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1. INTRODUCTION AND MAIN RESULTS.

This paper is a mathematical companion to an article introducing a new economics
model, by Burdzy, Frankel and Pauzner (1997). The motivation of this paper is applied,
but the results may have some mathematical interest in their own right. Our model, i.e.,
equation (1.1) below, does not seem to be known in literature. Despite its simplicity, it
generated some interesting and non-trivial mathematical questions.

In this paper, we limit ourselves to mathematical results; those interested in their
economic motivation should consult Burdzy, Frankel and Pauzner (1997). To make this
easier, the two papers have been written using comparable notation. A related paper
by Bass and Burdzy (1997) will analyze a simplified version of our model and derive a
number of new results of a purely mathematical nature.

We will first prove existence and uniqueness for differential equations of the form
(1.1) below. These equations involve Brownian motion but they do not fall into the
category of classical “stochastic differential equations” as they do not involve the Ito
theory of integration. Typical solutions of these equations are Lipschitz functions rather
than semi-martingales. It turns out that the excursion theory for Markov processes is
the appropriate probabilistic tool for treatment of this family of equations.

We also establish several properties of the “bifurcation time,” to be defined below.
We prove that the bifurcation time for (1.1) goes to 0 as the random noise becomes
smaller and smaller. More importantly, we determine the asymptotic values for proba-
bilities of upward and downward bifurcations.

The simplicity of equation (1.1) is misleading. If the process B; in (1.1) is not a
Brownian motion but a fractional Brownian motion, none of the results in Theorems 1
and 2 can be proved using the same methods, except the existence part of Theorem 1.
In fact, we currently do not know any method of proving results analogous to Theorems
1 and 2 for fractional Brownian motion B;.

We say that Brownian motion B; has drift g and variance o2 if E(B; — By) = ut
and E(B; — By — ut)? = o%t. Recall that a function g is called Lipschitz with constant
cif |g(t) — g(s)| < |t — s| for all ¢ and s.
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Theorem 1. Let B; be a Brownian motion with drift ;1 and variance o®. Suppose that
k > 0, zop € (0,1) and by are fixed real numbers, and By = by, a.s. Assume that f
is a decreasing Lipschitz function with constant c¢;. Consider the following differential
equation:
_JEA = Xy) if By > f(Xy),
dX/dt = {—kXt if B, < f(X). (L.1)

For almost every path By there exists a unique Lipschitz solution {X;,t > 0} of (1.1)
which starts from xg.

Note that dX/dt is not specified by (1.1) for ¢ such that By = f(X;). A typical
solution X; does not have a derivative for such ¢. If f~! exists and is a Lipschitz function
then the function X; = f~1(B;) is a continuous solution of (1.1) but it is not Lipschitz.
Hence, uniqueness holds only for Lipschitz solutions. We note that k is a Lipschitz
constant for the Lipschitz solution of (1.1).

It will be shown in Bass and Burdzy (1998) that existence and uniqueness for
solutions to another, related differential equation can be proved using the results of
Engelbert and Schmidt (see Karatzas and Shreve (1988) Section 5.5). We have not
been able to apply that theory to (1.1). However, our proof of Theorem 1 seems to be
more intuitive than an application of general theorems from stochastic calculus.

The following simple results are quite useful.

Lemma 1. Suppose that X} and X}? are Lipschitz solutions to equation (1.1) corre-
sponding to non-increasing Lipshitz functions f; and fo which satisfy fi(z) < fa(x)
for all xz. We assume that the solutions X} and X? are defined relative to the same
Brownian motion B;. We also assume that X} > X2. Then X} > X? for allt > 0 a.s.

Lemma 2. Suppose that X; is the solution of (1.1). Let X\*" be the solution to (1.1)
starting from 5(’3’“’” = xo + x and corresponding to B, = B, +b (f and k remain the
same in parts (i) and (ii) of the lemma).

(i) If b,z > 0 then X'"° > X, for allt > 0 a.s. and X" > X, for all t > 0 a.s.

(ii) As b and = go to 0, the processes )A(:f " converge a.s. to X;. The convergence is
uniform on every fixed interval [0, T].

(iii) Suppose that {f, : n = 1,2,...} are Lipschitz functions with the same Lip-
schitz constant. Fix some x,by and k. For each n, let )A(t” be the solution to (1.1)
corresponding to the function f, in place of f. If the functions f, converge to (neces-
sarily Lipschitz) f on every bounded interval then the solutions )A(f converge to X, the
solution of (1.1) corresponding to f.

The statement of the next theorem is rather complicated in order to be directly
applicable in Burdzy, Frankel and Pauzner (1997). We precede it with a simplified
version of the result, to help the reader grasp its meaning.

Fix some xg € (0,1) and suppose that f is a decreasing Lipschitz function with
f'(z0) # 0. Fix some p and o2. Let BF be a Brownian motion with drift u/k, variance



02 /k, and starting from Bf = f(xo) for every k. Let XF be the solution of

kg~ J (1= XE) if BY > f(XP),
X" /dt = {—Xf if Bf < f(X}).

Fix arbitrarily small ¢g € (0,min(xg,1 — 2¢)), and let TF = inf{t > 0 : X} ¢
(co,1—co)} and T = sup{t < TF : BF = f(XF)}. Then as k — oo (as the variance and
drift of B¥ go to 0), the random bifurcation times TY go to 0 in distribution. Moreover,
the probability of a “positive” bifurcation (defined as dX*/dt > 0 for all t € (TF,TF))
converges to 1 — xg as k — oco. The probability of a “negative” bifurcation goes to
xg. Theorem 2 proves a result that is even stronger, since the function f and other
parameters can vary with k.

Theorem 2. For each k > 0, let BF be a Brownian motion with drift y;, and variance
ai, where limy_ o pr = limy_ O'i = 0. Assume that for each k, we have a continu-
ously differentiable decreasing function fi,. Suppose that zf € [0,1] are numbers which
converge to some fixed xo € (0,1) as k — oo. Assume that limy_,o fi.(x0) # 0, and
the derivatives are asymptotically uniformly continuous at x, i.e., for every € > 0 there
exist ko < oo and 6 > 0 such that | fj (x) — fi.(z0)| < € for all x € [z — 0, z¢ + 0] and all
k > ko. Let XF be the solution to the following differential equation, with B = fi.(xf),
a.s.,

Me(1—XF) if BY > fu(X}),

A 1.2
— A\ XF if BF < fi.(XF), (1.2)

dXF/dt = {

where limy_,o Ay = A € (0,00) and lim_, » e =\ € (0,00).

