Tensor triangular geometry of modules over the mod 2 Steenrod
algebra

Collin Litterell

A dissertation
submitted in partial fulfillment of the

requirements for the degree of
Doctor of Philosophy

University of Washington

2024

Reading Committee:
John Palmieri, Chair
Julia Pevtsova

James Zhang

Program Authorized to Offer Degree:

Mathematics



©Copyright 2024
Collin Litterell



University of Washington

Abstract

Tensor triangular geometry of modules over the mod 2 Steenrod algebra

Collin Litterell

Chair of the Supervisory Committee:
Professor John Palmieri
Department of Mathematics
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Chapter 1

Introduction

In [DHS88|, Devinatz, Hopkins, and Smith revolutionized the field of stable homotopy
theory by proving the nilpotence theorem. One significant and seemingly immediate conse-
quence proved in [HS98] was the thick subcategory theorem, which gave a deep structural
understanding of the stable homotopy category.

The thick subcategory theorem in stable homotopy theory inspired many similar results
in other fields. This was initiated by Hopkins in [Hop87], where he described an alge-
braic analogue of the thick subcategory theorem for the derived category of a commutative
ring. Neeman gave a corrected proof for Noetherian rings in [Nee92], and Thomason proved
the general case and extended the result to quasi-compact and quasi-separated schemes in
[Tho97]. In modular representation theory, Benson, Carlson, and Rickard proved an ana-
logue of the thick subcategory theorem for the stable module category of a finite p-group in
[BCRI7], which was extended to finite group schemes by Friedlander and Pevtsova in [FPO7].

Let A be the mod 2 dual Steenrod algebra. In [Pal01], Palmieri extensively studied
a particular triangulated category Stable(A) of comodules over A using the framework of
“axiomatic stable homotopy theory.” One of his many significant results was an analogue of
nilpotence theorem, which says in part that restricting to a particular quotient Hopf algebra
D of A detects nilpotence. However, an analogue of the thick subcategory theorem did
not immediately follow. Instead, Palmieri gave an insightful conjecture regarding the thick
subcategories. The main goal of this thesis is to resolve Palmieri’s conjecture by providing a

classification of the thick subcategories of compact objects of Stable(A).

Theorem 1.0.1. There is a homeomorphism

Spc(Stable(A)¢) = Spec™ (Ext?y (Fa, Fa))



between the Balmer spectrum of Stable(A)¢ and the Zariski spectrum of bihomogeneous prime
ideals in Ext}y (Fq, Fy) which are invariant under a certain coaction of the Hopf algebra

AUOpF,. Consequently, there is a bijection

thick subcategories Thomason subsets of

~

of Stable(A)° Spec™ (Ext} (Fa, Fa2))

This thesis is organized as follows. In Chapter 2, we will provide more background on
tensor triangular geometry, stable categories of comodules, and the dual Steenrod algebra.
We will also briefly compare and contrast our situation with those of stable homotopy theory
and modular representation theory. The main content will appear in Chapter 3. In Section
3.1, we will translate Hovey and Palmieri’s classification result for finite-dimensional quotient
Hopf algebras of A into the language of tensor triangular geometry. In Section 3.2, we over-
come the first major hurdle by extending Hovey and Palmieri’s result to infinite-dimensional
elementary quotient Hopf algebras of A using the idea of continuity of the Balmer spectrum.
In Section 3.3, we will compute Spc(Stable(D)¢) from the Balmer spectra for the elementary
quotient Hopf algebras of A using the idea of Quillen stratification. Finally, in Section 3.4,
we will compute Spc(Stable(A)¢) using Palmieri’s nilpotence and periodicity theorems. We
also include an appendix on invariant prime ideals of Hopf algebroids, where we show that

the invariant prime ideals form a spectral topological space.



1.1 Conventions

Any unadorned tensor products are either over the ground field &k (almost always Fy) or
refer to the tensor product in a tensor triangulated category, which will be understood from
context.

If an object is bigraded, the term homogeneous is understood to mean bihomogeneous.

All elements and ideals in (bi)graded rings or modules are assumed to be homogeneous.



Chapter 2

Preliminaries

2.1 'Tensor triangular geometry

A tt-category (short for tensor triangulated category) is a triangulated category C with a sym-
metric monoidal structure (C, ®,1) which is compatible with the triangulated structure. In
particular, the tensor product is exact in each variable. A functor between two tt-categories

is called a ti-functor if it is exact and strong symmetric monoidal.

Given a tt-category C, a thick subcategory of C is a full subcategory which is closed
under isomorphisms, cofibers/cones, and retracts/direct summands. A tt-ideal in C is a
thick subcategory Z of C such that C ® Z C Z. A tt-ideal Z is radical if a®" € T implies
a € Z, and it is prime if it is proper and a ® b € Z implies a € Z or b € Z. Given a set S of
objects in C, let thick®(S) denote the smallest tt-ideal containing S.

The motivation for classifying thick subcategories or tt-ideals comes from the often
unattainable goal of classifying objects in C up to isomorphism. As a compromise, we can
aim to classify objects in C up to isomorphism and the operations coming from the tensor
triangular structure. Note that thick® (X) can be thought of as the collection of objects that
can be built from X using the basic operations in the tt-category C (e.g., taking cofibers or
tensor products), so this question boils down to understanding when thick®(X') = thick®(Y’).
Thus, classifying tt-ideals achieves our revised goal of classifying objects up to the tensor

triangular structure.

Suppose C is an essentially small tt-category. The Balmer spectrum of C is the set

Spc(C) = {P C C: P is a prime tt-ideal}.



The support of an object a € C is the subset
supp(a) = {P € Spc(C) : a ¢ P}.

The complements U(a) = Spc(C) N supp(a) for a € C form a basis for a topology on Spc(C).
It turns out that computing Spc(C) as a topological space is equivalent to classifying the
radical tt-ideals in C (see Theorems 16 and 17 in [Ball0b] for precise statements). Moreover,
if C is idempotent complete (i.e., every idemopotent map splits), then every tt-ideal is radical
and hence computing Spc(C) as a topological space is equivalent to classifying all tt-ideals
in C.

We also recall the comparison map from [BallOal, which is a continuous map
pe : Spe(C) — Spec(Endj(1))

from the Balmer spectrum of C to the Zariski spectrum of homogeneous prime ideals in the

graded endomorphism ring of the unit object in C. This map is given by
P {f € End;(1) : cone(f) ¢ P}.

Note that this extends easily to multigraded settings.



2.2 Stable categories of comodules

Given a graded commutative Hopf algebra B over a field k, let Stable(B) denote the category
whose objects are unbounded cochain complexes of injective graded left B-comodules and
whose morphisms are cochain homotopy classes of bigraded maps. This is an axiomatic
stable homotopy category in the sense of [HPS97], so in particular it is a tt-category. We
note that Stable(B) is idempotent complete and rigidly-compactly generated. Moreover,
there is a model category structure on the category Ch(B) of unbounded cochain complexes
of left B-comodules such that the associated homotopy category is Stable(B). We refer the
reader to [HPS97] and [Pal01] for more details on Stable(B).

Recall the following notation:

e SY% denotes the unit object in Stable(B), which is an injective resolution of the trivial

comodule k.

e [X,Y]B denotes the morphisms between X and Y in Stable(B). Note that these are
bigraded because we are working with cochain complexes of graded comodules; there
is a homological grading and an internal grading. If X and Y are injective resolutions

of B-comodules M and N, respectively, then
[X,Y]2 = Ext (M, N).

B

® Ty

(X) = [9%, X]Z. denotes the homotopy groups of X. In particular,

7B (%) = Extly (k, k).

o £.(X)=[59% E® X]B denotes the E-homology of X.

e Stable(B)¢ denotes the full subcategory of compact objects, which is essentially small.
Moreover, Stable(B)¢ is equal to the thick subcategory generated by S%, so as a con-

sequence, every thick subcategory of Stable(B)° is automatically a tt-ideal.



