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Abstract

Essays on Algorithms for Customer Acquisition and Retention in SaaS Business Model

Ebrahim Barzegary

Chair of the Supervisory Committee:
Michael G. Foster Professor Hema Yoganarasimhan

Marketing and International Business

In recent years, software firms have migrated from the traditional licensing business model to the
“Software as a Service” (SaaS) model, where consumers subscribe to the software on monthly,
quarterly, or annual contracts. This change has created new opportunities and challenges in the
domain of customer acquisition and retention for firms. SaaS firms have access to an unprecedented
amount of data since offering software as a service enables them to capture users’ behavioral and
contextual data at a granular level. Nevertheless, utilizing this amount of data requires a set of
high-dimensional friendly tools and methodologies that may not be available.

In this dissertation, I try to address the challenge of high-dimensionality in modeling customer
acquisition and retention in the SaaS business model. The first chapter, following the introduction,
outlines high-dimensional data algorithms available to design and evaluate optimal free trials, the
most commonly used customer acquisition strategy in SaaS. Using data from a field experiment, I
showcase how companies can design optimal trial policies and understand the underlying mechanism
for the effect of trial length on customer acquisition. In the second chapter, I discuss the problem
of modeling customer retention as a dynamic discrete choice model. I offer a new algorithm that
let researchers incorporate the high-dimensional usage data when modeling users’ subscription
decision. I run several simulations using the canonical bus engine replacement problem to show the
performance of the proposed algorithm. Then, I discuss the limitations of the new algorithm and
explain how researchers can use it to model customer retention in SaaS. The algorithm’s source
code is available on Github to be used and further developed for other applications.
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Chapter 1

INTRODUCTION

SaaS, or software as a service, is a business model in which software is licensed to customers
via a subscription plan instead of perpetual licensing. Thanks to the power of cloud computing,
the SaaS industry has grown immensely. The global SaaS business model end-user spending is
forecasted to reach 145 billion dollars by 2022 [Gartner, 2021]. Today, the SaaS business model
takes up a fair share of B2B offerings in the tech industry. In contrast to the exponential growth
of SaaS, customer acquisition and retention in SaaS is a less investigated topic in the marketing
literature. In this dissertation, I try to discuss algorithms for customer acquisition and retention in
the SaaS business model, focusing on one of the biggest challenges of the model in the SaaS setting:
the high-dimensionality of data.

This dissertation is composed of two main essays: i) Design and evaluation of optimal free

trials and ii) A recursive partitioning algorithm for dynamic discrete choice modeling in high-

dimensional data settings. Offering free trials is one of the most commonly used methods for
customer acquisition in SaaS business model. In the first essay, I cover the customer acquisition
part of the dissertation. I try to investigate the following research questions:

• How can we find the optimal free trial length?

• Does it worth it for companies to personalize the free trial length?

• How can we design personalized free trial length assignment policies?

• How can we evaluate free trial length assignment policies without implementing them?

• What are the factors that explain the heterogeneous effect of free trial length on post-trial
subscriptions?

• Which users benefit from longer trials and which users benefit from shorter trials?

• Why does a more extended free trial increase the subscription rate for some users while it
reduces the subscription rate for some other groups?

I answer these questions using data from a large field experiment, where more than 300,000
users were randomly assigned to get 7, 14, or 30 days of free trials. I use prediction and conditional
treatment effect estimation algorithms (such as GRF) to design personalized free trial length assign-
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ment policies. Next, I utilize the IPS reward estimation method to evaluate the performance of any
trial length assignment policy using only the random experiment data. I compare the performance of
policies designed by different algorithms and show that the best performing algorithm in my data can
increase the post-trial subscription by 6.8%. I segment users based on their optimal trial length and
highlight the differences between different segments. I use usage and dormancy length1 as mediators
to explain the underlying mechanism for the effect of free trial length on subscription. Finally, I
include users’ segments as moderators in my model to explain how this underlying mechanism
works differently for different segments, i.e., why different trial lengths are optimal for different
groups of users.

In my second essay, I address modeling customer retention in the SaaS business model. Modeling
consumers’ subscription decisions in the SaaS business model has two requirements that make it
challenging.

1. Companies usually offer different subscription tiers, each of which has some limitations in
terms of functionalities or features that the plan subscriber can use. Therefore, any modeling
approach requires incorporating the usage characteristics of the subscription into the model.
In addition, software usage is correlated with users’ characteristics. Neglecting usage into
modeling would bias the estimated coefficient. Nevertheless, usage characteristics can be
very high-dimensional, especially for companies that offer a suite of software packages as a
product, such as Microsoft 365.

2. Consumers are forward-looking in their subscription decisions to SaaS products. The forward-
looking behavior is more prominent in settings where companies offer yearly contract dis-
counts, where consumers’ utility from the subscription changes over time, or in a B2B case
where there is a high cost associated with teaching employees to use the new software. Soft-
ware packages usually have a learning curve, and users get more utility as they become more
experienced. Thus, any modeling approach that ignores the forward-looking nature of users’
decisions would give biased estimates.

Dynamic discrete choice modeling approaches are used for modeling forward-looking decisions
in consumers. These methods require calculating the value for being in each state in the space of the
problem. Nevertheless, conventional approaches are not applicable in modeling users’ subscription

1Dormancy length is the length between the last day that the software is used during the trial and the end of the trial.
For example, if the last time the user lunches the software is on the 10th day of the trial, and the trial length is 30
days, the dormancy length would be 20 days.
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decisions due to the dimensionality of the usage data. The time complexity of conventional methods
grows exponentially with the addition of each variable, and therefore, using them is infeasible in
high-dimensional settings. The second essay offers a novel two-step semi-parametric approach that
enables researchers to estimate dynamic discrete choice models in such high-dimensional settings. I
model the setting in which there are two sets of variables:

1. A low dimensional set of independent variables X: This is the set of features that researchers
usually deal with in dynamic choice modeling. Researchers assume a functional form for
the effect of these variables on the utility function. One can add variables such as price and
promotion dummy to this set of features.

2. A high-dimensional set of independent variables Q: This is a set of features that researchers
do not have any parametric assumptions on their effect on utility. We use a non-parametric
approach for estimating the impact of this set of features. Usage features can be added to this
set of features.

We crafted a recursive partitioning-based approach to discretize the high-dimensional variable
set Q to a one-dimensional variable. The proposed method discretizes the high-dimensional variable
set Q such that observations in the same partition behave similarly in terms of decisions and state
transition probabilities. After the dimension reduction in the first step, researchers can use any
conventional dynamic discrete choice modeling approach to model the variable set X and the
discretized one-dimensional variable Q in the second step.

The proposed approach has several desirable properties that make it appealing, especially for
estimation in the industry settings:

• It is insensitive to scale, irrelevant variables, and outliers.

• It is fast and scalable (can be parallelized).

• The time complexity of the algorithm is linear with respect to the dimension of Q.

• Flexible to be used with any other currently available method in the second stage.

I uploaded a well-documented version of the algorithm with a simple example on Github to be
further developed and used by others.

While this dissertation is motivated and positioned for customer acquisition and retention in
the SaaS business model, one can use the proposed algorithms and tools in other settings. The
methodologies discussed in the first essay can be used to personalize any marketing intervention,
such as promotions, direct mail marketing, and even advertising. The algorithm proposed in the
second paper can solve the accuracy-feasibility trade-off that researchers encounter in any dynamic
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discrete choice modeling. Researchers can control for variables that are not the main focus of the
research project, and consequently, reduce the potential biases for the variables of interest using the
proposed method in the second essay.
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Chapter 2

DESIGN AND EVALUATION OF OPTIMAL FREE TRIALS

Free trial promotions are a commonly used customer acquisition strategy in the Software as a
Service (SaaS) industry. We use data from a large-scale field experiment to study the effect of trial
length on customer-level outcomes. We find that the 7-days trial is the best average treatment that
maximizes customer acquisition, retention, and profitability. In terms of mechanism, we rule out
the demand cannibalization theory, find support for the consumer learning hypothesis, and show
that long stretches of inactivity at the end of the trial are associated with lower conversions. We
then develop a framework for personalized targeting policy design and evaluation. We first learn a
lasso model of outcomes as a function of users’ pre-treatment variables and treatment. Next, we
use individual-level predictions of the outcome to assign the optimal treatment to each user. We
then evaluate the personalized policy using the inverse propensity score reward estimator. We find
that a personalization based on lasso leads to 6.8% improvement in subscription compared to a
uniform 30-days for all policy. It also performs well on long-term customer retention and revenues
in our setting. Segmentation analysis suggests that skilled and experienced users are more likely to
benefit from longer trials. Finally, we show that personalized policies do not always outperform
uniform policies, and one should be careful when designing and evaluating personalized policies.
In our setting, personalized policies based on other outcomes and heterogeneous-treatment effects,
estimators (e.g., causal forests, random forests) perform worse than a simple 7-days for all policy.

2.1 Introduction

2.1.1 SaaS Business Model and Free Trials

Over the last few years, one of the big trends in the software industry has been the migration of
software firms from the perpetual licensing business model to the “Software as a Service” (SaaS)
model. In the SaaS model, the software is sold as a service, i.e., consumers can subscribe to the
software based on monthly or annual contracts. Global revenues for the SaaS industry now exceed
200 billion USD [Gartner, 2019]. This shift in the business model has fundamentally changed the
marketing and promotional activities of software firms. In particular, it has allowed firms to leverage
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a new type of customer acquisition strategy: free trial promotions, where new users get a limited
time to try the software for free.

Free trials are now almost universal in the SaaS industry because software is inherently experi-

ence good, and free trials allow consumers to try the software product without risk. However, we do
not understand how long these trials should be or the exact mechanism through which they work.
In the industry, we observe trial lengths ranging anywhere from one week to three months; e.g.,
Microsoft 365 offers a 30 days free trial, whereas Google’s G Suite offers a 14 days free trial. There
are pros and cons associated with both long and short trials. A short trial period is less likely to lead
to free-riding or demand cannibalization and is associated with lower acquisition costs. On the other
hand, an extended trial period can enhance consumer learning by giving consumers more time to
learn about product features and functionalities. Longer trials can also create stickiness/engagement
and increase switching-back costs. That said, if users do not use the product more with a longer
trial, they are more likely to conclude that the product is not useful or forget about it. Thus, longer
trials lack the deadline or urgency effect [Zhu et al., 2018].

While the above arguments make a global case for shorter/longer trials, the exact mechanism
at work and the magnitude of its effect can be heterogeneous across consumers. In principle, if
there is significant heterogeneity in consumers’ response to the length of free trials, SaaS firms may
benefit from assigning each consumer a different trial length depending on her/his demographics
and skills. The idea of personalizing the length of free trial promotions is akin to third-degree price
discrimination because we effectively offer different prices to different consumers over a fixed
period. Indeed, SaaS free trials are particularly well-suited to personalization because of a few
reasons. First, software services have zero marginal costs, and there are no direct cost implications of
offering different trial lengths to different consumers. Second, it is easy to implement a personalized
free trial policy at scale for digital services, unlike physical products. Finally, consumers are less
likely to react adversely to receiving different trial lengths (unlike prices). However, it is unclear
whether personalizing the length of free trials improves customer acquisition and firm revenues. If
yes, what is the best approach to design and evaluate personalized free trials.

2.1.2 Research Agenda and Challenges

In this paper, we are interested in understanding the role of trial length on customer acquisition
and profitability for digital experience goods. We focus on the following research questions. First,
does the length of a free trial promotion affect customer acquisition, and if so, what is the ideal trial
length? Second, what is the mechanism through which trial length affects conversions? Third, is
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there heterogeneity in users’ responsiveness to trial lengths? If yes, how can we personalize the
assignment of trial lengths based on users’ demographics and skills, and what are the gains from
doing so? Further, what types of customers benefit from shorter trials vs. longer trials? Finally, how
do personalized targeting policies that maximize short-run outcomes (i.e., customer acquisition)
perform on long-run metrics such as consumer retention and revenue?

We face three main challenges in answering these questions. First, from a data perspective, we
need a setting where trial length assignment is exogenous to user attributes. Further, to understand
the mechanism through which trial length affects conversions, we need to observe usage and activity
during the trial period. Second, from a methodological perspective, we need a framework to design
and evaluate personalized targeting policies in high-dimensional settings and identify the optimal
policy. A series of recent papers at the intersection of machine learning and causal inference provide
heterogeneous treatment effects estimators, which we can use to personalize treatment assignment
[Athey and Imbens, 2016, Wager and Athey, 2018]. Similarly, a series of papers in marketing have
combined powerful predictive machine learning models with experimental (or quasi-experimental)
data to develop personalized targeting policies [Rafieian and Yoganarasimhan, 2021, Simester et al.,
2020]. However, the optimal policy that each of these papers/methods arrive at in a given empirical
context can differ. Thus far, we have little to no understanding of how these methods compare in
their ability to design effective targeting policies. This brings us to the third challenge. We need
to be able to evaluate the performance of each policy offline (without deploying it in the field).
Evaluation is essential because deploying a policy in the field to estimate its effectiveness is costly
in time and money. Moreover, given the size of the policy space, it is simply not feasible to test
each policy in the field.

2.1.3 Our Approach and Findings

To overcome these challenges and answer our research questions, we combine a three-pronged
framework to design and evaluate personalized targeting policies with data from a large-scale
free trial experiment conducted by a major SaaS firm. The firm sells a suite of related software
products (e.g., Microsoft 365, Google G Suite) and is the leading player in its category, with close
to monopolistic market power. At the time of this study, the firm used to give users a 30-days free
trial for each of its software products, during which they had unlimited access to the software suite.
Then, the firm conducted a large-scale field experiment, where new users who started a free trial for
one of the firm’s products were randomly assigned to one of 7, 14, or 30-days trial length conditions.
It also monitored the subscription and retention decisions of the users in the experiment for two
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years. The firm also collected data on users’ pre-treatment characteristics (e.g., skill level and job)
and post-treatment product usage during the trial period.

First, we quantify the average treatment effect of trial length on subscription. We find that the
firm can do significantly better by simply assigning the 7-days trial to all consumers (which is the
best uniform policy). This leads to a 5.59% gain in subscriptions over the baseline of 30 days for
all policy in the test data. In contrast, the 14-days for all policy does not significantly increase
subscriptions. This finding suggests that simply shortening the trial length to 7 days will lead to
higher subscriptions. At the time of the experiment, the firm offered a standard 30-day free trial to
all its consumers. So better performance of the much shorter 7-day trial was surprising, especially
since the reasons proposed in the analytical literature for the efficacy of free trials mostly support
longer trials, e.g., switching costs, consumer learning, software complexity, and signaling. (See
§2.2 for a detailed discussion of the analytical literature on free trials). Therefore, we next examine
the mechanism through which trial length affects conversion and present some evidence for why a
shorter trial works better in this setting and examine the generalizability of these results. To that
end, we leverage the usage data during the trial period to understand the mechanism through which
trial length affects subscriptions. We show that there are two opposing effects of trial length. On
the one hand, as trial length increases, product usage and consumer learning about the software
increases. This increase in usage can have a positive effect on subscriptions. On the other hand, as
trial length increases, the gap between the last active day and the end of the trial increases, while the
average number of active days and usage per day reduces. These factors are associated with lower
subscriptions. In our case, the latter effect dominates the former, and shorter trials are better.

Our analysis presents three key findings relevant to the theories on the role of free trials for
experience goods. First, we rule out the demand cannibalization or free riding hypothesis advocated
by many theoretical papers by showing that users who use the product more during the trial are
more likely to subscribe [Cheng and Liu, 2012]. Second, we provide empirical support for the
consumer learning hypothesis, since we show that longer trials lead to more usage, which in turn is
associated with higher subscriptions [Dey et al., 2013]. Third, we identify a novel mechanism that
plays a significant role in the effectiveness of free trials – the negative effect of long stretches of
inactivity at the end of the trial on subscription.

Next, we develop a two-step approach to personalized policy design since an unstructured search
for the optimal policy is not feasible in our high-dimensional setting. In the first stage, we learn
a lasso model of outcomes (subscription) as a function of the users’ pre-treatment demographic
variables and their trial length. Then in the second stage, we use the individual-level predictions
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of the outcome to assign the optimal treatment for each user. Then, we use the Inverse Propensity
Score (IPS) reward estimator, popular in the counterfactual policy evaluation literature in computer
science, for offline policy evaluation [Horvitz and Thompson, 1952, Dudı́k et al., 2011].

Based on this approach, we show that the personalized free trial policy leads to over 6.8%
improvement in subscription compared to the baseline uniform policy of giving a 30-day trial for
all. That said, the magnitude of gains from personalization (over the best uniform policy of 7
days for all) are modest (which is in line with the recent findings on personalization of marketing
interventions in digital settings; e.g., Rafieian and Yoganarasimhan [2021]). Further, we find that
customers’ experience and skill level affect their usage, which affects their subscription patterns.
Beginners and inexperienced users show only a small increase in usage with longer trial periods.
Further, when given longer trials, they end up with long periods of inactivity at the end of the trial
period, which negatively affects their likelihood of subscribing. Thus, it is better to give them short
trials. In contrast, long trials are better for experienced users because it allows them to use the
software more and they are not as negatively influenced by periods of inactivity later in the trial
period. Overall, our findings suggest that simpler products and experienced users are more likely to
benefit from longer trials.

Next, we find that the personalized policy, designed to optimize subscriptions, also performs
well on long-term metrics, with a 7.96% increase in customer retention (as measured by subscription
length) and 11.61% increase in revenues. We also consider two alternative personalized policies
designed to maximize subscription length and revenues and compare their performance with that of
the subscription-optimal policy. Interestingly, we find that the subscription-optimal policy always
performs the best, even on long-run outcomes. While this finding is specific to this context, it
nevertheless shows that optimizing low-variance intermediate outcomes (i.e., statistical surrogates)
can be revenue- or loyalty-optimal in some settings.

Finally, we consider counterfactual policies based on four other outcome estimators: (1) linear
regression, (2) CART, (3) random forests, and (4) XGBoost, and two heterogeneous treatment
effect estimators: (1) causal tree, and (2) generalized random forests. We find our lasso-based
personalized policy continues to perform the best, followed by the policy based on XGBoost
(6.17% improvement). However, policies based on other outcome estimators (e.g., random forests,
regressions) perform poorly. Interestingly, policies based on the recently developed heterogeneous
treatment effects estimators (causal tree and causal forest) also perform poorly. Causal tree is unable
to personalize the policy at all. Causal forest personalizes policy by a small amount, but the gains
from doing so are marginal. While our findings are specific to this context, it nevertheless suggests
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that naively using these methods to develop personalized targeting policies can lead to sub-optimal
outcomes. This is particularly important since these methods are gaining traction in the marketing
literature and are being used without evaluation using off-policy methods; see for example Guo et al.
[2017] and Fong et al. [2019].

Our research makes three main contributions to the literature. First, from a substantive per-
spective, we present the first empirical study that establishes the causal effect of trial length on
conversions and provides insight into the mechanisms at play. Second, from a methodological
perspective, we present a framework that managers and researchers can use to design and evaluate
personalized targeting strategies applicable to a broad range of marketing interventions. Finally,
from a managerial perspective, we show that the policies designed to optimize short-run conversions
also perform well on long-run outcomes in our setting, and may be worth considering in other
similar settings. Importantly, managers should recognize that many popular estimators can give rise
to poorly designed personalized policies, which are no better than simple uniform policies. Offline
policy evaluation is thus a critical step before implementing any policy.

2.2 Related Literature

Our paper relates to the research that examines the effectiveness of free trials on the purchase of
experience goods, especially digital and software products. Analytical papers in this area have
proposed a multitude of theories capturing the pros and cons of offering free trials. Mechanisms such
as switching costs, network effects, quality signaling, and consumer learning are often proposed as
reasons for offering free trials. In contrast, free-riding and demand cannibalization are offered as
reasons against offering free trials. See Cheng and Liu [2012], Dey et al. [2013], and Wang and
Özkan-Seely [2018] for further details. In spite of this rich theory literature, very few empirical
papers have examined whether and how free trials work in practice. In an early paper, Scott [1976]
uses a small field experiment to examine if users given a two-week free trial are more likely to
purchase a newspaper subscription. Interestingly, she finds that free trials do not lead to more
subscriptions compared to the control condition. While the number of participants may not have
been sufficient to detect small effects and the context was very different from digital SaaS products,
it nevertheless raises the question of whether free trials can be an effective marketing strategy. More
recently, two empirical papers study free trials using observational data. Foubert and Gijsbrechts
[2016] build a model of consumer learning and show that while free trials can enhance adoption,
ill-timed free trials can also suppress adoption. Using a bayesian learning approach, Sunada [2018]
compares the profitability of different free trial configurations. However, neither of these papers



11

examines how trial length affects subscriptions/revenues because they lack variation in the length
of the free trials in their data. In contrast, we use data from a large-scale field experiment with
exogenous variation in the length of free trials to identify the optimal trial length for each user.
In addition, we contribute to this literature by leveraging the individual-level software usage data
during the trial period to rule out some of the earlier theories proposed in this context, e.g., free
riding. To the best of our knowledge, our paper provides the first comprehensive empirical analysis
of how trial length affects the purchase of digital experience goods.

Second, our paper relates to the marketing literature on real-time customization and personal-
ization of digital products and promotions using machine learning methods. This literature has
used a wide range of methods for the personalization tasks in a variety of contexts: website design
using dynamic programming and adaptive experiments [Hauser et al., 2009], display ads using
multi-arm bandits [Schwartz et al., 2017], ranking of search engine results using feature engineering,
and boosted trees [Yoganarasimhan, 2020], mobile ads using behavioral and contextual features
[Rafieian and Yoganarasimhan, 2021], and the sequence of ads shown in mobile apps using batch
reinforcement learning and optimal dynamic auctions [Rafieian, 2019a,b]. We add to this literature
in two ways. First, we document the gains from personalizing the duration of a new type of
promotional strategy: the length of time-limited free trials for digital experience goods using a
targeting framework based on data from a large-scale field experiment. Second, we show that while
personalization can help, it may not always be the case. Indeed, in our setting, many commonly used
methods for personalization often perform worse than a robust uniform policy based on average
treatment effects. While these findings are specific to our context, it nevertheless suggests that
managers should be careful in designing and evaluating personalized targeting policies.

Our paper also relates to the theoretical and empirical research on personalized policy design and
evaluation in computer science and economics. In an early theoretical paper, Manski [2004] presents
a method that finds the optimal treatment for each observation by minimizing a regret function.
Recent theoretical papers in this area include Swaminathan and Joachims [2015a] and Swaminathan
et al. [2017], Kitagawa and Tetenov [2018], and Athey and Wager [2017]. There is also a small but
growing list of marketing papers in this area. Hitsch and Misra [2018] propose a heterogeneous
treatment effects estimator based on kNN, develop targeting policies based on it, and evaluate the
performance of their policies using the IPS estimator on a test data. However, their estimator does
not work in our setting because it requires all the covariates to be continuous since it based on
Euclidean distance. Simester et al. [2020] examine how managers can evaluate targeting policies
efficiently. They compare two types of randomization approaches: (a) randomization by action and
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(b) randomization by policy. The provide two valuable insights. First, they note that randomization
by action is preferable to randomization by policy because it allows us use off policy evaluation to
evaluate any policy. Second, they note that when comparing two policies we should recognize that if
the policies recommend the same action for some customers then the difference in the performance
of the policy for these customers is exactly zero. In another particularly relevant paper, Simester
et al. [2019] investigate how data from field experiments can be used to design targeting policies for
new customers or new regimes, and also use the IPS estimator to evaluate the peformance of a series
of personalized policies. They present comparisons for a broad range of methods and show that
model-based methods in general (and lasso in particular) offers the best performance, though this
advantage vanishes if the setting and/or consumers change significantly. Our paper also echoes this
finding: the lasso-based personalized policy performs the best in our setting too. Further, we also
provide comparisons to personalized policies based on the newly proposed heterogeneous treatment
effects estimators (e.g., causal forest), and show that the lasso-based policy continues to perform the
best.

Our paper is relevant to the literature on statistical surrogates [Prentice, 1989, VanderWeele,
2013]. In our setting, subscription can be interpreted as an intermediate outcome or surrogate
for long-run retention and revenue. Interestingly, we find that personalized policies optimized on
the short-term outcome or surrogate do well (or better than) policies optimized directly on the
long-term outcomes. We attribute this to the fact that long-term outcomes have higher variance and
fewer observations in our setting. In a recent paper, Yang et al. [2020] use surrogates to impute the
missing long-term outcomes and then use the imputed long-term outcomes to develop targeting
policies. Their results confirm our broader finding that short-term outcomes can be sufficient to
derive targeting policies that are optimal from a long-run perspective.

More broadly, our work relates to the large stream of marketing literature that has examined and
contrasted the short vs. long run effects of promotions [Mela et al., 1997, Pauwels et al., 2002]. The
main takeaway from this literature is that consumers who are exposed to frequent price promotions
become price sensitive and engage in forward buying over time. While these early papers focused
on consumer packaged goods, Anderson and Simester [2004] conduct a field experiment on price
promotions in the context of durable goods sold through catalogs. They find evidence in support of
both forward-buying and increased deal sensitivity. Our paper adds to this literature by examining
the long-run effect of free-trial promotions on long-run subscription and revenue for digital SaaS
products. While free-trial promotions can be viewed as a price discount (i.e., zero price for a fixed
period), forward-buying is not feasible in our setting and consumers are exposed to the promotion
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only during the sign-up period (i.e., no expectation of future free trials). In this case, we find that
targeted free-trial promotions that maximize short-run revenue (or subscriptions) also perform well
on long-run outcomes (two-year revenue).

2.3 Setting and Data

In this section, we describe our application setting and data.

2.3.1 Setting

Our data come from a major SaaS firm that sells a suite of software products. The suite includes a
set of related software products (similar to Excel, Word, PowerPoint in Microsoft’s MS-Office). The
firm is the leading player in its category, with close to monopolistic market power. Users can either
subscribe to single-product plans that allow them access to one software product or to bundled plans
that allow them to use several products at the same time. Bundles are designed to target specific
segments of consumers and consist of a set of complementary products. The prices of the plans vary
significantly and depend on the bundle, the type of subscription (regular or educational), and the
length of commitment (monthly or annual). Standard subscriptions run from $30 to $140 per month
depending on the products in the bundle and come with a monthly renewal option. (To preserve
the firm’s anonymity, we have multiplied all the dollar values in the paper by a constant number.)
If the user is willing to commit to an annual subscription, they receive over 30% discount in price.
However, users in annual contracts have to pay a sizable penalty to unsubscribe before the end of
their commitment. The firm also offers educational licenses at a discounted rate to students and
educational institutions, and these constitute 20.8% of the subscriptions in our data.

