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Abstract

Quantum Monte Carlo Studies of the BCS–BEC Crossover

Adam Richie-Halford

Chair of the Supervisory Committee:
Professor Aurel Bulgac

Physics

This dissertation focuses on the physics of dilute Fermi gases in the so-called BCS–BEC

crossover, with short-range attractive interactions and large scattering lengths. It introduces

a new statistical ensemble, the particle asymmetry constrained ensemble, and uses it for

calculations along with more conventional ensembles like the grand canonical ensemble and

the canonical ensemble. The dissertation presents results for the energy, condensate fraction,

superfluid critical temperature, spin susceptibility, even-odd energy pairing gap, and Tan

contact and argues for the existence, or at least non-exclusion, of the pseudogap in the

unitary regime with infinite scattering length. Finally, it uses the same quantum Monte

Carlo techniques, this time in a zero-temperature setting, to determine the quasiparticle

properties of infinite neutron matter, namely the effective mass, self-energy, and pairing

gap.
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curiosity, and humor. My wife, Zoë True, knows me best of anyone and sticks around for

some reason. She brings out the best in me and suffers my incoherent attempts to to explain

my work in layman’s terms. I am unfathomably fortunate to have found her. My daughter,

Ida True, has given me the opportunity to grow up all over again and collaborate in our

daily redefinition of love. Research time is either a theft or a loan from Zoë and Ida. If it is
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1

Chapter 1

INTRODUCTION

This chapter introduces basic concepts in quantum mechanics necessary to understand

the contributions of this dissertation.

1.1 Fermi and Bose gases

Elementary (and compound) particles can be classified according to their quantum mechan-

ical statistical properties as either bosons or fermions. Particles of half odd integer spin

(e.g. 1/2, 3/2, etc.) are fermions, obey Fermi-Dirac statistics, and obey the Pauli exclusion

principle, which states that only one fermion may occupy a given quantum state at a given

time. Conversely, particles of integer spin (e.g. 0, 1, etc.) are bosons, obey Bose-Einstein

statistics, and may simultaneously occupy the same quantum state as many other bosons.

We will introduce the Bose-Einstein and Fermi-Dirac statistics in the context of non-

interacting gases and see that even in the absence of interactions, the statistical rules give

rise to rich, even macroscopic, quantum mechanical phenomena. But before differentiating

the Fermi-Dirac from the Bose-Einstein statistics, let us introduce some basic formalism of

statistical mechanics. For a quantum system with Hamiltonian Ĥ, at temperature T , with

chemical potential µ, and volume V , all of the relevant statistical information can be derived

from the grand-canonical partition function, which measures the extent to which the particles

are spread out over the system’s energy levels,

Z(β, µ, V ) = Tr e−β(Ĥ−µN̂), (1.1)

where β = 1/kBT , N̂ is the particle number operator and the trace is over all possible multi-

particle states, known as Fock space. The constant kB is Boltzmann’s constant and for the
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remainder of this dissertation, we will choose units in which kB = 1 so that we can write

β = 1/T . The Hamiltonian Ĥ may be decomposed into kinetic energy and potential energy

terms, Ĥ = K̂ + V̂ , where K̂ is a one-body operator that depends on the momentum, p,

of each particle. For much of this dissertation, we assume that the potential is a two-body

operator that depends on the separation between particles.

1.1.1 Bosons and Bose-Einstein condensation

For a system of non-interacting bosons with an arbitrary generic energy spectrum εk, the

grand canonical partition function is

Z(β, µ, V ) =
∞∑

N=0

∑

{nk}
exp

[
−β
∑

k

(εk − µ)nk

]
=
∏

k

1

1− e−β(εk−µ)
, (1.2)

where the summations combine to give the trace over Fock space: N is the total particle

number, nk is the occupation number of the quantum state k. For bosons, nk can take any

value from 0 to ∞. By inspection of Eq. (1.1), the total particle number is

N =
∂ lnZ
∂ (βµ)

=
∑

k

nk =
∑

k

1

eβ(εk−µ) − 1
. (1.3)

In the thermodynamic limit, V →∞ and we can replace the discrete sum in Eq. (1.3) by an

integral

n =
N

V
=

2π(2m)3/2

(2π~)3

∫ ∞

0

ε1/2 dε

eβ(ε−µ) − 1
, (1.4)

where m is the particle mass. If we take N and V (and therefore n) to be fixed, then the

chemical potential is a function of temperature, µ = µ(T ) and varies in order to enforce a

desired density at a particular temperature. Formally, the definition of the chemical potential

is[112]

µ =

(
∂U

∂N

)

S,V

, (1.5)

where U is the internal energy and S is the entropy. So then µ is the energy required to add

a single particle to the system under constant entropy and volume. Adding an extra particle

should increase the entropy of the system by increasing the number of states available to each
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particle (i.e. increasing the possible distributions {nk} in Eq. (1.2)). Holding S constant

therefore requires a decrease in the internal energy. So the sign of µ is negative.

To put it another way, since nk must be non-negative for all states k, this implies that

µ ≤ εk, for all k, including the ground state |k = 0〉, where εk = 0. Therefore, we know that

for the Bose gas, the chemical potential must satisfy µ ≤ 0. As we lower the temperature of

the system (i.e. increase β), the particle (or density) constraint will require that the chemical

potential increases until it reaches the value µ = 0 at some temperature T0. If we cool the

gas further below T0, then Eq. (1.5) dictates that the constraint µ = 0 will only hold if the

change in internal energy is zero. So cooling the system below T0 will keep the internal energy

constant, which can be satisfied when the particles collapse spontaneously to a single particle

energy state. This results in a large occupation of the |k = 0〉 state, a phenomenon known

as Bose-Einstein condensation[27, 65, 7]. The temperature T0 is the critical temperature

that separates the normal phase of the gas from the Bose-Einstein condensate (BEC) phase.

In three dimensions and with the energy spectrum εk = ~2k2/2m, the critical temperature

is[118]

T0 ≈ 3.31
~2

m

(
N

V

)2/3

. (1.6)

1.1.2 Fermions

Since fermions obey the Pauli exclusion principle, the occupation numbers are constrained

to nk ∈ {0, 1}. So the fermionic grand canonical partition function becomes

Z(β, µ, V ) =
∏

k

1∑

nk=0

exp

[
−β
(∑

k

(εk − µ)nk

)]
=
∏

k

{1 + exp [−β (εk − µ)]} . (1.7)

Unlike the Bose gas, where particles can all occupy the lowest state, the particles in the

Fermi gas fill up the energy states according to the occupation probability

nk =
1

eβ(εk−µ) + 1
, (1.8a)

lim
β→∞

nk = 1−Θ (εk − µ) , (1.8b)
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where Θ is the Heaviside step function. Thus, at zero temperature, nk becomes a step

function and all states up to the so called Fermi energy εF are occupied, with all higher

states empty. In three dimensions and with the dispersion relation εk = ~2k2/2m, the Fermi

energy is given by[118]

εF =
~2k2

F

2m
, where kF =

(
3π2N

V

)1/3

, (1.9)

where kF is the Fermi momentum. The total energy of the free Fermi gas at zero temperature

is

EFFG =
3

5
NεF . (1.10)

1.1.3 Boltzmann gases: the classical limit

Both the Fermi and Bose gases behave the same in the classical limit. If we take the average

interparticle spacing of the gas to be (V/N)1/3, and take the thermal de Broglie wavelength of

the gas, λth, to be the average de Broglie wavelength of the particles, then the classical limit

is the case where the thermal de Broglie wavelength is much smaller than the interparticle

spacing,

λth �
(
V

N

)1/3

(1.11)

This inequality can be satisfied from the right-hand-side by making the gas very dilute, or

from the left-hand-side by increasing the temperature. In either case, the Fermi-Dirac and

Bose-Einstein distributions approach the classical Boltzmann distribution,

nk =
1

eβ(εk−µ) ± 1
→ e−β(εk−µ), (1.12)

since β (εk − µ)� 1.

1.2 Interactions

We have seen that the statistical properties of a gas lead to drastically different behavior

even in the absence of interactions. Once we add interactions to the picture, it is difficult to
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compute analytically the partition function. Indeed, one can view the rest of this thesis as

an attempt to estimate accurately the partition function in a few important limiting cases.

We can however, gain some intuition about the effect of the interactions by looking at the

mean-field models of interacting fermions and bosons.

1.2.1 BCS superconductivity

Bardeen, Cooper, and Schrieffer[14, 13] (BCS) first developed a theory of superconductivity,

in which some metals exhibit zero electrical resistance below a certain critical temperature.

In doing so, they introduced the important concept of pairing, in which |k, ↑〉 and |−k, ↓〉
states form bound pairs near the Fermi surface, thereby lowering the system’s energy. We

will investigate the onset of superconductivity by assuming these pairs exist and considering

the effective Hamiltonian

Ĥ =
∑

kσ

ξkĉ
†
kσ ĉkσ +

∑

kk′

Vkk′ ĉ
†
k↑ĉ
†
−k↓ĉ−k′↓ĉk′↑, (1.13)

where ĉ†kσ creates a particle with momentum k and spin σ, we have used ξk ≡ εk − µ to

concisely include the chemical potential, and we assume that the interaction strength Vkk′ is

weakly attractive. The second term in Eq. (1.13) describes the annihilation of one Cooper

pair with momentum ±k′ and the creation of another with ±k. We can then perform a

mean-field decoupling of the quartic term using

〈
ĉ†k↑ĉ

†
−k↓ĉ−k′↓ĉk′↑

〉
≈
〈
ĉ†k↑ĉ

†
−k↓

〉
ĉ−k′↓ĉk′↑ + ĉ†k↑ĉ

†
−k↓

〈
ĉ−k′↓ĉk′↑

〉

−
〈
ĉ†k↑ĉ

†
−k↓

〉〈
ĉ−k′↓ĉk′↑

〉
, (1.14)

where the expectation value 〈ĉ†k↑ĉ†−k↓〉 corresponds to a single Cooper pair in the supercon-

ducting state. Using suggestive notation, we can define the gap function as

∆k = −
∑

k′

Vkk′ 〈ĉ−k′↓ĉk′↑〉 , (1.15)

which simplifies the expression of the effective Hamiltonian,

Ĥ =
∑

kσ

ξkĉ
†
kσ ĉkσ −

∑

k

[
∆kĉ

†
k↑ĉ
†
−k↓ + ∆∗kĉ−k↓ĉk↑

]
+
∑

k

∆k

〈
ĉ†k↑ĉ

†
−k↓

〉
. (1.16)
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This can be solved by using a Bogoliubov transform[24, 25, 197] to define new fermionic

quasiparticle operators.

ĉk↑ = u∗kγ̂k↑ + vkγ̂
†
−k↓,

ĉ−k↓ = ukγ̂
†
−k↓ − v∗kγ̂k↑,

(1.17)

where uk and vk must satisfy

|uk|2 + |vk|2 = 1 (1.18)

in order to preserve the fermionic commutation relations. Rearranging Eq. (1.17), we have

γ̂k↑ = ukĉk↑ − vkĉ†−k↓,

γ̂†−k↓ = u∗kĉ
†
−k↓ + v∗kĉk↑,

(1.19)

and can see that the Bogoliubov quasiparticles are mixtures of our original particles and

holes.

Plugging Eq. (1.17) into the effective Hamiltonian in Eq. (1.16) and collecting terms by

powers of the quasiparticle operators yields

Ĥ =
∑

k

[
2ξk|vk|2 −∆kukv

∗
k −∆∗ku

∗
kvk + ∆k

〈
ĉ†k↑ĉ

†
−k↓

〉]

+
∑

k

[
ξk
(
|vk|2 − |vk|2

)
+ ∆kukv

∗
k + ∆∗ku

∗
kvk
] (
γ̂†k↑γ̂k↑ + γ̂†−k↓γ̂−k↓

)

+
∑

k

[
2ξkukvk −∆ku

2
k + ∆∗kv

2
k

] (
γ̂†k↑γ̂

†
−k↓

)
+ h.c. ,

(1.20)

where h.c. signifies the hermitian conjugate. Up to the normalization condition, we are still

free to choose uk and vk so we choose values such that the last summation in Eq. (1.20) goes

to zero and we can bring the effective Hamiltonian into diagonalizable quadratic form. This

requires

2ξkukvk −∆ku
2
k + ∆∗kv

2
k = 0. (1.21)

Solving for the coefficients and choosing only the root that gives a minimum BCS energy

yields

vk
uk

=

√
ξ2
k + |∆k|2 − ξk

∆∗k
. (1.22)
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Combining this with the normalization condition in Eq. (1.18) yields

|uk|2 =
1

2

(
1 +

ξk
Ek

)
, (1.23a)

|vk|2 =
1

2

(
1− ξk

Ek

)
, (1.23b)

where

Ek =

√
ξ2
k + |∆k|2, (1.23c)

is the excitation energy of the Bogoliubov quasiparticles. We can now write the effective

Hamiltonian as

Ĥ =
∑

kσ

Ekγ̂
†
kσγ̂kσ +

∑

k

(
ξk − Ek + ∆k

〈
ĉ†k↑ĉ

†
−k↓

〉)
. (1.24)

Now that we have the excitation spectrum and coefficient magnitudes in Eq. (1.23), we can

interpret the quasiparticles that we have been using all along. Even at the Fermi level,

where ξk = 0, the excitation spectrum has a gap of size |∆k|. The density of states (DoS)

becomes zero inside this gap1. We therefore require a minimum energy of 2|∆k| to excite

the quasiparticle. For ξk � ∆k, uk → 1, while for ξk � −∆k, vk → 1. Thus, far away

from the Fermi surface, the quasiparticles (and quasi-holes) described by the operators γ̂

become essentially identical to the original particles (and holes) described by the operators

ĉ. However, when the gap ∆k is large enough and we are close enough to the Fermi surface,

the quasiparticles are superpositions of particles and holes.

The gap ∆k may be calculated by substituting the operators in Eq. (1.17) into the gap

definition in Eq. (1.15) so that

〈ĉ−k↓ĉk↑〉 = ukvk

[〈
γ̂−k↓γ̂

†
−k↓

〉
−
〈
γ̂†k↑γ̂k↑

〉]
= ukvk

[
1−

〈
n̂qp
k↑
〉
−
〈
n̂qp
k↓
〉]
, (1.25)

where n̂qp is the quasiparticle number operator. Since the quasiparticles obey Fermi-Dirac

statistics and have an energy dispersion Ek, we have

1−
〈
n̂qp
k↑
〉
−
〈
n̂qp
k↓
〉

= 1− 2

eβEk + 1
= tanh

(
1

2
βEk

)
(1.26)

1We will return to this cancellation in the DoS in § 1.3 when we discuss the pseudogap.
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By combining Eqs. (1.22), (1.23) and (1.26), we have the BCS gap equation

∆k = −1

2

∑

k′

Vkk′
∆k′

Ek′
tanh

(
1

2
βEk′

)
, (1.27)

which must be solved self-consistently. In the continuum limit, the gap equation becomes an

integral equation

∆(p) = −1

2

∫
dp′

(2π)3
V (p− p′)

∆(p′)

E(p′)
tanh

(
1

2
βE(p′)

)
, (1.28)

which is UV divergent and must be regularized. We can regularize the integral by setting the

physical scale of the problem to be a, the s-wave scattering length, described in Appendix A.

Restricting the potential to a two-body contact interaction of the form

V̂ =
∑

r

gn̂↑(r)n̂↓(r), (1.29)

the BCS gap equation can be written as

1

g
=

∫
d3p

1

2E(p)
tanh

(
1

2
βE(p)

)
, (1.30)

where we have used the s-wave gap assumption, ∆k = ∆ ∈ R. We can relate the s-wave

scattering length a to the bare coupling g using

m

4πa
=

∫
d3p

2ε(p)
− 1

g
, (1.31)

which has been computed for various lattice cutoffs and dispersion relations by Werner and

Castin[204]. Combining Eqs. (1.30) and (1.31), we get

m

4πa
=

∫
d3p

[
1

2ε(p)
− 1

2E(p)
tanh

(
1

2
βE(p)

)]
, (1.32a)

n =
1

V

∫
d3p

[
1− ξ(p)

E(p)
tanh

(
1

2
βE(p)

)]
, (1.32b)

where the first equation is the gap equation and the second is the so-called number equation

which accounts for the change in chemical potential required to keep a fixed density. These

can be solved to obtain the chemical potential and gap for a given temperature. Because of

the first term in brackets in Eq. (1.32a), the gap equation integral is no longer UV divergent.
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In the weak coupling limit and at T = 0, we can solve the gap equation in Eq. (1.32a)

without using the number equation in Eq. (1.32b), setting µ = εF , yielding

∆(T = 0) =
8εF
e2

exp

(
− π

2|kFa|

)
. (1.33)

As we increase the temperature, the quasiparticle excitations block the available energy

levels, reducing the gap parameter, which decreases from its maximum value at ∆(T = 0),

vanishing to zero at

Tc =
eγ

π
∆(T = 0), (1.34)

where γ is the Euler-Mascheroni constant, γ ≈ 0.577, not to be confused with the quasi-

particle operator γ̂. This result as well as Eq. (1.33) was first calculated by Gor’kov and

Melik-Barkhudarov in 1961[87].

1.2.2 Superfluidity

The same type of transformation used for weakly attractively interacting fermions in § 1.2.1

can be applied to the case of repulsively interacting bosons. In fact, the original application of

Bogoliubov’s theory was of this type, applied to liquid helium[24]. Writing the Hamiltonian

in momentum space as

Ĥ =
∑

k

εkâ
†
kâk +

U0

2V

∑

p,k,q

â†p+qâ
†
k−qâkâp, (1.35)

where â†k creates a boson with momentum k, εk = ~2k2/2m, and â†k and âk obey the usual

bosonic commutation relations.

As mentioned in § 1.1.1, the lowest-lying single-particle state (denoted by subscript 0)

will be macroscopically occupied below a certain critical temperature. If N0 is the number

of particles in this state, then N0/N will be finite even in the thermodynamic limit where

N and V go to infinity while keeping the density n = N/V constant. We will rewrite the

Hamiltonian by pulling out the lowest lying state, rewriting â†0â0 = N0 and applying the
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Bogoliubov transformation

âk = ukα̂k − vkα̂†−k,

â−k = ukα̂−k − vkα̂†k,
(1.36)

where u and v may be chosen to be real. The Hamiltonian then becomes

Ĥ =
N2

0U0

2V
+
∑

k 6=0

[
Ekα̂

†
kα̂k −

1

2
(εk + n0U0 − Ek)

]
, (1.37)

where n0 = N0/V and Ek =
√
ε2k + 2εkn0U0

In this bosonic case, the Bogoliubov coefficients satisfy the normalization condition

u2
k − v2

k = 1, (1.38)

and their magnitudes satisfy

u2
k =

1

2

(
ξk
Ek

+ 1

)
, (1.39a)

v2
k =

1

2

(
ξk
Ek

− 1

)
, (1.39b)

where ξk is the energy measured from the chemical potential as before.

At small momenta, the dispersion relation satisfies,

lim
k�1

Ek = sk, (1.40)

where s =
√
n0U0/m, which satisfies Landau’s criterion for superfluidity[117], whereby a

quantum fluid flows without dissipation below a certain critical velocity,

vc = min
k

(
Ek
k

)
. (1.41)

For the interacting Bose gas, the critical velocity is

vc = s =

√
n0U0

m
. (1.42)
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1.2.3 BCS–BEC crossover

In § 1.2.1, we solved for the gap in the low coupling regime. However, there is no reason

we cannot just blindly solve Eq. (1.32) to see what the behavior is at different coupling

strengths. Let us look at the zero temperature behavior of ∆ and µ so that all factors of

tanh(βE/2)→ 1. Equation (1.32) is more manageable in its dimensionless form

π

2kFa
=

∫ ∞

0

dx


1− x2

√
(x2 − µ̃)2 + ∆̃2


 , (1.43a)

2

3
=

∫ ∞

0

dx x2


1− x2 − µ̃√

(x2 − µ̃)2 + ∆̃2


 , (1.43b)

where the tildes on µ̃ and ∆̃ indicate that they are measured in units of the Fermi energy

εF . In Fig. 1.1 we show our solutions for ∆̃ and µ̃ for a range of scattering lengths.

1.5 1.0 0.5 0.0 0.5 1.0 1.5
1/kFa

1.5

1.0

0.5

0.0

0.5

1.0

1.5

,

Figure 1.1: Gap and chemical potential (in units of εF ) throughout the BCS–BEC crossover

using the BCS gap equation and number equation in Eq. (1.43).

There is no reason to trust the accuracy of these results since they were derived in the
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weak coupling limit and are being applied across a wide range of scattering lengths. How-

ever, as Eagles[63] and Leggett[126] pointed out, there is reason to trust them qualitatively.

After accounting for the Cooper instability, the fermionic ground state does not change dra-

matically as one changes the coupling strength. So the phase diagram throughout the entire

range of coupling strengths should consist of a low temperature superfluid phase and a high

temperature normal phase, as depicted in Fig. 1.2

On the far left side of Fig. 1.2, as 1/kFa→ −∞ (hereafter “the BCS side”), Tc obeys the

BCS prediction of Eqs. (1.33) and (1.34). If we (rashly) continue the BCS prediction of Tc

to the right of Fig. 1.2, then Tc increases to infinity. But the temperature at which bosonic

the Cooper pairs can condense (as in Eq. (1.6)) will be lower, tending to the ideal Bose gas

T
(BEC)
c as 1/kFa → ∞ (hereafter “the BEC side”). As we decrease 1/kFa from the BEC

side, the interactions increase Tc linearly in kFa[16]

T (BEC)
c = T (BEC)

c

∣∣
1/kF a=∞

(
1 +

c

(3π2)1/3
kFa+ . . .

)
, (1.44)

where c ≈ 1.32[8, 110]. These Tc curves for weakly interacting Fermi and Bose gases are

plotted in Fig. 1.2. The fading out of the Tc curves, along with the question marks and the

shaded vertical span indicate the strongly interacting regime, where the assumptions behind

Eqs. (1.6), (1.33), (1.34) and (1.44) precise behavior of Tc is unknown.

The illustrations under the Tc line in Fig. 1.2 highlight the difference between the two

regimes. On the BCS side, below Tc, the Cooper pair size is much larger than the interparticle

spacing. Overlapping pairs give rise to long range order and the ground state is a superfluid

of loosely bound Cooper pairs. Conversely, on the BEC side, the pairs form a two-body

bound state where the size of these dimers is much smaller than the interparticle spacing.

Below T
(BEC)
c the dimers will Bose-Einstein condense, forming a superfluid where the pairing

gap is the binding energy of the dimers, ∆ = Eb = ~2/ma2. There is no phase transition

between the two regimes. The size of the pairs simply evolves continuously from the BCS to

the BEC side. To quote an excellent review[167]: “There is now a clear recognition that the

BCS and BEC paradigms are not as distinct as they were once thought to be, but rather are
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2.0 1.5 1.0 0.5 0.0 0.5 1.0 1.5 2.0
1/kFa

0.0

0.1

0.2

0.3

0.4

0.5

T/
F

?

?

?
? Tc, BEC

Tc, BCS

Normal
Bose
liquid

Normal
Fermi
liquid

BEC superfluid
BCS superfluid

Figure 1.2: Artist’s conception of the phase diagram in the BCS–BEC crossover. The Tc

line separates the normal state from the superfluid state and is calculated assuming weak

interactions (see text). The shaded area represents the strong coupling regime where these

assumptions break down.

the two extrema of a continuum.”

1.2.4 Unitarity

The point in the phase diagram at 1/kFa = 0 is interesting. It corresponds to the formation of

a two-body bound state. Formally, it is the dilute limit in which the range of the interactions
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tends to zero while the scattering length tends to infinity:

nr3
0 � 1� n|a|3, (1.45)

where n = N/V is the density, a is the s-wave scattering length as before, and r0 is the range

of the interaction. On paper, one can consider a finite square well interaction with depth V

and range r0, where we take r0 → 0 while tuning V such that there is a bound state with

zero energy2.

In this limit, because the scattering length is so large compared to the interparticle

distance, the only relevant length scale is the Fermi wavelength and the only relevant energy

scale is the Fermi energy, which depend only on the density (or interparticle distance, if you

like). Quantities such as µ or ∆ are therefore some universal fraction of εF . The energy is

usually measured in units of EFFG as given in Eq. (1.10). Length scales are given in units

of the inverse Fermi momentum, which we have been hinting at all along by parameterizing

the scattering length using 1/kFa. These fractions are universal in the sense that they do

not depend on the microscopic features of the potential. Specifically, the total energy of the

unitary gas is

E(T̃ ) = ξ(T̃ )EFFG, (1.46)

where T̃ = T/εF is the so-called reduced temperature and ξ(T̃ ) is a universal dimensionless

function that depends on the reduced temperature. The parameter ξ(0) is known as the

Bertsch parameter and determining its value has been a major research challenge. The field’s

current best estimates range between ξ(0) ≈ 0.37–0.40. See [67] for a review of historical

estimates for ξ(0).

