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1. Introduction.
Let B; be a continuous function of ¢, let tg, xg, 81, 82 € R, and consider the ordinary
differential equation

dX; {ﬁl it Xy < B, teR, X(t()) = Xg. (11)

at | B if X, > By,

Among the results we prove are the following:

(1) Although in general there will not be a unique solution to (1.1), there will be a
unique Lipschitz solution to (1.1) if By is a typical Brownian motion path.

(2) Let B; be a Brownian motion with By = 0 and let X;° denote the solution to
(1.1) when ¢ty = 0 and X (t9) = 9. The map y — X/ is a one-to-one map of R onto R.
The smoothness of this map is controlled by the local time at 0 of X} — B;. If we call this
local time LY and (31, 32 satisfy suitable assumptions, then L} is jointly continuous in y
and t and {LY ,y > 0} and {L_ Y,y > 0} are strong Markov processes. We show that this
implies that for a fixed ¢ > 0, the function y — X} is of class C1™7 with v < 1/2, but it
is not C3/2.

(3) As we shall see below, (1.1) is an example of a bifurcation model; if B; is
a Brownian motion, #; < 0 and [ > 0, each of the events {lim; .., X; = +oo} and
{lim;_,, Xy = —o0} has positive probability. The bifurcation time is defined by = sup{t :
X = B:}. We calculate both the probability of {lim; . X; = 400} and the expectation
of the bifurcation time using excursion theory.

(4) The equation (1.1) sheds light on the best Lipschitz approximation to Brownian
paths. In particular we obtain an estimate on the lower bound on the best constant in the
Komlés-Major-Tusnady result concerning strong approximations of Brownian motion by

random walks.

Equation (1.1) is similar to an equation that arose in the course of an economic
study and its accompanying probabilistic model in Burdzy, Frankel, and Pauzner (1997,
1998). These papers introduce and study an economics model whose technical side is based
on the following equation:

t>0,  X(0) =o€ (0,1), (1.2)

aX; { —BXy if Xy < f(By),
dt Bl —Xy) if Xy > f(By),

where B; is a Brownian motion starting from By = by, 3 > 0 is a fixed constant, and f is a

non-increasing Lipschitz function. The case when z¢g = f(bg) is of special interest. Results
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on the time and direction of the stochastic bifurcation were crucial elements of these two
papers.

We also consider the following equation, more general than (1.1).

te R, X(to) = Xy. (13)

dX, [ B|X,— B if X, < B,
dt | B2/ Xt — By|** if Xy > By,

(If 1 = ag = 0, then (1.3) reduces to (1.1).) Equation (1.3) was inspired by the following

model. Consider a pendulum with rigid arm which is turned upside down (see Fig. 1.1).

Figure 1.1.

Let X; denote the distance of the weight W from its unstable rest position at the
top of the vertical arm. When X; = z and x is small, the weight is about ¢;2? units below
its rest position and, therefore cox? units of potential energy must have been converted to
kinetic energy, given by c3(dX/dt)?. Hence, we have the approximate relationship dX/dt =
c4 Xy, assuming infinitesimally small velocity at the rest position. Note that if the initial
velocity at the rest position is close to zero, then the time it takes the pendulum to move
any fixed non-zero distance from the rest position is very large. We now add stochastic
oscillations to our pendulum model. We suppose that the base A of the pendulum vibrates
according to a Brownian motion B;. Then the position X; of the weight W relative to
A is Xy — B and we have dX/dt = c4(X; — By), which is (1.3) with @3 = ag = 1 and
—p1 = P2 =c4.



The solutions to (1.1) exhibit fast switching between two kinds of excursions. See
Karatzas and Shreve (1988, Sect. 6.5) for a closely related model. Mandelbaum, Shepp,
and Vanderbei (1990) also consider a model with fast switching between two kinds of

excursions, but we were not able to find a direct connection with our own model.

The rest of the paper consists of five sections. Section 2 contains results on existence
and uniqueness of solutions to (1.1), (1.3), and related equations. The process B; will
generally be a Brownian motion, but Theorems 2.3 and 2.4 also apply to some fractional
Brownian motions (see Examples 2.3 and 2.4).

Let X} denote the solution to (1.1) with X§ = y. For a fixed ¢t > 0, the function
y — X/ is a transformation of R onto itself. How smooth is this map? How many
derivatives does the function y — X/ have and are they continuous? To answer these
questions, one is led to study the local time of X} — B;. Section 3 is devoted to a number
of results about local times related to (1.1), including analogues of the Trotter and Ray-
Knight theorems. See Knight (1981), Leuridan (1998), Norris, Rogers and Williams (1987),
Revuz and Yor (1991) and Yor (1997) for old and new variants of the Ray-Knight theorem.
Our local times are defined as local times at points, but they may also be viewed as local
times of Brownian motion on a random curve—see (5.15) in Follmer, Protter, and Shiryaev
(1995) for a result on local times on non-random curves.

Section 4 gives explicit formulae for the probability of upward bifurcation for the
equation (1.3) and the expected bifurcation time for (1.1), with some indication how to
proceed in the more general case (1.3). This extends results from Burdzy, Frankel and
Pauzner (1998). Section 5 takes a look at the solutions to (1.1) as Lipschitz approximations
to the Brownian path. As a consequence we obtain some lower bounds related to the
Komlés-Major-Tusnady construction; see Theorem 5.6. Finally, Section 6 is a list of open
problems.

In Sections 3-5, we consider Brownian motion defined on the whole real line R,
i.e., the process {B, —00 < t < oo}, where {B;,t € (0,00)} and {B_,t € (0,00)} are
independent Brownian motions starting from 0 with variance EB? = EB?, = o%t. Unless
stated otherwise, we will assume that all Brownian motions (including those with drift
and /or reflection) have infinitesimal variance o2, and that all constants are strictly positive
and finite.

Section 3 of the paper was inspired by unpublished heuristic calculations involving
local times which were a part of an earlier project of David Frankel, Ady Pauzner, and

the second author. We would like to thank the many colleagues who kindly gave us advice
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on various aspects of the model: Robert Adler, Ludwig Arnold, Jean Bertoin, Miklos
Csorgo, Burgess Davis, Laurent Decreusefond, David Frankel, Mike Harrison, Haya Kaspi,
Frank Knight, Jim Kuelbs, Avi Mandelbaum, Ady Pauzner, Jim Pitman, Philip Protter,
Emmanuel Rio, Ruth Williams, Marc Yor, and Ofer Zeitouni. We are grateful to the

anonymous referee for several substantial suggestions for improvement.

2. Existence and uniqueness of solutions. In this section we present several theorems
on the existence and uniqueness of solutions to differential equations similar to (1.1). There
is considerable overlap among the theorems, but each contains cases not covered by the
other. We first present our main results. They are followed by some remarks and examples.
The proofs are relegated to the end of the section.

We start with the equation

@ {/BI‘Xt TP <BL e X(te) =20 (2.1)

dt | Bo|Xi — By|* if Xy > By,
where B; is a Brownian motion, a1,y > —1, and (1, G2 € R.

First note that the function X; = By is a solution to (2.1) with ¢g = 0 and g = 0,
because neither of the conditions on the right hand side of (2.1) is ever satisfied. We
would like to disregard such a solution for two reasons. First, the economics model behind
(1.2) required that the solutions to (1.2) be Lipschitz. Second, the example X; = B is
rather artificial. For aq, s > 0 it is natural to require that X; is a Lipschitz function. We

generalize this to all ay,ay > —1 by writing an integrated version of (2.1), namely,

t

Xt = T +/ [ﬁlst — Bs|a11{XszS§0} + ﬁQ‘Xs — Bs’a21{Xszs>0}] ds. (2.2)
to

It is easy to see that solutions to (2.2) satisfy (2.1), but the example X; = B; shows that

the opposite statement is not true.

Theorem 2.1. For fixed ty,zo,31,02 € R, 02 > 0, and a;,a0 > —1, there exist a
Brownian motion B, and a process X; which satisfy (2.2) with the initial condition as in
(2.1). The solution X; is unique in law. We may construct X, in such a way that (X, B)
is a strong Markov process relative to the appropriate filtration. If we assume in addition

that a1, a0 > 0, then for a given Brownian motion By there exists a unique solution to
(2.2), a.s.



Our next theorem is a result on existence. We will state the result for the following

generalization of the equation (1.1),

dX, {Fl(Xt) if X, > By,

— = . teR X (tg) = xo. 2.
dt Fy(Xy) if Xy < By, =% (to) = o (2:3)
Theorem 2.2. Assume that Fy and Fy are continuous functions and that |Fy| and |Fy|
are bounded by (3 < co. If By is a continuous process, then (2.3) has a Lipschitz solution,
a.s. There exists a maximal Lipschitz solution {X,",t > to} to (2.3); it is adapted to the
filtration F; = o(Bs, s € [to,t]).

Haya Kaspi pointed out to us that measurability of a solution to (2.3) is the most

delicate point of Theorem 2.2.

We will say that L7 is a local time for a process B; if it is the occupation time

density:

0o t
/ h(z)Lf dex = / h(By) dt, a.s.,
0

—o0
for all h bounded and measurable. Note that if B; is continuous and the local time LY is
jointly continuous, then sup, L} < oo, a.s. for each t.

We will use the traditional Markovian notation P* to denote the distribution of
{B¢,t > to} conditioned by {By, = x}, even though we do not assume the Markov property
for B; in Theorems 2.3 and 2.4 below.

Theorem 2.3. Let tg > 0, xg, 51,02 € R. Assume that
(i) the process By is continuous and has a jointly continuous local time L¥, and
(ii) if A; is an adapted process with A;, = x¢g whose paths are Lipschitz continuous with
Lipschitz constant M, then for each x the law of { By + Ay, tg <t < to+ s} under P*
is mutually absolutely continuous with respect to the law of {By,tg < t < tg + s}
under P**%0 for every s > 0.
Then with probability one there exists a random sy > 0 and a unique Lipschitz solution
to (1.1) on [tg, to + So]-
If in addition we assume that B; is strong Markov then there is a unique Lipschitz
solution to (1.1) for all t > tg.

Remark 2.4. If W; is a Brownian motion and f is a strictly increasing function such that
both f and f~! are Lipschitz continuous, it is easy to check that B; = f(W,) is a strong

Markov process that satisfies the other assumptions of Theorem 2.3.
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Theorem 2.5. Let ty,xg € R. Assume that F; and F5 are bounded, Lipschitz functions.
Suppose that both are bounded by M and that both have Lipschitz constant less than or
equal to M. Let B; be a continuous process such that

(i) there exist ¢y > 0 and v € (0,1) such that whenever s < t,

C
P(B; € dy | F.) < ﬁ dy, yER, (2.4)

(ii) if Ay is an adapted process with A;, = x¢g whose paths are Lipschitz continuous with
Lipschitz constant M, then for each x the law of { By + Ay, tg <t < to+ s} under P*
is mutually absolutely continuous with respect to the law of {By,tg < t < tg + s}
under P**%°  for every s > 0.

Then with probability one, there exists a unique solution to (2.3) for all t > tg.

We will show in Example 2.10 below that Theorem 2.5 applies to some fractional
Brownian motions. As in Remark 2.4, some functions of fractional Brownian motions also

satisfy the hypotheses of Theorem 2.5.

Let f(x,b) = B11{z<p) + P2liz>py and suppose that a; = az = 0. Then (2.2) may

be written as

t
Xt =20 —+ / f(Xt, Bt)dS. (25)

The function (x,b) — f(x,b) is discontinuous. In applications, such as that in Burdzy,
Frankel, and Pauzner (1997), it may be argued that a model with continuous dX/dt might

be more realistic. Let us replace f with a continuous approximation,

fE(x7 b) = Bl]-{m<bf€} + 521{1‘>b+€} + |:ﬂ2 2_€ﬁ1 (.CE —b+ 6) + 61 1{b75§x§b+€};
and consider the corresponding equation
t
X; =xo —l—/ fe(X;, Bt)ds. (2.6)
to

We will show that the solutions to (2.6) converge to those of (2.5), and thus many results
about solutions to (2.5) proved later in this article may be applied to give asymptotic

results for the solutions to (2.6).

Theorem 2.6. Assume that the equations (2.5) and (2.6) are defined relative to the same
Brownian motion B;. The equation (2.6) has a unique Lipschitz solution. As e — 0, the

functions X; converge to the unique solution X; of (2.5), a.s.
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Note that the convergence in Theorem 2.6 is uniform on compact sets as all functions
X§ are Lipschitz with constant max{|31/, | 52|}

Remark 2.7. For the economics model behind (1.2), one does not necessarily want to
require the Markov property to hold. The proof of Theorem 2.3 uses the strong Markov
property to do an induction argument. For Theorem 2.5 we have in mind examples where
B; is a Gaussian process; see Example 2.10 below. In general, Bry; — By will not be

Gaussian when T is a stopping time.

Example 2.8. We present an elementary example of a continuous deterministic function
t — By for which there are multiple solutions to (1.1). Let 8; < 0, 82 > 0,

1+ 6, for t > 1,

(14 B2)t for t €[0,1],
Bt -
0 for t < 0.

There are uncountably many solutions to (1.1) with this choice of B; and the initial con-

dition Xy = 1. Here are two of them:

Xl . 0 for t < —1/62,
E 14 Bot fort > —1/5s;
0 for t < —1/ps,
X2 _ 1 —|—52t for ¢ € (—1/52, 1]
t 1+ (s for t € (1,5],

14 6By +501 + it fort > 5.

Example 2.9. As we noted earlier in this section, X; = B; is a solution to (1.1) but a
rather trivial one. In this example, we will show a less trivial and perhaps more interesting
non-Lipschitz solution to (1.1). Take 8; = 2 = 0 in (1.1); in other words, consider the

equation

4,
dt

The function X; = 0 is a solution to this equation and, moreover, it is the only Lipschitz

=0 if Xt 7£ Bt te R, X(to) = Xg-.

solution, by Theorem 2.1. Let Y; be a skew Brownian motion, i.e., a process which may
be constructed by flipping positive excursions of a standard Brownian motion Et to the
negative side with probability p; and negative excursions to the positive side with proba-
bility po, independently of each other. Suppose that p; # ps so that the process Y; is not a

standard Brownian motion. Let L; be the local time of Y; at 0. By a result of Harrison and
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Shepp (1981) (see also Exercise X (2.24) in Revuz and Yor (1991)), for a suitable constant
c1 # 0, the process Y; — ¢1L; is a standard Brownian motion. If we take By = Y; — ¢114

then X; = c¢qL; is a non-Lipschitz solution to our equation.

Example 2.10. We provide an example of a process satisfying the assumptions of Theorem
2.5 that is not strong Markov. Let B; be fractional Brownian motion of index H € (0,1/2].

This means that B; is a mean zero Gaussian process with
Cov (Bs, By) = c1 (s + 217 — |t — s|*H).

B; has a stochastic integral representation

t
B, — / R(t,u) dZ,
where Z,, is a standard Brownian motion and
R(t,u) = co[((t — u) ™)1 — (um) #7172,

see, e.g., Rogers (1997). Conditioning on Fs with s > 0, the law of B; given Fj is that of

a Gaussian process with variance

c%E[(/t(t —u)H—1/2 alZu)2 | FS} =c3 /t(t —u)? 7 dy = e3(t — 5)*H.

s
Assumption (i) of Theorem 2.5 is immediate from this.

We now show (ii). We give the argument for the case tg = x9p = 0,s = 1; the
extension to the general case is routine.

If H = 1/2, then By is standard Brownian motion, and (ii) follows from the Girsanov
theorem; so we suppose H < 1/2. Let o = H +1/2. See Decreusefond and Ustiinel (1997)
for more details of some of the steps in the following argument. Let F'(a,b,c,z) be the
standard Gauss hypergeometric function and define an operator Ky on functions on [0, 1]
by

(Kuf)(t)
1

T T(H 1 1/2) /0 (t— o) V2P(H —1/2,1/2 — H H +1/2,1 — t/x) f()dz.