2.3.2 Field Experiment

At the time of this study, the firm used to give users a 30-day free trial for each of its software
products, during which they had unlimited access to the product.1 In order to access the product
after the trial period, users need a subscription to a plan or bundle that includes that product.

To evaluate the effectiveness of different trial lengths, the firm conducted a large-scale field
experiment that ran from December 1st2015 to January 6th2016 and spanned six major geographic
markets – Australia and New Zealand, France, Germany, Japan, United Kingdom, and United States

1This free trial is at the software product level, i.e., users start a separate trial for each software product, and their
trial for a given product expires 30 days from the point at which they started the free trial for it.
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7 Days Trial 14 Days Trial 30 Days Trial Total
Number of observations (N) 51,040 51,017 235,667 337,724
Percent of total observations 15.11 15.11 69.78 100

Number of subscriptions 7,835 7,635 34,564 50,034
Percent of total subscriptions 15.66 15.26 69.08 100
Subscription rate within group (in %) 15.36 14.96 14.67 14.81

Table 2.1: Summary statistics of treatment assignment and subscription rates.

of America. During the experiment period, users who started a free trial for any of the firm’s four
most popular products were randomly assigned to one of 7, 14 or 30 days free trial length buckets.
These three trial lengths were chosen because they are the most commonly used ones in the industry
and represent a vast majority of the SaaS free trials. Treatment assignment was at user level, i.e.,
once a user was assigned to a trial length, her/his trial length for the other three popular products was
also set at the same length. The length of the free trial for other products during this period remained
unchanged at 30 days. The summary statistics for the treatment assignment and subscriptions are
shown in Table 2.1.

The experiment was carefully designed and implemented to rule out the possibility of self-
selection into treatments, a common problem in field experiments. In our setting, if users can see
which treatment (or free trial length) they are assigned to prior to starting their trial, then users who
find their treatment undesirable may choose to not start the trial. In that case, the observed sample
of users in each treatment condition would no longer be random, and this in turn would bias the
estimated treatment effects. Moreover, since the experimenter cannot obtain data on those who
choose to not to start their free trials, there is no way to address this problem econometrically. To
avoid these types of self-selection problems, the firm designed the experiment so that users were
informed of their trial-length only after starting their trial. In order to try a software product, users
had to take the following steps: (1) sign up with the firm by creating an ID, (2) download an app
manager that manages the download and installation of all the firm’s products, and (3) click on an
embedded start trial button to start the trial for a given product. Only at this point in time, they are
shown the length of their free trial as the time left before their trial expires (e.g., “Your free trial
expires in 7 days”). While users can simply quit or choose to not use the product at this point, their
identities and actions are nevertheless captured in our data and incorporated in our analysis.

Finally, it is important to note that treatment assignment was unconfounded with other marketing
mix variables. In this context, it is useful to discuss prices since they can vary across products and
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Variable Number of Share of top sub-categories
sub-categories 1st 2nd 3rd 4th

Geographic region 6 55.02% 13.66% 9.12% 8.83%
Operating system 8 28.97% 21.4% 14.04% 13.98%
Signup channel 42 81.56% 8.14% 3.47% 0.81%
Job 14 28.20% 21.90% 20.34% 8.46%
Skill 5 69.05% 12.75% 10.77% 7.38%
Business segment 7 35.41% 32.74% 18.40% 7.81%

Table 2.2: Summary statistics for the pre-treatment categorical variables.

users. The price that a user gets for a product/bundle depends only on two user-level observables –
the geographic location of the user and her/his job (students get a discount). Both of these variables
are observed in the data, and treatment assignment is orthogonal to these variables. Thus, price is
not confounded with treatment.2

In sum, the design satisfies the two main conditions necessary for the experiment to be deemed
clean – (1) unconfoundedness and (2) compliance [Mutz et al., 2019].

2.3.3 Data

We have data on 337,724 users who were part of the experiment. For each user i, we observe the
following information – (1) Treatment assignment (Wi), (2) Pre-treatment demographic data (Xi),
and (3) Post-treatment behavioral data (Zi). The treatment variable denotes the trial length that the
user was assigned to – 7, 14, or 30 days. The variables under the latter two categories are described
in detail below.

Pre-treatment demographic data

1. Geographic region: The geographic region/country that the user belongs to (one of the six
described in §2.3.1). It is automatically inferred from the user’s IP address.

2. Operating system: The OS installed on the user’s computer. It can take eight possible values,

2While the distribution of prices shown to users is the same across all treatment arms, the distribution of prices paid
by the subscribers can be different under each treatment arm. This is because the length of the free trial can influence
which types of consumers subscribe and the products/bundles that they subscribe to. These differences can lead to
downstream differences in the revenues under treatments and targeting policies. We discuss these issues in detail in
§2.7.



16

e.g., Windows 7, Mac OS Yosemite. It is inferred by the firm based on the compatibility of
the products downloaded with the user’s OS.

3. Sign-up channel: The channel through which users came to sign-up for the free trial. In total,
there are 42 possible sign-up channels, e.g., from the legacy version of the software, from the
firm’s website, through third-parties, and so on.

4. Skill: A self-reported measure of the user’s fluency in using the firm’s software suite. This
can take four possible values – beginner, intermediate, experienced, and mixed.

5. Job: The user’s job-title (self-reported). The firm gives users 13 job-titles to pick from, e.g.,
student, business professional, hobbyist.

6. Business segment: The self-reported business segment that the user belongs to. Users can
choose from six options here, e.g., educational institution, individual, enterprise.

The last three variables are self-reported though not open-ended, i.e., users are required to pick
one option from a list provided by the firm. However, users may choose not to report these values,
in which case, the missing values are recorded as “unknown”. We treat this as an additional category
for each of these three variables in our analysis.3 The six pre-treatment variables and their summary
statistics are shown in Table 2.2.

Post-treatment behavioral data

For all the users in our data, we observe their subscription and renewal decisions for approximately
24 months (from December 2015 till November 2017). We have data on:

1. Subscription information: We have data on whether a user subscribes or not, and the date and
type of subscription (product or bundle of products) if she does subscribe.

2. Subscription length: Number of months that the user is a subscriber of one or more prod-
ucts/bundles during the 24-month observation period. If a user does not subscribe to any of

3Only a small fraction of people choose to not report these data. For example, the percentage of users with “unknown”
Skill and Job is 7.4% and 21.9%, respectively.
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Variable Mean Standard Min 25% 50% 75% Max Number of
Deviation Observations

Subscription 0.148 0.355 0 0 0 0 1 337,724
Subscription length (all) 2.23 6.37 0 0 0 0 108 334,223
Subscription length (subscribers) 16.02 8.43 0 10 17 22 108 46,533
Revenue (all) 79.13 285 0 0 0 0 20,208 334,223
Revenue (subscribers) 568 552 0 242 420 666 20,208 46,533

Table 2.3: Summary statistics of subscription, subscription length, and revenue outcomes. All the
revenue numbers are scaled by a constant factor to preserve the firm’s anonymity.

the firm’s products during the observation period, then this number is zero by default.4

3. Revenue: The total revenue (in scaled dollars) generated by the user over the 2-year observa-
tion period. This is a function of the user’s subscription date, the products and/or bundles that
she subscribes to, the price that she pays for her subscription, and subscription length.

The summary statistics of these outcome variables are presented in Table 2.3. Both subscription
length and revenue are shown for: (a) all users and (b) the subset of users who subscribed. There
are a couple of points to note here. First, we do not have access to the subscription length and
revenue data for team subscriptions and government subscriptions (which constitute a total of 3501
subscriptions). Hence, the number of observations used to calculate the summary statistics for
subscription length and revenue for subscribers is lower. Second, the minimum subscription length
observed in the data for subscribers is zero because we have a few users (58 users) who immediately
unsubscribed after subscribing (within one month), in which case the firm returns their money and
records their subscription length and revenue as zero. Based on Table 2.3, we see that approximately
14.8% users who start a free trial subscribe, and the average subscription length of subscribers is
about 16 months (which is a little over a year).

We also observe the following product download and usage data for the duration of a user’s trial
period.

1. Products downloaded: The date and time-stamp of each product downloaded by the user.

2. Indicator for software use: An indicator for whether the user used the software at all.

4If a user unsubscribes for a period of time and then comes back, her subscription length is the total number of
months that she was a paying customer of the firm. If a user subscribes to two or more plans, we aggregate the length
of subscription all plans and report the total. So the subscription length can be greater than 24 months for such users.
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Figure 2.1: Dormancy length: Number of days between the last active day and the end of the trial
period.

3. Number of active days: Total number of days in which the user used the software during the
trial period. For example, if a user with a 7-day trial uses the software on the first and third
day, this variable is two.

4. Usage during trial: Each product in the software suite has thousands of functionalities.
Functionalities can be thought of as micro-tasks and are defined at the click and key-stroke
level; e.g., save a file, click undo, and create a table. The firm captures all this information and
we have data on the total count of the functionalities used by the user during her trial period.

5. Dormancy length: The number of days between the last active day and the last day of trial, as
shown in Figure 2.1. For example, if a user with a 30-days trial last used the software on day
20, then her dormancy length is 10.

We present the summary statistics of these usage variables in Table 2.4. The usage data are
also missing (at random) for a subset of users and we report the summary statistics for non-missing
observations. As we can see, most users download only one software product; only 13.6% of people
download more than one product. Further, 83% of users try the software at least once. However,
the number of active days is relatively small; the average user uses the software for only three days
during the trial period. Next, we see that an average user uses 1, 733 functionalities during her trial.
However, notice that this variable is very skewed with the variance much higher than the mean. So
we use the natural log of this variable in all our analyses going forward. Finally, we see that the
average dormancy length is close to 17 days, which means that many users stop using the software
much before the end of trial period.

Finally, we refer interested readers to Tables A.1 and A.2 in Appendix A.1 for the summary
statistics of outcome and usage variables by trial length, respectively.
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Variable Mean Std Min 25% 50% 75% Max N

Total downloaded packages 1.17 0.41 1.0 1.00 1.00 1.00 4.00 337,724
Indicator for software use 0.83 0.37 0.0 1.00 1.00 1.00 1.00 303,514
Number of active days 3.03 3.94 0.0 1.00 2.00 4.00 30.00 303,514
Usage during trial 1,733 7,220 0 47 257 1,086 488,666 303,514
Log usage during trial 5.09 2.74 0.0 3.87 5.55 6.99 13.10 303,514
Dormancy length 16.87 11.23 0.0 6.00 15.00 29.00 30.00 303,514

Table 2.4: Summary statistics for usage features.

Training and Test Data

To design and test counterfactual free trial policies, we partition the data into two independent
samples.

• Training Data: This is the data that is used for both learning the model parameters as well as
model selection (or hyper-parameter optimization through cross-validation).

• Test Data: This is a hold-out data on which we can evaluate the performance of the policies
designed based on the models built on training data.

We use 70% of the data for training (and validation) and 30% for test. See Table A.3 in the Appendix
§A.1 for a detailed breakdown of how the data are split across the two data-sets. Note that while the
joint distributions of the variables in the two samples should be the same theoretically, there will
be some minor differences between the two data-sets due to the randomness in splitting in a finite
sample. It is important to keep this in mind when comparing results across the two data-sets.

2.4 Main Effect of Trial Length on Subscription

We now document the main effect of trial length on subscription and present some evidence for
the mechanism behind this effect. For expositional simplicity, we focus on subscription here and
present a detailed analysis long-run outcomes such as revenue and retention in §2.7.

2.4.1 Average Treatment Effect

In a fully randomized experiment (such as ours), the average effect of a treatment can be estimated
by simply comparing the average of the outcome of interest across treatments. We set the 30-day
condition as the control and estimate the average effects of the 14- and 7-days trials on subscriptions
for training and test data. The results from this analysis are shown in Table 2.5.
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Data Treatment Subscription rate Subscription rate t-statistics Percentage gain
difference over baseline

Training data
7 days 0.1532 0.0064 3.08 4.34
14 days 0.1490 0.0021 1.03 1.45
30 days 0.1468 — — —

Test data
7 days 0.1544 0.0082 2.58 5.59
14 days 0.1511 0.0048 1.51 3.28
30 days 0.1463 — — —

Table 2.5: Average effect of the 7- and 14-day treatments on subscription; compared to the control
condition of 30-day free-trial. Baseline subscription rate (for 30-day case): 14.68 in training data
and 14.63 in test data.

The 7-day trial increases the subscription rate by 4.34% over the baseline of the 30-day condition
in the training data and by 5.59% in the test data. However, in both data sets, the effect of the 14-day
trial is not significantly different from that of the 30-day trial. These results suggest that a uniform
targeting policy that gives the 7-day treatment to all users can significantly increase subscriptions.5

We also see that the average treatment effect is fairly small compared to the outcome, which is either
zero or one. This is understandable since the effect of trial length is likely to be small compared to
other factors that affect customer acquisition. Finally, note that the gains and subscription rates in
the training and test data are slightly different. As discussed earlier, this is due to the randomness in
the splitting procedure.

Next, to ensure that these results are not driven by any problems with randomization, we conduct
a series of randomization checks. We present the details of these tests in Appendix §A.2.2 and
discuss them briefly here. First, we conduct a joint test of orthogonality of pre-treatment variables
and treatment assignment [McKenzie, 2017]. This is done by regressing the treatment variable on the
entire set of pre-treatment variables (with dummies for each sub-category shown in Table 2.2). We
find that the pre-treatment variables have no predictive power when it comes to predicting treatment,
which suggests that randomization was done correctly. Note that this approach to checking for
potential issues with randomization is preferable to the old practice of showing tables of means for
pre-treatment variables across treatment arms and running a battery of t-tests for a variety of reasons;
see Bruhn and McKenzie [2009] and Mutz et al. [2019] for detailed discussions.6 Next, we regress

5In general, it is a better practice to obtain ATEs directly based on mean comparisons without using regression-based
approaches [Imbens and Rubin, 2015]. Nevertheless, in Appendix A.2.1, we present the ATEs based on regressions
(with and without controls) and they are statistically indistinguishable from those shown in the main text.

6Further, presenting tables of means for each pre-treatment variable is not feasible in our case since all our
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Outcome variable Intercept 14 days trial 30 days trial R2 N

Total downloaded packages 1.137 (0.002) 0.01 (0.002) 0.017 (0.002) 0.000 337724
Indicator for software use 0.828 (0.002) 0.004 (0.002) 0.009 (0.002) 0.000 303514
Number of active days 1.747 (0.018) 0.625 (0.026) 1.711 (0.02) 0.028 303514
Number of active days/trial length 0.25 (0.001) -0.08 (0.001) -0.134 (0.001) 0.078 303514
Log usage during trial 4.77 (0.013) 0.196 (0.018) 0.411 (0.014) 0.003 303514
Log average daily usage during trial 3.197 (0.009) -0.357 (0.012) -0.737 (0.009) 0.022 303514
Dormancy length 4.631 (0.043) 5.135 (0.06) 16.432 (0.047) 0.337 303514

Table 2.6: Regression of usage features on trial length. Standard errors in parentheses.

the outcome variable (subscription outcome) on the treatment variable and all the pre-treatment
variables. We find that the treatment effects are very similar to those in Table 2.5, which again
suggests that there are no issues with randomization.7

2.4.2 Mechanism

At the time of the experiment, the firm offered a standard 30-day free trial to all its consumers.
The better performance of the much shorter 7-day trial was both surprising and inexplicable
for many reasons. First, the firm sells a complicated suite of software with multiple products
and functionalities. So we would have expected that giving consumers more time to familiarize
themselves with it and learn the software would produce better outcomes. Second, the reasons
proposed in the theory literature for the efficacy of free trials largely support longer free trials, e.g.,
switching costs, consumer learning, software complexity, and signaling. Thus, it is not obvious why
a shorter trial works better. Therefore, we now examine how trial length affects conversion and
present some evidence for why a shorter trial works better in this setting. In the process, we also
discuss the generalizability of our findings and the mechanisms proposed.

Intuitively, trial length can affect how consumers download, use, and interact with the software;
and differences in these usage variables can lead to different subscription outcomes. So we first
examine whether and how trial length affects usage. We regress each of the usage variables shown in
Table 2.4 on trial length and present the results in Table 2.6. Since trial length is randomly assigned,

pre-treatment variables are categorical with a large number of sub-categories.
7Later in the paper, we use the empirical propensities to evaluate the gains from our models. So any minor

discrepancies in the propensities of treatment allocation are taken care of; see Equation (2.4) and the discussion
around it.
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Figure 2.2: (a) The subscription rate based on the last day of trial use for different trial lengths. (b)
The subscription rate based on the number of active days for different trial lengths.

we can interpret these results causally. First, we find that longer free trials lead to more product
downloads and more usage. Further investigation suggests that this increase in downloads mainly
comes from the higher downloads of products 1 and 3, which are complements (see Figure A.1 in
Appendix A.3). This suggests that giving longer trial lengths to users increases their probability
of exploring other complementary products. Next, we see that a larger fraction of people try the
software at least once with a longer trial, and the number of active days and log usage also increases
with trial length. However, the rate of increase in the number of active days and usage is sub-linear
compared to the increase in trial length. For instance, going from 7 to 14 days increases the number
of active days by 0.625, which is much smaller than 7 days (the increase in trial length). Thus, when
we normalize the number of active days by trial length, the average number of days during which a
user is active during her trial reduces as trial length increases. The same pattern holds for log usage;
while total usage increases as trial length increases, average daily usage falls. Finally, we find that
the dormancy period increases as trial length increases. While the average dormancy length is 4.6
days for the 7-days trial, it is over 21 days for the 30-days trial.

Next, we examine whether and how usage is associated with subscription. The left panel of
Figure 2.2 shows the probability of subscription as a function of the total number of active days
for each trial length. As we can see, users who are active for more days are also more likely to
subscribe, and this pattern is true for all three trial lengths. However, given the same level of activity,
shorter trial lengths are associated with higher conversion. For example, users who were active for
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coef std err z P > |z| [0.025 0.975]

Indicator for using the software -0.5145 0.036 -14.252 0.000 -0.585 -0.444
Total downloaded packages 0.5632 0.013 43.789 0.000 0.538 0.588
Number of active days 0.0440 0.002 19.241 0.000 0.040 0.049
Log usage during trial 0.0620 0.005 11.267 0.000 0.051 0.073
Dormancy length -0.0297 0.001 -30.141 0.000 -0.032 -0.028

Table 2.7: Regression of subscription on usage features and trial length, with all the pre-treatment
variables included as controls (not shown in the table above).

Figure 2.3: The effect of trial length on usage and dormancy length, and subsequently subscription.

five days are more likely to subscribe when they are in the 7-day condition, compared to the 14 or
30-days condition. Next, in the right panel of Figure 2.2, we show the probability of subscription as
a function of the last active day for all three trial lengths. We see that users whose last active day
is earlier in the trial period are less likely to subscribe. Further, for the same last active day, users
with shorter trials are more likely to subscribe. Recall that dormancy length is defined as trial length
minus the last active day. So this suggests that users who have not used the product for long periods
at the end of the trial period are less likely to subscribe.

We now check if the preliminary patterns shown in Figure 2.2 hold after we control for other
usage and user-specific observables. In Table 2.7, we present the results from a regression with
the user’s subscription decision as the outcome variable and her trial length and usage variables
as explanatory variables. We find that after controlling for everything else, users who have more
active days and use the product more are more likely to subscribe. Further, users who have longer
dormancy periods are less likely to subscribe. This is understandable because a user who has not
used the software for a long time by the end of her trial period is likely to forget about it and/or
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conclude that the product is not useful [Zhu et al., 2018].

Together, the above findings suggest that two opposing effects of trial length on usage and
subscription. We depict these effects in Figure 2.3. On the one hand, as trial length increases,
product usage and consumer learning about the software increases. This increase in usage can have
a positive effect on subscriptions. On the other hand, as trial length increases, the gap between the
last active day and the end of the trial increases, while the average number of active days and usage
per day reduces. These factors are associated with lower subscriptions. In our case, it seems that the
latter effect dominates the former, and hence shorter trials are better.8

Our analysis presents three key findings relevant to the broader theories on the role of free
trials for experience goods. First, we rule out the well-known demand cannibalization hypothesis
advocated by many theoretical papers [Cheng and Liu, 2012, Dey et al., 2013]. These papers
argue that, with longer trials, free-riders can use the product extensively during the trial, get their
project/job done, and avoid subscribing. However, the results in Figure 2.2 and Table 2.7 rule
out the free-riding hypothesis because users who use the product heavily during the trial are also
more likely to subscribe. However, this evidence is for the full population of users. Second, we
provide empirical support for the consumer learning hypothesis proposed in analytical papers (e.g.,
[Dey et al., 2013]) since we find that longer trials lead to more usage, which in turn is associated
with higher subscription. Third, we identify a novel mechanism that plays a significant role in
the effectiveness of free trials – the negative effect of long dormancy periods on subscription.
We provide more evidence in support of these ideas in §2.6, where we discuss the heterogeneous
response of different types of users.

2.4.3 Heterogeneity in Users’ Responsiveness

So far, we have shown that the 7-days trial is the best average treatment and provided some intuition
for why. However, the effect of trial length could be heterogeneous across users and the mechanisms
discussed earlier could be differentially important for different types of users. We now examine if
this is indeed the case.

In the top left panel of Figure 2.4, we partition the data into six sub-groups based on the user’s
geographic region and present the average subscription rates for the three trial lengths for each
region. The results suggest that there is some heterogeneity in response rates by region. For example,

8The results in Table 2.7 should only be interpreted as suggestive evidence for the second half of the mechanism
shown in Figure 2.3 (and not causally). This is because the unobserved attributes of the user that drive usage may
also drive subscription.



25

the 14-day trial is more effective in Germany while the 7-day trial is more effective in the United
States of America. Next, we perform a similar exercise on skill-level and job (see the top right and
bottom panels in Figure 2.4). Again, we find that users’ responsiveness to the treatment is a function
of their skill level and job. For instance, the 7-day trial is significantly better for Beginners, whereas
the 14-day trial is more effective for Mixed-skill users.

These results suggest that users’ responsiveness to trial lengths is heterogeneous on many pre-
treatment variables. If the firm can successfully exploit the different sources of heterogeneity and
personalize its free trial assignment at the individual-level, then it may be able to further improve
subscriptions.

2.5 Counterfactual Analysis: Personalized Policy Design and Evaluation

Given that the preliminary evidence above suggests that benefits the firm can benefit from personal-
izing free trial assignment. In §2.5.1, we describe the procedure we use to design the personalized
policy. Next, in §2.5.2, we present the gains from the personalized policy in our setting. Next, in
§2.5.3, we compare the performance of our approach to other personalized policies. Finally, in
§2.6, we examine why some consumers respond better to shorter trials (vs. longer trials) and tie the
policy-prescribed segmentation to mechanisms discussed in §2.4.2.

2.5.1 Optimal Policy Design

Let i ∈ {1, . . . , N} denote the set of independent and identically distributed users, where each user
is characterized by a pre-treatment covariate vector Xi ∈ X of dimension D. Let Wi ∈ W denote
the treatment or intervention that i receives. W = {0, . . . ,W − 1} refers to the set of treatments,
and the total number of treatments is W . Finally, let Y (Xi,Wi) denote the outcome for a user i
with pre-treatment variables Xi when she is allocated treatment Wi.

A personalized treatment assignment policy, π, is defined as a mapping between users and
treatments such that each user is allocated one treatment, π : X → W . The firm’s goal is to
choose a policy π such that it maximizes the expectation of outcomes, 1

N
E
[∑N

i=1 Y (Xi,W
π
i )
]
.

Thus, for policy π and outcome of interest Y , we can write our reward function as R(π, Y ) =
1
N

∑N
i=1 E [Y (Xi, π(Xi))]. Thus, given a reward function R(π, Y ), the optimal personalized policy

is given by:
π∗ = argmax

π∈Π
[R(π, Y )] , (2.1)

where Π is the set of all possible policies.
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The problem of finding the optimal personalized policy is equivalent to one of finding the policy
π∗ that maximizes the reward function R(π, Y ). As discussed in §2.1, this is a non-trivial problem
since the cardinality of the policy space can be quite large.9 So, a direct search over the policy
space to find the optimal policy is infeasible. Therefore, we adopt a two-step approach to find the
optimal policy π∗ that avoids this problem. To do so, we make the three standard assumptions on:
(1) unconfoundedness, (2) SUTVA, and (3) positivity. Given that our data comes a fully randomized
experiment assumptions (1) and (2) are automatically satisfied. Further, assumption 2 is satisfied
because we do not expect any network effects in our setting (since the experiment was run on
unconnected users distributed all over the world).

With these assumptions in place, we can design the optimal personalized policy if we either have
estimates of the outcome of interest or pairwise treatment effects. In the main analysis, we design
our personalized policy based using outcome estimates based on lasso [Tibshirani, 1996, Friedman
et al., 2010]. That is, we model the subscription outcome using as f(x,w) = E[Y |Xi = x,Wi = w],
where f(·) is a lasso model. Lasso estimates a linear regression that minimizes the MSE with an
additional term to penalize model complexity as shown below:

(β̂1, β̂2, β̂3) =
n∑

i=1

(Yi −Xiβ1 −Wiβ2 −XiWiβ3)
2 + λ(||β1||1 + ||β2||1 + ||β3||1), (2.2)

where ||βi||1 is the L1 norm of the vector βi and is equal to the sum of the absolute value of the
elements of vector βi. Intuitively, if there are multiple weak (and correlated) predictors, lasso will
pick a subset of them and force the coefficients of others to zero, thereby estimating a simpler model.
Model-selection in lasso is data-driven, i.e., λ is a hyper-parameter that is learned from the data
(and not assumed). Please see Appendix A.4 for details of our lasso estimation.

Next, using estimate of the expected outcome, ŷ(x = Xi, w), from the lasso model, we obtain
the optimal personalized policy based on for observation i as:

πlasso(Xi) = w∗, where w∗ = argmax
w∈W

ŷ(x = Xi, w) (2.3)

Our personalized free trial policy, πlasso partitions the population into three segments: 7-, 14- and
30-days optimal segments, which constitute 68.9%, 23.2%, and 7.9% of the population, respectively.

9The total number of possible policies is W
∏D

d=1 cd , when we have D pre-treatment variables and the d-th variable
can take cd different values. This number can be extremely high even in simple settings. In our application, the
cardinality of the policy space is equal to 3987,840.
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2.5.2 Empirical Policy Evaluation: Gains from Personalization

We now empirically evaluate and quantify the gains from the personalized free trial policy πlasso over
non-personalized policies. To do so, we first define three uniform (one length for all) policies:

• π30 – This policy prescribes the 30-days treatment for all users. It was used by the firm at the
time of the experiment and we therefore use it as the baseline policy in all our comparisons.

• π14 – This policy prescribes the 14-day treatment for all users.

