©Copyright 2012
Yajun An






Finite-Difference Methods for the Wave Equation
with Reduced Dispersion Errors

Yajun An

A thesis submitted in partial fulfillment of the
requirements for the degree of

Master of Science

University of Washington

2012

Reading Committee:
Kenneth P. Bube, Chair
Kenneth P. Bube

Hart Smith

Program Authorized to Offer Degree:
Mathematics






University of Washington

Abstract

Finite-Difference Methods for the Wave Equation
with Reduced Dispersion Errors

Yajun An

Chair of the Supervisory Committee:
Professor Kenneth P. Bube
Mathematics

A new methodology was proposed in Finkelstein and Kastner (2007,2008) [5,6] to derive
finite-difference (FD) schemes in the joint time-space domain to reduce dispersion error. The
key idea is that the true dispersion relation is satisfied exactly at some specified wavenum-
bers. Liu and Sen (2009) [11] further developed their idea, going to 2D and 3D. In our
work, we will prove that the system for coefficients of these new schemes is solvable for any
normalized wavenumbers up to the Nyquist. We will also look at the system matrix and
prove that we can get higher order approximation to the dispersion at arbitrary normalized

wavenumbers up to the Nyquist.






Introduction

Finite-difference-time-domain methods (FDTD) have been widely used in seismic modeling
[1,14,9,7]. They are robust, simple and easy to implement, especially the second-order,
centered-difference variant known as the (2,2) scheme or the Leap-frog scheme. In spite
of the advantages of FD methods, the method is subject to numerical dispersion errors.
Precise phase velocity can be a key factor in practice, and thus developing schemes focusing
on accurate phase velocity is in demand. Traditional ways for reducing dispersion errors
include increasing sampling rate and using higher-order degrees of temporal accuracy, but
these methods would normally require more computation. Nonlinear methods tend to reduce
dispersion errors, but they are normally not as easy to implement. To help reduce numerical
dispersion with an easy-to-implement method while not increasing computation, a unified
methodology has been proposed in [5] and [6] by Finkelstein and Kastner, with the key
idea that schemes are obtained with the requirement that exact dispersion is prescribed
at several wavenumbers of interest. Their work is based on modifications of a large class
of centered Finite-Difference schemes for the wave equation. This work can accommodate
arbitrary requirements for reduced phase or group velocity dispersion errors, defined over
the wavenumber domain. Schemes obtained this way can give exact phase velocity at any
key wavenumbers, at the cost of accuracy of the scheme, which is closely related to small
dispersion error for wavenumbers near zero.

The (2,2) scheme has proved to work stably and effectively [3]. However, limits in the
temporal accuracy are obvious due to its second-order approximation. Smaller time steps
or smaller grid size helps to increase precision but also increases the computation. Many
methods, such as high-order, staggered-grid and implicit methods have been developed to
increase the accuracy while not largely complicating the computation. Here, we will focus
on the technique of swapping derivatives [3], i.e., using a wider spatial stencil and thus
higher spatial accuracy to compensate for the accuracy in time. Practical advantages were
observed for the scalar wave equation [11,4].

In our work, we develop a unified methodology similar to the methods in [5,6,11], and we



prove that the system of coefficients obtained by the accuracy requirement at wavenumber
zero accompanied with exact dispersion relations can be solved for arbitrary wavenumbers
up to the Nyquist. We will also conclude that dispersion can be approximated to higher
order at arbitrary wavenumbers other than zero. Our methodology is equivalent to that in
[6]. However, we will prove the solvability for arbitrary wavenumbers for the first time. We
will also see improvement of the dispersion approximation on the whole interval.

After a brief description of some key facts and notations, this document is devided into
six sections. In the first section, we talk about the dispersion relation for wave equations
and phase velocity, both for the continuous problem and for Leap-frog schemes. Section
2 introduces the traditional way of deriving a finite difference scheme and Lax-Wendroff
analysis. We will see increased temporal accuracy with only three grid points in time.
Section 3 presents the solvability for the coefficients for these new schemes, where exact
dispersion is assigned at any wavenumber less than Nyquist. Section 4 presents numerical
experiments comparing the new schemes with traditional schemes. Sections 5 and 6 sum
up related work done for higher dimensions, and propose our future goals regarding group

velocity angle dependence and stability analysis.

Facts and notations

1. Vandermonde matrix

O 2
a4 5 %
V= (1)
n—1 —1 n—1
2 Zy Zn

is called a Vandermonde matrix with determinant
detV)= [ (x-2)
1<j<k<n
We will call the {z;}’s the generating elements of the Vandermonde matrix. For sim-

plicity, we make the convention that 1 x 1 Vandermonde matrix with zero generating



element has determinant 1.

2. Chebyshev polynomials

The Chebyshev polynomials are defined by the recurrence relation

Tht1(z) = 22T, (z) — Tho1 ()

They can also be defined as T,,(z) = cos(narccosz) for —1 < x < 1. If x = cos(h),

then § = arccos(x), and T,,(x) = cos(nf). The Chebyshev polynomials are orthogonal

in the following sense
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so when comparing two expansions in Chebyshev polynomials, we only need to com-

pare the coefficients for each T, (x).

