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Abstract

Interpretation and Optimization of Recurrent Neural Network Performance Through Lyapunov Exponents
Methodology

Ryan Vogt

Chair of the Supervisory Committee:
Eli Shlizerman

Department of Applied Mathematics, Department of Electrical and Computer Engineering

Common deep learning models for learning multivariate time series data are Recurrent Neural Networks
(RNN). These models are ubiquitous computing systems which have been studied for decades. The propa-
gation of gradients over long time-sequences can make training RNNs particularly challenging and difficult
to interpret. The hidden states of RNNs can be viewed as non-autonomous dynamical systems which can
be analyzed using dynamical systems tools. In this work, we leverage Lyapunov Exponents, a dynamical
systems tool which measures the rate at which nearby trajectories expand or contract over time to analyze
the propagation of information in RNNs and relate these properties to RNN training and performance. We
show that several statistics of the Lyapunov spectrum have moderate correlation with network loss on both
classification and regression tasks, and emerge early in training. We also train an autoencoder to learn the
relation between the full Lyapunov spectrum and an RNN’s loss on given tasks. The latent representation of
the autoencoder distinguishes between high- and low-accuracy networks across a variety of network hyper-
parameters, including initialization parameter, network size, and network architecture more effectively than
direct statistics of the Lyapunov spectrum. From a theoretical perspective to further analyze Lyapunov Ex-
ponents of RNNs, we derive a direct expression for gradient in terms of the components of RNNs’ Lyapunov
Exponents which measure directions (vectors Q) and factors (scalars R) of expansion and contraction over a
sequence. We find that the Q vectors associated with the greatest degree of expansion become increasingly
aligned with the dominant directions of the gradient extracted by singular value decomposition. Further-
more, we show that the predictions generated by RNN are maximally affected by input perturbations at
moments which the R values are maximal. These results showcase correlation between dynamical systems
stability theory for RNNs, network performance, and loss gradients. This may open the way to design hy-
perparameter optimization algorithms and adaptive training methods that account for state-space dynamics
as measured by Lyapunov Exponents to improve computations. It may also provide a unifying dynamical
systems framework to study RNN performance across network architectures and tasks.
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Chapter 1

Introduction: Dynamical Systems and
RNNs

Artificial Neural Networks (ANNs) revolutionized machine learning and provided novel and robust solutions
to problems in classification and prediction. Such advancements contributed to scalable and efficient solutions
to challenging applications, such as computer vision [1, 2], signal processing [3, 4], and medicine [5, 6].
However, these networks are not easy to explain and the objectives being optimized by them many times
are not necessarily relying on robust semantic understanding but rather complex pattern matching. As a
result, ANN systems are typically treated as black box models with little understanding of the underlying
dynamics which determine their performance. The objective of this work is thereby to draw from methods
in dynamical systems theory applied to complex systems such as fluid dynamics and turbulence and apply
them to analysis, interpretation, and performance enhancement of ANNs. My proposed research is divided
into three major aims: 1) Computation Lyapunov Exponents for Recurrent Neural Networks (RNNs) [7], 2)
study of Lyapunov Spectrum characteristics for training and performance of RNNs [7, 8], and 3) analysis of
Lyapunov Exponent components’ direct relation to training gradients and input sensitivity. . Accomplishing
these goals could help to lay a better theoretical foundation for RNN in particular and machine learning in
general. It may also provide strategies for designing network architectures suitable for particular tasks and
more robust optimization approaches.

Challenges in Training Recurrent Neural Networks

Recurrent neural networks (RNNs) specialize in classifying sequential data which evolves over different time
scales. Each layer of the network can be viewed as a composing a function f at each time step of the input
sequence. For RNNs to be effective in handling the different time scales, it is important to employ the
concept of parameter sharing across inputs of different length. This allows the network to generalize across
inputs which have similar features.

For a standard RNN (i.e., vanilla RNN), the function f defines the value of the hidden state ht as a
function of the previous hidden state, ht−1 and the input xt:

h t = σh(Uh t−1 +Wx t + b), (1.1)

Since input data may exhibit these features in different orders or duration, the relationship between
elements in a sequence must be learned by the network. Learning the dependence on the previous state in
tandem with the initial input sequence allows RNNs to develop memory over extended periods of time. For
long sequences, the memory required to learn meaningful relations across time steps can be quite long. Such
requirements, however, impose several fundamental bottlenecks that hinder performance of RNNs. The first
bottleneck is due to long-term propagation of gradients during training which typically results in diminishing
or exploding gradients [9]. In addition, even if gradient propagation is stabilized, another bottleneck stems
from recurrent networks involving composing the function f at each time step in a sequence. The long-term
repetition of the composition may amplify small inaccuracies at individual time step to large contributions.
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In order to have a network which can store memories in a robust way, it was shown that the eigenvalues of f
must all decay close to zero [10]. These limitations on f can make general RNNs impractical and ineffective.
Therefore, variations on the general RNN structure have been proposed to mitigate the extreme effects of
these long-term dependencies.

Long Short-Term Memory (LSTM) and Gated Recurrent Unit (GRU) networks remedy these problems
by incorporating self-loops (gates) which allow the network to learn the amount that each component should
preserve and the amount that it should forget. By implementing this structure, LSTMs are able to learn
long-term dependencies. While such specific architectures are robust and intuitive, the details of what makes
these models robust is poorly understood, and they represent only singular points in the space of RNNs.
Developing novel tools inspired by and enhancing the gates employed by these models requires a more
generic and rigorous interpretation of RNN properties [11]. Such methods are becoming more warranted in
typical practical systems in which neural networks contain multiple interconnected hidden layers handling
high-dimensional data. For such networks, mathematical and statistical interpretation is both essential
and challenging. Machine learning research asserts that meaningful interfaces for interpretability of neural
networks will not only enable meaningful human oversight, but prove useful in building new aligned AI
systems [12].

To better understand the propagation of information in Recurrent neural networks and the robustness
of training, we make use of the mathematical framework of dynamical systems. We treat Equation (1.1) as
a nonlinear, nonautonomous iterative map with ht as the state variable. The parameters of this dynamical
system, U, W, and b are updated through the training process, meaning the dynamics of this system evolve
over training time.

Dynamical Systems

When systems only depend on first-order terms of the state variables, they are said to be linear systems.
These systems can be written in the form

ẋ = Ax

and their solutions take the form of x(x0, t) = etAx0 [13]. Linear systems have been studied extensively, as
they can easily be decomposed into parts which can be analyzed separately using various methods such as
normal modes, Fourier analysis, superposition, and more.

Nonlinear systems – those for which there are non-linear factors of the state variables determining their
evolution– cannot easily be solved analytically, and the above analysis tools are not applicable when nonlinear
interactions are present. Therefore, dependence on finding exact analytical solutions to understand the
behavior of a system is limiting for a large number of problems which have complex, non-linear behaviors.
The study of dynamical systems is concerned with the geometry of the solutions of such systems. This
geometric reasoning is used to understand the trajectories of the systems without solving for them explicitly
[14].

Dynamical systems can be divided into two distinct categories: differential equations and iterative maps.
Differential equations describe systems in continuous time with ordinary or partial derivatives. Iterative
maps, on the other hand, describe systems in discrete time with quantities (such as state variables) at
defined time-steps.

Dynamical systems can be further divided into two additional categories: autonomous and nonau-
tonomous. Autonomous systems are ones for which the evolution of the state variables can be completely
described by the values of those variables throughout the trajectory. For such systems, the difference or
differential equations do not have any dependence on time, or any other external input variable. One such
example of an autonomous system is the harmonic oscillator pendulum shown in Equation (1.2).

ẋ1 = x2

ẋ2 = −k sinx1 (1.2)

where x1 represents the position of the oscillator, and x2 represents the velocity. Since the system is
determined by only the state variables x1 and x2 along with constant k, this system is autonomous.

2



Nonautonomous systems, on the other hand, do have a dependence on external variables. For example, a
nonautonomous system could have an external input, like the driving force of the forced harmonic oscillator
in Equation (1.3). The forced harmonic oscillator introduces a periodic driving force of magnitude F and
period τ

2π . Additionally, it has a damping force which is proportional to the velocity, with damping constant
b.

ẋ1 = x2

ẋ2 =
1

m

(
−kx1 − bx2 + F cos

(
t

τ

))
(1.3)

.
The study of dynamical systems led to the observation of chaos. A dynamical system is chaotic if it

exhibits deterministic aperiodic behavior with sensitive dependence on the initial conditions. This led to
the definition of an ergodic system [15], a system for which the time averages along trajectories originating
from almost all initial points are equal. It was found that systems from many different application areas
transition to chaos in similar ways, showing that this lens for studying dynamics can provide insights across
various types of systems.

Lyapunov Exponents of Maps [16]

Lyapunov exponents (LEs) have been developed in the theory of turbulence as effective measures of the
degree of instability (chaos) in autonomous systems [13, 14, 16]. Lyapunov exponents describe the rate of
divergence of nearby trajectories.
Consider a map F of the form

Xn+1 = F (Xn), (1.4)

where X is the state vector. To determine the effect of small changes in the state vector about a point Xn,
we start by finding the Jacobian matrix,

Jij(Xn) =
∂Fi
∂X(j)

∣∣∣∣
X=Xn

(1.5)

If the perturbation of Xn is ϵn, then we have,

ϵn+1 = J(Xn)ϵn, (1.6)

which is a linear approximation of the evolution of the perturbations of the system about the point Xn. If
we consider the difference in X resulting from a perturbation to the starting point X0 after n time steps,
this becomes

∂X
(i)
n

∂X
(j)
0

=Mn
ij = [J(Xn−1)J(Xn−2) . . .J(X0)]ij . (1.7)

According to Oseledec’s multiplicative ergodic theorem, for large values of n, the eigenvalues of M
approach eλin [17]. For almost any point X0, there exists an orthonormal set of vectors v0

i , 1 ≤ i ≤ d, where
d is the dimension of the state space, such that:

λi = lim
n→∞

1

n
log ∥Mnv0

i ∥ (1.8)

For ergodic systems, the exponents {λi} do not depend on the initial point X0.
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Classical Interpretation of Lyapunov Exponents

There are multiple features of the Lyapunov spectrum which provide insight into the dynamical system.
The maximum LE indicates the linear stability. The linear distance, d, between nearby trajectories tends

to grow as

d = eλ1t. (1.9)

A system having Lyapunov exponents greater than zero represents chaotic dynamics. As the first expo-
nent decreases in magnitude and approaches zero, the degree of chaos decreases. When all exponents are
negative, the dynamics converge towards a fixed point attractor. Exponents of zero represent limit cycles or
quasiperiodic orbits.

The Kaplan-Yorke conjecture [18] estimates the dimension of an attractor of a dynamical system. If j is
the index such that

j∑
i=1

λi ≥ 0 and

j+1∑
i=1

< 0 (1.10)

Then, the Kaplan-Yorke dimension is defined as:

D = j +

∑j
i=1 λi
|λj+1|

(1.11)

The mean exponent describes the mean rate of expansion or contraction of full-volume (n-dimensional)
elements [19], RV .

RV = e
1
n (λ1+λ2+...+λn)t (1.12)

The LE variance measures heterogeneity in stability across different directions and can reflect the conditioning
of the product of many Jacobians. In the study of turbulence, the Lyapunov exponents close to and below
zero in a chaotic system have been showed to align with the inertial subrange of the turbulent system [20].

Example: Lorenz System

We use the Lorenz system to demonstrate the application of Lyapunov exponents to dynamical systems.
The Lorenz system is defined by the following equations:

dx

dt
=− σ(x− y)

dy

dt
=ρx− y − xz

dz

dt
=xy − βz

(1.13)

If we introduce a perturbation ϵn = (δx, δy, δz) to this system, then it would evolve according to the
linearized form of (1.13). This gives

dϵ

dt
=

 −σ σ 0
ρ− z −1 −x
y x −β

 ϵ (1.14)

Before calculating the Lyapunov exponents, we evolve the system (1.13) from an initial condition for a
number of time steps Tinit so that it can approach the attractor. Then, we evolve the system for a much
larger number of time steps to understand the long-term behavior of the system. To calculate the Lyapunov
exponents, we start with three orthogonal vectors and evolve them according to (1.14). For simplicity, we
choose this orthogonal basis to be the unit vectors ϵ(1) = (1, 0, 0), ϵ(2) = (0, 1, 0), ϵ(3) = (0, 0, 1). For all
values of t > Tinit, we use the values of x, y, z to define (1.14), which is used to evolve the perturbation
vectors. After each time step, the vectors are once again orthogonalized. When this orthogonalization occurs,
the factor by which perturbation vector is stretched is calculated. The final Lyapunov exponents are found
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by taking the sum of the logarithms of these stretching factors divided by the total amount of time for which
these vectors were evolved. The Lyapunov exponents are defined by the limit as t→∞, but this value can
be well approximated for sufficiently large simulation times.

The standard values for the Lorenz system are ρ = 28, σ = 10, β = 8/3. In addition to these values, we
consider different values of ρ to see the effect it has on the dynamics (Fig. 1.1) and the Lyapunov exponents.
The values of σ and β are not altered. We take a time step of ∆ = 0.001 and take Tinit = 10. The system
and perturbation vectors are then evolved for another 40, 000 time steps, corresponding to a simulation time
of t = 4.

Figure 1.1: Lorenz system trajectories for various values of ρ. The standard value of ρ = 28 (blue) is well-
known to be a chaotic system. The systems defined by rho = 16 (orange) and rho = 5 (green) are similar
to the standard form in that they orbit around an attractor, although the size of the orbits is much smaller.
When ρ = 1 (red), the trajectory instead rapidly collapses onto a single fixed point attractor.

For the Lorenz system, it can be shown that the sum of the Lyapunov exponents must add to the trace
of the matrix in (1.14), or −(1 + σ + β). With our choice of parameters, this is −13.667 for all systems
simulated. For all four values of ρ, the sum of the exponents was within 0.16 of this value. As referenced
above, the first Lyapunov exponent indicates the linear stability of the system, so larger values (especially
greater than 0) indicate greater degrees of instability. If all exponents are less than 0, this indicates the
existence of a fixed point attractor. The values of ρ = 28, 16, 5 all correspond to unstable/chaotic systems,
as they have a positive first Lyapunov exponent (See Figure 1.2), but the smaller values of ρ, which have
smaller orbits as well, also have smaller first exponent, indicating a lesser degree of chaoticity. When ρ = 1,
the first exponent is negative, which is consistent with the trajectory approaching a fixed point attractor.

Related Work

Spectral Analysis and Model Quality

Since vanishing and exploding gradients arise from long products of Jacobians of the hidden states dynamics
whose norm could exponentially grow or decay, much effort has been made to mathematically describe the
link between model parameters and the eigen- and singular-value spectra of long products [21, 22, 23, 24].
For architectures used in practice, these approaches appear to have a limited scope [25, 26]. This is likely
due to spectra having non-trivial properties reflecting intricate long-time dependencies within the trajectory,
and due to the need to take into account the dynamic nature of RNN systems.

Other techniques for inferring model quality include performing spectral analysis of deep neural network
weights and fitting their distribution to truncated power laws to correlate with performance [27]. Another
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Figure 1.2: Lyapunov exponents of Lorenz system for various values of ρ. The positive sign of the first
exponent when ρ = 28 (blue) is consistent with the chaotic nature of the standard Lorenz system. The
systems for which the first exponent is still greater than zero (orange, green), but smaller in magnitude
indicate that the trajectories still diverge over time, but to a lesser degree. This is consistent with the
trajectories shown above, as they clearly do not converge to a fixed point but instead an orbit. When ρ = 1
(red), the first exponent being negative is consistent with its convergence to a single fixed point attractor.

approach using Koopman operators to linearize RNNs demonstrates that linear representations of RNNs
capture the dominant modes of the networks and are able to achieve comparable performance to their
non-linear counterparts [28].

Dynamical Systems Approaches

The identification of RNN as dynamical systems and as such developing appropriate analyses appears as a
prospective direction. Recently, dynamical systems methodology has been applied to introduce constraints
to RNN architecture to achieve better robustness, such as orthogonal (unitary) RNN [29, 30, 31, 32, 33,
34, 35] and additional architectures such as coupled oscillatory RNN [36] and Lipschitz RNN [37]. These
approaches set network weights to form dynamical systems which have the desired Jacobians for long-term
information propagation. In addition, analyses such as stochastic treatment of the training procedure have
been shown to stabilize various RNN [38]. Furthermore, a universality analysis of fixed points of different
RNN, proposed in [39], hints that RNN architectures could be organized in similarity classes such that
despite having different architectural properties would exhibit similar dynamics when optimally trained. In
light of this analysis, it remains unclear to which similarity classes in the space of RNN the constrained
architectures belong and what is the distribution of the architectures within each class. These unknowns
warrant development of dynamical systems tools that characterize and classify RNN variants.
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Chapter 2

Lyapunov Exponents of Recurrent
Neural Networks

RNN dynamics are non-autonomous because the hidden state dynamics ht are driven by inputs xt. The
theory of random dynamical systems generalizes stability analyses to non-autonomous dynamics driven by an
input sequence sampled from a stationary distribution [40]. Analytical results typically employ uncorrelated
Gaussian inputs, but the framework is expected to apply to a wider range of well-behaved input statistics.
This includes those with finite, low-order moments and finite correlation times like character streams from
written language and sensor data from motion capture systems. The time course of the driven dynamics
depends on the specific input realization but, critically, the theory guarantees that the stationary dynamics
for all input realizations share the same stability properties, which will in general depend on the input
distribution (e.g., its variance). This chapter is adapted from [7].

Calculation of Lyapunov Exponents for RNNs

In this section, we apply the terminology and dynamical systems analysis tools outlined in the previous
chapter to RNNs and describe the calculation of Lyapunov exponents in this setting.

Recurrent Neural Nets as Maps

Let us consider the standard vanilla RNN cell.

h t = σh(Vh t−1 +Ux t + b), (2.1)

where σh is either tanh or ReLU . The output of this RNN cell can be viewed as a map on the state space
of ht. For this mapping, the Jacobian is given by:

J =
∂h t
∂h t−1

= σ′
h(Vh t−1 +Ux t + b) ◦V, (2.2)

where ◦ is used to indicate elementwise multiplication (if both vectors) or row-wise multiplication (if vector
and matrix).
Alternatively, if v ,u ∈ Rn,U ∈ Rn×n, then

u ◦ v =



u1 · v1
...

uk · vk
...

un · vn

 , u ◦U =



u1 ·W11 . . . u1 ·W1j . . . u1 ·W1n

...
...

...
uk ·Wk1 . . . uk ·Wkj . . . uk ·Wkn

...
...

...
un ·Wn1 . . . un ·Wnj . . . un ·Wnn


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If σh is tanh,
σ′
h(t) = sech2(t) (2.3)

If σh is ReLU ,

σ′
h(t) =

{
1, t ≥ 0,

0, t < 0
(2.4)

Note that when input is present, this dynamical system becomes non-autonomous, as the map is a
function of both the previous hidden state ht−1 and the input xt.

Jacobians of Common RNN Architectures

Besides the vanilla RNN, there are two gated architectures that are commonly used in practice. These gating
mechanisms are intended to improve the long-term memory of the network by learning the time-scales over
which information should be retained. These commonly-used architectures are Long Short-Term Memory
(LSTM) and Gated Recurrent Unit (GRU).

