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We study the limiting behavior of three stochastic processes. Two are interacting particle
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properties on various graphs. The last is an interval splitting algorithm, which is shown to
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Introduction

Random walk—the process that moves randomly along adjacent edges of a graph—has applications
to virtually all of the sciences. Indeed, many physical, biological, chemical and financial systems are
driven by small, random fluctuations. Of particular interest to mathematicians is the long term
behavior. For example, the classical Pólya’s recurrence theorem says that a random walk on Zd

visits the origin infinitely often when d ≤ 2, but only finitely many times for larger d. One part of
my research looks for similar phase transitions for multiple interacting random walks. Another part
of my work studies how random decimals spread throughout [0, 1], and asks questions inspired by
Weyl’s equidistribution theorem.

My work is contained in: [HJJ15b, HJJ15a, JJ16, Jun15, BFG+15]. This includes solutions to
two widely disseminated open problems, and also generalizes theorems for well-known models. These
results have garnered some attention and are cited in [KZ15, HW15, GNR15, MP14]. [HJJ15a] is
to appear in the Annals of Applied Probability and [Jun15] is published in the Electronic Journal
of Probability. The papers [HJJ15b, JJ16, BFG+15] are pending review at Annals of Probability,
Probability Theory and Related Fields, and Electronic Communications in Probability, respectively.

The frog model. The frog model is an interacting particle system that can model the spread of
a virus. Initially there is one awake particle at the root of a graph, and one dormant particle at
every other vertex. Awake particles perform random walk, waking any dormant particles they visit.
Rick Durrett is credited with the name frog model, which zoomorphisizes the chaotic way the set of
walkers grows.

On Zd the growth of the frog model is well understood. The articles [AMP02], [AMPR01] and
[RS04] successfully apply the sub-additive ergodic theorem, proving that the activated sites converge
to a limiting shape. The primary obstacle to applying Kingman’s ergodic theory is estimating the
probability the root is occupied at time t. A related measurement is the limiting number of visits to
the root. Call the model recurrent if the root is visited by infinitely many frogs and transient if
the root is visited finitely many times. The transience/recurrence behavior of the model relates to
the occupation probability. For example, these probabilities are summable in the transient case
and divergent in the recurrent case. Visits to the root was first studied on Zd where the model
is recurrent for all d ≥ 1 ([TW99]). Compare to the change as d increases in Pólya’s recurrence
theorem.

In my project ([HJJ15b, HJJ15a]) with Christopher Hoffman and Tobias Johnson we study the
frog model on infinite d-ary trees. How often the root is visited on trees was one of longest standing
and most basic questions surrounding the model (asked in [GS09, Pop03, AMP02]). We prove a
phase transition occurs as d increases; recall, this does not happen on Zd.

Theorem 1 (Hoffman, Johnson, J.). The frog model on the d-ary tree is recurrent for d = 2 and
transient for d ≥ 5.

Random recursion is vital to the proof of recurrence for d = 2. We are able to simplify the
model, and then express the visits to the root, V , as an equation V ∼ f(V1, V2) for two idendtically
distributed copies of V . We then prove that V ≡ ∞ is the only random variable that can satisfy
the equation.

The degree, d, of the tree is a coarse parameter. Working with some continuous parameter would
give us more control. In [HJJ15a] we study the frog model on the d-ary tree with a random number
of frogs at each site. Something similar occurs in [Pop01]. By increasing a parameter, α, the frog
model on Zd with Ber(α‖x‖−2) frogs at each vertex x switches from transient to recurrent. In
our paper [HJJ15a] we vary the mean density of frogs on a fixed d-ary tree and observe a phase
transition.
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Theorem 2 (Hoffman, Johnson, J.). There exists µd > 0 such that the frog model with one awake
frog at the root and Poisson(µ) frogs independently placed at each site is transient for µ < µd and
recurrent for µ > µd. Moreover, µd = Θ(d).

One shortcoming of this theorem was that we could not prove recurrence on, say, a 5-ary tree
with a large deterministic number of frogs at each site. A recent project with Toby Johnson
([JJ16]) resolves this. We look at a more general frog model. It starts with one active particle at
the root of a graph and η(v) dormant particles at all nonroot vertices v. Active particles follow
independent random paths (not necessarily simple random walk paths), waking all inactive particles
they encounter. We prove that certain frog model statistics—like visits to the root—are monotone
in the initial configuration with respect to stochastic dominance in the increasing concave order;
X �icv Y iff ϕ(X) ≤ ϕ(Y ) for all increasing concave functions ϕ.

It is a consequence of Jenson’s inequality that the constant functions are maximal in this
stochastic order. Thus, a frog model recurrent with i.i.d.-η particles per site is also recurrent with
deterministically dEηe particles per site. We deduce recurrence for the infinite d-ary tree with
simple random walk paths and k > µc(d) frogs at each site, with µc(d) the threshold for recurrence
of a frog model with i.i.d. Poisson frogs per site. Our main theorem is as follows.

Theorem 3. Assume that the frog paths S and counts η(v) and η′(v) are mutually independent for
all v and i, and that the paths at a particular vertex v are identically distributed for all i. Let f be
an icv statistic of the frog model. If η(v) �icv η

′(v) for all v, then f(η, S) �icv f(η′, S).

Though the definition is a bit technical, the statistic to keep in mind is f being the number
of visits to the root. This allows us to deduce the following desired corollary for d-ary trees with
deterministically many frogs per site.

Corollary 4. The frog model on Td with k > µc(d) frogs per site is almost surely recurrent.

.

Coalescing random walk. Start with one particle at each vertex of a graph and have particles
perform random walk. Upon colliding, they bind together and proceed as one particle. This is
called coalescing random walk. The study of such systems began in the 1970’s with the paper of
Erdős and Ney [EN74], and to this day, variations continue to find new applications. For example,
random coalescence involving multiple types of particles is used to model chemical reactions
([Hol83, BL88, vdBK00]). It’s connection to the voter model first was noted in [BG80]. The recent
paper [BL15] also exploits this relationship. Computer scientists are interested in the process on
finite graphs ([Cox89, CEOR12]).

Early studies of coalescing random walk were on Zd. [Gri78] shows that coalescing random walk
is site recurrent for all d, meaning that each site is In [BFG+15] we revisit this problem and prove
a general criterion for recurrence. This criterion is met by a large family of graphs:

Theorem 5 (Benjamini, Foxall, Gurel-Gurevich, J., Kesten). Coalescing random walk is site
recurrent on any bounded degree graph.

Our proof uses duality with the voter model and martingale techniques. The random recursion in
this setting is describing the survival time of cluster whose expansion and regression rates depend
explicitly on its current size. We are ably to analyze this with a random walk. Theorem 5 resolves
the question of recurrence for coalescing random walk in many settings. We are also interested in
understanding similar, but less random processes. Consider coalescing random walk where particles
follow non-backtracking paths. A lack of symmetry makes it difficult to apply known techniques. In
[BFG+15] we use duality and martingales to prove:

Theorem 6 (Benjamini, Foxall, Gurel-Gorevich, J., Kesten). Non-backtracking coalescing random
walk on bounded degree trees spends infinite time at the root.
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Interval splitting. A sequence in [0, 1] is equidistributed if the limiting proportion of points in each
subinterval is equal to the subinterval’s length. A century ago Weyl proved that {βn mod 1}n≥1
is equidistributed for any irrational number β (see [Wey10]). Since then connections have been
found in ergodic theory, number theory, complex analysis and computer science ([BM72], [Vau77],
[FSZ09], [CKK+07]).

[MP14] introduces a family of interval splitting procedures called Ψ-processes. The canonical
example is the max-2 process. We obtain the nth term of the random sequence by placing two
candidate points uniformly in [0, 1] and keeping whichever lies in the larger subinterval formed by
the previous n− 1 points.

A discrete analogue of the max-2 process appears in [ABKU99] where n balls are randomly
placed into n bins. For each ball two bins are selected uniformly and the ball is placed in the bin
with fewer balls. They find that the most-filled bin has exponentially fewer balls then if they were
instead placed uniformly. This phenomenon has been dubbed “the power of two choices,” and is
studied in more detail in [MRS00] and [LM05]. Analogously, the max-2 process should spread points
more evenly than uniformly adding points. Despite our intuition this is difficult to formalize, and
equidistribution was the primary open problem from [MP14]. In [Jun15] I resolve this.

Theorem 7 (J.). The max-2 process is equidistributed almost surely.

The random recursion in this solution involves conditioning on the past of the size-biased empirical
distribution of interval lengths, and using this to describe the future evolution of the process.
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RECURRENCE AND TRANSIENCE

FOR THE FROG MODEL ON TREES

CHRISTOPHER HOFFMAN, TOBIAS JOHNSON, AND MATTHEW JUNGE

Abstract. The frog model is a growing system of random walks where a particle is

added whenever a new site is visited. A longstanding open question is how often the root

is visited on the infinite d-ary tree. We prove the model undergoes a phase transition,
finding it recurrent for d = 2 and transient for d ≥ 5. Simulations suggest strong

recurrence for d = 2, weak recurrence for d = 3, and transience for d ≥ 4. Additionally,
we prove a 0-1 law for all d-ary trees, and we exhibit a graph on which a 0-1 law does

not hold.

1. Introduction

The frog model is a system of interacting random walks on a given rooted graph. Initially,
the graph contains one particle at the root and some configuration of sleeping particles on its
vertices; unless otherwise stated, we will assume an initial condition of one sleeping particle
per vertex. The particle at the root starts out awake and performs a simple nearest-neighbor
random walk in discrete time. Whenever a vertex with sleeping particles is first visited, all
the particles at the site wake up and begin their own independent random walks, waking
particles as they visit them. A formal definition of the frog model is in [AMP02a], and a
nice survey of variations is in [Pop03]. Traditionally, particles are referred to as frogs, a
practice we will continue here.

One of the most basic questions about the frog model on an infinite graph is whether it
is recurrent or transient. Telcs and Wormald determined that the frog model was recurrent
on Zd for any d, the first published result on the frog model [TW99]. On an infinite d-ary
tree, this question is more difficult. It was first posed in [AMP02b]. It was asked again in
[Pop03] and in [GS09], which pointed out that the answer was unknown even on a binary
tree.

Our main result in this paper is that the frog model is recurrent on the binary tree but
transient on the d-ary tree for d ≥ 5, demonstrating a phase transition not found on Zd.
We use martingale techniques for the transience results, though pushing this result down to
d = 5 is more complicated and requires computer assistance. Our proof of recurrence on the
binary tree uses a bootstrapping argument in which we iteratively assume that the number
of visits to the root is stochastically large and then prove it even larger; the argument seems
novel to us.

Background on the frog model. It is common to use the frog model as a model for the
spread of rumors or infections, thinking of awakened frogs as informed or infected agents. See
[DG99] for an overview and [KPV04] for more tailored discussion. Another perspective on
the frog model is as a conservative lattice gas model with the reaction A+B → 2A. Here A
represents an an active particle and B an inert particle. Active particles disperse throughout
the graph, igniting any inert particles they contact. Several papers taking this perspective
study a process identical to the frog model except that particles move in continuous rather

1
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than discrete time [RS04, CQR09, BR10]. This process and its variants have also seen much
study by physicists; see the references in [CQR09] and [BR10]. Our results in this paper
depend only on the paths of the frogs and not on the timing of their jumps, and so they
apply equally well to this continuous-time process.

In the larger mathematical context, the frog model is part of a family of self-interacting
random walks which have proven quite difficult to analyze. ([Pem07] provides a nice survey
of this family.) In recent years progress on a few self-interacting random walks has generated
considerable interest. One of these close relatives is activated random walk, which is touched
on in [KS06] and studied in depth in [DRS10, RS12, ST14]. Activated random walk can be
described as a frog model where frogs fall back asleep at some given rate. Another related
process is excited random walk [BW03]. This walk has a bias the first time it visits a site
but is unbiased each subsequent time that it returns. The frog model can be thought of as
an “excited” branching process, which branches at a site v only the first time the process
visits v.

Initial interest in the frog model was on the graph Zd. For any d, it was shown that
the process is recurrent [TW99] and that the set of visited vertices grows linearly and
when rescaled converges to a limiting shape [AMP02a]. A similar shape theorem was proven
independently in [RS04] for the process with continuous-time particles. Both shape theorems
rely on the subadditive ergodic theorem. A technical difficulty that arises is proving the
expected time to wake a given frog is finite. Thus, measuring recurrence on a given graph
is the first step in understanding the long time behavior of the model. Other results for
the frog model on Zd include determining the decay of initially sleeping frogs necessary to
make the model transient [Pop01]. Later this question was studied on the integers with drift
[GS09]. A finer analysis in this setting recently appeared in [DP14] and [GNR15].

Our main interest in this paper is in recurrence and transience on Td, the infinite rooted
d-ary tree. We denote the root by ∅. We also study aspects of the process on Thom

d , the
infinite homogeneous degree (d+ 1)-tree.

Some attention has already been given to a relative of our model on Thom
d in which

awake frogs die after independently taking a geometrically distributed number of jumps. In
[AMP02b] and [LMP05], the authors prove a phase transition for survival. Depending on
the parameter, there will either be frogs alive at all times with positive probability or the
process will die out almost surely. We study the model in which frogs jump perpetually—a
fundamentally different problem, since it switches the emphasis from the local to the global
behavior of the model.

Statement and discussion of results. For a given rooted graph we call a realization of
the model recurrent if the root is visited infinitely many times and transient if it is visited
finitely often. Our main theorem covers the d-ary tree for all but two degrees:

Theorem 1.

(i) The frog model on T2 is almost surely recurrent.
(ii) The frog model on Td for d ≥ 5 is almost surely transient.

We also make a conjecture on these two unsolved degrees based on fairly convincing
evidence from simulations, presented in Section 5.

Conjecture 2. The frog model on Td is recurrent a.s. for d = 3 and transient a.s. for d = 4.

The simulations suggest the possibility of a three-phase transition as d increases. We call
the model strongly recurrent if the probability the root is occupied is bounded away from

11
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zero for all time. We call it weakly recurrent if it is recurrent with positive probability, but
the probability that the root is occupied decays to zero.

Open Question 3. Is the frog model strongly recurrent on T2 but weakly recurrent on T3?

Such a transition would give information about the time to wake all children of the root.
For instance, strong recurrence on T2 would imply that this time has finite expectation and
an exponential tail. Should T3 exhibit a weak recurrence phase, then a tantalizing problem
would be to estimate the decay of the occupation time at the root.

The recurrence of the frog model on the binary tree established in Theorem 1 (i) is the
flagship result of this article. The proof goes by coupling the frog model with a process
in which the root is visited less often. Let V be the number of visits to the root in this
restricted model. The payoff is (2), a recursive distributional equation (RDE, see [AB05])
relating V and two independent copies of itself. We find that V ∼ δ∞ is the unique solution.
Thus, the original model is recurrent.

The proof that V ∼ δ∞ is the unique solution of the RDE uses a seemingly novel
bootstrapping argument. We assume that V dominates a Poisson and show that in fact,
V dominates a Poisson with slightly larger mean. It follows by repeating this argument
that V dominates any Poisson. One obstacle to making this work is that using the typical
definition of stochastic dominance, we cannot establish a base case for the argument. To
get around this, we instead use a weaker stochastic ordering defined in terms of generating
functions, under which the argument holds even when starting with the trivial base case of V
dominating the distribution Poi(0). The situation is different for the frog model with initial
conditions of Poi(µ) frogs per site. In this setting, we use the usual notion of stochastic
dominance and a related bootstrapping argument to prove a phase transation from transience
to recurrence on any d-ary tree as µ increases [HJJ15].

We believe that these ideas are more widely applicable. Aldous and Bandyopadhyay
study RDEs in general in [AB05]. Aother example of analyzing an RDE through an induced
relation of generating functions can be found in [Liu98]. The RDE (2) in this paper is
specific to our setting and much more complicated than the RDEs analyzed in either of
these sources. Still, we think that our argument can be applied to other RDEs, including
ones derived from similar interacting particle systems like activated random walk and the
frog model with death.

For the transience part of Theorem 1, the idea is to dominate the frog model by a
branching process. At the beginning of Section 3, we show in a few lines that a doubling
branching random walk is transient on the 15-ary tree. A simple refinement in Proposition 18
improves this to d ≥ 6. The case d = 5 uses a branching random walk with 27 particle types.
This is significantly more complicated, and computing the transition probabilities requires
computer assistance. Conceptually our approach could extend to a computer-assisted proof
for transience when d = 4, but the demands of this theoretical program seem well beyond
current processing power.

We present two other results besides Theorem 1. The first is a 0-1 law for transience
and recurrence of the frog model on a d-ary tree that applies under more general initial
conditions than one frog per site. For a given distribution ν on the nonnegative integers, we
consider the frog model on a d-ary tree with the number of sleeping frogs on each vertex
other than the root drawn independently from ν. The root initially contains one frog, which
begins its life awake. Recall that when a site is visited for the first time, all sleeping frogs at
that site are awoken. We refer to this as the frog model with i.i.d.-ν initial conditions. When
ν = δ1, this is the usual one-per-site frog model. This theorem complements the 0-1 law for

12



4 CHRISTOPHER HOFFMAN, TOBIAS JOHNSON, AND MATTHEW JUNGE

recurrence proven in [GS09] in a frog model on Z with drift. It also plays an important role
in [HJJ15], where we use it to show that the probability of recurrence for the frog model on
a d-ary tree with i.i.d.-Poi(µ) initial conditions jumps abruptly from 0 to 1 as µ increases.

Theorem 4. The frog model on Td for any d and any i.i.d. initial conditions is recurrent
with probability 0 or 1.

Our final related result is that in contrast to the 0-1 law on Td, there is a graph on which
the frog model is recurrent with probability strictly between 0 and 1.

Theorem 5. Let G be the graph formed by merging the root of T6 and the origin of Z into
one vertex. The frog model on G has probability 0 < p < 1 of being recurrent.

We remark that [Pop01] exhibits a frog model without a 0-1 law on Zd. In their example
the initial distribution of frogs decays in the distance from the origin.

A few of our proofs would be simplified by changing the setting from d-ary to homogeneous
trees. However, we are interested in applying these results to finite trees, and the infinite
d-ary tree is more natural to work with from that perspective. In any event, the techniques
underlying our theorems can all be cleanly modified to prove similar statements about the
homogeneous tree.

2. Recurrence for the binary tree

An outline of our proof is as follows. We start by a defining a process that we call the
self-similar frog model. A consequence of Proposition 7 is that the number of visits to the
root in this model is smaller than in the original one. Thus it suffices to prove the self-similar
frog model recurrent. To do this, we define the random variable V to be the number of
returns to the root and set f(x) = ExV , the generating function of V . The self-similarity of
our model established in Proposition 6 allows us to show in Proposition 9 that the generating
function satisfies the relation f = Af for an explicit operator A. In Lemma 10, we show
that A is monotone on a large class of functions. Combining this with f ≤ 1 on [0, 1], we get

f = Anf ≤ An1,

and in Lemma 14, we prove that this converges to 0 as n→∞. This implies that f ≡ 0 and
V =∞ a.s.

This proof can be interpreted as an argument about stochastic orders. One can define a
stochastic order by saying that if X and Y are nonnegative integer-valued random variables
and EtX ≥ EtY for t ∈ (0, 1), then X is smaller in the probability generating function order
than Y . This order and an equivalent one called the Laplace transform order are discussed
in in [SS07, Section 5.A]. From this perspective, each application of the operator A shows
that the distribution of V is slightly larger in this stochastic order.

2.1. The non-backtracking frog model. We will define the non-backtracking frog model,
in which frogs move as random non-backtracking walks stopped at the root. More formally,
we define the random non-backtracking walk (Xn, n ≥ 0) as a process taking values in Td,
with X0 = x0. On its first step, the walk moves to a uniformly random neighbor of x0.
At every subsequent step, it chooses uniformly from its neighbors other than the one from
which it arrived. Let T = inf{n ≥ 1: Xn = ∅}, taking this to be ∞ if the walk never visits
∅. Define the non-backtracking frog model by changing the frog’s paths in the definition
of the frog model from simple random walks to the stopped non-backtracking walks given
by (Xn∧T , n ≥ 0). Notice that the initial frog is never stopped in this model, and only one
child of the root is ever visited. Call this child ∅′.

13
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∅

∅′
v

v′

Figure 1. Conditional on v being visited, V and Vv′ are identically dis-
tributed in the self-similar model.

2.2. The self-similar frog model. We now make a further alteration to the non-backtracking
frog model. When a frog x in this model is woken, if its first step away from the root takes
it to a vertex that has already been visited by another frog, we stop x after this step. If
multiple frogs visit a vertex for the first time in the same step, we stop all but one of them.
We call the resulting model the self-similar frog model.

Let V = V∅′ be the number of visits to the root in the self-similar frog model. Note that
only frogs initially sleeping in Td(∅′), the subtree rooted at ∅′, have a chance of visiting the
root. Suppose that vertex v is visited by a frog. Conditional on this, let v′ be the child of v
that the waking frog moves to next, and define Vv′ as the number of visits to v from frogs
in Td(v′), the subtree rooted at v′. The following proposition explains how the self-similar
frog model earns its name.

Proposition 6. The distribution of Vv′ conditional on some frog visiting v and moving next
to v′ is equal to the (unconditioned) distribution of V .

Proof. Let x be the frog that wakes vertex v and moves from there to v′. Besides x, all frogs
that start outside of Td(v′) get stopped when they try to enter this subtree. Thus, from
the time that v′ is woken on, if we consider the model restricted to {v} ∪ Td(v′), it looks
identical to the original self-similar frog model (see Figure 1).

To turn this into a precise statement, consider the model from the time x visits v on.
Ignore the frog initially at v. Freeze frogs when they visit v from Td(v′). Since no frogs
ever enter Td(v′), the process depends only on the frogs initially in Td(v′) and the initial
frog x, and relabeling vertices {v} ∪ Td(v′) as {∅} ∪ Td(∅′) in the obvious way produces a
process identically distributed as the original self-similar frog model. Thus V and Vv′ are
functionals of identically distributed processes. �

2.3. Coupling the models. Suppose we wanted to couple a simple and a non-backtracking
random walk starting from a vertex v on the homogeneous tree Thom

d . Almost surely, there is
a unique geodesic from v to infinity that intersects the walk infinitely many times, obtained
by trimming away the backtracking portions from the walk. By symmetry, this geodesic is
a uniformly random non-backtracking walk on Thom

d , coupled so that its path is a subset of
the simple random walk’s path. If we were working on Thom

d and not Td, we could couple
the non-backtracking and usual frog models as desired by coupling each frog in this way. To
address the asymmetry of Td at its root, our coupling of non-backtracking and normal frogs
on Td will involve an intermediate coupling with a random walk on Thom

d .

Proposition 7. There is a coupling of the non-backtracking, the self-similar and the usual
frog models so that the path of every non-backtracking (self-similar) frog path is a subset of
the path of the corresponding frog in the usual model.

14
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V

Vv

Vu∅ u

v
∅′

Figure 2. V is the total number of visits to ∅ in the self-similar process,
Vv and Vu are the number of visits to ∅′ from frogs originally in T2(v) and
T2(u), respectively. In the self-similar model V, Vv, and Vu | {u is visited}
are identically distributed

Proof. First, we couple a non-backtracking walk to a simple random walk not on Td, but on
Thom
d . Let (Yn, n ≥ 0) be a simple random walk on Thom

d starting at x0. This random walk
diverges almost surely to infinity, and there is a unique geodesic from x0 to the path’s limit.
Let (Xn, n ≥ 0) be the path of this geodesic. By the symmetry of Thom

d , the process (Xn) is
a random non-backtracking walk from x0.

Next, we consider Td as a subset of Thom
d and define a new random walk (Zn, n ≥ 0) by

modifying (Yn) as follows. First, delete all excursions of (Yn) away from Td. This might
leave the walk sitting at the root for consecutive steps; if so, we replace all consecutive
occurrences of the root by a single one. This results in either an infinite path on Td or a
finite path on Td truncated at a visit to the root. In the second case, we extend the path by
tacking on an independent simple random walk to its end. It follows from the independence
of excursions in simple random walk that the resulting process (Zn) is a simple random walk
on Td.

Let T be the first time past 0 that (Xn) hits the root, or ∞ if it never does. By our con-
struction, {X0, . . . , XT } ⊆ {Zn, n ≥ 0}. Thus we have coupled the stopped non-backtracking
walks and simple random walks on Td. Coupling each frog in the non-backtracking frog
model to the corresponding frog in the usual model gives the desired coupling between the
non-backtracking and usual frog models. As the self-similar model is obtained by stopping
frogs in the non-backtracking model, we obtain a coupling for it as well. �

2.4. Generating function recursion. We now apply the self-similarity described in Propo-
sition 6 to obtain a relation satisfied by the generating function for the number of visits to
the root in the self-similar model.

Definition 8. Let V be the number of visits to the root in the self-similar frog model on
T2. Define f : [0, 1] → [0, 1] by f(x) = ExV with the convention that if V = ∞ a.s. then
f(1) = 0.

Proposition 9. Define A, an operator on functions on [0, 1], by

Ag(x) =
x+ 2

3
g
(x+ 1

2

)2

+
x+ 1

3
g
(x

2

)(
1− g

(x+ 1

2

))
.(1)

The generating function f satisfies f = Af .

Proof. If P[V =∞] = 1 then f ≡ 0. This is easily checked to be a fixed point of A. So, for
the remainder of the argument suppose that P[V =∞] < 1.
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Event A

∅ u

v
∅′

Event B

∅ u

v
∅′

Event C

∅ u

v
∅′

Figure 3. Outcomes that would result in events A, B and C, respectively.
The path of the frog at ∅′ is red and the path of a frog from the subtree
T(v) is blue.

The frog at the root in the self-similar model follows a non-backtracking path and visits one
of its children and then one of this child’s children; call these vertices ∅′ and v, respectively.
We label the yet to be visited child u (see Figure 2). Define Vv and Vu to be the number of
frogs which visit ∅′ that were originally sleeping in T2(v) and T2(u), respectively.

Proposition 6 guarantees that, since v has been visited, the random variable Vv is dis-
tributed identically to V . Conditionally on u being visited, the random variable Vu is also
distributed identically to V . In fact, because frogs outside of T2(u) affect T2(u) only by
determining whether or not u is visited, we can express Vu as Vu = 1{u is visited}V ′, where
V ′ is distributed as V and is independent of Vv. This yields a description of V in terms of a
pair of independent copies of itself:

V = 1{frog at ∅′ visits ∅}︸ ︷︷ ︸
term 1

+ 1{u is visited}Bin(V ′, 1
2 )︸ ︷︷ ︸

term 2

+ Bin(Vv,
1
2 )︸ ︷︷ ︸

term 3

.(2)

Term 1 accounts for a possible visit to ∅ by the frog started at ∅′. The conditional binomial
distributions in terms 2 and 3 arise because each frog that visits ∅′ from u or v has a 1

2
chance of jumping back to ∅.

Despite the independence between Vv and V ′, the three terms are dependent. For example,
if term 1 is zero, then term 2 is more likely to be nonzero, since the frog at ∅′ not visiting
∅ makes it more likely to visit u. We unearth the pairwise independence of Vv and V ′ from
(2) by conditioning on the following three disjoint events (see Figure 3):

A. the frog starting at ∅′ visits u;
B. the frog at ∅′ does not visit u, and a frog returns to ∅′ through v and visits u;
C. no frog ever visits u.

Event A occurs with probability 1/3. Given that k frogs return to ∅′ through v, the
probability of C is (2/3)2−k. Since the number of frogs returning to ∅′ through v is

distributed identically to V , the probability of C is 2
3E
(

1
2

)V
, which we call 2q/3. The

probability of event B is 2(1 − q)/3. Note that under our assumption P[V = ∞] < 1 it
follows that 0 < q < 1.

Conditional on event A, B, or C, the terms in (2) are independent. Indeed, conditioning
on whether u is visited makes terms 2 and 3 independent, and conditioning further on
whether the frog at ∅′ visits u then makes term 1 independent of the other two. Now, we
describe the distributions of each term in (2) conditional on events A, B, and C. For a

given random variable X, we use Bin(X, p) to denote the random variable
∑X
i=1Bi, where

{Bi}i∈N are distributed as Bernoulli(p), independent of each other and of X.
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• Conditional on A, term 1 is 0 and terms 2 and 3 are distributed as independent
Bin(V, 1/2).

• Conditional on B, term 1 is Bernoulli(1/2), term 2 is Bin(V, 1/2), and term 3 is
Bin(V, 1/2) conditional on being strictly less than V (since at least one frog will visit
u and not move to ∅).

• Conditional on C, term 1 is Bernoulli(1/2), term 2 is 0, and term 3 is Bin(V, 1/2)
conditional on being equal to V (since every frog counted by Vv will return to ∅).

