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Physics

The purpose of this dissertation is to consider the level of detail required for proper theoret-

ical description of non-resonant inelastic x-ray scattering (NIXS) experiments from warm

dense matter (WDM). These experiments currently provide the primary means of diagnostic

thermometry for low-Z elements of interest for inertial confinement fusion. In particular, I

focus on the importance of non-perturbative ion-electron interactions and their effect on the

NIXS spectrum. To this end, I have extended the real-space electronic structure code FEFF

to both calculate the valence-electron contribution to the NIXS spectrum and to handle

elevated electronic temperature. I have found that the ion-electron interaction, and in par-

ticular the constraint of orthogonalization between core and valence wavefunctions results

in a significant broadening of the valence-electron NIXS spectrum. This effect, has a similar

appearance as increasing both density and temperature in simpler models of the valence-

electrons in WDM, and thus significantly affects the accuracy of thermodynamic parameters

extracted from experimental data. Additionally, I have also demonstrated improved models

for treating the core-shell contribution to the NIXS spectrum.
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Chapter 1

INTRODUCTION

In this work, I will discuss the application of non-resonant inelastic x-ray scattering

(NIXS) to the diagnostic determination of the thermodynamic state of materials in the

warm dense matter (WDM) regime. The information about state (e.g, temperature, den-

sity, ionization) is primarily contained in the contribution from scattering off of delocalized

electrons. I will develop a method of calculating this contribution, known as the Comp-

ton profile, using a real-space Green’s function approach to the electronic structure. This

treatment includes the full non-perturbative effects of the potential landscape in which the

electrons live, which I find to have a significant affect on the width and shape of the Compton

profile, and thus on the thermodynamic parameters extracted from experimental data.

To begin, it is important to understand the broad context within which this work is

contained. Fig. 1.1 shows a map of thermodynamic phase space, adapted from Ref. [210].

Matter density is shown logarithmically along the horizontal axis, with mass density at

the bottom and approximate electron density along the top. The vertical axis, gives the

logarithmic temperature in units of kelvin on the left and electron volts on the right. Above

and to the right of the dashed curve labeled ”Pressure = 1 Mbar” is the realm of high-energy-

density physics (HEDP), defined as the regime where applied pressures are comparable to

the internal energy of room-temperature atoms and molecules[62]. At low densities, the

pressure is radiation dominated and thus set by the temperature. As density increases,

the thermal pressure of matter become dominant and the boundary slopes downward. As

density is increased further, the Fermi-pressure of the electrons reaches 1 Mbar and the

curve becomes vertical.

Three additional bounding curves are shown. The first gives a rough separation be-

tween ionized and un-ionized matter. For free atoms, ionization sets in when temperatures

approach the binding energies of the outermost electrons, ∼ 1 eV. As density increases to
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∼ 1 g/cc, the overlap between Coulomb potentials of neighboring atoms becomes sufficient

for the outermost states to delocalize, as in the conduction bands of metals. The next

bounding curve is located where the thermal energy kBT is equal to the average Coulomb

interaction between constituent particles VCoulomb. On the high-temperature side, interac-

tions are weak and can either be neglected or treated perturbatively. The final bounding

curve is located where the thermal energy is equal to the Fermi energy of the electrons

dividing the region where quantum statistics plays an important role from that where it is

not.

Far from these boundaries, it is straightforward to define the central, most salient mi-

crophysics on which to base fundamental theoretical treatments of matter. First, on the

low-density, high-temperature side lies the realm of plasma physics, where classical sta-

tistical mechanics is the rule. One need not concern themselves with wavefunctions and

quantum statistics is only relevant for the shape of the blackbody spectrum. Interactions

between ions and electrons exist only as a weak perturbation to an ideal gas. Second, on

the other hand, is the moderately-high-density, low-temperature realm of condensed matter.

The story of 20th-century solid state physics shows an almost completely successful, neces-

sarily quantum-mechanical treatment of nearly all thermodynamic and electronic properties

This is not to say that all issues of implementation are understood or that all perturbative

corrections have been identified, but rather that the overall approach is well-established:

the electronic properties of cold, moderately dense matter (on the scale of Fig. 1.1) must

be treated by many-body quantum mechanics of the electrons in a potential landscape

dominated by electron-ion interactions.

Near the boundaries, however, the dominant microphysics and consequent theoretical

approaches is much less clear and a matter of ongoing research[230, 261, 161, 162]. The

purpose of this dissertation is to investigate the character of the theoretical treatment needed

to describe the electronic properties of matter in the so-called warm dense matter (WDM)

regime straddling the intersection of the bounding curves in Fig. 1.1. Although the definition

of WDM is somewhat loose, the term is typically used to designate matter at solid-like

or higher densities with temperatures comparable to the Fermi energy, where matter is

partially ionized, yet still at least partially degenerate. As shown in Fig. 1.1, this region
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encompasses several astrophysical phenomena, in addition to being a necessary transient

in any experiment which produces plasma from the solid state. The latter is particularly

important in the context of direct- or indirect-drive laser-driven compression and heating

with the goal of obtaining inertially confined fusion[188].