3. Wewill use dps(z1, ..., xj)[ki, ..., k] to denote the determinant of the matrix obtained
from the Vandermonde matrix whose generating elements are the integers from 02 to
M?, with the last j + [ rows removed (so p = M — (j + 1)) and replaced by j rows

of Chebyshev polynomials in variables x1,...,z;, and with / columns removed, where



the {k;}’s are the missing generating elements from the Vandermonde matrix.

11 K K 1

0 1 k2 k2 M2
dM(xl,...,xj)[kl,...,kl]:det 0 12p ];12\;0 ]212\1) M?2p

1 Ti(z1) Tk, (z1) Tk, (1) T (1)

L Ti(xy) T, (z5) Tk, (z5) T (z;)

(2)

If there is no missing element, we will just use dps(z1, ... ,CL’j). Similarly, we use just
dM[kl, ceey kl] when j =0.

0.1 Dispersion relation and phase velocity

A linear dispersive equation is one that admits plane wave solutions of the form el

wt—E&x)
)

with the property that the speed of propagation of these waves dependends on &, the wave

number [12]. Specifically, the frequency w is a function of the wave number ¢ determined

by the particular equation. The speed of wave propagation (or phase velocity) by definition

[16] is

If the function w(§) is linear, the equation is called nondispersive. To find the function w(§),

we take Fourier Transforms of the equation, or equivalently plug in the plane wave solution

ei(wtffcr:) )

Examples

The wave equation usy = u,, has dispersion relation w2 = 52, ie. w==+£E.

The Schrédginger equation u; = iu,, has dispersion relation w = —£°.

The heat equation u; = u,, has dispersion relation iw = —£°.

The advection equation u; = u, has dispersion relation w = &.

2

2




So the advection equation and wave equation are nondispersive, but the Schrédinger equa-
tion and the heat equation are dispersive.

Now we turn our attention to numerical methods. Even if an equation is nondispersive,
a discrete model of it might be dispersive. We first look at semi-discretization of the above

equations with centered differences in space and their numerical dispersion relations:

up = ﬁ(uj—i-l —uj_1) , with w = é sin(§Ax)
Ut = (AZ)Q (uje1 +ujm1 — 2uj) , with w? = (Ai)Q Sm2(£§x)
up = (Alsc)Q(ujH —2u; + uj—1) , with iw = — (Ai)Q Sinz(Eém)
Up = i(A]W(uj+1 —2uj +uj_1) , with w = — (Ai)Q Sinz(fgx)

Comparison between the true and numerical dispersion relations for the examples are
drawn below (Figures 1 to 4). We will always use black curves to show the true solution.
We use the dot line to indicate complex solution.

As we can see, all the numerical dispersions coincides with the true dispersions near
& =0, but as wavenumbers get further away from zero, the approximations get worse.

In this work, we will develop schemes for the one dimensional wave equation

9% 1 0
(55— ) =0
ox? 2 ot?
whose purpose is to give better numerical dispersion away from zero while preserving accu-

racy at zero. Here u = u(z,t) is the wave field and c is the true phase velocity. First take

Fourier Transforms to get the dispersion relation for the continuous problem

(t - w, x — &) Without loss of generality, we look at the rightward propagating wave
with dispersion relation w = ¢£. Now w as a function of £ is w(§) = €. Hence the wave
(

equation is nondispersive with a phase velocity ¢(§) = ng) = c¢. We start our analysis from

the full discretization with the classical Leap-frog scheme for above equation, using 3 points
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Figure 2: Wave equation
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respectively to approximate the 2nd order time and spatial derivatives. This leads to the

following discretization

n+1 n n—1 2/, n n n ~
ui™ = 2u T — (U — 2uf 4 ufg) = 0.

Here v = c% is the CFL number, and uﬁ’fn = u(z + mAz,t + [At) denotes the grid

function. By taking discrete Fourier Transforms, we get the numerical dispersion relation
1 — cos(wAt) — 42 + ~2 cos(EAz) ~ 0.

As we can see, the numerical dispersion is multi-valued and periodic in {Az and wAt. At
any wavenumber £ above A5, the wave is indistinguishable from a wave of lower wavenumber
¢ e, if € =€+ Qg—?, we see the same wave on the grid. So it is enough to consider the
values within (§,w) € [0, z5] % [0, i7]. The phenomenon is called aliasing, which can plague
numerical computations when there are not enough spatial grid points per wavelength.
The numerical phase velocity computed from above is (again we look at the rightward

propagating wave)

c —@:lsin_1 762<At>2 sin? §A7x
©="¢ =& \/(Aw)? ( 2 )

Just as in the semi-discrete situation, this is again a dispersive relation.
We will call 2 = wAt the Normalized Frequency and K = {Ax the Normalized

Wavenumber, and K = 7 is called the Nyquist wavenumber.
0.2 Accuracy analysis and finite difference

Continuing our analysis in the previous section, we will use a (3,2M+1) stencil, with 3 points
for temporal derivative and 2M-+1 for spatial derivative. The ¢,;,’s are free coefficients in

the scheme:
M

n+1 n—1 n n ~
w; Fuy T+ E em (U, +uf_p,) = 0.
m=0

The benefit of a wider spatial stencil is that we can get higher temporal accuracy without

having to use more time steps. This is done through Lax-Wendroff analysis, also called



derivative swapping. To illustrate this idea, let’s look at accuracy of the scheme. We plug
the true solution into the difference scheme to compute the local truncation error using

