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Abstract. Let Z; be two-dimensional Brownian motion. We say that a straight line
L is a cut line if there exists a time ¢ € (0, 1) such that the trace of {Z; : 0 < s <t}
lies on one side of £ and the trace of {Zs : t < s < 1} lies on the other side of £. In
this paper we prove that with probability one cut lines do not exist. This provides
a solution to Problem 8 in Taylor (1986).
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0. Introduction.

Let Z; denote two-dimensional Brownian motion and for a set A C [0, 00),
let Z(A) ={Z,:s € A}. If there exists a straight line £ and a time ¢ € (0, 1) such
that Z, € £, Z([0,t)) lies on one side of £, and Z((t, 1]) lies on the other side of L,
we say that £ is a cut line for Z;. Our main purpose is to present a proof of the
following result.

Theorem 0.1. Cut lines for 2-dimensional Brownian motion do not exist.

This answers Problem 8 in Taylor (1986). Prof. Taylor has informed us that
the problem is older than that.

A rigorous version of Theorem 0.1 is stated below as Theorem 0.7.

Taylor’s problem has attracted much attention over the years and we will
first review some related results. We start with the well known one dimensional
counterpart of Theorem 0.1. Let X; denote one dimensional Brownian motion.

Theorem 0.2. (Dvoretzky, Erdds and Kakutani (1961)) One dimensional Brown-
ian motion has no points of increase, a.s. In other words, with probability 1, there
is no t € (0,1) such that X ([0,t)) N X ((¢,1]) = 0.

The original proof of Theorem 0.2 is considered difficult, but a number of
alternative proofs have been found. It may be instructive to see why all attempts
at generalizing the proofs to higher dimensions have failed so far.

Knight (1981) and Berman (1983) (see also Karatzas and Shreve (1987))
proved the theorem using properties of Brownian local time. Local time is a function
of time and space variables. Under some assumptions, local time, viewed as a
function of the space variable, is a Markov process with known distribution and one
can prove that this Markov process does not visit 0. It is intuitively clear (although
it requires some argument) that the existence of a point of increase would imply
vanishing of the local time process in the space variable. The existence of local time
indexed by all straight lines in the plane for two dimensional Brownian motion has
been proved in Bass (1984). The distribution of this local time process, which could
conceivably be the key to a potential proof of Theorem 0.1, is elusive, though.

Short and elementary proofs of Theorem 0.2 were found by Adelman (1985)
and by Burdzy (1989). Aldous (1989) included in his book a heuristic argument
based on “Poisson clumping.” Peres (1996) showed that one can first consider the
discrete analogue of the problem and then deduce Theorem 0.2 from its discrete
counterpart. Burdzy (1996) contains a proof based on a branching idea. Doney
(1996) has some related results on Lévy processes. All of these proofs rely in
some way on the order structure of the real line and do not apply directly to two

dimensional processes.
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2 RICHARD F. BASS AND KRZYSZTOF BURDZY

Bertoin (1991) has a beautiful proof using a covering theorem. So far, there
is no two dimensional covering theorem which would give Theorem 0.1.

The proofs of Knight (1981) and Bertoin (1991) are very elegant applications
of powerful techniques — local time and coverings. Both proofs are short and based
on clever ways of looking at the problem. The proofs of Adelman (1985) and Burdzy

(1989) seem to be the most elementary of all proofs.

For any fixed unit vector v and d-dimensional Brownian motion B, the one
dimensional Brownian motion B; - v does not have a point of increase, a.s., by
Theorem 0.2. Fubini’s theorem easily implies that the set of unit vectors v for
which B; - v has a point of increase has zero d — 1-dimensional Lebesgue measure
(as a subset of the unit sphere). A much stronger result is the following.

Theorem 0.3. Let B; denote d-dimensional Brownian motion. The set oft € (0, 1)
such that B([0,t)) and B((t,1]) lie on opposite sides of some d — 1-dimensional
hyperplane has Hausdorft dimension zero.

Theorem 0.3 is well-known, but it seems never to have been published. It is
not hard to see that it can be proved using the methods of Evans (1985).

There exist results closely related to Theorem 0.1 which go in both “positive”
and “negative” directions. We start with a positive result.

Theorem 0.4. (Burdzy (1989)) Two-dimensional Brownian motion has cut points:
with probability 1, there exist times t such that Z([0,1] — {t}) is not a connected
set.

The original proof given in Burdzy (1989) contains a gap; see Burdzy (1995)
for the correction. A routine modification of the proof in Burdzy (1989) shows
that for each e, with probability p(e) > 0, a Lipschitz curve can be found that
separates the two pieces Z([0,t)) and Z((t,1]), such that the curve has Lipschitz
constant less than . Lawler (1996) has a new proof of Theorem 0.4 and an estimate
for the Hausdorff dimension of cut points. The two-dimensional result easily im-
plies the existence of cut points for three dimensional Brownian motion. In higher
dimensions, all points on Brownian paths are cut points.

In order to state the next result, we need some notation. Let H(z,«) be
the half-plane obtained by first rotating the right half-plane by an angle a and
then translating it by the vector z. Let A(aq,a3) denote the event that for some
t € (0,1), we have Z([0,t)) C H(Z;, 1) and Z((¢,1]) C H(Z¢, az).

Theorem 0.5. (i) (Shimura (1988)) Fix any oy # ay. Then P(A(aq,a2)) = 0.
(ii) (Shimura (1992)) Fix any a > 0. Then IP(U_ Ao+, a2)> > 0.

a<oy,ax<a

Theorem 0.5 (ii) is of special interest to us as it shows that Theorem 0.1 is a
very “sharp” result. This claim is reinforced by the following result, which asserts
the existence of cut planes in three and higher dimensions.
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Theorem 0.6. Let B; denote d-dimensional Brownian motion, where d > 3. With
positive probability, there exists t € (0,1) such that B([0,t)) and B((t,1]) lie on
the opposite sides of some (d — 1)-dimensional hyperplane.

We will provide a sketch of the proof in Section 9. The argument uses
estimates which are similar to those derived in the proof of Theorem 0.1. We will
skip the technical details in the hope that the reader will be able to reconstruct
a rigorous proof from our sketch, using the arguments developed in the earlier
sections.

We learned Theorem 0.6 from Robin Pemantle (private communication).
We would like to thank him for allowing us to include his unpublished result in our
paper together with our own proof.

A version of Theorem 0.1 stated below asserts that “local cut lines” do not
exist. Let Z; = (X4,Y;) be two dimensional Brownian motion, and for 6 € [0, 27),

set
Zy(0) = Xy cosO + Yy sin 6,

the component of Z; in the # direction. Let

S={3t,h>0,0€0,27) : Zs(0) < Z,(0) for (t —h)vV0O<s<t, (0.1)
Zy,(0) > Z(0) for t <u <t+ h}.

Theorem 0.7. P(S) = 0.

We give a sketch of our argument. Let us say that a 1-dimensional Brownian
motion starting at 0 has an approximate point of increase of size € at level x €
(0,1) if after hitting the level x, the Brownian motion reaches the level 2 before
returning to x — . It is not hard to show (cf. Burdzy (1990)) that if we fix
a then the probability that the one dimensional Brownian motion Z;(«) has an
approximate point of increase is of order 1/log(1/e). This immediately implies
that the expected number of directions of the form a = m/log(1l/e), m integer,
with an approximate point of increase is finite. This estimate, however, is not
good enough. We circumvent it by conditioning on having an approximate point
of increase in a fixed direction. We calculate the probabilities for the occurrence of
approximate points of increase in a second fixed direction and then for having such
points in two other fixed directions. A second moment argument then gives a better
bound for the probability of having an approximate point of increase in one of the
directions m/log(1/e). The argument is further complicated by the facts that the
second moment argument must be iterated to get a sufficiently good bound and that
we are only able to obtain the probabilities for an approximate point of increase in
two or more directions for certain levels. This conditional second moment argument
was used in a somewhat simpler setting in Bass and Burdzy (1996).

The first part of the proof shows that with high probability there are no
approximate points of increase at angles m/log(1/e), m integer. The second part
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of the proof is to show that there are no approximate points of increase of size
¢ at any level or any angle. We do this by repeated bisection of angles. Given
that there are no approximate points of increase for any angle o that is a multiple
of 1/2%1og(1/¢), we show that there is very small probability that there is an
approximate point of increase at any level x for any angle that is a multiple of
1/2F+11og(1/¢). We show, in fact, that these probabilities are summable in k.

The next section presents some preliminaries. Estimates for a Bessel process
of order 3 are derived in Sections 2-4. The first part of the proof is presented in
Sections 5 and 6, while Sections 7 and 8 complete the proof. Additional heuristic
arguments are given in each section.

Section 2 is devoted to a decomposition of Bessel processes of order 3. These
results are of independent interest; see Theorem 2.5, for example. We show that if
L;, M; is a certain sequence of relative maxima and minima (see Figure 2.1), then
log(L; — M;) has the same law as the sum of i.i.d. bilateral exponentials.

Section 3 then shows that h-path transforms of this i.i.d. sequence satisfy
estimates akin to those of conditioned Brownian motion. Section 4 uses the results
of Sections 2 and 3 to give upper and lower bounds for the existence of approximate
points of increase for a Bessel process.

Section 5 begins the consideration of two-dimensional Brownian motion with
some estimates for exit probabilities for wedges and then continues with the two
and three angle estimates mentioned above. The second moment argument is given
in Section 6.

Section 7 has more estimates on the exit distribution of a wedge and then
proceeds with upper bounds on the probability of an approximate point of increase
in a specified direction given that there are no approximate points of increase in
nearby directions. These estimates are pulled together in Section 8, and the proofs
of Theorems 0.1 and 0.7 are completed there.

Section 9 contains a sketch of the proof of Theorem 0.6. We also include a
discussion of some open problems.

We have discussed Taylor’s problem about cut lines with many people over
several years. We are grateful for their interest and advice. We would like to espe-
cially thank Davar Khoshnevisan, Robin Pemantle, Yuval Peres, Michio Shimura,
and James Taylor. We would like to thank the referee for a very careful reading of
the whole manuscript and for many valuable suggestions.



1. Preliminaries.

The letter ¢ with subscripts will denote positive finite constants whose values
are unimportant. We begin numbering the constants anew in each proposition,
theorem, lemma, and corollary. We use “Bes(3)” as an abbreviation for “Bessel
process of index 3” and “BM x Bes(3)” for the planar process (X¢,Y;) where X; is
a Brownian motion and Y; is a Bes(3) independent of X;. We will use the symbol
P* to denote the distribution of a process starting from x when it is clear from
the context which process we are talking about. When this notation might be
confusing, we will write Ppyr, Pees, PevBs, and Py to denote the distributions of
a Brownian motion (one- or two-dimensional), a Bes(3), a BM x Bes(3), and the
process V' defined in (2.3) below, respectively. Similar subscript conventions will
apply to expectations.

For Borel sets A we define

Ta=7(A) =inf{t: Z, ¢ A}, Ty =T(A) =inf{t: Z; € A},

where Z, is a process such as planar Brownian motion or a BM x Bes(3). We will
use B(x,r) to denote the open ball of radius r about x. We use 0A to denote the
boundary of a Borel set A.

Throughout this paper we will make frequent use of h-path transforms.
Recall that if (P*, X;) is a strong Markov process killed on exiting a domain D
with transition densities p(¢,x,y) and h is positive and P*-harmonic in D, then
h(y)p(t,x,y)/h(x) are densities of a strong Markov process (P}, X;) in D. For de-
tails and results concerning h-path transforms, see Doob (1984) or Bass (1995).
The result we will use most frequently is that

EfY = E”[h(X1)Y]/h(x) (L.1)

if T' is a stopping time and Y is Fp-measurable and either bounded or nonnegative.

It is well known that if one takes one dimensional Brownian motion killed
on hitting (—o0,0] and h-path transforms it by the harmonic function h(z) = =,
one gets a Bes(3).

We will use several times a bound on the probability that 2-dimensional
Brownian motion exits a rectangle through the vertical sides. If Z; = (X¢,Y;) is
2-dimensional Brownian motion and Dr = {(z,y) : 0 < y < 1, |z| < R}, then there
exist constants ¢; and cg such that

sup P(O’y)(\XT(DR)| = R) < ¢cre— 2l (1.2)
y

A proof of this may be found in Bass (1995), p. 180.
The estimate of (1.2) also holds when Z; is a BM x Bes(3). To see this, we
use the fact that Y; is equal in law to the modulus of a 3-dimensional Brownian
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motion, and the probability that 4-dimensional Brownian motion exits the cylinder
{(z1, 22,3, 24) : |21] < R, 23 4+ 23 + 23 < 1} through the ends is bounded by the
right hand side of (1.2) by Bass (1995), p. 180.

If Z; is a 2-dimensional Brownian motion and H is the upper half plane,
then there exists ¢; such that

sup P& (Z, po2nm & OH) < c1y; (1.3)
(z,y)eB(0,1)NH

see Bass (1995), p. 313, for a proof.

We will use several times the boundary Harnack principle; see Bass(1995),
p- 178.

Theorem 1.1. Let D be a connected Lipschitz domain, xqg € D, V open, and K
compact so that K C V. There exists ¢; depending on K,V, and D such that if u
and v are two positive harmonic functions on D vanishing continuously on V N 0D,
then

, re KND.

Note that if rA = {rz : © € A} for any set A, then by scaling the constant
1 for the triple (rK,rV,rD) can be taken to be independent of .



2. Decomposition of a Bessel process.

After reviewing the first version of our paper, Jim Pitman pointed out to us
that ideas similar to the path decomposition developed in this section have already
appeared in literature; see, e.g., Neveu and Pitman (1989) or Imhof (1992).

We need some detailed estimates, which we obtain by means of a path de-
composition of a Bes(3), Z;. We will repeatedly use Williams’ path decompositions
(Williams (1979), I11.79). See also Millar (1978) for an alternate proof.

Proposition 2.1. Let Z; be a Bes(3) started at L > 0.

(a) If M = inf{Z, : t > 0}, then M is uniformly distributed on [0, L].

(b) Let T = inf{t : Z = M}. Given {M = m}, the law of {Z;,t < T} is the
same as the law of a Brownian motion started at L and run until the first
time it hits m.

(c) Given {M = m}, the law of {Z,.r,t > 0} is the same as the law of Z; +m,
where Z, is a Bes(3) started at 0.

(d) The processes {Z;,t < T} and {Zyyr — Zr,t > 0} are independent.

Proposition 2.1(a) can be rephrased as saying

M
PL s (Z; hits M) = - (2.1)

A related path decomposition is the following.

Proposition 2.2. Let X; be a Brownian motion started at L > 0 and killed on
hitting 0.
(a) If L’ = sup{X; : t > 0}, then PL(L' > \) = L/\.
(b) Let S = inf{t : X; = L'}. Given {L' = a}, the law of {X,t < S} is the
same as the law of a Bes(3) started at L and run until it hits a.
(c) Given {L' = a}, the law of {X;1g,t > 0} is the same as the law of a — Z,
where Z; is a Bes(3) started at 0 and run until it hits a.
(d) The processes {X;,t < S} and {Xi+s — Xg,t > 0} are independent.

Proof. The proof is very similar to that of Proposition 2.1. We follow Millar’s
approach. To see (a),

PL(L’ > \) = PX(X, hits X before hitting 0) = L/\.

If My = sup,<; Xy, then the pair (X¢, My) is a strong Markov process, and S =
sup{t : X; = M;}. For any strong Markov process Y;, the law of Y; up to the last
time U it is in a set A and given {Yy = y} is the same as Y; conditioned to hit y,
while the law of Y; after U is the same as for Y; starting from Yy and conditioned
never to return to A; moreover, given {Yy = y}, the processes {Y;,t < U} and
Yiiv,t > 0} are independent (see Meyer, Smythe, and Walsh (1972)). (b), (c), and
(d) follow easily from this fact with Y; = (X¢, M;) and A = {(z,m) : x =m}. O
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Suppose Z; is a Bes(3) and Zy = L1 > 0. Let S; = 0. Define

M, = inf{Zt it > Sl},
Ty =inf{t > Sy : Z; = M},
U, = inf{t >T: Zy = Ll}

Since Z; — oo a.s. as t — 0o, then U; < oo a.s. We then define inductively

My =inf{Z; : t > U;}, (2.2)
Tiv1 =inf{t > U, : Zy = M1},

Liti =sup{Z; : T; <t < T},

Sit1 =inf{t > U; : Zy = L1},

U1 = inf{t > Top1 : Ze = Lii1 ).

Figure 2.1.

We use Propositions 2.1 and 2.2 to decompose the path of a Bes(3) process.
The M; will be the future minima of Z; after certain relative maxima, and the T;
will be the times they occur. The L; are the maxima of the Bes(3) path up until
time 7T; and the S; are the times these maxima occur. The U; are the times Z;
returns to the level L; after hitting a minimum. See Figure 2.1.
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Remark. We will need the following property, which is analogous to the strong
Markov property, but which can be applied at random times which are not stopping
times. We call it the pseudo-strong Markov property. The justification is based
on the repeated application of Proposition 2.1. Given L; and M, the processes
{Z:,0 <t < U} and {Z(Uy +t) — M;,t > 0} are independent and the second
one is a Bes(3) starting from L; — M;. The processes {Z;,0 < t < Ty} and
{Z(Th +t) — My,t > 0} are independent and the second one is a Bes(3) starting
from 0. By induction, if L; and M; are given, then the processes {Z;,0 <t < U;}
and {Z(U; +t) — M;,t > 0} are independent and the second one is a Bes(3) starting
from L; — M;. The processes {Z;,0 < t < T;} and {Z(T; +t) — M;,t > 0} are
independent and the second one is a Bes(3) starting from 0.

We have the following facts about the distribution of the M, and L;. These
are straightforward applications of Propositions 2.1 and 2.2.

Proposition 2.3. (a) M is uniformly distributed on [0, L1].
(b) Given M; and L;, the distribution of M;,1 is uniform on [M;, L;].
(c) log[(L;—M;)/(M;+1—M,)] is an exponential random variable with parameter
1.

(d)
L; — M; 4

A= My
(e) log[(Li+1 — M;11)/(L; — M;4+1)] is an exponential random variable with pa-

PLY(Liy1 > N | Ly, Migq) =

rameter 1.

Proof. (a) This is immediate by Proposition 2.1(a).
(b) By Proposition 2.1(c) and the pseudo-strong Markov property,

P(Miy1 < m | Li, M;) = P(Mjs1—M; < m—M; | L;, M;) = P(Z, ever hits m—M;),

where Z, is a Bes(3) starting from L; — M;. As in (a), the distribution of the
minimum of 215 is uniform on [0, L; — M;].

(c) If U is uniform on [0, 1], then —log U is an exponential random variable
with parameter 1. This and (b) show that that the conditional distribution of
log[(L; — M;) /(M1 — M;)] is exponential with parameter 1. Since the conditional
distribution does not depend on L; and M;, we obtain (c).

(d) By the pseudo-strong Markov property, Z; = Zi y, — M; is a Bes(3)
started at L; — M;. By Proposition 2.1(b), the law of Z, for t < Tiv1 — U, given
that the minimum of Zt is M;11, is that of a Brownian motion killed on hitting
M;+1. Therefore by Proposition 2.2(a) and translation invariance,

L; — M; 1

]PL1< Zi > \| Li, M; ):—.
sup t ’ +1 N— M.,

t<T;+1-U;

(e) If P(V > X) = £/X, then log(V/{) is an exponential random variable
with parameter 1. We condition on the values of L; and M; 1 and apply (d) and the
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last remark with V' = L;1 1 — M; 1, N = X— M, 1, and ¢ = L; — M; 1, to conclude
that the conditional distribution of log[(L;+1 — M;11)/(L; — M;11)] is exponential
with parameter 1. Since the conditional distribution does not depend on the values
of L; and M1, we obtain (e). O

Let
Vi = log(L; — M;). (2.3)

The next two theorems say that V; is the sum of i.i.d. bilateral exponentials.

Theorem 2.4. Let A;, B; be two independent sequences of independent identically
distributed exponential random variables with parameter 1. Then {V,,—Vi,m > 1}
has the same law as {377 (A; — B;),m > 1}.

Proof. Let

Li = M ) (2.4)

Lit1 — Mi—i—l)
Mi+1 - Mz .

Ci = log (
©8 Li— M,

A; = log (

By Proposition 2.3, C; and A; are exponentials with parameter 1. We next
show independence. By Proposition 2.1(c) and the pseudo-strong Markov property
at U;, the process Z, y, — M, is a Bes(3) started at L; — M;. Its law depends
on Ly,...,L;,My,...,M; only through the value of L; — M;. By scaling, Zg =
(Ziyvu, —M;)/(L; — M;) has the law of a Bes(3) started at 1, and is thus independent
of L1,...,Li, My, ..., M;. Since e~ is the minimum of Z, then C; is independent
of Av,...,A;_1,Cq,...,Ci_1.

To see that A; is independent of Aq,...,A;_1,C4,...,C;, we use the pseudo-
strong Markov property at time U;. By Proposition 2.1(b), the law of Z;y, — M;
t < Ti+1 — U;, conditional on having minimum M;;; — M; at time T;4; — U;, is
that of a Brownian motion started at L; — M; and Kkilled on hitting M;; — M;.
By scaling, Z; = (Ziyu, — M;11)/(L; — M;11) has the law of a Brownian motion
started at 1 and killed on hitting 0. Since e is the maximum of Z;, then A; is
independent of Lq,...,L;, My,...,M;y1, and hence of Ay,...,4;-1,C4,...,C;.

We have

M1 = (Li — My)e™ % + M;,

and
Li+1 = (Lz - MH_l)eAi + Mi—l—l-

Let B; = —log(1 — e~%). We then have

eVitt = Liq — Miyq = (L; — Myiq)e (2.5)
= (Li — [(Ls — M;)e™ ' + M;])e
= (L; — M;)(1 — e~ % )e

= Vi Bigdi,
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i is uniform on [0, 1], hence so

Since C; is an exponential with parameter 1, then e~
is 1 —e~¢. This implies B; is an exponential with parameter 1. Taking logarithms

of (2.5) proves the proposition. O

A distribution is called bilateral exponential if it has a density given by
e~1#1/2 for x € R. By Feller (1971), p. 49, A; — B; is a bilateral exponential, and

so we have

Theorem 2.5. V,,, — V; is the sum of i.i.d. bilateral exponentials.



3. Random walk estimates.

We need a number of estimates on the sequence {V,, },>0 which is the sum
of independent identically distributed bilateral exponentials. We start by giving a
modification of an argument of Feller (1971), p. 401, to show that the overshoots of
V,, are exponentially distributed. This proof is very similar to the “lack of memory”
of exponentially distributed random variables.

Proposition 3.1. Let a <b, [ =[a,b], N =min{n:V, ¢ I}, and y € I. Then
PY(Vy €dx |V >b) =e @ Dde, x>0, (3.1)

and
PY(Vy € dx | Viy < a) = e (@) dx, z < a. (3.2)

Proof. If x > b,

WK

PY(Vy €dx) = PY(Vy €de,N=n)=Y P/(Vi€l,.... Vo1 €LV,cd)
n=1

3
Il
—_

EY[PV"—(V,, € dx); Vi € 1,...,V,_1 €]

o

3
I
_

1
EY [56—@—%1) de:Viel,... Vo1 e I]

o

1

3
I

> 1
= WY E ST e L Vo €.
€ xnz_:l 26 Vied, y Vn—1 €
Note the infinite sum in the last line does not depend on z, so P¥(Vy € dz) =

cre” (@) gy Integrating over = > b, PY(Vy > b) = ¢1, and then

PY(Vy € dz | Viy > b) =PY(Vy € dz)/PY(Vy > b) = e~ 7% da.
The other inequality has a similar proof. U

As a corollary we can get an exact solution to the gambler’s ruin problem

for V,,.

Proposition 3.2. Let a,b,I, N, and y be as in Proposition 3.1. Then

b+ 1—y

—a+1
P (Viy > b) = 2 T b—a+2

- PY(Vy <
- b—a+2’ (Vv < a)

Proof. Let A =PY(Vy <a), B=PY(Vy > b). Since bilateral exponentials have
moments of all orders, the law of the iterated logarithm shows that N < oo, a.s.,
or

A+B=1. (3.3)
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Since E(V;+1 — V;) = 0, then V,, forms a martingale. By optional stopping,
y=EYVyan. (3.4)

Note
EVi =E[Vi; Vy < a] + E[VE; Vv > b].

Since Proposition 3.1 gives the exact distributions of Vi given Vy < a and Vy > b,
we see that EVZ is finite. The process V2, is a submartingale, and by Doob’s
inequality,

Esup V2 y < c1supEVZ, v < co(a® + 0% + EVR) < oo.
With this fact, we can let n — oo in (3.4) and use dominated convergence to obtain
y=FEVN =EY[VN; VN < a] + EY[VN; N > 1]
By Proposition 3.1, E¥[Vy | Vi <a]| =a—1 and E¥[Vx;Vy > b = b+ 1, so
y=(a—1)A+(b+1)B.
This and (3.3) give our result. O

Let a = 0 and b = K, where K > 10 is large, but fixed. None of the
constants in what follows will depend on K, however. Let
y+1
K+2
Let h(y) = 0if y < 0 and h(y) = 1 if y > K. Then h is nonnegative, bounded
above by 1, and there exist constants ¢, co such that

h(y) =PY(Vy > K) = y € (0, K). (3.5)

ay/K <h(y) <cy/K,  ye (LK) (3.6)

The function h is not continuous; this is to be expected, since V; is a random walk,
not a diffusion.

