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Industrial & Systems Engineering

A broad range of optimization problems in applications such as healthcare operations, rev-
enue management, telecommunications, high-performance computing, logistics and trans-
portation, business analytics, and defense, have the following form. Heterogeneous service
requests arrive dynamically and stochastically over slotted time. A request may require
multiple resources to complete. The decision-maker may collect a reward on successfully
completing a service request, and may also incur costs for rejecting requests or for delaying
service. The decision-maker’s goal is to choose how to dynamically allocate limited resources
to various service requests so as to optimize a certain performance-metric.

Despite the prevalence of these problems, a majority of existing research focuses only on
their stylized models. While such stylized models are often insightful, several experts have
commented in recent literature reviews that their applicability is limited in practice. On
the other hand, more realistic models of such problems are computationally difficult to solve
owing to the curse of dimensionality.

The research objective of this dissertation is to build Markov decision process (MDP) mod-
els of four classes of dynamic resource allocation problems under uncertainty, and then to
develop algorithms for their approximate solution. Specifically, most MDP models in this

dissertation will possess the so-called weakly coupled structure. That is, the MDP is com-



posed of several sub-MDPs; the reward is additively separable and the transition probabilities
are multiplicatively separable over these sub-MDPs; and the sub-MDPs are joined only via
linking constraints on the actions they choose. The dissertation proposes mathematical
programming-based and simulation-based approximate dynamic programming methods for
their solution. Performance of these methods is compared against one-another and against
heuristic resource allocation policies. An outline of this dissertation is described below.
Chapter 1 investigates a class of scheduling problems where dynamically and stochastically
arriving appointment requests are either rejected or booked for future slots. A customer
may cancel an appointment. A customer who does not cancel may fail to show up. The
planner may overbook appointments to mitigate the detrimental effects of cancellations and
no-shows. A customer needs multiple renewable resources. The system receives a reward for
providing service; and incurs costs for rejecting requests, appointment delays, and overtime.
Customers are heterogeneous in all problem parameters. The chapter provides a weakly
coupled MDP formulation of these problems. Exact solution of this MDP is intractable. An
approximate dynamic programming method rooted in Lagrangian relaxation, affine value
function approximation, and constraint generation is applied to this weakly coupled MDP.
This method is compared with a myopic scheduling heuristic on 1800 problem instances.
These numerical experiments show that there was a statistically significant difference in the
performance of the two methods in 77% of these instances. Of these statistically significant
instances, the Lagrangian method outperformed the myopic method in 97% instances.
Chapter 2 focuses on a class of non-preemptive scheduling problems, where a decision-maker
stochastically and dynamically receives requests to work on heterogeneous projects over dis-
crete time. The projects are comprised of precedence-constrained tasks that require multiple
resources with limited availabilities. Incomplete projects are held in virtual queues with finite
capacities. When a queue is full, an arriving project must be rejected. The projects differ in

their stochastic arrival patterns; completion rewards; rejection, waiting and operating costs;



activity-on-node networks and task durations; queue capacities; and resource requirements.
The decision-maker’s goal is to choose which tasks to start in each time-slot to maximize the
infinite-horizon discounted expected profit. The chapter provides a weakly coupled MDP
formulation of such dynamic resource-constrained project scheduling problems (DRCPSPs).
Unfortunately, existing mathematical programming-based approximate dynamic program-
ming techniques (similar to those in Chapter 1) are computationally tedious for DRCPSPs
owing to their exceedingly large scale and complex combinatorial structure. Therefore, the
chapter applies a simulation-based policy iteration method that uses least-squares fitting to
tune the parameters of a value function approximation. The performance of this method
is numerically compared against a myopic scheduling heuristic on 480 randomly generated
problem instances. These numerical experiments show that the difference between the two
methods was statistically significant in about 60% of the instances. The approximate policy
iteration method outperformed the myopic heuristic in 74% of these statistically significant
instances.

In Chapters 1 and 2, the decision-maker is assumed to know all parameters that describe
the weakly coupled MDPs. Chapter 3 investigates an extension where the decision-maker
only has imperfect information about the weakly coupled MDP. Rather than only focusing
on weakly coupled MDPs that arise in specific applications as in Chapters 1 and 2, Chapter
3 works with general weakly coupled MDPs. Two different scenarios with imperfect infor-
mation are studied. In the first case, the transition probabilities for each subproblem are un-
known to the decision-maker. In particular, these transition probabilities are parameterized,
and the decision-maker does not know the values of these parameters. The decision-maker
begins with prior probabilistic beliefs about these parameters and updates these beliefs us-
ing Bayes’ Theorem as the state evolution is observed. This yields a Bayes-adaptive weakly
coupled MDP formulation whose exact solution is intractable. Computationally tractable

approximate dynamic programing methods that combine semi-stochastic certainty equivalent



control or Thompson sampling with Lagrangian relaxation are proposed. These ideas are
applied to a class of dynamic stochastic resource allocation problems and numerical results
are presented. In the second case, the decision-maker cannot observe the actual state of the
system, but only receives a noisy signal about it. The decision-maker thus needs to prob-
abilistically infer the actual state. This yields a partially observable weakly coupled MDP
formulation whose exact solution is also intractable. Computationally tractable approximate
dynamic programming methods rooted in semi-stochastic certainty equivalent control and
Thompson sampling are again proposed. These ideas are applied to a restless multi-armed
bandit problem and numerical results are presented.

Chapter 4 investigates a class of sequential auction design problems under imperfect infor-
mation. There, the resource corresponds to the seller’s inventory on hand, which is to be
allocated to dynamically and stochastically arriving buyers’ requests (bids). In particular,
the seller needs to decide lot-sizes in a sequential, multi-unit auction setting, where bidder
demand and bid distributions are not known in their entirety. The chapter formulates a
Bayes-adaptive MDP to study a profit maximization problem in this scenario. The number
of bidders is Poisson distributed with a Gamma prior on its mean, and the bid distribution
is categorical with a Dirichlet prior. The seller updates these beliefs using data collected
over auctions while simultaneously making lot-sizing decisions until all inventory is depleted.
Exact solution of this Bayes-adaptive MDP is intractable. The chapter proposes three ap-
proximation methods (semi-stochastic certainty equivalent control, knowledge gradient, and

Thompson sampling) and compares them via numerical experiments.
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Chapter 1

MULTI-CLASS, MULTI-RESOURCE, ADVANCE
SCHEDULING

The work reported here has appeared in the journal Computers and Operations Research,

67, 90-101, 2016.

1.1 Introduction

We present a formal abstraction, a Markov decision process (MDP) model, and an approxi-
mate dynamic programming (ADP) solution algorithm for a class of problems motivated by
recent literature reviews about patient scheduling [18, 32, 44]. To understand this class of
problems concretely, imagine a scheduler at a hospital, who dynamically and stochastically
receives appointment requests for different types of elective surgeries. Distinct types of surg-
eries require different kinds and amounts of resources. For example, one type of surgery may
require a two-hour block of time in the operating room, one surgeon, two surgeon’s assistants,
a nurse and a certain medical equipment. Another type of surgery may require a two-hour
block of time, two surgeons, no assistants, and one nurse. Indeed, Gupta and Denton [44]
stated that surgeries require “clinical assistants, nurses, anesthesiologists, surgeons, oper-
ating rooms, diagnostic devices, surgical tools and other equipment.” Since these surgeries
are elective, the requests may be rejected, or scheduled to a future day in a booking hori-
zon. The scheduler may also receive cancellations for surgeries that were booked in advance.
Similarly, some scheduled surgeries may turn out to be no-shows “at the last minute.” To
mitigate the adverse effects of such cancellations and no-shows on system-performance, the
scheduler may overbook surgeries with the hope that additional resources may be summoned

if and when deemed necessary. The hospital may receive different rewards for performing



different types of surgeries and incur costs/penalties for rejecting arriving request. It may
also incur an indirect waiting cost depending on the delay between when the request arrives
and the future day for which it is scheduled. Finally, if additional resources are requested to
tackle overbookings, the hospital may incur a cost of overtime. The scheduler is interested in
booking these dynamic, stochastic surgery requests so as to optimize an appropriate metric
of performance over an infinite horizon because there is no known time of extinction for this
system. We call this type of problems multi-class, multi-resource, advance scheduling with
cancellations, no-shows and overbooking.

These advance scheduling problems also arise in healthcare operations other than elective
surgery scheduling. For example, a clinic that employs one or more physicians must also
book stochastically and dynamically arriving patient requests and plan for no-shows and
cancellations (estimates of no-show rates vary widely in the literature depending on several
factors: for instance, 42% [67]; 10% [17, 25, 112]; 15%-30% [28]; 20% [53]; 3%-80% [96]).
Similarly, a radiological facility that houses different kinds of imaging machines also needs
to book requests for distinct classes of diagnostic exams [83, 106].

Beyond healthcare, such advance scheduling problems arise in revenue management [31];
at maintenance and repair facilities [85]; in manufacturing [69, 104]; in military recon-
naissance and combat planning [1]; in communication networks [5, 93, 111]; and in high-
performance computing [108].

Despite the prevalence of these problems in a broad range of applications, research on
their mathematical models and dynamic stochastic optimization is sparse. In the healthcare
context, Cayirli and Veral [18] noted that the use of patient classification in scheduling
problems which consider dynamically and stochastically arriving requests was very limited
in the literature. They discussed potential advantages of classifying patients by relaxing
the usual assumption of homogeneous patients. They also stated that no-shows is a major
exogenous factor that affects the performance of any appointment scheduling system. They
commented “no rigorous research exists which investigates possible approaches to adjusting

the appointment systems in order to minimize the disruptive effects of no-shows, walk-ins,



and /or emergencies.” Daggy et al. [26] discussed the importance of considering no-shows and
overbooking in patient scheduling models. Gupta and Denton [44] stated that cancellations
and no-shows are open challenges in appointment scheduling and that overbooking could be
used to tackle this difficulty.

The main reason why most researchers seem to have balked from building mathematical
models and developing optimization algorithms for these problems is the well-founded belief
that any such model would be inevitably large-scale and hence their exact solution com-
putationally difficult. This concern is appropriately rooted in the three well-known curses
of dimensionality in dynamic programming (DP) — the curse of state-space, the curse of
action-space, and the curse of expectation [89]. Indeed, Truong [106] stated that “advance
scheduling problems have generally been deemed intractable.”

In this chapter, we attempt to fill this gap in the literature by making the following

contributions:

1. we formally introduce a group of multi-class, multi-resource, advance scheduling prob-
lems with no-shows, cancellations, and overbooking; to the best of our knowledge, this

class of problems has not yet been studied in the existing literature;

2. we provide an MDP model for this class of problems;

3. we show that this MDP is weakly coupled (see Adelman and Mersereau[3]) — that
is, the state- and action-spaces are Cartesian products of finite sets over different
job classes, the immediate expected rewards are additively separable over job classes,
transition probabilities are multiplicatively separable over job classes, and the only

feature that links different job classes is the resource constraints;

4. we argue that this weakly coupled MDP is large-scale; that is, a naive implementation
of the standard Lagrangian relaxation method of Adelman and Mersereau [3] would be

computationally challenging;



5. we then show how Lagrangian relaxation with constraint generation and affine value
function approximation, which was originally developed by Gocgun and Ghate [41]
for solving general large-scale weakly coupled MDPs, can be applied to this class of

problems;

6. we compare the resulting Lagrangian policy with a myopic heuristic via extensive

numerical experiments that include eighteen hundred problem instances;

7. our numerical experiments suggest that the Lagrangian solution outperforms the my-
opic solution with a statistically significant margin on a large majority of the problem

mstances.

This chapter is organized as follows. We review related literature in the next section. Our
class of advance scheduling problems is formally introduced in Section 1.3. A weakly coupled
MDP formulation for this class of problems is described in Section 1.4. An ADP algorithm
based on Lagrangian relaxation of this MDP is presented in Section 1.5. Computational

experiments are included in Section 1.6.
1.2 Literature review

The problems considered in this study are categorized as advance scheduling problems be-
cause stochastically and dynamically arriving jobs are scheduled to future slots within a
booking horizon. The first part of our literature survey (Section 1.2.1) therefore focuses on
papers that model advance scheduling in this manner; the second part (Section 1.2.2) re-
views papers that do not model advance scheduling the way we envision here, but do include
no-shows and/or overbooking. These two parts focus on papers that consider healthcare as
their main application domain. The advance scheduling problems we study do share some
similarities, albeit tenuous, with other problems studied in application areas such as revenue
management, machine scheduling, admission control in queues, and inventory allocation. We

do not review those papers here but refer the reader to various surveys about these appli-



cation areas: Talluri and van Ryzin [102] for revenue management; Leung [68] for machine
scheduling; Green and Savin [43] for admission control in queues; and Ha [45, 46] for inven-
tory allocation. Our advance scheduling framework is in contrast with allocation scheduling,
where an arriving job is either rejected or put in a queue and jobs in the queue are dy-
namically selected for service later [75]. We do not review the vast literature on allocation

scheduling but instead refer the reader to Truong [106] for an up-to-date survey.

1.2.1 Literature on advance scheduling

Patrick et al. [83] presented an MDP model and a linear programming based ADP method to
book stochastically and dynamically arriving patient requests to future slots at a diagnostic
resource in a public healthcare setting. That paper considered a single resource. Gocgun
and Ghate [41], in a paper that was based on Gocgun’s doctoral dissertation [39], extended
the model in Patrick et al. [83] to include multiple resources. Gocgun and Ghate [41] showed
that their problem can be formulated as a weakly coupled MDP and proposed an extension
of the Lagrangian relaxation method in Adelman and Mersereau [3] and in Hawkins [50]
for approximately solving this MDP. Neither the model in Patrick et al. [83] nor that in
Gocgun and Ghate [41] included cancellations, no-shows, or overbooking. Saure et al. [99]
applied the method in Patrick et al. to scheduling problems in radiation therapy. Gocgun
and Puterman [42] applied an extension of Saure et al. [99] to chemotherapy appointment
scheduling. This extension considered target dates for appointments and a tolerance around
that target in which the scheduler has the flexibility to book an appointment. Again, these
papers did not incorporate no-shows, cancellations, overbooking or multiple resources.

An application of advance scheduling to multi-class, multi-resource surgeries is developed
in the Master’s thesis of Astaraky [8]. That model aims to minimize a combination of waiting
time till the surgery date, overtime in the operation room, and congestion in hospital wards.
Astaraky’s model does not consider no-shows and uses patient-discharge from the booking
schedule that can be viewed as a type of cancellation. The state in his model includes the

number of patients booked in the booking horizon, the number of patients in post-operative



recovery, and the demand waiting to be scheduled. This state is different from what we need
in this chapter. For instance, Astaraky does not need to store information about when a
booking decision was made in the state. Astaraky employed a simulation-based approximate
dynamic programming method that was based on the idea of pre- and post-decision states
as described in [89] and that used policy iteration rooted in least-squares regression.

Liu et al. [72] developed an advance scheduling model with no-shows, cancellations and
overtime. They only considered a single class of patients and a single resource. Feldman et
al. [34] extended the model in Liu et al. by adding patient preferences.

Patrick [82] provided an MDP model that allows wait-time dependent no-show rates and
also uses overbooking. He showed via simulation that using a booking horizon might work
better than implementing an open-access policy whose essence is “do today’s demand today.”
Earlier case studies and simulation studies of open-access policies appeared in Murray and
Tantau [78]; Kopach et al. [62]; and Robinson and Chen [92]. A variety of challenges in
implementing open-access were discussed in Gupta and Denton [44] and in Kopach et al.
62].

Truong [106] studied advance scheduling problems with one emergency class of patients,
one regular class of patients, and multiple resources. She provided the first-ever analytical
results for this class of problems, remarkably leading to an efficient algorithm for exact
calculation of an optimal policy. No-shows, cancellations, or overbooking were not modeled.

Herring and Herrmann [51] constructed a finite horizon stochastic dynamic programming
model for allocating operating room capacity over N days. This model shared some simi-
larities with capacity allocation models in the airline revenue management literature. The
key feature that distinguished the Herring and Herrmann [51] model from previous revenue
management models was that they allowed the lower-priority demand to form a waiting list.
This complicated their state-space, but interestingly, they were still able to derive optimal
policies that behaved in a manner similar to revenue management. Herring and Herrmann
[51] did not model no-shows, cancellations, or overbooking.

A general dynamic capacity allocation problem was modeled by Erdelyi and Topaloglu



in [30]. Their model involved allocating a fixed amount of daily capacity to different jobs

that arrive randomly. They did not model no-shows or cancellations.

1.2.2  Literature on no-shows, cancellations, and overbooking

There is a parallel body of literature on patient scheduling that considers no-shows, and/or
cancellations, and /or overbooking but without advance scheduling as envisioned in this chap-
ter.

Kim and Giachetti [60] formulated a static, single session appointment scheduling prob-
lem. Their goal was to choose the number of appointments to book in this session. A single
class of patients was considered. Their objective function included revenue generated by
serving patients, physician overtime cost and a penalty cost for patients who leave without
being served.

LaGanga and Lawrence [65] also considered a similar static problem in which the goal
was to select the number of patients scheduled for each slot in a day. No-show rates were
dependent on the time of the day. A single class of patients was included. They analytically
derived simple properties of the overbooking solution and then used complete enumeration
for solving small problems and employed heuristic search for approximate solution of larger
problems. Zacharias and Pinedo [115] studied a problem similar to LaGanga and Lawrence
[65] but allowed for heterogeneous patients. Other similar works, separated by idiosyncratic
differences in their problem statements and model formulations, include Kaandorp and Koole
[58]; Hassin and Mendel [49]; Klassen and Yoogalingam [61]; Begen and Queyranne [12];
Cayirli et al. [19].

Huang and Zuniga [54] developed a simulation method to find a threshold of no-show
probability for a patient booked in a particular slot that should induce overbooking for that
slot.

Muthuraman and Lawley [79] presented a scheduling model that combined certain fea-
tures from more traditional static models with those of dynamic models. In their model,

patients are booked for slots of fixed lengths in one day through a call-in process that occurs



before the day begins. The scheduler uses an estimate of a caller’s no-show probability to
schedule him/her for one of the slots before the phone call ends. Service times are exponen-
tial and patients who do not complete service in a slot spill over to the next one. Thus, a
queue of waiting patients is formed. The objective is to maximize expected revenue, which
is composed of a reward for completing service, the patients’ waiting cost and an overtime
cost. Chakraborty et al. [20] also used a similar approach to sequential clinical scheduling
with patient no-shows. Their model extended the model of Muthuraman and Lawley [79]
by allowing arbitrary service time distributions. Zeng et al. [116] also extended the work
in Muthuraman and Lawley [79] by providing two additional, more sophisticated scheduling

algorithms.

Luo et al. [74] considered a fixed time horizon and a single class of patients; at the
beginning of this time horizon, the planner wants to determine the number of patients to
be scheduled and also the times at which their appointments begin. They allowed for the
possibility of patient no-shows and included exponentially distributed service times. An
interesting and unique feature of their model was that it allowed for service-interruptions.
These interruptions were induced, for example, by events that forced the server to divert
attention to other activities such as treating emergency patients. The objective function in
Luo et al. [74] included a waiting cost and an overtime cost. Evaluation of this objective
called for the solution of Kolmogorov differential equations. This rendered exact solution

intractable. Luo et al. [74] therefore used a heuristic method for approximate solution.

Liu and Ziya [71] considered an appointment system where the provider can control the
demand arrival rate. Their model included a single server queue, a single class of patients,
and state-dependent no-show probabilities. They first assumed that the planner does not
have the option to overbook and provided a characterization of the optimal demand arrival
rate. Later they incorporated overbooking in a stylized fashion by making the service rate a
decision variable in addition to the demand arrival rate. They derived a characterization of

optimal solutions to this joint optimization problem.



1.3 Formal problem statement

In light of the broad variety of applications of advance scheduling, we will use the words
patients and jobs interchangeably in this chapter. As stated above, since the system under
consideration has no predetermined time of extinction, we construct an infinite-horizon model
as is common in the literature on advance scheduling. The actual length of each time-period
in this model will depend on the application. For expository convenience and brevity, we

will nevertheless call each time-period a day.

Our formal problem statement below is best-suited for facilities that operate in the fol-
lowing manner. Stochastically arriving requests for appointments are collected from different
types of jobs online or through voice calls throughout a day. Similarly, stochastically arriving
cancellations for previously booked jobs are also logged throughout a day. The scheduler
reviews these requests before the facility begins its daily operations. The scheduler also
knows the numbers and types of jobs that are already booked in the booking horizon, as
well as the day in the past when these booking decisions were made. As we shall see, it is
essential to know when these booking decisions were made because we allow our cancellation
and no-show probabilities to depend on this quantity. Requests for appointments can be
booked for any day in the booking horizon or they can be rejected. The scheduler conveys
these decisions to the jobs before the beginning of the daily operations at the facility. At
this time, the scheduler also decides the numbers and types of jobs that the facility will serve
using overtime that day. A job that is scheduled for today, may, with some probability, fail
to show up for its appointment without canceling it ahead of time. In order to prepare the
facility for potential additional work, overtime decisions for the day have to be made before

these stochastic no-shows are realized that day.

