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I. INTRODUCTION

The sufficient condition for stability of a mechanical
gsystem is that,'given independent generalized coordiﬂétes, a5
and an initial configuration of equilibrium, qi=0’ the config-
uration is stable if it is possible to find pdsitive bounds,
Fl and PZ s for the ‘moduli of a kinematically admissible
ini'blal dls‘turbance such that \q (0)] ¢ {51 and lq (NI ‘32
for all time. This is an abbreviated statement of dynamic
stability for which the mathematical theorems were developed |
by Liapunov (1) in 1892, Time dependent response is the
essence of the study of stability and setting up the theory
in tﬁe framework of dynamies is naturgl. However, attendant
to this general approach is description of motion Dy nonlinear
differential equations., These are difficult to solve even in
the simpliest of problems, Liapunov, working with the total
energy for discrete systems, showed that by introduecing small
disturbances, Information on system stabiiity can sometimes
be determined without having to solve the complete nonlinear
differential équations of motion (1,2). This approach has
evolved as the theory of small oscillations (modern reference
(3)). Alternately, for conservative systems working directly
with the total emergy under the assumption of quasi-static
response, consideration beéomes that of stability of equili-
brium--and the approach is called the energy methcd (4).

These approximéte methods are powerful and are used often

with success; however, exceptional cases do arise which
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preclude their use due to the approximations made (5,6).

A large class of problems is included in conservative
system. approximations which can be treated by static techni-
ques, If the total pofential energy, constituting strain
energy and work done by external forces, ié derived in terms
of kinematically admissible displacement variables (e.g., gen-
eralized coordinates), then the detection of stability or in-
stability for a given point in equilibfium configuration space
of the syétem depends upon whether or not the toteal potential
energy is at a relative'ﬁinimum. Denoting a displacement
variable by qi.and‘the total pdtentiél energy by P, the pro-
cedure is to examine how P varies under displacement Fhanges
from an initial equilibrium state, say Qg - The Taylor series
expanéion is a rigorous technique for exp:nsion from the

initial state, so that the change in total potential energy to

an adjacent point in configuration space is

3P

|

AD= P-Pi, = 2P|sg 4+ L

%o 2% I§°

If AP » 0, the system is stable, if AP < O the system is
unstable and if AP = 0O the system is neutrally stable. The
kinematically admissible displacement variations, Sq , repre-

i
senting the disturbance, can be made as small in magnitude as
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we wish, so that the terms in AP become successively smaller.
Thus, unless .the first term on the right-equals zero,.AP can
always be made negative. This term equals zero if the initial
state (qoi).is in a stéte of equilibrium, and the term is
recognized as representing the principle of virtual displace-
ments., 1In the second variation the gquadratic terms in g, if
non-zero, are dominant so that positive-definitness of AP
insures stability. If fhe guadratic terms are identically
zero the question of stability is resolved by examiniﬁg
higher order terms in q. : | e

Assuming the gquadratie terms'non~zero, the important
relation to bifurcation buckling is AF becoming positive semi-
definite a?'particular values of the loading. The eigenvalue
problem reéulfing from this condition characterizes a type of
bifurcation mechanism in which a state of neutral equilibrium
is attainea at the critical-load and a different deformation
state suddenly develops. The initial slopé of the equilibrium
path into the initial post-buckled state is zero and it is the
curvature of this path at the critical point that defines
stability (Figure la).

A second type of bifurcation'buckling occurs in sirue-
tural configurations such as arches and thin “shells. The
point of bifurcation is a singular point determined from non-
homogeneous equations. .It develops when.an additional defor-
mation mode of a defined set becomes admissible under increas-
ing load, Over a wide range of arch and shell geometries

transition of deformation into the new mode is unstable and
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snap-~through occurs, In this case the slope of the initial

post-buckling response path is negative (Figure 1b),

stable
,./. curvature
Ao
“\
*’)unstable
curvature
= Lo
< e
; :
Deformation . Deformation
(a) (b)

Figure I-1l: Bifurcation Buckling Types

These bifurcation types are considered herein as they relate
to prediction of initial post-buckling response of structures.
The feasibility of ﬁse of the finite element method as an
approximate method of analysis for prediecting post-buckling
response is investigated, |

The eigenvalue theory for predicting critiecal loads
using finite elements is contained in current texts (8,9,10),
one of the original formulations appearing in 1963 by Gallagher
and Padlog (11). Application to plate structures is reported
by Xapur and Hartz (12). The axial loaded cylindrical shell
idealized to an eigenvalue problem as well as extreme ideali-
zation of a doubly curved shell are evaluated by Gallagher

and Yang (14). The more accurate representation of shell
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buekling és a snap-through mechanism 1s considered by Gallagher
et al, (13) and eritical load of a spherical shell is estimated
by an iteration technique,

Basic to bueckling and post-buckling résponse is repre-
sentation of geometric nonlinearity. This appears in energy.
formulations in the form of higher order displacement terms in
.the total potential energy--a result of refinement in defini-
tion of the strain-displagemént relations. Geometric non-
linearity in.finite element representations is a recent
develépment first considered by Tﬁrner et al, (15) in 1960
in determining large deflection of'structures. Réported in
this work are two algbrithms, dne an iteration'scheme to
search ouf the equilibrium configuration by a usually conver=-
gent process applied to the equilibrium equations, and two =2
stepwise linear approach by use of incremental equilibrium
equatibns° Both schemes are developed using a répresentafion
of the total potential énergy tprough the-quadra%ic terms in
displacement, Further developments on this subject and a
summary of the'state-of-the-art are repoffed by Martin (16).

A more recent development in nonlinear analysis is the
energy search method, which was developed by Bogner et al.
(17) and Sehmit (18). 1In this method, the total potential
energy 1s derived in terms of displacement functions with
unknown generalized components, and minimization carried out
with respect to these components appearing in nonlinear
equations, Various algorithms have been used to locate the

minimum energy state (19,20), In this formulation third and
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higher order displacement terms are retained in the total
potential energy for accﬁracy'in representation and to Improve
soiution convergence, The requi;ement to use higher order
terms in the potential energy for finite deflection analyses,
suggested a possible improvement on the siep-wise linear’
ineremental technique, Incremental equations that admit
third and fourth order terms were subsequently developed
by Marcal (21) with additional applieations by Mallett and
Marcal (22).

Recent effort in nonlinéar mechanics with finite ele-
ments is centered on rational representation of.higher order
and special effects in whét is basically an épproximate analy-
sis technigque, Felippa (23) has developed a systeﬁatic pro-
cedure for definition of elements ana treétment of geomeiric
and physical nonlinearities for two-dimensional continuous
structures. Morg recenfly Nathan (24) has considered geo-
metric nonlinearities in the context of nonlinear elasticity,
and Oden (25) approaches the subject from the standpolnt of
continuum mechanics, These and other rapid advances in the
£ield stem from the basic utility of the method to solve
complex problems by substruéture idealiza%ion.

In finite defiection analysis of strucéures, geo-
metrically nonlinear terms enter into the representation in
both classical and finite element methods in like manner, the
bagsic difference being the structural representation. The
need for higher order terms is essential also in studying

post-buckling response of structures., Classically, Koiter has
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studied this case extensively (26,27). ZKoiter, by perturba-
tion of the incremental potential energy 1in the &icinity of
the point of bifurcation, is able to estimate initial post-
buckling response. For post-buckling unstable structures the
nature of the post-buekling response when influenced by aséumed
structural imperfections yields information on the sensitivity
of the structure to jump from the initial sitate to an adjacents
state at loads below the perfect structure criticél load,
This phenoména; originally investigated by von Kdrm&n and
Tsien (28), was described mathematically by Kolter and re-
ported in 1945 (26). Application of the_theory.to the axial
loaded cyliﬁdrical shell shows extremg sensitivity of this
structure to small imperfections, This development greatly
aided in explaining thé wide discrepanéy between theoretical
and experimental critical.loads and the wide scatter in experi-
-mental data (29),"Varying degrees of ;esser sensit;vity are
exemplified by other structural types subsequently classically
analyzed (30). | . '

Other contributions to this theory include work by
Budiansky and Hutchinson on dynanic buekling as well as
. derivation of Koiterts theory starting from the principle of
virtugl work (31). Several.applications of the theory to
iine-column, plate and shell structures are reported in the
literature (32,33,34).

The purpose of the present investigation is to develop
the equations for pcsi-buekling response in the context of the

finite element method. This extends the application of the
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theory to problems not amenable to classical approaches. In
éddition, conditioné that must be met in finite element repre-
sentations are examined and convergence and accuracy of approx-
imations in the governing equations are explored. Numerical
exaﬁples are presented to clarify detailé of the theory.

Chapter II of this text consists of a derivation of the
equations.for-initial state, critical polnt, and post-buckling
response, This follows the development by Kolter with certain
modifications based upon characteristics of the finite element
method. Wherever practical, notation 1s used that éorresponds
to nofation in elassical derivations of the equations., Iz
Chapter III the line element column is'treated and corfespon-
dénce shown with classical theory. Derivation of the stiff-
ness matrices associated with higher order terms in the total
potential energy is presented. Corresponding matrices for the
plate element are developed in Chapter IV. The numerical pre-
cedure for predicting post-buckling response of plate struec-
tures is presented., In Chapter V, the arch and bent line-~
element configurations are studied and approximate solutions
obtained by extended application of the theory. Finally,

Chapter VI is a summarization of results and conclusions,



II., GOVERNING EQUATIONS FOR POST-BUCKLING RESPONSE

2,1 The Perfect Structure: Total Potential Energye.

This development of equations to describe the response
of a structure having no imperfections or load misalignments
is restricted to structural systems comservative both.in
external loading and internal energy absorption. Change éf
state from a known equilibrium configuration (State I) to an
adjacent configuration (State II)'occurs through bifurcation
réther than énap-through buekling, The existence of a rela-
tive minimum of the total potential energy in State I is a
necessary and sufficient condition for stability of this con-
figuration, This implies that for a small but finite incfease
ip the external loading, the increase in strain energy (pius
the energy dissipated, if gccounted for) exceeds the external
work increment, The increment in potential energy in tran-

sition from State I to II,

Plal- & -G ()
if non-negative, is a sufficient condition for stability of
the system in State II,

The total potential energy consists of the energy of
deformation and work done by applied external loads, It must
be defined with sufficient terms inecluded that nonlinear be-
havior is represented. In a finite deformation problem,
fiber rotations and possible strains become large so that

geometry changes under loading must be evaluated., 1In
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.contrast, the need for nonlinear terms in considering Dbifur-
cation buckling is to dgtect the chanée of state at the bi-
furcation. At this point deflection of -the structure is
normally small and the change of state is the sudden appear-
ance of a different mechanism of deformation.

Initial consideration is given to development of the
post-buckling response equation omitting details on the type
or types of finite elements used., The basic restriction
imposed by the fact that the structure is represen{ed by an
assemblage of finite elements is that the retention of non-
linear terms precludes formation of a compact total structure
equation, Thus, defining the total potential emergy on a

per element basis, its form is

Plal = X Z” faf, + Zl“ i(x]; {4 +xzw¢<3 4+

i Y Y
- !
+X 2, tefud; 18, + 2 Lui[“xl‘ I‘}; +
(XY i
N g‘
PN (N P A O L
il Lt (2)

The matrices [KO] and tK]_] are the linear equilibrium and
stability coefficient matrices which have constant element
values, The higher order matrices I Hj] and [Lj] are expressed
in similar format, but they contain the displacement function
{L&L to power J in their coefficient definition. The factor
;\ is the load intensitylfactor assumed constant for all ele~-

ments which implies proportionate loading. Finally N is the
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number of finite elements that constitute the total structure.
In Eq. (2) the subscript i is sufficient to indicate summation
so that the summation signs are dropped in the following develop-

ment.

2.2 Initial State and Critical Point.

The pre-buckling response of the structure is assumed

linear so that for a displacement state of the form

{‘}z=' {@%C | | | (3)

the total potential emnergy is

Gl = » sedifedy ¢ Hedil (o (4)

The variation with respect to {AoSL is simply a statement
of the principle of virtual displacements, from which the
relation between load and displacement to satisfy equilibrium
in State I is obtained. Thus, for A specified, {4}, is
determined.

Stability of the structure in State I up to the point
of bifurcation in configuration space can be investigated by
considering a displacement perturbation into State II. Assuming

the existence of an adjacent state an appropriate displacement

function is

(], = {eo}, +a {T]; (5)

where {E}i is the modal function (of small amplitude &) of
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displacement intc State II. Substituting, the total potential

energy in State II is
@ Lal = A (e, + XM LT 4+ Lo [, fau},
+a WPedilx] (T, + LR (], + M L3 (kT
+ @LELIHE], +3a® BR (L], {3,

+ a4 Lz-‘( [HZ]i{Z}L + )\d4 LIJi [L‘z-}; {Z—}‘ + oo (6)

Substit tlng Eq's. (4) and (6) into Eq. (1) the increment in

total potential energy is
Pl - a[ntetezy, « VB Dedde) ] +
4+ at [sz Dol {73, + ) LBk ia; ]+

+ qg{.LxJL[H,]‘:{Z}; + 2 LaL L) {Zla] +

+ o [Lm; (43 (2] + 2 LIJC[LsJ;{Z}L]i-O@’) (7)

The term of order 5 is a restatement of the principle of virtual
displacements and equals zero. This leaves terms guadratic

and higher order in a., If fhis increment is positive then the
system is stable in State I. Should it happen that the quad-

ratic term is zero, that is

LE) [K); {2}, = LTy ek (2], + 2B LK) (T, =0 (8)

then the question of stability rests with the value of the

higher order terms. Necessary conditions for equilibrium are
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that the third order term in a equals zero and the fourth
order term have non-negative value., The guestion of a suffi-
cient condition for equilibrium In State I is more complex.
Koiter (1) shows that the key to a sufficiency proof is selec-
tion of a homogeneous positive~-definite gquadratic function

@ S} L7 (2%, such that if the minimum problem

i LY LK), (T, (9)
/u‘ - n,
LZ; L7, {2,

has a solution, then a necessary condition for stability in

State I is/u.‘z O and a sufficient condition is My ? 0.
No decision on stability can be made if My = O, and the system
is unstable if ;&< O. The quadratic function containing {T]
is introduced to insure that for small finite displacement from
State I that as a~»0 the quadratic term in a is larger than
the sum of the remaining higher order terms in &.

Variation of Eg. (9) with respect to {I}L , if arbi-

trary, leads to

Ik} {Z], - & [Tﬁ]; (), = {o% (10)

where {E}" is any displacement vector of the kinema‘ticélly
admissible displacement field of the structure. Eq. (10) rep-
resents a set of homogeneous equations from which eigensolu=~
tions exist for special values of /M.. If a plot of /J~ versus
)\ is generated a i‘oot loci diagram is obtained wherein regions
of stable and unstable equilibrium can be established depend-

ing upon the sign of/,L .
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The function LI)L [T]-L ?Z'SL is defined as quad-
ratic in terms of the same displacement funetions as in
LIJC [K]t €I.§L . However, as shown by Koiter L'EJ':{T']‘:;Z}i
can have a wider definition, If it is interpreted as the
kinetic energy of the system with displacements replacing
velocity, then Eq. (10) becomes simply a statement of
Rayleigh's principle.

i d ALt iated with

Eigensolutions iz‘k}t an 5%}; associated wi
different eigenvalues //&J‘ and /*ﬁk. are orthogonal with
respect to tfr3L . That is

(/L&'/*p_) L z—,[.\.,\-“_'\"};_ { iji =c Atk (11a)
Alternately LI,g._);&_K"\-L {ZZ,._}? =0 Hh#k (11b)

These conditions are derived from Eq. (10) in the established
procedure of a Sturn-Liouville problem. Mode normalization

also follows

LEpd T3 (2, =1
' (122)

and LI_Q\ 4 Lk}, iZ,A}C ST (12Db)

The case of multiple roots of Eq. (10) is treated in a
straightforward manner, wherein eigenfunctions are determined
which are mutually orthogonal as well as being orthogonal to
modal funetions of different roots (38).