Fix arbitrarily small ¢y € (0,min(zg,1 — x¢)), and let TF = inf{t > 0 : X} ¢
(co,1—co)} and T} = sup{t < TF : B = fp(XF)}.

(i) The random times T} converge to 0 in distribution as k — o0o.

(ii) The probability that dX*/dt > 0 for all t € (T}, T¥) converges to ,WL—):EJS)T
—xo xo

as k — oo. Consequently, the probability that the derivative of X* is negative on the

same interval converges to S R—

A(1—z0)+Az0

For brevity, Theorem 2 is stated only for the case xq € (0,1). It also holds when
zo € {0,1}, with a slight change in the definition of 7. Fix any arbitrarily small ¢y > 0.
If 2o =0, let TF =inf{t >0: XF >1—co}. Ifwg=1,let Tf =inf{t > 0: X} < cp}.
(The definition of T} is unchanged.)

In Theorem 1, we prove the existence and uniqueness of the solutions to (1.1). The
analogous results hold for the solutions of (1.2), without assuming that Ay = A,. We
omit the proof, which is analogous to that of Theorem 1. Note that Lemmas 1 and 2
hold as well if (1.2) is substituted for (1.1).

We note that Theorem 2 remains true if one (but only one) of the constants A or
N is equal to zero. The proof of such modified theorem does not require any conceptual
changes.



Corollary 1 below shows that the results of Lemmas 1 and 2 and Theorems 1 and
2 continue to hold if the trend in the Brownian motion is a more general function of ¢
and B;.

Corollary 1. Let the functions n(b) and v(t,b) be Lipschitz in all arguments, and
assume that |v(t,b)| < n(b) for all b and t. Let the diffusion process B be defined
by dgt = db; + pv(t, Et)dt, where 6 is a Brownian motion with variance o? and zero
drift. Then Theorem 1 and Lemmas 1 and 2 hold for B in place of B. Theorem 2
remains true if we replace B* with the diffusion process Ek, which has variance 0% and

drift pxv(t, Ef) and where 0,3 and puy, satisfy the same properties as in the statement of
Theorem 2.

Consider a right-continuous process (A:)i>0. We will say that (A;)¢>0 has i.i.d.
gumps if: (1) for some random times {¢;};>0, to = 0, the process A; is constant on every
interval [t;_1,t;); and (2) the random vectors (¢; — t;—1, Ay, — A¢,—) are independent
and identically distributed.

Consider a process A; with i.i.d. jumps and Ay = by and the following differential
equation,

(kA - X)) if A > f(X),
dX/dt = {—kXt it A, < f(X0).

Since A; is constant almost everywhere, there need not be a unique Lipschitz solu-
tion to (1.3). Let X; and X, be the maximal and the minimal Lipschitz solutions; their
existence can be shown using the approach given in the proof of Theorem 1.

Fix a constant ¢ > 0 and let ¢g(b,z) be any Lipschitz function. Let A be either a
Brownian motion or a process with i.i.d. jumps and

(1.3)

(e, b A, f) = E [ /fo e~lg(An X))t | (Ao, Xo) = (b, x>] ,

@(m,b;A,f)zEUt

:0 e Cg(Ay, X,)dt | (Ao, X,) = (b,x)} .

Suppose that A‘Z is a sequence of processes with i.i.d. jumps such that the distri-
bution of (j - (t; — t;—1),v/7 - (A, — Ay, ) is the same for all i and j, with the mean
(1,0) and the variance of the second component equal to 1. Then it is standard to show
(see Billingsley (1968)) that the processes A] converge in distribution to the Brownian
motion with mean 0 and variance 1.

Proposition 1. Let {A};>1 be a sequence of processes with i.i.d. jumps that con-
verges in distribution to a Brownian motion B as i — oo. Let f' be a sequence of
strictly decreasing Lipschitz functions that converges to f as i — oco. Suppose that
(x%,b%) converges to (x,b). Then ®(x%,b%; A%, f1) and ®(z,b'; A, %) both converge to

®(z,b; B, f) = (z,b; B, f).

We are grateful to Haya Kaspi and Martin Barlow for the most useful comments
on the proof of existence and uniqueness of a solution to (1.1).



2. PROOFS.

We will first prove Theorem 1. The proof of existence is quite elementary and
perhaps it is an easy corollary of known results. We provide it here for completeness.
We will give a quite intuitive proof of uniqueness instead of trying to derive uniqueness
from general results on stochastic differential equations.

Proof of Theorem 1. We will give the proof for the case 0?2 = 1 and u = 0, i.e., the
standard Brownian motion. The case of arbitrary o2 needs only minor adjustments. For
arbitrary fixed p, the distribution of Brownian motion without drift and the distribution
of Brownian motion with drift u are mutually absolutely continuous on any finite interval
[0,t]. Hence, the existence and uniqueness of solutions to (1.1) follows for the case of
arbitrary constant drift from the case with no drift.