To summarize, let X ′ and X be distributed as Bin(V, 1/2). Let Y be distributed as
Bin(V, 1/2) conditional on Bin(V, 1/2) < V . Let Z be distributed as Bin(V, 1/2) condi-
tional on Bin(V, 1/2) = V . Let I ∼ Bernoulli(1/2). Take all of these to be independent.
Conditioning on events A, B, and C, equation (2) yields

V
d
=





X ′ +X with probability 1/3,

I +X ′ + Y with probability 2(1− q)/3,

I + Z with probability 2q/3.

(3)

From this description of the distribution of V ,

ExV =
1

3
ExX

′+X +
2(1− q)

3
ExI+X

′+Y +
2q

3
ExI+Z

=
1

3
ExX

′
ExX +

2(1− q)
3

ExIExX
′
ExY +

2q

3
ExIExZ .(4)

Recall that a Bernoulli(p) random variable has generating function px+ 1− p and that a

random sum of i.i.d. random variables,
∑N

1 Xi, has generating function gN (gX1
(x)), where

gN and gX1
are the generating functions of N and X1. From these facts,

ExI =
x+ 1

2
,

ExX
′

= ExX = f

(
x+ 1

2

)
.

The generating functions ExY and ExZ are a bit more complicated. The random variable
Y is distributed as X conditional on X < V . Using the basic formula for conditional
probability,

P[Y = k] = P[X = k | X < V ] =
P[X = k and X < V ]

P[X < V ]

=
P[X = k]−P[X = V = k]

1− q

=
P[X = k]− 2−kP[V = k]

1− q .

Thus, the probability generating function of Y is

ExY =
1

1− q
∞∑

k=0

xk
(
P[X = k]− 2−kP[v = k]

)

=
1

1− qE
[
xX −

(x
2

)V ]
(5)

=
1

1− q

(
f
(x+ 1

2

)
− f

(x
2

))
.

17
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In (5) we are making use of the general fact that
∑

(an− bn) =
∑
an−

∑
bn so long as each

sum is finite. Similarly,

P[Z = k] = P[X = k | X = V ] =
2−kP[V = k]

q
,

and so

ExZ =
1

q

∞∑

k=0

xk2−kP[V = k] =
1

q
f
(x

2

)
.

Using all of these generating functions and (4)

f(x) =
1

3
ExX

′
ExX +

2(1− q)
3

ExIExX
′
ExY +

2q

3
ExIExZ

=
1

3
f
(x+ 1

2

)2

+
2(1− q)

3

(
x+ 1

2
f
(x+ 1

2

) 1

1− q
(
f
(x+ 1

2

)
− f

(x
2

)))

+
2q

3

(
x+ 1

2q
f
(x

2

))

=
x+ 2

3
f
(x+ 1

2

)2

− x+ 1

3
f
(x+ 1

2

)
f
(x

2

)
+
x+ 1

3
f
(x

2

)
= Af(x),

which establishes our claim. �

2.5. Proving recurrence. We have reduced the problem to understanding the properties
of the operator A defined in (1). In Lemma 10, we prove that A is monotonic for functions
belonging to the set S = {g : [0, 1] → [0, 1], nondecreasing}. In Lemma 11, we show that
A maps S into itself, so that we can apply Lemma 10 after applying A iteratively. Finally,
we show in Lemmas 12 and 14 that An1 → 0. Starting at the conclusion of Proposition 9
(that the generating function f is a fixed point of A), we will then apply these results to
show that f ≡ 0, thus proving that the number of visits to the root in the self-similar frog
model is a.s. infinite.

Lemma 10. Let g, h ∈ S . If g ≤ h, then Ag ≤ Ah.

Proof. For 0 ≤ t ≤ 1 define the interpolation between g and h by

it(x) = (1− t) · g(x) + t · h(x).

Since Ai0 = Ag and Ai1 = Ah it suffices to prove that d
dtAit(x) ≥ 0. Fix x and set

a = it
(
x+1

2

)
and b = it

(
x
2

)
so that

Ait(x) =
2 + x

3
a2 +

1 + x

3
b(1− a).

Define s(a, b) = Ait(x). The chain rule implies

d

dt
Ait(x) =

∂

∂a
s(a, b)

da

dt
+

∂

∂b
s(a, b)

db

dt
.

To prove d
dtAit ≥ 0 it suffices to prove each term in the above formula is nonnegative.

• The assumption that g ≤ h implies that d
dt it(x) = h(x) − g(x) ≥ 0 for all t and x.

In particular, this implies da
dt ,

db
dt ≥ 0.
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• First we compute the partials

∂

∂a
s(a, b) = 2a

2 + x

3
− b1 + x

3
and

∂

∂b
s(a, b) = (1− a)

1 + x

3
.

As g and h are nondecreasing, it is also nondecreasing in x for any fixed t. Hence
b ≤ a. Along with the bound a ≤ 1 this immediately implies both partials are
positive. �

Lemma 11. If g ∈ S , then Ag ∈ S .

Proof. All summands in (1) are nonnegative when g(x) ≤ 1, which implies that Ag ≥ 0. By
the previous lemma, Ag ≤ A1 ≤ 1. We can conclude then that 0 ≤ Ag ≤ 1. To see that Ag
is nondecreasing, suppose that x ≤ y, and let a = g

(
y+1

2

)
− g
(
x+1

2

)
. Then we have

Ag(y) ≥ x+ 2

3
g
(x+ 1

2

)
g
(y + 1

2

)
+
x+ 1

3
g
(x

2

)(
1− g

(y + 1

2

))

= Ag(x) +

(
x+ 2

3
g
(x+ 1

2

)
− x+ 1

3
g
(x

2

))
a ≥ Ag(x). �

We now analyze the behavior of A on the family of generating functions for Poisson
random variables. Recall that the generating function of Poi(a) is ea(x−1).

Lemma 12. Define ga(x) = ea(x−1) for all a ≥ 0. For all x ∈ [0, 1],

Aga(x) ≤ ga+ca(x),

where

ca =

{
1
3e
−2 0 ≤ a ≤ 4,

1
3e
−a/2 a ≥ 4.

(6)

Proof. Applying the operator A, we have

Aga(x) =
x+ 2

3
ea(x−1) +

x+ 1

3
eax/2−a

(
1− ea(x−1)/2

)

= ga(x)ra/2(x),

(7)

where

rb(x) =
2 + x

3
+

1 + x

3

(
e−bx − e−b

)
.

Note that ga(x)gb(x) = ga+b(x). It thus suffices to establish

Claim. For x ∈ [0, 1], we have rb(x) ≤ gc2b(x).

Proof of claim. We drop subscripts and let r(x) = rb(x) and c = c2b. Calculus and a little
algebra show that

r′(x) =
1

3

(
1− e−b + e−bx(−bx− b+ 1)

)

and

r′′(x) =
1

3
e−bx

(
b2(x+ 1)− 2b

)
.

We break the proof up into cases.
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0 1

1

I

r(I)− r′(I)I

r(I)

y = r(x)

x

y

Figure 4. Above the graph of y = r(x) sits the secant line from (I, r(I))
to (1, 1) and the tangent line to r(x) at x = I, both depicted in blue. Above
them in red is the line y = 1 + (1− r(I) + Ir′(I))(x− 1).

• If b ≤ 1 then r(x) is concave down on [0, 1] and the graph of r(x) lies below its
tangent line at x = 1. Thus

r(x) ≤ 1 + r′(1)(x− 1) = 1 +
1

3

[
1− 2be−b

]
(x− 1)

≤ exp

[
1

3

(
1− 2be−b

)
(x− 1)

]
.

It is easily verified that 1
3

(
1 − 2be−b

)
≥ 1

3

(
1 − 2e−1

)
≥ e−2/3 for b ≤ 1 and hence

that r(x) ≤ gc(x).
• If b ≥ 2 then r(x) is concave up on [0, 1] and the graph of r(x) lies below the secant

line between (0, r(0)) and (1, r(1)). Thus as r(1) = 1 we have

r(x) ≤ 1 + (1− r(0))(x− 1) = 1 +
1

3
e−b(x− 1)

≤ exp

[
1

3
e−b(x− 1)

]
= gc(x).

• If 1 < b < 2 then there is a unique inflection point at I = 2
b − 1 where r switches

from concave down to concave up. Since r is concave up on [I, 1], the graph of r
lies below the line connecting (1, 1) to (I, r(I)). Since r is concave down on [0, I],
to the left of I the graph of r lies below its tangent line at (I, r(I)). Thus the line
segment from (I, r(I)) to (0, r(I)− r′(I)I) lies above r, as in Figure 4. Therefore r
lies below the line between (1,1) and (0, r(I)− r′(I)I), and

r(x) ≤ 1 + (1− r(I) + Ir′(I))(x− 1).(8)
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Next, we evaluate

1− r(I) + Ir′(I) = 1− 1

3

(
2 +

(4

b
− 1
)
eb−2 − e−b

)
(9)

and try to bound this expression from below for b ∈ (1, 2). We proceed as calculus
students, looking for critical points in this interval. The derivative with respect to b
is

−1

3

((4

b
− 1− 4

b2

)
eb−2 + e−b

)
,

and a bit of algebra shows that the zeros of this expression are the solutions to

e2(b−1)

(
2− b
b

)2

= 1.

Taking logarithms, we are interested in solutions to

b− 1 + log(2− b)− log b = 0.

on (1, 2). On this interval we can replace the logarithms with their power series
expansions around 1 to rewrite the left-hand side as

b− 1 + 2

(
(b− 1)2

2
+

(b− 1)4

4
+

(b− 1)6

6
+ · · ·

)
,

which is strictly positive for b ∈ (1, 2). Thus (9) has no critical values on (1, 2), and
its minimum on [1, 2] is e−2/3, occurring at b = 2. Applying this to (8), we have
shown that

r(x) ≤ 1 +
1

3
e−2(x− 1) ≤ exp

[
1

3
e−2(x− 1)

]
= gc(x).

This concludes the proof of both the claim and the lemma. �

Remark 13. Though the preceding lemma was an exercise in calculus, it has a probabilistic
intepretation. If we think of A as acting directly on distributions instead of on their
generating functions, this lemma shows that the result of applying A to Poi(a) is larger than
Poi(a+ca) in the probability generating function stochastic order described at the beginning
of Section 2. The reason that Aga simplifies so nicely in (7) is the Poisson thinning property,
and the fact that ga(x)gb(x) = ga+b(x) is just the statement that the sum of independent
Poissons is Poisson. There is a temptation to interpret Aga(x) = ga(x)ra/2(x) as saying that
the distribution resulting from applying A to Poi(a) is a convolution of Poi(a) and another
distribution, but ra/2(x) is not monotone in x and hence not the generating function of a
probability distribution.

Lemma 14. For x ∈ [0, 1),

lim
n→∞

Ang0(x) = 0.

Proof. Define the sequence an by a0 = 0 and an+1 = an + can . By Lemmas 10, 11, and 12,

Ang0(x) ≤ gan(x) = ean(x−1).

We need to show that an →∞ as n→∞. Suppose this does not hold. Since the sequence is
increasing, an → a for some constant a. Looking back at (6), this implies that can converges
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to a strictly positive limit. We can then choose n sufficiently large that an + can > a, a
contradiction. �

Proof of Theorem 1 (i). Let f be the generating function f(x) = ExV with V the number
of visits to the root in the self-similar model frog model on the binary tree. By Proposition 9
we know that f satisfies the recursion relation Af = f . Since f is a probability generating
function, it satisfies f(x) ≤ 1 = g0(x) for x ∈ [0, 1]. Proposition 9 and Lemmas 10 and 11
imply f(x) ≤ Ang0(x) for all n. By Lemma 14, f is identically zero on [0, 1). Thus
the probability of any finite number of returns to the root is 0. This implies there are a.s.
infinitely many returns to the root in the self-similar model. By the coupling in Proposition 7
each return in the self-similar model corresponds to a distinct return in the frog model. So,
the frog model on the binary tree is a.s. recurrent. �

3. Transience for d ≥ 5

The non-backtracking model was useful in the previous section because it was dominated
by the usual frog model but was still recurrent. To prove transience we instead seek processes
that dominate the frog model and can be proven transient. For example, consider a branching
random walk on Td whose particles split in two at every step. Using a union bound and
asymptotics for the number of Dyck paths, one can show that the probability that any of the
22n particles at time 2n are at the root is O(n−3/2) when d ≥ 15, and hence the branching
random walk visits the root finitely many times. As this walk can be naturally coupled to
the frog model so that every awake frog has a corresponding particle, this proves that the
frog model is transient for d ≥ 15.

In this section, we will present a series of refinements to this argument to ultimately prove
Theorem 1 (ii). In Proposition 18, we use a branching random walk on the integers and
martingale techniques to prove transience for d ≥ 6. We use this argument as a base for
our proofs of Proposition 19, transience on the deterministic tree which alternates between
five and six children, and Theorem 1 (ii), transience for d ≥ 5. Both proofs use a multitype
branching random walk. We included Proposition 19 because its calculations can easily
be done by hand. In Theorem 1 (ii), on the other hand, we use a branching random walk
with 27 types. The necessary calculations are intractable by hand, but they take only a
few seconds on a computer. To get started we first address some difficulties that arise from
reflection at the root. In doing so we also prove the 0-1 law described in Theorem 4.

3.1. Couplings and 0-1 law. We will need to consider the frog model on several modifi-
cations of a rooted tree. We can handle these special cases all at once by working in a more
general setting. Let Λ be any infinite rooted graph and H any graph. Enumerate finitely
or countably many copies of Λ by Λ(i), and form a graph G by adding an edge from the
root of each Λ(i) into H. Our next lemma shows that regardless of the number of sleeping
frogs placed on H, a frog model is less transient on G than on Λ. Our motivation is the case
when Λ = Td, as in Corollaries 16 and 17.

Lemma 15. We consider two frog models. The first is on Λ with i.i.d.-ν initial conditions,
for any measure ν on the nonnegative integers. The second is on G with the following initial
conditions: one initially active frog at the root of Λ(1); i.i.d.-ν sleeping frogs at all other
vertices of

⋃
i Λ(i); and any configuration of sleeping frogs in H. Assume H is such that a

random walk on G a.s. escapes H.
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Graph Λ.
Graph G, with subgraphs H,
Λ(1), and Λ(2) indicated.

Λ(1)

Λ(2)

H

Figure 5. The paths of frog x in Λ and frog x′ in G. Frog x follows the
blue steps of x and ignores the red steps.

Let VG be the number of times the root of any Λ(i) is visited in the frog model on G, not
counting steps from H to a root. Let VΛ be the the number of times the root is visited in the
frog model on Λ. Then the two frog models can be coupled so that VG ≥ VΛ.

Proof. Have the frog x, awake at the root ∅ ∈ Λ, mime the frog x′ that starts at the root
of Λ(1). As depicted in Figure 5, whenever x′ enters H the frog x pauses at ∅; when x′

re-enters any Λ(i), the frog x begins following x′ again.
When x visits a vertex that has yet to be visited, so will x′. Couple the number of sleeping

frogs at the vertices occupied by x and x′, and couple the newly awoken frogs to each other
as with x and x′. In this way, x and all descendants on Λ perform simple random walks
coupled to a frog on some Λ(i). Thus, every visit to the root in Λ corresponds to a visit to
level 0 in G, showing that VG ≥ VΛ under this coupling. �

We give two corollaries. The first will help us prove our transience results, and the second
will help us prove a 0-1 law for transience and recurrence.

Corollary 16. Consider the frog model on the (d+ 1)-homogeneous tree Thom
d starting with

a single active frog at the root, and with no sleeping frog at direct ancestors of the root. If
level 0 is almost surely visited finitely many times in this model, then the frog model on Td
is almost surely transient.

Proof. Let G = Thom
d , thinking of it as countably many copies of Td each joined at its root

to a leaf of the infinite graph consisting of all the negative levels of G. The statement then
follows immediately from Lemma 15. �

Corollary 17. Run the frog model on Td, starting with an active frog not at the root but at
level k. Assume that there are no sleeping frogs at levels 0, . . . , k−1 and i.i.d.-ν sleeping frogs
at level k and beyond, with the exception of the location of the initial frog. The probability
that the root is visited infinitely often in this model is at least the probability that the root is
visited infinitely often in the usual frog model on Td with i.i.d.-ν initial conditions.
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Proof. To set up our alternate frog model, let G = Td, thinking of it as dk copies of Td
joined by a graph consisting of levels 0 to k−1 of the original graph. Let p be the probability
that the root is visited infinitely often in the usual frog model. Let Y be the number of
visits from level k + 1 to k in the alternate model. It follows immediately from Lemma 15
that P[Y =∞] ≥ p.

Let X be the number of visits to the root. We would like to show that

P[Y =∞, X <∞] = 0,(10)

thus proving that P[X =∞] ≥ p. Call it a dash if a frog moves from level k+1 to a vertex v
at level k, walks directly to the root, and then walks directly back to v. Let X ′ be the total
number of dashes that occur. Conditional on a frog stepping from level k + 1 to k, it makes
a dash independently of all other frogs, since the model has no sleeping frogs at levels 0
to k − 1. Whether or not it makes a dash is also independent of its own future number of
visits from level k + 1 to k and of dashes. Thus, at every visit from level k + 1 to k, there is
an independent 1/d(d+ 1)2k−1 chance of a dash, showing that

P[Y =∞, X ′ <∞] = 0.

Since X ′ < X, this shows (10) and completes the proof. �

We are now ready to prove the 0-1 law.

Proof of Theorem 4. Suppose the probability that the root is visited infinitely often in the
frog model on Td with i.i.d.-ν initial conditions is p > 0. We wish to show that p = 1. The
idea of the proof is to turn this statement into a more finite event, and then show that there
are infinitely many independent opportunities for this event to occur. To this end, fix a
constant N . We will show that at least N frogs visit the root with probability 1.

Claim. For any k and N , there is a constant K = K(k,N) such that the following statement
holds. Consider the frog model on Td starting with a frog at level k, with i.i.d.-ν sleeping
frogs at levels k, k+ 1, . . . ,K − 1 with the exception of the vertex of the initial frog, and with
no sleeping frogs outside of this range. With probability at least p/2, this process makes at
least N visits to the root.

Proof. Consider the frog process with no sleeping frogs below level k, as in Corollary 17.
Let EK be the event that there are at least N visits to the root by frogs that are woken
without the help of any frogs at level K or beyond. As K → ∞, the event EK converges
upward to the event that there are at least N visits to the root by any active frog, which
occurs with at least probability p by Corollary 17. Thus, for sufficiently large K, we have
P[EK ] ≥ p/2. �

Now, we can find infinitely many independent events with probability p/2, each implyingN
visits to the root. Let k0, k

′
0 = 0, and inductively choose ki, k

′
i as follows. Let k′i = K(ki−1, N)

from the claim. Let ki be the level of the first frog that wakes up at level k′i or beyond
(assuming that ν is not a point mass at 0, there will be such a frog). Now, imagine a frog
process starting with this frog, with no sleeping frogs below level ki or at level ki+1 or
beyond. These processes can all be embedded into the original frog process on Td, and each
one independently has a p/2 chance of visiting the root at least N times, by the claim. Thus,
the root is visited at least N times almost surely, for arbitrary N . �
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16 CHRISTOPHER HOFFMAN, TOBIAS JOHNSON, AND MATTHEW JUNGE

3.2. Proving transience. Consider the branching random walk where each particle gives
birth at each step either to one child to its left or to two children to its right. Formally, we
define this as a sequence of point processes. Start with ξ0 as a single particle at 0. With
probability 1/(d+1), the point process ξ1 consists of a single particle at −1; with probability
d/(d+ 1), it consists of two particles at 1. After this, each particle in ξn produces children
in ξn+1 in the same way relative to its position, independently of all other particles. We
will use this branching random walk to prove the frog model transient for d ≥ 6 and closely
related processes to extend this down to d = 5.

Proposition 18. For d ≥ 6, the frog model on Td is almost surely transient.

Proof. Consider the frog model on Thom
d , starting with no sleeping frogs at direct ancestors

of the root, as in Corollary 16. When a frog jumps backward in this process, it never
spawns a new frog, and when it moves forward, it sometimes does. Thus, the projection
of this frog model onto the integers can be coupled with (ξn, n ≥ 0) so that every frog has
a corresponding particle. By Corollary 16, proving that ξn visits 0 finitely many times a.s.
proves that the frog model on Td is transient a.s.

To determine the behavior of ξn, we define a weight function w on point process configu-
rations. We refer to the position of a particle i in a point process configuration by P (i) and
define

w(ξ) =
∑

i∈ξ
e−θP (i),(11)

with θ to be chosen later. Letting µ = Ew(ξ1) we have

E[w(ξn+1) | ξn] = µw(ξn),

and so the sequence w(ξn)/µn is a martingale. As it is positive, it converges almost surely.
When µ < 1 this means w(ξn) → 0. If a particle in ξn occupies the origin then w(ξn) ≥ 1,
and so infinitely many visits to the origin prevents w(ξn) from converging. Hence, µ < 1
implies the a.s. transience of ξn. (In fact, this holds when µ = 1 as well, though we will not
need this.) It then suffices to show that there exists θ making µ < 1. We compute

µ = 1
d+1e

θ + 2 d
d+1e

−θ.

This is minimized by setting θ = log(2d)/2, which makes µ = 2
√

2d/(d+ 1). A bit of algebra

shows that µ < 1 when d > 3 + 2
√

2 ≈ 5.83. �

By using a multitype branching process, we can extend this proof to show transience for
T5. Before we do so, we will show how it works in a setting where humans can do the math
without much assistance.

Proposition 19. Let T5,6 be the tree whose levels alternate between vertices with 5 children
and vertices with 6 children, starting with the root having either 5 or 6 children. The frog
model on this tree is transient a.s.

Proof. Let Thom
5,6 be the five-six children alternating homogeneous tree which contains T5,6

and place a sleeping frog at each vertex except for direct ancestors of the root of T5,6.
Lemma 15 implies that it suffices to prove transience of this frog model on Thom

5,6 .
First note that a frog at a vertex with five children has different probabilities of mov-

ing forwards or backwards than a frog at a vertex with six children. By design the tree
deterministically alternates, so a frog also alternates between each state.
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Figure 6. A depiction of the six particle types from the proof of Proposi-
tion 19. Each asterisk is a frog represented by the particle. The symbol �
signifies a vertex with a sleeping frog, and the symbol � represents a vertex
with no sleeping frog.

When a frog moves backwards there is chance it immediately jumps forward to the same
vertex, which will never spawn a new frog. Similarly, when two frogs occupy the same site
there is a chance both jump forward to the same vertex, spawning at most one frog, not
two. The idea is to introduce additional particle types that act like frogs in these more
advantageous states.

Consider a multitype branching random walk on Z with six particle types, F5, D5, B5,
F6, D6, and B6. The subscript accounts for whether a frog is at a vertex with 5 or 6 children.
B particles represent frogs that have just stepped backward. D particles represent two frogs
at once, the waker and wakee at a vertex where a frog has just woken up. Last, F particles
represent single frogs with sleeping frogs present at all children. A visual depiction of these
particle types is provided in Figure 6, and the distribution of children for each particle type
is defined in Figure 7.

Let ζn be the branching random walk in which particles reproduce independently with
the given child distributions. These distributions are chosen to match how the projections
of frogs on the integers behave. Ignoring for a moment whether a frog is at a site with
five or six children, when a frog jumps back it becomes of type B and when a new frog
wakes it and its waker consolidate into a type D particle. Any extra frogs become a type
F particle. These particles then reproduce independently on a “fresh” tree configured so
that the particles always generate at least as many frogs as the projection of the actual frog
model. For this reason we can couple the integer projection of the frog model on Thom

5,6 with
ζn so that the particles representing awake frogs are a subset of ζn. It therefore suffices to
prove that ζn is transient.

To analyze ζn, we use a generalization of the martingale from Proposition 18 to the
multitype setting, introduced in [Big76]. Let ζn =

∑
i ζ
i
n, where i ranges over the six particle

types and ζin denotes the restriction of ζn to particles of type i. Recalling the weight function
w given by (11), we define a matrix Φ(θ) by

Φij(θ) = Ei

[
w
(
ζj1
)]
.
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Figure 7. The distribution of children for each particle type in the proof of Proposition 19.

Here, we use Ei to denote expectation when ζ0 is a single particle at the origin of type i.
Let wn denote a row vector whose ith entry is w

(
ζin
)
. Then

E[wn+1 | ζn] = wnΦ(θ).(12)

Thus, for any eigenvalue λ and associated right eigenvector v of Φ(θ),

E[wn+1v | ζn] = wnΦ(θ)v = λwnv,

and so wnv/λ
n is a martingale.

Since Φ(θ) is a nonnegative irreducible matrix, there is a positive eigenvalue φ(θ) equal to
the spectral radius of Φ(θ) by the Perron–Frobenius theorem. The eigenvector v(θ) associated
with φ(θ) has strictly positive entries. We then have a positive martingale wnv(θ)/φ(θ)n.
If φ(θ) < 1, then it follows as in Proposition 18 that the branching random walk visits 0
finitely often, thus proving that the frog model is almost surely transient.

All that remains is to find some value of θ such that φ(θ) < 1. Ordering the rows and

columns F5, D5, B5, F6, D6, B6 and reading off Ei

[
w(ζji )

]
from Figure 7,

Φ(θ) =




0 0 0 0 5
6e
−θ 1

6e
θ

0 0 0 5
36e
−θ 1

36e
θ + 55

36e
−θ 5

18e
θ

0 0 0 1
6e
−θ 2

3e
−θ 1

6e
θ

0 6
7e
−θ 1

7e
θ 0 0 0

6
49e
−θ 1

49e
θ + 78

49e
−θ 12

49e
θ 0 0 0

1
7e
−θ 5

7e
−θ 1

7e
θ 0 0 0




.
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Computing the eigenvalues of this matrix numerically, one can confirm that there exists θ
with φ(θ) < 1; for example, φ(log 3) ≈ 0.9937. To be completely certain that this is not an
artifact of rounding, we will justify that φ(log 3) < 1 without using floating-point arithmetic.
Observe that Φ(log 3) has rational entries. Using the computer algebra system SAGE, we
calculated (Φ(log 3))66 using exact arithmetic, and we found that its largest row sum was
less than 1. (The only significance of the 66th power is that it is the lowest one for which this
is true.) This implies that all eigenvalues of (Φ(log 3))66 are less than 1, which implies that
all eigenvalues of Φ(log 3) are less than 1 as well. The source code accompanying this paper
includes this matrix and has instructions so that readers can easily check these claims. �

Remark 20. We chose to include this proof to illustrate the technique we use to prove
Theorem 1 (ii). Furthermore, this provides an example of proving the frog model is transient
on an interpolation between different degree trees. This is relevant because the sharpest proof
of Conjecture 2 would find exactly where the phase transition occurs between recurrence
and transience on Td, perhaps between d = 3 and d = 4. Last, a natural generalization is a
frog model on Galton-Watson trees. Our argument depends on the deterministic structure
of T5,6 and we do not see an obvious way to generalize it.

Having proven transience for the frog model on Td with d ≥ 6 and on T5,6, we present
our final refinement to prove the T5 case. The proof is essentially the same as the previous
one, but with more particle types and a more difficult calculation.

Proof of Theorem 1 (ii). We define a particle type P (a, b, c), for a ≥ 1 and b, c ≥ 0. A
particle of type P (a, b, c) represents a frogs on one vertex. There are no sleeping frogs on at
least b of the vertex’s children and on at least c of the vertex’s siblings. In this scheme, the
F types from the previous proof would translate to P (1, 0, 0), the D types would translate
to P (2, 0, 0), and the B types would translate to P (1, 1, 0).

We use 27 of these particles, P (a, b, c) with 1 ≤ a ≤ 3 and 0 ≤ b, c ≤ 2. For particle type
P (a, b, c), consider the frog model on the homogeneous tree, starting with a frogs at the
root. As usual, remove the sleeping frogs from direct ancestors of the root. Also remove
the sleeping frogs from b children of the root and from c siblings. From each of these 27
initial states, we compute all possible states to which the frog model could transition in two
steps, along with the exact probabilities of doing so. We then represent each of these final
states as a collection of particles of the 27 types, at levels −2, 0, and 2 on the tree. In this
way, we determine child distributions for each particle type, as in Figure 7. There is a slight
ambiguity in how to do this, as a state of frogs can be represented in more than one way
by these particle types. For example, four frogs on one vertex with one sibling vertex with
no sleeping frog could be represented as two particles of type P (2, 0, 1), or as one of type
P (3, 0, 1) and one of type P (1, 0, 1). We always chose particles greedily, opting for as many
3-frog particles as possible. Whatever choice we make here, our branching random walk will
still dominate the frog model, since when we assign new particles we “reset” the tree below
them so the particles wake at least as many frogs as their counterpart in the frog model.

As in Proposition 19, it suffices to compute the matrix Φ(θ) and show that for some choice
of θ, its highest eigenvalue is less than one. Our attached source code computes Φ(θ) exactly.
We include additional documentation there explaining how we performed this calculation
and describing the steps we took to make sure it was trustworthy. To avoid rounding issues,
we proceeded as with Proposition 19. We exactly computed (Φ(log 3))1024 by succesively
squaring the matrix ten times, and we then checked that all of its row sums were less than 1.
(There is no significance to the value log 3; it just happens to work.) Thus, all eigenvalues
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of (Φ(log 3))1024 are less than 1, implying that all eigenvalues of Φ(log 3) are less than 1 as
well. �

4. A frog model without a 0-1 law

We obtain a graph on which the frog model does not satisfy a 0-1 law by combining the
transient graph T6 with the recurrent graph Z and proving that there is a positive probability
that the frogs in each do not interact much.