• π7 – This policy prescribes the 7-day treatment for all users. Since we found that 7 days is the
best average treatment in §2.4.1, this is the best uniform policy.

We evaluate the expected reward from the policies (both personalized and uniform) using the
Inverse Propensity Score (IPS) estimator, that has been extensively used in the off-policy evaluation
literature [Horvitz and Thompson, 1952, Dudı́k et al., 2011], and has recently been applied in the
marketing too [Simester et al., 2019, Rafieian and Yoganarasimhan, 2021, Hitsch and Misra, 2018].
For any given policy π, this estimator takes all the observations where the user received the policy-
prescribed treatment and scales them up by their propensity of receiving the treatment assigned to
them. This scaling gives us a pseudo-population that received the policy-prescribed treatment. Thus,
the average of the outcome for this pseudo-population gives us an unbiased estimate of the reward
for the full population, if we were to implement the proposed policy in the field. Formally:

R̂IPS(π, Y ) =
1

N

N∑
i=1

1[Wi = π(Xi)]Yi

êπ(Xi)(Wi)
, (2.4)

where êπ(Xi)(Wi) is the probability that a user whom the policy prescribes treatment π(Xi) is given
Wi.10

We present the expected rewards (or subscription rates) from all the three uniform policies and
πlasso in the top panel of Table 2.8. The key finding is that personalization based on pre-treatment
demographic variables leads to over 6.8% improvement in subscription compared to the baseline
uniform policy of giving a 30-days trial for all. Further, we see that the personalized policy also
does better than the best uniform policy of 7 days for all. To examine if this difference is significant,
we conduct a paired t-test based on bootstrapping as follows. We repeatedly (20 rounds) split the

10In theory, in a randomized experiment, the propensity of treatment assignment is orthogonal to the treatment
prescribed by any policy π. Thus, e(Wi = w,Xi) = e(Wi = w) ∀ w ∈ W is known and constant for
all observations. However, in practice, within the set of users for whom policy π prescribes w, the empirical
treatment propensities might not be the same as that in the full data. So we use the empirical propensity, defined as:

êπ(Xi)(Wi) =
1
N

∑N
j=1 1[Wj=Wi,π(Xj)=π(Xi)]
1
N

∑N
j=1 1[π(Xj)=π(Xi)]

.
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Policy category Policy Estimated Subscription (%) Increase in subscription (%)
Training Set Test Set Training Set Test Set

Personalized based on lasso πlasso 15.85 15.62 7.97 6.81

Uniform
π7 15.32 15.44 4.34 5.59
π14 14.90 15.11 1.45 3.28
π30 (Baseline) 14.68 14.63 — —

Alternative
personalized
policies

πreg 15.89 15.33 8.21 4.83
πcart 15.32 15.44 4.34 5.59
πr forest 17.42 14.82 18.67 1.32
πxgboost 16.00 15.53 8.98 6.17
πc forest 15.58 15.46 6.09 5.71
πc tree 15.32 15.44 4.34 5.59

Table 2.8: Gains in subscription from implementing different counterfactual free-trial policies. The results
for policies πcart, πc tree, and π7 are the same since they prescribe the 7-days treatment to all users.

entire data into training and test (in the same proportion used in the main analysis, i.e., 0.7/0.3).
Then, in each round, we train a lasso model on the training set using a five-fold cross-validation and
calculate the IPS-rewards (based on Equation 2.4) for both π7 and πlasso on the test data. Finally,
we run a two-sided paired t-test to compare lasso’s performance with the uniform all 7-days policy.
The t-statistic and p-value for the two-sided test are 3.123 and 0.0056, respectively, which confirms
that the personalized policy πlasso is better than the best uniform policy π7.

That said, notice the magnitude of gains from personalization (over the best uniform policy) is
modest. This is understandable since the personalized policy assigns about 70% of users to the 7-day
treatment, and the gains from personalization only accrue from the remaining 30% of users who
are allocated the 14- or 30-days treatments. As Simester et al. [2020] point out, this is because the
difference in the the performance of the two policies for users assigned to the 7-day trial is exactly
zero. Further, our treatment effect is small compared to the outcome – a common occurence for
marketing interventions such as advertising or promotions [Lewis and Rao, 2015]. These findings
are consistent with the recent literature on personalization [Yoganarasimhan, 2020, Rafieian and
Yoganarasimhan, 2021], which demonstrate positive but moderate gains from personalization digital
interventions. They also provide partial support for the growing literature on perils of personalization
[Zhang, 2011, Hajihashemi et al., 2021].
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2.5.3 Comparisons and Robustness Checks

So far, we used lasso as the outcome estimator to design our personalized policy. We now examine
whether counterfactual personalized policies based on other outcome and heterogeneous treatment
effects estimators perform better. Specifically, we consider policies based on four additional
outcome estimators: (1) linear regression, (2) CART, (3) random forests, and (4) XGBoost, and two
heterogeneous treatment effect estimators: (1) causal tree, and (2) generalized random forests. The
technical details of these models and their tuning details are shown in Appendices A.5 and A.6.

First, we find that each of these policies behaves quite differently when it comes to treatment
assignment (see Table A.8 in Appendix A.7 for details). Interestingly, we find that policies based
on CART and causal tree do not personalize treatment assignment and end up giving the 7-day
treatment to all users, that is: π7 ≡ πcart ≡ πc tree. We also find that in πxgboost is quite similar to
πlasso. Both prescribe the 7-days trial to ≈ 70% of users, the 14-days trial to ≈ 20% of users, and
the 30-days trial to ≈ 10% of users. In contrast, πreg and πr forest prescribe the 7-day treatment to
the least number of users while πc forest prescribes the 7-day treatment to 91% of users (and the
30-day treatment to no one).

Next, in the bottom panel of Table 2.8, we present the performance of these policies. We find
that πlasso continues to be the best, and the second-best policy is πxgboost. There are two main
takeaways here. First, poorly designed personalized policies (e.g., those based on regression and
random forest) can actually do worse than the best uniform policy on the test data. Second, we
do not find much correlation between an outcome estimator’s predictive ability and its efficacy in
policy design. For instance, random forest has a lower mean squared error on the test data compared
to lasso, but πr forest is much worse than πlasso (see Table A.9 in Appendix A.7). This is likely
because the objective function in outcome estimation methods is predictive ability, which is different
from policy design or performance. In sum, our findings suggest that managers should be careful
in both designing and evaluating personalized policies. It is critical to: (1) not conflate a model’s
predictive ability with its ability to form policy, and (2) evaluate the performance of each policy on
an independent test data with appropriate policy evaluation metrics.

Next, we find that the recently proposed heterogeneous treatment effects estimators, causal tree
and causal forest, perform poorly when it comes to personalized policy design. Our results suggest
that managers may be better off adopting the best uniform policy instead of investing resources in
personalizing policies based on these methods. This is an important finding since these methods are
gaining traction in the marketing literature and researchers are starting to use them (e.g., Guo et al.
[2017], Fong et al. [2019]). Our findings suggest that relying on heterogeneous treatment effects
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estimators can be sub-optimal.

Finally, we examine if there is any relationship between the estimates of treatment effects based
on a specific method and the performance of the policy based on it. Figure 2.5 shows the CDF of
τ7,30 for all the methods used for policy design.11 12 The first pattern that stands out is that treatment
effects estimates based on CART, causal tree, and casual forest show very little heterogeneity (see
the three vertical lines to the right of zero). This explains why policies based on these methods
perform poorly – they are unable to personalize the policy sufficiently to optimize users’ response at
the individual level. In contrast, the treatment effect estimates based on linear regression and random
forest show the maximum amount of heterogeneity (see the two rightmost curves). This pattern, in
combination with the poor performance of πreg and πr forest on test data (and their extremely good
performance on training data) hints at overfitting problems. That is, these models seem to infer
much more heterogeneity than is true in the data. Interestingly, we see that the CDFs of treatment
effects based on lasso and XGBoost lie somewhere in between the above two groups. They show
sufficient heterogeneity, but not too much. Hence, policies based on these methods are able to
personalize the treatment sufficiently without overfitting. Recall that the dispersion in treatment
assignment for these two policies is higher than that in πcart, πc tree, and πc forest, but lower than
that in πreg and πr forest. Thus, the ideal estimators for policy design are those that are able to
capture sufficient heterogeneity to personalize effectively without overfitting (i.e., capture spurious
heterogeneity).

2.6 Segmentation Analysis and Additional Evidence for Mechanism

So far, we focused on the question of “Who (should get a treatment)”. We now examine the question
of “Why (should s/he get a specific treatment)”. Understanding why some users respond well
to longer trials while others respond better to shorter trials can give us insight into consumers’
preferences and decision-making process. These insights are valuable for two reasons. First, from
the firm’s perspective, they can be leveraged to improve other marketing interventions such as
advertising and pricing. Second, from a research perspective, this gives us a better understanding of
the sources of heterogeneity in the effectiveness of trial length on conversion and mechanisms at

11The estimated distributions of τ14,30, and τ7,14 are shown in Figure A.2 in Appendix A.7 and their interpretations
are largely similar to that presented here for τ7,30.
12For the outcome estimators, we can estimate treatment effects from outcome estimates as , E[Y |Xi = x,Wi =
7 days]− E[Y |Xi = x,Wi = 30 days]. For heterogeneous treatment methods, these estimates are directly available
(see Equation (A.4)).
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play, which can be generalized to other settings.

We now correlate a user’s optimal treatment with her pre-treatment demographic and post-
treatment behavioral variables. In the process, we present additional evidence for the mechanism
through which trial length affects conversion, as discussed in §2.4.2. We conduct three sets of
analyses to understand the mechanism and characterize the three segments. First, we quantify
the differential effect of trial length on the download and usage behavior of the three segments.
Second, we characterize the heterogeneity in the effect of usage on subscription across the three
segments. Finally, we correlate a user’s optimal treatment with her/his pre-treatment demographics
and post-treatment outcomes to characterize the three segments. We refer readers to Appendix A.8
for the details of these analyses and provide a summary of the three segments below.

• 7-day optimal segment: A vast majority of these users are beginners or students, and they are
the least likely to subscribe. These users use the product more when given longer trials but don’t
scale up their usage as much as the 14-day optimal segment. This is understandable because
most of them lack the skills to use the product extensively, even if given the opportunity to do
so. Further, the negative effect of long dormancy periods is the most severe for this segment.
This is understandable since these users are less familiar with the product, so when they go for a
long period without using the software, they are more likely to conclude that the software is not
useful and choose not to subscribe.

Overall, we find that short trials are more effective for beginners and new users because even
though there are some positive effects of learning and usage, extended periods of inactivity
at the end of long trials can have a strong negative effect on their subscription. One might
wonder if this result simply stems from the fact that beginners have short tasks that require more
than a week to complete (but still less time than 14/30 days), which leads them to have lower
subscription rates when assigned the 14 and 30-day trial (i.e., a more complex version of the
demand cannibalization hypothesis). However, if this explanation is true, then we should find
that beginners/7-day optimal users who are assigned to the 14- and 30-day trial should be less
likely to subscribe if they use the product more. However, we find the opposite; see Appendix
A.8.4.

• 14-day optimal segment: These users are more likely to be mixed-skill, and they have the highest
usage and subscription rates. This segment takes the most advantage of longer trials, i.e., they
use the product the most and have the shortest periods of dormancy when given longer trials.
It seems like these users actually try the product’s features and evaluate the product carefully
before deciding whether to subscribe or not. However, the effect of usage on subscriptions is
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lower for these users (compared to the other two segments). This is likely because they are
figuring out whether the software is a good fit or not, and more usage may lead some users to
learn that it is not a good fit. Further, the magnitude of the negative effect of dormancy length
on subscription is also high for them. That is why the 30-days trial is not optimal for these users:
the higher usage that comes with a more extended trial does not translate to big differences in
subscription, but they still get hit by the increase in dormancy length with the 30-days trial. On
the other hand, when they are given only 7-days, they cannot use the product much, and the
benefit from higher usage is not realized. Thus, 14 days is ideal for these users.

• 30-day optimal segment: These users are more experienced than average are less likely to be
students and hobbyists, and more likely to sign up through the app manager instead of the
website. These factors suggest that these are more likely to be experienced/legacy users who
are already familiar with the software. Long dormancy periods have the least negative effect on
these users. This is understandable because these users are likely to be already aware of and
experienced with the software. Thus, they are unlikely to infer that the product is not useful if
they don’t use it for a few days at the end of the trial. Further, longer trials lead to more usage
for these users, and the effect of usage on subscription is also high. Thus, giving them 30-days
for trial is good.

One interesting pattern in the above findings is the non-monotonicity of usage across the three
segments. We find that 7-day optimal users use the product the least, followed by the 30-day optimal
users, while the 14-day optimal users use the product the most. This can be explained by the
relative expertise-levels of the three groups. The extent to which a user uses the product depends
on two factors: (1) how much do they need to evaluate the product?, and (2) how much can they
evaluate product? The 7-day optimal users, who are pre-dominantly beginners have the least ability
to explore the product features, and hence use it the least. In contrast, the 30-day optimal users,
who are more likely to be experts and legacy users, have the highest ability to evaluate the product.
However, given their expertise and familiarity with the software, they can do this without extensive
usage. Finally, the 14-day optimal users, who are more likely to be mixed-skill users, have both high
need to evaluate the product and sufficient ability to explore it. Hence, they have the highest usage.

It worth mentioning that our findings provide partial support to the theories proposed in the
literature on the relationship between users’ skill-level/experience and the effectiveness of free trials.
For example, Dey et al. [2013] argue that longer trials are beneficial only when the learning rate is
sufficiently large. We find that this is true in our case as well. However, this prior analytical research
does not consider the negative effect of dormancy length on subscription, especially for beginners
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and new users. They argue that beginners should be given longer free trials because longer trials
allow them to learn about the product, which increases their likelihood of subscription. In contrast,
we find that short trials are optimal for beginners. While longer trials have a positive impact on the
usage and subscription of this group, they are also the group whose subscription is most negatively
affected by longer dormancy periods. Thus, ignoring the negative impact of dormancy length can
lead us to make sub-optimal allocations of trial lengths for different segments.

Our findings suggest that firms and managers should take into account the heterogeneity in
the evolution of usage and inactivity (as trial length increases) for different consumer types and
customize trial lengths based on these patterns. In our setting, users require some skill and need to
invest the effort to learn and use the software effectively. In particular, beginners and inexperienced
users are unable to scale up their usage with longer trials, and therefore have longer periods of
inactivity later in the trial period (which has a detrimental effect on subscription). However, if the
software is simple and easy to use, we would not see such periods of inactivity. Interestingly, this
suggests that simpler products may benefit from longer trials (especially for beginners), whereas
more complex products may benefit from shorter trials. In sum, both the complexity of the product
and the skill of the user jointly determine usage and activity (or inactivity), which then affects
subscription. Our results provide some general guidelines to firms on how to pick the right trial
length for different products and segments.

2.7 Long-term Outcomes: Consumer Loyalty and Profitability

So far we have focused on short-run outcomes in our policy design and evaluation. However, a
policy that maximizes subscriptions (or short-run conversions) may not be the best long-run policy
if it brings in users who are less profitable or less loyal. For example, a policy that increases
subscriptions among students (who get a significant educational discount and hence pay lower
prices) and/or users who subscribe to lower-end products/bundles (that are priced much lower
than the all-inclusive software suite) at the expense of high-end users can lead to lower revenues.
Similarly, a policy designed to maximizes subscriptions may do so at the expense of long-term
retention, i.e., it may bring in the less loyal consumers who churn within a short period. Thus, a
subscription-optimal policy may in fact be sub-optimal from the perspective of long-run outcomes
[Gupta et al., 2006, Fader and Hardie, 2009, McCarthy et al., 2017]. In this section, we therefore
examine two important post-subscription outcomes of interest for the firm.

• Consumer loyalty, as measured by subscription length or the number of months a user subscribes
to the service over the two year period after the experiment.
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• Consumer profitability, as measured by the revenue generated by the user over the two years
after the experiment. (In SaaS settings, revenues and profits can be treated as equivalent since
the marginal cost of serving an additional user is close to zero.)

2.7.1 Gains in Retention and Revenue from Counterfactual Policies

We first show the average treatment effect of the three trial lengths on retention and revenue in Table
2.9.13 We find that the 7-days trial continues to be the best. In the test data, it increases retention by
6.4% and revenue by 7.91%. The average effect of the 14-days trial is both smaller in magnitude
and not significant in the training data.14 These results largely mirror our findings on the average
treatment effect of subscription, i.e., the 7-days trial is the best treatment.

Next, we examine how the uniform and personalized targeting policies described in §2.5.2
perform on the two long-term outcomes of interest. To derive the the IPS estimates of average
subscription length and revenue under policy π, we first segment users into three groups based on
the policy-prescribed treatment: (1) π(Xi) = 7 days, (2) π(Xi) = 14 days, and (3) π(Xi) = 30

days. Then, we use the observed subscription lengths and revenues as the outcome variables (Yi)
in Equation (2.4) to estimate the IPS rewards for these outcomes. Table 2.10 shows the results
from this analysis. The main takeaway is that the personalized policy, πlasso, which was designed
to maximize subscriptions also does well on consumer loyalty and revenue compared to the other
uniform policies. This is valuable from the the firms’ perspective because it suggests that policies
optimized for short-run outcomes are largely aligned with long-run outcomes as well.

13A minor point is that we do not have access to subscription length and revenue data for all subscribers (recall the
discussion in §2.3.3). So we treat the missing observations as zero in calculations. The results remain qualitatively
unchanged if we instead work with the subset of users for whom we have non-missing revenue data.
14Note that 14-days trial outperforms the 7-days trial in the test data (on revenue) even though the 7-days trial is the
best policy in the training data. We present a brief explanation for this discrepancy now. In general, estimates from
one data set are valid in another data set only when the joint distribution of outcomes and covariates are similar in
both data sets. However, in finite samples, there are usually some minor differences in training and test data due to
the randomness in the splitting procedure. In our case, the main difference is this – the distributions of subscription
length for the 14-day condition in the training and test data are different. This is however not the case for the 7- or
30-day conditions; see Table A.16 in Appendix A.9. Thus, the estimate of subscription length from the training
data does not translate well to test data, and this leads to the large difference in the subscription length and revenue
estimates across the training and test data sets.
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Data Treatment Average Retention t-statistics Percentage gain
Subscription Length difference over baseline

Training data
7 days 2.32 0.16 4.27 7.27
14 days 2.22 0.06 1.54 2.59
30 days 2.17 — — —

Test data
7 days 2.33 0.14 2.42 6.28
14 days 2.32 0.13 2.27 5.91
30 days 2.19 — — —

Data Treatment Average Revenue Revenue t-statistics Percentage gain
difference over baseline

Training data
7 days 82.65 6.17 3.75 8.06
14 days 79.08 2.59 1.58 3.38
30 days 76.49 — — —

Test data
7 days 83.72 6.14 2.42 7.92
14 days 84.02 6.44 2.53 8.30
30 days 77.58 — — —

Table 2.9: Average effect of the 7- and 14-day treatments on long-term variables (subscription
length and revenue) compared to the control condition of 30-day free-trial.

2.7.2 Gains in Short-run vs. Long-run Outcomes

An interesting empirical pattern here is that the gains in subscription length and revenues are
quantitatively different from the gain in subscription (compare the percentage increases in Tables
2.8 and 2.10). We now discuss the source of this difference.

We can write down the expected subscription length (denoted by Y l
i ) conditional on treatment

Wi as:
E(Y l

i |Wi) = Pr(Y s
i |Wi) · E [Tend − Tstart|Wi, Y

s
i = 1] , (2.5)

where Pr(Y s
i |Wi) is the probability that user i will subscribe conditional on receiving treatment

Wi and E [Tend − Tstart|Wi, Y
s
i = 1] is i’s expected length of subscription conditional on receiving

treatment Wi and subscribing (Y s
i = 1). The reason for the discrepancy in the gains on the two

outcomes – subscription and subscription length – becomes apparent from Equation (2.5). If trial
length affects not just subscription, but also how long a subscriber will remain loyal to the firm, then
the gains in Y l

i will be naturally different from the gains in subscription. To examine if this is true
in our data, we present the summary statistics for E [Tend − Tstart|Wi, Y

s
i = 1] for the three trial

lengths in Table A.16 in Appendix A.9. We see that there are some small differences in this metric
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Category Policy
Subscription Length Revenue

Estimate (Months) Increase (%) Estimate ($) Increase (%)
Training Test Training Test Training Test Training Test

Personalized πlasso 2.39 2.36 10.42 7.96 85.96 86.67 12.38 11.72

Uniform
π7 2.32 2.33 7.27 6.28 82.65 83.72 8.06 7.92
π14 2.22 2.32 2.59 5.91 79.08 84.02 3.38 8.30
π30 (Baseline) 2.17 2.19 — — 76.49 77.58 — —

Table 2.10: IPS estimates of the average subscription length and revenue under counterfactual policies
(three uniform and one personalized).

across the three trial lengths, which account for the differences between the gains in subscription
and gains in subscription length.

Similarly, we can write the expected revenue (denoted by Y r
i ) conditional on treatment Wi as:

E(Y r
i |Wi) = Pr(Y s

i |Wi) · E [Tend − Tstart|Wi, Y
s
i = 1] · E [Pricei|Wi, Xi, Y

s
i = 1] . (2.6)

This is similar to Equation (2.5), with the additional E [Pricei|Wi, Xi, Y
s
i = 1] term. It suggests

that trial length can influence revenues through three channels – (1) subscriptions, (2) length
of subscription, and (3) price of the product subscribed. The first two were already discussed
in the paragraph above. We now examine whether the products that consumers subscribe to
and the prices that they pay are also a function of trial length. That is, we examine whether
E [Pricei|Wi, Xi, Y

s
i = 1] is indeed a function of Wi in our data. Note that the price that a subscriber

pays is a function of both the product that s/he subscribes to (e.g., single product, all-inclusive
bundle) as well her/his demographics (e.g., students pay lower prices for the same product). In
Table A.17 in Appendix A.9, we present the distribution of products and subscription type by trial
length for all the subscribers in our data. Again, we see that there are some minor differences in
product and subscription types across trial lengths, which explain the differences in revenue gains.

2.7.3 Optimizing on Long-run Outcomes

So far we saw that a personalized policy designed to optimize short-run conversions also does well
on long-run outcomes. However, this still begs the question of how it compares to policies directly
optimized to maximize long-run outcomes. In practice, the problem with using retention/revenues
until some period T (e.g., two years) is that we have to wait till T to identify the best policy and
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Dataset Policy optimized on Subscription Total Revenue Subscription Length

Training data
Subscription 15.85 85.96 2.39
Total Revenue 15.60 86.41 2.35
Subscription Length 15.71 84.77 2.40

Test data
Subscription 15.62 86.67 2.36
Total Revenue 15.45 84.28 2.33
Subscription Length 15.53 84.86 2.35

Table 2.11: Expected mean of the three outcomes of interest under policies optimizing each
outcome.

then implement it. This is both sub-optimal and impractical from a firm’s perspective. In contrast,
using a short-term outcome such as subscriptions to design policy and then projecting the policy
gains on long-term objectives (e.g., revenues) is both practical and feasible. However, a policy
optimized on short-run outcomes may still perform worse than one directly optimized on long-term
outcomes. Therefore, we examine and compare the performance of the policy designed to maximize
subscriptions with policies designed to maximize customer loyalty or profitability, and see which
performs better in our context.

To that end, we now design two other personalized policies designed to maximize: (1) subscrip-
tion length and (2) revenue. The policy design follows the same procedure described in §2.5.1, but
with revenue (Y r

i ) and subscription length (Y l
i ) as our outcome variables. That is, we first estimate

two separate lasso models with the above two variables as outcome variables, and then assign policy
based on them.

Table 2.11 compares the performance of the three personalized policies on the three outcome
variables of interest to the firm: subscriptions, subscription length, and revenue.15 Interestingly, we
find that the policy optimized on short-run conversions (subscriptions) also performs the best on
retention and revenue. There are three reasons for this. First, as we saw in the previous section,
conditional on subscription, the differences in retention length and products purchased are relatively
minor. Hence, optimizing on subscription is largely consistent with optimizing on retention/revenue.
Second, recall that the long-run outcomes are missing for about 7% of the subscribers. So the
policies based on these outcome have less information for training, which compromises their
generalizability and hampers their performance on the test data. Third, subscription is a binary
outcome and as such has no variance in the positive realizations. In contrast, the variance in the

15See Appendix A.10 for a discussion of how the treatment allocation varies across the three policies.
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long-run outcome variables (subscription length and revenue) can be quite high. This variance
makes it harder to generalize models based on these outcomes, which in turn adversely affects the
performance of policies based on them.

In summary, our findings suggest that if there are no significant differences in customer loyalty
and profitability as a function of the promotional channel through which the user converted (trial
length in this case), then optimizing low-variance short-run conversions will also lead to more
generalizable policies that will also perform well on long-run outcomes.

2.8 Conclusions

Free trials are now a commonly used promotional strategy for SaaS products and other digital
experience goods. In this paper, we examine the effect of trial length on consumers’ subscription
and retention decisions using data from a large-scale field experiment run by a leading SaaS firm,
where the firm randomly assigned new users to 7, 14, or 30 days of free trial. We leverage two
unique features of the data in our study: (a) the exogenous assignment of trial length and (2) the
user’s post-treatment product download and usage data during the trial period.

We find that the shortest trial length (7-days) is the best average treatment and maximizes both
short- and long-run outcomes, customer acquisition, retention, and profitability. While this result is
likely to be specific to our setting, we examine the behavioral underpinning of these findings and
provide some evidence on the mechanisms at play. We rule out the demand cannibalization or free
riding theory, find support for the consumer learning hypothesis, and identify a novel mechanism
that plays a significant role in the effectiveness of free trials – the negative effect of long stretches of
inactivity at the end of the trial on subscription.

We then develop a personalized targeting policy based on lasso and show that it can lead to over
6.8% improvement in subscription compared to the baseline uniform policy of giving a 30-day trial
for all. Further exploration of usage within different consumer segments in our personalization
scheme suggests that simpler products and experienced users are more likely to benefit from
longer trials. Finally, we find that the personalized policy designed to optimize subscriptions also
performs well on long-term metrics such as customer retention and revenues in our setting. We
also compare the performance of our benchmark personalized policy with alternative personalized
policies developed based on other well-known outcome estimators (e.g., random forests) and the
recently developed heterogeneous treatment effects estimators (e.g., generalized random forests).
We find that many alternative personalized policies perform poorly, and are often worse than the
simple uniform 7-days for all policy. A key managerial takeaway is that firms should not naively
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assume that personalization based on the most advanced estimators always helps. Instead, they
should develop personalized policies based on a number of methods and carefully evaluate them
using offline IPS estimators before investing resources in deploying personalized policies in the
field.

