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Compositional data arise in many scientific fields, where relative proportions of different parts

of a whole are basic units of data. An example is physical activity (PA) epidemiology, where

one is often interested in composition of various PA intensity categories within 24-hour activity

cycles based on objective measurements such as accelerometry. Although a few compositional

data analysis approaches have been applied to modeling PA data, they have drawbacks that are

often overlooked. In this master’s thesis, we propose a power transformation-based framework

for analyzing PA compositional data, which is more flexible and directly addresses the drawbacks

of existing approaches. We first review current compositional data analysis approaches and their

applications to PA data. Next, we present the proposed model for compositional data in the absence

of zero values and investigate its theoretical properties, estimation, and inference. Moreover, we

extend our power transformation-based model to account for compositional data in the presence of

exact zeros. Two estimation strategies, constrained maximum likelihood estimation and modified

likelihood procedures, are proposed. Extensive simulation studies were conducted to evaluate the

finite sample properties of the proposed approaches. Finally, we applied these methods to study

the compositional effects of sedentary behavior, light intensity PA and moderate to vigorous PA

in relationship to health outcomes from the National Health and Nutrition Examination Survey

(NHANES) data.
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Chapter 1

INTRODUCTION

In this chapter, we first present an introductory overview of the field of physical activity (PA)

epidemiology and highlighted the recent advancements in this area over the past decades. Our

discussion primarily focuses on the recent paradigm shift towards 24-hour activity cycles, from

investigating each activity intensity/behavior separately to recognizing their interdependence. We

also introduce the concept of compositional data analysis within the realm of physical activity

epidemiology, encompassing fundamental principles that underpin this statistical approach. More-

over, we provide a brief introduction to the National Health and Nutrition Examination Survey

(NHANES), which serves as the primary motivating study for methods development in this thesis.

1.1 Physical Activity Epidemology

Physical activity epidemiology focuses on investigating the relationship between levels and pat-

terns of PA and their impact on health outcomes in populations (Wilmot et al. [2012], Caspersen

[1989]). This field explores various aspects of PA, including different intensity of physical activity

behaviors, such as sedentary behavior (SB), light intensity physical activity (LPA), and moderate

to vigorous intensity physical activity (MVPA). Notably, accumulating evidence suggests that reg-

ularly engaging in MVPA per day is associated with improved health outcomes (Officer. [2013],

Haskell et al. [2007]). Moreover, research has indicated that the time spent in LPA may also play a

crucial role in preventing obesity (Kotz and Levine [2005]), whereas sedentary time has been con-

sistently linked to negative health effects (Owen et al. [2009], Cliff et al. [2016], Tremblay et al.

[2011]).

Although the investigation of PA behaviors is of great scientific interest, measuring PA behav-

ior presents significant challenges due to its complexity (Caspersen et al. [1985], Skender et al.

[2016]). Traditionally, one of the most common approaches is the use of PA questionnaires. These
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questionnaires are capable of assessing all types of PA and can be employed in large sample sizes.

However, due to the intricate and subjective nature of the information collected, PA questionnaires

may be subject to substantial error and systematic bias (Ferrari et al. [2007], Neilson et al. [2008]).

1.2 Accelerometers

To address limitations inherent in PA questionnaires, motion sensors such as accelerometers have

gained increasing popularity as a means of measuring physical activity in real-world settings (Yang

and Hsu [2010]). Accelerometers are compact electronic devices that capture acceleration patterns

associated with body movement, providing an objective assessment of locomotion duration and

intensity (Westerterp [1999]). Currently, a wide range of accelerometers from various manufactur-

ers is available in the market (Bai et al. [2016b]). The output of these devices is a high-resolution

three-dimensional time series of accelerations expressed in gravitational units in the device’s frame

of reference. These raw data produced by accelerometers are transformed using various algorithms

into PA summary metrics (Pedišić and Bauman [2015]). For example, the Actilife software con-

verts raw accelerometry data collected by Actigraph accelerometers into counts per epoch (e.g.,

1-minute), which provides a summary metric that indicates the aggregated movement intensity in

each epoch (John and Freedson [2012]).

Accelerometers are now widely adopted by many large-scale epidemiological studies to collect

information on participants’ habitural PA patterns over a pre-specified time period (typically a

few days to 1-2 weeks). A few examples include the National Health and Nutrition Examination

Survey (NHANES) conducted from 2003 to 2006 and 2011-2014 (Varma et al. [2017], Urbanek

et al. [2018]) and the Women’s Health Initiative Objective Physical Activity and Cardiovascular

Health Study (OPACH, LaCroix et al. [2017]).

1.3 Compositional Data Analysis

In the past, researchers often viewed various PA behaviors as separate entities, disregarding their

interdependent nature (Bansil et al. [2011], Haskell et al. [2007]). However, it is crucial to rec-

ognize that the combined duration of physical activity behaviors such as SB, LPA, and MVPA

contributes to the overall waking hours (Maher et al. [2014]). Moreover, incorporating sleep as a
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distinct category alongside these physical activity behaviors guarantees a comprehensive depiction

of the complete 24-hour activity cycle. Consequently, alterations in one behavior will invariably

influence the remaining behaviors (Chastin et al. [2015]). In addition, researchers become increas-

ingly aware of the limitations associated with considering physical activity behaviors as individual

and independent components (Pedišić [2014], Pearson [1897]). This recognition has been par-

ticularly driven by the advancements in accelerometers, which enable more detailed and precise

measurements of various PA behaviors. As a result, there is a shift towards a new paradigm that

considers these behaviors as mutually exclusive and exhaustive parts of a 24-hour day, i.e., the

24-hour Activity Cycle (24-HAC) (Rosenberger et al. [2019]).

To tackle the aforementioned challenges in physical activity epidemiology, the implementation

of compositional data analysis emerges as an inherent statistical approach (Janssen et al. [2020]).

Compositional data is a special type of multivariate data where the values of each observational

vector are non-negative and sum to a constant, usually equal to 1 for convenience purposes. They

have been commonly encountered in various scientific fields including microbiome studies (Tsil-

imigras and Fodor [2016]), nutrition (Ros-Freixedes and Estany [2014]), geochemistry (Montero-

Serrano et al. [2010], Buccianti et al. [2014]), politics (Honaker et al. [2002]), and behavioral

biology (Pierotti et al. [2009]). In the physical activity context, if we denote the average daily time

(in minutes) spent in each PA category for subject i as (ti,1, ..., ti,D), where ti,D is the person’s aver-

age sleep time and ti,d,k = 1, ...,D−1 are the time spent in the PA categories while awake, naturally

∑d ti,d = 1440. The vector ti =(ti,1, ..., ti,D)T belongs to the compositional subspace of RD
+, the non-

negative D-dimensional real Euclidean space. Without loss of generality, consider xi,d = ti,d/1440

as the daily average time proportion spent in PA category d, the support of xi = (xi,1, ...,xi,D)
T ,

termed simplex, is given by:

SD−1 =

{
(xi,1, ...,xi,D)

t |xi,d ≥ 0,∑
k

xi,d = 1

}
. (1.1)

The data belonging to the simplex is termed compositional data. Thus due to the smu to 1 con-

straint, the traditional linear regression with N observations that uses all components from a com-

position as covariates will have a singular design matrix X = (x1, ...,xN)
T .

Various techniques have been developed for analyzing compositional data, both with and with-
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out consideration of the simplex structure (Alenazi [2021]). Traditional methods designed for

Euclidean data cannot be directly adapted to compositional data due to the constrained nature of

the simplex. In the field of physical activity epidemiology, an isotemporal substitution paradigm

has been developed as a novel analytic model to examine the time-substitution effects of one ac-

tivity for another (Mekary et al. [2013]). Additionally, log-ratio transformations, as proposed by

Aitchison [2003], offer a means of mapping the data to the Euclidean space. This transformation

eliminates the unit sum constraint and enables the application of standard multivariate techniques.

An example of such an application can be seen in the work by Chastin et al. [2015], who was the

first to employ this model in physical activity research. The study investigated the combined effect

of different behaviors on obesity and cardio-metabolic health markers. However, these transforma-

tions, along with some other suggested parametric models, prove inadequate when observations lie

on the boundaries of the simplex (Alenazi [2021]). We will provide a review of existing methods

and discuss their pros and cons in Chapter 2.

1.4 The National Health and Nutrition Examination Survey (NHANES)

The National Health and Nutrition Examination Survey (NHANES) is a pivotal program designed

to evaluate the health and nutritional well-being of adults and children in the United States. What

sets this study apart is its employment of both interviews and physical examinations to collect data.

NHANES employs a sophisticated sampling design to generate a representative sample of the US

civilian non-institutionalized population. This includes an in-person home interview, as well as a

visit to a mobile examination center, where laboratory data are collected. The study protocols have

received approval from the ethics review board of the Centers for Disease Control and Prevention

in Atlanta, Georgia, and all subjects have provided informed consent.

For this thesis, we analyzed data from the 2005-2006 study cycle of NHANES (National Cen-

ter for Health Statistics [2005]). The sample comprised 4,979 respondents aged 20 years or older,

who were interviewed and examined with response rates of 74.4% and 71.5%, respectively. Ex-

clusions were made for respondents with diagnosed sleep disorders, current pregnancy, lactation,

or insulin use (N = 1,945), insufficient valid accelerometry data, missing self-reported sleep dura-

tion, covariate, or biomarker data. This resulted in a sample of 2,185 adults for the full analysis
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(52.9% of eligible subjects) and 923 adults for the fasting subsample (22.3% of eligible subjects),

which were representative of the total population. The physical activity and sedentary behavior of

the study participants were measured objectively using the ActiGraph accelerometer (model 7164;

ActiGraph LLC, Pensacola, FL). Participants were instructed to wear the device on their right hip

for 7 consecutive days during all waking hours, except for bathing or swimming, and an elastic

belt was used to secure the accelerometer to their body. The device was pre-programmed to record

data in 1-minute intervals, ensuring a high level of accuracy in the measurement of activity levels

and sedentary behavior.

Numerous studies have utilized the NHANES 2005-2006 data to investigate health-related be-

haviors. For instance, Buman et al. [2014] investigate the association between reallocating time

to sleep, sedentary behavior, or active behaviors with biomarkers, and they find that MVPA may

be the most potent time-dependent behavior that enhances health, with additional benefits from

LPA and sleep duration when reallocated from sedentary time. Vallance et al. [2011] identify a

lower likelihood of depression associated with increasing MVPA and decreasing sedentary time,

especially among overweight or obese adults. Similarly, Choi and Ainsworth [2016] find that in-

dividuals with the highest step count exhibited a healthier eating profile and better serum vitamin

levels compared to their less active counterparts. Conversely, those with the lowest step count

had an increased likelihood of having metabolic syndrome and its risk components. These studies

underscore the importance of engaging in regular physical activity and avoiding prolonged seden-

tary behavior for improved health outcomes, as supported by statistical analysis of the NHANES

2005-2006 data.

1.5 Outline of Thesis

This thesis is organized into seven chapters. Chapter 2 provides a review of existing methodolo-

gies for compositional data analysis, laying the foundation for the subsequent chapters. In Chapter

3, we introduced power transformation-based regression models for compositional data in the ab-

sence of exact zero values. Chapter 4 extends the model to account for zero compositions, where

estimation procedures, constrained and modified maximum likelihood approaches, were proposed.

Simulation results are presented in Chapter 5, providing empirical evidence to demonstrate finite
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sample properties of the proposed approaches. Chapter 6 demonstrates the real-world applica-

tions of the proposed methodology to NHANES data. Chapter 7 includes concluding remarks and

directions for future research.
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Chapter 2

REVIEW OF COMPOSITIONAL DATA ANALYSIS
METHODOLOGY

In this section, we begin by introducing isotemporal substitution regression, a popular tech-

nique for modeling compositional PA data. Subsequently, we conduct an overview of log-ratio

based approaches for analyzing compositional data, with a particular emphasis on the isometric

log-ratio transformation. Next, we introduce a power transformation family, which served as a

more flexible extension of the aforementioned methodologies.

