum cut (w.r.t.,
z) in some polygon u € H. If S is not a leftmost cut/atom or a rightmost cut/atom, then the
inequality follows by Theorem 5.24. Otherwise, say S is a leftmost cut. If u is left-happy then by
Theorem 5.24 the inequality is satisfied. Otherwise, for F = §(S) \. 6(u), by Lemma 2.37, we have
x(F) > 1—€;,/2. Therefore, by (iii) of Theorem D.2 we have

s(6(5)) +57(6(S)) = s(A) +s(F) +57(C) =0

as desired. Note that since S is a leftmost cut, we always have A C 4(S). But C may have an
unpredictable intersection with §(S); in particular, in the worst case only edges of C with negative
slack belong to 6(S). A similar argument holds when S is the leftmost atom or a rightmost
cut/atom.

Type 5: Near min cut S is the leftmost atom or the rightmost atom of a triangle u. This is
similar to the previous case except we use Lemma C.13 to argue that the inequality is satisfied
when u is left happy. O

5.7 Hierarchy Notation

In the rest of the paper we will not work with z, OPT edges, or the notion of polygons. So,
practically, by Definition 5.31, from now on, a reader can just think of every polygon as a triangle.
In the rest of the paper we adopt the following notation.

We abuse notation and call any u € A(S) an atom of S.

Definition 5.36 (Edge Bundles, Top Edges, and Bottom Edges). For every degree cut S and every pair
of atoms u,v € A(S), we define a top edge bundle f = (u,v) such that

f={e=(u,v)€E:ple) =S,u' €u v eo}.

Note that in the above definition, u’, v’ are actual vertices of G.
For every polygon cut S, we define the bottom edge bundle f = {e : p(e) = S}.

We will always use bold letters to distinguish top edge bundles from actual LP edges. Also,
we abuse notation and write xe := Y, fee Xf tO denote the total fractional value of all edges in this
bundle.
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In the rest of the paper, unless otherwise specified, we work with edge bundles and sometimes
we just call them edges.
For any u € H with p(u) = S we write

8" (u) == 8(u) N(S),
67 (u) = 0(u) N 6(S).
E7(S) :={e= (uj,uj) : uj,uj € A(S), u; # u;}.

5
5
{

Also, for a set of edges A C 6(u) we write A~, AT to denote AN é~(u), ANS'(u) respectively
(when u is clear in context). Note that E~(S) C E(S) includes only edges between atoms of S and
not all edges between vertices in S.

Finally, for a set of edges F and an edge bundle e, we define F_. = F \ e, and similarly
Fie=FUe.
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6 Probabilistic statements

We first prove some useful properties of Bernoulli-Sum random variables and random spanning
trees. We then have three important sections: Section 6.3 provides a very general tool for proving
lower bounds on the probability of certain events in any SR distribution, Section 6.4 constructs
and proves bounds on the events in which bottom edges can reduce, and finally Section 6.5 and
Section 6.6 construct and prove bounds on the events in which top edges can reduce.

6.1 Properties of Bernoulli-Sum Random Variables

Lemma 6.1. Let py, ..., pn be a log-concave sequence. If for some i, yp; > pii1 for some v < 1, then,

Proof. Since we have a log-concave sequence we can write

Topi P (17)
Y Pit1 Pig2
Since all of the above ratios are at least 1/, for all [ > 1 we can write

-1 I
Pis1t <V Pit1 =V Pi
Therefore, the first statement is immediate and the second one follows,

! e . i+ 1 0%
J< YA piali+1+1) =p; <l + )
j_ZZ+1P]J l;:)’YPH( )=pin (7 i)

O]

Corollary 6.2. Let X be a BS(q) random variable such that P [X = k] > 1 — € for some integer k > 1,
€ < 1/10. Then, k(1 —€) < g <k(1+€) + 3e.

Proof. The left inequality simply follows since X > 0. Since IP [X =k + 1] < €, we can apply
Lemma 6.1 with ¥ = €/(1 —¢€) to get

e(l—e) €
> > < -
EX|IX>k+1]P[X>k+1] < e <k+1+1_2€>

Therefore,

as desired. O
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Fact 6.3. For integers k < tandk—1<p <k,

k—

H

(1—i/H)(A—p/t) R >eP.

I\
—_

Proof. We show that the LHS is a decreasing function of t. Since In is monotone, it is enough to
show

k—1

0> 3 In(LHS) = 3; | L In(1—i/t) + (t — k) In(1 - p/t)>

11 (t—k)p
== +In(1—p/t)+
PRI )
Using ZI h t2/1 < Ok_l t2/d;—t =—(k—1)/t—1In(1 — (k—1)/t) it is enough to show
k—1 k—1 (t—k)p 1
> ——— —In1—-——)+In(1-
A ey
B t—p p—k 1 k—1
e Ty T e
Rearranging, it is equivalent to show
p—k+1 p—k 1
I+ ) 2 T
Since p > k — 1, using taylor series of In, to prove the above it is enough to show
_ _ 2 —
p—k+1 (p—k+1) S P k+ 1 ‘
t—p 2(t—p)? “t—p t—k+1

This is equivalent to show

p—k+1 >(p—k+1)2 1 p—k+1
G_p)—k+1)~ 20—-p2 Cf_kt1- 2(t—p)

Finally the latter holds because (t —k+1)(p —k+1) < (t —k+1) < 2(t — p) where we use
t>k+1and p <k O

Let Poi(p,k) = e Pp*/k! be the probability that a Poisson random variable with rate p is
exactly k; similarly, define Poi(p, < k), Poi(p, > k) as the probability that a Poisson with rate p is
at most k or at least k.

Lemma 6.4. Let X be a Bernoulli sum BS(p) for some n. For any integer k > 0 such thatk —1 < p <
k + 1, the following holds true

p—1 (p=k)
=k > S
P [X = k] Ogl}g;kPm(p Lk—10) < k—E—i—l)

where the minimum is over all nonnegative integers £ < p,k, and for z € R, z, = max{z,0}.
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Proof. Let X = By + - - - + B,, where B; is a Bernoulli. Applying Hoeffding’s theorem, if ¢ of them
have success probability 1, it suffices to prove a lower bound of Poi(p — £,k — £)(1 — £ ;ﬁl Y(P=k)+,
Since without loss of generality none have success probability 1, it follows that each has success

probability p/n. If k > p,

pix =k = () (&) @-prmr

where in the inequality we used Fact 6.3 (also note if n = k the inequality follows from Stirling’s
formula and that p > k —1). If k < p < k41, then as above

k—1 p pk
=[Ja—i/n) k— —p/n)" k> Fe_” = Poi(p, k),

i=1

k-1

PIX =K = [[(1—i/m (1= p/ny=r(1 = p/myr-
i=1
k—1 Pk
> [[A—i/m) g —p/n)" (1= p/m)P* > Poilp, k) (1 = p/n)",
p=zk j=1 :
where we used Fact 6.3 in the last inequality. O

Note that if we further know X > g with probability 1 we can restrict ¢ in the statement to be
in the interval [a, min(p, k)].

Lemma 6.5. Let X be a Bernoulli sum BS(p), where for some integer k = [p], Then,
P[X > k] > min Poi(p—¥¢,>k—{
(X2 K 2 min Poi(p — £, >k — )

where the minimum is over all non-negative integers £ < p.

Proof. Suppose that X is a BS(p) with n Bernoullis with probabilities py,...,p,. ff p—1 <k—-1<
p, by [Hoe56, Thm 4, (25)],

<k < N AW n—l—i
PX<k—1] < max )| ( ; )q(l—q) (18)

0<l<p i=0
where g = Z—:E.
If Y is a BS(p) with m > n Bernoullis with probabilities g3, ..., g, the same upper bound
applies of course, with m replacing n. Also, note that
max P[X <k—1] < max P[Y <k—1]
P1---Pn q1,---gm
since it is always possible to set q; = p; for i < n and g; = 0 for j > n.
Therefore, the upper bound in (18) obtained by taking the limit as n goes to infinity applies,
from which it follows that
k=1-¢
<k-1)< i(p—0,i
P[X<k-1] < Oréﬁxp i;o Poi(p — ¢,1)
and therefore

P[X > k] > min Poi(p—¥¢,> k—1).
0<t<p
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6.2 Random Spanning Trees

Lemma 6.6. Let G = (V, E, x), and let y be a A-uniform random spanning tree distribution with marginals
x. For any edge e = (u,v) and any vertex w # u,v we have

E[Wrle ¢ T| <E[Wr]+P[w € Pyyle € T]-Ple € T],

where Wy = |T N §(w)| and for a spanning tree T and vertices u,v € V, P, ,(T) is the set of vertices on
the path from u tov in T.

Proof. Define E' = E \ {e}. Let 4’ = u|p be u projected on all edges except e. Define y;, = i), _,
(corresponding to e in the tree) and oy = ), _; (corresponding to e out of the tree). Observe that
any tree T has positive measure in exactly one of these distributions.

By Theorem 2.24, u;, = pour so there exists a coupling p : 2E" x 2F" between them such that
for any T, Tour such that p(Tjy,, Tout) > 0, the tree T,,; has exactly one more edge than Tj,. Also,
observe that Ty, is always a spanning tree whereas T, U {e} is a spanning tree. The added edge
(i.e., the edge in Ty, \ Tj,) is always along the unique path from u to v in T,;.

For intuition for the rest of the proof, observe that if w is not on the path from u to v in Ty,
then the same set of edges is incident to w in both Tj, and T,,;. So, if w is almost never on the path
from u to v, the distribution of Wy is almost independent of e. On the other hand, whenever w is
on the path from u to v, then in the worst case, we may replace e with one of the edges incident to
w, so conditioned on e out, W increases by at most the probability that ¢ is in the tree.

Say x, is the marginal of e. Then,

E[Wr] = E[Wrle¢ T](1—x.)+E[Wrle € T]x,

Z P(Tinr Tout)wo(l - xe) + Z P(Tin/ Tout)wixe
Tin/Tout Tianout

= Z P(Tinz Tout)(<1 - xe)wo + xewi>, (19)
Tin, Tout

where we write W;/W, instead of Wr, /Wr,,

E [WT|€ ¢ T] = Z P(Tin/ Tout)wo

Tz’n'Taur

= Z p(Tinr Tout)wo + Z P(Tin/ Tout)wo
Tianuth:wePu,v(Taut) E’anoutlwépu,v(Tout)

< Z P(Tin; Tout)(xe(wi+1) + (1 _xe)wo)
Tz‘anout:wepu,v(Tout)

+ Z P(Tinz Tout)(xewi + (1 - xe)wo>
TianouﬁwéPu,v(Touf)
= E [WT] + Z P(Tin/ Tout)xe

Tin, Tout:wE Py o (Tout)

= [E [WT] + 2 ]/lout(Tout)xe

Tutlt:zUGPu,v(Tuzlt)
= E[Wr]+P[w e Pyyleout] - P e in]

where in the inequality we used the following: When w ¢ P, ,(T,,:) we have W; = W, and when
w € Pyo(Tour) we have W, < W; + 1. Finally, in the third to last equality we used (19). O
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Figure 35: Setting of Lemma 6.7

Lemma 6.7. Let G = (V,E, x), and let y be a A-uniform spanning tree distribution with marginals x.
For any pair of edges e = (u,v), f = (v, w) such that |P [e] —1/2|,|P [f] —1/2| < € (see Fig. 35), if
€ < 1/1000, then

E [Wﬂe g T] + E [UT’f Q T] <E [WT -+ UT] + 0.81,

where U = 6(u) . and W = 5(w)_s.

Proof. All probabilistic statements are with respect to v so we drop the subscript. First, by
Lemma 6.6, and negative association we can write,

E[Wrle € T] <E[Wr]+P[w € Pyyle € T|P[e € T]
<E[Wr]+Plw € PyyNe ¢ T+ 2e

Note that the lemma only implies E [6(w)r|e ¢ T| < E [6(w)r] + P [w € Pyyle ¢ T|P e € T|. To
derive the first inequality we also exploit negative association which asserts that the marginal of
every edge only goes up under e ¢ T, so any subset of §(w) (in particular W) also goes up by at
most Ple ¢ T Aw € P,p]. Also, the second inequality uses IP[e € T] < P [e ¢ T| + 2¢. Using a
similar inequality for Ur, to prove the lemma it is enough to show that

PlwePyNedT|+PucP,uAf¢T] <0806

or that when this inequality fails, a different argument yields the lemma.
The main observation is that in any tree it cannot be that both u is on the v — w path and w is
on the u — v path. Therefore

PlucPyylefET|+PlwePyylefET <1
So, we have

Ple ¢ TAwE Puy] +P[f € TAu€E Pyl

<Pl fe¢TAwEDP+Ple¢T,feT|+P,[e,f €TAucPy,|+P[f¢&TecT]
<Ple,f¢T|+Ple¢T,feT|+P[f¢T,ecT]

—1-Ple,feT].

It remains to upper bound the RHS. Let &« =P [f € T|e ¢ T]. Observe that
Ple,feT|=P[feT]|-P[feT,e¢T|>1/2—e—(1/2+4¢€)a.

If « < 06, then Ple,f € T| > 0.198 (using € < 0.001) and the claim follows. Otherwise,
P [f|e ¢ T] > 0.6. Similarly, IP [e|f ¢ T| > 0.6. But, by negative association,

E [Wrle ¢ T] < E[Wr] +Pe] — (P [fle ¢ T] — P [f]) < E [Wr] +2¢ + 0.4 < E [Wr] + 0.405
and similarly, E [Ur|f ¢ T| < E [Ur] + 0.405, so the claim follows. O
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6.3 Gurvits’” Machinery and Generalizations
The following is the main result of this subsection.

Proposition 6.8. Given a SR distribution y : 20 R, let Ay, ..., Ay be random variables correspond-
ing to the number of elements sampled from m disjoint sets, and let integers ny, ..., ny, > 0 be such that
forany S C [m],

P ZAiZZni] > €,
i€S i€eS

P ZAiSZni] > €
i€S i€eS

it follows that,
PVi:Aj=ni] > f(e)P[A1+ - +An=m~+ -+ 1y,

om m 1
where f(e) > € [T}, max {1 +-+ng_1 }+1°

We remark that in applications of the above statement, it is enough to know that for any set
S C [m], Yiesni —1 < E[Yies Ai] < Yiesni + 1. Because, then by Lemma 6.4 we can prove a
lower bound on the probability that ) ;cg A; = ) icsn;.

We also remark the above lower bound of f(e€) is not tight; in particular, we expect the
dependency on m should only be exponential (not doubly exponential). We leave it as an open
problem to find a tight lower bound on f(e).

Proof. Let £ betheevent A1+ -+ Ay =n1 4+ -+ 1y

P1<i<m:A; =nj|=P[E]P[An =nu|E]P [An_1=nm_1|An = 1y, E]
...]P[Az :ﬂ2’A3 = n3,...,SAm = nm,E]

So, to prove the statement, it is enough to prove that for any 2 < k <,

1

]P A = A = A - ’ > i
[Ax = x| Ag1 = g1, oo A = 1, E] > € max{ng, ny + - +ne_q} +1

(20)

By the following Claim 6.9,

2m7k+1

P [Ak > nk’Ak—H = Mgi1,e- Am = nm/g] > € ’

P [Ar < mi| Ak = i1, - A = 1, €] > eszkﬂ'

So, (20) simply follows by Lemma 6.10. Now we prove this claim.
Claim 6.9. Let [k] :=={1,...,k}. Forany 2 <k < m, and any set S C [k],

m—k
P Y A=) ni|Ar =ngs, ., A =nm, €| > € o,
ics ics
m—k+1
P EAiSan‘|Ak+l:”k+1/'--1Am:nm,g] >

ieS i€S
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Proof. We prove by induction. First, notice for k = m the statement holds just by lemma’s
assumption and Lemma 6.11. Now, suppose the statement holds for k + 1. Now, fix a set S C [k].
Let S = [k] \. S. Define A = ¥;cs A; and B = ¥, ¢ A;, and similarly define 74, np. By the induction
hypothesis,

icS
m—k
€2 SJP[ASnA|Ak+2:nk+2/---/Am:nm;g]

The same statement holds for events A > n4,B < ng,B > ng,A+ B >nys+ng, A+ B <ny+ ng.
Let &1 be the event Ax,» = nyi2,...,Am = 1y, €. Note that conditioned on &1, A+ B =
na + np if and only if Ayyq = ng;1. By Lemma 6.10, P [A + B = n4 + ng|&1] > 0. Therefore, by
Lemma 6.11,

P[A>nalA+B=nu+ng 1], PI[A<ns|A+B=na+np ] > (2 P2=e"""
as desired. .
This finishes the proof of Proposition 6.8 O

Lemma 6.10. Let p : 2" — R be a d-homogeneous SR distribution. If for an integer 0 < k < d,
Ps, [|S| > k] > eand P, [|S| < k] > €. Then,

€ € }
+1"d—k+1"

e 1/ max{k,d—k}
P[\S|:k]2min{pm,e <1—<) )}
Pm

where py, < maxg<ij<q P [|S| = i] is a lower bound on the mode of |S|.

P[|S|=k] > min{k

Proof. Since yu is SR, the sequence sy, s1, . ..,s; where s; = IP [|S| = i] is log-concave and unimodal.
So, either the mode is in the interval [0,k] or in [k,d]. We assume the former and prove the
lemma; the latter can be proven similarly. First, observe that since s; > sg11 > -+ > 54, we get
sk > €/(d —k+1). In the rest of the proof, we show that s; > €(1 — (e/pm)'/*) or sy > pu.
Suppose s; is the mode. It follows that there is i < j < k — 1 such that s}% > (:—I‘() 1/(k_l). So,
by Lemma 6.1,
€<sp+---+s5 <

If sy > pm or sy > € then we are done. Otherwise,

Sk > € (1 - (Sk/pm)l/(kii)> > € (1 - (e/pm)l/k>
where we used s; > p;, and s < €. O

Lemma 6.11. Given a strongly Rayleigh distribution u : 21"} — R, let A, B be two (nonnegative)
random variables corresponding to the number of elements sampled from two disjoint sets such that
IP[A+ B =n| > 0 where n = nyg + np. Then,

P[A>nu|A+B=n]=P[B<nglA+B=n]
P[A <nu|A+B=n]=P[B>ng|lA+B=n]

IP[A>1’1A]IP[B<1’IB], (21)

>
> P[A<n4P[B>ng. 22)
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Proof. We prove the second statement. The first one can be proven similarly. First, notice

P[A<nsA+B>n|+P[B>ngA+B<n]
=P [B>ng, A<ng, A+B>n|+P[A<nyuB>npg A+ B <n|
=P [B >ng,A<nal >P[B>np|P[A<nul=:q,

where the last inequality follows by negative association. Say g4 = IP [A + B > n]. From above,
either P[A <ny,A+B>n]>agorP[B>ng, A+ B <n| > a(l—gq). In the former case, we
get P[A <nalA+B >n] > a and in the latter we get IP[B > ng|A+ B < n] > a. Now the
lemma follows by the stochastic dominance property

P[A<ns|A+B=mn] > P[A<nulA+B>n]
P[B>ng|lA+B=mn] > P[B>np|lA+B<n]

Note that in the special case that A + B < n never happens, the lemma holds trivially. O
Combining the previous two lemmas, we get

Corollary 6.12. Let y : 2"l — R~ be a SR distribution. Let A, B be two random variables corresponding
to the number of elements sampled from two disjoint sets of elements such that A > k o with probability 1
and B > kg with probability 1. If P [A > na],P[B > ng| > ey and P [A < nyu|,P [B < ng] > €y, then,
letting n'y = na —ka,ny = ng — kg,

1

1
Pl|A = A+ B= >emin{ — ——
[ nal na+ngl >e€ m{n;1 1,% 1},

P [A = nA|A + B =ny —|—HB] > min{pmle(] _ (e/pm)l/max{n’f‘,n}g})}

where € = €1€ and py, < MaXy, <k<n,+ny—ky P [A = k|A + B = nn + ng| is a lower bound on the mode
of A.

In the special case that ngy = 1,np =1,ks =0,k =0, if P[A=1|A+B=2] <€, pn >1—2e.
Ife <1/3,

P[A=1]A+B=2 >max{e/2e(1— % .
1-—2¢
To get the first statement, we construct a new SR distribution from yu as follows. First, we
symmetrize g, by setting all x, € A to x and all x;, € B to y; call the resulting polynomial g,,.

Then, notice q;, = g,/ (xkaxk8) is real stable. Therefore, we can apply the above corollary to a

distribution with generating polynomial q;f?’

To get the second statement, notice that since the distribution of A is unimodal,

min{P[A =0],P[A=2]} <e

23To be precise, we apply the above corollary to the polarization of q;,, where x, y are polarized by a disjoint set of
variables of size equal to their maximum degree.
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6.4 Max Flow

This proposition and the max flow event are crucially used in the analysis of the bottom-bottom
case in the payment theorem (Theorem D.2). See Example 4.10 and the preceding discussion
for more high-level intuition. The main consequences of this section are Corollary 6.17 and
Corollary 6.18.

Proposition 6.13. Let y : 2F — R¢ be a homogeneous SR distribution. For any 330e < { < 0.002 and
disjoint sets A, B C E such that E [Ar],E [Br| € [1 —€,1+ €] (where T ~ ) there is an event E4 p(T)
such that P [E4 5(T)] > 0.02460%(1 — (/2.1 — €) and it satisfies the following three properties.

i) P[Ar = Br = 1|€45(T)] = 1,
i) Tocn P[] — P el€4,5(T)] | < ¢, and
i) Loen [P [e] — P [e[€4,5(T)] | < ¢.

In other words, under event £4 g which has a constant probability, A7 = Br = 1 and the
marginals of all edges in A, B are preserved up to total variation distance {. We also remark that
above statement holds for a much larger value of { at the expense of a smaller lower bound on

P [Eap(T)].
Before, proving the above statement we prove the following lemma.

Lemma 6.14. Let u : 2F — R be a homogeneous SR distribution. Let A, B C E be two disjoint sets
such that E [A7],E [Br] € [1 —¢€,1+¢€] (where T ~ ), A’ C Aand B C Band E[AL UB}] > 1+«
for some & > 100e. If & < 0.001, we have

P [A} = By = Ar = Br = 1] > 0.11a°.

Proof. First, condition on (A~ A’)r = (B~ B’)r = 0. This happens with probability at least
a —2€ > 0.98a because E [Ar| + E [Br| < 2+ 2¢ and E [A}] + E [B}] > 1 + «. Call this measure
v. It follows by negative association that

E, [AT] ,E, [BT] € [« —€,2+ 3¢ — a]. (23)

e Case 1: E, [A} + B}] > 1.5. Since E, [A} + B%| < 2+ 2¢, by Lemma 6.4, P, [A} + B, = 2] >
0.25. Furthermore,

P, [Ap >1],P, [Bf > 1] >1—e 9 > 0.98a (Lemma 6.5, & < 0.001)
P, [AT <1],P, [By <1] > a/2—15¢ (Markov’s Inequality)

Therefore, by Corollary 6.12 and using & < 0.001, P [A} = 1|AL + By = 2] > 0.454%. It
follows that

P [Ar = By = A} = By = 1] > (0.98x)P, [A} = B} = 1] > (0.98x)0.25(0.454%) > 0.11a°.

e Case 2: E[A} + B}] < 1.5. Since E, [A} + B}] > 1+ «a, by Lemma 6.4, P [A. + B}, = 2] >
ae® > 0.99a. But now E [A%], E [B}] < 1.5 and therefore by Markov’s Inequality,

P, [A% <1],P, [Bf <1] > 0.25.
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On the other hand, by Lemma 6.5 (similar to case 1) P, [A}, > 1],P, [Bf > 1] > 1 —e *t¢ >
0.98«. It follows by Corollary 6.12 that IP [A7. = 1|A’. 4+ B}, = 2] > 0.2a. Therefore,

P [AT =Br=AL, =B, = 1] > (0.98«)P, [ =B = 1] > (0.98«)(0.2a)(0.99a) > 0.11a°
as desired.

O]

It is worth noting that ol dependency is necessary in the above example. For an explicit
Strongly Rayleigh distribution consider the following product distribution:

(wx1 + (1 —a)y2)(ayr + (1 —a)z2) (wz1 + (1 —a)x2),
and let A = {xy,x2}, B = B = {y1,12}, and A’ = {x1}. Observe that
P[Ar=Br=Ar=B;=1]=Px; =1y =1,z =1 =a’.

Proof of Proposition 6.13. To prove the lemma, we construct an instance of the max-flow, min-cut
problem. Consider the following graph with vertex set {s, A, B, t}. For any e € A, f € B connect
e to f with a directed edge of capacity y.r = Ple, f € T|Ar = Br = 1]. For any e € E, let
x. := P [e € T|. Connect s to e € A with an arc of capacity px. and similarly connect f € B to ¢
with arc of capacity Bxy, where f is a parameter that we choose later. We claim that the min-cut
of this graph is at least f(1 — e — (/2.1). Assuming this, we can prove the lemma as follows:
let z be the maximum flow, where z, ¢ is the flow on the edge from e to f. We define the event
Eap(T) = E(T) to be the union of events z, s. More precisely, conditioned on At = Br = 1 the
events ¢, f € T|Ar = By = 1 are disjoint for different pairs e € A, f € B, so we know that we
have a specific ¢, f in the tree T with probability y, s. And, of course, }.c s rep Ve s = 1. So, for
e € A, f € Bweinclude a z, f measure of trees, T, such that Ay = Br = 1,¢, f € T. First, observe
that

PEl= Y =z P[Ar=Br=1>p(1-(/21—¢€)P[Ar=Br=1]. (24)

ecA,feB

Part (i) of the proposition follows from the definition of £. Now, we check part (ii): Say z =
Yec A, feB Ze,f, and the flow into e is z,. Then,

Y [xe—PleeTlE]| =)

ecA ecA

-y

f

Note that both x and z./z define a probability distribution on edges in A; so the RHS is just the
total variation distance between these two distributions. We can write

Y lxe—PleT|E]| =2 ) (%—xe>

ecA e€A:z./z2>X,

px. _
: 2e€A:§z>x9 ('8(1 - 5/2'1 - 6) xe>

0/21+e (1+e)(Z/21+e€)
= 2';xel—g/z.1—e§2 1-¢/21—¢ =¢
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The first inequality uses that the max-flow is at least f(1 — (/2.1 — €) and that the incoming flow
of e is at most Bx,, and the last inequality follows by ¢ < 0.003 and € < {/330. (iii) follows by the
same argument.

It remains to lower-bound the max-flow or equivalently the min-cut. Consider an s, t-cut S, S,
i.e., assumes € Sand t ¢ S. Define Sy = ANS, S = BN S, and similarly S4 = ANS, Sy = BNS.
We write

cap(5,S) = Bx(Sa)+Px(Sp)+ Y. VYer

e€S €S
= Bx(SaUSg)+P[(Sa)r = (Sg)r =1|Ar = Br =1]
If x(Sp) > x(Sa) — /2.1, then
cap(S,S) > Bx(SaUSg) > B(x(SaUS4) —C/21) > B(1—e—/2.1),
and we are done. Otherwise, say x(Sp) + v = x(S4), for some ¢y > (/2.1. So,
x(Sp) +x(Sa) =x(Sg) +x(Sg) +7>1—€+7
So, by Lemma 6.14 with (x =y —€ > (/2.1 — e > 100¢)

P [(SA)T = (gB)T = AT = BT = 1] > 011(’)’ —6)3
]P[AT:BT:” _]P[AT:BT:”'

P [(Sa)r = (Sp)r = 1|Ar = Br =1] >

It follows that

_ 3
cap(s,5) > ﬁx(sAusB)Jr]PO'n(7 €)

[Ar=Br =1]
_~\3
> B(x(S54USs) —7) + “’Fj;(jBTe): .
_~\3
> Bll—e=7)+ pra gty

To prove the lemma we just need to choose B such that RHS is at least (1 — e — {/2.1). Or
equivalently,

0.11(y —¢)?
> —(/2.1).
In other words, it is enough to choose f < & AT:O;SLH?E 757 Since v > /2.1 and { > 330€, we
0.11(0.4737)>

have v — € > 0.473(. Therefore, we can set f = Finally, this plus (24) gives

P[Ar=Br=1]"
P[£] > (1-7/21—¢€)BP [Ar = By = 1] = 0.11(0.4730)*(1 — /2.1 —¢€) > 0.0246*(1 - /2.1 —¢)
as desired. O

Definition 6.15 (Max-flow Event). For a polygon cut S € H with polygon partition A,B,C, let v
be the max-entropy distribution conditioned on S is a tree and Ct = 0. By Lemma 2.28, we can write
v @ Vg X Vg/s, where vg is supported on trees in E(S) and vg,s on trees in E(G/S). For a sample
(Ts, Tgys) ~ vs X vgys, we say Es occurs if E4p(Tg/s) occurs, where E4 p(.) is the event defined in
Proposition 6.13 for sets A, B.and { = ey := gyq5 and € = 2¢y,.
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Corollary 6.16. For a polygon cut S € H with polygon partition A, B, C, we have,
i) P [Es] > 0.0245¢3).

ii) For any set F C 6(S) conditioned on Es marginals of edges in F are preserved up to €y + € in total
variation distance.

iii) For any F C E(S) U d(S) where either FNA = @ or FN B = Q, there is some q € x(F) & (eym +
2¢;) such that the law of Fr|Es is the same as a BS(q).

Proof. Condition S to be a tree and Cr = 0 and let v be the resulting measure. It follows that
P [&s] = P, [E5] P [Cr = 0, S tree] > 0.0246€3,(1 — ep/2.1 — €)P [Cr = 0, S tree] > 0.0245¢3,,

using € = 2¢, and €, = 1/4000, which proves (i).
Now, we prove (ii). By Proposition 6.13, the marginals of edges in §(S) are preserved up to a
total variation distance of €, so

E, [(FN6(S))r|€a8(Tess)] = Ev [(FNS(S))1] + €m.
Since x(C) < €, and x(4(S)) < 2 + €;, by negative association,
x(FN6(S)) —ey/2 <E, [(FNI(S))r] < x(FN(S)) + €.

This proves (ii). Also observe that since conditioned on £s, we choose at most one edge of FN4(S),
(FN4(S))risa BS(ggys) for some qg/s = x(FNJ(S)) £ (em + €y).
On the other hand, observe that conditioned on &g, S is a tree, so

x(FNE(S)) <E[(FNE(S))r|&] < x(FNE(S))+€,/2.

Since the distribution of (F N E(S))r under v|&s is SR, there is a random variable BS(g5) =
(FNE(S))r where x(FNE(S)) < gs < x(FNE(S)) +¢€,/2.
Finally, Fr|Es is exactly BS(qs) + BS(qc/s) = BS(q) for g = x(F) & (em + 2¢;). O

Normally, conditioning on 6(S) for a polygon S € H may dramatically change the distribution
of any random variable é(u)7 for any u which is an ancestor of S and for which 6(u) Nd(S) # @.
For example, it may essentially determine the parity of 6(u)r. On the other hand, the following
two corollaries show that after conditioning on s the probability §(u) is even remains a (large)
constant. So in some sense, conditioning on the max-flow event £ decouples the random variables
5(S)r and 6(u)7.

Corollary 6.17. For u € H and a polygon cut S € H that is an ancestor of u,
P [6(u) T odd|Es] < 0.5678.

Proof. First, notice by Observation 5.32, 6(u) N §(S) is either a subset of A, B, or C. Therefore,
by (iii) of Corollary 6.16 we can write é(u)7|Es as a BS(q) for g € 2 £[0.001] (where we use
that ey + 3ey < 0.001). Furthermore, since ¢ (u)r # 0 with probability 1, we can write this as a
14 BS(q —1). Therefore, by Lemma 2.21,

(14e72071)) <

P [6(u)r odd|Es] = P [BS(g — 1) even] < (1+e19%) <0.5678

N —
N =

as desired. O
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Corollary 6.18. For a polygon cut u € H and a polygon cut S € ‘H that is an ancestor of u,
IP [u not left happy|Es] < 0.56797.

and the same follows for right happy.

Proof. Let A,B,C be the polygon partition of u. Recall that for u to be left-happy, we need
Cr = 0 and Ar odd. Similar to the previous statement, we can write Ar|Es as a BS(ga)
for g4 € 14£[0.00026] (where we used that )y = 1/4000 and €,; < €31/300). Therefore, by
Lemma 2.21,

P [Ar even|&s] < %(1 +e24) < %(1 + e 199948) < 0.56771
Finally, E [C7|&s] < x(Cr) + em + 2€; < 0.00026. Now using the union bound,
PP [u not left happy | £5] < 0.56771 + 0.00026 < 0.56797

as desired. 0

6.5 Good Edges

Definition 6.19 (Half Edges). We say an edge bundle e = (u,v) in a degree cut S € H, i.e., p(e) =S,
is a half edge if |xe — 1/2| < €1/, where €1, is defined in Global constants.

Definition 6.20 (Good Edges). We say a top edge bundle e = (u,v) in a degree cut S € H is (2-2) good,
if one of the following holds:

1. eis not a half edge or
2. eisa half edge and P [6(u)r = §(v)T = 2|u, v trees| > 3€q .

We say a top edge e is bad otherwise. We say every bottom edge bundle is good (but generally do not refer to
bottom edges as good or bad). We say any edge e that is a neighbor of uq or vy is bad.

In the next subsection we will see that for any top edge bundle e = (u, v) which is not a half
edge, P [(6(u))r = (6(v))r = 2|u, v trees] = Q(1). The following theorem is the main result of
this subsection:

Theorem 6.21. For €1/, < 0.0002, €, < €3 /2, @ top edge bundle e = (u,v) is bad only if the following
three conditions hold simultaneously:

* eisa half edge,
o x(6T(u)),x(67(v)) < 1/24 9y,
* Every other half edge bundle incident to u or v is (2-2) good.

The proof of this theorem follows from Lemma 6.23 and Lemma 6.24 below.

In this subsection, we use repeatedly that for any atom u in a degree cut S, x(d(u)) < 2+¢€,.
We also repeatedly use that for a half edge bundle e = (u, v) in a degree cut, conditioned on u, v
trees, e is in or out with probability at least 1/2 — €1/, — 3¢, > 0.49.
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Lemma 6.22. Let e = (u, V) be a good half edge bundle in a degree cut S € H. Let A = 5(u)_e and
B =6(v)_e. If €1/, <0.001 and €, < €1/,/100, then

P [Ar + Br < 2|u,v trees|,IP [Ar + Br > 4|u, v trees] > 0.4€1,,

Proof. Throughout the proof all probabilistic statements are with respect to the measure y condi-
tioned on u, v trees. Let p<y = P [Ar + Br < 2] and similarly define p>4. Observe that whenever
O(u)r = 6(v)r = 2, we must have At + Br # 3. Since e is 2-2 good, this event happens with
probability at least 3¢5, i.e.,

p<2+ p>4 = 3€12 (25)

By Lemma 6.4, using the fact that pg = 0, we get p_3 > 1/4.
First, we show that p<; > 0.4€;,,. We have

34212 2 E[Ar + Br] 2 4p>y +2p—2+3(1 = p>4 — p<2) =3+ p>a — p=2 — 3p=1.

Again, we are using pg = 0. By log-concavity p2, > p_3p—1, so since p_3 > 1/4, p_1 < 4p2, <
4p2§2. Therefore,

P4 —2€172 < p=2+3p=1 = p<2 +2p=1 < p<2(1 +8p<2).

Finally, since €7/, < 0.001, plugging this upper bound on p>4 into Eq. (25) we get p<; > 0.4€7 .
Now, we show p>4 > 0.4€1,2/2. Assume p>4 < €1/2/2 (otherwise we are done). Since
p=3 > 1/4 by Lemma 6.1 with v < (€1,2/2)/(1/4) = 2€1,

E[Ar + Br|Ar + Br > 4] pos < —P24 (44 3¢, 2)
1—261/2

Therefore,

P>4

_ _ < < _ P=4
3 26‘1/2 26,] <E [AT + BT] < ZPSZ + 1_ 261/2

(4+3e1/2) +3(1 — p<2 — p>4)

So, 1.01p>4 > p<2 — 2.02€1/, where we used €1/, < 0.001 and €, < €1,/,/100. Now, p>4 > 0.4€1 2
follows by Eq. (25). O

5T (u)

S

Figure 36: Setting of Lemma 6.23

Lemma 6.23. Let e = (u,v) be a half edge bundle in a degree cut S € H, and suppose x(5'(u)) >
1/2+kein. If k> 9, €1/, <0.0002, and €, < 6%/2' then, e is 2-2 good.
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Proof. First, condition u,v, S to be trees. Let W = S~ {u}. Since S is a near mincut,
x(6(W)) = x(8(S)) +x(6(u)) — 2x((5T(u)) <2(2+¢€y) —2(1/2+4kein) = 3 —2key o + 2¢y

So, by Lemma 2.28, IP [W is tree] > 1/2 + key/, — €, — €;. Note that the extra —e; comes from the
fact that conditioning u be a tree can decrease marginals of edges in E(W) by at most €.

Let v be the resulting measure, namely the measure obtained by first conditioning u,v, S to be
trees and then W to be a tree. Note that v is a strongly Rayleigh distribution on the set of edges in
E(W)UE(u, W) UE(G/S); this is because v is a product of 3 SR distributions each supported on
one of the aforementioned sets.

Let X = 6"(u)r and Y = §(v)r — 1. Observe that, under v, X = Y = 1iff 6(u)r = 6(v)r = 2.
Furthermore, Y > 0 with probability 1, since v is connected to the rest of the graph. So, we just
need to lower bound P, [X =Y = 1]. First, notice

E, [X] € [0.5+kei/, — €y, 1+ €]

(26)
E, [Y] € [0.5+ ke1/, — 4€,1.5 — key /2 + 3€y]

We will give a brief explanation of this: first, note that J + kej» < E[X] < 1+ ¢, before
conditioning. By conditioning u,v,S to be trees, we can increase E [|[E(S)|r| by at most €,
therefore this may decrease E [X] by at most €,,. Under this measure, E(S) is independent of X;
therefore conditioning on W to be a tree cannot change IE [X]. Second, note that 1 <E [Y] < 1+¢,
before conditioning. Now, conditioning on 1,9, S to be trees may decrease E [Y] by at most 2¢,
and increase by at most €,. Conditioning on W to be a tree may increase or decrease E [Y] by a
most 1/2 — key/p + 2¢y.

Note that using Proposition 6.8, we can immediately argue that P, [X =Y = 1] > Q(ey7).
We do the following more refined analysis to make sure that this probability is at least 6€;/, (for
€172 < 0.0005) and k > 9. Once we prove this, we obtain the lemma:

P[6(u)r = 6(v)r =2 | u,v trees] > P [S,W trees | u,v trees| P, [X =Y =1] > 0.5 6¢€1,»

Case 1: P, [X +Y = 2] > 48¢; /5. By Lemma 6.5, P, [X > 1], P, [Y > 1] > 1 —¢ %%, On the
other hand, by Theorem 2.17, P, [X <1],P, [Y <1] > 7/16. This is because if we have one
Bernoulli of value 1, P, [X <1] > (1 — %)“ is minimized at n = 1, whereas if we have no
Bernoullis of value 1, P, [X < 1] > (1 — 13)" 4+ 1.5(1 — 12)"~1 which is minimized at n = 2.
Therefore, by Corollary 6.12, P, [X = 1|X + Y = 2] > 0.1269. Therefore, we get

P, [X =1,Y = 1] > 48¢1, - 0.1269 > 6¢1 5

Case2: P, [X + Y = 2] < 48¢1,, < 0.01. By Lemma 6.4, P, [X+Y =1] > 025GfE, [X + Y] >
1.2 then the assumption of this case obviously fails). So, since P, [X+Y = 2] < 0.01, by log
concavity, P, [X 4+ Y = 3] < 0.01/25. Furthermore, by Lemma 6.1 (with v = 1/25,i = 1,k = 3),
P, [X+Y > 2] < 0.0005.

Now, assume that P, [X > 1],IP, [Y > 1] > 0.47 (we will prove this shortly). Now, applying
stochastic dominance, we have

P, [X>1|X4+Y=2]>P,[X>1|X+Y < 2]
>Py [X>1,X+Y <2
>P,[X>1] P, [X+Y >2] >P,[X > 1] —0.0005 > 0.469.
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Figure 37: Setting of Lemma 6.24

Similarly, P, [X <1|X+Y =2] =P, [Y > 1|X+Y =2] > P, [Y > 1] — 0.0005 > 0.469. Finally
since the distribution of X conditioned on X + Y = 2 is the same as the number of successes
in 2 independent Bernoulli trials, with probabilities, say, p; and p,, we can minimize p;(1 —
p2) + (1 — p1)p2 subject to 1 — p1p2 > 0.469 and 1 — (1 — p1)(1 — p2) > 0.469. Solving this yields
P, [X =1|X+Y =2] > 0.39.

Lastly, observe that since by Eq. (26) 1.2 > E, [X + Y] > 1+ (2k — 1)€1 /5, by Lemma 6.4 we
can write

P, [X+Y =2] > (2k — 1)eq pe” F Va2 > (2k — 2)e 5.

Therefore,
P,[X=Y=1=P,[X=1X+Y =2]P, [X+Y =2] > 0.395(2k — 2)e1 »

To get the RHS to be at least 6¢; , it suffices that k > 9.
Now we prove that P, [X > 1] > 0.47; P, [Y > 1] > 0.47 follows similarly.

P, [X =2] <P, [X+Y > 2] <0.01+0.00042 < 0.0105

Also notice that IP, [X = 1] > 0.3 by Lemma 6.4. Now, using Lemma 6.1 we can write, for
y=1/25and i =1,
E,[X| X >2]P, [X > 2] <0.0224

Therefore, since X is integer valued,
P, [X>1]>E,[X]-E,[X| X >2]P,[X>2] >E, [X] —0.0224 > 047,
as desired. O

Lemma 6.24. Let e = (u,v), f = (v, w) be two half edge bundles in a degree cut S € H. If €1, < 0.0005
and €y < e{- Y then one of e or f is good.

Proof. We use the following notation V = §(v) _e_¢, U = d(u)_e, W = 6(w) _¢ (see Fig. 37 for an
illustration). For a set A of edges and an edge bundle e we write A . = AU {e}. Furthermore,
for a measure v we write v_, to denote v conditioned one ¢ T.

Condition u, v, w to be trees. This occurs with probability at least 1 — 3¢, Let v be this measure.
By Lemma 6.7, without loss of generality, we can assume

E, [Wrle ¢ T] < E, [Wr] + 0.405. 27)
Now, if E, [Vr|e ¢ T] > E, [Vr] + 0.03, then we will show e is 2-2 good. First,

IEv_e [(V+f)T] S [153 — €12 — 36,7,2 + 677],
IEv_e [UT] € [15 — €12 — 36;7,2 + 677],
]Ev,e [(V+f)T + UT] € [303 — 26’1/2 — 36;7,3.5 + 261/2 + 26’17],
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where we may decrease the marginals by 3¢, due to conditioning u, v, w to be trees.

Therefore, by Lemma 6.4, P, _ [(Vi¢)T + Ur = 4] > 0.029, where we use the fact that Ur > 1
and (Vy¢)r > 1 with probability 1 under v_, and apply this and the remaining calculations to
Ur —1,(Vyig)r — 1. In addition, we have

P, [Ur <2],P,, [(Vig)r <2] >0.499 (Markov Inequality)
P, [Ur >2],P, , [(Vig)r >2] > 039 (Lemma 6.5)

It follows by Corollary 6.12 applied to Ur — 1 and (Vi¢)7 — 1 (with € = 0.194 and p,, = 0.6) that
P, . [Ur = 2|Ur + (Vog)r = 4] > 0.13,

where we use that Uy > 1, (V,¢)7 > 1 with probability 1 under v_, because otherwise the tree
would be disconnected.
Therefore,

P[6(u)r =6(v)r =2 |u,vtrees| > Plwisatree,e & T|P, ., [Ur = (Vig)r = 2]

>
> (0.49)(0.029)(0.13) > 0.0018.

The lemma follows (i.e., e is 2-2 good) since 0.0018 > 3¢/, for €1/, < 0.0005.
Otherwise, if E, [Vr|e ¢ T] < E, [Vr] + 0.03 then we will show that f is 2-2 good. We have,

Ev [(Vie)r]), Ev.  [Wr] € [1 —2€1/2 — 3€;, 1.5+ 2€15 + €]
Py [(Vie)r <1],Py, [Wr <1] >0.249 (Markov)
Py [(Vie)r > 1],Py, [Wr > 1] > 0.63 (Lemma 6.5)

So, by Corollary 6.12 (with € = 0.15, p,, = 0.7), we get P, [Wr = 1{(Vie)r + Wr = 2] > 0.11. On
the other hand,

P, [(Vie)r+Wr=2]>P, [e ¢ T|P,,, . [(Vie)r + Wr = 2] > (0.49)(0.0582) > 0.0285

To derive the last inequality, we show P,  [(Vie)r + Wr =2] > 0.0582. This is because by
negative association and Eq. (27)

Ey  [(Vie)r+Wr] =Ey,  [Vr+ Wr]
<E,. [VT + WT] <E, [WT] + 0405+, [VT] +0.03 < 2.94;

So, since (V)T + Wr is always at least 1, so by Theorem 2.17, in the worst case, P,,__,, [(Vie)T + Wr = 2]
is the probability that the sum of two Bernoullis with success probability 1.94/2 is 1, which is
0.0582.

Therefore, similar to the previous case,

P[é(v)r =6(w)r =2 | v,wtrees] > P [uis atree, f € T| Py, [(Vie)T + Wr = 2]
Py [Wr = 1[(Vie)r + Wr = 2]
> (0.49)(0.0285)(0.11) > 3¢5

for €1/, < 0.0005 as desired. O
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6.6 2-1-1 and 2-2-2 Good Edges

Consider a cut u € #H, and recall that x(6(u)) ~ 2. Normally, it is sufficient to have é(u)r = 2
when an edge e € §(u) is reduced. In the worst case, the edges of 6(u) essentially come from two
of its descendants u’, v/, i.e. x(6(u')Né(u)) ~1and x(6(v')Nd(u)) ~1. Let A=6(u')Né(u),B =
(v )Né(u),C = 6(u) ~ (AUB). In such a case, if we condition on reducing an edge in A, we may
have At to be even with probability close to 1, and it will be very expensive to fix the constraint
coming from 6(u'), as (6(u’) ~ (6(u)))r is 1, i.e. odd, with probability close to 1. Therefore, it is
crucial to make sure that when we reduce an edge in A (B), we have Ar (Br) is odd with some
probability. Since when d(u) is even and At is odd, Br will be odd as well (discounting the
leftovers C, which have negligible expectation), a natural criteria is to ask for At = Br = 1, hence
motivating the upcoming definition of 2-1-1 happy. To get a more high level understanding of
how we use these events, see the following two sections of the overview: dealing with x, close to
1 and dealing with triangles.

Definition 6.25 (A, B, C-Degree Partitioning). For u € H and €11 defined in Global constants, we
define a partitioning of edges in 6(u): Let a,b C u be minimal cuts in the hierarchy, i.e., a,b € H, such
that a # b and x(6(a) Nd(u)), x(6(b) Né(u)) > 1 — €1,1. Note that since the hierarchy is laminar, a, b
cannot cross. Let A = 6(a) N d(u),B=256(b)Né(u),C=6(u)~ A~ B.

If there is no cut a C u (in the hierarchy) such that x(6(a) Né(u)) > 1 — €1/, we just let A, B be two
arbitrary disjoint sets of edges in 6(u) for which x(A),x(B) > 1 — €1,1. As above set C = 6(u) ~ A\ B.
Note that this exists WLOG because we may split any edge into an arbitrary number of parallel copies.

If there is just one minimal cut a C u (in the hierarchy) with x(6(a) Nd(u)) > 1 — €11, i.e., b does
not exist in the above definition, then we define A = 6(a) N 6(u). Let a’ € H be the unique child of u
such that a C a', i.e., a is equal to a’ or a descendant of a’. Then we define C = 6(a’) N o(u) \ d(a) and
B = (6(u) \ A) . C. Note that in this case since x(6'(a')) < 1+ €,, we have x(B) > 1—€, > 1—€11.

See Fig. 30 for an example. The following inequalities on A, B, C degree partitioning will be
used in this section:
x(A),x(B) € [1—e€1,1,1+¢y),
x(C) < 2e1/1 + €.
In this section we will define a constant p > 0 which is the minimum probability that a good
edge bundle is happy.

Definition 6.26 (2-1-1 Happy/Good). Let e = (u, V) be a top edge bundle. Let A,B,C C 6(u) be a
Degree Partitioning of edges d(u) as defined in Definition 15.5. We say that e is 2-1-1 happy with respect
to u if the event

(28)

Ar=1,Br=1,Cr =0,6(v)r =2, and u and v are both trees

occurs.
We say e is 2-1-1 good with respect to u if

PP [e is 2-1-1 happy wrt u] > p.

Remark 6.27. Note we also use this A, B, C partitioning to help deal with the triangle cut case.
In the special case that u is a polygon cut with A, B, C-polygon partitioning, let A/, B/, C’ be the
degree partitioning of §(u). Then, by Definition 5.31 we have A’ C A, B’ C B, C C C'. Therefore,
if an edge in d(u) is reduced and is 2-1-1 happy with respect to u, the polygon u is also happy.
See the overview for an example.
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Many of the lemmas in this section are proved in Appendix B. In the following, we assume
that e; < €], and 12€11 < €15.

Lemma 6.28. Let e = (u, V) be a top edge bundle such that xe < 1/2 — €1 ,. If €1/, < 0.001 then, e is
2-1-1 happy with probability at least 0.005¢3 /2

Lemma 6.29. Let e = (u,v) be a top edge bundle such that xe > 1/2 + €1 5. If €172 < 0.001, then, e is
2-1-1 happy with respect to u with probability at least 0.006€? /o

Fix u in the hierarchy with degree partitioning A, B, C. The above two lemmas show that any
edge bundle e € §(u) which is not a half edge bundle is 2-1-1 good, so the difficult case is when
the majority of x(67 (1)) comes from half edge bundles. In Theorem 6.21 we showed that §(u)
can have at most one 2-2 bad edge. Oddly enough, one of the simplest cases of the reduction
argument is when there is a bad edge in §(u). This is because we never reduce bad edges, and
therefore we never need to increase edges which are matched to them.?* So, the main problem is
good edges which are not 2-1-1 good. The following key statement, Lemma 6.32, shows that these
problematic edges are rare in the sense that there is at most one good half edge bundle in A (resp.
B) which is not 2-1-1 good.

To prove this we need the following two lemmas. In the first one we show that if e, f are two
half edge bundles which almost entirely land in A (or B), at least one of them is 2-1-1 good. In the
second, we show that if a good half edge bundle does not entirely land in A (or B), then it is 2-1-1
good. This is the main tool we use to upper bound the expected increase of good top edges in
Section 8.

For a set of edges D, and an edge bundle e, let (D) := e N D. Note that e(D) is not really an
edge bundle.

Lemma 6.30. Let e = (v,u) and f = (v, w) be good half top edge bundles and let A, B, C be the degree
partitioning of 5(v) such that xe(py, X¢(p) < €1/2. Then, one of e, f is 2-1-1 happy with probability at least
0.005€2 .

/2

Lemma 6.31. Let e = (u, V) be a good half edge bundle and let A, B, C be the degree partitioning of 5(u)
(see Fig. 87). If €172 < 0.001 and x(a), Xe() = €1/2, then

IP [e 2-1-1 happy w.r.t u] > O.OZG%/Z.

Lemma 6.32. For a degree cut S € H, and u € A(S), let A, B, C be the degree partition of u. Then,
ANO7(u) =: A7 has fraction at most 1/2 + 4e€y /5 of good edges that are not 2-1-1 good (w.r.t., u).

Proof. Suppose by way of contradiction that there is a set D C A~ of good edges that are not
2-1-1 good w.r.t. u with x(D) > % +4e€71 /5. By Lemma 6.28 and Lemma 6.29, every edge in D is
part of a half edge bundle.

There are at least two half edge bundles e, f such that x(D Ne),x(D Nf) > €7, as there are at
most four half edge bundles in 6 (1) (and using that for any half edge bundle e, x < 3 + €72).
Since D C A7, we have

x(AnNe),x(ANf) > e

24The main problem with bad edges is that we cannot match them to edges going higher in the matching lemma
7.2. So, in order to prove the matching lemma we need to justify that there are not too many bad edges in any cut.
Therefore we cannot simply “pretend"” that one half edge bundle of 5(u) is bad.
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Since x(ANe) > €1y, if x(BNe) > €1/, then, by Lemma 6.31 e is 2-1-1 good. But since every
edge in D is not 2-1-1 good w.r.t u, we must have x(BNe) < €;1/,. The same also holds for f.
Finally, since x(BNe) < €1/, and x(BNf) < €1/, by Lemma 6.30 at least one of e, f is 2-1-1 good
w.r.t u. This is a contradiction. O

2-2-2 Good Edges. While Lemma 6.32 is sufficient for bounding the increase of top edges, it is
not sufficient for bottom edges. Fix a polygon u with partition A, B, C and suppose p(u) = S is a
degree cut (recall that by Remark 6.27, the degree partitioning and polygon partitioning of u are
essentially the same). Roughly speaking, a bottom edge ¢ € E(u) is “matched" to all edges in é(u),
and needs to increase for edges f € A when f is reduced and Ar is even, and for edges f € B
when f is reduced and Br is even. Therefore, g is matched to essentially twice its fraction. If most
of the edges in §(u) are 2-1-1 good, this is sufficient to bound the expected increase of g because
when such an edge is reduced and 2-1-1 happy with respect to u, g does not need to increase.

