A SKOROHOD-TYPE LEMMA AND A DECOMPOSITION

OF REFLECTED BROWNIAN MOTION
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Abstract. We consider 2-dimensional reflected Brownian motions in sharp thorns
pointed downward with horizontal vectors of reflection. We present a decomposition of the
process into a Brownian motion and a process which has bounded variation away from the

tip of the thorn. The construction is based on a new Skorohod-type lemma.
1. Introduction

We will present a construction of reflected Brownian motion (RBM) Y in a two-
dimensional thorn pointing downward with horizontal vectors of reflection. In the special
case when the thorn is a wedge, the results of Varadhan and Williams [10] show that
the process exists, visits the vertex infinitely often and does not have a semimartingale
representation. It is also known that if the vectors of reflection in a wedge do not point at

each other then Y has a semimartingale representation if and only if there is a convex
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combination of the directions of reflection that points up into the wedge away from the
corner (see Williams [11]). In a sense, we are dealing with the critical case in this paper.
Our construction of RBM Y; in a thorn shows that when the thorn is a wedge, Y; can be
decomposed into a sum of Brownian motion X; and a continuous process (K;,0) which
is of bounded variation strictly inside the excursion intervals from the vertex. This type
of decomposition may be of interest because the stochastic calculus has been generalized
to some extent to processes which are sums of martingales and continuous processes with
zero quadratic variation (see, e.g., Follmer [6] and Nakao [8]). We do not know whether
our RBM belongs in this class of processes. We will examine the variation of K; over a
single Y-excursion interval from the vertex — it may be finite or infinite depending on the
thickness of the thorn.

The main idea of the construction of RBM in a thorn is based on a new Skorohod-type
lemma. We start with a review of the classical result.

Suppose that z > 0 and z(-) = {x(¢);0 <t < oo} is a real-valued continuous function
such that z(0) = 0. Skorohod’s Lemma states that there exists a unique continuous
function k(-) = {k(t);0 <t < oo} such that

(i) y(t) = z+z(t) + k(t) > 0,
(ii) k(0) =0, k(-) is nondecreasing, and

(iii) k(-) is flat off {t > 0; y(t) = 0}.

ThlS fllIlCliOIl is given by
t) = — + <t .
k( ) ma,X[O, Ii}ai(t{ (Z x(s))}}’ O < 0

In the case where x(-) is standard Brownian motion starting from z > 0 the process y(-) is
equivalent in law to |z + z(-)|. In particular, y is a semimartingale representation of RBM

in Ry = [0, 00).



Skorohod’s Lemma is an analytic result not relying on Brownian motion. Therefore
it is reasonable to conjecture that a 2-dimensional version to Skorohod’s Lemma might
exist for thorns, even in cases where it would give an expression for RBM when no semi-
martingale representation exists. In these cases the function analogous to k(-) would not
be locally of bounded variation.

We prove a “two-sided” version of Skorohod’s Lemma for functions X (-) taking values
in R2 = {(z,y) : y > 0}. Suppose that L and R are continuous real functions defined on

[0,00) and such that L(0) = R(0) =0 and L(y) < R(y) for all y > 0. Let D be given by
(1.1) D={(z,y) eR*:y>0,L(y) <z < R(y)}.

Let OD' = {(z,y) € 0D : x = L(y)}, 0D? = {(z,y) € 0D : x = R(y)} and let D° be the
interior of D.

We remark parenthetically that the assumption of continuity of L and R is not used
in the paper in an essential way. We imposed it in order to avoid jumps in the reflected
Brownian motion in D. Burdzy and Marshall [1] discuss some domains in which RBM

may have jumps on the boundary.

Theorem 1. Suppose L, R and D satisfy the above conditions. Let z € D be a given
point and suppose X : Ry — R? is a continuous (non-random) function with X (0) = z.
Then there exists a unique continuous real-valued function K(-) = {K(t); 0 < t < oo},
such that
(i) Y(t) = X(t)+ (K(t),0) € D; 0<t< o0,
(ii) K(0) = 0, K(-) is nondecreasing on {t > 0 : Y (t) ¢ dD?} and is nonincreasing on
{t>0:Y(t) ¢ OD'},

(iii) K(-) is constant on each maximal time interval in {t > 0: Y (t) € D"}.

Without loss of generality we will restrict to processes X that are reflecting Brownian

3



motions in the upper half-space. Such a process can be obtained from an ordinary Brow-
nian motion starting in the upper half-space by applying the Skorohod reflection mapping
(discussed at the beginning of the introduction) to the vertical component of the Brownian

motion.

Theorem 1 is a purely function-theoretic result. Let X = (X3, X2). Defining K (t)
up until the first time X5(t) = 0 is straightforward. One can use a simple modification of
Skorohod’s Lemma to define the push necessary to keep the function inside D if we have to
deal with only one part of the boundary D! or D? at a time. Since X is continuous, the
time that elapses between the consecutive visits of Y to the opposite sides of the boundary
OD' and OD? is strictly positive as long as X, stays away from 0. The difficulty arises,
e.g., when we try to define K for functions X starting from (0,0). We may need an infinite
amount of push in both directions just after the clock starts. We will show in Theorem 3
(i) that this possibility is indeed realized in some cases. It seems that one cannot define
K in such cases using an elegant formula. Instead, we will define it as the limit of an

approximating sequence.

