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Abstract

Rational Points on Conic Bundles over P!

Sam Roven

Chair of the Supervisory Committee:
Professor Bianca Viray
Department of Pure Mathematics

In this paper, we focus on obstructions to the existence of rational points for a special
class of algebraic varieties. In particular, we consider the case where 7: X — P} is a
smooth conic bundle and k is a number field. We show that if X/k has four geometric
singular fibers with X (Ay) # () or X has non-trivial Brauer group, then X satisfies the Hasse
principle over any even degree extension L/k. Furthermore for arbitrary conic bundles X we
show that, conditional on Schinzels hypothesis, X satisfies the Hasse principle over all but
finitely many quadratic extensions of k. We prove these results by showing the Brauer-Manin
obstruction vanishes and then apply fibration method results of Colliot-Thélene, following

Colliot-Thélene and Sansuc.
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Chapter 1

INTRODUCTION

The roots of arithmetic geometry date back to the 19th century, in particular, to Gauss’
observation that one can obtain a rational solution to a homogeneous polynomial equation
if and only if an integral solution can be found. In the late 1920s, André Weil drew con-
nections between number theory and algebraic geometry, ultimately leading to the famous
Mordell-Weil theorem. Since then, many techniques have been introduced to decide whether
a variety over a number field has a rational point. In this paper, we focus on obstructions

to the existence of rational points on varieties.

Let X be a smooth geometrically integral variety over a number field k. We say X sat-
isfies the Hasse principle if the set X (k) of k-rational points is non-empty whenever the set
of adélic points X (Ay) is also non-empty. If X fails the Hasse principle, it is natural to
ask about the obstructions that account for this failure. In 1970, Manin used the Brauer
group of X to define the Brauer-Manin set X (A;)®" C X(A;). It was proven [Man71]
that X (k) C X(A;)P" hence this set can obstruct the existence of k-points on X. This

obstruction is known as the Brauer-Manin obstruction.

A wide area of research investigates the extent with which sets like X (A})B" give ob-
structions to the Hasse principle. In particular one can fix numerical invariants, like the
dimension of X, and attempt to classify when the Brauer-Manin set explains this failure. In
1971, Iskovskikh [Isk71] constructed an example of a smooth projective surface that failed
the Hasse principle. Years later, in the landmark paper [CTSSD87a], Colliot-Thélene, San-

suc, and Swinnerton-Dyer showed that the Brauer-Manin obstruction explains all failures of



the Hasse principle for a class of surfaces known as Chatelet surfaces, which are surfaces that
contain an affine open subscheme cut out by y* — az? = P()\) with P a separable degree 4
polynomial. In this paper, we explain how one can use the Brauer group of a Chatelet surface
(modulo constant algebras) to give a Brauer-Manin obstruction to the Hasse principle then

we go on to prove new results concerning the arithmetic of conic bundles.
1.1 Outline

In Chapter 2, we introduce quaternion algebras and give some results that allow one to
determine when they are split. We then generalize to all finite dimensional central simple
k-algebras and define the Brauer group of a field. We continue by giving a characterization
of Brauer groups of local and global fields before defining the Brauer group of a scheme, as
well as the Brauer-Manin set, proving several related and crucial results along the way. We
then use the Hochschild-Serre spectral sequence to give an isomorphism that will enable us

to find Brauer classes which give a Brauer-Manin obstruction to a Chatelet surface X.

In Chapter 3 we formally define Chatelet surfaces, one of the central objects of interest
in this paper. We give an overview of results concerning the classification of ruled surfaces
that we then use to prove that Chatelet surfaces are geometrically rational. We finish off
this chapter by giving explicit descriptions of the Picard group and intersection theory on a

Chatelet surface.

We then state and prove the main results of this paper in Chapter 4 for arbitrary conic

bundles.

1.1.1 Notation

Throughout this paper, k will always denote a field of characteristic 0 and all the k-algebras
we consider are finite dimensional. We use k to denote a fixed algebraic (hence separable)

closure of k and let G} := Gal(k/k) denote the absolute Galois group of k. If k is a global



field, we let A, denote the adéle ring of k£ and €2 the set of places of k. For a fixed v € (),

we let k, denote the completion of k at v, let O, denote the valuation ring in k,, and F, the

residue field of O,.

Given a scheme X over k, and an extension L/k, we write X1 = X Xgpec k Spec L and

X = Xz. We also let X (k) be the k-points of X and X (A}) the adélic points of X.

By a k-variety we mean a separated scheme of finite type over k£ and by nice k-variety
we mean a smooth projective geometrically integral k-variety. By surface we mean a smooth

projective variety of dimension 2.



Chapter 2
BRAUER GROUPS

2.1 Quaternion Algebras

Definition 2.1.1. (Quaternion Algebra) For any two elements a,b € k* the (generalized)
quaternion algebra (a, b) is the 4-dimensional k-algebra with basis 1,7, j, 7j, and multiplication

being determined by

Remark 2.1.2. The isomorphism class of the algebra (a,b) depends only on the classes of a
and b in k* /k*2. The substitution i — wui, j — vj induces an isomorphism (a,b) = (u?a, v?b)

for all u,v € k*.
Taking the map i — 7,5 +— ¢ we get
(a,0) = (b, a)

Remark 2.1.3. The assignment

1 0
i 1= , g J =
0 —1 10

defines an isomorphism (1,b) = My(k), because the matrices

generate Ms(k) as a k-vector space and satisfy the relations

I?=1d, J?=b1d, IJ=-JI



Given a quaternion algebra (a,b), we say that (a,b) is split if (a,b) = Ma(k). Identfying
when a quaternion algebra is split will be of central importance to us and it can be done in a

a number of ways. Before giving the main result of this section, we give one more definition

Definition 2.1.4. (The Associated Conic) Given a quaternion algebra (a,b), we define
the associated conic, C'(a,b), to be the projective plane curve defined by the homogeneous
equation

azx® + by* = 2*

where x,y, z are homogeneous coordinates in P2. In the case of (1,1) = M,(k) we get the

circle 2 + % = 22.

The following result will be our primary tool.

Proposition 2.1.5. For a quaternion algebra (a,b), the following are equivalent.
(1) (a,b) is split

(2) (a,b) is not a division algebra

(8) The norm map N : (a,b) — k defined by N(q) = qq has a nontrivial zero.

(4) The element b is a norm from the field extension k(\/a)/k.

(5) C(a,b) has a k-rational point

Proof. The implication (1) = (2) is obvious. To prove (2) = (3), assume that for all
q# 0, N(q) # 0. Then g/N(q) is an inverse to q.

Next, assume (3) and that a ¢ k*? else the result is obvious. Let ¢ = = + yi + 2j + wij
so that N(¢q) = z? — ay® — bz* + abw? = 0. This implies that 2% — ay® = b(2? — aw?) =
b(z + aw)(z — \Jaw). Note that since a ¢ k*% 2% — ay? # 0 and 2?2 — aw?® # 0 hence we
can set

_ Nz +Vay)

N(z + Vaw)

and so (4) follows from the fact that the norm is multiplicative.



Next we show (4) = (1) and then separately, that (4) < (5). To deduce (1), we show
that (a,b) = (1, 4a?). Assuming again that a is not a square in k, if b is a norm from k( /a)
then so is b~! thus we can find z,y € k such that b=! = 22 — ay?. Setting u = zj + yij
we have u? = bx? — aby? = bb~! = 1. Furthermore, one can check that ui = —iu. Set-
ting v = (1 + a)i + (1 — a)ui we can check that wv = (1 + a)ui + (1 — a)i = —vu and
v? = (14+a)?a—(1—a)?a = 4a®. Note that by considering any non-trivial linear combination
21 4 29u + z3v + zquv = 0, it is easy to show that z; = 29 = 23 = 24 = 0 using that fact that
{1,4,4,ij7} is a basis. This implies that {1,u,v,uv} is a quaternion basis, and by changing
to this basis, we obtain the required isomorphism (a,b) = (1, 4a?) for which (a,b) is split by

remark 2 above.

Finally, assuming (4) again we have z,y € k such that b = z*> — ay®. From here it is
immediate that (y,1,z) is a k-point on C(a,b). For the converse, if there exist (zo, yo, 20)
satisfying a(xg)? +b(yo)? = 22 we first observe that we can take yo # 0 else we show that a is
a square and are done. This means we can multiply by y; ' and find that b = (Z—E)Q — a(%)z,
and (4) is satisfied. If yop = 0 then we must have xy # 0 otherwise b is a square and we are

done. Multiplying by x5! we find that a is a norm from k(v/b). O
2.2 Central Simple Algebras

Quaternion algebras are a special case of a more general class of algebras known as central
simple algebras. We breifly mention some classical results concerning central simple algebras

below. For further reading see [GS17, Chapters 1 and 2] and [Voi21, Part 1]

Definition 2.2.1. A k-algebra is called simple if it has no non-trivial (two-sided) ideals. A
k-algebra is central if its center equals k. A central simple algebra is a k-algebra that is both

central and simple.

Theorem 2.2.2. (Wedderburn)[GS17, Theorem 2.1.3]

Let A be a finite-dimensional simple algebra over k. Then there exists an integer n > 1



and a diwvision algebra D D k such that A = M, (D). Moreover, the division algebra D is

uniquely determined up to isomorphism.

If we take our finite-dimensional simple algebra to also be central, we can say more.

Theorem 2.2.3. [GS17, Corollary 2.2.12] A finite-dimensional k-algebra A is a central
simple algebra if and only if there exists an integer n > 0 and a finite Galois extension

L/k such that A ®y L is isomorphic to the matriz algebra M, (L).
This theorem implies that for any central simple algebra A/k, dim(A) is a square.

Definition 2.2.4. (Splitting field and degree of a CSA) A field extension L/k for which
A®y L= M,(L) is called a splitting field for A. The integer y/dimy(A) is called the degree
of A.

Proposition 2.2.5. [GS17, Prop 2.2.9)] Let A be a central simple algebra over k. There is
a canonical isomorphism A ®j A°PP = Endy(A) = M, (k), where n is the degree of A.

We now have all the tools needed to define the Brauer group of a field.

2.3 The Brauer Group of a Field

Since central simple algebras over a field k can be characterized by those algebras A for which
there exists a finite Galois extension L/k and an integer n > 1 such that A ®; L = M, (L),

we can define the following set.

Let CSAL(n) denote the set of k- isomorphism classes of central simple k-algebras of
degree n split by L. We regard it as a pointed set with the base point being the class of M, (k).
Two central simple k-algebras A and B are Brauer equivalent if A ®y M,,(k) = B @y M, (k)

for some m,n > 0.



Definition 2.3.1. (The Brauer group of a field) Brauer equivalence defines an equiva-
lence relation on the union of the sets CSA(n). We denote the set of equivalence classes by

Br(L/k) and define the Brauer group, denoted Br &, to be

Brk = U Br/k)

L/k finite Galois

We note here that for any fixed extension L/k, we will refer to Br(L/k) as the relative
Brauer group (of the extension L/k). It can alternatively be defined as the kernel of the
homomorphism

Br(L/k) =ker(Brk —Br L), A— A® L
Proposition 2.3.2. The set Brk forms an abelian group under tensor product.

Proof. Basic properties of tensor product imply that the binary operation is commutative
and associative. Clearly the identity element is the class of M, (k). Moreover, Proposition
1 implies that given a class in Br(L/k) represented by A, the class of the opposite algebra

A°PP yields an inverse. [

Remark 2.3.3. Equivalently, [Ser91, Chapter X, section 5| one can define the Brauer group
via Galois cohomology

Br k== H*(Gy, k)

We say that a Brauer class A € Br k is split by L if A is contained in the subgroup
Br(L/k). We also note that Br is a covariant functor from the category of fields to the

category of abelian groups.

We can see that each non-trivial Brauer class contains (up to isomorphism) a unique
division algebra and Br(L/k) classifies division algebras split by L. To see why, let A, A’ be
central simple k-algebras, so by Theorem 2.2.2

A =M, (D), A= My (D)



for some division algebras D and D’. If A and A’ are Brauer equivalent then
A8 N (F) 2 A @ Mo () = Moyn(D) 2 My (D)

From here, uniqueness of the division algebra implies that D = D’

It now follows from Theorem 2.2.2 that if A ~p, A" and dimg(A) = dimg(A’), then
A = A’ so each Brauer class contains exactly one central simple algebra (up to isomorphism)
of fixed degree.

In the case where our ground field is algebraically closed, the Brauer group becomes

trivial.

Lemma 2.3.4. Let k = k. Then every central simple k-algebra is isomorphic to M, (k) for

somen > 1, hence Brk = 0.

Proof. To prove this, it is enough to show that the only finite-dimensional division algebra
D D kis k itself. Take any d € D and consider the extension k[d]. Since D is finite

dimensional over k, d is algebraic. Since k = k, k[d] = k. O

Lastly, from the cohomological definition of the Brauer group, we can also obtain a

definition of the relative Brauer group of a Galois extension L/k.
Proposition 2.3.5. Let L/k be a Galois extension, then Br(L/k) = H*(Gal(L/k), L*)

Proof. We apply the inflation restriction exact sequence to the group Gj with normal sub-

X

group Gy, both acting on the Galois-module k. We have that k¥ = L, (EX)GL =L,
Gr/GL = Gal(L/k), and Hilbert’s theorem 90 (particularly applied to H' (G, L)) gives

0 — H*(Gal(L/k), L) — H*(Gy, k) — H*(Gp, L")
Using the cohomological definition of the Brauer group of a field, the above sequence becomes
0 — H*(Gal(L/k),L*) = Brk — Br L

hence ker Br (L/k) :== (Br k — Br L) & H*(Gal(L/k), L*). O
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Proposition 2.3.6. [GS17, Lemma 1.5.2] Given elements a,b,b’ € k™ we have an isomor-
phism
(Cl, b) Qg ((Z, b/) = (CL, bb/) ® M2(k)

Corollary 2.3.7. For the quaternion algebra (a,b) we have the isomorphism (a,b) ®y (a, b) =
My(k).

Proof. Applying the above proposition with b = ' we have (a,b) ® (a,b) = (a,b?) @ My(k) =
My(k) @ Ma(k) = May(k) 0

Corollary 2.3.7 implies that the Brauer class of any quaternion algebra is 2-torsion in
the Brauer group. In fact, it is a theorem of Merkurjev [Voi21, Theorem 8.3.5] that all the

2-torsion in the Brauer group is accounted for by classes of quaternion algebras.

Definition 2.3.8. Let L/k be a cyclic extension of degree n with o a fixed generator of
Gal(L/k) and let b € k*. We define the cyclic algebra (o,b) to be the L-vector space

LeLydLy*®--- & Ly"!
y" =0b, o(a)y =yaVa € L

Remark 2.3.9. With a bit of work, one can show that (¢,b) is a central simple algebra
defined over k and split by L [GS17, section 2.5]. Moreover, this generalizes the construction
of quaternion algebras. In general, if k£ contains the n* roots of unity, then by Kummer
theory, any cyclic extension L of degree n is of the form L = k({/a) for some a € k*.
Letting o be a generator of Gal(L/k), we denote the cyclic algebra (o,b) by (a,b),. For any
quadratic extension k(y/a) with o(y/a) = —y/a, we have (0,b) = (a,b) thus recovering the
generalized the quaternion algebras defined earlier. This shows that quaternion algebras are

indeed central simple algebras.

Given any cyclic extension L/k we also have a nice description of the relative Brauer
group

Proposition 2.3.10. [Guil8, Cor 7.19] We have an ezplicit isomorphism
k)(

W — Br(L/k), b~ (0,b)
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In particular, we can see that (o, b) is trivial in Br & if and only if b is a norm from L*.
Corollary 2.3.11. BrR = Z/27Z

Proof. We can begin by observing that Br R = Br (C/R). Moreover, N¢/r(C*) = R so
Proposition 2.3.10 implies that

BrR = R/R., & Z/27

To find an explicit representative of the one nontrivial Brauer classe, it suffices to take any
quaternion algebra generated by two elements of Ry since they are not norms from C*.
Taking the quaternion algebra (—1,—1), otherwise known as Hamilton’s quaternions, will

do. O

2.3.1 The Brauer Group of a Local Field

Let k, denote a non-archimedean local field. As defined in [Mill3, section 2.2], there is an
isomorphism

inv,: Brk, - Q/Z

known as the Hasse invariant. The invariant map will be of central importance in computing
the Brauer-Manin set. Here we exhibit some nice properties of this map, when applied to

cyclic algebras.