Let Hg = {Kgh : h € L*([0,1])} and define

117 = 1K fl e

9



For B € (0,1) define
(1P 1) () = ﬁ / F()(@ — 1) dt

and
d

(D f)(@) = — (1" 1) @).

By Decreusefond and Ustiinel (1997) (Theorem 2.1, Theorem 3.3, and the proof of Theorem
3.3), we have that Hy is dense in the set of continuous functions on [0, 1] that are null at
0 and that Ky is an isomorphism from L2([0,1]) onto I7+/2(L?([0,1])). By Proposition
2.1 of that paper, D? is the inverse to I7.

Since K ' is continuous from I7+1/2(L2) into L2, then K ' o I'*+1/2 is continuous

from L? into itself, and so there exists a constant c4 such that
1B T 2] 2 < eallgll e

Thus if f € Hy, then
1K 5" fllze < eal| DTV e,

or

[ f s < callD* fl| 2

Let A; be a uniformly Lipschitz process as in the statement of Theorem 2.5. By
Theorem 4.9 of Decreusefond and Ustiinel (1997) and the Novikov condition discussed just
after that theorem, (ii) will hold if for each T € (0, 1) we have

E expl[|A(-) 3, /2] < o0.

By the above paragraph, it is enough to show

T
E exp (/ |D°‘At|2dt/2> < . (2.7)
0

To show (2.7), by an approximation argument it suffices to show that for each fixed T'> 0
there exists ¢5 (depending on T') such that if f is a C'*° function on [0, 00) with f(0) =0,
then

sup [D* f(x)] < cs ]l oo (2.8)
0<t<T

(2.7) will then follow easily from (2.8) and our assumptions on Ay.
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Note that by a change of variables,
I @) =a [ S,
0

and by the Leibniz formula and the fact that f(0) =

d
I f(a _c6/f tadt—cG/f — )7t = I'"""f'(x).

Since a = H + 1/2 < 1, then |z — ¢|~¢ is integrable on [0, z]. So, for u = f/,

(DY f(2)] = |I'"u(z)| < IIUIIOO/0 |z —t[7% dt < crflulo

for ¥ < T. This gives (2.8), and thus a fractional Brownian motion with parameter
H € (0,1/2] satisfies the assumptions of Theorem 2.5.

Example 2.11. The weaker version of Theorem 2.3, i.e., the one without the assumption
on the Markov character of By, applies to fractional Brownian motions with parameter
H € (0,1/2]. Assumption (ii) of Theorem 2.3 is the same as (ii) of Theorem 2.5; we
have verified that assumption in the previous example. As for assumption (i) of Theorem
2.3, the joint continuity of the local time for the fractional Brownian motion follows from
Lemma 8.8.1, Theorem 8.8.2 and the proof of Theorem 8.8.4 in Adler (1981).

Example 2.12. Fabes and Kenig (1981) gave an example of a process B; satisfying
dBt = O'(Bt, t) th,

where W, is a standard Brownian motion, ¢ is Holder continuous in the first variable, o is
bounded above and below by positive constants, and the distribution of B; does not have
a density with respect to Lebesgue measure. B; is a space-time strong Markov process.
Because o is bounded below, it is not hard to see that B; has a jointly continuous local
time (cf. Revuz and Yor (1991), Ch. 6) and that hypothesis (ii) of Theorem 2.3 holds.
Thus this process B; is an example where the assumptions of Theorem 2.3 hold, but those
of Theorem 2.5 do not.

The rest of the section contains proofs of our main results. The following lemma is

immediate.
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Lemma 2.13. Let Et = B_; and )?t = X_;. If Xy is a solution to (2.1) then )?t is a
solution to

d_X - {_ﬁlpzt_éﬂal jf‘gt <th’ teR 5(:(—150) = xp.
dt —B9| X, — By|** if X, > By, ’

Proof of Theorem 2.1. For simplicity, assume that ¢ty = 0. The equation

t

¢
Y = x9 +/ [B1]Ys|* Ly, <oy + B2l Vsl Ly, 0y ] ds — / dBs, t >0,
0 0

has a weak solution which is unique in law by Theorem 5.15 in Karatzas and Shreve
(1988). For X; = Y; + By, the last equation is equivalent to (2.2) for ¢ > 0. This proves
the first assertion of the theorem. The strong uniqueness in the case ai,as > 0 follows
from Proposition 5.17 of Karatzas and Shreve (1988). We note that although the function
y — y“ is not bounded, that proposition clearly applies by using a truncation argument.
The part of the solution to (2.1) for t < ty = 0 can be obtained in a similar way using
Lemma 2.13. That X; may be constructed so that (X, B;) is a strong Markov process
follows from the weak uniqueness in a standard manner; see Bass (1997), Section 1.5, or
Stroock and Varadhan (1979), Chapter 6. O

Proof of Theorem 2.2. We start by showing that for each w and for any u; and z; there

exists a maximal solution X/**' to the equation
dXt/dt:Fl(Xt), tER, X(ul):zl.

First of all, it is well known that there exists at least one solution to the equation since F}
is continuous. Since |F}| is bounded by (3, all solutions are Lipschitz with constant § and
so their supremum )?Z‘ %1 is also a Lipschitz function with constant 3. Next note that the
maximum of any two solutions is also a solution to the equation. This and the Lipschitz
property of solutions easily imply that there exists a sequence of solutions converging to
)?Z‘ 1#1 " uniformly on compact intervals. Now a standard argument can be used to show
that X' is a solution to the equation.

The analogous maximal solution to dX;/dt = F5(X;) with the initial condition
X (uy) = 2 will be denoted X!

The following properties of solutions X;"* follow easily from the definition of

)A(:t“ 1*1 and from the continuity and boundedness of F; and Fy. First, if X;gm = z then
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the functions X;*** and X/*"** are identical. Second, if z, — 2o, as n — oo then the
sequence of functions X" converges to X"** as n — oo, uniformly on compact sets.
Finally, if z; < 25 then X" < X2 for all ¢.

We start by proving the existence of a solution to (2.3) for ¢ > ty. Consider a small
§ > 0. We proceed to define a d-approximate solution X? to (2.3). First suppose that
B;, < zy. By the continuity of the paths of By, for almost every path of B;, there exist
a unique time ¢ € (fo, 0] and a function X defined for ¢ € (to,¢1), such that X; = o,
X} =By, if t1 < 00, and X{ = X[ for all t € (to,t1). We then let XJ = X} +3(t—t1)
for all t € [t1,t1 + 4], if t1 < oo. If By, > x¢ we use the same procedure to define Xf for
t € [to, t1 + 0] except that we use the function X/ in place of X[°®. If B,, = x¢, we
let t1 = tg and X? = X7 + B(t —ty) for t € [t1,t1 + 4]

We have defined X/ on an interval [to,t; 4 6]. Let z; = X} ;5. Let us replace
the initial condition in (2.3) by X (¢; + §) = z; and define an approximate solution X? to
(2.3) on an interval [t; + d, t2 + J] using the same method as above. By induction, we can
construct a (possibly infinite) sequence of times {¢;} and a continuous function X which
satisfies (2.3) on every interval (t;+ 6, tx+1) and which is linear on every interval [ty, t5 + 9],
for £k > 1. Note that the function Xf is defined for all t > ty because tr41 > tx + 0 for
every k.

By construction, the -approximate solution X? is a Lipschitz function with Lips-
chitz constant (.

For every integer m > 1 consider a 1/m-approximate solution th /M All of these
functions are Lipschitz with the same constant 3, and they all satisfy th 0/ ™ = x9. Let X,
be defined by

X = limsupth/m = lim sup th/m.

m—oo n—00 m>n

The supremum of an arbitrary family of Lipschitz functions with constant 3 is
a Lipschitz function with the same constant, and the same remark applies to the limit
of a sequence of such functions. Hence, for every n, the function Y;" = sup,,~,, th /m s
Lipschitz with constant 3, and the same is true of X;. Note that Y, converge in a monotone
way to X;, uniformly on compact intervals, because all these functions are Lipschitz with
the same constant [3.

We will show that X is a solution to (2.3). Let

W () = U {(t,y) :y=x+ (t —5)3,t € [s,s+ 0]}

{(s,z):s>to,Bs=x}
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For § < 4y, the portion of the graph of X which lies outside W (4;) satisfies (2.3), by
construction.

The set of ¢t such that B; = X, is closed because both functions B; and X; are
continuous. Consider any interval (s1, s2) such that By # X; for all ¢ € (s1,s2). Suppose
without loss of generality that B; < X; for all ¢ € (s1,s2) Choose an arbitrarily small
91 > 0. Note that as § — 0, the open sets W¢(J) converge to the complement of {(s,z) :
s > to,Bs = x}. Let 2 > 0 be so small that the (closed) portion of the graph of X,
between s; + d; and s — §; does not intersect W (d2). Let so = s; + d1. Since the Y}

l/mj

converge to Xy, there exists a sequence m; such that X — Xj,. For sufficiently large

j, the point (sO,XSO/ 7) lies outside W (d2) and we also have 1/m; < ;. Then, for ¢ in a
neighborhood of s, the function th/ " must be given by th /mi X, O’Xslémj. We will
show that X; = X;°* for t € (so, 52 — 61).

Suppose that this is not true and let s3 = inf{t € [sg, s2 — 1] : Xy # )Z'fo’XSO }. Note
that the functions X;°~*¢ and X;**** are identical. Since (s3, Xs,) lies outside W (8,), an
argument similar to the one given above shows that for some 3,04 > 0, and all m > 1/6,,
the functions X, /™ must satisty X, Lm o =X, fort € [s3, s3+03], if |X1/m Xsy| < 4.
If for some k,m > 1/62 we have |X1/m — X, < 04 and Xl/k < Xl/m (note that we are
not assuming that |X1/k — Xg,| < d4) then th/k < th/m for t € [s3,s3 + d3]. This

1
53, S[{

1/m
83X
is because X;/™ = X,

for t € [s3,s3 + J3], and if X,}/k = Xi/m for some v in
1k _ X 17k

=283 ’XSS
recalling the construction of the approximate solutions. Consider an n > 1/d2 such that
Y < X, +64/2. IfY, Xl/ for some m > n then we have Xl/k < Xl/m for all k£ > n.

1/k

X
This implies that X e < X,

this interval, we must have X, for all ¢ > v in the interval [s3, s3 + 03],

1
>S3, 53/

for all k > n and t. Hence, for t € [s3, s3 + J3],

,Xl/k — 7){l/'rn ~ 7}/’n
Y," :supth/k supXt3 _XS3 _XS3
k>n k>n
Suppose that there is no such m but then, necessarily, Y? = lim;_ Xsle,/ "3 for some

1/m; . . .
/ " is also increasing. Then, using

increasing sequence {m;} with the property that X;
the monotonicity properties of XZL 1#1 discussed at the beginnig of the proof and earlier in

this paragraph, we obtain for ¢ € [s3, s3 + d3],

1/k 1/mj n

53,X . >53,X 53,Y,

Y" =sup X, Lk SupX Bo=lm X, ® =X,
k>n k>n J—o0

>83,Y," . —
We have shown that Y,” = thg 8 for t € [s3, 53+ 03]. Recall that X; is a monotone limit
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of Y;". In view of the monotonicity and continuity of z; — X****', we obtain

X X

S0
’

. . ~s3,Y." 53,
X = lim Y= lim X, " =X,”

n—oo n—oo

s3 — )’Z:O:

for t € [s3, s3 + d3]. This contradicts the definition of s3 and proves our claim.

Thus X; satisfies (2.3) on (s + d1, 82 — 1) and, in view of arbitrary nature of ¢y,
the same claim extends to the whole interval (s, s2). The argument applies to all intervals
(s1,$2) such that By # X for all t € (s1,s2). This implies that X} is a Lipschitz solution
to (2.3). The proof of the existence of a Lipschitz solution is complete.

The existence of the solution to (2.3) for ¢t < ¢y may be proved in a completely
analogous way. The two solutions can be combined into one function X; in an obvious
way. It remains to check if the differential equation (2.3) is satisfied at t = to. It is easy
to see that if By, < xo then dX;/dt = F1(X}) for all ¢ in some intervals (to — d,%y) and
(to,to + d) with § > 0. This and the continuity of X; at ¢ = ¢y evidently imply that
dX;/dt = F1(X;) for t =ty and so (2.3) is satisfied for ¢t = ty. The case when By, > z( is
analogous. When B, = z( then (2.3) is trivially satisfied by X, for t = ¢,.

Since the functions {th / "t > to} are adapted to the Brownian filtration Ff =
0(Bs,s € [to,t]), so is their lim sup, X;. It follows that the process {(By, Xt),t > to} is
strong Markov with respect to the filtration {FZ,t > to}.

We will show that the function {X;,t > to} constructed above is the largest of all
Lipschitz solutions to (2.3), that is, if X;* is another Lipschitz solution, then X; > X for
all t > ty. Consider any Lipschitz solution X;* to (2.3) and suppose that X; > X for some
t > to. Then there must exist § = 1/m; such that X; > X} for some t > t;. Fix such §
and let S be the infimum of those ¢ such that X; > X?. If S € [t; + 6,t;11) for some j,
then X3 = Xg # Bg a.s., and, by continuity, we must have X* # B, and X? # B, for
all s in some non-degenerate interval [S, S + d1). On this interval one of the conditions
in (2.3) is satisfied by both X; and X?, so X* = X% = X5X5 for all s € [S,5 + &;) or
X=X = XS5 for all s € [S,S 4 01). This contradicts the definition of S. Next
suppose that S € [tj,t; + 6) for some j. On this interval, the derivative of X? is equal to
B. It is is easy to see that a Lipschitz solution X} to (2.3) cannot grow faster than that
on this interval, and so S > t; + 6, a contradiction which completes the proof of our claim.

A similar construction gives a solution { X;,t < to} to (2.3) which is maximal among
all Lipschitz solutions on the interval (—oo, tg] with constant 3. Note that X is measurable
with respect to the o-field o(Bs, s € [t, tg]) for t < tg.

The maximal solution X, of (2.3) is consistent in the following sense. Consider a

fixed path {B;,t € R} and the corresponding maximal solution X;. Now choose any s > 0
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and suppose that Xs = z. Let {X},u > s} be the largest Lipschitz solution with constant
B for the equation (2.3) on the interval [s,00) with the initial condition X} = z and the
path {B;,t € R} truncated to {Bg,t > s}. Then it is easy to see that X} = X,, for all
u > s. It follows that for s > 0, the portion {X;,¢ € [s,u]} of the solution to (2.3) may be
defined only in terms of X and {By,t € [s, u]}.

In a similar fashion we can construct a minimal solution to (2.3); this minimal
solution is also adapted to the filtration of B;. Uniqueness would follow once we prove the

maximal and minimal solutions are equal for all s a.s. O

Proof of Theorem 2.3. Without loss of generality we assume that to = 0. Let X+ and
X~ be the maximal and minimal solutions to (1.1). By (2.3) the P* law of By — X~ (¢) is

mutually absolutely continuous with respect to the P* law of By, so under P*, B, — X~ (t)

has a jointly continuous local time zf such that sup, zf < 00, a.s. for each t.
Let § = max(|/51],|02]) and

U(1) =inf{t > 0:sup L? > 1/(48)},

with the convention that inf ) = oco. If t < U(1) and a > 0, then

t a
/o LB, —x—(s)€[0,a)dS = /0 Lidz < a/(40).

Let a > 0 and
S=inf{t >0: XT(t) - X (t) > a}.

Since both X and X~ satisfy (1.1), if V. =U(1) A S,
1%
XHWV) =X () 228 [ L spaexswds
0
”
=< 25/ Lo<B,—Xx—(w)<X+(u)-X~(u)dU
0

%

< 25/ Lo<By,—X- (u)<a)du
0

<2aB3/(48) = a/2.