Let P} denote the h-path transform of P¥ by the function h. We need an
estimate on the overshoots of Vi under IP’%.

Proposition 3.3. There exists ¢; independent of K such that if y € (0, K),then

PY(Vy > K+ ) <e ™.

Proof. We have by Proposition 3.1,
PV >K+N)=P/ (VN >K+A|Vy>K)=e". O

We need some Green function estimates for V,,,n < N. Let

N
i=1

We use a renewal-type argument to say that the number of visits to [j, j + 1] by the
random walk V; goes down geometrically.



14 RICHARD F. BASS AND KRZYSZTOF BURDZY
Proposition 3.4. There exists ¢; independent of K such that for 0 < 5 < K,

supEy Dy < c1(j A (K — 7).
v

Proof. Let My = min{n : V,, <0}, Mg = min{n : V,, > K}, I; = min{n > 0:
V.. €[4, + 1]}. Suppose j < K/2. Starting at z € [, 7 + 1], there is probability at
least co > 0 that V; < 7—1. By Proposition 3.2 there exists c3 such that starting at
z < j —1, there is probability at least c3/j that My < I;. Hence, setting c4 = cac3,

inf PZ(M()SI])ZQL/j
z€[5,5+1]

Let £,, be the m*™™ time that V; € [j, j + 1]. Then

sup P*({; < My) <1-— C—fl.
z€[5,5+1] J

By the strong Markov property,

PY((,.1 < My) = EY[PY ) (0, < Mp): 4, < Mp] < (1 . %)Py(& < My),

and by induction,
PY (£, < Mp) < (1 —cq/j)™. (3.8)

There exists an integer c; independent of j such that for all j > 1,

Cs5J
(1-2)" <12 (3.9)
J
so for integers r > 1,
sup  PY(lres; < Mp) <277
yElj,j+1]

Note that h(x)/h(y) < 2 for z,y € (5,7 + 1]. Thus

supP¥(D; > resj) = sup  PY(D; > res))
y yE,j+1]

< sup  PY(lres; < M)
y€lg,j+1]

<  sup E [h(v(&"csijl)%&“cw < M()]
yelji+1] (v)
< 2]P>?J(ETCSj < MO) < 2—7‘4—1,

from which it follows that sup, E} D; < cej.
The argument in the case j > K /2 is exactly similar, except that we use the
bound
PY(D; > m) < PY({,, < M). O

As an application of Proposition 3.4, we have
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Proposition 3.5. There exist ¢; and ¢y independent of K such that ify € (0, K),
then

P%(Zevi > )\eK> < cre N,

i=1
Proof. Let B, =Y ;" e"i. Using Proposition 3.4,
K K
supEY By < Ze]Jrl(supEZDj) < ZeJHc?,(j ANK—j) < cee’s.
y — y —
j=0 j=0

Since B, is an additive functional and hence subadditive (cf. Bass (1995) Corollary
1.6.12),
supP¥ (Bx > 7(2c4e™)) <277,
Y

The proposition follows easily from this. O

We also have

Proposition 3.6. There exist ¢; and ¢y independent of K such that if y > 1, then
N
]P’y(ZeVi > )\eK> < cre N,
i=1

Proof. Recall the notation from the proof of Proposition 3.4 and constants ¢4 and
¢5. We obtain from (3.9),

supPY(D; > ¢5j) = sup PY(D; > c55) < 1/2.
Y y€[j,i+1]

Since Dj is an additive functional of V;, hence subadditive, then for integers r > 1,

supPY(D; > resj) <277
y

We obtain sup, EYD; < c3j for j < K/2. A similar argument applies to j > K/2
SO
supEYD; < c3(j N (K — j)).
y

We now proceed exactly as in the proof of Proposition 3.5. O



4. Estimates for approximate points of increase.

Recall the process V defined in (2.3). Recall that K is a fixed large number,
N =min{n :V,, ¢ [0, K|} and h(z) = P*(Vxy > K). We obtain an estimate for the
rate of escape of V; under P} by a standard argument.

Proposition 4.1. Given v > 0, there exists yg > 1 independent of K such that
PY(V; < it/*6) for somei=1,...,N) <~

ify > yo.

Proof. Let A>1. If y > yo > 1, by (3.6)

EY[1(Vam ); 0 < Vom < A2M/8]
h(y)

PY(0 < Vom < A2™/8),

BY (Vom < A(2™)!/3) =

A2m/8
Yo
By the local central limit theorem (Stone (1965)),

<c

AQm/S

Y m/8 =
P(OS‘/Q'"LSA2 )SCQ 2m/2

Hence
P%(‘/Qm S A2m/8) S 6162A2y612_m/4.

This is summable in m, and, for any A, by taking yo large enough (depending on
A), we have
PY (Vam < A2™/® for some m < logy, N) < /2. (4.1)
Then
PY (V; < i*/16 for some i < N)
< PY(Vom < A2™/8 for some m < logy, N)

log, N
+ 3 Py (Van = A2,
m=1

and V; < 2-2™/16 for some i € [2™, 27! A N])

We bound the summands using the Markov property at time 2":

h(2 - 2m/16
sup Pp(V; <2- 2m/16 for some i < 2 A N) < Q
2m/16
. 9—m/16 4—1
< Capprs = Ca2 AL (4.2)

This is summable and we take A large enough so that the sum is less than
~/2. Then we choose yo large enough so that the estimate (4.1) holds for y > yo.
0

We show that the distribution of B; under P} has tails bounded by an

exponential.
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Lemma 4.2. Suppose v € [1,K]|. Let A; and B; be defined as in the proof of
Theorem 2.4. There exists ¢, independent of v and y such that

Py (B € dy) < cie” ¥ dy.

Proof. If Vi =v, Ay =x, and By =y, then Vo, =v+ x —y. So for x,y > 0,

h(v+x —y)
h(v)

Since h(v) > cov/K and h(v+ 2z —y) < c3((1+z —y+v) V1)/K, then

Py (A € dx, By € dy) = e e Vdxdy.

Py (A € dx, By € dy) < c4(2+z)e” e ¥ dx dy.

We integrate over x > 0 to obtain our result. O

Proposition 4.1 and Lemma 4.2 combine to show that it is unlikely that
L; — M; is small.

Proposition 4.3. Let vy > 0. There exists yo independent of K such that if y > yo,
then
PY(L; — Miyq <1 for somei < N —1) <.

Proof. Recall the notation from the proof of Theorem 2.4. We have from (2.4),
Li = Mis1 = (Liy1 — Mipq)e™ = Vi mAi = Vi B,

So it suffices to bound the IP’% probability that V; — B; < 0 for some ¢ < N — 1.
From Theorem 2.4 and its proof, V; may be represented using A;’s and B;’s
for j < i — 1. Hence, B; is independent from V;. By Lemma 4.2 and the Markov
property,
PY(B; > t,Vi > 1) = EY[Py (B > t);V; > 1] < cre ™, (4.3)

if i < N. Choose ig such that 2. e=i'"1/2 < v/4c1 and ié/w > 4. Choose r > 4
such that e="/2 < 5 /4cqig. By Proposition 4.1, provided that g is sufficiently large
and y > yo,

PY(3i < N : Vi <i/16) < ~/4.

By our bounds on h, if y > yo and yq is sufficiently large,

h(r)

PY(Fi <ig : Vi <r) <igsupP}(V; <r) <ig—= < /4.
i<ig h(y)

So if y > yo,
PY(Ji<N—1:V,—B;<0)
<PYEi <NV <iV1O) 1 PY(3i<ip: Vi <7)
+ PY(B; > r/2,V; > r for some i < i)
+ PY(B; > i1/16/2,Vi > i1/16 for some ig < i < N — 1)

10 o0
Syt e ha Y ey, 0

1=1 =10



18 RICHARD F. BASS AND KRZYSZTOF BURDZY

We define points of increase relative to two numbers b > a > 2. We say that
a Bes(3) process Z; has an approximate point of increase at level j < a if after first
hitting j the process Z; hits b before returning to 7 — 1. The connection between
our decomposition of a Bes(3) process and approximate points of increase is given
in the next proposition. Let ¢/ € [0,1) and let

oj=mnf{t: Z, =j+y'}. (4.4)
Proposition 4.4. Let0</<a<b-—1y', I €7,
A = {Ll <€+y',L1 S (a+y',b),Li _Mi+1 >1fori=1,2,...,1 — 1},
and
Ay ={Jjel,a]NZ : op00, <oj_100,,}.
Then A1 N AQ = @
Proof. Suppose w € A;. If j is an integer between ¢ and a, then o; € [L;_1, L;] for

some 4 between 2 and I. Since M; < L; 1 — 1, then 0;_1 00,, <T;. Since L <,
then oy, 0 6,, > Ty > T;, hence w ¢ As. O

Propositions 4.3 and 4.4 will be used together to obtain lower bounds on
the probability of no approximate points of increase. Proposition 4.3 says that
L; — M, is unlikely to be less than 1 and Proposition 4.4 says that this means
there will not be approximate points of increase. The first and last pieces of the

path, however, complicate the argument.

Proposition 4.5. Let Z; be a Bes(3) process, y' € [0,1), € € (0,1), and
B={3j€(0,1/e]NZ : 03/5. 005, <0j_100,,}.
There exists ¢; independent of € such that

PO(B) > ¢1/log(1/2).

Proof. Suppose 9 is a continuous function from [0, 1] to [0,00). By the support
theorem for 3-dimensional Brownian motion (see Bass (1995), p. 59) and the fact
that a Bes(3) is equal in law to the modulus of 3-dimensional Brownian motion,
given & > 0 there exists ¢y such that

PYO) (sup |2, — (t)] < 8) > es, (4.5)
t<1

where ¢y depends only on § and the modulus of continuity of .
Let v = 1/4, ty > 0, and let yo be defined as in Proposition 4.3. By (4.5),
there is positive probability that started from 0, Z; hits 2e%° at time ¢y and then
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returns to a level below 1/2 before hitting 4e¥°. So by the Markov property at time
to, it suffices to consider the approximate points of increase for Z; started at 2e¥°
and conditioned by {M; < 1/2}. Note that, given this condition, V3 > yo. It is
enough to consider only levels j greater than 2e%°.

Let K = log(1/e) — log(2X), where A > 1 will be chosen shortly. Let N =
min{i : V; ¢ [0, K]}. Recall that h(y) = P¥(Vy > K). Using Proposition 3.5,
choose A not depending on K or yy such that

N
PY(> eV > 2ef) <1/4, (4.6)
=1

for y > yo. By Proposition 3.2, the probability that the process V hits K before 0
is at least c3yo/K > c¢4/log(1/e). Using Proposition 4.3 and (4.6), the probability
that L; — M;;1 > 1 fort < N —1 and Zfil eVi < Xeff is not less than 1 — v —
1/4 = 1/2 for the process conditioned by the function h. Since conditioning by
the function h is the same as conditioning by the event {Vx > K}, the probability
that L, — M;11 > 1 fori < N —1 and Zf\il eVi < Xeff is at least cq/2log(1/¢).
Recall from the proof of Proposition 4.3 that Ly — Myx4+1 = exp(Vy — By). The
random variable By is exponential and independent of V;’s for j < N, so assuming
VN > K we see that P(Ly — My+1 > 1) > ¢5. Hence, we may strengthen our
previous estimate to include ¢ = N, i.e., the probability that L; — M;,; > 1 for
i < N and vazl eVt < Xeff is at least cq/21og(1/¢). Since L; > M, for all i,

N
Ly < Z(Li - M;) = ZGV"- (4.7)
i=1 ;

1=1

On the set {vazl eVi < e}, we have Ly < Xef < 1/e. On the other hand,
Ly > Ly — My =¢e"™ > eX =1/2)\e. Assuming that L; — M; 1 > 1 for i < N,
Proposition 4.4 shows that for all j € [e?¥0,1/2)\e]NZ we have 03/2:005; > 0j_100,,.
By the pseudo-strong Markov property, the process {Z(Tn +t) — Z(Tn),t > 0} is
a Bes(3) starting from 0 independent of {Z;,t < Tv}. We apply (4.5) and scaling
to the first of these processes to see that there is probability greater than cg > 0
that there is no j € [1/2)e,1/¢] N Z for which 03/5. 0 6,, > 0;_1 0 0,,. This and
the previous estimates show that with probability at least ¢7/log(1/e) there are no
approximate points of increase at levels j € [2e¥0,1/¢]. O

We need a more refined version of the preceding. Proposition 4.6 says that
it is unlikely that there are approximate points of increase beyond level <=1 if ¢ is
close to 0.

Proposition 4.6. Suppose ¢ € (0,1), ¥’ € [0,1), and v € (0,1). There exist
¢ €(0,1) and ¢; > 1 such that if € is sufficiently small, y > ¢~!, and

B={3jely+2,e " /ai]NZ : 03/3.00,, <0j_100,,},
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then PY(B) < 7.

Proof. The proof is very similar to the proof of Proposition 4.5 with the following
changes: (1) We omit the use of (4.5). The inclusion of ¢; in the statement of the
proposition means that we only need to worry about levels j up to e~1/2\.

(2) By Proposition 3.2,

logy +1

P8 ¥ (V; hits K before 0) > K12

Since logy > (¢ — 1)loge = (1 — () log(1/¢e), by taking ( sufficiently close to 0 we
see that
P°8¥(V; hits K before 0) > 1 — /4

if ¢ is sufficiently small.
(3) By choosing A large enough,

N
IP”;’L(Z eVi > Xef) < /6.
i=1

(4) Since logy > (1 — ()log(1l/e) — 00 as e — 0,
]P)%()(Li _Mi—l—l S 1,7, S N) S ’}//6

for ¢ sufficiently small.
We now proceed as in the proof of Proposition 4.5 and conclude that

P(BY) = (1 =/3)(1 =~/4) 21 —.
U

We now turn to upper bounds. The idea is to use a renewal-type argument.
Each time Vj is close to 1, there is some chance that the next few M, and L; are
such that there is an approximate point of increase. So the upper bound is given
by an infinite series, the leading term of which is the probability that V; is ever
close to 1.

Proposition 4.7. Let Z; be a Bes(3) process started at ¢, 4 < { < a < b/2, and
y €[0,1). Let

B={3jc[l,a]NZ : o000, <0oj_100,}.
Then there exists ¢; independent of a, b, and ¢ such that

PY(B) < ¢ logt/loga.
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Proof. Let I1 = min{i : V; € [1.0,1.01]}. For ¢ > 1, define

Ji = min{i > I; : V; > 20},
Ii41 = min{i > J; : V; € [1.0, 1.01]}.

Ay ={Lj 41 — My, €[3.9,3.91], My, 11 — My, € [.9,.91],
Ly so— My, € [A7,4.71), My 4o — My, € [3.8,3.81],
Ly+s— M, €[5.5,5.51], My 45 — M;, € [4.6,4.61],
Li4a— M;, €[6.3,6.31], My, oy — My, € [5.4,5.41]}.

Figure 4.1.
The drawing is not to scale. The picture shows a sample path in the event A;.
The ticks on the vertical axis show height above the level Mjy,.

Suppose that w € A;. Let r € [0,1) be such that My, (w)+r is an integer and
let j = My, +r+4. Since r+y’ € [0,2), j+y'—M;, must belong to one of the intervals
[4.0,4.7], [4.7,5.5] or [5.5,6.31]. If j+y'— My, € [4.0,4.7] then Uy, 41 < 0; < 57, 49.
Since My, .o — My, € [3.8,3.81], we have My, o — My, > 3.75 > j+y' — My, — 1
which implies that My, 1o > j+y — 1 and so Z; does not hit j +y' — 1 after o;. A
similar argument shows that Z; does not hit j +y’ — 1 after o; in the cases when
j+1vy — Mj, belongs to [4.7,5.5] or [5.5,6.31].

Recall the pseudo-strong Markov property discussed in the remark before
Proposition 2.3. Given the values of L, and M;, and assuming V;, € [1.0,1.01],
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the process Z (U, +t) — M, is a Bes(3) process starting from a point of [e, e!-01].
Hence, (4.5) shows that PY(A;) > ¢ and PY(A¢) > §. We apply the pseudo-strong
Markov property at L;, and M, to see that

PY(|Vy| = a | AN, NAS) =PY(|V,| > a | AY) < 07'PY(|Vy,| = @) < cpe™ @7,

independent of i.
Since Z; starts at ¢, we take V3 = 2z = log/. Let K = loga — logloga and
let N =min{i:V; > K}. For the process V starting at z,

P*(V hits [K, 00) before hitting [1,1.01]) < e4(|2| V 1)/ K
by Proposition 3.2, so we get
PY(V (J; + -) hits [K, o) before hitting [1,1.01] | AfN...N Af)

> 1
< v, culel V1)
0

K
< / M@e_cgwdx <c/K. (4.8)
0 K

Edx | ATN...NAS)

How is it possible that Z; does not have an approximate point of increase for
any j € [(,a]N(Z +y')? We will be mostly concerned with the case when Ly < a.
We will later show that the probability of {Lx > a} is small.

Consider two possible outcomes: (a) N < I; or (b) I; < N but the event A,
does not happen. The probability of (a) is bounded by ¢4(|z|V1)/K by Proposition
3.2. The probability of (b) is bounded by 1 —§. In case (b), we refine our partition
of the probability space and consider the events: (ba) N < Iy and (bb) I, < N
but A, does not happen. The probability of (ba) is bounded by c¢5/K, by (4.8).
An application of the pseudo-strong Markov property at Ly, and My, shows that
the probability of (bb) is bounded by 1 — §. Continuing we obtain the following
estimate,

P*(0y 00y, > 0j_1 004, for j <a) (4.9)
< th(l—d){%Jr(l—d) %+(1—5)[...]H

ca(]z| VL) s o
ANl I VAN 21— e
L 210+ 210+
< ce(|z| vV 1)
- K
The last formula proves the proposition provided we can find a good bound
for the probability of {Lx > a}. By Proposition 3.6 and (4.7),

N
P*(Ly > a) = P*(Ly > (loga)e®) < IP’Z(Z eVi > (loga)e™)
i=1

< creCslosa < cr/ac®.

Since a > 3, this proves our proposition. O



5. Two and three angle estimates.

Recall that BM x Bes(3) denotes a two-dimensional process with indepen-
dent components; the first component is a Brownian motion and the second one is
a Bes(3) process. Unless explicitly stated otherwise, we will take both components
starting at 0. Two-dimensional Brownian motion conditioned to avoid the z-axis
is a BM x Bes(3) process.

Remark. If 7, = (X;,Y;) is a two-dimensional Brownian motion conditioned to
avoid the line £ = {(x,y) : y = —¢} then (X;,Y; + ¢) is a BM x Bes(3) process
starting from (0,¢). We will prove a number of results for BM x Bes(3) processes
and we will sometimes apply these results when ¢ is small to the process conditioned
to avoid L. The minor modifications of the proofs needed for such a generalization
are omitted.

We have the following “support theorem” for a BM x Bes(3) process.

Proposition 5.1. Let ¢ be a continuous function from [0, 1] into the closed upper
half plane, let § > 0, and let Z; be a BM x Bes(3). There exists ¢; > 0 depending
only on § and the modulus of continuity of 1 such that

Pyies (P |2, = ¥(s) <0) 2 1.

Proof. This follows easily from the support theorem for 4-dimensional Brownian
motion (see Bass (1995), p. 59) and the fact that a Bes(3) is equal in law to the

modulus of a 3-dimensional Brownian motion. O

A straightforward argument using conformal invariance gives

Proposition 5.2. Suppose a < 7/4 and let F' be the wedge {re? : 0 < 6 < m—a}.
There exists ¢; such that if yo < R < 1/2 and zy = (R, yo), then

R%o/4 < PRy (TP > TB0,1)) < c1 R 4y,

Moreover, if S = {(z,y) € 0B(0,1/2) : y > 0, |x| < 1/8}, then there exists ¢y such
that
P?M(TF > Ts) > CQRayO.

Proof. We map F onto the upper half plane by the conformal mapping z +—
2™/ (m—a), By the conformal invariance of Brownian motion, P, (7p > TB(OJ)) =
P52y (T2, > TB(0,1)), Where Ly is the z-axis and z; = (z1,y1) is the image of 2.

Note |z1| = |20]™/ ("=, so

RT/(r=0) < |5| < 2R/ (T2,
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Since arg z; = (7/(m — «)) arg 2p, then

= |2 si tan(yo/R) ).
y1 = |21 sin <7r —arc an(yo/R)
Since yo < R, then
370% < arctan(yp/R) < %, sin (2%) < 2y—}g
and
f—% < sin(yo/2R).
Hence
Ro/(m—a), _ pr/(m—a) Y0 4 pr/(n—a) (&) < AR/ (7= ( T &)
vo R~ "M\ar) = \TZa2R

< 4R™/ (=) gip ( T
v

arctan(yO/R)> < 4y,
-«

and

1 < 2R™/ (7= gin ( m %> < 2R™/(T=) gin (2@)
T™T— R

< 4R7r/(7rfa)y§0 _ 4Ra/(7rfa)y0'

If £, is the line y = 1, then

PRy (TF > TB0,1)) = PBar(T2o > TB0,1)) = PBar(To > 1z,)
=y > RY (TN /4 > RV, /4.

On the other hand, by (1.3) and scaling,

PEv (T > T80.1)) = Par(Tee > TB(0.1))
< czyr < e3ARY Ty < 34ROy,

This proves the first part of the proposition.

(5.1)

(5.2)

To prove the last assertion of the proposition, let S’ be the image of S

under the conformal mapping z — 2™/ ("=®) Recall that two-dimensional Brownian
motion conditioned to hit £; before Ly is a BM x Bes(3). Note that |z1| < v/2/2.
It is easy to see using Proposition 5.1 that P3,,55(Zss < Tz,) > ca > 0 provided

|Zl| < \/5/2 So

Pon(Ts < Tzy) =P (Tsr < T | Ty < Tro)PE 0 (T2, < T2y)

= IP)ZBlMB,S'(,]-S/ < Tﬁo)P%lM(Tﬁ1 < Tﬁo) > C4Y1.

Using the conformal invariance of Brownian motion, we see that P%,,(7s < 7r)

IED12911\/[(75’ <Tz,) > cayi.

4
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Corollary 5.3. Let Z; be a BM x Bes(3) process, yo, R, 2o, and F' as in Proposi-
tion 5.2. There exists ¢y such that P (7p > Tp(,1)) > c1R*.

Proof. Let S be as in Proposition 5.2. The process Z; is two-dimensional Brownian

motion h-path transformed by the function h(z,y) =y, so that

Egul(Z1);me > Ts] ‘o P (tr > Ts)
h(z0) B Yo

PRvps(TF > Ts) =

By Proposition 5.2,

yoRR*/4 _
’ yo oo
By Proposition 5.1, there exists c3 such that if z € S, then P%,,55(7F > TB(0,1)) >

PRy ps(Te > Ts) > c co R /4.

c3. So by the strong Markov property,

Zi Z T (0%
P2y s(Th > To0.1) = EdvnsPhns(Tr > Tao1): Tr > Ts] > c3ca R /4.

i

Throughout the rest of the paper we will use lines £(7j, &), which are approx-
imately the lines y = —ax + je when « is small. We give a precise definition. Fix
a point w € R? and let L(«) be the set of lines with slope —tan o whose distance
from w is an integer multiple of . Let L£(j, @) denote the element of L(«) whose
y-intercept is in the interval [je/cosa, (j + 1)e/ cosa). The distance from L(j, )
to 0 is then in the interval ((|j] — 1)e, (|j| + 1)e). The constants in our estimates
will not depend on w. Actually, for the sake of convenience, we will assume that
w = (0,0) for most of Sections 5 and 6. The only use of the arbitrary nature of w
will be in Lemma 6.9 and Theorem 6.10.

Let
o(j,a) =inf{t: Z; € L(j,a)}, (5.3)

the hitting time to the line £(j, «). Note that the “approximate points of increase”
discussed in the next proposition have size €; in Section 4 they had size 1.
Let

A1 = {\V/j € [1, 1/8] NZ: 0'(3/(25),0) o 00(_7',0) > O'(j — 1,0) o 60(‘7”0)}

and
Az(6,a) = {7p(0,3 < o(—e"", —a)}.

We want a lower bound on the probability that a BM x Bes(3) process has no
approximate points of increase and in addition does not hit the line E(—55_1, —a).
The first portion of the path, up to time o(¢~1,0), is very unlikely to hit the
line £(—£%~1, —a) since that line is relatively far away. The portion of the path
after this time has some chance of hitting this line and a smaller chance of having
an approximate point of increase. The argument is further complicated by the
necessity of also dealing with the chances of approximate points of increase near
the level €.
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Proposition 5.4. Let Z; = (X;,Y;) be a BM x Bes(3) process. There exist con-
stants c¢1, g, and &g with the following property. If ¢ < gg, § < §; < dg, and
a < 3/(61log(1/¢)), then

PO (A N As(8, ) > 1/ log(1/e).

Proof. Suppose ( is a number in (0,1) that will be chosen later. We first look
at the portion of the path starting at the first return to £(¢5~1,0) after hitting
L£(3s571,0).