It turns out that the above lemmas are sufficient to bound the expected increase of ¢ € E(u)
except when ANJ(S) ~ BNH(S) =1/2and e~ ANé 7 (u) and f ~ BN~ (u) are both good
edge bundles which are not 2-1-1 good. In this extreme case, we employ a new strategy. In
Lemma 6.34 below, we prove that the two edge bundles e, f are 2-2 happy simultaneously with a
constant probability. We call such a pair 2-2-2 good. Later, in Section 8, we use this to ensure that
e and f are always reduced simultaneously. The point is that since e, f do not both come from A
(or B), no cut inside u contains e and f. Therefore, g only needs to increase by the maximum of
the decrease of e, f (not the sum), effectively saving a factor of 2.

Definition 6.33 (2-2-2 Happy/Good). Let e = (u,v),f = (v,w) be top half-edge bundles (with
p(e) = p(f)). We say e, f are 2-2-2 happy (with respect to v) if 6(u)r = 6(v)r = 6(w)r = 2 and u, v, w
are all trees.

We say e, f are 2-2-2 good with respect to v if P [e, f 2-2-2 happy] > p.

Lemma 6.34. Let e = (u,v),f = (v,w) be two good top half edge bundles and let A, B, C be degree
partitioning of 6(v) such that xe(p), X¢a) < €1/2. If e f are not 2-1-1 good with respect to v, and
€172 < 0.0002, then e, f are 2-2-2 happy with probability at least 0.01.

The following theorem summarizes the above results in a compact form. This is the main
result used in the analysis of the increase for bottom edges in Section 8.

Theorem 6.35. Let v,S € H where p(v) = S, and let A, B, C be the degree partitioning of 5(v). For
p> 0.0056%/2, with €172 < 0.0002, €11 < €1/2/12and € < 6%/2/ at least one of the following is true:

i) 07 (v) has at least 1/2 — €1, fraction of bad edges,
ii) 67 (v) has at least 1/2 — €1, — €, fraction of 2-1-1 good edges with respect to v.

iii) There are two (top) half edge bundles e, f € 6 (v) such that Xe(B) < €172, Xg(A) < €172, and e, f are
2-2-2 good (with respect to v).

Proof. Suppose case (i) does not happen. Since every bad edge has fraction at least 1/2 — €75
this means that 6(v) has no bad edges. First, notice by Lemma 6.28 and Lemma 6.29 any non
half-edge in 67 (v) is 2-1-1 good (with respect to v). (Recall we define 67 (v) = 6(v) N\ é(p(v)),
where p(v) is the immediate parent of v in the hierarchy). If there is only one half edge in 6~ (v),
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then we have at least fraction 1 — €, — (1/2 + €;») fraction of 2-1-1 good edges and we are done
with case (ii). Otherwise, there are two good half edges e, f € 67 (v).

First, by Lemma 6.31 if X¢(4), Xe(p) > €12, then e is 2-1-1 good (w.r.t,, v) and we are done.
Similarly, if x¢4), X¢(p) > €1/2, then f is good. So assume none of these happens.

Furthermore by Lemma 6.30 if x¢(p), X¢p) < €12 (O X(4), X¢a) < €1/2) then one of e, f is 2-1-1
good.

So, the only remaining case is when e, f are not 2-1-1 good and Xe(B)s X£(A) < €1/7. But in this
case by Lemma 6.34, e, f are 2-2-2 good; so (iii) holds. O
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7 Matching

The main result of this section is to construct a matching that we use in order to decide which
edges will have positive slack to compensate for the negative slack of edges going higher. Refer to
Example 4.9 for a high-level motivation to construct a matching.

Definition 7.1 (er fractional edge). For z > 0 we say that z is ep-fractional if e <z <1 — €r.
The following lemma is the main result of this section

Lemma 7.2 (Matching Lemma). For any S € H, ep < 1/10,ep > 21€1/p, & > 2€y, €12 < 0.0002,
there is a matching from good edges (see Definition 6.20) in E™ (S) to edges in 6(S) where every good edge
bundle e = (u,v) (where u,v € A(S)) is matched to a fraction me,, of edges in 5" (u) and a fraction me
of 61 (v), and:

me,uFu + me,UFv < xe(l + “) (29)
E ey = x(67(u))Zy, (30)
ecd™ (u)

where for every atom u € A(S), define
F,=1—¢gl {x((ST(u)) is epfmctional} , 2y = (1 +1 {]A(S)| > 4,x(0T(u)) < ep}) :

Roughly speaking, the intention of the above lemma is to match good edges in E7(S) to a
similar fraction of edges that go higher (such that an edge bundle e adjacent to atoms u, v is only
matched to edges in 8" (u), " (v)). Since we never “reduce” bad edges in the proof of payment
theorem (Theorem 5.33), we don’t use them in the matching. That inherently can cause a problem,
as there could not be “enough” good edges in E™(S) to saturate the edges going higher in the
matching. The parameter F, help us in this regard; in particular, it allows us to match some of the
(good) edges in E~*(S) to more than their fraction in §(S).

Next, we motivate the parameter Z,. If x(6"(u)) ~ 0, when those edges are reduced the
conditional probability that é(u)r is even could be very close to 0. The parameter Z,, lets us match
twice as many edges to 6" (u); so there will be only half a burden to fix the parity of (u)r. See
the discussion in overview section for more details.

Throughout this section we adopt the following notation: For a cut S € H and a set W C A(S),
we write

E(W,S N W) = UueW,vEA(S)\WE(u/ ZJ),
ST(W) := Uyewd (1) = 6(W) N &(S),
07 (W) := Uyewd " (u).

Note that in 67 (W) € §(W) since it includes edge bundles between atoms in W.
Before proving the main lemma we record the following facts.

Lemma 7.3. Forany S € H and W C A(S) (recall A(S) is the set of u € H with p(u) = S), we have

(67 (W) > ;M;;Vx(é(a)) /2> |W|—e/2.
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Proof. We have

x(07(W)) = ( Y (x(6(u)) + x(E(W, S\ W)) — x(cST(W))) .

1
2 ueW

Since x(6(S~W)) > 2 and x(4(S)) < 2+ €, we have:
(@) x(E(W,S~W))+x(6T(S~W)))>2 and (b) x(6T(W)) +x(6T(S~W)) <2+e.
Subtracting (b) from (a), we get

X(E(W,S~W)) —x(6T(W)) > —e,

which after substituting into the above equation, completes the proof of the first inequality in the
lemma statement. The second inequality follows from the fact that 6(u) > 2 for each atom u. [

Lemma 7.4. For S € H, if | A(S)| = 3 then there are no bad edges in E~(S).

Proof. Suppose A(S) = {u,v,w} and e = (u,v) is a bad edge bundle. Then |xe — 3| < €1/5. In
addition, by Theorem 6.21, x(5" (1)), x(6T(v)) < 1/2 + ¢, /5. Therefore,

X(aw) = X(0(u)) — xe — x(6T (1)) > 1 —10eq /5.

Similarly, Xy > 1 — 10€y ;. Finally, since x(6(S)) > 2, and x(67 (1)), x(67(0)) < 1/2+ €5, we
must have x(6T(w)) > 1 — 18¢; /5. But, this contradicts the assumption that w € H must satisfy
x(0(w)) <24y O

Proof of Lemma 7.2. We will prove this by setting up a max-flow min-cut problem. Construct a
graph with vertex set {s, X, Y, t}, where s, t are the source and sink. We identify X with the set of
good edge bundles in E~(S) and Y with the set of atoms in .A(S). For every edge bundle e € X,
add an arc from s to e of capacity c(s,e) := (1 4 «a)x.. For every u € A(S), there is an arc (u, )
with capacity

c(u,t) = x(6"(u))F,Z,.

Finally, connect e = (u,v) € X to nodes u and v € Y with a directed edge of infinite capacity,
ie., c(e,u) =c(e,v) = co. We will show below that there is a flow saturating f, i.e. there is a flow

of value
ct):= Y cut)y=Y x(6"(u))FuZu
ucA(S) ue A(S)
Suppose that in the corresponding max-flow, there is a flow of value fe, on the edge (e, u).
Define
Mey = f;u”

Then (29) follows from the fact that the flow leaving e is at most the capacity of the edge from s to
e, and (30) follows by conservation of flow on the node u (after cancelling out F,, from both sides).

We have left to show that for any s-t cut A,A where s € A, t € A that the capacity of this cut
is at least c(t).

Claim 7.5. If A = {s}, then capacity of (A, A) is at least c(t).
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Proof. First, note that

ct)=Y x(0"w)FRz,< Y, x(0"(n))Z,

uc A(S) u€.A(S)
<T{|A(S)| >4} {u € A(S) : x(6"(u)) < er}|-er +x(5(S))
<2+¢; +erl{|A(S)| > 4} |A(S)| (31)

because F, < 1land Z, = 1+ T {|A(S)| > 4,x(6T(u)) < er}.
Second, note that
1 - 21A(S)| — (2+¢y)

X(E7(S) = 5 ;)(X(é(u))—xw(u)))_ 5 =[A(S)| -1 —¢y/2.
ucA(S

Therefore, if there are k bad edges in E~(S), then

1
xg 2 |A(S)| =1 —ey/2— k(5 +e172) (32)
Case 1: |A(S)| = 3. Then Z, = 1 for all u € A(S) and by Lemma 7.4 all edges are good. So,
by Eq. (32), x(E7(S)) > 2 — €;,/2. Thus, for a > 2¢, we have

c(s) = (1+a)xe > (2-€/2)(1+0) 22+¢ > c(t)
q.

as desired.
Case 2: |A(S)| > 5. By Theorem 6.21 there is at most one bad half edge adjacent to every
vertex. Therefore there are at most |.A(S)|/2 bad edges, so by Eq. (32),

1+a)xg > (1+a) <|,4(5)y —1—e /2 %!A(S)K% +61/2)> 22+e +erlAS) | > cl)

where the second to last inequality holds, using a > 2¢,, [ A(S)| > 5, €1/, < 0.01, and e < 0.1.

Case 3: | A(S)| = 4, and we have 0 or 1 bad edges. Then by Eq. (32), xgc > 2.5 —¢€,/2 — €15,
so by Eq. (31), (1 +a)xg > 2+ €, +4ep > c(t) for ep < 0.1, & > 2¢;, €1/, < 0.01.

Case 4: |A(S)| = 4, and there are 2 bad edges. Then they form a perfect matching inside S
and for each u € A(S), x(6" (1)) < 1/2+ 9¢;/, (see Theorem 6.21).

Therefore it must also be the case that x(6'(u)) > er for each u € A(S). If not, there
would have to be a node u’ € A(S) such that x(6"(u)) > (2 —€F)/3 > 1/2 + 9¢1 2, which is a
contradiction to u’ having an incident bad edge. Thus, for each u € A(S), x(6"(u)) is ef-fractional,
ie, F, =1—epand Z, = 1 implying that c(t) < (2 +€;,)(1 — €p). Therefore, by Eq. (32),

c(s) =(14a)xg > (1+a)(2—2e10—€;/2,)
and the rightmost quantity is at least c(t) for ep > 2¢1/, and & > 2¢,,. O

From now on, we assume that the min s-t cut A # {s}. In the following we will prove that for
any set of atoms W C S, we have:

c(s,67(W)) = (1+a)x(67(W)) > ¢(8"(W), 1) (33)
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where for a set F of edges we write xg(F) to denote the total fractional value of good edges in F.
Let Ax = ANX, Ay = ANY and so on. Assuming the above inequality, let us prove the

lemma: First, for the set of edges Ax chosen from X, let Q be the set of endpoints of all edge
bundles in Ax (in A(S)).

Observe that we must choose all atoms in Q inside Ay due to the infinite capacity arcs, i.e.,
Q C Ay. Let W =S~ Q. Note that W # S. Then:

c(A,A) = c(Ay,t)+c(s, Ax)
> c(01(Q)t) +c(s,67(W))
= c(67(8),t) — c(6T(W)) + (5,67 (W)) > ¢(67(S), 1),

where the last inequality follows by (33).
Finally, we prove (33). Suppose atoms in W are adjacent to k bad edges. Then

X (67 (W) = x(67(W)) — x3(67 (W))
which by Lemma 7.3 and the fact that each bad edge has fraction at most 1/2 + €15, is
> |W| —€,/2—k(1/2+€1)2). (34)
To upper bound c(8T(W), t), we observe that for any u € A(S),

x(6M(u))z, <1/5 if x(6T(u)) < er
c(u,t) << (1/2+49€1,2)(1 —ep) if x(6"(u)) > er and u incident to bad edge
1+e¢y otherwise, using Lemma 2.37.

Therefore, we can write,
(6T (W), 1) < k(1/2 4 9e12) (1 — e5) + (|W]| — k) (1 + ).
Now, to prove (33), using (34), it is enough to choose « and €3 such that,
(1+a) (|W|—€,/2—k(1/2+€1/2)) > k(1/2+9€1,2)(1 —€p) + (W] — k) (1 +¢€),
or equivalently,
|W|(ax —€,) > k(a/2+10€1 /2 + €1 —€p/2 —9epern — €;) + 62—7](1 +a)

Since every atom is adjacent to at most one bad edge, k < |[W| and |W| > 1, the inequality follows
using e > 2ley,; and a > 2¢; and €1/, < 0.0002 and €, < €7 ,. 0
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8 Reduction and payment

In this section we prove the main payment theorem, Theorem 5.33.

In Section 6 we defined a number of happy events, such as 2-1-1 happy or 2-2-2 happy and
showed that each of these events occurs with probability at least p. In this section, we will
subsample these events to define a corresponding decrease event that occurs with probability
exactly® p.

Reduction Events.

* Bottom edges. For each polygon cut S € H, let Rg be the indicator of a uniformly random
subset of measure p of the max flow event £s. Note that when Rg = 1 then in particular we
know that the polygon S is happy.

* Top edges. For a top edge bundle e = (1, v) define

1 if eis 2-1-1 happy and good w.r.t. u
Heu = (1 if eis2-2 happy and good, but not 2-1-1 good with respect to u
0 otherwise.

and let H., be defined similarly. Since p is a lower bound on the probability a good edge is
happy, we may now let R, and R be indicators of subsets of measure p of He, and Heo
respectively (note Rey and R, may overlap). In this way every top edge bundle e = (1, v)
is associated with indicators R and Re . In the special case that u is in case 3 (and not
case 1 or 2) of Theorem 6.35, fix two half edge bundles e, f that are neighbors of u which
satisfy the conditions of case 3. For these edges, by Theorem 6.35, He, N H¢, has measure
at least p. This is because He,, N Hs, happens if and only if e, f are 2-2-2 happy with respect
to u. Here, we choose R, Rt to be the same subset of measure p of He,, N Hyy.

Define r : E — R>¢ as follows: For any (non-bundle) edge e,

. BxeRs if p(e) = S for a polygon cut S € H
‘o 3Txe(Rey + Rip) if e € £ for a top edge bundle f = (u,0),

for B, the parameter of Theorem 5.33 and 7 as defined in Global constants.

Increase Events Let E be the set of edge bundles, i.e., top/bottom edge bundles. Now, we define
the increase vector I : E — IR>( as follows:

2Suppose that under the distribution p on spanning trees, some event D’ has probability g > p and we seek to
define an event D C D’ that has probability exactly p. To this end, one can copy every tree T in the support of j, exactly
L%J times for some integer k > 0 and whenever we sample T we choose a copy uniformly at random. So, to get a
probability exactly p for an event, we say this event occurs if for a “feasible” tree T one of the first k copies are sampled.
Now, as k — co the probability that D occurs converges to p. Now, for a number of decreasing events, Dy, D», ..., that
occur with probabilities g1, qp, ... (respectively), we just need to let k be the least common multiple of p/q1,p/92, ...
and follow the above procedure. Another method is to choose an independent Bernoulli with success probability p/q
for any such event D.
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* Bottom edges. For each polygon S € H (and corresponding bottom edge bundle) with
polygon partition A, B,C, let r(A) := Y rca s, 7(B) := YLsepty, and r(C) := Ygec 7. Then
set

Is := (1+¢y) (max{r(A) -I{S not left happy},r(B) - I{S not right happy} }

+r(C)I{S not happy} ) (35)

¢ Top edges. For every degree cut S € H, invoke Lemma 7.2 with
a = 2€y,€p = 2ley/p,er = 1/10 (Matching parameters)

and let me, be the resulting matching for every u € A(S). For each top edge bundle
e = (u,v),let

Ieu:i= ), rg- _ Men {uis odd}, (36)
gedt (u) Lo~ (u) Meu

and define I, analogously. Let Ie = I¢y, + le0-
The following theorem is the main technical result of this section.

Theorem 8.1. For any good top edge bundle e, E [le] < (1 — %4 )ptxe, and for any bottom edge bundle
S, I [Is] < 0.999948p.

Using this theorem, we can prove the desired theorem:

Theorem 5.33 (Main Payment Theorem). For an LP solution x° and x be x° restricted to E and a
hierarchy H for some e, < 10710 and any B > 0, the maximum entropy distribution p with marginals x
satisfies the following:

i) There is a set of good edges E; C E . 6({uo,vo}) such that any bottom edge e is in Eq and for any
(non-root) S € H such that p(S) is a degree cut, we have x(Eq N 6(S)) > 3/4.

1) There is a random vector s : Eq — R (as a function of T ~ ) such that for all e, s, > —x,p (with
probability 1), and

iii) If a polygon cut u with polygon partition A, B, C is not left happy, then for any set F C E with
p(e) = uforalle € Fand x(F) > 1 —€,/2, we have

s(A)+s(F)+s (C) >0,
where s~ (C) = Y oec min{s,, 0}. A similar inequality holds if u is not right happy.
iv) For every cut S € ‘H such that p(S) is not a polygon cut, if 6(S)r is odd, then s(6(S)) > 0.
v) For a good edge e € Eg, [E [s,] < —eppBx. (see Eq. (38) for definition of ep) .

Proof of Theorem 5.33. First, we set the constants:

€172 = 0.0002, €11 = %, p= 0.0056%/2, em = 0.00025, T = 0.5718 (Global constants)
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Define E, to be the set of bottom edges together with any edge e which is part of a good
top edge bundle. Now, we verify (i): We show for any S € H such that p(S) is a degree cut,
x(EgN6(S)) > 3/4. First, by Theorem 6.21, if x(67(S)) > 1/2 + 9¢1,, then all edges in 67 (S)
are good, so the claim follows because by Lemma 2.37, x(67(S)) > 1 — €, > 3/4. Otherwise,
x(67(S)) < 1/2+ 9¢ /5. Then, by Theorem 6.21 there is at most one bad edge in 67 (S). Therefore,
there is a fraction at least x(67(S)) — (1/2+€1,2) > 3/4 of good edges in 67 (S).

For any edge e € E’ define

(37)

Ix  if e € f for a top edge bundle f,
Se — _re + f .
Isx, if p(e) = S for a polygon cut S € H.

Now, we verify (ii): First, we observe that s, = 0 (with probability 1) if e is part of a bad edge
bundle since we defined reduction events only for good edges and ., is non-zero only for good
edge bundles. Since 7, < Bx, for bottom edges and r. < Tx, for top edges, and T < B, it follows
that s, > —x,.p with probability 1.

Now, we verify (iii): Suppose a polygon cut u is not left-happy. Since u is not happy we must
have R, = 0 and r, = O for any e € F. Therefore,

s(A) +s(F) +s(C) =s(A) + Isx(F) +s(C)
> —r(A)+ (1+¢€,)(r(A)+7(C))(1—¢€,/2) —r(C) > 0.
where we used that x(F) > 1 — €;/2.

Now, we verify (iv): Let S € H, where p(S) is a degree cut. If S is odd, then r, = 0 for all
edges e € 67(S); so by Eq. (36)

s(6(S))>— ), e+ Y s

g€57(S) ecs(S)
= — Z Tg + Z Z rg 7mels - 0.
e ecs— () ges1(S) Les(s) Ms

Finally, we verify (v): Here, we use Theorem 8.1. For a good top edge e that is part of a top
edge bundle f we have

X € €
Els] = —E[re] + B[] 2 < —tpxe+ (1= =H)pTxe = ==L pTxe.

On the other hand, for a bottom edge e with p(e) = S, then
E[s.] = —E[re] + E [Is] x. < —Bpx. + 0.99994ppx, < —0.00006ppx,.

Finally, we can let

&1 T _ €172 _
eri= g g = ﬁ0.005e% 120571 > 0.000039€3 ,, > 3.12-1071° (38)

as desired. 0
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Name | Value Set In Explanation
€1/2 0.0002 Global constants Half edge threshold, Definition 6.19
€1/1 ap Global constants A, B, C partitioning threshold, Definition 15.5
p 0.005€2 /2 Global constants Min prob. of happiness for a (2-*) good edge
€M 0.00025 Global constants Marginal errors due to max flow, Definition 6.15
T 0.571B Global constants Top edge decrease
€p e%p% (38) Expected decrease constant, Theorem 5.33
b 2ey Matching parameters Parameter of Lemma 7.2
€B 2le1, | Matching parameters Parameter of Lemma 7.2
€r 1/10 Matching parameters Parameter of Lemma 7.2
€y 145 (16) Definition 5.31
n gwep (62) Near min cut constant
B n/4.1 (8) Slack shift constant e.g. Theorems 5.2, 5.33 and C.12

Table 3: A table of all constants used in the paper.

In the rest of this section we prove Theorem 8.1. Throughout the proof, we will repeatedly use
the following facts proved in Section 6: If a top edge e = (u,v) that is part of a bundle f is reduced
(equivalently H¢, = 1 or H¢, = 1), then u and v are trees, which means that tree sampling inside
u and v is independent of the reduction of e.

Note however, that conditioning on a near-min-cut or atom to be a tree increases marginals
inside and reduces marginals outside as specified by Lemma 2.28. Since for any S € H, x(6(S)) <
2 + €, the overall change is *¢, /2.

The proof of Theorem 8.1 simply follows from Lemma 8.2 and Lemma 8.7 that we will prove
in the following two sections.

8.1 Increase for Good Top Edges

The following lemma is the main result of this subsection.

Lemma 8.2 (Top Edge Increase). Let S € H be a degree cut and e = (u,v) a good edge bundle with
p(e) =S. Ifen <0.0002, €11 < €1/2/12and e, < %, er = 1/10 then

€
E [ley] + E [lo0] < pTae (1 - 1?“) .

We will use the following technical lemma to prove the above lemma.

Lemma 8.3. Let S € H be a degree cut with an atom u € A(S). If x(6T(u)) > ef, €1/, < 0.0002,
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€11 < €1/2/12, €y < 2, then we have

1
Y 5T (P[6(w)r 0dd|Rew] + P [5(u)r odd| Rey]) (39)
g€d! (u),
gef=(u',v") good top
+ y Bxg - [5(u)r odd|Rg] < T(1 — %)x(ﬁ(u))a,

§€dT(u),p(g)=S" polygon

where recall we set F, := 1 — el {x(6"(u)) is e fractional} in Lemma 7.2, where eg := 21€y,, and
er = 1/10 as in Matching parameters.

Proof of Lemma 8.2. By linearity of expectation and using Eq. (36):

m
E[Ie,]:$]E re-T{uis odd}
" tes ) Meu Le;(u) '
Mey 1
_ ﬁ y 5 T%(P [Reu, 6(u)7 0dd] + P [Rey, 6(u)r odd])  (40)
fes— (u) Meu g€8t(u):

gef=(u',v") good top

+ Y BxoP (R, (1) 7 odd])

g€dT(u):p(g)=S" polygon

A similar equation holds for E [I, ;).
The case where x(8' (1)) < er or x(67(v)) < e is dealt with in Lemma 8.6. So, consider the
case where x(6"(u)), x(67(v)) > er. Now recall that from (30),

E Mgy = Zux((ST(u)) (41)

feo— (u)

where Z, =1+ 1 {|S| > 4,x(6"(u)) < er}. In this case, Z, = Z, = 1.
Using P [R¢,,6(u)r odd] = pPP [6(u)T odd|R¢,], and plugging (39) into (40) for u and v, we
get (and using Eq. (41)):

€1/1 1 Me,u 1 Mep
E|ley| +E [, < 1-—= —_— Fy————— 42
fou] + B lles] < pr(1 = %) (0 () Fu s + ¥ @D E s ) @2
€
:pT( 15/1)(Fu eu+vaev)
< pr(1— ) (14 26))xe < prre(1— L),
where on the final line we used (29) and €, < 6110/6 O

Proof of Lemma 8.3. Suppose that S; € H are the ancestors of S in the hierarchy (in order) such
S1 = S and for each i, S; 1 = p(S;). Let

0:=6u)Né(S;)  and & :=8(u)No(S)).
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Each group of edges &' is either entirely top edges or entirely bottom edges. First note that if
g € ¢' and g is a bottom edge, i.e., S;;1 is a polygon cut, then by Corollary 6.17,

P [(5(1/1)7“ Odd’RSiH] =P [(S(M)T Odd|€5i+1] < 0.5678

(see Definition 6.15 and Section 8 for definition of £s,,,, R;11) where in the equality we used that
Rs,,, is a uniformly random event chosen in &s,,,. Therefore, to prove Eq. (39) it is enough to
show

Y Loy (P[5(u)r odd[Rey] + P [5(u)r odd|Rey])

2
g€5good( )
gef=(u',v") top,

<7 (1= T E (x(Eo0q (1)) + x(0L,q(1)) ) +0.0014x(8} (1)) ) (43)

where we write dg(), dgood (), 0bad (#) to denote the set of bottom edges, good top edges, and
bad (top) edges in é(u) respectively and we used that

T(1- 615/ CU/1y(1 — eg) — 0.56788 > 0.00147

since T = 0.5718, €11 < %, €172 < 0.0002, and ep = 21€y/; as defined in Matching parameters.
Since h(f) := 3(IP [6(u)r 0odd|R¢.] + P [6(u)T 0dd|Rg]) < 1and (1 — ZL)F, is nearly 1, in
each of the following cases

x(6

0.003 hen F, =1
L)) > { when fu or x(égad(u)) > 0.006 whenF, >1—ep,

pu ix(s'(u)) whenF, =1— e

(44)

(43) holds. To see this, just plug in €1/, < < =5, €172 < 0.0002, €p = 21€7 5, 6,7 <1079, x(6T(u)) <
1 + €, and any inequality from (44) into (43), using the upper bound k(f) =

Alternatively, for diop () = Jgo0d (#) U dpaq (1) be the set of top edges in & (u), if we can show

the existence of a set D C &, (u) such that

top

P[0(u)r 0dd[Re.] + P [6(u)r 0dd[Rew] <€15/1 1_F ) X(0] (1)),

(45)

(D) min  1- .
geb:
gef=(u',v") good

then, again, (43) holds.

In the rest of the proof, we will consider a number of cases and show that in each of them,
either one of the inequalities in (44) or the inequality in (45) for some set D is true, which will
imply the lemma.

First, let

j=max{i:x(6Z) >1—e1 1}
k = max{i: x(6=) > 2¢, +ep/2},
¢ = max{i: x(6=") > 2e, + €11}

Just note j < k < /. Note that levels ¢ and k exist since x(6'(u#)) > ef, whereas level j may not
exist (if x(6T(u)) < 1 — €;,1). We consider three cases:

124



S3
SZ (gl

S=5

Case 1: x(6"(u)) > 1—e1/1: Then j exists and S; has a valid A, B, C degree partitioning (Defi-
nition 15.5) where A = §(v) N J(S;) such that either u = v or v is a descendant of u in H. Note
that, x(6(u) Nd(S;)) > 1 — €11, and by Definition 15.5, BN (1) = @. In addition, in this case,
x(67(u)) is not e fractional (see Lemma 7.2), so F, = 1.

Case 1a: x(8/) > 3/4. If &/ are bottom edges then (44) holds. So, suppose that &/ is a set of top

edges. By Lemma 6.32, at most 1/2 + 4¢; /, fraction of edges in AN 87 are good but not 2-1-1
good (w.r.t., u). So, the rest of the edges in A M ¢/ are either bad or 2-1-1 good. Since

x(ANd) >3/4—x(C) >3/4—2e1 — €y,

d/ either has a mass of %(1/4_ —2e11 — €y —4€1/2) > 1/8 —3ey1, of bad edges or of 2-1-1
good edges.?® The former case implies that (44) holds. In the latter case, by Claim 8.4 for
any 2-1-1 good edge g € 6/ with ¢ € f = (u/,0') we have P [6(u)7 odd|Rs /] < 2€, + €1,1;
so (45) holds for D defined as the set of 2-1-1 good edges in J/.

Case 1b: x(&/) < 3/4. If x(ég(u)) > 0.003, then (44) holds. Otherwise, we apply Claim 8.5 with
€ = €11 to all good top edge bundles f € D = 62/71 \ §2/*1 and we get that

1
E(JP [0(u)r odd|Re | + P [6(u)r odd|Rer]) <1—€1/1 + e%/l.

Since x(D) > 1 —e€1/1 —3/4 —2e; — €11 — 0.003 > 0.24, (45) holds.

Case 2: 1 —er < x(6T(u)) < 1—¢€1/1. Again we have F, = 1. So we can either show that
x(ég(u)) > 0.003 or take D to be the top edges in 6T (u) \ 6=/*! and use Claim 8.5 with € = €; 1.
This will enable us to show that (45) holds as in the previous case.

Case 3: er < x(6"(u)) < 1—ep: In this case F, = 1 — ep. If at least 4/5 of the edges in 6" (u)
are bottom edges, then we are done by (44).
Otherwise, let u’ = p(u). For any top edge e € 5 (1) where e € f = (u”,0") we have

P [6(u)r odd|Rgyr] <P [ tree|Rg,| P [6(u)r odd|u’ tree, Reyr| + P [u' not tree| Ry,

26We are using the fact that €11 = €1,,/12 and that €, is tiny by comparison to these.
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Using that u’ C u” is a tree under | Ry,» with probability at least 1 — €, /2, and applying Claim 8.5
(to u and u’) with € = e we have P [§(u)7 odd|u’ tree, R¢ ] < 1— €F + €2 we get

P [6(u)7 odd|Reur] < 1—€p+er+e,/2.

Now, let D be all top edges in 6" (u). Then, we apply Eq. (45) to this set of mass at least x (57 (1)) /5,
and we are done, using that (er — 2(—:1%)/5 > (G% + ep) which holds for ef > 1/10, e = 21€y 5,
and €1, < 0.0002. 0

Claim 8.4. For u € H and a top edge e € £ = (u',v") for some u' € H that is an ancestor of u, if
x(6(u)No(u')) > 1— ey and £ is 2-1-1 good, then

P [5(11)]" 0dd|Rf,ul] < 26;7 + €1/1.

Proof. Let A, B, C be the degree partitioning of §(u’). By the assumption of the claim, without loss
of generality, assume A C 6(u) N d(u’). Furthermore, by definition, BN é(u) = @. This means that
if Rgyy =1then ' isatree and Ar =1 = (6(u) Nd(u'))r (also using Cr = 0 and BN d(u) = D).
Therefore,

P [(S(M)T Odd|Rf,u/] =P [((S(Ll) AN (5(1/1,))]" even]Rf,u«] .

To upper bound the RHS first observe that
E [(001) ~ 6u'))1|Reu] < /24 x(0(u) < 6(')) < /2 + x(5(u)) — x(A) <1+ 26, + €.

Under the conditional measure |Rg,/, #' is a tree , so u must be connected inside 1/, i.e., (6(u) \
d(u"))r > 1 with probability 1. Therefore,

P [(6(u) ~6(u"))r even|Re,] <P [(6(u) N 6(u'))r —1 # 0| Rew] < 2ey + €11
as desired. 0

Claim 8.5. For u,u’ € H such that u' is an ancestor of u. Let v = v,y X Vg, be the measure resulting
from conditioning u’ to be a tree. if x(6(u) N6(u')) € [e,1 — €], then

P, [6(u) odd|(6(u) N6(u'))7] < 1— €+ max{2e,,€}. (46)
In other words, for any integer k > 0, we have Py, [§(u) odd|(6(u) Nd(u'))r = k] < 1— e+ max{2e,, e*}.
/

Proof. Let D = 6(u) \ 6(u'). By assumption, u’ is a tree, so Dt > 1 with probability 1. Therefore,
since we have no control over the parity of (6(u) Né(u'))r

P, [6(u)7 even|(6(u) Né(u'))r] > min{P [Dr — 1 odd|u’ tree| ,IP [Dr — 1 = 0]u tree] }

where we removed the conditioning by taking the worst case over (6(u) Nd(u’))r even, (5(u) N
5(u'))r odd. First, observe by the assumption of the claim and that x(6' (1)) < 2 + €, we have

E [Dr — 1]’ tree] € [e,1 — €+ 2¢,].

Furthermore, since we have a SR distribution on G[u'], Dy — 1 is a Bernoulli sum random variable.
Therefore,
P [Dr —1 = 0Ju' tree] > € — 2¢,

and by Lemma 2.21
P [Dr — 1 odd|u’ tree] >1—1/2(1+¢ %) >e—¢?

as desired. O
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Lemma 8.6. Let S € H be a degree cut and e = (u,v) a good edge bundle with p(e) = S. If
x(6T(u)) < er, €172 <0.0002, €11 < €1/2/10, then,

E[kﬂ]+—E[kw]§§pTxe( __E%g)

Proof. First notice, by Corollary 6.17 for any bottom edge ¢ € 6" (1) with p(g) = S, we have
P [6(1)7 0dd|Rg] = P [§(u)7 odd|Eg] < 0.5678,

using 0.5678B < T and F, = 1 (as x(6"(u)) < €r) we can write,

m
E [le.] < xppTF) - . (47)
e TR 7 W)
Secondly, if x(6T(v)) > eF, applying (39) and (40) to I, and using Z, > 1 we get
Me,v €1/1 1 _ €1/1
o] < = pr(1— A)x(5"(0))F, = me — SN, 4
Blles] < getpr(l = (6T O)F = meop (1- 552 (48)

Case 1: | A(S)| = 3, where A(S) = {u,v,w}. Let f = (1, w), g = (v, w) (and of course e = (u,v)).
We will use the following facts below:

Xe +Xx¢ > 2 —er (x(6(u)) > 2and x(6T(u)) < eF)
x(6%(0)) +x(6"(w)) 2 2 —er (x(6(8)) =2 2)
xe, x(8T(w)) <1+ €y, (Lemma 2.37)
so we have,
xXe, x(07(v)) > 1—ep — €. (49)

Now we bound E [I¢ ] + E [Io»]. By Eq. (47) and Eq. (48) (which we may apply to E [I¢] since
X(5T(U)> 2 €F)/

m €
E [Ieu] + E [len] < Z xp,pTF, - =t + pT ( — 1—/1) Fythie

hest (u) Zux (81 (u)) >
= pTFutey + pT (1 - %) Fyitte s (Zy = 1as |A(S)| =3)
= pT(Futhey + Fomey) — %pTvae,v
< pt(142€y)xe — %PTvae,v (50)
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where the final inequality follows from (29). To complete the proof, we lower bound e ,.
Using (30) for v and w, we can write,

x(&T(Z})) + x((sT(w)) = Me,y + Mgy + My + Mgy

< Mey + M(xf + xg) (using (29))
_ (A +2) x(8(a)) _ x(8(S)) _
= Mepy + (1 — €B) (ue;s) > 5 xe>

and using the fact that x(6"(v)) + x(6T(w)) > 2 — €F, we get
Mey > Xe — €F —4€p > (1 — 1.2€p)xe,

where the second inequality follows from (49) and eg = 21€1/; and €, < €2 s, and er > 1/10.
Plugging this back into (50) and using F, > 1 —ep = 1 — 21€1/, we get

€ €
E[Les] + E [loo] < prxe (1+26; — 2241~ 12¢f) (1 - 2ley2) ) < prxe(1— =2

as desired. In the last inequality we used er < 1/10 and €3/, < 0.0002.
Case 2: |S| > 4. In this case, Z, = 2. Therefore, by Eq. (47)

Me,y

Ellel < ), %epThig i)

1
- EpTFume’u.
et (u)

If x(67(v)) < ef, we get the same inequality for I ,. Then,

1 1
E[ley] + E[les] < EpT(Fume,u + Fyitie ) (2§9) Eprxe(l + 2¢y),

which is clearly sufficient for the lemma statement.
Otherwise, x(6"(v)) > er in which case by (48) we get E [Ie] < meypTF,(1 —€1/1/5). We
conclude the lemma similar to the previous case. O

8.2 Increase for Bottom Edges

The following lemma is the main result of this subsection.

Lemma 8.7 (Bottom Edge Increase). If €1/, < 0.0002, €, < €? /o, for any polygon cut S € H,
E [Is] < 0.99994Bp.

Proof. For a set of edges D C §(S) define the random variable.

Is(D) := (1 +€;)(max{r(A N D)I{S not left happy}, (BN D)I{S not right happy} }
+r(CND)I{S not happy}). (51)
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Note that by definition Is(6(S)) = Is and for any two disjoint sets D1, Dy, Is(D; U D;) < Is(D1) +
Is(Dy). Also, define I = I5(6(S)) and Ig" = I5(67(S)).

First, we upper bound E [Ig] Let f € 67(S) and suppose that f with p(f) = S’ is a bottom
edge. Say we have f € AT(S) (f € B'(S) is similar). We write,

E [Is(f)] = (1+ €;)BxfP [Rg] P [S not left happy |Rg/]
< 0.568xrpp < x¢pT

where in the inequality we used Corollary 6.18 and that
IP [S not left happy|Rs| = PP [S not left happy|&s]

since Rs is a uniformly random subset of &. If f € C'(S), we use the trivial guarantee

E[Is(f)] < (1+ey)xspp-
On the other hand, if f is a top edge, then we use the trivial bound

E [Is(f)] < (1+€;)Tpxs. (52)
Therefore,
E[I1L] < (1+e)tpr(81(5)) + (1 -+ &)egpp < (1+ ) (0571)px(57()) +26,pp  (59)
since x(C) < €.
Now, we consider three cases:
Case 1: S = p(S) is a degree cut. Combining (53) and Lemma 8.8 below, we get

E [Is] < (14 €,)p(0.571)B(7/4 + 6€1/2 + €;) +2e,pB < 0.99994Bp

using €7/, < 0.0002 and €, < e%/z.
Case 2: 5 = p(S) is a polygon cut with ordering uy,...,u; of A(S), S = u; or S = u; Then,
by Lemma 8.9 below,

E [Is] < (1+€,)Bp(0.571x(67(S)) + 0.31) + 2e,pp < 0.898p
where we used x(61(S)) <1+

Case 3: § = p(S) is a polygon cut with ordering uy,...,u; of A(S), S # uy,u; Then, by
Lemma 8.11 below

E [Is] < (1+€,)Bp(0.571x(67(S)) + 0.85) + 2e,pB < 0.868p
where we use that x(67(S)) < €, since we have a hierarchy. This concludes the proof. O

8.2.1 Case 1: S is a degree cut

Lemma 8.8. Let S € H be a polygon cut with parent S which is a degree cut. Then
E[["] < (1+e)pr(x(57(5)) = (1/4 —6€1/2)).
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Proof. Let A, B, C be the polygon partition of S. We will show that for a constant fraction of the
edges in 677 (S), we can improve over the trivial bound in (52). To this end, consider the cases
given by Theorem 6.35.

Case 1: There is a bad half edge e in 67 (S). Since bad edges never decrease, no corresponding
increase occurs, so by the trivial bound Eq. (52)

E[l5"] < (1+ep)pt(x(67(5)) = (1/2 = e12))-

This concludes the proof.

Case 2: There is a set of 2-1-1 good edges (w.r.t., S) D C 67 (S), such that xp > 1/2 — €1, — €.
For any (top) edge e € f = (S,u) such that e € D, if R¢g, then S is happy, that is Ay = Br =
1,Cr = 0 by Remark 6.27.

Therefore,

1+e
E[Is(D)] < ) 5 T7x,IP [S not happy|R¢ ] P [Re.]

ecD:eef=(S,u)
1+€
<o

ptx(D).
Using the trivial inequality Eq. (52) for edges in 67 (S) \. D we get

E[157] < (1 +e)pr(N2) 4 x(67(5)) — (D)) < (1 +€)pr(x(67(5)) — (1/4 - e172))

as desired. In the last inequality we used x(D) > 1/2 — €1/, — €.

Case 3: Cases 1 and 2 do not hold. Therefore, by Theorem 6.35 there are least two 2-2-
2 good top half edge bundles. In this case, S has chosen a fixed pair of 2-2-2 good edges
e=(5,0),f=(Sw)in ¢7(S) (as defined in the reduction events) such that x.(g), X¢4) < €12
and Res = Rgg with probability 1. (Recall that e(A) = eN A.) Let D = e(A) U£(B). In this
case, e and f are reduced simultaneously by T when they are 2-2-2 happy (w.r.t., 5), i.e., when
Res = Res = 1. In such a case we have 6(S)r = 6(v)r = d(w)r = 2. Therefore,

E [I5(D)] < (1+¢€y)E max{r(AND),r(BND)}]
<1+ 6,7)% max{Xe(a), X¢(g) } (P [Re,s A Res] + P [Rep] + P [Rew))

1

<(1+ €,7)T3?px(D) <2 +3€1/2> = (1+€,)tpx(D) (Z +4.5€1/2>

where we used that 1/2 —2¢1,, — x(C) < Xe(A), X8y < 1/2+ €1/ and that x(C) < €. Using the
trivial inequality Eq. (52) for edges in 67 (S) \. D we get

E[I5'] < (1+¢€;)pt(x(D)(3/4+4.5€1,2) + x(67(S)) — x(D))

<
< (T+€y)pt(x(67(S)) — (1/4 = 6€12))

where we used x(D) > 1 —4ey1,, — €.
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8.2.2 Case 2: S and its parent S are both polygon cuts

In this subsection we prove two lemmas: Lemma 8.9, which bounds E [Ig”] when S is the leftmost
or rightmost atom of S, and Lemma 8.11, which bounds this quantity when S is not leftmost or
rightmost.

Lemma 8.9. Let S € H be a polygon cut with p(S) = S also a polygon cut. Let uy, ..., uy be the ordering
of cuts in A(SA) (as defined in Definition 5.31). If ey < 0.001, €, < e%/[, S =uq or S = uy, then

E[I5’] < 0.31Bp.
Proof. Let S be the leftmost atom of S and let A, B, C be the polygon partition of 6(S). First, note
E[I5’] < (1+€,) (E[max(r(A™”),r(B7)) - 1{S not happy}] + E [r(C)I{S not happy}]). (54)
where recall that A7 = AN (S). WLOG assume x(A~) > x(B™"). Then,

E [max{r(A™),r(B7)}I{S not happy}] = Bpx(A™") - P [S not happy|R]
By Lemma 8.10 we have

x(A7) - [S not happy|Rg] < x(A7) (1= ((1—x(A7))* + (x(A7))* — 2em — 17¢y))
< (zx(A_’)2 —2x(A7) 4 2epx (A7) + 17e,x(A7))
< (8/27 + 2em + 17¢y),

where in the final inequality we used that the function x — x%(1 — x) is maximized at x = 2/3,
and using ey < 0.001, ¢, < €12\4~
Plugging this back into (54), and using x(C) < €,, we get

8
E [I5"] < (1+ey)Bp(; +2em + 18¢;) < 0.31pp,

where the last inequality follows since e, < 0.001 and €, < €3,. ]

Lemma 8.10. Let S € H be a polygon cut with p(S) = S also a polygon cut. Let uy, . .., uy be the ordering
of cuts in A(S). If S = uy, (or S = uy) then

P [S happy|Rs] > (1 — x(A7))* + (x(A7))* — 2em — 17,

Proof. Let A, B,C, A, B, C be the polygon partition of S, S respectively. Observe that since S = uy,
we have A = E(uy, §) =ATUBTUCT and B,CN (AUBUC) = @. Conditioned on R¢, S is a tree,
and marginals of all edges in A is changed by a total variation distance at most €}, := ey + 2¢,
from x (see Corollary 6.16) and they are independent of edges inside 5. The tree conditioning
increases marginals inside by at most €, /2. Since after the changes just described

E [Cr] < xc + ey + ey < 4ey +em,
it follows that IP [Cr = 0|R¢] > 1 — 4€, — em. So,
P [S happy | RSA] Z (1 - 46,7 - €M)]P [AT B BT = 1|CT = O, RSA} . (55)
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Let v be the conditional measure Cr = 0, R¢. We see that
P,[Ar = By =1] =P, [A} =1,B} =0,A7 =0,By = 1} +P, [A; =0,B} =1,A7 =1,By = 0]
so using independence of (67(S))r and (67 (S))r.

=P, [A} =1,B} =0| P, [A7 = 0,B7 = 1] + P, [A] = 0,B] = 1| P, [A7 =1,B7 = 0]

> (x(A") — €jy)Py [A7 = 0,B7 = 1] + (x(B") — e)P, [A7 =1,B7 =0].

In the final inequality, we used the fact that conditioned on R¢, A = (ATUBTUCT)r = 1 and
marginals in AT and BT are approximately preserved. Now, we lower bound P, [A7 = 1, By’ = 0].
Let €4, €g be such that

First notice that P, [A?%—B?zl]:l, and so P, [A7 + By > 2] < E, [A7 + B;’] — 1. So,
ea+ep=E,[A7 + By —P,[A7 + By =1]=E, [A7 + By ] — (1 -P,[A7 + By >2])
< 2(F, [A7 +By'] — 1) < 5ey.

To see the last inequality, first, by Definition 5.31, x(67(S)) > 1 — ¢,. Since x(6(S)) < 2+ ¢, we
get that x(07(S)) < 1+ 2¢;,. Therefore,

E, [AT +B7] <E[67(S) | Rg] <x(67(S)) +e,/2 <1+ 25¢,.
Therefore,
P, [Ar = Br = 1] > (x(A") — €}y) (B, [Br'] — €p) + (x(B") — ey (Ey [A7] —€a)
> (x(AT) — ) (x(B7) — 5ey) + (x(BT) — €}y) (x(A7) — 5ey)

where the second inequality uses that the tree conditioning and C;* = 0 can only increase the
marginals of edges in A~ and B~. Simplify the above using x(A") + x(A”) > 1—¢,, and
similarly for B,

P, [Ar = By = 1]
> (1= x(A7) —ey—€y)(x(B7) —5ey) + (1 - x(B7) — ey — €jy) (x(A™) — 5¢y)
and since x(A7) + x(B—>) > 1 — 2€, (because x(A") + x(B") < 1+e¢, and x¢ < ¢,), this is
( em) (1= x(A7) = 7ey) + (x(A7) — 3ey — €jy) (x(A7) — 5ey)
)2+ ( (A7) — ey — 8ey.

Plugging this into Eq. (55), we obtain

>(1—-—x(A7)—
> (1—x(A7)
P [AT = BT = 1,CT =0 | Rg] > (1 —26,7 —634)]]? [AT = BT = 1|CT = O,Rg]

> (1 26y —ej) (1= x(A7))* + (x(A7))* — e}y — 8ey)
> (1—x(A7))?+ (x(A7))* — 2¢), — 10y,

which noting €}, = ey + 2€,; completes the proof of the lemma. O
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Lemma 8.11. Let S € H be a polygon cut with p(S) = S also a polygon cut with uy, ..., uy be the
ordering of cuts in A(S). If S # u1, u, then

E [I5"] < 0.858p.

Proof. Let S = u; for some 2 < i < k—1. Let A, B, C be the polygon partitioning of §(u;) and
A, B, C be the polygon partition of S. Since u; is in the hierarchy AT UBTUCT C C. So, conditioned
onRSA,A;:B;:C;:O.

Once again, let v be the conditional measure Ct = 0, R¢. Similar to the previous case, we will
lower-bound

IP [S happy|R¢] > (1 —2¢,)P [A7 =1,B7 =1,|Cr =0, Rg]
= (1-2¢,)P, [A7 =1|A7 + By =2|P, [A7 + By =2] (56)

where we used E [C;'|Rg] < 2¢, in the first inequality. So, it remains to lower-bound each of the
two terms in the RHS.
We start with the first one. Since x(A) € [1 —€,,1+ €;] and x(AT) < e, we have

E, [A7'] € [1 —2¢;,1+ 3¢y).

The same bounds hold for E, [x(B7")].
Therefore,

P, [A7 >1],P,[Bf >1] >1—¢ 1% (Lemma 6.5)

P, [A7 <1],P,[By <1] >0.495 (Markov)
Therefore, by Corollary 6.12 (with € = 0.495(1 — e~ 12¢7) > 0.31) we have
P, [A7 =1| A7 + By = 2] > 0.155.
By Corollary 2.29, P, [E(u;—1,u;)T = 1] > 1 — 4¢;,. Similarly, P, [E(u;, uj11)r = 1] > 1 —4€,. And,
Py (07 (ui)r — E(uj—1, ui)T — E(uj, uiy1)r = 0] > 1 — 4e,,

So, by a union bound all of these events happen simultaneously and we get P, [0 (u;)7 = 2] >
1 —12¢,. Therefore,

P, [(A7)r = (B7)r =1] > 0.155(1 — 12¢,) > 0.153.
Plugging this back into (56), we get
IP [S happy|Rg¢| > 0.153(1 — 2¢,) > 0.152.
Plugging this in (54) we get

E [I57] < (1+¢€,)BpP [S not happy|Rs] (max{x(A7),x(B7)} +x(C7))
< (1+4€;)Bp(1—0.152)(1+ €, +€;) < 0.858p

as desired.
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9 Introduction to the Integrality Gap Result and a Proof Overview

While the above sections describe how to obtain a 3 — € approximation for TSP, the result is not

with respect to the subtour LP. Thus, we have not yet established that the integrality gap of Pgp, is
less than 3 the purpose of the next few sections is to show that this is true.

9.1 New techniques and contributions

This result can be seen as a case study on how to reason about and deal with near minimum cuts.
One can deduce from the classical cactus representation of a graph G [DKL76] (i) the structure of
all min cuts of G and (ii) the structure of the edges of G in the sense that every edge {u, v} maps
to a unique path in the cactus between the images of u and v. Furthermore, such a path intersects
every cycle of the cactus on at most one cactus edge. The theory has found many application
from designing fast algorithms [Kar00; KP09] to the analysis of approximation algorithms for TSP
[KKO20] and connectivity augmentation [BGA20a; CTZ21].

Two decades later, the theory of min cuts was extended to near min cuts in works of Benczir
and Goemans [Ben95; BG08] where they introduced the polygon representation which represents
all cuts of a graph with at most 2k edges, where k is its edge connectivity. Although these works
completely classify the structure of all near min cuts of a given graph G, they do not characterize
the structure of the edges of G with respect to these cuts, which can be important in applications
(for example, in many of the recent applications of min cuts, one also needs to exploit the structure
of the edges in relation to the cactus). The structure on the edges turns out to be highly relevant
in this work as well, and as a byproduct of our analysis we make progress towards classifying the
way in which the edges of G relate to the structure of the polygon representation.

For motivation, consider a generic family of network design problems in which we want to
construct a network such that every pair u, v of vertices has connectivity at least ¢, ,. A natural
approach is to write an LP relaxation to find a (minimum cost) vector x : E — R>¢ such that for
every cut S separating u and v, x(6(S)) > ¢, . We can round this LP using independent rounding
or a dependent rounding scheme such as sampling from max entropy distributions. Using classical
concentration bounds one can show that if x(6(S)) > ¢, then with high probability the rounded
solution has at least ¢, , edges across this cut. So the main challenge is to “fix” near tight cuts,
i.e., cuts where x(6(S)) ~ cyu,. For an explicit instantiation of this scheme see [Kar+21]. A
better understanding of the global structure of the family of near tight cuts has the potential to
significantly simplify or even improve the approximation factor of such rounding algorithms. A
classical technique to design algorithms for such network design problems is to apply uncrossing
to extreme point solutions of the LP. One can view our contribution as an approximate uncrossing
technique that deals with all near tight cuts (instead of just tight cuts) as we explain next.

An Approximate Uncrossing Technique. A fundamental technique in the field of approximation
algorithms is the uncrossing technique®” of Jain [Jai01]. Given a graph G = (V, E), a weight vector
x : E — Rsp, and a function f : V — R, suppose that x(6(S)) > f(S) forall S C V. Let N be
the family of sets S such that x(§(S)) = f(S), i.e., the family of tight sets with respect to f. The
uncrossing technique says that if f is (weakly) supermodular then we can refine A/ to a laminar
family of sets, H, such that if all sets of H are tight, then all sets of N are tight as well. For a

?’See e.g. [LRS11] for a number of applications of this technique.

134



concrete example, suppose f is a constant function, say f(S) =2 forall @ C S C V. Then, sets of
H can be constructed using the cactus representation [DKL76] of cuts in V. The significance of
this method is that if x is a basic feasible solution to a LP with constraints x(6(S)) > f(S) for all
S, one can use this machinery to argue that the support of x has size O(|V]).

Informally, we prove the following, which can be seen as an approximate uncrossing technique:

Theorem 9.1 (Informal). Suppose we have a vector x : E — R such that x(6(S)) > f(S) for all S;
define N to be sets S where x(5(S)) < f(S)(1 + €) for some fixed € > 0. If f(.) is constant, say f(S) = 2
for all S, then there is a set N* C N and a collection of edge sets Fi, ..., Fy C E such that the following
hold:

IV = O(V]), m = O(|V]).

x(F)>1—¢€/2forall1 <i<m.

Every edge e is in at most O(1) of the F’s.

* For every set S € N\ N* there exists 1 < i < j < m such that F;N\F; = @ and F; U F; C §(S)
and for every S € N*, there exists 1 < i < m such that F; C 6(S).

In words, although we cannot simply refine AV to a linear number of sets, we can refine the
edges in cuts of AV to a linear number of sets Fy, ..., F, such that we can essentially capture the
edges of 6(S) for any S € N\ N'* by a pair of disjoint F;’s. We give a slightly weaker condition
for cuts in A/*; namely we only capture half of their edges by F;’s.

