COALESCENCE OF SYNCHRONOUS COUPLINGS

Krzysztof Burdzy and Zhen-Qing Chen

Abstract. We consider a pair of reflected Brownian motions in a Lipschitz planar
domain starting from different points but driven by the same Brownian motion. First we
construct such a pair of processes in a certain weak sense, since it is not known whether
a strong solution to the Skorohod equation in Lipschitz domains exists. Then we prove
that the distance between the two processes converges to zero with probability one if the
domain has a polygonal boundary or it is a “lip domain”, i.e., a domain between the graphs

of two Lipschitz functions with Lipschitz constants strictly less than 1.

1. Introduction. We will consider a “synchronous coupling” of two Brownian motions
reflected inside a planar domain D, i.e., a vector-valued process (X¢, Y;) such that X; and
Y; are reflected Brownian motions in D, and for every (random) interval (t1,t2) such that
neither X; nor Y; hits the boundary of D when t € (t1,t3), we have X; — Y, = X,, - Y, for
all s,u € (t1,t2). We will give a more precise definition of the synchronous coupling in the
next section. Intuitively, the two processes X; and Y; move in unison as long as they both
stay strictly inside the domain D. However, when one of them hits the boundary, that
process experiences an additional “push,” proportional to the local time on the boundary,
which keeps the process inside the domain. We will consider only processes with the normal
vector of reflection.

We will address the following question.

Question 1.1. Do processes X; and Y; have to approach each other, i.e., is it true that

limy o | Xt — V3| =0, a.s.?

We will prove that the answer is “yes” for two classes of bounded domains.
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Recall that a domain D is called Lipschitz if for every point x € 0D, there is a
neighborhood of x inside which D may be represented as the region above the graph of a
Lipschitz function in some orthonormal coordinate system.

We will call D a lip domain if D is a Lipschitz domain and its boundary consists of

the union of graphs of functions f; and fs, i.e.,
D = {(z1,22) 1 2 = fi(z1),21 <21 < 22} U{(z1,22) : x2 = fa(z1),21 <21 < 29},

such that f1(z1) = f2(21), f1(22) = fa(22), fi(x1) < fao(w1) for 21 < 21 < 22, and functions
f1 and f5 are Lipschitz with a constant ¢ € (0,1), i.e., for k = 1,2,

\fk(azl)—fk(a?l)] SCo‘.fEl—%l‘, fOI‘ all Z1 le,fl §Z2. (11)

Note that the assumption that D is a Lipschitz domain puts additional constraints on
functions fi besides the conditions (1.1). See (4.1)-(4.2) in Section 4 for a more formal
treatment of this technical point. Figure 1 presents three examples of lip domains; Dy, Do

and the interior of D1 U Dy are all lip domains.

Figure 1.
Our main result is the following.

Theorem 1.1. The distance between X, and Y, converges to 0 a.s. if D C R? is a bounded
domain satisfying one of the following conditions:

(i) the boundary of D is a polygon or a finite union of disjoint polygons, or

(ii) D is a lip domain.

We will show in a forthcoming paper (Burdzy, Chen and Jones (2002)) that if D is a
smooth domain then the answer to Question 1.1 may be positive or negative, depending
on the geometry of the domain. The number of holes in D plays an important role for
smooth domains, unlike in the case of polygonal domains.

One can construct reflected Brownian motion in a polygonal domain as a unique strong

solution to a stochastic differential equation with a given “driving” Brownian motion. This
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easily shows that the synchronous coupling of reflected Brownian motions in a polygonal
domain is unique in law. We do not know how to extend this claim to synchronous
couplings in Lipschitz domains. Theorem 1.1(ii) holds for every synchronous coupling of

reflected Brownian motions in D, as defined in Section 2.

Our article is inspired by some results on couplings in Burdzy and Kendall (2000) and
Cranston and Le Jan (1989, 1990). If a domain D is convex then the answer to Question
1.1 is obviously “yes” because the vector of reflection is normal to the boundary and so its
component parallel to the line passing through both particles is always pointing towards
the other reflecting Brownian particle and never away from it. Cranston and Le Jan (1989,
1990) addressed a finer question: Do the processes meet in a finite time? They showed
that the answer is “no”, first for a disc D and then for a large class of planar convex

domains. They also noted that the answer is

‘yes” if the boundary of the domain contains
two perpendicular line segments.

Burdzy and Kendall (2000) studied the relationship between a coupling and the spec-
tral gap for the Neumann problem in D. It had been known for some time that, informally
speaking, if F|X; — Y;| ~ exp(—ut) then u is a lower bound for the spectral gap. Burdzy
and Kendall (2000) proved that p is equal to the spectral gap for some couplings in some
domains. Hence, it might be of interest to estimate the rate of convergence of F|X;—Y;| to
0. The present paper is concerned with the related question of the pointwise convergence
of | X; — Y| to 0 in the hope that the results and methods may shed some light on the
quality of couplings as a technique for estimating the spectral gap.

The proof of Theorem 1.1(ii) is based on the techniques developed by Burdzy and
Kendall (2000) and Bafiuelos and Burdzy (1999). The first part of Theorem 1.1 is proved
in a completely different way which is, in a sense, more elementary.

Section 2 presents some results on synchronous couplings in Lipschitz domains which
have some independent interest, for example, they have been already applied by Atar and
Burdzy (2002). In particular, we prove that the transition density p(t,x,y) for reflected
Brownian motion in a Lipschitz domain is jointly Holder continuous in all three variables.

Couplings in polygonal domains are discussed in Section 3. Section 4 is devoted to
lip domains. The core arguments proving both parts of Theorem 1.1 are rather short.
The proof of part (i) is based on analysis of the coupling when both processes are close
to a vertex of the polygon dD. Part (ii) is proved using a “monotonicity” property of
synchronous couplings, first established in Burdzy and Kendall (2000) and Banuelos and

Burdzy (1999). The proof of part (i) needs some “self-evident” lemmas which require
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rather long, complicated and technical arguments. We have to show that the processes X;
and Y; will not stay at a distance greater than some fixed ¢ > 0 forever, but will come
close to each other, at least from time to time.

At times we will be informal with our notation—we will identify points in the plane
with vectors; occasionally we will switch between vector and complex notation.

We are grateful to the referee for helpful suggestions for improvement.

2. Construction of synchronous couplings. Constructing a reflecting Brownian mo-
tion in an arbitrary Euclidean domain is a notoriously difficult task. The problem is mainly
caused by the non-smoothness of the boundary. We will first recall a definition of reflected
Brownian motion in a piecewise smooth domain. Then we will present a construction of
a synchronous coupling of reflected Brownian motions in bounded Lipschitz domains in
n-dimensional Euclidean space, though we will concentrate on planar Lipschitz domains
in later sections.

Given a smooth domain D C R"”, say C?, and a standard Brownian motion B; starting
from 0, the origin, it is well known that there is a unique continuous conservative strong

Markov process X; adapted to the Brownian filtration and taking values in D such that

t
X, =X+ B, + / n(X,)dLs, (2.1)
0

where n is the unit inward normal vector field on D and L; is the local time process of

X on the boundary dD. The local time has the following properties,

t t
L, :/ lop(Xs)dLs and F {/ 13D(Xs)ds] =0.
0 0

Process X; is called a reflecting Brownian motion on D. Formula (2.1) is called the
Skorohod decomposition for X. In fact, for C3-smooth domains, the following deterministic
Skorohod problem can be solved. Given any continuous path b(t) with b(0) € D, there are
two unique continuous functions x(¢) and I(¢) such that x(¢) € D for all ¢, [ is an increasing
boundary function with [(0) = 0 that increases only when z(t) is on the boundary 0D,

and

x(t) = b(t) —|—/0 n(x(s))dl(s), t=>0.

Hence, in sufficiently smooth domains we can identify the reflecting Brownian motion X
in D with the solution z of the “deterministic” Skorohod problem where b(t) = X¢ + B;.
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It is still an open problem whether one can find a strong solution to the Skorohod
equation (2.1) in any bounded Lipschitz domain D, given a Brownian motion B;. The
best known result so far gives an affirmative answer for bounded C'***-domains—see Bass
and Hsu (2000). However it is known that when D is a bounded Lipschitz domain one can
always find a pair of continuous processes (X¢, W;) so that (2.1) holds with W in place of
By, where W; is a Brownian motion with respect to the filtration generated by (X, W), X
is a strong Markov process taking values in D, and L is the local time of X on dD. The
process X; solving (2.1) in this weak sense is also called a reflecting Brownian motion in
D with starting point Xg. It is known in this case that the distribution of X, is unique.
In fact the transition density p(t,x,y) is the Neumann heat kernel in D and it is proved
in Bass and Hsu (1991) that p(t, z,y) is continuous on Ry x D x D.

If D is a bounded piecewise smooth Lipschitz domain, we will argue that (2.1) has a
strong solution. Since D is a bounded Lipschitz domain, there exists a bounded extension
operator that maps the Sobolev space W2(D) into W12(R"), where

Wh2(D) Y {u € L3(D,dz) : Vu € L*(D,dx)},

(cf. Chen (1993)). This implies (cf. Fukushima, Oshima and Takeda (1994)) that the
capacity associated with reflecting Brownian motion is controlled by the capacity of Brow-
nian motion in R™. So reflecting Brownian motion X does not visit any boundary set that
is not hit by Brownian motion. In particular, reflecting Brownian motion on D will not
visit the nonsmooth points of dD. The existence of a strong solution for (2.1) now follows
from the results on the Skorohod problem in smooth domains and a standard localization
argument.