Let L/k, be an unramified (cyclic) extension and let 0 € Gal(L/k,) be the automorphism
which induces the Frobenius map on the residue field, then by [Mill13, Chap IV, Ex. 4.2 and
Prop 4.3] we have
v(b)

inv,((o,b)) = Tk

€Q/Z

Remark 2.3.12. If we restrict the domain of the invariant map to Br (k,)[2], namely the

quaternion algebras, then the isomorphism shows that there exists a unique non-trivial 2-

~

torsion class. In other words, inv, |,z : Br(k,)[2] — %Z/ 7.



12

2.3.2  The Brauer Group of a Global Field

Let k be a global field and let 2 denote the set of places of k. The fundamental exact

sequence of global class field theory completely characterizes the Brauer group of any global

field.

0—Brk— @ Br AERETLAN

vEQ

Q/Z — 0 (2.3.1)

The Brauer group of k is identified with a subgroup of the direct sum €9 Br k, and the

’UEQk

inclusion map is given by tensoring any central simple algebra over k with each completion.
The Brauer group of each completion at nonarchimedian places is isomorphic to Q/Z and
%Z /Z at the archimedian place. The Brauer group of k is then the kernel of the sum of local

invariants.

It is worth noting that not only is this group infinite, but even the 2-torsion is infinite.

In fact, even the relative Brauer group Br (Q(v/2)/Q) is infinite!

2.4 The Brauer Group of a Scheme and the Brauer-Manin Obstruction

Throughout this section, let X be a nice variety over a global field k of characteristic zero.
Definition 2.4.1. The Brauer Group of a Scheme Given a scheme X we define
BrX = H.(X,G,,)

By functoriality of cohomology, Br is a functor from the category of schemes to the category

of abelian groups. However, in contrast to fields, Br is contravariant for schemes.

Remark 2.4.2. Note that this definition generalizes the notion of the Brauer group of a
field, and given a field k, we have Brk = HZ(Spec k, G,,). Furthermore, when X is nice, Br
X is torsion [Mil80, Example I11.2.22], as is the case for fields.

Theorem 2.4.3. [Gro68b, Corollarie 7.5] If X is a smooth projective surface, then Br X

depends only on the birational class of X.
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Corollary 2.4.4. Let X be a nice geometrically rational surface over a field k. Then Br X =
0

Proof. From Theorem 2.4.3 , we have an isomorphism Br X = Br PZ. Moreover, the induced
map Brk — BrP} coming from the structure morphism P} — Speck is an isomorphism,
see [Pool7, Proposition 6.9.9]. Combining this with Lemma 2.3.4, we get the string of
isomorphisms Br X = Br Pz = Brk = 0. O

Given a morphism X — Speck we obtain a map on Brauer classes Brk — Br X by

pulling back. Let X be a variety over a field and define
Bry X :=im(Brk — BrX) and Br; X :=ker(BrX — BrX)

One can show the inclusion Brg X C Bry X C Br X. Elements of Bry X are called constant

and elements of Bry X are called algebraic.

Proposition 2.4.5. If X is geometrically rational then Bry X = Br X. If X is over a global
field k and X (Ay) # 0 then Brk = Bro X.

Proof. If X is rational, then by Corollary 2.4.4, Br; X = Br X. To show that the natural
map Brk — Br X is injective, the existence of an adélic point gives a map P, : Spec k, — X,
as in the following diagram

Xpy ——— X

|

Speck, —— Speck

By functoriality of Brauer groups we have

BrX —— Br X,

L

Brk —— Brk,

We can see that P, splits the base change of the structure morphism of X for every

v € ) hence the natural maps 7 : Brk, — Br X, split for every v € ;. Combining this
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with (2.3.1), it follows that the induced map Brk — Br X coming from the structure map

of X is injective. [

Our considerations up to this point mainly involve Brauer groups of fields and varieties
over fields but in some cases, it will be useful to consider Brauer groups of ring. Given a

commutative ring R, we can define Br R := Br(Spec R).

Lemma 2.4.6. [Mil80, II1.3.11(a)] Let R be a non-archimedian local ring with residue field

F. The quotient map R — k induces an isomorphism Br R = BrF.

Corollary 2.4.7. Let k be a complete valued field with valuation denoted by v and valuation
ring O,. Then BrO, = 0.

Proof. By Lemma 2.4.6, O, — F, induces the isomorphism BrF, = BrO,. For any non-
archimedian local field, F, is finite. Since every finite division algebra is a field, the only

central simple algebras over [F, are matrix algebras. Hence BrF, = 0. [

2.4.1 The Brauer-Manin Set

Let €2, denote the set of places of k. If v € Qy, write k, for the completion of k at v and
O, for the valuation ring in k,. Let Ay be the adéle ring of k, that is, Ay is the restricted
product Ay = [] . (kv, ©,). This is a subring of the product []

vEQ k, containing tuples

vEQ
(P,) for which there exists a finite set of places S such that P, € O, for all v ¢ S.

Let X (Ay) denote the set of adélic points of X. A priori, X (Ay) is a subset of X (]| k)

vEQ "V
but one can show ([Pool7|, Exercise 3.4) that if X is proper, then X (Ag) = [[,cq. X (k).

vEQ

For any P, € X(k,) and any A € Br X, we can pullback A along P,: Speck, — X and
obtain an element of Br k,. We denote this element A(P,) and regard it as the image of P,
under the map ev4: X (k,) — Brk,, which we call the evaluation map. A priori, this gives

amap evy: X(Ay) = J] Brk,.

VEQ
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Given a point (P,) € X(Ay), for some finite set of places S C (2, there exists a finite
type Ok,s scheme X equipped with a map X — &, such that for fixed A € Br X, one can
find A € Br X with A pulling back to A under Br X — Br X, [Pool7, Corollary 6.6.11]. In
particular, for a k, point P,, we have P,(Speck,) € Spec A C X and since X is finite type,
A = kylxy, .o, za)/(f1, -, fr). We take S to be the (finite) set of valuations that are negative
when applied to the finitely many coefficients of the f;. For all v € S, we have P, € X(O,).
This implies that for all but finitely many v, ev4(P,) € BrO,. By Corollary 2.4.7, Br O, = 0

so eva(P,) = 0 for almost all v. Therefore, ev4 gives a map X (Ay) = Byeq, Brk,.

Composing this with the sum of local invariants, inv, : Brk, — Q/Z, we obtain a well-

defined map X (A;) — Q/Z given by

(P,) — Z inv,(ev4(P,))

vEQ

Before defining the Brauer-Manin set, we cite one lemma that will be of use in the coming

results.

Lemma 2.4.8. [Virl0, Lemma 3.3.2] Let k, be a local field. For any A € Br X
eva: X(ky) — Q/Z

is continuous for the discrete topology on Q/Z

Definition 2.4.9. (The Brauer-Manin Set) Given A € Br X let

X (A = {(Pv) € X(Ay): Y inv,(eva(P) = 0}

vEQ
We call
XA = [ X(A*

the Brauer Manin set.
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Lemma 2.4.8 shows that X (A;)* is a closed subset of X (Ay).
Proposition 2.4.10. X (k) C X (Az)B" C X(Ay)

Proof. For A € Br X, we obtain a commuting diagram
X(k) — X(Ax)

lev A leVA

0—>Brki>@ Brk,

2 07 —— 0

where the bottom row is the usual exact sequence from global class field theory. It is

immediate from the definition of X (A;)B that X(A;)® C X(Ag). To see the other in-

VEQ

clusion, take P € X(k) and its image (P,) € X(A;). Commutativity of the diagram

implies that ¢(ev4(P)) = eva(P,). Moreover, exactness of the bottom row then gives

S, invy(d(eva(P))) = 3, invy(ev4(P,)) = 0 hence P € X (Ay)A. O

We say there is a Brauer-Manin obstruction to the Hasse principle if X (A;) # 0
and X (A;)®" = (. The Brauer-Manin set and it’s usefulness in finding obstructions to the
Hasse principle cannot be emphasized enough. The arithmetic of many nice varieties is
largely controlled by their Brauer groups ands serves as ample motivation to find Brauer
classes that give a Brauer-Manin obstruction. In searching for such algebras, and computing

the Brauer-Manin set, several helpful reductions can be made.

Corollary 2.4.11. For any A € Brg X, X (A;)" = X (Ay).

Proof. From Proposition 2.4.5 and the exactness of the bottom row of the diagram in Propo-

sition 2.4.10, we have that for any A € Brk
inv,(eva(P,)) =0
for every v. m

Corollary 2.4.12. To compute X (A;)BT, it is enough to compute the intersection over a set

of representatives of Br X/ Brg X.

Proof. This is immediate from the above Corollary. n
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2.5 Computing Brauer Groups: The Hochschild-Serre Spectral Sequence in
Etale Cohomology

Let X be a nice variety over a global field k that is everywhere locally solvable. If X
is geometrically rational, then the Hochschild-Serre spectral sequence in étale cohomology

gives a tool for computing the group Br X/ Bry X.

Proposition 2.5.1. Let k be a global field and X/k a nice geometrically rational variety
with X (Ag) # 0. Then we obtain an exact sequence

0 — PicX — (Pic X)“ — Brk — Br X — H' (G}, PicX) — H*(k,G,,)

Since k is a global field, H?*(k,G,,) = 0 and we have an isomorphism

Br X

~ gYG,. Pic X
Bro X (G, Pic X)

Proof. Let L/k be a finite extension with G = Gal(L/k). The Hochschild-Serre sprectral
sequence

EPY = HP(G, HL(X1,G,,)) = L' = H(X,G,,)

gives rise to the usual seven term exact sequence
0— EyY — L' — EYY — E2° — ker(L? — EY?) — Ey' — EJY

In our case, we get

0— HYG,HY(X1,G,)) = HL(X,G,,) — H(G,Hi (X1, G,)) — H*(G, HY.(X1,G,))

— ker(Hg (X, Gn) — HY(G, Hy, (X1, Gn))) = HY(G, Hy (X1, Gn)) = H(G, Hy (X1, Grn))

One can show (see e.g. [Pool7, Proposition 6.6.1]) that
HY(X1,Gp)) = L*, and  Hi(X;,Gp)) 2 Pic Xy

which gives
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0 — Pic X — (Pic X)¢ — H*(G,L*) = ker(Br X — Br X;) — H'(G, Pic X;) — H*(G, L*).

In particular, for the extension k/k with Galois group G we get

0 — Pic X — (PicX)% — Brk — ker(Br X — BrX) — H'(G), PicX) — H*(Gp, k)

Furthermore, if k is a global field, then H S(Gk,EX) = 0, which is a result due to Tate, see
INSWO08, 8.3.11(iv), 8.3.17]. Proposition 2.4.5 then gives rise to the short exact sequence

0— Brk — BrX — H' (G}, PicX) — 0

yeilding the desired isomorphism O]

Remark 2.5.2. When X (A}) # 0, if H is a subgroup of Gy, then by looking at the first
two terms of the above sequence, injectivity of the natural map Brk — Br X gives the
isomorphism

Pic Xon = (Pic X)"”

where EH denotes the fixed field of H.

2.5.1 Galois action on the Picard Group

The Galois group Gal(k/k) acts on Pic X as follows. For ¢ € Gal(k/k) let & € Aut(Spec k)
be the corresponding morphism. By considering the base change of X to k, the pullback of
the morphism idx x&: X — X induces an automorphism (idx x&)* of Pic X. This gives a

group homomorphism
Gal(k/k) — Aut(PicX), o+ (idx x&)*

This action preserves the intersection pairing and thus takes exceptional curves to excep-

tional curves [Man74, Theorem 23.8].



19

If X has torsion free Picard group, we define the splitting field of X to be the smallest
extension L of k in k for which the action of Gal(k/L) on Pic X is trivial.

Proposition 2.5.3. Let X be a nice surface with torsion free geometric Picard group. Let
L be the splitting field of X and let Pic X = Z" for some v > 0. Then the inflation map
inf: H'(Gal(L/k), (Pic X)) — HY(G}, Pic X) is an isomorphism.

Proof. Applying the inflation restriction exact sequence to the subgroup H = Gal(k/L), we
have G/H = Gal(L/k) and the first three terms of inflation restriction are

0 — HY(Gal(L/k), (Pic X)) =5 HY(G}, Pic X) = H*(Gal(k/L), Pic X)Gal(L/k)

Since Gal(k/L) is a limit of finite Galois groups, each of which acts trivially on the free
abelian group 7, it follows that H'(Galk/L,Pic X) = 0 because it is a limit of the groups

Hom(H,Z") which are all trivial, since H is finite. The result now follows. O
If we further assume that X has adélic points, then Remark 2.5.2 gives
H'(Gal(L/k),Pic X1) = H' (G}, Pic X)

Moreover, if we have irreducible curves C' on X cut out by equations with coefficients in L,

then an element o € Gal(L/k) acts on C' by applying o to each coefficient.
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Chapter 3
THE GEOMETRY OF CHATELET SURFACES

The goal of this section is to define Chatelet surfaces and then prove that over k, a
Chatelet surface is the blow-up of a Hirzebruch surface at four points. In other words, that
Chatelet surfaces are geometrically rational. We begin with some background on ruled sur-

faces.

3.1 Background

Let X be a nice surface, let C, D be divisors on X that intersect properly and take C.D =
#(C' N D) = deg(Ox(D) ® O¢) to be the usual intersection pairing on Div X x Div X
[Har77, V.3]. For a nice variety, the Picard group Pic X coincides with the group of Weil

divisors modulo linear equivalence.

Definition 3.1.1. (Ruled Surface) A ruled surface is a surface X, together with a surjective
morphism 7: X — C to a nonsingular curve C| such that
1) for every point y € C, the fiber X, is isomorphic to P!

2) m admits a section, o: C' — X.

Proposition 3.1.2. [Har77, Proposition V.2.2]

If m: X — C is a ruled surface, then there exists a locally free sheaf € of rank 2 on C' such
that X = P(E) over C. Conversely, every such P(E) is a ruled surface over C. Additionally,
P(E) = P(&') if and only if there exists a line bundle L on C such that € = E' ® L.

Definition 3.1.3. (Hirzebruch Surface) A Hirzebruch surface F,, is a ruled surface asso-

ciated to the locally free sheaf Op1 & Opi(—n) for n > 0.
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Definition 3.1.4. (Blowing up a variety at a point) Let X be a variety and P a closed
point of X. The blow-up of X at P is a variety X equipped with a morphism 7: X > X
such that 7 induces an isomorphism of X — 7~1(P) to X — P. The preimage of P under 7
is called the exceptional divisor of the blow-up, and we denote it by FE. Moreover, given any
divisor D (containing P) on X, we define the strict transform of D, denoted D, to be the
closure of 774(D — P).

Proposition 3.1.5. [Har77, Proposition V.3.2] The intersection theory on X is defined by

the following rules:
o [fC,D € Pic X, then (n*C).(n*D) = C.D
e IfC € Pic X, then (7*C).E =0
o F?2=-1
We refer to any curve on X of self-intersection —n as a (—n)-curve.

Proposition 3.1.6. [Har77, Proposition V.3.6] Let C' be an effective divisor on X, let P be
a point of multiplicty r on C, and let 7 : X — X be the blow-up of X at P. Then

7C=C+rE

Theorem 3.1.7. (Castelnuovo)[Har77, Theorem V.5.7] If Y is a (—1)-curve on a smooth
projective surface X, with Y = P!, then there ewists a nonsingular projective surface Xy, a

point P € Xy, and a commutative diagram

This result allows us to blow-down all (—1)-curves on X and obtain the “simplest”

birational model of X. As a result of Theorem 2.4.3, we will be interested in determining
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when a given surface is rational. Due to the work of Castelnuovo, there is an especially nice
criterion to determine this. Define ¢(S) = h'(S,Og) and for n > 1, B,(S) = h°(S, K§")
where Kg denotes the canonical divisor on S. We then have

Theorem 3.1.8. (Castelnuovo’s Rationality Criterion)[Bea78, Theorem V.1] Let S
be a surface. If q(S) = P2(S) =0 then S is rational.