Generally speaking, an RBM is thought of as a continuous process in a domain G
which behaves like Brownian motion in the interior of G' and reflects instantaneously at the
boundary of G in some given direction. There are many precise mathematical definitions of
an RBM which incorporate these properties. One frequently used definition is to describe
RBM as a family {P, : x € D} of solutions of a submartingale problem (see (3.1)-(3.3)
below).

Suppose X (-) is RBM in R2, D is a closed set satisfying (1.1) and Y'(-) is a pathwise
transformation of X defined as in Theorem 1. Let 2p be the set of continuous functions w
from [0, 00) into D. Let M denote o{Z; : 0 < t < oo} where Z;(w) = w(t), 0 < t. Denote

by @, the probability measure on (2p, M) which is the law of Y'(-) in D starting from z.
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Theorem 2. Let Y and the family {Q. : z € D} be as defined above. Then {Q. : z € D}
is a solution to the submartingale problem on D starting from z € D. Moreover, Y is
a continuous process that behaves in the interior of D like a Brownian motion and it
is confined to D by reflection at the boundary in horizontal directions on 0D \ {0} and
vertical reflection at the origin. Furthermore the origin is a point of positive recurrence

and Y spends zero Lebesgue time there.

Consider a wedge D C Ri with neither side horizontal. For any fixed ¢ > 0, it follows
from the results of Varadhan and Williams [10] that on [0,¢] the total variation of K is
not locally of bounded variation if Y visits 0 at some time in this interval. It follows from
Proposition 1 below that the same is true for every domain D; contained in such a wedge.

However, this does not mean that K is of unbounded variation during any single excursion

from 0 by Y.

Theorem 3. Suppose X is RBM in R, L,R and D satisfy (1.1), and K and Y are
defined as in Theorems 1 and 2.

(i) Suppose there exists € > 0 such that

R(y) — L(y) <y”

for y € (0,€). Then, the total variation of K(-) during any single excursion of Y from
0 is infinite a.s.

(ii) Suppose there exist a < 2 and € > 0 such that

R(y) — L(y) > y*

for y € (0,€). Moreover, assume that both L and R are Lipschitz functions. Then,

the total variation of K(-) during any single excursion of Y from 0 is finite a.s.
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Suppose that (a,b) is an interval of a Y-excursion from 0, i.e., Y(a) = Y (b) = 0 but
Y (t) is not equal to O for t € (a,b). It is easy to see that the total variation of K is finite
on every interval (a1,b;) where a < a; < by < b.

It is not hard to construct an example showing that Theorem 3 (ii) is false without the
Lipschitz assumption on L and R. However, Proposition 1 below shows that the conclusion
of Theorem 3 (ii) holds under a much weaker assumption. We will show that the total
variation of K is monotonic with respect to regions. For any 0 < s < ¢t < oo the total
variation of K over the time interval [s, t] will be denoted by K [s,t]. Suppose that (Ly, Ry )
and (Lg, Rg) are two pairs of functions satisfying the same conditions as L and R and let

D, and Dg be the corresponding domains defined by (1.1).

Proposition 1. Suppose D, and Dg are defined as above and D, C Dg. Assume that
z € Dy and X : Ry — R2 is a continuous function with X (0) = z. Let K, (-) (resp. Kg(+))
denote the function defined in Theorem 1 for X and the set D,, (resp. Dg). Suppose that
(a,b) is a maximal open interval in the set {t > 0 : X5(t) > 0}, i.e., (a,b) is an interval of
a Y-excursion from 0. Then

Ksla,b] < Kula, ).

For a > 1 let
(1.2) Co={(z,y) 1y > |z|"/}.

DeBlassie and Toby [4,5] proved that RBM in C, starting from the origin with normal
direction of reflection has a semimartingale representation if and only if a < 2. The RBM
Y in C, with normal direction of reflection and starting from 0 never returns to this point
so we can think of it as a single excursion from 0. The result of DeBlassie and Toby says
that if a < 2 then Y can be represented as Y = X 4+ K where X is a Brownian motion

and K is a process with a finite variation on any interval (0,t), where ¢ < co. If a similar
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decomposition of Y existed for a > 2, the process K would have to have infinite variation
over any interval (0,t) where ¢ > 0. At an intuitive level, our Theorem 3 is very close to the
result of DeBlassie and Toby because the normal vector in C, is very close to horizontal in
a small neighborhood of 0. In our case, Cs is also the critical domain. The methods used
in both papers are quite different, though. The approach of DeBlassie and Toby is based
on Ito’s formula and some very accurate estimates for analytic functions. As a result, it is
limited to thorns C, defined in (1.2).

We prove Theorems 1-3 and Proposition 1 in Sections 2-5.

The constants ¢y, ca, ... will be always strictly positive and finite. They may change
values from one proof to another.

We would like to thank Dante DeBlassie and Davar Khoshnevisan for the most useful
advice. We are grateful to the referee for a very careful reading of the paper and a number

of important improvements.

2. A Skorohod-type lemma.

First will be given a construction of the function K (t) satisfying (i)-(iii) in Theorem 1.
Next, K(t) will be shown to be the unique function with such properties. Assume L, R,
z = (21,22), D and X(t) = (X:1(t),X2(t)) satisfy the assumptions of Theorem 1. Let
B ={t>0:Xs(t) =0} and let A denote the set of left endpoints of the maximal open
intervals in (0, 00)\B. The set A is countable. If it does not contain 0, we may represent
it as A = {a, : n > 0} (a,’s are not ordered in any particular way). If 0 is an element of
A then we will let A = {a, : n > 0} with ag = 0. If the set A is finite, we set a,, = oo for

any n greater than the number of elements in A. Let

gr =sup{s <t:se A}, sup () = —oo0,
d; = inf{s > t: s € B}, inf ) = oo,
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T() = inf{t Z 0: Xg(t) = O}

For each t ¢ B, there corresponds exactly one n such that a,, = ¢g;. If n and ¢t are
related in this way, let b,, = d;.

