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Matter under extreme conditions behaves as a non-equilibrium, strongly-interacting quan-

tum system. One example is the quark-gluon plasma, which briefly filled the early universe

and is now recreated in particle accelerators like the Large Hadron Collider. Such systems are

in the non-perturbative regime of quantum chromodynamics (QCD), where their time evo-

lution is classically intractable. Quantum computing offers a promising tool for simulating

their real-time dynamics directly. Present-day noisy intermediate-scale quantum (NISQ)

hardware is limited in qubit count and circuit depth, so developing efficient formulations

and algorithms is key both to current demonstrations and to scaling toward experimentally

relevant QCD simulations.

This dissertation spans different formulations of the SU(2) lattice gauge theory as well

as the scalar field theory, constructing scalable quantum circuits for these formulations and

introducing physics-aware truncation methods. All proposed simulations are validated on

quantum hardware, with results in agreement with classical benchmarks.

A scalable framework is established for simulating energy loss and hadronization in 1+1-

dimensional SU(2) lattice gauge theory, in which a heavy quark traverses a lattice of light

quarks. Classical lattice QCD methods are translated into physics-informed quantum circuits

to prepare the interacting ground state. The evolution is run on IBM’s quantum processor

ibm_pittsburgh, and observables including charge distribution and energy loss are measured

on the hardware. A further study develops the quantum simulation of the fully gauge-fixed



SU(2)Hamiltonian in a mixed basis, a formulation that is expected to remain efficient at all

gauge couplings. The continuous gauge fields can be digitized with as few as three qubits

per plaquette to reproduce low-energy observables with 10−3 precision.

Progress to larger systems on present-day hardware is limited by resource overhead, which

motivates truncations that preserve the relevant observables. Sequency Hierarchy Truncation

(SeqHT) exploits the hierarchy in the contributions of basis operators. Demonstrated on the

adiabatic preparation of the λϕ4 ground state on ibm_sherbrooke, SeqHT reduces circuit

depth by ∼30%, suppressing hardware noise in the extracted observables.

Together, these studies contribute toward quantum simulations of real-time QCD dy-

namics inaccessible to classical computation.
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2.17 A quantum circuit implementing the terms involved in a Trotterized time
evolution. The left-most block implements the mass terms, given in Eq. (2.46).
This is followed by the blocks related to the kinetic-energy operators, given
in Eq. (2.48). The angle defining the circuit elements, given in Fig. 2.13,
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3.1 Spectrum of the Two Plaquette System a) Two plaquette system with open
boundary conditions. The system contains seven links, numbered 1 through
7, with the physical links denoted as κ = 1, 2. The magnetic degrees of
freedom X̂1, X̂2 are associated with each plaquette. The dashed lines that
run around each plaquette denote the loops used in the max tree gauge fixing
procedure. b) Spectrum of the Hamiltonian for different bare couplings. The
solid lines show the solution obtained by FEM. The black dashed line on the
bottom shows the energy bound of Eq. (3.35). The grey lines denote the
strong coupling limit of the character irrep spectrum. This limit is found by
ignoring the contribution of the magnetic Hamiltonian, which is only valid
when the gauge coupling is large. c) Low-lying spectrum of the character
irrep Hamiltonian in the strong coupling limit. The first and fourth excited
state are two-fold degenerate and each state is a linear superposition of the
stacked basis states. See Table B.3 for further details. . . . . . . . . . . . . . 70
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3.2 Digitization of Mixed Basis a) The continuous range of ω is digitized on a
discrete grid. As such the wave function will only be sampled at a discrete
set of points. For the closest approximation to the undigitized theory, the
maximum value of ωmax ≤ 2π must be chosen. b) A slice of the ground state
wave function for different values of the gauge coupling. As the gauge cou-
pling decreases, the wave function becomes more concentrated around ω1 = 0,
although it must go to 0 at both boundaries due to the Dirichlet boundary
conditions. c) Convergence of the ground state energy to the undigitized value
as the digitization resolution Nω is increased. The convergence is plotted for
a variety of ωmax. After quick convergence to ϵ0 ∼ 10−3 a slower exponen-
tial approach occurs, followed by a plateau. d) (top) Convergence to the
ground state energy as ωmax is varied. The dashed lines correspond to the full
two plaquette system while the solid lines correspond to the system without
any first-derivative interactions. The effect of the first derivative reduces the
precision that can be achieved. Even though this term limits precision, digiti-
zation errors are still below those due to time-evolution algorithms. (bottom)
The absolute value of the derivative of the energy w.r.t the truncation. It was
heuristically found that the truncation at which this derivative takes a mini-
mum corresponds to the optimal truncation for the analytically solvable case.
This method is still applicable even when the exact solution is not known. e)
The solution of the stationary condition for a range of gauge couplings. The
agreement is very good with the analytical solution Eq. (3.53). . . . . . . . . 86

3.3 Accuracy of the ν Truncation a) Calculation of the time dependent magnetic
energy for the low-energy state |5⟩, defined in Eq. (3.54), as the maximum
ν value is increased for g = 0.5 and Nω = 10. This choice of digitization
resolution ensures that any errors due to the ω1, ω2 truncation will be of
order 10−2. b) The probability ⟨Πν>1⟩ of leaking out of the ν = 0, 1 sector
as a function of time for g = 0.5, Nω = 10 and νmax = 5. . . . . . . . . . . . . 88
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3.4 Circuits for the Digitization Presented in Sec. 3.4.1, which constructs sub-
components for each class of differential operators a) Implementation of the
exact exponential of the second derivative, making use of Discrete Sine Trans-
forms. This subcircuit only entangles qubits within each ω register and does
not touch the ν register. The ancillas a1, a2 associated with each ω regis-
ter are the outermost qubits. b) An important circuit identity used in this
work: The exponential of an N−body Pauli string P is implemented by the
staircase of CXs connecting all the qubits participating in the gate, followed
by an RZ(θ) rotation on one of the qubits and then another CX staircase.
The green single qubit gates denote a local change of bases to change P into
a string of Zs on all qubits e.g. if there is an X on qubit i then this will
be a Hadamard H and if it is a Y then it will be a Hadamard followed by
a phase gate HS. The different shades denote that the local basis change
can depend on the particular Pauli string P being implemented. c) Circuits
for implementing first order derivatives and mixed derivatives using the fi-
nite difference representation. (top) Implements the exponential of a single
first derivative. Each element in this circuit implements one of the terms in
the sum Eq. (3.65). The bottom qubit of each step is the target qubit for
both the Vk and CRZ gates. bottom An example of one of circuit elements
e
−it ∂

∂ω1

∂
∂ω2 that interleaves the top circuit. d) Noiseless simulator results for

the expectation value of the magnetic Hamiltonian at a different number of
Trotter steps. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

3.5 Approximation for Time Evolution Circuits Presented in Sec. 3.4.2 a) The
expectation value of the magnetic part of the Hamiltonian for differing digi-
tization resolutions and percentage of terms dropped. Rapid convergence is
observed for nq ≥ 3 and for truncation levels δ < .6. b) Different stages of
the time evolution operator for a second-order Trotter step. The silver cir-
cuit denotes the entire Trotter step. The blue sub-circuits acts only on the
ω registers, typically involving the largest angles, and is identical for each.
The green sub-circuits couple each ω register to the ν register and the cir-
cuit structure is again identical for both ω. The yellow sub-circuit couple
everything and generally contain the smallest rotations, therefore being the
elements most affected by small-angle truncations. It also involves the highest
weight terms, and so focusing on truncating these elements allows the circuit
to be compressed at only a small cost in algorithmic error. c) The accuracy of
first- and second-order Trotter on magnetic observables. Repeating the blue
sub-circuit in the second step allows the circuit to take much larger time steps
while only needing a small amount of extra gates to implement. . . . . . . . . 96
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3.6 Upper Bounds on Resource Estimates for the Pauli Truncation Circuits The
cumulative weight of the Pauli decomposition of H□□ is shown as a function of
the truncation percentage δ. The color of the curves denotes the magnitude
of the coefficient in the decomposition. The blue point demonstrates the
truncation level and actual gate depth used in the quantum simulation in this
work, highlighting the effect of circuit compilation. . . . . . . . . . . . . . . . 99

3.7 Quantum Simulation of ⟨HB⟩ Dynamics a) The time evolution due to H□□ at
gauge coupling g = 0.5. The dashed line corresponds to the solution obtained
by directly taking the matrix exponential of the digitized Hamiltonian and
the solid line is the Trotterized evolution. The points are the mitigated results
from ibm_fez. b) The physical layout of the Heron chip. The highlighted
regions are an example of the parallel layouts used to generate the data point
at t = 0.6. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
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SeqHT Hamiltonian, both of which are digitized on nq = 5 with ϕmax = 4 and
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4.5 The fidelity of the λϕ4 ground-state wavefunction prepared with complete
adiabatic evolution (blue circles) and with SeqHT procedure (orange crosses).
The Hamiltonian is digitized on five qubits with ϕmax = 4 and λ = 10. Size
of each time step is fixed at δt = 0.1 and number of steps is taken from 0
to 80 for a total time from 0 to 8. The horizontal line indicates the initial
overlap (0.9729) of the free theory and the interacting theory ground states.
Numerical values in this plot can be found in Table C.7. . . . . . . . . . . . . 117
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adiabatically prepared wavefunction fidelity is 0.9897. . . . . . . . . . . . . . . 118

4.7 Comparison between calculated coefficients, β̃ν , and upper bounds, B̃ν , for a
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Chapter 1

INTRODUCTION
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Shortly after the Big Bang, our universe entered the quark epoch, during which it was

filled with the quark-gluon plasma. This is one example of non-equilibrium systems of

fundamental particles that are studied in nuclear and high-energy physics. Other examples

include neutrinos in extreme astrophysical environments, e.g., Refs. [10–60], matter in the

interior of neutron stars, e.g., Refs. [61–80], and highly-inelastic collisions of hadrons created

in the laboratory, e.g., Refs. [81–96]. The theoretical foundation underlying all of these

systems is the Standard Model [97–102], which classifies the known particles and describes

the forces of nature. The dynamics of neutrinos are governed by the weak interaction,

while quantum chromodynamics (QCD) describes the strong interactions between quarks

and gluons. Emergent phenomena such as confinement and hadronization lie in the non-

perturbative regime of QCD, and first-principles simulations are important to understand

their structure and dynamics. Quantum simulation gives direct access to the real-time

dynamics of these systems in regimes that classical methods cannot reach, and it is the

approach developed throughout this dissertation.

In this introduction, Sec. 1.1 reviews lattice gauge theory, the established framework for

first-principles studies of QCD, and the limitations of classical simulation methods. Sec. 1.2

outlines the procedure for performing quantum simulations on quantum devices, Sec. 1.3

reviews the current quantum hardware landscape along with the error-handling methods

needed to extract useful results, Sec. 1.4 introduces the Hamiltonian formulations relevant

for this dissertation, and Sec. 1.5 lays out the road map of the chapters, summarizing main

results and how they connect.

1.1 From Gauge Theories to Quantum Simulations

Gauge symmetry is the organizing principle of the Standard Model. A global symmetry

applies the same transformation everywhere and relates physically distinct states. A gauge,

or local, symmetry is really a redundancy of the description: configurations related by a

gauge transformation are the same physical state. Requiring the theory to stay invariant

under such local transformations introduces gauge fields, which carry the interactions be-

tween matter particles. The symmetry groups describe the gauge fields and how they couple

to matter. Each symmetry group is a group of matrices. The U stands for unitary, so U(N)
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is the group of N × N unitary matrices, and the S stands for special, restricting to those

with determinant one. The simplest case is U(1), the 1× 1 unitary matrices, which are just

the complex phases eiθ. An SU(N) group has N2 − 1 independent generators, one for each

gauge boson.

QCD, the theory of the strong interactions, is an SU(3) gauge theory, where SU(3) ro-

tates among the three color charges carried by quarks and its eight generators correspond to

the eight gluons. Much of this dissertation aims to study QCD, whose most important phe-

nomena lie beyond the reach of analytic methods. The strength of the interaction depends

on the energy scale. At shorter distances and high energies, the coupling becomes weaker,

displaying asymptotic freedom [101, 102], and perturbation theory works well. At low en-

ergies, the coupling grows and perturbative expansions no longer converge. This strongly

coupled regime is where confinement, the hadronization of quarks and gluons, and the gen-

eration of most of the mass of visible matter take place. Studying these phenomena from

first principles therefore calls for a formulation of QCD that does not rely on perturbation

theory.

Lattice gauge theory provides a way forward [103]. The continuum theory is placed on

a discrete spacetime, with matter fields on the sites and the gauge field carried by parallel

transporters on the links between them. Discretizing brings two benefits. First, it defines

the theory non-perturbatively, specifying its path integral, the weighted sum over all field

configurations, directly rather than as an expansion in the coupling, so it applies in the

strongly coupled regime where perturbation theory fails. Second, it turns that path integral

from an infinite-dimensional object into a finite one that can be evaluated directly on a

computer. Physical results are then recovered from correlation functions of gauge-invariant

operators, extrapolated to the continuum by taking the spacing to zero and increasing lattice

points.

In its Euclidean formulation, the lattice path integral carries a real and positive weight,

so expectation values can be estimated by Monte Carlo sampling. This approach is a great

tool in theoretical physics. Lattice QCD reproduces the masses of the low-lying hadrons

at the percent level [104], supplies the hadronic matrix elements that experiments use to

test the Standard Model [105], and determines the thermodynamics of QCD at zero baryon
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density [106, 107]. The same Euclidean Monte Carlo approach extends to nuclear physics

as well, computing the properties of multi-baryon systems, nuclear forces, and the lightest

nuclei directly from QCD, and supplying the nuclear matrix elements needed to interpret

experiments that probe fundamental symmetries [108–111].

Classical Monte Carlo simulations of QCD, though strong at extracting static properties,

encounter a sign problem in real-time evolution, where the path-integral weight becomes an

oscillating complex phase rather than a positive probability. Sign problems also arise when

quantum Monte Carlo is applied to fermions. Such sign problems are NP-hard [112], so no

growth in classical resources is expected to overcome them. Consequently, the real-time ob-

servables central to these non-equilibrium systems, such as how quarks lose energy traversing

a medium or how quarks and gluons hadronize, are currently accessible only through phe-

nomenological models whose parameters are tuned to data and whose uncertainties cannot

be systematically reduced [113].

A Hamiltonian formulation of the lattice theory [114] gets past the sign problem by

evolving quantum states directly in real time. The cost is that the state must now be stored

and propagated explicitly, and here classical computers meet a different limit. Describing

the state requires a number of amplitudes equal to the dimension of its Hilbert space,

which grows exponentially with system size. Additionally, the entanglement of the state

challenges tensor-network methods, and its quantum magic (non-stabilizerness), together

with entanglement, makes the system generally hard to compute classically [115–117]. Both

entanglement and quantum magic are physical properties of the states that need to be

captured.

A quantum computer stores such states in the physical state of its qubits. A device of nq

qubits spans a 2nq -dimensional Hilbert space, so the qubit count scales linearly with the sys-

tem size of the target theory. Since these quantum computers are fundamentally quantum in

nature, they natively capture the entanglement and quantum magic of the complex quantum

systems. In quantum simulations, complex quantum phenomena are modeled and studied

on controllable quantum systems, so we can access the state of the system throughout its

evolution, gaining valuable insight into the underlying dynamics.

In recent years, there has been rapid progress in the development of quantum simula-
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tions [2, 43, 51, 118–137]. These advances are expected to lead to predictive capabilities for

the structure and dynamics of systems of fundamental particles that are far from equilib-

rium (for recent reviews, see Refs. [138–145]). Quantum hardware is developing rapidly, but

present-day devices remain too noisy for quantum simulations to be comparable with exper-

iment, or to outperform classical computing on a problem of physical interest. Preparing

and validating the algorithms now means that when capable hardware arrives, the methods

to use it are already in hand. This dissertation lays out simulation frameworks for using

future quantum computers and tests proposed algorithms on state-of-the-art near term de-

vices. Chapter 2 targets energy loss and hadronization in strongly-interacting matter, the

physics relevant to studying the quark-gluon plasma; Chapter 3 constructs the quantum

simulation for a formulation that may be more efficient in approaching the continuum limit;

and Chapter 4 develops a truncation method that reduces the quantum resources required

for simulations, particularly for systems exhibiting a hierarchy of length scales.

1.2 Recipe of Quantum Simulations

Quantum simulation of physical systems generally involves three stages: preparing the initial

state, evolving the state in time, and measuring observables of interest. Each stage presents

distinct challenges and opportunities on near-term hardware, which we describe in this

section. We also discuss the entanglement and quantum magic that motivate the use of

quantum hardware. The Hamiltonian formulations specific to the theories studied in this

dissertation are detailed in Sec. 1.4.

1.2.1 State Preparation

Preparing a target initial state on a quantum computer is difficult. Generally, a set of

quantum gates form a unitary that rotates the all-zero initial state of the quantum computer

to the target state. In a brute-force preparation of an arbitrary state, the number of gates

grows exponentially with system size. There is good news and bad news here. The good

news is that we are interested in preparing eigenstates of particular physical systems, which

are not arbitrary. The bad news is that we often have access only to the Hamiltonian, which

may be difficult to diagonalize, and we may not even know the target state in advance. The
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structure and symmetries of the Hamiltonian, however, can be exploited to prepare ground

states more efficiently. The work in this dissertation mainly prepares ground states, and

two key methods are used: adiabatic state preparation, and variational quantum eigensolver

(VQE).

In adiabatic state preparation [146, 147], the quantum system is initialized in the ground

state of an easy-to-solve Hamiltonian. The Hamiltonian is then slowly varied to minimize en-

ergy injection into the system, so the state stays a ground state of the updated Hamiltonian.

Through this process, the known ground state slowly evolves into the ground state of the

target complex Hamiltonian. The difficulty is that slow variation requires many evolution

time steps, making the procedure challenging on near-term devices.

Another state-preparation method is VQE [148]. At each step, the initial state is evolved

with a parametrized circuit, and the relevant observable of the resulting state is measured.

This result, together with the current parameters, is then passed to a classical optimizer,

which proposes the next set of parameters. For the purpose of preparing a ground state,

energy is measured and minimized during the iterations, so the state is driven towards the

ground state. VQE was originally designed to be a hybrid quantum-classical algorithm.

However, with the noise on current quantum computers, the energy measurements do not

have the resolution required for the classical optimizer to converge. In practice, both the

optimization and the evolution are run on classical computers for the system sizes relevant

in this dissertation.

An extension of VQE is the ADAPT-VQE [149]. Instead of using a fixed parametrized

circuit, the state preparation circuit will be built step by step. At each step, an operator

is picked from an operator pool and attached to the circuit. The selection criteria could be

gradient of the cost function. If this operator is parametrized, VQE is then used to find

the parameter. This can be further extended to SC-ADAPT-VQE [150]. For systems with

translational invariance, the variational circuits can be constructed to have translational

symmetry. The parameters can then be determined for a range of smaller system sizes, then

extrapolated to arbitrarily large systems with controllable errors.

Other state preparation methods include mid-circuit measurements [127, 151], non-

unitary variational approaches [152], sample-based diagonalization [153], and more. Beyond
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ground-state and low-energy-state preparations, thermal state preparations for quantum

simulations are also being developed [154–160].

1.2.2 Time Evolution

Real-time evolution is most commonly implemented through Trotterization [161–163]. After

digitization, the Hamiltonian can be separated into non-commuting groups of Pauli opera-

tors. For a simple example, consider a Hamiltonian that can be divided into two parts:

Ĥ = ĤA + ĤB, [ĤA, ĤB] ̸= 0 (1.1)

On quantum hardware, we cannot directly evolve the system with e−iĤt, but since all the

operators within ĤA/B commute, e−iĤAte−iĤBt can be directly applied. This is the foun-

dational idea of Trotter evolution. Trotter evolutions are not exact. According to the

Baker-Campbell-Hausdorff formula,

e−iĤAte−iĤBt = e−i(ĤA+ĤB)t− 1
2
[ĤA,ĤB ]t2+... (1.2)

Trotter errors can be systematically improved by taking multiple time steps with smaller

step sizes, and higher order Trotterization. Generalizing to a Hamiltonian with k commuting

groups, and evolving with n Trotter steps, the Lie-Trotter (first-order) and Suzuki-Trotter

(second-order) evolutions are

e−it
∑

j Ĥj →

∏
j

e−iĤj
t
n

n

(1.3)

→

k−1∏
j=0

e−iĤj
t
2n

0∏
j=k−1

e−iĤj
t
2n

n

(1.4)

The error of first-order Trotter evolution scales as O(t2/n), and second-order O(t3/n2) [164],

with prefactors set by commutator norms that can be large. Higher-order Trotterizations do

not necessarily give better results, because the prefactor of their more complicated commu-

tators could be larger. The errors can generally be mitigated by taking more, smaller Trotter

steps to reach the same time, which is limiting on near-term devices due to the increased

circuit depth.
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1.2.3 Measuring Observables

Quantum measurement is projective: reading out a register collapses the state and returns a

single eigenvalue of the measured observable rather than its expectation value. Expectation

values are therefore reconstructed statistically. The circuit is executed many times (shots),

and the expectation value of an observable is estimated as the sample mean of the measured

eigenvalues, with a statistical uncertainty (shot noise) that scales as 1/
√
N with the number

of shots N . Most quantum hardware only measures in the computational basis, that is, the

eigenbasis of the Pauli-Z operator. Basis rotations are applied before the Z measurements

to diagonalize the observables. Observables that are diagonal in the same basis can be

measured simultaneously from the same set of shots.

1.2.4 Entanglement, Quantum Magic, and Hardness of Simulation

Not every quantum system is expensive to simulate classically, so it is worth identifying what

makes a simulation hard and motivates the use of quantum hardware. Two measures are

worth considering. The first is entanglement [165, 166], the quantum correlations between

subsystems that cannot be described independently. Classical tensor network methods rep-

resent states efficiently when their entanglement is bounded, and become intractable when

entanglement grows rapidly, as it generally does in real-time dynamics [167]. The second is

non-stabilizerness, or quantum magic [168], which quantifies how far a state is from stabilizer

states, the class of states generated by Clifford operations. Clifford gates, for example, the

Hadamard, phase, and CNOT gates, map Pauli operators to other Pauli operators through

conjugation. Quantum magic is related to the number of non-Clifford gates needed to pre-

pare a state. The Gottesman-Knill theorem [169, 170] states that stabilizer circuits, which

are circuits containing only Clifford gates, can be simulated efficiently on a classical com-

puter, regardless of their entanglement. Universal quantum computation requires at least

one non-Clifford gate. The T gate, a single-qubit phase rotation by π/4, is one such example.

Magic reflects the amount of T gates needed to prepare a state, and is necessary (but not

sufficient) for a quantum advantage.

On current devices, two-qubit gates such as CNOT are the leading source of error and
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therefore the primary resource constraint, even though CNOT is part of the Clifford gate

group. Single-qubit T gates are comparatively cheap, with shorter gate times and higher

fidelity. However, in the context of fault-tolerant quantum computing, this reverses. In

fault-tolerant architectures, a logical qubit is encoded across many physical qubits, and

quantum information is protected by redundancy. Some logical gates can be implemented

transversially by acting the same physical gates on each individual physical qubit. So an

error on one physical qubit cannot spread through the performance of this gate. Such

gates are fault-tolerant and have constant depth. The Eastin-Knill theorem [171] forbids

a universal transversal gate set, so at least one gate, which is usually the T gate, must

be implemented in another way. A common approach distills noisy magic states into high

fidelity ones [172, 173] in a T-gate factory, then consumes them to apply T gates to the data

qubits. Additional methods to address the non-transversal gates are actively researched, for

example, code switching [174] and magic-state cultivation [175].

1.3 Quantum Hardware

1.3.1 Status of Current Hardware

Several qubit modalities are currently being developed for quantum computing. Each modal-

ity has different strengths and weaknesses across the important metrics of qubit count, gate

fidelity, gate time, and connectivity. Currently, no single platform is leading on all fronts.

The foundations of superconducting qubits were laid out at UC Berkeley and recognized

by the 2025 Nobel Prize in Physics [176–178]. The transmon design [179] underlies most

devices in use today, which are now built by companies such as IBM, Google, IQM, and

Rigetti, with continued advances in academia such as fluxonium qubits at Maryland [180]

and large-scale processors at USTC [181]. Superconducting quantum computers offer the

fastest gates but are constrained by the limited connectivity of a fixed planar lattice. Trapped

ions, developed at NIST and Innsbruck [182, 183] and by Quantinuum and IonQ, provide

all-to-all connectivity and the highest two-qubit gate fidelities [184], at the cost of slower and

more expensive operations and fewer qubits. Neutral-atom platforms, developed by groups

at Harvard, MIT, and Caltech [185–188], and by companies such as QuEra, Pasqal, and In-
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fleqtion, offer large qubit counts and reconfigurable geometries, but operate more slowly and

rely on whole-array imaging for readout, which makes mid-circuit and partial measurements

nontrivial. Other approaches under active development include silicon qubits [189, 190], pho-

tonic [191–193] and topological qubits [194], and qudit-based hardware [195]. The hardware

demonstrations in this dissertation are carried out on IBM’s superconducting processors.

1.3.2 Error Handling

Because quantum devices are noisy, handling errors is essential for extracting accurate phys-

ical observables from them. There are three aspects to quantum error handling. Quantum

error suppression and mitigation are important for running algorithms on present-day hard-

ware and are used throughout this dissertation, while quantum error correction is essential

for the longer-term goal of fault-tolerant quantum computation.

Error suppression lowers the error rate at the device and control level. One element

we can control on the software level is dynamical decoupling (DD) [196–198], which applies

pulses to idle qubits to suppress crosstalk from neighboring qubits. The pulse sequence and

whether to enable DD are both design choices. If the circuit is dense, DD may hurt because

of imperfect pulses.

Error mitigation uses large ensemble sizes and statistics to reduce the effect of errors

in the observables of interest. There are a few established methods. Pauli Twirling [199]

converts coherence errors into incoherent errors. Readout Error Mitigation [200, 201] targets

measurement noise. Operator Decoherence Renormalization [2, 150, 202, 203] implements a

set of mitigation circuits to run alongside the physics circuits on hardware. These mitigation

circuits share the structure of the physics circuits, but only contain Clifford gates, making

them easy to simulate classically. The decoherence of the mitigation circuits can then be

used to calibrate the hardware results of the physics circuits. Zero Noise Extrapolation [204–

208] amplifies the noise, for example by inserting additional CNOT layers, and extrapolates

back to the zero-noise limit.

Quantum Error Correction encodes logical information redundantly across physical qubits

and detects and corrects errors through repeated syndrome measurements. A key concept



11

is the threshold: once the physical error rate falls below a code-dependent value, the logical

error rate is suppressed exponentially in the code distance. There are a plethora of error

correction and error detection codes, cataloged in the Error Correction Zoo [209]. The use of

gauge redundancies and symmetries of physical systems as error correction codes is also ex-

plored [210–212]. Error-correction experiments on hardware so far center on quantum mem-

ory [213], the preservation of one or a few logical qubits. Below-threshold operation for quan-

tum memory has recently been demonstrated on superconducting hardware [214], though

as a calibration-intensive demonstration on a single device rather than a generally available

capability. Fault-tolerant logical operations, the gates required for general-purpose computa-

tion, have also been explored on trapped-ion and neutral-atom hardware [184, 186, 215, 216].

Even though current demonstrations are at modest scales, the field is advancing rapidly, and

useful fault-tolerant quantum computers are on the horizon. As hardware advances toward

fault-tolerance, quantum simulations will need to incorporate error correction through code-

sign efforts, rather than waiting for general-purpose logical qubits.

1.4 Hamiltonian Formulations

To simulate a field theory on a quantum computer, it must first be represented in a finite-

dimensional Hamiltonian form and digitized onto qubits. Quantum field theories have

infinite-dimensional Hilbert spaces, both because space is continuous and because bosonic

fields can have continuous values at each spatial point. The first is addressed by formulat-

ing the theory on a spatial lattice; the second by truncating and digitizing the local Hilbert

space at each lattice site. Fermionic fields, on the other hand, are finite-dimensional and map

directly to qubits. This section presents the formulations used throughout this dissertation

from the digitization of scalar fields to gauge theories.

1.4.1 Digitizing the Scalar Fields

For a scalar field, the field operator ϕ̂x at site x can be represented in its own eigenbasis,

sampled evenly at 2nq points for nq qubits across a finite domain [−ϕmax, ϕmax], where ϕmax
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is the maximum field value allowed.

ϕ̂x =
2nq−1∑
j=0

ϕj |ϕj⟩ ⟨ϕj |x , ϕj = −ϕmax + j δϕ , (1.5)

with sampling interval δϕ = 2ϕmax/(2
nq − 1).

Just as position and momentum are related by a Fourier transform in quantum mechan-

ics, the conjugate-momentum operator Π̂2 is diagonal in the Fourier space. It is therefore

implemented via a local quantum Fourier Transform, which are circuits that performs a

discrete Fourier transform on the qubits. Digitizing the field and its conjugate momentum

symmetrically preserves the discrete symmetries of the Hamiltonian and improves the effi-

ciency of the simulation [217]. While the discussion so far concerns the free field, interactions

are straightforward to include. Any potential that is a function of the field, such as the λϕ4

term studied in Chapter 4, is diagonal in the field basis and can be implemented similarly

to the field operator.

By the Nyquist-Shannon sampling theorem [218, 219], if a continuous wavefunction is

sampled across its full regions of support in both field space and conjugate-momentum space,

it can be reconstructed with exponentially small errors introduced by the discretization.

Since the free scalar field theory on one site is a harmonic oscillator with a Gaussian ground

state, its localization allows for the determination of a field cutoff ϕmax that preserves the

relevant information. There is a tradeoff with the choice of ϕmax: for a fixed number of

qubits, a smaller ϕmax allows a finer resolution in the central region, while a larger ϕmax

contains the tails of the wavefunction better.

Another feature of this digitization is the foundation of Chapter 4. Since we are working

in the field basis, the field operators can be represented by a real-diagonal matrix, which can

be decomposed into a sum of tensor products of single qubit operators Îs and Ẑs. These

tensor products form an orthogonal basis called the Walsh basis, which can be seen as the

digital counterpart of a Fourier basis. Each term is labeled by a unique sequency, which

is the digital analog of frequency. The decomposition of the low-energy wavefunctions are

dominated by low-sequency terms, which is the structure that the truncation scheme in

Chapter 4 exploits.
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1.4.2 The Kogut-Susskind Formulation on the Lattice

The Kogut-Susskind [114] Hamiltonian is one of the formulations that study the Yang-Mills

lattice gauge theory. It adopts a staggered formalism, and represents fermionic matter fields

on the sites and bosonic gauge fields on the links. The chromo-electric and chromo-magnetic

contributions are

Ĥ =
g2

2ad−2

∑
b, links

∣∣∣Ê(b)
∣∣∣2 + 1

2a4−dg2

∑
plaquettes

[
2Nc − □̂(x)− □̂†(x)

]
(1.6)

where g is the coupling strength, a is the lattice spacing between adjacent spatial sites, d is

the number of spatial dimensions, andNc is the number of colors. Ê(b) is the electric operator,

and □̂(x) is the plaquette operator. The full Hamiltonian also contains the staggered fermion

mass term and the hopping term that couples the matter and the gauge fields.

In one spatial dimension, the gauge field carries no independent dynamics of its own, so

it can be integrated out such that only the fermionic modes remain. Gauss’s law can be

enforced to constraints the electric field to the charges. With open boundary conditions in

the axial gauge and one flavor, the Hamiltonian form becomes [220]

Ĥ = Ĥk + Ĥm + Ĥg

Ĥk =
∑
x,a

1

2
ψ̂†
x,aψ̂x+1,a + h.c.

Ĥm = m
∑
x,a

(−1)xψ̂†
x,aψ̂x,a

Ĥg =
∑
x,c

g2

2

∑
y≤x

Q̂c
y

∑
y≤x

Q̂c
y

 ,

(1.7)

where Q̂c
y is the chromo-electric charge at spatial site y,

Q̂c
y =

∑
a,b

ψ̂†
y,aT

c
a,bψ̂y,b. (1.8)

T c
a,b are proportional to the Gell-Mann matrices for SU(3), and Pauli matrices for SU(2).

Labels a and b are the color indices.
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The fermion fields can be mapped to qubits via the Jordan-Wigner Transformation [221],

ψ†
i =

∏
j<i

(
−Ẑj

)
σ+i

ψi =
∏
j<i

(
−Ẑj

)
σ−i ,

(1.9)

with σ̂± = (X̂ ± iŶ )/2. Each fermionic mode is represented on one qubit, and the anti-

commutation relations are implemented through strings of Pauli-Ẑ operators.

One of the most studied theories in one spatial dimension is the U(1) theory, also called

the Schwinger Model. It is not directly used in this dissertation, but lays the theoretical

foundation for the work in Chapter 2. The Schwinger model is a 1+1D quantum electro-

dynamics (QED) system, and it exhibits confinement. As an Abelian system, it is easier

to study than non-Abelian systems, but can provide insight into more complicated non-

Abelian theories. The work in Ref. [122] is of particular importance to Chapter 2. There,

the authors implemented background heavy charge in the Schwinger model via a disconti-

nuity in Gauss’s law, and studied how energy and momentum are transferred as a heavy

hadron moves through a vacuum and a dense medium. Continuous motion was achieved

by a superposition of the heavy charge location over two neighboring sites. Still, when the

charge is moved too quickly, lattice artifacts appear and destroy the entanglement structure.

Chapter 2 extends this study to SU(2), where the discontinuity in Gauss’s law and the su-

perposition trick can no longer be used because of the non-commuting charge operators in

SU(2).

In two or more spatial dimensions, the gauge field cannot be eliminated entirely, and

its infinite-dimensional link Hilbert space must be truncated and digitized. A range of ap-

proaches is being explored to efficiently encode the continuous gauge groups on quantum

computers, for example Loop-String-Hadron [87, 222–224], Large-Nc truncations [225–227],

or using an alternative formulation like the orbifold lattice [228–230]. A comprehensive com-

parison across all bases and formulations has yet to be performed. Chapter 3 works with one

of the candidates that is designed to be efficient at all gauge couplings: the fully gauge-fixed

Hamiltonian in the mixed basis. A maximal-tree gauge fixing removes all redundant link

degrees of freedom, and the remaining physical degrees of freedom are described in a ba-



15

sis that interpolates between electric and magnetic descriptions, with a coupling-dependent

digitization designed to be efficient at all values of the gauge coupling.

1.5 Dissertation Outline

The goal of this dissertation is to develop and demonstrate resource-efficient methods for the

digital quantum simulation of the real-time dynamics of quantum field theories relevant to

nuclear and high-energy physics, and to validate them on present-day quantum hardware.

Simulations of energy loss and hadronization are essential for understanding a range

of phenomena in non-equilibrium strongly-interacting matter. In Chapter 2, a framework

for performing such simulations on a quantum computer is established and applied to a

heavy quark moving across a 1+1D SU(2) lattice of light quarks. Conceptual advances with

regard to simulations of non-Abelian versus Abelian theories are developed. The evolution of

the energy in light quarks, their local non-Abelian charge densities, and their multi-partite

entanglement are computed. Unlike in the Abelian theory, non-Abelian charge operators

have non-trivial actions on arbitrary states, so, instead of implementing the background

charges via discontinuities in Gauss’s law, the heavy quarks are mapped to qubits alongside

the light quarks. The heavy-quark motion is also limited to discrete steps among spatial

lattice sites.

Further, scalable quantum circuits are used to prepare the interacting ground-state wave-

function in the presence of heavy quarks. Classical lattice QCD methods inspire the state

preparation procedure. Hadronic interpolating operators implement the color entanglement

among the heavy quarks and light quarks effectively, and Domain Decomposition addresses

the heterogeneity of non-Abelian charge sectors across the lattice. The discrete motion of

heavy quarks between adjacent spatial sites is implemented using fermionic SWAP opera-

tions. Quantum simulations of the dynamics of a system on L = 3 spatial sites are performed

using IBM’s ibm_pittsburgh quantum computer using 18 qubits, for which the circuits for

state preparation, motion, and one second-order Trotter step of time evolution have a two-

qubit depth of 398 after transpilation. A suite of error mitigation techniques are used to

extract the observables from the simulations, providing results that are in good agreement

with classical simulations. The framework presented in this chapter generalizes straightfor-
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wardly to other non-Abelian groups, including SU(3) for quantum chromodynamics.

The gauge field in Chapter 2 could be integrated out because of the open boundary

conditions in 1+1D. However, in higher-dimensions, the dynamical gauge fields cannot be

eliminated and will be nontrivial to represent. Moreover, the electric basis is efficient only

at strong coupling. To accurately approach the weak coupling limit, it is important to for-

mulate systematically-improvable representations of lattice gauge theory Hamiltonians that

are efficient at all values of the gauge coupling. Chapter 3 constructs the quantum simula-

tion of an alternative Hamiltonian formulation: the fully gauge-fixed Hamiltonian defined

in the mixed basis. The smallest non-trivial system in this formulation, two plaquettes with

open boundary conditions, is dissected. A mapping of the continuous gauge field degrees

of freedom to qubit-based representations is developed. It is found that as few as three

qubits per plaquette is sufficient to reach 10−3 precision on predictions for observables. Two

distinct algorithms for implementing time evolution in the mixed basis are developed and

analyzed in terms of quantum resource estimates. One algorithm has favorable scaling in

circuit depth for large numbers of qubits, while the other is more practical when qubit count

is limited. The latter algorithm is used in the measurement of a real-time observable on

IBM’s Heron superconducting quantum processor, ibm_fez. The quantum results match

classical predictions with precision around 10−2. This work lays out a path forward for two-

and three-dimensional simulations of larger systems, as well as demonstrating the viability

of mixed-basis formulations for studying the properties of SU(2) gauge theories at all values

of the gauge coupling.

Decoherence and noise limit the scale of simulations that can be run on present-day

hardware, making it important to use the available quantum resources as efficiently as pos-

sible. In Chapter 4, we introduce the Sequency Hierarchy Truncation (SeqHT) scheme for

compressing the resources required for state preparation and time evolution in quantum sim-

ulations, while preserving the relevant physics. For the λϕ4 interaction in scalar field theory,

or any interaction with a polynomial expansion, upper bounds on the contributions of oper-

ators of a given sequency are derived to confirm that truncation errors are bounded. For the

systems we have examined, observables computed in sequency-truncated wavefunctions, in-

cluding quantum correlations as measured by magic, are found to step-wise converge to their
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exact values with increasing cutoff sequency, making this truncation scheme systematically

improvable. The utility of SeqHT is demonstrated in the adiabatic state preparation of the

λϕ4 anharmonic oscillator ground state using IBM’s quantum computer ibm_sherbrooke.

Using SeqHT, the depth of the required quantum circuits is reduced by ∼ 30%. Since less

hardware noise is introduced in this shallower circuit, determinations of observables in the

quantum simulations are significantly improved. More generally, SeqHT is expected to lead

to a reduction in required resources for quantum simulations of systems with a hierarchy of

length scales.
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Chapter 2

A FRAMEWORK FOR SIMULATING ENERGY-LOSS AND
HADRONIZATION

IN 1+1D SU(2) LATTICE GAUGE THEORY

This chapter is associated with Ref. [231]: “A Framework for Quantum Simulations of

Energy-Loss and Hadronization in Non-Abelian Gauge Theories: SU(2) Lattice Gauge

Theory in 1+1D”

by Zhiyao Li, Marc Illa, and Martin J. Savage
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2.1 Introduction

Extensive experimental campaigns in high-energy heavy-ion collisions are designed to reveal

the structure and dynamics of matter under extreme conditions. The remarkable discov-

ery of a near-ideal, low-viscosity quantum liquid of quarks and gluons produced in such

collisions [232–235] has driven a program to measure and interpret its properties. An impor-

tant line of investigation is to quantify properties of transport in the liquid phase, where the

identification of signatures and probes present a challenge. One class of probes is the produc-

tion, motion and measurement of heavy quarks, including the production rates of quarkonia,

and processes such as dissociation and recombination. Produced in hard collisions at early

times, heavy quarks witness the entire evolution of the exotic matter and its transition to

hadronic final states. Therefore, the measured relative yields of heavy-quark systems reveal

key attributes of the medium. An excellent review of the state-of-the-art in this area can be

found in Ref. [236]. An important element in extracting properties of this exotic matter is

understanding how heavy quarks move and interact within the evolving system, including

how they lose and gain energy as they move. From a theoretical standpoint, first-principles

simulations of these collisions present a monumental challenge. This challenge is not limited

to evolution through exotic matter. Even simulations of high-energy probes impacting cold

dense matter, such as a nucleus, or nuclear matter, suffer the same difficulties. While pro-

cesses occurring over short-distances can be reliably determined in perturbation theory, the

subsequent evolution (cascade) to longer length scales involves fragmentation and hadroniza-

tion, both of which are intrinsically non-perturbative. Tuned to experimental data, modeling

such processes is impressively successful, e.g., Geant4 [113, 237–239], but remains incomplete

in describing fundamentally quantum observables, e.g., Refs. [139, 141, 142, 145, 240, 241].

While classical Euclidean-space simulations of quantum chromodynamics (QCD) encounter a

sign problem in summing complex phases in the time-evolution, real-time evolution, starting

from a specified initial state, is known to be efficient for quantum computers.

Constrained by available noisy intermediate-scale quantum (NISQ) [242] era quantum

hardware, present-day quantum simulations of quantum field theories are focused on modest-

sized, low-dimensional systems [2, 92, 120, 123, 124, 127, 129–132, 150, 203, 207, 220, 225,
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243–284], with the Schwinger model [285] (quantum electrodynamics (QED) in 1+1D) re-

ceiving significant attention. Like QCD, the Schwinger model is a confining gauge theory,

and remains a useful test-bed for exploring new algorithms and workflows and gaining im-

proved understanding of infinite-volume and continuum limits. This chapter is related to

simulating transport, in a general sense, in non-equilibrium non-Abelian systems, and is on

the path for robust simulations of jet physics and hadronization in QCD. There is a growing

foundation for such simulations, e.g., Refs. [250, 281, 286–302], along with progress in string

breaking [276, 278, 303–313], and of the associated entanglement evolution [121, 314]. Simu-

lations of SU(2) and SU(3) theories including quarks and anti-quarks in 1+1D, with the gluon

fields constrained by Gauss’s law (either as dynamical fields or through long-range interac-

tions), are now being performed using quantum computers [92, 130, 246, 249, 262–264, 279].

With the Jordan-Wigner mapping of quarks, each spatial lattice site requires 2nfNc qubits

for nf flavors of light quarks with Nc colors. The inclusion of electroweak processes [130, 264]

(using the low-energy effective field theory of the Standard Model) requires additional 4ng

qubits encoding the charged-leptons and neutrinos, where ng is the number of generations

included in the simulation. Progress has also been made toward simulations using qudit sys-

tems, e.g., Refs. [133, 269, 315–326], which have significant advantages in circuit depth and

execution times. Additionally, there have been a number of important quantum and classi-

cal algorithm developments for wavepacket preparation for scattering [2, 121–124, 126–129],

and for systematically-improvable truncation schemes [327].

Building on previous work that established a framework for quantum simulations of

energy-loss and fragmentation in systems of electrically-charged particles in the context of

Abelian lattice gauge theory (LGT) [122], this chapter addresses energy loss in non-Abelian

lattice gauge theories.1 In particular, we establish a framework to simulate the energy

loss and collisions of particles in an SU(2) non-Abelian lattice gauge theory in 1+1D using

quantum computers. Static heavy quark fields are mapped to qubits in order to simu-

late hadron motion and collisions on the lattice (as well as to establish regions of dense

matter). To prepare ground-state wavefunctions in the presence of a heavy quark, SC-

1This should be considered to be a specific case of quantum thermodynamics of a non-equilibrium pro-
cess [328, 329], in the context of a non-Abelian lattice gauge theory.
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ADAPT-VQE [149, 150] is combined with Domain Decomposition (DDec), an algorithm

used extensively in traditional lattice QCD calculations [330–335], leveraging the hetero-

geneity of charge sectors across different regions on the lattice. The heavy quarks are trans-

lated across the lattice via discrete fermionic-SWAP operators, introducing additional finite

lattice-spacing artifacts that vanish in the continuum limit. The states are then time-evolved

to allow the light quarks to respond dynamically to the heavy quark motion. Scalable

quantum circuits [150] are developed for state preparation, discrete translation, and time

evolution, enabling measurements of the time dependence of local non-Abelian charge fluctu-

ations, entanglement, and the energy in the light quarks and gluons. Complete simulations

(state preparation, translation, time evolution and measurement, with associated mitigation

circuits) of a lattice with L = 3 spatial sites are performed, requiring a total of 18 qubits,

using IBM’s heron-processor quantum computers, with a transpiled CNOT depth of ∼ 400.

With multiple error-mitigation strategies applied, the results we obtain from the quantum

simulations are in good agreement with corresponding classical simulations.

The simulations presented in this chapter were made possible by four conceptual ad-

vances. One concerns the color entanglement between the heavy quark and the light degrees

of freedom. Algorithms from traditional lattice QCD point toward working with color-

singlet hadronic interpolating operators as an efficient way to handle color entanglement.