Returning back to the case of bounded Lipschitz domains, we are going to strengthen a
result of Bass and Hsu (1991) and show that p(t, z, y) is Holder continuous on Ry x D x D.
In order to construct a synchronous coupling of reflected Brownian motions in bounded
Lipschitz domains, we will establish uniform Holder continuity of the Neumann heat kernels
for an increasing sequence of Lipschitz domains.

Recall that a bounded domain D is said to be Lipschitz if there are constants ro > 0,
M > 0so that for every z € 9D there is a ball B(z, o) centered at z with radius ¢ such that
DN B(x,rp) is the region above the graph of a Lipschitz function with Lipschitz constant
no larger than M. We call constants (rg, M) the Lipschitz characteristics of domain D.
Now suppose that D is a bounded Lipschitz domain in R™. One can find an increasing

sequence of piecewise smooth domains {D;} such that Dy C Dg,; with Ugs1 Dk = D
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and such that they have the same Lipschitz characteristics (rg, M). The existence of such
{Dy}r>1 is especially evident when n = 2. For notational convenience, we denote D by

Do and let py(t, z,y) be the Neumann heat kernel on Dy, for k = 1,2, -, co.

Theorem 2.1 For each fixed ty > 0, there are constants ¢ = c(tg) > 0 and v > 0,
independent of k, such that

|pk(t7$7y) _pk(‘S?xl?yl)’ < C(V t—s+ ‘ZE _xl‘ + ’y—yl|)7 (22)

for all tg < s <t <1,all (z,y), (x1,y1) € Dy, X Dy, and all k = 1,2, ..., 00.

Proof. Under our assumptions, there are positive constants ci, co independent of k such

that )
_z =yl

pr(t,z,y) < cit™™?exp (
Cgt

) for z,y € D}, and t < 1 (2.3)

(cf. Bass and Hsu (1991)). This implies in particular that for each ¢ > 0,

Sup sup [P (t, - )|[oo < 00

By Nash’s Holder continuity result (cf. Stroock (1988)), estimate (2.2) is evident when
x,y, 1 and y; are inside D with distances to 0Dy, being larger than ;. As Dy is bounded,
there exists a finite cover of {z € Dy, : dist(x,dDy) < ga7 ) consisting of balls B(z;, 137),
where z; € 0Dy, and 1 < i < K. It suffices to prove (2.2) in each B(z;, %) N Dy. There
is a coordinate system (y1, - ,Yn—1,Yn) := (¥,yn) centered at point z; and a Lipschitz
function f with Lipschitz constant no larger than M such that B(z;,70) N\ Dy = {(7,yn) €
B(zi,70) : yn > f(y1,--+,yn—1)}. Define a one-to-one map ¢ : ¢(y,yn) = (¥,yn — f(¥))-
Assume without loss of generality that M > 1 and note that

&(B(zi,70/(2M)) N Dy,) C {(w,w,) : |w| < ro/(2M), 0 < w, < r9/2} C ¢(B(zi,70) N Dy).

As f is Lipschitz, the Jacobians of ¢ and its inverse ¢~! are bounded, with the bound
depending only on the Lipschitz constant M. If u(¢,y) is a solution of the heat equation
in [0,00) x B(z;,79) N Dy with Neumann boundary conditions on [0, 00) x 8Dy, then it is
easy to check that u(t,~1(x)) solves a parabolic equation in [0,00) x ¢(B(z;,70) N Dy,).
The equation has divergence form with bounded and uniformly elliptic coefficients. The
bounds on the size of the coefficients and the ellipticity constant do not depend on k.
Let Aj; be the “mirror” reflection of ¢(B(z;,79) N Dy) with respect to the hyperplane

{(¥,yn) : yn = 0}. The corresponding reflection of the equation yields a solution to a
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parabolic equation of the same type in the set [0,00) x [Ax; U ¢(B(zi,79) N Dy)]. This
set includes [0,00) x {(¥,yn) : Y] < ro/(2M), |yn| < 70/2}. Applying this argument to
the heat kernel py(t,z,y) we see that px(t,z,¢ 1 (w)) satisfies a parabolic equation in
[0,00) x {(w,w,,) : |w| < re/(2M), 0 < w, < r9/2} and so by Nash’s Holder continuity
result,

Dk (t, 2,67 (w)) = pi(s, 21,671 (0)] < elto) (VE—s + [w —v])’

forall 1 >t > s > typ and w,v € {(w,w,) : |W < ro/(4M),0 < w, < 719/4}.
Since ¢ is Lipschitz, the function (t,y) — pr(t,z,y) is Holder continuous in (t,y) €
(to, 1] x (B(zi,70/4M) N Dy). By symmetry, (t,z) — pi(t,z,y) is also Holder contin-
uous. Combining Hélder continuity in x and y variables, we obtain (2.2) on (¢g,1] x
(B(zi,70/4M) N Dy) x (B(2;,70/4M) N D). As indicated earlier in the proof, this implies
Holder continuity of px(t,x,%) on (to, 1] x Dy X Dy, uniform in k. O

Given a Brownian motion By, for 1 < k < oo, let XF be the unique reflecting Brownian

motion on Dy, satisfying
¢ k
X; =X} + B +/ ng(XH)dLY,
0

where LX" is the boundary local time of X* on 0D, and ny, is the unit inward normal
of ODy. We use P¥ to denote the law of X* starting from z, that is with X} = 2. For
reflecting Brownian motion X* with initial distribution v, its law will be denoted by P¥.
The notation P, and P, will be also used for Brownian motion in Lipschitz domains where
we do not necessarily have strong solutions to the Skorohod equation but we do have
uniqueness in law for the weak solutions.

The following two results extend the main result in Burdzy and Chen (1998). The
approximation result proved in Burdzy and Chen (1998) is for reflecting Brownian motions
in an increasing sequence of smooth domains approaching an arbitrary open domain D,
with all processes in the sequence starting from a common fixed point in D. Here we

assume D is Lipschitz.

Lemma 2.2. For any sequence x), € D), that converges to o, € D, the finite dimensional
distributions of {X{, t > 0} under P} _converge to those of {X, t > 0} under P,__.

Proof. It is proved in Theorem 3.6 in Chen (1993) that for each 7" > 0, there is a subset H
of [0, T] with Lebesgue measure 1" such that for z € D, the finite dimensional distributions
of {XF, t € H} under P¥ converge to those of {X;, t € H} under P,. Hence for any t € H
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and any bounded continuous function f on D, P} f(z) converges to P, f(zx) pointwise and
in L2. Thus for 0 < t; <ty < --- <t in H and bounded continuous functions fi,---, fx

on D,

k
E;.

k
Hfz(sz)] :/ pk(h,xk,y)fl(y)Ptk;_tl (f2<Pt]§,—t2f3"')"')> (y) dy

Dy,

converges to

/D Pt Zoor 0) f1(5) Pra 1, (fo(Pry—1afs ) =) () dy = By

Hfz’(Xti)]

by the equi-continuity of © — pg(t,x,y). By the equi-continuity of ¢ — pg(t,z,y), the
above convergence holds for any 0 < t; < t3 < --- < t; and bounded continuous functions

fi,-+-, fr on D, and so the conclusion of the lemma follows. O

k> 1} is tight

on C([0, c0), R™), the space of continuous R"-valued functions equipped with the local

o7 7 k
Theorem 2.3. For every sequence of probability measures vy, on Dy, { P,
uniform topology. If v;, converge weakly to a probability measure v on D as k — oo, then
Pk converge weakly to P, on C([0, o), R™).

Vi

Proof. In view of Lemma 2.2 it suffices to show that the family {P} } is tight on
C([0, c0),R™).

Fix a small r > 0 and define 75, = inf{t > 0 : | X} — X[F| > r}. It follows from Theorem
3.2 of Bass and Hsu (1991) that there is a constant ¢ > 0 such that for each k € [k, oo,

PF(t > 1) < cexp (—%) for all + > 0 and = € Dy,. (2.4)
c

Let a > 0. For each T > 0 and ¢ > 0, by (2.4) and the strong Markov property of X,

k k k k k k k
P sup |X{—-XF|>e| <P (a>m)+ P, | sup |Xf—XE|>e,a<m
0<s,t<T a<s,t<T
[t—s]|<é [t—s]<é

.

< cex <——>+P’“ sup | XF— X*| > ¢ 25

B P ca Hk ogs,tpgT ‘ K S‘ , ( )
lt—s]<s

where 1, is the sub-probability distribution at time a of reflecting Brownian motion X* in

Dy, killed upon leaving B(XE,r) N Dy. Let my denote the Lebesgue measure on Dy. Note
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that g (dy) < <f5k pk(a,x,y)uk(d:c)> dy < Cmy(dy), where C := supy, ||pk(a, -, )]s < 00.
We will use an idea of Takeda (Theorem 3.1 of Takeda (1989)) to show that

lim sup Pka sup }Xf — Xf‘ >e| =0. (2.6)
6—0 1> 0<s,t<T
= lt—sl<s

By Lyons-Zheng’s forward and backward martingale decomposition (see Theorem 5.7.1 of
Fukushima, Oshima and Takeda (1994)),

1 1
Xk Xk = §Wtk 3 (le? ork —Wk_,o ré}) forall 0 <t <T, Pf%—a.s.,

where W* is a martingale additive functional of X* which is an n-dimensional Brownian
motion, and rk is the time reversal operator of X* at time T, i.e., XF(rk(w)) = Xk _,(w)
for each 0 <t < T. Since X* is symmetric under Pffmk, for k > ko,

k k k k k k
P sup |Xt —XS} >e| <CPF;, | sup ‘Xt —XS] > €
0<s,t<T 0<s,t<T
[t—s|<é [t—s|<é

k k k
<CPp, | suwp (WE—WF| >e
t—sI<s

+ C’P,If% sup !va_t o r:’“p - Wiﬁ_s o r:kp >
0<s,t<T
lt—s|<s

— k k k
=2CP,, sup ‘Wt —Ws‘>€
0<s,t<T
t—s]<5

=2C|Dg|P | sup |B;— Bs|>¢],
0<s,t<T
[RNEY

where B is the standard n-dimensional Brownian motion and |Dy| is the volume of Dy.