Taylor expansions (recall uf! = u(x +mAx,t 4+ IAL)):

j+m
M

LTE = u(z,t + At) + u(z, t — At) + cm(u(z + mAz, t) + u(z — mAz, t))
m=0

0 5 02 0 5 02
= ( (x,t) + Atau + (At)? ok +. + (u(m,t) - At&u + (At) prelie >
0? ot
2 m (2 2(mAz) — 2
+cou(xt+mz:lc u(x,t) + 2(m x)a U+ 2o qut .. 2)

In Lax-Wendroff analysis, we replace temporal derivatives by spatial derivatives, which we

can do by differentiating the original equation (88—;2 — C%%)u = 0. For even orders 2k of

321@ 1 82k )

5.2% — z2r 5z )u = 0. Replacing the temporal derivatives in above

derivatives, we have (

equation by spatial derivatives, we get

2

LTE = 2u(x,t) + 202(At)2;2u + -+ 2cou(x, t)
T

M 2 94

0
—i—Zcm 2u(x,t) + 2(mAz)? 8—u—i—2(9 Tu+..)
m=1

M 2
_ (2 + 20 + Z 20m> u(x,t) + <2(At)2c2 +2 Z 26m(mAJJ)2> ;ﬁu

m=1
64
4.4 4
+ (2(At) ¢t +2 E 2¢pm (mAx) ) @U‘F...

m=1

2n

We make the first p + 1 terms vanish, dividing each equation by (Axz)<" and replacing

CAt by v to get:

M
24+ 2, =0,
m=0

2)j+2220m(m2)j:0, j=1...,p



. . 2n .
Now we have accuracy of order 2p at (z,t) in space. But notice when %u vanishes,

1 8271
2 e

u vanishes as well, so although we only have three grid points in the time stencil
(and thus apparently only second-order accuracy in time) we are actually getting higher-
order accuracy in time [4]. [6, 11] have more details on the comparison of schemes with and

without Lax-Wendroff derivative swapping.

M

Our goal is to find a set of coefficients {cp}_o,

with required accuracy at zero and
improved dispersion approximation on the whole interval up to the Nyquist wavenumber.
Applying discrete Fourier transforms in above general scheme, we get the following

approximation of exact dispersion

M
cos(Q2) + Z em cos(mK) =~ 0,

m=0
where 2 denotes the normalized frequency and K denotes the normalized wave number as

before. Let
M

e = cos(2) + Z ¢m cos(mK).

m=0

Let’s first choose to Taylor expand € at =0 and K = 0.

We get the following expansion

RS G )P R W e S G Vi
=L W L e | L e

If we make the first p+1 terms in the infinite series vanish, we get order 2p accuracy of disper-

sion at zero. For j = 0, we get 1+E%:0 ¢m =0. Forj =1, _71 (Q)2 + Z%:O em(mK)?| =
0. For general j > 2, we get (Q)% + Z%:o cm(mK)% = 0. Plu,-gging in the true dispersion
relation w? = ¢?€2, or equivalently 2 = vK, and replacing the € in the equation above, we
get (VEK)2 + M ¢, (mK)¥ = 0. This altogether gives us p + 1 equations. From here
we see that accuracy of the dispersion relation near wavenumber zero is equivalent to the

usual definition of accuracy of the difference scheme at (z,t).



0.3 Dispersion reduction scheme

So far we have put p + 1 constraints on the {c, }2_,, so we still need ¢ = (M +1) — (p+1)

constraints to make up a (M 4+ 1) x (M + 1) system. We prescribe the exact dispersion

relation at ¢ normalized wave numbers

M
cos(K;v) + Z cm cos(mK;) =0, ji=1,...q,

m=0
where the domain for Kj is (0, 7.

Now we have obtained a system of M + 1 equations in M + 1 unknowns:

c0(0?)° 4+ ¢1(12)0 + ...+ epr(M?)0 = —(52)°

co(0H) +e1 (1) + .+ e (M) = —(7%)!
60(02)p +61(12)p + ...+ CM(MQ)p = _(,}/2)1)
co+ c1cos(Kq1)+ ...+ cpcos(MKy) = —cos(vKq)

co + c1cos(Ka) + ...+ cprcos(M Ks) = — cos(vK?2)

co + c1cos(Ky) + ...+ eacos(MKy) = —cos(vK,).

Equivalently,
1 1 1 co —(v*)°
0 1 - M? a1 —(v)!
0 12p .. M2p o | = —(y2)P . (3)
1 cos(Ky1) --- cos(MKjy) Cpt1 —cos(vK1)

1 cos(Ky) --- cos(MKy) cM —cos(vKy)



To obtain a new scheme with exact dispersion at {K;}, we solve the system above for {c;}.

Conjecture The system above has a unique solution for all distinct {K;}{ in (0, n]. Fur-

thermore, the determinant of the coefficient matrix is
q
ang H(l — cos(K;))PHt H (cos(Ky) — cos(K,)),
j=1 1<m<k<q
where ajs is a constant only depending on the order of matrix.
If ¢ = 0 in above system, we only put restrictions on accuracy at K = 0, and the

coefficient matrix is a Vandermonde matrix, which is invertible since the generating elements

are 02,12,..., M?, which are all distinct. [11]

0.3.1 Specify exact phase velocity at one wavenumber

To begin with, let’s consider the case where only one exact dispersion relation is required.