For each conormal quotient Hopf algebra C' of B, there is a commutative associative ring
object HC € Stable(B)¢ which is defined to be an injective resolution of the B-comodule

BOck. Consequently, there is a Hopf algebroid

(r2(HC), 75 (HC @ HC))

) 3k

with 78 (HC) = Exty (k, k) and 72 (HC® HC) = HC,,® (B Ock) as left 78 (HC)-modules.
It is claimed in [Pal01] that this is a Hopf algebra, but the computation for the right unit
map 7)g is incorrect. If one carefully traces through all of the shearing and change-of-rings
isomorphisms, one sees that ng is the map obtained by converting the left coaction of B¢k

on HC,, from Remark 1.2.13 of [Pal01] into a right coaction via the conjugation map of

BUOck. As a result,
(m2(HC), 72 (HC ® HC)) = (Extg (k, k), Ext{ (k. k) @ (BOck))

is a split Hopf algebroid coming from the right coaction of the Hopf algebra B¢k on
Extgr (k, k). Therefore, any mention in [Pal01] of invariance under the coaction of the Hopf
algebra B[cFs can be equivalently interpreted as invariance under the right unit map ng
of the Hopf algebroid (72 (HC), 7B (HC ® HC)).

We will write Spec™ (Ext (F2, F2)) for the subspace of Spec(Exti (Fa, F2)) consisting

of the invariant prime ideals (see Appendix A for precise definitions).



2.3 The Steenrod algebra

Let A denote the mod 2 dual Steenrod algebra, which is a graded connected commutative

Hopf algebra over Fy. Milnor showed in [Mil58] that as an algebra,

A=Fy[6,6,8, .. ]

with |¢,| = 2" — 1, and the coproduct is given by
AG) =) &, @&,
i=0

where {, = 1 by convention.
Adams and Margolis showed in [AM74] that the quotient Hopf algebras of A are exactly

those of the form

A/ 6767, ).

for some sequence (ny,ns,n3,...) in Zso U {oo} (where €27 is interpreted as 0) satisfying
the following condition: for each 4,7, either n, < n;y; + j or n; < n;y;. The sequence
(n1,n9,ns,...) is referred to as the profile function for the given quotient Hopf algebra.
Recall that a graded connected commutative Hopf algebra over a field k£ of characteristic
p is called elementary if its graded dual is commutative and satisfies 2 = 0 for all z in
the augmentation ideal. The elementary quotient Hopf algebras of A were classified by
Lin in [Lin78], and they are precisely the quotient Hopf algebras of the following maximal

elementary quotient Hopf algebras:
E(m) = A/(&,. . &n &7 Enia g o)y m 20,
The quotient Hopf algebra D mentioned in the Introduction is given by
D=A/(&.&,&, -, & ")

Note that D is the smallest quotient Hopf algebra of A containing all of the elementary

quotients, which seems to give some explanation for its importance.
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Figure 2.1: Profile functions for quotient Hopf algebras of A

While the ring 7 (H D) = Ext}; (Fz, Fy) is not fully known, it is known “up to nilpotents.”
To be more precise, let Q denote the category of elementary quotient Hopf algebras of A
with morphisms given by quotient maps. Then the quotient maps D — FE for £ € Q induce
a map

EXtBk(FQ, FQ) — geﬂé EXtEk(FQ, Fg),

which by Proposition 4.2 of [Pal99] is an F'-isomorphism, i.e., the kernel consists of nilpotent
elements, and for every y in the codomain, there is an integer n such that y?" is in the image.

Palmieri explicitly computed
éln’é EX‘E*ET(FQ, FQ) = FQ[hts s < t]/(htshvu 1t < U)
€

and an A [pFy-coaction given by

1
=5 -

heg Z S GG @b,

= 1=j+s+1
where (; denotes the conjugate of ;.
Palmieri’s nilpotence theorem says that the object HD detects nilpotence in Stable(A),
suggesting that H D plays a role analogous to MU in stable homotopy theory. Therefore, just
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as the Balmer spectrum for the stable homotopy category of finite spectra is Spc(SHC?)
Spec™ (MU,), we might predict that Spc(Stable(A)¢) & Spec™ (Extyy (F2, F2)). This analogy
also suggests a possible route for computing Spc(Stable(A)¢): construct residue field objects
K (p) analogous to the Morava K-theories for each p € Spec™ (Ext}; (Fa, F2)) and prove that
they detect nilpotence. Using techniques from [JY80], such a K (p) can be constructed for
every p that is generated by an invariant regular sequence. Unfortunately, the author does
not know whether or not every invariant prime ideal in Ext}; (Fq, Fy) can be generated by an
invariant regular sequence.

From the perspective of modular representation theory, at first glance it might seem
that we should expect Spc(Stable(A4)¢) to be homeomorphic to Spec”(Ext’ (Fy, Fy). In fact,
Hovey and Palmieri used the approach of Benson, Carlson, and Rickard to prove this result
for finite-dimensional quotient Hopf algebras of A (see Theorem 3.1.1). However, since A
is infinite-dimensional, some of the key tools and techniques (e.g., rank varieties) become
unavailable. To see why we might instead expect Spc(Stable(A)¢) = Spec™ (Ext} (Fa, F2))
from the modular representation theory perspective, consider Palmieri’s Quillen stratification

theorem, which says that there is an F-isomorphism
Ext’ (Fa, Fy) — Ext}(Fy, Fy)AHPF2,

Since ApF, is not a finite group but rather an infinite-dimensional group scheme, instead
of looking at
Spec”(Ext* (Fy, Fy)) 22 Spec (Ext’s (Fy, Fy)AH0F2),

it seems to make more sense to look at the quotient stack
[Spec” (Ext; (Fa, F2))/ Spec™ (AOpF,)],

whose underlying topological space should be Spec™ (Ext}y(Fz,F2)). This is not entirely

rigorous, but it serves as good motivation.
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Chapter 3

Computing the Balmer spectrum
3.1 Finite-dimensional quotient Hopf algebras of A

In [HPO1] and [HP0O], Hovey and Palmieri used techniques and tools from modular repre-
sentation theory to classify the thick subcategories of Stable(B)¢ for B a finite-dimensional
quotient Hopf algebra of A. In this brief section, we translate their result into the language

of tensor triangular geometry.

Theorem 3.1.1 (Hovey-Palmieri). For any finite-dimensional quotient Hopf algebra B of

A, the comparison map
ps : Spe(Stable(B)¢) — Spec” (Ext’; (Fa, F))
s a homeomorphism.
Proof. By [HP01] and [HP00], the support theory on Stable(B)° given by
o5(X) = {p € Spec” (Extl; (Fy,Fs)) : X, # 0}
induces a bijection

thick subcategories Thomason subsets

of Stable(B)® of Spec” (Extl (Fy, Fy))
Therefore, by Theorem 16 of [Ball0b], the universal map
¢p : Spec” (Exty (Fq, Fa)) — Spc(Stable(B)°)
given by
vr(p) = {X € Stable(B) : p ¢ op(X)}
= {X € Stable(B)° : X, =0}



is a homeomorphism. Since

p(pp(p)) = {f € Exty (Fy, F2) : cone(f) & pp(p)}
= {f € Exty (Fq, F2) : cone(f), # 0}
= {f € Ext}; (Fs,Fs) : f is not a unit in Extj (Fa, Fa)p}

=Pp

pp is the inverse of pp and is hence also a homeomorphism.

12
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3.2 Elementary quotient Hopf algebras of A

Throughout this section, let E' denote an elementary quotient Hopf algebra of A. Let m =

min{n : &1 € E}, and consider the finite-dimensional quotient Hopf algebras

E; = E/(éeriJrl? Emtiv2s - )

for ¢ > 0. Pictorially, F; consists of the first ¢ columns of F.

