VARIATION OF ITERATED BROWNIAN MOTION
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1. Introduction and main results. Suppose that X', X? and Y are independent
standard Brownian motions starting from 0 and let

(XYt ift>0,
1) X() = { X2%(—t) ift<0.

We will consider the process

2) {Z(t) € X(Y(1)),t > 0}

which we will call “iterated Brownian motion” or simply IBM. It can be proved that Z
uniquely determines X and Y (see Burdzy (1992) for a precise statement). A Law of
Iterated Logarithm for IBM is also proved in Burdzy (1992).

We consider IBM to be a process of independent interest but there exists an intrigu-
ing relationship between this process (strictly speaking its modification) and “squared
Laplacian” which was discovered by Funaki (1979). So far, the probabilistic approach
to bi-harmonic functions is much less successful than the probabilistic treatment of har-
monic functions. Krylov (1960) and Hochberg (1978) attacked the problem using a signed
finitely additive measure with infinite variation. Madrecki (1992) and Madrecki and Ry-
baczuk (1992) have a genuine probabilistic approach but their processes take values in an
exotic space. Both models are used to define stochastic integrals for processes with “4-th
order” scaling properties. Higher order variations of the process play an important role in
Madrecki and Rybaczuk’s construction of the stochastic integral. It is no surprise that the
4-th variation of their process is a deterministic linear function. The quadratic variation
of their process is, in a suitable sense, a Brownian motion. See (3.16) in Hochberg’s paper
for a result with similar intuitive content.

In this paper, we study higher order variations of IBM with view towards possible
applications to the construction of the stochastic integral with respect to IBM. We prove
that the 4-th variation of IBM is a deterministic linear function. This clearly means that
the quadratic variation is infinite (although we do not prove this). We show that, in a
weak sense, the “signed quadratic variation” of IBM is distributed like Brownian motion.

Suppose that A = {s =tg <t; <--- <t, =t} is a partition of [s,¢]. The mesh of the

partition A is defined as |A| 4 maxi<k<n |tk — th—1|-
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Theorem 1. (i) Fiz some 0 < s < t. The following limit exists in LP for every p < occ.

(3) I{im (Z(ty) — Z(tp—1))* = 3(t — s).
|Al—0/—]
(i) Suppose in addition that t, —tx—1 = (t — s)/n for every k. Then

n

(4) |/1\i|IEOZ(Z(tk) — Z(tr-1))’ =0 in LP, p < oo.

Theorem 2. Suppose that to =0 and ty, —tp—1 = 1/n for k> 1. Let

m

Valtm) = S (Z(t) — Z(t1)Psen(Z(te) — Z(ts1).
k=1
Eztend V,, continuously to [0,00) by linear interpolation on each interval [ti—1,tx]. The
processes {Vy,(s),s > 0} converge in distribution as n — oo to a Brownian motion
{B(s),s > 0} with variance VarB(s) = 3s.

Remarks. (i) The assumption that ¢t — ty_1 = ¢; — t;_1 for all j and k is imposed for
convenience in Theorem 1 (ii) and Theorem 2. The assumption seems to be unnecessary
but it makes the calculations somewhat more manageable.

(ii) A heuristic argument suggests that for a fixed s > 0, the sequence {V,,(s)},>1 has
no subsequences converging in probability.

(iii) The models considered by Funaki (1979) and Madrecki and Rybaczuk (1992) involve
complex numbers. It might be worth having a look at the complex version of IBM. Suppose
that Y is a standard one-dimensional Brownian motion, X is a two-sided complex (i.e.,
two-dimensional but written in complex notation) Brownian motion and Z(t) = X (Y (t)).
Let Vi, (tm) = > (Z(tx) — Z(tg—1))?, in the notation of Theorem 2. Then Theorem 2
holds for this complex analogue of quadratic variation. The limiting process B for V,,’s is
a complex (i.e., two-dimensional) Brownian motion with the quadratic variation 3 times
as large as the standard one. This result may be proved just like Theorem 2 by using the
method of moments.

The proof of Theorem 2 is based on estimates of moments of V,,’s. The estimates are
quite delicate and it would take enormous amount of space to write them down in all detail.
We will carefully examine one crucial estimate and indicate how this can be generalized to
other moments.

We would like to thank Ron Pyke for simple proofs of Lemmas 1 and 2 below.

2. Proofs. Throughout the paper, ¢ will stand for a strictly positive and finite constant
which may change the value from line to line.
We will need the following standard estimate. Let a > 0.

/00 z? \/% exp(—xz?/2t)dx
= —x\/t/27rexp(—x2/2t)’zzzo + /OO Vt/2m exp(—z?/2t)dzx

< a\/t/2m exp(—a?/2t) + /Oo(x/a)\/t/27rexp(—:c2/2t)dx

a

= a\/t/2m exp(—a?/2t) + (t/a)\/t/27 exp(—a?/2t)
(5) = (a+t/a)\/t/2m exp(—a®/2t).
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The next estimate may be derived in an analogous way using integration by parts.

(6) /:0 ! \/% exp(—z?/2t)dx < (a® + ta + t*/a)\/t/27 exp(—a? /2t).

Lemma 1. Suppose that for every (integer) k > 1, k # 2, the k-th moment of a random

variable R is the same as that of a normal random variable U with mean 0 and variance

o2. Then R and U have the same distribution.