They provide a way to include the required symmetries of the wavefunction without qubit-

wise manipulations. A second development is appreciating the implications of mapping

background static charges to the quantum register, and not including them through Gauss’s

law. As the evolution operator for the light degrees of freedom does not commute with the

heavy-quark fermionic SWAP operations, moving heavy quarks to positions between lattice

sites does not achieve what is intended, and as such, only translations between lattice sites

are consistent. Third, during the collision of two heavy quarks (when they are on adjacent

sites), the SWAP operation interchanges them, and introduces an additional lattice artifact

that can be addressed in two ways (or more). Fourth, as the deviation of the wavefunction

of the light degrees of freedom from the interacting vacuum state is localized around the

heavy quark, it becomes an increasingly small part of total wavefunction infidelity in the

variational process. Therefore, partitioning the system in such a way that the heavy-quark
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modification is not sub-leading, DDec permits effective state preparation.

2.2 The SU(2) Lattice with Heavy Quarks

The theory of focus in this chapter is the 1+1D SU(2) non-Abelian lattice gauge theory

(LGT) with one flavor of light quark. In the axial gauge with the Jordan-Wigner (JW)

mapping of fermions to qubits, each spatial site of the lattice consists of non-dynamical

heavy-quark fields, Qr,g, light-quark fields, qr,g, and light anti-quark fields, qr,g. Heavy anti-

quark fields are not included to reduce qubit overhead. The mapping of this system to qubits

is shown in Fig. 2.1 for a lattice of spatial extent L.

Figure 2.1: The lattice layout for heavy-quark, light-quark and light anti-quark fields on a

lattice of spatial extent L. The spatial sites are labeled by x, which takes values from

x = 0 to x = L− 1, the staggered sites are labeled by n which takes values n = 0 to

n = 3L− 1, and the fermion (or qubit) sites are labeled by j which takes values n = 0 to

n = 6L− 1. The boundaries between quark and anti-quark sectors, denoted by b,

correspond to the locations of chromo-electric field contributing to the Hamiltonian via the

non-local charge operators.

The Hamiltonian describing these systems has three distinct contributions: kinetic en-

ergy, mass energy and chromo-electric interaction energy. The kinetic energy operator maps

to spin operators acting on the spins associated with the light quark and anti-quark occu-

pations. In axial gauge with open boundary conditions (OBCs) it becomes,

Ĥk =− 1

2

∑
n∈q

∑
c=0,1

(
σ̂+2n+cẐ2n+1+cσ̂

−
2n+2+c + h.c.

)
− 1

2

∑
n∈q

∑
c=0,1

(
σ̂+2n+cẐ2n+1+cẐ2n+2+cẐ2n+3+cσ̂

−
2n+4+c + h.c.

)
,

(2.1)
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where n is the staggered index, c the color index, and σ̂± = (X̂ ± iŶ )/2. The first term

corresponds to hopping between quarks and anti-quarks within one spatial site, while the

second term corresponds to hopping between adjacent sites. For the heavy quark to remain

static (localized), effectively “integrating it out” of the low-energy effective lattice theory, its

kinetic term is not included.

The mass-energy contribution to the Hamiltonian receives contributions from the Q, q

and q. For arbitrary heavy-quark and light-quark masses, the mass term becomes

Ĥm = mQ

∑
n∈Q

1

2

(
Î + Ẑ

)
n
+ mq

∑
n∈q

1

2

(
Î + Ẑ

)
n
+ mq

∑
n∈q

1

2

(
Î − Ẑ

)
n

→ mq

2

∑
n∈q,q

∑
c=0,1

(−1)ηn Ẑ2n+c ,

(2.2)

where ηq = 0 and ηq = 1. We have set mQ = 0 for simplicity of calculation, and removed

contributions from identity operators.

Contributions to the Hamiltonian from the chromo-electric fields are determined by com-

binations of the non-Abelian SU(2) charge operators [92],

Q̂(1)
n =

1

2

(
σ̂+2nσ̂

−
2n+1 + σ̂−2nσ̂

+
2n+1

)
,

Q̂(2)
n =

−i
2

(
σ̂+2nσ̂

−
2n+1 − σ̂−2nσ̂

+
2n+1

)
,

Q̂(3)
n =

1

4

(
Ẑ2n − Ẑ2n+1

)
,

(2.3)

that act on pairs of fermion sites. With the boundary condition that the chromo-electric

field for x < 0 vanishes, the field at a given quark-anti-quark boundary, E(a)
b , (denoted by

b, depicted in Fig. 2.1) is proportional to the summed charges from n = 0 to the boundary,

E
(a)
b ∝

b+1+⌊b/2⌋∑
n=0

Q̂(a)
n , (2.4)

where ⌊y⌋ denotes the floor of y. With OBCs, and the requirement that the chromo-electric

field outside of the lattice (x < 0 and x > L− 1) has to vanish, the summation is restricted

to the electric-field boundaries in the interior of the lattice, b ∈ {0, 1, . . . , 2L − 2}. Color

neutrality of the lattice is enforced by including a large energy penalty term in the Hamil-

tonian for non-zero E(a)
b at b = 2L− 1 [262]. The chromo-electric field energy contribution



24

to the Hamiltonian becomes

Ĥg =
g2

2

∑
a=1,2,3

2L−2∑
b=0

(
E

(a)
b

)2
, Ĥλ =

λ2

2

∑
a=1,2,3

(
E

(a)
b=2L−1

)2
, (2.5)

where the second contribution is the quadratic penalty for non color-singlet configurations

of the complete lattice, and λ → ∞ is, in principle, taken. The complete Hamiltonian is

given by

Ĥ = Ĥk + Ĥm + Ĥg + Ĥλ . (2.6)

2.3 Conceptual Challenges and Advances

In order to study the energy loss of a heavy quark moving in the vacuum or through a region

of finite density on a lattice, conceptual and algorithmic developments are required. One

challenge is to efficiently include heavy quarks into simulations, and understand the role of

entanglement in color space across the lattice. A second is to develop quantum circuits to

transport the heavy quark between adjacent spatial sites, and a third is to develop techniques

to prepare the interacting ground-state in the presence of one or more heavy quarks.

2.3.1 Color Entanglement

In the case of U(1) gauge theory, heavy charges can be consistently included by discon-

tinuities in Gauss’s law and in values of the gauge field at each spatial location. This is

implemented by mapping the field to qubits (the occupation basis), where each basis state is

an eigenstate of the electric charge operator.2 In 1+1D QED, external charges are screened

and charge-charge correlation functions fall off exponentially outside of a few confinement

lengths. The situation is more complex in the case of non-Abelian theories, even in 1+1D.

Specifically, because the non-Abelian charge operators act non-trivially on the fields, specif-

ically, mixing states in the occupation basis, external charges cannot be efficiently included

via discontinuities in Gauss’s law and in the chromoelectric fields (see related works using

tensor networks [286, 288]).3 Hence, heavy quarks are mapped to qubits in the same way

2When acted on by the electric charge operator, an electron remains an electron, and a positron remains
a positron.
3This leads to the use of a quadratic penalty for the energy in the electric field beyond the end of the

lattice to enforce global color neutrality.
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as the light quarks, but a kinetic term is not included in the Hamiltonian to prevent its

delocalization from a given lattice site.

To improve our intuition regarding the additional complexities of introducing heavy

quarks into a lattice of non-Abelian fields, we start by recalling the strong-coupling (SC)

structure4 of a single spatial site of the lattice Schwinger model with Kogut-Susskind (stag-

gered) discretization of the light fermion fields, and with one-heavy charged particle. In the

absence of heavy charges, nQ = 0, the (anti-ferromagnetic) trivial-vacuum ground state is

| Q− e− Q+ e+⟩ → | ↓↓ ↑↑⟩ = |1100⟩ . (2.7)

The minimum energy configuration when a static negative electric charge is present, with

vanishing global electric charge, is achieved by screening from a positron, giving the (nQ = 1)

state

| Q− e− Q+ e+⟩ → | ↑↓ ↑↓⟩ = |0101⟩ . (2.8)

The total energy of this state is higher than that of the trivial vacuum because of the

single unit of electric flux absorbed by the classical Q− charge. The structure of this state

is somewhat trivial in the sense that it is unentangled, and the charge of the positron

additively cancels that of the static charge (to ensure global charge neutrality). This state

can be thought of as the presence of a heavy meson, with quantum numbers of Q−e+, on

top of the trivial vacuum. As a short-cut for this discussion, we could have considered

the action of the simplest meson interpolating operator, Ô ∼ Qe, on the trivial vacuum

state. As a point for the discussion that follows, because the number of heavy charges in

the system is fixed, if we consider only the presence or absence of Q−’s, the Q+ field can be

removed, reducing the state space to | Q− e− e+⟩ (reducing the qubit footprint in quantum

simulations).

The situation is more complex for non-Abelian theories. We start by considering one

spatial site (L = 1) of a single flavor of color SU(2) fermions in the fundamental represen-

tation, with the Kogut-Susskind discretization, along with a heavy-quark field, Q, (without

heavy anti-quarks). The lattice assignment of fields on a single spatial site, in terms of the

4The SC limit (g → ∞) of the ground state is equivalent to ground state in the absence of the kinetic
term in the Hamiltonian with arbitrary g.
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two colors, red (r) and green (g), is | Qr Qg qr qg qr qg ⟩. In the absence of a heavy quark,

the SC vacuum state is

| Qr Qg qr qg qr qg ⟩ → | ↓↓↓↓ ↑↑⟩ = |111100⟩ . (2.9)

With a heavy-quark present, its non-Abelian charge can be screened in two ways. The

first is by the presence of light anti-quarks, corresponding to the presence of (color-singlet)

heavy mesons (with interpolating operators of the form Ô ∼ ∑αQ
αqα). The second is by

the presence of light quarks, corresponding to the presence of (color-singlet) heavy baryons

(with interpolating operators of the form Ô ∼∑αβ ϵαβ Q
αqβ).5 The latter is energetically

favored (in the lattice theory) as there is no chromo-electric flux between the quark and

anti-quark sectors.6 The SC ground-state wavefunction for this nQ = 1 system is of the

form7

| Qr Qg qr qg qr qg ⟩ →
1√
2

[
| ↑↓↓↑ ↑↑⟩ − | ↓↑↑↓ ↑↑⟩

]
=

1√
2

[
|011000⟩ − |100100⟩

]
, (2.11)

where the colors of the heavy quark and the light quark are entangled. In the remainder of

the manuscript, to set a convention, the ground state in the SC limit with L spatial sites

and nQ heavy quarks will be denoted by |SC;L, nQ⟩, while the true (interacting) ground

state will be denoted by |I;L, nQ⟩.

2.3.2 Implementing Heavy-Quark Motion

For simulations of the Schwinger model, continuous spatial translations of the classical back-

ground charge can be implemented by a position-dependent reweighting of the discontinuities

in the Gauss’s law constraint [122, 299, 301]. For the reasons mentioned above, specifically

the action of the non-Abelian charge operator, spatial translations in non-Abelian theories

5The Abelian theory does not have corresponding baryon operators.
6As noted in Ref. [92], the baryon and meson masses converge in the continuum limit where lattice-spacing

artifacts vanish.
7The (entangled) wavefunction created from a meson interpolating operator is of the form

| Qr Qg qr qg qr qg ⟩ → 1√
2

[
| ↑↓↓↓ ↓↑⟩ + | ↓↑↓↓ ↑↓⟩

]
=

1√
2

[
|011110⟩ + |101101⟩

]
. (2.10)
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cannot be efficiently used in this way, and instead are implemented by fermionic-SWAP

(FSWAP) operators [336–338] acting among the heavy-quark lattice sites. Acting on a

two-qubit system {|00⟩, |01⟩, |10⟩, |11⟩}, the continuous FSWAP operation is

F̂ (θ) = ˆFSWAP(θ) =


1 0 0 0

0 eiθ/2 cos θ
2 −ieiθ/2 sin θ

2 0

0 −ieiθ/2 sin θ
2 eiθ/2 cos θ

2 0

0 0 0 eiθ

 (2.12)

= e−i θ
4(Ŷ⊗Ŷ+X̂⊗X̂+Î⊗Ẑ+Ẑ⊗Î−2Î) ,

−−−→
θ→π


1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 −1

 . (2.13)

As explained in App. A.1, the FSWAP gate can only be applied with θ = π. In the quantum

simulations that follow, the FSWAP gates will be implemented for the red and green heavy-

quark sites independently. Their fermionic nature will be retained in the transformation, by

including Ẑ operators acting on the light and heavy quarks in between,

F̂r,g = e−iπ
4 (X̂⊗(−Ẑ)⊗5⊗X̂+Ŷ⊗(−Ẑ)⊗5⊗Ŷ+Î⊗6⊗Ẑ+Ẑ⊗Î⊗6−2Î⊗7) . (2.14)

Simulating a system involving multiple heavy quarks with one or more of them in motion

requires modeling collisions. In 1+1D, this means characterizing the behavior when one Q

moves across another Q when the motion is implemented by FSWAP gates. Consider the

initial configuration shown in panel (a) of Fig. 2.2. There are two heavy quarks, with one

fixed in place and the other moving toward it, implemented by FSWAP gates. As described

in the caption of Fig. 2.2, one important point to note is that when the heavy quarks are

on adjacent spatial sites, they are exchanged by the action of FSWAP gates, displacing the

stationary heavy quark by one site. Subsequent motion involves displacing the moving heavy

quark, but could also involve moving the stationary heavy quark back to its original location

or not. The difference between these possibilities is a lattice-spacing artifact that vanishes

in the continuum limit.
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Figure 2.2: A schematic of one heavy quark moving toward and passing a second heavy

quark, implemented by FSWAP gates. The circles denote spatial lattice sites, and the

vertical colored bars denote heavy quarks. Panels (a) through (d) show the discrete change

of spatial site. Panel (b) shows the action of the FSWAP gate when the heavy quarks are

on adjacent site, in which the stationary heavy quark exchanges position with the moving

heavy quark, displacing it by one lattice site.

2.3.3 Ground-State Wavefunctions with Sources, and Domain Decomposition

It is helpful to consider the structure of the ground-state wavefunction in the presence of a

heavy quark. Without the heavy quark, the ground-state wavefunction is invariant under

discrete spatial translations, modified by effects from the boundaries. In the case of OBCs,

the boundaries modify the wavefunction by components that decrease exponentially away

from the boundary, with a length scale set by the longest correlation length (the inverse mass

of the lightest particle) in the theory. While local regions in the contained SU(2) charges

fluctuate, the total charge of the lattice vanishes. In the presence of a heavy quark, the

light quarks are entangled with it in such a way to ensure global color neutrality. Further,

screening of the color charges means that far from the source the wavefunction approaches

the ground state of the system without a heavy quark. A coherent sum of colored eigenstates

arranges itself to generate these features.

In previous works, we developed scalable quantum circuits [2, 150] implemented by

ADAPT-VQE [149], called SC-ADAPT-VQE (for a variant, see Ref. [339]). Classical com-

puting was used to determine the operator sequence and their coefficients in creating a state

approaching the ground state in modest-sized volumes, and then scaling to arbitrarily large

systems on quantum computers in a controlled and converging way using the symmetries of

the (lattice) system. When wavepackets or heavy-quark sources are included, localized re-

gions of the system are modified from the vacuum by operators with finite extent to approach
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the target wavefunction.

For the heavy-quark systems, it is the size of a heavy meson (or heavy baryon) that

dictates the spatial extent of the region that needs to be modified away from the vacuum

state. This modified region is then combined with a region of the ground-state wavefunction

without the heavy-quark source. Both wavefunctions are classically optimized, and both suf-

fer from boundary effects. In such heterogeneous systems, DDec is often an efficient method

to pursue. We classically perform SC-ADAPT-VQE to determine the unitary operators to

prepare the region with heavy-quarks, and combine it with a region of vacuum that is also

prepared classically using SC-ADAPT-VQE. This forms an initial wavefunction, which then

undergoes another round of SC-ADAPT-VQE to optimize a sequence of unitary operators

with support around the boundary. Specifically, operators that “heal the wound” caused by

the boundary effects on both sides have a typical length-scale set by the confinement scale

(or the lightest hadron). For a system with multiple boundaries, as long as the boundaries

are far from the heavy quark(s) and the edges, they can be healed with the same operators

due to translational invariance. This is made explicit in subsequent sections.

There are also practical reasons for using DDec in preparing these states. For a large

system with only one heavy quark, the volume of the wavefunction that is distorted away

from the vacuum state is suppressed by the hadronic volume as opposed to the lattice

volume. With increasing lattice volume, eventually this distortion becomes less than the

tolerance of the optimizer, and the variational wavefunction becomes unresolvable between

the interacting vacuum states with and without the heavy quark. Therefore, a region around

the heavy quark will necessarily need to be optimized separately from the rest of the lattice.

2.4 Classical Simulation of SU(2) in 1+1D

All the ingredients are in place to perform classical and quantum simulations of heavy

quarks moving through systems of light and heavy quarks in non-Abelian lattice gauge

theories in 1+1D. It is helpful to consider the structure and dynamics of small systems

in understanding how to perform simulations at scale. Small systems provide convenient

environments to demonstrate the concepts and techniques discussed above, along with the

subsequent implementation on quantum computers at scale. As classical simulations are
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central to the framework of quantum simulations, we start by developing them for small-size

systems, including for “stitching them together” in DDec, and for exploring their quantum

complexity. We also classically simulate time-evolution with discrete translation of the heavy

quark, as discussed above.

2.4.1 Structure of a Single Spatial Site

We begin with a somewhat detailed discussion of the simplest system of a heavy quark, a

light quark and a light anti-quark on one spatial site, L = 1, with basis states denoted by

| Qr Qg qr qg qr qg ⟩. As shown in Fig. 2.1, the staggered sites are labeled by n = {0, 1, 2},
with one internal electric-field boundary, b = 0 after n = 1. As discussed in Sec. 2.2, the

Hamiltonian describing the system is

Ĥ = −1

2

1∑
c=0

(
σ̂+2+cẐ3+cσ̂

−
4+c + h.c.

)
+
mq

2

2∑
n=1

1∑
c=0

(−1)ηnẐ2n+c

+
g2

2

3∑
a=1

(
1∑

n=0

Q̂(a)
n

)2

+
λ2

2

3∑
a=1

(
2∑

n=0

Q̂(a)
n

)2

,

(2.15)

where ηn is defined below Eq. (2.2).

The SC ground state in the absence of heavy quarks is

|SC; 1, 0⟩ = | ↓↓↓↓ ↑↑⟩ = |111100⟩ , (2.16)

and exact diagonalization of the Hamiltonian in the 26 dimensional basis for g = 1 and

mq = 0.1 gives the interacting ground-state wavefunction,

|I; 1, 0⟩ = 0.6663| ↓↓↓↓ ↑↑⟩ + 0.4383| ↓↓↓↑ ↑↓⟩ − 0.4383| ↓↓↑↓ ↓↑⟩ + 0.4143| ↓↓↑↑ ↓↓⟩ ,

(2.17)

with an energy of E0 = −0.6578, and with spin expectation values ⟨Ẑj⟩ of

{−1,−1,−0.2723,−0.2723,+0.2723,+0.2723}.

In this state, the expectation values of the components of the Hamiltonian are

⟨Ĥk⟩ = −0.9474 , ⟨Ĥm⟩ = +0.14553 , ⟨Ĥg⟩ = +0.1440 , ⟨Ĥλ⟩ = 0 . (2.18)
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The operators required to create |I; 1, 0⟩ from |SC; 1, 0⟩ correspond to interpolating op-

erators for color-singlet states in the spectrum, restricted to one-meson and one-baryon

operators, defined to be

ÔM0 ≡ Î2(X̂ẐŶ − Ŷ ẐX̂)Î + Î3(X̂ẐŶ − Ŷ ẐX̂) , ÔB0 ≡ 4iÎ2(σ̂+σ̂+σ̂−σ̂− − h.c.) , (2.19)

where the subscript M denotes a meson operator, and B denotes a baryon operator. A

variational wavefunction of the form

|ψvar⟩ = e−iθ2ÔB0 e−iθ1ÔM0 |SC; 1, 0⟩ , with θ1 = 0.267215 , θ2 = 0.05484 , (2.20)

recovers the wavefunction with an infidelity of I = 1−|⟨ψvar|I; 1, 0⟩|2 ∼ 10−6. The infidelity

can be reduced to zero with this complete operator set.

In systems with one heavy quark, nQ = 1, the SC vacuum is given in Eq. (2.11), and the

exact wavefunction for g = 1 and mq = 0.1 is

|I; 1, 1⟩ = 0.6120| ↓↑↑↓ ↑↑⟩−0.6120| ↑↓↓↑ ↑↑⟩+0.3540| ↓↑↑↑ ↑↓⟩−0.3540| ↑↓↑↑ ↓↑⟩ , (2.21)

giving expectation values of the components of the Hamiltonian,

⟨Ĥk⟩ = −0.4334 , ⟨Ĥm⟩ = +0.1501 , ⟨Ĥg⟩ = +0.0940 , ⟨Ĥext.⟩ = 0 . (2.22)

The energy of this state is E1 = −0.1892, giving a hadron mass (minus the mass of the

heavy quark) of ΛQ = E1−E0 = 0.4685, with spin alignments of ⟨Ẑj⟩ = {0, 0, 0.2507, 0.2507,
0.7492, 0.7492}. The vanishing heavy-quark expectation values reflect the color entanglement

with the light quarks. Without the possibility of adding a baryon-antibaryon pair to the SC

vacuum, due to the color entanglement with the heavy quark, only mesons can contribute

to the wavefunction. A variational wavefunction of the form

|ψvar⟩ = e−iθ1ÔM0 |SC; 1, 1⟩ , with θ1 = 0.26224 , (2.23)

recovers the exact wavefunction.

2.4.2 Hadronic Interpolating Operators for State Preparation

The L = 2 system introduces a further layer of complexity, primarily in identification of

the pool of variational operators. Sec. 2.2 contains the basic tools required to address the
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L = 2 system, and App. A.2 provides details of the exact diagonalization. For notational

clarity and specificity, site indices are added to the operators to indicate the spatial site that

the first and last operator act on, i.e., (x, y) in Ô(x,y)
Md (if the operator acts only on one site,

this is reduced to a single index, i.e., Ô(x)
M0). The operators that we have identified for state

preparation with sub-percent infidelity are:

Ô
(0)
M0, Ô

(1)
M0, Ô

(0,1)
M1 , Ô

(0)
B0, Ô

(1)
B0, Ô

(0,1)
B1 , (2.24)

where

ÔM1 ≡ (Ŷ Ẑ3X̂−X̂Ẑ3Ŷ )Î+ Î(Ŷ Ẑ3X̂−X̂Ẑ3Ŷ ) , ÔB1 ≡ −4i(σ̂+σ̂+Î2σ̂−σ̂−−h.c.) , (2.25)

where, as for the L = 1 system, the X̂, Ŷ operators only act on the light quarks and anti-

quarks. These are both operators that “straddle” heavy Q sites, i.e., the extra Ẑ2 or Î2

acts on Qr, Qg sites. A more detailed presentation of this operator pool can be found in

Eq. (A.13). In general, for arbitrary systems, meson and baryon-antibaryon operators, or in

fact any color-singlet configurations, with support across multiple sites, located at arbitrary

positions on the lattice should be included. Their relative contributions are determined by

their (hadronic) form factors and the structure of the ground-state wavefunction.

In the variational process, as in previous works, the infidelity density, IL, is chosen as

the objective function,

IL =
1

L

(
1− |⟨ψvar|ψtarget⟩|2

)
, (2.26)

where |ψtarget⟩ is the target wavefunction (in this case |I; 2, nQ⟩) and |ψvar⟩ is the variational

ansatz wavefunction that is being optimized to approach |ψtarget⟩, as discussed above in

Sec. 2.4.1. This definition becomes increasingly useful as IL → 0, as it gives comparable

measures of the “goodness of fit” of the wavefunction per spatial site.

ADAPT-VQE is used, guided by physics input, to identify the optimal operator ordering

and subsequent layer-by-layer parameter optimizations. To respect translational invariance

and scalability in the nQ = 0 sector in the absence of OBCs, the meson operators are applied

first to the SC vacuum in Eq. (A.9), followed by the baryon operators, to give

Û
nQ=0
L=2 = e−iθ5Ô

(0,1)
B1 e−iθ4Ô

(0,1)
M1 e−iθ3(Ô

(0)
B0+Ô

(1)
B0)e−iθ2(Ô

(0)
M0+Ô

(1)
M0)e−iθ1Ô

(0,1)
M1 , (2.27)
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Figure 2.3: The ⟨Ẑj⟩ as a function of the fermion site j, starting from the SC vacuum,

through the classically optimized layers, through to the exact values for L = 2 with

mq = 0.1 and g = 1.0. The left panel shows the ⟨Ẑj⟩ in the nQ = 0 sector with up to five

layers of optimization starting from |SC; 2, 0⟩ toward |I; 2, 0⟩. The right panel shows the

analogous results in the nQ = 1 sector with up to six layers of optimization starting from

|SC; 2, 1⟩ toward |I; 2, 1⟩. The numerical values of the results are given in Table A.2 and

Table A.4.

with five variational parameters. Figure 2.3 shows the convergence of the ⟨Ẑj⟩ as a function

of the fermion site j, starting from |SC; 2, 0⟩ in the nQ = 0 sector. The small icons added

to the figures throughout this manuscript represent wether they have been obtained using

a classical simulator (purple triangle) or with quantum hardware (blue diamond) [1]. The

meson layers are seen to converge the (single qubit) ⟨Ẑj⟩ to be close to their exact values, but

the infidelity of the wavefunction is above ∼ 2%. Including the baryon-antibaryon operators

reduces the infidelity to below ∼ 0.1%.

The situation is more complicated in the nQ = 1 sector because of the lack of translational

invariance. The structure around the heavy quark emerges from the variational optimization

of the operator pool, with an optimized wavefunction of the form

Û
nQ=1
L=2 = e−iθ6Ô

(0)
M0 e−iθ5Ô

(0,1)
B1 e−iθ4Ô

(1)
B0 e−iθ3Ô

(1)
M0 e−iθ2Ô

(0,1)
M1 e−iθ1Ô

(0)
M0 , (2.28)

applied to the SC state |SC; 2, 1⟩. The convergence of the fidelity of this six-parameter

variational wavefunction is given in Table A.3, and of the associated single-qubit ⟨Ẑj⟩ in

Table A.4. Figure 2.3 shows the convergence of the ⟨Ẑj⟩ as a function of the fermion site

j, starting from |SC; 2, 1⟩. While the SC ground state has the light quarks screening the
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heavy quark color, it is the meson correlations that dominate the interacting ground state,

as seen from the operator ordering. This is discussed more in App. A.2.

2.4.3 Implementing Domain Decomposition

The L = 3 system, supported on 18 qubits, provides an opportunity to demonstrate a simple

implementation of DDec by combining results and optimizations from the L = 1 system,

detailed in Sec. 2.4.1, and the L = 2 system, detailed in Sec. 2.4.2 and App. A.2. This is

also the simplest system in which to implement heavy-quark motion.

Working with g = 1.0 and mq = 0.1, the numerically exact wavefunctions for the L = 3

system in the nQ = 0, 1 systems are obtained using Lanczos algorithm, and are shown

in App. A.3. Also given in that appendix are the energy densities associated with the

components of the Hamiltonian and the associated ⟨Ẑj⟩. The same methods used for L = 1

and L = 2 can be used to create the interacting ground state variationally with subpercent

infidelity. With L = 3 there are additional operators that are added to the operator pool,

which introduce meson and baryon-antibaryon correlations between adjacent sites,

ÔM2 ≡ (X̂Ẑ7Ŷ −Ŷ Ẑ7X̂)Î+ Î(X̂Ẑ7Ŷ −Ŷ Ẑ7X̂) , ÔB2 ≡ −4i(σ̂+σ̂+Î6σ̂−σ̂−−h.c.) , (2.29)

in addition to the shorter-range correlations from the operators in Eq. (2.25) and Eq. (2.19).

Thus, the operator pool is extended to

Ô
(0)
M0, Ô

(1)
M0, Ô

(2)
M0, Ô

(0,1)
M1 , Ô

(1,2)
M1 , Ô

(0,1)
M2 , Ô

(1,2)
M2 , Ô

(0)
B0, Ô

(1)
B0, Ô

(2)
B0, Ô

(0,1)
B1 Ô

(1,2)
B1 Ô

(0,2)
B2 .

(2.30)

In ÔMd, d indicates that there are d2 + d + 1 number of Ẑs in between the X̂ and Ŷ ; in

ÔBd, the number of Îs is 3d for even d and 3d− 1 for odd d. As preparing the ground state

in the nQ = 0 sector is not the focus of this work, we do not provide details or discussions

(see App. A.3), and focus on the nQ = 1 sector.

To prepare the ground state of the nQ = 1 sector with a heavy quark located at x = 0

using DDec, the L = 3 wavefunction is initialized with the operator sequences and angles

determined from the variationally-optimized nQ = 1, L = 2, with the heavy quark located

at x = 0, and nQ = 0, L = 1 systems, as shown in the schematic diagram in Fig. 2.4. As the
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Figure 2.4: A block diagram for the DDec of the variational wavefunction in the nQ = 1

sector for L = 3. The L = 3 wavefunction is initialized from the variationally optimized

nQ = 1, L = 2 (with the heavy quark located at x = 0) and nQ = 0, L = 1 wavefunctions,

as indicated by the operators acting either side of the dashed red line. The re-optimized

operators in each sector are implemented in parallel, followed by the application of

boundary operators that entangle the two sectors, which are also optimized (with all of the

operators globally optimized).

L = 3 target wavefunction differs from the tensor product of the L = 2 and L = 1 wave-

functions, with modifications by the boundary that penetrate into both sectors determined

by the confinement scale, the fit angles in both sectors are re-optimized layer-by-layer.8

This is followed by optimizing boundary operators that entangle the two sectors. Through

optimization, we have identified a variational wavefunction that is prepared by a unitary

operator defined in terms of 10 angles,

Û
nQ=1
L=3 = e−iθ10Ô

(1,2)
M2 e−iθ9Ô

(1,2)
M1 e−iθ8Ô

(0)
M0 e−iθ7Ô

(0,1)
B1 e−iθ6Ô

(1)
B0

× e−iθ5Ô
(1)
M0 e−iθ4Ô

(2)
B0 e−iθ3Ô

(0,1)
M1 e−iθ2Ô

(2)
M0 e−iθ1Ô

(0)
M0 ,

acting on the nQ = 1 SC ground state, |SC; 3, 1, x = 0⟩, given in Eq. (A.20), with a third

8Such re-optimizations in the bulk of the sectors will become decreasingly significant with increasing
lattice subvolumes, as the fit parameters asymptotically converge to fixed-point values in a confining
theory [2, 150, 340, 341].
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index to denote the location of the heavy quark. As shown in Fig. 2.4, the first two layers

interleave operations on the L = 1 and L = 2 sections, followed by four layers acting on

the L = 2 section, and followed by two entangling layers at the boundary. As each layer is

applied, the fit angles from the individual sections provide starting points for further global

optimizations. The results of minimizing the infidelity of the wavefunction prepared with

the unitary transformation defined in Eq. (2.31), with respect to the exact wavefunction, are

shown in Table A.5. With the two layers of the L = 1 applied in parallel with the four layers

of the L = 2 region, followed by two layers to heal the boundary, an infidelity density below

0.5% is achieved. The ⟨Ẑj⟩ obtained with each layer are displayed in Fig. 2.5, and given

in Table A.6. The impact of optimization within each section is clear from the behavior

Figure 2.5: The ⟨Ẑj⟩ as a function of fermion site j, from |SC; 3, 1, x = 0⟩, through the 8

classically-optimized layers (corresponding to the application of the 10 operators in

Eq. (2.31), as shown in Fig. 2.4), through to the exact values from |I; 3, 1, x = 0⟩ for

mq = 0.1 and g = 1.0. The heavy quark is located at x = 0 in sites j = {0, 1}, and

j = {6, 7, 12, 13} correspond to unoccupied heavy-quark sites. The numerical values of the

results are given in Table A.6.

of the ⟨Ẑj⟩, which converge rapidly within each sector, but slower in the boundary region

j = {10, 11}.
The main reason that DDec is effective in this small system when combining the ground

states of the L = 2 and L = 1 sections as a first approximation to the L = 3 wavefunction
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is that the coupling, g = 1, is relatively strong, giving rise to short correlation lengths. This

implies that the boundary corrections are modest and easily captured. Approaching the

continuum limit, where g → 0, will require increasing spatial volumes to accommodate the

increasing correlation length(s).

Color Complexity

Because of the key role of color entanglement in non-Abelian systems, we further explore its

structure among the heavy quark and the light quarks, along with the quantum complexity

measured by stabilizer Rényi entropies (SRE) [168, 342–345]. Of particular interest is the

behavior of entanglement as a function of distance from the heavy quark to identify long-

range quantum correlations, for which we chose to compute the mutual information I
(0,x)
f ,

which contains both classical and quantum correlations, and the 4-tangle [346], τ (0,x)4f , for

f = q, q (light quarks and anti-quarks) separately.

The mutual information, I(0,x)f , between the heavy quark and light quarks or anti-quarks

at spatial site x is defined to be

I
(0,x)
f = S(ρ̂Q0 ) + S(ρ̂fx)− S(ρ̂Qf

0,x) , (2.31)

where ρ̂fx is the (4×4) reduced density matrix of fermion-type f at spatial site x, constructed

by ρ̂fx = Trrest[ρ̂]. ρ̂
Qf
0,x is the (16×16) reduced-density matrix from the pair of fermions, and

S(ρ̂) is the von Neumann entropy, S(ρ̂) = −Tr[ρ̂ log2 ρ̂]. The mutual information between

the heavy quark and light anti-quarks is similarly defined. The 4-tangle, τ (0,x)4f , between the

heavy quark at spatial site 0 and the light quarks (or anti-quarks) at spatial site x is defined

by matrix elements of the product Ŷ Qr
0 Ŷ

Qg

0 Ŷ fr
x Ŷ

fg
x ,

τ
(0,x)
4f = |⟨ψ|Ŷ Qr

0 Ŷ
Qg

0 Ŷ fr
x Ŷ

fg
x |ψ∗⟩|2 . (2.32)

Typically, sub-tangles among the contributing sites, such as τ (0,x)2q are also evaluated, but

these all vanish in this case.

Figure 2.6 displays the mutual information and 4-tangles among the heavy and light

quarks or anti-quarks as a function of spatial separation from the heavy quark, with numeri-

cal values given in Table A.7. As baryons preferentially screen the heavy-quark charges, the
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Figure 2.6: The mutual information (left panel, defined in Eq. (2.31)) and 4-tangle (right

panel, defined in Eq. (2.32)) between the heavy quark at x = 0 and the quarks and

anti-quarks at x = {0, 1, 2} in the L = 3 system with mq = 0.1 and g = 1.0. Numerical

values of the displayed points given in Table A.7.

mutual information and 4-tangle with quarks are significantly larger than with anti-quarks.

The decrease of entanglement with distance is consistent with exponential, as later confirmed

in large systems in Sec. 2.4.5. It is interesting to note that, in the variational wavefunction,

the non-zero x = 2 values, τ (0,2)4q and τ (0,2)4q , are only possible due to the boundary operators,

and would vanish in their absence.

A third quantity that we have examined is the quantum complexity, or quantum magic,

measured by the SRE, M2 [168, 342–345]. This provides a measure of the non-stabilizerness

of a quantum state [169, 170, 347], and how difficult it is for a classical computer to prepare

it. A non-zero value of an SRE indicates that a state lies outside of those preparable by the

Clifford gate set, and requires the inclusion of T-gates in quantum circuits. It has recently

been shown that the evolution of magic during Quantum Approximation Optimization Al-

gorithm (QAOA) presents a complexity barrier, as the magic increases then decreases as the

target state is approached with increasing numbers of unitary layers [348]. To search for a

complexity barrier in creating the ground states of the systems considered in this chapter,

we compute the magic at each layer of operators creating the L = 3, nQ = 1 ground state
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using DDec. For a system of N qubits, the SRE, Mξ, is defined as [168]

Mξ =
1

1− ξ
log2

 ∑
P̂∈P̂N

⟨ψ|P̂ |ψ⟩2ξ
2N

 , (2.33)

where P̂ is a string of Pauli operators, and the sum extends over all such Pauli strings for

N qubits, denoted by P̂N .9 The values of M2 for the L = 3 system as a function of the

variational layer are shown in Fig. 2.7 and given in Table A.5. One observes a monotonic

Figure 2.7: The M2 non-stabilizerness in the L = 3 wavefunction with mq = 0.1 and

g = 1.0 as a function of the number of variational layers for a heavy quark at x = 0.

Numerical values of the displayed points are given in Table A.5.

increase (within sampling uncertainties) in magic with increasing numbers of layers. The

increase in M2 plateaus toward layer-6, but jumps when layer-7 is included, corresponding

to the first boundary operator that joins the L = 2 and L = 1 regions. In contrast to

9For ξ = 2, and writing the wavefunction in terms of eigenstates of the Ẑ operator with eigenvalues ±1,
|ψ⟩ =

∑
σ cσ|σ⟩, the expression in Eq. (2.33) reduces to a 4-replica summation [349],

e−M2 =
∑

σ(1),σ(2),σ(3),σ(4)

cσ(1) cσ(2) cσ(3) cσ(1)σ(2)σ(3) c
∗
σ(1)σ(2)σ(4) c

∗
σ(1)σ(3)σ(4) c

∗
σ(2)σ(3)σ(4) c

∗
σ(4) , (2.34)

where products of σ(s) denote direct element by element multiplies. This expression provides a parametric
acceleration of evaluations in sparse wavefunctions, and is what we implemented in this chapter (via
statistical sampling). The summation in Eq. (2.33) scales as ∼ 4nQ for nQ qubits, independent of the
number of non-zero amplitudes contributing to |ψ⟩. The properties of the Pauli strings can be used to
greatly reduce the number of evaluations. In contrast, the summation in Eq. (2.34) scales as ∼ N 4

A, where
NA is the number of non-zero amplitudes.
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the QAOA observation, there is no evidence for a magic barrier in preparing the L = 3

wavefunction.

2.4.4 Moving Heavy Quarks

With the preparation of the ground state of the L = 3 system with a heavy quark complete,

we begin to explore the time evolution of the system after the heavy quark is moved from

x = 0 to x = 1.

Through the Lattice Vacuum

The exact (classically-determined) ground state of the L = 3 system is prepared with a

heavy-quark positioned at x = 0. At t = 0, the heavy-quark is instantaneously moved

from x = 0 to x = 1 via the FSWAP operations defined in Eq. (2.14). The system is then

evolved under the exact Hamiltonian in discrete time steps, but without Trotterization with

respect to the individual terms contributing to the Hamiltonian. Using the same Hamiltonian

parameters, g = 1.0 and mq = 0.1, and a time step of δt = 0.2, the different contributions to

Ĥ, as well as their sum, are computed as a function of time and are displayed in the left panel

of Fig. 2.8. The change of heavy-quark position at t = 0 by one spatial site injects energy

into the system, by increasing the energy in the gauge field (at that instant).10 The average

occupations of the quarks and anti-quarks, ⟨Ẑj⟩, are shown in the right panel of Fig. 2.8. As

expected, the responses of the quarks and anti-quarks closest to the heavy-quark’s position

are the most immediate and largest, while the responses at x = 2 are delayed by the speed

of light and suppressed by distance.

The time evolution of the entanglement between the heavy quark and the light quarks

or anti-quarks can also be explored. The 4-tangles of the initial state evolve with time, in

10In the infinite-volume and continuum limits, the magnitude of the discontinuity vanishes as g → 0 (a→ 0,
and the correlation length become infinitely large (in lattice units)), and with the boundaries infinitely
far away from the heavy-quark position(s), the net energy injected vanishes by Lorentz invariance. In
contrast, as considered in our previous work [122], in the presence of matter, the net injected energy will
not vanish, distributed into internal excitations and fragmented hadronic particles. The extent to which
the injected energy remains near the heavy quark in the form of stable hadronic excitation, or is radiated
into propagating color-singlet states requires simulations of larger systems, and both effects are expected
to vanish in the continuum and infinite-volume limits in the absence of a background medium.
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Figure 2.8: The left panel shows the expectation values of the components of the

Hamiltonian, and their total, as a function of time in the L = 3 system. At t = 0, the

heavy quark is instantaneously moved from x = 0 to x = 1. The right panels shows the

associated time evolution of the ⟨Ẑj⟩. The right-justified dashed lines correspond to the

values in the ground state with the heavy quark at x = 1.

such a way that in the continuum and infinite volume limits, the measures of entanglement

will become Lorentz invariant. That is to say, that the entanglement structure in the light

quarks is expected to move with the heavy quark (at constant velocity). The 4-tangles,

Figure 2.9: The 4-tangles of the light quarks and anti-quarks with the heavy quark. At

t = 0, the heavy quark is instantaneously moved from x = 0 to x = 1, and the definition of

τ4 changes from τ
(0,x)
4f to τ (1,x)4f The left panels shows the 4-tangle for the quarks, and the

right panel for the anti-quarks. The right-justified dashed lines correspond to the values in

the ground state with the heavy quark at x = 1, with numerical values given in Table A.8.

τ
(0,x)
4f (t), defined in Eq. (2.32) at t = 0 as discussed above, becomes τ (1,x)4f (t) after the heavy
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quark is moved from x = 0 to x = 1.

Figure 2.9 shows the time evolution of the quark and anti-quark τ4(t) for L = 3 com-

puted from the exact wavefunction(s). Given the initial configuration, we anticipate that

in the ideal, infinite-volume system, that the values for x = 0 and x = 2 should become

approximately equal, up to internal excitations and reflections from the boundaries, due to

the symmetry of the final state system.

In-Medium: Energy Loss and dE
dx

The L = 3 system, despite its limitations, permits a first exploration of the energy loss in the

presence of matter. To address this, and to estimate the instantaneous energy loss, dE/dx,

in these systems with matter present, we perform two classical simulations, following the

method presented in Ref. [122]. Two systems are prepared: the ground state of the system

with one heavy quark at x = 0, and that with two heavy quarks, one at x = 0 and the other

at x = 2. In each, the heavy quark is moved from x = 0 to x = 1 at t = 0 and then to

x = 2 and t = 5, the latter time being arbitrarily selected. The total energy of each system

is determined in the three time intervals, (t < 0, 0 ≤ t < 5 and t ≥ 5) from which the

difference between them can be translated into an estimator for dE/dx. The contributions

to the energy from components of the Hamiltonian, and the total energy as a function of

time are shown in Fig. 2.10. The total energies in the three intervals are

Evac = { 0, 0.5002, 0.8721} − 2.0806 , Emed = { 0, 0.5030, 1.2595} − 1.5485 . (2.35)

Estimates of dE/dx are determined by the differences in total energy between adjacent

plateaus, followed by a subtraction of the differences from moving in the lattice vacuum,

giving,

dE

dx

(vac)∣∣∣(∆t=5)

x=(1,0)
= 0.5002 ,

dE

dx

(vac)∣∣∣(∆t=5)

x=(2,1)
= 0.3719

dE

dx

(med)∣∣∣(∆t=5)

x=(1,0)
= 0.5030 ,

dE

dx

(med)∣∣∣(∆t=5)

x=(2,1)
= 0.7564 . (2.36)
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Figure 2.10: The contributions to the energy, and the total energy, in the L = 3 system, as

the heavy quark initially at x = 0 is moved to x = 1 at t = 0 and to x = 2 at t = 5. The

left panel shows the total energy in the motion across the vacuum, while the right panel

shows total energy in the presence of a second heavy quark at x = 2.

Combining these values gives,

⟨dE
dx

⟩
∣∣∣(∆t=5)

x=(1,0)
=
dE

dx

(med)∣∣∣(∆t=5)

x=(1,0)
− dE

dx

(vac)∣∣∣(∆t=5)

x=(1,0)
= 0.0028

⟨dE
dx

⟩
∣∣∣(∆t=5)

x=(2,1)
=
dE

dx

(med)∣∣∣(∆t=5)

x=(2,1)
− dE

dx

(vac)∣∣∣(∆t=5)

x=(2,1)
= 0.3846 . (2.37)

As the energy loss in the vacuum is entirely a lattice artifact, its subtraction from the

in-medium energy loss removes this leading unphysical contribution. These values show

the impact of the matter (heavy quark) located at x = 2 on the energy loss experienced

by the moving heavy quark. The truncations and approximations employed in this simple

calculation are significant, and simulations are not expected to provide robust estimates

of the true energy loss in the continuum theory. However, these results demonstrate the

potential utility of this method.

2.4.5 Large-L Tensor-Network Calculations

In order to go beyond lattice sizes limited by state vector simulations, we use tensor net-

work techniques to study the static and dynamical properties of systems with heavy quarks.

We represent the states as matrix product states (MPS), and use the density matrix renor-

malization group (DMRG) algorithm to prepare them in the correct sector, and the time

dependent variational principle (TDVP) algorithm to perform time evolution. This is im-
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plemented via the ITensor [350] and ITensorMPOContruction [351] packages. While for

ground-state preparation and static property studies a maximum bond dimension of 200

was sufficient (the variance ⟨ψ|Ĥ2|ψ⟩− ⟨ψ|Ĥ|ψ⟩2 was below 10−5), for time evolution it had

to be increased to 600. The real-time dynamics was found to be considerably harder to

simulate than the static properties.