Our class of advance scheduling problems is more precisely described below; Table 1.1

summarizes the notation used.

1. (Heterogeneous job types) The index set of job types is denoted by Z = {1,2,...,I}.
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2. (Stochastic arrivals) A random number A; of type-i jobs arrives in one day; A; takes
values from the set {0, 1,..., N;}, where N; are positive integers. The probability that

n; type-i jobs arrive in one day is p;(n;). Arrivals across different types are independent.

3. (Multiple resource constraints) J = {1,...,J} denotes the set of resources and b;
(positive integer) is the total quantity (including overtime) of resource j € J available
for use in each day. The regular quantity (without overtime) of resource j € J available
each day is denoted by 0. Thus, clearly, b; < b; for all j. In order to perform each
job of type i, a non-negative integer amount a,; of resource j is required. We assume
that for each job-type ¢, there is at least one resource j such that a;; > 0. We note
here that the word overtime is used somewhat loosely as it may not actually refer to a
literal time. The word essentially refers to the act of serving jobs using extra resources

than what is normally available at the facility by incurring a cost.

4. (Immediate decisions) The scheduler can either reject or accept an arriving request. An
accepted request is booked for one day somewhere in a booking horizon. The booking
horizon consists of the current day and 7" more future days. Our model allows the
scheduler to overbook — that is, to book more jobs than can be handled by the regular
resource capacities. A decision is thus made about how many and what type of jobs

could be served in overtime today.

5. (Stochastic cancellations) Each day, a random number of jobs booked for future days
may cancel their appointments. We assume that jobs for which an appointment decision
was just made today will not cancel that same day. The term 0 < ¢}, < 1 denotes the
probability that a type-¢ job booked 1 < [ < T — 1 days earlier for 1 < k < T —1
days from today will cancel their appointment today, independently of everything else.
Note here that we allow the cancellation probability to depend on the job-type as well
as on how long ago the job was booked and on how far into the future it was booked.

The random number of type-i jobs that will cancel today is denoted by Y?,, with I
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and k as just defined. Note that an [, & combination in this context is meaningful only

when [ + k£ < T because of our booking horizon.

. (Stochastic no-shows) Some of the jobs that are booked for today might not show up
(without canceling their appointment ahead of time) — these are called no-shows. We
use 0 < 67 < 1 to denote the probability that, independently of everything else, a
type-t job that was scheduled [ days ago for today will show up for its appointment.
Thus, 1 — 6} is the no-show probability. Again, we allow this probability to depend
on the job-type as well as on how long ago the job was booked. We also define S,
for 1 <1 < T, as the random number of type-i jobs that were booked [ days ago for
today and that will show up for their appointment. We assume that jobs that were

just booked today for today will show up for their appointments.

7. (Costs) The following costs are incurred:

e (Delay cost) The delay cost of scheduling a type-i job k days from today in the
booking horizon is given by the non-negative function C;(k), for 0 < k < T'. Tt is

natural to assume that C;(k) is non-decreasing in k.

e (Penalty cost of rejection) The planner incurs a penalty cost of G; per type-i job

that is rejected.

e (Overtime Cost) The cost of serving each type-i job using overtime is h;.
8. (Revenue) The reward of serving each type-i job is R;.

9. (Total discounted profit objective) The goal is to book or reject arriving jobs so as
to maximize the total discounted expected profit (reward minus cost) over an infinite

horizon; we use 0 < a < 1 to denote the discount factor.

We now present an MDP formulation for this class of problems and establish that this
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Notation description
Z={1,2,...,1} index set of job types
N; maximum possible number of type-i arrivals in one day
A;€{0,1,...,N;} random number of type-i arrivals in one day
pi(n;) probability that n; type-i arrivals occur in one day
J={12,....J} index set of resources
b; total amount of resource j available each day including overtime
b;- resource j available each day excluding overtime
aij resource consumption coefficient for type-i jobs for resource j
T booking horizon
Ylik random number of type-i cancellations booked [ days ago for k days from now
i cancellation probability
Sf random number of type-i show ups
0; show up probability
Ci(k) delay cost for booking a type-i job for k days from now
G; cost of rejecting a type-i job
h; cost of serving a type-i job using overtime
R; reward for serving a type-i job
o discount factor

Table 1.1: A summary of notation employed in describing our scheduling problems.

formulation has a weakly coupled structure. This structure is then exploited in Section 1.5

to propose an efficient approximate solution algorithm.
1.4 Weakly coupled MDP formulation

As is standard in MDP models [91, 94], our formulation is composed of several components:
states, decisions, state transitions, immediate expected rewards, and Bellman’s equations.

These attributes are described one-by-one in detail in the next few sections.

1.4.1 MDP states

The state of our MDP model is defined as z = (2,22, ..., 2!), where each 2’ is a vector
written as ' = (zf;2j,), for 1 <1< T and 1 <k +1<T. In this vector, z{ is the number
of appointment requests from type-i jobs. Moreover, z, is the number of type-i jobs that

were booked [ days earlier for k days from today. An illustration of this state is shown in
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Figure 1.1(a) for ' = 5. Note that & = 0 is possible and corresponds to the number of jobs
booked for today. However, | cannot be zero because zi, denotes the state of the system
before decisions are made today. Since the maximum number of type-i jobs that can arrive
over a day is N;, we have that 2 < N;. We therefore define the set X} = {0,1,..., N;}.
Also let M; = r]Ig}l VTJ]J be the largest number of type-i jobs that could be booked for any
given day (by utilizing the overtime capacity). We define set X}, = {0,1,..., M;} for each
combination of [ and k, and let X* = {X{, X;,, 1 <1< T, 1 <Il+k<T}. Finally, let

X = X' x X2 x ... x X" The set X of all feasible states is then given by

I T—k
=1

i=1

That is, state x is feasible if and only if the number of jobs of different types that are currently

booked for k days from now respect the resource constraint for each resource j.

<4—k days from today, k=0,1,...,T-1 ———p <&—k days from today, k=0,1,...,T-1 ———p

i i i i i i . . . . _
Xo | *10 | X1 ] X12 ] X183 | X4 oy uly ulg uly ulg

i NN M|
X117 Y1 X127 Y12l X137 V13X 14 Y 14

new arrivals new arrivals

i i i
X217 Y21 X227 Y22 X237 Y 23
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| “42114Ed SARD | ———p
\ L
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| 40140 SAep | ——p

= ¢

¢ L 1= el

el

; ; : NN I
| | H X317 Y31 X327 Y32

i
X417 Y41

x_
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Figure 1.1: (a) Hlustration of the state z* in our MDP for job-type ¢ when T' = 5. The
cells in the 5 x 5 square grid show i, for 1 <1 < T (rows) and 0 < k < T — 1 (columns)
such that [ + k£ < T. Combinations [, k such that [ + k > T' are not meaningful because the
booking horizon is not long enough to accommodate them. The corresponding cells have
been crossed out. (b) The new state for type-i jobs when a decision u € U(x) is made in
state x, the number of cancellations is 4;, and the number of new arrivals is n;.
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1.4.2 MDP decisions

The decision vector is u = (u',u?, ..., u!), where each u' is a T'+2-dimensional vector written

as u' = (vub;ul;. .. ul). Here, ul, for 0 < k < T, is the number of type-i jobs (among
the ones that just arrived) that we choose to schedule for k days from now in the booking
horizon. The first component v?, is the potential number of type-i jobs that we will serve
today using overtime. For each i € Z, ' € X', and 0 < k < T, let Uj(z%) = {0,1,..., 24}

Also let

T T
Ul(x') = {uz eU(z"), 0<k<T, v': Z:u}€ < xg, v < g —i—Ex}O,
k=0 =1

T—k
Z$§k+U2<Mi, for 0 <k <T—1, anduépél\/[i}.
I=1

In this set definition, the first group of constraints ensures that the number of jobs newly
booked is not more than the total number of requests. The second group of constraints
ensures that the potential number of jobs served using overtime is not more than the total
number of jobs booked for today. The last two groups of constraints ensure that the total
number of jobs booked for any one future day in the booking horizon is not more than the
maximum possible as determined by the resource capacities. These constraints are included

in this set definition to keep this set finite.

T

Note here that, according to our state and decision definitions, z{ — > uj, > 0 is the
k=0

number of type-i appointment requests that is rejected. Also, for z € X, let U(x) = U*(2!) x

U%(2?) x ... x Ul(z?). The set U(x) < U(x) of all decision vectors feasible in state x € X is

then defined as

I I T
Zaijufr < bj, and Zaij(z Tho +ub — ') < b, j€ j}. (1.2)
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In this set definition, the first two groups of constraints make sure that the total resource
consumption by all jobs booked for today and for any one future day in the booking hori-
zon is not more than the total resource capacities including overtime. The third group of
inequalities ensures that the jobs potentially served today in regular time respect the regular

time resource constraints.

1.4.3 MDP state transitions and immediate expected rewards

In this subsection, we provide expressions for state transition probabilities and immediate

expected rewards as functions of the above states and decisions.

1.4.3.1 State transition probabilities

Suppose the state at the beginning of today before operations begin at the facility is © =
(xt, 22, ..., 2"), where
rt = (xf; xio, xéjo, . ,xfipjo; fli,p 3”%,1» . ,a:i;p_u; . ;xijt, :Uém . ’x%'r—t,ﬁ . ;xiT_l),

as was depicted earlier in Figure 1.1(a). Recall that Y}, denotes the random number of type-i
jobs that cancel (out of the z}, scheduled jobs). Since each such job cancels with probability
¢, independently of everything else, Y}, is a binomial random variable with parameters x,
and ¢},. We define Q}, (!, as the probability that 0 < y!, < i, jobs are cancelled. We
therefore have,

%

i (T Uik) = (yﬁ’“) (gl )V (1 — g, )"tk Vie.
Ik

A job which was scheduled [ days ago for k£ days from today in the current state, will become
a job that was scheduled [ + 1 days ago for £ — 1 days from tomorrow in the next state. On
selecting decision u € U(z) in state x, the ith component of the next state therefore equals

R B A i T R S B i Y
T _(nzﬂulvwl,l Y1+ 5Tr—10 — Yr—115U2y L2 — Y120+ s Tp—92 — Y9253
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U1y T1pr1 — Y1ea10 -0 Tr—p—16041 — Yr—t—14417 - - - sup),  (1.3)
with probability
T—1T—k
sz xlkaylk
k=1 =1

for 0 < n; < N;. This state transition is illustrated in Figure 1.1(b). The next state then is

I . . .
2 = (2t 2%, ..., 2'") with probability [ p;(n;)¥i (2%, 2"), where we have used the notation
i1
. . . T_l T_k . . . .
vt a") = [T ] Queaie o = i) (1.4)
k=1 1=1

for brevity.

1.4.3.2  Immediate expected rewards

I

The immediate expected profit earned today is denoted by f(z,u) = >. fi(z?, u'), where, for
i=1

all 2 € X and v’ € U(z"), we define,

T T

fi(z' u') = (uo + le 001> ( Z ) — Z ut Oy (k) — ahv'. (1.5)
=1 k=0 k=0

This expression includes four terms. The first term accounts for the reward earned for

serving type-i jobs today. These jobs include the ones booked today, denoted u}, and also

the expected number of jobs (booked previously) that shows up today. Note that because

the random number of type-i jobs that shows up today and that were booked [ days ago, S,

is a binomial random variable with success probability 6], its expected value equals zj ,6;.
T
That is why, we have added the term ] zj,6; in our reward calculation. The second term

=1
accounts for the cost of rejecting i) — Y u} jobs. The third term corresponds to the cost

k=0
of indirect waiting for jobs that are booked today for different days in the booking horizon.

The fourth term is the cost of potentially serving v* jobs of type-i using overtime today.
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1.4.4 Bellman’s equations and verification of weakly coupled structure

Let W(x) be the maximum infinite-horizon discounted expected profit earned starting in

state z € X. Then, for all z € X, the Bellman’s equations for our MDP model are given by

W(z) = max {f(a:,u) +a ) <ﬁpi(n,~)\1ﬂ(xi,x’i)> W(x’)}, (1.6)
uel (z) =\
where 2’ = (2'1,... 2'1) is given by Equation (1.3). This MDP satisfies all the requirements
for a weakly coupled MDP except that the set of feasible states X in (1.1) does not have
a Cartesian product structure. We use a technique proposed in Gocgun and Ghate [41] to
transform this MDP into an equivalent weakly coupled one. This is done by extending the
feasible state-space X of the original MDP to X by including artificial states X\ X. In each
z' € X' we allow a T + 2-dimensional artificial action vector p'(x*) whose components are
given by (0; ub(z"); pé(x%);...;0) = (O; — i Tj o — Til R T 0). This particular
choice of artificial actions allows us to conl\f:elniently le:><1tend the set U(xr) for # € X to the set
A(z) given below for x € X. We first define the set A’(z) = U'(2?) | J p'(2"), and for states
re X, welet A(x) = AY(z?) x A%(2?) x ... x Al(2!). We then define the set of decisions

feasible in state x € X as

T—k
A(x) _{(ul,UQ, ,ul) e Ax) Zaij<2x}k+u§;) <b;, jeJ, 0<k<T-1,
=1 =1

I T
ZaijuiT < b, and 2(@-(2:6}'0 + Ul — vi> < b;, je€ j}. (1.7)

The artificial actions are defined in a way such that pf («*) +Tik 2, =0for0 <k <T-1and
also the first and the last components of the artificial Vectorl;"e both zero. This implies that
(1.7) does not put any unnecessary restrictions on components of u that are not artificial.
After choosing a decision u € A(z) whose ith component is the artificial decision p’(x?)

in a state with ith component 2 € X*, we artificially set the ith component of the next
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state to 2’ = (n;;0;...;0) with probability p;(n;). Finally, we set the ith component of the
immediate expected profit earned on choosing the artificial action component p’(x?) in state
component z° to a sufficiently small number B. We emphasize here that our algorithm does
not need a specific value for this number as we will explain in detail later in the context of

problem (LLPR) toward the end of Section 1.5.1.

Now let ®(x) be the maximum infinite-horizon discounted expected profit earned when
starting the transformed MDP in state x € X. Bellman’s equations for the transformed

MDP are given, for x € X, by

O(z) = urengaé) {f(m,u) + o Z (sz(nl)\i”(x’,a:”,u’)) @(m')} : (1.8)

r’eX \:=1

Here, we have used the notation

i
Uzt "), if u' is not artificial;

Wiz’ 2", u) = {1, if o/ is artificial and 2/ = (ng;0;...;0); (1.9)

0, otherwise,
\

so that we could write the transition probabilities for both the original and the artificial
actions in a compact manner on the right hand side of these Bellman’s equations. Note that
when v’ is an artificial action, we have forced \iﬂ(xz, 2", u') to equal 1 if the next state is
(ns;0;...;0) and to equal 0 if the next state is not (n;;0;...;0). This is consistent with
the fact that an artificial action deterministically forces the next state to be (n;;0;...;0) as
explained in the paragraph following Equation (1.7). The new MDP is weakly coupled. By
using an argument identical to that in Gocgun and Ghate [41], we can show that W (z) =
®(z) for every z € X. So we can instead consider this new MDP without loss of optimality
in the original MDP. In fact, we will show later in Section 1.5.1 that artificial actions can be

ignored in our algorithmic procedure.

Note, however, that both the original MDP and the transformed weakly coupled MDP
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have state- and action-spaces whose sizes are exponential in [ and in 7. Therefore, exact
solution of these MDPs via standard algorithms such as value iteration or policy iteration
(see Puterman [91]) is computationally difficult. Similarly, the number of constraints and
variables in a standard linear programming formulation (see Section 6.9.1 of Puterman [91])
would be exponential in [ and 7. This renders exact solution via the linear programming
approach computationally intractable (also see Adelman and Mersereau [3] for a discussion of
this issue). In the next section, we show that an extension, proposed by Gocgun and Ghate
[41], of the Lagrangian relaxation method in Adelman and Mersereau [3] can be applied to

approximately solve (1.8).

1.5 Lagrangian relaxation for approximate solution

The idea in the Lagrangian relaxation approach for approximate solution of weakly coupled
MDPs is as follows. The constraints that link different components of states and actions are
relaxed by attaching one Lagrange multiplier with each constraint. The resulting Lagrangian
penalty function is added to the original immediate expected reward function. Then the lin-
ear program (LP) that is equivalent to the Bellman’s equations of this relaxed problem is
easier to solve as compared to the LP that corresponds to the Bellman’s equations of the orig-
inal problem (see Puterman [91] Section 6.9.1). In particular, Lagrangian relaxation achieves
a problem decomposition so that the number of variables and the number of constraints in
the LP for the relaxed problem are exponentially smaller than the original problem. It turns
out, however, that this standard implementation of Lagrangian relaxation as proposed in
Adelman and Mersereau [3], is not adequate to overcome the curse-of-dimensionality in our

MDP. We explain this challenge in the next section.

1.5.1  Computational difficulty in a standard implementation

To apply the Lagrangian relaxation approach in Adelman and Mersereau [3] to our MDP,

we first recall that there are two types of linking constraints that define the set of feasible
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decisions (1.7) in this MDP. The first group of constraints,

I —

Z%(Z%k*‘%) <bj, j€J,0<k<T-1, and

1=1 =1
1

M

is about the total resource capacities (including overtime) 0 < k < T days from now.
We attach Lagrange multipliers ny = (g1, k2, ---,M6s) = 0, for 0 < k < T, with these

constraints. The second group of constraints,

T
Da(Q wio +up—v') < b, jeJ,

=1 =1

is about the regular resource capacities for today. We associate multipliers £ = (&1, &s,...,&y) =

0 with these constraints. For brevity, we let A > 0 represent the vector (£, 19,71, ...,nr) of
all Lagrange multipliers. The Lagrangian penalty functions for these linking constraints are

then given by

T-1 J I T—k
Z Tk (b] - Zaij< Z Ty, + UZ>>>
k=0 j=1 i=1 =1
1

Z N (bj — Z (lm’U%«), and

=1 i=1
]J 1 T

>26(H = Y au( X v+ ub— o))
j=1 i=1 =1

I
By adding these penalty functions to the immediate expected reward > f;(z%, ) in (1.8),
i=1
we obtain the Bellman’s equations for the Lagrangian relaxation as

T-1 T—k J I

ZJ: Mk (bj = %’( DT+ Ui)) + > (by — > il

=0j=1 i=1 =1 j=1 =1

A —
O™ (x) —urglAax{Zfzx u') +

Ed

N———
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+ Z 3 (b; - Z %'(Z Thy + ub — U’)) - ozE(%u)(I)A(X')}. (1.10)

Here, we have used X’ to denote the next stochastic state as described in Equation
(1.3) earlier, and E(,,) denotes the expected value operator given that decision u € A(x)
was chosen in state x € X. According to the general theory of weakly coupled MDPs in

Adelmand and Mersereau [3], the Lagrangian value function ®*(z) can be expressed as

I
Ni;b; —i—Znij + ij ) —i—Z(I)f‘(xi), Vo e X, (1.11)
i—1

where

T—1 J T—k J
O} (') = ,maxi){fi(a:z, EDIDY ﬂkjam'( DT+ Ui) = nrgaiiy (1.12)
j=1

1 1
ute Al (x 0j=1 -1

k=
T .
- Z i <Zx}0 +uph — v ) + aBy, uz)éA(X’l)}, Va' e X"
j=1 =1
Here, again, we have used X" to denote the ith component of the next stochastic state X;
the operator E(,: ,:) denotes the expected value given that decision u’ € A'(z") was chosen
in state 2 € X°.

It is shown in the general theory of Lagrangian relaxations of weakly coupled MDPs
in Adelman and Mersereau [3] that, for any A > 0, such a relaxation yields the bound
dAz) = ®(z) for each x € X. Moreover, it is standard to work with weighted value functions.

Toward this end, let 3(x) > 0 be a sequence of positive numbers indexed by states z € X

such that >} B(z) = 1. We then define H*(8) = >, B(x)®*(z) and H(B) = >, B(x)®(x).

rzeX rzeX zeX
For any A > 0, we have, H*(3) = H (). For each i € Z, let 3;(z*) > 0 be positive numbers
indexed by z' € X* such that 3;(z') = >,  [(2/). This ensures that

{z/:x/t=x"}

2 Bty =3, 3L Bl =) Bl =

rie X1 rie Xt o ii=xt r’'eX
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Consequently, it is possible to interpret (3;(z') as the probability that the initial state of

component i is 2° € X*.