To this end, we first prove two lemmas. The first shows there is a positive probability
that the rightmost frog on the Z part of the combined graph escapes to ∞ while avoiding
0. This is necessary to rule out the possibility that too many frogs from Z get lost forever
in T6. The second lemma proves there is a positive probability a frog model on T6 never
returns to the origin, thus establishing a chance that the frog model on G gets lost in the
transience of T6.

Lemma 21. Consider the frog model on G, the graph formed by merging the root of T6 and
the origin of Z. With positive probability, the frogs starting at 1, 2, . . . in Z all wake up.

Proof. Let

δn =
1

8

n−1∏

k=1

(
1− 1

(k + 1)2

)
,

taking δ1 = 1/8. We will show by induction that the frogs at 1, . . . , n wake up with
probability at least δn. When n = 1, this holds because the initial frog moves right on its
first step with probability 1/8. Now, assume the statement for n. Condition on the frogs at
1, . . . , n being woken. From the time when the frog at n is woken on, the two frogs there are
independent random walkers, and at least one of them reaches n+1 before 0 with probability
1−1/(n+1)2 by a standard martingale argument. Thus frog n+1 is woken with probability
at least δn

(
1− 1/(n+ 1)2

)
= δn+1, completing the induction.

Taking a limit of increasing events, the probability of the frogs at 1, 2, . . . all waking is at
least limn→∞ δn > 0. �

Lemma 22. Let p′ be the probability that the root is never visited past the initial frog’s first
move in the frog model on T6. It holds that p′ > 0.

Proof. As in Proposition 18, consider the frog model on Thom
6 , starting with no sleeping

frogs at direct ancestors of the root. By Lemma 15, following the reasoning of Corollary 16,
there is a coupling so that the number of visits to level 0 in the frog model on Thom

6 is at
least the number of visits to the root in the frog model on T6.

Now, recall from Proposition 18 the point process ξ, a branching random walk on Z in
which particles split whenever they move in the positive direction. This process dominates
the projection of the frog model on Thom

6 onto the integers. Putting this all together, it
suffices to show that with positive probability, ξn avoids 0 for all n ≥ 1.

Suppose not, so ξ a.s. revisits 0. Since particles in ξ reproduce independently, this implies
that ξ returns to the origin infinitely often. This is a contradiction, as we showed the
opposite in proving Proposition 18. �

Proof of Theorem 5. In two steps, we bound the probability p of recurrence on G = (Z ∪
T6)/{0 ∼ ∅}:
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(p > 0): The probability is 0 that any frog starting in Z wakes but fails to visit 0,
by the recurrence of simple random walk on Z. All frogs at 1, 2, . . . wake up with
positive probability by Lemma 21, and on this event they therefore all visit 0.

(p < 1): With probability 6/8 the first jump of the frog at 0 ∈ G will be into T6.
Conditional on this, Lemma 22 guarantees a frog model in this configuration will
never again visit the origin with probability p′ > 0. Therefore, 1− p ≥ 6

8p
′. �

5. Conjectures

Simulations suggest that for d = 3 the frog model on Td is recurrent a.s., while for d = 4
the model is transient a.s. Our approach was to consider the frog model with the addition of
stunning fences at each depth. When a frog jumps on a fence for the first time, it is stunned
and stops moving. When all frogs are stunned at depth k, the fence turns off, and frogs
resume their motion until they reach depth k + 1 and are stunned again. Let Ad,k be the
number of stunned frogs that pile up on the fence at depth k before it turns off. We then
examined the growth of Ad,k in k for different choices of d. (The more obvious approach of
directly simulating the frog model and counting visits to the root does not yield any obvious
conclusions, as the rapid growth of the frog model makes it impossible to simulate very far.)

Martingale techniques tell us that the probability a frog at distance k from the root
reaches the root before visiting depth k+ 1 is greater than cd−k for some c > 0 independent
of k. It follows that

E[visits to root between kth and (k + 1)th stunnings] ≥ cd−kE[Ad,k].

So, if
∑∞
k=1 d

−kE[Ad,k] = ∞, then the expected number of visits to the root is infinite,
which strongly suggests the model is recurrent.

This occurs if kd−kE[Ad,k] is bounded from below. The data in Figure 8 summarizes the
behavior of kd−kE[Ad,k] to the maximum k we could easily simulate, k = 18. For d = 4,
the slow growth of Ad,k makes us suspect that the model is transient. The plot for d = 2
confirms Theorem 1 (i). Interestingly, d = 3 appears to be recurrent but very near criticality.
The different growth for d = 3 is grounds for further investigation: it is possible d = 2 and
d = 3 exhibit different forms of recurrence.

For d = 2 the simulated values of k2−kE[A2,k] appear to be growing linearly. This
suggests a constant expected number of returns between each successive stunning. As the
average number of steps for an individual frog between stunnings is constant, this could
indicate that the average time between returns is also bounded away from infinity. If this is
the case then the probability that there is a frog at the origin at time t would be bounded
away from 0 as t gets large. However, for d = 3 it appears that k3−kE[A3,k] is sublinear.
This might indicate that the average time between returns is unbounded and the probability
of a frog occupying the origin at time t is approaching 0 as t approaches infinity. This leads
us to ask the following:

Open Question 3. Is the frog model on strongly recurrent on T2 but only weakly recurrent
on T3?

Such a result would have analogues with other interacting particle systems on trees. For
example percolation on T6 × Z has a three phases: no infinite components, infinitely many
infinite components and a unique infinite component [GN90]. Similarly the contact process
on trees can have strongly recurrent, weakly recurrent, and extinction phases [Pem92].
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Figure 8. Plots of simulated values of kd−kAd,k against k for d = 2, 3, 4.
The number of simulations used in each estimate is shown in the chart.
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FROM TRANSIENCE TO RECURRENCE

WITH POISSON TREE FROGS

CHRISTOPHER HOFFMAN, TOBIAS JOHNSON, AND MATTHEW JUNGE

Abstract. Consider the following interacting particle system on the d-ary tree, known

as the frog model : Initially, one particle is awake at the root and i.i.d. Poisson many

particles are sleeping at every other vertex. Particles that are awake perform simple
random walks, awakening any sleeping particles they encounter. We prove that there is

a phase transition between transience and recurrence as the initial density of particles
increases, and we give the order of the transition up to a logarithmic factor.

1. Introduction

We study a system of branching random walks known as the frog model, and we discover
a phase transition as the initial state becomes more saturated with particles. Similar
phase transitions have been observed in related models, including activated random walk
[DRS10, ST14], reinforced random walk [Pem88], killed branching random walk [AHZ13]
and the contact process [Pem92].

The frog model starts with a single particle awake at the root of a graph and sleeping
particles at the other vertices. The initial configuration of sleeping particles can be deter-
ministic or random. Particles that are awake perform independent simple random walks
in discrete time. When a vertex with sleeping particles is first visited, all of the particles
at the site wake up and each begins its own walk. The name “frog model” was coined in
1996 by Rick Durrett; we continue the zoomorphism and refer to the particles as frogs. As
with other interacting particle systems, the frog model is often motivated as a model for
the spread of a rumor or infection (see [AMP02a], for instance). It and its variants have
also found interest as models of combustion [RS04, CQR09, RS12], generally with particles
moving in continuous time.

We call a realization of the frog model recurrent if the root is visited infinitely often by
frogs and transient if not. Even if each individual frog is transient, the aggregate of visits to
the root can still be infinite. For this reason, the transience or recurrence of the frog model
gives a measurement of its growth, and the question of transience or recurrence for the frog
model on a given graph is one of the most fundamental ones.

The first ever published result on the frog model is that it is recurrent on Zd with one
sleeping frog per site for all d [TW99]. In fact, the frog model on Zd is recurrent for any
i.i.d. initial configuration of sleeping frogs [AMPR01]. It is natural to wonder if a sparser
configuration changes the behavior. [Pop01] exhibits a threshold at which a frog model with
Bernoulli(α‖x‖−2) frogs at each x ∈ Zd switches from transience to recurrence. A similar
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phenomenon occurs when the walks have a bias in one direction: [GS09] finds that on Z, the
model is recurrent if and only if the number of sleeping frogs per site has infinite logarithmic
moment. Recently this result was partially extended to Zd in [DP14] and worked out in
finer detail in [GNR15].

Let Td denote the full infinite d-ary tree, in which the root has degree d and all other
vertices degree d+ 1. The question of transience or recurrence on Td is especially subtle. On
one hand, the number of sleeping frogs grows exponentially with the distance from the root.
On the other hand, each frog that wakes up has a drift away from the root; its probability
of visiting the root shrinks exponentially as the starting vertex of the frog moves outward.
The question of whether Td is transient for the one-per-site model is posed in [AMP02b]
and again in [Pop03] and [GS09]. Surprisingly, the answer depends on the degree of the tree.
In [HJJ15], we prove that the one-per-site frog model is recurrent on the binary tree and
transient on d-ary trees with d ≥ 5.

We conjecture that the one-per-site frog model is recurrent for d = 3 and transient for
d = 4. While we would like to pin this down and complete the picture of transience and
recurrence for the one-per-site frog model on trees, we believe that the most interesting aspect
of this work is that the frog model on trees is teetering on the edge between recurrence
and transience. The point of this paper is to demonstrate this more precisely. We consider
the frog model on Td with i.i.d. Poi(µ) sleeping frogs at each site. Our result is a phase
transition between recurrence and transience as µ varies:

Theorem 1. Consider the frog model on a d-ary tree with Poi(µ) sleeping frogs per site.
For all d ≥ 2, there exists a critical value µc(d) > 0 such that the model is recurrent a.s. if
µ > µc(d) and transient a.s. if µ < µc(d). The critical value satisfies

Cd < µc(d) < C ′d log d

for some constants C and C ′.

Proof. By a straightforward coupling, the probability of recurrence is monotone in µ. By
[HJJ15, Theorem 4], the probability of recurrence is either 0 or 1. The theorem is then an
immediate consequence of Propositions 6 and 15, where we prove recurrence and transience,
respectively. �

Contrast our result with the frog model on Zd, which is is recurrent for any i.i.d. con-
figuration of sleeping frogs [AMPR01]. To show the existence of the recurrence phase, we
consider a restricted process that lets us take advantage of the recursive structure of Td.
We then use a bootstrapping argument, showing that the number of returns to the root is
stochastically larger and larger at each step. We establish the transience phase essentially
by dominating the model with a branching random walk, using a similar argument as in
[HJJ15]. As in that paper, the most difficult part is recurrence. Our result is an advance
in that we are able to show recurrence on any d-ary tree with enough sleeping frogs. In
[HJJ15], we prove recurrence only for d = 2, and the proof does not apply to a general choice
of d; even extending it to d = 3 seems difficult. The argument here relies on having Poisson
many sleeping frogs at each site, however, and thus neither result implies the other. A more
detailed comparison between the recurrence proofs in the two papers is in Section 2.4.

Further Questions. A nice general survey on the frog model can be found in [Pop03].
Here we pose four questions specifically related to the frog model on trees.

The question most directly related to our paper is to better estimate the critical value
µc(d). We are interested in both the asymptotic behavior and precise values for small d.
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Open Question 2. What is the correct order of µc(d) as d→∞? Also, what is the value
of µc(d) for small d?

We suspect that µc(d) = Θ(d). As for the second question, the best bounds we can prove
for d = 2 are .125 ≤ µc(2) ≤ 1.13 (see Section 2.4).

As a start at considering the frog model on less regular graphs, we would like to know if
the analogue of our result holds on Galton-Watson trees.

Open Question 3. Consider a frog model with Poi(µ) frogs at each site of an infinite
Galton-Watson tree. As µ varies, does a phase transition occur between transience and
recurrence?

We are also interested in the relationship between the frog model and the degree distribution
of the tree.

Open Question 4. Does the recurrence of the frog model on a Galton-Watson tree depend
on the entire degree distribution or just the maximal degree? Concretely, consider a one-per-
site frog model on a Galton-Watson tree where each vertex has probability p of having two
children and probability 1− p of having five children. [HJJ15, Theorem 1] implies that this
is recurrent when p = 1 and transient when p = 0. Is it recurrent for any p < 1?

This dependence on the maximal degree of the tree alone is seen in the contact process (see
[Pem92] and [PS01, Proposition 2.5]).

Our next question comes from Itai Benjamini and concerns the frog model on finite trees.
Define the cover time to be the expected time for every frog to wake up in a one-per-site frog
model on the full d-ary tree with height n. We call this the cover time since it is equivalent
to the time when every site is visited. A naive bound on the cover time is O(n2dn), the
expected time for a single random walk to visit every site, as shown in [Ald91]. We have

an unpublished proof improving this to O(n5(d/
√

2)n), but we suspect the correct value is
polynomial.

Open Question 5. Is the cover time for the one-per-site frog model on a d-ary tree of
height n polynomial in n?

Possibly the cover time on finite trees relates to the recurrence and transience properties
on the corresponding infinite tree. For instance, it would be exciting to see that the cover
time is polynomial in the height of the tree for d = 2 but exponential for higher d. This
would be reminiscent of the contact process, which behaves similarly on finite lattices and
trees as on their infinite counterparts [DL88, DS88, DST89, CMMV14].

2. Recurrence

We start with a sketch. Let ν′ be the law of the number of visits to the root in the
frog model with Poi(µ) frogs at each site. To get some regularity, we restrict the motion
of awakened frogs to the non-backtracking component of their ranges. Call this the non-
backtracking frog model (more details are in Section 2.1) and let ν be the law of the number
of visits to the root in this model. A coupling argument in Proposition 7 confirms the
intuition that

ν � ν′.(1)

Here � denotes stochastic dominance, i.e. ν([x,∞)) ≤ ν′([x,∞)) for all x.
In Section 2.2 we define an operator A under which the image of ν has an interpretation

in an even more restricted frog model. First a bit of notation (see Figure 1). Say the initial
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∅′
∅

v1

v2

vd

...

Td(vd)

Td(v1)

Td(v2)

Figure 1. The frog from ∅ visits ∅′ and v1. Suppose at most one frog in
the non-backtracking frog model is allowed to enter each Td(vi) and only
frogs woken at ∅′ and emerging from Td(v1) can enter other subtrees. We
see in Lemma 9 that the number of visits to ∅ is stochastically fewer than
ν and is distributed as Aν.

non-backtracking frog moves down the tree from the root ∅ to ∅′ and then to v1. Let
v2, . . . , vd be the other children of ∅′ and let Td(vi) denote the subtree rooted at vi. The
measure Aν is the law of the number of visits to the root in the non-backtracking frog model
with two further restrictions:

(i) At most one frog can enter Td(vi) for each 1 ≤ i ≤ d.
(ii) Only frogs woken at ∅′ and those emerging from Td(v1) can enter the other Td(vi).

The advantage of (i) is that it makes the number of frogs emerging from the activated
subtrees i.i.d. random variables. The advantage of (ii) is that it simplifies which subtrees
become activated (see Lemma 8). Intuitively, these restrictions reduce the number of visits
to the root. This is made rigorous in Lemma 9 where we prove that

Aν � ν.(2)

We stress that this a special property of ν. In fact, the essence of our argument is to show
that when µ is large enough, (2) can hold only if ν = δ∞.

Section 2.3 explores properties of A. In Lemma 10 we show that A is monotonic, meaning
that for two probability measures π1 and π2,

if π1 � π2, then Aπ1 � Aπ2.(3)

Lemma 11 shows that A acts nicely on the Poisson distribution. In fact, by writing the
Poisson distribution in a nonstandard way (see Lemma 13), we can compare APoi(λ) with
Poi(λ+ ε). We carry this out in Proposition 14, where we show that when µ ≥ 2(d+ 1) log d,
there exists ε such that

Poi(λ+ ε) � APoi(λ)(4)

for all λ ≥ 0. This is where the value of µ plays a role. Proving (4) reduces to comparing
two binomial distributions with parameters depending on µ.

Now we explain how (1), (2), (3) and (4) imply the recurrence part of Theorem 1.

Proposition 6. If µ > 2(d+ 1) log d, then the frog model is recurrent a.s. on the d-ary tree
with an initial configuration of Poi(µ) sleeping frogs per vertex.

Proof. By (1) it suffices to prove that ν is a point mass at infinity. From (2) we have

Poi(0) � Aν � ν.
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Statement (3) implies this relation is preserved under iterations of A. Moreover, (4) lets us
increase the Poisson term by ε with each iteration. In symbols this says that for all n ≥ 1,

Poi(εn) � Anν � An−1ν � · · · � Aν � ν.

Taking n→∞ implies that ν is a point mass at infinity, and so the frog model is recurrent
almost surely. �

In the rest of this section, we will carry out this plan and prove statements (1)–(4). First,
we give some notation. Recall that � denotes stochastic domination. We also use the
notation X � Y to indicate that the law of X is stochastically dominated by the law of Y .
An equivalent condition to stochastic dominance is that π1 � π2 if and only if there exists a
coupling (X,Y ) with X ∼ π1, Y ∼ π2, and X ≤ Y a.s. A thorough reference on stochastic
domination is [SS07].

For a nonnegative random variable N , we use Poi(N) to denote a mixture of Poisson
distributions; when we write X ∼ Poi(N), we mean that X is coupled with N such that the
distribution of X conditional on N = n is Poi(n). If N ∼ π, we also use Poi(π) to denote
the same Poisson mixture. We similarly use the notations Bin(N, p) and Bin(π, p).

2.1. The non-backtracking frog model. A random non-backtracking walk on Td starting
at a vertex x0 moves in its first step to a uniformly random neighbor of x0. In all subsequent
steps it moves to a vertex chosen uniformly from all its neighbors except for the one it just
arrived from.

Suppose that (Sn, n ≥ 0) is a random non-backtracking walk starting from x0, stopped if
it arrives at the root at step 1 or beyond. (If x0 is the root, then it is never stopped.) Define
the non-backtracking frog model just as the usual frog model, except that the motion of a
frog waking at x0 is an independent copy of (Sn), rather than a simple random walk. The
advantage is that when a non-backtracking frog moves away from the root, it will forever
remain in the just-entered subtree. This gives the model more self-similarity. As shown
in [HJJ15, Proposition 7], (Sn) can be coupled with a simple random walk on Td starting
from x0 so that its path is a subset of the simple random walk’s. This lets us relate the
non-backtracking and usual frog models, proving (1):

Proposition 7. Let ν and ν′ be the laws of the number of returns to the root in the non-
backtracking and usual frog models on Td, respectively, both with Poi(µ) sleeping frogs per
vertex. Then ν � ν′.

Proof. It suffices to show that we can couple the two models so that at least as many
frogs visit the root in the usual model as in the non-backtracking model. We construct the
coupling as follows. For each vertex v ∈ Td, make the number of sleeping frogs on v identical
in the two models. Make each frog’s path in the non-backtracking model a subset of the
corresponding frog’s path in the usual model as previously described. Thus any frog woken
in the non-backtracking model is also woken in the usual model, and any visit to the root
in the non-backtracking model corresponds to a visit in the usual model. �

For the remainder of this section we only consider the non-backtracking frog model. We
record an observation: Suppose the initial frog in the non-backtracking model steps from
the root ∅ to a child ∅′. Since frogs are stopped at the root, no other child of the root
besides ∅′ is ever visited, and all action occurs in the subtree rooted at ∅′.

37



6 CHRISTOPHER HOFFMAN, TOBIAS JOHNSON, AND MATTHEW JUNGE

∅
∅′

vd

...

v2

v1

(a) Initial state: particles at ∅′ and v1 will
move first and possibly release a second wave of

particles from v2, . . . , vd.

∅
∅′

vd

...

v2

v1

(b) Terminal state: #{particles at ∅} ∼ Aπ.

Figure 2. An interacting particle system related to the frog model. Ini-
tially, the number of active particles at ∅′ is distributed as Poi(µ), and the
number of active particles at v1 is distributed according to some probabil-
ity measure π. Active particles take random non-backtracking steps until
reaching a leaf. For each 2 ≤ i ≤ d, if any of these particles reach vi, then
a new π-distributed batch of particles is released at vi. These second-wave
particles do not activate other vertices.

2.2. Formal definition of A. Fix a probability measure π on the nonnegative integers.
We will define Aπ to be the probability measure for the number of particles ending at ∅
(see Figure 2) in the random system of non-backtracking particles described below.

The setting for the particle system is a star graph, consisting of a central vertex connected
to d + 1 leaf vertices. In a slight abuse of notation, we reuse the vertex names from
Figure 1, calling the central vertex ∅′ and the leaves ∅ and v1, . . . , vd. Let X ∼ Poi(µ)
and X1, . . . , Xd ∼ π, all independent. Place X particles at ∅′ and Xi particles at each vi.
Each particle if activated will perform an independent random non-backtracking walk until
it halts at a leaf.

Initially, only the particles at ∅′ and at v1 are active. If one of these first-wave particles
lands at vi for i ≥ 2, then the particles there are activated and begin independent non-
backtracking random walks until reaching a leaf. These second-wave particles do not activate
other particles; only the first-wave particles have that power. The number of particles that
finish at ∅ in this system is a random variable, and we define Aπ as its law. With these
dynamics, we can summarize the system as follows:

• Particles at ∅′ move to one of {∅, v1, . . . , vd} each with probability 1/(d+ 1).
• Particles at v1 move to one of {∅, v2, . . . , vd} each with probability 1/d .
• If a first-wave particle visits vi, the particles at vi move to ∅ with probability 1/d.
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For 2 ≤ i ≤ d, let Ei be the event that a first-wave particle ends at vi. The following
lemma follows from the definition of A. Informally it says that conditional on how many of
the events E2, . . . , Ed occur, the number of second-wave particles ending at ∅ is a sum of
independent thinned copies of π.

Lemma 8. Conditional on
∑d
i=2 1Ei

= u, the number of second-wave particles ending at ∅
is distributed as the sum of u independent Bin(π, 1/d)-distributed random variables.

Proof. If Ei occurs then by definition a π-distributed batch of particles is released at vi.
With probability 1/d each released particle halts at ∅. As particles move independently
the total number is distributed as Bin(π, 1/d). Since the second-wave particles cannot wake
other sites, the total number of particles to arrive is distributed as claimed. �

Now, we show the connection between this operator and the frog model.

Lemma 9. Let ν be the distribution of number of returns to the root in the non-backtracking
frog model on the d-ary tree with sleeping frog distribution Poi(µ). Then Aν � ν.

Proof. Let Td(x) denote the subtree of Td rooted at a given vertex x. Recall that no children
of the root other than ∅′, the child visited by the initial frog, are ever visited. In light of this,
it will be helpful to think of the non-backtracking frog model as taking place on ∅ ∪ Td(∅′)
rather than on all of Td.

We say that the frogs sleeping on some vertex v ∈ Td(v1) wake within Td(v1) if there
exists a chain of vertices x1, . . . , xm = v all in Td(v1) such that the initial frog starting from
the root visits x1, a frog starting at x1 visits x2, and so on. More simply, a frog is woken
within Td(v1) if it would have been woken even if there were no frogs sleeping on any vertices
outside of Td(v1).

We define some random variables counting frogs that might possibly visit the root. Let
X ∼ Poi(µ) be the number of frogs sleeping on ∅′, which are woken by the initial frog.
Let X1 be the number of frogs waking within Td(v1) that visit ∅′. We claim that X1 is
distributed as ν. Indeed, when we consider frogs as waking only if they wake within Td(v1)
and relabel the vertices {∅′} ∪ Td(v1) as {∅} ∪ Td(∅′), we see a process identical in law to
the original non-backtracking frog model. Call the frogs counted by X and X1 the first-wave
frogs.

For each 2 ≤ i ≤ d, let Ei be the event that some of the frogs counted by X or X1

move to vi. Conditional on Ei, arbitrarily choose one of these frogs that visits vi and call
it f . We say that the frogs at v are woken within Td(vi) if there exists a chain of vertices
x1, . . . , xm = v in Td(vi) such that f visits x1, a frog starting at x1 visits x2, and so on.
Let Xi be the number of frogs waking within Td(vi) that visit ∅′. By the same argument
showing that X1 ∼ ν, the distribution of Xi conditional on Ei is also ν. Furthermore, for any
{i1, . . . , ik} ⊆ {2, . . . , d}, the random variables Xi1 , . . . , Xik are conditionally independent
given Ei1 , . . . , Eik , since each Xi is determined solely by the paths of the frogs sleeping in
Td(vi). We call the frogs counted by X2, . . . , Xd the second-wave frogs.

The first- and second-wave frogs all visit ∅′. We define V ′′ as the number of these that
move from there to ∅.

Claim. V ′′ ∼ Aν.

Proof. Our strategy is to show that the first-wave frogs behave identically as the first-wave
particles, and then to show that the second-wave frogs conditional on the behavior of first-
wave frogs behave the same as the second-wave particles conditional on the behavior of the
first-wave particles.
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8 CHRISTOPHER HOFFMAN, TOBIAS JOHNSON, AND MATTHEW JUNGE

For the first of these claims, consider the first-wave frogs, counted by X and X1. Observe
that X and X1 are independent with X ∼ Poi(µ) and X1 ∼ ν, just as in the particle system
defining Aν. The frogs counted by X move from ∅′ independently to a random choice out
of ∅, v1, . . . , vd, and the frogs counted by X1 move from ∅′ independently to a random
choice out of ∅, v2, . . . , vd, also matching the particle system. Thus, the locations of the
first-wave frogs one step after leaving ∅′ are distributed identically to the ending locations
of the first-wave particles.

Now, condition on some arrangement of the first-wave frogs on ∅, v1, . . . , vd one step
after leaving ∅. Suppose that u out of the vertices v2, . . . , vd are occupied by first-wave
frogs in this arrangement. The number of second-wave frogs visiting ∅′ conditional on this
arrangement of first-wave frogs is a sum of u independent copies of ν. Each second-wave
frog that visits ∅′ has an independent 1/d chance of moving next to ∅. Thus, the number
of second-wave frogs that visit ∅ is the sum of u independent copies of Bin(ν, 1/d). This
matches the conditional distribution of second-wave particles ending at ∅ given in Lemma 8.
Thus, the distribution of the number of first- and second-wave frogs visiting ∅ is the same
as the distribution of the number of first- and second-wave particles ending at ∅, which is
by definition Aν. �

With this claim, the proof of the lemma is almost complete: Let V be the total number
of visits to ∅ in the non-backtracking frog model. Since V ′′ ≤ V with V ′′ ∼ Aν and V ∼ ν,
we have shown that Aν � ν. �
2.3. Properties of A. We first show (3), monotonicity of A with respect to stochastic
dominance.

Lemma 10. If π1 � π2, then Aπ1 � Aπ2.

Proof. If π1 � π2, then we can couple the two particle systems defining Aπ1 and Aπ2 so that
the second particle system contains all the same particles as the first, moving identically, as
well as additional ones. Thus at least as many particles visit ∅ in the second system as in
the first, and Aπ1 � Aπ2. �

Now, we describe the result of applying A to a Poisson distribution, whose thinning
property simplifies things.

Lemma 11. The distribution APoi(λ) is a mixture of Poisson distributions, given by

APoi(λ) ∼ Poi

(
(U + 1)λ

d
+

µ

d+ 1

)
,(5)

where

U ∼ Bin

(
d− 1, 1− exp

(
−λ
d
− µ

d+ 1

))
.(6)

Proof. In the particle process defining APoi(λ), let Yu→v be the number of particles that
start at u and finish at v, for u ∈ {∅′, v1, . . . vd} and v ∈ {∅, v1, . . . , vd}. Each of the Poi(µ)
particles starting at ∅′ moves to a random neighbor. By Poisson thinning, then, the random
variables Y∅′→v for v ∈ {∅, v1, . . . , vd} are independent and distributed as Poi(µ/(d + 1)).
Similarly, Yv1→v for v ∈ {∅, v2, . . . , vd} are independent and distributed as Poi(λ/d). These
two collections of random variables are also independent of each other.

Thus, the number of first-wave particles that move to vi for each 2 ≤ i ≤ d are independent
and distributed as Poi

(
λ/d+µ/(d+ 1)

)
. Let U be the number of vertices out of {v2, . . . , vd}

that are visited. As each vertex has an independent 1− exp
(
−λ/d− µ/(d+ 1)

)
chance of
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FROM TRANSIENCE TO RECURRENCE WITH POISSON TREE FROGS 9

being visited, the distribution of U is as given in (6). And since U is determined by Y∅′→vi
and Yv1→vi for i = 2, . . . d, it is independent of Y∅′→∅ and Yv1→∅.