Experiments in the WDM regime are, unfortunately, almost uniquely challenging. Lab-

oratory production of WDM can proceed via several paths at an ever-increasing number of

facilities. The dominant method at this time is through laser-shock compression at facilities

such as the OMEGA laser at the Lab for Laser Energetics in Rochester, NY, where ramped

laser pulses are used to simultaneously heat and compress samples on the nanosecond time

scale, resulting in disordered systems that are typically considered to be in local thermal

equilibrium[107]. Even higher energy densities are accessible at the National Ignition Facil-

ity (NIF) at Livermore National Labs[198]. Alternatively, x-ray free electron lasers (XFELs)

such as the Linac Coherent Light Source (LCLS) or the upcoming European XFEL at DESY

in Hamburg can been used to rapidly heat the electronic degrees of freedom (on femtosecond

time scales) via significant core-shell ionization[200]. In such short-time-scale experiments,

one expects that the lattice does not have time to respond, resulting in out-of-equilibrium

matter with hot electrons and a cold, ordered lattice. However, there is some experimental

evidence that has been taken as indicating rapid lattice melting at fs time-scales[126].

Although methods of producing WDM are now well understood, characterization of

WDM is much more difficult. Although the bulk of the material is often expected to be

in local thermal equilibrium, the production methods typically lead to formation of a hot

surface plasma under vastly differing conditions from the bulk. Thus, optical probes are of

limited utility due to the high opacity of dense systems. Likewise, at temperatures of a few

eV, thermal black-body emission is limited to the surface layer. More penetrating probes,

e.g., photons in the x-ray regime, are needed to characterize laboratory produced WDM.

In case where the elements are heavy enough to allow x-ray absorption or emission spec-

troscopies with photon energies sufficient to give bulk-like information, rich data exists. By

rich, I mean having sufficient information content to directly challenge theoretical treat-

ment. This is most clearly the case in the problem of the localization, or lack thereof, of

the 3p orbital of Al. Fig. 1.2, reproduced from Levy, et al.[185], shows the x-ray absorption
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Figure 1.2: X-ray absorption spectra around the Al K edge from laser-shock-compressed

Aluminum during expansion (from Levy, et al.[185]). (a) Experimental data. (b) Ab initio

calculations. (c) Average atom in jellium calculations.

K-edge for expanding laser-shock-compressed Al under varying densities and temperatures

(as determined from hydrodynamic simulations). Experimental data are shown in (a), and

two theoretical calculations are shown in (b) and (c). The K-edge spectrum measures the

unoccupied states of p-character, into which a 1s electron can be excited. As density and

temperature decrease, the spectrum changes in two ways. First, the slope at the edge

increases, as the cutoff in the Fermi distribution becomes sharper. Second, a sharp peak

develops (labeled “pre-edge” in the Figure 1.2, more commonly refer to as the “white line”),

which is indicative of a localized 3p state[38, 29]. At high densities due to overlap of neigh-

boring ionic potentials, the 3p states are delocalized, and thus no white line is present in

the data. As the system expands, however, the overlap decreases (and thus the barrier be-

tween neighboring atoms increases) resulting in a re-localization and increase in white-line

intensity. This experiment gives direct observation of the Mott metal-insulator transition

in Al[199].

Now, the validity of standard models for describing this phenomenon of continuum low-

ering (the result of which is often called pressure ionization) have recently been the subject

of investigation and debate. Two recent experiments have come to conflicting conclusions
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Figure 1.3: X-ray emission spectra from isochorically heated Al[44]. The incident photon

energies are 1580, 1600, 1630, 1650, 1720 and 1830 eV from bottom to top. The roman

numerals label 3p→ 1s emission from different ionization states.

in this regard. The first experiment, by Ciricosta, et al.[44], used LCLS to measure Kα

emission (2p electron filling a 1s core-hole) as a function of incident photon energy from

Al isochorically heated to ∼ 100 eV. In doing so, they were able to directly measure the

K-edge (1s binding energy) for several ionization states of Al at ambient density, as shown

in Fig. 1.3. The results were found to be in better agreement with a model by Ecker and

Kröll (EK)[70] than a competing model by Stewart and Pyatt (SP)[273].

The second experiment, by Hoarty, et al.[135], used laser-driven shocks to compress Al

to ∼ 3× ambient density and T ∼ 600 eV. At these elevated temperatures, ionization is

high, with only one or two electrons remaining bound to a typical atom. They found that,

the equivalent of Kβ emission (3p→ 1s) from the Hydrogenic and He-like ions, which was
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Figure 1.4: X-ray emission spectra from laser-shock-compressed Al.[135]. The curves corre-

spond to mass densities of 1.2, 2.5, 4.4, 5.5 and 9 g/cc from bottom to top. All curves are

for T ∼ 600 eV.

visible prior to compression, vanished after compression (as shown in Fig. 1.4) due to the

3p states becoming delocalized. This density dependence was much better described by the

SP model than the EK model.