Figure 2.11 shows the results obtained in a series of calculations performed on both the

vacuum state, |I, L, 0⟩, and the state with a heavy-quark positioned at the mid-point of

the lattice, |I, L, 1⟩, with L ∈ {1, 3, . . . , 21}. To observe how the light quarks screen and

confine the heavy quark, in Fig. 2.11(a), the difference of the charges of each quark and color,

measured by ⟨Ẑ⟩, between the state with and without a heavy quark, is shown. Since the

heavy quark is far away from the boundaries, a clean exponential decay in ⟨Ẑ⟩ is observed.

By positioning the heavy quark at the center of the lattice, the energy gap to the vacuum

state can be extracted with exponential convergence in lattice size, as shown in Fig. 2.11(b).

Despite working with OBCs, where 1/L volume effects are present for typical quantities, this

leading contribution cancels in the difference, as the heavy quark (and the screening light

quarks) are sufficiently far from the boundaries. This exponential decay of correlations is

also seen in the mutual information and 4-tangles as a function of distance from the heavy

quark. The 4-tangles τ (xQ,xQ+x)
4f (f = q, q̄), given in Eq. (2.32), are shown in Fig. 2.11(c)

for a selection of (large) lattice volumes as a function of (spatial) distance to the heavy

quark. As lattice volumes increase, the correlation lengths converge. Figure 2.11(d) shows

the M2/L SRE densities for both vacuum and heavy-quark states, computed via the perfect

Pauli sampling method [343, 352] using 2000 samples. These densities are seen to converge

with increasing volume, consistent with the heavy hadron having only limited spatial support

on the lattice. For the small L values, as explained in Ref. [353], systems with OBCs should

display a logarithmic dependence of M2 with L, and that is case, as seen in Fig. 2.11(d).

Finally, we compute the associated energy differences when one heavy quark is moved

across the lattice in the presence of a second heavy quark. Figure 2.12 shows the initial

charge distributions and time-dependent energies as one heavy quark is moved to adjacent

spatial sites at regular time intervals, ∆t = 4, for an L = 11 lattice.

Panels (a) and (b) show the results obtained without the second heavy quark, where any
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Figure 2.11: Static properties of the system with and without a heavy quark at the center

of the lattice, with mq = 0.1 and g = 1.0 for large systems. (a) The difference in the

distribution of charges between the state with a heavy quark in the middle and the vacuum

state, with L = 15. (b) The energy difference with the vacuum as a function of the extent

of the lattice L, reaching a plateau value of the infinite-volume gap. This is consistent with

the expected exponential convergence of the mass of a single heavy meson with increasing

lattice volume. (c) The 4-tangles for quarks and anti-quarks, τ (xQ,xQ+x)
4q and τ (xQ,xQ+x)

4q , for

a series of L, where the position of the heavy quark xQ is at the middle of the lattice,

displaying the exponential decay of correlations. The points for the anti-quarks have been

shifted to the right for clarity. (d) The M2/L SRE densities for both vacuum and

heavy-quark states as a function of L. The convergence is due to the heavy-quark

wavefunction having support over a limited number of lattice sites.

shift in energy is due to lattice artifacts (broken Lorentz symmetry). Similarly, panels (c) and

(d) show these quantities in the presence of a second heavy quark, where a difference in energy

loss due to the collision is observed. With vacuum and single-heavy quark contributions

removed, panel (e) shows ⟨∆Ĥtotal⟩ for the two heavy-quark system as a function of time,
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Figure 2.12: Time evolution of the system with one and two heavy quarks, with mq = 0.1,

g = 1.0 and L = 11. Panel (a) shows the initial charge distribution for a single heavy quark

at x = 3, and panel (b) shows the time evolution of the total energy and individual terms

of the Hamiltonian as the charge is moved one site every ∆t = 4 (dashed vertical lines).

Panel (c) shows the initial charge distribution with two heavy quarks, at x = 3 and x = 5.

(d) Same as (b), but moving the heavy quark initially at x = 3, with another heavy quark

static at x = 5. (e) The difference in the energy contributions to the systems with and

without a second heavy quark, defined in Eq. (2.38).

defined as

⟨∆Ĥtotal⟩ = ⟨Ĥtotal⟩|nQ=2−⟨Ĥtotal⟩|nQ=1, x(0)=3−⟨Ĥtotal⟩|nQ=1, x=5+⟨Ĥtotal⟩|nQ=0 , (2.38)

where ⟨Ĥtotal⟩|nQ=2 refers to the total energy of the system with both heavy quarks, and

⟨Ĥtotal⟩|nQ=1, x(0)=3 refers to the energy with one moving quark starting at x = 3. Both

⟨Ĥtotal⟩|nQ=2 and ⟨Ĥtotal⟩|nQ=1, x(0)=3 are time dependent, depending upon the location and

speed of the moving heavy quark. ⟨Ĥtotal⟩|nQ=1, x=5 refers to the energy with a static heavy

quark at x = 5, and ⟨Ĥtotal⟩|nQ=0 refer to the energy of the vacuum, both independent of

time. This difference between calculated energies removes the leading-order lattice artifacts,

and would vanish if there were no interactions between the heavy mesons.
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2.5 Quantum Simulation of SU(2) in 1+1D

This section presents the methods, circuits and error-mitigation techniques that we have

used to perform quantum simulations of dynamics in the system described above on three

physical sites L = 3 (which maps to 18 qubits), and the results we have obtained using IBM’s

heron processor quantum computer ibm_pittsburgh. The ground state of the system with

a heavy quark present is first prepared via ADAPT-VQE and DDec, then the heavy quark

is translated to an adjacent physical site by FSWAP operations. After translation, the state

is time-evolved with the system Hamiltonian to simulate the dynamic response of the light

quarks. The quantum circuits are designed with the objective of minimizing CNOT depth

and count in the context of nearest-neighbor connectivity, as applicable to superconducting-

qubit architectures. A resource analysis, including the scaling of circuit resources with

regard to the number of physical sites and time evolution steps, is discussed. We measure

the associated charge distributions and energy losses using IBM’s ibm_pittsburgh, and

compare with classically calculated results.

2.5.1 Algorithms, Techniques and Quantum Circuits

There are two types of operators involved in the state preparation and time evolution:

those with two σ̂±s, with −Ẑs inserted in between to accommodate the fermion-exchange

anti-symmetry, and those with four σ̂±s. In the two σ̂±s case, the form (σ̂−Ẑnσ̂+ − h.c.)

is used in the meson operators in state preparation (to furnish real wavefunctions), while

(σ̂−Ẑnσ̂+ + h.c.) is used in time evolution from the kinetic term. Operators with four σ̂±s

can be implemented using GHZ transformations, as presented in Refs. [262, 354]. Baryon

operators of the form σ̂+σ̂+σ̂−σ̂−−h.c. are used in state preparation, and those of the form

σ̂+σ̂−σ̂−σ̂+ + h.c. are used in time evolution from the gauge Hamiltonian, implemented

by GHZ transformation circuits. The GHZ transformation used to implement the gauge

Hamiltonian evolution is also used in measuring the energies.
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R-box Constructions

Building upon the work in Refs. [2, 150, 338], the circuits for operators with two σ̂±s can be

implemented for nearest-neighbor connectivity with two-qubit blocks, referred to as R-boxes,

defined as

RXY
± (θ) ≡ e−i θ

2
(Ŷ X̂±X̂Ŷ ) , RXX

± (θ) ≡ e−i θ
2
(X̂X̂±Ŷ Ŷ ) . (2.39)

Circuits for implementing these building blocks are shown in Fig. 2.13(a), and the shorthand

notation we will use to represent them in subsequent (larger) circuits are given in Fig. 2.13(b).

These R-boxes can be sequentially layered to implement long-ranged operators in the form

of e−iθ(σ̂±Ẑnσ̂∓±h.c.), examples of which are given in App. A.5.

Figure 2.13: Panel (a) shows the circuits implementing RXY
± and RXX

± (θ), and panel (b)

shows the shorthand notation that will be used in subsequent (composite) circuits.

State Preparation

A few steps are taken to prepare the ground state of the interacting theory in the presence of

a heavy quark. First, the SC ground state is prepared, as given in Eq. (2.11) for one spatial

site, and Eqs. (A.15) and (A.20) for L = 2 and L = 3 sites, respectively. The corresponding
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circuit to prepare the SC ground state for the spatial site with the heavy quark is given by

|Qr⟩ X

|Qg⟩ X X

|qr⟩ X H

|qg⟩ X

|q̄r⟩

|q̄g⟩

(2.40)

with the remaining L− 1 spatial sites are prepared with X̂X̂X̂X̂ÎÎ acting on |0⟩⊗6(L−1).

DDec is used to prepare the interacting ground state from the SC ground state, as

discussed in Sec. 2.4.3. For each lattice segment of length li, classical ADAPT-VQE is

used to establish the sequence of unitary operators and their corresponding coefficients that

prepare the ground state with fidelity greater than a prescribed value. The lengths of these

lattice segments should ideally be chosen to be larger than the longest correlation length in

the theory. After each lattice segment is optimized by minimizing the energy, the ground

state of the full system is established by first applying the operators responsible for preparing

each segment, then addressing the interactions and boundary effects between segments by

applying operators across each boundary. The coefficients of each of the operators are re-

optimized at each stage of “the build” for the full ground state. Because of the translation

symmetry of regions of the state when far from the heavy quark, scalable operators can be

implemented in these sections of the lattice.

Preparing the interacting heavy-quark ground state from the SC heavy-quark ground

state differs from preparing it from the interacting vacuum. That is because the segment

containing the heavy quark is distinct from the vacuum, requiring a different operator se-

quence and set of angles to accommodate modifications to the light-quark wavefunction

within correlation lengths of the heavy quark. The same operator pool with the meson and

baryon operators can be used to prepare the interacting vacuum and heavy-quark states

from their corresponding SC states, but the operator sequences selected by ADAPT-VQE

are different.

Collecting the results from Sec. 2.4, a general operator in the state preparation operator
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pool is a color singlet with significant overlap with states in the hadronic spectrum, i.e.,

a set of interpolating operators. This translates into a pool of relatively local meson and

baryon operators (with size set by the confinement scale). These operators have their fermion

operators separated by a modest number of sites, with the impact of the latter suppressed

by the confinement scale. A set of interpolating meson operators that is found to be effective

as circuit elements is (compiled from Eqs. (2.19), (2.25) and (2.29)):

ÔM0 ≡ (X̂ẐŶ − Ŷ ẐX̂)Î + Î(X̂ẐŶ − Ŷ ẐX̂) ,

ÔM1 ≡ (Ŷ Ẑ3X̂ − X̂Ẑ3Ŷ )Î + Î(Ŷ Ẑ3X̂ − X̂Ẑ3Ŷ ) ,

ÔM2 ≡ (X̂Ẑ7Ŷ − Ŷ Ẑ7X̂)Î + Î(X̂Ẑ7Ŷ − Ŷ Ẑ7X̂) , (2.41)

where it is understood that the X̂, Ŷ act on the light quarks and anti-quarks only. ÔM0

acts on rr̄ and gḡ on the same physical site, ÔM1 acts on r̄r and ḡg on two neighboring

sites, and ÔM2 acts on rr̄ and gḡ also on two neighboring sites. Note that ÔM1 has the

opposite relative sign from ÔM0 and ÔM2 because of the number of Ẑs it encounters when

constructed from an operator commuting with the mass term. The implementation of the

ÛMd = e−iθÔMd circuits can be found in App. A.5. In terms of entangling gates, ÛM0 has

depth 6 with a total number of 8 CNOT gates, ÛM1 has depth 14 with a total number of 28

CNOT gates, and ÛM2 has depth 26 with a total number of 60 CNOT gates.

The fundamental local baryon operators that create baryon-anti-baryon pairs on the

same spatial site and separated by one spatial site are,

ÔB0 = 4i(σ̂+σ̂+σ̂−σ̂− − h.c.) , ÔB1 = −4i(σ̂+σ̂+Î2σ̂−σ̂− − h.c.) . (2.42)

The circuit for exp(−iθÔB0) is shown in Fig. 2.14, and exp(−iθÔB1) can be implemented

with two additional qubits in the middle. Additional discussions can be found in App. A.5.

The CNOT depth of ÛBd on an all-to-all connected quantum device (all-to-all CNOT depth)

is 14.

With the fundamental building blocks of the circuits established, the overall sequence of

state preparation operators can be developed. As described before, for notational clarity and

specificity, an argument (x) is added to Ô (for example, O(x)
M0) to indicate the physical site

the operator acts on (and (x, y) if the operator acts on two sites). The classical optimization
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Figure 2.14: A circuit implementing e−iθÔB0 , given in Eq. (2.42), where G and G†

implement a GHZ transformation. Additional details about constructing this circuit can be

found in App. A.5.

of the sub-lattice operators and the implementation of DDec is detailed above Sec. 2.4.3.

We repeat elements of that discussion for completeness. As sketched in Fig. 2.4, preparing

the Q = 1 ground state on the x = 0, 1 spatial sites of the L = 3 lattice with sub-percent

precision is accomplished by,

|ψ1⟩ = e−i(−0.2000)O
(0)
M0e−i(0.0407)O

(0,1)
B1 e−i(0.0196)O

(1)
B0

e−i(0.1820)O
(1)
M0e−i(0.2642)O

(0,1)
M1 e−i(0.3802)O

(0)
M0 |SC, 3, 1⟩ ,

(2.43)

with the fit angles given in Table A.3. The Q = 0 ground state on the x = 2 site is

accomplished by

|ψ2⟩ = e−i(0.0270)O
(2)
B0e−i(0.2200)O

(2)
M0 |ψ1⟩ , (2.44)

and sewing the two segments together to furnish the L = 3 ground state with nQ = 1 is

accomplished using

|ψf ⟩ = e−i(−0.0995)O
(1,2)
M2 e−i(0.2314)O

(1,2)
M1 |ψ2⟩ . (2.45)

The all-to-all CNOT depth of the state-preparation circuit is depth 2 for the SC vacuum

(with 3 CNOT gates) for a lattice of any size, is depth 50 for the DDec of the L = 2 sublattice

with cancellations and depth 20 for the L = 1 sublattice (which can be performed in parallel).

The boundary operators require an additional depth of 38, which can be partially performed

in parallel. The total all-to-all CNOT depth for state preparation of the L = 3 system with

nQ = 1 is depth 72.
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Heavy-Quark Translation and Time Evolution

To provide examples of the circuits that can implement the motion of heavy quarks, we

move a heavy quark from the first physical site to the second using FSWAP operators with

−Ẑs inserted in the middle for fermion anti-symmetry. Expression of the FSWAP operator

for a single color is given in Eq. (2.14). The R-box constructions analogous to those used for

state preparation can be used to implement this motion. For nearest-neighbor connectivity,

the FSWAP circuit CNOT-depth is 22. Figure 2.15 shows the composite quantum circuit

Figure 2.15: Circuits to implement the spatial translation of a heavy quark between

adjacent spatial lattice sites using FSWAP circuits. The θs appearing in circuit elements

take the value of −π/2.

that implements motion of a heavy quark, where SU(2) symmetry is used to compress the

depth of the circuit. Construction details can be found in App. A.5.

After translating the heavy quark by one spatial site, the state is time evolved with a

Trotterized Hamiltonian. Implementation of the mass term is straight forward, as it is a

product of single-qubit Z-rotations:

Ûm,q(t) = e−i
tmq
2

Ẑj = RZ(tmq) : quarks ,

Ûm,q(t) = e+i
tmq
2

Ẑj = RZ(−tmq) : antiquarks . (2.46)

For a given spatial site, these evolution operators are implemented by the circuit shown in

Fig. 2.17. As these are single-qubit gates, they do not contribute to the depth of the circuit.

We have not included the time evolution of mass Hamiltonian associated with the heavy
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quark sites. As their kinetic term is not included, their mass terms add only an overall

phase to the wavefunction that is position independent.

The kinetic terms correspond to two types of operators, those with one Ẑ in the middle

(denoted Ĥk0) and those with three (denoted Ĥk1), as given in Eq. (2.47),

Ĥk0 ≡ (X̂ẐX̂ + Ŷ ẐŶ )⊗ Î + Î ⊗ (X̂ẐX̂ + Ŷ ẐŶ ) ,

Ĥk1 ≡ (X̂Ẑ3X̂ + Ŷ Ẑ3Ŷ )⊗ Î + Î ⊗ (X̂Ẑ3X̂ + Ŷ Ẑ3Ŷ ) . (2.47)

Ĥk0 acts on rr̄ and gḡ on the same physical site, while Ĥk1 acts on r̄r and ḡg on two

neighboring sites. When acting on the same spatial sites, Ĥk0 and Ĥk1 do not commute.

An additional site label (x) is included to indicate which site the operator acts on. The

complete kinetic circuit is implemented using first order Trotterization, where a layer of Ĥk0

evolution is first applied, followed by Ĥk1 evolution, as given in Eq. (2.48),

e−itĤk → exp

(
i
t

4

L−1∑
x=0

Ĥ
(x)
k0

)
exp

(
i
t

4

L−2∑
x=0

Ĥ
(x,x+1)
k1

)
. (2.48)

Time evolution by Ĥk0 is implemented by a circuit with a two-qubit depth of 6, while

evolution by Ĥk1 is implemented by a circuit of depth 14. The leading-order Trotterized

kinetic-energy evolution operator acting on three physical sites is shown in Fig. 2.17. This

can be straightforwardly generalized to larger systems, as well as higher order Trotterizations.

The contribution from the energy in the chromo-electric field can be usefully expressed

in its symmetric form. Making use of the lattice having overall vanishing color charge, the

chromo-electric field at each of the sites can be obtained symmetrically from both ends of the

lattice (similar to the construction in App. A.2 for L = 2, and the general case in App. A.8).

Using

E
(a)
0 = Q̂(a)

0 + Q̂(a)
1 , E

(a)
1 = E

(a)
0 + Q̂(a)

2 , starting from the n = 0 site ,

E
(a)
5 = Q̂(a)

8 , E
(a)
4 = E

(a)
5 + Q̂(a)

6 + Q̂(a)
7 , E

(a)
3 = E

(a)
4 + Q̂(a)

5 ,

starting from the n = 8 site , (2.49)
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provides for the chromo-electric component of the Hamiltonian to be expressed as

Hg =
g2

2

∑
a

[
2Q̂2

0 + 2Q̂2
1 + Q̂2

2 + 4Q̂0Q̂1 + 2Q̂0Q̂2 + 2Q̂1Q̂2

+ 2Q̂2
6 + 2Q̂2

7 + 3Q̂2
8 + 4Q̂6Q̂7 + 4Q̂6Q̂8 + 4Q̂7Q̂8

+Q̂2
5 + 2Q̂5

(
Q̂6 + Q̂7 + Q̂8

)]
. (2.50)

where the generator indices a have been suppressed in Eq. (2.50) for simplicity. The distinct

structures given in Eq. (2.50), acting on r-g pairs, can be implemented by the two general

operators∑
a

(
Q̂(a)

n

)2
=

3

8

(
Î − Ẑ2nẐ2n+1

)
,

∑
a

Q̂(a)
n Q̂(a)

m =
1

16

(
Ẑ2n − Ẑ2n+1

)(
Ẑ2m − Ẑ2m+1

)
+

1

2

(
σ̂+2nσ̂

−
2n+1σ̂

−
2mσ̂

+
2m+1 + h.c.

)
,

(2.51)

where (Q̂(a)
n )2 corresponds to single-staggered-site contributions, while Q̂(a)

n Q̂(a)
m corresponds

to contributions from different staggered sites. Same-site interactions contain only ẐẐ op-

erators and can be implemented straightforwardly. Interactions between different staggered

sites can be implemented efficiently using a GHZ transformation [264].11 The operator order

from left to right correspond to circuit wires from top to bottom.

σ̂+σ̂−σ̂−σ̂+ + h.c. =
1

8

[
X̂X̂X̂X̂ + X̂X̂Ŷ Ŷ + X̂Ŷ X̂Ŷ − X̂Ŷ Ŷ X̂ (2.52)

−Ŷ X̂X̂Ŷ + Ŷ X̂Ŷ X̂ + Ŷ Ŷ X̂X̂ + Ŷ Ŷ Ŷ Ŷ
]
,

Ĝ† (σ̂+σ̂−σ̂−σ̂+ + h.c.
)
Ĝ =

1

8

[
−ẐẐẐÎ − ẐẐÎẐ + ÎẐẐẐ + ÎẐÎ Î

−ẐẐẐẐ − ẐẐÎ Î + ÎẐẐÎ + ÎẐÎẐ
]
. (2.53)

Additionally, the ẐẐ interactions between staggered sites can also be transformed into a

GHZ basis. The ẐẐ operators in a GHZ basis on four qubits are12(
Ẑ0 − Ẑ1

)(
Ẑ2 − Ẑ3

)
= Ẑ0Ẑ2− Ẑ0Ẑ3− Ẑ1Ẑ2+ Ẑ1Ẑ3 = G(Ẑ0− Ẑ3− Ẑ2)G†+ Ẑ1Ẑ3 . (2.54)

11The GHZ transformation G used here is to be distinguished from the GHZ transformation G use earlier
in the state preparation circuits. They facilitate the same goal of implementing a target operator by
transforming the basis of efficient circuits in the computational basis. Since the target operators in state
preparation and time evolution have different forms, the GHZ transformations are slightly different
12Note that one four-qubit GHZ transformation can only transform three ẐẐ operators into a single Ẑ, so
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The associated quantum circuits for G, G†, and for the two types of interactions, are given

in Fig. 2.16. The two-qubit orange circuit element has depth 2, and each four-qubit pink

circuit element has depth 16. The total depth of the Trotterized time-evolution operator

Figure 2.16: Circuit elements implementing evolution by the chromo-electric Hamiltonian,

given in Eqs. (2.50) and (2.51). The orange elements implement single-site contributions,

while the pink implements contributions from different spatial sites.

implementing the chromo-electric Hamiltonian (without optimization) is 78, as shown in

Fig. 2.17. This does not include truncations of the chromo-electric contributions made pos-

sible by confinement [2], as the chromo-electric Hamiltonian is symmetrically implemented,

and interactions act on a maximum of two spatial sites. We perform a second order Trot-

terization, where each step of the time evolution is

U2(t) = e−i t
2
Ĥk1e−i t

2
Ĥk0e−itĤme−itĤge−i t

2
Ĥk0e−i t

2
Ĥk1 . (2.55)

Combining all of the contributions and without optimization, the total two-qubit gate depth

of the circuit implementing one application of the complete second Trotterized time-evolution

operator is

depth = 20 (Kinetic)× 2 + 0 (Mass) + 78 (Gauge) = 118 . (2.56)

one of the four remains untransformed. In the SU(3) case, all the ẐẐ operators can be absorbed into the
GHZ basis because there are

(
3
2

)
= 3 sets of 4-qubit GHZ transformations and 3 × 3 = 9 ẐẐ operators.

The ratio between the number of ẐẐ operators and GHZ transformations is 3, the maximum number that
can be absorbed. In the SU(2) case, there are

(
2
2

)
= 1 set of 4-qubit GHZ transformations and 2× 2 = 4

ẐẐ operators. The ratio between the number of ẐẐ operators and GHZ transformations is 4.
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Figure 2.17: A quantum circuit implementing the terms involved in a Trotterized time

evolution. The left-most block implements the mass terms, given in Eq. (2.46). This is

followed by the blocks related to the kinetic-energy operators, given in Eq. (2.48). The

angle defining the circuit elements, given in Fig. 2.13, is given by θ = t/2. Finally, the

right-most block implements the complete chromo-electric contribution to the Hamiltonian

(without optimization), given in Eqs. (2.50) and (2.51). The orange and pink circuit

elements are defined in Fig. 2.16, and the black dots on the pink elements indicate the

engaged qubits.

Since some parts of the circuits can be performed in parallel, the actual depth is 112. When

performing multiple second-order Trotter steps, the e−i t
2
Ĥk1 terms between consecutive steps

can be combined. Therefore, the steps after the first one are shallower by the depth of

e−itĤk1 (102 compared to 112). An analysis of the systematic errors in first- and second-

order Trotterization can be found in App. A.6.
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2.5.2 Resource Projection and Mapping to Device

The scaling of quantum resources is considered with respect to two simulation parameters,

increasing the lattice size and increasing the number of Trotter steps in the time evolution

(which permits a simulation to reach longer times with limited systematic errors). On the

axis of increasing the number of Trotter steps, state preparation is not impacted, and as

each step of the time-evolution circuit has the same depth, the total depth of the time

evolution grows as O(n) where n is the number of steps. For increasing the system size, the

circuit depth for initial state preparation depends on the imposed constraints. It remains

constant when the heavy quark is initialized near a boundary with a short correlation length,

but increases when higher precision or longer-range correlations are required. The depth

of each step of the Trotterized time evolution is affected differently by each term in the

Hamiltonian. For the mass and kinetic terms, increasing the number of spatial lattice sites

does not increase the depth of circuit elements required to implement one Trotter step.

However, the contribution from the chromo-electric term requires more attention because

of its naive all-to-all connectivity. To permit scalable simulation, the chromo-electric term

needs to be truncated at a distance determined by the confinement scale, introducing an

additional, but exponentially small, truncation error.

For transpilation to a target device, the circuits are adapted to the native gate set and

the connectivity of the device. Our target device is IBM’s ibm_pittsburgh with a heavy-hex

connectivity. Each CNOT gate is transpiled to a CZ gate plus single qubit rotations, so they

are equivalent in the consideration of two-qubit-gate count. To optimize the depth of the

transpiled time-evolution circuit, in particular the gauge term, we use the layout displayed

in Fig. 2.18, where the last qubits have been rearranged. This is not necessarily the layout

that gives the shallowest possible depth, since the goal is not to over-optimize this 18 qubit

system. The qubits in Fig. 2.18 were selected by imposing a maximum error in the CZ gate

of 0.005 on ibm_pittsburgh with a median CZ error of 0.0017. The resource requirements

for each component of the simulation (state preparation and time evolution) are shown in

Table 2.1. Further details, such as CZ depth distribution across the lattice, can be found in

App. A.6.
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Figure 2.18: Qubit layout of the L = 3 system on ibm_pittsburgh.

Term CZ All-to-All CZ transpiled

Strong Coupling 2 2

VQE Layers 70 126

Fermionic SWAP 22 22

Time Evolution 112 254

Total 182 398

Additional time step 102 248

Table 2.1: Quantum resource requirements (entangling gates) for preparing the initial

states and for time evolution. The transpiled requirements are for the fixed qubit layout

shown in Fig. 2.18. The total resource requirements are less than the sum of the listed

components because some of the operations can be performed in parallel.

2.5.3 Results from Quantum Simulations

A suite of state preparation and time evolution circuits, along with the associated error-

mitigation circuits, that have been detailed in previous sections, were implemented with



59

IBM’s qiskit [9] and executed on IBM’s quantum computer ibm_pittsburgh. The results

of these simulations were analyzed classically with standard statistical techniques using

python, julia and Mathematica. We focus on two observables related to heavy-quark

motion: charge distribution and energy loss.

Charge Distribution

An initial state of the L = 3 (nqubits = 18) system using Hamiltonian parameters mq = 0.1

and g = 1.0 was prepared with a heavy quark residing on the x = 0 spatial site. The heavy

quark is then moved to the x = 1 spatial site and the system is time evolved forward to

t = 1.0 using a single second-order Trotter step. Several error mitigation methods were

applied to compensate for the noisy hardware. Pauli twirling [199] was performed around

the entangling gates, with 64 distinct twirled circuits for the production runs. Dynamical

decoupling [196, 198] and measurement mitigation [200] were applied through the qiskit [9]

Estimator primitive. To remove the remaining bias due to incoherence of the device, we apply

operator-decoherence renormalization (ODR) [150, 202, 203]. For that, we ran two types of

circuits: the “physics” circuit that implements the process of interest, and two “mitigation”

circuits. The mitigation circuits are set up such that they share the same structure as

the physics circuits, but are easy to simulate classically in that they only contain Clifford

circuits. In the state preparation, the non-Clifford angles in the rotation gates13 are set

to θmit = 0, π/2. In the time evolution, the mitigation circuits evolve the system forward

then backward in time such that there is no change in an ideal simulation.14 With these

quantities, the rescaling factor to compensate for the decoherence can be computed:

ηÔ =
⟨Ô⟩mit

meas

⟨Ô⟩mit
pred

→ ⟨Ô⟩physicspred =
⟨Ô⟩physicsmeas

ηÔ
, (2.58)

where the “meas” observable is the quantity extracted from the noisy device, and “pred” is

the noiseless prediction.

13The gates RXY
± (θ) and RXX

± (θ) with θ = ±π
2

in Fig. 2.13 do not get modified for the mitigation circuits.
14For one step of second-order Trotterized time evolution, the mitigation circuit becomes

ei
t
2
Ĥk1ei

t
2
Ĥk0e−i0Ĥme−i0Ĥge−i t

2
Ĥk0e−i t

2
Ĥk1 . (2.57)
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The quantum circuits were transpiled to run on IBM hardware. For each twirl of each

type of circuit, 4096 measurements (shots) of ⟨Ẑj⟩ were performed in the computational

basis. For each qubit, we obtain three results (one from the physics circuit, and two from

the mitigation circuits), each for a total of 64 twirls. For the mitigation circuits, ⟨Ẑj⟩mit
pred is

expected to take three values, {−1, 0, 1}. The reason we chose to run two different mitigation

circuits, is that with each of the mitigation circuits, some of the observables can take the

value zero, incompatible with ODR. With the two choices of θmit selected, we have at least

one non-zero value for ⟨Ẑj⟩mit
pred. Measurements with |⟨Ẑj⟩mit

meas| < λmit
cut and |⟨Ẑj⟩physmeas| < λphyscut ,

are filtered out [2, 127]. Additionally, the inherent SU(2) symmetry of the system, which

requires that pairs of qubits within a staggered site to have the same value of ⟨Ẑj⟩, was used

to combined results for the r, g qubits. The median and (re-scaled) median-average-deviation

(MAD) were used as robust estimators of the predicted central value of ⟨Ẑj⟩ for each qubit,

along with its 68% confidence interval. The value of λmit
cut and λphyscut was set at 0.005, data

below which is considered unrecoverable for a circuit with ∼ 400 two-qubit-gate depth. The

results of this analysis are compiled in Table A.10, and displayed in Fig. 2.19.

The error-mitigated results obtained from ibm_pittsburgh are in good agreement with

expectations, despite a transpiled two-qubit-gate circuit depth of ∼ 400. The left panel of

Fig. 2.19 shows that there remain modest systematic errors that we have not identified, and

that ODR does not remove all of the errors introduced by ibm_pittsburgh during circuit

execution. Some of these errors can be attributed to the time of execution of the circuits,

where delay between device calibration and execution times can be significant. The right

panel displays the bootstrap distributions from 64 twirled samples for all the staggered sites

from the raw data. While for some of the results their {r, g}-averaged values come from

single peaked distributions, some come from non-trivial distributions, and in the worst case

a double peaked distribution, making the use of robust statistics important.

Energy Loss

Determining the energy loss during the motion of the heavy quark can be accomplished by

measuring the difference between the total energy immediately before and after translating
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Figure 2.19: Results obtained from ibm_pittsburgh for ⟨Ẑj⟩ in the L = 3 system. At

t = 0, the heavy quark is instantaneously moved from x = 0 to x = 1, then evolved forward

in time to t = 1.0 using one step of the second-order Trotterized time-evolution operator.

The SU(2) symmetry has been used to combine results for each red and green quark. The

left panel shows the expectation values of ⟨Ẑj⟩ before the heavy quark is moved; the right

panel shows the values at t = 1. The results are obtained using bootstrap resampling with

the median and MAD. The points with error bars correspond to the raw (orange circle)

and mitigated (blue line) results obtained from ibm_pittsburgh, while the gray bar

outlines are the expected results obtained using classical computing.

the heavy quark between adjacent spatial sites. Given that the time evolution circuit is

predominantly energy-preserving, and any small systematic errors are negligible, the post-

translation time-evolution step is unnecessary. As considered in Sec. 2.4.4, it is only the

energy in the gauge field that changes discontinuously during this process. Therefore, only

this component of the Hamiltonian needs to be evaluated. At the level of circuits, there are

well-established ways to determine the energy in a state. We choose to use a set of low-depth

entangling operations to transform modest sets of commuting operators contributing to the

Hamiltonian into the computational basis (with simultaneous transformations). These sets

of contributions are then individually evaluated probabilistically from measurements. As

only the chromo-electric energy is required to be evaluated, before and after translation of

the heavy quark, the same GHZ transformation used in the time evolution of the gauge term
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can be applied to transform σ±σ∓σ∓σ± into the computational basis for simpler measure-

ments. This transformation is implemented in quantum simulations by applying Ĝ† defined

in Fig. 2.16 to the final state wavefunction on the quantum computer, followed by mea-

surements in the computational basis. This circuit is applicable for any pair of quarks and

anti-quarks or quarks.15

To determine the difference in energy of the system when the heavy quark is moved from

x = 0 to x = 1, the only terms that need to be evaluated before and after are

∆Ĥg =
g2

2

∑
a

[
2(Q̂(a)

0 )2 + 4Q̂(a)
0 Q̂(a)

1 + 2Q̂(a)
0 Q̂(a)

2

]
,

=
g2

2

[
3

4
(1− Ẑ0Ẑ1) +

1

4
(Ẑ0 − Ẑ1)(Ẑ2 − Ẑ3) +

1

8
(Ẑ0 − Ẑ1)(Ẑ4 − Ẑ5)

+ 2
(
σ̂+0 σ̂

−
1 σ̂

−
2 σ̂

+
3 + h.c.

)
+
(
σ̂+0 σ̂

−
1 σ̂

−
4 σ̂

+
5 + h.c.

)]
,

=

3∑
i=1

Ô†
i (Ci · P̂i) Ôi , (2.59)

The expectation values of the operators in Eq. (2.59) vanish after the translation of the

heavy quark to x = 1 because Q̂(a)
0 |ψ⟩ = 0. Equation (2.62) gives the operators evaluated

on the final state, the list of Pauli operators, P̂i, and the list of their coefficients, Ci.

Ô1 = Î : P̂1 =
[
Î , Ẑ0Ẑ1, Ẑ0Ẑ2, Ẑ0Ẑ3, Ẑ1Ẑ2, Ẑ1Ẑ3, Ẑ0Ẑ4, Ẑ0Ẑ5, Ẑ1Ẑ4, Ẑ1Ẑ5

]
C1 =

g2

2

1

8
[+6,−6,+2,−2,−2,+2,+1,−1,−1,+1]

Ô2 = Ĝ†
01;23 : P̂2 =

[
−Ẑ0Ẑ1Ẑ3, Ẑ1Ẑ2Ẑ3, −Ẑ0Ẑ1Ẑ2, Ẑ1, (2.60)

−Ẑ0Ẑ1Ẑ2Ẑ3, Ẑ1Ẑ2, Ẑ1Ẑ3, −Ẑ0Ẑ1

]
C2 =

g2

2

1

4
[+1,+1,+1,+1,+1,+1,+1,+1]

Ô3 = Ĝ†
01;45 : P̂3 =

[
−Ẑ0Ẑ1Ẑ5, Ẑ1Ẑ4Ẑ5, −Ẑ0Ẑ1Ẑ4, Ẑ1, (2.61)

−Ẑ0Ẑ1Ẑ4Ẑ5, Ẑ1Ẑ4, Ẑ1Ẑ5, −Ẑ0Ẑ1

]
C3 =

g2

2

1

8
[+1,+1,+1,+1,+1,+1,+1,+1] . (2.62)

15In addition to this method, we have also explored the Hadamard test to assess its viability as an alternate
technique, see App. A.7. We find it to be inefficient.
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The implementation in qiskit involves three different circuit evaluations. Taking the differ-

ence between the summed estimators before and after the heavy quark translation provides

the energy loss from the translation. The operator structure in Eqs. (2.59) and (2.62) will

differ for computing the energy loss from heavy-quark translations between different adjacent

spatial sites on lattices of arbitrary length.

The energy transfer to the system due to the heavy-quark translating from x = 0 to

x = 1 was determined by running three different physics circuits, along with corresponding

mitigation circuits,16 on the quantum computer. As the last operator in the state preparation

circuit does not change the measurements, a shallower circuit, with a CZ depth of 109, is

used to measure the diagonal Pauli strings defined in Eq. (2.62).

In addition to the error mitigation methods applied in the charge distribution mea-

surements, zero-noise extrapolation (ZNE) [204–208] is employed through qiskit Runtime

options [9]. Noise factors-(1, 2, 3) are executed on the device, where the different noise factors

indicate the increase in circuit depth due to additional CZ gates (e.g., factor 1 is the original

circuit, and factor 3 has three times the CZ count of the original circuit). In post-processing,

and before performing ZNE of the raw data, we perform ODR for each noise level using the

32 sets of Pauli-twirled physical and mitigation circuits. These distributions are then linearly

extrapolated in the noise-factor to the point of zero noise, providing an error-mitigated esti-

mate of the quantity of interest. Computing the three contributions to the energy difference

given in Eq. (2.62), both with and without ZNE for the sake of comparison, gives,

⟨∆Ĥg⟩IBM
t<0 = 0.3715(16)− 0.7243(30)− 0.0314(04) = −0.3841(30) (ODR) (2.63)

⟨∆Ĥg⟩IBM
t<0 = 0.3491(19)− 0.7538(73)− 0.0390(07) = −0.4437(72) (ODR+ ZNE) ,

(2.64)

which are to be compared with the exact values, ⟨∆Ĥg⟩exactt<0 = 0.3314 − 0.7951 − 0.0421 =

−0.5058, obtained from a noiseless simulation of the quantum circuits. Combined with

⟨∆Ĥg⟩IBM
0<t<1 = 0, this result implies an energy loss of δ⟨∆Ĥg⟩IBM = +0.4437(72) due to the

16The mitigation circuits for the operators in P̂1 and P̂2 have the non-Clifford rotation angles set to 0,
while no mitigation circuits were run for P̂3. This is because, for generating the P̂3 mitigation circuits,
setting non-Clifford rotation angles to 0 or π/2 both result in 0 for noiseless predictions of observables,
incompatible with ODR.



64

translation of the heavy quark from x = 0 to x = 1. Further details about this determination

can be found in App. A.9. It is important to note the importance of combining ODR and

ZNE in obtaining a result from ibm_pittsburgh that is close to the expected value. This

is, in part, due to the modest cancellations among contributions to the sum, that magnify

the impact of the individual errors.

2.6 Summary and Conclusions

In this chapter, we have established a set of techniques that enable the real-time simulation of

energy-loss and hadronization in non-Abelian lattice gauge theories in 1+1D. As the action

of the non-Abelian charge operators generally transform any given state, the methods used

for such simulations in Abelian theories, including charges as discontinuities in Gauss’s law,

are inapplicable. To circumvent this problem, a non-dynamical heavy-quark field is included

as an explicit degree of freedom. With one light flavor of quark and anti-quark, and one

flavor of heavy quark, the 1+1D system with two colors can be mapped to a qubit register

with six qubits per spatial site. Motion of the heavy quark across the lattice is implemented

by fermionic SWAP operators, with the condition that only complete translations between

spatial sites are permitted, as anything different is incompatible with the time evolution of

the light quarks. This method introduces a further lattice-spacing artifact due to swapping

in the presence of other heavy quarks in the lattice (that mimics matter), which can be

mitigated at a subsequent time step. Domain decomposition is introduced as a scalable way

to prepare the (initial) ground state of a single heavy-quark positioned at one end of the

lattice (and generalizes to all initial locations). This permits the use to classical computing

to provide an approximation (large) sections of the ground state, which can be “stitched

together” on a quantum computer with localized boundary operators (due to confinement)

found by variational methods, which we demonstrate for the (small) L = 3 system. The

operator structures required for each step correspond to hadronic operators, both mesonic

and baryonic, defined by position and form factors. The challenges that are naively faced,

associated with color antisymmetry and entanglement, are naturally accommodated and

rendered irrelevant by working with such hadronic operator structures. For instance, a

heavy quark can be created in a total color singlet lattice by acting with a heavy-baryon
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operator or heavy-meson operator on the interacting vacuum state. This new understanding

also allows for generalization to systems with larger number of colors, or, as an example,

with background charges in the adjoint representation.

Through extensive classical simulations of small systems, we have developed the necessary

quantum circuits that can be scaled to arbitrarily large systems (made possible by trunca-

tions of the charge-charge operators enabled by confinement). Using IBM’s ibm_pittsburgh,

these circuits (with a transpiled circuit depth ∼ 400) have been used to perform simulations

of single heavy-quark displaced by once spatial site and time evolved forward using one

second-order Trotter step. With a full complement of error-mitigation strategies, includ-

ing Pauli-twirling, dynamic-decoupling, measurement twirling, ODR, and ZNE, results were

obtained that are in good agreement with classical expectations.

With all the elements in place to perform measurements of energy loss in non-Abelian

systems in 1+1D, there are a number of near-term directions to pursue. One direction is

to perform simulations on larger lattices, with the heavy quark initially located far from

the boundaries. This will permit a more robust implementation of domain decomposition

for initial state preparation. Further, it will allow for estimates of energy loss with reduced

systematic uncertainties, and changing the Hamiltonian parameters to decrease the lattice

spacing. Hadrons created by the motion of the heavy quark will have more time to propa-

gate before encountering the boundaries and reflecting back to the heavy quark, providing

an extended time interval to study the fundamental mechanisms without interference. A

second direction is to simulate energy loss and hadronization in the analogous SU(3) lattice

gauge theory. Heavy quarks can now be included in existing frameworks of 1+1D SU(3)

simulations [130, 249, 262–264]. Such simulations with one flavor of light quarks require

9 qubits per spatial site (rgb for the heavy and light quarks, and r̄ḡb̄ for the light anti-

quarks), and two-flavor simulations require 15 qubits per spatial site. A third direction,

which is less trivial and may require the development of additional techniques, is the ex-

tension to simulations in 2+1D and 3+1D. Significant progress is being made in evolving

quantum simulations of lattice field theories into 2+1D, with explorations in 3+1D in limited

cases [125, 133, 223, 225, 230, 249, 273, 274, 355–364]. Typically, these involve simulating

small volumes of the Kogut-Susskind Hamiltonian in the electric basis, with a significantly
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truncated gauge space, and without quantification of systematic errors. However, full sim-

ulations with both quarks and gluons remain to be performed. Such simulations are a

prerequisite for qualitative comparisons with experiment and observation, and for making

robust predictions in regimes where experiment is not possible.
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Chapter 3

DIGITAL MAPPING AND SIMULATION OF
THE FULLY GAUGE-FIXED SU(2) HAMILTONIAN

This chapter is associated with Ref. [365]: “Simulating Fully Gauge-Fixed SU(2)

Hamiltonian Dynamics on Digital Quantum Computers”

by Henry Froland, Dorota M. Grabowska, and Zhiyao Li
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3.1 Introduction

A key step toward realizing large-scale lattice gauge theory simulations on quantum hard-

ware is the development of efficient, physically-faithful representations of the formally in-

finite Hilbert space. The fundamental task is encoding the continuous gauge group into

discrete degrees of freedom that can be implemented on a quantum device. There exist

a variety of approaches that utilize group-theoretic constructions to address this task, in-

cluding group irreducible representation (irrep) bases [87, 222, 223, 246, 249, 355, 366–373],

group-element bases [360, 374–377], discrete subgroups [317, 320, 378–383], deformed gauge

groups [356, 384], and dual bases [229, 230, 385–388]. Each of these choices, however, presents

its own particular limitations, ranging from inefficiency at weak coupling, complications with

systematic improvement, and difficulties in making physically-accurate predictions. There-

fore, it is of vital importance to compare these various formulations, with a particular focus

on the resources necessary for extracting experimentally-relevant measurements.

A recently introduced basis, the mixed basis [360, 376], serves as a middle ground between

the irrep and group element representations of the gauge group. With the removal of gauge-

redundant degrees of freedom, as well as the use of a coupling-dependent digitization scheme,

this basis is believed to provide a resource-efficient formulation of SU(2) for all values of

the gauge coupling. This is of particular importance when extracting physical parameters

from numerical simulations, due to the necessary tunings of bare couplings to reach the

appropriate large volume continuum limits.

This chapter develops algorithms for simulating the real-time dynamics of the minimal

non-trivial example of a fully gauge-fixed SU(2)Hamiltonian: two plaquettes with open

boundary conditions. Sec. 3.2 provides a short review of gauge theory Hamiltonians and

gauge fixing. It also details the group element, mixed and character irrep bases, each of

which is optimized for distinct coupling regimes. Sec. 3.3 analyzes the mixed basis in de-

tail, presenting the corresponding digitization scheme and mapping of the Hamiltonian into

quantum circuits for time evolution. It also provides resource estimates for larger-scale sim-

ulations. Sec. 3.4 gives two different methods for translating the digitization into quantum

circuits that can be implemented onto Noisy Intermediate-Scale Quantum (NISQ)-era de-
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vices. Finally, Sec. 3.5 presents the results of a real-time simulation on ibm_fez, a 156

superconducting qubit chip. An in-depth explanation of the various error-mitigation strate-

gies that are utilized in order to extract results from the noisy quantum simulation is also

presented. Finally, Sec. 3.6 discusses the implications of this chapter and proposes directions

for future work and extensions to larger system sizes.

3.2 Two Plaquette Hamiltonian

This section provides a concise overview of how to formulate lattice gauge theories using

maximal-tree gauge fixing [389], as well as how to remove the remaining global gauge trans-

formation. It also introduces several different bases that can be used to derive analytic

results for a wide range of (bare) coupling values. For a pedagogical review about formu-

lating gauge theories on the lattice and understanding gauge symmetries in the max-tree

construction, see Ref. [376]. Operators on the Hilbert space will generally be denoted with

a hat, however when the meaning is unambiguous, the hat will be omitted for readability.