LSTM

The LSTM is defined by the equations

ft = σg (Wfxt + Ufht−1 + bf )

it = σg (Wixt + Uiht−1 + bi)

ot = σg (Woxt + Uoht−1 + bo)

ct = ft ◦ ct−1 + it ◦ σh (Wcxt + Ucht−1 + bc) ,

where σg is the sigmoid function and σh is tanh (both applied element-wise). We use the following notation
when calculating these derivatives:

y∗ =W∗xt + U∗ht−1 + b∗,

where ∗ is determined by the gate/state. For LSTM, there are 4 different gates/states, (f, i, o, c), each
with a corresponding y∗,W∗, U∗, b∗.

The derivatives of each of these gates/states with respect to the hidden states and the input is shown
below. The final line shows what the derivative of the hidden state is relative to the hidden state at the
previous time step or input at this time step.

∂ft
∂ht−1

= [σ(yf ) ◦ (1− σ(yf ))]T ◦ Uf

∂it
∂ht−1

= [σ(yi) ◦ (1− σ(yi))]T ◦ Ui

∂ot
∂ht−1

= [σ(yo) ◦ (1− σ(yo))]T ◦ Uo

∂ct
∂ht−1

=
∂ft
∂ht−1

◦ ct−1 +
∂it
∂ht−1

◦ tanh(yc) + it ◦ sech2(yc) ◦ Uc

∂ht
∂ht−1

=
∂ot
∂ht−1

◦ tanh(ct) + ot ◦ sech2(ct) ◦
∂ct
∂ht−1

8



∂ft
∂xt

= [σ(yf ) ◦ (1− σ(yf ))]T ◦Wf

∂it
∂xt

= [σ(yi) ◦ (1− σ(yi))]T ◦Wi

∂ot
∂xt

= [σ(yo) ◦ (1− σ(yo))]T ◦Wo

∂ct
∂xt

=
∂ft
∂xt
◦ ct−1 +

∂it
∂xt
◦ tanh(yc) + it ◦ sech2(yc) ◦Wc

∂ht
∂xt

=
∂ot
∂xt
◦ tanh(ct) + ot ◦ sech2(ct) ◦

∂ct
∂xt

GRU

The equations for the Gated Recurrent Unit (GRU) are given below.

rt = σg (Wrxt + Urht−1 + br)

zt = σg (Wzxt + Uzht−1 + bz)

nt = σh (Wn ◦ xt + bxn + rt ◦ (Unht−1 + bhn))

ht = zt ◦ ht−1 + (1− zt) ◦ nt,

Where σg is the sigmoid function and σh is tanh. Similar to the approach in the above section, we use
the notation below to represent the arguments inside the activation functions for each gate.

y1∗ =W∗x+ bx∗

y2∗ = U∗ht−1 + bh∗

The corresponding derivatives for the GRU are shown below.

∂rt
∂ht−1

= [σ(y1r + y2r) ◦ (1− σ(y1r + y2r))]
T ◦ Ur

∂zt
∂ht−1

= [σ(y1z + y2z) ◦ (1− σ(y1z + y2z))]
T ◦ Uz

∂nt
∂ht−1

= sech2(y1n + rt ◦ y2n) ◦
(

∂rt
∂ht−1

◦ y2n + rt ◦ Un
)

∂ht
∂ht−1

= − ∂zt
∂ht−1

◦ nt + (1− zt) ◦
∂nt
∂ht−1

+ ht−1 ◦
∂zt
ht−1

+ zt ◦ I

∂rt
∂xt

= [σ(y1r + y2r) ◦ (1− σ(y1r + y2r))]
T ◦Wr

∂zt
∂xt

= [σ(y1z + y2z) ◦ (1− σ(y1z + y2z))]
T ◦Wz

∂nt
∂xt

= sech2(y1n + rt ◦ y2n) ◦
(
∂rt
∂xt
◦ y2n +Wn

)
∂ht
∂xt

= − ∂zt
∂xt
◦ nt + (1− zt) ◦

∂nt
∂xt

+ ht−1 ◦
∂zt
xt
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Multi-layered RNNs

When the network has multiple recurrent layers, we can partition the hidden state h into the hidden states
at layer k. Then, if a given recurrent network has l layers, the hidden states of that network are

h t =



h1
t

h2
t
...

hkt
...

h lt


(2.5)

We denote the input of layer k as xkt . We can easily use the equations for a given recurrent network type
to calculate the derivative of the hidden state of a layer k, hkt with respect to the hidden states of that same
layer at the previous time step hkt−1, as well as with respect to the external input into that layer for this

time step xkt . Since layer k takes the output of layer k − 1 as input, xkt = hk−1
t for k ≥ 2. Then, in order to

find the derivative of the kth layer with respect to a previous layer,

∂hkt

∂hjt−1

, j ≤ k,

we compose the derivative with respect to hidden state the previous layer with the derivative with respect
to the input for each preceding layer until layer j is reached, at which point we calculate the derivative with

respect to the hidden state at the previous time step,
∂hj

t

∂hj
t−1

. This gives the composition:

∂hkt

∂hjt−1

=
∂hkt
∂hk−1

t

· ∂h
k−1
t

∂hk−2
t

· ... · ∂h
j+1
t

∂hjt
· ∂hjt

∂hjt−1

(2.6)

For j < i ≤ k,, the hidden state at the previous layer (hi−1
t ) is treated as the input signal to layer i,

analogous to xt. Thus,
∂hi

t

∂hi−1
t

is treated as
∂hi

t

∂x i
t
.

Figure 2.1: Block structure of multilayer Jacobian for one-directional RNN with four layers. The contribution
of each layer’s input at time step t − 1 (columns) on the derivative of each layer at time step t (rows) is

represented by a different color. Thus, the square corresponding to ∂h4

∂h1 has all four colors because it involves
contribution from the first through fourth layer.
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When implementing this in matrix form, we start by calculating the derivatives for the first layer, then
each layer below it. The composition described above can be taken by multiplying by the block directly
above it. This reduces redundant computation and requires only a loop as long as the number of layers in
the RNN. Given the structure of one-directional recurrent layers, this matrix would be block
lower-triangular, with the size of each block corresponding to the number of hidden units in the layer, as is
demonstrated in Figure 2.1.

Algorithm for RNN Lyapunov Spectrum Calculation

We adopt the well-established standard algorithm for computing the Lyapunov spectrum [41, 42]. We
choose the driving signal to be sampled from fixed-length sequences of the test set for a particular task.
For each input sequence in a batch, a matrix Q is initialized as the identity, and the hidden states, h, are
initialized as zero. To track the expansion and contraction of Q at each step, the Jacobian of the hidden
states is calculated and then applied to a set of vectors of Q. The expansion of each vector is calculated
and the matrix Q is updated using the QR decomposition at each step. If rti is the expansion of the ith

vector at time step t – corresponding to the ith diagonal element of R in the QR decomposition– then the
ith Lyapunov exponent λi resulting from an input signal of length T is given by:

λi =
1

T

T∑
t=1

log(rti) (2.7)

The Lyapunov exponents resulting from each input xj in the batch of input sequences are calculated in
parallel and then averaged. For our experiments, the Lyapunov exponents were calculated over 100 time
steps with 10 different input sequences. The mean of the 10 resulting Lyapunov spectra is reported as the
spectrum.
The algorithm for computing the Lyapunov exponents is described in Algorithm 1.

Algorithm 1: Lyapunov Exponents Calculation

for xj in Batch do
initialize h, Q
for t = 1 → T do

h ← f(h, xjt )
J ← df

dh
Q ← J·Q
Q, R ← qr(Q)
γi += log(Rii)

end

λji = γji /T
end

λi = meanj(λ
j
i )

It can be seen from Figure 2.2 that the mean calculated in the final step of Algorithm 1 for an example
character prediction task (described later in this chapter) rapidly converges for a small number of iterations
(j ), as shown by the flattening of each of the curves within the first 100 iterations. Moreover, the standard
deviation of the resulting Lyapunov spectrum is greater for the exponents with larger index, which
corresponds to more negative values. Importantly, this means that the largest exponents have the smallest
empirical errors.

Example: Lyapunov Exponents of Vanilla RNN

A demonstration of the various stability regimes for RNNs is given in Figure 2.3. An untrained vanilla
RNN exhibits stable, marginally stable, and chaotic dynamics for different initializations of the recurrent
weights, V sampled from Gaussian distributions with variance σ2

V = 1/500, 100, 500, respectively.
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Figure 2.2: Convergence of Lyapunov spectrum estimator for network trained on character prediction task.
(a) Lyapunov exponent estimation as a function of time, as shown in Equation (2.7), where T is the number
of iterations. Each line represents a different exponent in the spectrum. By 100 iterations, it is clear that
each exponent is changing very little as a function of iteration number. (b) The mean Lyapunov spectrum
over the set of input sequences. Standard deviation is shown by the red bars.

Figure 2.3: Distinguishing stability regimes of forward dynamics using Lyapunov spectra. (a-c) Example unit
activations from simulations computed from 10 initial conditions and 2 input sequences (xt (light) and x′

t

(dark)) for variance of weight matrix V set to gives 3 examples spanning the 3 qualitatively distinct stability
regimes based on the sign of λmax: stability, λmax < 0 (a; blue, σ2

V = 1/500); marginal stability, λmax ≈ 0
(b; gray, σ2

V = 100); and chaos λmax > 0 (c; green, σ2
V = 500). (d) Lyapunov spectra computed from

(a-c) (same colors). (e) First 20 exponents from (d). (vanilla RNN with ϕ = tanh; V orthogonal; U = I; 2
realizations (light/dark) of x Gaussian, Λx = σ2

xI with σ2
x = 0.6; 10 Gaussian initial conditions, Λh0

= σ2
h0
I

with σ2
h0

= 1).

Implementation Details and Computational Improvements

While the computational graphs in machine learning libraries like PyTorch and Tensorflow can be used to
calculate the Jacobian, these methods turn out to be inefficient. Therefore we have transcribed the analytic
expressions for the Jacobian of common RNNs for any number of layers and published it as an opensource
software library1. This library can be expanded upon to include Jacobians of additional state-of-the-art
architectures so their dynamics can be analyzed using the framework. Preliminary results show several
orders of speed up (200 on a small example network) over the built-in Pytorch autograd methods for
calculating Jacobians and Lyapunov exponents. Further performance improvements over built-in methods
are expected as the size and complexity of the networks grows. With this approach, calculating Lyapunov
exponents will be attainable even for very large multi-layered networks.
The algorithm for calculation of LE can be altered by introducing two alterations. (c.f. Algorithm 2).
For the first alteration, we can ‘warm-up’ the hidden states h and the vectors of Q by evolving them via
the network dynamics for a set number of steps before calculating the Lyapunov Exponents. This allows
the hidden states and vectors of Q to relax onto the attractor of the dynamical system defined by the

1https://github.com/lyapunov-hyperopt/lyapunov_hyperopt
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Figure 2.4: The effect of warmup on the calculation Lyapunov spectrum. Shown are the Lyapunov exponents
as a function of iteration with (a) no warmup and warmups of (b) 100 time steps and (c) 250 time steps.
It is clear that the case with no warmup has large changes early in the evolution of the spectrum, whereas
those with warmup periods have much smaller changes early in the evolution.

Figure 2.5: The effect of selection of TON on the resulting spectrum. Shown are (a) the full Lyapunov
spectrum and (b) the first half of the spectrum for a trained network with different choices of TON (part of
full spectrum plot indicated by gray box). Whereas the selection of TON clearly impacts the second half of
the spectrum, the first half remains nearly identical for all these selections of TON .

network. This means that all samples used are from the stationary distribution on the attractor. Without
the warmup, the initial samples are from a transient phase with a distribution over initial conditions that
lies off the attractor and so has a bias effect on the average for finite sample averaging.
Further improvement in a second alteration can be made by not taking the QR decomposition every time
step during the calculation of the exponents, but instead every TON steps. Since the QR step is the most
expensive computation in the algorithm, the increase in speed over orthonormalizing every step is
approximately TON . However, since increasing this interval leads to greater expansion and contraction of
the vectors of Q before orthonormalization steps, this can lead to a spurious plateau at higher indices due
to the accumulation of rounding errors [43]. However, if one cares only about the first few exponents, this
effect is negligible for reasonable selections of TON . In Fig. 2.5, we show how increasing TON flattens out
the spectrum beyond a certain index, but that the beginning of the spectrum remains unaffected by the
selection of TON .
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Algorithm 2: Modified Lyapunov Exponents Calculation

for xj in Ensemble do
initialize h, Q
Warm-up h, Q
for t = 1 → T do

h ← f(h, xjt )
J ← df

dh
Q ← J·Q
if t % TON = 0 then

Q, R ← qr(Q)
γi += log(Rii)

end

end
λi = γi/T

end

λi = meanj(λ
j
i )

In order to leverage the Lyapunov spectrum for gradient-based optimization, it will be necessary to adapt
the code to support back-propagation. The QR decomposition is a key step in this calculation, but its
numerical stability could pose issues during back-propagation. While methods for backpropagation-friendly
eigendecomposition do exist [44], the adpation of these methods in replacement of the QR decomposition in
the calculation of the exponents without significantly hindering computational speed is unclear and
requires further exploration.

Lyapunov Spectrum Characteristics for Training and Performance
of RNNs

With these computational tools, we aim to determine the ”fingerprints” of Lyapunov spectrum of robust
RNNs which successfully learn particular tasks. We accomplish this by observing the evolution of the
Lyapunov spectrum over the course of training. Furthermore, surveying these properties across different
network setups and examples, we will examine the spectral properties to identify those that correspond to
optimally trained networks.

Evolution of Lyapunov Exponents over Training

Training changes the weights in RNN, which leads to changes in how h evolve over time. While the choice
of initialization can lead to different shapes before training, observing the common features that emerge
among all networks throughout training reveals that, for a given task, a general shape emerges throughout
training. The evolution of the Lyapunov spectrum of a network from untrained to optimally trained gives a
general picture of the dynamics that correspond to improved performance. For an LSTM network with
uniform initialization on the symmetric interval [−p, p], different values of p clearly yield different initial
Lyapunov spectra.
We find that the general shape of the spectrum is reached early in training. As the network parameters
change during training, the resulting dynamics of the system defined by these parameters similar converge,
leading to significantly different spectra between untrained and trained networks. In Fig. 2.6, we use the
CharRNN task as an example to show that the spectrum rapidly changes in the first few epochs of
training, with the dynamics of the system becoming more concentrated in the first few dimensions,
resulting in a small number of exponents near zero and increasingly negative exponents for all other
directions. This general spectrum shape quickly converges after a small number of training epochs to a
spectrum near that of the fully trained network. The reduced mean-squared difference shows a O(t−1)
convergence with learning epoch t, while the mean difference shows this convergence is from below. This
held across the range of initialization parameters tested.
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Figure 2.6: Evolution of the Lyapunov spectra over training. For values of initialization parameter given in
legend in (a) (p = 0.04 (Blue), p = 0.08 (Orange), p = 0.12 (Green), p = 0.16 (Red), p = 0.2 (Purple),
p = 0.5 (Brown)). The spectra before training (a) and after four (b) and fifteen (c) epochs. The reduced
mean-squared error between successive epochs (d) shows that the each spectrum converges quickly during
training, with t−1 plotted as a dashed black line for reference. Similarly, the difference between the mean of
the Lyapunov exponents at the fifteenth epoch and the mean at previous epochs (e) rapidly approaches zero
throughout training.

Lyapunov Spectrum as a Robust Readout of Training Stability

In general, the dependence of Lyapunov spectrum on hyperparameters is tangled. To direct our study of
this dependence and how it relates to performance, we used the task constraints to guide our interpretation
of spectra behavior of trained networks from randomly sampled hyperparameters. We perform this
experiment on two tasks: a character prediction classification task (CharRNN) and a signal reconstruction
regression task (CMU Mocap). We choose the training and validation split for the data corresponding to
each task as 80/20.

CharRNN: Character Prediction Task

For our CharRNN experiment, the text used for training the networks was Leo Tolstoy’s War and Peace,
which contains about 3.2 million characters of mostly English text, with a total of 82 distinct characters in
the vocabulary. We split the data into train, validation, and test sets with 80/10/10 ratio, respectively. We
study the performance of single-layer LSTM networks (with no bias vectors) with hidden size of 512 units
trained on this data set. We train the network using stochastic gradient descent with a batch size of 100
and the Adam optimizer. The network is unrolled for 100 time steps. After 10 epochs of training, the
learning rate is decreased by a multiplying by a factor a .95 after each additional epoch. The batch size
used for training was 100. For each combination of dropout and learning rate, the network was trained for
40 epochs, and the training epoch at which the network had the lowest validation loss was selected.
For this task, we hypothesized from existing worke [45] that to satisfy the constraint of propagating a
scalar signal over many iterates, it would be sufficient to have a single exponent approaching 0 with the
other exponents more negative. Focusing here on hyperparameters, we uniformly sampled a fixed range of
log-dropout and learning rate while keeping the initialization parameter fixed. In Fig. 2.7(a,b), we observe
the spectra and indeed find a correlation between maximum Lyapunov exponent and validation loss. Here,
we opt to report performance with loss value, as opposed to task accuracy. This is because loss is the exact
quantity underlying gradients, and as such highlights the direct link between RNN dynamics and learning.
Nevertheless, we verify that the phenomena reported here persist when measuring task accuracy instead,
and refer the reader to Figure B2 in the appendix for further details.
Networks with a maximum LE closer to zero indeed performed better. Of these 60 spectra, we selected a
smaller subset of 6 that spanned the range of the gross shapes. Interestingly, they also spanned the range
of losses, suggesting there is a consistent signal about the loss encoded in the complex, yet systematic
variation of the maximum Lyapunov exponent with hyperparameters. The gross shape of these spectra also
correlated with the loss, supporting our hypothesis. However, the metrics to best characterize this gross
shape are not immediately apparent. A straightforward interpretation of the signal we have observed is
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that the slower the contraction of the effect of an input on the activity in the activity mode associated with
this maximum LE, the longer gradient information can propagate backward in time. This would give the
dynamics more predictive power and thus better performance, but it remains to be verified.

Figure 2.7: Correlation between Lyapunov spectra and performance. Shown are spectra (a,c) and loss depen-
dence on spectra (b,d) for networks trained on CharRNN (a,b) and CMU MoCap (c,d). Those in (a,b) are
for 60 random combinations of learning rate and log-dropout rate, while those in (c,d) are for 30 values of
the initialization parameter, p. The colors in (a,b) and (c,d) are 6 samples selected by eye to roughly span
the range of gross spectra shapes seen in (a) and (c), respectively. All other spectra are shown in gray.

