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As humans rapidly alter the environment around them, impacts such as habitat disturbances and

fragmentation, range shifts, and invasions are increasingly common. In the face of these events,

knowledge of population dynamics and how these dynamics may respond to changing environ-

mental factors is of particular relevance. Mathematical models can help analyze such population

behavior, and their predictions can aid decision-making regarding species conservation, habitat de-

sign, biological control, and other matters related to ecosystem management. In this dissertation,

I build and analyze several discrete-time population models, including developing a method for

analyzing the spatial models known as integrodifference equations (IDEs). First, I describe the

ecological underpinnings of the models and the mathematical components of both nonspatial and

spatial discrete-time models.

Next, I examine a reduced successional community. Succession may become more common

with increased habitat disturbances and with climate change opening new ecological niches for

species. I present a simple mathematical model for the dynamics of a successional pioneer–climax

system using difference equations, where the climax population is subject to an Allee effect. Each

population is subject to inter- and intraspecific competition; population growth is dependent on

the combined densities of both species. I fully characterize the long-term dynamics of the model,

uncovering diverse sets of potential behaviors including some behaviors not previously seen in



pioneer–climax models. Competitive exclusion of the pioneer species and of the climax species

are both possible depending on the relative strength of competition. Stable coexistence of both

species may also occur at both fixed population-densities and fluctuating densities. The abrupt loss

of a coexistence state, shifting the system to an exclusion state, is also possible.

Then I consider IDEs, popular models for exploring a variety of problems related to population

persistence and spread. I present a novel method for approximating the equilibrium population-

distributions of IDEs with strictly-increasing growth, for populations on a finite habitat-patch. This

method approximates the growth function of the IDE with a piecewise-constant function, and I call

the resulting model a block-pulse IDE. I write out analytic expressions for the iterates and equilibria

of the block-pulse IDEs as sums of cumulative distribution functions. I characterize the dynamics

of one-, two-, and three-step block-pulse IDEs, including stability analyses and an exploration

of bifurcation structure. I demonstrate the use of block-pulse IDEs by using three-, five-, and

ten-step block- pulse IDEs to approximate models with compensatory Beverton-Holt growth and

depensatory, or Allee-effect, growth. For the IDE with Allee-effect growth, I also calculate the

critical patch-size needed for persistence for several dispersal kernels, showing that this patch size

depends on the choice of dispersal kernel when an Allee effect is involved.

Finally, I conclude with some of the implications of these results. I discuss open problems and

extensions of the current models and methods, and motivate paths for future exploration.
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Chapter 1

INTRODUCTION

From the inception of ecology as a scientific field, scientists have been interested in the dynamic

processes of populations and communities and have used mathematical models to examine these

dynamics [92, 111]. Such models are powerful tools for analyzing the behavior of a population

over time, allowing us to distill intricate ecological factors into more manageable parts. Popu-

lation models offer a way to study questions relating to population behavior and persistence that

often cannot be answered solely through empirical study. Among many other topics, mathematical

models can help in predicting population responses to changing environmental factors, interac-

tions between populations, and the dynamics of biological invasions. Such predictions can, in turn,

inform decisions made in resource management, conservation, or biological control [103, 126].

There is a rich diversity among the types of population models that exist, with each type of

model offering unique insight into certain classes of populations. One major class of models is

discrete-time difference equations. These nonspatial models are appropriate for populations that

have distinct, non-overlapping generations.

Spatial components often play a major role in population dynamics. Integrodifference equa-

tions (IDEs) are a popular method of modeling populations in discrete time and continuous space.

IDEs are particularly useful when considering a population that, in addition to having non-overlapping

generations, grows and disperses in distinct phases. This is a category of populations that includes

many annual plants and insect species. Difference-equation models and IDEs may also be useful

for populations whose growth is censused in discrete intervals.
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1.1 Nonspatial dynamics: Difference-equation models

I focus on mechanistic models, both nonspatial and spatial, for populations that grow in discrete

generations. Difference equations form the fundamental backbone of the models considered in this

thesis. The general form of the nonspatial difference-equation model under consideration is

nt+1 = f (nt)nt = g(nt) , (1.1)

where nt is the population density in generation t and the product g(nt) = f (nt)nt is known as

the growth or recruitment function. The function f (nt) is the per-capita number of recruits for the

population, also known as the per-capita replacement rate, per-capita number of progeny, or the

fitness function.

I am predominantly interested in understanding the long-term behavior of populations. When

examining the long-term dynamics of a difference-equation model, I look for solutions of the model

where the population is not changing over time, so that the population density is at equilibrium. In

the difference equation above, these equilibrium solutions, or fixed points, satisfy nt+1 = nt = n.

In other words, we find the equilibrium population-densities n by solving

n = f (n)n. (1.2)

The trivial fixed-point n = 0 is always a solution. Any other fixed points occur when the per-capita

number of recruits is equal to one, f (n) = 1, so that each individual is exactly replacing itself.

Now, consider two species whose population densities at generation t are given by nt and pt . A

general two-species difference-equation model is

nt+1 = fn(nt , pt) nt = gn (nt , pt) , (1.3a)

pt+1 = fp(nt , pt) pt = gp (nt , pt) , (1.3b)

where fn (nt , pt) and fp (nt , pt) are species-specific per-capita numbers of recruits. (Please note

that precise notation varies slightly between chapters.) Fixed points of this system occur when

both populations are at equilibrium, so that nt+1 = nt = n and pt+1 = pt = p are both satisfied.
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1.2 Spatial models: Integrodifference equations

Nonspatial models can provide valuable insight into population dynamics. Incorporating spatial

components, most notably dispersal, adds to this insight and offers a more realistic and nuanced

portrayal of population dynamics. The work of Fisher [37] in population genetics later influenced

Skellam [127] in his study of invasion waves in ecology. By incorporating dispersal, these studies

began the shift from nonspatial to spatiotemporal models of population dynamics. Initially, disper-

sal meant diffusion, and the deterministic models under consideration used diffusion to represent

population movement [125, 127].

The reaction-diffusion equations of Skellam [127], continuous in both time and space, are a

precursor to the discrete-time and continuous-space IDE models. IDEs, though not under that

name, first emerged in population genetics with the work of Slatkin [128], Weinberger [144], and

Lui [83]. IDEs were later formalized in population ecology [64]. In many cases, IDEs provide more

ecological realism than the classical reaction-diffusion models by accounting for long-distance

dispersal as well as seasonal growth, features which many species possess [98, 3, 21, 84]. As a

result, IDEs are frequently used to identify conditions for population persistence and spread in the

contexts of environmental change and invasion [97, 36, 86, 153, 47, 45].

Consider a population whose density in generation t at spatial location y is given by nt (y).

In a typical IDE, the population first grows according to some recruitment (or growth) function,

g [nt (y)], and then disperses with probability governed by dispersal kernel k (x,y) (though this order

of events may be reversed [86]). The population density in the next generation t +1 at a particular

spatial location x is

nt+1 (x) =
∫

Ω

k (x,y)g [nt (y)]dy, (1.4)

where Ω is the habitat domain of the population.

There are a variety of ecological problems that IDEs are commonly used to examine. The

invasion problem, in which we seek to estimate speeds of spatial spread over an infinite habitat-

domain, is one major class of IDE problems [83, 2, 65, 141, 143, 145, 75, 36, 78, 52, 146, 41,
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45, 130]. The results of these estimations can be used to try and control establishment and spread

of invasive species, or understand conditions under which a population will be able to spread into

newly available habitat.

Another key problem is population persistence on a finite habitat-patch, often considered in

terms of the critical patch-size needed for persistence [64, 139, 69, 140, 34, 82, 110]. Such models

can inform decisions about habitat-reserve design and ecosystem management.

Moving-habitat models consider an IDE with a finite habitat-patch that is shifting at some speed

c. The third core IDE problem uses these models to find the critical speed of habitat movement

beyond which a population cannot persist [153, 154, 47, 63, 102, 48, 113, 114, 53, 23, 89]. As cli-

mate change causes latitudinal and elevational range-shifts in many species [72, 19], these models

can offer insight into the conditions under which populations will be able to keep pace with such

climate-driven range shifts.

To create a realistic population model, whether nonspatial or spatial, we take key ecological

features of the populations in question and distill them into mathematical terms. The underlying

ecological system and the biological factors that drive population dynamics are as important to

understanding a population model as the mathematical components and tools themselves. Any

mathematical model involves simplification of the underlying system, often drastically so. Thus,

it is critical that we take care to incorporate the ecological features of the system that most sig-

nificantly influence population dynamics in order to build a useful model. I now consider the

ecological underpinnings of the models that will be analyzed in this dissertation, and how these

ecological factors influence model components.

1.3 Population growth

Population growth is frequently considered to be density dependent, so that growth is regulated

by density-dependent factors like competition, predation, or disease. (Population growth may also

be regulated by density-independent factors, which tend to be abiotic.) Three common forms of
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density-dependent growth are compensatory, overcompensatory, and depensatory growth.

In compensatory growth, the per-capita number of recruits f (nt) is largest at small densities,

so that the slope of the recruitment function g(nt) is steepest at arbitrarily small densities. As pop-

ulation density increases, the per-capita number of recruits decreases, while the overall recruitment

of the population increases monotonically but with decreasing slope.

A classical example of compensatory growth is given by the Beverton-Holt model [10],

nt+1 =
R0nt

1+[(R0−1)/K]nt
, (1.5)

where R0 is the net reproductive rate of the population, or the average number of offspring or

propagules from a reproducing individual. The parameter K is the carrying capacity, or the max-

imum population-density that can be sustained by the environment. There are two equilibria, the

trivial extinction state at n = 0 and the persistence state at the carrying capacity n = K.

With overcompensatory growth, the per-capita number of recruits is also largest at small den-

sities. As density increases, the per-capita number of recruits f (nt) decreases. At small densities,

overall recruitment g(nt) will increase. However, in contrast to compensatory growth, density

dependence is severe enough to cause an overall decrease in recruitment at larger densities.

A typical model for overcompensatory growth is given by the Ricker equation [112],

nt+1 = er(1−nt/K) nt , (1.6)

where r = lnR0 is the intrinsic rate of growth and K is the carrying capacity. The Ricker model has

the same fixed points as the Beverton-Holt model, the extinction state n = 0 and the persistence

state n = K.

The third form of density-dependent growth I consider is depensatory or Allee-effect growth.

Also known as positive density dependence, this form of growth happens when the per-capita

number of recruits, or fitness, increases with density at low densities [1, 26]. Equivalently, at small

densities the per-capita number of recruits decreases as density decreases.
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Mechanisms causing an Allee effect often arise from cooperative effects, as opposed to the

competitive effects that typically cause negative density dependence [1, 133, 66]. Some of these

mechanisms that cause an improvement in fitness as density increases, both cooperative and not,

include mate finding, group feeding, predator defense, inbreeding depression, and sex-ratio bias

[44, 108, 129, 25, 11, 26]. When population densities are small, there are not enough individuals

for the cooperative effects to aid population growth (or non-cooperative effects take their toll). As

density increases, the per-capita number of recruits of the population increases as well. Competitive

effects or other factors unrelated to the Allee effect typically cause growth to slow or decrease at

larger densities.

There are two types of depensatory growth. The first is noncritical depensation or a weak Allee

effect. In this case, the per-capita number of recruits increases with density at low densities, but is

always above one so that an individual is always at least replacing itself. There are two equilibria

for a nonspatial model with a weak Allee effect, the extinction state and a persistence state [11].

The second type of depensatory growth, which is of particular interest here, is critical depen-

sation or a strong Allee effect. The per-capita number of recruits is below one for densities below

some threshold, so that at low densities an individual fails to replace itself. This critical threshold

is known as the Allee threshold. A third equilibrium point is introduced at the Allee threshold,

and populations below this equilibrium will decline to extinction. The Allee threshold, therefore,

is extremely important in determining whether a population can persist.

In addition to introducing a population threshold that must be surpassed for persistence, Allee

effects may have a variety of other impacts on populations. These impacts are especially notable

in spatial models. When dispersal is involved, a population may require a minimum founding-

population size that is different from the Allee threshold to survive, as dispersal may push the

population below the Allee threshold [45]. In populations that are spreading, Allee effects can slow

the rate of spread, introduce a critical range-size necessary for invasion to occur, or prevent range

expansion due to the minimum founding-population necessary for establishment [65, 61, 134, 57].
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As a result of these impacts, Allee effects are of great interest to ecologists and mathemati-

cians alike, particularly given that Allee effects appear to be widespread in a variety of populations

[79, 134]. The mathematical dynamics caused by Allee effects can be quite different from models

without Allee effects. Allee effects can greatly impact the survival of endangered or at-risk popu-

lations, affecting conservation and ecosystem-management decisions [129, 25, 66]. They may also

be leveraged in controlling the spread of invasive species [57, 137].

A simple nonspatial model with a strong Allee effect is given by

nt+1 =

[(
1+ρ2)/K

]
n2

t

1+(ρ/K)2 n2
t

, (1.7)

where ρ is the growth parameter and K is the carrying capacity [95, 139]. The Allee growth-model

has three equilibria at n = 0, n = K/ρ2, and n = K. The intermediate equilibrium, n = K/ρ2, is

the Allee threshold that the population must surpass in order to persist.

1.4 Dispersal

Understanding the factors that affect a population’s growth is one critical component of modeling

population dynamics. Another key factor to consider is how the population moves in space, or dis-

perses. We generally model dispersal events with dispersal kernels k (x,y) that give the probability

density of an individual moving from a starting location y to some final location x. These kernels

may be derived directly from empirical data or mechanistically, using assumptions about the bio-

logical factors affecting dispersal [110, 84]. In this dissertation, I assume the dispersal kernels are

proper, continuous, and bounded.

As noted earlier, for a long time dispersal was assumed to be diffusive, or Gaussian, which does

not account for long-distance dispersal. However, empirical evidence indicates that many species

disperse farther and at a faster rate than theoretical predictions using diffusive dispersal would

suggest. For plants, this phenomenon is known as Reid’s Paradox [21]. Skellam [127], in his

analysis of population dynamics subject to diffusive dispersal, found that diffusion alone could not

explain the extensive spread of oak trees in Britain after the last ice age. Rather, spread must have
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been supported by another factor, such as birds contributing to seed dispersal. As a result of such

evidence, leptokurtic and heavy-tailed kernels that account for more long-distance dispersal events

have become increasingly popular for modeling population dispersal (e.g., Kot et al. [65], Clark

[20], Cain et al. [17], Clark et al. [22], Liu and Kot [80]).

1.5 Successional communities

No population exists in isolation. In addition to growth and dispersal, the interactions between

populations are another critical component of population models. Common forms of interaction

that are of interest include competition, predation, mutualism, and parasitism, among others.

I am interested in the population interactions in a reduced successional community of plants,

known as a pioneer–climax system. Succession is the process by which the community of an

ecosystem changes over time [50]. The start of succession occurs after a disturbance to an ecosys-

tem disrupts existing communities or when new, barren habitat is colonized [50, 100]. Thus, the

principle of succession is inherent to environmental change.

Human-driven changes to the environment are increasing and putting ever-greater pressure

on ecosystems. Perhaps the most obvious and overarching human impact on the natural world

is anthropogenic climate change, which has resulted in effects such as warming temperatures,

increased environmental disturbances, and population range-shifts [72, 19, 117]. Other changes

include human-mediated transport and dispersal of organisms, leading to increasing numbers of

biological invasions [73]. Climate change itself can facilitate invasions, as habitats previously

unsuitable for non-native species become accessible due to changes in environmental conditions,

or an ecological niche opens up as a result of habitat disturbance [142, 31]. As direct human action

and anthropogenic climate change cause increased habitat-disturbances and environmental change,

successional communities may become more common [117].

A highly simplified successional community is the aforementioned pioneer–climax system,

involving a pioneer and climax plant species. The pioneer species is the first to move into new
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habitat and to colonize an unpopulated environment [46, 28]. Pioneer species are hardy species

that exhibit compensatory growth, doing best at low population-densities [28]. Climax species,

on the other hand, are late-successional species that are good competitors but poor colonizers.

At low population-densities, they rely on the pioneer species to provide resources that make the

new environment tolerable [46, 138]. As a result of this interaction, climax species are subject

to a strong Allee effect. Examples of pioneer and climax species pairs include white bursage and

creosote bush, Douglas-fir and western hemlock, and quaking aspen and red maple.

1.6 Overview

The mathematical structure of pioneer–climax systems is well established, and the long-term dy-

namics of differential-equation pioneer–climax models have been thoroughly characterized [14,

15, 62, 120, 131, 132]. Studies of discrete-time models, however, have focused on analysis of the

quasi-periodic solutions that arose [120, 121, 122], theoretical proof of criteria for exclusion and

coexistence [39, 40], and restoring stability of a fixed point by reversing period-doubling bifurca-

tions [118, 119, 123, 124].

Despite this extensive research, no one had undertaken a thorough investigation of the long-

term dynamics of a discrete-time model. In chapter 2, I summarize the development and results of

a difference-equation pioneer–climax model [42]. Inter- and intraspecific competitive effects drive

population-density growth, and the population’s response to density depends on the combined

and weighted population-densities of both species. The model demonstrates diverse sets of long-

term behaviors, including some novel dynamics regarding quasi-periodic coexistence states. With

the results of this model analysis, the behavior of a discrete-time pioneer–climax model is fully

characterized, and we gain further insight into the dynamics of successional communities.

With the nonspatial dynamics of a pioneer–climax system in hand, my original intent was to

examine moving-habitat models for a climax population on its own and a pioneer–climax system,

to determine how critical speeds of habitat-patch movement are affected by the Allee effect in the
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climax population. To do so, I used the method of geometric symmetrization [63, 113] to approx-

imate the critical speed beyond which the populations cannot persist. Geometric symmetrization

is based on approximating the dominant eigenvalue of the integral operator or, more intuitively,

approximating the proportion of individuals that remain in the habitat patch after dispersal. Allee

effects typically cause significant analytical challenges in IDEs [84]. The critical-speed problem

proved to be no different, as geometric symmetrization did not work with an Allee effect.

In light of this outcome, my focus shifted to analyzing IDEs with an Allee effect. The resulting

work is not limited to Allee effects, but is broadly applicable to any increasing growth-function, in-

cluding populations with compensatory or depensatory growth. In chapter 3, I formalize a method

to approximate the equilibrium solutions of an IDE with a strictly-increasing growth-function and

a symmetric and unimodal dispersal kernel, calling the resulting model a block-pulse IDE [43].

The block-pulse IDE approximates the growth function of the original model, creating a IDE with

significant analytical tractability and allowing for comprehensive analysis, including analytic equi-

librium expressions and explicit stability analyses.

The dynamics of block-pulse IDEs are surprisingly intricate on their own. Of more interest,

however, is their usefulness in closely approximating the equilibrium solutions of the original IDE.

With block-pulse IDEs, we obtain both stable and unstable equilibria, gain valuable information

about spatial variation of the equilibrium population-distributions, and can calculate the critical

patch-size needed for population persistence for a variety of dispersal kernels. It is my hope that

the framework established here can be extended to other problems in spatial ecology, broadening

the scope of problems we may analytically consider when an Allee effect is involved.

As with any body of research, persistent questions remain. In chapter 4, I discuss what I con-

sider to be some of the most interesting questions for future exploration. By then, the relevance

of successional communities, Allee effects, and population dynamics in an ever-changing environ-

ment should be clear. I have been continually inspired to examine the problems explored in this

dissertation by both the underlying ecological motivations and the mathematical methods. It is



11

my hope that the preceding chapters and the questions posed in chapter 4 may similarly motivate

others to explore such dynamics themselves.
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Chapter 2

DYNAMICS OF A DISCRETE-TIME PIONEER–CLIMAX MODEL

2.1 Introduction

In ecological succession, newly established habitat is initially composed of pioneer plants, hardy

species that do best at low population-densities and that can colonize unpopulated environments

[46, 138, 28]. Later in succession come climax species, which are strong competitors but poor

colonizers [46, 138]. At low population-densities, climax plants typically cannot persist on their

own, and pioneer species act as nurse plants in a commensal interaction [46, 120]. As population

density of the climax species increases, interaction dynamics become more competitive and the

climax species tends to thrive [120, 100]. In nature, there are many pairs of plants that interact in

this manner. White bursage and creosote bush from the Sonoran Desert, a pioneer species and a

climax species, are one such pair [91].

Modeling pioneer–climax dynamics with systems of both differential and difference equations

has a rich history [120, 39, 40, 15, 122, 131, 123, 62]. In these models, the long-term behavior

of both species depends on inter- and intraspecific competition, and each species reacts differently

to these competitive effects. Most pioneer–climax models distinguish density-dependent effects

from competition using a total-density variable, a linear combination of the population densities

of both pioneer and climax species weighted by competitive effects. Competitive effects are thus

dependent only on individual population-densities. The models then assume that the per-capita

replacement rate, or fitness, of each species is a function of the total-density variable, so that the

species’ response to density is modeled by this fitness function.

A pioneer species’ fitness function is a monotonically decreasing function of total density [120].

A climax species, on the other hand, does poorly at low densities. As total density increases, its



13

fitness increases, until overcrowding at high densities results in a decrease in fitness [120], forming

a one-humped function. Such fitness functions match ecological observations, incorporating the

dependence of the climax species on the pioneer at low densities for resources such as shade or

shelter [46, 91]. This formulation also includes the pioneer species being generally outcompeted

by the climax species as density increases [91].

Initially, most researchers assumed that the eventual result of any pioneer–climax dynamical

model would be pioneer exclusion, an assumption supported by model results and ecological theory

[46, 120, 39]. Habitat disturbances that prevent a stable state with only climax species are likely

to occur [136, 28], but scientists believed an undisturbed system would always result in climax

species dominance. Selgrade and Namkoong [120], however, demonstrated the possibility of long-

term dynamics other than pioneer exclusion by finding a Hopf bifurcation that led to stable periodic

behavior and coexistence.

After this seminal work, more evidence for a variety of steady-state behaviors emerged [39,

40, 14, 62]. Much of this research used differential equations [118, 15, 131, 62, 24]. Studies

that employed difference equations generally focused on analysis of the possible Neimark–Sacker

bifurcation, the discrete-time equivalent of a Hopf bifurcation, or theoretical proof of exclusion

and coexistence principles [120, 121, 39, 40, 122]. From these initial studies, pioneer–climax

research turned to studying how a forcing term, representing stocking or harvesting, might be

able to restore stability in the system after a Hopf or period-doubling bifurcation has occurred

[118, 15, 122, 131, 119, 124, 132]. To this point, no one has undertaken a more general overview

of the behavior of a simple pioneer–climax difference-equation model.

We aim to provide such an overview, in order to understand the full long-term dynamics of a

discrete-time model for the first time. With this comprehensive analysis, we gain further insight

into how difference-equation models may contrast with differential-equation models, and we shed

light on the unique behaviors a discrete-time model may reveal. In particular, we would like to

know if difference-equation models are likely to exhibit behaviors such as multiple stable states or
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dangerous bifurcations leading to sudden regime shifts. We are also interested in whether pioneer

persistence-states or coexistence states are common in this discrete-time model.

In this chapter, we present a basic pioneer–climax difference-equation model using similar

assumptions to prior studies. In section 2.2, we describe the model and its development. In this

section, we also nondimensionalize our model. Using a total-density variable, we separate inter-

and intraspecific competition effects and model the fitness of each species as a function of the

total-density variable. We use simple rational forms, for both fitness functions, that are constructed

in keeping with earlier model assumptions and ecological theory.

In section 2.3, we characterize the zero-growth isoclines that provide the framework for our

stability analysis. We also present the fixed points, or equilibria, of our model, which occur at

the intersection of the zero-growth isoclines. Nine different geometric configurations of the zero-

growth isoclines occur, as in Buchanan’s 1999 analysis using differential equations. These nine

cases present scenarios of both competitive exclusion and coexistence.

We perform a steady-state analysis of the long-term behavior of the model in section 2.4 and

summarize the results of the stability analysis for all nine geometric cases. The full stability anal-

ysis is contained in appendix A.2, appendix B.2, and appendix C.2.

In two of the above cases, Neimark–Sacker bifurcations occur. We examine these bifurcations

in section 2.5. In section 2.6, we highlight a global bifurcation similar to the heteroclinic cycle

found in the differential-equation model of Kim and Marlin [62], as well as another global bifur-

cation, a homoclinic bifurcation, not previously found in pioneer–climax models. We also present

numerical simulations that show the changing stabilities of the fixed points or limit cycles as the

bifurcations occur.

In section 2.7, we describe both the implications of our findings and how our work motivates

future research. Our results provide insight into the persistence of pioneer and climax plant species

and highlight previously unobserved global behavior of discrete-time pioneer–climax models. The

investigation presented here also opens the door to new research, setting the stage for examining
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pioneer–climax models in a spatial context. In particular, this framework allows us to examine

the invasion ecology of a spatial pioneer–climax model with flexible dispersal kernels and distinct

growth and dispersal stages. As climate change alters ecosystems and induces range shifts in many

species, we may see more successional communities, making such analyses highly valuable.

2.2 Model

2.2.1 Model development

We consider a model where sufficient resources exist that the per-capita replacement rates of the

pioneer and climax species depend only on total-density variables, linear combinations of pioneer

and climax densities weighted by competition coefficients. This construction allows us to distin-

guish between a species’ response to density and its response to competitive effects. Let Pt and Ct

be the population densities of the pioneer and climax species at time t. The total-density variables

for each species are

Mt = w11 Pt +w12 Ct , (2.1a)

Nt = w21 Pt +w22 Ct , (2.1b)

where wi j denotes the competitive effect of species j on species i. We take species 1 to be the

pioneer species and species 2 to be the climax species.

The interaction between species is modeled by the system of difference equations

Pt+1 = f (Mt) Pt , (2.2a)

Ct+1 = g(Nt) Ct , (2.2b)

where f (Mt) and g(Nt) are the per-capita replacement rates, or fitness functions. We omit consider-

ation of survivorship from one generation to the next (but see section 2.7). Note that for population

growth of either species in this discrete-time model its fitness function f (Mt) or g(Nt) must be

greater than 1.
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We assume that the pioneer species’ fitness function f (Mt) is a monotonically decreasing func-

tion with respect to density that has a single root f (Mt) = 1. To model the pioneer species’ dynam-

ics under this assumption, consider the fitness function

f (Mt) =
R1

1+aMt
. (2.3)

The net reproductive rate of the pioneer species, R1, is assumed to be greater than one to reflect the

pioneer species’ ability to survive on its own at low densities. We group deleterious effects such

as overcrowding into the positive parameter a, so that the pioneer species’ fitness always decreases

with increasing total density, as shown in fig. 2.1a.

The climax species’ fitness function g(Nt) is a one-humped function of density with two roots

g(Nt) = 1. Here, we take

g(Nt) =
R2(1+b1Nt)

1+b2N2
t

. (2.4)

As with the pioneer species, R2 is the climax species’ net reproductive rate. As the climax species

require the pioneer species to facilitate growth at low densities, R2 is assumed to be less than

one. Beneficial effects from the pioneer species acting as nurse plant for the climax species at low

densities are incorporated in the positive parameter b1. The positive parameter b2, multiplied by

the square of the total density, measures deleterious effects on the population at high densities due

to effects such as overcrowding. This arrangement gives the desired form of the climax fitness

function, increasing at low densities before hitting a maximum and decreasing as total density

grows (fig. 2.1b). Thus, the fitness functions presented here match ecological theory on the per-

capita replacement rates of pioneer and climax species [46, 91] as well as mathematical convention

[120, 62] while maintaining a desirable simplicity.