3.2.1 Gauge Fixing Lattice Gauge Theories

The Kogut-Susskind Hamiltonian [390] is the starting point of this work. Written in terms

of electric field link operators and magnetic plaquette operators, the general form of a lattice

gauge Hamiltonian is

Ĥ =
g2

2a

∑
ℓ∈links

Ê2
ℓ +

1

2g2a

∑
p∈plaq.

Tr
[
2− P̂p − P̂ †

p

]
(3.1)

where each plaquette is constructed out of gauge link operators, g is the gauge coupling,

and a is the lattice spacing, usually set to the identity. Before introducing the commutation

relations of the operators that appear in this Hamiltonian, it is beneficial to understand how

these operators are related to the mathematics of Lie groups.

Typically, a gauge link operator is defined as the path-ordered Wilson line of the gauge

field,

Urs(ℓ) ≡
[
P exp

(
i

∫ n+ei

n
dxµAµ(x)

)]
rs

(3.2)
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Figure 3.1: Spectrum of the Two Plaquette System a) Two plaquette system with open

boundary conditions. The system contains seven links, numbered 1 through 7, with the

physical links denoted as κ = 1, 2. The magnetic degrees of freedom X̂1, X̂2 are associated

with each plaquette. The dashed lines that run around each plaquette denote the loops

used in the max tree gauge fixing procedure. b) Spectrum of the Hamiltonian for different

bare couplings. The solid lines show the solution obtained by FEM. The black dashed line

on the bottom shows the energy bound of Eq. (3.35). The grey lines denote the strong

coupling limit of the character irrep spectrum. This limit is found by ignoring the

contribution of the magnetic Hamiltonian, which is only valid when the gauge coupling is

large. c) Low-lying spectrum of the character irrep Hamiltonian in the strong coupling

limit. The first and fourth excited state are two-fold degenerate and each state is a linear

superposition of the stacked basis states. See Table B.3 for further details.
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where the gauge link ℓ(n, ei) originates at point n and extends in the direction ei and

r, s are color indices. The Hilbert space of this operator is the space of all square-integrable

wavefunctions L2(G, g) over the Lie group G with respect to the Haar measure dg. Therefore,

any gauge link operator can be written in the group element basis as

Ûrs(ℓ) ≡
∫
dgℓ urs(gℓ) |gℓ⟩ ⟨gℓ| (3.3)

where urs are the matrices that define the group elements in the fundamental representation.

The full Hilbert space is simply the tensor product of the local Hilbert spaces of each link.

The electric operators are also defined using the group element Hilbert space. In partic-

ular, the electric operators are responsible for translations in the space of group elements,

Θ̂Lh = eiϕ
a(h)Êa

L Θ̂Rh = eiϕ
a(h)Êa

R (3.4)

where ϕa(h) are parameters typically called normal coordinates, where a ∈ {1, . . . , dim(G)}.
The operators Θ̂ act on the group element basis states as

Θ̂Lh |g⟩ =
∣∣h−1g

〉
Θ̂Rh |g⟩ =

∣∣gh−1
〉
; (3.5)

since the left and right electric field operators act on states differently, both need to be

present for non-Abelian gauge theories.

The electric field operators satisfy the commutation relations[
Êa

L, Ê
b
L

]
= −ifabcÊc

L

[
Êa

R, Ê
b
R

]
= ifabcÊc

R[
Êa

L, Ê
b
R

]
= 0 (3.6)

and given that the left and right electric operators commute, they each furnish an indepen-

dent Lie algebra. Additionally, each electric operator has a commutation relation with the

gauge link operator [
Êa

L, Û
(r)
mn

]
= T

(r)a
mm′Û

(r)
m′n

[
Êa

R, Û
(r)
mn

]
= Û

(r)
mn′T

(r)a
n′n (3.7)

where r indicates the representation and is not summed over.

So far, there has been no mention of gauge invariance in this discussion, though all the

ingredients are now in place. For a theory that is gauge invariant, there exist states that
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are equivalent to each other; these states are related via gauge transformations. In deriving

the Kogut-Susskind Hamiltonian from the Wilson action, Weyl gauge is imposed. This is

an incomplete gauge-fixing condition and purely spatial gauge transformations still remain.

A gauge transformation Ω at the lattice site n is performed by applying the operator

Θ̂Ω(n) ≡ exp
(
iϕa(Ω)Ĝa(n)

)
(3.8)

where Ĝa is the Hermitian operator

Ĝa(n) =
d∑

i=1

[
Êa

R(n− ei, ei)− Êa
L(n, ei)

]
(3.9)

and is commonly called the Gauss Law operator. When this operator acts on any state in

the physical subspace,

Ĝ(n) |Ψphys⟩ = 0 ∀n (3.10)

is satisfied. It is important that these equivalent states are not treated as distinct. One pos-

sible approach for avoiding this is gauge-fixing, a method for choosing a single representative

state from each set of equivalent states.

Gauge fixing on a spatial lattice can be done systematically, without the need to solve the

Gauss law equation at each site. Instead, the residual spatial gauge transformations that are

still present after Weyl gauge-fixing are used to set certain gauge links to the identity. Every

time a gauge transformation is used to fix a specific gauge link, neighboring links are also

transformed. In two or more spatial dimensions, it is not possible to set all the gauge links

to the identity, which is consistent with gauge bosons being dynamical in these dimensions.

Ref. [389] showed that the largest set of gauge links that can be set to the identity are those

that make up a maximal tree.1 This convention removes all of the residual spatial gauge

transformations except for those at a single lattice site, which will be taken to be the origin.

This last spatial gauge transformation, which is a global gauge transformation, must be

treated differently. Once all the spatial gauge redundancy is fully removed, the resultant

Hamiltonian only spans the physical subspace and there are no more equivalent states.

1A maximal tree is a set of all gauge links such that if any additional link was added to the set, the lattice
would now contain a closed loop. See Ref. [376] for more details
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This process has been completed for SU(2) lattice gauge Hamiltonians in two- and three-

dimensions in Ref. [360, 376]. In the first work, the Kogut-Susskind Hamiltonian is gauge-

fixed using the maximal tree gauge fixing procedure and rewritten in terms of canonically-

conjugate operators, Êa
L,R(κ) and X̂(κ). The operators Êa

L,R(κ) are related to parallel-

transported electric link operators and X̂(κ) are related to parallel-transported gauge links;

both sets of operators are transported along a path P (κ). In terms of these variables, the

Hamiltonian is given by

ĤE =
g2

2a

∑
ℓ

 ∑
κ∈t+(ℓ)

Êa
L(κ)−

∑
κ∈t−(ℓ)

Êa
R(κ)

2

ĤB =
1

2g2a

∑
p

Tr

(
Î −

∏
κ∈p

X̂(κ)σ(κ)

)
+ h.c. (3.11)

where
∑

p and
∑

ℓ denotes sums over all plaquettes and all links of the lattice, t±(ℓ) is the

set of all physical links such that ℓ is contained in the path P as a positive/negative link and

σ = ±1, depending on whether the link is traversed in the positive or negative orientation.

The precise form of the Hamiltonian depends on the chosen max-tree and path convention;

physical results will be convention-independent.

In addition, Ref. [376] provides a group-element basis for constructing the Hilbert space

of the Hamiltonian of Eq. (3.11). Using the axis-angle representation of rotations in three-

dimensional space, each loop variable is represented by a two-dimensional matrix

X̂ =

 cos ω
2 − i cosϑ sin ω

2 −ie−iφ sinϑ sin ω
2

−ieiφ sinϑ sin ω
2 cos ω

2 + i cosϑ sin ω
2

 (3.12)

where the variables have ranges

ω ∈ [0, 2π], θ ∈ [0, π], ϕ ∈ [0, 2π] . (3.13)

The corresponding canonically-conjugate variables are given by

ÊR/L =
1

2

(
Σ̂± L̂

)
. (3.14)
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In axis-angle coordinates, L̂ is given by

L̂x = i

(
sinφ

∂

dϑ
+ cotϑ cosφ

∂

∂φ

)
L̂y = i

(
− cosφ

∂

∂ϑ
+ cotϑ sinφ

∂

∂φ

)
L̂z = −i ∂

∂φ
, (3.15)

which is simply the (conventional) angular momentum operator. The operator Σ̂ can be

written in terms of L̂ and the position vector η̂ as

Σ̂ = 2iη̂
∂

∂ω
+ cot

ω

2

(
η̂ × L̂

)
, (3.16)

where η̂ is the axis of rotation in three-dimensional space,

η̂ ≡ (sinϑ cosφ, sinϑ sinφ, cosϑ) . (3.17)

The operator Σ̂ is analogous to the boost operator of the Lorentz group. The commutation

relations of these two operators are [
L̂a, L̂b

]
= iϵabcL̂c[

Σ̂a, Σ̂b
]
= iϵabcL̂c[

Σ̂a, L̂b
]
= iϵabcΣ̂c , (3.18)

whereas the commutation relations for the Lorentz group operators have a relative minus

sign for the second and third commutation relation. The Haar measure for each link in this

basis is

dg = 4 sin2
ω

2
sinϑdω dϑ dφ (3.19)

The fixing of the last (global) gauge transformation is carried out in Ref. [360]. The key

insight of that work is that the Hamiltonian can be conceptualized as a system of rods all

connected together at the origin. The κth rod has length ωκ and its orientation is given by

the polar angle ϑκ and azimuthal angle φκ. Such a system can be written either in a lab-

frame coordinate system or in a body-frame coordinate system. An Euler rotation relates
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these two coordinate systems. In the lab-frame coordinate system, the location of each rod

is parameterized as in Eq. (3.17). This same configuration of rods can be written using

body-frame variables, coupled with an Euler rotation. The definition of the body frame is

arbitrary, but Ref. [360] chooses to define the ẑ axis of the body frame by aligning it with

one rod and the x̂− ŷ plane via the location of another rod. In this coordinate system, the

location of each rod is given by

η1 = R · (0, 0, 1) (3.20)

η2 = R · (sinΘ, 0, cosΘ)

ηµ = R · (sin θµ cosϕµ, sin θµ sinϕµ, cos θµ) µ ≥ 3

where R is the rotation matrix written in terms of Euler angles. Rotation of the full system

leaves the lengths of each rod invariant. In carrying out the change of basis to go from

the lab-frame coordinate system to the body-frame coordinate system, the remaining global

gauge transformation is made visible. The Hamiltonian can then be trivially fixed to the

total gauge-singlet sector and only depends on the variables {ωκ,Θ, θµ, ϕµ}; all dependence

on the Euler angles is eliminated from the Hamiltonian. Ref. [360] provides the explicit forms

of all possible electric bilinears as well as magnetic loop operators in this new coordinate

system. The new basis is called the ‘sequestered basis’, as all the dependence on the total

charge of the system is sequestered into the Euler angles. The focus of this paper is to

simulate the two plaquette version of this system, on a NISQ-era device.

3.2.2 Two Plaquette Hamiltonian

Using Eq. (3.11) and a loop convention where each loop only encompasses one plaquette,

the Hamiltonian for the two plaquette system with open boundary conditions, shown in

Fig. 3.1a, is given by

Ĥ□□ =
g2

2

(
4 Ê2

1 + 6 Ê2
2 − 2 ÊR2 · ÊL2 +2 ÊR1 · ÊR2 − 4 ÊR1 · ÊL2

)
+

1

g2

(
4− tr X̂1 − tr X̂2

)
. (3.21)
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The lattice spacing has been set to the identity, as is conventionally done, and

ÊLκ · ÊLκ = ÊRκ · ÊRκ ≡ Ê2
κ , (3.22)

where κ is not summed over. A basis that spans the Hilbert space of Ĥ□□ must be defined

to analyze the real-time behavior of this system. Additionally, both Êκ and X̂ are infinite-

dimensional operators and the basis needs to be truncated. The calculation of any physical

observable is basis-independent but truncation will affect this universality. The effects should

disappear as the truncation is removed. This paper utilizes three different bases to measure

both static and dynamic properties.

Group Element Basis

In the group element basis, the eigenstates |g⟩ of the gauge link operators (or the loop oper-

ators) are the basis states. Any parameterization of |g⟩ can be used for defining the action

of the Hamiltonian on the Hilbert space but some parameterizations are advantageous from

the perspective of digitization and global gauge fixing. For SU(2) , two natural parame-

terizations are Euler angles or axis-angle coordinates. The axis-angle parameterization is

particularly convenient [360, 376]. Any wavefunction that spans only the physical Hilbert

space i.e. any gauge-singlet wavefunction is given by

⟨ω1 ω2Θ|Ψ⟩ = Ψ(ω1, ω2,Θ) ≡ u(ω1, ω2,Θ)

4 sin ω1
2 sin ω2

2

(3.23)

where the rescaled wavefunction u(ω1, ω2,Θ) is introduced to simplify later calculations. The

magnetic component of the fully-gauged fixed Hamiltonian is diagonal and only depends on

the radial coordinates ω1 and ω2,

H
(B)
□□ =

2

g2

(
2− cos

ω1

2
− cos

ω2

2

)
. (3.24)

The electric component of the Hamiltonian can be determined by evaluating each of the

electric bilinears that appear in Eq. (3.21). The explicit expressions for the electric bilinears

are relegated to App. B.2.1. Combining the various elements together, the electric component
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of the Hamiltonian is given by

H
(E)
□□ = −g

2

2

[{
4

(
∂2

∂ω2
1

+ cot
ω1

2

∂

∂ω1

)
− 2 csc2

ω1

2
N

+

(
cot

ω2

2

∂

∂ω1

)(
sinΘ

∂

∂Θ

)
+ (ω1 ↔ ω2)

}
+

(
1

2
cot

ω1

2
cot

ω2

2

)(
sinΘ

∂

∂Θ

)
−
(
1

2
cosΘ cot

ω1

2
cot

ω2

2
− 1

2

)
N
]

(3.25)

where N is the differential operator,

N = − ∂2

∂θ2
− cot θ

∂

∂θ
. (3.26)

In this basis, H□□ is a partial differential operator and its spectrum can be found nu-

merically using Finite Element Methods (FEM). FEM is a general numerical approach for

solving low-dimensional partial differential equations that utilizes a discrete mesh of the

computational domain.2 In order to ensure that the eigenfunctions of H□□ are normalizable

and that the mesh does not encounter any singularities, FEM is applied to solve for the

rescaled wavefunctions, u(ω1, ω2,Θ). In this case, the radial coordinates, ω1,2 have a range

of [0, 2π] with Dirichlet boundary conditions while the angular coordinate Θ has range [0, π]

with Neumann boundary conditions. Fig. 3.1b plots the low-energy spectrum as a function

of the bare gauge coupling. These solutions provide a beneficial ‘exact’ solution to which the

mixed basis and character irrep basis can be compared. This is particularly helpful, as while

the these bases can be used for larger system sizes, the FEM approach faces insurmountable

computational barriers when applied to larger systems. Without fully gauge-fixing, FEM

could not even be applied to the two-plaquette system as, for example, the (naively pa-

rameterized) two-plaquette version of the Kogut-Susskind Hamiltonian involves twenty-one

parameters (three quantum numbers for each of the seven links).

2This is in contrast to Finite Difference Methods (FDM), which approximate differential operators as
finite differences on discrete grid.
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Mixed Basis

In the mixed basis, the states that span the Hilbert space are labeled by the continuous

variables ω1, ω2 and the discrete quantum number ν. This discrete quantum number is

related to the angular variable Θ via

⟨Θ|ν⟩ = Pν(Θ) (3.27)

with Pν(Θ) the (rescaled) Legendre polynomial of degree ν.3 Legendre polynomials are used

to span the Hilbert space because they are the eigenfunctions of the operator N ,

NPν(θ) = ν(ν + 1)Pν(θ) . (3.29)

The matrix elements in this basis are found by calculating

〈
ω′
1ω

′
2ν

′∣∣Ĥ□□
∣∣ω1ω2ν

〉
=

∫
d(cosΘ)d(cosΘ′)

〈
ν ′
∣∣Θ′〉× 〈

ω′
1ω

′
2ν

′∣∣Ĥ□□
∣∣ω1ω2n

〉
⟨Θ|ν⟩

=

∫
d(cosΘ)P ∗

ν′(Θ)H□□Pν(Θ) (3.30)

where H□□ is the sum of the magnetic and electric Hamiltonians, written in the group

element basis in Eq. (3.24) and Eq. (3.25)

To convert between the group element basis and the mixed basis, only four integrals need

to be calculated:

∫
d(cosΘ)Pν′(Θ)



1

N
cosΘ

sinΘ ∂
∂Θ


Pν(Θ) . (3.31)

The results of these integrals, tabulated in App. B.2.2, are used to recast expressions in

H□□. The necessary digitization, particularly of the components that depend on ωκ, will be

discussed below in Sec. 3.3.

3The conventional normalization of the Legendre polynomials is∫ θ

0

d(cos θ)Pν′(θ)Pν(θ) =
2

2ν + 1
δν′ν (3.28)

but due to the requirement that the basis states of the Hilbert space be orthonormal, the Legendre
polynomials in this work are rescaled.
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Using the mixed basis, it is possible to derive a strong bound on the ground state energy

of the two plaquette system. Recall that the ground state energy of a Hamiltonian, E0, can

be bounded from above by the expectation value of that Hamiltonian in any state Ψ,

EΨ ≡ ⟨Ψ|Ĥ|Ψ⟩ ≥ E0 . (3.32)

In general, the goodness of this bound depends on how well the wavefunction Ψ matches the

true ground state. A good ansatz for the two plaquette system is found by assuming that

the ground state does not depend strongly on Θ and therefore the functional dependence of

the ground state on ωκ is encapsulated in the differential operator

−2g2
(
∂2

∂ω2
κ

+ cot
ωκ

2

∂

∂ωκ

)
+

2

g2

(
1− cos

ωκ

2

)
, (3.33)

which is the component of the Hamiltonian that is diagonal in ν for each ω. This differential

equation is related to that of the Mathieu equation. Therefore, the ansatz for the ground

state is

u(ω1, ω2,Θ) =
se2(−8/g4, ω1/4)se2(−8/g4, ω2/4)√

2
(3.34)

where Ψ and u are related via Eq. (3.23). The parity odd Mathieu function, sen(q, x) has

period π when n is even or 2π when n is odd. For this system, n has to be even for ψ to be

finite on the full range of ωκ. With this ansatz, EΨ is

EΨ =
g4b2

(
−8/g4

)
− 4g4 + 16

4g2
=


3
√
2 g ≪ 1

4/g2 g ≳ 1

(3.35)

where bn(q) is the characteristic number that guarantees that sen(q, x) has period π or 2π.

Comparing this ansatz to the FEM solution demonstrates that there is very good agreement

between the two for a wide range of gauge couplings.

Character Irrep Basis

The Kogut-Susskind Hamiltonian is formulated in the group irrep basis, also called the

electric basis. The eigenstates of the single link Hilbert space are |JMLMR⟩ where J is the

total angular momentum and ML (MR) is the angular momentum projected onto the ẑ axis
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of the lab (body) frame; J is also commonly referred to as the irrep of SU(2) group. In

analogy, the basis of the Hilbert space of the fully-gauged fixed two-plaquette Hamiltonian

can be chosen to be |J1 J2 ν⟩ where J1,2 are again irreps of SU(2) . The relationship between

the group element basis and this basis is

⟨ω1 ω2Θ|J1 J2 ν⟩ = χJ1
ν (ω1)χ

J2
ν (ω2)Pν(Θ) (3.36)

where χJ
ν are (rescaled) generalized character functions of the irreps of the rotation group.

These functions satisfy the differential equation,[
∂2

∂ω2
+ cot

ω

2
+ J(J + 1)− ν(ν + 1)

4 sin2 ω
2

]
χJ
ν (ω) = 0 (3.37)

where J are integers and half-integers and ν are integers, bounded by 2J ≥ ν ≥ 0. An

explicit construction of these character functions is done via Clebsch-Gordan coefficients,

χJ
ν (ω) =

iλ

2
√
π

∑
M

e−iMωCJM
JMν0 (3.38)

where the prefactor of 1/(2
√
π) arises due to the requirement that the basis states are

orthonormal.

Relevant matrix elements can be calculated for generic J1, J2 and ν by making use of

recurrence relations for the character functions [391]. The complete expressions are pre-

sented in App. B.2.3. A key result is that the magnetic component of the Hamiltonian only

changes the Jκ quantum numbers by at most ±1/2. In contrast, the electric component of

the Hamiltonian only changes the ν quantum number by at most ±1. With these matrix

elements, it is possible to construct a finite-dimensional Hamiltonian, with cutoff Jmax
κ . Note

that ν is naturally truncated due to the requirement that

2Min(J1, J2) ≥ ν ≥ 0 (3.39)

and since the Hamiltonian is symmetric under J1 ↔ J2 exchange, as is evident from the

differential form of the Hamiltonian, both J1 and J2 have the same cut-off.

Solving for the spectrum in the strong coupling limit is simple, as the electric component

preserves the quantum numbers J1, J2 and the contributions from the magnetic compo-

nent can be ignored. Additionally, since the quantum number ν is bounded from above
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by 2Min(J1, J2), for a given J1, J2, the relevant sub-block of the Hamiltonian is finite-

dimensional. In short, in the strong coupling limit, at leading order, the Hamiltonian is

block-diagonal. The results for the lowest states are shown in Fig. 3.1c and in Table B.3.

This basis can be used for other values of the gauge coupling if the magnetic component

of the Hamiltonian is included. In this case, the Hamiltonian is no longer diagonal in J1,2 and

its spectrum cannot be found analytically. Using exact diagonalization for different values

of Jmax
κ , it can be shown that at small values of the gauge coupling, the energy eigenstates

diverge as 1/g2. However, using FEM, it is shown that the low-lying eigenstates become

independent of g in the limit of small g. These large truncation errors at weak coupling is

why electric bases are disfavored for this regime.

3.3 Digitization of the Mixed Basis

The Hilbert space degrees of freedom that may be represented by a register of qubits is

finite and so a finite representation of the continuous gauge field must be determined. This

is commonly referred to as a ‘digitization’ (distinct from ‘discretization’, which corresponds

to representing a continuous space-time on a lattice). This section focuses on the manner in

which the mixed basis can be digitized, in particular the derivatives with respect to ω. Of

key importance is how to efficiently implement derivative operators onto a quantum device,

which will be the focus of the next section.

3.3.1 Conventions

In the following sections, various ideas and tools will appear in slightly different contexts.

Therefore, to ease notation and presentation, the following conventions are made.

For a single qubit, one may define the set of Pauli operators

σα = {I,X, Y, Z} . (3.40)

For N -qubits, the set of all Pauli strings (modulo phase) is the Pauli group, and is defined

as

PN = {⊗N
l=1σ

αl
l | αl = 0, 1, 2, 3} . (3.41)
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This group defines a complete basis for the set of all hermitian operators O (e.g. a Hamilto-

nian or density matrix) on N qubits, and is normalized as

TrPP ′ = 2N δP,P ′ ∀P, P ′ ∈ P . (3.42)

Given such a hermitian operator O on N qubits, its (normalized) Pauli decomposition is

denoted as

D(O) =

{
(P,

1

2N
TrPO) | P ∈ PN

}
. (3.43)

D(O) will be used to either denote the set of pairs as shown above or the sum itself, where

the meaning will be clear based on context.

3.3.2 Formulating Gauge Field Operators

An important feature of a good digitization is that observables (e.g. expectation values of

hermitian operators) converge quickly to the continuum limit as the resolution is increased.

For fast convergence, the range of support of the wavefunctions of interest must be fully

covered in both field and conjugate momentum space. In particular, if the support of the

wave function is not sufficiently covered then predictions for observables will not converge

to the correct solution. If the region of field space covered is much larger than the support

of the wave function, then the digitization will sample regions of the wave function that are

exponentially small and the convergence will be slow. The following digitization achieves

good convergence properties by optimally spanning the regions of wave function support.

The continuous gauge field degrees of freedom represented by {ω1, ω2} ∈ [0, 2π)⊗2 must

be embedded into a register of 2nq qubits with Hilbert space dimension 22nq . This is done

by letting each ωi take values on a grid of size 2nq with the range [0, ωmax). The discretized

variables are denoted as ωi, for i = 1, 2 and assigned values

ωi = δω(n+ 1/2) n ∈ {0, . . . , 2nq − 1}

δω = ωmax/2
nq . (3.44)

When performing classical simulations when the system is not embedded into qubits, the

total grid size is denoted as Nω. In addition to the two ω-registers, there is an additional
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quantum number ν that takes integer values and requires an additional nν qubits, giving

a total simulation Hilbert space of size 22nq+nν . This layout is graphically illustrated in

Fig. 3.2a.

There are three types of terms that appear in the Hamiltonian, namely the first-order

derivatives of ωi, the second-order derivates of ωi and functions of ωi. Their action on the

qubit register are treated separately. The field variable ωi is defined by the operator

ω̂ =
δω

2

nqI − nq−1∑
j=0

2jẐj

 (3.45)

where Ẑj is the Pauli Ẑ operator acting on the jth qubit. Functions of ω̂ can then be

constructed as D(f(ω̂)), explicitly

f(ω̂) =
∑

P∈{I,Z}⊗nq

fPP

fP =
1

2nq
Tr[f(ω̂)P ] (3.46)

where the sum above is over all strings of Pauli Z operators. The second-order derivatives

can be implemented using the exact lattice Laplacian with Dirichlet boundary conditions,

which is given by

∂2

∂ω2
7→ DST−1

II (−k̂2)DSTII (3.47)

where DSTII is a variation of the Discrete Sine Transform (DST), reflecting the boundary

conditions in field space:

(DSTII)kn =


√

2
N sin

π(n+ 1
2
)(k+1)

N , for k ̸= N − 1√
1
N sinπ(n+ 1

2), for k = N − 1

. (3.48)

Note that k̂ is the lattice momentum operator, which is diagonal in Fourier space with

eigenvalues πk/ωmax with k ∈ {1, . . . , N}. It has been shown that when using this exact for-

mulation, the matrix elements of this term converge faster than polynomial to the continuum

value as the grid spacing δω goes to zero [217, 218, 392, 393]. Therefore it is advantageous

to use compared to a finite difference approach.
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The first-order derivative is, however, formulated using the finite central difference

(
∂

∂ω

)
kn

=


1

2δω , for k − n = 1,

− 1
2δω , for k − n = −1,

0 else

(3.49)

The consequence of using the finite difference is that the digitized form of H□□ will only have

polynomial convergence towards the continuum Hamiltonian as the spacing in field space is

decreased. However, in the context of quantum simulation, even for large δω this error will

generally be subleading to algorithmic errors stemming from approximations to continuous

time evolution. While it is desirable to use spectral methods for the first-order derivative, as

was done for the Laplacian, the Dirichlet boundary conditions complicate such an approach.

This can be understood intuitively because the DST acts on data with odd symmetry, e.g.

a sine wave. A first derivative maps functions with odd symmetry to functions with even

symmetry, and thus is incompatible with the use of a DST. Other types of spectral methods

for first order derivatives with Dirichlet boundary conditions have been formulated, but often

require non-uniform grid spacings, for example using Chebyshev nodes [394]. This approach

is undesirable as such grid choices have denser coverage towards the boundaries of the field

region. This causes both oversampling of the singularities of the Hamiltonian as well as

asymmetric sampling of the wavefunctions for low g.

3.3.3 Optimal Gauge Field Truncation

In analogy with digitizations of scalar fields, the gauge field is truncated at some value

ωmax ≤ 2π. Fig. 3.2b shows the amplitude of the ground state wave function

u0(ω1, ω2) = |⟨ω1, ω2|ψgs⟩|2 (3.50)

along the ω1 axis (ω2 = π/2) for different coupling strengths. As the gauge coupling is

decreased, u0 becomes increasingly localized at small ω1, decaying exponentially for large

values. Therefore, the optimal ωmax must be characterized as a function of gauge coupling.

This is done by considering the precision

ϵ0 =

∣∣∣∣1− E′
0

E0

∣∣∣∣ (3.51)
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where E′
0 is the ground state energy predicted by the digitization and E0 is the ‘true’ ground

state energy. Similar results are observed for low-lying eigenstates. The solutions for the

digitization are compared to those found via FEM methods in Fig. 3.1b, the strong coupling

solutions of Sec. 3.2.2 and the ansatz of Eq. (3.34), and are in good agreement. The solutions

found via FEM are of particular use, and they have a relative precision of approximately

10−4.

Fig. 3.2c shows the precision for different choices of ωmax truncation as a function of

digitization resolution Nω. The convergence is characterized by three stages. The first

stage is rapid convergence to ϵ0 ∼ 10−3 level for small Nω. Following this, the precision

decays more slowly, though still exponentially, as Nω is increased. Eventually, a plateau is

reached. The precision value of this plateau decreases as ωmax increases. There are sharp

spikes observed before the plateau is reached, which are attributed to the digitized solution

crossing the FEM solution, as opposed to approaching it. Such crossings are purely incidental

and should not be interpreted as signs of optimality in representation of the wavefunction.

Since the precision of the FEM solution is limited, it is not possible to study convergence

below precision levels of 10−4. Despite this it is clear that even for grid sizes as low as

Nω = 8 (nq = 3) it is possible to reach ϵ0 ∼ 10−3 levels of precision. This is at least an

order of magnitude below algorithmic error due to time-evolution and on par with device

noise-levels for near-term devices.

The optimal truncation is found by scanning over a range of ωmax values for a fixed

g,Nω and calculating the corresponding ϵ0. The top plot of Fig. 3.2d shows the precision

ϵ0 for H□□. Also considered is the ‘free’ effective theory of H□□, where terms containing

a first derivative are subtracted off. The theory is not completely free, as there is still a

collective ν quantum number, but the interactions due to the first derivatives are no longer

present. This theory is studied to understand how ϵ0 behaves without the error induced by

first derivatives. The ground state of the latter Hamiltonian can be found exactly and is

given by the ansatz in Eq. (3.34). The corresponding energy is Eq. (3.35). For the system

without first derivatives, the precision decays exponentially in ωmax until the optimal value

is reached, and then increases due to over-sampling regions of field space where the wave

function has no support. However, once first derivatives are included, the precision plateaus
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Figure 3.2: Digitization of Mixed Basis a) The continuous range of ω is digitized on a

discrete grid. As such the wave function will only be sampled at a discrete set of points.

For the closest approximation to the undigitized theory, the maximum value of ωmax ≤ 2π

must be chosen. b) A slice of the ground state wave function for different values of the

gauge coupling. As the gauge coupling decreases, the wave function becomes more

concentrated around ω1 = 0, although it must go to 0 at both boundaries due to the

Dirichlet boundary conditions. c) Convergence of the ground state energy to the

undigitized value as the digitization resolution Nω is increased. The convergence is plotted

for a variety of ωmax. After quick convergence to ϵ0 ∼ 10−3 a slower exponential approach

occurs, followed by a plateau. d) (top) Convergence to the ground state energy as ωmax is

varied. The dashed lines correspond to the full two plaquette system while the solid lines

correspond to the system without any first-derivative interactions. The effect of the first

derivative reduces the precision that can be achieved. Even though this term limits

precision, digitization errors are still below those due to time-evolution algorithms.

(bottom) The absolute value of the derivative of the energy w.r.t the truncation. It was

heuristically found that the truncation at which this derivative takes a minimum

corresponds to the optimal truncation for the analytically solvable case. This method is

still applicable even when the exact solution is not known. e) The solution of the

stationary condition for a range of gauge couplings. The agreement is very good with the

analytical solution Eq. (3.53).
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at a value orders of magnitude higher, and can only be increased by increasing Nω. Thus

there is a range of choices of ωmax. The sharp dips are again due to crossings and should be

ignored when considering the optimality of ωmax.

The gauge field truncation can be optimized without knowing the exact value of the

ground state energy by looking at the derivative of the energy with respect to ωmax. It is

empirically observed that the optimal ωmax can equivalently be defined by the stationary

condition

ωmax = argmin
ω

∣∣∣∣∂Ei(ω)

∂ω

∣∣∣∣ . (3.52)

This condition can also be observed for the digitization of the scalar field. Fig. 3.2d (bottom)

shows the derivative of the ground state energy predicted by the digitization. For the system

without first derivatives, the minimum of these curves align with the points where the ground

state energy most closely approaches the expression Eq. (3.35). When first derivatives are

included, the precision plateaus at low values for a range of ωmax. The optimal truncation

in the absence of first derivatives is found by scanning over a range of gauge couplings and

finding the solution of stationary condition, Eq. (3.52). Fig. 3.2e shows that the numerical

solution found by the scan closely matches the analytical solution [376]

ωmax = min

g(N − 1)

√√
8π

N
, 2π

 (3.53)

which was found by minimizing ⟨[∂/∂ω, ω]− 1⟩ for the ground state of a single plaquette.

In addition to the truncation of the gauge field, the discrete quantum number ν must

also be truncated. An advantage of the mixed basis is that the low-lying eigenstates are

supported solely in the ν = 0, 1 sector, and so only a single qubit is required to represent

this quantum number. Furthermore, H□□ only connects states that have |ν − ν ′| ≤ 1, and

so for low-energy simulations heavy truncations on this degree of freedom will have little

effect on the precision. To study the effect of different ν truncations on the time evolution

of observables, the system is initialized in the state

|5⟩ = 1√
5
(|E0⟩+ |E1⟩+ |E2⟩+ |E3⟩+ |E4⟩) (3.54)

where |En⟩ is the nth eigenstate of the digitized Hamiltonian and then time evolved according

to different maximum ν values νmax. Fig. 3.3a shows the time dependence of the expectation



88

value for the magnetic part of the Hamiltonian HB. As νmax is increased, the values of

⟨HB⟩ rapidly converge to the same curve, suggesting that νmax = 2 is already sufficient for

extracting high-precision estimates of observables.

The leakage out of the ν = 0, 1 sectors is also studied. Defining the projector onto states

with ν > 1 as

Πν>1 = I−
∑
J1,J2

(|J1J20⟩ ⟨J1J20|+ |J1J21⟩ ⟨J1J21|) , (3.55)

the expectation value ⟨Πν>1⟩ encodes the probability that the state has leaked out of the

low-energy ν = 0, 1 subspace. Fig. 3.3b shows the leakage probability as a function of time.

As the state evolves, the leakage does not grow noticeably over time, showing that a low-

energy state with little support on values of ν > 1 will not evolve to states with larger

support over a range of times.

Figure 3.3: Accuracy of the ν Truncation a) Calculation of the time dependent magnetic

energy for the low-energy state |5⟩, defined in Eq. (3.54), as the maximum ν value is

increased for g = 0.5 and Nω = 10. This choice of digitization resolution ensures that any

errors due to the ω1, ω2 truncation will be of order 10−2. b) The probability ⟨Πν>1⟩ of

leaking out of the ν = 0, 1 sector as a function of time for g = 0.5, Nω = 10 and νmax = 5.

3.4 Circuits for Time Evolution

In this section the digitization presented above is translated into quantum circuits that can

be implemented on current quantum devices. The circuit architecture for implementing time
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evolution is not unique, and two distinct approaches are developed that have different depths

based on the level of digitization that is required for the simulation task.

In the first approach to circuit design, a single Trotter step is formed from component

sub-circuits. This has the advantage of avoiding any pre-computation of circuits as the form

of the components are already known. Additionally, most of these components have an

asymptotic scaling that is no more than quadratic in nq. For the component implementing

a diagonal unitary that encodes various transcendental functions, exact implementations

scale exponentially in the number of elementary gates with nq, the number of qubits used to

digitize ω1 and ω2. While this is seen as an unavoidable feature of this system, implement-

ing such gates up to a desired level of precision scales more favorably than the worst-case

exponential [327].

This approach gives the greatest benefit when high resolution in field space is required.

When the number of qubits per plaquette is of order one, it is advantageous to employ a

different approach. This begins by directly decomposing the Hamiltonian into a sum of

Pauli strings and implementing the time evolution operator by a series of rotations. This

approach scales exponentially in nq, although dropping strings with weights below some

threshold is found to give circuit-depth reductions that outweigh the losses in accuracy. The

second approach is more suited to simulation tasks where only low resolution is field space

is necessary. The following sections give explicit circuit decompositions for each of these

approaches and studies the accuracy and different approximations that go into each. The

relative resource counts are then compared.

3.4.1 Circuit from Differential Operators

This approach proceeds by organizing the terms in the two-plaquette Hamiltonian according

to the highest order differential operator each term contains. In particular, the terms in the

Hamiltonian are grouped in the following way

H□□ = H∂2 +H∂ +Hω (3.56)

where H∂2 collects all the terms that have only a second derivative, H∂ contains any terms

that have a first order derivative, and Hω is all remaining terms, i.e. those that are only
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Figure 3.4: Circuits for the Digitization Presented in Sec. 3.4.1, which constructs

sub-components for each class of differential operators a) Implementation of the exact

exponential of the second derivative, making use of Discrete Sine Transforms. This

subcircuit only entangles qubits within each ω register and does not touch the ν register.

The ancillas a1, a2 associated with each ω register are the outermost qubits. b) An

important circuit identity used in this work: The exponential of an N−body Pauli string

P is implemented by the staircase of CXs connecting all the qubits participating in the

gate, followed by an RZ(θ) rotation on one of the qubits and then another CX staircase.

The green single qubit gates denote a local change of bases to change P into a string of Zs

on all qubits e.g. if there is an X on qubit i then this will be a Hadamard H and if it is a

Y then it will be a Hadamard followed by a phase gate HS. The different shades denote

that the local basis change can depend on the particular Pauli string P being implemented.

c) Circuits for implementing first order derivatives and mixed derivatives using the finite

difference representation. (top) Implements the exponential of a single first derivative.

Each element in this circuit implements one of the terms in the sum Eq. (3.65). The

bottom qubit of each step is the target qubit for both the Vk and CRZ gates. bottom An

example of one of circuit elements e−it ∂
∂ω1

∂
∂ω2 that interleaves the top circuit. d) Noiseless

simulator results for the expectation value of the magnetic Hamiltonian at a different

number of Trotter steps.
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functions of ω with ν-dependent coefficients. The total time evolution operator is Trotterized

according to these groupings, e−itH□□ ≈ e−itH∂2e−itH∂e−itHω .

The circuits for e−itH∂2 and e−itHω are straightforward, and mirror the circuits involved

in simulating the scalar field. The Laplacian term is implemented by switching to the Fourier

basis with a DSTII , which is based off of the Quantum Fourier Transform (QFT) [395]. In

this basis each second derivative is diagonal and proportional to the square of the conjugate

momentum operator k̂2,

k̂2 =
π

ωmax

2nq − 1

2
I −

nq−1∑
j

2j−1Zj

2

(3.57)

The circuit implementing a DSTII is shown in Fig 3.4a. While using the QFT as an algorith-

mic primitive, extra elements (not shown) are required to enforce the boundary conditions.

The DST circuit requires an additional ancilla qubit changing the qubit count per gauge

variable to be nq + 1. Hω is completely diagonal in the mixed basis and so it can be repre-

sented as sum of Pauli Z strings. It is implemented using the primitive shown in Fig. 3.4b

with ν-dependent rotation angles.

The construction of the circuits for e−itH∂ is more involved. Recalling the results from

Sec. 3.2.2, the matrix representation of the Hamiltonian is organized into (ν, ν ′) sectors,

where nontrivial sectors satisfy the selection rule |ν − ν′| ≤ 1. The ν = ν ′ case only involves

the circuits already discussed. For ν ̸= ν ′, the Hamiltonian H∂ is expressed as

H∂ =
∑
ν

H+
ν |ν⟩ ⟨ν + 1|+

∑
ν

H−
ν |ν⟩ ⟨ν − 1| (3.58)

where the expressions for H±
ν are given in App. B.2.2.

The coupling of different ν sectors is reminiscent of a finite difference matrix in ν space.

As already noted, implementing such an operator exactly requires a prohibitive number of

gates. This is where the expressive power of the mixed basis shines through. Truncating to

νmax = 1 gives the off-diagonal Hamiltonian the form

H∂ = σ+H+
0 + σ−H−

1 (3.59)

where σ±, defined as

σ± =
1

2
(X ± iY ) , (3.60)
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acts on the single-qubit ν-register. Applying HS† to the ν-register turns the projectors into

σ± 7→ 1

2
(Z ± iX) , (3.61)

where H is a Hadamard and S is a π/2 phase gate. Thus under this transformation, H∂

maps to

H∂ 7→ 1

2
(Z ⊗Hsym − iX ⊗Hanti) (3.62)

where Hsym, Hanti are the symmetric and anti-symmetric parts of H+
0 ,4

Hsym = H+
0 +H−

1

Hanti = H+
0 −H−

1 . (3.63)

Explicitly, these components are given by

Hsym =
1√
3

∂

∂ω1

∂

∂ω2
+

1

4
√
3
cot

ω1

2
cot

ω2

2

Hanti = − 1

2
√
3

(
cot

ω1

2

∂

∂ω2
+ cot

ω2

2

∂

∂ω1

)
.

The complete time evolution induced by the first derivatives may be approximated by

e−itH∂ ≈ e−itg2Z⊗Hsyme−itg2X⊗Hanti

≈ e
−i g

2t√
3
Z⊗ ∂

∂ω1

∂
∂ω2 e

−i g2t

4
√
3
Z⊗cot

ω1
2

cot
ω2
2

e
− g2t

2
√
3
X⊗cot

ω1
2

∂
∂ω2 e

− g2t

2
√
3
X⊗cot

ω2
2

∂
∂ω1 (3.64)

where the tensor product separates the ν register from the ω registers and the dependence

of gauge coupling has been reinserted.

Therefore, the problem of implementing the time evolution due to theH∂ terms is reduced

to exponentiation of the finite difference operator. It has been recognized that this operator

can be recast as a sum of Matrix Product Operators (MPO) [396] with an induced Trotter

error of t2(nq − 1)/2 . To see this, one starts from the identity

∂

∂ω
7→ −i

2δω

∑
k

I⊗nq−k⊗ (3.65)

Vk

(
−π
2

)(
Zk ⊗ |1⟩ ⟨1|⊗k−1

)
V †
k

(
−π
2

)
.

4H+
0 and H−

1 are hermitian conjugates
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where Ẑk is the Pauli Ẑ operator on the kth qubit in the corresponding register and Vk(ϕ)

is a unitary change of basis defined by

Vk(ϕ) =

(
k−1∏
m

CXm
k

)
Pk(ϕ)Hk (3.66)

where CXm
k is a CNOT gate with control on qubit m and target on qubit k, Pk(ϕ) =

diag(1, eiϕ) is a phase gate on qubit k, and Hk is a Hadamard on qubit k, not to be con-

fused with a Hamiltonian. After taking the exponential and Trotterizing the sum over

k in Eq. (3.65), the operator e−t∂/∂ω can be implemented by a sequence of controlled

CRZ1,...,k−1
k (t/δω) rotations for each qubit in the register k, where CRZ1,...,k−1

k (θ) is a

controlled RZ(θ) with target k and controls 1, . . . , k − 1.

Inspection of Eq. (3.64) shows that it is insufficient to implement terms just of the form

e−t∂/∂ω, as there are entangling operations between the two gauge variable registers and

the ν register. Therefore, it is necessary to modify the above circuits by interleaving the

extra operations between each set of Vk and V †
k . As an example, the first term will need to

implement an operator which is the product of a first derivative on each ω. Expanding the

MPO expression for the first derivative gives

∂

∂ω1

∂

∂ω2
7→ − 1

4δω2

∑
k,k′

I⊗nq−kI ′⊗nq−k′⊗

VkV
′
k

(
ZkZ

′
k ⊗ |1⟩ ⟨1|⊗k−1

∣∣1′〉 〈1′∣∣⊗k′−1
)
V †
k V

′†
k

where the (un)primed operators denote operators acting on the (ω1)ω2 register and the

argument of the Vk, V ′
k have been suppressed. A similar interleaving can be made for the

remaining terms in Eq. (3.64), and for concreteness, the circuits structures for the case just

discussed is shown in Fig. 3.4c.

Fig. 3.4d shows different numbers of first-order Trotter steps of these circuits at various

times t. If the noise profile of the device is partially or completely characterized, there

exists an optimal step size for a target total simulation time [397, 398]. For even a single

first-order step, this method remains accurate at up to a step size of approximately t = 0.5,

at which point dephasing is observed and deviations from the exact curve begin to grow.

Modifying these circuits to perform a second-order step, with error that falls off as O(t3) is

straightforward, and requires modifications of the Vk circuits as outlined in [396].
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3.4.2 Circuits by Pauli Truncation

Simulating time evolution requires converting the digitized time evolution operator U =

e−itH□□ into a sequence of two-qubit gates directly implementable on a quantum device. The

most straightforward way to do this, while not the most efficient, is to calculate D(H□□).

Once this decomposition is performed, the sum in the exponent of U can be split into a prod-

uct over Paulis using a Trotter-Suzuki formula, which approximates the exact time evolution

operator. This time evolution operator UT (t) =
∏

P e
−itcPP , where (P, cp) ∈ D(H□□), can

be turned into circuit-level operations using the identity displayed in Fig. 3.4b. Generally

this procedure will have a two-qubit gate count that scales as O(42nq+nν ). However, many

of the rotations, particularly those corresponding to high weight strings, will have small

angles that do not greatly impact the expectation value of observables over some range of

evolution times. The rotations with small angles less than θmin can be dropped, which gives

a compressed approximation of the exact time evolution operator.