CMU Mocap: Signal Prediction Task

The CMU Motion Capture (CMU Mocap) dataset is a high-dimensional data set capturing the location of
various sensors on a subject over time as they conduct a variety of tasks. In particular, we narrow our
focus onto the Sports and Activities category of the data set. The basketball, soccer, walking, and jumping
subcategories were selected to compile a variety of motions which require consistent full-body movement
(unlike, for example, the ”directing traffic” and ”car washing” sub-categories). For this task, we use a
standard 256-unit LSTM. For each dimension of the data, the mean and the standard deviation across all
times points is calculated, and those dimensions for which the standard deviation is less than 10−4 are
ignored. All other dimensions are normalized by their standard deviation. For our example, we consider
the first 20 features of the remaining data. The network is trained to predict the 20-dimensional output at
the time step t given the preceding input sequence. The loss function is defined as mean-squared error
across the 20 dimensional-output. We chose the batch size of 250 for training.
For this task, the higher dimensional data means that the changes that training induces in the shape of the
Lyapunov spectra will likely be more complicated. We hypothesized that nevertheless there would be more
information in the gross shape of the spectra of the dynamics of trained networks and less in the maximum
LE. Here, we vary the initialization parameter from 0.05 to 0.5 while keeping the dropout and learning
rates fixed. Indeed, we find (Fig. 2.7c,d) consistent variation of the gross shape with loss. We have
quantified the variation of loss with gross shape using the mean Lyapunov exponent, though the spectra
vary with higher order features as well.
The plots of Fig. 2.7 illustrate that distinct properties of the LE spectrum correlate with validation
performance, depending upon task structure. For the CharRNN task, the maximum exponent being larger
(closer to 0), corresponds to better performance. For the Mocap learning task, the larger mean Lyapunov
exponent correspond to better performance.
The evolution of these statistics over the course of training of the CharRNN task is demonstrated in Figure
2.8. In particular, we observe that both the maximum and mean Lyapunov exponents change
systematically with respect to validation loss early in training. While further training leads to further
changes in these spectrum statistics, increasing the maximum LE beyond the threshold of -0.5 or
decreasing the mean LE beyond the threshold of -4 has little impact on performance as these changes occur
later in training, after the loss has converged.
Given our observation that the spectrum changes most rapidly early in training, we believe the most
strongly-correlated metrics for a task could allow an alternative way to assess performance of a network
early in training.

16



Figure 2.8: Evolution of relation between performance and (a) Max LE and (b) Mean LE for CharRNN task
over the course of training. The evolution of the spectra highlighted in Figure 2.7(a-b) are shown in the
corresponding color. For each color, the opacity of the points increases with epoch, so the most transparent
points are from early in training. For this example, we see that, in general, (a) the maximum Lyapunov
exponent increases over the course of training, corresponding to a decrease in the validation loss, but the
decrease in loss is limited once the maximum increases beyond about -0.5, whereas (b)the mean LE tends
to decrease over training, but has limited impact when decreasing beyond -4.

Conclusion and Discussion

In this chapter, we presented an exposition and example application of Lyapunov exponents for
understanding training stability in RNNs. We motivated them as a suitable quantity related to stability of
dynamics and useful in a complementary approach to existing mathematical approaches for understanding
training stability focused on the singular value spectrum. We adapted the standard algorithm for their
computation to RNNs, and showed how it could be made more efficient in standard machine learning
development environments. We demonstrated that even the basic implementation runs almost 2 orders of
magnitude faster than typical training time (see [43] for further precision and efficiency considerations) and
that it converges relatively quickly with learning time. The latter implies it could be useful as a readout of
performance early in training. To test this application, we studied it in two tasks with distinct constraints.
In both we find interpretable variation with performance reflecting these distinct constraints.
There are a few points to be made about LEs in RNNs. First, one should consider carefully the degrees of
freedom in the architecture under consideration. We have considered the hidden state dynamics of an
LSTM such that there are as many Lyapunov exponents as there are units. LSTMs have gating variables
that can also carry their own dynamics and could be considered as degrees of freedom, adding another N
exponents to the spectrum. While we were able to obtain evidence from the spectra of hidden states alone,
recent work [46, 43] suggests that studying the stability in the subspace of gating variables can also be
informative. A second point is that one should also consider the role of the input weights V (c.f. Eq. 2).
The strength of inputs (e.g. input signal variance) that drive high-dimensional dynamics has long been
known to have a stabilizing effect [47, 48, 49]. Thus, the input statistics of the task’s data can play a role
that is modulated by V, making the latter a target for gradient-based algorithms aiming to decrease loss.
Due to limited space, we have not analyzed these weights here, but believe it is important to do so in
applications. Finally, we raise perhaps the most glaring adaptation: that of approximating this asymptotic
quantity to settings of finite-length sequences. We proposed to use averaging over inputs, in addition to
averaging over initial conditions, as a way to take advantage of batch tensor mechanics to achieve faster LE
estimates. This is in contrast to long-time averages used in the LE definition, although our method is
justified under assumptions of ergodicity and short transient dynamics. Analyzing the influence of input
batch size on this precision is a topic of future research.
The task analysis we have performed suggests a use case for the Lyapunov spectrum as having features
that serve as an early readout of performance useful to speed up hyperparameter search. We looked at the
maximum and mean Lyapunov exponent as two features highlighted by hypotheses we made based on our
knowledge of the task constraints. Presumably, there are others relevant here and in other tasks. The
search for generic features that do not require knowledge of task constraints (e.g. dynamical isometry) is
important, as is demonstrating how useful these features are in practise with complex sequence data. One
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limitation is how quickly they converge with learning. For example, as a composite quantity, the mean LE
converges rather quickly, while the maximum LE is significantly slower to converge. In [43], it is shown
that loss function/learning rule combinations can also sculpt the spectra and alter its statistics,
demonstrating that these are more sources of variation to understand.
Interestingly, Full Force [50], an alternative to Back-propagation-through-time, has a qualitatively similar
spectra (same max, min, and mean LE) but with much lower variance, presumably a desirable feature for
generalization. This method also demands more information about performance than just a gradient,
suggesting the interesting hypothesis that the precision with which the features of the Lyapunov spectra
can be sculpted can scale with the amount of information provided in training. Finally, recent work has
given theoretical grounding to why LSTMs avoid vanishing gradients [46]. Of course this was the reason for
the design of LSTM so it only recapitulates the original design intuition. Looking forward however as more
complex architectures are developed with less interpretable design, this approach based on LEs can still
provide novel insight into why they work.
We close with a short discussion of open problems as this is a prominent area in understanding network
dynamics at the intersection of machine learning and computational neuroscience. Having supporting
analytical results is essential for robust control of complex problems. To this end, understanding how and
where the assumption of untied weights breaks down and how forward propagation differs from backward
propagation will be important in extending analytical results on spectral constraints. The Lyapunov
spectrum can guide this work. Lastly, there could be insightful parallels in theoretical neuroscience work.
For example, Lyapunov spectrum have been derived for additional degrees of freedom in the unit
dynamics [51], different neuron types (such as hybrid neurons) [52], and more. Also, a discrepancy between
the loss of linear stability and the onset of chaotic dynamics in driven systems must be understood [49].
Making these connections explicit will serve both fields.
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Appendix

A Trained Network Hyperparameters

The following are the network parameters for the networks highlighted for each task in Figure 2.6.

Learning Initialization
Color Dropout Rate Parameter, p

Blue 0.034 0.00301 0.08
Orange 0.000 0.00319 0.08
Green 0.039 0.00574 0.08
Red 0.028 0.00055 0.08
Purple 0.014 0.00153 0.08
Brown 0.106 0.00485 0.08

Table A1: Network Hyperparameters for CharRNN

Learning Initialization
Color Dropout Rate Parameter, p

Blue 0.0 0.05 0.476
Orange 0.0 0.05 0.305
Green 0.0 0.05 0.196
Red 0.0 0.05 0.309
Purple 0.0 0.05 0.059
Brown 0.0 0.05 0.439

Table A2: Network Hyperparameters for CMU Mocap
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B Spectrum metrics’ correlation with loss

Figure B1: Lyapunov spectrum statistics against validation loss for both tasks. The results for the CharRNN
task are shown on the left and CMU Mocap are shown on the right. Each row represents a different statistic
of the spectrum.
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Effect of replacing validation loss with accuracy

Figure B2: Validation Loss vs Accuracy for CharRNN task. For the CharRNN task, (a) we find that there
is a strong correlation between the top-1 accuracy and the validation loss for the six networks highlighted
in Figs. 2.7 and 2.8. The range of accuracy is from about 20% to 60%. As with Figure 2.8, the evolution
of the spectra highlighted in Figure 2.7(a-b) are shown in the corresponding color in panel (b) and (c). For
each color, the opacity of the points increases with epoch, so the most transparent points are from early in
training. We see the evolution of the (b) maximum Lyapunov exponent and (c) mean Lyapunov exponent
is simply inverted when plotted as a function of accuracy as opposed to validation loss (Figure 2.8), since
accuracy generally increasing over training instead of decreasing.
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Chapter 3

Lyapunov-Guided Representation of
Recurrent Neural Network
Performance

In the previous chapter, we presented data showing that there could exist a correlation between some features
of the Lyapunov Spectrum and the performance of networks on certain tasks. However, since the statistics
that best correlate with performance vary across tasks, it can be challenging to know a priori which features
are most indicative of high accuracy. Therefore, we propose to learn these features and their relation to
performance using a neural network. By using just the Lyapunov spectra as input and the validation loss
as the target, we train a neural network to predict RNN accuracy without any direct information about the
weights.

This chapter is adapted from [8].

Inferring Network Performance from Lyapunov Spectra with Fully-
Connected PredNet

Initial results show that a simple fully connected neural network with just 50 neurons can be trained on the
Lyapunov spectra of LSTM networks of varying sizes and predict the validation loss of the networks later in
training on a character prediction task with moderate accuracy. We call such a predictive network PredNet.
Furthermore, predictions of accuracy by this simple neural network accurately capture the dependence of
the validation loss on initialization hyperparameters, allowing it to serve as a diagnostic tool for learning
early in training (see Figure 3.1).

More specifically, we see that, when provided only with the Lyapunov spectra of the underlying networks,
the network is able to determine that in the small-initialization-parameter regime (< 0.2), larger networks
achieve better accuracy than smaller ones. However, it also finds that, upon increasing the initialization
parameter beyond 0.24, the largest network tested (512 units) has deteriorating accuracy. Furthermore, the
next largest network size of 256 experiences a deterioration of accuracy at a larger initialization parameter
value (around 0.3). These results are consistent with the ground truth.

However, these observations also indicate that the precision and the resolution of the network’s loss
predictions are limited. Specifically, PredNet struggles to determine the capture the extent to which the
larger networks become worse than the smaller networks for larger initialization parameters. Meanwhile, the
the exact loss value for many of the networks is not correctly predicted, but is roughly approximated, leading
to significant variation in predicted loss for very similar networks. This could indicate an overfitting of the
data, suggesting that alternative deep-learning approaches which allow for a more robust representation are
necessary to learn the relation between LE and accuracy.
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Figure 3.1: The validation loss of LSTMs learning the character prediction task described in [7] as a function
of initialization parameter (top) shows that larger networks perform better for the right parameter selection,
but are more sensitive to changes in initialization parameter above a certain threshold. A simple fully-
connected network trained on the Lyapunov spectrum of these networks (PredNet) after just 40% of training
predicts the future validation loss after training (bottom) and effectively captures this dependence

Proposed Network for Stable RNN: ASRNN

One network design which was developed specifically to preserve information over long periods of time is
the Anti-symmetric RNN (ASRNN) [34]. This network constrains the hidden-to-hidden weight matrices to
be antisymmetric so that the Jacobian’s eigenvalues are all imaginary and multiplication corresponds to
a rotation of the hidden states. We use this network architecture to analyze the dynamical properties as
captured by the eigenvalues versus the Lyapunov exponents and their relation to accuracy. The Jacobian of
this system is given by:

J (t) = diag
[
sech2

(
(U−UT )h t−1 +Wx t + b

)]
(U−UT ) (3.1)

This leads to the equation for the ASRNN

h t = h t−1 + ϵtanh
(
(U−UT )h t−1 +Wx t + b

)
, (3.2)

where ϵ is a hyperparameter which represents the step size.
In order to ensure the stability of the system when solved using the forward Euler method, a diffusion

hyperparameter γ is introduced to ensure the eigenvalues of the Jacobian (3.1) have slightly negative real
parts. With this modification, the model becomes

h t = h t−1 + ϵtanh
(
(U−UT − γI)h t−1 +Wx t + b

)
(3.3)
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We train this network on sequential MNIST data using the initialization and hyperparameters outlined in
[34]. The input to hidden matrices W are initialized to N(0, 1). The hidden to hidden matrices are initialized
to N(0, σ2/n), where n = 128 is the hidden size and σ ∈ {0, 1, 2, 4, 8, 16}. The step size ϵ ∈ {0.01, 0.1, 1}
and diffusion γ ∈ {0.001, 0.01, 0.1}. The optimizer used was Adagrad, with batch size of 128 and learning
rate chosen from {0.1, 0.2, 0.3, 0.4, 0.5, 0.75, 1}. All models are trained for 50,000 iterations. The MNIST
dataset was split into a train and validation set using a 75/25 split. For each network, the validation loss
after 50,000 iterations is reported.

We analyze the state-to-state derivative, ∂ht

∂ht−1
of (3.3), which is

∂h t
∂h t−1

= I+ ϵ · diag
[
tanh’

(
(U−UT − γI)h t−1 +Wx t + b

)]
(U−UT − γI) (3.4)

Once each of these networks is trained, we find the eigenvalues of this derivative when given a random
input and hidden state and plot the real and imaginary parts. Each eigenvalue is associated with the
validation loss of that network after training by the color of the dots. Purple dots correspond to high accuracy
whereas yellow corresponds to worse accuracy on the validation set. A sample of network eigenvalues for
one choice of γ is shown in Figure 3.2. We found that many networks had similar eigenvalue spectra and
distinguishing between networks with high and low accuracy is difficult in this regime.

(a) (b)

Figure 3.2: Jacobian Eigenvalues for ASRNN with fixed diffusion parameter γ = 0.1. Each plot shows the
real and imaginary parts of the 128 eigenvalues of each network with γ = 0.1 and (a) ϵ = 0.01, (b) and
ϵ = 1. This corresponds to 35 networks each. The color of each dot indicates the validation loss for the
corresponding network, ranging the best (purple) to worst (yellow). These spectra indicate that while some
structure may correlate with accuracy, there are many overlapping eigenvalues which correspond to a large
variety of network accuracy.

However, if we instead consider the Lyapunov spectra of the ASRNN networks, we are able to get a
more clear pattern distinguishing between the performance of the networks. The Lyapunov exponents are
calculated using the validation set, and are warmed up for 500 time steps before evolving for another 500
time steps. The batch size used for the Lyapunov exponent calculation was 20. The corresponding Lyapunov
exponent plots for the parameter combinations shown in Figure 3.2 are shown in Figure 3.3. The Lyapunov
spectra of these networks shows that the better-performing networks tend to have smaller first Lyapunov
exponents, and there is a gradient between good and bad performance as the first exponent increases. While
this pattern tends to hold, it is not easily quantifiable and does not necessarily translate perfectly across all
hyperparameter combinations. Nonetheless, these results suggest that there is important information in the
Lyapunov spectra which correlates with performance in a way that the eigenvalues do not.

In order to explore this correlation, we train two very simple 10-neuron fully-connected PredNets on the
Lyapunov spectra and the eigenvalues plotted above, where the targets are the validation loss. One network
is trained on the exponents, while the other is trained on the eigenvalues. The data on which the PredNets
are trained comes from a total of 315 ASRNN networks. We split these data into a training set and validation
set, with an 80/20 split, corresponding to 252 and 63 networks, respectively. This split was randomly selected
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(a) (b)

Figure 3.3: Lyapunov Spectra for ASRNN with fixed diffusion parameter γ = 0.1. As above, each plot shows
the Lyapunov exponents of each network with γ = 0.1, (a) ϵ = 0.01 and (b) ϵ = 1. The pattern is not always
consistent across all values of ϵ, but there tends to be a gradient in performance when we consider the first
part of the spectrum. In general, good-performing networks tend to have smaller first Lyapunov exponents.

across all hyperparameter combinations. Each Prednet was trained using the Adam optimizer with learning
rate of 0.0001 for 15000 epochs.

Figure 3.4: Validation loss for PredNets trained on Jacobian
eigenvalues (blue) and Lyapunov spectra (orange) of trained Anti-
Symmetric RNNS. Each PredNet has ten neurons and is trained
independently on either the Jacobian eigenvalues or Lyapunov
exponents dataset. The validation loss is shown at each epoch of
training. After the first 5000 epochs of training, it is clear that
the Lyapunov exponents data performs better than the Jacobian
eigenvalues, indicating that this information is more informative
regarding training performance.

The validation loss of each PredNet
over the course of training is shown in
Figure 3.4. The fact that the validation
loss for the Lyapunov exponents is lower
than that of the Jacobian eigenvalues
throughout training confirms the intu-
ition that the Lyapunov exponents con-
tain more useful correlations with per-
formance. A deeper analysis of the fea-
tures which correlate with performance
will be necessary, but this prediction net-
work will be a valuable tool to discover
these correlations.

AeLLE: Latent Lyapunov
Exponent Embedding

In order to learn a robust relation be-
tween Lyapunov exponents and perfor-
mance, we propose the use of AeLLE,
an autoencoder which uses latent Lya-
punov exponents to predict the corre-
sponding network’s accuracy. The pro-
posed AeLLE methodology consists of
three steps: 1) Computation of LE spec-
trum, 2) Autoencoder for LE spectrum,
and 3) Embedding of Autoencoder Latent representation. The process for calculating the LE spectrum of
RNNs is described in the previous chapter.
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Figure 3.5: LE Spectrum of RNN variants. RNN (top left) hidden states h evolution is tracked to
calculate the LE spectrum of the network. The exponents are found by calculating the expansion and the
contraction of nearby trajectories over time (bottom left). LE spectra correspond to points on LE spectrum
curves (right). Variation of hyperparameters will correspond to distinct LE spectra curves, even upon
initialization before training on any task has occurred (right). Basic known LE features such as Maximum,
Initial Slope, Final Slope, Number of exponents greater than zero marked on the plot, do not directly
correlate to task accuracy.

Autoencoder for LE spectrum

An autoencoder consists of two components: an encoder network ϕ which transforms the input into a
representation in the latent layer, and a decoder network ψ which transforms the latent representation into
a reconstruction of the original input. Over the course of training, the Latent layer becomes representative
of the variance in the input data and extracts key features that might not immediately be apparent in the
input.

In addition to the reconstruction task, it is possible to include constraints on the optimization by formu-
lating of a loss function for the Latent layer values (Latent space), e.g., a classification or prediction criterion.
This can constrain the organization of values in the Latent space [9, 53]. We propose an adapted Autoen-
coder methodology for correlating LE spectra and RNN task accuracy. In this setup, we consider the LE
spectrum as the input Z. Our autoencoder consists of a fully-connected encoder network ϕ, a fully-connected
decoder network ψ, and an additional linear prediction network ξ defined by

Ẑ = (ψ ◦ ϕ)Z,
T̂ = (ξ ◦ ϕ)Z,

(3.5)

where Ẑ, and T̂, correspond to the output from the decoder and predicted accuracy, respectively, with loss
of L = ∥Z− Ẑ∥2+α ·∥T − T̂∥l. Ae performs the reconstruction task, optimization of the first term of Eq. 3.6,
mean-squared reconstruction error of LE spectrum, as well as prediction of the associated RNN accuracy T
(best validation loss), the second term of Eq. 3.6.