The first step is to prove the existence of a solution. Consider a § € (0, k/2) and
define a d-approximate solution X? as follows. Suppose that by # f(zg). It will be
obvious from the proof how to deal with the case when by = f(z). Recall that almost
all Brownian paths are continuous. This easily implies that the condition Xg = xo and
the equation (1.1) define a continuous function X in a unique way until the first time
t =t; when By, = f(X{). We thenlet X = X7 +(t—t1)k(1—X7) for all ¢ € [ty,t;+0).
With probability 1, By, 15 # By, = f(X] ). Since § < k/2, the total increment of X
over the interval [t1,¢; + d] is bounded by (1 — X7 )/2 and so we must have X} € (0,1)
for all t < t; + 0. We extend the function Xf in a unique way so that it is continuous
at time ¢1 4+ ¢ and it satisfies (1.1) for all ¢ > t; + ¢ until the first time ¢t > ¢; + J such
that By, = f(X7). Welet X = X7 + (t — to)k(1 — X7)) for all t € [ta,to + 0]. If we
continue in this way, we will define a d-approximate solution for all ¢ > 0 since after
every time ¢; when the functions B; and f(X?) are equal, we extend the solution for &
units of time. We note that the sequence of times ¢; will be infinite a.s. but we do not
need this property in our proof. The function X? takes values in (0,1) for all ¢, by the
same arguement that showed this for t < t; 4+ . Note that the d-approximate solution
satisfies (1.1) for all t € (¢; 4+ 0,¢;4+1), for all j, and it is continuous for all . Hence, the
derivative of X? is defined almost everywhere and its absolute value is bounded by k,
in view of (1.1). It follows that the d-approximate solution is a Lipschitz function with
the Lipschitz constant k. Next, let 6 = 1/m, and for every integer m > 1, consider a
1/m-approximate solution. Let X; be defined by

Xy = limsup th/" = lim sup th/m.

n—oo n—oo m>n
The supremum of an arbitrary family of Lipshitz functions with constant k is a Lipshitz
function with the same constant, and the same remark applies to the limit of a sequence
of such functions. Hence, for every n, the function Y, = sup,,,~, th/ " is Lipschitz with
constant k, and the same is true of X;. Note that Y;” converge in a monotone way to
X¢, uniformly on compact intervals, because all these functions are Lipschitz with the
same constant.

We will show that X; is a solution to (1.1). Let

W () = U {(t,y):y=x+ (t—s)k(1—x),t € [s,5+ 3]}
(s,2):8>0,Bs=f(x)



For § < 61, the portion of the graph of X which lies outside W (d;) satisfies (1.1), by
construction.

The set of ¢ such that B; = f(X;) is closed because both functions B; and f(X})
are continuous. Consider any interval (s1,s2) such that B, # f(X;) for all ¢ € (s1, s2).
Choose arbitrarily small §; > 0. Note that as § — 0, the open sets W¢(J) converge
to the complement of {(s,z) : s > 0,Bs = f(z)}. Let d2 > 0 be so small that the
(closed) portion of the graph of X; between s; + d; and ss — d; does not intersect
W (d2). Let so = s1+6;. Since Y;" converge to X, there exists a sequence m; such that

Xslo/mj — X,,. For sufficiently large j, the point (SO,X;()/mj) must lie outside W (ds)
and 1/m; < d2. Then, for ¢ in a neighborhood of sg, the function th/mj must be given
by X,;/™ = X1/™ e=k(t=s0) We will show that X, = X e kt=s0) for t € (s, 89 — 61).

Suppose that this is not true and let s3 = inf{t € [sg, s2 — 1] : Xt # XSOG_k(t_SO)}.
Since (s3, Xs,) lies outside W (d2), an argument similar to the one given above shows

that for some d3,04 > 0, and all m > 1/d2, the functions th/m must satisfy th/m =
Xsls/me_k(t_s?’) for t € [s3,s3 + J3], if |X;3/m — X, < 64. A straightfoward argument
now implies that for large n, Y;* = Y e~ k(=53 for ¢ € [s3, s3 + d3], and this in turn
proves that X; = XSSe_k(t_Si") for t € [s3, s3 + d3]. This contradicts the definition of s3
and proves our claim.

Thus X; satisfies (1.1) on (s1+01, 82 — 1) and in view of arbitrary nature of 41, the
same claim extends to the whole interval (s1, s2). The argument applies to all intervals
(s1,s2) such that By # f(X;) for all ¢ € (s1,s2). This implies that X; is a Lipschitz
solution to (1.1). The proof of existence of a Lipschitz solution is complete.

Since the functions th/ " are adapted to the Brownian filtration 72 = o(B,,v < t),
so is their essential supremum, X;. Moreover, the process {(B, X;),t > 0} is strong
Markov with respect to the filtration {FZ, ¢t > 0}.

We will show that X is the largest of all Lipschitz solutions to (1.1), i.e., if X} is
another Lipschitz solution then X; > X} for all ¢. Consider any Lipschitz solution X}
to (1.1) and suppose that X; > X; for some ¢. Then there must exist § = 1/m such
that X; > X7 for some t. Fix such § and let S be the infimum of ¢ such that X; > X?.
If S € [t; +d,t;+1) for some j, then f(X%) = f(X2) # Bs a.s., and, by continuity, the
same relationship extends to some non-degenerate interval to the right of S. On this
interval, both X; and X? satisfy one of the conditions in (1.1), so they must agree, and
this contradicts the definition of S. Next suppose that S € [t;,t; + 0) for some j. On
this interval, the derivative of X? is equal to k(1 — X?j ). It is is easy to see that no
Lipshitz solution to (1.1) can grow faster than that on this interval, and so S > t; + 0,
a contradiction which completes the proof of our claim.

The solution X; is consistent in the following sense. Consider a fixed path {By,t >
0} and the solution X;. Now choose any s > 0 and suppose that X = z. Let { X}, u > s}
be the largest Lipschitz solution with constant k for the equation (1.1) on the interval
[s,00) with X} = z and the path {B,t > 0} truncated to {B;,t > s}. Then it is easy
to see that X! = X, for all u > s. It follows that the portion {Xy,t € [s,u|} of the
solution to (1.1) may be defined only in terms of X and {By,t € [s,u]}.

Let D = {(b,x) € R? : b= f(z)}. We will apply the results of Maisonneuve (1975)
to construct an exit system (H®?®,dL) for the process of excursions of (B;, X;) from the



set D. We will briefly describe the elements of the exit system. See Blumenthal (1992),
Burdzy (1987), Maisonneuve (1975), or Sharpe (1989) for various versions of excursion
theory. The first element of an exit system, H??’s, are excursion laws, i.e., H*? is an
infinite o-finite measure defined on the space C* of functions (eZ, e;X) defined on (0, )
(note that 0 is excluded) which take values in R? U{A}. Here A is the coffin state. Let
v be the lifetime of an excursion, i.e., inf{t > 0: (eZ,e*) = A}. Then under H**, we
have (eP,eX) € R? for t € (0,v) and (eP,eX) = A for t € [v,00), except for the set of
excursions of H%*-measure zero. The measure H"? is strong Markov with respect to
the transition probabilities of the process {(B:, Xt),t > 0} killed at the hitting time of
D. Moreover, the H>®-measure of the set of paths for which lim,|o(eZ, e;X) # (b, z) is
equal to 0. The second element of the exit system, dL, denotes the measure defined by
a non-decreasing process L;. The process L; is a continuous additive functional which
will be referred to as the local time for (B, X;) on D. The process L; does not increase
on any interval (s, u) such that (B,, X,) ¢ D for v € (s,u); in other words, L, = L,, for
such intervals.