Example 9.2. For a simple example of the above theorem, suppose € = 0, i.e. N is the set of min
cuts of a graph G. Furthermore, suppose that every proper cut in A is crossed (recall that S
is proper if 1 < |S| < |V]| —1) and that A has at least one proper cut. Then, one can use an
uncrossing technique, namely that if A,B € A/ then AN B € N, to prove that G must be cycle,
namely we can order vertices of G, vy, ...,v,—1 such that X {01011 modn} = 1. In such a case we let
N* =@ and F; = E(0, 011 mod n)-

Example 9.3. For a second example, suppose again € = 0 and N is the set of mincuts of a graph
G where N forms a laminar family (no two cuts cross). It turns out that we cannot decompose
edges of cuts of NV into a linear sized collection of sets where every edge appears only a constant
number of times. The main reason is that some edges may appear in an unbounded number of
cuts. In this case we let N* = N and for every A € N (with immediate parent B € N in the
laminar family) we add a set F4 = 6(A) \. J(B) to our collection. It is straightforward to show,
using the structure of min cuts, that x(F4) > 1; furthermore, since the size of a laminar family is
linear in V, this gives a valid decomposition in the sense of above theorem.

Lastly, if € = 0 and NV is the set of min cuts of an arbitrary graph, one can represent all min
cuts of N by a cactus [DKL76] which can be seen as a tree of cycles. In such a case, one can use
a construction similar to Example 9.2 for each cycle where instead of a vertex v; we have a set
a; C V and one similar to Example 9.3 for the tree part of the cactus. For a concrete application of
such a decomposition of min cuts see [KKO20].

One of the main challenges in dealing with near min cuts relative to min cuts is that if
x(6(A)),x(6(B)) <2+ e then x(6(ANB)) <2+ 2e. Therefore, if € = 0, then min cuts are closed
under intersection, set difference and union, but this is no longer true when € > 0. So, to employ
the classical uncrossing machinery one should be very careful to "uncross" only a constant number
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of times (independent of €) to make sure that every cut remains within 2 4+ O(e). This is the main
reason that the polygon representation of near min cuts (see below) is more sophisticated, e.g., we
can no longer argue x(E(a;,a;11)) ~ 1, see Fig. 42.

Although we don’t study it here, we believe it may be worthwhile to find generalizations of
Theorem 9.1 which hold for any (weakly) supermodular function.

Remark 9.4. We do not explicitly prove Theorem 9.1 here, as it is not used to prove Theorem 1.2.
However it can be deduced from arguments in Section 11 and Appendix C.

Extensions to the Polygon Representation To obtain our uncrossing framework we prove new
properties of the polygon representation. Given a graph G = (V, E), let k be the edge-connectivity
of G, i.e. the number of edges in a minimum cut of G. For € > 0, consider the set of (1 + ¢€)-
near minimum cuts of G: cuts (S,S) where |E(S,S)| < (1 + €)k. Bencztr [Ben95] and Benczdr,
Goemans [BGO8] proved that if € < 1/5 then the near minimum cuts of G admit a polygon
representation. Namely, every connected component C of crossing (1 + €) near min cuts can be
represented by the diagonals of a convex polygon. In this polygon, the vertices of G are partitioned
into sets called atoms, and every atom is mapped to a cell of this polygon defined by the diagonals
and the boundary of the polygon itself (see ?? for more details).

The polygon representation can be seen as a generalization of the well-known cactus repre-
sentation [DKL76] of minimum cuts where a cycle of the cactus is replaced by a convex polygon.
Unlike a cycle, some vertices/atoms map to the interior of the polygon, which are called “inside”
atoms. The inside atoms at first look like a mystery and one can ask many questions about them
such as how many can exist and what structures they can exhibit.

Here, we explain two lemmas we proved which might find further applications beyond TSP in
the future. First, we give a necessary condition for a cell of a polygon to contain an inside atom:

Lemma 9.5 (Informal, see Lemma 10.27). Consider a polygon P for a connected component C of a family
of 1 + € near min cuts for € < 1/5 (where representing diagonals correspond to cuts in C). Any cell of P
that has an inside atom must have at least Q)(1/€) many sides.

This can be seen as a generalization of [BG08, Lem 22] to the case in which the cell is allowed
to be adjacent to vertices of the polygon P.

Now, we explain our second extension: it follows from the cactus representation of minimum
cuts that for a graph G and a min cut S one can partition the set of all min cuts that cross S into
two groups A = {A1,...,Ax} and B = {By,...,B;} for some k,I > O such that SN A; C SNA, C
...5N Ay and, similarly, SN By C --- C SN B;. We prove a generalization of this fact for near min
cuts:

Lemma 9.6 (Informal, see Lemma 10.26). Consider the set of 1 + € near min cuts of a graph G for
€ < 1/10; for any such near min cut S, one can partition the 1 4 € near min cuts crossing S into two
groups A = {A1,..., A} and B = {By,...,B;} such that SN A3 C SNAy C --- C SN Ay and
similarly for cuts in B.

9.2 Proof Overview

Algorithm 1 consists of two steps: sampling a tree whose marginals match x (and hence has
expected cost equal to ¢(x)), and then augmenting this with a minimum cost matching on the
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odd degree vertices of the tree. The goal of this section (the content of [KKO22]) is to show that
the expected cost of the minimum cost matching on the odd degree vertices of the sampled tree
is at most (1/2 — €)c(x) instead of (1/2 — €)c(OPT). This is done by showing the existence of a
cheap feasible O-join solution to (4). Note that as before we merely need to prove the existence of
a cheap O-join solution. The actual optimal O-join solution can be found in polynomial time.

Recall that if we only wanted to get an O-join solution of value at most c(x)/2, to satisfy
all cuts, it is enough to set y, := 0.5x, for each edge?® [Wol80]. If all of the near min cuts of x
containing e are even, then we can reduce y, strictly below 0.5x,. The difficulty in implementing
this approach comes from the fact that a high cost edge can be on many near min cuts and it may
be exceedingly unlikely that all of these cuts will be even simultaneously. Our overall approach
is exactly as before: initialize y, := 0.5x, and then modify it by adding to it a random? slack
vector s : E — IR: For each edge e, when certain special (few) 77-near-mincuts that e is on are even
in the tree, s, is set to —x, where f ~ 17/4; for other cuts that contain ¢, whenever they are
odd, the slack of other edges on that cut is increased to satisfy them (i.e., maintain feasibility of y
for that cut). The bulk of the effort was to show that this can be done while guaranteeing that
E [s¢] < —ex, for some € > 0, and therefore E [y.] = 0.5x, + E [s.] < (0.5 — €)xe.

To help the reader understand both the big picture as well as the ideas and contribution of
this section, it is useful to describe the approach taken in the previous section at a high level. Let
N, be the set of all #-near min cuts of x. A key idea there was to partition N, into three types: a
set of near min cuts  that form a hierarchy (which is a laminar family of cuts), a set of cuts V1
that are "crossed on one side" and a set of cuts N,7,2 that are "crossed on both sides." [KKO21] (the
section above) showed that if we only need to satisfy the O-Join constraints coming from #, then
we can find such a vector s.

However, this vector s (which is negative in expectation) might "break" O-join constraints on
cuts that are not in the hierarchy (i.e., cuts in N, ; and N, 2). To resolve this, we showed how a
negligible increase in the slack of certain edges (a slack component they called s*) can be used to
restore the feasibility of the O-join solution on all cuts, including those that are not in the hierarchy.
See Section 12 for more on this.

Concretely, because the cuts in ;> have a rather complex structure, to simplify their handling,
we changed the plan: Instead of starting with y. = 0.5x,, they started with y, = (x. + OPT,)/2,
where OPT, is an indicator for edge e being in the optimal integral TSP solution. They then
constructed slack vectors relative to the near min cuts of (OPT + x) /2. The advantage of doing so
is that it guarantees that all near mincuts correspond to intervals of vertices along the optimal
cycle, greatly simplifying the structure of the family of near min cuts under consideration. Slack
on the edges in the optimal cycle was then used to handle the cuts in N, ; and N, ».

Unfortunately, this meant that the bound on the expected cost of the minimum cost matching
from [KKO21] is at most (1/2 —€)((c(x) + ¢(OPT))/2, which is insufficient to prove that the
integrality gap of the LP is strictly below 3/2.

In the present section, we return to the plan of initializing y, := 0.5x, and then construct a slack
vector for each edge with the desired properties. Our starting point is the polygon decomposition D

2This is because x satisfies x(6(S)) > 2 for all S, whereas y must satisfy y(5(S)) > 1 just for those cuts that have
odd intersection with the tree T.
Pwhere the randomness comes from the random sampling of the tree
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of the 7-near min cuts of x [BG08]*’. As stated previously, a polygon®! is a connected component
of crossing 2 + 7 near minimum cuts, where two cuts are connected if they cross each other. It
turns out that the way the polygon representation D is constructed, each cut in N, 7 is in exactly
one polygon, and each edge on such a cut will have its slack increase in at most one polygon.
Thus, cuts in V; » can be handled independently for each polygon.

The main result of this paper is to show how to handle the cuts in A, > (polygon by polygon)
without resorting to the use of the OPT vector. Specifically, we prove the following;:

Theorem 9.7 (Informal main theorem). For any connected component C of N (i.e. a polygon), let C; be
the cuts in C that are crossed on both sides. For any « > 0, there is a vector s* : E — R depending on T s.t.

(i) Ve € E, s} > 0;
(ii) E [si] = O(nax.), where the expectation is over the choice of tree T.
(iii) If S € Cy is a cut such that 6(S)t is odd, then s3.(0(S)) = Yees(s) Se > a(l —1).

Once cuts in V; » are handled, the remaining cut structure becomes significantly simpler in
that the polygons start to look very much like cycles: they contain only "outside atoms"? and the
fractional mass x(a;,a;+1) between adjacent atoms is 1+ ©(7), as we have discussed in previous
sections. This enables us, with minor modification to the way in which cuts crossed on one side
are handled (see Theorem C.12), to adapt one of the main results on handling cuts crossed on one
side.

Theorem 9.8 (Informal Theorem adapted from Theorem C.12 and Theorem D.2). Given a family
Ny, <1 of near-min cuts containing no cuts crossed on both sides, for any p > 0, there is a vector s : E — R
depending on T such that

(i) Ye € E, s, > —px.

(ii) E[s.] < —epBx. for some absolute constant € > 0, independent of 17, where the expectations are over
the choice of T.

(iii) If S € Ny <1 is a cut such that 6(S) is odd, then s7(3(S)) = Leess)se = 0.

Note that Theorem D.2 (used to prove the above theorem) crucially relies on the fact that the
tree is sampled from a max-entropy distribution, whereas Theorem 9.7 does not.
Before we explain the ideas underlying the proof of Theorem 9.7, we quickly show how by
setting
Ye(T) :=0.5%. + 5, +5. Ve,

these two theorems together imply the main result of this paper.
First, we show that E [c(y)] < c(x)(0.5 — €) To see this, observe that Theorem 9.7(ii) together
with Theorem 9.8(ii) imply that for every edge e € E,

E [y.] = 0.5x, + E [s.] + E [s;] < x.(0.5+ O(na) —ep) < x, (0.5 —17¢€’),

30Gee ?? for a formal introduction to polygons. In particular, a reader unfamiliar with polygons will likely need to
read ?? to understand this section, though we provide a very brief overview now and again in Section 9.3.

31 One difference between a cycle on m nodes and a polygon with m "outside atoms" is that in a cycle all of the (%)
simple cuts are min-cuts, whereas in a polygon only some of the (%}) simple cuts are -near min cuts. Indeed a cycle is
the "simplest" kind of polygon. Another major difference is that polygons may also have "inside" atoms. See ??.

32Gee 22.
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for a, B as chosen below and 7 sufficiently smaller than €. Summing over all edges, this gives

Ele(y)] < (; - ) c(x).

Note that since s; is always nonnegative, it does not help us in our quest to reduce y. strictly
below 0.5x,. That reduction comes only from s, being negative. Indeed, the raison d’etre of the
slack vector s* is to repair the feasibility of cuts which are odd in the tree but which have s,
negative on some edges in §(S). This is why it is crucial that E [s,] is much smaller than —E [s}].

Next, we show that y(T) is feasible for every tree T. For this, we need to consider three types
of cuts:

Case 1: 4(S)r is odd and x(6(S)) > 2+ 7. Since s5(6(S)) > 0 and st(6(S)) > —px((S), we
have

yr(6(5)) = 0.5x(3(S)) +57(6(5)) +57(8(5)) = (05— )x(6(5)) = (0.5 = B)(2+1) > 1,
for g ~ n/4.

Case 2: J(S)risodd, S € N, <1. In this case s7(4(S)),s7(6(S)) > 0so yr(4(S) > 0.5x(4(S)) > 1.

Case 3: 4(S)r is odd, x(6(S)) <2+, and S € N, . In this case, s3(6(S)) > a(1 —#) and
sT(6(S)) > —pBx(6(S)), so we have

y1(6(S)) = 0.5x(5(S)) +s7(6(S) +s1(6(S)) > (05— B)x(6(S)) +a(l—7n) > 1,
for a =~ 2 using x(6(S)) > 2.

9.3 Overview of proof of Theorem 9.7 — no inside atoms

Given a connected component C of cuts in N,;, we can partition vertices of G into sets ag, ..., 4,1
(called atoms); this is the coarsest partition such that for each 4;, and each (S,g) € C, we have
a; C Sora; C S. One of these atoms, 4 is the atom that contains 1, v9. We call ag the root. In the
following, we will often identify an atom with the set of vertices that it represents.

If n = 0, then [DKL76]) shows that the structure of cuts in C can be represented by a cycle;
namely we can arrange these atoms around a cycle such that, perhaps after renaming, for any
0<i<m-—1,x(E(a;i+1mod m)) = 1 and cuts of C are just the mincuts of this cycle.

As mentioned, [Ben95; BGO08] studied the case when 0 < 77 < 2/5 and introduced the notion
of polygon representation, in which case atoms can be placed on the sides of an equilateral polygon
P and some atoms placed inside the polygon, such that every cut in C can be represented by a
diagonal of this polygon. See Figure 18.

In the rest of this section, we fix C and we outline the ideas behind the proof of Theorem 9.7 in the
special case that the polygon P representing the connected component of cuts C contains no inside atoms.
This latter assumption simplifies the argument but still illustrates many of the main ideas.

33For example, it will be convenient to write cuts as subsets of atoms. In this case the cut is the union of the vertices
in those atoms.
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SI’]L SﬁR

Figure 38: (Note that to simplify the pictures, we usually draw a polygon as a circle.) The figure shows a cut S that is
crossed on both sides. The cut S consists of all atoms below the green line. The cut Sy is the cut crossing S on the right
which minimizes the number of outside atoms in the intersection, i.e., it minimizes the number of red atoms. Similarly,
Sy, crosses S on the left and minimizes the number of blue atoms. While not shown in the picture, it’s possible for the
red and blue atoms to overlap. (Sg might cross S;.) Edges between red atoms and green atoms are in E~ (S) and edges
between blue atoms and orange atoms are in E“ (S). Edges in E°(S) are all remaining edges in §(S). Claim 9.9 shows
that with probability 1 — O(#), in the randomly sampled tree T, there is exactly one (red,green) edge (i.e., B~ (S) does
not occur) and exactly one (blue, orange) edge (i.e., B< (S) does not occur) and those are the only edges in 6(S) N T
(i-e., also B°(S) does not occur).

ap

Figure 39: Of all cuts crossed on both sides, L(p;), the blue set, extends farthest to the left from p;.
Similarly, R(p;), the green set, is the one that extends farthest to the right from p;. (For reference when we
later include inside atoms: if the root is not an outside atom, L(p;) can wrap around past ag and there may
be atoms in the interior of the blue region, aka inside atoms. However, the outside atoms of L(p;) U R(p;)
form a contiguous interval around the cycle and don’t include all outside atoms. Even in the case in which
the root is not an outside atom, the shaded region is the side of the diagonal which does not contain the
root.)

We assume that the atoms of P are labelled counterclockwise from ag to a,,_1. We associate to
each diagonal (defining a cut) the side which does not contain a¢.>* Thus, we will refer to a cut
by the set of outside atoms it contains, say [a;,4;], i < j. (This denotes the side of the diagonal
containing the atoms a;,4;1,...,4;.) We equivalently refer to this cut by giving the left and right
polygon points of its diagonal [p;_1, p;].

As mentioned above, the raison d’etre for the slack vector s* that we construct here is to

34The reason we do this is that it is crucial for subsequent arguments to be able to condition on near min cuts being
trees using Lemma 2.28, i.e., that for S a near min cut, E(S) N T is very likely to be a tree. However, this lemma can
only be used on sets which do not contain g, vp.
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Figure 40: Since S is crossed on the right and any cut that crosses S on the right also crosses L(p) on the right,
the cut Sk, which contains the fewest number of atoms in S (green atoms), is the same as L(p)g. The edges in
E7(L(p)) = E(S) are those that go between green atoms and brown atoms. Note also that any edge in §(S) with
one endpoint to the right of p that is not in E7 (L(p)) is in E°(L(p)). (It can’t be in E* (L(p)) since those edges have
one endpoint to the left of I.) Note also that since the green + yellow region as well as the brown region are each the
difference of two crossing 17 near min cuts, each is a 27 near min cut. So by ??, the fraction of edges with one endpoint
in each of these regions is 1 — O(#). (To extend this to the case where polygon P may have inside atoms we show that
there are no atoms in the yellow region see Lemma 11.1, or Lemma 10.27 for a more general statement.)

restore the feasibility of cuts S in C; which are odd in the tree but which have s, negative on some
edges in 6(S). The high level approach in the proof is the following. Initialize s} := 0 for all e.
Now define a set of bad events whose occurrence signifies that some of these near min cuts are
potentially in need of such a repair. These bad events should satisfy the follow desiderata:

(a) Each bad event occurs with probability O(7), where the probability is taken over the choice
of tree T.

(b) The occurrence of a bad event B in a tree T triggers a slack increase on an associated set of
edges E(B). Specifically, when B occurs, each edge e € E(B) has its slack s} increased by
XXe.

(c) Each edge e is in E(B) for a constant number of bad events B. Combining (a) and (b), this
implies that E [s}] = O(ax.) (condition 2 of Theorem 9.7).

(d) Each y-near-min cut S is associated with a constant number of bad events B(S), such that
when 6(S)7 is odd, at least one of the bad events B € B(S) occurs. We will ensure that
the edges in E(B) (on which slack increases are triggered) are a subset of §(S) of fractional
value at least Q)(1). Therefore, if S is odd in the tree, s%.(6(S)) > ax(E(B)) > Q(a) implying
condition (iii) of Theorem 9.7 (once the constant are chosen appropriately).

9.4 Satisfying the above desiderata

Consider any near min cut S in P, which is crossed on the left and on the right (see Definition 10.14
for the definition of being crossed on left/right) . Let Sy and Sk be the cuts crossing S on the left
and right with minimum sized intersection with S. See Figure 38.

One of the very nice things about cuts crossed on both sides is the following:
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Figure 41: Edge e = {aj,a;} is in E7(L(p;)) for all i.

Claim 9.9. For any near min cut S € Cp, P [6(S)r =2] > 1—O(n).

Proof sketch. To see this, for a set S crossed on both sides, let
ET(S):=E(SNSL,S.NS), E7(S):=E(SNSg,Srk~S), E°(S):=6(S)NE“(S)NE(S)
and consider the bad events
BE(S) = H{E“(S)r £1} B (S) = HE~(S)r £1} B(S):=UE(S)r £0}.  (7)

See Figure 38.

Clearly if none of these bad events occur, then S is even in the tree (i.e., 6(S)r = 2). Now,
note that S, Sg, S;, are all #-near min cuts and so by Lemma 2.36 and Corollary 2.29, we have
x(ES(S)) >1—1n/2, x(E7(S)) > 1—1n/2, x(E°(S)) = x(6(S) ~NE“(S)~E7(S)) = O(y) and
P [B(S)], P [B7(S)],IP [B°(S)] = O(n). O

The next step in our plan is to decide what slack increases are triggered by these bad events.
The first thing one might think of is to have the above bad events (57) trigger a slack increase on
E“(S) UE™(S). Namely, for each set S crossed on both sides:

Ve € EZ(S)UE™”(S) sets; := ax,-1{at least one of B (S), B(S) or B°(S) occurs}.

In addition to desiderata (a) and (b), this approach satisfies (d) since x(E“ (S) UE(S)) > 2 — .
Unfortunately though, this does not satisfy desiderata (c), since if e € E(a;, a]-), it could be that
e € ES(S) UE™(S) for many near min cuts S in which case

E[s;] = ax.-P[3Soddin Ts.t. e € ET(S)UET(S))]

could be way too large (say, around ax,).

So, rather than defining a bad event for every cut S crossed on both sides individually (i.e., up
to O(m?) events), we instead define a constant number of bad events for each polygon point p,
hence at most O(m) events.
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Figure 42: Suppose that there are exactly 1/# (black) vertices between any two vertices in the above figure,
where each edge has fractional value 7. Also, any two consecutive vertices (if both of them are not blue)
have exactly 1/7 parallel edges between them. Then, it is easy to check that the above graph is fractionally
2 edge connected. Furthermore, the set of 2 4+ O(#)-near minimum cuts comprises a single connected
component and every vertex will become an (outside) atom of the corresponding polygon. This is because
every diagonal which separates two blue vertices on both sides is a near min cut. In addition, every interval
with O(1) many consecutive vertices where at most one of vertex is blue is also a near mincut. In such a
case, for every pair of adjacent blue vertices, we have E(a;,a;1) = @.

9.4.1 Defining bad events for each polygon point

For a fixed polygon point p, let L := L(p) be the set crossed on both sides that extends farthest

clockwise from p and as above, let Lr be the cut that crosses it on the right with the minimum

number of outside atoms in the intersection. Analogously define R := R(p) and R;. See Figure 39.
Now we consider two bad events:

B7(p) = {E"(L(p))r # Lor E°(L(p))r # 0}
B (p) = {E" (R(p))r # 1 or E°(R(p))r # 0}.

For these events, we have the following two claims:

Claim 9.10. For any near min cut S = [p,q], E7(L(gq)) = E7(S) and E* (R(p)) = E* (S). Moreover,
E°(S) C E°(L(p)) UE(R(p). See Figure 40. Therefore, if neither B~ (q) or B (p) occur, then §(S)r is
ever.

(58)

In addition we have
Claim 9.11. For any polygon point p, P [B~(p)], P [B (p)] = O(n).

This follows arguments similar to those used in Claim 9.9, using that x(E~ (L(p))) > 1—1/2,
and x(E°(L(p)) = O(n) (and similarly for R(p)).

These bad events satisfy the desiderata (a) and (d) (assuming we define E(B) such that
x(E(B)) € Q(1)).

9.4.2 Defining the slack increase sets for bad events

It remains to determine the sets E(B~(p)), E(B* (p)) for which slack increases are triggered when
the bad events occur. In particular, we will let E(B~(p)) € E7(L(p)) and E(B (p)) C E“ (R(p))
such that:
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Figure 43: This figure illustrates the definitions in (59). The near min cut S contains all atoms below the
blue line. L(q)g crosses L(g) on the right and R(p); crosses R(p) on the left. L(q) R is the set of atoms in
the blue + pink region on the right. L*(g) is the near min cut crossing L(g)"R on the left that maximizes
the number of outside atoms in the pink region. Similarly R*(p) is the near min cut crossing R(p)"'* on the
right that maximizes the number of outside atoms in the grey region. The edges in E(B~(g)) are those
edges from the blue region to the orange region and the edges in E(B* (p)) are those edges from the green
region to the yellow region. Note that the figure is misleading in that sets that are shown as disjoint here
may not in fact be disjoint.

(*) x(E(B~7(p))) > Q(1) and x(E(B* (p))) > Q(1) (to guarantee (d)),
(**) All edges e are in at most a constant number of sets E(B) (to guarantee (c)).

Assuming we can satisfy (*) and (**), we can set s} = ax, for all e € E(B) when B occurs to satisfy
all four desiderata.

First try: The most natural choice is to simply let E(B~(p)) = E~(L(p)). Here, (*) obviously
holds but unfortunately (**) fails. Indeed, there are examples (see Figure 41) for which there
exist edges e € E(a;,a;) with [j — i| = Q(m) that belong to E™(L(px)) for Q(m) many values of
i<k<j

Second try: Let a; be the atom immediately to the left of p and a;,; the atom immediately to the
right of p (i.e. p = p;). Note that all edges with one endpoint in 4; and one in 4,1 are in E7 (L(p)).
Now if it was always the case that x(E(a;,a,41)) > 7 for some universal constant ¢ > 0, then,
when one of these bad events occurs, say B~ (p), we could simply increase the slack of every edge
e in E(a;, a;41) by ax.. This approach is analogous to the method employed in [KKO21] where
slack was increased on OPT edges. One might have some hope that this is true since it holds with
v = 1 for the cactus representation of min cuts (i.e. when = 0).

Unfortunately, as observed in [OSS11] there is a family of near minimum cuts such that the
polygon representation has no inside atoms, yet E(a;,a;11) = @ for some consecutive pairs of
(outside) atoms (see Figure 42) (even though there are cuts whose diagonals end between those
atoms). So, this method is doomed even if inside atoms are not present.
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Figure 44: Setup for proof of Claim 9.13: Let L(q)r = (I,r) and L(p)r = (I,1") (where L,r,I',7" are
polygon points). The grey region is L(q)"R := L(g) N L(g)r. Note that neither L(p) or L(p)g are shown
in this figure, since our proof in fact will need to argue about how these cuts are situated relative to
those shown. WLOG (as shown in the figure) p is to the left of 5. Now, for contradiction, suppose that
e={ab} € E(B7(p))NE(B7(q)). Thena,b € L(p)r N L(q)r- So, in the above, since no cut contains ay, it
must be that I’ is to the left of 4 and 7’ is to the right of b.

Our method: The first try works if there are no “long” edges. So, to rectify that attempt we
essentially “ignore” long edges (edges between distant atoms) in our charging argument and
argue that they only contribute minimally to E~(L(p)) and E“ (R(p)).

To this end, define L(p)"'R := L(p) N L(p)r, and let L*(p) be the cut crossing L(p)"'R on the
left that maximizes the number of outside atoms in the intersection of L*(p) and L(p)"R (and
similarly R*(p) to maximize the intersection with R(p)™ on the right). If L*(p) does not exist, i.e.
no cut crosses L(p)"R on the left, set L*(p) = @, and similarly for R*(p). See Figure 43. We let:

E(B™(p)) := E(L(p)™ ~ L*(p), L(p)r ~ L(p)"™¥)
E(B(p)) == E(R(p)™ ~ R*(p), R(p)L ~ R(p)™).

The following claim establishes (*) for Eq. (59). It can be proved using methods similar to
Claim 9.9; see Figure 40.

Claim 9.12. For all polygon points p, x(E(B~(p))),x(E(B~(p))) > 1—0(#).

(59)

And finally, the following claim establishes (**):

Claim 9.13. For any edge e, we have e € E(B(p)) for at most one polygon point p and similarly
e € E(B* (q)) for at most one polygon point q.

The proof of Claim 9.13 is more involved. For an outline of the arguments used, see Figures
44, 45, 46, 47, 48.
9.5 Extending to polygons with inside atoms

For the general case, we still follow the same proof outline satisfying the four desiderata using the
same definition of bad events given in (58) and the same definition of edges on which slack is
increased in response to bad events given in (59).
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root i a p qg b " root

Figure 45: Proof of Claim 9.13 continued: Because we are dealing with outside atoms only and no cuts
contain the root a9, we may as well visualize the polygon as a line (with wraparound) and each cut as an
interval along the line. The above figure repeats Fig. 44 when viewed as a line segment.

L(g)
® ° @ @ o ®
root i ® a p qg b ' @ root

l/ 1,/

Figure 46: Claim: I” can not be to the right of I. If it is, as in the figure above, then L(p)g crosses L(g) on
the right and has a smaller intersection with L(g). Contradiction to choice of L(g)g!

L(g)
® ° @ @ o ®
root ® i a p g b ' @ root
‘/ r/

L(p)

Figure 47: Claim: I’ can not be to the left of I. If so, as in the figure above, then L(g)g crosses L(p) on the
right and has a smaller intersection with L(p). Contradiction to choice of L(p)g! Therefore I’ = 1.

L(q)"R

L - ~
® . @ @ o o
root b " 7

L(p)

Figure 48: Since the left endpoint of L(p)g is [, the left endpoint of L(p) is to the left of I. Therefore, L(p)
crosses L(g) 'R on left and it is a candidate for L*(g). Therefore, L(p) N L(q)"R C L*(q) N L(g)"R and we

have a € L*(q) N L(g)"R. But then, e ¢ E(B(g)). Contradiction!.

We need to address the following challenges when generalizing the above proof:

(1) Edges may have endpoints adjacent to inside atoms. The proof outline above crucially used
that both endpoints of every edge were outside atoms.

(2) Regions of the polygon we could previously assume were empty may now contain inside
atoms.

(3) While the sets are still defined such that they do not contain the root, the root (i.e., the
atom containing {uo, v }) is no longer necessarily an outside atom. Therefore we can have a
sequence of cuts not containing the root wrapping around the polygon such that each cut
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crosses the one before it. In this case, the notion of “left" and “right" becomes unclear. One
can still define “left" and “right" synonymously with clockwise and counterclockwise, but
we can no longer say that an outside atom is to the left (and not to the right of) another
outside atom, nor can we collapse the diagonals of the polygon to intervals of a line.

To handle these complexities, we introduce additional structural properties of polygons with
inside atoms. These are presented in subsection 10.3.
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10 Polygon Representation: Redux

We previously utilized the optimal Hamiltonian cycle to drastically simplify the polygon represen-
tation. In this section we gain a more in-depth understanding of the polygon representation to
avoid this trick, thereby allowing us to bound the integrality gap of the subtour polytope.

We invite the reader to look at Section 2.9 for a basic review of polygons. We present an
example polygon here for reference, and provide a few additional facts not present in the earlier
section.

Figure 49: Consider the graph on the left, with minimum cut 7 (or, consider setting x, = 2 for
all edges and a min cut of 2 as in the support graph of a solution to Ps,). On the right is the
polygon representation of the connected component of all proper cuts with at most 8 edges (or
x(6(S)) < 2+1/7). This component consists of all proper near minimum cuts of the graph
excluding the cut {7,8}, which is in its own connected component of size 1. 15 and 16 are inside
atoms, the others are outside atoms. Note {7,8} is a single atom.

The following observation follows from the fact that cuts correspond to straight diagonals in
the plane and the polygon P is regular:

Observation 10.1 ([BG08, Prop 19]). If S, S’ € C cross then O(S) and O(S’) cross, and O(SUS') #
O(P).

Lemma 10.3 is used in the proof of Lemma 10.20, and depends on the following:

Theorem 10.2 ([Ben97, Lem 4.1.7]). Let C,C’ be two (distinct) connected components of crossing cuts for
a family of cuts of G = (V, E). Then, there exists an atom a € A(C) and a' € A(C') such thataUa' =V.

Lemma 10.3. Consider the set of -near minimum cuts (NMCs) of G and let C be a connected component.
Let B C A(C) be an 5-NMC such that 1 < |B| < |A(C)| — 1. Then, B € C.

Proof. For the sake of contradiction, suppose B ¢ C. Since B is an #-NMC, it is in some connected
component of cuts, say B € C’, where C # C’. Then, by Theorem 10.2 there exist atoms
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a€ A(C),a" € A(C') such that aUa" = V. Observe that by the definition of atoms, each of a,4" is
contained in either B or B. Without loss of generality assume a C B and a’ C B. But then, a # B
since |B| > 1. So, aUa’ # V which is a contradiction. O

10.1 Our polygon notation and the root

All statements in the previous section do not depend on which side of each diagonal we consider.
The ambiguity on the sides of the cut considered makes it difficult to define a consistent orientation
on the polygon, for example to say whether a cut A, A crosses B, B “on the left" or “on the right."
Motivated by this, we identify every cut with the side that does not contain ug, vg. This has the
added benefit of allowing us to apply Lemma 2.28 to every cut considered. For every polygon P,
we call the unique atom r containing 1, vg the root.

Recall that, for 17 > 0, we write N, C 2"~} to denote the family of all 7-NMCs of G ,,. If
11 is clear in context, we drop the subscript of AV;. Throughout the paper, we will need to show
that various sets A, B C V ~ {up, vo} cross. Since up, vy € AU B to verify that a pair of sets A and
B cross, it suffices to check the three conditions in the following fact.

Fact 10.4. For A,B C V ~ {ug,v0}, A, B cross iff
ANB,ANB,B\ A # Q@.

As above, unless otherwise specified, we let C be a connected component of cuts in N,7 with
corresponding polygon P for 7 < 1/10. Again, call the outside atoms (of P) ay, ..., a,,—1, ordered
counter-clockwise though these are not necessarily all the atoms in P. Note that the root r is not
necessarily an outside atom, but if it is, it is the atom labelled ay.

We use the existence of the root to prove the following two facts. The first fact is a consequence
of Observation 10.1:

Fact 10.5. Let S,S' € C. Then, O(SUS’) # O(A(C)).

Proof sketch. If S, S’ are (the non-root) sides of two diagonals of a polygon and there is an atom r
which is in neither of them, then there must be a polygon point which is in neither of them. [J

The following lemma is the main reason why we can treat each polygon separately in con-
structing the slack vector mentioned in Section 9. In Section 11, we are careful to only define
positive slack on edges of a polygon that do not have an endpoint in its root.

Fact 10.6. For any edge e = {u, v}, there is at most one polygon in which the endpoints of e lie in two
different atoms which are not the root of their respective polygons.

Proof. Suppose not, and let P, P’ be two polygons in which u and v lie in different atoms that do
not contain r. By Theorem 10.2, there exists an atom a € P,a’ € P’ such that aUa’ = V. Since
u,v lie in different atoms (and the atoms of a polygon partition V) in both P, P’ it must be that
(WLOG) u € a,v € a’. However, since a Ua’ = V, uy, vy lies in a or a’, so either a is the root of P
or 4’ is the root of P/, which is a contradiction. O

We will use “left” synonymously with “clockwise” and “right” synonymously with “counter-
clockwise.”
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Definition 10.7 (Near min cut notation). We will interchangeably refer to a set S € N, by specifying
the extreme outside atoms it contains or by specifying the polygon points defining its diagonal. For the
former, if S = (ay, a,), then ay is the leftmost outside atom in S and a, is the rightmost outside atom in S.
For the latter, if S = (py, pr), then p; is the polygon point immediately to the left of a; and p, is the polygon
point immediately to the right of a,.

Definition 10.8 (L(p), R(p)). For a polygon point p;, let L(p;) be the largest cut in Ny, containing a;
and not a;1 which is crossed on both sides. Let R(p;) be the largest cut in N, containing a; 1 and not a
which is crossed on both sides. (Note that L(p;), R(p;) do not necessarily exist). See Figure 39.

The following definitions make formal the notion of “crossed on one side" and “crossed on
both sides" (introduced in Section 9) for polygons with inside atoms.

Definition 10.9 (Left, Right Crossing). Let S,S’ € C such that S’ crosses S. For such a pair, we say S’
crosses S on the left if the leftmost (clockwise-most) outside atom of O(S" U S) is in S'. Otherwise, we say
that S’ crosses S on the right. Note that by Observation 10.1, O(S), O(S’) cross.

Definition 10.10 (Crossed on one, both sides). We say a cut S is crossed on both sides if it is crossed by
a cut (in C) on the left and a cut (in C) on the right and we say S is crossed on one side if it is crossed
only on the left or only on the right.

Definition 10.11 (/\/',7,51,./\/,7,1,./\/',,,2). Let ./\/,7,2 C /\/’,7 be the set of cuts which are crossed on both sides in
their respective polygons. Let Ny 1 C N, be the set of cuts that are crossed on one side in their respective
polygons and finally let Ny, <1 = Ny \ N, 2 (i.e. the set of cuts which are crossed on one side or not crossed
at all).

Here we give an alternate set-theoretic characterization of N, ».

Lemma 10.12. Let C € N,. Then, C € N, if and only if there exist two cuts A, B € N, which cross C
such that (AN C)N (BN C) = Q.

Proof. The only if follows from Lemma 10.24. So, assume there exist two cuts A, B € N,, which
cross C such that (A~ C) N (B~ C) = @. We will show C € NV, .

Since A and B both cross C, it must be that C, A, B are in the same connected component of
cuts C C N, (i.e. including all cuts in NV, 5). Let P be the corresponding polygon.

Suppose by way of contradiction that A, B both crossed C on the left (if they both cross on the
right the argument is similar). Then A, B must both contain the outside atom immediately to the
left of the leftmost atom of C, which contradicts (A~ C)N (B~ C) = Q. O

Consequently, we can give an alternate characterization of V, ; as the sets which are crossed
but are not in N, . This will be relevant in Appendix C.

Definition 10.13 (C;). For a connected component of cuts C C N, let C; = C N NL.

The following definition is quite important throughout our paper as it is used to specify the
set of bad events we use to construct our slack vector (see Section 9 for a gentle introduction):

Definition 10.14 (Sy, Sr). For S € C; let Sy, be the near minimum cut crossing S on the left which
minimizes |O(S N Sp)|. If there are multiple sets crossing S on the left with the same minimum intersection,
choose the smallest one to be Sy. Similarly, let Sg be the near min cut crossing S on the right which
minimizes |O(S N Sg)|, and again choose the smallest set to break ties. See Figure 38.
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10.2 Properties of inside atoms

Before proving some new properties of the polygon representation we recall some basic properties
of inside atoms from [BGO08]:

Definition 10.15 ([BGO08, Definition 3]). A family of sets Cy,...,Cx C V, for some k > 3, forms a
k-cycle if

e C; crosses both C;_q and Ciyq (we treat Cy 1 as Cy and Cy as Cy);

* CGNC=Qforj#i—1,iori+1;and

* Uik G # V.

e Ifk = 3, we have the additional condition (C; N Cij11) € Ci_4 fori € {1,2,3}.

Lemma 10.16 ([BG08, Lemma 22]). Any k-cycle formed by cuts in a connected component C of n-near
min cuts satisfies k > 2/1. (Note if § = 0 then no k-cycle exists.)

Therefore, for all 2/5-near min cuts, there are no cycles with length less than 5.

Lemma 10.17 ([BGO8, Def 4]). An atom a € A(C) is an inside atom (in the representation defined above)
if and only if there is a k-cycle Cq,...,Cy € C, such that aNC; = @ forall 1 <i < k.

See Figure 18 for an example of an inside atom and a cycle.

Fact 10.18. Let Cq, ..., Cy be a k-cycle for a connected component C with polygon representation P and
k > 5. For any adjacent pair of outside atoms a,b € O(A(C)), thereisa 1 < j < k such that a,b € C;.

Proof. Since a is an outside atom, there is a cut C; for some 1 < i < k such that a € C; (otherwise a
would be an inside atom). If b € C; we are done. Otherwise, a is a rightmost or leftmost outside
atom in C;. But then, since C; is crossed by C;_; and C;;1 and C;_1 N Ciy1 = @, it follows from
Observation 10.1 (and the fact that both C; 1, C;.1 contain at least two outside atoms) that either
a,beC,_qorabc Ci+1. ]

10.3 New properties of polygon representations

The following lemmas build on [Ben95; BGO8]. Proposition 10.19 is a key property of polygons
which Lemma 10.20 extends:

Proposition 10.19 ([BGO0S8, Proposition 20]). For any connected component C of y-near min cuts with
n < 2/5 with polygon representation P, and any Sq1,Sy € C with S1 # Sy we have Op(S1) # Op(Sz).

Lemma 10.20. Let P be the polygon representation for a connected component |C| > 1 of 1-NMCs of a
(fractionally) 2-edge connected graph G with atom set A(C). If A,B C A(C) are two 2/5-NMCs with
Op(A) = Op(B) # @ and there is an atom r € A(C) such that r ¢ A, B, then A = B >,

% As indicated earlier, 7 is called the root of the polygon P

151



Proof. Take the graph G and contract each atom of A(C) to a single node. Call the resulting
graph G'. Clearly, G’ is still 2-edge connected since G is 2-edge-connected and all cuts in C are
represented in G’. Now, consider the set of non-singleton 2/5-near-min-cuts of G'. This set has
a unique connected component of crossing cuts because any new (non-singleton) cut S ¢ C is
crossed by a cut in C. (Suppose not: then, no cut on the atoms of S crosses a cut on the atoms of S,
which contradicts that C forms a connected component.) Call this component of cuts C’ and the
corresponding polygon P'. It follows that A(C) = A(C’) (more precisely, a set S C V is an atom
in A(C) if and only if it is an atom in A(C’)): no two atoms from P can be merged in P’ because
we have not deleted any cuts, and no atoms in P can be split in P’ because we have contracted
them. While some outside atoms of P may become inside atoms in P’, it follows by Lemma 10.17
that any inside atom of P remains an inside atom in P’ (as any k-cycle of C is also a k-cycle of C’).
Therefore,
Op/(A) = Op(B).

Therefore, if A, B € C’, by Proposition 10.19, A = B. So it remains to show that A, B € C'. First,
assume 2 < |A| < |A(C")| —2and 2 < |B| < |A(C")| — 2. Then, by Lemma 10.3, A, B € C’ and we
are done.

Now, we claim that 2 < |[A| < |A(C')| —2 and 2 < |B| < |A(C")| — 2, which by the above
would complete the proof. For contradiction, assume A # B and |A| =1 or |A| = |A(C")| — 1.
First assume |A| = 1. Since B # A, Op(A) = Op(B) # @, and every polygon has at least three
outside atoms, 2 < |B| < A(C) — 2. By Lemma 10.3, B € C'. Yet this implies that B has at least
two outside atoms in P’ (and therefore in P), which contradicts Op/(A) = Op/(B). Otherwise,
|A| = |A(C")| — 1. Using that A # B and r ¢ A, B, it follows that B has at most |A(C’)| — 2
atoms. Again using that every polygon has at least three outside atoms, this implies |B| > 2.
So similarly to above, we have B € C'. Therefore, |Op/(B)| < |O(P")| — 2 which contradicts that
|A| = |A(C")| — 1 using Op/(A) = Op/(B). O

We generalize Observation 10.1 in the next lemma.

Lemma 10.21. Let P be a polygon representation of a connected component C of § NMCs of a (fractionally)
2-edge-connected graph G for some y < 2/5. For any 2/5 NMCs A, B C A(C) with O(A),O(B) # @,
if A, B cross, then O(A), O(B) cross and O(A U B) # O(A(C)).

Proof. Similar to the previous lemma, consider the graph G’ arising from contracting all atoms of
A(C) and let C’ be the (unique) connected component of non-singleton 2 /5-near-min-cuts of G’/
with corresponding polygon P’. As before, A(C') = A(C) and O(A(C’)) C O(A(C)).

Notice that since A, B cross (in P), each of them contains at least two atoms of P. Therefore,
since A, B are 2/5 NMCs and A, B are not singletons, we must have A, B € C’. Since A, B cross
in P and A(C") = A(C), they also cross in P’. By Observation 10.1, it follows that Op/(A) and
Op/(B) cross. Recall that outside atoms of \A(C) may become inside atoms of A(C’), but inside
atoms of A(C) remain inside atoms in A(C’). So, Op(A) and Op(B) cross as well (in particular it
also follows that O(A U B) # O(A(C))). O

10.3.1 Almost diagonal cuts and the chain lemma

In some cases, we will need to refer to cuts which are generated by intersections of diagonals in C.
Such cuts are a subset of the following class:
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Definition 10.22 (Almost Diagonal Cuts). Let C be a connected component of cuts in N,. We say a set
of atoms S C A(C) ~ {r} is an almost diagonal cut if:

1. S is a 2y-near min cut,
2. @#0(S) C O(A(C)),
3. O(S) forms a contiguous interval in the polygon.
Notice that by definition any cut in C is an almost diagonal cut.

When we reference almost diagonal cuts in the rest of the paper, we will always assume
1 < 1/5. Notice that given any two A, B € N, AN B, A~ B, B\ A are almost diagonal cuts.

The following fact implies that one can naturally define left/right crossing analogous to
Definition 10.14 for almost diagonal cuts. The following is a consequence of Lemma 10.21:

Fact 10.23. Let A, B be two crossing almost diagonal cuts. Then, O(A) and O(B) cross. In addition,
neither O(A U B) nor O(A N B) contain all outside atoms and each of O(A U B) and O(AN B) form a
contiguous interval of outside atoms.

Lemma 10.24. For an almost diagonal cut S with leftmost atom a; and rightmost atom a,, let L € C cross
S on the left and R € C cross S on the right. Then, ifn <1/5, (L~S)N(R\S) = Q.

Proof. Suppose (L~ S)N (R~ S) # @. We will show that L, R, S form a 3-cycle (Definition 10.15)
which cannot exist. To show this (using that the root atom » ¢ S U L U R), it is enough to prove
that all pairs cross and none of the three sets is a superset of the intersection of the two others.
First, by assumption L and R cross S. L and R cross because a, € R\ L,a; € L \ R, so neither is a
subset of the other, and because we assumed (L \. S) N (R \ S) # @ their intersection is nonempty.

In addition, we have SN L Z R because 4; € SN L but not in R. Similarly SN R ¢ L. Finally,
LNR Z S by the assumption (L~ S)N (RN S) # @. Therefore S,L, R form a 3-cycle which is a
contradiction as S, L, R are all 2/5-near min cuts. O

A fundamental property of the cactus representation is that the set of min cuts Ay,..., A
crossing a min cut S form two laminar families inside S. In other words, perhaps after renaming
we may assume A1NS C ApNS--- C AjﬂSandAjHﬂS C..-CANS.

It is not immediately obvious that such a property extends to polygons because of the existence
of inside atoms. Nonetheless, the following lemma demonstrates that this property is also true of
near min cuts provided that # is small enough. It is an immediate corollary of Lemma 10.26.

Lemma 10.25 (Chain Lemma). Let S be an almost diagonal cut where O(S) contains all outside atoms
from a to b. In addition, let Ay, ..., Ay € C be the collection of y-near-min cuts crossing S on the left.
Then there is a permutation, 7t : [k] — [k| such that

SNSL=SNAyq) C-- CSNAp
i.e., their intersections with S form a chain. The same statements also hold for cuts crossing S on the right.

Lemma 10.26. Let S be a near diagonal cut with leftmost outside atom a and rightmost outside atom b.
Furthermore, let A = [a1,a;], B = [b1,ba] € C be cuts which cross S on the right. If n < 1/10 and in the
interval of the outside atoms of O(S), ay is to the left of by, then BN'S C AN S. In the special case that
a1 = by, we have SN A = SN B.
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Proof. First assume by # a;. Since by is to the right of a1, and A, B cross S on the right, O(AN SN
B) = O(SN B) # @ (as both sets have all outside atoms between b; and b). Note that B crosses
ANS. This is because B has an atom outside of S (as it crosses S itself), a1 € AN S~ B, and
by € ANSNB. So by Lemma 2.35 AN SN B is a 47 near min cut. In addition, SN B is a 3y near
min cut since B crosses S. Therefore, since 4n7 < 2/5, by Lemma 10.20 ANSNB = SN B.

In the special case that a1 = b;, O(ANS) = O(BNS) # @ has all outside atoms between a; =
by and b. Since AN S, BN S are 3y near min-cuts, by Lemma 10.20, we must have ANS =BNS
as desired. O

10.4 Another structural property of inside atoms

The following lemma is not explicitly used in the proof of the main theorem, but the statement
may be useful to guide the reader’s intuition (or in other settings where near min cuts arise). For
example, it implies that the yellow region is empty in Fig. 40.

Lemma 10.27. Let 7 < 2/5 and let P be the polygon representation for a connected component |C| > 1
of 71-NMCs of a (fractionally) 2-edge-connected graph. Suppose H is the intersection of half-planes®®
Hy, ..., Hy_1 corresponding to diagonals Dy, ..., D,_q of P that has a positive area. If H does not contain
any side of P (equivalently, it does not any contain any outside atom) and ¢ < 1/n then H does not have
any inside atoms.

Proof. Define Co,...,Cy_1 C V such that C; = A(C) N H;, i.e. all atoms which are not in the
halfplane H;. Without loss of generality assume there are no two sets C;, C; such that C; C C]-37.

First observe that H is a 2-dimensional polytope and therefore without loss of generality we
can assume each D; defines a side of H and Dy, ..., D,_; are ordered such that the vertices of the
polytope vy, ..., v,_1 are arranged cyclically counterclockwise where v; is the intersection of D;
and D;q (where for the rest of the proof we take all indices mod ¢). We will call a vertex external
if it is a polygon point of P and internal otherwise.

We prove the claim by induction over r that if H has r external vertices and ¢ + r < 2/#, then
H is empty. Note that if £ < 1/#, since r < ¢, we have ¢ +r < 2/# which proves the theorem.

First assume r = 0. Then, C; crosses C;; for all i. By way of contradiction suppose H contains
an (inside) atom a. Without loss of generality, assume that Hy, ..., H,_1 € Hy, ..., H;_1 (perhaps
after renaming) is the minimal set of half-planes that contain H and have no external vertices. We
claim that there are no indices 7,j and j # i — 1,7, or i + 1 such that C; N C; # @. Since C; £ C;,
Cj € Ci, a ¢ C;, Cj, it follows that C;, C;j cross and therefore the diagonals D;, D; intersect in the
interior of P. Now Dy,...,D;, Dj,...,Dy_1 contains H and has no external vertices and thus
contradicts the minimality of Hy, ..., Hr_1.

Therefore by minimality, C; N C; = @ if j #i—1,iori+ 1. So, Cy,...,Cy_1 is a k-cycle for a:
since there are no external vertices, C; crosses C; 1 for all i, and Uf:_g C; # V since a ¢ C; for all i.
By Lemma 10.16, k > 2/#, which is a contradiction, because k < ¢ < 1/7.

Now, suppose the claim is true when the number of external vertices is at most r; we will
prove it holds when the number is r 4- 1.

Again, by way of contradiction suppose there is an inside atom a in H. Then there is a
k-cycle for a, Ly,...,Lx € C. Now pick an arbitrary external vertex v; = p; of H for some

36Technically, half-polygons.
37This is because if C; C Cj then H;N P C H; N P which means H; is redundant in defining H.

154



j. Let aj_1,a; € O(A(C)) be the adjacent outside atoms immediately to the clockwise and
counterclockwise of p;. Therefore, by Fact 10.18, there exists some j such that a; 1,4; € L;. Let Hy
be the halfspace corresponding to the side of L; containing a. Now consider the set of halfspaces
Hy,...,H;_1,H,. Note that H' = ﬂfzo H; C H because v; = p; ¢ Hy. Therefore, H' has at least one
fewer external vertex and no sides of the polygon. Since £+ 1+ (r — 1) < 2/#, by the induction
hypothesis, H' has no inside atoms which is a contradiction with the existence of a. O
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11 Using the Polygon Representation for Cuts Crossed on Both Sides

11.1 Notation and a preliminary lemma

We will use the same set of definitions for bad events and increase sets that we did in Section 9
for polygons without inside atoms. For the benefit of the reader we repeat them here. Recalling
the definitions from Section 10.1, partition each set 4(S) into three sets E< (S), E7(S) and E°(S)
such that

ET(S) =E(SNSL,SL\S)
E7(S) =E(SNSg,Sr\9)
E°(S) = 6(S) N (ET(S)UET(5))

In addition we define the left and right bad events:

B7(p) = {|E”(L(p)) N T| # Lor |[E°(L(p)) N T| # 0}
BT (p) = {|ET(R(p)) N T| # 1or [E°(R(p)) N T| # 0}. (60)

If L(p) does not exist, simply assume the left bad event never occurs, and similarly if R(p) does
not exist assume the right bad event never occurs.

Define L(p)"R := L(p) N L(p)r, and let L*(p) € C be the cut crossing L(p)"'® on the left that
maximizes |O(L*(p) N L(p)"R)| (and similarly R*(p) to maximize the intersection with O(R(p)™F)
on the right). If L*(p) does not exist, i.e. no cut crosses L(p)"® on the left, set L*(p) = @, and
similarly for R*(p). We let:

L*(p)

Figure 50: Recap of some basic definitions: L(p) is the cut crossed on both sides with rightmost polygon
point p (and contains all atoms below the red diagonal. L(p)g is the cut crossing L(p) on the right that
minimizes the number of outside atoms in L(p)"R = L(p) N L(p)g, i-e., in yellow + blue. Note that the cut
L(p)"R contains all atoms in the yellow and blue regions (which may include inside atoms). Since this
region is the set difference of two 7 near min cuts, it is a 277 near min cut. L*(p) is the cut crossing L(p) R
on the left that maximizes the number of outside atoms in the intersection, i.e., maximizes the number of
outside atoms in the blue region. E~"(L(p)) are the edges between atoms in the yellow region and atoms in
the orange region. There is one edge in the tree that is in E~ (L(p)) with probability 1 — O(7) and when
this event does not occur, B~ (p) occurs. (B~ (p) also occurs if [E°(L(p)) N T| # 0.)
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(L(P)™ N L*(p), L(p)r ~ L(p)™)

E(B”(p)) :=E
:= E(R(p)™ ~ R*(p),R(p)L ~ R(p)™). (61)

The following important lemma is the generalization of Claim 9.10 from Section 9 to the case
in which there may be inside atoms. It uses that by Lemma 10.20 many regions of the polygon do
not contain inside atoms.

Lemma 11.1. Let A, B € C; such that A = (ay,a,) and B = (ay, a,) share a rightmost polygon point p,.
Then, AR = Brand E7(A) = E7(B).

Proof. WLOG assume A C B. First, we will prove that if a cut R crosses A on the right, it also
crosses B on the right. So, let R be a set crossing A on the right. Then, since R contains a,,
RN B # @. Furthermore, R contains atom a,1, so R € B. Finally, B contains a; since A C B yet
R does not. Therefore, R crosses B on the right.