Conditiéns for stability have been defined so far only

in the fundamental State I. The condition expressed by Eq. (8)
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is called the critical case of mneutral eguilibrium for which

the stability 1limit from Eq. (9) is

= i L&Y, k), 123; o (13)

LTy LTI {25
The eigenfunction corresponding to/le = 0 1s called the eriti-

cal buckling mode and is designated by {4431. More than one
eigenvalue may simultaneously be zero, In this case, eigen-
vectors correspondiﬁg to each value are determined by standard
techniques. The linear combination of all of these vectors
represents the general displacement field for which the second
variation is zero,

To investigate the stability of the critical case of
neutral equilibrium defined by a single buckling mode, a dis-

placement state is assumed of the form

(e}, = afa,];, +{z]; (14)

where {Iﬂ}: is any kinematically admissible displacement
function which is orthogonal to {Aq}; in the sense of Eq.
(11), although {lﬁh. need not be a higher order buckling mode
of the system. In many problems it is convenient to assume a
gsummation of higher order buckling modes to represent {I}L s

in which case each mode satisfies the characteristic equation

Dl {45), + % D fale - g Or) {453 ={eb (2)

The basis for selecting Eq. (14) is that to resolve the ques-

tion of stability the increment in potential energy must be
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defined for a small displacement change from that at the
ecritical point. Making {I}‘ orthogonal to {A'}i agsures a
characteristically different increment then simply a multiple
of the fundamental buckling mode. Substituting Eq. (14) into

Eq. (7)

Plag+3) =a (Lo, Do £, + MLaid (L) (4}, ]+
+a [L,A'SLLHJLXM}; + N Ldud; Lb{]iid.};] +

+a* [\.di.\; LHJ.‘,{I}L + N dei[u']i {EL] +

+ e (), 71 + M4 LT {33, ]+

v [Ey DR {8) 513 TR, (a3 ]+

+ Rilay,,Z] (16)

Terms quadratic and higher order in {Iﬂc are grouped
in a remainder term Ri[aal,x] in Eq. (16). The magnitude of
gii};_ ig variable and can be made arbitrarily small compared
to a.{Aqll, in which the coefficient a can also be small, so

that the remainder term becomes

|R;fadi, T € € (LZJ; (Ko §T1 + N LT Lrid; i'&la) (x7)

where E, is less than unity. By this manipulation of parameters
the remainder term can always be made negligible small. The
coefficient of the a3 term involving {Aq} must be zero, other-

wise in the limit {Z§ —= O a signed value for g can be chosen
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such that the energy increment is negative which infers
instability. Apart from Specified restrictions already placed
on {I} it 1s arbitrary. However, if an adjacent state is
possible then the actual {Z} minimizes the energy increment.
Thus, a solution for {I} iz sought that minimizes AP[af+d] -

The variation of Eq. (16) with respect to {ZS;_ is then
2 L83 Ixe); {73, + 2 3 W8T Dk {7);, + a2 LS T L, {43,

T I T L L

+ Q3 AI LSIJL th]"_id’}i + >0 0 g = 0O
(18)
Consider representing iZS by a summation of higher order

buckling modes of the form

{23, = a” g, 141.3;' +a’ 23{43}‘-'4-.... (19)

where f 23 E’B e o« « o are the amplitude or participation coef-
ficients of each function, respectively., Doing this, the mode
shape is known and Eq. (11) is satisfied. Substituting Eq. (19)
into Eq. (18) and setting the coefficient of each power of a

to zero independently yields

(20a)

e = (L 4k TR, Sk, 4+ N La; [, (43;)
o 2 (lAzJ; [Ko]‘; “z}i + X L’d?-JL[Kl]; “a}c)

with LAl [T];_ {47.3" = 0
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- ( Lds) CHed $40d; + N Losdi (b {‘lh)

uvs
v
"

i

Z(L 43 Lxe J {453 4 0 Las); (ki) (45} ) (200)
with Lak L), (4], = o

and similar expressions for 24, %35, ete., if included.

With gz},._ known to some order in a the irerement in
total potential energy can be evaluated by direct substitution
into Eq. (16). Trunc.ating izh at {‘42-§C , where now §2
is assumed containgd in & A;SL , and neglecting higher order
terms in a in Eq. (16), the lowest order approximation for the

increment in potential energy is

Plas +T] = aths + A5+ ... (21)

where

Ay = Ladi [HT; o, + 50 M%) {af; +
+Ladi D) fed + Dl 4

+ LbiTke) e+ Mbakfia) {4k
(22)

The necessary condition for stebility of the eritical case of

neutral equilibrium is

A,

v

@ ‘ (23)
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and the sufficient condition for stability is
A4 > 0 (24)

Should it occur that A4=O then higher order terms must be con-
sidered in esteblishing the condition of stability.

It is not always possibie or expeditious to evaluate
the higher order buckling modes and an approximate function
for {I];. may be used instead. The solution for {Z}L from
Eq. (18) will then not be répresentative of the true minimum
of the energy increment. Continued use of {2{}; to evaluate

A, will result in a value of A, greater than that for the true

4 4
minimum., Thus, 2n approximate analysis results in an over-
estimation of the stability of the structure. A negative value
for A4 indicates instability, but a positive value does not
necessarily indicate stable equilibrium., Interpretation of
the theory for finite element applications is an approximating

technique +that will result in overestimation of the stability

margin,

2.3 Displacement into Post-Buckling Domein,

Having the basic physical fact that a bifurcation cceurs
in the configuration space at >\ = >\‘ , we next examine res-
ponse of the structure for loading through the eritical point
into the post-buckling domain, Of particular interest is the
slope of the structural response path in the immediate vieinity
of the bifurcation point; If the transition from State I to

State II is smooth under quasi-static loading and the slope is
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positive, then the structure is stable in the initial post-
buekling state. However, if the transition is sudden then
consideration of dynamic effects precludes a conclusive state-
ment on stability even in the case of a static prediction of
positive slope.

Apart from the physical considerations, the mathematical
definition proceeds on the following assumption. It is assumed
that the displacement state corresponding to the critical load

)\1 can be expanded in a Taylor series in ascending powers of
(Xﬂ'k]) in the neighborhood of the eritical point--that is,
we assume adjacent displacement states exist. The displacement

from the fundamental state to an adjacent state is represented

' (4] = a{a] + {7} (25)

where iZﬁ is small compared to a,i41} . Substituting Eq.
(25) into a series expansion of Eq. (7) in powers of (A-)\l)

results in

C Pladt ) = & ‘_LMJLL“JL{‘&; * )\ M L) “l}c} +
+ at ‘-_Lﬁdg Lrdiiad, + ) Ml-&i[‘-‘{};{ﬂh] +

+ Lz} D) {my, + M1 Dk (T +

+ 3¢[Las; e al + e ln; fxi]s 4O

+ at | Lol Digad; +a e lki); ad )+

+ 20 [Ladi L) () + AT T 3 1 oo
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Terms dropped are higher order' in &Z}L » & and the load
increment (X-/\l), all assumed small quartities.
A particular expansion of the ineremental displacement

function is assumed of the form
3] = i +al{esf+ o0 0 o

where { JQ,} s { d2 E s e« o o » are kinematically admissible
displacement functions which are orthogonal to { 413 in the

sense of Eq. (11), although the functions need not be higher

order modes of Eq. (10).

Substituting Eq. (27) into Eq. (26) yields

Plag+2] = o [Lag Dol id] + ) tad Tedefad; ] +
+a® [Lai DI gl + M Lol [nde (adi ]+

+ q4 [L.L]JL [H?--lifdigt + )\LA"JI: [ L‘?.](: {Al}t‘.] +
+ g¢ [LA;);[Kc]; {42} + ) Lz ); [K;chdzf,;]"'

43t [Lad; TR §aud; # 2 Lad; Codefaed ] +

+ zf[u;m’_Ko]é {43 + 2L ad []: {4235] +
+ 20t [“'JL (Kol §45); +x tad Tl 45 }‘] +
4 2.0.5 [Uz.]c [Ko];_ {43}; + )\ I'A?-JL [K\]i {‘4335 ]+

4 Qc [.LAg'SLYK;J‘- E,Ag}‘ + ) L'AbjL[KJL243}C ] +
+ 305 (Lo, Do) 143 + AL e {863 1+
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42 [ Do 0+ MLk T 0k ] 4o g

The unknown functions Ld4dzJ and L4431 are defined to mini-
mize the increment in total potential emnergy. The variation

with respect to LA:..I is

& (m(mzi Tl {4y + ) L84e); Ted; {4, )
#3a L56 KTwTcfad 4+ ) Lo i k) +
+2 (Lédzl L) %A& + >\\-34z] Lrd; § )4—

+.

T =0 (292)

+2q (LSA;,J [KJJ zdgi + )\ L84, ). [KJ {43 )

Variation with respeect to LA;:,_‘ provides

o ( (Lsésl L) {ad; + 2 L840 T )

+2a 1585 TR, 10 4+ ) Lss); Tk, {43; ) +

+a

( Lsdsjc [Ko]i{¢3}{ 4 ‘A LSds.'!,:[KJL § -43}[.) +
+3a (Lsma [l fad, +A L0, ‘1'}‘) '

§
LS43); LH.): Mf; + ) LSA%-‘L[L&J: {4)f )"‘ ) =0 (29D)
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if LA;J and L43J are kinematically admissible functions

with only unknown amplitﬁde coefficients, then we replace LA;}
by %2 L4z ] and Lsadzj by SE{L 42 ) , ete. From

the variational equations, Eq's. (29), we obtain
(LA,J; Iko]; fad; + X Lde) Ik, § 413;) +

+2a ( LA, DH (40, + % 1, (3§43 ) +

o 'Clz Eg, (L'G?JL [K°]z “3}; + A “lji [KJ;“JL) +...=0

(30a)
and | |
| '(L"MLD‘J: fal + A Ldsy; [e]; HJ;) +
sax( LskIk) fa; + M 1AL 14 ) +
sp, (e, LG, fhs], + % Lhsd, T, 145, ) +
s (Lol DM 44T, + 5 Ll udo 14 )+
(30Db)

+2a (Ui’ji [ {47 + X L‘is.‘i[ha];_uuj,; ) t...=0

A first approximation for coefficient g_‘,_ is obtained if we

set >\ = /\1, recognize orthogonality of the functions, and

retain only the lower order terms, The result is

3 (Ladgmdifad, + 2 LAch[“J:iMi)
Wa); (Kad; fdz.gi + 2 L2, Cki; §4ad;

E"‘,:-

(31a)
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In the absence of L¥(J and L] , % 5=C and

- _ ?_(L-dva.‘a Y.l-la:l,; “‘3&.“")\1 L4s); [L‘?]L {4'36)
Lask DT, §453; + X Lasl; [Ri3g {45

%s

(31p)

These solutions are valid in the neighborhood of the bifurca-
tion point. If the slope of the initial post-buckling respomnse
curve is negative, then no further refinement in §, or EB

is required, as actual.post-buekling structural response will
net be along equilibrium paths predicted from static theory of
deformation. However, for structures with stable post-buckling
response a load-deflection estimate for finite idads beyond

the critical load is of interest and can be obtained'by form-

ing solutions for 22 and EB from Eq's. (30).

2;4 Extended Solution for Post-Buckling Stable Structure.

Direct solution of Eq. (30) is difficult because the
amplitude coefficilent a enters non-homogeneously. This diffi-
culty can be eliminated in a second approximate solution if the
moddl functions are derived from the following simplified

charac‘ceristic equation (rather than from Eq. (10)):
/
(Txe] + N UkD) §40] = fo] (322)

The orthogonality condlitions are

7 7171 = 2
Laj) D] 1453 { o 4l (32b)
FHRAR LTS I B

o J#tL (32¢)
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Vectors Lad) Ld4s) . . . are now associated with higher
order eigenvalues AZ’ )\3 e » o « Using these functions

Eq's., (30) reduce to

&) (Lagl IaT el +5 e D} ) 4 3 (Lad); T 64 1 + Mg 16 f)) = o
a5 (Ladl ;45T +A L TR 14 )+ (g LI S0 g+ ALY, S +

-+ Za_(us.\; [Hz'}:, §A:},; + A(U{ I [‘4:.3;, fAJL) =0

veoy

These equations are of the same form as Eqg's. (30), and corres-

pondingly the solutions are

¢ % (Lez) Ll 4 P DD d00;)
2~ "~ y (33a)
LA); Tiked; §443; + X Lagl DR 4],

and if ‘.\“A = D-n] = L]

2 (L3, Toed S, +3 LA Cual; 5 )
Les); [KeT; §a33: + N L44S; Txl; §043; (330)

/

3

: /
for )\ 2 X| . As >\->)\2 the solution for iz-——’ﬂo .
This condition is analogous to the condition on 54,} as

>\—">)\1 Thus as >\—b>\2 we take
(8] = afd,] + aC{ef] + (T} (34)

and represent {IS by higher order modal functions obtaining
an equation for the increment in total potential energy similar

to Eq. (26) except terms in {4{} supplement those of f’a-l} .
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Eq's. (33) are uncoupled, again representing an approxi-
mate solution. A completely general solution {within assump-
tions on small strains, static theory, ete.) using Eg's. (32)
requires solution of Eq's. (30) with a entering non-homogeneously.
Under this circumstance Eq. (28) may be minimized with respect
to a and solution for a, E’Z’ E 3+ - - carried out simul-
taneously., The set of coupled non-linear algebraic equations
in coefficients a, E"Z’ EB . . . are difficult to solve,
negating the numerical advantage of this method, As in the
Rayleigh-Ritz method, rapid convergence with modal function
content is to be expected for problems satisfying conditions °
for consideration by this method.

Using this extended solution technique, developed
classically by Koiter (26), stable post-buckling structural
.equilibrium configurations can be evaluated for finite loads
above the ceritical buckling load, In this calculation Eq. (28)

is used directly for the increment in total potential emnergy.

2.5 Post-Buckling Equilibrium and Stability.

Returning to consideration of the simplified equations
the increment in total potential energy, in the notation of

Koiter (26 is

D4t T) = @ (r-N)Ae +dA; sathy vafhs +oeen (35

and setting >\ =>\1 the corresponding approximations for the

A. are:
i
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A = Lad, Tl
A, = LadiTwlcfad; + Lk Tl [ 43
Ay = Ladi[uad; §4T + 3 Ladilud; {43;

LA [ K] § 48, + ML DD £4 5,

where the amplitude coefficient EZ is contained in L’éz.)g s
and is evaluated by Eq. (31la). Because of the conditions
iﬁposed in order to Sbfain Eq. (31la), Eq. (35) is valid omnly
in the neighborhood of the eritical load. The post-buckling
response computed next, then also is an estimate valid only in
the immediate neighborhood of the critical load.