It is necessary to understand the impact of dropping small angles for different levels of

gauge field digitization and at different values of the gauge coupling. By removing these

terms, the system is evolved instead by the Hamiltonian

Hδ = H□□ + θminV

V = −
∑

cP≤θmin

(
cP
θmin

)
P (3.67)

where δ corresponds to the percentage of terms in the Pauli decomposition that have coef-

ficient below θmin. The time evolution implemented on the device is given by the unitary

Uδ(t) = UUθ(t) (3.68)

where the Uθ (and its component) matrix, given by

Uθ(t) = e−iθmin
∫ t
0 dτVI(τ)

VI(τ) = e−iτH□□V eiτH□□ , (3.69)

is the error term in the interaction picture. Therefore the extent to which the perturbation

V grows under the dynamics of the two plaquette system directly controls the appropriate
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level of truncation. The error in evolution on some observable O is quantified by

⟨O(t)⟩δ = ⟨U †
θO(t)Uθ ⟩ . (3.70)

which is the time-evolved value of the observable. This is compared to the untruncated value

⟨O(t)⟩ (δ = 0).

To understand the effect of Pauli truncation error, the system is initialized in the state

|5⟩ defined in Eq. (3.54) and the expectation value of the magnetic part of the Hamiltonian

HB is calculated. Fig 3.5a shows this expectation value for various levels of truncation and

gauge field digitization. For a coarse field digitization of nq = 2, the expectation value

is generally more sensitive to truncations. As the digitization resolution is increased, a

larger percentage of the terms in the Pauli decomposition are able to be dropped, showing

that an increasingly small fraction of the terms in the decomposition are responsible for

capturing the relevant dynamics. For diagonal matrices, this can be understood via the

Sequency Hierarchy Truncation [327]. The extension to non-diagonal matrices has not yet

been developed, but similar arguments should hold.

Having truncated the Hamiltonian to retain only the Pauli strings that are most relevant

for implementing time evolution, the time evolution operator Uδ must be converted into a

quantum circuit. To minimize the number of CNOTs each Trotter step contains, the Pauli

rotations are grouped to model the terms that appear in the Hamiltonian. This structure

is presented in Fig. 3.5b. The first group includes strings that only act on individual ω

registers, the second group involves strings that couple a single ω register to the ν register

and have a Z acting on the ν register, and the third group includes strings that act on all

of the qubits. The reason for classifying the rotations in this way are two-fold. First, as

already mentioned, this grouping respects how the digitized Hamiltonian couples different

quantum numbers, and so this structure establishes a hierarchy in the significance of how

each term contributes to time evolution. The terms in group three generally have much

smaller rotation angles and are the ones to be dropped first. Second, clustering terms that

acts on smaller subsets of qubits makes compilation easier, as only CNOT cancellations over

a subset of qubits need to be considered. For compilation the open source software package

bqskit is used [399]. The circuit that implements the ith group is defined to be Ui, and so
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Figure 3.5: Approximation for Time Evolution Circuits Presented in Sec. 3.4.2 a) The

expectation value of the magnetic part of the Hamiltonian for differing digitization

resolutions and percentage of terms dropped. Rapid convergence is observed for nq ≥ 3

and for truncation levels δ < .6. b) Different stages of the time evolution operator for a

second-order Trotter step. The silver circuit denotes the entire Trotter step. The blue

sub-circuits acts only on the ω registers, typically involving the largest angles, and is

identical for each. The green sub-circuits couple each ω register to the ν register and the

circuit structure is again identical for both ω. The yellow sub-circuit couple everything and

generally contain the smallest rotations, therefore being the elements most affected by

small-angle truncations. It also involves the highest weight terms, and so focusing on

truncating these elements allows the circuit to be compressed at only a small cost in

algorithmic error. c) The accuracy of first- and second-order Trotter on magnetic

observables. Repeating the blue sub-circuit in the second step allows the circuit to take

much larger time steps while only needing a small amount of extra gates to implement.

the first-order product formula is UT = U3U2U1. As group one is restricted to weight-nq

Paulis, it will generally involve less CNOTs to implement, and therefore it is advantageous

to use the second-order Trotter formula U ′
T = U−

1 U3U2U
+
1 , where U±

1 involve the same

set of operations as U1 with the rotation angle cP t replaced by cP t/2 and ± denotes the

same/reversed ordering of operations as compared to U1. The explicit rotations for each
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term U1, U2, U3 are recorded in App. B.1.

Fig. 3.5c shows the evolution of the magnetic energy using both first- and second-order

formulas for a variable number of Trotter steps. The second-order method allows for longer

steps, giving similar levels of accuracy as three steps of first-order Trotter but a notably

smaller amount of CNOTs. Also shown for comparison is the exact evolution at δ = 0.66

levels of truncation. Even with over half of the Pauli strings dropped, for long enough times,

the error will be subleading to algorithmic error due to Trotterization.

3.4.3 Resource Estimates

To count the gates needed to implement a Trotter step using the differential operator method,

the three stages are considered individually. For the Laplacian term, the quantum DST cir-

cuits can be implemented using O(n2q) elementary quantum gates, where the quadratic scal-

ing is a direct result of the use of the Quantum Fourier Transform. The diagonal momentum

operator requires an additional n2q gates, so this entire stage requires only O(n2q).

Implementing the time evolution e−t∂/∂ω requires at most 9n2q − 33nq + 34 CNOT gates

for nq ≥ 3 [396]. Using the interleaving method previously discussed, the two qubit gate

count is the product of the gate counts for the two types of terms that are interleaved,

e.g. e−it ∂
∂ω1

∂
∂ω2 will require (9n2q − 33nq + 34)2 ∼ O(n4q). The decomposition of the other

terms involving functions of ω1, ω2 in Eq. (3.64) will asymptotically require O(22nq+1) Z

strings that must be classically pre-computed. This situation mirrors the counts estimated

for compact U(1) gauge theories [400]. In this case it was found that using the Walsh basis

to encode functions of the gauge variables and truncating interactions with small angles

was sufficient to break the exponential scaling to polynomial, suggesting an efficient path

forward to completely reducing the scaling to polynomial in nq. In absence of these more

specialized methods the gate count for a single Trotter step using the differential operator

method will scale as O(22nq+1). It is once more emphasized that the only place where the

exponential scaling enters is in exactly implementing the diagonal functions of ω1, ω2.

Turning now to the gate counts for the Pauli truncation method, even though a large

percentage of the gates can be dropped to calculate time-evolved quantities up to some
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specified level of error, the scaling will generally be exponential in the number of qubits per

plaquette. However, for large-scale simulations it may be more efficient to utilize the qubit

budget for increasing the lattice volumes as opposed to increasing the resolution in field

space. For instance, on a two-dimensional (L+1)× (L+1) lattice, the dominant interaction

is between pairs of plaquettes. The number of such interactions is
(
L2

2

)
, which is quartic in

the linear dimension L. This suggests that the only exponential scaling is due to resolving

the Hilbert space at each physical link. As already seen in the previous section, ground

state properties can be resolved with precision of 10−3 already at nq = 3. Understanding

the resource requirements for the Pauli truncation circuits up to per-mille precision is done

by considering the number of two-qubit gates needed for time-evolution.

Analytically decomposing H□□ into Pauli strings for arbitrary nq is challenging, and

so an upper-bound on the number of two-qubit gates is estimated by observing that every

Pauli string of weight w ≥ 2 in the Hamiltonian will require 2(w − 1) CNOTs, as shown in

Fig. 3.4b. The estimate

#(Two Qubit) ≤
∑

P∈D(H□□)

2(w(P )− 1) (3.71)

is numerically calculated for digitization resolutions of H□□ up to nq = 6. Fig. 3.6 shows

the upper bound as a function of the percentage of truncated strings from the Hamiltonian.

This upper bound still scales exponentially in the number of qubits per plaquette, although

this scaling can be improved by a factor of 2− 3 with appropriate truncation. In addition,

careful compilation of the circuits can bring this number down by another factor of ∼ 2.

However, compilation is also generally a hard problem, so to compare the raw estimate to

the number of post-compilation gates, the number of gates used on the quantum device in

this work is also shown.

3.5 Real-Time Dynamics in Two Plaquettes

This section presents the results of a real-time simulation on the 156 qubit ibm_fez super-

conducting quantum chip. The circuit architecture used is the Pauli truncation approach

presented in Sec. 3.4.2 at a truncation level of δ = 0.66 on five qubits (nq = 2, nν = 1).

Preparing the example low-energy state |5⟩ in Eq. (3.54) requires additional circuits for
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Figure 3.6: Upper Bounds on Resource Estimates for the Pauli Truncation Circuits The

cumulative weight of the Pauli decomposition of H□□ is shown as a function of the

truncation percentage δ. The color of the curves denotes the magnitude of the coefficient in

the decomposition. The blue point demonstrates the truncation level and actual gate depth

used in the quantum simulation in this work, highlighting the effect of circuit compilation.

state preparation. To isolate the performance of the time evolution circuits, the system is

initialized in the product state |00000⟩. Note that all of the states in the Hilbert space that

H□□ acts upon satisfy Gauss’ law, and so this product state is still a valid physical state.

The system is then time evolved at gauge coupling g = 0.5 and the expectation values of the

magnetic part of the Hamiltonian ⟨HB⟩ are measured. For the gauge coupling considered

here, D(HB) has the following explicit decomposition into Pauli observables:

HB = 0.386 I ⊗ I ⊗ I ⊗ I ⊗ I − 0.0701 I ⊗ I ⊗ I ⊗ I ⊗ Z

− 0.1445 I ⊗ I ⊗ I ⊗ Z ⊗ I + 0.0326 I ⊗ I ⊗ I ⊗ Z ⊗ Z

− 0.0701 I ⊗ I ⊗ Z ⊗ I ⊗ I − 0.1448 I ⊗ Z ⊗ I ⊗ I ⊗ I

+ 0.0325 I ⊗ Z ⊗ Z ⊗ I ⊗ I . (3.72)
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Fig. 3.7a shows the evolution of this observable from time t = 0.1 to t = 0.6, in increments of

0.1. To make maximum use of the device, up to 20 copies of the circuit were run in parallel

at different locations on the chip, with 100 active qubits for every job. To limit the effect of

cross-talk error between different parallel circuits, the layout routing was chosen such that

at least one inactive qubit separated any active qubits in different subcircuits. An example

of the layout used to generate the t = 0.6 data point is shown in Fig. 3.7b.

Figure 3.7: Quantum Simulation of ⟨HB⟩ Dynamics a) The time evolution due to H□□ at

gauge coupling g = 0.5. The dashed line corresponds to the solution obtained by directly

taking the matrix exponential of the digitized Hamiltonian and the solid line is the

Trotterized evolution. The points are the mitigated results from ibm_fez. b) The physical

layout of the Heron chip. The highlighted regions are an example of the parallel layouts

used to generate the data point at t = 0.6.

Due to the inherent noisiness of current machines, utilizing various layers of error miti-

gation was crucial in obtaining these results. Once the bare circuits are created and layouts

chosen, Dynamical Decoupling (DD) [196, 198] was added to suppress idle errors and fur-

ther mitigate the effects of cross-talk between qubits. In addition, Pauli Twirling (PT) [199]

and measurement twirling [200] are applied to each circuit. In many cases, these methods

allows the dominant noise channels of the device to be approximated as a depolarizing chan-

nel. The benefit is that the impact of a depolarizing channel on observable estimates is
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effectively dealt with using the final mitigation technique, Operator Decoherence Renormal-

ization (ODR) [2, 150, 202, 203].

ODR is a very powerful error mitigation technique that allows the raw data from the

device to be ‘renormalized’ in order to extract accurate physical results. For this method,

two types of circuits are run on the quantum device. The first is the circuit for the physical

process of interest, referred to as the physics circuit. The second, called the mitigation circuit,

is a circuit that has the same pattern of single- and two-qubit gates, but is classically efficient

to simulate. Classically simulating the mitigation circuit provides a noise-free and therefore

numerically exact result to which the quantum simulation can be compared. Assuming the

dominant error channel can be approximated by sufficiently weak depolarizing noise, the

quantum estimate of the observable O will deviate from the true value by a multiplicative

factor pO, i.e. ⟨O⟩meas = pO⟨O⟩true. If the physics circuit is affected by the noise in the

same way as the mitigation circuit, the factors of pO between both are the same. Therefore,

the renormalized estimate of the physical observable is given by

⟨Ophys⟩true = ⟨Ophys⟩meas
⟨Omit⟩true

⟨Omit⟩meas
(3.73)

where the subscripts meas/true denote the estimate using the raw/renormalized quantum

data and the subscripts phys/mit denote the physics/mitigation circuits.

For this technique to work, the choice of mitigation circuit is of central importance. For

the smaller time steps, the physics circuits were ‘Cliffordized’, meaning that the rotation

angles of all RZ gates were rounded to the nearest π/2. This transforms the mitigation

circuit into a Clifford circuit with the same gate instructions as the physics circuit. When

the time step grows large enough, the Cliffordization procedure can return a mitgation circuit

that has vanishing expectation values, causing Eq 3.73 to become inapplicable. In this case

the Trotter structure of the circuit is utilized for designing the mitigation circuit. For all

but t = 0.1, two steps of the second order formula were used, each with time step t/2, to

reach time t. The gate sequence of this circuit can be rearranged so that when the second

step has time step −t/2, the first step will be undone and the resultant state will be the

initial state. As such all expectation values of Pauli Z strings will be 1 and so ODR can be

used at a minimal addition to circuit depth.
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To generate the points in Fig. 3.7a, between 20 to 60 Pauli twirls are used with eight

measurement twirls per Pauli twirl and 100 shots per circuit. The measurement twirls are

averaged together and then ODR is applied to each Pauli twirl. The resultant renormalized

Pauli twirls are then bootstrap resampled to get the mean and standard error for each run.

These values are reported in Table 3.1, which also includes the depth of the circuit for each

time step as well as the exact value of the Trotterized evolution. The exact value is calculated

by Exact Diagonalization.

Time t depth ibm_fez Target

0.1 25 0.0637 (16) 0.0683

0.2 48 0.2013 (41) 0.2015

0.3 48 0.3834 (41) 0.3846

0.4 51 0.5509 (54) 0.5510

0.5 51 0.6269 (82) 0.6137

0.6 51 0.549 (11) 0.5471

Table 3.1: Estimated and target (noiseless) values of ⟨HB⟩ as a function of time.

3.6 Discussions and Conclusion

Gauge theories are ubiquitous in descriptions of nature, appearing in the Standard Model,

many condensed matter systems and theories of gravity. Ab initio calculations of their

properties are vital for comparing theoretical predictions to experimental results. This is

particularly true for QCD, whose strongly-coupled nature at low energies gives rise to a

complex array of emergent phenomena as well as important contributions to high-energy

processes. While massive theoretical and algorithmic developments in classical computing

have allowed us to probe many aspects of gauge theories, there remain a plethora of open

questions that do not seem amenable to these methods. For example, the determination of

the phase diagram of finite-density QCD and direct, nonperturbative calculations of real-time
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dynamics of hadrons appear inaccessible via classical techniques due to sign and signal-to-

noise problems. Even our knowledge of whether the electroweak gauge interactions in the

Standard Model can be given a precise, nonperturbatively regularized definition using lattice

field theory faces similar difficulties, as sign problems obstruct the verification of candidate

regularizations of chiral gauge theories.

Quantum simulations of Hamiltonian formulations of lattice gauge theories provide a

powerful alternative framework for exploring strongly correlated quantum systems. There is

an increased need for theoretical tools that make target systems amenable for such quantum

simulations. For lattice gauge theories, a necessary step is constructing a finite-dimensional

representation of the Hamiltonian, so that the continuous gauge groups of the Standard

Model can be encoded into a discrete register of qubits. Ideally, this encoding can be

efficiently simulated at all values of the (bare) gauge coupling and is also systematically

improvable. In the last decade, many Hamiltonians for both Abelian and non-Abelian gauge

theories have been constructed. The proposal put forth in Refs. [360, 376], combining gauge

fixing and a basis inspired by the axis-angle representation of SU(2) , is one such promising

approach for simulating real-time dynamics that have hitherto been inaccessible on classical

devices.

The focus of this work was constructing the full algorithmic pipeline for simulating the

real-time dynamics of the fully gauge-fixed two plaquette system with open boundary condi-

tions, working in the mixed basis. While the explicit focus was on the two plaquette system,

many of the developments are applicable to larger systems in two- and three-dimensions. The

starting point was from the Hamiltonian written in the group element basis and ended with

the measurement of an observable on a quantum processor. Throughout the development of

this workflow, several key points were addressed.

First, this work validated that previously introduced mixed-basis truncation schemes

work well for larger system sizes; an avenue for additional study is whether this scheme, par-

ticularly the optimal value of ωmax given in Eq. (3.53), will continue to provide small trunca-

tion errors as system size is increased further. An important development in this work was

demonstrating how the inclusion of first-order derivatives, only present in systems with two

or more plaquettes, inhibits the exponential convergence predicted by the Nyquist-Shannon
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theorem. In particular, approximating first derivatives with finite-differences introduces dig-

itization errors that scale polynomially with the truncation scale. This work demonstrated

that with a qubit allowance of three qubits per plaquette, the low-energy properties of the

two-plaquette system could be recovered with a precision of 10−3. However, it is not clear

how this precision depends on the lattice volume and therefore an important question that

must be addressed in future work is whether the inclusion of first-derivative terms dramati-

cally limits the precision achievable in this formulation. Such first derivative terms appear

in many other quantum many-body systems beyond SU(2) , and developing formulations of

such terms compatible with quantum simulation is an area where more developments are

needed.

Second, this work presented two distinct algorithms for implementing time-evolution on

a digital quantum computer. The two algorithms had different quantum resource scalings

and thus had different regimes of applicability. The first, described in Sec. 3.4.1, sorted the

Hamiltonian according to the highest order differential operator that each term contained.

A sub-circuit was constructed for each type of term. The benefit of this algorithm is that it

scales more favorably in circuit depth for a large number of qubits and gives a Trotterization

scheme with less error. Additionally, it can be easily adapted for systems with a larger

number of plaquettes. However, it could not be implemented on currently-available quantum

processors due to its depth. The second algorithm, presented in Sec. 3.4.2, decomposed the

Hamiltonian directly into Pauli strings, truncating the Pauli strings that had a coefficient

below some a posteriori determined value. This resulted in a quantum circuit that was

sufficiently small as to be simulated on ibm_fez.

Lastly, this work determined an error mitigation strategy for simulating the real-time

dynamics of the two-plaquette system on NISQ-era hardware. Using previously-developed

methods, namely Dynamical Decoupling, Pauli Twirling and Operator Decoherence Renor-

malization, were all necessary to achieve percent-level agreement between the quantum and

classical results. It is not yet clear how the necessary quantum resource will scale with lat-

tice volume and gauge coupling. Furthermore, different low-energy observables may require

different error mitigation strategies.

The fully-gauged fixed two-plaquette SU(2)Hamiltonian is a very fruitful system for
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understanding some of the hurdles that lie ahead on the path to simulating QCD on quantum

processors. It is a relatively simple system, exactly solvable using FEM, but contains both

non-Abelian gauge dynamics and non-trivial interacting degrees of freedom. This work

charts a course towards simulations of larger two- and three-dimensional systems while also

demonstrating the viability of the mixed-basis formulation for studying the properties of

SU(2) gauge theories at all values of the gauge coupling.
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Chapter 4

SEQUENCY HIERARCHY TRUNCATION (SEQHT) FOR
ADIABATIC STATE PREPARATION AND TIME EVOLUTION

This chapter is associated with Ref. [327]: “Sequency Hierarchy Truncation (SeqHT) for

Adiabatic State Preparation and Time Evolution in Quantum Simulations”

by Zhiyao Li, Dorota M. Grabowska, and Martin J. Savage
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4.1 Introduction

While the previous chapters contribute toward large-scale, real-time simulations of quantum

chromodynamics (QCD), the scale of the simulations that can be achieved on present-day

quantum hardware is constrained by the quantum resource overhead, such as the CNOT

count and entangling gate depth. To mitigate these limits, it is essential to develop system-

atic truncation schemes that compress the resource requirement while preserving relevant

physical observables. Rather than trying to build this optimization directly within the

complex constraints of gauge fields, it is practical to establish our method in a simpler in-

teracting system. This chapter uses the scalar λϕ4 model for that purpose, introducing a

resource-efficient truncation scheme that target specific energy sectors, enabling resource

savings while preserving an accurate representation of the underlying physics.

Despite recent demonstrations of systems with a small number of error-corrected logi-

cal qubits [184, 186, 401] and promising results from simulations that used more than 100

qubits [2, 150, 151, 402–406], NISQ-era digital quantum computers remain limited in the

quality of their entangling gates and the circuit depths that can be executed before the quan-

tumness of the device is effectively lost [407–410]. While current quantum computers are

not yet practical for most real-world applications, research and development are progressing

rapidly. Significant effort is being placed on creating efficient and effective quantum circuits

that provide results for the target observables within specified error tolerances. This can in-

clude simulating systems that are nearby in theory space (for example, a leading order Hamil-

tonian in a perturbative expansion about a target Hamiltonian) [369, 373, 411], developing

perturbative schemes [101, 412–415], and identifying truncations of the Hamiltonian based

upon the emergent properties of the systems such as confinement and gaps [260, 290, 416–

418]. One major recent advance in the simulation of lattice gauge theories is the use of

confinement to truncate operator contributions based on spatial separation combined with

operators that are scalable to arbitrarily large numbers of spatial sites [2, 150]. Error mitiga-

tion is essential for recovering meaningful results from quantum computers due to decoher-

ence especially for deeper circuits [196, 197, 202–205, 208, 243, 246, 258, 419–429]. Results

obtained from analog devices also require careful error-mitigation analyses [164, 398, 430–
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433].

The formal aspects of using (ideal) quantum computers to simulate λϕ4 theory have been

established in the pioneering papers by Jordan, Lee and Preskill (JLP) [147, 392, 393, 434].

These papers developed all of the necessary tools for determining S-matrix elements, and

have shown that the problem is BQP-complete (when classical background sources are in-

cluded). This last point means that any system that can be simulated efficiently on a

quantum computer can be mapped (with polynomial-scaling resources) to this particular

scalar field theory. A number of subsequent works [217, 219, 435–438] further examined

the theory and identified further digitization possibilities, including using a harmonic os-

cillator basis to encode the scalar field as opposed to the eigenstates of the field operator.

JLP showed that a judicious choice of conjugate-momentum operator implemented via a

local quantum Fourier transform (QFT) exponentially suppresses digitization errors, with

corrections to the continuum suppressed by factors of ∼ e−α/δ2ϕ where α is a digitization-

independent factor and δϕ is the sampling interval in field space. Furthermore, JLP proposed

using adiabatic state preparation (ASP) to prepare the vacuum and wavepackets in the in-

teracting theory; this method requires slowly evolving from the ground state of the free

theory, with λ = 0, to non-zero λ along a Trotterized trajectory in λ(s). Using currently

available devices, implementing this algorithm (even) on small systems results in states with

relatively large errors compared to the target state. While methods continue to become

available for preparing the ground state and optimizing time evolution circuits, including

variational quantum eigensolver (VQE) [92, 148, 262, 264, 439–442], ADAPT-VQE and more

(for example Refs. [2, 149, 150, 244, 257, 443–449]), state preparation remains a generically

challenging problem that nominally lies outside of the BQP complexity class. This means

that algorithms that can efficiently prepare states (within a specified fidelity) are important

to identify, and will likely be of general utility.

In this chapter, we build upon these advances to identify a new convergent truncation

that reduces quantum resources required for state preparation and time evolution of smooth

and bounded wavefunctions. This truncation is guided by a hierarchy in the contributions

to low-energy observables from basis operators based upon their sequency [450]. We call this

scheme Sequency Hierarchy Truncation (SeqHT), and demonstrate its utility in preparing
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the ground-state wavefunction of λϕ4 interacting scalar-field theory. Because the implemen-

tation of SeqHT will be iterative in many setting, for example systematically increasing the

cutoff sequency until changes in observables fall below a predetermined threshold, it should

be considered a hybrid quantum-classical algorithm. We derive rigorous upper bounds on

the contributions of operators with regard to their sequency, and study the convergence of

observables and quantum computational complexity (magic) as a function of increasing cut-

off sequency. We construct the quantum circuits for adiabatically preparing the ground state

of λϕ4, utilizing sequency truncation and JLP’s method of starting from the non-interacting

theory. An important element of the circuit development is that sequency-ordered opera-

tors allow for (maximum) CNOT-gate cancellations in implementing diagonal unitaries in

preparing the non-interacting ground state [400, 450, 451].1 These circuits are then executed,

along with their partner mitigation circuits, using IBM’s superconducting-qubit quantum

computer ibm_sherbrooke [407]. The results of these simulations clearly demonstrate the

utility of SeqHT for improving the fidelity of adiabatically-prepared states (and evolution)

because of the reduced quantum resource requirements. While the results we present here

are compared with the analogous results obtained using classical computing methods, the ac-

tual utility of the method is on preparing states that cannot be accessed using these classical

approaches.

While it is important to advance quantum simulations of scalar field theories, a more

important objective for our work is to reduce the quantum resources required to simulate

lattice gauge theories, both Abelian and non-Abelian. The wavefunction of the gauge-field

is expected to be smooth, and localized near the scale of the physics of interest (after

renormalization). As such, we anticipate that SeqHT will also have utility in quantum

simulations of (2+1) D and (3+1) D quantum chromodynamics (QCD) [220, 249, 274, 357,

452–456].

1For the time evolution circuit, overlapping ZZ gates requires fewer CNOT gates than arranging them
in sequency order.
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4.2 Sequency Hierarchy of Operators and Wavefunctions

Hermitian operators in their own eigenbasis are represented by real diagonal matrices which

can be decomposed into an orthonormal basis of tensor products of the 2×2 identity matrix,

Î, and Pauli matrix Ẑ, in the form of

Ô =

2nq−1∑
ν=0

βνÔν , Ôν =

nq−1⊗
j=0

σ̂[j] = σ̂[0] ⊗ σ̂[1] ⊗ · · · ⊗ σ̂[nq−1] , (4.1)

where nq is the number of qubits and each σ̂[j] is either Î or Ẑ acting on qubit j. The

subscript ν is the sequency index that uniquely labels each basis operator, and βν are the

sequency coefficients (sequency and sequency indexing will be explained later in this section).

Since diagonal matrices commute, the time-evolution operator e−iÔt can be decomposed as

e−iÔt =

2nq−1∏
ν=0

e−iβνÔνt . (4.2)

Similarly, digital wavefunctions can be decomposed as

|ψ⟩ =
2nq−1∑
ν=0

αν |ψν⟩ , |ψν⟩ =
nq−1⊗
j=0

|ℓ[j]⟩ = |ℓ[0]⟩ ⊗ |ℓ[1]⟩ ⊗ · · · ⊗ |ℓ[nq−1]⟩ , (4.3)

where the normalization constant for basis states |ψν⟩ is omitted, αν are the sequency

coefficients and |ℓ[j]⟩ is either the column vector (1, 1) or (1,−1) (the diagonal of Î or Ẑ) for

the jth qubit.

The diagonals of the basis operators Ôν in Eq. (4.1) and the basis vectors |ψν⟩ in Eq. (4.3)

are Walsh functions [457], which form a complete and orthogonal set of functions; the diag-

onal of Ôν corresponds to the νth row of a sequency-ordered Walsh-Hadamard matrix. This

matrix can be constructed by rearranging the rows of the natural-ordered Walsh-Hadamard

matrix, which can be easily constructed via a tensor product:

Hnq = H⊗nq , H =

 1 1

1 −1

 . (4.4)

This Walsh series representation of discrete functions is the digital counterpart of the Fourier

series and have an important role in digital signal processing [458]. The harmonics consti-

tuting a Fourier series can each be indexed by an integer n that uniquely corresponds to
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a frequency given by ωn = n/Period. Similarly, Walsh basis operators Oν and basis states

|ψν⟩ have a bijection to sequency, the digital analog of frequency, denoted as ν. Sequencies

of a digital function can be obtained by counting the number of zero crossings (the number

of times the sign of a function changes) on their diagonals, so ν ∈ N. Since there is a parallel

between the sequency decomposition of Ôν and |ψν⟩, we will focus the rest of the discussions

in this section on Ôν , but we note that the discussed properties apply to both (with the

exception of circuit constructions for unitary evolutions eiβÔν ).

In such a sequency expansion, the physics of low-energy configurations lead to a finite

range of support in frequency (sequency) space, resulting in a hierarchy in the sequency

coefficients that can be leveraged in quantum simulation. Basis operators with coefficients

below a certain threshold, Λcut, can be truncated to reduce the circuit size for implementing

a target unitary. In earlier approaches, either classical resources were utilized to calculate all

Walsh coefficients to determine which were below the desired Λcut [400], or a mix of quantum

and classical resources were used to iteratively tune target observables to ascertain conver-

gence below the desired error threshold [450]. As the classical computing resources required

for decomposing target operators scale exponentially with system size, large-system simu-

lations remained impossible without a effective method to select operators for truncation.

Sequency hierarchy provides insight to this problem. As will be shown later in this chapter,

the value of the coefficient βν can be bounded from above when considering its contribution

to any polynomial operator that appears in the Hamiltonian; this also then bounds from

above βν for any operator that can be written as a power expansion of polynomial operators.

This upper bound decreases for operators with increasing sequency, exhibiting a sequency

hierarchy. This allows the determination of a cutoff in sequency space νcut that respect the

threshold Λcut without calculating the whole decomposition. Thus, for large systems, it is

viable to construct only a select set of low-sequency operators, obtain their coefficients (by

projecting the target operator onto this basis), and implement a reduced pool of quantum

circuits.

Quantum circuits implementing eiβtÔν are required for time evolution induced by se-

quency operators. Two sequency-adjacent basis operators Ôν and Ôν+1 differ in only one

σ̂[j]. One can be transformed into another by flipping the σ̂[j] on the most significant qubit
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that was not updated in the transformation from Ôν−1 to Ôν . This resembles the Gray Code,

a binary encoding protocol where two adjacent values are only one bit flip away. In fact, the

locations of the Pauli Ẑ operators in Ôν correspond to the 1’s in the bit-reversed Gray binary

encoding for its sequency. A given sequency’s corresponding tensor-product operator can be

constructed by reversing the bits of the Gray code representation of the sequency and map-

ping 0 → Î and 1 → Ẑ. Note that the more significant digits in the Gray code correspond

to the less significant qubits in the computational basis (the rightmost bit in the big-Endian

notation). This correlation can be leveraged to construct operators of any desired sequency.

For example, the gray code for the integer 24 is 10100, and the corresponding Hermitian

sequency operator Ô24 is Î⊗ Î⊗Ẑ⊗ Î⊗Ẑ; the corresponding unitary time-evolution operator

for this observable is e−iβ24tẐ3Ẑ5 . Similarly, for the operator Ô10 implemented on five qubits,

the 5-digit gray code is 01111, which corresponds to Ẑ ⊗ Ẑ ⊗ Ẑ ⊗ Ẑ ⊗ Î. The circuits for

these examples are shown in Fig. 4.1, where Rz(θ) = exp(−iθẐ/2) and θ = 2βt. Note that

in this convention, q1 is the most significant qubit and q5 is the least.

q1
q2
q3
q4

q5 Rz(θ24)

q1

q2

q3

q4 Rz(θ10)

q5

Figure 4.1: Example circuits for Walsh basis operators Ô24 (left) and Ô10 (right) where 24

and 10 are the sequency indices. Note that q1 is the most significant qubit and q5 is the

least; Rz is a single-qubit rotation gate about the Z axis.

Sequency is independent of the number of qubits from the perspective of constructing a

sequency operator for systems of different sizes. When the number of qubits is increased, an

operator with the same sequency is acquired by adding Is to the less significant qubits of the

operator, a procedure analogous to adding 0s to the bigger digits of Gray code. Since they
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are merely equivalent operators in a more precise system, the few lowest sequency operators

still captures the bulk of low frequency information when the system size increases, and

higher sequency operators can be neglected when studying low energy behaviors.

4.3 Truncated Adiabatic State Preparation for λϕ4 Scalar Field Theory

This section introduces the SeqHT scheme, which utilizes sequency and its associated hier-

archy to reduce resource requirements for quantum simulations. To demonstrate the utility

of SeqHT, it is applied to adiabatic state preparation of λϕ4 theory. The Hamiltonian of

this target theory, a real massive scalar field with quartic self interactions (ϕ4 theory) in one

spatial dimension, is given by

Ĥ latt. =
∑
k

1

2
Π̂2

k +
1

2
m2ϕ̂2k −

1

2
ϕ̂k∇2ϕ̂k +

λ

4!
ϕ̂4k , (4.5)

where ϕ̂ is the field operator, Π̂ the conjugate momentum with a commutation relation[
ϕ̂j , Π̂k

]
= iδjk, k denotes the lattice site, and λ the coupling constant. The potential

energy term ϕ̂4 generates self-interactions.

As first discussed in the papers by Jordan, Lee and Preskill [147, 392, 393, 434], state

preparation of this theory on quantum devices can be accomplished by first initializing the

ground state of the exactly solvable non-interacting theory (λ = 0) and then adiabatically

turning on interactions through unitary evolutions, with λ slowly increasing until it reaches

the desired value. This process will evolve the free theory ground state into the ground state

of the interaction theory, providing that the theory has a non-vanishing mass gap throughout

the evolution.

For the purposes of demonstration, SeqHT is applied to adiabatic state preparation of ϕ4

theory on one spatial site and m is taken to be 1. Effective truncation and digitization are

required to map this theory to the registers of a digital quantum computer. In this chapter,

both ϕ̂ and Π̂ are symmetrically digitized [217], with a field cutoff ϕmax = 4, with further

details on these choices explained in App. C.1. Hϕ̂ and HΠ̂ are both diagonal matrices in

their respective eigenbasis and can both be decomposed into Walsh basis operators. For this

system, SeqHT becomes effective when the system size is increased to five qubits per site,

where the ϕ̂4 term can be truncated based on sequency hierarchy while preserving proper
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representation of the system. For fewer than five qubits, the simulation is too coarse to be

truncated further.

There is a finite range of λ for which the theory is suitable to be simulated in this

manner. When λ becomes large, the wavefunction becomes increasingly sharply peaked.

Eventually it approaches a delta function, which cannot be effectively represented. This

could potentially be resolved by dynamically rescaling the field cutoff and qubit mapping for

better representation of the features, in other words, zooming in on the nonzero region of the

evolved state. This paper works with λ = 10, which generates a ground-state wavefunction

in the interacting theory that can be reasonably represented without rescaling ϕmax.
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Figure 4.2: The coefficients of Pauli strings contributing to the ϕ̂4 operator, which is

digitized with increasing nq. Each Pauli string has a well-defined sequency, and operators

with sequency below 40 are displayed. (Note that for nq = 5, ϕ̂4 only decomposes into

operators with sequency below 32.) The coefficients are calculated by Tr(ϕ̂4†Ôν). Values

for the continuum limit are connected by a dot-dashed line for display purposes. The

numerical values used in the subsequent analysis implement a νcut = 14 sequency

truncation, and the values of the results displayed in this figure can be found in Table C.4.

On five qubits or more, SeqHT can be performed for the λϕ̂4 interaction term. Since ϕ̂4

is symmetric, it is decomposed into symmetric Walsh basis operators, which are associated

with even sequencies because symmetric functions have an even number of zero crossings.
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The even sequency terms correspond to Pauli strings with an even number of Ẑ. Moreover,

since ϕ̂4 is constructed by multiplication of digitized field operator ϕ̂, it only consists of two-

body operators and four-body operators other than identity, where an n-body operator refers

to an Ôν with n appearances of Ẑ. This operator structure, where only n-body operators are

involved with n not greater than the order of the interaction, is a feature of the JLP basis

and extends to larger number of qubits. After SeqHT, the remaining set of operators still

construct a symmetric Hamiltonian. Because of this, the symmetries of the ground states

prepared with adiabatic evolution under the SeqHT Hamiltonian are also preserved despite

errors in adiabaticity and truncation.

Figure 4.2 presents the coefficients of basis operators, in sequency order, obtained from

decomposing ϕ̂4. For larger numbers of qubits, the coefficients of sequency operators start

converging, and a general trend of decreasing coefficients for operators of increasing sequen-

cies is observed; further analysis of this observation will be discussed in Sec. 4.4. The cutoff

sequency index νcut is defined such that basis operators with sequency greater than νcut

are truncated. Subsequent analysis employs νcut = 14 for ϕ̂4. In quantum simulation, the

identity term with ν = 0 can also be ignored as it only impacts the global phase. For a

sufficiently small system, the digitized Hamiltonian can be exactly diagonalized, with nu-

merically determined eigenvalues and eigenvectors that can be used to check the validity of

the truncation scheme. In the five-qubit case, when νcut is set as indicated in Fig. 4.2, the

eigenvalues of the SeqHT Hamiltonian are found to deviate from those of the full Hamilto-

nian at the 5%-level, shown in Fig. 4.3. Figure 4.4 shows the ground-state wavefunction of

the free theory (the initial state), the state prepared via the SeqHT ASP procedure with

total time t = 5 and five adiabatic steps, and the exact ground state (determined by nu-

merical diagonalization) of the interacting theory. For larger λ, the same SeqHT parameters

achieve a slightly worse overlap, which can be compensated for by increasing the total time

and number of steps. The fidelity of the state preparation procedure is determined by the

overlap of the adiabatically-prepared wavefunction with the target ground-state wavefunc-

tion. The fidelity of states prepared with full adiabatic time evolution and SeqHT evolution

are presented as a function of time in Fig. 4.5.

For larger systems, SeqHT on other terms in the Hamiltonian can be explored. For
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Figure 4.3: The left panel shows the eigenvalues of full ϕ4 theory Hamiltonian and the

SeqHT Hamiltonian, both of which are digitized on nq = 5 with ϕmax = 4 and λ = 10. The

right panel shows the percentage differences between the two sets of eigenvalues.

Numerical values for the results displayed in this figure can be found in Table C.5.
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Figure 4.4: Amplitudes of the initial ground state, the target ground state of the

interacting theory, and the state prepared via the SeqHT ASP procedure which uses five

adiabatic steps (not trotterized), with total time t = 5. In the left panel, the model uses

λ = 10 and achieves a fidelity of 0.9999. The prepared state is sufficiently close to the

target state that the curves essentially coincide. In the right panel, λ = 60 and fidelity

0.9978. The ϕ4 theory Hamiltonian is digitized onto five qubits (nq = 5) with a ϕmax = 4.

Numerical values for the results displayed in this figure can be found in Table C.6.
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Figure 4.5: The fidelity of the λϕ4 ground-state wavefunction prepared with complete

adiabatic evolution (blue circles) and with SeqHT procedure (orange crosses). The

Hamiltonian is digitized on five qubits with ϕmax = 4 and λ = 10. Size of each time step is

fixed at δt = 0.1 and number of steps is taken from 0 to 80 for a total time from 0 to 8.

The horizontal line indicates the initial overlap (0.9729) of the free theory and the

interacting theory ground states. Numerical values in this plot can be found in Table C.7.

example, the ϕ̂2 term can also be drastically truncated in a 12-qubit system. Wavefunctions

prepared for a 12-qubit system by Trotterized ASP is shown in Fig. 4.6. The time scan in

App. C.4 guided what ASP parameters to use. SeqHT for the ϕ̂4 term is implemented with

νcut = 14, leaving the same number of operators as for five qubits. In the left panel of Fig. 4.6,

no other truncations are implemented, while in the right panel the ϕ̂2 term is also truncated,

with νcut = 30, leaving ten two-body operators. For a n-qubit system with νcut = 14, the

number of four-body operators required to simulate the ϕ̂4 term is reduced from
(
nq

4

)
to one.

Two-body operator resource requirements are also reduced when truncation of the ϕ̂2 term

is implemented. In the case of nq = 12, the 66 two-qubit operators are reduced down to just

10 for νcut = 14.

While we have not implemented a sequency truncation in conjugate-momentum space,

we expect that such a truncation will also converge with increasing ν
(Π)
cut . The value of

ν
(Π)
cut may or may not coincide with its partner in ϕ-space, as intrinsically they are unre-

lated. However, such an truncation will disturb the utility of the Nyquist-Shannon sampling
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Figure 4.6: Trotterized SeqHT ASP on twelve qubits (nq = 12). The Hamiltonian is

digitized in the basis of the field operator, using ϕmax = 4 and λ = 10. Each adiabatic step

consists of one second-order Trotter step implemented over a total evolution time of 1.6,

and the system is evolved with 4 adiabatic steps. The left panel employs νcut = 14 for the

ϕ̂4 operator, and achieves a fidelity of 0.9923. In the right panel, ϕ̂2 term is also truncated,

to νcut = 30. The adiabatically prepared wavefunction fidelity is 0.9897.

theorem [218, 219] which eliminates all power-law digitization effects. This is based upon

uniform sampling in conjugate-momentum space, and the use of the exact dispersion rela-

tion following the local quantum Fourier transform, and not the lattice relation from the

finite-difference operator in ϕ-space. Therefore, we anticipate larger than naively expected

errors introduced by a sequency truncation in conjugate-momentum space. This is verified

through exact calculations.

4.4 Analysis of SeqHT in the Limit of a Large Number of Qubits

This section provides an upper bound on the sequence coefficient βν , for an arbitrary poly-

nomial function. This result can be used to determine an appropriate νcut for a given

polynomial operator without calculating all βν . This upper bound is found by utilizing the

patterns in the locations of level crossings for sequence operators of dimension 2nq×2nq , with

nq arbitrary; these patterns can then be used to extrapolate to a large nq limit. This result

extends to any well-behaved function which can be carried out by utilizing an appropriate
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Taylor expansion(s).

Consider the digitization of a polynomial function F (x) = xp, where p is a positive

integer. In the basis of eigenstates of the x̂ operator (x̂|x⟩ = x|x⟩), this function maps to a

diagonal operator that can be decomposed into sequency operators Ôν , defined in Eq. (4.1).

There exist a hierarchy in sequency such that,

βν ≳ βν′ for ⌊log2 ν ′⌋ > ⌊log2 ν⌋ (4.6)

and therefore, in order to achieve a desired precision, it is sufficient to only include operators

with sequency up to νcut with the upper bound Bνcut < Λcut, the coefficient threshold. This

also limits the size of operators to only ncut-body operators with ncut ≤ ⌈log2 νcut⌉, hence

reducing the depth of quantum circuits required for implementation.

For sufficiently large nq, βν approaches

lim
nq→∞

βν →
∫ xM

−xM

dx F (x) Θν(x;xM ) , (4.7)

where Θ(x)ν are Heaviside step functions with ν level crossings that occur in the same

patterns as sequency operators Ôν , in the range x = [−xM , xM ] (see App. C.2); xM is the

maximum value of x used in the digitization. In the case of the digitized λϕ4 theory, x is

ϕ and xM = ϕmax. In order to better compare various sequency coefficients, it is useful to

define a normalized version of βν in the limit of large nq, 2

β̃ν =
p+ 1

2xp+1
M

∫ xM

−xM

dx F (x) Θν(x;xM ) , (4.8)

with β̃0 = 1, and p the positive integral order of the polynomial. Since the integrand has

maximal support around x ∼ xM , β̃ν can be bounded from above by B̃ν ,

B̃ν ≡ Np

(∫ xM

xν

dxxp +

∫ −xν

−xM

dxxp
)

, Np =
p+ 1

2xp+1
M

, (4.9)

for ν ̸= 0, where xν is the location of the level crossing closest to xM for Ôν . For F (x) an

even function, B̃ν = 0 for odd sequency ν, and for even ν,

B̃0 = 1 and B̃ν ≡ 1−
(
xν
xM

)1+p

ν ∈ positive even integers. (4.10)

2The normalization coefficient is chosen to be the integral of the polynomial function on the interval
xM > x > −xM .
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It is important to note that this is an upper bound on the value of β̃ν because Θν(x;xM )

becomes negative at x < xν ; while it can become positive at even smaller values of x, the

next largest (and negative) contribution to the integrand comes from xν > x > x′ν , with x′ν

being the location of the second level crossing.

The expression for xν can be derived by utilizing the aforementioned pattern in the

level crossings for sequency operators Ôµ of dimension nq. This is performed explicitly in

App. C.2, with the result that

xν = xM

(
1− 1

2⌊log2 ν⌋

)
, (4.11)

Therefore, an upper bound on the (normalized) sequency coefficient is

B̃ν = 1−
(
1− 1

2⌊log2 ν⌋

)1+p

, (4.12)

for positive, even sequency index. This upper bound significantly overestimates βν for ν

not close to an integer power of two, but it gives an intuitive argument for the number of

operators to include in the truncated sum. The bound could be further refined by including

additional contributions to the integral.

Figure 4.7 shows the values of the coefficients β̃ν , along with the upper bound, B̃ν for

digitization using eight qubits. The upper bounds are respected by the computed β̃ν , as

expected. With an increasing number of qubits, and associated digitization of a smooth

function in the Hilbert space, the range of values for the various coefficients can be substan-

tial, with the largest values approaching the bound. An important aspect of this is that the

bound decreases with increasing sequency, allowing for a sequency truncation, even in the

“worst” case function. This analysis can be repeated for odd polynomial functions, which

result in an analogous result. Namely for F (x) an odd polynomial, B̃ν = 0 for even sequency

and B̃ν is as given in Eq. (4.12), except with ν being positive and odd.

