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This thesis studies two major problems in unsupervised learning: manifold learning and

clustering. The motivation of this research is to establish mathematically rigorous methods

that enable practitioners to have better understanding of what the algorithm is doing, even

if there is no ground truth label for unsupervised learning problems. Specifically, we propose

two criterion for a useful unsupervised learning paradigm: interpretability and stability.

In the first part (chapter2-chapter 3), we propose a framework that allows domain ex-

perts to include a set of dictionary functions that can help provide manifold embedding

coordinates with physical meaning. We first discuss mathematical foundation of this frame-

owrk. Based on this framework, we develop two algorithms. TSLasso obtains a manifold

embedding function �̂ that directly consists of functions from this dictionary as a valid

parametrization of the data manifold. ManifoldLasso works with existing manifold

embedding coordinates and outputs a subset of functions that parametrize the existing

manifold embedding coordinates.

In the second part of the thesis (chapter 4-chapter 6), we introduce the stability of clus-

tering to quantitatively validate a clustering result so that it is possible for practitioners to

avoid these unwanted phenomena. Our target is to establish a generic notion (�, ✏)�stability

and show how this can be applied to real statistical tasks.

In chapter 5, we quantify population stability with respect to K-means clustering as

a quantity for an arbitrary population P . With very mild assumptions on P , we show



this quantity of P relates to that of a finite sample drawn from P : if any optimal K-

means clusterings of P is not stable, then with high probability any global optimizers of

K-means on i.i.d. sample of P is not stable; on the other hand, if population P allows one

stable clustering with low K-means loss, then global optimizers of K-means clustering on

i.i.d. sample is with high probability stable. We develop an algorithm to compute an upper

bound of stability metric with respect to K-means clustering. As a byproduct, it provides an

upper bound on the discrepancy between the global optimal K-means clustering assignment

with the computed ones. We also provide emprical validation of this method.

In chapter 6, we focus on model-based clustering through fitting mixtures of spherical

Gaussians (sGMM). Fitting sGMM is essentially a parameter estimation problem, and clus-

tering assignments are based on the estimation. This thesis discusses mainly the parametric

stability of sGMM: We show that if any two sGMMs are close, then their parameters are

pairwise close. This result is proved with di↵erent assumptions on the model class of sG-

MMs. We can also see from numeric example that with the assumptions on the separation

of di↵erent components in a Gaussian mixture, we obtain a precise upper bound on the

parameter distances.
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Chapter 1

INTRODUCTION

1.1 Overview

Understanding data is one of the core missions of data science. Given a dataset, or a set of

observations, it is often interesting to provide a compressed description or statistical model

that fits the data. Such tasks are often examples of unsupervised learning. In contrast

to supervised learning, another powerful machine learning technique, unsupervised learning

tasks come with no labeled data and no ground truths. Furthermore, often these tasks

are viewed as a complicated version of descriptive statistics and can be the cornerstone for

further data analysis procedures. As we will see shortly, the results of unsupervised learning

algorithms are often mysterious. They are often hard to interpret, and these outputs may

change drastically even if the algorithm is re-run on the same data set. In this dissertation,

we aim to provide a set of algorithms and mathematical results that help users to understand

and trust results returned from two sets of typical unsupervised learning tasks: manifold

learning and clustering.

Manifold learning Manifold learning is one of the handy tools for revealing the intrinsic

structure of high-dimensional data. Nowadays, data (images, texts, RNA sequence data,

etc.) often come with hundreds, thousands, or even millions of covariates, which on the

one hand, provides more information, but on the other hand, hinders understanding data

in various ways. Recent developments [Bellman, 1966] in high dimensional probability and

statistics have illustrated challenges of analyzing high-dimensional data, the so-called cure

of dimensionality. Widely accepted manifold assumption proposes that high dimensional

data concentrate near a lower dimensional manifold. Hence a popular topic is to recover the

structure of this low dimensional manifold. Twenty years after the first manifold learning

algorithm, Isomap [Bernstein et al., 2000], was invented, various algorithms appeared and
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can provide a low-dimensional representation of the data while retaining critical geometric

features. However, it is hard to include domain knowledge and interpret the result. In the

first part (chapter 2 to chapter 3) of this dissertation, we will establish a mathematical

framework and algorithmic methodology to provide a solution to this interpretability issue.

Clustering Clustering analysis aims to find subgroups of data so that the observations

within each group are more similar than the observations not from this group. Though

many di↵erent clustering algorithms exist, recent result in [Jin et al., 2016b] demonstrate

that many clustering algorithms can provide di↵erent results even given the same data set

since most clustering algorithms, as optimization problems, are combinatorial optimization

problems and are often NP-hard. In the second part of the thesis (chapter 4-chapter 6), we

focus on providing a clustering stability guarantee under di↵erent clustering paradigms so

that to determine whether the output of a clustering algorithm is trustworthy.

Contents of this dissertation have been extracted from, with modifications, the following

manuscripts: Chapter 3 is taken and reorganized from Manifold Coordinates with Physical

Meaning and Dictionary-based Manifold Learning, both co-authored with Samson Koelle,

Marina Meila and Yu-chia Chen. Chapter 5 is taken from Distribution free optimality

intervals for clustering, co-authored with Marina meila. Chapter 6 is taken from Parameter

Stability of Spherical Gaussian Mixture Models, co-authored with Marina Meila. The author

wants to point out that the experiments in chapter 3 is implemented by Samson Koelle and

in chapter 5 is implemented by Marina Meila. The author include these contents for the

completeness of the thesis. However, the major contribution of the author is in the theory

part of the thesis.

1.2 Part I: Manifold embedding with physical meaning

In this dissertation we focus on the manifold learning paradigm called manifold embedding

algorithms, which learn a mapping �̂ that sends high dimensional data points to low dimen-

sional representations. The key assumption of manifold learning is data are sampled from a

distribution that is supported close to a lower dimensional manifold embedded in the high

dimensional space. Since the proposal of Isomap in 2000 [Bernstein et al., 2000], various
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manifold embedding algorithms have appeared [Belkin and Niyogi, 2002, Zhang and Zha,

2004]. In the limiting scenario that distribution is supported on a manifold M and sample

size tends to infinity, these methods provide consistent results in the sense that learned

mapping �̂ will converge to a smooth embedding of M to the low dimension space. In

chapter 2, we provide a more comprehensive review of the mathematical background and

progress of manifold learning.

These manifold embedding algorithms are handy for scientists to study complicated

systems. Take the molecular dynamic simulation(MDS) study as an example. In an MDS

study, raw configuration data are locations of atoms in a molecule system and can easily

reach hundreds of dimensions. Manifold embedding as a dimension reduction technique is

very useful for scientists to find only a few variables to describe the state of the studied

molecular system. These variables, called collective variables, can govern the movement of

a molecule.

There are two challenges in using manifold embedding paradigms for this task. First,

the procedure of learning �̂ does not include any domain knowledge of chemists. Therefore,

the discovered variables are not physically meaningful, hindering the algorithm outputs’

interpretation. Second, the learned �̂ does not have a functional form. Therefore, it is hard

to consistently map data not in the sample to their low dimensional representation.

In contrast, when scientists describe/model a system using knowledge from their domain,

often the resulting model is in terms of domain-relevant features, which are continuous

functions of other domain variables (e.g., equations of motion, rotation of angles, etc.). The

key question in the first part of this thesis is: is it possible to use a subset of these physically

meaningful functions to describe the data manifold? If such a subset of functions exists, we

will call them a parametrization of the data manifold.

Contributions On a high level, a user can propose any reasonable domain-related smooth

functions on the manifold data. In this dissertation, we introduce a framework in chapter

3 that allows domain experts to include a set of dictionary functions that can help provide

manifold embedding coordinates with physical meaning. Based on this framework, we

develop two algorithms. TSLasso obtains a manifold embedding function �̂ that directly
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consists of functions from this dictionary as a valid parametrization of the data manifold.

ManifoldLasso works with existing manifold embedding coordinates and outputs a subset

of functions that parametrize the existing manifold embedding coordinates.

1.3 Part II: Stability of clustering

Clustering is a broad topic that applies to various data types. In chapter 4, we review some

of the remarkable results established for clusterings. These results generally show that if

the data are indeed clusterable or come from a specific probabilistic model, then current

algorithms can e�ciently find or approximate the correct clustering.

However, there is no standard method to validate such assumptions. Sometimes the

population P or the data set does not have a meaningful sub-group structure (under the

K-means paradigm) with the given number of clusters, while K-means can still output some

results. In this thesis, we introduce the stability of clustering to quantitatively validate a

clustering result so that it is possible for practitioners to avoid these unwanted phenomena.

Our target is to establish a stability guarantee theorem in the following form:

Theorem 1.1 (Generic theorem). Given a population P (could be empirical distribution on

finite sample), a clustering C and a clustering paradigm M, C is (�, ✏)-stable if all clustering

C0 with g(C0, P )  g(C, P ) + � must have d(C, C0)  ✏.

We identify three important components in our framework.

• Clustering paradigm M: It could be a loss-based clustering, model-based clustering,

etc.

• Clustering performance g(C,D): It can often be a loss function, a likelihood function,

or other quantities that measure the performance of a clustering. g(C,D) should be

di↵erent for di↵erent clustering paradigms. Without loss of generality, we regard a

smaller value of g(C,D) means better clustering.

• Clustering distance d(C, C0): This is a closeness measure for two di↵erent clusterings

C, C0. Similarly, this distance is adaptive to the choice of clustering paradigms.
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Establishing a general guarantee like 1.1 for all clustering algorithms is challenging.

Some previous work [Wan and Meilă, 2016] have established such results for graph clustering

settings. In this thesis, we mainly consider clusterings of data in Euclidean space Rd. The

second part of this thesis instantiates theorem 1.1 in multiple cases.

Contributions We focus on K-means clustering in chapter 5. We quantify population

stability with respect to K-means clustering as a quantity for an arbitrary population P .

With very mild assumptions on P , we show this quantity of P relates to that of a finite

sample drawn from P : if any optimal K-means clusterings of P is not stable, then with

high probability any global optimizers of K-means on i.i.d. sample of P is not stable; on

the other hand, if population P allows one stable clustering with low K-means loss, then

global optimizers of K-means clustering on i.i.d. sample is with high probability stable. We

develop an algorithm to compute an upper bound of stability metric with respect to K-

means clustering. As a byproduct, it provides an upper bound on the discrepancy between

the global optimal K-means clustering assignment with the computed ones.

In chapter 6, we focus on model-based clustering through fitting mixtures of spherical

Gaussians (sGMM). Fitting sGMM is essentially a parameter estimation problem, and clus-

tering assignments are based on the estimation. This thesis discusses mainly the parametric

stability of sGMM: We show that if any two sGMMs are close, then their parameters are

pairwise close. This result is proved with di↵erent assumptions on the model class of sG-

MMs. As we shall see, with the assumptions on the separation of di↵erent components in a

Gaussian mixture, we obtain a precise upper bound on the parameter distances.
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Part I

INTERPRETABLE MANIFOLD LEARNING THROUGH SPARSE
RECOVERY
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Chapter 2

MATHEMATICAL FOUNDATIONS OF INTERPRETABLE
MANIFOLD LEARNING

2.1 Di↵erential geometry

2.1.1 Manifold, tangent space and embedding

Intuitively, the notion of a manifold is a generalization of curves and surfaces. Readers can

consult [Lee, 2003, do Carmo, 1992] for the formal definitions and a detailed treatment of

manifolds and di↵erential geometry. In this thesis, smooth usually means C1.

We start with the mathematical definition of a smooth manifold.

Definition 2.1 (Smooth manifold). M is a manifold of dimension d (also called a d-

manifold) if it is a topological space with the following property:

• M is Hausdor↵: any two distinct points can be separated by disjoint open sets.

• M is second-countable: M has a countable base.

• For each ⇠ 2 M, there exist an open set U ⇢ M that contains ⇠, an open subset

Û ⇢ Rd and a function ' : U ! Û such that ' is bijective and continuous from

U ! Û and '�1 is also continuous.

The pair (U,') is called a (coordinate) chart, and the component functions of ' are denoted

by (x1(⇠), · · · , xd(⇠)). ' is called local coordinate. Two charts (U,'), (V, ) on a d dimen-

sional manifold M are (smoothly) compatible if whenever U \ V 6= ;, the map ' �  �1 is

a di↵eomorphism. A smooth atlas is a collection of mutually smoothly compatible charts

whose domains cover M. Finally, a smooth manifold is a manifold with a smooth atlas.

This definition intuitively states that, locally around each of its points, a manifold be-

haves like an open subset in Rd. The assumption of Hausdor↵ and second-countable are
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technical requirements. These two conditions are easy to satisfy for most standard ob-

jects. Euclidean spaces, compact metric spaces, and separable metric spaces satisfy this

assumption.

Definition 2.2 (Smooth functions). Suppose M,N are two smooth manifolds. A function

f : M! R is smooth (or Ck) if for any point ⇠ 2M, there exist a coordinate chart (U,')

containing ⇠ such that f � '�1 is smooth (or Ck).

Similarly a smooth mapping F : M ! N is smooth (or Ck) if for any point ⇠ 2 M,

there exists a coordinate chart (U,') containing ⇠ and (V, ) containing F (⇠) such that

 � F � '�1 is smooth (or Ck).

We denote the space of all smooth (or Ck) functions on M by C1(M) (or Ck(M)).

Definition 2.3 (Di↵erentials, tangent vectors and tangent spaces). A derivation at ⇠ is a

linear operator d : C1(M)! R such that for any smooth functions f, g 2 C1(M), it holds

that

d(fg) = g(⇠)d(f) + f(⇠)d(g) . (2.1)

Image of this operator over all f 2 C1(M) is called tangent space of M at ⇠, denoted by

T⇠M. An element of T⇠M is called a tangent vector.

Further, di↵erential operator d on M induces a mapping dF defined on smooth maps

between two manifolds M,N . Note that for any smooth function f 2 C1(N ), f � F 2

C1(M). This mapping dF sends tangent vectors in T⇠M to elements in TF (⇠)N in the way

that

(dF )(f) = d(f � F ) 8f 2 C1(N ), g 2 C1(M) .

dF is called the di↵erential of F . The rank of dF is called rank of F .

This is a formal definition. Intuitively, one can think of tangent vectors as all possible

directions in Euclidean space. Derivation is then directional derivatives in the usual calculus

sense. One can check that di↵erential is a linear map between tangent spaces and satisfy

the chain rule as standard derivatives.

There are special cases of smooth mappings between two manifolds.



9

Definition 2.4 (Embedding). A smooth map F : M! N is an immersion if rank F equals

the dimension of M. An immersion F is an embedding if it is injective and homeomorphism

of its image F (M) ⇢ N in subspace topology.

Of particular interest is the case M ⇢ N ; if the inclusion i : M! N is an embedding,

then M is said to be a submanifold of N . Commonly in statistics, the high dimensional data

that lie initially N = RD, and we model them by M a submanifold of Rd to be estimated.

Then D is called the ambient dimension (of the data)

A good thing about embedding is avoiding using multiple charts to describe a manifold.

Instead, one can find a global mapping F : M ! N where N is easier to understand.

Whitney’s embedding theorem states that every d�dimensional manifold can be embedded

into R2d. Therefore, if one can find a valid embedding, a significant dimension reduction can

be achieved (from D to O(d)). Such an embedding is one of the major targets of manifold

learning algorithms.

In di↵erential geometry, a global rank theorem shows that the property of an embedding

can be given by rank theorem.

Theorem 2.1 (Global rank theorem). Let M,N be two di↵erential manifolds, and F :

M! N is a smooth map with constant rank.

• If F is surjective, it is a submersion.

• If F is injective, it is an immersion.

• If F is bijective, it is a di↵eomorphism.

2.1.2 Riemannian metric

A scientist may be interested in the distance between two molecular configurations ⇠1, ⇠2,

seen as points of M ⇢ RD. Their Euclidean distance ||⇠1 � ⇠2|| is readily available without

requiring additional statistics. However, this value may not be of physical interest since

most putative configurations along the segment ⇠1 to ⇠2 in RD are not physically possible.

To deform from state ⇠1 to ⇠2, the ethanol molecule must follow a path contained in (or
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near) the manifold M of possible configurations, and the distance dM(⇠1, ⇠2) shall naturally

be defined as the shortest possible length of such a path (and is defined as the geodesic

distance). Just like in Rd, the distance between two points is independent of the choice of

basis and invariant if Rd is a subspace of a larger Euclidean space, distances along curves in a

manifold M can be defined solely based on the coordinate charts (U,'), hence intrinsically,

without reference to the ambient space RD, and are purely geometric, hence are independent

of the choices of charts.

In RD, the scalar product hv, ui = v>u is su�cient to define both distances, by ||v � u||2=

hv � u, v � ui, and angles, by their cosine value hv, ui/(||v||||u||). Moreover, any positive

definite matrix A 2 RD⇥D can define a scalar product by hv, uiA = v>Au; in this case, A

is often called a metric on RD.

Riemann took up this idea and introduced the following definition to study the intrinsic

geometry of a manifold. The Riemannian metric defined below plays the same role as A

above. However, this metric is allowed to vary from point to point.

Definition 2.5. A Riemannian metric g of a manifold M associates to each point ⇠ 2M

an inner product h·, ·ig(⇠) on the tangent space T⇠M, which varies smoothly in the following

sense: let (U,') be a coordinate chart containing ⇠ with components functions (x1, · · · , xd),

then the function gij(x1, · · · , xd) = h @

@xi ,
@

@xj ig(⇠) is smooth for all pairs of i, j in 1, · · · , d.

The pair (M,g) is called a Riemannian manifold.

This inner product defines various geometric quantities of M. These expressions are

invariant to the choice of bases in T M, hence to the choice of coordinate charts on M.

• norm kvkg=
p
hv, vig

• distance ||u� v||

• angle hu, vig/(kukgkvkg)

• line element dl =
P

d

i,j=1 gijdx
idxj

• volume element dV =
p

det(g)dx1 · · · dxd
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A smooth embedding F from a Riemannian manifold (M,g) to a smooth manifold N

induces a metric F⇤g called push-forward metric through

hu, viF⇤g = h(dF )�1u, (dF )�1vig, for all u, v 2 TF (⇠)N . (2.2)

Ideally, we would expect the learned embedding F̂ to converge to a mapping that preserves

the metric of M. Mathematically, this property is defined as follows.

Definition 2.6 (Isometry). A smooth embedding F : M ! N between two Riemannian

manifolds (M,g), (N ,h) is isometric if

hu, vig(⇠) = hdF⇠(u), dF⇠(v)ih(F (⇠)), for all u, v 2 T⇠M .

An isometry F preserves local geometric quantities such as angles, distances, path

lengths, and volumes. For manifold learning, we almost always assume that the mani-

fold where data lie is locally isometrically embedded in the ambient space RD. Since as we

will see, these algorithms use local geometry in RD to approximate the intrinsic geometry.

2.1.3 Gradients and Laplace-Beltrami operator

Using the Riemannian metric, we can define di↵erential operators as in the study of calculus

in Euclidean space. We first review the following definitions.

Definition 2.7 (Gradients in RD). The gradient of a function f 2 C1(RD) is given by

rf =


@f

@x1
, · · · , @f

@xD

�
.

Under the Riemannian manifold setting, these di↵erential operators are defined as fol-

lows.

Definition 2.8 (Gradients on M). Let M be a Riemannian manifold with metric g. The

gradient of a function f 2 C1(M) is a collection of tangent vectors gradM f(⇠), one at each

point ⇠, such that for all ⇠ 2M and all v 2 T⇠M

hgradM f(⇠), vig = df(v)|⇠ . (2.3)
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We can verify that when the Riemannian metric g = 1i=j , these operators degenerate

to those in Euclidean space. When M is a d�dimensional manifold embedded in RD with

inherited metric. T⇠M can be identified as a d�dimensional linear subspace of T⇠RD, whose

basis can be represented by an orthogonal D⇥ d matrix T⇠. Let f be a smooth real-valued

function defined on an open neighborhood of M. There are two points of view for f when

it is restricted on M: (i) as a function on RD and has gradient rf as usual. (ii) as a

function on M and one can show that the gradient field gradM f given by the coordinate

representation grad f := T>
⇠
rf satisfies (2.3) [Lee, 2003].

More generally, consider a map F = (f1, · · · , fs) : M 7! Rs. The di↵erential dF =

(df1, · · · , dfs) is then defined to be a linear mapping from T⇠M ! T⇠Rs. Under basis T⇠,

a coordinate representation of dF is T>
⇠
rF , where rF is a D ⇥ s matrix, constructed by

column-wise stacking the gradients rf1, · · · ,rfs. The matrix rF is the transpose of the

usually defined Jacobian matrix.

Another useful di↵erential operator is the Laplace operator.

Definition 2.9 (Laplace operator in RD). The Laplace operator of a function f 2 C2(RD)

is defined by

�f =
DX

i=1

@2f

@x2
D

.

We fix a point ⇠ 2 M in the following definition and a local coordinate chart (U,').

The generalization of the Laplace-Beltrami operator on manifold M is defined through the

local coordinate function.

Definition 2.10 (Laplace-Beltrami operator onM). Using local coordinate '(⇠) : (x1(⇠), · · · , xd(⇠)),

Laplace-Beltrami operator is represented by

�Mf =
1p
detg

dX

i=1

dX

j=1

@

@xi

✓p
detggij(⇠)

@f

@xj

◆
.

Lastly, one can connect Laplace-Beltrami operator with Riemannian metric with a sim-

pler representation through the following proposition.
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Proposition 2.1. Let M be the manifold with Riemannian metric g. Under local coordinate

'(⇠) : (x1(⇠), · · · , xd(⇠)), the ij-th entry of h = g�1 is

hij =
1

2
�M(xi � xi(⇠))(xj � xj(⇠))

��
xi=xi(⇠),xj=xj(⇠)

.

2.1.4 Regularity of manifolds

In the results of statistical estimation of manifolds, the regularity of a manifold also plays an

important role in controlling the manifold’s shape from being degenerated. These di�culties

often come from the geometric features of a manifold. We provide examples of them in this

section.

Curvature A direct di↵erence between data in Euclidean space and on a manifold is

that the space is now curved. Most manifold learning algorithms now solve this problem

by assuming that the data lies locally near a linear subspace. This assumption is hard to

satisfy if the curvature of M is large. Then this approximation can only be valid in a small

neighborhood, which requires that the sample is dense enough.

Reach and injectivity radius The reach is a global descriptor that quantifies the reg-

ularity of a manifold. [Aamari et al., 2019] defines the reach ⌧M of a manifold M ⇢ RD to

be the maximal distance from M of a point ⇠ /2M for which the projection onto M is well

defined (i.e., unique). For this reason, reach is also called (maximal) injectivity radius.

Equivalently, the injectivity radius can be defined imagining a closed ball B̄r ⇢ RD of

radius r, that “rolls” over M, so that it touches M at a single point. ⌧M is the supremum

over all values of r for which such a ball exists at all ⇠ 2M. Intuitively, ⌧M is an “inverse

curvature”, hence larger ⌧M guarantees that the manifold curvature cannot be too large;

it also guarantees that M cannot “fold back” near itself closer than 2⌧M. A subspace has

⌧M =1 (and zero curvature). Hence, in regions of large injectivity radius, one M can be

estimated from fewer samples.
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2.2 Manifold learning algorithms

2.2.1 Paradigms of manifold learning

In this section, we review classical manifold learning algorithms and some statistical results.

Suppose we are given data {⇠i}ni=1 where each data entry ⇠i 2 RD. A key assumption for

manifold learning is data are sampled from a distribution P that is supported close to a d

dimensional manifold M embedded in RD. Manifold learning algorithms �̂ maps ⇠i 2 RD

to yi 2 Rm, where m is usually much smaller than D, but could be higher than the intrinsic

dimension d.

Depending on the di↵erent output types, there are three di↵erent paradigms of man-

ifold learning algorithms: local principal component analysis(PCA), principal curves and

surfaces, and embedding algorithms.

Local PCA Local PCA considers dimension reduction for data points close to a point

⇠i 2M. It estimates the tangent space T⇠M as a d�dimensional linear subspace in RD and

providing local coordinates of neighboring data point ⇠i0 by projecting the di↵erence vector

⇠i0 � ⇠i onto this estimated tangent space. Therefore the output of local PCA is only a local

coordinate since it will change when the reference point ⇠i varies.

Principal curves and surfaces PCS is not technically used for dimension reduction.

Usually, it will map data point ⇠i 2 RD to yi 2 RD, but the image is constructed to lie on

M0, which is typically a curve (one-dimensional manifold) or a surface(a two-dimensional

manifold). It was proposed to remove noise and generate a non-parametric summary of

data as higher dimensional generalization of the median of one-dimensional distributions.

embedding is the major paradigm of manifold learning this dissertation discusses.

These methods map all ⇠i 2 RD to yi 2 Rm, where usually m ⌧ D. In the regime

that P is supported exactly on M, and sample size n ! 1, a good manifold learning

algorithm �̂ should recover a smooth embedding function. This requires that the algorithm

be guaranteed to recover the embedding as long as M is not singular (as will be defined

later), regardless of the shape of M.

Table 2.1 shows these three paradigms of manifold learning algorithms.
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Table 2.1: Three di↵erent paradigms of manifold learning

name mapping notes

Local PCA ⇠i 2M ⇢ RD
�! yi 2 T⇠iM 2 Rd local coordinates only

Principal Curves and Surfaces ⇠i 2M ⇢ RD
�! yi 2M0 ⇢ RD global coordinates

Embedding algorithms ⇠i 2M ⇢ RD
�! yi 2 �(M) ⇢ Rm,m⌧ D global coordinates

2.2.2 Neighborhood graphs

Almost all manifold learning algorithms start with the same steps: constructing a neigh-

borhood graph and computing a corresponding matrix.

Neighborhood graph Every data point ⇠i represents a node in this graph, and an edge

connects two nodes if their corresponding data points are neighbors. In this thesis, we

use Ni as the indices of ⇠i’s neighbors and ki = |Ni| be the number of neighbors of ⇠i.

The matrix Ni 2 Rki⇥D is the matrix with each row representing a neighbor of ⇠i, and ⌅i

denotes the local data set ⌅i = (⇠j � ⇠i)j2Ni
. There are di↵erent ways to define neighbors.

In a radius-neighbor graph, ⇠j is a neighbor of ⇠i i↵ ||⇠i � ⇠j || r. Here r is a parameter

that controls the neighborhood scale, similar to a bandwidth parameter in kernel density

estimation. Consistency of manifold learning algorithms is usually established assuming an

appropriately selected neighborhood size [Bernstein et al., 2000, Coifman and Lafon, 2006,

Singer and Wu, 2012]. In K�nearest neighbor (K-NN)graph, ⇠j is the neighbor of ⇠i i↵ ⇠j

is among the closest K points to ⇠i. The K-NN graph has many computational advantages

since it is regular (each node has exactlyK neighbors, including itself) and connected for any

K > 1. More software is available to construct (approximate) K-NN graphs fast for large

data. But theoretically, it is much more di�cult to establish any consistency of manifold

learning algorithms.
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Distance matrix Typically, the distances between neighbors matter, and they are stored

in the distance matrix A defiined as

Aij =

8
><

>:

||⇠i � ⇠j || ⇠j 2 Ni,

1 otherwise .
(2.4)

Similarity matrix In some algorithms, the neighborhood graph is represented by an n⇥n

matrix of weights that are decreasing with distances. This is called the similarity matrix.

The weights are given by a kernel function Belkin and Niyogi [2002], Coifman and Lafon

[2006], Singer and Wu [2012], which is almost universally the Gaussian kernel, defined as

Kij :=

8
><

>:

exp
⇣
� ||⇠i�⇠j ||2

h2

⌘
, ⇠j 2 Ni,

0, otherwise.
(2.5)

In the above, h, the kernel width, is another hyperparameter that must be tuned. Note

that, even if Ni would trivially contain all the data, the similarity Kij would be vanishingly

small for far-away data points. Therefore, (2.5) e↵ectively defines a radius-neighbor graph

with r / h.

When k is selected to be an indicator function, i.e., the similarity matrix is defined as

Kij :=

8
><

>:

1, ⇠j 2 Ni,

0, otherwise.
(2.6)

Then K is the unweighted adjacency matrix of the neighborhood graph. By construction,

the matrix K is usually a sparse matrix.

2.2.3 Examples of manifold embedding algorithms

Isomap Isomap [Bernstein et al., 2000] is a multidimensional scaling(MDS) generalization

that recovers global coordinates from a pairwise squared Euclidean distance matrix. The

idea is to generate global low-dimensional representations that preserve geodesic distance on

the manifold. To achieve this, Isomap first uses the shortest path distance computed from

pairwise distance matrix A to approximate geodesic distance on a manifold. Then invoke

MDS to output low dimensional representations from the squared shortest path distance



17

matrix. Isomap comes with a consistency guarantee when the manifold M is flat and data

space is convex. It can learn the manifold up to the choice of origin, rotation, and mirror

imaging.

Laplacian eigenmaps Laplacian eigenmaps or di↵usion maps are two closely related

manifold embedding techniques. Laplacian eigenmaps first appeared in spectral clustering

[Belkin and Niyogi, 2002] and was then proved to be deeply associated with the underly-

ing geometry. The core step is to use eigenvectors of graph Laplacian of a neighborhood

similarity matrix K as the low dimensional representation. Theoretically, di↵usion maps or

Laplacian eigenmaps are also appealing in multiple ways. When sample size n ! 1, it is

shown that Laplacian eigenmaps are related to the Laplace-Beltrami operator �M, which

plays an essential role in modern di↵erential geometry. Let q be the sampling density on M,

then [Coifman and Lafon, 2006] showed that eigenfunctions of graph laplacian converge to

those of the operator �M ��Mq/q. Graph Laplacian can eliminate the bias term �Mq/q

and converge to the Laplace-Beltrami operator regardless of sampling density using a renor-

malization trick. The eigenfunctions of Laplace-Beltrami operators can constitute a valid

smooth embedding of manifold M.

Local tangent space alignment LTSA assumes that the observed data set D{⇠i}ni=1 is

the image of a smooth function on low dimensional vectors. That is, there exists a function

�̂ and low dimensional representations {yi}ni=1 with yi 2 Rm such that ⇠i = F (yi) + ei.

Based on this, LTSA proposed a two-step procedure for recovering a global low dimen-

sional representation: first, for each data, LTSA finds a local representation of its neighbors

through projections on the tangent space; then it finds the best global low dimensional

coordinates and local a�ne transformations so that the approximation has a minimal re-

construction error. This optimization problem can be smartly transformed into another

eigenvalue problem. More details of LTSA can be found in [Zhang and Zha, 2004]. When

the neighborhood radius used for local PCA is O(r) and �̂ is non-singular, it can be shown

that the reconstruction error of LTSA is O(||E||+r2), where E is the error matrix consisting

of [e1, · · · , en].
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Local linear embedding (LLE) Local linear embedding [Roweis and Saul, 2000] is a

heuristic method that utilizes the following assumption: locally a data point can be viewed

as the weighted average of its neighbors, and this weights should be preserved for global

coordinates. However, it is not yet known whether LLE provides valid manifold embedding.

2.3 Other geometric estimation problems and statistical results

This section discusses related geometric estimation problems and some statistical results.

Suppose we are given D = {⇠i}ni=1 2 RD. This section reviews methods to estimate other

related geometric quantities given D.

2.3.1 Tangent space

As M is embedded in RD, it is possible to estimate the tangent space at each point on M

as a D ⇥ d orthogonal matrix, which forms the orthogonal basis of a d�dimensional linear

subspace of RD.

Estimating tangent spaces at each point is usually achieved by local PCA procedure. If

⇠j is close to ⇠, then ⇠j�⇠ is close to its projection on the tangent space (see e.g., [Bernstein

et al., 2000, Coifman and Lafon, 2006, Singer and Wu, 2012]). In a local neighborhood

of ⇠, the di↵erence vectors ⇠j � ⇠ mainly lie on the tangent space centered at ⇠. Hence it

is possible to use the PCA procedure to approximate the tangent space at ⇠ as algorithm

TangentSpaceBasis(Unweighted).

Algorithm 1 TangentSpaceBasis(Unweighted)

1: Input: A point ⇠i 2 D and its neighbor {⇠j}j2Ni
, embedding dimension m.

2: Construct di↵erence data ⌅i = [⇠j � ⇠i]j 6=i 2 Rki⇥D .

3: Perform PCA on the di↵erence data ⌅ .

4: Output: Represent ⇠j 2 Ni by yj = ProjTi
(⇠j � ⇠i) = T>

i
(⇠j � ⇠i).

In step 2, PCA on ⌅i is achieved by SVD of ⌅i directly or by spectral decomposition of

⌅>
i
⌅i =

P
n

j=1(⇠j � ⇠i)(⇠j � ⇠i)>1j2Ni
.
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It is often the case [Singer and Wu, 2012, Chen et al., 2013, Aamari and Levrard, 2018]

that a weighted version of local PCA is used. When computing local covariance matrices,

one may weight di↵erent points. These weights of each ⇠j in Ni can be proportional to the

kernel function used to construct the similarity matrix K as in 2.5. Given these weights

Kij for ⇠js, the local weighted mean and weighted covariance at ⇠i can be estimated, and

singular value decomposition is used to find the basis. This weighted version of the tangent

space estimation algorithm is displayed in algorithm TangentSpaceBasisWeighted. In

this algorithm 1 means a vector with all entries being one.

Algorithm 2 TangentSpaceBasis(Weighted)

1: Input: Local dataset ⌅i, intrinsic dimension d, kernel parameter ✏N .

2: Compute local kernel weights Ki,Ni
= (Kij)j2Ni

2 Rki .

3: Compute weighted mean ⇠̄i = (K>
i,Ni

1ki)
�1K>

i,Ni
⌅i.

4: Compute weighted local di↵erence matrix Zi = (K>
i,Ni

1ki)
�1K>

i,Ni
.(⌅i � 1ki ⇠̄i).

5: Compute Ti,⇤ SVD(Z>
i
Zi, d).

6: Output: Ti.

[Aamari and Levrard, 2018, 2019] studied the minimax rate of the tangent space esti-

mation problem. For all Ck manifold with minimum reach ⌧min > 0, we have

inf
T̂

sup
M

E max
1in

\(T⇠iM, T̂i) ⇣ n� k�1
d ,

where \ is the principal angle between two spaces. The faster rate when the manifold is

smoother is given by local polynomial regression type approximation of the manifold instead

of local PCA.

2.3.2 Laplace-Beltrami operator

Laplacian eigenmaps start from a neighborhood similarity matrix K, which is defined as

2.5. Let di =
P

j2Ni
Aij represent the degree and D = diag{d1, · · · , dn}, then multiple

choices of graph Laplacian exist [Ng et al., 2001]:

• Unnormalized Laplacian: Lun = D�K
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• Normalized Laplacian: Lnor = I�D�1/2KD�1/2

• Random-walk Laplacian: Lrw = I�D�1K

Laplacian eigenmaps or di↵usion maps do not have the nice property to preserve geodesic

distances. However, they are computationally less challenging when compared with Isomap.

First, computing graph Laplacian only requires computing distance to neighbors. With the

techniques that approximate nearest neighbors, computation complexity can be reduced

to O(n1+�), where � < 1 is a positive constant. Second, graph Laplacian is a sparse

matrix. Hence multiple computation and storage tricks for sparse matrix can be adopted.

Theoretically, there are some established consistency result of estimating Laplace-Beltrami

operator. Readers can consult e.g.,[Belkin and Niyogi, 2007, Coifman and Lafon, 2006, Hein

et al., 2005, 2007, Ting et al., 2010, Berry and Harlim, 2016].

2.3.3 Push-forward metric of embedding coordinates

For each �̂(⇠i) : M ! Rm, the pushforward Riemannian metric �̂⇤g expressed in the

coordinates of Rm is a symmetric, semi-positive definite m ⇥m matrix Gi of rank d. The

scalar product hu, vig takes the form u>Giv. The matrices Gi can be estimated by the

algorithm RMetric of Perraul-Joncas and Meila [2013]. The algorithm uses only local

information and thus can be run e�ciently using the Laplacian, the neighborhood graph,

and local embedding coordinate matrices. The computation is within the neighbors of each

⇠i. Recall that Ni is neighbors of ⇠i and ki = |Ni| is the number of neighbors of ⇠i (including

⇠i itself).
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Algorithm 3 RMetric

1: Input:Laplacian row Li,Ni
, embedding coordinates yi = �̂(⇠i), intrinsic dimension d.

2: Compute centered local embedding coordinates ỹi = yi � 1kiy
>
i
.

3: Form matrix Hi by

Hi  [Hi,k,k0 ]k,k021:m with Hi,k,k0 =
P

i02Ni
Li,i0 ỹi,i0,kỹi,i0,k0 for k, k0 = 1 : m.

4: Compute Vi,⇤i  SVD(Hi, d).

5: Gi  Vi⇤
�1
i

V>
i
.

6: Output: Gi,Vi.

Note that Gi is of rank d. The first d eigenvectors of Gi forms a orthonormal basis of

tangent space T
�̂(⇠)�̂(⇠).

We can further estimate the gradient of each embedding function in the tangent space

of M. The high-level idea is to utilize the observation that the gradient of embedding

functions in embedding coordinates have a simple expression that r� = Im. When ⇠j is

a neighbor of ⇠i, consider the tangent vector formed by project ⇠j � ⇠i onto the tangent

space T⇠iM. The di↵erential d�̂ sends it approximately to the projection of di↵erence of

the embedded image yj � yi onto tangent space T
�̂(⇠i)

�̂(M).

Hence

hProjT
�̂(⇠)�̂(M)(yj � yi), grad�̂(M) �̂i ⇡ hProjT⇠M(⇠j � ⇠i), gradM �̂(⇠i)ig , (2.7)

Since grad
�̂(M) �̂ = T̂>

i
Im, one can choose multiple neighbors of ⇠i and stack equations 2.7

for each neighbor together to form a linear system and obtain the estimation of gradM �̂

through least squares. The procedure is given in algorithm PullBackD.
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Algorithm 4 PullBackD

1: Input:local data ⌅i, embedding coordinates Yi = (�̂(⇠j))j2Ni
, basis of tangent space

Ti), Laplacian rows Li,Ni
, intrinsic dimension d.

2: Compute pushforward metric eigendecomposition Gi, T̂i  RMetric(Li,Ni
, yi, d).

3: Compute Bi  (Y>
i
� yi1

>
ki
).

4: Compute Ai  (Bi)>(⌅>
i
� ⇠i1

>
ki
).

5: Output gradM �̂  A†
i
B>

i
T̂iT̂>

i
.
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Chapter 3

DICTIONARY-BASED MANIFOLD LEARNING

In this chapter, we discuss our main contribution to manifold learning. As a motivation

example, consider the unit circle S1 embedded in R2. A parametrization form of S1 is the

image of

↵(✓) : [0, 2⇡)! R2

✓ ! (cos ✓, sin ✓) . (3.1)

Here each angle parameter ✓ uniquely determines a point on the circle. Using a parametriza-

tion form of a manifold simplifies the study of a circle in many problems since it reduces

the number of variables that determines the system’s state. The parametrization of a man-

ifold may not be unique. In the circle example, �✓ for any � 2 R r {0} is also a valid

parametrization of the circle. Among all valid parametrizations, we prefer the minimal one

(to be defined soon in Section 3.1) with simple forms and interpretable meanings.