: Representation of the total potential energy increment

by Eq. (35) corresponds to truncation of Eq. (27) to

{13‘_ = 05 {AJ ' -

It A3=0, then {4211==b3} and the criterion for stability

is again associated with A4.
So far the minimization of the potential energy incre-

ment has been with respect to kinematically admissible dis-

placement functions with a held constaﬁt. The post-buckling

equilibrium configurations are defined for values of a that

minimize the energy as well, Therefore, setting

wel _
4 (Praes]) = 2a (ANAL AL KT = 0, M2 (36)



-28.
the values of a that satisfy this polynomial equation for
particular values of ()\-'-xl) correspond to equilibrium con-
figurations of the syétém. These configurations are stable or
uﬁstable.depending upon whether the second variation of the
energy increment evalﬁated at each point is respectively posi-

tive or negative

2 %-1
%&(ﬂma% 20N A F o) A &7 22

One solution to Eq. (36) is a=0, whieh is a stable soluticn if
>\ <>\1 (State I) and unstable for )\ ? )\ , @s determined from
Eq. (37). Other possible solutions represent equilibrium

states the stability of which are determined by substitution

into Eq. (37). That is

¢ /
—-,(13[44&13) = —2(m-z)(2-N) Az, m23 (38)
da®

For A; negative, this result determines that for )x >A , the

adjacent states of equilibrium are stable, and for )~<,) 1 the
equilibrium states are unstable,

The case of n odd or even must be treated separately in
Eq. (38). For n odd a real solution exists for which the sign
of a and of An correspond, A plot of the incremental load-
deflection relation for the case A3>'0 is shown in Tigure 1.
As predicted by Eq. (33) for )\-)\l ? O the equilibrium is
stable (solid straight line path), and for >\->\1 < 0 the

equilibrium is unstable (dashed line paths). For a structure



29

= Q

Figure II-l: Configuration Space: A3>°> €20

not constrained against a & 0, the post-buckling response
is unstable,

~ For n even in Eq. (37) real solutions for A - >\1 2 0
depend upon the sign of An. For An negative, in particular
A3 = 0 and A4< 0, the response is that shown in Figure. 2, in
which post-buckling equilibrium is unstable, i.e. >\-. )\1 <0
as predicted by Ea. (36).

For An positive, in particular AB =0, A,>0, the re-

4
sponsé is that shown in Figure 3 in which post-buckling
equilibrium is stable.

If A3 = A4 = 0 then the question of stability must

be resolved by including higher order terms in Eq. (38).
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2,6 Response of the Imperfect Structure.

Two types of conditions produce deviations of the
structure from otherwise perfect-structure bifurcation buekling.
One 1s an initial shape imperfection and the second is load
eccenfricity. A geometric imperfection can be represented
mathematically by a perturbation on the displacemeﬁt function of

magnitude ¢ :
(4] = 143 + (T + €14} (39)

Displaéement {Ag} corresponds to initial state perfect struc-
ture displacement; {E} is the displacement increment from
higher ordexr effects; and 13 {)de} is the amplitude and shape
of the imperfection.

We assume the amplitude, 13 , of the imperfection is
small and structural response remalns eésentially linear up
to loads approaching the critical load, The predominant energy
addition is then the work done by the external load appearing
as a bending moment, the moment caused Dby the geometric offset.

Under the same resfriction of essenfially linear pre-
buckling response, load eccentricity is accounted for in the
external work Integral by a dimenéional misalignment of the
load by, say, magnitude ii .

Introduction of either or both of these deviations into
the expression for the total potential energy results in addi-

tional terms in € , that is
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PL4A] + € QL4) - o)

replaces “Pl4&)] of Eq. (7). The expansion of Eg. (7) is to
P+ EQLL] = \E Ledi ‘zI];. + [LZZI; Uxel; §73; 4+ N L& Tk, {I};]-!-
+ L D e, + 2 LEh ) g ]+

+ [umy g ay + » LEklw izl ]+ ()

Only the predominant term in & is retainedinZEq. (41). Eq.
(41) is an incremental energy equation as the perfect-structure
axial deformation energies have been eliminated in the incre-
mentation., For the case of a éeometric eccentricity, L&l con-
tains §Ael .

From this point forward the procedure parallels that
developed for the perfect structure. We assume that the res-
ponse can be represented by a superposition of buckling modes,
Eg. (10), and evaluate the increment in total potential energy.
We again can distinguish a first-approximation solution from
a more general solution each having applicability dependent
upon problem type.

Series expansion of the potential energy increment is

PIEN+EQT )] = {-PLz»MQ{:}]}A x-;-(x-x.) 3‘3—;{ PlzN + €Qlz,)\) }M (42)
\ 2 '] i

which results in an equation similar to Eq. (26). For the case
of a single zero root of the determinantal equation an assumed

incremental displacement function is



33

fZ = afa] + o {2] +2NE {21 + i) +... (43)

First order solutions for the coefficients of {43 5 243} .« ..
are identical to Eq's. (3la,b). .
First order approximation for the coefficient of {49}

is obtained in like manner, in particular

4 Ledp §453, O (44)

E? =
Lap3{ Tk + X Lk f4¢]

with Lapl LTl {4} =0

The simplifying assumptions entering into the derivation of
Ea. (44) jare that E? , a, 32, '§3 . . » are small quantities
less than unity, and that for the solution applicable in the
neighborhood of the bifurcation we take >\ :)sl. Evaluation
of Eq. (44) depends upon explicit definition of the type of
imperfection in order to define L&3 |

The final form of representation of tlr energy increment,
similar to Eq. (35), is

PLa] = @ (-N)AL A, +atAg + e
4+ aeh Lelifa), + deENLekfa) +... (45)

First order truncation of Eq. (45) is simply
/
Play= & (M) Az + A, + Ea By (46)

where

- LCdi 19,1,
RS (47)
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Based upon this approximation of the inecrement in total poten~-

tial energy the equilibrium states are given by
é‘ﬂ(ﬂd = £B, +za(AA Fna Al =0 (e
In a first approximation solution we take
B, =N NS {4} . (49)

The equilibrium state is stable only if the energy is at a

relative minimum which is determined from the sign of

© ’
' n-2
9.('?[03)'-'- Z()—N)Aﬁ- nin-1) Q& A.h N3
da® p) (50)
: :

For A, negative and the sense of E-Egl determined by g
(Bl positive), then the question of stability depends upon ﬁhe
sign of € and 4 , and whether n is odd or even.

For n odd an equilibrium value of & for values of € and
A, will be the same as -2 for values of —% and -A . Thus
the distinct cases are:

i) nodd A 20, €>0

(51a)
ii) nodd A >0, €< 0

For n even a solution for 2 corresponding to & will be
the same as -2 for - £ . Thus it suffices to comsider a, € >0

and A either sign, so that

1ii) =n even A< 0, £€>0
(51b)
iv) mneven A >0, €< o
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Each of these four cases is analyzed by Koiter (26)

to determine the speéifié nature of the response,

In general the analysis shows either a perturbation or
removal of eritical load phenomena depending upon the.case.
For Case (i) roots >\; and )\;* are obtained corresponding to
branch response iimits between stable (solid curved lines in
Figure 1) and unstable (short-long dashed lines in Figure 1)
depending upon the level of loading and value of a. As €—>0
the two curved branches connect at the bifurcation giving the
perfect structure response.

Case (ii) is a perturbation on the same perfect struc-
ture response as Case (i), It is shown in Figure 4, where it
is seen that ﬁo evidence of a limit‘load is obtained. The
reduction to the perfec':t structure response as €—>0 is

apparent,

- A

Figure II-4. Configuration Space: A3>c) 2 <0
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The M\ -a diagram for Case (iii) is shown in Figure 2.
Response is stable for PR X‘ and a is negative. No load for
any value of a corresponds to stable equilibrium above A= >f.

case (iv) is shown in Figure 3. For load gradually
inecreasing the structure shows no buckling characteristiec., A
second stable branch can exist for A >>\* and a2 _g_*. Actual
placement on this equilibrium path would require loading of
the structure while constrained, with subsequent release (34).

For struetures that can be represented by an incremental
energy equation of the form of Eq. (46), imperfect strueture
response will be characterized by one of the four cases des-
eribed. The physically important branch in most structural
applications is the one associated with the gradual increase
of load from the no-load condition. It should be noted that
information derived from Eq's. (48), (49), and (50) includes
the limit load estimates ):i )f* (when present) and estimate
of the equilibrium paths in the nieghborhood of the perfect-

structure buckling load.

2.7 Extended Solution for Imperfect Structure.

Extension of the imperfect theory for post-buckling stable
structures is a valuable consideratlion as an estimate of the
complete small-deflection response can be determined for finite
loads beyond the critical load. Again, introducing the modi-
fied definition of the modal functions given by Eq. (32), the
displacement expansion assumed is that of Eq. (43). Substitut-

ing into the potential function, Eq. (41), resultant variational
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equations are:

with respect %o 5t

aNE L fag]; wzaf &, (1000 DT 1ag) + \ Lafd; [, 44, ]+
+ 3ad [LaZ), Dudifal; + N Lol L) fad; ] +

+4 as[ LA{) D¥I; fa, + ALef) L. f‘l?,;].l. ros =C
{52a)

with respect to g 3°

QENE Redifagl, + za“}’ég[u,’.ldko]’;ixd;}ﬁ,\ Lesdlrgr §253; ]+
+ 305 [LAlu §47; + M La3l; Tud; 43,1+
+ 408 [Lag)Cae S +0430: Tladi (43 T4 00 = 0 (52D)

with respect to Ep‘
Nt Ledi {43 +

+ ZXZEIEP[NQLEKJ;M?}; + X0 DK 1485 ]+, =0

(52¢c)

If € is assumed small and coupling of the higher order modes
with the imperfection is assumed négligible, then Eq's. (52 a,b)

provide solutions identical to Eq's. (33 a,b), respectively.

The solution for EP’ is

1 Ley. §47}):
/= 2 b 40 (53)

E-’ =
’ Lags; ( ted; +30x; ) §4¢]
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and the increment in potential energy .is »

PO+LGA] = RENR, +&(A-M)AL +d"A, (74)
wl;ere
A;.— Ld, 5 Tede f4l;
By = LA B AT + NLAKTLY, f45,

>
I

o = LadcTHa1oge3; +5 ekl el {4

+ Lag [ 1448, +ALedlR] $403,

B

e 2 L 1} | | (55)

all quantities functions of the load parameter A . It is seen

that in Eq. (54) as A0 an admissible solution is a=0,



III. POST-BUCKLING RESPONSE OF COLUMNS

3.1 Nonlinear Strain-Displacement Equations.

Typlcal positive deformations of a line element under
extension and flexure in the x-y plane are shown in Figure la.

The position of a material point before deformation is given by

7{—.— 7{@+ "L;\. (1)

where ':Fo=x-C and 1\ is the coordinate scalar along"i\' measured
from the neutral axis of the element., Assuming plane sections
remain plane, the positioh of the material point after deforma-

tion is
R"_‘ ﬂo-i-“L"'"\rJ""—Q."(L (2)

where change in the thickness dimension is assumed neglibible.

Next, forming

AR AR = () + )" (3)
AR AR = () + () + (A4 byt
+2dxdu + and«ea‘-ﬂ.. + Z.Jldﬁtdv‘ +

-Lz-.(alu. d-<. + zJLduo{—»( + 2% ddy +
+(dvy + o (d)" + A (dm)* (4)

the strain components are defined
2 € dxidx; = dB -dR - di-dx (5)

where i and j identify variables x andiz , respectively. Thus
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(a)

()

Figure III-1. Line Element Geometry
and Deformation.
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A du\t o L4z [(da\®
Cx = | Al "')i(a"a) + 27 (22) +
duw da dv\*
+1 %G v () . (8
- o au a o dw
Z.ex*( = Lrtt S&é‘—« 5% (7)
- z ..

Transverse shear deformation is assumed negligible. Setting
ex-.(’ = 0 a relation between L and the neutral axis displace-

ments is obtained as follows

-dv .
s e ey (] @
x

Substituting this relation into Eq. (6)

Soc= S () L (8) o ()4 (B4 0

Strains in the thickness direction were neglected initially
so that Eq. (8) is incomplete and is dropped from subsequent
development. |

Two sets of nonlinear equations for the line element can
be developed based upon extensibility or inextensibility of

the element neutral axis., We consider the latter case first.

3.2 Total Potential Energy: Inextensional Case.

Inextensibility of the neutral axis requires e,«L\ = O,
=0
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and from Eq. (10) we find

auw _ z 4
ﬁ--%(f‘ﬁ) _.é(j_i‘) P (11)
so that - _ dzﬂ‘ . /;,hy\x"d.zﬁ'
w = T e 2 | &x) zk“-i—'," (12)

The displacement function selected for v(x) is the exaect
solution of the Bernoulli-Euler static flexure equation for a

uniform beam,

be
o= L1 x x* x*1 )b (13)
‘ b,
by
Boundary conditions are: .
N =S, 0@ G, 3510 =& %%{L.= Sy
Solving for the coefficients bi:
| 2 30T
Foy = L1 % % XJ[_BJ{A} (14)
where - -
I © © (v}
[B}__° R o o
% Y -k (15)
PR
La) = Lo 88 o7 &;¢]
Differentiating v(x) and substituting into Eq. (12)
G = - Lo o a el[g)fa]+
(16)

~L LaE]Tetelig -0 © 1 8]l
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where _ -
o] © © 0o »
i 2x  3x*
[C’] = T g3 (7
: ax* 6% .
SYM axt

If the material of the member is isotropic then Txx= E €yx

and the strain energy is

i

<5 Efe;; Cx AU (18)
¢ S

for corresponding zero stress and zero strain states. For the

case of dead weight loading the work done is

9 4 {
o[- () - 0 ()%
° ) °
In the product >\Pj, the Pj represents a reference or unit
load, and )\ the load intensity.. The total potential energy
is .
Plel = V) -Wiv] (20)

> Plv] = E’Z f -f- LA) [81TLe)l8] {2} av +
v

£ ﬁ L fe]" {g } S eTieatsle -0 U s)iegav +
2

ox

+§£’C" Lu[s:lT{ : § <o) (ofafelfe] o LT (8] “1pajao+
2 ox

"2

55 [ LarfeTTeIte} efau +

AN

7
+ %Bf'ﬁ-‘bﬂ(r][%]iq e raTT (eR] §e} X (21)
A |
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Retaining terms through fourth order in §4} the integrated

expression for the total potential energy is

pie) = 5 It + 3 Lal[xid] +

ET - WroLay
+ = LeJ[H,) e} + 8_:3 e} ...

(22)
In the above equations
(12 6 - (.— e © © o]
4 - 2 - ) ° ©

LKo] = e Lel = 4. RX

| SM 4 | | sym 3x" |

% to % lo
L %s "Xc "}50
Kl =
Lkl s Yo

_ SYM #s | (23)

and [H,} and [1,], which contain {2] to second order, are
derived in Appendix A,

Because of the assumption on inextensibility of the
member no evidence of an initial load state appears in Eq.
(22). Thus, Eq. (22) itself is an incremental energy equation
with displacement v(x) oceurring in the transition from a

rigid State I to an adjacent State II.