Claim (2.6) follows because

lim P| sup |B;—Bs|>¢]| =0.
0—0 0<s,t<T
t-sl<s

From (2.5) and (2.6),

. r

lim sup sup Pfk sup Xf — Xf >e | <cexp (——) .

5—0  k>1 0<s,t<T ca
- lt—s|<6



Letting a | 0, we have that for each T" > 0 and ¢ > 0,

lim sup Pfk sup ‘Xf—Xf‘ >e| =0.
00 g>1 0<s,t<T
- t—s|<s

Thus the family {P% , k > 1} is tight on C([0, c0), R").

Now assume that v, converge weakly to v. Since each of weak limit distributions of
Pfk ’s must be equal to P, by Lemmas 2.1 and 2.2, we conclude that Pfk ’s converge weakly
to P, on C([0, o), R"™) as k — 0. a

Let B; be a standard Brownian motion starting from 0; it will serve the role of the
“driving Brownian motion” for reflecting Brownian motions. As 9Dy, is piecewise smooth,
given two points , yr € Dy, there exist unique reflecting Brownian motions X* and Y*

driven by the same Brownian motion B;:
t
Xt =24+ B, +/ ny, (XFdrX"
0
¢ k
Y;k = yr + By —|—/ Ilk(Ysk)dLSY .
0

We will call (XF,Y/) a synchronous coupling of reflected Brownian motions in Dj. The
above construction does not apply in a Lipschitz domain because we do not know if the
stochastic differential equations have strong solutions in such a case. The following is the
main result of this section. It presents a “weak” construction of a synchronous coupling

of reflected Brownian motions in a bounded Lipschitz domain D.

Theorem 2.4. Consider a sequence of synchronous couplings (X, Y/}) of reflecting Brow-
nian motion in Dy with (X, YF¥) = (z,yx) for some x,,yp € Dy,.

(i) The sequence of distributions of (X*,Y*) is tight on C([0, c0), R™ x R").

(ii) Suppose that x, — To and yr — Yoo. Let (X,Y) be any subsequential limit of
(X*,Y*). Its components X and Y are reflecting Brownian motion in D starting from
Too and yo,. Moreover there is a continuous process W which is a Brownian motion with
respect to the filtration generated by (W, X,Y) such that (X,Y) admits the following

Skorohod representation:
t t
Xt =Too + Wi + / n(X,)dLY and Y} =y + W; + / n(Y,)dLY
0 0

where LX and LY are boundary local times of X and Y, respectively. In particular,
P(X; € 0D) =0, for every fixed t > 0.
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Proof. Let (X[, Y/) be the synchronous coupling of reflecting Brownian motion in Dy,
with (X%, YF) = (zx,yx), driven by a Brownian motion B*. By Theorem 2.3, we see
that the sequence of distributions of (B¥, X* Y*) is tight on the space C([0, o), (R")3).
Consider any subsequential limit (W, X,Y) of distributions of (B*, X* Y*). Using the
Skorohod lemma, we may assume, by changing the underlying probability spaces if neces-
sary, that processes (B*, X* Y*) converge to (W, X,Y) almost surely. We will prove that
W is a Brownian motion with respect to the filtration generated by (W, X,Y"). To see this,
note that for any ¢t > s > s,, > --- > s1, bounded continuous functions fi,---, f,, on R3"

and a bounded continuous function ¢ on R",

E ¢(Wt_Ws)Hfi<WSi7X5i7Y9i)
=1
o k _ pk (pk Yk vk
_kh_)n;.10E (b(Bt BS)Z]:Jl:f'L(BsZ?XsZ?YsZ)

= lim E[¢(B} — BY)] E

k—o0

=1

Hfi(W3i7X5i7Y5i)

=1

=FE [¢(Bt - Bs)] E

Y

which shows that W; — W has a Gaussian distribution with zero mean and variance t — s
which is independent of the filtration o{(W,, X,.,Y;.) : » < s}. Similarly it can be shown
that W is a standard Brownian motion with respect to the filtration generated by (W, X)
as well as with respect to the filtration generated by (W,Y"). It follows from Theorem 2.3
that X and Y are reflecting Brownian motions in D starting from ., and y.., respectively.
So P(X; € 9D) = [, p(t, Zoo,y)dy = 0 for any t > 0. Note that by (2.3),

t
sup 4, (L] =swp [ [ puls.p)on(dn)ds < e
k k 0 0Dy

where o}, is the surface measure of dDy,. Since [; ng(X FYALX" = XF — 2, — BF converges

weakly to A; := Xy — o — Wy, we have for any partition {t;, 0 <14 <[} of interval [0, t],

l

>

t;
/ g (XE)aLX’
i=1

ti—1

] < limsupEfk [Lf(k} < eVt

k—oo

Hence A; is a continuous process of finite variation and therefore X; = zoo + W; + A; is a

semimartingale. Similarly it can be shown that C} := Y; — y,o — W} is a continuous process
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of finite variation and so Y; = Yoo + W; 4+ C; is a semimartingale. As A;, C; are measurable
with respect to the filtrations generated by (W, X) and (W,Y") respectively, W is the
unique continuous martingale part in the Doob-Meyer decomposition of the continuous
semimartingales X and Y with respect to the filtrations generated by (W, X) and (W,Y),
respectively. Processes X and Y have the desired Skorohod decompositions since they are

reflecting Brownian motions in D starting from z., and y., respectively. O

Remarks 2.5 (i) In view of Theorem 2.4, we are justified to call any subsequential limit
(X,Y) from any subsequential limit (X, Y) of (X%, Y*) a synchronous coupling of reflecting
Brownian motion in D.

(ii) Though the weak convergence in Theorem 2.4 is stated and proved for synchronous
reflecting Brownian motions having deterministic starting points, the theorem holds for
those with random starting points as well. The same proof shows that if the initial dis-
tributions for synchronous couplings of reflecting Brownian motions (X*,Y*) converge
weakly to a probability distribution v on D x D, then the sequence of the distributions
of (X*,Y"*) is tight on C([0,00) x R™ x R"), and any of its subsequential limits is a syn-
chronous coupling of reflecting Brownian motions in D with initial distribution v. Hence
every synchronous coupling of reflecting Brownian motions (X,Y’) in D has Markov prop-
erty in the following sense: for any s > 0, the process t — (Xsy¢, Ys1¢) is a synchronous
coupling of reflecting Brownian motions in D with the initial distribution equal to that of
(X.. V).

3. Polygonal domains. The proof of Theorem 1.1 (i) consists of two major steps. First
we will prove that the distance between X; and Y; has to be small from time to time.
Then we will show that if the processes start not far from each other then there is good a
chance that the distance between them will get smaller and smaller in time. The first step
will require a series of lemmas.

Let us recall the Skorohod construction of a reflected path generated from a “free”
path. The construction is real analytic in nature and so it applies path by path to processes
with continuous trajectories. First we will discuss the case of normal reflection on a straight
line.

Suppose that T': [s1, s2) — R? is a continuous function; we will often take [s1,s2) =
[0,00). Let I'(t) = (I'1(t),'2(¢)), assume that I'y(s1) > 0 and let I'5(t) = T'a(t) — 0 A
infs, <s<¢ '2(s). We will call the function I'*(¢) = (I'1(¢), I'5(¢)) the Skorohod transform of
" relative to the halfspace H = {(z1,x2) : z2 > 0}. In other words, I'* is I" reflected on
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the xp-axis (horizontal axis).
A more familiar form of the Skorohod transform is the following. Let L = 0 A
infs, <s<¢ I'2(s) and let n = (0,1). Then

t
F;‘:F(t)+/ ndL!, (3.1)

S1

for t € [s1,s2).
We will record for future reference several simple properties of the Skorohod mapping.

(SM1) If [s3,84) C [s1,52) and {I'*(¢),t € [s1,s2)} is a normal reflection of {I'(¢),t € [s1,s2)}
in H then {I'*(t),t € [s3,s4)} is a normal reflection of {I'(¢) + I'*(s3) — I'(s3),t €
[s3,84)} in H.

(SM2) The normal reflection does not depend on the parameterization of a curve which is
reflected, i.e., if ¥ : [s1, $2) — [s3, s4) is continuous, strictly increasing and one-to-one,
and A(t) = T'(yp~1(¢)) then if {T*(¢),t € [s1, s2)} is the normal reflection of {I'(t),t €
[s1,82)} in H and {A*(t),t € [s3,54)} is the normal reflection of {A(t),t € [s3,54)} in
H then A*(t) = T*(¢p—1(¢)).

(SM3) If I'(t) is a piecewise linear function and I'*(¢) is its normal reflection in a halfplane
then |1 (¢)| < |LI(¢)| for all t where the derivatives are well defined.

The above remarks (SM1)-(SM3), suitably modified, apply to the normal reflection in
polygonal domains.