Since XT(V) — X~ (V) = a if U(1) > S, we must have V = U(1). This is true for all
a>0,s0 XT(t)=X"(¢t) for t <U(1).
Now assume that B; is strong Markov and let U(j + 1) = U(j) + U(1) o Oy,

j =1,2,..., where 6 is the shift operator associated with the process B;. An induction
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argument using the strong Markov property at U(j) shows that X (¢t) = X~ (¢) for ¢t <
U(j+1) for j = 1,2,.... The continuity of B; and L7 easily implies U(j) — o0, a.s., so
XT(t) =X (t) for all t > 0. O

The proof of Theorem 2.5 will be split into several lemmas.
For the remainder of the section, let § = (1 — «)/4. Note that § € (0,1/4) since

v € (0,1). The constants ¢, ca, ..., in the proofs in this section may depend on ~ and §.

Lemma 2.14. Leta>1,t <1, A> 0, C; = fot L(0<B,<As) ds. Assume that condition
(i) of Theorem 2.5 holds. There exist ¢; and ¢y independent of o and A such that for
A >0,

P(C; > \) < ¢ exp(—cora? /(At*T2)).

Proof. First let us compute E(C; — C,, | F.,) for u € [0,#]. Let R = R(a) = a'/*. Note
that R > 1, R = exp(a~!loga) < ¢3, and

1-R'=1—exp(—loga/a) <logaja < cyja™/?

where ¢3 and ¢4 do not depend on « as long as o > 1.
By condition (i) of Theorem 2.5,
t

E(Ct—0u|fu):/ P(B, € (0, As®) | F.)ds

u

t «@
S/ _csAs®

(s —u)

t o
I:/ S—ds.
u (S—’U,)’y

Suppose first that u < t/R. We observe, using the fact that R > 1,

/t/R P s < <i>a/t/R ds <ﬁ/t ds
u (5_u)ﬁy T \R u (S—U,)'Y_Oé u(‘s’_u)Fy

_ bt 2 4l=y
= a J, o §66at . (29)

Let us examine

On the other hand, in view of the inequality 1 — R~! < ¢4~ /2,

/t L N /t ds
¥ as<t _
t/R (s —u)” t/R (s —u)”
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<ta/t ds
~ Jyr(s—t/R)

t(1-1/R) ds
_ ta/ ds
0 57

= crt®t' 71— R7H

Recalling that o > 1 and combining with (2.9),

Cglfa_l_’y
< =
I's al=7)/2"

Now suppose u > t/R. Then

/t s¢ a/t ds a/t_“ds
——ds <t — =t —
s—u s—u s
u( )7 u( )fy 0 7

= cot®(t —u)' 7Y < cot®(t —t/R)T

= cot®t1=7(1 — R,

As before, this is less than or equal to cloto‘“*V/a(l*V)/Q.

Since 6 = (1 —~)/4,t <1 and o > 1,
E(Ct - Cu | Fu) S CllAta+46/0426 S CllAta+25/O[5.

This says that almost surely the process E(C; | F,) does not exceed C,, by more than

c11 At*T2 /a0 for any u < t. In particular,
E(Ct — CT | fT) S CllAtoH_%/Oz(S

for every stopping time 7" bounded by ¢. We apply Theorem 1.6.11 of Bass (1995) to deduce

that there exist c¢i;o and c13 such that
Eexp(c12Cia’ /(At“F20)) < ¢35
Our result easily follows from this estimate. O

Lemma 2.15. Given £ > 0, there exist ¢1,ce such that if « > 1, A;B >0, B/A > ¢, and
08 =a+ 46, then

P(C; > Bt” for some t < 1/2) < ¢1 exp(—caBa’ /A).
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Proof. Let t;, = 2='%/8 | =0,1,.... The process C, is increasing. So if C; > Bt” for
some t < 1/2, then for some k > 1 we must have Cy, _, > B(t;)”. Hence

P(C; > BtP for some t < 1/2) < P(C;, _, > B(ty)” for some k > 1)

<Y B(Cy_, = B(t)"). (2.10)
k=1
Using Lemma 2.14, this is bounded by

S esexp (— eaB(t) e /(AH))
k=1
> 5
- Z €3 eXp ( - 04BTaQ—B—k—<—1—<k—1>/6)(a+2é))

> 5
= Z C3 exp < — C4B7a2k6//8+6—(a+25)/(a+5)>.
k=1

Since o > 1 and § € (0,1/4), the quantity 20~ (@+20)/(¢+9) is hounded below and above by

absolute constants, so the last displayed formula admits a bound

203 exp(—c57a2k5/ﬁ) (2.11)

k=1
= c3exp ( — 05—> Zexp ( — c5 (Qké/ﬁ — 1))

The infinite sum in the last expression is bounded by

. B ¢5Bkdlog2 Bkélo 2
k=1
_ 1
~ 1 —exp(—csBdlog2/(Ap))
< csAB/B.

Combining this with (2.10) and (2.11) we obtain

)
Bj )C6A5/B

P(Cy > BtP for some t < 1/2) < cszexp < —c5

B é
= c3exp < — 5 z + log ¢ +1log(A/B) + log(a + 5)>

Ba?®
< 03exp<—05 N + log cg —log§+10g2+loga>.
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The last expression is less than

. < __Bo* )
C7 €XP Cs A
for suitable ¢; and cg (depending on £ and ¢§) and all o > 1. O

Let X;” and X, be the maximal and minimal solutions to (2.3) constructed in in
the proof of Theorem 2.2. Let Y; = X, — X, . We will show Y; = 0, a.s. for t < 1/2.

Lemma 2.16. For each s,
P(X] = B,) =0, a.s.

and similarly with X} replaced by X .

Proof. We know X is a process whose paths are Lipschitz continuous. By assumption
(ii) of Theorem 2.5, there exists a probability measure Q which is equivalent to P and such
that the Q law of By — X[ is the same as the P law of B,. Then

QX =B,)=Q(B; — X =0)=P(Bs =0).
This is equal to zero by (2.4). Since P and Q are equivalent, the lemma is proved. 0]
Lemma 2.17. Y; =0, a.s. ift <1/2.
Proof. The process X, satisfies the equation
t
XtJr =T +/0 [Fl(X;_)l(X;">BS) +F2(X:)1(Xj'<Bs)]dS'

X, satisfies a similar equation. Then, noting Lemma 2.16,

t

V= [ IR = RO e cxy
t
+ [ IR = XM 2y

t
+/O [FL(XT) = Fa(XD)L x- <, <x+) ds.

Therefore

Yt<M/ d8+2M/ o pext ds (2.12)
:M/O sts+2M/o 1(o<BS—X;<Xj—X§)dS

t t
:M/O sts—|—2M/0 1(0<BS_X;<YS)dS‘
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Recall that we have assumed that F} is bounded by M. Hence, the process Y; is
Lipschitz with constant 2M. Since X has Lipschitz paths, there exists, by assumption (ii)
of Theorem 2.5, a probability measure QQ equivalent to P such that under Q, {B;—X;,0 <
s < 1/2} has the same law as {B;,0 < s < 1/2} does under P. So it suffices to show that
for any Lipschitz process Y with constant M satisfying

t t
Y, < M/ sts—|—2M/ Lo<B,<v.) ds, (2.13)
0 0

we have
P(Y; # 0 for some t < 1/2) = 0.

Let
D(A,a) = {Y; > As® for some s < 1/2}.

As 'Y is Lipschitz with |Y;| < 2M¢, then D(3M,1) = . Let ¢ > 0 and let n = 1/4. We will
choose N > 1 and jp > 0 in a moment. Let A; = N7 if j < jo and A; = (14n)? N7 for j >
Jo- Let oj = 1+j6. We want an estimate on the probability of D(A;41, aj41) —D(A;j, o).
If wé¢ D(Aj, o), then Yy < A;5% for all s <1/2, and so from (2.13), for ¢ < 1/2,

t t
Y; S M/ Ajsaj ds + QM/ 1(0<BS<AJ_80¢J‘) ds (214)
0 0

MA t¥+!
=—72 _  19M

Ozj—|—1

t
/ Lio<B,<a,s%) ds.
0

Let £ = (1 —n)/2M and let ¢; and ¢y be constants chosen as in Lemma 2.15
(depending on &). Find large jy so that

(1+jo6)*/?/2M > 1, (2.15)
M
< (1 2.16
1+j05_77( +1), (2.16)
and -
c1 Y exp(—ca(l —n?)(1+46)?) < /2. (2.17)
J=Jjo
Next choose NN large so that
N > M/n (2.18)
and
2joct1 exp(—ca(1 —n)N/2M) < €/2. (2.19)
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For j > 7o, we have

MA;
—(a] TS < nAj+1, (2.20)

using (2.16). The same inequality holds for j < jo in view of (2.18).
In view of (2.14) and (2.20), for w to be in D(Ajy1,aj41) — D(A;,a;), we must

have,

Ayttt

Ayttt
2(a; +1)
> (L=m) At /(2M)

t
/‘MK&<&fndszn/@Md— (2.21)
0

> Ayt /(20) -

for some t < 1/2. Recall that we set £ = (1 —n)/2M and note that for all j we have
(1—-n)Aj41/(2MA;) > €. By Lemma 2.15, the probability that the inequality (2.21) holds

is less than or equal to
1—n)A;
C1 exp ( — CQ%O{?) .

Using (2.15) and (2.17) for j > jo, we obtain

o0

77)Aa+1 1—n? 5/2 §/2
) < —
c1 g exp( 02 5 ) c1 g exp(—co i (14 5o6)°" (1 + 49) ) <e/2.

J=Jo J=jo

From (2.19),
- “nA s\ o K- (L—n)N
WS (el < (o120
< 2jpcy exp(—co(1 — n)N/2M) < /2.
Hence,
c1 Zexp ( — Cy 2M);143+1 a?) <&,
and so

(@ Aj,ozj>_€.

If w ¢ U,y D(Aj,a;), then Yy (w) < At < (1+ n)? N30 (1/2)1+3% for all j > jo
and all t < 1/2. Since (1 +n)(1/2) < 1, letting j — oo shows Y;(w) = 0. Therefore

P(Y; # 0 for some t < 1/2) < ¢
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Since ¢ is arbitrary, this proves the lemma. 0

Proof of Theorem 2.5. By Lemma 2.17 we have Y; = 0 a.s. for t < 1/2. If we consider
the law of B, /o given Fj o, it is not hard to see that assumptions (i) and (ii) of Theorem
2.5 apply to this process as well. So we apply the same argument to Xt_|——|—1/2 and Xt_+1/2’
and we obtain Y; /0 = 0 for t <1/2, or Y; = 0 for ¢ < 2(1/2). By an induction argument,

we then have Y; = 0 for all ¢, which proves uniqueness. 0

Proof of Theorem 2.6. The existence and strong uniqueness of solutions X7 to (2.6)
can be proved in the same way as in Theorem 2.1.

Consider any sequence ¢,, | 0 and with a slight abuse of notation let X' = X;".
Since all functions ¢ — X' are Lipschitz with constant 3, we may suppose, passing to a
subsequence, if necessary, that X;' converge to a function X°. In order to finish the proof,
it will suffice to show that X° = X;. Since the equation (2.5) has a unique solution a.s.,
it will be enough to show that if w is not in the null set where uniqueness does not hold,
then X°(w) is a solution to (2.5). The functions X" are Lipschitz with constant (3, so the
same is true of X°. Let A be the set of times ¢ such that X;° = B;. The complement of
the set A consists of a countable number of open intervals. Let I = (¢1,t2) be one of the
intervals in the complement of A. Fix any t3 € I and suppose without loss of generality
that X7° > By,. Choose some t4 € (t1,t3) and t5 € (t3,t2) and let a be the infimum of
X° — By over t € (tg,t5). For sufficiently large n, we have ¢,, < a/3 and | X} — X°| < a/3
for all t € (t4,t5). It follows that for large n and ¢ € (t4,t5), we have X' — By > a/3 > ¢,.
Hence, for such n and t, dX]*/dt = B2. This shows that dX°/dt = (B2 for all t € I. The
same argument works for all other intervals in the complement of A. There is nothing to
check for t € A, so X;° is a solution to (2.5). O

3. Local time. In the remaining part of the article we assume that B; is a Brownian
motion. In this section we will exclusively deal with solutions to (1.1). We will find several
explicit formulae for the local time spent by B; on the paths of the process X;. Moreover,
we will prove analogues of the Trotter and Ray-Knight theorems. The results on local
times provide information about the behavior of the function y — X}, for fixed ¢; see
Remark 3.10.
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Our first lemma is supposed to help develop a mental picture of the solutions of
(1.1). So far, we have proved existence and uniqueness of a solution to (1.1) for fixed to

and zo (see Thorem 2.1).

Lemma 3.1 (i) With probability 1, for every to,zo € R, there exists a unique Lipshitz
solution to (1.1).
Let X} denote the solution of (1.1) with X§ = x.
(ii) For a fixed t, the function x — X7 is continuous a.s.
(iii) If x < y then X} < X{ for allt € R, a.s.

Proof. According to Theorem 2.1 applied with oy = as = 0, for every fixed ty and xg
there exists a unique Lipshitz solution to (1.1), a.s. Hence, the existence and uniqueness
assertion holds for all rational ¢ty and zy simultaneously, a.s.

Suppose Lipshitz functions X; and X, satisfy (1.1), not necessarily for the same
values of ty and xy (we make no assumptions about rationality of the initial conditions ¢y
and z( in this paragraph). We will show that )/ft = max(X¢, Xt) also satisfies the condition
in (1.1). Consider any s € R and assume without loss of generality that Xg > X,. If
X, = B, then )?s = B, and (1.1) is satisfied in a trivial way. If X, # B then the graph of
X is line segment in a neighborhood of (s, X;). Since )A(:S < X, then either the graph of
X, lies strictly below that of X; in a neighborhood of (s, X), or it agrees with the graph of
X; in a neighborhood of the same point. In either case, the graph of )/(\'t is a line segment
in a neighborhood of (s, Xy), with the slope satisfying (1.1).

Recall that X7 denotes the solution of (1.1) with XJ = z. We will show that
XF < X/ for all t € R, a.s., assuming that z < y, and z and y are rational. Indeed, if
X7 > XY for some ¢ then XY = max(X¥, XV) is a solution to (1.1) with XY = y, but this
solution is different from X;/. This contradicts the uniqueness of solutions for rational ¢,
and xg.

Next we will prove that if  and y are rational and x < y then X7 < X} for all
t € R. By Lemma 2.13, it is enough to consider t > 0. We will use the same method as
in the proof of Theorem 2.3. Fix some rational x. By the Girsanov theorem, the law of
B; — X is mutually absolutely continuous with the law of Brownian motion starting from
—x, so By — X[ has a jointly continuous local time zf such that sup, zf < o0, a.s. for
each t. Let 8 = max(|(31],|B=2|) and

U=inf{t>0:supL? >1/(86)},
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with the convention that inf() = co. If t < U and a > 0, then

t a
/ 1(BS—X§€[O,CL])dS = / Lf dz S a/(8ﬁ)
0

0

Let a > 0 be a rational number and y = =z + a. Let
S =Sy =inf{t >0: X} — X} <a/2}.

Let V=UASand W = W(y) =sup{t <V : X/ — X¥ > a}. Since both X} and X/
satisfy (1.1),

|4
1%

>a— 25/ Lo<n,—xz<xy—xp)du
w

1%
>a— 25/ Lo<B, - xz<a)du
w

> a—2a8/(88) = 3a/4.
Since Xy, — X& = a/2 if U > S, we must have V = U. This is true for all a > 0, so
Xy — X5 > (X§ — X§)/2 for all rational y > .

Let U(1) =U and U(j +1) = U(j) + U(1) 0 by, 5 = 1,2, ..., where 6§ is the shift
operator associated with the process B;. An induction argument using the strong Markov
property at U(j) shows that X7, — X7 ;) = (Xg — XZ)/27. Tt is elementary to see that
U(j) — oo as j — 00, so for a fixed rational z, all solutions X; with rational y > = will
stay strictly above X} for all ¢ > 0, a.s. The claim can be extended as usual to all rational
to and zo, i.e., if X and X are Lipshitz solutions to (1.1) with X (t) = # < y = X (to)
then we have X (t) < X (t) for all t € R, for all rational ¢y, z and y simultaneously, a.s.

