A PROBABILISTIC PROOF
OF THE BOUNDARY HARNACK PRINCIPLE!
by
RICHARD F. BASS and KRZYSZTOF BURDZY

1. Introduction. The boundary Harnack principle may be stated as follows (cf.
Jerison and Kenig (1982a), Theorem 5.25).

Theorem 1.1. Let D be a Lipschitz domain and V an open set. For any compact
K C V, there exists a constant cy such that for all positive harmonic functions
u and v in D that vanish continuously on (0D) NV with u(z) = v(x) for some
re KND,

Yu(y) < v(y) < couly)  for ally € KN D.

o

The boundary Harnack principle was first proved by Dahlberg (1977). Sub-
sequently Wu (1978) and Jerison and Kenig (1982a) gave alternate proofs. The
result was extended in many directions, see, e.g., Caffarelli, Fabes, Mortola and
Salsa (1981), Fabes, Garofalo and Salsa (1986), Fabes, Garofalo, Marin-Malave,
and Salsa (1989) and Jerison and Kenig (1982b).

A related problem is to identify the Martin boundary for Lipschitz domains.
Hunt and Wheeden (1970) showed that in a bounded Lipschitz domain the Martin
boundary may be identified with the Euclidean one. Jerison and Kenig (1982a)
showed how this result follows from the same techniques that they used to prove
Theorem 1.1.

The main purpose of this paper is to give a probabilistic proof of Theorem 1.1, one
using elementary properties of Brownian motion. We also obtain the fact that the
Martin boundary equals the Euclidean boundary as an easy corollary of Theorem
1.1. The boundary Harnack principle may be viewed as a Harnack inequality for
conditioned Brownian motion; as an application we prove some new probability
bounds for conditioned Brownian motion in Lipschitz domains.

The principal motivation for this work was to give a proof of the boundary
Harnack principle and of the Martin boundary result that could be easily extended
to domains more general than Lipschitz: ones where locally the boundary is the
graph of a continuous function with a modulus of continuity weaker than Lipschitz.
See Bass and Burdzy (1989).

In Section 2 the main estimate on Brownian motion in Lipschitz domains is
obtained. Theorem 1.1 is proved in Section 3, while the Martin boundary result
is given in Section 4. Section 5 contains the estimates on conditioned Brownian
motion.

2. The main estimate. Theorem 1.1 is essentially a local result, and for the
time being we work with domains lying above the graph of a Lipschitz function.
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So let A > 0 and suppose I' : R¥"1 — R is a bounded Lipschitz function with
Lipschitz constant \. For points z = (1,... ,z4) in R? we write x = (¥, z4), where
T = (acl Ce ,Idfl). Let

D={zecR?: z4>T(@)}.

We let
(2.1) A(z,a,r) ={y € D:T(y) <ya <T(y) +a, [y—7| <r},

“A(z,a,r) ={y € 0A(z,a,7r) :ya =T (y+a)}, (“u” = upper),

and
Az, a,r) ={y € 0A(x,a,r) : |y —Z| =1}, (“s” = side).

Let (X;, P*) be Brownian motion in R%. For any Borel set A, let
T(A) =inf{t: X; € A}.

The main estimate that we obtain in this section says that the probability that
Brownian motion leaves A(x, a, r) near the boundary of D is bounded by a constant
times the probability it leaves far from dD. First we have

Lemma 2.1. There exist a constant ¢y = c1(\) € (0,1) such that
(a) ifa>0,r>a, andy € D withy = and yq € [['(Z) + a/2,T(Z) + a], then

PY(T(0A(x,a,r)) =T(0"A(z,a,1))) > c1;
(b) ifa>0 andy € Ax,a,a) with y =, then
PY(T(0A(x,a,a)) =T(0°A(z,a,a))) <1—-cy; and
(c) if k€Zt, a>0,r>ak, andy € Alz,a,r) with y =T, then

PY(T(0A(z,a,7)) = T(O°A(z,a,7))) < (1 —c1)".