ϕ, ψ, ξ = argmin
ϕ,ψ,ξ

(∥Z − Ẑ∥2 + α · ∥T − T̂∥l). (3.6)

The parameter l can defined based on the desired behavior. The most common choices are l = 1, indicating
the 1-norm, and l = 2, indicating the 2-norm.

During training of Ae, the weight α in the prediction loss is gradually being increased so that Ae em-
phasizes RNN error prediction once the reconstruction error has converged. We found that this approach
allows to capture features of both RNN dynamics and accuracy. A choice of α being too small leads to
dominance of the reconstruction loss such that the correlation between LE spectrum and RNN accuracy is
not captured. Conversely, when α is initially set to a large value, the reconstruction along with the pre-
diction diverge. The convergence of Ae for different RNN variants, as we demonstrate in Results section,
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Figure 3.6: AeLLE: LE spectrum Autoencoder and Latent Representation Embedding. A) The
autoencoder takes Lyapunov Exponents as input. This input is then embedded into a latent space (purple)
by the encoder (blue). From this latent space, the autoencoder predicts the accuracy of the corresponding
network, which is compared to the true accuracy of the network to get the prediction loss. Simultaneously,
the Lyapunov spectrum is reconstructed from this latent space by the decoder(red). These reconstructed
Lyapunov Exponents are then compared to the input Lyapunov exponents to get the reconstruction loss.
These sums are added together with normalization factor α to get the total loss. B) The Latent space of the
LE spectrum Autoencoder correlates LE spectrum and accuracy. Embedding of Latent space representation
provides a low-dimensional clustering and classification space, leading to separation between high-accuracy
(green) and low-accuracy (red) networks. We find that Latent space clusters the LE spectra well such
that simple embedding (PCA) and simple linear classifiers (hyperplane, hyperellipse or threshold) classify
RNN variants according to accuracy. Shown is an example linear classifier along the first PC dimension for
networks trained on the CharRNN task (see Results section for more details).

shows that correlative features between LE spectrum and RNN accuracy can be inferred. The dependency
of Ae convergence on a delicate balance of the two losses reconfirms that these features are tangled and
thus the need for Ae embedding. We describe the settings of α and additional Ae implementation details in
Supplementary Materials.

Embedding of Autoencoder Latent Representation

When the loss function of Ae converges, it indicates that the Latent space captures the correlation between LE
spectrum and RNN accuracy. However, an additional step is typically required to achieve an organization of
the Latent representation based on RNN variants accuracy. For this purpose, a low dimensional embedding,
denoted as AeLLE, of the Latent representation needs to be implemented. An effective embedding would
indicate the number of dominant features needed for the organization, provide a classification space for the LE
spectrum features, and connect them with RNN parameters. We propose to apply the Principal Component
Analysis (PCA) embedding to the Latent representation [54, 55]. The embedding consists of performing
Principal Component Analysis and projecting the representation on the first few Principal Component
directions (e.g. 2 or 3). While other, nonlinear, embeddings are possible, e.g., tSNE or UMAP [56, 57], the
simple linear projection onto the first two principal components of the latent space results in an effective
organization. This indicates that the Latent representation has successfully captured the characterizing
features of performance. We show in the Results section that, for all examples of RNN architectures and
tasks that we considered, the PCA embedding is sufficient to provide an effective space. In particular, in
this space, most accurate RNN variants (green) can be separated from other variants (red) through a simple
clustering procedure.
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Figure 3.7: Clustering by performance across initialization parameter: AeLLE for networks
trained on Signal Reconstruction Task. Left: The signal reconstruction task involves recreating a
target signal. Higher losses indicate a greater pointwise difference between the target and predicted signals.
Center: In the AeLLE representation, most of the high-accuracy networks (green) cluster to the left of most
of the low-accuracy networks (red). The black vertical line indicates the location of the median classifier
along the first principal component of the AeLLE space. Moreover, the greatest concentration of the high-
accuracy networks is in the bottom-left of the space shown, which is consistent with the stacked histogram
indicating that there are relatively few high-accuracy networks to the right of the median compared to low-
accuracy, and many more to the left. Right: In comparison, the cluster to the bottom-left of the space shown
contains a mixture of networks with initialization parameters ranging from 1.0 to 1.6. In general, networks
with larger initialization parameter g (particularly once g > 1.6), tend to cluster further to the right in this
space. This is consistent with the fact that networks with g > 1.6 tend to have lower accuracy on this task,
but networks with 1 < g < 1.6 tend to have similarly high accuracy (see Supplemental Materials).

Results

To investigate the applications and generality of our proposed method, we consider tasks with various inputs
and outputs and various RNN architectures that have been demonstrated as effective models for these tasks.
In particular, we choose three tasks: Signal Reconstruction, Character Prediction and Sequential MNIST.
All three tasks involve learning temporal relations in the data with different forms of the input and objectives
of the task. Specifically, the inputs range from low-dimensional signals to categorical character streams to
pixel greyscale values. Nonetheless, across this wide variety of inputs and tasks, AeLLE space and clustering
is consistently able to separate variants of hyperparameters according to accuracy in a way that is more
informative than network hyperparameters alone.

More specifically, we consider (i) Signal Reconstruction task, also known as target learning. In this task,
a random RNN is being tracked to generate a target output signal from a random input [58, 26]. This task
involves intricate time-dependent signals and a generic RNN for which dynamics in the absence of training
are chaotic. With this example, we demonstrate that our method is able to distinguish between networks of
high and low accuracy across initialization parameters.

(ii) Character Prediction is a common task which takes as an input a sequence of textual characters and
outputs the next character of the sequence. This task is a rather simple task and is used to benchmark
various RNN variants. With this task, we demonstrate that our method is able to distinguish across network
sizes, in addition to initialization parameters.

(iii) Sequential MNIST is a more extensive benchmark for RNN classification accuracy. The input in the
task is an image of a handwritten digit unrolled into a sequence of numerical values (pixels’ greyscale values)
and the output is a corresponding label of the digit. We investigate accuracy of various RNN variants on
row-wise SMNIST, demonstrating that our method distinguishes according to performance across network
architectures. We describe the outcomes of AeLLE application and resulting insights per each task below.
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Figure 3.8: Clustering by performance across network size: AeLLE for LSTM RNNs trained on
CharRNN task. Left: The CharRNN task involves predicting the next character in a sequence. Larger
losses correspond to less confidence in predicting the next character in a sequence. Center: In the AeLLE
representation the higher-accuracy networks, regardless of size, tend to cluster by performance, with the
low-accuracy networks to the left in this representation. Right: By contrast, LSTM of different sizes are
often mixed together in this representation, with larger networks covering a wider range within the AeLLE
space, but still overlapping with smaller networks throughout the space.

Signal Reconstruction via Target Learning with Random RNN

To examine how AeLLE interprets generic RNN with time evolving signals as output and input, we test
Rank-1 RNN. Such a model corresponds to training a single rank of the connectivity matrix, the output
weights W , on the task of target learning. We set the target signal (output) to be a four-sine wave, a
benchmark used in [58]. A key parameter in Rank-1 RNN is the amplification factor of the connectivity g
which controls the output signal in the absence of training. For g ≤ 1, the output signal is zero, while for
g ≥ 1.8 the output signal is strongly chaotic. In the interval 1 < g < 1.8 the output signal is weakly chaotic.
Previous work has shown that the network can generate the target signal when it is in the weakly chaotic
regime, i.e., 1 < g < 1.8 and trained with FORCE optimization algorithm [58, 50].

However, not all samples of the random connectivity correspond to accurate target generation. Even for
g values in the weakly chaotic interval, there would be Rank-1 RNN variants that fail to follow the target.
Thereby, the target learning task, Rank-1 RNN architecture, and FORCE optimization are ideal candidates
to test whether AeLLE can organize the variants of Rank-1 RNN models according to accuracy.

The candidate hyperparameters for variation would be of 1) samples of fixed connectivity weights (from
normal distribution) and 2) the parameter g within the weakly chaotic regime. We structure the benchmark
set to include 1200 hyperparameter variants and compute LE spectrum for each of them. After training is
complete, LE in the validation set are projected onto the Autoencoder’s AeLLE space, depicted in Fig. 3.7,
where each sample is a dot in the APC1 −APC2 plane.

Our results show that AeLLE organizes the variants in a 2D space of APC1
−APC2

according to accuracy.
The variants with smaller error values (high accuracy) (< 0.57) are colored in green and variants with larger
error values (low accuracy) (> 0.57) are colored in red. We demonstrate the disparity in the signals that
different error values correspond to in Fig. 3.7-left. AeLLE space succeeds to correlate LE spectrum with
accuracy such that most low-error networks are clustered in the bottom-left of the two-dimensional projection
(see Fig. 3.7-center), whereas large-error networks are concentrated in primarily to the right and top of the
region shown. This clustering of high-accuracy networks allows for the identification of multiple candidates
as top performing variants in this space. Comparison of AeLLE clustering with a direct clustering according
to values of g, Fig. 3.7-right, shows that while most networks with g < 1.7 include variants with low-error,
there are also variants with high-error for each value of g. This is not the case for all variants in the low-error
hyperellipse of the AeLLE space. These variants have different g and connectivity values and sampling from
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the hyperellipse provides a higher probability Rank-1 RNN variant to be accurate.
For comparison, we calculated the F1 score of the classifier which uses the median first principal com-

ponent value as the decision boundary to classifiers which use simple statistics of the Lyapunov spectra.
When we use the median value of the Lyapunov spectrum means and maximum Lyapunov exponent as the
decision boundaries, the resulting F1 scores are 0.705 and 0.504, respectively, meaning that the mean LE is
much more indicative of performance than the maximum LE for this task. Additionally, we define another
classifier by projecting the raw Lyapunov exponents onto their first two principal components and using
the median of the first principal component as the decision boundary to get a LE PC classifier. For this
task, we find the LE PC classifier achieves similar performance to the LE mean, with an F1 score of 0.703.
Meanwhile, the AeLLE classifier achieves an F1 score of 0.724, indicating a significant improvement over the
max LE classifier and a modest improvement over the mean LE and LE PC classifiers (see Supplementary
Materials for more details).

Character Prediction with LSTM RNNs of Different Size

Multiple RNN tasks are concerned with non-time dependent signals, such as sequences of characters in a
written text. Therefore, we test AeLLE on LSTM networks that perform the character prediction task
(CharRNN) in which for a given sequence of characters (input) the network predicts the character (output)
that follows. In particular, we train LSTM networks on English translation of Leo Tolstoy’s War and Peace,
similar to the setup described in [11]. In this setup, each unique character is assigned an index (number of
unique characters in this text is 82), and the text is split into disjoint sequences of a fixed length l = 101,
where the first l−1 = 100 characters represent the input, and the final character represents the output. The
loss is computed as the cross entropy loss between the expected character index and the output one.

The hyperparameters of network size (number of hidden states) and initialization of weight parameters
appear to have most impact on the accuracy. We create 1200 variants of these parameters, varying the
number of hidden units from 64 to 512 (by factors of 2) and sample initial weights from a symmetric uniform
distribution with the parameter p denoting the half-width of the uniform distribution from which the initial
weights are sampled in the range of [0.04, 0.4]. We split the variants into Autoencoder training set (80%)
and validation set (20%).

Similar to the target learning task, we project the LE of the variant networks onto the first two PC
dimensions of the latent space of the trained autoencoder and mark them according to accuracy. LSTM
networks with loss below the median among these networks (loss <1.75) are considered as high-accuracy
(green), while those with loss above the median are considered low-accuracy (red).

We find that AeLLE in 2D space separates the spectra of the variants according to accuracy across
network sizes. Performing principal component analysis of the AeLLE illustrates that the low- and high-
accuracy networks are separated along the PC1 dimension, with higher-accuracy networks being further to
the left in these space and lower-accuracy ones clustering to the right (Fig. 3.8). For comparision, we show
the median value of the first principal component across all networks (black line), showing that the vast
majority of high-accuracy networks are to the left of this line. In contrast, the distribution of the network
sizes (Fig. 3.8-right) is more evenly distributed in this space. This demonstrates that this method is able
to learn properties from the LE spectrum which correlate with performance across network sizes which are
more informative than network size alone.

Comparing the separation of in the AeLLE space to a classifier based on simple LE statistics, we find
that using the median value of the mean Lyapunov Exponent or max Lyapunov Exponent as the decision
boundary gives classifiers with F1 scores of .834 and .859, respectively, suggesting that both statistics are
strongly indicative of performance on this task. The LE PC classifier with decision boundary defined by the
median value of the first principal components of the raw Lyapunov exponents has a similar F1 score of 0.860.
Meanwhile, the AeLLE classifier achieves an F1 score of .877, indicating a modest improvement on both of
the direct statistics (see Supplementary Materials for more details). This shows that, while all metrics used
are indicative of performance, the AeLLE method is able to achieve slightly greater discrimination of network
performance.
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Figure 3.9: Clustering across network architecture: AeLLE for networks trained on SMNIST
Task. Left: In this task, the network predicts the digit shown in a given image. Higher losses correspond
to lower confidence in the correct digit label. Center: AeLLE representation shows that networks of the
similar error are clustered together. When classifying these networks according to high accuracy (green) and
low accuracy (red), the high-accuracy networks, regardless of network architecture, are consistently located
further to the right (more positive PC1) than low-accuracy networks. Right: Networks of the same type
often clustered together in AeLLE representation, with some overlap between similar architectures (such as
coRNN and ASRNN). For each network architecture (except vanilla RNN), there are variants with high and
low accuracy separated across the first PC dimension.

Sequential MNIST Classification with Different Network Types

A common benchmark for sequential models is the sequential MNIST task (SMNIST) task [59]. In this task,
the input is a sequence of pixel greyscale values unrolled from an image of handwritten digits from 0 − 9.
The output is a prediction of the corresponding label (digit) written in the image. We follow the SMNIST
task setup in [60], where each image is treated as sequential data and each row is the input at one time, and
the number of time steps is equal to the number of columns in the image. The loss corresponds to the cross
entropy between the predicted and the expected one-hot encoding of the digit.

We train a larger number of RNN variants on this task to demonstrate how the AeLLE properties
translate across network architectures. The architectures trained on this task were: LSTM, Gated Recurrent
Unit (GRU), (vanilla) RNN, Anti-Symmetric RNN (ASRNN) [34], Coupled Oscillatory RNN (coRNN) [36],
Lipschitz RNN [37], Noisy RNN [38], and Long-Expressive Memory Network (LEM) [61]. For each network
type, we train 200 variants of hidden size 64. Every network was trained for 10 epochs and LE of post-trained
networks are collected. This constitutes a set of 1600 variants, where we use 70% for Autoencoder training,
10% for validation, and 20% for testing. For more details on the training of this Sequential MNIST task, see
the Appendix A.3.

Similarly to previously described tests, we color code the variants according to accuracy. Networks with
loss < 2.2× 10−3 are considered as high-accuracy (green) which includes 50% of networks, while the rest of
the networks with higher loss are considered as low-accuracy (red).

As in previous tests, AeLLE analysis is able to unravel variants and their accuracy according to LE
spectrum. With a median value of PC1 in AeLLE plane (black line in Fig. 3.9), the AeLLE plane could
be divided into two clusters where low-accuracy are in the left part of the plane and high-accuracy are in
the right part. The distribution of network architectures in this representation (see Fig. 3.9-right), we find
clusters of mixed architectures with similar accuracy. Moreover, we find that GRU, Lipschitz RNN, LEM,
and to a lesser extent Noisy RNN, all occupy a similar part of this space, with their best-performing variants
generally being located to the top-right of the space shown, and then moving to the left as the perfomance
of the variants deteriorates. While no vanilla RNN variants achieve high accuracy, even networks that have
variants with high accuracy, such LSTM and LEM, have low-accuracy variants that are projected onto the
same space as the cluster of vanilla RNNs. Meanwhile, ASRNN and coRNN, which are both constrained to
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Figure 3.10: Pre-Trained AeLLE during RNN training on SMNIST task. Prediction of task accuracy
of inputs in a test set by pre-trained AeLLE threshold classifier (PC1 < −0.03) of SMNIST variants is shown
at (0%, 10%, 20%, 50%) of training of networks on SMNIST. Throughout training, the high-accuracy networks
(green) tend to cluster to the left of the Pre-trained AeLLE median classifier (black line). Furthermore, the
distribution of networks in this space changes little over training, indicating that the dynamical properties
which facilitate networks’ successful learning of a task emerge early in training.

have dynamics that preserve information, are projected very close to each other in this space into relative
small clusters near the median boundary.

The LE mean and LE max classifier on this dataset achieve F1 scores of .609 and .566, respectively,
suggesting that both statistics are poor predictors of performance on their own. The LE PC classifier has an
F1 score of 0.608, representing only a minor improvement in accuracy. However, the AeLLE classifier using
the median value of the first principal component achieves an F1 score of 0.859 (see Supplementary Materials
for more details). This score is a significant improvement on the simple LE statistics and demonstrates that
AeLLE is particularly advantageous for this task, suggesting that characteristics of the dynamics shared
across architectures which determine network performance are non-trivial.

Pre-Trained AeLLE for Accuracy Prediction Across Training Epoch

In the three tests described above, we find that the same general approach of AeLLE allows the selection of
variants of hyperparameters of RNN associated with accuracy. LE spectrum is computed for fully trained
models to set apart the sole role of hyperparameter variation. Namely, all variants in these benchmarks have
been trained prior to computing LE spectrum. Over the course of training, connectivity weight parameters
vary and as a result LE spectrum undergoes deformations. However, it appears that the general properties
of LE spectrum such as the overall shape emerge early in training.

From these findings and the success of AeLLE, a natural question arises: how early in training can AeLLE
identify networks that will perform well upon completion of training? To investigate this question we use a
pre-trained AeLLE classifier, i.e., trained on a subset of variants that were fully trained for the task. We then
propose to test how such pre-trained fixed AeLLE represents variants that are only partially trained, e.g.,
underwent 0%− 50% of training. This test is expected to show how robust are the inferred features within
AeLLE correlating hyperparameters and LE spectrum subject to optimization of connectivity weights. Also
it would provide insight into how long it is necessary to train the network to predict the accuracy of a
hyperparameter variant.

We select the SMNIST task with LSTM, GRU, RNN, ASRNN, CoRNN, Lipschitz RNN, Noisy RNN,
and LEM models with 64 hidden states size, the initialization parameter p is the same as test three (200
variants for each model).

We then compute LE spectrum for the first five epochs of the training (out of all 10 epochs) for all variants.
Note, LE spectrum before training are also computed. Therefore, 6000 LE spectrum are considered. We
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Training AeLLE vs. [Loss]
% Recall Precision F1
0% 93.8% [–] 77.0% [–] 0.85 [–]
10% 91.5% [16.9%] 86.6% [95.1%] 0.89 [0.35]
20% 91.8% [45.8%] 86.5% [97.7%] 0.90 [0.66]
50% 88.6% [77.7%] 83.7% [97.3%] 0.86 [0.86]

Table 3.1: Precision, Recall, and F1 Score of pre-trained AeLLE classifier for RNN final accuracy evaluated at
different stages of training. indicated by bold numbers. This classification is compared with a classification
based on loss value at the corresponding epoch, indicated by [·].

then select 20% variants into a training set, and they span over all epochs. We define such AeLLE as a
Pre-Trained AeLLE and investigate its performance.