Let Vi = {(2%,u’) : 2° € X*, v’ € AY(x%)} for i € Z. Then, for any fixed A > 0, and for each
fixed i € Z, the values ®}(z?) for all 2' € X?, equal the optimal values of variables v;(z¢) in

the LP

e Xt
oT-1 T—k J
vi(a') — aEgi ovi(X) + Z nkja”< Z Tl + uk> + Z N Qi wp+
k=0 j=1 =1 =1
J T
Mg (Daio +up —o7) = filal,u), (o u) € V.
j=1 1=1

Then, combining such LPs over all ¢ € Z, we obtain

T-1 J
) = 5 (3 X + St +zsj )+ min 33 Al
« k=0 j—1 -1 vi(+), 1€Z oL wicxi
A o T-1J T—k A A
vi(z') — OéE(mi’ui)l/i(Xﬂ) + Z Z nkjaij< Z X + u}€> + Z N1, Qi Wp+
k=0 j=1 =1 j=1

nyaw<2xlo+uo U) filz' uh), (' u) e, iel

Finally, to find the tightest upper bound on H(/3), we perform an outer minimization over

all A > 0 to obtain the Lagrangian LP

-1 J I
(LLP) HN (B) = mlnI T ( 2 Z Miibj + Z nr,;b; + 2 &b ) Z Bi(x")vi(z")
vi(+), i€ k=0 j—1 i=1 pic Xt
T-1 J T—k J
vi(z") — aBi iyvi (X" + Z Z nkjaij< 2 Ty + uk) + 2 N1, G Wp~+
k=0 j=1 I= j=1
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We emphasize that the decision variables in this LP are §; for j € J; ni;, for 0 < kb < T
and j € J; and v'(z") for all i € Z and 2 € X*. Optimal values of these variables can be
substituted back into (1.12) and (1.11) to obtain an approximation ®*(z) for any z € X as

needed.

I T
Problem (LLP) has (T + 2).J + S(N; + 1)(M; + 1)™ 2 variables and at most (T +
i-1

(T+ )

2)J + Z (N; + 1)(M; + 1) (1+ (M T (M; + N; + 1)) constraints. Thus, the numbers

T+1
of Varlables and constraints are linear in I but unfortunately they are still exponential in 7.
Thus (LLP) is computationally difficult for realistic values of booking horizons T such as a
couple of weeks. In Section 1.5.2, we therefore apply the affine value function approximation
and constraint generation approach that was proposed in Gocgun and Ghate [41] to tackle
such large-scale weakly coupled MDPs.

But first, we simplify the Lagrangian LP by dropping the functional constraints that
correspond to artificial actions. For each ¢ € Z, let Y; < V; be the subset given by {(aﬂ, uz) €
Vi s ut # pi(2h)}. That is, Y; does not include artificial actions and hence is equivalently
defined as V; = {(2%,u’) : 2 € X?, u' € U'(2")}. Now consider a relaxation of (LLP), which

only includes functional constraints over sets V; for i € Z. It is given by

T-1 J
(LLPR) min - (ZZ Misb; +Z77T]b +Z§] )+ ZZB il
k=0 j=1 =1 gieX?
; 1 J T—k - J
vi(a') = @B vi(X7) + 1)) Ukjaij< D ikt Ui) + ) gt
k=0 j=1 =1 j=1

T

J
Z &a;; <fo0 + Ul — vi> > fi(x' uh), (' u') e, iel,
j=1

ngO,jej,
m; =0, 0<k<T, jed.
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Suppose v} (z') for ' € X* and i € Z is an optimal solution of (LLPR). We claim that this
solution is also optimal to (LLP). To establish this, we only need to show that this solution
satisfies the functional constraints in (LLP) that correspond to | J (¥;\)). The left hand side
of such a functional constraint corresponding to z* € X* and l;ftiﬁcial action u'(z%) simply
equals v} (z%) — O{E(wi’ui(xi))l/;‘(xli). Let v* = rglzn { :cngcl (v (2") — aBi iy vy (X”))} be
the smallest among all such left hand side values. Then our claim holds because f;(z?, u'(z?)),
which equals B, is sufficiently small, and in particular, we assume it to be smaller than v*, for
all i € Z and 2 € X*. In view of this result, we now attempt to solve (LLPR) approximately

instead of solving (LLP) approximately.

1.5.2  Affine value function approximation and constraint generation

Following Gocgun and Ghate [41], we simplify (LLPR) using the affine approximation
T—1T—k

vi(2') =~ v + dixh + >, ) chxl, where 75, d; and ¢, are unknown coefficients. Coeffi-
. k=0 I=1

cients d; and ¢}, can be interpreted as the marginal profit from newly arriving requests and

the marginal profit for jobs in the booking horizon respectively. This simplifies (LLPR) to

the following approximate Lagrangian LP

T-1 J J J
1
(ALLP) H = min —— ( Dby + > by + > gjb;> +
e k=0 j=1 j= j=1
I o I T—1T—k o
Z (%’ + < Z @(x’)x%) di) + Z Z ( 2 Bz(a:z)xfk) Cli (1.13)
i=1 Tie X 1=1 k=0 l=1 gieX?
. T-1T—-k , N J .
(1 —a)y; + (zg — aEA)d; + (:c}k — &E(Ii’ui)X/;k>C;k + 2 N7, QiU+
k=0 =1 j=1
Z nkjaij< Z xy, + uL) + Z éjaij<2x§0 + ugy — vl) > fi(z' u'), (2 u') e, ieZ,
k=0 j=1 =1 j=1 =1
(1.14)
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d; >0, iel, (1.17)

=20, 0<k<T-11<k+I1<T;iel (1.18)

Table 1.2 summarizes the variables and their interpretations in this problem.

Variable description/interpretation
i affine term in the value function approximation
d; marginal profit for newly arriving requests in the value function approximation
C%k marginal profit for jobs in the booking horizon in the value function approximation
Mkj Lagrange multipliers for resource constraints including overbooking
&j Lagrange multipliers for resource constraints excluding overbooking

Table 1.2: A summary of variables in problem ALLP.

The number of variables is linear in I and in J, and it is quadratic in T. However,
the number of constraints is still exponential in 7" although it is linear in I. We therefore
use constraint generation, as in Gocgun and Ghate [41], to solve (ALLP). The constraint
generation approach involves two main steps. We first need to find an initial set of constraints
such that the resulting relaxation of (ALLP) has an optimal solution. Then, we want to find
a constraint in (ALLP) that is violated by this optimal solution. We then want to add this
constraint and solve the resulting new relaxation of (ALLP) to find its optimal solution.
This process is repeated until a stopping criterion is met. We describe the details of these

steps in the following.

1.5.2.1 Finding an initial set of constraints

We initiate the constraint generation procedure for (ALLP) with an initial set of constraints
Co that includes constraints corresponding to zjy = 0; z}, = 0for 1 <I< T and 1 <k +1 <

T; up, = 0for 0 < k < T; and v' = 0, for all ¢ € Z. In this initial set of constraints
J T-1 J T—k

the following terms will be zero: f;(z',u'), > nrjaijul, >, >, nk;jaij< > oah + u%) and
j=1 k=0 j=1 =1
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J T
Z Qi < D ahy + uh — 2) Thus, (ALLP) reduces to

7=1 =1

(ALLP)c, min

1 T—1 J J
i (3 S+ S S )
nh k=0 j=1

j=1 j=1

T-1T-k

i (% < Z 5z(xl)xg>dz) +i ( Z Bi(z xlk>c§k

i=1 rieX? i=1 k=0 [=1 rie X1

The Lagrange multipliers and all ¢}, variables are non-negative and they only appear in the
objective function with positive coefficients. So their optimal values in (ALLP)¢, are zero.
So note that the only remaining term in the objective function is ZI] (’y@-—i— ( Z _ ﬁz(:c’)xg) di> .
It is also easy to see that the optimal values of d; and ~; in this Zglioblem arzg);ero because d;

is non-negative. In particular, (ALLP)c, has an optimal solution and we use this solution

to initiate our constraint generation iterations.

1.5.2.2  Finding the most violated constraint

Now suppose that, during the constraint generation procedure, after solving (ALLP)¢ with
some set of constraints C, we obtain 7¢, ¢¢, A\¢, d¢ as its optimal solution with the correspond-
ing optimal value He. We define Y; = {(2%,u’) : 2' € X*, u’ € U'(z")} as the subset of ); that
excludes artificial actions. The violation in the functional constraint corresponding to any
(2%, u?) € Y; for any i € T is given by

T T-1
Zi(xz7uz) = fi<xz7uz) - (1 - OZ)’}/,EZ - ( - OéEA dC Z Z xlk xl Jut) /;k>c;(kj

=1 k=0
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T-1 J J o T A
- Z Z Mk ]aza< Z iy, + Uk) - Z ng‘,jaijUZT - Z 5?%’ <leo +up — )
k=0 j=1 j=1 j=1 =1

To simplify this, recall that X’1 5= =up,, for 0 <k <T-1,and X’fk = ‘T;—l,k+1 — ylﬂl’k“

for 2 <1 <T,and 2 <!+ k <T. Also recall that yl",k is a binomial random variable with

arameters x¢, and ¢’ ,: thus, its expected values is z? ,.¢¢,. Consequentl
I,k k> ) 1,1k )

T T-1 T—1 T T-1
Z Z ZkE(xl ut) = Z C1 kuk+1 + 2 Clk*rl 1 k+1 QLLkH)-
I=1k=0 k=0 1=2 k=0
Recalling that f;(z*,u") = R; <u6 + lzl x§,00;> < kZO uz) kZO L Ci(k) — ahyv', we get
T T T
Z,(2' ') = Ry (ug + Zx;oe;> G (xg -y u;> ~ N Ui Cilk) — ahav’ — (1 - a)y
=1 k=0 k=0
T-1 T T-1
ol . . " . . . "
—d; (v5 — aBA;) — (mzlk - O‘“ZH)Cll,k - Z Z (xgk - Oéﬁfl,kﬂ(l - lef1,k+1))cik
k=0 1=2 k=0
T—1 J T—k J
c
- Z Ukjaij< Z Ty, + Uk) Z T, iUy — Zf @i <Zx10 + g — )
k=0 j=1 =1
After algebraic simplification, the above is seen to be of the form Z;(x% u’) = 6Cx +
T—1T—k T o
Z 5o + 21 lZl oiCxl, + elCul + Z €iCut + 6v’ + €€, where

5y = —Gi — df

I

J J
iC i iC C C
Jj= Jj=1

[

J
6IC =+ i€ 4 a(1 - ql”k)c}f;l’k_l - Z ngjaij, fork=1,...,T—1;l=1,...,T —k,
j=1

J
= R, + G; — Ci(0; D;) ZSC% 2, 6 s

iC

Q)
()
S
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J
€l = Gy — Ci(k) + act,_; — 2 Mhiaig, fork=1,...,T,

7=1

5%

Il

J
Z fjcaij — ah;, and
j:

€= —(1—-a)f +ad EA,.

Thus the maximum constraint violation problem is given by Z* = + max Z¥, where ZF is the
1€.

optimal value of the linear integer program

T T-1T—k
2 = max 0 zh + Z S5t + Sy + el ul + Z eluj, + 0" + €
k=1 I=1
(1.19)
T
St <l
t=0

fok‘FuZéMi, for 0 <k<T—1,

T
vt < ub + foo,

I=1
uly < M,
xl, =0, and integer, for 0 <k <T —1;1 <1< T —k,
uy, = 0, and integer, for 0 <k <T

v" = 0, and integer.

This linear integer program includes T'+4 constraints and the number of variables is quadratic
in T'. It could, therefore, be computationally difficult to solve when T is large; but we believe
that in practical applications, where T is likely to be of the order of a month, it should
be solvable relatively easily with modern solvers. Note that if Z* < 0 then ¢, ¢ ¢, d°
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satisfy all constraints in (ALLP). If, on the other hand, Z* > 0, then the optimal values
of states and actions in this problem tell us which constraints to add to the existing set
of constraints C before resolving the resulting new approximation of (ALLP). This process
continues until a stopping criterion is met. Proposition 3.1 in Gocgun and Ghate [41] shows

that Ho < H < He + = I Z . This leads to a natural stopping criterion, which is to stop when

the absolute percentage gap o) | Tz ’ between the lower and the upper bounds on H drops

1a)

below a tolerance.

1.5.8 Retrieving decisions from the approximate value function

Let \*; vF and df forie Z; and ¢jf for 0 < k<T —1,1<k+1<T, and i € Z denote the
values of variables in (ALLP) after terminating constraint generation. Now suppose that for
some state z € X, we wish to compute a decision vector that is myopic with respect to the

approximation

T-1

J J J
Vi) = a() ~ (@) l_a(Zan,jbj+2n;jbj+Z@ )+
k=0 j=1 j=1 j=1 1

J J J 1 T-1T-k
2, Dnkts+ Doty + 236%) + 35 (o7 + diwh + 3 3 el
j=1 i=1 j=1 i=1 k=0

N (2)

WD4~

~
L
L
~

HQ

~

After substituting this in the right hand side of Bellman’s equation (1.6), the decision retrieval

problem Simpliﬁes to

(Z an]b +Z77T]b+25]* )+a2%+max{2fz(x u') +

M~

(ﬁEﬂmX”

=0 j=1 uelU(x)

Il
—

7

T-1T—k A
DN/ IAMINS Y
k=0 1=1

We ignore the terms outside the maximization in the discussion below. Then, after algebraic

simplification, we get
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I T-1 T T
042 <d;;kEAz‘ + 2 Uy + Z 2 CET 1 g ( Q;—l,k+1)> }
i=1 k=0 1=2 k=0

Finally, ignoring the terms in the objective function that do not depend on u and using the

definition of U(z) in (1.2), we further rewrite this problem as

I T
Zaij(ué —v?) < b;. —ZaUleo, jeJ

up > 0 and integer, ie Z, 0 <k < T,

v" > 0 and integer, 7 € Z.

The decision vector obtained by solving this problem is called the Lagrangian decision. The

overall computational process is summarized in Algorithm 1.

In the next section, we apply this methodology to a large group of test problems.
1.6 Computational results

We compared the performance of Lagrangian decisions with that of myopic decisions. In any

state z € X, a myopic decision was obtained by solving the problem max f(z,u), which
uelU(z)
was again a linear integer program.
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Algorithm 1 A constraint generation algorithm for approximately solving (ALLP)

1: Initialize the iteration counter ¢ = 0 and choose a small tolerance € > 0.
2: Solve (ALLP)., and let He, denote its optimal value.

3: Use the optimal values of the variables in (ALLP), as listed in Table 1.2 to solve the
maximum violated constraint problem (1.19) and obtain its optimal value Z}, for i € Z.
4: Let Z* = max Z¥ and i* = argmax Z;*. Save (27, u"") € V.
&S i€
5: Stop if Z* < 0.
. *
6: if (1557@ < € then Stop
7: else
8:  Add constraint (1.14) for (%", u*") to the set C; and update t « ¢ + 1.
9: end if

10: Report as final output the optimal values of the variables in (ALLP), .

Our numerical experiments were performed via computer simulations on 1800 problems
that were randomly generated using an extension of the problem generation technique from
Gocgun and Ghate [41]. All simulations were performed on a 3.1 GHz iMac desktop with
16 GB RAM and an Intel Core i7 chip running Mac OS X 10.9.3. All linear and integer
programs were solved using CPLEX 12 from IBM via a MATLAB R2014a front-end.

The problem generation technique in Gocgun and Ghate [41] was in turn an extension of
a standard method to create multi-dimensional knapsack problems [24] (note that advanced
scheduling problems can be viewed as a version of dynamic-stochastic multi-dimensional
knapsack problems). Since Gocgun and Ghate [41] did not incorporate no-shows, cancella-
tions, and overbooking, we had to modify their problem generation approach to accommodate

these features as explained next.

In the empirical literature in healthcare, the probability of patient attendance has been
observed to depend on patient-type and also on the wait time [26, 47, 62]. Muthuraman and
Lawley in [79] and Chakraborty et al. in [20] generated patient-type dependent no-shows
probabilities. LaGanga and Lawrence in [65] and Nan Liu et al. in [72] also generated data for
cancellation and no-show probabilities that are dependent on wait time. In our more general

model, the cancellation probability ¢/, is dependent on three factors: job-type i; how long
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ago the appointment decision was made (1); and how far into the future the appointment is

ki xl+oixk

o where unif; is a uniformly distributed

booked (k). Specifically, g}, is given by unif; x
random number between zero and one; this scaling by a random fraction was employed to
avoid generating cancellation probabilities too close to one. The two coefficients x* and o*
were set to DU[1,10] (uniformly distributed integer between 1 and 10). We forced o' > &'

because, intuitively, we wanted the dependence on k to be more pronounced than that on [.

i xl
Txmax 7w’
€T

7" values were sampled from DU(1,10]. This functional form has the intuitive property that

The probability that a type-i patient shows up, 6}, was given by 1 — unif; where the
the no-show probability 1 — 6! is increasing in . The rest of the parameters were generated

in a manner identical to Gocgun and Ghate [41] as described in the next paragraph.

The number of job types was fixed at I = 5. The max arrival N; was set to DU|[1,20]
and this N; was used to obtain arrival probabilities p;(0),p;(1),...,p;(N;) as N; + 1 uni-
form (0,1) random variables that are then normalized. The unit resource consumption a;
was set to DU[1,100] and the regular resource availability b; equaled I x p x é a;; for all
7; here, p is called tightness ratio. The tightness ratio and number resourcesl:\:fere set to
p = 0.25,0.35,0.45,0.55,0.65,0.75 and J = 1,2, respectively. The total resource capacities
including overtime were generated as b = |(1 + 0.25unif;(J)) - xV'|, where O is the regular
resource availability vector, and ﬁl(J) is a J-dimensional vector that contains one uni-
form (0,1) random number for each resource. Here, we multiplied unif;(J) by 0.25 so that

the overtime resource does not exceed regular resource by more than 25% and -x denotes

componentwise product. We used T' = 5,10, 15. The delay cost was
Ci(k) = F; x max(k — D;,0), for 0 <k < T,

as in [41, 83] with F; = DU[1, 100]; here D; is interpreted as the “deadline” associated with
type-i jobs, 0 < D; < T. The deadline was set to D; = DU|0,T]. The rejection cost was set
to G; = r;,C;(T; D;), where r; was a uniform (0, 2) random variable. The revenue R; was set

to DU[1,1000]. The overtime cost h; was set to unif; x G;. The discount factor was 0.85.
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We created a total of 36 advance scheduling problem sets by changing J, p,T" values. For

each problem set, we generated 50 problem instances.

The initial state distribution S;(z*) was chosen to be uniform over X*. Constraint gener-
ation was terminated after the absolute gap ﬁ ‘fl—:‘ dropped below 0.5%. For each problem
instance, we performed 200 independent simulations each with 50 periods. The Lagrangian
and myopic methods were compared using the average profit over these 200 simulations.
Each simulation started with an empty state and a Lagrangian and a myopic decision was
obtained in each visited state using the approach described earlier. The next state was then
sampled by appropriately sampling a random number of new arrivals, a random number of
no-shows, and a random number of cancellations. A summary of our results is shown in
Tables 1.3, 1.4 and 1.5 for T' = 5,10, 15, respectively. Each row in a table corresponds to
one problem set, that is, one fixed combination of J and p. In each problem set, the number
of times out of 50 that the difference between the two methods was statistically significant
according to a paired t-test (at significance threshold 0.05) is listed in the third column. Out
of the instances in which the difference was significant, the number of instances in which
the Lagrangian method generated a higher profit than the myopic method is listed in the
fourth column. The average improvement achieved by the Lagrangian method over the my-
opic method over these instances is listed in the fifth column. The average CPU time (in
seconds) needed to approximately solve (ALLP) using Algorithm 1 is reported in the last
column. We note that this is essentially the only additional CPU time needed for the La-
grangian method over and above what is needed for the myopic method. We emphasize that
in practice this CPU time is spent only one time as a preprocessing step. This is because
problem (ALLP) is solved only once to obtain the values of the variables listed in Table
1.2 in order to characterize our affine value function approximation. This approximation is
then used during a real system-run to recover Lagrangian decisions only in the system-states

visited as explained in Section 1.5.3.
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’ J ‘ p H # significant ‘ #L>M ‘ % improvement | average CPU time for ALLP (sec.) ‘
110.25 39 39 9.55 0.78
11]0.35 38 37 6.11 2.64
11045 44 43 4.25 3.85
11]0.55 48 46 3.58 4.01
11]0.65 45 43 2.50 4.73
11]0.75 44 38 2.34 6.17
21 0.25 24 24 13.43 2.83
2 10.35 30 30 6.53 1.34
2 |0.45 35 35 5.93 1.97
2 1 0.55 37 35 4.37 2.79
2 1 0.65 43 42 3.62 3.56
2 10.75 42 41 1.70 4.17

Table 1.3: Results for 12 problem sets with 1" = 5. For each problem set, we generated 50
test instances. Thus the total number of problems summarized in this table is 600.