2.2.2 Nondimensionalization

We scale the above system with respect to intraspecific competition, letting

xt = w11 Pt , (2.5a)



17

Fig. 2.1 Fitness functions for both species from the dimensional model. a, the pioneer species’
fitness function f (Mt). b, the climax species’ fitness function g(Nt). The horizontal dashed
gray lines indicate where the fitness function is equal to one, where the root(s) of the func-
tions occur. Parameter values are R1 = 1.2, R2 = 0.8, a = 0.15, b1 = 0.6, b2 = 0.15, w11 = 1,
w12 = 2, w21 = 1.2, w22 = 1. Note that these parameter values correspond to the nondimension-
alized model with w12 = v2 and w21 = v1.

yt = w22 Ct . (2.5b)

This rescaling results in the reformulated total-density variables

mt = xt +

(
w12

w22

)
yt = xt + v2 yt , (2.6a)

nt =

(
w21

w11

)
xt + yt = v1 xt + yt , (2.6b)

where v1 and v2 are now relative competition-coefficients measuring the strength of interspecific

competition proportionate to intraspecific competition.

We now have the nondimensional model

xt+1 = f (mt) xt =
R1 xt

1+amt
, (2.7a)
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yt+1 = g(nt) yt =
R2(1+b1 nt)yt

1+b2 n2
t

. (2.7b)

This scaling creates a model with fewer parameters, simplifying analysis significantly.

2.3 Zero-growth isoclines and equilibria

To organize our analysis of the model given by eq. (2.7), we use zero-growth isoclines as our

framework. A zero-growth isocline is the set of points at which the population density of a species

is not changing. Thus, in our discrete-time system, the zero-growth isoclines of the pioneer or

climax species occur when xt+1 = xt = x or yt+1 = yt = y respectively. Under these conditions, our

total-density variables are mt = m = x+ v2 y and nt = n = v1 x+ y. This substitution gives us the

equations

x = f (m) x, (2.8a)

y = g(n) y. (2.8b)

We see that eq. (2.8a) is satisfied either when x = 0 or when f (m) = 1. By construction, there

is one root of the pioneer species’ fitness function at f (m) = 1. Thus, in total, there are two pioneer

species zero-growth isoclines, the trivial one x = 0 and a nontrivial isocline where f (m) = 1 in the

(x, y) plane. Both isoclines are linear.

Similarly, eq. (2.8b) has the solutions y = 0 or g(n) = 1. As the climax species’ fitness function

has two roots, we therefore have three zero-growth isoclines for the climax species. These isoclines

are the trivial isocline y = 0 and two nontrivial isoclines from the solutions to g(n) = 1 in the (x, y)

plane. The climax species’ zero-growth isoclines are also linear.

Explicitly solving for the pioneer species’ zero-growth isocline given by f (m) = 1 in terms of

x and y yields the line

x = m∗− v2 y, (2.9)

where

m∗ =
R1−1

a
. (2.10)
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Doing the same for the climax species’ zero-growth isoclines given by g(n) = 1 gives us the two

lines

y = n∗1− v1 x, (2.11a)

y = n∗2− v1 x, (2.11b)

where

n∗1,2 =
R2b1±

√
R2

2b2
1−4b2 (1−R2)

2b2
, (2.12)

with n∗1 corresponding to the negative square root and n∗2 the positive square root.

A fixed point of eq. (2.7) occurs at the intersection of two zero-growth isoclines, one isocline

from each species, such that both populations are not changing over time. Given two zero-growth

isoclines for the pioneer species and three for the climax species, there are six possible intersection

points, and therefore six possible fixed-points. We will label these fixed points as Ei = (xi, yi)

where the subscript denotes the number of the fixed point instead of the time step.

Four of these six, including the origin, are boundary equilibria and always exist. These bound-

ary, or exclusion, equilibria are

E1 = (x1, y1) = (0, 0) , (2.13)

the equilibrium at the origin where neither species persists,

E2 = (x2, y2) = (m∗, 0) , (2.14)

the equilibrium where the pioneer species persists and excludes the climax species,

E3 = (x3, y3) = (0, n∗1) , (2.15)

the lower equilibrium on the y axis where the climax species persists but the pioneer species does

not, and

E4 = (x4, y4) = (0, n∗2) , (2.16)
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the upper equilibrium on the y axis where the climax species persists. The boundary equilibria

result from the intersection of a trivial isocline (x = 0 or y = 0) with a zero-growth isocline of the

other species.

Up to two interior equilibria may also exist. An interior coexistence state occurs when the

nontrivial pioneer species’ isocline crosses one of the nontrivial climax species’ isoclines, i.e.,

when both f (m) = 1 and g(n) = 1. These equilibria are

E5 = (x5, y5) =

(
m∗− v2n∗1
1− v1v2

,
n∗1− v1m∗

1− v1v2

)
, (2.17)

which results from the pioneer species’ nontrivial zero-growth isocline crossing the lower climax

species’ nontrivial zero-growth isocline, and

E6 = (x6, y6) =

(
m∗− v2n∗2
1− v1v2

,
n∗2− v1m∗

1− v1v2

)
, (2.18)

where the pioneer species’ nontrivial zero-growth isocline crosses the upper climax species’ non-

trivial zero-growth isocline.

In order to analyze the equilibria and understand the long-term dynamics of our model in

eq. (2.7), we must consider the orientations of the isocline intersections that give rise to each

equilibrium point. There are nine distinct geometric configurations of the zero-growth isoclines,

some with interior equilibria and some without (fig. 2.2, fig. 2.3). The cases are distinguished

from each other by restrictions on the parameter values. In particular, we fix all parameters but

the relative competition-coefficients v1 and v2, and obtain limits on v1 and v2 in terms of the other

parameters for each case.

In three cases, the nontrivial isoclines do not cross each other and so only the four boundary-

equilibria E1−4 exist. These cases are shown in fig. 2.2. In the six remaining cases, the nontrivial

pioneer species’ isocline crosses one or both of the nontrivial climax species’ isoclines. The six

configurations with interior equilibria are presented in fig. 2.3.
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Fig. 2.2 Zero-growth isocline orientations and stabilities of fixed points for cases where only
boundary fixed-points exist. The dashed-dotted lines are the pioneer species’ zero-growth iso-
clines; solid lines (including y = 0) are the climax species’ zero growth isoclines. Solid black
circles indicate asymptotically-stable fixed-points. Circles with crosses are saddle points, while
open circles signify other unstable fixed-points. For all cases, parameter values are R1 = 1.2,
R2 = 0.8, a = 0.3, b1 = 0.6, b2 = 0.2. a, v1 = 0.35, v2 = 2.05. b, v1 = 1.2, v2 = 0.5. c, v1 = 4.5,
v2 = 0.275.

2.4 Stability analysis

For all nine cases, we now determine the stabilities of the four to six equilibria that occur in each

case. To assess stability of an equilibrium, we can examine the eigenvalues of the Jacobian of

eq. (2.7) evaluated at that equilibrium. If both eigenvalues are less than one in magnitude, i.e.,

|λ1| < 1 and |λ2| < 1, we have asymptotic stability. The general form of the Jacobian matrix for

eq. (2.7) is

J =

 f (mt)+ xt f ′(mt)
∂m
∂x xt f ′(mt)

∂m
∂y

yt g′(nt)
∂n
∂x g(nt)+ yt g′(nt)

∂n
∂y



=

 f (mt)+ xt f ′(mt) v2 xt f ′(mt)

v1 yt g′(nt) g(nt)+ yt g′(nt)

 .
(2.19)
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Fig. 2.3 Zero-growth isocline configurations and stabilities of equilibria for cases where interior
equilibria occur. The dashed-dotted lines are the pioneer species’ zero-growth isoclines; solid
lines (including y = 0) are the climax species’ zero growth isoclines. Parameter values for all
cases are R1 = 1.2, R2 = 0.8, a = 0.3, b1 = 0.6, b2 = 0.2. The same classification system as in
fig. 2.2 applies; gray shaded circles represent equilibria that undergo bifurcations. a and b, one
interior equilibrium results from the crossing of the pioneer zero-growth isocline and the lower
climax zero-growth isocline. a, v1 = 1.2, v2 = 1.75; b, v1 = 0.5, v2 = 0.8. c and d, one interior
equilibrium results from crossing the upper climax zero-growth isocline. c, v1 = 4.2, v2 = 0.6; d,
v1 = 2, v2 = 0.3. e and f, two interior equilibria occur. e, v1 = 4, v2 = 2; f, v1 = 0.5, v2 = 0.23.
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2.4.1 Boundary equilibria

The eigenvalues of the Jacobian evaluated at each of the four boundary-equilibria are given in

table 2.1. When x = 0 or y = 0, as in the boundary equilibria, an off-diagonal element of the

Jacobian J is zero. This property allows us to simply read the eigenvalues off the diagonal of J.

Additionally, for E2 we may make the substitution f (m) = 1, as E2 arises from the intersection of

the isoclines y = 0 and f (m) = 1. Similarly, for E3,4 we may say g(n) = 1, as these equilibria result

from the intersections of x = 0 and the solutions to g(n) = 1.

The eigenvalues of all four boundary-equilibria are real for any parameter values. We can also

prove that the eigenvalues for all boundary equilibria are positive in all nine cases (see appendix B.2

for details).

The origin is always a saddle point, as we assume R1 > 1 and R2 < 1. The stabilities of the other

boundary equilibria are simple to determine in all cases by analyzing the eigenvalues. For E2−4, we

can establish whether λ1 is greater or less than +1 by comparing where the non-zero component of

the fixed point (i.e., x2, y3, or y4) lands in relation to the root(s) where g(v1 x) = 1 or f (v2 y) = 1.

This relation will be based on zero-growth isocline configuration for a given case. Similarly for

E2−4, λ2 can be analyzed by determining the sign of the derivative of the fitness function evaluated

at the given fixed-point. If the derivative is positive, λ2 > 1, and if it is negative, λ2 < 1.

For the three cases in which only boundary equilibria exist, this section completes our stability

analysis. These three cases and the stabilities of their equilibria are shown in fig. 2.2. The stabilities

of the boundary equilibria in the six cases where at least one interior fixed-point exists are shown

in fig. 2.3. A full stability analysis for the boundary equilibria in all nine cases is presented in

appendix B.2.

2.4.2 Interior equilibria

The remaining six cases, where at least one interior fixed-point occurs, are of significant interest

given the potential for stable coexistence-states. We classify the stabilities of the boundary fixed-
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Table 2.1 Boundary equilibria and their eigenvalues. Each equilibrium is generally represented
by Ei = (xi, yi).

Fixed point Eigenvalues

E1 λ1 = R1,λ2 = R2

E2 λ1 = g(v1 x2) ,λ2 = 1+ x2 f ′(x2)

E3 λ1 = f (v2 y3) ,λ2 = 1+ y3 g′(y3)

E4 λ1 = f (v2 y4) ,λ2 = 1+ y4 g′(y4)

points in these cases as above, by analyzing the magnitude of their eigenvalues. For the interior

equilibria, however, analyzing the magnitude of the eigenvalues is difficult, as the form of the

eigenvalues is complicated and the eigenvalues may be complex. Thus, to determine the stabili-

ties of the interior equilibria, we use the Jury conditions [59] applied to the Jacobian of eq. (2.7)

evaluated at each equilibrium point.

For this system, three Jury conditions together prove stability of an equilibrium, given by

1− τ +∆ > 0, (2.20a)

1+ τ +∆ > 0, (2.20b)

∆ < 1, (2.20c)

where τ and ∆ are the trace and determinant of the Jacobian J. The first condition ensures there are

no eigenvalues greater than +1, the second that there are no eigenvalues less than −1. The third

condition guarantees that no complex eigenvalues lie outside the unit circle.

Violating any of the Jury conditions as parameter values change will result in the equilibrium

point changing stability via a local bifurcation [149]. Violating the first Jury condition leads to a

transcritical bifurcation. Violating the second Jury condition results in a flip, or period-doubling,

bifurcation. If the third condition is violated, a Neimark–Sacker bifurcation will occur. This bifur-

cation is the discrete-time analog of a Hopf bifurcation. By testing the Jury conditions on Jacobian
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(2.19) evaluated at the interior equilibrium-point(s), for all six cases with coexistence states, we

classify the stabilities of the interior equilibria as shown in fig. 2.3.

For every case, the first Jury condition is either always satisfied or never satisfied for any pa-

rameter values within the case’s bounds. Thus, there are no transcritical bifurcations for either

coexistence fixed-point while that fixed point remains within the interior of the first quadrant.

However, the interior fixed-point will shift toward the x axis if v1 is varied and the y axis if v2 is

varied. There are critical v1 and v2 values that distinguish each geometric case from the others, and

precisely at these critical values the interior fixed-point hits one of the axes, colliding with one of

the boundary equilibria in the process. Therefore, transcritical bifurcations do occur as the interior

fixed-point passes through the boundary equilibria, corresponding to a change in geometric case.

This bifurcation results in the coexistence equilibria exiting the first quadrant, leading to negative

population-densities.

The results of the transcritical bifurcations that occur are evident from fig. 2.2 and fig. 2.3.

Compare, for example, fig. 2.2c and fig. 2.3c. As v2 decreases, the pioneer species’ isocline

(dashed-dotted line) in fig. 2.3c shifts, its y-intercept increasing, and the interior equilibrium E5

moves toward the y axis. Eventually, E5 collides with the y axis at E4, and the equilibria exchange

stabilities. The previously stable equilibrium E4 becomes a saddle point, and E5 passes out of the

first quadrant as an asymptotically-stable fixed-point. As v2 decreases further, the pioneer species’

isocline lies fully above the two climax species’ isoclines, and we are now in the case shown in

fig. 2.2c, where we see that E4 is indeed a saddle point and there is no interior fixed-point in the

first quadrant.

The second Jury condition is never violated, and so there are no period-doubling bifurcations.

More precisely, we can prove, through use of Descartes’ Rule of Signs [29], that all real eigenvalues

of Jacobian (2.19) are positive for both interior equilibria in all cases (see section C.2.3). This

property rules out violation of the second Jury condition. This result is in contrast to several

other studies that demonstrated period-doubling bifurcations in their discrete-time pioneer–climax
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models [123, 119, 124, 58].

For all four cases in which equilibrium E6 exists (fig. 2.3c, 2.3d, 2.3e, and 2.3f), we can prove

that all eigenvalues of the Jacobian evaluated at E6 are strictly real. We can prove the same for

two of the cases with equilibrium E5 (fig. 2.3b and 2.3f). Thus, we do not analyze the third Jury

condition at all for E6, nor for E5 in two cases, as this condition applies to complex eigenvalues.

We determine stabilities of the relevant interior equilibria in these cases by again using Descartes’

Rule of Signs [29], to find the number of eigenvalues that are above and below +1. As we also

know that our real roots are positive, this information is all we require to classify the stabilities of

the interior fixed-point(s) in these cases.

In the remaining two cases in which E5 occurs, one with only E5 (fig. 2.3a) and one with

both interior equilibria (fig. 2.3e), we cannot show that the eigenvalues at E5 are always real.

Numerically, we find that the eigenvalues may be real or complex for different parameter values.

Thus, for these two cases we fix R1, R2, a, b1, and b2 and analyze the third Jury condition to find

a region in the (v1, v2) plane for which equilibrium E5 is asymptotically stable. The parameters v1

and v2 were selected to highlight how relative competition-coefficients affect stability. Competition

is the main underlying factor influencing the density of both pioneer and climax species, as seen

in the construction of our model. Therefore, the competition parameters were a natural choice to

analyze.

The determinant of the Jacobian evaluated at E5 is

∆ =
(
1+ x5 f ′(m)

)(
1+ y5 g′(n)

)
− v1 v2 x5 y5 f ′(m)g′(n), (2.21)

with m= x5+v2 y5 and n= v1 x5+y5. After substituting in the explicit forms of the equilibrium and

derivatives, it is possible to solve the equation ∆ = 1 for v2 as a function of v1 (or vice versa). Thus,

for both cases we can get a curve for the third Jury condition that defines the region of stability

for E5 in the (v1, v2) plane. These curves are shown in fig. 2.4. Above and to the left of the solid

curve, E5 is asymptotically stable. Crossing the solid curve violates the third Jury condition and

destabilizes E5 via a Neimark–Sacker bifurcation. For the explicit form of the curves for the third
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Fig. 2.4 Stability region for equilibrium E5, defined by the curves in (v1, v2) parameter space
where bifurcations occur. In both cases, E5 is stable for parameter values above and to the left of
the solid curve given by ∆ = 1; crossing this curve results in a loss of stability via a Neimark–
Sacker bifurcation and the birth of an invariant circle. The lower dashed-dotted curves are the
boundaries at which the global bifurcations occur; crossing the dashed-dotted curve results in the
abrupt disappearance of the invariant circle. a, the first case corresponding to fig. 2.3a with a
heteroclinic bifurcation. The global-bifurcation curve was found by using the bisection method
to calculate, for a given v1, the v2 value for which a trajectory starting on the unstable manifold of
E2 ended at, or very near to, E3, such that the unstable manifold of E2 connected with the stable
manifold of E3. b, the second case corresponding to fig. 2.3e with a homoclinic bifurcation. The
global-bifurcation curve for this case was found by using the bisection method to determine, for
a given v1, the v2 value for which a trajectory starting on the unstable manifold of E6 returned to
E6, such that the unstable and stable manifolds of E6 connected to form a homoclinic connection.
The dashed gray lines in each panel indicate the boundaries on v1 and v2 such that we are in
the appropriate geometric case, i.e., that the isoclines intersect in the appropriate configuration.
Parameter values for both cases are R1 = 1.2, R2 = 0.8, a = 0.3, b1 = 0.6, b2 = 0.2.

Jury condition, as well as a full stability analysis of the interior fixed-points, see appendix C.2.

In all, four of the six cases with interior equilibria have an asymptotically-stable coexistence-

state for at least some parameter values. In two of these cases, equilibrium E6 is always asymptoti-
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cally stable. The other two have limited parameter regions where equilibrium E5 is asymptotically

stable (fig. 2.4). Even after E5 has become unstable in these two cases, an attracting invariant circle

is born from the Neimark–Sacker bifurcation that destabilized E5. We will now examine this local

bifurcation in more detail.

2.5 Neimark–Sacker bifurcation

In two geometric cases we violate the third Jury condition for equilibrium E5 by having a pair of

complex-conjugate eigenvalues exit the unit circle. These cases correspond to fig. 2.3a and 2.3e.

For the remainder of this section and the next (section 2.6), we will refer to them as the first case

and the second case.

In both cases, for parameter values above and to the left of the curve ∆ = 1, equilibrium E5

is asymptotically stable (fig. 2.4). As v2 decreases and crosses this boundary, the equilibrium

point loses stability via a Neimark–Sacker bifurcation and an attracting quasiperiodic solution,

commonly known as an invariant circle, emerges. As v2 continues to decrease, the invariant circle

grows larger. The attracting invariant circle for a variety of v2 values can be seen in fig. 2.5 for the

first case and in fig. 2.6 for the second case.

As we have noted, loss of stability via a Neimark–Sacker bifurcation for fixed point E5 occurs

as the relative competition-coefficient v2 decreases for fixed v1. Thus, as intraspecific competition

in the climax species grows stronger relative to the competitive effect of the climax species on the

pioneer species, the equilibrium destabilizes. Equivalently, if v2 were fixed, the equilibrium loses

stability as v1 increases. Biologically, this situation corresponds to the competitive effect of the

pioneer species on the climax species increasing relative to the competitive effect of the pioneer

species on itself. In either context, v1 increasing or v2 decreasing, the fixed point E5 is destabilized

when a species’ competitive effect on the climax species grows stronger relative to its competitive

effect on the pioneer species. In place of the fixed point, an attracting quasiperiodic solution arises,

resulting in stable population fluctuations.
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Fig. 2.5 Growth of the invariant circle as v2 decreases from 2.23 to just above 1.985 in the first
case with a Neimark–Sacker bifurcation. The point in the middle of the invariant circles is E5 for
v2 = 2.23, when E5 is asymptotically stable. We ran the system for 50,000 iterations; the final
15,000 iterations were plotted for ten v2 values. Parameter values are R1 = 1.2, R2 = 0.8, a = 0.3,
b1 = 0.6, b2 = 0.2.

To fully characterize the Neimark–Sacker bifurcation, we must consider the possibility of res-

onance. Resonance cases occur when the complex-conjugate eigenvalues λ , λ of our Jacobian

exit the unit circle through a root of unity such that λ = e2πip/q and λ = e−2πip/q, where p and

q are both positive integers and p/q is known as the rotation number [6, 149]. This phenomenon

is called strong resonance if q ≤ 4 and weak resonance for q ≥ 5 [149, 70]. The bifurcation that
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Fig. 2.6 Growth of the invariant circle in the second case as v2 decreases from 5.2 to 2.9. The
single point in the middle of the invariant circles is E5 for v2 = 5.2, when E5 is asymptotically
stable. The system was run for 1,000,000 iterations; the final 200,000 iterations were plotted for
ten v2 values. This number of iterations was necessary to fill in the invariant circle for some v2
values for which the system had nearly-rational rotation numbers. Other parameter values are
R1 = 1.2, R2 = 0.8, a = 0.3, b1 = 0.6, b2 = 0.2.

occurs in a resonance case does not lead to the birth of an invariant circle; phase-locked periodic

solutions or more complicated behaviors arise instead [5, 70, 68].

In both cases with the Neimark–Sacker bifurcation, the eigenvalues of the Jacobian are pre-

cisely on the unit circle for any (v1, v2) pair that lies on the curve ∆ = 1 (fig. 2.4). Thus, if the

eigenvalues are located at roots of unity for any such (v1, v2) pair, resonance occurs for those pa-
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rameter values. To check for cases of resonance, we numerically calculate the eigenvalues of the

Jacobian for all (v1, v2) pairs on the curve ∆ = 1, i.e., parameters for which the eigenvalues lie on

the unit circle, and isolate the rotation number p/q. If the rotation number is rational, we have a

p/q resonance [6].

In both cases with a Neimark–Sacker bifurcation, the rotation numbers as our eigenvalues pass

through the unit circle are very small. This small size precludes the possibility of strong resonance,

as the smallest rotation number that would lead to strong resonance is p/q = 1/4.

There is no solid evidence for weak resonance either, although this absence could be due to

numerical inaccuracy in calculating the rotation numbers. For some parameter values, particularly

in the second case with a Neimark–Sacker bifurcation, it takes many thousands of iterations to

densely fill the invariant circle. This situation indicates we may have rotation numbers that are very

close to, but not quite, rational. Weak resonance cases give rise to phase-locked periodic orbits,

but there is no evidence of periodic solutions in a bifurcation diagram. Instead, the bifurcation

diagram shows only densely filled invariant circles or fixed points (fig. 2.7, fig. 2.8). Thus, if phase-

locking occurs, it is likely for an orbit of extremely high period that is unnoticeable in numerical

calculations.

In a discrete-time system, it is not uncommon after a Neimark–Sacker bifurcation for the in-

variant circle to eventually deform or for further bifurcations to occur, leading to a strange attractor

[27, 6, 121, 97, 122]. Such behavior has been shown specifically in pioneer–climax discrete-time

models [121, 122], as well as in a continuous-time pioneer–climax model [118]. We do not observe

such behavior here. Instead, in both cases with a Neimark–Sacker bifurcation, a global bifurcation

occurs as the invariant circle grows larger. We now turn to investigate these global bifurcations.

2.6 Global bifurcations

As can be seen in fig. 2.5 and fig. 2.6, in both cases with a Neimark–Sacker bifurcation the invariant

circle grows closer and closer to the axes as v2 decreases. Additionally, the invariant circle appears
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Fig. 2.7 Bifurcation diagram for the first case with bifurcations, showing the x coordinates of
the attractors and other fixed points. Dashed lines represent saddle points or other unstable fixed-
points; solid lines represent asymptotically-stable fixed-points. The black dashed line on top of
the gray solid line at x = 0 is included to show there are both stable and unstable fixed-points
with coordinate x = 0. As v2 decreases, we see the birth of an invariant circle due to a Neimark–
Sacker bifurcation. All x values on the invariant circle are mapped, such that for a single v2 value
there are many values of x. The invariant circle grows as v2 decreases further until its sudden
disappearance in a global bifurcation as the invariant circle runs into a heteroclinic cycle between
the three saddle points of this case. Parameter values are R1 = 1.2, R2 = 0.8, a = 0.3, b1 = 0.6,
b2 = 0.2, v1 = 1.5.
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Fig. 2.8 Bifurcation diagram of the second case showing the x coordinates of the attractors and
other fixed points. Dashed lines show saddle points or other unstable fixed-points; solid lines
represent asymptotically-stable fixed-points. The black dashed line on top of the solid gray line
at x = 0 shows there are both stable and unstable fixed-points at x = 0. As with the first case,
as v2 decreases an invariant circle is born via a Neimark–Sacker bifurcation, eventually abruptly
vanishing in a global bifurcation. Parameter values are R1 = 1.2, R2 = 0.8, a = 0.3, b1 = 0.6,
b2 = 0.2, v1 = 2.85.

to approach some limiting curve with negative slope within the first quadrant. For a critical v2

value, the invariant circle abruptly vanishes, leaving no attractor in the interior at all, in what is

known as a dangerous global bifurcation [135]. The mechanism by which this disappearance of
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the invariant circle occurs is different in the two bifurcation cases, and we have two types of global

bifurcation resulting in the blue-sky disappearance of an invariant circle.

2.6.1 Heteroclinic bifurcation

Recall that in the first case (fig. 2.3a, fig. 2.5), three saddle points are on the boundaries. These

saddle points occur at E1 at the origin, E2 on the x-axis, and E3, the lower fixed-point on the y-axis.

In this case, for a critical v2 value, a heteroclinic cycle forms between the three saddle points. The

invariant circle runs into the heteroclinic cycle and instantaneously vanishes. Thus, we have the

blue-sky disappearance of an invariant circle due to a heteroclinic bifurcation.

The heteroclinic cycle that forms is relatively simple and is shown in fig. 2.9b. The y axis is

the unstable manifold of E3 and the stable manifold of E1, so a heteroclinic connection is formed

moving from E3 into E1 along the y axis. Similarly, the x axis is the unstable manifold of E1 and

the stable manifold of E2; so the portion of the x axis between E1 and E2 forms a heteroclinic

connection as well. Finally, the unstable manifold of E2 connects with the stable manifold of E3,

finishing off a triangular heteroclinic cycle between E1,E2 and E3. Prior to and after the global

bifurcation, the invariant manifolds of E2 and E3 do not intersect (fig. 2.9a, 2.9c).

Numerically, this last heteroclinic connection between E2 and E3 appears to be a linear or near-

linear connection (fig. 2.9), suggesting these manifolds may coincide, or at the very least are nearly

indistinguishable from one another. Kim and Marlin [62] found in a differential-equation pioneer–

climax model that, for the same geometric zero-growth isocline configuration, there was a critical

parameter value for which the unstable manifold of E2 and the stable manifold of E3 coincided.