We will define K as the uniform limit of a sequence of continuous functions Kj;.
Further, each K; will be defined as a countable sum of functions, K*. Each K!'(-) will be
identically zero outside (a, b, ). The function K*(-) represents the amount of push in both
directions which is necessary to add to the excursion of X over (a,, b,) in order to keep Y’
inside D. The idea of its definition is quite simple (it is essentially identical to that in the
classical Skorohod Lemma) but the formal definition is quite complicated. Neverthless we
feel obliged to present it.

Fix some n > 0. Find ¢; such that R(e;) — L(¢;) = 27 and R(y) — L(y) < 27 for all
y € [0,¢;]. By the definition of D, if i — oo then ¢; — 0. The characteristic function of a

set U will be denoted by Iy. Let
7 =1inf{r > a, : Xo(r) > €},
[7(t) = IBen(a, mnab,) (1) (L(Xa2(t) — X1(1)).

i,n
m

M

v and K,". We shall write 7, 0,,, un, and K; for 7%, o

Below will be defined %", u

ul" and K;"" in cases where there is no ambiguity. Let

“wn __ n
Og = T

uy"™ () = L(X2(7)) = Xa(r) + sup {L(Xa(r) = Xi(r) = L(Xs()) + X1 (1)} V O,

ol =inf{r > 7 X(r) + (ui(r),0) € HD?},

ub™(t) = Sgpq{Xl (1) = R(Xo(r)) + u1(o1)} V0,

l
KMt =10 + > (=1 M (om A (o, b0 (1),
m=1
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where if m is odd

um(t) = sup {L(X2(r)) — X1(r) = Kpp—1(0m-1)} VO,

Um—lSTSt

Om =1inf{r > o1 : X(r) + (Km-1(0m-1) + um(r),0) € 9D?},
but if m is even

um<t) = sup {Xl (T) - R(XQ(T)) + Km—l(am—l)} V0,

Um—lSTSt

Om =1inf{r > 1 : X(r) + (Km-1(0m-1) — um(r),0) € OD'}.

We now consider the case where n = 0. If 2 = (0,0) then define K.°(¢) in the same way

as for other n. Otherwise let

) =inf{t > 0: X(t) € 0D},

ui’o(t) = I{x(s0)c0D} Oiugt{L(X2(r)) = Xa(r)} Vo,

ot® =inf{r > 0: X(r) + (uy(r),0) € dD?},
l
K = (=)™ M (0m A, b))

m=1
The rest of the definitions are the same as for when n > 0.
For n > 0 let

Yo" (t) = X () + (K" (t),0).
If t € (an,7"] then Y,%"(¢) is a continuous function which takes values in D (if n > 0 it

takes values in D). When t € (77", 0%™ Ab,,) then Y,%"(¢) is a continuous function taking

values in D and lim,_,.+ Y,%"(t) = Y,%" (7). We will show that

m

lim o™ > b,.

m—00



To see this, assume that lim,, .o, 04" = ¢ < b,. Let Xa(c) = yo. Since X is continuous

and yo > 0, we can find ¢; < ¢ and 7,1 > 0 such that | Xs(t) — yo| < 11 for t € [c1, ] and

sup L(y) < inf R(y) — .
YE€[Yo—71,90+71] Yy€[yo—1,¥0+71]

For m odd let

Om = sup{r < o, : X(r) + (Km_l(am_l) + um(r),O) € ODl},
but if m is even

Gm = sup{r < om, : X(r) + (Kp_1(0m_1) — um(r),0) € D*}.

Note that the intervals (7,,,0,,) are disjoint and wu,, is constant on (7,,,0,,). It follows

that

| X1(om) — Xi(om)| >

for large m. Hence, X is not continuous at c¢. This contradiction proves our claim.
For each n and 7 let

K""(t) = lim K5"(t).

m—00

It is evident that for ¢ € (a,,by,), X (t)+ (K“"(t),0) is a continuous function taking values
in D. Recall that for t € (a,,b,), K" (t) is identically 0.

For all t > 0 let

K'(t) =) K""(t) = Ip(t)Xa(t),

Yi(t) = (Y{(1),Y3(1) = (X1(t), X2(t)) + (K'(2),0).

Since lim, o+ (R(y) — L(y)) = 0, the functions Y*(¢) are continuous for all ¢ > 0.
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Lemma 1. Let K", K* and Y be defined as above. For any i and n,

(i) K(t) is constant on each maximal time interval in {t : Y*(t) € D°}.
(ii) K*(t) is nondecreasing for {t € (71*,b,) : Y'(t) ¢ 0D?*} and nonincreasing for {t €
(17, by) : Y(t) ¢ OD'}.

(iii) If j < i and there exists some to € [}, by) such that Y'(to) = Y7 (to) then Y'(s) =

Y7 (s) for all s € [tg,by).

Proof: From the definition of u’"(t) we see that K*(t) is nondecreasing for {t € (77, b,) :
Yi(t) ¢ OD?} and nonincreasing for {t € (7*,b,) : Y(t) ¢ D'} which proves part (ii).