The unitary regime was first considered as a model for dilute neutron matter and proposed

formally as a challenge by G. F. Bertsch[20, 11] during the 10th Conference on Advances in

Many-Body Theory, in Seattle in 1999. Since neutron matter has densities much smaller than

the nuclear saturation density of 1014g/cm3, an effective range of ∼ 3 fm and a scattering

2Further details are provided in Appendix A.1.1
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length of about −18 fm [85], it lies just on the BCS side of the unitary regime as defined in

Eq. (1.45).

Experimentally, the unitary Fermi gas has been realized in systems of trapped, neutral,

cold atoms tuned to through Feshbach resonance[71] with an external magnetic field so that

the bound-state energy is brought to zero. See Ref. [54] for a review. Perhaps the most

rigorous experimental finite-temperature studies of the unitary Fermi gas are from Ku et

al.[114]

1.3 Pseudogaps

In § 1.2.1, we discussed that the superconducting gap leads to a complete cancellation of

the DoS near the Fermi surface. After the discovery of high Tc superconductors, researchers

found that in underdoped cuprate superconductors, there was a suppression in the DoS near

the Fermi surface even above Tc [202, 6, 124, 123, 193]. Whereas the “true” gap is identified

with complete cancellation of the DoS, this pseudogap leads to only partial depletion of the

DoS. The pseudogap is a phenomenological concept and awaits a formal definition, but most

often, the pseudogap is defined by this partial suppression of the DoS near the Fermi surface.

To introduce the pseudogap in the context of the BCS–BEC crossover, let us consider

the excitation gap in the BEC limit, where ∆ is the energy required to break up pairs as

discussed in § 1.2.3 and is much larger than the energy associated with T
(BEC)
c given in

Eq. (1.6). The single particle dispersion is given by

Ek =

√
(εk − µ)2 + |∆|2 (1.47)

and we see that when µ < 0, the spectral gap
√
|µ|2 + |∆|2 remains finite even for T > Tc

where ∆ vanishes. This finite spectral gap above Tc is the “pseudogap” in the BEC context.

In the BCS limit, there is no such pseudogap. We will use T ∗ to refer to the temperature at

which pairs form and continue to use Tc to refer to the critical temperature at which these

pairs condense. In the BCS regime, we have Tc = T ∗, whereas in the BEC regime, we have

T ∗ � Tc.
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Noting the similarity between Eq. (1.47) and Eq. (1.23c), we should differentiate between

the excitation gap ∆ in Eq. (1.47) and the superconducting order parameter defined in

Eq. (1.15). Hereafter, we will use ∆sc to refer to the superconducting order parameter.

While ∆sc goes to zero at Tc, ∆ goes to zero at T ∗. So it is possible to have ∆ 6= 0 while

∆sc = 0, which is simply a restatement of the pseudogap regime using ∆’s instead of T ’s3.

This behavior is illustrated in Fig. 1.3, adapted from Chen et al.[50]. In the BCS regime,

Tc T *

T

(T
)

sc

Figure 1.3: Artist’s interpretation of the excitation gap versus the superconducting gap in

the pseudogap regime of the BCS–BEC crossover. The blue region represents the density

of condensed pairs while the orange region represents the density of uncondensed pairs.

Adapted from Chen et al.[50].

the lack of pseudogap is equivalent to the following statements: T ∗ = Tc, ∆ = ∆sc, there are

no uncondensed pairs, and the area of the orange shaded region is zero. In the BEC regime,

∆ is essentially temperature independent, with the orange region extending very far to the

right since T ∗ � Tc is off the scale of the temperature axis. As we vary the scattering length

3It is even possible to have ∆sc 6= 0 with ∆ = 0 in superconductors with magnetic impurities[3, 212],
but this is beyond the scope of this thesis.
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from the BCS side to the BEC side, the excitation gap ∆ must evolve smoothly between

these two limiting cases.

A natural question to ask is how far can we go toward the BCS regime and still find a

pseudogap. At some point, even before the unitary regime, the chemical potential becomes

positive, µ > 0, so the naive analysis from the BEC limit suggests that the pseudogap should

disappear. Surprisingly, early calculations of the spectral function of the unitary Fermi gas

revealed a gap in the single-particle dispersion even above the critical temperature T >

Tc[137]. However, given the difficulty to calculating or measuring Fermi gases near unitarity,

different studies have given different answers to the question of whether the pseudogap

survives at unitarity[53, 127, 100, 101, 102, 184, 50, 51, 144]. We address this problem in

Chapter 3.
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Chapter 2

QUANTUM MONTE CARLO

Throughout Chapter 1 we emphasized the non-perturbative nature of Fermi gases near

unitarity and the resultant difficulty in theoretical calculations of BCS-BEC crossover. In

this chapter, we will introduce the quantum Monte Carlo techniques required to accurately

simulate Fermi gases near unitarity. The literature on quantum Monte Carlo methods is vast

and variegated and it is beyond the scope of this thesis to review all of it. The interested

reader should consult the relevant textbooks and review articles[150, 149, 115]. Instead, this

chapter is limited to introducing the Monte Carlo integration; importance sampling; the

auxiliary-field quantum Monte Carlo (AFQMC) method, which is the workhorse algorithm

for most of the calculations in this thesis; and the projection and reweighting methods

required to estimate some observables.

2.1 Monte Carlo methods

Broadly speaking, Monte Carlo methods are any computational algorithm that rely on ran-

dom sampling to estimate solutions to deterministic problems. Arguably the first example

of a Monte Carlo method is the experiment imagined by the Comte de Buffon[56], in which

one estimates the value of π by dropping needles across parallel strips of wood. The first

modern version of a Monte Carlo method was developed by Stanislaw Ulam to study neutron

diffusion[140] through various materials. Since their invention, Monte Carlo methods have

been applied to solve optimization and inverse problems. This section focuses on the most

common application of Monte Carlo methods: integration.

Consider a one-dimensional integral

I =

∫ b

a

f(x) dx. (2.1)
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This integral can be approximated using numerical quadrature

I ≈ IS =
b− a
N

N∑

i=1

wif(xi)

N∑

i=1

wi

. (2.2)

The choice of the points, xi, the weights, wi, distinguish the various quadrature methods,

such as Simpson’s rule or Gaussian quadrature[91]. These techniques work well for low-

dimensional integrals, but the computational cost required to estimate the integral of di-

mension d to some fixed accuracy grows exponentially as Nd, leading to the so-called “curse

of dimensionality.”

Rather than selecting the points xi according to some quadrature scheme, one could

randomly select points over the domain of integration [a, b]. The Monte Carlo estimate of

the integral is

I ≈ IMC = (b− a) 〈f〉 =
b− a
N

N∑

i=1

f(xi), (2.3)

where 〈f〉 is the average of the value of f(xi) over the sampled points, xi. By the central

limit theorem, the set of averages over all possible choices for {xi} will have a Gaussian

distribution. Given the sample variance of the function evaluations,

Var [f ] =
1

N − 1

N∑

i=1

(f(xi)− 〈f〉)2 , (2.4)

one can calculate the variance of the estimate of the integral IMC ,

Var [IMC ] =
(b− a)2

N
σ2
f . (2.5)

Thus, the standard deviation of the Monte Carlo estimate of the integral decreases asymp-

totically to zero as 1/
√
N and is independent of the dimensionality of the integral.

However, in this case, and in all of the more advanced techniques described below, if

the function of interest f(x) suffers from large variations over the domain of integration,

then these sampling methods will converge very slowly. This is related to the infamous
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“sign problem,” where highly varying positive and negative values tend to cancel each other

out in the discrete sum in Eq. (2.3). This problem pervades many areas of physics to

which we would like to apply Monte Carlo techniques, including Fermi gases and nuclear

interactions [196, 198, 111].

2.1.1 Importance Sampling

The Monte Carlo integration method described by Eq. (2.3) contains no prescription for

how the points xi are generated. The naive approach to this is to sample from a uniform

distribution of points in the range [a, b]. However, not all points will contribute equally to

the value of the integral I so uniform random sampling may be inefficient for interesting

integrals. It is preferable to sample more frequently in the regions which contribute most to

the integral. This type of sampling is known as “importance sampling.”

Let p(x) be the anticipated importance of f(x) at point x to the integral. For the moment,

ignore the question of how one comes up with p(x) and suppose it is provided by an oracle.

Once one knows p(x), then one can select the points {xi} with probability p(x) and then

weight the contribution of each function evaluation by the inverse of that probability. The

estimate of the integral is then

I =

∫ b

a

f(x)

p(x)
p(x) dx ≈ 1

N

N∑

i=1

f(xi)

p(xi)
. (2.6)

Comparing the right-hand-side of Eq. (2.6) with Eq. (2.3), one can view importance

sampling as a uniform sampling of some new function g(x) ≡ f(x)
p(x)

. Choosing p(x) such that

it approximates f(x), then g(x) will be close to one over the entire domain of integration,

Var [g] will be small, and the error in our estimate of the integral given by Eq. (2.5) will be

improved.

2.1.2 The Metropolis Algorithm

The Monte Carlo estimate in Eq. (2.6) motivated the need for sequences of points that are not

drawn from the uniform distribution, but rather from some distribution that approximates
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the integrand. The Metropolis-Hastings (MH) algorithm[141, 93] generates a random walk

of points approximately drawn from this probability distribution. Starting from some initial

position or “state”, one proposes a “move” in a random direction. This move is either

accepted or rejected depending on the energy difference between the current and proposed

states. Because the samples drawn depend on the previous state, the sequences of samples

are called “chains” or, more specifically, Markov chains, named after the broader class of

sampling methods to which the MH algorithm belongs: Markov chain Monte Carlo (MCMC)

methods.

Formally, the MH algorithm constructs a set of states according to a probability dis-

tribution π(x) that is designed to approximate p(x). Let the conditional probability of

transitioning from the current state, x, to the proposed state, x′, be P (x′ | x). The MH

algorithm is uniquely defined by these conditional probabilities, P (x′ | x), and will reach a

unique stationary distribution π(x) so long as the following two conditions are met[115]:

1. The stationary distribution, π(x) exists. One way to guarantee that the stationary

distribution exists is to require that the transition probabilities P (x′ | x) satisfy the

“detailed balance” condition. That is, the probability of being in state x and moving

to state x′ must be the same as the probability of being in x′ and moving to state x:

π(x)P (x′ | x) = π(x′)P (x | x′) . (2.7)

2. The stationary distribution, π(x) is unique. One way to guarantee uniqueness is to

require the transitions to be ergodic, meaning that all the possible configurations of

the system should be reachable from any starting position in a finite number of moves.

The goal of the MH algorithm is to have the stationary distribution π(x) reach the desired

probability distribution p(x) that approximates the importance of f(x). One can derive the

transition probabilities by setting π(x) = p(x) so that the detailed balance condition can be

written as
P (x′ | x)

P (x | x′) =
p(x′)

p(x)
. (2.8)
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The transition probability P (x′ | x) can be further decomposed into a proposal probability,

ν (x′ | x), and an acceptance probability, A (x′ | x),

P (x′ | x) = ν (x′ | x)A (x′ | x) . (2.9)

The detailed balance condition is then

A (x′ | x)

A (x | x′) =
p(x′)

p(x)

ν (x | x′)
ν (x′ | x)

. (2.10)

In this thesis, as in many other MH-based methods, we assume that the proposal probabilities

are equal, ν(x | x′)
ν(x′ | x)

= 1 so that a good choice for the acceptance probability of a proposed move

from x to x′ is

A (x′ | x) = min

(
1,
p(x′)

p(x)

)
. (2.11)

To summarize, the MH algorithm is given by

1. Start from an initial state xi = x0.

2. Generate a candidate state x′.

3. Calculate the acceptance probability in Eq. (2.11).

4. Generate a uniform random number r ∈ [0, 1].

5. If r ≤ A(x′, xi), accept the candidate state, xi+1 = x′.

6. If r > A(x′, xi), reject the candidate state and set xi+1 = xi.

7. Repeat from Item 2 until desired convergence is attained.

2.2 Quantum Monte Carlo methods

Quantum Monte Carlo (QMC) methods encompass all approaches that use classical Monte

Carlo methods to estimate multi-dimensional integrals that arise while solving many-body

quantum mechanics problems.
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2.2.1 Projector-based QMC

When our interest is restricted to the ground-state properties of a system at zero-temperature,

projector-based QMC methods are the dominant method. Here, one starts with a trial wave-

function, ψT , and projects out the ground state by imaginary time evolution,

ψ0 = lim
t→∞

exp (−Ht)ψT . (2.12)

In practice, the approximation

ψ0 ≈ exp (−Ht)ψT , (2.13)

is valid so long as the projection time, t, is sufficiently long and the trial wavefunction, ψT

has some overlap with the true ground state, 〈ψ0|ψT 〉 6= 0. The numerical implementation of

the projection operator, exp{−Ht} is what distinguishes one projector-based QMC method

from another. We will return to one such method after briefly discussing another QMC

context, the grand canonical ensemble, and we will see that both contexts are amenable to

study using the same method.

2.2.2 Finite-temperature QMC

When our interest is on thermal properties, one typically chooses to simulate systems in

the grand canonical ensemble (GCE), where the thermodynamic variables are the temper-

ature T , the chemical potential µ, and the volume V . The GCE assigns a probability

p = exp{−β(E − µN)} to each microstate, where β = 1/T is the inverse temperature, N is

the particle number, and E is the total energy of the system (in units where Boltzmann’s

constant kB = 1).

The partition function, Z, which measures the degree to which the particles are spread

out over the system’s energy levels at a certain temperature, is given by a trace over Fock

space of the aforesaid probabilities,

Z(β, µ, V ) = Tr
{

exp
[
−β
(
Ĥ − µN̂

)]}
, (2.14)
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while the expectation value of some observable, O, is

〈O(β, µ, V )〉 =
1

Z(β, µ, V )
Tr
{
Ô exp

[
−β
(
Ĥ − µN̂

)]}
. (2.15)

Note the similarity between the statistical weight exp
[
−β
(
Ĥ − µN̂

)]
in Eq. (2.15) and

the projection operator exp [−Ht] in Eq. (2.13). In the projector-based QMC methods,

the projection time, t, plays the same role as the inverse temperature, β, in the grand

canonical ensemble. In the following sections, we will use the context of the grand canon-

ical ensemble to explain QMC methods, but they will apply equally as well to the zero-

temperature projector-based QMC methods by making the notational substitutions β ↔ t

and exp
[
−β
(
Ĥ − µN̂

)]
↔ exp

[
−Ĥt

]
. Likewise, discussion of the statistical weight in the

GCE context will also apply to the projection operator in the zero-temperature context.

2.2.3 Discretization of the statistical weight

Numerical calculation of the statistical weight begins first by discretizing the inverse tem-

perature using a Trotter expansion, [195]

exp
[
−β
(
Ĥ − µN̂

)]
=

Nτ∏

j=1

exp
[
−τ
(
Ĥ − µN̂

)]
, (2.16)

where β = Nττ . We further decompose the exponentials into exponentials that depend

separately on the kinetic and potential energy operators. Writing Ĥ = K̂ + V̂ , one applies

the Suzuki decomposition,[186]

exp
[
−τ
(
Ĥ − µN̂

)]
= exp

[
−1

2
τ
(
K̂ − µN̂

)]
exp

[
−τ V̂

]
exp

[
−1

2
τ
(
K̂ − µN̂

)]
+O(τ 3).

(2.17)
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These two decompositions are so often chained together that the combined approach is often

called the Suzuki-Trotter decomposition,

exp
[
−β
(
Ĥ − µN̂

)]
= exp

[
−1

2
τ
(
K̂ − µN̂

)]

×
(

Nτ∏

j=1

exp
[
−τ V̂

]
exp

[
−τ
(
K̂ − µN̂

)])

× exp

[
+

1

2
τ
(
K̂ − µN̂

)]
+O(τ 2). (2.18)

2.2.4 The Hubbard-Stratonovich Transformation

The kinetic energy operators in Eq. (2.18) are one-body operators, diagonal in momentum

space, and are therefore easy to evaluate numerically. On the other hand, the interaction

factor exp
[
−τ V̂

]
is a many-body term. For example, for a two-body spin-independent

interaction that depends only on the interparticle spatial separation, we have

V̂ =
∑

r,r′
λ,λ′

V (r − r′) â†λ(r)â†λ′(r′)âλ′(r′)âλ(r) (2.19)

=
∑

r,r′
λ,λ′

V (r − r′) n̂λ(r)n̂λ′(r′)− V (0)
∑

r,λ

n̂λ(r), (2.20)

where â†λ(r) and âλ(r) are creation and annihilation operators for fermions with spin quantum

number λ and position r, V (r − r′) is the scalar potential as a function of the interparticle

spatial separation, n̂λ(r) = â†λ(r)âλ(r) is the number operator, and we have used the fermionic

commutation relation
[
âλ(r), â

†
λ′(r

′)
]

= δλ,λ′δ(r − r′).
The last term in Eq. (2.20) is a scalar proportional to the particle number and can be

dropped from the calculation. Its contribution will be cancelled out by the normalization

from the partition function in the denominator of Eq. (2.15).

For spin-1/2 fermions, the spin variables are constrained to λ ∈ [↑, ↓]. Let n̂(r) ≡
n̂↑(r) + n̂↓(r) so that

V̂ =
∑

r,r′

V (r − r′)n̂(r)n̂(r′). (2.21)
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In momentum space, this interaction operator reads

V̂ =
∑

q

V (q)n̂(q)n̂(−q), (2.22)

where the number operator in momentum space has time reversal symmetry, T [n̂(q)] =

n(−q).
The Hubbard-Stratonovich (HS) transformation is a family of transformations that lin-

earize the density operator in a many-body interaction term like Eq. (2.22) by introducing

an auxiliary field.[183, 103] This reformulates the system of interacting particles as a system

of independent particles interacting with a “fictitious” fluctuating field. HS transformations

rely on the integral identity

exp
[
βA2

]
=

√
1

2π

∫ ∞

−∞
dσ exp

[
−σ

2

2

]
exp

[
σ
√

2βA
]
, (2.23)

On the left-hand-side, we have a two body operator A2 that is difficult to evaluate numeri-

cally, whereas the integrand on the right-hand-side contains a one body operator A that can

be easily evaluated. Unfortunately, we have acquired the complexity of evaluating an integral

over σ, a potentially highly-dimensional, potentially highly oscillatory, auxiliary field.

Continuous HS Transformation

When our interaction term is a spin-independent two-body interaction as in Eq. (2.22), and

if we further restrict V (q) < 0, then Lang et al. [119] showed that one can use an HS

transformation of the form

exp
[
−τ V̂

]
=

∫ ∞

−∞
dσ dσ∗

τ |V (q)|
2π

exp
[
−τ |V (q)||σ|2

]
exp [−τ v̂ ] , (2.24)

where V̂ is the potential operator in Eq. (2.22), V (q) is the scalar potential as a function of

the two-body momentum transfer q, and v̂ ≡ V (q)σn̂(−q) + V (q)σ∗n̂(q) is the fluctuating

one-body auxiliary potential operator. The auxiliary field σ is now a continuous complex-

valued field, hence the integration over both real and imaginary parts.
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The HS transformation is exact but in practice we express this integral using Gaussian

quadrature, ∫ ∞

−∞
dx e−x

2

f(x) ≈
n∑

i=1

wif(xi), (2.25)

where x takes the place of
√
τ |V (q)|σ in Eq. (2.24). If n = 5, this five-point formula has an

error of O(τ 5), so the error is dominated by the Suzuki-Trotter decomposition of Eq. (2.18).

Discrete HS Transformation

If our interaction term is restricted to a two-body contact interaction of the form

V̂ =
∑

r

gn̂↑(r)n̂↓(r), (2.26)

where g is a bare coupling constant quantifying the strength of the contact interaction, then

we can use an HS transformation that depends on discrete auxiliary fields[96]:

exp [gτ n̂↑(r)n̂↓(r)] =
1

2

∑

σ(r,τj)=±1

[1 + Aσ(r, τj)n̂↑(r)] × [1 + Aσ(r, τj)n̂↓(r)] , (2.27)

where A =
√

exp(gτ)− 1, and σ(r, τj) is an auxiliary field that can take the value ±1 at

each point on the spacetime lattice given by the vectors ri and time slices τj.

2.3 Auxiliary-Field Quantum Monte Carlo

Auxiliary-field quantum Monte Carlo (AFQMC) methods use Monte Carlo methods to eval-

uate the integral in Eq. (2.23). The random walks of § 2.1.2 are over a state space of single

particle Slater determinants subject to a fluctuating external potential.

Whether we use the continuous HS transformation of Eq. (2.24) or the discrete transfor-

mation of Eq. (2.27), the partition function can now be represented as an integral over the

auxiliary fields

Z =

∫
Dσ (r, τj) Tr Û [σ] (2.28)
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where Û is the decomposed statistical weight in Eq. (2.18). The statistical weight can be

expressed as a product of spin-up and spin-down operators

Û [σ] = Û↑[σ]Û↓[σ], where Û↑[σ] = Û↓[σ] if µ↑ = µ↓. (2.29)

The expectation value of an observable is

〈O〉 =
Tr ÔÛ
Tr Û

=

∫
DσTr Û [σ]

Z

Tr ÔÛ [σ]

Tr Û [σ]
. (2.30)

When we use U [σ] to represent Û [σ] in the single particle Hilbert space using a plane-wave

basis, we get

Tr Û [σ] = det [1 + U [σ]] = det [1 + U↑[σ]] det [1 + U↓[σ]] = det2 [1 + U↑[σ]] , (2.31a)

with the last equality holding when µ↑ = µ↓, in which case Tr Û becomes a positive definite

probability measure for our AFQMC calculations:

P [σ] =
det2 [1 + U↑[σ]]

Z
(2.32a)

=
1

Z
exp (2 Tr log [1 + U↑[σ]]) (2.32b)

and

〈O〉 =
∑

σ

P [σ]
Tr ÔÛ [σ]

det [1 + U [σ]] .
(2.32c)

The one-body density matrix is represented in position space

n(r1, r2, σ) =

[ U [σ]

1 + U [σ]

]

r1,r2

, (2.33)

with an analogous representation calculated in momentum space by Fourier transform.

As suggested in Eq. (2.32c), because the auxiliary fields σ are discrete (or discretized

through Gaussian quadrature in the case of a continuous HS transformation), the integration

over auxiliary fields is actually a summation over all 2NxNyNzNτ possible field configurations,

necessitating the use of Monte Carlo integration with the standard Metropolis algorithm[141,

93].
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2.3.1 Stabilization

When the number of imaginary time slices Nτ grows large, the matrix product U becomes

numerically unstable. Our AFQMC method is based on a previous approach that used

singular value decomposition to stabilize the matrix product U . Departing from this previous

calculation, we stabilize U using QDR decomposition. The differences and advantages of

these approaches are described in more detail by Gilbreth and Alhassid [81].

Let the statistical weight be represented by a product of weights in the Trotter decom-

position

U =
Nτ∏

j=1

Wj, (2.34)

where Wj is defined by the equivalence between Eq. (2.18) and Eq. (2.34). As we propagate

through imaginary time, the running product of Wj matrices becomes unstable. It is there-

fore desirable to “pause” this propagation every so often and recondition the running product

before resuming the propagation in imaginary time. Suppose we want to perform this sta-

bilization procedure every M imaginary time steps, leading to a total of NQDR = Nτ/M

stabilization steps. Let us define Ui (with a subscript) be the product of the weights Wj in

each of these NQDR chunks of imaginary time,

Ui =
iM∏

j=(i−1)M+1

Wj (2.35)

so that

U = UNQDR UNQDR−1 . . . U3 U2 U1 (2.36)

To stably compute the entire product U , we decompose each time evolution operator using
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a QDR decomposition,

U1 = Q1D1R1,

U2 U1 = (U2Q1D1)R1 = Q2D2R2R1

U3 U2 U1 = (U3Q2D2)R2R1 = Q3D3R3R2R1

...

U =
(
UNQDRQNQDR−1DNQDR−1

)
RNQDR−1RNQDR−2 . . .R3R2R1

= QNQDRDNQDRRNQDRRNQDR−1 . . .R3R2R1 = QDR (2.37)

where the Q matrices are unitary, the D matrices are diagonal, and the R matrices are

upper unit-triangular. In order to maintain the stability of the matrix product, the factors

in parentheses must first be computed and then decomposed into the QDR matrices in

preparation for multiplication by the next chunk. We perform one final decomposition in

the last line to obtain the final QDR decomposition (without subscripts).