While their continuous-time model was different from our discrete-time model, it offers support

to the idea that these manifolds may indeed coincide; however, we leave an analytic proof for the

future.
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Fig. 2.9 Behavior of the system before, at, and after the heteroclinic bifurcation in the first case
with bifurcations. Solid gray lines are stable manifolds, dashed gray lines are unstable manifolds.
The axes are also invariant manifolds and form heteroclinic connections between E1 and E2 on
the x axis and E1 and E3 on the y axis. Large black points are equilibria, trajectories of the system
with an initial condition near E5 are shown with smaller black points. The arrows indicate the
direction of travel along the manifold. a, prior to the global bifurcation, the unstable manifold
from E2 passes below the stable manifold of E3 and winds onto the attracting invariant circle. b,
at the point of global bifurcation, a heteroclinic cycle forms and the unstable and stable manifolds
of E2 and E3 link together to complete the cycle. c, after the global bifurcation, the heteroclinic
connection is broken and no stable coexistence-state exists. Almost all trajectories go to E4 on
the y axis, save for solutions starting on the stable manifold of E3 or on the axes between E1 and
E2 or between E1 and E3. Parameter values are R1 = 1.2, R2 = 0.8, a = 0.3, b1 = 0.6, b2 = 0.2,
v1 = 1.5.

2.6.2 Homoclinic bifurcation

Three saddle points are also in the second case (fig. 2.3e, fig. 2.6), two on the boundaries at E1

(the origin) and E3 (the y-axis) and one just off of the x-axis at E6. However, a heteroclinic cycle

does not form between these three saddle points as in the first case; a homoclinic connection forms

between the stable and unstable manifolds of the coexistence equilibrium E6 instead (fig. 2.10b,

fig. 2.11). The invariant circle runs into the homoclinic connection for a particular v2 value, result-

ing in the blue-sky disappearance of an invariant circle due to a homoclinic bifurcation.

The stable manifold of the interior equilibrium E6 winds very close to the x and y axes but never
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intersects either axis, precluding a heteroclinic connection between E6 and the origin (fig. 2.11).

Nevertheless, due to this closeness, we see the invariant circle grow very near to both axes. The

invariant circle does not come close to the lower equilibrium on the y axis E3, however, even very

close to the point at which the global bifurcation occurs. This distance can be seen by noting that

the maximum height, or y coordinate, of the largest invariant circle is significantly lower in fig. 2.6

than in fig. 2.5. In addition to the fact that the manifolds of E6 do not intersect the manifolds of

E1 or E3, this behavior is further indicative of the differences between the heteroclinic cycle of the

first case and the homoclinic connection in this second case.
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Fig. 2.10 Behavior of the system before, at, and after the homoclinic bifurcation in the second
case with bifurcations. Solid gray lines are stable manifolds, dashed gray lines are unstable
manifolds. The axes are again invariant manifolds with heteroclinic connections between E1 and
E2 on the x axis and E1 and E3 on the y axis. Large black points represent equilibria, trajectories
of the system starting near E5 are shown with smaller black points. Arrows indicate direction
of travel along the manifolds. a, prior to the global bifurcation, the unstable manifold from
interior equilibrium E6 passes below the stable manifold from E3 on the y axis and winds onto
the attracting invariant circle. b, at the point of global bifurcation, a homoclinic connection forms
between the stable and unstable manifolds of E6, passing very close to the invariant manifolds
on the axes. c, after the global bifurcation, no stable coexistence-state exists and the homoclinic
connection has been broken. Almost all trajectories go either to E4 on the y axis (shown here) or
E2 on the x axis. Parameter values are R1 = 1.2, R2 = 0.8, a = 0.3, b1 = 0.6, b2 = 0.2, v1 = 2.85.
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Fig. 2.11 A magnified view of the lower part of the homoclinic connection in the second case
with bifurcations. Here, the loop between the stable and unstable manifolds of E6 is clear, and
we more easily see that the invariant manifolds of E6 do not intersect the manifolds on the axes
of E1 or E2. Solid gray lines are stable manifolds, dashed gray lines are unstable manifolds, and
points are equilibria. Arrows indicate direction of travel along the manifolds. Parameter values
are R1 = 1.2, R2 = 0.8, a = 0.3, b1 = 0.6, b2 = 0.2, v1 = 2.85, and v2 = 2.878800266186866.

2.6.3 Behavior near the global bifurcations

In both cases, as v2 decreases the invariant circle grows larger until it is pushed up against the

heteroclinic cycle or homoclinic connection (fig. 2.5, fig. 2.6). At a critical v2 value, the circle

can grow no more, constrained by the invariant manifolds that have formed a heteroclinic cycle or

homoclinic connection (fig. 2.9b, fig. 2.10b), and the invariant circle vanishes into thin air. The

disappearance of the invariant circle corresponds to crossing the dashed-dotted line from above in
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fig. 2.4. We see in fig. 2.4 that for fixed v1 an invariant circle exists only in the space between

the solid line, when the invariant circle appears due to a Neimark–Sacker bifurcation, and the

dashed-dotted line, which shows the point of global bifurcation when the invariant circle vanishes.

The disappearance of the invariant circle due to a global bifurcation is starkly apparent in a

bifurcation diagram (fig. 2.7, fig. 2.8). In both cases, we see the edges of the invariant circle,

represented by the minimum and maximum x-values of the invariant circle, run into the saddle

point at E2 or E6, depending on the case, and the two saddle points E1 and E3 with coordinate

x = 0.

The blue-sky disappearance of an invariant circle due to a heteroclinic bifurcation is a global

bifurcation not previously observed in a discrete-time pioneer–climax model, though Kim and

Marlin [62] noted this bifurcation for the first case in continuous time. This research is, however,

the first time that anyone has observed the disappearance of an invariant circle due to a homoclinic

bifurcation in a pioneer–climax system, whether in discrete or continuous time.

We have already noted that in both cases with bifurcations, E5 was destabilized and an attracting

quasiperiodic solution arose as a species’ competitive effect on the climax species grew stronger

relative to its effect on the pioneer species. Now, we see that if this competitive effect on the climax

species becomes stronger still, the attracting orbit vanishes entirely, leaving no stable coexistence

state at all. This result is, perhaps, a ready conclusion to draw from observing the growth of the

invariant circle. As v2 decreases and competitive effect on the climax species becomes stronger,

populations are regularly driven very close to either x = 0 or y = 0, such that a small stochastic

effect on the populations may easily drive one species to extinction.

2.7 Discussion

As climate change affects ecosystems, causing effects from range shifts to increased habitat-

disturbances, successional communities are likely to become more common [72, 19, 117]. In

this chapter, we introduced a simple discrete-time pioneer–climax model where the species’ inter-
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action dynamics are built upon principles of ecological succession. We characterized the long-term

dynamics of the model in the first in-depth analytical stability analysis of a discrete-time pioneer–

climax system, and the stability results were supported by numerical simulations. Our analysis

is organized around nine geometric cases that are distinguished by different parameter regimes,

corresponding to limits on the relative competition-coefficients v1 and v2. The model results in a

diverse set of long-term behaviors among the nine different cases, some of which are novel to a

discrete-time pioneer–climax model. These behaviors were robust to other parameter sets.

Of these nine geometric configurations, six cases have an asymptotically-stable climax-

exclusion state in which the pioneer survives (fig. 2.2a, 2.2c, fig. 2.3b, 2.3c, 2.3e, and 2.3f). For a

long time, researchers assumed the asymptotic result of an undisturbed pioneer–climax system was

pioneer exclusion [46, 120]. Many pioneer–climax models have since shown that pioneer exclusion

is not the only possible long-term behavior, but this analysis was done primarily through proofs of

the stabilities of coexistence states (e.g., [122, 131, 62]). The existence of asymptotically-stable

climax-exclusion states was largely ignored in these analyses.

It is interesting, however, that in a majority of the nine parameter regimes the system does

indeed have an asymptotically-stable climax-exclusion state. This result tells us that even in an

undisturbed environment, under some (perhaps limited) circumstances the pioneer species could

not just coexist with the climax species, but it could even outcompete the climax species. The only

cases in which a stable pioneer-only state was not present was for moderate values of v1, i.e., when

the effect of the pioneer on the climax species is relatively close to the effect of the pioneer species

on itself.

Five of the six cases with an asymptotically-stable climax-exclusion state also have other

asymptotically-stable states (fig. 2.2a, fig. 2.3b, 2.3c, 2.3e, and 2.3f). In addition to these five,

the first case with bifurcations has multiple stable states for parameter values prior to the hetero-

clinic bifurcation (fig. 2.3a). We therefore have six cases in total with multiple stable states that the

system may tend to, depending on initial conditions and parameter values.
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While the existence of multiple stable states is an ongoing debate in ecological theory, increas-

ing evidence suggests that multiple stable states may indeed exist in nature [9, 115, 38, 116, 101].

Being able to determine conditions under which an ecosystem may tend toward one stable state

or another may be of particular interest in conservation and ecosystem management. Using this

model, we provide a framework for understanding such conditions.

In all, the model presents four different cases, fig. 2.3a, 2.3d, 2.3e, and 2.3f, with stable

coexistence-states. In two of these cases, the interior fixed-point is asymptotically stable for all

relevant parameter values. In each of the other two cases, however, two bifurcations, one local

and one global, change the nature of the coexistence state. For some parameter values, the coexis-

tence state is an asymptotically-stable fixed-point. The Neimark–Sacker bifurcation that occurs in

both cases destabilizes the interior fixed-point and gives rise to an attracting quasiperiodic invariant

circle, and a global bifurcation later causes the attractor to vanish entirely.

While many studies of pioneer–climax models have shown the existence and stability of the

attractor that arises after a Hopf (or Neimark–Sacker) bifurcation [120, 122, 131, 132], only one

considered the persistence of the attractor. One continuous-time system noted the abrupt disap-

pearance of the attractor [62], but in only one geometric case. This disappearance corresponds

to our first case with bifurcations and the associated heteroclinic bifurcation. In the second case

with bifurcations, two coexistence states occur. We discovered that the formation of a homo-

clinic connection between the invariant manifolds of one coexistence equilibrium (E6) can result

in the blue-sky disappearance of the attracting invariant circle that arose after the other coexistence

equilibrium E5 was destabilized. Thus, there are two cases for which the behavior of the system

can change precipitously, causing a loss of any stable coexistence-state and a sudden transition

of the system to a new exclusion state. Knowledge of the conditions under which an attracting

coexistence-state vanishes may be important for ecosystem management.

While the structure of our model is simple, with rational fitness-functions, we believe that this

model captures the major dynamics of a pioneer–climax system and provides valuable insight into
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an inherently successional system. However, two species do not exist in a vacuum, and many more

layers of interaction dynamics could be taken into account, as in Joshi and Blackmore’s [58] higher-

dimensional model. To confirm the realism of this two-dimensional model, in the future it would

be beneficial to compare our model predictions with data from pioneer–climax systems. Such

data may be challenging to gather, given the long timescales involved in ecological succession.

Additionally, the number of parameters in this model may make parameter estimation difficult.

A limitation of our model stems from a lack of survival from one generation to the next, de-

spite many pioneer and climax plants living longer than a single generation. One simple way of

accounting for survivorship is to add small positive linear terms, s1 xt or s2 yt , to our model, where

s1 and s2 represent the probability of surviving to the next generation. This addition would shift

our per-capita replacement rates (fig. 2.1) upwards by a constant amount. Based on preliminary an-

alytical and numerical exploration, the additional terms will not significantly change the behavior

of our model, though some restrictions on the relative strength of survivorship may be necessary

to ensure stability.

Spatiotemporal dynamics of successional communities are increasingly relevant in both con-

servation and invasion ecology. Through spatiotemporal modeling of a pioneer-climax system,

we can approach problems like determining the critical patch-size for population persistence or

quantifying the rate of invasion into a new habitat by calculation of a species’ spreading speed.

Additionally, moving-habitat models can inform us whether or not populations can keep pace with

climate-induced range shifts. With such germane and interesting problems, future work should

focus on incorporating spatial components into our model.

After the many initial studies into the basic dynamics of pioneer–climax models and the po-

tential for reversing bifurcations and restoring stability in those models (e.g., [120, 131, 123, 62]),

research on pioneer–climax systems has indeed made the shift to spatiotemporal models, but it

has largely focused on reaction-diffusion models. Much of this research has focused on proving

the existence of traveling waves [13, 16, 152, 51, 151, 18]. Other studies have looked at Turing
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and Hopf bifurcations in reaction-diffusion systems [14, 81]. Two isolated studies have examined

spreading speed within a reaction-diffusion context [147, 18].

These studies provide a valuable starting point in the analysis of spatiotemporal dynamics

of pioneer–climax systems. However, the problems mentioned above on critical patch-size and

moving-habitat models are wholly unexamined, and only two studies have examined spreading

speed [147, 18]. Furthermore, reaction-diffusion models are limited in their ecological realism, as

dispersal is often non-diffusive and growth, particularly in plants, is frequently seasonal [76, 84].

Using the discrete-time model presented here, however, we can develop a more ecologically-

realistic spatiotemporal integrodifference-equation model to examine the same problems. These

models have the benefit of separating growth and dispersal, and they take long-distance dispersal

into account in a way reaction-diffusion models do not. With flexible dispersal kernels and sep-

aration of growth and dispersal phases, a common feature in plant populations, integrodifference

equations provide a more ecologically realistic method of examining some of these spatial issues

in invasions and conservation [64, 76, 84].

Before moving to these more complex questions, it is critical that we understand the dynamics

of the underlying foundational models, like the one analyzed here. Our work in analyzing this

discrete-time system not only advances our knowledge of stationary pioneer–climax dynamics,

but also paves the way for situating our model within a spatial context. With this framework, we

have the ability to examine how these species will persist, invade new habitat, and survive in an

ever-changing environment.

Appendices

A.2 Preliminary organization and derivatives for the Jacobian

Throughout all appendices, we will refer to the fixed points as E1–E6, and their individual compo-

nents as x1–x6 and y1–y6. Equation (2.13)–eq. (2.18) provide the explicit forms of the equilibria,

which are used only in rare cases. We now drop all time-dependent notation, as we are analyz-
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ing fixed points (x, y) that, by definition, do not change over time. In all of our calculations, we

consider only nonnegative x and y, and therefore nonnegative m and n. All parameters are positive.

We first recall that there are nine different geometric cases (illustrated in fig. 2.2 and fig. 2.3) for

this system, and up to six equilibria that exist in each case. The parameter restrictions bounding

each of the nine cases are summarized in table 2.2. In three cases, only boundary fixed-points

exist. In the other six cases, one or both interior fixed-points occur in addition to the boundary

equilibria. Stability analyses for the boundary fixed-points are relatively straightforward, and each

boundary fixed-point can be analyzed individually and its stability classified for each case based

on the parameter restrictions from table 2.2. The interior fixed-points present more of a challenge,

and are examined on a case-by-case basis. The inequalities presented in table 2.2 are also heavily

used in classifying the stabilities for the interior fixed-points. The stabilities of the fixed points for

all nine cases are summarized in table 2.3.

To begin our stability analyses, we first present some general results that we will use exten-

sively. After this initial setup is complete, we proceed to the boundary fixed-points and classify

the stability of each boundary fixed-point for all nine cases by examining the magnitudes of the

eigenvalues of Jacobian (2.19). We finally move to the interior fixed-points and lay out a few

general results that are specific to the interior fixed-points and the eigenvalues of Jacobian (2.19)

evaluated at the interior fixed-points. Our stability analyses for the interior fixed-points proceed on

a case-by-case basis, and for each case, we use the Jury conditions (eq. (2.20)) and Descartes’ Rule

of Signs [29] to bound the eigenvalues of the Jacobian evaluated at the given interior fixed-point.

A.2.1 Derivatives for the Jacobian

Recall that a fixed point is asymptotically stable if both eigenvalues of Jacobian (2.19) evaluated

at the fixed point are less than 1 in magnitude. If stability of a fixed point is classified through

use of the Jury conditions, the trace τ and determinant ∆ of the Jacobian are important quantities

for consideration. When evaluated at a fixed point, our Jacobian matrix (2.19) has elements con-
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Table 2.2 Parameter restrictions for each of the nine geometric cases. For the six parameter
regimes with at least one interior fixed-point, these conditions are the same as those for existence
of the interior fixed-point(s) in the first quadrant. A dash in the “Case” column indicates that
no specific label has been assigned to that case. A dash in the “Interior fixed-point” column
indicates no interior fixed-point exists for that parameter regime. There is no Condition 3 for the
three parameter regimes with no interior equilibria, as that condition was derived by restricting
an interior fixed-point to be within the first quadrant.

Figure Case Interior fixed-point Condition 1 Condition 2 Condition 3

fig. 2.2a – – v1 < n∗1/m∗ v2 > m∗/n∗1 –

fig. 2.2b – – n∗1/m∗ < v1 < n∗2/m∗ m∗/n∗2 < v2 < m∗/n∗1 –

fig. 2.2c – – v1 > n∗2/m∗ v2 < m∗/n∗2 –

fig. 2.3a a E5 n∗1/m∗ < v1 < n∗2/m∗ v2 > m∗/n∗1 1 < v1v2

fig. 2.3b b E5 v1 < n∗1/m∗ m∗/n∗2 < v2 < m∗/n∗1 v1v2 < 1

fig. 2.3c c E6 v1 > n∗2/m∗ m∗/n∗2 < v2 < m∗/n∗1 1 < v1v2

fig. 2.3d d E6 n∗1/m∗ < v1 < n∗2/m∗ v2 < m∗/n∗2 v1v2 < 1

fig. 2.3e e E5 and E6 v1 > n∗2/m∗ v2 > m∗/n∗1 1 < v1v2

fig. 2.3f f E5 and E6 v1 < n∗1/m∗ v2 < m∗/n∗2 v1v2 < 1

taining the derivatives of the fitness functions, including the particular quantities 1+ xi f ′ (mi) and

1+ yi g′ (ni), where xi and yi are the coordinates of the fixed point and mi and ni are also evaluated

at that fixed point. Before beginning our stability analyses, it is useful to present some general

results pertaining to the derivatives of the fitness functions and these key quantities.

First, we explicitly calculate the forms of the derivatives f ′ (m) and g′ (n), where

f ′ (m) =
−aR1

(1+am)2 < 0 (A1)

for all m. We will write g′ (n) in a way that is particularly useful by first considering the expression
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Table 2.3 Stability of each equilibrium point in the nine different cases. A dash indicates the
fixed point does not exist in the first quadrant for that parameter regime.

Figure E1 E2 E3 E4 E5 E6

fig. 2.2a saddle point stable node saddle point stable node – –

fig. 2.2b saddle point saddle point unstable node stable node – –

fig. 2.2c saddle point stable node unstable node saddle point – –

fig. 2.3a saddle point saddle point saddle point stable node bifurcations –

fig. 2.3b saddle point stable node unstable node stable node saddle point –

fig. 2.3c saddle point stable node unstable node stable node – saddle point

fig. 2.3d saddle point saddle point unstable node saddle point – stable node

fig. 2.3e saddle point stable node saddle point stable node bifurcations saddle point

fig. 2.3f saddle point stable node unstable node saddle point saddle point stable node

1−g(n) =
1+b2n2−R2 (1+b1n)

1+b2n2

=
b2 (n−n∗1)(n−n∗2)

1+b2n2 ,

(A2)

where we factored the numerator to obtain the second equality. Differentiating both sides with

respect to n, we find

g′ (n) =
−b2 [(n−n∗1)+(n−n∗2)]

1+b2n2 +
2b2

2 n(n−n∗1)(n−n∗2)

(1+b2 n2)
2 , (A3)

which may be either positive or negative. In particular, note that for n = n∗1, g′ (n) > 0, and when

n = n∗2, g′ (n)< 0.

Next, note that

∂

∂x
[ f (m)x] = f (m)+ x f ′ (m)

∂m
∂x

= f (m)+ x f ′ (m) , (A4)
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which is the upper-left entry in Jacobian matrix (2.19) for this system. Explicitly calculating this

quantity, we find
∂

∂x
[ f (m)x] =

R1 (1+av2 y)

[1+a(x+ v2 y)]2
> 0. (A5)

Thus, for all nonnegative x and y,

f (m)+ x f ′ (m)> 0. (A6)

At fixed points E2, E5, and E6, f (m) = 1, and so eq. (A6) simplifies even further to

1+ xi f ′ (mi)> 0 (A7)

for i = 2,5,6, mi = xi + v2 yi.

We now consider the lower-right entry of the Jacobian matrix. As above,

∂

∂y
[g(n)y] = g(n)+ yg′ (n)

∂n
∂y

= g(n)+ yg′ (n) . (A8)

Unlike eq. (A6), we do not prove this quantity is positive in general. However, it is positive at each

of the four equilibria E3–E6 for which y 6= 0 and g(n) = 1. We now prove this statement for each

of the four fixed points individually.

At E3, recall that y = n = n∗1. Substituting this relation into eq. (A8) and using eq. (A3) to

simplify the derivative, we obtain

g(n)+ yg′ (n) = 1+
b2n∗1 (n

∗
2−n∗1)

1+b2
(
n∗1
)2 > 0, (A9)

as n∗2 > n∗1.

Similarly, at E4, y = n = n∗2. Again substituting this relation into eq. (A8), we find

g(n)+ yg′ (n) = 1−
b2n∗2 (n

∗
2−n∗1)

1+b2
(
n∗2
)2 =

1+b2n∗1n∗2
1+b2

(
n∗2
)2 > 0, (A10)

after finding a common denominator and simplifying.
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For E5, we have y = y5 and n = v1 x5 + y5 = n∗1. Using the same process as above,

g(n)+ yg′ (n) = 1+
b2 y5 (n∗2−n∗1)

1+b2
(
n∗1
)2 > 0. (A11)

Finally, at E6, y = y6 and n = v1 x6 + y6 = n∗2. Instead of using the fact that g(n∗2) = 1, we

substitute the explicit form of g(n∗2), which has the same denominator as that of g′ (n∗2). We find

that

g(n)+ yg′ (n) =
R2(1+b1n∗2)−b2 y6 (n∗2−n∗1)

1+b2
(
n∗2
)2 . (A12)

The denominator is positive, so if the numerator is positive then eq. (A12) is positive as desired.

Considering the numerator of eq. (A12), we begin by substituting for n∗2−n∗1, yielding

R2 (1+b1n∗2)−b2 y6 (n∗2−n∗1)

= R2 (1+b1n∗2)− y6

√
R2

2b2
1−4b2 (1−R2).

(A13)

For convenience, denote

c =
√

R2
2b2

1−4b2 (1−R2) (A14)

and substitute n∗2 = v1 x6 + y6 into eq. (A13) to obtain

R2 [1+b1 (v1 x6 + y6)]− cy6

= R2 (1+b1v1 x6)+ y6 (R2b1− c) .
(A15)

Finally, using

n∗1 =
R2b1− c

2b2

=⇒ 2b2n∗1 = R2b1− c,
(A16)

we can rewrite eq. (A15) as

R2 (1+b1v1 x6)+ y6 (R2b1− c)

= R2 (1+b1v1 x6)+ y6 (2b2n∗1) .
(A17)
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which is clearly positive. Thus, the numerator of eq. (A12) is positive and therefore eq. (A12) is

positive.

We have just shown that g(n)+ yg′ (n) > 0 when evaluated at each of the fixed points E3–E6,

i.e.,

1+ yi g′ (ni)> 0 (A18)

for i = 3,4,5,6, ni = v1 xi + yi.

B.2 Stability of boundary fixed-points

With these general quantities and inequalities laid out, we now establish the stability of the four

boundary fixed-points for all nine parameter regimes. Refer to table 2.1 for the eigenvalues for

each fixed point E1–E4.

First, note that all eigenvalues are positive and real for the boundary fixed-points. It is clear that

the eigenvalues for E1 are positive and real, as the eigenvalues are the populations’ net reproductive

rates, which must be positive. Furthermore, as the fitness functions f (m) and g(n) are always real

and greater than zero, it is evident that λ1 > 0 and is real for E2–E4. Next, consider λ2 as given

in table 2.1. As demonstrated in appendix A.2 by eq. (A7), eq. (A9), and eq. (A10), we see that

λ2 > 0 for E2–E4. Thus, both eigenvalues are positive for all four boundary fixed-points. To prove

stability of E1–E4, it is therefore sufficient to show whether each eigenvalue λ1 and λ2 is greater or

less than +1.

With the knowledge that f ′ (m) < 0 always, g′ (n∗1) > 0, g′ (n∗2) < 0, and the results shown in

appendix A.2, we may continue with proving the stability of the boundary fixed-points for the nine

cases shown in fig. 2.2 and fig. 2.3.

B.2.1 Stability of trivial extinction-state E1

As mentioned in section 2.4.1, the equilibrium E1 at the origin is always a saddle point, as the

associated eigenvalues of the Jacobian are R1 > 1 and 0 < R2 < 1.
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B.2.2 Stability of climax-exclusion state E2

By construction of the climax fitness function g(n), there are two roots n, n∗1 and n∗2, where

g(n) = 1. For values of n below and above those roots, g(n) < 1, and for values of n between

the roots, g(n)> 1 (see fig. 2.1b).

Consider n = v1 x. Then, g(n) = g(v1 x). The two roots where g(v1 x) = 1 are given by

v1 xα = n∗1 =⇒ xα = n∗1/v1, (A19a)

v1 xβ = n∗2 =⇒ xβ = n∗2/v1. (A19b)

Thus, the value of λ1 = g(v1 x2) depends on where x2 falls in relation to xα and xβ from eq. (A19).

Let n2 = v1 x2. We see that

x2 < xα =⇒ n2 < n∗1 =⇒ λ1 = g(n2)< 1, (A20a)

x2 > xβ =⇒ n2 > n∗1 =⇒ λ1 = g(n2)< 1, (A20b)

xα < x2 < xβ =⇒ n∗1 < n2 < n∗2 =⇒ λ1 = g(n2)> 1. (A20c)

Observe that xα and xβ are the x-intercepts of the two zero-growth isoclines where g(n) = 1,

while x2 is the x-intercept of the zero-growth isocline f (m) = 1. Thus, we can read off the magni-

tude of λ1 straight from the configuration of the zero-growth isoclines for a particular case.

Recall that λ2 = f (x2)+ x2 f ′ (x2) = 1+ x2 f ′ (x2). By eq. (A7), λ2 > 0. As f ′ (m) < 0 for all

m, λ2 < 1.

Combining our analysis for both eigenvalues, we see that stability depends on λ1, as 0< λ2 < 1.

E2 will be a stable node if the nontrivial pioneer zero-growth isocline intercepts the x-axis to the

left or right of both nontrivial climax zero-growth isoclines (x2 < xα or x2 > xβ ). It will be a saddle

point if the nontrivial pioneer zero-growth isocline intercepts the x-axis between the two nontrivial

climax zero-growth isoclines (xα < x2 < xβ ). See fig. 2.2 and fig. 2.3 for details. The stability of

E2 for each of the nine cases is summarized in table 2.3.
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B.2.3 Stability of pioneer-exclusion states E3 and E4

Now, consider the construction of the pioneer fitness function. There is one root m where f (m)= 1.