The approach developed above can be generalized to arbitrary functions. In the case of an

even function with support near xM , Eq. (4.9) can be explicitly evaluated. For example, for

F (x) = 1− cosx, the upper bound on the (normalized) sequency coefficients, for xM < π/2,

is given by

B̃(F )
ν = 1− xν − sinxν

xM − sinxM
. (4.13)
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Figure 4.7: Comparison between calculated coefficients, β̃ν , and upper bounds, B̃ν , for a x4

potential. The blue dashed lines are the B̃ν , and the orange dotted lines are the β̃ν . The

left panel shows the results for eight qubits linearly, while right panel displays the results

in a log-log scale. The vertical axis is the value of the normalized coefficients while the

horizontal axis is ν. Numerical values of the results displayed in this figure are included in

Table C.8.

Lastly, the results for polynomials of definite parity can be combined to derive an upper

bound on sequency coefficients of any well-behaved function. In particular, for a function

F (x) with a polynomial expansion, an upper bound for the sequency coefficients is

B(F )
ν =

∞∑
p=0

|ap|B(p)
ν for F (x) =

∞∑
p=0

apx
p . (4.14)

Note that B(p)
ν is the non-normalized upper bound B(p)

ν = B̃
[p]
ν /Np.

4.5 Computational Complexity: The Behavior of Magic with SeqHT

It is interesting to understand the behavior of the computational complexity with increas-

ing levels of sequency truncation. In particular, we focus on the quantum computational

complexity required to establish a given wavefunction as measured by its magic (non-

stabilizerness) [168, 170, 172, 347, 459–461], reflecting the number of T-gates in the quantum

circuit. For a given wavefunction on a register of qubits, the magic in the state can be de-
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termined by the matrix elements of the complete set of n-qubit Pauli strings,

cP = ⟨ψ|P̂ |ψ⟩ , (4.15)

where P̂ ∈ {P̂1 ⊗ P̂2 ⊗ ... ⊗ P̂n} and P̂i ∈ {Î , X̂, Ŷ , Ẑ}. For a stabilizer state (a state that

can be prepared efficiently using classical resources with a Clifford gate set), only d = 2nq of

the d2 = 4nq matrix elements are non-zero, and take the values of ±1. It is useful to define

ΞP ≡ c2P /d which can be identified as probabilities that satisfy
∑
P

ΞP = 1. Using ΞP , there

are a number of ways that are used to quantify the non-stabilizerness of the state, including

the Renyi-entropy and linear magic. We use the latter, defined by

Mlin(|ψ⟩) = 1− d
∑
P

Ξ2
P , (4.16)

which vanishes for stabilizer states.

We consider the convergence properties of magic in the digitization and sequency trun-

cation of a one-dimensional Gaussian wavefunction centered in the middle of the Hilbert

space. Specifically, we calculate the magic of a digitized Gaussian wavepacket of width

σ = 1/
√
2, with ϕmax = 4.0, scanning over a range of nq for which the wavefunction itself

is well-contained on the register. As described above, the wavefunction |ψ⟩ is digitized onto

the nq qubits, to give |ψ⟩d and renormalized such that d⟨ψ|ψ⟩d = 1.

One interesting property to investigate is the magic in the digitized Gaussian wavefunc-

tions |ψ⟩d as a function of the square of the number of qubits used for digitization with fixed

ϕmax. Figure 4.8 shows the convergence of magic to its asymptotic value in the Gaussian

wavefunction as a function of the number of qubits on a log-linear scale. The magic is found

to converge to a fixed value, Mlin = 0.362007 (for these parameters), with an error, ϵ, scal-

ing in a way that is consistent with log 1
|ϵ| ∼ O(n2q). This result demonstrates that, for the

Gaussian wavefunction, and more generally continuous functions with bounded support, its

magic can be defined by the limit of the digitized wavefunction.

Another property to study is the magic in the digitized Gaussian wavefunctions |ψ⟩d as a

function of the cutoff sequency νcut. The digitized state is projected onto Hadamard-Walsh

functions, which are then used to construct a truncated wavefunction including sequencies

up to νcut, |ψ⟩(νcut)d , which are also renormalized to give (νcut)
d⟨ψ|ψ⟩

(νcut)
d = 1. As shown in the



123

9 16 25 36 49 64
n2
q

10−5

10−4

10−3

10−2

10−1

δM

2 4 10 50 100 510

νcut

10−4

10−3

10−2

10−1

δM

Figure 4.8: The convergence of magic in a Gaussian wavefunction with σ = 1/
√
2 centered

in the middle of the n-qubit Hilbert spaces with ϕmax = 4. The left panel shows the

deviation from the asymptotic value as a function of the number of qubits, while the right

panel shows the deviation from the asymptotic value as a function of νcut for nq = 9 using

a log-log scale. Numerical values for the results displayed in this figure can be found in

Table C.2 and Table C.1.

right panel of Fig. 4.8, the magic of the Gaussian wavefunction prepared on nq = 9 qubits

approaches its asymptotic value with increasing precision as νcut is increased, but in a step-

wise fashion. It is observed to be scaling approximately linearly on the log-log plot. A cutoff

sequency can be selected such that SeqHT retains the asymptotic quantum computational

complexity of the system within a given error threshold. Any cutoff at or above this sequency

yields results that lie within this threshold. With more quantum computational resources

available, the cutoff sequency can be systematically increased to include higher sequency

terms thus refining precision.

4.6 Quantum Simulations

Generally, implementing adiabatic time evolution using a digital quantum computer requires

that the evolution operator is Trotterized. Each adiabatic step is realized using a fixed

number of Trotter steps, and each Trotter step consists of the same set of gates with different

rotation angles to capture the time dependence of the Hamiltonian. Due to limitations of
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NISQ-era quantum devices, such as imperfect gate operations and limited coherence time,

resources need to be optimally distributed to minimize the overall error in a simulation.

From a physics perspective, the fidelity of wavefunctions prepared using ASP improves

with increasing time intervals over which the Hamiltonian is evolved. On the other hand,

the fidelity of a Trotterized evolved wavefunction decreases with increasing time intervals.

Therefere, there is an intrinsic tension in using Trotterized evolution to implement ASP;

while this is of no consequence for ideal quantum computers, it is important for realistic

quantum computers, particularly NISQ-era devices. In practice, there is a tuning, or opti-

mization, that has to be performed to use these combined methods on a real-world device.

To focus on the study of ASP, we use one Trotter step for each adiabatic step. Figure 4.9

presents (tuning) scans of state fidelity of the ground state of the λϕ4 theory as a function of

time-step size δt and the number of adiabatic steps; the ground state has been adiabatically

prepared on a classical noiseless quantum simulator. Both the full and SeqHT adiabatic

evolution with νcut = 14 for both first-order and second-order Trotterization are displayed.

SeqHT evolution performs comparably well to the full evolution in both cases. Second-order

Trotterization has a larger region of parameters that generate effective results compared to

first-order Trotterization. Therefore, we choose to work with two adiabatic steps, each with

one second-order Trotterized evolution, in the analysis that follows.

4.6.1 Quantum Circuits and Resource Requirements

The first step of the adiabatic evolution to λϕ4 from the non-interacting theory is to pre-

pare the ground state of the non-interacting theory on the quantum register. The circuit

that prepares a general unitary transformation on nq qubits with all-to-all connectivity is

presented in Ref. [462]. Since the ground state of the non-interacting theory can be defined

to have positive and real amplitudes, all rotations in the circuit are about the y-axis. The

rotation angles for this sequence can either be directly calculated [1, 462, 463] or obtained via

a variational minimization procedure, for instance via a Variational Quantum Eigensolver

(VQE). Symmetry of the free theory ground state can be exploited by preparing half of the

state on all but the most significant qubit, then reflecting it to form the full state [1]. In
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Figure 4.9: The fidelity F of the λϕ4 ground state adiabatically prepared using a noiseless

quantum simulator as a function of time-step size δt and the number of adiabatic steps, for

a five-qubit system (nq = 5) with ϕmax = 4 and λ = 10. Each full (left) or SeqHT (right)

adiabatic step is comprised of one first-order (upper) or one second-order (lower) Trotter

step. The initial overlap of the free-theory ground state (λ = 0) and target ground state is

0.9729. Basis operators of the interacting term with ν > 14 are truncated. Numerical

values for the results displayed in this figure can be found in Table C.9 and Table C.10.

the circuit shown in Fig. 4.10, F denotes the operators used to reflect about the midpoint

of the Hilbert space, and the other circuit elements constitute a general state preparation

circuit. This initialization requires 2nq−1 + nq − 3 CNOT gates for nq qubits with all-to-all

connectivity. Figure 4.11 shows the general reflection circuit F (left), and a nearest-neighbor

connectivity adaptation (right) that is based on the discussions in Ref. [464].
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Figure 4.10: Quantum circuit for preparing the ground state of the non-interacting theory

on a quantum computer adapted from Ref. [1]. For a positive and real wavefunction, all of

the rotations are about the y-axis. F denotes the circuitry to reflect the wavefunction

about the mid-point of the Hilbert space, and is given in Fig. 4.11.
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Figure 4.11: Quantum circuits for reflecting a wavefunction about the mid-point of the

Hilbert space on a device with all-to-all connectivity (left) as discussed in Ref. [1], and on a

device with nearest-neighbor connectivity (right).

For the time evolution generated by the Hamiltonian given in Eq. (4.5), since the mass

term and the interaction term commute, the circuit can be Trotterized into Φ̃(s, t) and Π̃(t)

contributions; these operators are defined to be

Φ̃(s, t) ≡ e−i( 1
2
ϕ̂2+

λ(s)
4!

ϕ̂4)t and Π̃(t) ≡ e−i 1
2
Π̂2t. (4.17)
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Detailed construction of the quantum circuits for Φ̃(s, t) and Π̃(t) can be found later in

this section and in App. C.3. Each adiabatic step in the evolution from the non-interacting

ground state to the λϕ4 ground state contains one Trotter step. In a second-order Trotter

step, the circuit implements the unitary operator,

Û
(1)
2nd = Φ̃ (s, δt/2) Π̃(δt) Φ̃ (s, δt/2) . (4.18)

Between adjacent second-order Trotterized adiabatic steps, the last term of the previous

step and the first term of the current step are combined (because ϕ2 and ϕ4 commute) and

therefore

Û2nd = Φ̃(s1, δt/2) Π̃(δt) Φ̃(s1 + s2, δt/2) Π̃(δt) Φ̃(s2, δt/2) . (4.19)

The quantum circuits employed to implement the error-mitigation strategy of decoherence

renormalization (DR) and operator-DR (ODR) are designed such that they share similar

structure with the physics circuit, but can be efficiently simulated classically. The corre-

sponding circuits are implemented as

Û
(2,DR)
2nd = Φ̃(s1, δt/2) Π̃(δt) Φ̃(s1 + s2, 0) Π̃(−δt) Φ̃(s2,−δt/2) , (4.20)

corresponding to forward evolution for half of the time and backward evolution for the other

half.

Nearest-neighbor connectivity is considered as the following quantum simulations are

carried out on IBM’s superconducting-qubit quantum computers. Two-body operators

RZaZb
= eiθẐaẐb with the same most significant qubit can be overlaid to improve efficiency [2],

shown in Fig. 4.12. Additional CNOT cancellations from neighboring blocks further reduces

the depth. As derived in Ref. [2], the total number of CNOTs N and circuit depth D for

the construction of all RZZ gates with regard to the number of qubits nq is

N = 2

(
nq
2

)
, D = nq (nq − 2) + 3. (4.21)

In conjugate-momentum space, Π̂2 can be implemented with the same set of basis operators

as ϕ̂2, but with different coefficients [147]. The Quantum Fourier Transform (QFT) is used to

take these basis operators to the ϕ-space, with a CNOT number and gate depth that scales

as n2q +nq −4 [464] (with nearest neighbor connectivity for each QFT circuit). The resource
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q1
q2 RZ(θ12)

q3 RZ(θ13)

q4 RZ(θ14)

q5 RZ(θ15)

Figure 4.12: Quantum circuit for implementing multiple two-body RZZ operators on a

quantum computer from Ref. [2].

requirements are calculated in the case where the controlled-phase gate is not a native gate

of the quantum device, and is implemented using CNOTs and single-qubit rotations.

For a n-qubit system, when the interacting term ϕ̂4 is implemented with νcut = 14, the

number of four-body operators required to simulate the ϕ̂4 term is reduced from
(
nq

4

)
to one.

Each four-body operator is implemented with six CNOTs and total CNOT depth six, shown

in Fig. 4.1. Two-body operators in ϕ̂4 can be absorbed into the two body operators of ϕ̂2

and pose no additional cost.

Table 4.1 presents the two-qubit gate counts and depths for implementing a single adia-

batic step (left panel) and the entire simulation with free theory initialization (right panel)

before and after SeqHT. We find SeqHT results in a ∼ 35% reduction in depth for a single

step and ∼ 29% reduction for the complete simulation. Note that performing QFT and

inverse QFT wth nearest-neighbor connectivity constitutes more than half of the two-qubit

gate depth required for a single adiabatic step, which could potentially be improved by run-

ning on a quantum computer with all-to-all connectivity, such as a trapped-ion system; in

such systems, the two-qubit gate depth of QFT scales as 4nq − 6 instead.

4.6.2 Quantum Simulations using IBM’s Quantum Computers

The ASP algorithms, with and without SeqHT, were run on IBM’s superconducting qubit

quantum computer ibm_sherbrooke with an Eagle r3 processor and ECR gates as native

two-qubit operations. For both simulations, qubits with longer coherence time are selected,
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Depth Count

Full 156 173

Truncated 101 117

Depth Count

291 321

208 237

Table 4.1: The entangling-gate resources required to perform a single adiabatic step time

evolution not including free theory initialization (left panel) and the complete simulation

with two adiabatic steps each containing one second-order Trotter step (right panel),

before and after SeqHT with νcut = 14 using ibm_sherbrooke.

but this approach is only necessary for the full evolution as the significantly longer circuit

approaches the decoherence boundary. The error mitigation techniques used were read-

out error mitigation [201] through the qiskit [9] Runtime Sampler primitive, Dynamical

Decoupling [196–198] via qiskit Transformation Pass [465], Pauli Twirling [199], and Op-

erator Decoherence Renormalization (ODR) [2, 150]. Employing Pauli-twirling in both sets

of circuits converts coherent errors into incoherent errors, which can be suppressed by large

ensemble sizes. This approach substantially reduces the error introduced into observables

due to the quantum device’s decoherence. In ODR, results from the physical circuits are

renormalized by results from the mitigation circuits, as described in Eq. (4.20). Both the

physical and mitigation circuits employ 80 Pauli-twirled instances with 8000 shots per twirl,

with corresponding physical circuit and mitigation circuit twirled the same way. The central

values and uncertainties are obtained from bootstrap resampling over the 80 twirls with 1000

resamples.

Fig. 4.13 shows a comparison between the expectation values ⟨ẐẐ⟩ obtained using the

SeqHT adiabatic evolution and using the full adiabatic evolution. Encouragingly, the results

from the SeqHT evolution are found to be superior to those of the full evolution, with smaller

errors introduced by fewer gates in the shallower circuits and a reduced decoherence due to a

shorter circuit run-time. The full circuit implementations display larger deviations of central

values of observables from the known results, and also substantially larger uncertainties

in some instances. The truncated circuit is able to reproduce ⟨ẐẐ⟩s close to the values



130

{1,
2}
{2,

3}
{1,

3}
{3,

4}
{2,

4}
{1,

4}
{4,

5}
{3,

5}
{2,

5}
{1,

5}
−1.5

−1.0

−0.5

0.0

0.5

1.0

〈Z
iZ

j
〉

SeqHT Evolution

Expected

Raw

Mitigated

{1,
2}
{2,

3}
{1,

3}
{3,

4}
{2,

4}
{1,

4}
{4,

5}
{3,

5}
{2,

5}
{1,

5}
−1.5

−1.0

−0.5

0.0

0.5

1.0

〈Z
iZ

j
〉

Full Evolution

Expected

Raw

Mitigated

Figure 4.13: Expectation values of ẐiẐj operators in the ground state of λϕ4 theory with

ϕmax = 4 and λ = 10 measured from quantum simulations using IBM’s ibm_sherbrooke.

The left panel computes the expectation values in the ground state prepared using SeqHT

adiabatic evolution with νcut = 14, while the right panel uses the full adiabatic evolution.

Both evolutions involve two adiabatic steps, each consisting of one second-order Trotter

step. Raw results and error-mitigated results are displayed, along the corresponding results

from classical computations (from the numerically solved target state). The x-axis is {i, j}.
Both the physical and mitigation circuits employ 80 Pauli twirls with 8000 shots per twirl.

The SeqHT circuit employs 237 two-qubit gates with depth 208 while the full circuit uses

321 two-qubit gates with depth 291. The points are joined for display purposes. Numerical

values for the results displayed in this figure can be found in Table C.3.

calculated from the exactly diagonalized interacting wavefunctions. As anticipated, the raw

results obtained from the full circuit exhibit more sensitivity to device decoherence than those

from the truncated circuit, as can be seen in Fig. 4.13 and in the numerical values displayed in

Table C.3. Note that we studied the ⟨ẐẐ⟩ observables instead of state fidelity or amplitudes

since recovering states and state fidelities from a quantum computer requires methods such

as quantum-state tomography [466, 467] or classical shadows [468–471]; additionally, ODR

has not yet been shown to be effective for these methods.
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4.7 Summary and Outlook

We have introduced a systematically-improvable truncation scheme that makes use of the

sequency hierarchies present in many physical systems. The Sequency Hierarchy Trunca-

tion (SeqHT) scheme reduces the quantum resources needed to prepare and time-evolve

states within a target fidelity for a given simulation. We have derived upper bounds on the

sequency coefficients of polynomial interactions, allowing for a convergent sequency trunca-

tion; these results are generalized to provide upper bounds on the sequency coefficients of any

well-behaved function. SeqHT is expected to be particularly effective in improving results

obtained in NISQ-era quantum simulations, where device decoherence remains a limitation.

As a demonstration of the potential of SeqHT, we have performed quantum simulations

of the adiabatic preparation of the ground state of λϕ4 from that of the harmonic oscillator

using a time-ordered Trotterization evolution on IBM’s quantum computer ibm_sherbrooke.

Specifically, we have computed the expectation values of Pauli strings of two Ẑ operators in

these prepared state, and compared with exact results from classical computations. These

results, with cutoff sequency tuned to remain within overall error tolerances, generally have

smaller uncertainties than those obtained with the full evolution. Further, they are in better

agreement with the classically-computed results.

As part of the study of the convergence of SeqHT, we considered the convergence of

the measurement of quantum computational complexity using magic (non-stabilizerness) in

a single-site Gaussian wavefunction with sequency truncation. The magic in a digitized

Gaussian wavefunction is found to converge to a fixed value, with an error ϵ scaling as

log 1
|ϵ| ∼ O(n2q) with increasing number of qubits used in its digitization. Further, the magic

is found to step-wise converge with increasing sequency cutoff, νcut, towards the exact value.

When extending to multiple spatial sites in a scalar field theory, the hopping term must

also be included. SeqHT can be applied here by treating each site individually, and then

combining the truncated representation. In more general systems with non-diagonal oper-

ators, SeqHT can become feasible through suitable basis changes or transformations, for

example, by applying the Quantum Fourier Transform or by using circuits to transform

into the GHZ basis. Because SeqHT is intrinsically associated with a qubit hierarchy, any
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encoding that preserves differential structure allows for practical application.

SeqHT is an organizational method based on the structure of wavefunctions and probes.

We have demonstrated its utility in the context of adiabatic state preparation of the λϕ4

ground state using Trotterized evolution. However, it has more general applicability as it

does not depend on the choice of methods or algorithms. Consequently, we anticipate that it

can be used in simulations of systems exhibiting hierarchies of scales, which encompass many

systems of physical interest. In the context of nuclear physics applications, SeqHT may, for

example, accelerate quantum simulations of mean-field descriptions of nuclear matter and

relativistic hydrodynamics describing heavy-ion collisions. Further, because its efficacy is

related to the structure and dynamics of physical systems, we anticipate that SeqHT can be

fruitfully implemented in digital, analog and hybrid quantum simulations.
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Chapter 5

CONCLUSION

The aim of this dissertation has been to advance the digital quantum simulation of real-

time dynamics in interacting quantum field theories, targeting problems in nuclear and high-

energy physics that lie beyond the reach of classical computation. The work spans the full

pipeline, from theoretical formulation through algorithm and circuit design to demonstration

on present-day superconducting hardware, extracting observables from noisy devices and

validating them against classical benchmarks. The long-term goal is the first-principles

simulation of real-time dynamics in quantum chromodynamics (QCD) and, ultimately, the

Standard Model.

Chapter 2 proposed a framework to simulate energy loss and hadronization in a 1+1D

SU(2) lattice gauge theory. Heavy-quark fields were included as additional degrees of free-

dom to capture the color entanglement between the light quarks and the dense background.

Classical lattice QCD methods, such as hadronic interpolating operators and domain decom-

position, were used to prepare the initial state on the quantum computer together with Adap-

tive Variational Quantum Eigensolver (ADAPT-VQE), and the motion of heavy quarks was

implemented via fermionic swap operators. This process was simulated on ibm_pittsburgh

using 18 qubits with a two-qubit gate depth of around 400, and the charge distribution and

energy loss were measured. This framework extends straightforwardly to 1+1D SU(3), at

the cost of additional qubits and longer-range circuits.

In search of formulations that are efficient at all gauge couplings and extensible to higher

dimensions, Chapter 3 developed the quantum simulation of an alternative Hamiltonian

formulation: the fully gauge-fixed Hamiltonian in the mixed basis. The focus of this chapter

was to examine the viability of simulating this continuous theory on a digital quantum

computer. The continuous gauge fields were mapped onto qubit registers, reaching 10−3

precision in low-energy observables with as few as three qubits per plaquette. The dynamics
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were then simulated on ibm_fez using five qubits, and the measured magnetic energy was

in agreement with classical benchmarks with around 10−2 precision. This established a

complete pipeline from the continuous formulation to its hardware simulation, while also

finding that the first-derivative terms limit the achievable precision, which will require careful

considerations when extending to larger systems.

To use resources more efficiently on present-day hardware, Chapter 4 introduced a

systematically-improvable truncation method that exploits the hierarchy in the contribu-

tions of basis operators to low-energy observables. Sequency Hierarchy Truncation (SeqHT)

was demonstrated in the adiabatic state preparation of the interacting ground state of λϕ4

theory on ibm_sherbrooke, reducing the two-qubit gate depth by around 30%. Because

the shallower truncated circuit accumulates less hardware noise and decoherence, it outper-

formed the untruncated circuit on the device. Both the target observables and the quantum

complexity, as measured by magic, were found to converge step-wise as the cutoff sequency

is raised. Beyond circuit truncations, SeqHT serves as a broader organizational tool for

systems exhibiting hierarchies of scales.

As one-dimensional studies of QCD mature and quantum hardware capabilities improve,

a natural next step is to explore simulations in two and higher dimensions with dynamical

gauge fields. This will require developing formulations and encoding schemes that balance

gauge symmetry preservation, resource efficiency, and compatibility with near-term devices.

Another direction is to incorporate quantum error correction in quantum simulations us-

ing codesign principles, exploring how physical redundancies and symmetries can act as

stabilizers to sustain coherent dynamics over longer time scales.

With continued progress in quantum hardware, algorithms, and lattice formulations,

quantum simulation can move beyond validating against classical calculations towards its

broader aim: a first-principles description of real-time dynamics of far-from-equilibrium

matter. These regimes are inaccessible to the Euclidean formulation of lattice QCD, where

Monte Carlo sampling is obstructed by the sign problem. Dynamical properties such as the

energy loss and hadronization of probes traversing the quark-gluon plasma are at present

described through phenomenological modeling rather than computed from the underlying

theory with controlled, quantifiable uncertainties. Quantum simulation offers direct access
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to these observables in real time, with systematically improvable errors. Its reach extends

beyond comparison with experiment, which observes only late-time states. Quantum simu-

lation can also make controlled Standard Model predictions, with quantified uncertainties,

against which searches for physics beyond the Standard Model can be measured. The author

hopes that the frameworks, algorithms, and demonstrations presented here will be of use to

others working toward this goal.
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Appendix A

ENERGY LOSS

A.1 Details on the Fermionic SWAP

In this appendix, we show how the value of the rotation in the FSWAP gate, Eq. (2.13),

cannot be arbitrary in these simulations. To understand this limitation, it is helpful to

consider a simple model system comprised of two sites x = {0, 1}, defined in the ket (of one

of the colors) |ψ⟩ = |Q0Q1⟩ in the occupation basis, with an initial condition of having the

heavy quark residing at x = 0, |ψ⟩0 = | ↑↓⟩. In an attempt to move the heavy quark to

x = 1 using continuous spatial translations, a FSWAP gate is applied, F̂ (θ), followed by

time evolution, followed by a second FSWAP gate, F̂ (ϕ).

Working in the reduced space with states {| ↑↓⟩, | ↓↑⟩}, imagine that the evolution

operator has the form

Û = ei
α
2 ei

η
2
Ẑ , (A.1)

where η and α are phases resulting from the time evolution of the system between the

applications of the two FSWAP gates. These phase shifts model the effect of the time

evolution of the light quarks on the wavefunction including the heavy-quark. The resulting

state is

|ψ̃⟩ = F̂ (ϕ) · Û · F̂ (θ)|ψ⟩0

= eiα/2 eiθ/2 eiϕ/2
[
| ↑↓⟩

(
cos

η

2
cos

θ + ϕ

2
+ i sin

η

2
cos

θ − ϕ

2

)
−i| ↓↑⟩

(
cos

η

2
sin

θ + ϕ

2
− i sin

η

2
sin

θ − ϕ

2

) ]
, (A.2)

In particular, when the system with a heavy-quark at x = 0 is in its ground state, when

moved instantaneously to x = 1 it is in a combination of excited states. In the case where

θ ̸= ϕ ̸= π but θ + ϕ = π, it would have been ideal for the heavy-quark to have moved

from the x = 0 site to the x = 1 site, but this is not the situation when η ̸= 0. Forming
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the location of the heavy quark from the expectation value, from matrix elements of the

operator

R̂ =
1

4

(
2Î + Ẑ2 − Ẑ1

)
(A.3)

in |ψ̃⟩ gives

⟨ψ̃| R̂ |ψ̃⟩ = 1

2

(
1− cos2

η

2
cos(θ + ϕ)− sin2

η

2
cos(θ − ϕ)

)
. (A.4)

Attempting to move the heavy-quark from x = 0 to x = 1 via an intermediate x = 1
2

location, θ = ϕ = π/2, leads to the location of the heavy quark being ⟨R̂⟩ = 1 − sin2 η
2 . In

contrast, making one move to the adjacent lattice site, with θ = π, ϕ = 0, or with θ = 0,

ϕ = π, gives ⟨R̂⟩ = 1.

A.2 Details of the L = 2 System

Details of calculations in the L = 2 system that are summarized in Sec. 2.4.2 are presented

in this appendix. While this system follows relatively straightforwardly from the L = 1

system, there are aspects relevant for simulations in larger systems, as discussed in the main

text. Following the same path as in Sec. 2.4.1, we present results for the eigenstates, energies,

spin-observables, and the variational operators and wavefunctions in the nQ = {0, 1} sectors.

The wavefunction for a state describing an L = 2 system is formed from a linear combi-

nation of occupation basis states, | Qr Qg qr qg qr qg Qr Qg qr qg qr qg ⟩, with staggered

site labels n = {0, 1, . . . , 5}. The kinetic energy operator receives contributions from the

light quarks,

Ĥk =− 1

2

∑
n=1,4

∑
c=0,1

(
σ̂+2n+cẐ2n+1+cσ̂

−
2n+2+c + h.c.

)
− 1

2

∑
n=2

∑
c=0,1

(
σ̂+2n+cẐ2n+1+cẐ2n+2+cẐ2n+3+cσ̂

−
2n+4+c + h.c.

)
, (A.5)

where the second term comes for hopping between anti-quarks at site x = 0 and quarks at

x = 1. The mass term, using the same arguments as before, takes the form

Ĥm =
mq

2

∑
n=1,2,4,5

∑
c=0,1

(−)ηn Ẑ2n+c , (A.6)
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where η1,4 = 0 and η2,5 = 1. The gauge-field contribution to the Hamiltonian is,

Ĥg =
g2

2

∑
a=1,2,3

[ (
Q̂(a)

0 + Q̂(a)
1

)2
+
(
Q̂(a)

0 + Q̂(a)
1 + Q̂(a)

2

)2
+
(
Q̂(a)

0 + Q̂(a)
1 + Q̂(a)

2 + Q̂(a)
3 + Q̂(a)

4

)2 ]
,

Ĥλ =
λ2

2

∑
a=1,2,3

(
Q̂(a)

0 + Q̂(a)
1 + Q̂(a)

2 + Q̂(a)
3 + Q̂(a)

4 + Q̂(a)
5

)2
, (A.7)

with the charge operators defined in Eq. (2.3), which can be replaced with the more compact

expression (see App. A.8)

Ĥg =
g2

2

∑
a=1,2,3

[ (
Q̂(a)

0 + Q̂(a)
1

)2
+
(
Q̂(a)

0 + Q̂(a)
1 + Q̂(a)

2

)2
+
(
Q̂(a)

5

)2 ]
, (A.8)

with λ→ ∞ to enforce the color-neutrality constraint.

We use the Lanczos algorithm [472] to generate the ground-state energies and wavefunc-

tions. Working with g = 1.0 and mq = 0.1 in the nQ = 0 sector, our starting state is the SC

vacuum is

|SC; 2, 0⟩ = | ↓↓↓↓ ↑↑ ↓↓↓↓ ↑↑ ⟩ . (A.9)

Iterating the Lanczos algorithm to convergence with the system Hamiltonian gives

|I; 2, 0⟩ = 0.47806| ↓↓↓↓ ↑↑ ↓↓↓↓ ↑↑ ⟩

+ 0.27134| ↓↓↓↓ ↑↑ ↓↓↓↑ ↑↓ ⟩ + 0.27134| ↓↓↓↑ ↑↓ ↓↓↓↓ ↑↑ ⟩

− 0.27134| ↓↓↓↓ ↑↑ ↓↓↑↓ ↓↑ ⟩ − 0.27134| ↓↓↑↓ ↓↑ ↓↓↓↓ ↑↑ ⟩

+ 0.22182| ↓↓↑↑ ↓↓ ↓↓↓↓ ↑↑ ⟩ + 0.22182| ↓↓↓↓ ↑↑ ↓↓↑↑ ↓↓ ⟩ + · · · , (A.10)

which exhibits the structure of mesons and baryon-antibaryon-pair excitations above the SC

vacuum. The ground-state energy of E0 = −1.5179, with corresponding energy density of

E0/L ≡ ϵ0 = −0.7589. The matrix elements of the components of the Hamiltonian density

are

⟨Ĥk⟩/L = −1.04757 , ⟨Ĥm⟩/L = +0.13346 , ⟨Ĥg⟩/L = +0.15512 , ⟨Ĥext.⟩/L = 0 ,

(A.11)
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and the resulting spin alignments are

⟨Ẑj⟩ ={−1,−1,−0.38569,−0.38569, 0.279695, 0.279695,

− 1,−1,−0.279695,−0.279695, 0.38569, 0.38569} .
(A.12)

There are three meson operators (two acting on a single spatial site, Ô(0)
M0 and Ô

(1)
M0,

and one between sites, Ô(0,1)
M1 ), and three baryon operators with analogous actions (Ô(0)

B0,

Ô
(1)
B0, and Ô(0,1)

B1 ) that can be used to prepare the interacting ground state with sub-percent

precision,

Ô
(0)
M0 ≡ Î2

(
X̂ẐŶ Î − Ŷ ẐX̂Î + ÎX̂ẐŶ − Î Ŷ ẐX̂

)
Î6 ,

Ô
(1)
M0 ≡ Î8

(
X̂ẐŶ Î − Ŷ ẐX̂Î + ÎX̂ẐŶ − Î Ŷ ẐX̂

)
,

Ô
(0,1)
M1 ≡ −Î4

(
X̂Ẑ3Ŷ Î − Ŷ Ẑ3X̂Î + ÎX̂Ẑ3Ŷ − Î Ŷ Ẑ3X̂

)
Î2 ,

Ô
(0)
B0 ≡ 4iÎ2

(
σ̂+σ̂+σ̂−σ̂− − σ̂−σ̂−σ̂+σ̂+

)
Î6 ,

Ô
(1)
B0 ≡ 4iÎ8

(
σ̂+σ̂+σ̂−σ̂− − σ̂−σ̂−σ̂+σ̂+

)
,

Ô
(0,1)
B1 ≡ −4iÎ4

(
σ̂+σ̂+Î2σ̂−σ̂− − σ̂−σ̂−Î2σ̂+σ̂+

)
Î2 . (A.13)

To identify the optimal operator ordering and subsequent layer-by-layer parameter optimiza-

tions, the meson operators are applied first to the SC vacuum in Eq. (A.9), followed by the

baryon operators, to give Eq. (2.27),

Û = e−iθ5Ô
(0,1)
B1 e−iθ4Ô

(0,1)
M1 e−iθ3(Ô

(0)
B0+Ô

(1)
B0)e−iθ2(Ô

(0)
M0+Ô

(1)
M0)e−iθ1Ô

(0,1)
M1 . (A.14)

The form of this variational ansatz is motivated by the symmetries of the system - the

translational invariance (modulo OBCs) and color neutrality. Table A.1 shows the results

of tuning the parameters defining the wavefunction ansatz in Eq. (2.27) to the exact L = 2,

nQ = 0 wavefunction. The expectation values ⟨Ẑj⟩ are given in Table A.2 and displayed in

Fig. 2.3. They show the convergence with the addition of each layer of the state preparation

in Eq. (2.27), and subsequent re-optimization.

In the nQ = 1 sector with the heavy quark located at x = 0, the SC vacuum is

|SC; 2, 1⟩ = 1√
2

[
| ↑↓↓↑ ↑↑ ↓↓↓↓ ↑↑ ⟩ − | ↓↑↑↓ ↑↑ ↓↓↓↓ ↑↑ ⟩

]
, (A.15)
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Quantity Î Ô
(0,1)
M1 Ô

(0)
M0+Ô

(1)
M0 Ô

(0)
B0 + Ô

(1)
B0 Ô

(0,1)
M1 Ô

(0,1)
B1

IL 0.3857 0.3479 0.0202 0.0133 0.0020 0.0007

θi - 0.1907

- 0.1291 0.2967

- 0.1291 0.2543 0.0469

- 0.2264 0.2802 0.0588 -0.1498

- 0.2316 0.2790 0.0637 -0.1691 0.0289

Table A.1: Results from fitting the variational wavefunction in Eq. (2.27) with mq = 0.1

and g = 1.0 through five layers, optimized at each level. Shown are the infidelity density

IL, defined in Eq. (2.26), and fit angles θi, for the nQ = 0 state with L = 2.

state 0 1 2 3 4 5 6 7 8 9 10 11

|SC; 2, 0⟩ -1 -1 -1 -1 1 1 -1 -1 -1 -1 1 1

layer-1 -1 -1 -1 -1 0.7220 0.7220 -1 -1 -0.7220 -0.7220 1 1

layer-2 -1 -1 -0.4127 -0.4127 0.2810 0.2810 -1 -1 -0.2810 -0.2810 0.4127 0.4127

layer-3 -1 -1 -0.4048 -0.4048 0.2731 0.2731 -1 -1 -0.2731 -0.2731 0.4048 0.4048

layer-4 -1 -1 -0.3936 -0.3936 0.2841 0.2841 -1 -1 -0.2841 -0.2841 0.3936 0.3936

layer-5 -1 -1 -0.3890 -0.3890 0.2842 0.2842 -1 -1 -0.2842 -0.2842 0.3890 0.3890

|I; 2, 0⟩ -1 -1 -0.3856 -0.3856 0.2796 0.2796 -1 -1 -0.2796 -0.2796 0.3856 0.3856

Table A.2: The ⟨Ẑj⟩ as a function of the fermion site j, starting from the SC vacuum,

through the classically optimized layers, and comparing to the exact values, for the nQ = 0

state with L = 2, mq = 0.1 and g = 1.0. These results are displayed in Fig. 2.3.

and is no longer spatially symmetric because of the heavy quark at x = 0. However, as with

the nQ = 0 sector, to identify the optimal operator ordering and subsequent layer-by-layer

parameter optimizations, we first implement the meson operators followed by the baryon

operators. The meson operators are sequentially implemented with distance from the heavy
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quark, followed by two baryon operators, and then followed by the closest meson operator,

Û = e−iθ6Ô
(0)
M0 e−iθ5Ô

(0,1)
B1 e−iθ4Ô

(1)
B0 e−iθ3Ô

(1)
M0 e−iθ2Ô

(0,1)
M1 e−iθ1Ô

(0)
M0 , (A.16)

applied to |SC; 2, 1⟩, reproducing Eq. (2.28) in the main text. The operator sequence has the

mesons implemented sequentially away from the heavy quark, one at the boundary, baryon-

antibaryon pairs sequentially are applied moving closer to the heavy quark, with a meson

operator at the heavy quark. The fit angles and infidelities are given in Table A.3, and the

Quantity Î Ô
(0)
M0 Ô

(0,1)
M1 Ô

(1)
M0 Ô

(1)
B0 Ô

(0,1)
B1 Ô

(0)
M0

IL 0.336982 0.2965 0.1855 0.02256 0.02048 0.01959 0.003619

θi - 0.2309

- 0.2096 0.2473

- 0.2231 0.2152 0.2563

- 0.2231 0.2149 0.2318 0.03233

- 0.2223 0.2025 0.2283 0.03208 0.02261

- 0.3862 0.2358 0.2282 0.03233 0.02613 -0.1837

Table A.3: Results from fitting the variational wavefunction in Eq. (2.28) with mq = 0.1

and g = 1.0 through six layers, optimized at each level. Shown are the infidelity density,

IL, defined in Eq. (2.26), and fit angles, θi, for the nQ = 1 state with L = 2.

expectation values ⟨Ẑj⟩ are given in Table A.4 and displayed in Fig. 2.3. They show the

pattern of convergence with the addition of each layer of state preparation in Eq. (2.28), and

subsequent re-optimizations. The energy of the ground state in this sector is E1 = −1.162,

giving a hadron mass of ΛQ = E1 − E0 = 0.3557.

A.3 Details of the L = 3 System

Further details related to the L = 3 results presented in Sec. 2.4.3 are presented in this

appendix. Specifically, we present results for the eigenstates, energies, spin-observables,

color-entanglement, and variational operators and wavefunctions in the nQ = 0, 1 sectors.
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State 0 1 2 3 4 5 6 7 8 9 10 11

|SC; 2, 1⟩ 0 0 0 0 1 1 -1 -1 -1 -1 1 1

layer-1 0 0 0.1971 0.1971 0.8028 0.8028 -1 -1 -1 -1 1 1.

layer-2 0 0 0.1660 0.1660 0.4148 0.4148 -1 -1 -0.5809 -0.5809 1 1

layer-3 0 0 0.1839 0.1839 0.4941 0.4941 -1 -1 -0.2752 -0.2752 0.5971 0.5971

layer-4 0 0 0.1844 0.1844 0.5049 0.5049 -1 -1 -0.2843 -0.2843 0.5948 0.5948

layer-5 0 0 0.1854 0.1854 0.5061 0.5061 -1 -1 -0.2796 -0.2796 0.5880 0.5880

layer-6 0 0 0.1533 0.1533 0.5034 0.5034 -1 -1 -0.2581 -0.2581 0.6013 0.6013

|I; 2, 1⟩ 0 0 0.1554 0.1554 0.4989 0.4989 -1 -1 -0.2498 -0.2498 0.5955 0.5955

Table A.4: The ⟨Ẑj⟩ as a function of fermion site j, from the SC vacuum, |SC; 2, 1⟩,
through the classically optimized layers, through to the exact values from |I; 2, 1⟩ for the

nQ = 0 state with L = 2, mq = 0.1 and g = 1.0. These results are displayed in Fig. 2.3.

Working with g = 1.0 and mq = 0.1 (for the sake of comparison), in the light-sector

(nQ = 0), the ground-state wavefunction is determined using the Lanczos algorithm applied

to the SC vacuum, |SC; 3, 0⟩, requiring more than 50 iterations to converge,

|I; 3, 0⟩ = 0.345173| ↓↓↓↓ ↑↑ ↓↓↓↓ ↑↑ ↓↓↓↓ ↑↑⟩

+ 0.19079| ↓↓↓↑ ↑↓ ↓↓↓↓ ↑↑ ↓↓↓↓ ↑↑⟩

− 0.19079| ↓↓↓↓ ↑↑ ↓↓↓↓ ↑↑ ↓↓↑↓ ↓↑⟩

+ 0.19079| ↓↓↓↓ ↑↑ ↓↓↓↓ ↑↑ ↓↓↓↑ ↑↓⟩

− 0.19079| ↓↓↑↓ ↓↑ ↓↓↓↓ ↑↑ ↓↓↓↓ ↑↑⟩ + · · · . (A.17)

It has an energy of E0 = −2.3994 (with a corresponding energy density of ϵ0 = −0.7998),

and matrix elements of the components of the Hamiltonian density,

⟨Ĥk⟩/L = −1.0846 , ⟨Ĥm⟩/L = +0.1264 , ⟨Ĥg⟩/L = +0.1583 , ⟨Ĥext.⟩ = 0 . (A.18)

The ⟨Ẑj⟩, exhibiting the expected reflection symmetry, are

⟨Ẑj⟩ =
{
− 1,−1,−0.4411,−0.4411, 0.2877, 0.2877,

− 1,−1,−0.3744,−0.3744, 0.3744, 0.3744,

− 1,−1,−0.2877,−0.2877, 0.4411, 0.4411
}
. (A.19)
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In the nQ = 1 sector with the heavy quark located at x = 0, the SC wavefunction is

|I; 3, 1, x = 0⟩ = 1√
2

[
| ↑↓↓↑ ↑↑ ↓↓↓↓ ↑↑ ↓↓↓↓ ↑↑⟩ − | ↓↑↑↓ ↑↑ ↓↓↓↓ ↑↑ ↓↓↓↓ ↑↑⟩

]
. (A.20)

and the “exact” wavefunction, determined by the Lanczos algorithm, is

|I; 3, 1, x = 0⟩ = 0.273228| ↑↓↓↑ ↑↑ ↓↓↓↓ ↑↑ ↓↓↓↓ ↑↑⟩

− 0.273228| ↓↑↑↓ ↑↑ ↓↓↓↓ ↑↑ ↓↓↓↓ ↑↑⟩

− 0.161826| ↑↓↓↑ ↑↓ ↓↓↓↑ ↑↑ ↓↓↓↓ ↑↑ ⟩

− 0.161826| ↓↑↑↓ ↓↑ ↓↓↑↓ ↑↑ ↓↓↓↓ ↑↑ ⟩ + · · · , (A.21)

with an energy of E1 = −2.0806. This gives rise to a hadron mass of ΛQ = 0.3188. The

resulting spin alignments are

⟨Ẑj⟩ =
{
0, 0, 0.1169, 0.1169, 0.4204, 0.4204,

− 1,−1,−0.2705,−0.2705, 0.4939, 0.4939,

− 1,−1,−0.2878,−0.2878, 0.5270, 0.5270
}
. (A.22)

Table A.5 shows the results of a layer-by-layer optimization of parameters in the variational

wavefunction in Eq. (2.31). Table A.6 provides the numerical values of ⟨Ẑj⟩ obtained from

optimizing each layer preparing |I; 3, 1, x = 0⟩ state with mq = 0.1 and g = 1.0, which are

displayed in Fig. 2.5.

Table A.7 displays the values of the mutual information and 4-tangles among the heavy

quark and light quarks and anti-quarks for L = 3.

A.4 Details of the Heavy-Quark Motion for L = 3

Figure. 2.8 of the main text displays the time evolution of the ⟨Ẑj⟩ subsequent to moving the

heavy quark from x = 0 to x = 1. It is helpful to display the time dependencies individually,

as shown in Fig. A.1.

A.5 Circuit Construction

This appendix is a supplement to Sec. 2.5.1 and gives further details about the construction

of the quantum circuits used in our simulations.
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Quantity Î Ô
(0)
M0 Ô

(2)
M0 Ô

(0,1)
M1 Ô

(2)
B0 Ô

(1)
M0 Ô

(1)
B0 Ô

(0,1)
B1 Ô

(0)
M0 Ô

(1,2)
M1 Ô

(1,2)
M2

IL 0.2835 0.2258 0.1557 0.0889 0.0881 0.0875 0.0765 0.0171 0.0043

M2 0 1.519(0) 1.993(0) 3.04(2) 3.06(3) 3.07(3) 3.21(3) 4.07(4) 4.16(3)

θi - 0.2270 0.2687

- 0.2024 0.2363 0.2644 0.0328

- 0.2141 0.2411 0.2369 0.0358 0.2280

- 0.2137 0.2375 0.2360 0.0380 0.2092 0.0268

- 0.2165 0.2386 0.2203 0.0386 0.2072 0.0261 0.0247

- 0.3706 0.2401 0.2591 0.0370 0.2102 0.0235 0.0278 -0.1878

- 0.3753 0.2139 0.2675 0.0325 0.1831 0.0187 0.0401 -0.1997 0.2002

- 0.3802 0.2200 0.2642 0.0270 0.1820 0.0196 0.0407 -0.2000 0.2314 -0.0995

Table A.5: Results from fitting the variational wavefunction in Eq. (2.31) with mq = 0.1

and g = 1.0 through eight layers, optimized at each level. DDec of the L = 3 system is used

to determine the sequence of operators from the L = 1 and L = 2 systems, along with their

initial angles in optimization. Shown are the infidelity density, IL, defined in Eq. (2.26),

the stabilizer Renyi entropy M2 and fit angles θi, for the nQ = 1 state with L = 3.