Therefore, by Definition 10.14 Ar = Bg since the set of cuts crossing B on the right is a superset
of cuts crossing A on the right and any cut which crosses B but not A contains all atoms of A, so
would have a larger intersection with O(B). (If two sets have the same intersection with O(A) we
use the same tie-breaking rule for both Ar and Bg.)

Now we prove that E(A) = E7(B). Let R = Agr = Bg. It suffices to show that RN A =RNB
and R\ A = R\ B because any edge e € E7"(A) has one endpoint in RN A and one in R\ A.
To obtain RN A = RN B notice that O(RN A) = O(RN B) # @ and by Lemma 2.35 RN A, RN B
are 217 near minimum cuts (since R crosses both A and B), so by Lemma 10.20, RN A = RN B.
Similarly to obtain R \. A = R \ B notice that O(R~\ A) = O(R\B) # @ and R~ A,R\ B are
27 near min cuts so by Lemma 10.20 we have R~ A = R\ B. O

11.2 Main theorem
The following is the main technical result of the paper:

Theorem 11.2 (Main theorem). Let x° be a feasible LP solution of (2) with support Ey = EU {eg} and
let x be x¥ restricted to E. For any distribution u of spanning trees with marginals x, 0 < n < 1/10 and
o« > 0, there is a random vector s* : E — Rxq (the randomness in s* depends exclusively on T ~ ) such
that

* For any n-near minimum cut S which is crossed on both sides, if 6(S)t is odd then s*(6(S)) >
a(1=1);
e Foranye € E, E [s}] < 18anx,.

Our slack vector for the above theorem will be exactly as in Section 9. In particular, for every
bad event B which occurs among those defined in Eq. (64), we will set s*(e) = ax, for all e € E(B),
where E(B) is defined as in Eq. (61). In order to extend the argument from Section 9 to prove
this theorem in the case in which the polygon contains inside atoms, we prove the following two
lemmas from which the theorem follows easily:

Lemma 11.3 (All cuts are satisfied). Let S = (py, pr) be a cut which is crossed on both sides. Then, if
0(S)T # 2, at least one of B~ (p;), B~ (pr) occurs.
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Lemma 11.4 (Every edge is mapped to a constant number of bad events). Let p, q be two polygon
points such that e = {a,b} and a € L(p) N L(q). Then, e ¢ E(B7(p)) NE(B7(q)).

Before proving these statements, we will show how they imply our main theorem. First we
gives proofs for Claim 9.11 and Claim 9.12 (as the formal proofs were omitted in the overview):

Lemma 11.5. For any polygon point p, P [B~ (p)] < 4.5 and IP [B* (p)] < 4.511.

Proof. We will prove this for B~ (p), B¢ (p) follows similarly. To simplify notation we abbreviate
L(p) to L. Since L is crossed on both sides, Ly, Lr are well defined. Since by Lemma 2.35
Lr NL,Lg \ L are 2y-near min cuts and Lg is an #-near mincut with respect to x, by Corollary 2.29,
P[E7(L)r=1] >1—25.
On the other hand, since L, L1, Lg are #-near min cuts, by Lemma 2.36, x(E7 (L)), x(E“ (L)) >
1 — /2. Therefore
%(E°(L)) < 2+ 1 — x(E(L)) — x(E (L)) < 21.

It follows that IP [E°(L)r = 0] > 1 — 2#. Finally, by the union bound, all events occur simultane-
ously with probability at least 1 — 4.57, which gives the lemma. O

Lemma 11.6. For any polygon point p, x(E(B* (p))),x(E(B7(p))) > 1—1

Proof. First, observe that L*(p) crosses L(p)r. Notice (where we use & to denote disjoint union):

L(p)"® N L*(p) 1 L(p)r ~ L(p) = L(p)r ~ L*(p).

Therefore, by Lemma 2.35 L(p)"® \ L*(p) W L(p)r ~ L(p) is a 277 near mincut. So, by ??,

x(E(B™(p)) = 1—1.
The proof for x(E(B~(p))) is similar. O

Proof of Theorem 11.2. Our slack vector is defined as follows. Initialize s*(e) = 0 for all edges e.
Then for each polygon P, for each polygon point p € P, whenever B (p) occurs, let s} = ax, for
each e € E(B(p)). Whenever B~ (p) occurs, let s; = ax, for each e € E(B7 (p)).

Now we show the first condition of the theorem. Let S = [p, g] € C; and suppose that 6(S)7 is
odd. It appears in some polygon P. Then by Lemma 11.3, either B (p) or B (q) has occurred.
Assume the former, the other case is similar. In this event, we set s*(e) = ax, for alle € E(B* (p)).
However, using Lemma 11.1, we have

E(B™(p)) CE™(p) = E ()

Therefore, by Lemma 11.6 s*(S) > a(1 — 77) as desired.

Now we verify the second condition of the theorem. First note that by Fact 10.6, for any edge e,
there is at most one polygon P such that e does not have the root as one of its endpoints. Therefore,
there is at most one polygon P for which s; may be increased since if e is adjacent to the root,
e ¢ E7(S),E“(S) for any set S in its connected component.

Now let e = {a,b} for some polygon P such that a,b # r. We show that there are at most two
polygon points p for which e € E(B7(p)). Suppose otherwise and there are at least three such
polygon points p. Since E(B~(p)) C §(L(p)) for each such point p, we have e € 5(L(p)), which
implies that there are two polygon points p, g such that one of a2 or b, WLOG g, is in both L(p)
and L(q) and e € E(B~(p)) N E(B~(q)). However this contradicts Lemma 11.4 since e is in at
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most one such set. One can similarly show that there are at most two polygon points p such that
e € E(B¥ (p)). Therefore, any edge e is in E(B) for at most four bad events B.
By Lemma 11.5, each bad event occurs with probability at most 4.51. Therefore, by the union
bound:
E[s*(e)] < 4-4.57ax, = 18anx,,

which gives the second condition and completes the proof. O

11.3 All cuts are satisfied
In this section we first prove the following from which Lemma 11.3 will easily follow:
Lemma 11.7. For S = (p;, pr) € Ca, E°(S) C E°(L(pr)) UE°(R(py)).

Note that if S = (p;, pr) € C then L(p,) and R(p;) exist, because S is a candidate for both.
Before giving the proof of this we show how it implies Lemma 11.3.

Lemma 11.3 (All cuts are satisfied). Let S = (py, pr) be a cut which is crossed on both sides. Then, if
0(S)T # 2, at least one of B (p;), B (pr) occurs.

Proof. We prove by contradiction. Suppose none of B (p;), B~ (pr) occur; we will show that this
implies 6(S)r = 2.

Let R = R(p;). By Lemma 11.1 we have S; = Ry and E* (R) = E* (S). Similarly for L = L(p,)
we have E7 (L) = E7(S).

Now, since B (p;) has not occurred,

1= EH(R)T = EF(S)T and EO(R)T =0
and since B (p,) has not occurred,
1= Eﬁ(L)T = Eﬁ(S)T and EO(L)T =0

So, to get 6(S)r = 2, it remains to show that TN E°(S) = @. By Lemma 11.7, we have E°(S) C
E°(L) UE°(R), which gives the claim. O

To prove Lemma 11.7 we first need the following;:

Corollary 11.8. For all sets S € Cp, we have E“ (S) NE~(S) = @. Similarly, for all sets A, B € C; such
that B crosses A on the right, E(A) NE~(B) = @.

Proof. To see the first claim, suppose S;, crosses S on the left and Sg crosses S on the right, by
Lemma 10.24 (Sp \S) N (Sr N\ S) = @. Since every edge in E“ (S) has an endpoint in Sy \ S and
every edge in E~*(S) has an endpoint in Sg \ S, this proves the claim.

A similar argument using Lemma 10.24 proves the second claim. O

Now we can prove the main lemma:

Lemma 11.7. For S = (p;, pr) € Ca, E°(S) C E°(L(pr)) UE°(R(py)).
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Figure 51: Here we have a set S which is crossed on both sides. We use in Lemma 11.7 that
L(p,) NR(p;) = S; in other words, the yellow region is empty.

Proof. For convenience, let L = L(p,) and R = R(p;). First suppose we had L = S or R = S.
In this case, by definition E°(S) = E°(L) or E°(R), and we are done. So assume that S C L, R.
Therefore, L and R cross.

Now, notice that since O(L N R) = O(S), by Lemma 10.20, we have L N\ R = S. This implies
5(S) C46(L)US(R). To see this, let e be an edge in 6(S). Then, it has an endpoint in both L and
R. However, its other endpoint is in S = LN R, and therefore cannot be in both L and R which
implies it is in 6(L) or 6(R).

Now, by way of contradiction, suppose there exists an edge e € E°(S) such thate ¢ E°(L) U
E°(R). Since E(S) = E“(R), E7(S) = E7(L), and e € §(L) UJ(R), it must be that e €
E“(L)UE7(R). Since L and R cross, by Corollary 11.8 e is in exactly one of E“ (L), E”(R);
assume that e € E“ (L) but not in E~*(R), the other case is similar. Therefore e ¢ §(R), since it is
not in E“(R), E°(R) or E7(R).

However, L; crosses L on the left and R crosses L on the right. Therefore, by Lemma 10.24,
we have (Lp N L) N (R~ L) = @. However e has one endpoint in LN R = S, one in R \ L (since
e ¢ 0(R),e € 6(L)), and one in Ly \ L, which is a contradiction since all three sets are disjoint. [

11.4 Every cut is mapped to a constant number of bad events
In this section we prove Lemma 11.4.

Lemma 11.4 (Every edge is mapped to a constant number of bad events). Let p, q be two polygon
points such that e = {a,b} and a € L(p) N L(q). Then, e ¢ E(B7(p)) NE(B7(q)).

Proof. First note that by Fact 10.5, O(L(p) UL(q)) # O(A(C)), so it forms a contiguous interval.
WLOG assume that g is the rightmost point in this interval.

Suppose by way of contradiction that e € E(B~(p)) N E(B7(g)) . In the below claim, we
will show that L(p)g crosses L(g) on the right. Now we will show that L(p) crosses L(g) 'R on
the left, which would complete the proof. This is because L(p) is a candidate for L*(g), and by
Lemma 10.26, L(p) N L(g)"R C L*(q) N L(g)"R, which implies a € L*(g) and therefore we could
not have e € E(B7(g)).
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It remains to show that L(p) crosses L(q) 'R on the left. By assumption, a € L(p) N L(q)"R # @.
L(g)’s rightmost atom is in L(q)"® \. L(p). So it remains to show that L(p) € L(q)"R. By way
of contradiction suppose L(p) C L(q)"® = L(q) N L(q)g. Since by the following claim, L(p)g
crosses L(q) on the right, L(p)r is a candidate for L(q)g. We will show that |O(L(p)r N L(q))| <
|O(L(q)r N L(gq))| which contradicts Definition 10.14. Since L(p)r and L(g)r both cross L(g) on
the right, to prove the inequality it's enough to show that the leftmost outside atom of L(g)r is
not in L(p)r. However, this is immediate because L(p)r does not have the leftmost outside atom

of L(p), yet L(p) < L(q)"™*.
Claim 11.9. L(p)r crosses L(q) on the right.

Proof. First we show that L(p)g crosses L(q). Note b € L(p)r N~ L(q) # @,and a € L(p)r N L(q) #
@. So, L(p)r crosses L(gq) unless L(q) C L(p)r. For contradiction, assume L(q) C L(p)r.

Now we claim that L(p) crosses L(q). By assumption, a € L(p) N L(q). L(q) € L(p)r implies
L(p) Z L(gq). Since g is the rightmost point of the interval O(L(p) U L(g)), the rightmost atom of
L(q) isin L(q) ~ L(p), giving L(q) Z L(p). Therefore, L(g) crosses L(p) on the right.

Therefore, L(g) is a candidate set for L(p)g, but since L(g) C L(p)r, we must have L(g) =
L(p)r. Yet b € L(p)r ~ L(gq) which contradicts this.

Now we establish that L(p)r crosses L(q) on the right. For contradiction, suppose it crosses
on the left. Then, by Lemma 10.24, we must have (L(p)r ~ L(9)) N (L(q)r ~ L(gq)) = @, which
contradicts the fact that b lies in both sets. O

O

161



12 Putting everything together for the integrality gap

In this section we use the following theorem to demonstrate Theorem 1.2, bounding the integrality
gap of the subtour polytope. While the proof of Theorem 12.1 is non-trivial, using Theorem 11.2
it follows from statements in [KKO21] and does not require any new ideas. For this reason, we
sketch the proof in this section, leaving the formal proof to Appendix D.

It turns out not to be useful to prove Theorem 9.8 directly, but is an immediate corollary of the
following theorem (we stated Theorem 9.8 in the overview to improve readability and highlight
the importance of Theorem 11.2).

Theorem 12.1 (Combination of Theorem 9.8 and Theorem 11.2). Let x° be a solution of LP (2) with
support Eg = EU {eg}, and x be x° restricted to E. Let 1 < 10712, 8 > 0 and let y be the max-entropy
distribution with marginals x. Then there are two functions s : Ey — R and s* : E — R>¢ (as functions
of T ~ ), such that

i) For each edge e € E, s, > —x.p (with probability 1).
ii) Foreach S € Ny, if 6(S)r is odd, then s(5(S)) + s*(6(S)) > 0.
iii) For every edge e, E [s}] < 1251Bx. and E [s,] < —3x.€pp, where ep is defined in Theorem D.2.

In Section 12.2 we show how this theorem implies Theorem 1.2, which is very similar to the
proof of Theorem 4.1 using Theorem 4.6 (although with the crucial difference that OPT is not
used). Now we sketch the ideas underlying the proof of Theorem 12.1. To make this section as
accessible as possible, we oversimplify and ignore the details of how parameters are set.

In the above theorem, the role of s is to generate gain over 3/2. Roughly speaking, we follow
the lead of [KKO21] and divide N, into three categories: cuts crossed on both sides, cuts crossed
on one side, and the remainder, which form a laminar family H defined below. We define an s*
vector to provide significant positive slack on each odd cut that is crossed; in particular, we start
with the vector defined in Theorem 11.2 and augment it to handle cuts crossed on one side. We
will ensure that the expected cost of s* is negligible®®. Now in H, there are only a linear number of
cuts and they have a simple structure (for example, most edges are only in a constant number of
cuts of H), so it is manageable to design a vector s which generates negative slack in expectation
while still satisfying every cut in H.

First, we explain how to augment s* from Theorem 11.2 to handle cuts crossed on one side.
Observe that any polygon associated to a connected component in A, <1 contains no inside atoms.
This follows from the fact that the existence of an inside atom is predicated on the existence of a
k-cycle, which by its very definition contains cuts crossed on both sides. Thus, each connected
component C of V; <1 consists only of outside atoms, where 4y is the root.

A key structure needed for the construction of the slack vector s is a laminar family of cuts H
that we call a hierarchy. This hierarchy H includes the following set of cuts:

* The set of cuts in V;, <1 that are not crossed by any other cut in NV, <1;

e The cut consisting of the union of the non-root atoms {ay,...,a,_1} of each connected
component C of N, <1, which (in this section) we call the outer polygon cut for C, and

Bi.e., E[si] < 18anx,, which will ultimately be O(y8x.). In the end, this increase is dwarfed by a decrease in s, of
Q(Bx.) since 7 is a minuscule constant.
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* The atoms a;, 1 <i < m — 1 of each connected component C of NV, <1.

Notice that # excludes some cuts in N, <1, namely all the near min cuts in any polygon P
of N, <1 that are not outer polygon cuts. It also includes some cuts that are not in N, <;. For
example, the outer polygon cut itself may not be an 77 near min cut, and there may be atoms in
some polygon that are not 7 near min cuts. However, one of the consequences of the following
theorem is that these extra cuts are €, near min cuts where €, = 71:

Theorem 12.2 (Structure of Polygons of V; 1 (Theorem 4.9 from [KKO21])). For €, > 71 and any
polygon of n near min cuts C crossed on one side with atoms ay...a,,—1 (where ag is the root) the following
holds:

* For all adjacent atoms a;, a; 1 (also including ao, a,,—1), we have x(E(a;, a;41)) > 1 — €.
e All atoms a; (including the root) have x(6(a;)) < 2+ €.

* x(E(ag,{az,...,am—2})) < €.

Theorem 12.2 shows that polygons of cuts crossed on one side nearly look like cycles. Now, if
magically it was the case that x(E(a;, ;11 (mod m))) = 1, and x((a;)) =2 for 1 <i < m — 1, then
with probability 1 (see Corollary 2.29), we would have E(a;,a;11)7 = 1 and we would be able to
claim that:

(i) any cut in C which does not include either a; or a,,_1 (and is therefore not in #) is even in
the tree with probability 1;

(i) The cuts in C that contain a; but not a,_1, i.e., the so-called "leftmost cuts" (also not
represented in H) are even precisely when E(ag,a1)7 is odd and

(iii) the cuts in C that contain a,,_; but not a; i.e., the "rightmost cuts", are even when E(ag, a,,—1)
is odd.

Theorem 12.2 can be used to show that this approximation is correct up to O(7). In other words,
we augment s; as needed on each edge between adjacent non-root atoms in each connected
component C, at the cost of increasing E [s}]| by an additional (again negligible) O(#Bx,). This
allows us to pretend our magical thinking is correct. Thus, all of the # near min cuts in the
polygon that are not represented in the hierarchy are satisfied so long as the outer polygon cut is
happy, that is, E(ag,a1)r = E(ag, am—1)r = 1 and E(ao, {az,...,am—2})r = 0.

12.1 Constructing the slack vector s

Our main remaining task is to explain how to use the hierarchy H to choose a slack vector s that
has negative expected value, specifically, has E [s.] = —Q(Bx.) for each edge, while ensuring that
all O-Join constraints coming from H are satisfied.

As mentioned in Section 9, the approach taken is to set s, to be negative (i.e. reduce it) when
certain special cuts e is on are even in the tree and therefore induce no O-join constraint. Roughly
speaking, it works as follows: For each LP edge f, consider the lowest cut S in the hierarchy that
contains both endpoints of f. We call this cut p(f) (for "parent of f"). Let e = {u, v} (where u and
v are children of S in H; recall u, v are subsets of vertices) be the set of all edges f = {u/,v'} such
that ' € w and v’ € v.
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Figure 52: An example of part of a hierarchy with three "triangles". The graph on the left shows part of a
feasible LP solution where dashed (and sometimes colored) edges have fraction 1/2 and solid edges have
fraction 1. The dotted ellipses on the left show the min-cuts uy, up, u3 in the graph. (Each vertex is also a
min-cut). On the right is a representation of the corresponding hierarchy. Triangle u; corresponds to the cut
{a,b}, up corresponds to {c,d} and us corresponds to {a,b,c,d}. Note that, for example, the edge {a,c},
represented in green, is in 6(u1), 8(u3), and inside u3. In this example, p({a,b}) = 11 and p({a,c}) = u,.
Triangle uy is happy if (6(a) ~ {a,b})r = (6(b) ~ {a,b})r = 1.

Cuts in H are separated into three types. If S € H has at least three children and it is not
an outer polygon cut, call it a degree cut. If it has exactly two children, call it a triangle cut. The
remaining cuts, as defined above, are outer polygon cuts.

If p(f) is a degree cut, then set s¢ := —0.57Bx¢ for all f € e whenever the event that J(u)r and
d(v)r are both even in the tree occurs. Call f “good" if this event occurs with constant probability.
Furthermore, it is shown that every cut u with p(u) a degree cut contains a (}(1) fraction of good
edges.

On the other hand, when p(f) is an outer polygon cut or a "triangle" cut (see Fig. 52), set
s = —pxs for all f € e whenever p(f) is happy (as defined above). Thus, when a polygon is
happy, all edges e whose parent is that cut have their slack s, reduced simultaneously. Moreover,
the event that p(f) is happy for a polygon cut (or triangle cut) occurs with constant probability.

However, regardless of the type of cut p(f) is, setting s¢ to a negative value can be problematic
for the feasibility of other cuts lower down in the hierarchy that contain f. Therefore, when a cut
S’ lower down in the hierarchy such that f € §(S’) is odd in the tree, the slack of other edges in
d(8') are increased to compensate for the reduction in s, (i.e., to maintain feasibility of y for the
cut ).

The challenge is to do all of this in a way that still guarantees that overall E [s,] < —epfx,,
while simultaneously ensuring that for any cut S € H if 6(S)r is odd, Y ecs(s)5e > 0. Showing
this is involved and requires careful probabilistic arguments that rely on the fact that the tree is
sampled from a max-entropy distribution. We refer the reader to [KKO21] for the details.

12.2 Proof of Theorem 1.2 using Theorem 12.1

Theorem 12.1 (Combination of Theorem 9.8 and Theorem 11.2). Let x° be a solution of LP (2) with
support Eg = E U {eg}, and x be x° restricted to E. Let 7 < 10712, 8 > 0 and let u be the max-entropy
distribution with marginals x. Then there are two functions s : Ey — R and s* : E — R>¢ (as functions
of T ~ ), such that
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i) For each edge e € E, s, > —x.p (with probability 1).
ii) Foreach S € Ny, if 6(S)r is odd, then s(5(S)) +s*(6(S)) > 0.
iii) For every edge e, E [s}] < 125yBx, and E [s,| < —ix.epp, where ep is defined in Theorem D.2.

Proof of Theorem 1.2. Let x° be an extreme point solution of LP (2), with support Ey and let x
be x¥ restricted to E. By Fact 2.3 x is in the spanning tree polytope. Let 4 = u,: be the max
entropy distribution with marginals x, and let s,s* be as defined in Theorem 12.1. We will define
y : Ep = R>g such that:

Ye =

Xe/2+s.+s; ifecE
if e =eg

We will show that y is a feasible solution to (4). First, observe that for any S where ¢y € 4(S), we
have y(6(S)) > 1. Otherwise, we assume 19, vy ¢ S. If S is an #-near min cut and 6(S)7 is odd,
then by property (ii) of Theorem 12.1, we have

On the other hand, if S is not an 7-near min cut, then

¥(6(8) > (5~ P(6(8) > (5 —B)- 2 +m) =1+ 1 —28—y

where in the first inequality we used property (i) of Theorem 12.1 which gives s, > —x, with
probability 1 along with the fact that s* is non-negative. Therefore, choosing B = ﬁ ensures
that y is a feasible O-join solution.

Finally, using c(ep) = 0 and part (iii) of Theorem 12.1,

Efe(y)] = c(x)/2+ Ee(s)] + E[c(s")]

<c(x)/2—epP- %c(x) + 1251 - B - c(x)
< (1/2— zenp) - <(v)

choosing 7 such that
1251 = %€p (62)

Now, we are ready to bound the approximation factor of our algorithm. First, since 1" is an
extreme point solution of (2), minecr, x0 > 4. So, by Theorem 2.6, in polynomial time* we can
find A : E — R such that for any e € E, P, [e] < x.(1+ ) for some ¢ that we fix later. It follows
that

Y 1Py fe] — Py, [e] | < no.

ecE

39Gince the claim that the integrality gap is bounded below 3/2 does not depend on the running time, it may appear
that this step is unnecessary. However, we need to discuss the running time here because we are giving a stronger
result that the max entropy algorithm returns a solution of expected cost at most (3/2 — €)c(x) in polynomial time.
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By stability of maximum entropy distributions (see [SV19, Thm 4] and references therein), we
€pn

have that ||y — |1 < O(n*6) =: q. Therefore, for some 6 < n~* we get ||y — purli = g9 < Tt
That means that

1
Bty [min cost matching] < Er-, [e(y)] + (c(x)/2) < (5~ gerp+ S0 ) ),
where we used that for any spanning tree the cost of the minimum cost matching on odd
degree vertices is at most c(x) /2. Finally, since Ery, [¢(T)] < ¢(x)(1+6), ep = 3.12-10', and
7 =416-10"" (from (62)) and B = /(4 + 27), we get a 3/2 — 1073 approximation algorithm
(compared to c(x)). O
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13 Derandomizing the Max Entropy Algorithm

As we have discussed, the first result on the general case [KKO21] had two shortcomings. First,
it did not show that the integrality gap of the subtour elimination polytope is bounded below
%. Second, it was randomized, and the analysis in that work was by nature “non-constructive"
in the sense that it used the optimal solution; thus it was not clear how to to derandomize it
using the method of conditional expectation. Other methods of derandomization seem at the
moment out of reach and may require algorithmic breakthroughs. As we mentioned, the followup
work [KKO22] remedied the first shortcoming by showing an improved integrality gap using the
polygon representation. While it did not address the question of derandomization, a byproduct of
that work is an analysis of the max entropy algorithm which is in principle polynomially-time
computable as it avoids looking at the optimal solution. The purpose of this section is to show that
this analysis can indeed be done in polynomial-time, from which the following can be deduced:

Theorem 13.1. Let x be a solution to LP (2) for a TSP instance. For some absolute constant € > 107,
there is a deterministic algorithm (in particular, a derandomized version of max entropy) which outputs a
TSP tour with cost at most 3 — € times the cost of x.

Thus, this section in some sense completes the exploratory program concerning whether the
max entropy algorithm for TSP beats 3/2 (initiated by [OSS11] in 2011), as now the above two
weaknesses of [KKO21] have been addressed. Of course, much work remains in determining the
true approximation factor of the algorithm; in this regard we are only at the tip of the iceburg.

As mentioned, this implies a 3 — € approximation for 2-ECSM, and using the recent exciting
work of Traub, Vygen, and Zenklusen reducing path TSP to TSP [TVZ20] this theorem also implies
that there is a deterministic 3 — € approximation algorithm for path TSP.

Now that we have completed the proof of the main result of the thesis, the remaining sections
(including this one) will mostly stand alone from previous ones without significant integration.

13.1 High level proof overview

The high level strategy for derandomizing the max entropy algorithm is to use the method of
conditional expectation on an objective function given by the analysis in [KKO22].

As discussed, the max entropy algorithm, similar to Christofides” algorithm, first selects a
spanning tree and then adds a minimum cost matching on the odd vertices of the tree. While
Christofides selects a minimum cost spanning tree, here the spanning tree is sampled from a
distribution. In particular, after solving the natural LP relaxation for the problem to obtain a
fractional solution x, a tree is sampled from the distribution y which has maximal entropy subject
to the constraint Pt [e € T] = x, for all e € E (with possibly some exponentially small error in
these constraints). [KKO21; KKO22] construct a so-called “slack” vector which is used to show the
expected cost of the matching (over the randomness of the trees) is at most % — € times the cost
of an optimal solution to the LP. Given a solution x to LP (2) these works imply that there is a
random vector m as a function of the tree T ~ u such that:

(1) The cost of the minimum cost matching on the odd vertices of tree T is at most c(m) (with
probability 1), and

(2) Ery [e(m)] < (3 —€)e(x).
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Let C = Er~y [c(T) + c(m)]. This will be the objective function to which we will apply the method
of conditional expectation. Since the expected cost of the tree T is c(x), as Py, [e € T] = x,, by
(2) C is at most (3 — €)c(x). Since by (1) for a given tree T, c(T) + c(m) is an upper bound on the
cost of the output of the algorithm (with probability 1), this shows that the expected cost of the
algorithm is bounded strictly below 3/2.

Ideally, one would like p to have polynomial sized support. Then one could simply check the
cost of the output of the algorithm on every tree in the support, and the above would guarantee
that some tree gives a better-than-3/2 approximation. However, the max entropy distribution can
have exponential sized support, and it’s not clear how to find a similarly behaved distribution
with polynomial sized support.

Instead, let 7440 be the family of all partial settings of the edges of the graph to 0 or 1 where
the edges set to 1 are acyclic. For Set = {X,,, .. .,Xei} IS ﬁmml, and 1 <j < i, we use Xej. to
indicate whether ¢; is set to 1 or 0.

The method of conditional expectations is then used as follows: Process the edges in an
arbitrary order ey, ..., e, and for each edge e;:

(1) Assume we inductively have chosen a valid assignment Set € Tp1i01 to edges e, ..., € 1.

(2) Let Set™ = Set U {X,, = 1}. Compute C* = Er~, [c(T) +c(m) | Set*]. Similarly, let
Set™ = Set U {X,, = 0} and compute
C™ =Ery [c(T) +c(m) | Set™].

(3) Let Set «— Set™ or Set < Set™ depending on which quantity is smaller.

After a tree is obtained, add the minimum cost matching on the odd vertices of T. The resulting
algorithm is shown in Algorithm 4 (see Algorithm 3 for its instantiation in a simple case).

As C < (3 — €)c(x), this algorithm succeeds with probability 1. We only need to show it can be
made to run in polynomial time. Since we can compute the expected cost of the tree conditioned
on Set using linearity of expectation and the matrix tree theorem (Theorem 13.2), it remains to
show that Et., [c(m)|Set] can be computed deterministically and efficiently for any Set € Tusiar-

Key Contributions. The key contribution of this section is to show how to do this computation
efficiently, which is based on two observations:

(1) The first is that the vector m (whose cost upper bounds the cost of the minimum cost
matching on the odd vertices of the tree) can be written as the (weighted) sum of indicators
of events that depend on the sampled tree T, and each of these events happens only when a
constant number of (not necessarily disjoint) sets of edges have certain parities or certain
sizes.

(2) The second is that the probability of any such event can be deterministically computed in
polynomial time by evaluating the generating polynomial of all spanning trees at certain
points in CE, see Lemma 13.12.

Structure of the section. In Section 13.2 we review the matrix tree theorem (in a slightly more
compact form compared to as stated in Theorem 13.2) and show as a warmup how to compute
the probability two (not necessarily disjoint) sets of edges both have an even number of edges in
the sampled tree. In Section 13.4, we then give a complete description and proof of a deterministic
algorithm for the special “degree cut" case of TSP. Section 13.4 is self-contained and thus directed
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towards readers looking for more high-level intuition about the derandomization. In Section 13.5
we show (2) from above and give the deterministic algorithm in the general case. The remainder
then involves proving (1) for the general definition of m from [KKO21; KKO22].

13.2 Computing probabilities

The deterministic algorithm depends on the computation of various probabilities and condi-
tional expectations. In this section (and additionally later in Section 13.5), we show to do these
calculations efficiently.

13.2.1 Notation

Let Bg be the set of all probability measures on the Boolean algebra 2/El. Let u € Bg. The
generating polynomial g, : R[{z.}.cg] of y is defined as follows:

8u (z) := ;.“(S) Hze-

ecS

13.2.2 Matrix tree theorem

Let G = (V,E) with |V| = n. For e = (u,0) we let L, = (1, — 1,) (1, — 1,)T be the Laplacian of e.
Recall Kirchhoff’s matrix tree theorem:

Theorem 13.2 (Matrix tree theorem). For a graph G = (V,E) let g7 € Rz, .- -, Ze,,]
= Y rer 2! be the generating polynomial of the spanning trees of G.
Then, we have

87 ({Ze}eck) = %det(z z.Le + 117 /).

ecE

Given a vector A € RIFl and a set S C E, let AS := [[;csA;. Recall that the A-uniform
distribution p, is the probability distribution over spanning trees where the probability of every
tree T is AT. Then the generating polynomial of y, is

TeT ecE

1
8u,(2) = Z AT = 97 ({Aeze}ecE) = Edet <Z ZeAeLe + 11T/n>

and can be evaluated at any z € CF efficiently using a determinant computation.
Thus we can compute Pt [e € T] by computing the sum of the probabilities of trees in the
graph G/{e}, i.e. the graph with e contracted, as follows:

Proyle€T]=1-ProfegT]=1— Y AT
TeT e¢T

where to compute the sum in the RHS we evaluate g,, at z. = 0,z; = 1 for all f # e. Thus,

Lemma 13.3. Given a A-uniform distribution u, over spanning trees, for every edge e, we can compute
Pry, [e € T] in polynomial time.
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Given some Set € ﬁartml, we contract each edge e with X, = 1 in Set and delete each edge e
with X, = 0in Set. Let G’ be the resulting graph with n’ vertices, with corresponding A/, « A, for

all e € G’ normalized such that Yo AT = 1.

Remark 13.4. A vector A € R/l is normalized by setting A, = A,/ (L1 AT)l/nfl ie, A, =
Ae/ ST ({Ae}ec £)/"~1. Thus at the cost of another application of the matrix-tree theorem, we
assume without loss of generality that we are always dealing with A values that are normalized.

Putting the previous facts together, we obtain

Lemma 13.5. Given a A-uniform distribution p, and some Set € Tpay1ia1, we can compute a vector A
such that py = py|set-

13.3 Computing parities in a simple case

Lemma 13.6. Let A, B C E and y) be a A-uniform distribution over spanning trees. Then, we can compute
Pry, [Ar, Br even] in polynomial time.

Proof. First observe that
T{Ar, By even} — 2(1 F(=1)AT 4 (—1)B1 4 (—1)(ANBIU(B~ AT

One can easily check that if A7 and Br are even, this is 1, and otherwise it is 0.

To compute Pr.;, [A and B even in T] it is enough to compute the expected value of this
indicator. By linearity of expectation it is therefore enough to compute the expectation of (—1)*7
for any set F C E. We can do this using Theorem 13.2. Setting zf = —1ife € F and zf = +1
otherwise, we exactly have:

g, (2F) = L (10T = Ery, [(-17].

The lemma follows. O

Remark 13.7. We can use the same approach to compute IPt.;,, [Ar odd, Br even] or the probability
that both are odd. All we need to do is to multiply (—1)?7 with a —1 if A1 needs to be odd
(and similarly for Br), and (—1)((A>B)U(BNA)T with a —1 if we are looking for different parities in
AT, Br.

Given some Set € Tprtiar, by Lemma 13.5 we can compute py = py s Applying the above
lemma to yu,, it follows (after appropriately updating the parities to account for edges set to 1 in
Set):

Corollary 13.8. Let A,B C E. We can compute Pt~ [A and B even in T | Set] in polynomial time.

13.4 A deterministic algorithm in the degree cut case

As a warmup, in this section we show how to implement the deterministic algorithm for the
so-called “degree cut case,” i.e., when for every set of vertices S with 2 < |S| < n — 2 we have
x(6(S)) > 2+ 1 for some absolute constant # > 0. See Algorithm 3.
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Algorithm 3 A Deterministic Approximation Algorithm for Metric TSP in the Degree Cut Case

1: Given a solution x° of the LP (2), with an edge ey with x,, = 1.

2: Let G be the support graph of x.

3: Find a vector A : E — R such that for any e € E, P, [e € T| = x,(1£27") (see ??2).

4: Initialize Set := @

5: while there exists e # ey not set in Set do

6:  Let Set™ := Set U{X, =1} and let Set™ := Set U {X, = 0};

70 if Erey, [c(T) 4 c(m) | Set™] < Erwy, [c(T) 4+ c(m) | Set™] (m from Definition 13.9) then
8: Set := Set™;

9: else

10: Set := Set™;

11: end if

12: end while

13: Return T = {e: X, = 1 in Set} together with min cost matching on odd degree vertices of T.

Construction of the matching vector. We will use the vector m : 7 — RIEl for the degree
cut case exactly as defined in Section 3.1.3. It will ensure that for a tree T, m is in the O(T)-Join
polyhedron where O(T) is the set of odd vertices of T (we emphasize that m is a function of T).
Therefore, c(m) is an upper bound on the cost of the minimum cost matching on the odd vertices
of T as desired.

Let p = 21071 (note that we have not optimized this constant and in the degree cut case it
can be greatly improved). Per usual, we say that an edge e = (u,v) is good if
Pr., [u,v both even in T] > p, where we say a vertex v is even in a tree T if §(v)r is even. As
before, the vector m will consist of the convex combination of two feasible points in the O(T)-Join
polyhedron, ¢ and b (where g is for “good" edges and b is for “bad" edges).

For a tree T and an edge e = (u,v) we let:

B ﬁxe If u and v are both evenin T b — ;t—er If e is good
8e = %xe Otherwise c ﬁxe If e is bad

Note b does not depend on T but g does. We proved in Section 3.1.3 that g,b € Pq.

Definition 13.9 (Matching vector m in the degree cut case). Let m = ab + (1 — a)g, for some
0 < a < 1 we choose shortly. Since b and g are both in the O(T)-Join polyhedron, so is m.

. . p . .
Setting & = 75, asin Section 3.1.3,

p/(2+p)  1-p/(2+p) 1 py
E[me]§< 2+’7 + ) >Xg<<2—9)x3

for all edges e. Since 77, p are absolute constants, this is at most (3 — €)x, for some absolute
constant € > 0. Therefore the randomized algorithm has expected cost at most (3 — €)c(x), which
is enough to prove that Algorithm 3 deterministically finds a tree plus a matching whose cost
is at most (3 — €)c(x). Thus the only remaining question is the computational complexity of
Algorithm 3, which we address now.
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Computing E [¢(T) + c(m) | Set]. Now that we have explained the construction of m, we observe
that there is a simple deterministic algorithm to compute E [c(T) 4 c(m) | Set] in polynomial time.

First, compute E [c¢(T) | Set]. By linearity of expectation it is enough to compute IP [e € T | Set]
for all e € E. To do this, we first apply Lemma 13.5 to find A’ such that py = pys, and then
apply Lemma 13.3.

Now to compute [ [c(m) | Set], it suffices to compute E [m, | Set] for any Set € Tyurtial,
Ple € T | Set] and any e = (u,v). Given the definition of m, the only event depending on
the tree is the event IP [u, v even | Set]. This can be computed with Corollary 13.8.

13.5 A deterministic algorithm in the general case

Algorithm 4 A Deterministic Approximation Algorithm for Metric TSP

Given a solution x° of the LP (2), with an edge ey with x,, = 1.
Let G be the support graph of x.
Find a vector A : E — R such that for any e € E, Pry, [e € T] = x,(1£27")
Perform Preprocessing Steps 1, 2, 3, 4, 5, and 6
Initialize Set := @.
while there exists e # ¢y not set in Set do
Let Set™ := Set U {X, = 1} and let Set™ := Set U {X, = 0};
Compute S* = Ery, [¢(T) | Set™] + Ypcp Eo(s+y (e, Set™) +Eq) (e, Set ™).
Compute ST = IETN;M [C(T) ‘ Set_] + ZEGE IEc(s*) (6, Set*) + IEC(S)(e, Sé’t*).
If St < S, let Set := Set™. Otherwise let Set := Set ™.
: end while
: Return T = {e : X, = 1 in Set} together with min cost matching on odd degree vertices of T.

_ = =
N = O

The matching vector m in the general case can be written as s +s* + 3x where s, s* are functions
of the tree T ~ u) and some independent Bernoullis B. Roughly speaking, the (slack) vector
s* : E — R> takes care of matching constraints for near minimum cuts that are crossed and the
(slack) vector s : E — IR takes care of the constraints corresponding to cuts which are not crossed.
Most importantly, the guarantee is that for a fixed tree T the expectation of c(s) + c(s*) + 3c(x)
over the Bernoullis is at least ¢(M) where M is the minimum cost matching on the odd vertices of
T. Furthermore, E [c(s) + ¢(s*)] < —ec(x) which is the necessary bound to begin applying the
method of conditional expectation in Algorithm 4.

Remark 13.10. The definitions of s and s*, the proof that [E [c(s) + ¢(s*)] < —ec(x), and the proof
that x/2 + E [s +s* | T] is in the O(T)-join polyhedron come from [KKO21; KKO22]. Here, we
will review how to construct the random slack vectors s,s* for a given spanning tree T and then
explain how to efficiently compute IE [c(s) + c(s*) | Set] deterministically for any Set € Tartiar-

Unfortunately, a reader who has not read the previous sections may not be able to understand
the motivation behind the details of the construction of s, s*. However, Section 14 and Section 15
are self-contained in the sense that a reader should be able to verify that E [c(s) + c(s*) | Set] can
be computed efficiently and deterministically.

Our theorem boils down to showing the following two lemmas:

Lemma 13.11. For any Set € Tpyuytia1, there is a polynomial time deterministic algorithm that computes:
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(1) Erp, [c(s¥) | Set] (shown in E (e, Set))
(2) Erp, [c(s) | Set] (shown in (e, Set))

The crux of proving the above lemma is to show that for a given edge e and any Set, each of
E [s; | Set] and E [s, | Set] can be written as the (weighted) sum of indicators of events that depend
on the sampled tree T, and each of these events happens only when a constant number of (not
necessarily disjoint) sets of edges have certain parities or certain sizes. Technically speaking, these
weighted sums are non-trivial for some of the events defined in [KKO21; KKO22]. Given that,
the following is enough to prove Lemma 13.11, as it gives a deterministic algorithm to compute
the probability that a collection of (not necessarily disjoint) sets of edges have certain parities or
certain sizes.

(1) of Lemma 13.11 is proved in Section 14, and (2) in Section 15. The algorithm for each part
requires a series of preprocessing steps and function definitions that we have marked with gray
boxes. In each section, the final procedure to calculate the expected cost of the slack vector is
given in a yellow box at the end of the corresponding section.

Lemma 13.12. Given a probability distribution u : 2"l — R and an oracle O that can evaluate
8u(z1,...,zn) atany zy,...,z, € C. Let Ey, ..., Ey be a collection of (not necessarily disjoint) subsets of
] and (01,...,0¢) € By, X -+ Xy, . Then, we can compute,

Pry [(E)r = 0i(mod m;),v1 < i <k].
in N := mjy ... mg-many calls to the oracle.*’

Proof. For each of the sets E;, define a variable x;, and substitute Hj x}I{EEEj ¥ for z, into the
polynomial g, and call the resulting polynomial g. Then

k
glxy,..., ;)= ) ]P[S]foEi)s
Sesupp(u) i=1
2/ =1

Where recall (E;)s = |E; N S|. Now, let w; :=e ™ . We claim that

1 ks .
pr— Y o™l )

k (e1,-sx) EFpy X+ xTFy, i=1

= ]PSNV [(EZ)S =0 mod mi,Vl < i < k]

So the algorithm only needs to call the oracle N many times to compute the sum in the LHS.

40Note that since we are dealing with irrational numbers, we will not be able to compute this probability exactly.
However by doing all calculations with poly(n, N) bits of precision we can ensure our estimate has exponentially small
error which will suffice to get the bounds we need later.
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To see this identity, notice that we can write the LHS as

1 k —ejoi+e;(
Z 2 Hw i0i 1€ l
iy - (e1,eeek) EFpyy X oo X By SEsupp(y) i=1
_ 2 ﬁ 1 2 (E')S—Ui)ei
SEsupp(y) i=1 \ i e €Fm,
k
= ) ]P[S]H]I{(Ei)s—aiEOmod(Ti}

Sesupp(p) i=1

where the last equality uses that w; is the m;’th root of unity. The RHS is exactly equal to the
probability that (E;)s = ¢; mod m; for all i. dJ

Remark 13.13. When we apply this lemma in this paper, we will always let k be a constant and
m; < |V| for all i. Thus, it will always use a polynomial number of calls to an oracle evaluating
the generating polynomial of a spanning tree distribution . By Theorem 13.2, for any z € CIEl:

1
S, ({zeteer) = - det()_ AezeLe + 117 /n),

ecE

which can be computed in polynomial time.

Corollary 13.14. Let py be a A-uniform spanning tree distribution and let Set € Tyurja- Then, let
Ei, ..., Ex be a collection of (not necessarily disjoint) subsets of [n] and (o4, ...,0%) € Fpy X -+ X Fpy,.
Then, we can compute,

IPTNH/\ [(Ei)T = 0; (mod mi),V1 < i < k | Set] .
in N := my ... mg-many calls to the oracle.

Proof. Construct a new graph G’ by contracting all edges with X, = 1 in Set and deleting all edges
with X, = 0. We then update all 0; by subtracting the number of edges that are set to 1 in E; by
Set. Then we apply Lemma 13.12 to the A-uniform spanning tree distribution over G’ with the
updated ¢ and the same 7. O

14 Computation for c(s*)

We interleave the definitions of s and s* with our method of computing the expected value of
these vectors. While the definitions of s, s* are essentially copied from the above, in some places
we modify the notation and make the construction slightly more algorithmic to improve the
presentation. To differentiate these two we put computations in boxes.

For two sets A, B C V, we say A crosses B if all of the following sets are non-empty:

ANB,A~B,B~A,AUB.

Definition 14.1 (Near Min Cut). For G = (V,E,x), we say a cut S C V is an y-near min cut if
x(6(S)) <2+

#INote this differs slightly from the notation in [Ben95; BG08] in which an # near min cut is said to be withina 1+ 7
factor of the edge connectivity of the graph.
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14.1 Polygon representation preprocessing

We recall some of the key definitions for constructing the vector s*. We refer the reader to
Section 2.9 and Section 5 for additional information about polygons.

Definition 14.2 (Left, Right Crossing). Let S,S’ € C such that S’ crosses S. For such a pair, we say S’
crosses S on the left if the leftmost (clockwise-most) outside atom of O(S" U S) is in S'. Otherwise, we say
that S’ crosses S on the right. Note that by Observation 10.1, O(S), O(S’) cross.

Definition 14.3 (Crossed on one, both sides). We say a cut S is crossed on both sides if it is crossed by
a cut (in C) on the left and a cut (in C) on the right and we say S is crossed on one side if it is crossed
only on the left or only on the right.

Definition 14.4 (Root node). Recall G ,, is the graph with e contracted. Let r € V(G ,,) be the result
of contracting the nodes {ug, vo }. We will call r the root node.

Definition 14.5 (V;, Ny 0, Ny 1, Ny 2, Ny <1)- Given an LP solution x, let Ny C 2V~{r} be the set of all
n-near min cuts of x where we identify each cut with the side that does not contain the root node r.

Let N0 € Ny be the set of cuts that are not crossed. Let Ny 1 C N, be the set of cuts that are crossed
on one side in their respective polygons. Let Ny o C N, be the set of cuts which are crossed on both sides in
their respective polygons. Finally let Ny <1 = Ny o UN, 1.

Preprocessing Step 1: Compute the polygon representations

¢ Find all #-near min cuts of the support graph G.,, which can be done in deterministic
polynomial time (for example see [NNI94]).

* For each connected component of cuts C, compute its polygon representation P. By
[Ben95] this can be done in deterministic polynomial time.

¢ Given the collection of #-near min cuts and polygons, let r be the root node and
compute Ny, Ny 0, Ny 1, Ny 2, and N <1 (see Definition 14.5).

14.1.1 Computation for cuts crossed on both sides

Definition 14.6 (Internal). We say an edge is internal to a polygon P (of a connected component of cuts)
if its endpoints fall into two different atoms of P, both of which are not the root atom of P.

Note by definition each edge is internal to at most one polygon P.
We iterate through each connected component of cuts C in A, with polygon P and do as
follows. First, we define and compute:

Definition 14.7 (S;, Sg). For each cut S € C which is crossed on both sides, let Sy be the near minimum
cut crossing S on the left which minimizes |O(S N Sp)|. If there are multiple sets crossing S on the left
with the same minimum intersection, choose the smallest one to be Sy. Similarly, let Sg be the near min cut
crossing S on the right which minimizes |O(S N Sgr)|, and again choose the smallest set to break ties.
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For each cut S € C, we define:
E%(S) = E(S N SL,SL AN S)
E7(S) =E(SNSg,Sr\9) (63)
E°(S) =6(S)~ (ET(S)UET(S))

In addition we define the left and right bad events for each polygon point p.

B7(p) = H{|E7(L(p)) N T| # 1or [E°(L(p)) N T| # 0}
BT (p) = {[ET(R(p)) N T| # L or |[E°(R(p)) N T[ # 0}

If L(p) does not exist, simply assume the left bad event never occurs, and similarly if R(p) does
not exist assume the right bad event never occurs.

Define L(p) R := L(p) N L(p)r, and let L*(p) € C be the cut crossing L(p)"® on the left that
maximizes |O(L*(p) N L(p)"R)| (and similarly R*(p) to maximize the intersection with O(R(p)"L)
on the right). If L*(p) does not exist, i.e. no cut crosses L(p)"R on the left, set L*(p) = @, and
similarly for R*(p). We let:

(64)

(65)

= E(L(p)"™ ~ L*(p), L(p)r ~ L(p)™)
E(R(p)™ ~R*(p), R(p)~ R(p)™)
Definition 14.8 (Increase event for cuts crossed on both sides). For each edge e internal to polygon P,

we define a random variable Z,, : T — {0, 1} which indicates if there exists a p; for which e € E(B~ (p;))
and B (p;) occurs or e € E(B (p;)) and B (p;) occurs.

In this way, Z, has been defined for every edge internal to some polygon. For all edges e which
are not internal to any polygon, we simply let Z, = 0 for every tree.

Lemma 14.9. We can compute
P [Z, | Set]

in polynomial time for any edge e.

Proof. If e is not internal to any polygon, IP [Z, | Set] = 0 and we are done. Otherwise, it is internal
to some polygon P. By Lemma 5.4 in [KKO22] (also see the proof of Theorem 5.2), there are at
most two indices 7 in this polygon P for which e € E(B~(p;)) and at most two indices i for which
e € E(B (p;)). Therefore, we are interested in at most four events B~ (p;) or B (p;).

Using Corollary 13.14 it is straightforward to compute the probability that any collection
of these (at most four) events occurs. For each event i (say, some B~ (p;)) we use the two sets
E~(L(p;)) and E°(L(p)) and set their o values to be 1 and 0 respectively and both of their m
values to be |V, and return 1 minus the computed probability.

Therefore, we can compute the probability that at least one event occurs, which is sufficient to
prove the lemma. O

Let I, : Tpariar — R be the function from the above lemma which given Set returns
P [Z, | Set].
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Preprocessing Step 2: Compute polygon edge sets

For each polygon P with connected component of cuts C:
e For each cut S € C, compute E“(S),E~(S),E°(S) (see Eq. (63)).

e For each polygon point p in P, compute E(B~(p)) and E(B* (p)) (see Eq. (65)).

Increase-Both-Sides(e, Set)

Given an edge e and Set € Tpuy1i compute IP [Z, | Set] using Lemma 14.9.

14.2 Preprocessing for cuts crossed on one side

Now partition the cuts in A, ; into connected components. For each connected component of cuts
C and for each cut C € /\/',7,0 that can be written as the union of two other cuts a;,a, € N, 7,0 which
are not crossed, let P be its (possibly degenerate)*? polygon P. Similar to above, each edge is
internal (see Definition 14.6) to at most one such polygon P. By Lemma A.1 from [KKO22], P has
no inside atoms. Label its outside atoms ay, ..., a,,—1, in counterclockwise order, where WLOG a4y
is the root atom.

We call a; the leftmost atom and a,_; the rightmost atom. Finally, for 1 < i < m let
Ei(P) = E(i-1,a; (mod m)) be the edges between atom a; 1 and 4; (moq m) in P-

Now we define the following:

Definition 14.10 (A, B, C-Polygon Partition). The A, B, C-polygon partition of a polygon P is a partition
of edges of 6(ay) into sets A = E1(P), B = &y (P), and C = 6(ag) ~ A\ B.

Definition 14.11 (Relevant Atoms and Relevant Cuts). Define the family of relevant atoms of C to be
A={a;:1<i<m—1,x(6(a;)) <241},

and define the relevant cuts to be

Definition 14.12 (Left and Right Hierarchies). Let L (the left hierarchy) be the set of all cuts A € C
that are not crossed on the left. Similarly, we let R be the set of cuts that are not crossed on the right. In
this way L, R partition all cuts in C.

Given this, define Cf =RUA and C_f = LUA.
Definition 14.13 (Map(&;(P))). We define a mapping from cuts in Cf to the edges E(ay,az), ..., E(am—2, am—1).
Forany 2 <i<m—1, we map
argmax,cr.g )i Al and argmax,ccr.,4)—;| Al (66)
to E_1(P), where L(A) is the index of the leftmost atom of A and r(A) is the index of the rightmost atom
of A. We then compute a similar mapping for C%. For each edge group &;(P) we record the set of cuts

mapped to it by these two processes as a multiset Map(E;(P)) (since every atom is in both CX and C%,
some atoms may appear twice).

42In the case that C € N,,/O, we simply let P be the three atoms ag = G \. C, a1, and a5.
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We now introduce the following notion:
Definition 14.14 (Happy Cut). We say a leftmost cut L € C is happy if
E(L, LU Elo)T =1.

Similarly, the leftmost atom aq is happy if E(a1, a9 Uay)r = 1. Define rightmost cuts in C or the rightmost
atom in P to be happy in a similar manner.

We now define an “unhappy" event U for each cut in C € C such that

U I{C is not happy} If C is a leftmost or rightmost cut
“ {Cis odd} If C is not a leftmost or rightmost cut

This allows us to define an increase random variable for each edge e € &;(P) for1 <i <m
called 7} : T — {0, 3,1}. In particular for e € &(P) we let:

7, := min{1, Z I{Uc} + % Z I{Uc}}

Ce(Map(&(P))~A) Ce(Map(&(P))NA)

where notice that an atom may contribute twice to the sum since Map(&;(P)) may be a multiset.

In this way, every edge which is internal to some polygon of N, <1 constructed in this section
has an associated random variable Z;. For every edge which is internal to no polygon constructed
in this section, we say Z, never occurs.

Lemma 14.15. We can compute
P [Z; | Set]

in polynomial time for any edge e internal to a polygon P of N 1.

Proof. If e is not internal to any polygon of A, 1 then IP [Z] | Set] = 0 and we are done. Otherwise,
it is internal to some polygon P with root a¢. Since by Eq. (66), |[Map(&;(P))| < 4, by linearity
of expectation it is enough enough to compute P [Uc] for (at most four) cuts in Map(&;(P).
We use Corollary 13.14. Say C is a leftmost cut (it is similar if it is a rightmost cut). Then,
compute P [Uc] = 1 —IP[C is happy]; so it is enough to compute PP [C is happy | Set]. We use
Corollary 13.14 with the set of edges E(C,C Uay) and with corresponding ¢ value of 1 and m
value of |V|. If C is not a leftmost or a rightmost cut we use Corollary 13.14 with the set 6(C), o
value of 1 and m = 2. O

Preprocessing Step 3: Compute polygons of V, 1 and the maps

Partition the cuts in V; 1 into connected components. For each connected component of cuts
C compute its (possibly degenerate) polygon P. Now, for each polygon P corresponding to
a connected component C of cuts in ./\f,7,1 with atoms ay, ..., a,_1:

e Let &(P) be the set of edges between a;_1,; mod m
e Let C4 be the set of relevant cuts as defined in Definition 14.11.

e Foreachi€0,...,m— 1 construct the multiset Map(&;(P)) of cuts mapped to &;(P)
in C+.
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Increase-One-Side(e, Set)

Given an edge e and Set € Tyt compute IP [Z; | Set] using Lemma 14.15.