Observe that § < d; < 3/(alog(1/e)). Let R = min(¢?/(4tana),1/2). Note
that the line £(—e°~!, —a) intersects the x-axis at the point which is at least R
units away from (0,0). If z = (z,y) with 0 < y < R/2 and |z| < R/2, then z
lies below the line {y = —x + R}. Corollary 5.3, scaling and translation invariance
imply that there exists cy such that P?(Ay(5,a)) > coRY. Since tana < v/2a for
a < 7/4 and o is bounded above and below by positive constants for o € (0, 7/4],
then R® > ¢3¢, Since ad < 3/log(1/¢), then for ¢ <1,

5046 > 53/log(1/5) _ 6?)loge/log(l/s) _ 673.

Thus there exists ¢4 such that
P*(A3(d, ) > ¢y (5.4)

if z=(z,y), |z| < R/2and 0 <y < R/2.
Proposition 4.6 shows that we can find ¢5 > 1 and ¢ € (0,1) (independent
of €) so that
P*(B1) < ca/4, (5.5)

where z = (z,y), y > €¢, and
By ={3j € [2y,1/(c5¢)]NZ : 0(3/(2¢),0) 0 by(j,0) < o(j —1,0) 0,00}

Recall that one-dimensional Brownian motion has no local points of increase.
The trajectories of Bes(3) process have the same local path properties as Brownian
motion so they have no local points of increase at any level above 0. It follows that
when ¢ is sufficiently small, the probability that a Bes(3) process starting from 1/c5
and run until it hits 3/2 will have an approximate point of increase of size £ at some
level between 1/c5 and 1 is less than ¢4 /4. By the strong Markov property applied
at the time o(1/(c5¢)),0),

P*(3j5 € [1/(ese),1/e]NZ = 0(3/(2€),0) 0 Oy(j0) < 0(j —1,0) 0 05(j,0)) < ca/4,

and so, using (5.5),
IP)Z(BQ) S C4/2, (56)
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where
By ={3j € [2y,1/e]NZ : 0(3/(2¢),0) 0 0,50y < (j —1,0) 00,0}

Set g = (/2. If 6 < & < &, then ¢ < €°. Thus if |z| < &°/(4tana) and
e¢ <y <e’/(4tana), then by (5.4) and (5.6),

IP’Z(AQ(& CY) N Bg) Z 64/2. (57)
Now we look at the first part of the trajectory of Z;. Let
B3 ={3j€10,2¢ ' NZ : o(3°,0) 00,050 < (i —1,0) 00,0}

Recall that ¢ is independent of €. Proposition 4.5 and scaling show that for any
z = (z,0),
P?(BS) > ¢5/1og(2e5™1) > ¢6(1 — )/ log(1/e). (5.8)

Let n = (¢ —§)/2. Since 6 < §p = /2, then n > (/4 and { —n > §. Then we have
P?(0(3e571,0) > 277 < ¢y exp(—cge™")

and

P*( sup |Zs— Zo| > 54777) < cg exp(—crpe™");
0<s<eg2¢—n

these two inequalities follow by standard estimates for Brownian motion and the
fact that a Bes(3) has the same law as a three-dimensional Brownian motion. For
o < 7/4 and small £ we have £° /(16 tan o) > ~". Hence,

IP’Z( sup | Zy — Zo| > €° /(16 tan a)) < cq1 exp(—cpe™ 137, (5.9)
0<s<o(3e$—1,0)

Let
By ={|Z(c(3¢571,0))| < €°/(8tana)} N {o(3c°71,0) < o(—°~1, —a)}.

Recall that £(—e°~1, —q) intersects the z-axis at a distance larger than R from
(0,0). The estimates (5.8) and (5.9) show that, for small e

PO (BS N By) > e14(1 — ¢)/ log(1/e). (5.10)

Let
Ty =0(371,0) + (71, 0) 0 0, (3cc-1.0)-

From Proposition 5.1 and the strong Markov property we see that given
{|1Z(c(3¢71,0))] < €%/(8tana)}, there is a positive probability c;5 that T} < oo
and

sup | Zs — Zy(30c-1,0)] < €°/(8tan ). (5.11)
0(354_150)§3STI
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On the set where (5.11) holds, there cannot exist an integer j in [2e¢~1, 3¢~ for
which (3/(2¢),0) 00,0y < o(j —1,0) 00,(;0y. This, the strong Markov property
applied at T7, (5.7), and (5.10) imply that for small e

POO (A N Ay (8, ) > <C14(1 - C)/lOg(1/5)>C15(C4/2) = c16/log(1/e). O

Next we will consider two-dimensional Brownian motion. We will obtain a
lower bound for the probability that the process hits £(j, a) before hitting £(—1,0)
again; upon hitting £(j,a) we have |X;| < je; and the Brownian motion then
exits B(0,3) before returning to either £(j — 1,«) or £(—1,0). These estimates
will follow from Proposition 5.2, standard estimates on Brownian motion, and the
strong Markov property. Recall that we write Z; = (X, Y;). Let

Al = {U(] - ]-7 Oé) © 90(0,0) < (U(_la O) A TB(O,S/Z)) o 00(0,0)7 |Xa(j,a)’ < j8}7
Ay = {TB(0,3) o 60(]‘7&) < ((7(] —1, Oé) A 0'(—1, O)) o Ha(j@)}. (5.12)

Proposition 5.5. Let Z; be a Brownian motion, « € (5/log(1/e),/4),
w = (w1, ws), |w| < g3/2alog(l/e) " and 0 < wy < e3/2l08(l/e) - Suppose j >
g3/elog(1/e)=1 " There exists ¢, such that for e sufficiently small,

(a) POO(A; N Ap) > c16/j; and

(b) Pwrw2) (A1 N Ag) > ey (wo + €) /5.

Proof. First we show that (b) follows from (a). Let H be the half plane above
L(—1,0). For small e, B(0, je/2) is disjoint from £(j — 1, «). Hence, the function
(w1, wy) — P1w2+e) (AN Ay) is positive harmonic in H N B(0, je/2), with bound-
ary values 0 on OH. By applying the boundary Harnack principle (Theorem 1.1)
to this function and the function (wq,ws) — wy 4 €, we obtain

P(wl’w2) (A1 N Ag) Wy + €
Z C2 9
P(O’O) (Al N Ag) 9

for (w1, we) € H N B(0,je/4). Note that w € H N B(0, je/4) if the assumptions of
the proposition are satisfied. This and (a) easily imply (b).

Next we prove (a). Starting at (0, 0), there is probability at least 1/(2j5 + 1)
that Z; hits £(2j,0) before hitting £(—1,0). If Z; is conditioned to hit £(27,0)
before £(—1,0) then Y; is a Bes(3) process and by scaling and Proposition 5.1,

PQ@( S X, — Xo| < j£/100 | 0(24,0) < a(_1,o)) > c5.
s§s50(47,

So there is probability at least c¢4/j that started at (0,0), Z; hits £(24,0) before
returning to £(—1,0), and

sup | Xs| < 25¢/100.
<0 (25,0)
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If Z; does this, then Z; must have hit L£(j,«) before returning to £(—1,0) or
exiting B(0, 3/2); moreover, | X, (j.a)| < 2je/100. With P _probability 1 we have
0(0,0) =0, so

PO (A1) > ¢4/ (5.13)

To estimate Ay we use Proposition 5.2. The line £(j — 1, «) crosses £(—1,0)
at a point (R, —¢) with R > je/(2tana). Let F' be the open wedge contained in
the upper half-plane bounded by the lines £(j — 1,«) and £(—1,0). Consider a
point z = (z,y) € L(j, ) with |z| < je/25. Then the distance of z from the vertex
of F is greater than R/2 and its distance from OF is equal to €. By Proposition
5.2 and scaling,

P*(1p(0,3) < o(j — 1,a) Ao(—1,0)) > c5eR.

Note (tan «)® is bounded above by a positive constant when « € (0,7/4). By our
assumption on j, je > g3/@loe(l/e) g0

(j&?)a > ES/log(l/a) — 6_3

Y

and, therefore, R* > ¢¢. Hence, for z = (z,y) € L(j,a) with || < je/25, we
have P*(As) > cre. This, (5.13), the fact that je/25 < je, and the strong Markov
property yield

PO (A N Ay) > cse/s.

g

We now obtain an upper bound for the probability that Brownian motion
has approximate points of increase at £(0,0), £(j, ), and L(k, 3). In the case where
L(j,a) and L(k, ) intersect at a point whose distance from the y-axis is greater
than je, we again use Proposition 5.2, standard estimates on Brownian motion,
and the strong Markov property. Let

Ay = {71B(3/2,0) < o(=1,0)},
AQ(ja a) = {TB(3/2,0) o ea(j,a) < U(] - 17 Oé) © ec(j,a)a |X0(j,04)| < jg} (514)

Proposition 5.6. Let Z; be a Brownian motion, w = (wy, ws),
jw | < g3/2¢108(1/2) "and 0 < wy < e3/22108(1/€) | There exists ¢, such that if o, 3 €
log~t(1/e),m/100), j,k € [e~Y/2, e, k > j + 200§|8 — «f, and ¢ is sufficiently
small, then
(a)
(1~ g1 + 1))l
=i+

POO(A; N Ay(f,0) N Ag(k, 8)) < &1

and
(b)
k= ]+ 1)z)19 1/

) | (
PY(A1 N As(j, ) N Aa(k, B)) < 1 ik — 4]+ 1)

(UJQ —|—E>
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Proof. Part (b) follows from (a) by the boundary Harnack principle, just as in
Proposition 5.5, so it will suffice to prove (a).

Let v = | — a|. Because v < 7/100, then tan-y < 2v. Since the angle
between the lines L(j, a) and L(k, 3) is -y, the absolute value of the z-coordinate of
their point of intersection is at least

(k= j)e/2tany > (k — j)e /4y

Our assumptions on j and k£ imply that this is greater than or equal to 505e. We
also have k/(1 4 200v) > j and 1 4 200y < 8 so that

k 200k
_ 2y > 257k,

k—j>k— _
=T 200y T 142000 ©

and hence (k — j)e/4y > 6ke. Therefore, for the process Z; started at (0,0) to
have an approximate point of increase at L£(j, a) with |X,(; )| < je and to have
an approximate point of increase at L(k, 3) with | X, g)| < ke, we must have the
process hitting £(j, a) before hitting L(k, 3).

Starting at (0,0), to hit £(j,a) before hitting £(—1,0) with [X, )| <
je, the process Z; must hit the line £(j/2,0) before hitting £(—1,0), and the
probability of that is bounded above by

1/(14/2) < 2/j. (5.15)

Suppose z = (z,y) € L(j,a) with |z| < je. Since the absolute value of the
x-coordinate of the point of intersection of L(j, «) and L(k, ) is at least 6ke, for the
process Z; started at z to hit L(k, 3) before hitting L(j — 1,a) and | X, )| < ke,
it must hit £(j+ (k—j)/2, ) before hitting £(j — 1, ), and the probability of that
is bounded by

(1 +(k=3)/2) <2/((k=j) +1). (5.16)

Finally, suppose z = (z,y) € L(k, 3) with |z| < ke. If § = «, there exists cg
such that
P*(B@3/2,0) < 0(k —1,8)) < c2e

by (1.3) and scaling. Now consider the case # # « and let F' be the wedge in the
upper half plane bounded by £(j—1, «) and L(k—1, 3). Since |z| < ke, tan~y > 7/2,
and k — j > 25vk, the distance from z to the vertex of F' is no more than

2ke + 2(k — j)e/tany + 2 < 5((k — j) + 1)e/~.

Also the distance from z to OF is . So by Proposition 5.2,

P*(Tp@3/2,0) <o — L) Ao(k—1,0)) <3 £ (5.17)

< eg((k — ) + 1)lP-al/aglb=al/dg,

(((k —j7) + 1)5)7/4
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So both when § = a and when 3 # «, the left hand side of (5.17) is bounded by
ca((k —7) + 1)|,6’fa|/4€|ﬁfa|/4€.
Using this, (5.15), (5.16), and the strong Markov property at o(j, ) and

o(k,3), we obtain

2

2k — i) 4 1)Bel/ads—al/a, O
(k_j)+1c4((k j)+1) € €

2
PO (A, N As(f, @) N As(k, B)) < 7

Let A; and Az (j, ) continue to be defined by (5.14). We now need a bound
for the probability of the event considered in Proposition 5.6 when j < k < j +
2007|8 — «|. Here we consider the possibility that £(j,«) and L(k, 3) intersect at
a point within je of the y-axis, and the proof is more complicated.

Proposition 5.7. Let Z;, w, o, and 8 be as in Proposition 5.6. There exists ¢y
such that if j,k € [¢71/2,¢71],

log™/2(1/e) 2 B —a| 2 log™'(1/e),  j<k<j+200j5~al

and ¢ is sufficiently small, then

(a)
PO (A1 A 1 Aa(h, ) < 25
and
(b)
]Pw(Al n Ag(j, a) ﬂA2(l€;ﬁ)) < ?QTE;_—Z;TQ)

Proof. Part (b) follows from (a) just as in Propositions 5.5 and 5.6.
We will now prove (a). Let v = | — «; our assumptions imply v > 0. Let

By ={o(j,a) <o(k,B)}.

We derive a number of estimates for various types of paths started at various
places, and then put the estimates together using the strong Markov property.

Let H be the upper half plane and let K = 0B(0, je/2) N H. Observe that
for Z; started at (0,0) to hit £(j,«) before hitting £(—1,0) with | X, )| < je,
the process must hit K before hitting £(—1,0). So if

By ={Tx <o(-1,0)},
then Ay N A3(j,«) € By and, using (1.3),
POO(B,) < &/ (1+5/2) < 20/ (5.18)

Secondly, suppose z € K. Let F; be the wedge containing the point (0, 0)
that is bounded by the lines £(j,«) and L(k, ), let v be its vertex, let ¥,(s) be
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the point in OF; N L(j, ) whose distance from v is s, and let E(s1,52) = {¢a($) :
s1 < s < so}. The hitting distribution of L(j, «) by the process Z; is given by the
Poisson kernel in a half plane (see, e.g., Bass (1995), p. 91), and so

e
P (Zay € Blorsa)) = 7 [ STHEEl ) gy (5.19)

s 12— tals)]?
Observe that for any s, dist (z, £(j, @) < |z—1a(s)]. Also, if z € K and the absolute
value of the z-coordinate of 1,(s) is bounded by je, then |z — 1,(s)| > c3je. So
from (5.19) we conclude

P*(Zo(j) € E(s1,52), | Xojuo| < jE) < calsz = s1). (5.20)

je
for z = (z,y) € K.

Let R > 0, D; = {(z,y) : 0 <y < 1,|z|] < R} and 0D] = {(z,y) €
0Dy : y = 0}. Note that ui(z) = P%,,(Z;(p,) ¢ 0D7 ) is a nonnegative harmonic
function in D; with boundary values 1 on the sides {|z| = R} and on the top
{y = 1} and boundary values 0 on the bottom {y = 0}. The function us(x,y) =y
is also nonnegative and harmonic in D;. By the boundary Harnack principle in
D, N B((0,1/2),2), there exists ¢5 independent of R such that

0, - uz2(0,y)
Pt (Zo(p,) & OD1) = u1(0,9) < e5ua (0, I/Q)W, 0<y<1/2.
Since u1(0,1/2) < 1, we obtain
Pt (Zr(py) ¢ OD7) < coy. (5.21)

Let D(s) be the rectangle with two of its sides on the lines £(j — 1, ),
L(j + sv/(10¢),«), and the other two sides containing the points ¥,(s/2) and
14 (3s/2), respectively. If

Bs = {Z(TD(S)) ¢ ‘C(J - 1,04)},
then by (5.21) and scaling

PYa(5)(B3) < ¢ (% A 1). (5.22)

Next suppose z € 0D(s) — L(j — 1,a). Then |z — 1o (s)| < s. We then see
that the distance from z to L(k, 3) is no more than c;ys. Let

B4 - {|Zo(kz,ﬁ) - Ul > 6|Zo(j,a) - U|}

From the formula for the Poisson kernel in the upper half plane, there exists cg
such that
PO (|Xp0,0)] = 7) < es/r
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Using this and scaling we obtain for z € dD(s) — L(j — 1, a),
P*(By) < cg7. (5.23)

Let F5 be the wedge bordered below by L(j,«) and L(k, 3), i.e., the wedge
with obtuse angle and sides on the lines £(j, a) and L(k, 3) but different from F}
(F» contains the point (0,y) for all y sufficiently large). Note that F} and F5 have
the same vertex v. Let 13(t) be the point in L(k,3) N OF, whose distance from
the vertex v is t. The distance from v3(¢) to the point of intersection of the lines
L(j—1,«a)and L(k—1, ) is then less than t + 2e. The point ¢5(t) is € units away
from the boundary of the wedge with sides on the lines £(j — 1,«) and L(k — 1, 5)
and containing F5. So by Proposition 5.2,

P50 (15300) <o —1,0) Ao(k—1,8)) < ot + 22)%e. (5.24)

We are now ready to put our estimates together. If the event As(k, 3) holds,
then | X, 5)| < ke, which implies that the ¢ in (5.24) is less than 2. By the strong
Markov property at times 7x, o(j,a), Tp(s), and o(k, 3) and using (5.18), (5.20),
(5.22), (5.23), and (5.24),

PO (A N A(j, ) N Az(k, 3) N By N By) (5.25)
262 C3 2 9
< ——= — v/4
S (/0 66(57 A 1) ds) (coy)(c10(2 + 2€)7%¢)
e/ 2 d
comn ([T s [
J 0 Y e/ S
< 01.227 (f 4 51082(1/5))
J Y Y
C13¢€
< 2,2

since v < log~*/%(1/¢).
If the event Bf holds, then |Z, 1 ) — v| < 6|Z,(j,a) — v|, which implies that
the ¢ in (5.24) is less than 6s. So using (5.18), (5.20), (5.22), and (5.24),

POO(A; N As(j, o) N As(k, 3) N By N BS) (5.26)
2 2
< 26—4 Cs (i A 1>clo(6s + 25)7/45 ds
J J€Jo s

IN

e/ 2
CL;(/ ds—l—i/ 87/471d8)
J 0 Y Je/y

€15 (€ | € gu/a _ (o pppra
2 (5 @)
C16E€

j272

IN

IN
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Combining (5.25) and (5.26),

C17€

P(O’O)(Al N A2(j7 Oé) N AQ(k7ﬁ) N Bl) < j2,-)/2'

The case when o(k, 3) < o(j, «), i.e., when Bf holds, is treated entirely analogously.
[

Remark. We get similar bounds to those in Propositions 5.6 and 5.7 and in
Proposition 5.11 below if we reverse the roles of j and k.

In the next proposition we show that a BM x Bes(3) process conditioned to
go to a point not in B(0,4) behaves essentially like a BM x Bes(3) up until first
exiting B(0, 2).

Proposition 5.8. Let g( -, zg) be the Green function for BM x Bes(3) process with
pole at zy. There exists c¢; such that if zy is in the upper half plane H with |z| > 4
and Z; is a BM x Bes(3) process, then

¢ PH(A) <Pi L (A) <aP?(A), A€ Frpoz), 2€B0,2). (527
Proof. The Green function for Brownian motion killed on exiting the upper half-

plane H is
|22 + Z1|>

21,29 € H.
|22 — 21]

gl(zl,ZQ) = lOg <

Since a BM x Bes(3) process is the h-path transform by the function h(z,y) = y of
a two-dimensional Brownian motion killed on hitting 0H, the Green function for a
BM x Bes(3) process is given by

9(21722) = %91(21,2’2)7 z1 = (331791)7 Z2 = (513273/2),
1

for 21,20 € H. Recall the boundary Harnack principle, Theorem 1.1. If zy €
H—B(0,2) then the function z; — ¢1(21, 20) is positive and harmonic in HNB(0, 2)
and has zero boundary values on 0H. The same is true of the function h(x,y) = y.
There exists ¢y independent of zy such that

gi(z1,20) _ | 91(22 %) (5.28)

Y1 Y2
for all z1,29 € B(0,2) N H, z0 = (z0,%), 21 = (z1,y1), 22 = (22,y2). It follows
from (5.28) that
g(z1,20) @91(21,2’0)
9(22, 20) - Y1 91(22, 20)
for all z1,29 € B(0,2) N H. The inequality extends to z; and zs in the closure of
B(0,2) N H by continuity. We apply (1.1) to see that

< e

gz (A) =EZ 3 (9(Zr(B0,2)): 20)14)/9(2, 20) < 2E*(1a) = P*(A).
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The proof of the other inequality is similar. O
Let
An =A{71B(0,2) ©s(n,0) < 0(n —1,0) 00550y, 0(n,0) < oo} (5.29)

Our definition implies that AS holds if o(n,0) = co. In other words, if the process
does not hit the line £(n,0) then there is no approximate point of increase at
L(n,0).

Let Z, = ()A(it,ﬁ) = (—=X5(0,00=t> —Yo(0,00—t). If Z; is a two-dimensional
Brownian motion started at zp = (zo,y0) with yo < 0 and and we set 23 =
(—x0,—Yo), then Z is a BM x Bes(3) process conditioned to go to zj, that is,
a BM x Bes(3) process conditioned by the Green function g( -, z1) for BM x Bes(3)
with pole at z;. This result on time reversal follows easily from Chung and Walsh
(1969), for example. We will often apply Proposition 5.8 to the process Z.

Let ﬁn be the event A,, defined relative to Zt. We set
B=AgnA§n---nAS . (5.30)
Let

C(j,a) ={o(j,a) <a(0,0) + TB(0,2) © Us(0,0), TB(0,2) © Uo(j,a) < 0(J — 1, @) 005(j.a),
’Xa(j,oc)| < ]5} (5'31)

The event C(j, ) holds if the process Z; hits the line £(j, a) so that | X, (; )| < je
(which implies that the line £(j,«) is first hit in the upper half plane), the line
L(j, ) is hit before the process Z; exits B(0,2) after hitting £(0,0), and there is
an approximate point of increase at L£(j, ). Let

D — {XU(O,O) — 0} (532)

Many propositions will involve conditioning Brownian motion by the event D, which
has probability 0. Suppose that Z; is a Brownian motion starting from z = (x,y)
with y < 0. Then, given D, the process Z is a BM x Bes(3) process starting from
(0,0) and conditioned to go to (—x, —y).

The events, A,, Ay, B, C(j,a), and D will be referred to throughout the
remainder of this section and in all of Section 6.

We put together Propositions 5.4 and 5.5 to obtain a lower bound for there
being an approximate cut line at £(j, a), an approximate cut line at £(0,0), but

no approximate cut line at £(n,0) for n < 0.

Proposition 5.9. Suppose a = 3/(61 log(1/¢)), where 3/6; > 5 and §; is less than
the constant &y defined in the statement of Proposition 5.4. Assume that

e(3/a108(1/9)~1 < ; < (1/alog(1/)~1
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There exists ¢; independent of j, €, and « such that if z = (z,y), y < —1, and
|z| > 4, then
P*(BNC(j,a) | D) > —25 .
jlog(1/e)
Proof. We split the path at time ¢(0,0). An estimate for our probability may
be obtained from the product of two factors, the first from the portion of the path
after time ¢ (0,0) and the second from the portion of the path before this time.
We use the strong Markov property and Proposition 5.5 (a) to give the bound
cpe/j for the first portion, recalling that we are conditioning X9 ) to be 0.
To bound the second portion of the path, that is, the portion before time
0(0,0), we use time reversal. Recall that 7 = (= Xo(0,00=t> —Yo(0,0)—¢) is @ BM x
Bes(3) process conditioned to go to (—x, —y). Note that if we write j = €°~1, then

— << —

alog(l/e) = — alog(l/e)’
and so 0 < 07 < dg. Hence we can apply Proposition 5.4 and Proposition 5.8 to
get a factor c3/log(1/e). Taking the product of the two factors gives the desired

estimate. U

Since there is always the possibility that a BM x Bes(3) process may exit
B(0,2) before hitting a line £(n,0), n < 1/e, we derive the following adaptation of
Proposition 4.7.

Proposition 5.10. Let Z; be a BM x Bes(3) process and let the events A, be
defined as in (5.29). There exists ¢y such that
C1

POO(ASN---NAS, ) < ——.
( 1 1/5) = log(l/g)

Proof. Let A be the event that Z; escapes from B(0,1/4) before hitting
L£(2e1/2,0), and let
Al ={0(2e72,0) 0 0,(j,0) < 0(j — 1,0) 0 Oyj.0) }-
We have
POO(A5 0 AT ) < OO (A) + BOO ()" N1 (A ).

We deduce from (1.2) and the remarks following it that

PO (A) < ¢y exp(—czy/1/e).
By Proposition 4.7 and scaling,

POO((A)en---n (A /772)) < ea/ log V1/e = ¢cs/log(1/e).
It follows that
PO ASN--- N Af).) < coexp(—c3v/1/e) +¢5/log(l/e) < cg/log(1/e). O

We find an upper bound on the probability of there being approximate cut
lines at £(0,0), L(j,«), and L(k, ) and no approximate cut line at any L(n,0),
n < 0.
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Proposition 5.11. Suppose a, € [6log™'(1/¢),7/100),
g(B/adog(1/e)) =1 < 4 < (1/alog(1/e))—1
g(3/Blog(1/e))=1 < L < o(1/Blog(1/e))~1

There exists ¢; independent of j, k,e, «, and 3 such that

(a) if |z| >4, z = (z,y), y < —1, and k > j + 2007|58 — «, then

cre(([k — gl + 1)e)lP /e

PABNCG,e)NCkB) | D) = — = 3 10a(170)

for e sufficiently small.
(b) if |2| > 4, z = (z,9), y < -1, j < k < j+200j|8 — al, and log™"/*(1/¢)
> |8 — a| >log™"(1/e), then
P*(BNC(j,0) NC(k,B) | D) <

7?18 — af?log(1/e)

for e sufficiently small.