Our paper opens many avenues for future research. First, while our analysis indicates that
product usage during the trial period affects users’ subscription decisions, we do not causally tie
usage to subscriptions because usage is endogenous. Nevertheless, future research may be able
to use treatment assignment (e.g., trial length) as an instrument that exogenously shifts usage and
directly estimate the effect of usage on purchase. This can provide further insight into the question
of whether encouraging usage (either through free trial or product improvements) can lead to
better purchase outcomes. Second, our analysis suggests that personalized policies do not always
perform better than a simple uniform policy. One interesting finding is that outcome estimators that
have high predictive ability do not necessarily do well on personalized policy design (compare the
performance of models in Table A.9 in Web Appendix A.7 with Table 2.8). Moreover, the finding
that recently developed CATE estimators such as causal forest do not perform well in our setting is
also surprising. Further investigation into the question of whether these results are generalizable
would be a useful next step.
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Figure 2.4: Heterogeneity in consumers’ response to the three trial lengths within three categories
– Geographic region, Skill, and Job. The six geographic regions shown are: Australia and New
Zealand, France, Germany, Japan, and United States of America (in that order). Under each sub-
category, the fraction of users in that sub-category are shown. We do not include sub-category
names for Job to preserve the firm’s anonymity.( * p < 0.1, ** p < 0.05, *** p < 0.01)
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CDF of τ7,30

Figure 2.5: The CDF of estimated CATEs for 7 vs 30 days of free trial from using different methods
(for test data).
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Chapter 3

A RECURSIVE PARTITIONING APPROACH FOR DYNAMIC DISCRETE
CHOICE MODELING IN HIGH DIMENSIONAL SETTINGS

Dynamic discrete choice models are widely employed to answer substantive and policy questions
in settings where individuals’ current choices have future implications. However, estimation of
these models is often computationally intensive and/or infeasible in high-dimensional settings.
Indeed, even specifying the structure for how the utilities/state transitions enter the agent’s decision
is challenging in high dimensional settings when we have no guiding theory. In this paper, we
present a semi-parametric formulation of dynamic discrete choice models that incorporates a high-
dimensional set of state variables, in addition to the standard variables used in a parametric utility
function. The high-dimensional variable can include all the variables that are not the main variables
of interest, but may potentially affect people choices and must be included in estimation procedure,
i.e., control variables. We present a data-driven recursive partitioning algorithm that reduces the
dimensionality of the high-dimensional state space by taking the variation in choices and state
transition into account. Researchers can then use the method of their choice to estimate the problem
using the discretized state space from the first stage. Our approach can reduce the estimation bias
and make estimation feasible at the same time. We present Monte Carlo simulations to demonstrate
the performance of our method compared to standard estimation methods where we ignore the
high-dimensional explanatory variable set.

3.1 Introduction

Consumers’ choices are not solely a function of the utility they get in the current stage in many
settings. They might forgo a choice with higher current utility for a better stream of utilities in the
future. Buying a new car instead of keeping an old car, getting higher education, and investing in
retirement plans are examples of such choices. Estimating the underlying primitives of an agent’s
behavior in these settings requires incorporating the current utility she gets and her future stream of
utilities from a choice.

In the conventional dynamic discrete choice modeling approaches, researchers calculate the
value of being in each state of the problem space. This value, a.k.a value function, is equal to the
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discounted sum of all the future utilities an agent gets from making optimal choices in the future
starting from that given state. Researchers calculate the value functions by solving a dynamic
programming problem using the Bellman equation [Smammut and Webb, 2010]. Two limitations
make the estimation of these models challenging. First, solving the dynamic programming problem
is computationally expensive and infeasible in high-dimensional data settings. Second, researchers
must make some assumptions on the data generating process in the unobserved part of the state
space to make the estimation possible. For example, one common assumption is that the observable
part of the state in time t is independent of the unobservable part of the state in the previous time
period. As a result, it becomes essential to incorporate all the potential variables that affect agents’
decisions and state transitions to avoid violation of these assumptions, even if these variables are
not the main focus of the research problem at hand.

These two limitations force an accuracy-computation trade-off to researchers. On the one hand,
limiting the number of variables in the estimation procedure, in the favor computational feasibility,
increases the chance of violating the required estimation assumption. On the other hand, adding
more explanatory variables makes the computation infeasible as adding each variable increases
the size of the state space exponentially [Rust, 1997]. In addition to the accuracy concerns, model
specification choices such as selecting the appropriate covariates and discretizing the state space are
challenging, especially in complex and high-dimensional settings. Researchers usually have little
intuition about which covariates to select or how to discretize the state space [Semenova, 2018]. As
a result, many estimation approaches avoid this trade-off by proposing value function estimation
procedures that do not require solving a dynamic programming problem [Hotz and Miller, 1993,
Hotz et al., 1994, Keane and Wolpin, 1994, Norets, 2012, Arcidiacono et al., 2013, Semenova,
2018].

Besides the concerns for estimation assumptions, the data-gathering trends in the industry calls
for more high-dimensional friendly approaches in dynamic choice modeling. Gathering data has
become a necessary part of businesses of all sizes. Companies create massive databases of users’
behavioral and contextual data, hoping to turn the data into knowledge and enhance the quality of
their services, and marketing interventions. Demographic and behavioral data is used for designing
personalized services, promotions, and prices. The advent of high-dimension friendly approaches
has made it possible for companies to exploit all the available information to extract knowledge
from consumers. The hyper-parameter optimization procedure implemented within these algorithms
ensures that the model is generalizable to the data-generating process, not the training dataset.
Overfitting is of foremost importance in high-dimensional settings as it is easier for the algorithm to
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model noise instead of signal [Zimek et al., 2012]. These methods, nevertheless, are not appropriate
for modeling dynamic choice modeling settings, as they do not incorporate the future implications
of a decision into account. Estimation of dynamic choice models in high-dimensional settings has
remained a rewarding research topic open to investigation.

This paper proposes a novel approach that let researchers control for a high-dimensional variable
set Q, in addition to the conventional independent variable set X in dynamic discrete choice
modeling. We reduce the dimensionality of Q using a data-driven discretization approach based on
recursive partitioning. In our framework, we distinguish between the state space discretization and
estimation, and separate these two steps in our framework. We define the term perfect discretization

as a discretization where all the points in the same partition have a similar decision and transition
probabilities. We reformulate the DDC problem using the perfect discretization definition. We then
propose an algorithm for discretization and prove that the discretization offered by our algorithm
converges to a perfect discretization. Researchers can then use any conventional algorithm for the
estimation of parameters in for the estimation stage using the discretized state space offered in the
first stage.

Our dimension reduction method has several desirable properties that makes it convenient to
use and applicable in many settings. First, we separate the estimation and discretization tasks and
define a general discretization criterion that does not depend on parametric assumptions involved
in the estimation step. This property makes the algorithm robust to the parametric assumption of
the estimation step. Furthermore, the discretization algorithm does not impose any limitation on
the estimation method one can use in the second stage. The discretization algorithm converts the
high-dimensional variable set Q to a categorical variable P . Researchers can then use the new
independent variable set {X,P} with any conventional DDC estimation method that can handle
categorical variables. In addition, the algorithm can be used for discretization in both finite and
infinite time horizon settings.

Second, our discretization algorithm inherits the desirable properties of recursive partitioning-
based algorithms. The time complexity of our method is linear with respect to the dimensionality of
Q. If the number of dimensions in Q doubles, the discretization time of our algorithm doubles at
most. It is a substantial computational saving compared to conventional methods such as nested
fixed-point, the time complexity of which is exponential with respect to the dimensionality of the
independent variable set. In addition, our algorithm is robust to scale and irrelevant variables. Our
discretization algorithm offers the same discretization for Q and any transformation of Q that does
not change the ordinality of observations. Furthermore, the algorithm can be implemented in a
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parallelized way, making its execution pretty fast over distributed systems and servers with many
cores. These desirable properties make it possible for researchers and industry users to benefit from
all their available data in the discretization procedures without domain expertise or computational
concerns.

Third, in addition to the agents’ choice data, our algorithm uses the rich information available
in the state transition data to reduce the state space dimension. It is a novel approach given that
researchers usually regard the state space transition as a nuisance parameter; they non-parametrically
estimate it in the first step of DDC modeling. The algorithm’s capability to use the variation in
agents’ decision and state transition for dimension reduction makes it a more efficient algorithm than
when only the decision part is used for discretization. Additionally, our algorithm learns the relative
importance of these two parts of agents’ behavior during hyperparameter optimization and assigns
an optimal weight to each part of the data. As we show in our simulation study section, optimizing
the relative importance of these two can lead to considerable gains in optimal discretization.

Our paper is organized as the following. In section 3.2, we review the current literature on
the estimation of dynamic discrete choice models and proposed methods for their estimation
in high-dimension. We also touch upon the recursive partitioning algorithm and its extensions
designed for estimation in different modeling settings. In section 3.3, we formulate the problem
at hand by explaining the components of dynamic discrete choice models, pointing to the curse of
dimensionality, defining perfect discretization, and reformulating the estimation of DDC problems
in the discretized space. In section 3.4 we describe our discretization approach, discuss hyper-
parameter optimization and model selection, and highlight the properties of the algorithm. We
run two simulation studies to take a deeper look into this problem in section 3.5. In the first
simulation study, we highlight the importance of controlling for estimation assumptions. In the
second simulation study, we highlight the value of state transition data and our algorithm’s ability to
exploit the rich information in state transition for discretization. Section 3.7 concludes.

3.2 Related Literature

First, our paper is related to the literature of estimating dynamic discrete choice modeling in high-
dimensional settings and breaking the curse of dimensionality in DDC modeling. The Bellman’s
equation in DDC modeling rarely has an analytical solution, and the dynamic programming problem
of calculating the value function is usually solved numerically [Rust, 1997]. Unfortunately, the
computational complexity of this numerical estimation increases exponentially as the number
of explanatory variables increase. Many solutions have been proposed to break this course of
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dimensionality, and make estimation of DDC models in high-dimensional settings feasible.

Hotz and Miller [1993] shows that the value function can sometimes be estimated from the
probability that a specific choice occurs in any given state space. This so-called Conditional
Choice Probability (CCP) method makes the DDC estimation problem possible in high dimensions.
However, CCP techniques have two limitations: i) using CCP methods is not always possible since
they rely on some particular structures in the state space transition, ii) to conduct counterfactual
analysis, researchers usually need to solve the full model once using NFXP. Several methods used
simulation to estimate the approximation of full solution methods [Keane and Wolpin, 1994, Hotz
et al., 1994]. One can use the non-parametric estimations of choice probabilities and state transitions
to draw a choice and a realized state given a choice and use simulations to solve the DDC problem.

Another stream of research tries to resolve the dimensionality problem by approximating the
value function. Methods such as parametric policy iteration [Benitez-Silva et al., 2000], and sieve
value function iteration [Arcidiacono et al., 2012] estimate the value function by assuming a flexible
functional form for it. Nonetheless, these methods work well when there are a set of basis functions
that provide a good approximation of the value function [Rust, 2000]. 1 A more recent body of
literature has tried to use the advances in machine learning and methods such as neural networks to
solve DDC problems. Norets [2012] uses an artificial neural network to estimate the value function
taking state variables and parameters of interest as input. Semenova [2018] offers a simulation-based
method using machine learning. She estimates the state transition and decision probabilities by
machine learning models in the first stage and uses them to find the underlying decision parameters
in the second stage.

Su and Judd [2012] proposes yet another approach to solve the curse of dimensionality problem
in dynamic discrete choice modeling called MPEC. They formulate the dynamic discrete choice
problem as a constrained maximization problem where likelihood function is the maximization
objective, and the bellman equations are the constraints. Dubé et al. [2012] show that MPEC is
applicable to a broader set of problems. MPEC method reduces the computational complexity as it
does not need to solve the bellman equation and calculate the value function at each guess of the
structural parameters. Nevertheless, MPEC algorithm is still not applicable in high-dimensional
settings without proper discretization of the state space. Although it do not solve the structural
equation at each iteration of MPEC algorithm, it estimates the value function for each point of the
state space. As the number of variables increases, the size of the state space increases exponentially,
and as a result, using MPEC becomes computationally infeasible.

1See Powell [2007] for a summary of the related literature on approximating in dynamic programming.
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Our algorithm adds to this literature by offering a method to break the curse of dimensionality
through discretization rather than value function approximation. We argue that state-space dis-
cretization and parameter estimation are two separate tasks. In fact, our discretization algorithm
can be used together with any of the above algorithms: researcher can use our algorithm to reduce
the dimensionality of a high-dimensional state space Q to a one-dimensional categorical variable
P in the first stage, and then use P in addition to other independent variables X for estimation of
parameters using any of the above algorithms in the second stage. This procedure lets the researcher
control for a high-dimensional covariate Q at a low computational cost.

Second, our paper contributes to the literature of estimation using recursive partitioning. Breiman
et al. [1984a] work gave birth to the Classification and Regression Trees (CART) algorithm, one
of the earliest and well-known algorithms for estimation using recursive partitioning. Ensemble
methods combine several trees to produce better performance than a single tree. The Random
Forest algorithm [Breiman, 2001] is based on the idea of generating thousand of such trees, each
on a subsample of data and covariates, and average the estimates of trees for prediction. While
recursive partitioning has been used for prediction tasks, there has been a recent development
for using recursive partitioning for different purposes. Athey and Imbens [2016] has used the
recursive partitioning approach for the heterogeneous causal effect estimation task. They offer a
method to partition the data into subgroups that differ in the magnitude of their treatment effects.
Athey et al. [2019b] propose the Generalized Random Forests (GRF) algorithm, a method for
non-parametric statistical estimation that can be used to fit any quantity of interest. They use their
approach to develop new estimation methods for different statistical tasks, including non-parametric
quantile regression, conditional average partial effect estimation, and heterogeneous treatment effect
estimation via instrumental variables. However, their method is limited to the static estimation
settings. Our algorithm adds to this literature by proposing a novel use of recursive partitioning to
estimate dynamic models. We develop a new approach for formulating the objective function that
enables us to use the state transition data during recursive partitioning.

Third, our paper indirectly contributes to the literature of unobserved heterogeneity in dynamic
discrete choice modeling. A potential solution for concerns regarding DDC modeling assumptions
on the unobservable part of state space is to use latent class models. Arcidiacono and Jones [2003]
and Arcidiacono and Miller [2011] have suggested EM-based algorithms to account for unobservable
parts of the state space and their transitions. Nevertheless, these algorithms suffer from several
limitations that make them impractical in circumstances where we have quite a few unobservable
states. Besides, these algorithms are not guaranteed to converge to the global maximum [Wu, 1983].
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Even though our algorithm does not directly capture the effect of unobservables, its ability to capture
the effects of a high-dimensional variable set alleviates the concerns from the unobservable part
of the state space. Similar to the latent class models in DDC estimation, our algorithms assign
a category to each observation. However, in contrast to the EM-based algorithms, which use
a latent class to capture the explained variation in the dependent variable, our algorithm uses a
high-dimensional variable set to potentially explain the variation.

3.3 Problem Definition

We consider the discrete choice problem from the perspective of a forward-looking single agent,
denoted by i ∈ {1 . . . N}. In every period t, the agent chooses between j = 1 . . . J . options. i’s
decision in period t is denoted by dit, and dit = j indicates that agent i has chosen option j in
period t. The agent’s decision is not only the function of her utility in current state (sit), but also her
expectation of her utility in all her future states given decision dit. We assume that the agent’s state
is composed of three sets of variables.

1. A set of observable low-dimensional state variables xit ∈ X.

2. A set of observable high-dimensional state variables qit ∈ Q.

3. Unobservable state variable ϵit, which is a J × 1 vector each associated with one of the
alternatives observed by the agent, but not by the researcher.

X represents state variables for which we have some a priori theory, i.e., we know how the
parametric form in which they enter the utility function. The structural parameters associated with
these variables form the main estimands of interest. Q denotes state variables that act as nuisance
variables in our estimation exercise – they are not the main variables of interest, and we do not have
a theory for if and how they influence users’ decisions and state transitions. However, ignoring them
can potentially bias the estimates of interest.

In each period t, agent i derives an instantaneous flow utility u(sit, dit), which is a function
of her decision dit and her state variables sit = {xit, qit, ϵit}. The per period utility is additively
separable as follows:

u(sit, dit = j) = ū(xit, qit, dit = j; θ1) + ϵitj, (3.1)

where ϵitj is the error term associated with jth option at time t, ū(xit, qit, dit = j; θ1) is the
deterministic part of the utility from making decision j in state {xit, qit}, and θ1 is the set of
structural parameters associated with the deterministic part of utility. The state sit transitions
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into new, but not necessary different, values in each period following decision dit. We make
three standard assumptions on the state transition process – first order markovian, conditional
independence, and IID error terms. These assumptions imply that: (i) {sit, dit} are sufficient
statistics for sit+1, (ii) error terms are independent over time, and (iii) errors in the current period
affect states tomorrow only through today’s decisions. Thus, we have:

Pr(xit+1, qit+1, ϵit+1|xit, qit, ϵit, dit) = Pr(ϵit+1) Pr(xit+1, qit+1|xit, qit, dit) (3.2)

We denote the state transition function Pr(xit+1, qit+1|xit, qit, dit) as g(xit+1, qit+1|xit, qit, dit; θ2),
where θ2 captures the parameters associated with state transition.2

Each period, the agent takes into account the current period payoff as well as how her decision
today will affect the future, with the per-period discount factor given by β. She then chooses dit to
sequentially maximize the expected discounted sum of payoffs E [

∑∞
τ=t β

τu(siτ , diτ )]. Our goal is
to estimate the set of structural parameters θ = {θ1, θ2} that rationalizes the observed decisions and
the states in the data, which are denoted by {(xi1, qi1, di1), . . . , (xit, qit, dit), . . . , (xiT , qiT , diT )} for
agents i ∈ {1, . . . , N} for T time periods.

3.3.1 Challenges

The standard solution is to use a maximum likelihood method and estimates the set of parameters
that maximizes the likelihood of observing the data. Given the first-order Markovian and condi-
tional independence assumptions, we can write the likelihood function and estimate the structural
parameters as follow

L(θ) =
N∑
i=1

(
T∑
t=1

log p̂(dit|xit, qit;θ1) +
T∑
t=2

log ĝ(xit, qit|xit−1, qit−1, dit−1; θ2)

)
(3.3)

θ∗ = argmax
θ

L(θ)

where p̂(.) is the predicted choice probabilities.
However, there are three main challenges in estimating a model in this setting:

• Theory: First, the researcher may lack theory on how the high-dimensional variables q enter
the agents’ utility function. For instance, if we consider the example of high-dimensional usage

2Both the utility function and state transition can also be estimated non-parametrically if we do not wish to
parametrize them. In that case, θ1 and θ2 would simply denote the utility and state transition at a given combination
of state variables.
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variables in a subscription model, we do not have much theoretical guidance on which of these
variables affect users’ utility and how. As such, we cannot make parametric assumptions on the
effect of Q on decisions and transitions or hand-pick a subset of these variables to include in
our model.

• Data: Second, in a high-dimensional setting, we may not have sufficient data in all areas of the
state space to model the flow utility and the transitions to/from that area.

• Estimation: Finally, estimation of a discrete choice dynamic model in an extremely high
dimensional setting is often computationally infeasible and/or costly. Rust [1987]’s nested-fixed
point algorithm requires us to calculate the value function at each combination of the state
variables at each iteration of the estimation, which is infeasible in a large state space setting.
While two-step methods can overcome estimation challenges in large state-spaces by avoiding
the value function iteration, they nevertheless need non-parametric estimates of Conditional
Choice Probablities (CCPs) at all values at each state [Hotz and Miller, 1993]. This is not
possible in a very high dimensional setting with finite data.

Thus, in a finite data, high-dimensional setting where we lack guiding theory, it is not feasible to
specify a utility function over q and/or estimate a dynamic discrete choice model using conventional
methods. Therefore, we need a data-driven approach that reduces dimensionality of Q in an
intelligent fashion.

3.3.2 Dimensionality Reduction using Discretization

Our solution is to recast the problem by mapping Q to a lower-dimensional space through data-driven
discretization such that Π : Q → P , where P = {1, . . . , k}. The goal is similar in spirit to that of
Classification and Regression Trees (CART) algorithm used for outcome prediction [Breiman et al.,
1984a] and the Causal Tree algorithm for estimation of conditional average treatment effects [Athey
and Imbens, 2016]. These algorithms discretize the covariate space to minimize the heterogeneity of
the statistic of interest within a partition. For example, the CART algorithm discretizes the covariate
space into disjoint partitions such that observations in the same partition have similar outcome
values/class. Similarly, the Causal Tree algorithm discretizes the state space such that observations
within the same partition have similar treatment effects. However, the high-level intuition from
the static estimation of CART/causal tree cannot be directly translated to dynamic discrete choice
models. Therefore, our first step is to outline the characteristics of a suitable discretization. In
§3.3.2 we formally define the term perfect discretization as a discretization wherein observations
with similar behavior are pooled together in the same partition. Then in, §3.3.2, we present the
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reformulated problem in the lower-dimensional space.

Properties of a Good Discretization

We now discuss some basic ideas that a good discretization should capture. First, some variables
in Q may be irrelevant to our estimation procedure, i.e., they have no effect on utilities or state
transitions. A good data-driven discretization should be able to neglect these variables and thus be
robust to irrelevant variables. Second, our discretization approach has to be entirely non-parametric
since we not have any theory on how variables in Q affect agents’ utilities and state transitions.
Finally, the discretization should be generalizable, i.e., it should be valid outside the training data.
Formally, we define the term perfect discretization as follows:

Definition 1. A discretization Π∗ : Q → P is perfect if all the points in the same partition have the
same decision and incoming and outgoing transition probabilities. That is, for any two points q, q′

in a partition π ∈ P , we have:

∀x, x′ ∈ X, q′′ ∈ Q, j ∈ J :


Pr(j|x, q) = Pr(j|x, q′) (3.4a)

Pr(x′, q′′|x, q, j) = Pr(x′, q′′|x, q′, j) (3.4b)

Pr(x, q|x′, q′′, j) = Pr(x, q′|x′, q′′, j) (3.4c)

The first equality ensures that the decision probabilities are similar for data points within a given
partition π ∈ P . The second equality asserts the equality of transition probabilities from any two
points q, q′ within the same partition π ∈ P . Finally, the last equality implies that the transition
probabilities to any two points within a partition π are equal. Together, these three equalities imply
that all the observations within a same π ∈ P are similar from both modeling and estimation
perspective. Therefore, we do not need to model the heterogeneity within the partition π. Instead,
modeling agents’ behavior at the level of P is sufficient.

Formulation of DDC in a discretized space

We now use the definition of perfect discretization and translate the DDC estimation in the Q-space
to the P-space. Because observations within each partition in a perfect discretization behave
similarly, we can project the problem from the Q-space to the P-space. That is, Π∗ is a sufficient
statistic for estimation of state transition and decision probabilities. We can therefore write the
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probabilities of choices and state transitions in the P-space as follows:

∀x, x′ ∈ X, q′′ ∈ Q, j ∈ J :


Pr(j|x, q) = Pr(j|x,Π∗(q)) (3.5a)

Pr(x′, q′′|x, q, j) = Pr(x′, q′′|x,Π∗(q), j) (3.5b)

Pr(x, q|x′, q′′, j) =
Pr(x,Π∗(q)|x′, q′′, j)

N(x,Π∗(q))
(3.5c)

where N(x,Π∗(q)) is the number of observations in state {x,Π∗(q)} in our data.

These three equalities are the counterparts of the relationships shown in Equation (3.4) in
the P-space. According to the first equality in Equation (3.5), if the choice probabilities for the
observations within a partition π ∈ P are the same, then {X,P} is a sufficient statistic to capture the
choice probabilities. The same argument is true for out-going state transitions. If the probabilities of
transition to other states from all points in a partition are similar, we can use the partition instead of
points to specify transition (as shown in the second relationship in Equation (3.5)). Finally, when the
probability of transition into all the points within a partition are similar, the probability of moving to
a specific point is equal to the probability of transitioning into the partition divided by the number
of observations within that partition. That is:

Pr(x,Π∗(q)|x′, q′, j) =
∑

q′′∈Π∗(q)

Pr(x, q′′|x′, q′, j)

= N(x,Π∗(q)) Pr(x, q|x′, q′, j),

which gives us the third relationship in Equation (3.5).

We now use the relationships in Equation (3.5) to reformulate the log likelihood in Equation
(3.3). Given a perfect partitioning Π∗, the log likelihood can be written as:

L(θ,Π∗) =
N∑
i=1

T∑
t=1

log p(dit|xit,Π
∗(qit); θ1,Π

∗)

+
N∑
i=1

T∑
t=2

log
g(xit,Π

∗(qit)|xit−1,Π
∗(qit−1), dit−1; θ2,Π

∗)

N(xit,Π
∗(qit);Π

∗)
(3.6)

Note that the second term in the log-likelihood is obtained by combining the second and third terms
in Equation (3.5) as: Pr(x′, q′′|x, q, j) = Pr(x′, q′′|x,Π∗(q), j) = Pr(x′,Π∗(q′′)|x′,Π∗(q),j)

N(x,Π∗(q′′))
.

Finally, since agents within a given partition in Π∗ have similar state and choice probabilities,
we can conclude that their utility function are also similar. We can formulate the utility function in
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Figure 3.1: An example of recursive partitioning for a classification task with two explanatory
variables and two outcome classes (denoted by orange and black dots).

the P-space as follows:

u(sit, dit) = ū(xit,Π
∗(qit), dit; θ1,Π

∗) + ϵitj (3.7)

Similarly, we can also write the value function and the choice-specific value function in terms of
the discretized state space. Conceptually, once we have a perfect discretization Π∗, we can treat
Π∗(q) as a categorical variable in addition to X, and ignore q. As such, all the methods available
for the estimation of dynamic discrete choice models (e.g., nested fixed point, two-step estimators)
are directly applicable here, with {X,P} as the state-space. Thus, all the consistency and efficiency
properties of the estimator used would directly translate to this setting.

3.4 Our Discretization Approach

We now present our discretization algorithm. We first explain the recursive partitioning method
for a general objective function in §3.4.1. Next, in §3.4.2, we formulate a recursive partitioning
scheme for the dynamic discrete choice model discussed above. We summarize the properties of our
algorithm in §3.4.2. Finally, we discuss model selection and hyper-parameter optimization in §3.4.3.

3.4.1 Discretization using Recursive Partitioning

Recursive partitioning is a meta-algorithm for partitioning a covariate space into disjoint partitions
to maximize some objective function. In each iteration, the algorithm uses an objective function as
the criterion for selecting the next split among all the potential candidate splits. A split, divides a
partition into two along based one of the variables in the covariate space. The following pseudo-code
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presents a general recursive partitioning algorithm, where the goal is to maximize the objective
function F(Π).