For (i) choose an arbitrary § > 0 and set
Dy = {(z,y) : L(y) + 6 <z < R(y) — 6}

It suffices to show K is flat whenever Y € Df. Let (s1, s2) be a subset of {t : Y*(¢) € DJ}.
Either there exists m > 0 such that (s, s2) C (77", by) or z € D\OD and sz < 77. However,
in this latter case K"0(¢t) = 0 for all t € (s1,s2). So we will only concern ourselves with
the former case. Unless n = m, K*"(t) = 0 for all ¢ € (s1, s2). Therefore for ¢t € (s1, s2),
Yi(t) = X1 (t) + K" (t). Let N =14 sup{n: 0%™ < s;}. Then oy, < 51 < 53 < o5

Suppose first that N is odd. This implies that
KN (s2) — K™ (s1) = uiy" (s2) — uy" (s1) > 0.
In what follows we write uy (t) for u%™ (t). Note that

un(s2) = max{un(s1), sup {L(Xa(r)) — X1(r) — Kf\}m(o—N_l}}

51<r<ss

=max{un(s1), sup {L(Xa2(r))—Y{(r)+un(r)}}

51<r<s2

< max{uN(Sl), sup {L(Xa(r) — Y{(r) + UN(SQ)}}

51<r<ss

< max{un(s1),un(s2) — 9}
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The last line follows from Y (r) — L(Xa(r)) > & when Y?(t) € DY. Hence, u%y"(s2) =
ut™(s1) and, therefore, K™ (s2) = K™ (s1). A similar argument holds when N is even.
Therefore K“™(t), and hence K(t), is flat on (s1,s2). This completes the proof of part
(1).

For part (iii) suppose j < i and Y*(to) = Y7(to) for some to € [7},b,). We may
suppose that t( is the infimum of ¢ with this property. Then, by (i), we know Y(¢y) € dD.

Assume Y'(tg) € OD?. Then there exist [, m even such that

K'(to) = K" (to) = K" (01-1) — u; " (to),

K9 (to) = K" (to) = K (0m—1) — uli* (to)-
Below we will show for any t € (to, min{o,",05;"}) that K*(t) = K7(t). This implies

that 0" = ol which in turn implies (iii). Suppose t € (to, min{o,",o7;*}) and let

K7™ (0mm_1) be abbreviated as S? .

Kint)=8 _ — sup {Xi(r)+ 8 | —R(Xy(r)} VO

m—1
Om—1<1<t

= an_l — max{um(to), sup {Xi(r)+ an_l - R(X2(7’))}}

to<r<t

= Sf;l_l + min{—um(to), — sup {Xi(r)+ Sf;l_l — R(XQ(T))}}

to ST‘St

=min{S),_; —um(to),S?,_, + inf {R(X2(r)) — Xi(r) — S,_;}}

m to<r<t

= min{ K7," (to), toiggfgt{R(XQ(r)) — X1(r)}}.

Similarly

K}™(t) = min{ K" (to), inf {R(Xa(r)) — X1(r)}}.

tog’r‘gt
But K" (to) = KJ;"(to) implying K*(t) = K7(t) for all t € (to, min{o}",J;*}) and so by
the above remarks, this shows (iii).
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Proof of Theorem 1: Let

K(t) = lim K'(t), t>0.

— 00
First we will prove that K (t), t > 0, is well defined and continuous by showing that {K*}
is a uniformly converging Cauchy sequence. Given € > 0 choose M such that 2™ < .

Suppose ¢ > j > M, t > 0 and consider
(1) |K*(t) — K7 (t)].

If t & (17',by,) for all n > 0, then (1) is equal to zero. Suppose this is not the case and

t € (1], by) for some n. If t € (77, 7]'] then because i > j > M,
K(t) — K9(1)] < R(Xa(t)) - L(X(1) <279 <e.

Now consider ¢ € [r]",by,). Since Y7(r}") € D', K’(7}") < K'(1]'). Let 179 = inf{t >

9 YI(t) € OD* or Y'(t) € dD'}. Then K'(r) — K*(10) = Y{ (19) — Yi(70) > 0 on
{70 < bp}. By Lemma 1 (iii), K? = K on [rg,b,) (since Y7 = Y somewhere on [rq, b,) if
70 < bn). On [7]',7p) the only times ¢ that K*(t) — K7 (t) can change are when Y/ (t) € dD*
or Y(t) € OD?. However during these times the difference can only decrease. Because
K7() — K'(1}) < 277 < € the preceeding remarks imply |K*(t) — K7(t)| < e for all
t €[], bn).

For (iii) choose an arbitrary § > 0 and recall the definition of DY from Section 2. Let
(r1,72) be any subset of {t : Y (¢) € D{}. Because { K"} is a uniformly converging sequence
there exists N so that for alli > N, |[K*(t)— K(t)| < §/2. For such i and for all t € (ry,rs),
Yi(t) € Dg/2. By Lemma 1 (i), K* is constant in (r1,72) for all i > N. This together with
uniform convergence implies K is constant in (r1,73). Because § is arbitrary, (iii) follows.