Back in the scenario of manifold learning, we assume that data D = {⇠i}ni=1 are sampled

from a d-dimensional connected smooth1 submanifold M embedded in the Euclidean space

RD, where typically D � d. Assume that the intrinsic dimension d is known. M has the

Riemannian metric induced from RD.

To introduce domain knowledge in the manifold learning paradigm, we assume the ex-

istence of a dictionary G = {g1, · · · , gp} where each dictionary function gi is a smooth

function from M to R. We require that they are smooth on M (as a subset of RD), and

have analytically computable gradients in RD. It is common practice in scientific research

that scientists propose several related variables and tries to recover the most related ones

to describe the object studied, i.e., the manifold data.

There are two high-level goals in this chapter:

1
In this chapter, by smooth manifold or function we mean of class C`

, ` � 2.
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• Find a subset of functions from the dictionaries such that these dictionary functions

can parametrize the manifold.

• Given embedding coordinates from other standard manifold embedding algorithms,

find a subset of dictionary functions that forms a minimal parametrization of the

manifold that interprets given embedding.

As the motivational application of this chapter, we consider molecular dynamic sim-

ulation (MDS) data. In chemistry, a common problem is to discover so-called collective

coordinates describing the evolution of molecular configurations at long time scales, which

correspond to macroscopically interesting transformations of the molecule, and can explain

some of its properties [Clementi et al., 2000, Noé and Clementi, 2017]. The molecular con-

figuration is represented by the 3Na vector of spatial locations of the Na atoms comprising

the molecule. A molecular dynamics (MD) simulation produces a sample of molecular con-

figurations; the distribution of this sample describes the molecule’s behavior in the given

experimental conditions. It has been shown empirically that manifolds approximate these

high-dimensional distributions [Dsilva et al., 2013]. Figure 3.1a shows the toluene molecule,

consisting ofNa = 15 atoms, and 3.1d shows the mapping of an MD simulated trajectory into

m = 2 dimensions (the embedding coordinates) by a manifold learning algorithm. Visual

inspection shows that this configuration space is well-approximated by a one-dimensional

manifold parametrized by a geometric quantity, the torsion g1 of the methyl bond, which is

the angle formed by the planes inscribing the first three and last three atoms of the orange

lines joining four atoms in Figure 3.1d. Thus, g1 is a collective coordinate which explains

the large scale data manifold by the rotation of the CH3 methyl group relative to the plane

of the other carbon atoms, filtered out from the faster modes of vibration by the manifold

learning algorithm. Similarly, as shown in Figures 3.1e, 3.1h 3.1f, and 3.1i, the large scale

geometry of the ethanol and malonaldehyde MD data is explained by two torsion angles

each.

In Section 3.1, we will make the previous two targets mathematically rigorous. We

present the rank conditions of existence of a minimal parametrization in a given dictionary.

This serves as the mathematical foundation of the algorithms presented in the following
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sections. In Section 3.2, we present algorithm TSLasso that directly finds a subset of

dictionary functions to parametrize the manifold. Meanwhile in section 3.3, we present

algorithm ManifoldLasso that finds dictionary functions that are most related to the

existing embedding coordinates. In section 3.5, we discuss theoretical properties of the

proposed algorithms. Section 3.6 shows experimental results on synthetic and molecular

dynamics datasets. Section 3.7 discusses related work and concludes this chapter.

3.1 Parametrization and interpretations

3.1.1 Definitions

As a generalization to the example of S1, we define the parametrization of a manifold as

follows:

Definition 3.1 (parametrization). A parametrization of a d� dimensional manifold M is

a mapping F : M! Rm such that:

1. F : M! F (M) is injective.

2. F is smooth (at least C1) and locally a di↵eomorphism almost everywhere2 on M.

Example: S1 Consider the function defined for (x, y) : |x2 + y2 � 1|  1/2, then

F : (x, y) 7!

8
>><

>>:

arcsin yp
x2+y2

x � 0 ;

⇡ � arcsin yp
x2+y2

, x < 0 ,
(3.2)

is a parametrization for M.

Example: Embeddings By definition, if F is an embedding of M to Rm, then F is a

parametrization as in definition 3.1.

Before we proceed, we make several remarks here for our definition of parametrization

since modifications to standard definitions in di↵erential geometry are made.

2
with respect to Hausdor↵ measure
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First, in di↵erential geometry terminology, (U ✓M,') locally is a coordinate chart for

M and '�1 is called a parameterization of U . Here we refer to ' as the ’parameterization’,

as ','�1 are di↵eomorphisms and are both representative. We argue that ' is of more

immediate interest since in our case, this map will consist of interpretable and analytically

computable dictionary functions, and '�1, while guaranteed to exist on '(U), is defined

only implicitly in many scenarios.

Second, since a manifold may require multiple charts, we relax the requirement that F is

locally a di↵eomorphism everywhere to almost everywhere. In the circle example, since the

manifold M is compact, it is impossible to find a single smooth function that can locally be

a di↵eomorphism everywhere. This relaxation allows us to find d functions parametrizing

a d�dimensional compact manifold in our definition.

Given two di↵erent parametrizations of the same manifold, we could establish a com-

parison relation through the following definition.

Definition 3.2 (Interpretation). For two parametrizations F1 : M ! Rm1 and F2 : M !

Rm2, we refer to F1 as a smaller interpretation of F2 if m1  m2 and there exists a function

⌧ that is almost everywhere C1 in Rm1 such that F2 = ⌧ � F1 for all ⇠ 2M.

3.1.2 Rank conditions

The global rank theorem in Section 2.1 shows that we can characterize the global properties

of a smooth map with its global property, such as rank. In this section, we show that similar

conditions based on rank can be obtained for our definition 3.1. We summarize them as

follows.

Proposition 3.1 (Existence of parametrization). Let M be a d�dimensional manifold.

Then a smooth (at least C1) injective map F is a parametrization as in definition 3.1 i↵

rankF = d almost everywhere on M.

The next proposition shows that, in fact, the function composition condition in the defi-

nition of smaller parametrization is redundant. Therefore, comparing two parametrizations

on the set of parametrizations is a partial order relation. Given a set of parametrizations,
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we can define a minimal parametrization—also, a minimal parametrization interprets all

other parametrizations.

Proposition 3.2 (Criterion of interpretation). Let M be a d�dimensional manifold and

F1 : M ! Rm1 is a parametrization. Then another parametrization F2 : M ! Rm2 is a

smaller parametrization to F i↵ m2  m1.

3.2 TSLasso: Parametrization of manifold with physical meanings

Given the dictionary G = {g1, · · · , gp}, our first task is to find a subset of dictionary functions

that form a (minimal) parametrization of M. Starting this section, we denote S to be a

subset of indices {1, · · · , p}. gS represents the mapping consisting of gi, i 2 S. From the

previous section, gS is a parametrization i↵ rank gS = d a.e. on M. Denote X⇠,S 2 Rd⇥|S|

to be the matrix representation of the linear map dgS (recall definition in 2.1). It holds

that rankX⇠,S = d. Therefore, there exists some matrices B⇠,S 2 R|S|⇥d such that for a.e.

⇠ 2M

Id = X⇠,SB⇠,S . (3.3)

The idea of the TSLasso algorithm is then to express the orthonormal bases T⇠ 2 RD⇥d

of the manifold tangent spaces T⇠M as sparse linear combinations of dictionary function

gradient vector fields. This simplifies the non-linear problem of selecting a best functional

approximation to M to the linear problem of selecting best local approximations in the

tangent bundle.

For notation simplicity, we will write XiS ,BiS , TiM as the corresponding quantities at

point ⇠i when we are discussing finite sample. We can select S = [p], and simplify the

notation of XiS ,BiS to Xi 2 Rd⇥p,Bi 2 Rp⇥d, but crucially, if we do not have colinear

gradients, then we can restrict all but |S| rows of Bi to be zeros. We can also select

s = {j}, and define B.j 2 Rnd as the vector formed by concatenating Bi{j}. Stacking B.j

together forms B 2 Rp⇥nd.

We now seek a subset S ⇢ [p] such that (1) only the corresponding n|S| vectors B.j : j 2

S have non-zero entries and (2) each submatrix XiS forms a rank d matrix. The previous
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observation inspires minimizing Frobenius norm Id �XiBi with joint sparsity constraints

over rows of Bi. This sparsity is also induced jointly over all data points.

J�n
(B) =

1

2

nX

i=1

||Id �XiBi||2F+
�np
dn

pX

j=1

||B.j ||2. (3.4)

Note that this optimization problem is a variant of Group Lasso [Yuan and Lin, 2006] that

forces group of coe�cients of size dn to be zero simultaneously in the regularization path.

It can be shown this loss function is invariant to local tangent space rotation.

We present the full TSLasso approach in algorithm TSLasso. Following the above

logic, we transform our non-linear manifold parameterization support recovery problem into

a collection of sparse linear problems in which we express coordinates of individual tangent

spaces as linear combinations of gradients of functions from our dictionary. Tangent spaces

at each point are estimated in step 10, enabling utilizing gradients of dictionary functions in

T⇠M by projecting the gradient rgj(⇠i) 2 RD on to estimated tangent spaces Ti. Finally

we input these gradients into objective function (3.4) to solve for the support.

3.3 ManifoldLasso: Explain existing embedding coordinates from dictionary

functions

In this section we further consider the problem of finding a interpretation of a given em-

bedding coordinate �. We follow the notations used in the previous section: the dictionary

being G = {g1, · · · , gp}, denote S to be a subset of indices {1, · · · , p}, gS represents the

mapping consisting of gi, i 2 S.

Recall that given the definition in section 3.1, an interpretation parametrization must

also have rank d and further there is a smooth a.e. function ⌧ such that � = ⌧ � gS .

The main idea of our approach is to exploit the chain rule dF = d⌧ � dgS . Each

di↵erential can be written in terms of gradients gradM �1:m and gradM g1:p. Identifying

the tangent vector gradM �1:m, gradM g1:p with their coordinate representation in a basis

of T⇠M, chain rule essentially confirms that gradM �1:m is a sparse linear combination of

gradM g1:p. Following the same notation in section 3.2, still denote X⇠,S 2 Rd⇥|S| as the

matrix representation of the linear map dgS . Further, use Y⇠,1:m 2 Rd⇥m to represent the
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Algorithm 5 TSLasso

1: Input: Dataset D, dictionary F , intrinsic dimension d, regularization parameter �n,

radius parameter rn, kernel parameter hn.

2: for j = 1, 2, . . . p do

3: Compute rgj(⇠i) for i = 1, . . . n.

4: Compute ⇣2
j
by (3.8) and normalize rgj(⇠i) (1/⇣j)rgj(⇠i) for i = 1, . . . n.

5: end for

6: for i = 1, 2, . . . n (or subset I ⇢ [n]) do

7: Compute Ni and ⌅i using D, rn.

8: Compute the orthonormal tangent space basis Ti  TangentSpaceBasis(⌅i, d, hn).

9: Compute rgj(⇠i) for j 2 [p].

10: Project onto tangent space Xi = T>
i
[rgj(⇠)]j2[p].

11: end for

12: Solve for B by minimizing J�n
(B) in (3.4).

13: Output: S(B) = {j 2 [p] : ||B.j ||2> 0}.

matrix representation of d�. Then there exist matrices B⇠,S 2 R|S|⇥m such that for a.e.

⇠ 2M3,

Y⇠,1:m = X⇠,SB⇠,S . (3.5)

Therefore, similar to TSLasso , it is natural to use a group lasso based algorithm again

to select the support set. Using the same notation thatXiS ,BiS ,Yi denotesX⇠i,S
,B⇠i,S

,Y⇠,1:m

and simplify Xi[p] 2 Rd⇥p,Bi[p] 2 Rp⇥m,Yi,1:m 2 Rd⇥m to be Xi,Bi,Yi. Again, by merely

restricting all but |S| rows of Bi to be all zeros, (3.5) also holds. Denote B·j 2 Rnm as the

vector formed by concatenating all Bi{j}, j 2 [p]. Row-wise stacking B·j forms B 2 Rp⇥nm.

Then the previous idea can be transferred to minimizing

3
Note that in our notation, X⇠,Y⇠ are the transpose of a Jacobian matrix, hence after applying the chain

rule we obtain X⇠B⇠ instead of B⇠X⇠.
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J�n
(B) =

1

2

nX

i=1

||Id �XiBi||2F+
�np
dn

pX

j=1

||B.j ||2 . (3.6)

The ManifoldLasso algorithm, the main algorithm of this paper, implements this

idea. It takes as input data D sampled from an unknown manifold M, a dictionary F of

functions defined on M (or alternatively on an open subset of the ambient space RD that

contains M), and an embedding �(D) in Rm. The output of ManifoldLasso is a set S of

indices in F , representing the functions in F that explain M.

The first part of the algorithm contains preparatory steps for geometric analysis covered

in previous chapter. Steps 2 and ?? construct the neighborhood graph and the Laplacian

matrix used for manifold learning and tangent space estimation.

The second part of ManifoldLasso calculates the necessary gradients; this comprises

Steps 10–12. In Step 10, we estimate orthogonal bases of tangent subspaces by the Tan-

gentSpaceBasis algorithm. The gradients of the dictionary w.r.t. the manifold are then

obtained as columns of the d ⇥ p matrix Xi in Steps 6, 7, and 11. These operations takes

advantage of existing work reviewed in 3.4. In Step 12, the gradients at ⇠i of the coor-

dinates �1:m, also w.r.t. M, are calculated as columns of the d ⇥ m matrix Yi by the

PullBackD algorithm described in Section 3.4.

In the last part of ManifoldLasso, Step 15 finds the support S by solving the sparse

regression. A group lasso algorithm is called to perform the sparse regression of the man-

ifold coordinates’ gradients Yi on the gradients of the dictionary functions, represented

by Xi. The indices of those dictionary functions whose Bi coe�cients are not identically

null represent the row-wise support set suppB. Scaling of functions is addressed through

normalization in Steps 7 and 14; this procedure is described in more detail in Section 3.4.

There are several optional steps and substitutions in our algorithm. An embedding can

be computed in Step 4, or input separately by the user - we denote this step generically as

EmbeddingAlg. Finally, although we explicitly describe tangent space estimation methods

of both T⇠iM and T�(⇠i)�(M) in our algorithms, other approaches to estimate them may

be used.
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Algorithm 6 ManifoldLasso

1: Input: Dataset D, dictionary G, embedded coordinates �̂(D), intrinsic dimension d,

kernel bandwidth hn, neighborhood cuto↵ size rn, regularization parameter �.

2: Construct Ni for i = 1 : n; i0 2 Ni i↵ ||⇠i0 � ⇠i||  rn, and local data matrices ⌅1:n

3: Construct kernel matrix K and Laplacian matrix L as 2.2.

4: [Optionally compute embedding: �̂(⇠1:n) EmbeddingAlg(D,N1:n,m, . . .).]

5: for j = 1, 2, . . . p do

6: Compute rgj(⇠i) for i = 1, . . . n.

7: Compute ⇣2
j
by (3.8) and normalize rgj(⇠i) (1/⇣j)rgj(⇠i) for i = 1, . . . n.

8: end for

9: for i = 1, 2, . . . n do

10: Compute basis Ti  TangentSpaceBasis(⌅i,Ki,Ni
, d).

11: Project Xi  (Ti)>rg1:p.

12: Compute Yi  PullBackD(⌅i,�i,Ti,Li,Ni
, d).

13: end for

14: Compute ⇣2
k
 1

n

P
n

i=1 kYikk2. (i.e. (3.7)), for k = 1, . . .m and

normalize Yi  Yi diag{1/⇣1:m}, for i = 1, . . . n.

15: B  Goup Lasso problem (3.6).

16: Output S(B) = {j 2 [p] : ||B.j ||2> 0}.

3.4 Other considerations

Normalization As with many sparse regression methods, normalization is necessary to

balance the relative influence of dictionary elements and embeddings coordinates. Multi-

plying gj by a non-zero constant and dividing its corresponding B·j by the same constant

leaves the reconstruction error of all y’s invariant, but a↵ects the norm ||B·j ||. Therefore,

the relative scaling of the dictionary functions gj can influence the recovered support S, by

favoring the dictionary functions whose columns have larger norm. A similar e↵ect is present

if a particular embedding coordinate �k is rescaled by a constant. For example, multiplying

a certain �k by a number close to zero will cause the penalty accrued by learned coe�cients
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for that coordinate to be smaller than for the other coe�cients, and for that �k to dominate

support recovery.

We therefore normalize all grad
�̂(M) �1:m and gradM g1:p as follows. Denote f a function

on M, which can be either a coordinate function or a dictionary function. When f is defined

on M, but not outside M, we calculate the normalizing constant

⇣2 =
1

n

nX

i=1

k gradM f(⇠i)||2; (3.7)

then we set f  f/⇣. The above ⇣ is the finite sample version of k gradM fkL2(M), integrated

w.r.t. the data density on M. We apply this normalization to coordinate functions �k, but

it could also be applied to functions gj when they are defined only onM. A similar approach

was used in Haufe et al. [2009].

When function f is defined on a neighborhood around M in RD, we compute the nor-

malizing constant with respect to rf . That is,

⇣2 =
1

n

nX

i=1

krf(⇠i)k2. (3.8)

Then, once again, we set f  f/⇣. We apply this normalization to our dictionary functions

gj . This approximates normalization by ||rgj ||L2(M). Since |rgj(⇠i)|2= |gradM gj(⇠i)|2+|rg?
j
(⇠i)|2,

where rg?
j

denotes the component of rgj orthogonal to M, normalization prior to pro-

jection penalizes functions with large rg?
j

and favors functions whose gradients are more

parallel to the tangent space of M. Note that, in the high-dimensional setting, we expect

random functions to have gradient perpendicular to T M, and so these will be penalized by

our normalization strategy.

Tuning Tuning parameters are often selected by cross-validation in Lasso-type problems.

However, in our setting, the recovered support generally span the tangent space, and as

discussed in Section 3.5, we are theoretically motivated to identify a size d support. Since

the cardinality of the support decreases as the tuning parameter � is increased, we base

our choice of � on matching the cardinality of the support to d. Su�cient conditions for

this estimation strategy are given in Section 3.5. To identify this �, which we call �0, we

perform a simple binary search over � in the range [0,�max] where �max, the theoretical
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maximum � value, is �max = maxj(
P

n

i=1(k gradM gj(⇠i))k22)1/2 for TSLasso and �max =

maxj(
P

n

i=1

P
m

k=1(gradM gj(⇠i))>(gradM �k(⇠i)))1/2 in ManifoldLasso

3.5 Support Recovery Guarantee

In this section, we discuss the behavior of our proposed algorithms theoretically. When

minimal parametrization exists and is unique, we provide su�cient conditions so that

TSLasso correctly selects this group with high probability w.r.t. sampling on the manifold

and this probability converges to one if sample size tends to infinity. Meanwhile, it is more

di�cult to generate end-to-end support recovery result for ManifoldLasso , as it is almost

impossible to perform probabilistic analysis of an arbitrary embedding algorithm. However,

we are still able to discuss conditions for successful support recovery given any embedding

coordinates by repeating very similar arguments presented in this section. Hence those

theoretical results of ManifoldLasso are omitted.

Assumption 3.1. Throughout this section, we assume the followings to be true.

1. M is a d-dimensional C`, ` � 1 compact manifold with reach ⌧ > 0 embedded in RD

with inherited Euclidean metric.

2. Data {⇠i}ni=1 are sampled from some probability measure P on the manifold that has

a Radon-Nikodym derivative ⇡(⇠) with respect to the Hausdor↵ measure. There exist

two positive constants ⇡min,⇡max such that 0 < ⇡min  ⇡(⇠)  ⇡max for all ⇠ 2M.

3. Dictionary F = {gj(⇠) : j 2 [p]} contains p C1 functions defined on a neighborhood

of M in RD. Further assume that � := inf⇠2Mminj2[p]||rgj(⇠)||> 0 and denote

� := sup⇠2Mmaxj2[p]||rgj(⇠i)||.

4. S ⇢ [p], |S| = d is the only subset such that rank gS = d a.e. on M w.r.t. Hausdor↵

measure.

Assumption 1 on manifold and 2 on sampling are common in the manifold estimation

literature (e.g. Aamari and Levrard [2018]). The positive reach in 1 will avoid extreme
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curvature and bizarre behavior of the manifold, and the assumption 2 on the density en-

forces the uniformity of sampling. Assumption 3 restricts the smoothness of all dictionary

functions and ensures that all dictionary functions do not have critical points on M as a

function on RD. One should also notice that � <1 by the compactness assumption of M.

Now we are ready to prove support recovery consistency under suitable conditions. Let

B̂ be the solution of problem (3.4) and S(B̂) be the nonzero rows of B̂. We will show that

the probability of S(B̂) = S converges to 1 as n increases. We start by defining

bS = inf
⇠:rank dgS(⇠)=d

min
j2S

||B⇠,{j}||2 . (3.9)

Larger bS is an indicator of higher strength of signal. Further consider the matrix X̃⇠ whose

j-th column is X⇠,·j/||rgj(⇠)||. Correspondingly we can define X̃⇠,S as the submatrix of X̃

with columns in S. Let G⇠,S = diag{||rgj(⇠)||}j2S and define

µS = sup
⇠2M,j2S,j0 /2S

|X̃>
⇠,·jX̃⇠,·j0 | , (3.10)

⌫S = sup
⇠2M

||(X̃>
⇠,S

X̃⇠,S)
�1 �G2

⇠,S
|| . (3.11)

Here ⌫S is finite if µS < 1/(d � 1), guaranteed by the Gershgorin circle theorem. The

parameter µS can be thought of as a renormalized incoherence between the functions in S

and those not in S; ⌫S is a internal colinearity parameter, which is small when the columns

of XS(⇠) are closer to orthogonality and the gradient of functions in S are more parallel to

the tangent space. We also define

�S = sup
⇠2M

max
j2S

||rgj(⇠)||2 , (3.12)

which upper bounds the Euclidean gradient of functions in S.

Theorem 3.1. Suppose Assumptions 3.1 hold. In algorithm 5, suppose tangent spaces

are estimated by WL-PCA in using Gaussian kernel and bandwidth parameter choice ✏n =

rn = C((log n/(n� 1))1/d) with large enough constant C, and normalization on dictionary

is performed as described in 3.4. If (1 + ⌫S/�2)µS�S�d < 1 and �n(1 + ⌫S/�2) < bS
p
n/2,

then there is a constant N depending only on M,⇡min,⇡max such that when n > N , it holds

that

Pr(S(bB) = S) � 1� 4(
1

n
)
2
d . (3.13)
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The proof is contained in the supplementary material. The main idea is first to find a

su�cient condition so that given correct gradient of each function TSLasso can find the

correct support, assuming correct estimation of the tangent space. Then we consider this

condition in the case where gradient is estimated from data and obtain the guarantee by

the fact that tangent spaces can be consistently estimated with larger sample size.

There are some di↵erences to be noted of this recovery result compared with classical

recovery guarantees in Group Lasso type problems in e.g. Wainwright [2009], Obozinski

et al. [2011], Elyaderani et al. [2017]. First, we cannot adopt directly the usual assumption

in Lasso literature that each column of X has unit norm, considering the normalization in

Section 3.4. Also, the asymptotic regime we are considering here is only n!1. Although

we are using a Group Lasso type optimization problem, the dimension p is fixed since we

only consider the fixed dictionary. There is no other conditions between p and n in our

result, as required in many literature. Third, the noise structure is not the same as a

general Group Lasso problem since the source of noise is estimation of tangent space. Since

we are sampling on the manifold, there is no noise level parameter that appears in standard

Lasso literature. In a simulation experiment, we also explore the behavior of our method

on noisy settings.

3.6 Experiments

We illustrate the behavior of TSLasso and ManifoldLasso on both synthetic and real

data. Our synthetic data sets include a swiss roll in R49 and a rigid ethanol data in R50

and our real datasets are data molecular dynamics simulation (MDS) for three di↵erent

molecules (Ethanol , Malonaldehyde and Toluene). Experiments were performed in Python

on a 16 core Linux Debian Cluster with 768 gigabytes of RAM. Code is available at https://

github.com/sjkoelle/montlake and implementation is completed by collaborator Samson

Koelle.

For all of the experiments, the data consist of n data points inD dimensions. TSLasso and

ManifoldLasso are applied to a uniformly random subset of size n0 = |I| using p dictio-
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nary functions, and this process is repeated ! number of times. Note that the entire data

set is used for tangent space estimation. In our experiments, the intrinsic dimension d is

assumed known, but could be estimated by a method such as in Levina and Bickel [2004].

The local tangent space kernel bandwidth hn is estimated using the algorithm of Joncas

et al. [2017] for molecular dynamics data. Parameters are summarized in Table 3.1. More

details on the MDS data preprocessing can be found in the appendix of this chapter 3.8.4.

3.6.1 Validation of TSLasso

Results on Swiss Roll synthetic data We begin our experimental study by demon-

strating that TSLasso is invariant to the choice of embedding algorithm on the classic

unpunctured SwissRoll dataset. This dataset consists of points sampled from a two dimen-

sional rectangle and rolled up along one of the two axes aFigure 3.2a shows the SwissRoll

dataset in R3, then randomly rotated in D = 49 dimensions.

The dictionary F consists of g1,2, the two intrinsic coordinates, as well as gj+2 = ⇠j , for

j = 1, · · · 49, the coordinates of the feature space. Applying TSLasso to the embeddings

identifies the set S = {g1, g2} as the manifold parametrization. This successful recovery of

parametrizing functions is observed in each replicate. Figure 3.2b shows the regularization

path in one replicates.

Results on Rigid Ethanol Dataset We construct an ethanol skeleton composed of

the atoms shown in Figure 3.7a. We then sample configurations as we rotate the atoms

around the C-C and C-O bonds. In contrast with the MD trajectories, which are simulated

according to quantum dynamics, these two angles are distributed uniformly over a grid, and

Gaussian noise (ND(0,�2ID)) is added to the position of each atom. We call the resultant

dataset RigidEthanol. As expected given our two a priori known degrees of freedom, Figures

3.3a, 3.3b and 3.3c show that the estimated manifold is a two-dimensional surface with a

torus topology similar to that observed for the MD Ethanol in Figure 3.8a. In particular,

it is parameterized by bond torsions g1 and g2. The dictionary contains the 12 torsions

implicitly defined by the bond diagram, the same as the MDS real data experiment. The

function pattern is also the same as the real ethanol dataset.
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Figure 3.4a-3.4c show the result of experiments on regid ethanol without any noise. We

can tell from the result that over all 25 replicates, TSLasso successfully recover the true

support, one function from each colinear group.

With the increase in noise, we display the watch plot in figure 3.5a-3.5d. With the

increase in the noise, it is possible that TSLasso do not recover the correct support. For

example when noise level is � = 0.1, in all replicates, TSLasso selects two functions in the

same group. Interestingly, when we look at the embedding given by Di↵usion Maps at this

noise level, we observe that the torus topology is broken, as shown in figure 3.6a and 3.6b.

Results on MDS data We display the experimental results on molecular dynamic simu-

lation data. Original data are available at https://figshare.com/s/fbd95c10b09f1140389d.

Dataset n Na D d hn m n0 p !

SwissRoll 10000 NA 49 2 .18 2 100 51 1

RigidEthanol 10000 9 50 2 3.5 3 100 12 25

Ethanol 50000 9 50 2 3.5 3 100 12 25

Malonaldehyde 50000 9 50 2 3.5 3 100 12 25

Toluene 50000 16 50 1 1.9 2 100 30 25

Table 3.1: Summary of experiments. SwissRoll and RigidEthanol are toy data, while

Toluene, Ethanol, and Malonaldehyde are from quantum molecular dynamics simula-

tions by Chmiela et al. [2017a]. The columns list the following experimental parameters:

n is the sample size for manifold embedding, Na is the number of atoms in the molecule,

D is the dimension of ⇠, d is the intrinsic dimension, hn is the kernel bandwidth, m is the

embedding dimension used for ManifoldLasso , n0 is the size of the subsample used for

TSLasso and ManifoldLasso, p is the dictionary size, and ! is the number of indepen-

dent repetitions of TSLasso and ManifoldLasso.
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These simulations dynamically generate atomic configurations which, due to interatomic

interactions, exhibit non-linear, multiscale, non-i.i.d. noise, as well as non-trivial topology

and geometry. That is, they lie near a low-dimensional manifold Das et al. [2006]. Such

simulations are reasonable application for TSLasso because there is no sparse parameteri-

zation of the data manifold known a priori. Such parameterizations are useful. They provide

scientific insight about the data generating mechanism, and can be used to bias future sim-

ulations. However, these parameterizations are typically are detected by a trained human

expert manually inspecting embedded data manifolds for covariates of interest. Therefore,

we instead apply TSLasso to identify functional covariates that parameterize this mani-

fold.

We obtain a Euclidean group-invariant featurization of the atomic coordinates as a

vector of planar angles ai 2 R3(Na

3 ): the planar angles formed by triplets of atoms in the

molecule [Chen et al., 2019]. We then perform an SVD on this featurization, and project

the data onto the top D = 50 singular vectors to remove linear redundancies. Note that

this represents a particular metric on the molecular shape space.

The dictionaries we considered are constructed on bond diagram, a priori information

about molecular structure garnered from historical work. Building a dictionary based on

this structure is akin to many other methods in the field [Krenn et al., 2020, Xie et al., 2019].

Specifically, this dictionary consist of all equivalence classes of 4-tuples of atoms implicitly

defined along the molecule skeletons.

Since original angular data featurization is an overparameterization of the shape space,

one cannot use automatically obtained gradients in TSLasso. We therefore project the

gradients prior to normalization on the tangent bundle of the shape space as it is embedded

in RD.

For TSLasso, the regularization parameter �n ranges from 0 to the value for which

||B.j ||2 = 0 for all j. The last d surviving dictionary functions are chosen as the parameter-

ization for the manifold.

The toluene case is a manifold with d = 1. We observe that in all replicates, TSLassosuccessfully

select one of the six torsions associated with the peripheral methyl group bond, which shows

the ability of our algorithm to automatically select appropriate parametrizing functions.
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We plot the incoherence for Ethanol and Malonaldehyde as the heatmap in figure 3.7b

and 3.7f, which present two groups of highly linearly dependent torsions, corresponding to

the two bonds between heavy atoms in the molecules. Therefore, we expect to select a pair

of incoherent torsions out of these dictionaries. In figure 3.7h and 3.7d, support recovery

frequencies for sets of size d = s = 2 using TSLasso on ethanol and malonaldehyde data

respectively. As we expected, TSLasso select one function from the two groups of highly

colinear functions in most replicates. These results shows that our approach is able to

identify embedding coordinates that are comparable or preferable to the a priori known

functional support.

Also we point out that in our experiments, the subsampled size n0 = 100 is only around

1% of the whole dataset and in almost all replicates this subsample is su�cient to obtain a

valid parametrization. Tangent space estimation is only needed for these points. Therefore

bypassing the usual manifold embedding procedure (on the whole dataset) we are able to

obtain interpretable embeddings with fewer samples and in a shorter time.

Comparison with embeddings and TSLasso The of nonlinear dimension reduction

usually are generated subsequently to running a non-parametric manifold learning algo-

rithm, either through visual or saliency-based analyses, but we are able to achieve com-

parable results without the use of such an algorithm. These results also suggest that the

local denoising property of the tangent space estimation, coupled with the global regular-

ity imposed by the assumption that the manifold is parameterized by the same functions

throughout, is su�cient to replicate the denoising e↵ect of a manifold learning algorithm.

Plus, with the help of domain functions, our embeddings come with good interpretability.

The comparisons with Di↵usion maps of Toluene are shown in the introduction. Here

we display some comparison of TSLasso with Di↵usion maps on real MDS data, which

are widely used for dimension reduction. Figure 3.8a and 3.8b shows that the two functions

selected from the TSLasso indeed parameterize the structure of the data. As the values

are roughly varying along with two circles of the torus. Figure 3.9a and 3.9b shows a pair

of functions selected by TSLasso .
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3.6.2 Validation of ManifoldLasso

In this subsection we illustrate experimental results for ManifoldLasso . For all of the

following experiments, the data consist of n data points in D dimensions, as well an em-

bedding �1:m(D). We assume access to the manifold dimension d, a kernel bandwidth hn

used in the estimation of the tangent spaces, and p dictionary functions. Except where oth-

erwise specified, m and ✏M are used in the preliminary step of generating embeddings �1:m

using the di↵usion maps algorithm as EmbeddingAlg. ManifoldLasso is applied to a

uniformly random subset of size n0 = |I| and this process is repeated ! number of times.

These parameters are passed to the Laplacian, TangentSpaceBasis, RMetric, and

PullBackD algorithms, and are summarized in Table 3.1. The regularization parameter

� ranges over [0,�max] as described in Section 3.4.

Results on Swiss Roll synthetic data The construction of Swiss Roll data is the

same as in validation of TSLasso with the same dictionary. We learn the manifold using

three techniques: local tangent space alignment, di↵usion maps, and isomap, shown in

Figures 3.10c, 3.10e and 3.10g. For comparison, we also analyze the “trivial embedding”

�Internal1 = g1, �Internal2 = g2 (Figure 3.10a). These rectilinear coordinates are colored in

red and blue, and show clear associations with the other embedding coordinates.

Applying ManifoldLasso to the embeddings identifies the set S = {g1, g2} as the

manifold explanation, and identifies the association of the recovered support with individ-

ual embedding coordinates �1,2. By visual inspection of Figures 3.10a, 3.10c, 3.10e, and

3.10g, we see that all embedding algorithms recover the original manifold, although the

embeddings �Iso,�DM , . . . are not isometric (this is particularly noticeable with di↵usion

maps), and sign changes are possible. Figures 3.10b, 3.10d, 3.10f and 3.10h demonstrate

that ManifoldLasso recovers the two manifold-specific coordinate functions in each case,

while the coe�cients �3:51 decay rapidly to 0 with �. Furthermore, each of g1 and g2 is

always mapped to the correct embedding coordinate. The regularization paths are virtually

identical for all embeddings, even though the embeddings are not isometric.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 3.10: Results for SwissRoll embedded using a variety of manifold learning algo-

rithms. Figure 3.10a shows the data mapped w.r.t. the edges of the rectangle colored by g1

in red and g2 in blue. Figures 3.10c, 3.10e, and 3.10g display embeddings of SwissRoll gen-

erated by several di↵erent manifold learning methods, colored by the rectilinear coordinates

in red and blue. Figures 3.10b, 3.10d, 3.10f, and 3.10h display the regularization paths of

ManifoldLasso for these embeddings. The combined norms k�jk used in Manifold-

Lasso are given on the left, and the norms for the individual embedding coordinates k�jkk

on the right.
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Results of ManifoldLasso on a Rigid Ethanol Data We also validate Manifold-

Lasso on a rigid ethanol skeleton data set, constructed the same as the one for TSLasso .

As expected given our two a priori known degrees of freedom, Figures 3.11b and 3.11c show

that the estimated manifold is a two-dimensional surface with a torus topology parameter-

ized by bond torsions g1 and g2 similar to that observed for the MD Ethanol in Figure

3.1.

Results of ManifoldLasso on MDS data Bond diagrams are based on a priori

information about molecular structure garnered from historical work. Building a dictionary

based on this structure is akin to many other methods in the field [Krenn et al., 2020, Xie

et al., 2019]. As in the case of RigidEthanol, our dictionaries consist of all equivalence

classes of 4-tuples of atoms implicitly defined by bond diagrams, and the incoherence plots

for Ethanol and Malonaldehyde in Figures 3.12a and 3.12d show two groups of highly

dependent torsions, corresponding to the two bonds between heavy atoms in the molecules.

We have labelled these by their central bond. For example, g1 of ethanol is described by 9

functionally dependent torsions, since each central carbon has three peripheral atoms, while

g2 of ethanol is described by only 3 functionally dependent torsions, since, by the diagram,

the oxygen atom only has one peripheral atom. Therefore, success means recovering a pair

of incoherent torsions out of these dictionaries. For Toluene, the manifold dimension is

d = 1 and success means recovering one of the 6 torsions associated with the peripheral

methyl group bond. For this molecule, there are also p�6 = 24 torsions that do not explain

the data manifold. These correspond to bonds within the main benzene ring. We apply

ManifoldLasso with these dictionaries to the embeddings shown in Figure 3.1.

As Figure 3.12 shows, ManifoldLasso is always able to identify torsions corresponding

to the expected labelled bonds. Figures 3.12b, 3.12e, and 3.12g show combined regulariza-

tion paths for single replicates of ManifoldLasso, and Figures 3.12c, 3.12f and 3.12h

show frequencies of support recovery of sets of size d over w = 25 replicates. Manifold-

Lasso finds that the toroidal Ethanol manifold is explained by pairs of torsions from the

C-O and C-C bonds, while Malonaldehyde is explained by one of each of the two central

bonds. Toluene is explained by the torsion of the peripheral methyl group. These agree
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with our domain-expert validated parameterizations in figure 3.1.

3.7 Discussion

In this section, we discuss compare this chapter with related works.

Nonparametric methods of obtaining embeddings We draw a firm distinction be-

tween our approach and purely non-parametric methods that attempt to learn a parameter-

ization of M. For example, the early works of Saul and Roweis [2003] and Teh and Roweis

[2002] (and references therein) propose parametrizing the manifold by finite mixtures of lo-

cal linear models, aligned so as to provides global coordinates, in a way reminiscent of Local

Tangent Space Alignment [Zhang and Zha, 2004]. Another idea is to use d eigenfunctions

of the Laplace-Beltrami operator �M as a parametrization of M. Hence, the Di↵usion

Maps coordinates could be considered such a parametrization [Coifman and Lafon, 2006,

Coifman et al., 2005, Gear, 2012]. However, these are not in and of themselves interpretable,

and it is not clear how many such coordinates are needed [Chen and Meilă, 2019]. In Mo-

hammed and Narayanan [2017], it was shown that principal curves and surfaces can provide

an approximate manifold parametrization. These methods can often be used as embedding

algorithms in our approach, but make no attempts at synergizing with an interpretable dic-

tionary. Dsilva et al. [2018] tackle the related problem of choosing among the infinitely many

Laplacian eigenfunctions d which provide a d-dimensional parametrization of the manifold.

Their approach is to solve a sequence of Local Linear Embedding [Roweis and Saul, 2000]

problems, each aiming to represent an eigenfunction as a combination of the preceding ones.

Similarly, Chen and Meilă [2019] is another method for reducing the number of ”covarying”

eigenfunctions. However, these methods fail to provide physical meaning for the selected

functions.

Our work di↵ers from the above entirely non-parametric methods in two key ways: (1)

the explanations we obtain are endowed with the meaning of the domain specific dictionaries,

(2) less obviously, descriptors like principal curves or Laplacian eigenfunctions are generally

still non-parametric (i.e exist in infinite dimensional function spaces), while the parameter-

izations by dictionaries we obtain (e.g. the torsions) are in finite dimensional spaces. This
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distinction is mirrored in comparison with the many so-called dictionary learning methods

in which a low-dimensional transformation is learned simultaneously with its inverse. We

note that our method is not dictionary learning per se, but rather sparse coding, in which

the dictionary is given [Szabó et al., 2011].

Symbolic regression The symbolic regression methods of Brunton et al. [2016], Rudy

et al. [2019], and Champion et al. [2019] for estimating governing laws of dynamical systems

are perhaps most similar to this work. These methods use sparse regression with respect to

a dictionary and the idea of di↵erential composition. Their goal is to identify the functional

equations of non-linear dynamical systems by regressing the time derivatives of the state

variables on a subset of functions in the dictionary selected using a sparsity inducing penalty.