Calculations of functions of the statistical weight become tractable by performing one

more QDR decomposition:

1 + U = Q
[
Q†R−1 +D

]
R = QQ̃D̃R̃R, (2.38)

det (1 + U) = det
(
QQ̃

)
det
(
D̃
)

det
(
R̃R

)
= eiϑ det

(
D̃
)

(2.39)

n =
U

1 + U = 1− 1

1 + U = 1−R−1R̃−1D̃−1Q̃†Q†. (2.40)

In Eq. (2.38), we have performed an additional QDR decomposition of [Q†R−1 + D], rep-

resented by Q̃D̃R̃. In Eq. (2.39), we have used the fact that the product R̃R is also has

unit diagonal and therefore has a determinant of one. Similarly, the product QQ̃ is also uni-

tary, and its determinant is therefore some phase factor eiϑ. For the symmetric case, when

µ↑ = µ↓, the phases for U↑ and U↓ will cancel each other out, so that the the probability

measure can be written

P [σ] = exp

(∑

i

ln d̃i

)
, (2.41)

where the summation is over the dimension of the single-particle Hilbert space.
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2.3.2 Reweighting

The auxiliary field configurations generated using the methods described in § 2.3 can be

computationally expensive to obtain. It is therefore desirable to expand the results of one

simulated system to other “nearby” systems. For example, one may wish to apply the results

of a simulation performed at inverse temperature β0 to some other inverse temperature β,

eliminating the need to perform an entirely separate simulation. Or one could use the results

of a simulation with N0 particles to estimate the properties of a system with N = N0 − 1

particles. Reweighting is one such method that allows us to probe the properties of “nearby”

systems using the configurations of an original simulation.[70]

To explain reweighting, suppose that we have conducted our “original” simulation for

some particle number N0. The expectation value of some operator O(σ), sampled over many

different configurations σ and at a new fixed particle number of N ′ is

〈O〉N ′ ≡
1

ZN ′

∫
dσO(σ)pN ′(σ) (2.42)

=
ZN0

ZN ′

1

ZN0

∫
dσO(σ)pN0(σ)

pN ′(σ)

pN0(σ)
(2.43)

=
ZN0

ZN ′

〈
O pN ′
pN0

〉

N0

. (2.44)

The ratio of partition functions is given by

ZN0

ZN ′
≡

∫
dσ pN0(σ)

∫
dσ pN ′(σ)

=

∫
dσ pN0(σ)

∫
dσ pN0(σ)

pN ′(σ)

pN0(σ)

=

〈
pN ′

pN0

〉−1

N0

. (2.45)

So the expectation value of some observable at parameter value N = N ′ can be obtained in

terms of expectation values evaluated at N = N0,

〈O〉N ′ =

〈
O pN′
pN0

〉

〈
pN′
pN0

〉 . (2.46)

This seems to imply that one could obtain the expectation value of an observable at any

particle number, N , from only a single simulation at particle number N0. However, in real
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simulations, finite statistics limit the particle number difference to a narrower “reweighting

range.”

Reweighting range

Intuitively, one can view the reweighting method as the approximation of one histogram by

sampling over a nearby, shifted histogram. These estimated histograms become increasingly

worse approximations as the reweighting distance increases because the limited statistics in

the tails of the original distribution contribute more to the bulk of the shifted histogram.

We should therefore restrict our reweighting distance such that it lies within the natural

range of fluctuations in the original simulation.

|δ 〈O〉| ≡
∣∣〈O〉N − 〈O〉N0

∣∣ .
[
Var [O]N0

]1/2
=
〈(
O − 〈O〉N0

)2
〉1/2

N0

. (2.47)

Energy and particle number reweighting range For example, if we calculate the

energy, then the difference in energies would be

|δ 〈E〉| ≡
∣∣〈E〉N − 〈E〉N0

∣∣ ≈
∣∣∣∣∣(N −N0)

(
∂ 〈E〉
∂N

)

N=N0

∣∣∣∣∣ = |(N −N0)µ(N0)|, (2.48)

where µ is the chemical potential, and the limiting deviation of the original distribution

would be
〈(
E − 〈E〉N0

)2
〉1/2

N0

=
√
µ(N0), (2.49)

by the fluctuation-dissipation theorem. Thus, the particle number reweighting range should

be limited to

|δN | ≡ |N −N0| . µ(N0)−1/2. (2.50)

Scattering length reweighting range When simulating the unitary Fermi gas, we may

wish to reuse auxiliary field configurations generated at unitarity (i.e. (kFa)−1 = 0) to

simulate systems away from unitarity. The reweighting range for the inverse scattering
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length will be given by

|δ 〈E〉| ≡
∣∣∣〈E〉1/a − 〈E〉1/a=0

∣∣∣ ≈
∣∣∣∣∣
1

a

(
∂ 〈E〉
∂(1/a)

)

1/a=0

∣∣∣∣∣. (2.51)

In the limit of large scattering length, the energy of a two-species Fermi gas as a function of

the scattering length is given by[34]

E(N, a) =
3

5
N

(~kF )2

2m

[
ξ − ζ

kFa
− 5ν

3(kFa)2
+O

(
1

(kFa)3

)]
, (2.52)

where ξ = 0.44, ζ ≈ 1, and ν ≈ 1. Substituting this into Eq. (2.51) yields

|δ 〈E〉| ≈
∣∣∣∣
3

5
N0

(~kF,0)2

2m

[
1

kFa
+

10

3(kFa)2

]∣∣∣∣, (2.53)

where N0 = 〈N〉1/a=0 is the average particle number in the unitary limit and kF,0 =

(3π2N0/V )1/3 is the Fermi wave number for a system with N0 particles. So that the scattering

length reweighting range must satisfy
∣∣∣∣

1

kFa

(
1 +

10

3kFa

)∣∣∣∣ .
10m

3N0(~kF,0)2

[
Var [E]N0

]1/2
. (2.54)

Similar reweighting ranges exist for any observable so long as we use the appropriate

susceptibility.

2.4 Constrained ensembles

The method described in § 2.3 was described in the context of the grand canonical ensemble

(GCE). However, calculations of the observables ∆E and χs require simulation at fixed

particle number or fixed particle asymmetry in the canonical ensemble. A similar problem

is encountered in nuclear physics when one wants to simulate nuclei with fixed neutron and

proton numbers. One approach is to constrain the GCE using particle projection methods

[154, 120, 80, 107, 33].

In the following sections, we present the formalism for constraining the GCE, but first

we sketch the main idea of particle projection and the novelty of our particle asymmetry

projection. Previous studies have constrained the number of spin-up particle, N↑, spin-down
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Figure 2.1: Schematic representation of various GCE projection methods. The GCE statis-

tical weight is represented as a shaded blob which is broadly distributed in the N+ direction

and sharply peaked in the N− direction. Single spin number projection is represented by the

red dashed lines parallel to the N↑ and N↓ axes. Total particle number and particle number

asymmetry projection are represented by the blue solid lines.

particles, N↓, or the total particle number N+ ≡ N↑+N↓, by simultaneous projection of both

N↑ and N↓. This is represented schematically in Fig. 2.1, where the shaded blob represents

the distribution of some statistical weight in the GCE over particle numbers N↑ and N↓.

Constraining the GCE to a single flavor particle number, either N↑ or N↓, can be interpreted
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as projecting the GCE distribution onto a single slice along either axis. And constraining

the GCE to a specific pair (N↑, N↓) may be viewed as simultaneous projection along both

axes to collapse onto a target point, which may be some distance away from the thermal

average in the GCE. If instead, one wishes to constrain the total particle number only, then

one projects onto the diagonal line with slope one.

We introduce another constrained ensemble using particle number asymmetry projection,

represented in Fig. 2.1 by the diagonal line with negative slope representing a constant value

of N− ≡ N↑ − N↓. If one wishes to constrain the GCE to a specific pair, then one can

choose (N+, N−) to achieve the equivalent (N↑, N↓) pair, rotating the projection axes by π/4

radians. But this choice of rotation is not arbitrary; it is (a) physically motivated, (b) chosen

to minimize variance in one direction, and (c) lacks a sign problem when implemented in

AFQMC. Firstly (a), it is appropriate to constrain only the particle number asymmetry to

measure some observables, as is the case when measuring spin susceptibility as discussed

in § 3.3. Secondly (b), the statistical weights in the GCE are often sharply peaked along

the N− axis, falling off more quickly in the N− direction than in the N+ direction. So this

specific choice of projection axes minimizes the variance on one of the axes. Lastly (c), as we

will show in § 2.4.2, when implemented using AFQMC methods, this asymmetry projection

lacks a sign problem. To our knowledge, no other constrained ensemble studies have used

the asymmetry projection method.

Lastly, before we formally introduce the projection methods, we should note that in

reality, the statistical weights depicted in Fig. 2.1 are not simply concave as shown in the

figure. Rather, they have an egg carton shape to account for the impossibility of having even

values of N+ with odd values of N− and vice versa.
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2.4.1 Projecting particle number for single flavor fermions

To constrain the particle number in simulations of single flavor fermions we introduce a slight

generalization of the partition function and of the expectation values:

Y(ϕ) = exp
[
−β
(
Ĥ − µN̂

)
− iϕ

(
N̂ −N

)]
, (2.55a)

Z(ϕ) =
1

Z
Tr [Y(ϕ)] =

〈
exp
[
−iϕ

(
N̂ −N

)]〉
(2.55b)

E(ϕ) =
Tr
[
ĤY(ϕ)

]

Z
=
〈
Ĥ exp

[
−iϕ(N̂ −N)

]〉
, (2.55c)

N (ϕ) =
Tr
[
N̂Y(ϕ)

]

Z
=
〈
N̂ exp

[
−iϕ(N̂ −N)

]〉
, (2.55d)

where

Z = Tr exp
[
−β
(
Ĥ − µN̂

)]
, (2.55e)

as in the GCE and the angle brackets signify the usual GCE expectation value. The addi-

tional phase factor exp(iNϕ), where N

N =
〈
N̂
〉

=
1

Z
Tr
[
N̂ exp

[
−β(Ĥ − µN̂)

]]
, (2.56)

cancels the highly oscillatory character of these functions and renders them very smooth.

Moreover, as numerical calculations show, the imaginary parts of Z(ϕ), E(ϕ), and N (ϕ)

are small[33]. Without the additional phase factor exp(iNϕ) these functions are periodic

functions of ϕ, with the period 2π. They also satisfy the relations:

Z(ϕ) = Z∗(−ϕ), (2.57a)

E(ϕ) = E∗(−ϕ), (2.57b)

N (ϕ) = N ∗(−ϕ). (2.57c)



37

Using these relations one can now introduce the projected particle number probability dis-

tribution in the grand canonical ensemble and the particle projected expectation values

P (ν) =

∫ π

0

dϕ

π
Z(ϕ) exp[i(ν −N)ϕ], (2.58a)

Ep(ν) =
1

P (ν)

∫ π

0

dϕ

π
exp[i(ν −N)ϕ]E(ϕ), (2.58b)

Np(ν) =
1

P (ν)

∫ π

o

dϕ

π
exp[i(ν −N)ϕ]N (ϕ), (2.58c)

where ν is an integer argument and

P (ν) =
1

Z
Tr
[
δν,N̂ exp

[
−β
(
Ĥ − µN̂

)]]
, (2.59)

and where δν,N̂ is a Kronecker δ-operator symbol. P (ν) satisfies the expected normalization

condition
∞∑

ν=0

P (ν) = 1. (2.60)

It is easy to prove that the functions P (ν), Ep(ν), Np(ν) are real.

With the particle number fixed, the chemical potential µ becomes a stability parameter.

One chooses a value of µ that will generate a grand canonical ensemble average particle

number close to the range of fixed particle numbers that one wishes to simulate. The accuracy

of the evaluated numerical observables can be ascertained by the quality of the relation

Np(ν) − ν ≡ 0, which appears to satisfied with an accuracy of ≈ 1 × 10−6 or better in

a particle window of width a fraction of N , for systems with up to N ≈ 103 particles. By

changing µ and keeping β constant one can map E(N, β) in large particle number N interval.

In the case of interacting particles, after performing an HS transformation one obtains

Z(ϕ) = Tr

[
e−iϕ(N̂−N)

∫
Dσe−τ(ĥ(σ)−µN̂)

]
, (2.61a)

=

∫
DσP (σ)eiϕN det

[
1 + e−iϕU

1 + U

]
, (2.61b)

P (σ) =
det[1 + U ]

Z
,

∫
DσP (σ) = 1, (2.61c)



38

where we omit the σ dependence of U for clarity, and otherwise U is the usual prod-

uct of imaginary-time evolution operators defined in Eq. (2.36). The “observable” eiϕN

det[(1 + e−iϕU)/(1 + U)] has a Gaussian-like behavior as a function of ϕ. Similar expres-

sions are obtained for other “observables” E(ϕ) and N (ϕ). After a QMC trajectory has

been accepted we evaluate P (ν), E(ν), and N(ν), and average over the Fourier-transformed

“ν-observables” rather than the original “ϕ-observables.”

In a system with two (or more) types of particles at a finite temperature one can make

separate particle projections for each type of fermion, by using two (or more) angles, e.g. ϕ↑

and ϕ↓ in the case of two flavors.

2.4.2 Projecting particle number asymmetry in the case of two fermion flavors

In the case of two flavors one can introduce the particle asymmetry constrained ensemble

(PACE). Let us consider a spin-1/2 fermion system

N̂+ = N̂↑ + N̂↓, (2.62a)

N̂− = N̂↑ − N̂↓, (2.62b)

N̂σ =
∑

k

a†k,σak,σ, (2.62c)

where σ =↑, ↓. We now introduce a new type of partition function and the related expectation

values

W(θ) = exp
[
−β(Ĥ − µN̂)− iθ(N̂↑ − N̂↓)

]
, (2.63a)

W (θ) =
1

Z
Tr [W(θ)] =

〈
exp
[
−iθ(N̂↑ − N̂↓)

]〉
, (2.63b)

E(θ) =
〈
Ĥ exp

[
−iθ(N̂↑ − N̂↓)

]〉
, (2.63c)

N+(θ) =
〈
N̂+ exp

[
−iθ(N̂↑ − N̂↓)

]〉
, (2.63d)

N−(θ) =
〈
N̂− exp

[
−iθ(N̂↑ − N̂↓)

]〉
, (2.63e)

The partition function W (θ) in Eq. (2.63b) is reminiscent of the partition function in studies

that use an imaginary chemical potential ih = i(µ↑ − µ↓)/2 as an asymmetry parameter[29,
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131, 132, 166, 30, 170]. Those studies, however, require analytic continuation to recover a

real-valued asymmetry parameter, whereas this method requires no analytic continuation

and, as we shall see, is without a sign problem.

The quantities in Eqs. (2.63b) to (2.63e) are functions of θ with period 2π. Using them

one can introduce a new type of grand canonical expectation with fixed polarization:

P (η) =

∫ π

−π

dθ

2π
exp(iηθ)W (θ), (2.64a)

E(η) =
1

P (η)

∫ π

−π

dθ

2π
exp(iηθ)E(θ), (2.64b)

N±(η) =
1

P (η)

∫ π

−π

dθ

2π
exp(iηθ)N±(θ). (2.64c)

P (η), with η an integer argument, is the probability to find an exact spin polarization

η = 〈N̂↑ − N̂↓〉, in the grand canonical ensemble

P (η) =
1

Z
Tr
[
δη,N̂↑−N̂↓ exp

[
−β(Ĥ − µN̂)

]]
. (2.65)

where δη,N̂↑−N̂↓ is a Kronecker δ-operator symbol. P (η) satisfies the expected normalization

condition
∞∑

η=−∞
P (η) = 1. (2.66)

In AFQMC simulations, after an HS transformation, we have

W (θ) =

∫
DσP [σ]F [σ, θ], (2.67a)

F [σ, θ] ≡
∣∣∣∣det

[
1 + e−iθU

1 + U

]∣∣∣∣
2

, (2.67b)

P [σ] ≡ det2[1 + U ]

Z
,

∫
DσP (σ) = 1. (2.67c)

Consequently, we have for the expectation values N±(θ) the following forms

N+(θ) =
1

Z
Tr
[
N̂+W [θ]

]
= 2

∫
DσP [σ]F [σ, θ]Re

[
Tr

e−iθU
1 + e−iθU

]
, (2.68a)

N−(θ) =
1

Z
Tr
[
N̂−W [θ]

]
= 2

∫
DσP [σ]F [σ, θ]Im

[
Tr

e−iθU
1 + e−iθU

]
, (2.68b)
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and similar relations for the other quantities Z(θ), E(θ), N±(θ). As with the particle number

projection, a good measure of the accuracy of the simulation is to compute the accuracy of

the relation N−(η)− η ≡ 0.

One benefit of constraining only the particle asymmetry as opposed to the total particle

number is the positive definiteness of the terms in Eqs. (2.67a) to (2.67c), which avoids the

sign problem incurred when projecting total particle number. In Appendix B, we provide

further information on thermodynamic relations and fluctuations in the PACE.

2.4.3 Simultaneous projection of total particle number and particle number difference in the

case of two fermion flavors

One can combine the projection methods of §§ 2.4.1 and 2.4.2 to project on a specific com-

bination of total particle number and particle difference (equivalent to constraining values

for N↑ and N↓). We introduce a new statistical weight, partition function, and related

expectation values

X (ϕ, θ) = exp
[
−β(Ĥ − µN̂)− iϕ(N̂+ −N)− iθN̂−

]
, (2.69a)

X(ϕ, θ) =
1

Z
Tr [X (ϕ, θ)] =

〈
exp
[
−iϕ(N̂+ −N)− iθN̂−

]〉
, (2.69b)

E(ϕ, θ) =
〈
Ĥ exp

[
−iϕ(N̂+ −N)− iθN̂−

]〉
, (2.69c)

N+(ϕ, θ) =
〈
N̂+ exp

[
−iϕ(N̂+ −N)− iθN̂−

]〉
, (2.69d)

N−(ϕ, θ) =
〈
N̂− exp

[
−iϕ(N̂+ −N)− iθN̂−

]〉
. (2.69e)

As before, we introduced the additional phase factor of exp(iϕN) for numerical stability.

Without this phase factor, the “observables” are periodic functions of ϕ, with a period of 2π

and they satisfy similar relations to those in Eq. (2.57c). One then introduces the particle
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projected expectation values

P (ν, η) =

∫ π

−π

dϕ

2π

∫ π

−π

dθ

2π
eiνϕeiηθX(ϕ, θ), (2.70a)

E(ν, η) =
1

P (ν, η)

∫ π

−π

dϕ

2π

∫ π

−π

dθ

2π
eiνϕeiηθE(ϕ, θ), (2.70b)

N±(ν, η) =
1

P (ν, η)

∫ π

−π

dϕ

2π

∫ π

−π

dθ

2π
eiνϕeiηθN±(ϕ, θ). (2.70c)

P (ν, η) is the probability to find states that satisfy both 〈N̂+〉 −N = ν and 〈N̂−〉 = η in the

grand canonical ensemble and it satisfies the normalization condition

∞∑

ν=−∞

∞∑

η=−∞
P (ν, η) = 1. (2.71)

In our AFQMC simulations, after an HS transformation, we will calculate

X(ϕ, θ) =

∫
DσP [σ]F [σ, ϕ, θ], (2.72a)

F [σ, ϕ, θ] ≡ eiϕN
1

det2[1 + U ]
det
[
1 + e−i(ϕ+θ)U

]
det
[
1 + e−i(ϕ−θ)U

]
, (2.72b)

P [σ] ≡ det2[1 + U ]

Z
,

∫
DσP (σ) = 1. (2.72c)

Appendix D details practical considerations for calculating these observables stably and

efficiently.

2.5 Error analysis and the bootstrap

2.5.1 Error propagation for derived observables

One can compute some observables directly from the configurations generated by AFQMC.

The expectation values and statistical error estimates of these observables can be computed

directly from the AFQMC samples. Let us call these kinds of observables “normal.”

Other observables may be represented as a function of “normal” observables. For exam-

ple, let the derived observable be a function f (〈a〉 , 〈b〉) of normal observables a and b. To

calculate this derived observable, one can directly substitute the expectation values, 〈a〉 and
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〈b〉 into the function f . And if the random variables for a and b are statistically independent,

then the errors in a and b are added quadratically, so that

Var [f ] =

[
∂f

∂ 〈a〉

]2

Var [a] +

[
∂f

∂ 〈b〉

]2

Var [b] (2.73)

However, the assumption of statistical independence is often invalid. The “normal” ob-

servables a and b are derived from the same auxiliary field configurations. The measurements

of a and b are therefore naturally correlated. This is the case with the reweighted observ-

ables discussed in § 2.3.2, which depend on the ratio of two “normal” observables. We must

therefore rely on other methods to estimate the statistical error of derived observables.

2.5.2 The bootstrap

The bootstrap is one such method of estimating the error of a set of stochastic measure-

ments by constructing many pseudo-independent sets of simulation results [64]. Here we

provide a very brief overview of the bootstrap and refer the reader to Ref. [192] for a thor-

ough introduction We follow the notation of Ref. [160], which is specifically aimed at nuclear

physicists). Broadly speaking, bootstrapping is any statistical technique that relies on re-

sampling with replacement. Suppose we have a set of n empirical measurements for some

observable, O = (o1, o2, o3, . . . , on). We can create m new distributions O∗, by sampling with

replacement from the original empirical distribution,

O∗1 = (o1, o3, o24, . . . , o2)

O∗2 = (o11, o5, o5, . . . , o14)

...

O∗m = (o4, o21, o7, o16, . . . , o9) .

(2.74)

We call each of these resampled distributions “bootstrap replicants.”

We now wish to relate the empiral distribution O to the true distribution Õ. Boot-

strapping is based on the assumption that the empiral distribution is related to the true
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distribution in the same way that the replicants are related to the original empirical dis-

tribution. The mean µ of the true distribution may be estimated using the means of each

bootstrap replicant µ∗i ,

µ =
1

m

∑

i

µ∗i , (2.75)

and the standard error of the mean can be estimated as

σō =
σ√
m
, (2.76)

where σ is the root-mean-square of the set of bootstrap replicant means {µ∗i }.
Bootstrap resampling assumes that each empirical sample is independent of the others,

although extensions of the bootstrap exist for strongly correlated datasets. In our AFQMC

method, each successive sample is strongly correlated with the last, but we can obtain in-

dependent samples by computing the autocorrelation length for the observations of total

energy, which varies depending on the input conditions but is always under 200 Metropolis

steps. We therefore downsample all observables by a factor of 200 to achieve independent

samples.
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Chapter 3

THE PSEUDOGAP IN THE BCS-BEC CROSSOVER

In § 1.3, we introduced the concept of the pseudogap in the context of the BCS–BEC

crossover. While it is commonly defined as the suppression in the DoS near the Fermi

surface, there are several competing definitions, whose differing signatures have led to debates

about their respective existence [144]. In particular, the pseudogap should be identifiable

from measurement of the single-particle spectrum, spin-susceptibility, and even-odd energy

staggering, among others. Even when researchers agree on the definition and observable

signature, there are still subjective judgements regarding the size of the effects. For example,

how much suppression of the spin susceptibility, or how much even-odd energy staggering

above Tc, is necessary to claim evidence for a pseudogap. As argued by Mueller [144],

the main challenge in understanding and even defining the pseudogap is that one is dealing

with a strongly correlated system in the normal phase. On one hand, said strong correlations

preclude perturbative approaches. On the other hand, the lack of order prevents modeling the

low-energy excitations by following the conventional routes of effective field theory around

an ordered state. (i.e. mean-field or mean-field-plus-fluctuations approaches). To form a

coherent picture of the phenomenology, it is imperative to continue gathering information on

the behavior of these kinds of systems, in particular the universal, highly malleable ultracold-

atom systems considered here.

In this chapter, we present results measuring pseudogap signatures in the crossover and

toward the BEC limit. Namely, using the AFQMC methods of Chapter 2, we will present

results for the condensate fraction, critical temperature, spin susceptibility, even-odd energy

pairing gap, energy per particle, and Tan contact, for 0.0 ≤ 1/(kFa) ≤ 0.3. Because the

pseudogap exists in the BEC limit, one expects to see pseudogap signatures at the highest
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couplings and then detect either their disappearance or maintenance as one approaches

unitarity.

Throughout this chapter, when comparing scattering lengths in a single plot, we use

color to consistently encode each scattering length as shown in the upper legend of Fig. 3.3.