Figure 3.11: Comparison of LE mean, LE max, and AeLLE classifiers and distributions through-
out network training. The distribution of the Mean LE (first row), Max LE (second row), and first prin-
cipal component of the raw Lyapunov exponents (third row), and first principal component of the AeLLE
(bottom) are shown from 0% to 50% training on the SMNIST task. The decision boundary value of each
metric is shown as a vertical black bar, which is used as a classifier in Table 3.2.

We select another 20% data as the validation set (1800 variants), and apply the same loss threshold
of 2.2 × 10−3 as above. We use this validation set to define a simple threshold that classifies low- and
high-accuracy variants according to AeLLE ( Fig. 3.10 green shaded region of PC1 > −0.03).

We then apply the same Pre-Trained AeLLE and accuracy threshold to variants in the test set (3600
variants) at different epochs (formulated as % of Training) illustrated in Fig. 3.10 with training progressing
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from left to right and Table 3.1. We observe that projection of variants LE spectrum onto AeLLE (points in
AeLLE 2D embedding) does not change significantly over the course of training. Specifically, before training,
we find that the Recall, i.e., the number of the low-error networks which fall within the low-error threshold
region, is 93.8%. The Precision, i.e., how many networks in the region are low-error, is 77.0%. Then after
a single epoch, 10% of training, the Recall becomes 91.5% and the Precision improves to 83.6%, indicating
more of the networks in the region are correctly identified as high-accuracy. The Recall and Precision does
not change too much over training. This indicates that the LE spectrum captures properties of network
dynamics which emerge with network initialization and remain throughout training.

In summary, we find that Pre-Trained AeLLE is an effective classifier that predicts the accuracy of
the given RNN when fully trained, even before it has undergone 50% training. To further quantify the
effectiveness of AeLLE classifier prediction, we compare it with a direct feature of training, the loss value
at each stage of training, see Table 3.1. We find that variants with low loss early in training do correspond
to variants that will be classified as low-error, indicated by almost perfect Precision rate of 99% − 100%.
However, it appears that many variants of high accuracy do not converge quickly. Indeed, the Recall rate
for a classifier based on loss values is 17%− 77% for 10%− 50% of training, while in contrast, AeLLE Recall
rate is consistently above 88% across all training epochs.

Training Classifier Recall Precision F1
LE Mean 99.1% 55.6% 0.71

0% LE Max 65.3% 90.3% 0.72
LE PCA 100% 55.9% 0.76
AeLLE 93.8% 77.0% 0.85
LE Mean 97.7% 58.3% 0.73

10% LE Max 60.7% 92.6% 0.74
LE PCA 96.8% 60.0% 0.74
AeLLE 91.5% 86.6% 0.89
LE Mean 97.6% 58.5% 0.73

20% LE Max 59.5% 94.3% 0.73
LE PCA 96.6% 60.3% 0.74
AeLLE 91.8% 86.5% 0.90
LE Mean 96.4% 58.9% 0.73

50% LE Max 58.8% 94.3% 0.72
LE PCA 94.9% 60.4% 0.74
AeLLE 88.6% 83.7% 0.86

Table 3.2: Precision, Recall, and F1 Score of LE mean, LE Max, and AeLLE classifiers throughout training.
The best of each score (Precision, Recall, F1) is indicated by bold numbers.

For further comparison, we construct classifiers at each epoch using the LE mean and LE max, and the
first principal component of the raw LEs. For each classifier, we select the value of the statistic that yields the
best F1 score on the training set as the decision boundary, and then test the accuracy of such a classifier in
determining whether a network’s performance at the end of training will be high- or low-accuracy on the test
set . The distribution of LE statistics and the first PC of the AeLLE classifier over training is shown in Figure
3.11. We see that the distribution of the Mean LE is heavily concentrated near its maximum value near 0 and
does not change significantly over training. Meanwhile, the Max LE distribution changes more, but there
is a similar number of high- and low-accuracy networks to either side of the boundary throughout training.
The first principal component of the AeLLE has the greatest concentration of high-accuracy networks to
one side of the decision boundary, suggesting this is a more useful classifier. In Table 3.2, we present the
recall, precision, and F1 score of each of these classifiers. Here, we can see that the AeLLE classifier has
significantly higher F1 scores than the other classifiers across all epochs.
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Figure 3.12: Comparison of Lyapunov Spectrum curves, AeLLE, and loss for different network
architectures on SMNIST task. Lyapunov Spectrum curves (left) of five different architectures show
that the ASRNN and coRNN have very similar spectra with many exponents close to zero. Meanwhile, the
spectra of LSTM, GRU, and RNN dip well below zero, but at different rates. These networks in AeLLE space
(center), are thus grouped such that ASRNN and coRNN are closer to each other than to other network
types, but still are separable. LSTM, GRU, and RNN networks on the other hand are similarly close to each
other in AeLLE space while having seemingly significant differences in their spectra. Such mapping appears
to be correlated with accuracy (right; colors indicate loss from low-green to high-red). Despite the similar
spectra of coRNN and ASRNN, the loss of coRNN is larger than that of ASRNN by a factor of 3, and indeed
they appear to be separated in this space. While the LE curves of LSTM, RNN and GRU are distinct, their
loss values are high (red) and they are clustered in the same vicinity farther from more optimal networks,
ASRNN and coRNN. Indeed, while LSTM and RNN are very different networks, in AeLLE representation
these are mapped close to each other since in this task and configuration LSTM accuracy was lower than
RNN.

#PCs
Training % 1 2 4 10

0% 0.81 0.81 0.84 0.89
50% 0.84 0.84 0.87 0.91

Table 3.3: F1 Score of pretrained AeLLE classifier on networks at various levels of training using median
from increasing numbers of principal components (PCs). The total dimension of the AeLLE space is 32.

Higher Dimensions of AeLLE

AeLLE space is not restricted to two dimensions. In general, the more dimensions are used, the represen-
tation is expected to become more accurate. To test this hypothesis we extend the classification to higher
dimensions. Specifically, we use the first d PCs where the median of each PC divides the space into 2d

subspaces. In each subspace, we check the number of optimal and non-optimal network samples. Then,
we take the union of all optimal subspaces (those which contain more optimal networks than sub-optimal
networks) to be the overall optimal region for the classifier. We then test the classifier on the test dataset
for each epoch. Our results are reported in Table 3.3, where we show the F1 score for 0% and 50% training
with d being the number of PCs is set to d = 1, 2, 4, 10.

The results show that as additional PCs are included, F1 score increases at initial phase before training
and during training, hence the full AeLLE space includes in higher dimensions additional features of LE
and the corresponding networks. The results also show that the first-order PC classifier is able to capture a
major portion of high- and low-accuracy networks.

LE Features Visualization in AeLLE Space

Lyapunov Spectrum for different architectures can have highly variable maximum values, slopes, variances,
means, and more. Whereas certain properties of these spectra would intuitively correlate with performance,
the relation between each individual feature and accuracy is unclear. This is evident from comparison of
Lyapunov Spectra of LSTM, RNN, GRU, and LEM to coRNN, ASRNN, Lipschitz RNN, and Noisy RNN
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trained on SMNIST in Figure 3.12(left). Whereas coRNN, ASRNN, Lipschitz RNN, and Noisy RNN all
have exponents close to zero for all indices, the spectra of LSTM, GRU, RNN, and LEM all dip well below
zero, with RNN decreasing much faster than the others. Meanwhile, GRU maintains a far greater number of
exponents close to zero, similar to coRNN, for about half of the indices. It would then be natural to assume
the performance of all networks with all LEs close to zero would be most similar and that LSTM, GRU, and
GRU would all be most similar to RNN in performance.

The representation in AeLLE space (Figure 3.12 center) shows two clusters, with one tight cluster rep-
resenting RNN, LSTM, and LEM and another looser cluster with all other sample networks. Within this
looser cluster, we find both the coRNN network, which has a very similar spectrum to ASRNN and Lipschitz
RNN, and the GRU, which is visually much closer to LSTM and LEM. However, we find that, within this
cluster, GRU is located closest to Lipschitz RNN and Noisy RNN, all of which are found to the right of
the median boundary along with ASRNN. Meanwhile, coRNN is located just to the left of the boundary, in
the direction of the RNN, LSTM, and LEM. While visualy inspection of the spectra does not immediately
indicate the reason for this ordering, it becomes more clear when we observe the loss of the networks (Figure
3.12 right). Since ASRNN, Lipschitz RNN, Noisy RNN, and GRU obtain the optimal accuracy (indicated
by green color), they are mapped to the right of coRNN and the other networks point in AeLLE plane. Fur-
thermore, while LSTM, RNN, and LEM are different networks in architectures and dynamics, these appear
to be mapped to the same cluster in AeLLE. The reason for such non-intuitive mapping could be explained
by accuracy again, since on this task, RNN LSTM, and LEM all exhibit low accuracy (indicated by red
color).

Such experiments indicate that easily observable LE features such as number of exponents near zero
or overall spectrum shape do not vary uniformly with performance. Instead, more complex, non-linear
combination of LE features extracted by AeLLE would be required to determine this relation.

Discussion

LE methodology is an effective toolset to study nonlinear dynamical systems since LE measure the divergence
of nearby trajectories, and thus indicate the degree of stability and chaos in that system. Indeed, LE has
been applied to various dynamical systems and applications, and there exist theoretical underpinning for
characterization of these systems by LE spectrum.

Our results demonstrate that the information that LE contain regarding the dynamics of a network can
be related to network accuracy on various tasks. In particular, we show that AeLLE representation encodes
information about the dynamics of recurrent networks (represented by their Lyapunov Exponents) along
with the performance. We demonstrated that this relation to performance can be learned across choice
of weight initialization, network size, network architecture, and even training epoch. Effectively, AeLLE
representation discovers the implicit parameters of the network.

Such a representation is expected to be invaluable in uniting research which looks to assess and predict
model quality on particular tasks and those which emphasize and constrain model dynamics to encourage
particular solutions. Our approach allows mapping of dynamics of a network to accuracy through the latent
space representation of LE autoencoder. This mapping appears to capture multiple characteristics of the
networks, with some are direct such as network type, accuracy, number of units, and some are implicit. All
these appear to be be contained in AeLLE representation and effectively provides salient features/parameters
for the networks that are being considered.

Specifically, our results show that AeLLE representation is able to distinguish networks according to
accuracy across choice of network architectures with greater accuracy than using simple spectrum statistics
alone. Such findings suggest that the features of the dynamics which correspond to optimal performance
on given tasks are consistent across network architectures, whether they are RNN, gated architectures, or
dynamics-constrained architectures, even if they are not immediately apparent upon visual inspection or
through first-order statistics of the spectrum. AeLLE is able to capture these. While the accuracy of such
a classifier is enhanced over those using simple statistics, this comes at the cost of training time of the
autoencoder and interpretabilty of extracted features. While it was not explored the scope of this work,
analysis of the individual components of this autoencoder methodology (Equation (3.5)) could provide more
insight into the interpretability of these features. Namely, the representations of the Lyapunov exponents
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which AeLLE produces (ϕ(Z)) could be directly analyzed statistically or otherwise. The contribution of
each dimension of the latent space of the autoencoder to the predicted loss value could be extracted from
the linear prediction layer (ξ). Finally, the corresponding LE spectrum features for these latent dimensions
could be analyzed using the decoder (ψ). Such future explorations would give invaluable insight to the
interpretation of the extracted LE features we demonstrated in this paper.

Furthermore, while the application of AeLLE for search of optimal networks given a task is outside of
the scope of this work, exploration into AeLLE representation to find predicted optimal dynamics for a
task would be a natural extension of the results that are reported here. Furthermore, extension of AeLLE
methodology can be used to search and unravel novel architectures with desired dynamics defined by a
particular LE spectrum. AeLLE approach can be also adopted to analyze other complex dynamical systems.
For example, long-term forecasting of temporal signals from dynamical systems is a challenging problem that
has been addressed with a similar data-driven approach using autoencoders and spectral methods along with
linearization or physics-informed constraints [62, 63, 64, 65, 66]. Application of AeLLE could unify such
approaches for dynamical systems representing various physical systems. The key building blocks in AeLLE
that would need to be established for each of these extensions is efficient computation of Lyapunov exponents,
and sufficient sampling of data to train the Autoencoder to form an informative Latent representation, and
stable back-propagation of gradients across many iterations of QR decomposition in the LE calculation.

Perturbations of Latent Space Embedding

The construction of AeLLE makes predictions the networks’ accuracy from the latent representation by
using a simple linear layer. By starting with initial Lyapunov spectra and their corresponding network loss,
we can observe how their representations in the latent space change when we perturb the predicted loss
upwards or downwards. The change in the predicted loss is represented by ∆T . We use L to denote the
latent representation of the Lyapunov spectrum (ϕ ◦ Z from (3.5)).

∆T = T ′ − T̂
∆L = L′ − L̂

⇒ ∆L = θ−1(∆T )

(3.7)

By introducing a small perturbation ∆T to predicted loss of the system, we can observe the change in the
latent representation ∆L (3.7). Introducing a negative perturbation to the predicted loss corresponds to a

(a) (b)

Figure 3.13: AeLLE of networks trained on SMNIST and the results of perturbations to loss predictions. (a)
The AeLLE of five different network architectures trained on SMNIST. ASRNN and coRNN achieved the
best performance on this task and clustered together to the right of this space. (b) When introducing a
perturbation to the predicted loss ∆T , the latent representations move uniformly in this space along a single
axis, with improving performance moving to the right.
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Figure 3.14: Perturbations of output Lyapunov spectra for different network types. We can see that the
decoder is much more sensitive to changes for the ASRNN and coRNN networks (bottom row) and less
sensitive for the other architectures (top row), for which all reconstructed spectra are overlapping.

lower error, suggesting that the resulting AeLLE would correspond to better accuracy. Positive perturbations
would have the opposite effect. The original latent space for networks trained on SMNIST and the result
of perturbations on these representations is shown in Figure 3.13. Note that, since θ is a simple linear
function, it can only give a first-order local approximation of the direction in AeLLE space corresponding
with accuracy improvements. This is particularly evident when considering the most negative values of ∆T
shown in Figure 3.13(b), since the network loss was between 0 and 1 for almost all networks shown, and
negative cross entropy loss is impossible. Nonetheless, we find that the direction in the AeLLE space is
mostly horizontal, consistent with the clustering of the better-performing ASRNN and coRRN away from
the other networks along the horizontal axis.

Moreover, we can map the perturbed latent representations back into the original LE space using the
decoder of the trained autoencoder. This mapping can assess the capability of the decoder and observe the
changes to the underlying spectrum introduced by these perturbations (see Figure 3.14). We can see that
perturbations have a greater impact on the reconstructed spectra of ASRNN and coRNN than they do on
the other network types. This may be because the Lyapunov spectra of ASRNN and coRNN are all close to
zero, whereas LSTM, GRU, and RNN all have spectra which eventually dip well below zero.

We can attempt to isolate the space within the AeLLE representation for which the network predicts
zero loss. To do this, we take the null space of the matrix θ. The autoencoder used for Figures 3.13 and
3.14 had a latent space of 32, and since the loss prediction output has dimension 1, the resulting dimension
of the null space is 31. The projection of this space onto the AeLLE space of the network is shown alongside
the AeLLE of the trained network architectures in Figure 3.15. We can see that these points are to the right
of all other networks, consistent with our perturbation studies. Notably, the cluster of ASRNN and coRNN
networks in this space are located very close to the points associated with zero loss, which is consistent with
their high accuracy on this task. Further studies like this could reveal the predicted level sets of the loss in
the AeLLE space. Using the decoder to reconstruct the spectra of these AeLLE corresponding to zero loss, a
wide variety of shapes of the output spectra emerge, indicating that the decoder may struggle to reconstruct
these networks with high accuracy, especially those with very low loss.
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Figure 3.15: (Left) AeLLE of network architectures and the minimum loss value as predicted by the linear
layer θ (black). (Right) The reconstructed LE spectra of the null space of ϕ.

Appendix

A Task Implementation and LE Computation Details

Signal Reconstruction via Target Learning

The random four-sine is a combination of four sine waves whose frequencies and amplitudes are integers
randomly generated from the range [1, 6] and [1, 11], respectively. We train each network for 15 epochs
where each epoch contains a 120s signal with time interval 0.1s, i.e., the signal length is 1200. After training
the last epoch, the final recorded validation loss is a mean absolute error (MAE) between the reconstructed
and target signal.

In terms of hyperparameter selection, we vary the g value in the network which determines the degree
of chaos of the network as larger g means a more chaotic network. All gs are selected from range [1.1, 2.0]
with an interval of 0.1 and we train 120 networks for each g, i.e., 1200 networks in total.

We leave other hyperparameters, such as network size and learning rate constant over all experiments.
We use 10 sequences of 200 time steps to calculate the LEs during testing, i.e., 10 random starting points
and their following 200 time steps are used for LEs calculation. The final LEs is the average of those 10
results.

Character Prediction: CharRNN

The character sequences are randomly split into train and validation sets with an 80%/20% split. In order
to ensure the independence of the trained networks, each trained network then takes a random sample of
30% of the sequences in the full training set and validation set to form its own training and validation sets.

The network is then trained for 15 epochs on the random training data and the reported validation loss is
calculated from the random validation data after all training. The selection of most hyperparameters for the
LSTM, including the dropout, and learning rate, and optimizer, is held constant for each instance. However,
the distribution used to initialize the weight parameters of each network instance is a uniform distribution
on the interval [−p, p], with p sampled uniformly from the interval [0.04, 0.40]. Furthermore, the size of the
hidden layer of the LSTM is selected from [64, 128, 256, 512], with 300 networks of each size trained on this
task.

We use 10 sequences of length 100 to calculate the LEs. To treat the spectrum for each network size with
the same model, we use linear interpolation to increase the dimension of each spectrum to 1024. This gives
a total of 1200 spectra of LSTMs on which to train a model.
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Sequential MNIST

Our model is trained with the training dataset for 10 epochs and after all training, the cross entropy loss on
testing dataset is recorded as the final validation loss. We train eight different architectures, namely LSTM,
GRU, RNN, ASRNN, coRNN, Lipschitz RNN, Noisy RNN and LEM. Each architecture has 200 networks
with hidden sizes of 64, i.e., 1600 networks. The initial weights of the model are uniformly initialized
between −p and p. For LSTM, GRU, and RNN, their p is randomly generated from [0.1, 3.0]. For ASRNN
and coRNN, their p is randomly sampled from [0.1, 50] and [0.1, 30], For Lipschitz RNN, Noisy RNN and
LEM, their initialization are [0.1, 20], [0.1, 5.0], [0.1, 10.0], respectively. This is because we want to have
a diverse performance in each architecture. More specifically, since ASRNN and CoRNN are very robust
to initialization, we can a wider range of initialization and for LSTM, RNN, the range is narrower. Other
hyperparameters, such as the learning rate, and the number of layers are the same for all experiments.
Lyapunov exponents are calculated on one mini-batch of the test dataset which includes 128 different input
sequences. The final LEs is the average over those 128 sequences.