This provides a natural interpretability. However, although these methods can loosely be

considered univariate analogs, they do not consider the multidimensional data-manifold, and

their synergies with dimension-reduction algorithms are developed in separate directions.

Sparse regression With respect to sparse regression, the seminal Group Lasso paper of

Yuan and Lin [2006] and support recovery analyses of Elyaderani et al. [2017], Wainwright

[2009] are central to our approach. However, our use of replicates in experiments is reminis-

cent of the Stability Selection method of Meinshausen and Bühlmann [2010]. Such methods

address instabilities of the variable selection, in particular, when restrictive theoretical con-

ditions are violated [Zhao and Yu, 2006, Huan Xu et al., 2012]. Some attractive alternate

approaches to this problem that we do not pursue are the use of non-convex penalties such

as SCAD [Fan and Li, 2001, Breheny and Huang, 2011] and weighted data points in the

Adaptive Lasso [Zou, 2006]. We note the method of Haufe et al. [2009], which applies group

lasso to analyze sparse decomposition of vectors fields, albeit in a di↵erent setting.

We also draw several distinctions between the TSLasso method and the Manifold-

Lasso method presented in this chapter. First, ManifoldLasso uses the same essential

idea of sparse linear regression in gradient space, but in order to explain individual embed-

ding coordinate functions. In contrast, we have no consistent matching between unit vectors

in Id, and so can only provide an overall regularization path, rather than one corresponding
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to individual tangent basis vectors. The tangent bases are not themselves gradients of a

known function, and, indeed it may not be the case that such a function even exists. Sec-

ond, TSLasso method dispenses with the entire Embedding algorithm, Riemannian metric

estimation, and pulling back the embedding gradients steps in ManifoldLasso , while pro-

viding almost everything a user can get from ManifoldLasso . Apart from simplification,

TSLasso can be run on n0 ⌧ n data points, about 1/500 of the data in our experiments,

while the algorithm in ManifoldLasso computes an embedding from all data points.

Hence, all operations before the actual GroupLasso are hundreds of times faster than in

ManifoldLasso .

Although in this chapter the dictionary consists of functions with physical meaning, our

general principle of finding parametric geometrically-motivated approximations of learned

representations is relevant to a range of machine learning contexts. Examining functions

in embedding coordinates is quite typical in genomics [Amir et al., 2013], and much deep

learning work also makes use of explicit traversal of a latent space [Lin et al., 2020, Shukla

et al., 2018]. It is also known in a range of settings that learned gradients provide inter-

pretable [Adebayo et al., 2018] or otherwise statistically-useful information [Wu et al., 2010,

Constantine et al., 2014, Yang, 2020]. Our approach relies on the classical weighted local

PCA method for tangent space estimation [Joncas et al., 2017, Aamari and Levrard, 2019].

Improvement of this estimator in the presence of noise is an active area of research [Puchkin

and Spokoiny, 2019].

3.8 Proof of results in chapter 3

In this section we will provide additional proofs to the theoretical results in the main text.

3.8.1 Proofs for Section 3.1

Proof of proposition 3.1. If F is a parametrization for a.e. ⇠ 2 M, F is a local di↵eo-

morphism, i.e., there exists a neighborhood V0 ⇢ M such that F is a di↵eomorphism

on V0. Then on V0 there is an inverse F�1 such that F � F�1 = Id. By chain rule we

have rankF = d on M�. On the other hand if rankF = d almost everywhere on M, let

M� = {⇠ : rankF = d}, then at each ⇠ 2M�, consider the coordinate representation of the
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linear map dF : it must contains a d⇥d invertible submatrix. Since F is C1, in a local neigh-

borhood V0 this submatrix has positive determinant. Hence V0 ⇢M�. Then by the global

rank theorem F is a local di↵eomorphism on V0 to F (V0) and hence a parametrization.

Proof of proposition 3.2. Since both F, F 0 are parametrizations, then a.e. onM, their ranks

are d. it then su�ces to prove that there exists a function ⌧ that F1 = ⌧ �F2 and ⌧ is smooth

almost everywhere in Rm2 .

Define M� = {⇠ : rankF2 = d}. We first show that there exists a smooth function ⌧

defined on F2(M�) such that F1 = ⌧ � F2 on M�. Once this is achieved, by Sard’s theorem

[Lee, 2003], F2(MrM�) has Lebesgue measure zero in Rm2 so that we can assign arbitrary

value of ⌧ on F2(MrM�) and the desired result is proved.

To show the claim, we first fix a local point ⇠ 2M� with a local chart (U,'). Denote

the i � th component function of F1, F2 to be F i

1, F
i

2 respectively. Lemma 3.1 implies

that for each ⇠ 2 M�, there exists some neighborhood U⇠ 2 M� of ⇠ and C1 functions

⌧ i
⇠
: Rm2 ! R, i = 1, 2, · · · ,m1 such that

F i

1(⇠) = (F i

1 � '�1)('(⇠)) = ⌧ i
⇠
(F2 � '�1('(⇠))) = ⌧ i

⇠
(F2(⇠)), for i = 1, 2, · · · ,m1, ⇠ 2 U⇠.

(3.14)

Here we should notice that ⌧ i
⇠
is defined only on F2(U⇠). Since this holds for every ⇠ 2M�,

we can find an open cover {U⇠} of the original manifold M�. By partition of unity in Lemma

3.2, namely that M� admits a smooth partition of unity subordinate to the cover {U⇠}. We

denote this partition of unity by  ⇠(·).

Hence we can define

⌧ i(y) =
X

⇠2M�

 ⇠(F
�1
2 (y))⌧ i

⇠
(y), y 2 F2(M�). (3.15)

where ⌧ i is a function mapping from F2(M�) ! R. For each fixed ⇠ 2 M�, the function

y !  ⇠(F
�1
2 (y))⌧ i

⇠
(y) for y 2 F2(M�) is C1. According to the properties of partition of

unity, in a local neighborhood of each point, this is a summation of finitely many smooth

functions. Then this ⌧ i will be a C1 function on F2(M�). Also, by 1 =
P

x
 x(⇠), it holds

that ⌧ i(gS0(⇠)) = F i

2(⇠) for any i = 1, · · · ,m1.
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Therefore, globally in U we have

F i

1(⇠) = ⌧ i(F2(⇠)), for i = 1, · · · ,m1, ⇠ 2M�. (3.16)

Hence the desired result holds.

Lemma 3.1 (Remark 2 after Zorich [2004] Theorem 2 in Section 8.6.2). Let f : U ! Rm

be a mapping defined in an open neighborhood U ⇢ Rd of a point x? 2 Rd. Suppose

f 2 C`, the rank of the mapping f is k at every point in U , and k < m. Moreover, assume

that the principal minor of order k of the matrix Df is not zero at x?. Then in some

neighborhood Ux? ⇢ U there exist m� k C` functions gi, i = k+1, · · · ,m such that for any

x = (x1, · · · , xd) 2 U(x?),

gi(x1, x2, · · · , xd) = gi(g1(x1, x2, · · · , xd), g2(x1, x2, · · · , xd), · · · , gk(x1, x2, · · · , xd)).

(3.17)

Partitions of unity enable us to expand the above lemma from local to global. Mathe-

matically, a smooth partition of unity subordinate to {U↵} is an indexed family ( ↵)↵2A of

smooth functions  ↵ : M! R with the following properties:

1. 0   ↵(⇠) for all ↵ 2 A and all ⇠ 2M;

2. supp  ↵ ⇢ U↵ for each ↵ 2 A;

3. Every ⇠ 2M has a neighborhood that intersects supp  ↵ for only finitely many values

of ↵;

4.
P

↵2A  ↵(⇠) = 1 for all ⇠ 2M.

Lemma 3.2 (Lee [2003] Theorem 2.23). Suppose that M is a smooth manifold, and {U↵}↵2A
is any indexed open cover of M. Then there exists a smooth partition of unity subordinate

to {U↵}.
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3.8.2 Proofs of basis-invariance property of TSLasso

Proposition 3.3. Consider alternative bases T0
i
= Ti�i where �i are d ⇥ d orthonormal

matrices. If {Bi}ni=1 minimizes (3.4), then in the new tangent bases, {Bi�i}ni=1 minimizes

the corresponding loss function, which is constructed through replacing Xi by �iXi in (3.4).

Furthermore, the selected support S is independent of the basis chosen for each tangent

space.

Proof of Proposition 3.3. It su�ces to show that the loss in (3.4) does not change under

orthogonal transformation of individual tangent bases. As long as this holds, Bi�i must

minimize the loss since otherwise one could argue that J�n
(B) is not a minimum value for

the original tangent space bases. Note that the norm ||B.j ||2 is unitary invariant. This

is because B.j = (j � th row of Bi)ni=1 is constructed by stacking the j�th row of each

Bi. Hence the new norm is given by the norm of (j � th row of Bi�i)ni=1; therefore the

Group Lasso penalty doesn’t change after changing Bi to Bi�i for each i. Finally, it

holds that ||Id��>
i
XiBi�i||2F= ||�>

i
(Id �XiBi)�i||2F= ||Id�XiBi||2F , so the `2-loss is not

changed under orthonormal transformation of the tangent bases. These rotation invariances

guarantee the same support S.

3.8.3 Proof of section 3.5

We start with stating the following lemma, which gives the su�cient and necessary condition

of certain matrices Bi to be the solution to problem (3.4). It also provides conditions on

unique support recovery and unique solutions. The proof is standard in convex analysis

literature; we follow a procedure as in [Wainwright, 2009].

Lemma 3.3. 1. Matrix B is the optimal solution to problem (3.4) if and only if there

exists an matrix Z = (z>1 , z
>
2 , · · · , z>p )> 2 Rp⇥nd such that

zj =

8
><

>:

�i

||�i|| �i 6= 0 ,

2 Rnd with ||zj ||2 1, otherwise ;
(3.18)

and
⇣
X>

1 (Id �X1B1),X>
2 (Id �X2B2), · · · ,X>

n (Id �XnBn)
⌘
=

�np
nd

Z . (3.19)
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.

2. If under the setting of (a), further in (3.18), we have ||zi||< 1 whenever �i = 0, then

all optimal solutions eB of Tangent Lasso problem will have support S(eB) ⇢ S(B).

3. Under setting of (a) and (b). Let XiS(B) be the submatrix constructed by the S(B)

columns of of Xi. If all X>
iS(B)XiS(B) are invertible, then the TSLasso solution is

unique.

Proof of lemma 3.3. Before we further explore the result, we transform the problem (3.4).

We stack the matrices at each point together. We will now write

X =

0

BBBBBB@

X1

X2

· · ·

Xn

1

CCCCCCA
2 Rnd⇥p, B =

⇣
B1,B2, · · · ,Bn

⌘
2 Rp⇥nd .

Then �j is the j � th row for B. Further let matrix

Ei =
⇣
0, · · · ,0, Id,0, · · · ,0

⌘>
2 Rnd⇥d

be the block matrix with the i� th block being identity matrix and the other blocks are all

zeros. Then the loss function of TSLasso can be rewritten as

J�n
(B) =

1

2

nX

i=1

||E>
i (Ind �XB)Ei||2F+

�np
nd

||B||1,2 . (3.20)

where ||B||1,2 is the norm defined by
P

p

j=1||�j ||2.

The proof of this lemma is standard technique in convex analysis. Define hi(B) =

||E>
i
(Ind �XB)Ei||2F penalty part and g is the group lasso penalty.

The first step is to compute the gradient of hi(B) with respect to B. For any H 2 Rp⇥nd,

compute

hi(B+H)� hi(B)

= trace(E>
i (Ind �X(B+H))Ei)

>(E>
i (Ind �X(B+H))Ei)� trace(E>

i (Ind �XB)Ei)
>(E>

i (Ind �XB)Ei)

= �2 trace(H>X>EiE
>
i (Ind �XB)EiE

>
i ) +O(||H||2F )

= �2
D
H,X>EiE

>
i (Ind �XB)EiE

>
i

E

F

+O(||H||2F ) .
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Hence we can conclude that rBhi(B) = �2X>EiE>
i
(Ind � XB)EiE>

i
= �2X>Ei(Id �

XiBi)E>
i
, and therefore

rB
1

2

nX

i=1

||Id �XiBi||2F =
nX

i=1

�X>Ei(Id �XiBi)E
>
i

= �
⇣
X>

1 (Id �X1B1),X>
2 (Id �X2B2), · · · ,X>

n (Id �XnBn)
⌘

.

(3.21)

Recall that we use �i to denote the i� th row of B. We use a similar argument in proof

of lemma 2 of [Obozinski et al., 2011] and notice that the original optimization problem is

convex and strictly feasible (hence strong duality holds). The primal problem is

min
B2Rp⇥nd

b2Rp

1

2

nX

i=1

||E>
i (Ind �XB)Ei||2F+

�np
nd

pX

j=1

bj

s.t. (�j , bj) 2 K, 1  j  p ,

where K is the second-order cone as usually defined. The dual problem is given by

max
Z2Rp⇥nd

t2Rp

min
B2Rp⇥nd

b2Rp

L(B, b,Z, t) =
1

2

nX

i=1

||E>
i (Ind �XB)Ei||2F+

�np
nd

pX

j=1

bj +
pX

j=1

h(zj , tj), (�j , bj)i

s.t. (zj , tj) 2 K� ,

where zj 2 Rnd is the j�th row of Z. Note that K� is the polar cone of K and second order

cone is self-dual. Hence we have (zi,�Ti) 2 K.

Since the primal problem is strictly feasible, strong duality holds. For any pair of (B⇤, b⇤)

and (Z⇤, t⇤) primal and dual solutions, they have to satisfy the KKT condtion that

||�⇤j ||2  b⇤j , 1  j  p , (3.22a)

||z⇤j ||2  �t⇤j , 1  j  p , (3.22b)

z⇤Tj �⇤j + t⇤jb
⇤
j = 0, 1  j  p , (3.22c)

rB

"
1

2

nX

i=1

||Id �XiBi||2F

#
+ Z⇤ = 0 , (3.22d)

�np
nd

+ t⇤j = 0 . (3.22e)



51

Note that (3.22c)implies that t⇤
j
= � �np

nd
. Then by (3.22a) and (3.22b) we have ||z⇤T

j
�⇤
j
||

�np
nd
||�j ||2. Notice that the equality holds in (3.22c), there fore ||z⇤

j
||=

p
nd

�n
and b⇤

j
= ||�⇤

j
||.

Renormalize z⇤
j
=

p
nd

�n
z⇤
j
and part (a) holds. For part b, for any j, z⇤T

j
�j = ||�j ||2. Then

�j = 0 must hold for any ||zj ||< 1. For part (c) note that in this case the loss function is

strictly convex when the original problem is restricted to minimizing over B : �i = 0, 8i /2

S(B). This strict convexity implies the uniqueness of solution.

The previous lemma provides a tool for understanding the support recovery consistency

of TSLasso.

For any arbitrary S ⇢ [p] such that rankXiS = d holds for all i 2 [n], we establish a

su�cient condition on XiS such that they can be discovered by the TSLasso. Suppose at

each data point i, we decompose the matrix Id by

Id = XiSB
⇤
iS +WiS , (3.23)

where B⇤
iS
s are |S|⇥ d matrices that only has non zero entries in rows in S and minimizes

the loss ||Id �XiBi||2F . In fact, since XiS is full rank, there exists a unique B⇤
iS

for each i

such that WiS = 0. Denote B⇤
i,j· be the j�th row in B⇤

iS
and define

bS = min
i2[n]

min
j2S

||B⇤
i,j·|| . (3.24)

This is a sample version of bS defined in (3.9).

The following lemma shows a su�cient condition on Xi so that the true support can

be found. We first define several derived quantities of Xi. Denoting the j�th column of

matrix Xi by xij , we define

S-incoherence µ̃S = max
i=1:n,j2S,j0 /2S

|x>
ij
xij0 |

||rgj(⇠i)||||rgj0(⇠i)||
. (3.25a)

internal-colinearity ⌫̃S = max
ı=1:n

||(X̃>
iSX̃iS)

�1 �GS(⇠i)
2|| . (3.25b)

maximal gradient norm �̃S = max
i=1:n

max
j2S

||rgj(⇠i)|| . (3.25c)

These are sampled version of µS ,⌫S and �S defined on the whole manifold from (3.10),(3.11)

and (3.12).

Now we are ready to prove theorem 3.1. We start with some lemmas in linear algebra.
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Lemma 3.4. Let A,B be d⇥d positive definite matrices. Then ||A�1 �B�1|| ||B�1||||A�B||.

Lemma 3.5. Let A,B be two d ⇥ d matrices. A is positive semidefinite. Denote ||A||1,2

be the maximum `2 norm of the rows of A. Then ||AB||1,2
p
d||A||||B||F .

Proof of lemma 3.5. Write A = (aij)d⇥d,B = (bij)d⇥d, then by definition

||AB||21,2 = max
i=1:d

dX

j=1

 
dX

k=1

aikbkj

!2

 max
i=1:d

dX

j=1

 
dX

k=1

a2
ik

! 
dX

k=1

b2
kj

!


 
max
i=1:d

dX

k=1

a2
ik

!0

@
dX

j=1

dX

k=1

b2
kj

1

A

= d||A||21,2||B||2F .

Since A is positive semidefinite, we have

||A||21,2 = max
i=1:d

(AA)
ii
 ||A2||= ||A||2 .

Hence we conclude the desired result.

Lemma 3.6. Let � = min⇠2Mminj=1:p||rgj(⇠)||, then ||(X>
iS
XiS)�1||2 1 + ⌫̃S

�2
.

Proof of 3.6. Recall that GS(⇠i) = diag{||rgj(⇠i)||}j,j02S . We first consider that

||(X>
iSXiS)

�1 � Id||2

=||G�1
S

(⇠i)(X̃
>
iSX̃iS)

�1GS(⇠i)
�1 �G�1

S
(⇠i)GS(⇠i)

2G�1
S

(⇠i)||

||(X̃>
iSX̃iS)

�1 �GS(⇠i)
2||||G�1

S
(⇠i)||2

 ⌫̃S
�2

.

And the desired results come from triangular inequality.

Lemma 3.7. Let {⇠i}ni=1 be fixed data points on M. Let �̃ = min⇠2Mminj=1:p||rgj(⇠)|| and

� = max⇠2Mmaxj=1:p||rgj(⇠)|| Let µ̃S , ⌫̃S , �̃S defined from XiS according to (3.25a),(3.25b)
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and (3.25c) respectively. Then Tangent Lasso problem (3.4) has a unique solution bB =

[bB1, bB2, · · · , bBn] 2 Rp⇥nd with support S(bB) included in the true support S if (1+ ⌫̃S

�2
)µ̃S�̃S�d <

1. Furthermore, if �n(1 + ⌫̃S/�2) < b̃S
p
n/2, then S(bB) = S.

Proof of lemma 3.7. We follow the procedure of Primal-Dual witness method (see e.g.Wainwright

[2009], Obozinski et al. [2011], Elyaderani et al. [2017]).

Still considering the reformulated optimization problem (3.20), we first find bB from

minimizing a restricted optimization problem

min
S(B)⇢S

J�n
(B) =

1

2

nX

i=1

||E>
i (Ind �XB)Ei||2F+

�np
nd

||B||1,2 . (3.26)

We then construct a dual solution bZ and show that bB is the solution to the origi-

nal optimization problem. We write zj as the j�th row of bZ and decompose each bzj =

[bzj,1, bzj,2, · · · , bzj,n]. According to lemma 3.3, we can solve for bZ from those optimality con-

ditions.

First, notice that

bBiS �B⇤
iS = � �np

nd
(X>

iSXiS)
�1bZS,i .

where bZS is constructed by concatenating the j 2 S row of bZi.

For an d⇥ d matrix A, we write ||A||1,2= maxd
i=1||ai||2, where ai is the i�th row of A.

Then it holds that from lemma 3.5

||(X>
iSXiS)

�1bZS,i||1,2 ||(X>
iSXiS)

�1||||bZS,i||F .

Therefore recall that ||bZS ||1,2= 1 we conclude that ||bZS,i||F
p
d⌫̃S . And adopting

lemma 3.6 we have

||(X>
iSXiS)

�1bZS,i||1,2
p
d(1 +

⌫̃S
�2

) .

According to (3.8.3) if �n
p
d(1+ ⌫̃S

�2
)/
p
nd < 1

2 b̃S , then ||bBiS,j·||� 1
2 b̃S for each row j 2 S.

And this condition is satisfied by the assumption.

On the other hand, for any j0 /2 S, we have

bzj0,i = x>
ij0XiS(X

>
iSXiS)

�1bZS,i .
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It su�ces to verify that ||bzj ||< 1 for all j0 /2 S. For any i, we have

||x>
ij0XiS(X

>
iSXiS)

�1||2 (1+
⌫̃S
�2

)||x>
ij0XiS ||2

p
d(1+

⌫̃S
�2

)µ̃S ||rgj0(⇠i)||max
j2S

||rgj(⇠i)||
p
d(1+

⌫̃S
�2

)µ̃S�̃S� .

Directly compute that

||bzj0 ||2 
nX

i=1

||x>
ij0XiS(X

>
iSXiS)

�1bZS,i||22


nX

i=1

||x>
ij0XiS(X

>
iSXiS)

�1||22||bZS,i||2F

 d(1 +
⌫̃S
�2

)2µ̃2
S�̃

2
S�

2
nX

i=1

||bZS,i||2F

 (1 +
⌫̃S
�2

)2µ̃2
S�̃

2
S�

2d2 < 1 .

This lemma is the recovery result if the tangent space is estimated without any noise.

Note that this conditions also implies further results on the ’isometric’ property of TSLasso.

If there are two di↵erent subsets S, S0 such that |S| = |S0| = d and both has rank d at each

data point. Then for both subsets, X>
iS
XiS are invertible, and the lemma also implies that

µ̃S ⌫̃Sd < 1 cannot hold at the same time for both subsets. The one picked by TSLasso

(usually) has a lower value of ⌫̃S , and will be closer to isometry to some extent.

This recovery result does not involve the tuning parameter for false inclusion. Therefore,

it justifies our selection of tuning parameter that force the support has cardinality less than

d. If we do observe d functions selected and they have rank d everywhere, then under

incoherence condition they must be a right parameterization. To avoid false exclusion, the

tuning parameter �n cannot be too large.

Now we connect these support recovery results inherent to our optimization approach

with the tangent space estimation algorithm. Let Ti, bTi be the orthogonal basis in RD⇥d

for true and estimated tangent space respectively, and write

e =
n

max
i=1

||TiT
>
i � bTi

bT>
i ||2 . (3.27)

We have the following recovery result in the setting that gradient is estimated with some

noise.
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Lemma 3.8. Let ⇠i, i = 1 : n be fixed data points on manifold M ⇢ RD. Given S a subset

of functions in dictionary F = {gj , j 2 [p]} with |S| = d. Suppose rank grad gS = d at each

data point. Fix Ti as an orthonormal basis of tangent space at ⇠i, and bTi a basis for the

estimated tangent space. And further define Xi = T>
i
[rgj ], bXi = bT>

i
[rgj ], j 2 [p] where r

is the ambient gradient. Define B⇤
iS
, b̃S the same as lemma 3.7. Assume that ||rgj ||= 1 for

all ⇠i, i 2 [n], j 2 [p]. Define µ̃S , ⌫̃S from (3.25a) and (3.25b) and e from (3.27). Then let

bB be the solution of TSLasso problem

J�n
(B) =

1

2

nX

i=1

||Id � bXiBi||2F+
�np
nd

||B||1,2 . (3.28)

If (1 + ⌫̃S/�2)µ̃S�̃S�d < 1 and �n(1 + ⌫̃S/�2) < b̃S
p
n/2, there exists a positive constant c0

such that if e < c0 then S(bB) = S.

Proof of lemma 3.8. The proof is direct by identifying the new µ̃0
S
, ⌫̃ 0

S
parameters under

noisy estimation of tangent space. The other parameters �̃S ,�, � are not related with

tangent spaces and thus remains unchanged.

Denote bxij the j�th column of bXi. Similarly, to (3.25a), we first bound

bx>ijbxij0 = rgj(⇠i)>[bTi
bT>
i �TiT

>
i ]rgj(⇠i) +rgj(⇠i)>TiT

>
i rgj(⇠i)

 ||bTi
bT>
i �TiT

>
i ||2||rgj(⇠i)||||rgj0(⇠i)||+µ̃S ||rgj(⇠i)||||rgj0(⇠i)||, for all j 2 S, j0 /2 S, i 2 [n] .

So µ̃0
S
 µ̃S + e.

By definition, let

b̃XiS =

"
bT>
i
rgj(⇠i)

||rgj(⇠i)||

#

j2S

= bXiSG(⇠i)
�1

where G(⇠i) = diag{||rgj(⇠i)||}j2S and then we have

⌫̃ 0S = ||( b̃X
>
iS
b̃XiS)

�1 �G(⇠i)
�2|| ⌫̃S + ||( b̃X

>
iS
b̃XiS)

�1 � (X̃>
iSX̃iS)

�1|| .

It su�ces to upper bound the second term. We can apply lemma 3.4, the perturbation

bound of inverse of positive definite matrices. It su�ce to compute

||(X̃>
iSX̃iS)

�1||  ||(X̃>
iSX̃iS)

�1 �GS(⇠i)
2 +GS(⇠i)

2|| �̃2S + ⌫̃S .
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And since for any j, j0 2 S, it holds that

|( b̃X
>
iS
b̃XiS)jj0 � (X̃>

iSX̃iS)jj0 |  ||TiT
>
i � bTi

bT>
i || e .

|| b̃X
>
iS
b̃XiS � X̃>

iSX̃iS ||  d

s

max
j,j0

|( b̃X
>
iS
b̃XiS)jj0 � (X̃>

iS
X̃iS)jj0 |  de .

And thus we have

||( b̃X
>
iS
b̃XiS)

�1 � (X̃>
iSX̃iS)

�1||  (
1

�2
+ ⌫̃S)|| b̃X

>
iS
b̃XiS � X̃>

iSX̃iS || (�̃2S + ⌫̃S)de .

Hence ⌫̃ 0
S
 ⌫̃S + (�̃2

S
+ ⌫̃S)de.

Let c̃1 := �B/2A+
p
B2 � 4AC/2A, where

A =
�̃2
S
+ ⌫̃S
�2

d, B =
µ̃Sd(�̃2S + ⌫̃S)

�2
+
⌫S
�2

+ 1, C = µ̃S(1 +
⌫S
�2

)� 1

�̃S�d
. (3.29)

If e < c̃1, then (1 +
⌫̃
0
S

�2
)µ̃0

S
�̃S�d < 1.

Let

c̃2 :=
�2

d(�̃2
S
+ ⌫̃S)

"
b̃S
p
n

2
� �n(1 +

⌫̃S
�2

)

#
. (3.30)

If e < c̃2, then �n(1 +
⌫̃
0
S

�2
)/
p
n < 1

2 b̃S .

The conditions of guarantees that c1, c2 are both positive. Hence take c0 = min{c1, c2},

lemma 3.7 guarantees exact recovery when e < c0.

Proof of theorem 3.1. With probability one, the following comparisons between sample based

quantities and whole manifold versions holds:

µ̃S  µS , ⌫̃S  ⌫S , �̃S  �S , b̃S � bS . (3.31)

Let c1, c2 be the same as c̃1, c̃2 defined in the proof of theorem 3.8, replacing all sample

version quantities µS , ⌫S ,�S , bS with their global manifold counterparts µS , ⌫S ,�S , bS .

Then the assumptions of the proposition guarantees that c1, c2 > 0 and further it holds

that c1  c̃1, c2  c̃2, hence with probability one when e < c0 = min{c1, c2}, e < c̃0 =

min{c̃1, c̃2}. Note that c0 is a constant determined by the manifold and the dictionary. It

su�ces to notice that

P (S(B̂) = S)  P (e < c0) � 1� 4

✓
1

n

◆ 2
d

(3.32)

given by lemma 3.9.
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Lemma 3.9 (Proposition in Aamari and Levrard [2018]). For su�ciently large C, let

rN = C(log n/(n � 1))1/d, tangent spaces T̂i estimated by WL-PCA in section ?? with

linear kernel satisfy that with probability at least 1� 4(1/n)2/d

max
i=1:n

||TiT
>
i � T̂iT̂

>
i ||= O(rN ) = O((

log n

n� 1
)
1
d ) . (3.33)

Remark 3.1. Note that in this lemma, the hidden constant in big-O notation is determined

by the manifold and sampling density.

3.8.4 Backgrounds on molecule dynamic simulation data

The method of MD simulations is one of the principal tools in the study of molecular sys-

tems. Such simulations provide detailed information on the fluctuations and conformational

changes of the system, and are now routinely used to investigate the structure, dynamics and

thermodynamics of biological macromolecules and their complexes. In such simulations, the

positions of atoms within a molecule are sampled as they proceed through time from some

initial conditions according to interatomic e↵ects. The distribution of this sample describes

the molecule’s behavior in the given experimental conditions. It has been shown empiri-

cally that manifolds approximate these high-dimensional distributions [Dsilva et al., 2013].

Accordingly, application of manifold learning to find the collective coordinates has achieved

great success [Das et al., 2006, Tribello et al., 2012, Noé and Clementi, 2017, Sidky et al.,

2020]. Even though the vector of atomic coordinates can take any value, due to interatomic

interactions, the relative positions of atoms within the molecule lie near a low-dimensional

slow manifold. Performing manifold learning on these data separates the conformational

changes, modeled by the manifold, from the fluctuations represented by the “noise” around

the manifold.

Representing molecular configurations

Our MD data are quantum-simulations from Chmiela et al. [2017a]. The raw data consists of

X,Y, Z coordinates for each of theNa atoms of the chosen molecule. For a single observation,
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we denote these by ri 2 R3Na . The first step in our data analysis pipeline is to featurize

the configuration in a way that is invariant to rotation and translation. In the present

experiments, we follow Chen et al. [2019] and represent a molecular configuration as a vector

ai 2 R3(Na

3 ) of the planar angles formed by triplets of atoms. We then perform an SVD

on this featurization, and project the data onto the top D = 50 singular vectors to remove

linear redundancies; we denote the new data points by ⇠1:n. The EmbeddingAlg and

TangentSpaceBasis algorithms work directly with ⇠ in dimension D. Other possible

representations such as applying a Procrustes transform to each configuration to align it

with the first one give similar results, and no matter which low level representation we

choose, large-scale conformational changes are described by the relative rotations of groups

of atoms - the bond torsions illustrated in Figure 3.1 [Chen et al., 2019].

Dictionaries for MD Data

Therefore, in the RigidEthanol, Ethanol, Malonaldehyde, and Toluene MD datasets,

we construct dictionaries consisting of bond torsions. We then apply ManifoldLasso to

select combinations of these higher-level torsion features that explain the manifold in the

lower-level planar angle feature space. Given an ordered 4-tuple of atoms ABCD, the

torsion gABCD is the angle of the planes defined by the locations of ABC and BCD. Note

that gABCD ⌘ gDBCA ⌘ gDCBA ⌘ gACBD. Any torsion g is expressible in closed form as

functions of the planar angles feature vector a. In particular, a torsion gABCD is a function

of the angles of the triangles inscribing atoms ABC, ABD, ACD, and BCD. We compute

the gradients of the torsions by automatic di↵erentiation [Paszke et al., 2019].

One cannot use the obtained gradients directly in ManifoldLasso, since the angu-

lar features overparameterize the molecular shape space ⌃Na

3 [Addicoat and Collins, 2010,

Kendall, 1989] of dimension D0 = 3Na � 7, and o↵-manifold gradients are therefore not

well-defined. For example, whether one chooses to use triangles ABC, ABD, and ACD,

or ABC, ABD, and BCD to compute gABCD has no e↵ect on the value of gABCD, but

changes the value of its partial derivatives in RD. We therefore project the gradients on the

tangent bundle of the shape space as it is embedded in RD.
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(a) Toluene (b) Ethanol (c) Malonaldehyde

(d) (e) (f)

(g) Torsion example (h) (i)

Figure 3.1: Manifold coordinates with physical meaning in molecular dynamics (MD) simu-

lations. 3.1a-3.1c Diagrams of the toluene (C7H8), ethanol (C2H5OH), and malonaldehyde

(C3H4O2) molecules, with the carbon (C) atoms in grey, the oxygen (O) atoms in red, and

the hydrogen (H) atoms in white. Bonds defining important torsions gj are marked in or-

ange and blue. The bond torsion is the angle of the planes inscribing the first three and last

three atoms on the line (3.1g). 3.1d Embedding of the configurations of toluene into m = 2

dimensions, showing a manifold of d = 1. The color corresponds to the values of the orange

torsion g1. 3.1e, 3.1h Embedding of the configurations of the ethanol in m = 3 dimensions,

showing a manifold of dimension d = 2, respectively colored by the blue and orange torsions

in Figure 3.1b. 3.1f, 3.1i. Embedding of the configurations of malonaldehyde in m = 3

dimensions, showing a manifold of dimension d = 2, respectively colored by the blue and

orange torsions in Figure 3.1c.
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(a) (b)

Figure 3.2: Swiss Roll data and result. Left: Unrotated swiss roll dataset in R3. This

dataset is then randomly rotated into R49. Right: The regularization path of TSLasso on

SwissRoll datatset in one replicate. Note that in fact there are two functions selected and

their regularization path added together.

(a) (b) (c)

Figure 3.3: PCA features and Di↵usion Map embedding features of rigid ethanol data

without noise.
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(a) (b) (c)

Figure 3.4: Results of Rigid Ethanol Experiment with no noise. Left: cosine plots of dictio-

nary functions, showing the existence of two groups of highly colinear functions. Middle:

regularization path in one replicate. Right: The frequency of each pair of function selected

in all 25 replicates.

(a) � = 0.0001 (b) � = 0.001 (c) � = 0.01 (d) � = 0.1

Figure 3.5: Watch plot of support recovery frequencies under di↵erent noise levels.

(a) (b)

Figure 3.6: Di↵usion map embedding for synthetic rigid ethanol data. Data points are

colored by the true torsion g1 and g2 respectively.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 3.7: Results from molecular dynamics data. 3.7a, 3.7e show bond diagrams for

ethanol and malonaldehyde, respectively. 3.7b and 3.7f show the heatmap of cosines (inco-

herences) of dictionary functions. The color is darker when there is more colinearity. 3.7c,

3.7g are regularization paths for a single replicate of ethanol and malonaldehyde. Note that

in both figures there are a redundant trajectory of two functions that are added together.

3.7d, 3.7h Selection of pairs of functions for ethanol and malonaldehyde over replicants us-

ing TSLasso . The node point on the circles represents all functions in the dictionary and

the number along the lines are frequencies of each pairs selected over 25 repetitions. 3.7d

means in all 25 repetitions, TSLasso selects g1,1 and g2,1, which are the bond torsions

around C-C bond and C-O bond respectively. 3.7h show that in 24 out of 25 replicates,

TSLasso is able to select one function from each highly colinear function group.



63

(a) (b)

Figure 3.8: Di↵usion map embedding for real ethanol data. Data points are colored by the

two torsion functions g0, g9 found by TSLasso respectively.

(a) (b)

Figure 3.9: Di↵usion map embedding for Malonaldehyde data. Data points are colored by

the two torsion functions found by TSLasso respectively.
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(a) (b) (c)

(d) (e) (f)

Figure 3.11: Results of ManifoldLasso for RigidEthanol. Figure 3.11a shows the sim-

plified dynamics of our rigid molecular simulation. Atoms in the rigid ethanol skeleton are

articulated around the C-O and C-C bonds by a torus of rotations. Figure 3.11b shows the

learned torus, colored by C-C torsion g1 from Figure 3.1. Figure 3.11c shows the same torus,

colored by the C-O torsion g2 from Figure 3.1. Figure 3.11d displays the incoherences, i.e.

pairwise collinearities of dictionary gradients; C-C torsions functionally dependent on g1

are in orange, C-O torsions functionally dependent on g2 are in blue. Figure 3.11e shows

combined regularization paths k�jk vs. � for a single replicate. The tuning parameter at

which |S| = d is indicated by the vertical black line. The chord diagram in Figure 3.11f

represents the frequency of selecting each pair of torsions in replicate experiments. The fre-

quencies with which individual torsions are selected are given by the sizes of the perimeter

dots corresponding to each dictionary element, while the frequencies with which pairs of

torsions are selected are given by the line widths connecting the dots.
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 3.12: Results for MD data with a priori dictionaries given by the bond diagrams

in Figure 3.1. The three rows correspond to Ethanol, Malonaldehyde, and Toluene,

respectively. Figures 3.12a and 3.12d display pairwise collinearities of dictionary gradients,

colored by bond as in Figure 3.1. Toluene, a 1�d manifold, has trivial cosines, and so these

are not shown. Figures 3.12b, 3.12e, and 3.12g show combined regularization paths of k�jk

for single replicates. Vertical black lines indicate the tuning parameter at which |S| = d.

Figures 3.12c, 3.12f, and 3.12h show chord diagrams displaying frequency of support recovery

of sets of size d for 25 replicates. As for RigidEthanol, two-dimensional support recovery

frequency is denoted by chord width, and one-dimensional support recovery frequency is

denoted by size of perimeter dot. Note that blue in toluene corresponds to torsions in the

benzene ring.
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Part II

CLUSTERING WITH STABILITY GUARANTEES
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Chapter 4

BACKGROUNDS ON CLUSTERING WITH GUARANTEES

In chapter 5 and 6, we will explore clustering problems. Clustering algorithms often su↵er

from instability issues as they involve hard optimization problems. In this chapter, we review

non-exhaustively on recent developments on clustering with guarantees on Euclidean data

and with known number of clusters, denoted by K. There are non-parametric clustering

algorithms that estimate K automatically (e.g. density-based clusterings, Dirichlet process

mixtures,etc) but they are out-of-scope of this dissertation.

The organization of this chapter is as follows: in section 4.1, we distinguish the two

clustering paradigms we discuss in this dissertation: hard-clustering (loss-based) and soft-

clustering (model-based). Afterwards, in section 4.2 we use K-means clustering as an ex-

ample of loss-based clustering and review recent progress on K-means clustering. in section

4.3 we discuss recent development on Gaussian mixture model, which is the most widely

used probabilistic model for model-based clustering.

4.1 Clustering problem formulation

Given dataset D = {xi}ni=1, a clustering C = {C1, · · · , CK} is a partition of the indice set

[n] into K non-empty subsets. Each subset C1, · · · , CK is called a cluster.

We often require that the subsets C1, · · · , CK are mutually disjoint, or equivalently, each

data point can belong to only one cluster. Such clustering paradigm is called hard clustering.

We could use a set of indicator function {�ik = 1i2Ck
} to represent this clustering. As we will

see, such hard clusterings are often obtained by minimizing a loss function. A loss function

Loss(D, C) specifies what kind of clusters the user is interested in via the optimization

problem below.

Clustering problem: Lopt = min
C2CK

Loss(D, C), with solution Copt . (4.1)
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The majority of interesting loss functions result in combinatorial optimization problems

(4.1) and known to be hard in the worst case. Here are two examples.