2.1 Isotemporal Substitution Model

A modified approach to performing linear regression using compositional data as covariates is

referred as isotemporal substitution model (ISM, Mekary et al. [2009]), which only uses D− 1

components from xi to ensure the design matrix has full column rank. If we delete the d-th column

of the full design matrix X, denoted as X(−d), the regression could be written as:

Y = β
(−d)
0 +X(−d)

β
(−d)+ ε,

where ε is the error term. The interpretation of the j-th regression coefficient β
(−d)
j is the expected

change in Y while substituting 1 unit of xd by x j. Thus by repeating fit isotemporal regression

with different X(−d) as design matrix, one could estimate the substitution effect between any pairs

(x j,xd) from the composition x = (x1, ...,xD) (Dumuid et al. [2019]).

However, there are several disadvantages of the isotemporal regression approach (Weipeng

et al. [2023]). The linear model formulation assumes that the substitution effects between compo-

sitional pairs remain consistent across the simplex. For example, when applied to PA analysis, it

automatically indicates that on average spending 30 more minutes in MVPA from subtracting 30

minutes in SB daily will have the same effect on the health outcome for both very active and very
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sedentary populations, which is unlikely always true.

2.2 Log-ratio Based Regression

Over the past 40 years, significant advancements have been made in the field of compositional data

analysis, particularly through the development of log-ratio based approaches. These approaches

have proven invaluable in handling compositional data, with the ability to effectively address the

challenges posed by the simplex constraints. The additive log-ratio (ALR) transformation, intro-

duced by Aitchison [1982] and Atchison and Shen [1980], allows for the escape of unit sum con-

straint by mapping data onto the Euclidean space, RD−1, where standard multivariate techniques

can be applied. However, one possible drawback is that it treats components asymmetrically,

leading to varying interpretations of the analysis depending on the chosen common divisor. In

response, Aitchison [1983] proposed the centered log-ratio (CLR) transformation, which treats the

data symmetrically while still allowing it to lie within the Euclidean space, but introduces the zero-

sum constraint. The singularity problem resulting from the CLR-transformation can be resolved

by multiplying CLR with the Helmert sub-matrix H. The Helmertized CLR transformed data can

then be mapped onto a D–1-dimensional real space. This transformation is known as the isometric

log-ratio (ILR) transformation, as termed by Barceló-Vidal et al. [2001] and Egozcue et al. [2003].

The term “isometric” refers to the fact that the distances between two compositional vectors remain

the same before and after the multiplication by the Helmert sub-matrix. It is worth noting that any

orthonormal matrix can be used as a substitute for the Helmert sub-matrix, as demonstrated by

Egozcue and Pawlowsky-Glahn [2005].

ILR-transformation has been implemented for regression analysis with compositional PA data.

This transformation is based on orthogonalizing the basis of the Euclidean space composed of

CLR-transformed compositional data ci = CLR(xi) = (ci,1, ...,ci,D)
T , with d-th element:

ci,d = log

 xi,d

∏d x1/D
i,d

 for d = 1, ...,D.

The ILR transformation is defined as zi = ILR(xi) = ci ·Ψt , where Ψ is a D×D orthonormal

matrix with its first row deleted, for example, the Helmert matrix (Egozcue et al. [2003]). With the
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ILR transformed compositional data ZN×(D−1) = (z1, ...,zN)
T as the design matrix, which has full

column rank, the linear regression:

Y = β
ILR
0 +Zβ

ILR + ε

is denoted as ILR-transformed regression for regressing Y on compositional data X, where ε is the

error term. The direct interpretation of regression coefficients β ILR is however not trivial. For PA

analysis, it is easier to graphically illustrate the substitution effect between PA category pairs using

the difference in predicted outcome Y as shown in Chastin et al. [2015].

One major disadvantage of the ILR-transformation based approach is rooted in its dependence

on log-ratio quantities. When one or more observed components are zero in the compositional

data, both CLR and ILR-transformation could not be performed. The zero observation in PA

measurements is not rare, especially in the highest activity category from the less active population.

There could be potential bias from either discarding these subjects with zero PA components or

assigning a small number in place of the zeros. Discarding subjects with zeros not only sacrifices

statistical efficiency but also disregards the contribution of the specific activity pattern group to

the model, while replacing zeros with a small value may produce significant bias in the regression

coefficient estimation since the log-ratio transformation has near-infinity leverage when the zero-

component is in the denominator during transformation. Thus either approach distorts the ILR

transformation regression model fitting heavily.

2.3 Power Transformation-based Regression

Tsagris et al. [2011] introduces the α-transformation, which incorporates a power parameter α . In

the context of this thesis, we have chosen to refer to this transformation as the power transformation

to prevent any potential confusion. This power transformation has found successful applications in

discriminant settings, as evidenced by the studies conducted by Ankam and Bouguila [2018] and

Tsagris et al. [2016].

As an extension of the ILR-transformation for compositional data, the power transformation is

in a spirit similar to the Box-Cox transformation for closer to the Gaussian distribution of trans-
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formed data. Instead of performing the CLR-transformation, let

u(α)
i =

(
xα

i,1

∑d xα
i,d
, ...,

xα
i,D

∑d xα
i,d

)T

, (2.1)

where α is a real-valued parameter within [0,1]. The power transformation can be defined as:

z(α)
i =

(
Du(α)

i
α

− 1
α

)
Ψ

T , (2.2)

where 1 is a D-dimensional vector with all elements equal to 1, and Ψ could be the same Helmert

matrix with its first row deleted as used in ILR-transformation. One interesting property of z(α)
i

is that as α → 0 the power transformed data z(α)
i converges to ILR-transformed data zi, while as

α = 1 the z(α)
i is just an orthogonalized version of original compositional data xi with parallel

translation. Consider power transformed compositional data Z(α)
N×(D−1) = (z(α)

1 , ...,z(α)
n )T as the

design matrix, the regression:

Y = β0 +Z(α)
β + ε,

is denoted as power transformation-based regression (PTR), where ε is the error term. Naturally,

the ILR-transformed regression and isotemporal regression are just specific cases of the PTR when

α is 0 or 1. For α being an interior point within [0,1], PTR is related to but different from these two

specific cases and is a blend of both regression models while avoiding the drawbacks of each. One

significant advantage of PTR over the ILR-transformed regression is that zero-count components

no longer need to be treated as long as α ̸= 0. Note, α needs to be estimated but it does not

require as much computational resource as the fully non-parametric regression models. The model

coefficient interpretation, similar to the ILR-transformed regression model, is non-trivial but could

be illustrated using predicted model outcomes versus substitution quantities between PA category

pairs.

As previously mentioned, the behavior of PTR varies depending on whether the compositional

data contains zeros or not. In the case where compositional data does not contain any zeros, the

parameter α can assume any value within the range of [0, 1]. This allows for the utilization of

standard estimation procedures during implementation. Conversely, when the data includes zero

compositions, α cannot be set to 0. In such instances, the power transformation converges to the
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ILR-transformation as α approaches 0, necessitating the adoption of distinct estimation proce-

dures. Consequently, in the following chapters, we will address these two scenarios separately.

First, we will discuss the estimation procedures for modeling non-zero compositional data, and

then we will delve into the more intricate situation of modeling compositional data containing

zeros.
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Chapter 3

POWER TRANSFORMATION-BASED REGRESSION FOR
COMPOSITIONAL DATA WITHOUT ZERO VALUES

In this section, we begin by exploring the properties of the power transformation. Next, we

focus on utilizing the PTR to model compositional physical activity data without zero values and

consider estimation procedures based on Maximum Likelihood Estimation and Generalized Cross-

Validation. Lastly, we propose a bootstrap-based confidence interval to predict outcomes while

accounting for uncertainty due to the estimation of the tuning parameter α .

3.1 Orthogonality for the power transformation

The orthogonality of the ILR-transformation and the construction of ILR-associated orthonormal

bases were investigated by Egozcue et al. [2003]. However, the existing literature has not ex-

plored the orthogonality of the power transformation. Given the relationship between the power

transformation and the ILR-transformation, as well as the previous work conducted by Egozcue

et al. [2003], we aim to examine the orthogonality of the power transformation in this section. To

achieve this, we begin by introducing an inner product based on the power transformation using

the definitions provided in (2.1) and (2.2).

Definition 1. For any two compositions x and y in SD, the inner product based on power transfor-

mation is

⟨x,y⟩
α
=

1
α2

D

∑
i=1

(
Dxα

i

∑
D
j=1 xα

j
−1

)(
Dyα

i

∑
D
j=1 yα

j
−1

)
, (3.1)

which induces a norm in SD in the standard way

||x||2α = ⟨x,x⟩
α
.
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It is important to note that as α approaches 0, the power transformation converges to ILR

transformation. This is demonstrated by the fact that the inner product defined in (3.1) converges

to the inner product defined based on ILR-transformation:

⟨x,y⟩ILR =
D

∑
i=1

ln
xi

g(x)
ln

yi

g(y)
,

where g(x) = [x1x2 . . .xD]
1/D is the geometric mean of the components of x. This highlights the

connection between the two transformations and suggests that the power transformation can be

seen as a generalization of the ILR transformation, allowing for more flexibility in compositional

data analysis.

In order to obtain an orthonormal basis for the power transformation, we selected a set of D−1

linearly independent vectors. Let v1, v2,. . . , vD−1 defined as vi = [0, . . . ,0,1,−1,0, . . . ,0], with the

first non-null element being placed in the i-th column. Therefore, the Gram–Schmidt procedure,

with respect to the ordinary Euclidean inner product, can be applied to v1,v2, . . . ,vD−1 and we can

obtain the following result.

Proposition 1. Let ui ∈ RD, i = 1, . . . ,D−1 be the vectors:

ui =

√
i

i+1

[
1
i
, . . . ,−1,0, . . . ,0

]
, (3.2)

where first i elements share the same value,
√

i
i+1

1
i and the (i+ 1)-th element is −

√
i

i+1 and re-

maining elements are zero. The vector ui’s are orthonormal with respect to the ordinary Euclidean

inner product defined in RD and constitute a basis of (D-1)-dimensional linear subspace.

With the previous results, we can obtain an orthonormal basis for the power transformation.

Theorem 1. Let ei, i = 1, . . . ,D−1, be the following compositions in SD−1:

ei =

[α

√
1

i(i+1)
+1

]1/α

, . . . ,

[
α

√
1

i(i+1)
+1

]1/α

,

[
−α

√
i

i+1
+1

]1/α

,0, . . . ,0

 , (3.3)

where the first i elements are the same. The vector ei are orthonormal with respect to the inner

product defined in (3.1) and they are a basis of SD−1.
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Proof. The inner product between ei and e j can be computed using (3.1)

〈
ei,e j

〉
α
=

1
α2

D

∑
k=1

(
Deα

ik

∑
D
m=1 eα

im
−1
)( Deα

jk

∑
D
m=1 eα

jm
−1

)
=

1
α2

D

∑
k=1

α
2uiku jk = uiu′

j = 0

for i ̸= j due to the orthogonality of ui, u j in RD and the fact that ∑
D
m=1 eα

jm = D. Normalization to

the unity of ei follows from the same expression by taking i = j.

A transformation between SD−1 and RD−1 can be obtained in a standard way by using the power

transformation associated orthonormal basis, e1,e2, . . . ,eD−1. We seek the power transformation

such that α(ei) = e⃗i for i= 1,2, . . . ,D−1, where e⃗i is the i-th vector of the canonical basis in RD−1.