3.3 Total Potential Energy: Extensional Case.

Development of an emergy equation that includes exten-

sional effects proceeds as above except the sirain is defined
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by Eq. (10). To establish an estimate of the order of terms
in Eq. (16), we examine the physical transition to the buckled
configuration. Just prior to buckling, if the axial load is

P, then the axial deformation 1s

] |
U= &E . (24)

which does not change appreciably during buckling. After bucﬁ-

ling the moment at any station in the column is characterized

by
d (25)

Combining Eq. (24) and (25) by eliminating P
T¢ dW :
w = O(&,} Zf.) (26)

For h a characteristic thickness parameter in the plane of

bending, appropriate non-dimensionalization is

T = :{.—- o)
X = % = 01 (27)
- . N = O
7. 3%
Substituting into Eq. (26),
u:@(%) o U= %=Oti) (28)

Non-dimensionalizing e . in terms of x, ﬁ;‘ﬁ and v yields



(29)

where all terms in parentheses are O(l). For common engi-
neering materials a criterion for elastic post-buckling res-
ponse is Y
, Gt Lo L
slenderness ratio = | [ 2150 = I < e
On this basis a reasonable approximation of the total poten-

tial energy is to retain terms through O(QZ). The strain
) 3

energy and work integrals are, respectively

v -fexxemd«- [ e

[ T (%)) + f("" ) () &) s (30)
f»L 41" ‘2"')40 +o(% )

Wf%?j[‘qeml’( de = )?ff )4,,‘4_” (:x (M)d%_*_

1
+ %[y + (%)
° (31)

where in Eq. (30) it is assumed that the neutral and centroidal

axes are coincident. Superscript "Tm indicates transpose in
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the sense that displacement derivatives are expressed in
matrix format. The integrated form of the total potential

energy 1s then

Plae] = -3p; Lt e} + S Ledladied +

4+ EL LA_\D(;H‘L} - ?‘2_%‘ La)TKy) {4} +

a3
+§—i; 1 Ufe] Lallk)ie} +
\P: (32)
4+ B telfulfe] - 37 LeJ[ Ka)ies

where terms are defined as in the inextensional case, with the

addition of

Led = Lul uj) - (33)

[Kﬂ=[_‘l -:] | (34)

Eq's. (22) and (32) are derived in terms of local
coordinate variables. Transformation to a global coordinate
system is not necessary for problems exhibiting bifurcation
buckling characteristics since alignment of element neutral

axes is required.

3.4 Geometric Nonlinearity -- Incremental Equilibrium Equations.

The types of structures under‘consideration are those
that exhibit a sudden change in the deformation states at par-
ticular loads. In finite deformation problems, sudden changes
of state need not occur, but in the large deflection of the

structure each element may rotate or strain a finite amount.
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Neglect of higher order nonlinear terms 1s then not permissible
in accurate representation of the static response.

One method of solving the finite deformation problem
is to trace the equilibrium configuration by stepwise linear
load incrementation. To do this an incremental load-displace-
ment equation is required. This type of equation can readily
be derived using the strain energy expression from Eq. (30),
but using a more general external work expression than Eq. (31).
In particular at a point "I " in configuration space the total

potential energy can be represented by:
= BT L&y Ed
Pla,el e Ilfal, + i Lel [k,)te}, +

-

20 Lt Uiel, Lak K] (4], +

+ B taligie - leid (e}, (35)

where {R}I is the vector of applied external loads. In writing
Eq. (35) only element length is incremented, but area & and
second cross-section moment I likewise can be incremented if
required. Minimizing the total pofential energy with respect

to the deformation state yields

LSEJII/E—“-‘[KA]{Q} + BB a0 | +
| & 1 24 .

¢ o (7 cafal, + 5 el L 14), |

-Lleidsh{e), = O (36)
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The variestions are assumed kinematically admissible and inde-
pendent so that two equilibrium equations are obtained from
Eq. (36). '

An increment in applied loading and deformation is rep-

resented by

i’} = {-R}I + {aR} |
fe} = fef +is] - (37)
(o} = {2k +{84]

Replacing LR]I, LeJI andLsJI in Eq. (35) by these ineremented
values an expression for the total potential emergy in an
adjacent state is obtained. Subtracting Eq. (35) from this

the increment in total potential energy is obtained as follows:

AP = % Lel; [kadfse} + ?;4; Lwtzﬂiécj +%§ Lad; (Ko) faa} +

T

+ B 2 LALJLKO]{M} + 30‘ Lt 'J{e} Ledg (k) {84} +

§Sg | se} Lad) [KB{A"’} + L -ty iAe} L4ty [KJ{L}I

20}

+ ER& L '-‘{Ae} L’“:[K(_\fu} 4 E& Ed:. L Jfbeif.K»]fu} +
3

- Lbeibdjigx} _ LeEAJ{LR} . ' (56)

- Lda:44] {AR}

+ higher order terms
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The energy increment is minimized with respect to the displace-
ment increments and in the process Eq. (36) is used to eliminate

corresponding terms, leaving

L§ be] [% Tk {ec} + % Ll [k;) 84 {': }J +

¥ LSM[% kb + T v Vi IxD faa} + (39)

LSt 5“—’{42} -0

r.s_é‘ 2 Ufbe}[Ka{A}:] -

where higher order terms in the displacements and displacement
increments have been dropped. In its present form the equation

can be written as follows:

presen([Biglfe] + e v 30 iy

| ! 0
N E_Q[O n]{ } _ LSAe..éMJ{AR}BO (40)
a4 {

LD o
where
() = 2k, [R] = 506 )
and
R o] I e S

where the d; are the individual row-column products of LAJI[KJ.
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Eq. (40) is the variational form for z=n approximation of the
inecremental equilibrium equation. It is expressed 1n terms of
element variables and transformation to global coordinates is
required in usage. The term in the equation containing matrix
[D] is referred to as tﬁe winitial displacement matrix" by
Marcal (36) where its significance in larée deflection analyses

is evaluated.

3.5 8Stability of a Uniform Cantilever Column.

The inextensional form of the energy equation ié developed
for a uniform cantilever column to demonstrate application of
the theory. The column has 1ength q, cross-sectional area Q;,
material modulus E, and second cross=~sectional moment I. It
is loaded axially by lozd )\?j where Pj is a reference load
state and .K is the load intensity factor. Results obtained
for this case are compared to an exact inextensional solution.
Studied also are sensitivity of the governing equations to round-

off error and rate of convergence of the solution.

z i
»g

4 >t

QEI-JI £

4
77777774 77/ 777777 ¢

Figure III-2, Cantilever Column, Single
Element Idealization,.
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The increment in total potential energy is given by Eq.'
(22). 1Imposing displacement boundary conditions on a siﬁgle
element representation of the column (Figure 2), the potential
energy is

. Ewayfr el _a [ [«r;
Pl = e ‘:«- 4“6121 24 L'/no s j"'

CENE- VL. b, s .4
_a et g g gle
813 .9'3 2&5 + 'Qb 6Q>
| sYm PR I
g -ih + 4% 3¢ iy " ‘
4+ BI L &0 A 4 -Ba‘*% % UI:}
iy .
| svm Wyt hs * %‘ '\e‘e, (43)

The li and h, are defined in Appendix A. The reference loading

i
factor Pj = =1,

The ceritical load condition is obtained from a solution
to Eq. (II-10) in which TZ[aJ is any positive.definite quad-

ratic form in terms of the variables of 'P[Al. Possible

choices for_TZIA] are

ra = oy T

Tl = 2 W, ealfiz © H"L}

iz (o) |

m L e j[ise )&
T = 2% 2z 4 )lsd (44)
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The second ard third forms are kinetic energy expressions used
in dynamic analyses (37). Continuing with the first form, we

investigate the roots of Eq. (II-10).

Gl AL e e

k3
. x_ 2 43 .
Denoting X\ = ET and ,ﬂ& /u , of interest is the case
where at least one value of/&*=0, but no values are negative.

*
Setting/k*=0, two values found for )\ are 2.48596 and 32.1813.

The second roots for/u* corresponding to these values of .%*
*

are/&*=l2.69 and -26.8. Thus, A =32.1813 is an unstable load

state, It is seen also that /A*=O is a single pole so that

only one critical buckling mode is obtained. The normalized

modal functions are

0.537168
{ Al} = } /4“=c.o s A= 2,48546 (46a)
0. 843093

and

0. 537768

{A'z.’}’ =

(46D)

Stability of the structure at the critical point of
neutral equilibrium ( }T=2.486, /f=0) is established by
evaluating Eq. (II-22). Since the higher order modal functions
are known, {IE}L can be represented by Eq. (II-19). However,
since [Hl] and [Llj are zero in the present example the only

possible solution for XZ&L from Eq's. (II-20) is {I]L‘{°}-
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The eguation for A4 then reduces simply to

A* = LAI-‘| [H;j. {A'-h - X. LAI-‘( thljc i‘Al}'

Numerical expansion of this equation is

A, = EF Lald]|4aiaas -z29
MYL l zsl}{“} +

SNM 2, 2294

DY u..l[o.mrs 0.60862 ]{4}
@ n3 [

82? s o,07182
s - EI
from which, for )\1 = 2.4860 =
L
= EL

Since A4) 0, the étructure ig stable at the critical point of
neutral equilibrium.

The first step in obtalining an equation for the post-
buckling response is to evaluate 52, EJB e o« o » Since [H1]
angd LL]_] are zero, §2=0 by Eq. (II-31a).

The only remaining non~-zero low order coefficient is

1

A = _2112 L) T, 43, = —oatsse

1
Substituting A, and A4 into Eq. (II-36) and solving for a

a = tz358 NN R (48)

The complete response equation, corresponding to Eq's.

(I1-25) and (II-27), is
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. 5
{4&} = 12.358\{?-)-?' I} {:812} : (49)

21

This solution is the total series solution due to the limita-
tion on number of modal functions. Further refinement of
solution requires the use of additional elements in the struc-
tural representation.

The exact inextensional solution is obtained by evaluat-
ing the elliptic integral of first kind for small value of

argument (38)., The result obtained is

Ny = L1as {3 N 4 (50)
* L
M = = ° 2.467

and 45, = %-‘_Q.Q = 6.638 6.4

The comparison, then, between the exact inextensional solution

and a single element finite element solution is

W, (exact) = I.I4S\j)~'-)s’,' L
a5, (Appeex) = L2TOV A - 4
The finite element solution is in error by 10.6% and indicates
greater flexibility than the exact solution. The error is
small and suggests rapid convergence of this approximate
method.
To complete the investigation on convergence, results

for 2, 3, and 4 element representations show rapid convergence
to the exact value (Figure 3). The displacement contribution

from {Ag} is negligibly small in all cases.
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The numerical procedure was repeated for the case of
a2 pin-ended column and results are suﬁmarized in Figure 4.

The displacement polynomial selected to represent the
deflected shape of both the cantilever and pinned columns is
not the exaet function for either cecase. Thus, in evaluating
and subsequently minimizing the potential energy with respect
to the displacement parameters we expect monotonic and bounded
convergence as predicted by the Rayleigh~-Ritz method. How-
ever, in obtaining the post-buckling response two minimization
procedures are used, the second a minimization of already
approximate results. Proved by Koiter (26) the results of the
second minimization need not show monotonic or bounded converg-
ence properties, and this is substantiated by the results shown
in Figures 3 and 4.

The rapid convergence of the solutions in theée simple
cases suggests the possibility of important utility of this

method- in more complex problems.

3.6 Evaluation of Truncation Errors.

The results shown in Figures 3 and 4 were obtained
using structural stiffness matrices and eigenfunctions having
6 to 8 significant figure element values. To measure the
sensitivity of the solution technique to accuracy in the
structural representation the four-element cantilever column
case is considered further. Of particular concern are two

possible error sources, One 1s error introduced in the
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eigenfunction and eigenvalué by round-off or truncation, and
the second is the same type of error introduced in the fourth
degree stiffhess matrices (inextensional case). To assess
these types of errors the four-element cantilever representa-

tion was rerun with the following changes:

Case I: Eigenfunction values and eigenvalue successively
single digit truncated, maintaining 6 to 8 figure

accuracy on all stiffness matrices.

Case II: Fourth degree stiffness matrix values successively
single digit truncated, maintaining 6 figure accu-

racy on eigenvalue and eigenfunction values,

The error in the transverse end dis?lacement of the
cantilever for Cases I and II is reported in Figure 5.

The results show that the solution technique 1s more
sensitive to errors in the fourth degree stiffness matrices
than to errors in the eigenfunction and eigenv=lue, For the
line element structures considered the total error is small

even with large truncation.

3.7 Cantilever Column with Geometric Imperfection.

The external work integral for the inextensional theory

is given by Eq. (19). Using Eq. (14) and integrating

W= ﬁ L4J;Tkil; fa}; + SAP L4d; Qw3 {45, (51)
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Figure III-5., Cantilever Column, Error in Transversé
. - Displacement vs, Significant Figure
Truncation.,

Introducing a geometric imperfection of shape ‘{4¢} and

magnitude € +the total transverse displacement of the column

is

{41 = € {4} + {7}
which substituted into Eq. (51) yields

- )N - . .
W = n lAJL[KJ;gE}C + é‘{é LAeJCYKJ‘ ;Z}‘

21T ST} 4 AE |
+2 M )ieh 2 Leedf L 328, + ...

Neglecting all but the lowest order term in 3 , we deter-

mine that

el
bedio= g bk (52)
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for use in Eq. (II-41).
Consider the case of the imperfection in the shape of

the critical buckling mode, then {Ag'i = {43 and the first-

approximation post-buckling response equation (Eq. (II-48)) for

the four element representation of the column is:

- %—A’f L D fa = 2 (%) Lag Dk {3, +

(53)
3
o [k, - Rrekteio] o
where i=1,2,3,4, L=4R, A= X %%’ —~ 1A E—fg , ):"=o,|54207
and _—
(92 ( .05664\ -
e J1024 S
03 .21 486 o
{4 =<93‘Q$ = ﬁ.wsvo
% 45286
& ¢ . L2615
S . 73359
\Ss% / \.28808

The extended theory equilibrium equation, determined

from Eq. (II-54) is
- -§L- X L4k Lkd; $4); - 9{ (>~*“>"\‘) Ldud; Tk, {41 +
(54)
3 ) '
+ 8 %[4 LJ!JCEHL]{{AISE -A* LA;S; L‘-’z];idqh] = @] '

- , - . ‘
on the basis ‘éa., =0 since [Hl'] and [L1] are zero, and the

third mode contribution negligible. If the imperfection were

in the shape of a higher order mode then higher order terms in

the series expansion should also be considered.

4
For either approximation since Er and E‘, are zero



62

the estimate of total displacement is

where a2 is determined from Egq's. (53) or (54) upon specification
of the magnitude, 13 s of the imperfection and value of the
load ;Nr . Eg. (53) applies only for A near X while
Eq. (54) is applicable for A >0. Solution to Eq*s. (53) and
(54) determine three possible values fof a/L. Generally the
root loci of phyéical interest 1s that one cdrresponding to
incremental loading from the no-load state although Eq's. (53)
and (54) admit solutions for other branches as well,

A numerical example is considered in which E/L=0.01.
Root loci of the two approximate solutions are shown in Fig-
ure 6, The extended theory solution corresponds well with the
exact inextensional solution for lateral deflections up to about
0.2 of the column length. Beyond this point the neglect of
geometric change in the exteﬁded theory solution results in

gradual divergence from the large deflection solution.

3.8 Extensional Theory Applied to the Cantilever Column.

Important differences between the inextensional and
extensional theories can be assessed by considering further
the cantilever column. The extensional solution is based
upon the first approximation theory outlined in Section II.
Extension to finite post-buckling response prediction is
similar to that outlined for the inextensional case,

Equations for a two element representation of a
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centilever column are considered (Figure 7). The aiial and
flexural displacement vector components are separated and rep-
resented as follows:

Lel = Lu, Uyl

LAY = Loy & 6, s

$ X
APy
3 r—‘-j-
eFE| 4
2p—1
QFL A
G
mﬁﬁvxxﬁ 77 =4

Figure III-7. Cantilever Column, Two
Element Idealigzation.