Now consider any real y and define Y? as the supremum of X}* over rational x < y.
We can use the argument presented in Theorem 2.2 to show that Yf is a Lipshitz solution
to (1.1) with Xy = y. Similarly, let X? be a Lipshitz solution obtained as the infimum of
X} over rational x > y.

Let us show that Yf = X7 and that this is the unique Lipshitz solution of (1.1) with
XY =y for all real y simultaneously. Suppose that Yz < XY for some real y and s. By the
continuity of the two solutions, there are rational ¢g, v and z such that Ytyo <v<z< X %’0.
Let X, and X, be the solutions of (1.1) satisfying X (to) = v and )A((to) = z. It follows
from the definitions of X; and X? and the monotonicity of 2 — X for rational = that
we must have X (0) = y = X(0). This, however, contradicts the fact that solutions with

different rational starting points v and z at a rational time ¢y never meet.
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Next suppose that for some real y, there is a solution X} to (1.1) with X =y,
but different from X7. Hence for some s we have XY # XY and we can assume without
loss of generality that X¢¥ > XY. Recalling the definition of XY, we can find a rational
number z such that # > y and X € (XY, X¥). Then X¥ = max(XZ, XY) is a Lipshitz
solution to (1.1) with X¢ = =, different from the function X7, thus contradicting the
uniqueness of solutions for rational initial data. This completes the proof that there exists
a unique Lipshitz solution to (1.1) for tc = 0 and all £y € R simultaneously, a.s. This
can be immediately extended to an assertion that applies to all rational ¢y simultaneously,
with probability 1. Finally, this last assertion easily implies the claim that existence and
uniqueness hold for all real ¢y and zy simultaneously.

The continutity of the function 2 — X7 follows from the fact that X; = X? for all
x and t.

Finally, we show the strict monotonicity of z — XJ*. Suppose that we have x < y
and X7 = XY for some s € R. The two functions X} and X} are not identical since
X¥ =a # y = XY, but they are both solutions to (1.1) with ¢y = s and zy = XZ. This

contradicts the uniqueness of solutions to (1.1). O

In the rest of this section, we will assume that {5 = 0 and study the portion of the
solution X; to (1.1) for ¢ > 0 only.

We continue with a discussion of some exit systems. Some of our results on exit
systems may be of independent interest. We refer the reader to Blumenthal (1992), Burdzy
(1987), Maisonneuve (1975) or Sharpe (1989) concerning the fundamentals of excursion

theory.

Let D = {(b,z) € R? : b = z}. We will construct an exit system (H®, dL) for the
process of excursions of (B, X;) from the set D. The first element of an exit system is a
family of excursion laws H*. An excursion law H?® is an infinite o-finite measure on the
space C* of functions (e}, e?) defined on (0, c0) (note that 0 is excluded) which take values
in R2U {A}. Here A is the coffin (absorbing) state. Let v be the lifetime of an excursion,
i.e., v=inf{t > 0: (e},e?) = A}. Then H®-a.e., we have (e},e?) € R? for t € (0,v) and
(ef,e?) = Afort € [v,00). The measure H® is strong Markov with respect to the transition
probabilities of the process {(B, Xt),t > 0} killed at the hitting time of D. Moreover,
the H”-measure of the set of paths for which limy|o(e;,e?) # (z,z) is equal to 0. The
second element of the exit system, dL, denotes the measure defined by a non-decreasing

process L;. The process L; is a continuous additive functional, also known as a local
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time, for (B, X¢) on D. The process L; does not increase on any interval (s, u) such that
(B, X¢) ¢ D for t € (s,u); that is, Ls = L,, for such intervals. Consider a maximal interval
(s,u) such that By # X; for t € (s,u). Suppose Ly = r. Let (e}, e?), = (Bsit, Xs4t) for
t € (0,u—s) and (e},e?), = A fort > u—s. Let u(r) =inf{t > 0: L, = r}. The collection
of all “excursions” {(r, (el,e?),)} is a Poisson point process which, roughly speaking, has
random mean measure (ry — 1) f:f H*")(A)dr on the set (ry,72) X A.

Next we apply some transformations to the excursions and excursion laws in order to
simplify our description of the exit system. First, we note that by the translation invariance
of the Brownian motion B; and equation (1.1), the distribution of (ej — x,e? — ) under
H?” is the same for every x € R. Let this distribution be called H;. For Hi-almost all
excursions, the second component e? is a linear function of ¢ until the excursion lifetime
v, with the slope equal to 3; or (2. In the first case, e; > e? for t € (0,v), while the
inequality goes the other way in the second case. Let Hy denote the part of the measure
H; which is supported on excursions with e} > e? and let H;_ be the part supported on
the set where e} < e?. Let Ho, be the distribution of {e} — e?,t € (0,v)} under Hy, and
let Ho_ have the same definition relative to H;_. Note that, by definition, the excursion
laws Ho, and Hy_ are supported on paths in R U {A} rather than R? U {A}, since the
second component becomes irrelevant after our last transformation.

Our transformations preserve the strong Markov property, but the last transforma-
tion creates a drift so that the measure Ho has the transition probabilities of Brownian
motion with drift —/;, killed upon hitting 0. It is standard to show (see, e.g., Theorem
4.1 of Burdzy (1987)) that for any event A defined in terms of the process after some fixed
time sg > 0, we have, up to a multiplicative constant,

1
Ho, (A) = lim —
2+( ) ;F& |$|

QT 5, (4), (3.1)

where Q* 5 stands for the distribution of Brownian motion with drift —/3;, killed at the
hitting time of 0. The normalization of the excursion laws is arbitrary as long as it matches
the normalization of the local time, so we can use the normalization in (3.1). We next
choose the normalization of the local time so that it matches that of Hsi. Given the
normalization for H,,, the normalization for Hy_ is no longer arbitrary and we will have
to prove that

s ingg(A)- (3.2)

Unless specified otherwise, all excursion laws in this paper will be normalized as in
(3.1) or (3.2).
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Let H3 denote the excursion law for excursions of Brownian motion without drift
away from 0. Let us split Hs into positive and negative parts Hsy and Hs_, as in the case
of Hy. We normalize Hj using a formula analogous to (3.1). Recall that v denotes the

lifetime of an excursion e, and that (3.1) defines the normalization of Ha.

Lemma 3.2. (i) On the set where v < oo,

dH>.

i, (©) = ep(=Aiv/(20%)).

(ii) For a fixed time s € (0, 00), the conditional distributions of Hoy and Hs, given
{v = s} are identical.
(iii) If 51 < 0 then Hoy (v = 00) = 2|31|/02.

(iv) Formula (3.2) is the correct normalization for Hy_.
Parts (i)-(iii) of Lemma 3.2 have obvious analogues for Hy_.

Proof. Fix arbitrary 0 < sgp < s1 < co and let A be an event measurable with respect to
o{es, t € (s0,51)}. Since Hsy is assumed to be normalized using a formula analogous to
(3.1), we have
Hy (An{v=s1}) _ . Q%5 (AN{v =s1})
Hs (An{v=s1}) =zlo Q¥(AN{r=s1})
An application of Girsanov’s Theorem, as in Karatzas and Shreve (1988) ((5.11), p. 196),
shows that

Q%5 (AN{v =s1})
Q5(AN{r =s1})

This and the previous formula imply

= exp(mﬁl/cf2 — ﬁfsl/(202)).

Hyp (An{v =s1})
H3_|_(A N {V = 81})

= exp(—fF2s1/(207%)),

which then easily implies (i) and (ii).

As for (iii), we start with the formula

Q% (v =00) =1 —exp(2zf1/0?),

with 81 < 0 (Karlin and Taylor (1975), p. 362). Then (3.1) yields

Q% g, (v = 00) =2|B1]/0?,

1
Hyy (v = 00) = lim —
2+(1/ OO) xlﬁ)l |.’13‘
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as desired.

It remains to prove (iv). Fix arbitrarily small v > 0 and let
Al = Al(t) = {mii,g(le| > t1/2+'}’}'

Note that | X;| < 8t < t'/2+7 for small t > 0 so we have P(A;(t)) = 0 if  is small. However,
we will prove the result using only the property that lim;_oP(A41(¢)) = 0 because we will
need this version of the proof later in the paper. Let us take to = 0 and zg = 0 so that
Xo = 0. Note that the excursion law normalization does not depend on ty and zg. Let
A, = A, (s) be the event that the first excursion (e},e?) of (B, X;) from D with the
property that |e} — eZ| > s'/2+7/2 for some t € (0,v), also has the property that e} > e?
for t € (0,v). Let A_ be the analogous event with e; < e?. Let T'(a) be the hitting time
of a by B;. For small s > 0,

(T(sY/2H7/2 4 g7y < (=1 /207/2 4 g1/247) < 5} € A, (s) U Ay (s),

and
{T(=s/2+7/2 _ 1247y < T (1/2H7/2 _ g1247) < 51 ¢ A_(s) U Ay (s).

It is elementary to check that

lim P(T (/20772 4 51247y < P(—s¥/2H7/2 4 51/247) < )

s—0

= lim P(T(—s/2t7/2 = s1/247) < T(s1/247/2 _ s1/247) < 5) = 1/2.

s—0

This and the fact that lim; o P(A1(¢)) = 0 imply that

lir% P(Ai(s)) = liII(l) P(A_(s)) =1/2. (3.3)
The scale function S(y) for Brownian motion with drift —(F; is given by
S(y) = exp(261y/c?) (Karlin and Taylor (1981) Chapter 15.4). Let Fj, be the event
that the difference between the maximum and the minimum of an excursion exceeds h.
Then, by (3.1),

— Jim 20° .1 S(z)—5(0)
Hoy (Fp) = lml?(} EQ_ﬁl (Th, < Tp) = 11%1 — m
1 ep(biefo?) <1 20 |

210 x exp(2B1h/o?) —1 o2 exp(2B1h/o?) —1°
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An analogous formula holds for Hy_ (F},), but we will write it with an additional multi-

plicative constant ¢p, since we have not proved that (3.2) is the right normalization yet:

26, 1
02 exp(2B2h/o?) —1°

Hy (Fp) =

Our goal is to show that ¢; = 1 is the correct choice for the constant.

Excursion theory tells us that the arrival times for excursions (e},e?) of (B, X;)
from D with the property that |e} — e?| > s'/2%7/2 for some t € (0,v), and with e} >
e? for t € (0,v), form a Poisson point process on the local time scale with intensity
Hy (Fyi/24+/,2). This process is independent from the analogous process of excursions
with e} < eZ. Formula (3.3) tells us that for small s, the probability that the first arrival
for the first process is earlier than the first arrival for the second process is close to 1/2.
Hence, the ratio of the intensities for the two Poisson point processes must converge to 1

as s — 0. Therefore, we must have

-1
lim 20 . 1 . (c 20 . 1 > =1.
)—1

s—0 02 exp(2B1s1/2t1/2/62) —1 ' 02 exp(2B,51/2+7/2 /o2

However, this is possible only if ¢; = 1. This completes the proof of (iv). O

Remark 3.3. (i) Lemma 3.2 (iv) can be used to prove uniqueness for (1.1). In order to
do so, one would have to consider an exit system for the maximal Lipschitz solution X;
to (1.1), constructed as in the proof of Theorem 2.2, and the analogous exit system for
the minimal Lipschitz solution. Lemma 3.2 (iv) shows that both exit systems are identical
but this can be true only if the maximal and minimal solutions are the same. We will not
formalize this argument as it cannot be easily generalized to non-Markov processes. The
delicate part of the argument would be to show that the maximal solution X; is the sum
of the excursions and it contains no component corresponding to a “push” proportional to
local time.

(ii) According to Lemma 3.2 (i)-(iii), if £; < 0, the excursion laws ngr and H{fl
agree on the set of excursions with finite lifetime and the only difference is that ng_ gives

some mass to excursions with infinite lifetime, while H,_ f ! does not.

For every x € R consider the solution X7 to (1.1) with X§ = z. Let L} denote

the local time of Y;* a By — X at 0, defined earlier in this section as the local time of
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(B, X7) on the diagonal, accumulated between times 0 and t. Note that this is not the

local time of a one-dimensional diffusion at level z.

Proposition 3.4 If 31 > 0 and 35 < 0 then for every x € R,

1 1\ !
lim LY /t=| — + —) , a.s.
J L/ (w E

Proof. Fix some x € R. Our assumptions that 41 > 0 and 2 < 0 imply that there will
never be an excursion of B, from X[ with infinite lifetime, since the drift will always push
the excursions of Y;* towards 0. This in turn implies that L7 will grow to infinity a.s.

Recall that we used QY 3, to denote the distribution of Brownian motion with drift
— [, killed at the hitting time of 0. By Theorem 7.5.3 of Karlin and Taylor (1975), we
have for y > 0,

Y] (lyl — 1B1t)?
QY4 (v €dt) = e Y it R T dt,

where v denotes the lifetime of the process. The same formula holds for y < 0, with 5;
replaced by (2. Using (3.1)-(3.2) we obtain

1 1
Hy(v edt) =lim —QY , (v edt)+1lim —QY , (v edt
2( ) y10 |y|Q_ﬁ1( ) y10 |y|Q_62< )

: (lyl = [B1]t)? , (ly| = 18=[t)*
=lim— _—_ lim ——— S L S Lk DA
JLO ot3/2\/2m P ( 202t dt+ leO ot3/2\/2m P 202t di
1 2 /6 2 1 2 /6 2
Ty OO exp|—(B1/207)t|dt + YW exp|—(B5/207)t]dt

Let V¥ be the inverse local time, i.e., V¥ = inf{t > 0 : LY > s}. The process V7 is the
sum of lifetimes of excursions which start before the local time reaches the level s. The

Poisson character of the excursion process easily implies that

EVE = s/ tHy(v € dt)
0

oo 1 1
=35 t—————e — 222tdt+8/ t————e —
/0 e el (/20 el

<|ﬁ%| + WL2|> 5. (3.4)

31

[e.e]

(83/20°)t)dt



This and the strong law of large numbers for the Lévy process s — V¥ (see p. 92 of Bertoin
(1996)) imply that

1 1
VEs = o
61| |5
a.s., as s — 0o. This can be easily translated to the statement of the proposition. 0J

We note that if 51,02 > 0, then we will eventually have X7 > By, for every x.
Hence, in this case, LY < oo for every x € R, a.s. We will prove the next lemma under the
assumption that g1 — B2 > 0. We believe that similar statements hold when 5; — 33 < 0
but technical difficulties prevent us from giving a formal proof in that case.

The following lemma contains the most complicated and technical argument in the

whole article.

Lemma 3.5. (i) Fix x,a, 31, 02 > 0 and assume that 31 — $2 > 0. Then

E(LZ | L2, = a) = a — 60" (1 — exp(~2a(By — ) /02)) + o(6).
81— B2
for o | 0.
(ii) If a, 31, B2 > 0, x < 0, and (31 — B3 > 0 then
BLE | L5, =) =0+ 8| 72 = 2P exp(~2a(81 - Ba)/o?) | +0(9),

for 6 7 0.

Proof. (i) Recall that By = 0, that we have fixed z,a,(;,32 > 0 and assumed that

(1 — B2 > 0. Since the proof of the lemma is quite long, we will split it into several steps.

Step 1. We start with some transformations of the processes X and B; which will enable
us to look at L% from a slightly different perspective. It is perhaps not necessary to make
these transformations, but we find the transformed problem much easier to comprehend
than the original one from an intuitive point of view.

We first offer a rough guide to our notation (whose validity is limited to this proof).
Different Brownian motions with different drifts and reflected barriers will be denoted B?,
for j =1,2,.... The notation L7~ and L{T will refer to the local time of B/ on the lower
and upper reflected barriers (if any). We will write v;(a) = inf{t : L]~ = a}.