The point of the lemma is that we do not assume that the variances of R and U are
identical. The lemma would follow immediately from known results (see Durrett (1991)
Theorem (3.9)) if we added this assumption.

Proof. The 2k-th moment o5, of U is equal to o?(2k — 1)!!. Thus

lim sup ué£2k/2k5 = lim sup(o2* (2k — 1)1)Y/2F )2k = 0.

k— o0 k— o0

Durrett (1991) shows in the proof of Theorem (3.9) that this implies that the characteristic
function ¢y has the following series expansion valid on the whole real line.

The characteristic function g of R is represented by an analogous series. For every k # 2,

the k-th moment of R is the same as that of U so gog)(()) = gogf)(()) and it follows that the
series for o and @y may differ by at most one term. Hence

er(t) = ou(t) + at®
and
pr(t)/t* = pu(t)/t* +a
for all ¢ # 0. Since |py(t)| <1 and |pr(t)] < 1,

0= tlim or(t)/t* = tlim ou(t)/t* +a = a.

It follows that a = 0 and, therefore, U and R have identical characteristic functions. [

Lemma 2. Let f,(x) denote the centered normal density with standard deviation o and
let Y(x,0) = f5(0) — fy(x). For all k,n > 0 there exists c = c¢(k,n) < oo such that

/ 2" (x, p1) - . (z, pi) fo (2)dx < cpy ... p Po™2F

— 00

for all p1,...,pr >0 (c does not depend on p;’s or o).

Proof. Since 1 —e™¥ <y for all y > 0,

N

1 =z

L (1 exp(—a?/2%) <

w(l’»f)):\/ﬁp —2mp3'
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Let £ denote a standard normal random variable. Then the integral in the statement of
the lemma equals

E|0§|HH¢ o, p;) < E|og|" T2k (2v/2r) ka c(k,n)o n+2kH o7

Jj=1 Jj=1

Proof of Theorem 1 (i). We will only prove the convergence in LP for p = 2. The general
case may be treated in an analogous way.

Recall that A = {s =1ty <t; <--- <t, =t} is a partition of [s,t]. Let A;t df ti —ti1
and A;Z £ Z(t;) — Z(t;—1). We have

{Z(AZZ)‘* -3t - s)] = [Z((Aizf — 3A)

=1 =1

@ 3 (A2 B (A2) — 31).
i,j=1

It will suffice to prove that the expectation of the above random variable goes to 0 as |A]
goes to 0.
Fix some a € (0,1) and suppose that ¢ # j. Fix some numbers u;_; < u; < uj_1 < u;.
We will compute
E((A2)* = 3A0)((A; 2)* — 3At)

given
dar
Ay = A (wimr, ui uj—r,u) = {Y (tic1) = wim1, Y () = ui, Y(t21) = uj—1, Y (t5) = uj}.

Given this condition, the processes { X (u;+t)—X (u;),t > 0} and {X (u; —t)— X (u;),t > 0}
are independent standard Brownian motions. Given A;, the random variable (A;Z )4—3Ait
is defined in terms of the first process and (A;Z)* —3A;t is defined in terms of the second
one. Since E(X(s1) — X(s2))* = 3(s1 — s2)?, it follows that

E(((A:2)*=30:t)((A; 2)* = 3A;t) | Ar)

(A;2)* —3At|A1) ((8;2)" =30t | A)

(X (ui) = X (ui-1))* = 30t | A1) E((X (uy) = X (uj-1))* = 34t | Ay)
(8) =(3(ui—ui,1) 3A t)( ( u] 1) —3Ajt).

B
— B

The same argument works for any w;_q,u;,u;—1 and u; such that the interval with end-
points u;_1 and u; is disjoint from the interval with endpoints u;_; and u;.
Suppose that r > 2|A|*/2. Let

A2 = AQ(’I“)
Y () = Y (t-0)| =7, Y (tia) = Y (8] < At/ |Y () = Y (tj-1)] < Ajt72).

The increments Y (¢;1) — Y (¢;) and Y'(t;) — Y (t;—1) are independent given A,. If the event
As occurs then the interval with endpoints Y (¢;_1) and Y (¢;) is disjoint from the interval
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with endpoints Y (¢;_1) and Y (¢;). Hence we may integrate over suitable w;_1,u;, uj_1
and u; in (8) to obtain

E(((AiZ)" = 30:t)((8;2)" = 3A4t) | A2)

At/? 1
= / (3u® — 3A4t) exp(—u?/2At)dux

—A;te/2 \/27‘(’A2’t
A te/? 1
9 X 302 — 3A 1) ———— exp(—v?/2A 1) dv.
( ) /Ajta/Z( J )\/TA]t p( / J )

Since

h 1
/ (3u? — 3A4t) NGO exp(—u?/2At)du = 0,

(5) implies that for some # > 0 and small At,

A t/? 1
3u? — 3A;t —u?/2At)d
‘/AW< W~ Bt) e exp(—? /28 )

.

exp(—u?/2At)du

> 1
=12 3u? — 3At
‘ Aita/2 ( Y ) RV 27TAzt

exp(—u?/2A;t)du

o 1
< 6u>
- Aita/2 “ AV 27TArLt
< 6(AY 2+ At/ At ?) /At )21 exp(—Ait® /2At)
(10) < exp(—Ait 7).