• Inputs: Objective function F(Π) that takes a partitioning Π as input and outputs a score.

• Initialize Π0 as one partition equal to the full covariate space.

• Do the following until the stopping criterion is met, or F(Πt) = F(Πt−1)

– For every π ∈ Πt, every q ∈ Q, and every value v ∈ range(q) in π

* ∆(π, q, v) = F(Πt+{π, q, v})−F(Πt)

– {π′, q∗, v∗} = argmax{π,q,v}∆(π, q, v)

– Πt+1 = Πt +{π′, q∗, v∗}

Figure 3.1 shows four iterations of recursive partitioning applied to a classification task. The
partitioning Π maps the two-dimensional covariate space into four different partitions.

3.4.2 Recursive Partitioning for Dynamic Discrete Choice Models

The ultimate goal of our discretization exercise is to estimate θ by maximizing the likelihood function
in Equation (3.6). To do so, we first need to find a perfect discretization, i.e., a discretization that
satisfies Equation (3.4). Thus, an intermediate goal is to find the partitioning Π∗. The key question
then becomes what should be the objective function for the recursive partitioning algorithm that
helps us achieve the two goals discussed above. One naive approach would be to simply use the
log-likelihood shown in Equation (3.6). However, this is problematic because of three reasons. First,
this likelihood is a function of both Π∗ and θ. A naive implementation of a recursive partitioning
algorithm requires estimating the optimal θ in every iteration for a given Πt. However, estimating
θ is computationally expensive in a DDC setting because we need to calculate the discounted
future utility associated with a given choice to estimate the primitives of agents’ utility function
fully. Doing this at every potential split in each iteration of the algorithm is very computationally
expensive (and infeasible when the Q-space is large). Second, the likelihood function contains
two sets of outcomes: (i) choice probabilities and (ii) state transition probabilities. Therefore,
any data-driven approach to discretize the state space must account for both of these outcomes.
This makes the splitting process more complex than usual recursive partitioning algorithms such
as CART/causal tree, where there is only one set of estimands to be considered. Third, unlike a
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Figure 3.2: The dashed lines are candidate splits. Orange and black dots are observations with
decision 1 and 2 respectively. Agents’ choices across different Xs in the left side of the thick dashed
line are different from their choices in the right side.

standard recursive partitioning algorithm, where we split on all the state variables, here we only
split on Q since Xs are known (or assumed) to influence outcomes by definition. As such, we need
an algorithm which only splits on a subset of state variables (Q), but considers all the state variables
({X,Q}) to estimate the choice probabilities and state transitions; see Figure 3.2 for an example.

We design a recursive partitioning method that addresses all these three problems. To address
the first problem, we separate the discretization problem from estimation and suggest an objective
function for recursive partitioning algorithm that is fully non-parametric, i.e., is not dependent on θ –
thus, its calculation is computationally cheap. Next, to address the second problem, we split our
objective function into two sub-objectives, whose relative importance can be learnt from the data
using model selection. Finally, to address the third problem, we customize the splitting procedure
such that it only splits on Q and not X. We discuss these ideas in detail below.

Nonparametric Objective Function

As we discussed in §3.3.2, we can estimate the primitives of agents’ utilities and state transitions
by maximizing the log-likelihood shown in Equation (3.6). This likelihood is a function of both
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the primitive parameters and the discretization Π∗. Nevertheless, we do not need to solve the
maximization problem on both dimensions simultaneously. Conceptually, the discretization goal
is to separate Q into buckets such that observations within the same bucket behave similarly. A
key insight here is that we can achieve this objective without estimating θ, by simply using the
non-parametric estimates of choice probabilities and state transitions observed in the data. That
is, we can re-formulate the objective function from Equation (3.6) in non-parametric terms. Our
proposed objective function is thus a weighted sum of the nonparametric equivalents of the first and
second components of Equation (3.6) as shown below.

F(Π) = Fdc(Π) + λF tr(Π) (3.8)

where Π is a partitioning function, and Fdc(Π) and F tr(Π) are:

Fdc(Π) =
N∑
i=1

T∑
t=1

log
N(xit,Π(qit), dit;Π)

N(xit,Π(qit);Π)

=
∑
x∈X

∑
π∈Π

∑
j∈J

N(x, π, j;Π) log
N(x, π, j;Π)

N(x, π;Π)
(3.9)

F tr(Π) =
N∑
i=1

T∑
t=2

log
N(xit,Π(qit), xit−1,Π(qit−1), dit−1;Π)

N(xit−1,Π(qit−1), dit−1;Π)N(xit,Π(qit))

=
∑
x∈X

∑
π∈Π

∑
j∈J

∑
x′∈X

∑
π′∈Π

N(x, π, x′, π′, j;Π) log
N(x, π, x′, π′, j;Π)

N(x, π;Π)N(x′, π′, j;Π)
(3.10)

The function N(.) counts the number of observations for a given condition. For example, N(x, π, j)

is the number of observations where the agent chose decision j in state {x, π} and N(x, π, x′, π′, j)

is the number of observations that chose decision j in state {x′, π′}, and transitioned to {x, π}.

The weighting parameter λ is a multiplier that specifies the relative importance of the state
transition likelihood in comparison to decision likelihood in our algorithm. To make this parameter
more intuitive and generalizable across different datasets, we decompose it as follows:

λ = λadj × λrel, where λadj =
Fdc(Π0)

F tr(Π0)
. (3.11)

Here, Π0 is the full covariate space of Q as one partition. λrel is a hyperparameter that captures the
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relative importance state transition and decision likelihoods in our objective function and should
be learnt from the data using cross-validation. For example, λrel = 2 implies that the recursive
partitioning algorithm values one percentage lift in F tr twice as much a one percentage lift in Fdc

when selecting the next split. The optimal λrel can vary with the application. In settings where there
is more information in the state transition, the optimal λrel will be higher whereas a smaller λrel is
better when the choice probabilities are more informative. Therefore, it is important to choose the
right value of λrel to prevent over-fitting and learn a good discretization.

A couple of additional points of note regarding our proposed objective function. First, the first
lines in both Equations (3.9) and (3.10) are aggregating observations over individuals and time
whereas the second lines are aggregating over all possible decisions and state transitions weighted
by their occurrence. While the two representations are equivalent, we use the latter one in the rest of
the paper since it is more convenient. Second, the objective function in Equation (3.8) is the non-
parametric version the log-likelihood in Equation (3.6) (with the hyperparameter λ added in for data-
driven optimization). The terms N(xit,Π(qit),dit;Π)

N(xit,Π(qit);Π)
, and N(xit,Π(qit),xit−1,Π(qit−1),dit−1;Π)

N(xit−1,Π(qit−1),dit−1;Π)
are the non-

parametric counterparts of Pr(dit|xit,Π(qit); θ1,Π) and Pr(xit,Π(qit)|xit−1,Π(qit−1), dit−1; θ2,Π),
respectively. Therefore, maximizing F(Π) is equivalent to maximizing the original likelihood
function.

Algorithm Properties

We now establish two key properties of the recursive partitioning algorithm proposed here. First,
as shown in Appendix B.1, the non-parametric log-likelihood shown in Equation (3.6) is non-
decreasing at each iteration of the algorithm. Formally, we have:

L(θ∗t ,Πt) ≤ L(θ∗t+1,Πt+1)

where

 θ∗t = argmaxθ L(θ,Πt)

θ∗t+1 = argmaxθ L(θ,Πt+1)

Second, as shown in Appendix B.2, for λ > 0, the final discretization Π∗ = argmaxΠF(Π)

converges to a perfect discretization3. Together, these two properties ensure that: (a) the algorithm
will increase the likelihood at each step and converge, and (b) upon convergence, it will achieve a
perfect discretization.

3Under some conditions that we discuss in the proofs
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In addition to the above two properties, our proposed algorithm shares the desirable properties
of other recursive partitioning-based algorithms. First, it has linear time complexity with respect to
the dimensionality of Q [Sani et al., 2018] – if the number of dimensions in Q doubles, the requires
time to discretize the model doubles at most. This is in contrast to conventional DDC estimation
methods such as the Nested Fixed Point algorithm, where the execution time increases exponentially
in observable state variables. Second, the proposed algorithm is robust to the scale of the state
variables and only depends on the ordinality of the state variable. As such, any changes in the scale
of variables in Q does not change the estimated partition. Finally, since the algorithm splits on a
variable only if it increases the log-likelihood shown in Equation (3.8), it is robust to the presence
of irrelevant state variables.

Together, these properties allow the researcher to include all potential observable variables that
might affect the agents’ decisions in Q without significantly increasing the compute cost. This is
valuable in the current data-abundant era, where firms have massive amounts of user-level data
but lack theoretical insight on the effect (if any) of these variables on users’ decisions. Indeed,
one of the advantages of the method is that it allows the researcher to make post-hoc inference or
theory-discovery in a data-rich environment. In sum, our proposed algorithm allows researchers and
industry practitioners to reduce the estimation bias associated with ignoring relevant state variables,
improve the fit of their models, and draw post-hoc inference in a high-dimensional setting without
theoretical guidance, all at relatively low compute cost.

3.4.3 Hyperparameter Optimization and Model Selection

We now discuss the details of the hyperparameters used and the tuning procedure for model selection.
Like other machine learning approaches, our recursive partitioning algorithm also needs to address
bias-variance trade-off. If we discretize Q into too many small partitions, the set of partitions
(and the corresponding estimates of choice and state transition probabilities) will not generalize
beyond the training data. Thus, we need a set of hyperparameters that constrain or penalize model
complexity. We can then tune these hyper-parameters using a validation procedure.4

4See Hastie et al. [2009] for a detailed discussion of the pros-cons of different validation procedure.
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Set of Hyperparameters

We implemented two hyperparameters that are commonly used in other recursive partitioning-based
models: minimum number of observations and minimum lift.5 The former stops the algorithm from
making very small partitions by ruling out splits (at any given iteration) that produce partitions with
observations fewer than the minimum number of observations. The latter prevents over-fitting by
stopping the partitioning process if the next split does not increase the objective function by the
minimum lift, which is defined as F(Πt+1)−F(Πt)

F(Πt)
. In addition to these two standard hyperparameters,

we also include another one: maximum number of partitions, which stops the recursive partitioning
after the algorithm has reached the maximum number of partitions. This hyper-parameter not only
controls overfitting, but can also help with identification concerns because it allows the researchers
to restrict the number of partitions, and hence the number of estimands. Together, these three
hyperparameters ensure that the algorithm does not overfit and produces a generalizaeble partition
that is valid out-of-sample.

In addition to these three hyper-parameters that constrain partitioning, we have another key
hyperparameter, λrel, that shapes the direction of partitioning. As discussed earlier, λrel captures
the relative importance of the two parts of the objective function when selecting the next split.
If λrel is set close to zero, the discretization procedure prioritizes splits that explain the choice
probabilities. As λrel increases, the recursive partitioning tends to choose splits that explain the
variation in the state transition. λrel can be either tuned using a validation procedure or set manually
by the researched based on their intuition or the requirements of the problem at hand. We present
some simulations on the importance of picking the right value of λrel in §3.5.3.

Score function

Let η denote the set of all hyperparameters. To pick the right η for a given application setting,
we need a measure of performance at a given η. Then, we can consider different values of η and
select the one that maximizes out-of-sample performance (on the validation data). The model’s
performance is measured by calculating our objective function on a validation set using the training

5See the hyperparameters in Random Forest [Breiman, 2001], XGBoost [Chen and Guestrin, 2016], and Generalized
Random Forest [Athey et al., 2019b].
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set’s estimated values. Formally, our score function for a given set of hyperparameters is:

score(η) =
1

1 + λrel

(∑
x∈X

∑
π∈Π∗

∑
j∈J

N val(x, π, j;Π∗) log
N trn(x, π, j;Π∗)

N trn(x, π;Π∗)
(3.12)

+λrelλ
val
adj

∑
x∈X

∑
π∈Π∗

∑
j∈J

∑
x′∈X

∑
π′∈Π∗

N val(x, π, x′, π′, j;Π∗) log
N trn(x, π, x′, π′, j;Π∗)

N trn(x, π;Π∗)N trn(x′, π′, j;Π∗)

)

where Π∗ = argmaxΠF(Π; η) and N trn(.) and N val(.) are counting functions within the training
and validation data, respectively. Notice that the main differences between Equations (3.8) and
(3.12) is that here the model is learnt on the training data, but evaluated on the validation data. As
such, the weight terms (N(·)) and λadj are calculated on the validation dataset, while the probability
terms are based on the training set. In addition, one minor difference is that this score is normalized
by 1

1+λrel
. Without this normalization, any hyperparameter optimization procedure will tend to

select larger λrel since without normalization, a larger λrel leads to a higher score.

In the validation procedure, we select the hyperparameter values that have the highest score on
the validation dataset. Note that having a separate validation set is not necessary. We can also use
other hyper-parameter optimization techniques such as cross-validation, which is implemented in
the accompanying software package.

Zero Probability Outcomes in Training Data

A final implementation issue that we need to address is the presence of choices and state transitions
in the validation set that have not been seen in the training set.6 For example, suppose that we have
no observations where the agent chooses action j in state {x, π} in the training data, but there exists
such an observation in the validation data. Then the score in Equation (3.12) becomes negative
infinity. This problem makes the hyperparameter optimization very sensitive to outliers.

To solve this problem, we turned to the Natural Language Processing (NLP) literature, which
also deals with high-dimensional data and has studied this problem extensively. Several smoothing
techniques have been proposed to resolve this issue in NLP models [Chen and Goodman, 1999].
One of the simplest smoothing methods that used in practice and can be applied to our setting is
additive smoothing [Johnson, 1932], which assumes that we have seen all possible observations (i.e.,
choices and state-transitions) at least δ times, where usually 0 ≤ δ ≤ 1. This smoothing technique

6These kind of zero-probability occurrences are more likely in a finite sample as the dimensionality of the data
increases.
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removes the possibility of zero probabilities
A typical value for δ in the NLP literature is 1; however, the optimal value for δ depends on the

data-generating process. A low value for δ penalizes the model more heavily for potential outliers.
It also prevents the recursive partitioning step from creating small partitions since it increases the
probability of having observations in the validation set that are not observed in the training set. On
the other hand, a high value for δ may help with reducing overfitting by adding more noise to the
data. In our simulations we set δ to 10−5, which is a relatively small value. However, the researcher
can use a different number depending on their data and application setting.

3.5 Monte Carlo Experiments

We now present two simulation studies to illustrate the performance of our algorithm. We use
the canonical bus engine replacement problem introduced by Rust [1987] as the setting for our
experiments. Rust’s framework has been widely used as a benchmark to compare the performance of
newly proposed estimators/algorithms for single-agent dynamic discrete choice models [Hotz et al.,
1994, Aguirregabiria and Mira, 2002, Arcidiacono and Miller, 2011, Semenova, 2018]. We start by
describing the original bus engine replacement problem and our high-dimensional extension of it
in §3.5.1. In our first set of experiments in §3.5.2, we document the extent to which our algorithm
is able to recover parameters of interest and compare its performance to a benchmark case where
the high-dimensional state variables are ignored. In the second set of experiments in §3.5.3, we
examine the importance of optimizing of the key hyperparameter, λrel.

3.5.1 Engine replacement problem

In Rust’s model, a single agent (Harold Zurcher) chooses whether to replace the engine of a bus or
continue maintaining it in each period. The maintenance cost is linearly increasing in the mileage
of the engine while replacement constitutes a one-time lump-some cost. The inter-temporal trade-
off is as follows – by replacing the bus engine, he pays a high replacement cost today and has
lower maintenance costs in the future. If he chooses to not replace the bus engine, he forgoes the
replacement cost, but will continue to pay higher maintenance cost in the future.

We start with the basic version of the model without the high-dimensional state variables. Here,
the per-period utility function of two choices is given by:

u(xit, dit = 0) = −cmxit + ϵi0t

u(xit, dit = 1) = −cr + ϵi1t,
(3.13)
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where xit is the mileage of bus i at time t, cm is the per-mile maintenance cost, cr is the cost of
replacing the engine, and {ϵi0t, ϵi1t} are the error terms associated with the two choices. Next, we
assume that the mileage increases by one unit in each period 7. Formally:

if dit = 0, then xit+1 = xit + 1 if xit + 1 < 20 , else xit+1 = 19

if dit = 1, then xit+1 = 1
(3.14)

The maximum mileage is capped at 20, i.e., after the mileage hits 19, it continues to stay there.

We now extend the problem to incorporate a set of high-dimensional state variables Q that can
affect utility function and state transition. Q can include all the potential variables that can affect
utilities and state transitions. For example, the mileage accrued may vary depending on the bus
route, weather of the day, etc. Similarly, the replacement costs may vary by bus brands and/or
economic conditions. A priori, it can be hard to identify which of these state variables and their
combinations matter. Our method allows us to include all potential variables in the utility and state
transition, and identify the partitions that matter.

In our simulations, we expand the utility function and state transition to include Q as follows:

u(xit,Π
∗(qit), dit = 0) = cmxit + ϵi0t

u(xit,Π
∗(qit), dit = 1) = fdc(Π

∗(qit)) + ϵi1t
(3.15)

if dit = 0, then xit+1 = xit + ftr(Π
∗(qit)) if xit + ftr(Π

∗(qit)) < 20, else xit+1 = 19

if dit = 1, then xit+1 = ftr(Π
∗(qit))

(3.16)
where qit is the set for bus i at time t, and fdc(Π

∗(qit)) and ftr(Π
∗(qit)) are functions that specify

the effect of qit in the replacement cost, and state transition respectively. Note that we use Π∗(qit)

instead of qit since Π∗(qit) is a perfect discretization (and conveys the same information) as qit.
Finally, we set cm = −0.2 in both our simulation studies.8

7This choice is just for the sake of increasing simplicity. However, our framework can easily handle stochastic state
transitions as well.

8Note that the specific functional form is chosen for convenience, and the algorithm works even with a fully
non-parametric utilities within a partition and non-parametric state transitions across partitions.
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3.5.2 First simulation study

In the first set of experiments, our goal is to demonstrate the algorithm’s performance and document
the extent of bias when we do not account for Q.

Data generating process

In this simulation study, Q consists 10 variables: q1, . . . , q10, where qi ∈ {0, 1, . . . , 9}. However,
only the first two variables affect the data generating process, and the rest of them are irrelevant. In
principle, our algorithm is robust to inclusion of irrelevant state variables. Therefore, the extra eight
variables in Q allows us to examine if this is indeed the case. In our simulations, q1 and q2 partition
Q into four regions {π1, π2, π3, π4} such that all the observations within a partition have the same
choice and state transition probabilities. The partitions are given by:

Π∗(q) =



π1, if q1 < 5 and q2 < 5

π2, if q1 < 5 and q2 ≥ 5

π3, if q1 ≥ 5 and q2 < 5

π4, if q1 ≥ 5 and q2 ≥ 5

The mileage transitions are as described in Equation (3.16). We also need to define the state
transition in the Q space. Note that since we have a perfect discretization, only the state transition
between πs matter – condition on the partition π the exact q is completely random. We consider
three different state transition models in our simulations:

• No transition: There is only within-partition transition. This implies that the agent remains
within the same partition in each period: Π∗(qit) = Π∗(qit+1).

• Random transition: Agents’ transitions in the Q-space are completely random. In each period,
an agent’s randomly transition from one partition to another such that: Π∗(qit) ⊥ Π∗(qit+1).

• Sparse transition: After each period, the agent remains in the same partition with probability 0.5

an moves to the next partition with probability 0.5.9

Next, we consider two different cases for ftr and fdc in Equations (3.15) and (3.16) as follows:

ftr([π1, π2, π3, π4]) =

 [0, 1, 2, 3] in the dissimilar mileage transition case

[1, 1, 1, 1] in the similar mileage transition case
(3.17)

9The order of partitions is as follows: π2 is after π1, π3 is after π2, π4 is after π3, and π1 is after π4.
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fdc([π1, π2, π3, π4]) =

 [−7,−6,−5,−4] in the dissimilar replacement costs case

[−5,−5,−5,−5] in the similar replacement costs case
(3.18)

Together, this gives us 3× 2× 2 possible scenarios for the data generating process. We simulate
data and recover the parameters for each of these cases. While doing so, we set the hyper-parameters
as follows: we minimum lift to 10−10, minimum number of observations to 1, and λrel to 1. Further,
for each case, we run the algorithm (and then perform the estimation) for four different values
of maximum partitions: 1, 2, 4, or 6. The single partition case is equivalent to ignoring the high-
dimensional state variable Q. Setting maximum partitions to 2 and 6 allows us to examine how our
algorithm performs when we allow for under-discretization and over-discretization, respectively.

Results

We run 12 Monte Carlo simulations, each of which employs a different data generating process.
Each simulation consists of 100 rounds of data generation from a given data-generating process.
And in each round, we generate data for 400 buses for 100 time periods. For each round of simulated
data, we first use our algorithm to discretize the high-dimensional state space Q. Then, as we
discuss in §3.3.2, we simply treat each of the partitions in Π∗(q) as an extra categorical variable
in addition to X at the estimation stage. As such, we provide the partitions obtained from our
algorithm and the mileage to the nested fixed-point algorithm and estimate the utility parameters.

There are two different cases for ftr, two different cases for fdc, and three different cases for
transition in Q. We simulate all combinations of these cases, which result in a total of 12 data-
generating process Monte Carlo simulations. For each data generation process case, we run 100
rounds of data generation to form bootstrap confidence intervals around our estimates. In each
round, we simulate 4 different number of allowed partition and parameter estimation. The results
of estimated value for cm in these simulations are presented in Table 3.1. Table 3.2 presents the
estimated replacement cost in cases where we neglect Q by allowing one partition and the case
where we allow four partitions.

As the table of results depicts, neglecting Q leads to biased estimates in many settings, even
when qit does not directly affect the flow utility function, and there is no serial correlation in q over
time. The bias arises because by neglecting Q, we violate the DDC modeling assumptions in favor
of computational feasibility. To be more specific, the conditional independence assumption states
that ϵit+1 and xit+1 are independent of ϵit. When we neglect Q in the estimation procedure, it is
captured in the error term. Mileage transition is a function of q, in the cases where Q has a diverse
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effect on mileage transition. Thus, when we do not incorporate Q as an observable, xit+1 would be
correlated with ϵit – a violation of our estimation assumption. Similarly, in the ”No transition” and
”Sparse transition” cases, neglecting Q leads to a correlation between ϵit+1 and ϵit, another violation
of our estimation assumptions. These violations lead to much more severe bias in the case where Q

affects the flow utility.

Interestingly, serial correlation in error terms does not seem to bias the estimated parameters if it
does not affect the utility function or the observable part of state variables. As the first three rows of
the table show, estimation by neglecting Q recovered the data generating parameters without bias.
However, serial correlation worsens the bias in the presence of correlation between xit+1 and ϵit or
when Q affects the flow utility.

Another interesting finding is the effect of over-discretization and under-discretization. As
expected, over-sampling does not introduce any bias in the estimation procedure, since it does not
violate any estimation assumption. However, the estimation variance increases slightly since we
estimate more parameters when we over-discretize. As Table 3.1 presents under-discretization has
lower bias than ignoring Q. However, in two cases allowing only two partitions leads to a higher
bias than having only one partition, making under-discretization worse than no discretization.

While this research aims not to calculate the amount of misspecification bias, and our results are
not generalizable, our simulation results show that the amount of bias from neglecting Q can be
huge. Even when Q is not directly involved in the flow utility, neglecting it can bias our estimation
as much as 13%. These results highlight the importance of controlling for potential variables that
can affect our DDC modeling procedure. In addition, our results shows that over-discretization is
not an issue, especially in setting where the number of observations is large enough to reduce the
estimation variance concerns. It also shows that we can benefit from discretization even when we
under-discretize Q. These two results argue in favor of using the discretization algorithm compared
to neglecting Q.

3.5.3 Second Simulation Study

Selecting an optimal λrel is important for proper discretization. For example, assigning a big λrel in
settings where the state transition is noisy and less informative makes the algorithm pick up noise as
a signal in its discretization. Thus, selecting an optimal λrel becomes more important in settings
where we have few observations. Also, when the dimension of Q is high, the algorithm is more
likely to find noisy patterns as we check many more variables for a potential split. The goal of this
simulation study is to dig deeper into λrel selection by running a series of Monte Carlo simulations
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in different data generating process settings.

Data generating process

The data generating processes in this study are similar to the previous study except for some
minor differences. First, the dimension of Q is 30, and only the first 10 variables affect the data-
generating process, and the rest are irrelevant. We randomly discretize Q into 15 partitions using
the process explained in the appendix B.3. We generate 100 random discretizations to evaluate the
performance of the algorithm across different settings. Each discretization is used in eight different
data-generating scenarios, as we explain next.

Similar to the first simulation study we simulate two cases for ftr: i) ftr(π) = 1 for all 15
partitions, or ii) ftr(π) is a random number from set {0, 1, 2, 3}. The transition of state in Π∗ has
two scenarios: i) random transition or ii) sparse transition as defined in the previous simulation study.
The only difference is that in the sparse transition case, the state remains the same with probability
1/3 or goes to either of the next two states with the same probability10. Variation across these two
dimensions lets us vary the amount of information available in the state transition. For example,
there is less information in the state transition in the case where the transition across partitions in
Π∗ is random, and ftr(π) = 1. In addition, we vary the amount of data by simulating two scenarios:
i) 100 buses in 100 periods and ii) 100 buses in 400 periods. Therefore, in total, we simulate eight
different data-generating scenarios on each partitioning.

Finally, we test the effect of λrel by varying it across different values and evaluate the perfor-
mance of the resulting partition. To remove the effect of other hyper-parameters and only capture
the effect of λrel, we do not run hyperparameter optimization. We set the minimum number of
observations and minimum lift to 1, and 10−10 respectively. We set the total number of partitions to
15 – the actual total number of partitions in the true partitioning. We then evaluate the out-of-sample
performance of different value for λrel ∈ {0, 0.2, 0.5, 1, 2, 5, 100} across different scenarios using
the score function defined in equation 3.12. We also calculate the number of matched partitions
between the true data-generating discretization and the estimated discretization generated by the
algorithm.

10The defined ordinality of states is completely random, and is not defined in a meaningful way.
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Number Transition Π∗(Q) Value of λrelof in Π∗(Q) affect mileage
Periods space transition 0 0.2 0.5 1 2 5 100

100

Sparse Yes -3722 -3481 -3274 -3121 -2977 -2864 -2766
Sparse No -3762 -3536 -3407 -3323 -3245 -3200 -3228

Random Yes -3743 -3762 -3730 -3768 -3831 -3913 -4062
Random No -3698 -3781 -3867 -3959 -4063 -4192 -4373

400

Sparse Yes -13287 -12969 -12606 -12239 -11864 -11519 -11217
Sparse No -13815 -13650 -13469 -13264 -13059 -12909 -12987

Random Yes -13518 -13620 -13693 -13770 -13863 -13974 -14187
Random No -13613 -13921 -14231 -14542 -14856 -15177 -15556

Table 3.3: The calculated score for different values of λrel in different data-generating processes.
A bigger λrel is better when there are more information in the state transition data. Scores are
calculated using validation data.