For values of m below this root, f (m) > 1, and for values of m above this root, f (m) < 1 (see

fig. 2.1a).

Take m = v2 y. Then f (m) = f (v2 y). The root where f (v2 y) = 1 is

v2 yα =
R1−1

a
= m∗ =⇒ yα = m∗/v2. (A21)

As with E2, for E3 the value of λ1 = f (v2 y3) depends on the size of y3 relative to yα . Similarly,

for E4 the value of λ1 = f (v2 y4) depends on the size of y4 relative to yα . Let m3 = v2 y3 and

m4 = v2 y4.

For E3,

y3 < yα =⇒ m3 < m∗ =⇒ λ1 = f (m3)> 1, (A22a)

y3 > yα =⇒ m3 > m∗ =⇒ λ1 = f (m3)< 1. (A22b)

For E4,

y4 < yα =⇒ m4 < m∗ =⇒ λ1 = f (m4)> 1, (A23a)

y4 > yα =⇒ m4 > m∗ =⇒ λ1 = f (m4)< 1. (A23b)

As in our analysis for E2, note that yα is the y-intercept of the zero-growth isocline f (m) = 1,

while y3 and y4 are the y-intercepts of the two zero-growth isoclines where g(n) = 1. We can again

obtain the magnitude of λ1 for both E3 and E4 directly from the configuration of the zero-growth

isoclines for a particular case.

Turning to λ2 = 1+ yi g′ (yi), i = 3 or 4, we have shown that λ2 > 0 for E3 (eq. (A9)) and E4

(eq. (A10)). At E3, y = n∗1 and g′ (n∗1) > 0. Thus, λ2 > 1 at E3. Conversely, at E4, y = n∗2 and

g′ (n∗2)< 0, so λ2 < 1 at E4.

The natures of the equilibrium points E3 and E4 depend on their respective λ1. For E3, λ2 > 1,

so E3 is an unstable node if the lower nontrivial climax zero-growth isocline intercepts the y-axis
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below the nontrivial pioneer zero-growth isocline (y3 < yα ), and is a saddle point if the lower non-

trivial climax zero-growth isocline intercepts the y-axis above the nontrivial pioneer zero-growth

isocline (y3 > yα ).

For E4, 0 < λ2 < 1, so E4 is a saddle point if the upper nontrivial climax zero-growth isocline

intercepts the y-axis below the nontrivial pioneer zero-growth isocline (y4 < yα ), and is a stable

node if the upper nontrivial climax zero-growth isocline intercepts the y-axis above the nontrivial

pioneer zero-growth isocline (y4 > yα ). See fig. 2.2 and fig. 2.3 for illustration. The stability of E3

and E4 for each of the nine cases is summarized in table 2.3.

C.2 Stability of interior fixed-points

We now turn to the stability of the two interior fixed-points E5 and E6, given by eq. (2.17) and

eq. (2.18). Rather than examining each fixed-point separately and handling all cases for a particular

fixed-point at once, as in appendix B.2, it is simpler to organize this section by individual case. The

stability analyses proceed by checking the three Jury conditions (eq. (2.20)) for each of the six cases

in which one or both interior fixed-points occur. We also frequently use Descartes’ Rule of Signs

[29] to bound the eigenvalues of the Jacobian. For convenience, we will refer to these six cases by

the letter of their corresponding subfigure in fig. 2.3, e.g., case a corresponds to fig. 2.3a. Before

beginning on a case-by-case basis, we present several results that simplify the overall analysis.

C.2.1 Conditions for existence of interior fixed-points

For each of the six cases a–f, three conditions on v1 and v2 must be satisfied to guarantee exis-

tence of an interior fixed-point in the first quadrant. The conditions are easily derived by ensuring

that both numerator and denominator are of the same sign for the pairs (x5, y5) and (x6, y6) – one

condition comes from setting the numerator of the x-coordinate to be positive (negative), one con-

dition from setting the numerator of the y-coordinate to be positive (negative), and one condition

from setting the shared denominator 1− v1v2 to be positive (negative). These conditions are pre-
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sented in table 2.2 and will be heavily used in proving stability of the interior fixed-points. From

now on, when we say that an interior fixed-point exists, we are specifically referring to an interior

fixed-point that exists inside the first quadrant, i.e., x > 0 and y > 0.

C.2.2 Descartes’ rule of signs

In addition to the conditions from table 2.2, we make liberal use of Descartes’ Rule of Signs [29]

throughout our analyses, and provide a brief refresher on this useful technique here. Consider the

characteristic polynomial for the Jacobian given by

χ (λ ) = λ
2− τλ +∆, (A24)

whose roots are the eigenvalues of Jacobian (2.19) and where the coefficients τ and ∆ are the trace

and determinant of the Jacobian. According to Descartes’ Rule of Signs, the number of positive

real roots of eq. (A24) — and therefore positive real eigenvalues of the Jacobian — is equal to the

number of sign changes between consecutive coefficients of the polynomial, or less than it by some

even number [29]. Thus, if there are two sign changes, we have either two or zero positive roots.

In addition, we can find the number of negative real roots of the characteristic polynomial by

counting the number of sign changes in the coefficients of

χ (−λ ) = λ
2 + τλ +∆, (A25)

Again, the number of negative roots is equivalent to the number of sign changes or less by an even

number, so if there are two sign changes in eq. (A25), there are two or zero negative roots.

By introducing a change of variable, we can use Descartes’ Rule of Signs once more to check

how many roots are greater than +1, simplifying the stability analysis for several cases. To analyze

eigenvalues around +1, we introduce the shift

µ = λ −1 =⇒ λ = 1+µ. (A26)
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Substituting this into eq. (A24), we obtain

χ (µ) = µ
2 +(2− τ)µ +(1− τ +∆) , (A27)

and note that the constant term is the same as the left-hand side of the first Jury condition

(eq. (2.20a)). Thus, any roots µ > 0 correspond to λ > 1.

C.2.3 General results for τ and ∆

Finally, we present a few useful quantities and relationships pertaining to the interior fixed-points.

These are summarized in table 2.4. In particular, we examine the trace τ and determinant ∆ of Jaco-

bian (2.19), and use the results of our examination to simplify the first and second Jury conditions

as well as to bound the eigenvalues of the Jacobian for both interior fixed-points.

Recall that for both interior fixed-points E5 and E6, f (m) = 1, g(n) = 1, and m = m∗ after sub-

stituting in the explicit forms of the equilibria. For E5, n = n∗1 and for E6, n = n∗2 after substitution

of the equilibria.

We can write the trace of the Jacobian, τ , as

τ = 2+ x f ′ (m)+ yg′ (n) . (A28)

Note that τ is positive for the Jacobian evaluated at both E5 and E6, as we have shown that both

1+ x f ′ (m)> 0 and 1+ yg′ (n)> 0 for E5 and E6 (eq. (A7), eq. (A11), eq. (A12)).

The determinant of the Jacobian, ∆, can be written as

∆ =
[
1+ x f ′ (m)

][
1+ yg′ (n)

]
− v1 v2 x y f ′ (m)g′ (n) (A29)

for (x,y) = (x5, y5) or (x6, y6).

It is clear that ∆ > 0 when the Jacobian is evaluated at E5. By the results of eq. (A7) and

eq. (A11), the first two terms of eq. (A29) are positive, and therefore their product is positive.

At E5, g′ (n) > 0, and thus the entire third term of eq. (A29), [−v1 v2 x y f ′ (m)g′ (n)], is positive.

Therefore, ∆ > 0 at E5.
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It is not as straightforward to show that ∆ > 0 when the Jacobian is evaluated at E6, but this

statement is indeed true for all four cases c–f in which E6 exists. We rewrite the determinant

from eq. (A29), plugging in the explicit fixed-point coordinates given in eq. (2.18) and simplified

derivatives from eq. (A1) and eq. (A3). After expanding and finding a common denominator, then

rearranging and grouping like terms, we obtain the very long expression

∆ =
(v1v2−1)+b2n∗1 (m

∗v1−n∗2)+b2 v1 n∗2 (v2n∗2−m∗)

(1+am∗)
[
1+b2

(
n∗2
)2
]
(v1v2−1)

+
av2 (m∗v1−n∗2)+ab2 n∗1 n∗2 v2 (v1m∗−n∗2)

(1+am∗)
[
1+b2

(
n∗2
)2
]
(v1v2−1)

.

(A30)

In cases c and e, we see from condition three in table 2.2 that the denominator of eq. (A30) is

positive. Thus, we require the numerator be positive in these two cases for ∆> 0. First, note that all

quantities multiplying each parenthetical term are positive (this statement is true for all four cases

c–f ). Each parenthetical quantity in the numerator is in fact a condition from table 2.2, and so we

know the signs of these quantities. From the first condition for cases c and e, m∗v1−n∗2 > 0, from

the second, v2 n∗2−m∗ > 0, and we have already used the third condition. Thus, the numerator is

also positive, and ∆ > 0 for the Jacobian evaluated at E6 in cases c and e.

For cases d and f, the third condition from table 2.2 shows that the denominator of eq. (A30)

is negative, so we would like to show that the numerator is negative for ∆ > 0. As with cases c

and e, each parenthetical quantity corresponds to a condition from table 2.2, and we now know

m∗v1− n∗2 < 0 and v2 n∗2−m∗ < 0, in addition to the third condition we have already used. Thus,

the numerator is a sum of negative quantities, and is therefore negative. Once again, ∆ > 0 for the

Jacobian evaluated at E6 in cases d and f.

Given that τ > 0 and ∆ > 0 for the Jacobian evaluated at both E5 and E6, the second Jury

condition 1+ τ +∆ > 0 will clearly always be satisfied for both interior fixed-points for all cases

a–f (assuming the interior fixed-point exists).

Additionally, observe that τ > 0 and ∆ > 0 means there are two sign changes between coeffi-
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cients in eq. (A24) and zero sign changes in eq. (A25). Therefore, by Descartes’ Rule of Signs,

there are zero negative eigenvalues and either two or zero positive eigenvalues of the Jacobian.

Thus, for both interior fixed-points in all cases a through f (assuming the interior fixed-point ex-

ists), all real eigenvalues are positive. Furthermore, we either have two real, positive eigenvalues,

or a pair of complex-conjugate eigenvalues for both interior fixed-points in all cases.

Finally, we simplify the expression for the first Jury condition using our knowledge of τ and

∆. After substituting eq. (A28) and eq. (A29) into the left-hand side of the first Jury condition

(eq. (2.20a)), we obtain

1− τ +∆ = x y f ′ (m)g′ (n)(1− v1v2) (A31)

for (x, y) = (x5, y5) or (x6, y6). As already stated, we consider only positive equilibria (see sec-

tion 2.4.2 for a discussion of the border cases where an interior fixed-point hits an axis as a param-

eter is varied). We know that f ′ (m)< 0 always. Thus, ascertaining whether the first Jury condition

is satisfied comes down to the sign of g′ (n), which is positive at E5 and negative at E6, and the

sign of 1− v1v2, which is given by condition three in table 2.2. We now proceed to a case-by-case

stability analysis, recalling that a summary of the general results presented in this section are found

in table 2.4. This information will be particularly useful when examining cases e and f.

C.2.4 Case A

In case a, we have one interior fixed-point E5. The first Jury condition

1− τ +∆ = x5 y5 f ′ (m5)g′ (n5)(1− v1v2)> 0 (A32)

by condition three in table 2.2. Thus, the first Jury condition is always satisfied. We already know

that the second Jury condition is always satisfied.

The third Jury condition is ∆ < 1. After expanding the expression for ∆ from eq. (A29) we see

that the third Jury condition ∆ < 1 is equivalent to

x f ′ (m)+ y g′ (n)+ x y f ′ (m)g′ (n)(1− v1 v2)< 0. (A33)
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This expression does not simplify further in a useful manner. Instead, we look to express the left-

hand side of eq. (A33) in terms of our relative competition-coefficients v1 and v2, and find the

curve in v1–v2 space where ∆ = 1 (or eq. (A33) is equal to zero). In other words, we want to find

the boundary where we violate the third Jury condition, such that crossing that boundary causes a

change of stability of E5 in case a.

To find this boundary in v1–v2 space, we will substitute the explicit forms of x5 and y5 into the

left-hand side of eq. (A33). Recall from table 2.4 that m5 = m∗ and n5 = n∗1. As the derivatives

f ′ (m∗) and g′ (n∗1) do not have v1 or v2 dependence, we can leave them in their general form. After

this substitution and minor simplification, the boundary where we violate the third Jury condition

is given by

0 =
(m∗− v2n∗1) f ′ (m∗)

1− v1v2
+

(n∗1− v1m∗)g′ (n∗1)
1− v1v2

+
(m∗− v2n∗1)(n

∗
1− v1m∗) f ′ (m∗)g′ (n∗1)
1− v1v2

.

(A34)

From condition three in table 2.2, we know 1− v1v2 6= 0 while in this case, and so we safely

multiply both sides by 1− v1v2 to obtain

0 = (m∗− v2n∗1) f ′ (m∗)+(n∗1− v1m∗)g′ (n∗1)+(m∗− v2n∗1)(n
∗
1− v1m∗) f ′ (m∗)g′ (n∗1) . (A35)

Rearranging and solving for v2 as a function of v1 gives us the curve

v2 = h(v1) =
v1

[
m∗g′ (n∗1)+(m∗)2 f ′ (m∗)g′ (n∗1)

]
n∗1 f ′ (m∗)

[
v1m∗g′

(
n∗1
)
−n∗1g′

(
n∗1
)
−1
]

−
m∗ f ′ (m∗)+n∗1g′ (n∗1)+m∗n∗1 f ′ (m∗)g′ (n∗1)

n∗1 f ′ (m∗)
[
v1m∗g′

(
n∗1
)
−n∗1g′

(
n∗1
)
−1
] .

(A36)

While eq. (A36) does not simplify further, it should be noted that all quantities are constants

except for v1 and v2, assuming that all other parameters are held constant. Thus, v2 = h(v1) from

eq. (A36) gives us the boundary of the region in v1–v2 space where E5 satisfies the third Jury

condition (see fig. 2.4a).
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We will briefly note that this curve does yield both a vertical and horizontal asymptote. The

vertical asymptote occurs at

v1 = v∗1 =
n∗1g′ (n∗1)+1

m∗g′
(
n∗1
) (A37)

and the horizontal asymptote at

v2 = v∗2 =
m∗ f ′ (m∗)+1

n∗1 f ′ (m∗)
. (A38)

Equation (A36) therefore has two branches. The left branch is valid for v1 < v∗1 and v2 > v∗2, and

the right branch is valid for v1 > v∗1 and v2 < v∗2, with v∗1 and v∗2 given by eq. (A37) and eq. (A38).

However, note that

v∗2 =
m∗ f ′ (m∗)+1

n∗1 f ′ (m∗)
=

m∗

n∗1
+

1
n∗1 f ′ (m∗)

<
m∗

n∗1
. (A39)

Recall by condition two from table 2.2 that case a requires v2 >
m∗
n∗1

. Therefore, the right branch of

eq. (A36), for which v2 < v∗2 <
m∗
n∗1

is not a valid solution for this parameter regime, and so we only

consider the left branch of eq. (A36) when determining the region of stability for E5. On one side

of the left branch of v2 = h(v1), E5 is stable, and on the other side of the curve E5 is unstable.

C.2.5 Case B

In case b, we have the same interior fixed-point E5 as in case a. For the first Jury condition, we see

that the third condition from table 2.2 is reversed, and

1− τ +∆ = x5 y5 f ′ (m5)g′ (n5)(1− v1v2)< 0. (A40)

The first Jury condition is never satisfied. By failing the first Jury condition, we know there must

be at least one eigenvalue λ1 > 1. We can confirm this fact by examining the shifted characteristic

polynomial in eq. (A27). By our above analysis, we know the constant term 1− τ +∆ < 0, so no

matter the sign of 2− τ , the coefficient of the linear term, there will be one sign change between

consecutive coefficients in eq. (A27). Therefore we have one positive real root µ1, and thus only

one eigenvalue λ1 > 1.
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We have already demonstrated that in general, if the eigenvalues associated with an interior

fixed-point are real, they will both be positive. As we have one real λ , both must be real, as

complex eigenvalues come in pairs. We therefore have λ1 > 1, 0 < λ2 < 1, and thus E5 is a saddle

point in case b.

C.2.6 Case C

In case c, we have one interior fixed-point E6. As in case b, the first Jury condition is never satisfied

as

1− τ +∆ = x6 y6 f ′ (m6)g′ (n6)(1− v1v2)< 0 (A41)

using the third condition from table 2.2. Precisely as before, we will use Descartes’ Rule of Signs

to bound our eigenvalues. We have at least one eigenvalue λ1 > 1, by the results of the first Jury

condition. To determine if both eigenvalues are larger than +1, we examine the shifted character-

istic polynomial (eq. (A27)). As before, we know the constant term 1− τ +∆ < 0, so no matter

the sign of 2− τ , there is one sign change between the polynomial coefficients. Thus, there is one

positive real root µ1, and therefore only one root λ1 > 1. Given one real λ , the other eigenvalue

must be real as well, and we know all real eigenvalues are positive for the interior fixed-points.

Thus, λ1 > 1, 0 < λ2 < 1, and E6 is a saddle point for case c.

C.2.7 Case D

In case d, we have the same interior fixed-point E6 as in case c. Using the third condition from

table 2.2, we now see

1− τ +∆ = x6 y6 f ′ (m6)g′ (n6)(1− v1v2)> 0, (A42)

and the first Jury condition is always satisfied in this case. The second Jury condition is also always

satisfied.
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Rather than checking the third Jury condition ∆ < 1, we instead show that both eigenvalues

are real and bounded between 0 and +1. This statement is evidently sufficient to classify the

fixed point, and proving realness eliminates the need to check the third Jury condition, which tests

complex eigenvalues.

Consider the generalized eigenvalues of the Jacobian matrix evaluated at E6, which are the

roots of the characteristic polynomial eq. (A24):

λ1,2 =
τ±
√

τ2−4∆

2
. (A43)

If τ2− 4∆ > 0, then both eigenvalues are real. Using the trace from eq. (A28) and the expanded

form of the determinant in eq. (A29), after combining like terms we find

τ
2−4∆ =

[
x6 f ′ (m6)

]2
+
[
y6 g′ (n6)

]2−2x6 y6 f ′ (m6)g′ (n6)

+4v1 v2 x6 y6 f ′ (m6)g′ (n6)

=
[
x6 f ′ (m6)− y6 g′ (n6)

]2
+4v1 v2 x6 y6 f ′ (m6)g′ (n6)> 0,

(A44)

as both terms are clearly positive under the conditions of this case. In fact, this statement holds for

E6 for any parameter regime, as we are not using conditions pertaining to a particular case, only

conditions that are true at E6. Thus, both eigenvalues are real for all cases where E6 exists.

Having proved the eigenvalues are real, we again use Descartes’ Rule of Signs to bound the

eigenvalues. By our earlier result from section C.2.3, since our eigenvalues are real we must have

two positive eigenvalues, λ1,2 > 0.

We will use the shifted characteristic polynomial (eq. (A27)) to determine if λ1,2 > 1. By the

first Jury condition, we know the constant term 1− τ +∆ > 0. The coefficient of the linear term

2− τ =−x6 f ′ (m6)− y6 g′ (n6)> 0, (A45)

as both derivatives are negative at E6. All coefficients of eq. (A27) are therefore positive, so there

are zero sign changes and zero roots µ > 0, meaning there are no eigenvalues λ > 1 (by eq. (A26)).

Thus, 0 < λ1,2 < 1, and E6 is a stable node in case d.
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C.2.8 Case E

In case e, we have both interior fixed-points E5 and E6. We will first consider E5. It is clear that

1− τ +∆ = x5 y5 f ′ (m5)g′ (n5)(1− v1v2)> 0 (A46)

by the conditions from table 2.2 and table 2.4, so the first Jury condition is always satisfied for E5

in case e. The second Jury condition is also always satisfied for E5 in case e.

The third Jury condition is ∆ < 1. The expression for the third Jury condition is precisely the

same as eq. (A33) from section C.2.4, and indeed the entirety of the analysis is identical to analysis

of the third Jury condition for E5 from case a. We do not repeat it here, and refer the reader back

to section C.2.4 for details. Instead, we will simply recall that we can express the boundary of the

region of stability for E5 in terms of v1 and v2. This boundary yields a rational function, given by

eq. (A36), with two branches. As the bounds on v2 are the same between case a and case e (see

table 2.2), only the left branch is valid for determining the boundary of the region of stability in

case e. To one side of this branch, E5 is stable, and on the other side E5 is unstable. See fig. 2.4b

for illustration of the region of stability for E5 in case e.

We now turn to the second interior fixed-point, E6. We see that

1− τ +∆ = x6 y6 f ′ (m6)g′ (n6)(1− v1v2)< 0, (A47)

by the conditions from table 2.2 and table 2.4, so the first Jury condition is never satisfied for E6 in

case e.

As should now be familiar, we will use Descartes’ Rule of Signs to bound the eigenvalues. By

the results of analyzing the first Jury condition, at least one eigenvalue is larger than +1. Examining

the shifted characteristic polynomial (eq. (A27)), we see there is only one sign change between the

polynomial’s coefficients no matter the sign of 2− τ , as the constant term 1− τ +∆ < 0. There

is one positive real root µ1, and thus only one eigenvalue λ1 > 1. The other eigenvalue λ2 must

also be real, and as all real eigenvalues are positive for interior fixed-points, we know λ1 > 1,

0 < λ2 < 1. Therefore, E6 is a saddle point for case e.
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C.2.9 Case F

In case f, we again have both interior fixed-points E5 and E6. We first consider E5.

Using the conditions and relationships in table 2.2 and table 2.4,

1− τ +∆ = x5 y5 f ′ (m5)g′ (n5)(1− v1v2)< 0. (A48)

The first Jury condition is never satisfied for E5 in case f. Considering the shifted polynomial

eq. (A27), there is one sign change between coefficients of the polynomial and therefore one root

µ1 > 0. Thus, we have only one eigenvalue λ1 > 1. As before, the second eigenvalue λ2 must be

real given that λ1 is real, and we know all real eigenvalues of the interior fixed-points are positive.

We find that λ1 > 1, 0 < λ2 < 1, and E5 is a saddle point for case f.

Finally, we consider E6 for this final case. The first Jury condition is obviously always satisfied

as

1− τ +∆ = x6 y6 f ′ (m6)g′ (n6)(1− v1v2)> 0 (A49)

for E6 in case f, by the conditions from table 2.2 and table 2.4. The second Jury condition is always

satisfied.

As with case d, we will bound the eigenvalues between 0 and +1 rather than checking the

third Jury condition. Recall that in the stability analysis for case d, we demonstrated that both

eigenvalues associated with E6 are real for all cases where E6 exists. Thus, we already know our

eigenvalues to be real for E6 in case f.

Employing the oft-used result a final time, we know that since the eigenvalues for E6 are real,

we have λ1,2 > 0. Identically to the analysis for case d, we consider the shifted characteristic

polynomial eq. (A27). As the first Jury condition is always satisfied for E6 in this case, the constant

term 1− τ +∆ > 0. It is evident that the coefficient of the linear term

2− τ =−x6 f ′ (m6)− y6 g′ (n6)> 0 (A50)

as well. There are zero sign changes between coefficients and therefore zero roots µ > 0. Thus,
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there are no eigenvalues λ > 1 (by eq. (A26)). With this result, we see that 0 < λ1,2 < 1, and E6 is

a stable node in case f.

The results of the above stability analyses for all six cases with one or more interior fixed-point

in the first quadrant are summarized in table 2.3. This appendix completes our analytic stability

analysis; analyses of the global bifurcations present in cases a and e were performed numerically.
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Chapter 3

BLOCK-PULSE INTEGRODIFFERENCE EQUATIONS

3.1 Introduction

In recent decades, integrodifference equations (IDEs) have become a popular tool for analyzing

the spatial dynamics of biological populations. They have been used to explore many problems in

spatial ecology, including estimating speeds of invasion (e.g., Kot et al. [65], Wang et al. [143],

Gagnon et al. [41]), population persistence on a finite habitat-patch (e.g., Kot and Schaffer [64],

Van Kirk and Lewis [139], Reimer et al. [110]), and critical speeds of climate-change-driven range-

shifts (e.g., Zhou and Kot [153], Harsch et al. [47], Cobbold and Stana [23]).

IDEs are spatially nonlocal models [71] that are discrete in time and continuous in space. They

are especially useful for modeling the dynamics of species that have non-overlapping generations

and distinct growth and dispersal stages [64, 84]. The basic IDE for a population with discrete and

nonoverlapping generations is

nt+1 (x) =
∫

Ω

k (x,y)g [nt (y)]dy, (3.1)

where nt (x) is the population density in generation t at a spatial location x, Ω is the spatial domain,

k (x,y) is the dispersal kernel, and g [nt (y)] is the growth or recruitment function. Population den-

sity is mapped from the current generation to the next in two distinct phases. First, the population

grows, while remaining fixed in space. In particular, g [nt (y)] gives the new population-density

at location y after growth has occurred. After growth, individuals disperse, relocating from start-

ing location y to new location x with probability governed by k (x,y). The dispersal kernel is a

probability density function for the final location x of the individuals.

In contrast to reaction-diffusion models, which are continuous in both time and space, IDE
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models account for seasonal growth and can incorporate a variety of dispersal patterns, including

long-distance dispersal [76]. The ability to choose a dispersal kernel that best fits the population

being modeled is a key feature of IDEs. As a result, IDE models have the advantage of increased

ecological realism, as many species possess the features of seasonal growth and long-distance

dispersal [98, 3, 65, 84].

Despite the advantages of IDEs, these models have drawbacks as well. IDEs can be compu-

tationally expensive since, as for most spatially nonlocal models, individuals may disperse long

distances [84]. At the extreme end of this spatial complexity, under certain conditions, a propagule

may start from any location in the spatial domain of the model and disperse to any other location

in that domain.

In addition, it is often difficult to write down exact solutions for the equilibria or to perform

general analytical explorations, except in certain special cases [64, 153, 12, 84]. This analytic

difficulty arises because finding equilibria amounts to finding functions that are fixed points of

nonlinear integral equations. Finally, most analyses of IDEs lack information about unstable equi-

libria, as unstable equilibria do not show up in standard numerical experiments. While an argument

may be made that it is more relevant to focus on (asymptotically) stable equilibria, in the interest

of a complete characterization of the model it would be useful to observe all equilibria.

In order to circumvent some of these difficulties in analyzing IDE models, a number of tools

have been developed to approximate or simplify the original model. Special cases, such as an

IDE model with a separable kernel or with the Laplace kernel, may allow for analytical results

[64, 153, 12, 84]. Other tools for analyzing IDE models involve various approximations of the

dispersal kernel, which can be used to approximate steady states and eigenvalues of IDEs, and

may be employed for models with one or more species. These methods include average dispersal-

success [139, 140, 35], modified average dispersal-success [110], and geometric symmetrization

[63, 102, 113, 114, 89].