Example: K-Means clustering K-means clustering is one of the most classical clus-

tering methods that dates back to 1967. It minimizes the total within-cluster variances,

i.e.

min LossKm(D, C) = 1

n

KX

k=1

X

i2Ck

||xi � µk||2, with µk =
1

nk

X

i2Ck

xi for all k 2 [K] . (4.2)

Example: K-medoids clustering This method requires that in each cluster, there is

one data point that is the most representative of all data in that cluster, then its loss

function can be written as

minLossKc(D, C) = 1

n

KX

k=1

X

i2Ck

||xi � µk|| with µk = arg min
xi:i2Ck

X

j2Ck

||xj � xi|| for all k 2 [K] .

(4.3)

In contrast, we could also provide a degree of membership for each pair of data point

and cluster. In this case we relax �ik from {0, 1} to [0, 1]. Often we associate the data

with a probabilistic model and estimate the degree of membership �ik as the posterior

probability of each xi in cluster k. We call the clustering paradigm that generates degree

of memberships soft clustering.

Example: Gaussian mixture model One of the most widely used probabilistic model

for model-based clustering is Gaussian mixture model.

Definition 4.1 (Gaussian mixture model). Gaussian mixture model assume observed data

D = {xi}ni=1 ⇢ Rd are generated with an unobserved latent label yi following:

yi ⇠ Multinomial(w1, · · · , wK), xi|yi ⇠ ND(µyi
,⌃yi

) .

The parameter for a general Gaussian mixture model is (w1, . . . , wK , µ1, · · · , µK ,⌃1, · · · ,⌃K)

with the constraint that wk � 0,
P

K

k=1wk = 1. The density function is given by

f(x) =
KX

k=1

wkp(x|µk,⌃k),with p(x|µ,⌃) =
1

(2⇡| det⌃|)
d

2

exp

✓
�1

2
(x� µ)>⌃�1(x� µ)

◆
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Given a gaussian mixture model, the clustering assignment is given by �ik representing

the posterior probability of xi is generated with hidden label yi = k, defined as

�ik =
wkp(xi|µk,⌃k)P

K

k0=1wk0p(xi|µk0 ,⌃k0)
. (4.4)

Essentially, when the model used are parametric, model-based clustering are estimation

problems of model parameters. Ideally, parameter estimation methods can all be used

for estimating a model such as maximum likelihood estimation of methods of moment

estimation. For Gaussian mixture models, we will discuss in detail in section 4.3 of how to

implement these standard statistical procedure in Gaussian mixture model context.

4.2 K-means clustering

In this section, we review recent results on K-means clustering with more details. We will

first display Lloyd’s algorithm, the standard algorithm to solve K-means clustering prob-

lem. Then we turn to modern developments of convex relaxations of K-means clustering.

Afterwards we will discuss comparing clusterings and evaluating clustering results.

4.2.1 Solve K-means clustering problem

To establish K-means loss functions in a compact form, we introduce matrix representation

of clusterings. There are several standard matrix representations of clustering results, in

the forms of a mapping from CK to some matrix space.

• � : CK ! {0, 1}n⇥K ,�ik = 1i2Ck
.

• Z : CK ! [0, 1]n⇥K ,Zik =
1i2C

kp
nk

.

• S : CK ! {0, 1}n⇥n,Sij =

8
><

>:

1, if i, j 2 Ck for some k 2 [K]

0 otherwise
.

• X : CK ! [0, 1]n⇥n,Xij =

8
><

>:

1
nk

, if i, j 2 Ck for some k 2 [K]

0 otherwise
.
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Such representations are very useful in recent clustering literature. It simplifies the pre-

sentation of many loss functions in loss based clustering and enables the development of

convex relaxation techniques on hard clustering. For example, one can show that, let

Ã : Ãij = ||xi � xj ||2 be the pairwise squared distance matrix of dataset D, K-means

clustering is equivalent to minimizing the loss function

minLossKm(D, C) = hÃ,Xi . (4.5)

Directly optimizing loss functions such as in (4.2) and (4.3) is hard combinatorial op-

timization problem. For any given dimension d and number of clusters K, enumeration of

all possible clusterings can be done in O(ndK+1) [Inaba et al., 1994]. Further, finding exact

solution of K-means is NP-hard even when d = 2,K � 2 [Aloise et al., 2009] or K = 2, d � 3

[Mahajan et al., 2012].

Iterative algorithms that find local optimizers are developed. The standard method for

solving K-means clustering is Lloyd–Forgy algorithm [Lloyd, 1982]. Its major steps are

displayed in algorithm Lloyd. Although empirically, better initialization techniques such

as K-means++ performs better [Arthur and Vassilvitskii, 2007], this algorithm does not

have theoretical guarantee of convergence to global optimum.

Algorithm 7 Lloyd

1: Input:Dataset D = {xi}ni=1, number of clusters K.

2: Initialize: K centers µ(0)
1 , · · · , µ(0)

K
2 Rd.

3: while not converged do

4: Update cluster assignment: C(t)
k
 {i : k = argmink2[K]||xi � µ(t)

k
||}.

5: Update cluster mean: µ(t+1)
k

 1

|C(t)
k

|

P
i2C(t)

k

xi.

6: end while

4.2.2 Clustering with guarantee by convex relaxations

A convex relaxation of the problem (4.1) is an optimization problem defined as follows. Let

X be a convex set in a matrix space such that X � {X(C), C 2 CK}. Extend LossKm(D, C)
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to LossKm(D,X), convex in X for all X 2 X . Then,

L⇤ = min
X2X

LossKm(D,X), with solution X⇤ (4.6)

is a convex relaxtion for the clustering problem (4.1). In the above, the representation X(C)

can also be changed to other representation matrices (S,Z,etc), or a di↵erent injective

mapping of CK into a Euclidean space. Because X � CK , we have L⇤  Lopt and X⇤ is

generally not a clustering matrix.

For example, multiple convex relaxations exist for K-means clustering. These observa-

tions are based on the following proposition.

Proposition 4.1. For any clustering C, its clustering matrix X = X(C) has the following

property: Xij  Xii, 8i, j 2 [n] X1 = 1,TrX = K, ||X||2
F
= K,X is positive semidefinite.

Then convex relaxation for K-means clustering can be established through

• LP relaxation [Awasthi et al., 2015a]:

min
X2Rn⇥n

hÃ,Xi

s.t. Xij 2 [0, 1], 8i, j 2 [n]

Xij  Xii, 8i, j 2 [n]

X1 = 1

TrX = K .

• SDP relaxation [Awasthi et al., 2015a]:

min
X2Rn⇥n

hÃ,Xi

s.t. Xij � 0, 8i, j 2 [n]

Xij < 0

X1 = 1

TrX = K .
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Under stochastic ball model, such convex relaxations can provide recovery guarantee for

K-means clustering. Suppose that data are generated from a population P = K�1PK

i=1 Pk,

where each Pk is supported rotaionally symmetrically on a unit ball centered at µk. Assume

that the minimal distance of centers of these balls is c := mini 6=j ||µi � µj ||. Then the correct

clustering assignment can be achieved if c > 4 for LP relaxation and can be achieved for

c > 2
p
2(1 + 1/

p
d). Later in [Iguchi et al., 2017], this separation condition is relaxed to

c > 2 + K2Cond(µ1, · · · , µK)/d, where Cond characterizes the ratio between maximum

center separation and minimum center separation.

Also [Awasthi et al., 2015a] provides a pathetic example such that there exists pathetic

examples of stochastic ball model that the K-means++ with constant probability will con-

verge to a bad local minimum, even if the sample size tends to infinity and separation

between ball centers are large. In such pathetic cases, however, method based on convex

relaxations can still guarantee exact recovery.

Convex relaxations can also be established for other clustering problems. For graph

partitioning problems, Xing and Jordan [2003] introduced two relaxations based on Semi-

Definite Programs (SDP). Correlation clustering, a graph clustering problem appearing

in image analysis, has been given an SDP relaxation in Swamy [2004] and Ahmadian

and Swamy [2016]. For community detection under the Stochastic Block Model [Holland

et al., 1983] several SDP relaxations have been recently introduced by Chen and Xu [2016],

Vinayak et al. [2014] and Jalali et al. [2016] as well as Sum-of-Squares relaxations for finding

hidden cliques, in Deshpande and Montanari [2015]. For centroid based clustering, we have

Linear Program (LP) based relaxations for K-medians by Charikar and Guha [1999] and

K-means Awasthi et al. [2015b] and more recent, tighter relaxations via SDP in Awasthi

et al. [2015a]. Relaxations exist also for exemplar-based clustering [Zhu et al., 2014]. For

hierarchical clustering in the cost-based paradigm introduced by Dasgupta [2016], we have

LP relaxations introduced by Roy and Pokutta [2016], Charikar and Guha [1999], Charikar

and Chatziafratis [2017].
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4.2.3 External evaluation: comparing two clusterings

Although as an unsupervised method, there is no ground truth of clustering on the whole

dataset, it is often the case that labels based on domain knowledge are accessible. Thus,

it is necessary to compare clustering obtained from clustering algorithm and the ”true”

label. Such evaluation procedure is called external evaluation of clusterings. Therefore,

several methods of comparing two clusterings appear to determine if the algorithm output

is consistent with domain knowledge, i.e. ground truth clustering.

Confusion matrix Confusion matrix is a fundamental tool used to compare two hard

clusterings. When C = {Ck}Kk=1, C0 = {C 0
k0}K

0
k0=1 are two clusterings of the same data set

D = {xi}ni=1, we introduce the confusion matrix M to be

M 2 NK⇥K
0

+ ,with Mkk0 = |Ck \ C 0
k0 | .

We further denote

M·k0 =
KX

k=1

Mkk0 , Mk· =
K

0X

k0=1

Mkk0 .

Earth mover’s distance (misclassification error rate) between two clusterings C, C0

over the same set of n points is

dEM (C, C0) = 1� 1

n
max
⇡2SK

KX

k=1

0

B@
X

i2Ck\C0
⇡(k)

1

1

CA , (4.7)

where ⇡ ranges over the set of all permutations of K elements SK , and ⇡(k) indexes a cluster

in C0.

Using theX representation of clustering, the earth-mover distance can be upper bounded

through matrix distance through the following theorem.

Theorem 4.1 (Meilă [2012], Theorem 9). For two clusterings C, C0 with the same number

of clusters K, denote C = {C1, . . . CK}, and wmin = 1
n
min[K] |Ck|, wmax = 1

n
max[K] |Ck|.

Then, for any ✏  wmin, if
1
2kX(C)�X(C0)k2

F
 ✏

wmax
, then dEM (C, C0)  ✏.
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There exist other metrics to compare two clusterings, examples include rand index,

adjusted rand index, Fowlkes-Mallows scores, normalized mutual information, etc. Among

them, the most popular one is adjusted rand index, given by

AdjRand(C, C0) =

P
K

k=1

P
K

0

k0=1

�M
kk0
2

�
�
hP

K

k=1

�Mk·
2

�i hP
K

0

k0=1

�M·k0
2

�i��
n

2

�

hP
K

k=1

�Mk·
2

�
+
P

K0

k0=1

�M·k0
2

�i�
2�

hP
K

k=1

�Mk

2

�i hP
K0

k0=1

�M·k0
2

�i��
n

2

� .

4.2.4 Internal validation and resampling stability

Without ground truth clustering, it is then important to develop internal clustering metrics

that measure the quality of clusterings. Such metrics include siloutte score [Rousseeuw,

1987], Gap statistics [Tibshirani et al., 2001], etc. Mostly are developed to select number of

clusters. One closely related concept to this dissertation is resampling stability, which are

detailed reviewed in [Ben-David et al., 2006, Ben-David and von Luxburg, 2008, Ben-David

et al., 2007, von Luxburg, 2009]. The idea is the assumption that if the number of clusters

is correct, then the clustering should be stable with respect to resampling of data. The

procedure is summarized as follows:

• Construct b = 1, 2, · · · , B bootstrapped samples D⇤
b
= {x⇤

i
}n
i=1 and a di↵erent K-

means clustering Cb.

• Estimate the instability metric defined as 1

\Instab(K,D) =
2

B(B � 1)

X

1b<b0B

dEM (Cb, Cb0) . (4.8)

If we further assume that D is i.i.d. sample from some distribution P , then there are more

detailed results. We define Instab(K,n) = E \Instab(K,n)

• [Bubeck et al., 2009]: when P is a Gaussian mixture in one dimension with K = 2 well

separated components, then with high probability over sampling procedure, K-means

1
Essentially Cb, Cb0 are obtained on di↵erent data. However since they are both K-means clustering, they

are clustering induced by two sets of centers. Then the distance can be computed based on the union of

data D⇤
b [D⇤

b0 with the label induced by the centers.
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output (with K-means++ initialization) when setting K = 2 is stable; With constant

probability is instable when K = 3.

• [Ben-David et al., 2006, Ben-David et al., 2007]: denote L1(C) = limn!1 ELossKm(D, C).

Then limn!1 Instab(K,n) = 0 if and only if L1 has a unique global minimum.

• [Shamir and Tishby, 2008a,b, 2009]: When L1 has a unique global minimum solution,

the renormalized instablity criterion
p
nInstab(K,n) converges in probability to a

random variable depending on K and the center of the unique global minimum.

It is worthwhile to notice that, in most cases P has a unique global minimum no matter

what value K is. This is conjectured to be an artifact of finding solutions of K-means on

population level [von Luxburg, 2009]. As concluded in [Ben-David and von Luxburg, 2008],

resampling stability is not ideal for selecting number of K, due to multiple pathetic counter

examples.

4.2.5 Large sample properties of K-means loss

Finally, we briefly discuss large sample property of K-means loss under mild assumptions

of data generating distribution P .

Non-asymptotic Glivenko-Cantelli result Depending on di↵erent assumptions of P ,

Glivenko-Cantelli type results have been established in the form that with probability at

least 1� � over resampling size n sample D from P

sup
C2CK(D)

|L1(C)� LossKm(D, C)|   (n, �) .

• [Maurer and Pontil, 2010]: assume P is compactly supported in the sense that P (||Xi||

R) = 1 for some R > 0, then it holds for

 (n, �) = R2K

r
18⇡

n
+R2

r
8 log(1/�)

n
. (4.9)
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• [Telgarsky and Dasgupta, 2013]: assume p�the order moment of P is bounded by M ,

where p � 4 and is a multiple of 4, then it holds for

 (n, �) = n� 1
2+min{ 1

4 ,
2
p
}

0

@4 + (72c21 + 32M2
1 )

s
1

2
log

✓
3(nN1)dK

�

◆
+

s
2p/4ep

8n1/2

✓
6

�

◆ 4
p

1

A .

(4.10)

where

c1 = (2M)1/p, M1 = M1/(p�2) +M2/p, N1 = 2 + 576(c1 + c21 +M1 +M2
1 ) . (4.11)

Consistency and Asymptotic normality When P is such that L1 has a unique global

minimizer at centers µ = (µ⇤
1, · · · , µ⇤

K
), let µ̂ = (µ̂1, · · · , µ̂K) be the global minimizer of

Loss(C,D), then

• [Pollard, 1981]: {µ̂1, · · · , µ̂K}! {µ⇤
1, · · · , µ⇤

K
}, a.e.

• [Pollard, 1981]:
p
n(µ̂� µ) is asymptotically normal distributed.

4.3 Model-based clustering based on Gaussian mixture model

In this section, we introduce background knowledge of recent development of Gaussian

mixture model. As discussed earlier, essentially this is a parameter estimation problem.

Denote the parameter space

⇥ =

(
✓ : ✓ = (w1, · · · , wK , µ1, · · · , µK ,⌃1, · · · ,⌃K),

KX

k=1

wk = 1, wk � 0

)

Ideally this could be solve through maximum likelihood estimation over parameter space

max
✓2⇥

L(✓) =
1

n

nX

i=1

log(
KX

k=1

wkp(xi|µk,⌃k)) , (4.12)

where p(x|µk,⌃k) is the density function of d�dimensional multivariate Gaussian distribu-

tion with mean µk and covariance ⌃k.

However, the likelihood function has several undesired property.

• Parameter space ⇥ has high dimension (K + dK + d2K � 1).
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• Likelihood function L(✓) is unbounded: this is the case even with K = 2. The pathetic

case is one of the Gaussian components tend to degenerate to a point mass.

• Optimization problem is neither convex nor concave. In fact, finding exact solution is

NP-hard [Tosh and Dasgupta, 2018].

4.3.1 Expectation-Maximization algorithm and recent results

The current standard way of estimating GMM parameters is expectation-maximization(EM)

algorithm. The major steps of EM is showed in algorithm EM.

Algorithm 8 Expectation-Maximization

1: Input: Dataset D = {x}n
i=1, intializing parameters ✓(0) =

(w(0)
1 , · · · , w(0)

K
, µ(0)

1 , · · · , µ(0)
k

,⌃(0)
1 , · · · ,⌃(0)

K
.

2: Initialize ✓(0)  (w(0)
1 , · · · , w(0)

K
, µ(0)

1 , · · · , µ(0)
k

,⌃(0)
1 , · · · ,⌃(0)

K
).

3: while not converged do

4: E-Step Compute expected complete-data likelihood through �(t)
ik

as equation 4.4 and

Q(✓|✓(t)) =
nX

i=1

KX

k=1

�(t)
ik
(logw(t)

k
+ log p(x|µ(t)

k
,⌃(t)

k
)) .

5: M-Step Maximize Q(✓|✓(t)) and obtain

w(t+1)
k

=

P
n

i=1 �
(t)
ik

n
, µ(t+1)

k
=

P
n

i=1 �
(t)
ik
xi

P
n

i=1 �
(t)
ik

, ⌃(t+1)
k

=

P
n

i=1 �
(t)
ik
(xi � µ(t+1)

k
)(xi � µ(t+1)

k
)>

P
n

i=1 �
(t)
ik

.

6: end while

There are multiple variants of EM updates. For example, in generalized EM, it is not

necessarily to maximize Q function in the M-step, instead, it is su�cient to increase the

value of it. In first order EM [Balakrishnan et al., 2017], select a step size ↵, then the

parameters are updated through ✓(t+1) = ✓(t) + ↵r✓Q(✓(t)|✓(t)). When Gaussian mixtures

are in high dimension, with sparsity assumptions some algorithms specially designed for

high dimensional scenarios are developed.
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Although empirically, EM performs very well, there is still pathetic cases that EM will

converge to bad local minima [Jin et al., 2016a] with constant probability under random

initialization even if the sample size tends to infinity. Therefore, the recent progress on

EM’s (in Gaussian mixture model especially) theoretical guarantees rely on additional as-

sumptions of the distribution.

A key property [mcl, 2000] that guarantees EM convergence is called self-consistency

property : that is if ✓⇤ is the global optimizer of the likelihood function 4.12, then it holds

that ✓⇤ = argmaxQ(✓|✓⇤).

• separation of Gaussian means: [Dasgupta and Schulman, 2007] assumes that

when the mixtures of Gaussians are well separated2, EM will converge to the true

parameters in merely two iterations.

• local concavity: [Balakrishnan et al., 2017] considers first order EM, and showed

that population EM converges to global minimum if the initial points are close to the

true parameters and certain concavity assumptions are imposed on q(✓) = Q(✓|✓⇤).

• sparsity [Wang et al., 2015] (Liu Han High-dimensional EM) considers the statistical

guarantee of two-Gaussian mixtures with the same spherical covariances and the mean

vector of each component is sparse. Similar settings are explored in [] to introduce

guarantees for regularized EM.

• overspecified model Recently, [Dwivedi et al., 2018] discussed the statistical guar-

antee of EM performed on a component number K that is larger than the true model.

4.3.2 Separation-based Estimation

A di↵erent line of research regarding fitting Gaussian mixture model relies on the separation

assumption on the mean of the Gaussian means. These algorithms all assumes that the

minimal separation

c := min
i 6=j

||µi � µj ||
max{�max(⌃1),�max(⌃2)}

(4.13)

2
We will define this well-separation later
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is su�ciently large. Then statistical guarantee can be obtained based on their di↵erent

estimation strategies. Table 4.1 shows a few examples of research work in this line. In this

table, we are considering estimating a Gaussian mixture with K components in Rd. The

minimal component weight is wmin := mink2[K]wk.
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Other results show that it is necessary to assume separations on the components to

achieve general recovery guarantee of Gaussian mixtures. [Kalai et al., 2010] shows that

there exists two GMMs with very small total variation distance (O(e�k/30)) but are not close

⌦(1) in parameter distance without any separation conditions. [Regev and Vijayaraghavan,

2017] constructs examples such that two GMMs both with o(
p
logK) separation that has

large parameter distance and small total variation distance.

4.3.3 Method-of-moments based estimation

Another recently developed series of estimation procedure is based on moments estimates.

• [Hsu and Kakade, 2013]: Estimate mixtures of spherical Gaussians, assuming that

the space spanned by the component centers has dimension K. This method requires

estimation of up to third order moments and use a spectral algorithm to find each

components’ parameters. Consistency guarantees can be achieved under correctly

specified model.

• [Ge et al., 2015] generallizes [Hsu and Kakade, 2013] by extending spherical mixtures

of Gaussians to general covariance matrices. This method used tensor decomposition

techniques and requires estimation of up to 6�th moments. This method provide

guarantee that a smoothed Gaussian mixture can be learned with polynomially de-

pendence on n and K.

• [Wu and Yang, 2020]: Estimate one dimensional Gaussian location mixture model

(i.e. assuming the variances of each component to be the same). This method requires

estimation of up to 2K order of moments, and then use a SDP criterion to perform

a denoise procedure on the estimated moments. When the number of components

K = O(log n/ log log n), the authors show that this method reaches the optimal rate.

• [Doss et al., 2020]:: Estimate Gaussian location mixture model in high dimension.

When K is bounded, the centers are bounded and dimension d to be as large as n,

then this paper proposed a method that estimate the location parameters within time
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complexity O(nd2+n5/4). This method estimate projections of mean parameters into

one dimension through the method in [Wu and Yang, 2020] and recover the multi-

dimension parameters by a minimal W1 distance estimator.

4.3.4 Identifiability under total variation distance

Finally, we shall present recent results that studies the parameter identifiability of GMM.

In these results two GMM are distinguished through their total variation distance, i.e. for

two distributions P, P 0 with density p, p0 respectively, define

TV (P, P 0) =
1

2

Z
|p� p0|dx .

We first consider TV (P, P 0) ! 0. Let G =
P

k

k=1wk�(µk,⌃k), G
0 =

P
K

0

k0=1wk0�(µ
k0 ,⌃k0 )

,

we can view each GMM as an instance of atomic distributions on the parameter space.

Hence, we can consider the Wr distance of parameters defined by

Wr(G,G0) =

0

@inf
⇧

X

i,j

qij(||µi � µ0
j ||+||⌃i �⌃0

j ||)r
1

A

1
r

,

where ⇧ = (qij)i=1,··· ,K,j=1,··· ,K0 is a joint distribution over pairs (i, j).

Write GMM associate with G to be PG, then following results have been established in

[Ho and Nguyen, 2016]:

• Exact fitted Given G0 an atomic distribution with K0 atoms, there are positive con-

stants ✏0, C0 (depending on G0) such that as long as G has K0 atoms and W1(G,G0) 

✏0, it holds that TV (PG, PG0) � C0W1(G,G0).

• Over fitted Given G0 with an atomic distribution with K0 atoms, there are positive

constants ✏0, C0 depending on G0 such that as long as G has K � K0 + 1 atoms and

W2(G,G0)  ✏0, it holds that TV (PG, PG0) � C0W 2
2 (G,G0).

A second scenario is TV (P, P 0) being a positive constant. Recent results on robust

learning of Gaussian mixture models [Kane, 2021, Liu and Moitra, 2021, Bakshi et al.,

2022] establish the following identifiability result.
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Theorem 4.2. Consider two gaussian mixtures P =
P

K

k=1wkNd(µk,⌃k), P 0 =
P

K
0

k0=1w
0
k0Nd(µ0

k
,⌃0

k
).

Then there exists a partition (could be trivial) of [K] into sets R0, · · · , Rl and a parition of

[K 0] into sets S0, S1, · · · , Sl such that

1. There exists a su�ciently small g 2 (0, 1) such that or any i 2 {1, · · · , l},

|
X

j2Ri

wj �
X

j2Si

w0
j | = O(✏g

max{K,K
0}
) ;

TV (Nd(µk,⌃k),Nd(µk0 ,⌃k0)) = O(✏g
max{K,K

0}
) ;

2. |
P

j2R0
wj �

P
j2S0

w0
j
| = O(✏g

max{K,K
0}
) .

When the components of P, P 0 to be assumed to be separated by certain total variation

distance and mink2[K]wk,mink02[K0]w
k0

is lower bounded, then one further conclude that

K = K 0 and the each component in partition in the previous theorem contains exactly one

components. In other words, there exist a one-to-one correspondence between components

of P, P 0 such that their parameter distance is close.
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Chapter 5

OPTIMALITY INTERVAL OF K-MEANS CLUSTERING

5.1 Introduction

As we reviewed in the background chapter 4, there are many results for K-means clustering

with guarantee both empirically or theoretically. However, these remarkable results remain

disconnected from the practice of clustering because (i) they are asymptotic and depend on

unspecified constants, (ii) they assume that the global optimum is found. Most importantly,

these results do not distinguish between “clusterable” data and data that are not. The

property of having clusters is not generic. We focus on the best cases, when the data are

clusterable, as described shortly.

In this chapter, we show that resampling stability is not su�cient to characterize the

property of a clustering result. We then turn to a related characterization of clustering

stability in the form of the following theorem.

Stability Theorem (⇤). Given a clustering C of data set D, a loss function Loss, there is

a pair (�, ✏) such that dEM (C, C0)  ✏ whenever Loss(D, C0)  Loss(D, C) + �.

A clustering satisfying the Stability Theorem is called (�, ✏)-stable (or simply stable),

and a data set that admits an ✏-stable clustering is said to be (�, ✏)-clusterable (or simply

clusterable). The major loss function we shall study in this chapter is the K-means loss.

Here the data set D can be a population or a finite sample from that population. When

we are working with population, such stability notion gives a more accurate description of

how K-means loss behaves near global minimizers. Afterwards, we will establish a reliability

result to connect population stability and sample stability.

We also provide an algorithm that provides stability guarantee of finite sample clustering.

Given a sample D and a clustering C of this sample, we propose a framework for providing

guarantees for a given clustering C of a given set of points, without making untestable
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assumptions about the data generating process. In the simplest terms, the algorithm enables

a user to tell, with no prior knowledge, if the clustering C returned by a clustering algorithm

is meaningful? or correct? or optimal?

In the above definition dEM (C, C0) is the widely used earth mover’s distance (EM) dis-

tance between partitions of a set of n objects. Theorem ⇤ would be trivial if ✏ was arbitrarily

large; hence, we shall always require that ✏ be small, for instance, smaller than the relative

size of the smallest cluster in C.

A Stability Theorem states that any way to partition the data which is very di↵erent

from C will result in higher Loss. Hence, the data supports only one way to be partitioned

with low Loss, and small perturbations thereof. It should also be evident that it is not

possible to obtain such guarantees in general; they can only exist for specific data sets and

clusterings, as illustrated in Figure 5.1.

From Theorem (⇤) it follows immediately that Copt, the clustering minimizing Loss on

D, together with the entire sublevel set {C0, Loss(C0)  Loss(C)} is contained in the ball of

radius ✏ centered at C. We call this ball an optimality interval (OI) for Loss on D. Somehow

abusively, we will occasionally call ✏ itself an OI. Thus, from a practitioner’s point of view,

Stability Theorem gives a guarantee that the clustering found, C, is no more than ✏-away

from the optimum, and more importantly, that C is a set of similar clusterings, which are

the only possible groupings of the data to attain low Loss. Thus the theorem provides an

internal guarantee of (almost) correctness: given a Loss as an implicit model for “good

clustering”, the theorem can confirm that the sample D and the found clustering C, fit the

model well.

From a broader perspective, this chapter sits firmly within descriptive statistics. By

replacing distributional assumptions with quantities computed from data, we can obtain

post-inference guarantees in a model-free, finite-sample framework. The main technical

contribution that enables these results is the innovative use of convex analysis. By formu-

lating the stability theorem statement as a convex problem, we are able to obtain explicity

✏ values tractably. Even though the ✏ bounds we obtain are distribution free, worst case,

empirically they can tighter than the best known model-based bounds.

The organization of this chapter is as follows: In 5.2, we show how to compute a stability
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Good, stable C Bad C0 Unstable C00

OI ✏ = 10�4 no guarantee no guarantee

Figure 5.1: Left: a clusterable data set. Stability Theorem applied to these data results in ✏ = 10�3;

since ✏ < 1/n = 1/200, this guarantee implies that C is optimal w.r.t. Loss. Middle: the same data,

with a clustering C00 which is not stable. Right: a data set that is not clusterable. The clustering C00

shown is nearly optimal, but it is not stable, as the data admits other clusterings with similar Loss,

but very di↵erent from C00.

guarantee for K-means clustering with a given random sample. Such stability guarantee

can be understood as an optimality interval. Section 5.3 provides the precise definition

of stability in the population setting and discuss its relation with the resampling stability.

Afterwards in section 5.4 we provide preliminary discussion on stability of a population

and of a random sample from that population. Experiments are then shown in 5.5 to

demonstrate the algorithm proposed in 5.2.

5.2 Finite sample stability guarantee by convex relaxation

5.2.1 Sublevel set problems and the generic Sublevel Set method

In this section, we introduce a framework to provide (�, ✏) stability guarantee of a clustering

on finite sample. Suppose D = {x1, · · · , xn} are a given data set on RD. C is a clustering

that partition the indice set [n] to K mutually disjoint sets C1, · · · , CK . Still let wmin, wmax

be the proportion of data in the smallest and largest cluster, respectively. We consider X(C)

defined in section 4.2 as a matrix representation of a clustering. Let CK(D) be the space

of all clusterings with K clusters on this data set.
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Ideally, (�, ✏)-stability of a generic loss function Loss is defined as follows.

SS Problem: Original ✏ = max
C02CK(D)

dEM (C, C0), s.t. Loss(D, C0)  Loss(D, C) + � .

(5.1)

To simplify the presentation, in the remaining of this section we focus on the case � = 0,

but the procedure applies to � > 0 with little modification. When � = 0, the solution also

has an interpretation as optimality interval (OI). As a byproduct of the procedure, once a

local optimizing clustering is found, an OI can be computed to show how much di↵erence

this local optimizer is with the global minimizer.

Unfortunately, this original SS problem is usually an untractable optimization problem.

Instead of providing an exact solution to this problem, we propose to consider a conservative

upper bound: we will compute an ✏0 such that ✏ as the solution of problem 5.1 must be

upper bounded by ✏0.

The solution is to use an existing convex relaxation to obtain guarantees of the form

(⇤) for clustering. Given a Loss, its clustering problem (4.1), and a convex relaxation (4.6)

for it we proceed as follows:

Step 1: We use the convex relaxation to find a set of good clusterings that contains a

given C . This set is Xl = {X 2 X , Loss(D,X)  l} , the sublevel set of Loss, at the value

l = Loss(D, C). This set is convex when Loss is convex in X.

Step 2: We show that if Xl is su�ciently small, then all clusterings in it are contained

in the dEM ✏-ball {C0, dEM (C, C0)  ✏}. This ball is an optimality interval for D,Loss and

K.

In more detail, consider a dataset D, with a clustering C 2 CK . Assume for the given

Loss a convex relaxation exists, with feasible set X , and let X(C) be the image of C in X .

We modify the relaxed optimization problem (4.6) to define optimization problems such as

the one below, which we call (Relaxed) Sublevel Set (SS) problems.

SS Problem: Relaxed ✏0 = max
X02X

kX(C)�X0k, s.t. Loss(D,X0)  Loss(D,X(C)) .

(5.2)
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The norm || || can be chosen conveniently and in the case presented here it will be the

Frobenius norm || ||F defined in Proposition 4.1. The feasible set for (5.2) is XLoss(D,C), a

convex set. The convexity and tractability of this SS problem depends on its objective, and

we will show that the mapping X(C) in section 4.2, along with the Frobenius norm, always

leads to tractable SS problems. When the SS problem is tractable, then, by solving it we

obtain that ||X(C0)�X(C)||  ✏0 for all clusterings C0 with Loss(D, C0)  Loss(D,X(C)).

5.2.2 Optimality intervals for the K-means loss

This section instantiate how our framework work for K-means clustering. The objective is

to minimize the squared error loss, also known as the K-means loss

LossKm(D, C) =
1

n

KX

k=1

X

i2Ck

||xi � µk||2, with µk =
1

nk

X

i2Ck

xi, for k 2 [K] . (5.3)

Define the squared distances matrix Ã by

Ã = [Ãij ]i,j2[n], Ãij = ||xi � xj ||2 . (5.4)

where ||x|| denotes the Euclidean norm of x. Furthermore, let hA,Bi def= trace(A>B) denote

the Frobenius scalar product and recall that ||A||F = hA,Ai1/2. It can be shown that

LossKm is a function of the matrices X and Ã.

LossKm(D, C) ⌘ LossKm(Ã,X(C)) =
1

2n
hÃ,X(C)i . (5.5)

This formulation inspired Peng and Wei [2007] to propose the following convex relaxation

of the K-means problem.

min
X2X
hÃ,Xi . (5.6)

where X = {X 2 Rn⇥n, traceX = K, X1 = 1, Xij � 0, for i, j 2 [n], X ⌫ 0} is the set of

matrices satisfying the conditions in Proposition 4.1. In [Peng and Wei, 2007] it was shown

that problem (5.6) can be cast as a Semidefinite Program (SDP).

We use the relaxation (5.6) to obtain OI for K-means. We shall assume that a data

set D is given, and that the user has already found a clustering C of this data set (by e.g.

running the K-means algorithm).



89

The SDP below corresponds to the SS problem (5.2). The main di↵erence from equation

(5.2) is that we used the identity kX(C) � X0k2 = 2K � 2hX(C),X0i to obtain a convex

minimization objective instead of a norm maximization.

(SSKm) (C) = min
X02X

hX(C),X0i s.t.hÃ,X0i  hÃ,X(C)i . (5.7)

Our main result below states that when the value (C) is near K, it controls the maxi-

mum deviation from C of any other good clustering.

Theorem 5.1. Let D be represented by its squared distance matrix D, let C be a clustering

of D, with K,wmin, wmax as in theorem 4.1, and let (C) be the optimal value of problem

(SSKm). Then, if ✏ = (K � (C))wmax  wmin, any clustering C0 with Loss(C0)  Loss(C) is

at distance dEM (C, C0)  ✏.

When ✏ defined by Theorem 5.1 is smaller than the relative size of the smallest cluster,

then C, even though not necessarily optimal, is a representative of a small set that contains

the optimal clustering Copt as well as all the other clusterings that are as good as C. Some-

times, when ✏ < 1
n
, as in Figure 5.1, Theorem 5.1 also implies that C = Copt. With C and D

known, a user can solve this SDP in practice and obtain an OI defined by ✏. We summarize

this procedure below.

Input Data set with Ã 2 Rn⇥n defined as in (5.4), clustering C with K clusters,

wmin, wmax, and clustering matrix X(C).

1. Solve problem (SSKm) numerically (by e.g. calling a SDP solver); let  be the optimal

value obtained.

2. Set ✏ = (K � )wmax.

3. If ✏  wmin then

Theorem 5.1 holds: ✏ gives an OI for C.

else no guarantees for C by this method.
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The above method exemplifies the goals set forth in the Introduction; it depends only on

observed and computable quantities, and does not relie on assumptions about the data

generating process. These bounds exist only when the data is clusterable. Currently we

cannot show that all the clusterable cases can be given guarantees; this depends on the

tightness of the relaxation, as well as on the tightness of Step 2 of the SS method.

The SDP relaxation (5.6) is not the only way to obtain a SS problem for LossKm, and

we further illustrate the versatility of the SS method by constructing a second SS problem

for this clustering loss. In Awasthi et al. [2015a] the following relaxation to the K-means

problem is presented.

min
X2XLP

hÃ,Xi . (5.8)

In the above, the mapping C ! X(C) is the same as in section 4.2; the convex set XLP is

XLP = {traceX = K, X1 = 1, Xij  Xii for all i, j 2 [n], Xij 2 [0, 1] for all i, j 2 [n]}.

Relaxation (5.8) can be cast as a Linear Program, making it more attractive from the

computational point of view. It is straightforward to state the Sublevel Set problem SS

corresponding to (5.8), which is also an LP.

LP(C) = min
X02XLP

hX(C),X0i, s.t. hÃ,X0i  hÃ,Xi . (5.9)

Since LP(C) bounds the same quantity hX(C),X0i, Theorem 5.1 applies. When multiple

OI can be obtained, the tightest one bounds the distance dEM (C, C0). In Awasthi et al.

[2015a] it is shown that the SDP relaxation is strictly tighter than the LP relaxation, for

data generated from separated balls. This suggests that the OI from the LP will not be as

tight as the SDP OI.

5.3 (�, ✏)�population stability under K-means clustering loss

We turn our focus to population level in this section. Suppose that the dataD = {x1, · · · , xn}

are sampled i.i.d. from P , a distribution supported on a subset of Rd. Our ultimate goal

is to ask whether the population P is ”clusterable” with cluster number K for a certain

clustering diagram. In general, a clustering C is a partition of the space Rd = tkCk, where

each Ck is a Borel set with positive Lebesgue measure.
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The performance of such partition can be measured by di↵erent loss functions. Similar

to the finite sample case, we can define a K-means population loss as the weighted sum of

within cluster sum-of-square loss, i.e.

LossKm(P, C) =
KX

k=1

P (X 2 Ck)E
⇥
||X � E[X|X 2 Ck]||2|X 2 Ck

⇤
. (5.10)

For any clustering C, one can identify an initialization set of centers given by ck =

E[X|X 2 Ck] for all k 2 [K], one can then perform a population K-means similarly to the

Lloyd’s algorithm.

• Update cluster assignment: C̃k =
�
x : k = argmink2[K]||x� µk||

 
,

• Update cluster mean: µ̃(k) = E[X|X 2 C̃k].

Hence any partition of Rd that minimizes loss LossKm must be induced by K Voronoi

centers µ1, · · · , µK 2 Rd, in the sense that any x 2 Rd is assigned to the cluster with closest

center.1 We then identify each clustering C with the set of its Voronoi centers. This ensures

that LossKm(P, C) is well defined as

LossKm(P, C) =
Z

Rd

min
k2[K]

||x� µk||2P (dx) . (5.11)

This loss functions is exactly the loss function denoted by L1(C) in 4.2. Here we introduce

the new notation to emphasize that the loss function also takes P as an input.

Denote by CK(Rd), CK(D) the set of all clusterings of Rd, respectively of a fixed data

set D, defined by K distinct Voronoi centers.2 With a slight abuse of notation, we will

use C = {C1, . . . CK} for clusterings in either set. Minimizing LossKm(D, C), as defined in

(5.11), when we view D as a population with finite support leads to the previous definition

of K-means loss in (5.3). Note however that, for an arbitrary C 2 CK(Rd) or CK(D), the

1C is defined only up to a zero measure set, but we can ignore such distinctions since LossKm and dEM

P

as defined in this section are invariant to them.

2
The reader will note that CK(D) is only a subset of CK(Rd

). We need this restriction to ensure that

CK(Rd
) has finite VC-dimension. Moreover, the mapping from Voronoi centers to partitions of Rd

is not

injective; however, this does not a↵ect the results in this paper.
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Voronoi centers do not coincide with the means of the clusters, unless C is a fixed point of

the K-means algorithm.