Proof. The proof is elementary. By scaling we may suppose a = 1. Choose cy =
(A"t A1)/8. Let

- 1 -
Si={y: [y -z <e T(@) + 7 <wa <T(2) +2},

Jo={y: |y -2 < T(T) =2 <ya <T() + 2},

and
"I ={y: |y — 7| < c2, ya=T(T) + 2}

It is easy to see that there exists c¢; depending only on ¢y such that

PYUT@OJ) =T(0" ) >¢c; it §=7, yge (T3 + %,r@) +1)

and
PY(T(0Jy) =T(0%J)) > 1 it y=1z, ya € (I'(z),0'(Z) +1).
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Note that if T'(0.J1) = T(0"J), then T(0A(z,1,r)) = T(0“A(z,1,7)) PY-a.s. for
y such that § = Z, yq € (I'(Z) + 3, (Z) + 1); this proves (a). Similarly, if T'(dJ5) =
T(0"J), then T(0A(x,1,1)) # T(9°A(x,1,1)), which proves (b).

Part (c) follows from part (b) by use of the strong Markov property. Using (b),

PY(T(OA(z,1,k)) = T(0°A(z, 1, k)))
< BY(PXUNT(OA(X(U),1,1)) = T(*A(X(U),1,1));
T(0A(z, 1,k —1)) = T(O*A(z, 1,k — 1)))
< (1 =) PY(T(OA(z, 1,k — 1)) = T(0°A(z, 1,k — 1))),
where
U=T0OA(z,1,k—1)).

Using induction completes the proof. O

Let
Fy = {T(9A(0,3.3)) = T(9°A(0,1,3))}.
Let
d9A(0,3,3) = 0A(0,3,3) \ (0D U I*A(0,1,3)), (“g” = good).
Let

F, = {T(0A(0,3,3)) =T(09A(0,3,3))}.
The main result of this section is

Theorem 2.2. There exists cg = c3(\) < 0o such that for all x € A(0,3,1),

Px(Fl) S Cng(FQ).

Proof. Choose M € Z* so that (1 —c1)™ < ¢1/2 and M > 2372 27", where ¢;
is the constant of Lemma 2.1. Let

k
Jh={y€D:ys e L@ +M 227 T +M 227", [gl<2-M") 27"}
=1

Arguing just as in the proof of Lemma 2.1(a), there exists a constant ¢4 = c4(\) €
(0,1) such that

(2.2) P*(Fy) > ¢y, z € A0,3,2)\ A0, M~2/4,2).
Our first goal is to prove that
(2.3) P*(Fy) > cyc™™ for z € J,,.

We use induction. By (2.2), we have that (2.3) holds for m = 1. Suppose (2.3)
holds for m, and suppose z € J,,,11. For the remainder of the proof, write

(2.4) Ap = Az, M7227™ mM~127™)  and U, = T(0A,,).
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By the strong Markov property,
P*(Fy) > E*(PXWUn)(Fy); X(Uy,) € 0%Ayy).

Since 9“A,, € J,, when z € J,,41 and since m > 1 > M~!, then by Lemma 2.1
(a) and the induction hypothesis,

P*(Fy) > ey ' P*(X(Up) € 0“Ay) > cacl.
So (2.3) is proved.

Now let
dp = sup P*(F)/P*(Fy).

zEJm
By (2.2),
P*(F) <1< ¢'P*(F),  z€A(0,3,2)\ A0, M™2/4,2).
Hence d; < oo, and so to prove the theorem, it suffices to prove that sup,, d,,, < oo,
since A0, M~2/2,1) C Uso_; Jim.
Consider z € J,,+1. Using the strong Markov property, we have
(25)  P*(F)) < E*(PXUn)(R); X(Uy,) € 0“A,n) + PH(X (Uy) € 0°Ay)
and

(2.6) P*(Fy) > E*(PXWUn)(Fy): X(Up,) € 8“Ar).