It is well known that the set {t : By = 0} has zero Lebesgue measure, so the

Girsanov theorem implies that the same is true of the set {t : X} = B;}. We will excise all
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intervals where X[ > B;. First, we define a clock Cy(t) = fg 1(x=<p,}ds and its inverse
b1(t) = inf{s : C1(s) > t}. Since (1, F2 > 0, we will eventually have X7 > By, so we let

up = sup{Cy(t) : t > 0}. Then we define new processes on the random interval [0, u;] by

Bi = By, 1) — B2(b1(t) — 1),
X" = X{ gy — Ba(br(t) — 1),

» L 0 xX
X0 = X = Ba(ba(t) — 1),

For t € [0,u1], we have Xl’w = x+ (1t, the process B} is a Brownian motion staying above

10 s a solution to (1.1) with

and reflected on the line ¢ — x + ¢, and the process X’
B replaced by B}.

Next we similarly excise the intervals where th o < B}. Let us define a new
clock Co(t) = fot L y1oti5piyds, its inverse ba(t) = inf{s : Co(s) > t}, a random time

ug = sup{Ca(t) : t > 0}, and processes

B} = Bbg(t) ( 2(t) —
X" =
Xt2,$+5 1 $+§ ﬁl (b2 (t) t)

For t € [0,us], we have X" = z + it and X" = 2 + & + fot. The process {B2,t €
[0, uz]} is a Brownian motion reflected on the lines ¢ — x + (1t and t — = + 0 + [t and
confined to the region between them. Note that B2 = z a.s. and that the lines t — x + (31t
and t — = + 0 + [ot intersect at t = 0/(81 — P2) so necessarily us < /(51 — [2).

The time us corresponds to the start of the infinite excursion of B; below the graph
of X{. By excursion theory and Lemma 3.2 (iii), the distribution of L,  is exponential with
mean o2 /(232). Hence, we may assume that the process B? is generated in the following
way. Suppose that B} is a Brownian motion starting from B = z, reflected on the lines
t — x4+ [t and t — x + 6 + B2t and confined to the region between them, but defined for
all t € [0,6/(B1 — B2)) rather than confined to some random time interval. Let L™ be the
local time of B} on the line t — z + (1t and let Z be an exponential random variable with
mean o2 /(203;), independent of BJ. If v3(s) = inf{t : L}~ = s}, then the distributions of
the processes {B?,t € [0,uz2]} and {B},t € [0,v3(Z)]} are the same.

Let L3+ be the local time of B} accumulated on the line t — x + § + (Bot. The
distribution of L=}+® given {L% = a} is the same as the distribution of L>,

try to find an approximate formula for ELU ()"

va(a)? SO We will
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We continue our transformations. Let B} = B} — x — (1t. The process B} is a
Brownian motion starting from 0, with drift —f3;, reflected on the horizontal axis and the
line t — & — (81 — B2)t. The processes L}~ and Lt can be identified with the local times
Lf_ and Lf+ of B} on the horizontal axis and the line t — § — (31 — (32)t, resp. Hence, it

will suffice to show that the estimate given in part (i) of the lemma holds for EL%ZL(a).

Step 2. In this step we will obtain some estimates for reflected Brownian motions using
excursion theory. Let B} be a Brownian motion with drift —3;, confined to positive values
by reflection on the horizontal axis. The Green function G(z,y) for Brownian motion with

drift —f;, killed upon hitting 0 is given by

e = o (2) e 22).

for 0 < z < y < o0, by (3.15) in Section 15.3 and Section 15.4.B of Karlin and Taylor
(1981). Let G%(y) denote the Green function for the excursion law Hjy of By from 0, i.e.,
the function defined by

[e’e) 29
Hs (/ 1{€(t)€[z1,m]}dt) = / G (y)dy.
0 21

A formula analogous to (3.1) yields

Gr(y) = lim %G(% y) = % exp (— Qféy) :
for y > 0.
Consider some §; > 0 and excise excursions of By above the level §;, just as we did
with the excursions of B; and B}. Let C3(t) = fg 1¢ps<s,3ds, ba(t) = inf{s : C3(s) > t},
and BY = ng(t)' The process B¢ is a reflected Brownian motion in [0,d;]. Let G (y)
be the Green function for the excursion law Hg of BY from 0. It is clear from the nature
of the transformation which generates BY from the paths of B} that G%(y) = G%(y) for

y € (0,01). Hence,

01 51 5
wir o [ Gen( )i )]

Let L8~ and L%" denote the local time of BS at 0 and 6y, resp. Let vg(s) = inf{t : LY~ = s}.

The random variable vg(s) is the sum of the lifetimes of excursions of B¢ from 0 which

occur before L? ~ reaches the level s. The last formula and excursion theory give

Evg(s) = s% {1 —exp <—%fl)} 9 on(5y). (3.5)
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Next we will derive an estimate for Hg(v > t). Recall that Q5 denotes the
distribution of Brownian motion with drift —(;, killed upon hitting 0. Let @Z_ 5, denote
the distribution of Brownian motion starting from z € (0, 07), with drift —(, reflected at

01, and killed upon hitting 0. It is easy to see that
QZp (v>1)<Q%g (v>1t),

for all t > 0 and z € (0,61). By Lemma 3.2 (i), Theorem 5.1 (iii) of Burdzy (1987), and

scaling,

1 ~
Hg(v > 1) <lim-Q% 5 (v > t)

zl0 2
< lim le (v>t)=Hs(v>t) < /00 l(27T33)_1/2d8. (3.6)
~ L0z T —Jy o
A simple argument based on scaling and the Markov property applied at times ¢ = ké7,
k=1,2,..., shows that there exists a constant ¢; > 0, such that
@'Z_ﬁl (v > t) < exp(—cito?/63), (3.7)

for all t > 67 /02 and z € (0,81). Another standard estimate is
@z_ﬁl (v > 5%/02) < zeo.

This combined with the previous estimate gives (with possibly new values for the con-
stants),
Q%5 (v>1) < zeo exp(—cito? /6%),

for all t > 67/0? and z € (0,81). We obtain from this an estimate analogous to (3.6) but
applicable for ¢ > 67 /o

Hg(v > t) < copexp(—cita?/63). (3.8)
Since the excursion process is a Poisson point process, we have from (3.6) and (3.8),

Varvg(s) = 8/ t?Hg(v € dt)
0

(5%/0‘2 1 o0 1
< 8/ —t2(271't3)_1/2dt + S/ _(5%/02)2(27_‘_t3)—1/2dt
0 é

g %/02 o

0o 62
+ s/ t2co 12 exp(—cito? /6%)dt
5%/02 C10

< 3503 Jot + 4803 Jot + 5508 Jo® < ce58°. (3.9)
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Step 3. We will find a link between processes reflected on sloped lines (in space-time) and
within an interval. We will need to define some more variables. First of all, so > 0 should
be considered a small constant whose value will be chosen later in the proof and which
does not change with §. Recall 1 defined in (3.5). Let ug > 0 and 61 € (0,6) be defined by
the following two equations ug = (6§ — 61)/(B1 — (=), and sg = ug/n(B1, 6, 02).

Recall that Bf is a reflected Brownian motion in [0,d;] and note that now §; is
defined relative to 6. Let B/ be the analogous reflected Brownian motion in [0, §].

Note that § — (81 — [2)t > 61 for t € (0,ug). Hence, on the interval (0, ug), the
upper reflecting boundary for BY lies below that for Bf. This relationship between the
upper reflecting boundaries implies that the excursion measure distribution of the lifetime
of an excursion from 0 of the process By is stochastically larger than that for an excursion
of Bf, for excursions within the interval (0,ug). It follows that one can construct B} and
B¢ on a common probability space so that vg(s) At < wvs(s) At for all t < ug, where
v4(s) = inf{t : L}~ = s}. On the other hand, 6 — (8 — B2)t < & for t > 0, so the analogous
relationship for B” goes in the opposite way, i.e., v7(s) At > v4(s) At for all t > 0.

Although the process Bj starts from 0, by construction, it will be necessary to
consider the case when it starts from some other value; in other words, we will now
consider a process with the same transition probabilities but a different starting point.
The starting point y will be reflected in the notation by writing PY or E¥, as usual.

Let T¢ be the hitting time of 0 for the process B} for i = 4,6,7. By the previous
remarks, we can construct versions of B} and B; on the same probability space so that
they start from the same point y and Tg At < Tg At for ¢ < ug.

By the strong Markov property applied at Ty, we have EYv7(s) = EYT§ + E°v7(s).
It follows easily from (3.7), applied to ¢ rather than &, that

EYTy < c76% /0. (3.10)

Consider arbitrarily small € € (0,1/4). We obtain using (3.5) (applied with §; replaced by
) and (3.10),

EY(v4(s0)) < EY(v7(s0)) < EYTY 4 E%(v7(s0)) < ¢76%/0? + up.

For small § > 0, (3.5) shows that n(d) is approximately 2§/02. Hence, ug = son(d) is
approximately equal to 2sq6/02. This shows that for small d, the last displayed inequality
yields

Y (v4(s0)) < ug(1 4+ ¢€) = son(8)(1 +¢) < 2506(1 +¢)? /0. (3.11)
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Next we will find a lower bound for the same quantity.

By the strong Markov property applied at T¢, we have EYvg(s) = EYTS + Evg(s)
and Var (vg(s) | BS = y) = Var (T§ | B§ = y) + Var (vg(s) | B§ = 0). We have an estimate
analogous to (3.10):

EYTY < ¢767 /02, (3.12)

and another estimate following from (3.7):
Var (T9 | BS = ) < cs07/0*, (3.13)

for any y € [0, 61].
We obtain using (3.5) and (3.12),

EY (v6(s0(1 — €))) < EYTY 4+ EX(vg(s0(1 — €))) < c767 /02 + s0(1 — €)n(d1).

For small § > 0, d; is also small and (3.5) shows that n(d;) is about 28;/0%. Hence,
so(1 —e)n(61) is approximately equal to 2s9(1 — €)d1 /0. This shows that for small §, the
last displayed inequality yields

EY(ve(so(1 —¢€))) < so(1 —¢/2)n(d1) < so(1 —€/2)n(0) = uo(l —&/2). (3.14)
A similar estimate for the variance follows from (3.9) and (3.13), for small 4,
Var (vg(s0(1 —¢€)) | BS = y) < cs01 /0" + ces0(1 — )03 /o* < coso(1 — )83 /o*.  (3.15)

This estimate, (3.14) and the Chebyshev inequality yield,

0980(1 — 8)5%/0‘4 6105% 610(5%
Py 1-— > < — )
(v6 (sof €)) = uo) < (eup/2)? ~ n(0)e2ugot  n?(d)esgot
For small & we have
§/o? < n(d) < 45/a>. (3.16)
Hence,
0115§ c1101

PY(vg(so(1 —€)) > up) < (3.17)

(0/02)%2e2s00* — 259
We have from (3.14)-(3.17), for small 4,
EY(v6(s0(1 — €)))* = Var (ve(so(1 —€)) | By = y) + (EVvs(s0(1 — €)))”
< coso(1— €)o7 /o + (so(1 —e/2)n(9))?
< 32s53(1 —¢/2)%6% /o*.
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We use this estimate, (3.5) and (3.16)-(3.17) to obtain, for sufficiently small 9,

1/2

= s0(1 — &)n(61) — (B (ve(s0(1 — £)))*PY (vg(s0(1 — £)) > uo)) "'
2 2 2 92, 4 C1101 1/2
> 250(1 — £)28, /o2 — (3230(1 —£/2)%5% /0 %) . (3.18)

It follows from (3.16) and the definition of ¢; and ug that for small 6 > 0,

81 =08 — son(8)(B1 — B2) > 8(1 — 4so(B1 — B2)/0?).

We will choose sufficiently small so > 0 (relative to o, 81, f2 and €) so that 6; > §(1 —¢/2).
Then the last inequality and (3.18) yield for small 4,

EY (v4(s0)) > 250(1 — )6 /0. (3.19)

Step 4. We will apply induction in order to obtain estimates for E%v,(jso) with integer
j > 1. At the time vy(sg), the distance between the reflecting barriers for B} is equal to
§ = 6 — (81 — B2)va(so), which is less than &, so we can use the estimates (3.11) and (3.19)
with ¢ replaced by (5N, assuming that ¢ itself is sufficiently small for the estimates to hold.
By the strong Markov property,

E°(v4(250) — va(s0) | va(s0)) < 2050(1 +€)?/0® = 2[5 — (1 — B2)va(s0)]so(1 +€)* /0,
and so
E® (v4(250) — va(s0)) < E°2[8 — (B1 — B2)va(s0)]s0(1 + €)% /0
< 2[0 — (81 — B2)20s0(1 + €)% /o?]so(1 +€)? /o>
= 25(s0/0?)[(1+€)* = 2(B1 — f2)(s0/0%) (1 + )],
It follows that for small § > 0,
P4 (250) = E%v4(s0) + E°(v4(250) — v4(s0))
< 20(s0/0%) (1 + ) +25(s0/0”)[(1 + €)% = 2(B1 — B2)(s0/0?) (1 + )]
= 20(s0/0%)[2(1 +)* = 2(B1 — B2)(s0/0?) (1 +¢)"].

38



More generally,

E%4((j + 1)s0) = E%v4(js0) + E° (va((j + 1)s0) — va(js0))
< E%v4(js0) + 2[0 — (81 — B2)E%va(js0)]s0(1 + €)* /o
= E 04(j50)[1 = 2(81 — B2)(s0/0°) (1 + &)%) + 28(s0/0”) (1 + £)*.
. From this we obtain by induction,
E%v4(jso) < E%va(s0)[1 = 2(81 — Ba)(so/0?)(1 + €)%
j—2

+20(s0/0%)(1+€)* Y _[1—2(B1 — B2)(s0/0%) (1 + &)
k=0
< 26(s0/0%)(1+€)*[L — 2(81 — Ba2)(s0/0%) (1 +¢)?) !

+20(s0/0*)(1 + ¢)? Z[l —2(B1 — B2)(s0/0”) (1 +¢)?]F

k=0
o1 = [1=2(B1 — B2)(s0/0°)(1 + €)%
L —[1—-2(81 — B2)(s0/0?)(1 + ¢€)?]

(1= [1 =281 — B2)(s0/0”) (L +2)°]).

= 20(s0/0?)(1 +¢€)

0
B P

Now fix an arbitrary a > 0, an arbitrarily small € > 0, and choose a sufficiently

small small sy > 0 so that ; > (1 — ¢/2), and such that for some integer j we have

780 = a, and, moreover, j is sufficiently large to imply the following;:

J

gL~ 1= 2061 = B2)(s0/0*) (1 +2)°F)

J

T BB
)

B1 — B2

Then for sufficiently small § > 0 we have,

(1 —[1 = 2(B1 — B2)(s0/0°)(1 +€)*]*/>0)

<

(1 — exp(—2a(By — B2)(1 4 €)% /0?)).

Ev4(a) = Evy(jsg) < 3 f@

A completely analogous argument using (3.19) in place of (3.11) yields
0

B1 — B2

Since € > 0 is arbitrarily small, a standard argument based on (3.20)-(3.21) gives for § | 0,

0
BB

(1 —exp(—2a(B1 — f2)(1 +¢)°/0?)). (3.20)

E%uy(a) > (1 — exp(—2a(fh — B2) (1 — €)*/02)). (3.21)

E%v4(a) (1 = exp(=2a(Br — f2)/0?)) + 0(d). (3.22)
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Step 5. The last part of the proof exploits a relationship between local time and certain
stopping times. Recall the local times Lf* and L;H, introduced earlier in the proof. We

have for some standard Brownian motion B,
B} =B - (it + Ly — LT,

One has to check that the normalization of the local time, defined relative to the normal-
ization of the excursion laws in (3.1), is the correct one for the above “Lévy formula.” This
can be done, for example, by comparing our normalizations with those in Theorems 3.6.17

and 6.2.23 in Karatzas and Shreve (1988).
Note that the o-fields generated by B} and Bf are identical so v4(a) is a stopping

time for Bf. We have By =0 and Li:(a) = a, o
0= By, — Broaa) +a— L. (3.23)

Since v4(a) is bounded by §/(81 — (32) the optional stopping theorem yields IEB§4 @ =0,
and so, using (3.22),

EL* | =a—EBjvs(a) = a—5ﬁ15_162

va(a)

(1 —exp(—2a(By — B2)/0%)) +0(6).  (3.24)

Now recall that Li:r(a) has the same distribution as L2 given {L% = a}. This observation
and the last formula complete the proof of part (i) of the lemma.