Results

In total we run 100 (partitioning) ×8 (scenarios)×7 (values for λrel) = 5600 partitioning simulations,
the result of which are presented in tables 3.3 and 3.4. The bold numbers in each row in Table 3.3
are the λrels with best score in the validation dataset. Please note that while the result for matched
partitions is presented in Table 3.4, it is not a good scoring function for finding the optimal value for
λrel for a couple of reasons: i) score is a measure of out-of-sample performance, while matched
partitions in an in-sample performance measure, and ii) a higher partition match does not guarantee
a better discretization since this measure does not incorporate the quality of unmatched partitions.

According to the results, the optimal value for λrel is significantly different from one data-
generating process to another. However, as expected, the optimal value for λrel is bigger when the
state transition is more informative. When the transition in Π∗(Q) space is sparse compared to the
random case, the state transition is more informative. Also, the state transition is more informative
when Π∗(Q) affects transition in mileage compared to the case where mileage transition is similar
across different partitions in Π∗(Q). This pattern is presented in the results as the optimal value for
λrel is highest when the transition in Π∗(Q) is sparse, and Π∗(Q) affects the mileage transition.
The optimal λrel is zero when transition in Π∗(Q) is random, thus not informative for finding the
discretization, and Π∗(Q) does not affect mileage transition.

Table 3.4 exhibits the potential value of information that is available in the state transition
probabilities part of the data. If we only use the decision probabilities part of observations, i.e.,
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Number Transition Π∗(Q) Value of λrelof in Π∗(Q) affect mileage
Periods space transition 0 0.2 0.5 1 2 5 100

100

Sparse Yes 1.39 4.81 8.07 9.54 10.30 10.05 9.88
Sparse No 1.63 6.68 9.29 10.01 10.18 9.09 7.37

Random Yes 1.86 3.43 6.10 6.32 6.03 5.21 3.83
Random No 2.54 2.63 2.71 3.01 3.19 2.87 0.00

400

Sparse Yes 3.62 6.74 8.73 9.68 10.25 10.14 10.16
Sparse No 5.04 8.42 9.40 9.98 10.08 9.44 7.56

Random Yes 4.16 6.20 7.36 7.06 6.55 5.56 4.24
Random No 7.28 7.45 7.47 7.55 7.64 7.28 0.29

Table 3.4: The number of matched partition between the true discretization and the discretization
generated by different values of λrel in different data-generating processes.

set λrel to zero, the algorithm’s ability to recover the partitions is weak. Increasing the number of
observations helps with recovering the discretization; however, it is not as efficient as using the
state transition part of the data. In cases where the state transition holds information about the
discretization (either transition in the Π∗(Q) environment is sparse, or it affects mileage transition),
setting a non-zero value for λrel boosts the performance of the discretizing algorithm substantially.
Adding more data does not increase the performance of the algorithm for bigger values of λrel in
these cases.

While not comprehensive, this experiment highlights the value of state transition information
for finding the optimal state-space discretization. Using state transition information makes the state
space discretization more efficient in using data than methods that only use the decision probability
part of the likelihood function. In addition, we show that the optimal weight for the two parts of
the likelihood function varies in different data-generating processes. Therefore, researchers should
optimize the λrel and select the one with higher out-of-sample performance.

3.6 Limitations and Suggestions for Application

We prove that the discretization offered by the algorithm converges to a perfect discretization.
Nevertheless, it might not happen in empirical applications. We might not have enough observations
to fully recover the accurate discretization of the state transition or utility structure in the high-
dimensional variable set Q. This problem is highly likely in empirical settings where we have
limited observations and too many variables in Q. Additionally, state transition or utility structure
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in Q might not be discrete. Theoretically, we can get very close to a perfect discretization in this
empirical setting, but there is no perfect discretization to find.

In such scenarios, the proposed algorithm under-discretizes Q, and therefore, the estimation
step would still suffer from violation of dynamic discrete choice models assumptions. We expect
even an under-discretized Q to improve the estimated parameters since we reduce the number
of assumption violations by capturing more variation as observables. Nevertheless, as Table 3.1
presents, there are cases where neglecting Q leads to a better estimation than incorporating an
under-discretized Q. This issue arises because our objective function in the discretization step
is different from our objective function in the estimation step. The amount and direction of bias
depend on various reasons, including the parametric assumptions on X, the state transition form,
and the utility structure. The complexity of the situation makes it hard to find a debiasing solution.

There are some steps that scientists and practitioners can take to check the robustness of
the estimates and prevent potential issues raised by this limitation. First, it is necessary to use
hyper-parameter optimization to ensure that the generated discretization is generalizable to the
data generating process, not just the training sample. We can check the performance of estimated
parameters in both training and validation sets and the extent of the difference as a measure of
discretization quality. Another method is to check the sensitivity of discretization and estimated
parameters to the number of observations. For example, we can discretize Q and estimate the
model with 80% of the data, and check how close the discretization and estimated parameters are
to the case where we use all the data. We can ensure that we have enough data to find a suitable
discretization if the estimates are close. Finally, we can check the validity of our model by analyzing
its ability to predict counter-factual scenarios. Companies can run field experiments and use their
results to measure the model’s quality for predicting counter-factual scenarios.

We suggest using this algorithm in big data settings where we have many observations. We
originally designed this algorithm to model users’ subscription decisions in subscription-based
software firms. These companies have tens of thousands of users who make the subscription
decision either monthly, quarterly or yearly – the number of observations is enormous. These
companies capture how users interact with the software and use functionalities offered by the
software. Researchers can use our approach to model the subscription decision of users in this setting
by adding price and promotion in X, and the high-dimensional usage features and demographics of
users in Q.



72

3.7 Conclusion

Dynamic discrete choice modeling is used to estimate the underlying primitives of agents’ be-
havior in settings where actions have future implications. Traditional methods for estimation of
these models are computationally expensive, thus, inapplicable in high-dimensional data settings.
Nonetheless, neglecting potential variables that affect agents’ decisions or state transitions may bias
the estimated parameters. As our simple experiment shows, this bias can be as high as 13% even
when the neglected variables do not directly affect agents’ flow utility.

This paper offers a new algorithm to estimate these methods in high-dimensional settings by
dimension reduction using discretization. More specifically, our recursive partitioning-inspired
approach let us control for a high-dimensional variable set Q in addition to the conventional inde-
pendent variable set X. We define the term perfect discretization and reformulate the conventional
likelihood equation in the discretized space. We prove that the discretization offered by our algo-
rithm converges to a perfect discretization11. In addition, we discuss some desirable properties of
our algorithm, such as having linear time complexity with respect to the dimension of Q and being
robust to scale and irrelevant variables.

Finally, we run two sets of simulation experiments, consisting of a series of Monte Carlo
simulations using an extended version of the canonical Rust’s bus engine problem. In the first
simulation set, we show that our algorithm can recover the data generating process by controlling
for the high-dimensional state space. We also point that the estimated parameters can be biased as
much as 40% if we violate the DDC estimation assumptions by neglecting potential variables that
affect the dynamic problem at hand. In the second simulation, we test the ability of our algorithm to
recover the data generating discretization in complex and high-dimensional data generating settings.
We show that our algorithm is more data-efficient due to its ability to capture the data variations in
both agents’ decisions and the state transitions. Surprisingly, the valuable data variation that exists
in the state transition is usually neglected in traditional estimation methods.

Everyday companies are gathering more and more contextual and behavioral data from con-
sumers, and consequently, are more inclined toward using high-dimensional friendly algorithms that
do not require theoretical assumptions. Our proposed method allows companies to use these data to
reduce the estimation bias in DDC modeling settings and help them understand new dimensions of
agent behavior through post-hoc analysis. Besides, the algorithm helps researchers get around the
accuracy-computational feasibility trade-off by offering an efficient method that lets them control

11Under some conditions standard in any recursive partitioning algorithm.
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for a high-dimensional variable set.
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J. S. Bergstra, R. Bardenet, Y. Bengio, and B. Kégl. Algorithms for hyper-parameter optimization.
In Advances in neural information processing systems, pages 2546–2554, 2011.

G. Biau, L. Devroye, and G. Lugosi. Consistency of random forests and other averaging classifiers.
Journal of Machine Learning Research, 9(Sep):2015–2033, 2008.

A. Blum, A. Kalai, and J. Langford. Beating the hold-out: Bounds for k-fold and progressive
cross-validation. In Proceedings of the twelfth annual conference on Computational learning

theory, pages 203–208. ACM, 1999.

L. Breiman. Bagging predictors. Machine learning, 24(2):123–140, 1996.

L. Breiman. Arcing Classifier. The Annals of Statistics, 26(3):801–849, 1998.

L. Breiman. Random forests. Machine learning, 45(1):5–32, 2001.



76

L. Breiman, J. Friedman, C. J. Stone, and R. A. Olshen. Classification and regression trees. CRC
press, 1984a.

L. Breiman, J. Friedman, C. J. Stone, and R. A. Olshen. Classification and Regression Trees. CRC
press, 1984b.

M. Bruhn and D. McKenzie. In Pursuit of Balance: Randomization in Practice in Development
Field Experiments. American Economic Journal: Applied Economics, 1(4):200–232, 2009.
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Appendix A

DESIGN AND EVALUATION OF OPTIMAL FREE TRIALS DETAILS

A.1 Appendix for Data Section

Trial Variable Mean Standard Min 25% 50% 75% Max Number of
Length Deviation Observations

7 Days

Subscription 0.154 0.360 0.00 0.00 0.00 0.00 1.00 51,017
Subscription length (all) 2.35 6.59 0.00 0.00 0.00 0.00 73 50,504
Subscription length (subscribers) 16.19 8.70 0.0 10.00 18.00 23.00 73.00 7,322
Revenue (all) 83 295 0 0 0 0 6,219 50,504
Revenue (subscribers) 578 562 0 239 424 679 6,219 7,322

14 Days

Subscription 0.150 0.357 0.0 0.00 0.00 0.00 1.00 51,040
Subscription length (all) 2.27 6.45 0.0 0.00 0.00 0.000 67 50,543
Subscription length (subscribers) 16.09 8.48 0.0 10.00 18.00 22.00 67.00 7,138
Revenue (all) 81 289 0 0 0 0 6,799 50,543
Revenue (subscribers) 576 554 0 252 420 679 6,799 7,138

30 Days

Subscription 0.147 0.354 0.00 0.00 0.00 0.00 1.00 235,667
Subscription length (all) 2.20 6.31 0.00 0.00 0.00 0.00 108 233,176
Subscription length (subscribers) 15.96 8.36 0.00 10.00 17.00 22.00 108 32,073
Revenue (all) 77 281 0 0 0 0 20,208 233,176
Revenue (subscribers) 564 550 0 241 420 660 20,208 32,073

Table A.1: Summary statistics of subscription, subscription length, and revenue outcomes in each
trial length. All the revenue numbers are scaled by a constant factor to preserve the firm’s anonymity.

A.2 Appendix for ATE and Randomization Checks

A.2.1 ATE using Regressions

A.2.2 Randomization Checks

First, we show the distribution of treatment assignment across the five skill levels in Table A.5.
As we can see, the treatment assignment is pretty even; and none of the differences in assignment
probabilities within each sub-category are significant. However, as discussed in the main text, this
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Trial Variable Mean Standard Min 25% 50% 75% Max Number of
Length Deviation Observations

7 Days

Total downloaded packages 1.0 0.0 1.0 1.0 1.0 1.0 4.0 51,017
Indicator for software use 1.0 0.0 0.0 0.0 1.0 1.0 1.0 51,017
Number of active days 2.0 2.0 0.0 1.0 1.0 2.0 7.0 45,810
Ratio of active days 0.0 0.0 0.0 0.0 0.0 0.0 1.0 45,810
Usage during trial 985 3,567 0.0 37 184 730 223,179 45,810
Log usage during trial 5.0 3.0 0.0 4.0 5.0 7.0 12.0 45,810
Dormancy length 1.0 0.0 0.0 0.0 1.0 1.0 1.0 45,810

14 Days

Total downloaded packages 1.0 0.0 1.0 1.0 1.0 1.0 4.0 51,040
Indicator for software use 1.0 0.0 0.0 0.0 1.0 1.0 1.0 51,040
Number of active days 2.0 3.0 0.0 1.0 1.0 3.0 14.0 45,902
Ratio of active days 0.0 0.0 0.0 0.0 0.0 0.0 1.0 45,902
Usage during trial 1,397 5,938 0.0 44 227 919 400,705 45,902
Log usage during trial 5.0 3.0 0.0 4.0 5.0 7.0 13.0 45,902
Dormancy length 1.0 0.0 0.0 0.0 1.0 1.0 1.0 45,902

30 Days

Total downloaded packages 1.0 0.0 1.0 1.0 1.0 1.0 4.0 235,667
Indicator for software use 1.0 0.0 0.0 1.0 1.0 1.0 1.0 235,667
Number of active days 3.0 4.0 0.0 1.0 2.0 4.0 30.0 211,802
Ratio of active days 0.0 0.0 0.0 0.0 0.0 0.0 1.0 211,802
Usage during trial 1,968 8,007 0.0 51 286 1,227 488,666 211,802
Log usage during trial 5.0 3.0 0.0 4.0 6.0 7.0 13.0 211,802
Dormancy length 1.0 0.0 0.0 0.0 1.0 1.0 1.0 211,802

Table A.2: Summary statistics for usage features in each trial length.

Trial Length Training Data Test Data Total
7 days 35,743 15,274 51,017
14 days 35,901 15,139 51,040
30 days 165,056 70,611 235,667

Total 236,700 101,024 337,724

Table A.3: The number of observations for each trial length in each dataset.

Training Dataset Test Dataset All Dataset
No control Control No control Control No control Control

7 Days 0.0064 0.0064 0.0082 0.0069 0.0069 0.0065
(0.0021) (0.0018) (0.0032) (0.0027) (0.0017) (0.0015)

14 Days 0.0021 0.0018 0.0048 0.0038 0.0029 0.0024
(0.0021) (0.0018) (0.0032) (0.0027) (0.0017) (0.0015)

Table A.4: The coefficients of 7 days and 14 days in regression analysis. In the control case, we
control for all the pre-treatment variables.
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approach of testing for randomness in assignment within each sub-category is not considered the
best practice for a variety of reasons; see Bruhn and McKenzie [2009] and Mutz et al. [2019].

Trial Length Beginner Experienced Intermediate Mixed Unknown

7 days 0.6899 0.1295 0.0005 0.1077 0.0723
14 days 0.6887 0.1282 0.0006 0.1082 0.0743
30 days 0.6910 0.1269 0.0006 0.1075 0.0740

Table A.5: The proportion of individuals with a given skill in different trial lengths.

Therefore, we present two more formal randomization checks. First, we regress the treatment
variable (Wi) on the pre-treatment variables separately for both the 7 day and 14 day treatment
using the 30 day treatment as the base in both regressions. We present these results in Table A.6.
The top panel shows the results of the regressions for the training data and the bottom panel shows
the results for the test data. In all the four regressions, we see that the pre-treatment variables
have no predictive power (all the R-squareds are zero) and F-statistics are not significant. This
suggests that the pre-treatment variables are not systematically correlated with treatment assignment.
Second, we regress the outcome variable (subscription decision) on the treatment variable and all
the pre-treatment variables and present the results in Table A.7. The treatment effects are very
similar to those in Table 2.5, which suggests that there are no issues with randomization.

Dataset Comparison Treatment R-Squared Adj. R-squared F-statistic p-value of the F-statistic

Training 7 days 0.000377 0.000019 1.052991 0.356526
14 days 0.000439 0.000081 1.225721 0.093690

Test 7 days 0.000865 0.000026 1.030504 0.406522
14 days 0.000963 0.000125 1.149222 0.181734

Table A.6: The results of regressing the treatment (Wi) on the pre-treatment variables. In all
the regressions, the baseline is the 30 day treatment. The F-statistic tests the null hypothesis that
coefficients are jointly statistically significantly different from zero.
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Dataset Trials Length Coefficient std err t-stat P > |t| [0.025 0.975]

Training 14 days 0.0018 0.002 0.999 0.318 -0.002 0.005
7 days 0.0064 0.002 3.581 0.000 0.003 0.010

Test 14 days 0.0038 0.003 1.385 0.166 -0.002 0.009
7 days 0.0069 0.003 2.516 0.012 0.002 0.012

Table A.7: Effect of trial length calculated by regressing the subscription decision on all the
pre-treatment variables and trial length.

Figure A.1: Fraction of users downloading products 1–4 under each trial length. Products 1 and 3
are complements.

A.3 Appendix for Mechanism

A.4 Lasso Implementation Details

Next, we briefly describe our implementation of the lasso model discussed in §2.5.1. First, note that
we use the subscription indicator as outcome variable (Yi). Next, in our setting, all the pre-treatment
variables, Xis, are categorical. So we transform each categorical variable into a set of dummy
variables for each sub-category (also referred to as one-hot encoding in the machine learning
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literature). After this transformation, we have 82 dummies for the pre-treatment variables, three
treatment dummies, and 246 first-order interaction variables. This gives us a total of 331 explanatory
variables for the lasso model. Recall that there is one hyper-parameter that we need to tune in the
lasso model, which is the L1 regularization parameter, λ. We use the standard cross-validation
procedure implemented in the glmnet package in R. It searches over 98 different values of λ ranging
from 1.8× 10−5 to 1.5× 10−1, and picks the one that gives us the best out-of-sample performance
(based on five-fold cross-validation). In our case, it λ = 3.1 × 10−4. The final model achieves a
MSE of 0.0933 in both the training and test data.
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A.5 Design of Alternative Personalized Policies

We discuss the design of a series of alternative personalized policies. First, in §A.5.1, we present
with the policies based on other outcome estimators. Next, in §A.5.2, we discuss policies based on
CATE estimators.

A.5.1 Policies based on Outcome Estimators

Recall that to design outcome estimators, we first need learn a model f(x,w) = E[Y |Xi = x,Wi =

w]. Then, using estimate of the expected outcome, f̂(x = Xi, w), we obtain the optimal personalized
policy (based on outcome estimator f ) for observation i as:

πf (Xi) = w∗, where w∗ = argmax
w∈W

f̂(x = Xi, w) (A.1)

We now consider four commonly used outcome estimators (or models for f ): (1) linear regres-
sion, (2) CART, (3) random forest, and (4) boosted regression trees. We focus on these because of a
few key reasons. First, linear regression is the simplest and most commonly used method to model
any outcome of interest. Second, lasso is worth exploring because it was designed to improves
on the predictions from a linear regression by reducing the out-of-sample variance using variable
selection. Third, CART is a semi-parametric way to model outcomes by partitioning the covariate
space into areas with the highest within-group similarity in outcomes. Finally, both random forest
and boosted regression trees are improvements of CART and have been shown to offer much higher
predictive ability than simpler models such as CART, regression, or lasso. We discuss each of these
briefly below.

Linear Regression

A linear regression model with first-order interaction effects can be used to predict an individual
i’s observed outcome Yi as a function of her pre-treatment variables, treatment variable, and the
interaction of both, as follows:

Yi = Xiβ1 +Wiβ2 +XiWiβ3 + ϵi. (A.2)

β1 is a vector that captures the effect of the pre-treatment variables (Xi) on the outcome. β2 is a
vector that captures the main effect of the different treatments on Y . Finally, the vector β3 captures
the interaction effect of treatment and pre-treatment variables. This interaction term is important
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because it helps us in personalizing the policy by capturing how the effectiveness of different
treatments varies across individuals (as a function of their pre-treatment attributes).

However, in a high dimensional covariate space, linear regressions with first-order interaction
effects will have a large number of explanatory variables. This usually leads to poor out-of-sample
fit. That is, such regressions tend to have low bias, but high variance – they tend to overfit on the
training sample but perform poorly in new samples, especially if the data generating process is noisy.
Since our goal is to design optimal policies for counterfactual situations, the out-of-sample fit is the
only metric of importance.1 The lasso model used in the main text addresses the above problem by
learning a simpler model that uses fewer variables [Tibshirani, 1996, Friedman et al., 2010].

Tree-based Methods

Next, we discuss tree-based models, starting with CART. CART recursively partitions the covariate
space into sub-regions, and the average of Y in a given region (E(Y )) is the predicted outcome for
all observations in that region [Breiman et al., 1984b]. This type of partitioning can be represented
by a tree structure, where each leaf of the tree represents an output region. A general CART model
can be expressed as:

y = f(x,w) =
M∑

m=1

ρmI(x,w ∈ Rm), (A.3)

where x,w is the set of explanatory variables, Rm is the mth region of the M regions used to
partition the space, ρm is the predicted value of y in region m.

Trees are trained by specifying a cost function (e.g., mean squared error) that is minimized at
each step of the tree-growing process using a greedy algorithm. To avoid over-fitting, usually a
penalty term is added to the cost function, whose weight is a hyper-parameter learnt from the data
using cross-validation.

While CART has some good properties2, it often has poor predictive accuracy because it is
discontinuous in nature and is sensitive to outliers. Therefore, even with regularization, CART
models tend to over-fit on the training data and under-perform on out-of-sample data. We can

1We can also add higher-order interaction effects into the regression model. However, we refrain from doing so
because it will increase model complexity significantly and exacerbate this problem.

2CART can accept both continuous and discrete explanatory variables, is not sensitive to the scale of the variables,
and allows any number of interactions between features [Murphy, 2012]. It therefore has ability to capture rich
nonlinear patterns in the data. Further, CART can do automatic variable selection, i.e., it uses only those variables
that provide better accuracy in the prediction task for splitting.
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address these problems using two different techniques – (1) Bagging and (2) Boosting. We discuss
both of these techniques and the resulting estimators below.

In general, deep trees have high in-sample fit (low bias), but high out-of-sample variance because
of over-fitting. However, we can improve the variance problem by bagging or averaging deep trees
using bootstrapping. Ho [1995] formalized this idea and proposed random forests. Random forest
usually consists of hundreds or thousands of trees, each of which is trained on a random sub-sample
of columns and rows. Each tree is thus different from other trees and the average of these random
trees is a better predictor than one single tree trained on the full data.

Another approach is to start with shallow trees. Shallow trees have poor in-sample fit (high bias),
but low out-of-sample variance. Additively, adding a series of weak trees that minimize the residual
error at each step by a process known as boosting can improve the bias problem, while retaining
the low variance. This gives us boosted regression trees. Conceptually, boosting can be thought
of as performing gradient descent in function space using shallow trees as the underlying weak
learners [Breiman, 1998, Friedman, 2001].3 In this paper, we use XGBoost, a version of boosted
trees proposed by Chen and Guestrin [2016] because it is superior to earlier implementations both
in terms of accuracy and scalability.

Please see Appendix §A.6 for the set of hyper-parameters that need to be tuned in CART, random
forest, and XGBoost.

A.5.2 Heterogeneous Treatment Effect Estimators

The second approach to designing a personalized policy is to first obtain consistent estimates of
heterogeneous treatment effects for each pair of treatments for all users, and then use them to
assign treatments. This method also follows a two-step procedure. In the first step, we can obtain
consistent estimates of individual-level treatment effects, τwj ,wj′

(x), for each pair of treatments
wj, wj′ ∈ {0, . . . ,W − 1}. Under the standard assumptions of (1) unconfoundedness, (2) SUTVA,
and (3) positivity, τwj ,wj′

(x), can be defined as [Rubin, 1974, Imbens and Rubin, 2015]:

τwj ,wj′
(x) = E

[
Y (Xi,Wi = wj)− Y (Xi,Wi = wj′) | Xi = x

]
. (A.4)

So if we have W treatments, we have to build W (W−1)
2

pairwise models, where each model gives us
an estimate of individual-level treatment effects for a given pair of treatments, wj, wj′ .

3It should be noted that bagging is not a modeling technique; it is simply a variance reduction technique. Boosting,
however, is a method to infer the underlying model y = f(x,w). Thus, they are conceptually completely different.
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In the second step, we use the estimated treatment effects to derive the optimal policy as4:

π∗(Xi) = wj if and only if ∀ j′ ̸= j τwj ,wj′
(x = Xi) ≥ 0 (A.5)

Next, we discuss the These methods are based on the potential outcomes framework and estimate
the treatment effect for any pair of treatments (wj, wj′) at each point x as shown in Equation (A.4).
However, this equation is not very useful in practical settings (where the covariate space is high-
dimensional and data are finite) because we would not have sufficient observations at each Xi

to estimate precise treatment effects. Therefore, the general idea behind modern heterogeneous
treatment effects estimators is to pool observations that are close in the covariate space and estimate
the conditional average treatment effect for sub-populations instead of estimating the treatment
effect at each point in the covariate space. That is, we can modify Equation (A.4) as:

τwj ,wj′
(x) =

∑
Xi∈l(x),Wi=wj

Yi∑
1[Xi ∈ l(x),Wi = wj]

−

∑
Xi∈l(x),Wi=wj′

Yi∑
1[Xi ∈ l(x),Wi = wj′ ]

, (A.6)

where l(x) is the set of covariates that are fairly similar to x. Intuitively, for each point x, we use
the observations in l(x) to estimate treatment effects.

The main question in these methods then becomes how to find the optimal l(x) around each x.
On the one hand, if l(x) is too small, then we will not have sufficient observations within l(x), which
would result in noisy estimates of treatment effects. On the other hand, if l(x) is too large, then we
will not capture all the heterogeneity in the treatment effects, which is essential for personalizing
policy. Indeed, if l(x) is the entire data, then we simply have one Average Treatment Effect for all
users (which will give us one global policy). Thus, finding the optimal l(x) involves the classic
bias-variance trade-off.

Starting with Rzepakowski and Jaroszewicz [2012], a growing stream of literature has focused
on developing data-driven approaches to finding the optimal l(x) based on ideas from the machine
learning literature. Among these methods, the recently developed causal tree and causal forest (or
Generalized Random Forest) have been shown to have superior performance. So we focus on them.