This desired transformation is defined as follows:

Definition 2. For any composition x ∈ SD−1, the power transformation associated with the or-

thonormal basis in SD−1, ei, i = 1,2, . . . ,D−1, is the transformation from SD to RD−1 given by

z(α) = α(x) = [⟨x,e1⟩α
,⟨x,e2⟩α

, ...,⟨x,eD−1⟩α
]. (3.4)

3.2 Estimation Procedures

Consider the power transformed compositional data Z(α)
N×(D−1) = (z(α)

1 , ...,z(α)
n )T as the design

matrix, defined in (2.2), and Y as the outcome, the regression:

Y = β0 +Z(α)
β + ε, (3.5)

is denoted as PTR, where ε is the error term and α is a tuning parameter that controls the type

of transformation and β is the vector of regression coefficients. Once α is estimated, estimates

of β can be obtained straightforwardly by least squares. Thus, we focus on the estimation of α .

Currently, several well-established methods exist for estimating α in the power transformation-

based model. It is crucial to note, however, that the choice of criterion and approach for estimating

α can vary depending on the specific application of the power transformation. For instance, if the

goal is to obtain a spatial structure in the resulting vector z(α) that closely approximates a Gaussian-

distributed random vector, one could choose α that minimizes the Kullback-Leibler divergence

between z(α) and the desired distribution (Tsagris [2015]). However, when applying a regression
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model to PA data, which is the scenario that we focus on here, one might choose α based on

considerations related to predictive performances.

In this section, we propose two estimators for α: one is derived from the likelihood and the

other is based on cross-validation (CV). By assuming the regression residuals ε follow a normal

distribution with mean 0 and variance σ2, the full data likelihood can be expressed as:

L(α,β ,σ2) =
N

∑
i=1

log

(
Φ

[
yi − (1,z(α)T

i )T β

σ

])
, (3.6)

where N is the sample size, Φ represents the density function of a standardized Gaussian distribu-

tion. L(α,β ,σ2) denotes the logarithm of the profile likelihood, where β = β (α) and σ2 =σ2(α),

indicating ℓ(α,β ,σ2) is actually a function of α . Once the likelihood is formulated, we can obtain

the MLE of α

α̂ = argmax
α∈[0,1]

L(α,β ,σ2). (3.7)

Then the estimator of β and σ can be obtained through the ordinary least squares techniques based

on (3.6) and (3.7):

β̂ (α̂) =
(

Z(α̂)T
Z(α̂)

)
Z(α̂)T Y, (3.8)

σ̂
2(α̂) =

1
N

N

∑
i=1

(
yi − z(α̂)

i β̂ (α̂)
)2

. (3.9)

We also explored an alternative cross-validation (CV) based estimation approach, which aimed

to minimize the Mean squared prediction error (MSPEs) between the regression fit and the ob-

served values of Y, over a pre-specified range of potential α values. The K-fold CV is usually

employed for its balance between estimation accuracy and computational efficiency, by evenly

separating the full data into K parts with an equal sample size. In each iteration, one part of the

data (Yk,Xk),k = 1, . . . ,K is used as the testing data, while the other K − 1 parts (Y(−k),X(−k))

are used as the training data, fitted with α taken from a set of values. A special case of K-fold CV

when K = N is referred to as leave-one-out CV, which is more robust but computationally intensive

than a reasonably small K. Empirically 5 to 10 folds often yield negligible performance penalty

compared to the leave-one-out CV (James et al. [2013]).
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One could further accelerate the computation of MPSE via generalized cross-validation (GCV).

The MSPE for a given α of GCV is defined as:

MPSE(α) =
1
N

N

∑
i=1

(
yi − ŷi(α)

1− tr(Hα)/D

)2

, (3.10)

where Hα = (1,Z(α))((1,Z(α))T (1,Z(α)))−1(1,Z(α))T is the hat matrix, ŷi(α) = (1,z(α)T
i )T β (α)

is the fitted outcomes. Given that the performance of CV-type estimators, including K-fold CV,

leave-one-out CV, and GCV, are relatively similar, we only focus on the performance of GCV-

based estimators in the subsequent studies:

α̂GCV = argmin
α∈[0,1]

MPSE(α). (3.11)

3.3 Asymptotic Properties

In this section, we study the asymptotic properties of the regression coefficients β̂ and transforma-

tion parameter α̂ . We first focused on the MLE. To derive the asymptotic distributions, we used

the notation θ = (β ,α,σ2), and express the log-likelihood for a single sample is

ℓ(y,x;θ) = log

(
Φ

[
y− (1,z(α)T )T β

σ

])
,

where z(α) is the power transformed x with a specific α . Thus, the log-likelihood of the complete

data can be expressed as follows

L(Y,X;θ) =
N

∑
i=1

ℓ(yi,xi;θ) = ∑
i

log

(
Φ

[
yi − (1,z(α)T

i )T β

σ

])
, (3.12)

where Y = (y1,y2, . . . ,yN) is the outcomes, X = (x1,x2, . . . ,xN)
T is the covariates. Then we can

calculate the Fisher information matrix as

IN(θ) =−E
[

∂ 2

∂θ∂θ T L(y,x;θ)

]
,

and define I(θ) = limN→∞ IN(θ)/N.

We would like to discuss the asymptotic properties of the transformation parameter α̂ under two

situations: (1) the true value of α , α0, is an interior point within [0,1]; (2) α0 is on the boundary
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of its parameter space (e.g., α = 0,1). When α0 is an interior point of its parameter space, the

asymptotics of the MLE and log-ratio test (LRT) follow standard large sample theory, as stated

below.

Proposition 2. When the true value of α , α0, is an interior point of the interval [0,1], the asymp-

totic distribution of α̂ can be expressed as

√
N(α̂ −α0)

d−→ N(0, [I(θ0)
−1]22) (3.13)

where θ0 = (α0,β0,σ
2
0 ) with β0 = β0(α0),σ

2
0 = σ2

0 (α0) as given in (3.8) and (3.9). [I(θ0)
−1]i j is

the entry at i-th row and j-th column of the matrix I(θ0)
−1.

Proposition 3. If α0 is an interior point of the interval [0,1], the LRT statistic for testing the null

hypothesis H0 : α = α0 versus alternative hypothesis H1 : α ̸= α0 is given by

λL =−2[ℓ(θ0)− ℓ(θ̂)], (3.14)

where θ̂ = (α̂, β̂ , σ̂2) is the MLE of θ = (α,β ,σ2). Under the null hypothesis, the test statistic λL

converges to a Chi-squared distribution with 1 degree of freedom

λL
d−→ χ

2
1 . (3.15)

When α0 is on the boundary of its parameter space, at 0 or 1, however, standard regularity

conditions are violated and as a result, the asymptotics for the MLE and LRT do not apply anymore.

Instead, we apply asymptotic theories for MLE under boundary conditions (Self and Liang [1987]).

Proposition 4. When α0 is on the boundary of its parameter space [0,1], the asymptotic distribu-

tion of α̂ has the following form:

• if α0 = 0,
√

N(α̂−α0)
d−→N+(0, [I(θ0)

−1]22), where N+(0, [I−1
n ]22) represents N(0, [I(θ0)

−1]22)

being left truncated at 0.

• if α0 = 1,
√

N(α̂−α0)
d−→N−(0, [I(θ0)

−1]22), where N−(0, [I−1
n ]22) represents N(0, [I(θ0)

−1]22)

being right truncated at 0.
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Proposition 5. If α0 = 1, which is on the boundary of its parameter space, the LRT statistic for

testing the null hypothesis H0 : α = α0 versus alternative hypothesis H1 : α ̸= α0 is given by

λL
d−→ 1

2
χ

2
1 +

1
2

χ
2
0 , (3.16)

where 1
2 χ2

1 +
1
2 χ2

0 is the 50:50 mixture of Chi-squared distributions with 1 and 0 degrees of freedom,

respectively.

We can draw inferences regarding the MLE α̂ based on the results above. On the other hand,

given the intricate and not yet fully comprehended nature of GCV-based estimators, it remains

challenging to make direct inferences on such estimators. Nonetheless, recent literature has seen

advancements in this area. For instance, Bates et al. [2021] explored inference for cross-validation,

proposing an estimator for the mean squared error (MSE) of the cross-validation point estimate,

as well as a nested CV scheme that exhibits consistently superior coverage in contrast to naive

CV confidence intervals. Bayle et al. [2020] developed central limit theorems for cross-validation

and consistent estimators of its asymptotic variance under weak stability conditions on the learn-

ing algorithm. These provide asymptotically-exact confidence intervals for K-fold test error and

hypothesis tests to determine whether one learning algorithm has a smaller K-fold test error than

another. However, it is important to highlight that these innovative methodologies might not be di-

rectly applicable to our specific scenario. The reason behind this lies in the fact that these method-

ologies predominantly focus on the K-fold CV technique rather than the GCV technique, which

is an accelerated version of the K-fold CV. Consequently, further research in this domain remains

necessary.

3.4 Bootstrap-based Confidence Interval for Predicted Outcomes

In the context of regression frameworks utilizing power transformation, the distribution of the

design matrix Z(α) can often be difficult to determine due to its dependency on the value of α .

As a result, the distribution of the regression residues may not be Gaussian. In order to overcome

this challenge, we turn to the use of a bootstrap-based method to construct prediction confidence

intervals, which do not require distributional assumptions for the residuals. The key advantage of
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the bootstrap approach is that it is asymptotically invariant to the observation distribution, making

it a powerful tool for constructing valid confidence intervals under various settings.

The confidence interval for the predicted outcome ynew from the input covariate xnew is com-

puted following Stine [1985], which is based on the bootstrap procedure for constructing prediction

interval from the linear regression model. We briefly describe the algorithm below:

1. Fit the PTR model by either GCV or maximum likelihood approach and get normalized

residuals (r1, ...,rN) from fitted data ŷi with ri = (ŷi −yi)/
√

1−hi, where hi = Hα̂
ii is the i-th

diagonal element of the hat matrix Hα .

2. Get bootstrap samples (r∗1, ...,r
∗
N) by sampling with replacements from (r1, ...,rN).

3. Construct bootstrap samples of predicted outcome (y∗1, ...y
∗
N) via y∗j = ŷ j + r∗j , j = 1, . . . ,N.

4. Fit the regression model with (y∗j ,x j), j = 1, . . . ,N, and denote the resulting model coefficient

as α̃∗ and β̃ ∗.

5. Obtain normalized residuals (r̃∗1, ..., r̃
∗
N) from the new regression model obtained in step 4,

similar to step 1.

6. With a new regression input xnew, obtain ŷnew and ŷ∗new from the original (step 1) and new

regression model (step 4) respectively and generate prediction bootstrap sample by

r∗boot = (ŷnew − ỹ∗new)+ r̃∗k

where k is randomly chosen from (1, ...,N).

7. Repeat the above step 1-6 for Nboot times to obtain bootstrap samples (r∗boot,1, ...,r
∗
boot,Nboot

)

of the prediction error.

Let r∗
α/2 and r∗1−α/2 be the lower and upper empirical α/2 quantiles of (r∗boot,1, ...,r

∗
boot,Nboot

),

and the 1−α level prediction confidence interval for ynew is constructed as:

(ŷnew + r∗
α/2, ŷnew + r∗1−α/2).
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By following the above algorithm, we can construct prediction confidence intervals that are

robust to the distributional assumptions, making them applicable in a wide range of regression

settings. Further assessments regarding the coverage probability of the bootstrap-based confidence

intervals will be provided in the simulation sections.