(ii) The proof of part (ii) of the lemma uses a formula analogous to (3.24), but
requires some additional work.

Recall that 0 was positive in part (i) of the proof; it will be negative in the present
part.

Recall the transformations of By from the proof of (i). It is easy to see that analogous
transformations in the current case do not lead to B which is a Brownian motion starting
from 0, with drift —g;, reflected on the horizontal axis and the line t — § — (5 — [B2)t
(with 6 > 0), but instead they give a Brownian motion Ef starting from 0, with drift —js,
reflected on the horizontal axis and the line t — 6 4+ (1 — B2)t (with 6 < 0).

A subtle but significant difference from (i) is that the infinite excursion of B; from
the graph of X will go in the direction of the graph of XfJ”S and so it will generate
some more local time. By Lemma 3.2 (i) and Remark 3.3 (ii), the excursions with finite
lifetimes have the same intensities for Brownian motions with drifts o and —/f5, so we

can use estimate (3.24) for the portion of the local time generated before the last, infinite
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excursion of B; from the graph of X{". The estimate has to be modified as ; has to be

replaced by (2, and so we obtain

fa
fr — B2

To this we will have to add the local time spent by B; on the graph of X,‘;”H during its

a — [0 (1 —exp(—2a(61 — fB2)/0%)) + 0(9). (3.25)

final, infinite excursion from the graph of Xj". The rest of the proof is devoted to that
calculation.

Let U be the first time when the final, infinite excursion of B; from the graph of X[
hits the graph of Xer‘s. Let 61 = | X5 — X$+5|. First, we will condition on §;. The process
{B¢,t > U} is a Brownian motion conditioned not to hit the line ¢ — By + d1 + (2t. By
subtracting the drift and flipping the process to the other side of the horizontal axis, we
may consider a Brownian motion B} starting from &y, with drift (;, conditioned not to
hit 0. We will estimate the amount of the local time this process spends on the graph of
a solution Y; to (1.1) with (s replaced by —(51 — f2), B1 replaced by 0, and B; replaced
by BY.

Let H% be the excursion law for excursions above the level §; for Brownian motion
with drift g5, conditioned not to hit 0. Let F,, denote the set of excursions with infinite
lifetime. We will compute H%'(F,). Let R}, be the distribution of Brownian motion with
drift B5. Then

: 1 (51 z
H% (Fy) = 121?01; QYT (Too < Ts, | Too < Tp)

L QYT (Too < Ty, and T, < Tp)
210 2 QY (Too < Tp)

— lim ~ - Q" (Too < To)
202 QYT (T < Tp)

Recall that the scale function S(y) for Brownian motion with drift (s is equal to

exp(—2032y/0?). This gives

L . 1.5(51-1—2)—5(51)_ S(o0) —S(0)
B (Fo) =100 =50~ 500 501+ 9~ SO

— lim 1 exp(—2B2(61 + 2)/0?) — exp(—23201/0?) . 0-1
210 2 0 — exp(—203201/0?) exp(—202(d1 +2)/0?) — 1
_ 26,
0?[1 — exp(—2B261/0?)]
If we fix arbitrarily small € > 0 then for sufficiently small §; > 0 we have
1

LB (F) < (146 (3.26)
51 51
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We proceed to calculate the expected time to hit §; for Brownian motion with drift

B2, starting from ¢; — z and conditioned not to hit 0, where z € (0,61). If we take

(2) = exp [— I 252/0%4 — exp(—2Br2/0?),

and

$G) = [ sto)dy = 5711 - expl-262/0)],

then formula (9.9) on p. 264 of Karlin and Taylor (1981) yields

E61_2<T51 | Ts, < TO)

2[5(01) — S(61 — 2)] [*7F S3(y) o S(y)[S(61) — S(y)]
S(61)S(d1 — 2) /0 o2 <y>dy+2/51_z 25550

2| 551 — oxp(—26201/0%)] — £ [1 — exp(~282(61 — 2)/0%)
575; 1 — exp(=20201/02)] 7= [1 — exp(—20a(61 — 2)/0?)]
/w 25 [1 — exp(—2py /%))
0 02 exp(—2f2y/0?)

s /al ( 711 — exp(—202y/0?)]
)

o2 eXp(_Qﬁzy/g2)%[l — exp(—20201/02)] g

Y

»

dy

1—7

{;ﬁ [1 — exp(—206201/02)] — ﬁ[l —exp(— 25229/02)]} )dy
2[exp(—262(01 — 2)/0?) — exp(—2[201/0?)]
%[1 — exp(—20201/02)][1 — exp(—202(61 — 2)/0?)]
/51—2 1571 — exp(—282y/0%))?
0 o2 exp(—20y/0?)
s /51 %[1 — exp(—2062y/0?)][exp(—2B2y/0?) — exp(—2[281/0?)]
51—z o? exp(—202y/0?)[1 — exp(—20261/0?)]

dy

dy.

The expected lifetime of an excursion below d; for the Brownian motion with drift (s,

starting from ¢; and conditioned not to hit 0 is therefore equal to

1
lim —~E*~*(Ts. | T T,
zlﬁ)l > ( 81 | o1 < 0)

o 22B2 exp( 2ﬁ251/0‘2) /51 4222 [1 - exp(_252y/02>]2 dy

B %[1 — exp(—26201/02)|[1 — exp(—263201/02)] o2 exp(—202y/0?)
< 101, (3.27)
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for small §; > 0 and some ¢; depending on B2 and o2 but not on 4;.

Fix arbitrarily small € > 0. We are ready to derive estimates for the total amount
of local time, say L2, that B spends on the graph of Y;.

On one hand, the estimate (3.26) shows that L2F is stochastically bounded by an
exponential random variable with mean §7, for sufficiently small §; > 0.

Let vg (a) be the time spent by B} between Y; and the horizontal axis before the
time when LY hits a. Since Y; is non-increasing, the estimate (3.27) can be used as an
upper bound for the expected duration of an excursion below Y;, for every t > 0. Fix

arbitrarily large b < oo and arbitrarily small € > 0. We have from excursion theory,
Evg (b61) < bd1c1671,

and so, for sufficiently small d; > 0,

2
beroy = b%(gl < E.

P(vJ(bél) Z 518) S (516

We see that with probability greater than 1 —¢, the distance between Y; and the horizontal
axis remains greater than d; — d16(81 — [2), at least until the time when L?+ exceeds bdy.
On this time interval and given this event, the intensity for the arrival process of the
infinite excursion is bounded above by (1 +¢)/(61(1 —¢)), by (3.26). Hence, EL2 /6; can
be made arbitrarily close to 1, by choosing large b, then small € and finally small |§| > 0
(note that &; < [4]).

Finally, in order to obtain an unconditioned estimate for EL?}, we have to average
over the possible values of 8;. Let 74(a) be the time when the local time of B# (defined
earlier in the proof of part (ii)) reaches a. The same argument which gives (3.22) yields

the following estimate,
ELYT = Ed; + o(d)
= 6] — E(B1 — B2)va(a) + o(J)

= 18] 181222 (1~ exp(~2a(8 — 2)/%)) + o(9)
p1 — B2
= [0 exp(—2a(B1 — f2)/0?)) + 0(9).
Adding this quantity to (3.25) gives the formula in Lemma 3.5 (ii). O

Lemma 3.6. Fix x,a, 31,32 > 0 and assume that 31 — 32 > 0. Then

J

Var (ng‘s | LY =a) = 53
1 — D2

(1 = exp(=2a(Br — f2)/0?)) + 0(d),
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for § | 0. The same formula holds if x < 0 and 6 T 0.

Proof. First suppose that z,d > 0 and recall the notation and definitions from the proof

of Lemma 3.5 (i). It follows from (3.23) that
Lij(a) a = v4(a) 511)4( )

We have using (3.22),

E(LiY ) — ) = B(BS, () — Brva(a))? (3.28)
= E(BS, ()2 — 261 | B, (oyva(a)| +E(va())?
= EU4(CL> — ZﬁlE |:B§4(a)v4<a)] + ]E(U4(a>)2

(1= exp(=2a(B1 — B2)/0%)) + 0(8) — 241E | BS, ,vs(a)| + E(va(a))*.

" B B
Recall that vs(a) is bounded by 6/(81 — (2). Hence,
E(va(a))? < 6%/(B1 — B2), (3.29)
and
1/2
EBS,(0yva(e) < (E(BS, () E(v1())?) (3.30)
= (Evs(a)E(vs(a))?) "’
1/2
< ([ 5250 - exot-2a(00 = B/o®) + o) - 82161 - )
1 2
= 0(9).
Combining (3.28)-(3.30) yields
BL ) — 0 = 5 (1~ exp(~2a(6) — B2) /o) + 0(0).
This implies
Var ij(a) = E(Li“L(a) — ]EL§+(G))2
=E(Ly},y —a)® = (ELyS ) —a)®
-2 ’ 50— exp(=2a(fy = B2)/0) + 0(0)
2
- (55 (1 e(-2a(61 — 22)/0) + 000
1— B2
- f@ (1 — exp(~2a(B: — B2)/02)) + o(6).
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Similarly to the proof of Lemma 3.5 (i), we have Var (L% | L2, = a) = Var L*", | which

vg(a)?

combined with the last formula proves the lemma in the case = > 0. o
Now consider the case x,d < 0. We argue as in the proof of Lemma 3.5 (ii) that we

have to add a contribution from the local time on X} +9 generated by the infinite excursion
of By below X¥. We have shown in the proof of Lemma 3.5 (ii) that the local time on XZ+°
generated by the infinite excursion is stochastically bounded by an exponential random
variable with mean ¢ so its variance is bounded by 262, and, therefore, the contribution to
the variance from the infinite excursion is negligible. The same formula holds in the case

z < 0 as in the case x > 0. OJ

Recall that Ly denotes the local time of B, — X7 at 0. The following result is
analogous to Trotter’s theorem on the joint continuity of local times for Brownian motion
(see Karatzas and Shreve (1988) or Knight (1981)).

Theorem 3.7. Assume that (31,82 > 0 and 1 — 3o > 0. There exists a version of the

process (x,t) — LT which is jointly continuous in both variables.

Proof. Note that X} and X/ increase at the same rate when B; does not lie between X
and X/, and by the assumptions on 3; and 2, they grow closer together when B; does

lie between them. Therefore, for all z,y and ¢ > 0,
XY = X < |z —yl. (3.31)

Define G(x) = ELZ, . The excursion law for Brownian motion below the line t — [t
gives mass 2(2/0? to excursions with infinite lifetime, by Lemma 3.2 (iii). By excursion
theory, the waiting time (in terms of local time) for the first excursion with infinite lifetime
is exponential with mean 02/(23;). This says that the distribution of LY  is exponential
with mean 02/(2(3,). This and the strong Markov property applied at the first time when
B, intersects X7 imply that for some ¢; < oo and all x, we have G(z) < ¢;. An easy
conditioning argument that combines this observation with Lemma 3.5 shows that for all
x and y,

|G(z) = G(y)| < calz —yl. (3.32)

The process (X7, By) is strong Markov, and Lf is an additive functional. So by the

Markov property,
E[LL — LY | o] = E[LS 0 6, | Fi
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Therefore
E[LL — LY | ] < a1

Also, using (3.31) and (3.32),

[E[(LS, — LE) — (L — LY) | Al = |G(X} — By) — G(X{ — By
< o] X — XV/|

< ol —yl.

By Bass (1995), Proposition 1.6.14,
Blsup |} — LY|] < cale — /. (3.33)

By Kolmogorov’s criterion and standard arguments (cf. the proof of Proposition 1.6.16 of
Bass (1995)), we deduce that there exists a version of L7 that is jointly continuous in z
and ?. n

A classical Ray-Knight theorem (see Knight (1981), Revuz and Yor (1991) or Yor
(1997)) asserts, roughly speaking, that if LY is the local time for the standard Brownian
motion then x — L7 is a diffusion for certain stopping times 7". As a part of that theorem,
the infinitesimal parameters of the diffusion are also given. We prove a similar result for

our family of local times, with T' = co. Recall that we assume that By = 0.

Theorem 3.8. Suppose that 31,82 > 0 and 31 — o > 0. The distribution of LY,
is exponential with mean o2/(2f3;). The process {L% ,x > 0} is a diffusion with the

infinitesimal drift

(o) =~ (1~ exp(-2a(6 — 52)/0%),
and infinitesimal variance
#(a) = 7 i&(l _ exp(=2a(B1 — B2)/02)).

The process {L*,x > 0} is a diffusion with the infinitesimal drift

B2 B
BB BB
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and the same infinitesimal variance
B 1
B1 — B2

*(a)

(1 — exp(—2a(B1 — Ba2)/d?)).

Proof. We have already shown in the proof of Theorem 3.7 that the distribution of LY
is exponential with mean o2/(23;).

Recall from Lemma 3.1 that if z < y then X¥ < X/ for all t. The Markovian char-
acter of the process {LZ ,xz > 0} at any fixed “time” x = y follows from the independence
of the Poisson processes of excursions of B, below and above X}. The same remark applies
to {L;*,x > 0}. The infinitesimal parameters of the processes were calculated in Lemmas
3.5 and 3.6.

The process x — LZ_ is continuous, by Theorem 3.7. Since its infinitesimal drift is
bounded and the infinitesimal variance is nondegenerate, there is a unique (in law) Markov
process with this infinitesimal drift and variance (cf. Bass (1997), Section IV.3), and this

Markov process is in fact a strong Markov process. 0]

Theorem 3.9. Suppose (31,32 > 0 and , — B2 > 0. For fixed t > 0, we have a.s., for all

T,T1,T2 € R:

d

@y

- = exp(—2L{ (81 — B2)/07),

y=x

and 2
X2 - X = / exp(—2L¥ (81 — Bo)/0?)dx.

1

Proof. First we will prove an estimate analogous to (3.22) except that it will hold for
v4(a) itself rather than its expectation. Recall the notation and definitions from the proof
of Lemma 3.5 (i).

The following estimate is completely analogous to (3.17) except that we state it for

the process B/ rather than BY, so §; is replaced by § in the bound.

PY (vr(50(1 — €)) > ug) < €119

e2s902"
We can further modify the estimate by replacing so(1 — ) with sg, so that
011(5(1 — 6)

PY(v7(s0) 2 uo/(1 —¢)) < 25002
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This and (3.16) imply that for small € and § we have
vr(s0) < /(1 —¢€) < 2506(1 +¢)?/a? (3.34)

with probability greater than or equal to 1 — ¢116(1 — €)/(g%sg0?). The inequality (3.34)
is analogous to (3.11) and can be used in the same way as in the argument between (3.19)

and (3.20) to prove a formula analogous to (3.20):

) 3/ 2
< g (- o208~ B)(1+)%/0Y),  (339)

vi(a) = va(Gso) <

where 0 in v3(a) indicates the dependence of v4(a) on §. The above argument requires

that we can use an estimate analogous to (3.34) at every stage of the inductive procedure,
i.e., at every stopping time vq(msg) for m = 1,2,...,j — 1. All of these estimates hold

simultaneously with probability greater than
1—(j—1)c116(1 —e)/(e%s5002).
This shows that the probability that (3.35) fails to hold is smaller than
( — e d(1 —e)/(e%s00?).