Next we discuss the case of normal reflection in polygonal domains. We start with
convex domains. We refer the reader to Dupuis and Ishii (1991) for the proofs of the
following results. If D is a convex polygonal domain and {I'(¢),t € [s1,s2)} is a piecewise
linear function with I'(s;) € D then it has a unique normal reflection {I'*(¢),t € [s1,52)}
in D. Moreover, the Skorohod mapping is continuous in convex polygonal domains, i.e.,
there exists a = a(D) < oo such that if {I'(t),t € [s1,s2)} and {A(t),t € [s1,s2)} are

piecewise linear then

sup [T°(t) = A*() <o sup [D(t) — A1),
te[s1,82) te[s1,52)

In this paper, we do not want to limit ourselves to convex domains. The lack of convex-
ity presents some new challenges. The reflection might not be uniquely defined at vertices
where the domain is not locally convex. We will tackle the problem of non-uniqueness by
perturbing the original function {I'(t),t € [s1, s2)} so that its normal reflection avoids the

non-convex vertices. The details are presented in the next lemma.
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Suppose D is a polygonal domain. We will call a vertex x of D convex if for some
neighborhood U of x, the set U N D is convex. A vertex which is not convex will be called

concave.

Consider a polygonal, not necessarily convex domain D and a piecewise linear function
{T'(t),t € [s1,s2)} with T'(s;) € D. Suppose that {'*(t),t € [s1,s2)} and {T**(t),t €
[s1,82)} are normal reflections of I'(¢) in D in the following sense. If U is an open polygonal
domain such that U N D is convex and {I"*(t),t € [s3,s4)} C U then {I'*(t),t € [s3,54)}
is a normal reflection of {I'(t) + I'*(s3) — I'(s3),t € [s3,54)} in U N D. Suppose the same
applies to I'**(¢). Moreover, suppose that I'* and I'** do not visit concave vertices of dD.
Then I'* = I'**. This claim follows from the uniqueness of the Skorohod mapping in convex
polygonal domains via a localization argument. We will call I'* a normal reflection of I' in

D, provided it satisfies the conditions listed above.

Lemma 3.1. Suppose D is a polygonal domain and {T'(t),t € [s1, s2|} is a piecewise linear
function with I'(s;) € D whose range does not contain any concave vertices of OD. Fix
arbitrarily small § > 0. Then there exists a piecewise linear function {L'(t),t € [s1, 5]}
with f(sl) = I'(s1), satisfying the following properties. There exists a normal reflection
{T*(t),t € [s1,52]} of T(t) in D which does not hit any concave vertices of dD. Moreover,
IT(t) — D(t)| < & for t € [s1,s5] and |%f(t)\ < (14 6)|4LD(t)| for every t where the

derivatives exist.

Proof. We will construct a finite sequence of curves IV whose last element will satisfy
the conditions of the lemma. Let I'' = I' and let s3 be the supremum of s such that
{T'L(t),t € [s1,s)} has a normal reflection in D which does not visit any concave vertices.
If s3 = so then we are done. Suppose that s3 < ss. Then Fl’*(53—) is a concave vertex y.
We may choose the coordinate system so that y = (0,0) and T''(¢) = T'!(s3) — (¢ — s3)(a, 0)

for some a > 0, s4 > s3, and all t € [s3, s4].

There exists some s5 < s3 such that the functions I'* and T'l'* are linear on [ss, s3].
It is easy to see that we can find small 1,65 > 0 with the following properties. The
distance from I''*(s5) to (0,0) is greater than ;. Let sg € (s5,s3) be the smallest s
with [T'1*(s)] = 1. Since (0,0) is a concave vertex, at least one of the points (0,e3) or
(0, —&2) belongs to D and at least one of the line segments connecting I''*(sg) to (0, e2)

and (0, —e) lies in D, except possibly for the endpoint I'':*(sg). Assume that this property
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holds for (0,e3). Then, if €1 and 5 are small and properly chosen,

irlv*(sﬁ)’ : (3.2)

T (s6) — (0,€2)] < (1+6)(s3 — s6) o

Let .
(0,e2) — " (s6)

83 — 56
We now define a new piecewise linear function T'?(t). We let ['?(¢) = I''(¢) for ¢ < sg.

For t € (sg, s3] we let T'2(t) = ' (sg) + (t — s¢)v. Finally,
I2(t) =T(t) —I(s3) + T (s6) + (0,62) — TH*(s6),

for t € (s3,s2).

It is routine to check that I'? has the following properties. Let s7 be the supremum
of s such that {I'?(¢),t € [s1,s)} has a normal reflection in D which does not visit any
concave vertices. Then s; > s3. We have I'%*(t) = T'b*(t) for t < sg, [%*(s3) = (0, ¢2),
and I'?* is linear on [sg, s3].

From property (SM3) of Skorohod mappings, |[4T'*(¢)| < [4T(t)| for t € [sg, s3).
The definition of I'? and (3.2) imply that [4T2(t)| < (1 + 6)|LI1*(¢t)], for t € [sg, s3).
Hence, |£T%(t)] < (1 + 0)|4TY(t)|, for ¢ € [s6,s3) and in fact for all ¢ € [sq, s2] except
possibly for finitely many points.

Consider arbitrarily small 6; > 0. We can make the values of €1 and &5 smaller, if
necessary, so that [[2(t) — T'}(t)| < &1, for all ¢ € [sq, s2].

We continue the construction by induction. Given I'V, we construct IV ™! from I'V in
a way analogous to the way I'? was defined relative to I'!.

We will argue that the inductive procedure will terminate after a finite number of
steps with a function satisfying the conditions of the lemma. Recall that T''(¢) = ' (s3) —
(t — s3)(a,0) for t € [ss, s4]. Assume that s, is the largest s with the property that <£I'!
is constant on (s3,s4). Note that if s; < s4 then the vertex approached by I'** at s;
lies to the left of (0,0). More generally, all concave vertices approached by I'** at times
s € (s3,s4) must lie to the left of (0,0). It follows that the number of inductive steps
needed to construct a function on (ss3, s4) avoiding concave vertices is not larger than the
number N; of all vertices of OD. Since I'! is piecewise linear, its slope is constant on a
finite number N, of intervals whose lengths sum up to sy — s;. Our inductive procedure
will require no more than N1 N5 steps.

If we let 8; = 0/(N1Ny), then the function I' = TN1N2+1 will satisfy all the properties

stated in the lemma. 0
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Recall that a Brownian path reflected in a polygonal domain D does not hit any
vertices of D, a.s. The problem of non-uniqueness of the reflected paths does not arise in

the case of Brownian trajectories.

Lemma 3.2. Suppose that D is a polygonal domain and {I'(t),t € [0,v]} is a piecewise
linear function such that its normal reflection {I'*(t),t € [0,v]} in D does not visit any
concave vertices of 0D. There exist ¢ > 0 and 8 < oo such that the following holds.
Assume that {f(t),t € [0,v]} is a continuous function with sup,ecjg ) [f(t) —T'(t)| =a <,
such that its normal reflection {f*(t),t € [0,v]} in D does not hit any vertices of OD.
Then sup,¢jo, [f*(t) — ()| < aB.

Proof. The set of t € [0,v] such that I'*(¢) € D consists of a finite number of disjoint
closed intervals Ay, Ag, ..., Ay, ordered in this way. Some intervals A; may be degenerate,
i.e., they may consist of a single point. Find s; and s;-, j =1,...,k, with the following
properties. Every interval A; is inside (s, s’), except when A; contains 0 then s; = 0
and A; C [s1,s]). Similarly, if v € Ay then s}, = v and Ap C (s, s;]. We require that
33- < sj41 for j =1,...,k —1. Let M; denote the union of those edges of D which are
visited by I'*(¢) for t € A;. Choose § > 0 so small that

(i) if some continuous curve {f(t),t € [0,v]} satisfies |f(t) — T'*(¢)| < ¢ for t € [0, s] then

f(t) does not hit 9D \ M; for any ¢ € [s;,s7] N[0, s], and
(ii) if [f(t) —T*(¢)] <6 for ¢ € [0,v] then f(t) does not hit 0D for ¢ & (J,[s;, s].

By Theorem 2.2 of Dupuis and Ishii (1991), for every convex polygonal domain D there
exists a constant o = a(D) < oo such that if {f1(¢),¢ € [0,v]} and {f2(t),t € [0,v]} are
continuous functions with supc(g » [f1(t) — f2(t)] < @ and {f7(?),t € [0,v]} and {f5(¢),t €
[0,v]} denote the normal reflections of fi and f2 in D then sup,¢(q . [f7 () — f5(¢)] < aa.

Since I'*(¢) can visit only convex vertices, every set M, is either a single edge of
0D or it is the union of several adjacent edges with convex vertices between them. The
obvious localization argument allows us to adapt Dupuis and Ishii’s result on the Lipschitz
continuity of the Skorohod map as follows. For every j there exists a constant a;; € (1, 00)
with the following property. Suppose that {f(t),t € [s;, s}]} is a continuous function with
SUD;e[s; /] |f(t) —=T(t)| < a, such that its normal reflection {f*(¢),¢ € [0,v]|} in D does not
hit 0D \ M;. Then SUD;e(s; /] lf*(t) —T*(t)| < aq;.