To show K (-) is nonincreasing on every maximal open interval in {t > 0: Y (t) ¢ 0D}

it suffices to show for any n > 0 that K (-) is nonincreasing on every maximal open interval
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in{t>0:Y € E} where E = {(z,y) € R:y>0,L(y) +n < z < R(y)}. Let s1,s2 be
arbitrarily chosen so that [s1,s2] C {t > 0:Y(t) € E}. Then for some n, [s1, s2] C (an,by).
Moreover, because L(y) and R(y) are continuous functions with L(0) = R(0) there exists an
i such that 77* < s7. Pick j > i so that |K (t)— K7 (t)| < n/2 for all t. Then Y7 (t) ¢ dD* for
t € [s1,s2]. By Lemma 1 (ii), K7(-) is nonincreasing on [s1, s2]. By the uniform convergence
of K7’s to K, the function K(-) is nonincreasing on [s1, s2]. Since s1, sa were arbitrarily
chosen, this proves K (-) is nonincreasing on every maximal open intervalin {t > 0:Y € E}
and thus nonincreasing on maximal open interals in {¢ > 0: Y (t) ¢ dD'}. The proof that
K(+) is nondecreasing on {t > 0: Y (t) ¢ dD?} follows from similar reasoning.

Last we show uniqueness. Suppose that Y (¢) = X(¢) + (K (¢),0) and Z(t) = X (¢) +
(H(t),0) both satisfy conditions (i), (ii) and (iii) of the theorem. First note that by the
geometry of D if t € B then Y (¢) = Z(t). Suppose now that there exists n and ty € (an, by)

such that Y (tg) # Z(to). Let
S =sup{t <to:Y(t)=Z(t)}.

Because both K and H are flat off 0D, Y (S) = Z(S) € 0D. Without loss of generality
suppose that Y;(t) < Z;(t) on (S,tg]. Therefore Z(t) ¢ D' U {0} for all ¢t € (S, to] and
so H is nonincreasing on [S,tp]. Similar reasoning will show that K is nondecreasing on
[S,to]. But K(S) = H(S) and the above implies Y7 (t) > Z1(t) on (S, tp]. This contradicts

our original premise that Y7 () < Z1(t) on (S, to].

3. Reflected Brownian motion in D.

Let Qp be the set of continuous functions w from [0, 00) into D. For ¢t > 0 let M; be
the o-algebra of subsets of 2 generated by the coordinate maps Zs(w) = w(s), 0 < s < t.

Let M denote 0{Z; : 0 < t < oo}. Let CZ(D) be the set of real-valued continuous functions
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that are defined and twice continuously differentiable on some domain containing D and
that together with their first and second partial derivatives are bounded on D. Denote
by Q. the probability measure on (2p, M) which is the law of Y'(-) in D starting from z
when X is a reflecting Brownian motion in Ri.

Proof of Theorem 2. We will follow the approach of Stroock and Varadhan [9] and show
that the family {Q, : z € D} is a solution to the submartingale problem on D starting

from z € D. To accomplish this we must show the following hold for each z € D:

(3.1) Q.(w(0) = 2) = L;

for each f € CZ(D),

(3.2) Fw(t) — 172 / Af(w(s))ds

is a @.-submartingale on (Qp, M, {M;}) whenever f is constant in a neighborhood of 0

and v; - Vf > 0 on D' where v; = (—10+1 0) and i = 1,2;

(3.3) EQ- { /0 h 1{0}(w(3))ds] = 0.

Equations (3.1) and (3.3) follow immediately from the definition of Y because K (0) =
0 and X»(+) spends 0 Lebesgue time at zero.

For (3.2) let f € CZ(D) be given where f satisfies v;-Vf > 0 on 9D and f is constant
in a neighborhood of 0. Then there is some € > 0 such that f(z,y) = C for all y <e. We
want to apply Itd’s formula to f(Y(¢)). In order to do so, there needs to be a common
filtration to which X, K and Y are adapted and relative to which X is a martingale.
Consider the filtration generated by X. Denote it by {H;}. It is easily seen for each i
that K'(t) is adapted to {H;}. Because K is the pointwise limit of the K?, K and Y

are also adapted to {H;}. The other consideration before using It6’s formula is the total
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variation of K. However, on the time intervals where X5(t) > €, K(t) is locally of bounded
variation. Therefore we may apply 1t6’s formula to f(Y(¢)). Recall that v; - Vf > 0 on
0D where v; = (—10+1 0) and i = 1,2 so that Vf(Y,)dK, = |f.(Y:)|d|K,|. We may
assume that X; — B; + L; where B is a standard Brownian motion and L is the local
time of the vertical component of X at 0. Note that L is constant on the maximal open
intervals in {t : X5(t) > 0} and Vf is equal to 0 in a neighborhod of 0. Therefore, the
term corresponding to L does not appear in the It6 formula given below. If ¢ € (ay,by,)

for some n then we let g; = a,,. Otherwise let g; = t. We have

t by,
1Y (1) = F(Y(0)) + / VIWdB + 3 [,

bn <gt

+/ \fx(Ys)\d\KsHl/Q/O AF(Y (s5))ds

Hence we may conclude that

FY(8) — 172 / AF(Y(s))ds

is a submartingale.
The remaining claims of the theorem follow directly from the pathwise construction

of Y from a reflected Brownian motion X in the upper half-plane.

4. Monotonicity of K as a function of the domain.
Proof of Proposition 1. Suppose that L., R., Lg, Rz, D, and Dg satisfy the assumptions
of the proposition. The definitions associated with D, (resp. Dg) will be distinguished by
an « (resp. () subscript, e.g., Y, (t) = X (¢t) + (K4 (t),0).