Now fix arbitrarily small €; > 0 and let §;, = (1 —&1)*. Let Ay, be the event in (3.35) with
0 replaced by dy, i.e.,

A = { Ok (a) < 3 Ok (1 —exp(—2a(f — B2)(1 + 5)3/02))} )
1— B2
We have
D (= Dende(l—2)/(e%500%) =Y (5 — Denn(1— 1) (1 =€) /(€% s00%) < o,
k=0 k=0

so only a finite number of events Ay may fail to hold. Consider an w and kg such that
all events Ay, k > ko, hold for this w. Suppose that § € (0,0x,). Then § € [0k, —1, Ik, ] for

some ki > ko. Since Ay, holds, we have

vj(a) < v3 (a) <

/(A -e)
T pr— B2

5 - 5 (1 —exp(=2a(61 — F2)(1 +¢€)°/07))

——— (1 —exp(—2a(B1 — B2)(1 + 8)3/02)).
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This inequality holds with probability one for all sufficiently small § > 0. Since ¢ > 0 and

g1 > 0 are arbitrarily small, we see that a.s.,

P
: vy (a) 1
lim sup —= <
5ﬂo+p d T BB

The same lower bound can be obtained for liminf in a completely analogous way, so with

(1 — exp(=2a(B1 — B2)/0%)).

probability one,
’ vi(a) 1 —exp(—2a(Bi — B2)/0?)
im =
6—04+ 0 61 — 62
Suppose a > 0 and let v(a) = inf{t > 0: L} = a}. Fix some z € R and consider

0 > 0. We will first find the right hand side derivative %X Y . Let T =inf{t : B; =

v(a)|, _
X7} and let Uy be the amount of time spent by B; between thé} gglc"aphs of X} and thH"S
on the time interval [0,7]. We will write Uz to denote the amount of time spent by B
between the graphs of X and X7*°, between times T and v(a).

If £ > 0 then U; = 0. If x < 0 then U; is not greater than the amount of time Us
spent by B; between the lines t — x + 1t and t — z + § + [1¢, until the hitting time T

. (3.36)

Standard arguments show that for any arbitrarily small ¢ > 0, we have U3/§?>~° — 0 as
§ — 0, a.s. Note that the distance between X*™ and X7 decreases by (81 — f2)u on any

interval where the Brownian motion B; spends u units between these functions. Hence,
X:(ZC)S — Xoa) =0 — (B1 — B2)(Ur + U2).

The random variable U, may be identified with v3(a), so (3.36) gives for any fixed a, a.s.,

x4+ _ T
4" v i et ~ Ko
d'y v(a) y=z 0—0 )
0= (B BT+ U)
5—0 d
_ RN
~ 1 lim (b1 = B2)U1 lim (81 — B2)vi(a)
6—0 ) 0—0 )

=1—0—(1—exp(—2a(B1 — B2)/c?))
= exp(—2L% (81 — Ba) /o).

The above holds simultaneously for all rational a, with probability one. Since ¢ — Li and
t — X} — X7 are continuous monotone functions, an elementary argument can be used to

extend the last formula to fixed times, i.e.,

+
fl—yxg — exp(—2L5 (51 — ) /0), (3.37)
y=x
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simultaneously for all £t > 0, a.s.

Fix some ¢ > 0. By Fubini’s theorem, (3.37) holds for almost all z, a.s. We have
| XY — XF| < |y — 2] for all y and 2. Since the function y — X} is Lipschitz, it has a
derivative almost everywhere and so for a fixed ¢, we may replace the right hand derivative
with the usual derivative in (3.37), for almost all . The function x — L¥ is continuous, so
the derivative in (3.37) is equal almost everywhere to a continuous function. This implies
that the derivative is equal to the function everywhere. This proves the first assertion of
the theorem. The second one follows from the first one and from the Lipschitz character
of y — X/. O

Remark 3.10. Suppose that X} are solutions to (1.1) and assume that (31,82 > 0 and
B1 — 2 > 0. Fix some t > 0 and consider the function y — X}. We will sketch an
argument showing that y — X} is C'*7 for every v < 1/2, i.e., that the function has a
derivative which is Holder continuous with Holder exponent +.

Fix any z € R. With probability 1, B; # X7, and with strictly positive probability,
there exists € > 0 such that By # XY for all y € (z —¢,2+¢) and s > t. It follows that
if a local property holds for the function y — LY  with probability 1, it must hold for
y — LY, with probability 1. Since y — LY, is a diffusion, its paths are Holder continuous
with exponent v for every v < 1/2. It follows that the same is true of y — LY. Theorem
3.9 now implies that y — X/ is C'™7 for every v < 1/2. The same argument shows that
y — X} is not C3/2,

4. Time and direction of bifurcation. We will first address the question of the direction
of bifurcation for the equation (1.3). We will say that a positive bifurcation occurs if for
some t; we have X; > B; for all t > t;. The definition of a negative bifurcation is
analogous. If 8; and (> have the same sign then it is easy to see that a bifurcation will
occur with probability one and its direction will be the same as the sign of G’s. If 31 > 0
and (2 < 0 then there will be no bifurcation. The next theorem deals with the only

remaining, non-trivial case.

Theorem 4.1. Consider the equation (1.3) with ty = o = 0. Assume that 51 < 0 and
B2 > 0. Let
B ij‘l/(aj-H)(aj + 1)@/ (e5+1)
7 ot n(1/(ay +1))
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for j = 1,2. The probability of a negative bifurcation is equal to A1/(A1 + A2). When
a1 = ag = 0, the formula simplifies to |31|/(|31] + |52])-

Before proving Theorem 4.1 we present a lemma which may have some interest of

its own.

Lemma 4.2. Assume that $; < 0 and 2 > 0. Consider a solution X; to (1.3) with
to = xo = 0. There existsy > 0, depending on o, o, 81, B2, such that X, /t'/?T7 converges

in probability to 0 as t — 0.

Proof. Let us assume that —1 < a7 < 0 < ay. The other cases may be treated in a similar
way. Let U = sup{s < t: X, — B, > —t'/?}. For s € (U,t) we have X, — B, < —t'/? so
for such s, |dX,/ds| < B1t(1/2)21 Tt follows that

X — Xy| < —(t = U)pit1/2or < g+ (/2o

and so
B, — Xy < (B — By) + (Bu — Xv) + (Xv — Xy)

< < max Bs — min B5> +¢1/2 51t1+(1/2)a1.
Se(ovt) SG(O,t)
This implies that
E|B; — X4¢|*' 1{B,— x,>0}

a1

<E ‘ ( max Bs; — min Bs> + 172 — gyt (/2)
s€(0,t) s€(0,1)

< 3o []E ( max B, — min Bs) + ¢(1/2)ea |ﬁl|a1toz1+(1/2)a?]
s€(0,t) s€(0,t)

< Clt(1/2)a1 +02|ﬁ1|a1t0¢1+(1/2)a§.

Recall from (2.2) that

t
Xy = / (011 Xs — Bs|*'1(x, - B.<0y + Ba| Xs — Bs|**1(x,B.>0}] ds.
0

JFrom this we have the following estimate

t
EX, > E / Bi1 X, — Byl 1y, p,<oyds
0
t
:/ E(81|Xs — Bs|*' 1{x,-B,<0})ds
0

t

> 51/ (c18/D1 4 ¢y |By| st/ Dty
0

— ﬁl <63t1+(1/2)a1 + c4|ﬁl|a1t1—|—a1+(1/2)o€> )
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Since a; > —1, the exponents 1+ (1/2)a; and 1+ a3 + (1/2)a? are greater than 1/2 and
so for some v > 0 and every c5 > 0, liminf;_.q C5EXt/t1/2+7 > 0. It follows that

lim P(X,/tY/*+7 < —¢g) =0, (4.1)

for every cg > 0.
Recall that ao > 0. Since

t
Xy S/ Ba| Xs — Bs|**11x, B, >01dSs,
0

an elementary argument shows that for small £ we have X; < 205t if By < 1 for all

s € (0,t). It is clear that P(max,¢ (o) Bs > 1) goes to 0 as t — 0 so
lim P(X, /t > 2;) = 0.

This and (4.1) prove the lemma. O

Proof of Theorem 4.1. The assertion of the theorem deals only with probabilities, so
we can use any solution to (1.3), as we have uniqueness in law by Theorem 2.1. The same
theorem shows that a solution X; may be constructed so that (X;, B;) is a strong Markov
process, and hence we may apply excursion theory to it. Recall the discussion at the
beginning of Section 3. The same analysis of excursion laws and the exit system applies
to the solutions of (1.3) for arbitrary oy, s > —1. Let us briefly recall the facts that we
will need in our present argument. Let D = {(b,x) € R? : b = z} and let (H®,dL) be an
exit system for the process of excursions of (By, X;) from the set D. The generic excursion
may be denoted (e, e?). By the translation invariance of the Brownian motion B; and the
equation (1.3), the distribution of (e} — x,e? — x) under H® is the same for every = € R.
Let this distribution be called H;. Let Hi4 denote the part of the measure H; which is
supported on excursions with e} > e? and let H;_ be the part supported on the set where
e; < ei. Let Hyy be the distribution of {e} —e?,t € (0,v)} under Hy4 and let Ho_ have
the same definition relative to H;_. We have, up to a multiplicative constant,

N S
Hy 1 (A) = lwlﬁ)l HQJF(A% (4.2)

where Q% stands for the distribution of the diffusion Y; with the same infinitesimal variance
as Brownian motion (i.e., 02?) but with drift —3;|Y;|*, killed at the hitting time of 0. We
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will normalize Hoy as in (4.2). We will have to prove that the following formula gives the
correct normalization for Hy_,

Hy (A) = lim — Q7 (A). (4.3)

zT0 |£L‘|

Here Q* denotes the distribution of diffusion Z; with Brownian quadratic variation (name-
ly, 02) and drift —f35|Z;|2, killed at the hitting time of 0.

The proof that (4.3) is the correct normalization for Ho_ can proceed exactly as
the proof of Lemma 3.2 (iv), thanks to Lemma 4.2. It only remains to find and compare
the formulae analogous to those for Hoy (F}) and Ho_ (Fp). Recall that Fj, is the event
that the difference between the maximum and the minimum of an excursion exceeds h.
The scale function for a diffusion on (0,00) with infinitesimal drift pu(z) = —g12** and

variance o2 is given by (see Karlin and Taylor (1981), p. 194),

x Y x y _ a1
S(z) :/1 exp (_/0 2[;(22)6&) dy:/1 exp (—/O 2§—122dz> dy

v 201yt
= — | dy. 4.4
[ ew (02(a1 57 ) (4.4)
By (4.2),
1 1 S@) - S0)
Hoi (F) = lml?(f)l 5Q+(Th <Tp) = 11}?&5 " S(h) = 8(0)
xT 231 a1+l
1 1 fo exp <—ag(zojzl+1)) dy B 1
N ﬂﬂlﬁ)lg h 2B, y>1tl d ~rh 28, y>1tl d '
0 eXp <a2(a1+1)> y fO eXp (0’2(0[1+1)> y

If we use (4.3), we obtain in the same way
1

h _9 ag+1 )
Jo exp (%) dy

Ho (Fy) =

which implies that
lim Ho (£3)/Ha-(Fn) =1,

and this confirms that the normalization in (4.3) is correct.

The probability for the process Y; starting from § never to hit 0 is equal to

4 2B1y*1 1!
lim 200) = 5(0) _ Jo exp (02(31“)) dy

= SO =SO) < e () ay
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It follows that Hoy (Fix), i.€., the measure given to positive excursions which do not return

to 0 is given by

6 28, y*1t1! _
1 fo exp (%) dy [/oo < 23,y +1 >] 1
: - = exp | ———
T e (B Ve Ay

—2p, 1/(e141)
B <m> (a1 + 1) (_251)1/(0¢1+1)(a1 + 1)a1/(a1+1) d

F(l/(a1 + 1)) - 0—2/(041-1-1)I‘<1/(a1 + 1)) = )\1. (45)

An analogous formula holds for Ay 4 H;_(Fy). The processes of excursions on both sides
are independent so the probability of the negative bifurcation is the same as the probability
that the first arrival of an infinite excursion in the Poisson process on the negative side
comes before the analogous event on the other side. The probability in question is the
ratio of A\; and A1 + As. O

Remark 4.3. Mike Harrison pointed out to us that Theorem 4.1 may be proved without
using excursion theory. One can calculate the probability that the diffusion X; — B; will go
to infinity using an explicit formula for the scale function of this diffusion. The excursion
theory approach has its advantages, though. First, excursion theory seems to be the right
tool for the proof of Theorem 4.4 below. Second, the excursion theory may be used to
find the positive bifurcation probability when the vector process (X, By) is Markov but
X; — By is not. The solution of (1.2), studied in Burdzy, Frankel and Pauzner (1998), is

an example of such a situation.
Let T, denote the bifurcation time, i.e., let T, be the supremum of ¢ with X; = B;.

Theorem 4.4. Consider the solution to (1.1) with to = zo = 0, 1 < 0 and B2 > 0. Then

0.2

ET, =
1281 52|

Proof. By Remark 3.3 (ii), the distribution of the excursion law on excursions with finite
lifetime remains the same if we change 5 to —(3. Hence, the formula (3.1) applies in the

case 1 < 0 and (3 > 0, and we have

1 1
E s— | 757 o1 )
v (|51|+|ﬁ2|>8
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for Vo = inf{t > 0 : L; > s}. By excursion theory, the infinite excursion of B; from X7}
occurs independently from finite excursions in the Poisson point process of excursions, so

the expected bifurcation time is equal to
oo
ET, = / e MEV,ds,
0

where ) is the intensity of the Poisson process arrival for infinite excursions. We have

\ = 2(| 81 ‘; WzD,

g

from (4.5), taking into account infinite excursions on both sides. It follows that

o o 1 1 1 1 1
ET, = / Ae MEV.ds = / e N (— + —) sds = — <_ _)
0 0 181 |B2] A\ B [Bel

B o? (1 N 1 )_ o2 -
C2(181] + 1Ba]) \IBil  1B=l)  |2B18e|

Remark 4.5. (i) It is also the case that

061+ P2)
B =53

if 81, B2 > 0. We leave the proof to the reader.

(ii) A similar result can be obtained for any values of a1, s > —1 but the formula
does not seem to have a compact form, so we only sketch how it can be obtained. The
proof of Theorem 4.4 needs two ingredients. One of them is the expected amount of local
time before the infinite excursion occurs. This is equal to the expectation of the minimum
of two independent exponential random variables whose expected values are inverses of the
quantity in (4.5) (for (a1, 1) and (g, B2)).

The second ingredient is the expectation of the inverse local time at s, for the
process with finite excursions only. This is equal to s times the expected lifetime of a
finite excursion under the excursion law. Here is how we can calculate this quantity. For

arbitrary ay > —1 we write as in (4.4),

251$a1+1
3(33) = exp (_—02(a1 T 1)) )

_ [ 261yt
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For 0 < z < y < oo, the Green function for Brownian motion Y; with drift —/3; (the
negative sign is due to restriction of the excursion law to finite excursions) is given by (see
Remark 3.3 on p. 198 of Karlin and Taylor (1981)),

2[5(x) = S(0)][S(c0) = S(y)]
o25(y)[S(o0) = S(0)]

G(z,y) =

Hence, the expected lifetime of an excursion is equal to

1 _ L [T 2[8(x) — S(0)][S(o0) = S(y)]
> Glay)dy =lm = | 25()[S(o0) = SO ¥
ot (s,
a?[S(o0) = S(0)] Jo s(y)
oo 121t
- 9 /oo J, exp (—%) dzdy
- [e%¢) 1zt Lye1tl '
o2 fo exp (—%) dz J0 exp (—%)

Adding this to the analogous quantity for as gives the expected lifetime of a finite excursion

under the excursion law.

5. Lipschitz approximations. In this section we will address the question of how well
a Lipschitz function can approximate a Brownian path. Our analysis will be based on the
fact, proved in Lemma 5.1 below, that a certain solution X/ to (1.1) may be looked upon

as a Lipschitz approximation to B;.

Lemma 5.1. Assume that 5y < 0 < (5. For almost every w there exists a unique T = T(w)
such that the solution X§ to (1.1), that is, the solution satisfying XZ(w) = T(w), has the
property that there exist arbitrarily large t with X (w) = Bi(w).