’ J ‘ p H # significant ‘ #L>M ‘ % improvement ‘ average CPU time for ALLP (sec.) ‘
110.25 45 44 12.82 8.89
110.35 43 41 8.70 14.47
110.45 49 49 4.10 18.12
110.55 44 44 2.22 14.32
110.65 41 41 2.54 18.72
110.75 42 42 1.67 18.58
210.25 27 26 8.03 8.43
210.35 34 30 6.84 10.92
21045 38 37 4.47 14.08
2] 0.55 41 40 3.39 14.36
21 0.65 42 41 2.36 15.76
2 10.75 39 38 2.46 20.40

Table 1.4: Results for 12 problem sets with 7' = 10. For each problem set, we generated 50
test instances. Thus the total number of problems summarized in this table is 600.
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’ J ‘ p H # significant ‘ #L>M ‘ % improvement ‘ average CPU time for ALLP (sec.) ‘
110.25 36 36 8.17 52.48
1035 37 37 5.38 85.44
110.45 42 42 3.33 92.52
110.55 39 39 2.76 147.10
110.65 37 37 1.99 138.69
11]0.75 39 37 1.67 213.25
2 1 0.25 30 29 8.53 88.68
21035 38 38 10.63 125.82
21045 34 33 3.72 164.71
2 | 0.55 47 44 3.84 94.91
2 | 0.65 43 43 2.56 101.41
21 0.75 45 43 1.98 126.12

Table 1.5: Results for 12 problem sets with 7" = 15. For each problem set, we generated 50
test instances. Thus the total number of problems summarized in this table is 600.

The three tables show that out of the 1800 problem instances listed, the difference between
the two methods was statistically significant in 1391, that is, in 77% of the problem instances.
Of these 1391 instances where the difference was significant, the Lagrangian method out-
performed the myopic method in 1354, that is, in 97% of the instances. In these instances,
the Lagrangian method outperformed the myopic method by about 5% on average. The
tables also suggest that the improvement achieved by the Lagrangian method decreases as
the resource capacities, that is, p values, increase — this is intuitive because when resources
are plentiful, a simple heuristic is likely to perform as well as a more sophisticated approach.

The next chapter focuses on a dynamic resource allocation problem that arises in project

scheduling.
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Chapter 2

DYNAMIC RESOURCE-CONSTRAINED PROJECT
SCHEDULING

The work reported here has appeared in the journal Operations Research Letters, 45(5),
442-447, 2017.

2.1 Introduction and literature review

Systematic mathematical studies on project scheduling date at least as far back as the 1950s
to the Critical Path Method (CPM) and the Program Evaluation and Review Technique
(PERT) [86]. Both CPM and PERT assume unlimited resource availability. Early work
on resource-constrained project scheduling problems (RCPSPs) can perhaps be traced to
the zero-one programming model in [90]. That paper studied a discrete-time problem and
incorporated multiple projects with precedence-constrained tasks and multiple resources.
Task durations were deterministic and no new projects arrived over time. The binary decision
variables corresponded to whether or not a task is completed in a certain period. Such static-
deterministic RCPSPs started receiving more attention in the 1980s. For instance, Blazewicz
et al. [15] showed in 1983 that such RCPSPs are NP-hard. More recent literature surveys
of static-deterministic RCPSPs are available in Herroelen et al. [52], and in Hartmann and
Brikson [48]. Hartmann and Brikson stated that most of the literature available at the time
focused on rather simplistic models and ignored two features that are important in practice:
stochastic task durations and dynamic arrivals of new projects.

Choi et al. [22] formulated an infinite-horizon, discrete-time MDP model for RCPSPs
with stochastic task durations, uncertain task outcomes (success or failure), and uncertain

costs. In their problem setting, only one resource was needed to perform one task. They
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focused on linear activity-on-node (that is, precedence constraint) networks and did not
model dynamic arrivals of new projects. The state in their MDP included the status of
each project, that is, which tasks are complete and which are ongoing; information about
whether or not the latest task in each project was a success was also stored in the state; in
addition, the state included the number of time-slots for which a resource has been used for
the currently ongoing task. Since their activity-on-node network was linear, at most one task
in a project can be started in one time-period. The decisions in their MDP were therefore
binary, representing whether or not to start a particular task in a particular project. The
resulting MDP still suffered from the curse of dimensionality. A simulation-based approxi-
mate dynamic programming (ADP) algorithm was therefore applied and compared against
simple heuristics.

Choi et al. [23] extended the earlier MDP model in Choi et al. [22] by allowing new
project arrivals from a certain pre-determined group of projects. Consequently, their state
included an additional variable to represent the realized arrival time of each new project.
The decisions were identical to those in Choi et al. [22]. They implemented a variation of
the Q-learning algorithm [113] on the resulting large-scale MDP.

Melchiors [76] formulated an infinite-horizon, continuous-time MDP model for scheduling
dynamically arriving projects with stochastic task durations. Project arrivals followed a Pois-
son process. Their model was not restricted to linear activity-on-node networks. However,
as in the above two papers by Choi et al., Melchiors also made the simplifying assumption
that each task needed only one resource. The state in this MDP included information about
waiting and ongoing tasks in each project. The decision-maker chose the tasks to work on
in each period. Again, a simulation-based ADP algorithm that employed value-function
approximation was implemented.

We study infinite-horizon, discrete-time RCPSPs with dynamic arrivals of new heteroge-
neous projects. We allow for arbitrary arrival distributions and any (not necessarily linear)
activity-on-node networks. One task may simultaneously require multiple resources. These

features generalize the corresponding components of the problems studied in Choi et al.
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22, 23] and in Melchiors [76]. We focus on deterministic task durations and provide an MDP
formulation of such dynamic resource constrained project scheduling problems (DRCPSPs).
It turns out that this MDP is weakly coupled [3]. That is, the immediate expected profits
are additively separable over project-types and transition probabilities are multiplicatively
separable. Decisions about distinct project-types are only linked by resource-availability
constraints. Exact solution of this MDP is intractable owing to the curse of dimensional-
ity. Standard approaches for approximate solution of such weakly coupled MDPs include
Lagrangian relaxation and approximate linear programming which is used in previous chap-
ter [3, 41]. Unfortunately, owing to the complicated state-evolution process in our MDP,
such mathematical programming-based methods are computationally difficult to implement.
We therefore apply a simulation-based approximate policy iteration algorithm [8, 89] to this
MDP. This method employs a value-function approximation whose parameters are tuned via
simulation using least-squares fitting. We perform extensive numerical experiments on 480
randomly generated problem instances to compare the performance of this algorithm against
a myopic policy. The performance of the two methods is statistically different in about 60%
of the instances. The policy iteration method outperformed the myopic policy in about 74%
of these statistically significant instances.

This chapter is organized as follows. Our problem setting is described precisely in the
next section. An MDP formulation for this problem is developed and challenges in its exact
solution are outlined in Section 2.3. A simulation-based ADP method for tackling this MDP

is described in Section 2.4. Numerical results are presented in Section 2.5.
2.2 Problem statement

Consider a projection scheduling problem that evolves over discrete-time periodst = 1,2, 3, .. ..

We will use the following notation.

1. Z={1,2,...,1} is the index set of project types.

2. Up to D' new projects of type i € Z may arrive during one time-period. Let p‘(m)
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denote the probability that m € {0,1,..., D'} new projects of type i € Z arrive during

one time-period.

. For each project of type i € Z, N* = {1,..., N’} denotes the finite set of tasks that
need to be accomplished in order to complete the project. Tasks are performed in
a non-preemptive manner; i.e., once started, a task cannot be interrupted until it is

complete.

. For each task n e N, M! < N denotes the set of tasks that must be completed before

starting task n. This set is called the set of predecessors of task n in project-type i.

. We assume that task durations are deterministic. Task n € N takes A! time-periods

to complete.

. J ={1,...,J} denotes the set of resources available. B’ is the total (integer) quantity
of resource j € J available in each time-period. Task n € N? requires an integer

amount b7 > 0 of resource j € J.

. By the beginning of any time-period, a project that arrived earlier may have been
completed, may be incomplete or may be waiting inception. The projects that have
not been completed, i.e., the ones that are incomplete or waiting inception form a

“queue”. W' < oo denotes the queue capacity for incomplete and waiting projects of

type 1.
. The following rewards and costs are obtained or incurred:

e Projects of type i € Z that arrive when W' projects of that type are in the queue

are rejected incurring a penalty cost G* at the end of the time-period.

e A reward R is received on completing a project of type i € Z at the end of a

time-period.
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A cost ¢, per time-period is charged at the end of that time period for performing

task n in project-type i € Z.

An incomplete stalled project (no ongoing tasks) of type i € Z incurs a cost @

per period. This cost is charged at the end of the time-period.

A holding cost H* per project of type i € 7 is incurred in each time-period where

such a project is waiting inception. We assume that this cost is incurred at the

beginning of the time-period.

9. The goal is to maximize the total discounted expected profit (rewards minus costs)

over an infinite-horizon where the per-period discount factor is 0 < o < 1.
An MDP model for this class of DRCPSPs is developed next.

2.3 A Markov decision process model

The states of our MDP are given by X = (X!, ..., X7), where matrix X stores information
about all incomplete and waiting type-i projects (i.e., projects in queue). The number of
rows in matrix X° equals the number of type-i projects in queue and hence cannot exceed
W Let rows(X?) denote the set of rows in matrix X*. Recall that N = {1,..., N} is the
set of tasks in type-i projects. Each row in X" is of length N*. The entries X}, in the [th

row and kth column of matrix X¢ are defined as follows:

X}, = —1 if task ke N in the [th type i project in queue has not yet started;
X}, = Al if task ke N in the [th type-i project in queue has been completed;

0 < X}, < A} if task k € N in the Ith type-i project has started but not complete.

When 0 < X}, < Al X}, denotes the number of time-periods since the inception of task
k. Let X' denote the set of all state matrices that are feasible with respect to precedence

constraints for type-i projects. Also let X = X' x X2 x ... x X!. We define the set
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Ci(X") = {k:0 < X}, < Al} of tasks that have started but are incomplete. Owing to our
non-preemptive setting, tasks in C/(X?) must be processed in the current period. The set of

all feasible states is then given by

{XEX Z Yoo < Bj,jej}. (2.1)

i=1lerows(X"?) keC} (X*)

The vector A of action matrices in our MDP is written as A = (A, ..., AT). Here, A’
is a matrix of zeros and ones, equal in size to X*, and indicates which tasks will be started
next. Af = 1 implies that we choose to begin task k in the Ith type-i project in queue; Al

is zero otherwise. A feasible action must satisfy the following logical restrictions:
W = lonlyif X, =—1 and X; = Al Yne M,. (2.2)

This ensures that task k£ can be started only if it had not begun or completed earlier and if all
of its predecessors have been completed. The set of all such action matrices for state matrix
X' is denoted by U'(X?). Also let U(X) = UN(X') x U*(X?) x ... x U'(XT). Given the
state-action pair (X*, A"), the matrix X* + A’ provides valuable information. In particular,
we define the set of ongoing tasks in the [th type-i project as Vi (X, A’) = {k : 0 < X}, +
Al < Al}. Note that C/(X?) < Vi(X?, AY) for every A’ € U*(X*). The amount of resource

j € J consumed by all ongoing tasks from type-i projects equals ] 3 b7 and
lerows(X?) keVi(X1,At)

is denoted by BY (X', A%). The set of all vectors of action matrices that are feasible in state

X € X is defined as

I

UX) = {(Al,A2,...,A1) e U(X) :ZB” (X', A)< B, j= 1,2,...,J}. (2.3)
i=1

Given the state-action pair X°, A?, transitions into the new state X’ are defined as

follows. For the Ith type-i project in queue, the set of tasks waiting inception is defined as

ENXYAY) = {k: X}, + Al = —1}. The set of type-i projects with no tasks waiting inception
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(i. e., all tasks either completed or ongoing) is defined as F'(X*, A") = {l € rows(X") :
ENX'AY = g} A project | € F{(X*, AY) is completed by the end of the current time-
period if all of its ongoing tasks are completed by then. The subset F/(X?, A") < Fi(X?, A?)
denotes the type-i projects that will be completed by the end of the current time-period.
These projects do not appear in the next state. Recall that m new type-¢ projects arrive at
the beginning of the current time-period with probability p’(m). Depending on how full the
queue is at the time, none, some, or all of these will be added to the queue. The number of
rows in the next state matrix X" therefore equals [rows(X")| = [rows(X?)| — | F*(X?, AY)| +
m — [[rows(X?)| — | F{(X?, A)| +m — Wi]", where the notation | - | is used throughout this
chapter for set cardinalities. For all tasks k in all type-i projects [ € rows(X") that newly
joined the queue in this manner, we have, X/: = —1. For all ongoing tasks k in each type-i
project [ € rows(X"), we have, X/i = X}, + 1.

The immediate expected profit earned for type-i projects on choosing a feasible action
matrix A’ in state matrix X is given by

D! —.

O'(XA) = aR|FI(X, AN = a )] p'(m) [[rows(X)| = | F'(X' A +m - W] G

m=0
~ WX ANH —o|2/(X° ANQ —a ) g
lerows(X7) keVi (X?,At)
Here, the first term aR!|F!(X?, A")| equals the discounted reward earned for completing
projects in the set F'(X*® A?). The second term equals the discounted cost of rejecting
projects that cannot fit into the queue. In the third term, W' (X A") = {l € rows(X") :
X+ Al = —1 Vk € N} is the set of type-i projects waiting inception. The third term
thus accounts for the holding cost of projects that are waiting inception. In the fourth term,
ZUXLAY) ={l: V(X" AY) = &, E(XTAY) # &, E(XY AY) # N} is the set of stalled
type-t projects. The fourth term thus equals the discounted cost of stalled projects. The last

term is the discounted operating cost of all ongoing projects. The total immediate expected

I
profit is denoted by ¢(X, A) = Y. ¢'(X?, AY).
i=1
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Let o(X) be the maximum infinite-horizon discounted expected profit earned starting in

state X € X. Then, for all X € X, Bellman’s equations for our MDP are given by

D! DI
o(X) = max {¢(X, Ata ) ) (]‘[pi(mi>> a(X’)} : (2.4)
Acl(x) N o
Since the state and action sizes are exponential in I, in W* and in N* for i € Z, exact solution
of this MDP is computationally intractable.

Notice that the immediate expected profit ¢(X, A) in this MDP is additively separable
over Z, and the transition probabilities [ | p(m?) are multiplicatively separable over Z. State
components X* and decisions A’ for prlce)?ects of distinct types ¢ from Z are only connected
through the linking state feasibility constraints (2.1) and resource constraints (2.3). Thus,
this MDP is weakly coupled [3]. There are two main methods for approximate solution
of weakly coupled MDPs: Lagrangian relaxation and linear programming. Unfortunately,
owing to the large scale and highly combinatorial state transitions in our weakly coupled
MDP, an efficient implementation of such mathematical programming-based methods or of

their variations as it is used in previous chapter and [41] does not seem possible. We instead

resort to a simulation-based ADP method as described in the next section.
2.4 A simulation-based ADP method

There are four main ideas in the ADP method we describe here. First, we employ the
notions of pre- and post-decision states as in [89] to partly handle the curse of dimensionality.
Specifically, the state transitions from X* to X’ described above are partitioned into two
pieces. The first piece corresponds to the state-transformation that results only from choosing
action A°. The second piece incorporates random project arrivals that occur after A’ is
selected. This considerably simplifies the Bellman’s equations in (2.4). We then define an
approximation to the value function of the post-decision states. Parameters of this value
function are tuned via a simulation-based policy iteration approach that relies on least-

squares fitting as in [8, 89]. The resulting approximate value function is then substituted in
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the right hand side of the Bellman’s equations to retrieve decisions in states that are visited

in run-time. Mathematical details of this approach are described in the next three sections.

2.4.1 Pre- and post-decision states, and value function approximation

Given the pre-decision state X* and action A’, the post-decision state X*(A?) is defined as
follows. The completed projects, that is, the projects in set F'(X?, A?), do not appear in
the post-decision state. For all ongoing tasks k in each type-i project [ € rows(X"*), we have,
X} (A") = X}, + 1. The effect of random project arrivals is then incorporated into this post-
decision state to create the next pre-decision state X". Let X (A) = (X1(AY),..., XT(AD)).
Then, based on this notion of a post-decision state, the Bellman’s equations in (2.4) can be

rewritten as

o(X) = Arerzlzzg) {p(X,A) + ac?(X(A))}, (2.5)

where 04 (X (A)) = E[o(X')|X (A)]. Here, the expectation is taken with respect to the prob-
abilistic project arrival process. If the post-decision value function (X (A)) were known,
the Bellman’s equations in (2.5) only require the solution of a deterministic optimization
problem. This is precisely the benefit of the concept of a post-decision state. As explained
in [89], however, the post-decision value function needs to be typically approximated in

practice. In this chapter, we employ the following parameterized approximation:

5 (X(A);7) =10+ ) [!]:i(Xi(Ai))W + WHXT(AY)ry |- (2.6)
1€L
Here, F*(X?(A?)) is the set of type-i projects that will be completed at the end of the next
period given that the post-decision state in this period is X¢(A"). Moreover, W!(X?(A")) is
the set of type-i projects that will be waiting inception in the next pre-decision state given
1 I

the post-decision state X*(A*%). Finally, 7 = (ro; (r{,73);...; (r1,71)) is a vector of unknown

parameters. In the next section, we apply an approximate policy iteration approach from
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8, 89] that uses least-squares fitting to adaptively tune these unknown parameters.

2.4.2  Implementation of least-squares approrimate policy iteration

The policy iteration algorithm is initialized with an arbitrary parameter vector for the value-
function approximation, which is updated in every iteration. Each iteration of the algorithm
includes two main parts. The first part consists of creating K sample paths each including
7 time-steps. The kth sample path begins at an initial post-decision state. This kth sample
path is generated by following a policy that is optimal with respect to the current value-
function approximation. The discounted expected profit accumulated over 7 steps in this
sample path is calculated. In the second part of the algorithm, these K profits then serve
as input for a least-squares data fitting problem, where an optimal value-function parameter
vector is derived. The new parameter vector is then calculated as a convex combination of
the old and this optimal parameter vector before starting the next iteration. Details of this

algorithm are listed below.

e Step 0: Initialization.

— Step Oa. Initialize the iteration counter n to 1; fix positive integers 7, K, N; and

fix a step-size parameter v > 1.

— Step 0b. Initialize a parameter vector 7! arbitrarily.

e Step 1: Policy evaluation through simulation.

— Step la. Set replication counter k = 1.

— Step 1b. Warm-up: generate a post-decision state X} and the next pre-decision

state Xy. Set t = 0.

— Step le.
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* Find an optimal decision A; by solving

A; = argmax {gb(Xt, A) + a&A(Xt(A),F")}. (2.7)

Aeld(X+)

« Compute ¢(Xy, Ay).
x Obtain the next pre-decision state X;,; from X; and A,.

x If t <7, increment ¢ by one and go to Step lc.

— Step 1d. Compute discounted expected profit accumulated in periodst = 0,1,2,..., 7,

by starting in state X} as ¢(k) = > o'o(Xy, Ay).
£=0

— Step le. If k < K, increment ¢ and go to Step 1b.

e Step 2: Value-function approximation update

— Step 2a. Find a parameter vector by solving the least-squares fitting problem
K
e = angin { 3 {u(h) - 2132,
v k=1
— Step 2b. Let 8, = v/(y + n — 1), and update the parameter vector as 7"+ =
(1= B)7" + B, *.

e Step 3. If n < N, increment n by one and go to Step 1.

In our numerical results below, we implemented a myopic policy starting in an empty
state to deliver the initial post-decision state X} in Step 1b of this algorithm. The step-size
formula 3, = v/(y + n — 1) is from [89]. Finally, the deterministic optimization problem in
(2.7) is identical in form to the problems we need to solve for online retrieval of decisions.

Our solution method for solving these problems is described next.

2.4.3 Online retrieval of decisions

Let 7* be the final parameter vector after which the above algorithm is terminated. Suppose

that we want to compute a decision vector that is optimal in a pre-decision state X € X with
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respect to the value function approximation (2.6). This is done by substituting ¢*(X (A); 7*)
from (2.6) in place of ¢**(X(A)) in the right hand side of (2.5). This yields the following
deterministic optimization problem:

Ael(X -

ma. {¢(X, A) + a(rg; +3] l]ﬁi(xi(Ai))\r;“ + \wi(xi(Ai))\r;iD } (2.8)

The constant term arj from this problem can be ignored. By recalling the definitions of
d(X, A), | F(XI(AY))| and [W!(X(AY))], it can be seen that they are not linear in com-
ponents of A. By defining additional decision variables and associated logical constraints,
we reformulate problem (2.8) so that it becomes linear. We first describe some new set

notations.