In the operator pool for state preparation, there are two types of operators, meson oper-

ators and baryon operators, as explained in Sec. 2.4.3 and Sec. 2.5.1. Meson operators are in

the form of e−i θ
2((Ŷ ẐnX̂−X̂ẐnŶ )Î+Î(Ŷ ẐnX̂−X̂ẐnŶ )). Since (Ŷ ẐnX̂ − X̂ẐnŶ )Î commutes with

Î(Ŷ ẐnX̂−X̂ẐnŶ ), they can be implemented exactly by subsequently applying the segments

shown in Fig A.2. Figure A.2 also shows examples of how unitary operators of the form

e−i θ
2
(Ŷ ẐnX̂−X̂ẐnŶ ) can be implemented in multiple ways with different “dressings” of RXY

+

or RXY
− . This flexibility allows us to select a variation to use in subsequent applications,

and further reduce the depth of the circuit by taking advantage of the SU(2) symmetry.

Figure A.3 implements such products, along with circuit compression from identified cancel-

lations. In particular, the variations chosen form two “V”-shaped (or “Λ”-shaped) operator

structures in the middle that can be replaced with an “X”-shape that reduces the circuit

depth.

For baryon operators, GHZ transformations are used to transform the operator into the
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State 2 3 4 5 8 9 10 11 14 15 16 17

|SC; 3, 1⟩ 0 0 1 1 -1 -1 1 1 -1 -1 1 1

layer-1 0.1935 0.1935 0.8064 0.8064 -1 -1 1 1 −0.4727−0.4727 0.4727 0.4727

layer-2 0.1593 0.1593 0.3711 0.3711 -0.5305 -0.5305 1 1 -0.4961 -0.4961 0.4961 0.4961

layer-3 0.1705 0.1705 0.4447 0.4447 -0.3033 -0.3033 0.6880 0.6880 -0.4444 -0.4444 0.4444 0.4444

layer-4 0.1728 0.1728 0.4501 0.4501 -0.3069 -0.3069 0.6839 0.6839 -0.4533 -0.4533 0.4533 0.4533

layer-5 0.1763 0.1763 0.4437 0.4437 -0.2980 -0.2980 0.6779 0.6779 -0.4558 -0.4558 0.4558 0.4558

layer-6 0.1264 0.1264 0.4557 0.4557 -0.2747 -0.2747 0.6926 0.6926 -0.4536 -0.4536 0.4536 0.4536

layer-7 0.1115 0.1115 0.4253 0.4253 -0.3049 -0.3049 0.5661 0.5661 -0.3581 -0.3581 0.5600 0.5600

layer-8 0.1177 0.1177 0.4310 0.4310 -0.2834 -0.2834 0.5035 0.5035 -0.2929 -0.2929 0.5240 0.5240

|I; 3, 1⟩ 0.1169 0.1169 0.4204 0.4204 -0.2705 -0.2705 0.4940 0.4940 -0.2878 -0.2878 0.5270 0.5270

Table A.6: The ⟨Ẑj⟩ as a function of fermion site number j, starting from the L = 3 SC

ground state, |SC; 3, 1, x = 0⟩, through the classically optimized layers, and comparing to

the exact values |I; 3, 1, x = 0⟩ with mq = 0.1 and g = 1.0. The values for the heavy-quark

sites are ⟨Ẑj⟩ = 0 for j = {0, 1}, and ⟨Ẑj⟩ = −1 for j = {6, 7, 12, 13}. These results are

displayed in Fig. 2.5.

Quantity x = 0 x = 1 x = 2

I
(0,x)
q 1.5182 0.0367 1.59× 10−4

I
(0,x)
q̄ 0.0448 2.52× 10−3 9.20× 10−5

τ
(0,x)
4q 0.618 8.03× 10−3 3.07× 10−5

τ
(0,x)
4q̄ 8.95× 10−3 4.17× 10−4 1.30× 10−5

Table A.7: The mutual information and 4-tangles among the heavy quark at x = 0 and

light quarks and anti-quarks for L = 3 with mq = 0.1 and g = 1.0.
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Figure A.1: The individual expectation values of the Ẑj as a function of time in the L = 3

system. At t = 0, the heavy quark is instantaneously moved form x = 0 to x = 1.

Quantity x = 0 x = 1 x = 2

τ
(1,x)
4q 0.0209 0.3704 2.800× 10−3

τ
(1,x)
4q̄ 2.924× 10−3 1.238× 10−2 8.016× 10−4

Table A.8: The mutual information and 4-tangles among the heavy quark at x = 1 and

light quarks and anti-quarks for L = 3 with mq = 0.1 and g = 1.0.



147

Figure A.2: Different circuits implementing e−i θ
2
(Ŷ ẐnX̂−X̂ẐnŶ ), the building blocks for

implementing the meson operators defined in Eq. (2.41). The R-box composite elements in

the circuit are defined in Fig. 2.13.

computational basis

ÔB0 ≡ 4i(σ̂+σ̂+σ̂−σ̂− − h.c.)

=
1

2
(−X̂X̂Ŷ X̂ + X̂Ŷ X̂X̂ + Ŷ Ŷ X̂Ŷ + Ŷ X̂X̂X̂

− X̂X̂X̂Ŷ − X̂Ŷ Ŷ Ŷ + Ŷ Ŷ Ŷ X̂ − Ŷ X̂Ŷ Ŷ )

=
1

2
G(−Î ÎẐÎ + ÎẐẐÎ − ẐẐẐÎ + ẐẐẐẐ

− ÎẐẐẐ + Î ÎẐẐ − ẐÎẐẐ + ẐÎẐÎ)G† , (A.23)

where G is defined in Fig. A.4. The operators in the diagonal basis commute, so they can be

arranged in a fashion that minimizes the number of CNOT gates required. In Eq. (A.23),

the diagonal operators are listed in the order in which they are applied in the quantum

circuit.

The FSWAP gate for one color is shown in Fig. A.5, which is then combined in similar

ways as for the meson operators in state preparation to perform the full Fermionic swap.



148

Figure A.3: Circuits that implement unitary transformations from the meson operators.

The red line in first circuit denotes a cancellation between block operators. The

CNOT-depth of these circuits are: 8, 28, 60, respectively. The R-box composite elements

in the circuit are defined in Fig. 2.13.



149

Figure A.4: Circuits that furnish the GHZ transformation for baryon operators in state

preparation.

Figure A.5: Circuits to implement the spatial translation of one color of SU(2) heavy

quark between adjacent spatial lattice sites using an FSWAP circuit. The θs appearing in

circuit elements take the value of −π/2.

The single-color components used to construct the kinetic energy term in the Hamiltonian

are shown in Fig. A.6.

A.6 Additional Circuit Resource Analysis

This appendix presents additional analysis of quantum circuit resources, including the CNOT

depth of circuit segments, CNOT distributions over the lattice, and analysis of Trotter errors.

The depth of each component in state preparation and time evolution is shown in Table A.9.

Note that evolution of the mass term has only single qubit rotations, and are not included

in the table.

CNOT depth distributions over qubits for state preparation (Fig. A.7), time evolution

(Fig. A.8) and for the full process (Fig. A.9) are analyzed, both for all-to-all connectivity
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Figure A.6: Elements of the quantum circuits used to implement the kinetic-energy

operator. The different circuit elements are given in Fig. 2.13.

State prep. All-to-All Transpiled

ÔM0 6 6

ÔM1 14 14

ÔM2 26 27

ÔB0 14 35

ÔB1 14 43

Time ev. All-to-All Transpiled

Ĥk0 6 11

Ĥk1 14 19

Ĥg (total) 78 202

Q̂nQ̂n+1 16 41

Q̂nQ̂n+2 16 43

Q̂nQ̂n+3 16 49

Table A.9: The two-qubit-gate depth of each component in the state preparation (left

table) and time evolution (right table). The “Transpiled” column correspond to the CZ

depth after transpiling onto devices with heavy-hex connectivity. This number could vary

between different layouts and transpilation optimization.

and for the layout we use on ibm_pittsburgh (with heavy-hex connectivity). This allows

for better understanding of the contributions to depth from each component over sectors of

the lattice. Upon transpilation to nearest-neighbor connectivity, the CNOT depth of ÔB1

and e−itĤg increase significantly, while the other terms remain nearly unchanged, as they

are already constructed for nearest-neighbor connectivity.
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Figure A.7: The CNOT depth distribution of components in the state preparation. The

left panel corresponds to all-to-all connectivity, while the right panel is after transpiling to

ibm_pittsburgh. The number of CNOTs on each qubit is smaller than the total CNOT

depth because some operators can’t be executed in parallel.

Figure A.8: The CNOT depth distribution of components in the time evolution. The left

panel corresponds to all-to-all connectivity, while the right panel is after transpiling to

ibm_pittsburgh. Because of the use of second-order Trotterized time evolution, the

gate-counts associated with Ĥk0 and Ĥk1 count are doubled. The number of CNOTs on

each qubit is smaller than the total CNOT depth because some operators can’t be

executed in parallel.
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Figure A.9: CNOT depth distribution of components in the complete process. The left

panel corresponds to all-to-all connectivity, while the right panel is after transpiling to

ibm_pittsburgh.

Figure A.10: Energy conservation in the presence of Trotter errors. The left panel shows

⟨Ĥ⟩ as a function of time for first-order Trotterization, while the right panel shows the

same for second-order Trotterization, using a number of Trotter steps between 6 to 19.

Violations of energy conservation caused by Trotter errors over various step sizes and

number of steps are shown in Fig. A.10 for both first- and second-order Trotterization.

Second-order Trotterization preserves energy for longer times with comparable circuit depth.
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A.7 The Hadamard Test for Computing Energies

While we have measured energy losses using the method discussed in the main text, with

results presented in Sec. 2.5.3, we have also assessed the implementation of the Hadamard

test for determining the energy in the system using classical simulations. We have found it to

be effective but inefficient, requiring a suite of measurements and subsequent extrapolation.

Including an ancilla with the register containing a state |ψ⟩, and acting with the controlled-

evolution operator CÛ(t) (controlled by the ancilla qubit),

|ϕ⟩ = |0⟩|ψ⟩ , ŜĤ ⊗ Î|ϕ⟩ =
1√
2
(|0⟩+ i|1⟩) |ψ⟩ ,

(Ĥ ⊗ Î) · CÛ(t) · (ŜĤ ⊗ Î)|ϕ⟩ =
1

2

[
|0⟩
(
Î + iÛ

)
|ψ⟩ + |1⟩

(
Î − iÛ

)
|ψ⟩
]
, (A.24)

implemented with the circuit shown in Fig. A.11.

The probabilities of the ancilla qubit measurements are

Prob(0) =
1

4
⟨ψ|2Î − i

(
Û † − Û

)
|ψ⟩ , Prob(1) = 1

4
⟨ψ|2Î + i

(
Û † − Û

)
|ψ⟩ . (A.25)

Using the exact evolution operator Û(t) = e−itĤ leads to

Prob(0)− Prob(1) = t⟨ψ|Ĥ|ψ⟩ + O(t3) . (A.26)

By evaluating this quantity over a range of short times, ⟨Ĥ⟩ can be determined.

For a Trotterized evolution operator, the extracted energy corresponds to that of an

effective Hamiltonian, modified by the finite time step. A leading-order Trotterization will

give rise to a correction to Eq. (A.26) that is quadratic in time, giving a relative linear

correction. To mitigate this systematic error, a series of simulations should be performed

|ψ⟩ Û(t)

|0⟩ H S H

Figure A.11: The circuit implementing the evolution operator via a Hadamard test, from

which part or all of the total energy of the system can be extracted.
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over a range of time steps, with a polynomial extrapolation of the results to estimate the

energy for a vanishing time step size.

Using the qiskit simulator to measure the energy difference induced by the x = 0 to

x = 1 displacement of the heavy quark without matter present, we have implemented this

technique over a range of time steps, obtaining the result shown in Fig. A.12. The results for

Figure A.12: Results obtained from the qiskit simulator for the energy injected into the

light quarks by moving the heavy quark from x = 0 to x = 1 in the L = 3 system (without

other matter present) (purple points), with Hamiltonian parameters mq = 0.1 and g = 1.0.

The blue curve corresponds to a (representative) quadratic fit to the results from

∆t = 0.05− 0.275.

small ∆t are subject to precision issues, and are not included in the fit. From these (classical)

simulations, the central value of the extrapolated energy is found to be δ⟨∆Ĥg⟩ = −0.50(2)

which is to be compared with the exact result of 0.5058, and the result that we have obtained

from ibm_pittsburgh using the other method δ⟨∆Ĥg⟩IBM = −0.5301(48). The quoted error

is estimated from the range of values determined from varying the order of fit polynomials

and selection of fit data. While encouraged by the results and the fit displayed in Fig. A.12,

this makes clear that multiple sets of measurements are required, and an understanding of

their systematic errors are needed for the method to provide reliable results. Further, the

required extrapolation adds additional errors that lead to a result that is inferior to that

from the method used in this chapter, presented in Sec. 2.5.3.
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A.8 Explicit Form of the Hamiltonian

The Hamiltonian for a single flavor of light and heavy quarks, with an arbitrary number of

colors Nc and sites L, is given by:

Ĥk =
1

2

L−1∑
x=0

Nc−1∑
c=0

σ+i(3x+1,c)

Nc−1⊗
j=1

[−Zi(3x+1,c)+j ]

σ−i(3x+1,c)+Nc
+ h.c.


+

1

2

L−2∑
x=0

Nc−1∑
c=0

σ+i(3x+2,c)

2Nc−1⊗
j=1

[−Zi(3x+2,c)+j ]

σ−i(3x+2,c)+2Nc
+ h.c.

 , (A.27)

Ĥm =
1

2

L−1∑
x=0

Nc−1∑
c=0

(
mQ

[
Zi(3x,c) + 1

]
+mq

[
Zi(3x+1,c) + 1

]
+mq

[
−Zi(3x+2,c) + 1

])
, (A.28)

Ĥg =
g2

2

3L−2∑
n=0

(
2L− ⌈2n+1

3 ⌉
)
Q̂(a)

n Q̂(a)
n + g2

3L−3∑
n=0

3L−2∑
m=n+1

(
2L− ⌈2m+1

3 ⌉
)
Q̂(a)

n Q̂(a)
m , (A.29)

Ĥλ =
λ2

2

3L−2∑
n=0

Q̂(a)
n Q̂(a)

n + λ2
3L−3∑
n=0

3L−2∑
m=n+1

Q̂(a)
n Q̂(a)

m , (A.30)

with i(n, c) = (Ncn+ c), and the products of the charges defined as [262]

4Q̂(a)
n Q̂(a)

n =
N2

c − 1

2
−
(
1 +

1

Nc

)Nc−2∑
c=0

Nc−1∑
c′=c+1

Zi(n,c)Zi(n,c′) ,

8Q̂(a)
n Q̂(a)

m = 4

Nc−2∑
c=0

Nc−1∑
c′=c+1

[
σ+i(n,c) (⊗Z)(n,c,c′) σ−i(n,c′)σ

−
i(m,c) (⊗Z)(m,c,c′) σ

+
i(m,c′) + h.c.

]

+

Nc−1∑
c=0

Nc−1∑
c′=0

(
δcc′ −

1

Nc

)
Zi(n,c)Zi(m,c′) ,

(⊗Z)(n,c,c′) ≡
c′−c−1⊗
k=1

Zi(n,c)+k . (A.31)

As mentioned in Refs. [2, 150], in the Q = 0 sector, there is a freedom in the way Gauss’

law can be imposed. Instead of starting with E(a) = 0 at one end of the lattice and working

toward the other side of the lattice, the contributions can be determined by starting from

E(a) = 0 at both ends, and working toward the middle. In our case, it takes the following
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form,

Ĥg =

L−2∑
b=0

E2
b +

2L−1∑
b=L

E2
b =

g2

2

⌊3L−1
2 ⌋∑

n=0

[(
L− ⌈2n+1

3 ⌉
)
Q̂(a)

n Q̂(a)
n

+
(
L− ⌈2n−1

3 ⌉
)
Q̂(a)

3L−n−1Q̂
(a)
3L−n−1

]
+ g2

⌊3L2 ⌋∑
n=0

⌊3L−2
2 ⌋∑

m=n+1

(
L− ⌈2m+1

3 ⌉
)
Q̂(a)

n Q̂(a)
m

+
n−1∑
m=1

(
L+ 1− ⌈2n3 ⌉

)
Q̂(a)

3L−nQ̂
(a)
3L−m

]

Ĥg =
L−1∑
b=0

E2
b +

2L−1∑
b=L+1

E2
b =

g2

2

⌊3L2 ⌋∑
n=0

[(
L+ 1− ⌈2n+1

3 ⌉
)
Q̂(a)

n Q̂(a)
n

+ (1− δn,0)
(
L− ⌈2n3 ⌉

)
Q̂(a)

3L−nQ̂
(a)
3L−n

]
+ g2

⌊3L2 ⌋∑
n=0

 ⌊3L2 ⌋∑
m=n+1

(
L− ⌈2m−2

3 ⌉
)
Q̂(a)

n Q̂(a)
m

+
n−1∑
m=1

(
L− ⌈2n3 ⌉

)
Q̂(a)

3L−nQ̂
(a)
3L−m

]

A.9 Results from Simulations using IBM’s Quantum Computers

The results obtained from simulations performed using ibm_pittsburgh discussed in

Sec. 2.5.3 and displayed in Fig. 2.19 are shown in Table A.10.

Fig. A.13 shows histograms of results for ⟨Ẑj⟩ for each pair of qubits. Each color corre-

sponds to a different staggered site.

The evaluation of the energy of the system at times immediately before and after trans-

lating the heavy quark by one spatial lattice site is accomplished by running physics and

mitigation circuits (described in the text) with different levels of noise for ZNE on IBM’s

quantum computers. For each of the three ensemble measurements, matrix elements of op-

erators diagonal in the computational basis are evaluated in post-processing directly from

measurements, as described in the main text. The final results for the matrix elements

of the Pauli strings given in Eq. (2.62) obtained from the three different circuits run on
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Set up

Qubit
0,1 2,3 4,5 6,7 8,9 10,11 12,13 14,15 16,17

Raw
-0.008(3) 0.152(5) 0.282(2) -0.822(2) -0.208(4) 0.408(5) -0.850(7) -0.206(3) 0.404(6)

0.008(4) 0.163(7) 0.318(6) -0.859(1) -0.210(1) 0.413(2) -0.776(3) -0.208(5) 0.385(4)

ODR 0.000(0) 0.203(4) 0.380(4) -0.997(2) -0.297(4) 0.564(5) -1.002(2) -0.289(3) 0.552(3)

Expected 0.000 0.118 0.431 -1.000 -0.282 0.503 -1.000 -0.294 0.524

Set up

Qubit
0,1 2,3 4,5 6,7 8,9 10,11 12,13 14,15 16,17

Raw
-0.472(4) 0.099(3) 0.106(7) 0.002(4) -0.095(3) 0.156(11) -0.470(1) -0.059(5) 0.216(7)

-0.527(3) 0.106(5) 0.123(8) 0.006(3) -0.089(5) 0.170(8) -0.410(4) -0.062(6) 0.193(11)

ODR -1.000(3) 0.228(7) 0.295(9) 0.000(0) -0.216(5) 0.480(15) -0.994(4) -0.227(16) 0.530(10)

Expected -1.000 0.183 0.348 0.000 -0.285 0.541 -1.000 -0.325 0.537

Table A.10: The values of ⟨Ẑj⟩ measured using ibm_pittsburgh for the L = 3 systems

using Hamiltonian parameters mq = 0.1 and g = 1.0. An initial state was prepared with a

heavy quark residing on the x = 0 spatial site (upper table). The heavy quark is then

moved to the x = 1 spatial site, then the system is time evolved forward to t = 1.0 using

one second-order Trotter step (lower table), as discussed in the main text. As discussed in

Sec. 2.5.3, the applied cuts are λmit
cut = λphyscut = 0.005 for the ODR points.

Figure A.13: Results obtained from ibm_pittsburgh for ⟨Ẑj⟩ in the L = 3 system. At

t = 0, the heavy quark is instantaneously moved from x = 0 to x = 1, then evolved forward

in time to t = 1.0 using one step of the second-order Trotterized time-evolution operator.

The SU(2) symmetry has been used to combine results for each red and green quark. The

left panel shows the distribution of each ⟨Ẑj⟩ before the heavy quark is moved; the right

panel shows the distribution after time evolution.
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Figure A.14: Results for matrix elements of Pauli strings from the three quantum circuits

used to evaluate the change in energy due to the heavy quark being moved from x = 0 to

x = 1. The left panel shows the raw and mitigate results, along with expected noiseless

values from classical computation, corresponding to P̂1 given in Eq. (2.62), while the

middle and right panels correspond to P̂2 and P̂3, respectively. The points with error bars

correspond to the raw and mitigated results obtained from ibm_pittsburgh, while the

gray bar outlines are the expected results obtained using classical computing. The

numerical values of the displayed results are given in Tables A.11, A.12 and A.13.

ibm_pittsburgh are displayed in Fig. A.14 and given in Tables A.11, A.12 and A.13. The

ZNE fits are displayed in Fig. A.15.
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〈Ẑ1Ẑ4〉

0 1 2 3
Noise factor

−0.09

−0.08

−0.07
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−〈Ẑ1Ẑ2〉

0 1 2 3
Noise factor

−1.0

−0.5

0.0
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Figure A.15: ZNE results for the matrix elements of Pauli strings from the three quantum

circuits used to evaluate the change in energy due to the heavy quark being moved from

x = 0 to x = 1. In each panel (Ô1 top, Ô2 middle, Ô3 bottom), each subpanel shows the

raw and ODR-mitigated results (when available) for each Pauli string, along with expected

noiseless values from classical computation, and the linear ZNE band fit.



160

Matrix Elements P̂1 from ibm_pittsburgh Classical

Operator Raw ODR ODR + ZNE Expected Exact

Î 1.0000(0) 1.0000(0) 1.0000(0) 1.0 1.0

Ẑ0Ẑ1 -0.9288(15) -0.9991(11) -0.9994(20) -1.0 -1.0

Ẑ0Ẑ2 -0.5488(25) -0.7174(28) -0.7597(53) -0.7951 -0.7862

Ẑ0Ẑ3 0.5039(38) 0.7185(45) 0.7561(85) 0.7951 0.7862

Ẑ1Ẑ2 0.5761(22) 0.7189(24) 0.7581(49) 0.7951 0.7862

Ẑ1Ẑ3 -0.5302(37) -0.7224(45) -0.7613(81) -0.7951 -0.7862

Ẑ0Ẑ4 -0.0653(22) - -0.0792(37) -0.0842 -0.0946

Ẑ0Ẑ5 0.0794(25) - 0.0894(40) 0.0842 0.0946

Ẑ1Ẑ4 0.0683(22) - 0.0807(36) 0.0842 0.0946

Ẑ1Ẑ5 -0.0826(25) - -0.0895(39) -0.0842 -0.0946

Table A.11: Matrix elements of diagonal Pauli strings in the computational basis of the

initial state (t < 0) prepared on ibm_pittsburgh, corresponding to Ô1 given in Eq. (2.62).

These results are displayed in Fig. A.14. The expected results show the value from a

noiseless circuit applied to the ground state prepared on the quantum computer, while the

value in parentheses corresponds to the result from the exact ground state. Results for the

last few operators were not mitigated via ODR because setting non-Clifford rotation angles

to 0 or π/2 both result in 0 for noiseless predictions of these observables, incompatible with

ODR.
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Matrix Elements P̂2 from ibm_pittsburgh Classical

Operator Raw ODR ODR + ZNE Expected Exact

−Ẑ0Ẑ1Ẑ3 -0.5141(29) -0.7286(27) -0.746(06) -0.7951 -0.7862

Ẑ1Ẑ2Ẑ3 -0.3820(41) -0.7334(46) -0.764(11) -0.7951 -0.7862

−Ẑ0Ẑ1Ẑ2 -0.3545(48) -0.7328(50) -0.746(20) -0.7951 -0.7862

Ẑ1 -0.4804(36) -0.7323(37) -0.731(10) -0.7951 -0.7862

−Ẑ0Ẑ1Ẑ2Ẑ3 -0.5160(33) -0.6996(27) -0.749(06) -0.7951 -0.7862

Ẑ1Ẑ2 -0.4846(33) -0.7344(40) -0.763(09) -0.7951 -0.7862

Ẑ1Ẑ3 -0.3742(47) -0.7039(44) -0.758(12) -0.7951 -0.7862

−Ẑ0Ẑ1 -0.3466(44) -0.7283(56) -0.772(18) -0.7951 -0.7862

Table A.12: Matrix elements of diagonal Pauli strings in the computational basis of the

initial state (t < 0) prepared on ibm_pittsburgh, corresponding to Ô2 given in Eq. (2.62).

These results are displayed in Fig. A.14. The expected results show the value from a

noiseless circuit applied to the ground state prepared on the quantum computer, while the

value in parentheses corresponds to the result from the exact ground state.
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Matrix Elements P̂3 from ibm_pittsburgh Classical

Operator Raw ZNE Expected Exact

−Ẑ0Ẑ1Ẑ5 -0.0676(22) -0.0808(37) -0.0842 -0.0946

Ẑ1Ẑ4Ẑ5 -0.0643(21) -0.0763(35) -0.0842 -0.0946

−Ẑ0Ẑ1Ẑ4 -0.0633(24) -0.0756(37) -0.0842 -0.0946

Ẑ1 -0.0662(23) -0.0794(39) -0.0842 -0.0946

−Ẑ0Ẑ1Ẑ4Ẑ5 -0.0628(22) -0.0813(39) -0.0842 -0.0946

Ẑ1Ẑ4 -0.0600(25) -0.0773(40) -0.0842 -0.0946

Ẑ1Ẑ5 -0.0607(20) -0.0800(32) -0.0842 -0.0946

−Ẑ0Ẑ1 -0.0570(26) -0.0738(40) -0.0842 -0.0946

Table A.13: Matrix elements of diagonal Pauli strings in the computational basis of the

initial state (t < 0) prepared on ibm_pittsburgh, corresponding to Ô3 given in Eq. (2.62).

These results are displayed in Fig. A.14. The expected results show the value from a

noiseless circuit applied to the ground state prepared on the quantum computer, while the

value in parentheses corresponds to the result from the exact ground state. ODR

mitigation circuits were not run for P̂3 because setting non-Clifford rotation angles to 0 or

π/2 both result in 0 for the noiseless predictions of observables, incompatible with

implementing ODR.
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Appendix B

GAUGE-FIXED HAMILTONIAN DYNAMICS

B.1 Explicit Form of Quantum Circuits

This section gives explicit forms for the circuits that are constructed in Sec. 3.4.2 by spec-

ifying the Pauli decomposition D(H□□). The circuit used to calculate Fig. 3.7a is formed

by exponentiating the terms in this decomposition. Table B.1 gives the terms in the decom-

position that were retained for the circuits implemented on the quantum device, whereas

Table B.2 gives the terms in the decomposition that were dropped.

The subcircuit column specifies the subcircuits U1, U2 or U3, represented in accordance

with their graphical depiction in Fig. 3.5b. The Pauli String column denotes a specific

Pauli string, where the left-most index corresponds to the top wire in the circuit element and

the rightmost corresponds to the bottom wire. The δ column denotes at which truncation

level the corresponding string would be dropped. For Fig. 3.7a, the truncation level of 0.66

is chosen. As such, all entries in Table B.1 have values δ > 0.66 and all entries in Table B.2

have values δ < 0.66.

B.2 Explicit Matrix Elements of Hamiltonian Operators

This appendix contains the explicit expression for various electric bilinear operators that

appear in the Hamiltonian. The matrix elements of these operators are presented in three

different bases: group element, mixed and character irrep.

B.2.1 Group Element Basis

In the group element basis, the Hilbert space basis states are spanned by the three continuous

variables, ω, θ, ϕ. Using this representation, the electric bilinear matrix elements are given
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by
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∂ω2
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N (B.1)

where N is the operator for which the Legendre polynomials are eigenfunctions, given in

Eq. (3.26)

B.2.2 Mixed Basis

The mixed basis and the group element basis are related via

〈
ω′
1 ω

′
2 ν
∣∣ω1 ω2Θ

〉
= Pν(Θ)δ(ω1 − ω′

1)δ(ω2 − ω′
2) (B.2)
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To convert the Hamiltonian from the group element basis to the mixed basis, these four

integrals ∫
d(cosΘ)Pν′(Θ)Pν(Θ) = δν′ν (B.3)∫

d(cosΘ)Pν′(Θ)NPν(Θ) = ν(ν + 1)δν′ν∫
d(cosΘ)Pν′(Θ) cosΘPν(Θ) =

(ν + 1) δν′ν+1√
(2ν + 1)(2ν + 3)

+
ν δν′ν−1√

(2ν + 1)(2ν − 1)∫
d(cosΘ)Pν′(Θ) sinΘ

∂Pν(Θ)

∂Θ
=

ν (ν + 1) δν′ν+1√
(2ν + 1)(2ν + 3)

− ν (ν + 1) δν′ν−1√
(2ν + 1)(2ν − 1)

are used. Note that the unconventional normalization on Pν(Θ) is due to the requirement

that the Hilbert space basis be orthonormal.

B.2.3 Character Irrep Basis

The characer irrep basis and the group element basis are related via

⟨J1J2ν|ω1ω2Θ⟩ = χJ1
ν (ω1)χ

J2
ν (ω2)Pν(Θ) (B.4)

where χJ
ν (ω) are generalized character functions of the irreducible representations of the

rotation group. These functions are normalized such that∫ 2π

0
4 sin2

ω

2
χJ ′
ν (ω)χJ

ν (ω) = δJJ ′ (B.5)

where the factor of four is due to the explicit form of the Haar measure for

SU(2) parameterized using the axis-angle coordinates.

To convert between the group element basis and the character irrep basis, several matrix

elements need to be computed. For the magnetic Hamiltonian, the only relevant matrix
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Subcircuit Pauli String Coefficient Truncation Percentage δ

I⊗X -4.358185 0.9857

Z⊗Z 3.049102 0.9429

X⊗X -2.468268 0.9143

X⊗ I 1.565659 0.8571

Y⊗Y -1.396263 0.7857

I⊗Z 0.884597 0.7429

Z⊗ I 0.519954 0.7143

Z⊗ I⊗ I -3.778734 0.9571

Z⊗Z⊗ I -1.678690 0.8857

Z⊗ I⊗Z -1.452504 0.8143

Z⊗Z⊗Z -1.392269 0.7571

X⊗ I⊗ I⊗ I⊗ I 0.283820 0.6857

Y⊗ I⊗Y⊗ I⊗ I -0.226330 0.6714

Table B.1: Terms in the Pauli string decomposition of H□□ that are retained in the

circuits. The colored circuit elements correspond to those in the main text. The Pauli

string column denote which the rotations e−icpP in the circuit for the string P and

corresponding coefficient cp. The truncation percentage δ denotes the fraction of Pauli

strings that would need to be truncated for this term to have the smallest coefficient. As

an example, all terms in this table were included in the circuit which was run at δ = .66

and so all δ values in this table are greater than .66.
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element is

〈
J ′
1 J

′
2 ν

′∣∣Tr X̂1

∣∣J1 J2 ν〉 = 1√
2
δ
J ′
2J2
δν′ν (B.6)
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2

)
, (B.7)

with the matrix element for Tr X̂2 the same, except with the exchange of 1 ↔ 2. For the

electric component of the Hamiltonian, the relevant matrix elements are

〈
J ′
1 J
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κ
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′∣∣ÊR2 · ÊR2
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(B.8)

where in the first expression κ = 1, 2 and the coefficients c±Jν are given by

c+Jν =
√
(2J + ν + 2)(2J − ν)

c−Jν =
√
(2J + ν + 1)(2J − ν + 1) (B.9)

The full Hamiltonian will not be given here, though key components will. Of particular

interest are the components that contain only first derivatives with respect to the ω variables,
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grouped into H∂ . This Hamiltonian is given by

H∂ =
∑
ν

|ν⟩ ⟨ν + 1|H+
ν +

∑
ν

H−
ν |ν⟩ ⟨ν − 1| (B.10)
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with the coefficients

Aν =
(ν + 1)√

(2ν + 1)(2ν + 3)

Bν = − (ν + 1)2

2
√

(2ν + 1)(2ν + 3)

Cν =
ν2

2
√
(2ν − 1)(2ν + 1)

Dν =
ν√
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. (B.12)

The relation that H+
ν = (H−

ν+1)
† ensures hermiticity of the overall expression.

For the quantum simulations presented in this work, only H+
0 and H−

1 is needed and so

they are written out explicitly here:
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B.3 Table of Lowest Energy Eigenstates in the Character Irrep Basis

The energy spectrum of the two plaquette Hamiltonian in the strong coupling limit can

be found exactly when working in the character irrep basis. This is due to the electric
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component of the Hamiltonian being block diagonal, with each block of finite dimension

2Min(J1, J2) + 1; the magnetic component is negligible and can be ignored. The energies

and expressions for the several lowest lying eigenstates are showin in Table B.3.
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Subcircuit Pauli String Coefficient Truncation Percentage δ
Y⊗ I⊗ I⊗ I⊗Y -0.226330 0.6571
X⊗ I⊗ I⊗Z⊗ I 0.189503 0.6429
X⊗Z⊗ I⊗ I⊗ I 0.189503 0.6286
X⊗ I⊗Y⊗ I⊗Y -0.180485 0.6143
Y⊗ I⊗Y⊗Z⊗ I -0.151118 0.6000
Y⊗Z⊗ I⊗ I⊗Y -0.151118 0.5857
X⊗ I⊗ I⊗ I⊗Z 0.136188 0.5714
X⊗ I⊗Z⊗ I⊗ I 0.136188 0.5571
X⊗Z⊗ I⊗Z⊗ I 0.126529 0.5429
Y⊗X⊗Y⊗ I⊗ I 0.113165 0.5286
Y⊗Y⊗X⊗ I⊗ I -0.113165 0.5143
Y⊗ I⊗ I⊗X⊗Y 0.113165 0.5000
Y⊗ I⊗ I⊗Y⊗X -0.113165 0.4857
X⊗ I⊗ I⊗Z⊗Z 0.110025 0.4714
X⊗Z⊗Z⊗ I⊗ I 0.110025 0.4571
Y⊗ I⊗Y⊗ I⊗Z -0.108602 0.4429
Y⊗ I⊗Z⊗ I⊗Y -0.108602 0.4286
X⊗ I⊗Z⊗Z⊗ I 0.090931 0.4143
X⊗Z⊗ I⊗ I⊗Z 0.090931 0.4000
X⊗ I⊗Y⊗X⊗Y 0.090243 0.3857
X⊗ I⊗Y⊗Y⊗X -0.090243 0.3714
X⊗X⊗Y⊗ I⊗Y 0.090243 0.3571
X⊗Y⊗X⊗ I⊗Y -0.090243 0.3429
Y⊗ I⊗Y⊗Z⊗Z -0.087739 0.3286
Y⊗Z⊗Z⊗ I⊗Y -0.087739 0.3143
Y⊗X⊗Y⊗Z⊗ I 0.075559 0.3000
Y⊗Y⊗X⊗Z⊗ I -0.075559 0.2857
Y⊗Z⊗ I⊗X⊗Y 0.075559 0.2714
Y⊗Z⊗ I⊗Y⊗X -0.075559 0.2571
X⊗Z⊗ I⊗Z⊗Z 0.073463 0.2429
X⊗Z⊗Z⊗Z⊗ I 0.073463 0.2286
X⊗ I⊗Z⊗ I⊗Z 0.065348 0.2143
Y⊗ I⊗Z⊗X⊗Y 0.054301 0.2000
Y⊗ I⊗Z⊗Y⊗X -0.054301 0.1857
Y⊗X⊗Y⊗ I⊗Z 0.054301 0.1714
Y⊗Y⊗X⊗ I⊗Z -0.054301 0.1571
X⊗ I⊗Z⊗Z⊗Z 0.052795 0.1429
X⊗Z⊗Z⊗ I⊗Z 0.052795 0.1286

X⊗X⊗Y⊗X⊗Y -0.045121 0.1143
X⊗X⊗Y⊗Y⊗X 0.045121 0.1000
X⊗Y⊗X⊗X⊗Y 0.045121 0.0857
X⊗Y⊗X⊗Y⊗X -0.045121 0.0714
Y⊗X⊗Y⊗Z⊗Z 0.043870 0.0571
Y⊗Y⊗X⊗Z⊗Z -0.043870 0.0429
Y⊗Z⊗Z⊗X⊗Y 0.043870 0.0286
Y⊗Z⊗Z⊗Y⊗X -0.043870 0.0143
X⊗Z⊗Z⊗Z⊗Z 0.042652 0.0000

Table B.2: The columns are the same as in the Table B.1. This table contains all of the

Pauli string in the decomposition D(H□□) that were dropped in the quantum simulations.

As such all entries in the δ column are less than δ = .66. Note that all of the terms

dropped are included in the yellow circuit element. They all have either an X or a Y

located on the ν register. Additionally, they are generally much higher weight and have

support on a greater number of qubits.
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Level of State Degeneracy In Irrep Basis: |J1, J2, ν⟩ Energy

Ground None |0, 0, 0⟩ 0

∣∣1
2 , 0, 0

〉
First Excited Two-Fold 3

2g
2∣∣0, 1

2 , 0
〉

Second Excited None 1
2

∣∣1
2 ,

1
2 , 0

〉
−

√
3
2

∣∣1
2 ,

1
2 , 1

〉
9
4g

2

Third Excited None
√
3
2

∣∣1
2 ,

1
2 , 0

〉
+ 1

2

∣∣1
2 ,

1
2 , 1

〉
13
4 g

2

|1, 0, 0⟩
Fourth Excited Two-Fold 4g2

|0, 1, 0⟩

1√
3

∣∣1, 1
2 , 0

〉
−
√

2
3

∣∣1, 1
2 , 1

〉
Fifth Excited Two-Fold 9

2g
2

1√
3

∣∣1
2 , 1, 0

〉
−
√

2
3

∣∣1
2 , 1, 1

〉

√
2
3

∣∣1, 1
2 , 0

〉
+ 1√

3

∣∣1, 1
2 , 1

〉
Sixth Excited Three-Fold

√
2
3

∣∣1
2 , 1, 0

〉
+ 1√

3

∣∣1
2 , 1, 1

〉
6g2

1
3 |1, 1, 0⟩ − 1√

3
|1, 1, 1⟩+

√
5
3 |1, 1, 2⟩

Table B.3: Energies and explicit eigenstate constructions for the seven lowest-lying

eigenstates of the two plaquette Hamiltonian in the strong coupling limit. For the states

that are degenerate in this limit, the magnetic Hamiltonian breaks the degeneracy and

splits the states.
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Appendix C

SEQUENCY HIERARCHY TRUNCATION

C.1 Digitization

The scalar field theory is digitized following Ref. [217–219, 473] which is rooted in the JLP

Formalism [147, 392, 393, 434]. A scalar field can be mapped to the 2nq states in the Hilbert

space, in uniform intervals, defined by a selected maximum value of the field, Specifically,

ϕ→ { −ϕmax + jδϕ } , δϕ =
2ϕmax

2nq − 1
, j ∈ [0, 2nq − 1] . (C.1)

The Π̂2 term contributing to the Hamiltonian describing the dynamics of the scalar

field (Eq. (4.5)) can be constructed with twisted boundary condition [474–477] to preserve

its symmetry. Symmetrically digitizing both ϕ and Π preserves the discrete symmetries

for the Hamiltonian and improves efficiency of quantum simulation [217]. For the sake of

having enough support for the evolved interacting theory wavefunctions in our digitization,

the maximum field value ϕmax is taken as 4 instead of its optimal value in relation to the

number of qubits nq defined in [400, 478],

ϕmax =
2nq

2

√√
8π

2nq
. (C.2)

The non-interacting scalar field theory (free theory) on one site can be viewed as a

quantum harmonic oscillator (QHO). As is well known, analytic solutions to the eigenstates

of the QHO in the continuum are the Hermite polynomials. With mass ℏ = m = 1, n being

the nth energy level, Hn the Hermite Polynomial, these eigenstates and associated energy

eigenvalues are

En = n+
1

2
, ⟨x | ψn⟩ =

√
1√
π2nn!

e−
x2

2 Hn [x] , n = 0, 1, 2, ... (C.3)

This analytical wavefunction in the continuum is digitized by first sampling on the se-
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lected set of field values, and then appropriately renormalizing,

ψ → {ψ(ϕj) } ≡ { ψ̃d(ϕj) } ,
∑
j

|Aψ̃d(ϕj)|2 = 1 , (C.4)

which defines the digitized wavefunction,

{ψd(ϕj) } ≡ {Aψ̃d(ϕj) } . (C.5)

For a wavefunction with support within the register, which becomes increasingly densely

sampled with increasing numbers of qubits, the digitized wavefunction amplitudes ψd(ϕj)

approaches ψ(ϕj)
√
δϕ. A quantum simulation involving such a scalar field will requiring

using appropriate ϕmax to optimize the use of quantum resources.

To check that the one-site free theory Hamiltonian is digitized appropriately, we compare

the eigenvalues and eigenstates that are numerically solved from the digitized Hamiltonian

with the analytical solutions. The analytical eigenvalues, the eigenvalues of a digitized

Hamiltonian with optimal max field value defined in C.2, and with ϕmax = 4 are shown in

the left panel of Fig. C.1. The eigenvalues start to deviate at higher energies but faithfully

reproduce low-energy behaviors. The ground states acquired from directly digitizing the

analytical solution and from numerically solving the digitized Hamiltonian are shown in the

right panel of Fig. C.1. It can be observed that they have good agreement.

C.2 Details about the Sequency Hierarchy and the Hadamard-Walsh Basis

The diagonals of the basis operator Ôν , defined in Eq. (4.1), are given by the entries in the

νth row of the sequency-ordered Walsh-Hadamard matrix, Hnq , where the entries of Hnq are

given by

H
[nq ]
ij = (−1)ν

[nq ]

ij , (C.6)

with i, j indexed from 1. Here, the integer ν is given by

ν
[nq ]
ij =

nq−1∑
k=0

bk,i−1pk,j−1 , (C.7)
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Figure C.1: Comparison of analytic and digitized eigenvalues and wavefunctions for the

non-interacting theory. Five qubits, nq = 5, are used for the digitization. In the left plot,

the blue circular points are the analytical eigenvalues; orange square points are the

eigenvalues of a digitized QHO Hamiltonian with optimal maximum field value defined in

Eq. (C.2), while the green triangular points are the corresponding eigenvalues with

ϕmax = 4. The right plot shows the ground-state wavefunctions. Blue circular points are

the ground state obtained from normalizing the analytical solution, connected with dashed

line for better visual representation. Orange triangles are the numerically solved ground

state from the digitized Hamiltonian with ϕmax = 4 using nq = 5. Numerical values for the

results displayed in this figure can be found in Table C.6 and Table C.5.

where bi,j is the ith bit of the binary representation of the integer j,

pi,j =


bnq−1,j i = 0

bnq−i,j + bnq−i−1,j i = 1, . . . nq

. (C.8)

Note that the sequency-ordered Walsh-Hadamard matrix is a reordering of the recursively-

defined natural-ordered Hadamard matrix in Eq. (4.4). Using the orthogonality of the

sequency operators, the value of sequency coefficients βν is given by

βν = Trf(xj)Ôν , (C.9)
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where f(xj) is the digitization of the function F (x), written as a diagonal matrix. Assuming

an equipartitioning of the variable x (see App. C.1), xj is given by

xj = −xM + j δx , δx =
2xM

2nq − 1
with xM > 0 , (C.10)

where nq is the number of qubits used to digitize x and xM is the maximum value of x used

in the simulation.

If nq is sufficiently large, the trace can be approximated by an integral with computable

corrections using the Poisson resummation formula, and βν becomes

lim
nq→∞

βν →
∫ xM

−xM

dx F (x) Θν(x;xM ) , (C.11)

The Heaviside step functions with ν level crossings are given by

Θ0(x;xM ) = 1,

Θ1(x;xM ) = 2H(x)− 1,

Θ2(x;xM ) = 2 [H(x− xM/2)−H(x+ xM/2)] + 1,

Θ3(x;xM ) = 2 [H(x)−H(x− xM/2)−H(x+ xM/2)] + 1 , (C.12)

where H(x) is the Heaviside step function.