Proof. The proof is analogous to the proof of Proposition 5.9. We split the path at
time ¢(0,0). Our estimate is the product of two factors, the first from the portion
of the path after time ¢(0,0) and the second from the portion of the path before
this time.

The first factor comes from Propositions 5.6 (a) and 5.7 (a).

The second factor comes from Propositions 5.10 and 5.8 and is equal to
ca/log(1/e). Note that in the proof of Proposition 5.9 we had to use the rather
complicated Proposition 5.4. We can replace it with the simpler Proposition 5.10
here since we need an upper bound, and we can ignore the possibility that the path
crosses the lines £(j, ) and L(k, 3) before time (0, 0). O

We similarly derive upper and lower bounds on the probability of there being
an approximate cut line at £(0,0) but no approximate cut line at any £(n,0) for
n < 0.

Proposition 5.12. There exist ¢; and co such that if |z| > 4, z = (x,y), and
y < —1, then
c1e/log(1l/e) <P*(B | D) < cae/log(1/e).

Proof. We split the path at ¢(0,0) as in the previous proof. For the portion of
the path after ¢(0,0), we use the bounds

cze < PZ(TB(O’:J,) < U(—l,O)) < Pz(TB(O’g/Q) < 0'(—1,0)) < cye

if z = (0,¢). These are standard estimates and are almost identical to (5.1) and
(5.2) with a = 0.

For the portion of the path before ¢(0,0), we obtain the factor ¢5/log(1/¢)
in the upper bound from Proposition 5.10. A combination of Propositions 4.5 and
5.8 gives the factor c¢g/log(1/e) in the lower bound. O



6. The main estimate.
We define B, C'(j,a) and D as in (5.30)-(5.32). Let
I(M,N) = {a: M/log(1/e) < o < N/log(1/e), alog(1/e) € Z},
m(a) = g3/alog/e)=1 n(a) = g(t/@log(1/e) =1,

and

F(M,N)= N CG.a)r

acl(M,N) je[m(a),n(a)]

The next theorem contains the conditional second moment argument. We
define a new probability measure QQ as a certain conditional probability. If R is the
number of events C'(j, a) that occur for j and « in appropriate ranges, the estimates
of Section 5 will show that EqR? is bounded by a constant times (EgR)?; this then
implies Q(R > 1) > 0.

Theorem 6.1. There exist p’ € (0,1), My, and Ny, all independent of e, such that
if z=(z,y), y < —1, and |z| > 4, then for small ¢,

P*(B N F(My,Ny) | D) < p'P*(B | D).

Proof. Define a probability measure Q by

 P(ANB| D)

= e D)
We have P(B A C(4 5
QCG,a)) = T EOCUA D)

P#(B | D)

We choose M large enough so that 3/M; < dg, where §y is defined by Proposition
5.4, so that we can apply Proposition 5.9. That result and Proposition 5.12 imply

QC (. a)) > cre  log(1/e)

~ jlog(1/e) cae = ¢3/J: (6.1)

Assume that o, 3 € I(My, N;). Then |8 — a| < (log(1/¢))~"/? for small £ and so
the assumption of Proposition 5.11(b) is satisfied. Propositions 5.11 and 5.12 yield

C4

QCU, ) NC(k,PB)) < m, (6.2)
if « = and j,k € [m(«a),n(a)l;
Q(C(j,e) N C(k, ) < o ((Jk—j| + 1))l (6.3)

i(lk =3l +1)
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provided j € [m(«a),n(a)], k € [m(B),n(5)] and k > j + 2005|5 — a; and

QCG,a) Nk ) < 5 (6.4)

when j € [m(«a),n(a)], k € [m(8),n(B8)] and j < k < j +2005|5 — a.

Let
R= >, > logar
a€l(M1,N1) m(a)<j<n(a)
Since 1
Z C—3 > C—g(logn(a) —logm(a)) > e L - L 6—6, (6.5)
: j 2 alog(l/e) «
m(a)<j<n(a)

it follows from (6.1) that

EqR= Y. > Q)

a€l(My1,N1) m(a)<j<n(a)

> ) >y o2

a€l(Mi,N1) m(a)<j<n(a)

> Yy =

OéEI(Ml,Nl) «
> c7log(1/e)(log N1 — log M7).

We now compute the second moment of R under Eq.

Y DS > ST Q3. Nk, B)).

a€I(M1,N1) BEI(My,N1) m(a)<j<n(a) m(8)<k<n(B)

We first sum over the terms with a = . If a = /3, we use (6.2) to get the bound

$ S QCG.)NCk.)

m(a)<j<n(a) m(a)<k<n(a)

Cyq
< 2 2 =D

(@) <7 %n(@) m(@)<R<n(a) I
Cq 1
<2 > = > %
m(a)<j<n(a) © 1<k<n(a)
< cg(logn(a) —logm(a)) logn(a).

Since logn(a) — logm(a) < ¢g/a and logn(a) < c19log(1l/e), summing over o €
I(My, Ny) gives the bound

> > ST QC(,a) N Tk, B)

a€I(M1,N1) m(a)<j<n(a) m(a)<k<n(a)

Z cgcyciplog(1/e)

«Q

<

OtGI(Ml,Nl)
< 01110g2(1/e)(10g]\71 — log My) (6.6)
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for the @ = 8 terms. This is less than or equal to cj2(EgR)? as long as Nj is
sufficiently large so that log N1 — log M7 > 1.

We next sum over the o < (8 terms. To start with we consider the sum over
k greater than j and we look first at those k for which k£ > j + 2005|8 — a|. We
have from (6.3)

n(B)
> QG a)NC(k,B))
k=m(B)
k>j+2005|8— |
n(B) s )
< 2 ((Jk — j| + 1)g) /4
k§%> ﬂ%—ﬂ+1%O |+ 1)e)
k>3j+2005|8—«al
g% s (B—a)/
< —————((lk = j| + 1))V~ /*
— 1
hmmﬂw jl+1)
C13 —« —« —a) /4
<1 _(n(B)P* — m(B)P*)eP-/
Gy (8)"*)
= A3 [(B-a)/4Blog(1/e) _ 3(B—a)/4Blog(1/e)],
J(B—a)
Since 0 < (6 — a) /B < 1, this yields
n(B) -
Q(C(j,a)NC(k,B)) < ——. 6.7
kg% (C(, ) NC(k, B)) iB—a) (6.7)

k>j+2005|8—a
Using (6.4), the sum over those k between j and j 4 2005|5 — «| yields
n(B) n(p)

. Cs 200015
Q(C(,a)NC(k,B)) < : < - :
;u Xm;) 78 —al = jIB—a
J<k<j+2005]8—al J<k<5+2005]8—af

This and (6.7) give

n(5)
. C
" QCl,a)nCk,B)) < W
k=m(B) J @
k>j
Summing over j gives us
n(@)  n(p) ne) .
QCJ,a) NC(k,B)) < , < .
2.2 QCGenCEM S D apT S gy
j=m(a) k=m() j=m()

in a fashion similar to (6.5). Finally, summing over o and f3,

n(a)  n(B)

> Y Y QCya)nCk.8)

el(M1,N BEI(Mq1,N1) j= k=m(3)
a€I(M;,Ny) s j=m(a) -

C17 2 2
< E E — < 1 1/e)log” N;.
- Oé‘ﬁ _ Cl/| = (€18 108 ( /5) og 1

acl(Myi,N BeI(My,Ny1)
(M1,N1) a<p
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Provided we take INV; sufficiently large, large enough so that log N7 > 2log M (this
can be done independently of ¢), we see that the sum of those terms with o < 3
and j < k is also bounded by a constant times (EgR)%. We get a similar bound for
k < j, using the remark following the proof of Proposition 5.7. The a > [ terms
are handled in an exactly similar fashion to the case we just did. This and (6.6)
imply that there exist M7, N7 and c19, independent of €, and such that

EqR? < c19(EgR)?.

Moreover EgR > 2 if ¢ is sufficiently small.

We now use a standard second moment argument:
EqoR=Eqg(R;R>1)+Eg(R;R < 1)

< (EgRH)'V?QR>1)Y2+1

< 1)} (EqR)Q(R > 1)V2 + 1.

Hence, if € is so small that EgR > 2,

Q(R > 1)1/2 > W—_l > 90 >0
1/2 g
619 EQR

with cog independent of €. Letting p’ = 1 — ¢3,/2, we obtain Q(R = 0) < p/. This
implies
P*(F(My,N;) N B| D) P*({R=0}nB|D)
P=(B | D) B P=(B | D)
=QR=0) </

The proof is complete. O

Theorem 6.1 is perhaps the most important step in the proof. However, the
factor of p is not good enough, and we need to iterate. We now look at approximate
cut lines for much larger angles o than N/log(1/¢).

Starting at a point (wy,ws) on the line £(e¥/F~1, P/log(1/¢)), a BM x
Bes(3) is unlikely to return to the line £(¢'/2N~1 N/log(1/¢)) if P is enough larger
than N.

Lemma 6.2. Let H be the upper half plane. Let Z; be a BM x Bes(3) process,
N an integer bigger than 2, and v > 0. Let a = N/log(1/e) and j = (1/2N)~-1,
There exist Py > 4N with the property: if P > Py, there exists g = €o(P) so that
ife <eg, f=P/log(1/¢), and k = e1/P)=1 then for all w € L(k,3) N H,

PEmps(c(d, @) <TBo,2) <7

Proof. The lines £(j,«) and L(k, ) intersect the z-axis at points (R,0) and
(R1,0), respectively. Let us first consider the case when w; < R, where w =
(w1, wsz). Let A = dist (w, L(j, ). Since P > Py > 2N, then § > 2a, and

Ry > (1/2)ke/B > 8je/a > 4R



42 RICHARD F. BASS AND KRZYSZTOF BURDZY

for ¢ small. This easily implies that wy > ke/4 for w; < R and also that there
exists ¢; > 1 such that
cl_lwg <\ < cjwy (6.8)

whenever wy € (—o0o, R|. Since a BM x Bes(3) process is a Brownian motion in the
upper half plane h-path transformed by the harmonic function h(z,y) = y, (1.1)
tells us that

w . E% (YO' j, 0 ;U(ju Oé) <7 0,2 /\TH)
Pevps(o(,a) <Tp2) = BML_0(:) h(w) (©.2) : (6.9)

If z = (z,y) lies on L(j, o) a distance p = p(z) from (R,0), then y = psina <
pa. Let v be the projection of w onto L£(j,«) and let ' = r’(2) be the distance
from a point z on L(j,a) to v. Let r = r(2) = (sgn (w1 — 21))7’(2). We relate p(z)
to r(z). If u is the point of intersection of the lines L£(j,«) and {x = ws}, then
|lv —u| = Atana and p(u) = (R — wy)/ cos a. Therefore

R—w1

p(v) = Atana + (6.10)

COS ¥

For z € L(j,a) N H,
y < p(z)a = (p(v) + r(z))o.

Recall that the distribution of where 2-dimensional Brownian motion hits
L(j, ) is given by the Poisson kernel (see Bass (1995), p. 91). We obtain

w , 13 A
EBn (Yo(ja); 00, ) < Tpo,2) ATa) < - /p(v) Woz(p(v) +r)dr.

Since p(v) +r < p(v) if r <0 and 7= [ A/(A? +7%)dr = 1, the right hand side
is bounded by

A 3
AT Ar
The second term inside the brackets is bounded by
A
/\1/ rdr = \/2,
0
while the third term inside the brackets is bounded by

’dr

A T

A = A(log 3 — log \).
Since tana < 1 and cosa > 1/2 if « is small, (6.10) shows that (6.11) is bounded
by

csaf A+ (R —wy) — cahlog A
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Combining with (6.8) and (6.9),

w _ csalws + R — w1 — cgws log(ws /¢y
PEyvps(a(j @) < Tpo,2) < el 1w2 (w2/ )]
Note that R < 2je/a while we > ke/4. If wy < 0, then |w;y/we| < 2/5. Finally,

since wg > ke/4, then —log(ws/c1) < ¢7 + (1/P)log(1/¢e). Therefore

w . I a «log(l/e
Pinps(0(): @) < Th2) < cs |+ % 5 #} (6.12)
N N
_ (1/2N)—(1/P) | ¥ _]
s Llog(1/e) T i P N P
- N
< ¢ Tog(1/2) +e +2N/ ]

if P is large and ¢ is small.

Next we consider the case when wy; > R. Let hy(z,y) denote the numerator
of the right hand side of (6.9). This is a nonnegative function that is harmonic in
(B(0,2) N H) — L(j,«) with 0 boundary values on {(z,0) : x > R}. Let (R, S) be
the intersection point of the lines L£(k,3) and {x = R} and let M = {(x,y) : y €
(0,5],y = —z + R+ S}. By the boundary Harnack principle we see there exists
cg > 1, independent of ¢, such that

hi (w1, ws) < hi(R,S)
hw,ws) ~ (R S)
for all (w1, ws) € M. Using (6.9) and (6.12), this implies for w € M,

PEyvps(0(j, @) < 7po,2) < CgPSBRMSéS(U(j,a) < TB(0,2)) (6.13)

N
< - 14N 4 oN P].
< CgCg[log(l/e) +ée + /

This estimate also applies to w € L(k, 3) with w; > R because the process starting
from such a point would have to hit either M or a point of L(k,3) with w; < R
before hitting £(j,a). We could apply the strong Markov property, (6.12), and
(6.13) at such a time. If we take €y small enough so that ¢ < gq implies N/ log(1/¢)+
el/AN < ~/(2cgey) and then take Py larger than 4cgcoN/7, the right hand sides of
both (6.12) and (6.13) will be less than v whenever P > Py and € < &. O

Let us let £p be an abbreviation for £(e'/F~! P/log(1/e)) and op the
hitting time of Lp. Let

7(j, ) = sup{t < 0(0,0) : Z; € L(j, )}, (6.14)

the last time Z; is in L(j, «) before time ¢(0,0). Recall that 7x denotes the hitting
time of a set K. Let

C(], o, P) = {O’(j, Oé) < 0'(0, 0) + TB(0,2) © 90(070),
(TB(0,2) NoP) 0 05(j.0) < 0(j —1,0) 0 05(5,0): | Xo(ja)| < de}
U{7B(0,2) <o(j,a) < m(—e'/P=1, P/log(1/e))}.



44 RICHARD F. BASS AND KRZYSZTOF BURDZY

The set CN'(j,oz, P) represents the event that there is an approximate cut line at
L(j, a) for the portion of the trajectory between 7(—e'/F~1 P/log(1/¢)) and op.
We then set
G(M,N,P)= () N Cl.a P
a€l(M,N) je[m(a),n(a)]

Note C(j,a) € C(j, a, P), hence G(M, N, P) C F(M, N).

We show that if P is large enough, it does not make much difference to the
estimates if we replace F (M, N) by G(M, N, P).

Proposition 6.3. Let v > 0. Suppose z = (z,y) with |z| <4 and y < —1. There
exist Py > 4N (depending on v, M, and N ) with the following property: if P > Py,
there exists €9 = £o(P) so that

Phu (BN [F(M,N)—G(M,N,P)] | D) <vPjy(B | D)
provided ¢ < gy.

Proof. The largest angle o in I(M,N) is N/log(1/e). If L(j,a) is a line with
o € I(M,N) and j € [m(a),n(a)], then je < gl/alos(l/e) < /N The g intercept
of L(j,«) is less than 2je/sina < 4je/a. So the largest x intercept of any such
L(j,a) is less than 4e'/Nlog(1/¢)/N. Let o/ = N/log(1/¢) and j/ = e'/?2N=1, Let
W be the wedge with aperture angle o’ lying in the upper half plane H bounded
by £(0,0) and L(j’,a’). Then if « € I(M,N) and j € [m(a),n(a)], we see that
for ¢ sufficiently small, £(j,«) " H C W. This implies that if P > Py > 4N, ¢ is
sufficiently small, and w € Lp, then a BM x Bes(3) process started at w can hit
one of the lines L£(j, ) with € I(M, N) and j € [m(«),n(«)] only if it first hits
L(j,a").

If w is in F(M, N) but not G(M, N, P), then w is in C(j, @, P) but not in
C(j,a) for some j and a. One way for this to happen is if after time o(j, ) the
path Z;(w) hits Lp before hitting £(j — 1,«) and hits £(j — 1, ) before exiting
B(0,2). By the discussion above, after time o(j, «) the path must hit Lp before
hitting £(j — 1, @) and then hit £(j’, o) before exiting B(0, 2).

The other way w can be in C(j, o, P) but not C(j, &) for some j and « is if
o(j,a) < w(—e'/P=1 P/log(1/¢)) for some j and a in the appropriate ranges. If
we look at the time reversed process

Zt = ()’Zt’ﬁ) = <_X0'(0,0)—t7 - O‘(0,0)—t)? (615)

then by the discussion following (5.29), Z, is a BM x Bes(3) process conditioned to
go to (—z, —y). Let
o(j,a) =inf{t: Z, € L(j,a)} (6.16)

and define similarly op and 7p(g,2). So we are asking that the paths of Z, hit L(j,a)
after op for some j, . (Note that here the = coordinate of Z; is the negative of the
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x coordinate of the time reversed process in Proposition 5.8; this is to simplify the
notation.) As we have seen above, this requires Z; to hit £(j’, o) after op. If

By ={o(j,a) < a(0,0) + 7B(0,2) © 05(0,0),
op o Go(m) < O'(j — 1, a) o ea(j’a),

O-(jla O/) o 90‘p < TB(O,Q) o 90’13}

and
Es = {513 < 5(]'/,0/) < 773(0,2)};

then
F(M,N)—-G(M,N,P)C Ey U E,.

We will now estimate P*(B N Ey | D). As in the proof of Proposition 5.9,
we split the path at time ¢(0,0) and obtain our upper bound as the product of two
factors. We use time reversal for the portion of the path prior to ¢(0,0) and apply
Propositions 5.10 and 5.8 to obtain the factor ¢;/log(1/¢).

We next use the strong Markov property at time ¢(0,0) and obtain a factor
for the portion of the path after time (0, 0). Recall that we are conditioning Z, o)
to be 0. In order for w to be in BN Fy, the process Z; started at z’ must exit B(0, 2)
before hitting £(—1,0). One possibility is that 75(0,2) < 0(L/e,0) Ao (—1,0), where
L is to be chosen later.

Let K = {(z,y): 0 <y < 1,|z] < R}, let h(x,y) =y, and let

ha(a,y) = P50 (| X | = R).

By the boundary Harnack principle, there exists ¢, such that

h(0,e
h1<0,6) S Cghl(o, 1/2)% S 202€h1(0, 1/2)
By (1.2), h1(0,1/2) < cze % so0
Pioi) (1 X, | = R) < czee 4R, (6.17)

Now let K’ = {(z,y) : —e <y < L, |x| < 1}, where L < 1/4. By scaling and
translation invariance applied to (6.17),

POO (T50.2) < 0(L/e,0) Ao(—=1,0)) < POD (X (7x:)| = 1) < coee™/E. (6.18)

The other possibility is that o(L/e,0) < o(—1,0). The probability of this is
given by
(0,0) 1 €
P L/e,0 -1,0) = ——— < —. 6.19
BM(U( /87)<U( ) )) 1+(L/8)_L ( )
Let k be a constant, not depending on v and ¢, to be chosen later, and let vy = k7.
Choose 7' so that v"log(1/4") < v and let L = ¢7/log(1/4"). For the event E; to
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hold, Z; must hit £(j', ') after Lp and before 75 2). We consider two cases. The
first one is when the process hits £(L/e,0) after Lp and then returns to L(j', o).
Since the path is conditioned to hit B(0,2) before hitting £(—1,0) and the line
segment L(j’,a’) N B(0,2) is within cg N/ log(1/e) of the real axis, the probability
of hitting £(j',a’) after o(L/e,0) is bounded by cg/N/Llog(1/e). The second case
is when the path after Lp first hits £(j’, o) and then £(L/e,0). Conditional on
the event {o(L/e,0) < 0(—1,0)}, the law of (X;,Y; + ¢) is that of a BM x Bes(3).
By Lemma 6.2 with v replaced by 4" and the remark following Lemma 6.2, the
conditional probability of hitting £(j’, o’) before £(L/e,0) is less than ~" if P > P,
P,y is sufficiently large, and ¢y is sufficiently small. Thus, taking into account (6.18)
and (6.19), the factor for the portion of the path after ¢(0,0) is bounded by

/ /
—c7/L f( / colN ) < “log(1/y) , €Y 1og(1/v') coNe
coce - L\’ - Llog(1/e)/ — coce * cr L?log(1/¢)
&0 | coNlog®(1/9')e
< "+ —— <
< cgEY + = + Zlog(l/e) = €10€70;

for small . Therefore combining with the factor obtained for the portion of the
path before ¢(0,0), we conclude

: (BNE, | D)< bg?ﬁcmm. (6.20)

We now turn to P%,,(B N Ey | D). We again split the path at ¢(0,0). To
be in B, the portion of the path after ¢(0,0) must exit B(0,2) before returning to
0(—1,0), and by (1.3) the probability of this is bounded by c¢j1€. So by the strong
Markov property at time o(0,0) we obtain the factor c¢y;1e for the portion of the
path after ¢(0,0).

Let us use time reversal at time o(0,0). The process Z; is a BM x Bes(3)
conditioned to go to (—x, —y), but let us temporarily suppose that Z; is a BM x
Bes(3) (we will remedy this further on by applying Proposition 5.8). To be in B,
one possibility is for

sup | — Kol > V4,
sSg(s_l/Q,O)

where we write Z; = (X;,Y;). By (1.2) and scaling the probability of this is bounded
by
C12 exp(—61351/4/51/2) =19 exp(—0135_1/4). (6.21)

We note that if P > 4 and ¢ is small, then the process Zt starting from (0, 0)
cannot hit £p before hitting either £(¢71/2,0) or one of the lines {|z| = 2e'/4}.
Also, after hitting £(e~%/2,0) and then hitting £p, Z; cannot hit £(—j, o) without
first hitting £(0,’). So the other possible way to be in B is for Z; to hit £(c~1/2,0)
without any approximate points of increase in the v = 0 direction; then to hit Lp;
and then to return to £(0, /) before exiting B(0,2).
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The probability of no approximate points of increase up to level €'/2 is, by
Proposition 4.7, bounded by ¢4/ log(1/¢). Starting at a point (2", y") in L(e~'/2,0)
and using the strong Markov property at the hitting time of Lp, Lemma 6.2 tells
us that the probability of hitting £p and then L£(0,a’) before exiting B(0,2) is
bounded by ~g if Py is sufficiently large. So by the strong Markov property at
o(e71/2,0), we obtain the bound

c1470/ log(1/e)
for the second possibility. So, still assuming that Zt is a BM x Bes(3) process and
using (6.21), we obtain the estimate
c12 exp(—ci3e ™4 + a0/ log(1/¢)
for the portion of the path before o(0,0). Now Z; is not a BM x Bes(3) but rather
a BM x Bes(3) conditioned to go to (—z, —y). By Proposition 5.8 it will suffice to
change the estimate by a constant factor. Hence the factor for the portion of the
path before ¢(0,0) is majorized by
c1slerz exp(—cise™ ) + c1ay0/ log(1/€)).
Combining with the factor c¢11e for the portion of the path after o(0,0), we obtain
sv(BNEy| D) < 0110155[c12 exp(—0135_1/4) + 01470/10g(1/5)].

If ¢ is sufficiently small,

ZBM(B N E2 ’ D) < 016’706/ 10g(1/€) (622)
From (6.21) and (6.22),

ZBM(B N [F(MvN) - G(M,N,P)] | D) < 017705/10g(1/€)
if Py is sufficiently large and e is sufficiently small. Comparing with the bound
Bu(B | D) = c1se/log(1/e)
derived in Proposition 5.12 yields
ZBM(Bm [F(MaN) _G(M7N7P)] | D) < 019/70]PZBM(B | D)

If we now let kK = (c19 V 1)71, then c1979 < v and we obtain the formula in the
statement of the proposition. Il

We recall some definitions from the proof of Proposition 6.3. Let
Z = (X0, Y2) = (X000t —Yo(0,0)1) (6.23)
and 0(j,a) = inf{t : 7, € L(j,a)}. We define similarly op, Tp(0,2), etc. Let
A, = An(P) = {(?3(072) A 5P) o] 6;(1%0) < 5(77, — 1, 0) o 95_’(7%0),
5(n,0) < (/771 /2, P/log(1/2)) ATp0.2)}
B(P)=AgnASn---NAS,, ,,
where Ay is defined by (5.29).
The next two propositions say that it also does not make much difference to
the estimates if we replace B by B(P).
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Proposition 6.4. Let v > 0. Suppose z = (z,y) with |z| > 4 and y < —1. There
exists Py > 4N (depending on 7y) such that

P*(B — B(P) | D) < +P*(B| D)
provided P > Py and £ < g¢(P).

Proof. To estimate P*(B — B(P) | D) we split the path at ¢(0,0) as usual. To be
in B C A, the portion of the path after o(0,0) must exit B(0,2) before returning
to £(—1,0), and by (1.3) the probability of this is bounded by c;e.