ém-f-l U gm—l—i gm—l—i—H €m+i+2

Figure 3.1: Profile functions for E; (solid line) and E (dashed line)

The aim of this section is to compute Spc(Stable(E)¢) from Spc(Stable(E;)¢) using the
continuity of the Balmer spectrum, a technique described by Gallauer in [Gall8]. We will
exploit the particularly nice structure of the elementary quotient Hopf algebras of A.

Recall the following definition from [HPS97].

Definition 3.2.1. A stable morphism is a tt-functor which admits a right adjoint and pre-

serves Compactness.

For our interests, stable morphisms arise in the following way: a map B — B’ of Hopf
algebras induces a stable morphism Stable(B) — Stable(B’) by Theorem 9.5.1 of [HPS97].

In particular, the quotient maps £ — F; and E; — E; for ¢ < j induce stable morphisms

res; : Stable(£) — Stable(E;),
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res;; : Stable(E;) — Stable(E;).

which satisfy

res;; 0 resg ; = reSg,
res;; ores; = res;

for + < j < k. Notice that the Hopf algebra kernel of the quotient map F — F; is iso-
morphic to the quotient Hopf algebra E/(&,,11, ..., &m1:), and similarly for ¢ < j, the Hopf
algebra kernel of the quotient map E; — FE; is isomorphic to the quotient Hopf algebra
E;/(&ms1s - - - Emsi). Therefore, we get splittings F; — E and E; — E; which induce stable

morphisms

incl; : Stable(E;) — Stable(E),
incl; ; : Stable(E;) — Stable(£}).

Note that for : < j <k,

incl; ; oincl; ; = incl; i,
incl; oincl; ; & incl; .

Moreover, for i < j,

res;; © inCli,j = idStable(Ei)a
res; o iIlCli = idStable(Ei)-

We may now assemble all of the inclusion functors into a pseudo-functor
Stable(E,)¢ : Zso — 2-ttCat
and a pseudo-natural transformation
incl : Stable(F,)¢ — Stable(E)°.

Our goal is to show the following:
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e incl : Stable(F,)¢ — Stable(E)¢ is surjective on morphisms, i.e., for each morphism
f X — Y in Stable(E), there exists ¢ > 0 and a morphism f; : X; — VY, in
Stable(E;)¢ such that incl;(f;) = f,

e incl : Stable(F,)¢ — Stable(E)¢ detects isomorphisms, i.e., if X;,Y; € Stable(F;)¢ with
incl;(X;) = incl;(Y;) in Stable(E)¢, then there exists j > ¢ such that incl; ;(X;) =
iIlClZ"j (}/z) in Stable(Ej)C.

We start by proving a helpful lemma.

Lemma 3.2.2. Suppose X € Stable(E)¢ with X = incly,(X;,) for some iy and X;, €
Stable(E;,)¢. Then for i > iy,
incl;(res; (X)) = X

and for j > i > 1y,

incl; j(res;(X)) = res;(X).
Proof. Since res; o incl; = idggaple(s,) and incl; oincl;,; = incl;,,
incl, ;(X;,) = res;(incl; (incly, (X, ))) =2 res;(incly, (X;,)) = res; (X),

hence

incli (I'GSZ'(X)) = iIlCli<iIlCIi07i(Xi )) = iHClZ‘O (Xz ) = X.

Similarly, since incl; ; oincl;, ; = incl;, ;,
incl; ;(res; (X)) = incl; j(incl;, ;(X;,)) = incly, ;j(X;,) = res;(X),
where the last isomorphism comes from replacing ¢ with j in the first step of the proof. [

Lemma 3.2.3. The pseudo-natural transformation
incl : Stable(F,)¢ — Stable(E)°

18 surjective on morphisms.



Proof. Consider the subcategory C of Stable(F)¢ consisting of objects X for which X

16
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incl;(X;) for some i > 0 and some X; € Stable(E;)¢ and morphisms X I ¥ for which

f = incly(f;) for some i > 0 and some morphism X; N Y; in Stable(E;)¢. We will show

that C is a thick subcategory; since C contains the unit object S%, this will imply that

C = Stable(E)¢, i.e., incl : Stable(F,)¢ — Stable(E)¢ is surjective on morphisms.

First, let us show that C is a full subcategory. Suppose X L yisa morphism with
X,Y € C. Choose i such that X = incl;,(X;,) and Y = incl;,(Y;,). By Lemma 3.2.2, for

7 > 1> iy we have

incl; j(res; (X)) = res;(X), incl;j(res;(Y)) = res;(Y),

so the inclusion functors induce a direct system with maps given by

E; incl; ;

[res;(X), res; (V)] == [res; (X)), ves;(V)]™ .

koK k%

Moreover, since

incl;(res; (X)) = X, incli(res;(Y)) =Y

for ¢ > i by Lemma 3.2.2, we get maps

[res; (X)), res; (V)% 2% [x, y|E

*3k

which induce a map

lim [res; (X), res;(Y)]2 — [X,Y]E.

i>i0

Notice that the maps in the direct system can be identified as follows

[res; (X)), res; (V)] —29 5 [res; (X)), res; (V)] %
(X, EOp, res;(Y)]2 [X, EOp, res; (V)] "

% |=

(X, (EOpFy) @ Y], — [X,(EOpF) ® Y]

E

*x )
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where the bottom map is induced by the projection £ Ug,Fy — E g Fy. Then we also get

the following identification

[res; (X), res; (V)]Z 2% (X, Y7

Kk *k )

«| /

where the diagonal map is induced by the projection E'UgFy — EUgFy = F,. Now since

X is compact, we have

liny [res; (X), res;(Y)]; —— lim [X, (EOpF2) @ Y],

ok
lﬁ

i>ig 1210
[X,h_n;«E OpF2) ®Y)

12140

XYL e [X,li_n;(EDEin) ®Y

*3k

E

i>i0

Therefore, since f € [X,Y]E, we have f = incl;, (fi,) for some i; > iy and some morphism
res;, (X) I, res;, (V) in Stable(E;, ). Thus, C is a full subcategory.

Now suppose we have a cofiber sequence X 1y o Z with X ,Y € C. Since C is full, we
know that f = incl;(f;) for some morphism X; EIN Y; in Stable(E;)¢. Let Z; be the cofiber of

X; f—> Y;. Since incl; is exact, we get that
incl;(Z;) = incl;(cofib(f;)) = cofib(incl;(f;)) = cofib(f) = Z.

Lastly, suppose that Z = X @ Y € C. Consider the cochain map Z = Z given by
a(z®y) =0@y. In Ch(E), the kernel of this map is X. Now since C is a full subcategory
of Stable(E)°, choose i such that a 2 incl;(a;) for some morphism Z; <% Z; in Stable(E;)°.
Observe that res;(«) = res;(incl; (o)) = o, hence we may replace «; with res;(«) so that we
actually have equality res;(«) = «;. This guarantees that a; is idempotent as an endomor-

phism of res;(Z) in Ch(E;), therefore the kernel X; = ker(«;) in Ch(E;) is a cochain complex



18

of injectives. In particular, X; may also be viewed as an object in Stable(E;)¢. Since the func-
tor incl; : Ch(E;) — Ch(F) is exact, we get that incl;(X;) = incl;(ker(q;)) = ker(incl;(a;)).
Therefore, in Stable(E)¢, we have incl;(X;) = ker(incl;(c;)) = ker(a) = X. Since we have
a cofiber sequence X — Z — Y, by the previous paragraph we also have Y € C. This
completes the proof. O

Lemma 3.2.4. The pseudo-natural transformation
incl : Stable(F,)¢ — Stable(E)*
detects isomorphisms.