This and (9) show that for small |A]

A1) IB((A2) — 3A0)(A;2)" — 3A51) | A2)] < exp(~ At — At).
Let
Az = Az(|A])

LY () = Y (t-0)] > 2A]*% Y (8i1) = Y ()] < A%, [V () = YV (t5-1)] < A5t°72),
It follows from (11) that
[E(((A:Z)* = 30:t)((A;Z)*=3A;t)1.4,)]
<E(((Ai2)" = 3Ait)((A;2)* = 3A;t) | As)]
(12) < exp(—Ait =P — A;t7P).
Since EXJ = ct?,
(13) E(AZ2)B+9(At)? | Y (ti1) =Y (t) =7) = ar* + 9(A1)2

An argument similar to that in (10) (except that we would use (6) rather than (5)) gives
for small A;t and some 1 > 0

8 2
BUAZ) ANy 1,y -y e»ar2y)]

- 1
14 — |9 41 9(At)? 2 A < exp( AT,
( ) ‘ /Aita/2(cu + ( ) )MGXP( U / ) Ul S eXp( )
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Let

Ay = As([A]) S {JY (1) = Y (tj-1)] > 2A[*/%}n
A HIY (toa) = Y ()] > Ag/2LUIY () = Y (ty0)] > At/2)].
Then (14) yields
[E(((Ai2)" = 30:t)((A;2)" = 30;t)1.4,)]
(A 2)* — 3A; t)21A4)1/2( (A2 )t — 3A-t)21A4)1/2

< (B
(B2((8i2)° +9(Ait)*)14,) 2 (B2((A;2)° +9(8)*)14,) "2
2exp(—=Ait7"/2 — A;t7")/2).

IAIA

(15)

We define A5 = As(|A]) to be {|Y(t;) — Y(¢;_1)| > 2|A|*/?}. Combining (12) and (15)
yields for small A;¢t and Ajt

[E(((Ai2)*=308:)((8;2)" = 3A,t)1.4,))|
<exp(—Ait P — Ajt7P) + 2exp(—Ait /2 — AjtT"/2)
(16) < 3exp(—2A;t7F — A7),
Choose a,y € (0,1) such that § 4 a/2 —v/2>0. Let
Ag = {|Y (t:) = Y(t;-1)| < 2[A]*/?}
and suppose that |t; —t;_1| > |A|”. Taking the expectation on both sides of (13) gives
E((AZ) +9(Ait)?) = cAt>.

It is easy to see that
P(Ag) < c|A[*2 /A = cfA].

By the independence of increments of Y,

E((A:2)2 +9(Ai)H)14,) = cA?P(Ag) = cAit?|A]°,
E(((A;2)% +9(4;1)%)14,) = cA;£*|A.
Hence
[E(((AiZ)" = 3A:)((A;2)" = 3A;t)14,)|
< (B((AiZ)* = 30it)*1a,) 2 (B((8;2)* = 34,t)*14,) "/
S( 2((8i2)° +9(Ait)*)1a,) 2 (B2((A;2)° + 9(A;1)%) 1 4,) "/
< 2(cAit?[AI°) 2 (eA 17| A10)

A similar application of the Schwarz inequality gives
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for any ¢ and j.
We conclude from (16) and (17) that for sufficiently small |A|

> E(A2)* = 30t)((A;2)* — 3At)]
i =1
|ti_tjzl|>|A|’Y

< ) (Bexp(—28it 77 — AjtT) + 2eAitAt|A])

i,j=1
[ti—tj—1[>]|A"
(19) < c|A).

As for the remaining terms, we use the estimate (18).

> E((Ai2) = 3A)((A2) =3A1) < Y eAgtAjt < c|A].

i,j=1 ,5=1
[ti—t;_1|<|A|" [ti—tj—1|<|A]Y

This and (19) show that

(20) i |E((A;Z)* = 30:4)((A;2)* —3A;t)| — 0

7,j=1

as |A| — 0. This completes the proof of (3) in the case p = 2. We can prove in a similar
way that

(21) lim > |E ﬁ((Ajkzy* —3A;,t)| =0
1 k=1

Jlseens Jp=

for any p < oo. This can be used to show that the limit in (3) exists in LP for every
p<oo. [

Proof of Theorem 2. The proof will be based on the method of moments, i.e., we will show
that the moments of V' converge to the moments of B.

Recall that tg = 0 and ¢ —tx—1 = 1/n for k > 1. Fix some 0 < 51 < s5. Let © = O(n)
be the set of all k such that s; < tx_1 < tx < sg. The set O(n) is non-empty for sufficiently
large n. Recall that Axt =t — ti—1, AxZ = Z(tg) — Z(tp—1), ArY =Y (tr) — Y(tp—1)
and let

NG Z? = (Z(te) — Z(tr-1))*sen(Z(tr) — Z(tr-1)).