When comparing different lattice sizes, we will consistently encode each lattice size using

marker shapes as shown in the legend of Fig. 3.1. Error bars on individual points represent

statistical errors and show the standard error of the mean. Error bands in continuous lines

incorporate statistical errors and finite volume effects and represent the standard error of

the mean. Figures have been reproduced from Ref. [168]

3.1 Condensate fraction

The condensate fraction can be obtained from the asymptotic behavior of the quantity

h(r) [10, 41, 35]:

α = lim
r→∞

h(r), h(r) =
N

2

(
g2(r)− g1(r)2

)
, (3.1a)

where

g2(r) =

(
2

N

)2 ∫
d3r1 d3r2

〈
ψ†↑(r1 + r)ψ†↓(r2 + r)ψ↓(r2)ψ↑(r1)

〉
, (3.1b)

=

(
2

N

)2 ∫
DσP (σ)

∫
d3r1 d3r2 n↑(r1 + r, r1, σ)n↓(r2 + r, r2, σ), (3.1c)

g1(r) =
2

N

∫
d3r1

〈
ψ†↑(r1 + r)ψ↑(r1)

〉
, (3.1d)

=
2

N

∫
DσP (σ)

∫
d3r1 n↑(r1 + r, r1, σ), (3.1e)

which acts as an order parameter, characterizing the extent of off-diagonal long-range or-

der [215]. In Fig. 3.1, we show our results for α at different scattering lengths. An alternative

approach is to estimate α as the maximum eigenvalue of g2 [107]. Comparing our results to

those of the eigenvalue method, and to experimental values in the right panel of Fig. 3.1,

suggests that the eigenvalue method approaches the experimental α more quickly than our

asymptotic value method, most noticeably at higher temperatures.
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Figure 3.1: Left: The condensate fraction α as a function of temperature at differ-

ent scattering lengths; at a fixed temperature, α increases toward the BEC limit. At

1/(kFa) = 0.2, Astrakharchik et al. [10] estimated the zero-temperature condensate fraction

as α(T = 0) ≈ 0.65. Right (top): characteristic temperatures in the BCS–BEC crossover; Tc

is the superfluid critical temperature; Ts is a lower bound on the temperature at which the

spin susceptibility peaks; and T ∗ is the temperature at which the pairing gap disappears.

Right (bottom): α at unitarity; our error bars are typically within the marker size. Also

shown: the experimental results of Ku et al. [114] and the previous AFQMC studies of Bul-

gac et al. [35] (BDM) and Jensen et al. [106] (JGA). Also shown are the zero-temperature

results by Astrakharchik et al. [10] (ABCG) and He et al. [94] (HLLL). The JGA estimates,

derived from the maximum eigenvalue of the two-body density matrix, are closer to the

experimental results especially at high temperature, whereas the finite-size scaling of our

results, derived from the asymptotic values of h(kF r), yields more accurate estimates of the

critical temperature Tc. The discrepancy between our results and BDM, which are also de-

rived from the asymptotic behavior of h(kF r), support the argument of Jensen et al. [106]

that the difference is due to the BDM spherical momentum cutoff.
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3.2 Finite size scaling of the condensate fraction

However, we also use the finite-size scaling of α to determine the critical temperature Tc [35,

10, 41]. Near the critical temperature, the condensate fraction α that serves as the order

parameter for off-diagonal long range order, has a well-established scaling behavior given by

the renormalization group theory [12],

R (T, L) = α(T )L1+η = f(x)
(
1 + cL−ω + . . .

)
, (3.2)

where L is the lattice size, η = 0.038 is a universal critical exponent and f(x) is a uni-

versal analytic function of x ≡ (Nx/ξcorr)
1/ν , with ξcorr being the correlation length and ν

being another universal critical exponent, ν = 0.671. In Eq. (3.2), c is an unknown, non-

universal constant, and ω ≈ 0.8 is the critical exponent of the leading irrelevant field. The

T -dependence in the right-hand-side of Eq. (3.2) is hidden in the correlation length, which

diverges near Tc as

ξcorr ∝ |1− T/Tc|−ν , (3.3)

sending x to 0.

For each scattering length, we compute R(T, L) for multiple lattice sizes and multiple

temperatures. One then finds “crossing temperatures” Tij at which R(Li, Tij) = R(Lj, Tij).

In the left column of Fig. 3.2, we show R(T, L) for each scattering length, indicating the

crossing temperatures Tij with multicolored markers.

One then expands the universal function as f(x) = f(0) + f ′(0)L1/νb|1− T/Tc|, where b

is a proportionality constant, yielding

|Tc − Tij| = κg (Li, Lj) (3.4a)

where

κ =
cTcf(0)

bf ′(0)
(3.4b)
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Figure 3.2: (left column) The order parameter R(T, L) from Eq. (3.2) for multiple lat-

tice sizes and scattering lengths. The crossing temperatures are indicated by multicolored

markers. (right column) The crossing temperatures Tij from the left are extrapolated to the

infinite limit. Black circles at g(Li, Lj) = 0 represent estimates of Tc. Because we used larger

lattices at unitarity, the Tij points are closer to the y-axis than other coupling strengths.
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and

g (Li, Lj) = L
−(ω+1/ν)
j




(
Lj
Li

)ω
− 1

1−
(
Li
Lj

)1/ν


 . (3.4c)

In the thermodynamic limit, L → ∞ and g(Li, Lj) → 0, one recovers the true critical

temperature. One therefore extrapolates the crossing temperatures Tij to the thermodynamic

limit, taking care to propagate the errors in α to the crossing temperatures Tij and then to

the extrapolated Tc. In the right column of Fig. 3.2, we show the crossing temperatures

Tij and extrapolation to the thermodynamic limit. The errors in our estimates of Tc are

therefore affected by the errors in α and also by the residuals of the linear fit in Fig. 3.2.

This procedure yields critical temperatures as shown in Fig. 3.1, which are consistent with

previous studies [41, 35] and in agreement with the experimental result Tc/εF = 0.167(13)

at unitarity [114]. The critical temperatures are also listed in Table 3.1 along with other

characteristic temperatures described later in this chapter.

1/(kFa) Tc/εF T ∗/εF Ts/εF T∞/εF

0.0 0.16(2) 0.21(3) > 0.24(1) 0.166(5)

0.1 0.183(6) 0.22(2) > 0.28(1) 0.20(1)

0.2 0.191(8) 0.26(3) > 0.30 0.22(2)

0.3 0.21(2) 0.28(2) > 0.30 0.23(1)

Table 3.1: Characteristic temperatures in the BCS–BEC crossover. Tc is the superfluid

critical temperature. Ts is the temperature at which the spin susceptibility peaks. T ∗ is

the temperature at which the pairing gap disappears. T∞ is the temperature that separates

the low and high temperature behaviors of the Tan contact-derived pairing parameter ∆∞.

Tc estimates are compatible with previous estimates by Burovski et al. [41] and Bulgac et

al. [35]. Estimates for T ∗ are compatible with previous results by Magierski et al. [137].
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3.3 Spin susceptibility

Another probe of the normal state character of the pairing is the spin-susceptibility χ
S
,

which should be suppressed below T ∗, as fermions bind into pairs, making the gas strongly

diamagnetic [194]. This is also naturally related to the fluctuations in particle asymmetry

by

χ
S

=
1

TV

〈
N̂2
−

〉
=

1

TV

〈(
N̂↑ − N̂↓

)2
〉
. (3.5)

Using the PACE introduced in § 2.4.2, we can calculate the spin susceptibility using only

the probability P (η) in Eqs. (2.64a) and (2.65),

χ
S

=
1

TV

∑
η P (η)η2

∑
η P (η)

=
1

TV

∑

η

P (η)η2, (3.6)

where we have used the normalization condition in Eq. (2.66).

In Fig. 3.3, we show our results for χ
S
. in units of its zero-temperature, non-interacting

counterpart χ
0

= 3N/(2V εF ), and obtained using the PACE, which is completely sign-

problem free. These results demonstrate an expected decrease in the maximal value of χ
S

as 1/(kFa) increases toward the BEC regime. One also finds a moderate suppression of

χ
S

above Tc, which increases towards the BEC regime. In the lower panel of Fig. 3.3, we

compare our results at unitarity to two previous AFQMC calculations [107, 211], an estimate

using strong-coupling Luttinger-Ward theory [68], an experimental result from Sanner et

al. [175], the prediction from normal Fermi liquid theory (nFLT), and a self-consistent NSR

estimate from Pantel et al. [158]. The deviation from FLT behavior confirms symmetry

based arguments by Rothstein and Shrivastava [172] that 3D unitary Fermi gases cannot

be adequately described by nFLT in the range Tc < T < TF . The suppression in χ
S

is less

severe than in calculations by Wlaz lowski et al. [211], supporting the argument by Jensen

et al. [107] that said suppression is affected by the choice of spherical cutoff. However, our

results for the spin susceptibility are more suppressed than in both Jensen et al. and Enss and

Haussmann [68], and, more importantly, the effect seems to grow for larger systems rather

than lessen. The comparison with Jensen et al.is complicated by their different estimate
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Figure 3.3: Top: AFQMC results for the spin susceptibility χ
S

at four different scatter-

ing lengths, scaled by its zero-temperature non-interacting counterpart, χ
0

= 3N/(2V εF ).

Bottom: At unitarity, we compare our results to two previous AFQMC studies: Jensen et

al. [107] (JGA) and Wlaz lowski et al. [211] (WMDBR); the experimental result of Sanner et

al. [175]; a self-consistent Luttinger-Ward result (EH, [68]); the normal Fermi liquid theory

prediction; and a self-consistent NSR result (PDU, [158]).



52

for the critical temperature Tc = 0.130(15)εF . Figure 3.3 also shows our results for the

spin susceptibility for 0.1 ≤ 1/(kFa) ≤ 0.3. To our knowledge, these are the first QMC

measurements of χ
S

away from unitarity.

Tajima et al. [188, 187] identified the temperature at which χ
S

peaks as Ts, and the

temperature range Tc < T < Ts as the “spin-gap” range where there are fewer free spins to

contribute to χ
S
. Although they find that Ts ∼ T ∗, the exact relationship between these two

temperatures requires further study. We present only lower bounds for the temperature Ts

in Fig. 3.1 and Table 3.1.

3.4 Even-odd energy staggering gap

The even-odd staggering of systems with fixed particle numbers has been used as a measure

of pairing since early studies of nuclear structure [26]. Several finite-difference formulas have

been proposed to estimate the energy staggering gap (see Refs [136, 142, 61] for in-depth

discussions). The simplest one is the three-point estimate,

∆
(3)
E =

(−1)N

2
[E(N + 1)− 2E(N) + E(N − 1)] , (3.7)

where E(N) is the ground state energy of a system with N total particles, which will be

achieved when |N−| = mod(N, 2). The three-point estimate ∆
(3)
E assumes a linear equation

of state so that, if the equation of state has positive curvature, ∆
(3)
E will underestimate the

pairing gap when N is even and overestimate the pairing gap when N is odd. Instead, we

use the five-point expression

∆
(5)
E =

(−1)N

8

∑

s=±1

[4E(N + s)− E(N + 2s)− 3E(N)] , (3.8)

In addition to calculating ∆
(5)
E , we propose another estimation method, which is to fit the

energies calculated for many different values of N and N− to a two-parameter equation of

state,

E

EFG
(ξ,∆

(f)
E ) = ξ + |N−|

∆
(f)
E

EFG
, (3.9)
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where ξ(T/εF , 1/(kFa)) is a temperature-dependent generalization of the Bertsch parameter,

εF = (~2k2
F )/(2m) is the Fermi energy, EFG = 3NεF/5 is the energy of a free Fermi gas at

zero-temperature, and we use |N−| ∈ {0, 1, 2} for the fitting procedure. Regardless of the

estimation scheme, we expect ∆E to become finite below some temperature T ∗. If T ∗ exceeds

the critical temperature Tc, this garners support for the existence of a pseudogap.

The pairing gap estimation procedures in Eqs. (3.8) and (3.9) require accurate compu-

tation of the ground state energy at fixed particle numbers and reduced temperature T/εF .

For each grand canonical simulation, we projected fixed, integer-valued particle numbers in

the range 〈N〉GCE − 4 ≤ N ≤ 〈N〉GCE + 4, where 〈N〉GCE is the average particle number in

the grand canonical ensemble. This range resulted in nine projected particle numbers and

was chosen to satisfy |N − ν| < 10−6, where N is the measured particle number and ν is

the target particle number. The corresponding energies for these systems were all computed

at the same absolute temperature T but had slightly different reduced temperatures T/εF

due to changes in particle number, thereby spreading the measurements of the pairing gap

spread across a range of reduced temperatures centered on the reduced temperature of the

grand canonical ensemble. Thus a single GCE simulation constrained to nine different parti-

cle numbers, would produce five estimates of ∆
(5)
E at slightly different reduced temperatures.

In Appendix C, we discuss these details and further steps involved in correctly calculating

these energies.

As the temperature decreases, the grand canonical ensemble becomes more tightly dis-

tributed around 〈N̂〉GCE and the particle number projection requires sampling farther out

into the tails of the GCE, increasing the sampling error. For this reason, errors in the pairing

gap estimates become large for low temperatures. Luckily, we are interested in the regime

Tc ≤ T ≤ T ∗, where the errors are more manageable.

For the five-point difference formula, each fit takes energies from five different particle

numbers and η ∈ {0, 1}. An example stagger plot is shown in Fig. 3.4 for 1/(kFa) = 0,

Nx = 8, and T/εF = 0.15, to aid in understanding exactly which points are included in

each fit. Each five-point estimate has a different central particle number and therefore
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Figure 3.4: An example stagger plot for 1/(kFa) = 0, Nx = 8, and T/εF = 0.125. The

energy is normalized to the energy per particle of the free Fermi gas, as in Refs. [43, 49]. We

show points for η ∈ {0, 1, 2}. With nine different particle number values, this stagger plot

would yield five estimates of ∆
(5)
E and ∆

(f)
E each.

a different reduced temperature T̃ ≡ T/εF (further explained in Appendix C.0.3). Each

simulation of the GCE therefore generates five different estimates of ∆
(5)
E at five different

reduced temperatures centered around the reduced temperature of the GCE. In the left

column of Fig. 3.5, we show our results for ∆
(5)
E and compare to previous studies when

available.

In addition to estimating ∆E using the five-point difference, we also estimate ∆E by

fitting the energies to the equation of state in Eq. (3.9) where ξ is a temperature-dependent

generalization of the Bertsch parameter (i.e. a dimensionless universal parameter). We show

our results for ∆
(f)
E in the right column of Fig. 3.5 and find broad agreement between ∆

(f)
E

and ∆
(5)
E .

To estimate T ∗ we fit both ∆
(5)
E and ∆

(f)
E using a univariate cubic spline. This allows
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Figure 3.5: (left): The pairing gap ∆E extracted from even-odd energy staggering using the

five-point difference formula, Eq. (3.8). At unitarity, we compare to gap estimates extracted

from the spectral weight function (MWB [137]) and to estimates extracted from the three-

point even-odd energy staggering (JGA [107]). At 0.1 ≤ 1/(kFa) ≤ 0.3, we compare our

results to the MWB values when available. However, the comparison is fraught since they

measure the spectral gap, which is a priori different from the even-odd energy staggering.

(right): AFQMC results for the pairing gap extracted from even-odd energy staggering using

Eq. (3.9). The results for ∆
(f)
E are in rough agreement with those for ∆

(5)
E .
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us to easily compute the roots and derivatives of the interpolant. Denoting the interpolant

function by ∆̂, and the first root of some function f as ω[f ], we then define our estimate for

T ∗ as the minimum of the first root of the interpolant and the first plateau (zero derivative)

of the interpolant: T ∗ = min(ω[∆̂], ω[∂T ∆̂]). Our estimates of T ∗ are listed in Table 3.1 and

depicted in Fig. 3.1.

The temperature “smearing” effect described above combines with the multiple methods

for estimating ∆E to produce a profusion of observations that make it difficult to visualize

and compare our results to others. We therefore use a Gaussian process regression model to

fit these data and present a predicted distribution for ∆E. We leave the details of this method

to Appendix E and in Fig. 3.6, we present our results for the even-odd pairing gap, derived

from both ∆
(5)
E and ∆

(f)
E . In the lower panel, we compare our results at unitarity to previous

theoretical and experimental studies: an AFQMC measurement of the spectral gap which

employed a spherical momentum cutoff (MWB, [137]); a constrained ensemble AFQMC

study (JGA, [107]) that estimated ∆(3) with a cubic cutoff, but without relative temperature

corrections, discussed in Appendix C.0.3; two low-temperature experimental results [98, 177];

and a zero-temperature QMC reference result [45]. We can view our results as charting

a middle course between the Jensen et al. results and the Magierski et al. results, all of

which can be interpreted as approaching the low-temperature reference results. However, the

comparison is fraught since the spectral gap computed by Magierski et al. [137] is a priori a

different quantity than the even-odd pairing gap and the critical temperature computed by

Jensen et al. is lower than both our estimate and the experimentally determined value.

Despite the large uncertainties at low temperatures, we can appreciate certain features

of the pairing gap. It is weaker, compared to the low temperature limit, for temperatures

above Tc, however, it cannot be said to vanish immediately above the Tc error band even

at unitarity. Our estimates for T ∗ do not depend on the Gaussian process regression and

are derived from spline fits of both ∆
(5)
E , see Eq. (3.8), and ∆

(f)
E , see Eq. (3.9). They are

presented in Fig. 3.1 and Table 3.1 and are comparable with a previous AFQMC study that

determined T ∗ from the spectral gap [137], as opposed to the even-odd energy gap [107].
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Figure 3.6: Top: AFQMC results for ∆E at four different scattering lengths, scaled by the

Fermi energy εF . Bottom: At unitarity, we compare our results to the AFQMC results of

Jensen et al. [107] (JGA) and Magierski et al. [137] (MWB); the zero-temperature QMC

prediction of Carlson and Reddy [45] (CR); and the experimental results of Hoinka et al. [98]

and Schirotzek et al. [177].
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3.5 Tan Contact, C

In addition to thermodynamic probes measured in the main text, we also calculate the Tan

contact C, which parameterizes all short range correlations in the system. It is a central

property of systems of fermions with large scattering lengths, with relations concerning the

tail of the momentum distribution [189],

C ≡ lim
k→∞

k4nσ(k), (3.10)

where nσ(k) is the momentum distribution for particles with spin σ and momentum k; the

thermodynamic derivative of the free energy with respect to the scattering length [191]

∂F

∂a−1
= − ~2

4πm
C; (3.11)

and the pressure and energy density of a homogeneous system [190]:

P =
2

3
E +

~2

12πma
C. (3.12)

See Braaten [28] for a review of the Tan contact.

Following Jensen et al. [105], we calculate C in the lattice formulation as

C =
m2g

〈
V̂
〉

~4
, (3.13)

where 〈V̂ 〉 is the expectation value of the potential energy operator. In Fig. 3.7, we show our

results for the Tan contact at multiple scattering lengths, with shaded boxes indicating the

critical temperature, with error bounds. The Tan contact increases as we increase 1/(kFa)

and decreases with decreasing temperature.

To our knowledge, our results for 0.1 ≤ 1/(kFa) ≤ 0.3 are the first published finite-

temperature estimates of the Tan contact away from unitarity, thus preventing comparison

to previous results. However, at unitarity we compare our results to previous studies in the

lower panel of Fig. 3.7.

Positing a link between contact and pairing, Pieri et al. [163] have argued that the Tan

contact measures local pairing as C = (m∆∞)2. This parameter was first introduced by
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Figure 3.7: The Tan contact derived from Eq. (3.13) for 0.0 ≤ 1/(kFa) ≤ 0.3. (upper

panel) The Tan contact decreases monotonically as temperature increases and increases as

1/(kFa) increases. Shaded boxes indicate the critical temperature and error bars for the

contact estimates are within the marker size. (lower panel) We compare to other studies:

experimental results based on radio frequency spectral response [145] (RF); an experimental

study using focused beam Bragg spectroscopy [42] (Bragg); a previous QMC study at zero

temperature from Drut [59] (JD); a bold diagrammatic Monte Carlo result [171] (BDMC);

and a previous constrained ensemble AFQMC study [105] (JGA).
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Figure 3.8: AFQMC results for the contact-derived pairing parameter ∆∞ using Eq. (3.14).

∆∞ displays clearly different low and high temperature structure. We fit a piece-wise linear

function and define the “switching temperature” as a new characteristic temperature, T∞.

We record T∞ in Table 3.1.

Pieri et al. [163] and later generalized by Rossi et al. [171]. However, the exact relationship

between ∆∞ and the superconducting order parameter ∆ remains elusive. In Fig. 3.8, we

show our normalized results for ∆∞ derived from the Tan contact using

∆∞√
NkF

≡ 1

m

√
C

NkF
. (3.14)

We find no obvious relationship between ∆∞ and the even-odd staggering pairing gap. How-

ever, ∆∞ has distinct low- and high-temperature behaviors, with an almost linear decrease

from a maximum at the lowest temperature to a “switching temperature” where ∆∞ levels

off or, in the case of small lattices, increases gradually. We fit these curves to a piece-wise

linear fit and record the “switching” temperature as a new characteristic temperature, T∞,
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in Table 3.1.

However, we caution that our identification of T∞ is a speculative characteristic tempera-

ture. We therefore refrain from making inferences about the pseudogap using measurements

of ∆∞ or T∞ until the relationship between ∆∞ and the pairing gap ∆ is clarified. This

issue warrants further study.

3.6 Energy per particle

The fitting function in Eq. (3.9), which parameterizes the energies of system with various

numbers of N↑,↓ particles, also allows us to estimate the temperature- and coupling constant-

dependent Bertsch parameter ξ(T/ε, 1/(kFa)). We show our estimates for ξ(T ) in Fig. 3.9.

Because these results are obtained from fitting energies calculated in the constrained ensem-

ble, we do not expect high precision results like those in [60]. However, the estimates of ξ do

serve as a consistency check on the constrained ensemble. We can also check the consistency

of the Tan contact using Eq. (3.11):

∂E

∂1/(kFa)
=

~2kFC

4πm
, (3.15a)

⇒ ∂ξ(T )

∂ (kFa)−1 =
∂ (E / EFFG)

∂ (kFa)−1 = − 5

6π

C

NkF
. (3.15b)

In the lower panel of Fig. 3.9, we use Eq. (3.15b) to shift all estimates of ξ(T ) for 0.1 ≤
1/(kFa) ≤ 0.3 up to unitarity. This application of the Tan contact derived from the GCE to

an equation of state derived from the doubly constrained (both N+ and N−) ensemble serves

as a consistency check on our Tan contact results and the constrained ensemble method.

Using the Gaussian process regression procedure described in Appendix E, we combine

our measurements of ξ from Eq. (3.9) with our measurements of the energy E/EFFG from the

GCE, to produce an expected distribution of ξ(T/εF , 1/(kFa)). In Fig. 3.10 we show these

results for each scattering length and compare to previous results. Similar to the results by

Drut et al. [60] at unitarity, we did not capture the curvature in the equation of state seen by

Ku et al. [114] below Tc. However, our results at unitarity do approach the reference values

at zero temperature. We have a similar level of agreement with the results of Van Houcke et
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Figure 3.9: AFQMC results for the temperature dependent Bertsch parameter ξ(T ) obtained

by fitting energies to Eq. (3.9). In the upper panel, we show our results for ξ(T ) at 0.0 ≤
1/(kFa) ≤ 0.3. In the lower panel, we show ξ(T ) + δξ, where δξ is the energy shift obtained

from the Tan contact defined in Eq. (3.15b).
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Figure 3.10: AFQMC results for the temperature-dependent Bertsch parameter,

ξ(T/εF , 1/(kFa)) at four different scattering lengths. At unitarity, we compare our results

to the experimental measurements of Ku et al. [114] and the high-precision AFQMC results

of Drut et al. [60] (DLWM). We also show the zero temperature predictions of Carlson et

al. [44] (CGSZ) at unitarity and of Astrakharchik et al. [9] (ABCG) at all scattering lengths.

al. [199], which are not shown in Fig. 3.10, but are in excellent agreement with experiment in

the normal state. We provide a table of values and errors for both ξ and ∆ in Appendix E.

3.7 Summary

In this chapter, we presented results from the first ab initio finite-temperature calculations

of the spin susceptibility χ
S

and Tan contact C away from unitarity, in addition to estimates

for the condensate fraction α, the critical temperature Tc, the even-odd pairing gap ∆E, and

the Bertsch parameter ξ. For both the spin susceptibility and the even-odd pairing gap,

we found no discontinuities as we reduce the coupling, but rather a smooth reduction in
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pseudogap signatures.