By Lemma 8 and Poisson thinning, the number of second-wave particles ending at ∅ is
Poi(Uλ/d). The number of first-wave particles ending at ∅ is Y∅′→∅ + Yv1→∅, independent
of U and distributed as Poi

(
λ/d+µ/(d+ 1)

)
. Summing these together yields yields (5). �

We are nearly in a position to establish that An Poi(0) grows without limit as n → ∞.
First we need two technical lemmas on the Poisson distribution.

Lemma 12. Let Zλ be distributed as Poi(λ) conditioned to be nonzero. If λ1 ≤ λ2, then
Zλ1
� Zλ2

.

Proof. Consider the Radon-Nikodym derivative of the law of Zλ2
with respect to the law of

Zλ1
,

r(k) =
P[Zλ2

= k]

P[Zλ1
= k]

=
1− e−λ1

1− e−λ2
eλ1−λ2

(
λ2
λ1

)k
.

The function r(k) is increasing, and it is straightforward to show that this implies that
Zλ1 � Zλ2 (or see [SS07, Theorem 1.C.1]). �

Lemma 13. Let Z
(1)

λ/n, Z
(2)

λ/n, . . . be independent and distributed as Poi(λ/n) conditioned to

be nonzero. Let M be independent of these and be distributed as Bin(n, 1− e−λ/n), and let

Z =

M∑

i=1

Z
(i)

λ/n.

Then Z is distributed as Poi(λ).

Proof. Decompose Poi(λ) as a sum of n independent copies of Poi(λ/n). Let M be the
number of these that are nonzero, and condition on M to get the desired representation. �

Finally, we prove (4).

Proposition 14. If µ > 2(d+ 1) log d, then there exists ε > 0 such that

Poi(λ+ ε) � APoi(λ)

for all λ ≥ 0.

Proof. Let X ∼ Poi(λ + ε) for some ε > 0 to be chosen later, and let Y ∼ APoi(λ). We
start by decomposing X into a sum of Poissons conditioned to be nonzero. For any a, let

Z
(1)

a , Z
(2)

a , . . . be distributed as Poi(a) conditioned to be nonzero, and let Za ∼ Poi(a) (with
no conditioning). Take all these random variables to be independent. By Lemma 13, we can
write X as

X = Z(λ+ε)/d +

M∑

i=1

Z
(i)

(λ+ε)/d,(7)

where

M ∼ Bin

(
d− 1, 1− exp

(
−λ+ ε

d

))
.

We now turn to Y , which by Lemma 11 is distributed as

Poi

(
(U + 1)λ

d
+m

)
,(8)
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where m = µ/(d+1) and U ∼ Bin
(
d−1, 1−exp(−λ/d−m)

)
. Let Y ′ ∼ Poi

(
(U+1)(λ+m)/d

)
.

For each u, the distribution of Y ′ conditional on U = u is stochastically dominated by the
distribution of Y conditional on U = u, simply because Poi(a) � Poi(b) when a ≤ b. It
follows that Y ′ � Y . Thus it suffices to show that X � Y ′. Decomposing Y ′ by Lemma 13
and using the same notation as before, we can write Y ′ as

Y ′ = Z(λ+m)/d +

N∑

i=1

Z
(i)

(λ+m)/d(9)

with

N ∼ Bin

(
U, 1− exp

(
−λ+m

d

))
.

These decompositions allow us to stochastically compare X and Y ′. Assume that ε is
chosen to be smaller than m. We claim that to show that X � Y ′, it suffices to show that
M � N . Indeed, we can then couple the random variables on the right-hand sides of (7)
and (9) so that

(1) M ≤ N ;
(2) Z(λ+ε)/d ≤ Z(λ+m)/d;

(3) Z
(i)

(λ+ε)/d ≤ Z
(i)

(λ+m)/d for each i.

Property (2) is possible because Poi(a) � Poi(b) if a ≤ b, and (3) is possible by Lemma 12.
Together, this yields a coupling of X and Y ′ with X ≤ Y ′

Thus, it only remains to show that M � N . Recalling that U is itself binomial, we have

N ∼ Bin

(
Bin
(
d− 1, 1− exp

(
−λ
d
−m

))
, 1− exp

(
−λ+m

d

))

= Bin

(
d− 1,

(
1− exp

(
−λ
d
−m

))(
1− exp

(
−λ+m

d

)))
.

Since M and N are both binomial, proving M � N reduces to comparing their parameters.
The argument will be complete once we show for some ε > 0 and all λ > 0,

1− exp
(
−λ+ ε

d

)
≤
(

1− exp
(
−λ
d
−m

))(
1− exp

(
−λ+m

d

))
.(10)

Some basic calculus (see Lemma 16 in the appendix) establishes that for all d ≥ 2,

e−2 log d + e−2 log d/d < 1.

Since m > 2 log d, we can choose ε > 0 such that

1 > exp
(
− ε
d

)
≥ e−m + e−m/d.

Multiplying both sides of this inequality by e−λ/d gives

exp

(
−λ+ ε

d

)
≥ exp

(
−λ
d
−m

)
+ exp

(
−λ+m

d

)
.

Thus

1− exp

(
−λ+ ε

d

)
≤ 1− exp

(
−λ
d
−m

)
− exp

(
−λ+m

d

)

≤
(

1− exp
(
−λ
d
−m

))(
1− exp

(
−λ+m

d

))
.

Looking back at (10), we have shown that M � N . �
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We have now proven (1)–(4), completing the proof of Proposition 6.

2.4. Comparison to one-per-site results. In [HJJ15], we proved that the frog model on
a binary tree with one sleeping frog per site is recurrent. The proof has the same overarching
idea as here: We use the self-similarity of the tree to obtain a recursive distributional
relationship for the number of returns to the root. We then use this relationship in a
bootstrapping argument, assuming that the number of visits to the root is stochastically
larger than Poi(λ) and proving that it is in fact stochastically larger than Poi(λ+ ε).

The major difference between the two arguments is in the bootstrapping portion. The
approach in this paper using traditional stochastic domination fails with the one-per-site frog
model. The problem is that the distributions given by successively applying the analogue of
theA operator in the one-per-site model have finite support and hence are never stochastically
greater than any Poisson distribution. Our proof in [HJJ15] instead uses an exotic definition
of stochastic dominance, where π1 is dominated by π2 if the probability generating function
of π1 is greater than the probability generating function of π2.

This generating function approach works better than the technique in this paper in some
ways and worse in others. On one hand, it can handle both deterministic and random initial
configurations. When applied to the binary tree with Poi(µ) sleeping frogs per site, it gives
slightly better results than we obtain in this paper: in unpublished work, we have used it to
prove that this model is recurrent for µ > 1.13, better than the µ > 6 log 2 ≈ 4.16 given by
Proposition 6. (By specializing the argument in Proposition 14 to d = 2 and refining it as
much as possible, it is possible to improve this to µ > 3 log 2, but we cannot do any better
than that using stochastic dominance.)

On the other hand, the generating function approach seems confined to small values of d.
It relies on a purely analytic argument that is elementary but difficult. It seems impossible
to apply this argument to an arbitrary choice of d. Even for d = 3, the generating functions
to be analyzed become extremely complicated. The technical advance in this paper is the
probabilistic argument we give in Proposition 14, which allows us to work on any d-ary tree.

3. Transience

The main idea of our proof of transience is to consider a weight function on the frog
model. To analyze the weight function, we bound the frog model by a branching random
walk. The weight function is the frog model analogue to a common martingale derived from
branching random walk (see [Big77]).

Proposition 15. If Eη < (d−1)2
4d , then the frog model with an independent copy of η frogs

per site on Td is almost surely transient.

Proof. Let Fn be the set of frogs awake at time n. For f ∈ Fn, let |f | denote the level of f
on the tree (that is, its distance from the root). We define a weight function

Wn =
∑

f∈Fn

e−θ|f |,

with θ to be chosen shortly. Let

m =
1

d+ 1
eθ +

d

d+ 1
E[η + 1]e−θ.
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12 CHRISTOPHER HOFFMAN, TOBIAS JOHNSON, AND MATTHEW JUNGE

Before we explain the meaning of this, we minimize m by setting θ = log
(
(Eη + 1)d

)
/2,

making

m =
2
√

(Eη + 1)d

d+ 1
< 1

under our assumption that Eη < (d−1)2
4d .

The strategy of the proof now is to show that Wn → 0, and hence that the root eventually
stops being visited. The term m gives an upper bound for the expected contribution to
Wn+1 of a frog at time n in the following way: Suppose that at time n, some frog f is at
level i of the tree for any i ≥ 1. With probability 1/(d+1), the next jump of f is towards the
root, waking no frogs. With probability d/(d+ 1), the jump is away from the root, possibly
waking up an η-distributed number of frogs. Thus, the expected contribution to Wn+1 from
f and any frogs it wakes at time n+ 1 is at most e−θim. If f is at the root at time n, then
the expected contribution to Wn+1 from f and the frogs it wakes is at most E[η + 1]e−θ,
which is bounded by m given our choice of θ. Therefore

E[Wn+1 |Wn] ≤
∑

f∈Fn

e−θ|f |m = mWn.

Thus Wn/m
n is a positive supermartingale. By the martingale convergence theorem, it

converges almost surely to a finite limit. Since mn → 0, we also have Wn → 0 a.s., which
implies that eventually no frogs are present at the root. �

4. Appendix

Lemma 16. x−2 + x−2/x < 1 for all x ≥ 2.

Proof. Let f(x) = x−2 + x−2/x. First we show the inequality holds on the interval [2, 8].
Since x−2 is decreasing,

f(x) ≤ 1

4
+ x−2/x.

It is easily checked that the maximum of x−2/x on [2, 8] occurs at x = 8 and is less than 3
4 .

Next, we consider x ≥ 8. L’Hôpital’s rule implies that limx→∞ f(x) = 1. Thus it suffices
to confirm that f(x) is increasing on [8,∞). We compute

f ′(x) = 2x−(2/x)−2
(

log x− x(2/x)−1 − 1
)
.

For x ≥ 8, it holds that x(2/x)−1 < 1. Hence

f ′(x) ≥ 2x−(2/x)−2
(

log x− 2
)
,

which is positive on [8,∞) since log 8 > 2. �
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STOCHASTIC ORDERS AND THE FROG MODEL

TOBIAS JOHNSON AND MATTHEW JUNGE

Abstract. The frog model starts with one active particle at the root of a graph and
η(v) dormant particles at all nonroot vertices v. Active particles follow independent

random paths, waking all inactive particles they encounter. We prove that certain frog
model statistics are monotone in the initial configuration with respect to stochastic

dominance in the increasing concave order. As a consequence, a frog model recurrent

with i.i.d.-η particles per site is also recurrent with deterministically dEηe particles per
site. We deduce recurrence for the infinite d-ary tree with simple random walk paths

and k > µc(d) frogs at each site, with µc(d) the threshold for recurrence of a frog model

with i.i.d. Poisson frogs per site. We end with a proof that µc(d) is of order d, removing
a logarithmic term from the previous upper bound.

1. Introduction

Let G be a countable collection of vertices, one of which we distinguish as the root and
call ∅. A general frog model (η, S) starts with one active particle at ∅, and η(v) dormant
particles at each v 6= ∅. The ith particle at v starting from its time of activation moves
according to the path S•(v, i), with S0(v, i) assumed equal to v. When an active particle
visits a site containing dormant particles, all of the dormant particles activate. The particles
move in discrete time, though this will be unimportant since most of the properties of the
frog model we consider depend only on the particles’ paths and not on the time they make
their moves. The particles are traditionally called frogs, and we continue the zoomorphism.
Typically, G is a graph, the frog paths (S•(v, i))v∈G,i≥1 are independent random walks, the
frog counts (ηv)v∈G are either deterministic or i.i.d., and (S•(v, i))v∈G,i≥1 and (ηv)v∈G are
independent of each other. We will not belabor an example like the frog model with simple
random walk paths on Zd and i.i.d.-Poi(µ) frogs per vertex by stating that the frog paths
are mutually independent, and that the frog counts and paths are independent.

Our main result is about a class of frog model functionals we call icv statistics. The prime
example is the number of visits to ∅ in the frog model (η, S) over all time, which we denote
r(η, S). A realization of the frog model is called recurrent if r(η, S) = ∞ and transient
otherwise. In [TW99], the frog model with one sleeping frog per site and simple random
walk paths is shown to be recurrent on Zd for all d. This is further refined in [Pop01], which
exhibits a threshold in α at which a frog model with Bernoulli(α‖x‖−2) frogs at each x ∈ Zd
switches from transience to recurrence. A similar phenomenon occurs when the walks have
a bias in one direction: [GS09] finds that on Z, the model is recurrent if and only if the
number of sleeping frogs per site has infinite logarithmic moment. A sufficient condition for
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2 TOBIAS JOHNSON AND MATTHEW JUNGE

recurrence in this setting on Zd was given in [DP14] and improved on in [KZ15]. Our papers
[HJJ15b] and [HJJ15a] study the frog model with simple random walk paths on d-ary trees.
We prove that the frog model on a d-ary tree switches from transient to recurrent by either
fixing d and increasing the density of frogs, or by fixing the density and decreasing d.

Statement of main theorem. Our main result is a comparison theorem relating certain
statistics of the frog model, including the number of returns r(η, S), when we vary the
distribution of the initial configuration η. Our motivation is that while the most convenient
setting has Poisson-distributed frog counts, the most basic questions assume a deterministic
number of frogs per site. As an example, in [HJJ15a] we showed the existence of a recurrence
phase on the d-ary tree with Poisson frogs per site for any d ≥ 2. This left open the existence
of a recurrence phase for initial conditions other than i.i.d. Poisson. For instance, for large
enough k, is the frog model recurrent on the d-ary tree with k frogs per site? With our
previous tools, we could answer this question only for the case d = 2 [HJJ15b], but our
comparison theorem tidily transfers the result from Poisson to deterministic initial conditions
(see Corollary 4).

If η(v) is dominated by η′(v) in the usual stochastic order, then we can couple the
corresponding frog models and deduce that f(η, S) is dominated by f(η′, S) for any statistic
f that is increasing in η. This is not helpful for the problem described above, since we
cannot relate a Poisson random variable to the constant k in this stochastic order. We
instead turn to a weaker stochastic dominance relation known as the increasing concave
order, ‘�icv’ (defined in Section 2). Our main theorem applies to frog model functions we
call icv statistics, defined in Definition 18. These include the count r(η, S) of visits to the
root, as well as the total number of activated sites. Our result is that such statistics are
monotonic in the initial frog configuration with respect to this weaker stochastic order.

Theorem 1. Assume that the frog paths S•(v, i) and counts η(v) and η′(v) are mutually
independent for all v and i, and that the paths S•(v, i) at a particular vertex v are identically
distributed for all i. Let f be an icv statistic of the frog model in the sense of Definition 18.
If η(v) �icv η

′(v) for all v, then f(η, S) �icv f(η′, S).

The intuition behind the proof is the following property of the increasing concave order:
for an increasing concave function f : R→ R, if X �icv Y , then f(X) �icv f(Y ). While this
fact follows immediately from the definition of the increasing concave order (see Section 2),
the proof of Theorem 1 requires some argument.

Applications. As we mentioned, our main statistic of interest fits the criteria of Theorem 1.

Lemma 2. The count r(η, S) of visits to ∅ in the frog model (η, S) is an icv statistic of the
frog model.

This allows us to transfer many recurrence and transience results to different initial
conditions. In the increasing concave order, the constant k dominates all mean k random
variables. Theorem 1 and Lemma 2 therefore imply the following:

Corollary 3. Consider the frog model on a graph with mutually independent frog paths and
i.i.d. frogs per site with common mean µ. If this is almost surely recurrent, then for any
integer k ≥ µ, the same frog model with k frogs per site is almost surely recurrent.

This solves our problem of showing that the frog model on a d-ary tree with deterministi-
cally k frogs per site is recurrent for large enough k. In more detail, [HJJ15a, Theorem 1]
establishes that on the d-ary tree with i.i.d.-Poi(µ) frogs per site, there is a critical value
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µc(d) such that the frog model is recurrent a.s. if µ > µc(d) and transient a.s. if µ < µc(d).
Corollary 3 thus gives us the desired result:

Corollary 4. The frog model on Td with k > µc(d) frogs per site is almost surely recurrent.

In light of Corollary 4 it is especially relevant to know the correct order of µc(d). [HJJ15a,
Theorem 1] establishes that for some constants C and C ′, we have Cd ≤ µc(d) ≤ C ′d log d.
In the following theorem, we remove the log d factor, establishing that µc(d) grows linearly
in d. The proof is similar to that in [HJJ15a], but with several technical improvements and
simplifications.

Theorem 5. For all sufficiently large d, it holds that .24d ≤ µc(d) ≤ 3d.

Another application of Theorem 1 concerns the transience regime of the d-ary tree. In
[HJJ15b, Theorem 1] we show that on Td with one frog per site and simple random walk
paths, the frog model is transient for d ≥ 5. An immediate corollary of Theorem 1 is
transience for all other mean 1 configurations.

Corollary 6. For d ≥ 5, the frog model on Td with η(v) frogs at each site and Eη(v) ≤ 1
for all v ∈ Td is almost surely transient.

Our next application is to the frog model on Zd. As mentioned earlier, [Pop01, Theo-
rem 1.1] establishes the existence of a critical parameter 0 < αc(d) <∞ for the frog model
with simple random walk paths on Zd and initial configuration given by η(x) ∼ Ber(px) such
that

(i) if px ≤ α/‖x‖2 for α < αc(d) and all sufficiently large x, then the model is transient
with positive probability;

(ii) if px ≥ α/‖x‖2 for α > αc(d) and all sufficiently large x, then the model is transient
with probability zero.

Theorem 1 allows us to extend part (i) of this result to non-Bernoulli distributions of sleeping
frogs. Other results in [Pop01] like Theorem 1.3 can be similarly extended.

Corollary 7. For all α < αc(d) and any
(
η(x), x ∈ Zd \ {0}

)
satisfying Eη(x) ≤ α/‖x‖2

for sufficiently large x, the frog model on Zd with simple random walk paths and initial
configuration η is transient with positive probability.

Another application is to the frog model with death, explored in [AMP02, FMS04, LMP05],
where frogs have an independent chance 1− p of dying at each step. This is a frog model
according to our general definition, taking the frog paths to be stopped random walks. In this
setting, the statistic of interest has been the total number of sites visited, which undergoes
a phase transition on the regular tree from being finite a.s. to being infinite with positive
probability as p grows. The model is said to die out in the first case and to survive in the
second. The number of sites visited is an icv statistic, as we show in Lemma 20, and we
therefore obtain the following result.

Corollary 8. Let η′(v) �icv η(v) be independent random variables indexed by the vertices v
of an arbitrary graph G. If the frog model with death on G survives with η(v) frogs at each
v, then it survives with η′(v) frogs at each v.

Questions. We will give a few open problems on the theme of comparison theorems. We
also list many open questions in [HJJ15b, HJJ15a].

Open Question 9. Does the analogue of Theorem 1 hold in any weaker stochastic orders?
For example, does it hold in the probability generating function order, described in Section 2?
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We used the probability generating function order in [HJJ15b] to prove the frog model
recurrent on the binary tree with one sleeping frog per site. Many of the results in that
paper rely on explicit calculations that do not generalize beyond the binary tree. A positive
answer to the above question would provide more conceptual proofs that might help establish
recurrence of the frog model on the 3-ary tree with one sleeping frog per site. For example,
it would give an immediate proof of the analogue of Lemma 25 for the probability generating
function order, which we proved in the binary tree case by a technical calculation that evades
probabilistic interpretation [HJJ15b, Lemma 10].

The next question asks how sensitive the recurrence of the frog model is to the distribution
of the frog counts. We believe that recurrence depends not just on the mean number of frogs
at each vertex, but on the entire distribution.

Open Question 10. Give an example where r(η, S) =∞ a.s. and r(η′, S) <∞ a.s. with
Eη(v) = Eη′(v) for all v.

Specifically, we would like to know that with simple random walk paths on the binary tree
and i.i.d.-π frogs per vertex with mean 1, the frog model is transient when π is sufficiently
unconcentrated.

Finally, we are interested in comparing frog models when the graph is altered rather than
the initial configuration. As a concrete question in this vein, we ask if the d-regular tree is
the most transient graph in the following sense:

Open Question 11. Suppose the frog model is transient on a d-regular graph G with simple
random walks. Is it necessarily transient on an infinite d-regular tree with simple random
walk paths and the same initial conditions?

Acknowledgments. We thank Chris Hoffman for his general assistance, and we thank
Jonathan Hermon for a discussion in 2014 that mentioned Open Question 11.

2. Background material on stochastic orders

Let π1 and π2 be probability measures on the extended real numbers R = (−∞,∞], and
let X ∼ π1 and Y ∼ π2. The following three stochastic orders will play a role in this paper:

Standard stochastic order: π1 �st π2 if Ef(X) ≤ Ef(Y ) for all increasing functions
f : R→ R.

Increasing concave order: π1 �icv π2 if Ef(X) ≤ Ef(Y ) for all increasing concave
functions f : R→ R.

Probability generating function order: π1 �pgf π2 if EtX ≥ EtY for all t ∈ [0, 1], with
00 interpreted as 1, and t∞ interpreted as 0 for t ∈ [0, 1). We always assume that
π1 and π2 are supported on [0,∞] when using this order.

We use X �st Y , X �st π2, and π1 �st Y all to mean that π1 �st π2, and we do the
corresponding thing with the other two orders. We abbreviate the increasing concave and
the probability generating function orders as the icv and pgf orders, respectively.

We have listed these three stochastic orders in decreasing strength. That is,

π1 �st π2 =⇒ π1 �icv π2 =⇒ π1 �pgf π2.(1)

The first implication is obvious. For the second, the map x 7→ 1− tx is an increasing concave
function for any t ∈ (0, 1], establishing that EtX ≥ EtY for t ∈ (0, 1] if X �icv Y . Taking a
limit shows that it holds for t = 0 as well.

We have defined these orders to allow for random variables that take the value∞. Though
this is not typical, all of stochastic order theory can be extended to allow it in a routine way.
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In keeping with the spirit of concavity, we require an increasing concave function f on R to
satisfy f(∞) = limx→∞ f(x). We note that if X �pgf Y , then P[X =∞] ≤ P[Y =∞]. To
see this, note that as t↗ 1, we have tx → 1{x <∞}. Thus, by the monotone convergence
theorem,

EtX → P[X <∞] and EtY → P[Y <∞]

as t ↗ 1. Now EtX ≥ EtY implies that P[X < ∞] ≥ P[Y < ∞]. By (1), the conclusion
also holds for X, Y taking nonnegative values under the assumption X �st Y or X �icv Y .

Two useful equivalent conditions for π1 �st π2 are that P[X > t] ≤ P[Y > t] for all t, and
that X and Y can be coupled so that X ≤ Y a.s. An equivalent condition for X �icv Y is
that X and Y can be coupled so that E[X | Y ] ≤ Y a.s. [SS07, Theorem 4.A.5]. While this
is less useful than the coupling characterization of the standard order, it gets across that
X �icv Y roughly means that X is smaller and less concentrated than Y . We are not aware
of an equivalent definition of the pgf order in terms of couplings. One way to interpret the
pgf order probabilistically if X and Y are integer-valued is that X �pgf Y if the p-thinning
of X is more likely than the p-thinning of Y to be zero, for any p ∈ [0, 1]. We never use
the pgf order in this paper, but it played a prominent role in our proof of recurrence for
the one-per-site frog model on the binary tree in [HJJ15b]. For a thorough reference on
stochastic orders, see [SS07].

Theorem 13 provides a necessary and sufficient condition for a Poisson mixture to dominate
a Poisson distribution, which we will need in Section 5. The result was first proven in [MSH03]
for the standard stochastic order, but the proof given there also works for the icv and pgf
orders. We reproduce it here for our readers’ convenience. See also [Yu09] for a more general
result.

Lemma 12 ([MSH03, Lemma 3.1(b)]). For any positive integer n, the function

hn(x) = x
n∑

k=0

(− log x)k

k!

is increasing and concave on (0, 1].

Proof. We compute

h′n(x) =
n∑

k=0

(− log x)k

k!
−

n∑

k=1

(− log x)k−1

(k − 1)!
=

(− log x)n

n!
,

which is positive and decreasing on (0, 1], showing that hn(x) is increasing and concave. �

Theorem 13 ([MSH03, Theorem 3.1(b)]). Let X ∼ Poi(λ), and let Y ∼ Poi(U) for some
nonnegative random variable U . Then the following are equivalent:

(i) X �st Y ,
(ii) X �icv Y ,

(iii) X �pgf Y ,
(iv) P[X = 0] ≥ P[Y = 0], and
(v) λ ≤ − log Ee−U .

Proof. The implications (i) =⇒ (ii) =⇒ (iii) were explained previously. Conditions (iv)
and (v) are just restatements of each other, since P[X = 0] = e−λ and P[Y = 0] = Ee−U .
Condition (iii) implies (iv) by the definition of the pgf order applied with t = 0.
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It remains to prove that (v) implies (i). It suffices to show that P[Y ≤ n] ≤ P[X ≤ n]
for all nonnegative integers n. We compute

P[Y ≤ n] =

n∑

k=0

E

[
e−UUk

k!

]
= E

[
ζ

n∑

k=0

(− log ζ)k

k!

]
= Ehn(ζ),

where ζ = e−U . We have assumed that Eζ = Ee−U ≤ e−λ. By Lemma 12, the function
hn(x) is increasing and concave on (0, 1], where ζ takes values. Thus

Ehn(ζ) ≤ hn(Eζ) ≤ hn
(
e−λ) =

n∑

k=0

e−λλk

k!
= P[X ≤ n],

where we use that hn is concave to apply Jensen’s inequality in the first step, and we use
that hn is increasing in the second step. �

The following proposition shows that the maximal real- and integer-valued distributions
in the icv order with a given expectation are the distributions that are as concentrated as
possible.

Proposition 14.

(a) If EX ≤ c, then X �icv c.
(b) Suppose X takes integer values and EX ∈ [k, k + 1] for an integer k. Let Y be a

random variable taking values k and k + 1 satisfying EX ≤ EY . Then X �icv Y .

Proof. Part (a) follows immediately from Jensen’s inequality. For part (b), since X �icv Y
if and only if X − k �icv Y − k, we can assume without loss of generality that k = 0. Let ϕ
be an arbitrary increasing concave function; by translating it, we can assume without loss of
generality that ϕ(0) = 0. Under these assumptions, Y is Bernoulli with mean at least EX,
implying that

Eϕ(Y ) ≥ (EX)ϕ(1).(2)

Define

a = E[X | X ≤ 0], p = P[X ≤ 0],

b = E[X | X ≥ 1], q = P[X ≥ 1].

If p = 0 or q = 0, then X is deterministic and the result is trivial. Thus we can assume that
both conditional expectations above are well defined.

Applying Jensen’s inequality,

Eϕ(X) = pE[ϕ(X) | X ≤ 0] + qE[ϕ(X) | X ≥ 1] ≤ pϕ(a) + qϕ(b).(3)

As a ≤ 0 and b ≥ 1, the points (a, ϕ(a)) and (b, ϕ(b)) lie under the secant line connecting
(0, 0) and (1, ϕ(1)). Thus ϕ(a) ≤ aϕ(1) and ϕ(b) ≤ bϕ(1). Applying to this to (3) and
combining with (2) gives

Eϕ(X) ≤ (pa+ qb)ϕ(1) = (EX)ϕ(1) ≤ Eϕ(Y ). �

3. Proof of the comparison theorem

We start by proving Proposition 17, a general result useful for proving domination in the
icv stochastic order. We then apply this to the frog model to prove Theorem 1.
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3.1. A method for proving icv domination. Here is an example of the sort of statement
that Proposition 17 is designed to prove:

Example 15. If Z1, Z2, . . . are i.i.d. nonnegative random variables and M �icv N , then

M∑

i=1

Zi �icv

N∑

i=1

Zi.(4)

We give the proof immediately following Proposition 17. Example 15 is not a new result—
see Theorem 4.A.9 in [SS07] for a proof. Proposition 17 is modeled on this theorem but is
more general. First, we need a measure theory lemma whose technical proof can be safely
ignored.

Lemma 16. Let X and Y be real-valued random variables on a common probability space,
and let f(x, y) be a measureable function. Define for each x ∈ R the random variable
F (x) = E[f(x, Y ) | X]. Then

F (X) = E[f(X,Y ) | X] a.s.

Proof. Let µ be a regular conditional distribution of Y given X. That is, µ(x, ·) is a
probability measure on the Borel sets for all x ∈ R, the map x 7→ µ(x,B) is measurable for
all Borel sets B, and

µ(X,B) = P[Y ∈ B | X] a.s.

Such a random measure µ exists by [Kal02, Theorem 6.3]. By [Kal02, Theorem 6.4],

E[f(X,Y ) | X] =

∫
f(X, y)µ(X, dy) a.s.,(5)

and

F (x) = E[f(x, Y ) | X] =

∫
f(x, y)µ(X, dy) a.s.(6)

Substituting X in place of x on the right hand side of (6), we see that it matches the right
hand side of (5), proving that E[f(X,Y ) | X] = F (X) a.s. �

Now, we state the proposition. The rough idea is that for a sequence of random variables
X0 ≤ X1 ≤ · · · with a tendency to increase more and more slowly, if N �icv N ′ then
XN �icv XN ′ .