We now examine the portion of the path before ¢(0,0) by using time re-
versal at ¢(0,0). Let £ = {?;P < &3/2PY Let (Ri,Ry) be the point where
L(eYP=1/2,P/log(1/e)) intersects L£(eB/2P)=1 0). Then R; > °/*F if ¢ is small,
SO

]P)(-)BMBS(‘XO'(E(B/2P)*170)‘ > Rl) < c9 exp(_03€_1/4p)

by (1.2) and scaling. So by Proposition 5.8,
P*(E) < c4cq exp(—cze™V/4P),

Next we analyze the case when E° holds. For w to be in B but not in B(P), w
cannot be in any A/n for n < 1/e but w must be in En for some n < g2/FP-1,
Since B C Ag and y < —1, then o(—n,0) < oo with P* probability one for all
n < 1/e. Consequently we have that for some n < £2/P~1_ after the process Zt hits
L(n,0), it must hit Lp before hitting £(n — 1,0) and then hit £(n — 1,0) before
exiting B(0,2). So after hitting £p the process must hit £(£2/F~1,0) before exiting

B(0,2). If w = (wy,wz) € Lp with wy > €%/?F | then

PYps(0(e P71 0) < TB(0,2)) < P yps(o(E P71 0) < o0)
< £2/P Jg3/(2P) _ 1/2P

by (2.1). By Proposition 5.8, we can apply this estimate to Z provided we multiply
the right hand side by a constant. It follows that the factor we get for the portion
of the path before ¢(0,0) is at most

cacoexp(—cze ™ VAP) 4 e5et/?P,
We combine this with the estimate for the portion of the path after (0, 0) to obtain
P*(B — B(P) | D) < 055<C402 exp(—cze”V/4P) 4 0551/2P>.
By Proposition 5.12, P*(B | D) > cge/log(1/e). So for small €
P*(B — B(P) | D) < vP*(B | D).

This completes the proof. O
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Lemma 6.5. Lety > 0. Suppose z = (x,y) with |z| > 4 and y < —1. There exists
Py > 4N (depending on ) such that

P*(B(P) - B | D) <~P*(B| D)
provided P > Py and £ < g¢(P).

Proof. In order to estimate the left hand side we split the path at ¢(0,0). The
probability that the process after ¢(0,0) does not return to £(—1,0) before exiting
B(0,2) is bounded by cie by (1.3).

Next we consider the part of the trajectory before o(0,0). We will examine
the time-reversed process Z which has been defined in (6.23). By Proposition 5.8
we may assume that Z is a BM x Bes(3) process; doing so will introduce at most a
multiplicative constant in our estimates. We now split the path of Z at 0(52/ P=10)
into two pieces, the initial piece W7 (t), which is the portion of the path of Z before
time o(e2/F~1,0), and the second piece Wo(t), which is the portion of the path
after that time. By the strong Markov property, Wa(t) is a BM x Bes(3) process.

For w to be in E(P) but not B, w cannot be in any A, for any n < e¢4/P-1

but w must be in A,, for some n € [¢2/FP71 1.
If Ry is the 2 coordinate of the point where £(s'/F~1/2, P/log(1/¢)) inter-

sects L£(e¥/P=1,0), then Ry > ¢%/T if ¢ is small, and by (1.2) and scaling,
IP)OB]MBS(|‘XVU(54/F’—1,())| > Rl) S C2 eXp(—c3572/P)'

Hence the probability that Wi (t) hits £(e'/F~1/2, P/log(1/¢)) or exits 759 2) be-
fore hitting £(e*F~1,0) is bounded by ¢y exp(—cze2/P).

If Wi (t) does not hit £(e'/F=1/2, P/log(1/e)) or exit T 2) before hitting
the line £(e*P~1,0) but w € B(P), then Z can have no approximate lines of
increase for n < ¥/P~1. This implies that either (i) Wy (¢) has no approximate cut
lines for n < e*P=1 or (ii) Wa(t) hits £(¢*/F~1,0). By Proposition 4.7, the first
probability is bounded by c4|4/P — 1|/ log(1/¢), and by (2.1) the probability of (ii)
is majorized by e*/F /e2/F = £2/P

Take 6 > 0 small. We bound the probability that w is in Avn for some n €
[€2/P=1 71] by applying Proposition 4.6 to Ws(t). By choosing P;(§) sufficiently
large and taking P > P;(§), we can make this probability less than 6. If (i) holds,
we combine with the probability that W7 (¢) has no approximate cut lines to obtain
the bound c46|4/P — 1]/log(1/¢). If (ii) holds, we use the strong Markov property
at time o(¢*P~1 0) and obtain the estimate §%/”. Summing and combining with
the portion of the path of Z; after ¢(0,0), we conclude

P*(B(P) — B | D) < c1£[d(ca|4/P — 1]/ log(1/e) + &2/ T) + ¢y exp(—cze =2/ T)].
Proposition 5.12 gives ycse/ log(1/¢e) as a lower bound for vP*(B | D). We choose

d < 7yes/(2c1¢q4) and Py = Py(d). The lemma follows if we take €¢(P) sufficiently
small. 0

Recall that op is the hitting time of the line £(e'/*~1, P/log(1/¢)). The
next lemma says that the probability of hitting Lp far to the right is small.
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Lemma 6.6. Let Z; be a BM x Bes(3) process. If ¢ < ¢¢(P), then

Pg}\g)BsﬂZaH 2 51/2P) <&’

Proof. Let S be the sector {re? : 0 < r < R,0 < § < a} and suppose that R < 1.
First we will show that there exists ¢; such that if 0 < x < R/2 and o < 7/16,
then

Pirps(1Zrs| = B) < Zal/@ 1 Rom/e (6.24)

Let h(z',y') = ¢ and hy(2',y’) = ]P’g]/\;,y/)(|ZTS| = R}. Both h and hy are
nonnegative harmonic functions in S with boundary value 0 on the x axis. By the
boundary Harnack principle in (z —ax /2, z4+ax/2) x (0, az/2), there exists ¢y such
that

hl(xa y/) hl (:Uv 05.513/8) /
< R/2 4.
Way) = P haaass) TSR VS

S mey) _  hi(e,az/8)
]P,(:L‘,y/) Z.|=R)= 1T,y < 1\, ax
8¢
= a—;hl(x,a.r/S).
By continuity,

xz,0 802
]P)SBM)BSHZTs’ =R) < £h1(:c,ax/8).

Using the conformal mapping z — 2™/® taking S onto the upper half disk, the

conformal invariance of Brownian motion implies that
z,ax/8 Z1 T/
hy (2, 02/8) = PGV (1 Z2s| = R) = Py (1 Zo(rnpony| = B™/®),  (6.25)
where H is the upper half plane and z; is the image of (z,ax/8). There exists c3
such that |z1| < c3x™ . So by (1.3) and scaling,
z,0 Ca T/ T/ =z /o) — —T /o
Pirns(Zrs| = B) < —La™/*/RT/® = Zg(/mtgorle,

This proves (6.24).

Next we apply (6.24) to prove the lemma. Let a = P/log(1/e). The a-
coordinate zo of the point of intersection of L£(e'/F~1 P/log(1/¢)) with the a-
axis is bounded above by cse'/Plog(1/¢)/P. Let R = /2P /2. Suppose that
|z| < elog(1/e). Translation invariance and (6.24) show that for small €,

PSBO}\%)BSGZJH > el/2) < zxgr/a)_lR_ﬂ/a (6.26)
€1 1/P (r/a)—1/_1/2P jo\—7/a
< - log(1 P 2
— P/ log(l/g) (055 Og( /5)/ ) (5 / )

= (Cl/05)(QCS)W/QP—W/a(log(l/e))r/ag(l/QP)(w/a)—(l/P)
< 665(1/413)(77/04)

2
— 0687r log(1/e)/4P )

The exponent of € in the last line will be larger than 3 if € is small enough, so the
right hand side of (6.26) is less than &3 for € < go(P). O

We are now ready for the iteration step.
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Theorem 6.7. There exist p € (0,1) and a sequence My, N1, My, Na, ... not de-
pending on ¢ satisfying

(a)
4 < M; <Ny <16N; < My < Ny <16No < Mz < -+

and
(b) if z = (z,y), |z| >4, and y < —1, and i > 1, then

P*(BNF(My,N;) | D
s EXE O F (4N | D)

< o' 6.27
e P=(B | D) P (6:27)

Proof. Since P*(B | D) > c1e/log(1/e) by Proposition 5.12, it will suffice to prove

P* (BN F(M;,N;) | D) — ie?
s EEBOFQ0. N | D) — e

6.28
e P=(B | D) P (6:28)

The proof is by induction. If we set p equal to the p’ of Theorem 6.1, the
case ¢ = 1 follows from that theorem. Let us suppose that (6.28) holds for i and we
will show it holds for ¢ + 1.

Fix z. If (6.28) holds for i, there exists § > 0 such that
P*(BN F(My,N;) | D) < (p' — 8)P*(B | D) + ie? (6.29)
if ¢ is sufficiently small. Propositions 6.3, 6.4, and 6.5 tell us that
P*(BN[F(Myi,N;) — G(My1, N;, B)] | D) <~4P*(B | D),

P*(B — B(P,) | D) < +P*(B | D),

and
P*(B(P;) - B| D) < yP*(B| D)

if P, > 4N; is sufficiently large and e is sufficiently small. Taking v = pd/4,

P*([B N F(My,N;)] — [B(P;) NG(My, N;, P;)] | D) (6.30)
< P*(BN[F(My,N;) — G(My,N;, P,)] | D) +P*(B — B(P,) | D)
< %6]?"‘(B | D).

Suppose we show there exist M;; > 16FP; and N;; > M, such that

P*(B(P;) N G(My, N;, P,y N F(M;i41,Niy1) | D) (6.31)
< pP*(B(P;) N G(My,N;, P,) | D) + €2
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for e sufficiently small. Then using (6.29) and (6.30), if ¢ is sufficiently small,

P*(B N F(M;,N;y1) | D) <P*(BNF(My,N;) N F(M;y1,Niy1) | D)
< P*(B(P,) N G(My, Ns, P;) N F(M;41, Niy1) | D)

+P*([BNF(My, Ny)| - [B(P;) N G(My, N, )] | D)

< pP*(B(P,)) N G(My, N;, P;) | D) + &% + p—51P>Z(B | D)

2
)
< pP*(BNG(Mi, Ny, P) | D) + pyP*(B| D)+ + £P*(B | D)
3pd

< pP*(BNF(M;,N;) | D) + €2 + %PZ(B | D)

7 z . 2 3[)5 z
<p(p’ = 6)P*(B | D) + (i + 1)e® + Z=P*(B| D)

: 1)
= (0" = )P (B | D) + (i + e,

which implies (6.28) for i + 1.
So it suffices to show (6.31). Recall (6.14), (6.23) and the definitions directly
preceding and following them. Let

By ={o(j,a) <a(=1,0) ATB(0,3/2), |1 Xo(j,a)| < JE}

Ey ={75(0,3) © o (j.a) < (0(j =1, ) A 0(0,0)) 0 b5, }
E3 = {1p(0,2) < 0(=1,0)},

Ey={0(j,a) 00,00 > p, ©0500.0), | X (0p,)| < '/},

Es = {5(j,a) > &p,, | X (@p,)| < '/?1},

Eg = {0o(j,a) 0 0500,0) < (6(=1,0) ATB0,3/2)) © 05(0,0)5 | Xo(j,a)| < je}-

We will first prove the following modification of (6.31),

P*(B(P;)NG(Mi, N;, P;) N F(M;41, Nix1) N E4 N Es5 | D) (6.32)

S ,OI/IEDZ(B(PZ) N G(Ml,NZ,PZ) N E4 N E5 ’ D)

We take M;,1 = 16F; + 1 and we consider a lower bound for

P*(B(P;) N G(My,N;, PN E, N Es N C(j,a) | D), (6.33)

for a« € I(M;11,N;41) and j € [m(a),n(a)], where we will choose N;;1 in a
moment. Instead of splitting the path once at ¢(0,0), we now split the path
into three portions. The first portion is the piece of the path up until time
n(—e'/Pi=1 P;/log(1/¢)). The second piece is the portion of the path of Z; from
m(—e/Fi=1 P /log(1/¢€)) to a(e'/ =1, P;/log(1/e)), and the third portion is the
piece after o(e'/F~1 P;/log(1/¢)). A lower bound for (6.33) will be obtained by
multiplying three factors corresponding to the three portions of the path. The
contribution from the second, i.e., middle part, is

P*(B(P;) N G(My, N;, P,) N E,; N Es | D). (6.34)
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For the event in (6.33) to hold, the line £(j, ) must be an approximate cut
line for the third portion of the path. By the strong Markov property at the stopping
time o (/" =1, P;/log(1/¢)), the third portion is a Brownian motion conditioned
not to return to £(—1,0) before exiting B(0,2). Let w = (w;,ws) represent the
starting point for the third portion. If F4 holds, then w € Lp, with |w;| < el/2P;
By Proposition 5.5(b) we have

Pw(El N EQ) Z 01(w2 + 6)/]

By (1.3) and the fact that

wo + €
34+¢

Y

PEvmps(E3) > PEyps(a(3/e,0) <o(-1,0)) =

we have
co(wg +¢) <PY(E3) < cg(we +€). (6.35)

Hence
PU(E, N Ey) > 2PY(E,).
J

It follows that c4/j is the factor corresponding to the third portion of the path.
Now let us examine the first portion of the path. If Zt is defined by
(6.23), then Z; is a BM x Bes(3) process conditioned to go to (—z,—y). The
time m(—e'/Pi=1 P, /log(1/¢)) for Z; becomes the first time Z; hits
L(eYFi=1 P;/log(1/e)). By the strong Markov property for 7, the first portion of
the path of Z;, if run in reversed order, is also a BM x Bes(3) process conditioned
to go to (—x,—y). Let w now represent the starting point for this BM x Bes(3)
process. Assuming that Es holds we have w € Lp, with |w;| < /2. Suppose
that a = M/ log(1/e) with M € [Miy1, Niy1] and j > m(a). Since the distance d
from w to the intersection point of £(—j, a) and the z-axis is greater than e3/M
Corollary 5.3 and Proposition 5.8 show that there exists c5 such that the probabil-
ity that a BM x Bes(3) process started at w does not hit £(—j, «) before exiting
B(0,2) is greater than

csd® > 05(53/1\7)1\7/10g(1/5) — cse 3

By multiplying this estimate by those corresponding to the other two portions of
the path we obtain

P*(B(P,)NG(M;,N;, P;) N E4 N Es N C(j,a) | D) (6.36)
Z %056_3PZ(§(PZ') N G(Ml, Ni, PZ) N E4 N E5 | D)

In a similar fashion, if § € I(M;y1, N;+1) and k € [m(53),n(B)], we obtain
an upper bound for

]P)Z(B(P) N G(Ml, Ni, Pl) N E4 N E5 N C(], Oz) N C(k‘,ﬁ) | D) (637)
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We split the path into two pieces at the stopping time op. An upper bound for
(6.37) will be obtained by multiplying the estimates for both portions of the path.
An estimate for the first portion of the path is

P*(B(P;)) N G(M,N;, P;) N Ey N Es | D). (6.38)

Let w = (w1, wz) be the starting point for the second portion. We have w € Lp,

with |wy| < £1/2P

, assuming that F, holds. The second portion is a Brownian mo-
tion conditioned to exit B(0,2) before returning to £(—1,0). We need an estimate
for the probability that both lines £(j,«) and L(k, ) are approximate cut lines.

Propositions 5.6(b) and 5.7(b) and (6.35) show that the probability is bounded by

Ce

m, (6.39)
if & = 8 and j,k € [m(a), n(a)]; by
e (R —dl+ D9, (6.40)
provided j € [m(a), n(a)], k € [m(B),n(B)] and k > j + 200|3 — o; and by
jQ]ﬁc—iaP’ (6.41)

when j € [m(a),n(a)], k € [m(B),n(8)] and j < k < j + 2007|58 — a|. An upper
bound for (6.37) is obtained by multiplying each of the above estimates (6.39)-
(6.41) by (6.38). Note that we ignore the possibility that the first portion of the
path may hit one or both of the lines £(j, ) and L(k, 3) because we need only an
upper bound for the probability in (6.37).

Setting

Q(F)_IP)Z(FﬂBﬂG(Ml,Ni,Pi)ﬂE4mE5]D)
 P*(BNG(Mi,N;,P,))NEsNE5 | D)

we obtain from (6.36), (6.38) and (6.39)-(6.41) the following inequalities. For o, 8 €
I(Mit1,Nit1), j € [m(a),n(a)] and k € [m(5),n(5)],

Q(C(, ) = co/j; (6.42)
Q(C (G, a)NC(k, B)) < R (6.43)

if « = and j,k € [m(a),n(a)l;
QC(J, ) NC(k,B)) < m((\k —jl+ 1)l (6.44)

provided j € [m(a),n(a)], k € [m(8),n(B)] and k > j + 200j|5 — «|; and

QCU,a)NC(k, B)) < jzw—_a‘Q, (6.45)
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when j € [m(a),n(a)], k € [m(8),n(B)] and j < k < j + 2005|5 — a.

Estimates (6.42)-(6.45) are completely analogous to (6.1)-(6.4). The con-
stant p’ in Theorem 6.1 depends only on the constants in (6.1)-(6.4) and does not
depend on M; and N; as long as log N7 — log M7 > 1 and log N7 > 2log M;. The
proof of Theorem 6.1 does not use any other specific properties of the measure Q
besides (6.1)-(6.4), so by following the same argument we can conclude from (6.42)-
(6.45) that there exist N;11 and p” (independent of the M,, and N,,) such that for
sufficiently small £ we have

P*(B(P;,) N G(My, N;, P;) N F(M;i41,Nip1) N E4N Es | D)

S p”]P’z(B(Pl) N G(Ml,Nl,PZ) N E4 N E5 | D)

This finishes the proof of (6.32).
Recall event Ay defined in (5.29) and the fact that B(P;) C Ay, by definition.

By Lemma 6.6, time reversal and Proposition 5.8,
P*(ES | D) < cge®. (6.46)
Similarly,
P*(Ag N ES | D) < cge®. (6.47)

Recall that (6.28) holds for i = 1 with p = p’. Choose p € ((p'Vp"),1) so that both
(6.28) and (6.32) hold with this choice of p. Combining (6.32) and (6.46)-(6.47),
we obtain for sufficiently small ¢,

P*(B(P;) N G(Mi, Ny, P;) N F(Mis1,Nit1) | D)
< P*(B(P,) N G(My,N;, P,) N F(M;41, Niy1) N Ey N Es | D)
+P*(Ag N ES | D) + P*(ES | D)
< pP*(B(P)) N G(My, N;, P,) N E4 N Es5 | D) + 2cse®

< pP*(B(P;) N G(My, N;, P,) | D) + €.
This completes the proof of (6.31) and of the theorem. O

Recall the definitions of Z; and &(j, a) from (6.23). Let

Jla,b) ={a € [a,b) : alog(1/e) € Z}, (6.48)

An(r) ={7B(0,2) © bo(n,0) < 0(n = 1,0) 0 05(0),0(n,0) <00, Zy(n0)| <7},

An(r) ={TB(0.2) © 05, 0) < T(n = 1,0) 005, ),0(n,0) < 00,25, o [ <7},
(

= C(], a) N {’ZO'(j,Ot)‘ < T}?

= ﬂ ﬂ C(j,a,r)".

0<j<e=1 a€J0,7/16)

)
)
)
B(r) = Ag N A5(r) N+ N AS (1),
)
)

We want to be able to restrict where our approximate cut lines take place.
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Lemma 6.8. Suppose that z = (x,y), |2| >4 and y < —1.
(a) There exists c¢; such that for sufficiently small e,

P*(B(e'/?) | D) < ¢1¢/log(1/¢).
(b) Let v,k € (0,1/2). For sufficiently small ¢,
P*(B(s) — B | D) < e/ log(1/e).
(c) Let v,k € (0,1/2). Then
P*(B(r) N F(k) | D) < ~e/log(1/e),
for sufficiently small €.

Proof. (a) By applying the same argument as in the proof of Proposition 5.12 we
reduce the problem to showing that

Py ps(AS(eY2) N N AS (£1/2)) < ea/log(1/e). (6.49)

Let A be the event that the process escapes from B(0, gl/ 2) before hitting
L(£7Y4,0). Let A* denote the event that the process returns to £(s~/%,0) after
hitting £(e~1/4,0), and let

Al = {0'(6_1/4, 0) 0 0p(n,0) < o(n—1,0) 00,00}
Then

0,0 c c
Piares(A5(e"/?) NN 45 (12) (6.50)
0,0 7 0,0 « 0,0 c c
< ]P)SSM)BS(A) + P(BM)BS(A )+ PEalps (457NN ( t-1/8)°)-
The probability of A is bounded by c3 exp(—cse~ /) by the remark following (1.2).
Equation (2.1) shows that the probability of A* is £7/8/e3/4 = £1/8. Proposition

4.7 and scaling show that the last term in (6.50) is bounded by c¢5/log(1/¢). Hence
the probability in (6.49) is bounded by

czexp(—cae ) + e84 ¢5/ log(1/¢).

This completes the proof of (6.49) and part (a) of the lemma.
(b) The proof is similar to that of part (a). Fix some § > 0. First we will
show that there exists cg such that

P s ([AS(K) N+ NAS (k)] — [A5 N+ N AS L) < deg/log(L/e).  (6.51)

Take ¢ > 0, where we will choose the value of ¢ in a moment. Suppose w is in the
event in (6.51). Then for some n < 1/¢ there is an approximate cut line at o(n,0)
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but |Z,(,0)| > . Since £¢/2 < k for e small, one of the following three possibilities
must hold. The first possibility is that there may be an approximate cut line at time
o(n,0) with Zy(,0) € U where U = {(z,y) : 0 <y < %/2, || > ¢¢/8}. The second
possibility is that the process returns to £(¢2¢~1,0) after hitting £(¢~*,0). Finally,
the third possibility is that the portion of the trajectory {Z;,0 < t < o(¢571,0)}
may have no approximate cut line at any time o(n,0) with n < ¢?¢~! and at the
same time there is an approximate cut line for some n > 71,
Choose ¢ > 0 as in Proposition 4.6 so that

PO ) (Aecr U U Ay <6

By Proposition 4.7 and scaling, the probability that {Z;,0 <t < o(¢5~1,0)} has no
approximate cut line at any time o(n,0) with n < £2¢~! is bounded by c7/log(1/¢).
This and the strong Markov property applied at o(c¢~!,0) imply that the proba-
bility for the first option is bounded by dc7/log(1/¢).

The chance of returning to £(£2¢~1,0) after hitting £(c¢~1,0) is ¢ by (2 1).

Let A be the event that the process ever hits the set U. The event A can
be realized in two ways. First, the process may exit B(0,£%/%/2) before hitting
L(£/41,0); the probability of this happening is bounded by cg exp(—coe~¢/%) by
(1.2) and the remark following it. The second way A might happen is if the process
returns to £(e¢/271,0) after hitting £(e</4=1,0). The probability of this event is
£¢/4. Tt follows that for small €,

PSBOJ\Z)BS(A\) < cg eXP(—C9€_C/S) +e¢/4 < 2¢¢/4,

By adding the probabilities for the three possible ways the event in (6.51)
may be realized, we see that its probability is bounded by

dcr/log(1/e) + ¢ + 2e/% < 5eqo/log(1/e),

for small €. By adjusting the value of 6 we obtain (6.51).

Given (6.51), part (b) of the lemma can be obtained by appealing to path
decomposition at ¢(0,0) and Proposition 5.8, as in the proof of Proposition 5.12.
In this way we obtain the bound dcy16/log(1/e). Since 6 > 0 is arbitrarily small,
the proof of part (b) is complete.

(c) For fixed M, N and &, for j and « as in the definition of F(M, N), and
for small e, we have C(j,a, k) = C(j,«) by the definition of C'(j,a) (see (5.31)).
Hence Theorem 6.7 says that for some p < 1 and arbitrary fixed 1,

P*(BN F(x)| D) < p'P*(B | D),

if € is small. By Proposition 5.12, P*(B | D) < ¢12¢/log(1/e). Choose i so that
p' < 7/2c12. Then

PH(BNF(k) | D) < (v/2)e/log(1/e).
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For small € we have
P*(B(k) — B | D) < (v/2)e/log(1/e),

by part (b) of the lemma. This and the previous estimate immediately imply (c).
0

Let A be the square {(z,y) : |z| + |y| < 1/4} and let D(j,,v) denote
{Zs(j,a) = v}. Suppose that Z hits A and let Ty = sup{t < 7x : Z; € 0B(0,2)}, the
last exit time from 0B(0, 2) before hitting A. Let 77 = inf{t > 7 : Z; € 0B(0,2)},
the first hitting time of 0B(0, 2) after hitting A. Let Zt = Z(Ty+t)aT, - We make the
following definitions relative to Z. We say that £(j, «) is an approximate cut line if
TB(0,2) © Vo (j,a) < 0(j —1,a) 004 q). Let E(j, a, k) be the event that £(j,a) is an
approximate cut line but there is no approximate cut line £(n, «) with n < j and
|Zg(n’a) — Z,(j’a)| < k. Let ﬁ(j, a, k) be the event that there is no line of increase
L(n,p) with 8 € J(a,  + k) and |2J(n”3) — Z,(j,a)] < K.

We modify our previous results to take care of the case where Z; ) # 0
and to replace £(0,0) by other lines.