Let a = max; a; and € = 627 F72(1 + a)".
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Assume that {f(t),t € [0,v]} is a continuous function which satisfies

sup |f(t) —T(t)] < 62771 + )", (3.3)

te[0,v]
where 61 < 6. We will show that sup,cp,[f*(t) — I'"(¢)] < 1. Suppose otherwise
and let v; = inf{t : |f*(t) — I'"(¢)] > d1}. The function f*(¢) cannot hit 0D at any
t € [0,v1] \ U;[s5, 8] in view of the definition of § and the assumption that §; < 5. We
have chosen s;’s and s}’s so that I'*() ¢ 0D for ¢t € [0,v1] \ U;[s;,s}] so the distance
between f*(¢) and I'*(¢) remains fixed on every interval in [0,v1] \ U,[s;, sj]. It follows
that vy € [s;, 5] for some j, say, for j = jo. Suppose for the moment that jo > 3.

By (SM1), the functions {f*(t),t € [s1, s} and {I'*(¢),t € [s1, ]|} can be viewed as
normal reflections in D of {f(t)+ f*(s1) — f(s1),t € [s1, )]} and {T'(¢) +T*(s1) —I'(s1),t €
[s1,51]}. The norm of the difference of the last two functions is bounded by §;27%(1+a)~*
in view of (3.3) because f*(s1) = f(s1) and I'*(s1) = I'(s1), The Lipschitz continuity of
the Skorohod map implies that |f*(s}) — I'*(s})| < 6:27%(1 + o) ¥a. The same estimate
holds at time s».

We iterate the estimate. We look at the functions {f*(t),t € [s2, s5]} and {I'™*(¢),t €
[s2, 5]} as normal reflections in D of {f(t) + f*(s2) — f(s2),t € [s2,s5]} and {I'(t) +
[*(s2) — T'(s2),t € [s2,5]}. We have

|f(8) + " (s2) = f(s2) = (T(£) + T"(s2) — T'(s2))|
< |f(E) =T+ [f(s2) = T(s2)| + [/ (s2) = T"(s2)]
<2.627*Q4+a)F+ 6271 +a)"a

S 512—k+1(1 +Oé)_k+1,

for t € [sy, s5]. By the Lipschitz continuity, |f*(s5) — T*(s5)| < 6:127**1(1 +a) % ta, and
the same is true at time s3. Proceeding by induction, we obtain
x —k4jo—2 —k+jo—2
[ (85y—1) = T (85, _1)| < 0277073 (1 + ) 7H 00,

The same inequality is valid at time s;,. We now drop the assumption that jo > 3; it was
imposed only to enable us to illustrate the method with a few non-trivial steps.

We repeat our earlier argument involving the translation of the paths, this time for
the functions on the interval [sj,, s’ |]. We may view {f*(t),t € [sj,, s} ]} and {I'*(¢),t €
855 55,1} as normal reflections in D of {f(¢) + f*(sj,) — f(s4,):t € [85,,5,]} and {T'() +
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[*(sj,) = L'(sjy),t € [85,5,]}. We have for ¢ € [sjy, s} |,

‘f(t) + f*(sjo) - f(sjo) - (F(t) + F*(Sjo) - F(Sjo))|
< @) =T+ [f(sj0) = T(sj0) [ + 17 (550) = T (s56)]
<2-0127F1 4 a)7F 4 5,27 FI072(1 4 o) TR TI0T2g,

< 612701 4 o) TR <51/ (2a).

By the Lipschitz property of the Skorohod map, we must have |f*(t) —T"*(¢)| < §1/2 on the
interval [sj,, 5% |-
*(t)| < 01.

The lemma holds with e defined earlier in the proof and 8 = 2*(1 + «a)*. O

This contradicts the definition of jo and proves that sup,c . [f*() —

Lemma 3.3. Suppose that (X;,Y;) is a synchronous coupling of reflected Brownian mo-
tions in D, starting from (z,y). For some e > 0, all &3 > 0, and all x,y € D, with
probability 1, there exists t < oo such that |X; — Y| < eq, dist(X;,0D) > €1 and
dist (Y;,0D) > ;.

Proof. Step 1. In this part of the proof, we will find points whose neighborhoods are
visited infinitely often by the synchronous coupling. Let D be a non-empty open subset
of D, such that D; C D. The stationary distribution of X, has the uniform density in
D. This clearly implies that X,, € D; for infinitely many n, a.s. For every integer k > 1,
choose a finite sequence of open balls B(z;?, 1/k) whose union covers D. Let A4;, ;, be the
event that (X,,Y,) € (B(zfl, 1/k) N Dy) x B(zfz, 1/k) for infinitely many integers n > 0.
Since X,, € D; for infinitely many n, and the family of balls B(zﬁ, 1/k) is finite, the union
of events Aj, j, has probability one. Every event A;, ;, belongs to the tail o-field so its
probability is 0 or 1. There are only finitely many events A;, j, so not all of them can have
probability 0. Let j¥ and j5 be such that P(A;x ;1) = 1. By compactness, a subsequence

of (z;?k,zj?k) converges to a pair (z1,22) € Dy x D.
1 1

Step 2. This step is devoted to the construction of a piecewise linear path {I'(¢),¢ > 0}
inside D with I'(0) = z; which chases the normal reflection of {II(¢),¢ > 0} of {T'(t)— 21+
z3, t > 0}, where z3 € D is a point very close to zs.

Fix some €3 > 0. We start by defining an initial piece of I'.  We choose ¢; > 0 and
{T'1(t),0 < t < t1} so that the range of this function is the shortest polygonal line inside
D connecting T'1(0) = z; and T''(¢1) = 25. Moreover, we require that the derivative of

I'l(¢) has the unit length for all ¢+ where it is defined. Next we slightly perturb I'* so that
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it fits inside D. More precisely, we find a piecewise linear function {I'?(¢),0 < t < ¢}
such that T'%(t) ¢ 0D for t € [0,t1], T'?(0) = TY0) = 21, |T%(t1) — T'(t1)| < e3, and
| 4T2(t)| = |4T1(t)| = 1 for almost all ¢ € [0,¢]. The existence of such a function I'? is
not hard to prove. Denote I'?(¢;) by 23 and note that |23 — 22| < €3, by the choice of I'2,

Using Lemma 3.1 we can modify {T'?(¢) — 21 + 23, 0 <t < 1} to obtain a piecewise
linear function {II(t),0 < t < ¢1} such that II(0) = z3, supgc,<y, [TI(t) — (T3(t) — 21 +
z3))| is so small that {II({) — z3 + 21,0 < t < ¢;} C D, and the normal reflection of
{II(t),0 < ¢t < t;} in D does not visit any concave vertices of dD. Moreover, |-£II(t)| <
(1+271]4T2(¢)| = (1427 ") for all t € [0,¢1] where the derivatives are defined. Then we
let I'(¢t) = 11(¢t) — 23 + 21 for t € [0,¢1]; note that this curve lies inside D.

We will use induction to extend {I'(¢),0 <t < t1} to a piecewise linear path {I'(¢),¢ >
0} inside D such that the normal reflection IT* in D of the path II(¢) dﬁfF(t) — 21 + 23 does
not visit any concave vertices of 9D, |I'(s) —IT*(s —t1)| < 27" for s € [nty, (n+1)t1)] and
n > 1, and
1)
for almost every s € [nt1, (n + 1)t3].

Suppose that {I'(t),nt; <t < (n+ 1)t1} has been defined. Let II(t) = I'(t) — 21 + 23
for t € [nt1,(n + 1)t1]; an equivalent formula for II(¢) is I'(t) — I'(nt1) + II(nt1). Let
{I1*(t),nt; <t < (n+ 1)t} be the normal reflection of {II(t) — II(nty) + II*(nt1), nt; <
t < (n+1)t;}in D. The latter is the same as {T'(¢t) —T'(nt1) +11*(nt1), nt; <t < (n+1)t1}.
We set TL(t) = IT*(t — t1) for t € ((n+ 1)t1, (n+2)t1]. We then modify {I'}(t), (n+1)t; <
t < (n+ 2)t;} in several steps, just as in the case of {I''(t),0 <t < t;}. First we find a
piecewise linear function {I'2(t), (n+1)t; <t < (n+2)t;} lying strictly inside D such that
[?((n+ t1) = TH((n + L)ta),

< (1427 %H*(s—tl)

T2(t) = TH(1)| < 272,

and | 2T2(t)| = |LT1(¢)| for almost all t € [(n + 1)t1, (n + 2)t1].
dt dt

Next we use Lemma 3.1 to modify
{T2(t) + T2 ((n + 2)t1) — T3 ((n + Dty), (n+ Dty <t < (n+2)t1}

to obtain a piecewise linear function {II(¢), (n + 1)t; <t < (n + 2)t1} such that II((n +
Dt1) =T%((n +2)t1),

sup [TI(t) — (T2(t) + T*((n + 2)t1) — T*((n + 1)t1))]
(n+1)t1 <t<(n+2)t1
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is smaller than 27("*2) for ¢ € [(n + 1)t1, (n + 2)t5] and so small that
{II(t) = II((n + 1)t1) + T*((n+ 1)t1), (n+ 1)ty <t < (n+2)t1} C D.

Moreover, the normal reflection of {TII(¢) —II((n+1)t;)+IT*((n+1)t1), (n+ 1)ty <t < (n+
2)t1} in D does not visit any concave vertices of 9D and | 4TI(¢)| < (1+2-(+D)|LT2(¢)]
for all t € [(n + 1)t1, (n + 2)t1] where the derivatives are defined. Then we let T'(t) =
(t) — T((n + 1)t1) + T2((n + 1)ty) for t € [(n + 1)t1, (n + 2)t1]; this path lies inside D.

Proceeding by induction, we define I'(¢) on [0, 00). Let II(t) = I'(¢) — 21 + 23, which is
a parallel translation of the path I'. Denote by IT* the normal reflection of IT in D. Note
that [T'((n + 2)t1) — II*((n 4+ 1)t1)] < 27+ for any n > 0.