If X and Y are random variables defined on the same probability space, then we say that
X �icv Y conditional on a σ-algebra F if for any increasing concave function ϕ,

E[ϕ(X) | F ] ≤ E[ϕ(Y ) | F ] a.s.

We say that X �icv Y conditional on Z to mean that X �icv Y conditional on the σ-algebra
generated by Z. If X �icv Y conditional on F , then by taking expectations in the above
inequality, we see that X �icv Y also holds unconditionally.

Proposition 17. Let X0 ≤ X1 ≤ · · · be a sequence of random variables. Suppose that

Xn+2 −Xn+1 �icv Xn+1 −Xn conditional on Xn

for all n ≥ 0. Let M and N be independent of (Xi)i≥0. If M �icv N , then XM �icv XN .
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Proof. Let ϕ be an arbitrary increasing concave function, and define g(n) = Eϕ(Xn). We
claim that g(n) is increasing and concave. Once we prove this, it holds by our assumption
M �icv N that Eg(M) ≤ Eg(N). By the independence of M and N from (Xi)i≥0, we have
Eg(M) = Eϕ(XM ) and Eg(N) = Eϕ(XN ), showing that Eϕ(XM ) ≤ Eϕ(XN ), and hence
XM �icv XN .

Thus, we just need to show that g(n) is increasing and concave. That it is increasing
follows from our assumption that Xn is increasing. For the concavity, we need to show that
g(n + 1) − g(n) is decreasing. First, we note that the function x 7→ ϕ(c + x) is increasing
and concave for any c. By our assumption that Xn+1 −Xn �icv Xn+2 −Xn+1 conditional
on Xn,

E
[
ϕ(c+Xn+1 −Xn) | Xn

]
≥ E

[
ϕ(c+Xn+2 −Xn+1) | Xn

]
a.s.(7)

for any c ≥ 0. With an eye towards applying Lemma 16, let f(x, y) = ϕ(x+ y), and let

F1(x) = E[f(x,Xn+1 −Xn) | Xn] and F2(x) = E[f(x,Xn+2 −Xn+1) | Xn],

so that F1(c) and F2(c) are the left and right hand sides of (7), respectively. By Lemma 16,

F1(Xn) = E[f(Xn, Xn+1 −Xn) | Xn] = E
[
ϕ(Xn+1) | Xn

]
a.s.

and

F2(Xn) = E[f(Xn, Xn+2 −Xn+1) | Xn] = E
[
ϕ(Xn +Xn+2 −Xn+1) | Xn

]
a.s.

Since F1(Xn) ≥ F2(Xn) a.s. by (7), we have

E
[
ϕ(Xn+1) | Xn

]
≥ E

[
ϕ(Xn +Xn+2 −Xn+1) | Xn

]
a.s.,

and subtracting ϕ(Xn) from both sides gives

E
[
ϕ(Xn+1)− ϕ(Xn) | Xn

]
≥ E

[
ϕ(Xn +Xn+2 −Xn+1)− ϕ(Xn) | Xn

]

≥ E
[
ϕ(Xn+2)− ϕ(Xn+1) | Xn

]
a.s.,

with the last line following because ϕ(x + Xn+2 −Xn+1) − ϕ(x) is decreasing in x by the
concavity of ϕ, and Xn+1 ≥ Xn. Taking expectations, we have

g(n+ 1)− g(n) = E
[
ϕ(Xn+1)− ϕ(Xn)

]

≥ E
[
ϕ(Xn+2)− ϕ(Xn+1)

]
= g(n+ 2)− g(n+ 1).

Thus g(n+ 1)− g(n) is decreasing, completing the proof. �

Proof of Example 15. We define Xn =
∑n
i=1 Zi. Since Zi is nonnegative for all i, we have

X0 ≤ X1 ≤ · · · . By the independence of (Zi)i≥1, the conditional stochastic dominance
condition reduces to Zn+2 �icv Zn+1 unconditionally, which is trivially true since the two
random variables are identically distributed. Thus (4) follows from Proposition 17. �

3.2. Applying Proposition 17 to the frog model. We now define icv statistics of the
frog model, the class of statistics covered by Theorem 1. Roughly speaking, we call a
functional of the frog model an icv statistic if it increases when a frog is added to the model,
but when two frogs are added at the same vertex it increases less than by the separate
addition of each of them. The definition also includes a mild continuity assumption. Many
counts in the frog model naturally satisfy these assumptions.
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Definition 18. Let {η(v), S•(v, i); v ∈ G, i ≥ 1} be a deterministic collection of frog counts
and paths. For any path P•, let σP•(η, S) denote a new frog model with an extra frog of
path P• added at P0; that is, σP•(η, S) = (η′, S′), where η′ is identical to η except that
η′(P0) = η(P0) + 1, and S′ is identical to S except that S′•(P0, η(P0) + 1) = P•. For any frog
model statistic f(η, S), define

∆P•f(η, S) = f(σP•(η, S))− f(η, S),

the change in f when a frog with path P• is added to the model. Also define

∆P•,P ′• f(η, S) = f(σP•σP ′• (η, S))− f(η, S),

the change in f when frogs with paths P• and P ′• are added.
A function f taking values in the nonnegative extended real numbers is an icv statistic

of the frog model if for any (η, S) and any two paths P•, P ′• starting at the same vertex,

(a) ∆P•f(η, S) ≥ 0;
(b) ∆P•,P ′• f(η, S) ≤ ∆P•f(η, S) + ∆P ′• f(η, S);
(c) if ηk(v) converges upwards to η(v) as k →∞ for all v ∈ G, then f(ηk, S) converges

upwards to f(η, S).

Two equivalent formulations of part (b) of this definition are

∆P•∆P ′• f(η, S) ≤ 0,(8)

and

∆P•f
(
σP ′• (η, S)

)
≤ ∆P•f(η, S).(9)

Part (a) and formulation (8) of part (b) resemble the conditions for a real-valued smooth
function to be increasing and concave. We caution the reader, however, that part (b) is
required to hold only for two frogs originating at the same vertex, not for two general frogs.

In the next lemma, we show that an icv statistic is monotone in the number of frogs at a
single vertex with respect to the icv order.

Lemma 19. Assume all conditions of Theorem 1, and also assume that η and η′ have
identical distributions at all but one vertex. Then f(η, S) �icv f(η′, S).

Proof. Let v0 be the vertex where η and η′ differ. Define ηk to be the same as η except that
ηk(v0) = k. Let Wk = f(ηk, S). By our assumptions, η(v0) and η′(v0) are independent of
Wk, and hence

Wη(v0) ∼ f(η, S) and Wη′(v0) ∼ f(η′, S).

Our goal is to apply Proposition 17 with M = η(v0) and N = η′(v0) to show that Wη(v0) �icv

Wη′(v0).
The random variables (Wi)i≥0 are naturally coupled together, since S•(v0, i) for i ≥ 1

are all defined on a common probability space. The condition that Wk ≤ Wk+1 for all
k ≥ 0 holds by part (a) of Definition 18, as Wk+1 −Wk = ∆S•(v0,k+1)f(ηk, S). To apply
Proposition 17, we need to confirm that Wk+2 −Wk+1 �icv Wk+1 −Wk conditional on Wk

for all k ≥ 0. Let Fk be the σ-algebra generated by
{
S•(v0, i)

}
1≤i≤k and

{
S•(v, i), η(v)

}
v 6=v0, i≥1

which represents all the information about the frog model (ηk, S). As Wk is measurable with
respect to Fk, it suffices to prove that Wk+2 −Wk+1 �icv Wk+1 −Wk conditional on Fk.
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Let P• = S•(v0, k + 1) and P ′• = S•(v0, k + 2), and with (9) in mind observe that

Wk+1 −Wk = ∆P•f(ηk, S),(10)

and

Wk+2 −Wk+1 = ∆P ′• f
(
σP•(ηk, S)

)
.(11)

Conditional on Fk, the paths P• and P ′• are i.i.d. Hence, the conditional distribution
of ∆P ′• f

(
σP•(ηk, S)

)
on Fk is unaffected by swapping P• and P ′• . By (11), this shows

that conditional on Fk, the random variable ∆P•f
(
σP ′• (ηk, S)

)
is distributed identically to

Wk+2 −Wk+1. Thus, for an arbitrary increasing function ψ,

E
[
ψ(Wk+2 −Wk+1) | Fk

]
= E

[
ψ
(
∆P•f

(
σP ′• (ηk, S)

))
| Fk

]

≤ E
[
ψ
(
∆P•f(ηk, S)

)
| Fk

]
= E

[
ψ(Wk+1 −Wk) | Fk

]
,

with (9) applied in the second step. This proves that Wk+2 − Wk+1 �icv Wk+1 − Wk

conditional on Fk (in fact, it proves that this holds in the standard stochastic order as well,
as we never assumed ψ concave). Proposition 17 now shows that Wη(v0) �icv Wη′(v0). �
Proof of Theorem 1. By applying Lemma 19 repeatedly, the result holds if η and η′ have
the same distribution at all but finitely many vertices. To justify the general case, we use
the continuity assumption, part (c) of Definition 18, to make a limiting argument. Let
G1 ⊆ G2 ⊆ · · · be finite sets of vertices whose union is G. We use η|Gk and η′|Gk to denote
restrictions to Gi; that is, η|Gk(v) = η(v)1{v ∈ Gk}.

Since η|Gk and η′|Gk differ at only finitely many vertices, Lemma 19 implies that

f(η|Gk , S) �icv f(η′|Gk , S).(12)

Let ϕ be an arbitrary increasing concave function on [0,∞]. In proving that Eϕ(f(η, S)) ≤
Eϕ(f(η′, S)), we can assume without loss of generality that ϕ takes nonnegative values by
replacing it with ϕ(x)− ϕ(0). By part (c) of Definition 18,

ϕ
(
f(η|Gk , S)

)
↗ ϕ

(
f(η, S)

)
a.s. and ϕ

(
f(η′|Gk , S)

)
↗ ϕ

(
f(η′, S)

)
a.s.

as k →∞, and this holds even if random variables take the value∞ with positive probability
(recall that ϕ is assumed continuous at infinity). By the monotone convergence theorem,

Eϕ
(
f(η|Gk , S)

)
→ Eϕ

(
f(η, S)

)
and Eϕ

(
f(η′|Gk , S)

)
→ Eϕ

(
f(η′, S)

)

as k → ∞. Since Eϕ
(
f(η|Gk , S)

)
≤ Eϕ

(
f(η′|Gk , S)

)
by (12), it holds that Eϕ

(
f(η, S)

)
≤

Eϕ
(
f(η′, S)

)
. �

4. Applications of the comparison theorem

To apply Theorem 1 to the frog model, we just need to establish that the frog model
functionals we are interested in are icv statistics.

Proof of Lemma 2. Part (a) of Definition 18, that r is increasing under the addition of extra
frogs, is obvious. Part (b) follows from a subadditivity property of the frog model: the
sites activated when frogs S•(v, 1), . . . , S•(v, k) are initially at vertex v is the union of sites
activated in the k frog models that are identical to the original one, but have a single frog
S•(v, i) at v, for i = 1, . . . , k. We explain this in more detail now. Fix η and S and let P•
and P ′• be arbitrary paths starting from some vertex v0. For any v ∈ G and i ≥ 1, let Vv,i
denote the number of visits to ∅ from time 1 on by the path S•(v, i). Also let W and W ′

denote the number of visits to ∅ by P• and P ′• , respectively. Define the following indicators
for each v ∈ G:
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• Iv is an indicator on vertex v being visited by the frog model σP•(η, S) but not by
(η, S).
• I ′v is an indicator on v being visited by the frog model σP ′• (η, S) but not by (η, S).
• Jv is an indicator on v being visited by the frog model σP•σP ′• (η, S) but not by

(η, S).

If v0 is never visited in (η, S), then

∆P•r(η, S) = ∆P ′• r(η, S) = ∆P•,P ′• r(η, S) = 0,

and part (b) of Definition 18 holds trivially. Otherwise, we have

∆P•r(η, S) =
∑

v,i

IvVv,i +W,

∆P ′• r(η, S) =
∑

v,i

I ′vVv,i +W ′,

∆P•,P ′• r(η, S) =
∑

v,i

JvVv,i +W +W ′.

To prove that (b) holds, it suffices to show that Jv ≤ Iv + I ′v for v 6= v0. Equivalently, we
must show that if v is activated by σP•σP ′• (η, S) but not by (η, S), then it is activated either
by σP•(η, S) or σP ′• (η, S).

To show that this subadditivity property holds, suppose v is activated by σP•σP ′• (η, S) but
not by (η, S). Then there is a sequence of frogs that wake each other, starting with the initial
frog and ending with a frog that visits v, and this sequence must include either P• or P ′• . If
it includes both, all portions of the sequence starting at the first and ending immediately
before the second can be eliminated, yielding a sequence of awakenings demonstrating that
v is activated by σP•(η, S) or σP ′• (η, S). This establishes that part (b) holds.

Finally, we must show the continuity property (c). This holds because any frog woken in
(η, S) relies only on a finite sequence of frogs to wake it. More formally, suppose that the

components of ηk converge upwards to η as k → ∞. Let Kv and K
(k)
v be indicators on v

being activated by (η, S) and by (ηk, S), respectively. Then

r(ηk, S) =
∑

v,i

K(k)
v Vv,i and r(η, S) =

∑

v,i

KvVv,i.

If Kv = 1, then eventually ηk contains enough frogs to make K
(k)
v = 1, by the property of a

site being activated by a finite sequence of frogs. Thus K
(k)
v ↗ Kv as k →∞. By monotone

convergence, r(ηk, S)↗ r(η, S). �

Next, we prove that the number of sites visited by the frog model is an icv statistic. This
is of interest for frog models with stopped paths, where it is possible for only finitely many
frogs to be visited.

Lemma 20. The number of sites ever visited by the frog model (η, S), which we call a(η, S),
is an icv statistic.
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12 TOBIAS JOHNSON AND MATTHEW JUNGE

Proof. This was nearly shown in the course of proving Lemma 2. Part (a) of Definition 18
is obvious. For part (b), let Iv, I

′
v, and Jv be as in the proof of Lemma 2. Then

∆P•a(η, S) =
∑

v,i

Iv,

∆P ′• a(η, S) =
∑

v,i

I ′v,

∆P•,P ′• a(η, S) =
∑

v,i

Jv.

We showed in the proof of Lemma 2 that Jv ≤ Iv + I ′v, which establishes part (b). Part (c)
holds by the same argument used in the previous proof. �
Proofs of Corollaries 3, 4, and 6. We apply Theorem 1, Lemma 2, and Proposition 14(a),
along with the observation made in Section 2 that P[X =∞] ≤ P[Y =∞] if X �icv Y . �
Proof of Corollary 7. This is proven the same as Corollaries 3, 4, and 6, except that Propo-
sition 14(b) is used instead of Proposition 14(a). �
Proof of Corollary 8. This also has the same proof as Corollaries 3, 4, and 6, except that
Lemma 20 replaces Lemma 2. �

5. Critical parameters for d-ary trees

In [HJJ15b, HJJ15a], we prove recurrence for the frog model on a d-ary tree with simple
random walk paths under different initial conditions. The techniques in the two papers
are not identical, but both are based on recursion and bootstrapping. To set this up, we
show that it is enough to establish recurrence for a frog model whose paths are stopped non-
backtracking walks, which we call the self-similar frog model. Let V be the number of visits
to the root in this process. A self-similarity yields a relation between V and a collection of
independent copies of V . Such relations are referred to as recursive distributional equations
(see [AB05] for further discussion).

In the bootstrap part of the argument, we assume that V is stochastically larger than
Poi(λ) for some λ ≥ 0. We then analyze the recursive distributional equation to show that V
is in fact stochastically larger than Poi(λ+ ε). Iterating this argument starting at λ = 0, we
show that V is larger than Poi(ε), then larger than Poi(2ε), and so on, with the conclusion
that V = ∞ a.s. In [HJJ15a] and here, this argument uses the standard stochastic order,
while in [HJJ15b] it uses the pgf order.

The result in [HJJ15a] was recurrence on a d-ary tree with i.i.d.-Poi(µ) frogs per vertex
for µ = Ω(d log d). Here we improve this by eliminating the log d factor. With the lower
bound from [HJJ15a], this proves that the critical parameter µc(d) is of order d. Section 5.1
defines the self-similar frog model and gives the recursive distributional equation that the law
of V satisfies (see Lemma 25). The ideas in this section can be found in [HJJ15b, HJJ15a],
but they take some work to extract in the form we need. Though we do our best to avoid
duplicating material, when in doubt we have opted for comprehensibility over efficiency.

Section 5.2 uses the set-up of Section 5.1 to make a bootstrapping argument establishing
recurrence for µ = Ω(d). This argument is a more elaborate version of the one used
in [HJJ15a]. When writing that paper, we were unaware of the criterion for stochastic
dominance of a Poisson distribution by a Poisson mixture given in Theorem 13, and as a
result our argument was more complex than necessary. With this theorem at our disposal,
we can prove the sharper result of Theorem 5.
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5.1. The bootstrapping set-up.

5.1.1. The self-similar frog model. The frog model depends only on the range of each frog.
This yields rather nice abelian and monotonicity properties. For example, the total number of
visits to the root is unaffected by the order frogs wake up in and the rate they reveal vertices
in their ranges. Also, trimming the range of frogs can only reduce the number of visits to
the root. Applying this observation in combination with the coupling characterization of
stochastic dominance, we note the following fact. Recall that r(η, S) is the number of visits
to the root in the frog model (η, S).

Fact 21. Consider a collection of frog paths S =
(
S•(v, i)

)
v∈G,i≥1 on a graph G. Suppose

that another collection of paths S̃ can be coupled with S such that for all i and v, the range
of S̃•(v, i) is a subset of the range of S•(v, i). Then r(η, S̃) �st r(η, S).

From now on, let S = (S•(v, i), v ∈ Td, i ≥ 1) denote a collection of independent simple
random walks with S•(v, i) started at v, and let the components of η = (η(v))v∈Td be i.i.d.-
Poi(µ), independent of S. The first step in studying the frog model (η, S) will be to replace
S by a collection of paths T to obtain (η, T ), which we call the self-similar frog model in
reference to a useful property described in Fact 23.

We define T in two steps. First, let S′ = (S′•(v, i), v ∈ Td, i ≥ 1) denote a collection of
independent random non-backtracking walks stopped at ∅. In more detail, call a random
walk a simple random non-backtracking walk on an arbitrary graph if it chooses from its
neighbors uniformly for its first step, and then in all subsequent steps it chooses uniformly
from its current neighbors except the one it just arrived from. We define S′•(v, i) to be
a simple non-backtracking random walk stopped on arrival at ∅. The walks S′•(v, i) and
S•(v, i) can be coupled so that the range of the first is a subset of the range of the second by
making S′•(v, i) a stopped, loop-erased version of S•(v, i). This is proved in detail in [HJJ15b,
Proposition 7].

Now we construct T as a modification of S′. Each path T•(v, i) will be a stopped version
of S′•(v, i). Let v be a nonroot vertex in Td with parent u. Suppose that v is visited in
the frog model (S′, η) for the first time at time j, necessarily by one or more frogs moving
from u to v. Select one of these visiting frogs arbitrarily, and stop all of the other ones.
(Observe that it is irrelevant which frog is allowed to continue, so long as one views frogs as
indistinguishable.) If any frogs move from u to v at subsequent times, stop them at v as
well. Do this for all vertices v ∈ Td, and let T be the resulting collection of stopped walks.
As the range of each T•(v, i) is a subset of the range of S′•(v, i), the following fact (also noted
in [HJJ15b, Proposition 7]) follows:

Fact 22. There is a coupling of S and T so that the range of each T•(v, i) is a subset of the
range of S•(v, i).

By Facts 21 and 22, we have r(η, T ) �st r(η, S). We will now work exclusively with the
self-similar frog model, (η, T ), and prove recurrence for it with sufficiently large µ. Unlike
all other frog models considered in this paper, the frog paths T are not independent of each
other nor of η, because one frog’s motion in (η, T ) can cause another frog to be stopped.
This is the only form of dependence, however, and frogs that have not been stopped move
independently of each other. So, it is not a serious obstacle.

Let V = r(η, T ). Next, we discuss a self-similarity property of the model and its conse-
quences for V . For any vertex v ∈ Td, let Td(v) denote the subtree made up of v and its
descendants. We call Td(v) activated in the self-similar frog model if v is ever visited. Let u

58
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∅′
∅

v1

v2

vd

...

Td(vd)

Td(v1)

Td(v2)

V

V1

V2

Vd

Figure 1. In the self-similar frog model on Td, the initial frog moves from
∅ to ∅′ to v1 and then continues down the tree. The random variables V
and V1, counting the number of frogs moving from ∅′ to ∅ and from v1 to ∅′,
respectively, both have distribution ν (see Lemma 25). For i ∈ {2, . . . , d},
the distribution of Vi conditional on a frog entering the subtree Td(vi) is
also ν.

be the parent of v. By our construction of T , if Td(v) is activated, then there is a unique
frog that moves from u to v, entering Td(v) and then never leaving it. The frog model
viewed starting from the time of activation only at vertices {u} ∪ Td(v) then looks identical
to the original self-similar frog model viewed on {∅}∪Td(∅′). This yields the following fact,
proved in more detail in [HJJ15b, Proposition 6].

Fact 23. Let V ′ be the number of frogs that move from v to its parent u in the self-similar
frog model. The distribution of V ′ conditional on Td(v) being activated is identical to the
distribution of V .

The following observation shows that once a subtree Td(v) is activated, the random
variable V ′ defined in the above fact is independent of the frog model outside of Td(v).

Fact 24. Let V ′ be defined as in Fact 23. Conditional on Td(v) being activated, V ′ depends
only on the path of the activator and on {T•(w, i), η(w) : w ∈ Td(v), i ≥ 1}.

We will use Facts 23 and 24 to express V recursively in terms of independent copies of
itself, an idea expressed in Figure 1. This relation will be given in terms of an operator we
define next.

5.1.2. The operators B and U . Suppose that the initial frog in the self-similar frog model
moves from ∅ to ∅′ to v1. Let v2, . . . , vd be the remaining children of ∅′. Observe that
since frogs are stopped at ∅, no children of ∅ other than ∅′ are ever visited. The idea of
this section is to view the self-similar frog model only at the vertices mentioned above. If
a vertex vi is visited, we close our eyes to Td(vi), thinking of this entire subtree as a black
box that eventually emits some frogs from vi back to ∅′.

Enacting this view, we now define operators B and U on probability measures supported on
the extended nonnegative integers. Informally, the operator B corresponds to the number of
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visits to the root, and U corresponds to the number of subtrees v1, . . . , vd that are activated.
Let π be a probability measure on the nonnegative integers. To define Bπ and Uπ, we
consider the following frog model. The example to keep in mind is when π is the law of V , in
which case the following description matches up with the black box view of the self-similar
frog model described above.

Graph: a star graph with center ρ′ and leaf vertices ρ, u1, . . . , ud (think of these as paral-
leling ∅′ and ∅, v1, . . . , vd). The root of the graph is ρ.

Sleeping frog counts: all independent, distributed as Poi(µ) at ρ′ and as π at u1, . . . , ud.
There is one frog at ρ, as is always true at the root vertex.

Paths: All frogs have independent paths. The initial frog moves deterministically from
ρ to ρ′ to u1 and then remains there. All other frogs, if woken, perform simple
random non-backtracking walks from their starting points, stopped on arrival at a
leaf vertex.

We then define two quantities:

– Bπ is the distribution of the number of frogs that terminate at ρ.
– Uπ is the distribution of the final number of u1, . . . , ud that are visited by a frog.

Note that our definition of the initial frog path as deterministic is just for convenience. By
symmetry, we would arrive at the same measures Bπ and Uπ if it were also defined as a
stopped simple random non-backtracking walk.

We mention that B is closely related to the operators A defined in [HJJ15b] and [HJJ15a],
but differs from both of them. The operator A in [HJJ15b] is the same as B in the d = 2
case if the initial distribution at ρ′ in the definition of B is changed from Poi(µ) to δ1 (except
that A acts on probability generating functions rather than distributions). The operator
A in [HJJ15a] would be the same as B if in the frog model defining B, frogs initially at
v2, . . . , vd do not wake other frogs.

Now we relate this system back to the frog model.

Lemma 25. Let ν be the law of V = r(η, T ), the number of visits to the root in the
self-similar frog model on Td. It holds that Bν = ν.

Proof. Essentially, the frog model on the star graph exactly matches the black box view of
the self-similar frog model described at the beginning of Section 5.1.2, and the result then
follows from Facts 23 and 24. To make this more formal, we couple the two frog models. We
take full advantage of the abelian properties of the frog model by viewing the frogs’ motions
in a convenient order.

Consider the frog model used to define Bν as well as the self-similar frog model. We can
couple the initial number of frogs on ρ′ to be the same as on ∅′, and we can couple the first
(and only) step of each frog at ρ′ with the first step of the corresponding frog at ∅′.

Let Vi be the number of frogs that ever move from vi to ∅′ in the self-similar model, and
let Ui be the number of frogs initially at ui in the star graph model. Noting that Td(v1) is
activated by the initial frog, V1 ∼ ν by Fact 23. By Fact 24, V1 is independent of all that we
have coupled so far (that is, the number and first steps of frogs initially at ∅′). The random
variable U1 is also independent of all we have coupled so far and is distributed identically to
V1. We can therefore couple U1 and V1 to be equal. Next, we couple the second (and final)
step of each frog at u1 with the step of the corresponding frog counted by V1 after it moves
from v1 to ∅′.

Let V1 consist of the indices i ∈ {2, . . . , d} such that ui has been visited so far. By the
construction of our coupling, we can also describe V1 as the set of i ∈ {2, . . . , d} such that
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16 TOBIAS JOHNSON AND MATTHEW JUNGE

Td(vi) has been activated so far. Furthermore, identically many frogs have returned so far to
ρ as to ∅. By Facts 23 and 24, conditional on the information so far, the random variables
(Vi, i ∈ V1) are i.i.d.-ν and are independent of the information so far, as are the random
variables (U1, i ∈ V1). We can therefore couple these two random vectors to be equal. We
then couple the paths of the frogs at these vertices to match up as we did with the frogs at
u1 and v1.

As above, a vertex ui is visited for the first time in this second round if and only if Td(vi)
is visited for the first time in this second round. Let V2 be the set of such i. We can repeat
the coupling argument of the previous paragraph, maintaining identical numbers of frogs
terminating at ρ as at ∅, until we get an empty Vj and have counted all returns to ρ and
∅. Thus, under this coupling, the number of frogs terminating at ρ in the star graph model
is the same as the number of frogs terminating at ∅ in the self-similar model. The first of
these counts has distribution Bν, while the second has distribution ν, showing that the two
are equal. �

The next lemma is similar to [HJJ15b, Lemma 10] and [HJJ15a, Lemma 10]. Theorem 1
shows that its analogue holds in the icv order, though we will not make use of this.

Lemma 26. If π1 �st π2, then Bπ1 �st Bπ2.

Proof. This immediately follows from the coupling definition of stochastic dominance. We
couple the frog models defining Bπ1 and Bπ2 so that the frogs in the former are a subset of
the frogs of the latter model, resulting in more visits to the root. �

Just as in [HJJ15a, Lemma 11], the operator B applied to a Poisson distribution yields
a mixture of Poisson distributions. This is a consequence of the following property, known
as Poisson thinning : Consider a multinomial distribution with Poi(λ) trials and n-types,
each having probability pk. Then the vector of outcomes is distributed like an independent
collection of Poi(λpk) random variables.

Lemma 27. Let U be a random variable distributed as U Poi(λ).

BPoi(λ) = Poi

(
µ

d+ 1
+ U

λ

d

)
.(13)

Proof. In the frog model defining BPoi(λ), the number of frogs at ρ′ that move back to ρ
is distributed as Bin(Poi(µ), 1/(d+ 1)). By Poisson thinning, this is Poi(µ/(d+ 1)). Each
visited ui releases Poi(λ) sleeping frogs. These will take a non-backtracking step back to ρ′,
then with probability 1/d will move to ρ. Thus, each activated ui sends Poi(λ/d) frogs to ρ.
It follows that

BPoi(λ) ∼ Poi(µ/(d+ 1)) +
∑d

1 1{ui visited}Poi(λ/d).

The above sum is equal to
∑U

1 Poi(λ/d). By Poisson thinning, the Poi(λ/d) terms are
independent of U . Applying additivity of Poisson random variables then brings us to the
claimed formula. �

5.2. Carrying out the bootstrap. First, note that the lower bound in Theorem 5 follows
from [HJJ15a, Proposition 15], which is proven by coupling the frog model with a transient
branching random walk. Our contribution here is the upper bound.