Proposition 3.1.9. [Bea78, Proposition II1.21] Let S be a ruled surface over C' and let g be
the genus of C'.Then
q(S)=g and P,(S)=0 VYn>2

Corollary 3.1.10. F,, is rational.

For more on rational surfaces see [Bea78].

We finish out our preliminary results with two important facts concerning Picard groups.

Proposition 3.1.11. (Picard Group of a ruled surface)[Har77, Prop V.2.3]
Let m: X — C be a ruled surface, let 0(C) = Cy C X be a section, and F be a fiber. Then

Pic X 2Z @& 7" Pic C
with Z generated by Cy. Additionally, Cy and F satisfy Co.F =1, F? = 0.

Proposition 3.1.12. (Picard Group of a blow up)[Har77, Prop V.3.2]
Given the natural map 7 : X - X, we have maps 7 : Pic X — Pic X and Z — Pic X

defined by 1 — 1 - E which give rise to the isomorphism
Pic X = Pic X & Z

One of the main objects of interest in this paper will be Chatelet surfaces over P'. In
attempting to study their arithmetic, we will need to have a good understanding of their
geometry. In particular, geometric data will enable us to compute the Brauer group of a
Chatelet surface. By Proposition 2.5.1, we must begin with a careful examination of the
codimension one behavior on such a surface, i.e. the Picard group. We will now define a

Chatelet surface and use results of the previous section to compute its Picard group.
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3.2 The Picard Group of a Chatelet Surface

Let P()A) € k[\] be a separable polynomial of degree 4 and let a € k*. Take

k[Ally, 2, t]

X, = Proj P74
FT e — PRy T M
with coordinates (y : z : t,\) and
Xy =P P54
P ez = Q) T M

with coordinates (Y : Z : T, u) and

Qu) = /fP(%)

Let X be the surface obtained by gluing X; and X, via the isomorphism
X1 —{A=0} = Xy — {u=0}
(y:z:t.A) = (Y Z: @ 'T, 1/ p)
which is indeed an isomorphism because
(v —az® = PO*) = (Y? —aZ® = P(1/p)u'T?) = (Y — aZ* — Q(u)T?)
Definition 3.2.1. We call X the Chatelet surface given by y* — az? = P()).

Observe that X comes with a morphism to 7: X — P} obtained by gluing the projections
X1 — Al and Xy — A} given by (y:2:¢,A) — Xand (Y : Z: T, u) — u, respectively.

We note here that the original surfaces studied by Chatelet [Cha59] took P(A) to be
degree 3 or 4 but we can obtain the degree 4 case from the degree 3 case by homogenizing,
and if necessary, making a linear change of variables that shifts a root away from the point

at infinity.

Proposition 3.2.2. X is smooth, projective, and geometrically integral.
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Proof. To show smoothness, we can use the Jacobian criterion on an open cover of X. We
can take as our open cover the 6 open affines given by y # 0,z # 0, and t # 0 on the
Spec k[A] patch, and Y # 0,7 # 0, and T # 0 on the Spec k[u] patch. It is easy to see that
the Jacobian has rank 1 on each patch, and the only non-trivial computation happens where

t # 0. The Jacobian here is given by

oP
[Qy —2az 5y

This has rank 1 at all points of X because separability of P implies that % and P are coprime.

To see that X is projective, we show it is proper. Since properness is local on the base, it
is clear that 7 is a projective morphism on the standard affine cover of P}, hence 7 is proper.
Since smooth proper surfaces are projective, X is projective. Note, Hironaka’s example
shows that smooth proper schemes are not projective in general, but when we restrict to the

case of surfaces, it is in fact true [Har70, 11.4.2].

Finally, to see that it is geometrically integral, note that smoothness implies regularity
and regular local rings are always reduced, so it suffices to check that X is irreducible. It is
enough to check it on an open cover. We first observe that the 6 standard affines intersect

non-trivially, and on the open affine ¢ # 0, i1 # 0, we consider the ring ¢ kA1) Since

WP—az—POV)"
a is a square in k, consider the prime ideal p = (y — \/az). By generalized Eisenstein,

y? — az? — P()) is irreducible so long as P()\) is not identically zero. This implies that

EN[y.2.1]

a2 P00 is an integral domain. Verifying irreducibility on the other open affines follows

similarly. n

As the ground field changes so does the Galois action on Pic X. Let \/a denote a fixed
square root of a. When we base change X to k(y/a) we obtain two sections Cj and Co
which extend the sections A — (y/a : 1:0,\) and XA — (—y/a : 1 : 0, \) respectively of the

projection Xy, . — Ai(f)

a
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Let {A1, A2, A3, A4} be the roots of P in k so that we have a factorization of P given by

4

PO =c]J(r =)

i=1
Denote the base change of our structure morphism by 7 : X — IP%. All fibers above points
of IP% are smooth conics except for the 4 fibers above the roots A; on the open set X; , which

degenerate to the union of two intersecting lines. We denote these subschemes of X, by
Ei={\=X\,y—+az} and E;={\=\,y+Vaz}

and both F; and E are isomorphic to ]P%. Finally, we let F' denote the smooth conic over oo
(n=0).

Proposition 3.2.3.

mkﬁ%ﬁg_&+@+&+&+%—&—w (3.2.2)

Proof. To compute Divs(A — \;) we observe that over Spec k[)] it suffices to compute V(A —
Ai) to find the zeroes, this gives F; + E;. Over Spec k[u] we apply the transition function

A= i to obtain 1_7“’\1 This has a pole at = 0 which gives the smooth fiber F' hence

To carry out the remaining computation, we must compute valuations of the rational

y—/az

function :

over each affine patch, of which there are 6 . To do this we must find the
codimension 1 primes containing y — /az or t. By localizing the appropriate ring at these
primes, we obtain a DVR that has non-trivial valuation when applied to the functions in
question. When localizing at the codimension 1 primes not containing the above functions,

y — v/az and t will become units in the localization, hence we safely ignore those.
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2_@’2\]2[—3% and then use the fact that codimension

1 primes containing y — /az or t, respectively correspond to codimension 0 (minimal) primes

in A/(y —+/az) and A/t, respectively. After finding these primes p, we find uniformizers in

A, by using the relation y? — az? = P(\)t?, and then compute valuations. We give divisors

according to the equations that cut them out:

E;={\=\,y— az =0}
Ei={\=X\,y+az=0}
Co={y—/az=0,t =0}
Co={y+az=0,t =0}

F={p=0}

We can now begin the computation:

(z # 0, # 0). We first find codimension 1 primes containing (¢), hence look for

minimal primes in A/(t).

FLL kAl kAGY)
(¥*—a) (y+va) (y—+Va)

The minimal primes are clearly (y & +/a) and the corresponding codimension 1 primes

A/(t) = = K[\

in A are simply obtained by lifting (i.e. adding ¢ as a generator) thus yielding the
primes p; = (y + \/aa t) and py = (y - \/aa t)

In the local ring A,,, we can write the relation y? — az? = P(\)t* as

y+va= tQ(yP—(A\}a>
PO

Since ;==% is a unit we have y + va C (t), hence t generates p; and vy, (t) = 1. An

almost identical calculation shows that ¢ is also a uniformizer in A,,. As a result, we
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get t vanishing to order 1.

Finding the codimension 1 primes containing y — y/a on the same patch, we look at

4

kv, ] B EAt H k)\t E[A,t]
(y> —a— POy —Va) pale (%)

and after lifting, we get minimal primes q; = (A — \;, ¥y — Va) and ps = (t,y — Va).

Ay = va) =

In the local ring A,,, the relation
4
(v = Va)y+ va) = ([T = 2))#
j=1

gives us the two expressions

[T (=) &
( CEG > and \— )\, = (y —va) <ij& \—/_)\,-)ﬁ)

Thus both A — \; and y — /a are uniformizers and at all codimension 1 points p;, A — \;

y—+a=

and y — y/a vanish to order 1. Since V'(q;) is precisely E;, we know we will have " E;

in our computation.

Localizing at ¢ = (y — v/a,t) we have y — y/a = (unit)t* thus ¢ is a uniformizer
and by applying v, to the previous equation we get vy(y — v/a) = vq(t?) = 2. We
complete the computation on the z # 0 patch by observing that at the prime g, the
divisor corresponding to (y — y/a,t) vanishes to order 2. This divisor is Cy. Directly

computing the valuation of the rational function y—t\/a in these localizations, we obtain

Divy (y —t\/a) = By + Byt By + By +2C,— (Co+Co) = By + B+ By + Ey+Co—Cp
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e (y # 0,1 # 0) We make a simplification by noting that the transition function from

the z # 0 patch to the y # 0 patch is multiplication by § On the z # 0 patch, we are

f-va
t

given the function and moving to the patch where y # 0 we get

5(%_\/5):1—2\/5

t t

By observing how we determined the order of vanishing of ¢ in the local rings A,
and A,, and the order of vanishing of y — v/a in A,, and A,, we see that applying
the transition function, while changing the ideals, does not give new divisors in our
computation. As a result, any divisor coming from the computation where y # 0 will

be double counted, hence there is nothing more to compute.

e (t # 0,u # 0) This patch is defined by Spec(A;)y so t is a unit and there are no
(codimension 1) primes containing t. Moreover, to find primes containing y — v/az we

look at A/(y — v/az) which is

kN, 2 1] k] 1T RAL o
(A

(y* —az? = P(A),y —vaz)  P(})

There are 4 minimal primes, namely (A — A;) but this gives no new information.

e We now move to the other standard open affine of Pr. Write Q(u) = S apt and
observe that under the map (y: 2z : t,\) — (Y : Z : u?T,1/u) our rational function is

sent to
y—+az Y —\/aZ
'_>
t w?T

When Y, Z # 0 the divisor computation is identical to what we did when p # 0.

Moreover, we have looked at all possibilities when g # 0 so it remains to check what

happens when p = 0 on either of the patches Y # 0 or Z # 0.

o (Y#0,A#0) Let B= % and let ag the constant term of Q(u). Note that
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ao is the leading term of P(\) so must be nonzero. On the locus where p = 0 we get

klpllZ, T] k2, T]

P =z QT ~ U= a7 — aoT

To see that B/u is an integral domain, it suffices to show that 1 — aZ? — a¢T? is irre-
ducible. By taking p = (2 + v/a) as our prime ideal, its easy to see that p|Z? — a and
p? [Z% — a, hence by generalized Eisenstein, 1 — aZ? — agT? is irreducible. This then

implies that the only codimension 1 prime where x vanishes is q = (1 —aZ? — aT?, ).

In the local ring By, the relation 1 — aZ? — Q(u)T? can be written as
1 —aZ? — agT? — p(p® + asp® + agp + ar)T?

Without loss of generality, we are assuming a; # 0. If it were zero, we would take
the first non-zero coefficient and factor out the lowest power of p attached to it. The
existence of this constant term ensures that right-most term in the above equation is
a unit times p7T?%. Furthermore, T is a unit as well, hence 1 — aZ? — agT? € () and
is a uniformizer. Considering valuations, we can see that 1 — \/az & (1 — aZ? — ayT?)
for if it were we would have Z = \/La in B/p, which in turn would imply that B/u is
zero dimensional. It now remains to compute v, (u?T).

Using the fact that p is a uniformizer, we get

v(1*T) = 2v4(n) = 2

The vanishing of y gives the smooth fiber F'. We can then say that

By the argument we made for p # 0, the patch where T # 0 gives no new information,
thus

p— a/ ~
DiVyZiO <¥> = El +E2 +E3 +E4+C() - Co —2F

From this we can conclude that 2F = Ey + Ey + Es + Es + Cy — 50 in Pic X.
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O

Proposition 3.2.4. Let X be a Chatelet surface defined over k. Then X is a blow-up of a

Hirzebruch surface F,, at 4 points.

Proof. First, observe that all vertical fibers (preimages of T over closed points of IP%) are
linearly equivalent. Let F = 7 '(P) and F' = 7 }(P’), then F? = F.F' = 0. From
Proposition 3.2.3, equation (3.2.1), we know that E; + E; — F is a principal divisor hence,

in the Picard group, F' and E; + EZ are in the same class. We can now deduce that
0=F?=F.(E +E;) = F.E; + F.E,

Moreover, since the Galois action preserves the intersection pairing, we can conclude that

F.E;,=F EZ = 0. Now, since intersecting with a principal divisor is 0 we have
0=FE,(E;+E;—F)=FE;.E;+ E; E; + E,.F = B> + 1

so E? = —1, for i = 1,2, 3,4. Intersecting with E; we also see that EZQ = —1. Now, we can
take the four skew lines, F;, and blow them down. Let P, € E; N EZ in X and by abusing
notation, let P; denote the image of P; under f. We have that P; is a smooth (multiplicity
one) point on E;, thus E; 2 P We are left with a P.-bundle over P} which is none other

than [F,, for some n. ]

Corollary 3.2.5. Let X be a Chdtelet surface defined over k. Then
Pic X =ZF @ 7ZCy® ZE, ® LE> ® ZE3 ® ZF,
with intersection theory given by

Co.F =Co.F=1 (3.2.3)

Co.E; = Co.E; = 1 (3.2.4)
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E.E =1 (3.2.6)
Co.Cy =0 (3.2.7)

Proof. By realizing X as the blow-up of a Hirzebruch surface, we know that Cy.F = 1. Using
Proposition 3.2.3, equation (3.2.2)), we can conclude that F.Cy = 1. Since F ~ E; + E; we
can see that

Looking at the equations that cut out Cy and E; we can see that Cy.E; = 1. Equation
(3.2.4) now follows as does (3.2.5) by a similar argument. Equation (3.2.6) is clear, and to
deduce (3.2.7) observe that {y — /az = 0,t = 0} and {y + \/az = 0,t = 0} cut out Cy and
50 respectively. If the two curves were to intersect, their equations would have a common
solution, but this solution must be y = z =t = 0. Since y, z,t are homogeneous coordinates,

at least one of them must be non-zero. O
3.3 The Brauer Group of a Chatelet Surface

In this section, we compute the Brauer group of a Chatelet surface, and in doing so, will
realize that classes of Chatelet surfaces that can fail the Hasse Principle are those in which
the factorization of P(\) has a certain form [CTSSD87al, greatly reducing a complex problem

to a simpler one.

Theorem 3.3.1. Let L denote the splitting field of P so that L(\/a) is the splitting field of
X. Assume a ¢ L*2. The Brauer group of X depends on the factorization of P with Brauer

groups given by
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;

2
(Z/2Z) P(\) has four rational roots

HY(Gy, Pic(X)) = 727 P(X) has at least one irredicible quadratic factor

{0} otherwise

\

The proof of Theorem 3.3.1 is explicit but requires several important reductions.
Lemma 3.3.2. The surface Xy /) s rational. In particular, if a € k2, then X is rational.