The interpretation of model coefficients in PTR presents a non-trivial challenge due to the re-

gression coefficients being associated with the transformed covariates rather than the PA behaviors

themselves. Nonetheless, this complexity can be effectively elucidated by examining the predicted

outcomes of the model compared to the substitution quantities observed between pairs of PA cate-

gories. To illustrate this concept, let us consider the substitution effects between the SB and LPA

categories.

1. Fit the PTR model by either GCV or maximum likelihood approach.

2. Select a new observation, denoted as PA0 = (SB0, LPA0, MVPA0).

3. Utilize the fitted PTR model to calculate the predicted outcome with PA0, denoted as P0.

4. Keep the MVPA constant while manipulating the time allocation between SB and LPA. This

adjustment can be achieved by setting a time change δ such that SB1 = SB0 − δ and LPA1

= LPA0 + δ . Consequently, we obtain a new observation, referred to as PA1 = (SB1, LPA1,

MVPA0).

5. With the modified observation PA1, employ the same fitted PTR model to predict the out-

come, denoted the predicted outcome as P1.

Then the change in the predicted outcome, denoted as ∆P=P1-P0, can be considered as the

predicted substitution effect between SB and LPA. This signifies how the predicted outcome would

be affected by allocating the time spent in SB to LPA, specifically by decreasing δ minutes in SB

and increasing δ minutes in LPA. When it comes to interpreting the ILR-transformation regression,

we can employ a similar approach to examine the substitution effect among various pairs of PA

categories.
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Chapter 4

POWER TRANSFORMATION-BASED REGRESSION FOR
COMPOSITIONAL DATA CONTAINING ZERO VALUES

Despite the applicability of PTR to compositional data that includes zero values, it is imperative

to avoid setting the transformation parameter to zero or very small values. This is due to the

inherent properties associated with the power transformation, as outlined in Section 2.3. This

section aims to comprehensively address these concerns. We propose two estimation methods for

PTR: constrained maximum likelihood estimation and modified likelihood procedures.

4.1 Issues Arising from Zero Values in Compositional Data Analysis

Compositional data analysis poses significant challenges due to the presence of zero values. The

simplex defined in equation (1.1) allows for zero values in the data, but some modeling techniques

are limited to compositional data without zero values. The presence of zero values is a major

obstacle for methods that rely on the log-ratio quantity and requires special treatment. The origins

of zero values in compositional data can be categorized into two distinct types: rounded zeros or

values that fall below the limit of detection, and structural or essential zeros, which necessitate

separate handling techniques.

Aitchison [2003] initially propose a zero-value replacement method prior to the application

of log-ratio transformations. This approach assumes that zero values are likely due to imprecise

measurement and represent rounded zeros. For instance in geology, some values may fall below

the detection limit of the instrument used. In such cases, these values are usually considered miss-

ing, and missing value imputation techniques are applied. However, the unique properties of the

simplex sample space require a different approach than that used in typical missing value impu-

tation methods. Martı́n-Fernández [2003] compare various non-parametric imputation methods

and propose a generalization of Aitchison’s multiplicative approach (Aitchison [2003]). An al-
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ternative approach is to substitute zero values with a very small quantity, as proposed by Zadora

and Neocleous [2009]. By contrast, Palarea-Albaladejo et al. [2007] and Palarea-Albaladejo and

Martı́n-Fernández [2008] propose parametric methods that utilize the EM algorithm after the loga-

rithmic transformation of the data to replace rounded zeros. Hron et al. [2012] introduce the k-NN

procedure using a logarithm-based distance metric and further propose an iterative model-based

imputation technique that improves upon this procedure.

On the other hand, zero values in compositional data can be true and represent structural or

essential zeros. For instance, when examining the time spent on the highest-intensity activity

behavior from a less active population, the presence of zero values may reflect the absence of such

activity rather than measurement error. Aitchison [2003] propose a conditional multivariate normal

distribution for dealing with such structural zeros, which requires zeros to be in the same pattern.

Since then, many other approaches have been proposed for handling essential zero values, either

by treating them naturally or by using appropriate distributions inspired by Aitchison’s work. One

such approach is the square root transformation, which allows for the modeling of compositional

data without modifying zero values (Scealy et al. [2015], Scealy and Welsh [2011], Scealy and

Welsh [2014]). By contrast, Bear and Billheimer [2016] suggest a multivariate normal, while

Aitken et al. [2007] adopt a zero-inflated distribution to deal with this problem. Another approach

is the mixture model based on the multivariate skew-normal distribution developed by Stewart and

Field [2011], which allows for greater flexibility compared to the multivariate normal.

Here we presented a toy example to illustrate the impact of different values of α on transformed

values when dealing with compositional data that contained zero values. We set the sample size

N = 500 with D = 3 and simulated data xi = (xi1,xi2,xi3) from the independent multivariate normal

distribution MV ND(µ,Σ), where µ = (10,5,1) and Σ = diag(2,0.5,0.3), for i = 1,2, . . . ,N. Addi-

tionally, binary indicators hi were generated from a Bernoulli distribution with probability p = 0.9.

Compositional data containing zero values were obtained through xi = (xi1,xi2,xi3 ·hi). Figure 4.1

illustrated the transformed data considering various values of α , ranging from 0.005 to 1, where a

small value of α = 0.005 was chosen, while α = 1 indicated that no transformation was applied.

From the figure, it can be observed that when the data contained zero compositions, applying a

power transformation with a small α (e.g., 0.005, 0.05) resulted in transformed data that deviated
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significantly and exerted high leverage compared to the transformed data derived from non-zero

compositional data. Consequently, this led to challenges in modeling fitting. However, when α

was relatively large (e.g., 0.3, 0.7), these issues were alleviated, emphasizing the importance of

avoiding small estimates of α . Furthermore, similar problems arise when we substituted the zero

compositions with small values such as 0.001/1440. As shown in Figure 4.2, we can still observe

similar patterns where the small compositions were defined as compositions that were smaller than

0.001/1440.

4.2 A Constrained Maximum Likelihood Approach

When it comes to modeling zero-contained compositional data, the model and estimation proce-

dures discussed in Section 3 remain mostly valid. However, it is essential to note that the transfor-

mation parameter α must be restricted to the range of (0,1] in this context, and it cannot be set to

zero. This is because when α → 0, the power transformation converges to the ILR-transformation,

which is not well defined in the presence of zero values. Moreover, problems with model fitting

and unexpected prediction performance may arise in the presence of zeros in compositional data

when the value of α is close to zero. This is attributable to the behavior of the transformed values,

z(α), defined in equation (2.2), which tend to approach infinity as α approaches zero. These issues

may result in the estimates of coefficients being extremely small for these very large z(α), even if

only a small subset of observations contain zero values. As a result, such problems may give rise

to unrealistic model-fitting performances.

To avoid these issues resulting from small estimates of α , a straightforward approach is to

introduce a constraint on α , such as enforcing it to fall within the interval [c,1], where c is a

constant satisfying the conditions 0 < c ≤ 1. This constraint serves the purpose of preventing the

estimate of α from reaching zero during the implementation of the maximum likelihood technique.

This leads to the formulation of the constrained maximum likelihood (ML) estimator of α , denoted

as α̂c, which is defined as follows:

α̂c = argmax
α∈[c,1]

L(α,β ,σ2), (4.1)
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Figure 4.1: Different values of α and corresponding transformed data, which contain zero compo-

sitions: each figure shows the first column of the transformed data, Z(α)
1 , versus the second column

of the transformed data, Z(α)
2 . A-E correspond to α = 0.005,0.05,0.3,0.7,1.

where ℓ(α,β ,σ2) represents the log-likelihood of the complete data as defined in Equation (3.6),

and c represents the constraint.

Due to the introduction of the constraint c, the asymptotic properties of the constrained ML-

based estimator, α̂c, are different from what has been outlined in Section 3.2.

Proposition 6. When α0 is an interior point or on the boundary of its parameter space [0,1] and

c is the constraint, the asymptotic distribution of α̂c has the following form:
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Figure 4.2: Different values of α and corresponding transformed data, whose zero compositions are

replaced with small values: each figure shows the first column of the transformed data, Z(α)
1 , versus

the second column of the transformed data, Z(α)
2 . Small compositions are defined as compositions

that are smaller than 0.001/1440. A-E correspond to α = 0.005,0.05,0.3,0.7,1.

• if α0 ≤ c,
√

N(α̂c−α0)
d−→Nc(0, [I(θ0)

−1]22), where Nc(0, [I−1
n ]22) represents N(0, [I(θ0)

−1]22)

being left truncated at the c−α0.

• if c < α0 < 1,
√

N(α̂c −α0)
d−→ N(0, [I(θ0)

−1]22).

• if α0 = 1,
√

N(α̂c−α0)
d−→N−(0, [I(θ0)

−1]22), where N−(0, [I−1
n ]22) represents N(0, [I(θ0)

−1]22)
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being right truncated at 0.

In summary, the constrained ML-based estimator α̂c strikes a balance between regulating trans-

formed covariates z(α) and maintaining prediction performance. When the true value of α exceeds

the constraint c, the estimation performance of α̂c matches that of the ML-based α̂ , allowing it

to inherit the desirable properties of α̂ . However, when the true value of α falls below the con-

straint c, implementing the constrained maximum likelihood approach effectively mitigates the

challenges posed by largely transformed covariates at the expense of a slight decrease in prediction

performance. This trade-off will be demonstrated in the simulation studies.

Hence, based on the preceding discussion, the selection of c is crucial for the successful imple-

mentation of such methods and requires careful consideration. A very small c fails to significantly

alleviate the problems arising from large covariates z(α), particularly when the true value of α ap-

proaches zero. Conversely, a very large c leads to the excessive sacrifice of prediction performance,

impeding the flexibility of the proposed PTR method, especially when the true value of α is close

to zero. To determine an appropriate value for c, we conducted a series of simulations using dif-

ferent values of c ranging from very small to 1 and evaluated their prediction and corresponding

transformed covariates z(α̂c). Further details on the simulation results will be discussed in Section

5.4.

4.3 A Modified Likelihood Approach

We also consider an alternative approach by introducing a modified likelihood function, inspired

by the work of Chen et al. [2001]. Specifically, we incorporate a penalty term on log(α) with the

intention of discouraging α from being in proximity to zero. Specifically, we define the modified

likelihood ℓm(θ) as follows:

Lm(α,β ,σ2) = L(α,β ,σ2)+W log(α), (4.2)

where L(α,β ,σ2) is the log-likelihood function of the complete data as specified in (3.6), and W

denotes the coefficient for the log(α) penalty. Subsequently, we can obtain the estimator α̂m by
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maximizing the modified likelihood Lm(α,β ,σ2):

α̂m = argmax
α∈(0,1]

Lm(α,β ,σ2). (4.3)

It is worth noting that the asymptotic properties discussed in Section 3.2 still hold for the

ML-estimator of the modified likelihood, α̂m, even when a penalty term is incorporated. This is

because, in the limit as the sample size N approaches infinity, the likelihood function ℓ(α) becomes

dominant over the modified likelihood. Consequently, the modified-likelihood-based estimator

demonstrates identical asymptotic properties to the likelihood-based estimators.

Proposition 7. If α0 is an interior point of the interval [0,1], the asymptotic distribution of α̂m can

be expressed as
√

N(α̂m −α0)
d−→ N(0, [I(θ0)

−1]22). (4.4)

Proposition 8. When α0 = 1, which is on the boundary of its parameter space, the asymptotic

distribution of α̂m has the following form:

√
N(α̂m −α0)

d−→ N−(0, [I(θ0)
−1]22), (4.5)

where N−(0, [I(θ0)
−1]22) represents N(0, [I(θ0)

−1]22) being right truncated at 0.