In this chapter, we present a new method for analyzing the population dynamics of a single
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species confined to a finite spatial domain. In contrast to the methods discussed above, which

approximate the dispersal kernel, we develop a complementary approach by approximating the

growth function. Drawing inspiration from early work by Mark Lewis on the infinite-domain prob-

lem [65] and more recent developments by Otto [99] and Nestor and Li [96], we use a piecewise-

constant function to approximate the growth function. We refer to the IDE with this approximated

growth as a block-pulse IDE. An m-step block-pulse IDE has m terms, or steps, in the block-pulse

approximation. This terminology does not preclude using block-pulse approximations for the dis-

persal kernel as well; indeed, many applications of block-pulse methods for solving other integral

problems involve approximating the entire integrand rather than a single component [56, 7].

The piecewise-constant nature of the growth function makes the block-pulse IDE simple and

analytically tractable. This formulation of the IDE removes many of the analytical barriers men-

tioned earlier and also offers numerical advantages. Furthermore, this method is applicable to a

broad set of growth functions, including growth functions with Allee effects. An Allee effect, or

depensation, occurs when a population’s per-capita recruitment increases, with density, at low den-

sities [1, 74]. Integrodifference equations with Allee effects have, historically, been challenging to

analyze [84]. However, the block-pulse method allows us to analyze both simple forms of growth,

like compensatory growth, as well as challenging forms of growth, such as depensatory growth.

In section 3.2, we present an overview of block-pulse series and how they are used to ap-

proximate a growth function. In section 3.3, we lay out the block-pulse IDE model and discuss

assumptions and characteristics of the model, including a general closed-form analytic expression

for the iterates of the spatial population-distributions. In section 3.4, we perform formal analyses

of one-, two-, and three-step block-pulse IDEs, with explicit expressions for the equilibrium so-

lutions, stability and bifurcation analyses, and exploration of parameter space. In section 3.5, we

generalize the analytic results of section 3.4 to explore an m-step block-pulse IDE subject first to

compensatory Beverton-Holt dynamics and then to growth with a depensatory Allee effect. Sec-

tion 3.5 is the most applied section and the applied reader may find it useful to look at this section
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before returning to section 3.4. In section 3.6, we describe the implications of our results and

discuss future research.

While this work began as a way to analyze population dynamics on a finite domain, and partic-

ularly with an Allee effect, the dynamics inherent in the models proved to be compelling on their

own. In scenarios with a larger number of steps in the block-pulse series, we find that the block-

pulse IDE model offers a good approximation to the original model. Furthermore, the block-pulse

IDE model also brings significant analytical advantages and an improvement in numerical effi-

ciency for a reasonable number of steps. The framework outlined here provides a simple, effective

means of exploring population dynamics in a finite-domain IDE, and offers a novel way to investi-

gate the impact of Allee effects.

3.2 Block-pulse series

3.2.1 Block-pulse functions, series, and properties

Block-pulse functions are an orthogonal set of disjoint functions that have piecewise-constant val-

ues. These functions have traditionally been used for a variety of problems in engineering, in

particular in systems science and control [109, 56]. Block-pulse functions have been extensively

applied to developing numerical and analytical methods for solving a number of integral problems

[7, 88, 33, 8]. Block-pulse functions have simple operations and a number of useful properties that

make a series of these functions highly useful in studying problems with integrals or derivatives

[56].

A set of block-pulse functions φi (nt) , i = 1,2, ...,m is conventionally defined on the interval

nt ∈ [0,N) as

φi (nt) =

1, (i−1)h≤ nt < ih

0, otherwise,
(3.2)

where h = N/m and m is some positive number corresponding to the total number of steps in

the block-pulse series. Block-pulse functions are disjoint and orthogonal with each other, and
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they form a complete basis for real, bounded, square-integrable functions on the interval [0,N) as

m→ ∞ [109, 56].

Based on these properties, we can expand any real, bounded, continuous function g(nt) that

is square integrable over the domain nt ∈ [0,N) into a block-pulse series. The functions g(nt)

that we consider describe population growth, and so we choose the upper domain-limit N to be a

population limit governed by the carrying capacity of the population. An m-step block-pulse series

for the function g(nt) is

g(nt)≈
m

∑
i=1

gi φi (nt) , i = 1,2, ...,m, (3.3)

where gi is the block-pulse coefficient for the ith block-pulse function φi (nt). Each coefficient gi

is simply the average value of the function g(nt) over the ith subinterval, so that

gi =
1
h

∫ ih

(i−1)h
g(nt)dnt . (3.4)

As each function φi (nt) is disjoint from the others, the series in eq. (3.3) is thus a piecewise-

constant approximation to the original function g(nt), with the value of the constants governed by

the original function. The block-pulse series will converge pointwise to the original function as the

number of steps m→ ∞ [56].

3.2.2 Block-pulse approximations to a growth function

To illustrate the block-pulse approximation method, consider a strictly-increasing growth-function,

g(nt) =

[(
1+ρ2)/K

]
n2

t

1+(ρ/K)2 n2
t

, (3.5)

with an Allee effect, defined on the interval nt ∈ [0,N) with growth parameter ρ and carrying

capacity K, where N = K = 1. In the nonspatial model with this growth function, there are three

equilibria nt+1 = nt = n, two stable fixed-points at n = 0 and n = K and one unstable fixed-point,

the Allee threshold, at n = K/ρ2.
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To compare the original growth-function with its block-pulse series, we choose five steps for

our approximation. The five-step block-pulse series is given by

g(nt)≈



g1, 0≤ nt < N/5

g2, N/5≤ nt < 2N/5

g3, 2N/5≤ nt < 3N/5

g4, 3N/5≤ nt < 4N/5

g5, 4N/5≤ nt < N,

(3.6)

with gi < gi+1 for i = 1,2,3,4. Each coefficient gi is the density of recruits or the growth level

when the population density nt is within the given limits. The population densities iN/5 are density

thresholds. Passing through each threshold leads to a change in the level of recruitment.

Figure 3.1 shows the Allee growth-function along with its five-step block-pulse approximation.

At each of the density thresholds, we see that the growth function jumps to the next level of re-

cruitment. With this illustration of the block-pulse method in place, we now turn to the block-pulse

IDE itself.

3.3 Block-pulse IDE

We begin by examining the model from eq. (3.1), where the population is confined to a finite,

stationary, one-dimensional patch of habitat of length L such that Ω = [−L/2, L/2]. We assume

that habitat outside the patch is hostile and that individuals that disperse outside of the patch do not

reproduce. For subsequent mathematical simplicity, we assume that the growth function g [nt (y)] is

strictly increasing. We also assume that dispersal is homogeneous and isotropic. Thus, the dispersal

kernel is symmetric and can be rewritten as a difference kernel, k (x,y) = k (x− y). This difference

kernel may be interpreted as a probability density function for the displacement of individuals in

the population.
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Fig. 3.1 The Allee growth-function from eq. (3.5) with the five-step block-pulse approximation
from eq. (3.6). Parameters are ρ = 2, K = 1, N = 1, and the five growth-levels are g1 ≈ 0.06,
g2 ≈ 0.33, g3 ≈ 0.62, g4 ≈ 0.82, g5 ≈ 0.95.

Under these assumptions, the model from eq. (3.1) can be written as

nt+1 (x) =
∫ L/2

−L/2
k (x− y)g [nt (y)]dy. (3.7)

The population density at location x in the next generation t +1, nt+1 (x), is thus given by the con-

volution of a growth function with a dispersal kernel. We primarily use the Laplace distribution for

our dispersal kernel as it accounts for some long-distance dispersal and possesses a number of use-

ful properties. At the same time, our approach is not limited to this distribution (see section 3.5.2).

We assume that our initial population-distribution is symmetric and unimodal. Though we rec-

ognize that such an assumption may not be true in general in nature, for the time being we make

this assumption for mathematical simplicity. Applying an increasing growth-function to a sym-

metric and unimodal distribution will result in a symmetric and unimodal population-distribution

after growth. We also assume that the dispersal kernel is unimodal. Thus, we are taking the con-
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volution of two symmetric, unimodal distributions, which will also be symmetric and unimodal

[150, 30, 105]. Many dispersal kernels satisfy the conditions of being symmetric and unimodal,

including the popular Gaussian, Laplace, and Cauchy kernels. Using these assumptions, the popu-

lation distributions given by the model will always be symmetric and unimodal, with the maximum

population-density occurring at the center of the patch at x = 0 and the minimum population-

density occurring at the edges of the patch at x =±L/2.

With these assumptions in hand, we consider an m-step block-pulse IDE. This IDE, with its

growth function given by a block-pulse series, may be written as

nt+1 (x) =
∫ L/2

−L/2
k (x− y)

m

∑
i=1

gi φi [nt (y)]dy

=
m

∑
i=1

gi

∫ L/2

−L/2
k (x− y)φi [nt (y)]dy. (3.8)

As mentioned in section 3.2.2, the coefficients gi are different growth levels. As we have assumed

our growth function to be strictly increasing, we have gi < gi+1 for i = 1,2, ...,m−1.

Recall that each block-pulse function φi is nonzero only over a limited spatial region where

it is equal to one. We may expand eq. (3.8) into a sum of at most 2m− 1 integrals, where each

integral is defined only over the spatial region(s) where φi 6= 0 for each i. The boundaries of each

region, x = ±ri, t , are the spatial thresholds where the population threshold is reached, such that

nt (±ri, t) = ih. After expanding eq. (3.8), using a change of variables u = x− y, and rewriting the

resulting integrals in terms of cumulative distribution functions, we obtain the simple expression

nt+1 (x) = g1 [F (x+L/2)−F (x−L/2)]

+(g2−g1) [F (x+ r1, t)−F (x− r1, t)]+ ...

+(gm−gm−1) [F (x+ rm−1, t)−F (x− rm−1, t)] , (3.9)
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or

nt+1 (x) = g1 [F (x+L/2)−F (x−L/2)]

+
m−1

∑
i=1

(gi+1−gi) [F (x+ ri, t)−F (x− ri, t)] , (3.10)

where F (x) is the cumulative distribution function (CDF) of a probability density function k (z),

defined as

F (x) =
∫ x

−∞

k (z)dz. (3.11)

We note that reducing our IDE model to eq. (3.9) or eq. (3.10) amounts to approximating a

Riemann–Stieltjes integral with a Riemann–Stieltjes sum. Due to Arzelà’s (or Osgood’s) bounded

convergence theorem [49, 87, 4, 93, 94], this series has nice convergence properties as m→∞ (see

appendix D.3 for details).

The symmetry of the spatial thresholds x =±ri, t occurs because we have assumed our popula-

tion distributions to be symmetric and unimodal. Thus, each spatial threshold where the population

passes through a density threshold will occur twice in a symmetric fashion, if it occurs at all. We

have ri, t > ri+1, t , with the t subscript denoting the time dependence of the spatial thresholds.

For this general example, we have assumed that the population passes through all density

thresholds inside of the patch [−L/2,L/2] and sees all m growth levels. Note that the population

may fail to pass through a density threshold or may pass through it at a spatial threshold outside of

the patch, in which case eq. (3.10) has fewer terms.

We now have a model that is expressed entirely in terms of cumulative distribution functions,

so that we have explicit analytic expressions for the entire spatial population-distribution in the

next generation. This makes the block-pulse IDE analytically and numerically approachable, and

the CDF form of the IDE is immensely useful. We now turn to a formal analysis of one-, two-, and

three-step block-pulse IDEs.
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3.4 Analytical results

As seen above, the block-pulse IDE may be rewritten into a remarkably simple form. Given the

assumptions laid out in section 3.3, block-pulse IDEs are a class of models with much more ana-

lytical tractability than most IDE models. We will now explore explicit equilibrium solutions and

their regions of validity in parameter space, stability of equilibria, and bifurcations in one-, two-,

and three-step block-pulse IDEs.

Throughout the rest of this chapter, we will illustrate examples using the Laplace kernel and its

CDF, though the general trends we observe hold for other dispersal kernels satisfying our assump-

tions as well (see section 3.5.2). The probability density function for the Laplace distribution is

k (z) =
1
2

αe−α|z|, (3.12)

and the cumulative distribution function is

F (z) =


1
2eαz, z < 0

1− 1
2e−αz, z≥ 0,

(3.13)

where 1/α is the average dispersal-distance of the population.

3.4.1 One-step block-pulse IDE

The one-step block-pulse IDE has a growth function approximated by the single constant

g(nt)≈ g1, 0≤ nt < N. (3.14)

The corresponding block-pulse IDE is

nt+1 (x) = g1

∫ L/2

−L/2
k (x− y)dy

= g1 [F (x+L/2)−F (x−L/2)] , (3.15)
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where the second equality is obtained after using the same change of variables, u = x− y, and

method of rewriting the integral in terms of cumulative distribution functions as in section 3.3.

It is clear from eq. (3.15) that the population reaches its carrying capacity in one generation and

stays there for all time t, regardless of the initial density of the population. We thus have a stable

equilibrium at

n(x) = g1 [F (x+L/2)−F (x−L/2)] . (3.16)

The shape of the equilibrium distribution is simply the difference between two shifted cumulative

distribution functions, as shown in fig. 3.2.

This equilibrium is valid for n(x)< N. Since the maximum population-density occurs at x = 0

we thus require n(0)< N for existence of the equilibrium. Substituting x = 0 into eq. (3.16) and

rearranging, we thus need

g1 <
N

F (L/2)−F (−L/2)
. (3.17)

3.4.2 Two-step block-pulse IDE

The growth-function approximation for the two-step block-pulse IDE is

g(nt)≈

g1, 0≤ nt < N/2

g2, N/2≤ nt < N,

(3.18)

with g1 < g2. The population density nt = N/2 is a density threshold. Below the threshold, the

population grows to g1, and above it, recruitment jumps to g2. This growth function is illustrated

in fig. 3.3a.

We expect three equilibrium solutions of the block-pulse IDE – one with a low growth-level

everywhere in the patch, one with a high growth-level everywhere in the patch, and one with both

growth-levels in the patch. We suspect initially that the two one-growth-level equilibria, those with

a single growth-level in the patch, should be stable.
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Fig. 3.2 The equilibrium distribution from eq. (3.16) (solid) along with the two component cu-
mulative distribution functions (dashed). The left dashed distribution is the first term F (x+L/2),
the right dashed distribution is the second term F (x−L/2). Vertical dotted lines indicate the
spatial domain x ∈ [−L/2,L/2]. Parameters are L = 1, N = 1, g1 = 1, α = 5.

While the analysis for the one-step model was trivial, the two-step model contains more inter-

esting dynamics. Depending on the location and existence of the spatial-threshold points x =±r1, t

where n(±r1, t) = N/2, the equilibrium solution to the two-step block-pulse IDE may take on one

of three different forms, matching our initial intuition. These three cases are addressed separately

in the following sections.

Low equilibrium

In the first case, the population never attains the density threshold of N/2. The population grows

at the low level g1 everywhere and the spatial thresholds do not exist. The corresponding IDE can
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Fig. 3.3 Block-pulse growth-functions with a two steps and b three steps. The growth func-
tions (solid) are overlaid on the line of equality (dashed). Parameter values are N = 1, g1 = 0.2,
g2 = 0.6, g3 = 0.8.

be written as

nt+1 (x) = g1

∫ x+L/2

x−L/2
k (z)dz

= g1 [F (x+L/2)−F (x−L/2)] . (3.19)

It is clear that the population distribution in eq. (3.19) is always the same regardless of t. Thus,

there is a stable equilibrium, which we call the low equilibrium, at

n(x) = g1 [F (x+L/2)−F (x−L/2)] . (3.20)

This is a valid equilibrium so long as n(0)< N/2, at which point we would transition into a bridge

equilibrium (section 3.4.2). Substituting x = 0 into eq. (3.20) and rearranging to solve for the

growth level gives a condition of

g1 <
N/2

F (L/2)−F (−L/2)
= ga. (3.21)
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Figure 3.4 illustrates the region in parameter space where this equilibrium is valid.

High equilibrium

In the second case, the population is above N/2 everywhere in the patch and grows at high level g2

inside the patch. The spatial thresholds exist outside the patch, so that

−r1, t <−L/2 < L/2 < r1, t . (3.22)

The IDE in this case is

nt+1 (x) = g2

∫ x+L/2

x−L/2
k (z)dz

= g2 [F (x+L/2)−F (x−L/2)] . (3.23)

The only difference between this mapping and the mapping in eq. (3.19) is replacing g1 with g2.

The population distribution does not change regardless of t. There is a stable equilibrium,

called the high equilibrium, given by

n(x) = g2 [F (x+L/2)−F (x−L/2)] . (3.24)

In order for this to be a valid equilibrium, it must be above N/2 everywhere in the patch, or

n(L/2)> N/2. Substituting x = L/2 into eq. (3.24) and simplifying, we require

g2 >
N/2

F (L)−F (0)
= gb. (3.25)

We also require n(0)< N, or

g2 <
N

F (L/2)−F (−L/2)
= gc. (3.26)

Thus, for gb < g2 < gc there is a stable high-equilibrium. See fig. 3.4 for an illustration of the

region of validity.
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Fig. 3.4 Regions of validity in parameter space for the three equilibrium forms. All equilibria
are invalid for g1 ≥ g2. The low equilibrium is valid inside the dashed region, the high equilib-
rium is valid inside the dashed-dotted region, and the bridge equilibrium is valid inside the solid
region. Vertical dotted lines indicate the boundaries in g1 that lead to different behaviors of the
bridge equilibrium. For gs < g1 < ga, as g2 increases through the lower boundary for the bridge-
equilibrium region, a fold bifurcation occurs, resulting in two bridge equilibria for g2 values above
the boundary and below gb. At gb, the upper bridge-equilibrium becomes a high equilibrium. Pa-
rameter values are L = 0.5, N = 1, α = 5, gs ≈ 0.17, ga ≈ 0.7, gb ≈ 1.1, gc ≈ 1.4.
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Bridge equilibrium

The third case occurs when the population distribution inside the patch is both above and below

N/2, so that the population sees both growth levels inside the patch. The spatial thresholds are

inside the patch, with

−L/2 <−r1, t < r1, t < L/2. (3.27)

The IDE now takes the form

nt+1 (x) = g1

∫ x+L/2

x+r1, t

k (z)dz+g2

∫ x+r1, t

x−r1, t

k (z)dz+g1

∫ x−r1, t

x−L/2
k (z)dz, (3.28)

which simplifies to the mapping

nt+1 (x) =g1 [F (x+L/2)−F (x−L/2)]

+(g2−g1) [F (x+ r1, t)−F (x− r1, t)] . (3.29)

Given nt+1 (x), we can compute the next spatial threshold r1, t+1. That is, we have an implicit

r1, t mapping from r1, t to r1, t+1 given by

nt+1 (r1, t+1) =g1 [F (r1, t+1 +L/2)−F (r1, t+1−L/2)]

+(g2−g1) [F (r1, t+1 + r1, t)−F (r1, t+1− r1, t)] = N/2, (3.30)

where we have used the fact that nt+1 (r1, t+1) = N/2. This map is illustrated in fig. 3.5.

The fixed points of this map occur when r1, t+1 = r1, t = r1, so that

g1 [F (r1 +L/2)−F (r1−L/2)]+(g2−g1) [F (2r1)−F (0)] = N/2. (3.31)

These fixed points are evident in fig. 3.5 as the intersections of the r1, t mapping with the line of

equality. When the spatial threshold is at a fixed point r1, the entire population-distribution is at

equilibrium so that nt+1 (x) = nt (x) = n(x). Substituting the fixed point r1 into eq. (3.29), we

therefore have an equilibrium population-distribution, which we call the bridge equilibrium, at

n(x) =g1 [F (x+L/2)−F (x−L/2)]+(g2−g1) [F (x+ r1)−F (x− r1)] . (3.32)



80

The number of spatial-threshold fixed-points and their stability corresponds to the number and

stability of the bridge equilibria.
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Fig. 3.5 Spatial-threshold mapping from eq. (3.30) (solid curve for r1, t < L/2) for two dif-
ferent parameter sets with a one fixed point and b two fixed points. The solid horizontal line
for r1, t > L/2 is an equivalent r1, t − r1, t+1 mapping for the high map; as the high map does not
depend on r1, t the corresponding r1, t+1 is constant regardless of r1, t . Using stability of the spatial-
threshold fixed-points as a proxy for stability of the full equilibrium distributions, in a, the high
equilibrium is stable and the bridge equilibrium is unstable; in b the lower bridge-equilibrium is
unstable and the upper bridge-equilibrium is stable. Given a particular r1, t in the implicit map
from eq. (3.30), r1, t+1 was computed with the bisection method. Parameter values are L = 0.5,
N = 1, α = 5, a g1 = 0.4, g2 = 1.2; b g1 = 0.6, g2 = 1.

The bridge equilibrium will be valid for n(L/2) < N/2 < n(0) < N. To facilitate analysis of

the bridge equilibrium, we solve for g2 in eq. (3.31) to obtain

g2 =
N/2−g1 [F (r1 +L/2)−F (r1−L/2)−F (2r1)+F (0)]

F (2r1)−F (0)
. (3.33)

The bridge equilibrium may be characterized based on the behavior of this function for g2. In

particular, we will focus on the range of g2 for which the bridge equilibrium is valid, as well as
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the number of bridge equilibria. The number of bridge equilibria corresponds to the number of

solutions r1 for a given g2 in eq. (3.33), i.e., the number of fixed points r1 for a given g2.

To classify the range of valid g2 values for the bridge equilibrium, we first observe that the

bridge equilibrium meets the low equilibrium at r1 = 0. Using eq. (3.33), we see that g2 will

then go to ±∞ depending on the value of g1. In particular, for g1 < ga, g2→ ∞ while, for g1 > ga,

g2→−∞. Next, we observe that the bridge equilibrium meets the high equilibrium at r1 = L/2 and

g2 = gb (see eq. (3.25) and fig. 3.4). These two observations make it clear that eq. (3.33) may have

one or two branches (see fig. 3.6). As a result, there may be either one or two bridge-equilibria.

Whether eq. (3.33) is single- or multi-valued also depends on the relative size of g1. Combined

with the behavior of g2 in eq. (3.33) as r1 → 0, there are three distinct parameter regimes with

differing behavior of the bridge equilibria, summarized in table 3.1.

For small g1, the function for g2 is single-valued, with g2 → ∞ as mentioned above (see

fig. 3.6a,b). Thus, there is a single bridge-equilibrium that is valid for g2 > gb.

The function for g2 becomes multivalued as g1 increases through the limit

g1 =
Nk (L)

[F (L)−F (0)] [k (L)+ k (0)]
= gs. (3.34)

As this is a switching point of the bridge equilibrium, rather than a point where two equilibria meet,

we use the subscript s for ‘switch.’ We still have g2→ ∞, but there are two solutions r1 for some

g2 < gb and a single solution for g2 > gb (see fig. 3.6c,d). Therefore we have two bridge-equilibria

with distinct spatial thresholds for some g2 < gb; for g2 > gb only one bridge equilibrium remains.

For both prior cases in which g2→ ∞, to guarantee that n(0)< N the true upper limit in g2 is gc.

As g1 increases further through ga, the function becomes single-valued, but now g2→−∞ (see

fig. 3.6e,f). In practice, the lower bound on g2 is g1. There is once again a single bridge-equilibrium

valid for g1 < g2 < gb.

These parameter regimes for the bridge equilibrium are illustrated in fig. 3.4. These limits also

encompass the restrictions that n(L/2)< N/2 < n(0)< N. In fig. 3.4, note that for gs < g1 < ga,

increasing g2 through the lower boundary of validity corresponds to a fold bifurcation leading to
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the emergence of two bridge-equilibria. The three behaviors of the bridge equilibrium are further

demonstrated in the bifurcation diagrams of fig. 3.6, showing both the maximum and minimum

densities of the equilibria as g2 varies for different g1 values.

Table 3.1 Number of bridge equilibria in different parameter regions. If there is no entry in a
particular row or column, there is no valid solution to eq. (3.33) and therefore no bridge equilib-
rium in that region.

g1 < g2 < gb gb < g2 < gc

0 < g1 < gs One bridge-equilibrium
gs < g1 < ga Two bridge-equilibria for some g2 < gb

1 One bridge-equilibrium
ga < g1 < g2 One bridge-equilibrium

1 We have no analytical expression for the lower bound in g2 when g2 has two branches. There is, however, a
numerically calculable lower bound in g2. See fig. 3.4 for a graphical representation of this lower bound.

To complete the characterization of the bridge equilibria, we would like to classify their sta-

bility. To accomplish this, we return to the spatial-threshold map given by eq. (3.30). As noted

earlier, the stability of the spatial-threshold fixed-point corresponds to the stability of the entire

spatial equilibrium. Using the spatial-threshold map, we can classify stability as with any differ-

ence equation. We differentiate the map with respect to r1, t . Denoting r′1 = dr1, t+1/dr1, t , after

evaluating the derivative at the fixed point r1 we obtain

r′1 =
(g1−g2) [k (2r1)+ k (0)]

g1 [k (r1 +L/2)− k (r1−L/2)]+(g2−g1) [k (2r1)− k (0)]
. (3.35)

If the magnitude of the derivative is smaller than +1, the equilibrium distribution is stable, other-

wise it is unstable.

In general, we find that when g1 < gs, the bridge equilibrium is unstable. This scenario is

shown in the bifurcation diagrams in fig. 3.6a,b, where there is a single branch of bridge equilibria

for gb < g2 < gc. In contrast, when g1 > ga the bridge equilibrium is stable (fig. 3.6e,f).

For gs < g1 < ga, there is a fold bifurcation at some critical g2 value, corresponding to the

r1 value where r′1 = 1 (fig. 3.6c,d). In particular, the lower boundary for the bridge equilibrium
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Fig. 3.6 Bifurcation diagram as g2 varies for three different values of g1. The left column (a, c,
e) plots the maximum population-density n(0) and the right column (b, d, f) plots the minimum
population-density n(L/2). The horizontal dotted line is the density-threshold value N/2. (a, b),
g1 = 0.5 and g1 < gs; there is a single unstable bridge-equilibrium valid for gb < g2 < gc. (c, d),
g1 = 0.9 and gs < g1 < ga; the upper branch of bridge equilibria are stable and the lower branch
of bridge equilibria are unstable. (e, f), g1 = 1.2 and ga < g1 < g2; there is a single stable bridge-
equilibrium valid for g1 < g2 < gb. Both the low and high equilibria are stable. Parameter values
are L = 0.25, N = 1, α = 5, gs ≈ 0.6, ga ≈ 1.1, gb ≈ 1.4, gc ≈ 2.2.
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when gs < g1 < ga shown in fig. 3.4 demarcates this fold bifurcation. For g2 below the boundary,

there is no bridge equilibrium; for g2 above this boundary and below gb, there are two bridge-

equilibria. The bridge equilibrium with the larger r1 fixed point, corresponding to the upper branch

in the bifurcation diagram (fig. 3.6c,d), is stable. This upper branch terminates at g2 = gb, where

it becomes a stable high-equilibrium. The bridge equilibrium with the smaller r1 fixed point, or

the lower branch in the bifurcation diagram (fig. 3.6c,d), is unstable. This behavior is also evident

in fig. 3.5b where there are two bridge-equilibria. For details of these stability calculations, see

appendix A.3.