The idea of the bootstrapping argument is to use Lemma 27 to demonstrate that for some
δ > 0, it holds for all λ ≥ 0 that BPoi(λ) �st Poi(λ+ δ). Lemmas 25 and 26 then combine
to show that V is stochastically larger than any Poisson distribution, and hence V =∞ a.s.
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Recall that U Poi(λ) is the distribution of the number of vertices u1, . . . , ud visited in the
frog model on the star graph defined in Section 5.1.2. Compared to our proof of recurrence
for µ = Ω(d log d) in [HJJ15a], the difference is that we give a better lower bound on U Poi(λ).
We define a lower bounding random variable U ′ ∈ {1, . . . , d} as follows. Consider the frog
model used to define BPoi(λ) and U Poi(λ), and observe how many of u1, . . . , ud are visited
by the Poi(µ) frogs starting at ρ′. If at least dd/ce of these vertices are visited for a yet to be
determined constant c, then arbitrarily choose dd/ce of them and allow the frogs activated
there the chance to visit the remaining d− dd/ce vertices. If fewer than dd/ce vertices are
visited by the frogs at ρ′, then we recall that u1 is guaranteed to be activated by the initial
frog, and we just use the frogs at u1 to try to activate the remaining vertices u2, . . . , ud. We
define U ′ as the number of vertices out of u1, . . . , ud activated in the end in this scheme.
This is summarized as follows:

Let U ′1 be the number of vertices u1, . . . , ud visited by the frogs initially at ρ′.

Case 1: U ′1 ≥ dd/ce
Arbitrarily choose dd/ce of the vertices counted by U ′1 and denote them by V ⊆
{u1, . . . , ud}. Let U ′ be the sum of dd/ce and the number of the remaining d−dd/ce
subtrees visited by frogs starting in V.

Case 2: U ′1 < dd/ce
Let U ′ equal one plus the number of number of vertices u2, . . . , ud visited by frogs
returning from u1.

As U ′ counts only a subset of the full collection of activated vertices, we have U ′ �st U Poi(λ).
Now, we sketch the proof of Theorem 5. Throughout, we will assume that µ = C(d+ 1)

with C a yet to be determined positive constant. In Lemma 28, we prove that Case 2 occurs
with exponentially small probability as d grows. Next, in Lemma 29 we give a very explicit
definition of a random variable U ′′ satisfying U ′′ �st U

′ �st U Poi(λ). In Lemma 30, we use
this lower bound together with Lemma 27 to prove that if V �st Poi(λ), then V �st Poi(λ+δ)
for some δ > 0. An iterative argument then implies that V =∞ a.s.

Lemma 28. Recall that U ′1 is the number of vertices u1, . . . , vd visited by the Poi(µ) frogs
initially at ρ′ in the frog model defining BPoi(λ) and U Poi(λ). We have

P[U ′1 < dd/ce] ≤ e−bd := p,(14)

where b = 2(1− e−C − 1
c )2.

Proof. It is a consequence of Poisson thinning that out of the Poi(µ) frogs starting at ρ′,
independently Poi( µ

d+1 ) = Poi(C) move to each leaf u1, . . . , ud. Thus each vertex has an

independent 1− e−C chance of having a frog enter it from the ones starting at ρ′, showing
that U ′1 ∼ Bin(d, 1− e−C).

Hoeffding’s inequality tailored to a binomial distribution states that P[Bin(n, p) ≤ (p−
ε)n] ≤ exp(−2ε2n) (this follows from [Hoe63, eq. (2.3)]). If we apply the inequality to U ′1
with ε = (1− e−C)− 1

c , we establish (14). �

Lemma 29. Let

U ′′ ∼




dd/ce+ Bin

(
d− dd/ce, 1− e−λ/c

)
with probability 1− q,

1 + Bin
(
d− 1, 1− e−λ/d

)
with probability q,

(15)

where q = P
[
U ′1 < dd/ce

]
. Then U ′′ �st U

′.
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Proof. Writing U ′ | E to mean U ′ conditioned on the event E, we claim that

U ′ | {U ′1 ≥ dd/ce} �st dd/ce+ Bin
(
d− dd/ce, 1− e−λ/c

)
,(16)

and

U ′ | {U ′1 < dd/ce} �st 1 + Bin
(
d− 1, 1− e−λ/d

)
.(17)

The lemma then follows because conditional stochastic dominance implies stochastic domi-
nance [SS07, Theorem 1.A.3, (d)].

Thus it just remains to confirm (16) and (17). Suppose U ′1 ≥ dd/ce. Then we are in
Case 1, and U ′ = dd/ce+ U ′2, where U ′2 is the number of vertices in {u1, . . . , ud} \ V visited
by frogs returning from V. Conditional on V, the counts of frogs proceeding from V to each
of {u1, . . . , ud} \ V form a collection of independent Poi(λdd/ce/d) random variables. Thus
each vertex in {u1, . . . , ud} \ V has an independent probability of 1− e−λdd/ce/d ≥ 1− e−λ/c
of being visited by one of these frogs, showing that U ′2 �st Bin(d − dd/ce, 1 − e−λ/c) and
confirming (16).

Next, suppose that U ′1 < dd/ce, and Case 2 is in effect. In this case, U ′ = 1 + U ′2, where
U ′2 is the number of vertices u2, . . . , ud visited by frogs returning from u1. By the same
reasoning as in the previous case, U ′2 �st Bin(d− 1, 1− e−λ/d), confirming (17). �

Lemma 30. Define

hC,c = hC,c(λ, d) := log
[(
e−

λ
c+

λ
d + 1− e−λc

)d−dd/ce
+ p
(
2− e−λd

)d−1]
,

where p is the value defined in (14), which depends on C and c. We have

BPoi(λ) �st Poi

(
λ+

µ

d+ 1
− hC,c

)
.

Proof. Combining (13) and U ′′ �st U Poi(λ), it follows from [SS07, Theorem 1.A.3, (d)] that

BPoi(λ) �st Poi

(
µ

d+ 1
+ U ′′

λ

d

)
.(18)

In light of Theorem 13, we would like to compute − log Ee−
λ
dU
′′
. Recalling the definition of

U ′′ in (15), we use the fact that ExBin(n,p) = (1− p+ px)n to compute

Ee−
λ
dU
′′

= (1− q)e−λd dd/ce
(
e−

λ
c +

(
1− e−λc

)
e−

λ
d

)d−dd/ce

+ qe−
λ
d

(
e−

λ
d +

(
1− e−λd

)
e−

λ
d

)d−1
.

Using the bound q ≤ p from Lemma 28 and the trivial bound 1− q ≤ 1 in the first step, and
factoring out e−λ in the second step,

Ee−
λ
dU
′′ ≤ e−λd dd/ce

(
e−

λ
c +

(
1− e−λc

)
e−

λ
d

)d−dd/ce

+ pe−
λ
d

(
e−

λ
d +

(
1− e−λd

)
e−

λ
d

)d−1

= e−λ
[(
e−

λ
c+

λ
d + 1− e−λc

)d−dd/ce
+ p
(
2− e−λd

)d−1]
.

Thus,

− log Ee−
λ
dU
′′

= λ− hC,c.
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Using the above calculation and Theorem 13, we deduce that

Poi

(
µ

d+ 1
+ U ′′

λ

d

)
�st Poi

(
λ+

µ

d+ 1
− hC,c

)
.

Together with (18), this completes the proof. �

Proof of Theorem 5. As we noted before, the lower bound is a consequence of [HJJ15a,
Proposition 15], and we just need to establish the upper bound by showing that the frog
model on Td is almost surely recurrent with i.i.d.-Poi(3d) frogs per vertex for sufficiently
large d. To apply our bootstrapping argument, we seek to show that for some δ > 0, it
holds for all λ ≥ 0 that BPoi(λ) �st Poi(λ + δ). Considering the result of Lemma 30, we
need to choose C and c such that µ/(d + 1) − hC,c(λ, d) > δ for all λ ≥ 0 and sufficiently
large d. Recalling that µ = C(d+ 1), rearranging terms, and exponentiating both sides of
the inequality, this is equivalent to showing that for some C, c, δ, and d0 it holds that

exp(hC,c(λ, d)) < eC−δ,(19)

on the set {(λ, d) : λ ≥ 0, d ≥ d0}.
Towards proving this, we start with the inequality

exp(hC,c(λ, d)) =
(
e−

λ
c+

λ
d + 1− e−λc

)d−dd/ce
+ p
(
2− e−λd

)d−1

≤
(
1 + e−

λ
c

(
e
λ
d − 1

))d(1− 1
c ) + e−bd2d−1(20)

obtained by applying the bounds 2− e−λ/d ≤ 2 and d−dd/ce ≤ d(1− 1/c) and substituting
the value of p from (14). Note that b depends on C and c. Now we bound each of the two
terms on the right hand side of (20) for the right choice of C, c, and d0.

Some calculus shows that for any d and c satisfying d > c, the first term is maximized in
λ when eλ/d = d/(d− c). This demonstrates that if d > c, then

(
1 + e−

λ
c

(
e
λ
d − 1

))d(1− 1
c ) ≤

(
1 +

(
d− c
d

)d/c(
d

d− c − 1

))d(1− 1
c )

=

(
1 +

(
d− c
d

)d/c
c

d− c

)d(1− 1
c )

≤
(

1 +
c

d− c

)d(1− 1
c )

≤ exp

(
d(c− 1)

d− c

)
.

Choosing c = 3, we obtain for any choice d0 > c the following bound holding for all d ≥ d0
and λ ≥ 0:

(
1 + e−

λ
c

(
e
λ
d − 1

))d(1− 1
c ) ≤ exp

(
c− 1

1− 3/d0

)
.(21)

The second term to be bounded, e−bd2d−1, vanishes as d→∞ when b > log 2. Referring
back to (14) and doing some algebra, we see that b > log 2 when

C > − log

(
1− 1

c
−
√

log 2

2

)
.
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This inequality is satisified with c = 3 and C = 2.56. By this and (21), for any ε > 0, we
can take d0 sufficiently large that for all d ≥ d0,

e−bd2d−1 ≤ ε
and

(
1 + e−

λ
c

(
e
λ
d − 1

))d(1− 1
c ) ≤ e2+ε.

Applying these bounds to (20), we have

exp(hC,c(λ, d)) ≤ e2+ε + ε < eC−δ

for some choice of δ > 0, confirming (19).
Thus, we have shown that for d ≥ d0, if µ ≥ 2.56(d+ 1) then for all λ ≥ 0,

BPoi(λ) �st Poi(λ+ δ).(22)

For the sake of simplicity, we can revise our assumption to µ ≥ 3d for d ≥ d0. We are finally
ready to bootstrap our way to the conclusion that r(η, T ), the number of visits to the root
in the self-similar frog model, is almost surely infinite given this assumption. Recall that
ν is the law of r(η, T ). As ν �st Poi(0), Lemma 26 shows that Bν �st BPoi(0), and so
Bν �st Poi(ε) by (22). But ν is a fixed point of B by Lemma 25, implying that ν �st Poi(ε).
Repeating this argument of successively applying Lemma 26, (22), and Lemma 25, we show
that ν �st Poi(2ε), and so on. Thus ν is stochastically larger than all Poisson distributions,
which implies ν = δ∞. Finally, Facts 21 and 22 imply that r(η, S) �st ν, and we can thus
conclude that r(η, S) =∞ a.s. when d ≥ d0 and µ ≥ 3d. �
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SITE RECURRENCE FOR COALESCING RANDOM WALK

ITAI BENJAMINI, ERIC FOXALL, ORI GUREL-GUREVICH, MATTHEW JUNGE,

AND HARRY KESTEN

Abstract. Begin continuous time random walks from every vertex of a graph and have

particles coalesce when they collide. We use a duality relation with the voter model to
prove the process is site recurrent on bounded degree graphs, and for Galton-Watson trees

whose offspring distribution has exponential tail. We prove bounds on the occupation

probability of a site, as well as a general 0-1 law. Similar conclusions hold for a coalescing
process on trees where particles do not backtrack.

1. Introduction

Coalescing random walk (CRW) starts with one particle at each vertex of an undirected
graph. Each then performs a continuous time nearest neighbor random walk, jumping
according to a mean 1 exponential clock. When particles collide they bind together and
proceed as one. Say that CRW is site recurrent if every site is almost surely visited infinitely
often. If instead this occurs with probability 0, call the process transient. Our main tool
for proving site recurrence is the following necessary and sufficient condition in terms of the
expected occupation time of a vertex.

Proposition 1. Site recurrence is equivalent to infinite expected occupation time at any
vertex. Moreover, CRW is either site recurrent or transient (i.e. it satisfies a 0-1 law).

Let pt(v) be the probability a particle is at the vertex v at time t, so that site recurrence
is equivalent to divergence of

∫
pt(v). We use duality with the voter model to obtain

non-integrable lower bounds on the following graphs:

Theorem 2. CRW is site recurrent on:

(i) Bounded degree graphs. If the maximum degree is D, then for all vertices v

pt(v) ≥ (1 +Dt)−1

for all t ≥ 0.
(ii) Galton-Watson trees with offspring distribution on Z+ and the probability of k

offspring bounded by e−ck for some c > 0 and large enough k. Here

pt(v) ≥ C(t log t)−1

for all vertices v, large enough t, and some C > 0 that depends on c.

Note that there are unbounded degree graphs for which CRW is not site recurrent; even
the non-coalescing system of independent random walks is transient on trees with rapidly
increasing degree. We are not sure how much the exponential tail hypothesis in (ii) can be
weakened. See Further Questions (a) for more discussion. A corollary to Proposition 1 is a
general upper bound on the probability that a vertex v is unoccupied on the interval (t, u).

1
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2 I. BENJAMINI, E. FOXALL, O. GUREL-GUREVICH, M. JUNGE, AND H. KESTEN

Corollary 3. Let σt be the first time after t that v is occupied by a particle. It holds that

P(σt > u) ≤ t

t+
∫ u
t
ps(v)ds

.

And, for a graph with maximum degree D

P(σt > u) ≤ t

t+ 1
D (log(1 +Du)− log(1 +Dt))

= O(1/ log(u)).

We also give a universal upper bound for pt(v) on general graphs. It follows that the
occupation probability decays to 0 for any graph. The upper bound is a small modification
of an argument in [Gri78], so we also credit David Griffeath.

Proposition 4 (Griffeath). Let G be a connected, infinite graph. For all vertices v, any
ε > 0, and large enough t (depending on ε) it holds that pt(v) ≤ (1 + ε)/(2

√
πt).

History. The study of coalescing systems began in the 1970’s with the paper of Erdős
and Ney [EN74]. The duality relationship to the voter model, which we rely heavily upon,
was first observed in [HL75]. Variations of coalescing random walk continue to find new
applications. For example, random coalescence involving multiple types of particles, and
particle interaction rules, is used to model certain chemical reactions (see [Hol83], [BL88]
and [vdBK00]). Non-spatial models such as Kingman coalescence ([Kin82]) find applications
in modeling ancestry in biology. A survey of coalescence models can be found in [Ber09].
Arratia [Arr83] looks at site recurrence for discrete time walks, and annihilating systems,
both with possibly vacant sites in the starting configuration. CRW is applied to the voter
model in [BL15]. Also, it is studied in more generality in [RV15] and [GPTZ15]. Other
recent articles have focussed on different settings. Its behavior on finite graphs is of interest
to computer scientists. The model on the d-dimensional torus is introduced in [Cox89].
There, they study the expected time for the process to coalesce into a single particle. In
[CEOR12] the coalescence time is studied on a variety of finite graphs. Elsewhere, in a
continuous spatial setting, recurrence is studied with coalescing diffusions by Cabezas, Rolla
and Sidoravicious in [CRS13].

Early results for coalescing random walk focused on the lattices Zd. In [Gri78] Griffeath
shows that both coalescing and annihilating random walk on Zd is a.s. weakly recurrent, under
certain restrictions on the vacant sites in the starting configuration. Weakly recurrent means
that each site is occupied infinitely often, but for a decreasing fraction of time. An important
ingredient in the proof of recurrence is an estimate for the function pt, the probability a
particle occupies the origin at time t. In [BG80], Bramson and Griffeath study pt in the
coalescing case and compute its asymptotics for every d ≥ 1. Rather nicely, for d ≥ 3 it holds
that pt ∼ (γdt)

−1 with γd the probability a random walk on Zd never returns to its starting
point. The proof of this is computational; later, [vdBK02] Kesten gives a probabilistic
argument that revolves around the heuristic p′t ≈ −γdp2t .

Overview. The main idea is to obtain information about pt(v) from a dual voter model.
This dual was first applied to CRW in [HL75], and subsequently utilized in [HS79, Gri78,
Arr81, Arr83]. In Corollary 6 we deduce that pt(v) is equivalent to the probability a time-
changed nearest neighbor simple random walk avoids 0 up to time t. All of our estimates
come from studying this random walk.

Further Questions. We record several questions regarding coalescing and annihilating
random walk here:
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(a) Can the assumptions on the degree in Theorem 2 (ii) be weakened? We expect that
our approach extends (at least) to stationary graphs with finite expected degree.

(b) Suppose G is an infinite unimodular random graph in which each vertex is assigned
an infinite trajectory in an ergodic invariant way (see [BC12]). Particles, one from
each vertex, start moving along their trajectory in continuous time and annihilate
when meeting. Is the resulting process recurrent? Start by showing it on Euclidean
lattices.

(c) Place ε-balls (meteors) in Euclidean space with centers according to a unit intensity
Poisson process. At time 0 each chooses a direction uniformly randomly and proceeds
along this direction at unit speed (non-random). When two meteors collide, they
annihilate. Is the origin a.s. occupied by infinitely many meteors for all d ≥ 1? This
is discussed in more detail in Section 3.

(d) Have particles perform annihilating random walk on a graph where the particle
started at x steps according to an exponential clock with mean an independent
uniform(0, 1) random variable. Is this model on Zd still recurrent? If so, what can
be said of the limiting speed of the particles visiting the origin? Possibly slower
moving particles survive longer, and the average speed of particles visiting the origin
decays with time.

Outline. Section 2 starts with the proof of Proposition 1. We also establish, in Lemma 5,
that infinite expected occupation time is equivalent to survival of a nearest neighbor random
walk in the voter model. Corollary 6 relates this back to pt. Sections 2.1 and 2.2 contain the
proofs of Theorem 2 (i) and (ii), respectively. Section 3 discusses some non-backtracking
variants, and contains the proof of site recurrence for a non-backtracking model on bounded
degree trees and Galton-Watson trees with exponential tail.

2. Site recurrence for coalescing random walk

Coalescing random walk on a graph, G = (V,E), has a graphical representation as follows:
each edge is replaced with two directed edges and an independent Poisson process with unit
intensity is placed on each directed edge, indexed by time. When the bell of a Poisson process
for the edge (u,w) rings we check if there’s a particle at u and if so, we move it to w. If
there’s already a particle at w, they merge. We denote the process (ξt)t≥0 with ξt ∈ {0, 1}V
equal to the set of occupied vertices at time t, and occasionally ξvt for the location at time t of
the particle that began at v. In this notation we have pt(v) = P(ξt(v) = 1) is the probability
that v is occupied by a particle at time t. Thus,

∫∞
0
pt(v)dt is the expected occupation time

of v.

Proof of Proposition 1. If there is positive probability of infinite occupation time at v, then
the expected occupation time is infinite. For the other direction we generalize [Arr83, Lemma
2].

Suppose that
∫∞
0
pt(v) = ∞. For any t ∈ [0,∞) let σt = inf{s ≥ t : ξt(v) = 1} ∈ [0,∞],

the first time after t that v is occupied by a particle. We wish to establish that

P(σt <∞) = 1, ∀t ≥ 0.

The basic coupling ξAt = {ξxt : x ∈ A} for A ⊆ V has the property that A ⊆ B ⊆ V implies
ξAt ⊆ ξBt ⊆ ξt, so the Markov process (ξAt : A ⊆ V ), with state space {0, 1}V = {A : A ⊆ V }
ordered by set inclusion, is attractive. Define pAt = P(ξAt (v) = 1), and also I(t, u) =
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∫ u
t
ps(v)ds. By assumption,

lim
u→∞

I(t, u) =∞, ∀t ≥ 0.(1)

Let fσt be the density function of σt and Eσt denote the expectation taken over all possible
realizations of ξσt given that σt = r. Using the strong Markov property we have for t < u,

I(t, u) := E

∫ u

t

1{ξs(v) = 1}ds =

∫ u

r=t

fσt(r)Eσt

(
E

∫ u−r

0

1{ξAs (v) = 1}ds
)
dr

≤
∫ u

r=t

fσt(r)

(
E

∫ u

0

1{ξs(v) = 1}ds
)
dr

≤ P(σt ≤ u)(t+ I(t, u)).

Dividing both sides by t+ I(t, u) we arrive at the inequality

P(σt ≤ u) ≥ I(t, u)/(t+ I(0, u)).(2)

For fixed t, taking u→∞ yields P(σt <∞) ≥ 1 by (1).
We conclude by describing the 0− 1 law. The above argument establishes that if CRW

occupies a site for infinite time with positive probability, then it does so with probability
1. As G is assumed to be connected, it follows that all sites are occupied infinitely often
with probability 1. Therefore, the process is either site recurrent (recall this is defined as an
almost sure event) or transient. �

Proof of Corollary 3. The lower bound on P(σt ≤ u) at (2) yields an upper bound on the
probability v is unoccupied from time t to u:

P(σt > u) ≤ 1− I(t, u)

t+ I(t, u)
=

t

t+
∫ u
t
ps(v)ds

.(3)

Which is the first part of the corollary. The second part follows by applying the bound on
pt(v) in Theorem 2 (i) and integrating. �

Theorem 2 allows for site recurrence to be deduced by proving pt(v) is non-integrable.
Our approach is to express pt(v) in another way. Consider the dual process to this model,
which is called the voter model. In the dual model we start with a partition of the space
into clusters, where initially each vertex corresponds to a different cluster. When the bell at
(u,w) rings the vertex w is added to the cluster containing u. We denote the process (ζvt )t≥0
where ζvt is the set of vertices belonging to the cluster that initially consists of the vertex v.
If we run this model in reverse time, from time t to 0, we see the cluster that began at v at
time t at time 0 consists of exactly the particles that in the coalescing model are at v at
time t. In particular,

pt(v) = P(ξt(v) = 1) = P(ζvt 6= ∅).(4)

The advantage of working with the voter model is that the size of ζvt is a nearest-neighbor
symmetric random walk with transition rate depending on the number of boundary edges.
Indeed, at any moment there are some directed edges going out of the cluster, and the same
number of edges coming in. More precisely, the cluster size is a skip-free process on the
integers that moves with rate equal to the size of the current boundary of the cluster. We
record this fact in the following lemma. Let | · | denote either the counting measure of a
finite set.
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Lemma 5. Define ζvt ⊆ V to be the set of vertices in the cluster of v at time t. For each
x ∈ ζvt let ∂t(x) = {(x, y) ∈ E : y /∈ ζvt }. Let

∑
x∈ζvt |∂t(x)| be the number of edges leading

out of ζvt . The process has the following properties:

(i) |ζv0 | = 1.
(ii) Let τ = inf{t : |ζt| = 0}. For all t ≥ τ it holds that |ζvt | = 0.
(iii) The process is a martingale that transitions to |ζvt | ± 1 at rate

∑
x∈ζvt |∂t(x)|.

Proof. Properties (i) and (ii) follow from the construction of ζvt . We turn our attention to
property (iii). For each x ∈ ζvt , x is removed from ζvt at rate |∂t(x)| and each of the |∂t(x)|
sites in ∂t(x) is added to ζvt at rate 1. Since the rates balance,

E[|ζvt | | |ζvt− |] = |ζvt− |,
which establishes |ζvt | is a martingale. Summing the rates over x ∈ ζvt shows that |ζvt |
transitions to |ζt|+ 1, and to |ζvt | − 1, each at rate

∑
x∈ζvt |∂t(x)|. �

This lets us describe pt in terms of the voter model.

Corollary 6. pt(v) = P(|ζt(v)| > 0). This is the probability a nearest neighbor random walk
with transition rate

∑
x∈ζt |∂t(x)| and absorbing state at 0 is yet to reach zero at time t.

It follows that pt → 0 on any infinite, connected graph.

Proof of Proposition 4. The transition rate in ζvt is always at least two. By Corollary 6
and a straightforward coupling we have pt is at most p̃t = P(Xs > 0, ∀s ≤ t), with Xs a
rate-2 continuous time simple symmetric random walk started at 1. Using the reflection
principle together with the local central limit theorem, p̃t ∼ 1/(2

√
πt) as t→∞, and the

result follows. �

Remark 7. For coalescing walk on Z with nearest neighbour connections, since ζvt is always
of the form {x, x+ 1, ..., x+ k} for some x ∈ Z, k ∈ Z+, its transition rate is exactly 2 · 2 = 4,
so the above inequality is an equality, and gives the exact asymptotics pt ∼ 1/(2

√
πt), as

observed in [BG80]. Compared to [BG80] there is an extra factor of 1/2; our convention
differs from theirs in that the transition of a particle at v is equal to deg v and not 1, since
in our case deg v is allowed to vary.

2.1. Site recurrence for bounded degree graphs. Now we turn our attention to proving
site recurrence on general graphs. Define τv = inf{t : ζvt = ∅}. Integrating over t in the
duality relation (4) we find

Eτv =

∫ ∞

0

P(|ζvt | > 0)dt =

∫ ∞

0

P(ξt(v) = 1)dt =

∫ ∞

0

pt(v)dt.

So, proving site recurrence is equivalent to showing that the first hitting time of 0 for
the simple random walk |ζvt | (with random and time-varying transition rate) has infinite
expectation. We start with the case when G has bounded degree.

Proof of Theorem 2 (i). Let v ∈ V with the maximum degree of vertices in G bounded by
D. Lemma 5 establishes that the transition rate of ζvt is less than or equal to D|ζvt |. Let
Wt be a continuous time nearest-neighbour random walk on Z+ ∪ {0} with W0 = 1. The
walk transitions from k ∈ Z+ ∪ {0} to k ± 1 each at rate Dk, and is absorbed at 0. Letting
θ(t) = P(Wt > 0), if follows from Corollary 6 and a straightforward coupling of |ζvt | with Wt

that pt(v) ≥ θ(t), so it suffices to control θ(t).
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The process Wt can be interpreted as the number of particles in a branching process in
which each particle independently dies, or gives birth to a single offspring, each at rate D.
Let ρ(t) = P(Wt = 0). By independence, for each k ≥ 0 we have

P(Wt+h = 0 |Wh = k) = ρ(t)k.(5)

Recalling that W0 = 1 then conditioning on Wh for small h > 0,

ρ(t+ h) = P(Wt+h = 0) =
∑

k≥0
P(Wt+h = 0 |Wh = k)P(Wh = k).

The event that two or more transitions happens on the interval [0, h] is contained in the
event that a rate 2D exponential clock rings, then a rate 4D exponential clock rings (i.e. we
go from 1 to 2 particles then another transition happens). The probability of this is bounded
by the probability that X + Y < h for X and Y rate 4D exponential random variables, and
has density fX+Y (t) = λ2te−λt with λ = 1/4D. Integrating on [0, h], then taking the Taylor
expansion we have P(X + Y < h) = O(h2). Since we will be dividing by h and letting it
tend to 0, we can combine all of the events that occur with two or more transitions into an
O(h2) term. Using the expression (5) this lets us write ρ(t+ h) as

ρ(t+ h) = 1 ·Dh︸ ︷︷ ︸
dies out

+ ρ(t)(1− 2Dh)︸ ︷︷ ︸
no change

+ ρ(t)2Dh︸ ︷︷ ︸
increases by 1

+ O(h2).

Subtracting ρ(t), dividing by h and taking h ↓ 0 this converges to the equation ρ′ =
D(1− ρ)2. So, for the survival probability θ(t) = 1− ρ(t) we find θ′ = −θ2, with θ(0) = 1,
whose unique solution is θ(t) = 1/(1 +Dt). �

2.2. Site recurrence for Galton-Watson trees. A more general upper bound on the
transition rate is

|maximum exposed degree| · |ζt|.
Our hypothesis that the offspring distribution of our Galton-Watson tree has exponen-
tial tail guarantees that the maximum exposed degree is asymptotically bounded by
log(number of steps). Ultimately this lets us compare with the divergent integral

∫∞
t0

(t log t)−1dt.
This is made rigorous below.