We start with some estimates needed for computing the moments of the increments of V,.
For every s, the distribution of X (s) is normal so EX?%/(s) = (25 — 1)!!|s]Y (Durrett
(1991), Excercise 3.18). By conditioning on the value of A;Y we obtain for some d; > 0,

E(AZ)Y = /OO EX?(s) exp(—s?/2At)ds

— 50 27TAkt

(22) = [ s s (s 200 = dy (Bt
— 00 k
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Hence, E(ArZ)% < oo for all j < oo.
The main contribution in our moment estimates will come from the expectations of the
form

(23) E( > (AL A2 (A 22)2).
ki,..

km €O

Suppose that m = 2. We have

S (AFZP(AEZ?)? = Y A ZAZ

J,k€O j,k€©
2
- [S@2t -] - X oaaurr Y aa i
JEO j,ke® 7,k€O

It is easy to check that do = 3 in (22). Thus
E3N; Z Ayt = 9Nt At
and, therefore,
2
E Y (AFZ)(ALZ%)? = E[Z((AJZ)4 — 3Ajt)] + ) 9AEARL.
j,k€O jEO j,k€O

The expectation on the right hand side goes to 0 as n goes to co, by (20). Hence

(24) lim B Y (ATZ?)*(AfZ%)? = lim Y 9A;tAxt = 9(sy — 51)°.

j,ke® j,ke®

In order to estimate the expectations in (23) for m > 3, we use induction. We will treat
only the case m = 3.

STOAFZAATZNALZ = Y NN ZAZ

,5,k€© 1,5,k€©
3
- [Z((AJ-Z)”‘—?)Ajt)} + O 2TAGA A
jEO 1,7,kEO
=3 ) INZUAARE+3 Y BAZUNZM AL
i,7,k€EO 1,7,k€O

By (21), (22) and (24),

3
lim E lZ((AjZ)‘l - 3Ajt)] =0,
n— 00 ico

lim E{?) > 9AiZ4Athkt] = lim E{B > 27AitAthkt} = 81(s9 — 51)°,

n— 00 n— o0
i,j,k€© 1,j,k€O
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lim E|:3 Z 3AiZ4AjZ4Akt = lim (82 - Sl)E |:3 Z 3AZZ4A]Z4:| = 81(82 — 81)3.
nee i,j,ke® e ijeo
Hence,
lim B Y (AFZ°)*(ATZ°)%(A;2°)° = lim B Y 2TAGtA;tARt = 27(sy — 51)°.
1,5,k€O 1,5,k€O

In the same way, using induction, we may prove that

(25) nlggoE( > (A;;Z2)2(A§222)2...(A;tmﬁ)?) = 3™ (59 — 51)™.
kla-nak'rne@
Suppose that q1,...,¢, > 1 are integers and at least one of them is strictly greater

than 1. By Holder’s inequality and (22),
E[(AL Z2)*0 (A3 Z2)%2 . (A Z%)%]
< (B(AE Z2Pme) ™ (B(AE, 22 )/m
< (dama, (Dk, )™)Y (domg,, (A, 1))

< c(l/n)ih-f—'“-f—lhn,

and, therefore,

(26)
lim E( Y (A z7) (A§2ZQ)QQQ...(AfmZQ)2qm> < lim n™e(1/n)BtTam =,

The absolute value of the difference between

Y (ALZALZY) (A 2P

and
Y (AL ZALZY) (A 2P
kl,...,kme@
k1,...,km distinct

is bounded by a finite sum of the expressions of the form

Y (AR ZPPN(AF 2P (A ZP)

where at least one of the g;’s is greater than 1. It follows from (25) and (26) that

(27) nlLrgoE< > (AL 22 (AL Z2) .. (A 22)2) = 3™(s5 — 51)™.
klr-wkmE@
ki,..ny kn, distinct
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where q1, ..., ¢, > 1 are integers but they are not necessarily even. We will tacitly assume
that the sum is taken over indices which are pairwise distinct (the other terms appear in
sums with different exponents qx). We will illustrate the method by analyzing in detail
only one sum, namely,

E( > (AflZQ)QA,fQZ?(AgSZZ)QAiZ?).
k1,...,ka €O
k1<ko<ksz<ky

Note that the indices in the last sum are ordered — the sum with unordered indices may
be obtained by adding a finite number of sums with ordered indices. Let
Ar = Ay (Uky— 1, Wky s Uky—15 Uk Uy —15 Uk Uky—15 Uky )

df .

= {Y(tkifl) = Uk;—1, Y(tkz) = Uk,;, 1= 1, 2, 3,4}.
Let Ay denote the event that there exists a number a such that for each i, the interval
with endpoints wug,—1 and uy, is either contained in (a,o0) or in (—o0,a) and that each
half-line contains at least one of these intervals. Suppose for a moment that ug,_; and ug,
are such that As holds, for example, the intervals corresponding to i = 1,2 are in (a, c0)
and the other two are contained in the other half-line. The same argument that leads to
(8) gives in the present case

+ 2202 A% 2 At F2\2 AL 2
E((AL, 27) A, 27 (AL 27) A 27 | Av)

Both conditional expectations on the right hand side are equal to zero since the random
variables have symmetric (conditional) distributions. If the event A, is realized in some
other way, the conditional expectation on the left hand side of (28) may be factored in

some other way such that at least one conditional expectation on the right hand side is
equal to 0 because of symmetry of the involved distribution. Hence,