Step 3. We will show that liminf, . |['(nt;) — II*(nt1)] = 0. Suppose that this is
not the case. Then |['(nty) — IT*(nty)| > b for some b > 0 and large n. Since |T'((n +
2)t1) — I*((n 4 D)ty)| < 2=+ we must have |['(nt;) — T'((n + 1)t;)| > b/2 for large
n. We will reparametrize I' using a continuous strictly monotone one-to-one function
Y 1 [0,00) — [0,00) so that A(t) = I'(1p~1(t)) is parameterized according to its length,
ie., [£A(t)] = 1 for all ¢t where the derivative is well defined. Let s, = t(nt;) so that
A(sp) = T(nty). Let ®(t) = (1) ~1(t)) and note that the normal reflection of ® in D is
@*(t) = T (1)),
Recall that [T'((n + 1)t1) — II*(nt1)| < 27™. It follows that
A(spt1) — A(sn) = D% (spn) — P (sp—1) + Vi,

n+2

for some v,, satisfying |v,,| < 27"*2. From the “local time” representation (3.1) of reflected

paths we obtain

A(Smi1) — Alsn) = Voo + B () — B (55_1) = Vo + Alsn) — A(sn_1) + / N () LY,
Sn—1

so, using induction,
’I’l+k Sn+k
Asnsrs) = Msnsa) = 3 ¥+ Asn) = Alsao) + [ mgeodZ?,

Sn—1

for integer £ > 0. From this we obtain,

k=0 \m=n Sn—1
i ntk J Sntk
= Z Z Vi + (G + D)(A(sp) — A(sp—1)) + Z (/ l’ch)*(s)dLs>
k=0m=n k=0 Spn—1



Let by be the diameter of D and let j be 1 plus the integer part of 4b2/b. Since |A(sy) —
A(sp—1))| > b/2 for large n,

(7 + 1) (Alsn) = A(sn—1))] = 2ba.

Consider n sufficiently large so that

Jj n+k

> D vm

k=0m=n

< (§41)27" <27 T8by /b < by /2.

Since both points A(sp4j+1) and A(s,,) lie in D, we must have for some k = k(n) < j,

Sn+k
/ Ilq)*(s)dL;I)

> ba/(2(j+1)) = b/8.

So for this k = k(n), L®(sp+k) — L*(sn—1) > b/8. This shows that there is a constant
a € (0,1) depending only on b and j (in fact, a can be taken to be \/1 — b216-2(j + 1)~2)

such that | ®*(s)| < a for s in a union of intervals in [s,_1, $,+x] of total length no less
than b/16. Hence, the length of the curve {®*(s),s € [sp_1, Sy k(n)]} is smaller than that
of {®(s),5 € [Sn—1,5n+k(n)]}, and therefore of {A(s),s € [sn_1,5pn1r(n)l}, by (1 —a)b/16.

Since |£I1*(t)| < |4T1(¢)| = |LD(¢)| and |LT(t + t1)] < (1 + 2777 1)[LII*(¢)], for
t € (nt, (n 4+ 1)t1], we see that the length of {I'(¢), (n + 1)t;1 < t < (n+ 2)t1} is not
greater than 1 + 27"~ times the length of {II*(¢),nt; < t < (n + 1)t1}; it is therefore
bounded by 1 + 27"~! times the length of {I'(t),nt; < t < (n + 1)t;}. Hence, for any
d >0, m > 1 and all sufficiently large n, the length of {I'(¢),nt; <t < (n+ k(n)+ 1)t;}
is not greater than 1+ § times the length of {I'(t),(n — 1)t; <t < (n+ k(n))t1} and
the length of {I'(¢),(n + k(n) + 1)t; < t < (j + 1)t1} is bounded by 1 + ¢ times the
length of {I'(¢), (n + k(n))t; < t < jt;}. Translated to the language of A, this means
that for large n, the length of the curve {A(s),s € [sn,Sn+k+1]} is smaller than that of
{A(s),s € [Sn—1,5n+k]} by (1 —a)b/32, and the length of {A(S),s € [Sptk+1sSn+j+1]}
is not greater than the length of {A(s),s € [sp4k,Sn+;]} times 1 4+ . Combining these
estimates, we obtain for large n that the length of {A(s),s € [sp,Sntj+1]} is smaller
than that of {A(s),s € [Sn—1,Sn+j]} by (1 —a)b/64. As (1 —a)b/64 is independent of n,
an induction argument now implies that for sufficiently large n, the length of {A(s),s €
[Sn, Sn+j+1]} is negative, which is impossible. This completes the proof of the claim that
liminf, . |['(nt1) — II*(nty)| = 0.
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Step 4. Fix some x,y € D and suppose that (X;,Y;) is a synchronous coupling of reflected
Brownian motions in D, starting from (x,y). Recall z; and 2o from Step 1 of the proof.
Find v < oo such that |I'(v) — IT*(v)| < e2/4. Let &g be the distance of {I'(¢),t € [0,v]}
from 0D and recall that 09 > 0. Brownian paths reflected in a polygonal domain do
not hit any vertices, a.s., so Lemma 3.2 can be applied to a Brownian path in place of
the function f. Lemma 3.2 implies that we can find §; € (0,e2/4 A §p/2) so small that
if [f(t) —1I(¢))| < 61 for all ¢t € [0,v] then |f*(¢t) — II*(¢)| < e2/4 for t € [0,v]. Let
B; = B(z;,61/3), for j = 1,2. We may and will assume that |z3 — 22| < 61/3. Let T}
be the first time ¢t when X; € By and Y; € Bs. This stopping time is finite a.s., by the
definition of z; and z5. Recall that B; is the Brownian motion “driving” X; and Y;. Let
A be the event that |Bp, 4y — By, — I'(t) + 21| < 61/3 for all ¢ € [0,v]. By the support
theorem, the probability of A is greater than some p; > 0. The event A implies that
Xt = By + X, — By, for t € [Ty, Ty + v] because the process t — By, 4+ + X1, — By, will
not hit the boundary on the interval [0, v], by the choice of g and d;. Hence,

|XT1+U - F(U)l = |BT1+U - F(U) + XT1 - BT1|
< |Bry4v — Bry =T'(v) + 21| + [ X7y, — =1
< 51/3+51/3 <d < 62/4.
Recall that T1(¢) = I'(t) — 21 + z3. If A occurs then
|BT1+t - BTl + YT1 - H(t)|
< |Bry4t — By, = T'(t) + 21| + |[Y1, — 22| + |22 — 23]
<61/3461/34+61/3 =01.
for all ¢ € [0,v]. Since {Y;, t € [T1,T1 +v]} is a normal reflection of { By, 4+ — B, + Y, t €
[T1,T1 +v]} in D, the definition of §; implies that |Y (71 +t) — II*(t)| < e2/4 for t € [0, v].
Then
[ X7y 10 = Y7y 0| < [ X7y 10 = T(0)| + [V 10 — T (0)| + [IT(v) = T'(v)]
< 82/4-1— 52/4 —|—€2/4 < 352/4.
We see that | X7y 1o — Y7, 10| < 3e2/4 with probability greater than p;.
For k > 2, let T}, be the first time ¢ > T,_1 + v, such that X; € By and Y; € By. All
stopping times T} are finite a.s. The strong Markov property applied at time T} implies
that given the events {| X7, 1, — Y1, 4| < 3e2/4} did not occur for any j < k, we have

| X7, 40— Y7, 40| < 3e2/4 with probability greater than p;, by the same argument as above.
This easily implies that | X7, 1o — Y1, 40| < 3e2/4 for some k with probability 1.
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It is easy to see that if ¢; > 0 is sufficiently small then there exists po > 0, such
that for any =,y € D with |x — y| = 3e2/4, if (X0, Yo) = (z,y) then both X; and Y; will
move at least €1 units away from the boundary before moving away from each other to
the distance greater than e5, in 1 time unit, with probability greater than ps. The proof
of this fact is quite elementary and is left to the reader. We note that Lemma 4.1 tackles
similar estimates in the considerably harder case of domains with Lipschitz boundaries.

Let S7 be the first time ¢ such that | X; — Y;| < 3e2/4, and let S = inf{t > S +1:
| X — Y:| < 3eg/4}. The main part of the proof shows that all stopping times Sj are
finite. By the strong Markov property applied at Sy, there exists ¢ € [Sk, Sk + 1] such that
| Xt — Yi| < &g, dist (X¢,0D) > &1 and dist (Y, 0D) > €1 with probability greater than
p2, assuming that there is no ¢ with such properties in any of the intervals [S;,S; + 1],
j=1,2,...,k—1. A routine argument now shows that with probability 1, there exists a
time t such that |X; — Y;| < eq, dist (X3, 0D) > €1 and dist (Y;, 0D) > €. O

Let K = {re?® € C:r>0,0¢c (0,0}, a wedge with angle 6y € (0,27). In Lemma
3.4 we will consider a process (X¢,Y;) involving a sequence of synchronous couplings in
K. Later on, we will apply the lemma to a synchronous coupling of reflected Brownian
motions in a polygonal domain. Such a pair of processes behaves like a synchronous
coupling of reflected Brownian motions in a wedge K whenever both processes are inside
a neighborhood of a vertex of dD.