Since O"A,,, C J,, the definition of d,,, says that the first term on the right of (2.5)
is bounded by

Ay BZ(PXUn) (Fy); X(Uy,) € 0%A,) < dy P*(Fy).
By Lemma 2.1 (c), the second term on the right of (2.5) is bounded by
(1 —c))™™ < (er/2)™ <27™"e] PP (Fy),

using (2.3).
Hence, substituting in (2.5),

P () < (dp +27™c; P (Fy).

Thus dyp+1 < dp, + cZ12_m, or sup,, dm < di + czl Z:::l 27™ < o0 as required.
O

3. Boundary Harnack principle. We first borrow an elementary lemma from
Jerison and Kenig (1982a), Lemma 5.4. The notation is as in Section 2.
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Lemma 3.1. There exists a constant cs = c5(\) > 0 such that if u is positive
and harmonic in A(x,5,5) and vanishes continuously on A(x,5,5) N 0D, where
xq =T(Z) + 1, then u is bounded in A(z,3,3) by csu(x).

Proof. Fix z. Without loss of generality, assume u(z) = 1. Let
T = Az, 277 4)\ A(z,27F71 4), k=1,2,....
By the usual Harnack inequality, u is bounded in A(x,4,4)\ Ur—, Ji by a constant
Cg — 06(/\).
If u is harmonic and positive in A(y,1,1) and yq = T'(y) + 3, then by the
usual Harnack inequality there exists ¢z = c¢7(A) > 0 so that w is bounded on

A(ya 1v 1) \ A(:’J? i? 1) by c7u(y).

Using this observation together with scaling, we see that

sup u < ¢y sup u,

Jry1 Jk
and hence
(3.1) supu < cgek.
Jk

This implies that there exist constants cg = cg(A), 5 = B(A) > 0 such that if
r(y) = ya —T'(y),

then

(3.2) r(y) < esu(y) .

Suppose y € A(z,3,3). Arguing as in Lemma 2.1 (a), there is a constant cg =
c9(A) > 0 such that

PUT(0A(y, 2r(y), 2r(y)) = T(9D)) = co.

Now let M = (1—cg)~ ! and let N be a large real to be chosen later. Suppose there
exists z() € A(z, 3,3) with u(2(")) > NM. We now show that this implies there ex-
ist 22,0 2™ e Az, 4,4) with w(z(™) > NM", 2*+) ¢ A(z®) 3r, 3r),
where 7, = r(2*)). We use induction. Suppose we have (1), 22 . z(),

Write A,, for A(x(”), 21y, 2ry,). Note

" () ()
u(@™) = B " u(Xroa,)) < (glAlp u)P* (T(0A,) # T(0D))
< (sup u)(1 — cg).
YNS
Hence there exists z(™t1) € A, C A(:z:(”), 37y, 3r,) with
w(z"H) > (1= ¢o) " tu(z™) > NM™HL
By (3.2),
o1 < cs(NM™TH)=F

and so provided we take N sufficiently large so that Y o cs(NM*)™# < 1 then
(D € A(x, 4, 4).
We thus have our sequence (™ in A(z,4,4) with u(z(™) — co. Moreover, by

(3.2), 7, — 0. But this contradicts the assumption that u vanishes continuously on
(0D) N A(z,5,5). So we must have u bounded on A(z,3,3) by NM. O

We now prove the following special case of the boundary Harnack principle.
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Theorem 3.2. There exists a constant c19 = c10(A) > 0 such that if v € D with

xq =D(Z)+1, u and v are positive and harmonic on A(x,5,5), vanish continuously
on 0D N A(z,5,5), and u(x) = v(zx) = 1, then

ciou(y) <v(y) < ciouly) forally € A(x,3,1).

Proof. Recall the definitions of F} and F5 of Theorem 2.2. By Lemma 3.1, u is
bounded on A(x, 3,3) by ¢5. Then if y € A(z,3,1),

(3.3) u(y) = EYuw(Xpoa(e,3,3)) < csPY(T(0A(x,3,3)) # T(0D))
< cs5(PY(Fy) + PY(Fy))
< c5(1+ c3)PY(Fy)

by Theorem 2.2.
On the other hand, by the usual Harnack inequality, there exists c11 = ¢11(A) > 0
such that v is bounded below by ¢1; on 9A(0,3,3) \ (0D U9°A(0,1,3)). Then

(34) ’U(y) = Ey’l)(XT(aA(x’g’g))) > Cllpy(Fz).