In order to derive an explicit form of xν , it is helpful to understand how to generate

sequency operators recursively. Let us assume that the sequency operators Ô[nq ]
ν , which are

matrices of dimension 2nq × 2nq , have already been constructed, and for this derivation,

a superscript is added to the operators in order to denote their dimension. The sequency

operators Ô[nq+1]
ν are then given by

Ô[nq+1]
ν = Ô[nq ]

ν ⊗ Î ,

Ô[nq+1]

2nq+1−1−ν
= Ô[nq ]

ν ⊗ Ẑ 2nq − 1 ≥ ν ≥ 0 . (C.13)

This is already sufficient to derive an explicit expression for xν . Starting with nq = 2, the

Walsh-Hadamard matrix is given by

H2 =


1 1 1 1

1 1 −1 −1

1 −1 −1 1

1 −1 1 −1

 with ν =


0

1

2

3

 , (C.14)
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where the rows have been labeled by sequency index and the vertical line between column

two and three marks the location of the origin when converting the discrete entries in each

row to the continuous function Θν(x;xM ). In particular, note that for ν = 0, both entries to

the left of the line are +1, while for ν = 2, one entry is +1 while the other is −1. Therefore,

nD0 = 2 nD1 = 2 nD2 = 1 =
1

2
nD0 xD3 = 1 =

1

2
nD1 (C.15)

where nDν is defined to be the number of entries, reading left to right, before a level crossing

occurs OR the ‘origin’ is reached; in this convention nD0 = 2n−1. To construct the sequency

operators for nq = 3, each entry of H2 is expanded into a 2-component vector, either

{1} → {1, 1}, or {1} → {1,−1}, depending on whether the desired sequency index is less

than eight or greater. In particular

H3 =



1 1 1 1 1 1 1 1

1 −1 1 −1 1 −1 1 −1

1 1 1 1 −1 −1 −1 −1

1 −1 1 −1 −1 1 −1 1

1 1 −1 −1 −1 −1 1 1

1 −1 −1 1 −1 1 1 −1

1 1 −1 −1 1 1 −1 1

1 −1 −1 1 1 −1 −1 −1



with ν =



0

7

1

6

2

5

3

4



, (C.16)

where the vertical line still marks the origin and the horizontal lines denote sequency oper-

ators Ô[nq+1]
ν that are constructed out of the same Ô[nq+1]

ν . For example, Ô[3]
0 and Ô[3]

7 are

created by taking the tensor product of Ô[2]
0 with Î and Ẑ, respectively. The key thing to

notice is that all the sequency operators with ν ≥ 4 are constructed by taking {1} → {1,−1}
and therefore for these four operators, there is only a single +1 entry before a level crossing

to −1. Therefore, in this case,

nD0 = 4 , nD2 = 2 =
1

2
nD0 , nD4,6 =

1

2
nD2 =

1

4
nD0 ,

nD1 = 4 , nD3 = 2 =
1

2
nD1 , nD5,7 =

1

2
nD3 =

1

4
nD1 . (C.17)

From this, a clear pattern emerges and it is simple enough to convince oneself, using recursive
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arguments, that

nDν =
1

2
nD⌊log2 ν⌋−1 =

1

22
nD⌊log2 ν⌋−2 =

1

2⌊log2 ν⌋
nD0 , ν > 0 . (C.18)

Recalling that x = xν is the position of the last level crossing before x = xM , the parameter

nDν is related to xν via

xν = xM

(
1− 1

2⌊log2 ν⌋

)
, (C.19)

and inserting this into Eq. (4.9), the upper bound on the sequency coefficient is given by

B̃ν = 1−
(
1− 1

2⌊log2 ν⌋

)1+p

, (C.20)

for positive, even sequency index.

Because xν is known and the integral that gives B̃ν can be evaluated, the derivation of

B̃ν for functions that are odd polynomial powers is straightforward. Thus, the upper bound

for any polynomial functions can be shown to be

β̃B
ν =


1−

(
1− 1

2⌊Log2ν⌋

)p+1
ν, p ∈ Evens OR ν, p ∈ Odds

0 all other cases
. (C.21)

While this upper bound does not capture the finer structure of the coefficients β̃ν , as is clear

from Fig. 4.7, it is useful in estimating a reasonable truncation scale in achieving a target

precision.

C.3 Additional Details about the Quantum Circuits Used for Simulation

For the time evolution discussed around Eq. (4.19), the circuit contains two segments Φ̃(s, t)

and Π̃(t), with

Φ̃(s, t) ≡ e−i( 1
2
ϕ̂2+

λ(s)
4!

ϕ̂4)t , Π̃(t) ≡ e−i 1
2
Π̂2t . (C.22)

In their own eigenbasis,

Π̂2 =

(
(2nq − 1)π

2nqϕmax

)2

Ô(2,nq) , ϕ̂2 =

(
2ϕmax

2nq − 1

)2

Ô(2,nq) , ϕ̂4 =

(
2ϕmax

2nq − 1

)4

Ô(4,nq) ,

(C.23)
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where

Ô(2,nq=5) =
∑

βµÔµ

= 64 Ẑ ⊗ Ẑ ⊗ Î ⊗ Î ⊗ Î + 32 Ẑ ⊗ Î ⊗ Ẑ ⊗ Î ⊗ Î + 16 Ẑ ⊗ Î ⊗ Î ⊗ Ẑ ⊗ Î

+ 8 Ẑ ⊗ Î ⊗ Î ⊗ Î ⊗ Ẑ + 16 Î ⊗ Ẑ ⊗ Ẑ ⊗ Î ⊗ Î + 8 Î ⊗ Ẑ ⊗ Î ⊗ Ẑ ⊗ Î

+ 4 Î ⊗ Ẑ ⊗ Î ⊗ Î ⊗ Ẑ + 4 Î ⊗ Î ⊗ Ẑ ⊗ Ẑ ⊗ Î + 2 Î ⊗ Î ⊗ Ẑ ⊗ Î ⊗ Ẑ

+ Î ⊗ Î ⊗ Î ⊗ Ẑ ⊗ Ẑ +
341

4
Î.

(C.24)

The decomposition of the λϕ̂4 interaction term for nq = 5 is presented in Table C.4.

Since Ô(2,nq) consists of all combinations of ẐaẐb pairs and all these pairs commute,

Φ2
nq
(θ) = eiθÔ

(2,nq) can be implemented by a circuit of a complete set of two-qubit rotation

gates eiθabẐaẐb . Ref. [2] presents an efficient way to apply these rotations. A circuit for

Φ2
nq=5(θ) is shown in Fig. C.2. For the complete implementation of Φ̃(s, t), four-body oper-

ators RZZZZ are also included, and a circuit for implementing RZZZZ is shown in Fig. 4.1.

RZ(θ12)

RZ(θ13) RZ(θ23)

RZ(θ14) RZ(θ24) RZ(θ34)

RZ(θ15) RZ(θ25) RZ(θ35) RZ(θ45)

Figure C.2: A quantum circuit for implementing Φ2
5(θ) which consists of all two-body RZZ

operators on five qubits.

A circuit for implementing Π̃(t) in field space using the Symmetric QFT [217] is shown

in Fig. C.3, where the phase gate is defined as P (θ) =

 1 0

0 eiθ

 and M =
n−1∑
j=0

2j . An

efficient circuit to implement the QFT with nearest-neighbor connectivity, as is relevant for

implementing using IBM’s quantum computers, can be found in Fig. 6 of Ref. [464].
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q1 P (−M
2 π)

QFT Φ2
nq
(θΠ) QFT †

P (M2 π)

q2 P (−M
4 π) P (M4 π)

...
...

qnq P (− M
2nq π) P ( M

2nq π)

Figure C.3: Circuit for implementing Π̃(t) in ϕ-space with Symmetric QFT, where

M =
n−1∑
j=0

2j .

C.4 Additional Fidelity Scans

Fig. C.4 presents scans of state fidelity of the λϕ4 ground state prepared using a noiseless

quantum simulator as a function of time-step size δt and the number of adiabatic steps for a

12-qubit system. Adiabatic evolutions with ϕ̂4 truncation and additional ϕ̂2 truncation are

studied with second-order Trotterization. The evolution with additional ϕ̂2 truncation per-

forms comparably well. Scans of full adiabatic evolution (without SeqHT) is not performed

for twelve qubits because completely decomposing ϕ̂4 and executing all the four-body oper-

ators is too costly.

C.5 Magic Results

In this appendix, we present tables with the results shown in Fig. 4.8 in Sec. 4.5. The

(undigitized) Gaussian wavefunction that we examine is given by

ψ(ϕ) =
1√
σ
√
2π

e−(ϕ−ϕ0)2/(4σ2) , (C.25)

where ϕ0 = 0 and σ = 1/
√
2 has been used in our numerical analysis. The magic in the

digitized Gaussian wavefunction as a function of the number of qubits are given in Table C.1.
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Figure C.4: The fidelity of the λϕ4 ground state prepared using a noiselss quantum

simulator as a function of time-step size and the number of adiabatic steps. The left panel

employs νcut = 14 for the ϕ̂4 operator while in the right panel, ϕ̂2 term is also truncated, to

νcut = 30. The Hamiltonian is digitized on 12 qubits with a maximum field value ϕmax = 4

and λ = 10. Each adiabatic step consists of one second-order Trotter step. Numerical data

used to plot this scan can be found in Table C.11.

nq Mlin

3 0.19103

4 0.329949

5 0.355307

6 0.360661

7 0.361788

8 0.361992

9 0.362007

Table C.1: Linear magic in the digitized Gaussian wavefunction described in the main text

as a function of the number of qubits, nq. The wavefunction is centered in the Hilbert

space with a width of σ = 1/
√
2. These results, after subtraction of the asymptotic value,

are shown in the left panel of Fig. 4.8.
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Table C.2 shows the results for the magic in the reconstructed sequency-truncated digital

wavefunction described in the main text using nq = 9 qubits as a function of νcut.

νcut Mlin νcut Mlin νcut Mlin νcut Mlin νcut Mlin νcut Mlin νcut Mlin νcut Mlin

0 0 64 0.360366 128 0.361616 192 0.361617 256 0.361929 320 0.361929 384 0.361929 448 0.361929

2 0.00877133 66 0.360366 130 0.361616 194 0.361617 258 0.361929 322 0.361929 386 0.361929 450 0.361929

4 0.229904 68 0.36037 132 0.361617 196 0.361618 260 0.361929 324 0.361929 388 0.361929 452 0.361929

6 0.25894 70 0.360372 134 0.361617 198 0.361618 262 0.361929 326 0.361929 390 0.361929 454 0.361929

8 0.259058 72 0.360372 136 0.361617 200 0.361618 264 0.361929 328 0.361929 392 0.361929 456 0.361929

10 0.260592 74 0.360372 138 0.361617 202 0.361618 266 0.361929 330 0.361929 394 0.361929 458 0.361929

12 0.291475 76 0.360373 140 0.361617 204 0.361618 268 0.361929 332 0.361929 396 0.361929 460 0.36193

14 0.335475 78 0.360373 142 0.361617 206 0.361618 270 0.361929 334 0.361929 398 0.361929 462 0.36193

16 0.335475 80 0.360373 144 0.361617 208 0.361618 272 0.361929 336 0.361929 400 0.361929 464 0.36193

18 0.335676 82 0.360373 146 0.361617 210 0.361618 274 0.361929 338 0.361929 402 0.361929 466 0.36193

20 0.336793 84 0.360373 148 0.361617 212 0.361618 276 0.361929 340 0.361929 404 0.361929 468 0.36193

22 0.337285 86 0.360373 150 0.361617 214 0.361618 278 0.361929 342 0.361929 406 0.361929 470 0.36193

24 0.337302 88 0.360373 152 0.361617 216 0.361618 280 0.361929 344 0.361929 408 0.361929 472 0.36193

26 0.337705 90 0.360373 154 0.361617 218 0.361618 282 0.361929 346 0.361929 410 0.361929 474 0.36193

28 0.344123 92 0.360373 156 0.361617 220 0.361619 284 0.361929 348 0.361929 412 0.361929 476 0.36193

30 0.355368 94 0.360373 158 0.361617 222 0.361619 286 0.361929 350 0.361929 414 0.361929 478 0.36193

32 0.355368 96 0.360373 160 0.361617 224 0.361619 288 0.361929 352 0.361929 416 0.361929 480 0.36193

34 0.355381 98 0.360376 162 0.361617 226 0.361619 290 0.361929 354 0.361929 418 0.361929 482 0.36193

36 0.355442 100 0.360391 164 0.361617 228 0.361623 292 0.361929 356 0.361929 420 0.361929 484 0.361931

38 0.355467 102 0.360397 166 0.361617 230 0.361625 294 0.361929 358 0.361929 422 0.361929 486 0.361931

40 0.355468 104 0.360398 168 0.361617 232 0.361625 296 0.361929 360 0.361929 424 0.361929 488 0.361931

42 0.355471 106 0.360398 170 0.361617 234 0.361625 298 0.361929 362 0.361929 426 0.361929 490 0.361931

44 0.355482 108 0.360401 172 0.361617 236 0.361625 300 0.361929 364 0.361929 428 0.361929 492 0.361931

46 0.355485 110 0.360402 174 0.361617 238 0.361626 302 0.361929 366 0.361929 430 0.361929 494 0.361931

48 0.355485 112 0.360402 176 0.361617 240 0.361626 304 0.361929 368 0.361929 432 0.361929 496 0.361931

50 0.355534 114 0.360414 178 0.361617 242 0.361629 306 0.361929 370 0.361929 434 0.361929 498 0.361932

52 0.355798 116 0.360479 180 0.361617 244 0.361645 308 0.361929 372 0.361929 436 0.361929 500 0.361936

54 0.355914 118 0.360508 182 0.361617 246 0.361652 310 0.361929 374 0.361929 438 0.361929 502 0.361938

56 0.355917 120 0.360508 184 0.361617 248 0.361652 312 0.361929 376 0.361929 440 0.361929 504 0.361938

58 0.356018 122 0.360534 186 0.361617 250 0.361659 314 0.361929 378 0.361929 442 0.361929 506 0.36194

60 0.35755 124 0.360912 188 0.361617 252 0.361753 316 0.361929 380 0.361929 444 0.361929 508 0.361963

62 0.360366 126 0.361616 190 0.361617 254 0.361929 318 0.361929 382 0.361929 446 0.361929 510 0.362007

Table C.2: Linear magic as a function of νcut for the Gaussian wavefunction described in

the main text with nq = 9 qubits. Results are shown in the right panel of Fig. 4.8. As the

odd-sequency coefficients vanish for this wavefunction, corresponding results for the magic

are not shown.
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C.6 Tables of Results

The numerical data used to plot the figures in the text is provided in this appendix. Ta-

ble C.3 corresponds to Fig. 4.13 in the main text. It gives the expectation values of the

Pauli strings in the λϕ4 ground-state wavefunction prepared on ibm_sherbrooke using the

full ASP and SeqHT ASP, both error-mitigated and unmitigated, along with exact results.

The uncertainties are obtained form bootstrap resampling using 100 resamples. Table C.4

gives the coefficients of the Pauli strings contributing to the ϕ̂4 operator as a function of ν for

increasing nq and in the continuum limit, as shown in Fig 4.2. Table C.5 gives the ϕ̂4 eigen-

values from exactly solving a digitized interacting Hamiltonian with and without SeqHT, as

shown in Fig. 4.3, and the analytical eigenvalues of the free theory and the eigenvalues from

a QHO Hamiltonian digitized with optimal maximum field value defined in Eq. (C.2) and

with ϕmax = 4, as shown in the left panel of Fig. C.1. Table C.6 gives the amplitudes of the

SeqHT evolved and target ground states of the interacting theory with λ = 10 and λ = 60,

and the ground state wavefunction of the free theory obtained analytically and numerically,

shown in Fig. 4.4 and the right panel of Fig. C.1. Table C.7 shows the fidelity of the λϕ4

ground-state wavefunction prepared with complete adiabatic evolution and with the SeqHT

procedure as a function of time, corresponding to Fig. 4.5. Table C.8 shows the calculated

sequency coefficients, β̃ν , and upper bounds, B̃ν , for a x4 potential, as displayed in Fig. 4.7.

Table C.9, Table C.10, and Table C.11 shows the fidelity of the adiabatically prepared λϕ4

ground state as a function of δt and the number of adiabatic steps with ϕmax = 4 and λ = 10,

for nq = 5 and nq = 12; each adiabatic step consists of one first-order or second-order Trotter

step. Results are shown in Fig. 4.9 and Fig. C.4. Data for Fig. 4.6 can be provided upon

request.
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Truncated Full

Sequency Operator Ideal Raw Mitigated Raw Mitigated

2 Z1Z2 -0.9999 -0.092 (03) -0.890 (35) -0.053 (02) -0.879 (42)

4 Z2Z3 0.8737 0.060 (03) 0.800 (52) 0.026 (03) 0.743 (80)

6 Z1Z3 -0.8738 -0.058 (03) -0.794 (53) -0.036 (02) -1.29 (12)

8 Z3Z4 0.2718 0.022 (04) 0.227 (42) 0.009 (02) 0.229 (65)

12 Z2Z4 0.3839 0.028 (03) 0.514 (59) 0.011 (02) 0.59 (12)

14 Z1Z4 -0.3839 -0.033 (03) -0.511 (48) -0.014 (02) -0.437 (77)

16 Z4Z5 -0.0027 0.008 (03) 0.063 (27) -0.001 (02) -0.016 (44)

24 Z3Z5 0.1126 0.003 (03) 0.035 (34) 0.007 (03) 0.192 (76)

28 Z2Z5 0.1804 0.007 (03) 0.142 (51) 0.006 (02) 0.300 (95)

30 Z1Z5 -0.1805 -0.008 (03) -0.145 (50) -0.007 (02) -0.263 (70)

Table C.3: The results obtained for strings of Pauli operators evaluated in the λϕ4

ground-state wavefunction prepared on ibm_sherbrooke using SeqHT ASP, both

error-mitigated and unmitigated, along with exact results, as displayed in Fig. 4.13. The

uncertainties are obtained from bootstrap resampling using 1000 samples.
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Coefficients in ϕ̂4 Expansion
Sequency Operator nq = 5 nq = 6 nq = 7 nq = 8 nq = 10 nq = 11 nq = 12 Continuum

0 I 57.94 54.48 52.82 52.01 51.40 51.30 51.25 51.20
2 Z1Z2 54.36 51.09 49.52 48.76 48.19 48.09 48.05 48.00
4 Z2Z3 30.62 28.75 27.86 27.43 27.11 27.05 27.03 27.00
6 Z1Z3 33.99 31.93 30.95 30.47 30.12 30.06 30.03 30.00
8 Z3Z4 8.720 8.185 7.932 7.809 7.718 7.703 7.695 7.687
10 Z1Z2Z3Z4 6.812 6.390 6.191 6.095 6.023 6.012 6.006 6.000
12 Z2Z4 15.74 14.77 14.32 14.09 13.93 13.90 13.89 13.88
14 Z1Z4 17.85 16.77 16.25 16.00 15.81 15.78 15.77 15.75
16 Z4Z5 2.246 2.109 2.043 2.012 1.988 1.984 1.982 1.980
18 Z1Z2Z4Z5 1.703 1.598 1.548 1.524 1.506 1.503 1.501 1.500
20 Z2Z3Z4Z5 0.4258 0.3994 0.3870 0.3809 0.3765 0.3757 0.3754 0.3750
22 Z1Z3Z4Z5 0.8516 0.7988 0.7739 0.7618 0.7529 0.7515 0.7507 0.7500
24 Z3Z5 4.386 4.118 3.990 3.928 3.882 3.875 3.871 3.867
26 Z1Z2Z3Z5 3.406 3.195 3.096 3.047 3.012 3.006 3.003 3.000
28 Z2Z5 7.921 7.436 7.206 7.094 7.012 6.998 6.991 6.984
30 Z1Z5 9.030 8.483 8.222 8.094 8.000 7.984 7.977 7.969
32 Z5Z6 – 0.5311 0.5146 0.5066 0.5007 0.4998 0.4993 0.4988
34 Z1Z2Z5Z6 – 0.3994 0.3870 0.3809 0.3765 0.3757 0.3754 0.3750
36 Z2Z3Z5Z6 – 0.09985 0.09674 0.09523 0.09412 0.09393 0.09384 0.09375
38 Z1Z3Z5Z5 – 0.1997 0.1935 0.1905 0.1882 0.1879 0.1877 0.1875

Table C.4: The coefficients of the Pauli strings contributing to the ϕ̂4 operator as a

function of ν for increasing nq and in the continuum limit, as shown in Fig 4.2. The points

shown in Fig. 4.2 are normalized by ϕ4max = 256.
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ϕ̂4 theory QHO
Index Truncated Original ϕmax = 4 Optimal ϕmax Analytical

0 0.7003 0.6735 0.500 0.500 1.5
1 2.304 2.236 1.500 1.500 2.5
2 4.239 4.142 2.500 2.500 3.5
3 6.399 6.279 3.499 3.500 4.5
4 8.739 8.603 4.505 4.500 5.5
5 11.25 11.08 5.472 5.500 6.5
6 13.82 13.70 6.573 6.500 7.5
7 16.53 16.45 7.276 7.500 8.5
8 19.68 19.31 8.916 8.500 9.5
9 22.60 22.28 9.188 9.500 10.5
10 25.02 25.34 11.76 10.50 11.5
11 28.16 28.50 11.85 11.49 12.5
12 32.18 31.74 15.19 12.52 13.5
13 36.11 35.06 15.23 13.44 14.5
14 39.13 38.46 19.22 14.60 15.5
15 41.49 41.94 19.23 15.25 16.5
16 44.51 45.49 23.83 16.87 17.5
17 48.55 49.11 23.83 17.15 18.5
18 53.03 52.79 29.02 19.41 19.5
19 57.64 56.55 29.03 19.52 20.5
20 61.90 60.27 34.80 22.28 21.5
21 65.71 64.29 34.81 22.32 22.5
22 68.68 68.39 41.15 25.47 23.5
23 70.00 70.49 41.17 25.47 24.5
24 77.60 79.72 48.08 28.95 25.5
25 78.01 79.86 48.12 28.97 26.5
26 98.89 95.09 55.58 32.68 27.5
27 99.99 95.60 55.66 32.83 28.5
28 107.2 113.3 63.61 36.19 29.5
29 118.8 118.9 63.83 37.63 30.5
30 135.6 133.0 70.90 40.70 31.5
31 158.5 164.3 74.60 47.08 32.5

Table C.5: The ϕ̂4 columns show the eigenvalues from exactly solving a digitized

interacting Hamiltonian with and without SeqHT, as shown in Fig. 4.3. The QHO columns

show the analytical eigenvalues of the free theory and the eigenvalues from a QHO

Hamiltonian digitized with optimal maximum field value defined in Eq. (C.2) and with

ϕmax = 4, as shown in the left panel of Fig. C.1.
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λ = 10 λ = 60 Free
Evolved Target Evolved Target Digitized Analytical

3.572×10−4 9.630×10−11 1.191×10−4 3.370×10−10 8.155×10−5 1.280×10−4

1.053×10−4 4.029×10−9 1.662×10−4 -4.556×10−10 3.292×10−4 3.476×10−4

2.473×10−4 1.058×10−7 6.891×10−4 6.488×10−10 8.752×10−4 8.830×10−4

1.886×10−4 1.824×10−6 1.740×10−3 -9.599×10−10 2.095×10−3 2.099×10−3

2.277×10−4 2.127×10−5 4.153×10−3 1.759×10−9 4.665×10−3 4.667×10−3

5.275×10−4 1.733×10−4 2.375×10−3 3.498×10−8 9.709×10−3 9.710×10−3

2.305×10−3 1.017×10−3 6.063×10−3 1.997×10−6 1.890×10−2 1.890×10−2

6.672×10−3 4.436×10−3 3.768×10−3 5.189×10−5 3.441×10−2 3.441×10−2

1.593×10−2 1.483×10−2 1.950×10−2 7.073×10−4 5.863×10−2 5.863×10−2

3.498×10−2 3.914×10−2 3.802×10−3 5.454×10−3 9.345×10−2 9.345×10−2

7.829×10−2 8.402×10−2 3.901×10−2 2.570×10−2 1.394×10−1 1.394×10−1

1.450×10−1 1.508×10−1 1.089×10−1 7.987×10−2 1.944×10−1 1.944×10−1

2.315×10−1 2.321×10−1 1.999×10−1 1.762×10−1 2.538×10−1 2.538×10−1

3.141×10−1 3.137×10−1 2.927×10−1 2.957×10−1 3.099×10−1 3.099×10−1

3.807×10−1 3.791×10−1 3.883×10−1 4.015×10−1 3.540×10−1 3.540×10−1

4.173×10−1 4.153×10−1 4.580×10−1 4.618×10−1 3.784×10−1 3.784×10−1

4.173×10−1 4.153×10−1 4.580×10−1 4.618×10−1 3.784×10−1 3.784×10−1

3.807×10−1 3.791×10−1 3.883×10−1 4.015×10−1 3.540×10−1 3.540×10−1

3.141×10−1 3.137×10−1 2.927×10−1 2.957×10−1 3.099×10−1 3.099×10−1

2.315×10−1 2.321×10−1 1.999×10−1 1.762×10−1 2.538×10−1 2.538×10−1

1.450×10−1 1.508×10−1 1.089×10−1 7.987×10−2 1.944×10−1 1.944×10−1

7.829×10−2 8.402×10−2 3.901×10−2 2.570×10−2 1.394×10−1 1.394×10−1

3.498×10−2 3.914×10−2 3.802×10−3 5.454×10−3 9.345×10−2 9.345×10−2

1.593×10−2 1.483×10−2 1.950×10−2 7.073×10−4 5.863×10−2 5.863×10−2

6.672×10−3 4.436×10−3 3.768×10−3 5.189×10−5 3.441×10−2 3.441×10−2

2.305×10−3 1.017×10−3 6.063×10−3 1.997×10−6 1.890×10−2 1.890×10−2

5.275×10−4 1.733×10−4 2.375×10−3 3.498×10−8 9.709×10−3 9.710×10−3

2.277×10−4 2.127×10−5 4.153×10−3 1.759×10−9 4.665×10−3 4.667×10−3

1.886×10−4 1.824×10−6 1.740×10−3 -9.599×10−10 2.095×10−3 2.099×10−3

2.473×10−4 1.058×10−7 6.891×10−4 6.488×10−10 8.752×10−4 8.830×10−4

1.053×10−4 4.029×10−9 1.662×10−4 -4.556×10−10 3.292×10−4 3.476×10−4

3.572×10−4 9.630×10−11 1.191×10−4 3.370×10−10 8.155×10−5 1.280×10−4

Table C.6: Amplitudes of the SeqHT evolved and target ground states of the interacting

theory with λ = 10 and λ = 60, and the ground state wavefunction of the free theory

obtained analytically and numerically, shown in Fig. 4.4 and the right panel of Fig. C.1.
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t Full Trunc t Full Trunc t Full Trunc
0.0 0.973 0.973 2.7 0.997 0.997 5.4 0.999 0.998
0.1 0.974 0.974 2.8 0.997 0.997 5.5 0.999 0.998
0.2 0.975 0.974 2.9 0.997 0.997 5.6 0.999 0.998
0.3 0.976 0.976 3.0 0.997 0.996 5.7 0.999 0.998
0.4 0.977 0.977 3.1 0.997 0.996 5.8 0.999 0.998
0.5 0.979 0.978 3.2 0.997 0.996 5.9 0.999 0.998
0.6 0.981 0.980 3.3 0.997 0.996 6.0 0.999 0.999
0.7 0.983 0.981 3.4 0.998 0.997 6.1 0.999 0.999
0.8 0.985 0.983 3.5 0.998 0.997 6.2 0.999 0.999
0.9 0.986 0.984 3.6 0.998 0.997 6.3 0.999 0.999
1.0 0.988 0.986 3.7 0.998 0.997 6.4 0.999 0.999
1.1 0.990 0.987 3.8 0.999 0.998 6.5 0.999 1.000
1.2 0.991 0.989 3.9 0.999 0.998 6.6 0.999 1.000
1.3 0.992 0.990 4.0 0.999 0.998 6.7 0.999 1.000
1.4 0.994 0.992 4.1 0.999 0.999 6.8 0.999 1.000
1.5 0.995 0.993 4.2 0.999 0.999 6.9 0.999 1.000
1.6 0.996 0.994 4.3 0.999 0.999 7.0 0.999 0.999
1.7 0.996 0.995 4.4 0.999 0.999 7.1 0.999 0.999
1.8 0.997 0.996 4.5 0.999 0.999 7.2 0.999 0.999
1.9 0.997 0.997 4.6 0.999 0.999 7.3 0.999 0.999
2.0 0.997 0.997 4.7 0.999 0.999 7.4 0.999 0.999
2.1 0.997 0.997 4.8 0.999 0.999 7.5 0.999 0.999
2.2 0.997 0.997 4.9 0.999 0.999 7.6 0.999 0.999
2.3 0.997 0.998 5.0 0.999 0.999 7.7 0.999 0.999
2.4 0.997 0.997 5.1 0.999 0.998 7.8 0.999 0.999
2.5 0.997 0.997 5.2 0.999 0.998 7.9 0.999 0.999
2.6 0.997 0.997 5.3 0.999 0.998 8.0 0.999 0.999

Table C.7: The fidelity of the λϕ4 ground-state wavefunction prepared with complete

adiabatic evolution and with SeqHT procedure as a function of time t, as described in the

main text and shown in Fig. 4.5.
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ν Coeff Bound ν Coeff Bound ν Coeff Bound ν Coeff Bound
0 1.0000 1.0000 64 0.0024 0.0757 128 0.0006 0.0385 192 0.0012 0.0385
2 0.9375 0.9688 66 0.0018 0.0757 130 0.0005 0.0385 194 0.0009 0.0385
4 0.5274 0.7627 68 0.0005 0.0757 132 0.0001 0.0385 196 0.0002 0.0385
6 0.5859 0.7627 70 0.0009 0.0757 134 0.0002 0.0385 198 0.0005 0.0385
8 0.1502 0.4871 72 0.0001 0.0757 136 0.0000 0.0385 200 0.0001 0.0385

10 0.1172 0.4871 74 0.0000 0.0757 138 0.0000 0.0385 202 0.0000 0.0385
12 0.2710 0.4871 76 0.0002 0.0757 140 0.0001 0.0385 204 0.0001 0.0385
14 0.3076 0.4871 78 0.0005 0.0757 142 0.0001 0.0385 206 0.0002 0.0385
16 0.0387 0.2758 80 0.0000 0.0757 144 0.0000 0.0385 208 0.0000 0.0385
18 0.0293 0.2758 82 0.0000 0.0757 146 0.0000 0.0385 210 0.0000 0.0385
20 0.0073 0.2758 84 0.0000 0.0757 148 0.0000 0.0385 212 0.0000 0.0385
22 0.0146 0.2758 86 0.0000 0.0757 150 0.0000 0.0385 214 0.0000 0.0385
24 0.0755 0.2758 88 0.0001 0.0757 152 0.0000 0.0385 216 0.0000 0.0385
26 0.0586 0.2758 90 0.0000 0.0757 154 0.0000 0.0385 218 0.0000 0.0385
28 0.1364 0.2758 92 0.0001 0.0757 156 0.0000 0.0385 220 0.0001 0.0385
30 0.1556 0.2758 94 0.0002 0.0757 158 0.0001 0.0385 222 0.0001 0.0385
32 0.0097 0.1468 96 0.0049 0.0757 160 0.0000 0.0385 224 0.0024 0.0385
34 0.0073 0.1468 98 0.0037 0.0757 162 0.0000 0.0385 226 0.0018 0.0385
36 0.0018 0.1468 100 0.0009 0.0757 164 0.0000 0.0385 228 0.0005 0.0385
38 0.0037 0.1468 102 0.0018 0.0757 166 0.0000 0.0385 230 0.0009 0.0385
40 0.0005 0.1468 104 0.0002 0.0757 168 0.0000 0.0385 232 0.0001 0.0385
42 0.0000 0.1468 106 0.0000 0.0757 170 0.0000 0.0385 234 0.0000 0.0385
44 0.0009 0.1468 108 0.0005 0.0757 172 0.0000 0.0385 236 0.0002 0.0385
46 0.0018 0.1468 110 0.0009 0.0757 174 0.0000 0.0385 238 0.0005 0.0385
48 0.0194 0.1468 112 0.0097 0.0757 176 0.0000 0.0385 240 0.0048 0.0385
50 0.0146 0.1468 114 0.0073 0.0757 178 0.0000 0.0385 242 0.0037 0.0385
52 0.0037 0.1468 116 0.0018 0.0757 180 0.0000 0.0385 244 0.0009 0.0385
54 0.0073 0.1468 118 0.0037 0.0757 182 0.0000 0.0385 246 0.0018 0.0385
56 0.0378 0.1468 120 0.0189 0.0757 184 0.0000 0.0385 248 0.0095 0.0385
58 0.0293 0.1468 122 0.0146 0.0757 186 0.0000 0.0385 250 0.0073 0.0385
60 0.0683 0.1468 124 0.0342 0.0757 188 0.0000 0.0385 252 0.0171 0.0385
62 0.0781 0.1468 126 0.0391 0.0757 190 0.0000 0.0385 254 0.0195 0.0385

Table C.8: Calculated sequency coefficients, β̃ν ,and upper bounds, B̃ν , for a x4 potential,

as shown in Fig. 4.7.
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#
δt

0.1 0.13 0.16 0.19 0.22 0.25 0.28 0.31 0.34 0.37 0.4 0.43 0.46 0.49 0.52 0.55

Full

1 0.971 0.970 0.968 0.966 0.964 0.961 0.958 0.954 0.950 0.945 0.940 0.934 0.928 0.921 0.914 0.906
2 0.970 0.968 0.965 0.962 0.959 0.955 0.950 0.946 0.941 0.936 0.931 0.926 0.921 0.916 0.912 0.907
3 0.969 0.967 0.964 0.961 0.958 0.955 0.952 0.950 0.947 0.946 0.944 0.944 0.945 0.951 0.960 0.971
4 0.969 0.967 0.965 0.963 0.962 0.961 0.961 0.961 0.963 0.968 0.976 0.986 0.994 0.997 0.992 0.978
5 0.970 0.969 0.968 0.968 0.968 0.970 0.973 0.980 0.989 0.996 0.998 0.993 0.982 0.967 0.950 0.932
6 0.971 0.971 0.971 0.973 0.976 0.982 0.990 0.997 0.998 0.992 0.981 0.966 0.951 0.934 0.923 0.922
7 0.972 0.974 0.976 0.979 0.986 0.994 0.999 0.996 0.987 0.973 0.960 0.946 0.937 0.947 0.966 0.972
8 0.974 0.977 0.980 0.987 0.995 0.999 0.995 0.984 0.972 0.959 0.949 0.955 0.975 0.986 0.981 0.964
9 0.976 0.980 0.986 0.994 0.999 0.995 0.985 0.973 0.962 0.959 0.971 0.989 0.992 0.980 0.949 0.918

10 0.979 0.984 0.991 0.998 0.997 0.988 0.977 0.967 0.966 0.981 0.994 0.991 0.975 0.941 0.926 0.936
11 0.981 0.987 0.996 0.998 0.991 0.981 0.971 0.971 0.985 0.996 0.990 0.971 0.942 0.942 0.960 0.972
12 0.983 0.991 0.998 0.996 0.986 0.976 0.973 0.986 0.997 0.991 0.972 0.948 0.955 0.975 0.978 0.942
13 0.986 0.995 0.998 0.991 0.982 0.975 0.984 0.997 0.993 0.976 0.954 0.964 0.982 0.983 0.943 0.914
14 0.988 0.997 0.997 0.988 0.979 0.981 0.995 0.996 0.982 0.960 0.968 0.987 0.989 0.947 0.932 0.948

#
δt

0.1 0.13 0.16 0.19 0.22 0.25 0.28 0.31 0.34 0.37 0.4 0.43 0.46 0.49 0.52 0.55

SeqHT

1 0.971 0.969 0.968 0.965 0.963 0.960 0.956 0.952 0.948 0.943 0.937 0.931 0.924 0.917 0.909 0.901
2 0.969 0.967 0.964 0.960 0.957 0.952 0.947 0.942 0.937 0.931 0.926 0.922 0.914 0.906 0.906 0.906
3 0.968 0.966 0.963 0.959 0.956 0.951 0.947 0.945 0.943 0.940 0.936 0.938 0.941 0.941 0.957 0.965
4 0.968 0.966 0.963 0.959 0.959 0.958 0.956 0.955 0.956 0.963 0.971 0.982 0.989 0.982 0.983 0.968
5 0.968 0.967 0.965 0.963 0.964 0.965 0.967 0.977 0.987 0.990 0.988 0.985 0.976 0.945 0.935 0.925
6 0.968 0.969 0.968 0.967 0.972 0.978 0.985 0.990 0.993 0.986 0.968 0.960 0.940 0.908 0.916 0.916
7 0.969 0.971 0.972 0.974 0.983 0.991 0.992 0.988 0.983 0.965 0.938 0.944 0.931 0.912 0.955 0.962
8 0.971 0.974 0.977 0.981 0.992 0.998 0.989 0.972 0.962 0.947 0.928 0.949 0.968 0.945 0.963 0.963
9 0.972 0.977 0.983 0.988 0.996 0.992 0.977 0.963 0.954 0.945 0.951 0.975 0.984 0.926 0.938 0.923

10 0.974 0.981 0.989 0.994 0.993 0.984 0.967 0.958 0.961 0.971 0.973 0.978 0.962 0.877 0.939 0.932
11 0.976 0.985 0.994 0.993 0.988 0.977 0.964 0.961 0.980 0.985 0.966 0.954 0.932 0.884 0.970 0.956
12 0.978 0.989 0.997 0.990 0.981 0.973 0.962 0.977 0.988 0.977 0.937 0.935 0.943 0.902 0.950 0.944
13 0.980 0.993 0.997 0.984 0.976 0.972 0.975 0.980 0.982 0.954 0.929 0.955 0.969 0.889 0.928 0.905
14 0.983 0.996 0.996 0.979 0.973 0.978 0.984 0.984 0.972 0.946 0.950 0.972 0.964 0.865 0.929 0.938

Table C.9: The fidelity of the adiabatically prepared λϕ4 ground state as a function of δt

and the number of adiabatic steps, for nq = 5 with ϕmax = 4 and λ = 10. Each adiabatic

step consists of one first-order Trotter step. Results are shown in the top panels of Fig. 4.9.
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#
δt

0.1 0.13 0.16 0.19 0.22 0.25 0.28 0.31 0.34 0.37 0.4 0.43 0.46 0.49 0.52 0.55 0.58 0.61 0.64

F

1 0.973 0.974 0.975 0.975 0.976 0.977 0.978 0.979 0.980 0.982 0.983 0.984 0.985 0.987 0.987 0.988 0.988 0.988 0.988
2 0.975 0.976 0.977 0.979 0.980 0.982 0.984 0.986 0.988 0.989 0.991 0.992 0.993 0.994 0.994 0.995 0.994 0.992 0.989
3 0.976 0.978 0.980 0.982 0.985 0.987 0.989 0.991 0.993 0.995 0.996 0.997 0.998 0.997 0.995 0.992 0.988 0.983 0.979
4 0.978 0.980 0.983 0.986 0.989 0.991 0.993 0.995 0.997 0.998 0.998 0.996 0.995 0.992 0.991 0.989 0.985 0.982 0.976
5 0.979 0.983 0.986 0.989 0.992 0.995 0.997 0.998 0.998 0.997 0.996 0.995 0.994 0.992 0.990 0.988 0.987 0.984 0.976
6 0.981 0.985 0.989 0.992 0.995 0.997 0.998 0.997 0.996 0.996 0.996 0.995 0.994 0.993 0.992 0.989 0.987 0.983 0.968
7 0.983 0.987 0.991 0.995 0.997 0.997 0.997 0.996 0.996 0.996 0.996 0.996 0.996 0.994 0.991 0.988 0.986 0.979 0.961
8 0.985 0.989 0.993 0.996 0.997 0.997 0.996 0.996 0.996 0.997 0.998 0.998 0.995 0.992 0.988 0.986 0.986 0.977 0.961
9 0.987 0.991 0.995 0.997 0.997 0.997 0.996 0.997 0.997 0.999 0.999 0.997 0.994 0.990 0.988 0.987 0.984 0.975 0.952

10 0.988 0.993 0.997 0.997 0.997 0.997 0.997 0.998 0.999 0.999 0.998 0.996 0.992 0.990 0.988 0.989 0.987 0.973 0.948

#
δt

0.1 0.13 0.16 0.19 0.22 0.25 0.28 0.31 0.34 0.37 0.4 0.43 0.46 0.49 0.52 0.55 0.58 0.61 0.64

T

1 0.973 0.974 0.974 0.975 0.976 0.977 0.978 0.979 0.980 0.981 0.982 0.984 0.985 0.984 0.985 0.987 0.986 0.985 0.986
2 0.974 0.975 0.977 0.978 0.980 0.981 0.982 0.984 0.986 0.987 0.986 0.989 0.991 0.987 0.988 0.993 0.990 0.980 0.985
3 0.975 0.977 0.979 0.980 0.983 0.986 0.986 0.987 0.989 0.990 0.990 0.995 0.994 0.984 0.988 0.992 0.984 0.959 0.971
4 0.976 0.979 0.982 0.983 0.986 0.987 0.988 0.992 0.996 0.993 0.989 0.994 0.991 0.975 0.986 0.988 0.980 0.939 0.961
5 0.977 0.981 0.984 0.985 0.989 0.992 0.991 0.992 0.992 0.991 0.987 0.991 0.989 0.967 0.986 0.988 0.981 0.918 0.952
6 0.979 0.983 0.986 0.988 0.992 0.994 0.992 0.992 0.994 0.990 0.981 0.990 0.987 0.957 0.984 0.990 0.977 0.894 0.942
7 0.980 0.985 0.988 0.989 0.994 0.996 0.993 0.990 0.991 0.987 0.982 0.991 0.990 0.958 0.990 0.986 0.976 0.863 0.933
8 0.981 0.987 0.990 0.991 0.995 0.994 0.991 0.991 0.993 0.985 0.981 0.990 0.986 0.944 0.989 0.987 0.972 0.836 0.916
9 0.982 0.989 0.993 0.993 0.994 0.995 0.989 0.988 0.992 0.988 0.979 0.988 0.985 0.937 0.982 0.985 0.970 0.827 0.898

10 0.984 0.991 0.994 0.991 0.995 0.995 0.990 0.985 0.991 0.986 0.974 0.990 0.982 0.924 0.986 0.983 0.968 0.781 0.879

Table C.10: The fidelity of the adiabatically prepared λϕ4 ground state as a function of δt

and the number of adiabatic steps, for nq = 5 with ϕmax = 4 and λ = 10. Each adiabatic

step consists of one second-order Trotter step. Results are shown in the bottom panels of

Fig. 4.9.
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#
δt

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55

Full

1 0.973 0.974 0.975 0.977 0.978 0.980 0.982 0.984 0.985 0.986
2 0.974 0.976 0.978 0.980 0.983 0.985 0.986 0.987 0.988 0.990
3 0.975 0.978 0.981 0.984 0.986 0.989 0.990 0.990 0.988 0.986
4 0.977 0.980 0.983 0.986 0.989 0.992 0.992 0.985 0.982 0.982
5 0.978 0.982 0.985 0.989 0.992 0.991 0.986 0.981 0.979 0.980
6 0.979 0.984 0.988 0.992 0.992 0.989 0.987 0.977 0.976 0.979
7 0.981 0.986 0.990 0.992 0.991 0.987 0.983 0.973 0.977 0.977
8 0.982 0.988 0.992 0.992 0.990 0.985 0.985 0.971 0.975 0.968
9 0.983 0.990 0.993 0.992 0.988 0.984 0.982 0.968 0.968 0.972
10 0.985 0.992 0.993 0.990 0.987 0.984 0.980 0.962 0.971 0.968
11 0.986 0.994 0.993 0.989 0.987 0.982 0.976 0.956 0.970 0.962
12 0.987 0.995 0.992 0.988 0.987 0.980 0.976 0.960 0.963 0.960
13 0.989 0.995 0.991 0.987 0.986 0.979 0.974 0.950 0.965 0.963
14 0.990 0.995 0.990 0.987 0.985 0.976 0.972 0.949 0.962 0.955

#
δt

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55

SeqHT

1 0.973 0.974 0.975 0.976 0.978 0.980 0.981 0.983 0.984 0.985
2 0.974 0.976 0.978 0.980 0.983 0.984 0.985 0.985 0.986 0.987
3 0.975 0.978 0.980 0.983 0.986 0.986 0.988 0.987 0.985 0.982
4 0.977 0.980 0.982 0.985 0.989 0.989 0.990 0.981 0.978 0.977
5 0.978 0.982 0.984 0.988 0.991 0.986 0.982 0.976 0.973 0.973
6 0.979 0.983 0.986 0.991 0.991 0.983 0.982 0.972 0.968 0.971
7 0.980 0.985 0.989 0.991 0.990 0.979 0.977 0.967 0.973 0.968
8 0.982 0.987 0.990 0.991 0.989 0.976 0.979 0.963 0.965 0.957
9 0.983 0.989 0.991 0.990 0.987 0.973 0.974 0.960 0.957 0.960
10 0.984 0.991 0.991 0.989 0.986 0.972 0.971 0.953 0.962 0.953
11 0.986 0.992 0.990 0.987 0.986 0.969 0.969 0.944 0.961 0.948
12 0.987 0.993 0.989 0.987 0.985 0.967 0.965 0.951 0.949 0.942
13 0.988 0.993 0.988 0.986 0.985 0.964 0.964 0.935 0.953 0.944
14 0.990 0.993 0.987 0.985 0.984 0.961 0.961 0.938 0.949 0.935

Table C.11: The fidelity of the adiabatically prepared λϕ4 ground state as a function of δt

and the number of adiabatic steps, for nq = 12 with ϕmax = 4 and λ = 10. Each adiabatic

step consists of one second-order Trotter step. Results are shown in Fig. C.4.
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