Lemma 6.9. Suppose that z = (z,y), |2| >4,y < —1, |j| < 1/e, a € J[0,7/16),
k < 7/16, and v € A.
(a) For sufficiently small €,

B (B(j, . e'/?) | D(j, o) < eae/ log(1/e).
(b) Let v > 0. Then
P*(B(j, 0, ) N F(j, 0 5) | DG o)) < e/ log(1/e),
for € < ¢, where €y depends only on k and 7.

Proof. Let Z,(t) = Zy(n,0)—t, the process Z; time-reversed at time o(n,0). By
rotation and translation invariance, Z, has the same law as that obtained by taking
a BM x Bes(3), rotating it an angle 7, translating it by Z,(,, o), and finally taking
the resulting process and conditioning it to go to z. By (1.2) and Proposition 5.8,

P*(|Zn(o(n —1,0)) = Zy(no0)| > e1/2/2) < ¢y exp(—csel/?).

So if G is the event that for some n € [—1/¢,1/¢] the line £(n,0) is an approximate
cut line and |Z,,(c(n —1,0)) — Zy(n,0)| > €'/2/2, then

P*(G) < €2

for e sufficiently small.
Suppose the event B(0,0,e/2) N G holds. Then £(0,0) is an approximate
cut line and if n < 0, either £(n,0) is not an approximate cut line or else £(n,0)
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is an approximate cut line but |Z,(,, 0y — Zo(0,0)| > e!/2. In the second case, since
L(n,0) is an approximate cut line and w ¢ G,

Zn(0(n—1,0)) — Zy0.0y| > €'/?/2.

Hence if Z; 9,0y = 0, then B(0,0,e'/2) C B('/2/2) UG. So by Lemma 6.8(a) with
/2 replaced by £1/2/2,

P*(B(0,0,/2) | D(0,0,0)) < P*(G | D) +P*(B('/?/2) | D)
< 2 4 cue/ log(1/e)

if ¢ is sufficiently small. This implies (a) with v = (0,0), j = 0, and a = 0. A
similar argument implies (b) with v = (0,0),7 = 0,a =0, and x = 7/16.

The assertions (a) and (b) may be proved for any fixed x < 7/16, v = (0, 0),
and j = a = 0 by minor modifications to the above and to the proofs of Sections
5 and 6. These proofs apply as well to other values of j,« and v by translation
and rotation invariance of Brownian motion. Here we have to use the remarks
preceding (5.3) since the problem is not quite translation invariant. For example,
there may be no line of the form L(k, ) passing through v. Note that for v € A,
the distance from v to dB(0,2) is at least 1 and this is the only assumption that
plays an important role in our proofs. U

If U C B(0,2), let

H(j,0,U) ={7B(0,2) © O0s(j,a) < (J — 1, ) 0 05(j.a), Zo(j,a) € U}

This is the event that L£(j, «) is an approximate cut line and Z hits the line £(j, @)
inside the set U. Let

H= U  HG.a).

—1/e<j<1/e a€J(0,r/16)

The following is the main goal of this section.

Theorem 6.10. Ify > 0 and z = (z,y) with |z| > 4 and y < —1, then P*(H) < v
for e sufficiently small.

Proof. Fix § > 0, k € (0,1/32), and let

A(b) ={z € A :dist (z,0A) < b},
Aa,b) ={z € A:a <dist (z,0A) < b}.

If H holds, then there must be a largest o such that H(j, o, A) holds for some
value of j. For this value of « there is a smallest value of j for which H(j, a, A)
holds. Hence if H holds then one of the following must occur:
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(i) there exist j € [~1/e,1/¢] and a € J[0,7/16) such that H(j, a, A(2c'/2))
holds; or

(ii) there exist j € [-1/e,1/¢] and o € J[0,7/16 — k) such that
H(j, o, A(£}/2,2k)) holds but no event H(n,a,A) holds with n € [~1/e, 5);
or

(iii) there exist j € [~1/e,1/¢e] and o € J[0,7/16 — k) such that H(j,a, A—A(k))
holds but no event H(n, 3, A) holds with 8 € J(a,a+k) and n € [—1/e,1/¢]
and also no event H(n,«,A) holds with n € [—1/e, j); or

(iv) there exist j € [-1/e,1/e] and o € J[7/16 — Kk, 7/16) such that H(j, o, A —
A(g'/?)) holds.

First we will estimate the probability of H(j, a, A(2¢'/?)). By the formula for
the Poisson kernel in the half plane, there exists ¢; such that the density with respect
to length measure on £(j, ) N A of the P*-distribution of Z,; o) is bounded by ¢
for all |j| < 1/e, a € J(0,7/16), and |z| > 4. The total length of £L(j,a) N A(2e'/?)
does not exceed 4v/2¢/2. Tt follows that

P*(Z,(j.a) € A(26'/%)) < cpet/?. (6.52)

The probability that Brownian motion starting from a point of £(j,«) N A will hit
0B(0,2) before hitting L£(j — 1, «) is bounded by cse by the same argument that
proves (1.3). Therefore

P*(H(j, a, A(2e'/%))) < cae - coe'/? = 43/ (6.53)

Since there are at most 2/¢ + 1 possible values of j and at most (7/16) log(1/¢)
possible values of «,

IPZ( U U H(j,a,A(251/2))>§C551/210g(1/5), (6.54)

—1/e<j<1/e acJ(0,7/16)

which gives a bound for (i).

Let us consider the event (ii). If H(j, a, A(€'/?,2k)) occurs but H(n,a, A)
does not occur for n € [~1/e, j), then either Z,(; o) € A(2c1/2) or else
H(j,a,A(e'/?,2k)) occurs and H(n, o, A) does not occur for n € [—1/¢, j). There-
fore the event described by (ii) is contained in the union of the event described by
(i) and the event described by

(ii’) there exist j € [-1/e,1/e] and a € J[0,7/16 — k) such that
H(j,, A('/?,2k)) holds but no event H(n,a, A) occurs with n € [~1/e, j).

We now deal with the event described in (ii’). We have
P*(Z,(j,a) € A(eY/?,2k)) < Key,

by the same argument we used to prove (6.52). If we integrate the inequal-
ity in Lemma 6.9(a) over v € A(e'/? 2k), we have that the probability that
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H(j,a,A(e'/? k)) holds but H(n,«a,A) does not for n € [~1/¢,j) if « < 7/16 — K
and |j| < 1/¢ is bounded by kcge/log(1/e). Now, similarly to (6.54), summing over
all such values of j and «, we obtain a bound kc7 for the probability of the event
(ii”).
Just as with (ii), the event (iii) is contained in the union of the event de-
scribed in (ii) and the event described by
(iii”) there exist j € [-1/e,1/¢] and o € J[0,7/16— k) such that H(j, a, A—A(k))
holds but no event H(n, 3, A) holds with 8 € J(a,a+kx) and n € [—1/e,1/¢]
and also no event H(n,«, A) holds with n € [—1/e, 7).

We look at (iii’). We have restricted our event so that we can apply Lemma
6.9 (b). If we take the inequality in Lemma 6.9(b) with « replaced by ¢ and integrate
over v € A — A(k), we obtain the bound cgde/log(1/e) for the probability of the
event in (iii’) for a fixed j and «. As usual, we sum over j and « to see that the
probability of the event in (iii’) is bounded by dcg.

Finally, we deal with (iv). Fix o € J[n/16 — k,7/16) and find the smallest
j for which H(j,«, A) holds. The argument given in cases (ii) and (iii) applies here
also and gives us a bound ¢;0/log(1/¢) for the probability of

U HG.oA=AE?).

—1/e<j<1/e

There are at most xlog(1/e) values of « in J[r/16 — k,7/16). Summing over all
such a, we get a bound kcqg for the event in (iv).
The sum of the probabilities of the events in (i), (ii’), (iii’), and (iv) is thus
no more than
csel/? log(1/e) + ker + deg + Kero,

for small . If we choose § and « sufficiently small, the theorem follows. O



7. Estimates for wedges.

Recall that the definition of L(j,«a) is relative to a fixed point w. The
distance from L(j,«) to w is an integer multiple of e. We set w = (0,0) until
further notice. In this way, £(0, «) passes through (0,0) for every a.

We begin by deriving upper bounds for the hitting distribution of Brownian

motion in a wedge.

Proposition 7.1. Let F = {re? :r > 0,0 < § < 7 — a} and zy = (v, yo), where
0<yo<2 x9>0,and 0 < a < /8. Let E(s,t) = {re("®) . s < r < t}. There
exists ¢y such that the following hold.

(a) For 0 < s <t,

Yo

dr.
$0+T)2 "

t
P2 (Z.. € E(s,t gcl/
BulZo et <o [ o

(b) If 1 < s <t <2 then

t
PRy (Zrp € E(s,t), TR < TB(0,2)) < cl/ yo(2 — r)dr.

Proof. (a) Since z — P*(Z,, € E(s,t)) is a harmonic function of z, by Harnack’s
inequality we may assume without loss of generality that o > 8y;. We map F
into the upper half plane H by the conformal map z — 2™/(™=%)_ Let z; = (z1,y1)
be the image of zy. The image of F(s,t) is (—t™/("=®) —s™/(7=2)] We recall that
Brownian motion is conformally invariant and we use the explicit formula for the
exit distribution of Brownian motion in a half plane (Bass (1995), p. 91) to see that

tﬂ'/(ﬂ'_a)

1
%Mwmem&m:—/ no g

T Jorn/(r—a) y% + (1131 + T)2
Define
g/ (r—a) y
h(t) = ! dr,
e e
and so
T _ 't
h'(t) = o/ (m=a) .
( ) T — y% + (xl _|_t7r/(7r—a))2

As in the proof of Proposition 5.2, there exist ¢z and ¢4 such that

C3$g/(ﬂ_a)yo <y < cyx

8&/(7T—O¢)y0

and
Csxg/(fr—a) <z < 04:53/(”_0‘).

By our assumptions that z¢ > 8y and a < /8, we have

To+t =T > Yo and r1+t >3 > Y1
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If t < zg, so that t™/("=®) < ¢o24, then

ta/(ﬂfa) ta/(ﬂfa)
h‘/(y) SCG P & §C7 Yo o/ (r—a) §C7_(2) SCS% SCQ 2 il 2"
If t > xg, so that t™/("=®) > ¢4z, then
o/ (m=c)y, Yol (T o
/ 0
h (t) < CHW = ClQW < Cth—z
Yo Yo
<clg—————<cuy—5—"7--—"——.
=z + )2 T T2 + (o + 1)

In either case, h'(t) < c15y0/(y3 + (zo + t)?). Since
P*(Zr. € E(s,t)) = 7 [h(t) — h(s)],

part (a) follows.

(b) Let F’ be the wedge {(x,y) : « > 0,y > 0}. An argument using conformal
mappings, similar to that in part (a) of the proof, shows that the hitting density
on OF’ for Brownian motion starting from (0.1,0.1) is bounded by c16v1 at a point
v = (v1,0) € OF" provided v; < 1. Let F” be the wedge with aperture angle 7/2
which contains B(0,2) N F', whose vertex is the point of intersection of £(0, o) with
0B(0,2) and which has one edge lying on £(0,«). Let z; be the point inside F”
which is equidistant from the two edges of I and which is a distance (0.1)y/2 from
the vertex of F”'. By translation and rotation invariance, for 1 < s <t < 2,

t
P2, (Zsy € E(s,1), 70 < Tpi02)) < B2 (Zr) € Es,1) < c16 / (2 r)dr.

The function z — P%,,(Z7. € E(s,t),7r < Tp(o,2)) is harmonic in F' N
B(0,2). Let hy(z,y) be the harmonic function in F' N B(0,2) which has the same
boundary values as Pgﬁ)(ZTF € E(1/4,1/2)) for (x,y) € O(F N B(0,2)) with
x < —1/8. We let hy have 0 boundary values elsewhere on the boundary. It is easy
to see that hi(z1) > ¢17 where ¢17 does not depend on «. Using part (a),

hl('x?y) S ng\g)(ZTF € E(1/47 1/2)) S C18Y,

for (z,y) € F N B(0,2) with z > 0. An application of the boundary Harnack
principle shows that for zg as in the statement of the proposition, and 1 < s <t < 2,

hl (Zo)

Pev(Zrp € E(s,1), 77 < TB(0,2)) < 1P (Zrp € E(s,t), 7 < TB(O’2)>h1(Z1)

t
< ci9 €184 616/ (2 —r)dr.
C17 S
]

Recall that P, denotes the distribution of Brownian motion conditioned by
h. Let H be the upper half-plane.
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Proposition 7.2. Let F' be as in Proposition 7.1. Let h be a positive harmonic
function in F' with zero boundary values except for a pole at a point zg € OF —0H.
(a) There exists ¢; such that if |(x1,11)| < |z0| < A, 1,91 > 0, then

P (sup ¥; > A) < ex(|z0]/A) 2™ 7,
t<tp
(b) There exist co and cg such that if |(z1,y1)] < |20], 1 > 0 and y1 < X < |20/,
then

Péxhyl)(iup Y < A) < caexp(—cslzo|/A).
t<tp

Proof. (a) The function hi(z,y) = y/(y*> + (z + a)?) is positive and harmonic
in H. It has a pole at (—a,0) and zero boundary values everywhere else on 0H.
Brownian motion conditioned by hy exits H at (—a,0).

Suppose 0 < |z| < a < b, z = (z,y) € H. Since P*(Tpp0,p) < Tom) < cay/b,
by (1.3) and scaling, we obtain

E*[hi(Z70B(0,))); ToB(0,p) < X

]P)}le (%B(O,b) < OO) = hl(z) (71)
) (supveaB<mb>h&(v)>P“(7bB<mb)<1TF>
- h,l(Z)
{/6)y/b) = cg(a/b)?.

= Cs
y/a?

The function f(2) = 2™ ("=*) maps F onto H. We have
F(20) = (=l20|™/ T, 0) and [f(z1,91)| < [£(z0)], if [(21,30)] < |20]- Let Hy =
{(2z,9) : y > A}. Note that if z € Hy, then |f(z)| > A™ ("=, By the conformal
invariance of conditioned Brownian motion, we can apply inequality (7.1) with
a = |zo|™/ ("= to see that

P}(fhyl)( sup Y; > )\) _ ]P)iiml,yl)(’]‘(f(H)\)) < OO)

SSTF
< P4 (T(9B(0, A7/ ("=9)) < o)
< 66(|ZO|7T/(7T_a)/)\ﬂ-/(ﬂ-_a))2.
By the strong Markov property applied at the hitting time of the y-axis, it

will suffice to prove (b) for (z1,y1) = (0,y) with y < A < |2¢|. Suppose 0 < b < a/4
and let D = {(z,y) : 0 <y <b,—a/2 <z <a/2} and U = {(z,b) : |z| < a/2}.
Let u be the positive harmonic function in D that has boundary value 0 on 9D if
y = 0 or y = b and boundary value 1 on 9D if |z| = a/2. For z with |z| < b,

i (To > Top) = Pj, (| X7 | = a/2) = B, u(Z7y,).

Since h; is bounded above on 9D by b/(0% + (a/2)?) = 4b/a?,

ulZn) = B, (5 ) (Zeo)in(Ze) < 4(0/a*)E7, (5) (Zr0).
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The function u/h; is harmonic with respect to the process (P}, Ziarp, ), so the right
hand side is equal to 4(b/a®)(u/h1)(z). It is easy to see that for |z| < b, hi(z,y)
is an increasing function of y for y < a — b. Since u is symmetric about the line
y = b/2, then (u/h1)(x,y) < (u/h1)(z,y’), where v’ = y A (b — y). Thus without
loss of generality let us assume y < b/2. By the boundary Harnack principle in D
(Theorem 1.1), there exists ¢y such that

u(z,y) . u(x,b/2)
ha(z,y) = hi(z,b/2)

The constant ¢7 can be chosen independently of b by scaling. By (1.2), for
2| < b, u(x,b/2) < es(@/Y) while h(x,b/2) > cob/a?. Tt follows that for z = (z,%)
with |z| < b,

P, (To > Ton) = B, u(Zr,) < 4(b/a?)(5)(2) (72)

u(x,b/2) e—cs(a/b)

< A(b 2 — —cs(a/b).
h(w.b2) = W@ )= = cae

< 4(b/a?)cr

Recall the mapping f(z) = 2™/("=®). Note that f(0H,) lies below the
line {(z,y) : y = 2\|20|*/ "=} between the lines {(z,y) : |z| = |20|}. Now let
a = |20|™/"=%) and b = 2)|zp|*/ "=, Provided |zo|/\ > 8, we apply conformal
invariance just as in part (a) and use (7.2) to see that

Py (sup Y; < \) < P (T > T(3D)) < crpe” (/) (7.3)
s<7p
< cxg exp(—cs(|20™/ ) (2A] 0|/ =)

S C10 exp(—011 |Zo|/)\)

Taking c19 larger if necessary, we again have (7.3) if |2/ < 8 since probabilities
are bounded by 1. O

Proposition 7.3. There exists ¢; independent of € such that if « < 7/8,

P (0(0,0) < T0.2) < 0(0,0)) < craelog(1/e).

Proof. Let v (s) be the point in the upper half plane on the line £(0,«) whose
distance from (0,0) is s. Using (1.3),

]Pﬂ/}(s)(TB((J’Q) < 0(0,0)) < cassina < caas, (7.4)
for s < 1. When 1 < s < 2, we have from (1.3) and scaling

P (rp0,2) < 0(0,0) < PO (h(p(s),2-5)/2) < 0(0,0)) < e30/(2—5). (T.5)
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Using the strong Markov property at (0, &), conditioning on the value of | Z, (g o)| =
¥(s), and using Proposition 7.1, we have

ds

1 2
P9 (0(0,a) < Tp(.2) < 0(0,0)) < 04/0 ﬁ% ds + 05/1 2 =9)3 . s

< cgaclog(l/e) + crae < csaclog(l/e). O

Remark. We will need the following elementary property of conditioned Brownian
motion. Suppose that Dy C Dy C D are open connected sets with 0D1N0Dy C 0D.
Assume that these sets have Lipschitz boundaries and h is a positive harmonic
function in D which vanishes on an open superset of 9D N dD,. Then, by the
boundary Harnack principle, for z1, 29 € Dy, A C 0Ds,

1
h(z1)

<

Py (Z(1p,) € A) =

E* (h’(Z(TDQ); Z(TD2> < A)

: E*2(h(Z(1p,); Z(TD,) € A) = c1lP;*(Z(1p,) € A).
(22)
It follows that the Radon-Nikodym derivative for the hitting distribution of 0Ds
for the h-process started at z; with respect to the one for the h-process started at
Zo is bounded away from 0 and oo. This and the strong Markov property applied at
the stopping time 7p, imply that for any event B defined in terms of the post-7p,
process, we have P;' (B) < colP;?(B) for 21,29 € Dy.

We next need an estimate on the event given in Proposition 7.3 together
with there being no approximate points of increase in the y direction after hitting
0. The estimate will be given in Proposition 7.6 below; it will be preceded by a few
preliminary results.

Let

A={0(0,a) < Tp(0,2) < 0(0,0)}, (7.6)
Cj = {J(j — 1, O) o 90.(]‘70) < TB(0,2) © eo'(j,O)ﬂ U(j? 0) < OO}

Recall that we are interested only in small angles a. Let F' be the wedge
in the upper half plane with obtuse angle, bounded by £(0,0) and £(0,«). Let
¥ (s) be the point on L£(0,«) whose y coordinate is positive and whose distance
from the origin is s. We will write x for log(1/¢). Suppose o < 1/k. Let G be the
subdomain of F bounded by £(0,0), £(0, ), and L(as/ex3,0). Consider Brownian
motion in F' conditioned to exit F' at 1)(s). Next consider this conditioned process
further conditioned to exit G through L(as/ex3,0). This final process is an h-path

transform of Brownian motion in GG, say by the harmonic function h;.

Proposition 7.4. There exists ¢; independent of € such that if 0 < xy < s/k°,
0 < yo < 2as/k%, ek® > as, and 1 > s > as > ex’, then

1V log(yo/e)

P (¢ .. .NC <
ha (G as/ent) < €1 log(as/ex?®)
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for ¢ sufficiently small.

Proof. Let
M = {(z,y) € G : dist ((x,),0F) > /2,0 <z < 5/k°%,0 < y < 2as/k°}.

We will first prove the proposition for (xg,yp) € M. Let hy be the harmonic
function in G that has boundary values 0 on £(0,«) and £(0,0) and boundary
value 1 on L(as/ek3,0). Let

D ={(z,y) € G: |z — x| < as/k> y < as/k’},
S = {(x,y) €D : |x — x0| = as/k>},
B = ﬂ {o(j = 1,0) 0 0,(j,0) < ™D © O5(5,0),0(5,0) < T}

1<j<as/2er®
Note that (xg,y0) € D. We have
PYO%N(C N N O ent) < PEOY(Z,, € S) + PEOYN(B). (7.7)

By the boundary Harnack principle in ((x¢—2as/k3, z0+2as/k3) x (0, as/263)) NG,
there exists ¢z (not depending on ¢) such that

hl (Z) <e hQ(Z) —

— — z€ DNG.
ha(zo,50) ~  ha(0, o)
For the first term on the right of (7.7) we write
z hi(2)
pEos) (7 e §) — / Pow) (7, e d 7.8
h1 ( p € ) 5 hl(x07y0) ( p € Z) ( )

hg(z)
<ec 2% p(zo.vo) Z.. €dz
- 2/5 ha(zo,Y0) (Zro )

E@0:v0)[hy(Z:,,); Zxyy € )]
ha(z0, Yo) '

Since hy is bounded by 1, this expression is bounded by
]P)(mo,yo) (ZTD € S)/hg (.730, yo)

We have
Povo) (7, € §) < cze™ (7.9)

by (1.2) and scaling. We will next estimate ha(xq,yo).

Let hs be the harmonic function in F'N B(0, as/x3) with boundary values 1
on FNOB(0,as/k3) and 0 on OF. Let K = FNOB(0,as/k>) and vy = (0, as/2k3).
Consider a point (z,y) € M with > 2y. The boundary Harnack principle shows
that

>
~

2(00

P (Z,. € L(as/ek3,0))
hg (Uo> '

Pvo (TK < 7—8F)

hao(x,y) > cshs(x,y) = cshs(x,y)
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By the support theorem for Brownian motion and scaling, both probabilities on
the right hand side of the last formula are bounded away from 0 and 1 and so
ho(x,y) > cghs(z,y). By Proposition 5.2 and scaling,

ho(z,y) > cshs(z,y) = csPEY (Tx < Tor) > cray(k®/as) ™t > cg(er® Jas)He.

It follows from our assumptions that ex3 Jas > ek3 > . Since we have assumed
that o < 1/k, we see that aloge is bounded below by —1 and so e* > e~!. Hence
we obtain the following bound,

ho(z,y) > cg(er®/as) - (ek®Jas)™ > ca(er®/as)e® > coek®[as.
By the Harnack inequality,
ho(z,y) > cioer®/as, (7.10)

for all (z,y) € M, not necessarily just those points satisfying > 2y. Recall that
er3/as > e. This, (7.8), (7.9) and (7.10) show that the first term on the right hand
side of (7.7) is bounded by cjje e log”(1/2) | Since as/ek® < 1/ek®, we have

1/1og(as/er®) > c12/log(1/e) > eqyeSe~Ct10e"(1/9)

for ¢ sufficiently small. It follows that the first term on the right hand side of (7.7)
is bounded by 1/log(as/ek").

We turn to the second term on the right hand side of (7.7). With a similar
argument to that used in (7.8),

B0 hy(Zy,): B]

P{*ov)(B) < ¢ 7.11
mo (B se ha2(z0,Y0) (7-11)
By the strong Markov property, this is the same as
E®@o:v0)[hy(Z,.); B P(zovo) (7, F ;B
Co [ 2( G)’ ] _ ( G ¢ 0 UE(()’O)’ ) (7_12)

ha@o.yo) 0 PEOW)(Zy, € OF UL(0,0))
An easy modification of Proposition 5.11 gives

1Vlog(yo/e)

P(ﬂﬁmyo) B < .
BMBS( ) <3 log(as /k®)

Brownian motion conditioned to hit £(as/ex?,0) before hitting £(0,0) is a BM x
Bes(3) process. Suppose for a moment that (x,y) € M with x > 2y. By Proposition
5.3 and scaling, the chance that a BM x Bes(3) process starting from (z,y) will not
hit OF before hitting L(as/ex?,0) is bounded below by

614(965/43/048)0‘ > 015(52/{3/053)0‘ > 016(52n3)1/“ > c17.
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This bound can be extended to all (z,y) € M by the Harnack inequality. So
Pove)(z. ¢ OF U L£(0,0)) > c17PYY) (o (as/er?,0) < 0(0,0)).

It follows that

B (Zng ¢ OF U L(0,0); B)
Pisi (Zro ¢ OF U L(0,0))
P00 (o (s /ek, 0) < 0(0,0); B)
= P (5 (s fer?,0) < 0(0,0)

= c15P} 205 (B)

1V log(yo/e)
= " og(as/ers)

Pl(io,yo) (B) <

This provides a sufficiently sharp bound for the second term in (7.7) and so com-
pletes the proof in the case (zg,y0) € M. The remaining case is when

dist ((xo, o), 0F) < €/2. This follows easily from the proposition applied to
(z0,y0) = (0,¢) and the boundary Harnack principle applied as indicated in the
remark preceding the proposition. O

Proposition 7.5. Let F, v¢(s), and « be as in Proposition 7.4. Let hy be the
harmonic function whose boundary values are 0 everywhere on OF except at 1(s),
where it has a pole. There exists ¢y independent of € such that if zg = (xg,yo) € F,
xo < 2 and yg > as/k3, then

Py (irtlfYt < as/k") < c1 /K
for € sufficiently small.