14.3 Computation of E [c(s*) | Set]
Following Theorem 6.1 of [KKO22] we define s} : 7 — R>:

. 2+
Se — (1 - ’)’)%ﬁxE(Ig + Ié) + ’)’Zﬁx(g.’[e, (67)
U

where 7 = 2ep. By the above two lemmas, we can compute E [c(s*) | Set] in polynomial time.
Thus the fact that the following function can be computed efficiently is the main result of this
section:

Given an edge e and Set € Tpy4a, call functions Increase-One-Side(e, Set) and
Increase-Both-Sides(e, Set) to compute P [I] | Set] and P [I, | Set] respectively. Then use
(67) to compute and return E [c(s}) | Set].

This concludes the proof of (1) of Lemma 13.11.

15 Computation for c(s)

Here we will compute some parameters which are fixed throughout the course of the algorithm.
We also classify edges based on the probability of some events. In all computations we use the
(unconditional) measure p .

We begin by setting the constants as in Table 4.

15.1 Hierarchy definition and computation
Here we recall notation from [KKO22]. The following is key to defining the slack vector.

Definition 15.1 (Hierarchy, [KKO22]). For an LP solution x° with support Eg = E U {e} where x is x°
restricted to E, a hierarchy H C N, is a laminar family with root V . {uo, vo}, where every cut S € H
is called either a “near-cycle” cut or a degree cut. In the special case that S has exactly two children we
call it a triangle cut. Furthermore, every cut S is the union of its children. For any (non-root) cut S € H,
define the parent of S, p(S), to be the smallest cut S’ € H such that S C S'.

ForacutS € H,let A(S) :={a € H :p(a) = S}, we will call these the atoms of S. If S is called a
“near-cycle” cut, then we can order cuts in A(S), ay, ..., a1 such that

o x(E(S,a1)),x(E(am-1,5)) > 1—ey.
e Forany1 <i<m—1,x(E(a;ai41)) > 1—€y.

. Uf;ZE(ai,g) <ey.
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Name Value Explanation
€1/2 0.0002 Half edge threshold
€1/1 % A, B, C partitioning threshold, Definition 15.5
p 0.005€2 /> | Min prob. of happiness for a (2-*) good edge
€M 0.00025 Marginal errors due to max flow
T 0.571B Top edge decrease
€p 7501 Expected decrease constant
« 2ey Parameter of the matching
€B 21ey /7 Parameter of the matching
€F 1/10 Parameter of the matching
€y 7n Definition 15.1
n 416-107Y Near min cut constant
B ﬁ Slack shift constant

Table 4: A table of all constants used in the algorithm.

We abuse notation and for an edge e = (u,v) that is not a neighbor of ug, vy, we write p(e) to denote
the smallest*® cut S’ € H such that u,v € S'.

Definition 15.2 (A, B, C near-cycle partition, left-happy, right-happy, and happy). Let H be a
hierarchy and let S € H be a near-cycle cut with cuts in A(S) ordered ay,...,a,—1. Then let A =
x(E(S,a1)), B = x(E(ay-1,S)), and C = U",?E(a;,S). We call the sets A,B,C the near-cycle
partition of 6(S).

We say S is left-happy when At is odd and Ct = 0, right happy when Bt is odd and Ct = 0, and
happy when A, Bt are odd and Ct = 0.

By Definition 15.1, we have x(A), x(B) > 1 — €, and x(C) < ¢,

Now we will define a hierarchy # as the cuts in AV, which are not crossed, plus some extra
cuts in 7-[6,7.

4Bin the sense of the number of vertices that it contains
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Preprocessing Step 4: Constructing the hierarchy

Let MV, <1 C 2V~ {#020} be the set of cuts crossed on at most one side: this was computed in
Section 14. Now we construct H as follows. For every connected component C of NV, <1,
if |C| = 1 then add the unique cut in C to the hierarchy. Otherwise, C corresponds to a
connected component of cuts crossed on one side u with atoms ay,...,a,_1 (for some
m > 3). Add ay,...,a,1" and U 'a; to H. Note that since x(5({uo,vo})) = 2, the root of
the hierarchy is always V ~ {1, vo}.

Now, partition the cuts in H into degree cuts and near-cycle cuts. For a cut S € H, if there
is a connected component of at least two cuts with union equal to S, then call S a near-cycle
cut and compute its near-cycle A, B, C partitioning as defined in Definition 15.2. If S is a
cut with exactly two children X, Y in the hierarchy, then also call S a near-cycle cut’, with
A, B,C partitioning A = E(X,X\Y), B=E(Y,Y\ X) and C = @. Otherwise, call S a
degree cut.

Finally, compute the A, B,C degree partitioning for all S € H as described below in
Definition 15.5.

“Notice that an atom may already correspond to a connected component, in such a case we do not add it in
this step.
bThink about such a set as a degenerate polygon with atoms a; := X, ay :=Y,ap := XUY.

Remark 15.3. Since | N, <1| has polynomial size in n this can be done in polynomial time.
Also note that since every vertex has degree 2, they all appear in the hierarchy as singletons.
Therefore, every set in the hierarchy is the union of its children.

15.2 Edge bundles, A, B, C degree partition, and edge classification

Definition 15.4 (Edge Bundles, Top Edges, and Bottom Edges). For every degree cut S and every pair
of atoms u,v € A(S), we define a top edge bundle f = (u,v) such that

f={e=(u,v)€E:ple) =S,u" €u,v ev}.

Note that in the above definition, u’, v’ are actual vertices of G.

For every polygon cut S, we define the bottom edge bundle f = {e : p(e) = S}.

Note in this way every edge e is in a unique edge bundle e. We say e is a bottom edge if its edge bundle
is a bottom edge bundle and otherwise e is a top edge.

We will always use bold letters to distinguish top edge bundles from actual LP edges. Also,
we abuse notation and write xe := }_rc. Xy to denote the total fractional value of all edges in this
bundle.

For any u € H with p(u) = S we write

6T (u) == 6(u) N&(S),
37 (u) :=8(u) N 6(S). (68)
EP@S)= U ()

veH:p(v)=S



Variable Name Event
H. 2-2 happy IP [u, v trees, 6(u)r = 6(v)r = 2]
He 2-1-1 happy w.r.t u P [u,v trees, Ar = Br =1,Cr = 0,6(v)r = 2]
Hegy | 2-2-2 happy w.rt u with f = (u,w) | P [u,0,w trees,é(u)r = 6(v)r = 6(w)r = 2]

Table 5: For a top edge bundle e = (1, v) where A, B, C is the degree partitioning of u, we define
the following “happy" events.

Also, for a set of edges A C 5(u) we write A~, AT to denote AN &~ (u), AN ST (u) respectively
(when u is clear in context). Note that E~(S) C E(S) includes only edges between atoms of S and
not all edges between vertices in S.

Now we compute the so-called A, B, C degree partitioning of each cut S € H for which p(S) is
a degree cut. It can easily be implemented in polynomial time.

Definition 15.5 (A, B, C-Degree Partitioning). For u € H and €11 as in Table 4, we define a partitioning
of edges in 6(u): Let a,b C u be minimal cuts in the hierarchy, i.e., a,b € H, such that a # b and
x(6(a)Nd(u)), x(6(b) Nd(u)) > 1 — ey/1. Note that since the hierarchy is laminar, a, b cannot cross. Let
A=46(a)Nd(u),B=205(b)Ndu),C=46(u)~ANB.

If there is no cut a C u (in the hierarchy) such that x(6(a) Né(u)) > 1 — €11, we just let A, B
partition 5(u) such that x(A),x(B) € [1 —e€1,1,1+ €], and set C = @. Note that this exists WLOG
because we may split any edge into an arbitrary number of parallel copies.

If there is just one minimal cut a C u (in the hierarchy) with x(6(a) Nd(u)) > 1 — €11, i.e., b does not
exist in the above definition, then we define A = 5(a) N(u). Let a’ € H be the unique child of u such that
a Cda,ie.,aisequal toa' oradescendant of a’. Then we define B to be an arbitrary subset of 6(u) \. 6(a’)
such that x(B) € [1 —e11,1+ €] Finally let C = 6(u) ~ (AU B). Note C 2 6(a’") N é(u) \ d(a).

Note we may have to divide a single edge e between the sets A, B, C to ensure such partitions
exist.

Let p be as in Table 4. For a top edge bundles e = (u,v), we say e is 2-2 happy, or H, occurs,
if u,v are trees and é(u)r = §(v)r = 2. Recall that u, v € H are sets of vertices.

p2-2(e, Set)
To compute IP [e 2-2 happy], use Corollary 13.14 with
E1 :E(Ll), EzZE(U), E3:(5(M), E4:(5(U),

7= (lul =10l =1,22), a=(V][V]IV][V]),

Definition 15.6 (Good and bad edges). A top edge e in edge bundle £ is good (sometimes just “good”)
if po—2(f,@) > p and bad otherwise. We say every bottom edge is good, and edges in 6({ug,vo}) are bad
(because they do not have both of their endpoints in the hierarchy).

¢ 2-1-1 happy w.r.t. u: Let A, B, C be the A, B, C degree partition of u computed in the previous
section. We say e is 2-1-1 happy w.r.t. u, or He, occurs, if u, v are trees, Ar = Br =1,Cr =0,
and é(v)r = 2.

182



Let A, B, C be the degree partition of u. To compute P [e 2-1-1 happy w.r.t u], use
Corollary 13.14 with E; = E(u),E; = E(v), E3s = A,Es = B,Es = C,E¢ = 6(v),
d=(lul-1,|9|-1,1,1,0,2), and 7 = (|V|,|V|,|V], V], |V], |V])-

e 2-2-2 happy (w.r.t. common endpoint u, with partner f): We say the edge bundles e = (u,v)
and f = (u,w) (where p(u) = p(v) = p(w)) are 2-2-2 happy w.r.t. u, or H. g occurs, if
u,v,w are trees and é6(u)r = 6(v)r = d(w)r = 2.

Assume e, f have a common endpoint # and v, w are the other endpoints of e, f.

To compute PP [e 2-2-2 happy w.r.t u with f], use Corollary 13.14 with E; = E(u), E; =
E(v),E3 = E(w), Ey = 6(u),Es = 6(v),E¢ = 6(w), d = (Ju| —1,|v| — 1, |w| — 1,2,2,2),
and mm = (|V[,[V],|V[,|V],[V],|V]).

For each edge bundle e = (1,v), we define its type with respect to each endpoint as follows:

returns type(e, u) for all edge bundles e € (u)

For every edge bundle e € §(u):
If pr1-1(e, u,@) > p, then type(e, u) = 2-1-1.

Let A, B, C be the degree partitioning of d(u). Let F C 6(u) be the set of edge bundles
adjacent to u with type(e,u) = 2-1-1. Let ] C 6(u) be the set of edges adjacent to u such
that py»(e, @) < p. Now, if x(F) < 3 — €1/ — €, and x(]) < § — €1, then, by Theorem
5.28 of [KKO21], there exists two edges e = (1, v), f = (u, w) such that: (i) pr22(e, f,0) > p,
and (ii) x(e N B) < €12, x(fN A) < €1/,. Let type(e, u) = type(f, u) = 2-2-2.

For every edge bundle e € §(u) such that type(e, u) is not set:
If pra(e,@) > p, then type(e, u) = 2-2. Otherwise type(e, 1) = bad.

Finally, for each edge bundle e = (u,v), we define the following R., event with respect to
each endpoint u:

e If type(e,u) = 2-1-1, we define an independent Bernoulli B, with success probability
p/pa_1-1(e,u,@) and we define

Re,u =1 {He,u = Be,u = 1}

We emphasize that this reduction indicator is purely a function of a tree T and an indepen-
dent Bernoulli. The same will apply to all future reduction indicators.

e If type(e, u) = 2-2-2, there exists an edge bundle f such that type(f, u) = 2-2-2. In this case,
define an independent Bernoulli B {ef) with success probability p/pr—2-2(e, f,@). Define

Re,u = Rf,u = R{e,f} =1 {H{e,f} = B{e/f} = 1}
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Note we use brackets to emphasize that R is the same event as R ¢ ).

e If type(e,u) = 2-2. We define an independent Bernoulli B, with success probability
p/p2—2(e, @) and we define
Re’u = ]I{He = Be e 1} .

* Otherwise type(e, u) = bad. Define R, = 0.

The following allows us to compute the expected value of R, for all edge bundles and
each of their endpoints conditioned on Set. Note that IP [R. ] = p for all good edges. However,
P [Re,. | Set] can be any number between 0 and the success probability of its Bernoulli (defined
above).

Ex (e, u, Set)

Call type(u) to determine type(e, u). If type(e, u) = 2-1-1, return

p
11(e,u,Set) - | ——F——
Pe1a(e ) (Pz-l-l(e/ M/@)>

Otherwise if type(e, u) = type(f, u) = 2-2-2 for some edge bundle f, return

p
oo(e, £, Set) | ——————~
Paza(e.f, Set) <P2-2-2(erf/®)>

Otherwise, if type(e, u) = 2-2, return

paa(e, Set) - (pzz(pt':,(ﬁ))

Otherwise, type(e, u) = bad. Return 0.

15.3 Max Flow

For each near-cycle cut S € ‘H with polygon partition A, B, C, we compute parameters &, ¢ for all
edges e € A, f € B as well as ps, which we define next. Let Hg be the event:

Hs:=Ar=Br=1,Cr =0,S is a tree.

184



Preprocessing Step 5: Max Flow

For every near-cycle cut S € H with polygon partition A, B, C, do the following.

Construct and solve an instance of the max-flow, min-cut problem. Consider the following

graph with vertex set {s, A, B, t}. For any edge e € A, f € B connect e to f with a directed
. P[HsNe,f€T

edge of capacity y,r = Ple,f € T | Hs] = %

denominator is similar), apply Corollary 13.14 to

E={e}, E2={f}, Es=0(S)~{ef}, Ei=E(S)
F=(1,1,0[5-1), @m=(22V|]|V])

. To compute the numerator (the

(69)

For any e € E, let x, := Ple€ T |Cr=0,Sisatree]. Connects toe € A with an
arc of capacity qx, and similarly connect f € B to t with arc of capacity qxs, where

q = AT:BT:OilngT/j;Sisatree] and ¢ = 1/4000, computed using Corollary 13.14. Then

compute the maximum flow of this graph. Let z be the maximum flow, where z, ¢ is the
flow on the edge from e to f.

Now return

Z&f
“e,f = ps = E P [Hs] Ze,f (70)
Yef ecA,feB

Note that it follows by Proposition 5.6 from [KKO21] that ps > p. Define an independent
Bernoulli Bs with success probability p/ps as well as independent Bernoullis B, ; foralle € A, f €
B with success probability a, . For a tree T, we define the event:

Rsi= |J T{ANT={e},BNT = {f},Hs = Bs = By = 1} @
ecA,feB

IER (S, Set)
To compute E [Rg | Set], note by definition:

E[Rs|Setl= Y. P[ANT={f},BNT ={g}, Hs = Bs = B,y = 1| Set]
feA,geB
= (p/ps)aey Y, PIANT={f},BNT = {g}, Hs | Set], (72)
feA,geB

Compute the inner probability using Corollary 13.14 similarly to (69). Return the result.

15.4 Matching

Next we compute a matching from the good edges in E™(S) to the edges in §(S) for every degree
cut S € H. The output of this procedure will be values ., which indicate that the good edge
bundle e = (u,v) (where u,v € A(S)) is matched to a fraction 1, , of edges in 5 (1) and a fraction
ey of 67(v). In the following, er, €5, and « are set in Table 4.
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Preprocessing Step 6: Matching

For every S € ‘H which is a degree cut, do the following. For every u € A(S), set:
F, =1 — el {ep < x(6T(n)) <1 —ep}, Za = (1 +I {yA(5)| > 4,x(6"(n)) < ep}) .

Set up and solve a polynomial size max-flow min-cut problem. Construct a graph with
vertex set {s, X,Y,t} with source s and sink t. We identify X with the set of good edge
bundles in E7(S) and Y with the set of atoms in A(S).

For every (good) edge bundle e € X, add an arc from s to e of capacity c(s, e) := (1 + a)xe.
For every u € A(S), add an arc (u,t) with capacity c(u,t) = x(6'(u))F,Z,. Finally,
connect e = (u,v) € X to each of u,v € Y with a directed edge of infinite capacity, i.e.,
c(e,u) =c(e,v) = oo.

Let f be the max flow and return

Mey 1= fe,u' (73)

15.5 Reductions

In the following we compute the probability of events R, corresponding to the probability of
“decrease events" for every edge bundle. These then are used to compute values 7. for every edge,
corresponding to the actual decrease amounts. For a set F C E, we let r(F) = Y ,cr Te.

If e is a top edge (see Definition 15.4), then e € f for some top edge bundle f = (u,v). Define

1
o= 5Tx(1{Re} +1{Reo})

If e is a bottom edge with near-cycle parent S, then define
te = BxI{Rs}
Where 7, 8 are given in Table 4.
E, (e, Set)

If e is a top edge in top edge bundle f = (1, v) return

E [re | Set] = %Txe(]ER(f, u,Set) + Ex(f, v, Set))

Otherwise, e is a bottom edge with near-cycle parent S. Return

E [r | Set] = Bx.Er(S, Set).
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15.6 Increases

We now recall the definition of increase vectors in [KKO21] (over all edges) with the purpose of
guaranteeing that every odd cut in H is satisfied and then show how to compute its expectation.
In the following subsection, the slack vectors are defined as the sum of the decrease vector and (a
scaled version of) the increase vector.

15.6.1 Increases for bottom edges

Here we define the increase needed for bottom edges in each near-cycle cut S with near-cycle
partition A, B, C. We let Is = Ig + 1I5”. We define:

Ig = (1+€,)(r(AT)I {S not left happy} + r(B") - I {S not right happy} + r(C)) (74)
(S, Set)

Assume S is a near-cycle cut with near-cycle partition A, B, C. To compute the expected
value of the first term in (74), note by linearity of expectation it suffices to compute the
following for each e € AT.

e If e is a top edge in top edge bundle f = (u,v), compute:
E [r, - 1{S not left happy} | Set] = %XETIE [(Rey + Reo) - I{S not left happy} | Set],

The expectation is equivalent to Ex (f, u, Set) — E [R¢, AL {S left happy} | Set] (plus
the analogous quantity for v). To compute the second term, first recall the definition
of left happy (see Definition 15.2): At is odd and Cy = 0. Now apply Corollary 13.14
using the necessary sets E; and vectors 17,0 for Ry, (as given in Ex (£, u, Set)) and
add two additional sets Ex = A and Ec = C and coordinates 04 = 1,0c = 0,m4 =
2,mc = |V|. (Note if f is bad then the whole expectation is 0 and there is nothing to
compute.)

e If instead e is a bottom edge in near-cycle cut $, similarly compute:
E [r. - 1{S not left happy} | Set| = x.BE [(Rs - L{S not left happy} | Set] .

Here to apply Corollary 13.14, sum over the events for R¢ as in (72) (used by
Ex(S, Set)), to each one adding E4 = A,Ec = C with o4 = 1,00 =0,m4 = 2,mc =
|V| (similar to above).

Compute the remaining terms in the expectation of E [Ig | Set} analogously.

For an edge bundle e and a set A C E we use the shorthand e(A) to denote the set of edges in
A and e. We now define I (S) for a near-cycle cut S. There are three cases:

¢ Case 1: The parent SofSisa polygon cut. Then define
I7(S) == (1+ey)p (max{x(A7),x(B7)} +x(C7)) - I{R¢s =1,S not happy }
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e Case 2: The parent u of S is a degree cut with degree partition A’, B, C' and has a pair e =
(0,5),f = (w,S) edges with type(e, S)= type(f, S)= 2-2-2. WLOG, let x(p'), X¢(a) < €1/2-
Then define:

T
IH(S) = (1 + 6,7)5 max{xe(A/),xf(B/)} (]I {R{e,f}} + I {Re,v} + I {Rf,w})

+(1+€y) Y. r¢ - I{S not happy} .
9€6 (S)~e(A')~£(B')

¢ Case 3: Otherwise the parent u of S is a degree cut with no pair of 2-2-2 edges. Define:

I7(S):=(1+¢€;) ) E][rg-T{Snothappy} | Set].
ges=(8)

lE[ﬁ (S, Set)

Assume S is a near-cycle cut. This function computes E [[77(S) | Set] for the above three
cases as follows (using the notation from above):

e Case 1: Return
(1+e€y)B (max{x(A7),x(B7)} +x(C7)) - E [Rg-I{S not happy} | Set]

Here to apply Corollary 13.14 we sum over the events for R; as in (72) (used by
Ex (S, Set)), to each one adding E4 = A,Eg = BEc =Cand 0y = 1,03 = 1,0c =
0,771A = 2,mB = 2,7’i’lc = ’V|.a
¢ Case 2: Return
T

(1 ol 617)5 max{xe(A/),xf(B/)} (11—) [R{e,f} ’ Sb’t] + P [Re,v | Set] + P [Rf,w | Set])

+(1+¢y) ) E [rg - 1{S not happy} | Set] .
g€5 (S)~e(A)~£(B')

Recall E [Ryes |Set] can be computed by Eg(e,S,Set). To calculate
E [ry - 1{S not happy} | Set] we use techniques similar to [E}; (S, Set).

e Case 3: Return

(14+€;) Y, E[rg-I{Snothappy} | Set].
§€I(S)

“Note that the sets A, B, C written here are from the near-cycle partition of S, however the event R4 uses the
near-cycle partition of S.

Return E (S, Set) + Ej- (S, Set).
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15.6.2 Increases for top edges

For each top edge bundle e = (u,v), using the values e, e, from Section 15.4, define for a tree
T:

lew:= Y rg-T{d(u)risodd} = (75)
2€ot () Liges (u) Meu
and define I, analogously. We then let
Ie = Ie,u -l- Ie’v.
IE[ (e, Set)
Let e = (u,v). Compute:
E [ley | Set]:= Y E[rg-1{6(u)r is odd} | Set] - L — (76)

g6t (u) Zfeé—'(”) M,

and compute E [l | Set] analogously, using the values ., computed previously in Step
6. To compute the above, we apply Corollary 13.14 for sets E; coming from E, (g, Set) and
add an extra set E, = é(u) and coordinates ¢, = 1,m, = 2.
Return

E [l | Set] :=E [ley + Iey | Set].

15.7 Computation of E [c(s) | Set]

First we define s*:

I if e € f for a top edge bundle f,
H.__rg—’—{f if e € f for a top edge bundle 77

Isx, if p(e) =S for a polygon cut S € H, i.e. e is a bottom edge.

Finally, we construct s. Note that s}* = 0 with probability 1 for a bad edge bundle e. Therefore
in [KKO22] a second slack vector was defined to allow bad edges to reduce. In particular, let E¢
be the set of good edges and let E; := E \ E be the set of bad edges. Note all edges in §({uo, vo})
are bad edges as they are not edge bundles in the hierarchy. Define the vector s"* : EU {eg} — R
as follows:

00 if e = ¢
sh o § —x,(4B/5)(1—2y) ife€E, (78)
x.(4B/3) otherwise.

Finally, where 7 = %Gp, let s = s + (1 — «)s™. This is now exactly the vector s from Theorem
6.1 of [KKO22].
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IEC(S)(e, Set)

We have E [c(s) | Set] = yc(s) + (1 — 7)E [s¥ | Set]. c(s;*) is a constant which can be
computed by (78).

Thus, it is sufficient to compute E [c(s}) | Set]. From (77), we just need E [r. | Set], com-
puted by E, (e, Set), and E [I; | Set] if e € f is a top edge (computed by E;(f, Set)) and
E [Is | Set] if it is a bottom edge with near-cycle parent S (computed by E;(S, Set)).

This concludes the proof of (2) of Lemma 13.11.
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16 A Lower Bound for Max Entropy: k-Donuts

The main goal of this section is to lower bound the expected cost of the Eulerian tour output by
the max entropy algorithm (although not the Hamiltonian tour if one uses shortcutting). We first
describe the construction of a graphic k-donut instance, which will consist of 4k vertices. The cost
function ¢y, ) is given by the shortest path distance in the following graph.

Figure 53: Our variant on the k-donut for k = 4, where k indicates the number of squares of dotted
edges. There are n = 4k vertices. The dotted edges have x, = 1 and the solid edges have x, = 1 in
the LP solution. All edges have cost 1, as this is a graphic instance.

Definition 16.1 (k-Donut Graph). For k € Z, k > 3, the k-donut is a 3-regqular graph consisting of 2k
“outer” vertices uy, ..., uxy_1 and 2k "inner” vertices vy, . .., vpk—1. For each 0 <i < 2k — 1, the graph

has edges {1j, Ui 11 (mod 2k) }» {Vis Vi1 (mod 24) }, @nd {u;, v;}. See Fig. 53.

As noted by [BS21], there is a half-integral extreme point solution x of value 4k as follows,
which we will work with throughout this note. Let X (w0} = 1/2 forall 0 < i < 2k—1,

X}y = Yoo} = 1/2 for all odd i and xg,,, mod 20} {0i0it1 mod i} T 1 for all even

i.* In the rest of the paper, we will say a set S C V is tight if x(5(S)) = 2, and S is proper if
2 < |S| < |V| —2. For a set of edges M, we'll use ¢c(M) = Y e Ce-

16.1 The Max Entropy Algorithm on the k-Donut

We now describe the max entropy algorithm, and in particular discuss what it does when
specialized to the k-donut. We will work with a description of the max entropy algorithm which
is very similar to the one used for half-integral TSP in [KKO20]. In [KKO20], the authors show
that without loss of generality there exists an edge et with x, = 1. To sample a 1-tree*® T, their
algorithm iteratively chooses a minimal proper tight set S not containing e™ which is not crossed
by any other tight set, picks a tree from the max entropy distribution on the induced graph G[S],

4By slightly perturbing the metric, one could ensure that x is the only optimal solution to the LP and thus the
solution the max entropy algorithm works with. (Of course then the instance is no longer strictly graphic.)
45 A spanning tree plus an edge.
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adds its edges to T, and contracts S. [KKO20] shows that if no such set remains, the graph is a
cycle, possibly with multiple edges between (contracted) vertices. The algorithm then randomly
samples a cycle and adds its edges to T. Finally the algorithm picks a minimum-cost perfect
matching M on the odd vertices of T. Note that one can of course shortcut T & M to obtain a
Hamiltonian cycle, however as discussed we will not consider the impact of this step. We also
remark that this algorithm from [KKO20] is equivalent to the one used in [KKO21] as one lets the
error measuring the difference between the marginals of the max entropy distribution and the
subtour LP solution x go to 0 (see [KKO20; KKO21] for more details).

For ease of exposition, we work with the variant in which we do not use an edge e* and
instead contract any minimal proper tight set which is not crossed. The two distributions over
trees are essentially identical, perhaps with the exception of the edges adjacent to the vertices
adjacent to e™. The performance of the two algorithms on graphic k-donuts can easily be seen to
be the same as k — oo since one can adjust the matching M with an additional cost of O(1) to
simulate any discrepancy between the two tree distributions.

Algorithm 5 Max Entropy Algorithm (Slight Variant of [KKO20])

: Solve for an optimal solution x of the Subtour LP (2).

: Let G be the support graph of x.

Set T = @. > T will be a 1-tree

: while there exists a proper tight set of G that is not crossed by a proper tight set do

Let S be a minimal such set.

Compute the maximum entropy distribution y of E(S) with marginals x|g(s).

Sample a tree from p and add its edges to T.

Set G = G/S.

: end while

> At this point G consists of a single cycle of length at least three, or two vertices with two

fractional units of edges between them.

11: if G consists of two vertices then

12: Randomly sample two edges with replacement, choosing each edge each time with
probability x,/2.

13: else

14: Independently sample one edge between each adjacent pair, choosing each edge with
probability x,.

15: end if

16: Compute the minimum-cost perfect matching M on the odd vertices of T. Return T & M.

O XN ARy

[y
<

The reason we use this description of the algorithm is that when specialized to k-donuts,
Algorithm 5 is very simple and its behavior can be easily understood without using any non-trivial
properties of the max entropy algorithm. It first adds the edges with x, = 1 to the 1-tree. Then,
it contracts the vertices {u;, ;¢ (mod 2k)} to a single vertex for all even 7, and does the same for
{0i, i1 (mod 2x) }- After that, the the minimal proper tight sets consist of pairs of newly contracted
vertices {U;, U1 (mod 2k)}, 10is Vit1 (mod 2k) } fOT even i. Since each of these pairs have two edges
set to 1/2 between them, the algorithm will simply choose one at random for each independently.
After contracting these pairs the graph is a cycle. It follows that:
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Claim 16.2. On the k-donut, the max entropy algorithm will independently put exactly one edge among
every pair {{ui, i}, {Ui11 (mod 2k), Vi+1 (mod 2k) } } i T for every odd i and exactly one edge among every
pair

{{ui, uis1},{vi,vis1}} in T for every even i.

We visualize these pairs in Figure 54.

Figure 54: One edge among the pair of dotted edges inside each red cut will be chosen indepen-
dently. Then one edge among each pair of dotted edges in the cycle resulting from contracting the
red sets will be chosen independently.

The following claim is the only property we need in the remainder of the proof:

Claim 16.3. For every pair of vertices (u;,v;), 0 < i < 2k — 1, exactly one of u; or v; will have odd degree
in T, each with probability }. Let O; indicate if u; and u; 1 have the same parity. Then if i # j and both
are even or both are odd, O; and O; are pairwise independent.

Proof. We will only do the case that both are odd as the other case is similar. To slightly simplify
the notation we assume i = 1 perhaps after a cyclic shift of the indices.

Here the event O; depends only on the choice of the edges among the pairs {{uo, 11}, {vo, v1}}
and {{uz,u3},{v2,v3}}. Similarly, O; only depends on the independent choices among {{u;_1,u;},
{01;1, U]}} and {{u]'-i-l (mod 2k)s Uj+2 (mod Zk)}/ {vj—H (mod 2k)7 Uj+2 (mod 2k)}}‘ The first choice for Oy
is independent of O; if j # 2k — 1, and the second is independent of O; if j # 3. Since k > 3 by
definition of the k-donut, at most one of the independent choices is shared among the two events
O1, O;. The proof follows by noticing that even after fixing one of the pairs, O; remains equally
likely to be 0 or 1. O

16.2 Analyzing the Performance of Max Entropy on the k-Donut

We now analyze the performance of the max entropy algorithm on graphic k-donuts. We first
characterize the structure of the min-cost perfect matching on the odd vertices of T. We then use

193



this structure to show that in the limit as k — oo, the approximation ratio of the max entropy
algorithm approaches 1.375 from below.

Claim 16.4. Let T be any tree with the property that for every pair of vertices (u;, v;) for 0 <i <2k —1,
exactly one of u; or v; has odd degree in T. (This is Claim 16.3).

Let 0y, . . ., 001 indicate the odd vertices in T where o; is the odd vertex in the pair (u;,v;). Let M be
a minimum-cost perfect matching on the odd vertices of T. Define:

M; = {(09,01), (02,03),...,(02k-2,02k-1) }

My = {(02%_1,00),(01,02),...,(02k_3,00c2) }

Then,
c¢(M) = min{c(My),c(Maz)}.

Proof. We will show a transformation from M to a matching in which every odd vertex o; is either
matched t0 0;_1 (mod 2k) OF 0j4+1 (mod 2¢)- Lhis completes the proof, since then after fixing (09, 01) or
(02k—1,00) the rest of the matching is uniquely determined as M; or M,. During the process, we
will ensure the cost of the matching never increases, and to ensure it terminates we will argue
that the (non-negative) potential function }-,_ (5, o.)em min{|i — j|,2k — |i — j|} decreases at every
step. Note that this potential function is invariant under any renaming corresponding to a cyclic
shift of the indices.

So, suppose M is not yet equal to M; or M,. Then there is some edge (0;,0;) € M such
that j ¢ {i —1,i+1 (mod 2k)}. Without loss of generality (by switching the role of i and j if
necessary), suppose j € {i+2,i+3,...,i+k (mod 2k)}. Possibly after a cyclic shift of the indices,
we can further assume i = 0 and 2 < j < k. Let 0; be the vertex that 0 is matched to. We consider
two cases depending on if | <k+1or! > k+1.

Case 1: | < k+ 1. In this case, replace the edges {{0o,0;}, {01,0;}} with {{0g,01},{0j,0/}}.
This decreases the potential function, as the edges previously contributed j 41 — 1 and now
contribute 1 + |j — I|, which is a smaller quantity since j,! > 2. Moreover this does not increase
the cost of the matching: We have c(,,,} <2 and ¢, 03 < |j — 1] + 1, so the two new edges cost
at most |j — I| + 3. On the other hand, the two old edges cost at least Clopo;} T oo} =7+ -1,
which is at least |j — I| 4+ 3 since j,[ > 2.

Case 2: | > k + 1. In this case, we replace the edges {{09,0;},{01,0;}} with {{0o,0;},{01,0;}}.
This decreases the potential function, as the edges previously contributed j + (2k — 1+ 1) and
now they contribute (2k —I) 4+ (j — 1). Also, the edges previously cost at least j + (2k — 1 + 1),
and now cost at most (2k — I 4 1) + j. Thus the cost of the matching did not increase. ]

We now analyze the approximation ratio of the max entropy algorithm.

Lemma 16.5. If A is the output of the max entropy algorithm on the k-donut (i.e. T & M), then

E[e(A)] . El(A)]
dm o opn) T Ty T Y

where c(x) is the cost of the extreme point solution to the subtour LP.
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Proof. We know that the LP value is 4k. Since the k-donut is Hamiltonian, we also have that
the optimal tour has length 4k. On the other hand, ¢c(A) = ¢(T) + c¢(M), where T is the 1-tree
and M is the matching. Note that the cost of the 1-tree is always 4k. On the other hand, we
know that c(M) = min{c(M;),c(Mz)} from the previous claim. Thus, it suffices to reason about
the cost of M; and M. We know that for every i, ¢, , 01 moa 2y} = 2 With probability 1/2and 1
otherwise, using Claim 16.3. Thus, the expected cost of each edge in M; and M, is 1.5. Since
each matching consists of k edges, by linearity of expectation, E [c(M;)] = E [c(M2)] = 1.5k. By
Jensen’s inequality, this implies E [¢(M)] < 1.5k. This immediately gives an upper bound on the
approximation ratio of 4’“4,1 Sk — 1.375. In the remainder we prove the lower bound.

For each i, construct a random variable X; indicating if ¢, .42} = 2- By Claim 16.3, these

variables are pairwise independent. Thus, for M;, we have Var():i-‘;ol Xpi) = ):f-‘:_(} Var(Xy;) = k/4,

SO U(Zf:_(} X)) = Vk/2.
Therefore, applying Chebyshev’s inequality for M,

fons (- e [goe (- orov

Choosing € = k~!/* and applying a union bound (the same bound applies to M), we obtam the
chance that both matchings cost at least 3k — k*/4 occurs with probability at least 1 — \[ Even if

1

>1— ——.
- 4e2k

Zle ‘ >€k

the matching has cost 0 on the remaining instances, the expected cost of the matching is therefore
at least (1 — %)(3k k3/%) > 3k — 2k3/4. Since the cost of the 1-tree is always 4k, we obtain an

expected cost of 5k — 2k3/* with a ratio of
11 11
Dk—23/4  Uk—234 11

El(TeM)] = >5pr— =g — =5+

which goes to % as k — oo. O
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Figure 55: Illustration of a known worst-case example for the integrality gap for the symmetric
TSP with triangle inequality. The figure on the left gives a graph, and costs c;; are the shortest path
distances in the graph. The figure in the center gives the LP solution, in which the dotted edges
have value 1/2, and the solid edges have value 1. The figure on the right gives the optimal tour.
The ratio of the cost of the optimal tour to the value of the LP solution tends to 4/3 as k increases.

17 4/3 for Cycle Cut Instances

It is known that the integrality gap of the Subtour LP is at least 4/3, due to a set of graph TSP
instances shown in Figure 55, and another set of weighted instances due to Boyd and Seb6 [BS21]
known as k-donuts. These instances are half-integral instances. Schalekamp, Williamson, and van
Zuylen [SWZ13] have conjectured that half-integral instances are the worst-case instances for the
integrality gap. It has long been conjectured*® that the integrality gap is exactly 4/3, but until the
work of Karlin et al. there had been no progress on that conjecture for several decades. Goemans
[Goe95b] and Benoit and Boyd [BBO08] give evidence that the 4/3 conjecture is correct.

In the case of half-integral instances, some results are known. Momke and Svensson [MS16]
have shown a 4/3-approximation algorithm for half-integral graph TSP, also yielding an integrality
gap of 4/3 for such instances; because of the worst-case examples of Figure 55, their result is tight.
Boyd and Carr [BC11b] give a 4/3-approximation algorithm (and an integrality gap of 4/3) for a
subclass of half-integer solutions they call triangle points (in which the half-integer edges form
disjoint triangles); the examples of Figure 55 show that their result is tight also. Haddadan and
Newman [HN19] prove interesting results for the half-integral case with symmetric and metric
costs. Boyd and Sebd [BS21] give an upper bound of 10/7 for a subclass of half-integral solutions
they call square points (in which the half-integer edges form disjoint 4-cycles). In a paper released
just prior to their general improvement, Karlin, Klein, and Oveis Gharan [KKO20] (KKO) gave
a 1.49993-approximation algorithm in the half-integral case; in particular, they show that given
a half-integral solution, they can produce a tour of cost at most 1.49993 times the value of the
corresponding objective function. Gupta, Lee, Li, Mucha, Newman, and Sarkar [Gup+22] improve
this factor to 1.4983.

With the improvements on the 3/2 bound remaining very incremental for weighted instances

46The first place that the authors are aware of a published statement of the conjecture is in a 1995 paper of Goemans
[Goe95b], but the conjecture was in circulation earlier than that.
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of the TSP, even in the half-integral case, we turn the question around and look for a large class
of weighted half-integral instances for which we can prove that the 4/3 conjecture is correct,
preferably one containing the known worst-case instances.

To define our instances, we turn to some terminology from the half integral case. There, we
used induction on a hierarchy of critical tight sets of the half-integral LP solution x. A set S C V
is tight if the corresponding LP constraint is met with equality; that is, x(5(S)) = 2. A set S is
critical if it does not cross any other tight set; that is, for any other tight set T, either SNT = @
or S C Tor T C S. The critical tight sets then give rise to a natural tree-like hierarchy based on
subset inclusion.

The algorithm constructs a tour on the hierarchy by sampling a random spanning tree on the
child nodes for each critical tight set, starting with the minimal sets in the hierarchy and working
bottom up. Following Christofides-Serdyukov, we then computed a minimum-cost T-join on the
odd degree vertices of the resulting tree. In this algorithm, we differentiated between cycle cuts (in
which the child nodes of a parent are linked by pairs of edges in a chain) and degree cuts (in which
the child nodes of a parent form a 4-regular graph; more detail is given in subsequent sections).

Here, we will consider half-integral instances in which there are only cycle cuts, which we
will refer to as half-integral cycle cut instances. Our contribution is to give a randomized 3-
approximation algorithm for these instances; it generates a distribution over connected Eulerian
subgraphs with expected cost at most 4/3 the value of the LP solution. More precisely, we give a
distribution over connected Eulerian subgraphs such that each edge e is used with expectation
at most %xe, which implies the result (note that edges are sometimes doubled in the Eulerian
graph). It is not hard to show that both the bad examples in Figure 55 and the k-donut instances
of Boyd and Sebd [BS21] are cycle cut instances (Boyd and Carr’s result for triangle points works
for the examples of Figure 1, but not for k-donuts). Thus our bound of 4/3 is tight and cannot be
improved; furthermore, our result works for the known worst-case instances.

Our approach to the problem is novel and does not use the same Christofides-Serdyukov
framework as employed above. Instead, we perform a top-down induction on the hierarchy of
critical tight sets. For each set in the hierarchy, we define a set of “patterns” of edges incident on
it such that the set has even degree.

For each pattern, we give a distribution of edges connecting the chain of child nodes in the
cycle cut, which induces a distribution of patterns on each child. Crucially, we then show that
there is a feasible region R of distributions over patterns, such that if the distribution of patterns on
the parent node belongs to R, then the induced distribution on patterns on each child node also
belong to R.

Our result leads to several interesting open questions. The first is whether it is possible to
extend the 4/3-approximation algorithm to the general half-integral case. We believe it should be
possible to improve modestly on the 1.4983-approximation of Gupta et al. [Gup+22] by combining
our result for cycle cuts with some additional ideas. We do not elaborate on this potential
improvement because both the improvement and the additional ideas are incremental relative to
the ideas introduced in this paper. The second open question is whether our result extends to the
case of cycle cuts for non-half-integral solutions. We believe this to be possible through a more
refined understanding of the patterns that result from considering non-half-integral solutions. A
third open question is whether we can unify our result and that of Boyd and Carr on triangle
points. Triangle points need not be cycle cut instances, and it would be interesting to know of a
single class of half-integral solutions that have an integrality gap of 4/3 and which captures both
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cycle cut instances and triangle points.

One major implication of our result is to focus attention on the half-integral degree cut case, in
which every vertex has degree four, all edges have LP value 1/2, and every non-trivial cut has at
least six edges in it. While it is not clear whether a 3-approximation algorithm working on just
these instances can be combined with our result for an overall %-approximation algorithm for
half-integral solutions, it is clear that understanding the degree cut case is a necessary next step to
obtain any significant improvement in the approximation factor. We believe that giving a feasible
region on the distribution of patterns as described above will be useful in obtaining an improved
approximation that integrates both degree and cycle cuts.

17.1 Technical Overview

We now give a more in-depth overview of our algorithm and proof techniques.

Given a half-integral LP solution x, we construct a 4-regular 4-edge-connected multigraph
G by including every edge with x, = 1/2 once and every edge with x, = 1 twice. Therefore, in
G the tight sets S have |5(S)| = 4. For the remainder of this paper we will refer to this graph G
instead of a half integral solution x.

Our strategy is to exhibit a convex combination of Eulerian tours that uses every edge at most
% = %xe of the time. Using each edge of the graph at most % of the time immediately implies that
when we sample a tour from this distribution, its expected cost will be at most % times the cost of

x. This allows us to prove our main theorem.

Theorem 17.1. There is a randomized 4 /3-approximation algorithm for half-integral cycle cut instances of
the TSP that produces an Eulerian tour with expected cost at most % Y ecE CeXe.

To construct our distribution of tours, we work on the cycle cut hierarchy from the top down.
Each cut in the hierarchy is either a singleton vertex, or a cycle cut that contains two or more tight
cuts inside. At the root of the hierarchy is a cycle cut S such that V — S is a single vertex. For
every cycle cut, its child cuts are linked together in a chain, each cut connected to the next by a
pair of edges.

Our construction begins by specifying a distribution of patterns entering the root cycle cut,
where a "pattern” refers to a given multiset of edges that enter the cycle cut. We then work
down the hierarchy to determine the distribution of patterns entering every cycle cut. Inductively,
consider a cut C in the hierarchy, and suppose we have already determined the distribution of
patterns that enter C. We describe rules that dictate how to connect the child cuts in the chain
inside of C, as a function of the pattern that enters C. This in turn determines the distribution of
patterns entering each child of C.

The crux of the argument is to show a feasible region R of distributions over patterns, such that:
1) If the distribution of patterns on the parent node belongs to R, then the induced distribution on
patterns on each child node also belong to R, and 2) the distributions in the region use each edge
e at most %xe of the time. We are able to impose any distribution we want on the root, thus this is
sufficient to give the result.

Conceptually key to our analysis is a visualization of the process through the lens of Markov
chains. Each pattern corresponds to a state in the Markov chain. Given a distribution over patterns
entering some cut C, applying the transition matrix gives the distribution of patterns entering the
children of C. Using this language, the region R will satisfy the property that PR C R, where P is
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the transition matrix of the Markov chain. In fact, there will turn out to be two Markov chains,
depending on if the parity of the number of cuts inside C is even or odd; letting Peyen and Poqq be
the transition matrices of these two chains, our proof will show that Peyen R € R and P44 R C R.

From the construction, one can easily sample an Eulerian tour in a top-down manner. To do
so, we first choose an arbitrary distribution of patterns p € R from the feasible region. Then, we
sample from p a pattern entering the topmost cycle cut. Next, supposing that we are at a cycle cut
C and have determined the pattern entering it, we follow the (randomized) rules to sample a set
of edges to connect the children of C. Applying this procedure all the way down the hierarchy
gives an Eulerian tour. By design, this (random) tour satisfies the property that the distribution of
edges entering each cut in the hierarchy belongs to R, and that each edge is used at most 3x, of
the time in expectation.

17.2 Preliminaries

Given a half-integral LP solution x, we construct a 4-regular 4-edge-connected multigraph G =
(V,E) by including a single copy of every edge e for which x, = 3 and two copies of every edge e
for which x, = 1. See Fig. 57 and Fig. 59 for examples.

17.2.1 The structure of minimum cuts
We state the following for general k-edge-connected multigraphs. In our setting, k = 4.

Figure 56: An example of two crossing sets.

Definition 17.2. For a k-edge-connected multigraph G = (V, E), we say:
e Anyset S C V such that |6(S)| = k (i.e., its boundary is a minimum cut) is a tight set.
e Aset S C Visproperif2 < |S| <n—2and a singleton if |S| = 1.

e Twosets S,S" C V crossifallof S\S',S'\S,5NS",and V . (SUS'") # @ are non-empty (see
Fig. 56).

The following are two standard facts about minimum cuts; for proofs see [FF09].

Fact 17.3. If two tight sets S and S’ cross, then each of S\.'S', S' .S, SNS" and S U S’ are tight. Moreover,
there are no edges from S~ S' to S’ \.'S, and there are no edges from SN'S' to SUS'.

Fact 17.4. Let G = (V,E) be a k-reqular k-edge-connected graph. Suppose either |V| = 3 or G has at least
one proper min cut, and every proper min cut is crossed by some other proper min cut. Then, k is even and
G forms a cycle, with k/2 parallel edges between each adjacent pair of vertices.
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Figure 57: An example of a half integral instance, where the rightmost vertex is the root. The
dotted lines circle (one side of) each minimum cut of the graph. The red cuts are "degree cuts" and
the green cuts are the "cycle cuts." The blue cuts cross one another and therefore do not appear in
the hierarchy of critical cuts.

17.3 Cycle cut instances and the hierarchy of critical tight sets
We first define our class of instances.

Definition 17.5 (Cycle cut instance). We say a graph G is a cycle cut instance if every non-singleton
tight set S can be written as the union of two tight sets A, B # S.

Note that this definition includes complements of singletons, i.e. sets of size n —1. As
mentioned in the introduction this condition captures the two known integrality gap examples
of the subtour LP. See Fig. 59 for a cycle cut instance. Due to the following fact, an equivalent
definition of a cycle cut instance is that all non-singleton tight sets which are not crossed by any
other tight set can be written as the union of two tight sets.

Fact 17.6. In any graph G, every tight set which is crossed by another tight set can be written as the union
of two tight sets.

Proof. Let S be a tight set crossed by T. Then by Fact 17.3, S\ T and SN T are tight sets; the claim
follows. B

Thus, the condition in Definition 17.5 is met trivially by all crossed sets. So, it is enough to
ensure all sets that are not crossed can be written as the union of two tight sets.

We now show a third equivalent definition of cycle cut instances matching what is described
in the introduction. First, fix an arbitrary root vertex r € V, and for all cuts we consider we will
take the side which does not contain r.

Definition 17.7 (Critical cuts). A critical cut is any tight set S C V ~ {r} which does not cross any
other tight set.
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Definition 17.8 (Hierarchy of critical cuts, ). Let H C 2V be the set of all critical cuts.

For an example, see Fig. 57. The hierarchy naturally gives rise to a parent-child relationship
between sets as follows:

Definition 17.9 (Child, parent, E7(S)). Let S € H such that |S| > 2. Call the maximal sets C € H for
which C C S the children of S, and call S their parent. Finally, define E7 (S) to be the set of edges with
endpoints in two different children of S.

Definition 17.10 (Cycle cut, degree cut). Let S € H with |S| > 2. Then we call S a cycle cut if when
G \ S and all of the children of S are contracted, the resulting graph forms a cycle of length at least three
with two parallel edges between each adjacent node. Otherwise, we call it a degree cut.

While this definition of a cycle cut may sound specialized, due to Fact 17.4, cycle cuts arise
very naturally from collections of crossing min cuts. See Fig. 57 for a general example whose
hierarchy of critical tight sets contains both degree cuts and cycle cuts.

Figure 58: S is an example of a cycle cut with three children. In blue are contracted critical tight
sets. In gray is the rest of the graph with S contracted. As in Fact 17.4, we can see that when G \. S
is contracted into a single vertex, the resulting graph is a cycle with 2 edges between each adjacent
vertex. In our recursive proof of our main theorem in Section 17.5, we are given a distribution of
Eulerian tours over G/S, so in particular on the red edges here, and will then extend it to G with
the blue critical sets contracted it by picking a distribution over the black edges.

Fact 17.11. If G is a cycle cut instance, then for any choice of r, H is composed only of cycle cuts (and
singletons).

Proof. Let H be the hierarchy of critical cuts for an arbitrary choice of r and let S € H with |S| > 2
(note H # @ since V \. {r} € H). We will show that S is a cycle cut.

Contract G \ S and all of the children of S; call the resulting graph G'. By definition of H,
G’ contains no proper tight sets which are not crossed. If S contains a proper tight set which is
crossed, then by Fact 17.4, it is a cycle cut and we are done.

Otherwise, G’ contains no proper tight sets. Since G is a cycle cut instance and S is a tight set,
there exist tight sets A, B such that A U B = S. Since the contracted children of S are not crossed
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Figure 59: An example of a cycle cut instance, which is also the canonical integrality gap example
for the Subtour LP. The non-singleton critical cycle cuts are shown in blue. The topmost vertex is
the root.

and there are no proper tight sets in G/, A and B must be vertices of this graph. Therefore, G’
must have exactly three vertices. Since it is 4-regular, it is a cycle of length three, and thus is a
cycle cut. 0

Thus, in the remainder of the paper, we assume H is a collection of cycle cuts. We remark that
the following is also true:

Fact 17.12. If for some choice of r, H is composed only of cycle cuts, then G is a cycle cut instance.

Proof. Fix any tight set S with |S| > 2. We will show it can be written as the union of two tight
sets not equal to S. If it is crossed by another tight set, by Fact 17.6 we are done. If ¥ ¢ S, then
S appears in H. Then, the graph in which the children of S and G \ S are contracted is a cycle
with vertices ag, ..., a;. Then S is the union of the vertices contained in tight sets {a3,...,a5_1}
and {a;}.

Otherwise r € S, and S € H. Furthermore, since |S| > 2, S # S\ {r}. Thus, S has a parent S'.
Consider the graph ayp = G\ S, a4, ..., a; induced by contracting the children of S’ and G \. S'.
We have S = g; for some i # 0. Then, S can be written as (V ~\ {a;,4;_1}) U {a;_1} as desired. [

17.4 Structure of cycle cuts

Given S € H, letag = G~ S and let a4, ..., a; be its children in H (which are either vertices or
cycle cuts). By Fact 17.4 ay, ..., a; can be arranged into a cycle such that two edges go between
each adjacent vertex. WLOG let a3, ..., a; be in counterclockwise order starting from ay. We call
a the leftmost child of S and a; the rightmost child.

Definition 17.13 (External and internal cycles cuts). Let S € H be a cut with parent S'. We call S
external if in the ordering ay, . .., ay of S’ (as given above), S = a1 or S = ay. Otherwise, call S internal.
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For example, if the blue nodes in Fig. 58 are contracted cycle cuts, the left and right nodes
are external, while the middle one is internal. Note that for an cycle cut S with parent S/, if S is
external then |5(S) N d(S’)| = 2, and if S is internal then |§(S) Né(S’)| = 0.

Using the following simple fact, we will now describe our convention for drawing and
describing cycle cuts:

Fact 17.14. Let A, B,C € H be three distinct critical cuts such that A C Band BNC = @ or B C C.
Then [6(A)Nd(C)| < 1.

Proof. Suppose otherwise, and A shares two edges with C.

First, suppose BN C = @. Then, AU C is a minimum cut, contradicting that B was a critical
cut since it is crossed by A U C. Note A U C crosses B since i) B~ (AUC) # @ since A C B, ii)
(AUC)\ B # @since CNB = @, iii) (AUC) N B # @ since A C B and finally iv) (AUC)UB # V
since neither contains the root.

Otherwise, suppose B C C. But then B \. A has two edges to A and two edges to C \ B,
implying that C \. A was a minimum cut. This contradicts that B is a critical tight set, as it is
crossed by C \. A. We can verify B crosses C \ A as follows: i) B~ (C N\ A) # @ as it contains
A# Qi) (CNA)NB#®asB C Cand A C B, iii) (CNA)NB # @ since B\ A # @, and
finally iv) the union is not everything since neither contains the root. O

Definition 17.15 (67(S), 5%(S)). Let S € H be a cycle cut. We will define a partition of 5(S) into two
sets 8L(S), R (S) each consisting of two edges.

If S # V ~{r}, then it has a parent S'. S’ has children ay, ..., ay such that S = a; for i # 0. Let
6L(S) = 6(S) Né(aj_1) and %(S) = (141 (mod k+1)) N 6(S). In other words, we partition the edges of
S into the two edges going to the left neighbor of S in the cycle defined by S'’s children and the two edges
going to the right neighbor.