Two-step block-pulse IDE: conclusions

In general, we see in fig. 3.4 that there are regions in parameter space for which we might have only

a single equilibrium, whether low, high, or bridge, as well as regions where two or all three equilib-

ria coexist. With two possible bridge-equilibria, there are four distinct equilibrium-distributions,

though only three may ever coexist for a single set of parameters. Bifurcation diagrams for the

equilibria with fixed g1 and varying g2 are presented in fig. 3.6, showing how the equilibrium

distributions meet at the density-threshold values.

The three g1 values illustrate the different behaviors that the bridge equilibria may exhibit. For

small g1 (g1 < gs), all three equilibria may coexist. In this scenario, there is something like a fold

bifurcation as g2 increases, leading to the simultaneous emergence of a high equilibrium and a

bridge equilibrium (fig. 3.6a,b).

For moderate g1 (gs < g1 < ga), a fold bifurcation results in two bridge-equilibria appearing as

g2 increases. As g2 increases through gb, the upper bridge-equilibrium turns into the high equilib-

rium as the edges of the population distribution rise above the density threshold N/2 (fig. 3.6c,d).

For larger g1 (ga < g1 < g2), the low equilibrium does not exist. There is a single branch of

equilibria, beginning as a bridge equilibrium and turning into the high equilibrium as g2 increases

(fig. 3.6e,f).
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The stability of the different equilibria in this model follows the typical pattern of alternating

stability observed in difference equations. That is, stable equilibria never exist next to each other,

nor do unstable equilibria. Both of the one-growth-level equilibria, where the growth function

crosses the line of equality in fig. 3.3a along a flat constant, are stable. Thus, the analytical stability

results for the bridge equilibria from section 3.4.2 can also be inferred from the structure of the

equilibria shown in fig. 3.6.

3.4.3 Three-step block-pulse IDE

We perform the same analysis for the three-step model, searching for any patterns that emerge

among the three block-pulse models. We will use similar terminology as in section 3.4.2, with the

understanding that any repeated notation now refers to the new parameters and points in the three-

step model, and not the analogous points from the two-step model. The three-step block-pulse IDE

has growth function

g(nt)≈


g1, 0≤ nt < N/3

g2, N/3≤ nt < 2N/3

g3, 2N/3≤ nt < N,

(3.36)

with g1 < g2 < g3. This growth function is illustrated in fig. 3.3b.

There are two density thresholds, nt (x) = N/3 and nt (x) = 2N/3, with corresponding spatial-

threshold points x =±r1, t and x =±r2, t . Depending on the location and existence of these spatial

thresholds, there may be six different forms of the analytic map for the three-step block-pulse IDE

(and therefore six different forms of equilibrium distributions). Table 3.2 illustrates the six possible

orientations of the spatial-threshold points. The population may have a single growth-level in the

patch, for three distinct forms, may see two growth-levels in the patch, for two more forms, or may

see all three growth-levels inside the patch, for one final form of the IDE.

When discussing the equilibrium distributions for these different forms of the IDE, in general,

we refer to an equilibrium solution where the population sees p growth-levels inside the patch as a
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p-growth-level equilibrium, or a p-level equilibrium for succinctness. We have 1≤ p≤ m, with m

the total number of steps in the block-pulse approximation. In the three-step model, m = 3, and so

we have one-level, two-level, and three-level equilibria.

We will address the one-level, two-level, and three-level equilibria individually at first, before

summarizing the overarching dynamics and patterns of the three-step model. As in the two-step

model, there are a number of critical threshold-values for the growth levels gi that correspond to

changes in equilibrium behavior. These thresholds are summarized in table 3.3.

Table 3.2 Orientations of the spatial thresholds in the three-step block-pulse IDE, and their
corresponding equilibrium type. The configurations are based on if each threshold exists and, if it
does, whether it exists inside the patch or outside the patch. If there is no entry, that configuration
of thresholds is not possible.

no r2, t r2, t inside r2, t outside

no r1, t Low
r1, t inside Low bridge Full bridge
r1, t outside Middle High bridge High

One-level equilibria: low, middle, and high equilibria

For populations with a single growth-level gi, i = 1,2,3, within the patch, the densities in the patch

lie between (i−1)N/3 < nt < iN/3. The corresponding IDEs are

nt+1 (x) = gi

∫ x+L/2

x−L/2
k (z)dz

= gi [F (x+L/2)−F (x−L/2)] . (3.37)

Each of these three maps generates a stable equilibrium. These one-level equilibria occur at

n(x) = gi [F (x+L/2)−F (x−L/2)] . (3.38)

For i = 1,2,3, we call these the low, middle, and high equilibria.
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The low equilibrium is valid so long as the maximum population-density does not exceed N/3,

where the equilibrium transitions to a low-bridge equilibrium (section 3.4.3). We thus require

n(0)< N/3, or g1 < ga, where ga is given in table 3.3. Figure 3.7a shows the region in parameter

space where this equilibrium is valid.

The middle equilibrium is valid if N/3 < n(L/2) < n(0) < 2N/3 (see fig. 3.7), or when

gb < g2 < gc, with gb and gc as in table 3.3. Violating the lower boundary pushes the population

below N/3 at the boundaries and the equilibrium becomes a low-bridge equilibrium (section 3.4.3).

Violating the upper boundary moves the population above 2N/3 at the middle of the habitat and

the equilibrium shifts to a high-bridge equilibrium (section 3.4.3).

The high equilibrium is valid when n(L/2) > 2N/3 (see fig. 3.7b), so that g3 > gd . Violating

this condition leads to the equilibrium shifting to a high-bridge equilibrium (section 3.4.3). We

also require n(0)< N, or g3 < ge. See table 3.3 for the values of gd and ge.

Though it may initially seem counterintuitive, the requirement that gd < g3 < ge can only be

satisfied for small patch-lengths L. For larger L, ge < gd , and guaranteeing that the population

is above 2N/3 everywhere also corresponds to the population being larger than the domain of

population size N. Adjusting N does not affect this issue, as N is involved in both gd and ge. This

suggests that for larger patch-lengths, populations with large maximum densities are more likely to

vary in density over the patch so that the equilibrium distributions have more than one growth-level

inside the patch.

Two-level equilibria: low-bridge and high-bridge equilibria

In the next two cases, the population satisfies (i−1)N/3 < nt (L/2)< iN/3 and

iN/3 < nt (0)< (i+1)N/3 for i = 1,2. The population will see the two growth-levels gi

and gi+1 inside the patch. Using the general expression from eq. (3.10), our population
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Table 3.3 Critical values of the growth levels gi for the three-step block-pulse IDE where equi-
libria meet or equilibrium behavior changes.

ga =
N/3

F(L/2)−F(−L/2) gs1 =
2N
3 k(L)

[F(L)−F(0)][k(L)+k(0)]

gb =
N/3

F(L)−F(0) gs2 =
4N
3 k(L)

[F(L)−F(0)][k(L)+k(0)]

gc =
2N/3

F(L/2)−F(−L/2)

gd = 2N/3
F(L)−F(0)

ge =
N

F(L/2)−F(−L/2)

distributions in these scenarios will be

nt+1 (x) =gi [F (x+L/2)−F (x−L/2)]

+(gi+1−gi) [F (x+ ri, t)−F (x− ri, t)] . (3.39)

As with the bridge map in section 3.4.2, we can define an implicit map to find the next spa-

tial threshold ri, t+1, and use this map to find the spatial-threshold fixed-points ri, t+1 = ri, t = ri.

With the fixed points ri, we may then use eq. (3.39) to find the equilibrium distribution where

nt+1 (x) = nt (x) = n(x). The two-level equilibrium that results is given by

n(x) =gi [F (x+L/2)−F (x−L/2)]+(gi+1−gi) [F (x+ ri)−F (x− ri)] . (3.40)

We call this the low-bridge equilibrium for i = 1, and the high-bridge equilibrium for i = 2.

For both the low-bridge and high-bridge equilibria, we seek to characterize the equilibria

through the behavior of g2. For the low-bridge equilibrium, utilizing eq. (3.40) with i = 1, fix-

ing g1 and using n(r1) = N/3, we obtain an expression for g2,

g2 =
N/3−g1 [F (r1 +L/2)−F (r1−L/2)−F (2r1)+F (0)]

F (2r1)−F (0)
, (3.41)

in terms of r1.
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Fig. 3.7 Regions of validity in a g1−g2 space and b g2−g3 space for five of the six equilib-
rium types of the three-step model. All equilibria are invalid for g1 ≥ g2 and g2 ≥ g3. a, region
of validity is inside: the dashed region for the low equilibrium, the dotted region for the middle
equilibrium, and the dashed-dotted region for the low-bridge equilibrium. The high-bridge equi-
librium is valid to the left of the vertical solid line. For gs1 < g1 < ga, as g2 increases through
the lower border of the region for the low-bridge equilibrium, a fold bifurcation occurs leading
to two new low-bridge equilibria. b, region of validity is inside: the dotted region for the middle
equilibrium, the dashed region for the high equilibrium, and the solid region for the high-bridge
equilibrium. The low-bridge equilibrium is valid above the horizontal dashed-dotted line. For
gc < g3 < gd , as g2 increases through the left boundary of the region for the high-bridge equilib-
rium, a fold bifurcation occurs leading to two new high-bridge equilibria. Parameter values are
L = 0.3, N = 1, α = 5, gs1 ≈ 0.3, gs2 ≈ 0.6, ga ≈ 0.6, gb ≈ 0.9, gc ≈ 1.3, gd ≈ 1.7, ge ≈ 1.9.
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The behavior of this function for g2 is nearly identical to the equivalent eq. (3.33) for the bridge

equilibrium in the two-step model. There are again three different parameter regimes leading to

different behaviors of eq. (3.41), and therefore different behaviors of the low-bridge equilibria.

These parameter regimes for the low-bridge equilibria are summarized in table 3.4 and displayed

in parameter space in fig. 3.7. Figures 3.8 to 3.11 show bifurcation diagrams of the maximum and

minimum population-densities as g2 varies, demonstrating the different behaviors of the low-bridge

equilibria for different parameter sets. See section C.3.1 for details of the behavior of eq. (3.41) in

the different parameter regimes.

The parameter limits in table 3.4 encompass the restrictions n(L/2)< N/3 < n(0). At the

point where the first inequality is violated, the low-bridge equilibrium meets the middle equilib-

rium. When the second inequality is violated, the low-bridge equilibrium meets the low equilib-

rium. There is a third restriction, n(0) < 2N/3, to guarantee we have a low-bridge equilibrium.

Violating this condition would result in the low-bridge equilibrium becoming a full-bridge equilib-

rium (section 3.4.3). Given the other parameter restrictions for the low-bridge equilibrium to exist,

this condition is always satisfied so that the low-bridge and full-bridge equilibria never meet.

Table 3.4 Number of low-bridge equilibria in different parameter regions. If there is no entry
in a particular row or column, there is no valid solution to eq. (3.41) and therefore no low-bridge
equilibrium in that region.

g1 < g2 < gb gb < g2

0 < g1 < gs1
1 One low-bridge equilibrium

gs1 < g1 < ga Two low-bridge equilibria for some g2 < gb
2 One low-bridge equilibrium

ga < g1 < gb One low-bridge equilibrium

1 See table 3.3 for the value of gs1 .
2There is a numerically calculable lower bound in g2 for this region, shown in fig. 3.7a, but no analytical expression
for this lower bound.

We now shift to examine what values of g2 yield a valid high-bridge equilibrium, and the
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number of high-bridge equilibria. Utilizing eq. (3.40) with i= 2, fixing g3 and using n(r2) = 2N/3,

we express g2 as

g2 =
2N/3−g3 [F (2r2)−F (0)]

F (r2 +L/2)−F (r2−L/2)−F (2r2)+F (0)
(3.42)

in terms of r2.

This function behaves similarly to the function for g2 in the low-bridge equilibrium, though

there are only two parameter regions that yield a valid high-bridge equilibrium. A summary

of these parameter regimes is given in table 3.5 and the regions are illustrated in fig. 3.7. The

bifurcation diagrams in figs. 3.8 to 3.11 illustrate the behavior of the high-bridge equilibrium

in these different parameter regions. The limits in table 3.5 encompass the restrictions that

n(L/2)< 2N/3 < n(0)< N. As in the other bridge equilibria, when the function for g2 is mul-

tivalued, increasing g2 through the lower boundary of validity for the high-bridge equilibrium

corresponds to a fold bifurcation. See section C.3.2 for a more detailed description of the behavior

of eq. (3.42) in each parameter region.

Table 3.5 High-bridge equilibria in different parameter regions. If there is no entry in a particu-
lar row or column, there is no valid solution to eq. (3.42) and therefore no high-bridge equilibrium
in that region.

gc < g3 < gd gd < g3

0 < g2 < gs2
1 One high-bridge equilibrium

gs2 < g2 < gc Two high-bridge equilibria for some g2
2 One high-bridge equilibrium

gc < g2 < gd One high-bridge equilibrium

1 See table 3.3 for the value of gs2 .
2 A numerically calculable lower bound in g2 exists for this region, shown in fig. 3.7b, but there is no analytical
expression for this lower bound.

In addition to meeting the middle and high equilibria, the high-bridge equilibrium may also

meet the full-bridge equilibrium if N/3 < n(L/2) is violated. Earlier, we noted that the low-bridge
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and full-bridge equilibria do not meet. This is not true for the high-bridge equilibrium, and it is

possible that n(L/2) = N/3 for r1 = L/2 and some r2 value.

There are two main ways in which the high-bridge and full-bridge equilibria may interact,

depending on whether there are one or two high-bridge equilibria. In both cases, it is possible

that the full-bridge equilibrium is not valid so that the high-bridge and full-bridge equilibria do

not meet. If the full-bridge equilibrium does exist, when there are two high-bridge equilibria there

will be two r2 values where n(L/2) = N/3 and the full-bridge equilibrium is spliced into the high-

bridge equilibrium (figs. 3.9 and 3.10). When there is a single high-bridge equilibrium, there may

either be one (fig. 3.11) or two r2 values where n(L/2) = N/3. We will return to these interactions

in the next part of section 3.4.3.

To complete analysis of the low-bridge and high-bridge equilibria, we take the same approach

to analyzing the stability of the equilibria as in section 3.4.2, by considering the stability of the

spatial-threshold fixed-points ri, i = 1,2. The derivative of the spatial-threshold map, evaluated at

ri, is

r′i =
(gi−gi+1) [k (2ri)+ k (0)]

gi [k (ri +L/2)− k (ri−L/2)]+(gi+1−gi) [k (2ri)− k (0)]
, (3.43)

where r′i = dri, t+1/dri, t . The equilibrium will be stable if |r′i| < 1. Note this is the same general

form of the derivative in eq. (3.35) from section 3.4.2.

When g1 < gs1 , the low-bridge equilibrium is unstable (fig. 3.11). When g1 > ga, this equi-

librium is stable (fig. 3.10). For gs1 < g1 < ga, there is a fold bifurcation for some g2 value,

corresponding to a critical r1 value for which r′1 = 1. This bifurcation point in g2 corresponds to

the lower boundary for the low-bridge equilibrium in fig. 3.7a when g1 is within the given limits.

As g2 increases through this boundary, two low-bridge equilibria appear. The low-bridge equi-

librium with the larger r1 fixed point is stable, while the low-bridge equilibrium with the smaller

r1 fixed point is unstable. These correspond to the upper and lower branches of the low-bridge

equilibria, as shown in figs. 3.8 and 3.9.

For the high-bridge equilibrium, when gc < g3 < gd , there is a fold bifurcation when r′2 = 1
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(figs. 3.8 and 3.9). This bifurcation point in g2 corresponds to the left high-bridge boundary in

fig. 3.7b when g3 is within the stated limits. As g2 increases through the boundary, the fold bifur-

cation results in the appearance of two high-bridge equilibria. We note that for larger L, the fold

bifurcation may occur in the full-bridge equilibrium instead, which also leads to two high-bridge

equilibria (fig. 3.10).

The high-bridge equilibrium with the larger r2 fixed point, corresponding to the upper branch of

the high-bridge equilibrium shown in figs. 3.8 to 3.10, is stable. The high-bridge equilibrium with

the smaller r2 fixed point, or the lower branch of the high-bridge equilibrium in figs. 3.8 to 3.10, is

unstable. This lower branch terminates at g2 = gc where it collides with the middle equilibrium.

For g3 > gd , the high-bridge equilibrium is unstable (fig. 3.11). For details of the stability

analysis for both two-level equilibria, see appendix A.3.

Full-bridge equilibrium

In the sixth and final case, the population is below N/3 at the edges of the patch, above 2N/3 at the

center of the patch, and between N/3 and 2N/3 in some interval between the edges and middle of

the patch. The population sees all three growth-levels g1, g2, and g3. The population distribution

is

nt+1 (x) =g1 [F (x+L/2)−F (x−L/2)]

+(g2−g1) [F (x+ r1, t)−F (x− r1, t)]

+(g3−g2) [F (x+ r2, t)−F (x− r2, t)] . (3.44)

We may use eq. (3.44) to construct a two-dimensional map for the spatial thresholds r1, t and

r2, t . We can use the map to find the spatial-threshold fixed-points where both r1, t+1 = r1, t = r1

and r2, t+1 = r2, t = r2 are satisfied, and then use these fixed points to find the full equilibrium-
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Fig. 3.8 Bifurcation diagram as g2 varies for the three-step model. a, the maximum amplitude
n(0) of the equilibrium distributions. b, the minimum amplitude n(L/2) of the equilibria. Neither
the full-bridge nor high equilibria exist for this parameter set, while both the low-bridge and high-
bridge equilibria have a fold bifurcation leading to two branches of equilibria. The low and middle
equilibria, as well as the upper branches of both low-bridge and high-bridge equilibria, are stable.
The lower branches of the low-bridge and high-bridge equilibria are unstable. Parameter values
are L = 0.675, N = 1, α = 5, g1 = 0.2, g3 = 1.2, gs1 ≈ 0.046, ga ≈ 0.41, gb ≈ 0.69, gc ≈ 0.82,
gd ≈ 1.38.

distribution. This is the full-bridge equilibrium, given by

n(x) =g1 [F (x+L/2)−F (x−L/2)]

+(g2−g1) [F (x+ r1)−F (x− r1)]

+(g3−g2) [F (x+ r2)−F (x− r2)] , (3.45)

which is valid for n(L/2)< N/3 < 2N/3 < n(0).

As the full-bridge equilibrium depends on three growth-levels and two spatial thresholds, analy-

sis becomes more challenging. It is more intuitive to understand the full-bridge equilibrium based

on how it interacts with the high-bridge equilibrium. The full-bridge and high-bridge equilibria
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Fig. 3.9 Bifurcation diagram as g2 varies for the three-step model. a, the maximum amplitude
n(0) of the equilibrium distributions. b, the minimum amplitude n(L/2) of the equilibria. The
high equilibrium does not exist for this parameter set, while both the low-bridge and high-bridge
equilibria have a fold bifurcation leading to two branches of equilibria. Now, the full-bridge equi-
librium is also valid. It exists as a single piece between two segments of the lower branch of
the high-bridge equilibrium, where n(L/2)< N/3. The low and middle equilibria, as well as the
upper branches of both low-bridge and high-bridge equilibria, are stable. The full-bridge equilib-
rium and lower branches of the low-bridge and high-bridge equilibria are unstable. Parameters
are L = 0.8, N = 1, α = 5, g1 = 0.2, g3 = 1.15, gs1 ≈ 0.024, ga ≈ 0.39, gb ≈ 0.68, gc ≈ 0.77,
gd ≈ 1.36.

meet when n(r1 = L/2) = N/3, so that the high-bridge equilibrium transitions to the full-bridge

equilibrium when

g2 [F (L)−F (0)]+(g3−g2) [F (L/2+ r2)−F (L/2− r2)] = N/3, (3.46)

or, equivalently, when

g2 =
N/3−g3 [F (L/2+ r2)−F (L/2− r2)]

F (L)−F (0)−F (L/2+ r2)+F (L/2− r2)
. (3.47)

Equation (3.47), which only depends on one spatial threshold r2, allows us to determine general

patterns of the full-bridge equilibrium by observing the possible g2 values where the high-bridge
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Fig. 3.10 Bifurcation diagram as g2 varies for the three-step model. a, the maximum ampli-
tude n(0) of the equilibrium distributions. b, the minimum amplitude n(L/2) of the equilibria.
Neither the low or high equilibria exist for this parameter set. There is now only one low-bridge
equilibrium. A fold bifurcation occurs in the full-bridge equilibrium, and there are two branches
of high-bridge equilibria. The middle equilibrium and low-bridge equilibrium, as well as the up-
per branches of both high-bridge and full-bridge equilibria, are stable. The lower branches of the
high-bridge and full-bridge equilibria are unstable. Parameters are L = 1, N = 1, α = 5, g1 = 0.4,
g3 = 1, ga ≈ 0.36, gb ≈ 0.67, gc ≈ 0.73, gd ≈ 1.34.

and full-bridge equilibria meet. As r2→ L/2, g2→−∞. As r2→ 0, g2→ gb. Thus, we may infer

that the full-bridge equilibrium is valid for at least some values g2 < gb.

If there are two branches of high-bridge equilibria, the full-bridge equilibrium will meet a

high-bridge equilibrium twice at two different r2 values or not at all. These options are illustrated

in fig. 3.12b, when g3 < gd . In the latter case for smaller g3 values, the full-bridge equilibrium is

never valid (fig. 3.8). In the former case for slightly larger g3, the full-bridge equilibrium will exist

in between two segments of the high-bridge equilibria. Figures 3.9 and 3.10 show two different

ways in which this may occur. In fig. 3.9, a fold bifurcation occurs in the high-bridge equilibrium,

and the full-bridge equilibrium is spliced into the lower branch of the high-bridge equilibrium. In
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Fig. 3.11 Bifurcation diagram as g2 varies for the three-step model. a, the maximum amplitude
n(0) of the equilibrium distributions. b, the minimum amplitude n(L/2) of the equilibria. The
high equilibrium does not exist for this parameter set. There is only one each of the low-bridge,
high-bridge, and full-bridge equilibria. The low and middle equilibria are stable. The low-bridge,
high-bridge, and full-bridge equilibria are unstable. Parameter values are L = 1, N = 1, α = 5,
g1 = 0.005, g3 = 1.5, gs1 ≈ 0.009, ga ≈ 0.36, gb ≈ 0.67, gc ≈ 0.73, gd ≈ 1.34.

fig. 3.10, there is a fold bifurcation in the full-bridge equilibrium instead, so that the upper full-

bridge equilibrium meets the upper high-bridge equilibrium, and the lower full-bridge equilibrium

meets the lower high-bridge equilibrium.

If there is a single high-bridge equilibrium for g1 < g2 < gc, the full-bridge equilibrium may

meet the high-bridge equilibrium either twice or once for some g2 < gb. These possibilities are

illustrated in fig. 3.12b. That is, for g3 > gd , there are two options for crossing the inner solid

boundary marking where the high-bridge and full-bridge equilibria meet (shown in fig. 3.12b). For

g3 just larger than gd , there is a high-bridge equilibrium that transitions into a full-bridge and then

back again as g2 increases. Thus, the full-bridge equilibrium exists between two segments of the

high-bridge equilibrium. For relatively larger g3, the equilibrium starts as a full-bridge equilibrium
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with the region where the high-bridge and full-bridge equilibria meet. All equilibria are invalid
for g1 ≥ g2 and g2 ≥ g3. A fold bifurcation occurs in the high-bridge equilibrium; for larger
L the fold bifurcation may occur in the full-bridge equilibrium. a, the full-bridge equilibrium
may be valid for g2 below the nearly horizontal solid line. b, the high-bridge equilibrium is
valid inside the outer solid region. The inner solid curve marks the boundary where the full-
bridge equilibrium meets the high-bridge equilibrium. The full-bridge equilibrium exists inside
the inner solid region. For fixed g3, increasing g2 through the left boundary of the region for the
full-bridge equilibrium corresponds to the high-bridge transitioning to a full-bridge equilibrium.
As g2 increases through the right boundary of the region for the full-bridge equilibrium, there is a
transition back into a high-bridge equilibrium. For this domain length, the high equilibrium is not
valid. Parameter values are L = 0.675, N = 1, α = 5, gs1 ≈ 0.05, gs2 ≈ 0.09, ga ≈ 0.4, gb ≈ 0.7,
gc ≈ 0.8, gd ≈ 1.4.
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and turns into a high-bridge equilibrium (see fig. 3.11). It may also be the case that eq. (3.47) is

never satisfied, so that the full-bridge equilibrium does not exist. This possibility exists for smaller

L.

In general, we observe that if the full-bridge equilibrium exists and there are two branches of

high-bridge equilibria, there may be one full-bridge equilibrium (fig. 3.9) or two (fig. 3.10). If

there is only one high-bridge equilibrium, there will also only be one full-bridge equilibrium if it

exists (fig. 3.11).

We also use a stability analysis to cast light on the full-bridge equilibrium. With a two-

dimensional mapping of the spatial thresholds, we employ the Jury conditions [59], applied to

the Jacobian of the map evaluated at the fixed point (r1, r2). Three Jury conditions are needed for

stability of a fixed point of this system, given by

1− τ +∆ > 0, (3.48)

1+ τ +∆ > 0, (3.49)

∆ < 1, (3.50)

where τ and ∆ are the trace and determinant of the Jacobian. The first condition ensures there are

no eigenvalues greater than +1, the second that there are no eigenvalues less than−1, and the third

that no complex eigenvalues are outside the unit circle. Violating any Jury condition leads to a

local bifurcation and loss of stability.

Differentiating the two-dimensional spatial-threshold mapping with respect to r1, t and r2, t gives

the Jacobian, from which we check the Jury conditions eq. (3.48)–eq. (3.50). The map, Jacobian,

and stability analysis may be found in appendix B.3. We find that the eigenvalues of the Jacobian

are always real. Thus, we do not need to consider the third Jury condition in eq. (3.50), as this

condition deals with complex eigenvalues. We also find that the second Jury condition in eq. (3.49)
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is always satisfied. The only Jury condition that may be violated is the first. In particular, violation

of this Jury condition leads to the fold bifurcation that we have already mentioned, where two

distinct full-bridge equilibria emerge as g2 increases (see fig. 3.10).

In the case when g3 > gd , the full-bridge equilibrium is unstable. The only stable full-bridge

equilibrium occurs if there is a fold bifurcation. In this case, the upper branch is stable and the

lower branch is unstable. If a fold bifurcation occurs in the high-bridge equilibria and the full-

bridge equilibrium exists between two segments of the lower high-bridge equilibrium, it is also

unstable. These are largely heuristic results, and based primarily on continuity of stability for the

high-bridge equilibria along with numerical experiments testing the first Jury condition for a wide

range of parameter sets.

Three-step block-pulse IDE: conclusions

The three-step block-pulse IDE yields a remarkable complexity of behaviors. With six different

types of equilibria and a variety of possible transitions between those equilibria, the dynamics of

the system may be extremely varied, as seen in figs. 3.8 to 3.11. There are potential fold bifurca-

tions for three of the equilibria. That is, as g2 (or any growth level) increases, there may be a fold

bifurcation resulting in the sudden appearance of two new equilibria, one stable and one unstable.

As the parameter increases further, there may also be another fold bifurcation in which an unstable

equilibrium and a stable equilibrium collide in a sharp point and annihilate one another.