Our coefficient matrix looks like

1 1 . 1
0 1 e M?
(4)
0 12M-1) .. pp2M-1)
1 cos(K) --- cos(MK)

Proposition The matrix above is invertible for all K in (0, 7], and its determinant is

equal to

dyr(z) = apr(1 — cos(K))M,

where the constant ap; = (—1)M2M~1d;; 1 only depends on the dimension M.

Letting x denote cos(K) and using the notation of Chebyshev polynomials, to compute
dyr(x), we can expand the matrix in to the last row (see below), and can thus write the
determinant as a linear combination of Chebyshev polynomials.

To get the constant aps, we just need to compare the leading coefficient in dj;(z) and

(1 — 2)™. For the determinant, since 7} has leading coefficient 2/~!, and the highest order



of T is M when expanding according to the last entry of the last row. Thus we know that
(—1)2Mdpr 1 Ths () and apr(1—2)M have the same leading coefficient and we conclude that

ay = (=1)Mdy, 2M-1,
Proof. We prove the relation by proving that the two sides of the equation have the same
induction relations, with the same initial value. For M =1,

1 1
dy(z) = =cos(K)—1 (5)
1 cos(K)

a1(1 = cos(K))t = (—=1)'2 " dy(2) (1 — cos(K))! = cos(K) — 1

The induction relation on the polynomial side is simple:

anr(l— o)™ = ap(l— )M 11— 2) = apr1(1 — 2)M~1(1 — 2) 22
QpN—1

So to prove the result, we only need to show dy(z) = ;32 (1 — z)dp-1(2)

We compute the determinant of the matrix of order (M + 1) x (M + 1), expand by the

last row to get
M M
_ Z(_l)M+1+]+l COS jK dM Z M+1+]+1Tj<l‘)d]\/[[j]
§=0 §=0

We compute (1 — z)dp—1(K) to get

(1 —x)dp—1(x)

M-1
(1=2) Y ()M cos(jK)dps—1(x)]j]
7=0

M—-1

M+]+1 —x)Tj(x)dpr—1(x)[J]
j=0

Here we use the recursion relation listed above for Chebyshev polynomials, reorganize to



get,

(1~ 2)dyr1 () = [(—andM_lm - §<—1>M1+0“dM_1[1@ To(z)+

(1Ml = (DMl - DYy 2] Tio)+

M—2

1(_1)M_1+k_1dM_1[k7 — 1| Ti(x)

{(—nM-”'fdM_l[k] VAR I I

+
|
—_
|
I

2
(DM [ 1] = )Yy - 2] T (o)~

(=M= M gy M — 1Ty ()

N

To show dps(z) = ;72 (1 — z)dp—1(z), notice that Chebyshev polynomials are orthogonal,

QpNg—

so we compare the coefficients term by term.

By direct computation, we see that result holds for k = 0,1, M — 1 and M i.e.

1(—1>M1“dM_1[11) To(z)

(MO ) 0] = () dara[0] -

etc. Now for the general case, first notice that dps—; and all the {dy/—1[k]}’s are Vander-

monde matrices. We use the fact that

dy-1=dy—o [ (M-1)?-1)=dy_[M-1] (M —-1)2—1%  (6)
0<I<M—2 0<I<M—2
and
dy1=dualk] [ &= ][] @E-#) (7)
0<i<k—1 k+1<I<M -1

To simplify, we compute the right hand side of above equation

H (]{72 _ l2) H (l2 _ k2)

0<I<k—1 E4+1<I<M-—1
= I ®&-0 ] &+ J] @-® JI (+k
0<i<k—-1 0<I<k—1 k+1<I<M -1 k+1<I<M -1
= (I ¢ II ¢ II ¢ II
1<I<k k<I<2k—1 1<IKM—-1—k 2k+1<I<KM—1+k
1
= (M —1-kK)!(M—1+k)! (8)

2



Similarly

I @-2-»=( [ ¢ 11 l:%(2(M—1))! (9)

0<I<M—2 1<I<M—1 M—1<I<2M -3
Now plug (7) and (8) back into (5) and (6), equate (5) and (6) to obtain
k

dM—l[ ] _ Q(M— 1)
dyr—o o ((M — 1) — k‘>

We look at djs[k] in the similar way and obtain das[k] = das—1 ( 1\3]\—/[14)

Finally, we compute the k-th term of dys[z]/ < M (] — :L')dM_1>

QM —1

dyr—2
= darlk]/ (2 | G970 + 3GV 0 + 362V 0)))
= dar1 (307 (2 [ G0 + 3G 00 + 3G 0)))

=1

darlk]/ (sz_1 [dar 1 (k] + Ldar 1 [k + 1] + Sdas [k — 1]])

(10)
So far, we have proven that two sides satisfy the same induction relation, with the same
initial value, as desired. O
0.3.2  Specify exact phase velocity at two distinct wavenumbers

Now we go up to two exact dispersion restrictions. The following matrix will be of concern:

1 1 1

0 1 M?2

0 12(M=2) ... pr2AM-2) (1)
1 cos(Ky) -+ cos(MKj)

1 cos(K3) --- cos(MKs3)

Our claim is that this matrix is invertible for all distinct K;’s from (0, ), with determinant
anr (1 — cos(K1))M=1(1 — cos(K2))M~!(cos(K2) — cos(K1)). Moreover, by comparing the

highest order term, we get the constant ayy = 22M=3dy_



For this case, we will again use Chebyshev polynomials, let cos(K7) = T'(x) and cos(K2) =
T(y). We will directly expand both sides in Chebyshev polynomials, compare the coeffi-
cients of corresponding terms and show that they are equal. Now since we have two angles,
we will need Chebyshev polynomials in two variables. By Stone — Wetestrass Theorm, we
see that {T(x)T;(y)} form a orthogonal basis for the polynomial space of two variables.