Network Init Param Total Loss
Task Type Hidden Size(s) Range Networks Type
Target Learning Random RNN 512 1.0− 2.0 1200 MAE
CharRNN LSTM 64, 128, 256, 512 0.04− 0.40 1200 Cross Entropy
SMNIST RNN 64 0.1− 3.0 200 Cross Entropy

LSTM 64 0.1− 3.0 200 Cross Entropy
GRU 64 0.1− 3.0 200 Cross Entropy
coRNN 64 0.1− 30 200 Cross Entropy
ASRNN 64 0.1− 30 200 Cross Entropy

Lipschitz RNN 64 0.1− 20 200 Cross Entropy
Noisy RNN 64 0.1− 5 200 Cross Entropy

LEM 64 0.1− 10 200 Cross Entropy

Table A1: Network training details for RNN tasks
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B LE Statistics vs. AeLLE Classifiers

We compare the AeLLE clustering shown in the Results section to clustering and classifiers based on two
first-order LE statistics: the spectrum mean and the maximum LE. In comparison to the first two principal
components of the AeLLE space shown in the Results section, we plot these two statistics simultaneously
with each network labeled by color according to whether the network has high (green) or low (red) accuracy.

In addition, we compare the classifier obtained by taking median value of the first principal component
of the raw Lyapunov spectra. We compare the Precision, Recall, and F1 scores of all classifiers to show that
AeLLE achieves the optimal F1 score among these classifiers.

Signal Reconstruction via Target Learning

Figure B1: Distribution of mean and max LE for Signal Reconstruction task using Target Learning (top),
first two principal components of the raw LE (middle), and the first two principal components of AeLLE
(bottom) with colors indicating high- (green) and low-accuracy (red) networks, and black bars indicating
median value of the indicated LE statistic.

Plotting the distribution of the mean LE shows that both high- and low-accuracy networks have mean
LE which span the entire range of this statistic. Meanwhile, the max LE distribution is bimodal, with each
mode containing a relatively even mix of both high- and low-accuracy networks. Consequently, when both
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statistics are plotted together, there are two resulting clouds, but there is no clear separation between high-
and low-accuracy networks (see Figure B1).

Similar to the LE mean, the first principal component of the raw LE spectra has high- and low-accuracy
networks across the full range that it spans, with greater concentration of high-accuracy networks in the
center. However, there is still mixing throughout. We compare this to the AeLLE projection presented in
the results, which has a concentration of high-accuracy variants in the bottom left of the space shown, but
still has mixing of high- and low-accuracy variants.

Recall Precision F1
Mean LE 70.2% 70.9% 0.705
Max LE 50.1% 50.6% 0.504
LE PCA 70.6% 70.0% 0.703
AeLLE 72.1% 72.8% 0.724

Table B2: Precision, Recall, and F1 Score of AeLLE
vs. LE stats classifiers for Signal Reconstruction task
using Target Learning.

The precision, recall, and F1 score of the classifiers which result from using the median value of each of
these statistics is shown in table B2. The maximum LE classifier achieves rather poor performance with an F1
score of 0.504, while the mean LE and LE PC classifiers achieve almost identical performance, with F1 scores
of .705 and .703, respectively. Meanwhile, the AeLLE classifier F1 score represents a slight improvement on
both of these classifiers, achieving an F1 score of 0.724.

Character Prediction: CharRNN

Plotting the distribution of the mean LE shows that most high-accuracy networks have a greater mean LE
than low-accuracy networks for this task. Meanwhile, the max LE is generally smaller for high-accuracy
networks than for low-accuracy networks. Consequently, when both statistics are plotted together, there
is a greater concentration of high-accuracy networks in the quadrant corresponding to larger mean LE and
smaller max LE (see Figure B2).

Similarly, the projection of the raw LEs onto their first two principal components shows a greater concen-
tration of high-accuracy networks to the left of the space shown, with low-accuracy networks concentrated
further to the left. This is very similar to the AeLLE projection presented in the Results section.

Recall Precision F1
Mean LE 83.6% 83.3% 0.834
Max LE 86.0% 85.8% 0.859
LE PCA 86.0% 86.0% 0.860
AeLLE 87.6% 87.7% 0.877

Table B3: Precision, Recall, and F1 Score of AeLLE
vs. LE stats classifiers for Character Prediction task
using LSTM.

The precision, recall, and F1 score of the classifiers which result from using the median value of each of
these statistics is shown in table B3. For this task, all classifiers tested achieve high accuracy. The mean LE
and max LE classifiers achieve F1 scores of 0.834 and 0.859, respectively, while the LE PC classifier has a
nearly identical F1 score of 0.860. Meanwhile, the AeLLE classifier achieves a slightly better accuracy, with
an F1 score of 0.877.
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Figure B2: Distribution of mean and max LE for Character Prediction task using LSTM (top), first two
principal components of the raw LE (middle), and the first two principal components of AeLLE (bottom)
with colors indicating high- (green) and low-accuracy (red) networks, and black bars indicating median value
of the indicated LE statistic.

Sequential MNIST

Plotting the distribution of the mean LE shows that most of the networks we trained for this task have a
mean LE that is close to zero. Whereas only low-accuracy networks have mean LE values that are very
low, there are both high- and low-accuracy networks with LE mean anywhere between -5 and 1. Conversely,
networks with particularly a large max LE are all low-accuracy, but again the distribution is more mixed
between high- and low-accuracy networks for all but the most extreme values of max LE. Consequently,
when both statistics are plotted together, The low-accuracy networks span a greater range of locations, but
both low- and high-accuracy networks are mixed in similar locations, particularly close to the median values
of LE mean and max LE (see Figure B3).

Meanwhile, the projection of the raw LEs onto their first two principal components shows that there is
a large concentration of high-accuracy networks near the median value of PC1, but that there are mixtures
of similar numbers of high- and low-accuracy networks to either side of the median, even though there very
large values of PC1 contain only low-accuracy networks. In contrast, the AeLLE projection shown in the
Results sections displays a more significant separation between the concentrated areas of high-accuracy and
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Figure B3: Distribution of mean and max LE for Sequential MNIST Classification task with Different
Network Types (top), first two principal components of the raw LE (middle), and the first two principal
components of AeLLE (bottom) with colors indicating high- (green) and low-accuracy (red) networks, and
black bars indicating median value of the indicated LE statistic.

low-accuracy networks.

Recall Precision F1
Mean LE 61.0% 60.9% 0.609
Max LE 56.6% 56.7% 0.566
LE PCA 60.8% 60.8% 0.608
AeLLE 85.9% 85.9% 0.859

Table B4: Precision, Recall, and F1 Score of AeLLE
vs. LE stats classifiers for Sequential MNIST Classifi-
cation task with Different Network Types.

The precision, recall, and F1 score of the classifiers which result from using the median value of each of
these statistics is shown in table. B4. For this task, the mean LE and max LE classifiers achieve similarly
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Figure B4: Projections of Lyapunov Exponents onto 2D plane using LE max and LE mean (top), raw LE
PCA (middle), and AeLLE (bottom). The results are shown for Target Learning (left), CharRNN (center),
and Sequential MNIST (right).

poor F1 scores of 0.609 and 0.566, respectively. The LE PC classifier achieved a similarly bad F1 score of
0.608. Meanwhile, the AeLLE classifier achieves a significantly better accuracy, with an F1 score of 0.859.
This shows that the AeLLE is a much more effective performance classification method than simple LE
statistics or linear projections across network architectures, suggesting that the dynamic properties which
inform performance across architectures are non-trivial.
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C Jacobians of RNN Architectures

In the calculation of the Lyapunov spectrum, we use the Jacobian ∂ht

∂ht−1
(or equivalent) to perform the

evolution of the tangent space at each time step. For each network, we calculate the expression for the
Jacobian so we can code it directly, significantly improving the speed of calculation over numerical derivative
estimation. The expressions for all non-vanilla RNN networks are shown (Note: ASRNN has the same
Jacobian as RNN, but with constraints on the weights, so it is not shown either).

LSTM

y∗ =W∗xt + U∗ht−1 + b∗,

where ∗ is determined by the gate/state. For LSTM, there are 4 different gates/states, (f, i, o, c), each
with a corresponding y∗,W∗, U∗, b∗.
The derivatives of each of these gates/states with respect to the hidden states and the input is shown below.
The final line shows what the derivative of the hidden state is relative to the hidden state at the previous
time step.

∂ft
∂ht−1

= [σ(yf ) ◦ (1− σ(yf ))]T ◦ Uf

∂it
∂ht−1

= [σ(yi) ◦ (1− σ(yi))]T ◦ Ui

∂ot
∂ht−1

= [σ(yo) ◦ (1− σ(yo))]T ◦ Uo

∂ct
∂ht−1

=
∂ft
∂ht−1

◦ ct−1 +
∂it
∂ht−1

◦ tanh(yc) + it ◦ sech2(yc) ◦ Uc

∂ht
∂ht−1

=
∂ot
∂ht−1

◦ tanh(ct) + ot ◦ sech2(ct) ◦
∂ct
∂ht−1

∂ft
∂xt

= [σ(yf ) ◦ (1− σ(yf ))]T ◦Wf

∂it
∂xt

= [σ(yi) ◦ (1− σ(yi))]T ◦Wi

∂ot
∂xt

= [σ(yo) ◦ (1− σ(yo))]T ◦Wo

∂ct
∂xt

=
∂ft
∂xt
◦ ct−1 +

∂it
∂xt
◦ tanh(yc) + it ◦ sech2(yc) ◦Wc

∂ht
∂xt

=
∂ot
∂xt
◦ tanh(ct) + ot ◦ sech2(ct) ◦

∂ct
∂xt

GRU

y1∗ =W∗x+ bi∗

y2∗ = U∗ht−1 + bh∗
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The corresponding derivatives for the GRU are shown below.

∂rt
∂ht−1

= [σ(y1r + y2r) ◦ (1− σ(y1r + y2r))]
T ◦ Ur

∂zt
∂ht−1

= [σ(y1z + y2z) ◦ (1− σ(y1z + y2z))]
T ◦ Uz

∂nt
∂ht−1

= sech2(y1n + rt ◦ y2n) ∗
∂rt
∂ht−1

◦ y2n + rt ◦ Un

∂ht
∂ht−1

= − ∂zt
∂ht−1

◦ nt + (1− zt) ◦
∂nt
∂ht−1

+
∂zt
ht−1

◦ ht−1 + zt ◦ I

CoRNN

yt = yt−1 + zt∆t

zt = zt−1 + (tanh(Wyyt−1 +Wzzt−1 + V ut + b)− γyt−1 − ϵzt−1)∆t

we need to calculate the derivative of yt w.r.t yt−1.

dyt
dyt−1

=
d(yt−1 + zt∆t)

dyt−1

=
d(yt−1 + (zt−1 + (tanh(Wyyt−1 +Wzzt−1 + V ut + b)− γyt−1 − ϵzt−1)∆t)∆t)

dyt−1

=
dyt−1

dyt−1
+∆t

dzt−1

dyt−1
+∆t2

d(tanh(Wyyt−1 +Wzzt−1 + V ut + b))

dyt−1

−∆t2
d(γyt−1 + ϵzt−1)

dyt−1

= I + 0 +∆t2WT
y (1− tanh2(Wyyt−1 +Wzzt−1 + V ut + b))−∆t2γI

= (1−∆t2γ)I +∆t2WT
y (1− tanh2(Wyyt−1 +Wzzt−1 + V ut + b))

Lipschitz RNN {
ḣ = AβA,γAh+ tanh(WβW ,γW h+ Ux+ b)

y = Dh

where Aβ,γ ∈ RN×N ,Wβ,γ ∈ RN×N ,{
AβA,γA = (1− βA)(MA +MT

A ) + βA(MA −MT
A )− γAI

WβW ,γW = (1− βW )(MW +MT
W ) + βW (MW −MT

W )− γW I,

where βA, βW ∈ [0, 1], γA, γW > 0 are tunable parameters, and MA,MW ∈ RN×N are trainable matrices.

ḣ is the derivative with respect to time, i.e.,ḣ = ∂h(t)
∂t . Therefore the Jacobian matrix of ht is:

∂ht+1

∂ht
=
∂(ht +△t · αAht +△t · tanh(Wht + Uxt + b)

∂ht

= I +△tαA+△tW sech2(Wht + Uxt + b)

, where α is default to 1 and △t is the time interval.
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Noisy RNN

ηmulpi = k ∗ N ∼ (0, 1) + (1− k)
hupdate = αhA+ tanh (htW + Uxt + b)

h = h+ d · ηmulpi · hupdate + noise

where, k, α are scale constant, and N ∼ (0, 1) is the normal distribution{
A = β(B −BT ) + (1− β)(B +BT )− γAI
W = β(C − CT ) + (1− β)(C + CT )− γW I

∂ht+1

∂ht
=
∂(ht + d · ηmulpi · (αhtA+ tanh (htW + Uxt + b)) + noise)

∂ht

= I + d · ηmulpi · (αA+W · sech2(htW + Uxt + b))

LEM

zn = (1−△△△tn)⊙ zn−1 +△△△tn ⊙ σ(Wzyn−1 + Vzun + bz) (3.8)

yn = (1−△̄△△tn)⊙ yn−1 + △̄△△tn ⊙ σ(Wyzn + Vyun + by) (3.9)

, where

△△△tn = △tσ̂(W1yn−1 + V1un + b1)

△̄△△tn = △tσ̂(W2yn−1 + V2un + b2)

We substitute △̄△△tn into Eq.3.9 and get the following:

yn =(1−△tσ̂(W2yn−1 + V2un + b2)︸ ︷︷ ︸
△̄△△tn

)⊙ yn−1+

△tσ̂(W2yn−1 + V2un + b2)︸ ︷︷ ︸
△̄△△tn

⊙(Wyzn + Vyun + by)

Therefore, the Jacobian is:

∂yn
∂yn−1

= −△tW2σ̂
′(W2yn−1 + V2un + b2)⊙ yn−1

+ (1−△tσ̂(W2yn−1 + V2un + b2)

+△tW2σ̂
′(W2yn−1 + V2un + b2)⊙ (WyZn + Vyun + by)

+△tσ̂(W2yn−1 + V2un + b2)⊙ (Wy
∂Zn
∂yn−1

)

where

∂Zn
∂yn−1

=
∂(1−△tσ̂(W1yn−1 + V1un + b1)⊙ Zn−1)

∂yn−1

+
∂(△tσ̂(W1yn−1 + V1un + b1)⊙ σ(WZyn−1 + VZun + bZ)

∂yn−1

= −△tW1σ̂
′(W1yn−1 + V1un + b1)⊙ Zn−1

+△tW1σ̂
′(W1yn−1 + V1un + b1)⊙ σ(WZyn−1 + VZun + bZ)

+△tσ̂(W1yn−1 + V1un + b1)⊙WZσ
′(WZyn−1 + VZun + bZ)
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D Alternative AeLLE Classifiers

We show the distribution of each network type in the left region of Fig.5 in Table. D5 column 1. We find that
RNN variants are not in R − APC1 and this is consistent with known instabilities of vanilla RNN causing
them to underperform on SMNIST. Other network types include variants of both high and low accuracies.
Lipschitz and Noisy RNN have the most number of variants in R-APC1 (23.9% and 20.7%, respectively).
This distribution might change depending on the classifier we use. For example, in Table. D5 row 2, as
we use mean as the classifier, many more ASRNN and coRNN variants are included in this region. More
sophisticated classifiers are of course possible (e.g. sloped line, polynomial curve, ellipse) and would improve
the accuracy based distinction.

Table D5: Percentages of LSTM, GRU, RNN, ASRNN, coRNN, Liptschitz RNN, Noisy RNN, and LEM on
the Right side of region separated by APC1 median (column 2) and mean (column 3).

Distribution (%) APC1 Median APC1 Mean
LSTM 19.8 14.5
GRU 18.6 13.5
RNN 0 0
ASRNN 5.5 12.6
coRNN 0.4 17.9
Lipschitz RNN 23.9 17.2
Noisy RNN 20.7 16.1
LEM 11.1 8.2
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Chapter 4

Linking Finite-Time Lyapunov
Exponents to RNN Gradient
Subspaces and Input Sensitivity

In the previous chapters, we have studied how Lyapunov Exponents could be related to a metric of training
performance, such as the loss or accuracy. In this chapter, we explore a more direct connection between
Lyapunov Exponents and the RNN training process. We expand our Lyapunov Exponents calculation to
consider the Finite-Time Lyapunov Exponents and their associated vectors at each time step in a sequence.
By casting the gradient of the recurrent weights of an RNN as a tensor instead of a vector, we investigate
the dominant modes of the RNN gradient and compare their geometry to the FTLE vectors. Since we can
order each of these sets, either by degree of expansion or contraction for FTLEs or variance captured by
each direction with matrix decompositions of the gradient, we are able to compare the relation between the
order of these vectors and their geometric similarity. Furthermore, we show that the task outcome of an
RNN is maximally affected by input perturbations at moments where high state space expansion is taking
place (as measured by FTLEs). Our results showcase deep links between computations, loss gradients, and
dynamical systems stability theory for RNNs.

Introduction

Sequential inputs comes in a wide variety of forms, from natural speech or text, to electrical signals in the
brain, financial markers, audio input and music, and more broadly, multivariate time series data [67, 68, 69,
70, 71]. Recurrent Neural Networks (RNN) specialize in processing such data by iteratively updating their
hidden states ht+1 based on previous states ht modulated by recurrent connectivity weights, and input xt via
input weights. The compounding effect of signal amplification and dampening across many RNN iterations
can lead to high sensitivity in some ht directions and very little in others, making training RNN over long
sequential inputs challenging [10]. RNN form non-autonomous dynamical systems and thus, the evolution
of the hidden states and memory of RNNs can be understood through the lens of dynamical systems theory
and analysis. While RNN have been extensively studied, the relationship between state space dynamics —
especially localized sensitivity to perturbations — and task performance remains relatively misunderstood.
In this work, we explore this link and reveal new properties of RNN state space flows that inform, and can
help guide, computations.

An important method for characterization of dynamical systems is Lyapunov Exponents (LE) [72, 73]
which measure the average separation/contraction rates of infinitesimally close trajectories. Recent work
identifying RNN as dynamical systems has extended LE calculation and analysis to these systems [43, 7].
Specifically of interest is the relation between Lyapunov exponent spectra and RNN performance as measured
by network post-training accuracy, either by calculating the correlation between direct LE statistics and loss
[7], or by training networks to capture a latent representation which separates networks according to accuracy
[8]. A limitation of this approach takes root in the fact that LEs are defined as asymptotic quantities, averaged
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as time approaches infinity and therefore, only capture averaged effects of space expansion and contraction.
As a result, some more localized phenomena that may influence specific computations on particular input
features are missed.

Here, we build on these previous works and derive connections between the gradient of the recurrent
weight matrix and the finite-time intermediate values involved in LE computations over the course of a
sequence. To do so, we leverage Finite Time Lyapunov Exponents (FTLE), quantities that have been initially
derived to characterize fluid flows and the formation of Lagrangian Coherent Structures [74, 75, 76], time-
dependent regions of state space that show high sensitivity to perturbations and act as dynamic separatrices.
These methods are especially relevant in light of a recent resurgence in RNN-like methods to model long-term
temporal structure called State Space Models, which have been demonstrated to exceed the capability of
transformers while performing faster generation [77, 78, 79, 80]. Ongoing work translates these advances to
new RNN structures which exhibit similarly impressive performance for very long sequences [81]. Moreover,
RNNs are often used to model neural circuits in neuroscience systems [82], for which measuring temporal
and spatial patterns of activity simultaneously is necessary to fully understand modes of behavior [83]. The
lessons drawn from our work contribute to computational neuroscience by linking localized dynamic stability
to task outcome.