Comparing (3.3) and (3.4) gives the left hand inequality, and reversing the roles
of u and v gives the right hand inequality. O

However, Theorem 3.2 is actually equivalent to Theorem 1.1. We first recall the
definition of a Lipschitz domain.

A bounded domain D is a Lipschitz domain if for each x € 0D there is a
Lipschitz function I',, : R%™! — R, a coordinate system CS,, and r, > 0 such
that if y = (y1,...,yq) in CS, coordinates, then

DN B(z,ry) =y :ya>Ta(y1,. - ,ya—1)} N B(z,7y).

Proof of Theorem 1.1. Theorem 1.1 follows from using scaling, Theorem 3.2 and
the usual Harnack principle repetitively. O

4. Martin boundary. In this section we prove that the Martin boundary of a
Lipschitz domain may be taken to be the Euclidean boundary. For details about
Martin boundary, see Doob (1984).

Suppose D is a bounded Lipschitz domain. We denote the Green function for D
by G(z,vy).

Let us fix g € D and suppose ¢ < dist (zg,0D)/4.

Lemma 4.1. Suppose x € D with |x—xo| > 4e. There exists a constant c12(e, D, g, x)
such that

G(z,y)/G(xg,y) < c12  fory in D\ (B(xg,e) U B(z,¢)).

Moreover c12(e, D, xg,x) — 0 uniformly as dist (z,0D) — 0.

Proof. Pick yo € B(xg,2¢). If GO is the Green function for Brownian motion killed
on exiting 0B(xg, 3¢), then

G(z0,y0) > G*(x0,y0) > 6(¢) > 0.



(See Section 1.11 of Durrett (1984) for an explicit expression for G°.)

On the other hand, G(z, o) is bounded above by the Newtonian potential eval-
uated at x,yo; hence G(x, o) is bounded above by a constant depending on ¢ (use
the Green function for a large ball containing D instead of the Newtonian potential
in the case d = 2). Moreover G(z,yp) — 0 uniformly as dist (z,0D) — 0.

Thus the ratio G(z,y0)/G(z0,y0) is bounded above. But Theorem 1.1 says
that G(z,y)/G(zo,y) is comparable to G(z,yo)/G(x0,yo) for all points y in D \
(B(z,e/2) U B(xo,e/2)); here u = G(z, - ),v = G(zo, - )G(x,y0)/G(x0,y0). The
lemma follows. O

We now prove that for fixed ¢, x, the ratio G(x, y)/G(xo, y) is Hélder continuous
in y.
Lemma 4.2. Let x,x0,c be as above. Then G(x,y)/G(xo,y) is a Hélder continu-
ous function of y fory € D\ (B(zg,e) U B(x,¢)), the constants depending only on
x,xo,€, and D.

Proof. For a set A, define

Oic f :sipf—lr)lff.

Let f(y) = G(z,y)/G(z0,y). Let yo € D. = D\ (B(xg,¢) U B(z,¢)). Since f is
bounded by c12 on the region D, by Lemma 4.1, then ODsc f < c12. So to prove the

lemma, it will suffice to show that there exists p = p(D, e, x,29) < 1 such that

4.1 Osc < Osc , r <e/4
(4.1) DNB(yo,r) f= poB(yo,zr) / /

Suppose r < €/4, and let g be the ratio of any two positive harmonic functions
on D,/ vanishing continuously on dD. By considering ag + b for suitable a and b,
we may assume

sup g =1, inf  ¢g=0.
DNB(yo,2r) DN B(yo,2r)

If sup ¢ < i, then since inf ¢g>0,
DNB(yo,r) 2 DNB(yo,r)