Stability of the equilibria again seems to follow a general trend. The one-level equilibria are

always stable, and stability always alternates so that there are never two neighboring stable or

unstable equilibria. In the case of a fold bifurcation, the upper equilibrium that emerges is stable,

while the lower equilibrium is unstable. These patterns directly mirror the behavior of the two-step

model.

Based on the trends observed in the one-, two-, and three-step block-pulse IDEs, we hypothe-

size that for an m-step block-pulse IDE the same stability patterns will continue. It is evident that
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the one-level equilibria, which have one growth-level gi inside the patch, are always stable. Stabil-

ity of equilibria should also alternate between stable and unstable, and if a fold bifurcation occurs,

the resulting upper branch of equilibria will be stable and the lower branch unstable. Based on

the process outlined in previous sections for using the spatial-threshold fixed-points to find the full

spatial equilibrium-distribution, we also construct a general expression for a p-level equilibrium,

n(x) = gq [F (x+L/2)−F (x−L/2)]

+
q+p−1

∑
i=q

(gi+1−gi) [F (x+ ri)−F (x− ri)] , (3.51)

for 1 ≤ p ≤ m, where q is the index of the smallest growth-level, gq, that the p-level equilibrium

sees inside the patch.

3.5 Applications

To illustrate the effectiveness of the block-pulse IDE, we applied three-, five-, and ten-step block-

pulse models to an IDE with Beverton-Holt growth and an IDE with an Allee effect. For the

original models, we calculated the maximum amplitudes of both stable and unstable equilibria

for varying growth-parameters using a phase-plane method, applicable for IDEs with the Laplace

kernel (see, e.g., Kot and Schaffer [64], Lutscher [84]). This method cannot, in general, be used

for other kernels, which is why we chose the Laplace kernel for our examples.

For the block-pulse models, we calculated the maximum amplitudes of both stable and unstable

equilibria using analytic expressions for the equilibria derived from eq. (3.51). For each m-step

block-pulse model, there are m one-level equilibria, m− 1 two-level equilibria, and so on, for a

total of m(m+1)/2 different equilibria. In general, there are m− p+1 different p-level equilibria

for every 1≤ p≤ m.

For the m one-level equilibria, the population distributions are trivial to calculate using eq. (3.51).

For each of the m(m−1)/2 remaining p-level equilibria, 2 ≤ p ≤ m, we first employed a multi-

variate root-finder to solve for the set of p−1 spatial-threshold fixed-points. Then, we substituted
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the fixed points into the relevant equilibrium distribution from eq. (3.51), evaluated at x = 0. In

particular, to find the spatial-threshold fixed-points, we used MATLAB 2019a [90] and the built-

in function ‘fsolve,’ a function for solving a system of nonlinear equations by minimizing the

sum of squares. (The open-source softwares Octave [32] and R [106] both have the same com-

mand.) We used this function with the trust-region dogleg algorithm, a robust and efficient iterative

optimization-method for solving nonlinear systems of equations.

As there may be two branches of any given p-level equilibrium for p ≥ 2, careful choice of

initial guesses for the spatial thresholds is required to ensure that both solutions to the nonlinear

system are reliably found. Choosing one initial guess to have the spatial thresholds close to L/2

and a second initial guess to have the spatial thresholds close to 0 is a good rule of thumb to

ensure both branches, if they exist, of a p-level equilibrium are picked up. For example, in a

three-level equilibrium, we might choose the first initial guess for the spatial thresholds to be

(r1,r2) = (L/2− ε, L/2− ε) and the second initial guess to be (r1,r2) = (ε,ε) where ε is some

small positive value.

Bifurcation diagrams comparing the original models to block-pulse models as the growth pa-

rameter varies are shown for the Beverton-Holt model in fig. 3.13 and for the Allee model in

fig. 3.14. Van Kirk and Lewis [139] compute similar bifurcation diagrams using the average

dispersal-success approximation. We therefore note that block-pulse IDEs are a complementary

approach to methods like average dispersal-success or geometric symmetrization, and these meth-

ods may be used to answer similar ecological questions.

3.5.1 Block-pulse IDE with Beverton-Holt growth

The Beverton-Holt model is a classical model of compensatory population growth given by

g(nt) =
R0nt

1+[(R0−1)/K]nt
, (3.52)

where K is the carrying capacity and R0 is the net reproductive rate of the population. For the

IDE with Beverton-Holt growth, there is a transcritical bifurcation in which a branch of nontrivial
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equilibria becomes positive, exchanging stability with the branch of trivial equilibria. A compar-

ison of the maximum amplitudes of the equilibria for the full growth-model and three-, five-, and

ten-step block-pulse IDEs are shown in fig. 3.13, where we distinguish between the different p-

level equilibria of the block-pulse IDEs to illustrate where the types of equilibria occur and how

they merge. For all three block-pulse models, a single fold bifurcation occurs between each set of

density thresholds iN/m and (i+1)N/m, i = 1,2, ...,m−1.

As the number of steps in the block-pulse model increases, we see increasing agreement be-

tween the equilibria for the two models. Numerically we observe that for each fold bifurcation

in the block-pulse model, the upper branch of equilibria is stable and the lower branch is unsta-

ble. This is in agreement with our earlier conclusions regarding stability from section 3.4. With

an increasing number of steps, the block-pulse equilibria that trace the stable nontrivial equilib-

rium branch have longer and longer stable upper branches while the unstable portions get rapidly

smaller. The lowest branch of equilibria also gets closer to zero, while the lowest fold bifurcation

(where two equilibria collide and destroy each other) gets slowly closer to the point of bifurcation

for the full Beverton-Holt model. For ten steps, the block-pulse model offers a decent approx-

imation of the true equilibrium solutions, though it is not as accurate closer to the transcritical

bifurcation in the full Beverton-Holt model.

In all three block-pulse models, there is typically only a small set of equilibria with large

maximum amplitudes that have a larger number of growth levels. In the three-step model, this is

the three-level equilibrium; in the five-step model it is the four-level equilibrium; and in the ten-

step model it is the six-level equilibrium. Indeed, for the ten-step model, even though there could

be equilibria that have up to ten growth-levels, we see that nearly all of the equilibria have five or

fewer growth-levels, and no equilibria have more than six growth-levels.

To assess numerical efficiency of the models, we also implemented three methods of solving

the piecewise-defined IDE in eq. (3.8) by iteration. We used a trapezoidal approximation to the

integral, a convolution integral, and the CDF form of the model from eq. (3.10) to eliminate inte-
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Fig. 3.13 The maximum population-density as R0 varies for the Beverton-Holt model (dashed)
compared to a a three-step block-pulse model, b five-step block-pulse model, and c ten-step
block-pulse model. All block-pulse models are shown with solid lines; p-level equilibria are
distinguished from each other for each p= 1,2, ...,m. The Beverton-Holt model has a stable trivial
equilibrium until just past R0 = 1; a transcritical bifurcation occurs as a positive stable branch of
nontrivial equilibria emerges and the trivial branch of equilibria becomes unstable. In the block-
pulse models, the lower branch of each fold bifurcation is unstable while the upper branches are
stable, so that stability alternates. Horizontal dotted lines indicate the density thresholds for each
block-pulse model. Parameter values are L = 1, N = 1, α = 5, K = 1.
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gration entirely. For comparison between these methods, we used a domain length of L = 1 and

spatial grid spacing of 2−10. We simulated the model for 100 R0 values with 100 different tent-map

initial conditions each, running the three methods on a laptop with MATLAB 2019a [90].

For a ten-step Beverton-Holt block-pulse model, the trapezoidal approximation with the built-

in function ‘trapz’ took 5214 seconds to run. The convolution integral, using the built-in ‘conv’

function ran in 26 seconds. (The ‘trapz’ and ‘conv’ commands exist under the same names for

Octave and R as well.) Using cumulative distribution functions to iterate the block-pulse model ran

in 16 seconds, a more than 300-fold increase in speed over the simple trapezoidal approximation.

The full Beverton-Holt model, meanwhile, ran in 57 seconds using the built-in convolution

integral. Thus, to obtain the stable equilibria of the model, the fastest method of implementation

for a ten-step block-pulse model ran about 3.5 times faster than an extremely efficient method for

simulating the original model, while still offering a good approximation to the original model.

The ten-step block-pulse equilibria calculated with analytic expressions ran in 303 seconds.

This method is not directly comparable to the others as it calculates both stable and unstable equi-

libria.

3.5.2 Block-pulse IDE with an Allee effect

We also applied three-, five-, and ten-step block-pulse models to an IDE with an Allee effect. The

Allee growth-function was introduced in section 3.2, with

g(nt) =

[(
1+ρ2)/K

]
n2

t

1+(ρ/K)2 n2
t

, (3.53)

where K is the carrying capacity and ρ is the growth parameter. For the IDE with Allee effect,

a fold bifurcation leads to the emergence of two branches of nontrivial equilibria, with a stable

upper branch and unstable lower branch. There is always a stable branch of trivial equilibria.

Figure 3.14 shows the maximum amplitude of the equilibria as ρ varies for the Allee IDE compared

to the block-pulse IDEs, again illustrating where the different p-level equilibria occur and how they
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merge with one another. As in the Beverton-Holt model, a single fold bifurcation occurs between

each set of density thresholds for each block-pulse model.

As the number of steps in the block-pulse model increases, we again see rapidly increas-

ing agreement between the equilibria for the two different models. As in our analytics and the

Beverton-Holt model, for each fold bifurcation that occurs in the block-pulse model as ρ increases,

the upper branch is stable and the lower branch is unstable. Furthermore, as the number of steps

in the block-pulse model increases, the block-pulse equilibria that trace the stable nontrivial equi-

librium branch have increasingly longer stable branches while the unstable portions get rapidly

smaller. Similarly, the block-pulse equilibria that trace along the unstable branch of Allee equilib-

ria start to have longer unstable branches while the stable sections become very small. The lowest,

stable line of equilibria in the block-pulse model also gets closer to zero as the number of steps

increase. For only ten steps, we have reasonably good agreement between the block-pulse model

and the Allee model on both location and stability of the equilibria.

As in section 3.5.1, for each block-pulse model the equilibria tend to correspond mostly to

equilibria that have fewer growth-levels. Again, a six-level equilibrium is the equilibrium with the

maximum number of growth levels in the ten-step model, and that equilibrium only occurs over a

very small range of ρ values (fig. 3.14).

Using the same numerical methods as in the Beverton-Holt example, we also observed similar

improvements in computational speeds for the Allee model. To obtain just the stable equilibria of

the models, the CDF form of the 10-step block-pulse model ran a little over three times faster than

the Allee model simulated with a convolution integral.

We also applied a ten-step block-pulse model to the IDE with Allee effect where we varied

the patch length L for a fixed growth-parameter ρ . The resulting equilibrium behavior is shown

in fig. 3.15 for three different dispersal kernels: the Gaussian (fig. 3.15a), the Laplace (fig. 3.15b),

and the Cauchy (fig. 3.15c) distributions. We set the mean or median to zero and used the same

median absolute deviation for all three kernels for consistency. As the unstable equilibria of the
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Fig. 3.14 The maximum population-density as ρ varies for an Allee-effect growth-model
(dashed) compared to a a three-step block-pulse model, b five-step block-pulse model, and c
ten-step block-pulse model. All block-pulse models are shown with solid lines; p-level equilibria
are distinguished from each other for each p = 1,2, ...,m. The lower branch of nontrivial Allee
equilibria is unstable; the trivial and upper nontrivial branch of equilibria are stable. In the block-
pulse models, for each fold bifurcation, the resulting lower branch is unstable and upper branch
is stable, so that the lowest and highest branches of equilibria are stable, and stability alternates.
Horizontal dotted lines indicate the density thresholds for each block-pulse model. Parameter
values are L = 1, N = 1, α = 5, K = 1.
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original Allee model cannot be computed for the Gaussian and Cauchy kernels, we do not show

the equilibria of the original model in these examples.

In general, we observe that larger patch-lengths L tend to correspond to equilibria that have

a larger number of growth levels. This matches our intuition from section 3.4.3 that, for larger

habitat-patches, population densities may be more likely to vary significantly over the patch.

While the bifurcation diagrams are reasonably similar for the Gaussian and Laplace kernels,

the equilibrium behavior differs more significantly with the Cauchy kernel. In particular, the crit-

ical patch-length where a stable, nontrivial persistence-equilibrium emerges is larger for a model

with a Cauchy dispersal kernel than the models with Gaussian or Laplace distributions. The maxi-

mum population-densities of the upper set of nontrivial equilibria are generally smaller, while the

maximum population-densities of the lower set of nontrivial equilibria tend to be larger.

To compare the critical patch-size where a stable persistence-state first occurs more generally,

we computed this critical patch-size for a variety of growth parameters ρ for the three kernels

(fig. 3.15d). For the purposes of this problem, we defined the critical patch-length Lcrit as the mini-

mum L value where a nontrivial equilibrium occurred. As our smallest estimated equilibrium is not

quite zero, but is clearly approximating a trivial equilibrium, we add that in this case, ‘nontrivial’

means an equilibrium whose maximum density n(0)> η , where η is some small positive number.

For an alternative approach to calculating the critical patch-size for the Laplace kernel, see Li and

Otto [77].

With this comparison, it appears that for a model with an Allee effect, the critical patch-length is

somewhat sensitive to dispersal kernel for small growth-parameters ρ . For larger ρ , the difference

in critical patch-length is negligible.

As a final illustration of the effectiveness of the block-pulse method, we compared the full

spatial equilibrium-distributions of the original Allee model with those of the ten-step block-pulse

model, using the Laplace kernel, for a given L and ρ value (fig. 3.16). In particular, we chose

L = 2 and ρ = 2.2 for comparison to fig. 3.15b, where we see the block-pulse model has one-level,
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Fig. 3.15 The maximum population-density as L varies for a ten-step block-pulse model with a
a Gaussian, b Laplace, c Cauchy dispersal kernel, where ρ = 2.2. In d, the critical patch-size for
population persistence is shown for the three dispersal kernels for varying growth-parameters ρ .
To compare the three kernels, we used the same median absolute deviation (MAD) as a measure
of dispersion. Parameters values are N = 1, K = 1, α = 5, η = 0.05, MAD = 0.1386.

four-level, and seven-level equilibria.

As can be seen in fig. 3.16, the analytic equilibria of the block-pulse model very closely match

those of the original Allee model. The stable nontrivial equilibrium, in particular, is nearly indis-
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tinguishable between the two models. Thus, even for equilibrium population-distributions which

vary significantly over their habitat patch, the block-pulse method offers close approximations to

the full distributions. Furthermore, the block-pulse model reliably approximates distributions with

different qualitative shapes, as with the two nontrivial equilibria in fig. 3.16.
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Fig. 3.16 The full spatial equilibrium-distributions of the original Allee model compared to the
block-pulse model, using the Laplace kernel, for ρ = 2.2 and L = 2. For the block-pulse model,
these are the full equilibrium-distributions corresponding to the maximum population-densities
at L = 2 shown in fig. 3.15b. Stable equilibria are shown with solid curves; unstable equilibria
are shown with dashed curves. Other parameter values are N = 1, K = 1, α = 5.

3.6 Discussion

In this work, we have presented a simple method of approximating the growth function in an

IDE model to make analysis more tractable. The resulting block-pulse IDE has explicit analytic

expressions for the iterates and equilibrium distributions of the model. For a small number of steps
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in the block-pulse series, we have fully described the possible equilibrium-solution behavior that

emerges. These models have numerous different forms of equilibrium distributions, depending on

how many density thresholds the population distributions pass through inside the spatial domain.

These equilibria tend to merge with the neighboring equilibria, transitioning smoothly from one

equilibrium type to the next as the population dips below a threshold at the edge of its habitat or

rises above another threshold in the center of its patch.

Fold bifurcations are common features, where two new branches of equilibria emerge as a

growth parameter increases. As that parameter increases further, fold bifurcations in which two

equilibria collide also occur, resulting in the abrupt loss of two equilibrium distributions. Stability

of the equilibria seems to follow a predictable pattern. All one-level equilibria are stable. If two

equilibria emerge from a fold bifurcation, the upper equilibrium is stable and the lower equilibrium

is unstable. No two neighboring equilibrium-distributions have the same stability.

Block-pulse IDEs are generalizable to any increasing growth-function, given certain assump-

tions about the dispersal kernel and initial population-distributions. Thus, block-pulse IDEs are

a highly useful method for analyzing many forms of population growth. Many methods exist for

approximating equilibrium distributions and analyzing population persistence in IDEs, but these

largely use approximations of or special forms of the dispersal kernel [65, 139, 85, 63, 110]. In

contrast, this is a novel formalization for a method that approximates the growth function in the

IDE, though there are a few prior examples of piecewise-constant growth-functions in IDE models

[65, 99, 96].

Block-pulse IDEs have a number of advantages inherent in their formulation. Chief among

these is the ability to write down simple analytic expressions for the iterates of the model. Using

these analytic expressions, we may obtain both unstable and stable equilibria of the block-pulse

model. Furthermore, the equilibria of the block-pulse IDEs offer remarkably good approximations

to the equilibria of the original models for only a modest number of terms in the block-pulse

series. It is also straightforward to continually improve accuracy of the approximations by simply
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increasing the number of steps m in the model.

The analytic equilibrium expressions of the block-pulse IDE rely on the spatial-threshold fixed-

points, which are found by solving a nonlinear system of implicit equations. To solve this system,

we use a root-finding method. Other root-finding methods for finding the solutions of nonlinear

operators, like IDEs, exist and have been in use for many years [107, 67, 54, 148, 60, 104]. How-

ever, these methods are chiefly numerical and require solving for the population density at every

location in the spatial domain.

In contrast, a block-pulse IDE is a hybrid method that is primarily analytical, with a small

numerical element. The numerical component requires solving for only a small number of spatial-

threshold points, making this method computationally efficient compared to root-finding for oper-

ator equations. The block-pulse method also offers insight into the nature of the equilibrium distri-

butions, showing the spatial variation of the equilibrium densities and how this variation changes

with a parameter of the model. Furthermore, we may classify stability of the block-pulse equilibria,

whereas the root-finding methods do not allow for stability analyses.

We also note the effectiveness of using a block-pulse approximation to approach IDEs with an

Allee effect, a class of models which have long been challenging to investigate. In the invasion

problem on the infinite domain, there are numerous prior works investigating Allee effects both

analytically and numerically [83, 65, 141, 143, 36, 52, 45, 130, 96]. However, on a finite domain,

aside from Van Kirk and Lewis [139] there is little research on the impact of an Allee effect in an

IDE model save for some numerical experiments [34, 48]. Block-pulse IDEs, therefore, offer a

new method to explore Allee effects in IDEs.

We draw particular attention to the possibility of using block-pulse IDEs to estimate the critical

patch-size L beyond which a stable persistence-state is possible. In general, the critical patch-size

problem assumes there is no Allee effect [84]. However, as seen in fig. 3.15, we may estimate this

critical patch-size by finding the smallest L such that a stable, nontrivial equilibrium exists.

Crucially, the critical patch-size appears to be somewhat sensitive to the choice of dispersal
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kernel at smaller growth-parameters, particularly if the kernel is heavy-tailed like the Cauchy ker-

nel. This is in contrast to the result for models without an Allee effect, where critical patch-size

does not depend significantly on the shape of the kernel for symmetric dispersal [82, 84]. Thus,

for kernels with heavier tails, the increased amount of long-distance dispersal may result in the

population being pushed below the Allee threshold over a large enough portion of the habitat patch

that extinction occurs.

As mentioned previously, block-pulse expansions may be applied to the dispersal kernel as well

as, or instead of, to the growth function. For models with no Allee effect, the classic eigenvalue

problem that emerges when studying the critical patch-size problem [154, 84] could potentially be

analyzed by use of block-pulse expansions for the kernel as an alternative to current methods.

As we have noted already, block-pulse IDEs are a complementary approach to methods like

average dispersal-success or geometric symmetrization, differing in which component of the IDE

is approximated. Average dispersal-success, in particular, provides a leading-order approximation

to the equilibrium population-size. If we were to combine the two approaches, using block-pulse

functions for both the growth functions and to expand the kernel, we could feasibly obtain higher-

order approximations to the equilibrium-solution distributions with a “full” block-pulse model

where the entire integrand has been approximated by block-pulse functions.

Despite the advantages to block-pulse models, there are limitations of the current method. Any

ecologically sound growth-function would have g(0) = 0, so that a population cannot grow from

nothing. The block-pulse framework, however, does not include this feature, so that extinction is

never possible. Assuming the original growth-function does satisfy g(0) = 0, we observe that as

the number of steps m increase in the block-pulse model, we will have g1→ 0. An expedient solu-

tion therefore would be to set g1 = 0 in the current model, rather than computing g1 according to

eq. (3.4). Alternatively, the definition of the subintervals in the block-pulse series could be adjusted

to restrict g(0) = 0, though both options would take us away from the conventional definition of a

block-pulse series.
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The required assumptions about unimodality and symmetry in the dispersal kernels and pop-

ulation distributions restrict the types of problems this method can currently be used to analyze.

Adapting the block-pulse framework to allow for asymmetric kernels and population distributions

would be of immense benefit. Many current problems in spatial ecology, such as determining the

speed of spread or finding conditions for population persistence in a moving habitat, have asym-

metric population-distributions that our current model does not account for. If the restrictions on

symmetry and unimodality can be loosened, we believe the block-pulse IDE may become even

more useful.

Studying spreading rates with asymmetric dispersal would be valuable. However, an early

example of piecewise-constant growth-functions in an IDE was for a species with an Allee effect,

examining symmetric spatial spread from a point release in an infinite habitat [65]. In theory,

we may be able to generalize an m-step block-pulse formulation for the same problem to gain

deeper insight into spread rates for models with Allee effects, extending the finite habitat-patch

framework.

Finally, a key extension of the model is to use block-pulse IDEs in a two-species model that

incorporates species interaction, with two-dimensional block-pulse approximations used for the

growth functions. This method may be of particular use in the case that one or both species have

an Allee effect in their growth.

Along with being useful as an approximation method, block-pulse IDEs proved to be com-

pelling in their own right, with remarkably rich dynamics for even the two- and three-step models.

These models can shed light on spatial variation and stability of equilibrium distributions, and may

be used to identify critical parameters for population persistence. Our work here formalizes this

class of IDEs, providing a novel method to examine the behavior of spatiotemporal population

models.
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Appendices

A.3 Two-level stability analysis

A.3.1 Conditions for stability of two-level equilibria

We have already seen that in the two-step and three-step models, all of the one-level equilibria are

stable. This leaves the two-level and three-level equilibria, where we analyze the stability of the

spatial-threshold fixed-points ri as a proxy for stability of the full equilibrium-solution.

The bridge equilibrium from section 3.4.2 and the low-bridge and high-bridge equilibria from

section 3.4.3 share many features. We first introduce a few key expressions that will be used in

analyzing stability of all of these equilibria, that is, all the two-level equilibria.

First, we note that the derivatives r′i, i = 1,2, given in eq. (3.35) and eq. (3.43) have the same

general form. The magnitude of these derivatives governs stability of the two-level equilibria. Both

numerator and denominator of eq. (3.35) and eq. (3.43) are negative, so the derivative is positive

for the two-level equilibria. Thus, if 0 < r′i < 1, the fixed point is stable; if r′i > 1, the fixed point is

unstable.

For i = 1,2, the derivative r′i = 1 exactly if

gi [k (ri +L/2)− k (ri−L/2)]+2(gi+1−gi)k (2ri) = 0. (A1)

If the left hand side of eq. (A1) is positive, the equilibrium is unstable; if it is negative, the equilib-

rium is stable. We may rewrite this condition so that the derivative is equal to one if

gi =
−2gi+1k (2ri)

k (ri +L/2)− k (ri−L/2)−2k (2ri)
= g∗. (A2)

for some ri. If gi < g∗, the two-level equilibrium is unstable. If gi > g∗, the two-level equilibrium

is stable.

The derivative of g∗ with respect to ri is negative everywhere, and so g∗ is a decreasing function

of ri. The maximum value of g∗ is at ri = 0, so that

g∗max =
−2gi+1k (0)

k (L/2)− k (−L/2)−2k (0)
= gi+1, (A3)
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where the second equality follows from the symmetry of the dispersal kernel, with

k (L/2) = k (−L/2). The minimum value of g∗ is at ri = L/2, with

g∗min =
2gi+1k (L)

k (L)+ k (0)
. (A4)

A.3.2 Bridge equilibrium

There are three distinct parameter regimes for the bridge equilibrium of the two-step model, sum-

marized in table 3.1. We approach stability of the bridge equilibria for each regime separately. The

expressions from eqs. (A1) to (A4) are applied with i = 1.

First region: small g1

In the first region, g1 < gs and g2 > gb. We note that

g2 > gb =
N/2

F (L)−F (0)
, (A5)

so that

g∗min =
2g2k (L)

k (L)+ k (0)
>

Nk (L)
[F (L)−F (0)] [k (L)+ k (0)]

= gs. (A6)

Thus, g1 < gs < g∗min for all r1 ∈ (0, L/2). Therefore, the bridge equilibrium is unstable in this

parameter regime.

Second region: moderate g1

In the second region where gs < g1 < ga and g1 < g2 < gc, there are two r1 equilibria, as seen earlier.

We prove this explicitly by showing there is some r1 value where r′1 = 1 and a fold bifurcation

occurs in this parameter region.

First, note that at r1 = 0, g1 < g∗max = g2. Thus, the left-hand side of eq. (A1) is clearly positive

and the equilibrium is unstable. At r1 = L/2, g2 = gb and so g∗min = gs. As g1 > gs in this parameter

regime, we have g1 > g∗min. Thus, the left-hand side of eq. (A1) is negative and the equilibrium is

unstable.
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Thus, the left-hand side of eq. (A1) goes from positive to negative as r1 increases. Since g∗ is a

decreasing function of r1, there is a a single r∗1 value where the left-hand side of eq. (A1) is equal

to zero, and therefore where r′1 = 1, leading to a fold bifurcation. For r1 < r∗1 the equilibria will be

unstable; for r1 > r∗1 the equilibria will be stable. The smaller r1 correspond to the lower branch

of bridge equilibria and the larger r1 to the upper branch of equilibria, so that the lower branch is

unstable and the upper branch is stable.

Third region: large g1

In the third parameter region, where ga < g1 < g2 < gb, the equilibrium is not valid for all

0 < r1 < L/2. Instead, there is some intermediate r1 value, which we call rv, where g1 = g2. For

r1 < rv, g2 < g1 and the bridge equilibrium is invalid. For rv < r1 < L/2, the bridge equilibrium is

valid.

We suspect the bridge equilibrium to be stable in this region. For this to be the case, we require

that g1 > g∗ from eq. (A2) for all rv < r1 < L/2. As g∗ is a decreasing function of r1, the maximum

value g∗ can take on while the bridge equilibrium is still valid occurs at r1 = rv.