Otherwise S =V~ {r}. Then if ay, ..., ay are the children of S, let 6*(S) consist of an arbitrary edge
from 5(S) N é(ay) and an arbitrary edge from 5(S) N é(ay). Let 5%(S) = 6(S) ~ 85(S).

By Fact 17.14 and the definition of 6*(S), 5% (S) for S = V ~ {r}, if S’ is an external child of
a cycle cut S, then [65(S") N3(S)| = |6R(S") N6(S)| = 1. This allows us to adopt the following
convention for drawing cycle cuts which we will call the caterpillar drawing of S: for an example,
see Fig. 60. Formally, let S € H be a cycle cut with children ay,...,a, € H. Arrange a4, ...,ar in a
horizontal line. First, expand the children of a; vertically (if it is not a singleton) such that the
unique edge in 61(S) N é(ay) is pointing up (if it is a singleton, simply draw this edge pointing
up. Then, expand a5, ..., ax one by one into their respective children (if they exist), placing the
children vertically in increasing or decreasing order of their index so that the edges from 4; to a;1
do not cross. If g is a singleton, arbitrarily choose which edge to draw pointing up. Otherwise,
let a’ be the topmost child of a;. Draw the unique edge in 6(S) N é(a’) pointing up.

There are two distinct types of cycle cuts:

Definition 17.16 (Straight and twisted cycle cuts). Let S € H be a cycle cut. caterpillar drawing of S.
If 6L(S) has both edges pointing up, then call it a straight cycle cut. Otherwise, call it a twisted cycle cut.
See Fig. 60 for examples.

In future sections, we abbreviate the caterpillar drawing by contracting the non-singleton
children of 5. We do so partially for cleaner pictures but also to emphasize that all the relevant
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Figure 60: Two caterpillar drawing of two different cycle cuts S with three children. The red edges
are in the §(S) partition, and the blue edges are in the 6%(S) partition. The left drawing is a
straight cycle cut, and the right is a twisted cycle cut as per Definition 17.16.

Figure 61: On the left is a shorthand caterpillar drawing for the straight cycle cut on the left in
Fig. 60, the style of picture we will use in future sections. To obtain this picture we contract the
children of the cut. These are the shorthand drawings of Fig. 60, so the left is a straight cycle cut
and the right is twisted. We also label the edges as described below.

204



information used by our construction in the following section is contained in the abbreviated
pictures.

To help the reader’s understanding, we suggest looking at Fig. 59. The largest critical cut is
arbitrarily chosen to be straight or twisted. The second largest critical cut is a straight cut. The
smallest non-singleton critical cuts are arbitrarily chosen to be straight or twisted.

In the following, we will need to distinguish between the straight and twisted types of cuts as
well as those with an even versus an odd number of children.

17.5 Proof of Theorem 17.1

We now present the proof of our main result, a %-approximation for half-integral cycle-cut instances
of the TSP. To prove Theorem 17.1, we construct a distribution of Eulerian tours such that every
edge is used at most 3 of the time. Since x, = } for every edge in the graph, this immediately
implies that when we sample a tour from this distribution, its expected cost is at most % times the
value of the LP. We work on the cycle cut hierarchy from the top down, and inductively specify
the distribution of edges that enter every cut.

Figure 61 depicts our convention for visualizing a cycle cut as described in Section 17.2. We
say that a cycle cut is even if it contains an even number of children, and odd otherwise. Figure 63
illustrates the patterns we use, where "pattern” refers to a multiset of edges that enter a cycle cut.
For each pattern entering a parent cycle cut, we give (randomized) rules which describe how
to connect up its children — this induces a distribution of patterns for each child. We represent
this process using a Markov chain with 4 states, illustrated in Figure 63. The figure shows the
mapping from patterns to states; the transitions will come from the rules for connecting up the
children, which we describe later. In the figure, each state contains two pictures, which represent
the parity of the edges in the patterns that are mapped to the state. Specifically, an edge that is
present is used exactly once, whereas an edge that is not present may be either unused or doubled.
For example, Figure 64 illustrates all possible patterns that are captured by the top picture of
state 1. Finally, we maintain the invariant that if a cycle cut is in a given state, then each of the
two pictures are equally likely. (When we later give the rules for connecting up the children,
we will ensure this invariant is preserved.) Thus, when we say a cycle cut is in a given state
with probability p, this means the parity of the pattern entering it follows the top picture in the
state with probability £, and the bottom picture with probability 5. We will use the phrase "the
distribution of patterns entering a cycle cut C is (p1, p2, p3, pa)" to mean that for all i € {1,2,3,4},
C is in state i with probability p;.

To prove our main result, we give a feasible region R of distributions over the states of the
Markov chain, and show that: 1) If the distribution of patterns entering a cycle cut C belongs to
R, there is a way to connect up the children of C such that the distribution on each child also
belongs to R, and 2) for each p € R, the corresponding rule for connecting the children of C uses
each edge in E7(C) at most 3 = 3x, of the time in expectation. The feasible region is given in
Definition 17.17. Since R is nonempty, 1) and 2) are sufficient to give the result since we can
induce any distribution on the topmost cycle cut V ~ {r}.

Definition 17.17 (The Feasible Region). Let

2 1
R=1{(p,papsps) ERL ipi+po+pstpi=1p1+pr==,p2+ps>=¢.
3 3
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See Figure 62 for a visualization of R in a 2-dimensional space.
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Figure 62: The feasible region of distributionsis R = {(p,3 — p, 3 —4,9) : (p,q) € Z}, where Z is
the polytope above.

Figure 63: The patterns and how they map to states of a Markov chain. The states are unchanged
regardless of the number of children: they are defined only with respect to which of the edges are
used by the tour. Note that we ignore doubled edges.

To describe the transitions of the Markov chain, we give (randomized) rules that dictate, for
a cycle cut C and a pattern entering it, how to connect up its children. These rules depend on
whether C is even or odd. The final form of the Markov chains is illustrated in Figure 65.#” The
meaning of taking one transition is as follows. Suppose the distribution of patterns entering C
is (p1, p2, p3, pa), and suppose (41,42, 93, q4) is the resulting distribution after one transition of a
Markov chain. What this means is that for each child of C, the distribution of patterns entering
it will be either (41,92,93,94) or (92,91,93,94) depending on if the child is straight or twisted,
respectively (see Definition 17.16 and Fig. 60). In particular, it can be shown that if (g1,92,43,44) is
the distribution induced on a child which is a straight cycle cut, then (g2, 41,93, 94) would be the

47In the figure, if there is a variable on an arc, it means that any transition probability in the range of that variable is
possible. For example, in Peyen, We can transition from S to S; with probability z for any z € [0, 1]; the transition from
S, to S3 then happens with probability 1 — z.
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Figure 64: In our illustrations of the patterns entering a given cycle cut, any edge that is not
present may either be unused or doubled. Therefore, all four of the given edge configurations are
represented by the upper left most state, S;.

distribution induced on a child which is a twisted cycle cut. Thus, it is sufficient to check that:
i) the distributions induced on straight children lie in the feasible region and ii) if (41,42, 43,q4)
is a distribution induced on straight children, then (g2,41,43,44) is also in the feasible region.
This corresponds to the set of distributions induced on the children being symmetric under this
transformation.*®

We ensure that in all cases, each edge in E7(C) is used %, %, 1, 1 times in expectation if the
pattern entering C belongs to state 1, 2, 3, 4, respectively. (We do not explicitly prove this, but it
is straightforward to check when we give the rules from connecting the children.) Therefore, if
(p1, P2, p3, pa) are the probabilities that we are in states 1, 2, 3, 4 respectively, then each edge in
E~(C) is used exactly

1+1++—1—1(+)
Zpl sz p3 p4_ zpl PZ

of the time in expectation. Thus, requiring that each edge be used at most 2 = 3x, of the time is

equivalent to requiring that p; + p, > % Note that if p € R, then p; + p» = % (i.e. each edge is
used exactly % of the time).

In Section 17.6, we illustrate the rules for connecting the children, and show why this leads
to the Markov chains in Figure 65. Then in Section 17.7, we give a specific example of how to
maintain feasible distributions on all the cuts in the hierarchy by choosing appropriate transition
probabilities on the Markov chains in Figure 65. This already gives a %—approximation algorithm
for half-integral cycle cut TSP, which we describe in Algorithm 6. Finally in Section 17.8, we
complete the picture by proving that R (as given in Definition 17.17), is the maximal feasible
region of distributions achievable through these chains.

17.6 The Markov Chains

We describe the rules to connect the child cuts (given the edges entering the parent), which will
allow us to transition according to the Markov chains depicted in Figure 65.%

#8Note that the feasible region itself is 7ot symmetric under this transformation. The distribution induced on the
children is thus a symmetric subset of the feasible region.

“1n the figure, if there is a variable on an arc, it means that any transition probability in the range of that variable is
possible. For example, in Peyen, we can transition from Sy to S; with probability z for any z € [0,1]; the transition from
Sy to S3 then happens with probability 1 — z.
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z€1[0,1],w € [0,1] xe[51,yel}1],z€0,3],wel0,3]

Figure 65: The variables on the arcs indicate that one can feasibly transition according any
probability in the range. The ranges are given for the cases where the number of children is 2 (in
the even case), and 3 (in the odd case), since these are the most restrictive. In general, when there
are k children, the ranges are a superset of those given here, and depend on k.

Proposition 17.18. For any cycle cut C € H and any distribution of patterns entering C, there is a way to
connect its children so that the induced distribution on each child is given by 1) applying the corresponding
Markov chain in Figure 65, and then 2) swapping the first two coordinates if the child is twisted.

Proof. To show that we can always feasibly transition according to the Markov chains in Figure 65,
we give rules for connecting the children that result in these transitions. Consider a cycle cut C.
We consider two cases, depending on whether C is even or odd.

Case 1: C is even. We consider the states one by one, and argue that the transitions depicted
in Figure 65 are achievable.

1. State 1. The transitions out of state 1 are depicted in Figure 66. For each pair of edges
inside the cycle cut, we pick one out of the two uniformly at random. This has the effect of
transitioning each child to state 3 with probability 3, and to state 1 with probability 1.

Figure 66: Transition for state 1 in the even case.

2. State 2. The way we transition out of this state is depicted in Figure 67. With probability
a € [0,1], we alternate taking the top and bottom edges of each pair of edges such that
each child transitions back to state 1 with probability 1. (Note that this rule maximizes the
probability of transitioning back to state 1.) Otherwise, with probability 1 — x, we make all
the children transition to state 3, by always picking the top edge of each pair or the bottom
edge of each pair. Thus, the net transition probabilities out of state 2 can be made to be
(a,0,(1—w),0), for any « € [0,1].
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Figure 67: Transition for state 2 in the even case.

3. State 3. The transitions out of this state are depicted in Figure 68. To connect up the children
in this state, we consider each pair of edges in E7*(C) independently. Let e, f be such a pair.
Then with probability 3, we use both e and f (one copy each), as is illustrated by the solid
orange edges. Otherwise, we either double ¢ or double f, with equal probability, shown
using the dotted black edges. The net effect is that each child transitions to state 2 with
probability 3, and to state 4 with probability 3.

e ————— e ————
- ~ - -
- i - S~

~ - ~ -
-----------------------

Figure 68: Transition for state 3 in the even case.

4. State 4. The transitions out of this state are depicted in Figure 69. With probability «, we
make all children transition to state 2 with probability 1. To do this, first suppose C has all 4
single edges entering it (the top picture in the left box). In this case, we consider the pairs of
edges in E7(C) from left to right, and alternate 1) doubling one of the two edges with equal
probability (shown by the dotted black edges), and 2) using both edges (shown by the solid
black edges). Because C is even, the rightmost pair of edges ends up falling in case 1) of
the alternating rule, and so all children transition to state 2. The case where all the edges
entering C are used an even number of times (the bottom picture in the left box) is quite
similar, except we begin the alternating rule by using both edges.

On the other hand, with probability 1 — a, we transition back to state 4 with probability 1.
This is accomplished by using each pair of edges in the top case of state 4, and by doubling
one edge from each pair uniformly at random in the bottom case of state 4. The net transition
probabilities are then (0,«,0,1 — «), where a can be any number from 0 to 1.

This shows that the general form of the even chains, as depicted in Figure 65, are achievable.*

50 Actually, note that slightly more general transitions out of states 2 and 3 are possible as a function of k, the number
of children. For example, one can show (similarly to the odd case) there are rules for connecting the children that allow
the transition from state 3 to state 2 to be any value in the range [%, k%] However, the transitions are most restricted

when k = 2, which results in the Markov chains we presented in Figure 65. (e.g. Note that % = k% = % if k=2.)
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Figure 69: Transition for state 4 in the even case.

Case 2: C is odd. To show that we can feasibly transition according to the Markov chain P,qq
in Figure 65, we consider each state one by one.

1. State 1. The way we transition out of this state is depicted in Figure 70. With probability
a € [0,1], we alternate taking the top and bottom edges of each pair of edges such that
each child transitions back to state 1 with probability 1. (Note that this rule maximizes the
probability of transitioning back to state 1.) Otherwise, with probability 1 — &, we choose
one of the children uniformly at random to transition to state 1 (the rightmost child in the
figure), and make all other children transition to state 3. Note that once we have chosen
which child to transition to state 1, there is a unique choice of edges that makes that child
transition to state 1 and all other children transition to state 3. The net effect is that the
children transition to state 1 with probability %, and to state 3 with probability 1 — %, where
k is the number of children. (This rule minimizes the probability of transitioning back to state
1.) Thus, the net transition probabilities out of state 1 are (« + 1%“, 0,(1—a)- "‘Tl,()). As
ranges from 0 to 1, the probability of transitioning back to state 1 ranges from } to 1. Since
this range is most restricted when k = 3, we conclude that it is always feasible to transition
out of state 1 according to the probabilities (x,0,1 — x,0), for any x € [%, 1].

Figure 70: Transitions out of state 1 in the P,qq chain. On the left, each child transitions back to
state 1. On the right, we pick one of the children uniformly at random to transition back to state 1
(we visualize this to be the rightmost child in the picture), and the remaining children transition
to state 3.

2. State 2. The way we transition out of state 2 is depicted in Figure 71. With probability «, the
net transition probabilities out of state 2 are (k%, 0, %, 0), where k is the number of children.
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This is accomplished by choosing one of the children uniformly at random to transition to
state 3, and the having the remaining children transition to state 1. In more detail, suppose
the children are ay, ..., a; from left to right, and suppose we chose a; to transition to state
3. In the case where the two edges enter C from the top (the top left picture in Figure 71),
we go through a4, ay, . .., a;, alternatingly using the bottom edge from a; to ay, the top edge
from a; to a3, and so on, until we reach a;. We then go through ay, ax_4, ..., a;, using the
bottom edge from ay to a;_1, then the top edge from a;_; to a;_», and so on, until we reach
a;. Since C is odd, a; will end up either having two edges incident to it from the top or two
edges incident to it from the bottom. Thus, 4; transitions to state 3, and all the children
except for a; transition to state 1. The case where the two edges enter C from the bottom
(the bottom left picture in Figure 71) is the mirror image of this. Finally, since the child g;
whic? transitions to state 3 is chosen uniformly at random, the net transition probabilities
are (%,O, %,0).

On the other hand, with probability 1 — a we always transition to state 3, by either always
taking the top edge of each pair or the bottom edge of each pair, depending on if the two
edges incident to C enter from the top or the bottom, respectively. The overall transition
probabilities are therefore (- 51,0, £ 4 (1 —a),0). Since the range of transition probabilities
is most constrained when k = 3; we conclude it is feasible to transition out of state 2 with
probabilities (z,0,1 —z,0) for any z € [0, 3].

Figure 71: Transitions out of state 2 in the Pyqq chain. On the left, we pick one of the children
uniformly at random to transition to state 3 (we visualize this to be the rightmost child in the
picture), and the remaining children transition to state 1. On the right, each child transitions to
state 3.

3. State 3. The transition out of state 3 is depicted in Figure 72. With probability «, every child
transitions to state 2. To do this, we start at the child with two edges entering it (i.e. the
leftmost child in the top left picture of Figure 72, and the rightmost child in the bottom left
picture of Figure 72), and for each pair of edges in E~(C), we alternate 1) doubling one of
the two edges with equal probability (shown by the dotted black edges), and 2) using both
edges once (shown by the solid black edges).

On the other hand, with probability 1 — a, we choose one child uniformly at random to
transition to state 2, and the remaining children transition to state 4. The way we accomplish
this is as follows: Suppose the children are ay, . .., a; from left to right, and suppose we chose
a; to transition to state 2. Then in the case where the two edges enter C from the left (the top
right picture in Figure 72), we use both edges in each pair going from a;,ay, ..., all the way
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to a;. Then from a; to a;, we double one edge uniformly at random between each pair. The
case where the two edges enter C from the left (the bottom right picture in Figure 72) is the
mirror image of this; we double one edge uniformly at random between each pair between
a1 and a;, and then use both edges in each pair going from a; to a,. Since the child which
transitions to state 2 is chosen uniformly at random, the transition probabilities are then
(0, %, 0, '“Tl) Taking the convex combination of this with the earlier rule which transitions to
state 2 deterministically, the net transition probabilities are then (0, a + 17,0, (1 — &) - &1).
As a ranges from 0 to 1, the transition probability to state 2 ranges from { to 1. Since this
range is most restricted when k = 3, we conclude that it is always feasible to transition with
probabilities (0,y,0,1 —y), for any y € [%, 1].

Figure 72: Transitions out of state 3 in the general P,44 chain. On the left, every child transitions to
state 2. On the right, we pick one child uniformly at random to transition to state 2 (we visualize
this to be the right child in the figure), and the remaining children transition to state 4.

4. State 4. The transition out of state 4 is depicted in Figure 73. With probability «, we choose
one child uniformly at random to transition to state 4, and make the other children transition
to state 2. The way we accomplish this is as follows: Suppose the children are ay, ..., a; from
left to right, and suppose 4; is chosen to transition to state 4. Then in the case where C has 4
edges entering it (the top left picture in Figure 73), we go through ay,ay, . .., a; from left to
right, and alternating 1) double an edge from each pair of edges uniformly at random and
2) use both edges once, until we reach 4;. We do the same on the other side from ay, a;_1, .. .,
until ;. This will cause every child except for a; to be in state 2, and (since k is odd), a; will
be in state 4. The case where every edge entering C is used an even number of times (the
bottom picture in the left box of Figure 73) is similar, except we begin the alternation by
using both edges. The transition probabilities in this case are (0, "_Tl, 0, %), where k is the
number of children.

On the other hand, with probability 1 — &, every child transitions to state 4, by either using
both edges from each pair if we are in the top case of state 4, or by doubling one edge
from each pair uniformly at random if we are in the bottom case of state 4. Overall, the
net transition probabilities are then (0, « - k%,O,% +1—a). As a ranges from 0 to 1, the
transition probability to state 2 ranges from 0 to 1. Since this range is most restricted
when k = 3, we conclude it is always feasible to transition out of state 4 with probabilities

(0,w,0,1—w) for any w € [0, 3].

This finishes the proof of why the P,qq Markov chain is achievable for the ranges of probabilities
depicted in Figure 65.
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Figure 73: Transitions out of state 4 in the general P,qq chain. On the left, we pick one child
uniformly at random to transition to state 4 (we visualize this to be the right child in the figure),
and the remaining children transition to state 2. On the right, every child transitions to state 4.

O]

Note that the rules given in the proof of Proposition 17.18 satisfy the following two invariants:
1) Given that a cycle cut C is in some state, it is equally likely to look like the top picture as the
bottom picture of Figure 63, and 2) Each edge in E~(C) is used %, %, 1, 1 times in expectation if C
is in state 1, 2, 3, 4, respectively.

17.7 Fixed Point and Algorithm

Algorithm 6 A randomized %-approximation algorithm for half-integral cycle cut TSP.

Require: A half-integral cycle cut TSP instance G = (V, E) with edge costs c.
Ensure: An Eulerian multi-subgraph T of G with expected cost at most 3 times that of the Subtour
LP.

: Initialize T < @.
: Sample edges entering V — {r} according to the distribution p = (3, 3, 3, ). Add these edges
toT.
: for each cut C in a depth-first search ordering of H do
Given the edges in T entering C, sample edges connecting the children of C according to
the rules described in Section 17.6 using the specific transition probabilities in Section 17.7.
Add these edges to T.
10: end for
11: Return T.

1: Compute x, an optimal solution of the Subtour LP.

2: Choose any vertex r € V, and compute the hierarchy H of critical cuts in V — {r}.

3: if x is not half-integral or some cut in # is not a cycle cut then

4: Fail > Not a half-integral cycle cut instance
5: end if

6

7

© ®

We now give the reader some more intuition by giving a specific example of how to maintain
distributions in the feasible region R (as defined in Definition 17.17), on all the cuts in the hierarchy
by choosing appropriate transition probabilities on the Markov chains in Figure 65. This already
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gives a 3-approximation algorithm for half-integral cycle cut TSP, which we describe in Algorithm
6. In Section 17.8, we will extend the ideas here to show that R is the maximal feasible region
achievable through our Markov chains.

Specifically, let p = (3,3,2,3) and q = (2, 3,3, 3) (i.e. qis p with the first two coordinates
swapped). It is easy to check that p,q € R. We now show for any half-integral cycle cut instance,
it is possible to make the distribution entering any cycle cut to be either p or q.

To see this, let C be a cycle cut and suppose C is odd. Set the transition probabilities in P,qq to

bex=y=z=w= % For these probabilities, it is easy to check that Pogqp = Poddq = p.51 On the

other hand, if C is even, setting z = w = 1 in Peyen gives Pevenp = p, and setting z = %, w =1 gives
Pevenq = p. Thus, as long as the distribution entering C is p or q, we can make the distribution on
each child of C be either p (if the child is straight), or q (if the child is twisted). Since we have
freedom in choosing the distribution on the topmost cycle cut V — {r}, we can simply set it to be
p, and then following the rules given in Section 17.6 with the above transition probabilities will

ensure that the distribution on every cut in the hierarchy is either p or q.

Proposition 17.19. Algorithm 6 is a %—upproximation algorithm for half-integral cycle cut instances of the
TSP.

Proof. By the above reasoning, Algorithm 6 samples from a distribution of Eulerian tours with the
property that the distribution of patterns on each cut in the hierarchy is either p or q. Under p and
q, the rules for connecting the children in Section 17.6 guarantee that each edge is used exactly
%xe of the time in expectation. The Subtour LP can be solved in polynomial time. The hierarchy
of critical cuts can be found efficiently by computing the cactus decomposition of the graph (e.g.
[Fle99]). Finally, given the hierarchy, sampling the tour just requires going through the cuts in the
hierarchy from the top-down (e.g. using a depth-first search), and for each cut following the rules
to sample a multiset of edges inside of it. This takes linear time in the size of the graph. O

17.8 Characterizing the Feasible Region

We now show that R (as given in Definition 17.17), is the maximal feasible region according to the
chains in Figure 65. Recall that by "feasible region", we mean that 1) If the distribution of patterns
entering a cycle cut C belongs to R, there is a way to connect up the children of C such that the
distribution on each child also belongs to R, and 2) for each p € R, the corresponding rule for
connecting the children of C uses each edge in E~*(C) at most 2 = 3x, of the time in expectation.
Informally speaking, R is the set of distributions "that guarantee a %-approximation all the way
down" the hierarchy of cycle cuts. In particular, the fact that R is nonempty implies the existence
of a -approximation algorithm.

Remark 17.20. Note that the distribution (%, %, %, 0) lies in R. This is the distribution that, among
the four edges entering a cycle cut, uses each pair of edges with equal probability (and possibly
doubles zero, one or both of the other edges). We find it nice that such a symmetric distribution is
feasible.

Before moving on, note that every distribution in R has a net probability of  to be in states
1 or 2, and a probability of % to be in states 3 or 4. For any cycle cut C, since all of our rules

51In fact, it can be checked that for these probabilities, P,qq maps every distribution (whose first two coordinates sum
to 2), to p.
3/
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for connecting the children use each edge in E~(C) % the time in states 1 and 2, and once in
expectation in states 3 and 4, every distribution in R automatically uses each edge exactly % = %xg
times in expectation. Therefore, checking the feasibility of R boils down to showing that if the
distribution of a parent belongs to R, then we can make the distribution of the children also
belong to R.

We show this in Theorem 17.21. In other words, R is sufficient, in the sense that if the
distribution entering a cycle cut belongs to R, then it is possible to get a 3-approximation all the
way down the hierarchy using the Markov chains in Figure 65. We complement this by showing
in Theorem 17.22 that R is necessary; if the distribution entering a cycle cut does not belong to R,

then it is impossible to obtain a %-approximation using these Markov chains.

Theorem 17.21 (R is sufficient). If the distribution of patterns entering a cycle cut belongs to R, then
there are feasible Markov chains (among the ones shown in Figure 65) such that the induced distribution
entering each child also belongs to R.

Theorem 17.22 (R is necessary). Suppose the distribution of patterns entering a cycle cut does not belong
to R. Then it is not possible to obtain a %-approximation using the Markov chains in Figure 65.

Proof of Theorem 17.21. Let C be any cycle cut in the hierarchy. Suppose the distribution entering
Cis (p1, p2, p3, pa) € R. We consider the 2 cases, depending on if C is even or odd. We show that
in each case, there is a valid choice of transition probabilities for the corresponding Markov chain
(illustrated in Figure 65), that cause the resulting distribution to also land in R.

Case 1. Cis even. Set w = 1 and leave z as a variable in Peyen. Applying the resulting transition
matrix to (p1, p2, p3, pa) yields the distribution

PP P g BB
(2 +ZP2; > +P4, B +(1 Z)PZI 2)

Letz = % (% — ps— @) (this is the value of z that makes the first two components sum to %).
To show that it is valid to set z to this value, we have to show that z € [0, 1] (since this is the
feasible range for z in the Peyen chain). First, z > 0 because % +ps < %.52 On the other hand,
z < 1is equivalent to

P1 ps

2 2
Plugging in p; = % —p2 and p3 = % — pa, this becomes equivalent to p, 4+ ps > %, which is a
constraint defining R. Thus it is valid to set z to this value. Plugging in this value for z and using
p3 = % — pa, the resulting distribution becomes

2

—(l_op 1l pal
(91,92,93,94) = (2 5’ 6+ 27 6+ 2’6 2

It is easy to check that both (g1,92,93,94) and (42,41, 93, 94) lie in R.
Case 2. Cis odd. Set x =y = z = w =  in Pogy. Applying the resulting transition matrix to
(p1, P2, 3, pa) yields the distribution

2 0202 02 1 1 1 1.7\ (4221
3P1 3}72,3P3 3194,3}71 3}92,3}73 3}74 =\9'9°979 /-

It is easy to check that both (%, %, %, %) and (%, %, %, %) lie in R. O

>2Since p1 + p2 = %, w + py is maximized when p; = %, p2=p3=0,and py = %
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Proof of Theorem 17.22. The result follows from the following two statements.

1. Any feasible distribution must have its first two coordinates summing to exactly %

2. Given a feasible distribution whose first two coordinates sum to %, it must in fact be in R.

We will now prove these two statements.

Proof of Statement 1. To show that any feasible distribution must have its first two coordinates
summing to exactly %, consider a general distribution (p1, p2, p3, p4). Clearly in order to obtain
a %—approximation, we must have p; + p2 > %.53 Thus we just need to show p; + p> cannot be
strictly larger than 3. To prove this, suppose p; + p» > %. We will obtain a contradiction by
applying Peyen twice. Applying Peven once with z = z; and w = w; (for some z; € [0,1],w; € [0,1])
to (p1, p2, p3, pa), we get the distribution

(91,92, 93, 94) := (% + paz1, % + pawy, % + pa(1—zq), % + pa(1— w1)> .

In particular, note that g1 4+ g3 = p1 + p2 > 3. Applying Peven a second time to (41,42, 43, 94), with
z = zp and w = wy, we get a distribution whose first two coordinates sum to
fi+q3 2

2 <73

Since the first two coordinates of this distribution sum to strictly less than %, it cannot give a
%—approximation.

Proof of Statement 2. Having just shown that any feasible distribution must have its first two
coordinates summing to exactly 3, we now show that any such distribution must in fact lie
in R. Consider a general distribution whose first two coordinates sum to %; we can write it
as (p1, p2, p3, pa) where p1 + p2 = % To show this point lies in R, we just need to show that
P2+ pa > 1. Applying Peyen to the input (p1, p2, p3, pa), we obtain

}—+ ! + ! +(1—2z2) ! +(1—w)
2P1 Zps, 2P3 wps, 2P1 Z)p2, 2}93 w)ps | -

We need the first two components to sum to 2, which means 1p; +zp> + 1ps + wps = 2. Plugging
inx,w <1, we get 3p1 + p2+ 3p3 + pa > % Finally, using p1 + p2 + p3 + ps = 1, we obtain

p2+ps> 3
O

Remark 17.23. Algorithm 6 can now be modified to use any initial distribution p € R, not just
(3,2,2,1). To do this, simply begin by sampling edges entering V — {r} according to p. Then,
given the edges entering a parent cycle cut, connect up its children using the rules given in
the proof of Proposition 17.18, according to the transition probabilities given in the proof of

Theorem 17.21.

Remark 17.24. The "tightness" of the feasible region is respect to our Markov chains in Figure 65. It
is possible that there are other patterns / Markov chains that would give rise a larger feasible
region.

53Gince states 1 and 2 use each edge % of the time and states 3 and 4 use each edge once in expectation, p; + p2 < %

would imply each edge is used strictly more than 1 - % +3- % = % times in expectation.
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17.9 Conclusion and Open Questions

This result leads to several interesting open questions. One such open question is whether our
result extends to the case of cycle cuts for non-half-integral solutions. We believe this may be
possible through a more refined understanding of the patterns that result from considering
non-half-integral solutions.

Clearly a better understanding of what happens in the case of degree cuts is needed to make
substantial progress on the overall half-integral case. Recall that in a degree cut, each vertex
has degree four, there are no parallel edges, and every non-trivial cut has at least six edges in
it. Ideally one would be able to show that any distribution on a parent cut lying in the feasible
region of Fig. 62 could be used to induce a distribution on patterns of the children of the degree
cut in a subregion of the feasible region with each edge used at most 2/3 of the time; such a result
would lead immediately to a 4/3 integrality gap for half-integral instances.
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18 An Improved Approximation Algorithm for k-ECSM

As mentioned in the introduction, in an instance of the minimum k-edge connected spanning
subgraph problem, or k-ECSS, we are given an (undirected) graph G = (V,E) with n := |V|
vertices and a cost function ¢ : E — R>(, and we want to choose a minimum cost set of edges
F C E such that the subgraph (V,F) is k-edge connected. In its most general form, k-ECSS
generalizes several extensively-studied problems in network design such as tree augmentation
or cactus augmentation, for which there has been recent exciting progress (e.g. [Fio+18; CTZ21;
T722; BGA20b]). The k-edge-connected multi-subgraph problem, k-ECSM, is a close variant of
k-ECSS in which we want to choose a k-edge-connected multi-subgraph of G of minimum cost,
i.e., we can choose an edge ¢ € E multiple times. Note that without loss of generality we can
assume the cost function c in k-ECSM is a metric, i.e., for any three vertices x,y,z € V, we have
c(x,z) <c(x,y) +c(y, z2).

Around four decades ago, Fredrickson and J&ja [FJ81; FJ82] designed a 2-approximation
algorithm for k-ECSS and a 3/2-approximation algorithm for k-ECSM. The latter essentially
follows by a reduction to the well-known Christofides-Serdyukov approximation algorithm for
the traveling salesperson problem (TSP). Over the last four decades, despite a number of papers
on the problem [CT00; KR96; Kar99; Gab05; GG08; Gab+09; Prill; LOS12], the aforementioned
approximation factors were only improved in the cases where the underlying graph is unweighted
or k > log n. Most notably, Gabow, Goemans, Tardos and Williamson [Gab+09] showed that if
the graph G is unweighted then k-ECSS and k-ECSM admit 1 + 2/k approximation algorithms,
i.e.,, as k — oo the approximation factor approaches 1. The case of k-ECSM where k = 2 has
received significant attention and (significantly) better than 3 /2-approximation algorithms were
designed for special cases [CR98; BFS16; SV14; Boy+20]. In the general k = 2 case, only a 3/2 — €
approximation is known where ¢ = 1073¢ [KKO22]; we remark this also extends to all even k.

Motivated by [Gab+09], Pritchard posed the following conjecture:

Conjecture 18.1 ([Prill]). The k-ECSM problem admits a 1+ O(1) /k approximation algorithm.

In other words, if true, the above conjecture implies that the 3/2-classical factor can be
substantially improved for large k, and moreover that it is possible to design an approximation
algorithm whose factor gets arbitrarily close to 1 as k — co. In this paper, we prove a weaker
version of the above conjecture.

Theorem 18.2 (Improved Approximation for k-ECSM). There is a polynomial time randomized
5.06
-

algorithm for (weighted) k-ECSM with approximation factor (at most) 1 + NG
We remark that our main theorem only improves the classical 3/2-approximation algorithm
for k-ECSM when k > 103. However, the constants are not optimized and we expect our algorithm
to beat 3/2 for much smaller values of k.
For aset S C V, let 6(S) = {{u,v} : [{u,v} NS| = 1} denote the set of edges with one
endpoint in S. The following is the natural linear programming relaxation for k-ECSM.

min ) x.c(e)

ecE

st. x(6(v)) =k YoeV (79)
x(6(S)) >k VSCV,S#Q
Xe >0 Ve € E.
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Note that while in an optimum solution of k-ECSM the degree of each vertex is not necessarily
equal to k, since the cost function satisfies the triangle inequality we may assume that in any opti-
mum fractional solution each vertex has (fractional) degree k. This follows from the parsimonious
property [GB93b].

We prove Theorem 18.2 by rounding an optimum solution to the above linear program. So, as
a corollary we also upper-bound the integrality gap of the above linear program.

; ; ; 5.06
Corollary 18.3. The integrality gap of LP (79) is at most 1 + N

18.1 Proof Overview

Before explaining our algorithm, we recall a randomized rounding approach of Karger [Kar99].
Karger showed that if given a solution x to (79) we choose every edge e independently with
probability x., then the sample is k — O(/klog n)-edge connected with probability close to 1. He
then fixes the connectivity of the sample by adding O(+/klogn) copies of the minimum spanning
tree of G. This gives a randomized 1+ O(y/logn/k) approximation algorithm for the problem.
While this is a very effective procedure for large k, it is not useful when k is a constant or grows
slower than logn. We view our result as a refinement of this method using random spanning
trees which allows k to be independent of 7.

First, we observe that when x is a solution to (79), the vector 2x/k is in the spanning tree
polytope (after modifying x slightly, see Corollary 18.7 for more details). Following a recent line
of works on the traveling salesperson problem [OSS11; KKO21] we write 2x/k as a so-called
max-entropy distribution y over spanning trees.

Warm-up algorithm and key idea. Our first algorithm, explained in Section 18.3, independently
samples k/2 spanning trees Ty, ..., Ty, from u. Call the (multi-set) union of these trees T*. Since
max entropy distributions are negatively correlated, it is easy to show using Chernoff bounds
that any particular cut S has at least k — O(vkInk) edges with probability at least 1 — O(1/+v/k)>.
So, in the second step of the algorithm, we add O(vkInk) additional spanning trees to fix the
connectivity of every cut “with high probability." In other words, after this procedure (which has
expected cost 1+ O(+/Ink/k) times the cost of the LP), every cut S has at least k edges with probability
1 —O(1/+vk). One can think of this as a version of Karger’s algorithm which does not fix every
cut with high probability but instead fixes each individual cut with high probability.

A priori, this does not seem like a useful property, because there are exponentially many cuts
to bound over. However, we show that (perhaps somewhat surprisingly) there is a way to fix the
connectivity of every cut simultaneously by only paying an additional factor of O(1/k) times the
cost of the LP in expectation.

To do so, we begin with the following simple observation: Fix a cut S. Then, if we ensure that
every tree T; has at least 2 edges in §(S), the union of the trees T; will have at least k edges across
the cut and we are done. So, if a cut S turns out to have fewer than k — O(vkInk) edges in T%,
one can think of “blaming" the trees which had only one edge in §(S); in particular, we will fix
the cut by doubling the sole edge in §(S) for each of those trees. This guarantees that every tree

course, one can make this probability much closer to 1 (sa — on aying a constant factor in the
M0Of ke this probability much cl 1 (say 1 — O(1/k?)) by only paying f in th
O(VkInk) term, but it is sufficient to make it 1 — O(1/Vk).
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has at least two edges across the cut and therefore it has at least k edges total as desired. This is
essentially the key idea of this paper.

Formally, after sampling T, ..., Ty, iterate over every edge ¢ of every tree T; and consider
the unique cut S in which e appears as the only edge of T;. This is the only cut for which e may
be “blamed" and hence doubled. Now, we check if T* has fewer than k — O(+v/kInk) edges across
5(S). Over the randomness of the remaining trees, this occurs with probability O(1/vk) (by
Chernoff bounds, as argued above). This shows that every edge of T* is doubled with probability
O(1/+/k), and therefore since T* has expected cost at most c¢(x) < OPT, the approximation ratio

of the algorithm is 1 4+ O(v/Ink/k) + O(1/Vk), i.e. 1+ O(v/Ink/k), as desired.

Main algorithm. The above algorithm is suboptimal in a fairly obvious way. Suppose that a cut

S is missing (for example) VEIn®k edges. Then, its connectivity is not fixed by the additional
O(VkInk) spanning trees added by the algorithm. So, the warm-up algorithm simply adds an
additional copy of every edge which appeared alone in this cut in its tree. However, it may be
that the cut §(S) has only one edge in as many as Q)(k) trees! Therefore, we will add Q(k) extra

edges to fix the cut instead of just the required V/ kIn® k edges: a huge overcorrection. Algorithm 8
simply avoids this overcorrection by only adding the number of edges actually missing from the
cut, sampling them independently from the set of edges which appeared alone on this cut. It
turns out this will let us add only O(v/k) additional trees instead of O(v/kInk), avoiding the extra
VInk factor™.

However, this adds some difficulty to the analysis. For example, now that we only add O(v/k)
extra trees, it is not true that a cut only has to be fixed with probability O(1/v/k). In fact, this
probability may even be O(1). To sharpen the analysis, for any fixed set S we study pg, the
probability that a random (max entropy) tree has exactly one edge in (S). In particular, we show
that the expected number of edges that 6(S) is missing (below k) is at most O(v/ke~1/s).

This bound on the expectation is then enough to complete the argument as follows. Let n(S)
be the number of trees T; for which |T; N é(S)| = 1. Let e be the unique edge in §(S) for some
T;. Then, the probability e needs to double is the expected number of edges missing from §(S)
divided by 1(S). Using the analysis above and that E [n(S)] = Q(kpg), this can be shown to be

O(%;/ps) = O(1/Vk) in expectation®.

Remark 18.4. We note that we expect this algorithm to work for any distribution of spanning
trees which is negatively correlated. So, one could for example apply swap rounding [CVZ10] to
generate random spanning trees (instead of using the max entropy distribution). However, while

the analysis giving 1+ O(4/ %) approximation in Section 18.3 can easily be modified to give

similar bounds for any negatively correlated distribution (since Chernoff bounds can be applied),
the proof of Theorem 18.2 in Section 18.4 currently relies on the fact that the distribution of the
number of edges in any cut can be written as a sum of independent Bernoullis. So, an extension of
Theorem 18.2 to an arbitrary negatively correlated distribution would require a different analysis
technique or a generalization of Lemma 18.18.

5For a slightly tighter analysis we also include these additional trees in T*, but this is mostly a superficial difference.
56This is not immediate since this is the ratio of the expectations, but we actually need to analyze the expectation of
the ratio.
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We also briefly remark that some form of concentration is necessary. In particular, consider a
distribution over spanning trees in which a vertex v has degree 1 with probability 1 —1/(n — 2)
and degree n — 1 with probability 1/(n — 2). In such a case, we expect to need to add k/2 edges
from J(v) to ensure v has degree at least k. If these edges have all the cost of the LP (or there are

many vertices with this property), we can get an approximation ratio as bad as 3/2 even for large
k.

18.2 Preliminaries

We will use the same G as in the max entropy algorithm for TSP. We include it here again as a
reminder and because the LP solution is slightly different (it is a point in Ps}, scaled by %).

Definition 18.5 (G°, ug, v). We expand the graph G = (V,E) to a graph G° by picking an arbitrary
vertex u € V, splitting it into two nodes uy and vy, and then, for every edge e = (u,w) incident to u,
assigning fraction @ to each of the two edges (uo, w) and (vo, w) in G® We set x((u°,o°)) = 0. Call
this expanded graph G°, its edge set E°, and the resulting fractional solution x°, where x°(e) and x(e)
are identical on all other edges. (Note that each of ug and vy now have fractional degree k/2 in x°.) In
Corollary 18.7 below, we show that 2 - x° is in the spanning tree polytope for the graph G°. For ease of
exposition, the algorithm is described as running on G° (and spanning trees® of G°), which has the same
edge set as G (when ug and vg are identified).

We use the notation standard in this thesis, and add the following:

For two sets of edges F,F’ C E, we write FW F’ to denote the multi-set union of F and F’
allowing multiple edges. Note that we always have |F & F'| = |F| + |F’|. For a real-valued random
variable X, we write X = max(0, X) to denote the positive part of X.

Definition 18.6 (St(e), the “One-Cut" of e in T). For any spanning tree T on the vertex set Vy, and any
edgee € T, let St(e) C Vo~ {uo} be the unique connected component of T ~. {e} which does not contain
uo. We will call this the one-cut of e in T.

Recall that the natural linear programming relaxation for k-ECSM is (79). The solution to this
LP can be computed in polynomial time using the ellipsoid method.

18.2.1 Background
The following is an immediate corollary of Fact 2.3, and is also noted in Corollary 2.4.

Corollary 18.7. Let x be the optimal solution of LP (79) and x° its extension to G° as described in
Definition 18.5. Then % - x0 is in the spanning tree polytope (85) of G°.

This allows us to sample k/2 spanning trees independently from % - x. We will use the max
entropy distribution, which is equivalent to a A-uniform distribution (see Section 2.3.1).

We will use the fact that any random variable Fr for F C E is distributed as a BS(x(F)). Thus
we will study properties of BS random variables. In particular, here we will use Bernoullis as a
window into the variance of our tree distribution. We start with a fact that comes directly from
linearity of expectation and the definition of variance.

57A spanning tree in GY is a 1-tree in G, that is, a tree plus an edge.

221



Fact 18.8. If X = BS(q1) and Y = BS(q2) are two independent Bernoulli-sum random variables, then
E[X+Y] =g1+q2and Var [X + Y] = Var [X] + Var [Y].

The following is a consequence of Theorem 2.17.
Corollary 18.9. For any BS(q) with g > 1, P [BS(q) = 0] < 1/e.

Proof. Suppose BS(q) = Xj+ - -+ + X, for some m € Z, where Xj,---,X,, are independent
Bernoullis with success probability p1,- -+, pm. Let g(x) = I[x = 0]. Then from ??, if we want to
maximize P [BS(q) =0] = E [g(X1 + - - + Xi)], then p1,- -+, pm € {0,x,1} for some 0 < x < 1.
Suppose my of p;’s are 1, my of p;’s are 0, and the rest of the (m — my — my) p;’s are m_”’;lm_lmz.
Then we have

m

Pr(BS(q) = 0] = [ [(1 —pi) 017 (1 — T T ymomome < (g

1)’” <e 1.
i=1 m—my — My m

where maximization is reached when m; = my = 0 and m — 4-co. Notice that g > 1, we have
Pr[BS(q) = 0] < 1/e as desired. O

Fact 18.10. Given any 0 < e <1, let p1 > p2 > ... pm be the success probabilities of m > 2 independent
Bernoullis such that Y"1 p; = 1+ €. Suppose p1 < 2(1+¢€). Then [T/1(1 —p;) > 1(1— €)%

Proof. The first step is to see that [T~ (1 — p;) is minimized when p; is as large as possible, i.e.,
p1 = 3(1+¢). To see that, say p,, > 0 (for some m > 1) and observe that for any 0 < & < py,

(1= (pr+8)(1—pa)... (1= (p sﬁl—pl

Note that this operation does not change the order of p;’s. So, without loss of generality, assume
p1 = 3(1+ €). Now, by Weierstrass inequality we have

I\J\i—‘

ﬁ(l—Pz)Z (1-p1) (1—227) 1(1+€))(1

i=1
where the second to last identity uses that ) ; p; = 1 + €. O

Theorem 18.11 (Bernstein Inequality for BS Random Variables). Let X = BS(q) be a BS random
variable with E [X] = q and Var [X] = ¢2. Then VA > 0 we have

A2

Theorem 18.12 (Multiplicative Chernoff-Hoeffding Bound for BS Random Variables). Let X =
BS(q) be a Bernoulli-Sum random variable. Then, for any 0 < € < land q' < g,

&2 q/

P[X<(l—e)]<e 7,

and for any € > 0,49 > q,

2q

P[X > (1+e)q] <e 7.
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18.3 Warm-up: a Simple Algorithm with a1+ O( %)-Approximation Ratio.

We first explain a simple algorithm (Algorithm 7) that has a slightly weaker 1 + O(w%)-
approximation ratio. We defer our main algorithm (Algorithm 8) and the proof of our main result
(Theorem 18.2) to Section 18.4.

Algorithm 7 An Approximation Algorithm for k-ECSM

1: Let x be an optimum solution of (79) extended to the graph G° as described above.

2: Find weights A : E® — R such that for any e € EO, P, [e] < 2x0(1+27"). > By 2?
3: Sample k/2 spanning trees Ty, - - - , T2 ~ py (in G°) independently and let T* <~ Ty & - - - &
Tk/2-

4 Let B be the disjoint union of an additional av/k/2 — 1°® spanning trees sampled from p,. >
a = O(VInk) is a parameter we choose later.

5. fori € [§] and e € T; do

6: if 6(St,(e))r» <k —avk/2—1and (ug,v9) ¢ J(St,(e)) then
7 F+ Fu4 {e}

8: end if

9: end for

10: Return T* W BW F.

In the first step of Algorithm 7, we solve (79) on the (slightly) extended graph G°. Let x° to be
the optimal solution. By Corollary 18.7, (2/k)x? is in the spanning tree polytope. Then in line 2,
we find the A-uniform spanning tree distribution ) where each edge has marginal probability
(2/k)x? (ignoring the 27" relative errors). This step is guaranteed to be done in polynomial time
by ?2.

In line 3, we independently sample k/2 spanning trees® Ty, ..., Ty > from p,, and let T* =
Ty ¥ - - - W T/, to be the (multi-set) union of the samples. It follows that T* satisfies many desirable
properties of the A-uniform spanning tree distribution:

0

i) T* has the same expectation as the LP solution x”, since the marginal probability of each

edge is exactly x°(e);

ii) For any cut §(S) in G, since §(S)7+ is distributed as a Bernoulli-sum random variable,
Chernoff-type inequalities apply and 6(S)r- is highly concentrated around its mean;

iii) Since T* is the union of k/2 trees, for all cuts we have 6(S)r+ > k/2. Moreover, if a cut 6(S)
is not a tree cut of any of the k/2 trees, then each of the k/2 trees must have at least 2 edges
crossing it. Therefore, the number of “bad” cuts of T*, i.e. those with §(S)r- < k, is at most
(n —1)k/2 (with probability 1).

To fix the potentially O(nk) bad cuts, we divide them into two types: (i) Cuts S such that
5(S)r+ > k —a/k/2 —1 and (ii) Cuts S where §(S)r- < k — ay/k/2 — 1, for some & = O(V/Ink).
We fix all cuts of type (i) by adding B = a+/k/2 — 1 additional spanning trees as in line 4 of the
algorithm (note one could alternatively add a+/k/2 — 1 copies of the minimum spanning tree as

If k is odd, we sample [k/2] trees. The bound remains unchanged relative to the analysis we give below as the
potential cost of one extra tree is O(OPT /k).
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in Karger’s algorithm). To fix cuts S of type (ii), we employ the following procedure: for any tree
T; where §(S)r, = 1 and S is of type (ii), we add one extra copy of the unique edge of T; in (S).
This procedure is in line 5 to line 9 of the algorithm. Let F be the set of edges added in this step;
then the output of our algorithm is T* & BW F as in line 10.

Now we analyze Algorithm 7.

Theorem 18.13 (Approximation Ratio for Algorithm 7). Algorithm 7 outputs a (weighted) k-ECSM
with approximation factor (at most) 1 + %‘k.

We begin by showing that the output of Algorithm 7 is k-edge connected (in G) with probability
1.

Lemma 18.14 (k-Connectivity of the Output). For any a > 0, the output of Algorithm 7, FW BW T* is
a k-edge connected subgraph of G.

Proof. Fix spanning trees Ty, -+, T2 in G and a cut S where (ug,v9) & 6(S). We show that
0(S)rewrwp > k. If 6(S) 7+ > k — av/k/2 — 1, then since B has av/k/2 — 1 copies of the minimum
spanning tree, §(S)r-wp > k and we are done. Otherwise (S)+ < k —a+v/k/2 — 1. Then, we know
that for any tree T;, if (S)1. = 1, since (u9,v9) ¢ J(S)t., F has one extra copy of the unique edge
of T; in 4(S). Therefore, including those cases where an extra copy of the edge e is added, each T;
has at least two edges in 6(S), 50 5(S)-wr > 2+ 5 > k as desired since there are & spanning trees
T, 0

To bound the expected cost of our rounded solution, we use the concentration property of
A-uniform trees on edges of T* to show the probability that any fixed cut J(s) is in type (ii), i.e.
6(S) < k—ay/k/2 —1, is exponentially small in «, i.e. < e /2, even if we condition on (S)r. =1
for a single tree T;.

In our algorithm we sample k/2 trees T, ..., Ti/>. The following definition will be useful
in this section as well as in Section 18.4. Note it is important to separate the case in which
(19, v9) € 6(S) for a cut S because in this event, x’(5(S)) may be as small as k/2, in which case
our analysis is not valid. However, since the (1o, vo) edge has cost 0, we need not worry about
such cuts since they can be trivially satisfied by adding many copies of this edge.

Definition 18.15 (£%). For a tree T; sampled in Algorithm 7 and an edge e, we define E! to be the event
that e € T; A\ (ug,vo) & 6(St,(e)).

Lemma 18.16. Forany 0 < a < Vk1<i<k/2, and anye € E,
P [5(5Ti(e))p <k-avk/2—1| 5;} <e 2,

where the randomness is over spanning trees Ty, - -+, Ti—1, Tiy1, - - , Ty /2 independently sampled from u,.

Proof. Condition on tree T; and the event £!. By Corollary 2.18, for any 1 < j < k/2 such that j # i,
5(Sr,(e))r, is a BS(E [(5(STi(e))T]}) random variable, with E [5(5T,.(e))Tj] = 2x(5(S1.(e))) > 2.
Also, by definition, §(St,(e))r, = 1 (with probability 1). Since Ti,- - -, T/ are independently
chosen, by Corollary 2.18 the random variable J(St.(¢e))7- is distributed as BS(q) for g > k — 1.
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Since each T; has at least one edge in §(St,(e)), 6(St,(e))r+ > k/2 with probability 1. So, by
Theorem 18.12, with ¢’ =k —1 —k/2, when 0 < a < vk/2 —1,

P [(St(e)r < k—avk/z—1|&]
=P [5(Sn(e))w —k/2<k/2—aVk/2-1| 5;’]

® 2 —
TR S
Averaging over all realizations of T; satisfying the required conditions proves the lemma. O

Proof of Theorem 18.13. Let x be an optimum solution of LP (79). Since the output of the algorithm
is always k-edge connected we just need to show E [c(FUT*UB)| < <1 + w/slknk> c(x). By
linearity of expectation,

E[e(T)] = ¥ E[e(T)] = 5 ¥ ey [l = 5 Lee) 22 = e(x),

ie[%] ecE eckE

where for simplicity we ignored the 1 + 27" loss in the marginals. On the other hand, since by

Corollary 18.7, % is in the spanning tree polytope of G°, ¢(B) < @ cavk/2—-1 < D\‘/C% It

remains to bound the expected cost of F. By Lemma 18.16,

E[c(F)] = Y c(e) Iflp [5;} P [a(sn(e))p <k—avk/2—1| 5;}
ecE i=1
<) cle)xee /2 < e 2¢(x).

ecE

Putting these together we get, E [c(T* UBUF)] < (14 a/vk/2+ e */2)c(x). Setting & =
+/In (%) finishes the proof. O

18.4 Improved Algorithm and Proof of Main Theorem

We now introduce our main algorithm that has an approximation ratio of 1 4 O(ﬁ)) Let x° be

an optimal solution of LP (79) extended to G° as above. Our algorithm is given in Algorithm 8.
Note for convenience we drop the ceiling in the expression % + av/k in all that follows.

Theorem 18.2 (Improved Approximation for k-ECSM). There is a polynomial time randomized

algorithm for (weighted) k-ECSM with approximation factor (at most) 1 + %.

We remark that we may assume k > 100 without loss of generality because for smaller values
of k our guarantee is worse than Christofides” algorithm.

Lemma 18.17 (k-Edge Connectivity of the Output). The output of Algorithm 8§, F & T* is a k-edge
connected subgraph of G.
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Algorithm 8 Algorithm for k-ECSM with Approximation Ratio 1 + O(ﬁ))

1: Let x° be an optimum solution of (79) extended to the graph G° as described above.

2: Find weights A : E® — R such that for any e € E®, Py, [e] < 2-x0- (1+27").

3: Initialize F < ©.