Proof. First, let v € R and consider Brownian motion in the upper half plane
H started at zp = (z0,y0) and conditioned by the harmonic function hs(z,y) =
y/(y? + (x — v)?). Let R = |20| and suppose 4r < R and 2R < |v|. We first show
that

2

]P’Z(; (TB(O,T) < 00) < Cgﬁ.

(7.13)

If z € 9B(0,r) N H, the support theorem for Brownian motion and scaling
show there exists c3 not depending on r such that P%,,(|X.,| < 2r) > ¢3. On the
other hand, by the expression for the Poisson kernel in the half plane and the fact
that |zo| = R > 4r,

™

I Yo C4YoT
P (1 X, | <2r)=— du < i
B (1 Xy | < 27) /2T g + (o — u)? R2
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By the strong Markov property,

cayorR™2 > PRy (I Xy ] <2r) (7.14)
> PEn ([ Xy | <21 TR0, < TH)
V4 Z [
= EBOM T(B(O )) |XTH| < 27‘);73(077") < TH)

> c3PRy (T, < TH)-

Note hg is bounded above by csr/v? on dB(0,r) N H and ha(29) > yo/v?. This,
(1.1), and (7.14) imply

EXvilh2(Z1(B(0,));: TB(or) < TH]
ha(20)

(CST/UQ)P?M (TB(O,r) < TH)

- ha(20)

< (cs7/v*)(c5 ' cayor/R?)

N Yo/ v?

]P)Z(; (TB(O,’I’) < OO) =

067“2

R?

This completes the proof of (7.13).

Next let us return to the wedge F' and Brownian motion conditioned to go
to 9 (s). Recall hy is the positive harmonic function in F' with pole at ¥ (s) and
zero boundary values elsewhere on JF. The conformal invariance of conditioned
Brownian motion under the conformal map f(z) = 2™/("=%) shows that if v =
—s™/(m=) “ho(x,y) = y/(y? + (x —v)?), |2| < 5/8, and p < |z|/4, then

P%, (Ta(0.p) < 20) = PL (T0 pr/tn-er) < 00).

By (7.13) we have that

27/ (m—a) p2

P (T(0,0) < 00) < €2

We now estimate P} (inf; Y; < as/ k7). By the strong Markov property at
time o (as/ek?,0), it suffices to prove the proposition for z = (z,y) with y = as/k3.
If welet U= (FN{0<y<as/k'})— B(0,as/k*) and B = {Ty < oo}, then by
(7.15)

Py (irtlfYt <as/k") <P (Tp(0,as/mt) < ) (7.16)
+ P'Zl (ll’tlvat < OzS/Ii7, TB(O,QS/N4) = OO)
< 62/4,_2 + ]P)Zl (B, TB(O,aS/n‘l) = OO)

Suppose w = (wy,ws) with we = as/k° and w ¢ B(0,as/k*). We claim

IP’}fl (B) < ¢ exp(—csnz) + coPErs(B). (7.17)
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The proof of (7.17) is very similar to the argument in the proof of Proposition 7.4,
so we only give a sketch and refer the reader to Proposition 7.4 for details. Let
hs(x,y) = y. We construct a rectangle D centered at w whose bottom side is on the
x-axis and whose width is 2 times its height. By the boundary Harnack principle,
the P’ probability of exiting D through the left or right sides is comparable to
the P probability. Brownian motion conditioned by the harmonic function hj is
a BM x Bes(3); using (1.2) yields the first term on the right of (7.17). The other
possibility is that Brownian motion conditioned by h; exits D through the top and
B holds. By the boundary Harnack principle, the PP}’ probability of this is bounded
by a constant times the P}’ probability. This gives the second term on the right
hand side of (7.17).

By (2.1)

as/Kk’ _o

BuBs( )_as/m5 K

So for € sufficiently small, P}’ (B) < c1ok 2. We apply the strong Markov property
at o(as/ek®,0) and obtain

Pil (B;TB(O,as/n4) =o00) < crok 2.
Substituting in (7.16) gives the desired estimate. 0

Remark. Consider Brownian motion on F'NB(0, 2) conditioned to exit on 0B(0, 2).
Then condition this process again to exit F'N B(0,2) at a point zg = (x0, yo) with
Yo > as/k3. Proposition 7.5 applies to this process. This can be seen either by
repeating the arguments of the last proof with minor adjustments or by deriving

this new result from Proposition 7.7 using the boundary Harnack principle.

Proposition 7.6. Suppose that o < 1/log(1/¢), let A and C; be defined by (7.6),
and let Ay = ANCyN---NC.-1/16. There exists ¢y independent of € such that

ngo}\?(fh) < Cl0515/165/%1/16'

Proof. Recall from Proposition 7.4 the definition of the wedge F' bounded by
£(0,0) and L£(0,«). For the event A; to happen, A must hold, and so we must
have 7 = 0(0,) < Tp(,2). We break up our desired probability according to
various ranges of |Z,(o,)|; we consider them in the order: (0,¢], [e, ek, [€1/2,2],
and [er!%0,£1/2].
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Case 1: |Z,(0,0)| <e.
Recall from (7.4) that Brownian motion starting at ¢ (s) exits B(0, 2) before
hitting £(0,0) with probability at most ceas; that is, for s < 1,

Pw(s)(TB(oz) < 0(0,0)) < coars. (7.18)

Using Proposition 7.1(a) and conditioning on the value of |Z,( )| = s, we have

13
PO Zuo| S i) S0 [ —sasds (7.19)
0

€2 4 52

g
< 63046_1/ sds = czag/2.
0

Since o < 1/log(1/¢), then o < o'5/16 /1/16 "and so

15/16

ac < « /K116, (7.20)

This and (7.19) give

P(O’E)(Aﬁ ‘Za(O,a)’ < 5) < ]P)(O’E)(’ZJ(O,Q)‘ <& A) < C3a15/16€/2’%1/16‘ (7'21)

Case 2: |Z,(0,a)| € [e,e6'7].

Let V =sup{Y; : t < 7p}. We will look at the Brownian motion started at
(0,¢) and conditioned to exit F at 1(s) for s € [e,ex'%9]. By Proposition 7.2 (a),

P(%-2) (V > er't® | Zrp =1(s)) < car™ 2. (7.22)

Using the strong Markov property at ¢(0, «), (7.18), and (7.22), we calculate as in
(7.19),

PO (e < |Z,,.| <er'PV > er!ll; A) (7.23)

100

< ER c 1 d
< cs —— —asds
R 52 + 82 H20

10

0
ER
< —20 ds
< cs0Ek —
R s

< cgack %loglog(1/e) < crae.

Next consider the event where V' < ex!? | Z.,| € [e,e6'], | Z, (110 0y| >
1/2, and A; holds. For this to happen, the Brownian motion must hit £(x!°,0)
after 0(0,) = 77 and before ¢(0,0) and |[Z,(,110,0y| > 1/2. We use the strong
Markov property at 7x. Since |Z,, | < ex!%, then Y,, < aek!®. Starting at Z,,.,
then, the probability that a Brownian motion hits £(x!?,0) before returning to
the z-axis is bounded by a/k'°. Conditional on hitting £(x'?,0) before hitting
L£(0,0), Brownian motion is a BM x Bes(3) up to time o(x'1°,0), and by (1.2) and
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scaling, the probability that |Z, 110 o)| exceeds 1/2 is bounded by cs exp(—cgr'?).
So

PO (e < |Z,| < ert®V < er™0,|Z, (o110 0y| > 1/2; A1) (7.24)
< cgar ™10 exp(—cmillo).

We now consider the event where V' < ex'1?, | Z, | € [e,er'%], | Z, (4110 0y] <
1/2, and A; holds. We will bound the probability of this event by the product of
several factors, using the strong Markov property several times. Let us consider the
portion of the path after o(0, ). Since the y-coordinate of ¥ (s) does not exceed
as, the probability that the process started at v(s) reaches £(x'19,0) before hitting
£(0,0) is at most as/ex!1Y. Using the strong Markov property at time o(x'19,0)
and (1.3), there is probability at most cjpex!'® of exiting B(0,2) before hitting
L£(0,0). For the portion of the path starting at Z,(,110 oy, we will apply Proposition
5.10. We may do this since we have that |Z,(,110 g)| < 1/2. Thus, given that the
process exits B(0,2) before hitting £(0,0), the probability starting at Z, 110 ) that
there are no approximate points of increase, i.e., that Cy110 N --- N C,-1/16 holds,
is bounded by c11 log(x!?)/log(1/¢). Therefore, by conditioning on the value of

|ZO'(O,O£)| =3,
PO (| Z,| € [6,66M0), | Z, (n110 0] < 1/2,V < er™0; Ay) (7.25)
100
er € as 110 log(x110)

< —_— ——=d
- 612/5 2 4 s2epilo " log(1/e) §

log log(1 " g
< 110012a5w/ 4 < c130eE.

log(1/e) /e s

Combining this with (7.20), (7.23), and (7.24) yields

PO (A1) Zp| € [6,er0]) < crae + cgar™ 0 exp(—cor!t?) + c130e

< ep0t®/10e /116, (7.26)

Case 3: |Z, (.| € [£V/%,2].
With V' defined as above, using Propositions 7.1 and 7.2(b), estimates (7.4),
(7.5) and following the argument of (7.19),

PO (V2 < |Z,,| <2,V < |Zs,| /K% A) (7.27)

1 2
€ 2 (07 2
< cl5</ ———ase " ds +/ e(2—s) e c1eR ds)
cl/2 €4+ S 1 2—s5

< cirae log(l/s)e‘clﬁ"”2 < cig0e€.

We continue to discuss bounds for the probability of the event A. We use
two steps to break the process into three pieces. Let W5 be the portion of the path
up to time (0, ) and W5 the portion of the path after (0, ) up to time 759 2)-.
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Let s = |Z,(0,a)| and ¥(s) = Z,(0,). The process W} is a Brownian motion started
at (0,¢) and conditioned to exit F' at ¢(s) before hitting 0B(0,2). The process Wy
is Brownian motion started at 1 (s). We now split W at time o(as/ex?,0). We
let Wi be the portion of the path up to time o(as/ex?,0) and Wio the portion
from o(as/ex?,0) to 0(0,a). Then Wi is a Brownian motion started at (0,¢)
conditioned to hit £(as/ex?,0) before exiting F in £(0,«) and W15 is a Brownian
motion conditioned to exit F' at 1 (s) before hitting 0B(0,2). We thus have three
pieces: Wiy, Wisa, and W5, Note that if the event A holds, then W5 cannot touch
£(0,0).

By (2.1) and a minor modification of Proposition 5.8, the probability that W5
gets below as/k7 is less than c19/k7. By Proposition 7.5 and the remark preceding
Proposition 7.6, the probability that Wi, gets below as/k” is less than cog/k2.
At this point we include the event A; into our considerations. If neither Wi, nor
Wy gets below as/k” and the process Z; does not have any approximate points
of increase up to level as/k7, then Wi; must not have any approximate points of
increase up to level as/k”. By Proposition 7.4, the probability that the first piece
W11 has no approximate points of increase of size € up to level as/k” is bounded

by
C21 C21

— N1 <
log(as/ek®) ~ log(ael/2/ek8)

Recall ak < 1. If a > £'/10, then ae'/?/er® > cg063/, and

Al (7.28)

1 <G8 C23
log(acl/2/er8) ~ log(1/e) — al/16Kx1/16]og(1/e)’

If a < e'/16 we use the fact that (7.28) is bounded by 1; in this case

al10R116 < 4t/ < 5/ 1og(1/e),

and
€25
1< .
= al/1651/1610g(1 /2)
So in either case we obtain a contribution from (7.28) of a factor
C26
al/1651/1610g(1 /)

Recall that the contributions from Wis and Wy are ci9/ k7 and co //{2. Since
o < 1/, each of these quantities is bounded by ca7/a!/1651/1610g(1/¢). Therefore,

PO (/2 < |Z,.| <2,V >e'/?2/k2; A)) (7.29)

< cas / L ! d
c s s
=B\ a2+ 82 al/16k1/1610g(1/e)

+ /2 (2— )5 : d )
e(2—s s
1 2 — s al/16k1/16 og(1 /€)
o15/16,

1 2
= 028( K1/16 )log(ll/a) (/81/2 % +/1 1d$>

15/16

Co9(X
- l{l/16 :
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Combining this with (7.20) and (7.27) gives

PO (Ay;|Z,, | € [1%,2]) < €500/ 10 /K16, (7.30)

Case 4: |Z, (0,0 € [ex'9,e1/2].
We bound

PO (ex!0 < |Z,,.| <YV < |Z,,|/K% A) (7.31)
by c310e as in (7.27). We bound
PO (k10 < |Z,.| <2V > |Z,,.|K°; A) (7.32)
by cseae as in (7.23). We must thus consider
PO (er!0 < |Z,,. | <eV?|Z,| /62 <V < |Z. |67 A). (7.33)

We condition on |Z;.| = s. If the event in (7.33) holds then we cannot have any
approximate points of increase up to level as/k7, and we obtain an estimate similar
to (7.28), namely, ca3/log(as/ex®) A 1. If a > k™29, then as/ex® > s/ek?®, so

1 q—1/16,.—1/16

log(as/ex?) = log(s/ek28)

If o < k720, then

1 c c
1/16,.1/16 ~ ,—1 _ < 34 < 35
aner log(1/e) ~ log(el/2/ex?8) ~ log(s/er?8)’

and
Casor—1/16,,-1/16
log(s/ek?8)
In either case,
Ca3 Cagor—1/164—1/16 (.34
log(as/ek?) —  log(s/ekr?®) '

If the event in (7.33) holds, we cannot have any approximate points of in-
crease from the level £(sk°/e,0) up to level £(1/£/16,0). By the same argument as
in (7.24) and (7.25), the probability of this is bounded by c37 log(sx®/€)/log(1/e).
We therefore bound (7.33) by

el/? ~1/16,.—1/16 5
€ o K log(sk®/¢)
€38 5 5 QS 58 ds.
cr100 €248 log(s/ex?®)  log(1/e)

(7.35)

For s in the range [ex'%0, /2],

log(sk® /) = log(s/e) 4+ blog k < 21og(s/e)
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and
log(s/ex?®) = log(s/c) — 28log k > (72/100) log(s /).

The ratio of these two terms is bounded by 3, and thus (7.35) is less than

El/

2
338 a15/16,£1/165/ @ S639a15/165/,{1/16.
10g(1/6) erl00 S

This, (7.20), (7.31), (7.32), and (7.33) give
POO(Ari|Zr, | € [e410,64/2]) < csoal™/ 10 /w115,
The proposition follows from this, (7.21), (7.26), and (7.30). O

We now turn to examining the paths that return to £(0,«) and £(0, —«)
and then exit B(0,2) before hitting £(0,0).

Proposition 7.7. There exists ¢; independent of € such that if « < 1/log(1/¢),
then
Pg}(})(a(o, —a) V o(0,a) < Tp(0.2) < 0(0,0)) < cra’elog?(1/e).

Proof. For the event to occur, the Brownian motion must hit both £(0,«) and
L(0, —«) before exiting B(0,2). By symmetry we may suppose that £(0,«) is hit
first and we thus need a bound on

PO (0(0,a) < 7(0,—a) < T2) < 0(0,0)).

Let 14 (s) be the point on £(0, ) that has positive y-coordinate and is a distance
s from 0, and let ¥_,(t) be the point on £(0, —a) with positive y-coordinate that
is a distance t from 0.

To hit £(0, o) before £(0,—«) or £(0,0), Z; must exit the obtuse wedge in
the upper half plane formed by £(0,0) and £(0, ) at some point ¥, (s), and we
have by Proposition 7.1

PO (| Zy0.0)] € ds) ds. (7.36)

< -
= e
Starting at 1,(s) € L£(0,«a), the process Z; must then exit the obtuse wedge in
the upper half plane formed by £(0, —«) and £(0,0) at some point 1)_,(¢). Since
Ya(s) = (—scosa, ssina), by Proposition 7.1 again we have

ssin «

]Pﬂl’a(s) Z a dt < dt 737
(1Zo(-a,0)| € )—03(ssina)2~|—(t+800804)2 (7.37)

as

<2

_C?’(t—f—scosoz)2
as

< 8¢y — dt.

BRACEIE

dt
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By Proposition 7.1(b), for 1 <t < 2,
Pw"(s)(|Zg(_a,0)| € dt,o(—a,0) < Tp(0,2)) < ca(2 —t)ssina < ¢g(2 — t)sa. (7.38)
Recall the following estimates from (7.4)-(7.5): for ¢ <1,
IP’"‘l’*O‘(t)(TB(O,Q) < 0(0,0)) < csat; (7.39)

when 1 <t <2,
]Pﬂp*a(t) (TB(O,2) < 0'(0, 0)) < CGO‘/(2 - t) (740)

Using the strong Markov property first at ¢(0, @) and then at ¢(0, —«) and
conditioning on |Z,(0,«)| = s and [Z;9,—a)| = t, we obtain from (7.37)-(7.40),

PO (0(0,a) < 0(0, —a) < Tp(o,2) < (0,0)) (7.41)

2 1 2
E s (03
< - " _atdt 2t dt)d,
—/ s2+s2</0 o2 */ﬁ Jsag—ydt)ds

and it remains to estimate the integrals.
Observe that for s € (0,2],

/0 ﬁdt:log((Hs)/s)—l/(Hs) < cg(1 + |log s]).

We can thus bound the first double integral in (7.41) by

2 1 2
t 1+]1
08a25/ % [/ — dt} ds < 09a25/ s+ |logs)) ds (7.42)
0 e2+82L )y (s+1)? 0 £2 4 52

€ 1 2
9 s|log s| |log s s
gcloaa[/o 5—2d8+/5 Tds—l— ; 82+82ds}

< cppa’elog?(1/e).

We have

2
/1 (2 — t)sa2 i tdt = sa?,

and so

2 c 2 o ) 2 s
67/0 m[/l (2—t)sa2_tdt ds < crpc 5/0 mds (7.43)

< ci3a’elog(1/e).
It follows from (7.41)-(7.43) that
]P’(O’E)(U(O,a) <0(0,—a) < 7g,2) < 0(0,0)) < cl4a2510g2(1/5).

The proof is complete. 0
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Corollary 7.8. There exists ¢; such that if « < 1/log(1/e), then

Pg}\%gs(a(laa) < 7B(0,2), (0, )00, (1,0) < TB(0,2)°05(1,a)) < c1alog(1/e), (7.44)
and
Pg}\g)BS(a(lv @) < 7B(0,2); 7(0, @)005(1,0) < TB(0,2)°05(1,a) (7.45)

o(1,—a) < T(0,2), (0, —)ob,(1,—a) < TB(0,2)°05(1,—a)) < cra? logz(l/e).

Proof. Let D = {(z,y) : |z| < 3¢/4,0 < y < 3¢/4} and let A denote the event in
(7.44). Note that A is defined in terms of the post-Tp process. Recall that BM x
Bes(3) is the same as 2-dimensional Brownian motion conditioned by the function
h(z,y) = y. Hence, by the remark following the proof of Proposition 7.3, we have

0,0 0,e/2
P s s(A) < caPi/ok(A). (7.46)
Note that
0,e/2 0,e/2
P/ as(A) < PO/ (0(0,a) < TR(0.2))- (7.47)

Let hy be the harmonic function in the upper half of B(0,3) which is equal to 0 on
the z-axis and 1 elsewhere on the boundary. An argument analogous to Proposition
5.8 shows that

P/t (0(0,0) < T0.2)) = PP (0(0,0) < T(0.2)) (7.48)

< e3P (0(0, @) < Tr(0,2).
We have

Pg}f//g)(a((),a) < TB(0,2), TB(0,3) < @(0,0))
Pg}@/Q)(TB(o,g) <0(0,0))
P/ P (0(0,a) < 7B(0,3) < 0(0,0))
Pini” (T(0.8) < 0(0,0))

P2 (0(0, @) < Tp(0,2) =

The numerator on the right hand side is bounded by c4aelog(1/e), by Proposition
7.3, scaling, and the Harnack principle. The denominator is greater than cse. It
follows that

PP (0(0,0) < Tp(02)) < csalog(1/e).

This and (7.46)-(7.48) show that
]P’g}&)BS(A) < cralog(1/e).

The proof of (7.45) is analogous except that it uses Proposition 7.7 instead
of Proposition 7.3. O
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Lemma 7.9. Fore <1/2,

(a) / / EE 82 t) ds dt < 3/2.
(b) / /0'3 = j_ o _T_tt)Q dsdt <log(1/e).
(c) / /t = i et —itt)Q dsdt < 2log(1l/e).

Proof. We bound the expression in (a) by

€ € € 2
1
J R b
0 0 3 (3+t>2 0 € 82(8+t)2

The first integral is bounded by

e e ¢ € 1 1 €
6_1/ / —dsdtzs_l/ (—— )tdtﬁa_l/ 1dt <1,
o Jo (s+1)? o U t+e 0

while the second is bounded by

! Sgdsdt< L w<ie
0 $2 52

Turning to (b), the integral does not exceed

/ / is_t ds dt <log(1/e),

for e < 1/2. Finally, considering (c), the integral is less than or equal to

2 (%1 st >t
/E/t{(5—25—2dsd15</E t—th§2log(1/5).

Let
F= {0-(07 —OC) v U(Ov Oé) < TB(0,2) < 0(070)}7

let C; be as in (7.6), and
F1 :Fﬂclﬂ---ﬂCE_l/w.

The most complicated estimate we have in this section is the following.
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Proposition 7.10. There exists ¢; independent of € such that if « < 1/log(1/e),
then
PO (Fy) < erat®Belog(1/e)/k1/5.

Proof. By symmetry it will suffice to consider only the case when o(0,a) <
o(0,—a). As in Proposition 7.7 we condition on Z,,a) = %a(s) and Z,,—a) =
P—al(t).

We will show that it suffices to suppose t > ¢, s > € and t > s because the
probability of {|Zg(0’_a)| < 6} U {|ZU(O7Q)| < E} U {|Zg(07_a)| < |Zg(0’a)|} is small.
The same argument which gives (7.41) shows that

]P)(O’E) (0(07 Ot) < 0(07 —Oé) < TB(O,2) < 0(070)7 |ZU(O,—a)| < E)

2 €
9 as
< tdtds.
_02/0 €2+s2/0 sz TP

This is bounded by (3/2)coca® < c3a'®/8clog(1/e)/x'/® by Lemma 7.9 (a). Simi-
larly, we have

]P;(O,a) (0(07 Cl/) < U(Oa —CV) < TB(0,2) < 0(07 O)v |ZJ(O,—a)| > €, |Zcr(0,a)| < 5)

¢ ¢ L as £ £ 2 o}
< tdtd _ 2—t
—62/0 52+82/€ (s+t)2a S+02/0 52—1—32/1( )5a2_

The first integral is bounded by c; log(1/¢)ea? by Lemma 7.9 (b), and the second
one is bounded by

dt ds.
t

czazs/o = j = ds < 02a25/2. (7.49)
Hence, the sum of the two terms is bounded by c,a'®/8clog(1/e)/k'/8. Finally,

PO (00, a) —Oé) <7B(0,2) < 0(0,0),|Zs(0,—a)| = €1 Z000,0)] > |Zo(0,—a)])

2 2
€

< tdsdt _ 2—1t

02/ / G )04 s —|—c2/0 €2+82/1( )Sa2—t

Now we use Lemma 7.9(c) and (7.49) to obtain csa?elog(1/e) as the upper bound
for the sum of these terms. The bound is less than cga®/8clog(1/e)/k'/8. This

completes our estimates. From now on we will assume that t = [Z,, —q)| > €,

s = |Zg(0’a)| >cand t= |ZU(0’_Q)| > 8= |ZJ(O,OZ)|.
The rest of the proof follows along the same lines as the proof of Proposition
7.6 except that we have a larger number of cases to cover. There are 6 cases:
(i) € < Zoo,0)| < 1Zo(0,—a)| < er!®

(i) € < |Zy0,0)| < %100 <N Zp(0,—a)| < V2,

(iii) € < |Zy0,0)] < er'0,eV2 < |Zy0,— )| < 2,

(iv) er!® <|Z,(0,0) < \20(07_05 | <el/?,
)
)

—

(v) el < Z, 00| <eV2 < Zy0,—a)l <2,
(Vi 61/2 S |Zg(0’a)| S |ZG(07_Q)| S 2.
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We will discuss only case (iv), the most complicated one. The other cases
can be dealt with in a way similar to (iv), using arguments and estimates which
appeared in the proofs of Propositions 7.6 and 7.8.

We proceed to discuss the case ex!'%° < 1 Zs(0,0)| £ | Z5(0,—a)] < el/2. Let

Vo= sup Y,, Vi= sup Y,
r<o(0,a) r<o(0,—«)

We use Propositions 7.1 and 7.2 (a)-(b) in a manner similar to that in proofs of
Propositions 7.6 and 7.7 to see that,

P(O’E) <F;€/€100 < ‘Za(O,a)’ < |Za(0,foz)’ < 51/27 0(07 O{) < 0(07 —Oé),
{1Zo0.0)|/5* = Vz(o(0.0)) O Vz(0(0.0)) = | Zo(0.0) |6}
{1Zo0,-a) /6> = VZ((0,—a)) O VZ(0(0,—a)) = |Zo(o,—a)!f<65)}>

1/2

€

13 _ _ 2

S Cr ﬁ(cyi 10 + cge c1o% )
erl00 €2+ S

1/2

c as 2
X / mat(CSH_lo + coge” 1" ) dt ds

c1/2 1/2

s € t
< cppea’k™ / / ———dtds
= £k 100 g2 + §2 s (S + t)Z

cl/2 el/2

S 1
< 0115042%_20/ 5 st/ —dt
erl100 € +s s t

< er1ea®k 0 log(1/e) log(1/e) < c10r®Belog(e) /k/5.