Using Eq. (32) the total potential energy in a general state

of deformation is

Ple, 4] = >\L"i Uie}' + ALy Se}t + 'ZE_% LesTral def, +

4,5% Lel, Leal fel, +'_su_§ LA, To), §43, +2§Sf L, LRI, 343, +

o

Ef
+ %i Led, DX §44, + ﬁ Le), Kl 4, J’EI* L uf,}' L4, O}, 53+
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+ %‘ 1 13ge Lek i fal, + % L4, L Lz, 543, +§%~5 Ll L, § 4]+

+ .z‘\i leh Tk, fed, + 223.2. Lel, [xa], fei,

(56)
. where P2=P3= -1, Accounting for boundary conditions
LeJ' = O (‘lz_j LA'Jl':Lo o 0-?- GZ‘QJ
(57)
red, = Lus Ul Led, =L ¢ el 4 o4

Structure response in the fundamental state is axial and

assumed linear so that

Lel = LS (58)
L) = Lol
and
- (=
@Iieo] = ) Le 1_]2 a} + EI LeojtKAjjea} (59)

Minimizing PI{gél with respect to {eol defines the condition

for equilibrium, namely
. ‘ -l .
fef= 4y = - A 1] {f} (60)

where >\> 0.

The critical case of neutral equilidbrium is determined
from the qﬁadratic terms in Le} and |41 in Eq. (56). Defin-
ing displacement variables as Lel] and l_élj , the corre spond-

ing characteristic equations are

Bl iefulie) + 5 Llallalie] ple)imlfe] = o (60
24 ' '
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-‘:—; LAk +2—>‘i L4 J0k3{4) AL4lTe]i4] < o (ew)

where the axial and ‘bending terms uncouple, The critical

case corresponds to /u.=0, which under arbitrary variation

LSerd ng LS4, requires

(%‘: + _}) (k) fef = M. (622)

5 [l fad + XTx)fa] = fo]

(62p)
Solutions for A are
X? = ~ Ed. (632)
X = =, ini4 % - (630)
However, )\? - O(@g).f) where —1-_22 is the square of the

slenderness ratio, a large number for elastic post-buckling
response, For )\lf-ki the equilidbrium is neutral so that for
‘xl=ki the system is unstable. Thus the physically meaningful
solution to Eq. (62a) is Le1J =L0J . This result means that
axially the respcnse to loading does not exhibit a bifurcation,
but is continuous., Thus, axial deformation in the post-buckling
domain is defined simply by Lel = Led for Ll = a LA1J and

terms of thte total potential emergy involving Led] are
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G, Te,a] = N Lot} §ed, + 5150 Ufe], + 2 e [ fef, +

+ E.% Le.),Ced, {f, + f_ﬂé LI 4], Lo Ufe +

+E& a0 =l (64)
o2k [K']‘{A’}'-. {e"}z .

Minimizing PI[eo,il] with respect %o Lediyields

g M- s

Uy U LA 0, 23, (65)

This solution for {eo] is the total axial displacemeht of the
structure for loading into the posit-buckling range for which
bending displacement has maximum amplitude a. Sinpe {eo}
represents the total displacement, particulafly at gridpoint 3
where the extefnal load acts, any additional nonlinear axial
displacement must occur with u,=0. To evaluate the post-

3

buckling response, set

Lel = LE] (Us=0) (66)
and 1L4) = alad + & L] +--0 | (67)

where L4z} is the second mode from Eq. (61b) corresponding to
/M.=O. Looking only at the increment in total potential'enérgy

in State II, we have

Ple,a] = Li=xlie + %udm] K| +§1‘S L4061 f} +
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+EI

13

o® L4, l[Ko]uz} + 'Z o 1.4, 30K, T 4. +2£ L & Le ) K143+

2t LeJUKI 18] + i—g‘ L4, T3, 148, L° 'J{E}, +
¥ f_%' Ldljztif.:lzg,d,jz ol U”IEL + %‘43 Lef L), f"l},.Lo Ugé}fl'

- - - 1o (-
N Ef_{m 44Tk § 4?-;21. ' UfE 4 5%‘“4 L) {4 fel +

+ E4 o L), LK ] {Azi o Uié} +
24

g—& 0.4' L\MJLLLJ;{AIL + O(Qs) . (68)

%3 a* LA!-’;[ LJ.MI, +

Minimization of the energy with respect to Lé—_\ yields

Eﬁ‘(h’]ie} 1 1 ot {LM}.(KJ,ﬂJ, - L4 I3, 1443, n
L Las Tkl 14,

+ E& 3 Lad, Trd, §ad, = §43, Lvid, § 423,
? + 0(44) = O
2 Laud, Th, §4e3, (69)

Imposing the condition EB

I;:g_,. ] + f:_g_; & {La T, fa, - L:i.JL[KJ,_Ld,}‘} +

=0, we have remaining

+ %%?f{u.J.YKJ.Nz?. - L, Dk, “Z}*—} -+
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From this equation it is seen that Le] is 0(3?) and higher.

Since third order terms in L4} are absent (Eq. (II-31a)),

€. =©° | (71)
and this result then regquires, from Eq. (70)
2

T = - g LD iag, - Lag 0, 143,] o2)

and

g =-Sie = - 5

S L4 Ted 108, - 14,0, T 843,
by (73)

o

Using the result given by Eq. (71), the energy Increment

reduces 1o
| £ _ AN 2
'P(’é, 4'] - f%Lg_\(sze} + 22'«. L4, J[t<|j§ j

EL |t LA 4 ‘*‘dz["a"”‘?‘—uéj *

+E Lebdied HEDLIL] + @)

The remaining step is to minimize "P["é, 4—] with respect to g,
which provides the condition for equilibrium in the post-buckled

state., Doing this, we obtain

2(N -\ £° L4k, ] §4,3
SRR S, + 4 D e -bienreg] )

o =
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The results given by Eq's. (70) and (74) are general in the
sense that expansion for refined element approximations is
straightforward. The terms in square brackets in the denomi-
nator of Eq. (75) correspond to the quantity A,, the sign of
which establishes the type of stability at the critical point
of neutral equilibrium (Eq. (II-22)).

The total displacement state in the post-buckled con-

figuration is then

Le) = L&) + L€ (772)
Lay = abldd (77b)

where equations for all terms involved have been developed.

In addition to the two-element case, one, three and four
element representations were evaluated to determine the con-
vergence characteristiecs of the extensional representation.
Results are compared with the exact extensional solution
(derived using the procedure outlined for plates in (38)) in
Figure 8, -Convergence of the extensional solution is slower
than the corresponding solution for the inextensional case
(Figure 3). The lateral deflection at thé end of the cantilever

predicted by the two theories is

Inextensible: = 1148 Y M -3 L

B
Extensible: o= L2 \N-R L Yo
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The difference between the two solutions is approximately the
value of the sienderness ratio, with the extensional theory
predicting stiffer post-buckling response. Qualitatively this
result is predictable, as the strain energy of bending is less
in the extensional case for equal total strain energy content.
for both theories. For elastic post-buckling response the
" glenderness ratio is large ( » 150) so that significant differ-
ences in post-buckling response are obtained,

The extensional solution, which accounts for axial defor-
mation, is the more exact theory and; therefore, should be used

in predicting post-buckling respomse, It should be noted that
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the extensional equations are more difficult to set up and
solve, Furthermore, the minimization procedure for finding
Lel couples the element equations so that in applications

to large order systems large order matrix equations must be
manipulated., This is in contrast to the inextensional theory
which was treated on a per-element basis in caiculations
following the eigenvalue-eigenvector calculation, If the
calculation of lel is suppressed, thereby establishing a
"per-elemeht" basis of evaluation‘of the response, the circle
point values in Figure 7 are obtained. Convergence is to

1.04 rather than 1.273 whiech is in 18% error.



IV, GEOMETRICALLY NONLINEAR EQUATIONS

" FOR THE FLAT PLATE ELEMENT

4.1 Strain-Displacement and Constitutive Equations.

.Matrices of the total potential energy for the plate
element for the prediction of initial post-buckling response .
can be derived following the procedure as in Sectioﬁ III for
the line element. Requiring a material fiber normal to the
plate neutral surface to remain normal to the surface after
deformation (Kirchhoff hypothesis) results in the following

nonlinear strain displacement relations truncated to consistent,

common order

x x: (1)
v | I [awy 32“’)
S = 9‘}+E(’_g)— 5( ¥ (2)
= 4 4V dwow Suw
2 e)tg a% X + I Dg- —Z}« JXQ% (3)

Displacement components u,v,w are positive in positive coordi-
nate directions as shown in Figure 1. It is noted that the
strain displacement relations account for extensioﬁal deformation
of the élement as required based upon inaccuracy of the inexten-
sional theory as determined in Section III.

The three dimensional linear strain-stress relationship

for an adiabatic process is

ec& = —chk,( 01( + oé.:j AT) GkQe 1,23 (4)



Figure IV-1l. Plate Geometry.

Where‘the indices refer specifically to rectangular cartesian

components, The fourth order tensor components Dijkl have

symmetrices as a result of symmetrices of the stress and strain

tensors so that only 36 of the coefficients Dijkl

ent, Symmetry of the strain energy function reduces the number

are independ-

to 21, The symmetric second order tensor coefficients c(lJ
are the coefficients of thermal expansion of the material.
Several simplifying assumptions based upon material symmetrices
can be made to reduce further the number of independent coef-
ficients. 1In the following development the restriction to
material isotropy provides the greatest simplification and will
be used, Any Erthotropic approximation requires the same develop-
ment that follows, but fewer terms combine,.

With the assumption of isotropy and linear material be-
havior the three-dimensional constitutive equation becomes

0‘(" = —_E-[ef.j +"T'vek.l', LJ] P(T To)s (5)
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where P = and o 1is the coefficient of thermal

expansion. The plate is in a loaded state of plane stress, so

that : .
) (147)
D am —— -
€5y - (Y + < (-4) (T To) (6)
Setting éubscripts f end ¥ = 1,2, then for the plane stress
case -
E Y e '
= —— | €mw + Ess ~Eo (T-T)$ '
G’e‘l w" £ -9 f’Y] (r-T:) AN
E
& =W 5 Geo @

4;2 Strain Energy and Work Functions.

M

The strain enefgy in terms of the strain components for
the plane stress case is obtained by direct substitution into

Clapeyron's formula. The result is

U = = f[ [exx +e,5)2.. z(n-v)(eme‘,%-e:%)]dv
-

2(1-v?)

-Ex (T'-Te)[ﬂ' [&x + e‘“j dwr (9)
% .

The work done by edge resultants is

W ‘-'-[[(Mg exx‘, +}J% e‘“o +Zf\]x‘j 8“6°) 6{& (10)
Q

where thé strains are the neutral surface strains. The total

potential emergy, using Eq's. (1), (2) and (3), is
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2
NC v)[u‘u“”‘ R R

+Lgx w, - .Lu,‘ Wy _lfb(fx]d.gd,g.l.
- ”"f[[“"*i“’*‘l% = Mg/ o ety +

Nx%/j[“ U GW ] dxdy +
- Eoe-E(T'-T )/;ﬁ:u,‘-w- -%-l W 4.]. w—5 ]&0"3 (11)

where integration over the thickness of the plate has been
carried out., To further evaluate these integrals it is neces-
sary to select displacement functions to represent the deforma-

tion state of the state element,

4.3 Finite Flement Displacement Functions.

For structures exhibiting bifurcation buckling, required
element alignment precludes the necessity for equivalent orthogo-
nal displacement functions since preferential axes of deformation
exist. Transverse displacement of the structure is represented

by a sixth order mixed variable polynomial of the fornm
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wism) = (Ari(Es)a + () 8,85 - h(Br)e, +4,B, b, +
~h (e, -AB, O - A, (B &, + A B, ¢

[ ’s‘ll
~(Ar) B, 15, + ()8, B, + A, B & + AB 4y +
+ AB, -AIB 954 + A 9’14+A B¢ (12)
where
A|= 253_351

= 3-3i . _‘('d ,' X

N B=20-2 & &), -

=s* 2’5':5 B =7 *T oy = A(ig"); T S
A=8-52 By =7-7° Yo, = () -
Positive definition of grid point variables and grid point

numbering sequence is shown in Figure 2

In-plane displacements are of lesser order in the Inde-

pendent variables having the form

Usm) U ) .
(v{sm)) =(‘~S)@‘7)(“’:)+S(- ( )M{O’ ( )+s=‘< ) (14)

We set

LAY = Ly 8 0y oyt o & &, dey, {05 85, Oyt 1 &, Sy o)

leg = LW ¥i de 0wy vy g | (15)

It is readily verified that the superposition of Hermitean

polynomials originally developed to obtain the above displace-

ment functions assures interelement compatibdility of displace-

ment and slope and representation of rigid body modes.

(Refer-
ence 39
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78

T

4.

Rectangular Plate:; Gridpoint Variables.

4.4 Total Potential Energy in Terms of Generalized Variables.

Using Eq's. (12) and (14) the terms in the total poten-

(P[u,ﬂ',ur] =

and LeJ .

is written in the following matrix form:

tial energy given by Eq. (11) can be integrated to obtain an
algebraic expression in terms of unknown gridpoint displace-

ments 4] Eq. (11) for the total potential energy

[Lej[xﬂje% + Le‘;;l{LAJ[KiJ]f"'}} +

+ 4 Lol Mg 19} +.}4. LU[H,HJ{A} +£ LAJ[HS‘(z]{AjJ+

+

("“ [Ksssso)fe} + L4 [ szo) g +

+ 29 MK )1 + 209 L“[quxa]m \ +

(16)
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__E_'t_ e e Le; d 2y
+4<|+v) [L [ 14e] + 2 {W[K‘!J{A}U *

- Ny (Lemged + 4 g ] (4] ) ¢
- [(teedger + 4 L)l ) +
_ ns,k[“s’\olfe—} + "‘."[st.]i*if] +

_Ex { (T-Tg) (L Ce, ] { e‘i + lC"*(.) { e} +_I_Z LLJ[KS SJ;‘I +.2l- L4] [gw]fdjj

The matrices shown in Eq. (16) are listed in Appendix C. The
third order terms are explicit in the displacement vecor con-
~tent, however, the fourth order terﬁs are not, These are

indicated by L Heeo.l L H’l"l 2] and [HS"[:.] in which
each element of these matrices is a triple matrix product of

the form [A] [ ] L AJ (4ppendix C).

4.5 Example Plate Problem,

Finite element formulation of plate post-buckling res-
ponse is compuited and compared to a corresponding Fourier series
solution (38). The plate configuration is shown in Figure 3.
The pinned edges at 'r( = + 1 are subjected to in-plane stress
resultant N,\ = N-(1). The pinned edges & = z 1 can contract
vertically (N 59 =0) but with no horizontal expansion so that
Neg = A N,( = A XN . (1). Thus the center of the plate
has no in-plane displacements. A single and four element 'rep-

resentations of one-quarter of the plate are evaluated. The
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four element array is dashed outlined in Figure 3.
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Figure IV-3. Plate Detail of Numerical Example.