4: Sample k/2 + avk spanning trees Ty, -+, T, , , & ~ pr (in G%) independently and let
T < Ti Y- UT/Z-HX\[

5 Let S «+ {Sr.(e) :i € [ +avk],e € T;, (uo,v0) & 5(S)}- > S is the set of one-cuts (see
Definition 18.6) of T; € T*.

6: for S € S do

7. P(S):= &Jfﬁ‘L“ﬁ{e €T;:Sr(e) =S} > P(S) is the multi-set of e € T* with one-cut S.

8: if 5(S)7+ < k then

9: forjzltok—é(S)T* do

10: Sample an edge from P(S) uniformly at random and add into F.

11: end for

12: end if

13: end for

14: Return T* W F.

Proof. First, note that for every set S C V in G, the corresponding cut in Gy has 1, vg on the same
side. Therefore, we may restrict our attention to sets S C V such that g, vg ¢ S. However for such
an S, line 9 of the above algorithm ensures §(S)7+wr > k, which completes the claim. O

Lemma 18.18 (Variance Upper Bound of Cuts in a Random Spanning Tree). Let y) be the max-
entropy distribution in Algorithm 8. For any 0 < p < 1, any € > 0 and any S C V such that
Proy, [0(S)r = 1] = p and Ery,, [6(S)7] = 2 + €, we have Varr~,,, [6(S)r] < 4p + 3e.

Proof. By Corollary 2.18, §(S)r is distributed as a BS random variable with Er.,, [§(S)r] =2+ €
and Pr.,, [6(S)r > 1] = 1. Hence we can write §(S)r = 1+ X; + - -- 4 X, for some integer
m > 2% where Xj,- -, X,, are independent Bernoulli random variables with success probabilities
by > by > -+ > by,. Then from the assumption, Y /" ; b; = 1 + €. By Fact 18.8, we have

bi(1—b;).

I

Il
—_

m
)X

i=1

Varr.y, [6(S)r] = Var

If 4p > 1 — 2¢, then we have
m m
Varry, [6(S)r] = ) bi(1—b;) <) bi=1+¢e <4p+3e.
i=1 i=1
Otherwise, 4p < 1 — 2¢. Notice that
m

p=Pr[Vi, X; =0 = (1—b) [ [(1—b;) > (1—b1)( 1—219 (1—by)-(by —e).

i=2

60We remark that the case for m = 1 is trivial.
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where the fourth step comes from Weierstrass Inequality, and the last step comes from )" ; b; =
1+e. This gives by < 3(1+€e—/(1—€)2—4p) or by > 3(1+e+ /(1 —€)?—4p). Since
4p <1 —2e < (1 —€)?, the solutions for by are well-defined. By Fact 18.10 we have b; > %(1 +e€),
sob; > 3(14+e++/(1—€)2—4p) >1—2p— 5 (using the square root inequality v/1—x >1—x
for0 <x <1).

Therefore, Varr.,, [6(S)r] is upper-bounded by:

Varr.y, [6(S)7]

bi(l — bl) < b1(1 — bl) + Zbl

m m
=1 i=2

b]( —b1)+(1+€—b1)
1+e—b§§1+e—(1—2p—§)2§4p+3e.

O]

As mentioned in Section 18.1, the following lemma is the key to analyzing Algorithm 8.
Roughly speaking, it says that the probability a cut is “bad," i.e. has fewer than k — av'k edges in
T*, is exponentially small in the probability that §(S)r =1 for T ~ p,.

Lemma 18.19 (Expected Augmentation of a Cut). For any k > 100 and integer « > 1 let i be the

max-entropy distribution and T* be the union of % + av/k random spanning trees sampled from y, in
Algorithm 8. Then for any S C V,

Er [(k - 5(S)T*)+} < 1.8Vkexp (max{kl/zjlg'?;(sh — 1}})

Proof. We can write the expectation as

=
=

Er [(k—8(S)r-)*] <Y Pr [6(S)r- <k —i]

I
4

AN
M

S

Pr. [5(S)r <k—(i-vVE+))]

‘ﬂ..
—_

IN

Vk - Pr [5(5)T* <k- (i—ZDC)\/ﬂ, (80)

o

N

i=
where we reindex for convenience in the following argument. Define > 0 such that x(§(S)) =
k + BVk, or equivalently that E [(S)7] = 2(1 + B/vk). By Lemma 18.18, we have

Varr [6(S)1-] < (4p +6B/Vk) (k/2 + avk)
where p = IP [6(S)7 = 1]. Also, notice,
E [6(S)7:] > (k/2+ aVK)E [6(S)7] = k + (2 + B)Vk + 2.

Therefore, by Bernstein’s inequality, for i > 2«, we have that P~ [(5 (S)r+ <k—(i— 20()\/%} is
equal to

Pr. [6(5)?« <E[5(S)r] — (i + B)VEk — 204,3]

227



Applying Theorem 18.11, this is at most

oo [ (i + B)*k + 4aB(i + p) Vk
P\ 7 202kp 1 38V + 648 + 4ap vk + (i + B)Vk/3 + 24B/3)

Now, note that using that f > 0 and the mediant inequality (namely, that for A,B,C,D > 0 we

have 28 > min{A/C, B/D}), we can upper bound the term inside the exp by

_ { 2k 2ik + 4aiv/k }
— min

dkp + 8apvk +2ivk/3" 400 /3 +20Vk/3

Therefore, we can bound this probability by

1
< ex — min ,
= &xXp ( max{k 172, p} {4+8a/\/k+2i/3 20/3 + 400 /3Vk
0.3
< -
aasikz100 T (maX{k‘” 2, P}>

2 2i + dai/Vk })

Therefore,

\[ B .
Er [(k—6(S)r)"] < Vk Zk: exp <031>

S \max{k"12,p}

—0.6a o 03ei
< \/Eexp <max{k—1/2,p}> Ee

pk-172<1/e i=0

—0.60
<1k (et )

O]

Given the above lemma, the expected cost of F follows from a relatively straightforward
calculation:

Lemma 18.20 (Expected Payment of an Edge for Augmentation). For any k > 100 and integer « > 1,

let T* be the union of & + av/k random spanning trees Ty, - - -, T /o4 ayi i Algorithm 8. For any solution
x to LP (79),

Er- [c(F)] < <1 + \2/0;2> <7'\/2;eo'6“6 +e‘/k/2> c(x)
where F is as defined in Algorithm 8.

Proof. Fix any i € [5 + av/k], condition on T;, fix an edge e € T; such that ug, vy ¢ Sr,(e). (If
vy € St.(e), then this is not a cut in the original graph G, so there is nothing to prove). Let

S = St,(e) and let p = Pr.y, [6(S)r = 1]. Recall P(S) := &J?ﬁ*“ﬁ{f € T : St,(f) = S} denotes
the multi-set of edges f € Tj for all 1 < j < k/2 + av/k, such that St.(f) =S.
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Let Xr, . be the number of times that edge e from tree T; is sampled in Line 4, line 10. We will
prove that, letting £ denote the event e € T;, (19, v9) & J(St,(e)),

7.2
E [XTi,e | Se] < 766_0.6066 _|_e_\/E/2 (81)

vk

Then, to prove the lemma,

k/2+avk

ECF] = Lel Y, P[e] E[xn €]

ecE i=1

k/24avk ) 7 2¢
< c(e P& <'eo‘6”‘e + e‘/E/2>
(81>6;5 ) 1; [ } Vk

k 2 7.2e
<VYc(e)| = +oc\/%> S, <eo'6"‘€ +e‘/E/2>
Lol (3 e (7

_ <1+ \2;;;) <7-\/2£e—0.6ae+e—\/%/2> c(x)

In the rest of the proof we show (81). First, observe that

£ Toe e o) 1))~

So, it is enough to upper bound the expected value of the RHS conditioned on Tj,e € T;. Let T*, =

T*\ T;and P(S)_; := P(S) \ T; and note that [P(S)| = |P(S) ;| + 1 and 6(S)r- = §(S)r-, + 1.
(k=5(S)p +1)*

Define Y, 1, = \P(S)iﬁﬂ) Note that E [X1,.|Tj,e € T;] = E[Y,1]. We drop the subscript of Y

for readability.
First, assume p > 2/k. Then, we write,

0= 1702 5] £ [v 11102 ]

+P [!P(S)il < ’jﬂ ‘E [Y| IP(S)_;| < Zk] (82)

We upper bound each term in the RHS separately.

P [yp(s)_il > ’jﬂ E {Y [ [P(S) 4] > ’iﬂ

< ;klP [|P(S)i| > Zk] E I:(k—(S(S)T*i)+ [ [P(S)~il = lﬂ

< ;klE [(k—5(S)Tii)+} < IijeXp (maxgpo,‘g:/z})

Now, if p > k=1/2 the RHS is maximized when p = 1/e since %e_c/ P is an increasing function of

pfor 0 < p <1/e;note p < 1/e (by Corollary 18.9) and « > 1. We obtain a bound of 7'—\/256*0'6”‘8.
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Otherwise, the maximum is achieved by k~1/2. Using p > 2/k, the above expression is at most
3.6\/%6_0"6“"1/2. So, the first term is at most 772{6_0'6“6 for k > 100.

Next, we bound the second term of (82). First notice Y < 1 with probability 1; this is because
if there are exactly ¢ trees which have (S, S) as a one-cut then, §(S)7+ > k + 2av/k — ¢ whereas
|P(S)| = £. Furthermore, Y # 0 only when |P(S)_;| > 2av/k > 2v/k (for « > 1). Therefore,

P{1Ps)l < B | | 11P(s)l < ]

<P [!P(S)i' < ’iﬂ P [’P(S” 2 2Vk| 1P(5)-i] < Zk]

=P [z\@ < |P(S)_| < }Zﬂ < e Pk/16 < —VE/2

To see the last two inequalities notice we must have p > 8k~1/2 or this event cannot occur.
Therefore, since E [|P(S)_;|] = p(5 +avk — 1) the inequality follows by an application of the
Chernoff bound (Theorem 18.12).

Putting these two terms together, if p > 2/k,

7.2e _ _
E[Xr, | T,ee T] =E[Y] < Vi 06 4 o= Vk/2
Otherwise, suppose p < 2/k. Then since E [|P(S)|_;] < 1+ 2ak~1/2, by Theorem 18.12 (using
x> 1),
_ 4a%k(1420k1/2) VR
P [|P(S),i\ > (1 +2a\/%)(1+2ak*1/2)] <e 2k < e
k>10,a>1

Since Y < 1 as observed above, we obtain
E[Y] <P [5(S)r-, k| <P [|P(S)] i > 20vk] < ek
which gives (81). Therefore we can bound E [Y] by 7'—\/2{6*0'6“’3 + e V¥/2 for all values of p. O

Proof of Theorem 18.2. Let x be the optimum solution of (79). From Lemma 18.17, the output of

Algorithm 8 is always k-edge connected. Thus it suffices to show that E [c(T* W F)] < (1+ 5%)c(x).

By linearity of expectation,

El(T)]= Y E[(T)]=(+avh) T ele)Py,[d

ie[5+avk eeE
k 2 20
=EZ+avh) Y cle)- = xe = 1+ ==)c(x),
2 6;5 kK * vk

where for simplicity we ignored the 1 427" loss in the marginals.
Therefore, by Lemma 18.20, E [c(T* W F)] is at most

as desired, where in the last inequality we use k > 100 and set & = 2. O
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18.5 Conclusion

We remark that the approximation factor 1+ O(1/+v/k) is tight for any algorithm that starts by
sampling O(k) spanning trees independently from the max-entropy distribution and then fixes
the union by adding edges. For a tight example, consider a complete graph with a unit metric on
the edges and let x be uniform across all edges. In such a case, the max-entropy distribution
will be the uniform distribution over all spanning trees of a complete graph. A simple analysis
shows that every vertex will have degree k — v/k in T* with constant probability. Therefore, to fix
T* we need to add at least Q(nv/k) edges.

It still remains open if the integrality gap of the LP is indeed 1+ O(1/k) or if there is an
approximation algorithm with approximation factor 1+ O(1/k). It would also be interesting to
find the optimal constant for Algorithm 8. We remark that another open question from Pritchard is
whether it can be shown that it is NP-Hard to approximate k-ECSM within a factor of 1 + Q(1/k).
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19 Thin Trees for Laminar Families

19.1 Introduction

Let G = (V,E) be a connected undirected graph. Given any proper S C V, we use 4(S) to
denote the cut with shores S and V — S. A spanning tree T of G is called a-thin if the number
of edges of T crossing any given cut of G is at most an « fraction of the total number of edges:
ITN6(S)| < a|é(S)| foreach S C V.

In 2004, Goddyn [God04] made the following conjecture: there exists a function f : Z; — [0, 1]
with limy_, f(k) /k = 0 such that every k-edge-connected graph G has an f(k)-thin spanning tree.
This has become known as the thin tree conjecture, and it remains open despite substantial efforts.

A natural strengthening of the conjecture, which we will refer to as the strong thin tree conjecture
makes the same claim, but for f(k) = C/k for some constant C. This conjecture is found explicitly
in [Asa+17] and is the best that one could hope for up to constant factors; clearly no k-edge-
connected graph has an a-thin tree for any a« < 1/k. In a different direction, there is also an
algorithmic question one can ask: if a thin tree always exists, can we find one in polynomial time?

The thin tree conjecture has some nice implications. It implies the weak 3-flow conjecture of
Jaeger [Jae84]. This has since been resolved, by Thomassen [Tho12], however this would provide
an alternate proof. Another application lies in the asymmetric traveling salesman problem (ATSP).
As shown by Asadpour, Goemans, Madry, Oveis Gharan and Saberi [Asa+17; OS11], if the
constructive form of the strong thin tree conjecture is true, it would yield an O(1)-approximation
algorithm to ATSP. This has since been resolved by Svensson, Tarnawski and Végh [STV20] using
completely different methods. Nonetheless, a new algorithm stemming from thin trees would be
of significant interest. Furthermore, a constant factor approximation algorithm to the bottleneck
version of the asymmetric traveling salesman problem, where the goal is to minimize the longest
edge in the tour rather than the sum, is not known. This would follow from the constructive form
of the thin tree conjecture [AKS21].

Although the (strong) thin tree conjecture would no longer imply breakthroughs to these other
problems, it remains a natural question in its own right. Turning things around, the positive
resolution of these implications can perhaps be viewed as some weak evidence for the conjecture.

For the following discussion, it is useful to observe that the strong thin tree conjecture has
the following equivalent formulation. Suppose we are given a graph G as well as a point x in
the spanning tree polytope (that is, a convex combination of characteristic vectors of edge sets of
spanning trees of G). We say that a spanning tree T is a-thin with respect to x if [T N 6(S)| < ax((S))
for every S C V. The conjecture is that there is a universal constant « such that an a-thin tree
with respect to x always exists, for any instance and point in the spanning tree polytope. The
equivalence follows from the observation that the point x” defined by x, = 2/k for all e € E is in
the dominant of the spanning tree polytope for every k-edge-connected graph G, and so there is a
point x in the spanning tree polytope with x, < 2/k for all e. An a-thin tree with respect to x is
then a (2a/k)-thin tree for the graph.

Progress on the thin tree conjecture. The conjecture is known to hold for some graph classes,
most notably planar and bounded genus graphs [OS11]. For general graphs, the best known result
is that there always exists an O(%)—thin tree in any k-connected graph [AO15]. This is

logn

Toglog i )-thinness.

non-constructive; constructively, the best known is only O(
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One difficulty with the constructive form of the conjecture is that it’s not even clear how to
check if a given tree T is a-thin, or even O(a)-thin. Nor do we know of a polynomially checkable
certificate that can certify thinness. The problem, of course, is that there are an exponential number
of cuts to be concerned with. An easier question presents itself: what if we consider an explicitly
given family of cuts, and require the thinness condition |TNd(S)| < «|6(S)| only for these specific
cuts? And one step further: what if we consider a family of cuts with some specific structure?

Explicitly given cut collections. Related questions have been considered from an algorithmic
perspective already, independently from the thin tree conjecture. The first class considered was
that of singleton cuts. Suppose we are given an integer-valued degree bound b, for each node v of
the graph G. The degree bounded spanning tree problem asks for a spanning tree satisfying these
bounds, if such a spanning tree exists. This problem is easily seen to be NP-hard, since it captures
the question of finding a Hamiltonian path with a specified start and end node. So it is necessary
to allow for some relaxation of the degree bounds. Fiirer and Raghavachari [FR92] showed that
relaxing the degree bounds by 1 additively suffices. That is, they showed how to efficiently find a
spanning tree T satisfying |T N d(v)| < b, + 1 for all v € V, if there exists a spanning tree T* that
satisfies the degree bounds exactly.

One can also consider a minimum cost version of the question. Now each edge e € E has a
nonnegative cost c(e), and the goal is to find a cheapest spanning tree satisfying the degree bounds
(again, assuming one exists). Goemans [Goe06] showed how to efficiently find a spanning tree T
which violates the degree bounds by at most an additive 2, and satisfies ¢(T) < ¢(T*), where T* is
a minimum cost spanning tree that satisfies all the degree bounds exactly. Singh and Lau [SL15]
then showed how to improve the degree violation to just 1, while maintaining the same bound on
the cost. They use the method of iterative relaxation; we use iterative relaxation as well, so we will
discuss this further in the sequel.

That ends the story for degree bounds; what about other families of constraints? So we have a
given family F of subsets, and a “degree bound” bs for each S € F. Olver and Zenklusen [OZ18]
showed how to obtain, constructively, a constant multiplicative violation of all cut constraints if
F is a chain; that is, F = {S1,S2,...,5:} with S; € Sy C --- C S;. Linhares and Swamy [LS18]
showed that a minimum cost version of this result also holds, if one allows a constant factor
approximation in the cost as well as in the cut constraints.

All of these results compare to the natural fractional relaxation. That is, they do not require that
there is an actual tree satisfying the degree bounds, merely that there is a point in the spanning
tree polytope which does. As such, we can view them in the context of thin trees. They show
that weaker versions of the strong thin tree conjecture hold, where the cut bounds are enforced
only on singleton cuts, or only on a chain of cuts. We will say that the strong thin tree conjecture
holds for a given family F if given any x in the spanning tree polytope, there is a spanning tree T
satisfying [T N d(S)| < O(1)x(d(S)) forall S € F.

Our results. Given that the strong thin tree conjecture holds for the family of singletons, and for
a chain family, a very natural question presents itself. Suppose that £ is an arbitrary laminar family
of subsets of V; that is, for every S,T € £, SN T is either equal to @, S, or T. Does the strong thin
tree conjecture hold for £?

We show that this is indeed true. Further, our proof is constructive, and allows for costs. More
precisely, given arbitrary nonnegative edge costs, our returned tree has cost within a constant

233



factor of the cost of the starting fractional solution x.

We briefly sketch our high-level approach, leaving a full overview until Section 19.6. As
already mentioned, iterative relaxation has been applied very successfully to the degree-bounded
spanning tree problem, so it is a natural candidate approach. However, there is an immediate
obstruction. Iterative relaxation for degree-bounded spanning tree is fairly insensitive to the use
of the graphic matroid; it works just as well (essentially without changes) if the graphic matroid is
replaced by any other matroid.®! However, the matroid generalization of the laminar-constrained
spanning tree problem does not have a constant integrality gap, and even obtaining a constant
factor multiplicative violation is hard. This was shown by Olver and Zenklusen [OZ18] already for
the chain case. So any successful approach will need to exploit the graphic matroid specifically; it
is not clear how to do this directly with iterative relaxation.

We manage to bypass this obstruction and make use of iterative relaxation. We do this by first
reducing to a special class of instances that we call £-aligned, where the fractional solution x has
the property that for every set S in the laminar family of constraints £, the restriction of x to S is
a point in the base polytope of the graphic matroid for the graph restricted to S. Our reduction
crucially exploits properties of spanning trees, and does not apply to general matroids. We then
give an iterative relaxation proof of this L£-aligned case. This part does generalize to arbitrary
matroids.

Other related work. For laminar families, the most directly comparable work is from 2013 by
Bansal, Khandekar, Kénemann, Nagarajan, and Peis. They give an additive O(logn) approximation
for the laminar constrained spanning tree problem [Ban+13], improving upon an earlier more
general result which given a family of m constraints obtains a violation of (1 + €)b + O(1logm)
for each bound b [CVZ10]. As previously mentioned, Olver and Zenklusen [OZ18] demonstrated
a constant factor multiplicative violation for a family of cuts given by a chain. These three results
are with respect to the fractional relaxation, and thus also solve the related thin tree problems.
Nagele and Zenklusen [NZ19] demonstrated that in quasi-polynomial time the violation for the
chain-constrained spanning tree problem can be improved to a (1 + €) multiplicative factor, for
any € > 0. They further generalize this slightly towards laminar families, by allowing for a family
of cuts that form a laminar family of constant width, meaning that the maximum number of
disjoint sets in the laminar family is bounded by a constant. (Put differently, the number of leaves
in the tree representing the laminar family is constant). However, this result is not based on the
LP relaxation, and so does not imply anything for the strong thin tree conjecture for chains or
constant-width laminar families.

This problem has also been studied for general matroids. Kirdly, Lau and Singh [KLS12]
showed that given a matroid M and a collection of upper bound constraints, one can achieve an
additive violation of A —1 for all constraints, so long as every element of the matroid is in at most
A constraints. They achieve a similar guarantee if lower bounds (or both lower and upper bounds)
are present. Similar results and further generalizations can be found in [CVZ10; Ban+13].

Pritchard [Prill] conjectured that every k-edge-connected graph contains a spanning tree
after whose deletion the graph remains k — f (k) connected, where f(k) is any function for which
limy_,« f(k)/k = 0. This can easily be seen as a weakening of the thin tree conjecture. The strong

61With the notable exception of [LS18] which solves the bounded degree spanning problem with an additive error of
1 on both lower and upper bounds. When translated to the general matroid setting, the additive error is only known to
be 2 [KLS12].
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version of this conjecture (which is a consequence of the strong thin tree conjecture) is that f (k)
is an absolute constant. Currently the best known bound for this problem (to the best of our
knowledge) is f(k) = | 5| — 1 by the Nash-Williams theorem [NW61].

There is a natural spectral strengthening of thin trees. Let Ly denote the Laplacian of a graph
H, and let < denote the Léwner ordering on symmetric matrices®?. We say T is a-spectrally-thin
if Lt < aLg; thatis, if zZTLrz < azTLgz for any vector z € RY. This is a stronger condition than
a-thinness, as can be seen by choosing z to be the characteristic vector of a set S C V. A big
advantage of spectral thinness is that it can be efficiently checked. A natural analogue of the
strong thin tree conjecture, where connectivity is replaced by the minimum effective conductance,
can be derived [HO14] as a consequence of results on the the Kadison-Singer problem [MSS13].
This demonstrates that the strong thin tree conjecture holds for edge transitive graphs (or any
graph where the minimum edge conductance is within a constant factor of the connectivity).
Unfortunately, spectral thinness is too strong a property to directly aid in proving the (strong
or weak) thin tree conjecture in general; there are instances where no o(\/n/k)-spectrally thin
tree exists [HO14; Goel2]. Nonetheless, spectral approaches have been fruitful. The current best
result by Anari and Oveis Gharan [AO15] mentioned previously, that O(loglogn/k)-thin trees
exist, makes use of spectral methods in a sophisticated way. Our approach on the other hand is
completely combinatorial; we will not make use of any spectral techniques.

19.2 Preliminaries and Results
19.3 Notation

Given a graph G = (V,E) and a subset S C V, let §(S) = {{u, v} : [{u,v} N S| = 1} denote the
set of edges with exactly one endpoint in S. Let G[S] denote the induced graph of G whose vertex
setis S, and let E(S) C E denote the set of edges in G[S|. For P = {Py,..., P} a partition of a
subset of the vertices of G, we let 6(P) denote the set of edges with endpoints in two different
sets P;. If the choice of G is not clear, we may write, e.g., (S) or dg(P).

For any edge weight function x : E — R, we write x(F) := Y,cr x(e). For F C E, we write x|
to denote x restricted to F.

19.4 Polyhedral Background

Edmonds [Edm70] gave the following description for the convex hull of the spanning trees of any
graph G = (V,E), known as the spanning tree polytope.

Py(G) = {x e REy: x(E) = |[V| -1, x(E(S)) < [S|-1VS C V}. (83)
The following is the natural LP relaxation for the problem given in Definition 19.2.

min Z XeCe
ecE

st, x(8(8)) <bs VSecL (84)
X € Pst(G)

62Thatis, A< Bif B— A is positive semidefinite.
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For two x,x” € RE, we say x dominates x’ if x — x’ > 0. Let P;(G) denote the dominant of the
spanning tree polytope of G, that is, the set of points in x € RF which dominate some point in

Py (G). PSTt(G) has the following characterization:
PL(G) = {x e REy: x(6(P)) > |P| =1 V partitions P of V}. (85)

It is well-known that P)(G) can be separated efficiently.

Theorem 19.1 ([Bar92]). Given a graph G = (V, E) and a point x € ]Rgo, A partition P of G minimizing
x(6(P)) — (|P| — 1) can be found in polynomial time.

Suppose M = (E,Z) is a matroid with groundset E and independent sets Z. The matroid base
polytope of M, which we will denote Py, is the convex hull of the incidence vectors of all bases of
M. The rank of M, denoted rank,, is the cardinality of the largest independent set of M. Given
F C E:

1. The deletion of F from M is the matroid on the groundset M \ F with independent sets
{INF:I1€Z} If F={e},ie. itis a singleton, we will use the shorthand M —e.

2. The restriction of M to F, denoted M, is the matroid on groundset F with independent
sets {INF : 1 € Z}. This is equivalent to the deletion of E — F.

3. The contraction of M by F, denoted M /F, is the matroid on the groundset E — F with
independent sets {I C E — F : IUB € T}, where B is an arbitrary basis of M| (equivalently,
an independent set of M contained in F of largest cardinality). If F = {e}, i.e. itis a
singleton, we will use the shorthand M /e.

19.5 Owur Results

We recall that a family of sets £ C 2V is laminar if for all S, T € £, SN T is either equal to &, S, or
T.

Definition 19.2 (Laminar constrained spanning tree problem). Let G = (V, E) be a connected graph,
and L a laminar family on V, with an associated degree bound bs € Z ¢ for each S € L. The goal is to
find efficiently a spanning tree T for which |T N §(S)| < abg for each S € L, assuming that there does
exist a spanning tree T* satisfying |T* N 5(S)| < bs. In such a case, we say T is an x-approximate solution
to the laminar constraints. We assume for convenience that V € L, though the associated constraint is of
course vacUous.

To solve the above problem, we first determine if LP (84) is feasible, which can be done in
polynomial time. If it is not, we may return “no” to the above problem since this would certify
that such a tree does not exist. Thus to obtain an & approximation for the problem above, it is
enough to obtain an a-thin tree with respect to a solution x of (84).

Definition 19.3 (Laminar a-thin tree for (G, £, x)). As input we get a graph G = (V,E), a laminar
family L over V, and a feasible LP solution x to LP (84). Our goal is to find a spanning tree T such that
ITNS(S)| < ax(6(S)) forall S € L, i.e. atree that is « thin with respect to x.
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The main result of this paper is the following. We remark it also gives an O(1) approximation
in terms of the cost of the tree.

Theorem 19.4. Given an instance (G, L, x), we can in polynomial time find a spanning tree T such that:
i) o(T) < (2+V7)c(x) < 5¢(x), and
i) |TN6(S)| < (2+V7)%x(6(S)) < 22x(5(8S)), i.e., it is a 22-thin tree for (G, L, x).

Our theorem can be generalized as follows, which can be used to reduce the cost of the tree
arbitrarily close to 2 (at the expense of incurring a larger multiplicative loss).

Theorem 19.5 (Main). Given an instance (G, L, x) and any n > 2, we can in polynomial time find a
spanning tree T such that:

i) ¢(T) < ne(x), and
ii) ITNS(S)| < 127 (21 +3)x(8(8)).

=N

We will prove the latter theorem, since the previous theorem follows by setting 7 = 2 + /7.

19.6 Proof Overview

A key observation of this paper is the usefulness of the following definition.

Definition 19.6 (L-aligned). Given a graph G = (V,E) and a laminar family £ C 2" we say a point
x € P4(G) is L-aligned if x|g(s) € Pst(GI[S]) forall S € L.

Note that G[S] should be connected for each set S € £, otherwise no point can be L-aligned.
In Section 19.7 and Section 19.8 we show the following two theorems which when combined
immediately give Theorem 19.5.

Theorem 19.7 (Laminar thin trees for £-aligned points). Given an instance (G, L, x) for which x is
L-aligned, we can find a tree T of cost at most ¢(x) in polynomial time for which

ITNS(S)| <2[x(6(S))] +1 < 2x(6(S)) +3
forall S € L.
Theorem 19.8 (Reduction to £L-aligned points). For any instance (G, L, x) and any y > 2, we can find
an instance (G, L', x") in polynomial time such that:
i) x"is L'-aligned,
ii) x' is dominated by nx,

iii) If for a spanning tree T there are ., p > 0 such that [T N 6(S)| < ax'(6(S)) + B forall S € L', then
we have [TN6(S)| < ﬁ(iya + B)x(6(S)) forall S € L.
U
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Figure 74: An example of a set which is not 77-well-connected (see Definition 19.9). In this case,
Algorithm 9 may replace S by P; and P in L.

To obtain our main theorem, given an instance (G, £) we solve LP (84) to obtain an instance
(G, L, x). We then apply Theorem 19.8 to obtain a L-aligned instance (G, £/, x"). Finally, we apply
Theorem 19.7 to obtain our tree with the desired properties.

We remark that while Theorem 19.7 can be generalized to hold for any matroid over the
edges of a graph and any laminar family (see Section 19.8), Theorem 19.8 cannot be. Olver and
Zenklusen [OZ18] showed that there is a matroid and a laminar family of constraints (in fact, their
family is a chain, and their matroid simply a partition matroid) with no constant-thin basis, in
particular giving a lower bound of O(; Olgoﬁg -
that one of these two pieces cannot be generalized to all matroids.

Theorem 19.8 is proved via a natural combinatorial procedure which iteratively replaces sets
in £ that are far from meeting the criteria x|g5) € Pt(G[S]) with some partition of them. We

) on the multiplicative violation. Thus it is necessary

first consider the scaling 77x, and show that if 17 - x|(5) € P}(G[S]) for all S € L, then there is
a point ¥’ dominated by nx which is L-aligned. If not, we iteratively find a minimal cut S for
which 77 - x|g(5) ¢ P}(G[S]), and then find the partition P = {P,..., P} of S which maximally
violates an inequality in PSTt(G[S] ). We then delete S from the laminar family and add Py, ..., P.
We show that 77 - x|g(p,) € P}.(G[P)]) for all i. Therefore, by applying this procedure we get closer
to obtaining an L-aligned point. To finish the proof, we show that this process allows us to still
effectively maintain (iii) of Theorem 19.8.

Theorem 19.7 (and its generalization to arbitrary matroids) is proved via an iterative relaxation
procedure. The criteria that x is £-aligned is, in some sense, exactly what is needed to make the
iterative relaxation procedure work.

19.7 Reduction to L-aligned Points

The following definition is key to our reduction to £L-aligned points.

Definition 19.9 (Well-connected). Call a set S C V n-well-connected if 17 - x|g(s) € PL(G[S)), ie., if
1x(3gs)(P)) — (|P| — 1) > 0 for all partitions P of S.

We will make us of the following simple fact, that allows us to contract 77-well-connected
subsets of a given set when evaluating the well-connectedness of a given set S.
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Lemma 19.10. Consider a set S C V, and suppose that Sy, ..., S, are disjoint subsets of S that are all
n-well-connected. Let Gg = (Vs, Es) be the graph obtained from G[S] after contracting each of Sy, ..., S;.
Then S is n-well-connected, i.e., 1] - X|g(s) € PL(GIS)), if and only if 1 - X|gs € PL(Gs).

Proof. Let y = nxg(s).-

First, if y € PL(G[S]), then certainly Yigs € Pl(Gs), since given any convex combination
of spanning trees of G[S] that dominates y, the same convex combination of the images of
these spanning trees upon contracting Sy, ..., S, is a convex combination of connected spanning
subgraphs of Gs with marginals y ;.

Conversely, suppose that y g, € Pl(Gs). If Yig; = x(T) for some spanning tree T of Gg, and
each YIE@S) = X(T;) for some spanning tree T; of S;, then the claim is clear; TUT; U---UT, is a
spanning tree of G[S]. But the claim clearly remains true upon taking convex combinations, and
moreover taking the dominant of any convex combination. O

Algorithm 9 Reduction to a new laminar family
1. L+ @.
2: while £ is nonempty do
3: Choose a minimal set S € L.
4 Let Gg be obtained from G[S] by contracting all the maximal sets in £’ contained in S.
5. Compute a partition P’ of Gg minimizing 1x(dg,(P’)) — (|P’| —1). Let P be the corre-
sponding partition of S obtained by uncontracting.
6: Delete S from £ and add all parts of P to L.
7. end while
8: Return L’

In this section we prove Theorem 19.8, which heavily relies on Algorithm 9. This algorithm
will be used to output the new family £’ in the theorem statement. As such, we first prove some
properties of this algorithm.

Lemma 19.11. Algorithm 9 can be implemented in polynomial time.

Proof. In each iteration, |£| decreases, so there are at most 2|V| — 1 iterations. Each iteration can
be implemented in polynomial time using Theorem 19.1. O]

Lemma 19.12. Consider any graph G = (V,E) and 1 > 0. Let P be a partition of G that minimizes
nx(6(P)) — (|P| —1). Then each part of P is y-well-connected.

Proof. Fix any part P € P, and consider any partition Q = {Q1,Q>,...,Q,} of P. Let P’ be the
partition of V' obtained by replacing P with the parts of Q.
Write 5p(Q) for d¢(p(Q)- Since [P'| = |P| + Q] — 1 and nx(5(P’)) = nx(6(P)) + nx(dp(Q)),

we have
nx(0p(Q)) — (121 = 1) = nx(8(P")) — (IP'| = 1) = (yx(3(P)) — (IP| - 1)).
This is nonnegative, by our choice of P, and so x € PJt(G[P] ). O

Lemma 19.13. The output L' of Algorithm 9 is a laminar family, and each S € L’ is n-well-connected.
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Proof. We claim that throughout the algorithm, we maintain the invariant that £ U £’ is a laminar
family, and that each S € £’ is 7-well-connected. Certainly this holds at the start of the algorithm.
Consider a partition P’ of Gg generated in step 5. By Lemma 19.12, each part of P’ is -well-
connected. Then since the sets that were contracted in forming Gg are y-well-connected, by
Lemma 19.10 all parts of P are n-well-connected in G. Further, no part of P crosses a set in £/, by
construction. So the invariant is maintained. O

The following is the main relevant quality of our reduction.

Lemma 19.14. Let S € L and let L' be the output of Algorithm 9. Let S, ..., Sy be the unique maximal
sets in L' whose union is S. Then, Yt_, x(8(5;)) < éx(&(S)) - %

Proof. Consider the iteration of the algorithm where S is deleted from £, and a partition P of S
(corresponding to a partition P’ of Gs) is added to £'. Then P = {Sy,...,S;}. Note that by the
choice of P', 7x(6g,(P)) — (|P'| — 1) < 0 (either P is a violated constraint for PJ;(Gs), or if Gs
is 7-well-connected, P’ can be chosen to be the trivial partition of size 1, and equality is attained).
Converting this to a statement about P, we have 7x(ég(s)(P)) — (|P| —1) < 0. Thus
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> (1 - 2) ix(5(5i)) + ; (as x(6(S;)) > 1 for each S;).

The claim follows. O
We now prove Theorem 19.8.

Theorem 19.8 (Reduction to L-aligned points). For any instance (G, £, x) and any y > 2, we can find
an instance (G, L', x") in polynomial time such that:

i) x"is L'-aligned,
ii) x' is dominated by nx,

iii) If for a spanning tree T there are o, p > 0 such that |[T N 6(S)| < ax’(6(S)) + B forall S € L', then
we have [T N6(S)| < 15 (na+ B)x(8(S)) for all S € L.
U

Proof. First, apply Algorithm 9 to £ to obtain a new family £’ (which requires only polynomial
time by Lemma 19.11). By Lemma 19.13, £’ is a laminar family of #-well-connected sets.

We now show that 7x dominates a point ¥’ which is £’-aligned, giving i) and ii). Let
Gs = (Vs, Es) denote the graph obtained by restricting to S € £ and contracting all children in
L'. By definition of y7-well-connected, for any S € L', n7x g, € PL(Gs). It follows that for every
S € L' we can find ys € Pst(Gs) with ys < 57x|g,. Combining ys for each S, we obtain x’ € Pst(G)
with x’ < yx, and where x’ is L-aligned.
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It remains to show (iii). Fix some S € L. The algorithm replaces S by some partition
$1,S2,...,58, 0f Sin L'. Then we have

ITN8(S)| < i ITN8(S;)| (since O&(Si) C 4(5))
= i=1
< é(rxx'(é(si)) +B) (by assumption)
< iil(qax(a(si) +B) (x" <)
< (qa+B) éx(a(si)) (since x(8(S;)) > 1 for all S)).
By Lemma 19.14, ;_; x(8(S;)) < 125x(6(S)). The claim follows. O

19.8 Laminar thin trees for L-aligned points via iterative relaxation

We will now prove Theorem 19.7, or rather a generalization of it where the graphic matroid is
replaced by an arbitrary matroid. First, we define the obvious generalization of £L-aligned for a
point in the base polytope of a matroid M.

Definition 19.15. Given a graph G = (V, E), a matroid M with groundset E, and a laminar family L of
G, we say that a point x € Py, is L-aligned if x(E(S)) = rankx(S) forall S € L.

(In the case where M is a graphic matroid, this is just slightly different from the previous
definition, if some sets in £ are not connected. The previous definition did not allow for any
L-aligned points in this case, but here it is possible. This relaxation of the definition is irrelevant;
there is no real reason to consider disconnected sets in £, since they could simply be split into
their connected components.)

The following is the primary reason it is useful for a point x to be L-aligned in the iterative
relaxation process.

Lemma 19.16. Let x be L-aligned. Let S € L and let Sy,...,S¢ € L such that S;NS; = @ for all
1<i,j<k i#]j. Let Gs = (Vs, Eg) be the graph arising from contacting Sy, ..., Sy in the graph G[S].
Then, x(Eg) is an integer.

Proof. Since x(E(S)) = rankpy(S), it is an integer. Similarly, x(E(S;)) is an integer forall 1 <i < k.
However Eg = E(S) . (UX_,E(S;)), from which the claim follows. O

Next, we define the notion of a matroid (rather than a point) being L-aligned.

Definition 19.17. Given a graph G = (V, E), a matroid M with groundset E, and a laminar family L of
G, we say that M is L-aligned if for any basis B of M, and every S € L, BN E(S) is a basis of Mg(s)-

The relationship between the notion of a matroid being L-aligned, and a point x € Py being
L-aligned, is captured by the following lemma.

Lemma 19.18. A matroid M is L-aligned if and only if for every point x € Ppy, x is L-aligned.
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Proof. First suppose M is L-aligned and let x € Py,. Then, we can write x as a convex combination
of some bases By, ..., By of M. Since M is L-aligned, B; N E(S) is a basis of Mgs) forall S € L.
Thus |B; N E(S)| = rank(M|g(g)) for all i. It follows that x(E(S)) = rank(Mgs)) = rank(S)
for all S € L as desired, demonstrating that x is £-aligned.

For the other direction, suppose every point x € Py, is L-aligned. Then for any basis B of M,
by taking x to be the characteristic vector of B, we have [BN E(S)| = x(E(S)) = rank(M g(s))-
Thus M is L-aligned. O

In the previous section, we saw how to reduce to the case where x is a point in the base
polytope of the graphic matroid that is £-aligned. It will be more convenient for our purposes
to work with a matroid that is £-aligned; this is a stronger property that will ensure that all
fractional points we consider later in the iterative relaxation algorithm are all £-aligned as well.
We can ensure this by refining the matroid, in the sense defined in [Lin+20].

Definition 19.19. Given a matroid M and a nonempty proper subset R of the groundset, the refinement
of M with respect to R is the matroid M' obtained as the direct sum of Mg and M /R.

Note that if M’ is a refinement of M, then every base of M’ is a base of M. It is easy to show
that for R C E with x(R) = ranky(R), x remains in the base polytope of the matroid obtained
by refining M with respect to R (see [Lin+20] for details). As such, given a point x € Py, that
is L-aligned, we can repeatedly refine M by each set of £ in turn, to obtain a new matroid M’
such that x € Py and M’ is L-aligned. For M the graphic matroid, this refinement procedure
corresponds to taking M’ to be the direct sum of graphic matroids on Gg for each S € L.

So we consider the generalization of the laminar thin tree problem to matroids, under the
restriction that the matroid is aligned with the laminar family. An instance of the problem is
defined by a graph G = (V, E), a matroid M with groundset E, and a laminar family £ with
degree bounds bs for S € L, such that M is L-aligned. Edge costs c, may also be given. The goal
is to find a minimum cost basis of M satisfying the cut constraints, if a solution exists.

The following LP is the natural relaxation that we will use. Note that since M is L-aligned, no
explicit additional constraints on x are required; any feasible solution must satisfy x|g(s) € Py,
and thus must be £-aligned.

min Z XeCe
ecE

st. x(6(S)) <bs VSeL, (86)
X € Ppy.

Theorem 19.20 (Laminar-constrained matroid basis). Given an instance (G, M, L,b) in which M
is L-aligned, and where the LP relaxation (86) has a feasible solution x, we can find a basis T of M in
polynomial time for which ¢(T) < c(x) and [TN6(S)| < 2bs+ 1 forall S € L.

Theorem 19.7 is an immediate consequence, by first refining the graphic matroid as described
above.

The algorithm we will use to prove this theorem is shown in Algorithm 10. Our algorithm
follows the usual iterative relaxation recipe: it ignores edges set to 0 and 1 and then drops
constraints which are close to being satisfied. We have one non-standard step which drops a set in
L if it is approximately implied by its immediate parent or child in the family of tight constraints.
This non-standard step is what leads to a multiplicative violation instead of an additive one.
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Algorithm 10 Procedure LAMCONSTRAINEDBASIS, used to demonstrate Theorem 19.20.
Require: Instance (G = (V,E,c), M, L,b) where M is tight for £ and (86) is feasible.
Ensure: Basis B of M.

1: If E = @, return Q.

2: Let x be a basic optimal solution to (86).
3: If there is an edge e with x, = 0, return LAMCONSTRAINEDBASIS(G —e, M —¢, L, b).
4: If there is an edge e with x, = 1, return {e} U LAMCONSTRAINEDBASIS(G — ¢, M /e, L, 1),

where by = bs if e ¢ §(S), and b = bs — 1 if e € §(S).
: Let Lygn be the set of cuts S € £ with x(6(S)) = bs.
6: If thereisaset S € Lyjgn: for which either Y-c5(5)(1 —xe) < 3, or thereisan S’ # S € Ly, with
6(8") € 4(S) and Yoes05)-s(5)(1 — xe) < 2, then return LAMCONSTRAINEDBASIS(G, M, £ —
{s}1,0).

7. return “Fail”. > Should not reach this line

a1

If a recursive call to LAMCONSTRAINEDBASIS returns “Fail”, then we consider that the result of
the procedure as a whole is also “Fail”. We also note that if LAMCONSTRAINEDBASIS is recursively
called in any of steps 3, 4 or 6, the required properties of the input to the recursive call are satisfied.
In particular, (86) is feasible. For steps 3 and 4, x|¢_, is feasible for the smaller instance; for step 6,
simply x is. With this in mind, LAMCONSTRAINEDBASsIs is well-defined.

We first show that as long as the algorithm does succeed, the returned basis obeys the theorem
statement.

Lemma 19.21. If Algorithm 10 does not return “Fail”, the returned set B is a basis and obeys c¢(B) < c(x)
and |[BN§(S)| <2bs+1forall S € L.

Proof. We prove the claim by induction on |E| + | £|. The claim is trivially true if E = @.

So suppose the claim holds for all smaller values of |[E| + |£]|. If x, = 0 for some e in step
3, then the claim is immediate; as long as the recursive call succeeds, returning a basis B’ of
M — e approximately satisfying the constraints, then B = B’ is of course a basis of M still
approximately satisfying the constraints. Furthermore, since ¢(B’) < ¢(x’) where x’ is a basic
optimal solution to the problem on M —¢, and xz_y, is feasible for the problem on M —e¢,
c(B) =¢(B’") < c¢(x') <c(x). If x, = 1 for some e in step 4, and the recursive call succeeds and
returns a basis B’ of M /e, then B := B’ U {e} is a basis of M. Further, for any set S € £ with
e ¢ 6(S), we have

IBNS&(S)| =|B' Né(S)| <2b5+1=2bs+ 1.

On the other hand if e € §(S), we have
IBNS(S)| =|B' Né(S)|+1<2bg+2< 2bs+ 1.

Finally, since c(B") < c¢(x’) where x” was a basic optimal solution to the problem on M /e, and
X|g—{e} is feasible for the problem on M/e, ¢(B) = c(B') +c(e) < c(x') +c(e) < c(x).

It remains to consider the situation where we drop a constraint in step 6. Suppose a set
S € Lijgnt is dropped because [5(S)| — x(3(S)) = Yees(s)(1 — xe) < 3. Since the constraint is tight,
we deduce that [6(S)| — bs < 3, and so |§(S)| < bs+ 2 < 2bs + 1 as desired.

Now suppose S € Ly is dropped because there is an S’ # S € Lyg with §(S") C 4(S)
and Yocs(5)—s(s1y (1 — xe) < 2. By tightness, x(6(S) — (S')) = x(6(S)) — x(6(S')) = bs — by is an
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integer. Note that either §(S’) = 4(S), in which case clearly we can drop the duplicate constraint,
or bs > bg; assume the latter. We have [6(S) — §(S")| < 1+ bs — bs. Suppose B is any basis
satisfying |[B M 4(S’)| < 2bg + 1. Then

[BA&(S)| < [BNS(S)| +[5(S) — ()]
< (2bg +1)+1+bs —bg
= bg + 2 + bg
< (bs—1)+2+bs < 2bs+ 1.

Of course, dropping a constraint can only decrease the cost of a basic optimal solution to (86), so
c(B) < ¢(x) is immediate by induction in this case. O

Now we are ready to prove the theorem.

Proof of Theorem 19.20. By the above lemma, it is enough to prove that the algorithm succeeds. For
this, it suffices to show that whenever the preconditions of LAMCONSTRAINEDBASIS are satisfied,
the procedure never reaches step 7.

Suppose for a contradiction that we do reach step 7. By assumption, none of the constraints
defining the extreme point x are of the form x, = 0 or x, = 1, so they all come from tight cut
constraints and tight matroid constraints. Let Cpasis = {C1,Ca,...,Cr}, withC; C Co--- C C, C E
and Lyasis € Liigne be such that the constraints x(4(S)) = bs for S € Ly,gis and x(C) = rank(C)
for C € Cpusis are a collection of linearly independent tight constraints defining x. Moreover,
choose this basis of tight constraints in such a way that |Cp,sis| is as large as possible. The fact
that the tight matroid constraints form a chain follows from standard uncrossing arguments (see
[Sch03] Chapter 41 or [KLS12]). Since there are precisely |E| defining constraints, we have

’E’ = |£basis| + |Cbasis|-

We note that since M is L-aligned, the maximality of Cpsis ensures that E(S) € span(Cpasis) for
each S € L.

Assign 1 splittable token to each e € E; our goal will be to assign these tokens to the constraints
of Lyasis and Cpgsis s0 that each tight constraint gets 1 token, and there is something left over. This
will be our desired contradiction.

We will assign x, tokens to C; for each e € C; — C;_;. Since 0 < x, < 1 for each e, and x(C;)
and x(C;_1) are both integers with x(C;_1) < x(C;), we can deduce that x(C; — C;_1) > 1.

Now each edge has 1 — x, tokens remaining. Our token assignment scheme will be as follows.
We start with an assignment that is very reminiscent of the scheme for degree bounded spanning
trees [SL15]. For each e = {u, v}, we assign (1 — x.) /2 tokens to the smallest set in Ly,4sjs containing
u, and (1 — x,)/2 tokens to the smallest set in Ly, containing v. After this, we work bottom up
on Lp,sis, and if S € Ly,g55 has strictly more than the 1 token needed, we assign the excess to its
parent in Lp,gis.

First, any minimal set S € Ly, satisfies Yoc4(5)(1 — x¢) > 3, meaning that at least 3 tokens
are initially assigned to S. So S receives enough tokens to give a half token as excess to its parent.
Inductively, we claim that every set gets 1 token, and moreover, has an excess of at least § that
it can give to its parent. For any non-minimal S € Lj,qs, we have three cases depending on
the number of disjoint maximal children of S in Ly,gs. In each case we will consider the graph
Gs = (Vs, Eg) resulting from contracting the maximal children of S in Ly, in the graph G[S]. In
Cases 2 and 3 we crucially use that x(Eg) is an integer by Lemma 19.16.
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- Case 1: S has at least three maximal children in L.

Then inductively, each of these children has an excess of at least 1. This gives us at least 3
tokens for S, as desired.

- Case 2: S has exactly two maximal children A, B € Ly,gs.

Figure 75: Setting for Case 2. Note some edge sets may be empty.

Inductively, each child has an excess of at least %, giving us at least one token. Thus we need
to collect at least 3 additional tokens.

Consider the edge sets as defined in Fig. 75. In particular,

E1 = 6(S) ~ (8(A) US(B))
Es = (8(A) AS6(B)) ~ 8(S)
Es = 5(A) N 5(B)

Es = (6(A)US(B)) Nd(S)
Es = Es ~ (E; UE;3)

First we observe that E; U E; U Es5 is nonempty. For suppose not; then, with x denoting the
incidence vector of a set, we can write

x(6(8)) +2x(E(S)) = x(6(A)) + x(6(B)) +2x(E(A)) + 2x(E(B)).

However, by the maximality of our choice of Cpagis, E(A), E(B) and E(S) are all in the span
of Cpasis, whereas §(S), 6(A) and 6(B) are all in Lp,gs. Thus we have a linear dependence
among the constraints defined by Cp,g;s and Lyugis, @ contradiction.

So x(E1) + x(Ez) 4+ x(Es) > 0. Therefore, we get

|E1| + |Ea| — x(E1) — x(E2)
2

+ |Es| — x(Es) = 2~ (<E>;<E>

+ x(E5)> >0

fractional tokens for some z € Z>(. We will prove that w + x(Es) is half integral,
from which the claim follows. By the integrality of x(Es) (using L-alignment) and the
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tightness of the constraints on A, B and S, we have that
a:=x(Ey) +x(E3) + x(Es), b:=x(Ep)+2x(E3) +x(Es4) and ¢ := x(E1) + x(E4)

X E1)+X(E2)
2

are all integers. Sincea —b/2+c¢/2 = ( + x(Es), the claim follows.

- Case 3: S has precisely one maximal child ' in L},.

Figure 76: Setting for Case 3.

We need to find 1 token that has been given by edges directly to S, so that the § excess token
from S’ can be carried over as the excess of S.

If 5(S") C 4(S), then because no relaxation step was possible in line 6, Y-ocs(5)—s(s1) (1 — Xe) >
2. Since each edge in §(S) — §(S’) contributes (1 — x,)/2 tokens, this gives us our token as
necessary. Similarly, if 6(S’) D 6(S) we get the desired one token.

So assume that 5(S) — 4(S") and §(S’) — (S) are both nonempty. Let

Ey = 8(S) — 6(S'),
Ex :=6(S") —4(9),
E; := Es — 4(S'), and
Eq:=6(S)Né(S).

(See Figure 76.)
Let 0 € [0,1) be the fractional part of x(E,). Note that the number of tokens assigned to S is

|Es| — x(E3) + 3(|E1| + |Ea| — x(E1) — x(E2)). (87)
Also observe that
x(Ez) + X(Eg,), X(El) + X(E4), and X(Ez) + X(E4) (88)

are all integer-valued, by tightness of the cut constraints and £-alignment. We distinguish
two subcases.
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- 0 = 0. Then x(E;) and x(E;) are both integers, and moreover since E; and E; are
nonempty, |[E;| — x(Eq) and |Ez| — x(Ez) are both positive integers. This already gives
us the desired 1 token by (87).

— 0 > 0. Then by (88) the fractional parts of x(E;) and x(E;) are both 1 — 4, and the
fractional part of x(E3) is then 0. Thus |E;| — x(Eq) > ¢ (being positive, with fractional
part 9); similarly, |Ep| — x(Ez) > 6 and |E3| — x(E3) > 1 — 4. Substituting into (87), we
have at least 1 — 0 + (20) /2 = 1 tokens assigned to S, as required.

We have demonstrated that all sets in Ly, receive a full tokens; moreover, any maximal set
in Ly, Will have an extra token that is not needed, since it has no parent to give it to. So we
have our desired contradiction: |E| > |Cpasis| + | Lpasis|- O

19.9 Conclusion

Besides the (strong) thin tree conjecture, our work leaves open several directions. One fascinating
question is whether it is possible to leverage or strengthen our results to give a novel constant
factor approximation algorithm for ATSP. While an algorithmic version of the strong thin tree
conjecture is sufficient to give a constant factor approximation algorithm for ATSP, it is unclear
if it is necessary: indeed, the current constant factor approximation algorithm for ATSP is not
known to imply anything about thin trees. We ask if perhaps it is sufficient to focus on thinness
for a laminar (or near laminar) family of cuts.

A second open question is whether it is possible to achieve a minimum cost tree which violates
the degree bounds in a laminar family by any constant factor. One would need to avoid the
scaling currently present in our reduction. A natural relaxation of this question is to ask for a
1 + € approximation for arbitrarily small € as has been done for the chain case [LS18].