The modified ML-based estimator, α̂m, also achieves a balance between the regularization of

transformed covariates z(α) and the prediction performance. However, it adopts a different ap-

proach compared to the constrained-based estimator. By introducing a penalty term W on α , the

estimate of α is discouraged from approaching zero. Consequently, this results in larger estimates

of α compared to the original ML-based estimator, α̂ . As a result, the issues arising from very

small estimates of α can be alleviated. On the on hand, a small value of W fails to significantly

mitigate the issues arising from large covariates z(α), as it exerts a negligible penalty on α and

consequently still produces small estimates of α , particularly when the true value of α approaches

zero. On the other hand, an excessively large W imposes an excessive penalty on α , yielding a

substantially larger estimate of α . This, in turn, leads to an overemphasis on the penalty term

at the expense of prediction performance, particularly when the true value of α is close to zero.
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The inherent trade-off between regularization and prediction performance will be demonstrated in

simulation studies.

Therefore, the selection of W holds paramount importance for the successful implementation of

such methods and necessitates meticulous consideration. To ascertain suitable values for W , exten-

sive simulation studies were conducted, encompassing a wide range of different W . These studies

allowed for a thorough evaluation of their prediction performances, as well as the correspond-

ing transformed covariates, z(α̂c). Consequently, recommendations were formulated regarding the

choice of W across various sample sizes based on the simulation settings. Comprehensive details

regarding the simulation results and the underlying rationale behind these recommendations will

be extensively discussed in the subsequent simulation sections.

Remark: Here, we present an alternative interpretation that establishes a connection between

the proposed constrained maximum likelihood approach and the modified likelihood approach. It

is evident that the modified likelihood approach incorporates a penalty-based method, which is also

utilized in the constrained maximum likelihood approach. In the case of the constrained approach,

once the constraint c is determined, the estimated value α̂c cannot be smaller than c, while any

estimate equal to or greater than c remains unaffected. This implies that the constrained method

imposes an infinite penalty on α̂c when it is smaller than c, while it imposes no penalty when α̂c is

equal to or greater than c.
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Chapter 5

SIMUALTION STUDIES

In this section, our attention was directed toward the simulation studies conducted on the power

transformation-based approaches proposed in the preceding chapters. The aim of these studies was

to explore the finite sample properties of the methods described in Chapters 3 and 4 across three

distinct scenarios.

5.1 Simulation Settings

We set the true value of α to be 0.05, 0.2, 0.5, 0.7, 0.95, 1, and the true value of β = (β0,β1,β2)

to be [0.2,5,3]T with the number of dimensions D = 3. The sample size was set to be N =

100,200,500,1000,2000, and the number of simulation replications M = 1000. We considered

two simulation scenarios for generating compositional data. In Scenario I, we simulated data

xi = (xi1,xi2,xi3) from a multivariate normal distribution MV ND(µ,Σ) independently, where µ =

(10,5,1) and Σ = diag(2, 0.5 ,0.3), i = 1,2, . . . ,N. In Scenario II, we first generated xi in the same

way as Scenario I and binary indicators hi from a Bernoulli distribution with probability p = 0.7.

Compositional data containing zero values were obtained by applying a normalization technique.

The normalization formula used was as follows: xi = (|xi1|, |xi2|, |xi3| ·hi)/(|xi1|+ |xi2|+ |xi3| ·hi).

This approach guaranteed that the compositional data remained non-negative and summed up to

1. Next, the power transformation with specific α was applied to xi to obtain z(α)
i = (z(α)

i1 ,z(α)
i2 ).

Then the outcome Y was generated using Y = (1, [z(α)
1 ,z(α)

2 ])T β + ε where ε ∼ N(0,σ2
N), with σN

chosen to allow the signal-to-noise ratio (SNR) to vary among three values 0.5,1,2.

Given these parameters, the observed data were generated independently from correspond-

ing distributions. However, due to the definition of α , certain constraints must be taken into

account when estimating α̂ . In our simulations, we explored various techniques for incorporat-

ing this restriction. For the implementation of the GCV method, we assigned grid values to α
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as [exp(a.grid),0.001,0.002, . . . ,0.999,1], where a.grid consisted of 50 evenly spaced points be-

tween −20 and −7. In the case of MLE, we restricted the value of α to the interval [1×10−10,1]

and utilized the L-BFGS-B algorithm (Broyden–Fletcher–Goldfarb–Shanno algorithm with box

constraints) as presented in Byrd et al. [1995], which allows for the inclusion of simple box con-

straints on variables while maximizing the likelihood.

To further investigate the performances of the constrained and modified likelihood approach,

we conducted additional simulations, referred to as Scenario III. This scenario retained most of

the settings from Scenario II but incorporated several key modifications. Specifically, we varied

the true value of α to be 0.005,0.05,0.3,0.7. The constraint c specified in (4.1) took values ranging

from 1×10−10 to 1. We set the values of W defined in (4.3) from the exponential of w.grid, where

w.grid consisted of 1000 evenly spaced points between −10 and 15. During the implementation

of the modified likelihood approach, the values of α were confined to the interval [1× 10−10,1].

Furthermore, we maintained a constant value of σN = 5 and set the probability p in the Bernoulli

distribution to be 0.9.

5.2 Results under Simulation Scenario I

We found that finite sample performances of the ML and GCV-based estimators were similar under

Scenario I. As the sample size increased, the variance and bias of α̂ and α̂GCV decreased, as shown

in Figure 5.1. It was noteworthy that the distributions of α̂ and α̂GCV were asymmetric especially

when the true α was near the boundaries of its parameter space. This phenomenon was particularly

evident when the true α was exactly at the boundary of its parameter space (i.e., α = 0 or 1) when

the ML-based estimators asymptotically followed a truncated normal distribution.

The estimation of α had a moderate impact on the estimation of β . As such, we investigated

the relationship between the bias of α̂ and β̂ . We found that when the true α was near or at

the boundary of its parameter space, α̂ , β̂1 and β̂2 exhibited systematic patterns in terms of their

bias. For instance, when the true value of α , denoted as αt , was 0.05, Bias(α̂) and Bias(β̂1)

were positive, while Bias(β̂2) was negative (Figure 5.1, Figure 5.2 [C-H]). The presence of a

positive bias in α̂ resulted in a situation where z(α̂)
1 being larger than z(α̂t)

1 . Consequently, during the

regression analysis utilizing z(α̂)
1 , an underestimation of β1 occurred in an attempt to counterbalance
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Figure 5.1: Estimation performance of α̂ and α̂GCV under Scenario I: true α takes the value of

0.05, 0.5, 0.7, 1, sample size N = 100,500,1000. Each box plot has a unique setting with certain

true α and N. For those plots, the sample size increases from left to right, and true α increases

from top to bottom.
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the influence of z(α̂)
1 , thereby introducing systematic biases into β̂1. Likewise, the positive bias

exhibited by α̂ led to a scenario where z(α̂)
2 was smaller than z(α̂t)

2 . Hence, when performing the

regression analysis with z(α̂)
2 , an overestimation of β2 transpired as an attempt to compensate for

the impact of z(α̂)
2 , thereby introducing systematic biases into β̂2. Moreover, when αt assumed a

large value close to 1, the negative bias pattern observed in α̂ also affected the biases of β̂1 and β̂2,

manifesting as positive and negative biases, respectively.

Standard errors of α̂ and α̂GCV were shown in Figure 5.2 [A-B]. The empirical standard errors

of α̂ and α̂GCV were similar. The difference between the model-based and empirical standard errors

of α̂ decreased as the sample size and SNR increased. We also assessed predictive performances

of the two methods by calculating their root mean squared prediction errors and observed simi-

lar performances (Table 5.1), which was not unexpected as the accuracy of predictions is largely

determined by parameter estimation. When simulation errors were taken into consideration, the

coverage probability of the 95% bootstrap confidence intervals for predicted outcomes varied in an

acceptable range. However, neither MLE nor GCV showed a clear advantage over the other due to

their similar model-fitting results (Table 5.2).

We conducted simulations to evaluate the performance of hypothesis testing mentioned in Sec-

tion 3.3, with a focus on testing whether α lies on the boundary of its parameter space (α0 = 0

or 1). Using a significance level of 0.05 and the SNR set at 1, we varied the sample size N to

be 100, 500, and 1000, and performed 1000 simulation runs. To assess the estimated proportions

of rejecting the null hypothesis when testing α as indicated in (3.15), we tested H0 : α = 0 and

H0 : α = 1 with α = 0.05, 0.1, 0.3, 0.5, and 1 under alternatives. The simulation results were

illustrated in Figure 5.5 (A-B). It clearly demonstrated that as the sample size increased, the Type I

error converged to the expected Type I error rate of 0.05. Moreover, the power of the test increased

with larger sample sizes and also rose as the discrepancy between αt and its boundary value (0 or

1) becomes more pronounced.

5.3 Results under Simulation Scenario II

In Scenario II, the finite sample properties of α̂ and β̂ were similar when αt took relatively large

values. However, when αt was small and close to zero, the estimation performance of GCV was
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Table 5.1: Prediction performances (measured as root mean squared prediction error) of fitted α-

transformation regression model with GCV and MLE under Scenario I and Scenario II: true α

takes the value of 0.05, 0.5, 0.7, 1, sample size N = 100,500,1000,2000.

α Method N=100 N=500 N=1000 N=2000

Scenario I

0.05
GCV 1.396 1.380 1.374 1.369

MLE 1.397 1.380 1.374 1.369

0.5
GCV 1.335 1.305 1.309 1.304

MLE 1.335 1.305 1.309 1.304

0.7
GCV 1.290 1.257 1.256 1.254

MLE 1.290 1.257 1.256 1.254

1
GCV 1.206 1.179 1.171 1.173

MLE 1.206 1.179 1.171 1.173

Scenario II

0.05
GCV 33.089 32.314 32.124 32.061

MLE 32.408 31.995 32.058 32.060

0.5
GCV 2.297 2.236 2.224 2.223

MLE 2.298 2.239 2.230 2.224

0.7
GCV 1.592 1.575 1.567 1.566

MLE 1.614 1.571 1.565 1.565

1
GCV 1.267 1.237 1.234 1.230

MLE 1.261 1.231 1.232 1.230
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Table 5.2: Coverage probability of the bootstrap-based 95% confidence interval for predicted out-

comes using PTR with GCV and MLE under Scenario I and Scenario II: true α takes the value

of 0.05, 0.5, 0.7, 1, sample size N = 100,500,1000,2000.

α Method N=100 N=500 N=1000 N=2000

Scenario I

0.05
GCV 0.951 0.945 0.938 0.946

MLE 0.922 0.940 0.942 0.940

0.5
GCV 0.946 0.954 0.958 0.952

MLE 0.946 0.960 0.958 0.947

0.7
GCV 0.950 0.946 0.941 0.948

MLE 0.939 0.939 0.947 0.942

1
GCV 0.961 0.949 0.940 0.944

MLE 0.946 0.937 0.947 0.939

Scenario II

0.05
GCV 0.963 0.955 0.939 0.950

MLE 0.954 0.948 0.944 0.953

0.5
GCV 0.952 0.938 0.935 0.950

MLE 0.947 0.947 0.950 0.935

0.7
GCV 0.957 0.965 0.962 0.962

MLE 0.948 0.961 0.960 0.963

1
GCV 0.957 0.973 0.949 0.956

MLE 0.959 0.951 0.956 0.957
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much worse than that of MLE. This difference can be attributed to the fact that when αt was small,

the empirical and model-based standard error of α̂ were similar, while the empirical-based stan-

dard error of α̂GCV was much larger than that of α̂ (Figure5.4 D). Figure5.4 [A-C] also illustrated

how the large variance of α̂GCV contributed to its poor estimation performance. In order to com-

prehend the irregular behavior exhibited by GCV-based estimators, we conducted supplementary

simulations with specific parameter values: αt = 0.05, N = 100, and an SNR of 0.5. The results,

illustrated in Figure 5.3, revealed an intriguing observation: the maximum of MPSE could occur

at any point within the interval (0,1], which consequently led to a substantial variance in the es-

timated value of α̂GCV . Conversely, the ML-based estimator, α̂ , were usually in the proximity of

zero, specifically in the vicinity of αt . This characteristic ensured a relatively smaller variance.