For this case boundary conditions are
W= 9e = By = | -
1= U %‘l‘:o ) W= Sy = ¢$‘u‘° ;) e gbc 4,‘“-0 Y

° - '
Was TR T Vg mo  , St -0 Wy == dg =0,

- (17)
atdngm L Sey - o

This leaves 13 degrees-of-freedom (three degrees-of-freedom
for single element case) in the eritical buckling mode which

is evaluated by standard techniques. The modes are

LSg, Oy, G | = L.se8C -b4zap .39385) (18)

for the single element representation, and

LOs. Oy Ot W5 Og; Oy U345 1, G5, 65, Wy Oy W] =
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L-249e8 . 3q87z 24928 =—28%¢ -41143 .14 —o813

~.3039 =251S5 .3410 ~3003 25147 —.4420) | (19)

for the four element representatibn.}

If the total potential energy is evaluated for the
plate using Eq. (16) it is seen that a quadratic term in the
axial deformation Le] with coefficient NS or Nn does not
exist, Thus, as in the case of the line element, the axial
deformation is continuous through the point of bifurcation and
no axial buckling mode develops at >\= >‘I . The kth com~
ponent of the axial deformation into the post-buckling state

is then given by

(e o, + g Con e + Rmlial

2(i-9Y) (20)

z | .
+Ze(t:) {LﬂsJL[th]L“';L} -)'Vfcsé}‘; - fcch{ )k -°

where | 4;] is the critical buckling mode (Eq. 19), and a,
the amplitude coefficient of this mode, is unknown.
Deflection into the post-buckling state is assumed of

the form

Lel = LE]

2 (21)
Led = aldy) +aC[de] 4o
where LE] is an admissible in-plane displacement function which,
however, does not contribute to the in-plane displacements at

the edges of the plate, since total boundary displacements are
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contained in Leoj . Assuming all elements identical in stiff-
ness and geometric properties, the increment in total potential

energy, based upon Eq. (21), is then

Ple, 4] = (Lél [l fe};, +& L&J; {LA,J Ux;]; li,}J

*w

. | e
o+ Ll ) + 6 Lk Do T0F + LD e+

+EL (1240, ), +2e Lok fuai (it (a3 ) +

-4 (X-N) /%_-z Lad; [KSS.-]LHJ;_ ] +

\
/ 2
- (=-2) \_a_.z_ Lad, EK’I’U]LM}z) (22)

where higher order terms in L4z )} are neglected. Minimization

of the energy increment with respect to LE] for the fﬁur element
case defines LE] as a function of the amplitude coefficient
EKLEJ =L0f for single element case). Only interior gridpoint
displacemént components can be included in LE] ;, in particular,
LE.\ = Lug Vg Vg, Ug_| with symmetry restrictions included.

The equation for the kth component of LE] is

t—:Jc

 DMcteh 4 PF D $0) + B Ll [ el +

Zr.-z{:) {u.\ [ae]; f, )k = {o} (23)
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where k identifies a component of LEJ and 1 is summed on all
elements that contain the kth component as a generalized dis-
placement. Since Lelj.=LQlany kinematically admissible dis-
placement function is orthogonal to Lelj . In evaluating LEJ
minimization is imposed on each component due to the simplicity
of the particular calculation and because any finite solution
satisfies orthogonality. Alternately a mode shape could be
selected consistent with the displacement constraints and mini-
mization of an amplitude coefficient performed as outlined in
the gemneral theory.

For the four element representation ( A= 0.3)
21 — 3
€ LE) = a'].co8els .ortas .o48128 .038862 (24)

This result is substituted into Eq. (22), then Eq. (22) is
minimized with respect to a. The resulting expression is
5
A(-h) g WkKsaliak 4 0 4 L Ty ) fad,

< = (25)
4 A,

where

A
A= o «&)( La; DHsg, ); §4, + ig Lk [t ) a3, +

+ 5 £ L’“ [545‘(] g —aLle) U], fef, +

- 2(1-v) L&l TKa,J; Véfaj

(26)



84

Upon evaluation of a, the complete displacement state as a
function of load )‘>'\| is determined for the plate. Equa-
tion (25) is the solution corresponding to the extendea theory.
Setting Lel = Lol we obtain the first approximation solution.
Results of these calculetions are shown in Figure 4.
Including the coupling expressed by'LE] # 0, the solution for
the transverse displacement at the center of the plate for the

four element case is
£ Y-\
(27)
NN
compared to the Fourier series solution

+ VM)

N

Thisis a difference of 4.l1% between the two values with the

w = 0.8\0

finite element prediction stiffer than the series solution.
It is noted that the single element prediction is off only
9.3%; thus convergence is slow but accuracy of coarse element

prediction is high, NeglectingI_E] in the four element case

+£ VAN
N )

which is 16% off the series solution.

we get

w = oS0

Preliminary to the post-buckling response calculation
is calculation of the critical buckling modes. Values deter-

mined for the two element representations are

EL" EL" (¢
%, =00 o) ( Sloment) , N = 0,608 o) (e?é;ent)uo)
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Figure IV-4. Plate-Response Prediction

as compared to >\‘ = 0,632%;)‘ from the series solution,
or differences of 10.7% and 5.7%, respectively, Thus, differ-
ences in the eigenvalue prediction are a guide to differences

to be expected in the response prediction,as would be expected,

The same trend is observed in the column problems treated in

Section III.



V. ADDITIONAL APPLICATIONS OF THE GENERAL THEORY

5.1 The Uniform Shallow Arch,

So far example prctlems have been of structural con-
figurations that are post-buckling stable. Consider next a
case in which posit-buekling response is unstable résulting in
snap-through, The point of bifurcation is a singularity pre-
dicted from the nonlinear equations of equilibrium, and appli-
cation of “the perturbatiom method to the perfect structure
idealization results in predietion of 2 negative~-sloped post-
buekling response path. The sloﬁe estimate is a quaiitafive
measure of the sensitivity of the structure to imperfecticns.
A small negative slope indicates relative insemsitivity to
imperfections and the load will approach the bifurcation vaiue
before imperfections cause buckling from the fundamental state.
A large negative slope means the unstable post-buckling path
(state) is in close proximity to the loading path and in the
presence of small imperfections a Jjump may oceur at loads
appreciabiy below the theoretical buckling load. With this
behavior, correlation between theory and experiment is 4iffi-
ecult, Assumed forms of imperfectioﬂs can be evgluated theo-
retically; however, this may not relate to physicai conditions, -
Approaches used are statistical estimaﬁes of the expected range
of imperfections (40) or exact control of the size and nature'
of the imperfection (34,41). }

A number of perfect-structure arch configurations with
different types-of boundary conditions have been analyzed

classically (42,43,44) as well as by the finite element
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method (36,45). Classical results for 2 pin ended arch with
sinusoidal shape and distributed load typiify the general
characteristics of arch response (43). ‘Under transverse load-
ing a bifurcation point may or may not occur on the loading
path, dépending upon the specific geometric configuration of
the arch., Define §_ = %/R: whefe Q, is the midspan height
of the arch and R%={ia, is the radius of gyration., For
EL( 2,0 (an extremely shalloﬁ arch) no decrease in load
occurs as the arch deforms into a reverse curvature config-
ura'l;ion° For Eo € 4.0 the st;ucture buckles in a symmetriec
mode with axial load close'to the Euler buckling load, For
E;> 4.0 the assumption of an asymmetric mode admité the
condition for a point of bifurcation.' For 20744.67 change of
state into the asymmetric mode occurs at loads Q% which are
smaller in value than loads Qc corresponding to horizontal
tangency. The larger the value of E, the greater the
difference in the two loads (Figure 1), For 1arge'va1ues
of &, , structural response up to the point of bifurcation

is essentially linear,

5,1.1 Finite Element Formulation of the Shallow Arch Equationms,

A modified development of the total potential energy is
followed in light of admission of geometrie imperfections. The
work integral for a distributed transverse load per unit length
Q(X) = q&v(x) for an element of length R under transverse dis-

placement v(x) is

,
W = [02—4")""")“‘" (1)
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Substituting from Eq. (III-14) and integrating

W = 3—‘5%, LM 14} (2)
where -
. ISe 22 S54¢ -3
- 4 3 -3
Ml = % —22

and CZ} is the column of normalized shape coefficients of the
transverse load distribution,

The extensional form of the total'poténtial energy for
a straight column, Eq, (III-32), including the external work,

(3), summed over all elements i, is
Pia,el = > ¥ Mleh 4+ %% Lel; Tad; fet; + %;3 L& D) 14T +

...é%’ LU'[.KQ‘“-}- - i‘;‘g Ltj;,["ﬂi.;d?. +
-3

E:«.L—n Uie W kL §ed + = = Lug; fa + ..o (4)

e¢

Starting at this point in the finite element development
already admits certain approximations that are made in.the
shallow arch formulation, Parameter N\ represents the in-
Plane load intensity factor, and taking it comstant for all
elements implies a shallow arch with uniform material and
geometric properties, If this cannot be assumed then a more
general formulation of the problem is regquired,

The initial arched shape is introduced by assuming an

initial shape function Q.{Ac} , where Qo is the midspan
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height and {A;} are the normalized displacement coefflcients,
Transverse displacement from the initial state is represented

by YZ} so that "total® displacement is-

14 = Gfad s 63 *)

and the total.potential energy is
Pyl = A 'Uﬁe]i + %‘ Lel; Cxa); fef: +
EI |7 . . (). 0k 7%

- i&q‘, L) LED (TS, = 2B @2 el (kD S 4] +

~ Bl 12, I (4], - w3 M, {33, +
4o 420

. S AL D |, Gm, D e SR =—

51?.: 6 Lt U ged, Lol (kI 135, +

B4 1 ugel. v Lk +
2L ‘

+ B% 7 1L $38  [bs): {23
o ‘-ﬂc[bz}"ﬂ% + %3 L-edggbz.]‘f‘tf‘ foe .

where it is assumed the column in its initial arched shape is
stress free, Variation is on h@y and LZJ , thus the dash
underlined terms can be -dropped without loss of generality,
For a kinematically admissible dut arbitrary variation in the
jth component of tzu' the following egquilibrium equation is

obtained
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| L“sl[ % [ faf, + § %13 + 2 DAk, —'%—f Tuj; (1, +

+86 1 U Sl e fad, + o5k [wkiidd; + - \|= o
A % (7)

where 1 is summed on all elements that contain thé Jth co-

efficient. It is seén thét both constant and quadratic terms
in|&] remain in truncation to quadratic terms, This inhomo-
geneity negates an eigenvalue form, obtainiﬁg instead a non-
linear response equation,
One method of solution is suggested by the form of

Eq. (7), that eigenvalues agd vectors can be evaluated from
the éuadratie terms in EZJ. These are simply the straight-
column functions and values which are designated by A., X;,
X3----and Al"42’ 43-~--respectively. The initial shape and
load distribution functiéns are aésumed expressible in terms

of a finite sequence of these functions as follows
Ldo) = a,d- LJJ_\ JEIE, e M ()
LTL o= Gy ldgl  a=13..0 ™

where the acs and a¢3 are speeified constants. Only

symmetric distributions are admitted In order that a bifur-

cation can potentially occur on the loading path. Any

assumed asymmetry results simply in a nonlinear loading to a

point of horizontal tangency. For tXJ we take

LZ) = & L4;d Je 1,3,5 ... (9)
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while for the in-plane displacements Le}, which must be
symmetric, variation with respect to each modal displacement
component yields a set of equilibrium equations that when
summed result in an additional relation between A and the
bending deflection LZ). This result is a consequémce of the
assumption on constant A and uniform structure properties,
Assuming n »m in Eq., {8), and substituting Eqs. (8) and
(9) into Eq. (6), variation of Eq. (6) with respect to the CQ

yields
& a Lag): Tko]. fas N a: LAl Tk § 4
o S Hleligl 4 2o L) Tadiig) +

+ Do Ly i), - % o Wil D, g4), +

+ higher order terms in G =0 (i=3,..-m) (10)

Recognizing that )\ varies with 9, agd aj in Eq. (10), the
total nonlinear response is obtained by summation of modal
contributions. The response curves obtained by this procedure
are slcpe-continuous curves as shown in Figure 1,

If a bigurcation occurs inm the loading path then the
symmetric solution described above represents the pre-buckled
displacement state, With.LAoj.and Lzu expressed in terms of
symmetric functions in Eq. (10), the first asymmetric mode,
L&zj, is obtained from a homogeneous quadratic form from
Eq. (10), This function, orthogonal to the symmeiric modes

that define the pre-buckling deflection of the arch, is
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examined for specifications of a possible adjacent state
ecorresponding to a point of bifurcation.

To simplify further work we intrqduce a specific arch
configuration that is representative of the gemneral case. Ve
consider a finite élement formulation with arch shape and load
distribution proportional to the fundamental buckling mode of
a straight column having the same span length as the arch,
The initial shape 1s then Q §A1} » Where (, is the midspan
height and.{A& are the vector coefficients of the fundamental
buekling mode, Deviation from this zero stress state is
represented by Qi 541 and Q,_iAz} for, respectively,
possibie first mode symmetric and second mode asymmetric
deflections. The initial shape function may be interpreted
as an initial state imperfection from the straight column
geometry. Thus (O, must be considered small consistent with
the shallow arch approximation, Total displacement from the

straight column configuration is then

(4} = A {4} + Gy 14, +Q,_$A2} | (]..1)

where Qyr and Qp are variables for the arch geometry. If
imperfections are admitted in the shape of the first and second

buckling modes then the displacement function is expanded %o

{4 < A f 4.} +a.‘1{.{,} +4,§0.7 + 7, {4} +a,_§4=} | (12)

where ?i and a; are numerical coefficients. Substituting for
4] from Eq. (12) and retaining terms only of lowest order in

the imperfections on the basis that the imperfections are of
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small amplitude

Olael = » 7 UM} + Eﬁ Lel, Wkal; fel; +

+ ﬁ Qi Lad, [k}, }4.} +ﬂa; PANCHRIZIES

+ 240, a; W), 13 M), + 2 Doy LK [ () +
% Q2 L‘-zl; ‘.KJ; id;{i + E% OQQ,IH ,"yezi‘b“; [‘];“';i"'

o Bag o UG i + 3 4 e LD o+
+E @ el L”da(ﬂ-iéd- +

w L [LT54% ~’L4a.£ LML 45, +oeee (23)

where the displacement functions of Egq. (11) are orthogonal by

2
'):‘1-a T ' -
Lén Kl §4m] = { €l » My L3 § A} = j 1 Mmoo
. 0 mag N l & wmim (14)

The total potential energy is first minimized with res-
th : :
pect to the jJ component of LGJ; holding all other displace-

ment variablés coris‘bant° The resulting equation is

Q

~

[ Ui+ B lepa; fief, + L“Uise}.‘[i%ai La; D347, +

E_‘z‘ La.); [Kﬂ fa; + Ed aoa'z L4 [x; §4 ]]
J (15)

where i 1s summed on all elements containing the jth component,
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The variation is assumed arbitrary, so setting the coefficient
equations to zero and summing these equations over all elements
of the arch, the sum of the second terms is zero and }x is ex-

pressed in terms of the transverse displacement variables by
% T
»= B2 % Leanagied + S leelied+ LT3 ] 1)
aQ .