Let Vj(X?) denote the set of ongoing tasks in the Ith type-i project in state X*. We use
E(XY) to denote the set of tasks in the [th type-i project in state X*, which have not been
started yet. Similarly, let £ (X*) denote the subset of tasks in £ (X?) that could be started
because their predecessor tasks have been completed. Moreover, we use W (X*) to denote
the set of type-i projects that are waiting inception in state X*. Similarly, let Z*(X?) be the
set of type-i projects that are stalled in state X*. Let F/(X") denote the set of type-i projects
in which all tasks have been started in state X*. Also let Fi(X?) < F*(X?) be the type-i
projects that will be completed by the end of the current time-period because all incomplete
tasks in these projects only need one time-period of additional work. Moreover, Fi(X?) is
the set of type-i projects in state X* that have the following properties: (i) predecessors of all
tasks that have not been started yet are complete, and durations of all such tasks equal one
time-period; and (ii) all ongoing tasks need only one time-period of additional work. If we
chose to start all remaining tasks in a project in Fi(X?), then that project will be completed
by the end of the current time-period. Similarly, let Fi(X?) € F/(X?) be the type-i projects
that will be completed by the end of the next time-period because all incomplete tasks in
these projects need at most two time-periods of additional work with at least one which

needs two time-periods of additional work. Finally, let Fi(X?) be the set of type-i in state



48

X* with the following properties: (i) predecessors of all tasks that have not been started yet
are complete, and durations of all such tasks equal either one or two time-periods; and (ii) all
ongoing tasks need one or two time-periods of additional work; (iii) F4(X?) n Fi(X?) = &.

We now describe new decision variables that can in fact be recovered from a decision-
matrix A, but defining them separately helps in linearizing the above problem. For every
type-i project [ in state X, we define binary decision variables f/, ff, wi, and z{. The decision
variable f; defines whether (= 1) or not (= 0) the Ith type-i project will be completed at
the end of the current time-period. Similarly, f; defines whether (= 1) or not (= 0) the
lth type-i project will be completed at the end of the next time-period. If the lth type-i
project is waiting inception, then the decision variable w; is 1 if we begin that project in this
time-period; w! is 0 otherwise. Similarly, if the Ith type-i project is stalled, decision variable

2t is 1 if that project resumes in this time-period; z; is 0 otherwise.

Finally, for every m € {0,..., D%}, let ¢!, = max{0, [rows(X?)| — (| FH(X)|+ > fI)+

IeFL(X7)
m — W*}. Problem (2.8) can then be rewritten as
Cmax Y <aR@<|fz X+ Y ) -a 2 Pm)gh G — (WX = 3w
Jofow,z,g i=1 le]:z(Xz) lEWi(Xi)
S(FE - ¥ Ae-a T (R Ad+ X d))r
leZi(X7) lerows(Xl) kefi(X7) keVi (X1
02{ (B + X f)+ (WX = ) wf)}
leFi(X7) lewi(X?)
subject to:
I .
Z Z Z A;kbw Z bz] ]7 .] € jv (29)
i=1 lerows(X?) kef}(X?) keVi(X?)
f;' < AjieT,le Fi(XY) and ke &(X) (2.10)
> > AL E(X) + LieTle Fy(XY), (2.11)
keEi(X1)

fi<AlieTleFi(X) and ke &(XY), (2.12)
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> > AL E(X + LieTle FiXY), (2.13)
keE} (X?)
< ), AjieT and le W(X'), (2.14)
keS’(Xl
> > AL/IE(XY)]ieT and le WI(XY), (2.15)
kegl(xz
> A ieT and le Z'(XY), (2.16)
keEi(X?)
> > AL/IE(XY)]ieT and le ZY(XY), (2.17)
ke(‘,’l X1)
Gy = [rows(X)| = (IF(X) + >, fOy+m-W' ieZ and me{0,...,D"}, (218)
leFi(X?)
g >0, integer, i€Z and me{0,...,D"}, (2.19)
Aj,  binary,i e Z,1 € rows(X") and ke &(X"), (2.20)
fi, binary,i e Z,1 € Fi(X"), (2.21)
fi,binary,i e Z,l e Fi(X"), (2.22)
wi, binary,i e T,1 e W/(X?), (2.23)
2! binary,i e Z,l e Z/(X"). (2.24)

In this problem (2.9) are resource constraints. Constraints (2.10)-(2.17) are logical re-
strictions that relate various decision variables as described next. Specifically, constraints
(2.10)-(2.11) are forcing constraints that relate f; and A?, for [ € Fi(X?) and k € £ (X?). Sim-
ilarly, constraints (2.12)-(2.13) are forcing constraints that relate fj and A}, for [ € Fi(X?)
and k € &(X?). Constraints (2.14)-(2.15) are forcing constraints that relate w! to Af,
for [ € Wi(X"). Constraints (2.16)-(2.17) are forcing constraints that relate 2! to Af, for
[ € Z{(X"). We use this linear integer program to recover decisions that are greedy with re-
spect to the value function approximation parameterized by 7* in every visited pre-decision
state. The same process is also employed to solve the deterministic optimization problem

(2.7) in Step 1c of the policy iteration algorithm. In the next section, we present numerical
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results on 480 test problems using this approach.
2.5 Computational results

All simulations were performed on a 3.1 GHz iMac desktop with 16 GB RAM and an In-
tel Core i7 chip running Mac OS X 10.9.3. All linear and linear integer programs were
solved using CPLEX 12 from IBM via a MATLAB R2016a front-end. We compared the
performance of the simulation-based approximate policy iteration algorithm with a standard
myopic policy. In any state X € X, a myopic decision was obtained by solving the problem
Arerzl/_lzg | ¢(X, A), which was a linear integer program.

Our numerical experiments were performed on randomly generated problem instances as
is often the case in the scheduling literature [41, 76, 84] and it is also applied in previous
chapter. We generated our test instances using a technique from chapter 1 and [41], which
in turn, was an extension of a standard method to create multi-dimensional knapsack prob-
lems [24]. Since we have several new problem parameters that were not relevant in these
earlier papers and previous chapter, we had to modify their problem generation approach as
described next.

The discount factor was set to 0.85 as in chapter 1 and [3, 41]. The number of job types
was fixed at I = 5 and I = 10 in two different sets of problems. The number of resources was
set to J = 2 in all instances. The number of tasks N* in type-i projects was a randomly sam-
pled integer between 5 and 25; we henceforth describe this process as N* ~ DU[5,25]. The
arrival probabilities were generated as in previous chapter and [41]. Some of the other pa-
rameters were generated as follows: W* ~ DU[1,5]; R ~ DU[5000, 10000]; G; ~ DU[1, 100];
H; ~ DU[1,5]; Q; ~ DU[1,5]; ¢!, ~ DU[1, 3]; A% ~ DUJ[1,4]. The activity-on-node network
for each project-type was generated as a random lower triangular adjacency matrix with
zeros on its diagonal. We also used b ~ DUJ[1,7]. The resource availability B? was then set
to |[I x p x il %1 bi7| as in chapter 1 and [24, 41]. Here, p is commonly called the tightness

ratio. For each I, we used tightness ratios p = 0.01,0.02,0.03,0.04,0.05,0.07,0.09,0.1. For

each I, p combination, 30 problem instances were generated randomly.
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Parameters for the simulation-based policy iteration method were set as follows. The
step-size parameter v was set to 10 as in Figure 6.3 from [89]. The replication parameter @
was set to 50 as in [8], and the simulation horizon was 7 = 50 within each replication. The
number of iterations was set to N = 100. The warm-up duration at the beginning of every

replication to find X7 was set to 50 periods.

The simulation-based policy iteration algorithm and the myopic method were compared
using the average profit over 200 independent simulations with 50 period each. Each of these
simulations was started in an empty state, and a simulation-based and a myopic decision
was obtained in each visited state. The next state was then found by sampling a random

number of new arrivals.

Tables 2.1 and 2.2 summarize our results for I = 5,10, respectively. Different rows in
each table correspond to distinct values of the tightness ratio p listed in the first column. In
each row, we report results for 30 randomly generated test instances. The second column
lists the number of problem instances (out of these 30) in which the average profits (over
200 simulations) obtained by the two methods were statistically different as per a paired
t-test at significance threshold 0.05. Out of these statistically significant cases, the number
of instances in which the simulation-based method generated a higher average profit than the
myopic approach is listed in the third column. The average percentage improvement achieved
by the simulation-based method over the myopic method in these instances is reported in

the fourth column.
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’ p H # significant ‘ #S>M ‘ % improvement ‘

0.01 22 8 2.6
0.02 21 12 6.9
0.03 17 11 7.9
0.04 7 6 7.8
0.05 11 8 6.23
0.07 9 3 2.3
0.09 13 6 0.09
0.1 12 8 4.4

Table 2.1: Results for 8 problem sets (with different values of p) when I = 5. Each row lists
results for 30 randomly generated test instances.

’ p H # significant \ #S>M \ % improvement

0.01 20 13 4.1
0.02 18 13 3.12
0.03 20 18 1.5
0.04 25 22 24
0.05 21 19 9.5
0.07 25 24 2.6
0.09 26 24 5.4
0.1 25 20 7.37

Table 2.2: Results for 8 problem sets (with different values of p) when I = 10. Each row
lists results for 30 randomly generated test instances.

The two tables show that out of the 480 problem instances listed, the difference between
the two methods was statistically significant in 292, that is, in 60% of the problem instances.
Of these 292 instances where the difference was significant, the simulation-based method
outperformed the myopic approach in 217, that is, in 74% of the instances. In these instances,
the simulation-based method outperformed the myopic method by about 4.7% on average.
The tables also suggest that the simulation-based method performs better for I = 10 than
for I = 5. This work here suggests that simulation-based policy iteration is a viable method

for solving DRCPSPs.
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The next chapter studies weakly coupled MDPs with imperfect information. Two dif-
ferent settings for imperfect information are considered: in the first case, the transition
probabilities are unknown to the decision-maker, and in the second case, the state of the

system is not observable.
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Chapter 3

WEAKLY COUPLED MARKOV DECISION PROCESSES
WITH IMPERFECT INFORMATION

3.1 Introduction

The previous two chapters studied two classes of scheduling problems that can be formulated
as weakly coupled MDPs, and employed approximate dynamic programming methods for
their solution. In this chapter, we revert back to general weakly coupled MDPs, and consider
the scenario where a decision-maker only has partial knowledge about the system’s behavior.

Two closely related special cases of this situation are considered.

In the first case (Section 3.4), the decision-maker does not know the state transition
probabilities. In particular, the transition probabilities for each subproblem in the weakly
coupled MDP are parameterized, and the decision-maker does not know these parameters.
The decision-maker begins with a belief distribution on each of these parameters, and up-
dates these beliefs as the state of the system evolves. The resulting problem is called a
Bayes-adaptive weakly coupled MDP. Exact solution of this formulation is intractable. Ap-
proximation methods rooted in semi-stochastic certainty equivalent control and Thompson
sampling are proposed. This methodology is applied to a dynamic resource allocation prob-
lem where state transitions are characterized by a geometric distribution with parameters
that are unknown to the decision-maker. Numerical experiments on test instances of this
resource allocation problem are performed.

In the second case (Section 3.5), the decision-maker cannot “see” the actual states of
the MDP subproblems, but can only probabilistically infer them based on noisy observation
signals. The decision-maker maintains a probabilistic belief about the actual state of the

system and updates this belief as noisy observations are made. The resulting problem is
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a partially observable weakly coupled MDP. Again, its exact solution is intractable, and
approximation methods rooted in semi-stochastic certainty equivalent control and Thomp-
son sampling are proposed. These algorithms are applied to a restless multi-armed bandit
problem with noisy state observations. Two other algorithms based on Lagrangian relaxation
and state-discretization, which are particularly suitable for these restless multi-armed bandit
problems, are also proposed. These four algorithms are compared via numerical experiments

on test instances of the restless multi-armed bandit problem.

3.2 Background on weakly coupled MIDPs

Weakly coupled MDP formulations of various scheduling; resource allocation; queueing; sup-
ply chain; and mutli-armed and restless bandit problem are presented in [3, 14, 8, 29, 40, 41,
50, 83, 114]. A formal description of weakly coupled MDPs is recalled here from [3, 50]. In a
weakly coupled MDP, Z = {1, 2, ..., I} denotes the set of sub-MDPs, indexed by 7. The finite
state-space for the ith MDP is denoted by the set S;. The state-space of the weakly coupled
MDP is then S = >I< S;. The finite action-space for the ith sub-MDP in state s; € S; is A;(s;).

=1

The set of actions in state s = (sy,...,s;) of the weakly coupled MDP is A(s) = X A;(s;).
i=1

The set of feasible actions is given by A(s) = {a € A(s) : é D;(s;,a;) < b}, where, for each
i=1,...,1, Di(s;,a;) are m-dimensional (column) vector %Tlilctions of (s;,a;), and b is an m-
dimensional (column) vector. The sub-MDPs are joined through these linking constraints.
Upon choosing an action a € A(s) in state s € S, the decision-maker receives a reward
r(s,a) = é ri(8;,a;), and the system transitions to state s’ = (s),...,s}) with probability
i=1
p(s|s,a) = ]£[ pi(si|si,a;). That is, the rewards are additively separable and the transition
i=1

probabilities are multiplicatively separable. The decision-maker’s goal is to maximize the

total expected discounted reward over an infinite horizon, with discount factor 0 < o < 1.
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Bellman’s equations for such a weakly coupled MDP are given by

J(s) = m_a(x){Zn S, U +az s'|s, a) },SE S. (3.1)
acA(s

€L s’'eS

Exact solution of these Bellman’s equations by standard techniques such as value iteration,
policy iteration, or linear programming is computationally intractable owing to the curse-
of-dimensionality rooted in the I-dimensional state- and action-spaces of the problem. One
approximate solution technique based on Lagrangian relaxation was described in [3, 50]. Tt
is recalled here briefly.

The first step in the Lagrangian relaxation approach is to relax the linking constraints and
add a corresponding penalty to the objective function using nonnegative Lagrange multipliers

A e R (row vector). This yields the relaxed Bellman’s equations
I
JMs) = mﬂx) {ZH(S“CM + A\(b— Z:DZ Si,a;)) + Z s'|s,a)J (s )} (3.2)
acsts 1€l 1=1 s'eS

It is shown in [3] that

JN(s) =

(s:), (3.3)

where, for s; € S,

VA(s;) = max < 7(si,a;) — AD;i(s4,a;) + Z pi(sh|si, ai) V(s 3 (3.4)
a;€A;i(si) v
The aggregate value function is defined as H*(3) = Y, 8(s)J*(s), where (3 is the initial
seS
state-distribution. Then, applying the linear programming approach (see Puterman [91]) to
Bellman’s equations (3.2), we can obtain the best A and V(+), fori = 1,2,..., 1. That is, we

have,
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Vi(si) = ri(si,a;) — ADy(s4,a;) + « Z pi(si|si, @) Vi(sh), (siyai) € Aiyie {1,..., 1},

SQGSZ'

A= 0. (3.5)

Here, A; is the set of all state-action pairs for sub-MDP 1.

Note that in problem (3.5), the number of constraints grows linearly in 7, and solving
this linear program is computationally tractable in some applications [3, 40, 41]. After an
optimal (or sub-optimal) A* and VA*(-), for i = 1,2, ..., I, are available by solving problem
(3.5) exactly or approximately, these can be substituted back in the right hand side of (3.1)
via the formula (3.3). This enables the decision-maker to retrieve decisions in every visited
state during runtime by solving (3.1).

Section 3.4 considers an extension of the above weakly coupled MDP where the transition
probabilities p;(s}|si, a;), for i = 1,...,I, are unknown to the decision-maker. Section 3.5

studies an extension where the decision-maker cannot observe states s;, for i =1,...,[.

3.3 Literature review

A majority of the existing literature on weakly coupled MDPs with imperfect information
focuses on a very special case of the problems studied in this chapter. This literature con-
siders sequential problems where the decision-maker may not know some of the parameters.
The decision-maker starts with a prior belief about these parameters and updates this be-
lief as the problem evolves. This belief distribution defines a so-called “information state”
for the problem, which evolves with time. The resulting problem can be formulated as a
Bayes-adaptive MDP, which may turn out to be weakly coupled in the components of the in-
formation state. Crucially, these problems do not possess a physical state. Perhaps the most
famous example is the multi-armed bandit problem studied by Gittins and Jones [38], where
they prove the optimality of an index policy. Some researchers have applied this multi-armed
bandit theory to the design of clinical trials and to treatment planning (see [4, 80, 109] for

some recent examples). Caro and Gallien [16] use a multi-armed bandit framework to model
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a dynamic assortment problem with unknown demand for seasonal consumer goods. Again,
none of these problems include a physical state and hence are considerably easier to solve

than the ones in this chapter.

Liu et al. in [70] study a regret minimization approach for a restless multi-armed bandit
problem with unknown transition probabilities. Variations of this approach are pursued
for other multi-armed bandit problems in [59, 107]. The analytical results in these papers
carefully exploit the structure of their problems, and do not seem to be generalizable to our

Bayes-adaptive weakly coupled MDPs.

Meshram and Gopalan [77] provide an index policy for two-state restless multi-armed
bandit problems with partially observable states. They outline applications to multi-channel
communication systems and to advertisement placement systems. Their work is rooted in the
classic idea of Whittle index [114], but does not seem to generalize to our partially observable
weakly coupled MDP setting. The recent book by Krishnamurthy [63] also defines a partially
observable MDP for such multi-armed bandit problems (even with more than two states).

The book mentions that index policies are not tractable for such high-dimensional problems.

3.4 Bayes-adaptive weakly coupled MDPs

Suppose that the transition probabilities for the ¢th subproblem are characterized by a pa-
rameter 0;. To emphasize this, we denote these transition probabilities by 1§ (s|s;, a;). This
parameter can take K; possible values from the set {0},6? ... 65}, The decision-maker
does not know the actual value of this parameter, but begins with a prior probability mass
function on its possible values. This prior is updated as state observations are made. In
particular, suppose z; is a vector of size K; — 1 such that z¥ is the probability that 0; = 0¥,
for k € {1,2,..., K; — 1}. Note that the probability that 6; = 6 can be calculated simply
as 1 — Kil z¥ and hence need not be stored. This x; is called the information state of the

k=1
problem. If the decision-maker chooses action a; in physical state s; and observes physical
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state s}, the information state is updated according to the formula

5555%5 (57|54, a5)

R T ke {l,... K, —1}. (3.6)
Y by (silsia) + (1= X ab)i (silsi, a:)
k=1 v k=1 i

The physical-state, information-state pair (s;, z;) is a sufficient statistic for the decision-
maker’s reward maximization problem [13]|. This allows us to write the reward maximization
problem as a Bayes-adaptive MDP. The state in this MDP is (s;,x;) and the transition

probabilities are

pi(si]si, @i, a;) = x%@bgg(sﬂsi, a;) + x?@/)é?(sﬂsi, a;)+...+ xfi_lwégi_l(sﬂsi, a;)
K2

Ki—1
+ (1= ) @)l (silsi ). (3.7)
k=1 ’
The expected reward is

r(si, w3, 05) = %17“1',93(51‘, a;) + 1'127},93(5@', a;) + ...+ %Kifl?”i pri—1(8i, ;)
i

Ki—1

k=1 o
Note that we allow the expected rewards r; g1 (s;,a;) to depend on the true value of parameter
0; (via the transition probabilities). The Bellman equation for this Bayes-adaptive MDP is
given by

I
J(s,x) = i@, Si, Ti) + i(8i]si, i, 00) (8, 2) s € S, € 0, 1],
(s,x) Jgﬁf){ ri(as, si, ;) aZHp(sAs T, a;)J(s :B)} s T ><[ ]

i=1 s’ =1 i€l

(3.9)

This Bayes-adaptive MDP is weakly coupled. Its exact solution is intractable. The standard
approximation based on Lagrangian relaxation as discussed in Section 3.2 is not applicable

because the information state is continuous. This chapter compares two approximation



60
techniques for this problem.