(29) E((A}, 2% A5, 22 (A}, 272 Af, 21 4,) = 0.
For arbitrary values of u;’s,
E((A}, 22205, Z22(A, 2205, 2° | Ay
< (B((AL, 22" | A))VA(E((AL, Z27)7 | A)M2x
x (B((ALZ2) [ AV (E((A, 227 | A2
= (BX3(Jug, 1 — wg, )2 (EX (Jug,—1 — up, )2 x
X (BX3(|uky—1 — g )2 (EX (Juky -1 — i, ])?
(30) < g -1 — gy P [Uhy—1 — Uy [|Ukg—1 — Uk |* [y —1 — Uy |-

Note that

E((A;, 222 A5, Z2 (A5, 272 A5, Z2 | AL (U, —1, Wy s Weg—1 Uk s Uky — 1 Uk Uky— 15 Uk, )
(31)
= —E((A;, 22 DL 2 (AL 272 A5, 27 | Ax (kg -1, Uy, ks Uky—15 U —1 Uy Uy —1, Uy ))
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because when we exchange the roles of ug,—1 and ug,, we change, in a sense, the sign of
Aki Z2. For the same reason we have

E((A; 22205 Z2 (A5, 272 A5, Z2 | Ar (Ui —1, Wy s Wea—1 Uk » Ukig —1 Uk s Uky 15 Uk, )
(32)
= —E((AiZQ)2A:ktZZQ(Aki3Z2)2Aki4Z2 | Al(ukl,l,ukl,u;@,l,ukz,,ukB,l,ukg,uk“um,l)).

Let p = p(r1,72,73,74) = |r1| + |ro| + |r3]| + |r4]. We claim that
|E((AF, Z°)° AL, Z2(AL, 27 AL 2°)
< ‘/ [\rl\2\7“2]]7'3\2]7*4\P(Y(tk1) —Y(tg,—1) € dr1)P(Y (tg,) — Y (tk,—1) € dra)
P(Y (tky) — Y (tks—1) € drs) P(Y (tg,) — Y (tr,—1) € dr4)]
LirLiates | POV (ts0) = ¥ (0,) € dra) P(Y (t1,1) = Y (11, € dr)
— P(Y (tky—1) — Y(ti,) € d(rs +712))P(Y (tgg—1) — Y (tg,) € d(r¢ — rg))}

(33) 1|r7\§p {P(Y(t]m_l) — Y(th) € d7’7) — P(Y(tk4_1) — Y(tks) S d(?’7 + 7’4))} ‘

The terms in the first pair of large square brackets are justified by (30). The terms in
the second and third pair of large square brackets come from (31)-(32). The presence of
indicator functions follows from (29).

We will now estimate

‘/1|r5|<p1|7‘6|<P[P(Y<tk2—1) - Y(tlﬁ) € dr5)P(Y(tk3—1> - Y(tkz) € d?“g)
(34) = P(Y(thy—1) = Y(tr,) € d(rs +72)) P(Y (tky—1) = Y (tr,) € d(r —12))]-
Recall ¢(x,0) from Lemma 2. Since ty,—1 —tg, = (ko — 1 —k1)/n, the standard deviation
of Y(tp,—1) — Y(tx,) is equal to ((ka — 1 — k;)/n)/2. Hence

|[P(Y (tky—1) — Y(tg,) € drs) — P(Y (tgy—1) — Y (tk,) € d(r5 +12))]
< (P(rs, (ke — 1= k1) /n)?) + (s + 2, (ke — 1 — k1) /n)/?))drs
(35) < 20(2p, (k2 — 1 — k1) /n)"/?)drs

provided |r5| < p. Similarly,
[P(Y (tky—1) — Y (t,) € drg) — P(Y (try—1) — Y (tr,) € d(rg —72))]
(36) < 2(2p, (k3 — 1 — ko) /n)"/?)dr

assuming |rg| < p. We will assume temporarily that k; — k;—; > 1 for all j in order to
avoid normal variables with zero variance and in order to be able to use Lemma 2. We
will get rid of this assumption later.
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For any reals a, Aa,b and Ab,
lab — (a + Aa) (b + Ab)| < |aAb| + [bAa| 4+ |AaAb|.
This, (35) and (36) imply

|P(Y (tky—1) — Y(tr,) € drs)P(Y (tig—1) — Y (tr,) € dre)
= P(Y(tr,—1) = Y (k) € d(rs +12)) P(Y (thy—1) — Y (tr,) € d(re — 12))|
< 20(2p, ((ka — 1= k) /n)"/?)drs P(Y (try—1) = Y (tr,) € drg)
+20(2p, (k3 — 1 — k2)/n)Y®)drg P(Y (tgy—1) — Y (t,) € drs)
+20(2p, (k2 — 1 — k1) /n)"?)drs2(2p, (ks — 1 — ka)/n)"/?)drs.

The integral in (34) is, therefore, bounded by

‘/1|7’5|§P1|T6|SP

[20(2p, (k2 — 1 = k) /n)/?)drs P(Y (t,—1) = Y (tr,) € dr)
+20(2p, (ks — 1 = k2)/n)'?)dre P(Y (ty, 1) = Y (tr,) € drs)

+20(2p, (ks — 1= k1)/n)"/?)drs2¢:(2p, (ks — 1 — ko) /n)"/?)drg]

< ep(2p, (k2 = 1= k1) /n)' /) (ks — 1 = k2)/n)~"/?
+cp(2p, (ks — 1= ko) /n)/2)p? (ks — 1 — k) /) 71/
(37) +c(2p, (ks — 1= k1) /n)'2)p*d(2p, (ks — 1 — ko) /n)"/?).