Defining the non-dimensionalization

4 : ,
- %L : A . )L’.
o % aren g, = M= (17)
T4ETR, ) n R ET
Eq. (16) becomes
X N 2 |
3 = E&%.,-rg,_ +25%, ) (18)
where N is the number of elements of the arch (Figure 2),
The third term in Eq. (18) corresponds to the strain of
initial curvature% which for shallow geometry is approxi-
- v dy
mated by I iz (Reference 21),

Minimizing the total potential energy with respect to
@y and Qy , and non-dimensionalizing, the following equili-

brium equations are obtained

* X = @ Ti¢
E (MY g 3 4 E 0¥ 420N1(a.\‘-m¢u,1é)+... =6 (10

— %
5, (F-N2)+E. X =0 _
: (20)

*
In Eq. (19) the term E°>~ representing the moment due to the
\

initial curved shape is assumed large compared to third and

fourth order terms in g.-:_ and Ez obtained from Eq. (14),
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5.,1.2 Numerical Evaluation of Arch Response,

There is adequate documentation of the shallow arch
problem depicting the various possible equilibrium paths in
its configuration space (34,42,43,44), Concern here is
accurate pred£ction of perfect structure and imperfect struc-
ture response using a simple finite element representation of
the arch., To evaluate this, the structure initially omitting
initial imperfections ("E\ = E;_=°) is idealized by 4, 6 and
8 element representations, and response from zero load is
evaluated. Two arch geometries are considered, defined by

Eo = 6 and 50, which respectively represent extreme and
moderate shallowness and/or member thinness.

In the absence of the impérfec‘bion €., Eq. (20) re-
duces to 5= ()\* -—\'{)é—o so that

1) ¥, = O and ¢ is arbditrary 01\'-

ii) = \".f_ and §, i1s arbitrary.
Condition (i) corresponds to the prebuckling state of symmetric
deformation, Condition (ii) corrésponds 10 admittance of the
asymmetric second mode which occurs when the average in-plane
- load >~* = \t_ (second mode buckling load for the straight
column) and sudden change of state of deformation into the
second mode causes instability, The amplitude coefficient £
is not specified directly from its minimization condition;
however, with X‘ specified, . can be calculated from
Eq. (18) for parameterization on iy ., Finally, from
Eq. (19) we obtain the value of the transverse load Q-

The response curves for increasing load from zero-load are
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shown in Figures 3 and 4, For the four-element case
La )= Lok v 6.0 0 68 43 & & =

LW0oN4 3R (Setd Ao0Te 0.0 393 (Sood L, To114 )

and _
LZ) = Loc —1849 o0 -LO 00 ~T544 0.0 o.0 )

To summarize, in the prebuckled initial state ()."( )’;)

the governing quations for the perfect arch are
Jgiaz = LG+ 8]
No= % (5iz +%e 5:;) | |
5, (-5%) 48X - %“-:z (' Lzsim,;w-‘)J, =0

3, =C

X »
At the point of bifurcation (X “Xz)

-.%5’14'1 = Soi4 + glxciil}

Z

¢ = %." (E,;‘— + chglzc)

. ¥ QOQ“". | . .
%o, (3 4500 = Ze=n (LM 4L )4 om0

5. =0
If displacement into the post buckled state is definesd by

f4] = @i} + (i + Gig) §4] + Az ¢z}
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then the increment in total potential emnergy is

'P[i.,s = EQE_,QI;; (ai?;: + 24 QIIC.) L4J; CK‘J‘. N'KC *

+5} (a:.n + Zagna'Ic lA‘JZ [K‘]zi""gt +

+ B e + o Led:fef; +

N %Qa,n LA,J‘._CK,]‘.TM;‘ - ﬁ%ﬂ g LEL M) (4], +

420

. +A¢°) .
- Qe tIL 180, T 543, e

and the non-dimensionalized incremental equations of equili-

brium are (f"- ):;.)

25 5y +5g *5 FiiSy <O ony

¥ ATt . .
(5‘1‘_-&’5,!}():_—):‘:)%-5, )7_ - 2N L4J;[“’ﬂ;“t}{ =0

Displacements into the post buckled state corresponding to

solution of Egs, (21) are shown in Figures 3 and 4.

5.1.3 Arch Response with Initial Geometric Imperfections.

With introduction of the symmetric imperfec{ion
(.E, *:‘-‘-O)g,_ =0) the principal effect is & lowering of the
ecritical buckling load, Q*, without any change in the form of'
the load-deflec*pion curve, This imperfection can be iﬁter-—
preted as simply an increasing of the shallowness of the arch

prior to loading. With gc gspecifying the reference configu-
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ration (buekling pressure Q*) the effect of E; on reduction

of the buckling load to E* is shown in Figures 5 and 6 for
g, - 6 and 5‘0 respectively., The eigh‘b-elemeﬁt representation
of the arch i1s used in this evaluation.

The assumption of an initial imperfection in the shape
of the fundamental asymmetric mode results in reduction of the
maximum lgad, and also a change in the characteristics of the
load~-deflection” response, The fractional change in maximum
load versus size of imperfection _E-,_ (relative to &g ) is
plotted in Figures 5 and 6. ’Typiéal load~deflection curves
versus size of imperfection are shown in Figure 7,

In Figures 5 -.and 6 curves are given showing the de=-
crease in ceritical pressure versus size 6f imperfection; The
slopes of these curves are of interest, particularly the
slopes of the curves for T, "Fé, 5i=© as .o,

The eritical lcad Q. corresp'onding 0 -4 =%, =0
is determined from Eq's. (18), (19) and (20).. From Eq. (20)

Moo 0E |
next, from Eq, (18)

% §
LI T _ .2.)\7.)
. Elg" = "got{2° (g?' N
however, zc is large compared to the remaining terms under

thé radical so that from the binomial expansion

o %: . F .
ghk - -EEE "% '%E Foece
®
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Substituting these results into Eq. (19) and teking the limit

§.,—~ o
™ * 4'): PR
T e 12y I8, = 30 s (8 -N)
420N* &N

With B, # © the equation for § is

(%

r4

LT Foe \F &%
P QthJ-JM]ML - :‘,mg.&xﬁ( - {if)gk_?f_h |

thus
g sNR) (- )t )

—

- .
S 2N+ OF-)

The term with g,_ is negligibvly small (e.g., %o = -6;, N=8,
'g'e.‘i,):t'ﬂ't) M o= 4TI ) , so that
> T goN |
- = . :
°% 3N+ (5N | (22)

Consider next E-z. ?C and %.‘ =0 , From Eq. (20)

X Ez >f
g; + %;_

¥
i

and %1z is unchanged., Substituting into Eq. (19)
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S _ (M-I X (w 4T, )+ 5N ]

Q* M (5. + 57 (B3NN X))

thence . '
@) _ g - INE X 1+5N)
0% T (52N -NY)

; (23)

Taking 7~ limit as §, —» @ , then §,—=O 1t is seen that

the slope is infinite, Thus, the imperfection curves for gzin

ol
Figures 5 and 6 are veriically tangent at =—%= 4, This indi~

Q‘
‘cates an extreme sensitivity to Imperfections or disturbances

for loads approaching the buckling load,

5,1.4 Comments on the Arch Analysis,

The quadratic structure response depicted in the re-
sults for the arch is seen also in the equilibrium equations
1f the expression for ,):, Eq. (18)a is substituted into the
equilibrium equations,.Eq's. (19), (20) and recognizing.that
the third term in Eq. (18) is dominant. Based upon the re-
sponse predicted for the imberfection-free structure, Figures
3 and 4, it is concluded that the finite element represéﬁta-
tion is accurate and converges rapidly with grid refinement.
The error in.the buckling 1oéd in the four~element represen-
tation is 3,6% for Ec = 6 (extreme shailowneés) and 4.5% for
‘Zo = 50 (moderate shallowness). The error reduces well bélow
1% in the eight-~element solution., The four-element representa-

tion is the crudesf representation that admits the second mode.
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Structural sensitivity to the symmetriec initial imper-
fection is about equal for both arch geometries, However, in
the cese of the asymmetric mode the arch with larger midspan
rise shows greater sensitivitf. For both geometries the struc-
ture is significantly more sensitive to imperfections in the
second mode with the'response shifting f%om a bifurcation type

_to a horizontal tangency,

5.2 Structural Bent with Clamped Ends.

To obtain some measure of the accuraecy of the perturba-
tion theory to represent quasi-linear and non~-linear initial
.states, a simple bent is considered., The configuration of the
bent is shown in Figure g--the horizontal member having geo-
metric parameters in which the depth of the member is in the
ratio o to the depfh of the vertical member, By varying &
different degrees of non-linearity are obtained through the
stiffening effect of the horizontal member, For o{ = 0 the
case of the cantilever column is obtained. For purposes of
comparison an incremental load solution wes obtained for the
bent for a two and three element representation of the vertical
member. Details of the set-up of the incremental load equa-~
tions are given in Appendix B. Solutions ineluding and exclud-
ing. the third order terms in the incremental equilibrium equa-~-

tions (Section 3.4) are obtained.

5,2.1 Finite Element Equations for the Structural Beant.

The set-up and epproximation of equations for the
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rerturbation solution include development of an eigenvalue-~
eigenvector equation, and an approximate post-buckling res-
ponse equation, The terms retained in the total potential

energy to represent, say, element @ - @ are

Fre] = Of LUl + Pel] 5]+

+ 4% l.“-J;[k{]L{A}; ~ .;23 Laj, Lk, {4}, + - (24)

4 z_% bl Lk k)4, + =5 LT, (4] + o

' .
with & = Zb ond PB:-:-],
Transforming displacement variables to the common XYZ
global coordinate system and combining the energy terms for all
elements results in the following expression for the total

potential energy of the structure

Prae]) = A 5° e} + EhLe{]fe} + B2 inil]{gf+

+ 43 L4 TKo), §¢], + 4BT L[] {4f +

+ A Led el (6], + XLé—J,_t:,’}da.}L + (25)
+ % °(3 EX L4J3 [K,]s id}s 4+ Hhed ond fourdh order terme
In Eq, (25): = |

ke =LhUs]  La), =Lloo 1 el

L4l =Lz &, 5 ©3)
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L4l, = Lus &; o o]

Tiz 3 =tz 3

_ -3
Ik, = Tk, = 2 -3
SYM ] (26)
_ 12 ~e -2 -6 9% ko ‘% Yo
[K‘*]s: 4 :;_ i - [kd, =Ix], = bo ~Ho ~Keo
SYM 4 % %

SYM VT

From these quadratic terms, dropping axial terms of the
vertical member, the eigenvalue problem reduces to solution of

the equation-

-

'lqz. © =9 24 fg;' a4 0 =~ Yo ’d}_]

le =24 4 |lo, L) s ~No ~Voo ||o
K AN -
g w4 |57 & % % |5 =1
8+4¢3 |(5s) e
L svm 4 |3) o V;S'J\ 3 (27)

where the dasﬁ underlined terms represent the influence of the
horizontal member, The.eigenvalues éomputed from this equa-
tion are part of the numerical results shown in Figures 9, 10,
and 11, | |

Next we separate the "axial prebuckling"” terms from the
vincremental terms" on the basis that as «—> 0 the perféct
cantilever column equations are obtained. This partitioning
yields for the "prebuckling" energy in terms of axial displace-

ment L€+l and bending displacement &{4,}:
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Cl4e] = -X v ufe] + B4 lellklie] +
' 4+ 28 d wufe] L4, L] 143, +
2 EAG T S fe LA, (K, 4], - (28)

while the "incremental" energy is

. '?[adl] = a‘-‘(k 'x‘) 1“6‘13,1 [Kl],,;, ?413"‘_ '430( E‘f“"; LA.J’ [K‘]s ;Al},'i'

+ B A FA..\,)J L.J,,t{m}m + %aﬂ( Lad,[ ug354,3’+ cee (29)

The equilibrium equation for "post-buckling" response is then

&? (a4,

40 = -a.()'.i-}‘f) Lad, Dl 143, + 203§ L4, (L, 43, +

I PO AICART ARV VI PEN CA S £} A
q 3 2 .
. (30)
while stability of the equilibrium state.is determined from

A1) (oo st) L0601, + S L, 60, § 45,
da* - | | ‘

L 2 2
+30u§ 0, L4, (k] 563 +2 S ¢ LALTLaT {45+
L e L T

' (31)
The coeffiéient S is the slenderness ratio of the vertical
mémber, In Eq's, (30), (31), if o = O, the extensional
cantilever column equétions are obtained for the case of no
ineremental axial displacement function,

5.2,2 Comparison between Perturbation and Linear Ineremental
Response Predictions, .

Results of the post-buckling estimate from Eq. (30) as
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well as Incremental load estimates are shown in Figures 9, 10,
11 for & = o.'o.01, 0.01 and 0.1, respectively. The first

.order ineremental results are based upon an Incremental equi-

librium equation derived from'a potential energy function

truncated to quadraticAtérms in the displacement variables,

The second order inérementél results are obtained with third

‘ and fourth order.terms retained (Section 5.4).'

Load corresponding to épproximate horizontal tangency
for the three solution curves shows a scatter of approximately
5%. Significaptly larger differences in the ordinates ocecur
in loecal regions° .It is expected that with grid refinement
:closer correspondence would be obtained.

The incremental solution resuits for small values of &
verify the falidity of the extensional formulation for post-
buckling response, In Figure 12 the local slope of the lsad-
deflection curve is plotted versus transverse displacement for

o = 0,001 and 0,01, The extensional solufion curve is in
closer proximity to the incremental curve at all point$ com=
pared %o the inextensionallcurvé. At larger values of dis-
placement the inextensional solution shows a stiffening as
a result of geometry change and the incremental and extensional
curves cross, For c%'= 0,1 the incremental solution values re-
main large compared to the perturbation solution, indicating
stiffening nof represented in the perturbation equations., For
larger values of ¢« this trend continues,

In this problem an attempt was made to introduce
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imperfection functions into the perturbatioh equations and
size the imperféction coefficients by the first and second step
responsé estimates of the incremental solution. However, the
response curves obtained by the incremental solution are
strongly non-linear in the low-load range so that a single
sizing of the imperfection coefficients was not possible. For
_problems exhibiting quasi-lipear iow~load response, introduc-.
tion of an imperfection function in this way would significantly
reduce computations compared to continued solution by load
incrementation.

Finally it is noted that for'o{ = 0.,0001, the incremental
-solution techniqﬁes gave spurioﬁs answers using single precision
arithheﬁic. One might conclude from this that the two solution
techniques are complementary in thé sense of applicability to |

different problem -types.



VI. SUMMARY AND CONCLUSION

Post-buckling response of structures exhibiting bifurca-
tion change of state in the perfect structure idealizaticon has
been examined in -the framework of the finite element method.
Development by finite elements, besides the usual advantages
of capability to treat‘nén-uniform geomefries, solution of
algebraic rather than‘differential eéuations, mixing of siruec-
tural types, etc., provides also for representation of 1océl
displacement ana force eccentricities, The general develop-
ment involving prebuckling behavior,'stability at the criticai
point(s); aﬁd ﬁost-buckling prediction is followed, with émpha-
sis on use of displacement functions constituted from the funda-
mental and higher order buckling modes.

Post-buckling displacement of a cantilever column is
evaluated based upon both an inextensional and extensional
formulation of the strain-displacement equations. Whereas
differences are.small between these formulations in struectural
deflection problems with bending and twiéting,.the same 1s not
true in post-buckling response., Nonlinear terms in the total
' potential energy, which define post~buckling behavior, are
different depending upon the strain-displacement model selected.
The difference between tﬁe tﬁo forﬁulatiops is found to be proQ
portional to the slendernéss ratio, & large number if postﬁ
buckling response is elastic., In the extensional analysis
additional displacement variables are admitted, and soluti&n

involves more manipulative steps 1f a post-buckling axial

/7
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displacement function is admitted.:.ln this more exact formu-
lation, numerical advantage of sblé%ibn on a per-element basis
is lost.