It is easy to see that if 3; < 0 < 33 then with probability 1, all solutions X} have
the property that there exist arbitrarily small £ > —oo such that X} = B;. Lemma 2.13
shows that a result analogous to Lemma 5.1 holds when (32 < 0 < 31, and we require that

the solution intersects the Brownian path for arbitrarily small ¢t > —oo.

Proof. We will first prove the existence. The law of the iterated logarithm easily implies
that for some random x > 0, the functions ¢t — = + (ot and t — —x + (1t stay above and
below the trajectory of By, for ¢ > 0, resp. This shows that there exist both large and

small (random) z such that X does not intersect the trajectory of By for ¢ > 0.
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Let A be the set of all x such that X{" > B; for all ¢ greater than some t; = t;(z).
By Lemma 5.1 (i) and the above remarks, the set A is a non-empty semi-infinite interval.
We will show that it is open. Consider an x such that X;* > B, for all ¢ greater than some
t1. Then X7 = XF + Ba(t —t1) for t > t;. Let ¢; = inf{X} — B, : t > t; + 1} and note
that ¢; > 0, by the continuity of X — B;. By Lemma 5.1 (ii), the function y — Xflﬂ is
continuous so we can find € > 0 such that X/ .| > X7 .| —c1/2 for ally > x—e. It follows
easily that for such y, we have X/ = X7 | + f2(t —t1 — 1) and so X/ > B, for t > t; + 1.
This proves that A is open. The same is true of the set A’ of x’s with the property that
X7 < By for all t greater than some ¢; = t;(z). Hence, (AU A")¢ is non-empty and so we
must have at least one = for which X" = B, for arbitrarily large .

We turn to the proof of uniqueness. Since 1 < 0 < o, for a every fixed x, there
will occur a bifurcation at a finite time for the solution Xj°. This holds for all rational
x simultaneously, a.s. If it were true that for two distinct y and z, the solutions X} and
X7 intersected B; for arbitrary large ¢ then the same would be true for a solution X[, for

some rational = between y and z. Such an event has the probability zero. U

Consider equation (1.1) with —f; = B2 = f > 0. Let X; denote the solution of
(1.1) constructed in Lemma 5.1. That is, X; = X7.

Lemma 5.2. We have with probability 1,

) X} — By . X — By ) B, — X} . By — X} _ o?
limsup —— =limsup —— = limsup ——— = limsup —— > —.
t——00 ].Og |t| t—oo ].Ogt t——o00 ].Og |t| t—o0 ].Ogt Qﬁ

Note that liminf, o | X} — Bi|/log|t| = 0 as X} crosses B; for arbitrarily large

t, and the same is true for the other analogous lim inf’s..

Proof. Let X; be a solution to (1.1) with tg = 29 = 0 and —f3; = P2 = —(3, and let
Y, = B; — )Z't. The process Y; is a diffusion which spends zero time on the real axis, which
behaves like Brownian motion with drift 8 when Y; < 0, and it is a Brownian motion with
drift —(3 when Y; > 0. By Karlin and Taylor (1981), Chapter 15.5, (5.34), the process Y;
has a stationary probability distribution with a density

2
ot = & e (22
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Let {l?t, t € R} be the process which has density v (y) for every fixed ¢, and which has the
transition probabilities of Y;. The initial distributions of processes ?t and Y; are different
because Yy = 0. Let

t
= Yo+ [ sen(Tpds
0
and
Et = ﬁ + )?t.

It is easy to check that Et is a Brownian motion with Eo =0, and that )A(t solves (1.1) with
B, replaced by Et and #; = —(y = (3. Moreover, )?t has the property that )?t = Et for
infinitely many arbitrarily large negative and arbitrarily large positive ¢. This follows for
large positive ¢ from the triviality of the tail o-field. The same argument applies to large
negative t by time reversal. If we now time-reverse B\t and )/ft, we will obtain a Brownian
motion and a corresponding solution to (1.1) which satisfies the defining properties of X} .
Hence, we may construct B; and the corresponding process X;* by letting B; = B\_t and
X =X_,.

The scale function S(y) for Brownian motion with drift —( is given by S(y) =
exp(2By/c?) (Karlin and Taylor (1981) Chapter 15.4). Let T}, be the hitting time of a by
the process Y. The mass H(F}) given by the excursion law for the process }A/t to positive
excursions whose height exceeds h is equal to

1 1 S(e)—S5(0 1 exp(2Be/o?) -1
lsiﬂ)l EPE(Th <Tb) = lslﬂ)l e ﬁ - 151?32 ' eXIIj((Zghéaz)) -1
206 1
T2 exp(26h/o?) —1°

Fix some small € > 0 and let hy = klog2- (1 —€)o?/(28). Let L, denote the local
time of 17,5 at 0 with Ly = 0, and let A, denote the event that there exists a positive
excursion of EAQ whose height exceeds hj, and which starts at a time ¢ such that 2k < I, <
2k+1 The probability of A, is the probability that a Poisson random variable with mean
M = 28 H(F},,) takes a non-zero value. Thus, P(A$) = e~ **. For large k,

28 1 . 20 ,
o7 @B ot —1 2 2 gz P20/

2 klog2-(1— 2 2 2
_ ok —gexp (_2% klog 2(5 €)o ) _ ok _g g—k(1-€) _ _[23 gk
g g g g

This implies that Y, P(A¢) = 3", e™* < co. By the Borel-Cantelli Lemma, only a finite
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number of the events Af occur. Hence,

Y, Y,
limsup —— > limsup sup L. L€ (2%, 2F 1]
t—oo log Ly k—s 00 log L,

Y,
> limsup sup {w Ly € [2k’2k+1]}

k—oo

> i fok
imsup ————
- kﬁoop (k+1)log2

klog2 - (1 —¢)o?

—J;

SR B + 1) log 2
(11— g)o?
e

Since € > 0 is arbitrarily small and, by Proposition 3.4, lim; ., L;/t = [3/2, a.s., we obtain,
with probability 1,

. Y, o2

imsup —— = —.
t—>oop logt Zﬁ

A similar argument yields,

A~ ~ ~

0.2

—liminf —~ = limsup —— = —liminf —— = —
t—oo logt t_}_oop log |t] t——oo log|t| 28°
Recall from the first part of the proof that ?t =B ;,—-X*, — 5/}0. This combined with the

results for EAQ implies the proposition. O

The function t — a + B[t| is Lipschitz with constant §. For some random a, this
function is greater than By for every ¢, by the law of the iterated logarithm. Since the
infimum of an arbitrary family of Lipschitz functions with constant (3 is again a Lipschitz
function with constant 3, there exists a smallest Lipschitz function Z;" with constant £
with the property that Z;” > B, for all t. Let Z; be the largest Lipschitz function with
constant 3 such that Z;” < B, for all . Note that Z,” and Z, are not measurable with
respect to o{Bs, s < t}.

Lemma 5.3. Assume that By = 0. We have with probability 1,

_ zZr-z; Zt -2, _ o?
limsup —— = limsup —— < —.
t——0o  logt t—00 logt 20
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Proof. Consider a1,as > 0. Let

A++:{3t>OBt:a1+ﬂt}, A+_:{E|t>0:Bt:—a2_/8t},
A7+:{3t<0:Bt:a1_ﬁt}7 A**:{3t<0:Bt:—a2+Bt}.

The probability that B; ever hits the line t — a;+/t is equal to exp(—2a13/0?) (Karlin and
Taylor (1975), p. 362). The probability that B; crosses the line a; + 5t at some t; > 0 and
then crosses the line —ay— (3t for some t > ¢; is bounded by exp(—2a;8/0?) exp(—2a23/5?),
by the strong Markov property applied at t;. The probability of crossing first —ay — Gt
and then a; + [t is bounded by the same quantity. Hence,

P(Ayy NAL) < 2exp(—2(a1 + az)B3/0”).
The same estimate holds for P(A__ N A_.), by symmetry. We obtain
P(A NA_)=P(A_ NA;_) = exp(—2(a1 + a2)B/0?),

from the independence of the processes {B;,t > 0} and {B;,t < 0}. It follows that

P(Z§ — Bo > a1, By — Zy > az) = P(Z] > a1, 25 < —a)
<P([Ar+ NALJUA__NA_JU[A{ 1 NA__JU[A_; NAL])
< 8exp(—2(a1 + az)B/0?).

Choose € € (0,1). Let m > 8 be an integer large enough that (m—1)/(m(1—¢)) > 1.
We have for any y > 0,

3

<§:8exp< (‘%Jr—(m_gl_ 1)y) %)

sy (200~ 00

o2
Fix some large b < oo. Consider an integer £k > 0. Let n be the integer part of

263(1 — )b2*
o2klog2 ’

60



and let 2 = b2*/n, and t;? = j2%/n. We have,

P(Zj, — Zp > wx) = P(Z5 — Zy > a)
J J
< 9mexp <—2(m — kaﬁ)

2

-1) 2ﬁb2k)

= 9mexp 3
mno

—1)26b2%02k log 2
m26(1 — e)b2ko?

—k(m — 1) 10g2> g . 9—k(m—1)/(m(1-2))

(-
—a
("

= 9mexp

m(1l—e)
For some ¢; < 0o, using (m —1)/(m(1 —¢€)) > 1, we obtain,
> D BZi-Zyzm)<a Zzn Om, - 2~ K(m=1)/(m(1-2))
k=10<tk <2k k=1

25 (1—¢) b2k k
< . (m—1)/(m(1—¢)) )
C1 E 2k10g2 -36m - 2 < o0

By the Borel-Cantelli lemma, for all sufficiently large k& and all tk € [0,2*], we have

Z%; —ZtE <z If Z)j;; — Z,,. < xy then for t € [(t§ +tF_,)/2, (tk+tj+1)/2],

ZF — 77 <ap 28t —t;] <628 /n 4 328 /n = (627 /n)(1 + B/b) = xx(1 + B/D).
This implies that for large k, we have for all ¢ € [0, 2¥],

Z5 —Z7 <z (14 B/b).

We obtain
. zZr-z; . Zt -z
limsup — < limsup sup —————
t— 00 logt k—oo tel2k—12k 10gT
Zt -z

< limsup sup
k—oo te[2k—1,2FK] log

. zi (14 6/b)
= TSP G 1) log 2

. (b2%/n)(1 + B/b)
= B ) log 2

, b2*o2klog 2(1 + 3/b)
< msup o g ok (k= 1) log 2
B a%(1+ 3/b)
28(1—¢)
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Since € may be chosen arbitrarily small and b may be chosen arbitrarily large, with prob-
ability 1,

, Z;5 -7z _ o?
limsup ——— < —.
t—o00 log t 2ﬁ
The result for t — —oo follows by symmetry. U

Theorem 5.4. (i) With probability 1,

. X;-B, . X;-B
lim sup = limsup ———
. By — Xy . By — X}
= limsup —— = limsup ——
t—»—0o logt t—00 logt
Zr -z Zr - Z; 2
=limsup —-——t = limsup —-——t = U—.
00 logt t—o0 logt 203

(i) E|B, — X;| = 5 - 0%/B, for every t € R.
(iii) E(Z; — B)) =E(B, — Z; ) = 2 - 02/, for every t € R.

Theorem 5.4 (i) shows, in a sense, that Z™ and Z~ are as good Lipschitz approxi-
mations to B; as X*. However, the comparison comes out differently when we look at the

averages presented in (ii) and (iii).

Proof. It is elementary to check that we always have Z; < X < Z;. This and Lemmas
5.2 and 5.3 yield (i).
Recall the stationary density ¢ (y) for Y; from the proof of Lemma 5.2. This is the

same as the density for the distribution of B; — X;. Hence

" B 20y
BB Xil = [ 5 e (<220 ) ay =

For a > 0, the probability that B; crosses the line a + (t for some ¢ > 0 is equal to
exp(—2a3/0?) (Karlin and Taylor (1975) p. 362). This is the same as the probability of
crossing the line a — (3t for some ¢t < 0. The probability that none of these events happen
is [1 — exp(—2a3/0?)]?, and so

2

L2
/87

N

which proves (ii).

P(Z§ < a) = [1 — exp(—2a8/5))?.
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This yields

302
EZf = —.
0 46
We similarly have EZ; = —302/(4/3), and by translation invariance, for every t,
+ _ 30'2
E(Z” — B;) =E(B:— Z; ) = 1

If we let a3 = a3 = 1 and choose suitable 8; and (2 in (1.3), then Y; = X; — B, is
an Ornstein-Uhlenbeck process. Results for such a process, closely related to Theorem 5.4
(1), can be found in the paper of Darling and Erdds (1956).

Corollary 5.5. For any random Lipschitz function g(t) with constant 3 we have with

probability one
t)— B
lim sup L

> 0 /(48).

Proof. Suppose that X; — B; = a for some t and a > 0. Let s be the largest time less
than t such that B, = X. Then we see that the quantity sup,<, <, |g(u) — By| cannot be
smaller than a/2 for any Lipschitz function g(u) with constant 8, by comparing g(u) with
the function u — By + a/2 + (u — s)3. Since limsup,_, . (X; — B;)/logt = 02/(28), for

any Lipschitz function g(¢) with constant 8 we must have

g(t) — B

lim sup L>02/(46). O

t—00 logt

Corollary 5.5 sheds some new light on an old problem about strong approximations.
Let us assume that 02 = 1, i.e., we will consider now only standard Brownian motion.
Suppose that {V;}r>1 are i.i.d. random variables such that |Vi| < 3, a.s. Let S, =
> r_; Vi and extend the function n — S,, to all positive real values by linear interpolation
between S, and S, 1. Note that the random function .S; is Lipschitz with constant f3.

The following is an immediate consequence of Corollary 5.5.
Theorem 5.6. Suppose that V), and S; are as above. If S; and B; are constructed on the

same probability space (but not necessarily independent), then

) St — By
] > 1/(40). 1
msup = > /(45) (5.1)
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Theorem 2.3.2 of Csorgd and Révész (1981) says that if the Vj have finite variance

and
lim sup M =0,
t—00 logt

then the Vi have a standard normal distribution. Our result (5.1) may be interpreted as a
quantitative version of the same theorem, in the case when |V}| are bounded. A remarkable
theorem of Komlés, Major and Tusnady (see Csorgdé and Révész (1981) Theorem 2.6.1)
implies that if the V, are bounded, then one may construct S; and B; on a common
probability space so that

. St — By|
msup —————
t— oo ].Og t

< C < o0. (5.2)
It is striking that one can achieve the same logarithmic order of approximation for a
Lipschitz function S; with independent increments S,, —.5,,_1, as for an arbitrary Lipschitz
function g(t) with constant 5. Rio (1991) proved that (5.2) holds with C' = 9/2 if V}, are
centered Poisson variables (the estimate had appeared in Section 5 of the preprint; that
section was not included in the final version of the article, Rio (1994)). No other estimates
for C' seem to be known so (5.1) is our own modest contribution to the field of strong

approximations.

6. Open problems. We list a few questions we were not able to answer in this paper.

(i) Can one prove pathwise uniqueness in Theorem 2.1 if one or both a; and as belong
to (—1,0)7

(ii) Does a result analogous to Theorem 3.8 hold for 81,82 > 0 with £; — B < 07 A
similar question can be asked about the case when (7 < 0 < f32; in the last case a
special solution to (1.1), defined in Lemma 5.1, would have to play an important
role. Can one generalize Theorem 3.8 to local times corresponding to solutions of
(1.3) with a1 and ag not necessarily equal to 07 Can one prove similar results in
the case 1 < 0 < B2 but for the process {L7,z € R}, with T" a stopping time for
By, for example the first hitting time of a given value?

(iii) Find the best v = vy(aq, ag, 51, 82) > 0 in Lemma 4.2.

(iv) Find the best constants in (5.1) and (5.2).

(v) Does there exist a unique Lipschitz solution to (2.3) if B; is a fractional Brownian
motion of index H € (1/2,1)?
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