Since the BCS–BEC crossover is smooth, we should not expect an abrupt and discontin-

uous emergence of the pseudogap. Questions about where the pseudogap emerges are there-

fore analogous to long-debated questions about where the Earth’s atmosphere ends [84, 139].

Since the field is young, we have not yet developed the pseudogap analog of the Kármán line

from space science. We have provided context to this discussion by looking for signatures of

the pseudogap between 0.0 ≤ 1/(kFa) ≤ 0.3. At 1/(kFa) = 0.3, we see strong pseudogap

signatures, which diminish towards unitarity. However, all characteristic temperatures T ∗ in

Fig. 3.1 exceed the critical temperature Tc at all scattering lengths. Based on our results, we

conclude it is premature to exclude unitarity from the pseudogap regime. Future work should

include more refined extrapolations to the limit of zero-effective range, infinite volume, and

zero density.
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Chapter 4

NEUTRON MATTER

As noted in the earlier chapters, the unitary Fermi gas is experimentally realized in cold-

atom systems. One might reasonably ask why I’ve spent so much time examining a cold-atom

system while working as a graduate student in a nuclear theory group. Aside from the sheer

intellectual enjoyment of contemplating the crossover, the unitary regime garners attention

across many subfields of physics. Since the fermion density is the only dimensionful scale,

the properties of the system are expected to be universal, in the sense that they should be

independent of the microscopic details of the interparticle interaction. More specifically, the

unitary Fermi gas is an idealization of dilute nuclear matter [20], with a neutron-neutron

s-wave scattering length of ann ≈ −18.5 fm [99, 86], which is much larger than the effective

range of r0 ≈ 2.7 fm. Therefore, aside from the intrinsic value of studying the unitary regime,

one can view it as a “warm-up” problem for the understanding of nuclear matter.

In this chapter, we take a logical next step in this endeavor and apply the techniques of

Chapter 2 to study the ground state and quasiparticle properties1 of infinite neutron matter

(INM), which is an idealized system of a large number of neutrons interacting through nuclear

forces. At low-densities (n � n0, where n0 = 0.16 fm−3 is the saturation density of matter

inside nuclei), the properties of INM are crucial to understanding neutron-rich nuclei. At

intermediate to high densities (n ∼ n0), an understanding of INM is critical to understanding

the properties of neutron stars [75].

1We have encountered quasiparticles throughout this dissertation (e.g. Bogoliubov’s quasiparticles in
§ 1.2.1). See Ref. [1] for a pedagogical introduction to Fermi liquid theory and the quasiparticle picture.
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Figure 4.1: Neutron-proton phase shifts δ as a function of wave number k for different partial

waves. Modified from Ref. [77].

4.1 Neutron-neutron interactions

At very low densities, the neutron-neutron (nn) interaction can be related to the tunable

interactions in the cold-atom systems considered in Chapter 3. However, as the density in-

creases, different partial waves, beyond s-wave scattering, and different spin-states contribute

to the nn-interaction and we must modify the AFQMC methods of Chapter 2 to accommo-

date more complicated, long-range interactions. The different contributions to the interaction

can be organized using the spectroscopic notation 2S+1LJ , where L ∈ {S, P,D, F, . . .} is the

orbital angular momentum, the exponent 2S+1 is either 2 ·0+1 = 1 for the spin singlet case

or 2 · 1 + 1 = 3 for the spin triplet case, and J is the total angular momentum, which takes

values J ∈ {L+S, L+S−1, . . . |L− S|}. In Fig. 4.1, we show the neutron-proton scattering

phase shifts (defined in Appendix A) for each partial wave as a function of the nucleon wave

number k. At low momentum (i.e. low density) the 1S0 channel dominates and we could

very well consider only the s-wave scattering as we did for the Fermi gases in Chapter 3.
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However, as we increase the density, the 1S0 phase shift becomes negative, corresponding

to a repulsive interaction, and the other partial waves, particularly 3P2, begin to dominate.

So in contrast to electrodynamics, where the interaction is spin-independent, the nucleon-

nucleon interaction is highly dependent on spin and isospin. An illustrative example of this

dependence can be seen when comparing the bound deuteron, with total isospin T = 0, with

the unbound dineutron, with total isospin T = 1.

To account for this, the nuclear physics community has traditionally expressed the nn-

potential as a sum of potentials, each tuned to reproduce phase shifts of the kind in Fig. 4.1.

The most established of these approaches results in the Argonne family of potentials [209],

usually named for the number of spin-isospin-dependent operators in the sum. For example,

the Argonne v8’ potential is [208]

V12 =
8∑

p=1

vp(r)O12,p, with O12,p = (1, σ1, σ2, S12,L · S) · (1, τ1 · τ2) , (4.1)

and S = σ1 + σ2 is the total spin, L = −ir× (∇1 −∇2) is the relative angular momentum,

τ1 · τ2 is the isospin state, which can only be one (i.e. triplet) for pure neutron matter. The

tensor component S12 = 3(σ1 · r̂)(σ2 · r̂) − σ1 · σ2, depends on the interaction between the

nucleon spins and angular momentum.

A more modern approach is to employ chiral effective field theory (χ-EFT) to draw

connections with the symmetries of the underlying theory of quantum chromodynamics [135].

Generally speaking, effective field theories are modern theoretical tools used to exploit a

large hierarchy of scales in physical systems. See Refs. [108, 40] for pedagogical introductions

and further references to the vast literature on effective field theories. For the nn-interaction,

this separation of scales comes from the difference between the pion mass and the vector

meson masses, which establish a hard momentum scale where the χ-EFT is expected to

break down. The aim of χ-EFT then is to expand the nn-interaction into a hierarchy of terms

involving powers of the ratio between the two masses. One then computes observables to a

desired order in this hierarchy, producing calculations at leading order (LO), next-to-leading

order (NLO), next-to-next-to-leading order (N2LO), and so on. Three-body interactions do
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not appear until N2LO.

The de facto χ-EFTs in low energy nuclear theory are provided by Entem and Mach-

leidt [135] and Epelbaum et al. [69], though there are certainly other χ-EFT potentials

from which to choose [78, 79, 66]. We use the Entem and Machleidt χ-EFT with two-body

interactions up to N3LO and three-body interactions up to N2LO.

We refer the reader to Ref. [135] for an extensive review of the interaction terms at each

order. In practice, we use the imaginary-time-evolved wavefunctions to compute momentum-

space density matrices and then use those density matrices to calculate the chiral interaction

terms. Appendix F contains the details of computing the two-body interactions given a set

of time-evolved density matrices. For three-body interactions, we compute using a tech-

nique involving the traces of M d−1 matrices, which are defined in Appendix G along with

further details. This technique reduces computational cost at the expense of more memory

consumption for storing the M d−1 matrices.

4.2 Evolution Hamiltonians

The treatment of the full chiral Hamiltonian using QMC methods suffers from a severe

sign problem. To avoid this problem, we follow Wlaz lowski et al. [210] and rewrite the

Hamiltonian using an evolution potential,

Ĥ = K̂ + V̂ev︸ ︷︷ ︸
Ĥev

+ V̂ − V̂ev︸ ︷︷ ︸
δV̂

, (4.2)

so named because it is used in the imaginary time evolution of AFQMC. This rewriting will

be useful only if two conditions are satisfied:

1. Ĥev should be solvable by AFQMC without a sign problem.

2. δV̂ should be small enough to be treated using first order perturbation theory,

E ≤ 〈ψ0|Ĥ|ψ0〉 ≈ 〈ψ0|Ĥev|ψ0〉+ 〈ψ0|δV̂ |ψ0〉 , (4.3)

where ψ0 is given in Eq. (2.13).
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Luckily, Wlaz lowski et al.did the arduous work of constructing such an evolution Hamiltonian

for neutron matter, arriving at a momentum-space attractive evolution potential inspired by

the one-boson exchange model,

Vev(q) =
∑

α∈{π,σ,ω}

Vα
m2
αc

2 + q2
f(q), (4.4)

where the regulator function is f(q) = exp[−(q/Λ)30], and Λ = 414 MeV/c is the chiral

symmetry breaking scale. The coupling constants Vα and masses mα are fitting parameters

determined by minimizing

χ2 =
∑

i,j

w(j)
[
δ

(j)
EFT(Ei)− δ(j)

ev (Ei)
]

+ α
[
E

(pert.)
EFT − E(pert.)

ev

]2

, (4.5)

where δ(j)(Ei) are the phase shifts for partial waves j ∈ w{1S0,
3P0,

3P1,
3P2} and the sub-

scripts EFT and ev indicate that the phase shifts were calculated for the chiral N3LO and

evolution potential, respectively. The weights w(j) correspond to the degeneracy of the partial

waves so that w(j) ∈ {1, 1
9
, 3

9
, 5

9
}.

In Fig. 4.2, we show the evolution potentials as a function of the momentum transfer

q. As we increase the density the evolution potential become less attractive, corresponding

with the presence of repulsive forces at high density that we saw in Fig. 4.1.

Having constructed the evolution potential, we then use the methods of Chapter 2 with

the continuous HST of Eq. (2.24). We performed simulations of neutron matter on a cubic

lattice of size Nx = 10, ` = 1.4974 fm, with particle numbers from 38 to 342, corresponding

to densities ranging from 0.01 fm−3 to 0.10 fm−3. The particle numbers are chosen to

completely fill the Cartesian shells in our reciprocal cubic lattice. We extrapolate energies

to the thermodynamic limit using Eq. (C.5) as we did for the BCS–BEC crossover.

4.3 Energy equation of state

In Fig. 4.3 we present our results for the energy equation of state (EoS) of pure neutron

matter. We show our results for the chiral Hamiltonian with two-nucleon forces (2NF) only
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Figure 4.2: Momentum-space evolution potentials for the neutron-neutron interaction. Note

that the evolution potential is density dependent. The inset shows the discrepancy be-

tween the expectation value of the energy using the evolution potential (red circles) and the

two-body chiral potential (blue squares) for the density n = 0.011fm−3. Reproduced with

permission from Ref. [210].



71

and for the full Hamiltonian with both two- and three-body forces (2NF + 3NF). For the

2NF results, we show broad agreement with two previous χ-EFT QMC studies from Roggero

et al. [169] and Gezerlis et al. [79], and of course with the results of Wlaz lowski et al. [210]

on which our method is based. The inclusion of three-nucleon forces increases the energy per

particle, making the system more repulsive above n = 0.02 fm−3. Where appropriate, we

also plot the equation of state fitted using an expansion in powers of the Fermi momentum,

E(n)

N
=

3

5

~2

2mn

(
3π2n

)2/3(
a+ bn1/3 + cn2/3

)
, (4.6)

where n ≡ N/V is the number density of the neutron matter and a, b, and c are fitting

parameters. For our 2NF + 3NF results, we find a = 0.7819(18), b = −1.327(10), and

c = 1.471(14). A similar fitting procedure is used in [37]. We use this fit to determine the

chemical potential as

µ(n) =

(
∂E

∂N

)

V

= n
∂E(n)/N

∂n
+
E(n)

N
=

3

5

~2

2mn

(
3π2n

)2/3
(

5

3
a+ 2bn1/3 +

7

3
cn2/3

)
, (4.7)

which we use later when extracting the self-energy.

4.4 Quasiparticle excitation (QPE) spectrum

The energy EoS shows good agreement with previous studies but our main goal and novel

contribution is to relate the ab-initio calculations of neutron matter to compute the quasi-

particle excitation spectrum and fit it to Landau’s Fermi liquid theory of quasiparticles.

Specifically, we wish to probe the energy dispersion relation

ε(p) =

√(
p2

2m∗
− (µ− U)

)2

+ ∆2, (4.8)

where the fitting parameters m∗, µ, U , and ∆ are the quasiparticle effective mass, chemical

potential, self-energy, and pairing gap, respectively.

Note that from the fitting procedure alone, we can only solve for the combined parameter

Ũ ≡ µ − U . However, we can estimate the chemical potential from the equation of state

using µ = ∂E/∂N , where E is the total energy and N is the particle number.
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Figure 4.3: AFQMC results for the energy equation of state of pure neutron matter. Blue

stars indicate our results, while orange stars denote results using two-body interactions only.

Green circles indicate the results of Wlaz lowski et al. [210], while red circles denote the same

reference results for two-body interactions only. We also compare our results to two QMC

calculations with two-body forces alone: Gezerlis et al. [79] and Roggero et al. [169], with

which our two-body results are in broad agreement.

To estimate the quasiparticle energy (i.e. the left-hand side of Eq. (4.8), we compute

difference between (a) the energy of an odd system with N−1 neutrons and total momentum

p and (b) the ground state energy of a nearby even system projected onto the same particle
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number, N − 1:

ε(p) = E(p,N − 1)− Eeven(N − 1). (4.9)

There are several strategies from which to compute Eeven(N − 1). The most common

approach is to use the average of the ground state energies for the systems with N and N−2

particles, which leads to a three-point estimation of the quasiparticle energy,

ε(p) = E(p,N − 1)− 1

2
(E0(N) + E0(N − 2)). (4.10)

Alternatively, one can use a higher-order difference formula to estimate the pairing

gap [17]. In this study, we calculate Eeven(N − 1) using

Eeven(N − 1) = E0(N)− ∂E
(EoS)
0 (N)

∂N
+

1

2

∂2E
(EoS)
0 (N)

∂N2
, (4.11)

where E
(EoS)
0 is the ground state given by the equation of state of even neutron matter,

calculated from the even energies.

The method described in § 4.2 calculates the energies of unpolarized (or “even”) systems.

However, for the calculation of the quasiparticle spectrum, we require the energies of spin

polarized (“odd”) systems, for which there is a sign problem. To combat this sign problem,

we use the reweighting technique, described in § 2.3.2 and exclude any reweighted observables

that fall outside the reweighting range (see Eqs. (2.48) to (2.50)) defined by the variances in

our simulations of the even systems.

Specifically, probe momenta below the Fermi momentum we remove a particle with mo-

mentum −p below the Fermi level. Since the even system is composed of an equal number

of particles with momenta ±p, this induces a net p momentum to the rest of the system.

Conversely, to probe momenta above the Fermi level, we must add a particle with momen-

tum p to the system. These two procedures give us the “lower branch” of the quasiparticle

spectrum with p ≤ pF and the “upper branch” of the quasiparticle spectrum with p > pF .

However, this means that the upper branch energies correspond to a system at a slightly

higher density and must be brought back to the same density as the lower branch by a Taylor

expansion of the same form as Eq. (4.11).
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4.5 Determining QPE parameters

Once we have the quasiparticle energies calculated from Eqs. (4.9) and (4.11), we can deter-

mine the parameters given in Eq. (4.8).

4.5.1 Effective mass

The scaled quasiparticle spectrum may be approximated by

ε(p)

εF
=

√√√√
(
m

m∗
p2

p2
F

− Ũ

εF

)2

+

(
∆

εF

)2

≈
∣∣∣∣∣
m

m∗
p2

p2
F

− Ũ

εF

∣∣∣∣∣, (4.12)

which is only valid away from the Fermi momentum. Separating the quasiparticle spectrum

into upper and lower branches, we have

ε(p)

εF
≈ Θ(p)

[
m

m∗
p2

p2
F

− Ũ

εF

]
, (4.13)

where Θ = 1 on the upper branch and Θ = −1 on the lower branch. To estimate the effective

mass, we fit the scaled quasiparticle energy using a linear fit, using separate fits for the upper

and lower branches and removing the point nearest the Fermi level.

In Fig. 4.4, we show our results for the INM effective mass calculated using only two-body

forces, while in Fig. 4.5, we show the same quantities calculated using two- and three-body

forces. In the top left panel, we show the scaled quasiparticle energy ε(p)/εF as a function

of the scaled squared momentum (p/pF )2. In these units, the bare mass, indicated by the

dashed lines, has a slope of one. The lower branch values have been multiplied by −1 and

shifted up by 1 to ease the comparison with the upper branch. In the top right panel, we

show the effective masses extracted from the linear fit in Eq. (4.13), with separate effective

masses extracted for the upper and lower branches alongside the average of the two.

For both the 2NF and 2NF + 3NF results, the upper and lower branch estimates are

systematically different. Recall that the lower branch energies were created by removing

a particle with momentum p while the upper branch energies were calculated by adding a

particle with momentum p. The difference in the upper and lower branch effective masses
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(and self-energies as we will see in the next section) is therefore analogous to the difference

between ionization and affinity energies in atomic physics, where the ionization energy is the

energy required to remove an electron, while the affinity energy is the energy required to

add an electron. However, for infinite matter in the thermodynamic limit, we expect that

the two quantities should be identical. We therefore interpret our differing branch estimates

as a sign that we have not approached the thermodynamic limit with our 103 lattice. This

interpretation is supported by the fact that the discrepancy grows with the density. This

observation also means that while our statistical errors are quite low (with quasiparticle

energy error bars within the marker size in our figures) the systematic errors due to finite

lattice size may not be so easily dismissed.

Extrapolating to the thermodynamic limit requires simulations at larger lattice sizes,

which are beyond the scope of this dissertation. In the meantime, we take the average of

the upper and lower branch values as an estimate of the true value of the effective mass.

These estimates, labelled as “branch average” in Figs. 4.4 and 4.5, are in agreement with

the estimates from Buraczynski et al. [39], who performed the first QMC extractions of the

effective mass in INM. At low densities, where the large interparticle spacing causes INM

to act more like a non-interacting system, the effective mass approaches the bare mass. As

we increase the density, the effective mass decreases. These two observations challenge the

validity of some Skyrme energy density functionals like SkP and SkM* [15], which have

increasing or constant effective masses, and SLy4 [47], which has an effective mass that

decays too quickly with increasing density. Comparing Figs. 4.4 and 4.5, we see that the

inclusion of three-body forces tends to increase the effective mass.

4.5.2 Self-energy

The self-energy may also be obtained from the linear fit in Eq. (4.13). In the lower left panel

of Figs. 4.4 and 4.5, we show the quantity,

U

εF
≈ ε(p)

εF
− m

m∗
p

pF

2

+
µ

εF
(4.14)
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Figure 4.4: (top left) the scaled quasiparticle energy ε(p)/εF as a function of the scaled

squared momentum (p/pF )2. The bare mass, indicated by the dashed lines, has a slope

of one in these units. The lower branch has been multiplied by −1 and shifted up by 1

to ease the comparison with the upper branch. (top right) the effective masses extracted

from the linear fit in Eq. (4.13), with separate effective masses extracted for the upper and

lower branches alongside the average of the two. We compare our results for the effective

mass to those of Buraczynski et al. [39] and find good agreement with the branch average

results. (bottom left) the self-energy constant as a function of p/pF , justifying the linear fit

in Eq. (4.13). (bottom right) the quasiparticle self-energy, with separate estimates for the

upper and lower branch alongside the branch average.
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Figure 4.5: Quasiparticle effective mass and self-energy extraction for two- and -three-body

forces. See the caption for Fig. 4.4 for further details.

which is independent of the momentum, justifying the linear fit in Eq. (4.13). In the lower

right panel, we show our estimates of the self-energy and find the same upper- and lower-

branch discrepancy that we found for estimates of the effective mass. We take the branch

average to be a rough estimate of the self-energy in the thermodynamic limit and note that

it is roughly constant as a function of the density. This mirrors the chemical potential µ that

we derived from the energy EoS in Eq. (4.7). To our knowledge, these are the first QMC

extractions of the quasiparticle self-energy in INM.
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4.5.3 Pairing gap

The superfluid pairing gap is perhaps the most hotly debated and difficult to compute quasi-

particle property in neutron matter. Understanding nuclear superfluidity is central to under-

standing nuclear physics from the range of nuclei to neutron stars [57, 213, 157, 32]. However,

the calculation is difficult because it involves large coherence lengths and the detection of

small differences in energy by subtracting two large quantities. As such, calculations of the

pairing gap have varied widely for the past few decades [57, 133].

Before we present our results for the pairing gap, it is worthwhile to review the role of each

quasiparticle parameter on the dispersion relation in Eq. (4.8). The effective mass dictates

the slope of the quasiparticle energy far from the Fermi surface. The self-energy and chemical

potential dictate the location of the minimum of the quasiparticle energy. The pairing gap ∆

has two major effects. First, it sets the value of the excitation gap at its minimum. This is,

after all, why we call it a gap. Second, it dictates the curvature of dispersion relation around

that minimum. Because the quasiparticle energy is computed from the subtraction of two

large numbers, namely the terms in Eq. (4.9), and because the pairing gap is traditionally

estimated from the minimum of that difference, it is the quasiparticle parameter that is most

sensitive to errors in the energy of the system.

In this study, we use a method of estimating the QPE parameters that is insensitive to

global shifts in the quasiparticle energies and separates out the two effects of the pairing gap

discussed above. That is, if the calculated quasiparticle energies contain some momentum

independent error term, ε2, such that

ε(p) = E(p,N − 1)− E0(N) +
∂E

(EoS)
0 (N)

∂N
− 1

2

∂2E
(EoS)
0 (N)

∂N2
+ ε2 (4.15)

=

√(
p2

2m∗
− (µ− U)

)2

+ ∆2 + ε2, (4.16)

then, we can estimate the parameters m∗, µ − U , and ∆, while letting the ε2 term absorb

any systematic errors that are momentum independent. Thus, we estimate ∆ only from the

curvature in the quasiparticle dispersion relation around the minimum.
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Figure 4.6: Pairing gap in infinite neutron matter using two- and three-body forces. We

compare our results at moderate density to the low density results of Gandolfi et al. [74]

(AFDMC08), Abe and Seki [2] (dQMC09). We also plot the solution to the BCS gap equation

using two- and three-body χ-EFT interactions from Drischler et al. [58] (dash-dotted line).

The subscript on the parameter ε2 is suggestive, because Eq. (4.16) is exactly the quasi-

particle energy in the Lipkin-Nogami pairing model [128, 152, 164, 142], with the substitution

ε2 ↔ λ2. However, in the Lipkin-Nogami model, λ2 is a number fluctuation constant and

the quantity ∆ + λ2 is identified with even-odd energy staggering. In our case, ε2 is an error

term used to isolate the curvature of the quasiparticle spectrum from global shifts in the

energy.
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In Fig. 4.6, we show our results for the pairing gap in INM. We show our results alongside

low density QMC results from Gandolfi et al. [74] (labelled as AFDMC08), Abe and Seki [2]

(labelled as dQMC09). We also show BCS results calculated using two- and three-body

χ-EFT interactions, which gives us further intuition of the behavior of the gap. However,

as valuable as they are, BCS estimates often overestimate the gap because they neglect

screening and vertex corrections (see Ref. [77]). The first observation that must be made of

our results is that the errors are enormous at higher densities. While the gap averages are

in rough qualitative agreement with the BCS gap at high density, the large errors prevent

us from drawing conclusions about the density at which the gap disappears or the effect of

including three-body forces. At intermediate densities, we predict a pairing gap maximum

around kF ≈ 0.8 fm−1.

4.6 Summary

In this chapter, we applied the AFQMC methods discussed in Chapter 2 to study infinite

neutron matter at zero-temperature. We presented results for the energy equation of state

and quasiparticle effective mass. The effective mass estimates confirmed prior results by

Buraczynski et al. [39] and contradict some Skyrme-based energy density functionals. We

also presented the first QMC extraction of the quasiparticle self-energy in INM and showed

that it is roughly constant as a function of the density, just as with the chemical potential.

Lastly, we presented results for the pairing gap in INM and, despite large errors, proposed a

pairing gap maximum at kF ≈ 0.8 fm−1.
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Chapter 5

CONCLUSIONS AND FUTURE WORK

5.1 Conclusions

In this thesis, we have conducted quantum Monte Carlo studies of the BCS–BEC crossover

at finite temperature and of pure neutron matter at zero temperature. We showed that

with an appropriate choice of basis, the same AFQMC technique is suitable to study both

zero-temperature and finite-temperature systems.

In the case of the BCS–BEC crossover, we introduced a new ensemble, the particle

asymmetry constrained ensemble, and used it alongside the grand canonical and canonical

ensembles to compute the energy, spin susceptibility, condensate fraction, critical tempera-

ture, pairing gap, and Tan contact around the unitary regime. Ours are the first calculations

of the Tan contact and spin susceptibility away from unitarity. We used these results to

argue for the existence of a pseudogap at unitarity.