We can prove in the same way that

‘/1|T7|SP[P(Y(tk4—1) =Y (tr,) € dr7) — P(Y (tk,—1) — Y (try) € d(rr +14))]
(38) < cih(2p, (ks — 1 — k3)/n)/?)p.
We now substitute this estimate and (37) into (33) to obtain
[B((A}, 22245, 2 (A, 2°)° A, 2°)]
< ‘/|r1|2|r2||r3|2|r4|P(Y(tk1) Y (b, 1) € dr)P(Y(try) — Y(tuyo1) € dr)

P(Y (tky) = Y (tky—1) € dr3)P(Y (tg,) — Y (tg,—1) € dra)
[t (2p, (k2 — 1 = k1) /n)/?)p* (ks — 1 — k) /n)~'/?
+cp(2p, (ks — 1= k) /n)"/?)p?((ke = 1 = ky) /m) /2
+cp(2p, ((ka — 1= k1) /n)'/*) 0% (2p, (ks — 1 — ks)/n)"/?)]

(39) c(2p, (ks — 1 = k3)/n)'/?)p|.
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By multiplying out the expression in brackets on the right hand side we obtain three terms
under the integral sign. The first one is equal to

/\Tl|2\T2|!7“3\2!7“4\C¢(2/>, (k2 = 1= k1) /) /%) p" (ks — L = ky) /n) /2

(0. (ks — 1 — k) [n) )P (¥ (t5,) — Y (1) € dr) P(Y (t4) — ¥ (t4,-1) € dr)
P(Y(tkS) — Y(tks—l) S dTg)P(Y(tk4) — Y(tk4_1) S d7°4)

= / 712 [ra||rs 2 rale (| + [ra| + |rs| + [ra]), (ks — 1 — k1) /n)*/?)

(71| + Iral + |rs| + [ra))* (ks — 1 = ko) /n)~'/2
ctp(2(|r1| + [ral + [Pl + [ral), (ks — 1= k3)/n)"/*)(jr1] + |ra| + [rs| + [ra])
P(Y(tkl) — Y(tkl—l) S dT’l)P(Y(tk2) — Y(th_l) € d?“g)

(40)
P(Y(th) — Y(t]%,l) c d’l‘g)P(Y(tm) — Y(t]mfl) S dT‘4).

Note that

4
Y2(Jr1| + 72| + |rs] + [ra]), (k2 — 1 — k1) /n)'/?) SZ (87, (k2 = 1 = k1) /n)*/?)

and the standard deviation of Y (¢x,) — Y (tg,_1) is equal to n~1/2. This and Lemma 2 can
be used to show that (40) is bounded by

c((ky = 1= k1) /n) 32 ((ks — 1 = ko) /n) " /?((ka — 1 — ks) /n) =3/ >n =13/,
The other terms in (39) may be treated in a similar way so

|E(AF 2% AF, Z2°(AF, 2°)2 AL, 2°)]
< el(ky —1—=k1)/n) 32 ((ks — 1 — ko) /n) Y2 ((ky — 1 — k3)/n)~3/2n~13/2
+ (ks = 1= ko) /m) %2 (ks = 1 = k1) /n)~/?((ka = 1 = ks) /m) /201372
(41)
+o((ky — 1= k1) /n) ™32 (ks — 1 — ko) /n)~2((ks — 1 — k3) /n) =3/ 2n~15/2.

Now we discuss our temporary assumption that k; — k;_1 > 1. If k4 — ks = 1 then the
last term in large square brackets in (33) should be replaced by 1. If ky — k3 = 2 then the
effect of the same term on our estimate is that of a multiplicative constant (see, e.g., (38)).
It follows that the terms corresponding to k; — k;_1 = 1 contribute to our sums as much
as those corresponding to k; — kj_1 = 2 (up to a multiplicative constant). Having this in



14 KRZYSZTOF BURDZY

mind, we may write

’E( > (A 22)2A§222(A§SZ2)2A§4Z2) ‘
ki,....,k4 €O
k1<ka<kz<ks

D>

k17...,k4€@
k1<ko<ksz<ka
kj—k;j_1>1

[e((ke = 1= k1) /n) 722 (ks = 1 = k) /n) ™2 ((ka — 1 — k3) /n) /207132
+ (ks — 1= k) /n) "2 ((ka = 1 = k1) /n) " /2((ks — 1 = k3) /n) 2/ Pn~13/2

(42)
+e((ka —1— k1) /n) =32 ((ks — 1 — ko) /n) 2/ ((ka — 1 — k3)/n) "3/ 2n~15/2].
We have
Y ek = 1= ki) /)72 ((ks = 1= ka)/n) "2 (ke =1 — kg) /)20~ 102
ki,...,ka €O
k1 <ko<ksz<ks
k’j—kj71>1
<en NN TN
ki1=171=1 Jj2=1 Jjs=1