1

Osc g¢g< =
DNB(yo,r) 2
N

If sup g¢g> %, there exists a point y; in DN B(yo, r) with g(y1) > % But then
DNB(yo,r)
by Theorem 1.1, there exists a constant c¢i13 = c13(e, D, x,z¢) € (0,1) such that

inf > .
LN c139(y1)

Since sup ¢ <1, in this case we have
DmB(:’/O?T)

Osc <1- 2.
oS 9 S 1/

Si o) = 1, we have (4.1) with p = 11— c13/2).
ince DﬁB(Sy%,Zr)g , we have (4.1) with p = max(5,1 —¢13/2). O

To construct the Martin boundary of a domain, one first compactifies D by
adding all limit points of the ratios G(z,y)/G(x0,y) as y — z, z € ID (see
Doob(1984)). But Lemmas 4.1 and 4.2 show that G(z,y)/G(zo,y) converges to
a single value as y — z € dD. Thus we have proved
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Theorem 4.3. The Martin boundary of a Lipschitz domain may be identified with
a subset of the Fuclidean boundary.

To complete the identification of the Martin boundary, one needs to show that
a proper subset of the Euclidean boundary will not suffice. We will write

K(z,z) = yegrg_w G(z,y)/G(xo,y) forz € D, z € dD.

We will also show that K (z, z) is a minimal harmonic function for each z € 9D; that
is, if w is harmonic in D satisfying u(z) < K(x, z) for all x € D, then u = cK (-, 2)
for some constant c.

Theorem 4.4. The Martin boundary of a Lipschitz domain may be identified with
the Fuclidean boundary.

Proof. We first show that if w € 9D, then K (x,w) — 0 uniformly as dist (z,0D \
B(z,2¢)) — 0. To see this, pick yo € D N B(w,¢). Let § > 0. By Lemma 4.1, we
can make G(z,y0)/G(z0,y0) < 0 by taking dist (x,0D \ B(w,2¢)) small enough.
By Theorem 1.1,

G(z,y)/G(x0,y) < o, y € DNB(w,e).

Now let y — w to get K(x,w) < cod.

Suppose that K(-,w) = K(-,z) for some w,z € 0D, w # z, and let ¢ = |w —
z|/8. By the above argument, we have K (z,w) — 0 uniformly when dist (x,9D \
B(w,2¢)) — 0 and when dist (x,0D \ B(z,2¢)) — 0. Thus, K(x,w) — 0 uniformly
as dist (z,0D) — 0. By the maximum principle, the positive harmonic function
K(-,w) vanishes on D, contrary to the fact that K (xg,w) = 1. This contradiction
shows that the Martin kernels corresponding to w and z are distinct. O

Theorem 4.5. If z € 0D, K(-,z) is a minimal harmonic function.

Proof. Fix z € 9D and suppose u < K (-, z), where u is positive and harmonic. By
Theorem 4.3, it follows that

w»:/KmMMM>

for some measure p on 0D. If u is not a multiple of point mass at z, then there
exists a finite measure @ < p such that dist (z,supp (1)) > 0. Let

i) = [ K (- w)ildu).

Then @ is positive, harmonic, and bounded by K( -, z).

Recall from the proof of Theorem 4.4 that K(z, z) — 0 uniformly as dist (x,0D\
B(z,e)) — 0. So the same is true of u. But for each w € supp (u), we see that
K(x,w) — 0uniformly as dist (x, 0DNB(z,2¢)) — 0 provided 2¢ < dist (z, supp (&1)).
So it follows by dominated convergence that u(z) — 0 as dist (x,0DNB(z,2¢)) — 0.
But then @ is a positive harmonic function vanishing continuously on 9D, or u is
identically 0. This implies that j is 0, or that g must be point mass at z. O
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5. Conditioned Brownian motion. Let h be a positive harmonic function on
D and let (X, P) be conditioned Brownian motion, that is, the h path transform
of Brownian motion. See Doob (1984) for more information about conditioned
Brownian motion. In this section we prove the analog of Theorem 2.2 for (X3, PY)
and we obtain an exponential bound on P (sup,<, |Xs — x| > r) similar to the
bound for Brownian motion. We suppose we are in the set-up of Section 2 where
D is the region above the graph of a Lipschitz function. The definition of F; and
F5 are as in Theorem 2.2.