We will need to use the result for the previous case.

Proof. We compute the (k, j)-th coefficient in the determinant under Chebyshev polynomial
expansion for dys(z,y)

We expand dj(x,y) in the last row first to get

M
da(2,y) = Y (=DM (y)dar (2) 5]
=0

For a fixed j, we expand ds(z)[j] by the last row.

0° .. G0 L (M)
dyr(x = det - = 12
M( )[]] (02)M—2 (]2)M72 ((M)Q)M—Q ( )
Ty () Tj(x) Ty (@)
y (0%)° k20 . G ((M)2)°
S (—1)MEEFIT(2) det : :
k=0,k+7 _— _—
(OHM=2 L (RM2 L (M (MM
(13)
Hence the (k, j)-th term in Chebyshev polynomial with k # j has coefficient (—1)*+7+1d [k, ]
Notice
dy = darlj] H (1> - 52 H (52 - 1?)
JHI<ISM 0<i<j—1
and

dulj] =dulk, ] ] *&*-1 J[ @-#)

0<i<k-1 k+1<I<M,I#]



Together we obtain

dr=dulkg] [[ @-2 [ - I @-» J @-#

JHI<ISM 0<I<j—1 0<i<k—1 k-+1<I< M, 1]

Now we expand the terms and simplify to get

4(5% — k®)dyy

dmlk, jl = (M + UM — HY(M + k(M — k)

Now we compute the (k,j)-th term on the polynomial side. Notice we already have the

Chebyshev expansion for (1 — )™ in case ¢ = 1.

ay(l =) 11—y Hy — )

1 M-1 | |
- 22M_3dM_2((—1)]‘421‘4—%\4—2 ; (=DM Ty (@) dnr- [1] %
M-1
Z (=DM (y)dar—1 [K](y — )
kji)j+k+1 ' | |
= m(dM—l[]](dM—l[k + 1] + dM—l[k — 1]) — dM—l[k](dM—l[] 4 1] + dM—l[] _ 1]))

— (1R o 2(M — '1) 2(M - 1) 2(M — '1) 20M 1) \
() (4
(o)) - (o) G )

(14)
To prove the equality, we compute the ratio of the (k, j)-th term in dys(x,y) and aps(1 —
o)M= y)M Ty — 2)
ratio = Ady =1
dpr—o((2M)N)22M (2M — 1)
O

Remark For the ¢ = 2 case, we have more boundary terms to check. Including the case

where |k — j| = 1, and at least one of k and j is 0,1, M — 1 or M. But all of these cases are
easy to justify.



0.3.3 Higher order approzimation of dispersion relation at wavenumber away from zero

We begin our analysis from the following equation

1 1 1
0 1 M?
det | ' ' (15)
0 12(M—-2) e M2(M=2)
1 cos(K) cos(M K7)
0 cos(Ko)—cos(K1) = cos(MKz)—cos(MK;)
Kg*Kl KZ*KI
1 1 . 1
0 1 e M?
N R 5 . 5 (16)
Ky — K, 0 12(M—2) . M2(M-2)
1 cos(K1) e cos(MKy)
0 cos(K3)—cos(Ky) -+ cos(MKs)— cos(MKy)
1 1 1
0 1 e M?
IS 5 3 (17)
Ky — K4 0 12M-2) .. p2AM-2)
1 cos(Kyp) --- cos(MKy)

1 cos(K3) --- cos(MKjy)



Take any Ky # 0,7, and let K9 — K7, use the explicit formula we have for the determinants,

we get the following limit

1 1 1
0 1 M2
lim det
Ko— K1 0 12(M~2) . M2(M~2)
1 cos(K1) cos(M K1)
0 cos(Ko)—cos(K1) = cos(MKz)—cos(MKi)
KQ*KI KQ*KI
1 1 - 1
0 1 e M?
1 : : :
= lim ————det
Kzgnlﬁ Ky — Ky ¢ 0 12(M=2) .. pr2M-2)
1 cos(Ky1) --+ cos(MKj)
1 cos(Kg) --- cos(MKjy)
1
= lim ————ap(1 —cos(K1))M 11 — cos(Ko))M 1 (cos(Ks) — cos(K1))

Kz%Kl K2 - K1

= —aysin(K7)(1 — cos(K;))2M—2

This expression is non-zero. On the other hand, the limit above is also

0 1 . M2
lim det
Ka—Ki 0 12(M-2) . M2(M-2)
1 cos(K1) e cos(M K1)
0 cos(K2)—cos(K1) cos(M Ks)—cos(M K1)

K>—K; T K>—K;



1 1 1
0 1 M?
= det
0 12M-2) .. M2(M-2)
1 cos(Kyp) ---  cos(MKy)
0 sin(ki) --- Msin(MEK;)

Now we have a new coefficient matrix, which is again invertible. Computing coefficients from
here would give us order 1 approximation of the dispersion curve. Numerical demonstration

is shown below.
0.4 Numerical experiments and stability criteria

We first look at stability criteria. Our scheme should look like

M
n+1 n—1 n n _
uy o Fuy Z Cm (W + Ufypn) =0

m=0

Do von Neumann analysis, plug in u] = (€)Y g™ to get

M
g*+2 (Z cmcos(mK)> g+1=0

m=0

For |g| <1, we let |Zf\n4:0 emcos(mK)| <1, all K € [0,].