Proof. As mentioned in [Gall8|, detecting isomorphisms is equivalent to detecting zero ob-
jects. This follows from res; oincl; = idgiapie(s,): if X; € Stable(E;)¢ with incl;(X;) = 0,
then

X; = res;(incl;(X;)) = res;(0) = 0.

The next result now follows immediately by Proposition 8.5 of [Gall8].

Theorem 3.2.5. The induced map

lim Spe(incl;) : Spe(Stable(£)¢) — lim

(2 (2

Spc(Stable(E;)¢)
18 a homeomorphism.

Using Hovey and Palmieri’s result (Theorem 3.1.1) for Spc(Stable(E;)¢), we can now
explicitly compute Spc(Stable(E)¢).

Corollary 3.2.6. The comparison map
pe : Spc(Stable(E)¢) — Spec” (Ext (Fy, Fa))

18 a homeomorphism.



19

Proof. By the naturality of comparison maps, we have a commutative diagram

Spc(Stable(E)¢) ——2—— Spec”(Ext} (Fa, Fa))
ygli Spc(incli)l l
lim PE.

lim Spe(Stable(E;)°) ——— lim Spec” (Ext, (F2, F)).

Note that lim. Spc(incl;) is a homeomorphism by Theorem 3.2.5, and lim, pg, is a homeo-
pamiin'} iy i

morphism by Theorem 3.1.1. Moreover, note that
Ext}f (Fao, F2) & Folhys 1 & #0 € |, Exty(Fa,Fo) = Folhy : & #0 € EJ,

and all of the maps induced by the various inclusions are just inclusions of polynomial
rings. Therefore, the map lim; Extp (Fa, Fo) — Extp(Fs, F2) is an isomorphism and hence
the vertical map on the right-hand-side of the diagram is also a homeomorphism. Thus,

pE : Spc(Stable(E)¢) — Spec”(Ext} (Fy, Fy)) is a homeomorphism as well. O

Remark 3.2.7. Tt will be necessary in the next section for us to understand what supports
look like under the homeomorphism of Corollary 3.2.6. By Proposition 2.10 of [Lau23], for
any X € Stable(E)¢ we have

pe(suppg(X)) = {p € Spec” (Ext} (Fz, F2)) : X, # 0},

where suppy denotes the universal support theory on Stable(E)°.
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3.3 The quotient Hopf algebra D
Recall the quotient Hopf algebra
D=A/(&,6,8,...,6,..).

Let Q denote the category of elementary quotient Hopf algebras of A with morphisms given

by quotient maps. For each E € Q, the quotient map D — E induces a stable morphism
resp g : Stable(D) — Stable(E).
These functors give rise to a map
lim S : colim Spc(Stable( E)° Spc(Stable(D)€).
colim pc(resp g) colim pe(Stable(E)¢) — Spe(Stable(D))
Define another map

©p : Spec”(Ext}y (Fy, Fy)) — Spc(Stable(D))

via the following diagram

colimg Spc(resp, E)

colimpgeo Spe(Stable(E)°)

{

colimpeg Spec” (Ext 3 (Fa, Fy))

|

Spech(Extg(Fg, Fs))

> Spc(Stable(D)°),

¥D

where the first vertical map is a homeomorphism by Corollary 3.2.6, and the second is a
homeomorphism by Proposition 4.2 of [Pal99].

The main goal of this section is to show that ¢p is a homeomorphism.
Proposition 3.3.1. The map

cgleugn Spc(resp.g) cglelén Spc(Stable(E)¢) — Spe(Stable(D))
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1s surjective, therefore the map
©p : Spec”(Ext?y (Fy, Fy)) — Spc(Stable(D))
15 also surjective.

Proof. We have the following commutative diagram

| | Spc(Stable(E)°)

EeQ
l W@)

cgleién Spc(Stable(E)°) » Spc(Stable(D)€).

colimp, Spc(resp, k)

The family {resp g : Stable(D) — Stable(E)}geg of stable morphisms jointly detects
nilpotence by Theorem 5.1.6 of [Pal0l] (replacing A with D, which can be done as in
[Pal96]). Hence, by Theorem 1.3 of [Bar+23b], the map | |, Spc(resp g) is surjective. Thus,

colimp Spc(resp ) is also surjective. O

Let us abuse notation and also write resp g : Ext})(Fa,Fe) — Extp (Fa,Fs) for the

induced map on Ext. We will write
resp p Spec” (Ext’ (Fy, Fy)) — Spec™ (Ext?; (Fa, Fy))

for the induced map on Spec”.

The following result describes how algebraic localizations behave under restriction from
D to an elementary quotient Hopf algebra. Hovey and Palmieri proved a general result of
this sort in Corollary 4.12 of [HPO01], but their proof relied on the assumption that the given

Hopf algebras are finite-dimensional.

Proposition 3.3.2. Suppose X € Stable(D)¢, E € Q, and p € Spec”(Ext};(Fa,F2)). Then

N resp p(X)q if resp g(q) = p,

resp g (Xy)
0 if p & im(resp, ).
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Proof. Let T = Ext})(Fy,Fy) ~ p and let Z denote the category whose objects are the
elements of T" and whose morphisms are given by multiplication by elements of T'. Consider
the diagram F' : Z — Stable(D)¢ which sends every object to (a suspension of) X and
each morphism corresponding to ¢t € T C 72(SY%) to the induced self-map on X. It is not
too hard to see that X, is the minimal weak colimit (in the sense of [HPS97]) of F'. Since
resp g is a left adjoint, it preserves weak colimits. Hence, resp p(X,) is a weak colimit of the
diagram resp g oF'. To see that resp p(X,) is indeed the minimal weak colimit of resp g oF,

by Proposition 2.2.2 of [HPS97] we must show that the induced map
colzim 72 (resp p(X)) — 7 (resp p(X,))

is an isomorphism. Since 7% oresp g is a homology theory, this follows immediately from the
definition of minimal weak colimit applied to X,. Therefore, we may compute resp g(X,)
by computing the minimal weak colimit of the diagram resp g oF’, which is the algebraic
localization of resp g(X) obtained by inverting the elements of the multiplicatively closed
set resp g (7).

First we consider the case that p ¢ im(res}, ). We have the following commutative
diagram

resp.g

EXtD FQ,FQ) —_— EXt (FQ,FQ),

‘Fl /

Elj}ng EXtE/ (FQ, F2>

where the vertical map is an F-isomorphism by Proposition 4.2 of [Pal99]. Moreover, under

the identifications

éll’IlQEXtE/“:Q, Fg) = Fg[hts s < t]/(htshvu U > t)
‘e

and
Ext}y (Fa, Fy) & Folhys : €2 #0 € E
(the first of which comes from Theorem 1.3 of [Pal99]), the diagonal map becomes the

apparent quotient map which kills all of the h;,’s for which €2 + 0 in E. Since the vertical
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F-isomorphism induces a homeomorphism on Spec”, consider the homogeneous prime ideal
p’ in limpeg Exty (Fo, F2) corresponding to p. Then p ¢ im(res}, ;) means that p’ does
not contain the kernel of the quotient map, i.e., there is some h;s in the kernel of the
quotient map with A, € (lim preo Exty (Fo, F2)) ~p’. Then for some n, there is an element
r € Ext}y(Fy, Fy) which maps to A% under the F-isomorphism, therefore x € Ext?y(Fy, Fo)~\p
and resp g(z) = 0. But then the minimal weak colimit of the diagram resp goF is an
algebraic localization which inverts zero, thus resp g(X,) = 0.