Consider a maximal open interval (a,b) in {t > 0 : Xo(t) > 0}. Let {[ux,wi]} be a
family of intervals indexed by k in a finite or infinite subset of the integers with the following

properties. Fort € (ug,wy), Ya(t) € 8D%}U8D%. For even k, Yg(uy) € 8Dé, Ys(wi) € 8D%
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and Yj(t) ¢ ODj for t € [wy,upy1]. For odd k, Ys(ux) € 0D3, Yp(wy) € 0D} and
Ys(t) ¢ OD3 for t € [wy,upy1]. We will assume that k may take any integer value,
that limg_ .o ux = b and that limg . uxr = a. The other cases require only minor
modifications. Since the second coordinates of Y and Y, are identical, D, C Dg and
the process Yz has to go from one side of the boundary of Dg to the other side on the
interval [ug, wg], there must exist vy € [ug, wg] such that Y, (vy) = Ya(vg). It follows that
Ko (vg) — Ko (vg—1) = Kg(vg) — Kg(vi—1) for every k. By Theorem 1 (ii), Kz is monotone

on [vk_1,vk] and so
Kplon-1,v8] = [Kp(vk) — Kp(vp—1)| = [Ka(vr) = Ka(vp-1)| < Kalvg-1,ve].

This, the fact that K.[a,b] = Yok Kolvk—1,vs] and a similar formula for K imply the
proposition.
H

5. Variation of K during one excursion.

We start with the proof of Theorem 3 (ii) as it is simpler that that of Theorem 3 (i).
In broad general terms, the main ideas used in this section are estimations of the amount
of pushing that is done on the boundary, starting from some point away from the tip of
the thorn until one reaches that tip and a time reversal argument. This time reversal
argument only works because the directions of reflection point at each other.
Proof of Theorem 3 (ii): We will only discuss the case when L and R are Lipschitz with the
constant equal to 1/8. The general case requires only some routine modifications. Recall
the notation from Section 2 and that we are assuming R(y) — L(y) > y°.

Fix arbitrary integers ng,n1 > 0. Let n = n(ng,n1) be such that (a,,b,) corresponds

to the ng-th excursion of Y from 0 which hits {(z,y) € D : y = 1/n1}. Let T be the first

time Y3 hits 1/ny after a,. Let K[c,d] be the variation of K accumulated over the part
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of [c,d] where X3 is less than 1. We will show that EK[T,b,] < co. One can show in
a similar way, using time reversal, that EK [an,T] < oo and, therefore, EK [an, by] < 0.
Hence, K [an,by] < oo a.s. Since there is only a countable number of pairs (ng,n;) and
they correspond to all excursions of Y from 0, the same is true w.p. 1 for all excursions
simultaneously. Because the contribution to the total variation K[a,,b,] when X5(-) > 1
is finite a.s., this will suffice to show that ]A([an, bp] < oo a.s.

It remains to show that EK [T,b,] < co. We may assume without loss of generality
that ny = 1. Note that T is a stopping time for X5 and b, is the first hitting time of 0 by
X5 after T. Hence, the post-T X5 process is a reflected Brownian motion, by the strong

Markov property. Let
Chom ={(w,y) € D: 27 4 m27F <y <27% 4 (m+ 1)27%)

where m is an integer such that 0 < m < [2¥(¢=D]. Let Ly, ,,[s,t] represent the variation
accumulated by the boundary process K during the times r such that Y (r) € Cy ,, and
r € [s,t]. Then

0o [Qk(a—l)]

(5.1) EK[Tb,) <Y > ELpw[T, b
k=1 =0

Fix m =0,1,...,[2" D] and set
Uy =inf{t > T : Xo(t) =27F + m27% or Xo(t) =27 4+ (m + 1)27},
Vi =inf{t > U; : Xo(t) = 27F 4+ (m — 1)27% or Xy(t) = 27% 4 (m + 2)27%},
Uy =inf{t > V;_1: Xo(t) =27 +m27% or Xo(t) =27F 4+ (m +1)27%}, i>2,
Vi=inf{t >U;: Xo(t) =27+ (m —1)27% or Xp(t) =27% + (m+2)27%}, i>2
The probability that the reflected Brownian motion X starting from 27%+(m—1)279*
will hit 0 before hitting 27% +m27 is equal to 27%% /(27% + m279) and so it is bounded
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below by ¢;28(1=@) The probability that the reflected Brownian motion X, starting from
27F+m279% or 27F 4+ (m+1)279% will hit 27 %+ (m—1)279* before hitting 27% 4 (m+2)2-*
is not less than 1/3. It follows that the number of U;’s less than b,, is stochastically bounded
above by a random variable having geometric distribution with mean less than or equal to
c22F(@=1) for some constant ¢y independent of k and m.

Next we will estimate ELy, ,,[U;, V;]. Let us start with £ = 1 and fix ¢. Since R(y) —
L(y) > y® and L and R are Lipschitz with constant 1/8, Y can cross D from D! to D>

(or vice versa) within C ,,, only if X; changes by at least 27¢/2. Let S; = U; and
Sj = mf{t > Sj—l : ‘Xl(t) — X1<Sj_1)‘ > 2—a/2}

for j > 2. Suppose that the event {S;_1 < V;} has occured. Since X;(¢) and X5(t) are in-
dependent, the probability that the process Xo(S;_1+-) will leave the interval [X2(S;-1)—
3-27% X2(Sj-1)+3-27¢] before X (S;_1+-) leaves [X1(Sj—1)—27%/2, X1(Sj-1)+27%/2]
is strictly positive. Hence, for every j, the probability of {S; < V;} given {S,_1 < V;} is
less than c3 < 1. Thus, the expected number of S; less than V; is less than ¢4 < co. The

total variation of K cannot increase between S;_; and S; by more than

sup [ X1 () — X(Sj—1)| + sup [L(y1) — L(y2)]
te[S;_1,5;] Y1,y2€[27 14 (m—1)2-4 271 4 (m42)2-0]