Processes (X¢, Y:) in the statement of Lemma 3.4 are supposed to have the following
properties. Fix some integer n, not necessarily positive. Assume there exist sequences of
stopping times Si,k > 1 and U, k > 1, such that

(i) Sky1 > Ug > S for all k,
(i) |Xg,| = 2" for every k,
(iii) {(Xt,Y:),t € [Sk, Uk} is a synchronous coupling of reflected Brownian motions in K,
independent of {(X¢,Y;),t € [0,Sk)} given (Xg,,Ys, ),
(iv) U = inf{t > Sy : | X;| = 2"},
(v) |Xs, — Ye,| < |Xo — Yo,
(Vi) [Xs, = Yo, | < | Xvoy = Yo [ 1 [ X,y = Yo, /| Xv | S 172

Let I =U;>,[55, Ujl.
Lemma 3.4. If | Xg, — Yg,| < [Xg,|/2™ then P (sup,c; | Xt — Yi|/|X¢| < 1/2) > g, for
some ¢y,’s such that q,, — 1 as m — oo.
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Proof. Let T3 = S; and for k£ > 1,
Ty = inf{t € (Tx—1,00) NI : | X¢| = 2| X, _,| or | X¢| = | X1, _,|/2}.

The modulus R; = |X;| of X; is a 2-dimensional Bessel process in random intervals I
because the normal reflection on 0K does not affect the radial part of the driving Brownian
motion B; (see the discussion of “mirror” couplings in Section 3 of Burdzy and Kendall
(2000)). It follows that N = logy Ry, is the symmetric random walk on (—oo,n + 1] N Z,
with reflection at n + 1.
We will define events Ay in terms of {Xy,t € [Tk, Tr41]} and {By,t € [Tk, Tr+1]}-

First, we declare that Ay C {| X7, | # 2"*1}. Suppose that | X7, | = 2™ #£ 27T, Let

TY =inf{t > T} : | X¢| = (3/2)2™ or | Xy| = (3/4)2™},

17 = inf{t > Ty : arg X; = 0}.

Note that T} < Tj4+1 and let A = {T? < T} }. Write B; = (B}, B). Let
T3 =inf{t > T} : B} < B, — 2™}
k

and
A2 = {T,;” <inf{t > T7 : |B} — Bls| > 1/16-2™}

Ainf{t > T2: B~ inf B2>1/16- 2m}}.
s€[TE t]

If A} N A7, holds then |Xrs| € [(5/8)2™, (13/8)2™]. Next let
T = inf{t > T : | Xy| = (7/4)2™ or |X,| = (9/16)2™},
TP =inf{t > T : arg X; = 6y},
and A3 = {T? < T}}. Let B} and B? be the real and imaginary parts of B;e~". Let
TS = inf{t > T} : B? > E%E +2m}

and
Al = {T,S‘ <inf{t > T7 : | B} — Bls| > 1/64-2"}

Ainf{t > TP : —B%+ sup B2>1/64- 2’”}}.
sE[T,f,t]

We let Ay = ALNAZNA3NAL. Note that if Ay holds then [ X7l € [(17/32)2™,(57/32)2™].
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We will now argue that P(Ay | Br,, X1, | X7,| # 2"!) > p; for some p; > 0, inde-
pendent of k. First, the event A} occurs if the driving Brownian motion By, t > T}, makes
a clockwise loop within the annulus with center By, — X7, and radii (3/2)2™ and (3/4)2™;
this event has a positive probability not depending on m, by scaling. Assuming that A;
occurred, the event A% can occur with a positive probability, by the support theorem:;
this probability is independent of m, again by the scaling property of Brownian motion.
Similar arguments apply to A} and A;. This proves our claim about the probability of
Ag.

Let M; be the number of k < j such that | X, | # 2"*!. Let V; be the number of
k < j such that Ay holds. Recall that Ay is defined in terms of {X¢,t € [Tk, T11]} and
{By,t € [Tk, Ti+1]}. Hence, by the strong Markov property, assuming | Xr, | # 2""!, the
conditional probability of Aj given the o-field generated by {A4,,j < k} is greater than
p1. The strong law of large numbers implies that lim;_,o, V;/M; > p;. However, standard
results for the reflected random walk N}, show that lim; . M;/j = 1so lim;_. V;/j > p1,

a.s.

We note that if |X; — Y;|/|X¢| < 1 for ¢t < s then the distance between X; and Y;
cannot increase during the time interval [0, s] N I—we will refer to this observation as (*)
later in the proof. This is because for all t € I not larger than s, if one of the processes
reflects on a side of the wedge K, the other process stays on the same side of the straight
line containing this side. The claim now follows easily from the Skorohod representation

of reflecting Brownian motion in K and assumption (vi).

If | X7, — Y1, |/|X1,| <1/2and the event Ay occurs then | X; —Y;| is reduced by at least
a factor of | cos0y| on the interval [T}, Tx+1]. To see this, first note that | X; — Y;|/| X¢| < 1
for t € [Ty, Tk+1]. Hence, by (*), the function ¢t — |X; —Y}| cannot increase during the time
interval [Ty, Tj+1]. The occurrence of A% implies that at some time s} € [T}, T?], both
processes X; and Y; lie on the horizontal axis. Later, at some time si € [Tg’, Tlf], in view
of the occurrence of A}, the processes will lie on the side of the wedge K which is inclined

at the angle 6. Elementary geometry shows that [Xz — Y| < |cosfo[| X — Y.
From now on we will assume that 6y # /2,7, 37/2 so that |cosfy| € (0,1). The

argument would have to be modified if we allowed 6y to take one of the values 7/2,7 or
3m/2 but the proof would be in fact easier than the one given below; we leave the analysis
of those special three cases to the reader. Recall that the process Ny = log, | X1, | is a
symmetric random walk on (—oo, n+1]NZ reflected at n+1. Fix some ¢ € (0, 1), arbitrarily

close to 1 and note that N; = n. The law of iterated logarithm implies that we can find
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m so large that the probability that Ny <n—m/2— k;{ log, | cos 6| }p1/2 for some k > 0 is
less than (1 — ¢q)/2. Since limy_,o, Vi:/k > p1, a.s., we can increase m, if necessary, so that
| logy | cos bo||Vie > —m /2 + k|log, | cos Bp||p1/2 for all k > 0 with probability greater than
(1 —g)/2. It follows that for some large m, N > n —m — |log, | cos6p||Vj, for all k > 0
with probability greater than q.

Assume that |Xg, — Yg,|/|Xs,| < 2773, We will argue that if Ny > n —m —
}log2 | cos 90]‘% for all £ > 0 then |X; — Y:|/|X¢| < 1/2 for all t > S;. Suppose otherwise.
Let j be the smallest integer such that |X; — Y;|/|X;| > 1/2 for some t € [T}, Tj+1]. This
implies that the function ¢ — |X; — Y}| is non-decreasing on the interval [0, 7] NI, in view
of (*) and assumption (vi). Since Vj_1 > —(N;_1 — n + m)/|log, | cos |

| X7, — Yr,| is less than or equal to |cos Og|~ Ni-1=ntm)/[logz [cosboll| X g — Vg |. Thus

, the distance

logy | X1, = Y1;| < (Nj—1 —n+m)+1log, | Xs, =Yg, | < Nj+1—n+m+log, |Xs, —Ys,|,

SO

logy [ X1, — Y[ = Nj <1 —logy |Xg, | +m +logy [Xs, — Vs,

10g2 (’XTj - YTj ‘/’XTJ' ’) <l+m+ 10g2 (lel - YSl ‘/’Xsl ‘) .
Recall that |Xg, — Vg, |/|Xg,| < 27™7? to see that logy | X7, — Y7,|/|X7;| < —2 and so
| X1, — Yr,|/|X7;| < 1/4. This and (*) imply that |X; — Y3|/|X;| < 1/2 for t € [T}, Tj441],
because t — | X; — Y;| is non-increasing for ¢t € I as long as |X; — Y;|/|X¢| < 1, and there
is no t for which this condition fails before the first time s > T} when |X;| is equal to
| X1,;|/2. This contradicts the definition of j.

We have shown that for any ¢ < 1, there exists m such that if | Xg, — Yg,|/|Xs,| <

27m=3 then |X; — Y;|/|X¢| < 1/2 for all t € [Sy,00) N I with probability greater than or

equal to g. The lemma follows from this statement in a straightforward way. O

Proof of Theorem 1.1 (i). Let {x1,x2,...,zy, } be the set of all vertices of dD. Choose
n so negative that the discs B(z;,2""?) are disjoint. For every j =1,2,..., ko, let
S =inf{t >0:|X, —2;] = 2"},
Ul =inf{t > S} : | X, —x;| = 2"},
S} =inf{t > U] : |X; — x| = 2"}

For a point x € 9D which is not a vertex, let K(x) be a straight line containing the edge
of D to which x belongs. Let H(x) be a halfplane whose boundary is K (z), and which
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intersects D in every neighborhood of z. Let € > 0 be so small that if | X; — Y;| < e, X}
is at a distance greater than 2"~' from all vertices, and X, € dD then Y; € H(X;). This
property is symmetric in X; and Y;, of course. As long as |X; — Y| < e, the function
t — | X — Y| is non-increasing outside Uj,k[8£7 U,g]

Choose arbitrarily small § > 0 and let m be so large that ¢, defined in Lemma
3.4 satisfies ko(1 — ¢,n) < §. Recall e and &5 from Lemma 3.3. Assume without loss
of generality that €5 is smaller than € chosen in the previous paragraph. Decrease n, if
necessary, so that 2”72 < £;. Decrease 5 so that |X; — ;| < |X; — z;|/2™ for all j if
| X — Yy| < eg and dist (X¢,0D) > 1. Let T} be the first time ¢t when | X; — Y;| < e, and
for all j we have |X; — V3| < |X; — 2;]/2™ and |X; — z;| > 2""2. The stopping time T}
is finite a.s. because there exists t < oo with |X; — Y;| < &5 and dist (X¢,0D) > &1, by
Lemma 3.3.