Next we will study the excursion laws H%*. Note that we need to consider only
HY® with b = f(x). It is clear that eB # f(eX) for t € (0,v). Hence, X; is governed by
one and only one of the formulae given in (1.1), on the whole interval (0,v). In either
case, ef( is an exponential function or a linear transformation of an exponential function
for the duration of an excursion. Consider the process {(&;,eX)} := {(eZ — f(eX),e)}
under the measure H®®. Let H%® be its distribution (b will be suppressed in the
notation). Since H®® is strong Markov with respect to the transition probabilities
of the process {(B, Xt),t > 0} killed at the hitting time of D, it follows that the
distribution of & is an excursion law from 0 whose transition probabilities are those
for Brownian motion with drift —f(X;) killed upon returning to 0. Let H%® be the
excursion law on the paths {(&;, e;X)} such that eff = x, the function e is governed by
the same deterministic equation as in the case of H 0. “and the distribution of & is an
excursion law from 0 whose transition probabilities are those for Brownian motion with
no drift killed upon returning to 0. The only difference between H%* and H®?* is the
absence of the drift in the former one.

Let S(A) be the amount of time spent by & within (0, ), for small A > 0. Since
the drift — f(X;) under HO® ig bounded, it is not hard to see that the local properties
of excursions under H%® are similar to those of H%%. In particular, we have for some
pr € (07 OO), N

lim H®(S(\)/A = B,
since a similar result is true for HO=,

Note that H%® is the sum of two measures; the first one is supported on paths for
which &; stays above 0 and the other one is supported on the paths below 0. Let S~ (\)
be the amount of time spent by & within (=, 0). By analogy,

lim 707 (5~(\)/A = s,
where 33 is another normalizing constant. We will show that 2 = [1; this claim requires

a proof since the normalizations for the “positive” and “negative” parts of H 0.7 relative
to H%* might not agree.



Suppose that T is any stopping time for the filtration generated by L;, for example,
we may take £ > 0 and let 7™ be the stopping time inf{t > 0: L; > ¢}. Since L; does
not increase when By is away from f(X;), we must have By« = f(Xp+). In view of the
Lipschitz property of f, we have |f(Xp«yt) — f(X7+)| < c1kt, and so for small t we
have |f(Xp«i) — f(Xp+)| <t°/6. Let A; = A1(s) be the event that the first excursion
of (B, X;) from the set D after the time T* with |eZ — f(eX)| > t3/* for some t < v,
is such that e? > f(eX) for t < v. Let Ay be the analogous event with e < f(e;X) for
t < v. Let T'(a) be the hitting time of a for B; and let 6 be the usual Markovian shift.
We have for small s,

{T(Br~ + s3/* + 55/%) 0 Oy < T(Bpe — %%+ 5°/%) 0 0p. < T* 45} C Ay,
and

{T(Bp~ — s3/* — $5/%) 0 Oy < T(Bp 4+ s*/* — s°/%) 0 Op. < T* 4+ 5} C As.
It is easy to see that

lim P(T(Bp+ + s34 + 5°/5) 0 01 < T(Bp- — s%/* + 5°/%) 0 0. < T* +5)

s—0
= lim P(T(Br- — §3/* — §%/6) 0 Op. < T(Bp- + 3% — s/ 0 0p. <T* +5) =1/2.
It follows that
lin%)P(Al(s)) = HH(I)P(AQ(S)) =1/2.

Hence, as s goes to 0, the probability that the first excursion of ¢ after 7" which hits
s3/4 will come before the excursion which hits —s3/* converges to 1/2. Since T* is an
arbitrary stopping time for L;, the normalizations for the “positive” and “negative”
parts of H%® relative to H%®, must agree for almost all x (strictly speaking, they must
agree only on the set that may be charged by dL; but we can make them always equal
without loss of generality). This completes the proof that 81 = [s.

Even though we already know that both parts of HO* have identical normalizations
relative to H%%, the value of 3; is not yet determined. At this point we choose the
normalization so that we have

;ig})l';’o’gg(SO\))/A = ;13%)}70@(5—@))/,\ =1

We choose the normalization of the local time to match that of the excursion laws so
that we can apply the excursion system theory. The last formula implies, just like for
the standard local time of Brownian motion at 0, that

1
My ), Lmemsxoeoayds = Le, (2.1)

with probability 1, for every t > 0.



Now we apply the results from excursion theory proved above to show the unique-
ness of X;. Suppose that X; is another Lipschitz solution starting from the same point
X§ = xo = Xp. First we prove that the set @ of times ¢ such that B; = f(X;) has zero
Lebesgue measure. Fix arbitrarily small a > 0. Consider n > 0, to be specified later.
Note that for any integer j,

F(Xyes) — PG| < erks.

By conditioning on the values of Bj, and X7, , and by using Brownian scaling, we obtain
for all integer 7 > 0,

P(Bjyts € [f(X],1s) — c1ks, [(XF, 1) + ciks]) < a,

provided s < n and 7 is sufficiently small. Hence, the expected value of fg 1ip,=f(x*)ds
is less than at. The estimate holds for arbitrarily small a and so the expected value of
the integral is 0. By the Fubini theorem, the set () has zero Lebesgue measure, with
probability 1. Let @ be the set of all ¢ such that B, = f(X]) or By = f(X;). Clearly,

the same argument shows that @ has zero measure.