Now we consider the case that p = resp, z(q) for some q € Spec” (Extr (Fy, F2)). We have
T = Extp (Fa, F2) N resp p(q) = restlE(ExtE*(Fg, Fa) N q),
soresp g(T) C Exty (F2, F2) \ q. Now suppose y € Ext} (Fa, F2) \ g. Recalling the commu-
tative diagram from above, since the diagonal map is surjective and the vertical map is an
F-isomorphism, y** = resp p(x) for some z € Ext}y(Fy, Fy). Since 2 € resp'p (Extyy (Fz, Fa)
q) = T, we have y*" € resp g(T). Therefore, inverting resp z(T') is equivalent to inverting
Ext}y (Fa, F2) \ q, thus resp g(X,) = resp g(X),- O
We now define notions of support for Stable(D)¢ and Stable(E)¢ for E € Q.
Definition 3.3.3. Given X € Stable(D)¢, define
op(X) = {p € Spec"(Ext};(Fa,F2)) : X, #0}.
Similarly, for each F € Q, given X € Stable(E)¢, define
or(X) = {p € Spec" (Ext} (Fa,Fs)) : X, # 0}
=V (a7, ) (T2 (X)) -
Remark 3.3.4. Notice that for F € Q, the ring
72 (8Y) = Ext’ (Fa, Fo) 2 Folhy, 1 € #0 € E)

is coherent, hence 72 (X)) is a finitely generated module over Ext}y (Fy, Fy) for X € Stable(A)®

k%

(e.g., by the methods in Section 1 of [CS69]). This justifies the second equality in our
definition for o5 (X).
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The following lemma provides a sort of Quillen stratification for op in terms of the og’s,

which allows us to relate it to the universal support theory for Stable(D)¢.

Lemma 3.3.5. For any X € Stable(D)¢,

e (suppp(X)) = | resy, g(op(resp p(X))) = op(X).
EecQ

Proof. For the first equality, note that for each £ € Q, the preimage of supp,(X) under
resp, p : Spe(Stable(E)¢) — Spe(Stable(D)¢) is suppg(resp,p(X)). Tracing through the

homeomorphisms
colim Spc(Stable(E)¢) 2 colim Spec” (Ext’ (Fa, F2)) 2 Spec” (Ext}; (Fa, Fy)),
EeQ EeQ

we see that

' (suppp(X)) = | resh, p(pr(suppp(resp p(X))))
EcQ

- U resp p(op(resp p(X))),
EeQ

where we have used that pg o suppy = og on Stable(F)¢ by Remark 3.2.7.
Now we show the second equality. Suppose p € |Jycoresh p(op(resp p(X))). Then
p = res}, p(q) for some E € Q and q € Spec” (Ext (Fy, Fy)) such that resp g(X), # 0. By
Lemma 3.3.2,
resp p(Xy) = resp p(X)q # 0,

hence X, # 0, i.e., p € op(X).

Conversely, suppose p ¢ Jpegresp p(or(resp (X))). Then resp g(X,) = 0 and hence
resp (X, ® (DX),) = 0 for all E € Q, where DX denotes the Spanier-Whitehead dual of
X. By Theorem 5.1.6 of [Pal01] applied to D instead of A, the family {resp g : Stable(D) —

Stable(E)} peo detects nilpotence and therefore detects ring objects. Since X, ® (DX),
(X®DX), is aring object, we have X,®(DX), = 0. But X, is a retract of (X®@DX®X),
X, ® (DX), ® X, =0, hence X, =0, i.e., p ¢ op(X).

U
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Now we show that every quasi-compact open subset of Spec”(Ext?; (Fy, Fy)) arises as the

op-support of a compact object.

Lemma 3.3.6. For any finitely generated homogeneous ideal I in Ext}y (Fq, Fy), there ezists

an object X € Stable(D)¢ with op(X) = V(I).
Proof. Let us write I = (fy,..., fx) with each f; homogeneous. Consider X, = S%, and
Xj=Sp/fi®--®Sp/f

for j = 1,...,k. We will prove by induction on j that op(X;) = V((f1,...,f;)). Our
base case is op(Xg) = op(S) = V((0)). Now assume that op(X;_1) = V((f1,..., fj-1))-
Smashing the cofiber sequence

Sh 5 Sh = Sb/1j
with X;_; gives

Xj—l f—J> Xj—l — Xj.
We then see from the long exact sequence
D (X)) s 7P (X ) —— 7R(X) —— -

that p € op(X;) if and only if p € op(X,;_1) and f; is not a unit in Ext};(F, Fa)p, ie.,

f;j € p. Hence,
UD(Xj) = O'D(Xj71) N V((f]))
= V(15 =) N V()
=V((fir-s fi-1 £)s
completing the induction step and finishing the proof by taking X = Xj. -

Next we prove a more general tt-geometry result, which we will use here for Stable(D)®

and in the next section for Stable(A)°.
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Proposition 3.3.7. Suppose C is an essentially small tt-category and X s a spectral space
with a continuous map ¢ : X — Spc(C). If for every closed subset Z C X with quasi-compact
complement there exists an object a € C with ¢~ *(supp(a)) = Z, then ¢ is injective. If ¢ is

also surjective, then it is a homeomorphism.

Proof. Suppose © # y in X. Since X is spectral, without loss of generality there is a
quasi-compact open subset U C X such that z € U and y ¢ U. Consider the complement
Z = X N\ U, which has = ¢ Z and y € Z. By our hypothesis, there is an object a € C with
o (supp(a)) = Z. But then p(z) ¢ supp(a) while p(y) € supp(a), so ¢(z) # o(y). Thus,
® 1s injective.

Now suppose that ¢ is also surjective. To show that ¢ is a homeomorphism, it suffices
to show that ¢ is open. Since X is spectral, its quasi-compact open subsets form a basis for
the topology, hence it further suffices to show that ¢(U) is open for any quasi-compact open
subset U C X. To this end, suppose U C X is a quasi-compact open subset, and consider its
complement Z = X \U. By our hypothesis, there is an object a € C with ¢! (supp(a)) = Z.

Since ¢ is bijective,
p(U) = o(X N Z) = Spe(C) \ ¢(Z) = Spe(C) ~ supp(a),
which is open in Spc(C). This finishes the proof. ]

We now prove the main result of this section, which is a computation of the Balmer

spectrum of Stable(D)°.
Theorem 3.3.8. The map
©p : Spec(Ext?s (Fy, Fy)) — Spc(Stable(D))
18 a homeomorphism, hence the map
li : coli le(E)° le(D)¢
colim Spc(resp g) colim Spc(Stable(E)¢) — Spe(Stable(D))

1 also a homeomorphism.
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Proof. If Z C Spec”(Ext}s(Fy, Fy)) is a closed subset with quasi-compact complement, then
we have Z = V/(I) for some finitely generated homogeneous ideal I in Ext})(Fy, F2). By
Lemmas 3.3.5 and 3.3.6 there exists an object X € Stable(D)¢ with

¢p (suppp (X)) = op(X) =V (I) = Z.

Moreover, ¢p is surjective by Proposition 3.3.1. Thus, by Proposition 3.3.7, ¢p is a homeo-

morphism. ]

Note that the second homeomorphism of Theorem 3.3.8 can be seen as a sort of tt-
categorification of Quillen stratification for D. By Corollary 3.2.6 and the naturality of
comparison maps, we can conclude that the comparison map for Stable(D)€ is also a home-

omorphism. In fact, we have the following result.
Corollary 3.3.9. The comparison map

pp : Spe(Stable(D)¢) — Spec”(Ext (Fy, Fy))
15 a homeomorphism which is inverse to ¢p.

Proof. Tt suffices to show that pp o ¢p = id, which follows from a similar computation to

that given at the end of the proof of Theorem 3.1.1. O

Remark 3.3.10. Again by Proposition 2.10 of [Lau23], for any X € Stable(D)¢ we have

op(X) = pp(suppp (X)),

where supp, denotes the universal support theory on Stable(D)c.
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3.4 The dual Steenrod algebra A

In this section we compute Spc(Stable(A)¢), proving our main theorem. We will start by
constructing a map from our candidate space Spec™ (Ext}y(F2, Fs)) to Spe(Stable(A)¢), and
then we will proceed to show that this map is a homeomorphism.