Proof of Theorem 2 (ii). Again, by Corollary 6 it suffices to prove that ζvt has infinite
expected survival time. For convenience we denote ζvt by ζt. Let Ht = ∪s≤tζt be the vertices
visited up to time t. Define the random times 0 = t1 < t2 < ... as when a vertex is added to
Ht, and list them as v1, v2, ... in the order they are discovered, with v1 being the root (ρ).
The transition rate of |ζt| → |ζt| ± 1 is at most Mt|ζt| where

Mt = sup{deg v : v ∈ Ht}.
So, our first goal is to construct the voter model in such a way that Mt can be easily
controlled. A simple way to do this is to construct G “on the fly.” That is, let (Xi)i≥1 be an
i.i.d. sequence of copies of the offspring distribution, and at time ti, sample Xi to determine
the offspring distribution of vi, which is then fixed for all t > ti. This does not disturb the
sample path distribution of ζt, and has the advantage that the quantity

Dk = max
i≤k

deg vi

is equal to maxi≤kXi where Xi is a fixed (as opposed to being a randomly indexed) i.i.d.
sequence. Since, by assumption, P(Xi > x) ≤ e−cx for some c > 0 and large enough x, a
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union bound gives P(Dk > x) ≤ ke−cx, and setting x = (3/c) log k,

P(Dk > (3/c) log k) ≤ k−2(6)

for large enough k.
Now, let 0 = t0 < t1 < t2 < ... denote the jump times of ζt. In what follows we will want

the set of jump times to be infinite, so if ζti = 0 (i.e. the cluster dies out), just include
jumps back to 0 at rate 1. Since |ξi| is a martingale with E|ζti | = |ζ0| = 1 for all i, Doob’s
martingale inequality implies that for all n > 0

P(sup
i
|ζti | > bn) ≤ (bn)−1(7)

for any b > 0. Clearly Mti is nondecreasing in i and Mti ≤ D1+i, since vertices are exposed
one at a time. Thus, the transition rate of |ζti | is at most Di+1|ζti |. Combining these
observations with (6) and (7), we find that with probability at least 1− (bn)−1 − n−2, for
t ≤ tn2 the transition rate in ζt is at most

(3/c) log(n2 + 1)bn ≤ (6b/c)n log(n+ 1).(8)

Let mn = mn(b, c) = (6b/c)n log(n+ 1). A quick summary: with high probability the first
n2 transitions happen at rate no more than mn. Equivalently, the time tn2 is bounded below
by the sum of n2 independent exponentials with rate mn. This is an Erlang distribution,
Xn2 , with shape parameter n2 and rate mn. Thus, we have

mean: µn =
n2

mn
, and variance: σn =

µn
mn

.

Chebyshev’s inequality guarantees that

P(|Xn − µn| ≥ µn/2) ≤ µn/mn

(µn/2)2
=

4

µnmn
=

4

n2
.

One side of the above estimate is

P(Xn2 ≤ µn/2) ≤ 4n−2.(9)

By comparison, and using (8) and (9), we have

P(tn2 ≥ n2/(2mn)) ≥ 1− (bn)−1 − n−2 − 4n−2.

From the well-known first passage distribution for random walk, for the random variable
N = inf{n : |ζn| = 0} we have P (N > n2) ≥ c/n for some possibly smaller c > 0. Note that
although mn depends on c, shrinking c does not affect the estimate. Letting τ = inf{t : |ζt| =
0} as before, and letting an = µn/2 = cn/(12b log(n+ 1)), for an−1 < t < an,

t log t ≥ c(n− 1)

12b log n
(log(n− 1)− log(12b/c)− log log n) ≥ cn

24b

i.e., n ≤ (24b/c)t log t for n large enough. For the same t, then,

P(τ > t) = P(|ζt| > 0) ≥ P(|ζtn2 | > 0, tn2 > an).

Since the survival time of the cluster is independent of the rate at which it jumps we have

P(τ > t) ≥ c/n(1− (bn)−1 −O(n−2)), an−1 < t < an.

The right side is at least c/(2n) for n greater than some n0. Letting t0 = an0
and using the

upper bound on n,

Eτ =

∫ ∞

0

P(τ > t)dt ≥ c2

48b

∫ ∞

t0

1

t log t
dt =∞.
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�

3. Non-backtracking coalescing random walk on trees

We are also interested in understanding similar, but less random processes. A lack of
symmetry in these settings makes it difficult to apply known techniques. We are hopeful
that progress will lead to new ideas.

The non-backtracking coalescing random walk is defined in the same way as the coalescing
random walk with particles instead performing non-backtracking random walk. More precisely,
the state of a particle is specified by a vertex-edge pair (u, {u, v}), and when an edge clock
rings at a directed edge (u,w), the particle moves to w if and only if w 6= v. If the particle
moves from u to w, its state is updated to (w, {w, u}), so that its next jump cannot be back
to u. It will be convenient to assume that each particle is initialized with a uniformly chosen
edge along which it cannot move, that is, the particle initially at v has state (v, {v, u}) where
u is a uniform random neighbour of v. With particles coalescing there is ambiguity about
whose path to remember. There are several well-defined ways to assign priority. On a rooted
tree, we analyze the special case where we always remember the path of particles moving
towards the root. With the model defined in this way we do not quite have a voter model
dual, but a closely related process does. Analogous to Proposition 1 we prove a necessary
and sufficient condition for site recurrence.

Proposition 8. Consider coalescing non-backtracking random walk on a rooted tree with
priority given to particles moving towards the root. The process is site recurrent at the root
if and only if the expected survival time of the cluster in a certain voter model is infinite.

We can deduce site recurrence on bounded degree trees and some trees with unbounded
degree.

Theorem 9. The process from Proposition 8 is site recurrent at the root of either a bounded
degree tree or a Galton-Watson tree whose offspring distribution is as in Theorem 2 (ii).

Non-backtracking removes a vital symmetry from the argument. The proof goes by, once
again, constructing a dual voter process and showing the cluster of the root survives for an
infinite expected amount of time. Our “priority to the root” rule is hand-picked to preserve
monotonicity and the existence of a dual voter model. Neither property exists in other
equally natural non-backtracking models. Further progress in these different settings will
likely require a new approach. Consider the following conjecture:

Conjecture 10. Non-backtracking coalescing random walk with any priority scheme is site
recurrent on bounded degree trees.

The inspiration for studying non-backtracking processes comes from the following meteor
model on Rd. Place ε-balls in Euclidean space with centers according to a unit intensity
Poisson process. At time 0 each chooses a direction uniformly randomly and proceeds along
this direction at unit speed (non-random). When two meteors collide, they annihilate.

Conjecture 11. The origin a.s. is occupied by infinitely many meteors for all d ≥ 1.

This problem appears quite difficult. It could be discretized to an annihilating system of
random walks by uniformly assigning each particle a geodesics to ∞ from which it never
deviates and steps along according to a Poisson clock. The integer lattice is a natural graph
to start with. Or, perhaps hyperbolic space—in which random walk paths stay within a
logarithmic neighborhood of a geodesic—would be a more tractable place to study this
problem.
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3.1. Recovering a dual. Since the graph is a tree, a particle either moves towards the
root, or away, at each jump. Once it has moved away for the first time, at subsequent jumps
it must always move away, since the only way back towards the root requires backtracking.
To simplify matters, we suppose that at each vertex, the initial forbidden edge is chosen
uniformly from the edges that lead away from the root.

Since coalescing particles may have different histories we must decide which one to
remember. Therefore, upon collision we define the following rule for annihilating exactly one
of the two colliding particles; in the original setting with memoryless walks, any such rule
leads to the coalescing model.

• If one particle is moving towards the root, and the other particle is moving away,
annihilate the particle moving away.

• Otherwise, annihilate the particle currently occupying the site (i.e. keep the particle
that just moved).

As currently stated, this process depends on past information. Running the process in
reverse would require information about the future. Thus, it does not have a dual voter
model. Still, a simple observation yields a related model that does have a dual.

Let XT be the occupation time of the root up to time T . Notice that particles moving
away from the root are inert; based on the rule above they cannot block upward moving
particles, and as noted before they cannot revisit the root. Thus, XT is unchanged if we
delete particles the instant they turn away from the root. This modification gives the
following model; for a vertex v, let dv = deg v.

• Suppose v is not the root.
– A particle at v moves towards the root at rate 1.
– A particle at v is deleted at rate dv − 2.

• Suppose v = ρ is the root. A particle at ρ is deleted at rate dρ − 1.

We can think of this model as follows: each particle attempts to travel up to the root,
coalescing with other particles upon collision, and particles (or coalesced collections of
particles) are instantaneously zapped out of existence at some rate that depends on their
present location.

We can simplify the description somewhat by introducing a single absorbing vertex a and
considering the process on V ∪ {a}, where every vertex has a directed edge pointing to v
which rings at rate described below.

Particles at a do not move. The transitions for particles at v ∈ V are as follows.

• Move towards the root at rate 1.
• Move directly to a at rate dv − 2.

A graphical representation of this model can be obtained by placing an independent Poisson
process with rate 1 at each upward directed edge, and with rate dv − 2 at each vertex v.

The model enjoys the same monotonicity as the coalescing random walks – resetting to
the initially full configuration maximizes the probability of occupying the root in the future.
Then, as for the coalescing random walks, there is a dual voter model. In this case, deletion
of a particle at v corresponds to the addition of v to the cluster of a. Note that since the
direction of motion is reversed in the voter model, clusters on the tree must expand away
from the root. Altogether, the voter model has the following transitions. A down-going
directed edge (w, u) is an edge directed away from a. These are the rules we use in the proof
of Lemma 12. We box it for emphasis:
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• Along each down-going edge (w, u), at rate 1, u is added to the cluster containing
w.

• At each vertex v on the tree, at rate dv − 2, v is added to the cluster of a.

The existence of a dual lets us establish Proposition 8.

Proof of Proposition 8. We have established that XT in the non-backtracking coalescing
random walk has the same distribution as in the simpler model. Since the simpler model has
monotonicity and a voter model dual, the same argument used to prove Proposition 1 gives
the desired equivalence. �

3.2. Site recurrence. Now we can turn our attention to proving infinite expected survival
time of the root cluster in the voter model. The voter model from Section 3.1 also has the
martingale property. As before, let ζvt denote the cluster that began at v.

Lemma 12. Consider the voter model ζvt ∈ V ∪ {a} described above. For each v ∈ V , so
long as |ζvt | <∞, the size of the cluster ζvt is a martingale. It transitions to |ζt| ± 1 at rate∑

w∈ζt(dw − 1)− 2|{(w, y) : w, u ∈ ζvt }|.

Proof. Fix a vertex v ∈ V for which we will consider the cluster ζt = ζvt . Let r+t = r+t (v) and
r−t = r−t (v) denote the rate at which |ζt| → |ζt| ± 1, respectively. Note that the transition
rules prohibit a ∈ ζt. Moreover, ζt is unchanged if we assume that initially, all vertices but v
belong to the cluster of a. Therefore, it is enough to check that for any finite W , if ζt = W
and ζat = V ∪ {a} \W then r+t − r−t = 0. For a vertex w 6= a let ŵ denote its unique parent
vertex, i.e., the unique vertex such that there is a down-going edge to w, and let o(w) denote
the set of childs vertices. From the transition rules it follows that

r+t =
∑

w∈W
(dw − 1)− |{u ∈ o(w) : u ∈W}|

and

r−t =
∑

w∈W
(dw − 2) + 1(ŵ /∈W ) =

∑

w∈W
(dw − 1)− 1(ŵ ∈W )

and since
∑
w∈W |{u ∈ o(w) : u ∈W}| and

∑
w∈W 1(ŵ ∈W ) are both equal to |{(w, u) : u,w ∈

W}|,
r+t − r−t = −

∑

w∈W
|{u ∈ o(w) : u ∈W}|+

∑

w∈W
1(ŵ ∈W ) = 0.

�

Proof of Theorem 9. With Lemma 12 we can bound the transition rate of |ζρt | by
∑
v∈ζρt dv.

To prove the part of Theorem 9 concerning bounded degree trees we can follow the same
approach as Theorem 2 (i); again we use the transition rate bound D · |ζρt |. Similarly, we
can use the same technique as the proof of Theorem 2 (ii) to deduce site recurrence for
Galton-Watson trees. �
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CHOICES, INTERVALS AND EQUIDISTRIBUTION

MATTHEW JUNGE

Abstract. We give a sufficient condition for a random sequence in [0,1] generated by a

Ψ-process to be equidistributed. The condition is met by the canonical example – the

max-2 process – where the nth term is whichever of two uniformly placed points falls in
the larger gap formed by the previous n− 1 points. This solves an open problem from

Itai Benjamini, Pascal Maillard and Elliot Paquette. We also deduce equidistribution

for more general Ψ-processes. This includes an interpolation of the min-2 and max-2
processes that is biased towards min-2.

1. Introduction

A sequence in [0, 1] is equidistributed if the limiting proportion of points in each subinterval
is equal to the subinterval’s length. Over a century ago Weyl proved that {βn mod 1}n≥1 is
equidistributed for any irrational number β (see [Wey10]). Since then connections have been
found in ergodic theory, number theory, complex analysis and computer science ([BM72],
[Vau77], [FSZ09], [CKK+07]). See [KN06] for an overview.

Not long after Weyl’s Theorem, attention turned to equidistribution of random sequences.
One way to obtain a random sequence in [0, 1] is to independently choose points uniformly.
Call the resulting sequence the uniform process. The strong law of large numbers guarantees
this is equidistributed almost surely.

Another random process known to equidistribute points is the Kakutani interval splitting
procedure (introduced in [Kak76]), where at each step a point is added uniformly to the
current largest subinterval. Almost sure equidistribution is proven in [Zwe78] and [Loo78]
using stopping times. Because points are placed in the largest gaps they ought to spread
more evenly than the uniform process. Indeed, [Pyk80] proves the size of the largest interval
is asymptotic to 2/n; the same order as the average interval. Compare to log n/n in the
uniform process (see [Dar53]).

[MP14] introduces a family of interval splitting processes that exhibit a wider range of
behavior. The canonical example is the max-2 process. The dynamics are as follows:

• Partition [0, 1] into subintervals by placing finitely many points in any manner.
• At each step sample two points uniformly from [0, 1]. Each lies in a subinterval

formed by the previous configuration.
• Keep the point contained in the larger subinterval and disregard the other point.

Break a tie by flipping a fair coin.

A discrete analogue of the max-2 process appears in [ABKU99] where n balls are placed
into n bins. For each ball two bins are selected uniformly and the ball is placed in the bin
with fewer balls. They find that the most-filled bin has ≈ log2 log n balls; significantly less
then ≈ log n/ log log n if the balls were instead placed uniformly. This is studied in more
detail in [MRS00] and [LM05].

In the max-2 process choosing the larger gap should spread points more evenly. Despite
our intuition this is difficult to formalize, and equidistribution was a primary open problem

1
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from [MP14]. The natural counterpart is the min-2 process where the point contained in
the smaller subinterval is kept. Unlike the previous processes, points are prone to clump
together. It is natural to also define the max-k and min-k processes; in these the max or
(resp.) min of k candidate points is selected at each step.

Before we can state the theorem we describe a more general splitting procedure known as
a Ψ-process (introduced in [MP14]). For technical convenience we will assume that points
arrive according to a Poisson process with intensity et. Suppose at time t that Nt points have

arrived and we have interval lenghts I
(t)
1 , I

(t)
2 , . . . , I

(t)
Nt+1. Define the size-biased empirical

distribution function

Ãt(x) =

Nt+1∑

i=1

I
(t)
i 1{I(t)

i ≤ x}.

This function is now defined to evolve according to Markovian dynamics as follows. Let us
say that the next point arrives at time s > t, for the Ns-th step (with Ns = Nt + 1) we

choose an interval at random, with length `s = Ã−1
s− (u), where u is sampled from a law on

(0, 1] whose distribution function we denote by Ψ. This randomly chosen interval is now
subdivided into two pieces at a point chosen uniformly inside the interval. This produces

a new sequence of interval lengths I
(s)
1 , . . . I

(s)
2 , . . . , I

(s)
Ns

and the process is repeated. Note

that Ãt(x) is constant (in t) between point arrivals. We remark that the max-k, uniform
and min-k processes are Ψ-processes with Ψ(u) = uk, u, and 1− (1− u)k, respectively.

We abbreviate a few common assumptions for Ψ:

(C) Ψ is continuous.

(C1) Ψ is continuously differentiable.

(C2) Ψ is twice continuously differentiable.

(D) There exist c > 0 and κΨ ∈ [1,∞), such that 1−Ψ(u) ≥ c(1− u)κΨ for all u ∈ (0, 1).

Set At(x) = Ãt(e
−tx). The main theorem of [MP14] proves that, when (C) and (D) hold,

At(x) converges pointwise to a (deterministic) continuously differentiable distribution function
FΨ(x). For future theorem statements we note that (C1) and (C2) both imply (D).

Here we study Ãαt , the restriction of Ãt to the Nα
t subintervals contained in [0, α]. We find

conditions on Ψ that guarantee pointwise convergence Aαt → αFΨ, where Aαt (x) = Ãαt (e−tx)
and αFΨ denotes the map x 7→ α · FΨ(x). When this holds the subinterval lengths in
[0, α] evolve to look the same as those in all of [0,1]. This sameness is enough to deduce
equidistribution.

Theorem 1. Let ψ = Ψ′. If Ψ satisfies (C2) and for some δ ∈ (0, 1] and all z ≥ 0

|zψ′(FΨ(z))(FΨ)′(z)− ψ(FΨ(z))| ≤ (2− δ)ψ(FΨ(z)),(1)

then the Ψ-process is equidistributed a.s.

The condition (1) arises from a technical computation (see the proof Proposition 4) used to
show that a family of processes containing (Aαt )t≥0 contract in a certain norm. We stress that
it is not at all obvious which Ψ and FΨ should satisfy this condition. Our only tools are the
properties of FΨ established in [MP14]. Most importantly, it satisfies the integro-differential
equation (see [MP14, Lemma 3.5]):

(FΨ)′(z) = z

∫ ∞

z

1

y
dΨ(FΨ(y)),(2)
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and the differential equation (see [MP14, Proposition 8.1]):

z(FΨ)′′(z)− (FΨ)′(z) + zψ(FΨ(z))(FΨ)′(z) = 0.(3)

Remarkably, this is enough information to deduce (1) holds for the max-2 process, an
interpolation of max-2 and min-2 processes that is biased towards min-2, and arbitrary
interpolations of max-k, uniform and min-k processes that place enough weight on the
uniform process.

Corollary 2. The following are equidistributed a.s.

(1) The max-2 process.
(2) The interpolation that is 60%-min-2 and 40%-max-2; Ψ(u) = .6(1− (1− u)2) + .4u2.
(3) The interpolation of max-k, uniform and min-k processes given by a probability

measure p = (pk)k 6=−1,0 on Z \ {−1, 0}, that satisfes
∑
k≥2 k(k− 1)[pk + p−k] ≤ 1/2;

Ψ(u) = p1u+
∑

k≥2

pku
k + p−k(1− (1− u)k).

For example, this includes the interpolations
(a) (1/k2)%-min-k for a single fixed k and otherwise uniform.
(b) 99.95%-uniform and (5−k)%-min-k for all k = 2, 3, . . ..

The reason our approach works for only certain Ψ is unclear. Numerical methods indicate
the inequality fails for other processes, suggesting a different approach is needed. This is
surprising since processes which ought to better equidistribute points, like a max-3 process,
do not meet our criterium. Nonetheless, we conjecture that all max-k and min-k processes
are equidistributed. The properties established in Proposition 5 are an important step in
exploring this for max, min and more general Ψ-processes. The rate of convergence to a
uniform placement of points and also the asymptotic size of the largest interval are other
important open problems. More thorough discussion can be found in [MP14].

Overview. This article is organized to quickly arrive at the proof of Theorem 1. In Section 2
we describe the evolution of intervals in [0, α] and give the major definitions. In Section 3
we state without proof Proposition 4 and Proposition 5. The first proposition describes the
importance of (1) holding. The second shows that Aαt has similar properties as those needed
of At to deduce convergence in [MP14]. We then use this to establish Theorem 1. Section 4
contains the proofs for the previous section. Finally, in Section 5 we prove Corollary 2 by
showing that various interpolations satisfy (1).

2. Subintervals in [0, α]

We start with a formal definition for a process to be equidistributed. Suppose n0 points
are initially placed. After n iterations of an interval splitting process let Nα

n be the number
of the first n0 + n points smaller than α. We say a sequence is equidistributed if n−1Nα

n → α
for all α ∈ [0, 1]. It is convenient to work in continuous time. Following [MP14] we have
points arrive as a Poisson process with intensity et. Formal details are in Proposition 4. So,
in continuous time equidistribution is equivalent to e−tNα

t → α for all α ∈ [0, 1].

2.1. Describing Ãα
t . Fix α ∈ [0, 1]. We use the convention that a bold face letter represents

a process indexed by time (i.e. Ã = (Ãt)t≥0). Define the joint processes (Ãα, Ãα+ , Ã) to be
the size-biased empirical distributions of interval lengths contained in [0, α], [α, 1] and [0, 1],
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respectively. Formally, letting I
α,(t)
1 , . . . , I

α,(t)
Nαt

be the lengths of subintervals contained in

[0, α] at time t we define

Ãαt (x) =

Nαt∑

j=1

I
α,(t)
j · 1{Iα,(t)j ≤ x},

and similarly for Ã
α+

t and Ãt. The spark for the refined analysis comes from the relation

Ãαt (x) + Ã
α+

t (x) = Ãt(x), ∀t, x ≥ 0.(4)

To ensure that no intervals are double counted assume the initial set of points placed
in [0, 1] always contains {α}. This assumption is only for convenience. Our proof could be
adapted to omit it by running the process until two points α1 ≤ α ≤ α2 land sufficiently
close to α, and then using the bound Nα1

t ≤ Nα
t ≤ Nα2

t . We further remark that the same
reasoning extends our theorems to the unit circle.

In [MP14, Section 2] the authors prove that

Ãt(x) = Ã0(x) +

∫ t

0

esx2

∫ ∞

x

ψ(Ãs(z))

z
dÃs(z) + M̃t

for some martingale M̃t. The following proposition shows that Ãαt satisfies a similar equation.

Proposition 3. Let ψ = Ψ′. For any Ψ-process satisfying (C1), the joint processes

(Ãα, Ãα+ , Ã) satisfy the equation

Ãαt (x) = Ãα0 (x) +

∫ t

0

esx2

∫ ∞

x

ψ(Ãs(z))

z
dÃαs (z)ds+ M̃α

t (x),

with M̃α
t a martingale.

Proof. We first build up some necessary definitions. Let Ψ be a continuously differentiable
distribution function. Define a Poisson random measure

∏
on [0,∞)× [0, 1]2 with intensity

etdt⊗ dΨ(u)⊗ dv. Set `t(u) = Ã−1
t− (u). We use the function h(v, `, x) = v1{`v ≤ x}+ (1−

v)1{`(1− v) ≤ x}) to “cut” our sampled interval by v.
We need to detect whether the sampled interval belongs to [0, α]. We use the function

gαt (`t(u)) = 1{`t(u) ⊂ [0, α]}. The function gαt can be constructed rigorously by assuming
all of the subintervals have different lengths, and putting a point mass on each length of
subintervals in [0, α]. This is a harmless simplification; even for starting configurations with
same-length subintervals we know that (when Ψ ∈ C1) after an a.s. finite time a point will
be added to each interval. Once this happens all of the subintervals are of different lengths
a.s. and will continue to be of different lengths a.s.

We combine all of this to define

B̃α(s, u, v, x) = `s(u)1{`s(u) > x}gαt (`s(u))h(v, `s(y)),

so that Ãαt (x) = Ãα0 (x) +
∑

(s,u,v,x)∈Π,s≤t B̃
α(s, u, v, x).

Looking to obtain the semimartingale decomposition of Ãαt (x) we integrate B(t, u, v, x).

Note that
∫ 1

0
h(v, `, x)dv = (x/`)2. We then write
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∫ ∫
B̃α(t, u, v, x)dvdΨ(u) =

∫ 1

0

`t(u)1{`t(u) > x}gαt (`s(u))(x/`t(u))2dΨ(u)

= x2

∫ 1

0

1

`t(u)
1{`t(u) > x}gαt (`t(u))dΨ(u)

= x2

∫ ∞

x

1

z
gαt (z)dΨ(Ãt−(z)).

The last line follows from the fact that for a bounded Borel function, f ,
∫ 1

0

f(`t(u))dΨ(u) =

∫ ∞

0

f(z)dΨ(Ãt−(z)).

Recall that Ψ is assumed to be C1, and that the indicator function gαt is zero unless the
selected interval belongs to [0, α]. This lets us write

gαt (z)dΨ(Ãt−(z)) = ψ(Ãt−(z))dÃαt−(z).

We now rewrite the integral of B̃αt as
∫ ∫

B̃α(t, u, v, x)dvdΨ(u) = x2

∫ ∞

x

ψ(Ãt−(z))

z
dÃαt−(z).

Integrate this from 0 to t and we arrive at the claimed decomposition of Ãαt (x). �

2.2. Definitions and notation. What follows are the essential facts and notation for
understanding the proof of Theorem 1. Let non-tilde processes represent the original process

scaled by e−t (i.e. At(x) = Ãt(e
−tx)). In light of Proposition 3, a change of variables gives

the relationship

Aα = C (Aα,A) + Mα,(5)

where C : X × X → C([0,∞), L1
loc) is defined by

C (F,G)t(x) = F0(e−tx) +

∫ t

0

(es−tx)2

∫ ∞

es−tx

ψ(Gs(z))

z
dFs(z)ds.

Here X = B([0,∞),D) where D = {F : [0,∞) → [0, 1], cádlág, increasing}. The set X is
a subspace of the space B([0,∞), L1

loc) of measurable maps from [0,∞) to L1
loc with the

topology of locally uniform convergence, which we denote by the symbol
X→.

We say that a family of functions (F(n))n∈N in X is asymptotically equicontinuous if for
every compact K ⊂ [0,∞),

lim
δ→0

lim
n→∞

sup
s,t≥0
|s−t|≤δ

∫

K

|F (n)
s (x)− F (n)

s (x)|dx = 0.

A family of distributions (Ft)t≥0 is tight if for all ε > 0 there exists N such that Ft(N) ≥ 1−ε
for all t ≥ 0.

We will use F̂ and FΨ interchangeably to denote the a.s. pointwise limiting distribution
of At from [MP14, Theorem 1.1]. Also define the stationary distribution F̂∗ so that F̂ ∗t = F̂

for all t ≥ 0. With the convergence At → F̂ in mind, we consider the operator

C ∗(F)t = C (F, F̂∗)t = F0(e−tx) +

∫ t

0

(es−tx)2

∫ ∞

es−tx

ψ(F̂ (z))

z
dFs(z)ds.
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We will see in the proof of Theorem 1 that the limiting distribution of Aαt belongs to the set
of fixed points

Fα = {F ∈ X1 : F = C ∗(F), Ft(+∞) = α and ( 1
αFt)t≥0 tight}.

Here X1 = B([0,∞), {F ∈ D : ‖F‖x−2 ≤ 1}), where ‖ · ‖x−2 is the case δ = 1 of the following
family of norms on L1

loc([0,∞)):

‖f‖x−1−δ =

∫ ∞

0

x−1−δ|f(x)|dx, δ ∈ (0, 1].(6)

The norm used exclusively in [MP14] is ‖f‖x−2 =
∫∞

0
x−2|f(x)|dx. This extra δ of freedom

lets us prove the interpolation between min-2 and max-2 is equidistributed. The effect of
working in this norm is the appearance of the (2− δ) term in (1).

We remark that ‖ · ‖x−2 does have special significance. A key property (see Proposition 5

(I)) is that ‖Ãαt ‖x−2 = e−tNα
t . Thus, we can recover the number of points added to the

interval [0, α], which is the fundamental quantity for proving equidistribution.

3. Proof of Theorem 1

We delay the proofs of the following two propositions until the next section. Our goal is
to make transparent the necessary ingredients for proving Theorem 1. The first proposition
describes the benefit of when a Ψ-process satisfies (1).

Proposition 4. If Ψ satisfies (C1) and there exists δ ∈ (0, 1] such that (1) holds for all
z ≥ 0, then

‖Ft − αF̂‖x−1−δ ≤ 2(1 + δ−1)e−δt

for all F ∈ Fα.

We will also need several general properties of Aα.

Proposition 5. The following hold for any Ψ satisfying (C2):

(I) ‖Aαt ‖x−2 = e−tNα
t and ‖αF̂‖x−2 = α.

(II) The collection of distribution functions ( 1
αA

α
t )t≥0 is tight.

(III) The family (Aα,(n)) defined by A
α,(n)
t = Aαt+n is asymptotically equicontinuous.

(IV) Mα,(n) X→ 0 as n→∞, where M
α,(n)
t (x) = Mα

t+n(x)−Mα
n (e−tx) for every t ≥ 0.

(V) Suppose additionally that supz≥0 zF̂
′(z) <∞ (discussion of this hypothesis appears in

Lemma 6). Define A(n) by A
(n)
t = At+n. If F(n) X→ F then C (F(n),A(n))

X→ C ∗(F).

Proof of Theorem 1. All statements are meant to hold almost surely. Also we abbreviate
items from Proposition 5 as a roman numeral. In the continuous process points are added as
a Poisson process with intensity etdt. So, it suffices to show e−tNα

t → α.
By (II), (III) and the version of the Arzelá-Ascoli theorem in [MP14, Lemma 7.3] we

may choose a sequence (Aα,(nk)) which converges to a family of (scaled by α) distributions

Fα,(∞) with F
α,(∞))
t (+∞) = α for every t ≥ 0. Taking limits in the formula at (5) we obtain

C (Aα,(nk),A(nk)) + Mα,(nk) X→ Fα,(∞).