4In practice, we can have situations where three or more pairs of the estimated treatments form a loop, i.e.,
τ̂wj ,wj′ (x = Xi) > τ̂w′

j ,wj′′
(x = Xi) > τ̂w′′

j ,wj
(x = Xi). This happens if the estimated treatment effects are noisy

(usually due to lack of sufficient data). For these observations, we can simply assign the best average treatment
(across all observations) as the policy-prescribed treatment. Further, there can be multiple optimal policies because
two or more top treatments can have the same effect on the outcome. That is, for some combinations of Xi and
j′ ̸= j, we can have: τwj ,wj′ (x = Xi) = 0. However, notice that all the solutions give the same reward, i.e., the
optimal reward is unique.
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Causal Tree

Causal tree builds on CART. The only difference is that instead of partitioning the space to maximize
predictive ability, the objective here is to identify partitions with similar within-partition treatment
effect. Athey and Imbens [2016] show that maximizing the variation in the estimated treatment
effects (with a regularization term added to control complexity) achieves this objective. Their
algorithm consists of two steps. In the first step, it recursively splits the covariate space into
partitions. In the second step, it estimates the treatment effect within each partition (l(x)) using
Equation (A.6). Intuitively, this algorithm pools observations with similar treatment effects into the
same partition because splitting observations that have similar treatment effects does not increase
the objective function (i.e., variation in the post-split treatment effect).

The main idea behind causal tree is that we can use recursive partitioning to estimate heteroge-
neous treatment effects if we can come up with an objective function that can identify partitions
with similar within-partition treatment effect.5 Athey and Imbens [2016] show that maximizing the
variation in the estimated treatment effects achieves this objective, which can be written as:

V ar[τ̂(X)] =
1

N

N∑
i=1

τ̂ 2(Xi)−

(
1

N

N∑
i=1

τ̂(Xi)

)2

(A.7)

Since
(

1
N

∑N
i=1 τ̂(Xi)

)2
remains constant with respect to any possible next split, the objective

function can be also described as maximizing the average of the square of estimated treatment
effects. In practice, the algorithm chooses the split that maximizes V ar[τ̂(X)] − ζT , where the
second term is added for complexity control and is analogous to the regularization term in CART.

The algorithm consists of two steps. In the first step, it recursively splits the covariate space into
partitions. In the second step, it estimates the treatment effect within each partition (l(x)) using
Equation (A.6). Intuitively, this algorithm pools observations with similar treatment effects into the
same partition because splitting observations that have similar treatment effects does not increase
the objective function (i.e., variation in the post-split treatment effect).

5The first example of such a criterion was proposed by Hansotia and Rukstales [2002]: for each potential split, the
algorithm calculates the difference between the average outcome of the treatment and control in the right (∆Yr) and
left (∆Yl) branches of the tree. Then, it selects the split with the highest value of ∆∆Y = |∆Yr − ∆Yl|. Other
splitting criteria include maximizing the difference between the class distributions in the treatment and control groups
[Rzepakowski and Jaroszewicz, 2012].
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Generalized Random Forest

The causal tree algorithm nevertheless suffers from weaknesses that mirror those of CART. To
resolve these issues, Wager and Athey [2018] proposes causal forest, which builds on random
forests [Breiman, 2001]. More broadly, Athey et al. [2019b] show that the intuition from random
forests can be used to flexibly estimate any heterogeneous quantity, θ(x), from the data, including
heterogeneous treatment effects. They suggest a Generalized Random Forest (GRF) algorithm
that learns problem-specific kernels for estimating any quantity of interest at a given point in the
covariate space. For treatment estimation, the method proceeds in two steps. In the first step, it
builds trees whose objective is to increase the variation in the estimated treatment effects. Each tree
is built on a random sub-sample of the data and random sub-sample of covariates. In the second
step, the algorithm uses the idea of a weighted kernel regression to calculate the treatment effect at
each point x using weights from the first step.

The Generalized Random Forest (GRF) algorithm takes intuition from causal tree and combines
it with ideas from predictive random forests to learn problem-specific kernels for estimating any
quantity of interest at a given point in the covariate space. For the estimation of heterogeneous
treatment effects, the method proceeds in two steps.

In the first step, it builds trees whose objective is to increase the variation in the estimated
treatment effects. Each tree is built on a random sub-sample of the data and random sub-sample
of covariates. At each step of the partitioning process (when building a tree), the algorithm first
estimates the treatment effects in each parent leaf P by minimizing the R-learner objective function.
This objective function is motivated by Robinson’s method [Robinson, 1988, Nie and Wager, 2017]
and can be written as follows:

τ̂P (·) =τ

[
1

nP

nP∑
i=1

((
Yi − m̂(−i)(Xi)

)
− (Wi − ê(−i)(Xi))τ̂(Xi)

)2
+ Λn(τ(.))

]
, (A.8)

where nP refers to the number of observations in the parent partition, Λn(τ(.)) is a regularizer that
determines the complexity of the model used to estimate τP (.)s, and m̂(−i)(Xi) and ê(−i)(Xi) are
out-of-bag estimates for the outcome and propensity score, respectively. While any method can
be used for estimating m̂(−i)(Xi) and ê(−i)(Xi), the GRF implementation uses random forests to
estimate these values.
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Then, it chooses the next split such that it maximizes the following objective function:

nL · nR

(nP )2
(τ̂L − τ̂R)

2 , (A.9)

where nL and nR refer to the number of observations in the post-split left and right partitions,
respectively. However, instead of calculating the exact values of τ̂L and τ̂R for each possible split
(and for each possible parent), the causal forest algorithm uses a gradient-based approximation of τ̂
for each child node to improve compute speed; see Athey et al. [2019b] for details. Thus, at the
end of the first step, the method calculates weights, αi(x), that denote the frequency with which
the i-th training sample falls into the same leaf as x in the first step. Formally, αi(x) is given by
αi(x) =

1
B

∑B
b=1 αbi(x), where αbi(x) =

1(Xi∈lb(x))
|lb(x)|

, B is the total number of trees built in the first
step, and lb(x) is the partition that x belongs to in the b-th tree.

In the second step, the algorithm uses the idea of a weighted kernel regression to calculate the
treatment effect at each point x using weights αi(x) as follows:

τ̂(x) =

N∑
i=l

αi(x)
(
Yi − m̂(−i)(Xi)

) (
Wi − ê(−i)(Xi)

)
N∑
i=l

αi(x) (Wi − ê(−i)(Xi))
2

, (A.10)

As with all supervised learning models, we need to do hyper-parameter optimization to prevent
causal forest from overfitting. We refer readers to Appendix §A.6 for details on this.6

6Athey and Imbens [2016] propose an additional approach to avoid over-fitting in causal tree and causal forest –
honest splitting. The main idea behind honesty is to split the data into two parts and use one part for growing each
tree (i.e., generating the partitions) and the other part for estimating the treatment effects given a partition. Since the
two data-sets are independent of one another, there is a lower likelihood of over-fitting. However, honest splitting
comes with its own costs – it reduces the amount of data we have for learning in both stages by half. In settings where
the magnitude of the treatment effects is small (such as ours), honest splitting can adversely affect the performance of
models. Indeed, we found that models based on honest splitting lead to worse policies compared to models without
honest splitting in our setting. So we do not employ honest splitting in our analysis.
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A.6 Hyper-parameter Optimization for the Models Estimated

For each alternative model that we use, we describe the hyper-parameters associated with it and the
optimal hyper-parameters that we derive after tuning. In all cases, we use five-fold cross-validation
to optimize the hyper-parameters. We then train a model on the entire training data using the optimal
hyper-parameters, and report the performance of this model on both the training and test data.

• Linear regression does not use any hyper-parameters and hence does not require validation. In
this case, we simply train the model on the full training data to infer the model parameters and
report the model’s performance on both the training and test data.

• For the remaining tree-based models, we directly feed in the 82 dummy variables for the pre-
treatment characteristics and the three treatment dummies. Specifically for CART, we use the
package rpart in R, which implements a single tree proposed by [Breiman et al., 1984b]. We
only need to pick the complexity parameter (ζ) using cross validation in this case. We search
over 3886 different values for ζ ranging from 8.6× 10−11 to 1.7× 10−1, and derive the optimal
complexity parameter as 5.4−5.

• For Random Forest, we use the package sklearn in Python. There are three hyper-parameters in
this case – (1) ntree, the number of trees over which we build our ensemble forest, (2) maxf ,
the maximum number of features the algorithm try for any split (it can be either all the features
or the squared root of the number of features), and (3) nmin, the minimum number of samples
required to split an internal node.

The standard method for finding hyper-parameters is grid-search. However, grid-search is
very costly and time-consuming when we have to tune many hyper-parameters. So we use
the hyperopt package for tuning the hyper-parameters in this model. Hyperopt provides an
automated and fast hyper-parameter optimization procedure that is less sensitive to researcher’s
choice of searched hyper-parameter values; see Bergstra et al. [2011, 2013] for details.

For each of these hyper-parameters, we now define the range over which we search as well as
the optimal value of the hyper-parameter are shown below:

• ntree ∈ [100, 1200] and n∗
tree = 1000

• maxf ∈ {n, sqrt(n)} and max∗f = n

• nmin ∈ [10, 300] and n∗
min = 70

• XGBoost also has many hyper-parameters that need tuning. However, we found that our results
is sensitive to only three of the parameters: α, η, and dmax. The first parameter, α, is an L1
regularization parameter, η is the shrinkage parameter or learning rate, dmax is maximum depth
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of trees. Again, we use the hyperopt package to search over a wide range of parameter values.
The optimal values are shown below:

• α ∈ {0.1, 0.2, 0.5, 1, 2, 5, 10, 15, 20, 25} and α∗ = 20

• η ∈ [0, 1] and η∗ = 0.59

• dmax ∈ {6, 8, 10, 12} and d∗max = 12

• Causal tree has two hyper-parameters that needs tuning – (1) the complexity parameter (ζ)
and the minimum number of treatment and control observations in each leaf (q). We use the
cross-validation procedure in the ”causalTree” package in R for tuning ζ . We manually tune q

using grid-search over the range [100, 1000] in increments of 100. We search over all possible
values of ζ for each q.

The optimal hyper-parameters for the three trees (one for each pair of treatments) are:

• The tree for 7 and 14 days pair: ζ = 1.8e− 05 and q = 100.

• The tree for 7 and 30 days pair: ζ = 8.0e− 06 and q = 100.

• The tree for 14 and 30 days pair: ζ = 3.0e− 06 and q = 900.

• Causal forest has five hyper-parameters that need to be tuned7: (i) frac, the fraction of data that
is used fr training each tree, (ii) mtry, the number of variables tried for each split, (iii) max imb

the maximum allowed imbalance of a split, (iv) imb pen, a penalty term for imbalanced splits,
(v) q, the minimum number of observations per condition (control, treatment) in each partition.8

We used the hyper-parameter optimization procedure available in the grf package for tuning
these hyper-parameters. The optimal hyper-parameters for each model are shown below:

• 7-14 days pair: frac = 0.5, max imb = 0.11, imb pen = 2.03, mtry = 13, and q = 1651.

• 7-30 days pair: frac = 0.5, max imb = 0.13, imb pen = 2.49, mtry = 1, and q = 4.

• 14-30 days pair: frac = 0.5, max imb = 0.20, imb pen = 5.11, mtry = 7, and q = 121.

7For more information please visit https://github.com/grf-labs/grf/blob/master/REFERENCE.md
8The GRF algorithm estimates outcomes and propensities in the first step. However, in our setting, we do not need

to estimate propensity scores since they are known and constant for each observation since treatment assignment is
fully randomized. Our qualitative results remain the same if we instead estimate them from the data.
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A.7 Appendix for Empirical Results on Alternative Personalized Policies

Policy-prescribed
π7 π14 π30 πreg πlasso πcart πr forest πxgboost πc tree πc forestTreatment

7 Days 1 0 0 0.521 0.689 1 0.444 0.697 1 0.911
14 Days 0 1 0 0.322 0.232 0 0.269 0.185 0 0.089
30 Days 0 0 1 0.157 0.079 0 0.287 0.118 0 0

Total 1 1 1 1 1 1 1 1 1 1

Table A.8: Fraction of users assigned the 7-, 14-, and 30-day trials under counterfactual policies (in
test data).

First, in Table A.8, we show the distribution of the three treatments (7, 14, and 30 days) varies
under the alternative policies.

Method Mean Squared Error
Training Set Test Set

Linear Regression 0.0932 0.0933
Lasso 0.0933 0.0933
CART 0.0916 0.0920
Random Forest 0.0904 0.0915
XGBoost 0.0905 0.0911

Table A.9: Comparison of the predictive performance of the five outcome estimation methods. The
MSE for any method are calculated as

∑N
i=1(ŷi−yi)

2

N
, where ŷi is the prediction of yi and N is the

number of data-points in the data-set being considered.

Next, in Table A.9, we present the MSE for the five outcome estimators on both training and
test data. We find that linear regression and lasso are the worst in terms of model-fit, with XGBoost
performing the best. This finding is consistent with earlier papers that have found XGBoost to
be the best outcome prediction method in tasks involving prediction of human behavior [Rafieian
and Yoganarasimhan, 2020, Rafieian, 2019a]. However, the tree-based models – CART, Random
Forest, and XGBoost – suffer from over-fitting in spite of hyper-parameter tuning. That is, their
performance on the test data is worse than that on training data. For the heterogeneous treatment
effects estimators, we cannot compare the estimates of treatment effects with any ground truth since
we (as researchers/managers) do not know the true treatment effects.
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Finally, in Figure A.2, we show the CDFs of the estimated CATEs for the 7 vs. 14 day and 14
vs. 30 treatments for all the methods.

CDF of τ14,30

CDF of τ7,14

Figure A.2: The CDF of estimated CATEs for 7 vs 14 days, and 14 vs 30 days of free trial from
using different methods (for test data).
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A.8 Appendix for §2.6

This section is organized as follows. First, in §A.8.1, we quantify the heterogeneity in the effect of
trial length on post-treatment usage. Next, in §A.8.2, we quantify the heterogeneity in the effect of
usage on subscription. Then, in §A.8.3, we show how these heterogeneous responses are consistent
with the user’s pre-treatment demographic variables. Finally, in §A.8.4, we provide additional
evidence to rule out the demand cannibalization hypothesis.

A.8.1 Heterogeneity in Post-treatment Usage Across Segments

Outcome variable Intercept 14-days optimal segment 30-days optimal segment R2 N

Total downloaded products 1.135 (0.001) 0.065 (0.002) 0.002 (0.003) 0.005 337,724
Indicator for software use 0.833 (0.001) 0.015 (0.002) -0.03 (0.003) 0.001 303,514
Number of active days 2.75 (0.008) 1.116 (0.017) 0.445 (0.027) 0.014 303,514
Log usage during trial 4.992 (0.006) 0.43 (0.012) -0.034 (0.019) 0.004 303,514
Dormancy length 17.465 (0.024) -2.304 (0.049) -0.953 (0.077) 0.007 303,514

Table A.10: Regressions of different usage variables on the users’ optimal trial length. Each row
denotes a separate regression, with the first column showing the outcome variable of that regression.
Standard errors in parentheses.

Variable Number of active days Log usage during trial Dormancy length

Intercept 1.676 (0.022) 4.732 (0.015) 4.732 (0.051)
14-days trial 0.519 (0.03) 0.148 (0.022) 5.343 (0.072)
30-days trial 1.427 (0.024) 0.341 (0.017) 17.09 (0.056)
14-days optimal segment 0.297 (0.044) 0.222 (0.031) -0.422 (0.103)
14-days optimal segment · 14-days trial 0.41 (0.062) 0.175 (0.044) -0.791 (0.145)
14-days optimal segment · 30-days trial 1.086 (0.048) 0.261 (0.034) -2.519 (0.114)
30-days optimal segment 0.05 (0.068) -0.158 (0.049) -0.079 (0.162)
30-days optimal segment · 14-days trial 0.176 (0.097) 0.118 (0.068) -0.394 (0.228)
30-days optimal segment · 30 days trial 0.523 (0.075) 0.15 (0.053) -1.21 (0.178)
R-squared 0.044 0.008 0.346
Number of observations 303,514 303,514 303,514

Table A.11: Regression of different usage features on the interaction of trial length, and optimal
trial length. Standard errors in parentheses.

We start with Table A.10, which shows how the three segments differ in their usage behavior
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based on five different regressions. Each regression in this table uses a specific usage feature as
the outcome variable and the user’s segment (or optimal treatment) as the explanatory variable.
The 7-day optimal segment is the baseline in all the regressions (and is denoted by the intercept).9

We find that the 14-day optimal users download and use the product more compared to the 7-day
optimal users (positive coefficients in the regressions using log usage and number of active days)
and they tend to remain active longer than both the 7- and 30-day optimal users (negative coefficient
of dormancy length). In contrast, the 30-day optimal users do not use the product significantly
more than the 7-day optimal users, but they have somewhat shorter dormancy periods. Overall, this
suggests that 7-day optimal users use the product the least and become inactive the soonest, while
the 14-day optimal use it the most and are active for the longest.

Next, we examine how these three segments behave under different trial lengths. In Table A.11,
we present the results from three regressions, where the outcome variable in each regression is a
usage feature (Number of active days, Log usage, or Dormancy length) and the explanatory variables
are the user’s optimal treatment, the actual treatment assigned to her, and the interaction effects.
In all these regressions, the intercept refers to the baseline of 7-day optimal users when they are
assigned the 7-day trial. We find that, compared to the 7-day optimal users, the 14-day optimal
users use the product more and have shorter period of inactivity at the end, as their trial length
increases. Next, consider the 30-day optimal users: these users use the product less when they get 7
days (compared to the 7-day optimal users). Further, when these users get 30 days, they use it more
and their dormancy period is shorter. However, when these users are given 14 days, we don’t see
any significant improvement in their usage or reduction in their dormancy period. Thus, these users
really need the longer 30-day trial to register higher usage and have shorter periods of dormancy.

9We do not control for the actual treatment assignment here since it is randomly assigned, and therefore orthogonal
to a user’s optimal treatment.
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A.8.2 Heterogeneity in the Effect of usage on Subscription

So far, we have shown how the three segments differ in their usage behavior as a function of trial
length; i.e., we have focused on the left side of Figure 2.3. Now we examine the heterogeneity
in the effect of usage on subscription across the three segments, i.e., we focus on the right hand
side of Figure 2.3. Table A.12 presents the results from regressing the user’s subscription outcome
on her optimal treatment/segment and her usage features, and the interactions of these two sets of
variables. There are two key findings here. First, For 7- and 30-day optimal users, the effect of
usage on subscription is similar. However, notice that for the 14-day optimal segment, the effect of
usage on subscription is much smaller (the interaction between 14-days optimal segment and log
usage is negative). This implies that while longer trials have a positive impact on usage for 14-day
optimal segment, more usage doesn’t lead to higher conversions in this segment. Second, for 7-days
optimal users, dormancy length has a large negative effect on subscription. For the 14-days optimal
users, the negative effect of dormancy length is still there, but is somewhat smaller. For the 30 day
people, the negative effect is the smallest.
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coef std err z P > |z| [0.025 0.975]

Intercept -2.3522 0.140 -16.838 0.000 -2.626 -2.078
14-days trial 0.0301 0.023 1.297 0.195 -0.015 0.076
30-days trial 0.1780 0.025 7.205 0.000 0.130 0.226
14-days optimal segment 0.2007 0.063 3.182 0.001 0.077 0.324
30-days optimal segment 0.0237 0.094 0.252 0.801 -0.161 0.208
Number of active days 0.0497 0.003 16.984 0.000 0.044 0.055
Number of active days · 14-days optimal segment -0.0126 0.004 -3.030 0.002 -0.021 -0.004
Number of active days · 30-days optimal segment 0.0001 0.007 0.019 0.985 -0.013 0.013
Log usage during trial 0.0712 0.007 9.723 0.000 0.057 0.086
Log usage during trial · 14-days optimal segment -0.0303 0.012 -2.572 0.010 -0.053 -0.007
Log usage during trial · 30-days optimal segment 0.0016 0.019 0.086 0.931 -0.035 0.038
Dormancy length -0.0317 0.001 -27.513 0.000 -0.034 -0.029
Dormancy length · 14-days optimal segment 0.0039 0.002 2.590 0.010 0.001 0.007
Dormancy length · 30-days optimal segment 0.0102 0.002 4.344 0.000 0.006 0.015
Indicator for software use -0.5910 0.047 -12.463 0.000 -0.684 -0.498
Indicator for software use · 14-days optimal segment 0.2351 0.076 3.075 0.002 0.085 0.385
Indicator for software use · 30-days optimal segment 0.0076 0.118 0.064 0.949 -0.224 0.240
Total downloaded products 0.6077 0.017 35.734 0.000 0.574 0.641
Total downloaded products · 14-days optimal segment -0.1124 0.027 -4.098 0.000 -0.166 -0.059
Total downloaded products · 30-days optimal segment -0.0640 0.045 -1.422 0.155 -0.152 0.024

Table A.12: Regressing subscription on usage features interacted with optimal trial length. We
also control for pre-treatment variables. The number of observations is 303, 514, and the pseudo
R-squared is 0.292.

A.8.3 Pre- and Post-Treatment Attributes of the Segments

We now show the distributions of the pre-treatment demographics and post-treatment subscription
outcomes for the three segments in Tables A.13 and A.14.
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Variable Value Population Policy Assigned Treatment
30 Days 14 Days 7 Days

Country

United States 54.9% 55.9% 45.8% 57.9%
Germany 8.9% 8.2% 16.0% 6.6%
Japan 7.9% 9.7% 11.5% 6.4%
Other 28.3% 26.2% 26.8% 29.1%

Total 100% 100% 100% 100%

Operating System

Windows 10 29.0% 9.0% 11.9% 37.0%
Windows 7 21.5% 46.8% 21.7% 18.5%
Windows 8.1 14.1% 0.9% 22.6% 12.7%
El Capitan 13.9% 30.8% 18.0% 10.6%
Yosemite 13.4% 3.3% 22.0% 11.7%
Other 8.2% 9.2% 4.0% 9.4%

Total 100% 100% 100% 100%

Skill

Beginner 68.9% 33.8% 41.1% 82.3%
Experienced 12.8% 41.6% 22.0% 6.4%
Mixed 10.7% 2.0% 35.0% 3.6%
Unknown 7.5% 21.8% 1.9% 7.7%
Intermediate 0.1% 0.7% 0.0% 0.0%

Total 100% 100% 100% 100%

Job

Student 28.1% 12.7% 13.1% 34.9%
Unknown 22.0% 69.8% 16.2% 18.5%
Hobbyist 20.0% 7.3% 20.0% 21.5%
Other 29.8% 10.3% 50.7% 25.1%

Total 100% 100% 100% 100%

Signup Channel

Website 81.6% 65.2% 76.1% 85.3%
App Manager 8.2% 17.7% 5.3% 8.1%
Other 10.2% 17.1% 18.7% 6.6%

Total 100% 100% 100% 100%

Table A.13: Distribution of users’ pre-treatment attributes for the three segments: those assigned
to the 7-day condition, those assigned to the 14-day condition, and those assigned to the 30-day
condition. (For each categorical variable, we show the fractions only for the top few categories in
the interest of space.)
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Variable Population Policy Assigned Treatment
30 Days 14 Days 7 Days

Mean

Subscription rate 14.8% 17.0% 29.1% 9.8%
Revenue $536 $545 $546 $524

Retention (months) 16.1 17.3 16.0 16.1
Fraction

Purchased Bundle
Bundle I 55.9% 57.5% 55.4% 55.9%

All inclusive 21.5% 20.3% 21.6% 21.7%
Single Product 19.2% 16.7% 19.2% 19.8%

Other 3.4% 5.5% 3.8% 2.6%

Total 100% 100% 100% 100%
Subscription Type

Commercial 79.1% 79.0% 81.0% 77.3%
Education 20.7% 20.6% 18.9% 22.7%

Other 0.1% 0.4% 0.1% 0.1%

Total 100% 100% 100% 100%

Table A.14: Means and distributions of users’ post-treatment attributes for the three segments: users
assigned to the 7-day condition, users assigned to the 14-day condition, and users assigned to the
30-day condition.

A.8.4 Additional Evidence to Rule Out Demand Cannibalization

We now provide additional evidence to rule out the demand cannibalization hypothesis. In Figure
A.3, we show that beginners who use the product more when assigned to the 14– and 30-day
condition are more likely to subscribe when they use the product more. This rules out the possibility
that these users are less likely to subscribe when assigned to the 14 and 30-day condition because
they have already obtained their use for the product. Similarly, Table A.15 shows that beginners
who use the product more are more likely to subscribe, even after controlling for all the other
user-specific variables.



109

Figure A.3: Subscription probability of beginner users with different total active days. The
subscription probability increases as the total active days increases.

coef std err z P > |z| [0.025 0.975]

Indicator for using the software -0.5764 0.035 -16.432 0.000 -0.645 -0.508
Total downloaded packages 0.5714 0.012 46.194 0.000 0.547 0.596
Number of active days 0.0477 0.002 21.734 0.000 0.043 0.052
Log usage during trial 0.0728 0.005 13.688 0.000 0.062 0.083
Dormancy length -0.0322 0.001 -33.883 0.000 -0.034 -0.030

Table A.15: Regression of subscription on usage features and trial length, with all the pre-treatment
variables included as controls (not shown in the table above) for beginner users.



110

A.9 Appendix for §2.7.2

Trial Length Subscription Length
Mean Std Min 25% 50% 75% Max

7 Days 15.13 9.31 0 8 16 22 73
14 Days 15.04 9.11 0 8 16 22 67
30 Days 14.81 9.05 0 8 16 22 108

Table A.16: The summary statistics of the subscribed users’ total months of subscription.

Trial Subscribed Bundle Subscription Type
Length 1 All Inclusive Single Product 4 5 Commercial Education Government
7 Days 55.24 22.02 19.44 1.68 1.62 78.57 21.30 0.13

14 Days 55.99 21.76 19.12 1.79 1.34 79.62 20.25 0.13
30 Days 55.98 21.64 18.95 1.82 1.62 79.02 20.85 0.13

Table A.17: The fraction of each subscription bundle and type. We do not reveal the names of some
of the bundles to preserve’s the firm’s anonymity.
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A.10 Appendix for §2.7.3

Personalized policy based on 7 Days 14 Days 30 Days Total

Subscription 68.87 23.28 7.85 100
Subscription Length 84.17 15.25 0.58 100
Revenue 63.08 33.50 3.42 100

Table A.18: The percentage of users allocated to each trial length in the three policies based on: (1)
subscription, (2) subscription length, and (3) revenue.