For every s € [0,#] \ @, the derivatives 2 X* and 2 X, exist and are defined by
(1.1). Recall that X; is the maximal Lipschitz solution and so X; > X/ for all t. It
follows directly from (1.1) that if By < f(Xy) < f(X}) or f(X:) < f(X[) < B; then

%X{k > %Xt. On the other hand, the condition f(X;) < B; < f(X;) implies that

%X,;“ < %Xt. However, we always have %Xt - %X,;" < 2k. In view of the fact that Q
has zero measure, we do not need to analyze other cases for the relative position of By,
f(X¢) and f(X;). We obtain

t
(Xe —X7) - (Xs—X7) < / L{f(xX.)<Bu<f(Xz2)y2kdu.

Let U(s) = inf{t > 0: Ly > s}. In view of (2.1) we can find small A\ > 0 such that
1 [U(/16ek)

o\ 1B, —f(x.)e(0,20)}1d8 < 2Ly (1/16¢,k) = 1/(8c1k).
0

Let V =U(1/(16¢1k)) Ainf{t > 0: |f(X:) — f(X;)| > 2A}. Then
1%
(Xv — Xy) — (Xo— Xg) < /0 L{f(Xu)<Bu<f(x2)y2kdu
\%
S/ LB, —f(x.)e(,20)) 2kdu
0

U116k
< / (B, - f(X.)e(0,22)} 2kdu
0
< 4XKk/(8c1k) = A/(2¢c1).

Since Xy —X{, < A/(2¢1), we must have | f(X¢)—f(X7)| < A/2,andso V = U(1/16¢1k).
Since this is true for arbitrarily small A > 0, we conclude that X; = X for ¢ <



U(1/16¢1k). An induction argument based on the strong Markov property applied at the
stopping times U(j/16¢1k), j = 1,2,..., shows that X; = X] for t < U((j + 1)/16¢1 k)
and every j > 1. This implies that X; = X} for all¢. O

Proof of Lemma 1. Assume first that X} = 21 > 2o = X2. Let T be the first time ¢
when X! = X?. We will argue that T'= co. On the interval [0,7T') we have X} > X?.
Hence, for any t € [0,T), except a set of measure zero, we have either
() By < f1(XD) < f1(X2) < fo(X2); or
(i) fi(X)) < Ai(XP) < fo(XP) < By o
(i) £1(X}) < B < f2(X?)
In cases (i) and (ii), we have

d(X! — X?)
T = _k(th - Xt2)7

while in case (iii),

1 2
% =k(1 - X}) +kX? > —k(X] — XP).
It follows that X! — X? > (z1 — x2)e ¥ for t < T, and so T = oo.

Now consider the case when X3 = X2 = x¢. Let X* be the solution of (1.1) defined
relative to f1, the same Brownian motion By, and such that XJ = xz9 + 1/n. By the
first part of the proof, X* > X? for all ¢ a.s. Now let n go to infinity. Let X; be the
limit of a subsequence of X/*. The limit exists for a subsequence because all functions
X[ are Lipschitz with constant k. One can prove that X} is a solution to (1.1) starting
from zg just like in the proof of Theorem 1. By uniqueness, X; = X}. Since all the
functions X[ are greater than or equal to X2, we must have X} > X2 a.s. O

Proof of Lemma 2. We will deduce part (i) from Lemma 1. The condition B; > f(X;)
is equivalent to By > f(X;) — b, and this may be rewritten as B; > f;1(X;), where
fi(z) = f(x) —b. Since f1(z) < f(z), Lemma 1 implies that X" > X;. The assertion
)Af? ¥ > X, follows directly from Lemma 1.

For part (ii), take any sequence {(by,,z,)} such that b, — 0 and z,, — 0 as n goes

J

b
to infinity. For a fixed ¢, there exists a subsequence {(b,,,=n;)} such that X,
converges. By extracting further subsequences and then using the diagonal method
we can obtain a subsequence {(b},z/ )} of the original sequence {(b,,z,)} such that

’

Sbl .. . . .
Xm7™ converges to a limit X} for every rational s > 0. The convergence is uniform on

’

compact sets because all functions 555'”’””" are Lipschitz with constant k. We see that
X must be a solution to (1.1) by the same argument as in the proof of Theorem 1. By
uniqueness, X = X, for all s. Since the same is true for any initial sequence {(b,,z,)},
we conclude that )Z'f ¥ converge to X; a.s., uniformly on compacts.

The proof of part (iii) is completely analogous to that for part (ii). One can show
that for every subsequence of )?ZI, there is a further subsequence which converges and,



moreover, it converges to a solution of (1.1). The argument is finished by invoking the
uniqueness of the solution. O

Lemma 3. Let excursion laws H%® be defined as in the proof of Theorem 1 but relative
to the solution of (1.2) in Theorem 2. Fix arbitrarily small ¢ > 0 and x € (0,1 — ¢).
Let A be the event that for the excursion (eP,eX) with lifetime v under H*®, we
have lim,_,,,- e;* > 1 —¢. Assume that the derivatives f| of the functions in (1.2) are
uniformly continuous, with the modulus of continuity independent of k. Moreover, we
assume that | f; (x)| > co, where ¢o > 0 is independent of x and k. Suppose b, = fi(x).
There exists an absolute constant o € (0,00) such that

ku’w(A)
lim =1
5 al fL (@) (1 — )

The convergence is uniform in x on every interval (0,1 —e1) C (0,1 — ¢).

Proof. To simplify the proof, we will consider only the case when \ = limg_, o, A\x = 1.

Let g7 = fi.(1 — (1 — 2) exp(=Axt)). The function ¢g* may be represented as
fx(XF) where X} is the solution to (1.2) starting from X% = z, and assuming that the
first condition in (1.2) is always satisfied, i.e., BF > fx(X[) for all t > 0. The derivative
of ¢¥* is a continuous function of ¢ and its value at ¢ = 0 is [r(@)Ag(1 — ). Let Ty,
be the first time ¢t > 0 with BF = f;,(XF), assuming B = b and X} = y. Let 74 be the
first time ¢ when Xf >1—c.

Fix an arbitrarily small £ > 0. We will show that there exists n > 0 such that when
ly— x| <n, k>1/n, and 08 < b— fr(y) < o}, then

(L= = frW)B < P(Toy > 1) < (14+8)b— fu(y))B, (2.2)
where
B =Bk, z,0%) = 2|f.(x)|(1 - z)/o}.