Recall that Spec™ (Ext’s (Fy, F3)) denotes the subspace of Spec” (Ext3; (Fa, F3)) consisting

of the invariant prime ideals of the Hopf algebroid

(w2 (HD), 7 (HD ® HD)) = (Ext}; (Fa, F2), Ext}} (Fa, F2) ® (AOpFy)).

? k3

Given a homogeneous ideal I, we write
VI™(T) = V(I) N Spec™ (Ext s (Fy, Fa))

for the closed subset consisting of all invariant prime ideals containing I. We also write I* to
denote the largest invariant ideal in Ext}}(Fa, F2) contained in I. See Appendix A for more
details.

The following lemma verifies that if p is an invariant prime ideal in Ext})(Fy, F2), then

p* is also prime. In other words, we have a well-defined map
Spec (Ext3y (Fa, F2)) — Spec™ (Ext} (Fa, Fy))
ppt.
Lemma 3.4.1. If p € Spec"(Ext} (Fy, F2)), then p* € Spec™ (Ext’s (Fa, Fy)).

Proof. Since (72 (HD), 74 (HD ® HD)) = (r2(HD), 74 (HD) @ (AOpFy,)) is a split Hopf

algebroid with AQpF, & Fy[€2,65,€8,...,6%" .. ] as algebras, the assumptions of Section 4

of [Lan73| are met and Proposition 4.2(a) of [Lan73] applies. O
Lemma 3.4.2. The map Spec"(Ext’; (Fa, Fy)) — Spec™ (Ext’ (Fa, F2)) given by p — p* is
a retraction.

Proof. Since p* = p when p € Spec™ (Ext};(Fq, Fg)), it suffices to show that this map is

continuous. Note that if I is an invariant ideal in Ext}(F, F2) and p € Spec™ (Ext}y (Fo, Fy)),
then I C p if and only if I C p*, hence the preimage of V™V(I) is V(I). O
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Remark 3.4.3. The previous lemma allows us to view Spec™ (Ext};(F2, F2)) as a quotient
of Spec”(Ext};(Fa,F2)), and it seems that this may be more natural than to view it as
a subspace. Speaking very informally (and ignoring grading issues), Spec™ (Ext} (Fa, F2))
should be the underlying topological space of the stack associated to the Hopf algebroid
(Ext} (Fo, Fa), Ext}) (Fa, F2) ® (AOpF,)). Since this is a split Hopf algebroid, the associated
stack is the quotient stack [Spec” (Ext3;(Fa, F3))/ Spec™(AOpF,)] coming from the coaction
of the Hopf algebra AOpFs on Ext}) (Fa, Fa).

Next we check that the map Spc(resa p) : Spc(Stable(D)¢) — Spe(Stable(A)¢) factors
through Spec™ (Ext} (Fa, F2)).
Lemma 3.4.4. The map resa p : Spc(Stable(D)¢) — Spe(Stable(A)¢) descends to the quo-
tient to give a map @4 : Spec™ (Ext} (Fg, F2)) — Spe(Stable(A)°):

Spc(resa,p)

Spc(Stable(D)°) » Spc(Stable(A)°).

l T

Spech(ExtE*(Fg, Fs)) el

Specinv (Eth (FQ s F2 ) )

Proof. First note that for each E € Q, if X € Stable(A)¢ and q € Spec”(Ext (Fy, F3)), then
since HE,.(X) = 7E (resa g(X)), we have

q € op(resap(X)) = 2 \/anngg e, (HEe(X))

<~ q° D \/annExtj‘E*(Fz,Fg)(HE**(X>>

< q* € op(resqp(X)),

where we have used the fact that \/ ANy 1 (Fy,F) (H Ewr (X)) is an invariant ideal by Propo-
sition 6.3.2(b) of [Pal01]. Since the quotient map D — E induces a map of Hopf algebroids,
it is straightforward to check that

resp p(d") = (resp,g(q))"
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Now suppose P € Spc(Stable(D)¢) corresponds to p € Spec”(Ext}(Fs, F2)), and con-
sider P* corresponding to p* € Spec™ (Ext’; (Fa, F3)) C Spec”(Ext? (Fy, Fy)). Since p* C p,
if p* € op(resap(X)) then p € op(resap(X)). Conversely, if p € op(resap(X)) =
Upeotesh p(0n(ress £(X))), then p = resp, 5(q) for some q € o (ress 5(X)) and hence p* =

(resp g(q))" = resp p(q*) with q* € op(resa p(X)), ie., p* € Upcoresh plor(resa p(X))) =

op(resa p(X)). Therefore,

X ¢ Spc(resa,p)(P) resa,p(X) & P

P € suppp(resa,n(X))
p € op(resa,p(X))

p* € op(resan(X))

P* € suppp(resa,p(X))
resa p(X) ¢ P*

X ¢ Spe(resap)(PF).

r111t01070

Thus, Spc(resap)(P) = Spc(resa p)(P*), as desired.
[

Now we work to show that ¢, is a homeomorphism. The next result is a corollary of

Palmieri’s nilpotence theorem.
Proposition 3.4.5. The map

@4 : Spec™ (Ext’y(Fy, F2)) — Spe(Stable(A))
18 surjective.

Proof. The stable morphism ress p : Stable(A) — Stable(D) detects nilpotence by Theo-
rem 5.1.5 of [Pal01], therefore res? 5, : Spe(Stable(D)¢) — Spc(Stable(A)°©) is surjective by
Theorem 1.3 of [Bar+23b]. Thus, ¢4 is surjective by Lemma 3.4.4. O

We will now define a notion of support for Stable(A).
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Definition 3.4.6. Given X € Stable(A)¢, define

0a(X) =op(resap(X)) N SpecinV(ExtB‘(Fg, Fs))

= {p € Spec™ (Ext}} (F2,F2)) : HD..(X), # 0} .

Remark 3.4.7. Note that for X € Stable(A)¢, by the diagram defining 74 in Lemma 3.4.4

we have

&4 (supp4 (X)) = pp(suppp(resa,p(X)) N Spec™ (Ext} (Fa, Fa))
= op(resap(X)) N SpecinV(ExtB‘(Fz, F2))

= Ga(X).

where the second equality follows from Remark 3.3.10.

Next we show that every quasi-compact open subset of Spec™ (Ext}y (Fa, F2)) (see Lemma
A.0.9) arises as the g 4-support of a compact object, which is a corollary of Palmieri’s peri-

odicity theorem.

Lemma 3.4.8. For any finitely generated invariant ideal I in Ext]; (Fq, Fs), there exists an

object X € Stable(A)° with 54(X) = V™(I).

Proof. Since the coaction on Ext}}(Fs, F2) lowers homological degree, we may rearrange the
generators of I to be in ascending order of homological degree and write I = (fi,..., fx)
such that f; is invariant mod (fi,..., fj_1) foreach j=1,... k.