Proof. Let P(A) =[] g;(\) and let Q,, denote the closed point of degree deg(g;) correspond-
ing to g;. The fiber over @, degenerates to the union of two lines over k(+/a) which we label
E; and E’l Letting A = « denote a smooth fiber F' we have

. 9i(A) =
Divx, - (W) = Ej + Ej — (deg(g;) F)

Since E’j.Ej = deg(g;) and intersecting with a principal divisor is always zero we have

E;.(E; + E; — (deg(g;)F)) = E — E;.E; — (deg(g;))E;.F = E? 4 deg(g;) =0

J

thus E; is a (—deg(g;))-curve. Moreover, each component of E; is a (—1)-curve
For each factor of P()\) over k(y/a) we have such a collection of curves. As in the proof
of Proposition 3.2.4, by blowing down these skew groups of curves we obtain a Hirzebruch

surface, which is rational by Corollary 3.1.10. ]
One can see that if a € k*2, then X is rational hence has no Brauer-Manin obstruction.
Lemma 3.3.3. The Brauer group of X modulo constant algebras is 2-torsion. That is
HY(Gy, Pic X)[2] = H' (G}, Pic X)

Proof. First, if a € k*? then Br X = 0, hence H'(Gy, Pic X) = 0. If a is not a square in k
then consider the subgroup H = Gal(k/k(y/a)) of Gy, with G/ H = Gal(k(y/a)/k) = Z./27.
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By Lemma 3.3.2

BrXiv®) o 11 (Coal(E (/o)) Pie ) —
Brk(ya) 1 (Gallk/k(Va)), Pie X) =0

Restriction-corestriction implies that Cor o Res = [2] and furthermore, this is the zero map

on HY(Gy, Pic X). O
Lemma 3.3.4. .
o ( Pi?)i>Gk
Hl(Gk,PICX) ~ _2P10X —
. . iC k
<1m(PlCX)Gk — (m) ))

Proof. Taking Galois cohomology with respect to the exact sequence

- —  PicX
0= PicX "2 PicX - ——2_ 40

icX

we obtain the long exact sequence
Pic X
2 Pic X

_ _ G _
0 — (Pic X)% 2 (PicX)%+ % ( ) C A HYG, PicX) 2o

Lemma 3.3.3 implies that H'(G}, Pic X)[2] = H'(G}, Pic X) by exactness so we obtain the

desired isomorphism. O
Lemma 3.3.5. A basis for (Pic X)% is given by {F}

Proof. Let L be the splitting field of P()), so then L(y/a) is the splitting field of X. Let
G = Gal(L+/a)/k). Tt is easy to see that

(Pic X1 (a)? = [ ker(o — id)

oceG

so in order to find a basis for (Pic X)%, we intersect bases for all the above eigenspaces.

We can easily see that o(F) = F for all 0 € G. To find a basis for [ ., ker(c — id),

oeG
will show that ker(o, 5 —id) = Span{F'}, where o 5 denotes the involution coming from

Gal(k(y/a)/k) and so then (Pic X)® = Span{F}. Recalling that
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E;={\= X,y + Vaz =0}

o Co={y—Vaz=0,t=0}
o Co={y+az=0,t=0}
o F={pn=0}

we now fix the basis {F, Cy, E1, By, F3, E,} for Pic X and represent the linear map o /g —id

via a matrix in this basis.

-O -2 1 1 1 1 ]
o 0 0 0 0 0
o —id = 0o 1 -2 0 0 0
o1 0 -2 0 0
6o 1 0 0 -2 0
_O 10 0 0 —2_

From here it is immediate that this matrix has rank 5 with kernel spanned by F'. This
computation holds independent of the factorization of P()) hence (Pic X)% = Span{F},
and so im <(PicY)Gk — (M)Gk> = Span{F'}. O

2 Pic X

Proposition 3.3.6. A basis for (%)Gk depends on the factorization of P()).

;

Span{F, By + Ey, Ey + E3}  P(X\)has four rational roots
PicX ¢,
(co=) " = Span{F, B + E,} P(M\)has one irredicible quadratic factor
2Pic X
Span{ F'} otherwise
\

Proof. Since PicX = Z5 we obtain a basis for (%)Gk by reducing the entries of the

matrices o0 — id modulo 2, finding bases for their respective kernels, and finally, computing a

basis for their intersection. Each of the following cases can be easily computed by associating,
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to each o € @G, its corresponding element of S;. We note that a\/a(C’o) = 50 # Cy hence
to determine the basis for each eigenspace, we need only look at how the F; are permuted.
Moreover, the permutations of these roots are given by Gal(L/k), hence it is enough to
compute bases for ker(c — id) where o € Gal(L/k). Given an automorphism 7, we denote
its eigenspace of eigenvalue 1 by S;. A basis for S; is then given by the span of the following

vectors

o F
e Sums of exceptional curves ) ., F; where I = {i|7(i) # i}
e Exceptional curves E; where 7(j) = j.

We note that for any 7 € Gal(L/k(y/a)), 7—id is represented as a matrix, and one can easily
see that the rank of this matrix (over k) is the same as its rank mod 2, so the above method
does in fact compute bases modulo (2 Pic X)%*.

We begin by noting that since the action of o, ; does not depend in the factorization of P,
the basis for ker(o ;z — id) modulo (2 Pic X )% will be the same for each case. Furthermore,

we can observe that o /; fixes any sum of the form E; + Ej; because from equation (3.2.1)

~ ~ Pic X \ G
0alBi+E)=Ei+E=F—E+F—E=2F+E+E=E+E¢ (2Pic7>

Reducing the matrix (o ;—id) modulo 2 we obtain a linear map whose kernel is Span{ F, £/, +
Ey, Ey + E5, E5 + E4}. Furthermore, by equation (3.2.2) we know that E; + Es + E3 + E,

is linearly equivalent to 2F so Fy + Fs + E3 + E4, = 0 in (%)Gk (Cp is not fixed by any

element of G). We can now conclude that E; + E; and E3 + Ej4 represent the same class in
( Picz)Gk
2Pic X

(im(PieX)en — (LieX)®)

2Pic X
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We now proceed by considering the different possible factorizations of P(\).
Case 1: P(\) = (\>—b) (\>—¢)
——

irreducible irreducible

In this case, Gal(L/k) = (Z/27Z)? and up to relabeling, is generated by the premutations
(12) and (34) thus

8(12) = Span{F, El + EQ, Eg, E4} and 5(34) = Span{F, El, EQ, Eg + E4}

hence

Pic X \ G+
— = Span{F,F, + E3, E3+ E
<2PicX) pan{F, B+ £y, Ey+ Eij

We conclude that

Pic(X) \ Gk
ic(X F, E E. ,E E
£2P (X)) — Span{ Sl + ; s+ Ea}y Span{Ey + E»} = 7,/27
. . 1c k
(Hn(PlC(X)Gk - (2Pic(Y)) ) pantt}

SO

HY(Gy, Pic(X)) = Z/2Z

Case 2: P(\) = (A — X)) (A—Xy) (A* =)
——

irreducible

In this case, Gal(L/k) = Z/27 and is generated by (34), so S(z4) = Span{F, E, Ey, F3 +

NG
E,} and (%) f o Span{ F, Ey + FEs, E3 + E,}. By the same argument as the previous

case, we conclude that

H'Y(G}, Pic(X)) 2 Z/27Z

and is generated by the class of E; + FEs.
Case 3: P(\) = [ (A = \)

In this case, o s is the only non-trivial automorphism. This implies that

( Pic X )Gk

2P1(37 :keI'(O'\/a—id) = Span{F, E1+E2,E2+E3,E3+E4}
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It now follows that

HY(Gy, Pic(X)) = (Z/27)*

and is generated by classes of Fy + Ey and Fy + Ej.
Case 4: P(\) = (A — \)f(\), with f irreducible

(a) disc(f) € k*?
Let 7 = (123) be the generator of Gal(L/k) = As. This means that ker(r — id) =
Span{F), E) + E, + E3} so intersecting with ker(o ; — id) we get a subspace of dimension 1,

containing F' hence

<2PI-i’?cX7)G’“ = Span{F'} and Hl(Gk, Pic(Y)) = {0}

(b) disc(f) & k**
Here, Gal(L/k) = (p = (12),7 = (123)). We get

ker(T — ld) = Sp&H{F, E1 + E2 —+ E3}, ker(p — ld) = Span{F, El, E2 + Eg}

so intersecting again with ker(o sz — id) we get a subspace of dimension 1 that must contain

F'| giving the same result.
Case 5: P()) irreducible

Recall that the possibilities for Gal(L/k) are the transitive subgroups of Sy. These are the

2

subgroups Sy, Ay, Dy, Z/AZ, and the unique normal subgroup that is isomorphic to (Z / 2Z> )
Any transitive subgroup containing a 4-cycle will have eigenspace generated by I’ and E;+
Es+ E3+ Ey. No other sum of exceptional divisors (hence no individual exceptional divisor)

is contained in this eigenspace, therefore no exceptional divisor is contained in N, ker(o —id).
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From this we can conclude that
HY(Gy, Pic(X)) = {0}

whenever Gal(L/k) = Sy, Dy, or Z/AZ.

If Gal(L/k) = <Z/2Z)2 = {(1), (12)(34), (13)(24), (14)(23)}, the non-trivial elements
give eigenspaces Span{F, Fy + Ey, E5 + E,},Span{F, F1 + E3, E; + E,}, and Span{F, E; +
Ey, Ey+ Es} respectively. Intersecting these three with ker(o z —id) = span{F, By + E», E>+
Es, Es+ E,} we see that only multiples of ' and the element F; + Ey + E3 + Fy lie in all 4.
This shows that H'(Gy, Pic(X)) is also trivial in this case.

Lastly, if Gal(L/k) = A4, then the non-trivial automorphisms correspond to 8 cycles
of type (1,3) and 3 cycles of type (2,2). These correspond to eigenspaces of the form
Span{F, E; + E; + E} for i, j, k € {1,2,3,4}. Assume that an element of the form E; + E, +
Ey, € Span{F, Ey + Es, B + E3, B3 + By} = ker(o,/; — id), then in particular,

(El—FE] +Ek) + (EZ+EJ) = 2EZ+2EJ +Ek = Ek - ker(aﬁ—id)

but o 5(Er) = Ej, # Ej, hence ,eq ker(o —id) = Span{F'} and we can conclude that
HY(G}, Pic(X)) = {0} whenever P is irreducible. O

We can now conclude the result of Theorem 3.3.1 by using the isomorphism given in
Lemma 3.3.4. In particular, we compute a basis for the quotient by considering the bases

given in Lemma 3.3.5 and Proposition 3.3.6.
3.4 Iskovskikh’s Example

In 1971, Iskovskikh provided an example of a Chatelet surface that failed the Hasse principle
[Isk71]. This occured when the Brauer-Manin set was first discovered as a tool to show that
certain varieties can fail the Hasse principle. In fact, Iskovskikh’s original example used

methods of quadratic reciprocity to show that the given Chatelet surface failed the Hasse
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principle. It was only later that this example was explained via the Brauer-Manin obstruc-
tion. We now review the construction of Iskovskikh’s Chatelet surface that fails the Hasse
priciple, following the exposition made in [Pool7, Section 8.2.5]. In particular, we show that

there is a Brauer-Manin obstruction to the Hasse principle.

Let X be the Chatelet surface given by
v 422 = (3 - A\ —2)

over Q. Given any regular, integral, Noetherian scheme X, we have an injection Br X —
Br K (X) [Gro68a, Corollaire 1.10], where K (X) denotes the function field of X. Given any
two elements a,b € K(X)*, one can define a quaternion algebra (a,b) € (Br K(X))[2]. Con-
sidering the quaternion algebra A = (3 — A\?,—1) € Br K(X), one can show that A lies in
the subgroup Br X using residue homomorphisms. In particular, given an open cover {U;} of
X, we have a sequence of injections Br X < BrU; < Br K(X). Furthermore, given Brauer
classes B; € BrU; whose images agree in Br K(X), one can conclude that they come from

Br X. This is a non-trivial fact, proven in [Pool7, Theorem 6.8.3].
Given any g € K(X)*, the class of (g, —1) is unaffected by multiplying ¢g by a square or
a norm from k(v/—1). Let
B=(\-2-1) and C=(3/A*—-1,-1)
From Proposition 2.3.6, we know that

A+ [B] = [(y* + 2%, -1)] =0 and [A]+[C] = [((

Since 2[A] = 0 we conclude that

One can show [Pool7, Proposition 8.2.14] that there exists an open cover {Uy, Ug, Ug} of X

on which A, B, C represent respective Brauer classes on each open set. It then follows that
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[A] € Br X.

Each of these three representatives will be used to compute the set X (Ag)®". To evaluate
A at a point P € X (k) for any k£ D Q, choose any of A, B, or C such that the rational function
of \ is defined and non-zero at P, and replace the rational function by its value at P. For
example, if P is defined and non-zero at 3— \? then A(P) = (3—A(P)? —1) € Brk[2]. More
generaly if k, is a local field and X is any variety, then for any fixed algebra A € Br K(X) we
have an evaluation map, ev_4: X (k,) — Brk, given by P — A(P). This map, as we have seen

already in Proposition 2.4.10, will be of central importance throughout the rest of this paper.

Since % >~ 7./27, we need only compute X (Ag)* with A, a generator of %. We

will show that A gives a Brauer-Manin obstruction to the Hasse principle, that is, we show
that X (Ag)? = 0. Since, in this case, X (Ag)* = X (Ag)PB", emptiness of X (Ag)* implies
emptiness of X (Ag)®", which in turn implies that X (Q) = ) by [CTSSD87a]. We begin by

noting that X has a Q, point for every p < oo, in other words
Proposition 3.4.1. X (Ag) # 0

Before we prove the proposition we recall the notion of a Hilbert symbol along with a
basic property. For v € Q and t,u € k° we define the Hilbert symbol (¢,u), € {+1} by
the rule (t,u), = 1 if and only if 2% — ty* = u2? has a solution (x,vy, 2) # (0,0,0) € k3. The

main property of Hilbert symbols we will use is the following

Lemma 3.4.2. [Ser73, Chapter III] Suppose that v is odd and that v(t) = 0. Then (t,u), =

—1if and only is v(u) is odd and the image of t in F, is a non-square.

Proof. The fact that X(R) # () is obvious so we begin by assuming that v is 2-adic. By
considering the univariate polynomial f(\) = (A? —2)(3 — A?) obtained by setting y = z = 0

we can see that

v(£(0)) > 2v(f(0))
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Hence the strong version of Hensel’s Lemma [Lan94, Chapter II, Proposition 2.2] implies
that there exists a root in Q.

If v is odd and v # v3, we aim to prove that (—1, (2? —2)(3 — 2?)), = 1 for z € Q,. Note
that this would imply the existence of a p-adic solution to y? + z? = (A2 — 2)(3 — \?) for odd
p not equal to 3. By Lemma 3.4.2, it is enough to find 2 € Q, such that v,((2? —2)(3 — %))

is even. Pick any x € Q, such that v,(x) < 0, it follows that
2 2\y _ 2 2y _ 2y _
up((2” = 2)(3 = 2%)) = vp(a” = 2) + v,(3 — 27) = 2uy(27) = 4vy(2)

So X has a QQ, point for all p # 3.
When p = 3, the proof follows similarly. For z € Q3 such that vs3(x) < 0 we have

us((2? — 2)(3 - a%)) = dug(2)
Hence X has a Q3 point. n

It now remains to compute inv,,(A(P)) and by implicit function theorem, it is enough

to compute this for P € U(Q,) for any Zariski-dense open set U C X.

Lemma 3.4.3. Let k be a local field and let X be smooth of dimension n over k. Let U C X

be a nonempty Zariski open set of X. Then U(k) is analytically dense in X (k).