The earth mover’s distance can be directly generalized toCK(Rd)⇥CK(Rd) as EdEM (C, C0),

where expectation is over i.i.d. resampling of data from P . We will denote with dEM

P
(C, C0)

the distance of two clusterings C, C0 2 CK(Rd), and dEM (C, C0) as before for distances of

two clusterings in CK(D).

A clustering C 2 CK(Rd) is called (�, ✏) stable if any clustering C0 2 CK(Rd) with

Loss(P, C0)  Loss(P, C) + � is at distance dEM

P
(C, C0)  ✏. A similar definition holds for

(�, ✏)-stable clusterings in CK(D). If C is not (�, ✏) stable then it is called (�, ✏) unstable.

Note that (�, ✏)-stability (or instability) for any clustering C implies (weaker) stability (or

instability) statements for any other clustering C0 in the l = Loss(C) + � sublevel set. For

example, if C is (�, ✏) stable, and Loss(C0) = Loss(C)+�0, with �0 < �, then C0 is (���0, 2✏)-

stable.

One can further define for any P ,

✏⇤P (�) = sup {✏ > 0 : 9 a global minimizer of LossKm(P, C) is (�, ✏)� stable} (5.12)

then ✏⇤
P
serve as the population version of problem (SSKm)(�).

In the end of this section, we provide some examples and discuss our concept with the

resampling stability framework that is reviewed in the previous chapter (see Section4.2).

Recall that a su�cient and necessary condition of a population being resampling stable is

LossKm(P, C) has a unique minimizer. In the end of this section, we illustrate and compare

the two stability notions with specific examples.

Stochastic Ball Model Recall the popular generative model used to study K-means

recovery guarantee (Section 4.2). Let {µi}K0
i=1 be the centers and P̃ be a rotationally invariant

distribution supported in unit ball in Rd. Suppose the separation between each unit ball in

Rd is s > 2 + 2
p
2. Then one can show that the unique global optimizer of K-means with

cluster number K = K0 is simply given by cluster each ball as a single cluster; and K > K0

is a further refinement. Hence due to the rotational invariance property, ✏⇤
P
(0) > 0 when

K > K0 and further lim�!0 ✏⇤P (�)/� = +1. When the separation is not so large, it may
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be possible that even K > K0 the global minimizer of LossKm is unique. However, one can

still show that lim�!0 ✏⇤P (�)/� = ⌦(K).

Uniform distribution on [0, 1] When P is uniform distribution on the line segment

[0, 1], a direct Cauchy-Schwartz’s inequality shows that the for any K � 2, the optimal K-

means clustering is given by the equal spaced partition. Therefore for any K � 2, the global

minimizer of population loss is unique and K-means is hence resampling stable. This is not

ideal, since intuitively we don’t expect a uniform distribution on [0, 1] to have any meaningful

clustering structure. With our notation, we can further show that lim�!0 ✏⇤P (�)/� = +1

for any K � 2.

As a contrast, consider uniform distribution on the union of two line segments [� s+1
2 ,� s

2 ][

[ s2 ,
s+1
2 ]. This is a separated uniform distribution. But in this case one can show that

lim�!0 ✏⇤P (�)/� = O(1/s) < +1.

5.4 Reliability of (�, ✏)-stability

Finally, given stability on finite sample and on population, it is then natural to ask if stability

of a clustering C on a sample D can allow us to infer something about the distribution that

generated the sample. Recall that for any D, C and �, one can obtain an optimality interval

from (SSKm)(�) whenever the resulting ✏ = (K � (�))wmax is no larger than wmin.

This section shows that population (�, ✏)�stability of its global optimizer can be con-

nected to similar property on finite sample with only generic Glivenko-Cantelli type as-

sumptions on P and K-means loss LossKm. The following assumption is imposed on P .

Assumption 5.1 (Uniform Convergence of LossKm). There exists a function  such that,

for any n su�ciently large and any � 2 (0, 1], with probability 1� � over resampling the size

n sample D from P ,

sup
C2CK(D)

|LossKm(P ; C)� LossKm(D, C)|   (n, �) , (5.13)

In the above, the supremum is taken over all sets of distinct Voronoi centers, which

allows an identification of a C 2 CK(Rd) from C 2 CK(D). Intuitively, equation (5.13)

bounds the di↵erence between LossKm(D, C) and the LossKm of any clustering of Rn that
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is consistent with C. Assumption 5.1 holds, for instance, when P has compact support

[Maurer and Pontil, 2010] or finite higher order moments [Telgarsky and Dasgupta, 2013].

We now view  (n, �) as a known function of n, �.

The following theorem shows how stability guarantees obtained from (SSKm)(�) in a

sample D can support stability inferences in the distribution P .

Theorem 5.2. Suppose P satisfies Assumptions 5.1. For any � 2 (0, 1], if optimal clus-

tering Copt on P is (�, ✏) unstable for some � > 0, then with probability 1� � over samples

D, with |D| = n, any optimal clustering bCopt of D is (� + 2 (n, �/2), ✏/2�
p
log(4/�)/2n)

unstable.

This result opens the way for inferences on the (�, ✏) clusterability of P that could be

framed as a family of hypothesis tests parametrized by �. Select � 2 (0, 1] and � a tolerance

of excess loss. Then consider null hypothesis

H0(✏) : Any optimal K-means clustering on P is (�, ✏) instable.

Let  be the optimal value of solving (SSKm)(� + 2 (n, �/2)) on the sample D. We reject

the null hypothesis H0(✏) with ✏ = 2((K � )wmax +
q

log(4/�)
2n ) when (K � )wmax 

wmin. Supposing H0(✏) is true, by Theorem 5.2 the probability of type I error is at most

�. Thus, one can interpret an OI from (SSKm)(� + 2 (n, �/2)) as su�cient for rejecting

(�, ✏) instability with a p-value at most �. Moreover, the inference above remain valid,

albeit weaker, when instead of the optimal bCopt only a sub-optimal clustering of the sample

is known. While this particular test would be overly conservative, and not necessarily

practical, it serves to alert to the possibility of inferring stability in the population from

finite sample stability.

Previously people have proposed and studied di↵erent paradigm of clustering stability

[Ben-David et al., 2006] for model selection. However those notions fail to associate insta-

bility on sample with instability on population. The key di↵erence between the assumptions

we make and those of the previous papers, is the uniform bound  (n, �) for LossKm. Our

result, on the other hand, shows that we could provide probability guarantee for the (�, ✏)

stability in our framework for finite samples.
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The next result, show in another direction that if the population stability holds for some

(�, ✏), then with high probability finite sample global optimum enjoys stability.

Theorem 5.3. There exists a universal constant C such that for any P that satisfies as-

sumption 5.1 and that has a unique global optimal solution C⇤ that is (�, ✏) stable, for any

� > 0, when n is su�ciently large such that 2 (n, �/3) < �, with probability at least 1� �,

the global optimal solution on finite sample from P is (�0, ✏0) stable, with

�0 = � � 2 (n,
�

3
), , ✏0 = 2✏+ 2

r
log(6/�)

2n
+ C

r
8Kd(4Kd+ 2K + 1)

n
.

5.5 Experiments

We implemented the SSKm problem using the SDP solver SDPNAL+Zhao et al. [2010],

Yang et al. [2015]. We also implemented the spectral bound of Meilă [2006a], the only other

method o↵ering optimality intervals for K-means. The main questions of interest were (1)

do our OI exist for realistic situations? (2) how tight are the bounds obtained? The

implementation is completed by co-author Marina Meila. The author is very thankful for

her contribution.

Synthetic Data of Stochastic Ball Model For this setting we sampled data uniformly

from K balls in dimension d with unit radius. Let c be the minimal distance between the

centers of the K balls, then the SDP relaxation of K-Means we adopted in this paper can

guarantee the exact recovery of K clusters with high probability when c > 2 + ✏(d), where

✏(d)! 0 as d!1. This means that under this specific stochastic ball model, the k-means

guarantee can only be obtained when the seperation between balls are large enough so that

they don’t touch each other.

We sampled n = 500 data from the stochastic ball model with K = 4, d = 2 and c

ranging from 1.4 - 3.2. The centers of each ball are aligned on one line segment with equal

space between. Then we perform K-means clustering with the initialization of correct la-

bels, since we are only interested in understanding the behaviour of our method’s ability to

obtain a guarantee for clustering result. Under this setting, the theoretical bound is trivial

(larger than 4). Theoretically we can say nothing about how good the SDP relaxation is for
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K = 4, separation ⇡ 5.66 K = 6, separation 1

� = .6 � = .1

K = 6 clusters

normal non-normal

� n = 525 n = 525

0.06 0.00(0.00) 0.005(0.001)

0.08 0.01(0.00) 0.006(0.001)

0.1 0.01(0.00) 0.009(0.003)

� = 1.1

Figure 5.2: Some data used in the experiments. In the first three plots, the clusters are

sampled from mixtures of spherical Gaussians. In the last, one of the 15 coordinates is

from a Gamma(2, .4) distribution and rescaled by �. Separation is the distance between the

Gaussian means, and � is the standard deviation of the Gaussians. The K = 6 data sets

are designed to be hard for the spectral bounds but not for the SDP bounds. Bottom, left:

optimality intervals ✏ for data sampled from normal and non-normal mixtures with K = 6

(mean and standard deviation over 10 replications). The values of ✏Sp were much larger

than wmin and are shown.
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Figure 5.3: ✏ bound obtained for data sampled from stochastic ball model. The procedure is

repeated for 10 times under each setting. The ✏ bound are meaningful when they are smaller than

pmin ⇡ 0.25.

the clustering. However as shown in figure 5.3 our method can provide some guarantees on

a particular clustering result. In all settings, initializing with the true label, the distance

between true label and the K-means solutions are close, with earth mover distance approx-

imately ⇠ 10�6. We see that in the model touching cases, our SS method provides insights

on the distance between the K-means global optimal solution to the true label. On the

other hand, all c � 2.2 are within the regime where previous theoretical guarantee does not

work. The results shows that K-means global optimizers approximately achieve the exact

recovery of stochastic ball models.

Synthetic Data of Gaussian Mixture We sampled data from a mixture of K = 4

normal distributions with equal spherical covariances �2I, in d = 15 dimensions. The

cluster sizes nk were approximately equal to bn/Kc. The cluster means were at the corners

of a regular tetrahedron with center separation ||µk � µk0 || = 4
p
2 ⇡ 5.67. The data

was clustered by K-means with random initialization, then the bounds ✏, ✏Sp corresponding

respectively to the SS method and to the spectral method of Meilă [2006a] were computed.

In the experiments we also performed outlier removal, as follows. For each xi, we computed

the sum of the distances to its wmin/2 nearest neigbors. We then removed the n0 data



98

n = 256 n = 1024

Figure 5.4: The optimality intervals ✏ and ✏Sp for data sampled from mixtures of normal distribu-

tions with K = 4, n = 256 and 1024 and various � values (over 10 replications). The values of ✏Sp

exceeding wmin are not valid. Note that the ✏ bounds are near 0 even though the clusters are not

separated for � > 0.8.

points with the largest values for this sum. For good measure, we first added 20 outliers,

then removed n0 = 4%n respectively n0 = 2%n points (so that n0 is slightly larger than 20),

before computing the bounds ✏, ✏Sp. Consequently, these bounds do not refer to clusterings

of the original D, but to the “cleaned” dataset. Note that the outlier removal does not

depend on the cluster labels; it is performed before clustering the data. Figure 5.4 displays

the bounds ✏, ✏Sp for these data, while Figure 5.2, top and bottom, left, displays some

representative samples. The ✏ optimality interval is much tighter than the spectral one ✏Sp,

and, surprisingly enough, holds even when the clusters “touch”, i.e when there is no region

of low density between the clusters. Figure 5.5 (left) shows that, when � > 0.8, the minimal

spheres containing the clusters intersect; on the right we see that there are points which are

almost equidistant from two cluster centers. Otherwise put, the distribution free bounds

hold even when the data are not contained in non-intersecting balls, which is the best known

condition for clusterability under model assumptions Awasthi et al. [2015a, 2014].

Next, we performed experiments with unequal cluster sizes p1:4 = 0.1, 0.2, 0.3, 0.4, and
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Figure 5.5: Separation statistics for the K = 4 data, n = 1024, all � values. Left:

histogram of mink ||xi � µk||/mink,k0 ||µk � µk0 || (i.e. distance of point to its center over

minimum center separation) colored by �. Note that when the clusters are contained in

equal non-intersecting balls this ratio is strictly smaller than 0.5. Right: boxplot of distance

to second closest center over distance to own center, versus �.

we also generated non-gaussian clusters (details in the Appendix). We also performed

experiments with K = 6 clusters, with p1:6 = 0.1, 0.18, 0.18, 0.18, 0.18, 0.18. For K = 6 we

placed cluster centers along a line, as shown in Figure 5.2, top and bottom, right. This

hurts the spectral bound which depends on a stable K�1-subspace, but does not hurt, and

may even help the SDP bound ✏.

The results are shown in Table 5.1, with run times for all experiments in the Appendix.

The spectral bound ✏Sp was much larger than ✏ for all K14 experiments, and was never valid

for K = 6; therefore, it is omitted. The table also shows that ✏ takes similar values in the

case of equal and unequal clusters. However, in the latter case, the condition ✏  wmin/wmax,

is more stringent, hence some of the bounds obtained are not valid.

Over all experiments, we have found that the values of ✏ are virtually insensitive to

the sample size n, and degrade slowly when wmin decreases. The main limitation in these

experiments is the requirement that ✏  wmin. This requirement can be traced back to

Theorem 4.1. The bound in this Theorem, even though state of the art, is not tight,
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Table 5.1: The OI ✏ for K = 4 clusters of unequal sizes (mean and standard deviation over

10 replications). The values in gray are not valid, owing to the fact that ✏wmax > wmin in

these cases. Bounds for smaller � values were essentially zero and are ommitted.

Unequal normal clusters Unequal non-normal clusters

� n = 200 n = 400 n = 800 n = 200 n = 400 n = 800

0.6 0.00(0.00) 0.00(0.00) 0.00(0.00) 0.001(0.001) 0.001(0.000) 0.002(0.007)

0.8 0.01(0.01) 0.01(0.01) 0.01(0.01) 0.006(0.004) 0.004(0.002) 0.007(0.003)

1.0 0.09 (0.05) 0.06 (0.01) 0.07 (0.02) 0.04 (0.02) 0.03 (0.01) 0.03 (0.01)

1.2 0.28 (0.08) 0.21 (0.05) 0.21 (0.03) 0.16 (0.06) 0.14 (0.03) 0.13 (0.03)

suggesting that some the ✏ values marked in gray are valid OI even though we cannot prove

it at this time.

Real data: configurations of the aspirin (C9H8O4) molecule These n = 2118 sam-

ples (see Figure 5.6) were obtained via Molecular Dynamics (MD) simulation at T = 500

degrees Kelvin by Chmiela et al. [2017b] and represent 3D positions of the 21 atoms of

aspirin. It was discovered recently that aspirin’s potential energy surface has two energy

wells. The purpose of clustering of MD simulations is to label the data by energy well;

this allows chemists to identify energy wells, on one hand, and on the other to identify

states around on the transition path between the energy wells. These states describe the

mechanism of a transition, and, being rare events in the contex of many simulations, are

of great interest. Currently, the labeling is done by ad hoc algorithms. Having guarantees

of (almost) correctness for the grouping saves the time needed to validate the clustering by

human inspection. Hence, we cluster these data into K = 2 clusters, after having removed

n0 = 0.5%n = 106 outliers. The clusters found have relative sizes wmin = .26, wmax = .74,

and the OI is ✏ = .065, an informative bound.
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K = 2

wmin = .26

wmax = .74

Figure 5.6: Left: the aspirin molecule. Middle: The first two principal components of

the 57-dimensional aspirin data. The data is a Molecular Dynamics sequence of 211,762

configurations. We sample every 100-th point of the data for clustering. The axes are

represented at scale.

5.6 Discussion

Distribution free cluster validation in context A researcher who wants to discover

cluster structure in data must perform several inference tasks. This paper has focused on

post-clustering validation, which happens to be the least studied of these inferences. When

the data is clusterable, we have shown that validating the clusters is possible, without pro-

viding sharp thresholds. In Section ?? we have also cited works that prove that finding the

clusters is tractable, under the assumption of clusterability. Hence, the loop is about to

close, and we hope that in future work, to integrate the SS method with a clustering algo-

rithm, providing thus a complete “clustering with guarantees” methodology. Furthermore,

our distributional results show that for su�ciently large n, the SS method can be the basis

of a test for clusterability, under generic Glivenko-Cantelli assumptions.

Proofs of instability What happens when the Stability Theorem does not hold for a

clustering C? In this case, the researcher can try to certify that C is unstable. This

task is comparatively easier, since a single counterexample C0 with Loss(C0) ⇡ Loss(C)

and dEM (C0, C) > wmin su�ces. This, again, is a well studied area. As an alternative

worth exploration, one could use the output of the SS method to find a witness of instabil-

ity. More precisely, when the SS method fails to produce a valid OI, the matrix X 0 with

Loss(D, X 0)  Loss(D, C) is far from X(C) in Frobenius norm. One could try to find a

clustering C0 by e.g. rounding X 0, which would not di↵er much from X 0 in either Loss or
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distance to C.

Stability and the choice of K Throughout the paper, we have assumed that K is fixed.

We now remark that the SS method implicitly solves the problem of selecting K, and even

that of selecting Loss. Indeed, a clustering C that is found stable, with any K and any

loss function, is a “correct” clustering of the data under our paradigm. In the beginning,

we presented the informed user as selecting the Loss; with the concept of stability, one can

take another view, of a user lucky enough to find a stable clustering while searching over

loss functions and K values. The SS method does not preclude the existence of more than

one stable clustering for a data set D. For example, if clusters are hiearchically nested, it is

possible to find stable clusterings at several levels of the hierarchy.

In practice, K is not known, and it is chosen after a set of clusterings C(K), with K =

1, 2, . . .Kmax have been obtained. With the SS method, one could dispense with the (more

or less ad-hoc) methods for selecting K in loss-based clustering. Indeed, by our initial

argument, if C(K) is proved to be stable for some K, this implicitly validates K itself, as

well as the loss function used. It is also possible to select more than one K, when the data

supports meaningful partitions with di↵erent numbers of clusters.

Silhouette and other cluster quality indices We contrast the framework proposed

here with the existing literature on internal cluster validation; see e.g Maria Halkidi [2015],

Arbelaitz et al. [2013], Hennig and Liao [2013] by indices such as the silhouette Rousseeuw

[1987]. As it is well known, these indices are not associated with a clustering paradigm,

whereas the present paper argues for paradigm specific validation, as a way to assure that

the same criterion is used to find the clusters and to validate them. These indices could be

potentially used as goodness measures, if their relations to specific clustering loss functions

became better understood; the works cited above take steps in this direction.

Comparison with VC bounds It is extremely rare in statistical inference to have worst

case error bounds that are relevant in practice. For instance, the well known VC bounds for

the 0-1 classification loss (see e.g. Vapnik [1998]) typically take values above 1 (hence are
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completely uninformative from a practical standpoiht) and depend on the VC-dimension, a

property of the hypotheses class that is usually intractable to compute.

In contrast, with the SS method, the OI ✏ is always informative when it exists. With

SDP relaxations, we obtain bounds that are not only informative, they are near 0 in non-

trivial situations. To appreciate how far these guarantees can extend, recall than when

� ⇡ 1
6 of the center separation, two spherical normal densities start to touch – no region

of low density is left between them. Several of the informative, valid bounds in Section 5.5

are obtained near or even above these critical values. Moreover, an optimality interval is a

distribution free, worst case bound. Thus, we believe that the computational demands of

the SDP solver are justified by the guarantees o↵ered.

5.7 Proofs of results in Chapter 5

We first state several helpful propositions needed for our proofs. To simplify notation, we

would suppress LossKm(P, C) to L(C) for a fixed population.

Proposition 5.1. For any X 2 X , ||X||2
F
 K.

Proposition 5.2. For any fixed two clusterings C, C0 it holds that

|dEM

P (C, C0)� dEM

bP (C, C0)| 
r

log(4/�)

2n
. (5.14)

with probability 1� �/2

Proof of Proposition 4.1. Xij 2 [0, 1] is obvious from the definition in section 4.2.

traceX =
KX

k=1

X

i2Ck

Xii =
KX

k=1

X

i2Ck

1

nk

=
KX

k=1

nk

1

nk

= K. (5.15)

Denote by k0 the cluster containing data point i.

(X1)i =
nX

j=1

Xij =
KX

k=1

X

i2Ck

Xij

X

j2Ck0

1

nk

= 1. (5.16)

Moreover, X = ZZ>, hence X ⌫ 0.
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Proof of Theorem 5.1. Note that for any clustering C, ||X(C)||2
F
=
P

n

i,j=1X
2
ij
=,=

P
K

k=1 n
2
k

⇣
1
nk

⌘2
=

K. Moreover, from proposition 5.1 we have ||X||2
F
 K.

Note also that ||X �X0||2
F
= ||X||2

F
+ ||X0||2

F
� 2hX,X0i = 2K � 2hX,X0i. Hence, the

optimization problem (SSKm) finds the feasible X0 which is furthest away from X. This

completes Step 1. For Step 2 we can apply Theorem 9 of Meilă [2012], which bounds the

earthmover distance dEM .

Proof of Proposition 5.1. Denote by �1, . . .�n the eigenvalues of X. Since X has non-

negative elements, and X1 = 1, by the Frobenius Theorem, |�i|  1, and because X ⌫ 0,

�i � 0 for all i 2 [n]. Hence, �i 2 [0, 1], for all i, and ||X||2
F

= traceX2 =
P

n

i=1 �
2
i


P
i=1 �i = traceX = K. ⇤

Proof of Theorem 5.2. On the sample with probability 1� �/2 it holds that

sup
C2CK(D)

|L(C)� bL(C)|   (n, �
2
). (5.17)

Now we condition on the event that (5.17) holds.

If there exists a population minimizer Copt such that dEM

P
(Copt, bCopt)  ✏0/2. Note that

by assumption of instability, there exists another clustering C⇤ such that dEM

P
(C⇤, Copt) > ✏0

and L(C⇤) < L(Copt) + ⌘, then dEM

P
(C⇤, bCopt) > ✏0/2. We can bound

bL(C⇤)  L(C⇤)+ (n,
�

2
)  L(Copt)+ (n,

�

2
)+⌘  L( bCopt)+ (n,

�

2
)+⌘  bL(bC)+2 (n,

�

2
)+⌘

(5.18)

and take bC0 = C⇤.

If such a clustering Copt does not exist, then note that for any optimal solution of the

population clustering Copt,

bL(Copt)  L(Copt) + (n,
�

2
)  L(bC) + (n, �

2
)  bL(bC) + 2 (n,

�

2
) (5.19)

and take bC0 = Copt.

In both cases, applying proposition 5.2 it holds that dEM

P
(bC0, bCopt) � ✏0/2�

p
log(4/�)/2n.

Therefore bCopt is (� + 2 (n, �2), ✏0/2�
p
log(4/�)/2n) instable.
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Proof of Proposition 5.2. For fixed permutation ⇡, from Hoe↵ding’s inequality

�����EP

KX

i=1

1X2Ci\C⇡(i)
� E bP

KX

i=1

1X2Ci\C⇡(i)

����� 
r

log(2/�)

2n
(5.20)

with probability 1� �. Now let ⇡⇤, b⇡⇤ be the permutation maximizing EP

P
K

i=1 1X2Ci\C⇡(i)

and E bP
P

K

i=1 1X2Ci\C⇡(i)
respectively. Then

EP

KX

i=1

1X2Ci\C⇡⇤(i)  E bP

KX

i=1

1X2Ci\C⇡⇤(i) +

r
log(2/�)

2n
 E bP

KX

i=1

1X2Ci\Cb⇡⇤(i) +

r
log(2/�)

2n

(5.21)

E bP

KX

i=1

1X2Ci\Cb⇡⇤(i)  EP

KX

i=1

1X2Ci\Cb⇡⇤(i) +

r
log(2/�)

2n
 EP

KX

i=1

1X2Ci\C⇡⇤(i) +

r
log(2/�)

2n

(5.22)

Therefore one concludes that |dEM

P
(C, C0) � dEM

bP
(C, C0)| 

p
log(2/�)/2n with probability

1� �.

Proof of theorem 5.3. Since bC is the optimal solution on the sample, we have with proba-

bility 1� �/3

L( bC)� (n, �
3
)  bL( bC)  bL(C⇤)  L(C⇤) + (n,

�

3
) . (5.23)

Rearranging this inequality, we have L( bC)  L(C⇤) + 2 (n, �3). Since �P > 2 (n, �3), by

the stability assumption of C⇤ we conclude that dP (C⇤, bC)  ✏. Hence combining lemma

2.1, we have

d bP (C
⇤, bC)  ✏+

p
log(6/�)/2n (5.24)

with probability at least 1� �/3.

Now let cC 0 be any di↵erent clustering such that bL( bC 0)  bL( bC) + � � 2 (n, �3). Then

with probability at least 1� �/3

L( bC 0)  bL( bC 0) + (n,
�

3
) (5.25)

 bL( bC) + � � (n, �
3
) (5.26)

 L(C⇤) + � (5.27)
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again by stability it holds that dP ( bC 0, C⇤)  ✏. We will now derive an upper bound of

d bP (
bC 0, bC) that holds with probability at least 1� �/3.

To show this uniform bound, we start by introducing an operator IndNear. Given K

centers, IndNear returns the index of the closest center of µ1, · · · , µK to each point x. And

if there are ties, return the smallest index. Then we further consider the family of classifiers

F =
n
f(x;✓) = 1IndNear(x;a1,··· ,aK) 6=IndNear(x;b1,··· ,bK) : ✓ = vec(a1, · · · , aK , b1, · · · , bK) 2 R2Kd

o

(5.28)

Given parameters ✓ = vec(a1, · · · , aK , b1, · · · , bK), one can determine a function f(x;✓)

mapping from Rd to {0, 1}. Hence this is a well-defined classifier. This is a parametric

form of predictable functions with dimension of parameters being p = 2Kd. Furthermore,

to predict the label of a point x, one needs following operations:

• Compute distance to a center: Rd di↵erences, (d � 1) sums and 1 square on real

numbers.

• Find the index of nearest center: K � 1 comparisons.

• Compare two indexes from two di↵erent sets of centers: 1 comparison.

In total to predict the label of a point x, one needs t = 2K(d+ d� 1+ 1) + 2(K � 1) + 1 =

4Kd+ 2K � 1 operations. Therefore by lemma 5.1, we conclude that the VC dimension of

F , denoted by V , can be upper bounded by

V  4p(t+ 2) = 8Kd(4Kd+ 2K + 1) (5.29)

With this class of classifiers in mind, we now focus on the set of switching labels between

bC, bC 0. namely the set S bC0 = d�[K
i=1(

bCi\ bC 0
i
). Then the centers inducing bC and bC 0 together

as a parameter ✓ leads to a classifier in F such that recovers this set of switching labels S bC0

exactly.

Now consider all possible bC 0. By lemma 5.2, we conclude that with probability at least

1� �/3,

sup
bC0

| 1
n

nX

i=1

1Xi2S bC0 � E1Xi2S bC0 |  C

r
8Kd(4Kd+ 2K + 1)

n
+

r
log(6/�)

2n
(5.30)
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where C is a universal constant (as in lemma).

Note that we do not regard di↵erent labeling of bC 0 as the same clustering here and in

the definition of F , we conclude that

d bP (
bC, bC 0)  dP ( bC, bC 0) + C

r
8Kd(4Kd+ 2K + 1)

n
+

r
log(6/�)

2n

 ✏+ C

r
8Kd(4Kd+ 2K + 1)

n
+

r
log(6/�)

2n
. (5.31)

holds for any bC 0 with probability 1 � �/3 over resampling of data. Therefore, the desired

result is obtained by put the upper bound in (5.24),(5.27) and (5.31) together.

Here we states the two lemmas we used in the proof.

Lemma 5.1 (Theorem 8.4 from [Anthony and Bartlett, 1999]). Suppose f is a function

from Rd ⇥ Rp to {0, 1} and let F = {x ! f(x, a) : a 2 Rp} be the class determined by f .

Suppose that f can be computed by an algorithm that takes as input the pair (x, a) 2 Rd⇥Rp

and returns f(x, a) after no more than t operations of the following types:

• the arithmetic operations +,�,⇥, / on real numbers,

• jumps conditioned on >,�, <,,=, 6= comparisons of real numbers

• output 0 or 1.

Then the VC dimension of F is upper bounded by 4p(t+2).

Lemma 5.2 (Generalization Bounds via VC dimension). Let S be a family of sets in Rd.

Let x1, · · · , xn are i.i.d. sample from distribution P on Rd. Suppose that the VC dimension

of S is bounded by V <1, then with probability 1� � we have

sup
S2S

�����
1

n

nX

i=1

1Xi2S � E1Xi2S

�����  C

r
V

n
+

r
log(2/�)

2n
(5.32)

where C is a universal constant given by 24
p
3 log 2 + 2

R 1
0

q
1 + log(1

r
)dr
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Proof. We start by thereom 1 in [Haussler, 1995] that for every x1, · · · , xn 2 Rd and 0 

r  1 we have

N(r,S(xn1 ))  e(V + 1)

✓
2e

r2

◆
V

. (5.33)

where

S(xn1 ) = {b = (b1, · · · , bn) 2 {0, 1}n : 9S 2 S : bi = 1xi2S , i 2 [n]} (5.34)

is the set of bit vectors b such that it is describing whether each element of xi is in S or

not; And N(r,S(xn1 )) is the covering number on this space induced by the squared root of

normalized Hamming distance. Theorem 3.2 in [Devroye and Lugosi, 2001] shows that

E[sup
S2S

| 1
n

nX

i=1

1Xi2S � E1Xi2S |] 
24p
n

max
x1,··· ,xn2Rd

Z 1

0

q
log 2N(r,S(xn1 ))dr (5.35)

Hence we can further bound

E[sup
S2S

| 1
n

nX

i=1

1Xi2S � E1Xi2S |] 
1p
n

Z 1

0

r
log(V + 1) + (V + 1)(log 2 + 1) + 2V log(

1

r
)dr

(5.36)


"
24
p
3 log 2 + 2

Z 1

0

r
1 + log(

1

r
)dr

#r
V

n
(5.37)

Hence E[supS2S | 1
n

P
n

i=1 1Xi2S�E1Xi2S |]  C
p
V/n where C = 24

p
3 log 2 + 2

R 1
0

q
1 + log(1

r
)dr

is a universal constant.

Finally recall the simple consequence of the McDiarmid’s inequality, we have

P

 �����supS2S
| 1
n

nX

i=1

1Xi2S � E1Xi2S |� E
"
sup
S2S

| 1
n

nX

i=1

1Xi2S � E1Xi2S |
#����� > t

!
 2e�2nt2

(5.38)

The desired result follows directly.
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Chapter 6

STABILITY OF GAUSSIAN MIXTURE MODELS

6.1 Introduction

In this chapter, we turn our focus to the problem of fitting spherical Gaussian Mixture

Models (sGMM) to an unknown distribution Q. Without assuming knowledge about the

target Q, what kind of guarantees can we give about an estimated sGMM? And under what

condition are guarantees possible?

Previous work (e.g.,[Dasgupta, 1999, Sanjeev and Kannan, 2001, Achlioptas and Mc-

Sherry, 2005, Kannan et al., 2008], etc) established estimation guarantees for the mixture

parameters under model assumptions about the data source Q (being, e.g., a mixture of well

separated Gaussians). Specifically, W.r.t. the scope of this chapter, when Q is a mixture

of K spherical Gaussians, satisfying two criteria: (i) non-vanishing component proportions,

and (ii) su�cient separation between components, polynomial run-time estimation algo-

rithms exist.

This chapter handles the question: what can be said without such precise knowledge

of Q? We assume instead indirect knowledge of Q, namely that a well-separated mixture

model P was fit to Q, and that the model fit is good. The main di↵erence is that now Q is

not required to belong to the model class, but to be “close” to it, in a way to be defined

(specifically, in this paper, the model fit is measured by the total variation distance between

P and Q, TV (P,Q)). We also assume that P is a mixture of well-separated Gaussians,

with component proportions bounded below. As it turns out, knowing that Q is close to

a “good” model class, is almost as useful as knowing Q is in the model class. Under these

conditions on P and Q, we prove that P ’s parameters are unique up to perturbations that

we upper bound. In summary, we aim to prove a statment the following form.

Theorem 6.1 (Generic (�, d)�Stability). For distribution Q and a class M of sGMM, a

given model P 2M is (�, d)-stable if for any P 0 2M such that TV (Q,P 0)  TV (Q,P )+�,
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it holds that dparam(P, P 0)  d, where dparam(·, ·) is a divergence defined in parameter space

.

This type of statement was proposed earlier by [Meilă, 2006b] in the context of loss-

based clustering, but to date it has not been instantiated for any parametric model fitting

problem.

A distribution P that satisfies Theorem 6.1 will be called stable. Obviously, such a

distribution is generally not unique or distinguished in M, hence stability should be defined

as a property of (a subset of) M. This also follows from setting Q = P ⇤ 2 M. Therefore,

we define parametric stability of a model class as follows.

Definition 6.1. Let M be a class of spherical Gaussian Mixtures and dparam(·, ·) be a

divergence between parameters; for su�ciently small ✏ > 0, P is (✏, d)�stable in M if any

model P 0 2M such that dTV (P, P 0)  2✏ satisfies that dparam(P, P 0)  d.

The technical contribution of our paper is to formulate conditions on M and establish

upper bounds d(✏,M) for any P 2M, in the population regime. These are given in Theorem

6.2. The upper bounds on d(✏,M) we obtain are tractable, with explicit constants depending

on the model class only. As a statistical procedure, the bound d(✏,M) provides quantitative

post-estimation evaluation or diagnostic analysis for fitting a Gaussian Mixture Model,

without any prior knowledge. For example, for an arbitrary population Q (with density

q) on Rd, let P̂ =
P

K

i=1 ŵiNd(µ̂k, �̂2kId) be a learned sGMM. Figure 6.1 shows an example

of stable and unstable distribution sGMMs, and further for the stable sGMM it constructs

good-fit region such that all sGMM within small total variation distance to the population

must have parameters located in these regions. These regions can be reported as the usual

confidence regions are reported in a regular parametric estimation problem.

Furthermore, Definition 6.1 concerns only the model class M, a subset of spherical

Gaussian mixtures. Hence, one can obtain distribution free stability results generically, by

studying the stability of distributions inside a model class, such as that of sGMM. While this

remark is nearly obvious, suprisingly little work has attended to the possiblity of obtaining

distribution free guarantees as a side e↵ect of consistency or identifiability proofs. We hope
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Figure 6.1: Stable and unstable spherical Gaussian Mixtures in 1D. Left: A well sep-

arated mixture of K = 2 Gaussians, P = 0.5N(�3, 1) + 0.5N(3, 1), with separa-

tion c = 3 (as defined in Section 6.2, A3), superimposed on a distribution Q such

that TV (P,Q)  0.001. Our Theorem 6.2 in Section 6.2 guarantees that any mix-

ture P 0 with K = 2 components, minimal weights 0.45, and separation constants 3

that fits Q equally well must have parameters close to P ; namely (see Section 6.2 for

the parameter definitions) µ0
i
within 0.0200 of �3 and 3, max{1/�02

i
,�02

i
}  1.034, and

|0.5 � w0
i
|  0.004. Right: Two spherical Gaussian mixtures P, P 0 which are unsta-

ble, in the sense that while they are close in TV distance, they have very di↵erent pa-

rameters; P = 0.0625N(�3,�2) + 0.4375N(�1,�2) + 0.4375N(1,�2) + 0.0625N(3,�2),

P 0 = 0.0078125N(�4,�2) + 0.21875N(�2,�2) + 0.546875N(0,�2) + 0.21875N(2,�2) +

0.0078125N(4,�2), with �2 = 2.25. In this example, the mixture components are less

separated, and some of the mixture proportions are small as well.

that one contribution of this paper be at the conceptual level, in drawing attention to this

possibility, which remains the primary motivator for this work.

In Section 6.2 we define model classes M of interest, and instantiate dparam(·, ·) and

all other parameters, then state our main stability result in Theorem 6.2. In the following
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sections 6.3 and 6.4 we present the main result in di↵erent scenarios. Section 6.5 illustrates

the result with some numeric examples. Section 6.7 provides the detailed proof of our main

result Theorem 6.2, with additional lemmas proved in Section 6.8.

6.2 Problem Formulation

We first pose the problem in formal terms. As in the definition 6.1, we identify three key

components: (i) model class M, (ii) distance or divergence between the models in parameter

space dparam(P, P 0), and (iii) goodness of fit measure.

Model Class A spherical Mixture of Gaussians P over Rd can be written in the form

P =
KX

k=1

wkNd(µk,�
2
k
Id), with

KX

k=1

wk = 1, wk � 0. (6.1)

In the above, we have adopted the standard notation, whereby Nd(µk,�2kId), called mix-

ture components, are normal distributions with means µ1:K 2 Rd and diagonal covariance

matrices �21:KId 2 Rd⇥d, while w1:K are called mixture proportions.

Further on, we assume the number of components K is fixed, and we add restrictions on

the smallest component proportion and the component separation. Thus the model classes

we consider are denoted M(K,wmin, wmax, c).

Definition 6.2. An sGMM P is in model class M(K,wmin, wmax, c) i↵ the following holds:

A1 K � 2.

A2 mink2[K]wk � wmin, maxk2[K]wk  wmax.

A3 ||µi � µj ||> c(�i + �j) for any i, j 2 [K] and i 6= j.

For P 2 M(K,wmin, wmax, c), the maximal proportion is always less than or equal to

1 � (K � 1)wmin. Therefore, we abbreviate the model class notation to be M(K,wmin, c)

when wmax = 1 � (K � 1)wmin. The separation constant c is necessary. Theorem 3.1 in

[Regev and Vijayaraghavan, 2017] points out that as K increase, when separation constant

c is o(
p
logK), it is possible to find two sGMMs so that their parameters are ⌦(1) di↵erent

but their total variation distance is superpolynomially small in K. We rule out this di�culty

by deriving assumptions on the separation constant c, which regularizes the model class.
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The divergence of model parameters between any two models P, P 0 with K compo-

nents is

dparam(P, P 0) = min
perm2SK

max
i2[K]

|wi � w0
perm(i)|

min{wi, w0
perm(i)}

+
||µi � µ0

perm(i)||
max{�i,�0perm(i)}

+
|�2

i
� �02perm(i)|

min{�2
i
,�02perm(i)}

.

(6.2)

In the above, perm 2 SK is a permutation of the set [K]; dparam is not necessarily a metric1.

Theorem 6.2 presented below provides upper bounds on each of the three terms of (6.2)

separately.

Consider G =
P

K

k=1wk�(µk,�
2
k
) with � being the point mass. One can also view each

sGMM distribution PG =
P

K

k=1wkN(µk,�2kId) as a smoothed distribution of discrete prob-

ability on the parameter space. Let G,G0 be two such distributions on the parameter space,

then Wasserstein-1 distance defined by

W1(G,G0) = inf
⇧

Z
d((µk,�

2
k
), (µ0

k
,�02

k
))⇧(G,G0)

is considered. This is shown to be a natural parameter divergence in several previous

papers (e.g.,[Ho and Nguyen, 2016, Heinrich and Kahn, 2018, Wu and Yang, 2020, Doss

et al., 2020]). Our dparam does not capture the same topology as the W1 distance on

parameters. Consider two sequences Pn = 0.5N(�1, (n + 1)2) + 0.5N(1, (n + 1)2) and

Qn = 0.5N(�1, n2) + 0.5N(1, n2). Then, as n!1, dparam(Pn, Qn) converges to zero, but

W1(n2, (n + 1)2) diverges. On the other hand it can also be shown that for a fixed G and

corresponding PG, when W1(G,G0)! 0, it holds that

dparam(PG, PG0) ⇣W1(G,G0) ⇣ min
perm2SK

KX

i=1

|wi�wperm(i)|+||µi � µ0
perm(i)||+|�2i ��02perm(i)| .