In this section, we will do experiments for traditional scheme where all ¢;’s were deter-
mined by accuracy at (K,€2) = (0,0); then for the new scheme, we put the constraints at
K = 7, for both only one exact disperson and two exact dispersions. Finally we demon-
strate the higher order approximation of phase velocity curve with result from Section 3.3.
For all the wave propagation experiments, we will use u(x,0) = sin(27{x) as our initial
wave signal, even number of interior points, and periodic boundary conditions. We will use
the sampling rate of 4 grid points per wavelength, and v = 0.6. We let the wave propagate
on the interval of [0, 3], but for the purpose of demonstration, only draw the blow-up on

[0,0.2]. The true wave is drawn in black for comparison. Max error e_traditional is the
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Figure 5: Velocity curves, v = 0.8 Traditional scheme

L distance between the phase velocity for the true solution and that of the numerical

solution on (0, 7].

0.4.1 Traditional schemes

The figures show the phase velocity curves as a function of normalized wavenumber for
traditional schemes, with four different v’s. For each v, we draw the curves for four different
spatial sampling rate. From the figures we see that for all the different CFL numbers, the
numerical velocity is always no bigger than the true phase velocity. So when we compute
the wave equation with these schemes, we will always see wave falling behind the true wave.
As the wavenumber goes up to m, the phase curve gets further less than the true dispersion
curve.

First we obtain coefficients and max error with M = 2. (Phase velocity is the green

curve in Figure 6)
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Figure 8: Velocity curves, v = 0.2 Traditional scheme

c_0 =-0.5824, c_1 =-0.4368, c_2=0.0192

e_traditional = 0.2338

The following figures show the lagging of numerical wave at different time steps:

As we can see, after only 34 time steps, the computed wave is already behind the true
wave (Figure 10); after 83 time steps, we can see that the numerical solution is roughly 1/4
wavelength behind the true solution (Figure 11). After 193 steps, we can see a slow down
of half a wavelength (Figure 12).

Now we get our coefficients with M = 3. (Phase velocity is the blue curve in Figure 6)

c_0 =-0.5591, c_1 =-0.4717, c_2=0.0332,c_3=-0.0023

e_traditional = 0.1940

We observe a reduction of max dispersion error, as indicated in the phase velocity curve.
As we can see from Figures 13 to 16, the lagging of numerical solution is not as obvious

as M = 2 case; as time goes on, however, lagging still occurs.
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Figure 9: Initial time, traditional scheme with M = 2

t=1.70000e-01 after 34 time steps
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Figure 10: Time step 34, traditional scheme with M = 2



t=4.15000e-01 after 83 time steps
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Figure 11: Time step 83, traditional scheme with M = 2

t =9.65000e-01 after 193 time steps
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Figure 12: Time step 193, traditional scheme with M = 2



initial

2 T

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

Figure 13: Initial time, traditional scheme with M = 3

t=1.70000e-01 after 34 time steps
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Figure 14: Time step 34, traditional scheme with M = 3



t=4.15000e-01 after 83 time steps
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Figure 15: Time step 83, traditional scheme with M = 3

t =9.65000e-01 after 193 time steps
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Figure 16: Time step 193, traditional scheme with M = 3
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Figure 17: Velocity curve, exact dispersion at &

0.4.2 Phase velocity exact al 5

For one exact dispersion, we develop scheme with M = 2, and assign exact dispersion at 7.
Phase velocity curve is drawn.
From Figure 18, we see exact phase velocity at 3.

We compute the new coefficients and the max error e_new_pi_over_2 for the new scheme

c_0 =-0.5617, c_1 =-0.4644, c_2 =0.0261

e_new_pi_over_2 = 0.2043

We can see improved max error over the whole interval up to m compared with traditional
M = 2 scheme.

We can see obvious improvement for the numerical phase velocity compared to the
traditional method from Figures 20 to 22. After 865 time steps, we still get almost the same

velocity for the numerical and true solution.
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Figure 18: Velocity curve, exact dispersion at 7, blow-up
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Figure 19: Initial time, Exact dispersion at 5, with M = 2



t=1.70000e-01 after 34 time steps
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Figure 20: Time step 34, Exact dispersion at 7, with M = 2

t=4.15000e-01 after 83 time steps
T
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Figure 21: Time step 83, Exact dispersion at 5, with M = 2



t = 4.32500e+00 after 865 time steps
T

-1.5F

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

Figure 22: Time step 865, Exact dispersion at 5, with M = 2

0.4.3 Phase velocity exact at K1 = g and Ko

™ s
27T%

Now we examine the new schemes with two exact dispersion assigned. In this section, we
will look at the case for M = 3 for all wave propagation experiments. First we show figures
of dispersion curve with exact dispersion at § and another wavenumber near by. Coefficients

are obtained with K1 = § and Ky = § + §. We first show dispersion curves.

c_0 =-0.5347, c_1 =-0.5116, c_2 =0.0531, c_3=-0.0067

e_new_pi_2_twopoints = 0.1470

There is an observed improvement of overall approximation to dispersion from above

computation.
Now we use the new set of coefficients to compute the wave propagation