Our contribution can be outlined as follows. We show that loss gradients in RNNs can be expressed
explicitly in terms of the components extracted in FTLE calculations, and we explore the evolution of
both the FTLEs and their associated vectors to analyze their correlation and influence on performance and
confidence on classification tasks. We demonstrate that the vectors associated with the maximal FTLEs
of an RNN become further aligned over the course of an input sequence with the dominant modes of the
gradient matrix as defined by the singular vectors. As a consequence of this, we show that the step-wise
expansion and contraction of FTLE subspaces during Jacobian QR decomposition steps involved in LE
computations can serve as indicators of input sensitivity. We show that selection of moments of high state
space expansion are indicative of instabilities such that subtle input perturbations impact network output
in significant adversarial ways.

Background and Motivation

Computation of Lyapunov Exponents

Lyapunov Exponents can be computed by adopting the well-established algorithm [41, 42] and following the
implementation of [43, 7], which principally relies on the QR matrix decomposition method. By definition,
Lyapunov Exponents are an asymptotic quantity, but they can be estimated over very long iterates. A batch
of input sequences x is sampled from a set of fixed-length sequences of the same distribution. For each input
sequence in a batch, a matrix of Q vectors, Q, is initialized as the identity to represent an orthogonal set of
nearby initial states. The hidden states ht are initialized as zeros.

The partial derivatives of the RNN hidden states at time t, ht, with respect to the hidden states at time
at t− 1, ht−1 form the Jacobian at time step t, Jt.

[Jt]ij =
∂hjt
∂hit−1

. (4.1)

Jt is calculated and then multiplied by the vectors of Qt to track the expansion and the contraction of the
Q vectors.

The QR decomposition of the Jacobian-Q matrix product is then used to retrieve an updated Qt+1 and
expansion factors Rt+1 at each time step:

Qt+1,Rt+1 = QR(JtQt). (4.2)

rkt represents the expansion factor of the kth Q vector at time step t – corresponding to the kth diagonal
element of Rt in the QR decomposition. Then, the kth Lyapunov Exponent λk of the system with an input
signal of length T (T ≫ 1) is given by

λk =
1

T

T∑
t=1

log(rkt ). (4.3)
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Finite-Time Lyapunov Exponents

In order to adapt the above algorithm for FTLE, Eq. (4.3) is changed to:

λFTk,tf =
1

tf

tf∑
t=1

log(rkt ) (4.4)

Note that, in comparison to the Lyapunov Exponents (LE) in (4.3), the FTLE that we find in (4.4) are
also a function of the intermediate time, tf , as opposed to a fixed long sequence length T . This means that
FTLEs are a sequence of values over time. Notably, this sequence is determined by the component parts of
the QR decomposition used at each step in (4.2), Qt+1 and Rt+1. We denote the columns of Qt as the Q
vectors, where the kth column of Qt is the vector associated with λFTk,t . The FTLE calculated in Eq. (4.4)
are ordered in dimension k, meaning that the first Q vector at time t corresponds to the largest FTLE,
the second Q vector corresponds to the second largest, and so on. We denote the diagonal elements of Rt

as the R values, where Rkk
t represents the expansion or contraction factor in the kth dimension at time t,

respectively.

A Covariant Basis for Lyapunov Exponents: the Covariant Lyapunov Vectors
(CLVs)

At each point h of the state space, there exists a non-orthogonal basis, {vi(h)}, that transforms covariantly,
i.e., component indices map across the dynamics, vi(J(h)h) = J(h)vi(h), where J(h) is the Jacobian at h.
The evolution of a perturbation aligned with vi(h) remains in the ith subspace and scales exponentially with
a rate given by the corresponding Lyapunov exponent, λi. The Gram-Schmidt basis, {qi}, computed as the
columns of Q (after some burn-in time) within the FTLE algorithm are not aligned with {vi} directly, but
rather lie in the set of nested spans of subspaces orthogonal to the {vi}. That is, q1 = v1, q2 ∈ span(⊥ v1),
q3 ∈ span(⊥ (v1,v2)), etc. A perturbation in the qi direction grows at a rate given by λi. However, since
these vectors are not covariant (i.e., the dynamics (given by J) do not map one Gram-Schmidt basis onto
the next), there is no single component associated with λi along which the perturbation evolves.

The computation of the Covariant Lyapunov Vectors (CLVs) is thereby more involved. It requires a
forward phase in which the R matrices are obtained, then used in a backward phase to backward map
vectors initialized in the nested subspaces (q1, span(q1, q2), ...) of the final Gram-Schmidt basis. The
resulting back-transformed vectors align with the CLVs [84]. For this work, we use the Q-vectors as a finite-
time approximation of the CLVs, as is done in other practical applications. Thus, we will not make further
reference to CLVs in this work, but instead to their approximation in the form of the Q-vectors.

Jacobian Relation to Gradient

We present the problem of spectral constraints for robust gradient propagation, following the derivation
introduced in [7]. For transparent exposition, in this section we will consider the vanilla RNN, while the
derivation is applicable to more complex RNN:

ot = Wht, ht = ϕ(at), at = Vht−1 +Uxt + b , (4.5)

where V is the recurrent weight matrix, ht ∈ RN is the hidden state vector, U is the input weight matrix,
xt is the input into the network, b is a constant bias vector, ϕ is the non-linearity, and W is the output
weight. The loss over T iterates is the cumulative loss over each iterate 1 ≤ t ≤ T . The loss at time t is
given by Lt = f(yt, ŷt), with f some scalar loss function, ŷt the prediction, and yt is a target vector. The
gradient of the loss in the space of recurrent weights V, is given by

∇VL =

T∑
t=1

N∑
i=1

∂L

∂ht,i
∇Vht,i =

T∑
t=1

diag(ϕ′(at))∇ht
L h⊤

t−1 , (4.6)

Here

∇ht
L =

T∑
s=t

(
s∏

r=t+1

J⊤
r

)
W⊤∇os

L , (4.7)
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where ∇osL is an expression depending on the loss type (e.g. ŷ − yt for cross-entropy loss) and Jt =
∂ht

∂ht−1

is the Jacobian of the hidden state dynamics,

Jt = diag (ϕ′(at))V . (4.8)

Jt varies in time with xt and ht−1 via at and so is treated as a random matrix with ensemble properties
arising from the specified input statistics and the emergent hidden state statistics.

Derivation of Gradient Matrix Representation and Link to FTLEs

In previous sections, we described how FTLEs are computed. We now present how we link FTLEs to RNN
loss gradients, and ultimately to the loss.

Loss Gradient Matrix for V, ∆V

Let us consider the gradient of a function L, ∇L. We are interested in comparing the updates to the hidden-
state connection weights V. We reshape the (non-reduced) loss gradient vector with respect to the recurrent
weight matrix, ∇V L, as a Tensor with the same shape as V, such that the gradient vector has the shape
N×H×H, where N is the batch size, and H is the hidden size. We will call this recast version ∆V. Finally,
the subscript t denotes the time step at which it was calculated.

After reshaping the gradient of the recurrent weights as ∆V, both ∆V and the Jacobian Jt have the
same shape. Over the course of training using Stochastic Gradient Descent with learning rate η, the ith

update to the recurrent weight V takes the form

Vi+1 = Vi − η∆Vi. (4.9)

With this construction, we observe the multiplication of the recurrent weight matrix at training iteration
i + 1, Vi+1 by the hidden states, ht can be decomposed into component parts using Eq. (4.9). This gives
the resulting equation for at in Eq. (4.5) (we ignore the notation for the iteration number for the other
parameters as we are most interested in Vt):

at = Vi+1ht−1 +Uxt + b

= (Vi − η∆Vi)ht−1 +Uxt + b

= Viht−1 − η∆Viht−1 +Uxt + b

(4.10)

Notably, this demonstrates that this multiplication can be split into two contributions: the multiplication
by the weight at the previous iteration, Viht−1, and the multiplication by the gradient of the weights
(multiplied by the learning rate), η∆Vi. Thus, we consider each matrix in a batch of ∆V to operate in the
same space as V, acting on the hidden states, ht.

FTLE-Gradient Relation

We derive the gradient of the RNN recurrent weight given by Eq. (4.7) in terms of the Q vectors and R
values used in the calculation of FTLE. Given the algorithm for calculating FTLEs and Q-vectors requires
multiplying the Q vectors by the Jacobian J and then performing the QR decomposition, we can write the
expression for the Q and R at time step t in the following way:

QtRt = J⊤
t Qt−1 (4.11)

Eq. (4.11) can be used to solve for Jt, allowing Eq. (4.7) to be recast by replacing the product of of
Jacobians:

s∏
r=t+1

J⊤
r =

s∏
r=t+1

QrRrQ
−1
r−1 (4.12)

= Qs

(
s∏

r=t+1

Rr

)
Q⊤
t , (4.13)
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using Q−1 = Q⊤ on the first (r = t+ 1) Q vectors with index r − 1 = (t+ 1)− 1 = t. When t = 0, the
logarithm of the diagonals of the product of R’s is equivalent to the FTLEs up to time s before we divide
by the time, s.

This gives the following expression for the full gradient with respect to the hidden state ht:

∇ht
L =

T∑
s=t

Qs

(
s∏

r=t+1

Rr

)
Q⊤
t W

⊤∇os
L , (4.14)

Experiments

In the previous section, we derived quantities that show the FTLEs and loss gradients are related in funda-
mental ways. We now set out to verify and exploit these links to show that state space dynamics have an
impact on computations. Namely, we aim to show that the Q vectors indicate the geometry of the gradient,
aligning with the dominant modes of ∆V, and that the R values represent the temporal contributions to
the loss gradient, indicating the network’s input sensitivity.

For our experiments, we consider a vanilla RNN (Eq. (4.5)) trained on the sequential MNIST task. For
such a task, the MNIST dataset of handwritten numbers is fed to the RNN the image as a sequence of one
or more pixels at a time, and the RNN must predict the number that was written at the end. In its standard
form, the MNIST dataset images are 28 × 28 pixels, for a total of 784 pixels. We consider two different
setups for this task.

1) Analysis of ∆V and the geometric alignment with Q vectors: We calculate the cosine similarity (align-
ment) between singular vectors of ∆V and the Q vectors and demonstrate the evolution of this alignment
over the course of training and sequence index as the confidence of the network’s predictions increases. We
consider a smaller network (128 hidden units) trained on shorter sequences, given the significant computa-
tional cost of calculating the gradient at each step. For this experiment, we consider the row-wise SMNIST
task [85], in which the network receives a full row of the image (28 pixels). Since there are 28 rows in each
image, the sequence length for this setup is 28.

2) Analysis of R values and input sensitivity: We identify input locations to perturb based on times at
which the greatest degree of expansion in state space occurs. We demonstrate the impact these perturbations
have on network output is greater than that of perturbations at randomly-selected input locations. We use a
larger RNN (512 units) trained on MNIST dataset with permuted pixel-wise input, giving an input length of
784. This size of network is necessary to achieve good performance on sequences of this length. Furthermore,
by reducing the dimension of the input, we are able to isolate the individual input pixels which correspond
to the R values at that point in the sequence.

Alignment of Gradient with Q Vectors

The decomposed product of the recurrent weight and hidden states shown in Eq. (4.10) shows two component
parts: the original weight matrix at the previous iteration and the gradient of the weight matrix at that
step. The gradient indicates the direction in parameter space that will lead to the greatest change in the
local loss landscape, which we represent in matrix form as ∆V.

When computing the singular value decomposition (SVD) of ∆V, the first singular vectors capture the
dominant modes of this gradient. We assume these first vectors correspond to the directions in param-
eter space which correspond to the greatest loss increase, with later vectors capturing less of this effect.
Meanwhile, the Q vectors are also ordered at each time step to reflect the direction of decreasing expan-
sion/increasing contraction as the index increases. In effect, for high-index Q-vectors, the rate of contraction
is higher, meaning that information stored along that direction is rapidly forgotten, whereas earlier indices
have a greater degree of information preservation, and even extra sensitivity if expansion is pronounced.

To test the degree of alignment between the Q vectors (qt) and the singular vectors of ∆V (eVt), we take
the inner product of all pairs of vectors between each set. As both of these sets of vectors are respectively
orthonormal, this inner product yields the cosine similarity, a value between -1 and 1 indicating the degree
to which the vectors are parallel/aligned. 1 indicates parallel, 0 indicates orthogonal, and −1 indicates
antiparallel. We store these alignment values in a matrix At.
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[At]ij = q⊤ti (eVt)j (4.15)

Since the number of hidden states of the RNN under consideration is 128, the Q vectors and gradient
singular vectors are each 128-dimensional. In this high-dimensional space, the probability of two randomly-
selected variables being effectively orthogonal is very high, due to concentration of measure on the sphere [86].
Thus, most vectors in this high-dimensional space are expected to have alignment values close to 0.

The Q vectors are calculated for twenty five different random initializations of h0, along with the loss
and gradient associated with this initial hidden state. Eq. (4.15) is then used to find the alignment across
all combinations of Q-vectors and gradient singular values.

We begin by analyzing the dominant directions of ∆V measured by the first five singular vectors. To
study the level of alignment with the Q-vectors, we show histograms of the alignment values between these
first five singular vectors and the first ten, the last ten, and ten randomly-selected Q-vectors across all time
steps in Figure 4.1.

Figure 4.1: Distribution of alignment values at epoch 0 (top row) and epoch 5 (bottom row) across all time
steps between the first 5 Singular Values of ∆V and three sets of ten Q-vectors: The first ten (left column),
the last ten (middle column), and ten randomly selected indices not including the first or last ten (right
column). The standard deviation of each cumulative distribution is indicated in the top-left of each plot.

Whereas the distributions of alignment are similar across these three sets for an untrained network, once
the network has been trained for 5 epochs, the distributions of alignment between the dominant directions
of ∆V and each set of Q vectors differ. The first ten Q vectors, corresponding to the ten largest FTLEs,
have a wider distribution, indicating a greater number of vectors aligned with the first five singular vectors
of ∆V. As a result, the standard deviation of this distribution increased from 0.089 when untrained to 0.200
after 5 epochs.

In contrast, the distribution of the alignment between the last ten Q vectors and first five singular vectors
of ∆V becomes narrower, concentrating more around 0, with its standard deviation decreasing from 0.089
to 0.051. The set of randomly-selected Q vectors has a slightly narrower and taller peak around zero than
it did at epoch 0, causing the standard deviation to decrease from 0.088 to 0.067.

To study how the alignment of these vectors changes depending on the Q-vector index and the step in
the sequence, we show in Figure 4.2 the standard deviation of the distribution of alignment values for the
first five and last five singular vectors of the gradient ∆V for each Q vector index over a sequence.

As the network trains, a clear structure emerges in the standard deviations of the alignment values as a
function of the Q vector index and sequence time step. As seen in Figure 4.2, before training (Epoch 0), the
standard deviation of the alignment with the first and last singular vectors of the gradient at each Q-vector
index fluctuates around a mean value consistent with the standard deviation for the randomly-selected Q
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Figure 4.2: Standard deviation of alignment values as a function of Q-vector index and sequence step number
before and after training. Alignment is calculated between each Q-vector and the first five singular vectors
of ∆V (left) as well as the last five singular values of ∆V (right) for each time step in the sequence. The
average standard deviation of the alignment values for randomly selected vectors is shown as a red horizontal
line.

vectors (see red line). This is true both early in the input sequence (purple dots) and towards the end of the
sequence (yellow dots).

However, once the network has been trained, the standard deviation of the alignment between the first five
singular vectors of ∆V and the first several Q-vectors is much greater than the average value for the random
indices. Moreover, there is a sharp decrease in the standard deviation of the alignment as the Q-vector
index increases. Both of these effects become more pronounced later in the sequence, leading to a gradual
decreasing curve over Q vector index at the final step in the sequence. Notably, for Q vectors after index
40, the standard deviation at the end of the sequence decreases to well below that of the random vectors,
indicating that these directions are increasingly orthogonal to the dominant directions of the gradient.

Meanwhile, the standard deviation of the alignment with last five singular values of the gradient has
a similar but mirrored pattern. Once the network has been trained, the first several Q-vectors are less
aligned and therefore more orthogonal to these singular vectors. Then, the alignment gradually increases
for approximately the first twenty Q vectors until reaching the same average baseline that the untrained
network had.

Through this analysis, we find that the basis of Q vectors reveal the directions in hidden space which
are more aligned with and which are more orthogonal to the dominant modes of the gradient update.
Additionally, we find that the least informative modes of the gradient have effectively random alignment
with all Q vectors except the first few, with which it is more orthogonal. This shows that state-space
dynamics and its sensitivity to inputs is shaped throughout training in a manner that aligns with directions
that are relevant to the task, as measured by the loss’ gradient. We now investigate how state-space expands
or contracts along these directions, and how these transformations are related to computations.

Sensitivity Analysis of R values and Input

For this experiment, we consider the pixel-wise SMNIST task, since we want to analyze the sensitivity to
individual inputs. The input size is 1 pixel, and the input sequence length is 784, with some fixed permutation
of the pixels. We train an RNN with a hidden size of 512 units and initialize the weight matrices with the
Xavier normal initialization. The loss used for this task is cross entropy loss.

We study the expansion and contraction factors, R values (rkt in Eq. (4.4)), throughout the sequence, and
demonstrate that they can indicate the network’s sensitivity to input. We perform this analysis by comparing
the predictions of the network based on the original input, versus input which has been perturbed based on
a threshold which depends on the ordering of R values.

We observe the general structure of R values of the network over a given sequence by plotting 1
n

∑i
i=1 r

i
t,

the mean of the first n R values as a function of sequence index, t. It can be seen in Figure 4.3 (Left)
that log(r1t ) generally fluctuates around a mean value over the course of the sequence. This mean value
is what ultimately determines the value of the FTLE over that sequence. To determine the variation of
R values over the sequence, we order them according to value (see Figure 4.3 (Right)), as opposed to
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according to time index. For n = 1, 10, and 100, we compute 1
n

∑
i = 1irit, which represents the relative

momentary expansion/contraction of n-dimensional volumes. We observe that the slope of the plot for n = 1
is consistently the most negative, indicating a greater distinction between successive indices, whereas the
slope is much more flat for n = 10 and n = 100. Thus, we choose to use the first R value, r1t , as the metric
to predict which input pixels are most sensitive to perturbations. Going forward, we denote R1 = r1t .

Using this ordering of input indices, we select a number of pixels we wish to perturb to test the sensitivity
of the network. The pixel corresponding to the index of the k largest R1 values over a sequence are then
chosen to be ”flipped”. If a candidate pixel is chosen to ”flip”, we do the following:

If the grayscale value of the pixel is non-zero, we set the grayscale value to zero (we call this a ”down
flip”); If the grayscale value of the pixel is already zero, we instead increase it to the maximum value of 1
(we call this an ”up flip”).

The full algorithm for flipping the pixels of an input image Xt according to R1 values is shown in 3.