We will inductively define X; with

ga(X;) =V (\/annExtg(Fz,FQ)(HD**(X;'))> =V™((fi,-- . f)

for j = 0,...,k as follows. First, let Xy = S, which has 54(X,) = V™ ((0)). Now suppose

X;_1 has been defined. By the inductive hypothesis,

\/(fh i) = \/annExt;g*(Fz,Fg)(HD**(Xjfl)),
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so f; is invariant mod \/annExtg(ngpz) (HD.(X;-1)). Therefore, by Theorem 6.1.3 of [Pal01],
there is a self-map of X;_; such that the induced map on H D-homology is multiplication by

f; 7 for some n;. Take X, to be the cofiber of this map. We see from the long exact sequence

"j

o HDW(X; 1) s HDoW(X; 1) —— HD,W(X)) —— -
that p € 54(X;) if and only if p € 54(X;_1) and f;” is not a unit in Ext};(Fy, Fy),, ie.,
f; € p. Hence,
FA(X;) = 5a(X;21) NV™((f)))
=V™((fr,--, fi-) N V™((£7)
=V™((fro-- i)

Moreover, we see by the five lemma that

(fla s >fj*1> - \/annExt’B"(Fz,Fﬂ(HD**<XJ>>7

and chasing through the diagram

- — HD,(X;_1) —— HD,.(X;) —— HD,(X,;.1) —— ---

o Y

L1

~_ 0 lfﬂ "
—)HD** j— 1 HD j —>HD**(XJ_1)—>

shows that f; € \/annExtﬁB«(p%FQ)(HD**(X]»)). Therefore,

v (\/annExtD (Fa.F2) (H Du (X >>> CV™((fr, s f5)-

Also, if p 2 \/annExtB«(FQ,,:,z)(HD**(Xj)), then X, =0, so

F4(X;) C V™ (\fannpyes ) (HD-.(X;)) )

Altogether, we have

54() = V™ (\famnss e, e0 (HDee (X)) = V(- )
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completing the induction step and finishing the proof by taking X = Xj. O

We now arrive at our main result.
Theorem 3.4.9. The map
@4 : Spec™ (Ext’y(Fy, Fy)) — Spec(Stable(A)©)
s a homeomorphism.

Proof. If Z C Spec™ (Ext} (F2, F2)) is a closed subset with quasi-compact complement, then
we have Z = V™ (]) for some finitely generated invariant ideal I in Ext};(Fy, Fy) by Lemma

A.0.9. By Remark 3.4.7 and Lemma 3.4.8, there exists an object X € Stable(A)¢ with
P (supp,s (X)) = a(X) = V™(I) = Z.

Moreover, ¢4 is surjective by Proposition 3.4.5. Thus, by Proposition 3.3.7, ¢4 is a homeo-

morphism. O

We may also write the Balmer spectrum in terms of the elementary quotient Hopf algebras
of A. Let Qg denote the full subcategory of Q consisting of the conormal elementary quotient
Hopf algebras of A, which is final in Q. For each E € Q, let us write Spec™ (Ext’ (Fa, F2))

to denote the space of invariant prime ideals of the Hopf algebroid

Y k%

(mA(HE), n(HE ® HE)) = (Ext} (Fa, Fa), Ext (F2, F2) @ (AOgRFy)).

Note that each quotient map F — E’ in Qj induces a map of Hopf algebroids, which in turn

inv

induces a map on Spec
Corollary 3.4.10. There is a homeomorphism

Spc(Stable(A)¢) 2 colim Spec™ (Ext (Fy, Fa)).

EcQg
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Proof. For each E € Qp, the quotient map D — E induces a map of Hopf algebroids, which

in turn induces a map on Spec™. Therefore, we have a map

cEglian Spec™ (Ext} (Fa, F2)) — Spec™ (Ext’s (Fz, Fa)).
€o

Since Spc(Stable(A)¢) = Spec™ (Ext} (Fg, F2)) by Theorem 3.4.9, it suffices to show that

the above map is a homeomorphism. Consider the following commutative diagram

colim Spec™ (Ext’r (Fq, F2)) — Spec™ (Ext}s (Fa, Fy))

EcQg

colim Spec” (Ext’ (Fy, Fy)) = Spec” (Ext’; (Fa, Fy))

EcQq

(j:é)ligm Specinv(ExtE‘(Fg, Fy) — Specin"(Extg‘(Fg, Fs)),
€Qo

where the middle horizontal map is a homeomorphism by Proposition 4.2 of [Pal99]. By the
top square, the desired map is a homeomorphism onto its image, and by the bottom square

it is surjective. 0

Remark 3.4.11. Note that Spec™ (Ext}y (Fz, F2)) is a quotient of the space Spc(Stable(D)¢) =
Spec” (Ext};(Fa, Fy)). It would be nice to describe this tt-geometrically in terms of some sort
of “coaction” of AOpF; on the tt-category Stable(D)¢. This seems to be related to the idea

of descent and Hopf-Galois extensions (e.g., see [Bar+23a] and [Rog08]).

Lastly, we show that the comparison map for Stable(A)¢ is not a homeomorphism. More

precisely, we have the following result.
Proposition 3.4.12. The comparison map

pa : Spc(Stable(A)°) — Spec” (Ext’ (F, F))
15 surjective but not injective.

Proof. To see that p4 is surjective, note that the following diagram commutes by naturality

of comparison maps
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Spe(Stable(D)e) — =22, §pe(Stable(A)°)
pol lPA
Spech (Ext? (Fa, Fa)) 28 Spech (Ext’; (Fy, Fa)).
The bottom horizontal map is surjective by Lemma 5.6 of [Pal99] and pp is a homeomorphism
by Theorem 3.3.8, therefore p4 is surjective.
To see that p4 is not injective, notice that after examining the following commutative
diagram

Spc(resa,p)

Spc(Stable(D)°) > Spc(Stable(A)©)

1%

PD Spec™ (Ext}y (Fa, F2)) pa

/

Spech(Ext*D*(Fg, F2))

*
resAyD

> Spec”(Ext* (Fa, Fy)),

we may identify p4 with the composition
Spec™ (Exts (Fa, Fa)) < Spec” (Exti (Fa, Fa)) —2 Spec” (Ext’y (Fa, Fa)).

Now recall the elementary quotient Hopf algebra E(0) = A/(&3,£3,€2,...). The quotient

map D — FE induces a map of Hopf algebroids, which in turn induces a map on Spec™,

resulting in the following commutative diagram

Specinv(Ext’fE*(O)(Fg, Fy)) ——— Spec™ (Ext} (Fo, Fy))

[ LT

Spech(ExtE‘(O)(Fg, Fy)) ——— Spec™(Ext};(Fa, Fy)) T Spec” (Ext’; (Fa, Fa)).

rest, (o)
Consider p; = resy, g ((h10)), P2 = TeS], 1) ((h10, hao)) € Spec™ (Ext}y(Fy, Fy)). Recall
from the proof of Proposition 3.3.2 that the map resp g is “surjective up to nilpotents”
(i.e., for every y in the codomain, y?" is in the image for some n), so resy, E(0) is injective
and hence p; # ps. On the other hand, the map ress p() : Ext}y (Fa, Fa) — Extp ) (F2, F2)

factors through the invariants

Ext o) (Fa, F2) P02 2 Fy[hy ]
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(a fact which was probably known to Adams sometime in the 1960s), so the preimage of any
ideal in Exty; ) (F, F2) containing hig is the maximal ideal in Ext’y’(Fs, Fo). In particular,

resy p(P1) = resy po)((h10)) = resiy p(o)((h1o, hao)) = resyy p(p2)-

Thus, p4 is not injective. [



37

Appendix A

Invariant prime ideals of a Hopf algebroid

Let (A,T") be a bigraded commutative Hopf algebroid over a field k. We will make the

following additional assumptions:

e k is of characteristic 2 (this assumption can be removed if A is concentrated in even

degrees).
e (A,T) is connected, i.e., I';; =0 for i < 0 or j <0, and gy = A.
e ['is of finite type, i.e., I';; is finite-dimensional over £ for each i, j.

The standard reference for Hopf algebroids is [Rav86].

Remark A.0.1. We will primarily be interested in split Hopf algebroids, which arise in the
following manner. Given a k-algebra A and a commutative Hopf algebra H over k such that
A has a right H-coaction, there is a Hopf algebroid (A, A ® H) whose left unit 7, is given
by a — a ® 1 and whose right unit ng : A - A ® H is given by the H-coaction on A.