The process t — | X; — Y;| will be non-increasing at least until the first time s when
| Xs —Ys|/|Xs — x| > 1/2 for some j. This follows from observation (*) made in the proof
of Lemma 3.4. For every j, Lemma 3.4 can be applied to the process (X;,Y;) relative to
wedge K; for which K; NV; = DNV, and some neighborhood V; of z;. Lemma 3.4 shows
that the probability that there exists s > 77 such that | X —Ys|/|Xs —z;| > 1/2 for some j
is less than ko (1 —g,,) < 0. If there is no such s, the process t — | X; —Y;| is non-increasing
for all t > Tj.

If there is s > T3 such that | X — Ys|/|Xs — x| > 1/2 for some j, we let T5 be the
first time ¢ > s when | X; — Y3| < €9, and for all j we have | X; — Y;| < |X; — x;|/2™ and
| X; — z;| > 2"*2. Lemma 3.3 implies that 75 < oo a.s. It should be now clear how to
use an induction argument to define a sequence of stopping times T} and to show that
with probability 1, for some k, we will have |X; — Y;|/| Xy — ;| < 1/2 for all j and all
t > T). Remark (*) in the proof of Lemma 3.4 implies that with probability 1, the distance
between X; and Y; will be non-increasing after such a time Tj. In view of Lemma 3.3, the

distance will converge to 0. O

4. Lip domains. We will prove Theorem 1.1 (ii) in this section.

Let D be a lip domain. We will need a sequence of Lipschitz domains D, with
piecewise smooth boundaries, increasing to D. It is easy to see that we can find D,,’s with
the following properties. The boundary of D,, is the union of graphs of C? functions f!

and f7, i.e.,

D, = {(x1,22) : x2 = f{'(x1), 2] <x1 <25} U{(z1,22) 1 x2 = f3(21), 2] <21 < 25},
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such that fi'(z1') = fa(27), f1'(23) = f3'(25), fT'(a7) < f3'(a7) for 21 < 21 < 23, and

functions f{* and f3 are Lipschitz with the constant ¢y (same as in (1.1)), i.e., for k = 1,2,
|f]?(.’171) — f,?(flﬂ < Co|$1 — f1|7 for all Z{L < xl,fl < Z;L

Moreover, D,, C D for every n > 1 and D = J,, D»,.

We will assume that the boundary of D near its left and right endpoints can be
represented as a Lipschitz function in the coordinate system rotated by /2 relative to
the standard one. The general case does not present any fundamentally new technical

challenges. Because of this assumption, there exist ¢; € (0, o] and 71 > 0 such that,

fi(z1) — fi(z2) > ci(ze — 1),

(4.1)
fo(x1) = fa(z2) < —c1(z2 — 21),

for z; <z < a9 < 27+ 171, and
fi(z1) = fi(z2) < —c1(z2 — 21), (42)

fa(z1) = fa(x2) > ci(x2 — 1),

for zo —ry < 21 < w92 < 29. We can assume that the functions f;' defining the domains
D, satisfy (4.1) for 27" < 1 < 2o < 20 +7r1/2 and (4.2) for 28 —r1/2 < x1 < 29 < 25,

Let Ry ={(s,t): s >0,|t| <cos} and R_ = {(s,t) : s <0, |t| <cols|}.

Proof of Theorem 1.1 (ii). Step 1. Let pus < 0 be the second eigenvalue of the Laplacian
in D with the Neumann boundary conditions. In this step, we will show that there exists
an eigenfunction s (x) corresponding to ps, such that for every x we have Vyo(z) € Ry

Let wu,(t,x) be the solution of the heat equation in D,, with the Neumann boundary
conditions and the initial condition u,, (0, z) = x; for x = (z1,22) € D,,. Then V, u,(t,x) €
R, for every t > 0. This can be proved in the same way as Theorem 3.1 of Banuelos and
Burdzy (1999) (see also their Example 3.3).

We define u(t, z) for z € D in a way completely analogous to that for u, (¢, x), namely,
we let u(t,x) be the solution of the heat equation in D with the Neumann boundary
conditions and u(0,z) = z; for x = (x1,22) € D. By Theorem 2.1 and Lemma 2.2,
functions u,, (¢, x) converge pointwise to u(t, x) on compact subsets of (0,00) x D as n — o0.
It follows that V,u(t,z) € R4 for every t > 0, just like in the case of Vu,(t,z). This
combined with the methods from the proof of Theorem 3.3 of Bafiuelos and Burdzy (1999)
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shows that there exists an eigenfunction () such that Vs (z) € Ry for every x. Let us

fix an eigenfunction o with this property and let v(t, x) = po(x)e M2t

Step 2. Define Vi = {(s,t) : s > 0,|t] < s/co}, and Vo = {(s,t) : s <0, |[t| < |s|/co}-
Since 0 < ¢g < 1, clearly Ry C Vi and R_ C V_. We will show that for any fixed ag > 0
there exists az > 0 such that if z,y € D, |z —y| > aq, dist (x,0D) > as, dist (y,0D) > as,
and y—x € RyUR_, then |p2(x)—w2(y)| > as. If this is not true then there exist sequences
of points x;, and y;, satisfying the above conditions but such that |2 (xr) — @2 (yr)| < 1/k.
By compactness, we can extract convergent subsequences with limits x~, and y.,. We have
|Zoo — Yoo| = az. We will assume without loss of generality that Yoo — oo € Ry. By the
continuity of @9, we have ps(Zo) = ¥2(Yoo). The eigenfunction o satisfies Vs € Ry so
if 2 € zoo + V4 then pa(2) > p2(xoo). Similarly, va(2) < w2(yso) for z € yoo + Vo. It
follows that ¢2(z) = pa(zs) for all z in the intersection of xo, + V4 and yoo + V. The
intersection of these sets is nonempty because Yoo — s € R4+ and ¢y < 1. Hence, the
function 9 is constant on a nonempty open set. Since it is real analytic in D, it must be

constant on the whole set D. This is impossible, so our claim must be true.

Step 3. Recall the definitions of the wedges R, and R_. First we will show that we can
assume that yo — z9 € Ry U R_. Let (X/,Y;") be a synchronous coupling of reflecting
Brownian motions in D,,. In each piecewise smooth domain D,,, the reflecting Brownian
motions X' and Y, are strong solutions to the stochastic differential equation (2.1), so
if X{! =YY" for some tg > 0 then X}* = Y;" for all t > . If (X{*,Y}") starts from
(Zn,yn) such that y, — z, € Ry (respectively, x, — vy, € Ry) then Y» — X" € R,
(respectively, X' — Y € Ry) for all ¢ > 0, by the argument used in Theorem 3.1 of
Banuelos and Burdzy (1999). If z,, — xo and vy, — Yoo then (X[, Y,") converge weakly
(along a subsequence) to (X,Y:), a synchronous coupling in D starting from (Zoo, Yoo )-
The above mentioned monotonicity property carries over to the limit and we conclude that
for any synchronous coupling (X3, Y;) starting from any (Zeo,¥Yoo) With yoo — Too € Ry
(respectively, oo — Yoo € R4), we have Y; — X; € R, (respectively, X; — Y; € R,) for all
t>0.

Let T7" be the first hitting time of the lower part of the boundary of D, by the
process X;', and let 73" be the first time after 77" when X' hits the upper part of 9D,,.
The vertical component of the normal vector points down at every point of the upper part
of 0D,,. Hence, the vertical component of X" is a Brownian motion plus a nonincreasing
process, until time 77". This easily implies that the distributions of T7"’s are stochastically

majorized by a single distribution independent of n. The same applies to T5'. Easy
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geometry shows that for some random time 77 < T3, we must have either Y:,f:)n - X %On e Ry
or X%SL - Yﬁn € R, This also holds for all t > T, by the argument mentioned in the last
paragraph. It is now easy to deduce from the weak convergence that there is an almost
surely finite random time 7 such that Y; — X; € Ry for all t > Ty, or Y, — Xy € R_ for
all ¢ > Ty. Thus the probability P (Y; — X; € Ry U R_) increases to 1 as t — oo. This

and a ¢

‘weak” Markov property presented in Remark 2.5 (ii) show that it is enough to
prove that | X; — Y:| — 0 as t — oo, assuming that (Xy,Y;) starts from (2, Yso) With
Yoo — Too € Ry UR_.

Assume without loss of generality that (X, Y;) starts from (zg, yo) with yo — 2z € R4.
Recall the function v(t,z) = pa(x)e #2! from Step 1. The function |ps(z)| is bounded on
D and so, for a fixed s > 0, |v(t,z)| is bounded on [0, s] x D. It follows that the processes
t — v(t,Xy) and t — v(t,Y;) are martingales. As we observed in the last paragraph,
Y — Xy € Ry for all t > 0. This, together with the fact that for every =, Vq(z) € Ry,

implies that po(Y;) — w2(X:) > 0 for all £ > 0. Hence, the process
v(t, Ye) — v(t, Xe) = (p2(Ye) — p2(X¢))e !

is a non-negative martingale and, therefore, it converges a.s. as t — co. Since us < 0, this
implies that, with probability one, po(Y;) — p2(X:) — 0, as t — co. In view of Step 2 and
the fact that both X and Y spend zero Lebesgue amount of time on the boundary of D,
this shows that |Y; — X;| — 0, a.s. O
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