After 865 time steps, there is still no obvious phase lag, as expected.
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Figure 24: Velocity curve, exact dispersion at § and § + g, M = 3 , blow-up
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Figure 25: Initial time, exact dispersion at 5 and § + §, M =

t=1.70000e-01 after 34 time steps
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Figure 26: Time step 34, exact dispersion at § and 5+ g, M =3



t=4.15000e-01 after 83 time steps
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Figure 27: Time step 83, exact dispersion at § and § + ¢, M =3
t=4.32500e+00 after 865 time steps
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Figure 28: Time step 865, exact dispersion at 5 and § + ¢, M =3
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Figure 29: Velocity curve, tangent approximation, M = 3

0.4.4 Higher order approzimation of phase velocity at 5

Here we present the scheme discussed in Section 3.3.

c_0 =-0.5407, c_1 =-0.5011, c_2 =0.0471, c_3=-0.0052

e_new_pi_over_2_tangent = 0.1597

The phase velocity curve are drawn in Figure 29 and 30. Tangent approximation at 5
can be easily seen.

Now we use the coefficients above to compute wave propagation. As shown below (Figure
34), we ger really good approximation at time step 865.

Finally we show the dispersion curves drawn with two points pinned down and higher
order approximation, for four different CFL numbers «. The legends indicate how far the

second point is from §. (Figures 35 to 38)
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Figure 30: Velocity curve, tangent approximation, M = 3, blow-up
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Figure 31: Initial time, with tangent approximation, M = 3



t=1.70000e-01 after 34 time steps

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

Figure 32: Time step 34, with tangent approximation, M = 3

t=4.15000e-01 after 83 time steps
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Figure 33: Time step 83, with tangent approximation, M = 3



t =4.32500e+00 after 865 time steps
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Figure 34: Time step 865, with tangent approximation, M = 3
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Figure 35: Velocity curve, v = 0.8
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Figure 38: Velocity curve, v = 0.2

0.5 2D and higher dimension cases

For higher dimension cases, we consider the equation %Tg — c?Au = 0. In two dimensional

case for example, we start off with the following discretization [5]

n+1 n n—1 2 n n n 2 n n n _
upl = 2y o =g [ty = 2u it ] =y e — 2ul 4] =0
with v, = %‘; and v, = %‘yt. Group the symmetric terms and free the coefficients to obtain

a general scheme

n+1 n—1 n n n n n _
T g = 20w+ e Huitg ) +es(uilig ) =0

Do discrete Fourier transform to obain our dispersion relation

cos(Q2) + ¢1 + ¢ cos(K,) + cacos(Ky) =0



Here K, = §,Az and K, = §,Ay denotes respectively the x and y direction in spectral
domain. We can choose to solve for new scheme only concerning ourselves with these two
directions, which uses essentially the same strategy as the one-dimensional case; A more
interesting point of view is to replace K, and K, with spectral direction depending terms

K cos(¢) and K sin(¢), thus obtain the dispersion relation

cos(€2) + 1 + 2 cos(K cos(¢)) + c3 cos(K sin(¢)) =0

Now we have more freedom to choose how to obtain the scheme. For example, here we
can fix one angle ¢ and pick three different wavenumbers for the dispersion to be exact; we
can look at three different angles, but at only one wavenumber; or we pick three pairs of
(¢, K).

If we apply the same stencil in both = and y direction, and set up our general scheme as

M

n+1 n—1 n n n n _

W T Y e (U U U U ) = 0
m=0

discrete Fourier transform gives the following numerical dispersion

M
cos(Q) + Z cmlcos(mK cos(¢)) + cos(mK sin(¢))] =0

m=0
We apply the same analysis as in Section 3 to do Taylor expansion at (22, K) = (0,0)

with accuracy requirements

M
Y+ 3 em® [cos(9)7 +sin(¢)¥] =0 j =0,...,p

m=0
Now the coefficients for our scheme are angle dependent. Let f;(¢) = cos(¢)? +sin(¢).
Liu and Sen in their work [11] found the angle § as their optimal choice, for f;(g) gives the

most repeat values for ¢ within [—7,7]. This can be easily seen as

F3(6) = cos(@) + sin(@) = (1~ cos(26))) + (1 + cos(26)



The fact that cos(2¢) is even function itself, and both of cos(2¢), —cos(2¢) are in the
function indicates that we can find 8 repeats when taking ¢ between 0 and 7, T being the
middle guarantees even distribution of angles.

One of our future goals is to look at angle dependence and solve for the coefficients such
that we get a good approximation uniformly in angle. For the 3-dimensional problem, Wang
and Teixeira [15] first expanded the numerical dispersion error ( same as our € in Section 2
) in spherical harmonics in terms of propagating angle, then made the first few terms made
to be zero. Now the scheme is frequency dependent, they then do Taylor expansion in the

frequency variable.
0.6 Group velocity

For dispersive equations, problems concerning speed of propagation arise when we are deal-
ing with a wave packet containing several modes with different frequencies. Consider an
initial wave packet f(z,0) near the origin, with Fourier transform f(¢), then at time ¢ > 0,

the solution is
[o.¢]
fat)= [ flgetrenag
—00
Now this solution is a superposition of waves of different wavenumbers, each traveling

with its own phase velocity ¢,(§), dispersing as time evolves. Ast — oo, we can only observe

wave at stationary phase with respect to &, i.e. d% (w(f) — %I) =0, le—‘g — 7 = 0. We define

dw(§)
dg

to be the group velocity [16]. Group velocity carries information about energy of the wave

cg(§) =

packet, so we will develop schemes in the future aiming at giving good approximation of
group velocity.
Generally, phase velocity and group velocity are not equal. For example, for dispersive

equation

U + atty + bugzr = 0



with dispersion relation w(¢) = aé — b2, then we have

cg(§) =a— 3b¢”
but
cp(f) =a— bfz

Now we look at the numerical group velocity computed from three common schemes.