Definition A.0.2. A homogeneous ideal I in A is invariant if ng(I) C IT', whereng : A - T
is the right unit map of (A,T).

Note that if (A,T) = (A, A® H) is a split Hopf algebroid coming from a right coaction
Y : A— A® H, then an ideal I in A is invariant if and only if () C I ® H.

Definition A.0.3. Let Spec™ (A) denote the subspace of the bihomogeneous Zariski spec-
trum Spec(A) consisting of the invariant prime ideals in A. Given a homogeneous ideal [
in A, let

Viv(I) = V(I) N Spec™(A).
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In [Lan73|, Landweber looks at operations which convert homogeneous ideals into in-
variant ideals for certain types of split Hopf algebroids. These operations extend easily to

non-split Hopf algebroids.

Definition A.0.4. Given a homogeneous ideal I in A, let I* denote the largest invariant

ideal in A contained in I and let I* denote the smallest invariant ideal in A containing I.

Proposition A.0.5. Suppose I is a homogeneous ideal in A.
(1) I* exists and is given explicitly by

I"={xel:np(x) € IT}.

(ii) I* exists and can be described as follows. Fiz a homogeneous basis {v;} for I', and for
each x € I write nr(x) = Y., xiy;. Then I* is generated by all of the z; as x ranges

over (a generating set for) I.

Proof. For part (i), note that {z € I : ng(xz) € IT'} is an ideal since ng is A-linear, and it
is invariant since (ng ® idr) ong = (idg ® A)onr asmaps A - ARAT @, . If I is an
any other invariant ideal contained in I, then ngr(x) € I'l' C IT for every x € I’. Thus,
{z € I : ng(z) € IT'} is the largest invariant ideal contained in I.

For part (ii), the given description defines a homogeneous ideal which is invariant for
similar reasons as above, and it is clearly the smallest possible invariant ideal that contains

1. [l

Lemma A.0.6. (i) If I is a homogeneous ideal in A, then I is invariant if and only if

I =1TI*if and only if I = I°.
(ii) If I C J are homogeneous ideals in A, then I* C J* and I* C J*.
(i) If {I.} is a collection of invariant ideals in A, then (), Lo is invariant.

() If I and J are invariant ideals in A, then I + J is invariant.
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(v) If I and J are invariant ideals in A, then I.J is invariant.

(vi) If I is an invariant ideal in A, then \/I is the intersection of all invariant prime ideals

containing I, which is therefore invariant.

(vii) If I is a finitely generated homogeneous ideal in A, then I* is finitely generated.

Proof. Parts (i)-(iii) are evident. Parts (iv) and (v) follow from the fact that ng is a map of
algebras.

For part (vi), first note that /I = Mpevin P € Npeyinv(py P- Since I is invariant, I C p if
and only if I C p* for any p € Spec”(A), hence

(1 v=(1rc )=V
peVinv(J) peV () peV(I)

Part (vii) follows from the description of I* given in part (ii) of Proposition A.0.5 and
the assumptions that (A, T") is connected and I is of finite type. O]

Remark A.0.7. Note that if I is a homogeneous ideal in A and p € Spec™(A), then I C p if
and only if I* C p and therefore

Vinv(lﬁ) — Vinv<])‘
As a result, every closed subset of Spec™(A) can be written as V™(I) for some invariant

ideal I in A.
Recall the following definition.
Definition A.0.8. A topological space is spectral if it is quasi-compact and Tj, it has a

basis of quasi-compact open subsets which is closed under finite intersections, and every

irreducible closed subset has a unique generic point.

We will show that Spec™ (A) is spectral through a series of lemmas. We start by char-

acterizing the quasi-compact open subsets of Spec™ (A).
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Lemma A.0.9. An open subset U C Spec™(A) is quasi-compact if and only if
U = Spec™(A) ~ V™(I)
for some finitely generated invariant ideal I in A.

Proof. First suppose I = (z1,...,2,) is a finitely generated invariant ideal in A and con-
sider U = Spec™(A) ~ V™ (I). Suppose we have an open cover U C |J,U,, where
U, = Spec™ (A) \ V™ (I,). Then

V() D (\V™(I,) = V™ <Z ]a> ,

so I € /> ,cala. Therefore, 27", ... a0 € Iy, + --- + I,, for some ay,...,a; and

mi,...,my,. But then

Ic \/(le7vxnmn) c \/[al +"'+Iak7

SO

Vinv(f) D) Vinv([al + -t Iak) = VinV(Im) M---N Vinv([ak>7

ie, U CU, U---UU,,. Thus, U is quasi-compact.

Conversely, suppose U is a quasi-compact open subset Spec™ (A). Then U = Spec™ (A)\
Vinv(T) for some invariant ideal I in A. Note that I is the sum of its finitely generated
subideals, so by applying (—)*, we see by Lemma A.0.6(vii) that I is the sum of its finitely
generated invariant subideals. Let F denote the set of finitely generated invariant ideals

contained in [, so that

U = Spec™ (A) ~ V™(I)

= Spec™(A) V™ (Z J)

JeF
= Spec™(A)~ [ V™(J)
JeF
= U Spec™ (A) . V™ ().
JeF
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Since U is quasi-compact, there exist Jp,...,J, € F such that

U = (Spec™ (A) \ V™ (J;)) U+ U (Spec™ (A) N\ V™ (J,))
= Spec™ (A) . (V™ (L) N NV™(],))
_ SpeCinV(A) ~ Vinv(Jl 4+ -+ Jn)a

where J; + - -+ + J, is a finitely generated invariant ideal in A by Lemma A.0.6(iv). O
Lemma A.0.10. Spec™ (A) is quasi-compact and Ty.

Proof. Spec™(A) is compact by Lemma A.0.9. To show that Spec™(A) is Ty, consider
p1 # p2 in Spec™(A). Without loss of generality, assume p; € po. Then taking U =
Spec™(A) \ V™ (p;), we have p; ¢ U and py € U. O

Lemma A.0.11. The quasi-compact open subsets give a basis for the topology on Spec™ (A).

Proof. Suppose p € Spec™ (A) \. V(I) for some invariant ideal I in A. Since I ¢ p, choose
x € I~ p. Then (z)* is a finitely generated invariant ideal with (2)* C I and (x)* € p, i.e.,

p € Spec™ (A) \ V™ ((z)*) C Spec™ (A) \ V™ (I).
[l

Lemma A.0.12. The quasi-compact open subsets of Spec™ (A) are closed under finite in-

tersections.

Proof. Consider U = Spec™ (A)\ V™ (I) and V = Spec™ (A)\ V¥ (.J) for finitely generated

invariant ideals [ and J in A. Then
UNV =Spec™(A) \ (V™(I)UV™(J)) = Spec™ (A) \ V™(1.J),
where 1.J is finitely generated and invariant by Lemma A.0.6(v). O

Lemma A.0.13. Spec™(A) is sober, i.c., every nonempty irreducible closed subset has a

generic point.
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Proof. Suppose V™V(I) is irreducible for some proper invariant ideal I in A. By replacing I
with /T if necessary (which is also invariant by Lemma A.0.6(vi)), we may assume that [
is radical. For any p € Spec™(A), the closure of {p} is VI™¥(p), therefore it suffices to show

that [ is prime (note that the generic point is necessarily unique). If xy € I, then
V() SV ((zy)) = V() UV™((y)).

Since V™ (I) is irreducible, either V" ((x)) or V'™ ((y)) must contain V™ (I), i.e., either

x € I or y € I since [ is radical. Thus, I is prime, as desired. O

The main result of this appendix now follows immediately from Lemmas A.0.10, A.0.11,

A.0.12, and A.0.13.

Proposition A.0.14. Spec™(A) is a spectral space.
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