In the case of neutron matter, we computed the quasiparticle effective mass, self-energy,

and pairing gap. These quantities are crucial to matching Landau’s Fermi liquid theory

to ab-initio results for neutron matter, and eventually nuclear matter. We found that the

effective mass ratio approaches one for low density neutron matter and decreases as we

increase the density, confirming earlier ab-initio results and excluding some Skyrme energy

density functions. We also reported the first QMC extractions of the self-energy and showed

that it was roughly constant as a function of density. Finally, we calculated the pairing gap

in INM and proposed a pairing gap maximum at kF ≈ 0.8 fm−1.
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5.2 Future work

Much work remains to be done on both the BCS–BEC crossover and pure neutron matter,

let alone nuclear matter and nuclei. Most of the work (including mine) on the BCS–BEC

crossover has focused on systems with equal mixtures of two spin states1. Just as the

possibility of pseudogap phenomena discussed in Chapter 3 suggests a link between the

BCS–BEC crossover and high-Tc superconductivity [50], the polarized phases in the crossover

may hold connections to magnetized superconductivity. Several exotic phases have been

suggested to simultaneously maintain both pairing and spin imbalance [176, 129, 179],

including the crystalline supersolid Larkin-Ovchinnikov Fulde-Ferrel (LOFF) state [73, 121].

But simulating polarized phases can be difficult because they suffer from the aforementioned

sign problem. The PACE provides some hope for modelling asymmetric Fermi gases but

it is not yet clear how high the polarization can go before the PACE calculations become

impractical. And care must be taken when comparing fluctuations derived from PACE

calculations with those in the GCE or canonical ensemble, as discussed in Appendix B.

In the case of neutron matter, we asserted that the discrepancy between the upper and

lower branch estimates is due to finite size effects and would disappear in the thermodynamic

limit. Future work should seek to verify this claim by simulating on larger lattices and

extrapolating to the thermodynamic limit. Furthermore, the large errors in our estimates

of the pairing gap must be reduced. This will require more Monte Carlo samples to reduce

sampling error and simulation on larger lattices to better understand the extrapolation to

the thermodynamic limit. After this issue is resolved, we should move on to simulating

symmetric nuclear matter and eventually nuclei.

1These two “spin” states may well be two hyperfine states in experimental realizations, but we use the
language of two spin-1/2 states in this work.
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Appendix A

SCATTERING THEORY

Here we review some elements of scattering theory referenced in the main text, following

Refs.[116, 173].

A.1 Two-body scattering

When a two-body system is governed by a central potential,

V = V (r), (A.1)

where r = |r1 − r2|, then the motion of the system separates into the free motion of its center

of mass and the relative motion of the two particles, which can be represented by the motion

of a single fictitious particle, with reduced mass m/2, moving in an external potential. By

assuming that the particle is free when far away from the origin, both before and after the

collision, one can write the wavefunction as a superposition of an incoming plane wave and

an outgoing spherical wave,

ψ(r) ≈ eikz + f(θ)
eikr

r
, (A.2)

where f(θ) is the scattering amplitude. Because the interaction is spherically symmetric,

it is also natural to decompose the wavefunction using separation of variables in spherical

coordinates,

ψk`m(r) = Rk`(r)Y`m(θ, ϕ), (A.3)

where Y`m(θ, ϕ) are spherical harmonics, known eigenfunctions from the theory of angular

momentum. Upon substituting

u(r) = rRk`(r) and U(r) =
2m

~2
V (r) (A.4)



108

one can state the radial Schrödinger equation as

(
∂2

∂r2
− `(`+ 1)

r2
− U(r) + k2

)
u(r) = 0, (A.5)

where k =
√

2mE/~.

In the limit where only the lowest partial wave (` = 0 or s-wave) contributes, then

scattering can be described by

(
∂2

∂r2
− U(r) + k2

)
u(r) = 0, (A.6)

and the asymptotic behavior of the radial function becomes

u(r) ∼ sin (kr + δ(k)) , (A.7)

where δ(k) is the s-wave phase shift that depends on the incident energy. The scattering

amplitude is then given by

f(k) =
1

k cot δ(k)− ik , (A.8)

and the total scattering cross-section is σ = 8π|f(k)|2. The phase shift can be expanded as

k cot δ(k) = −1

a
+
re
2
k2 +O(k4), (A.9)

which provides a definition of the s-wave scattering length a the effective range re of the

interaction.

A.1.1 Bound states

The poles of the scattering amplitude in Eq. (A.8) define the bound states and resonances

of the two-body problem. Bound states are found on the positive imaginary axis in k-space,

k = iκ, with κ > 0:

iκ cot δ(iκ) + κ = 0, (A.10)

with dimer binding energy given by

Ed =
~2κ2

m
. (A.11)



109

If the potential is tuned to the limit k|a| � 1 and re � 1/k, then the scattering amplitude

becomes f(k) = −1/ik, the total scattering cross-section achieves its maximum value at

σ = 4π/k2, and the bound state energy goes to zero. This is the unitary limit and its

behavior is universal, meaning it depends only on the scattering length a and not on the

details of the short-range potential.
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Appendix B

PARTICLE ASYMMETRY CONSTRAINED ENSEMBLE
THERMODYNAMIC RELATIONS

The particle asymmetry constrained ensemble (PACE) is a blend between the grand

canonical ensemble, where the thermodynamic variables are the temperature, volume, and

chemical potentials and the characteristic state function is the grand potential Ω(T, V, µ, µ−),

and the canonical ensemble, where the thermodynamic variables are the temperature, vol-

ume, and particle numbers and the characteristic state function is the Helmholtz free energy

F (T, V,N,N−). In the study of mixtures and polymers, researchers sometimes use the semi-

grand canonical ensemble, where the total number of particles is fixed, but the composition

of particles may change [31, 113]. In contrast, because we wish to capitalize upon the sign-

problem avoidance of the PACE, we wish to simulate systems where the total number of

particles may change, but the mixture of spin-up and spin-down particles is fixed. One may

think of these systems as in contact with a heat bath and a particle bath that is constrained

to preserve a fixed particle asymmetry.

This can be accomplished by applying a Legendre transform where the extensive quantity

is the particle asymmetry N− and its conjugate variable is (−βµ−). Transforming from the

grand canonical ensemble yields the PACE potential

W (T, V, µ,N−) = Ω (T, V, µ±)− ∂Ω

∂(βµ−)
βµ−

= Ω (T, V, µ±) +N−µ−,

(B.1)

whose differential is given by

dW = dΩ + µ− dN− +N− dµ−

= −S dT − P dV −N dµ+ µ− dN− .
(B.2)



111

One gets the same result when transforming from the canonical ensemble, using a Legendre

transform where the extensive quantity is N and its conjugate variable is (−βµ),

W = F (T, V,N±)− ∂Ω

∂N
N

= F (T, V,N±)−Nµ,

dW = dF − µ dN −N dµ

= −S dT − P dV −N dµ+ µ− dN− .

(B.3)

The method of transformation between ensembles is standard [118, 5], so here we outline

the main results of our transformation. Like the GCE or the canonical ensemble, the PACE

is an artificial construct, so it produces averages that are consistent with the other ensembles

when they represent the same state of the system:

〈N〉W = −
(
∂W
∂µ

,

)

T,V,N−

,

〈µ−〉W =

(
∂W
∂N−

)

T,V,µ

,

〈P〉W = −
(
∂W
∂V

,

)

T,µ,N−

,

〈S〉W = −
(
∂W
∂T

.

)

V,µ,N−

,

(B.4)

where 〈A〉W denotes the average of some observable Â in the PACE.

Similarly, let 〈A〉Ω denote the average in the GCE and 〈A〉F denote the average in the

canonical ensemble. The averages in the GCE and PACE are then related by [122]

〈A〉W = 〈A〉Ω −
1

2

〈
δN2
−
〉

Ω

∂2

∂N2
−
〈A〉Ω

= 〈A〉Ω −
1

2

∂N−
∂(βµ−)

∂2

∂N2
−
〈A〉Ω

= 〈A〉Ω −
1

2

∂

∂(βµ−)

∂

∂N−
〈A〉Ω

= 〈A〉Ω −
1

2

∂

∂(βµ−)

(
∂(βµ−)

∂N−

)
∂

∂(βµ−)
〈A〉Ω .

(B.5)
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The correction term disappears in the thermodynamic limit, decreasing as O(N−1) and

leading to an equivalence of ensembles.

Conversely, the fluctuations may vary in different ensembles and care should be taken

when comparing these fluctuations. In general, the covariance of two variables A and B in

the different ensembles is given by [122]

〈δAδB〉W = 〈δAδB〉Ω −
(
∂(βµ−)

∂N−

)(
∂ 〈A〉Ω
∂(βµ−)

)(
∂ 〈B〉Ω
∂(βµ−)

)
. (B.6)

The most obvious example is the fluctuations in N−, which are zero by definition in the

PACE, and nonzero in the GCE, leading to the familiar

〈
δN2
−
〉

Ω
= TV χ

S
, (B.7)

where we have inserted the volume factor for concordance with the lattice expression

Eq. (3.5).

This fact that the GCE-PACE transformation yields the spin susceptibility fluctuation

theorem places the PACE on similar footing as the grand canonical, canonical, and micro-

canonical ensembles, whose transformations also yield fluctuation theorems for important

second-order thermodynamic derivatives. To wit, transforming particle number fluctua-

tions from the canonical ensemble, where they are zero, to the GCE yields the isothermal

compressibility and transforming energy fluctuations between the micro-canonical ensemble,

where they are zero, and the canonical ensemble yields the specific heat.

The PACE potential is connected to the PACE partition function by

W(η) = −kBT lnP (η), (B.8)

where we have added explicit η dependence to agree with P (η), which is defined in

Eq. (2.64a).
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Appendix C

DETERMINING ENERGIES FOR EVEN-ODD STAGGER
CALCULATIONS

Measurements of the energy, as well as derived quantities such as the even-odd staggering,

are sensitive to lattice effects that must be corrected in order to estimate observables in the

continuum limit. In this appendix, we detail the steps required to estimate the energy, and

therefore the even-odd energy staggering, in the continuum limit.

Throughout this section, a tilde over a variable will denote that it has been scaled by some

other energy scale. We scale energies by the energy of a free Fermi gas at zero temperature,

and temperatures and chemical potentials by the Fermi energy. In the text, we will refer to

the scaled values as “reduced” and the unscaled values as “absolute.”

C.0.1 Extrapolation to the continuum limit

It is instructive to first consider the energy estimation of the free gas of spin-1/2 fermions.

In the continuum, one first solves for the reduced chemical potential, µ̃ ≡ µ/εF required to

achieve a desired reduced temperature T̃ ≡ T/εF ,

1 =
3

2
T̃ 3/2

∫ ∞

0

dz z1/2

1 + exp
[
z − µ̃/T̃

] . (C.1)

Once this value of µ̃ is determined, it can be used to solve for the reduced energy of a system

at temperature T̃ ,

Ẽc ≡
Ec

3
5
NεF

=
5

2
T̃ 5/2

∫ ∞

0

dz z3/2

1 + exp
[
z − µ̃/T̃

] , (C.2)

where the subscript c indicates that this energy is computed in the continuum.

One can also solve this system on a cubic lattice of side length L = Nx = Ny = Nz. The

lattice momenta are given by ~pn = 2π(ixx̂ + iyŷ + iz ẑ)/L, where ij = −L/2 + 1, . . . , L/2,
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j ∈ {x, y, z}. Then, as before, one finds the value of the chemical potential required to give

us a desired particle number N at the reduced temperature T̃ ,

N = 2
∑

~n

α exp
[
−β̃ p̃2~n

2m

]

1 + α exp
[
−β̃ p̃2

~n

2m

] , (C.3)

where the tildes indicate that the lattice momenta and inverse temperature is measured

in units of the continuum Fermi energy, εF = (3π2N/V )
2/3
/2, and α ≡ exp (βµ). After

determining µ̃, one can than calculate the energy of the free Fermi gas on the lattice as

E`
εF

= 2
∑

~n

p̃2
~n

2m

α exp
[
−β̃ p̃2~n

2m

]

1 + α exp
[
−β̃ p̃2

~n

2m

] , (C.4)

where the subscript ` indicates that this energy is computed on the lattice.

In Fig. C.1, we compare the energies of the free Fermi gas computed on the lattice

and in the continuum. For the temperature range of interest 0.1 ≤ T̃ ≤ 0.3, the residual

δ = |Ec − E`| has two zeros at roughly N ≈ 30 and N ≈ 60. In typical QMC simulations,

one chooses particle numbers in this range to minimize the residuals. However, we constrain

our simulations to a range of particle numbers, for which the residuals may not match. To

extrapolate to the continuum limit, we multiply our lattice energies by an extrapolation

coefficient

Ec = C`E`, where C` ≡
EFFG,c
EFFG,`

. (C.5)

For the free Fermi gas, Eq. (C.5) is tautologistic. In our calculations of the interacting gas,

applying Eq. (C.5) amounts to the assumption that the lattice effects predominantly affect

the kinetic energy operator as opposed to the potential energy operator. A similar procedure

for extrapolating to the continuum limit was used in an AFQMC study of neutron matter

with chiral effective field theory [210].
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C.0.2 Finite range correction

In addition to the continuum extrapolation focused on the kinetic energy in Appendix C.0.1,

we also use the effective range expansion

E

EFFG
= ξ + ζekF re + . . . , (C.6)

where the value of ζe has been estimated as ζe = 0.12(3) [204, 44] and the effective range for

a cubic cutoff is [204]

re = `
12
√

2

π3
arcsin

1√
3
≈ 0.337`, (C.7)

where ` is the lattice constant. We are interested in correcting our lattice calculations

conducted with finite effective range to continuum energies with zero range interactions. We

therefore combine the continuum limit extrapolation of Appendix C.0.1 with Eq. (C.7) by

subtracting the finite range correction,

Ec
EFFG

= C`
E`

EFFG
− ζekF re. (C.8)

C.0.3 Reduced temperature shift

The methods of Appendices C.0.1 and C.0.2 yield estimates of the energy of a system at

some absolute temperature T and particle number N . To remove the explicit dependence

on particle number, one often scales the energies by the energy of a free Fermi gas at zero

temperature and the temperatures by the Fermi energy, as in Eqs. (C.1) and (C.2). However,

it is important to realize that when estimating observables using the methods in § 2.4, the

constrained ensemble inherits the absolute temperature of its “parent” GCE simulation. The

reduced temperature, T̃ , will be different depending on the projected particle number.

To illustrate this effect, we conducted constrained ensemble simulations of the free Fermi

gas. This is computationally inexpensive since, with no interaction term, only one Monte

Carlo sample is required to achieve convergence. This allows us to explain the reduced

temperature shift inherent in constrained ensemble methods and also serves as a validation

step for our simulation software.
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Figure C.2 depicts a “stagger plot,” similar to Fig. 3.4 for the unitary Fermi gas. The

“parent” GCE simulation was conducted at T̃GCE = 0.2, from which the constrained ensemble

energies were calculated. The blue markers indicate energies calculated using Eq. (C.5),

which are calculated at the same absolute temperature as the GCE,

Ẽ
(
N, T̃

)
= Ẽ

(
N,

TGCE
εF (N)

)
. (C.9)

The red markers indicate the energies calculated at the same reduced temperature as in the

GCE

Ẽ
(
N, T̃GCE

)
= Ẽ

(
N,

TGCE
εF (N)

)
+ fshift

(
T̃GCE,

TGCE
εF (N)

)
, (C.10a)

where

fshift = Ẽeos

(
T̃GCE

)
− Ẽeos

(
TGCE
εF (N)

)
, (C.10b)

and Ẽeos is the equation of state of the system under study. For the validation case of the

free Fermi gas Ẽeos = Ẽc from Eq. (C.2). For the interacting gas in our study, the equation

of state is derived from a previous study of the unitary Fermi gas [60]. As expected, the

reduced temperature shift brings the red markers in Fig. C.2 in line with the continuum

value for the same reduced temperature.

Realizing that the constrained ensembles probe different reduced temperatures also allows

us to probe many different temperatures from a single GCE simulation. Figure C.3 shows the

results of nine GCE simulations of the free Fermi gas. For each “parent” GCE simulation, the

constrained ensemble methods produced energy estimates for nine different particle numbers.

Since each of these particle numbers yielded a different reduced temperature, the effect of the

constrained ensemble method is to spread each GCE simulation into (sometimes overlapping)

temperature ranges.

For reference, we also show the importance of the continuum limit extrapolation in

Eq. (C.5) by plotting the uncorrected lattice energies (still with reduced temperature shift)

in the lower panel of Fig. C.3. The behavior is justified when one considers the negative

slope of the lattice energies in Fig. C.1 around N ≈ 30 where our GCE calculations were
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performed. Since an increase in particle number N , decreases the reduced temperature T̃ ,

the residuals in the lower panel of Fig. C.3 have the opposite slope to the ones in Fig. C.1.

While the continuum limit extrapolation of Appendix C.0.1 is widely accounted for in

AFQMC literature. However, one finds no mention of the required reduced temperature

corrections in the constrained ensemble literature [154, 120, 80, 107, 33]. It is possible that

this omission does not affect estimates of the pairing gap since, when evaluating ∆E using

centered difference formulas, the increase in energy below the central particle number will

be approximately cancelled out by the decrease in energy above the central particle number.

So in the context of the pairing gap, the temperature correction may be formally required

but negligible.

The effect on the spin susceptibility may depend on the way in which it is calculated.

Our method uses the particle asymmetry constrained ensemble so that the scaled spin sus-

ceptibility is
χ

S

χ
0

=
2

3NT̃

∑

η

η2P (η). (C.11)

In this case, each term contributing to the sum comes from a different particle asymmetry

projection but the total particle number remains roughly the same so the temperature cor-

rection may be safely neglected. Lastly, when directly evaluating energies the temperature

correction is plainly required, as demonstrated in Fig. C.2.
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Figure C.1: A comparison of lattice and continuum energies for the free Fermi gas at T̃ ∈
{0.1, 0.2, 0.3}. Dashed lines indicate the continuum value, which is independent of particle

number. The circles and stars indicate the identical values for 83 and 163 lattices, respectively.
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Figure C.2: An energy “stagger” plot for the free Fermi gas, derived using constrained

ensembles from a GCE simulation at T̃ = T/εF = 0.2 on a 103 lattice. The energy is

scaled by the energy of a free Fermi gas at zero temperature. The dashed line indicates

the continuum calculation. The blue ‘X’ symbols indicate energies calculated at the same

absolute temperature as in the GCE, see Eq. (C.9) whereas the red star symbols indicate

energies calculated at the same reduced temperature as in the GCE, see Eq. (C.10b).
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Figure C.3: Constrained ensemble methods spread the temperature of each GCE simulation

out into overlapping ranges. Each color represents one “parent” GCE, the results of which

are represented by black stars. Each GCE is then constrained to a fixed particle number,

resulting in different reduced temperatures that spread out away from T̃GCE.
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Appendix D

CALCULATING CONSTRAINED ENSEMBLE OBSERVABLES
IN AFQMC

Here we outline the MCMC formalism to compute the observables

X(ϕ, θ), E(ϕ, θ), N±(ϕ, θ). In our notation, U is the single particle basis representa-

tion of the usual product of imaginary-time evolution operators U = UNτ . . .U2U1. For

the unconstrained grand canonical ensemble, we have U↑ = U↓. Thus, when we explicitly

include arrow subscripts, it is implied that we are calculating projected observables in the

constrained ensemble. And when we omit the arrow subscripts, we are referencing a value

calculated in the unconstrained grand canonical ensemble. For simultaneous projection

of the total particle number and the particle difference between two flavors, we define

U↑,↓ = e−i(ϕ±θ)U .

D.1 Calculating occupation matrices

In the unconstrained grand canonical simulation, the imaginary time evolution operator is

computed as a QDR decomposition, as described in § 2.3.1. To compute Uσ, one might

naively expect to update the QDR decomposition at the end of the imaginary time evolution

Uσ = e−iασQDR, (D.1)

1 + Uσ = Q
[
Q†R−1 + e−iασD

]
R = QQ̃σD̃σR̃σR, (D.2)

nσ = 1− 1

1 + Uσ
= 1−R−1R̃−1

σ D̃−1
σ Q̃†σQ†, (D.3)

where σ ∈ {↑, ↓} (not to be confused with the auxiliary field) and ασ = (ϕ ± θ). However,

we can avoid the cost of these extra QDR decompositions by writing the occupation matrix
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as

nσ = 1− 1

1 + e−iασU = 1− eiασ
[(
eiασ − 1

)
+ (1 + U)

]−1
, (D.4)

and using the Woodbury matrix identity

(A+BCD)−1 = A−1 − A−1B
[
C−1 +DA−1B

]−1
DA−1, (D.5)

with B = D = 1, C = (eiα − 1), and A = (1 + U), A−1 = (1 + U)−1 = (1− n). Thus

nσ = 1− eiασ (1− n)

{
1−

[
1

eiασ − 1
+ (1− n)

]−1

(1− n)

}
, (D.6)

and we can use batched matrix multiplication, rather than QDR decomposition, to calculate

the occupation matrices for each projection angle.

Although we are guaranteed 0 ≤ ni,j ≤ 1, the occupation matrices may still be ill

conditioned and one may reasonably worry about the stability of multiplying and inverting

matrices like 1 − n. However, in practice, we find that the Woodbury method achieves an

absolute difference of ∼ 10−9 compared to the brute force QDR decomposition, even at

low temperatures. We use these occupation matrices in momentum and position space to

calculate observables in the constrained ensemble.

D.2 Calculating the constrained statistical weights

In addition to calculating physical observables from occupation matrices, one must also

compute the statistical weights F [σ, ϕ, θ]. In Eq. (2.72b), F [σ, ϕ, θ] is expressed as a ratio of

determinants that we expect to be large quantities that are not known with great precision.

We therefore simplify the statistical weights as

F [σ, ϕ, θ] = eiϕN
det
[
1 + e−i(ϕ+θ)U

]

det[1 + U ]

det
[
1 + e−i(ϕ−θ)U

]

det[1 + U ]
(D.7)

= eiϕN
det
[
1 + U +

(
e−i(ϕ+θ) − 1

)
U
]

det[1 + U ]

det
[
1 + U +

(
e−i(ϕ−θ) − 1

)
U
]

det[1 + U ]
, (D.8)

= eiϕN det

[
1 +

(
e−i(ϕ+θ) − 1

) U
1 + U

]
det

[
1 +

(
e−i(ϕ−θ) − 1

) U
1 + U

]
. (D.9)
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D.3 Reducing the number of observable calculations

Appendix D addressed the computation of the ϕ, θ-observables. We then take the discrete

Fourier transform of these values to compute the particle projected observables. Suppose

we would like to estimate the Fourier integrals in Eq. (2.70) using nf points in both ϕ

and θ. Since we compute different observables for the ↑ and ↓ system, one would naively

expect to compute 2n2
f observables. However, we can greatly reduce the number of computed

observables.

First, suppose ϕi = −π + i2π/nf for i = 0, 1, 2, . . . , nf and similarly θj = −π + j2π/nf

for j = 0, 1, 2, . . . , nf . Then we can think of organizing observables in a matrix with rows

corresponding to different values of ϕ and columns corresponding to different values of θ.

We must then compute observables for all values in the matrices

(ϕ+ θ)i,j = −2π + (i+ j)
2π

nf
, (D.10)

(ϕ− θ)i,j = (i− j)2π

nf
. (D.11)

But note that

(ϕ+ θ) = (ϕ− θ) J, (D.12)

where

Ji,j =





1, j = nf − i+ 1,

0, j 6= nf − i+ 1

, (D.13)

is the exchange matrix. So if we compute the spin-↑ observables, we already have all of the

values needed for the spin-↓ observables.

This reduces the number of required calculations by a factor of two, but we can do better.

Note that the matrix (ϕ + θ)i,j is a Hankel matrix and therefore has only 2nf + 1 unique
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values. For example, with nf = 4, (ϕ+ θ)i,j has the structure




a b c d

b c d e

c d e f

d e f g



.

So instead of computing observables on the matrix (ϕ + θ)i,j, one can instead compute

observables in the array ωk = −2π + 4πk/(2nf − 1) for k = 0, 1, 2, . . . , 2nf − 1. To map the

observables back to the independent ϕ, θ space, we use

(ϕ+ θ)i,j = ωk=i+j, (D.14)

(ϕ− θ)i,j = ωk=nf−1−j+i, (D.15)

where we assume zero-based indexing in i, j, and k. Thus, we have reduced the number of

required observable calculations from 2n2
f → 2nf − 1.
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Appendix E

GAUSSIAN PROCESS REGRESSION OF ξ AND ∆

As discussed in § 3.4, the temperature “smearing” effect (described in more detail in

Appendix C.0.3), combined with the multiple methods for estimating ∆E leads to a profusion

of observations that make it difficult to visualize and compare our results to others. The

same surplus of observations occurs for ξ, with multiple estimates coming from Eq. (3.9) and

from measurements of E/EFFG in the GCE.