Theorem 5.1. Suppose h is positive, harmonic in A(0,5,5), and h vanishes con-
tinuously on 0D N A(0,5,5). Then there exists c14 = c14(\) > 0 such that for all
x € A0,3,1)

Py (F1) < c1a Py (F).

Proof. Let z be such that z = 0 and zy = I'(2)+1. Since multiplying h by a constant
does not change P7, let us assume h(z) = 1. Let u(z) = P (F1),v(x) = PF(F).
By the usual Harnack inequality, there exists ¢15 = ¢15(A) such that h > ¢15 on
09A(0,3,3) = 90A(0,3,3) \ (0D UO°A(0,1,3)). As in Lemma 2.1 (a), there exists
c16 = c16(A) such that P?*(Fy) > c16. Then using basic properties of h path
transforms,

v(z) = E*(h(X199a(0,3,3))); F2)/h(2) > ci5c16.

Since u(z) < 1, then u(z2) < (c15¢16) " t(2).

The functions wh and vh are positive and harmonic (with respect to P*) on
A(0, 3,3) and vanish continuously on 9D N A(0,3,3) since u and v are bounded
being probabilities. By the boundary Harnack principle, there exists c14 so that

(uh)(x) < c14(vh)(x) for z € A(0,3,1).

Dividing both sides by h(x) proves the theorem. O
We now obtain the following exponential bound

Theorem 5.2. Suppose h is as in Theorem 5.1. Then there exist ro = ro(A) > 0,
Ci7 = 617()\) > 0 and C18 = 018()\) > 0 such that

Py(sup | Xs —z| >r) < cir exp(—rz/clgt), r < 1.
s<t

Proof. Since PF(F1) + Pf(F») = 1, then by Theorem 5.1
(5.1) PE(Fy) > (1+c1q) ! for z € A(0,3,1).
Define
7, = inf{t : | Xy — Xo| > r}.
We have
Py(Tg > 1) > Ci9

for a constant c19 = c19(A, ) > 0. We have assumed in the proof of Theorem 5.1
that h(z) = 1. Tt follows that h is bounded above and below by constants depending
only on A on the set A(0,4,4) \ A(0, 2,4) and

)9

(5.2)  Pl(rs>1) < BY(A(X1); 75 > D)/h(y) = a0,y € DPA(0,3,3),
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for a constant cag = ca0(A, 3) > 0 provided [ is taken small enough so that
dist (0A(0,1/2,4),09A(0,3,3)) > 2.
So by the strong Markov property, (5.1), and (5.2),
PE(T(0A(0,4,4)) > 1) > (1 + c14) o0, r € A0,3,1).

By scaling and the fact that yq — I'(y) is comparable to dist (y,dD) for y € D,
we then get the existence of constants ca; = c21(A) > 0 and p = p(A) € (0,1) such
that

(53) P,f(ﬁ S 021) S p.

Without loss of generality we may assume co; < 1.

Let n be a positive integer to be chosen later. Let Uy = 71y, Uiy1 = U + 71 /p ©
0u,, where 0 is the usual shift operator. Clearly U,, < 7.

By (5.3) and scaling, P (71, < ca1n~?) < p. Hence

p if 2z <con?

P}?(Un—l—l_UnSZlUl,...,Un)g{ )

1 if z>con™
<p+(1—p)zn?/coy if z>0.
By Barlow and Bass (1989), Lemma 1.1, then
PZ(1y < z) = exp(an®?2'/% — bn),
where
1
_)_
p
Taking n to be the integer part of 4b?/9a?z, for z sufficiently small we get

a=2((1- p)/p021)1/2 and b= log(

(5.4) Py (m < z) < exp(—caa/2),

Coo = CQQ()\) > 0.
Using (5.4) and scaling gives Theorem 5.2, provided we take c17 sufficiently large.
|
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