(6.3)

Hence our definition of dparam is in better agreement with the model fit criterion, does not

need the assumption that the parameter space is compact [Ho and Nguyen, 2016] and there

will be a direct way to construct good-fit regions or confidence regions since we provide

upper bounds on the terms in dparam separately. Also, dparam is invariant w.r.t. rescaling,

and this will be useful in, e.g. model-based clustering.

1dparam is also not a divergence in the information geometric sense.
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Goodness of fit can be measured by various criteria (e.g. likelihood or KL divergence,

W2 distance), but in this paper total variation distance [Gibbs and Su, 2002] is used for its

convenience. For two probability distributions P,Q on Rd, the total variation distance is

given by

TV (P,Q) = sup
A2B

|P (A)�Q(A)| , (6.4)

where B is all Borel sets on Rd.

6.3 Symmetric reuslt

In this section, we formulate Theorem 6.1 under the assumption that both P, P 0 are assumed

in a model class M(K,wmin, c). We will show that if a priori it is known that P, P 0 are both

well-separated Gaussian mixtures, then parametric stability can hold. More importantly,

we provide tractable bound so that such the deviation on parameters is computable.

Before we formulate for the specific case of mixtures of spherical Gaussian, we introduce

several constants depending on the model class M(K,wmin, c) and ✏, but independent of

the actual distributions considered. These parametrize the upper bounds on the terms of

dparam (6.2) we are about present. The constants ⌘0, ⌘⇤, to be defined below, represent

ratios between standard deviations; ⌘⇤ > 1 will bound the perturbation in �i, and the aim

is to bring it as close to 1 as possible. The constant c0, together with ⌘0 gives the minimum

su�cient value for the separation c, while c⇤ bounds the perturbation of the components’

means.

Denote by �(x) the CDF of the standard normal distribution in one dimension and by

Fd the CDF of Gamma(d2 ,
d

2) distribution.

�(x) =

Z
x

�1

1p
2w

exp

✓
�1

2
t2
◆
dt , Fd(x) =

Z
x

0

(d2)
d

2

�(d2)
t
d

2�1 exp

✓
�d

2
t

◆
dt . (6.5)

Constants c0, ⌘0 determined by wmin, ✏, wmax(or K) are defined by

c0 = 2��1(1� wmin � 2✏

2
) ; (6.6)

⌘0 satisfies ⌘0 � 1 and

1� wmin � 2✏

wmax
+

2(1� wmax)

wmax
�(�1

2
⌘0c0) = Fd(

2⌘20 log ⌘0
⌘20 � 1

)� Fd(
2 log ⌘0
⌘20 � 1

) . (6.7)
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Lemma 6.16 (Section 6.7) will show that the right hand side of (6.7) is in fact TV (N(0, Id), N(0, ⌘2Id))

and is lower bounded by 1� (2⌘/(⌘2 + 1))d/2.

With the values c0, ⌘0 one can establish upper bounds for the three terms of equation

(6.2); in particular c0max{�i,�0perm(i)} bounds the first term, representing the means’ vari-

ation. This is shown in detail in Section 6.7.3. We call c0, ⌘0 initial bounds because, in fact,

they can be further reduced, by a technique that we present in Section 6.7.4. Thus, we

obtain refined parameter distance upper bounds depending on constants c⇤, ⌘⇤ which satisfy

0  c⇤  c0, 1  ⌘⇤  ⌘0 and the following conditions

1� 2�(�c⇤

2
) =

2✏

wmin
+

2(1� wmin)

wmin
�(�1

2
[c(1 +

1

⌘⇤
)� c⇤]) , (6.8)

Fd(
2(⌘⇤)2 log ⌘⇤

(⌘⇤)2 � 1
)� Fd(

2 log ⌘⇤

(⌘⇤)2 � 1
) =

2✏

wmin
+

2(1� wmin)

wmin
�(�1

2
[c(1 +

1

⌘⇤
)� c⇤]) . (6.9)

Note that through equations (6.8) and (6.9), c⇤, ⌘⇤ are also determined by wmin, ✏, c and

wmax. The following section shows that the four constants c0, ⌘0, c⇤, ⌘⇤ exist and are unique.

Now we are ready to state our first main result.

Theorem 6.2. Let P 2M(K,wmin, wmax, c). Suppose P 0 is any model in M(K 0, wmin, wmax, c)

such that TV (P, P 0)  2✏ where max{K,K 0}  1/wmin, wmax  1� (min{K,K 0}� 1)wmin.

Let c0, ⌘0 be defined as in (6.6) and (6.7). Then, if c � c0⌘0 and wmin > 2✏, we have K = K 0

and further, there exists a permutation perm 2 SK and constants c⇤ 2 [0, c0], ⌘⇤ 2 [1, ⌘0]

satisfying (6.8) and (6.9), such that for each i 2 [K],

TV (Pi, P
0
permi) 

2✏

wmin
+

2(1� wmin)

wmin
�(�1

2
[c(1 +

1

⌘⇤
)� c⇤]) , (6.10)

||µi � µ0
perm(i)||  c⇤⌘⇤�i , (6.11)

max{�i/�0perm(i),�
0
perm(i)�i}  ⌘

⇤ , (6.12)

|wi � w0
perm(i)|  2✏+ (1� wmin + wmax)�(�C(c, c⇤, ⌘⇤)) , (6.13)

where C(c, c⇤, ⌘⇤) is defined by

C(c, c⇤, ⌘⇤) :=

s
c2

2(⌘⇤)2
+

1

2⌘⇤
(c� c⇤

2
)2 � (c⇤)2(1 + ⌘⇤)2

16(⌘⇤)2
� c⇤

2
. (6.14)
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This theorem extends the usual identifiability result. Furthermore, this upper bound is

tractable since all the constants are explicit or computable and it does not assume prior

knowledge on parameters. Computability opens up the possibility of applying our result to

finite samples.

The following proposition gives an estimate of the constants c0, ⌘0, c⇤, ⌘⇤ in the asymp-

totic regime that K !1.

Proposition 6.1. Given wmin > 2✏ > 0, then c0, ⌘0, c⇤, ⌘⇤ defined in equations (6.6)–

(6.8) exist and each is unique. Further suppose there are nonnegative constants ↵,� and

su�ciently large positive constant ◆ such that �  1+↵, wmin = ⌦(K�(1+↵)) ,wmax/wmin =

O(K�) and 2✏/wmin  ◆ ⌧ 1. When K ! 1, we have the initial separation condition

c0 = O(
p
logK), ⌘0 = O(K2�/d). With any separation c > c0⌘0, the ultimate upper bound

c⇤ = O(1) and ⌘⇤ = O(1), i.e. they are bounded when K !1.

We make several remarks here. First, specifically, for balanced model classes where

wmax/wmin = 1, we conclude that the minimal separation condition is c > c0⌘0 = O(
p
logK).

With the prior knowledge of ratios between standard deviations, our result matches the

sharp separation threshold O(
p
logK) established in [Regev and Vijayaraghavan, 2017] for

learning well-separated mixture of Gaussians. Second, [Regev and Vijayaraghavan, 2017]

also shows that for su�ciently large C and K > C8, there exist two mixtures P, P 0 in the

model class M(K, 1/K,C�24
p
logK) with unit variance for every components, such that

their parameter distance is at least C�24
p
logK but dTV (P, P 0)  K�C . However, with

larger multipliers of
p
logK in the separation constants, our result further shows that the

parameter distance is not diverging as K ! 1. That is, the mixtures can be identified

componentwisely no matter how many clusters there are under our separation conditions.

Third, when K is fixed, the separation lower bound c0⌘0 decreases in d. Informally,

with the same K, wmin, wmax, it is easier to distinguish two Gaussians mixtures in higher

dimension. This is an instance of the blessing of dimensionality for Gaussian Mixture Models

[Anderson et al., 2014].

Fourth, constraints on maximal and minimal standard deviation of each components

also provide a valid way of regularization. If the components of P, P 0 satisfiy the relation
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c > ⇢�c0 where ⇢� = maxi,j{�i,�0j}/mini,j{�i,�0j}  ⌘0, then the one to one correspondance

also holds. Finally, when Theorem 6.2 applies, the two mixtures must have same number

of components. This further leads to the following corollary showing that a well-separated

Gaussian mixtures cannot be close in total variation distance to a single spherical Gaussian.

In the proof in Section 6.7, we prove this corollary and specify the constants.

Corollary 6.1. For any ✏ < wmin, there is a positive constant csingle depending on wmin

and ✏ such that when c > csingle, no spherical Gaussians are within total variation distance

2✏ from any P in P 2M(K,wmin, c).

We shall point out that the upper bounds in Theorem 6.2 do not tends to 0 as dTV (P, P 0)!

0. Ideally, for a fixed mixture distribution P 2M(K,wmin, c), it holds that lim inf TV (P, P 0)/dparam(P, P 0) >

0 as dparam(P, P 0)! 0, due to a local Taylor expansion analysis proposed in [Ho and Nguyen,

2016]. On the other hand, our ultimate bound c⇤ and ⌘⇤ have two parts: the first part com-

ing from the total variation distance between two Gaussians and the second part coming

from not-far-enough separation between components. According to the author’s knowledge

it is not known if one can obtain computable parameter distance bound between P, P 0 which

scales as O(TV (P, P 0)) as the total variation distance TV (P, P 0) tends to zero.

6.4 Non-symmetric result

In previous section, we have assumed P, P 0 are both taken from the same model class

M(K,wmin, c). The guarantee we obtained will be a↵ected by the selection of parameters

K,wmin, c largely. In this section, we will relax the separation assumption on P 0. Through-

out this section, wmin is a pre-defined constant and P =
P

K

k=1wkNd(µk,�2kId) be a known

sGMM in model class M(K,wmin, c).

We study whether another sGMM P 0 is su�ciently close to P in total variation distance

implies its separation can be lower bounded and further leads to similar parametric guar-

antee as in the previous section. Again it will be problematic if the minimal component

weight of P 0 is not lower bounded, as there can be as many components as possible to have

a same P 0, we still need to require that the minimal weight proportion w0
k0 is also lower

bounded by wmin. We will show that only under the assumption of wmin, it is also possible
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Algorithm 9 One2OneCriterion

1: Input: sGMM P =
P

K

k=1wkNd(µk,�2kId), minimal weight component wmin, total vari-

ation distance threshold ✏ and test parameter ⇢ < wmin � 2✏.

2: Compute separation parameter c of P as c = mini 6=j ||µi � µj ||/(�i + �j), variance ratio

parameter  = maxi 6=j �i/�j .

3: Initial C(0)
s = C(0)

b
= 2��1(1� ⇢/2).

4: while Sequence {C(t)
s }t=0,1,2,··· not converged do

5: if t(0,
4c�2C

(t)
b

C
(t)
s +C

(t)
b

) > 1� ⇢ then

6: Stop and output True: one-to-one correspondence holds.

7: else

8: Solve for C(t+1)
s through t(C

(t+1)
s

2 ,
4c�2C

(t)
b

C
(t)
b

+C
(t)
s

) = 1� ⇢.

9: Solve for C(t+1)
b

through t(
C

(t+1)
b

2 ,
(2c�C

(t)
b

)(1+ 1

)

C
(t)
b

+C
(t)
s

) = 1� ⇢.

10: end if

11: end while

12: Output one-to-one correspondence not guaranteed.

to guarantee parametric stability of P as in previous section, under a stricter assumption

on separation constant c and total variation distance ✏.

Let �d be the standard multivariate Gaussian distribution in Rd , and �0 is Nd(C(1 +

⌘), ⌘2Id) distribution with C � 0, ⌘ � 1. We use t(C, ⌘) to denote the total variation

distance between P and P 0. Lemma 6.3 and 6.18 show that t(C, ⌘) is increasing in C and

⌘ respectively. With function t(C, ⌘), we first construct a su�cient condition such that a

one-to-one correspondence between P and any sGMM P 0 with minimal weight greater than

wmin and total variation distance TV (P, P 0)  2✏ can be checked in the sense that only

paired components are closed in total variation distance. This procedure is described as

algorithm One2OneCriterion.

Note that when P is completely known, one can also utilize information more specific.

For example in procedure One2OneCriterion , we introduce a new parameter

 = max
i 6=j

�i/�j
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, which is readily computed from any known sGMM P .

Theorem 6.3. Given a minimal component weight wmin and an sGMM P 2M(K,wmin, c).

If there exists a positive constant ⇢ < wmin�2✏ such that c > 2��1(1�⇢/2) and One2OneCriterion out-

puts that one-to-one correspondence holds, then any sGMM P 0 =
P

K
0

k0=1w
0
k0Nd(µk0 ,�2k0Id)

such that TV (P 0, P )  2✏ and mink0 w0
k0 � wmin must have K 0 = K and for each component

P 0
i
of P 0, there exists a unique component Pi of P such that TV (Pi, P 0

i
)  1� ⇢.

Further, for each pair of corresponding components Pi, P 0
i
it holds that max{�i/�0i,�0i/�i} 

⌘⇢ where ⌘⇢ is given by equation

1� wmin � 2✏

wK

+
(1� wK)⇢

wK

= Fd(
2⌘2⇢ log ⌘⇢
⌘2⇢ � 1

)� Fd(
2 log ⌘⇢
⌘2⇢ � 1

) , (6.15)

and separation constant of P 0, denoted as c0, satisfies that

c0 := min
i 6=j

||µ0
i
+ µ0

j
||

�0
i
+ �0

j

� max{0, c

⌘⇢
� C0(1 + ⌘⇢)

2⌘⇢
} , (6.16)

where C0 = 2��1(1� (wmin � 2✏)/2).

Specifically, let cmax
⇢ , ⌘max

⇢ be the solution of t(cmax
⇢ , 1) = 1� ⇢, t(0, ⌘max

⇢ ) = 1� ⇢ respec-

tively. if (c/cmax
⇢ �1/2)(1+1/) > ⌘max

⇢ or equivalently c > (⌘max
⇢ /(+1)+1/2)cmax

⇢ , then

procedure One2OneCriterion will stop at the first iteration and hence the one-to-one

correspondence between components of P, P 0 can be established. Therefore, introducing

the procedure One2OneCriterion relaxes the requirement on separation in the sinse

that it only requires iterations stop in any finite steps. This procedure also leads to another

neat su�cient condition as follows.

Proposition 6.2. Given a minimal component weight wmin and an sGMM P 2M(K,wmin, c).

If there exists a positive constant ⇢ < wmin � 2✏ such that

t

✓
2(+ 1)c

2⌘ + + 1
, ⌘

◆
> 1� ⇢

holds for all ⌘ � 1, then the One2OneCriterion will output True for this P,wmin, ✏ and

⇢.

Ratewise, under the same setting of 6.1, one can show that the separation requirement

is O(K
2(1+↵)

d

p
logK) when wmin = ⌦(K�(1+↵)). In conclusion, this section provides a
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prelimary result showing that any sGMM close to a really well-separated sGMM is also

well-separated globally.

6.5 Numerical Examples

The upper bounds as well as the conditions in Theorem 6.2 are computable and here we

evaluate them on a variety of examples.

Minimum Separation Recall that for Theorem 6.2 to apply, both Gaussian mixtures

P, P 0 need to have well separated components, with relative separation c � c0⌘0. Here we

calculate the minimal separation c0⌘0 in the limit case ✏ = 0. This will give a view of the

domain of applicability of the theorem.

We consider mixtures of spherical Gaussians in d = 5, 20, 35 dimensional Euclidean

spaces with the number of components K from 2 to 40. For each d and K, the ratio

⌘⇡ = wmax/wmin is set to 1,2,4,8, and 16. From K and ⌘⇡, we set wmin, wmax so that

wmax = 1� (K � 1)wmin. Figure 6.2 illustrates what the minimal separation requirements

are so that Theorem 6.2 can be applied. We observe that the heterogeneity of mixture

proportions ⌘⇡ indeed has a large e↵ect on the separation requirement; with ⌘⇡ as large as

16, one may need separation constant c � 12 to apply Theorem 6.2 in dimension 5 even

with 2 clusters. On the other hand, for balanced mixtures, the requirement is not so severe.

For mixtures in M(2, 1/2, c) namely with two equal components, even for d = 1 the lower

bound for c is 2.29. As expected [Anderson et al., 2014], when d increases, this requirement

decreases as low as c = 1.55 when d = 35. When K increases, c0⌘0 increases at the rate of

approximatevely
p
logK.

Upper Bounds for parameter divergence Here we present the numerical values of

the upper bounds c⇤, ⌘⇤ as well as of the upper bound on the relative di↵erence |wi �

⇡0perm(i)|/wmin from equation (6.13), for di↵erent levels of model fit ✏. We consider P 2

M(K, 1/(K + 1), c) on R20, and vary K = 2, 5, 10, and c = 3, 4, 5, 6. Figure 6.3 shows the

values of the three bounds in this scenario. For example, a mixture of K = 2 components

in d = 20 dimensions requires a separation c ⇡ 3 for ✏ ⇡ 0.01 by Theorem 6.2. Once this
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Figure 6.2: Su�cient minimal separation c0⌘0 in Theorem 6.2 under di↵erent settings.

Top left, Top right, Bottom Left show the dependence of c0⌘0 onK and ⌘⇡ = wmax/wmin

in dimensions d = 5, 20, 35, respectively. Bottom right shows that the dependence of c0⌘0

on K asymptotes to
p
logK.

condition holds, we have good guarantees: for each pair of corresponding components,

||µi � µ0
i|| 0.151max{�i,�0i},

max{�i,�0i}
min{�i,�0i}

 1.035, |wi � w0
i|  0.02 ⇡ 0.06wmin .

From Figure 6.3 we see that when ✏ is small, all bounds are dominated by the separation

c. As ✏ increases, we observe that all three bounds are dominated by ✏. Note the relation

between these graphs and the orange curve ⌘⇡ = 2 from Figure 6.2.

6.6 Discussion

Comparisons with recent robust identifiability results Theorem 6.2 is the first

result to our knowledge to provide computable global parameter stability upper bounds of
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Figure 6.3: Upper Bounds on the distance between corresponding means c⇤ (top row),

ratio of standard deviations ⌘⇤ minus one (middle row) and the di↵erence in mixture pro-

portions measured in multiples of wmin (bottom row) from Theorem 6.2 for di↵erent values

of K, and of separation Sep= c, in d = 20 dimensions. Some curves don’t appear because

the separation is not large enough to obtain the upper bound, as indicated by the Top, Left

panel of Figure 6.2 (orange curve).
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mixtures of well-separated sGMMs. This result can also be seen as a robust identifiability

result for M(K,wmin, c).

When TV (P, P 0)! 0, some identifiability result exists using W1 distance of parameters:

[Ho and Nguyen, 2016],[Heinrich and Kahn, 2018], etc, show that for two sets of parameter

distributions G,G0 with W1(G,G0) small, TV (PG, P 0
G0) is asymptotically greater than the

W1(G,G0) distance (without assuming separation). This result is almost the converse of our

Theorem 6.2.

The closest related works are the parameter identifiability theorems in robust learning

of Gaussian mixtures, namely Theorem B.1 in [Diakonikolas et al., 2017], Theorem 8.1 in

[Liu and Moitra, 2021], Theorem 9.1 in [Bakshi et al., 2020], which are based on newly

developed methods of moments proof techniques.

Consider two mixtures of general Gaussians P, P 0 with maximal number of components

being K. The assumptions made are that TV (P, P 0)  ✏, minimal weights of P, P 0 are

greater than ✏b1 and di↵erent components of P, P 0 have separation in total variation distance

greater than ✏b2 , for su�ciently small constants b1, b2 > 0 depending only on K. The key

observation used in the proofs is that the parameters distances of Pk, P 0
perm(k) are bounded

by poly(✏) if the Hermite moment polynomials is bounded by poly(✏), which is guaranteed

by the assumption that the total variation distance between P, P 0 is upper bounded by ✏.

Their proof technique can be directly modified into proving that P is (✏, d̃(✏)) stable with

d̃(✏) = Ok(✏b
K

3 ), where b3 is another su�ciently small positive constant.

When P is fixed (the case of interest both for us and for robust identifiability in gen-

eral), if ✏ ! 0 these results are tighter than ours as the bound d̃ ! 0. In this case, the

assumptions on P become more relaxed than ours. However, it is not known how to deter-

mine the unspecified constants in d̃ from their proof techniques, and the dependence on K

and exponent of ✏ are not optimal (Regev and Vijayaraghavan [2017], respectively in the

discussion in Section 6.2).

For larger, more realistic ✏, the rate d̃(✏) ⇠ ✏bK3 is much slower than what our numerical

simulations achieve, which appears as d(✏,M) ⇠ ✏. In this case, the assumptions on wmin

and separation of Theorem 6.2 remain fixed, while the assumptions in Liu and Moitra

[2021], Bakshi et al. [2020] become more restrictive (or may even not apply) with larger ✏.
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Hence, our results are more useful for robust recovery, where extending stability to larger

✏ is desired, while [Liu and Moitra, 2021, Bakshi et al., 2020] are useful in the limit ✏ ! 0

and for algorithmic stability (the main goal of these works). This growth of d(✏,M) ⇠ ✏

matches the sharp threshold of [Ho and Nguyen, 2016], which is obtained asymptotically

for ✏! 0, suggesting that [Ho and Nguyen, 2016] may hold for larger ✏ and that our worst

case bound may match it at least under certain conditions.

Regarding the dependence on K, a sharp threshold for sGMM was obtained by [Regev

and Vijayaraghavan, 2017], who show that ⌦(
p
logK) separation is necessary and su�cient

to recover this class of GMM in polynomial sample size and time. Our Theorem 6.2 is

approximately matching this threshold.

Other related problems Solving for exact MLE in Spherical Gaussian Mixture Models

has been proved to be NP-hard [Tosh and Dasgupta, 2018]. The current mainstream ap-

proach to fitting GMM is the Expectation-Maximization (EM) algorithm [Dempster et al.,

1977]; One cannot prove that EM will converge to the global maximum of log-likelihood

function without further assumptions, and in fact, EM can converge to bad local maxima

with high probability [Jin et al., 2016a], even for well-separated Gaussians; the same paper

also confirms the existence of local maxima in the population likelihood function. This

negative result makes it the more necessary to have a post-processing validation stage, in

which to be able to reject bad local optima. The results in our paper can fulfill this role, in

the population sense.

A second approach to estimating GMM parameters with consistency guarantees relies

on Methods of Moments (MOM) [Pearson, 1894], and is exemplified in [Hsu and Kakade,

2013, Wu and Yang, 2020]. [Hsu and Kakade, 2013] used moments up to the third order to

learn an sGMM. They don’t require separation conditions, but need the means of di↵erent

components to be linear independent. Therefore, this method cannot be applied to low d and

large K scenario. [Wu and Yang, 2020] used an semi-definite programming based denoising

procedure of moments up to order O(K). When the cluster components are well-separated,

a di↵erent line of research proposed in the seminal paper [Dasgupta, 1999] and refined in

[Sanjeev and Kannan, 2001, Achlioptas and McSherry, 2005, Kannan et al., 2008],etc, and
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[Dasgupta and Schulman, 2007], provides an accurate estimation of GMM parameters with

high probability. All these results are predicated on the data being sampled from a mixture

of well separated Gaussians.

Also, previously very few results have been established on evaluating the result of a

Gaussian Mixture fit. In these works, e.g. [Drton and Plummer, 2017], [Huang et al.,

2017]), the main target is model selection, especially consistently estimating the number of

components in a Gaussian Mixture population.

In conclusion, this chapter obtains the first computable robust identifiability bounds for

spherical Gaussian mixtures, in the population setting. Our bounds can be extended to

Gaussian mixtures with full covariance matrices ⌃k, and bounded excentricity. The bounds

d(✏,M) match the known sharp threshold w.r.t K from Regev and Vijayaraghavan [2017],

and are uniform over the model class M(K,wmin, c).

In the chapter we introduce an iterative approach for tightening the bounds which is

original, to our knowledge. Several other results of our Lemmas can be of independent

interest, such as a tighter bounds on parameter variation for a single Gaussian, that remain

informative for larger perturbations in TV distance than the previous bound of Devroye

et al. [2020].

6.7 Proof of Results in Chapter 6

6.7.1 Proof of Proposition 6.1

Proof of Proposition 6.1. First c0 exists and is unique from (6.6). The definition of c0 shows

that

�(�c0/2) = 1� �(c0/2) = 1� �(��1(1� wmin � 2✏

2
)) =

1

2
(wmin � 2✏) . (6.17)

Consider R(⌘) to be a function defined by the the R.H.S. of (6.7) tending to zero, i.e.

R(⌘) = Fd

✓
2⌘2 log ⌘

⌘2 � 1

◆
� Fd

✓
2 log ⌘

⌘2 � 1

◆
(6.18)

and R(⌘) ! 0 when ⌘ ! 1+. According to Lemma 6.18, R(⌘) is increasing in ⌘ and tends

to one when ⌘ !1. Denote

L(⌘) = 1� wmin � 2✏

⇡
+

1� ⇡
⇡

2�(�⌘0c0
2

) . (6.19)
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Then the L.H.S. of (6.7) can both be written as L(⌘). Since

L(1) = 1� wmin � 2✏

⇡
+

1� ⇡
⇡

(wmin � 2✏) (6.20)

= 1� (wmin � 2✏)

✓
� 1

⇡
+

1

⇡
� 1

◆
(6.21)

= 1� wmin + 2✏ > 0 (6.22)

and when ⌘ !1, L(⌘) tends to 1� (wmin � 2✏)/⇡ < 1. Therefore since L(⌘) is decreasing

in ⌘ and R(⌘) is increasing, there exists a unique ⌘0 that satisfies equation (6.7).

For the second part of this lemma, we now consider the case wmin = ⌦(K�(1+↵)) for

some ↵ � 0,wmax/wmin = O(K�) for some 0  �  1 + ↵ and ✏ small enough such that

wmin � 2✏ = ⌦(K�(1+↵)). By (6.6), it holds that

�(�1

2
c0) = ⌦

✓
1

2K1+↵

◆
. (6.23)

Note that for any constant ⇣ > 0,

�(�1

2
2
p
2 log(2K1+↵/⇣))  exp

✓
�1

8
(2
p
2 log(2K1+↵/⇣))2

◆
=

⇣

2K1+↵
. �(�1

2
c0)

(6.24)

where a . b means there exists a constant A > 0 such that a  A · b. Hence there exists

some ⇣0 > 0 such that

c0  2

s

2 log(
2K1+↵

⇣0
) = O(

p
logK)

.

Now we upper bound ⌘0. Therefore since �(�c0/2)  1/2K  1/4 or c0/2 � 0.67 > 0.5

1

2K
� �(�1

2
c0) �

1

5
p
2⇡ 1

2c0
exp(�1

8
c20) , (6.25)

i we conclude that exp(�1
8c

2
0) = O(

p
logK/K). Therefore,

L(⌘) = 1� wmin � 2✏

wmax
+

1� wmax

wmax
2�(�1

2
⌘c0) (6.26)

 1� wmin � 2✏

wmax
+ 2K exp

✓
�1

8
⌘2c20

◆
(6.27)

= 1� wmin � 2✏

wmax
+O

 
K

p
logK

K

�⌘2!
. (6.28)
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On the other hand the R.H.S. of (6.7) is lower bounded by

R(⌘) > 1�
✓

2⌘

⌘2 + 1

◆ d

2

> 1�
✓
2

⌘

◆ d

2

. (6.29)

Hence take ⌘̃ = 2(2wmax/(wmin � 2✏))2/d = O(K2�/d), it holds that

R(⌘̃)� L(⌘̃) >
1

2

wmin � 2✏

wmax
� ⌦

 
K

p
logK

K

�⌘̃2!
. (6.30)

However by the selection of ⌘̃, R(⌘̃) � L(⌘̃) has to be positive for su�ciently large K.

Therefore ⌘0 < ⌘̃ and we conclude that for su�ciently large K, it holds that ⌘0 = O(K2�/d).

To estimate c⇤, ⌘⇤, we consider two di↵erence cases:

• When ⌘0  47, apparently by definition ⌘⇤  ⌘0, and this leads to a bounded pairwise

total variation distance ( 0.95).

• When wmin � 2✏ > 2✏, it is impossible to have ⌘0 > 47 from definition of ⌘0, (6.7). It

remains to discuss the case wmin � 2✏ < 0.05. Recall that c0 is defined so as

�(�1

2
c0) =

wmin � 2✏

2
.

By the same argument as previously, we have c0  2
p
2(log(2/(wmin � 2✏))). Then,

the R.H.S. of (6.8) is always upper bounded by

2✏

wmin
+

2(1� wmin)

wmin
�(�1

2
[c(1 +

1

⌘⇤
)� c⇤])  ◆+ 2

wmin
�(�1

2
c0⌘0)

 ◆+ 2

wmin
exp

✓
�1

8
⌘20c

2
0

◆

 ◆+ 2

wmin


5

4

p
2⇡c0(wmin � 2✏)

�
⌘
2
0

 ◆+ 2

wmin


5
p
⇡

r
log(

2

wmin � 2✏
)(wmin � 2✏)

�⌘20

Note that for any ⇢ 2 (0, 0.05), the function

h(⇢) =
2

⇢


5
p
⇡⇢

r
log(

2

⇢

�⌘20

is upper bounded by 0.028. Hence pairwise total variation distance between matched

component pairs is upper bounded by ◆+ 0.028 < 1.
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As a conclusion, for any matched components Pi, P 0
i
, their total variation distance is

O(1) and smaller than 1 for su�ciently large K. Then we further conclude that c⇤ = O(1)

and ⌘⇤ = O(1).

6.7.2 Technical Tools for Proving Theorem 6.2

Instead of directly diving into the proof of Theorem 6.2, we start by some observations in

mixture models and analysis on total variation distances between spherical Gaussians. It is

worthwhile noticing that in the lemmas in this subsection, we don’t require the two mixture

models P, P 0 to have the same number of components.

Total Variation Distance Between Spherical Gaussians

We develop a lemma upper bounding parameter distances between spherical Gaussians given

their total variation distance. For this, one can use Hellinger distance, which includes an

anlytical expression as a natural lower bound Gibbs and Su [2002], but they are usually

not tight in constants and therefore they cannot separate the bound in mean parameter

and variance parameter. Devroye et al. [2020] proposes another lower bound starting from

the definitions but their results are only meaningful when the total variation distance is

su�ciently small.

Lemma 6.1. Suppose P1 = Nd(µ1,�21Id) and P2 = Nd(µ2,�22Id). Let C0(⇢) = 2��1(1� ⇢

2)

and ⌘0(⇢) be the solution of

1� ⇢ = Fd

✓
2⌘2 log ⌘

⌘2 � 1

◆
� Fd

✓
2 log ⌘

⌘2 � 1

◆
. (6.31)

Then the following holds:

• If ||µ1 � µ2||� C0(⇢)(�1 + �2)/2, then TV (P1, P2) � 1� ⇢. Equality holds i↵ �1 = �2

and ||µ1 � µ2||= C0(⇢)(�1 + �2)/2.

• If max{�1/�2,�2/�1} � ⌘0(⇢), then TV (P1, P2) � 1 � ⇢. Equality holds i↵ µ1 = µ2

and max{�1/�2,�2/�1} = ⌘0(⇢).
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We separate the Gaussian total variation lower bound into three di↵erent lemmas and

prove them.

Lemma 6.2. Suppose P1 = Nd(µ1,�21Id) and P2 = Nd(µ2,�22Id). Let � be the CDF of

standard normal distribution and define for each 0 < ⇢ < 1,

C0(⇢) = 2��1(1� ⇢

2
) (6.32)

If C = ||µ1 � µ2||/max{�1,�2} � C0(⇢), then there exists a set A such that P1(A)�P2(A) �

1� ⇢. Equality holds i↵ �1 = �2 and C = C0(⇢).

Proof of Lemma 6.2. Let p1, p2 be the density of P1, P2 and random variables X1, X2 follow

P1, P2 respectively.

WLOG assume that �1  �2. If the statement holds under this case, then when �1 > �2,

one can select A such that P2(A)�P1(A) > 1�⇢. Then take A = A
{
and the desired result

holds.

To start with, we consider the case d = 1 and assume µ2�µ1 = C�2 = C⌘�1 > 0. When

�2 > �1, let A be the set {x 2 R : x0,�  x  x0,+} where

x0,± =

µ1

�
2
1
� µ2

�
2
2
±
q

(µ1�µ2)2

�
2
1�

2
2

+ 2( 1
�
2
1
� 1

�
2
2
) log �2

�1

1
�
2
1
� 1

�
2
2

(6.33)

x0,± are the two roots of the equation that the two normal densities equal, i.e.

1p
2⇡�1

exp{�(x� µ1)2

2�21
} =

1p
2⇡�2

exp{�(x� µ2)2

2�22
} (6.34)

Denote ⌘ = �2/�1 � 1, when ⌘ > 1 it holds that

x1,± =
x0,± � µ1

�1
=
�C⌘ ± ⌘

p
C2⌘2 + 2(⌘2 � 1) log ⌘

⌘2 � 1
(6.35)

x2,± =
x0,± � µ2

�2
=
�C⌘2 ±

p
C2⌘2 + 2(⌘2 � 1) log ⌘

⌘2 � 1
(6.36)

Let ' be the density function of standard normal distribution then '(x2,+) = ⌘'(x1,+),'(x2,�) =

⌘'(x1,�) by the selection of x0,±. Since the desired expression

P1(A)� P2(A) = Pr(x1,� 
x� µ1

�1
 x1,+)� Pr(x2,� 

x� µ2

�2
 x2,+) (6.37)

= �(x1,+)� �(x1,�)� �(x2,+) + �(x2,�) (6.38)
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is implicitly a function of C, ⌘, we denote it as h+(C, ⌘). Note that since

x0,± =

⇣
µ1

�
2
1
� µ2

�
2
2

⌘2
� (µ1�µ2)2
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1
� µ2
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(µ1�µ2)2
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2
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2
2

+ 2( 1
�
2
1
� 1

�
2
2
) log �2

�1

(6.39)

Consider the limit �2 ! �1 with �1 fixed and recall that µ2 � µ1 = C�2 > 0, it holds that

lim�2!�1 x0,� = �1 and lim�2!�1 x0,+ = (µ1 + µ2)/2. And further

lim
�2!�

+
1

x1,+ =
µ2 � µ� 1

2�1
=

C

2
, lim

�2!�
+
1

x1,� = �1 (6.40)

lim
�2!�

+
1

x2,+ =
µ1 � µ2

2�2
= �C

2
, lim

�2!�
+
1

x2,� = �1 (6.41)

which implies, since � is continuous,

lim
⌘!1+

h+(C, ⌘) = 1� 2�(�C

2
) (6.42)

Observe that x1,± � ⌘x2,± = C⌘ or x2,± = x1,±/⌘ � C. Then

@x1,±
@⌘

� ⌘@x2,±
@⌘

=
@x1,±
@⌘

� ⌘

� 1

⌘2
x1,± +

1

⌘

@x1,±
@⌘

�
=

1

⌘
x1,± . (6.43)

(6.34) shows that ⌘'(x1,±) = '(x2,±) Then, by taking partial derivative with ⌘, it holds

that

@h+(C, ⌘)

@⌘
= '(x1,+)

@x1,+
@⌘

� '(x1,�)
@x1,�
@⌘

� '(x2,+)
@x2,+
@⌘

+ '(x2,�)
@x2,�
@⌘

(6.44)

= '(x1,+)


@x1,+
@⌘

� ⌘@x2,+
@⌘

�
� '(x1,�)


@x1,�
@⌘

� ⌘@x2,�
@⌘

�
(6.45)

=
1

⌘
(x1,+'(x1,+)� x1,�'(x1,�)) (6.46)

> 0 . (6.47)

where in the last inequality we use the observation that x1,� < 0 < x1,+, |x1,�| > |x1,+|.

Therefore h+(C, ⌘) is increasing with ⌘ when C is fixed. And when C > C0(⇢) it holds that

h+(C, ⌘) > 1� 2�(�C0(⇢)/2) = 1� ⇢.

When µ1 � µ2 = C�2 > 0 again define

x1,± =
x0,± � µ1

�1
=

C⌘ ± ⌘
p
C2⌘2 + 2(⌘2 � 1) log ⌘

⌘2 � 1
(6.48)

x2,± =
x0,± � µ2

�2
=

C⌘2 ±
p
C2⌘2 + 2(⌘2 � 1) log ⌘

⌘2 � 1
. (6.49)



131

Consider h�(C, ⌘) = P1(A)� P2(A) = �(x1,+)��(x1,�)��(x2,+) +�(x2,�). First we

observe that lim⌘!1+ x1,+ = +1 and lim⌘!1+ x1,� = �C/2. This shows that

lim
⌘!1+

h�(C, ⌘) = 1� 2�(�C

2
) (6.50)

still holds. Note that we still have x2,± = x1,±/⌘+C. Taking derivatives w.r.t. ⌘ with same

argument we have
@h�(C, ⌘)

@⌘
=

1

⌘
(x1,+'(x1,+)� x1,�'(x1,�)) . (6.51)

Since x1,� < 0 < x1,+, the partial derivative is still positive. Therefore the result holds with

similar arguments. Combining the two cases we complete the proof for the case d = 1.

Finally when d � 2, we consider the set of x projected on to the one dimensional space

spanned by µ2 � µ1.

When �2 = �1, the set A = {x 2 Rd : p1(x) � p2(x)} is the half space

A =

(
x 2 Rd : hx, µ2 � µ1

||µ2 � µ1||i  µ1+µ2
2

)

Therefore P1(A)�P2(A) = 1�2�(�C

2 ) � 1�⇢ since C � C0(⇢) = 2��1(1�⇢/2). Equality

holds i↵ C = C0(⇢).

When �2/�1 > 1, consider P̃1 = N(µ̃1,�21) with µ̃1 = hµ1,
µ2�µ1

||µ2�µ1||i and P̃2 = N(µ̃2,�22)

with µ̃2 = hµ2,
µ2�µ1

||µ2�µ1||i. Compute x̃0,± by equation (6.33) with P̃1, P̃2 and let set

A =

⇢
x 2 Rd : x̃0,�  hx,

µ2 � µ1

||µ2 � µ1||
i  x̃0,+

�
, Ã = {x 2 R : x̃0,�  x  x̃0,+} . (6.52)

Note that |µ̃2 � µ̃1| = ||µ2 � µ1||= Cmax{�1,�2} and thus

P1(A)� P2(A) = P̃1(Ã)� P̃2(Ã) > 1� ⇢ . (6.53)

Lemma 6.3. Under the same setting of lemma 6.2, if C = ||µ1 � µ2||/(�1+�2) � C0(⇢)/2,

then there exists a set A such that P1(A) � P2(A) � 1 � ⇢. Equality holds i↵ �1 = �2 and

C = C0(⇢)/2.
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Proof of lemma 6.3. The proof is mostly unchnaged compared with lemma 6.2. We still

consider the case d = 1 and assume �1  �2 first. Once this is established, the remaining

can be obtained from similar argument as in the proof of lemma 6.2. Let x0,± be the same

as in proof of lemma 6.2.