Proof. Take P € X (k). We show that we can find a sequence of points P, € U(k) that
converge to P. Let m : X — Speck be the structure morphism of X, by [Pool7, Prop
3.5.48], there exists a Zariski open neighborhood V' of P and an étale morphism ¢ : V' — A}
such that

Vv —2 5 A7

.~

Speck

The étale map ¢ satisfies the hypothesis of the implicit function theorem, thus there exists

analytically open neighborhoods O; > P and O, of V(k) and k™ respectively, such that ¢
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induces a homeomorphism 6 : O; — Os.
Let X \ U denote the Zariski complement of U and consider (X \ U) NV, which contains
both P and O;. Consider the closed set C' = (X \ U)NV) of A}. Since C' doesn’t contain

the image of U under ¢, it is not all of A} hence dimC' < n. Note that for any Zariski
closed set C'= V/(f1, ..., fn) wWe can construct a sequence of points P; converging to ¢(P), by
openness of Oy. Moreover, we can ensure that all P; € O, \ C. To see why, observe that the
polynomials f; are all continuous in the analytic toplogy. Since V(f;) = f;*(0), we conclude
that C is also closed in the analytic topology, hence Oy \ C' is analytically open. It now
follows that 6~1(P;) € U(k) and by continuity of § we have

6~ '(lim P) = lim¢0 ' (P,) = P

Proposition 3.4.4. Fiz a place p of Q. Then for any P € X(Q,),

0 2
inv,, (A(P)) = P

3 P=2

Proof. Let X be the affine surface in A3 given by y*>+2? = (3—\?)(A\?—2). Since X is smooth,
Lemma 3.4.3 shows that X,(Q,) is p-adically dense in X (Q,). By Lemma 2.4.8, inv,, ocev4
is a continuous function on X (Q,), hence it suffices to prove the result for P € X,(Q,).
For each P € Xy(Q,), A(P) = (3 — A\(P)? —1) defines a quaternion algebra in Br(Q,). In
particular, A can be viewed as a cyclic algebra where j2 = —1 and i = 3 — \2. Furthermore,
we can compute the image of A(P) under the invariant map since inv,, (A(P)) = 0 if and
only if 3 — A(P) € Ny, @)/0,(Qp(7)*). In other words,

0 A(P)is split

inv,, (A(P)) =
s A(P)is non-split
Case 1: p ¢ {2,00}

If v,(A\) < 0 then v,(3/A* — 1) = min{v,(3) — 2v,(\),0}. Note that v,(3) = 0 or 1 but
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—2u,(A) > 0 hence v,(3) —2v,(A) > 0 and v,(3/A* —1) = 0. This implies that 3/\*> -1 € Z.
If v,(A) > 0 then

0=1v,(1) = v,(3 = A+ A\ = 2) > min{v,(3 — A?),v,(A\* — 2)}
which implies that
min{v,(3),v,(A*)} < v,(3—=A*) <0 or min{v,(2),v,(A\})} <v,(\*—2) <0

hence one of 3 — A2 or A2 — 2 are in /e

Now, we can recognize A(P) as an element of Br(Z,) via the definition of an Azumaya
algebra over the ring Z,. It is given by a Z,-algebra A, that is free and of finite rank as a
Zy-module, such that A, ®z, k(z) is a central simple algebra over k, where k denotes the
residue field of x € Z,. We can now see that eva(P) = A(P) = (u,—1) with u € Z). By
considering the Azumaya algebra A, := Z, ® Z,i @ Z,j ® Zyij, with multiplication defined
as for A(P), we have that A, € BrZ,. Moreover, A, ®z, Q, = A(P) thus A, maps to A(P)
under BrZ, — BrQ, and BrZ, = 0 by Corollary 2.4.7. This implies that A(P) is trivial in
Br@Q, hence inv,, (A(P)) = 0.

Case 2: p =

Any P € Xy(R) satisfies

(B3=APHNP)Y? =2)=¢y*+2>>0
hence either

(3—=XP)*) >0 and (A(P)*—2)>0
or

(3—AP)*) <0 and (MP)*-2)<0
The latter isn’t possible for if it were we could have 3 < A\(P)? < 2. Since the former holds
then

(3= A(P)?), (MP)* —2) € Rog = Ngyr(C¥)
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implying that A(P) = 0 € BrR, thus inv,_(ev4(P)) = 0.

Case 3: p=2
Let P € X(Q2) and recall that an element x € Zj is not of the form a® + b* if z = —1
(mod 4). We consider three possibilities.
If vy(A(P)) > 0 then A(P)? =0 (mod 4) hence 3 — A(P)? =3 = —1 (mod 4)
If vo(A(P)) = 0 then A\(P)? =1 (mod 4) hence A(P)? —2 = —1 (mod 4)
If vo(A(P)) < 0 then ﬁ =0 (mod 4) hence 3/A\(P)* —1= —1 (mod 4)

We can see that in all three cases, A(P) = (x, —1) where z is not a norm from Qs(7)/Q,

hence A(P) is non-split and inv,, (A(P)) = 2.

2

Corollary 3.4.5.
X(Ap)t =10
Proof. From Proposition 3.4.4, it follows that Y ., inv,(eva(P,)) = 5 so
X(A)* ={(P) € X(Ap): Y invy(eva(P,)) =0} =0
vEQ

By [CTSSD87a, Theorem A], X (Q) = () if and only if X (Ag)®" = (), thus we can conclude
that X(Q) = () and X fails the Hasse principle over Q. O

3.5 Potential Hasse Principle Failures for Chatelet Surfaces

Since the discovery of Iskovskikh’s example of a Chatelet surface which fails the Hasse prin-
ciple, Poonen constructed Chatelet surfaces which, over fixed number fields, also fail the
Hasse principle [Poo09]. Given the existence of these examples, it is natural to wonder what
positive results can be obtained within a larger framework. The questions of primary interest

to us throughout the remainder of this paper are two-fold:

Question 1. What can be said about the arithmetic of larger classes of surfaces, in partic-

ular; ones which contains the class of Chatelet surfaces?
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To this end, much work has been done over the past several decades and the natural
class of surfaces to consider has been smooth conic bundles X — P}. Over local and global
fields, the arithmetic of such conic bundles has been well studied. By the Hasse-Minkowski
theorem, conic bundles over Q with two geometric singular fibers always satisfy the Hasse
principle and work of Iskovskikh shows that conic bundles over Q with three geometric
singular fibers always have rational points [Isk96]. For the case of conic bundles with four
geometric singular fibers, the example of Section 3.4 shows that the arithmetic is not as
well-behaved. Thankfully, further investgation of this case is a tractable problem due to
the landmark result of Colliot-Thélene, Sansuc, and Swinnerton-Dyer [CTSSD87a] which
shows that for Chatelet surfaces, the Brauer-Manin obstruction to the Hasse principle is
the only one. These results were extended far more generally to the class of conic bundles
with five or fewer singular fibers, thanks to a paper of Colliot-Thélene and Swinnerton-Dyer
[CTSD94]. In the same paper, it was shown that if one assumes Schinzel’s hypothesis (a
wide reaching generalization of Dirichlet’s theorem on primes in arithmetic progressions) the
same conclusion can be made for conic bundles with any number of geometric singular fibers.
In other words the arithmetic of an arbitrary conic bundle is largely controlled by its Brauer
group. This idea is the central tool which enables us to investigate the second question of

interest.

Question 2. Given a number field k£ and a Chatelet surface or, more generally, a smooth
conic bundle X — P with five or fewer geometric singular fibers, what extensions L/k

guarantee the existence of L-rational points?

With the current body of knowledge surrounding the arithmetic of such conic bundles,

this question can naturally be broken down into two scenarios.

1. If X(Ag) # 0 and X (k) = 0, that is, X fails the Hasse principle over k.

2. If X(Ay) = 0, that is, X trivially satisfies the Hasse principle over k.
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The scenario in case 1 is the one which we consider first. In particular, since the
Brauer-Manin obstruction to the Hasse principle is the only one, we consider when points of
X (Ay) can be chosen to lie in X (A7)B ¥z, The existence of such a point would imply that
X(Ap)BXL £ () and hence by [CTSD94], X (L) # ().

Case 2, on the other hand, can require a bit more work. In particular, since computing
X (Ap)B Xt relies on knowing the Brauer group of X, one can encounter instances where
Brauer classes of Br X, which are not defined over k, can appear upon base extension and
potentially give a Brauer-Manin obstruction to the Hasse principle over L. Such an example
would require the existence of a variety X/k with X (A;) = 0 and a fixed extension L/k such
that X (Az) # () but X(L) = (). To obtain the latter condition it is of course enough to show
that X (Az)B¥r = ().

Examples of varieties failing the Hasse principle over extensions of the ground field has

only recently been given any consideration.

Definition 3.5.1. Given a nice variety X/k such that X (k) = () we say X is a potential
Hasse principle failure (PHPF) if there exists an extension L/k such that X (L) = () and
X (AL) # 0.

In 2009, Pete Clark coined the notion of a potential Hasse principle failure for smooth,
geometrically irreducible varieties over number fields. Clark showed the existence of infinitely
many curves which were PHPFs. It was also conjectured that for any positive genus curve
C'/k with no k-rational points, C' is a PHPF, see [Cla09, Theorem 1, Conjecture 4]. In

particular, he conjectured the following

Conjecture 3.5.1. Every curve C/k of genus > 2 with X (k) = 0 is a potential Hasse

principle failure.

This conjecture still remains an open question but the case for surfaces was seldom stud-

ied until a few years ago. In 2019, Bianca Viray and Brendan Creutz investigated a related
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question and obtained a positive result for nice varieties over global fields satisfying a series

of necessary conditions on their Brauer groups. [CV22, Corollary 2.4].

Building upon these ideas in the next chapter, we provide a complete classification of the
behavior of rational points on conic bundles over even degree extensions of the base field,

answering Question 2 in its entirety.
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Chapter 4

ON THE HASSE PRINCIPLE FOR CONIC BUNDLES OVER
EVEN DEGREE EXTENSIONS

Since conics have numerous quadratic points, for any conic bundle there are numerous
quadratic extensions over which they satisfy the Hasse principle. However, we show that
a much stronger statement holds, namely that for general conic bundles with 4 geometric

singular fibers, the Hasse principle holds over every even degree extension.

Theorem 4.0.1. Let k be a number field, let X — P}, be a conic bundle with four geometric

singular fibers, and assume that one of the following holds:

1. B2 £

2. X(Ag) #0

3. The singular fibers lie over an Ay or Sy extension of k

Then, if L/k is an even degree extension, we have
X(L) 40 < X(AL) #0. (4.0.1)

Recalling the notion of a potential Hasse principle failure from Definition 3.5.1, Theorem
4.0.1 tells us that most conic bundles with four bad fibers are not PHPFs. However, there

do exist some cases where new Brauer classes can give a Brauer-Manin obstruction over L.

If the conditions of Theorem 4.0.1 fail, then one can prove that the singular fibers of
X — P} lie over a single closed point of P} and there exists a quadratic extension L/k such
that the singular fibers of X; — PL lie over two closed points of degree 2. For quadratic

extensions like L/k, the Hasse principle can fail.
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Theorem 4.0.2. The Chatelet surface X/Q given by
3
y? — 5% = 5(5)\4 + 7N+ 1)

has no Ag-points and fails the Hasse principle over L = Q(v/29), i.e. X is a potential Hasse

principle failure.

Indeed, we show that quadratic extensions which exhibit this behavior are the only even
degree extensions over which the Hasse principle can fail (see Corollary 4.2.2). In addition,
we trace the failure of the Hasse principle to a parity condition on the number of ramification
places of a conic that splits in a fixed quadratic extension (see Theorem 4.4.1).

For arbitrary conic bundles we do not have such unconditional results, however, we can
extend our prior results to conic bundles with more geometric singular fibers at the expense

of restricting to quadratic extensions.

Theorem 4.0.3. Let k be a number field, let X — P} be a conic bundle, let S denote the set
of closed points on Py corresponding to the singular fibers, and for P € S, let k(P) denote its

residue field. Assume Schinzel’s hypothesis. If L/k is a quadratic extension linearly disjoint

from k(P) for all P € S, then

X(L) #0 < X(AL) #0.

4.0.1  Qutline of the proof of Theorems 4.0.1 and 4.0.3

The statements of both Theorems follow from results about Brauer-Manin obstructions. We

prove these results by first showing (in section 4.2) that

X(AL)ReSL/k(Br(Xk)) % @ N X(AL) # Q) (402)

In using this result to deduce the main theorems, a careful examination of the map

Br X,

BI‘Xk
—
BrL

Brk

Resg i : is needed. We then show that the same assumptions on X imply

X (AP £ o X(AL) # 0. (4.0.3)
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A case by case analysis shows that when Resy/; is not surjective, statement (4.0.3) still

holds for all even degree extensions L/k except (at most) three.

When X — Pj is a Chatelet surface, Theorem 4.0.1 follows from statement (4.0.3) by a
landmark result of Colliot-Thélene, Sansuc, and Swinnerton-Dyer [CTSSD87a] which states
that for Chatelet surfaces, the Brauer-Manin obstruction to the Hasse principle is the only
one. More generally, Theorem 4.0.1 follows from (4.0.3) by work of Colliot-Thélene and Coray
combined with results of Colliot-Thélene and Swinnerton-Dyer. Colliot-Thélene and Coray
show that if X/k is a conic bundle with five or fewer geometric singular fibers, then X (k) # ()
if and only if there exists a zero cycle of degree one [CTC79]. Furthermore Colliot-Thélene
and Swinnerton-Dyer, building upon work of Salberger [Sal88, Sal90], have results which,
when applied to conic bundles, state that if there is no Brauer-Manin obstruction to the ex-
istence of a 0-cycle of degree one then there exists a 0-cycle of degree one [CTSD94, Theorem
5.1]. In particular, no Brauer-Manin obstruction to the existence of rational points implies
no Brauer-Manin obstruction to the existence of a zero cycle of degree one, hence we can

conclude Theorem 4.0.1.

When X has arbitrarily many geometric singular fibers, Theorem 4.0.3 follows from state-
ment (4.0.3) by different means. In 1982, Colliot-Thélene and Sansuc pioneered the method
of using Schinzel’s hypothesis and the fibration method to prove that certain varieties have
rational points [CTS82]. In particular, a theorem of Colliot-Thélene and Swinnerton-Dyer
shows that if k is a number field, X is a conic bundle, and one assumes Schinzel’s hypothesis,
then X (A;)B" X0 o£ () & X (k) # 0 [CTSD94]. Consequently, the conditional statement of

Theorem 4.0.3 follows from this work.
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4.1 The Brauer group of conics and conic bundles

In this section, we collect some general results concerning Brauer groups of conic bundles.
For a background on the Brauer-Manin obstruction see [Pool7, §8.2]. We note that many of

these results are well known but we include their proofs for completeness.

Lemma 4.1.1. Let k be a local field and let C/k be a smooth conic. If L]k is an even degree
extension then C(L) # (.

Proof. From local class field theory, the restriction map factors as

Resy,: Brk=Q/z 2% Q/z=~BrL
Using the correspondence between smooth conics and quaternion algebras, we can apply this

to any element of Brk[2] and obtain the result. O

4.1.1 The Brauer group of a conic bundle

Throughout, let k denote an infinite field of characteristic not equal to 2 and let X — Pj
be a conic bundle. After a suitable change of coordinates on Py, we can and will assume
that the fiber over the point at infinity, X, is a smooth conic. Let ¢ be the coordinate on
A} =P~ {oo} and let S denote the finite set of closed points on A} with geometric singular
fiber. Let |S| denote the number of such closed points, not counting their degree, i.e. if X
has four geometric singular fibers and |S| = 1 then S is irreducible and deg(S) = 4. For any
such point P € A}, let k(P) denote its residue field. The fiber Xp degenerates to the union
of two lines, £p and ¢, defined over k(P)( /ap) for some ap € k(P)*. Let 7p € k(P) be the

image of t in k(P) and let € = (ep) € IE"QS' be any vector satisfying

1 Muyular) € k7

pPesS

where Ny(py/, denotes the usual norm map. With this setup, we obtain an especially useful

Br X
Brk

generating set for which comes from the following fact.
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Lemma 4.1.2. [CTS21, Corollary 10.2.4] Let 7: X — P} be a conic bundle. For any P € S

define A, to be the quaternion algebra (t — 7p,ap) in Brk(P)(t). Then 2=5 is generated by
elements of the form w*(A.) where
AE = Z&p Cork(p)/k .Ap (4.1.1)
Pes

Corollary 4.1.3. The subgroup ker(Br X[2] — Br X..) generates 2.

Proof. By the description given in equation (4.1.1), we can see that Ap(co) = (1,ap) =0 €
Brk(P). Since Corgp)x is a group homomorphism, A. € ker(Brk(P')[2] =% Br k[2]) and
so m*(A.) € ker(Br X[2] — Br X,). O

From Lemma 4.1.2, we can deduce the following.

Corollary 4.1.4. Let k be a global field of characteristic not equal to 2 and let X/k be a

conic bundle with four geometric singular fibers. Then

.

2 _
x (Z/QZ) if |S| = 4,

Brk 727 if S has at least one irreducible degree two point,

{0} otherwise
\

Moreover, if X (k) =0 and BBrr)k( # 0 then there exists a Galois-invariant decomposition

S = 51U Sy with both S; irreducible of degree 2.

Br X
Brk

Proof. The computations for follow from a case-by-case analysis, see [Skol5, §2.2].