Table A.18 presents the proportion of users assigned to each trial length under the three different
policies (optimized on the three different outcome variables). We see two interesting patterns here.
First, when we personalize the policy to optimize subscription length, the policy has a tendency
to assign shorter free trials more often. This is because users who get shorter trials are likely to
subscribe sooner. The average number of days to subscription, from the start of the free-trial, is
121, 129, and 144 days for users who receive 7-, 14-, and 30- days trials, respectively. Further,
we see that shorter trials lead to higher same-day subscriptions. 2.5% of users who received the
7-days trial and subscribed in the first day, whereas this number for the 14- and 30-days trials is 2%
and 1.9%, respectively. Therefore, the subscription length is higher for users who received shorter
trial lengths (see Table A.16 in Appendix A.9). Hence, when a policy that optimizes subscription
length will emphasize shorter trials. Next, we see that the policy designed to optimize revenues
allocates a significantly larger proportion of users to the 14-days trial. This is because when we
give 14 day trials, a slightly larger fraction of users subscribe to commercial licenses (Table A.17 in
Appendix A.9). Commercial licenses are significantly more expensive; so a revenue-optimizing
policy tends to assign 14 days to a larger fraction of users in order increase the likelihood of
commercial subscriptions. In sum, we see that the proportion of users assigned to different trial
lengths can vary depending on the outcome being optimized.
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Appendix B

RECURSIVE PARTITIONING ALGORITHM CONVERGENCE AND
SIMULATION DETAILS

B.1 The Proof for Likelihood Increase

In this section, we prove that the likelihood function L(θ∗,Π) increases at each iteration of the
recursive partitioning. Formally, we prove

L(θ∗t ,Πt) ≤ L(θ∗t+1,Πt+1) (B.1)

where Πt and Πt+1 are the discretizations generated by the proposed recursive partitioning in steps
t and t+ 1 respectively. In addition, θ∗t = argmaxθ L(θ,Πt), and θ∗t+1 = argmaxθ L(θ,Πt+1). We
assume a fully non-parametric form for the utility and state transition function to avoid having a
parametric-form dependent proof1, i.e., ū(x, π, j; θ,Π) and g(x, π|x′, π′, j;Π) are constant coeffi-
cients for each combination of states and decisions. Thus θ = C, where C is 3 dimensional vector,
and Cd

xπ is the utility from decision d in observable state {x, π}.
First we need to define few terms that are necessary for estimation of DDC models. Let the

value function and choice specific value function be as follows

V̄ (x, π; θ,Π) = log
∑
j∈J

exp v(x, π, j; θ,Π) (B.2)

v(x, π, j; θ,Π) = ū(x, π, j; θ,Π) + β
∑
x′∈X

∑
π′∈Π

V̄ (x′, π′; θ,Π)g(x′, π′|x, π, j; θ,Π) (B.3)

where β is the discounting factor usually set by the researcher. We assume that error terms are
drawn from Type 1 Extreme Value distribution. Consequently, the predicted choice probabilities

1One can argue that a fully non-parametric form can be regarded as a parameterization form itself. However, we
believe it is the most flexible form, and any functional form can be drawn from its results. In addition, researchers
usually calculate the state transition function non-parametricly.
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can be calculated as the following

p̂(j|x, π; θ,Π) =
exp v(x, π, j; θ,Π)

exp V̄ (x, π; θ,Π)
(B.4)

Finally, we split the likelihood function into two parts, the decision part and the likelihood part
denoted by Ldc(θ,Π) and Lst(Π) respectively, such that L(θ,Π) = Ldc(θ,Π) + λLst(Π). Note
that the decision part of the likelihood is a function of the utility function parameters, θ. We prove
that each part of the likelihood increases for any additional split to a given partitioning Π, which is
more general than what we intended in this section.

Theorem 1. For any candidate additional split, noted by {k, q, z}, to a discretization Π, where k is
a partition in Π, q is a feature in Q, and z is a value within the range of possible values for q in k,
the following inequalities hold

∃θ′ : Ldc(θ
∗,Π) ≤ Ldc(θ

′,Π′) (B.5)

Lst(Π) ≤ Lst(Π
′) (B.6)

where Π′ = Π+{k, q, z} is the discretization after adding the candidate split, and θ∗ =

argmaxθ L(θ,Π) is the optimal parameters given discretization Π.

We prove inequalities B.5 and B.6 separately. However, we first need to prove some lemmas in
order to proceed.

Lemma 2. For any given vector a :
∑

i ai = 1, the answer to the following maximization problem
is equal to a.

max
b

f(b) =
∑
i

ai ln bi

s.t.
∑
i

bi = 1

Proof. It is a constrained optimization problem that can be solved by maximizing the Lagrangian
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function.

L(a, b, λ) =
∑
i

ai ln bi − λ(
∑
i

bi − 1)

∇L(b, λ) = 0

∂L
∂bi

=
ai
bi

− λ = 0 ⇒ ai = λbi ⇒
∑

ai = λ
∑

bi

∂L
∂λ

=
∑
i

bi − 1 = 0 ⇒
∑
i

bi = 1

⇒ λ = 1 ⇒ bi = ai

Lemma 3. There is a flow utility coefficient set θ′ such that for any x ∈ X, q ∈ Q and j ∈ J, the
following equation holds

exp v(x,Π′(q), j; θ′,Π′) = exp v(x,Π(q), j; θ∗,Π)

+
[
Pr(j|x,Π′(q))− Pr(j|x,Π(q))

]
exp V̄ (x,Π(q); θ∗,Π) (B.7)

Proof. Using the equality log(a+b) = log(a)+log(1+b/a), we write equation B.7 as the following

v(x,Π′(q), j; θ′,Π′) = v(x,Π(q), j; θ∗,Π) + log
(
1 +

Pr(j|x,Π′(q))− Pr(j|x,Π(q))
exp v(x,Π(q),j;θ∗,Π)

exp V̄ (x,Π(q);θ∗,Π)

)
= v(x,Π(q), j; θ∗,Π) + log

(
1 +

Pr(j|x,Π′(q))− Pr(j|x,Π(q))

p̂(j|x,Π(q); θ∗,Π)

)
(B.8)

Using the formulation of the choice specific value function (equation B.3), we can write equation
B.8 in term of the flow utility and expected value functions as follow

u(x,Π′(q), j; θ′,Π′) = u(x,Π(q), j; θ∗,Π)

+
∑
x′∈X

∑
π∈Π′

V̄ (x′, π; θ∗,Π)g(x′, π|x,Π(q), j)

−
∑
x′∈X

∑
π∈Π′

V̄ (x′, π; θ′,Π′)g(x′, π|x,Π′(q), j)

+ log
(
1 +

Pr(j|x,Π′(q))− Pr(j|x,Π(q))

p̂(j|x,Π(q); θ∗,Π)

)
(B.9)
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We assume a non-parametric functional form for the utility function; therefore, we can calculate
a set of new utility values for each observable state {x, π} based on the above equation that
satisfies equation B.7. However, the right-hand side of equation B.9 uses θ′, which we are trying to
calculate. If we want to use equation B.9, we need to prove that this equation has a unique answer.
Alternatively, we prove that if equation B.7 holds, the value functions in the new partitioning and
old partitioning are equal.

V̄ (x,Π(q); θ′,Π′)

= log
∑
j∈J

exp v(x,Π(q), j; θ′,Π′)

= log
∑
j∈J

(
exp v(x,Π(q), j; θ∗,Π) +

[
Pr(j|x,Π′(q))− Pr(j|x,Π(q))

]
V̄ (x,Π(q); θ∗,Π)

)
= log

(∑
j∈J

exp v(x,Π(q), j; θ∗,Π) + V̄ (x,Π(q); θ∗,Π)
∑
j∈J

[
Pr(j|x,Π′(q))− Pr(j|x,Π(q))

])
= log

∑
j∈J

exp v(x,Π(q), j; θ∗,Π)

= V̄ (x,Π(q); θ∗,Π) (B.10)

where the equality from line 3rd to line 4th comes from
∑

j∈J
[
Pr(j|x,Π′(q))−Pr(j|x,Π(q))

]
= 0.

We can now write equation B.9 as the following:

u(x,Π′(q), j; θ′,Π′) = u(x,Π(q), j; θ∗,Π)

+
∑
x′∈X

∑
π∈Π′

V̄ (x′, π; θ∗,Π)
(
g(x′, π|x,Π(q), j)− g(x′, π|x,Π′(q), j)

)
+ log

(
1 +

Pr(j|x,Π′(q))− Pr(j|x,Π(q))

p̂(j|x,Π(q); θ∗,Π)

)
(B.11)

This equation is not dependent on θ′, and can be used to calculate a set of utility function values (θ′)
for partitioning Π′.

Now we use lemmas 2 and 3 to prove the inequality B.5 in theorem 1.

Lemma 4. For partitionings Π′ and Π in theorem 1, and θ′ generated in lemma 3, inequality B.5
holds.

Proof. We show in lemma 3 that there is a θ′ such that equality B.7 holds, and for any x ∈ X and
q ∈ Q we have V̄ (x,Π′(q); θ′,Π′) = V̄ (x,Π(q); θ∗,Π). Since V̄ (.; θ∗,Π) is a fixed point solution
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to the standard contraction mapping problem for the Bellman equation, V̄ (.; θ′,Π′) generated in
lemma 3 is a solution to the contraction mapping in Bellman equation as well. Now we need to
show that the decision likelihood is also higher.

Ldc(θ
′,Π′) =

N∑
i=1

T∑
t=1

log p̂(dit|xit,Π
′(qit); θ

′,Π′)

=
N∑
i=1

T∑
t=1

log
exp v(xit,Π(qit), dit; θ

′,Π′)

exp V̄ (xit,Π(qit); θ′,Π
′)

=
N∑
i=1

T∑
t=1

log
exp v(xit,Π(qit), dit; θ

′,Π′)

exp V̄ (xit,Π(qit); θ∗,Π)

=
N∑
i=1

T∑
t=1

log
(exp v(xit,Π(qit), dit; θ

∗,Π)

exp V̄ (xit,Π(qit); θ∗,Π)
+ Pr(dit|xit,Π

′(qit))− Pr(dit|xit,Π(qit))
)

(B.12)

Please note the equality between line two and line three is driven from equation B.10, and
between line three and line four from equation B.7. Using log(a+ b) = log(a) + log(1 + b/a), we
have the following

Ldc(θ
′,Π′) =

N∑
i=1

T∑
t=1

log
(exp v(xit,Π(qit), dit; θ

∗,Π)

exp V̄ (xit,Π(qit); θ∗,Π)
+ Pr(dit|xit,Π

′(qit))− Pr(dit|xit,Π(qit))
)

=
N∑
i=1

T∑
t=1

log
(exp v(xit,Π(qit), dit; θ

∗,Π)

exp V̄ (xit,Π(qit); θ∗,Π)

)
+

N∑
i=1

T∑
t=1

log
(
1 +

Pr(dit|xit,Π
′(qit))− Pr(dit|xit,Π(qit))

exp v(xit,Π(qit),dit;θ∗,Π)

exp V̄ (xit,Π(qit);θ∗,Π)

)
= Ldc(θ

∗,Π) +
N∑
i=1

T∑
t=1

log
(
1 +

Pr(dit|xit,Π
′(qit))− Pr(dit|xit,Π(qit))

p̂(dit|xit,Π(qit); θ∗,Π)

)
⇒ Ldc(θ

′,Π′)− Ldc(θ
∗,Π) =

N∑
i=1

T∑
t=1

log
(
1 +

Pr(dit|xit,Π
′(qit))− Pr(dit|xit,Π(qit))

p̂(dit|xit,Π(qit); θ∗,Π)

)
(B.13)

We show that the right-hand side of equation B.13 is positive; thus, proving that the likelihood is
increasing. Assuming NT → ∞, and our predicted choice probabilities are consistent, concludes
p̂(dit|xit,Π(qit); θ

∗,Π) = Pr(dit|xit,Π(qit)). Replacing the predicted choice probability with its
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counter-part conditional choice probability in equation B.13 yields

N∑
i=1

T∑
t=1

log
(
1 +

Pr(dit|xit,Π
′(qit))− Pr(dit|xit,Π(qit))

p̂(dit|xit,Π(qit); θ∗,Π)

)
=

N∑
i=1

T∑
t=1

log
(
1 +

Pr(dit|xit,Π
′(qit))− Pr(dit|xit,Π(qit))

Pr(dit|xit,Π(qit))

)
=

N∑
i=1

T∑
t=1

log
Pr(dit|xit,Π

′(qit))

Pr(dit|xit,Π(qit))
(B.14)

The value inside the summation in equation B.14 is equal to zero for all the observations, except
for those where qit lands in the newly split partition. Let us call the partition before the split
πp ∈ Π, and the two resulting partitions {πl, πr} ∈ Π′. Also let N(x, π) denote the number of
observations where xit = x and Π′(qit) = π, and N(x, π, j) denote the number where in addition
to the aforementioned conditions dit = j. We can write B.14 as follow:

N∑
i=1

T∑
t=1

log
Pr(dit|xit,Π

′(qit))

Pr(dit|xit,Π(qit))
=
∑
x∈X

∑
π∈{πl,πr}

∑
j∈J

N(x, π, j) log
(
Pr(j|x, π)− Pr(j|x, πp)

)
=
∑
x∈X

∑
π∈{πl,πr}

N(x, π)
∑
j∈J

(
Pr(j|x, π) log Pr(j|x, π)− Pr(j|x, π) log Pr(j|x, πp)

)
According to Lemma 2,

∑
j∈J Pr(j|x, π) log Pr(j|x, π) ≥

∑
j∈J Pr(j|x, π) log Pr(j|x, πp). This

inequality is strict if there is a j ∈ J such that Pr(j|x, π) ̸= Pr(j|x, πp) for any x ∈ X and
π ∈ {πl, πr}. Thus, equation B.14 is greater or equal than zero, which proves the lemma and
inequality B.5 in theorem 1.

For the second part of theorem 1 we prove a more generalized lemma. First, we define a new
relationship in the discretization space.

Definition 2. Discretization Π is a parent of discretization Π′ if for every π′ ∈ Π′, there is a
partition π ∈ Π such that π′ is completely within π. In other words, discretization Π is a parent of
discretization Π′ if one can generate discretization Π′ by further splitting discretization Π.

According to the definition, Π is the parent of Π′ in theorem 1. More generally, any discretization
is the parent of all the next split candidate discretization in a recursive partitioning procedure. Now
we prove the following lemma.

Lemma 5. For two partitioning Π and Π′ such that Π is a parent of Π′, the inequality B.6 holds.
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Proof. Based on the definition of parent, for every π ∈ Π, there is a set of partitions {πi} ∈ Π′

such that
⋃
i

πi = π. Let us call {πi} the child set of π in Π′ and denote it by Π′(π). First we use

the log sum inequality [Cover and Thomas, 1991] to prove that for any {π, π′} ∈ Π, {x, x′} ∈ X ,
and j ∈ J the following inequality holds

∑
πi∈Π′(π)

∑
π′
i∈Π

′(π′)

N(x, πi, x
′, π′

i, j) log
N(x, πi, x

′, π′
i, j)

N(x, πi)N(x′, π′
i, j)

≥ N(x, π, x′, π′, j) log
N(x, π, x′, π′, j)

N(x, π)N(x′, π′, j)

(B.15)

We prove this inequality by applying the log sum inequality twice. First for a given πi ∈ Π′(π)

the following holds according to log sum inequality2.

∑
π′
i∈Π

′(π′)

N(x, πi, x
′, π′

i, j) log
N(x, πi, x

′, π′
i, j)

N(x′, π′
i, j)

≥ N(x, πi, x
′, π′, j) log

N(x, πi, x
′, π′, j)

N(x′, π′, j)

(B.16)

which by subtracting N(x, πi, x
′, π′, j) logN(x, πi) from both sides changes to

∑
π′
i∈Π

′(π′)

N(x, πi, x
′, π′

i, j) log
N(x, πi, x

′, π′
i, j)

N(x′, π′
i, j)N(x, πi)

≥ N(x, πi, x
′, π′, j) log

N(x, πi, x
′, π′, j)

N(x′, π′, j)N(x, πi)
.

(B.17)

Similarly, according to log sum inequality we have

∑
πi∈Π′(π)

N(x, πi, x
′, π′, j) log

N(x, πi, x
′, π′, j)

N(x, πi)
≥ N(x, π, x′, π′, j) log

N(x, π, x′, π′, j)

N(x, π)
(B.18)

which by subtracting N(x, π, x′, π′, j) logN(x′, π′, j) from both sides changes to

∑
πi∈Π′(π)

N(x, πi, x
′, π′, j) log

N(x, πi, x
′, π′, j)

N(x, πi)N(x′, π′, j)
≥ N(x, π, x′, π′, j) log

N(x, π, x′, π′, j)

N(x, π)N(x′, π′, j)
.

(B.19)

2We have
∑

π′
i∈Π′(π′) N(x, πi, x

′, π′
i, j) = N(x, πi, x

′, π′, j), and
∑

π′
i∈Π′(π′) N(x′, π′

i, j) = N(x′, π′, j),



119

By merging inequalities B.17 and B.19 we have

∑
πi∈Π′(π)

∑
π′
i∈Π

′(π′)

N(x, πi, x
′, π′

i, j) log
N(x, πi, x

′, π′
i, j)

N(x, πi)N(x′, π′
i, j)

≥
∑

πi∈Π′(π)

N(x, πi, x
′, π′, j) log

N(x, πi, x
′, π′, j)

N(x, πi)N(x′, π′, j)

≥ N(x, π, x′, π′, j) log
N(x, π, x′, π′, j)

N(x, π)N(x′, π′, j)

which concludes inequality B.15. We can prove the lemma by summing this inequality over all
{π, π′} ∈ Π, {x, x′} ∈ X and j ∈ J.

As we discussed, according to theorem 1, discretization Π is a parent of Π′. Therefore, inequality
B.6 holds, and the theorem is proven.
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B.2 The Proof for Convergence to a Perfect Discretization

It is essential first to discuss conditions under which no recursive partitioning algorithm would
capture all the heterogeneity. It has been shown that some patterns cannot be captured by recursive
partitioning, even when the number of observations goes to infinity [Biau et al., 2008]. A simple
example of such patterns is presented in Figure B.1. Assume observations are uniformly distributed
throughout the covariate space. Also, assume that the flow utility in the crosshatched regions is
l and it is h in the non-crosshatched regions. Any split would result in two sub-partitions with a
similar number of observations in the crosshatched and non-crosshatched regions. The average
utility would be equal to h+l

2
in the resulting two sub-partitions. Since the split does not increase Ldc,

the algorithm does not add it to its discretization. Generally, recursive partitioning cannot capture
variational patterns that are symmetric in a way that any splits would lead to two sub-partition with
a similar average statistic.

Figure B.1: An example of a pattern that cannot be captured by recursive partitioning. Observations
in the white and crosshatched region have different statistics. Any split, such as the black dashed
line, result in two sub-partitions that have similar average statistics.

To overcome this shortcoming of recursive partitioning algorithms, we assume no data patterns
exist that a single split in a discretization cannot partially capture. Then we can draw the following
corollary.
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Corollary 5.1. A discretization Π is perfect, or there is a split such that the decision probabilities,
average incoming transition probabilities, or outgoing transition probabilities on its two resulting
sub-partitions are not equal. Formally, if discretization Π is not perfect, there exist a split that
partitions πp ∈ Π into πl and πr such that for a {x, x′} ∈ X, π′ ∈ Π and j ∈ J at least one of the
following inequalities holds:

Pr(j|x, πl) ̸= Pr(j|x, πr)

Pr(x′, π′|x, πl, j) ̸= Pr(x′, π′|x, πr, j)

Pr(x, πl|x′, π′, j)

N(x, πl)
̸= Pr(x, πr|x′, π′, j)

N(x, πr)

We prove the convergence of the recursive partitioning algorithm following this assumption and
its resulting corollary.

Theorem 6. The recursive partitioning algorithm discussed in §3.4 create a perfect discretization,
i.e., F(Πt) = F(Πt+1) if and only if Πt is perfect.

Similar to theorem 1, we prove this theorem by proving separate lemmas for decision and state
transition probabilities. Let us denote the decision and transition part of F(Π) by Fdc(Π) and
F tr(Π) respectively.

Lemma 7. For any candidate additional split {k, q, z} to discretization Π, that splits πp ∈ Π into
{πl, πr} ∈ Π′, we have Fdc(Π) = Fdc(Π

′) if and only if for all x ∈ X and j ∈ J the decision
probabilities in πl and πr are similar, i.e., Pr(j|x, πl) = Pr(j|x, πr).

Proof. We have

Fdc(Π
′)−Fdc(Π) = N(x, πl, j;Π) log

N(x, πl, j;Π)

N(x, πl;Π)
+N(x, πr, j;Π) log

N(x, πr, j;Π)

N(x, πr;Π)

−N(x, πp, j;Π) log
N(x, πp, j;Π)

N(x, πp;Π)

According to log sum inequality the right-hand side of this equality is equal to zero if and only if
N(x,πr,j;Π)
N(x,πr;Π)

= N(x,πl,j;Π)
N(x,πl;Π)

, which concludes Pr(j|x, πl) = Pr(j|x, πr).

Lemma 8. For any candidate additional split {k, q, z} to discretization Π, that splits πp ∈ Π into
{πl, πr} ∈ Π′, we have F tr(Π) = F tr(Π

′) if and only if for any {x, x′} ∈ X, π′ ∈ Π′, and j ∈ J
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the following equations hold

Pr(x′, π′|x, πl, j) = Pr(x′, π′|x, πr, j)

Pr(x, πl|x′, π′, j)

N(x, πl)
=

Pr(x, πr|x′, π′, j)

N(x, πr)

(a) Transition from the new sub-partitions (b) Transition to the new sub-partitions

Figure B.2: The change in likelihood from transition-to and transition-from perspective.

Proof. We proved in appendix B.1 that likelihood, L(θt), increases with any additional split. We
assumed a completely non-parametric form for the state transition part of likelihood function.
Therefore the state transition of likelihood function and recursive partitioning objective function are
the same, i.e., Ltr(Π) = F tr(Π). Here we prove that the increment in likelihood, and consequently
in F(θt), is equal to zero if and only if the lemma’s equations hold. The split changes the likelihood
by changing the transition-to and average transition-from probabilities presented in Figure B.2.
We can calculate the changes in likelihood with respect to each of these changes separately. First,
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according to (a) in Figure B.2 we have

F(Π′)−F(Π) =
∑

x,x′∈X

∑
π′∈Π′

∑
j∈J

N(x′, π′)

(
N(x′, π′, x, πr, j)

N(x′, π′)
log

N(x′, π′, x, πr, j)

N(x′, π′)N(x, πr, j)

+
N(x′, π′, x, πl, j)

N(x′, π′)
log

N(x′, π′, x, πl, j)

N(x′, π′)N(x, πl, j)

−N(x′, π′, x, πp, j)

N(x′, π′)
log

N(x′, π′, x, πp, j)

N(x′, π′)N(x, πp, j)

)

According to log sum inequality the term in the parentheses is greater or equal to zero. The
left-hand side is equal to zero if and only if N(x′,π′,x,πl,j)

N(x,πl,j)
= N(x′,π′,x,πr,j)

N(x,πr,j)
= N(x′,π′,x,πp,j)

N(x,πp,j)
, for every

{x, x′} ∈ X, j ∈ J and π′ ∈ Π′. This concludes the first equation of the lemma.
We can conclude the second equation similarly with (b) in Figure B.2 as the following

F(Π′)−F(Π) =
∑

x,x′∈X

∑
π′∈Π′

∑
j∈J

N(x′, π′, j)

(
N(x, πr, x

′, π′, j)

N(x′, π′, j)
log

N(x, πr, x
′, π′, j)

N(x, πr)N(x′, π′, j)

+
N(x, πl, x

′, π′, j)

N(x′, π′, j)
log

N(x, πl, x
′, π′, j)

N(x, πl)N(x′, π′, j)

−N(x, πp, x
′, π′, j)

N(x′, π′, j)
log

N(x, πp, x
′, π′, j)

N(x, πp)N(x′, π′, j)

)

Again, according to log sum inequality the term in the parentheses is greater or equal to zero.
The left-hand side is equal to zero if and only if N(x′,π′,x,πl,j)

N(x,πl)N(x′,π′,j)
= N(x′,π′,x,πr,j)

N(x,πr)N(x′,π′,j)
= N(x′,π′,x,πp,j)

N(x,πp)N(x′,π′,j)
,

for every {x, x′} ∈ X, j ∈ J and π′ ∈ Π′. This concludes the second equation of the lemma.

Now we prove theorem 6 using lemmas 8 and 7. Assume that our algorithm stops at iteration t,
and other stopping criteria are not met. We prove that any potential split does not decrease F(.).
Since at each iteration of algorithm we choose the split with highest increase in the F(.), for all the
potential next splits that that splits the partition π ∈ Π into {πr, πl} ∈ Π′, where Π′ = Πt + split,
we have F(Π′) = F(Πt). Due to lemmas 8 and 7 for all splits the following equalities hold for all
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{x, x′} ∈ X, π′ ∈ Πt and j ∈ J.

Pr(d|x, πl) = Pr(d|x, πr)

Pr(x′, π′|x, πl, j) = Pr(x′, π′|x, πr, j)

Pr(x, πl|x′, π′, j)

N(x, πl)
=

Pr(x, πr|x′, π′, j)

N(x, πr)

Therefore, according to 5.1 the discretization Πt is perfect. Finally, since function F(.) strictly
increasing at each iteration of the algorithm, and it cannot be higher than zero, the algorithm would
eventually converge.
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B.3 The Random Discretization Generator Algorithm in Second Simulation

This section explains the random discretization generator algorithm that we used in the second
simulation study. The intuition for this algorithm is very similar to recursive partitioning – in each
step, we randomly select one of the partitions and split it into two partitions along one of the first 10
variables in Q. Please note that we only used the first 10 variables in Q for partitioning, and the
following 20 variables are added as irrelevant variables to show the robustness of the algorithm to
irrelevant variables. In addition, to prevent very small or very large partitions, the random partition
selection is weighted by the size of the partition: big partitions are more likely to be selected than
smaller partitions. Formally, the random partitioning algorithm is as the following.

• Initialize Π0 as one partition equal to the full covariate space

• Do the following for 15 rounds.

– Randomly select a partition from Πt weighted by ( 1
partitions’ total splits)

2

– Randomly select a variable from the first 10 variables

– If possible, split the selected partition into two from the midpoint along the selected
variable. The total split for the resulting partitions is the total split of their parents plus
one. Repeat this round if the split is not possible.

The total split for each partition is the total of times their parents have selected to be split. If the
total split for a partition is 5, it means that it takes five splits from Q to get to that partition. Note
that the total split of a partition is negatively correlated with the size of the partition.

We also vary the replacement cost for each partition to add a decision variation to the model that
is not caused by state transition. The replacement cost of a partition is calculated based on the range
of its first 10 variables as the following.

fdc(π) = 5−
∑10

i=1(v
min
i (π) + vmax

i (π))

10

where vmin
i (π) and vmax

i (π) are the minimum and maximum range of ith variable in partition π. We
choose this formulation for replacement cost to create a good balance between decision variation
caused by state transition or replacement cost. Figure B.3 depicts the distribution of total split and
replacement costs in the 1500 generated partitions across all the 100 generated discretizations in the
second simulation study.
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Figure B.3: The histogram of generated partitions’ calculated replacement cost, and number of
splits in the 100 generated partitioning.
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