Finally, we note that our results immediately give a thin tree with respect to the set of minimum
cuts of any graph, and we believe it may be possible to extend it to the set of all (1 + €) near
minimum cuts for some small € > 0 using results from [KKO22]. We ask whether it is possible
to extend our result to more general families of cuts such as the union of a constant number
of laminar families or the set of cuts with at most ak edges in the graph for some constant «
significantly larger than 1.
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A Preliminary Background

A.1 Graphs, Walks, and Circuits

Let G = (V,E) denote a graph with vertex set V and edge set E. We will always use 1 to denote
|V|. We will sometimes use {u,v} to denote the edge between u and v.

A walk in a graph is a sequence of edges that joins a sequence of vertices. In other words,
a sequence of edges (ey, ..., ¢) is a walk if there exists a sequence of vertices (v1, ..., V1) (not
necessarily distinct) such that e; = {v;, v;11}. A walk is closed if v1 = vy 1.

()} a e1 /\
" ()

Figure 77: On the right is the closed walk {ej, ez, ¢e2,e1} on the graph to the left. This walk is
associated with the vertex sequence {v1, v, v3, 02,01 }.

A cycle is a closed walk in which only the first and last vertices in its vertex sequence appear
twice. A Hamiltonian cycle is a cycle of length 1, i.e. one that visits all vertices. It is NP-Hard to
recognize if a graph contains a Hamiltonian cycle [Kar72].

Figure 78: On the left, a Hamiltonian graph. On the right is a Hamiltonian cycle of this graph
highlighted in red.

A circuit is a closed walk which does not repeat edges. A circuit is Eulerian if it uses every
edge of the graph. Thus, every Hamiltonian cycle is an Eulerian circuit, however the converse is
not true. We say a graph is Eulerian if it has an Eulerian circuit. The following simple fact is due
to Euler:

Fact A.1. A connected multigraph is Eulerian if and only if every vertex has even degree.

This demonstrates that while it is NP-Hard to determine if a graph has a closed walk that
visits every vertex exactly once (except the starting vertex), it is trivial to determine if a graph has
a walk which visits every edge exactly once.
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A.2 Metric Completion and Equivalent Formulations of Metric TSP

Let G = (V, E) be a connected graph with weight function ¢ € RE such that ¢, denotes the cost of
edge e. For a set of edges F C E, we will let ¢(F) denote }_,cr c..

We define the metric completion of G as a complete graph such that ¢y, ) is equal to the
weight of the shortest path between u and v in G. (Note that this may decrease the value of c, for
some edges e, as in the below example.)

Figure 79: On the right is the metric completion of the graph on the left.

Fact A.2. The following problems are equivalent:

1. Given a complete graph G = (V, E) and a symmetric cost function ¢ : V x V — Rx¢ with forms a
metric, find a minimum cost Hamiltonian cycle. This is classically known as the metric traveling
salesperson problem, or metric TSP.

2. Given a connected graph G = (V, E) with a weight function ¢ € RE, find a minimum cost multi-set
of edges F such that the multigraph G' = (V, F) is connected and Eulerian, i.e. a minimum cost TSP
tour.

3. Given a complete graph G = (V,E) and a symmetric cost function ¢ : V x V — Rx( which forms a
metric, find a minimum cost multi-set of edges F such that the multigraph G' = (V, F) is connected
and Eulerian, i.e. a minimum cost TSP tour.

The equivalence of these problems follows from the fact that (1) the metric completion of a
graph forms a metric, and (2) any optimal TSP tour of a graph G can be shortcut to a Hamiltonian
cycle of the same cost in the metric completion of G. In general, any TSP tour can be shortcut
to a Hamiltonian cycle of no greater cost in the metric completion (by a simple application of the
triangle inequality).

Remark A.3. It is important to note that there can be many ways to shortcut a TSP tour to a
Hamiltonian cycle, and finding the one which produces the Hamiltonian cycle of minimum cost
is NP-Hard, even in the Euclidean case [PV84]. Thus there is a subtlety to be aware of when
going from (2) or (3) to (1): if your solution to the former is approximate, in translating to (1) you
may sometimes improve your solution. However, determining how much you can improve is
NP-Hard. Thus in this work we ignore all potential improvements gleaned from shortcutting.
We make no claim that this is the correct approach, and indeed learning how to exploit the gain
from shortcutting is an interesting open direction. So, we will always work with (3), and since the
graph is given by a metric we can assume that the optimal solution is a Hamiltonian cycle. By
Fact A.1, our goal is therefore to select the cheapest multi-set of edges which connects the graph
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and has even degree at every vertex. In this section we will continue to address shortcutting, but
in future sections we will ignore it.

Figure 80: On the left is a metric TSP instance given by (3). In the middle is the optimal solution
of weight 10 as in (3). On the right, the optimal solution in the metric completion as in (2).

A.3 The Double Tree Algorithm

The double tree algorithm is a fast and simple 2-approximation for TSP. As in all future discussions
in this paper, our input will be symmetric metric c: V x V — R>g and our goal will be to output
a minimum cost Eulerian multi-subgraph.

This algorithm simply chooses a minimum spanning tree T and returns T & T, where for two
sets A, B we let AW B denote their multi-set union.

Algorithm 11 Double Tree Algorithm for TSP

1: Find a minimum cost spanning tree T of G
2: Return TW T, i.e. return the Eulerian multi-subgraph containing two copies of each edge in T.

Since T is connected, the output is connected. Furthermore, since every edge in T appears
twice, every vertex has even degree, so T 0 T is Eulerian. Therefore this algorithm always produces
a valid solution. Finally we notice that ¢(T) < ¢(OPT), since OPT connects the graph and T is
the cheapest set of edges that connects the graph. Thus the cost of the solution returned by the
algorithm is 2¢(T) < 2¢(OPT), as desired.

Fig. 80 is an example solution produced by the double tree algorithm. In this case it is optimal.
However, the analysis is tight, as Fig. 81 illustrates.

The graph in Fig. 81 is Hamiltonian, so there is a solution of cost 1, however the double
tree algorithm returns a solution of cost 2n — 2, which tends to a 2-approximation as n — co.
(The same is true for any Hamiltonian graphic instance of TSP.) If shortcutting is allowed (see
Remark A.3), this instance is not a lower bound example, however a lower bound of 2 is given in
[DT09] which works against even the optimal shortcutting.

A.4 The Christofides-Serdyukov Algorithm

For a set of vertices O C V with even parity, an O-Join M C E is a set of edges such that every
vertex in O is adjacent to an odd number of edges in F and every vertex not in O is adjacent to
an even number of edges in F. A minimum cost O-Join can be computed in polynomial time by
finding a minimum weight perfect matching on the metric completion of G.
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Figure 81: A tight example for the double tree algorithm (without shortcutting). Let c. = 1 for all
edges.

Algorithm 12 Christofides-Serdyukov Algorithm

1: Find a minimum cost spanning tree T of G
2: Let O be the set of vertices with odd degree in T. Compute the minimum cost O-Join M.
3: Return T W M.

Every vertex with odd degree in T has odd degree in M, so it has even degree in T & M.
Similarly, every vertex with even degree in T has even degree in M, so it again has even degree in
T & M. Therefore T & M is Eulerian and the algorithm is correct.

We now show that this is a 3/2 approximation. As above, we use that ¢(T) < ¢(OPT). It
remains to show that c(M) < 1c(OPT). Using Fact A.2, we may assume OPT is a Hamiltonian
cycle. Now, OPT itself can be decomposed into the union of two O-Joins, as visualized here:

TN

;

\'\. e

Figure 82: The set O of odd vertices of the minimum spanning tree is marked in red along the
optimal Hamiltonian cycle. Notice OPT can be decomposed into two disjoint O-Joins, marked in
blue and red. Therefore the minimum cost O-Join must cost at most OPT /2.

It follows that the minimum cost O-Join costs at most OPT /2, completing the proof. This
analysis is tight, even allowing shortcutting, as seen in the following Fig. 83.%°
A.5 Integrality Gap

Here we define the integrality gap of a polyhedron P in the positive orthant as the smallest
number « > 1 such that for every x € P and every positive weight function c, there exists an

In this example we do not use an optimal shortcutting. For a simple lower bound of % even under optimal
shortcutting, see for example [DT09].
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Figure 83: A tight example for Christofides. Let ¢, = 1 for all edges. In red is the minimum
spanning tree, and marked in red are the odd vertices. In blue is a minimum cost O-Join. The
cost will be %n — 2, but the graph is Hamiltonian, so this is a lower bound of 3/2 as n — oc. Note
we can force Christofides to pick the red edges by making their costs just slightly cheaper than
the remaining edges. On the right is a possible shortcutting of the Eulerian graph which also
costs 311 — 2, where the red edges have cost 1 and the green edges have cost 2. Note that this can
be easily generalized: any Hamiltonian graphic instance with a spanning tree with all but a o(1)
fraction of vertices of even degree is a lower bound of 3/2 for Christofides.

x' € PN Z such that ¢(x') < ac(x).%

X2

Figure 84: The integrality gap of this polyhedron is 2. It is achieved by the weight function (1,1)
and the point (0.5,0.5). This has value 1, but the best integer coordinate has value 2.

For a convex polyhedron P, this is equivalent to studying how much the values of the following
two programs can differ:

min ¢’z min  c¢'x
st. Az>D (89) st. Ax>D (90)
z € Z> x € R>p

Where A is the polyhedron P of interest in inequality form (possibly given by a separation
oracle) and c is an arbitrary non-negative cost function. In other words, the integrality gap is the

40f course, an analogous definition can be given for maximization problems.
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largest possible value of % over all cost functions c where z, x are optimal solutions to the above

programs (1) and (2) respectively.

This quantity is of significant interest when designing approximation algorithms, since often
(2) can be solved efficiently but not (1). In this situation, proving that the integrality gap is «
implies solving (2) estimate the cost of (1) up to a factor a.
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B Proofs from Section 6

In all of the following lemmas, we assume that €, < 6% o and 12€1,1 < €15.

R
e

Figure 85: Setting of Lemma 6.28

Lemma 6.28. Let e = (u, V) be a top edge bundle such that xe < 1/2 — €15. If €15 < 0.001 then, e is
2-1-1 happy with probability at least 0.005¢3 /o

Proof. Let A, B, C be the degree partitioning of é(u). Let V := §(v)_e (see Fig. 85). Condition
u, v be trees, e and C to 0, let v be the resulting measure. This happens with probability at least
0.5 and increases marginals in A_., B_e, V by at most xe + 2€1/1 + €; < Xe +2.1€1/1 and by tree
conditioning decreases marginals by at most 2¢,. After conditioning, we have

E, [A7] € x(A) = Xe(a) + [—2€, Xe +2.1€11] C [0.5,1.5], similarly E, [Br] C [0.5,1.5]

E, [Vr] € x(8(v)) — xe + [—2€y, Xe + 2.1€1 /1] C [1.5,2.01]

E, [Br + V1] € x(B) + x(0(v)) — Xe — Xe(p) + [—2€y, Xe +2.1€1/1] C [24 1.8€1/2,3.01],

Ey [Ar + Br] € x(A) + x(B) — Xe(4) — Xe(p) + [—2€y, Xe +2.1€11] C [1.5,2.01],

Ey [Ar + Br + V1| € x(A) + x(B) + x(3(0)) — Xe — Xe(a) — Xe(B) T [—2€y, Xe + 2.1€1 1]
C [3+ 1.75€1 , 4.01].

where we used €1/, < 0.001 and 12¢1 /1 < €12 and X,(a), Xe(B), Xe(a) T Xe(B) < Xe < 1/2 —€1/2. It
immediately follows from Proposition 6.8 that P, [Ar = Br = 1, V1 = 2] is at least a constant. In
the rest of the proof, we do a more refined analysis. Using At +Br >1,Vr > 1,

P, [Ar + Br + Vr = 4] > (1.75€1 /5)e” 27172 > 1.7¢y ), (Lemma 6.4)
P, [Ar + Br > 2], P, [V > 2] > 0.39, (Lemma 6.5)
P, [Ar + Br <2],P, [Vr <2] > 05, (Markov, A7 + By > 1, Vr > 1 under v)
P, [Ar <1] > 0.25,P, [Br + V7 < 3] > 0.33. (Markov’s Inequality and V7 > 1 under v)
P, [Ar > 1] > 0.39,P, [Br + V1 > 3] > 1.75€1», (Lemma 6.5)

It follows by Corollary 6.12 (with € = 0.195, p;, > 1 —2¢ > 0.6) that
P, [VT = 2|AT +Br+Vr = 4] > 0.13.

Note that since Vr > 1, At + Br > 1 with probability 1, we apply Corollary 6.12 to V7 — 1, At +
Br —1.
Furthermore, by Lemma 6.11, P, [A7 > 1|Ar+ Br + Vr = 4] > 0.128, P, [Ar < 1|Ar+ Br + Vr = 4] >
0.43€1/2. The same holds for Br. Therefore, by Corollary 6.12 (with € = 0.055¢; 5), using that
€12 < 0.001,
P, [Ar = 1|Ar + Br =2, Vr = 2] > 0.05¢1 5.
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Putting these together we have

PP [¢ 2-1-1 happy] > 0.5, [Ar = By = 1, Vp = 2]
= 05P, [Ar + Br + Vi = 4] P, [Vi = 2| A7 + Br + Vi = 4]
Py [Ar =1|Vr =2, Ar + By = 2]
> 0.5(1.7¢1/2)(0.13)(0.05€1 /) > 0.005€3 5

as desired. 0

Lemma 6.29. Let e = (u, V) be a top edge bundle such that xe > 1/2 + €1 /5. If €15 < 0.001, then, e is
2-1-1 happy with respect to u with probability at least 0.006€? /2

Proof. Let A, B, C be the degree partitioning of the edges in 6(u), V = é_e(v). Condition u,v
be trees, Ct = 0 and u Uv to be a tree (in order). This happens with probability at least
% + €172 —3ey — 2611 > 0.5. Let v be the resulting measure restricted to edges in A,B,V.
Note that v on edges in A, B,V is SR. This is because v is a product of two strongly Rayleigh
distribution on the following two disjoint set of edges (i) the edges between u,v and (ii) the edges
in A_e,B_e, V.

Furthermore, observe that under v, every set of edges in A_e, B_¢, V increases by at most
2e1/1 + €y < 0.2€1 7 (using 12€1,1 < €1/2), and decreases by at most 1 — xe + 2¢,. Therefore,

E, [Ar] € x(A) + [ (1 — xe) — 265, 1 — xe + 0.2€1 5] C [0.5,1.5], similarly, E, [Br] € [0.5,1.5]

E, [Vi] € x(5(0)) — Xe + [~ (1 — xe) — 2¢,,0.2€1 /5] C [0.995,1.5].

Ey [Ar + Br] € x(A) +x(B) + 1 — xo(4) — Xe(p) + [~ (1 — xe) — 2€,0.2€1 5] C [1.995,2.5],

E, [Br + V1] € x(B) + x(6(v)) — xe + [—(1 — xe) — 26,1 — xe + 0.2€1 2] C [1.99,3 — 1.75¢1 ).

Ey [Ar + Br + V1] € x(A) + x(B) +x(6(v)) + 1 — Xe — Xo(a) — Xe(p) + [~ (1 — xe) — 2€5,0.2¢€1 5]
C [2.99,4 — 1.75¢1 o).

where in the upper bound on E, [A7], E, [Br], E, [Br + V1] we used that the marginals of edges
in the bundle e can only increase by 1 — x. (in total) when conditioning u U v to be a tree. So,

P, [Ar+Br+Vr =3] > €1/, (By Theorem 2.17)
P, [Ar + Br > 2] > 0.63,P, [Vr > 1] > 0.63 (Lemma 6.5, Ar + By > 1)
P, [Ar + Br <2] >0.25,P, [V <1] > 0.25, (Markov Inequality, AT + Br > 1)
P, [Ar > 1] > 0.39,P, [Br + V¢ > 2] > 0.59 (Lemma 6.5)

P, [Ar <1] > 0.25,P, [Br + Vr < 2] > 1.75¢1,5, (Markov, In worst case P [Br + Vr < 2] = 0)
It follows by Corollary 6.12 (with € = 0.157, p,, = 0.68) that
P, [AT + Br = 2|AT + Br+ Vr = 3] > 0.12.

Note that since At + Br > 1 with probability 1, we apply Corollary 6.12 to At + Br — 1, Vr.
Furthermore, by Lemma 6.11, P, [Ar > 1|Ar + Br + Vr = 3] > 0.68¢1,, and
P, [Ar < 1|Ar + By + Vr = 3] > 0.147. By symmetry, the same holds for Br. Therefore, by
Corollary 6.12,
P, [Ar = 1|Ar + By = 2, Vr = 1] > 0.09%; ;5.
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where we used €7,, < 0.001.
Finally,
IP [e 2-1-1 happy] > (0.09€7,2)0.12(€1/2)0.5 > 0.005€7 ,

as desired. 0

Figure 86: Setting of Lemma B.1

Lemma B.1. For a good half top edge bundle e = (u,v), let A, B, C be the degree partitioning of 6(u),
and let V = §(v)— (see Fig. 86). If €172 < 0.001, x¢(p) < €12, and P [(A_e)T + Vr < 1] > 5€1 5 then
e is 2-1-1 good,

IP [e 2-1-1 happy w.r.t. u] > 0.005€7 /,

Proof. The proof is similar to Lemma 6.29. We condition u, v to be trees, Cr = 0, u U v to be a tree.

Let v be the resulting SR measure on edges in A, B, V. The main difference is since x. 2 1/2+ €71/,

we use the lemma’s assumptions to lower bound P, [Ar + Br + Vr = 3|, P, [Ar + V1 < 2],P, [Br + Vr < 2].
First, since e is 2-2 good, by Lemma 6.22 and negative association,

IPV [(5(1/[)753)]" + VT S 2] 2 P [(5(1/{)7e)T + VT S 2] —r [CT = 0] Z 0.461/2 — 261/1 — 6,7 2 0.2261/2,

where we used €1/7 < €1,,/12. Letting p; = P [(6(u)_e)T + Vr = i], we therefore have p<, >
0.22€1 /5. In addition, by Lemma 6.4, p3 > 1/4. If p» < 0.2€1,,, then from p,/p3 < 0.8¢1,2, we
could use log-concavity to derive a contradiction to p<; > 0.22¢1/, (analogously to what’s done in
the proof of Lemma 6.1). Therefore, we must have

P, [AT + Br+ Vp = 3] =P, [(5(u),e)T + Vr = 2] > 0.261/2.

Next, notice since IP [u, v, u U v trees, Ct = 0] > 0.49, by the lemma’s assumption, P, [e(B)] <
2.01€1 /. Therefore,

E, [BT + VT] <x(V)+4+x(B)+ 1.01e1/2 + 2€1/1 + €5 < 2.51.
So, by Markov, P, [Br + V7 < 2] > 0.15. Finally, by negative association,
Py[Ar+Vr <2] > Py [(A—e)r + Vr <1 2 P[(A—e)r + Vr < 1] =P [Cr = 0] > 4.8¢1,2

where we used the lemma’s assumption.

Now, following the same line of arguments as in Lemma 6.29, we have
P, [AT + Bt = 2|AT +Br+Vr = 3] > 0.12. Also, IP, [AT > 1|A —T+Br+Vr= 3] > 3.02, which
implies P, [Ar = 1|Ar + Br = 2, Vp = 1] > 0.42¢. This implies

IP [e 2-1-1 happy] > (0.42€;,,)0.12(0.2€1/2)0.498 > 0.005¢7 ,,

as desired. O
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Lemma 6.30. Let e = (v,u) and f = (v, w) be good half top edge bundles and let A, B, C be the degree
partitioning of 5(v) such that xe(py, X¢(p) < €1/2. Then, one of e, f is 2-1-1 happy with probability at least
0.005€2 .

/2

Proof. Let U = 6(u)_e. By Lemma 6.7, we can assume, without loss of generality, that

E [Ur|f ¢ T,u,v,w tree] < x(Ur) + 0.405 + 3e,,. (91)
On the other hand,
E[(A_ef)7]| > E[(A_eg)7|f & T,u,v,wtree| P [f & T,u,v,w, tree]
>E[(A_eg)7|f & T, u,v,w tree| 0.49
So,
1 1
E[(A_ef)7lf ¢ T,u,v,w, tree] < @X(A_e_f) < @(461/2 +e€;) < 82¢1),. (92)

Combining (91) and (92), we get E [Ur + (A—_e)|f & T,u, v, w tree] < 1.91 where we used
€172 < 0.001. Therefore, using Lemma 6.4, we get

P (U + (A_e)r < 1] > 0.49P [Ur + (A_o)r < 1|f ¢ T, u,v,w tree] > 0.01,

Since €1/, < 0.001, by Lemma B.1, e is 2-1-1 good. O

Figure 87: Setting of Lemma 6.31.

Lemma 6.31. Let e = (u, V) be a good half edge bundle and let A, B, C be the degree partitioning of 5(u)
(see Fig. 87). If €172 < 0.001 and x(4), Xe(p) = €1/2, then

IP [e 2-1-1 happy w.r.t u] > 0.026%/2.

Proof. Condition Cr to be zero, u, v and u U v be trees. This happens with probability at least 0.49.
Let v be the resulting measure. Let X = A_¢ UB_,, Y = 6(v)_, Since e is 2-2 good by Lemma 6.22
and stochastic dominance,

P, [XT +Yr < 2] >P [((S(Ll)_e)T +Yr < 2] —-r [CT = 0] > 0.461/2 —2€1/1 — €y > 0.22¢1 5,

where we used €1,; < 12€7,,. It follows by log-concavity of Xr + Yr that P, [X7 + Yr =2] >
0.261/2. NOW,

E, [XT] ,IE, [YT] € [1 — 361/1, 1.5+ €12+ 261/1 + 36,7] C [0.995, 151]
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So,

]].:)]/ [XT
]].—)]/ [XT

v

1],P, [Yr > 1] > 0.63, (Lemma 6.5)
1], P, [Yr < 1] > 0.245. (Markov)

IN

Therefore, by Corollary 6.12 P, [Xt = 1| X1 + Y7 = 2] > 0.119.
P, [Xr = Yr = 1] > (0.2€1,,)0.119 > 0.023¢ /2,

Let £ be the event { X1 = Y7 = 1|v}. Note that in v we always choose exactly 1 edge from the e
bundle and that is independent of edges in X, Y, in particular the above event. Therefore, we can
correct the parity of A, B by choosing from e, or ep. It follows that

IP [e 2-1-1 happy w.r.t u] > P, [€] (1.99€7,2)0.49 > 0.02€7 5,

where we used that E, [e(A)r] > 1.99¢1 5, and the same fact for e(B)r. To see why this latter fact
is true, observe that conditioned on u, v trees, we always sample at most one edge between u, v.
Therefore, since under v we choose exactly one edge between u, v, the probability of choosing
from e(A) (and similarly choosing from e(B)) is at least

E [e(A)r|u,v trees,Cr = 0] _ Xe(a) — 26y S S22~ 2ey
P [e|u,v trees,Cr =0] — Xe+3e1,1 — 1/24+13€1,2

> 1.9961/2

as desired. O

Figure 88: Setting of Lemma 6.34. We assume that the dotted green/blue edges are at most €7 ;.
Note that edges of C are not shown.

Lemma 6.34. Let e = (u,v),f = (v,w) be two good top half edge bundles and let A, B, C be degree
partitioning of 6(v) such that xe(p), X¢a) < €1/2. If e f are not 2-1-1 good with respect to v, and
€172 < 0.0002, then e, f are 2-2-2 happy with probability at least 0.01.

Proof. First, observe that by Lemma B.1 if P [Ur + (A_e)r < 1] > 0.25¢, where € > 20e¢;,
is a constant that we fix later, then e is 2-1-1 good, which is a contradiction. So, assume,
P[Ur+ (A_e)T > 2] > 1 — 0.25¢. Furthermore, let ¢ = P [Ur + (A_e)7 > 3]. Since x(U) +
x(A—e) < 2+ 312 +2€1/1 + 36y < 2+ 3.2€1/; (Where we used Xeq) > Xe — Xe() — X >
1/2 — 2€1 /5 — 2€1/1 — € and where we used 12¢1,1 < €1)),

2(1 — g — 0.25¢) +3q < 2+ 3.2€1 5.
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This implies that g < 0.5¢ + 3.2¢1,, < 0.75¢ (for € > 13€7 ;). Therefore,
P[UT+(A_e)T:2],H)[WT+(B )T—Z] >1—¢€ (93)

where the second inequality follows by a similar argument.

Claim B.2. Let Z = §(u) Nd(w). Ife < 1/15, then either E [Z|u, v, w tree] < 3e or [E [Z|u, v, w tree] >
(1—3e).

Proof. For the whole proof we work with y conditioned on u,v, w are trees. Let z = E [Z]. Let
D=UUWUA_.UB_¢~ Z. Note that Dy +2Zr = Ur UWr U (A—e)T U (B,f)T. By Eq. (93) and
a union bound P [Dy +2Z7 = 4] > 1 —2¢ — 3ey. Therefore,

2.1¢ > 2 43¢, > P[Dr +2Zr #4] > P[Dr = 3] > \/P[Dr = 2] P [Dr = 4]
where the last inequality follows by log-concavity. On the other hand,

2=P[Z=1<P[Dr=27Z=1]+P[Dr+2Zr # 4] <P [Dr = 2] +2.1¢,
1-2z=P[Z=0<P[Dr =4,Z=0]+P[Dr+2Zr #4] <P [Dr = 4] +2.1¢

Putting everything together,
(2.1€)> > (z —2.1€)(1 —z — 2.1€) = z(1 — z) — 2.1 + 2.1€%.
Therefore, using € < 1/15, we get that either z < 3e or z > 1 — 3e. O

So, for the rest of proof we assume E [Zr|u, v, w trees] < 3e. A similar proof shows e, f are
2-2-2 good when E [Z7|u, v, w trees] > 1 — 3e. We run the following conditionings in order: u, v, w
trees, Zr =0,Cr =0, e(B),f ¢ T, e(A) € T. Note that e(A) € T is equivalent to u U v be a tree.
Call this event & (i.e., the event that all things we conditioned on happen). First, notice

P [8] > (1 —3€;7)(1 —3€—2€1/1 — €y —€1/2 — (1/2+€1/2))(1/2—3€1/2) >022 > 1/5 (94)

Moreover, since all of these conditionings correspond to upward/downward events, u|€ is
strongly Rayleigh. The main statement we will show is that

P [e,f 2-2-2 happy]ﬁ] > P [UT = (A )T = 1 (B )T = 0 WT = 2’5] ( )

The main insight of the proof is that Eq. (93) holds (up to a larger constant of €), even after
conditioning &£, B_¢ = 0, A_e = 1; so, we can bound the preceding event by just a union bound.
The main non-trivial statement is to argue that the expectations of B_¢ and A_. do not change so
much under €.

Combining (93) and (94),

P [Ur + (A-e)r = 2|€], P [Wr + (B_f)r = 2|€] > 1 —5e. (95)
We claim that

E [Bﬂg] =E [(B,f)ﬂg] < x(B_f) + 3ey +3€1/1 + €172 + 35¢ < 0.66 (96)
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using €1/, < 0.0002 and € = 20€; /5. To see this, observe that after each conditioning in £ either all
marginals increase or all decrease. Furthermore, the events Ct = 0, Zr = 0,e(B)r = 0 can increase
marginals by at most 3¢, + 3€1,/1 + €1/2; the only other event that can increase B_¢ is f ¢ T. Now
we know PP [(B_¢)T + Wr = 2|€] > 1 — 5¢ before and after conditioning f ¢ T. Therefore, by
Corollary 2.19, 2 — 10e < E[(B_¢)r + Wr] < 2+ 25¢. But if E [(B_¢)7| increased by more than
35¢, then either before conditioning f ¢ T, E [(B_¢) + Wr] < 2 — 10€ or afterwards it is more than
2 + 25¢, which is a contradiction, and completes the proof of (96). A similar argument shows that
E[(A_e)T|€E] < 0.66.
We also claim that
E[(A_)r|&] > x(A_,) — 3e; — 35¢ > 0.33.

As above, everything conditioned on in &£ increases E [(A_.)r] except for possibly e(A) € T.
As above, we know that IP [Ur + (A—_.)r = 2|€] > 1 — 5¢ before and after e(A) ¢ T. So again
applying Corollary 2.19, we see that it can’t decrease by more than 35e.

It follows that

033 <E[(A_e)7|€] SE[(A_e)1|E, (B_g)r = 0] < 0.66 + 0.66 < 1.32.

So, by Lemma 6.4 and Theorem 2.17, IP [(A_e)T =1l¢, (B_f)r = O} > 0.33¢—3 > 0.237.
Therefore, by Lemma 6.4

P&, (A—e)r =1,(B_¢)T = 0] > (0.22)(0.39)(0.23) > 0.019.
Therefore, by (95)
P[Ur =1/, (A—e)r =1,(B_g)r = 0], P [Wr =2|&,(A—e)r = 1,(B_¢g)r = 0] > 1 —5€/0.019
Finally, by union bound
P[Ur =1,Wr=2|&,(A_e)r =1,(B_¢)r =0] > 1—¢€/0.009

Using € = 20€1,, and €7/, < 0.0002 this means both of the above events happens, so e, f are
2-2-2-happy with probability 0.019(1 — €/0.009) > 0.01 as desired. O

269



C Cuts crossed on one side

This is the first appendix for the integrality gap result, Theorem 1.2.

C.1 Cuts crossed on one side

In Theorem 11.2, we found a vector which satisfies all cuts crossed on both sides. Consequently,
we can study the structure of cuts which remain after deleting all cuts crossed on both sides,
i.e. connected components of cuts crossed on one side. The arguments in this section closely
follow Section 5.4. Even though in that section, these families were handled using OPT edges, the
extension to charging to LP edges is very natural in this setting and requires little modification.

Lemma C.1. Suppose C is a connected component of cuts in Ny 1 with |C| > 2. If 5 < 3, the corresponding
polygon P of C has no inside atoms.

Proof. By Lemma 10.17, to show that the polygon of C has no inside atoms it is sufficient to show
that there are no k-cycles for any integer k. Since 7 < 2/5, by Lemma 10.16 there are no 3 or
4-cycles. By way of contradiction suppose there was a k-cycle Cy,...,Cx € C with k > 5. Then,
perhaps after renaming, we can assume that C;, C2, C3 do not contain the root, C; and C; each
cross Cp, and C; N C3 = @. Then by Lemma 10.12, C; € NM/ which is a contradiction since we
assumed C C Nj. Therefore, P has no k-cycles for k > 5. So, P has no inside atoms. O

Also note that by Lemma 10.12, if C is a connected component of cuts in N, 1, then every cut
C € C is crossed on one side in the polygon of C. (In other words, deleting the cuts in N, » does
not allow a cut previously crossed on one side to be crossed on both sides in its new polygon.)

C.2 Notation and results that we re-use

As before suppose C is a connected component of cuts crossed on one side with corresponding
polygon P. Now assume P has outside atoms ay, . .., 4,,—1, and WLOG assume ay is the root (recall
there are no inside atoms).

Definition C.2 (Leftmost and Rightmost cuts). We call any cut C € C with leftmost atom ay a leftmost
cut of P, and any cut C € C with rightmost atom a,,_1 a rightmost cut of P. We also call ay the leftmost
atom of P (resp. ay,_1 the rightmost atom).

Recall that in Theorem 5.9, we showed that polygons of cuts crossed on one side have a simple
structure. In particular, they look like a near-integral cycle. We repeat the theorem here:

Theorem C.3 (Structure of Polygons of N, 1). For €, > 71 and any polygon of cuts crossed on one side
with atoms ag...a,,—1 (where ag is the root) the following holds:

* For all adjacent atoms a;, a; 1 (also including ao, a,,—1), we have x(E(a;, ai11)) > 1 — €.
e All atoms a; (including the root) have x(6(a;)) < 2+ €.
* x(E(ao,{az,...,am—2})) < €.

We will also re-use the following definitions:

270



Definition C.4 (A, B, C-Polygon Partition). The A, B, C-polygon partition of a polygon P is a partition
of edges of 6(ag) into sets A = E(ay,a9) and B = E(a,,—1,a0), C = 6(ap) ~ A\ B.

Definition C.5 (Happy Polygons). For a spanning tree T, we say that a polygon P of cuts crossed on one
side is happy if
AT and BT Odd, CT =0.

We say that P is left-happy (respectively right-happy) if
Arodd,Cr =0,
(respectively Br odd, Ct = 0).
Definition C.6 (Happy Cut). We say a leftmost cut L € C is happy if
E(L,LUag)r = 1.

Similarly, the leftmost atom ay is happy if E(a1, a9 Uay)r = 1. Define rightmost cuts in u or the rightmost
atom in u to be happy, similarly.

Note that, by definition, if leftmost cut L is happy and P is left happy then L is even, i.e,,
0(L)r = 2. Similarly, a; is even if it is happy and P is left-happy.

Definition C.7 (Relevant Cuts). Define the family of relevant cuts of a polygon P representing a connected
component C C N, 1 as follows:

Cy=CU{a;:1<i<m—1Ax(6(a;)) <2+ny}.

Lemma C.8 (Restatement of Lemma 5.28). There is a mapping of cuts in C to the collections of
edges E(ay,a2),...,E(am—2,ay,_1) such that each set E(a;, a;11) has at most 4 cuts mapped to it, every
cut C € Cy containing atoms a; through a; is mapped to either E(a;_1,a;) or E(a;, ajy1) (or both), and
every atom of the polygon in C' gets mapped to two (not necessarily distinct) groups of edges E(a;, a;+1),
E(a]', Elj+1).

Note in the following three statements, we gain a factor of two compared to their previous
incarnations as we look at 77-near min cuts instead of 277-near min cuts.

Lemma C.9 (Restatement of Lemma 5.26). For every cut A € C that is not a leftmost or a rightmost
cut, P[0(A)r =2] > 1—11n.

Lemma C.10 (Restatement of Lemma 5.27). For any atom a; # ag that is not the leftmost or the
rightmost atom we have
I [(5((11')7" = 2] > 1-— 2177.

Lemma C.11 (Restatement of Lemma 5.30). For every leftmost or rightmost cut A in P that is an
n-near min cut, P [A happy| > 1 — 5y, and for the leftmost atom ay (resp. rightmost atom a,,_1), if it is
an y-near min cut then P [ay happy| > 1 — 12y (resp. P [a,,—1 happy] > 1 —127).
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C.3 Main theorem for cuts crossed on one side

The following is the extension of Theorem 5.24 to the case when we do not use OPT. This is the
key theorem used to deal with components cuts crossed on one side and the atoms in A, which
compose them.

Theorem C.12 (Happy Polygons (Similar to Theorem 5.24)). Let G = (V, E, x) for an LP solution
x. Let y be an arbitrary distribution of spanning trees with marginals x. For any « > 0, 7 < 1/10, and
€y = 711, there is a random vector s* : E — Rx>q (as a function of T ~ p) such that

* For a connected component C of cuts crossed on one side with corresponding polygon P and atoms
ao, ai...am—1 and cycle partition A, B, C the following holds:

— For any cut S € C. which is not a leftmost/rightmost cut/atom if 6(S) is odd then we have
s*(0(S)) > a(1l —¢y),

— If P is left happy, then for any S € C that is a leftmost cut or the leftmost atom, if 6(S) is
odd, then we have s*(6(S)) > a(1 — ;).

— Similarly, if P is right happy then for any cut S € C,. that is a rightmost cut or the rightmost
atom, if 6(S)t is odd, then s*(6(S)) > a(1 — €y).

e E[s;] < 44anx, forall e € E.
Before proving the theorem, we study a special case.

Lemma C.13 (Theorem C.12 Holds for Triangles). Let S = X UY where X, Y, S are €;-near min cuts
which do not cross. Then, letting X be a; and Y be ay (and ag = X UY) Theorem C.12 holds.

Proof. In this case this system has cycle partition A = E(ay,a0), B = E(az,a0),C = @. For the edges
E(ay,a;) we define an increase event Z when at least one of TN E(X), TNE(Y), TNE(S) is not a
tree. Whenever this happens we define s} = ax, for all e € E(ay,a2). If S is left-happy we need
to show when §(X)r is odd, then s*(5(X)) > a(1 — €;). This is because when S is left-happy we
have Ar =1 (and Cy = 0), so either the increase event Z does not happen and we get 6(X)r =2
or it happens in which case s*(6(X)) = a - x(E(ay,a2)) > «(1 — €;) by ?2. Finally, observe that by
Corollary 2.29, P [Z] < 3¢, /2, so E [s;] = 1.5e,ax, < 44anx, for alle € E(ay,a). O

Proof of Theorem C.12. Fix a connected component C of N; with corresponding polygon P. Fix
1 <i < m. By Theorem C.3 x(E(a;j_1,4;)) > 1 —¢y.

For the at most four cuts mapped to E(a;_1,4;) in Lemma C.8, we define the following three
events:

i) A leftmost cut mapped to E(a;_1,4;) is not happy.
ii) A rightmost cut mapped to E(a;_1,4;) is not happy.
iii) A cut which is not leftmost or rightmost mapped to E(a;_1, 4;) is odd.

Observe that the cuts in (i) and (ii) are assigned to E(a;_1,4;) in Lemma C.8. We say an atom 4 is
singly-mapped to E(a;_1,4;) if in the matching a is only mapped to E(a;_1,a;) once, otherwise we
say it is doubly-mapped to E(a;_1, a;).

272



We say an event Z(E(a;_1,a;)) occurs if either (i), (ii), or (iii) occurs. If Z(E(a;_1,4;)) occurs
then for all e € E(a;_1,4;), we set:

XX, If (i),(ii), or (iii) occurred for at least one non-atom cut in C’, or for an atom
Sp = which is doubly-mapped to E(a;_1, a;)
ax./2 Otherwise.

If Z(E(a;—1,a;)) does not occur we set s; =0 for all e € E(a;_1,4a;).

First, observe that for any non-atom cut S € C (i.e. any relevant cut) that is not a leftmost
or a rightmost cut/atom, if 5(S)r is odd, then if E(a;_1, a;) is the set of edges that S is mapped
to, it satisfies s*(0(S)) > a - x(E(a;—1,4;)) > a(1 —€;). So, these cuts satisfy the conditions of the
theorem.

The same inequality holds for non-leftmost/rightmost atom cuts 2 € C’ which are doubly-
mapped to E(a;_1,a;). For non-leftmost/rightmost atom cuts a € C’ which are singly-mapped to
E(a;_1,a;), a is mapped (possibly even twice) to another edge E(a;_1,4;) (note j =i —1ori+1),
and in this case s*(4(S)) > a/2-2(1 —€;) = a(1 — €;), and again the above inequality holds.

Now, suppose S € C is a leftmost cut of P and 4(S)r is odd, and the rightmost atom of S is a;_4
(i.e. it is mapped to E(a;_1,a;)). If P is not left-happy then there is nothing to prove. If P is left-
happy, we may assume S is not happy. Then Z(E(a;_1,4;)) happens, so as in the above inequality
s*(6(S)) > a(1 — €;). We obtain the same condition for rightmost cuts and leftmost/rightmost
atoms that are assigned to P (note leftmost/rightmost atoms are always doubly-mapped: a; to
E(ay,az) and a1 to E(ay—2,a,-1)).

It remains to upper bound E [s}] for any edge e € E(a;_1,4;). By Lemma C.8, at most four cuts
are mapped to E(a;_1,a;).

First suppose exactly one atom is doubly-mapped to E(a;_1,4;). Then there are at most three
cuts mapped to E(a;_1,4;), including that atom. The probability of an event of type (i) or (ii)
occurring for the leftmost or rightmost atom is at most 1 — 12 by Lemma C.11. Atoms which are
not leftmost or rightmost are even with probability at least 1 — 21 by Lemma C.10. Therefore,
in the worst case, the doubly-mapped atom is not leftmost or rightmost. For the remaining two
cuts, leftmost and rightmost cuts are happy with probability at least 1 — 5 by Lemma C.11, and
(non-atom) non leftmost/rightmost cuts are even with probability at least 1 — 1157 by Lemma C.9.
Therefore in the worst case the remaining two (non-atom) cuts mapped to E(a;_1,4;) are not
leftmost/rightmost. Therefore, if an atom is doubly-mapped to E(a;_1,4;), for any e € E(a;_1, a;)
we have

E[s*(e)] < 21nax, +2-11nax, < 44nax,

Note if two atoms are doubly-mapped to E(a;_1, a;), there are no other mapped cuts and in the
worst case the atoms are not leftmost/rightmost, so for any e € E(a;_1,4;),

E [s*(e)] < 2-21nax, < 44nax,

Otherwise, any atoms mapped to E(a;_1, ;) are singly-mapped. In this case, if only an atom
cut is odd/unhappy, we set s*(e) = x.a/2. The probability of an event of type (i) or (ii) occurring
for the leftmost or rightmost atom is at most 1 — 127 by Lemma C.11, so we can bound the
contribution of this event to [E [s*(e)] by 12yax,/2. Atoms which are not leftmost or rightmost are
even with probability at least 1 — 217 by Lemma C.10, and so we can bound their contribution by
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21nax, /2. Therefore, in the worst case four non-leftmost/rightmost non-atom cuts are mapped to
E(a;_1,a;), in which case, for any e € E(a;_1,4;),

E[s*(e)] <4-11yax, = 44nax,

as desired. O

D Proof of Theorem 12.1

In this section, we use the previous section and Theorem 11.2 to prove Theorem 12.1, the main
technical ingredient required to prove the integrality gap result.

Definition D.1 (Hierarchy). For an LP solution x° with support Eg = E U {eg} where x is x° restricted
to E, a hierarchy H C Ne,7 is a laminar family with root V . {ug, vo }, where every cut S € H is called
either a “near-cycle” cut or a degree cut. In the special case that S has exactly two children we call it a
triangle cut. Furthermore, every cut S is the union of its children. For any (non-root) cut S € H, define the
parent of S, p(S), to be the smallest cut S' € H such that S C S’

ForacutS e H,let A(S) :={a € H :p(a) =S} IfSis called a “near-cycle” cut, then we can order
cuts in A(S), a1, ..., a1 such that

* A=E(S,m),B=E(an_1,S) satisfy x(A),x(B) > 1—¢,.
e Forany1 <i<m—1,x(E(a;a;41)) >1—¢y.
o C=U",?E(a;,S) satisfies x(C) < e,

We call the sets A, B, C the “near-cycle” partition of edges in 5(S). We say S is left-happy when At is
odd and Ct = 0 and right happy when By is odd and Ct = 0 and happy when Art, Bt are odd and Ct = 0.

We abuse notation and for an edge e = (u,v) that is not a neighbor of g, vy, we write p(e) to denote
the smallest® cut S’ € H such that u,v € S'. We say edge e is a bottom edge if p(e) is a polygon cut and
we say it is a top edge if p(e) is a degree cut.

The terminology of the above differs slightly from Definition 5.31, where we replace “polygon"
cut with “near-cycle" cut and “polygon" partition with “near-cycle" partition.

By Theorem C.3, an example of a near-cycle cut is the union of non-root atoms of a connected
component of cuts crossed on one side (i.e. its outer polygon cut). Another example is the non-root
atoms of a connected component of minimum cuts (i.e. a cycle of a cactus of length at least four).

In the following, we will define a hierarchy # satisfying the above definition such that every
cut S € N, < is either in  or there is a near-cycle cut P € H representing a connected component
C such that S € C.

Recall the “main payment theorem."

Theorem D.2. For an LP solution x° where x is x° restricted to E and a hierarchy H for some €, < 1071
and any B > 0, the maximum entropy distribution p with marginals x satisfies the following:

i) There is a set of good edges E; C E . 6({uo,vo}) such that any bottom edge e is in Eq and for any
(non-root) S € H such that p(S) is not a near-cycle cut, we have x(Eq N 4(S)) > 3/4.

65in the sense of the number of vertices that it contains
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it) There is a random vector s : E; — R (as a function of T ~ ) such that for all e, s; > —x.f (with
probability 1), and

ii1) If a near-cycle cut S with cycle partition A, B, C is not left happy, then for any set F C E with
p(e) =S forall e € Fand x(F) > 1 — €, /2, we have

s(A)+s(F)+s (C) >0,
where s~ (C) = Y ,cc min{s,,0}. A similar inequality holds if S is not right happy.
iv) For every cut S € H such that p(S) is not an near-cycle cut, if 6(S)t is odd, then s(6(S)) > 0.
v) Fora good edge e € Eg, E [s.] < —eppx, (where ep > 3.12-1071)

We will shortly show how the main payment theorem along with Theorem C.12 and Theo-
rem 11.2 implies the following:

Theorem D.3. Let x° be a feasible solution of LP (2) with support Eg = E U {ep} with x the restriction
of x° to E. Let y be the max entropy distribution with marginals x. For n < 10712, B > 0, there is a set
Eq C E N 0({uo,v0}) of good edges and two functions s : Eg — R and s* : E — R (as functions of
T ~ u) such that

(i) For each edge e € Eg, s, > —x. and for any e € E\ Eg, s, = 0.

(ii) For each y-near min cut S, including those for which {ug,vo} € 6(S), if 6(S)r is odd, then
s(0(S)) +s*(6(S)) > 0.

(iii) We have E [s,| < —eppx, for all edges e € Eq and E [s}] < 125y Bx, for all edges e € E, where ep
is defined in Theorem 5.33.

(iv) For every cut S crossed on at most one side such that S # {uo,vo}, x(6(S) NEg) > 3/4.

We will first use it to prove the appendix theorem, which we already showed implies Theo-
rem 1.2:

Theorem 12.1 (Combination of Theorem 9.8 and Theorem 11.2). Let x° be a solution of LP (2) with
support Eg = EU {eo}, and x be x° restricted to E. Let 5 < 107'2, 8 > 0 and let u be the max-entropy
distribution with marginals x. Then there are two functions s : Eg — R and s* : E — R (as functions
of T ~ ), such that

i) For each edge e € E, s, > —x.p (with probability 1).
ii) Foreach S € Ny, if 6(S)r is odd, then s(5(S)) +s*(6(S)) > 0.
iii) For every edge e, E [s}] < 125yBx, and E [s,| < —3ix.epp, where ep is defined in Theorem D.2.

Proof of Theorem 12.1. Let Eq be the good edges defined in Theorem D.3 and let E; := E \ E; be
the set of bad edges; in particular, note all edges in é({uo, vo}) are bad edges. We define a new
vector §: EU {eg} — R as follows:

00 if e = ¢
5(e) « { —x.(4B/5)(1—2y) ife € Ey, 97)
x.(4B/3) otherwise.
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Let 5* be the vector s* from Theorem 11.2 called with « = 2B. We claim that for any 7-near
minimum cut S such that 6(S)r is odd, we have

5(8(S)) +5°(8(S)) > 0.

To check this note by (iv) of Theorem D.3 for every set S € N, <1 such that S # V'~ {uo,vo}, we
have x(Eg N 4(S)) > 3, so we have

S(5(5)) +5°(6(5)) 2 5(5(5)) = Lx(Egn8(5) ~ L1 - 2)x(Bn8(s) 2 0. 99)

For S = V ~ {ug, v}, we have 6(S)1 = 6(up)T + 6(vo)T = 2 with probability 1, so condition ii)
is satisfied for these cuts as well. Finally, consider cuts S € ./\/,7,2. By Theorem 11.2, if §(S)r is odd,
then §*(6(S)) > a(1 — 1) = 2B(1 — 17). Therefore, in such a case we have:

5(6(8)) +57(6(8)) = 2p(1 — 1) — 45[5(1 —21)x(6(5)) = 0 (99)

where we use that x(5(S)) <2+ 17.

Now, we are ready to define s,s*. Let §,5" be the s,s* of Theorem D.3 respectively. Define
s =95+ (1 — 7v)$ and similarly define s* = y§* + (1 — 7)$* for some 7 that we choose later. We
prove all three conclusions of Theorem 12.1 for s, s*. (i) follows by (i) of Theorem D.3 and Eq. (97).
(ii) follows by (ii) of Theorem D.3 and Egs. (98) and (99) above. It remains to verify (iii). For edge
e € E, E[s}] < 125yBx, by (iii) of Theorem D.3 and the construction of s*. On the other hand, by
(iii) of Theorem D.3 and Eq. (97),

]E[S ] §xe(7%ﬁ_<1_’)’>€l’ﬁ) Ve € Egr
“\=—xev-(2B)(1-2y)  Ve€E,.

Setting v = 2ep we get E[s.] < —leppx. for e € Eg and E[s.] < —ix.Bep for e € E, as
desired. O

So it remains to prove the following:

Theorem D.3. Let x° be a feasible solution of LP (2) with support Eg = E U {eg} with x the restriction
of x¥ to E. Let u be the max entropy distribution with marginals x. For 7 < 10712, B > 0, there is a set
Eq C E N 0({uo,v0}) of good edges and two functions s : Eg — R and s* : E — R (as functions of
T ~ u) such that

(i) Foreachedge e € Eg, s, > —x.p and for any e € E \ Eg, se = 0.

(ii) For each nw-near min cut S, including those for which {ug,vo} € 6(S), if 6(S)r is odd, then
S(6(5)) +57(5(5)) = 0.

(iii) We have IE [s,] < —eppx, for all edges e € Eq and EE [s;] < 125nBx, for all edges e € E, where ep
is defined in Theorem 5.33.

(iv) For every cut S crossed on at most one side such that S # {ug,vo}, x(6(S) NEg) > 3/4.
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Proof. We start by explaining how to construct . Run the following procedure on NV, <1 (of x):
For every connected component C of N, <1, if [C| = 1 then add the unique cut in C to the hierarchy.
Otherwise, C corresponds to a polygon P of cuts crossed on one side with atoms ay, ..., a,_1 (for
some m > 3). By Lemma C.1 all these atoms are outside atoms. Add ay,...,4,_1 to H% and
U™ 'a; to H. Note that since x(6({uo, v9})) = 2, the root of the hierarchy is always V ~ {ug, v}

Now, we name every cut in the hierarchy. For a cut S, if there is a connected component of at
least two cuts with union equal to S, then call S a near-cycle cut with A, B, C partition as defined
in Definition D.1. If S is a cut with exactly two children X, Y in the hierarchy (i.e. a triangle), then
let A=E(X,X\Y),B=E(Y,Y\ X) and C = @. Otherwise, call S a degree cut.

Fact D.4 ([KKO21, Fact 4.34]). The above procedure produces a valid hierarchy.

The following observation simply follows from the fact that the new cuts that we introduce in
the above hierarchy, i.e., atoms and union of non-root atoms of a polygon, are not crossed and are
never part of a non-singleton connected component.

Fact D.5. The set of non-singleton connected components Cy,Ca, ... that the above procedure produces are
in one-to-one correspondence to the set of non-singleton connected components of N <1.

Let E; and s be defined as in Theorem 5.33 for the hierarchy defined above, and let s, = .
Also, let s* be the sum of the s* : E — R> vectors from Theorem 11.2 and Theorem C.12 called
with &« = fj—g?ﬁ (i) follows from (ii) of Theorem 5.33. Then, E [s}.] < (18 4 44)17(121”7 B) < 12548

€y

follows from Theorem 11.2 and Theorem C.12 and using that 7 < 10712 and ey = 711. Also,
E [s.] < —eppx, for edges e € E, follows from (v) of Theorem 5.33.

Now, we verify (iv): For any (non-root) cut S € #H such that p(S) is not a near-cycle cut
x(8(S) N Eg) > 3/4 by (i) of Theorem 5.33. The only remaining case is 7-near minimum cuts
which are either atoms or near minimum cuts in a polygon. Fix such a set S in a polygon P.
Let S’ be the union of the non-root atoms of P. Then by Lemma 2.37, x(6(S) N46(S")) < 1+e,.
All edges in 6(S) \ 4(S") are bottom edges, so by (i) of Theorem 5.33 are in E,. Therefore,
x(6(S)NEg)) >1—¢; >3/4.

It remains to verify (ii): We consider 5 groups of cuts:

Type 1: Cuts S such that ¢y € §(S). Then, since s,, = o0, s(6(S)) +s*(6(S)) > 0.

Type 2: Cuts S € N, . By Theorem 11.2 and the fact that « = 2416 if §(S)7 is odd then

1—¢y

2+7

08 2 T

B(l—n)=>(2+n)B > —s(4(S))

where we use that s, > —px, for all edges e and x(5(S)) <2+ 17.

Type 3: Cuts S € % NN, where p(S) is not a near-cycle cut. By (iv) of Theorem 5.33 and that
s* > 0 the inequality follows.

Type 4: Cuts S such that either S € NV, <; N~ H or S € HN N, and p(S) is a (non-triangle)
near-cycle cut. In this case either S is an atom or an y-near minimum cut of a non-singleton
connected component C of N, <; with corresponding polygon P of cuts crossed on one side

%Notice that an atom may already correspond to a connected component, in such a case we do not need to add it in
this step.
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and the cycle partition A, B, C. If S is not a leftmost cut/atom or a rightmost cut/atom, then by
Theorem C.12, whenever 6(S)7 is odd, we have (similar to Type 2):

247

s 2 g 0

Pl —ey) = 2+n)p = —s(5(5)) (100)

Otherwise, suppose S is a leftmost cut. If P is left-happy then by Theorem C.12, similar to
above, s*(6(S)) +s(6(S)) > 0 if §(S)r is odd. Otherwise, let S’ be the union of the non-root
atoms of P and F = §(S) \. 6(S'). By Lemma 2.37, we have x(F) > 1 — ¢, /2. Therefore, by (iii) of
Theorem 5.33 we have

s(6(S)) +5"(6(S)) > s(A)+s(F)+s(C)>0

as desired. Note that since S is a leftmost cut, we always have A C 4(S). But C may have an
unpredictable intersection with §(S); in particular, in the worst case only edges of C with negative
slack belong to §(S). This is why we need to use s~ (C) instead of s(C). A similar argument holds
when S is the leftmost atom or a rightmost cut/atom.

Type 5: Cuts S € 1 NN, where p(S) is a triangle P. This is similar to the previous case except
we use Lemma C.13 to argue that the inequality is satisfied when P is left/right happy. O
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