By (IV) and (V) we have

C (Aα,(nk),A(nk))
X→ C ∗(Fα,(∞)).
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Thus, Fα,(∞) ∈ Fα. Since we are assuming (1) holds, Proposition 4 implies that ‖Fα,(∞)
t −

αF̂‖x−1−δ ≤ (2 + δ−1)e−δt. A similar argument as the conclusion of the proof of [MP14,

Theorem 7.1] gives almost sure pointwise convergence Aαt → αF̂ . [MP14, Theorem 1.1] states

that At → F̂ pointwise. We can then deduce from (4) that A
α+

t → (1− α)F̂ . Combining

pointwise convergence, (4) and Fatou’s lemma we deduce that ‖Aαt ‖x−2 → ‖αF̂‖x−2 . Indeed,

lim inf ‖Aαt ‖x−2 ≥ ‖αF̂‖x−2 ,

lim sup ‖Aαt ‖x−2 = 1− lim inf ‖Aα+

t ‖x−2 ≤ 1− (1− α) = ‖αF̂‖x−2 .

This finishes the proof since (I) states that ‖Aαt ‖x−2 = e−tNα
t and ‖αF̂‖x−2 = α. �

4. Proof of Proposition 4 and Proposition 5

4.1. Proposition 4. The proof of Proposition 4 proceeds analogously to [MP14, Lemma
4.1 and Proposition 3.4]. A significant difference is that they apply integration by parts to

1

z
dΨ(F̃s(z)),

whereas our operator C ∗ requires applying integration by parts to

ψ(F̂ (z))

z
dF̃s(z).

The requirement at (1) arises from the extra term ψ(F̂ (z)). Also, note that we work in the
norm ‖ · ‖x−1−δ to obtain the constant (2− δ) in (1).

Proof of Proposition 4. Let F ∈ Fα. We consider the rescaled processes F̃t(x) = F (etx),

F̃Ψ
t (x) = F̂ (etx). It then holds that F̃ = C̃ (F̃) where

C̃ (F̃)t(x) = F̃0(x) +

∫ t

0

esx2

∫ ∞

x

ψ(F̂ (z))

z
dF̃s(z)ds.

Our goal is to prove the distance between F̃ and α
˜̂
F
∗

is decreasing in t:

∂t‖F̃t − αF̃Ψ
t ‖x−1−δ =

∫ ∞

0

x−1−δ∂t|F̃t(x)− αF̃Ψ
t (x)|dx ≤ 0.(7)

We start by differentiating under the integral sign

∂tC̃ (F̃)t(x) = etx2

∫ ∞

x

ψ(F̂ (z))

z
dF̃t(z)

to write for each x ≥ 0 the dynamics for the difference F̃t(x)− αF̃Ψ
t (x) as

∂t(F̃t(x)− αF̃Ψ
t (x)) = etx2It(x),

It(x) =

∫ ∞

x

ψ(F̂ (z))

z
∂z(F̃t(z)− αF̃Ψ

t (z))dz.

Multiply both sides by sgn(F̃t − αF̃Ψ
t ) to obtain

e−t∂t|F̃t(x)− αF̃Ψ
t (x)| = x2

{
sgn(F̃t(x)− αF̃Ψ

t (x))It(x), F̃t(x) 6= αF̃Ψ
t (x)

0, F̃t(x) = αF̃Ψ
t (x)

.
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Let f̂(z) = zψ′(F̂ (z))F̂ ′(z)− ψ(F̂ (z)). An application of integration by parts to the integral
gives

It(x) = −ψ(F̂ (x))

x
(F̃t(x)− αF̃Ψ

t (x)) +

∫ ∞

x

f̂(z)

z2
(F̃t(z)− αF̃Ψ

t (z))dz.

The previous two equations therefore yield

e−t∂t|F̃t(x)− αF̃Ψ
t (x)| ≤ −xψ(F̂ (x))|F̃t(x)− αF̃Ψ

t (x)|+ x2

∫ ∞

x

|f̂(z)| |F̃t(z)− αF̃
Ψ
t (z)|

z2
dz.

We next multiply both sides by x−1−δ and integrate with respect to x from 0 to infinity to
obtain the bound

e−t
∫ ∞

0

x−1−δ∂t|F̃t(x)− αF̃Ψ
t (x)|dx ≤

∫ ∞

0

−ψ(F̂ (x))
|F̃t(x)− αF̃Ψ

t (x)|
xδ

dx

+

∫ ∞

0

x1−δ
∫ ∞

x

|f̂(z)| |F̃t(z)− αF̃
Ψ
t (z)|

z2
dzdx.

An application of Fubini’s theorem lets us rewrite the second integral as
∫ ∞

0

x1−δ
∫ ∞

x

|f̂(z)| |F̃t(z)− αF̃
Ψ
t (z)|

z2
dzdx =

∫ ∞

0

|f̂(z)| |F̃t(z)− αF̃
Ψ
t (z)|

z2

∫ z

0

x1−δdxdz

=

∫ ∞

0

(2− δ)−1|f̂(z)| |F̃t(z)− αF̃
Ψ
t (z)|

zδ
dz.

Hence we can combine the integrals to obtain the bound

e−t
∫ ∞

0

x−2∂t|F̃t(x)− αF̃Ψ
t (x)|dx ≤

∫ ∞

0

(
(2− δ)−1|f̂(z)| − ψ(F̂ (z))

) |F̃t(z)− αF̃Ψ
t (z)|

zδ
dz.

Our hypothesis (1) guarantees that the term inside the integral:

(2− δ)−1|f̂(z)| − ψ(F̂ (z)) ≤ 0.

Therefore (7) holds. This establishes that

‖F̃t − αF̃Ψ
t ‖x−1−δ ≤ ‖F̃0 − αF̃Ψ

0 ‖x−1−δ = ‖F0 − αF̂‖x−1−δ .(8)

A change of variables x = e−tz gives

‖Ft − αF̂‖x−1−δ =

∫ ∞

0

x−1−δ|Ft(x)− αF̂ (x)|dx

= e−δt
∫ ∞

0

z−1−δ|F̃t(z)− αF̃Ψ
t (z)|dz

= e−δt‖F̃t − αF̃Ψ
t ‖x−1−δ

≤ e−δt‖F0 − αF̂‖x−1−δ ,(9)

where at the last line we apply (8).

It remains to prove that ‖F0 − αF̂‖x−1−δ ≤ C, for some C > 0. By assumption, F ∈ X1

and therefore ‖F0‖x−2 ≤ 1. As 0 ≤ F0(x) ≤ 1 we can break up the integral and use
integrability of x−1−δ1{x > 1}:

∫ ∞

0

x−1−δF0(x)dx ≤
∫ 1

0

x−2F0(x)dx+

∫ ∞

1

x−1−δdx ≤ ‖F0‖x−2 + δ−1 ≤ 1 + δ−1.
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Similarly, ‖αF̂‖x−1−δ ≤ 1+δ−1. Apply the triangle inequality to conclude ‖F0−αF̂‖x−1−δ ≤
‖F0‖x−1−δ + ‖αF̂‖x−1−δ ≤ 2(1 + δ−1). �
4.2. Proposition 5. In Proposition 5 we prove that Aαt and At have similar properties.
Each statement requires some manipulation. Fortunately [MP14] contains much of the
heavy-lifting. We make one remark concerning the proof of (V). In [MP14] they prove
continuity of an operator S Ψ with domain X . Our operator C has domain X × X . This
makes the proof more involved, and also restricts us to proving continuity in sequences of
the form (F(n),A(n)).

Proof of (I). The equality ‖αF̂‖x−2 = α is [MP14, Lemma 3.5]. For the other equality, take

I
α,(t)
j to be the length of an interval in [0, α]. Define the measure µαt = e−t

∑Nαt
1 δ

etI
α,(t)
j

.

This gives µαt is the empirical distribution of rescaled interval lengths. We can then write

Aαt (x) =

∫ x

0

yµt(dy).

Applying Fubini’s theorem shows that

‖Aαt ‖x−2 =

∫ ∞

0

x−2

∫ x

0

yµαt (dy)dx =

∫ ∞

0

µαt (dy) = e−tNα
t .

�
Proof of (II). Recall that a family of distributions (Ft)t≥0 is tight if for all ε > 0 there exists
N such that Ft(N) ≥ 1 − ε for all t ≥ 0. [MP14, Proposition 6.3] implies (At)t≥0 is tight.
Fix ε > 0 and let N be such that At(N) ≥ 1 − αε for all t ≥ 0. The relationship at (4)
ensures Aαt (N) +A

α+

t (N) ≥ 1− αε. As Aαt ≤ α and A
α+

t ≤ 1− α, this inequality could only
hold if Aαt (N) ≥ α− αε for all t ≥ 0. Hence, ( 1

αA
α
t )t≥0 is tight. �

Proof of (III). Recall, that a family of functions (F(n))n∈N in X is asymptotically equicon-
tinuous if for every compact K ⊂ [0,∞),

lim
δ→0

lim
n→∞

sup
s,t≥0
|s−t|≤δ

∫

K

|F (n)
s (x)− F (n)

s (x)|dx = 0.

The proof is similar to [MP14, Lemma 7.5]. The idea is that it suffices to show the existence
of a δ0 > 0 and constant C so that for every 0 < δ1 < δ0 there exists almost surely a Tδ1 <∞
so that

sup
t≥Tδ1 ,0≤δ≤δ1

∫ ∞

0

|Aαt+δ(x)−Aαt (x)|
x2

dx ≤ Cδ1.(10)

This is sufficient since we for any δ1 > 0 and any M > 0, almost surely

lim
n→∞

sup
s,t≥0,|s−t|≤δ1

∫ M

0

|Aα,(n)
s (x)−Aα,(n)

t (x)|dx ≤ sup
t≥Tδ1 ,0≤δ≤δ1

∫ ∞

0

|Aαt+δ(x)−Aαt (x)|
x2

dx

≤M2Cδ1.

As this holds jointly with probability 1 for a countable sequence of δ1 going to 0 and M ∈ N,
the asymptotic equicontinuity of (A(n))n≥0 follows.

The formula at (10) follows from the fact that Ãαt satisfies the monotonicity condition,
for any δ > 0,

Ãαt (x) ≤ Ãαt+δ(e−δx) ≤ Ãαt+δ(x).(11)
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Another necessary fact is that number of points kept in [0, α] from time t to t+ δ is bounded
by the number of points added to [0, 1] in that same time interval. Formally, for any δ > 0
we have Nα

t+δ −Nα
t ≤ N1

t+δ −N1
t . This lets us deduce the equivalent for Nα

t as for Nt in
[MP14, Lemma 7.6]. Namely, that there is a δ > 0 so that for every 0 < δ < δ0 there exists
almost surely a Tδ <∞ so that

sup
t≥Tδ

Nα
t+δ −Nα

t ≤ 2δet.

The argument finishes by using the formula from Proposition 5 (I) for Nα
t in terms of

‖Aαt ‖x−2 . See the proof of [MP14, Lemma 7.5] for further details. �

Proof of (IV). The proof is similar to the decay of the noise subsection in [MP14, Section 7].
The idea is to bound the martingale Mα by computing various moments of the underlying
process Bα. We can use the same bounds as in [MP14] because points are added to [0, α] no
faster than to [0, 1]. This ensures that Bα(s, u, v, x) ≤ B(s, u, v, x). Here B(s, u, v, x) is the
function defined at [MP14, (3)]. �

Proof of (V). Suppose that F(n) X→ F. An equivalent notion of convergence in the topology

of local uniform convergence is that F(n) X→ F if and only if for all compact K ⊂ [0,∞)

lim
n→∞

sup
0≤s≤t

∫

K

|F (n)
s (x)− Fs(x)|dx = 0.

[MP14, Theorem 7.1] implies A(n) X→ F∗. Thus it suffices to prove for any fixed T > 0
and K > 0

∫ K

0

|C (F,F∗)t(x)− C (F(n),A(n))t(x)|dx→ 0(12)

uniformly for t ≤ T . For fixed n we can write

C (F(n),A(n))t(x) = F
(n)
0 (x) +

∫ t

0

(es−tx)2

∫ ∞

es−tx

ψ(A
(n)
s (z))

z
dF (n)

s (z)ds.

If we write ψ(A
(n)
s (z)) = ψ(F̂ (z)) + ψ(A

(n)
s (z))− ψ(F̂ (z)) the above becomes

C (F(n),A(n))t(x) = C (F(n),F∗)t(x) +

∫ t

0

(es−tx)2

∫ ∞

es−tx

ψ(A
(n)
s (z))− ψ(F̂ (z))

z
dF (n)

s (z)ds.

We can then bound the left side of (12) by

∫ K

0

|C (F,F∗)t(x)− C (F(n),F∗)t(x)|dx(13)

+

∫ K

0

∫ t

0

(es−tx)2

∫ ∞

es−tx

|ψ(A
(n)
s (z))− ψ(F̂ (z))|

z
dF (n)

s (z)dsdx.(14)

It suffices to show that as n→∞ each summand converges to zero uniformly for t ≤ T .
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First summand. Start by bounding the summand at (13) by

∫ K

0

|F0(e−tx)− F (n)
0 (e−tx)|dx+

∫ K

0

∫ t

0

(es−tx)2

∣∣∣∣
∫ ∞

es−tx

ψ(F̂ (z))

z
d(Fs(z)− F (n)

s (z))

∣∣∣∣dsdx.

The first quantity goes to zero uniformly for t ≤ T by the definition of F(n) X→ F since a
change of variables gives

∫ K

0

|F0(e−tx)− F (n)
0 (e−tx)|dx ≤ et

∫ K

0

|F0(x)− F (n)
0 (x)|dx.

Expand the interior of the second quantity with integration by parts and take the absolute
value signs inside to bound it by

ψ(F̂ (es−tx))

es−tx
|Fs(es−tx)dx− F (n)

s (es−tx)|
︸ ︷︷ ︸

term one

+

∫ ∞

es−tx

∣∣∣∣
d

dz

ψ(F̂ (z))

z

∣∣∣∣|Fs(z)− F (n)
s (z)|dzdx

︸ ︷︷ ︸
term two

.

Multiply term one by (es−tx)2 and integrate so it becomes

∫ K

0

∫ t

0

(es−tx)ψ(F̂ (es−tx))|Fs(es−tx)− F (n)
s (es−tx)|dsdx.

Since F̂ is a distribution function and ψ is continuous we have (ψ ◦ F̂ )(u) ≤ supu∈[0,1] ψ̂(u) <
D <∞ for some constant D. Thus, the above is bounded by

D

∫ K

0

∫ t

0

(es−tx)|Fs(es−tx)− F (n)
s (es−tx)|dx.

The above goes to zero by the definition of F(n) χ→ F. As for term two, we differentiate
to rewrite it as

∫ ∞

es−tx

|zψ′(F̂ (z))F̂ ′(z)− ψ(F̂ (z))|
z2

|Fs(z)− F (n)
s (z)|dz.(15)

Our additional hypothesis is that zF̂ ′(z) is bounded. Since the range of F̂ is contained in the

compact interval [0, 1] and Ψ ∈ C2 we have ψ ◦ F̂ and ψ′ ◦ F̂ are also bounded. Therefore,

C = sup0≤z≤∞ |zF̂ ′(z)ψ′(F̂ (z))− ψ(F̂ (z))| <∞. It follows that (15) is less than

C

∫ ∞

es−tx

1

z2
|Fs(z)− F (n)

s (z)|dz.(16)

Finally we are in the position of I2 from [MP14, Lemma 3.3] and can conclude that (16)
goes to zero uniformly for t ≤ T .

Second summand. Fix M > 0 and for any function f : [0,∞)→ [0, 1] define fM = f |[0,M ] to

be the restriction to the domain [0,M ]. We have in [MP14, Theorem 7.1] that AM converges

pointwise to F̂M . Observe that each AMt is an increasing function with compact domain,

and F̂M is continuous by [MP14, Lemma 3.5]. Together these imply (see [Rud76, exercise
7.13]) that for any ε > 0 there exists tε such that for all z ∈ [0,M ]

sup
t≥tε
|AMt (z)− F̂Mt (z)| < ε.
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Because the functions A
(n)
t are translates of At it follows that for all n > tε we have

sup
t≥0
|A(n),M
t (z)− F̂Mt (z)| ≤ sup

t≥tε
|AMt (z)− F̂Mt (z)| < ε.

As the functions A
(n)
t and F̂ are supported on [0, 1], we have their compositions with ψ are

uniformly continuous. We conclude that there exists n0 such that for all z ∈ [0,M ]

sup
t≥0
|ψ(A

(n)
t (z))− ψ(F̂ (z))| < ε, for n ≥ n0.(17)

We truncate the integral then apply (17) to bound the absolute value of (14) by

ε

∫ K

0

∫ t

0

(es−tx)2

∫ M

es−tx

1

z
dF (n)

s (z)dsdx(18)

+

∫ K

0

∫ t

0

(es−tx)2

∫ ∞

M

|ψ(A
(n)
s (z))− ψ(F̂ (z))|

z
dF (n)

s (z)dsdx.(19)

We can use the fact that F
(n)
s (z) ≤ 1 and bound the inside integral of (18) by

1

es−tx

∫ M

es−tx
dF (n)

s (z) ≤ 2

es−tx
.

Thus (18) is bounded by

ε

∫ K

0

∫ t

0

2es−txdsdx ≤ ε(1− e−t)K2 ≤ εK2.

As K is fixed, this can be made arbitrarily small.
Lastly we consider (19). Since supu≥0 ψ(u) = D <∞ we use similar estimates as in (18)

and start with the bound
∫ K

0

∫ t

0

(es−tx)2

∫ ∞

M

|ψ(A
(n)
s (z))− ψ(F̂ (z))|

z
dF (n)

s (z)dsdx

≤ 4D

∫ K

0

∫ t

0

(es−tx)2 1

M
dsdx

≤ 4DK3(1− e−2t)

6M
.

Since M can be made arbitrarily large, this can be made as small as we like. Therefore, the
absolute value of (14) can be bounded by any ε > 0 uniformly for t ≤ T . �

Lemma 6. If Ψ satisfies (C2) and either ψ(1) > 0 or Ψ(u) = 1− (1− u)k for some positive

integer k then supz≥0 zF̂
′(z) <∞.

Proof. [MP14, Proposition 8.2] states that when ψ(1) > 0 it holds that F̂ ′(x) ≤ Ce−ax for
some constants C, a > 0. Additionally, for the min-k process (Ψ(u) = 1 − (1 − u)k) it is

shown in [MP14, Proposition 8.4] that F̂ ′(x) ≤ Ckx
−1−εk for some Ck, εk > 0. Note that

supk≥0 Ck <∞ and εk → 0. �

Corollary 7. From Lemma 6 zF̂ ′(z) is bounded for all interpolations of the max-k and
min-k processes.

We remark that it appears boundedness of zF̂ ′(z) does not necessarily hold for general Ψ.
At the very least it does not obviously follow from (2) or (3).
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5. Proving Corollary 2

For this entire section we will let F denote FΨ. To establish (1), we rely almost entirely
on (2) and (3). For convenience we rerecord them here:

|zψ′(F (z))F ′(z)− ψ(F (z))| ≤ (2− δ)ψ(F (z)), δ ∈ (0, 1],(1)

F ′(z) = z

∫ ∞

z

1

y
dΨ(F (y)),(2)

zF ′′(z)− F ′(z) + zψ(F (z))F ′(z) = 0.(3)

We start with the proof of Corollary 2. It follows from a sequence of lemmas.

Proof of Corollary 2. First off we need the conclusion of Corollary 7 to guarantee Proposi-
tion 5 (V) holds for the interpolations we consider. Equidistribution for the max-2 process
then follows from Lemma 8 by taking p2 = 1. The fact that the interpolation that is
60%-min-2 satisfies (1) follows by taking p−2 = .6 in Lemma 11. Part three (for general
interpolations) follows from Lemma 15. �

Now we give the proofs of the necessary lemmas. We break this up into two sections: one
for interpolations of max-2 and min-2 processes and the other for general interpolations.

5.1. Interpolations of min-2 and max-2. Fix p−2, p2 ∈ [0, 1] with p2 + p−2 = 1. We will
work exclusively in this subsection with Ψ that are interpolations of the min-2 and max-2
process. Thus,

Ψ(u) = p2u
2 + p−2(1− (1− u)2),

ψ(u) = 2p2u+ 2p−2(1− u),

ψ′(u) = 2p2 − 2p−2,

This is the distribution function (and derivatives) for an interpolation where at each step we
add a point according the min-2 process with probability p−2 and according to the max-2
process with probability p2.

Our first lemma establishes (1) holds so long as p−2 ≤ p2. Note that the case p2 = 1 is
the max-2 process.

Lemma 8. If p−2 ≤ p2 then (1) holds.

Proof. Dropping the constant 2− δ from the right side of (1) it suffices to prove that

|ψ(F (z))− zψ′(F (z))F ′(z)| ≤ ψ(F (z)).(20)

We break into two cases:

• First suppose ψ(F (z)) ≥ zψ′(F (z))F ′(z) so that (20) reduces to proving that

−zψ′(F (z))F ′(z) ≤ 0.

As F is increasing we know F ′(z) ≥ 0. The hypothesis p−2 ≤ p2 guarantees that
ψ′(F (z)) ≥ 0. Thus, the inequality is satisfied.

• Next, suppose ψ(F (z)) ≤ zψ′(F (z))F ′(z). Rearranging (20) we seek to show

2(p2 − p−2)zF ′(z) ≤ 2ψ(F (z)).
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Note that both sides are zero at z = 0. By the fundamental theorem of calculus it then
suffices to prove the above inequality holds for the derivatives. Differentiating and
again using the fact that ψ′(F (z)) = 2(p2− p−2) reduces the problem to establishing

2(p2 − p−2)(zF ′′(z) + F ′(z)) ≤ 4(p2 − p−2)F ′(z).

After some algebra this is equivalent to

zF ′′(z) ≤ F ′(z).(21)

From (3) we know that zF ′′(z) = F ′(z)− zψ(F (z))F ′(z). Substitute this into (21)
and we have a sufficient condition is that

F ′(z)− 2zψ(F (z))F ′(z) ≤ F ′(z).
This holds as F ′(z) and ψ(F (z)) are nonnegative.

�

To prove (1) holds when p−2 > p2 requires a different analysis of the differential equation
at (3). Lemma 10 shows zF ′(z) can be bounded in terms of p2.

Lemma 9. If p−2 > p2 then limε→0 F
′(ε)/ε ≤ 2.

Proof. Starting from the formula at (2) then integrating by parts gives

lim
ε→0

F ′(ε)
ε

=

∫ ∞

0

1

y
dΨ(F (y)) = ‖Ψ ◦ F‖x−2 .(22)

Plugging into Ψ we have

Ψ(F (y)) = p2F (y)2 + p−2(1− (1− F (y))2)(23)

= F (y)[(p2 − p−2)F (y) + 2p−2].

The hypothesis p2 < p−2 means an upper bound for the above is

Ψ(F (y)) ≤ 2p−2F (y) ≤ 2F (y).(24)

Proposition 5 (I) implies that ‖F‖x−2 = 1. It follows from (22) and (24) that

lim
ε→0

F ′(ε)
ε
≤ 2‖F‖x−2 = 2.

�

Lemma 10. It p−2 > p2 then

zF ′(z) ≤ 2(p2e)
−2.

Proof. Integrate (3) as in [MP14, Proposition 8.1] so that for any ε > 0

F ′(z) =
F ′(ε)
ε

z exp

(
−
∫ z

ε

ψ(F (y))dy

)
.

Taking ε→ 0 and applying Lemma 9 gives

F ′(z) ≤ 2z exp

(
−
∫ z

0

ψ(F (y))dy

)
.(25)

We observe that ψ(F (y)) = 2p2F (y) + 2p−2(1− F (y)). Since we are assuming p−2 > p2 and
know that F (y) ≤ 1 we obtain a lower bound by evaluating at ψ(1):

ψ(F (y)) ≥ ψ(1) = 2p2.(26)
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Applying this to (25) and multiplying by z gives

zF ′(z) ≤ 2z2e−2p2z.

The maximum of z2e−2p2z is at z = 1/p2. Plug this in above to obtain the claimed bound. �

Lemma 11. If p2 < p−2 ≤ .6 then (1) holds.

Proof. Using the triangle inequality on the left side of (1) it suffices to find δ such that for
all z ≥ 0

|zψ′(F (z))F ′(z)|+ |ψ(F (z))| ≤ (2− δ)ψ(F (z)).(27)

Because F is a distribution function, we know that F ′ ≥ 0. Also, note that

(2− δ)ψ(F (z))− |ψ(F (z))| ≤ (1− δ)ψ(F (z)).

Thus, to establish (27) it is enough to prove

zF ′(z) ≤ (1− δ)ψ(F (z))

|ψ′(F (z))| , for z ≥ 0.

We have from (26) that ψ(u) ≥ 2p2 and can compute |ψ′(u)| = 2|p2 − p−2|. It then suffices
to prove

zF ′(z) ≤ p2(1− δ)
|p2 − p−2|

.

By Lemma 10 it suffices to choose δ, p−2 and p2 so that

2 (p2e)
−2 ≤ p2(1− δ)

|p2 − p−2|
.

Combining with our hypotheses we have the following system of constraints

2e−2|p2 − p−2| ≤ (1− δ)(p2)3,

p2 + p−2 = 1,

p2 < p−2,

0 < δ ≤ 1.

Take δ → 0 and use the fact that p−2 is assumed to be larger than p2, and the solution must
be strictly smaller than the real root of the cubic

2

e2
(p−2 − (1− p−2)) = (1− p−2)3.

This is approximately .61, thus p−2 ≤ .6 lies in the solution set. �

Remark 12. The bound p−2 ≤ .6 could be optimized further in the preceding lemmas, but the
gain would be marginal. Something like p−2 ≤ .68 is the best that comes out of optimizing
our argument. We sacrifice this marginal gain for the sake of clarity.
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5.2. General interpolations. We will reprove versions of the previous three lemmas for
more general interpolations. Let p = (pk)k 6=−1,0 be a probability measure on Z \ {−1, 0}. In
this subsection we consider the interpolations

Ψ(u) = p1u+
∑
k≥2 pku

k + p−k(1− (1− u)k).

Define Cp =
∑
k≥2 k(k − 1)(pk + p−k). This constant arises because supu≥0 |ψ′(u)| ≤ Cp.

First we give a bound on F ′ that holds for any Ψ-process.

Lemma 13. Let Ψ satisfy (C) and (D). For all z ≥ 0 it holds that F ′(z) ≤ 1.

Proof. This follows from a simple bound on (2):

F ′(z) = z

∫ ∞

z

ψ(F (y))

y
F ′(y)dy ≤ z · 1

z

∫ ∞

z

ψ(F (y))F ′(y)dy

= Ψ(1)−Ψ(F (z)).

Since Ψ(1) = 1 we conclude that F ′(z) ≤ 1.
�

Now let us return to the setting where Ψ is an interpolation of max-k, uniform and min-k
processes given by p.

Lemma 14. Suppose that p1 > 0. It holds that

zF ′(z) ≤ 2e−1

(p1)2
.

Proof. Integrate (3) as in [MP14, Proposition 8.1] so that for any ε > 0

F ′(z) =
F ′(ε)
ε

z exp

(
−
∫ z

ε

ψ(F (y))dy

)
.

Taking ε = 1 and applying Lemma 13 gives

F ′(z) ≤ z exp

(
−
∫ z

1

ψ(F (y))dy

)
.(28)

Notice that

ψ(u) = p1 +
∑
k≥2 k[pku

k−1 + p−k(1− u)k−1] ≥ p1.(29)

Apply this to (28) then multiply by z to obtain the bound

zF ′(z) ≤ ep1z2e−p1z

The maximum of z2e−p1z is at z = 2/p1. Plug this in above to obtain the claimed bound. �

Lemma 15. If Cp ≤ 1
2 then (1) holds.

Proof. As in Lemma 11 it suffices to show for some δ ∈ (0, 1] and all z ≥ 0

zF ′(z) ≤ (1− δ)ψ(F (z))

|ψ′(F (z))| .

We have from (29) that ψ(u) ≥ p1 and can compute

|ψ′(u)| ≤
∑

k≥2

k(k − 1)|uk−2 − (1− u)k−2| ≤ Cp.
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It then suffices to prove

zF ′(z) ≤ (1− δ)p1

Cp
.(30)

By Lemma 14 and the hypothesis Cp ≤ 1/2 it suffices to choose the pk so that

2e−1

(p1)2
≤ 2(1− δ)p1.

Rewriting and letting δ → 0 we require that e−1/3 < p1. It is easy to verify (by just checking
the case pk = 0 for k 6= 1, 2) that we must have

∑
k 6=1 pk < 1/4 in order to satisfy Cp < 1/2.

Thus, p1 > 3/4. Since e−1/3 ≈ .71 < 3/4 = p1 the above displayed inequality holds. �
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