Consider a small ¢ > 0 whose value will be chosen later in the proof. Assume that
|y — x| is sufficiently small so that one can find small u > 0 (not depending on k) such
that for any t; € (0, u),

<[4/ o] < [+ O g™l
= (L4 QUM 2) < (14 O @)](1 ).

0 4k
‘agf’ |t=t,

Let K be the line passing through (0, fz(y)) with the slope (1 + ¢)f.(z)(1 — z).
Let A; denote the event that the process t — (t, BF) intersects K for some t > 0, and
let Ay be the event that the process (¢, BF) intersects K at some time ¢ greater than
u. In view of our assumptions on the derivatives of fi’s, we must have 7 > u, if u is
sufficiently small. This and the fact that K lies below the graph of g7 for t e (0,u)
imply that the event {71}, < 73} contains A; \ As.



The probability that Brownian motion B; with drift x4 > 0, variance o2 > 0,
starting from B; = b > 0, will ever hit 0 is equal to

exp(—2bp/0?), (2.3)

by a formula from page 362, Section 7.5, of Karlin and Taylor (1975). In particular, the
probability of this event is strictly between 0 and 1. The formula (2.3) applies also to
lines with a constant slope, with the drift of Brownian motion being increased by the
slope of the line.

Assume that k is so large that |ux| < (14 )| f.(x)|(1 — x)/4. An application of
(2.3) gives

P(A1) = exp(=2(b — fr)[|(1 + O fe (@)1 — )| + prl /7).

In order to estimate the probability of A5, we will apply the Markov property at time
u. Either the Brownian motion decreases by more than |u(1 + ¢)fi.(z)(1 — x)/2| units
over the interval (0,u) or its distance from K at time u is greater than this quantity.
A standard estimate shows that for v > 1, the probability that the normal distribution
deviates by more than v standard units from its mean is bounded above by exp(—v?/2).
We have assumed that & is so large that the absolute value || of the drift of BY is less
than |(1+¢) fi(x)(1 — x)/4|. Hence if the Brownian motion Bf decreases by more than
|u(1 + ) fr.(z)(1 — x)/2| units over the interval (0,u) then its value at time u is more

than .
u(l + ) f(#) (1 — ) /4]
\/EO'k
standard units away from its center. The probability of this event is bounded by
exp(—u[(1 + ) fr(2)(1 — 2)]*/(3207)). (2.4)

If BY is more than u(1 + ¢)|fi(x)|(1 — x)/2 units above K then the probability that it
will ever hit K after time u is bounded by

exp(—2(u(l + )| (@)1 — 2)/2)[[(1 + O) fe (@)1 — )| + pl/o7), (2.5)

by (2.3). The probability of A is bounded by the sum of (2.4) and (2.5). Since
02 <b-— fr(y) < U,‘i, it is elementary to check that for z < 1 — ¢ and large k, the sum
of (2.4) and (2.5) is less than ((1 — P(A;)). It follows that

P(Tyy > 1) <1—(P(A1) — P(A2)) < (1+¢)(1 = P(41)).
Thus
P(Tyy > 7) < (141 —exp(=2(b — fe()I(L+ Q) fi (@) (1 — 2)| + pr) /07)).

In view of 0¥ < b— fx(y) < o}, this gives for large k,

P(Thy > i) < (140200 = fe() (1 + 20)|fi(2)|(1 = z) /7).



Since ¢ can be arbitrarily small, we obtain for any £ > 0 and large k,

P(Tyy > 1) < (148200 — fu()|fe(@)|(1 — 2)/o}.

This proves the upper bound in (2.2).

The proof of the lower bound in (2.2) proceeds along similar lines. We consider a
small ¢ > 0. Suppose that k is sufficiently large so that A\ > (1 —¢)/(1—(/2). Assume
that |y — z| is sufficiently small so that one can find small © > 0 (not depending on k)
such that for ¢; € (0,u),

> (1= /) 2 gt ¥ | > (1~ ¢/2) 2 g7
=10~ ¢/ fM1 — ) > (L= QU@ — 7).

Let K; be the line passing through (0, fx(y)) with the slope (1 — ¢)f.(z)(1 — z) and
let K5 be the horizontal line passing through the point (u,¢%*). Let A; denote the
event that the process (t, BF) intersects K; for some ¢ > 0, and let Ay be the event
that (¢, BF) intersects K at some ¢ € [u, 73,]. Since K; lies above the graph of g¢* for
t € (0,u) and K, lies above the graph of g¥* for t € (u,7;), the event {Ty < 71} is
contained in A; U As. We have, by (2.3),

0 4k
)agf’ |t=t,

P(Ay) = exp(=2(b — fr(y))[(1 = Olfp(@)|(1 = ) + pil/o7)-

In order to estimate the probability of Ay, we will apply the Markov property at time
u. Either the Brownian motion decreases by more than u(1 — {)|f.(z)|(1 — x)/2 units
over the interval (0,u) or its distance from Ks at time u is greater than this quantity.
Suppose that k is so large that the absolute value |uy| of the drift of B is less than
(1 —=Q)|fi(x)|(1 —z)/4. Then if the Brownian motion decreases by more than u(1 —
Q)| f7.(x)|(1 — 2)/2 units over the interval (0,u) then its value at time u is more than

u(l = Q)| fp(x)|(1 — ) /4
Vuoy,

standard units away from its center. The probability of this event is bounded by

exp(—ul(1 — ) fi(2)(1 — )]/ (3207)). (2.6)

Note one can find a constant t; < oo which depends on € but does not depend on k
or z and such that if Xf = gf’k for all ¢t < 7, then 7, < t1 a.s. Let K3 be the horizontal
line which is u(1 — ¢)|f.(z)|(1 — x)/8 units above K,. Assume that k is so large that
the absolute value |px| of the drift of BY is less than u(1 —¢)|f;(z)|(1 —z)/(8t1). Then
the absolute value of the integral of the drift uj over the interval (u, 7)) is bounded
by u(1 — {)|fi(z)|(1 — x)/8. It follows that the probability that the Brownian motion
with drift px and starting from By = b, will hit K5 after time uw but before time 73 is
bounded by the probability that Brownian motion with no drift starting from the level
BF will hit the line K3 before time ;. This probability is in turn bounded by two times



the probability that the Brownian motion with no drift starting from the level B* at
time u will be below K3 at time u+t;. If B¥ is more than u(1—¢)|f/.(z)|(1 —x)/2 units
above Ky then it is at least u(1 — ()| f,(2)|(1 — x)/4 units above K3. If this condition
is fulfilled, the probability that the Brownian motion with no drift is below K3 at time
u + t1 is bounded above by

exp(—(1/2)[u(1 — Q) fi(2)(1 — @) /4]*/ (t107)). (2.7)