To resolve this, we use a Gaussian process (GP) regressor to interpolate our data. A

similar approach is used in nuclear theory, where an abundance of competing nuclear mass

models make different predictions for nuclear separation energies and one wishes to extrapo-

late far from the valley of stability [148, 147, 146], with one key difference being that we use

GP regression to interpolate rather than extrapolate. GPs have also been used for parameter

estimation in chiral effective field theories [205].

GP regression is a non-parametric, Bayesian approach to regression, in which we treat

our results as a training set for a new statistical model for each scattering length. For ∆E,

the training set includes all measurements of ∆
(5)
E and ∆

(f)
E for all lattice sizes Nx ≥ 8. For ξ,

the training set includes all measurements of ξ from Eq. (3.9) and of E/EFFG from the GCE,

for lattice sizes Nx ≥ 8. Because we use GPs for interpolation and clarity in plotting, and not

for estimation of T ∗, we do not use cross-validation or split our data into training, testing,

and validation sets, which is de rigueur when building a model to predict new results [92].

We briefly introduce the key concepts of GP regression and refer the reader to Williams

and Rasmussen [206] for a more thorough, pedagogical introduction. Let y be the target

vector of measurements we wish to interpolate (either ∆E or ξ) and x be the input vector of

temperatures T/εF . We wish to find a real process f(x, θ) that will model and predict new
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target output given arbitrary inputs,

y = f(x, θ) + ε, (E.1)

where θ encapsulates the parameters of our statistical model and ε represents identically

distributed Gaussian noise, with zero mean and variance σ2, which differentiates the observed

values from the function values. Following the “function-space view” [206], one can define

the mean m(x) and covariance k(x,x′) of f(x) as

µ(x) = E [f(x))] , (E.2)

k(x,x′) = E [(f(x)− µ(x))(f(x′)− µ(x′))] , (E.3)

and approximate f(x) by a Gaussian process

f(x) ≈ GP (µ(x), kθ(x,x
′)) , (E.4)

which is completely specified by its mean and covariance functions. We take the covariance

function to be the weighted sum of a ν = 3/2 Matérn kernel and a white noise kernel

k(dij) = η2

(
1 +

√
3dij
ρ

)
e

(
−
√
3dij
ρ

)

︸ ︷︷ ︸
Matérn

+ δijε︸︷︷︸
white noise

, (E.5)

where dij ≡ |xi − xj| and δij is the Kronecker delta. The Matérn kernel is a generalization of

the popular radial-basis function (RBF or “squared exponential”) kernel, and is appropriate

for learning functions that are at least once differentiable, in contrast to the assumption of

infinite differentiability with the RBF kernel [206, 62]. Thus, our statistical model has four

parameters θ := (µ, η, ρ, ε): the mean µ, the correlation strength η, the Matérn coherence

length ρ, and the noise level ε.

GP regression estimates the parameters θ by specifying a prior distribution p(θ) and

relocating those probabilities based on Bayes rule

p (θ|y,x) =
p (y|x, θ) p (θ)

p(y|x)
, (E.6)
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where the marginal likelihood p(y|x) is given by

p (y|x) =

∫
p (y|x, θ) p(θ)dθ. (E.7)

For each observable, ξ and ∆, and at each scattering length, we perform this parameter opti-

mization using scikit-learn’s GaussianProcessRegressor object [161], with the L-BGFS-B

minimization algorithm from scipy.optimize.minimize [200].

In Table E.1, we present the predictions of our GP models at regularly spaced temperature

values, omitting temperatures that fall outside of the range of input data at each scattering

length. We used our GP models to plot and compare ξ and ∆E in the main text, however

the spline fits described in § 3.4, from which we computed T ∗, were computed on the input

∆E estimates rather than the GP predictions. The fact that the computed T ∗ values also

describe the disappearance of the GP predictions serves as a preliminary consistency check

of our GP models.



128

T/εF

1/(kFa) = 0.0 1/(kFa) = 0.1 1/(kFa) = 0.2 1/(kFa) = 0.3

ξ σξ̄ ∆ σ∆̄ ξ σξ̄ ∆ σ∆̄ ξ σξ̄ ∆ σ∆̄ ξ σξ̄ ∆ σ∆̄

0.10 0.44 0.03 − − 0.32 0.02 − − 0.22 0.03 − − 0.06 0.04 − −
0.11 0.46 0.02 0.28 0.06 0.34 0.02 − − 0.23 0.03 − − 0.07 0.03 − −
0.12 0.47 0.02 0.26 0.05 0.36 0.01 0.41 0.08 0.25 0.02 − − 0.08 0.03 − −
0.13 0.49 0.01 0.23 0.04 0.37 0.01 0.38 0.06 0.26 0.02 − − 0.10 0.02 − −
0.14 0.50 0.01 0.20 0.03 0.39 0.01 0.34 0.05 0.28 0.02 0.34 0.07 0.12 0.02 − −
0.15 0.52 0.01 0.16 0.03 0.42 0.01 0.29 0.04 0.30 0.01 0.32 0.06 0.13 0.02 − −
0.16 0.55 0.01 0.12 0.02 0.44 0.01 0.23 0.03 0.32 0.01 0.29 0.04 0.15 0.02 0.60 0.09

0.17 0.57 0.01 0.08 0.02 0.46 0.01 0.17 0.03 0.34 0.01 0.25 0.04 0.17 0.01 0.59 0.07

0.18 0.59 0.01 0.05 0.02 0.49 0.01 0.11 0.02 0.36 0.01 0.21 0.03 0.19 0.01 0.55 0.07

0.19 0.61 0.01 0.03 0.02 0.51 0.01 0.07 0.02 0.38 0.01 0.17 0.02 0.22 0.01 0.47 0.06

0.20 0.63 0.01 0.01 0.01 0.53 0.01 0.04 0.01 0.41 0.01 0.13 0.02 0.24 0.01 0.37 0.05

0.21 0.65 0.01 0.00 0.01 0.56 0.01 0.02 0.01 0.43 0.01 0.10 0.02 0.26 0.01 0.26 0.04

0.22 0.68 0.01 0.00 0.01 0.58 0.01 0.01 0.01 0.45 0.01 0.07 0.02 0.29 0.01 0.18 0.04

0.23 0.69 0.01 0.00 0.01 0.60 0.01 0.00 0.01 0.47 0.01 0.04 0.02 0.31 0.01 0.14 0.04

0.24 0.71 0.01 0.00 0.01 0.62 0.01 0.00 0.01 0.49 0.01 0.03 0.01 0.33 0.01 0.14 0.04

0.25 0.73 0.01 0.00 0.01 0.64 0.01 0.00 0.01 0.51 0.01 0.02 0.01 0.35 0.01 0.14 0.03

0.26 0.74 0.01 0.00 0.01 0.65 0.01 0.00 0.01 0.53 0.01 0.02 0.01 0.37 0.01 0.13 0.03

0.27 0.75 0.01 0.00 0.01 0.67 0.01 0.00 0.01 0.55 0.01 0.02 0.01 0.40 0.01 0.10 0.03

0.28 0.76 0.02 0.00 0.01 0.69 0.01 0.00 0.01 0.57 0.01 0.01 0.01 0.42 0.01 0.07 0.03

0.29 0.77 0.02 0.00 0.01 0.71 0.01 0.00 0.01 0.59 0.01 0.01 0.01 0.45 0.01 0.05 0.02

0.30 0.77 0.03 0.00 0.02 0.72 0.01 0.00 0.01 0.61 0.01 0.01 0.01 0.47 0.01 0.05 0.02

Table E.1: Predictions of the Gaussian process regressors for ξ and ∆. σx̄ denotes the

standard error of the mean of x.
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Appendix F

CHIRAL TWO-BODY INTERACTIONS

In this appendix, we detail some rather tedious calculations of two-body chiral interaction

terms used in Chapter 4. These expressions are not integral to understanding the results of

this dissertation but would be helpful to a researcher implementing chiral interaction terms in

computer simulations. The goal in each case is to obtain expressions that depend on products

of the elements of the momentum-space one-body density matrix, which is readily computed

in AFQMC methods. Throughout this appendix we use V to refer to the system volume,

to distinguish from any interaction terms like V (q). In general, we consider the diagram in

Fig. F.1, with incoming (outgoing) momenta p1, p2 (k1, k2) and incoming (outgoing) spins

λ1, λ2 (ρ1, ρ2).

q

p1, λ1

k1, ρ1

p2, λ2

k2, ρ2

Figure F.1: Feynman diagram for a two-body nucleon-nucleon interaction

Conservation of momentum requires q = p1 − k1 and p1 + p2 = k1 + k2. In general, given

a potential Vλ1λ2ρ1ρ2(k1, k2, p1, p2) in a simulation volume V , we have
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V =
1

2V
∑

λ1λ2
ρ1ρ2

∑

k1k2
p1p2

Vλ1λ2ρ1ρ2(k1, k2, p1, p2)

×
[
nρ1λ1(k1, p1)nρ2λ2(k2, p2)− nρ2λ1(k2, p1)nρ1λ2(k1, p2)

]
. (F.1)

In our case, the density matrix has the form

n =


n↑ 0

0 n↓


 , (F.2)

so we can write Eq. (F.1) as

V =
1

2V
∑

λ1λ2
ρ1ρ2

∑

k1k2
p1p2

Vλ1λ2ρ1ρ2(k1, k2, p1, p2)

×
[
δλ1ρ1δλ2ρ2nλ1(k1, p1)nλ2(k2, p2)− δλ1ρ2δλ2ρ1nλ1(k2, p1)nλ2(k1, p2)

]
, (F.3)

where δij is the Kronecker delta.

F.1 General forms of the potential Vλ1λ2ρ1ρ2(k1, k2, p1, p2)

In the following sections, we will look at the different forms that can be found in

Vλ1λ2ρ1ρ2(k1, k2, p1, p2).

F.1.1 Constant terms

For terms like V = Cδλ1ρ1δλ2ρ2 , where C is a constant of the momenta and the spins,

V =
1

2VC
∑

k1k2
p1p2

∑

λ1λ2

[
δλ1λ1δλ2λ2nλ1(k1, p1)nλ2(k2, p2)− δλ1λ2δλ2λ1nλ1(k2, p1)nλ2(k1, p2)

]
(F.4)

=
1

2VC
∑

k1k2
p1p2

[
n↑(k1, p1)n↑(k2, p2) + n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)

+ n↓(k1, p1)n↓(k2, p2)− n↑(k2, p1)n↑(k1, p2)− n↓(k2, p1)n↓(k1, p2)
]
. (F.5)
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For the subtracted terms, we can exchange the labels k1 ↔ k2. This yields

V =
1

2VC
∑

k1k2
p1p2

[
n↑(k1, p1)n↑(k2, p2) + n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)

+ n↓(k1, p1)n↓(k2, p2)− n↑(k1, p1)n↑(k2, p2)− n↓(k1, p1)n↓(k2, p2)
]

(F.6)

V =
1

2VC
∑

k1k2
p1p2

[
n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)

]
. (F.7)

F.1.2 Terms like A(q)

For terms like V = A(q)δλ1ρ1δλ2ρ2 we have

V =
1

2V
∑

k1k2
p1p2

A(q)
∑

λ1λ2

[
δλ1λ1δλ2λ2nλ1(k1, p1)nλ2(k2, p2)− δλ1λ2δλ2λ1nλ1(k2, p1)nλ2(k1, p2)

]

(F.8)

=
1

2V
∑

k1k2
p1p2

A(q)
[
n↑(k1, p1)n↑(k2, p2) + n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)

+ n↓(k1, p1)n↓(k2, p2)− n↑(k2, p1)n↑(k1, p2)− n↓(k2, p1)n↓(k1, p2)
]
. (F.9)

For the subtracted terms, we can exchange the labels k1 ↔ k2. This yields

V =
1

2V
∑

k1k2
p1p2

[
A(q)− A(q̃)

][
n↑(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)

]

+A(q)
[
n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)

]
, (F.10)

where q̃ ≡ p1 − k2.

If A(q) depends only on the magnitude of q, e.g. A(q2), then we may write

V =
1

2V
∑

k1k2
p1p2

[
A(q)− A(q̃)

]

×
[
n↑(k1, p1)n↑(k2, p2) + 2n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↓(k2, p2)

]
. (F.11)
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F.1.3 Terms like B(q)(σ1 · q)(σ2 · q)

For terms like V = B(q)(σ1 · q)(σ2 · q) we have

V =
1

2V
∑

k1k2
p1p2

B(q)
∑

λ1λ2
ρ1ρ2

(σaλ1ρ1qa)(σ
b
λ2ρ2

qb)×

[
δλ1ρ1δλ2ρ2nλ1(k1, p1)nλ2(k2, p2)− δλ1ρ2δλ2ρ1nλ1(k2, p1)nλ2(k1, p2)

]
(F.12)

V =
1

2V
∑

k1k2
p1p2

B(q)
∑

λ1λ2

(σaλ1λ1qa)(σ
b
λ2λ2

qb)
[
nλ1(k1, p1)nλ2(k2, p2)

]

︸ ︷︷ ︸
D

−
∑

λ1λ2

(σaλ1λ2qa)(σ
b
λ2λ1

qb)
[
nλ1(k2, p1)nλ2(k1, p2)

]

︸ ︷︷ ︸
E

. (F.13)

For direct term D, only the diagonal elements of the σ matrices contribute. Thus, only

σz contributes to the dot product.

D =
∑

λ1λ2

(σ
(z)
λ1λ1

qz)(σ
(z)
λ2λ2

qz)
[
nλ1(k1, p1)nλ2(k2, p2)

]
(F.14)

= q2
z

[
n↑(k1, p1)n↑(k2, p2)− n↑(k1, p1)n↓(k2, p2)

− n↓(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)
]
. (F.15)

For the exchange term E, we must consider the contribution from each of σx, σy, σz.

E =
∑

λ1λ2

(σaλ1λ2qa)(σ
b
λ2λ1

qb)
[
nλ1(k2, p1)nλ2(k1, p2)

]
(F.16)

= q2
zn↑(k2, p1)n↑(k1, p2) + q2

zn↓(k2, p1)n↓(k1, p2)

+ (qx + iqy) (qx − iqy)n↑(k2, p1)n↓(k1, p2)

+ (qx − iqy) (qx + iqy)n↓(k2, p1)n↑(k1, p2) (F.17)

= q2
z [n↑(k2, p1)n↑(k1, p2) + n↓(k2, p1)n↓(k1, p2)]

+
[
q2
x + q2

y

]
[n↑(k2, p1)n↓(k1, p2) + n↓(k2, p1)n↑(k1, p2)] . (F.18)

For the exchange terms, we can again swap the labels k1 ↔ k2 in the sum over momenta.
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This yields

1

2V
∑

k1k2
p1p2

B(q)
[
q2
z [n↑(k2, p1)n↑(k1, p2) + n↓(k2, p1)n↓(k1, p2)]

+
[
q2
x + q2

y

]
[n↑(k2, p1)n↓(k1, p2) + n↓(k2, p1)n↑(k1, p2)]

]
(F.19)

=
1

2V
∑

k1k2
p1p2

B(q̃)
[
q̃2
z [n↑(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)]

+
[
q̃2
x + q̃2

y

]
[n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)]

]
, (F.20)

where q̃ ≡ p1 − k2. We can now combine the direct and exchange terms to get

V =
1

2V
∑

k1k2
p1p2

{[
q2
zB(q)− q̃2

zB(q̃)
][
n↑(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)

]

−
[
q2
zB(q) +

(
q̃2
x + q̃2

y

)
B(q̃)

][
n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)

]}
.

(F.21)

As before, if B(q) depends only on the magnitude of q, e.g. B(q2), then we may write

V =
1

2V
∑

k1k2
p1p2

{[
q2
zB(q)− q̃2

zB(q̃)
][
n↑(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)

]

− 2
[
q2
zB(q) +

(
q̃2
x + q̃2

y

)
B(q̃)

]
n↑(k1, p1)n↓(k2, p2)

}
. (F.22)
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F.1.4 Terms like D(q)(σ1 · σ2)

For terms like V = D(q)(σ1 · σ2) we have

V =
1

2V
∑

k1k2
p1p2

D(q)
∑

λ1λ2
ρ1ρ2

(σaλ1ρ1σλ2ρ2a)×

[
δλ1ρ1δλ2ρ2nλ1(k1, p1)nλ2(k2, p2)− δλ1ρ2δλ2ρ1nλ1(k2, p1)nλ2(k1, p2)

]
(F.23)

V =
1

2V
∑

k1k2
p1p2

D(q)
∑

λ1λ2

(σaλ1λ1σλ2λ2a)
[
nλ1(k1, p1)nλ2(k2, p2)

]

︸ ︷︷ ︸
D

−
∑

λ1λ2

(σaλ1λ2σλ2λ1a)
[
nλ1(k2, p1)nλ2(k1, p2)

]

︸ ︷︷ ︸
E

. (F.24)

For direct term D, only the diagonal elements of the σ matrices contribute. Thus, only

σz contributes to the dot product.

D =
∑

λ1λ2

(σ
(z)
λ1λ1

σ
(z)
λ2λ2

)
[
nλ1(k1, p1)nλ2(k2, p2)

]
(F.25)

=
[
n↑(k1, p1)n↑(k2, p2)− n↑(k1, p1)n↓(k2, p2)− n↓(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)

]
.

(F.26)

For the exchange term E, we must consider the contribution from each of σx, σy, σz.

E =
∑

λ1λ2

(σaλ1λ2σλ2λ1a)
[
nλ1(k2, p1)nλ2(k1, p2)

]
(F.27)

= n↑(k2, p1)n↑(k1, p2) + n↓(k2, p1)n↓(k1, p2)

+ (1 + i) (1− i)n↑(k2, p1)n↓(k1, p2) + (1− i) (1 + i)n↓(k2, p1)n↑(k1, p2) (F.28)

= [n↑(k2, p1)n↑(k1, p2) + n↓(k2, p1)n↓(k1, p2)]

+ 2 [n↑(k2, p1)n↓(k1, p2) + n↓(k2, p1)n↑(k1, p2)] . (F.29)

For the exchange terms, we can again swap the labels k1 ↔ k2 in the sum over momenta.
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This yields

1

2V
∑

k1k2
p1p2

D(q)
[

[n↑(k2, p1)n↑(k1, p2) + n↓(k2, p1)n↓(k1, p2)]

+ 2 [n↑(k2, p1)n↓(k1, p2) + n↓(k2, p1)n↑(k1, p2)]
]

(F.30)

=
1

2V
∑

k1k2
p1p2

D(q̃)
[

[n↑(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)]

+ 2 [n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)]
]
, (F.31)

where q̃ ≡ p1 − k2. We can now combine the direct and exchange terms to get

V =
1

2V
∑

k1k2
p1p2

{[
D(q)−D(q̃)

][
n↑(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)

]

−
[
D(q) + 2D(q̃)

][
n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)

]}
. (F.32)

And as usual, if D(q) depends only on the magnitude of q, e.g. D(q2), then we may write

V =
1

2V
∑

k1k2
p1p2

{[
D(q)−D(q̃)

][
n↑(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)

]

− 2
[
D(q) + 2D(q̃)

]
n↑(k1, p1)n↓(k2, p2)

}
. (F.33)
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F.1.5 Terms like F (q) [−iS · (q × q̃)]

For terms like V = F (q) [−iS · (q · q̃)], where S ≡ 1
2

(σ1 + σ2) we have

V =
1

2V
∑

k1k2
p1p2

F (q)
∑

λ1λ2
ρ1ρ2

−i
2

(
σiλ1ρ1δλ2ρ2 + σiλ2ρ2δλ1ρ1

)
qj q̃kεijk×

[
δλ1ρ1δλ2ρ2nλ1(k1, p1)nλ2(k2, p2)− δλ1ρ2δλ2ρ1nλ1(k2, p1)nλ2(k1, p2)

]
(F.34)

V =
1

2V
∑

k1k2
p1p2

F (q)
∑

λ1λ2

−i
2

(
σiλ1λ1 + σiλ2λ2

)
qj q̃kεijk

[
nλ1(k1, p1)nλ2(k2, p2)

]

︸ ︷︷ ︸
D

−
∑

λ1λ2

−i
2

(
σiλ1λ2δλ1λ2 + σiλ2λ1δλ1λ2

)
qj q̃kεijk

[
nλ1(k2, p1)nλ2(k1, p2)

]

︸ ︷︷ ︸
E

. (F.35)

For direct term D, only the diagonal elements of the σ matrices contribute. Thus, only σz

contributes to the scalar triple product.

D =
∑

λ1λ2

−i
2

(
σ

(z)
λ1λ1

+ σ
(z)
λ2λ2

)
(qxq̃y − qy q̃x)

[
nλ1(k1, p1)nλ2(k2, p2)

]
(F.36)

= −i (qxq̃y − qy q̃x)
[
n↑(k1, p1)n↑(k2, p2)− n↓(k1, p1)n↓(k2, p2)

]
. (F.37)

For the exchange term E, the delta function will eliminate contributions from σx and σy so

again we can consider only the contribution from σz.

E =
∑

λ1λ2

−i
2

(
σiλ1λ2 + σiλ2λ1

)
δλ1λ2q

j q̃kεijk

[
nλ1(k2, p1)nλ2(k1, p2)

]
(F.38)

=
∑

λ1λ2

{
−i
2

(
σ

(z)
λ1λ2

+ σ
(z)
λ2λ1

)
(qxq̃y − qy q̃x)

[
nλ1(k2, p1)nλ2(k1, p2)

]}
(F.39)

= −i (qxq̃y − qy q̃x) [n↑(k2, p1)n↑(k1, p2)− n↓(k2, p1)n↓(k1, p2)] . (F.40)

For the exchange terms, we can again swap the labels k1 ↔ k2 in the sum over momenta.

This yields

1

2V
∑

k1k2
p1p2

F (q)E =
−i
2V
∑

k1k2
p1p2

F (q̃)
{

(q̃xqy − q̃yqx) [n↑(k1, p1)n↑(k2, p2)− n↓(k1, p1)n↓(k2, p2)]
}
,

(F.41)
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where q̃ ≡ p1 − k2. We can now combine the direct and exchange terms to get

V =
−i
2V
∑

k1k2
p1p2

{
[F (q) + F (q̃)] (qxq̃y − qy q̃x)

[
n↑(k1, p1)n↑(k2, p2)− n↓(k1, p1)n↓(k2, p2)

]}
.

(F.42)

If n ≡ n↑ = n↓, then this term vanishes entirely.

F.1.6 Terms like G(q)σ1 · (q × q̃)σ2 · (q × q̃)

For terms like G(q)σ1 · (q × q̃)σ2 · (q × q̃), we have

V =
1

2V
∑

k1k2
p1p2

G(q)
∑

λ1λ2
ρ1ρ2

(
σiλ1ρ1q

j q̃kεijkσ
`
λ2ρ2

qmq̃nε`mn
)
×

[
δλ1ρ1δλ2ρ2nλ1(k1, p1)nλ2(k2, p2)− δλ1ρ2δλ2ρ1nλ1(k2, p1)nλ2(k1, p2)

]
(F.43)

V =
1

2V
∑

k1k2
p1p2

F (q)σiλ1λ1q
j q̃kεijkσ

`
λ2λ2

qmq̃nε`mnnλ1(k1, p1)nλ2(k2, p2)︸ ︷︷ ︸
D

− σiλ1λ2qj q̃kεijkσ`λ2λ1qmq̃nε`mnnλ1(k1, p1)nλ2(k2, p2)︸ ︷︷ ︸
E

. (F.44)

For direct term D, only the diagonal elements of the σ matrices contribute. Thus, only σz

contributes to the scalar triple product.

D =
∑

λ1λ2

(
σ

(z)
λ1λ1

σ
(z)
λ2λ2

)
(qxq̃y − qy q̃x)2

[
nλ1(k1, p1)nλ2(k2, p2)

]
(F.45)

= (qxq̃y − qy q̃x)2
[
n↑(k1, p1)n↑(k2, p2)− n↑(k1, p1)n↓(k2, p2)

− n↓(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)
]
. (F.46)

For the exchange term E, we have contributions from σx, σy, and σz.