In particular, following the notation of Lemma 4.1.2, any Brauer class of the form A, for

e=(1,1,...,1) € Fy' is trivial, hence |S| = 1 implies that B-X = 0.

If any of the singular fibers of X lie over a degree 1 point P € A}, then we can obtain a
k-rational point on X by taking the intersection point of the lines ¢p and ¢ for such P € S.
Therefore, if X (k) = 0 and 22X £ 0, it must be the case that |S| = 2 and the singular

fibers both lie over degree 2 points of k, hence we obtain the Galois-invariant decomposition

S1 U Ss. O
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Corollary 4.1.5. Let k be a global field of characteristic not equal to 2 and let X — P be a
conic bundle with four geometric singular fibers. If there exists an even degree extension L/k

such that X(L) =0 and Resp,: 22X — BI2L s not surjective, then S is irreducible over k

and the singular fibers of X1 — PL lie over two degree 2 closed points that are interchanged

by Gal(L/k).

Proof. From Corollary 4.1.4, we have that Resy; is not surjective when 22 = {0} and

BXe 2 {0} or B2X = Z/27Z and B2L #£ (2/2Z)2. 1f BX = 7/27 and BEL = (Z/27)?,
then X will always have an L-rational point. If BLX = {0} and Z22L £ {0}, then the only
case where X may not have an L-rational point is when all geometric singular fibers of X/k
lie over a single closed point of A} and over L, there exists a Galois-invariant decomposition

S = 51U Sy with both S; of degree 2. O

Remark 4.1.6. Corollary 4.1.5 implies that the degree 4 closed point of A} must correspond
to a polynomial of the form Ny, i(g(X)), where g(A) € ko[A] is an drreducible quadratic, and
ko/k is a quadratic extension. In fact, finite extensions such as these are the only possible

extensions of k over which the Hasse principle may fail.

4.2 Brauer-Manin Obstructions over Extensions

In this section, we prove some general results relating the Brauer-Manin obstruction on a
conic bundle to the Brauer-Manin obstruction over certain extensions. These results will

play a critical role in the proofs of the main theorems.

Theorem 4.2.1. Let k be a global field of characteristic not equal to 2 and let X — P}, be a

conic bundle with four geometric singular fibers, then for any even degree extension L/k
X (Ap)Resem®rie) £ o X (AL) # 0.

In particular, if Resy,: 25 — B2 s supjective, then X (ApL)PX0) £ 0 < X(AL) # 0.

Proof. We begin by observing that one direction is immediate since X (Ay) = () implies that
X (Ap)Rese/k(BrXe) — () Now assume that X (A7) # () and let €, denote the set of places of
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k. We will show that for all v € € and all w|v, there exists a point (P,) € X (L ® k,) such
that 3°,, invy(eva(Py)) = 0 for all A € ker(Br X[2] — Br Xo), and so

Z Zinvw(evA(Pw)) =0.

veEQL wlv

Since by Corollary 4.1.3, ker(Br X [2] — Br X,) generates 2= this will imply that
X(AL)ReSL/k(Ber) 7& Q)

We first consider the case when X (k,) # (). Choose a point P, € X(k,), and for all w]|v,
set P, = P,. Then

Z inv,, (eva(Py)) = Zinvw(Rest/kv(evA(Pv))) = Z[Lw: k) inv,(ev4(P,))

wlv wlv wlv

= inv,(eva(P)) Y [Lu: k] = invy(eva(P,)) - [L: k] = 0 € Q/Z.

wlv
Now consider the case where X (k,) = (). By [CTCT79], X (k,) # 0 if and only if there
exists a zero cycle of degree 1, hence X (k,) = () implies that X (L,,) = () for all odd degree
extensions L, /k,. Since X(L ®j k,) # 0, L, /k, is an even degree extension for all w|v.

Thus, by Lemma 4.1.1, there exists a point P, € X (L) satistying inv,,(ev4(P,)) =0. O

Corollary 4.2.2. Let k be a global field of characteristic not equal to 2, let X — P}, be a conic
bundle with four geometric singular fibers. There exist at most three quadratic extensions

k;/k such that for all even degree extensions L/k that do not contain any k;, we have
X (AP £ & X(AL) # 0.

Proof. If X (k) # 0 then X (A7) *2) and X (A}) are non-empty for all extensions L /k, hence
we assume that X (k) = (). By Theorem 4.2.1, it remains to show that there exist quadratic

Br X
Brk

BI‘XL
Br L

extensions k; 2 k such that Resy — is surjective whenever k; € L for any 4. If
Resy i, is not surjective for all L/k, then by Corollary 4.1.5, it remains to consider the case
when |S| = 1. Here, the problematic extensions k;/k are precisely the extensions for which

the singular fibers of X, — ]P’}CZ_ lie over two degree 2 closed points that are interchanged by
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Gal(k;/k).

By Remark 4.1.6, we have at most three such extensions, arising from the case where S
corresponds to a polynomial of the form Np/;(¢(X)), where F is a bi-quadratic extension of
k and £(\) € k[)] is a linear polynomial. In this case, the extensions k;/k correspond to the
three quadratic subextensions of F'/k. If L does not contain any such k;, then this case never

occurs, and the result follows. O

We can now extend Theorem 4.2.1 to arbitrary conic bundles at the expense of restricting

to quadratic extensions.

Theorem 4.2.3. Let k be a global field of characteristic not equal to 2 and let X — P}, be a

conic bundle, then for any quadratic extension L/k
X(AL)ResL/k(Ber) 7& @ o X(AL) 7& @

Proof. Observe that one direction is again immediate, hence we assume that X (Ay) # 0. In
a similar fashion to the proof of Theorem 4.2.1, we will show that for all v € ), there exists
a point (F,) € X(L @y ky) such that }_  invy(eva(Fy)) = 0 for all A € ker(Br X[2] —
Br X)), and thus X (Ap)Rese/xBrXe) o g

If X(k,) # () then by an identical argument to the proof of Theorem 4.2.1, there exists a
point (P,) € X(Ar) such that }_  inv,(eva(F,)) = 0 for all A € ker(Br X[2] — Br X,.).

If X(k,) =0 and X(L ® k,) # 0, then v is non-split and so L, /k, is quadratic. Thus,
Lemma 4.1.1 implies the existence of a point P, € X (L,,) which satisfies inv,,(ev4(P,)) =0
for all A € ker(Br X[2] — Br X ). O

When considering extensions analogous to the extensions k; of Corollary 4.2.2 for arbi-
trary conic bundles there are more issues that can arise, but nonetheless, there are still only
finitely many. These problematic extensions arise in a similar manner to those of Corollary
4.2.2. Namely, if S C P} is the finite set of closed points with geometric singular fiber,

then the problematic extensions, k;/k, are those which coincide with residue fields, k(P),

BrX Br in
Brk Brk;

for P € S. Over these extensions, Resy,: could fail to be surjective and
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Br X

new Brauer classes in -+ could give a Brauer-Manin obstruction to X,. For all exten-
7

sions L/k over which the points in S remain unchanged, Resy; is surjective and indeed
X (AP ) £ () & X(AL) # (0. Since there are only finitely many geometric singular
fibers, there are only finitely many problematic extensions of this form, hence we have the

following corollary.

Corollary 4.2.4. Let k be a global field of characteristic not equal to 2, let X — P} be a
conic bundle, and let L/k be a quadratic extension. If L L k(P) for all P € S, then

X(AL)PED) £ o X(AL) # 0.

Remark 4.2.5. Quite generally, if k is a number field and X /k is a smooth, projective, and

geometrically rational variety, then Pic(X) is a Galois lattice split by a finite Galois extension

K/k. If E/k is a finite field extension which is linearly disjoint from K/k, then the map

Resg/k: ;2(()()()) — }ii)(();};)) 1 an isomorphism, and in particular, is surjective. Corollary 4.2.4

15 a slight refinement of this result for the case of conic bundles.
4.3 Proofs Of The Main Theorems

4.3.1 Proof of Theorem 4.0.1

If % # 0 then, by Corollary 4.1.4, X (k) # 0 or there exists a Galois-invariant decomposition

S = 51 U Sy The result trivially follows if X (k) # (). If the latter case holds, then

DX = 7,/27 and for any even degree extension L/k we have

BI'XL
BrL

BI)EL ~ (7/27)>.

=7/27Z or

If % = 7Z/2Z, then Resy; is surjective and the result follows from Theorem 4.2.1. If

BrXL >~ (7,/27)%, then X (L) # () by Corollary 4.1.5.

BrL

It remains to prove the theorem when 25 = 0 and X (Ay) # 0. If 22 = 0 then

X (Ap)B W = X (Ay) # 0.
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By [CTSD94, Theorem 5.1], X (A)B"X¥) £ () & X (k) # 0 hence
X(A)PFED £ —= X(k)#£0 = X(L)#0

completing the proof. O

4.3.2  Proof of Theorem 4.0.2

Let X/Q be the Chatelet surface given by
2 2 _ 3 py4 2
y* — 5z :5(5)\ + 72"+ 1).

One can check that 5A* 4+ 7A? + 1 is irreducible hence % = 0 by Corollary 4.1.4.

We will begin by showing X (Q,) # 0 for all p # 3 and that X (Q3) = 0. First, observe
that for all p # 3,5 we have X(Q,) # 0 because X, is the conic y* — 5z = 3¢, which has
Q, points for all p # 3,5. Furthermore, the fiber X3 is the conic y* — 52% = %tQ which
has Qs points since 1239 € Q% For the case when p = 3, observe that 5 ¢ Qx? which
implies that y? — 522 is a norm from the unramified extension Q3(1/5). It remains to see that
5A*+7X2+1 always has even 3-adic valuation and this follows from the fact that 5A\*+7\2+1
is irreducible over the residue field F3. We can now conclude that %(5)\4 + 7A? 4+ 1) always
has odd valuation hence is never of the form y? — 522, so X(Q3) = (. This shows that
X (Ag) = 0.

Now, consider the quadratic extension L = Q(+/29). One can see that [Q3(1v/29): Qs] = 2,
hence X (Qs3(v/29)) # 0 from Lemma 4.1.1. This shows that X(Ar) # @. Furthermore, a
computation shows that X/Q(1/29) is the Chatelet surface given by

y? -5z =3 (/\2 + 1—10(7+ \@)) <A2 + 110(7 - V2—9))

hence by Corollary 4.1.4 we have

BrQ(v29) e = A

where A denotes the quaternion algebra (5, A2+ %(7 +V 29)).
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It remains to show that X (Ag \/@))Br(x@(‘/@) = () and we do so by first showing that
eva: X(Ly,) — BrL, is identically zero for all w / 5. Begin by observing that for all
primes w|p where p # 3,5, we know that X..(L,) # 0, hence ev4: X(L,) — Br L, takes
the value 0 at such primes. Since the evaluation map is constant at all primes w of good
reduction [CTS13, Theorem 3.1], it remains to check ev4 (X (L)) for primes w lying over
p = 2,3,5, and 29. Now observe that, for w|2,3,29, 5 € LX? hence the algebra A =
(5,22 + (7 + v/29)) is identically zero and ev4 (X (L)) = 0. Thus for any (P,) € X(Ay)

we have
> invy (eva(Py) = Y invy, (eva(Py)).
wey, w|5

Let w; and wy denote the places lying over 5 corresponding to the embeddings in which

V29 =2 (mod 5) and v/29 = 3 (mod 5) respectively and let P; = ()\;, yi, z) € X (Ly,). We

now show that
if 1=1

N[

invy, (A(F)) =
0 if i=2

Let o = (7 + v/29) and @ = (7 — v/29). Over Qs5, we have

X/Qs: y* — 522 =3(N* +a)(\* + Q)

hence Bgr)((@%” is generated by the quaternion algebra A = (5,A\? + a). Note that in Br X,
the quaternion algebra A is equivalent to the algebra B = (5,3(\? + @)). This will be an
important tool in the final part of our proof.

First we consider the place w; and observe that since v/29 = 2 (mod 5), we have w; (o) =
—1. Moreover, since aa = %, it follows that wy(@) = 0. Take P, = (A1, y1,21) and assume
wi(A1) > 0. Then, by the strong triangle inequality, w; (A} + a) = w;(«) and since ba =
1(7++/29) =2 (mod 5), it follows that 10(A\? + a) € Q2?, meaning ev4(P;) = (5,10) which

1

is a non-split quaternion algebra in Br Q5. We can now see that inv,,, (eva(F)) = 5.

Further, assume that w(A) < 0 and consider the polynomial P(A) = £(5A* +7A\? +1).
We have that 5-4*11) P(X) = 3 (mod 5) hence P()) is never a norm from Qs(v/5) so all P, €

X (L, ) must satisfy wy (A1) > 0. Therefore, for all P, € X (L,,) we have inv,, (eva(P)) = 3.
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Lastly, we consider the case of w, and recall that in this case, v/29 = 3 (mod 5), hence
wy(a) = 0 and wo(@) = —1. Take P, = (Mg, 2, 22) and observe that just as in the previous
case, if P, € X(L,,) we must have wy(A2) > 0. If wy(A2) > 0 then by the same argument for
when w; (A1) > 0, we have that A3 + « is always a square in Q5, hence ev4(P,) = 0 € BrQs.
It remains to consider the case when wq(Ag) = 0 and for this, we consider the algebra
B = (5,3(\* + @)) and show that evg(P) is identically zero in BrQs. For such values of
A2 we have wq (3(A\? +@)) = wq(@) hence 5 (3(A\?> +@)) = 3a (mod 5), which by Hensel’s
lemma, is a square in Q5. It now follows that for all Py € X (L,,) we have inv,, (ev4(P)) = 0.

We can now conclude that for any P, € X(Ay) we have

1
D invy, (eva(Py)) = 5
weNT,
and X fails the Hasse principle over L. O]
4.3.3  Proof of Theorem 4.0.3
This result follows immediately from Corollary 4.2.4. O]

4.4 A Partial Converse to Theorem 4.0.2

In our consideration of even degree extensions over which X may fail the Hasse principle,
we saw that the extensions which intersect with k(.S) in a quadratic extension F'/k open the
possibility for a potential Hasse principle failure. In the case of Chatelet surfaces, this can

occur for surfaces X/k of the form

y* —az* = cNpp(g(N))

where a, ¢ ¢ k™2, g(\) € F[)] is a monic, irreducible polynomial, and N/, denotes the usual
norm map. In contrast to Theorem 4.0.2 not all such extensions F'/k are guaranteed to
produce a Brauer-Manin obstruction over F. In order for such an obstruction to exist, the
fiber X, the places for which it has no local points, and the places of bad reduction, must

satisfy several necessary conditions.
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Theorem 4.4.1. Let k be a number field, let F'/k be a quadratic extension, and let X/k be

the Chatelet surface given by
y* —az’ = cNpp(g(N))

where a,c & k** and g(\) € F[\| is monic and irreducible. Let Qy denote the set of places
of k, let Qp denote the set of places of F', and assume X (Ay) = (.
If
Z inv,(a,c) =0 € Q/Z

vEQy
v splits in F'

then for all even degree extensions L/k, we have X (L) # () < X(AL) # 0.

Proof. Let v € Q, let w € Qp such that w|v. Let A = (a,g()\)) be a generator of 22F
and let o denote the generator of Gal <F /k) If [Fy: ko] = 2 then there exists a point
P, € X.(F,) such that inv,(A(P,)) = 0 by Lemma 4.1.1. Now assume that F,, = k,,
then there exists a unique place w’ such that w’ # w and w’|v, hence F,, = F,, = k,. Take

P, € X(k,) and set P, = P, = Py = (A, Yu, 2v). We then have

v, (A(P))+inve (A(P)) = invi, (@, g00)+ (0, 0(9) (W) ) = invay (0, 9(A)7(9)(A) ) = imva((a,0))

Now, picking (P,) € X(Ap) as above, we have

Z inv,, <A(Pw)> = Z 0+ Z nv,, (A(Pw)) = Z inv,(a, c)

’LUEQF 'lUEQF ”LUEQF ’UEQk
[Fw: ko]=2 [Fw: ko]=1 v splits in F
Now, if
E inv,(a,c) =0€ Q/Z
vEQ
v splits in F'

then X (Ap)B*Xr) = () and it follows that X (F) # (). Since F/k is the only even degree
extension over which the set S admits a Galois-invariant decomposition S = S; U Sy, it
follows from Corollary 4.1.4 and Corollary 4.1.5 that if L/k is any even degree extension,
then X (L) #0 & X(Ar) #0. O
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Chapter 5

WEAK APPROXIMATION ON CHATELET SURFACES

While much of our previous works concerns the existence of rational points, if one is
presented with a situation in which rational points are known to exist, it is reasonable to
wonder if we can actually find explicit rational points. For general varieties, this notion is
known as weak approximation. More generally, given a nice variety X if one knows p-adic
solutions for all but finitely many primes p, then X satisfies weak approximation if a global
solution can be obtained by means of the known local solutions. For example, the projective
line P! satisfies weak approximation and specifically, weak approximation on P! is the chinese

remainder theorem.