Thus, we need g1 > g∗ (r1 = rv) for the bridge equilibrium to be stable. Checking this condition

and using the fact that g1 = g2 at rv, we find that if

g∗ (r1 = rv) =
−2g1k (2rv)

k (rv +L/2)− k (rv−L/2)−2k (2rv)
< g1, (A7)

then

g1 [k (rv +L/2)− k (rv−L/2)−2k (2rv)]<−2g1k (2rv) . (A8)

Canceling like terms, this means that

g1 [k (rv +L/2)− k (rv−L/2)]< 0, (A9)

which is clearly satisfied. Therefore, the bridge equilibrium is indeed stable for this parameter

regime. This completes our stability analysis for the two-step model.
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A.3.3 Low-bridge equilibrium

There are three distinct parameter regimes for the low-bridge equilibrium of the three-step model,

summarized in table 3.4. The expressions from eqs. (A1) to (A4) are applied with i = 1. The

stability analysis is identical to the analysis for the bridge equilibrium, save for the coefficients of

the threshold values gs1 and gb, and so we do not repeat it here.

To summarize, in the first parameter regime where g1 < gs1 and g2 > gb, the low-bridge equi-

librium is unstable. In the second region where gs1 < g1 < ga and g1 < g2, a fold bifurcation occurs

for some critical r∗1 where r′1 = 1; for r1 < r∗1 the equilibria are unstable and for r1 > r∗1 the equi-

libria are stable. These are the lower and upper branches of low-bridge equilibria respectively. In

the third parameter region where ga < g1 < g2 < gb, the low-bridge equilibrium is stable.

A.3.4 High-bridge equilibrium

For the high-bridge equilibrium of the three-step model, the expressions from eqs. (A1) to (A4) are

applied with i = 2. As before, we treat the stability for the two parameter regions from table 3.5

separately.

First region: moderate g3

In the first parameter regime where gs2 < g2 < gd and gc < g3 < gd , there are two r2 equilibria. We

prove this explicitly by showing there is a fold bifurcation at some r2 value such that r′2 = 1.

At r2 = 0, g2 < g∗max = g3. The left-hand side of eq. (A1) is positive and the equilibrium is

unstable. At r2 = L/2, g3 = gd and g2 > gs2 = g∗min. The left-hand side of eq. (A1) is negative and

the equilibrium is stable.

Thus, a fold bifurcation occurs at some r∗2 where the left-hand side of eq. (A1) is equal to zero

and therefore r′2 = 1. For r2 < r∗2, the equilibria are unstable and for r2 > r∗2 the equilibria are stable.

This means that the lower branch of high-bridge equilibria are unstable and the upper branch of

equilibria are stable.
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Second region: large g3

In the second region, g2 < gc and g3 > gd and the high-bridge equilibrium is valid for only some

0 < r2 < rv. For r2 > rv we have g1 > g2. We suspect the high-bridge equilibrium is unstable, so

that we should have g2 < g∗.

We drop all subscripts on r for the remainder of this section for notational convenience and to

shorten the equations. Using the functional form for g2 from eq. (3.42), we thus want to show that

2N/3−g3 [F (2r)−F (0)]
F (r+L/2)−F (r−L/2)−F (2r)+F (0)

<
−2g3k (2r)

k (r+L/2)− k (r−L/2)−2k (2r)
. (A10)

Solving the above expression for g3, for instability of the high-bridge equilibrium we require

g3 >
2N
3 [k (r+L/2)− k (r−L/2)−2k (2r)]

[F (2r)−F (0)] [k (r+L/2)− k (r−L/2)]−2k (2r) [F (r+L/2)−F (r−L/2)]
. (A11)

The above equation is an increasing function of r. This can be confirmed by taking the derivative

of the right-hand side with respect to r, and simplifying to find that the derivative is always positive

for 0 < r < L/2. The algebra to show this fact is straightforward but lengthy; we do not include it

here.

Since the right-hand side of eq. (A11) is an increasing function of r, the maximum value occurs

for r = L/2. If g3 is larger than this maximum value, eq. (A11) will be satisfied for all 0 < r < L/2.

Substituting r = L/2 into the right-hand side of eq. (A11), our requirement becomes

g3 >
2N
3 [k (L)+ k (0)]

[k (L)+ k (0)] [F (L)−F (0)]
=

2N/3
F (L)−F (0)

= gd. (A12)

In this parameter regime, g3 > gd , and so the requirement is evidently satisfied. Thus, the high-

bridge equilibrium is unstable in this parameter regime.

B.3 Three-level stability analysis

The full-bridge equilibrium from the three-step model is a three-level equilibrium. With two spatial

thresholds involved in the full-bridge equilibrium, stability is dependent on a two-dimensional
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mapping of the spatial thresholds, with the maps given by

nt+1 (r1, t+1) =g1 [F (r1, t+1 +L/2)−F (r1, t+1−L/2)]

+(g2−g1) [F (r1, t+1 + r1, t)−F (r1, t+1− r1, t)]

+(g3−g2) [F (r1, t+1 + r2, t)−F (r1, t+1− r2, t)] = N/3, (A13)

nt+1 (r2, t+1) =g1 [F (r2, t+1 +L/2)−F (r2 ,t+1−L/2)]

+(g2−g1) [F (r2, t+1 + r1, t)−F (r2, t+1− r1, t)]

+(g3−g2) [F (r2, t+1 + r2, t)−F (r2, t+1− r2, t)] = 2N/3. (A14)

To classify stability, we will compute the Jacobian of this two-dimensional map and analyze

the Jury conditions [59]. The Jacobian is given by

J =

n11
d1

n12
d1

n21
d2

n22
d2

 , (A15)

where

n11 = (g1−g2) [k (2r1)+ k (0)] , (A16)

n12 = (g2−g3) [k (r1 + r2)+ k (r1− r2)] , (A17)

n21 = (g1−g2) [k (r2 + r1)+ k (r2− r1)] , (A18)

n22 = (g2−g3) [k (2r2)+ k (0)] , (A19)

d1 =g1 [k (r1 +L/2)− k (r1−L/2)]+(g2−g1) [k (2r1)− k (0)]

+(g3−g2) [k (r1 + r2)− k (r1− r2)] , (A20)
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and

d2 =g1 [k (r2 +L/2)− k (r2−L/2)]+(g2−g1) [k (r2 + r1)− k (r2− r1)]

+(g3−g2) [k (2r2)− k (0)] . (A21)

Notice that the numerators and denominators in the Jacobian are all negative, so that every term in

the Jacobian is positive. The three Jury conditions involve the trace and determinant, τ and ∆, of

the Jacobian, where

τ =
n11

d1
+

n22

d2
(A22)

and

∆ =
n11n22

d1d2
− n12n21

d1d2
. (A23)

First, we consider the Jury conditions that are not violated. The second Jury condition,

1+ τ +∆ > 0, is always satisfied. Writing everything in a common denominator, we have

1+ τ +∆ =
d1d2 +n11d2 +n22d1 +n11n22−n12n21

d1d2
. (A24)

As each ni j and di is negative, their products are positive and all of the terms in the numerator of

eq. (A24) are positive except for the last, −n12n21. The denominator is positive. Thus, we need to

show that the single negative term in the numerator is less than all the other terms.

To show the numerator of the second Jury condition is positive, we notice that −n12n21 has the

positive factor (g1−g2)(g2−g3). We look for other terms in the numerator with this factor, and

show that the sum of all terms with the factor (g1−g2)(g2−g3) is positive, which is sufficient to

demonstrate the numerator as a whole is positive. Collecting these terms, for the numerator of the

second Jury condition to be positive we need

[k (0)− k (2r1)] [k (0)− k (2r2)]+ [k (r1− r2)− k (r1 + r2)] [k (r2− r1)− k (r2 + r1)]

+ [k (2r1)+ k (0)] [k (2r2)+ k (0)]− [k (r1 + r2)+ k (r1− r2)] [k (r2 + r1)+ k (r2− r1)]

+ [k (2r1)+ k (0)] [k (0)− k (2r2)]+ [k (2r2)+ k (0)] [k (0)− k (2r1)]> 0. (A25)
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Since we assume the kernel is symmetric, k (r1 + r2) = k (r2 + r1) and k (r1− r2) = k (r2− r1).

Expanding and canceling like terms, the above condition becomes

k2 (0)> k (r1 + r2)k (r1− r2) , (A26)

which is evidently true. Thus, 1+ τ +∆ > 0 and the second Jury condition is always satisfied.

The third Jury condition, |∆|< 1, is not applicable here, as it deals with complex eigenvalues.

The eigenvalues of this system are real. We show this by computing the eigenvalues of the Jacobian

using the characteristic equation λ 2− τλ +∆ = 0, so that the eigenvalues are

λ1,2 =
1
2

(
τ±
√

τ2−4∆

)
. (A27)

If the discriminant τ2−4∆ > 0, then the eigenvalues are real and we do not need to check the third

Jury condition. We have

τ
2−4∆ =

(
n11

d1
+

n22

d2

)2

−4
n11n22

d1d2
+4

n12n21

d1d2

=

(
n11

d1
− n22

d2

)2

+4
n12n21

d1d2
> 0. (A28)

Therefore, we have real eigenvalues and the third Jury condition will never be violated.

Finally, the first Jury condition, 1−τ +∆ > 0, may be violated. This is clearly demonstrated in

fig. 3.10, where we observe a fold bifurcation in the full-bridge equilibrium. In practice, this condi-

tion is largely useful in checking specific full-bridge equilibria for stability. Numerical experiments

testing the first Jury condition for 80 parameter sets with full-bridge equilibria demonstrated that

the upper branch of equilibria is stable, while the lower branch is unstable, just as in the low-bridge

and high-bridge equilibria when a fold bifurcation occurred.

C.3 Behavior of g2 in the low-bridge and high-bridge equilibria

C.3.1 Low-bridge equilibrium

The function for g2 from eq. (3.41) behaves nearly identically to that of the analogous function for

the bridge equilibrium from section 3.4.2. At r1 = 0, the low-bridge equilibrium meets the low
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equilibrium and g2→±∞. At r1 = L/2, the low-bridge equilibrium meets the middle equilibrium

at g2 = gb. Equation (3.41) may also be multi- or single-valued in r1.

For small g1, the function for g2 is single-valued with g2→ ∞ as r1→ 0 (see fig. 3.11). There-

fore, we have a single low-bridge equilibrium valid for g2 > gb.

As g1 increases through the limit g1 = gs1 (see table 3.3), eq. (3.41) becomes multivalued (we

again use a subscript s to denote that this is a switching point in the behavior of a single equilibrium;

there is a second analogous switching-point for the high-bridge equilibrium). Now, g2 → ∞ and

there are two r1 solutions for some g2 < gb (see figs. 3.8 and 3.9). There will be two low-bridge

equilibria for g2 < gb. One of these terminates at g2 = gb, leaving one remaining low-bridge

equilibrium for g2 > gb.

As g1 further increases through ga, the function becomes single-valued again with g2→−∞;

the actual lower limit for g2 is g1 (see fig. 3.10). There is one low-bridge equilibrium for

g1 < g2 < gb. For g1 > gb, the equilibrium becomes invalid as g1 > g2.

C.3.2 High-bridge equilibrium

For the function for g2 from eq. (3.42), similar behavior as that of the function from section C.3.1

occurs. At r2 = 0, the high-bridge and middle equilibria meet at g2 = gc. At r2 = L/2, the high-

bridge equilibrium meets the high equilibrium and g2 →±∞ depending on the value of g3. The

function may have one or two branches.

For g3 < gc, g2 > g3 and the high-bridge equilibrium is not valid. For gc < g3 < gd , the function

for g2 has two branches, with g2→ ∞ (figs. 3.8 to 3.10). There are two high-bridge equilibria for

some g2 < gc; for g2 > gc only one equilibria remains. The lower bound in g2 ranges from g2 = gs2

up to g2 = gc. For g3 > gd , the function for g2 is single-valued with g2→−∞; the lower limit of

g2 is effectively g1 (fig. 3.11). There is a single high-bridge equilibrium valid for g1 < g2 < gc.
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D.3 Convergence of the block-pulse IDE

The equilibria found for the block-pulse model converge to the equilibria of the original model

as m→ ∞, under certain broad conditions. To begin, we introduce Riemann–Stieltjes sums and

Riemann–Stieltjes integrals, taking the definitions from Apostol [4].

Let P = {y0,y1,y2, ...,yM} be a partition of the compact interval [a,b], and let wi be a point in

the subinterval [yi−1,yi]. Then, the sum

S (P, f ,α) =
M

∑
i=1

f (wi)∆αi (A29)

is a Riemann–Stieltjes sum of the function f with respect to α , where ∆αi = α (yi)−α (yi−1). The

function f is Riemann-integrable with respect to α on [a,b] if there exists a number A such that for

every ε > 0, there exists a partition Pε of [a,b] such that for every partition P finer than Pε and for

every choice of the points wi ∈ [yi−1,yi] we have |S (P, f ,α)−A| < ε . This number A, if it exists,

is unique and it is known as the Riemann–Stieltjes integral,

A =
∫ b

a
f (y)dα (y) . (A30)

In other words, if the Riemann–Stieltjes integral exists, i.e., if f (y) is Riemann-integrable with

respect to α (y), then as the mesh of P denoted by ‖P‖ goes to zero, the Riemann–Stieltjes sum is

equal to the Riemann–Stieltjes integral so that

lim
‖P‖→0

M

∑
i=1

f (wi)∆αi =
∫ b

a
f (y)dα (y) . (A31)

In order for the Riemann–Stieltjes integral to exist it is sufficient that f (y) is continuous on [a,b]

and that α (y) is monotone increasing or, more generally, of bounded variation on [a,b].

Furthermore, if α (y) has a continuous derivative α ′ (y) so that α ′ (y) is Riemann-integrable,

then the Riemann–Stieltjes integral can be written as a Riemann integral as∫ b

a
f (y)dα (y) =

∫ b

a
f (y)α

′ (y)dy. (A32)
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Now, note that the equilibria n(x) of the original IDE model satisfy

n(x) =
∫ L/2

−L/2
k (x− y)g [n(y)]dy, (A33)

where the integral on the right has the form of a Riemann–Stieltjes integral with [a,b] = [−L/2,L/2],

f (y) = g [n(y)] and dα (y) = α ′ (y)dy = k (x− y)dy. After accounting for the −y argument in the

dispersal kernel, we have α (y) = −F (x− y). The growth function is assumed to be continuous,

and the cumulative distribution function (and its negative) is monotone and therefore of bounded

variation. Thus, this Riemann–Stieltjes integral exists, and is equal to the limit of the Riemann–

Stieltjes sum as the mesh of the partition P for the sum goes to zero.

The Riemann–Stieltjes sum for the above Riemann–Stieltjes integral has the general form

S (P,g,F) =
M

∑
i=1

g(wi) [F (x− yi−1)−F (x− yi)] , (A34)

after making the appropriate substitutions for f and α in eq. (A29). Choose a partition on the com-

pact interval [−L/2,L/2] to be P = {y0,y1,y2, ...,yM}= {−L/2,−r1,−r2, ...,r2,r1,L/2}, where ri

are the equilibrium spatial-thresholds for a given m-step block-pulse IDE and M = 2m−1.

Recall that each spatial threshold corresponds to a density threshold, so that each subinterval

of the partition P corresponds to a subinterval of the population density where the growth function

is between two density thresholds. Given that the block-pulse coefficients from eq. (3.4) are the

averages of the growth function g [n(y)] over each subinterval of population density, we may safely

choose wi in each subinterval of the partition so that

g(wi) =

gi, i = 1,2, ..., M+1
2 ,

gM−i+1, i = M+3
2 , ...,M−1,M,

(A35)

given our prior assumptions on the growth function and dispersal kernel. After some rearranging,

eq. (A34) has the same form as eq. (3.51) (with p = m and q = 1). The block-pulse approximation

is in fact a Riemann–Stieltjes sum corresponding to the Riemann–Stieltjes integral for the original

equilibria. Since this integral exists, as the partition becomes finer, we know that the sum will
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approach the integral. For the partition to become finer, m→ ∞, so that as m→ ∞, the block pulse

equilibria are the original equilibria.

To rigorously show that the block-pulse equilibria converge to the true equilibria, consider the

sequence {Gm} of functions given by partial sums, where Gm represents the m-step block-pulse

partial sum,

Gm =
m

∑
i=1

giφi [n(y)] . (A36)

We know that the block-pulse series converges pointwise to g [n(y)] as m→∞, so that the sequence

{Gm} converges pointwise to g [n(y)] as m→ ∞. We note that the sequence {Gm} is uniformly

bounded by |Gm [n(y)]| ≤ N for all m and all y ∈ [−L/2,L/2], where N was taken to be a finite

limit on population density. Thus, since {Gm} is pointwise convergent and uniformly bounded, the

sequence is boundedly convergent for y ∈ [−L/2,L/2].

We recall that F (x− y) is of bounded variation, and note that the integrand of

n(x) =
∫ L/2

−L/2
Gm [n(y)]k (x− y)dy (A37)

is Riemann-integrable and therefore the integral exists. We have already demonstrated that

n(x) =
∫ L/2

−L/2
g [n(y)]k (x− y)dy (A38)

exists.

We therefore satisfy the conditions for the bounded convergence theorem for the Riemann–

Stieltjes integral [49, 94], an extension of Arzelà’s bounded convergence theorem [4]. By the

bounded convergence theorem for Riemann–Stieltjes integrals,

lim
m→∞

∫ L/2

−L/2
Gm [n(y)]k (x− y)dy =

∫ L/2

−L/2
g [n(y)]k (x− y)dy, (A39)

so that the block-pulse equilibria converge to the equilibria of the original model. For proof and

further discussion of Arzelà’s bounded convergence theorem for integrals of Riemann–Stieltjes

form, see Hildebrandt [49], Luxemburg [87], Monteiro et al. [93, 94].
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Chapter 4

DISCUSSION

This body of work was inspired by a drive to better understand population dynamics and the

ability of a population to persist, a firm belief in the benefit of interdisciplinary research and com-

munication, and a sense of curiosity about the natural world. While this research is theoretical in

nature, it offers conceptual insights into population behavior. The models themselves may also

be parameterized for populations that satisfy the underlying biological assumptions. At its heart,

this dissertation does not attempt to conclusively answer questions of population persistence, but

seeks to add another drop of knowledge to to the immense body of work on problems in spatial

ecology. Taken together, this cohesive body of knowledge continues to improve our understanding

of population dynamics and, together, allows us to work towards preservation of the natural world.

4.1 Competition in successional communities

First, I sought to comprehensively examine how a pioneer–climax system of plants might respond

to competitive interactions when growth occurs in discrete, synchronized intervals. Ecological in-

tuition suggests that a climax species would naturally outcompete the pioneer species; however, the

mathematical predictions conclude that there are a variety of parameter regimes under which the

climax population is excluded. Furthermore, stable coexistence of both pioneer and climax popu-

lations is frequently possible, both at fixed population-densities and fluctuating cycles of densities.

With this potential disparity between mathematical insight and ecological reasoning, an in-

terdisciplinary venture would be beneficial. Ecological timescales are often vast, and historical

records may be patchy or nonexistent, making it challenging to make definitive empirical state-

ments regarding long-term behavior in some systems. Parameterizing the pioneer–climax model
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with existing data or performing small-scale lab experiments to test model predictions could offer

an explanation of the frequency of scenarios in which pioneer exclusion was not the only viable

long-term behavior. This would also have the benefit of making the model more immediately

applicable.

A pioneer–climax model that incorporates spatial components would be constructive as well.

If the pioneer occupies a small refuge-patch at the edges of the habitat, or the populations are

otherwise spatially non-uniform, this may be an additional route towards coexistence or pioneer

persistence. I have also postulated that, with increasing habitat-disturbance and range shifts caused

by climate change, successional communities will become more common. These are naturally

spatial considerations.

4.2 Allee effects in moving-habitat models

Initially, my work attempted to build a spatial pioneer–climax model from the nonspatial model. In

particular, I wished to estimate the conditions required for population persistence when the habitat

patches were shifting. To do so, I applied an existing method known as geometric symmetrization

to a moving-habitat pioneer–climax model. Geometric symmetrization has been suitable for single-

species models [113] as well as competition [114] and host–parasitoid models [89]. None of the

models on which geometric symmetrization had been used had an Allee effect.

The climax population, however, is subject to a strong Allee effect, and initial exploration of

a climax-only model revealed that this effect caused the approximations of critical speed to be

wholly inaccurate when compared to numerical simulations, both quantitatively and qualitatively.

Gradually reducing the strength of the Allee effect to a weak Allee effect and then to no Allee effect

at all indicated that the Allee effect was the underlying problem in the method’s poor predictions.

Critical-speed estimates improved somewhat as the strength of the Allee effect decreased, and

when there was no Allee effect, there was quantitative agreement with numerical simulations in

line with what we might expect based on previous applications of geometric symmetrization.
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To confirm that the issue was not exacerbated by removing the population interactions between

pioneer and climax species, I also briefly explored geometric symmetrization applied to a pioneer–

climax moving-habitat model. Similar results occurred for this model, with predictions of critical

speeds for climax persistence being very poor compared to numerically simulated critical-speeds.

Though there are heuristic explanations as to why geometric symmetrization works, no formal

analytical explanation exists [84]. As a result, it is also challenging to identify precisely why

geometric symmetrization was ineffective for a model with an Allee effect. At its core, geometric

symmetrization is a linearization method. With significantly nonlinear dynamics in a typical model

with Allee growth, it seems likely that the process of linearization is simply insufficient to capture

the true behavior of the model, particularly when dispersal is asymmetric.

Prior to linearization, a key component of geometric symmetrization involves spatially averag-

ing the population distributions to ultimately reduce the IDE model a spatially-implicit difference-

equation model, and I suspect this may also be part of the problem when an Allee effect is involved.

The spatial distribution of a population plays an important role when there is an Allee effect, par-

ticularly with a strong Allee effect, as populations may be below the Allee threshold in some areas

of the patch and above it in others. As the shifting habitat-patch introduces asymmetry into the

spatial distributions, knowledge of where the population is above or below the threshold is partic-

ularly important to understanding persistence, and spatially averaging the populations disregards

this information entirely.

4.3 Methods for integrodifference equations

With this result for the moving-habitat model, I sought to explore alternate methods of approach-

ing a general IDE with an Allee effect. Both geometric symmetrization and the closely-related

average dispersal-success approximation involve approximating the integral operator for the ker-

nel. As a complementary but alternate approach, I approximated the nonlinear growth-function

instead. A variety of possible approximations to the growth function were explored, before land-
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ing on a piecewise-constant approximation using block-pulse functions. Block-pulse functions

have an established framework, simple construction, and ease of use that made them appealing as

the method of choice. Furthermore, under our construction, block-pulse IDEs are useful not just

for Allee-effect growth, but for any strictly-increasing growth-function.

The insights gained with block-pulse IDEs are compelling. With a moderate number of steps

in the piecewise-constant approximation, the equilibrium distributions of the block-pulse IDEs

closely match the true equilibria. We also gain a wealth of knowledge about the equilibria them-

selves, including information about stability and spatial variation of the distributions. In their

current form, we may use block-pulse IDEs to examine population persistence on a finite habitat-

patch, a problem which is particularly relevant in the context of habitat fragmentation. Of particular

note, the critical patch-sizes predicted for a model with an Allee effect are sensitive to the choice

of dispersal kernel. On the whole, block-pulse IDEs offer a novel method for approaching analysis

of IDEs, and in particular, examining IDEs with Allee effects.

4.4 Block-pulse IDEs, pioneer–climax systems, and the path forward

The future applicability and connections that may be made using block-pulse IDEs are just as

intriguing as the current results from block-pulse IDEs. To extend the current framework, loos-

ening the restrictions on symmetry and unimodality in the kernel and population distributions is

especially pertinent. This would allow us to use the analytic framework for block-pulse IDEs

with asymmetric kernels and non-monotone growth-functions as well. Asymmetric kernels arise

in many applications, including in the moving-habitat models discussed earlier. By accounting for

non-monotone growth-functions, we may consider overcompensatory growth and further increase

the method’s overall applicability.

If we wanted to maintain unimodality of the population distributions but not require symme-

try of the kernel or population distributions, we would need an alternate condition to ensure the

convolution of the two distributions is unimodal. If at least one of the distributions is log-concave
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and both are unimodal, then the convolution of the distributions is unimodal [55]. While many

dispersal kernels are log-concave, many fat-tailed dispersal kernels, including the Cauchy kernel,

are not. Ecologists increasingly embrace fat-tailed kernels to model population dispersal, and so

this loss is not insignificant. Thus, while removing the restriction that the distributions must be

symmetric would increase the applicability of block-pulse IDEs in terms of ecological problems

we may examine, it comes with the tradeoff of limiting the dispersal kernels we may consider.

The symmetry and unimodality of the population distributions are at the heart of many of the

analytic results of block-pulse IDEs. Without symmetry of the population distributions, we also

lose symmetry of the spatial thresholds where a population passes through a density threshold.

Thus, we would need to solve for up to twice the number of spatial thresholds as in the current

framework. Without unimodality, the matter is complicated even further, as we may have more

than two spatial thresholds for each density threshold.

Nevertheless, note that a block-pulse IDE may be applied in its current form even to asymmetric

or multimodal population-distributions. This may be done by iterating the model using cumulative

distribution functions and numerically finding the spatial thresholds at each iterate, rather than

relying on the analytic expressions for the equilibria presented in chapter 3.

Kot et al. [65] used a two-step piecewise-constant approximation for an IDE with strong Allee

effect to estimate the rate of spread of a population on an infinite habitat. This work provided early

inspiration for the block-pulse IDE framework developed here, and engenders a natural extension

of using block-pulse IDEs to analyze the point-release invasion of a population with an Allee effect.

In this problem, rather than finding equilibrium spatial-thresholds, we would track the thresholds

through space. On the surface, there is no indication whether these thresholds would move at the

same speeds, which may be a complicating factor.

I began this work with a pioneer–climax system and, as already mentioned, intended to examine

that system in a moving-habitat model. With loosened restrictions on symmetry and unimodality of

the population distributions, we may feasibly use a block-pulse framework to examine the critical
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speed of range shifts, returning to my original intent. A block-pulse IDE could be used to estimate

critical speeds for both a climax population on its own as well as a pioneer–climax system, given a

two-dimensional block-pulse function. This is, perhaps, the problem that most fascinates me. How

does the Allee effect influence the critical speed of range shifts? How do the critical speeds for

each population differ from each other? What is the impact of habitat arrangement on the critical

speeds?

Beyond these questions relating block-pulse IDEs in their current form to the pioneer–climax

system, block-pulse functions may be used to expand the kernel as well. If we can answer the

critical-speed problem using block-pulse functions on the growth function, can we improve the

critical-speed estimates by using a block-pulse expansion of the asymmetric kernel? What happens

if we expand the symmetrized kernel from geometric symmetrization with block-pulse functions?

Ultimately, no piece of research can ever answer all the questions we might have. This is

extraordinarily clear in this dissertation, which ends in a place that may allow me to return to the

questions I began with. The twists and turns taken in this research highlight the limitations of

mathematical models, which sometimes cannot answer the questions we wish to explore even after

making great simplifications. At the same time, these twists illustrate the resiliency of curiosity as

we develop new methods and ideas to forge ahead in a bid to understand the world around us. In

a world that is changing rapidly, I can only hope to engage this curiosity further by exploring the

natural world and collaborating with other curious people, and to be as resilient as the populations

that persist nevertheless.
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