When µ2 � µ1 = C(�1 + �2) > 0, now we should define

x1,± =
x0,± � µ1

�1
=
�C(⌘ + 1)± ⌘

p
C2(⌘ + 1)2 + 2(⌘2 � 1) log ⌘

⌘2 � 1
(6.54)

x2,± =
x0,± � µ2

�2
=
�C⌘(⌘ + 1)±

p
C2(⌘ + 1)2 + 2(⌘2 � 1) log ⌘

⌘2 � 1
, (6.55)

Similarly to the proof of Lemma 6.2, it holds that

h+(C, ⌘) = �(x1,+)� �(x1,�)� �(x2,+) + �(x2,�) , (6.56)

and

lim
⌘!1+

h+(C, ⌘) = 1� 2�(�C) . (6.57)

Since x1,± � ⌘x2,± = C(⌘ + 1) or x2,± = x1,±/⌘ � C(1 + 1/⌘), then

@x1,±
@⌘

� ⌘@x2,±
@⌘

=
@x1,±
@⌘

� ⌘

� 1

⌘2
x1,± +

1

⌘

@x1,±
@⌘

+
C

⌘2

�
=

1

⌘
x1,± �

C

⌘
. (6.58)

By the same computation as in equation (6.47) we have

@h+(C, ⌘)

@⌘
=

1

⌘
((x1,+ � C)'(x1,+)� (x1,� � C)'(x1,�)) . (6.59)

Note that

x1,+ � C =
�C(⌘ + 1)� C(⌘2 � 1) + ⌘

p
C2(⌘ + 1)2 + 2(⌘2 � 1) log ⌘

⌘2 � 1
(6.60)

=
�C⌘(⌘ + 1)

⌘ � 1
+
⌘
p

C2(⌘ + 1)2 + 2(⌘2 � 1) log ⌘

⌘2 � 1
> 0 (6.61)

x1,� � C =
�C⌘(⌘ + 1)

⌘ � 1
�
⌘
p

C2(⌘ + 1)2 + 2(⌘2 � 1) log ⌘

⌘2 � 1
< 0 (6.62)

Hence the derivative in (6.59) is positive. By the same argument, it holds that h+(C, ⌘) �

1� 2�(�C) > 1� ⇢.

A similar argument can be applied to the case µ1 > µ2 and is omitted. For the equality

case, when �1 = �2 and C = C0(⇢)/2, it is the same as in the proof in Lemma 6.2.
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Lemma 6.4. Suppose P1,2 = Nd(µ1,2,�21,2Id), 0 < ⇢ < 1. Let Fd be the CDF of Gamma(d2 ,
d

2),

and ⌘0(⇢) is the solution of

1� ⇢ = Fd

✓
2⌘2 log ⌘

⌘2 � 1

◆
� Fd

✓
2 log ⌘

⌘2 � 1

◆
. (6.63)

If ⌘ := max{�1/�2,�2/�1} > ⌘0(⇢), then there exists a set A such that P1(A)�P2(A) > 1�⇢.

To prove Lemma 6.4, we need to invoke a generalization of Reynolds’ transportation

theorem. The following lemma and required definitions can be found as equation 7.2 in

Flanders [1973]

Lemma 6.5. Let ⌦t be an `�dimensional time-variant domain of integration in Rd, and

can be given by the image of a smooth map (u, t)! x(u, t), where u runs over a fixed domain

in a R`. Let ! be an exterior `�form that can be represented in local coordinates as

! =
X

H

aH(x, t)dxH , dxH = dxh1 ^ · · · ^ dxh` . (6.64)

where H is the multi-index and 1  h1 < h2 < · · · < h`  n. Then

d

dt

Z

⌦t

! =

Z

⌦t

iv(dx!) +

Z

⌦t

!̇ +

Z

@⌦t

iv! (6.65)

where v = @x/@t, iv denotes the interior product with v, dx! is the exterior derivative of !

with respect to x and !̇ =
P

H

@aH(x,t)
@t

dxH

Proof of lemma 6.4. The proof is with the similar but more complicated technique as in the

proof of lemma 6.2. WLOG assume that �2 = ⌘�1 � ⌘0(⇢)�1 > �1 and

µ1 = (µ11, · · · , µ1d), µ2 = (C�2 + µ21, · · · , µ2d). (6.66)

By symmetricity, we can further assume C � 0, µ22 = µ12, · · · , µ2d = µ1d.

Let p1, p2 be the densities of P1, P2 respectively. Note that p1 is just the density of

standard d�dimensional Gaussian, which we will denote as 'd. Then algebraic computation

shows that the set

A = {x 2 Rd : p1(x) � p2(x)} =

⇢
x 2 Rd : ||x� ⌘2µ1 � µ2

⌘2 � 1
|| �2

⌘2 � 1

p
C2⌘2 + 2d(⌘2 � 1) log ⌘

�
.

(6.67)
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Note that A is a ball in d�dimension. Write

A1(C, ⌘) :=

⇢
x 2 Rd : ||x� (� C⌘

⌘2 � 1
, 0, · · · , 0)|| ⌘

⌘2 � 1

p
C2⌘2 + 2d(⌘2 � 1) log ⌘

�
,

(6.68)

we can compute the probability directly by

P1(A) =

Z

x:||x� ⌘2µ1�µ2
⌘2�1

|| �2
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p
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◆
dx
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y:||y+ C⌘
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C2⌘2+2d(⌘2�1) log ⌘

1

(2⇡)
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2

exp

✓
� ||y||2

2

◆
dy (6.69)

=

Z

A1(C,⌘)
'd(x)dx , (6.70)

where 'd is the density of Nd(0, Id) distribution, and Similarly let A2(C, ⌘) = {x 2 Rd :

||x� (�C⌘2/(⌘2 � 1), 0, · · · , 0)||
p

C2⌘2 + 2d(⌘2 � 1) log ⌘/(⌘2 � 1)} we have

P2(A) =

Z

A2(C,⌘)
'd(x)dx . (6.71)

Let h(C, ⌘) = P1(A) � P2(A), as the latter is only determined by C and ⌘. We now prove

that for any fixed ⌘ � ⌘0(⇢), h(C, ⌘) is monotonically increasing in C � 0.

To show this, we consider taking partial derivative of h(C, ⌘) with respect to C.

@

@C
h(C, ⌘) =

@

@C

Z

A1(C,⌘)
'd(x)dx�

@

@C

Z

A2(C,⌘)
'd(x)dx , (6.72)

We first tackle @

@C

R
A1(C,⌘) 'd(x)dx. A1(C, ⌘) is a hyperball. Let n be the normal vector

given in polar coordinates, then one can perform the following change of variable

x : (n, r)! Rd (6.73)

x1 = o1 + r cos ✓1 (6.74)

x2 = r sin ✓1 cos ✓2 (6.75)

· · · (6.76)

xd�2 = r sin ✓1 · · · sin ✓d�2 cos ✓d�1 (6.77)

xd = r sin ✓1 · · · sin ✓d�2 sin ✓d�1 (6.78)
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where o1 = �C⌘/(⌘2 � 1) and 0  r  R1 with

R1 =
⌘

⌘2 � 1

p
C2⌘2 + 2d(⌘2 � 1) log ⌘ . (6.79)

For each C > 0, there is a small neighborhood of C 2 (Ca, Cb) such that x = (x1, · · · , xd)

is a continuously di↵erentiable map on [0, R1]⇥ [0,⇡]d�2 ⇥ [0, 2⇡]⇥ (Ca, Cb)! Rd. Here is

where lemma 6.5 kicks in. Consider the d�form ! = 'd(x)dx1 ^ · · · dxd. Then since ! is a

d�form on Rd, its exterior derivative w.r.t. x 2 Rd is zero. And since 'd is independent of

C, !̇ = 0.

Therefore equation (6.65) is simplified to

@

@C

Z

A1(C,⌘)
! =

Z

@A1(C,⌘)
iv1(!). (6.80)

where v1 = @x/@C.

We shall now identify iv1(!). As @A1(C, ⌘) is a hypersphere with dimension d� 1, it is

orientable. Further, consider the following bases of tangent space of @A1(C, ⌘)

ei =
@

@✓i
, 1  i  d� 1 (6.81)

and outward pointing unit normal n = @/@r. Then for any vector field t =
P

1id�1 tiei +

tdn, by the definition of interior product and the fact that ! is an alternating d�linear

tensor, it holds that

it(!)(e1, · · · , ed�1) =!(t, e1, · · · , ed�1) (6.82)

=
d�1X

i=1

ti!(ei, e1, · · · , ed�1) + td!(n, e1, · · · , ed�1) (6.83)

='d(x)td(dx1 ^ · · · dxd)(n, e1, · · · , ed�1) (6.84)

='d(x)ht, nid⌃(n)(e1, · · · , ed�1) (6.85)

where we denote d⌃(n) = in(dx1 ^ · · ·^ dxn) to be the area element. In other words, d⌃(n)
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is the di↵erential form such that

d⌃(n)(e1, · · · , ed�1) = (dx1 ^ · · · ^ dxd)(n, e1, · · · , ed�1) (6.86)

= Rd�1
1 sind�2 ✓1 · · · sin ✓d�2(dr ^ d✓1 ^ · · · ^ d✓d�1)(n, e1, · · · , ed�1)

(6.87)

= Rd�1
1 sind�2 ✓1 · · · sin ✓d�2 , (6.88)

which shows that d⌃(n) = Rd�1
1 sind�2 ✓1 · · · sin ✓d�2d✓1 ^ · · · ^ d✓d�1. Then since iv1(!) =

'd(x)hv1, nid⌃(n),

@

@C

Z

A1(C,⌘)
! =

Z

Sd�1
Rd�1

1 'd(x(n,R1))hv1, nid⌃(n) . (6.89)

Similarly A2(C, ⌘) is given by

y : (n, r)! Rd (6.90)

y1 = o2 + r cos ✓1 (6.91)

y2 = r sin ✓1 cos ✓2 (6.92)

· · · (6.93)

yd�1 = r sin ✓1 · · · sin ✓d�2 cos ✓d�1 (6.94)

yd = r sin ✓1 · · · sin ✓d�2 sin ✓d�1 (6.95)

with o2 = �C⌘2/(⌘2 � 1) and 0  r  R2, where

R2 =
1

⌘2 � 1

p
C2⌘2 + 2d(⌘2 � 1) log ⌘ . (6.96)

By the same argument, we have

@

@C

Z

A2(C,⌘)
! =

Z

@A2(C,⌘)
'd(y(n,R2))hv2, nid⌃(n) =

Z

Sd�1
Rd�1

2 'd(y(n,R2))hv2, nid⌃(n) .

(6.97)

where v2 = @y/@C.

We observe two identites. First, for the same

n = (cos ✓1, sin ✓1 cos ✓2, · · · , sin ✓1 · · · sin ✓d�2 cos ✓d�1, sin ✓1 · · · sin ✓d�1)
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it holds that

'd(x(n,R1))

'd(y(n,R2))

=
exp

�
�1

2 ||x(n,R1)||2
�

exp
�
�1

2 ||y(n,R2)||2
� (6.98)

=
exp

�
�1

2

⇥
o21 +R2

1 + 2o1R1 cos ✓1
⇤�

exp
�
�1

2

⇥
o22 +R2

2 + 2o2R2 cos ✓1
⇤� (6.99)

=
exp

⇣
�1

2

h
C

2
⌘
2

(⌘2�1)2 + ⌘
2

(⌘2�1)2 (C
2⌘2 + 2d(⌘2 � 1) log ⌘)� 2 C⌘

2

(⌘2�1)2

p
C2⌘2 + 2d(⌘2 � 1) log ⌘ cos ✓1

i⌘

exp
⇣
�1

2

h
C2⌘4

(⌘2�1)2 + 1
(⌘2�1)2 (C

2⌘2 + 2d(⌘2 � 1) log ⌘)� 2 C⌘2

(⌘2�1)2

p
C2⌘2 + 2d(⌘2 � 1) log ⌘ cos ✓1

i⌘

(6.100)

= exp

✓
�1

2
2d log ⌘

◆
(6.101)

=
1

⌘d
(6.102)

Second, for same n, it holds that x(n, R1) � ⌘y(n, R2) = (C⌘, 0, · · · , 0). This shows v1 �

⌘v2 = (⌘, 0, · · · , 0)

Therefore

@h(C, ⌘)

@C
(6.103)

=

Z

Sd�1

⇣
Rd�1

1 'd(x(n, R1))hv1,ni �Rd�1
2 'd(y(n, R1))hv2,ni

⌘
d⌃(n) (6.104)

=

Z

Sd�1

 
Rd�1

1 'd(x(n, R1))hv1,ni �
✓
R1

⌘

◆
d�1

⌘d'd(x(n, R1))hv2,ni
!
d⌃(n) (6.105)

=

Z

Sd�1
Rd�1

1 'd(x(n, R1))hv1 � ⌘v2,nid⌃(n) (6.106)

=

Z

Sd�1
Rd�1

1 ⌘ cos ✓1'd(x(n, R1))d⌃(n) (6.107)

=Rd�1
1 ⌘

Z
⇡

0
· · ·

Z
⇡

0

Z 2⇡

0
cos ✓1

1

(2⇡)
d

2

exp

✓
�1

2
[o21 +R2

1 + 2o1R1 cos ✓1]

◆
sind�2 ✓1 · · · sin ✓d�2d✓1d✓2 · · · d✓d�1

(6.108)

=⌅

Z
⇡

0
cos ✓1 exp(�o1R1 cos ✓1) sin

d�2 ✓1d✓1 , (6.109)
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where ⌅ is a positive constant. Finally,
Z

⇡

0
cos ✓1 exp(�o1R1 cos ✓1) sin

d�2 ✓1d✓1 (6.110)

=

Z ⇡

2

0
cos ✓1 exp(�o1R1 cos ✓1) sin

d�2 ✓1d✓1 +

Z
⇡

⇡

2

cos ✓1 exp(�o1R1 cos ✓1) sin
d�2 ✓1d✓1

(6.111)

=

Z ⇡

2

0
cos ✓1 exp(�o1R1 cos ✓1) sin

d�2 ✓1d✓1 �
Z ⇡

2

0
cos ✓1 exp(o1R1 cos ✓1) sin

d�2 ✓1d✓1

(6.112)

=

Z ⇡

2

0
cos ✓1 sin

d�2 ✓1 [exp(�o1R1 cos ✓1)� exp(o1R1 cos ✓1)] d✓1 > 0 (6.113)

where the last inequality is due to the fact that o1 < 0 and for any x > 0, ex > 1 > e�x.

This shows that when C > 0, h(C, ⌘) is increasing in C. Therefore as long as h(0, ⌘) > 1�⇢,

P1(A)�P2(A) > 1� ⇢. It remains to show that h(0, ⌘) � 1� ⇢ as long as eta � ⌘0. This is

direct, when C = 0,

A1 =

(
x 2 Rd : ||x||

s
2d⌘2 log ⌘

⌘2 � 1

)
(6.114)

A2 =

(
x 2 Rd : ||x||

s
2d log ⌘

⌘2 � 1

)
(6.115)

Let X ⇠ Nd(0, Id), then ||X||2/d ⇠ Gamma(d2 ,
d

2). Then

h(0, ⌘) = Pr

✓
||X||2 2d⌘2 log ⌘

⌘2 � 1

◆
� Pr

✓
||X||2 2d log ⌘

⌘2 � 1

◆
= Fd(

2⌘2 log ⌘

⌘2 � 1
)� Fd(

2 log ⌘

⌘2 � 1
) .

(6.116)

By Lemma 6.18, h(0, ⌘) is increasing in ⌘. Therefore h(0, ⌘) � h(0, ⌘0(⇢)) = 1� ⇢, and this

completes the proof.

Lemma 6.6 (Gaussian tail bound). For any C � 1/2, it holds that

1

5
p
2⇡C

exp

✓
�1

2
C2

◆
 1� �(C)  exp

✓
�1

2
C2

◆
(6.117)

Proof of lemma 6.6. The upper bound is the standard Cherno↵’s bound. The moment

generation function of a random variable X ⇠ N(0, 1) is given by

E exp[tX] = exp

✓
1

2
t2
◆

(6.118)
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Then by Markov’s inequality,

1� �(C) = P (X > C)  inf
t:t>0

EetX
etC

= exp

✓
�1

2
t2
◆

(6.119)

To show the lower bound, consider

g(C) = 1� �(C)� 1p
2⇡

C

C2 + 1
exp(�1

2
C2). (6.120)

Since g0(C) = �2e�C
2
/2/(C2 + 1)2, g(C) is strictly decreasing. Since limC!1 g(C) = 0, we

have g(C) � 0 for all positive C, i.e.,

1� �(C) � 1p
2⇡

C

C2 + 1
exp(�1

2
C2) . (6.121)

For any C � 1/2, it holds that C/(C2+1) > 1/5C, hence the lower bound in 6.6 holds.

Lemma 6.7 (Estimate of ��1(1� ⇢/2)). For any constant ⇢ such that 0 < ⇢  1/2, cmax
⇢

defined as cmax
⇢ = ��1(1� ⇢/2) satisfies that

s

2 log
2

⇢
� log(10

r
⇡ log

2

⇢
)  cmax

⇢ 
r
2 log

2

⇢
(6.122)

Proof of lemma 6.7. From the upper bound in lemma 6.6, it is true that

1� �(
r

2 log
2

⇢
)  exp(�1

2
2 log

2

⇢
) =

⇢

2
= 1� �(cmax

⇢ ) , (6.123)

and hence from the monotonically increasing of � function, cmax
⇢ 

q
2 log 2

⇢
.

On the other hand, since ⇢  1/2 and cmax
⇢ = ��1(1 � ⇢/2) � ��1(3/4) ⇡ 0.67 > 1/2,

hence

⇢

2
= 1� �(cmax

⇢ ) � 1

5
p
2⇡cmax

⇢

exp

✓
�1

2
(cmax

⇢ )2
◆
� 1

5
q
4⇡ log 2

⇢

exp

✓
�1

2
(cmax

⇢ )2
◆

,

(6.124)

where we use the estimate cmax
⇢ 

p
2 log(2/⇢). After rearrangement we have

cmax
⇢ �

s

2 log
2

⇢
� log(10

r
⇡ log

2

⇢
) . (6.125)

Hence the proof is complete.
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Lemma 6.8 (Lower bound of TV of two Gaussians with same mean). Suppose P = Nd(0, Id)

and P 0 = Nd(0, ⌘2Id) where ⌘ > e1/2, then

TV (P, P 0) � 1� exp(d
p
log ⌘)

⌘d
�
✓

de

⇡(e� 1)

◆ d

2 (log ⌘)
d

2

⌘d
(6.126)

Lemma 6.9 (Chi-square tail bound, Lemma 1 in [Laurent and Massart, 2000]). Let X be

a random variable following chi-square distribution with degree of freedom d, then

P (X � d � x)  exp

✓
� x2

2(d+ x) + 2
p
d2 + 2dx

◆
(6.127)

Proof of lemma 6.8. As in the proof of lemma 6.18, consider the set B(⌘) defined by

B(⌘) := {x : p(x) � p0(x)} =

(
x 2 Rd : ||x||

s
2d⌘2 log ⌘

⌘2 � 1

)
. (6.128)

Then TV (P, P 0) = P (B(⌘)) � P 0(⌘). Note that by a change-of-variable argument, the

probability of P 0 on this set can be upper bounded by

P 0(B⌘) =

Z

{x:||x||
r

2d⌘2 log ⌘

⌘2�1
}

1

(2⇡⌘2)
d

2

exp

✓
� 1

2⌘2
||x||2

◆
dx

=

Z

{x:||x||
q

2d log ⌘

⌘2�1
}
'd(x)dx

 'd(0)

✓
2d log ⌘

⌘2 � 1

◆ d

2

=

✓
1

2⇡

2d log ⌘

⌘2 � 1

◆ d

2

(6.129)


✓

de

⇡(e� 1)

◆ d

2 (log ⌘)
d

2

⌘d
(6.130)

On the other hand, when ⌘ > e1/2, we have 2d⌘2 log ⌘/(⌘2�1) � d log ⌘2 � d. Therefore,
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by lemma 6.9, it holds that

P (B⌘) � P
⇣n

x 2 Rd : ||x|| d log ⌘2
o⌘

� 1� exp

 
� d2(log ⌘2 � 1)2

2(d log ⌘2) + 2
p

d2(2 log ⌘2 � 1)

!

= 1� exp

✓
�d

2

h
2 log ⌘ �

p
4 log ⌘ � 1

i◆
(6.131)

= 1� 1

⌘d
exp

✓
d

2

p
4 log ⌘ � 1

◆
(6.132)

� 1� exp(d
p
log ⌘)

⌘d
(6.133)

Therefore the conclusion of lemma 6.8 holds.

Lemma 6.10 (Estimate of ⌘max
⇢ ). For any ⇢ 2 (0, 1/4), it holds that

(
1

2⇢
)1/d  ⌘max

⇢  max

8
<

:e1/2,min

8
<

:
2

⇢
2
d

,
exp

⇣q
log 2 + 2

d
log 1

⇢

⌘

⇢
1
d

(1 +

s
d

⇡e(e� 1)
)

9
=

;

9
=

;

(6.134)

Proof of lemma 6.10. We first show a courser upper bound of ⌘max
⇢ Consider two distribu-

tions P = Nd(0, Id) and P 0 = (0, (⌘max
⇢ )2) and denote their densities as p, p0 respectively.

By definition of ⌘max
⇢ , the total variation distance between P, P 0 is 1�⇢, which can be lower

bounded by squared Hellinger distance , which in this case has a analytical form as

H2(P, P 0) =
1

2

Z

Rd

(
p
p�

p
p0)2dx = 1�

✓
2⌘max

⇢

(⌘max
⇢ )2 + 1

◆ d

2

 1� ⇢ . (6.135)

Since ⌘max
⇢ > 1 we have the following inequalities

⇢ 
✓

2⌘max
⇢

(⌘max
⇢ )2 + 1

◆ d

2

<

✓
2

⌘max
⇢

◆ d

2

, (6.136)

which gives us the upper bound that ⌘max
⇢ < 2/⇢2/d,i.e.d log ⌘max

⇢ < d log 2 + 2 log(1/⇢).

Since, from lemma 6.8, we conclude that

1� ⇢ � 1�
exp(d

p
log ⌘max

⇢ )

(⌘max
⇢ )d

�
✓

de

⇡(e� 1)

◆ d

2 (log ⌘max
⇢ )

d

2

(⌘max
⇢ )d

> 1�
exp(d

p
log ⌘max

⇢ )

(⌘max
⇢ )d

2

41 +
 r

e

⇡(e� 1)

p
d log ⌘max

⇢

exp(
p
d

d

p
d log ⌘max

⇢ )

!
d
3

5 (6.137)
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Consider a utility function f(x) = exp(x/
p
d)/

p
e/(⇡(e� 1))x. Then its derivative

f 0(x) =
⇡(e� 1)

ex2
[

r
e

⇡(e� 1)
exp(

xp
d
)(

xp
d
� 1) (6.138)

Since f 0(x) < 0 when x <
p
d and f 0(x) > 0 when x >

p
d, f(x) is decreasing on (0,

p
d]

and increasing on (
p
d,+1) and hence it has a minimal value at f(

p
d) =

p
⇡e(e� 1)/d.

Therefore, we can further lower bound after equation 6.137 that

1� ⇢ > 1�
exp(d

p
log ⌘max

⇢ )

(⌘max
⇢ )d

h
1 + (

p
d/⇡e(e� 1))d

i

> 1�
exp(d

p
log ⌘max

⇢ )

(⌘max
⇢ )d

h
1 +

p
d/⇡e(e� 1)

i
d

(6.139)

This further shows that

⌘max
⇢ <

1

⇢
1
d

 
1 +

s
d

⇡e(e� 1)

!
exp

⇣q
log ⌘max

⇢

⌘
<

exp
⇣q

log 2 + 2
d
log 1

⇢

⌘

⇢
1
d

(1+

s
d

⇡e(e� 1)
)

(6.140)

For the lower bound, we consider upper bound the total variation distance by using the

following inequality in

(1� ⇢)2 = TV (P, P 0)2  1� exp(�DKL(P k P 0)) , (6.141)

or after rearrangement,

exp(�DKL(P k P 0)  1� (1� ⇢)2 = 2⇢� ⇢2 < 2⇢ (6.142)

where the DKL(P k P 0) is KL divergence defined as

DKL(P k P 0) =

Z

Rd

p log
p

q
dx =

d

2


log(⌘max

⇢ )2 � 1 +
1

(⌘max
⇢ )2

�
(6.143)

Combining the previous two inequalities, we have

d

2
log

1

(⌘max
⇢ )2

+
d

2
� d

2(⌘max
⇢ )2

 log 2⇢ (6.144)

Since ⌘max
⇢ � 1, the left hand side of the previous inequality can be further lower bounded

by d log(1/⌘max
⇢ ) and leads to ⌘max

⇢ > (1/2⇢)1/d.



143

Component-wise comparison theorem

The second key ingredient for proving our result is a group of component-wise comparison

lemmas on two mixture distributions with small total variation distance. In the following

lemmas, consider two mixture distributions P =
P

K

i=1wiPi and P 0 =
P

K
0

j=1w
0
j
Pj and denote

wmin = mini,j{wi, w0
j
} and wmax = maxi,j{wi, w0

j
}. The proofs can be found in Section 6.7;

these lemmas essentially show that (1) the weighted sum of component-wise total variation

di↵erence is upper bounded if the two mixtures are close and (2) when two well-separated

mixtures have same number of components, under particular correspondence conditions,

their mixture proportions are close.

Lemma 6.11. Suppose TV (P, P 0)  2✏. For any j 2 [K 0], if there exists a collection of

sets {Aij}i2[K] such that ⇢ij = 1� Pi(Aij) + P 0
j
(Aij) 2 [0, 1] for all i 2 [K], then

KX

i=1

max{wi, w
0
j}⇢ij � w0

j � 2✏ ,
KX

i=1

wi⇢ij � wmin � 2✏ . (6.145)

Similarly, if there exists a collection of sets {Bij}i2[K] such that ⇢ij = 1�P 0
j
(Bij)+Pi(Bij) 2

[0, 1] for all i 2 [K], equation also holds.

This lemma stems from the fact that there cannot be a set that has a large probability

mass of a component in Pi of P but has small probability mass from every component P 0
j

of P 0. Aij is the set that has a large probability mass under Pi but small under P 0
j
, while

Bij vice versa. A symmetric result can be obtained by switching the role of P and P 0.

Lemma 6.11 is particularly useful when, for some component P 0
j
, all components Pi, i 6= j

are far away from P 0
j
in total variation distance; then by Lemma 6.11 one can upper bound

the total variation distance between P 0
j
and the remaining component Pj of P .

Lemma 6.12. Suppose TV (P, P 0)  2✏ and denote wmin = mini,j{wi, w0
j
}. Consider two

components Pj0 , P
0
j
with wj0  w0

j
. If for all i 2 [K], i 6= j0, there is a set Aij such that

Pi(Aij)� P 0
j
(Aij) � 1� ⇢ with some constant ⇢ satisfying 0  ⇢  (wmin � 2✏)/(1� wmin),

it holds that

TV (Pj0 , P
0
j) 

2✏

wmin
+

1� wmin

wmin
⇢ . (6.146)
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Now, we obtain a component-wise comparison result for the di↵erences in mixture pro-

portions between corresponding components.

Lemma 6.13. Suppose TV (P, P 0)  2✏. Denote wmin = mini,j{wi, w0
j
} and wmax =

maxi,j{wi, w0
j
} If there is a pair of components Pi, P 0

i
and a set A such that for some

⇢ 2 (0, 1), min{Pi(A), P 0
i
(A)} � 1� ⇢ and maxj 6=i{Pj(A), P 0

j
(A)}  ⇢, then

|wi � w0
i|  2✏+ (1 + wmax � wmin)⇢ (6.147)

Proof of Lemma 6.11. Let Q = (P +P 0)/2. Then TV (P,Q)  ✏, TV (P 0, Q)  ✏. Let P 0
j
be

an arbitrary component of P 0. We will first show by contradiction the first half of (6.145)

holds. Suppose that
P

K

i=1max{wi, w0
j
}⇢ij < w0

j
� 2✏. Now consider the set A = \K

i=1A
{
ij
.

On one hand,

Q(A) � w0
jP

0
j(([Ki=1Aij)

{)� ✏ � w0
j(1�

KX

i=1

P 0
j(Aij))� ✏ = w0

j � w0
j

KX

i=1

P 0
j(Aij)� ✏ := LB

(6.148)

Meanwhile,

Q(A) 
KX

i=1

wiPi(A
{
i ) + ✏ = 1�

KX

i=1

wiPi(Ai) + ✏ := UB (6.149)

Since for every i 2 [K] it holds that Pi(Aij) � P 0
j
(Aij) = 1 � ⇢ij , then by Lemma 6.17,

wiPi(Aij) � w0
j
P 0
j
(Aij) � wi � max{wi, w0

j
}⇢ij . Therefore, applying Lemma 6.17 to all

components i 2 [K], it holds that

LB � UB = w0
j � 1� 2✏+

KX

i=1

�
wiPi(Aij)� w0

jP
0
j(Aij)

�
(6.150)

� w0
j � 1� 2✏+

KX

i=1

�
wi �max{wi, w

0
j}⇢ij

�
(6.151)

= w0
j � 1� 2✏+ 1�

KX

i=1

max{wi, w
0
j}⇢ij > 0 . (6.152)

This is a contradiction since Q(A) � LB > UB � Q(A). So the first half of (6.145) holds

for P 0
j
.
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For the second half of (6.145), if
P

K

i=1wi⇢ij < wmin� 2✏, then consider a di↵erent lower

bound of Q(A)

Q(A) � w0
jP

0
j(([Ki=1Aij)

{)� ✏ � wminP
0
j(([Ki=1Aij)

{)� ✏ � wmin � wmin

KX

i=1

P 0
j(Aij)� ✏ := LB0; ,

(6.153)

then notice that

LB0 � UB � wmin � 1� 2✏+
KX

i=1

wiPi(Aij)� wminP
0
j(Aij) (6.154)

� wmin � 1� 2✏+
KX

i=1

wi(1� ⇢ij) (6.155)

= wmin � 1� 2✏+ 1�
KX

i=1

wi⇢ij > 0 , (6.156)

which is a contradiction and completes the proof of the second half of (6.145).

Proof of Lemma 6.12. Define

⇢1 =
wmin � 2✏

wmin
� 1� wmin

wmin
⇢ (6.157)

Note that 0  ⇢  (wmin�2✏)/(1�wmin) implies that 0  ⇢1  1. We will show by contradi-

tion that the total variation distance TV (Pj0 , P
0
j
)  1�⇢1. If otherwise TV (Pj0 , P

0
j
) > 1�⇢1,

one can select a set Aj0j such that Pj0(Aj0j)� P 0
j
(Aj0j) > 1� ⇢1. Define function

f(x) = x(⇢1 � 1) +
X

i2[K]
i 6=j0

max{wi, x}⇢ , (6.158)

then f(x) is a piecewise linear function, with its slope upper bounded by

⇢1� 1+
X

i:i 6=j

⇢ = ⇢1+(K� 1)⇢� 1  ⇢1+
✓
1� wmin

wmin

◆
⇢� 1 =

wmin � 2✏

wmin
� 1 < 0 . (6.159)

Hence f(x) is decreasing in x. Since wj0  w0
j
, according to the remark after Lemma 6.11,
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we have

f(w0
j) = w0

j⇢1 +
X

i2[K]
i 6=j0

max{wi, w
0
j}⇢� w0

j (6.160)

>
KX

i=1

max{wi, w
0
j}(1� Pi(Aij) + P 0

j(Aij))� w0
j (6.161)

� �2✏ . (6.162)

Then we conclude that f(wmin) � f(w0
j
) > �2✏. But we can explicitly compute that

f(wmin) = wmin

✓
wmin � 2✏

wmin
� 1� wmin

wmin
⇢� 1

◆
+

X

i2[K]
i 6=j0

max{wi, wmin}⇢ (6.163)

= �2✏� (1� wmin)⇢+ ⇢
X

i2[K]
i 6=j0

wi (6.164)

 �2✏� (1� wmin)⇢+ (1� wmin)⇢ (6.165)

= �2✏ . (6.166)

This contradiction completes the proof of (6.146).

Proof. Proof of Lemma 6.13] Note that wi(A{)  ⇢ and w0
i
(A{)  ⇢

|wi � w0
i| = |wiPi(A)� w0

iP
0
i (A) + wiPi(A

{)� w0
iP

0
i (A

{)| (6.167)

 |P (A)�
X

j 6=i

wjPj(A)� P 0(A) +
X

j 6=i

w0
jP

0
j(A)|+ |wiPi(A

{)� w0
iP

0
i (A

{)|

(6.168)

 2✏+max{
X

j 6=i

wjPj(A),
X

j 6=i

w0
jP

0
j(A)}+max{wiPi(A

{), w0
iP

0
i (A

{)} (6.169)

 2✏+ (1� wmin + wmax)⇢ . (6.170)

6.7.3 Initialization

Let c0 be defined as in (6.6), then the following theorem guarantees that for each component

of P 0, there exists a component of P that is close to it in total variation distance. Starting

from here and in the remaining of Section 6.7, we will assume the following:
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B1 P 2M(K,wmin, wmax, c) and P 0 2M(K 0, wmin, wmax, c).

B2 There exists a distribution Q such that TV (P,Q  ✏ and TV (P 0, Q)  ✏.

B3 max{K,K 0}  1/wmin, wmax  1� (min{K,K 0}� 1)wmin.

Theorem 6.4. Suppose B1-B3 hold. For any component P 0
j
, there must be a component Pi

such that TV (Pi, P 0
j
)  1� wmin + 2✏

Proof of Theorem 6.4. WLOG we prove the statement for P 0
1. Assume that the conclusion

of the theorem does not hold, that for any component Pi, it holds that TV (Pi, P 0
1) >

1�wmin +2✏, implying the existence of a set Ai such that Pi(Ai)�P 0
1(Ai) > 1�wmin +2✏,

or wmin � 2✏ > 1 � Pi(Ai) + P 0
1(Ai). Then applying Lemma 6.11 to the collection of sets

{Ai}i2[K], we have

wmin � 2✏ >
KX

i=1

wi(1� Pi(Ai) + P1(A
0
i)) � wmin � 2✏ . (6.171)

Therefore, the desired result holds.

The second theorem states that, if both P and P 0 are well-separated and have nearly

balanced components, then the matching established in theorem 6.4 is one-to-one. Specif-

ically, for any component in P 0, there is one and only one component in P such that their

centers are close.

Theorem 6.5. Suppose B1-B3 hold, If c > ⌘0c0, where c0, ⌘0 are defined in (6.6) and (6.7)

respectively, then K = K 0 and there is a permutation ✓ : [K]! [K] such that ||µi � µ0
✓(i)||

c0max{�i,�0✓(i)} and max{�i/�0✓(i),�
0
✓(i)/�i}  ⌘0.

Proof of Theorem 6.5. According to Theorem 6.4 and Lemma 6.2 each P 0
j
must be matched

to at least one component Pi in the sense that their center distance ||µi � µ0
j
|| c0max{�i,�0j}.

Note that Theorem 6.4 is symmetric on both P and P 0. For each Pi, there must be a P 0
j

such that their centers are close.

We now considering the following removing procedure. For a component Pj , if there is

a unique P 0
j
that is matched to Pj , and Pj is the only component in P that is matched to
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P 0
j
, then remove both Pj and P 0

j
. For a removed pair Pj , P 0

j
, one can upper bound the ratio

between their standard deviations by max{�j ,�0j}  ⌘0. To see this WLOG we assume

that �j  �0
j
. Then for any i 6= j, let P 0

i
be a component matched with Pi. The distances

between centers are

||µ0
i � µj ||� ||µ0

i � µ0
j ||�||µ0

j � µj ||� c(�0i + �0j)� c0�
0
j = c�0i + (c� c0)�

0
j . (6.172)

• If �0
i
� �j , it holds that ||µ0

i
� µj ||� cmax{�0

i
,�j}. By Lemma 6.2, one can select a

set Aij such that P 0
i
(Aij)� Pj(Aij) > 1� 2�(�c/2) � 1� 2�(�c0⌘0/2)

• If �0
i
< �j , then since P 0

i
is not matched with Pj

||µ0
i � µj ||� c0max{�0i,�j} = c0�j . (6.173)

Adding (6.172) and (6.173), we have

||µ0
i � µj || �

1

2

�
c�0i + (c� c0)�

0
j + c0�j

�
(6.174)

� 1

2
c(�0i + �j) . (6.175)

By Lemma 6.3, one can select a set Aij such that P 0
i
(Aij)�Pj(Aij) � 1�2�(�c0⌘0/2).

Hence in both cases, for any i 6= j there P 0
i
(Aij) � Pj(Aij) � 1 � ⇢2 with ⇢2 =

2�(�c0⌘0/2) 2 (0, 1).

Now suppose max{�j ,�0j}/min{�j ,�0j} > ⌘0, by Lemma 6.4, one can select a set Ajj

such that P 0
j
(Aij)� Pj(Aij) > 1� ⇢1, where ⇢1 is defined as

⇢1 :=
wmin � 2✏

wmax
� 2(1� wmax)

wmax
�(�1

2
⌘0c0) . (6.176)

Note that 1� ⇢1 is the left hand side of equation (6.7). Further, ⇢1 < wmin/wmax < 1 and

⇢1 > (wmin � 2✏)

✓
1

wmax
� 1� wmax

wmax

◆
= wmin � 2✏ > ⇢2 (6.177)

According to Lemma 6.11,

w0
j⇢1 +

X

i:i 6=j

w0
i⇢2 >

KX

i=1

w0
i(1� P 0

i (Aij) + Pj(Aij)) � wmin � 2✏; . (6.178)
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However the L.H.S of proceeding (6.178) satisfies that

w0
j⇢1 +

X

i:i 6=j

w0
i⇢2 = w0

j(⇢1 � ⇢2) + ⇢2  wmax⇢1 + (1� wmax)⇢2 = wmin � 2✏ (6.179)

The contradiction shows that max{�j/�0j ,�0j/�j}  ⌘0.

Suppose now we complete this removing procedure and there are still remaining compo-

nents, without loss of generosity we can assume that P1 is the component that has smallest

standard deviation among all remaining components in both P and P 0. Since it is not

removed, there is a P 0
1 and a P2 such that both P1 and P2 are matched to P 0

1. Since we

assumed that �1  �2, by triangle inequality

c(�1+�2)  ||µ1 � µ2|| ||µ0
1 � µ1||+||µ0

1 � µ2|| c0max{�1,�01}+c0max{�2,�01}. (6.180)

Note that c > c0⌘0 > c0 by the assumption of the theorem, we consider three cases:

• �01  �1  �2. Then c0(�1 + �2) < c(�1 + �2)  c0(�1 + �2) and this is impossible.

• �1 < �01  �2. Then c�1 + c0�2 < c(�1 + �2)  c0�01 + c0�2, implying that �01/�1 �

c/c0 > ⌘0.

• �1  �2 < �01. Then 2c�1  c(�1+�2)  2c0�01, also implying that �01/�1 � c/c0 > ⌘0.