In this chapter, we investigate weak approximation for Chatelet surfaces over number
fields when all singular fibers are defined over rational points. We also consider Chatelet
surfaces which satisfy weak approximation over every finite extension of the ground field.
We prove many of these results by showing that the Brauer-Manin obstruction vanishes,

then apply results of Colliot-Thélene, Sansuc, and Swinnerton-Dyer.

As was mentioned earlier, the arithmetic of these surfaces have been studied extensively
by Colliot-Thélene, Sansuc, and Swinnerton-Dyer in [CTSSD87a, CTSSD87b], where it was
proven that over a number field, rational points on these surfaces are controlled by the

Brauer-Manin obstruction. More precisely, if X is a Chatelet surface over a number field &,

then X (k) is dense in the Brauer-Manin set X (A)Br,

In this chapter, we focus on weak approximation on Chatelet surfaces. In loc. cit., it is
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shown that Chatelet surfaces where P(z) is irreducible or is a product of a linear and irre-
ducible cubic, always satisfy weak approximation [CTSSD87a, Theorem B|. Our first result

shows what happens in the opposite scenario.

Theorem 5.0.1. Let X be a Chatelet surface over a number field k with X (k) # (. Assume
that P(x) splits into linear factors. Then X fails weak approximation if and only if either

1. X has a place v of bad reduction with a ¢ kX? or,

2. k has a real embedding and a < 0.

We also collect some partial results and show that the situation is not as simple in the

remaining case when P(z) is a product of two irreducible quadratics, see Examples 1, 2.

Our next result investigates ‘potential’ type questions in regards to weak approximation.
For Chatelet surfaces, behavior of the Hasse principle or weak approximation under finite
extensions have been studied in [Lial8 Wu22, Rov22]. To this end, we coin the notion of
a surface satisfying perpetual weak approximation, that is, X/k satisfies perpetual weak
approximation if X, satisfies weak approximation for every finite extension L/k. In [Lial8,
Wu22|, the authors give a Chatelet surface over any arbitrary number field &, which satisfies
weak approximation over k but fails over some finite extension. Using Theorem 5.0.1 we

show that the same holds true for almost all Chatelet surfaces.

Corollary 5.0.2. Let X be a Chatelet surface over a number field k. Let L be the splitting
field of P(x). Assume that X has a place v of bad reduction with a & (k,L)**. Then Xf

fails weak approximation.

Conversely, we show that without the assumptions of the previous Corollary, there exist

Chatelet surfaces that satisfy perpetual weak approximation.
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Theorem 5.0.3. Let X be a Chatelet surface over a number field k. Then Br X/ Bro X; =0
for every finite extension L/k if and only if the splitting field of P(x) is a Z/AZ-extension

containing k(y/a). In particular, X satisfies perpetual weak approximation.

5.1 Cyclic algebras

In this section let k£ be a nonarchimedian local field containing an nth roots of unity (. Let
O be its ring of integers with uniformizer 7 € O and F, = O/(7). Recall that the invariant
map gives an isomorphism inv: Brk — Q/Z.

For a,b € k*, let (a,b)¢ = (a,b)c € Brk be the class of the cyclic algebra as defined in
[GS17, §2.5]. When n = 2, we will simply write (a,b) = (a,b)_;.

Lemma 5.1.1. If k({/a)/k is unramified, then for any b € k™, inv(a,b); = v(b)/n.
Proof. [Ser86, §2.5 Proposition 2] O

Recall the invariant map from local class field theory gives an isomorphism inv: Brk —

Q/Z.

Lemma 5.1.2. Assume the residue characterisitc of F, is even and n = 2. If k(/a)/k is

ramified, then there ezists u € O such that inv(a,1 — wu) = 1/2.

Proof. Since a is not a square in O, there exists some b € O such that inv(a,b) = 1/2.
Moreoever, as k(y/a)/k is ramified, there exists some ¢ € O such that v(c) =1 and (a,c) =
0. Hence, we have inv(a,c"b) = 1/2 for all n € Z so that we may assume v(b) = 0.
Since the squaring map z + z? is an isomorphism on [y, there exists d € O such that

b—d?> = 0mod 7. Write b — d*> = —me for some e € O. Then,
(a,b) = (a,d*> +b—d*) = (a,d* — we) = (a,1 — 7(e/d*)).

Setting u = e/d* € O gives our result. n
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5.2 Generators for the Brauer group

Throughout the rest of this paper, X will denote a Chatelet surface over a number field k

with affine model given by the equation
y? —az® = P(z)

where a € k* \ kX% and P(z) is a separable polynomial of degree 3 or 4. The morphism
X — P! given by the z-coordinate gives X the structure of a conic bundle. The singular
fibers are precisely the roots of P(x) together with co € P! if deg(P(x)) = 3.

Let Br X = H2 (X, G,,) denote the cohomological Brauer group of X. Let Bro X be the
image of the natural map Brk — Br X. The Brauer group of Chatelet surfaces, or more
generally conic bundles, have been extensively studied, see [CTS21, §11.3] for a detailed

exposition. We summarize the necessary results for our purposes here.

Proposition 5.2.1. The Brauer group of X depends on the factorization of P(x) over k.
Let L/k be the splitting field of P(x). Then

2
<Z/QZ> if P(x) splits completely,
BrX
Bro X

727 if P(x) has at least one irreducible quadratic factor and /a ¢ L,

{0} otherwise.
\

The points on P} corresponding to the singular fibers determine the generators for the
quotient Br X/ Brg X. In particular, if P(x) splits completely, we can map three of the roots
of P(x) to 0,1, and co € P! via an automorphism of P!. In doing so, we may assume that
P(z) = cx(x — 1)(x — A) for some X € k ~\ {0, 1} and squarefree c.

The main proofs of this paper work with fixed generators for the Brauer groups, and for

the cases above where Br X/ Bro X # 0, our generating algebras are as follows:

e If P(z) splits completely, then Br X/ Bry X is generated by quaternion algebras of the
form

A= (a,z(x—1)) and B = (a,z(x —N\))
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o If P(x) = cf(x)g(x) where both f and g are monic and at least one of f(x) or g(x) of
degree 2, then Br X/ Bro X is generated by the quaternion algebra

C = (a, f(z)) = (a,cg(x))

We now prove Theorem 5.0.3 from the introduction.

Theorem 5.2.2. Let X be a Chatelet surface over a number field k. Then Br X/ Brg Xx =
0 for every finite extension K/k if and only if the splitting field of P(x) is a Z/47Z-extension
containing k(y/a).

Proof. Let L/k be the splitting field of P(z). Assume that L is Z/47 with k(y/a) as the
unique quadratic subfield. Let K/k be a finite extension. If P(z) is irreducible over K, then
Br X/ Brg X = 0 by above. Otherwise, P(z) factors, and by assumption on L, this means
that v/a € K. In this case, Xy is K-rational and so Br Xy /Bro X = 0.

Conversely assume Br Xy /Brg Xx = 0 for every finite extension K/k. If P(z) is re-
ducible, then Br X/ Bry X being trivial implies it contains an irreducible factor of degree 3.
Let a be a root of the cubic factor. Then over K = k(«), the polynomial P(x) either splits
or has an irreducible quadratic factor. In either case, \/a ¢ K so Br X/ Bro Xk # 0 by
Proposition 5.2.1 which is a contradiction. Hence, P(z) must be irreducible over k. Taking
K = L shows that y/a must be in L by Proposition 5.2.1. Therefore, there exists a normal
index 2 subgroup H C Gal(L/k) corresponding to k(y/a). We break into cases based on the

isomorphism class of Gal(L/k).

(S4) There is a unique quadratic extension contained in L/k corresponding to Ay C S,
which must be k(y/a). Now take any subgroup J C Sy of order 2 not contained in Ay,
and let K/k be the corresponding extension. Since J ¢ Ay, it follows that /a ¢ K.
Moreover, P(z) must factorizes over K into two linear and one quadratic factor. It

follows from Proposition 5.2.1 that Br Xk /Brg X = 7Z/27Z, which is a contradiction.

(A4) There are no index 2 subgroups so this case is impossible.
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(Dg) For every subgroup of index 2 in Dg, there exists a subgroup J C Dg of order 2 that is

not contained in it. The argument then follows the same way as in the S; case.

(K,) Here L/k is a biquadratic extension, and taking K /k to be the quadratic extension not
equal to k(y/a) gives a contradiction by Proposition 5.2.1 again.

This leaves us with the last remaining case which is a Z/4Z-extension containing k(y/a). O

Corollary 5.2.3. Let P(x) be a degree 4 irreducible polynomial with splitting field a Z./AZ-

extension containing k(y/a). Then the Chdtelet surface
y? — a2’ = P(z)
satisfies weak approximation over all finite extensions K/k.

Proof. By Theorem 5.2.2, there is no Brauer-Manin obstruction to weak approximation over
all such extensions K/k. So by [CTSSD87a, Theorem B(ii)(a)] they satisfy weak approxi-

mation. O

5.3 [Failure of weak approximation when P(x) is split

In this section, we consider the case when P(x) factors into linear factors. Our goal is to
prove Theorem 5.0.1. As discussed in §5.2, after moving one of the singular fibers to oo € P!,

we may assume

P(z) =cx(z —1)(x — A) (5.3.1)

for some A € k not equal to 0,1 and ¢ squarefree.

Let v be a finite place of k where a ¢ k*?, and m € Oy be a uniformizer. Suppose the
Chatelet surface X has bad reduction over v. Our goal in this section is to analyze the
surjectivity of the evaluation map ev4: X (k,) — Brk,[2] for the algebra A € Br(X) listed
in §5.2. Bad reduction means either one of v(c),v(\),v(A — 1) is nonzero or that k(\/a)/k

is ramified at v. We first consider the unramified case, and then deal with the ramified case

separately for odd and even primes.
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5.83.1  Unramified Case

In this section, we assume that k,(y/a)/k, is unramified. For = € k,, there exists a point in
X (k,) lying over z € P! if v(P(x)) is even. By Lemma 5.1.1, for any point Q = (z,y,z2) €
X(ky),

inv, (A(Q)) = invy(a,z(z — 1)) = v(z(x — 1)) /2 € Q/Z.

The map ev4: X(k,) — Brk,[2] is surjective if and only if it is nonconstant, and for A(Q)

to be nontrivial it is equivalent to show that v(z(z — 1)) is odd.

Proposition 5.3.1. Assume thatv(\) = v(A—1) = 0. Then the evaluation map ev 4: X (k,) —

Br k,[2] is surjective.

Proof. The assumptions imply we must have v(c) = 1. Take z = 1/m, then v(cP(x)) = -2,
so that there exists @) € X (k,) lying over . Then A(Q) = 0 sinc v((1/7)(1/m — 1)) = =2
is even. On the other hand, if we take x = m, then v(cP(z)) = 2 so again there exists
Q € X(k,) lying over . Then A(Q) # 0 since v((m)(mr — 1)) = 1 is odd. Hence, the

proposition follows. O

Proposition 5.3.2. Assume that v(\) or v(A—1) # 0. Then the evaluation map ev 4: X (k,) —

Br k,[2] is surjective.

Proof. By considering the six cross-ratios on P!, we may assume that v(\) > 0. We now

consider two cases, namely when v(c) = 0 and v(c) = 1. Recall that
v(P(x)) =v(c) +v(x) +v(r—1) +v(z—N).

If v(c) = 0 then by picking = 2 we can conclude that v(P(z)) = —6. Hence there
exists a point @ = (z,y,2) € X(k,). Moreover, v(z(x — 1)) = —4 hence A(Q) = 0. Now to
show that ev 4 is surjective, it suffices to find a different choice of z with A(Q) # 0 € Brk,.
Pick x such that

0 <wv(x) <ov(A), v(r)=1mod2, and v(zx— ) =wv(z).



Then we have v(P(z)) = 2v(x) hence @ € X(k,) and v(z(x — 1)) = v(x). Since v(z) =
1 mod 2, we have A(Q) # 0 as desired.

If v(c) = 1, then first set = L. For this choice of z, v(P(x)) = —2 hence Q € X (k,)
and v(z(x — 1)) = =2 so A(Q) = 0. Furthermore, if we set x = 1+ 7, then v(P(x)) = 2 and
v(z(zx — 1)) =1 thus A(Q) # 0 as desired.

5.3.2  Ramified case odd
If v is an odd place and k,(y/a)/k, is ramified, then v(a) = 1.

Proposition 5.3.3. Assume that v(a) =1 and P(z) has the form (5.3.1). Then the evalu-

ation map evy: X (k,) — Brk,[2] is surjective for some a € { A, B}.

Proof. By applying an automorphism on the base P! that shuffles the points 0, 1, co, we may
assume v(\) > 0. Dividing the equation (??) for X by a power of —a and exchanging vy, z
if necessary, we can also assume that v(c) = 0. Let R € X (k) be the unique rational point

over oo € P!. By using the following alternative formula for A, B defined at R,
A= (CL, ’UJ(]_ - UJ)),B = (a7w<1 - )\’U))),

where w = 1/z, we see that ev4(R) = evp(R) = 0. To finish the proof, it suffices to exhibit
a point where the evaluation is nontrivial.
Assume first that A #Z 0,1 mod 7. Let £ C X be the closed subset given by z = 0. Then

E' is an elliptic curve given by
y* = cx(z —1)(z — ).
For Q = (z,y) € E(k,), the quantities
Cx, Cx — C, CT — CA

are all squares in k, if and only if @ € 2E(k,) (use [Hus04, §1.4 Theorem 4.1] after suitable

coordinate change).
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Lemma 5.3.4. E(k,) \ 2E(k,) is nonempty

Proof. Since v t 2, E has good reduction at v and E(k,)[2] = E(F,)[2*], where E is the
reduction modulo v. In particular, this means E/(k,)[2°°] is finite and moreover nontrivial as

E(k,)[2] & (Z/27)%. 1t follows then that E(k,) \ 2F(k,) is nonempty. O

Remark 5.3.5. Although we will not need it, the previous lemma is true for v | 2 as well.
Then there is a subgroup E* C E(k,) of finite index such that O, = E*. Take any u € O,
with v(u) = 0. Then u is not divisible by 2 in E*, and iteratively dividing by 2 in F(k,)
would produce infinitely many points in the quotient E(k,)/E*, a contradiction. Hence wu is

not 2-divisible in E(k,).

Let Q € E(k,) \ 2E(k,) so then exactly two of cx,cx — ¢, cx — ¢\ are not squares. This
means in particular that v(z) > 0, and so at most one of v(x),v(z — 1),v(z — A) can be
nonzero and they must all be even since v(z(x — 1)(z — X)) is even. We also obtain that
at least one of z(x — 1),z(z — A) is not a square. Hence, at least on of those products is
not a square with even valuation which implies it is not a norm from k,(y/a)/k,. Hence,
inv, a(Q) = 1/2 for some a € {A, B}.

Now assume that A = 0 mod 7. Choose T € F* \ F? such that 7 — 1 € F2. Lift T to
x € O,. Then (a,z) = (a,z — X) # 0 but (a,z — 1) = 0. Hence, there exists some point
Q € X(k,) lying over x € P! where

inv, A(Q) = (a,z(x — 1)) = 1/2.