3.4.1 Semu-stochastic CEC

In semi-stochastic CEC, (some of) the random variables in a decision problem are replaced by
their nominal (often expected) values [13]. For our model, at every time-step, the parameter
of the transition probability for problem 7 is set to equal the expectation of the corresponding

prior. That is, in state (s, z), the decision-maker wishes to find an action that solves

I
Jo()(s) = max {Z i 0w (@i 8i) + 0421_[1/19 (83]56, ai) Jg() (s ’)},3 es. (3.10)

s’ =1

Here, 0;(x;) is the expectation of the prior distribution z;. This problem is solved approx-
imately using the usual Lagrangian relaxation approach for weakly coupled MDPs and the
resulting action is implemented. The physical state evolves to a new state, the information

state is updated as described above, and the process continues.

3.4.2  Thompson sampling

Thompson sampling is a classic algorithm [101, 103] that can be implemented in our con-
text as follows. The decision-maker in state (s, x) samples the parameters of the transition
probabilities according to the prior distribution z. We denote these sampled parameters by
él(asz), for e =1,2,...,1. The decision-maker then uses the standard Lagrangian relaxation

approach to approximately solve the resulting weakly coupled MDP

Joy(8) = max {Z"’ze (i) (@i Si) + O‘ZH% (silsiy ai) Ty, )(3’)},5 es. (3.11)

s 1=1

The decision-maker implements the action prescribed by this Lagrangian approach, the sys-
tem evolves to a new physical state, the information state is updated, and the process

continues.



61

3.4.8  Application to dynamic resource allocation

This section applies the above ideas to an imperfect information extension of a dynamic
resource allocation problem that was examined in [40]. The problem definition in the case

of perfect information is first recalled verbatim from [40] below.

1. The set Z = {1,2,...,1} denotes the heterogeneous job types.

2. For each job type i € Z there is a maximum possible number of new arrivals denoted
by 0 < N* < w0 per period. The parameter p’(m) is the probability that 1 < m < N*
new jobs of type i € Z arrive at every period. Note that the arrival probability is

independent among different job types.

3. Type ¢ jobs need to be served for a geometrically distributed number of time periods
before they are complete. These geometric job durations are independent random

variables with success probability 0 < ¢* < 1.

4. The J = {1,...,J} is the set of resources with 0 < &’ < o as the resource availability
for resource j € J in each period. The resource consumption of a unit job type ¢ € Z
from resource type j € J is a” = 0 at every period. For each job type i € Z , there is

at least one resource j € J that a* > 0.

5. There is a queue for each job type that holds the incomplete jobs. The queue capacity
for every job type i € Z is 0 < W? < o0. Note that an ongoing job can be interrupted

and resumed later.

6. The following lists the reward and cost at every period:

o After completing a type 7 € Z job at one period, the reward R’ is collected at the

end of the time period.
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e At the beginning of every time period, after selecting jobs to serve, a holding cost

of H® for the unit remaining job ¢ € Z in queue is accrued.

e There is a rejection cost G* per job i € Z request which is rejected at every time
period. The rejection will accrue only if the type i € Z jobs in queue reaches the

maximum capacity W?. This cost is calculated at the end of the time period.

e The decision-maker needs to decide how many jobs of each type to serve in each
time-period. The goal is to maximize the total expected discounted profit over an

infinite horizon. The discount factor is 0 < o < 1.

A weakly coupled MDP formulation and an approximate solution procedure based on
Lagrangian relaxation for this problem was developed in [40]. Here, we consider an imperfect
information variation, where the decision-maker does not know the success probabilities
q'.
Q' =1{0,...0%.}, for i = 1,2,...,1. The definition of the physical state and its evolution,

The decision- maker knows that these probabilities take one value each from the sets

actions, and rewards and costs are identical to the model in [40]. It is recalled below for
completeness. For our imperfect information case, we also need an information state, which
stores the probability mass function of the decision-maker’s belief about the values of the
success probabilities ¢'. Specifically, we use information states y., = P(q" = 6.), for k =
1,2,...,K; — 1, and for ¢+ = 1,2,...,I; and the K; — 1-dimensional information state is
written simply as y'. Moreover, Y = [0, 1]%:~! denotes the set of all possible information
states for type-i. The set of all information states is denoted by ¥ = X Y.

Following [40], the physical state of our MDP model is defined aZSEIx = (2%, 2%, ... 20),
where 2%, for i € Z, is the number of incomplete type i jobs in queue at the beginning of
a time period. Let X* = {0,1,...,W?*} for i € Z. The set X of all possible physical states
is then defined as the Cartesian product X = X' x X2 x ... x X!. The set X stores all
possible physical and information states and is defined as X = X X Y. The decision vector

1,2

is represented by u = (u!,u?, ..., u’), where u’, for i € Z, is the number of type-i jobs that we

choose to serve in a time-period after observing the state (z,y). Let U'(z?) = {0,1,..., 2"}
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and U(x) = X U'(z"). The set U(z) < U(x) of all feasible decision vectors in state x is
€L
defined by the resource constraints

Ur) = {(u',u?, ...,u) e U(x) :Zaijui <V,j=1,....J}. (3.12)
i€l
Also define f(z,y,u) = > fi(x%, 3, u’), where fi(x?,y',u’) is the expected reward given state

o ) el
(', y") and action u'. It is defined as

Ki
filz',y' u) z{oz Z Y u' R — H' (2" — u')
k=1

_ZESZywnn<)W)O—%Wm@@mﬂﬂ—ﬂ+m—WWM}

k=1n;=07ni=0

(3.13)
Thus Bellman equations for all (z,y) € X are given by
Vix max (2 u
( y uEU(:py {;f y
KT Nt ul
15 9 3 3 YPR 311§ LI (4 ICRUCR ALl
ki=1 ki=1n1= 0 ny= 0771 0 I =0 el
(3.14)

Here, ¥ = min{(z! — n*) + n’, W?}, for i € . Also, for all i€ Z and k = {1,2,..., K’ — 1},

the information state is updated according to

yi () (0L)7 (1 — 03) ="

Ve = —— . (3.15)
2 GO (1 =0+ (1= 3y () (O™ (1= Oi)

Suppose either semi-stochastic CEC or Thompson calculates the success probabilities as ¢,
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for ¢ € Z in physical state . Then the decision-maker approximately solves Bellman equation

V(x) —urgl[}ax {Zf" z' ut)

a Z Z Z Z [ T#'(n < ) ~")’f(l—a")“'-??l')v&s')}, (3.16)

n1=0 nry= 0171 0 I =0 el

using Lagrangian relaxation. Here, 2 = min{ (2’ — n°) + n’, W}, for i € Z and,
fl(xz’uz — {au'§ R — H'(z' — )

- Z Z pi(n; ( ) (@) (1 — )" " G (max{(z" — i) +n; — W,0})}.
n;= 077 =0
The Lagrangian relaxation approach for this Bellman’s equation is outlined in detail in [40)]

and we do not repeat it here. Numerical results for this problem are presented next.

3.4.3.1 Computational results for dynamic resource allocation

Similar to the previous chapters, we generated problem sets randomly and ran simulations to
examine the performance of semi-stochastic CEC and Thompson sampling. The simulations
were performed on a 3.1 GHz iMac desktop with 16 GB RAM and an Intel Core i7 chip
running Mac OS X 10.9.3. All linear and integer programs were solved using CPLEX 12
from IBM via a MATLAB R2015b front-end.

We randomly generated problem instances as follows. The number of job-types for the
problem sets in Tables 3.1 and 3.2 was set to [ = 6 and [ = 12, respectively. The maximum
number of new arrivals in each period, which is denoted N for every i, was set to a random
uniformly distributed integer in interval [1,4]. The probability p‘(m) for 1 < m < N’ was
generated by normalizing N uniform (0,1) random variables. We assumed for simplicity
that the set of possible success probability values, Q" = {6, ... 0%}, is identical for all . We
set it to Q" = {0.1,0.2,...,0.9}. Thus, K* = 9 for all .. The number of shared resources
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was set to J = 1. The resource availability and resource consumption was generated similar
to the approach in Chapter 1. The resource consumption for each job type is a random
uniformly distributed integer value from set [1,2]. The resource availability is the summation
of resource consumption of all job types multiplied by the total number of job types I and the
tightness ratio denoted by p in the first column of Tables 3.1 and 3.2. That is, after generating
the resource consumption values, the resource availability is derived as I x p x é a;j. Similar
to Chapter 1, by changing the tightness ratio, we can alter the level of resourcé:slcarcity. The
maximum capacity of the queue denoted by W?* for each i is set to a random uniformly
distributed integer value from the interval [1,5]. Similarly, for the reward R’ rejection cost

G*, and holding cost H, a random uniformly distributed integer value from the intervals

[1,100], [1,4], and [1,10] is sampled, respectively. The discount factor « is set to 0.99.

For every problem instance, we estimated the performance of different methods by aver-
aging total discounted profit over 200 sample paths with 50 time-steps each. For examining
the effect of learning with semi-stochastic CEC and Thompson sampling, we also imple-
mented a third policy in our numerical experiments. We call this the “no-learning” policy,
wherein the decision-maker does not update the initial belief and assumes that the transi-
tion probabilities are given by the expectation with respect to the initial belief as in (3.7).
This yields a weakly coupled MDP with physical states only. Lagrangian relaxation is then

employed to obtain an approximate value function.

For each row in Tables 3.1 and 3.2, we generated 30 test instances randomly. For each
test instance we run the simulation using Thompson sampling, semi-stochastic CEC and
no-learning. For each of the 200 independent sample path replications for each problem
instance, we started with a uniform belief over ¢, and a random physical state. The initial
physical and belief states is the same for all three policies. Note that for every replication
we have a discounted profit generated with three different policies over 50 time steps. So
for every problem generated in every row we have a vector of size 200 which we can use
to see whether semi-stochastic CEC or Thompson sampling performs statistically different

as compared to no-learning. In Tables 3.1 and 3.2, the second and third columns report
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the number of test instances out of 30 that semi-stochastic CEC and Thompson sampling
is statistically different from no-leaning, respectively. To check this, we used t-test at the
significance threshold of 0.05. For test instances where learning policies are statistically
different from no-learning, we calculated the average discounted profit over 200 replications
for the no-learning policy and divide that with the corresponding value using the learning
policy. The average ratio over all test instances that the no-learning and learning policies

are statistically different is reported in the last two columns of tables 3.1 and 3.2.

The tables show that there is an improvement in the profit generated by using semi-
stochastic CEC and Thompson sampling as compared to no-learning. For this dynamic
resource allocation problem, there is no significant difference between semi-stochastic CEC
and Thompson sampling. The improvement achieved by the learning methods is less signif-
icant when resource availability is very low or very high. In the middle range of resource
availability, the performance of learning policies improves when less resource is available.
That is, the ratio of no-learning over learning decreases as tightness ratio decreases in the
middle range. This is intuitive because when more resource is available, a simple heuristic

could perform as well as a more sophisticated approach.

# significant # significant No-learning | No-learning
P Semi-CEC vs no-learning | Thompson vs no-learning | over Semi-CEC | over Thompson
01 ] T 0.66 0.79
0.1 2 26 0.7 0.0
02 2 A 0.84 0.8
025 2 24 091 092
0.3 15 16 097 097
045 7 6 0.95 0.95

Table 3.1: Results of 6 problem sets. For each problem set, we generated 30 test instances. Total
number of problems is 180. Number of jobs is 6.
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# significant # significant No-learning | No-learning
P Semi-CEC vs no-learning | Thompson vs no-learning | over Semi-CEC | over Thompson
0.05 i i 0.89 0.92
0.08 2 2 0.83 0.85
01 29 2 0.82 0.84
0.13 20 24 0.92 0.93
0.15 1 18 097 0.96
0.2 T 6 0.98 0.98

Table 3.2: Results of 6 problem sets. For each problem set, we generated 30 test instances. Total
number of problems is 180. Number of jobs is 12.

3.5 Partially observable weakly coupled MDP

Please refer to Krishnamurthy [63] for standard terminology on partially observable MDPs.
We define a partially observable weakly coupled MDP as follows.

1. We have [ subproblems, denoted by the set Z = {1,2,...,I}.

2. System state-space is S = X S;, where S; = {1,2,...,n;} is the state-space for type-i.
€L

3. Define &; = {z;(1), x;(2),...,x;(n;)}, where x;(j) is the decision maker’s probabilistic

belief that system ¢ is in state j € .5;.

4. The belief state-space is given by A" = {7’ € R}

> zi(j) =1}

j=1

5. The action-space for subproblem i is A; = {1,2,...,m;}. Let A = X A;.
1€l

6. Observation-space for subproblem i is O; = {1,2,...,0;}. Let O = X O;.
i€l

7. State transition probabilities for subproblem i are p; = (s}|s;,a;), and p(s'|s,a) =

HPz’(SHSz‘,az‘)-

i€l
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8. Measurement outcome probabilities for subproblem i are f;(0;]s;,a;). Let f(ols,a) =

] fi(oilsi, a;).

€l

9. Rewards are given by r(¢'|a, s) = >, ri(sk]a;, s;)
€L

10. Coupling constraints: | D;(a;) < K.
i€l
Here, D;(a;) is a vector function of decisions a;. Note that we do not allow the con-
straints to depend on the system state s;, because this system state is not observable

by the decision-maker.

11. Discount factor is 0 < o < 1.

Define ¢;(0}|Z;,a;) as the probability of observing o} given current belief state #; and

action a; for subproblem 7. We have,

(0}|Z;, a;) = Z fi(d}|s}, a") Zpi(sﬂsi,ai)xi(si). (3.17)

steS; $;€S5;

Then define ¢(o'|Z,a) = [ ¢i(0;|7;, a;). Using Bayes Theorem, the decision-maker update
1€l
belief vector for subproblem i € Z, given current belief Z;, action a; and new observation o).

This update is defined by the formula

fi(og]si, ai) 23 pi(silsi, ai)zi(si)

2(s)) = s , Vs, € S.. (3.18)
> filojls;, ai) %pi(sﬂsu%)%(si)
sieS; Si€D;

Then the Bellman equation for this partially observable weakly coupled MDP are given by

2 STy _
Vi(z,z*,...,7") = - Zml%)((al x { ;s;g wi(8:)7i(845, @)+ (3.19)
€L

aZﬂ@|%%(l”w4%}meN

oeo €T
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The next three subsections describe three algorithms for approximate solution of this partially

observable weakly coupled MDP.

3.5.1 Semi-stochastic CEC

In semi-stochastic CEC, we calculate the expected value of the belief state z; for each i. Let
3; be the system state closest to this expected value. We then apply Lagrangian relaxation

to solve the following Bellman’s equations for this “estimated” state

V(El,gg,...,gl) = max {Zri(gi,ai)+ (320)

a . <
aeA,%}I D;(a;)<K P

«a Z npi(sﬂgi, a;)V(sy, 85, ..., s})}

s'eS i€l
3.5.2  Thompson sampling

In Thompson sampling, we sample a state §; from the belief distribution a,:%, for each i.Now
we can solve the following bellman equation. We then apply Lagrangian relaxation to solve
the following Bellman’s equations for this “estimated” state

V(§1,§2,...,.§[> = max {ZT1(§“CL1)+ (321)

acA D;(a;)) <K
@ 77;;1 i(ai) icT

« Z sz(52|§l7 ai)v(3/17 8/27 ey S/I)}

§'eS i€
3.5.8  Discretization for partially observable weakly coupled MDP

Discretization simply means that we solve (3.19) by using a discretization &; of the continuous

belief state @;, for each i € Z. That is, the new Bellman equation is

V(1,6 Gr) = max <K{Z > ailsiri(si, ai)+ (3.22)
ac 72‘51 Z(al)\ iEISiESi
O./Z H¢i(02|0_"i,&i)‘/(0_'7170_'72,‘..,Oj[)},va'E >< X’M’

oeo €L €L
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where (;’i is the rounded future belief state.

3.5.4 Application to restless multi-armed bandit problems with partial state observations

In a restless multi-armed bandit problem [50, 63] there are I distinct types of projects.
Projects of type-i have a state-space S; = {1,2,...,n;}. At every time-step, the decision-
maker chooses K projects out of these I projects to work on for one period. A reward is
collected for the active projects. The states of both active and inactive projects can evolve.

There is no reward collected from inactive projects. More specific details are as follows.

1. Let a' be a binary decision variable, which is 1 if project i is chosen and is 0 otherwise.
I

The coupling constraint is >, a; = K.
i=1

2. The reward vector for each project i is 7; € R'}Y. The discount factor is a.
3. The states evolve according to transition probabilities p;(s}|s;, a;).

4. States s; are not observable. Instead, the decision-maker observes o;. Define O; =

{1,2,...,0;} as the set of of all possible values for o;.

5. Define f;(0;]s;, a;) as the observation outcome probability.

The Bellman equation for this problem is given by

V(fl,fg,...7fj) = _ max {Za,@ﬁ—ka Z | | ¢i(02|fi,ai)‘/($/1,l'/2,...,[E/[)}.
a:{ovl}lv_z a;i=K ieT 5 T
€L 0o'eO &

(3.23)

For semi-stochastic CEC and Thompson sampling, we first get an estimated 5; from the infor-

mation vector Z; as described above. Then we apply Lagrangian relaxation to approximately
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solve

P T -
a={0.1} 7%1% K i€l sles €1

V(81,82,...,51) = max {Zaif‘;(féi)—kaZ l_[pi(sﬂéi,ai)V(s’l,s;,...,3’1)}.
(3.24)

The steps involved in this Lagrangian relaxation method are briefly described next.

3.5.4.1 Lagrangian relaxation within semi-stochastic CEC or Thompson sampling for rest-

less multi-armed bandit

The relaxed counterpart of (3.24) is written as

V)\<§1,§2, e ,5[) = maXx {Z(lzﬁ(gz) + (Z a; — K))\"F

2 I
a={0.1} 1€l 1€

o Z sz(8;|§lv ai)v/\(slh 8/27 ey Sl])}a

Jes ieZ
for any A. As described in Section 3.2, we know that, for all s € S,

1

V/\(S) T 1-a

K + i L)1), (3.25)

i—1
where
L)(s;) = max a;7(s;) — Aa; + a Z pi(sh] s, a;) L (s)).

a;={0,1}
‘ S;ESi

We need to solve the following LP to get the optimal A\, and value function approximations

L;(s;) for all s; € S; and ieZ.

T 4eT s;€8;
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st: Li(s;) = a;Ti(s;) — a; + « Z pi(si]si,a;)Li(s)), Vs; € S; and a; = {0,1}.  (3.26)
S;ESi

Since this LP does not depend on the current information state x, we solve it only once to

get \* and value function L*. The problem that does need to be solved at every time-step is

(3.24). For that purpose, we use V(s') ~ K’\* + >, L¥(s)) as the approximate value function.
1€l
This yields the following linear binary problem

(St +

1€l

o 37 fapi(sifi ac = VLX) + (1 - a,)pi(s ;\éz-,ai=o>Lr<s'i>]}.

€L 7 /ES

The resulting optimal action is implemented, and the belief state is updated after making a

new observation. This process then continues.

3.5.4.2  Discretization for restless multi-armed bandit

The relaxed Lagrangian Bellman equation counterpart of (3.22) is given by:

V’\(61,52,... = max Z Z a;0;(8;)73(8;) ZCLZ
af{o,1}4

1€T $;€S; i€l

(6% Z HQZSZ‘(OHO_:Z',(IZ')V)\(O_';l,O_';Q, e ,0_71)},V5Z- € Xn’

o'e0 €1

The LP below needs to be solved to find the best A and approximate value function L;(d;).

K
mmz Z Bi Li( +)\—a

€L g,eX™i
Li(d;) = Z di(si)a;Ti(s:) — Aa; + « Z ¢i(0}|d;, a;) Li(o ’i), Vg, e X™ and a; = {0,1}.
5;€85; 0le0;

(3.27)
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Problem (3.27) is only solved once since it does not depend on the current information state.
The resulting A* and L* are employed to approximately retrieve a decision. At every time-
step, problem (3.23) needs to be solved by using V (21, #'s, . .., 2/7) ~ %’\: + 3 L*(0";). Note
€l

that o’; is the rounded value of ;. Specifically, the following decision retrieval problem is

solved at every time-step given state (1, Zs,...,Z).

max { Z ;75T +
A= I L
a={0,1}1, > a;=k P

i€l
a ) D (a0} T a; = LI (o) + (1 — )07, a; = O)L;“(J’i)]}.
€L 0;601
In the above, for every o) € O;, the corresponding o'; is calculated using the update rule 3.18

and rounding.

The number of constraints in problem (3.27) grows exponentially in n; so its solution is
slow for large problems. In the computational results in Section 3.5.4.3 below, we tried the
affine approximation and constraint generation approach, which was proposed for large-scale
weakly coupled MDPS in [41], to solve (3.27). That is, similar to Chapter 1, we defined
an affine approximation for L;(z;) and used constraint generation to solve the resulting
approximation of (3.27). The number of constraints then grows linearly in I and n;. So
(3.27) was computationally much faster to solve. The affine approximation was then used to

retrieve decisions. The retrieval problem was a linear binary problem.