We conclude that �01/�1 � c/c0. By Lemma 6.4 and definition of ⌘0 in (6.7), the total

variation distance of P1, P 0
1 can be lower bounded by

TV (P1, P
0
1) > Fd(

2⌘20 log ⌘0
⌘20 � 1

)� Fd(
2 log ⌘0
⌘20 � 1

) = 1� ⇢1 , (6.181)

where ⇢1 is the same as in (6.176).

On the other hand, notice that P1 cannot be matched with any components in P 0 other

than P 0
1. This is because if there is a P 0

2 that is not removed and is matched to P1, by

the same argument above one can show that �02 < �1  �01. This contradicts the minimal

variance selection of �1.
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Therefore, for any P 0
j
unremoved with j � 2, denote Pj be a di↵erent component (not

P1) in P that matched to P 0
j
, then

||µ0
j � µ1|| � ||µ0

j � µ0
1||�c0max{�1,�01} (6.182)

� c(�0j + �01)� c0�
0
1 (6.183)

� c�0j + (c� c0)�
0
1 (6.184)

> c�0j (6.185)

Also again by selection of �1 ||µ0
j
� µ1||> c�0

j
� c�1. Hence ||µ0

j
� µ1||> cmax{�0

j
,�1}.

For any P 0
j
that has been removed, still denote Pj to be the unique component matched

to P 0
j
, (6.185) still holds. We now show that ||µ0

j
� µ1||> cmax{�1,�0j}. If �1  �0j , then it

trivially holds. When �0
j
< �1, if otherwise ||µ0

j
� µ1|| c�1, then

c(�j + �1)  ||µj � µ1|| ||µj � µ0
j ||+||µ0

j � µ1|| c0max{�j ,�0j}+ c�1 , (6.186)

implying that max{�j ,�0j}/�j � c/c0 > ⌘0. This is impossible, therefore for any P 0
j
that

has been removed, ||µ1 � µ0
j
||� cmax{�1,�0j}.

Combining the two cases together, again we can find sets Ai such that

• For i 6= 1, whether P 0
i
is removed or not, P 0

i
(Ai)� P1(Ai) > 1� ⇢2.

• For i = 1, P 0
1(A1)� P1(A1) > 1� ⇢1.

The same arguments in (6.178) and (6.179) lead to a contradiction, further showing that

all components should have been removed, i.e. when c > c0⌘0 the match is one-to-one and

hence K = K 0. The upper bounds on center distances and standard deviation ratios have

been established earlier.

6.7.4 Iterative Refinements on Mean and Standard Deviations

Theorem 6.5 provides conditions on separation, minimal proportion, and maximal propor-

tion such that one can establish a one-to-one correspondence between components of P and
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P 0. In this section, we are going to show that once this is done K = K 0, we can further

iteratively improve the bounds. Hence we can complete the proof of Theorem 6.2. We

assume all assumptions in Theorem 6.5 hold.

Proof of Theorem 6.2: Upper bounds on mean and standard deviations. By TV (P, P 0)  2✏,

take Q = (P + P 0)/2, we have TV (P,Q)  ✏, TV (P 0, Q)  ✏, therefore we can apply Theo-

rem 6.5, which confirms a one-to-one correspondence in the sense that centers are close. Out

of simplicity in notation, we re-order components of µ0
j
so that Pi, P 0

i
are correspondence.

Specifically, for any pair Pi, P 0
i
, according to the assumption ||µi � µ0

i
|| c0max{�i,�0i} and

max{�i/�0i,�0i/�i}  ⌘0.

Now consider a pair Pi, P 0
i
. WLOG assume that wi  w0

i
, otherwise one can switch the

role of P and P 0. For all j 6= i,

||µj � µ0
i|| � c(�0j + �0i)� c0max{�j ,�0j} � c�0i +

✓
c

⌘0
� c0

◆
max{�0j ,�j} � c�0i +

✓
c

⌘0
� c0

◆
�j ;

(6.187)

||µj � µ0
i|| � c(�j + �i)� c0max{�i,�0i} � c�j +

✓
c

⌘0
� c0

◆
max{�i,�0i} � c�j +

✓
c

⌘0
� c0

◆
�0i .

(6.188)

Therefore adding these two equation together we have

||µj � µ0
i||�

1

2

✓
c+

c

⌘0
� c0

◆
(�j + �0i) . (6.189)

Note that c > ⌘0c0, and hence ||µj � µ0
i
||� 1

2c0⌘0(�j + �0
i
). According to Lemma 6.3, there

exists a set Aj such that Pi(Aj)� P 0
j
(Aj) > 1� ⇢, where

⇢ = 2�

✓
�1

2
(c+

c

⌘0
� c0)

◆
< 2�(�⌘0c0/2) < 2�(�c0/2) = wmin � 2✏

. Then by Lemma 6.12, the total variation distance between Pi and P 0
i
is upper bounded

by

TV (Pi, P
0
i )  UB(c0, ⌘0) :=

2✏

wmin
+

2(1� wmin)

wmin
�

✓
�1

2
(c+

c

⌘0
� c0)

◆
< 1� wmin + 2✏ .

(6.190)
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This further implies, by Lemma 6.2, ||µi � µ0
i
|| c1max{�i,�0i}, c1 = 2��1(1� 1�UB(c0,⌘0)

2 ).

Note that UB(c0, ⌘0) < 1�wmin+2✏, therefore c1 < c0. Also by Lemma 6.4, max{�i/�0i,�0i/�i} 

⌘1, where ⌘1 solves

Fd(
2⌘21 log ⌘1
⌘21 � 1

)� Fd(
2 log ⌘1
⌘21 � 1

) = UB(c0, ⌘0) (6.191)

Since 1� (K � 1)wmin � wmin,

Fd(
2⌘20 log ⌘0
⌘20 � 1

)� Fd(
2 log ⌘0
⌘20 � 1

) (6.192)

= 1� wmin � 2✏

1� (K � 1)wmin
+

2(K � 1)wmin

1� (K � 1)wmin
�(�1

2
⌘0c0) (6.193)

> 1� wmin � 2✏

1� (K � 1)wmin
+

2(K � 1)wmin

1� (K � 1)wmin
�

✓
�1

2
(c+

c

⌘0
� c0)

◆
(6.194)

= 1� wmin � 2✏� [1� (1� (K � 1)wmin)] ⇢

1� (K � 1)wmin
(recall ⇢ = 2�(�(c+ c/⌘0 � c0)/2))

(6.195)

= 1� wmin � 2✏� ⇢
1� (K � 1)wmin

� ⇢ (6.196)

� 1� wmin � 2✏� ⇢
wmin

� ⇢ (6.197)

= 1� wmin � 2✏

wmin
+

1� wmin

wmin
⇢ (6.198)

= Fd(
2⌘21 log ⌘1
⌘21 � 1

)� Fd(
2 log ⌘1
⌘21 � 1

) , (6.199)

it holds that ⌘1 < ⌘0. To conclude, for now starting with c0, ⌘0, we are able to provide

refined upper bounds c1, ⌘1. Note that by the same argument of (6.190), one can use c1, ⌘1

to refine the upper bound by

TV (Pi, P
0
i )  UB(c1, ⌘1) :=

2✏

wmin
+

2(1� wmin)

wmin
�

✓
�1

2
(c+

c

⌘1
� c1)

◆
. (6.200)

And similarly ||µi � µ0
i
|| c2max{�i,�0i}, c2 = 2��1(1 � 1�UB(c1,⌘1)

2 ). max{�i/�0i,�0i/�i} 

⌘2, where ⌘2 solves

Fd(
2⌘22 log ⌘2
⌘22 � 1

)� Fd(
2 log ⌘2
⌘22 � 1

) = UB(c1, ⌘1) . (6.201)

As UB(c1, ⌘1) < UB(c0, ⌘0), we have c2 < c1, ⌘2 < ⌘1. This procedure can be repeated. Let

UB(ct, ⌘t) :=
2✏

wmin
+

2(1� wmin)

wmin
�

✓
�1

2
(c+

c

⌘t
� ct)

◆
(6.202)
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Then one can find

ct+1 = 2��1(1� 1� UB(ct, ⌘t)

2
) = 2��1(

1

2
+

1

2
UB(ct, ⌘t)) (6.203)

and ⌘t+1 solves

Fd(
2⌘2

t+1 log ⌘t+1

⌘2
t+1 � 1

)� Fd(
2 log ⌘t+1

⌘2
t+1 � 1

) = UB(ct, ⌘t) (6.204)

such that

||µi � µ0
i|| ct+1max{�i,�0i}, max{�0i/�i,�i/�0i}  ⌘t+1 . (6.205)

The L.H.S. of (6.204) is a strictly increasing function in ⌘t+1 and it has a continuous

inverse. Therefore we conclude that there is a continuos mapping g : [0, 1]! [0, c0]⇥ [1, ⌘0]

such that

(ct+1, ⌘t+1) = g(ct, ⌘t) (6.206)

By induction one shows that UB(ct, ⌘t) < UB(ct�1, ⌘t�1) for t � 1, therefore, ct+1 <

ct, ⌘t+1 < ⌘t. Hence {ct}, {⌘t} are two decreasing sequences, both lower bounded. Therefore

their limits exist. Denote the limits as (c⇤, ⌘⇤), then it must be a fixed point of g, namely

they solve (6.8). Further, ||µi � µ0
i
|| c⇤max{�i,�0i},max{�0

i
/�i,�i/�0i}  ⌘⇤.

The upper bounds on proportions |wi � w0
i
| are established with the components c⇤, ⌘⇤

will be proved in the next section, where we establish additional techniques to complete the

proof of Theorem 6.2.

Before we display the proof on di↵erence in proportions, we provide the proof to corol-

lary 6.1.

Proof of Corollary 6.1. Suppose P 0 is a single spherical Gaussians such that TV (P, P 0)  2✏.

Consider two new mixtures of spherical Gaussians

P̃ =
1

2
P +

1

2
Q (6.207)

P̃ 0 =
1

2
P 0 +

1

2
Q (6.208)

where Q is a su�ciently large far away Gaussian components. To be specfic, for any compo-

nent Nd(µi,�2i Id) in P or P 0, Q = Nd(µ,�2Id) is selected such that ||µ� µi||� cmax{�,�i}.
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Therefore P̃ 2M(K + 1, wmin/2, c) and P̃ 0 2M(2, wmin/2, c). However since TV (P̃ , P̃ 0) �

2✏/2 = ✏, and the maximal proportion of P̃ , P̃ 0 is upper bounded by 1/2. Let ⌘00 be defined

as the solution to

1� wmin + ✏+ 2�(�1

2
⌘00c

0
0) = Fd(

2⌘020 log ⌘00
⌘020 � 1

)� Fd(
2 log ⌘00
⌘020 � 1

) (6.209)

where c00 = 2��1(1� wmin�✏

4 ), then if c > c00⌘
0
0, according to Theorem 6.5, K +1 = 2, which

implies that K = 1 and this is a contradiction.

6.7.5 Di↵erence in Proportions

Finally given ⌘⇤, c⇤ established previously, we will complete the proof of Theorem 6.2 by

upper bounding the di↵erences in proportions. For a corresponding pair wi, w0
i
where

||µi � µ0
i
|| c⇤max{�i,�0i} and max{�0

i
,�i}/min{�0

i
,�i}  ⌘⇤, we upper bound |wi � w0

i
|

by constructing the set A such that we can apply Lemma 6.13.

To start with, we introduce a geometric lemma.

Lemma 6.14. Let x1, x2, y1, y2 be for di↵erent points in Rd, where

x̃ = ↵x1 + (1� ↵)x2 , (6.210)

ỹ = �y1 + (1� �)y2 . (6.211)

Then

||x̃� ỹ||2 = ↵�||x1 � y1||2+(1� ↵)(1� �)||x2 � y2||2+(1� ↵)�||x2 � y1||2+↵(1� �)||x1 � y2||2

� ↵(1� ↵)||x1 � x2||2��(1� �)||y1 � y2||2

The proof of this lemma is postponed to Section 6.8. Then consider two pairs of com-

ponents Pi, P 0
i
and Pj , P 0

j
, one can find a hyperplane that is far away from all four centers.

Lemma 6.15. Let Pi = Nd(µi,�2i Id), i = 1, 2 and P 0
i
= Nd(µ0

i
,�02

i
Id) be two pairs of

spherical Gaussian distributions such that with three constants c⇤ � 0, ⌘⇤ � 1, c � c⇤⌘⇤ such
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that

max{�1
�01

,
�01
�1

}  ⌘⇤, max{�2
�02

,
�02
�2

}  ⌘⇤ (6.212)

||µ1 � µ0
1||

c⇤

2
(�1 + �01), ||µ2 � µ1||� c(�1 + �2) (6.213)

||µ2 � µ0
2||

c⇤

2
(�2 + �02), ||µ0

1 � µ0
2||� c(�01 + �02) (6.214)

There exists a hyperplane H such that the distance

dist(µi, H) � C(c⇤, ⌘⇤, c)�i, dist(µ0
i, H) � C(c⇤, ⌘⇤, c)�0i, i = 1, 2 (6.215)

where

C(c⇤, ⌘⇤, c) =

s
c2

2(⌘⇤)2
+

1

2⌘⇤
(c� c⇤

2
)2 � (c⇤)2(1 + ⌘⇤)2

16(⌘⇤)2
� c⇤

2
(6.216)

Proof of Lemma 6.15. Consider two points

µ̃i =
�i

�i + �0
i

µi +
�0
i

�i + �0
i

µ0
i, i = 1, 2 , (6.217)

Note that for both i = 1, 2,

||µ̃i � µi||=
�0
i

�i + �0
i

||µ0
i � µi||

c⇤max{�i,�0i}
2

, ||µ̃i � µ0
i||=

�i
�i + �0

i

||µ0
i � µi||

c⇤max{�i,�0i}
2

(6.218)

that is, µi, µ0
i
both lies in a ball centered at µ̃i with radius c⇤max{�i,�0i}/2. The hyperplane

we consider is

H :

⇢
x 2 Rd : hx� µ̃1, µ̃2 � µ̃1i =

�1 + �01
�1 + �01 + �2 + �02

||µ̃2 � µ̃1||
�

(6.219)

By Lemma 6.14, the distance

||µ̃1 � µ̃2||2 =
�1�2

(�1 + �01)(�2 + �02)
||µ1 � µ2||2+

�01�
0
2

(�1 + �01)(�2 + �02)
||µ0

1 � µ0
2||2

| {z }
LB1

+
�1�02

(�1 + �01)(�2 + �02)
||µ1 � µ0

2||2+
�01�2

(�1 + �01)(�2 + �02)
||µ0

1 � µ2||2

| {z }
LB2

� �1�01
(�1 + �01)

2
||µ1 � µ0

1||2�
�2�02

(�2 + �02)
2
||µ2 � µ0

2||2

| {z }
UB
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We will establish a lower bound on ||µ̃1 � µ̃2|| by separately lower bounding LB1, LB2 and

UB.

First, by the seperation condition

LB1 � c2
�1�2(�1 + �2)2 + �01�

0
2(�

0
1 + �02)

2

(�1 + �01)(�2 + �02)(�1 + �2 + �01 + �02)
2
(�1 + �2 + �01 + �02)

2 (6.220)

Note that max{�i/�0i,�0i/�i}  ⌘⇤, i = 1, 2, we denote

↵ =
�1

�1 + �01
, � =

�02
�2 + �02

, ⇣ =
�1 + �2

�1 + �01 + �2 + �02
, (6.221)

then since 1/(1 + ⌘⇤)  ↵,�, ⇣  ⌘⇤/(1 + ⌘⇤), it holds that

LB1

c2(�1 + �2 + �01 + �02)
2
= ↵�⇣2 + (1� ↵)(1� �)(1� ⇣)2 (6.222)

�
✓

1

1 + ⌘⇤

◆2

[⇣2 + (1� ⇣)2] (6.223)

� 1

2

✓
1

1 + ⌘⇤

◆2

. (6.224)

namely

LB1 �
c2

2

✓
1

1 + ⌘⇤

◆2

(�1 + �2 + �01 + �02)
2 (6.225)

For the second term, start by observing that

||µ1 � µ0
2||� c(�1 + �2)�

c⇤

2
(�2 + �02), ||µ1 � µ0

2||� c(�01 + �02)�
c⇤

2
(�1 + �01) (6.226)

Adding these two equations we obtain that

||µ1 � µ0
2||�

1

2
(c� c⇤

2
)(�1 + �01 + �2 + �02) . (6.227)

and similarly ||µ0
1 � µ2||� (c� c

⇤

2 )(�1 + �01 + �2 + �02)/2. Hence

LB2

(�1 + �01 + �2 + �02)
2
� 1

4
(c� c⇤

2
)2[↵(1� �) + �(1� ↵)] . (6.228)

Write g(↵,�) = ↵(1� �) + �(1� ↵) = �(1� 2↵) + ↵.

• If ↵ = 1/2 then g(↵,�) = 1/2.



157

• If 1/(1+⌘⇤)  ↵ < 1/2, then g(↵,�) � g(↵, 1/(1+⌘⇤)) since it is an a�ne function in

� with positive linear term. When � = 1/(1 + ⌘⇤) < 1/2, by same argument we know

that g(↵,�) is an a�ne function in ↵ with positive linear term. Hence the minimum

is

g(
1

1 + ⌘⇤
,

1

1 + ⌘⇤
) =

2⌘⇤

(1 + ⌘⇤)2
. (6.229)

• If 1/2 < ↵  ⌘⇤/(1 + ⌘⇤), the same arguments show that the minimum is

g(
⌘⇤

1 + ⌘⇤
,

⌘⇤

1 + ⌘⇤
) =

2⌘⇤

(1 + ⌘⇤)2
. (6.230)

As a conclution we have

LB2 �
1

4

2⌘⇤

(1 + ⌘⇤)2
(c� c⇤

2
)2(�1 + �01 + �2 + �02)

2 (6.231)

Finally, we establish an upper bound for UB,

UB =
�1�01

(�1 + �01)
2
||µ1 � µ0

1||2�
�2�02

(�2 + �02)
2
||µ2 � µ0

2||2 (6.232)

 (c⇤)2

16
(�1 + �01)

2 +
(c⇤)2

16
(�2 + �02)

2 (6.233)

 (c⇤)2

16
(�1 + �01 + �2 + �02)

2 (6.234)

Therefore

||µ̃1 � µ̃2||�

s
c2

2

✓
1

1 + ⌘⇤

◆2

+
1

4

2⌘⇤

(1 + ⌘⇤)2
(c� c⇤

2
)2 � (c⇤)2

16
(�1 + �01 + �2 + �02) (6.235)
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The distance of µ1, µ0
1 to H is then lower bounded by

dist(µ1, H) � ||µ̃1 � µ̃2||
�1 + �01

�1 + �01 + �2 + �02
� c⇤

2
max{�1,�01} (6.236)

�

s
c2

2

✓
1

1 + ⌘⇤

◆2

+
1

4

2⌘⇤

(1 + ⌘⇤)2
(c� c⇤

2
)2 � (c⇤)2

16
(�1 + �01)�

c⇤

2
max{�1,�01}

(6.237)

�

s
c2

2

✓
1

1 + ⌘⇤

◆2

+
1

4

2⌘⇤

(1 + ⌘⇤)2
(c� c⇤

2
)2 � (c⇤)2

16
(
1

⌘⇤
+ 1)max{�1,�01}�

c⇤

2
max{�1,�01}

(6.238)

�
 s

c2

2(⌘⇤)2
+

1

2⌘⇤
(c� c⇤

2
)2 � (c⇤)2(1 + ⌘⇤)2

16(⌘⇤)2
� c⇤

2

!
max{�1,�01} (6.239)

:= C(c⇤, ⌘⇤, c)max{�1,�01} (6.240)

Note that since c > c⇤⌘⇤ and ⌘⇤ � 1,

c2

2(⌘⇤)2
+

1

2⌘⇤
(c� c⇤

2
)2 � (c⇤)2(1 + ⌘⇤)2

16(⌘⇤)2
� (c⇤)2

4
(6.241)

>
(c⇤)2

2
+

(c⇤)2(⌘⇤ � 1
2)

2

2⌘⇤
� (c⇤)2(1 + ⌘⇤)2

16(⌘⇤)2
� (c⇤)2

4
(6.242)

= (c⇤)2
"
4(⌘⇤)2 + 8⌘⇤(⌘⇤ � 1

2)
2 � (1 + ⌘⇤)2

16(⌘⇤)2

#
(6.243)

=

✓
c⇤

4⌘⇤

◆2 ⇥
8(⌘⇤)3 � 5(⌘⇤)2 � 1

⇤
> 0 (6.244)

The coe�cient C(c⇤, ⌘⇤, c) in (6.240) is positive, so

dist(µ1, H) �
 s

c2

2(⌘⇤)2
+

1

2⌘⇤
(c� c⇤

2
)2 � (c⇤)2(1 + ⌘⇤)2

16(⌘⇤)2
� c⇤

2

!
�1 (6.245)

dist(µ0
1, H) �

 s
c2

2(⌘⇤)2
+

1

2⌘⇤
(c� c⇤

2
)2 � (c⇤)2(1 + ⌘⇤)2

16(⌘⇤)2
� c⇤

2

!
�01 (6.246)

This also shows that µ1, µ0
1 are both with the same side of H as µ̃1. µ2, µ0

2 can be similarly

shown to be with the same side of H as µ̃2, which is di↵erent from µ1, µ0
1 and and the other

two distance dist(µ2, H), dist(µ0
2, H) can be lower bounded similarly.

Proof of Theorem 6.2: Di↵erence in Proportions. Now we can finish the proof to Theorem
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6.2. Let Pi, P 0
i
be two corresponding pairs such that

max{�i
�0
i

,
�0
i

�i
}  ⌘⇤, ||µi � µ0

i||
c⇤

2
(�i + �0i) . (6.247)

Here the center distance is slightly di↵erent. In fact for the corresponding pairs, it holds

that

TV (Pi, P
0
i ) 

2✏

wmin
+

2(1� wmin)

wmin
�(�1

2

✓
c+

c

⌘⇤
� c⇤

◆
) = 1� 2�(�c⇤

2
) . (6.248)

According to Lemma 6.3, it also holds that ||µi � µ0
i
|| c⇤(�i+�0i)/2. Consider an arbitrary

di↵erent corresponding pair Pj , P 0
j
, then Pi, P 0

i
, Pj , P 0

j
satisfy the conditions of Lemma 6.15,

hence we can select a hyperplane H such that Pi, P 0
i
and Pj , P 0

j
are on di↵erent side of

H, and their distance are lower bounded. Let Aj be the halfspace determined by H and

including Pj , P 0
j
, then

max{Pi(A
{
j), P

0
i (A

{
j), Pj(Aj), P

0
j(Aj)}  �(�C(c, c⇤, ⌘⇤)) (6.249)

where C(c, c⇤, ⌘⇤) is determined in (6.216). Now take A = \j 6=iAj , then

Pi(A) = Pi(([j 6=iA
{
j)

{) � 1�
X

j 6=i

Pi(A
{
j) � 1� (K � 1)�(�C(c, c⇤, ⌘⇤)) , (6.250)

P 0
i (A) = P 0

i (([j 6=iA
{
j)

{) � 1�
X

j 6=i

P 0
i (A

{
j) � 1� (K � 1)�(�C(c, c⇤, ⌘⇤)) ; (6.251)

Pj(A)  Pj(Aj)  �(�C(c, c⇤, ⌘⇤)) (6.252)

P 0
j(A)  P 0

j(Aj)  �(�C(c, c⇤, ⌘⇤)) (6.253)

And the result is given by Lemma 6.13.

6.8 Auxillary Lemmas

6.8.1 Lemmas in Section 6.2

Lemma 6.16. Let Fd be the cumulative distribution function of a Gamma(d2 ,
d

2) distribu-

tion, then for any ⌘ � 1,

R.H.S. of (6.7) = Fd(
2⌘2 log ⌘

⌘2 � 1
)� Fd(

2 log ⌘

⌘2 � 1
) � 1�

✓
2⌘

⌘2 + 1

◆ d

2

, (6.254)
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Proof of Lemma 6.16. Consider two distributions P1 = Nd(0, Id) and P2 = Nd(0, ⌘2Id) with

⌘ � 1 and the set

A = {x 2 Rd : p1(x) � p2(x)} =

⇢
x 2 Rd : ||x|| ⌘

⌘2 � 1

p
2d(⌘2 � 1) log ⌘

�
. (6.255)

where pi, i = 1, 2 is the density of Pi. Then P1(A)�P2(A) is the R.H.S. expression in (6.7).

Further, it is the total variation distance between P1 and P2. Well known result states

that total variation distance is lower bounded by Hellinger distance [Gibbs and Su, 2002],

therefore it holds that

R.H.S. of (6.7) � 1

2

Z
(
p
p1 �

p
p2)

2 = 1�
✓

2⌘

⌘2 + 1

◆ d

2

. (6.256)

6.8.2 Proof of nonsymmetric result

Proof of theorem 6.3. One-to-one correspondence By lemma 6.3, if there is a component

P 0
i
of P 0 and two di↵erent components of P : Pi, Pj such that total variation distance

TV (Pi, P 0
i
)  1� ⇢, TV (Pj , P 0

i
)  1� ⇢. WLOG assume �i  �j . Then with C(0)

b
= C(0)

s :=

2��1(1� ⇢/2), it holds that

||µi � µ0
i||

C(0)
s

2
(�i + �0i), ||µj � µ0

i||
C(0)
b

2
(�j + �0i) . (6.257)

By the separation condition of P we have

c(�i + �j)  ||µi � µj ||
C(0)
b

2
(�i + �0i) +

C(0)
s

2
(�j + �0i) , (6.258)

or

�0i �
c� C

(0)
b

2

C
(0)
b

2 + C
(0)
s

2

(�i + �j) �
4c� 2C(0)

b

C(0)
s + C(0)

b

�i , (6.259)

�0i �
c� C

(0)
b

2

C
(0)
b

2 + C
(0)
s

2

(1 +
1


)�j .
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Note that c > 2��1(1 � ⇢/2) = C(0)
b

= C(0)
s , then (4c � 2C(0)

b
)/(C(0)

b
+ C(0)

s ) > 1. Since

h(C, ⌘) is increasing in C and ⌘ respectively, if h(0, (4c � 2C(0)
b

)/(C(0)
b

+ C(0)
s )) > 1 � ⇢ it

will be impossible that TV (Pi, P 0
i
)  1 � ⇢. This contradiction leads to the existence of

one-to-one correspondence.

Now when h(0, (4c � 2C(0)
b

)/(C(0)
b

+ C(0)
s ))  1 � ⇢, since h(C(0)

s , (4c � 2C(0)
b

)/(C(0)
b

+

C(0)
s )) > h(C(0)

s , 1) = 1 � ⇢, by continuity and monotonicity of h in C there exists C(1)
s 2

[0, C(0)
s ) such that h(C(1)

s , (4c� 2C(0)
b

)/(C(0)
b

+ C(0)
s )) = 1� ⇢. Also since  � 1,

c� C
(0)
b

2

C
(0)
b

2 + C
(0)
s

2

(1 +
1


) 

4c� 2C(0)
b

C(0)
s + C(0)

b

, (6.260)

and further h(0, (1+1/)(2c�C(0)
b

)/(C(0)
b

+C(0)
s ))  h(0, (4c�2C(0)

b
)/(C(0)

b
+C(0)

s ) < 1�⇢.

Again by continuity and monotonicity of h in C there exists C(1)
b
2 [C(1)

s , C(0)
b

) such that

h(C(1)
b

/2, (1 + 1/)(2c� C(0)
b

)/(C(0)
b

+ C(0)
s )) = 1� ⇢. And it further holds that

||µi � µ0
i||

C(1)
s

2
(�i + �0i), ||µj � µ0

i||
C(1)
b

2
(�j + �0i) . (6.261)

Again by separation condition of P we have

c(�i + �j)  ||µi � µj ||
C(1)
b

2
(�i + �0i) +

C(1)
s

2
(�j + �0i) 

C(1)
b

2
(�i + �j) + (

C(1)
s

2
+

C(1)
b

2
)�0i ,

(6.262)

or after rearrangement

�0i �
c� C

(1)
b

2

C
(1)
b

2 + C
(1)
s

2

(�i + �j) �
4c� 2C(1)

b

C(1)
s + C(1)

b

�i , (6.263)

�0i �
c� C

(1)
b

2

C
(1)
b

2 + C
(1)
s

2

(1 +
1


)�j .

Similarly as previous argument, if h(0, (4c�2C(1)
b

)/(C(1)
b

+C(1)
s )) > 1�⇢, it is impossible

and we obtain the one-to-one correspondence guarantee. Otherwise we can solve for C(2)
s 2

[0, C(1)
s ) and C(2)

b
2 [C(2)

s , C(1)
b

) such that

h(
C(2)
s

2
,
4c� 2C(1)

b

C(1)
s + C(1)

b

) = 1� ⇢ , h(
C(2)
b

2
,

c� C
(1)
b

2

C
(1)
b

2 + C
(1)
s

2

(1 +
1


)) = 1� ⇢ .
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And we can further updated the distance upper bound as in equation 6.257 and equation

6.261. This further refines the variance bounds as in equation 6.259 to 6.263.

By induction, when h(0, (4c� 2C(t)
b

)/(C(t)
b

+C(t)
s ))  1� ⇢, we can always find C(t+1)

s 2

[0, C(t)
s ) and C(t+1)

b
2 [Ct+1

s , C(t)
b

) such that equations

h(
C(t+1)
s

2
,
4c� 2C(t)

b

C(t)
s + C(t)

b

) = 1� ⇢ , h(
C(t+1)
b

2
,

c� C
(t)
b

2

C
(t)
b

2 + C
(t)
s

2

(1 +
1


)) = 1� ⇢ .

hold. Hence we can construct two decreasing sequences {C(t)
b

}t=0,1,2,··· and {C(t)
s }t=0,1,2,···.

When algorithm One2OneCriterionoutputs true, then the construction of these two se-

quences stops after T <1 steps. As we see previously, as long as this procedure stops after

finite steps, we get a contradiction since the variance ratio �0
i
/�i is so large that the total

variation distance between Pi, P 0
i
must be greater than 1�⇢. This means that the existence

of two components Pi, Pj are both within total variation distance 2✏ of P 0
i
is impossible.

On the other hand, since ⇢ < wmin � 2✏, lemma 6.4 shows that there must exists a

component Pi of P such that TV (Pi, P 0
i
)  1 � wmin + 2✏ < 1 � ⇢. Hence there exists a

one-to-one correspondence between components of P and P 0 in the sense that each paired

components are within total variation distance 1� ⇢.

Variance ratio upper bound For any correspondent pairs Pi, P 0
i
, denote total variation

distance TV (Pi, P 0
i
) = 1 � ⇢ii. Since for any other components Pj we have TV (Pj , P 0

i
) >

1 � rho, according to lemma 6.11, we have wi⇢ii + (1 � wi)⇢ � wmin � 2✏, which further

shows that

⇢ii �
wmin � 2✏

wi

� (1� wi)⇢

wi

=
1

wi

(wmin � 2✏� ⇢) + ⇢. (6.264)

Since ⇢ < wmin� 2✏, the right hand side of the previous equation is decreasing in wi and its

minimal value is reached at wi = wK . Therefore the total variation distance between Pi, P 0
i

is upper bounded by

1� wmin � 2✏

wK

+
1� wK

wK

⇢ (6.265)

If max{�i/�0i,�0i/�i} > ⌘⇢ defined by equation 6.15, it holds that

TV (Pi, P
0
i ) � h(0, ⌘max) = 1� wmin � 2✏

wK

+
1� wK

wK

⇢ . (6.266)

This contradiction leads to the upper bound on variances.
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Separation lower bound Finally, we will prove the lower bound of separation constant

c0 := mini 6=j

||µ0
i
�µ

0
j
||

�
0
i
+�

0
j

of P 0. It su�ces to prove the result when c/⌘⇢ � C0(1 + ⌘⇢)/2⌘⇢ > 0.

For any two di↵erent components P 0
i
, P 0

j
of P 0, denote ||µ0

i
� µ0

j
||= c0(�0

i
+ �0

j
). Under

the assumption such that the one-to-one correspondence under total variation distance ⇢

holds, it holds that there exist di↵erent components of P , Pi, Pj such that TV (Pi, P 0
i
) 

1 � wmin + 2✏ and TV (Pj , P 0
j
)  1 � wmin + 2✏. By lemma 6.3, it holds that with C0 =

2��1(1� (wmin � 2✏)/2),

||µi � µ0
i||

C0

2
(� + �0i), ||µj � µ0

j ||
C0

2
(�j + �0j) . (6.267)

Therefore by triangular inequality and separation condition of P we have

c(�i + �j)  ||µi � µj || c0(�0i + �0j) +
C0

2
(�i + �0i) +

C0

2
(�j + �0j) (6.268)

Or after rearrangement

�0i + �0j �
c� C0

2

c0 + C0
2

(�i + �j) . (6.269)

This means at least one of �0
i
/�i and �0j/�j is greater than or equal to (c�C0/2)/(c0+C0/2).

However as we have shown, this variance ratio is upper bounded by ⌘⇢, therefore it must be

true that
c� C0

2

c0 + C0
2

� ⌘⇢ , c0 � c

⌘⇢
� C0(1 + ⌘⇢)

2⌘⇢
(6.270)

Hence the result is proved.

6.8.3 Lemmas in Section ??

Lemma 6.17. If there exists a set A such that P1(A)� P2(A) � 1� ⇢ � 0. Then for any

weights 0  w1, w2  1:

w1 �max{w1, w2}⇢ � w1P1(A)� w2P2(A)  w1 (6.271)

Proof of Lemma 6.17. Note that

w1P1(A)� w2P2(A) � w1(P2(A) + 1� ⇢)� w2P2(A) = w1 + (w1 � w2)P2(A)� w1⇢ .
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View this as an a�ne function in P2(A). Since 0  P2(A)  ⇢, we have

w1P1(A)�w2P2(A) � min{w1+(w1�w2)·0�w1⇢, w1+(w1�w2)⇢�w1⇢} = w1�max{w1, w2}⇢ .

(6.272)

Lemma 6.18. When x > 1, f(x) = x log x/(x�1) is increasing in x and g(x) = log x/(x�1)

is decreasing in x.

Proof of Lemma 6.18. Take derivative

f 0(x) =
(x� 1)(1 + log x)� x log x

(x� 1)2
=

x� 1� log x

(x� 1)2
� 0 (6.273)

g0(x) =
(x� 1)/x� log x

(x� 1)2
=

1

(x� 1)2
[1� 1

x
+ log

1

x
]  0 (6.274)

Proof ofLemma 6.14. This lemma can be proved by direct computation. First, note that

||y1 � y2||2= ||y1 � x1||2+||y2 � x1||2�2hy1 � x1, y2 � x1i (6.275)

Then

||x1 � ỹ||2

= ||�(x1 � y1) + (1� �)(x1 � y2)||2 (6.276)

= �2||x1 � y1||2+(1� �)2||x1 � y2||2+2�(1� �)hx1 � y1, x1 � y2i (6.277)

= �2||x1 � y1||2+(1� �)2||x1 � y2||2+2�(1� �) ||x1 � y1||2+||x1 � y2||2�||y1 � y2||2

2

(6.278)

= �||x1 � y1||2+(1� �)||x1 � y2||2��(1� �)||y1 � y2||2 . (6.279)

Similarly we have

||x2 � ỹ||2= �||x2 � y1||2+(1� �)||x2 � y1||2��(1� �)||y1 � y2||2 . (6.280)
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Combining all above together, it holds that

||x̃� ỹ||2

= ↵||ỹ � x1||2+(1� ↵)||ỹ � x2||2�↵(1� ↵)||x1 � x2||2 (6.281)

= ↵�||x1 � y1||2+(1� ↵)(1� �)||x2 � y2||2+(1� ↵)�||x2 � y1||2+↵(1� �)||x1 � y2||2

� ↵(1� ↵)||x1 � x2||2��(1� �)||y1 � y2||2 (6.282)
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Chapter 7

DISCUSSION AND FUTURE WORKS

This thesis studies two significant problems in unsupervised learning: manifold learning

and clustering. The motivation of this research is to establish mathematically rigorous

methods that enable practitioners to understand what the algorithm is doing better, even if

there is no ground truth label for unsupervised learning problems. Specifically, we propose

two criteria for a practically meaningful unsupervised learning paradigm:

1. Given the same dataset, the algorithm output should remain (approximately) fixed

2. Given the result, the domain expert should be able to interpret with domain knowledge

easily.

In the first part of the thesis, the main focus is on solving the second question in manifold

learning paradigms. The first criterion is still needed, but for manifold learning algorithms

with mathematical foundation (Di↵usion maps, Laplacian Eigenmap, etc.), they are often

cast as an eigenvalue problem and can satisfy the first requirement. The major obstacle

for practitioners is interpreting such algorithms and introducing domain knowledge. In

the application example we provide, on the MDS data set, previous validation is achieved

by visual inspection, where our methods can automatically select domain functions that

”explains” the algorithm output.

One major drawback of the group lasso based method (including both Manifold-

Lasso and TSLasso ) is that the selected support does not enjoy the stability requirement.

The theory in chapter 3 shows that the group of explanatory domain functions is valid as

long as it is full rank and hence not unique. Developing criteria and methods to distinguish

equivalent subsets of dictionary functions is still necessary. The incoherence condition could

be a strong requirement for real data. Also, it is still under research if the method can be

applied to large-scale MDS data on more complicated systems, e.g., on proteins [].
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In chapter 5, we discuss the (�, ✏)�stability on K-means clustering for data in RD.

We define a new stability notion, a refinement of previously studied resampling stability.

Our notion of stability (1) more precisely characterizes the behavior of K-means clustering

loss and its relationship with clusterability, and (2) can connect finite sample stability

with population stability with very mild Glivenko-Cantelli assumption on the population

P , which significantly overcomes one major drawback of previously proposed resampling

stability. On an algorithmic level, we propose an algorithm based on convex relaxations of

K-means clustering that can establish an optimality interval, as a guarantee of clustering.

One of the interesting research directions for the theoretical study of clustering in the

future is a more thorough study on the limiting behavior of ✏⇤
P
(�)/� when � ! 0. It

is still unknown whether this limiting behavior is related to clusterability beyond specific

generative models (e.g., stochastic ball model). In practice, (�, ✏)�stability may serve as a

criterion for selecting cluster numbers, especially to avoid fitting with too many clusters.

In chapter 6, we discuss whether the (�, ✏)�stability is useful in model-based clustering.

We achieve this by modifying the definition of (�, ✏) stability with a di↵erent selection of

closeness measurement and loss functions. Our result is the first tractable quantitative

upper bound of the parameter distance of two spherical Gaussian mixtures when their total

variation distance is small.

There are two potential future directions following this result. First, we must tighten

our results and weaken our assumptions to make our bound useful so that it is practically

meaningful. For example, our bound does not tend to zero when the total variation distance

✏ tends to zero, therefore losing tightness for an extremely small total variation distance.

The di�culty comes from the proof technique: for a fixed Gaussian mixture, however large

the separation is, the far-away components will still influence the density. A di↵erent proof

technique is needed to complete this result. The second potential is to turn the guarantee

into a finite sample version. Currently, our result is on the population level and is not

directly applicable to a finite sample because estimating total variation distance is only

possible with further assumptions on population P .
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2013. ISBN 978-0-8176-8376-4. doi: 10.1007/978-0-8176-8376-4-13. URL https:

//doi.org/10.1007/978-0-8176-8376-4-13.
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