Use the fact ‘3—2’ = 1, we implicitly differentiate the above equations with respect to £ to get

LF sin(wAt) = At sin(£Ax)

Az
wAt 9, WAL B At .
CN 2tan(7)sec (T) = Esm(fo)
: 4 At 1At
LF4 sin(wAt) = 3 AL sin(§Ax) — 6 As sin(26Ax)

Note that the Nyquist frequency gives zero group velocity and in this sense, we treat
Nyquist as a singularity for this computation, we will have to make a choice between good
approximation and information on the whole spectral domain. We would like to find a
theorical upper bound of wavenumbers, and develop schemes that give ’good’ numerical
group velocity for all wavenumbers up to that upper bound.

Here we show wave propagation with initial wave packet u(z,0) = e~16(z—0.5)* sin(27&x).
Figure 39 is drawn with traditional scheme for M = 2, and Figure 40 with the new scheme
developed with exact dispersion at K = 7. Take v = 0.6.

As we can see, using scheme developed for exact phase velocity still helps reduce the
lag in group velocity. We would like to study schemes improving group velocity dispersion

directly.
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Figure 39: Traditional scheme, M = 2, wave packet

t=1.36950e+01 after 913 time steps
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Figure 40: New scheme, M = 2, wave packet



0.7 Appendix: MATLAB code

The following code is used to compute the wave equation with the (3,5) stencil, both put

all constraints on accuracy at zero, and assign exact dispersion at one frequcies.

% solve the wave equation with c=1

function []=wave_29(n)

global c

c =1;

dx=L/(n+1); % need mod(n+1,4L)=0. L=3 implies (n+1)/12=integer
xi = 2*%pi/(4*dx*2*pi); %xi has to be integer.

Tl TotoTo o ToToo o o ToToo o To o

dt=0.6*dx;

stoptime=1000;
hr=c*dt/dx;

xfine = 0:0.0001*L:L;

past=utrue(0:dx:L,0,x1i);
past(1)=past(n+2);
past(n+3)=past(2);

past (n+4)=past (3) ;
past(nt+5)=past(4);

oo 1o oo o ToTo o oo ToTo o o o To o o o Jo To o o o To To o
ufinepast = utrue(xfine,0,xi);

plot(0:dx:L,past(1:n+2),’b.-’ ,xfine,ufinepast,’k’)



%plot(0:dx:L,past(1:n+2))
axis([0 L -2 2])

pause

Do 1o1oTo o To 1o 6o o ToTo o o JoTo o o o ToTo o o o To o o

current=utrue(0:dx:L,dt,xi);

current (1)=current (n+2) ;

current (n+3)=current(2) ;

current (n+4)=current (3) ;

current (n+5)=current (4) ;

Toto o TotoToo oo o Too o To o Jo o o Jo o Jo o o Jo o Jo o o

ufinenow = utrue(xfine,dt,xi);
plot(0:dx:L,current(1:n+2),’b.-’ ,xfine,ufinenow, ’k’)

%plot (0:dx:L,current(1:n+2))

axis([0 L -2 2])

pause

Too 1o To o Joo oo To Too o To o Jo o o To o Jo o o To o Jo o o

%c0=-0.5824;c1=-0.4368;c2= 0.0192; % only accuracy at zero.
c0=-0.5617;c1=-0.4644;c2= 0.0261; J exact dispersion at KO=pi/2; pair with
%n=359

Do 1o1oo o ToTo oo o ToTo o o o ToTo o o o ToTo o o o To o o

for t=2xdt:dt:stoptime



future(3:n+3)=-2*cO*current (3:n+3)-past(3:n+3)-cl*(current (4:n+4)+. ..

current (2:n+2))-c2*(current (5:n+5)+current (1:n+1));

future(1)=future(n+2);
future(2)=future(n+3);
future(n+4)=future(3);

future(n+5)=future(4);

past=current;

current=future;

% if mod(t/dt,10000)==0
ufine = utrue(xfine,t,xi);
plot(0:dx:L,current(1:n+2),’b.-’ ,xfine,ufine,’k’)
title(sprintf(°t = %9.5e after %4i time steps’,...

t,t/dt))

axis([0 L -2 2])

pause’%(0.01)

% end

end

function utrue = utrue(x,t,xi)

% true solution for comparison



global c

% For periodic BC’s, we need the periodic

% Map x-a*t back to unit interval:

xat = rem(x - c*t, 3);
ineg = find(xat<0);
xat(ineg) = xat(ineg) + 3;
utrue = eta(xat,xi);

return

function eta = eta(x,xi)

% initial data

beta = 16;

extension of eta(x,xi).

eta = sin(2*pix*xi*x);%need to make xi integer for pbc

return



0.8
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