(43) < en3nnt/? = en73/2,

Similar bounds hold for other terms in (42) so that

'E( Z (Akil ZQ)2AfQZQ(AfSZQ)2Aki4ZQ) ‘ <en 3?4 en3? 4 en?
ki,...,ka€O
ki1<ko<ksz<ka
and, therefore,
lim ‘E( > (A 22)2A§222(Afsz2)2A§4z2) ' =0.
k1,...,kqa €O

k1<ko<ks<ka

Now we will explain how this result may be generalized. Suppose that g; is either equal
to 1 or 2 for j =1,...,m. The expectation

[B(ALZ2)™ (AL Z2)% .. (AL, 2%)™)

may be bounded as in (41) by a product of factors corresponding to (Akij Z%). I g =1
and j > 1 then the factor is of the form

c((kj =1 —kj—1)/n)~**n~?
and when ¢; = 2, j > 1, then the factor is

C((l{ij —1- kj_l)/n)_l/Qn_?’/Q.
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1 1/2

For j = 1, the factor is n™" or n™"/%, depending on whether ¢; = 2 or 1. Summing as in
(43) shows that each factor corresponding to (Akj[j 72)% contributes cn~'/? to the sum of

expectations provided j > 1. The contribution from the first factor is either ¢ or en'/2.
Hence

(44) ‘E( Z (Ai 72)n (Ai 72 (AkimZQ)qm) ‘ < en(=m+2)/2,
kl,...,knLe@
If m > 3 then
(45) Jim. 'E > (AL )AL 2P ...(A,fmz%qm) ‘ = 0.
kl,...,k}me@

Suppose that some ¢;’s are greater than 2 and at least one of them is odd (we need this
assumption to prove (29)). The only part of the proof that will be affected by this change
in the assumptions is that the powers of 7;’s in (33) will increase. If every g¢; is equal to
2p; + 1 or 2p; + 2 for some integer p; > 0 then instead of (44) we will have

(46) ’E( Z (A 2% (A,sz2)q2...(Akim22)qm)‘ < ep P mPmA (=mt2)/2,
koo kim €O

Next we will analyse the fourth moment of V,,’s. We have

4
(Z Afﬁ) =3 ) (AFZAALZY?+)) (Afz)?

ke® §,kEO ke®
7,k distinct
te Y (ATZPPAEZ+c Y (ATZPPALZPALZ?
j,ke®© J,k,me®
i#k mj£k<m
(47) te Y AFZANTZANEZPANLZR
i,7,k,mEO
1<j<k<m

It follows from (26), (27), (45) and (46) that

lim E<3 > (AjiZ2)2(AkiZ2)2) = 27(sy — 51)%,
neee jke®
7,k distinct

lim ’E(Z(A,fﬁ)‘*) ‘ =0,

ke®

nlggo‘E(c N (ATZPALZ 1 Y (ATZ)AZPALZ
7,k€© j,k,mee
i#k mjAk<m
+e Y A;‘EZQAjEZQA,fZQAf;ZQ) ‘ = 0.

i,7,k,meO
1<j<k<m
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Hence
4
(48) lim E(Z AfZQ> = 27(s2 — 51)°.
T \reo
More generally, suppose that m > 1 is an integer. Then
2m
(Z A,fz2) =@m-DI > (AL ZALZY) (A 2P
k€O

ki,....,km €O
k1,....km distinct

+ > clqr,-q) >, (AL Z2*P(AL 2% (Af 22)%

2(q1+-+gq;)=2m ki,...,km €O

q1'~~~'Qj22
+ > danng) Y, (ARZ)T(ALZ)® (AL 2P,
q1+-+gj=2m ki,..., k; €0

where ¢;’s are positive integers and in the last sum, at least two ¢;’s are odd. By (27)

lim E((Zm—l)!! > (Aiz2)2(A,§222)2...(A;tmz2)2) = (2m—1)113™(s9—s1)™.
e ki,....,km €O
ki,....,km distinct
2m=gq
We have

lim E( Yoo dlang) Y, (AR ZPPU(AL 2R (A 27

n—oo
2(q1++qj):2m kl,...,kme@
qi-..q; 22

+ Z c(le"'7qj) Z (A;;Zz)(h(A:kZZZ)QQ (A:kth2>q9) =0

q1+~-+qj:2m kl,...,kjEG

by (26), (45) and (46). We conclude that

2m
(49) lim E(Z AkiZ2) = (2m — 1)N13™ (59 — 51)™
el ke©
for m > 1. Note that
2m—+1
(50) nan;oE(Z A§Z2> = lim 0=0

keo

since the random variables under the expectation have symmetric distributions.

We see from (49)-(50) that the moments of V,(s2) — V,(s1) & > ko AFZ? (except
possibly the second moment) converge as n goes to infinity to the moments of the normal
distribution with mean 0 and variance 3(se — s1). The difference

|‘7n(32) - ‘N/n(sl) — (Va(s2) = Viu(s1))]
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is bounded by ]A;t 72 + AfZQ\ for appropriate j and k. Since

lim E|ATZ% + A Z°P =0
n—oo
for every p < oo and every choice of j and k, an application of Minkowski’s inequality shows
that the moments of Vj,(s2) — V,,(s1) have the same limits as those of V,(s2) — V,(s1).
It is perhaps appropriate to explain why we have not proved the convergence of the
second moments of V,,(s3) — V,,(s1). In order to do it we would have to have very accurate

estimates of
+ 72 A+ 72
E( Y AFZAZ )
7,k€O

which cannot be found using our method.