+ sup |R(y1) — R(y2)| < 2"
y1,¥2€[27 1+ (m—1)2—9 2-1 4 (m+2)2—9]

It follows that

ELy Ui, Vi] < cq2'7°
An analogous argument shows that
ELy Ui, Vi] < 5277,
This and the previous remarks on the expected number of U;’s imply that

ELhm[T, bn] S 652_ak622k(a_1) S ng_k.
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Therefore by (5.1)
Zl+ 2k(a 1))C2 k
k=1

When a < 2 this is finite completing the proof of Theorem 3 (ii).
H

Proof of Theorem 3 (i): We will show that IA([an, b,] = oo a.s. where (ay,by,) corresponds
to the first excursion of Y which hits {(z,y) € D : y = 1}. The result may be extended to
all excursions using the same argument as in the proof of Theorem 3 (ii).

Let T be the first time Y hits {(z,y) € D : y = 1}. Recall that Y = X + K where X is
a normally reflecting Brownian motion in the upper half plane. Without loss of generality
suppose that X () = (Bi(t), |§2(t)|) where B(t) is a standard 2-dimensional Brownian
motion with B(0) = z. Let B(t) = (By(t), Ba(t)) = (By(T + t) — By(T), Bo(T +t)). The
process B is a standard planar Brownian motion starting from (0,1). Let Ty be the first
time By hits 0 and let L} be one half of the usual local time for Bs, jointly continuous in
y and t. Let u™(y,¢,t) denote the number of upcrossings from height y to height y + ¢
made by Bs before time t. Our argument will be based on the well known fact that (see,
e.g., Knight [7])

LY(Tp) = lim eu™ (y, €, Tp).

e—0
We will not make the last statement any more precise as we will not use it in this form.

Let -
Ay = inf  LY(Tp) > 2
k {ye[zj,}}l,ﬂ) (To) = 2777},

Ne={y:y=2"""14n252 n=0,1,---,2°* - 1}.
Let NY be the set obtained from Ny by deleting its smallest and largest elements.

We will need the following two results about LY(Tj) and u*(y, €, Tp).

Lemma 2.

P(Aj, occurs infinitely often ) = 1.
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Lemma 3. There exists a constant ¢y, independent of k, such that

P(;relz]xvx |LY(Tp) — 2372k ut (y, 23727 1) > 27F) < ¢ 27",
k

Proofs of Lemma 2 and 3 are defered to later in this section.

Let

Cr = {u™(y,2°7°%, Tp) > 2" vy € Ny }.

Lemmas 2 and 3 and Borel-Cantelli lemma imply that
P(C occurs infinitely often ) = 1.

Let Ny = Uk>1 Ng. Let S denote the consecutive times when By hits new points in

Noo. More precisely, let S1 = inf{t > 0: By(t) € Noo, Ba2(t) # B2(0)} and
SE = 1nf{t > Sp_1: Bg(t) € NOO,B2<t) 7é BQ(Sk_l)}.

Fix some sequence {y; };>1 of elements of N, whose consecutive elements are neighbors in

Ny (the same number may appear in the sequence more than once). Let
H = {BQ(Sl) = yl,BQ(SQ) = Y2,.. }

The strong Markov property implies that {B2(¢),0 <t < S;} is independent of {By(t),t >
S;} given the value of By(S;). An application of the strong Markov property to the
process {Bs(t),t > S;} implies similarly that {Bx(t),S; < t < S;11} is independent
of {By(t),t > Sji1} given the value of B2(S;11). We conclude that the distribution
of {By(t),S; <t < Sjy1} given H is that of Brownian motion starting from y; and
conditioned to hit y; 1 before hitting the other point in N, closest to y;. Suppose that
y; € NP. Then both neighbors of y; in N are at the same distance 2372 from y;,
in particular, |y; — y;41] = 2°72". By symmetry, the distribution of Sj1; — S; given
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H and y; € N is the same as that of (unconditioned) Brownian motion stopped after
hitting a point 2372% units away from its starting point. With probability co > 0, the
supremum of the absolute value of Brownian motion starting from 0 taken over the time
interval of length 274 is less than 2372'. Note that ¢, is independent of i by Brownian
scaling. It follows that the conditional probability of {S;+1 — S; > 274} given H is
greater than co > 0. Recall that Y () = X(¢) + (K(¢),0) and that the clock for Bs is
shifted by T. The process X is independent of By given H since this event is defined
only in terms of By. If the event H N {S;41 — S; > 27%} holds then the increment
of X; over the interval (T + S;,T + S;11) will be greater than 2723 with probability
greater than c3 > 0 and with the same probability it will be less than —272+3. We have
assumed that R(y) — L(y) < y*. Hence, R(yj+1) — L(yj+1) < 272" because y; € Ny and
s0 yj+1 < 27° If the increment of X; over the interval (T'+ S;,T + S;41) is greater
than 272*3 then the variation of K over (T 4+ S;j,T + S;+1) must be greater than 2721
in order to keep Y inside the domain. Suppose that H C Cj and H occured. There