The case A = 1 mod 7 is very similar. O]

5.3.3 Ramified case even

Proposition 5.3.6. Let v be a place lying over 2. Assume that v(a) = 1 and P(x) has the
form (5.3.1). Then the evaluation map ev 4: X (k,) — Brk,[2] is surjective.

We give the proof of this result after establishing some basic facts on the distribution of

norms inside O,. For the remainder of this section, v will denote a place lying over 2 where
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k,(y/a)/k, is ramified. Let w be the place lying over v and L,, = k,(y/a). Let N: L, — k,

denote the norm map.

Equidistribution of norms among residues

The subgroup of norms {x € O | x € N(OJ)} has index 2 inside O}. For any subset H C k,,

let H mod 7" denote the set of equivalence classes H/ ~ where hy ~ hy if hy — hy € 7O,

Lemma 5.3.7. Let r € O,. Then
#{x € O, |z € N(Oy),x =r mod 7} mod 7"

1
I =
fued #{x € O, | z =r mod 7} mod 7" 2

Proof. Let OF) = {z € O, | © =r mod 7}. We first prove the case when r = 1. Note that
N(Oy) N O c OV is a subgroup of index at most 2 under the multiplicative structure.
By Lemma 5.1.2, there exists u € O, such that 1 — 7u ¢ N(O,), and so 1 — 7u € O\
(N(O,) N OY). Hence it follows N(O,) N O has index 2. Consider the quotient map

Gn: O — OW /7.

The image ¢,(N(O,) N (91(,1)) has either index 1 or 2. Since norms of finite index are open in
the v-adic topology, it follows that for n large enough, this image has index 2. The statement
about the limit follows immediately.

Now assume r # 0 mod 7. Take any =z € O, such that z = r mod 7. Multiplication by
1/x gives a bijection OF) — OY. Depending on , this map sends N(O,) N O to either
N(O,) N o or OV \N(O,)N O, Hence, the limit then follows from what we proved for
O above.

Finally assume r = 0. Then noting that —m € N(O,,) and setting 2’ = x/(—m) gives
{r€0,|2€NO,),r=0mod 7} = —7{z' € O, | 2’ € N(O,)}.

Hence the limit in question is

. #{2' € O, | 2’ € N(O,)} mod 7"~
n—00 #0, mod 71 '
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Now, we can divide this limit according to the image of ' in O,/70O,. We can apply our
previous result for 2/ Z 0 mod 7w and argue inductively for those ' = 0 mod 7. Hence, we

obtain that the above limit is 1/2. O

The following limit follows immediately from Lemma 5.3.7.

lim #{r € O |2 € N(Oy)} mod 7" 1
n=00 #0x mod 7 2

Remark 5.3.8. The above lemma fails when v does not lie over 2. Indeed whether a unit

x is a norm or not can be determined by looking modulo 7.

Let O = O, \ {0} be the nonzero elements (not to be confused with O, the nonzero

unites). Define the sets
A={z €O, |z(x—1)eNO;)}, B={xecO,|z—XeN®O,)}

Since x — z(x — 1) and & — x — A are both continuous endomorphisms on O,, both A, B,
being inverse images of the open and closed subset N(O%), are open and closed inside O,.

Our first goal is to establish the following.

Proposition 5.3.9.

. #Amod 7" . #B mod " 1
lim =lm ————— = —

n—oo #0, mod ™  n—oo #O, mod ™ 2
Proof. Since {z — X | x € O,} = O,, the limit for B follows immediately in view of Lemma

5.3.7. To prove the limit for A, we first divide O, in the following way
OV ={zc0,|z=0modn},0V ={z € O, |z=1modn},0, =0, \ (0P UOM).
We divide the set A in the analogous way
A=z cAlz=0modn}, AV ={zcA|z=1mod 7}, A=A\ (AP UAWD),
It suffices to show each of the following limits,
#AO) mod 7 o #AM mod 7 . #A modr" 1

lim = lim = lim = _.
n—+00 #(’)1(,0) mod 7 neo #(91()1) mod 7 n—eo #O;, mod 7 2
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Define the map f: k) — k, \ {1} given by f(x) = 1 — 1/x. Observe that f is a bijection.
Moreover, for any = € O} \ {1}, x(x — 1)/ f(x) = 2% Hence, z(x — 1) € N(O?) if and only
if f(z) € N(LY). In particular, this means for z € A if and only if f(z) € N(L)).

Let n be a positive integer and x € Q). Then
fla+7"0,)=1-1/z+7"O0, =y +7"0O,

where y =1 —1/x € O,. Observe that y # 1 mod w. Hence, f induces a bijection between

the following two sets,
{r+7"0, |z € O} ER {y+7"0, |y € Op,y %1 mod 7}.
We may further decompose into the following bijections
f

{4+ 7"0y |z € O,z Z0,1mod 7} <= {y +7"O, |y € Op,y 0,1 mod 7},

{:L’—HT"OU]xEOv,lemodﬁ}é{y—i-ﬂn@v\yEOv,yEOmodﬂ}.

Written another way, f induces bijections
O, mod 7" & O, mod 7",
O mod 7" R O mod 7.
Moreover, under this bijection, A mod 7™ maps to
A’ mod 7" <L {ye O,y eNOy),y #0,1 mod 7} mod =",

AW mod 7 {y € O, |y € N(Oy),y =0 mod 7} mod 7".

Therefore,
limM— lim #{y € O, |y € N(Oy),y # 0,1 mod 7} mod 7" 1
n—oo #(O! mod 7" e #0O! mod 7 =
. #AW mod 7 . #H{yeO,|yeNOy),y=0mod 7} mod 7 1
lim = lim _t

n—oo #(91(,1) mod 7% "7 #Oq()o) mod 7"
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by Lemma 5.3.7. It remains to prove the limit for A©). For this, consider the map ¢: O, —
O, given by g(x) = 1 —z. This is clearly a bijection and sends oY to OV, Moreover, since

z(z —1) = (g9(2))(g(x) — 1), g sends A bijectively to AL, Hence,

. #AO) mod 7 . #AD mod 1 1
lim O = lim D = —.
n—oo L0, mod 77 " #0y) mod 7 2

Applying the equidistribution results

Finally, we return to the proof of Proposition 5.3.6

Proof of Proposition 5.3.6. We first consider the case when (a,c) = 0. This means in par-
ticular that the fiber over co € P! has a point Q € X (k,) and inv, A(Q) = inv, B(Q) = 0.

So it suffices to find another point with invariant 1,/2.

Lemma 5.3.10.
. #0,\ (AU B) mod 7"
lim

n—oo #Ov mod 7™

> 0.

Proof. Since X (k,) # () by assumption, there exists z € O, with x # 0,1, such that
z(z —1)(x — X) € N(O,). This means either z € O, \ (AU B) or x € AN B. In the former
case, the lemma then follows since AN B is open in O,. In the latter case lim,,_,..(#A4 N

B)/(#0, mod 7™) > 0, and so combining with Proposition 5.3.9 gives the desired result. [

Let x € O, \ (AU B) and = # 0,1,\. This means z(z — 1)(x — \) € N(L,) but
x(x —1) ¢ N(Ly). Let Q € X(k,) be a point with z-coordinate is . Then

inv, A(Q) = (a,z(z — 1)) =1/2.

For the case (a,c) # 0, we have the following

Lemma 5.3.11.
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Proof. By Proposition 5.3.9, it suffices to show at least one of the limit is positive since that
will imply the other is positive as well. Since X (k,) # () by assumption, there exists = € O,
with = # 0, 1, X such that one of the following two cases happen

Case 1, x(x — 1) € N(O,) and z — X ¢ N(O,,) OR

Case 2, x(x — 1) ¢ N(O,) and x — X € N(Oy).

Either case, at least one of A\ B or B\ A is nonempty, and the limit must also be positive

since both are open in O,. O]

To finish the proof, we choose x; € A\ B and 25 € B\ A. Then there exists Q1, Q2 € X (k)

with x coordinate corresponding to x, o respectively. It follows that

inv, A(Q1) =0, inv, A(Q2) =1/2. O

5.8.4  Proof of Theorem 5.0.1

Proof of Theorem 5.0.1. Let X be a Chatelet surface where P(x) has the form (5.3.1). First
assume that for every nonarchimedian place v, either X has good reduction or v/a € k,. In
the first case, by [CTS13, Lemma 2.2] the evaluation map ev,: X(k,) — Brk,[2] must be
constant for any a € Br X. In the latter case, ev, is also constant since the Brauer classes
listed in §3 are trivial over k,. Moreover, if a > 0 or k does not have a real embedding, then
for any archimedian place v, v/a € k,, so the evaluation map is constant again. Since X (k)
is clearly nonempty, it follows X satisfies weak approximation.

Conversely, assume either X has a place v of bad reduction with \/a ¢ k, or v is a real
place and a < 0. To show failure of weak approximation, it suffices to show that there is
a Brauer—Manin obstruction given by the surjectivity of the evaluation map ev4: X (k,) —
Brk,[2].

If a < 0, then the evaluation map is surjective at v since taking = such that exactly two
of x,x — 1,z — X is negative gives rise to a real point ) where either ev4(Q) or evg(Q) is
nontrivial. On the other hand, taking = so that all z,z — 1,2 — \ are positive gives rise to a

real point ) such that ev4(Q) = evg(Q) = 0.
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Now assume v is a place of bad reduction. If k(y/a)/k is unramified at v, then one of
v(c),v(A),v(A — 1) must be nonzero. Then Propositions 5.3.1 and 5.3.2 imply the result. If
k(y/a)/k is ramified then Proposition 5.3.3 for odd v or Proposition 5.3.6 for even v gives
the desired result. ]

Proof of Corollary 5.0.2. Let L be the splitting field of P(z) as stated in the theorem. If v
is a place of bad reduction as given in the hypothesis, then there exists a place w of L lying
over v such that X, has bad reduction at w and a ¢ LX?. Theorem 5.0.1 then implies that

X, fails weak approximation. O]

5.4 Weak approximation in the quadratic case

In this section, we consider the case when P(z) factors as
y* — az® = cPi(z) Py(z)

where P;, P, are irreducible monic quadratic polynomials. By §2, the Brauer group modulo

Bry X is generated by the quaternion algebra
C = (a, Pi(x)) = (a,cP(x)).

If the above Brauer class is constant (meaning it comes from Brk), then X satisfies weak
approximation. Hence, for the rest of this section, we assume that the class above is noncon-
stant. This is equivalent to the fact that \/a is not in the splitting field of P;(x) or Py(x).
Moreover, after a change of coordinates, we assume the coefficients of Pi(z), Py(x) are in O.

Let v be a nonarchimedian place of £ and m € Oy a uniformizer.

Lemma 5.4.1. Let R(x) € F,[z] be a monic irreducible quadratic polynomial. Then for

exactly (¢ — 1)/2 many of the values x € F,,, R(x) is a square in F,.

Proof. Tt suffices to show that R(x) = y* has ¢ — 1 solutions in (x,y) € F? (since R(x) is
irreducible, y is never 0). We may homogenize to define a smooth conic in ]P)?FU. Since this
conic has two points at infinity, it is isomorphic to P]va and thus has ¢ + 1 points. Removing

the two points at infinity gives ¢ — 1 solutions to the original equation. O
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Proposition 5.4.2. Assume that v(a) = 1. If Pi(x), Py(z) are irreducible modulo m, then

there s an obstruction to weak approximation.

Proof. Write
Pi(z) = 2® + djx + 4

where d;,r; € O,. Since P;(x) is irreducible modulo 7, we must have r; € Q. Suppose X
has a k, point on a smooth fiber x = zy € k,. If v(zy) < 0, then the fiber over co € P! also
has a k, point. Applying the automorphism z + 1/z on P!, we may rewrite the equation
for X as

y* — a2’ = criry(2® + dyx/ry 4+ 1)) (2 4 dox /ro + 1/7)

which has a k, point over the smooth fiber x = 0. Hence, we may reduce to the case where
there exists a point Qo = [yo, 20, o] € X (k,) on a smooth fiber where v(zg) > 0.

It suffices to find a point @1 € X(k,) such that inv, A(Qy) # inv, A(Q1). Let a =
1o mod 7 € F,,. By Lemma 5.4.1, there must be another 8 € P*(F,) such that

1. Pi(«) is a square if and only if P;(5) is a nonsquare,

2. Py(«) is a square if and only if P»(f) is a nonsquare.

Here we take the convention that P;(0c0) = P»(00) = 1 are squares. This is only needed if both
P (a), Py(a) are nonsquares. Then P;(8)P»(/) is nonzero and in the same square class as
Py () Py(«r). Therefore, we may use Hensel’s lemma to lift to a point Q1 = (y1, 21, 21) € X (ky)

where x1 =  mod 7. But then

inv, C(Qo) = (a, o) # (a,z) = inv, C(Q1).
The inequality of the two Hilbert symbols is due to (1) and (2) above. O

If the hypothesis of Proposition 5.4.2 does not hold, the existence of an obstruction
to weak approximation is much more intrinsic to the surface in question. In particular,

one cannot expect a uniform result similar to the case when P(x) splits completely or is
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irreducible. We illustrate this subtlety by considering two Chatelet surfaces whose defining

equation differs by one coefficient.
Example 1. Let X/Q be the Chatelet surface given by
y? — 1722 = 3(2® — 7)(172% — 43).

By Proposition 5.2.1, Br X/ Bry X is generated by C = (17,2% — 7) = (17,3(172% — 43)). We
show that X satisfies weak approximation.

We begin by showing X (Q,) # () for all primes p. First, observe that for p # 3,17 we
have X (Q,) # 0 because X is the conic y* — 1722 = 51w?, which has Q, points for
p # 3,17. Next, we observe that the fiber X is the conic y? — 172? = 468w? which has Qs
and Qq7-points since 468 is a square in Q3 and Q7.

We show that the map eve: X(Q,) — BrQ, is constant at all primes p. Since the
evaluation map is constant at all primes of good reduction [CTS13, Theorem 3.1], it remains
to check eve (X(Qp)) for the primes p = 2,3,7,17 and 43. Let (xo,%0,20) € X(Q,) and
P(z) = 3(x? — 7)(172* — 43).

(p = 2) Note that invy(eve (X(Q3))) = 0 because 17 € Q5.

(p = 17) Assume vy7(zg) < 0 so then vz (P(z9)) = 4vi7(x9) + 1. Furthermore, we can
see that

17~ @@+ pgy =3 (mod 17)

which is not a square in Q7. We can now conclude that in this case, P(z) is never a norm
from the ramified extension Q17(\/1_7 ). Hence we must have vy7(z) > 0. For these values of
To, 3(17z2 — 43) = 7 (mod 17) is not a square so invyr(eve(X(Qy7))) = 1/2.

(p = 7) Since 3(172% — 43) is irreducible over Q7, v7(3(1723 — 43)) must be even. Hence
invy(eve (X(Qr))) = 0.

(p = 43) Since 22 — 7 is irreducible over Qu3, we have v3(x3 — 7) must be even. Hence
invys(eve (X (Qu3))) = 0.

(p = 3) Since 172? — 43 is irreducible over Qs, v3(17z2 — 43) must be even. Hence

v3(3(1723 — 43)) is odd and so invs(eve(X(Q3))) = 1/2.
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Combining the above calculations, we obtain that the sum of invariants is always 0, which

means weak approximation holds.

After a minor adjustments to the surface of Example 1, we obtain another Chatelet

surface which fails weak approximation.

Example 2. Let X/Q be the Chatelet surface given by
y* —172% = 3(2* — 7)(172° — 7 - 43).

We first show that X (Ag) # 0. In a similar fashion to Example 1 we have X(Q,) # 0 for
all p # 3,17 hence only non-emptiness of X (Q3) and X (Q;7) must be checked directly. One
can compute the fibers X; and X3 and see that the conic X; has Q3-points and the conic
X3 has Qq7-points.

We claim that X fails weak approximation and to prove this, it suffices to verify that the
map eve: X (Qr) — BrQy[2] is surjective. To see this, first note that X (Q7) # 0 and eve
is trivial over such a point. On the other hand, as P(0) = 3-7?-43 has even valuation, there

exists Q € Xo(Qy) lying over 0 € P*(Q;) where

eve(Q) = (17, ~7) £ 0.

This proves our claim.
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