- Other aspects of the cantilever column study pertain
to response of the imperfect structure. Two approximations to
the-expansion of the increment in total potential energy are
é%alﬂated:in the neighborhood of the c¢riftical point, One is 2
local estimate of the equilibrium path and ifs slope, which
catégorizes the stability, If the structure is post-buckling
stable, as is the cantilever column, then a more complete ex~-
pansion of the total potential energy permits evaluatibn of
the complete small deflection response path starting from zero
load, Details of both of these expansions are worked out for
the cantilever column and good corresponéence is obtained for
tateral deflections up %o two-tenths.of'ﬁhe'cdlumn length,
R The nonlinear stiffness matrices through fourth order in
the displacement variables for the column and rectangular plate
elements are derived and reported in rational fractional form.
The extensional strain-displacement equations are used in the
plate formulation on the basis of results found for the column,

An example of a simply supported square plate externally

ldaded'aljng one set of parallel edges is solved and compared
with classical results, Overall accuracy of the solution for
perfect-structure post-buckling response is better for the
piate thdn “the column; however, convergéﬁcé'of solution is
slower,

In treating the column and plate examples the features
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of the analyses are the rapid convergencevof solutions with
grid refinement, and solution insensitivity to coefficient
digit truncation. Two element column and four element quartier
plate idealizations resulted in post-buckling response esti-
matéé well within engineering accuracy (+ 5%). Approximate
evaluation of the extensional case_ by neglecting therax}alt
post-buckling incremental displacement function resulted in -
larger error (< 18%.) _ Thus, for structural E?pes for which
initial post-buckling resﬁonse curve curvature is small, the
complete extensional formulation is required, However, this
more exact formulation is shown to not nqcegsarily guarantee
stability when it is predicted. This habpens because the
tinite element method being an approximate analysis techﬁique,
yields solutions that do not correspond to an exact minimum of
“the- total potential energy. .. For this reason also, solution
‘convergence is not necessarily monotomic, although convergence
is rapid with element refinement. Structural types considered
herein having large initial pdst—buckling curvature or ex-
hibiting bifurcation by transfer of stabllity between modes
gshow good correspondence between exact classical solutions and-
the finite element solutions, The characteristics of rapid
convergence and simplicity of computations exhibited in treat-
‘ment of these problems suggest the general utility.of the
method in more complex structurai configurations and assemblies,

_ Analysis of the shallow arch, a post-buckling unstable
structure, by the finite element method supports the observa-

tions made on the column and plate structures; Techniques of
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representing arbitrary initial arch'shape and shape imperfec-
tions are apparent from the formulation, The representation
of initial curvature of the arch Dy an initial shape function
is different from the usual use of strain-displacement equa~
tions that contain the curvatufe term, Utility of this
approach should be examined in applications to two-dimeﬁsional
continuous structures.

The perturbation method provides a simple computatlional
approach to detection of points of horizontal tangency. The
extreme load values are determined from solution of low-order
poiynomial equations,

The key to solution by the perturbation methoa is selec~
tion of rational modal .functions through which the energy expan-
sion is evaluated, In classical approaches, approximate func-
tions may be used which are not orthogomal, and it is in this
framework that Koiter developed the éeneral theory, However,
with the finite element method, the approximation in determiﬁf
ing eigenfun@tions is not on orthogonality, but on the'number
of variables to represent the shape, This problem is minimized
with large capacity numerical techniques, such as the‘power |
method, available for use in estimating eigenfunétions. This
éapability coupled with the rapid convergence of solution rela-
tive to eigenfunétion content, makes the finite element approach
very attractive for continued use and development In post-

bueckling response prediction.
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APPENDIX A

Evaluation of the integral-

ORI S e TR ity G —— — —
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involves the dash underlined products of X dependent terms.
The integrated result is expressed by a nested set of parameters

dependent upon [ 4] as follows:
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results in the following matrix product

T = v (g (n)(8]ie]

where o © © o 4
‘ (] © © J\q 2!
[4\] = e b5 ' vg\s= (A -Qt
o SYM 'p\G‘ 'p\(, = |2 23 '

(12)

(13)

The prdduct 15[H2] = [B]T[&][E] follows directly from Eq's.

(10) end (13).



APPENDIX B
FINITE DEFLECTION ANALYSIS OF BENT

Deflection under load of a tﬁree element representation
of a simple 90° bent is considered. Response of the structure
is determined using a variable load incrementation scheme using
both equations with and without the initial displacement matrix.
The analysis is restricted to deformation states in the plane
of the bent. |

Three coordinate systems are required in order to repre-
sent the position of an element and the history of its deforma-
tion., The global system (¥,Y,%) is a total structure coordi-
nate frame, the reference system (x%,y*,z%) is alighed with
and stays at the initial position of the element, and the local
system (x,y,z) is at the pre-incrementalization positiﬁn of the
element. Displuacement increments A, Ar , Al are referenced
to the local coordinates. Transfdrmétion of these to the global

frame is given by:
(3u() B

- c o 8 e o Ol
4 © ¢ © ©o s Oy
< s, =|=% o ¢ © © © AV L
s8¢ ©C © 0 | o o\ (1)
buy o -S o o ¢ ollw
& ©o o © o o ||%

where ¢ = cos (¢O+¢) and s = sin (¢O+¢). Transformation to the
reference frame is set by Eq. (1) for the case ¢0=O.
The stiffness matrices of the structure are regenerated

at each pre-incrementatiPn position. ‘Basic geometric changes



Figure B-1

are the deformed position of the element and its changed
length. The deformed position of the element is accounted
for in overlay of element matrices to form the total structure
matrices. The i.crement in element length depends ﬁpon the

total gridpoint displacements t&_;VE) U; and \G as follows

11'+AQ: = \/(i;«l-vJ -t )z + (Y 'UL)?? (2)

and the element angle to the reference frame (#) is given by

Q +U' --U' . ¢ == XT
'QI +A4QI -QI'PA'QI

The geometric and physical constants of the bent are
indicated in Figure 2, The parameter of 1is a scaling of element
(:)-(:)thickness in order to vary the relative stiffness between
the horizontal and vertical members., Defining the slenderness
ratio as SI =‘J?g§? _the incremental load-deflection equation

for an element in lcoccal coordinates is:
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in locsl frame,
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The above information is used in the set up of the
generation and load-incrementation sequence in a computer

program to trace the step-wise linear deformation history.



APPENDIX C

MATRICES OF THE TOTAL POTENTIAL ENERGY

FOR THE PLATE ELEMENT

1) First Order:
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In addition

i 1 :
[‘Kvpmo] = %’4 LTl [KSSSSo] (7]

(K = % 7 [ s, ] 17

(12)

(13)

3) Third Order:

The third order matrices are explicitly of the form

[ LadTku] §4])
La) [Knl§4i
L) (ks 34
Lef CKiadia} &
L4} [K.s]i‘q

14) [KTi¢}
141K J¢} (14)
et

Lel:{u-l[ﬁilid}}': Lut G U 0 gy G )

L) [ke3 e}
L) [Kuud.}
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LAl Ceasli] [
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L [Kaq3{]
L4) Creglid]

Setting
2
X = {LE'Z (16)

the matrices [Kx ;] and [Kgilare given es follows:
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1 2x+132 ~9x-22 =56x+2L, 12x+l, L2x~T8 ~9x+25 1x+18 |
20x+20,
90x | &640x+5616
~15%+78 =1080x: 180x4936:
’ -30x 7204792 | =9Cx | 960x+1Ll,
. 2x+5616 -5x=18 ! 90x: =15x=132 i 120x 20x424
Cx4936,  108x4312 : ' !
CLOX#T92 L4132 B8x41l, ;
Dix=1327  <Cx=lJ, —56x=2l, . 12x+8 i
Cx=19LL" <50Lx~-32 | -162%~L58 420478 1 86L0x45516
L,32x 103x=-54, 36x% ~9%+1.3 -1080x :  180x+936
©52x4458 L2x478 =554108 1x-18 ~720x~792 ' 90x | 95Cx¥1LL
36x Gx-13 -12x 3x43 =90x . 15x4132 120x
. 2X=5616] 504x-936 162%x-792 | -4,2x+132 =861,0x+19Ll, | 1080x | 720x-468
- =h32x| -108x-156 -36x Ox4-22 1080x | -180x+32L- -90x
Ja2Zx=792 L2x-132 216x-11], ~56%42L, =720x+,,68 90x | =240x=-108
36x 9x+22 43x -12x-4 =90x -~ 15%x-78 =30x




[

i ~2Lx~20
" 36(-5%16x-2592 |
=48 792x4216 | ~1Llx~23€
B 22x49 ] -936x-504 132x3,2;,. -312%x~1C8
2592 ; —Ix+12 13212 2Lx+56' =L ;x~9 —8x-12
=267 ~-1LLx=-285 ]
=50L —i3x-L2: -312x-.08
X+L2 1 2Lx+55; 1 %49 -3x-12
1941, LESx4162:  32Lx+304 ~78%=L2 -5516x~-86L0 .
=1677 -10%x+5L ¢ -78x~42 18x~-1L 7924720 | =144x~960 .
=327 =36 50x-1C3 ~13x49 1030 =90 | -=936x-180
~36 12 13x-9 ~3x=3 90 -120 ~132%~15
25927 -LoSx42L0 1 -32/4504 78x=52 | 5616x-19i), | -792x+162 432
=216 T08x+72 T8x-1,2 -18%x-14 | =792x4162 1uhx-215 =36 ]
3504 ~78x+1,2 1 -108x+1C8 26x=9 936x~50L, =132%4L2 15641081
L2 -18x-1L | -26x+49 6x43 | 132x~42 | ~2Lx456 | 22x49
8x+12
132%x~2 | 5616x+3640
=2lx456 | ~792x-720 114960
: ~22%-9 1080 =90 936x+180
8650 : “Ix-12 90 =120 132x415 21x420
H#720 LLLx+900 ;
1080 0T 936x+180
=320 =120 =132%~15 21x+20 ,
A9LL T ~L58x~-162 -432 . 36 | 5616x+2592 .
HI62 TI08%~5k 36 12| =792x~216 | 1L.x+233
504 Tax+42 -5Lx4108 13x-9 | =-936x=50L 132x442 312x4103
v BRI | =13x+9 3x43 -132%x~12 2Lx+56 LUx~19
1360 Lo3%x=720 -1080 | 90 L5616x+19LL 792x=162 936x~50L
F7207 =I08%=2L0 90 |, 30 1 792x=162 | -liJocd216 i ~132x+42
L X080~ =50+ 324x-180 =78x415 432 -36 | -156x-103
- T=907 30 78%x-15 -18x-5 36 -18 -22x~9 ]

(19)

(20)
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4) Fourth Order

The fourth order matrices as in the case of the line ele-
ment can bé considered as a "nested" assembly. Each term of
the matrix is then expressed as a triple matrix product of a
stiffness matrix pre- and post-multiplied by {A& . A compu-
ter program can be written to cérry out.the sorting and multi-
plication operations, Actual matrices are not reported, dut
the steps to.génerate these matrices are deseribed, Required
integrals are listed (end of appendix) in rational fraction
form to facilitate genération to any degree of accuracy.

a) Formulation of L“‘-‘[”S&}“r} and LL([_HT,‘;Jid} :

Define
2y ;.g-gﬂ.‘_ M (o) AlB, -Al(e+) AfB,!
=k 8 -48, -As (B+) A<B, } -A(B, 4B, A8, A/B;:
| KB -48 AsB, AlBs] (25)
where the prime (') indicates differentiation with

respect to § . Next define
L5t = 7 A (B+) L&
Lh) = 5 A B LA
L8] = -5 A7 (B LA

et & & n

Lfe) = 'Ql'z A; B, Lf, _\ ‘ (26)

where the coefficients of L4LJ are the sixteen entries

ot Ll 10 mq. (25). The 1®® row ana ;% column
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element of S.Hg';’z,] is then {4}:.4?5]{&11.&.1 where
fourth order integrals for Ai(%) and derivatives and
similar integrals for Bi(')z) and derivatives can be
evaluated separately. Since the polynomials of the
Ai and Bi are ident.ical in variable form one set of
integrals can be used for both .functions.b The re-
quired integrals are listed ‘beiow so that only numeri-

cal products are involved in the generation. With

[HSQz] evaluated, the energy contribution can be

computed by the product L4] {Hse, ] fA} L

In the stabiliity calculation L4J is known, so
t+hat we can form the new variable 5.4,*} = :g': [T]T{ .d,} .
The procedure to generate ‘_Hggz] is then repeated
using {A—*I to form [H'Wz] and the energy contri-
bution L.4¥! [H,ﬂz] {.4,*} , corresponding to LA.![HH,,IM.}
in Eq. (IV-16).
Formation of LA-BKH“-A {A-IS :

Eq. (25) is again used, however, the coefficients

or L¥;l in Eq. (26) are from %g , that is:

L8 = b BB Le) L) = 5 (A B LR
L4y = -k ABILRS L] A A Ldd
by = M B R LA ey B LR
L5 - ABLRL 141 = o AE LR
Lfed 'JT'z (A.+DB,’ L] L] = ;z.le (h+1)8; Lf.)
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12, ) ="4i h B/ LS, )
L£13J ‘p\‘Q Al B '-'ro.!
L'ﬁls-‘ =»é\-£ A3 B"Lgo_l

La )= b A BlL.S

L ,4;‘ = :éé AI BgL’Foj
L-ﬁg} = 1“‘2 As 'B; Lf] (27)

where the prime indicates diffefentiation_with
respect to "Z « The remaininé sperations are identical
to those described above, 'éeneration and formation of
_one jroduc’b, i.e. L’U[_Hggz:h.&} , by this technique on

the IBM 7094 requires 6.6 seconds,

f 4y = 55
-1
f Wk de= S22
j"m K= oot 4:o45
IA 44, b2

/IZ/J r-4—zq—

J:M‘A f'732

Ldr-_2
f'd'”“( 27

4
7
.[A’A;d§= 8580
(=4

4 /
f(ﬂz)dswzs?
o

I‘/123434§=~)7;-§;
f A5 o
fll '43 = /o.z%
j%)df: o
ﬂﬂ’*)df' zf:z;

f 24 (lf;/‘f')df /067

/M/é’d

f" (411‘1)4{!' 2347

' f,éf,/fz(»dﬂl)df”z&?-

1
Lt, AE (AH)Af = o

{
/7
'[’4/4243 MI"")‘{:’" 720/2

| f/f/%(‘ﬂ‘”)‘fﬁ‘m

J 43(4,+1) ds =

f 44 (4,+/)Jy= - 5755
12/37

f Al (A’ﬁ)df " Fe0350

f A (B+0)4s= -50—5

f/m,

/00/0

%0360
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Theodore Edmund Leng was born March 3, 1934 in
Chicago, Illinois, At an early age he moved tOFSalinas,
California, there completing his primary and secondary
education and two years of coi;ege at Harinell Junior College
(A.A. degree), He continued his college education at the
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in Pasadena, Californié,.and contigﬁed on a full time basis
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In January 1964 he became group supervisor of the Structures
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participated in development of a computer program for finite
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b;sic package. of the Structural Anslysis and Matrix Inter-
pretive System (SAMIS) was released, and it is currently
widely used in industry. :

In September 1962, he joined the teaching staff at
Pasadena City College in the extended day program, instruct-
ing in elementary college mathematiecs,

Opportunity to continue teaching while working for the
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fuifilling requirements for thé Ph,D, degree. He plans to
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