We see that we need an estimate for P(%¢)(Fy), where

F2 = {F N Cl N---N C€—1/16,€H100 < |Zo(0,a)’ < |ZO'(O,—OL)‘ < 61/2,0'(0,06) < 0'(0, —Oé),
Zs0.0)1/6% < Vz(00.0)) < 1 Z00.0)8°5 1200~ |/6° < Vz(o(0,~a)) < | Zo(0,—a) K}

If we omit for a moment the term C1N---NC,-1/16 and condition on Z, (g,o) =
Ya(s) and Z,0,—a) = ¥—a(t), we obtain the following upper bound analogous to
the first double integral in (7.41):

7t 1 s
2
— ———>tdsdt. 7.50
cse <C:/5,.@100 /c.nloo 52 (8 + t)2 ° ( )

We now see how (7.50) is modified when we reintroduce C; N---NC.1/16.
Suppose first that t > k%°s. As in Case 4 of Proposition 7.6 (see especially
(7.34)), we obtain a factor cj4a~ /10,7116 /log(s/ex?®) because there can be no
approximate points of increase at levels between 1 and as/k7. Next we need a factor
corresponding to there being no approximate points of increase at levels between
ask® and at/k?. An estimate analogous to Proposition 7.4 gives an upper bound of
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1 A (c15log(ask® /) /log(at/k3e)). If k > a > k20 then log(ask®/e) < log(sk®/e)
and

log(ask® /e _ _ log(sk8 /e
C1s g( ?{ ) < epsaq1/16,-1/16 g( 2/3 ) .
log(at/k3¢) log(t/k?3¢)
In the case a < k20 we use an estimate from the proof of (7.34) to see that
log(sk® /e) 1
—1/16,_—1/16 108 —1/16,.—1/16 >1
crea log(t/k?3e) — crea : log(t/k?3¢) —
In either case,
1A s log(ask® /) < cypa1/16,=1/16 log(sk°/¢) .
log(at/k3¢e) log(t/k%3¢)

Because there can be no approximate points of increase at levels between atx® and

e1/* we get in a similar way a factor c;5log(tk®/e)/log(e'/*/¢). In order to obtain

an upper bound for P(%)(F, N 1 Zs0,—a)l > /4;40|Zg(07a)|}), we use the integral

(7.50) except that we replace the integrand ¢/(s(s + t)?) by

~1/8,.-1/8 t 1 log(sx°/¢) 10g(t’96/5).
s(s+t)? log(s/er?8) log(t/ek?3) log(e—3/4)

C14C17C18¢x (751)

Since s/e > k199,
log(sk®/¢e) _ log(s/e) +log K5 2log(s/¢) <4
log(s/ex?®)  log(s/e) —log k2?8 — (72/100)log(s/e) —
and similarly,
log(tk%/e)  log(t/e) + log K® < 2log(t/e)
log(t/ek?3)  log(t/e) — log k3 — (77/100)log(t/e) —
Hence the expression in (7.51) is bounded by

t 1
T8 m1/E : 7.52
e R s(s+t)%log(1/e) (7.52)

We use (7.42) to see that
]ID(O’E)(FQ N {|Z<T(0,—a)| > "{40|Zcr(0,a) |})

1 SR L T
<ec 041/8/{1/8—0425/ / ————tdsdt
=20 log(l/a) ex100 J o100 52 (8 + t)2

1
< egoa VB8RS ——_a2ecy; log?(1/e)

log(1/¢)
= c900!/8k Y82 log(1/e). (7.53)
If s <t < sk*, in the derivation of (7.51) we must omit the middle factor
and we obtain instead

1/8,.~1/s___ 1 1 log(tk° /)
s(s+t)? log(s/er?8) log(e=3/4)"

C14C17C18C¢

Since t < k%%s and s/e > k!0,

log(tk5 /e) < log(s/e) + log k1 < 2log(s/e)

log(s/ek?8) ~ log(s/e) —logk® — (72/100)log(s/e) —
and proceeding as above, we obtain the same bound for the probability of Fy N
{1Zs(0,—a)| < 6% Zy(0.0)} as in (7.53). 0




8. Filling in the gaps.

Our first lemma shows that if there is no approximate point of increase of
size € at level ie/r for i = 0,1,2,...,r — 1, then there can be no approximate point
of increase of size (1 — r~1)e at level y for any y € [0, ¢].

The original definition (5.3) of o(j, ) was stated for integer j only. It extends

to non-integer j in an obvious way.

Lemma 8.1. Let e > 0,r € Z, s < 1 — 1/r. Suppose Z; is a Brownian motion
starting in the lower half plane, 0(2,0) < Tg(9,2), and fory; =i/r,i=0,1,2,...,r—
1

Y

U(yu 0) © Ha(yi—l—l,()) < TB(0,2) © Ha(yi—‘rl,O)-

Then if y € [0, ¢],
O'(y/&?, 0) o 00(y/s+s,0) < TB(0,2) © ga(y/s—l—s,())-

Proof. Suppose y/c € [y;,yit1], i < 7. Since 0(2,0) < Tp(o,2), the path after time
o(y/e + s,0) must hit L(y; + 1,0) before exiting B(0,2). Because

o (Yi,0)005(y,+1,00 < TB(0,2)°00(yi+1,0), the post-o(y/e + s,0) process returns to
L(y;, 0) before exiting B(0,2), which means it also has returned to £(y/e, 0) before
escaping B(0,2). O

Remark. The last result extends easily to approximate cut lines in other directions
and at levels y between v and v + ¢, for arbitrary |v| < 1.

Let

A={Z;0,0 = (0,0)},
A= {0(=1,0) 00,(0,0) > TB(0,2) © 00,0}
By ={o(=1,a) 0 0,0,a) < TB(0,2) © 05(0,a) }
N {sup{t < 0(0,0): Z € L(—1,a)} > sup{t < (0,0 : Z; € B(o,z)}}.

Proposition 8.2. There exists ¢; independent of € such that if « < 1/log(1/¢),
z = (x,y) with |z| > 4 and y < —1, then

P*(AN By, NB_y | A) < cra?elog?(1/e).

Proof. If w € ANA, then after time ¢(0,0), the process Z; will exit B(0,2) before
returning to £(—1,0). If w € B, N B_, N A, then by time ¢(0,0) the process will
have already hit £(0,«) and £(0, —«) (at time ¢(0,0), if not before). There are
three possibilities. The first is that before o(0,0) the process will have hit £(0, «)
and then £(—1, a) and also will have hit £(0, —«) and then £(—1, —«). The second
is that by time (0, 0) the process will have hit £(0, «) and then £(—1, «), but will
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not have hit £(—1, —«); the process will then have to hit £(—1, —«) after time
0(0,0). (We include in this possibility the same situation with the roles of a and
—a reversed.) The third possibility is that the process will hit both £(—1, «) and
L(—1, —«a) after time (0, 0).

Let us consider these three possibilities for an w € ANB,NB_,NA. For the
first, let us split the path at ¢(0,0). If we examine the portion of the path before
0(0,0), by time reversal and the argument of Proposition 5.8, the probability of
these paths is the same as the probability for a BM x Bes(3) started at 0 to hit
L(1,«) and then hit £(0,«) and also to hit £(1,—«) and then hit £(0,—«). By
Corollary 7.8, the probability of such w’s is bounded by caa/? 10g2(1 /€). For the
portion of the path after o(0,0) we use the strong Markov property. The process
must escape B(0,2) before returning to £(—1,0). Using (1.3) we obtain a factor
cse. So altogether we have the bound caeza®e log?(1/¢).

For the second possibility we again split the path at time ¢(0,0). By the ar-
gument we just gave in the preceding paragraph, using the first formula of Corollary
7.8, we obtain a factor cyarlog(1/¢) for the portion of the path before 0(0,0). By
the strong Markov property, Proposition 7.3, and the remark preceding Proposition
5.1, we get a factor csaelog(1l/e) for the portion of the path after o(0,0). So the
second possibility is bounded by cycsa®elog?(1/¢). (By symmetry, the probability
of the second possibility with the roles of a and —a reversed has the same bound.)

For the third possibility we use the strong Markov property at ¢(0,0), ex-
amine only the portion of the path after ¢(0,0), and use Proposition 7.7 to get the
desired bound. O

Let C; be as in (7.6).

Proposition 8.3. If z is as in Proposition 8.2 and o < 1/log(1/¢), then

P*(ANBaNB_oaNCiN--NCosijie | A) < crea®®log™8(1/e).

Proof. The proof is very similar to Proposition 8.2, where we look at the same
three possibilities, but this time we require C; N--- N C.-1/16 to hold.

For the first possibility, we proceed exactly as in Proposition 8.2 for the
portion of the path before ¢(0,0). For the portion of the path after ¢(0,0) we
again obtain a factor coe. However, we also require C7 N --- N C.-1/16 to hold, so
by Proposition 4.7 and the same argument as in Proposition 5.8, we also get an
additional factor c3/log(1/e). Thus the probability is bounded by

caiea®log?(1/e)/log(1/e) < csea®®log™8(1/e).

For the second possibility we proceed as in Proposition 8.2 but we use Propo-
sition 7.6 in place of Proposition 7.3 for the portion of the path after o(0,0). We
thus obtain the estimate

csalog(1/e)a® e /1og!/16(1/e) < csea®®log™®(1/e).
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For the third possibility we use Proposition 7.10 instead of Proposition 7.6
and again deduce the desired bound. U

Remark. It is easy to see that Propositions 8.1 and 8.2 hold if we replace the
conditioning on A = {Z,(,0) = (0,0)} by conditioning on {Z, 9,0y = (x,0)} for
any fixed (z,0) € B(0,1/2). We have to accordingly modify the definition of B,,
so that it involves hitting times of straight lines passing through Z, ). We have
to change the value of the constants, but we can do so independently of x. The
estimates similarly generalize to hitting times of lines inclined at different angles
lying at different distances from the origin.

Let £(x, ) be the line with slope — tan «, with y intercept x/ cos a, so that
its distance from the origin is equal to |z|. Define

p(z,a) =inf{t: Z, € L(z,a)}.
Note that for integer j, we have L(je,a) = L(j, ) and p(je, o) = o(j, ). Suppose
¢ € (0,7/16) and set
D(ZL‘, «, 5) = {p(lf, a)ogp(x—i—a,oz) > TB(O,Z)Oep(w+E,a)}7

E(a,e)= |J D(z,a,¢)
|| <1/64
Ge = {Zya.ay € B(0,1/8), 2] < 1/16,]a] < C}.
Proposition 8.4. Let~y > 0, ( € (0,7/16). There exists g > 0 and a dense subset
A., of (=(,() such that if z = (x,y) with |z| > 4 and y < —1, then

p* (GC N U E(a,so)> <.

a€Ae
Proof. Let K be chosen so that
o0 o 1
1—357%)>1/2 T2 < —.
TMa-i3z12 ad 352
J=Ki J=K1

Suppose K > K; and M = M(K) are large integers whose values will be chosen
later. By Theorem 6.10 and rotation invariance, there exists € € (0, 1) such that
P* (Gg N U U D(x, a,a)) < ~v/M. (8.1)
alog(l/e)€Z re€Z

|| <¢ |lz|<1/16

We will assume that ¢ is small enough so that ¢'/4 < 1/64. Let

k
Ep =¢€ H (1 _]_2)7
j=K
k
dk: =& Z j727
j=K
k
by = Z 277 /log(1/e),
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Note that by our choice of K1, K, and ¢, we have (1/16) —dj > 1/32 for all £k > K.
Let

Ep(a) = U D(z, a,ep).
2| <(1/16)—dy,

By translation and rotation invariance we obtain from (8.1) for any fixed j and m,

Pp* <G< N U U D(z, a,€)> <~v/M.
2= K falog(l/e)€Z (m/K2)+txec€l
la|<¢ |lz|<1/16

Summing over 2¥ values of j and K? values of m yields

P* (Gg N U U D(x,a,e)) < K225~ /M. (8.2)
a€lig exK2ez
lz|<1/16

By Lemma 8.1 and the remark following it,

P (GC n U EK(a)) < K225y /M.

acly

Note that the range of values of  has to shrink by ¢/K? due to the form
of the result proved in Lemma 8.1. For similar reasons we have introduced E} and
Iy; the range of values of z and « shrinks each time we make an inductive step in
our bisecting procedure later in the proof.

Let

F k= U Ek (Oé)
aEly
We now begin bisecting angles. Since e > ¢/2 by our choice of K7, then
log(1/¢)/log(1/ex) is bounded above and below by constants not depending on k.
If 3 is an angle of the form i/(28*11og(1/¢)) with i odd and |3| < /16, then by
Proposition 8.2 (see also the remark following Proposition 8.3),

1

2
9k+1 log(l/s)) €k 10g2(1/5k:) < o272, (8.3)

P*(GeND(x, 6, e0)NFF) < 1

1/4

for z € (1/4 —¢,/",1/4) for which x/ej, is an integer. There are at most 25,;3/4

such values. Proposition 8.3 similarly yields
P*(G¢ N D(z, B,ex) N FE N D(x + €g, B,ex)° NN D(x + Ei/‘l, B,ek)°)
1 15/8 .
< _ log™/®(1
- 63<2k+1 log(l/e)) ex log ™ (1/ex)
< 4,27 D8 1 10g(1/ey), (8.4)
1/4

for v € (—=1/4,1/4 — ¢,/") for which x/ej is an integer. There are at most 2/ey,
such values. Summing over z in (8.3) and (8.4), and using translations by ies /k?,
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i=0,1,...,k* — 1, we have

P (GC n | D@Be)n Fk)
k2z/ak€Z
|z|<1/4

< c5k? (26;3/462€k2_2(k+1) + 25;164%2_15(1‘3“)/8/ 10g(1/5;€)>
< cgh?27HHD/8 1 100(1 /ey).

By Lemma 8.1,
P*(G¢ N Ep1(B) NFE) < cak?271*+D/8 /1o (1/¢),). (8.5)

The number of angles 3 for which we have the estimate (8.5) is at most 2% log(1/¢).
Therefore
P*(G¢ N Flypy NFY) < crk?2k2 =100 1/8 < poo=k/2,

We obtain
P (GC n Fk> <P (GcNFx)+ Y PH(Ge N i NEY) (8.6)
k=K k=K

< K225~ /M + Z g2 k2.
k=K

We can make the left hand side of (8.6) less than /2 if we first take K sufficiently
large and then M sufficiently large. We have proved that with probability greater
than 1 — v, there are no approximate points of increase of size £; at any level
x € (—1/32,1/32) at any direction « € I, for any k > K.

We set 9 = ¢/4 and A, = (U2 1) N (—(,¢). By Lemma 8.1, if o €
A. and there are no approximate points of increase of size ¢, at any level = €

(—1/32,1/32), then there are no approximate points of increase of size e for any
level x € (—1/64,1/64). O

In the following proof, £ will denote a straight line. We let §(L£) denote the
angle that £ makes with the z-axis. Let H(L, z) denote the half plane determined
by L that contains the point z.

Proof of Theorem 0.7. Recall the definition of S from (0.1). If w € S, then there
exists a straight line £, an integer M > 16 and rationals x1, y1, 71, p, (, and ro
with the following properties. First of all, (L) € (p—(/4,p+(/4). If z1 = (z1,11),
then Z7, € B(z1,71/4), the portion of the path from 7p(;, ,,) to 7. lies on one side
of £, and the portion of the path from 7, to 7p(, ) lies on the other side of L.
We have rp < r1/M and Z7, € B(z1,r2/4), and Z(Tp(., r,)) is a distance at least
167y from £. We have ( € (—n/16,7/16). Finally, if £’ is any line intersecting
B(z1,72/4) with (L") € (p— ¢, p+ (), then the location where Z; first hits £ after
time Tp(., r,) Will lie in B(z1,72/2).
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By using the strong Markov property at 7p(., 4r,), translation invariance,
rotational invariance, and scaling, it thus suffices to show that if |z| > 4, z = (x,y),
and y < —4, then P*(S;) = 0, where S; is the event

{HE :ZTﬁ € B(O7 1/2)7 Zt ¢ H(EWZ) for TE <t < TB(O,2)79<‘C) € <_§/47C/4)a
Zr ) € B(0,1/2) for £’ such that £’ N B(0,1/4) # 0 and 6(L") < (}.

Suppose P#(S1) > 0. Choose large N < oo and small v > 0 such that

P (51 n{ sup 1Z,| < N}) > . (8.7)

t<TB(0,2)°07(B(0,1))

By Proposition 8.4 and scaling we can find € and a dense subset A of (—7/16,7/16)
such that the probability that there exists an approximate point of increase of size
at any level z € (—1,1) for any a € A, is less than /2. We see that there must exist
an w which belongs to the event in (8.7) but such that there is no approximate point
of increase of size ¢ at any level z € (—1,1) for any a € A.. Consider such an w and
let £ be a cut line as in the definition of &;. Since A. is dense in (—7/16,7/16),
there exist two parallel lines £; and Ly such that 0(L£;) € A, the process hits £,
before hitting Lo, Z7(z,) € B(0,3/4), the distance between £; and L, is ¢, and
L N B(0,N) lies strictly between £ and L5. After hitting Lo the process cannot
return to £, before exiting B(0,2) because it cannot cross the cut line £. Hence
there exists an approximate point of increase of size € at some level x € (—1,1) for
the angle 6(L£;). This is a contradiction. The proof of Theorem 0.7 is complete. O



9. Further results and problems.

Cut planes.
In this section we will sketch a proof of Theorem 0.6. Recall the result.

Theorem 0.6. Let X; denote d-dimensional Brownian motion, where d > 3. With
positive probability, there exists t € (0,1) such that X([0,t)) and X ((¢,1]) lie on
the opposite sides of some (d — 1)-dimensional hyperplane.

We first consider 2 dimensional Brownian motion. Recall the definition of
L(j,a) and o(j,a) from (5.3) and the event D = {X; ) = 0} from (5.32). Let
C(j, ) be the event that L£(j,«) is an approximate cut line of size ¢, i.e.,

C(]a a) = {TB(O,Z) o eo(j,a) < U(] - 17 O{) o ea(j,oz)}'

Lemma 9.1. Consider a < w/16 and suppose z = (x,y) with |z| > 4 and y < —1.
There exists ¢; not depending on ¢ such that for j < a/e,

B*(C(0,0)N C(j,a) | D) < == (je)"
For j > a/e,
P*(C(0,0) N C(j,a) | D) < C;—g

Proof. (Sketch) Let v be the point where £(j, ) and £(0,0) intersect. Given D,
the process hits £(0,0) at (0,0). It must then hit £(j, «) before hitting £(—1,0).
So we require the y coordinate of the Brownian motion to hit je/2 before hitting
—e, and the probability of this is 2/j. There is a chance that the process X; will
hit £(j, «) at a point closer to v then one would expect, but it is easy to show that
this probability is relatively small.

After hitting £(j, «), the process X; must exit B(0,2) before hitting either
L(j—1,a)or L£(1,0). For j > /e, we use a crude bound cee. Suppose that j < a/e.
By Proposition 5.2, the probability of the same event is bounded by a constant times
e(je)®. Again there is a difficulty if X; hits £(j, @) at a point much further from v
than one would expect; a conformal mapping gives the exact hitting distribution of
L(j,a) U L(—1,0) starting from (0,0), and this can be used to estimate this latter
probability. The first estimate in the lemma follows by multiplying the bounds 2/j
and £(je)®, and the second one can be obtained in a similar way. d

Proof of Theorem 0.6. (Sketch) By projection, if a 3 dimensional Brownian
motion can be cut by a plane, then d-dimensional Brownian motion can be cut by
a (d — 1)-dimensional hyperplane, d > 3. So it suffices to consider the case d = 3.
Let € > 0 and let v(k,m) be the unit vector starting at the origin whose
terminal point has spherical coordinates (1, k/log(1/e),m/log(1/e)). Let P(j, k,m)
be the plane which has v(k, m) as its normal vector and which passes through the



90 RICHARD F. BASS AND KRZYSZTOF BURDZY

point whose spherical coordinates are (je, k/log(1/),m/log(1/¢)). Let A(j, k,m)
be the event that 3 dimensional Brownian motion hits P(j,k, m) before exiting
B(0,1) and then exits B(0,2) before returning to P(j — 1, k,m).

Let z € 0B(0,2) N P(—1/2¢,0,0). Note there exists co such that
P*(A(j,k,m)) > coe. If we sum over j from 1 to 1/2¢ and k and m from 1 to
mlog(1/¢)/16, we see

Z P (A(j, k,m)) > c3log®(1/e).

Jrk,m

Let « be the angle between P(0,0,0) and P(j',k’,m’). By projecting onto
the plane containing v(0,0) and v(k’,m’) and using Lemma 9.1,

P*(A(0,0,0) N A(j',k',m’) | D) < ]i(g ), if j < ae,
P*(A(0,0,0) N A(j, )|D)gji if j > afe.
We obtain
1/(2¢) aje Cre 1/(2¢) B e
> PF(A(0,0,0) NA(j K ,m)) | D) < > ;—/(j’s)“ + > Ji < %
j/:1 /:1 j’:a/a

It is easy to remove the conditioning on the event D, i.e., to see that

1/(2¢)

ZIP’Z (0,0,0) N A(j', k', m’)) < £

o
Now summing over k" and m’ from 1 to mwlog(1/e)/16, routine calculations lead to
> PA(A(0,0,0) N A(j, K, m)) < erelog?(1/e).
j/’k/’m/

Using the rotation and translation invariance of Brownian motion and making minor

modifications, we have

> PHAGkm)NAG K m')) < eselog?(1/e)

i ’ ’
J’ k' m

with cg not depending on j, k, or m. Finally summing over j, k, and m, we obtain

Z P*(A(f, k,m) N A(j', k' ,m')) < colog(1/e).

/7

j?k7m7j/7k/’m

If

R = Z LaGk,m)s

j’k7m
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we thus have shown that
E*R? < ¢19(E*R)?

with ¢19 independent of €. A standard second moment argument (see the last
paragraph of the proof of Theorem 6.1) shows there exists ¢ independent of e
such that

P*(R>1) > c13.

This implies that, with probability greater than ci;o > 0, for every €1 > 0, there is
a cut plane of size ¢ € (0,e1). A compactness argument readily yields the existence
of cut planes with positive probability. U

Open problems.

1. Logarithmic dimension. Cut planes exist for all dimensions 3 and larger. Evans’
(1985) result implies that the set of times

Cy={t€(0,1): X([0,t)) lies on one side of a hyperplane,
X ((t,1]) lies on the other side of the hyperplane}

has Hausdorff dimension zero. Yet perhaps a more sensitive measure of Cy will
show dependence on the dimension d. Recall the Hausdorff dimension of a set A
is the infimum of those « for which the x“-Hausdorff measure of A is zero. The
logarithmic dimension of a set A is defined to be the infimum of those a for which

the 1/log®(1/x)-Hausdorff measure is zero. What is the logarithmic dimension of

Cq?

2. Curved lines. By the result of Burdzy (1989) on the existence of cut points,
the trace of two dimensional Brownian motion can be cut by Lipschitz curves. We
have shown that it cannot be cut by straight lines. How smooth may a curve be
and still cut the trace of Brownian motion? We conjecture that the curve may be
C' but cannot have a derivative that is too smooth.

3. Local times. For one dimensional Brownian motion, the local time at level s at
time 1 is never 0 if s is in the interval (inf,<; X, sup,<; X;). Now consider two
dimensional Brownian motion and let L;(s,v) be the local times on straight lines
introduced by Bass (1984). This is a jointly continuous version of the local time at
s of X;-v. Although cut lines of X; do not exist, it is still conceivable that L(s,v)
can be 0 for some v and some s € (inf,<; X, - U, Sup, <4 Xy - v). Does this happen
or not?

4. Excursions from the convex hull. Let D, denote the convex hull of the trace
X ([0,t]) of 2 dimensional Brownian motion X. Do there exist Brownian excursions
from the convex hull, i.e., do there exist times ¢ € (0, 1) such that D; and X ((¢,1])
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are disjoint? If ¢ is such a time, then X ((¢,1]) is a part of an excursion of X from
the set D;. The shape of an excursion and its “likelihood” depend on the shape
of 0D;. The boundary of D; contains line segments and it would not be hard to
argue that there are no excursions from D, starting in the middle of one of those
line segments. The curvature of 0D; near its minimum point has been described
by Burdzy and San Martin (1989) and Mountford (1992). The same results hold
simultaneously for the extremal points of D; in almost all directions, by Fubini’s
theorem. The results of Burdzy (1987) on the path behavior of Brownian excursions
in Lipshitz domains show that a typical Brownian excursion starting from such a
point on dD; would have the same local properties as an excursion from a straight
line. This suggests that there are no excursions from the convex hull starting at
such points. One cannot rule out, however, existence of a sufficiently large set of
points on dD; with exceptionally large “curvature” and excursions X ((t,1]) from
D, starting from such points.
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