Consequently, the prediction errors depicted in Figure 5.4 (E) and Table 5.1 remained similar for

both MLE and GCV, with the exception of the scenario where αt = 0.05. Moreover, the simulation

results for the coverage probability, presented in Table 5.2, demonstrated comparable behaviors

between Scenario I and Scenario II for both estimation methods.

To assess the performance of the test described in (3.16), we conducted simulations to test

whether α is on the boundary of its parameter space. We evaluated its estimated proportions of

rejecting the null hypothesis H0 : α = 1, with α = 0.95,0.9,0.7, and 0.5 under alternatives. Using

a pre-specified significance level of 0.05, we found that the Type I error converged to the Type I

error rate (0.05) as expected. The results depicted in Figure 5.5 (C) demonstrated that the power of

the test increased as the sample size and the discrepancy between the true α and α0 = 1 increased.

5.4 Results under Simulation Scenario III

We first focused on discussing the results of implementing the constrained maximum likelihood

approach. Our aim was to investigate the behavior of this estimation method with different con-

straints c and the corresponding prediction performance to inform optimal choices of c. For each

α̂c, we calculated its prediction error using the root mean squared prediction error (RMSPE). To

ensure that the results were comparable for different αt , we computed a scaled version of RMSPE.

We represented the RMSPE of a specific c and αt as RMSPE(c,αt), and defined RMSPEmax as the

maximum of RMSPE(c,αt) over all possible values of c and αt . With this, we can obtain the scaled
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prediction error as the ratio of the logarithm of RMSPE(c,αt) to the logarithm of RMSPEmax

R̃MSPE(c,αt) =
log[RMSPE(c,αt)]

log[RMSPEmax]
. (5.1)

We also introduced a metric for evaluating the performance of the transformed covariates z(α̂c).

In this context, z(α)
0 represents the transformed covariates obtained from compositional data con-

taining zeros, whereas z(α)
1 corresponds to the transformed covariates derived from non-zero com-

positional data. By calculating the mean of z(α̂c)
0 and z(α̂c)

1 , denoted as µ0(c) and µ1(c) respectively,

we can define the distance ratio metric as follows:

R(c) =
||µ0(c)−µ1(c)||

||µ0(c = 1)−µ1(c = 1)||
, (5.2)

where || · || represents the L2 norm. In the case of compositional data containing zeros, a small

α significantly magnifies the transformed data, while a large α amplifies it to a lesser degree.

Consequently, the distance between µ0(c) and µ1(c) can be utilized as a metric to quantify the

influence of α on the transformation of data. As α approaches zero, the distance ||µ0(c)−µ1(c)||

increases due to the increase in µ0(c). To ensure the comparability of results, we selected z(α̂c=1)

as the reference, which is equivalent to z(α=1), indicating that no transformation is applied.

Figure 5.6 illustrated the prediction performances and the behaviors of the introduced distance

ratio metric R(c). When αt exceeded the constraint c, the prediction error was minimally affected

or remains unaffected by the constraint. However, if the constraint surpassed αt , the error increased

along with the constraint. This can be attributed to the widening gap between αt and α̂c as c ex-

ceeded αt . A similar trend was observed regarding the ratio metric. When c was smaller than αt ,

R(c) remained constant until c surpasses αt , after which it dropped along with the increasing con-

straint. This phenomenon became particularly pronounced when αt was small, such as αt = 0.005.

However, for large values of αt , such as 0.05, 0.3, and 0.7, the prediction error showed no signifi-

cant changes. Given our primary objective of avoiding excessively small estimates of α , especially

when αt was indeed small, it was advisable to focus on the case where αt = 0.005. Taking into

account the trade-off between prediction performance and distance metric depicted in Figure 5.6,

we recommended choosing c = 0.05 as it resulted in an acceptable sacrifice in prediction without

being overly substantial and improves the performance of the transformed covariates by signifi-

36



cantly reducing the ratio metric. However, the choice of the constraint c should depend on the

specific context and structure of the data. The recommendations provided here were based solely

on the designed simulation settings and should only be considered general guidelines.

Next, our focus shifted towards examining the performance of implementing the modified like-

lihood approach with respect to different values of W . For each W , we applied the modified

likelihood approach to obtain α̂m, denote as α̂m,W , and also computed a scaled version of RMSPE

as follows. We represented the RMSPE of a specific W and αt as RMSPE(W,αt), and defined

RMSPEmax as the maximum of RMSPE(W,αt) over all possible values of W and αt . With this,

we can obtain the scaled prediction error as the ratio of the logarithm of RMSPE(W,αt) to the

logarithm of RMSPEmax

R̃MSPE(W,αt) =
log[RMSPE(W,αt)]

log[RMSPEmax]
. (5.3)

We utilized a similar metric for evaluating the effect of α̂m,W on the transformation of data,

denoted as z(α̂m,W ). By calculating the respective means of z(α̂m,W )
0 and z(α̂m,W )

1 , denoted as µ0(W )

and µ1(W ), we can define the distance ratio metric as follows:

R(W ) =
||µ0(W )−µ1(W )||

||µ0 −µ1||
, (5.4)

where µ0 and µ1 denote the mean of z(α=1)
0 and z(α=1)

1 , respectively.

Figure 5.7, 5.8, 5.9, and 5.10 depicted the prediction performances and the behavior of the in-

troduced distance ratio metric R(W ) for sample sizes N = 100,500,1000,2000, respectively. These

metrics exhibited similar patterns across different sample sizes. When W was relatively small, the

prediction error shows minimal or no significant impact. This occurred because, during this phase,

the penalty on α being close to zero is small and the original likelihood still dominates the modified

likelihood. As a result, the modified-ML-based estimator α̂m closely approximated the ML-based

estimator α̂ , leading to similar prediction performances of the fitted models. However, as W in-

creased, indicating a larger penalty on α , the modified-ML-based estimator α̂m tended to yield

larger estimates for α in order to prevent the estimate from approaching zero, leading to the in-

crease in the prediction error as W became larger. A similar trend was observed for the ratio metric.

When W was relatively small, R(W ) remained almost unchanged, but it subsequently dropped as

37



W increased.

Similarly, this phenomenon became particularly pronounced when αt was small, such as αt =

0.005, and when αt took large values, such as 0.05, 0.3, and 0.7, the prediction error remained

relatively unchanged. By considering the tread-off between the prediction performance and the

distance metric as illustrated in Figures 5.7, 5.8, 5.9, and 5.10, we have formulated the following

recommended range for W based on different sample sizes: For a sample size of N = 100, W should

fall within the range of [20,60]; for N = 500, the recommended range is [100,300]; for N = 1000,

the range is [200,600], and for N = 1200, it is [400,1200]. All these suggested values of W struck

a suitable balance, ensuring acceptable prediction outcomes without being excessively large, while

simultaneously alleviating the effect of α̂m on the transformation of data by significantly reducing

the ratio metric. Again, it was important to note that the choice of W should depend on the specific

context and structure of the data. The recommendations provided here are based solely on the

designed simulation settings and should only be considered as general guidelines.

We also applied four different methods that have been mentioned before to compare their

prediction performances: ISM, ILR-transformed regression, the proposed constrained maximum

likelihood approach (c = 0.05) of PTR, and the proposed modified likelihood approach of PTR

(W = 20 for N = 100, W = 100 for N = 500, W = 200 for N = 1000, W = 400 for N = 2000).

In order to implement the ILR-transformed regression for compositional data containing zeros,

we replaced zeros with a small value of 0.5 minutes. The RMSPE results obtained from these meth-

ods are presented in Table 5.3. Notably, when the values of αt were relatively small, specifically

αt = 0.005 and αt = 0.05, the ISM exhibited the highest RMSPE. However, the ILR-transformed

regression produced a smaller, albeit still significantly larger RMSPE compared to the constrained

and modified likelihood approach. Nevertheless, as the sample size increases for large αt , the

RMSPE values of all four approaches tend to be similar.

5.5 Summary

In this section, we have presented the simulation results of the PTR model under three different

scenarios. We initially evaluated two estimation methods: maximum likelihood estimation and

generalized cross-validation, and compared their performance when analyzing data with and with-
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Table 5.3: Prediction performances (measured as root mean squared prediction error) of different

methods under Scenario III: isotemporal substitution model, ILR-transformation regression (re-

place 0 with small values, 0.5 minutes), PTR with constrained estimation (c = 0.05) and modified

estimation (W = 20 for N = 100, W = 100 for N = 500, W = 200 for N = 1000, W = 400 for

N = 2000). True α takes the value of 0.05, 0.5, 0.7, 1, sample size N = 100,500,1000,2000.
∗Abbrevation: Isotemporal substitution model, ISM. ILR-transformation regression, ILR. PTR

with constrained maximum likelihood approach, PTR-C. PTR with modified likelihood approach,

PTR-M.

Method N=100 N=500 N=1000 N=2000

α = 0.005

ISM 145.958 149.709 149.944 150.143

ILR 70.218 71.807 72.040 72.111

PTR-C 17.215 18.753 18.990 19.284

PTR-M 5.424 5.488 5.564 5.590

α = 0.05

ISM 14.323 14.610 14.662 14.685

ILR 7.769 7.895 7.922 7.935

PTR-C 4.917 4.981 4.994 4.993

PTR-M 5.322 5.369 5.381 5.376

α = 0.3

ISM 5.080 5.152 5.163 5.167

ILR 4.919 4.985 4.995 5.000

PTR-C 4.881 4.983 4.983 4.990

PTR-M 5.057 5.141 5.163 5.171

α = 0.7

ISM 4.920 4.992 4.994 4.997

ILR 4.920 4.994 4.996 4.998

PTR-C 4.893 4.986 4.989 4.998

PTR-M 4.924 4.988 4.994 4.995
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out zero compositions. Under Scenario I, the results demonstrated that both MLE and GCV were

similar in performance. Therefore, we concluded that both MLE and GCV are suitable when there

are no zeros in the dataset. However, when the true value of α is relatively small under Scenario

II, ML-based estimators showed better performance compared to GCV-based estimators due to the

smaller standard errors. As it is often difficult to determine the true value of α in real data analysis,

the ML-based estimator is recommended for its stable performance in simulation studies. There-

fore, for the purpose of accurately estimating α and predicting outcomes, the ML-based estimator

should be preferred, especially when the true α is uncertain or expected to be small.