Algorithm 3: Pixel Flipping

Re-index t according to R1 values : t→ t(R1);
for i ∈ {1, ..., k} do

if Xt(R1)[i] = 0 then
Xt(R1)[i] = 1 (Up flip)

else
Xt(R1)[i] = 0 (Down flip)

end

end

For comparison, we also randomly select samples of k pixels from the input to flip. For each choice of k,
we select 50 samples of k random pixels on which to perform flips. To determine the relative sensitivity of
the network to these two choices of perturbation, we calculate the difference in the network loss between the
original input and the perturbed inputs (with k flipped pixels). This is performed over 15 different original
input images.

The difference in network loss (defined as the network’s cross entropy loss on the perturbed input minus
the loss on the original input) as a function of the number of pixels flipped, k, is shown for each sample as an
individual dot in Figure 4.4. Additionally, the mean loss difference across all samples for a given k is shown
as a line of the same color.

For 20 < k < 300, the mean loss difference is greater when flipping according to R values as opposed
to random pixels. We investigate the significance of the difference between these losses by performing a
p-test on the hypothesis for each k that the mean of the R value loss (µR) is greater than mean of the

Figure 4.3: (Left) For a single input, the time-average of the logarithm of the first R value determines the
first FTLE. The value of this first FTLE rapidly converges in this sequences, despite the fluctuations in
the R value. (Right) The mean log of the first n R values can be ordered according to magnitude across
the sequence of pixels. With this ordering, the first R shows a clear non-zero slope throughout across the
sequence, whereas the mean over larger numbers shows a significant range over which the slope seems to be
flat. This indicates that using the first R value provides the clearest ordering of pixels according to R values.
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k µR − µrand Variance p-value

1 -0.028 0.009 0.998
5 -0.008 0.084 0.540
10 0.025 0.303 0.468
20 0.313 0.341 0.179
30 0.260 0.359 0.234
50 0.794 0.523 0.065
75 0.814 0.475 0.043

100 1.050 0.530 0.024
200 1.363 0.824 0.049

Table 4.1: Statistics of loss differences between R value-flipped and randomly-flipped inputs

random-selection loss (µrand). We show the results of this test (µR − µrand > 0) in Table 4.1. The smallest
p value is achieved for k = 100, at p = 0.024, but we find that k = 75, 100, and 200 pixels, we get p < 0.05.

To illustrate this sensitivity, we show the result of the network predictions as a result of selecting 100
pixels to flip corresponding to the locations where r1t is the largest. We show in Figure 4.5 the input images
after these 100 flips are performed according to the largest r1t . The ”up flips” lead to more bright (yellow)
pixels which used to be dark (purple), while the ”down flips” lead to more dark pixels which used to be
lighter (blue, green, or yellow). Furthermore, we show how the network predictions resulting from the original
input (black), the perturbed input according to R values, and the randomly-perturbed inputs. As expected,
the flipping according to the R values leads to changed predictions by the network, and to a greater extent
than the average across the randomly-perturbed inputs. We demonstrate in two examples that, whether the
network originally predicts the correct label and consequently has very low loss, or predicts the incorrect
label (with low confidence) and thus has higher loss, flips on these 100 selected pixels can cause the network
to predict a new (and incorrect) label with high confidence. Furthermore, we find the resulting confidence in
this incorrect label is much greater than the mean for random perturbations, which tend to have relatively
low confidence for all logits.

Discussion

In this work, we demonstrated that the stability of state space dynamics in RNNs is functionally linked to
task computations and can help identify features in dynamics that are crucial for performance. Indeed, we
show that increments in expansion/contraction rates that are used to estimate FTLEs, together with the
orthogonal directions associated with the linearization of dynamics, are representative of directions in neural

Figure 4.4: Difference in Loss Values between initial input and flipped inputs as a function of the number
of ”up” (blue) and ”down” (orange) flips. When flipping between 20 and 200 pixels (see vertical dashed
lines), the increase in loss is greater when the flips are based on R values rather than randomly-selected (see
Table 4.1).
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Figure 4.5: Comparison of network output logits between original input and perturbed outputs for two
sample images. The perturbed input has had k = 100 pixels flipped from the original input image. The
bar plots over 10 digit classes show network output logits for each example input for different perturbation
scenarios: unperturbed input (black), theR value-flipped input as shown (blue), 4 examples of 100 randomly-
flipped pixels (red, red-orange, orange, yellow).

activity space for which loss gradients are highly sensitive. Our arguments rest on the fact that the Q vectors
at some time t indicate the directions associated with the expansion or contraction factors given by the R
values. In analytic derivations, we show that the gradient of the hidden state can be expressed explicitly
using a basis of the Q vectors and R values, as shown in Eq. (4.14).

Through complementary numerical experiments, we validated that the Q vectors can capture hierarchi-
cally the geometry of the gradient. Q vectors associated with the greatest degree of expansion aligned with
the dominant directions of the gradient, as measured by the singular values of ∆V. We further validated
that rate of expansion and contraction in the state space measured by the R values leads to increased input
sensitivity. This manifests in the form of perturbation effects timed at moments of heightened state space
expansion. Indeed, when perturbed at moments corresponding peaks in aggregate effects of the 100 largest R
values, the impact on the network’s loss was significantly more pronounced than for random perturbations.
Beyond loss value, such perturbations lead to reliably wrong digit classification in sequential MNIST tasks
with very high confidence and measured by logit magnitude, a phenomenon unobserved when randomly
perturbing.

In sum, the geometric picture provided by the Q vectors characterizes gradient propagation, and tem-
porally localized R values link state space expansion to task uncertainty. Since the first Q vectors become
increasingly aligned with the dominant gradient modes as the network confidence increases (both over train-
ing epoch and over an input sequence), it would seem that greater expansion in state space correspond
to more definite network outputs. This means that changes that impact these moments have the greatest
impact on the loss, showing that sensitivity in dynamics translates to a bigger impact on credit assignment.
Thus, these directions can be interpreted as ”ridges” along which the network’s sensitivity is greatest. Such
an interpretation is analogous to the ridges found in the study of Lagrangian Coherent Structures [74], but
of the gradient as opposed to the state space.

Further investigations into how FTLE and related quantities can be leveraged to improve and/or analyze
RNN training are warranted. The decomposition of the gradient into these components parts seems to be a
promising direction for further development, and could lead to novel regularization strategies. While outside
the scope of this work, regularization of the gradient to encourage greater alignment with the first few Q
vectors, analysis of the per-neuron contributions to the gradient directions through the Q vectors, introducing
an attention mechanism that depends on the R values, or generating adversarial learning examples based on
the largest R values, could be interesting extensions.
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Appendix

A Decomposition of Loss Gradient ∆Vt

In order to analyze the geometry of the loss gradient, we use the framework of the recast ∆Vt to perform
matrix decompositions. With each decomposition, we are able to extract information about the orthogonal
modes of the gradient, as well as the weight of each mode. While each decomposition provides different
insights into the geometry of the tensor, each provides an ordering of modes that indicates the relative
contribution of each mode to capturing the information contained in the matrix.

Eigendecomposition One possible decomposition of ∆Vt is the the eigendecomposition.

λVt
, EλVt

= eig(∆Vt)

The eigenvalues from this decomposition would describe the amount of variance that can be described
by the associated eigenvector of the gradient. This means that the eigenvectors associated with the largest
eigenvalues of ∆V are the directions which contain the greatest variance within the gradient, indicating the
directions of greatest change to the recurrent weight matrix V needed to improve the loss in that update
step.

Singular Value Decomposition When we take the singular value decomposition (SVD), we get

UVt
, SVt

,VTVt
= svd(∆Vt),

where
∆Vt = UVt

SVt
VTVt

The columns of U give the orthogonal directions of the input which map to the columns of V, which
are an orthogonal basis for the output space. The degree of expansion or contraction along each direction is
captured by the diagonal elements of S, the singular values. Similar to the eigendecomposition, we associate
the directions of V corresponding to the largest singular values of S with the directions of greatest change
to V at that step to improve the loss.

For this work, we primarily use the singular value decomposition in our analysis, but other decompositions
such as eigen-decomposition would be valid.

B Rank of Local-time Gradient, ∆V

Since this is a classification task, the loss would usually only be assessed at the final step of the sequence,
meaning that ∇osL = 0 for all s ̸= T . However, when we assess the gradient at the intermediate steps,
we replace the total sequence length T with the current sequence length, t. Thus, we calculate what the
gradient would be at each step based on the predictions after a portion is seen (at intermediate time steps).
We will call these intermediate gradients ∆Vt.

To find the approximate rank of ∆Vt, we use the participation ratio, defined as the sum of squares of the
singular values divided by the square of sums of the singular values:

P =

∑
i s

2
i

(
∑
i si)

2

Therefore, P ranges from (0, 1], where values closer to 1 correspond to low-rank behavior dominated by a
single (or small number of) singular value(s). As the value decreases, this indicates that the variance is
distributed over a greater number of singular values/dimensions.

The mean participation ratio for each time step throughout two epochs of training is shown in Figure B1.
The standard deviation of the participation ratio is shown as the error bars. As the network training loss
converges rapidly over the first two epochs of training, we see that the shape of the participation ratio curve
over sequence index also converges. Whereas the gradient of the untrained network has a participation ratio
near 1 for all time steps, indicating a very low-rank matrix, the ratio later in training decreases significantly.
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By the end of the second epoch of training, the average participation ratio reaches less than 0.4 for all time
steps after the third, indicating significant contributions from multiple dimensions, thus implying a higher
rank.

Figure B1: Participation Ratio of ∆Vt. The training loss of the network falls most rapidly in the first epoch
of training (top-left). During this time, the participation ratio evolves from being close to 1 for all time steps
for an untrained network (top-center) to much more varied. Once the network has been trained for 2 epochs,
the general shape of the participation ratio curve over the sequence index does not change significantly.
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C Distribution of Alignments for Last 5 Gradient Singular Vectors

To complement the presentation of the distribution of the alignment between the Q vectors and the first
five singular vectors, we present the last five singular values of ∆V , corresponding to the least dominant
directions of the gradient (See Figure C2). As before, we show the distributions for both an untrained
network and a trained network.

Figure C2: Distribution of alignment values at epoch 0 (top row) and epoch 5 (bottom row) across all time
steps between the last 5 Singular Values of ∆V and three sets of ten Q-vectors: The first ten (left column),
the last ten (middle column), and ten randomly selected indices not including the first or last ten (right
column). The standard deviation of each cumulative distribution is indicated in the top-left of each plot.

As with the first five singular vectors, the distributions of the alignment between the three sets of Q-
vectors and the last ten singular vectors is nearly identical at epoch 0, and they are nearly identical to the
corresponding distributions for the first five singular vectors. However, after five epochs of training, only
the distribution for the first ten Q-vectors changes considerably. In this case, the distribution gets narrower,
indicating the vectors become less aligned with and more orthogonal to the least dominant directions of the
gradient. Meanwhile, the other two sets of Q-vectors maintain approximately the same level of alignment.
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D Additional Samples of Perturbed Input Predictions

We present further examples of input image which have been perturbed at locations corresponding to the
largest 100 R values (see Figure D3). The top-left example, for which the correct prediction is 2 and the
R-value flipped input predicts 2 with similar confidence to the original input, is a notable exception to the
pattern noted across the other examples provided. For every other case, the R value-perturbed input leads to
not only a different predicted label, but an incorrect label with greater confidence than any label is predicted
by the randomly-flipped input.

Figure D3: Additional examples of perturbed input images. For each image, we show the resulting network
predictions after 100 pixels are flipped according to the largest R values (blue) or based on randomly-selected
pixels (orange).
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Chapter 5

Discussion and Future Work

In this work, we have investigated the application of Lyapunov exponents as a way to interpret RNN stability,
accuracy, and training.

We demonstrated that the hidden states ht of RNNs can be viewed as non-autonomous, discrete-time
dynamical systems with parameters which evolve over the course of training. In measuring the rate of
convergence or divergence of nearby trajectories, LEs serve as indicators of stability (or chaoticity) of a
dynamical system [13, 14, 16]. Originally formulated for autonomous systems, we use random dynamical
systems theory to extend this analysis to non-autonomous systems such as RNNs [40].

If we consider the hidden states to operate as the “memory” state of an RNN, then the LEs of RNNs can
serve as indicators of the stability of information propagation and memory preservation within a system. In
other words, they can indicate the degree to which an RNN preserves, forgets, or amplifies information over
the course of a sequence along all directions of its state memory. With this approach, we are able to capture
the cumulative dynamics of an RNN over the course of a sequence, and not the momentary impact of single
inputs.

Moreover, analysis of the dynamics of the hidden state space of RNNs allows for a more direct compar-
ison across network architectures than direct analysis of weights, activations, or gradients would. This is
particularly evident for gated architectures, which have designated functions for different gates and their
associated weights by construction. Consequently, comparison of gated architectures such as LSTM [87] and
GRU [88] usually takes the form of accuracy or performance comparisons on specific tasks [89]. Some work
has demonstrated, however, that analysis of dynamics across network architectures can reveal universality
classes which are not present when observing the geometry (such as the weights and activations) of these net-
work architectures [39]. We build on and extend this analysis by connecting network dynamics, as measured
by the LEs, to the accuracy of RNNs.

As the parameters of the dynamical system evolve over the course of training, we expect to see the
greatest change in the LEs when the changes in the weights are greatest. This occurs when the learning
gradient has the greatest magnitude. We demonstrate in 2.2 that this intuition is accurate, as characteristics
of the LE spectra such as the maximum, mean, and gross shape of the LE converge rapidly early in training.
Later, we show in Table 3.3 that the features extracted by the AeLLE method can accurately predict the final
accuracy of a network after only a small number of training epochs. From these results, we conclude that
the dominant LE features evolve rapidly with larger-magnitude gradients and fine-tune as the loss converges
for a task.

However, the previous observation leads to further questions which were not explored in this work.
Namely, how does the choice of optimization procedure effect the resulting LEs of the trained network? For
example, would using Adam [90] or RMSProp [91] lead to different LEs than those of Stochastic Gradient
Descent, even if they converge to similar final loss? Since these different optimization methods would
navigate the loss landscape in different ways, how are the paths that these methods take in the parameter
space reflected in their Lyapunov Exponents, and what do those spectra tell us about other properties of
the solution that each of these methods finds, such as generalization? These questions regarding the details
of the impact of optimization procedure on the dynamics of the RNNs warrant additional investigation.

Investigation of the relation between further properties of training could provide additional insights.
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For example, connecting the transition from the “lazy” regime (in which during training the network can
be well approximated by a kernelized linear predictor) to “rich” regime (in which training encodes rich
representations and induces implicit biases) [92], to the Lyapunov Exponents could help to explore the
generalization of LE properties and how they indicate the richness of representations encoded by RNNs.

Regardless of the details of the training, we find that Lyapunov Exponents serve as important indicators
of network accuracy. However, identifying the properties of the spectrum which are most indicative of
network accuracy poses a challenge. Using natural statistics of the spectrum such as the maximum or mean
Lyapunov Exponent can yield a strong correlation with the network accuracy. Comparing the correlation of
loss with a large selection of LE statistics can illuminate which of those metrics correlates most strongly for
a given task. This allows for a direct connection between the classical interpretation of Lyapunov Exponents
and the accuracy of RNNs.

It is noteworthy to mention that this approach is limited by the selection of candidate statistics under
consideration and may not capture the optimal features of the LEs for distinguishing network accuracy.
Thus, we introduce a data-driven approach (AeLLE) to extract the LE features which best indicate network
accuracy. The autoencoder setup we employ generates a rich representation in the latent space which allows
the linear prediction layer to distinguish the accuracy of networks according only to their Lyapunov spectra.
Notably, these results demonstrate this capability across a wide variety of network hyperparameters, including
network initialization parameter, network size, network architecture, and training progress. Moreover, we
show that the null space of the linear prediction layer can reveal the locations in the latent space corresponding
to a predicted loss of zero. Though it is a compelling direction of inquiry to inverty such LEs to network
architectures, it is currently unclear how to implement this. While outside the scope of this work, further
investigations into this linear layer and the level sets of its loss prediction in the latent space could provide
valuable insight into the structure of this representation and the optimal Lyapunov spectrum for a task.

Furthermore, even if an optimal Lyapunov spectrum could be identified using this method, using this
in training would need to be resolved as well. This is challenging due to several reasons. First, because
the calculation of the Lyapunov exponents involves products over long sequences, propagating error across
all steps of this long sequence could be difficult, as it is for standard gradient backpropagation for RNNs.
Additionally, each step of the sequence requires a QR decomposition, which can be unstable in backpropa-
gation. To rectify this instability of QR, one could implement the algorithm outlined in [93]. Assuming the
stability issues could be addressed, the computational cost of computing LEs would be prohibitive for use
at ever iteration of training. However, the distance from the optimal LE spectrum could serve as a useful
regularization at key points in training to encourage optimal dynamics.

There were several limitations to the scope of the AeLLE experiments. Firstly, we did not consider
generalization across task. Since the output of the prediction layer of AeLLE is a single loss value for a
given Lyapunov spectrum, it is unclear how this particular setup would generalize for tasks with even minor
differences in loss. For example, simultaneous prediction of the loss on a regression (use mean-squared error)
and classification (using cross entropy loss) tasks seems nonintuitive, as these two losses measure distances
in such different spaces. Even regression or classification tasks with different numbers of output dimensions
could be difficult to compare directly. Therefore, adapting this approach to generalize across task (using a
single autoencoder) could require computing a proxy for network accuracy/loss which can be used across
tasks.

Finally, additional investigation of the autoencoder setup is warranted. While our results demonstrate
that the AeLLE method can be used to extract LE features indicative of network accuracy, we did not
explore the optimality of the network architecture employed. Most notably, the size of the latent space
of the autoencoder was held fixed across all experiments. Future work investigating the minimum size of
this latent space to adequately distinguish between networks with similarly varied hyperparameters could
reveal the dimensionality of the LE features which encode performance. Furthermore, when varying network
architectures, such an investigation could reveal the degree to which these LE features (and thus the dynamics
that they describe) are universal or specific to network construction.

Our derivation of the gradient of the recurrent weight of an RNN in terms of the component parts of
the LE calculation (Q vectors and R values) demonstrate a direct connection between these two quantities.
Our experiments investigating the consequences of this connection show that the geometry of the dominant
modes of the gradient become more aligned with the directions of greatest expansion in hidden state space.
Furthermore, we demonstrate that these directions of greatest expansion can serve as indicators of network
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input sensitivity.
These observations were limited to a single classification task, sequential MNIST. To investigate how Q

vectors and R values relate to the network gradient and input sensitivity in general, additional experiments
on a wider class of learning tasks are necessary. Notably, it is unclear how this relation between R values and
network sensitivity would translate to a regression task. Furthermore, as mentioned earlier in this section,
the choice of optimizer would have an impact on how the recurrent weight matrix is updated. Comparing the
alignment between Q vectors and the weight updates yielded by Adam and RMSProp to SGD could provide
additional insight into how the dynamics of the network relate to the relative success of these optimization
algorithms.

This work draws explicit connections between the accuracy of RNNs and the dynamics that they ex-
hibit, as measured by the Lyapunov Exponents. With the findings demonstrated in this dissertation, we
demonstrate how to unite the study of dynamical systems with that of RNNs in order to investigate net-
work training and accuracy. The results and intuition developed in this work lay the foundation for further
investigations and experiments which could benefit these two related fields.
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