A simple modification of the proof of Theorem 4.5.5 of Chung (1974) shows that every
subsequence of {V,,(s2) — V,,(s1)}n>1 has a further subsequence which converges in dis-
tribution to a random variable which has the same moments (with possible exception of
variance) as the centered normal with variance 3(s2 — s1). Lemma 1 implies that there is
only one distribution which has the same moments of order greater than 2 as N (0, 3(s2—s1))
and so {V,,(s2) — Vi (s1) }n>1 converges in distribution to N (0, 3(s2 — s1)).

We will indicate how one can prove that the finite-dimensional distributions of V,, also
converge to those of Brownian motion B(s) with variance 3s. In order to prove that a pair
of random variables has a two-dimensional normal distribution it suffices to show that all
linear combinations of the random variables are normal. One can show this by finding the
moments of all linear combinations. Let us fix some 0 < s1 < s2 < uy < ug and let O(s)
and O(u) be the obvious analogues of ©. Let a and b be arbitrary real numbers. In order

to find "
lim E<a Yo AEZ 4 Y A;}Z?>
e keO(s) keO(u)

we might calculate

(o ¥ 8t2)" (o ¥ s22)"]

keO(s) keO(u)

for various values of m; and msy. Doing this would require estimates of

E< Y (AL Z)M(A] 2P (A Z7)im X
ki, km€O(s)

X Z (A,f; Z%)p (A;g Z3p2 (Akii ZQ)’”).
kl,...,kie@(u)

It can be shown that these expectations converge to the desired limits. The method of proof
is a routine adaptation of the one used in the case of the one-dimensional distributions
of V,,. We omit the details as they are tedious. The case of m-dimensional distributions,
m > 2, can be dealt with in the same way.

Since the the finite-dimensional distributions of V,, converge as n — oo to those of B it
remains to check that the distributions of V,, are tight. It will suffice to show that there
exists ¢ < oo such that

(51) E(V,(s2) = Viu(51))* < (59 — 51)3
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for all s1,s2 and all n (see Billingsley (1968), (12.51)). It follows easily from the scaling
properties of Brownian motions X and Y that Z has the “4-th order” scaling proper-
ties while V,,’s have the Brownian scaling properties. In other words, the distribution of
{\/n/mV,(s-m/n),s > 0} is the same as that of {V,,,(s),s > 0}. It follows that (51) holds
for all n if it holds for a single n. We will show that (51) holds for n = 1. Suppose that
s1 = 0. Then we want to show that

E(Vi(s9))* < cs2.

This is true for s = 1 and some ¢ since V; has all moments. It is easy to extend it to
all so € [0,1] since V; is (by definition) a linear function on [0, 1]. Suppose that sy is an
integer greater than 1. Then

E(Vi(s2))" = B(V/52Vs, (s2/52))" = s3E(V, (1))
by the scaling property of V,,’s. We have proved in (48) that

limsup E(V,,(1))* < ¢ < o0

S9—00

(52) E(Vi(s2))* < cs3

for all integer so. It is elementary to extend the inequality to non-integer so using the
fact that V7 is a linear function between integers. Now we use another invariance property
of V,,’s, namely, that of translation invariance of their increments. The distribution of
{Vi(s) = V1(0),s > 0} is the same as that of {Vi(s + a) — Vi(a),s > 0} provided a > 0 is
an integer. This and (52) imply that

E(Vi(s2) = Vi(s1))* < c(s2 — s1)?

for integer numbers s; and all s > s7. Extending the result to all s; is easy.
This concludes the proof of the weak convergence of V,,’s to B. [

Proof of Theorem 1 (ii). We will prove the theorem only for s = 0 and ¢ = 1. The
estimate (46) obtained in the proof of Theorem 2 will be used to prove (4). We will apply
the estimate with s; = 0 and s; = t (recall the notation form the previous proof). We

want to show that .

p
lim E(Z(AjZ)3) = 0.
j=1

It will suffice to show that

(53) lim ’E( > (Ak1Z)3Q1(AkZZ)3‘I2...(Aka)?’qm)':0

n—oo
ki,..., km €O

for integer ¢; > 1 such that ¢; 4+ --- 4 ¢, = p. The sum extends over distinct k;’s. If all
g;’s are even then (53) follows from (26).

Assume that at least one of ¢;’s is odd. Let us adopt the following convention for integer
m

(A:ktZQ)m—i—l/Q _ (AkZ)2m+1.
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One can verify that (46) remains true if some of ¢;’s are not integers but have the form
k 4+ 1/2 for some integer k. Such g;’s should be treated as odd integers for the purpose of
the decomposition ¢; = 2p; + 1 used in (46). We obtain from (46)

(54) ‘E( Z (Aklz)gql (Ak2Z)3q2 (Aka)?)q»m)’ S Cn—rl_..._rm+(_m+2)/2
kl,...7km€@

where 3¢;/2 = 2r; + 2 if 3¢;/2 is an even integer and 3¢;/2 = 2r; + 1 otherwise. If m > 2
then (54) implies (53). If m = 2 and p is large then r; + 72 > 0 and again (54) implies
(53). O
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