Under Scenario III, we investigated the behavior of the proposed constrained maximum like-

lihood approach using different constraint values c, and modified likelihood approach with varying

the penalty coefficient W . Based on the simulation results, we made recommendations regarding

the choice of c and W . Additionally, we applied the ISM, ILR-transformed regression, and com-

pared their prediction performance to the proposed methods. Notably, our findings demonstrated

that the proposed two estimation procedures outperform the ISM and ILR-transformed model, par-

ticularly when the value of αt is small.
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Figure 5.2: Simulation results under Scenario I. A-B: Standard errors of α̂ and α̂GCV , true α =

0.05,0.7. The empirical-based standard error of GCV, and both the empirical and model-based

standard error of MLE were considered. C-E: Estimation performances of β̂1 with MLE and GCV,

true α = 0.05, sample size N = 100,500,1000. Each box plot has a unique setting with a certain

N. For those plots, the sample size increases from left to right. F-H: Estimation performances of

β̂2 with MLE and GCV, true α = 0.05, sample size N = 100,500,1000. Each box plot has a unique

setting with a certain N. For those plots, the sample size increases from left to right. ∗Abbrevation:

Empirical, EMP. Model-based, MD.
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Figure 5.3: The behavior of the Mean Predicted Square Error (MPSE) and log-likelihood when

estimating α with GCV and MLE, respectively. Simulations were conducted under Scenario II:

true α = 0.05, N = 100. AB, CD, EF, GH, IJ, KL, MN, and OP are pairs of results of MPSE and

log-likelihood for 8 simulated datasets.
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Figure 5.4: Simulation results under Scenario II: true α = 0.05. A-C: Estimation results of α̂

and α̂GCV with sample size N = 100, 500, 1000. Each box plot showed the results under a unique

setting with a certain sample size. N increases from left to right for those plots. D: Standard

errors of α̂ and α̂GCV . The empirical-based standard errors of GCV, and both the empirical and

model-based standard errors of MLE were considered. E: Prediction performances, as measured

with root mean squared prediction error, of α-transformed regression model with GCV and MLE.
∗Abbrevation: Empirical-based, EMP. Model-based, MD.
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Figure 5.5: Estimated proportions of rejecting the null hypothesis for testing α as indicated in

3.16. A: Testing H0 : α = 1, with α = 0,0.5,0.7,0.9,0.95,1 under alternatives Scenario I. B:

Testing H0 : α = 0, with α = 0,0.05,0.1,0.3,0.5,1 under alternatives under Scenario I. C: Testing

H0 : α = 1, with α = 0.5,0.7,0.9,0.95,1 under alternatives under Scenario II.
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Figure 5.6: Performances of constrained maximum likelihood approach: scaled prediction error

R̃MSPE(c,αt) and the distance ratio metric R(c) with respect to c and true α , αt , with fixing the

sample size N = 1000. Each figure corresponds to a specific αt , which can take on values of 0.005,

0.05, 0.3, and 0.7, while keeping all other settings the same. Within each figure, the left y-axis

represents the scaled prediction error R̃MSPE(c,αt) and the right y-axis represents the distance

ratio metric R(c), while the x-axis represents the constraint c, ranging from 1× 10−4 to 1. The

orange dashed line indicates the recommended constraint of c = 0.05.
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Figure 5.7: Performances of modified likelihood approach: scaled prediction error R̃MSPE(W,αt)

and the distance ratio metric R(W ) with respect to W and true α , αt , with fixing the sample size N =

100. Each figure corresponds to a specific αt , which can take on values of 0.005, 0.05, 0.3, and 0.7,

while keeping all other settings the same. Within each figure, the left y-axis represents the scaled

prediction error R̃MSPE(W,αt) and the right y-axis represents the distance ratio metric R(W ),

while the x-axis represents the regularization coefficient W , ranging from 1×10−4 to 1×105. The

orange dashed line indicates the recommended range of W ∈ [20,60].
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Figure 5.8: Performances of modified likelihood approach: scaled prediction error R̃MSPE(W,αt)

and the distance ratio metric R(W ) with respect to W and true α , αt , with fixing the sample size N =

500. Each figure corresponds to a specific αt , which can take on values of 0.005, 0.05, 0.3, and 0.7,

while keeping all other settings the same. Within each figure, the left y-axis represents the scaled

prediction error R̃MSPE(W,αt) and the right y-axis represents the distance ratio metric R(W ),

while the x-axis represents the regularization coefficient W , ranging from 1×10−4 to 1×105. The

orange dashed line indicates the recommended range of W ∈ [100,300].
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Figure 5.9: Performances of modified likelihood approach: scaled prediction error R̃MSPE(W,αt)

and the distance ratio metric R(W ) with respect to W and true α , αt , with fixing the sample size

N = 1000. Each figure corresponds to a specific αt , which can take on values of 0.005, 0.05, 0.3,

and 0.7, while keeping all other settings the same. Within each figure, the left y-axis represents

the scaled prediction error R̃MSPE(W,αt) and the right y-axis represents the distance ratio metric

R(W ), while the x-axis represents the regularization coefficient W , ranging from 1× 10−4 to 1×

105. The orange dashed line indicates the recommended range of W ∈ [200,600].
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Figure 5.10: Performances of modified likelihood approach: scaled prediction error

R̃MSPE(W,αt) and the distance ratio metric R(W ) with respect to W and true α , αt , with fix-

ing the sample size N = 2000. Each figure corresponds to a specific αt , which can take on values

of 0.005, 0.05, 0.3, and 0.7, while keeping all other settings the same. Within each figure, the left

y-axis represents the scaled prediction error R̃MSPE(W,αt) and the right y-axis represents the dis-

tance ratio metric R(W ), while the x-axis represents the regularization coefficient W , ranging from

1×10−4 to 1×105. The orange dashed line indicates the recommended range of W ∈ [400,1200].
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Chapter 6

APPLICATION TO NATIONAL HEALTH AND NUTRITION
EXAMINATION SURVEY (NHANES)

In this section, we embarked upon a comprehensive examination of the NHANES dataset. The

NHANES dataset is a comprehensive collection through various demographic, dietary, examina-

tion, laboratory, questionnaire, and other measurements to assess the health and nutritious status

of a representative sample of the United States population. The ethics committee of the Centers

for Disease Control and Prevention (CDC) approved the study, and the detailed study procedures

and methods are available on the CDC website. Physical activity measurements were conducted

and were publicly available from the NHANES data of the 2005-2006 subset. We begin with an

exploratory analysis. Subsequently, our analysis involved the implementation of multiple method-

ologies, including ISM, ILR-transformed regression, and power transformation-based regression.

6.1 Exploratory Analysis

The NHANES dataset (National Center for Health Statistics [2005]) comprised a total of N=1,333

observations. In our study, we specifically focused on glucose measurement (mg/dL) as the out-

come biomarker, and examined the association between glucose and different physical activity

behaviors, including SB, LPA and MVPA, as covariates of interest. We adjusted for several factors

during the analysis, including age (years), gender, total saturated fatty acids (gm), daily caffeine

intake (mg), and daily energy intake (kcal). Figure 6.2 displayed both histograms and scatter plots

depicting the distribution of SB, LPA, MVPA, and glucose, as well as their associations. Notably,

the majority of participants demonstrated glucose levels being around 5 mg/dL. The data also indi-

cated that, for most participants, sedentary behavior constituted a significant portion of their daily

activities, spanning a majority of the 24-hour timeframe. Light physical activity also accounted

for a substantial portion of their time, although slightly less than sedentary behavior. On the other
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Figure 6.1: Histograms of covaraites for NHANES (N=1333).

hand, moderate-to-vigorous physical activity only occupied a small fraction of their daily routine.

The strong association between SB and LPA can be attributed to the inherent constraint of the 24-

hour timeframe, which is also supported by their correlation presented in Figure 6.2. It was worth

noting that a small proportion of participants in the NHANES dataset did not have any recorded

daily activity in the categories of LPA (N=3) or MVPA (N=19), and subjects who have 0 minutes

spent in the LPA category also do not have any time spent in the MVPA category. Within the
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Table 6.1: Summary statistics of variables for NHANES (N=1333).

Min Q1 Mean Median Q3 Max SD

Age (years) 21 30 40 40.876 51 64 12.768

Gender - - 0.53 - - - -

Fatty acids (gm) 0.073 1.036 1.545 1.846 2.347 13.440 1.249

Caffeine intake (mg) 0 0 0 0.837 0.022 33.475 2.439

Energy intake (kcal) 6.750 96.629 133.859 147.624 180.394 664.800 75.524

SB 0.277 0.627 0.712 0.717 0.808 1 0.135

LPA 0 0.178 0.271 0.264 0.347 0.712 0.126

MVPA 0 0.005 0.014 0.020 0.027 0.166 0.020

Z(α̂c)
1 -0.866 0.527 0.527 1.090 1.375 6.428 0.966

Z(α̂c)
2 0.710 1.864 2.182 2.205 2.528 3.711 0.490

Glucose (mg/dL) 2.498 4.940 5.329 5.676 5.773 23.203 1.852

dataset, there were 627 male participants (coded as 1) and 706 female participants (coded as 2),

and we re-coded males as 0 and females as 1 in the following analysis. Figure 6.1 presented a his-

togram illustrating the distribution of the adjusted continuous covariates, which include age, fatty

acids, caffeine intake, and energy intake. The histogram revealed a relatively similar distribution

of individuals across different age categories, although there was a higher proportion of younger

individuals compared to older ones. Additionally, the majority of participants exhibited fatty acid

levels ranging from 0 to 3 gm, energy intake ranging from 50 to 200 kcal, and caffeine intake

ranging from 0 to 3 mg. More summary statistics of these variables were shown in Table 6.1.

6.2 Regression Analysis

Chastin et al. [2015] previously performed association analysis with both isotemporal and ILR-

transformed regression approaches and concluded that ILR-transformed regression indicates un-

equal PA category substitution effect on several biomarkers treated as the model outcomes. The
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Figure 6.2: Histogram and correlations of variables of interest for NHNES (N=1333). Z1 and Z2

represent for Z(α̂c)
1 and Z(α̂c)

2 , respectively, where α̂c = 0.33.

NAHANES data PA levels measured by accelerometers were classified into three PA categories

(SB, LPA, and MVPA) using activity count per minute thresholds, averaged over all available days,

and re-scaled to the proportions of 24 hours a day spent in each category. The PA categories were
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treated as compositional predictors in the regression analyses, and adjusted with several other mea-

sured factors to study their association with health outcomes such as BMI, waist circumference,

and other biomarkers.

In our study, we applied the ISM, ILR-transformed as well as PTR to the NAHANES data

collected during 2005-2006. The ISM with the following expression (6.1) estimated the effect of

replacing activities in one intensity with activities in another intensity for the same amount of time.

Specifically, we included SB and LPA as the primary behaviors.

Glucose = β
ISM
0 +β

ISM
1 SB+β

ISM
2 LPA+β

ISM
3 Age

+β
ISM
4 Gender+β

ISM
5 Acid+β

ISM
6 Caffeine+β

ISM
7 Energy.

(6.1)

When conducting ILR-transformed regression analysis, there were two possible approaches for

dealing with subjects who had zero compositions: either disregarding these subjects altogether or

substituting their zero compositions with a small positive value. Although both methods raised

concerns as they can significantly affect the ILR-transformed data, we opted to replace the zero

physical activity values with a small value, specifically 0.001 minutes. This choice was made

to preserve the sample size across all methods. The ILR-transformed regression model can be

expressed as follows:

Glucose = β
ILR
0 +β

ILR
1 ZILR

1 +β
ILR
2 ZILR

2 +β
ILR
3 Age

+β
ILR
4 Gender+β

ILR
5 Acid+β

ILR
6 Caffeine+β

ILR
7 Energy,

(6.2)

where ZILR
1 and ZILR

2 are the first and second column of the ILR-transformed data ZILR, respectively.

By contrast, PTR did not require non-zero values for physical activity components. Therefore,

it can be directly applied to NHANES data without any special treatment for subjects with zero

physical activity values. The PTR model was shown in (6.3).