In view of our previous remarks, a bound for the probability of A may be obtained
by multiplying (2.7) by 2 and adding it to (2.6). If b — fi(y) € [0%,0¢] and k is large
then the sum of (2.6) and two times (2.7), and so the probability of As, is less than
(1 = P(Ay)). It follows that

P(Tyy > 1) 2 1= (P(A1) + P(A2)) 21— P(A1) —((1 - P(A1)) = (1= Q)1 = P(41)).
Thus

P(Thy > 1) 2 (1= (1 = exp(=2(b — fu()[(L = Ol fe(@)|(1 = 2) + ] /o).

For b — fi(y) < of and large k, this gives

P(Tyy > 1) 2 (1= 0?20~ fr(y) (1 = 20)|fi(2)|(1 - 2)/07).

Since ( can be arbitrarily small, we obtain for any & > 0 and large k,

P(Tyy > 1) 2 (1= )2(b — fu(y)|fe(@)|(1 — x)/o}.

This proves the lower bound in (2.2) and so the proof of (2.2) is complete.

We will use (2.2) to estimate the H*®-measure of excursions whose second com-
ponent exits the interval [0,1 — €] before the lifetime of the excursion. By the abuse of
the notation, we will refer only to the first component and ignore the second compo-

nent of the excursion (ef,e;¥) under the excursion laws. We recall from the proof of

Theorem 1 that locally near the starting point, the excursion laws HOw may be approx-
imated by the excursion laws H 0% of Brownian motion with no drift. The renormalized
H%7_distribution of the excursion at time ¢ > 0, truncated to excursions with lifetimes
exceeding ¢, is the same as the distribution of Brownian motion starting from 0 and con-
ditioned not to return to 0 before time ¢. By scaling, this distribution is the same for any
t, up to the usual Brownian scaling factor, and so it has a density q(z/oxvt)/(orV1).

The H"-mass of excursions which have lifetimes greater than t > 0 is a constant times
o1/ ﬁ, assuming that for any o; we normalize the local time to be the density of the
occupation measure. It follows that, for small ¢, we can approximate the density of
HO*_excursions and also of H%?-excursions by ¢(z/ox\/t)/t. We will apply the Markov
property at t = Jio because a typical excursion position at the time ¢ = U,io is 02 away
from the starting point, and so we can apply formula (2.2). By applying the Markov

property at time t = ;0 we see that the ratio of H>*(A) and

[ AR @0 =)/ ot ool



converges to 1 as k — oco. The last quantity is equal to

[fi(2)|(1 — ) /000(22/0;3) la(z/0y) /oy’ )dz = ol fr(2)|(1 — @).

Recall that we considered only the case when A\ — A = 1 to see that this completes
the proof. O

Proof of Theorem 2. (i) In order to simplify the notation, we will assume in part (i)
that A = limk_)oo )\k = /): = limk_wo /):k =1.

Fix some arbitrarily small p; > 0 and ¢y > 0. We will show that for large &k the
random time Té“ is less than ty, with probability greater than 1 — p;. Suppose that
M > 1 is a large integer whose value will be specified later. Recall the meaning of ¢
from the statement of the theorem and let t; = to/(2M). If B¥ # fi(XF) for all s in
some interval (s, s2) then s — X is monotone on this interval and it is an exponential
function or a linear transformation of an exponential function. It is easy to see that
for any given ¢; we can find kg < oo such that for k > ko, if B¥ # fp(X%) for all
s € (s1,s81 +t1) then we must have TF < s; + t;, no matter what the value of Xfl is.
From now on we will assume that k& > ko(t1).

Find ¢; > 0 and cp € (0, min(xg — co, 1 — cg — 7)), such that |f.(z)| € (e1,¢!)
for x € [zg — c2,x0 + 2] and k greater than some ky. We will assume without loss of
generality that t; < co/2. Recalling that xlg — xp we see that the endpoints of the
interval [fx(zo + c2/2), fu(xo — c2/2)] are at least cico/4 units away from fi(x%), for
large k.

Let Sp =0, and for j > 1, let S; be the smallest ¢ € [S;_1 —f-O']%, Si—1 —1—0,% +t1] with
Bf = fi.(XF). If there is no such ¢, we let S; = S;_1 + 07 +t1. Let A; = {TF > S,}
and Cj = {B’gj € [fx(zo + c2/2), fr(zo — c2/2)]}. We have

P(A;) = P(A; N A;_1 (... N Ao) (2.8)

SP(AjﬂCjﬂAj,1ﬂijlﬂ...ﬂAoﬂCo)—i—P([CjﬂCj71ﬂ...ﬂC()]c)
J

= HP(Amﬂom|Am_lﬂcm_lﬂ...ﬂAoﬂCg)—f—P([CjﬂCj_lﬂ...ﬂCQ]c)
m=1
J

<[] PAm | A1 NCroaN...NAg N Co) + P(IC; N Cioy N ... N Col®).
m=1

Recall that BY = fi.(zk), the points xf converge to g, and

[fe(x6) — crca/4, fr(x() + crca/4] C [fr(wo + c2/2), fr(zo — c2/2)],

for large k. As k goes to infinity, the variance and drift of BF go to zero. Hence we may
and will assume that k is so large that the probability that BY is outside the interval
[fr(xo + c2/2), fru(xo — c2/2)] for some s € (0,%g) is less than p; /2. This implies that

P([CJ ij—l ﬂﬂCo]C) §p1/2 (29)