In the following the brief procedure for affine approximation and constraint generation
is presented. First we assume the approximate value function L;(.) is from the set of affine
functions f : R™ — R. Assume there is a vector ¥ € X™ or ¥ € A’ then L;(Z) =
d' + ) x(s;)c,,. The optimal coefficients d; € R and ¢ € R™ can be found from solving

S
SiESi

(3.27). By using the affine approximation for L; and also substituting update rule (3.18) and
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observation probability definition (3.17) in (3.27) we will have:

minz Z Bi[d" + Z oi(si)ch ]+ A K

Arexd i€ G;eX™i 5,€5; l-a
st :d' + Z oi(si)cl, = Z oi(s:)a;Ti(s;) — Aa; + Z ¢i(0}]G;, a;)d'+
5;,€5; 5;,€5; 04€0;
o Z Z cg (fi(oﬂs;,ai) Z pi(s;\si,ai)ai(si)>, VieZ, Vd;e X™ and q; € {0,1}
0}€0; sleS; 5;€8;

(3.28)

Now we will apply constraints generation to (3.28). First we relax all the constraints in (3.28)
and try to find initial set of constraints such that there is a feasible region. In the numerical
implementation we randomly generated a vector ¢; € X™ and we added the corresponding
constraints considering a; € {0,1}. We repeat this process until an initial feasible region is
found. Using the feasible region and the objective in (3.28), we can solve an optimization
problem to get \*, d* and c¢*. Using \*, d* and ¢* we can solve a maximum violation problem
to find the set of constraint among the constraints of (3.28) which is most violated by the
current optimal values of \* d* and ¢*. For every i € Z and every a; € {0,1} we solve the
following maximum violation problem. Note that &; is a variable in the maximum violation

problem.

max 51(51)0/17:;(81) — )\*ai + « Z (bz(O;’&za al)d’”%—

G,EX™i v} o0
a Z Z k! <fi(0;|sg,ai) Z pi(sﬂsi,ai)ai(si)) - (d*i + Z O'i(Si)C::)
0;601' S%GSi SiESi siESZ'

For each i € Z and each a; € {0,1} the set of constraint which is violated the most will
be calculated by the above problem. The optimal objective values for each ¢ € Z and each
a; € {0,1} is saved and then the maximum among all of them is chosen as the maximum
violation and the corresponding constraint will be added to the initial set of constraints.

The optimization problem using the new feasible region and objective function of (3.28) is
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solved to get new coefficients. Using new coefficients we repeat the process of finding the
maximum violated constraint. This is repeated until the stopping criteria which is discussed
in [41] and chapter 1 is met. The stopping criteria is when the value (1%;) lies under
some tolerance parameter. In the formulation Z* is the recent maximum violation objective
value and H. is the optimal value of the optimization problem with the recent feasible region
and objective function of (3.28). For every problem setting this iterative procedure is done
only onces and at the end we have the affine value function approximation coefficients. The
following decision retrieval at every state (7!, #2,...,#!) is solved. Note that the update

rule (3.18) and observation probability definition (3.17) is used along with the affine value

function approximation to drive the retrieval problem below.

62{()}}2?% - { Zaﬂifl + Oéz Z [CLZ¢Z(O;‘£Z, a; = 1)d*Z + (1 - al)@(oﬂfz, a; = O)d*l]‘F
ieZ (= €7 04e0;

0% N X o (Alllsia = 1) X s = i)+

1€l O;EOi S;ESi $;€8;

(1- ai)C:E <fi(0;|3;,ai = 0) Z pi(si|si,a; = O)xz(sz))]}

SiGSi

The above linear binary problem will give us the optimal decision at every state.

3.5.4.8 Computational results for restless multi-armed bandit

Similar to previous sections, we randomly generated test instances of restless multi-armed
bandit problems. The first column of Table 3.3 defines the four parameters that are set before
generating these problem instances. The first one is I, the number of projects. We assume
for simplicity that the number of possible project states is equal across all projects. That is,
n; = N, for all © € Z. Thus, N is the second parameter we used for test problem generation.
Recall that K equals the number of projects selected by the decision-maker at each time-
step. This is the third parameter. We assume for simplicity that the number of possible

observations O; = O for each 7. Thus, O is the fourth parameter of our test instances. We
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generated 30 problem instances for each one of 6 different (I, N, K,O) combinations. This

produced 180 different problem instances.

The reward vector 7;, which is of size N, stores the reward obtained by selecting project
7 in every possible state of project 7. These reward numbers were set to equal random
uniformly distributed integers from the interval [1,100]. The transition probability p; is
generated randomly both for the case where the arm is chosen and not chosen. For every
arm and for every chosen or not chosen case, the probability distribution of transiting from
a given state to all others is a set of normalized random values between (0,1). The similar
approach is taken for generating random outcome measurements f;. For every arm and for
every chosen or not chosen case, the probability distribution of observing the observable
states {1,2,...,0} from a given state s; is a set of normalized random values between (0, 1).

The discount factor « is set to 0.99.

We ran simulations over 200 independent sample paths each with 50 times steps. We
started every sample path with a uniform belief vector for the actual state of every project.
We also started each path by randomly sampling a physical state for each project. Four
policies were compared: semi-stochastic CEC, Thompson sampling, discretized, and affine-
discretized. The first three are as discussed in sections 3.5.1, 3.5.2 and 3.5.3, respectively.
The “affine-discretized” obtains a policy via discretization as discussed in 3.5.3, but by
using an affine value function approximation along with constraint generation for the relaxed
LP problem. The affine-discretized policy is computationally tractable for large problems
whereas discretization (only) is not. For each problem instance, the performance of all
policies is normalized with respect to the same restless multi-armed bandit problem but
with perfect state observations. This latter is called “true-MDP.” This true-MDP serves as
an idealized “best-case” scenario since we expect the performance of various approximation
methods to be worse in the partially observable case than with perfect observations. In
particular, for every test instance, the average discounted profit over 200 sample paths using
semi-stochastic CEC is divided by the corresponding value for the true-MDP. The average

of all such values over 30 test instances is reported in the second column of 3.3. A similar
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calculation was performed and is reported for Thompson sampling, discretization, and affine-
discretization in columns three, four, and five, respectively. Note that for the case of I = 10,
discretization (only) was not applied since it was computationally slow.

The table shows that Thompson sampling performed better than the other three policies

in our numerical experiments.

Problem setting ||~ Semi-CEC Thompson | Discretized | Affine-Discretized
(LNKO) || over true-MDP | over true-MDP | over true-MDP | over true-MDP
(10,7,5,6) 0.60 0.77 - 0.63
(10,7,1,6) 0.56 0.85 - 0.56
(5,5,4:4) 0.67 0.89 0.72 0.71
(5,5,34) 0.69 0.89 0.72 0.71
(5,5,24) 0.74 0.94 0.71 0.77
(5,5,14) 0.66 0.90 0.69 0.71

Table 3.3: Results of 6 problem sets. For each problem set, we generated 30 test instances. Total
number of problems is 180.

In the next chapter, an MDP model with imperfect information is employed to model
a business-analytics problem. It is a multi-unit sequential-auction design problem, where
the auctioneer does not know the parameters of the demand and bid value distributions.
Although the problem is not weakly coupled, we show that solution methods similar to this

chapter can still be applied for its approximate solution.
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Chapter 4

LOT-SIZING IN SEQUENTIAL AUCTIONS WHILE
LEARNING BID AND DEMAND DISTRIBUTIONS

The work reported here has appeared in Proceedings of the 2016 Winter Simulation
Conference, 895-906, 2016.

4.1 Introduction

Sellers often use sequential, multi-unit, online auctions of identical items as a revenue gen-
eration and inventory clearing tool [21, 87, 88, 98, 110].

Lot-size is a key design variable in multi-unit auctions. A large lot-size reduces bidder
competition and hence may reduce the clearing price. The total revenue might still be high
because the number of units sold is large. A small lot-size increases bidder competition and
hence the clearing price, but the total revenue might still be limited because just a few units
are sold and a higher holding cost is incurred. Bidders in different auctions also compete
indirectly through the opportunity cost of inventory. Owing to the uncertainty in the number
of bidders and also in the bidders’ posted bids, inventory evolves stochastically and hence
optimal lot-sizes should vary dynamically. The cost of holding inventory also affects optimal
lot-sizes. Finally, in auctions of fashion goods, of seasonal products, of new products, and
where the seller is new to the market, the seller may not know a priori the distributions of
the number of bidders and their bids, in their entirety [6, 10, 9, 37, 33]. The seller could then
learn these sequentially by observing the number and values of posted bids. We emphasize
here that the interaction between learning and decision-making in this problem is somewhat
different from the standard multi-armed bandit problems. Here, the lot-size decision in an

auction does not affect the number of bids and the values of the bids received in that auction.



79

Instead, a higher lot-size in one auction may correspond to a fewer total number of auctions
and hence fewer opportunities to learn. Thus, the learning and decision-making aspects
of the problem interact across auctions but not so much within an auction. We present a
Bayes-adaptive MDP [64] model of this simultaneous learning and optimization problem.

Pinker et al. in [88] considered multi-unit, second-price sequential auctions with a fixed,
deterministic constant number of bidders in each auction, and uniformly distributed bids.
They were able to derive a closed-form formula for an optimal lot-size using dynamic pro-
gramming. They also presented a Bayesian framework to learn the spread of the uniform
bid distributions.

Tripathi et al. in [105] also assumed a fixed, deterministic constant number of bidders in
each auction and uniformly distributed bids. They worked with a multi-unit Dutch mecha-
nism. They assumed that the lot-size did not change across auctions and derived a simple
closed-form formula for an optimal lot-size. They presented a goal programming method to
learn bid distributions from online auction data.

Chen et al. in [21] generalized the models in Pinker et al. and Tripathi et al. in several
ways. First, they allowed for a random number of bidders in each auction and arbitrary bid
distributions. They also did not restrict their formulation to any specific auction mechanism.
Instead, they provided a sufficient condition (that involved the expected revenue function
and the probability mass function (pmf) of the number of bidders) under which a staircase
with unit jumps policy was optimal for lot-sizes. According to this policy, if it is optimal
to auction z units when the inventory on hand is ¢, then it is optimal either to auction z
units or to auction x + 1 units when the inventory level is ¢ + 1. Our clairvoyant MDP
model in Section 4.2 below is similar to the model in Chen et al. barring minor idiosyncratic
differences. Our research in this chapter extends that clairvoyant model to accommodate
learning over a sequence of auctions.

There is a parallel body of literature on sequential auctions, where the seller does not
announce lot-sizes, but instead uses reserve prices for releasing units. Examples include

Vulcano et al. [110] and Vulcano and van Ryzin [98]. These papers did not incorporate
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learning. Ghate in [37] recently incorporated demand learning in sequential, single-unit,
second-price auctions where the seller optimizes her reserve price for this unit in each auction.
Ghate assumed that the number of bidders in each auction is Poisson distributed with an
unknown mean. The seller then uses a mixture-of-Gamma prior on this mean. This resulted
in a high-dimensional Bayes-adaptive MDP, that was solved approximately by using semi-
stochastic certainty equivalent control (CEC) and Q-function approximation.

Several papers in the inventory control and dynamic pricing areas have studied demand
learning. Examples on the inventory control side include Scarf [100], Iglehart [55], Azoury
[11], Lovejoy [73], Lariviere and Porteus [66]. For instance, Scarf generalized the classic
inventory model of Arrow et al. [7] to accommodate demand distributions from an exponen-
tial family with one unknown parameter; other papers listed above studied variations of this
learning problem. Examples on the dynamic pricing side include Araman and Caldentey [6],
Aviv and Pazgal [9], and Farias and Van Roy [33]. For instance, Aviv and Pazgal [9] included
demand learning in the Poisson intensity control model of Gallego and van Ryzin [36]. They
assumed that the seller’s prior belief about the Poisson rate parameter was Gamma, and used
the CEC heuristic to approximately solve the resulting problem. Farias and Van Roy [33]
revisited the Poisson intensity control problem, where the seller’s prior belief on the Poisson
rate parameter was a mixture-of-Gamma distributions. They proposed a new approximation
approach called load-balancing, and showed that it outperformed CEC.

We next begin with a clairvoyant MDP model similar to Chen et al. [21], where the seller

is assumed to know the demand and the bid distributions.
4.2 Clairvoyant MDP

Consider a seller who initially holds I > 1 units in her inventory. The seller uses a sequence
of online, multi-unit auctions to clear inventory and generate revenue. A cost of h = 0
is incurred per unit held in inventory over the duration of an auction and is charged at
the beginning of the auction. At the end of each auction, the inventory level drops by a

quantity that either equals the lot-size (if the number of bids received is strictly larger than
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the lot-size) or the number of bids received (if the number of bids is less than or equal to the
lot-size). This process continues until all inventory is cleared. The discount factor over the
duration of each auction is 0 < § < 1. The seller’s goal is to find a rule for lot-size decisions
to maximize total discounted expected profit over all auctions.

We assume that the numbers of bidders across different auctions are independent and
identically distributed (iid) random variables. Similarly, bids across different auctions are iid
random variables. In addition, bids of different bidders in one auction are also iid random
variables and are independent of the number of bids posted in that and in other auctions.
These assumptions are standard in the aforementioned literature on sequential auctions.

The random number of bids in any auction is denoted by N. Let p(n) denote the Poisson
pmf of N with mean A > 0. Moreover, for n = 0,1, ..., we use P(n) to denote the probability
that more than n bids are received.

A bid is denoted by the random variable Y, which takes values from the finite set of
non-negative integers {0,1,2,...,B}. Let f, = P(Y =y), fory € {0,1,2,..., B}, denote the
categorical pmf of Y. We write it compactly as fa (fo, f1,---, [B)-

Our first task is to obtain an expression for the expected revenue in a single auction with
lot-size x. When n > x + 1 bids are posted, the seller’s expected revenue in a second-price
auction with z units equals the expected value of the x + 1st largest among n iid categorical
random variables defined above. We denote this expected value of the z + 1st largest among

n iid categorical random variables by ¥ (x;n).

Lemma 4.2.1. The expected value of the x + 1st largest among n iid categorical random
variables is given by

n—

otasm) = 23 Y (%) o =t (@)

y=0 7

o

where n(y) = P(Y <vy), fory=0,1,...,B.

Proof. For any positive integer n > 1, and 1 < k < n, let Y(;)(n) denote the kth smallest
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B
among n iid categorical random variables as defined above. Then, E[Yy(n)] = >, P(Yu(n) =
y=0

y) by Problem 1.1 in Ross [95]. Note that P(Y(4)(n) = y), which represents the probability
that the kth smallest among 7 iid random variables is at least y, is equal to the probabil-

ity that at most £ — 1 among these random variables are strictly smaller than y. Thus,

P(Yuy(n) =y) = > (") (n(y))’(1 = n(y))"~?. The result then follows by observing that the

J

x + 1st largest among n numbers is the (n — x)th smallest among these numbers. O

|2

Thus, the seller’s expected revenue with a Poisson distributed number of bids equals ¢(x)
x i p(n)Y(x;n). Here, we consider second-price auctions for concreteness; as in Chen et
al?:[gﬁ, other variations such as first-price auctions can also be handled by our approach by
using the appropriate expected order statistic formula in (4.1).

We now model the seller’s lot-size decision problem as a stationary, discounted MDP
91, 94]. The state of this MDP equals the inventory on hand. For such an MDP, a stationary
policy is optimal. That is, it suffices to find, irrespective of the stochastic history of inventory
evolution and of the auction number, the lot-size x; in each inventory level 1 < ¢ < [. For
0 <i <1, welet V(i) denote the maximum total discounted expected profit earned from
all future auctions starting with inventory ¢ on hand. In dynamic programming parlance,
function V is called the optimal value function.

For inventory levels i = 0,1,...,I, the optimal values V(i) uniquely satisfy Bellman’s
equations given by

Vi) = max | ~hitdo(r) + 5;0 PV (i —n) +6P@V(i-2)|.  (42)
Here, the right hand side of (4.2) includes three terms. The first term —hi is the cost of
holding 4 units in inventory. The second term, d¢(x), accounts for the seller’s discounted
expected revenue from a single auction with x units. The third term corresponds to the
optimal discounted expected profit earned through all future auctions given that the seller

announced a lot-size x in the current auction but only up to x bids were posted. The forth



83

term accounts for the optimal discounted expected profit generated through all remaining
auctions given that the seller announced a lot-size x in the current auction and at least x + 1
bids were posted. The lot-sizes x;, for i = 0,1, ..., I, that achieve the maxima in (4.2) define
an optimal stationary policy [91, 94].

Value iteration [91, 94] is a standard algorithm for solving Bellman’s equations and ob-
taining the corresponding optimal policy for MDPs. In our case, value iteration would

proceed as follows. We start with V(i) = 0 for all 0 < i < I, and use the update formula

V(i) = max | = hi + 0¢(x) + 6 Y p()V*'(i — n) + 6P(x)V'(i — x) |,
xeL,1,...2 n=0
for t = 1,2,3,.... We generate these updates until max |[ViHL(i) — V(i)| drops below a

tolerance. From the general theory of MDPs [91, 94], we know that 1tlim Vi(i) = V(i) for all
—0

0 < ¢ < I. The function V! thus provides an approximation of the optimal value function V

and we obtain an approximate optimal policy by substituting V* as a surrogate for V' in the

right hand side of (4.2) on termination.
4.3 Bayesian learning with Gamma and Dirichlet priors

The goal in this chapter is to study a variation of the above clairvoyant problem wherein
the seller is uncertain about (i) the mean A of the Poisson demand distribution, and (ii)
the categorical pmf f of the bids. To emphasize the dependence of quantities such as p(n),
P(n), ¢(z;n), and ¢(x) from Section 4.2 on A and f, we denote them instead by pa(n),
Py(n), ¥ #@;n), and @, (), respectively, in the rest of this chapter. We similarly write the

clairvoyant value function as V 7

4.3.1 A Gamma prior on mean Poisson demand

We assume that (i) the seller views A as a random variable, which we denote by A, and
(ii) the seller has a Gamma prior belief about A. The shape and rate parameters of this

prior are denoted by «, 3, respectively. In particular, the seller believes a priori that the
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probability density function r(\; «, 5) of A is given by r(\;«a, f) = FKEZ) X*~te=BA A benefit
of this approach is that a Gamma prior is conjugate to Poisson. That is, the seller’s posterior
belief about the unknown mean of the Poisson number of bidders after observing the number
of bids posted in one auction is also Gamma. Specifically, if n > 0 bids are posted in an
auction, then the seller’s belief about A is updated according to o™ «— a+n and " «— S+ 1.

This conjugate property and the resulting straightforward parameter update considerably

simplify the Bayes-adaptive MDP formulation of the seller’s decision problem.

4.8.2 A Dirichlet prior on categorical bids

We assume that (i) the seller views the probabilities f= (fo, f1,--., fB) as random variables,

A

and (ii) the seller has a Dirichlet prior belief with hyperparameters @ = (ag,ay,...,ag) €

RE+1 about these random variables. Specifically, the prior probability density function of the
B

categorical pmf fis given by q(f, a) = 3(15) [1(f;)% ", where B(@) is the multinomial Beta

7=0
B
T I'(ay)
function that is expressed in terms of Gamma functions as B(@) = =5—. Recall here that
LY a5)
=0

the Gamma function is defined by I'(z) = Ogoe*ttzfldt [2]. Again, a benefit of this approach
is that the Dirichlet prior is conjugate to gategorical. That is, the seller’s posterior belief
about the unknown pmf of the categorical bid distribution after observing the bids posted
in one auction remains Dirichlet. Specifically, if bids ™ = (y1,¥a,...,¥,) are posted in an
auction, then the seller’s belief about fis updated according to a; < a; + i Zi(yk), j =
0,1,...,B. Here, Z;(y;) is the indicator function that equals one when yy i:; and equals
zero otherwise. We compactly write the new Dirichlet hyperparameters as @(y™). Again,
this conjugate property and the resulting straightforward parameter update considerably

simplify the Bayes-adaptive MDP formulation of the seller’s decision problem.
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4.3.83  Bayes-adaptive MDP formulation

We use z = (a, 8) e R2 and @ € RZ' to denote the information states at the beginning of
an auction. The seller’s decision problem can now be formulated as a Bayes-adaptive MDP

that is described next.