2k=5 points in NP and so there will be at least 2k=59k=3 different j such

are more than
that Sj, Sj+1 correspond to an upcrossing of Bs between points in NY. Let {y; } for
n=1,2,...,22%78 correspond to the first 22*=8 of the y; € H that are also in NP. Let
Wi, = 1if supg, <, ., |Bi(t) — B1(S:,)] > 2372k and equal zero otherwise. Then
(given H) the W; are independent random variables which equal 1 with probability not
less than ¢y - ¢c3 = c¢4. Since ¢4 is independent of k£, by the Central Limit Theorem there
is some ¢; > 0 such that, (given H), P(Zf:;s Wi > c42%7°) > ¢5 for each k. Thus
under the assumption that H C C} the total variation of K (t) accumulated when Y5 (t) €
(27%=1 27%) is greater than ¢;22~9272**1 with probability at least c5 (given H). Suppose
that j1 < jo < ... <oocand H C mizl Cj,. Let Ej denote the event that the total variation

of K(t) accumulated when Y5(¢) € (27%=1 27%) is greater than or equal to c¢;27%. Since
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the Ej are independent and each has the probability not less than c5, an application of
the Borel-Cantelli lemma shows that given H, P(E})i.0.) = 1. Thus the total variation of
K accumulated when Y(t) € U,;»,(27777",277%) is infinite with probability 1. The result
follows when we integrate over all H because we know that infinitely many C}’s occur with

probability 1.

It now remains to prove Lemmas 2 and 3.
Proof of Lemma 2: Let W; be a 2-dimensional Bessel process starting from 0, i.e., the
distribution of W is that of the norm of 2-dimensional Brownian motion. Let

Ay={ inf W2>2'"F}

t€[2_k_1,2_k}

It is clear that

P{ inf Wt21}201>0.
te[2—2,2—1]

Brownian scaling implies that for all £ > 1,
P{ inf W, >2070/2y > >0

Hence

It follows that
p( al¥ zk> >
i=1k=j
The event in the last formula belongs to the germ o-field and so it has probability 1. This
implies that P(Ay infinitely often ) = 1.
Since {L*(Tp),0 < x < 1} has the same distribution as {W?2,0 < z < 1} (see Yor [12],

Section 3.1), the lemma follows.
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Proof of Lemma 3: The following proof corresponds closely to an argument given by
Chacon et al. in [3] starting on page 206. Recall P(B2(0) = 1) = 1. Let {6;:};>¢ denote

the usual family of shift operators. Define the following stopping times for Bs:
Uo(z,€) =Ty,
Vi(z,€) = Us(w,€) + T(x + €) 0 O, (z,0),
Uiyi(z,€) = Vi(z,€) + T(x) 0 Oy, (4,¢)-

We shall write U; and V; for U;(z,€) and V;(x,€) in cases where there is no ambiquity.

Note that
(5.2) ZI i(x,6) < Tp)) — 1 < ul(w,¢6,Tp) < ZI i(z,€) < Tp)).
We have
L¥(To) = iI(Ui(I7 €) < T0) (LY, (a,6) — LU (a0))

i=0

(5.3) - f:[ (r,€) < Ty < Vi(x, e))(L:{/i(%E) — L7,)
= ZI(Ui <To)LT(g4e) Ui — iI(Ui <To < Vi)Li(pse) © Or-
i=0 i=0

It is well known that LT (aqe) © O, has an exponential distribution with mean 2e. For

7=0,1,---,00 let
J
M;=> " I(U; < Tp) (L (pre) © O, — 2€).
1=0

The strong Markov property shows that {(M;, Fy,,,);j = 0,1,---,} is a martingale. It

follows from (5.2) and (5.3) that for z € Ny, and for some constant ¢y independent of k

E[(L*(To) — eu+(x,e,T0))4} < o (E[M5] +€Y).
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If mj = M; — M;_;, (M_; = 0), then a square function inequality for martingales (see

Burkholder [2, Th. 21.1]) implies for some constant c3 independent of k
E[MA)] < e3E[ Z (m2|Fu,)” + > mi]
i=0 i=0

< B[ E1U < Ty)” + Y 1(U; < Ty)]
i=0 1=0

where we have used the strong Markov property and the fact that L o O7(y) has

T(z+e€)

variance 2¢? and fourth moment bounded by cse?. Therefore

EML) <ce'E[Y Y I(Ui <Tp,U; < Tp)]

1<j

< 0664[1 —I—ZJP(U] < TO):|
j=1

Substitute 2372* for € and suppose x € Nj. Then for some constant c;

E[(L*(Ty) — 2~ 2u* (2,272, 1)) "] < 2255 24 Y jP(ut (2,227, Ty) > ).
j=1

The probability that Brownian motion starting from x € N, will hit = + 2372* is bounded

by (27%)/(27% + 23-2%) and so
P(ut(x,2°7%%, 1) > j) < (
It is elementary to check that
— . 2% j 2k
ZJ(Q—k T 23—2k) < g2
j=1
Therefore for some constant cg independent of k
E[(Lw(TO) _ 23—2ku+(x,21—2k7T0>)4} < 920k
for all k sufficiently large. By the Chebyshev inequality,

P(|L*(Ty) — 237%™ (2,2372F  T)| > 27F) < ¢g 21F270F,
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The number of elements in N}, is bounded by ¢;92*. Using this we find

P(max |L7(Ty) — 2372kt (2, 2372F To)| > 27F) < g 20R270R2F < pp 27F
k

This completes the proof of Lemma 3.
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