Next we will estimate P(A,, | Am—1 N Chr_1N...N Ay N Cy). Let us assume
that the event A,,_1 N Ch—1N...N Ag N Cy holds. We will further condition on the
value of B§ ~and X§ . Since we are assuming that Cp,_; holds, we must have

BE € [fu(zo + c2/2), fr(xo — c2/2)]. We will assume without loss of generality that
Blgm_l > fr(X g‘lm_l); the opposite case may be treated in an analogous way. Recall

that s — X% is a Lipschitz function with constant 1, and the Lipschitz constant for fy,
is cl_l, on the interval [xg — c2, g + c2]. Thus,

Fe(XE, ) < fo(XE, ) +eis,
for s < co/2. If k is large enough so that a,% < ¢2/2 then
SeXE, o) < Fu(XE, ) e (2.10)

Suppose that k is sufficiently large so that and |ux| < 1. The variance of BF is
equal to toi, SO
P(B: —BE  >2c'07) > pa >0,

2
m—1+0-k

provided k is sufficiently large. This and (2.10) yield
P(BS, 102 = (XS, 102) > c1'0%) > p2. (2.11)
For sufficiently large k£ we obtain from (2.10),

Fe(X§, o) < fu(X§, ) +elor < BS e log
< fr(xo — c2/2) + 1 top < fr(wo — c2),

and so X g > xo — co. Note that for large k£ we have

7n—1+0'i
0 b :
afk(Xt )| > (c1/2) min(zo, 1 — xo) = c3,

provided X} € 19 — co, 10 + co] and BF # f1,(XF). Let K be the straight line passing

through the point (Sp—1 + of, fu(XE 4+o2)) with the slope ¢4 = —c3/2. Recall that
m— &

we have assumed that t; < co, that s — X% is Lipschitz with constant 1, and that the

absolute value of the derivative of fi on [xg — c2,x0 + c2] is greater than ¢;. All these

facts imply that if ka_1+a§ € [zo—ca, mo+c2/2] and if Bgm_1+aﬁ+s > fk(Xgm_lJrngrs)
k

for all s € (0,¢;) then Xsm,1+02+s

of the function fi,(XF) stays below the line K for s € (Sp,—1 + 02, Sm_1 + 0% +1t1). By
monotonicity, the same is true if we relax the assumption X§ 402 € [o—C2,T0+C2/2)]
m— k

€ [xo — 2,20 + ¢2] for s € (0,¢1) and so the graph

and suppose instead that X g > xg — co. It follows that if the Brownian motion

k
Sm-1t+07+s

fe(XPF) before the time S,,—1 + o2 + t1. This would imply that TF < T,,. Hence, the

m—1+0'i

stays above the line K for all s > 0 then it cannot cross the graph of



(conditional) probability of A,, is less than the probability of hitting K at any time
greater than S,,_1 + o;. We estimate the last probability using (2.3). Let us assume
that

k k -1 2
B, vt = S, i) > R

as in (2.11). For large k, the absolute value of drift of B¥ is bounded by |c4|, the same
quantity as the slope of K. The probability of hitting K is therefore less or equal to

2(cy "o |24

exp(——2>=p3<1.
Ok

This and (2.11) give,
PAn | Ap_1NChr1N...NAgNCoy) < (1 —p2) + paps = pg < 1.
Combining this with (2.8) and (2.9) yields
P(An) < pi' +p1/2.

We now choose M so that p}! < p;/2 and then we choose large k so that Mo? < to/2
to obtain

P(Tf > to) < P(TY > M(o®/k+t1)) < P(T¥ > Su) = P(Ay) < p1.

This completes the proof of part (i) of Theorem 2.

(ii) We have just proved that the bifurcation time T} converges to 0 in distribution,
as k goes to infinity. By the continuity of Brownian paths, the position of the Brownian
motion at the bifurcation time converges to xg, in distribution. Lemma 3 shows that
the ratio of the mass that the excursion laws give to excursions bifurcating upward to
the mass given to excursions going downward and starting from the same point z has

the same limit as )
alfi(xo)| k(1 — o)

ol f1.(x0) Awo

which is
/\(1 - (Eo)

)\x()
assuming that x — xg and k — oo. The processes of upward excursions and downward
excursions are independent Poisson processes with random intensities. The ratio of the

intensities converges to the quantity in (2.12), in distribution, on the whole interval
[0, T¥]. This implies that the ratio of the probability of having an upward bifurcation

: (2.12)

to the probability of having a downward bifurcation converges to A(1 — z)/Azo. O

Proof of Corollary 1. By the Girsanov theorem, the distribution of B, on any finite
interval [0, £] is mutually absolutely continuous with the distribution of B, (see Karatzas



and Shreve (1988)). The properties of solutions to (1.1) proved in Theorem 1 and
Lemmas 1 and 2 hold with probability 1, so they hold when we replace B; with Et.

The argument used to prove the original Theorem 2 can be used to prove its new
version, when we replace B* by B¥. We will limit ourselves to the observation that
the drift of B* is a continuous function of the value of the process and is effectively
bounded on a bounded time interval as the values for the drift when B* is outside a
finite interval are irrelevant to the estimates. With this fact in hand it is not hard to
modify the original proof but the details are left to the reader. O

Proof of Proposition 1. We will only sketch the proof as it is quite standard. See
Billingsley (1968) for the methods applied below. We will only deal with the maximal

solution X, to (1.3) with A and f replaced by A’ and f, and Aj = b’ X, = a'.
Let P? be the joint distribution of the pair of processes (Ai,yz) It is easy to prove
the tightness of the sequence of measures P' as A! converge to Brownian motion by

assumption and 7; are Lipschitz. Let P be the limit of some convergent subsequence of
P?. The first component of the process under P is a Brownian motion and the second
one is a process with Lipschitz trajectories. We can prove that they satisfy the equation
(1.1) by using the same argument as was used for sequences of approximate solutions
in the proof of Theorem 1. By uniqueness of the solutions to (1.1) (see Theorem 1), the
whole sequence P* converges to P.
In order to finish the proof, it remains to check the uniform integrability of

®(xf,b%; A%, f). This is a standard excercise in view of the Gaussian estimates for the
tails of the one-dimensional distributions of Brownian motion and the Lipshitz character

of both X; and g. O
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