Given the information state (z, @), the seller believes that her expected revenue from one

auction with lot-size x is given by

o(x; 2, d) JJ (A 2)q(fi @) ¢y f(@)dAdfodfs ... dfp

“ (X 2)q(f:a ( dip (n)zpf(q:;n))d)\dfodfl...de. (4.3)

n=z+1

Note that in the above double integrals, the first integral in over { f=0: Z f; = 1} and
the second one is over A > 0. Similarly, the seller believes that the probablhty that n > 0

bids will be posted is given by p(n;z) = { r(X;2z)pxa(n)d\. Also, when the categorical
A=0

pmf of bids is f, let w 7(7") denote the probability that the posted bids will equal §" =
(y1,%2,---,yn) € {0,1,..., B}, given that n > 1 bids are posted. Here, {0,1,..., B}"
denotes the set of all permutations of n elements from the set {0,1,..., B}. Thus, if n > 1
bids are posted, the seller believes that they will equal ¥" € {0,1,..., B}"™ with probability
w(y™a) = § wf(gj”)q(f; a)dfodfy ...dfg. We assume, as a matter of convention,
B
(7203 fi=1)

that D w@%a@) = 1. Forall 0 < i < [I,al ze N2, and all @ € RET, let
goe{oylr"’B}O
the optimal value function V(i; z, @) denote the maximum total discounted expected profit

earned from all future auctions when the inventory at the beginning of an auction is ¢ and
the information state is z,@. We use z" to denote the updated information state (a”, ") as
obtained from the information state z = («, ), when n > 0 is the number of bids posted in
an auction. Similarly, we use @(y™) to denote the updated information state obtained from

the information state @, when bids ™ are posted in an auction. Then, Bellman’s equations
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for the seller’s Bayes-adaptive MDP are given by

V(i;z,d) = max { — hi+d¢(x;2z,ad) + 0 i p(n; z) Z wy™a)V(iE—mn; 2", dly"))

z€{0,1,...,i} n=0 7 "e{0,1,....B}"

e¢]
£03 pmz) Y W@ aVa - wa) e (4.4)
n=z+1 yne{0,1,...,B}™
Exact solution of this MDP is computationally intractable owing to the multi-dimensional
state-space. We therefore investigate three methods for its approximate solution in the next

section.
4.4 Algorithms for approximate solution of the Bayes-adaptive MDP

4.4.1 Semi-stochastic certainty equivalent control

Recall that in semi-stochastic certainty equivalent control (CEC), (some of) the random
variables in a decision problem are replaced by their expected values [13]. In the current
context, if the information state is z, @, then the seller makes a lot-size decision by assuming
that (i) the number of bidders is Poisson distributed with mean equal to the mean of the
Gamma belief; and (ii) the bids are distributed according to a categorical distribution whose
pmf is equal to the component means of the Dirichlet belief. We denote these means by A(2)
and p;(a), for j = 0,1,..., B, respectively. Note that A\(z) = /8, and p;(a@) = aj/(ZB] aj).
We use the shorthand ji(@) = (uo(@), p1(@), . .., pp(@)) to denote the vector of mean]stThe
inventory level and the information state then stochastically evolve to their new values and

this process repeats until the end of all auctions. In particular, in state (i; z, @), the lot-size
is obtained by solving
2€{0,1,...,}

max  —hi + 0dxe) @) () + 0 Z Pacz) (M) Vagz i@ (0 = 1) + 0Py (2) Vaga) e (1 — ).
n=0

The certainty equivalent policy depends on the seller’s beliefs only through their expectations

A(z) and ji(@). We therefore propose alternative approximation methods in the next two
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sections.

4.4.2  Knowledge gradient algorithm

The knowledge gradient algorithm is often employed to balance the exploration-exploitation
tradeoff in sequential information collection problems [35, 97]. Roughly speaking, the basic
idea is to choose an alternative that would be optimal if the current period were the final
opportunity for learning although profits would continue to accrue in future periods. In our

case, this amounts to choosing lot-sizes in state (i; z, @) by solving

max — hi+ 0¢(z; z,d) Z Y w@haVvi—n 2" ain)
2€{0,L,...} n=0 Fne{0,1,..., B}
© ~
+6 ), pniz) Y w@haV (- ayn), (4.5)
n=x+1 y"e{0,1,...,B}"
where
Vi) > [ [V 0Ol e )i .. dfa (4.6

for 0 < ¢ < I and the first and second integrals are over {f >0 : i fi=1tand A = 0
respectively. In our implementation of this method, we estimate qb(x;:z(j a) via Monte Carlo
simulation. Specifically, we sample K values of A\, and K values of the vector f independently
according to density functions r(A; z) and ¢( f: @), respectively. We denote these values by
A and f%(k),Kfor k= 1,2,...,K. We then estimate ¢(z;z,d) using the sample average

(x5 2,d) ~ % The expectations in (4.5) are also estimated using sample average
approximation as follows. For every A, and f (k) we sample an n and a ™ from a Poisson and
a categorical distribution, and then calculate the associated (2™, d(y")). Using K values of
(2",@(y™)), we then use sample average to approximate the expectations in (4.5). Equation
(4.6) is approximated using V(i; 2", @(y")) ~ Vieny. fa@ny (), where A(2") and f(a(y"))

are expectations of densities r(A; z") and g( f: ( ™). Finally, these approximations are
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employed in the sample average calculation. Then equation (4.5) will be approximated by

K
2 95, (@) 2 Vagm fiagrn( =)+ 25 Vagm) fagry (@ — %)

. k=1 <np<x nE>T
max —hi+9 +9
2€{0,1,...,i} K K

(4.7)

4.4.83  Thompson sampling

In the current context, Thompson sampling reduces to the following approach. When the
inventory is ¢ and the information state is (z,d@), the seller samples a A according to the
Gamma density r()\; z) and the bid pmf f according to the Dirichlet density ¢( f_: a). Let A
and ]% denote these sampled values. The seller then chooses a lot-size that maximizes the
profit assuming that the demand and bid distribution parameters are A and j%, respectively.

The computational effort required for the above three approximation methods is roughly
as follows. For finding the optimal lot-size in every state, the Bellman equation (4.2) needs
to be solved using value iteration when CEC and Thompson sampling approximations are
applied. For knowledge gradient, the Bellman equation (4.2) needs to be solved K times
in every state in contrast. This causes knowledge gradient to be slower than CEC and
Thompson sampling. This behavior was also observed in our numerical results in the next

section.

4.5 Computational results

We created different problem instances by changing the true A (columns of our tables), and
initial inventory I (rows). The discount factor was § = 0.99. The sample size K was set to
50 in all sample average approximations. Parameters of the initial Gamma prior were fixed
at « = 5 and f = 1. The initial Dirichlet parameters were set to @ = (1,1,...,1). The
maximum bid value B was set to 430 and the holding cost was h = 10. The true categorical
bid distribution was set to equal a discretized, truncated Weibull distribution. The scale

parameter of this Weibull distribution was fixed at B/2. Its shape parameter was 2 for
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Tables 4.1-4.4, and 4 for Tables 4.5-4.7. We refer to these two shapes as wide and narrow bid
distributions, respectively. In each row of each table, we report averages over 50 independent
simulations. Each simulation terminated when the inventory was completely depleted. Semi-
stochastic CEC, knowledge gradient, and Thompson sampling need, as subroutines, value
functions of MDPs where the mean demand and the bid pmf are fixed at various values.
These were approximated by the value function of the staircase with unit jumps policy to
significantly speed up our simulations. In all our simulations, the clairvoyant optimal policy
is a hypothetical, ideal policy that is assumed to know the true A and the true categorical
bid distribution.

The numbers in Table 4.1 equals the profit made by a lot-sizing policy that does not
update the seller’s beliefs, reported as a percentage of the clairvoyant optimal profit. This
“no learning” policy finds lot-sizes by solving Bellman’s equations where the expected revenue
and the demand pmf are calculated by taking expectations with respect to the initial Gamma
and Dirichlet priors. In our approximate implementation of this process, these expectations
were estimated as sample averages. The boldface numbers in Table 4.1 indicate that the
profit made by the no learning policy was statistically different from the clairvoyant optimal
profit (as inferred from a t-test at the significance threshold of 0.05).

The first number in each column of Tables 4.2, 4.3, and 4.4 equals the profits made by
semi-stochastic CEC, knowledge gradient, and Thompson sampling, reported as a percentage
of the clairvoyant optimal profit, respectively. The boldface numbers in these tables indicate
that the profits made by these three learning methods were statistically different from those
made by the no learning policy (again, as inferred from a t-test at the significance threshold
of 0.05).

The second number in each column of Tables 4.2, 4.3, and 4.4 refers to the increase or
decrease in profit compared to the no learning policy. This is reported as 0.00 when the
learning and no learning policies are not statistically different; otherwise, it is reported by
subtracting from the first number either the first number in Table 4.1 or 100 depending

on whether or not the profit without learning is statistically different form the clairvoyant



optimal profit.

Table 4.1: The percentage of optimal profit reached with no learning for the wide bid distri-

bution.

Table 4.3: The percentage of optimal profit reached by knowledge gradient for the wide bid

| A |

I 5 10 15 20

20 || 104.31 | 95.71 | 96.49 | 94.64
25 99.09 | 96.71 | 95.79 | 93.16
30 || 96.08 | 96.29 | 92.24 | 92.61
35 || 96.38 | 94.42 | 92.97 | 91.89
40 || 96.99 | 95.21 | 90.07 | 91.75
45 || 97.60 | 91.60 | 91.43 | 90.30
50 || 91.54 | 93.42 | 89.64 | 89.28
55 || 89.52 | 90.86 | 90.81 | 87.21
60 || 112.86 | 92.37 | 89.89 | 86.10

distribution.
A

1 5 10 15 20

20 || 102.04,(2.04) | 98.03,(2.32) | 98.08,(1.59) | 98.15,(3.51)
25 || 97.44,(-2.56) | 97.74,(0.00) | 99.50,(3.71) | 98.04,(4.88)
30 || 95.36,(-4.64) | 98.17,(1.88) | 97.90,(5.66) | 97.64,(5.03)
35 94.56,(0.00) | 96.05,(1.63) | 97.92,(4.95) | 97.79,(5.9)
40 || 93.15,(-6.85) | 96.74,(1.53) | 96.01,(5.94) | 96.97,(5.22)
45 || 94.01,(-5.99) | 94.68,(3.08) | 96.47,(5.04) | 96.88,(6.58)
50 || 85.45,(-14.55) | 94.71,(1.29) | 96.06,(6.42) | 96.39,(7.11)
55 90.21,(0.00) 93.56,(2.7) | 96.76,(5.95) | 96.01,(8.8)
60 || 93.65,(-6.35) | 93.97,(1.6) | 95.39,(5.5) | 95.87,(9.77)
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Table 4.2: The percentage of optimal profit reached by semi-stochastic CEC for the wide bid
distribution.

| A |

I 5 10 15 20

20 || 102.41,(2.41) | 98.15,(2.44) | 98.17,(1.68) | 98.39,(3.75)
25 | 96.68,(-3.32) | 98.06,(1.35) | 99.28,(3.49) | 98.40,(5.24)
30 || 95.92,(0.00) | 98.24 ,(1.95) | 98.03,(5.79) | 97.77,(5.16)
35 || 95.07,(0.00) | 96.28,(1.86) | 97.33,(4.36) | 97.28,(5.39)
40 || 92.92,(-7.08) | 97.20,(1.99) | 96.08,(6.01) | 97.12,(5.37)
45 || 94.18,(-5.82) | 94.76,(3.16) | 96.62,(5.19) | 96.99,(6.69)
50 || 86.52,(-13.48) | 95.18,(1.76) | 96.31,(6.67) | 96.73,(7.45)
55 || 90.74,(0.00) | 93.59,(2.73) | 96.93,(6.12) | 96.06,(3.85)
60 || 91.69,(-8.31) | 93.49,(0.00) | 95.24,(5.35) | 95.66,(9.56)

Table 4.4: The percentage of optimal profit reached by Thompson sampling for the wide bid
distribution.

| A |

I 5 10 15 20

20 |[ 100.95,(0.95) | 97.82,(2.11) | 98.22,(1.73) | 98.20,(3.56)
25 || 97.37,(0.00) | 97.89,(1.18) | 99.14,(3.35) | 97.85,(4.69)
30 || 96.08,(0.00) | 98.26,(1.97) | 97.35,(5.11) | 97.88,(5.27)
35 || 95.41,(0.00) | 97.17,(2.75) | 97.11,(4.14) | 97.68,(5.79)
40 || 94.11,(0.00) | 96.74,(1.53) | 96.29,(6.22) | 96.01,(4.26)
45 | 94.45,(0.00) | 94.50,(2.9) | 96.66,(5.23) | 95.94,(5.64)
50 || 87.32,(-12.68) | 95.28,(1.86) | 96,.55,(6.91) | 96.82,(7.54)
55 || 85.16,(0.00) | 94.09,(3.23) | 96.43,(5.62) | 96.68,(9.47)
60 || 94.59,(-5.41) | 95.48,(3.11) | 95.49,(5.6) | 96.15,(10.05)

Recall from the first column of Table 4.1 that the profit made by the no learning policy is
not significantly different from the clairvoyant optimal policy. This is intuitive because the
mean «/f of the initial Gamma prior matches the true value of A\ = 5. The profits in the
first columns of Tables 4.2-4.4 are much more “noisy” — sometimes statistically worse than

the no learning profit and sometimes better. This is perhaps to be expected because the
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estimates of the mean demand as computed by the learning algorithms can oscillate around
the true A depending on the observed stochastic demands.

The last three columns from Table 4.1 suggest that the profit of the no learning policy is
statistically worse than the clairvoyant optimal profit. This is intuitive since the true \ does
not match the initial Gamma prior mean. In each of these last three columns of Table 4.1 the
no learning policy roughly seems to make decreasing relative profits as the initial inventory [
increases. This is perhaps because the temporal accumulation of error induced by the mean
mismatch increases with increasing initial inventory. This error accumulation phenomenon
is also observed in each of the last three columns of Tables 4.2, 4.3, and 4.4, where the
percentage (first number in each column) of the optimal clairvoyant profit reached by the
learning algorithms seems to decrease with increasing inventory. The last three columns in
Tables 4.2, 4.3, and 4.4 show that the learning algorithms are able to improve (third number
in every cell) upon the profit of the no learning policy. The range of this improvement seems
to increase as the true A drifts away from the mean of the initial Gamma prior. This value
of active learning as a function of the mean mismatch also seems to increase with increasing
inventory. Tables 4.2-4.4 suggest that there is no significant difference among the profits
made by the three learning algorithms.

In Tables 4.1-4.4, the true bid distribution was similar to a centered Weibull. We also
tried right- and left-skewed Weibull bids (not reported in this chapter for brevity), and were
able to draw qualitatively similar conclusions.

Tables 4.5-4.7 report results of simulations similar to the previous tables, but this time
with the narrow bid distribution. For this narrow bid distribution, we only tried semi-
stochastic CEC and Thompson sampling. This decision was made based on our observation
(from simulations and tables for the wide bid distribution) that the knowledge gradient algo-
rithm was computationally slower but did not provide a statistically significant improvement
in profit.

The profit reached by the no learning policy is generally smaller in Table 4.5 than in

Table 4.1, for each column. This is because the narrow bid distribution is more different
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from the flat Dirichlet prior that in the wide one. Even for the first column of Table 4.5,
although the true A matches the Gamma prior mean, the profit of the no learning policy
can be statistically worse than the clairvoyant optimal profit. The learning algorithms are
still noisy for the same reason as in Table 4.1. Consistent with these points, the value of
active learning over no learning in the last three columns of Tables 4.6-4.7 seems to be
generally larger than the corresponding tables for the wide bid distribution. Finally, other
qualitative observations from the tables for the wide bid distribution also hold for the narrow

bid distribution.

In summary, we conclude that active learning may provide higher profits as compared to
not learning, especially when the initial priors are off. Among the three learning algorithms
we implemented, semi-stochastic CEC and Thompson sampling were computationally faster

and yet produced profits comparable to knowledge gradient.

Table 4.5: The percentage of optimal profit reached with no learning for the narrow bid
distribution.

20 || 90.66 | 88.88 | 86.64 | 88.83
25 || 93.13 | 88.65 | 85.47 | 83.90
30 || 90.93 | 87.10 | 80.76 | 83.17
35 || 98.13 | 85.82 | 82.94 | 81.09
40 || 90.9 | 85.59 | 79.15 | 80.34
45 || 94.57 | 85.13 | 7T7.71 | 78.37
50 || 86.09 | 84.38 | 77.24 | 75.04
95 || 94.57 | 82.82 | 74.86 | 75.80
60 || 91.45 | 84.52 | 73.95 | 74.87
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Table 4.6: The percentage of optimal profit reached by semi-stochastic CEC for the narrow
bid distribution.

I 10 15 20
20 || 90.52 (o 00) | 93.58,(4.69) | 93.44,(6.8) | 94.29,(5.45)
25 |[ 92.02,(-1.11) | 91.74,(3.09) | 92.29,(6.82) | 92.96,(9.06)
30 || 90.21,(0.00) | 90.68,(3.58) | 91.35,(10.59) | 92.48,(9.30)
35| 94.8,(-5.2) | 90.70,(4.83) | 90.92,(7.98) | 91.45,(10.36)
40 || 88.35,(-2.55) | 91.57,(5.97) | 89.85,(10.7) | 91.1,(10.8)

45 || 91.22,(-8.78) | 90.14,(5.01) | 89.12,(11.41) | 90.75,(12.38)
50 || 80.42,(-5.67) | 88.56,(4.18) | 89.40,(12.16) | 88.98,(13.94)
55 | 94.64,(0.00) | 85.93,(3.10) | 87.76,(12.9) | 88.98,(13.18)
60 || 83.12,(-16.88) | 86.91,(2.39) | 87.55,(13.6) | 87.71,(12.84)

Table 4.7: The percentage of optimal profit reached by Thompson sampling for the narrow
bid distribution.

I 5 10 15 20
20 || 90.78,(0.00) | 93.89,(5) | 93.67,(7.03) | 94.31,(5.48)
25 | 92.38,(0.00) | 91.61,(2.96) | 92.56,(7.09) | 92.91,(9.01)
30 || 90.31,(0.00) 90,(2.9) | 91.24,(10.48) | 92.89,(9.72)
35 || 94.93,(-5.07) | 90.73,(4.91) | 91.81,(8.87) | 92.37,(11.28)
40 || 87.10,(-3.8) | 90.19,(4.59) | 90.25,(11.1) | 89.76,(9.41)
45 [ 92.62,(0.00) | 89.95,(4.82) | 89.64,(11.93) | 90.58,(12.21)
50 || 81.09,(-5) | 89.11,(4.73) | 89.63,(12.39) | 89.38,(14.34)
55 | 93.51,(0.00) | 86.64,(3.81) | 87.46,(12.6) | 88.49,(12.69)
60 || 83.29,(-16.71) | 87.32,(2.8) | 88.45,(14.5) | 87.36,(12.49)
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Chapter 5

SUMMARY AND FUTURE WORK

In this dissertation, MDP models for four classes of dynamic resource allocation problems
were presented. The models in the first three chapters had the weakly coupled form. Chapter
1 demonstrated that a large class of advance scheduling problems can be modeled as weakly
coupled MDPs. This enabled the application of a Lagrangian relaxation approach with
affine value function approximation and constraint generation to approximately solve these
problems. The numerical experiments showed that this approach outperformed a myopic
heuristic by a statistically significant margin. There are two directions for future research
that can extend the problem statement and model discussed in Chapter 1. One would be
a combined advance and allocation scheduling model that books customers for future days,
and also reactively adapts to stochastic events that occur during a day. The other direction

can investigate patient preference.

Chapter 2 presented a weakly coupled MDP model for a dynamic resource-constrained
project scheduling problem (DRCPSP). A simulation-based policy iteration method was
implemented. The results suggested that this is a viable method for solving DRCPSPs.
Future research could consider an extension where task-durations are stochastic.

Chapter 3 provided an approximate dynamic programing approach for weakly coupled
MDPs with imperfect information. One possible future work is to study percentile optimiza-
tion as it is discussed in [27] for weakly coupled MDP with unknown reward or transition
probabilities. The theory and algorithm discussed in [27] can be applied to weakly cou-
pled MDPs with uncertainty in reward or transition probabilities, and the hope would be to

exploit the weakly coupled structure for computational benefits.

In Chapter 4, an MDP model with imperfect information was formulated for a business-
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analytics problem. Approximation techniques similar to the ones in Chapter 3 are presented
and implemented for this multi-unit sequential-auction design problem with unknown pa-
rameters of the demand and bid value distributions.

Moreover, it would be interesting to apply other approaches to handle parametric uncer-
tainties in general MDPs for different applications. Examples include the robust optimization
approach from [56, 81], or the data-driven method from [57]. One such application would be
the optimal design of clinical trials. Clinical trials consist of dynamic decision making, and
parameter uncertainty is a common issue. Mathematical modeling and specifically MDPs
could be used in clinical trials, but as it is mentioned by Villar et al. [109], there is a gap in

the literature in terms of applying theoretical models to real-world clinical trials.
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