Glucose = β
PT R
0 +β

PT R
1 Z(α)

1 +β
PT R
2 Z(α)

2 +β
PT R
3 Age

+β
PT R
4 Gender+β

PT R
5 Acid+β

PT R
6 Caffeine+β

PT R
7 Energy,

(6.3)

where Z(α)
1 and Z(α)

2 were the first and second column of the power transformed data Z(α), re-

spectively. In our analysis, we utilized both the constrained maximum likelihood and modified

likelihood approach for PTR, and set the constraint c = 0.05 and the penalty coefficient W = 1.
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In the real data analysis, the selection of W was approached using a parametric bootstrap-based

method. We employed the estimated results from the constrained maximum likelihood approach

for PTR, as presented in Table 6.2, to set the true values of α and the coefficients β . To ensure

consistency, we denoted the true standard deviation of glucose as σN and considered a sample size

of N = 1333, which matched the size of the real dataset. Following the methodology outlined

in Section 5.4, we computed the prediction error, RMSEP(W ), and the distance ratio, R(W ), for

different regularization coefficients W using the modified likelihood approach. Examining the out-

comes depicted in Figure 6.3, we observed that the prediction error exhibited minimal sensitivity

to changes in W . Consequently, selecting W = 1 appeared reasonable since, at that juncture, the

distance ratio had already decreased significantly while the prediction error remained relatively

unchanged.

6.3 Results

The results of model fitting for the three models were presented in Table 6.2. Regarding the im-

plementation of the proposed constrained maximum likelihood approach for the PTR model, the

estimated value of α is α̂c = 0.33. In the case of the modified likelihood approach, the estimated

α was α̂m = 0.39, which was in close proximity to the estimate obtained through the constrained

maximum likelihood approach. Given the similarity in the estimates of α obtained by these two

estimation procedures, the estimated coefficients also exhibited resemblance, as presented in Table

6.2. The prediction performances, assessed using the cross-validated sum of squared predicted

error (SSPE), were presented in Table 6.3. The table clearly indicated that the ILR-transformed

method demonstrated the highest SSPE, followed by the ISM approach with a slightly smaller

error. By contrast, the proposed PTR model exhibited the lowest error, thereby underscoring its su-

periority over the other two methods in terms of prediction performance. This was not surprising,

as the family of PTR models was more general and included both ILR and ISM as special cases.

The two estimation methods, the constrained estimation and the modified likelihood approach,

yield comparable prediction performances.

We also explored the association between the transformed data and the original PA behaviors

data (Figure 6.2). The figure revealed a non-linear relationship between SB and LPA with Z(α̂c)
1 , as
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Table 6.2: Model fitting results of ISM, ILR-transformed and PTR as indicated in (6.1), (6.2), (6.3).
∗Abbreviation: Constrained maximum likelihood approach for PTR, PTR-C. modified likelihood

approach for PTR, PTR-M.

β̂1 β̂2 β̂3 β̂4 β̂5 β̂6 β̂7

ISM

Coefficient 8.621 8.530 0.041 -0.357 0.054 -0.026 -0.001

Std. Error 2.842 3.072 0.004 0.112 0.071 0.024 0.001

p-value 0.002 0.006 < 0.001 0.001 0.449 0.285 0.342

ILR

Coefficient -0.031 0.093 0.041 -0.297 0.066 -0.024 -0.001

Std. Error 0.058 0.040 0.004 0.109 0.071 0.024 0.001

p-value 0.593 0.02 < 0.001 0.006 0.351 0.326 0.286

PTR-C

Coefficient -0.110 0.577 0.038 -0.413 0.060 -0.021 -0.001

Std. Error 0.069 0.140 0.004 0.113 0.071 0.024 0.001

p-value 0.112 < 0.001 < 0.001 < 0.001 0.396 0.394 0.260

PTR-M

Coefficient -0.100 0.671 0.038 -0.413 0.059 -0.021 -0.001

Std. Error 0.072 0.165 0.004 0.113 0.071 0.024 0.001

p-value 0.165 < 0.001 < 0.001 < 0.001 0.408 0.382 0.270

Table 6.3: Cross-validated sum of squared prediction error (SSPE) of ISM, ILR-transformed and

PTR as indicated in (6.1), (6.2), (6.3). ∗Abbreviation: Constrained maximum likelihood approach

for PTR, PTR-C. modified likelihood approach for PTR, PTR-M.

ISM ILR PTR-C PTR-M

MSPE 3915.30 3936.03 3885.71 3886.03
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Figure 6.3: Performances of modified likelihood approach: prediction error RMSPE(W ) and the

distance ratio metric R(W ) with respect to W. The left y-axis represents the prediction error and

the right y-axis represents the distance ratio metric R(W ), while the x-axis represents the regu-

larization coefficient W , ranging from 1× 10−4 to 1× 105. The orange dashed line indicates the

recommended W=1.

well as a non-linear relationship between MVPA and Z(α̂c)
2 . This observation aligns with the for-

mula of the power transformation described in (3.2) and (2.2). Furthermore, the inclusion of highly

correlated covariates in the regression model can lead to collinearity issues. However, by examin-

ing the figure, it became evident that the application of power transformation effectively mitigated

the previously observed high correlation between SB and LPA. This observation was supported by
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Figure 6.4: The first column of the transformed data, Z(α)
1 , versus the second column of the trans-

formed data, Z(α)
2 , considering different α , including α = 0.01,0.1, α̂c(= 0.33), α̂m(= 0.39), 0.7,

1.

the correlation between Z(α̂c)
1 and Z(α̂c)

2 . Regarding the power transformation, we also investigated

the impact of different values of α on the transformed data (Figure 6.4). It can be observed that

for observations without zero values, varying α does not significantly affect the transformation of

these data. However, for observations with zero compositions, smaller values of α , such as 0.01 or

0.1, resulted in very large transformed values, effectively creating outliers when compared to the

transformed data for non-zero compositional data. Based on Figure 6.4, it was worth noting that
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Figure 6.5: Residuals versus different covariates for PTR with constrained maximum likelihood

approach. Z1 and Z2 represent for Z(α̂c)
1 and Z(α̂c)

2 , respectively.

the application of power transformation with α̂c and α̂m yielded comparable results between trans-

formed observations with zeros and those without zeros. This finding suggested that the presence

of zero values was unlikely to exert a significant impact on the fitting of the model.

In the subsequent discussion, we primarily focused on the results obtained from the constrained

maximum likelihood approach due to its similar performance to the modified likelihood approach

in PTR Figure 6.5 illustrated the relationship between the residuals and the covariates of interest,

including SB, LPA and MVPA, as well as the power transformed data, Z(α̂c)
1 and Z(α̂c)

2 . It was

evident that the residuals exhibited a random distribution around zero. Notably, observations with

zero compositions displayed a similar pattern, suggesting that these particular observations do not
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Figure 6.6: Estimated substitution effect with ISM (left upper), ILR-transformed regression (right

upper), and PTR with constrained maximum likelihood approach (left bottom).

pose any issues in terms of model fitting. This outcome aligned with our expectations since the

estimated value of α , α̂c = 0.33, is relatively large.

The substitution effect of various physical activity behaviors using the three methods was illus-

trated in Figure 6.6. Regarding ISM, the substitution effects between LPA and MVPA, as well as

SB and MVPA, were quite similar. However, they differed significantly from the effect observed

between LPA and SB. When applying the ILR-transformed regression, the effects of substituting

LPA with MVPA and SB with MVPA demonstrated similarity. However, the disparities became
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Figure 6.7: Estimated substitution effect with ISM, ILR-transformed regression, and PTR under

different data generation mechanisms.

more pronounced when examining the effects in the opposite direction of these behaviors. Addi-

tionally, the effects between SB and LPA deviated from those observed between LPA and MVPA,

as well as SB and MVPA. The employment of PTR revealed close substitution effects between

LPA and MVPA, as well as SB and MVPA. Nevertheless, these effects diverged significantly from

the observed effect between LPA and SB.

To investigate the substitution effects using different methods and ensure the comparability of

results, we employed a parametric bootstrap-based method. Three data generation mechanisms

were considered based on the fitted results presented in Table 6.2. By considering the estimated

results of ISM, ILR, and PRT-C in Table 6.2 as the true values, we generated data using these three
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methods. Subsequently, we applied each method to the generated data under each mechanism

to investigate the substitution effects, as depicted in Figure 6.7. The figure illustrated that each

row corresponds to a specific data generation mechanism, namely ISM, ILR, and PTR-data. To

successfully implement ILR, we replaced zeros with small values (0.01/1440) when employing this

method. Additionally, the constrained maximum likelihood approach was used for PTR to handle

data with zero compositions. Under the ISM-based data generation mechanism, we observed that

PTR yielded nearly identical results to ISM, which represented the true substitution effect in this

scenario. Conversely, ILR produced significantly different outcomes. This outcome aligned with

expectations, as ISM can be considered a special case of PTR. Considering the data generated

based on ILR, we first replaced zeros with 0.01/1440 and then applied the three methods. Since

no zero compositions were present in this case, we used the MLE method proposed in Section 3.2

for PTR. Despite PTR and ISM not accurately estimating the true effect, it was evident that PTR

outperformed ISM and exhibited greater similarity to the true effects. Regarding data generated

based on PTR, although ISM outperformed ILR in estimating the substitution effects by being

closer to the true effects, neither method accurately estimated the true effects. In conclusion,

the proposed PTR method surpassed ILR and ISM in estimating the substitution effects between

different PA behaviors.
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Chapter 7

DISUCSSION

7.1 Summary

In this thesis, we proposed a novel power transformation-based compositional data analysis ap-

proach and conducted extensive investigations. To begin with, we examined the orthogonality

property of the power transformation and presented rigorous proof. Subsequently, we first consid-

ered the scenario in the absence of zero values in compositional data and discussed two estimation

approaches, maximum likelihood and generalized cross-validation. Furthermore, we presented

asymptotic properties of the ML-based estimator of α . We explored scenarios where the value of

α resides on the boundary of its parameter space, which violated standard regularity conditions.

Moreover, we developed a bootstrap-based confidence interval for predicting outcomes, which ac-

counts for uncertainty in estimating the tuning parameter and exhibits asymptotic invariance to the

distribution of observations.

Next, we extended the proposed method for modeling compositional data that includes zero

values. In this scenario, the power transformation can result in extreme values or outliers in trans-

formed variables, especially when α is small. To address this issue, we presented two strategies.

The initial strategy involves employing constrained maximum likelihood approach, wherein a pos-

itive constraint c was introduced to confine α within the range of [c,1]. The second method entails

maximizing a modified likelihood function, which includes a penalty on α to discourage it from

being small. Both of these strategies involved a trade-off between prediction performance and the

impact of α on the data transformation.

In the simulation studies, we initially investigated the finite sample properties and model-fitting

performances of both the MLE and the GCV-based estimators. Based on the simulation results, our

recommendation favors the MLE over the GCV due to its consistent performance across various

simulation scenarios. Furthermore, we conducted comprehensive studies to evaluate the perfor-
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mance of the proposed constrained maximum likelihood approach and modified likelihood ap-

proach. Additionally, we provided specific recommendations regarding the selection of tuning pa-

rameters for these two methods. To further validate our findings, we implemented two commonly

utilized approaches, the ISM and the ILR-transformed regression. We compared their prediction

performance with that of the two proposed methods, demonstrating the superior performance of the

proposed methods, particularly when the true value of α is relatively small. Finally, we employed

diverse methods to analyze the NHANES dataset, ensuring a thorough examination of the data.

7.2 Future Works

There exist several potential limitations and opportunities for future research in our study. Firstly,

regarding the modified likelihood approach, we treated the penalty coefficient W as a constant, and

the choice of W has been solely determined based on its performance in finite samples. Alterna-

tively, one might consider estimating W adaptively from the data. Another promising direction

for exploration lies in the development of fully nonparametric regression methods with or without

utilizing the power transformation. While the proposed power transformation based model allows

nonlinear relationships, the functional form is limited to a parametric nonlinear family. This as-

sumption might be restrictive in some settings. Thus, adopting fully nonparametric models will

allow more flexible relatinships between PA compositions and health outcomes.
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Barceló-Vidal Martı́n-Fernández. Pawlowsky-glahn (2003) martı́n-fernández ja, barceló-vidal c,
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