E =
∑

λ1λ2

(
σiλ1λ2σ

j
λ2λ1

)
(q × q̃)i (q × q̃)j

[
nλ1(k2, p1)nλ2(k1, p2)

]
(F.47)

= (q × q̃)2
z [n↑(k2, p1)n↑(k1, p2) + n↓(k2, p1)n↓(k1, p2)]

+
[
(q × q̃)2

x + (q × q̃)2
y

]
[n↑(k2, p1)n↓(k1, p2) + n↓(k2, p1)n↑(k1, p2)] . (F.48)
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We can again swap the labels k1 ↔ k2 in the sum over momenta. This yields

1

2V
∑

k1k2
p1p2

G(q)E =
1

2V
∑

k1k2
p1p2

G(q̃)

{
(q × q̃)2

z [n↑(k2, p1)n↑(k1, p2) + n↓(k2, p1)n↓(k1, p2)]

+
[
(q × q̃)2

x + (q × q̃)2
y

]
[n↑(k2, p1)n↓(k1, p2) + n↓(k2, p1)n↑(k1, p2)]

}
,

(F.49)

where q̃ ≡ p1 − k2. We can now combine the direct and exchange terms to get

V =
1

2V
∑

k1k2
p1p2

[G(q)−G(q̃)] (q × q̃)2
z

[
n↑(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)

]

−
[
G(q) (q × q̃)2

z +G(q̃)
(

(q × q̃)2
x + (q × q̃)2

y

) ]

×
[
n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)

]
. (F.50)

If G ≡ G(q) = G(q̃), then the direct term vanishes and we have

V =
1

2V
∑

k1k2
p1p2

−G (q × q̃)2
[
n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)

]
. (F.51)

F.2 Chiral contributions

We now apply the general expressions of the previous section to the chiral interaction terms

provided in Ref. [135], while referring the reader there for the values of low energy constants

like CS, CT , etc.

F.2.1 LO Contributions

Contact term

At leading order the contact term in momentum space is [135]

V c
LO = [CS + CTσ1 · σ2] . (F.52)
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So the contact term is the sum of a constant term (use Eq. (F.7)) and a term with σ1 · σ2

(use Eq. (F.32)). Thus,

V c
LO =

1

2V
∑

k1k2
p1p2

{
CS

[
n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)

]

+
[
CT (q)− CT (q̃)

][
n↑(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)

]

−
[
CT (q) + 2CT (q̃)

][
n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)

]}
. (F.53)

But CT is constant in momentum so this simplifies to

V c
LO =

1

2V
∑

k1k2
p1p2

{[
CS − 3CT

][
n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)

]}
(F.54)

V c
LO =

1

2V
∑

k1k2
p1p2

{[
2CS − 6CT

]
n↑(k1, p1)n↓(k2, p2)

}
. (F.55)

If n↑ = n↓ = n then this simplifies to

V c
LO =

1

2V
∑

k1k2
p1p2

{[
2CS − 6CT

]
n(k1, p1)n(k2, p2)

}
. (F.56)

One-pion exchange

At leading order the one-pion exchange term in momentum space reads [135]

V1π(q) ∼ − g2
A

4f 2
π

1

q2 +m2
π

(σ1 · q) (σ2 · q) , (F.57)

This is of the form B(q)(σ1 · q)(σ2 · q) and the potential depends only on q2 so we can use

Eq. (F.22).

V 1π
LO =

1

2V
∑

k1k2
p1p2

{[
q2
zB(q)− q̃2

zB(q̃)
][
n↑(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)

]

− 2
[
q2
zB(q) +

(
q̃2
x + q̃2

y

)
B(q̃)

]
n↑(k1, p1)n↓(k2, p2)

}
, (F.58)

where B(q) ≡ − g2
A

4f 2
π

1

q2 +m2
π

. (F.59)
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If n↑ = n↓ = n, then this simplifies to

V 1π
LO =

1

2V
∑

k1k2
p1p2

{
− 2q̃2B(q̃)n(k1, p1)n(k2, p2)

}
. (F.60)

F.2.2 NLO Contributions

Contact term

At NLO, the contact term in momentum space in the general reference system is

V c
NLO(q, q̃) = C1q

2 +
C2

4
q̃2 +

(
C3q

2 +
C4

4
q̃2

)
(σ1 · σ2)

+ C5

[
− i

2
S · q × q̃

]
+ C6 (σ1 · q) (σ2 · q) +

C7

4
(σ1 · q̃) (σ2 · q̃) . (F.61)

This has terms of the forms A(q), B(q)(σ1 · q)(σ2 · q), D(q) (σ1 · σ2), and

F (q) [−iS · (q × q̃)], so we will use Eqs. (F.10), (F.21), (F.32) and (F.42).

Combining these equations and using the shorthand q⊥ ≡ q2
x + q2

y yields

V c
NLO =

1

2V
∑

k1k2
p1p2

{[
(C1 + C3)

(
q2 − q̃2

)
+
C2 + C4

4

(
q̃2 − q2

)
+

(
C6 −

C7

4

)(
q2
z − q̃2

z

) ]

×
[
n↑(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)

]

+

[
C1q

2 +
C2

4
q̃2 − C3

(
q2 + 2q̃2

)
− C4

4

(
q̃2 + 2q2

)
− C6

(
q2
z + q̃2

⊥
)
− C7

4

(
q̃2
z + q2

⊥
)
]

×
[
n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)

]

− iC5

2

[
(qxq̃y − qy q̃x)− (q̃xqy − q̃yqx)

][
n↑(k1, p1)n↑(k2, p2)− n↓(k1, p1)n↓(k2, p2)

]}
. (F.62)

Since the terms in front of [n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)] are all the same under
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the simultaneous label swap k1 ↔ k2 and p1 ↔ p2, we can simplify to

V c
NLO =

1

2V
∑

k1k2
p1p2

{[
(C1 + C3)

(
q2 − q̃2

)
+
C2 + C4

4

(
q̃2 − q2

)
+

(
C6 −

C7

4

)(
q2
z − q̃2

z

) ]

×
[
n↑(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)

]

+

[
C1q

2 +
C2

4
q̃2 − C3

(
q2 + 2q̃2

)
− C4

4

(
q̃2 + 2q2

)
− C6

(
q2
z + q̃2

⊥
)
− C7

4

(
q̃2
z + q2

⊥
)
]

× 2
[
n↑(k1, p1)n↓(k2, p2)

]

− iC5

[
qxq̃y − qy q̃x

][
n↑(k1, p1)n↑(k2, p2)− n↓(k1, p1)n↓(k2, p2)

]}
. (F.63)

If n↑ = n↓ = n, then we have

V c
NLO =

1

2V
∑

k1k2
p1p2

{[
2C1

(
2q2 − q̃2

)
− C2

2

(
q2 − 2q̃2

)
− (6C3 + 2C6) q̃2

−
(

3

2
C4 +

1

2
C7

)
q2

]
×
[
n(k1, p1)n(k2, p2)

]}
. (F.64)

Two-pion exchange

At NLO, the two-pion exchange term reads

V 2π
NLO = WC(q) + VS(q) (σ1 · σ2) + VT (q) (σ1 · q) (σ2 · q) , (F.65)

with

WC(q) ≡ − L(q)

384π2f 4
π

[
4m2

π

(
5g4

A − 4g2
A − 1

)
+ q2

(
23g4

A − 10g2
A − 1

)
+

48g4
Am

4
π

w2

]
, (F.66)

VT = − 1

q2
VS = −3g4

AL(q)

64π2f 4
π

, (F.67)

where

L(q) ≡ w

q
ln
w + q

2mπ

(F.68)
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and

w ≡
√

4m2
π + q2. (F.69)

This is a combination of terms of the form A(q), B(q)(σ1 · q)(σ2 · q), and D(q) (σ1 · σ2). Since

L(q) depends on q rather than q2 we will use Eqs. (F.10), (F.21) and (F.32). Thus

V 2π
NLO =

1

2V
∑

k1k2
p1p2

{[
WC(q) + VS(q) + VT (q)q2

z −WC(q̃)− VS(q̃)− VT (q̃)q̃2
z

]

×
[
n↑(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)

]

+
[
WC(q)− VS(q)− VT (q)q2

z − 2VS(q̃)− VT (q̃)
(
q̃2
x + q̃2

y

) ]

×
[
n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)

]}
. (F.70)

If n↑ = n↓ = n then this simplifies to

V 2π
NLO =

1

2V
∑

k1k2
p1p2

{
2
[
2WC(q)−WC(q̃)− 3VS(q̃)− VT (q̃)q̃2

]
n(k1, p1)n(k2, p2)

}
(F.71)

=
1

2V
∑

k1k2
p1p2

{
2
[
2WC(q)−WC(q̃)− 2VS(q̃)

]
n(k1, p1)n(k2, p2)

}
. (F.72)

F.2.3 N2LO Contributions

Contact term

At N2LO, there are no new contact terms [135].

Two-pion exchange

At N2LO, the two-pion exchange term reads [135]

V 2π
N2LO = UC(q) + US(q) (σ1 · σ2) + UT (q) (σ1 · q) (σ2 · q) + ULS(q)

(
− i

2
S · q × q̃

)
, (F.73)
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with

UX ≡ VX +WX , X ∈ {C, S, T, LS}. (F.74)

The functions V and W will be defined later but it is enough to note that they only depend

on q.

As with the NLO two-pion exchange term we will use Eqs. (F.10), (F.21) and (F.32). And

since we have an addition term of the form F (q) [−iS · (q × q̃)], we will also use Eq. (F.42).

V 2π
N2LO =

1

2V
∑

k1k2
p1p2

{[
UC(q) + US(q) + UT (q)q2

z − UC(q̃)− US(q̃)− UT (q̃)q̃2
z

]

×
[
n↑(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)

]

+
[
UC(q)− US(q)− UT (q)q2

z − 2US(q̃)− UT (q̃)
(
q̃2
x + q̃2

y

) ]

×
[
n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)

]}

+
1

2V
∑

k1k2
p1p2

{
− i

2
[ULS(q) + ULS(q̃)] (qxq̃y − qy q̃x)×

[
n↑(k1, p1)n↑(k2, p2)− n↓(k1, p1)n↓(k2, p2)

]}
. (F.75)

If n↑ = n↓ = n, then this simplifies to

V 2π
N2LO =

1

2V
∑

k1k2
p1p2

{[
4UC(q)− 2UC(q̃)− 6US(q̃)− 2UT (q̃)q̃2

][
n(k1, p1)n(k2, p2)

]}
(F.76)

=
1

2V
∑

k1k2
p1p2

{[
4UC(q)− 2UC(q̃)− 4US(q̃)

][
n(k1, p1)n(k2, p2)

]}
. (F.77)
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F.2.4 N3LO Contributions

Contact term

At N3LO, the contact term in momentum space in the general reference system is [135]

V c
N3LO(q, q̃) = D1q

4 +
D2

16
q̃4 +

D3

4
q2q̃2 +

D4

4
(q × q̃)2

+

(
D5q

4 +
D6

16
q̃4 +

D7

4
q2q̃2 +

D8

4
(q × q̃)2

)
σ1 · σ2

+

(
D9q

2 +
D10

4
q̃2

)(
−iS

2
· (q × q̃)

)
+

(
D11q

2 +
D12

4
q̃2

)
(σ1 · q) (σ2 · q)

+
1

4

(
D13q

2 +
D14

4
q̃2

)
(σ1 · q̃) (σ2 · q̃) +

D15

4
(σ1 · (q × q̃)σ2 · (q × q̃)) (F.78)

We will use the results in Eqs. (F.10), (F.21), (F.32), (F.42) and (F.50). This yields

V c
N3LO =

1

2V
∑

k1k2
p1p2

{(
D1 −

D2

16
+D5 −

D6

16

)(
q4 − q̃4

)

+

[
q2
z

(
D11q

2 +
D12

4
q̃2

)
− q̃2

z

(
D11q̃

2 +
D12

4
q2

)]

+

[
q̃2
z

(
D13

4
q2 +

D14

16
q̃2

)
− q2

z

(
D13

4
q̃2 +

D14

16
q2

)]}

×
[
n↑(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)

]

−i
(
D9

2
+
D10

8

)(
q2 + q̃2

)
(q × q̃)z

[
n↑(k1, p1)n↑(k2, p2)− n↓(k1, p1)n↓(k2, p2)

]

+

{(
D1 −D5 −

D6

8

)
q4 +

(
D2

16
− 2D5 −

D6

16

)
q̃4 +

(
D3

4
− 3D7

4

)
q2q̃2

+

(
D4

4
− 3D8

4

)
(q × q̃)2 − q2

z

(
D11q

2 +
D12

4
q̃2

)
− q̃2

z

(
D13

4
q2 +

D14

16
q̃2

)

− q2
⊥

(
D13

4
q̃2 +

D14

16
q2

)
− q̃2

⊥

(
D11q̃

2 +
D12

4
q2

)
− D15

4
(q × q̃)2

}

×
[
n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)

]
. (F.79)
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If n↑ = n↓ = n, then this simplifies to

V c
N3LO =

1

2V
∑

k1k2
p1p2

{(
2D1 −

D2

16
− 3D6

16

)
q4 −

(
D1 −

D2

8
+ 3D5

)
q̃4 +

(
D3

4
− 3D7

4

)
q2q̃2

− q̃2

(
D11q̃

2 +
D12

4
q2

)
− q2

(
D13

4
q̃2 +

D14

16
q2

)

+

(
D4

4
− 3D8

4
− D15

4

)
(q × q̃)2

}
×
[
2n(k1, p1)n(k2, p2)

]
(F.80)

Two-pion exchange

At N3LO, the two-pion exchange term has the form

V 2π
N3LO = UC(q) + US(q) (σ1 · σ2) + UT (q) (σ1 · q) (σ2 · q)

+ULS(q)

(
− i

2
S · q × q̃

)
+

1

4
UσLσ1 · (q × q̃)σ2 · (q × q̃) , (F.81)

with

UX ≡ VX +WX , X ∈ {C, S, T, LS}. (F.82)

Just as with the N2LO two-pion exchange terms, the functions V and W are defined in

Ref. [135] and depend only on q and q̃. Except for the UσL term, these terms are of the same

form as the ones for N2LO (with different definitions of UX). Thus,
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V 2π
N3LO =

1

2V
∑

k1k2
p1p2

{[
UC(q) + US(q) + UT (q)q2

z − UC(q̃)− US(q̃)− UT (q̃)q̃2
z

+

[
UσL

4
(q)− UσL

4
(q̃)

]
(q × q̃)2

z

]

×
[
n↑(k1, p1)n↑(k2, p2) + n↓(k1, p1)n↓(k2, p2)

]

+

[
UC(q)− US(q)− UT (q)q2

z − 2US(q̃)− UT (q̃)
(
q̃2
x + q̃2

y

)

−
[
UσL

4
(q) (q × q̃)2

z +
UσL

4
(q̃)
(
(q × q̃)2

x + (q × q̃)2
x

)]
]

×
[
n↑(k1, p1)n↓(k2, p2) + n↓(k1, p1)n↑(k2, p2)

]}

− i

4V
∑

k1k2
p1p2

{
[ULS(q) + ULS(q̃)] (qxq̃y − qy q̃x)

×
[
n↑(k1, p1)n↑(k2, p2)− n↓(k1, p1)n↓(k2, p2)

]}
. (F.83)

If n↑ = n↓ = n, then this simplifies to

V 2π
N2LO =

1

2V
∑

k1k2
p1p2

{[
4UC(q)− 2UC(q̃)− 4US(q̃)− 1

2
UσL (q × q̃)2

][
n(k1, p1)n(k2, p2)

]}
.

(F.84)
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Appendix G

CHIRAL THREE-BODY INTERACTIONS

In this appendix, we detail more tedious calculations of chiral interaction terms, this time

for three-body interactions.

G.1 General three-body potential

Consider the general three-body momentum space interaction term

H3NF =
1

3!

∑

λ1λ2λ2
ρ1ρ2ρ3

∫
d3pi

(2π)15V (q1, q2, q3)

× a†ρ1(k1)Mρ1λ1aλ1(p1)a†ρ2(k2)Mρ2λ2aλ2(p2)a†ρ3(k3)Mρ3λ3aλ3(p3) (G.1)

=
1

3!

∑

λ1λ2λ2
ρ1ρ2ρ3

∫
d3pi

(2π)15V (q1, q2, q3)

×Mρ1λ1Mρ2λ2Mρ3λ3a
†
ρ1

(k1)a†ρ2(k2)a†ρ3(k3)aλ3(p3)aλ2(p2)aλ1(p1), (G.2)

where a†, a are creation and annihilation operators and the particles have incoming (out-

going) momenta p1, p2, p3 (k1, k2, k3) and incoming (outgoing) spins λ1, λ2, λ3 (ρ1, ρ2,

ρ3). The matrices Mαβ are constant spin 2 × 2 matrices. And the integration is over

pi ∈ {p1, p2, p3, k1, k2} with k3 given by momentum conservation.

First, we introduce the combined momentum-spin indices I = (i, α), J = (j, β), and so

on. Then the matrix element for this interaction is given by [134]

〈ψI1ψI2ψI3|H3NF|φJ1φJ2φJ3〉 =

∫
d3q1

(2π)3

d3q2

(2π)3V (q1, q2, q3)(MI1J1(q1)MI2J2(q2)MI3J3(q3)),

(G.3)

where

MIiJi(q) =

∫
d3p

(2π)3
ψ∗Ii(p− q)MαβφJi(p). (G.4)
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Let us further introduce the overlap of the Slater determinants Ψ and Φ with the notation

DΨΦ ≡ det{dIJ} = 〈Ψ|Φ〉 , (G.5)

where dIJ = 〈ψI |φJ〉. Then the final matrix element involves only integration over two

transfer momenta

〈Ψ|H3NF|Φ〉 =
1

3!
DΨΦ

∫
d3q1

(2π)3

d3q2

(2π)3
V (q1, q2, q3)

×
∑

I1,I2,I3
J1J2J3

MI1J1(q1)MI2J2(q2)MI3J3(−q1 − q2)

∣∣∣∣∣∣∣∣∣

d−1
J1I1

d−1
J2I1

d1
J3I1

d−1
J1I2

d−1
J2I2

d1
J3I2

d−1
J1I3

d−1
J2I3

d1
J3I3

∣∣∣∣∣∣∣∣∣
(G.6)

G.2 NLO

There is no genuine three-body force at NLO [135].

G.3 N2LO

The three-body forces start at N2LO and are depicted in Fig. G.1. They are comprised of

a long-range 2π-exchange term, an intermediate-range 1π-exchange term, and a short-range

contact interaction. For neutron matter, the contact term and the 1π-exchange term both

π π

(a)

π

(b) (c)

Figure G.1: Three-body interactions at N2LO: (a) a long-range 2π-exchange component, (b)

an intermediate-range 1π-exchange component, and (c) a short-range contact interaction.
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vanish due to anti-symmetrization constraints [95]. So the only term that survives is

V 3NF
2π (q1, q2, q3) =

g2
A

4f 4
π

∑

i 6=j 6=k

(σi · qi)(σj · qj)
(q2
i +m2

π)
(
q2
j +m2

π

)[−2c1m
2
π + c3qi · qj

]
(G.7)

Plugging this term into Eq. (G.6), we see that all 3! terms contribute equally, Switching

to a discrete sum over momenta, we can write

〈
V 3NF

N2LO

〉
=

1

V2

∑

q1,q2

V 3NF ij
2π (q1, q2)

×
∑

I1I2I3
J1J2J3

M i
I1J1

(q1)M j
I2J2

(q2)M 0
I3J3

(−q1 − q2)

∣∣∣∣∣∣∣∣∣

d−1
J1I1

d−1
J2I1

d1
J3I1

d−1
J1I2

d−1
J2I2

d1
J3I2

d−1
J1I3

d−1
J2I3

d1
J3I3

∣∣∣∣∣∣∣∣∣
, (G.8)

where

V 3NF ij
2π (q1, q2) =

g2
A

4f 4
π

qi1q
j
2

(q2
1 +m2

π)(q2
2 +m2

π)

[
−2c1m

2
π + c3q1 · q2

]
, (G.9)

and the superscript on M carries through to the underlying sigma matrices, so that M i
αβ =

σiαβ.

But we know that d−1
IJ = d−1

ij δαβ and that the leading NNπ vertex ∼ σi, so only three

contractions in the determinant are non-vanishing

∣∣∣∣∣∣∣∣∣

d−1
J1I1

d−1
J2I1

d1
J3I1

d−1
J1I2

d−1
J2I2

d1
J3I2

d−1
J1I3

d−1
J2I3

d1
J3I3

∣∣∣∣∣∣∣∣∣
→ d−1

J1I2
d−1
J2I3

d−1
J3I1︸ ︷︷ ︸

A

+ d−1
J1I3

d−1
J2I1

d−1
J3I2︸ ︷︷ ︸

B

− d−1
J1I2

d−1
J2I1

d−1
J3I3︸ ︷︷ ︸

C

, (G.10)

where A and B represent genuine three body contributions and C represents a modified

one-pion exchange.

Let us consider only the A contribution to the expectation value and separate the spin



150

and momentum indices using MIJ = σαβM̃i,j and d−1
IJ = d−1

ij δαβ.

〈
V 3NF

N2LO

〉(A)
=

1

V2

∑

q1,q2

V 3NF ij
2π (q1, q2)

×
∑

α1α2α3
β1β2β3

∑

i1i2i3
j1j2j3

σiα1β1
σjα2β2

δα3β3M̃i1j1(q1)M̃i2j2(q2)M̃i3j3(−q1 − q2)

× d−1
j1i2
d−1
j2i3
d−1
j3i1
δβ1α2δβ2α3δβ3α1 . (G.11)

The δ-functions in Eq. (G.11) restrict the sums to α3 = β3 = α1 = β2 and α2 = β1. So we

have

〈
V 3NF

N2LO

〉(A)
=

1

V2

∑

q1,q2

V 3NF ij
2π (q1, q2)

×
∑

i1i2i3
j1j2j3
α2α3

σiα3α2
σjα2α3

M̃i1j1(q1)d−1
j1i2

M̃i2j2(q2)d−1
j2i3

M̃i3j3(−q1 − q2)d−1
j3i1

(G.12)

=
1

V2

∑

q1,q2

V 3NF ij
2π (q1, q2) Tr

(
σiσj

)
︸ ︷︷ ︸

2δij

Tr
[
M̃ (q1)d−1M̃ (q2)d−1M̃ (−q1 − q2)d−1

]

(G.13)

=
2

V2

∑

q1,q2

V Σ
2π(q1, q2) Tr

[
M̃ (q1)d−1M̃ (q2)d−1M̃ (−q1 − q2)d−1

]
, (G.14)

where

V Σ
2π(q1, q2) =

g2
A

4f 4
π

q1 · q2

(q2
1 +m2

π)(q2
2 +m2

π)

[
−2c1m

2
π + c3q1 · q2

]
. (G.15)

We get the exact same result for part B so that

〈
V 3NF

N2LO

〉(A+B)
=

4

V2

∑

q1,q2

V Σ
2π(q1, q2) Tr

[
M̃ (q1)d−1M̃ (q2)d−1M̃ (−q1 − q2)d−1

]
, (G.16)

For part C, we have

〈
V 3NF

N2LO

〉(C)
=

1

V2

∑

q1,q2

V 3NF ij
2π (q1, q2)

×
∑

α1α2α3
β1β2β3

∑

i1i2i3
j1j2j3

σiα1β1
σjα2β2

δα3β3M̃i1j1(q1)M̃i2j2(q2)M̃i3j3(−q1 − q2)

× d−1
j1i2
d−1
j2i1
d−1
j3i1
δβ1α2δβ2α1δβ3α3 . (G.17)
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The delta functions in Eq. (G.17) restrict the summation to α3 = β3, α1 = β2, and α2 = β1.

So we get

〈
V 3NF

N2LO

〉(C)
=

1

V2

∑

q1,q2

V 3NF ij
2π (q1, q2)

×
∑

i1i2i3
j1j2j3
α1α2α3

σiα1α2
σjα2α1

M̃i1j1(q1)d−1
j1i2

M̃i2j2(q2)d−1
j2i1

M̃i3j3(−q1 − q2)d−1
j3i3

(G.18)

=
2

V2

∑

q1,q2

V 3NF ij
2π (q1, q2) Tr

(
σiσj

)
︸ ︷︷ ︸

2δij

Tr
[
M̃ (q1)d−1M̃ (q2)d−1

]
Tr
[
M̃ (−q1 − q2)d−1

]

(G.19)

=
4

V2

∑

q1,q2

V Σ
2π(q1, q2) Tr

[
M̃ (q1)d−1M̃ (q2)d−1

]
Tr
[
M̃ (−q1 − q2)d−1

]
. (G.20)

Thus, the combined contributions are

〈
V 3NF

N2LO

〉(A+B−C)
=

4

V2

∑

q1,q2

V Σ
2π(q1, q2)[r(q1, q2)− m̃(q1, q2)n(q1 + q2)]. (G.21)

where

r(q1, q2) ≡ Tr
(
M̃ (q1)d−1M̃ (q2)d−1M̃ (−q1 − q2)d−1

)
, (G.22)

m̃(q1, q2) ≡ Tr
(
M̃ (q1)d−1M̃ (q2)d−1

)
, (G.23)

and

n(q) ≡ Tr
(
M̃ (−q)d−1

)
(G.24)
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