Note that these two experiments are themselves not logically in conflict, as different

aspects of continuum lowering were studied. The first focuses on ionization-state dependence

at fixed density and temperature, while the second focused on density dependence at fixed

ionization and temperature. It is entirely possible that the two experiments combined

simply rule out both EK and SP as accurate models of the ionization potential in warm

dense systems. In any case, these examples demonstrate the feasibility of direct x-ray

absorption and emission measurements of moderate-Z elements.

The situation is, unfortunately, more difficult for what must be called more important

issues: the behavior of lower-Z plasmas, such as those based on Li or H as nuclear fuels,

or based on Be or C-H plastic and formed in the early stages of compression in ICF exper-
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iments. For such low-Z systems, the core-shell binding energy is too small (10 - 300 eV)

for direct absorption or emission spectroscopy to be useful: photons of these energies will

neither penetrate into nor escape from the target. Consequently, extensive work has gone

into using higher-energy photon spectroscopies, i.e., nonresonant inelastic x-ray scattering

(NIXS), generally called x-ray Thomson scattering (XRTS) in the plasma physics commu-

nity to probe the electronic properties of low-Z WDM. The fact that his x-ray diagnostic,

which is presently the leading experimental method being used to extract information about

the equation of state of low-Z WDM, is explicitly and directly sensitive to electronic prop-

erties of the system then brings us back to the dichotomy of the extreme physical regimes

introduced above. Specifically: what level of sophistication of quantum-mechanical treat-

ment in necessary to encompass the dominant microphysics? This is the central question

investigated in this dissertation.

With this question in mind, the introduction proceeds in three sections aimed at further

motivating the completed research and placing the work into context of the contemporary

scientific literature. First, in section 1.1, I review the general theoretical formalism for NIXS.

The important conclusion is that NIXS is a direct probe of electronic material properties

and that, in some regimes, it has especially straightforward interpretations with respect to

the electronic properties of the sample. Next, in section 1.2, I survey the scientific literature

by presenting selected results on NIXS/XRTS as applied to low-Z WDM at laser-shock

facilities. This section establishes the overlap of pragmatic and theoretical issues: both

a correct theoretical understanding of the valence electrons and also a correct theoretical

treatment of the core-electron contribution to NIXS, including continuum lowering effects,

are needed if the inferred free-electron densities and electronic temperatures are to have any

accuracy. Finally, with this context provided, in section 1.3, I outline the remainder of this

dissertation and the importance of my results. In particular, I find that existing, commonly-

used theoretical treatments for each of the core- and valence-electron contribution to the

measured NIXS spectra are substantially incomplete or simply incorrect.
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1.1 X-ray Scattering Theory

1.1.1 General Formalism

In an x-ray scattering experiment an incident beam of photons with some incident angular

distribution and energy spectrum are scattered resulting in a modified angular distribution

and energy spectrum. Typically, the incident photons are well collimated and have a narrow

energy bandwidth. Even if this is not the case, we can make use of the superposition

principle and consider photons incident along a single path with a well defined energy. We

can then consider detecting the intensity scattered into a small solid angle as a function

of direction and scattered photon energy. This situation is shown in Fig. 1.5, where the

primary kinematic variables are labeled. Here and throughout this document, I will use

Hartree atomic units (~ = me = 1). The incident photons have energy ω1, momentum

k1, and polarization vector ε1. The corresponding quantities for the scattered photons are

labeled with the subscript 2. The angle between the incident and scattered momenta in the

plane of scattering is labeled θ. The energy transferred from the x-rays into the sample is

given by ω ≡ ω1 − ω2, while the corresponding momentum transfer is q ≡ k1 − k2. Energy

conservation implies that ω = EF −EI , where EI,F are the initial and final energies of the

sample described by the states |I〉,|F 〉 respectively.

The relative probability of scattering into a solid angle dΩ in a narrow energy band

of width dω about ω2 is known as the double-differential scattering cross-section (DDSCS)

d2σ/dΩdω. Here, we will focus on the non-resonant inelastic x-ray scattering (NIXS) regime,

where the incident photon energy is far from any characteristic energies of the sample under

study. We will also consider the non-relativistic limit, where ω � mc2. Under these

conditions, the DDSCS can be expressed in the first Born approximation as[251]

d2σ

dΩdω
= r2

0

(
ω2

ω1

)
|ε1 · ε∗2|2

∑
I,F

gI

∣∣∣∣∣∣
∑
j

〈F | eiq·rj |I〉

∣∣∣∣∣∣
2

δ(ω − EI − EF ). (1.1)

Here, r0 ≡ e2/mc2 is the classical electron radius. The index j runs over all individual

electrons in the sample, and rj is the position operator for the jth electron. The factor

gi = Z−1 exp(−EI/kBT ) is the Boltzmann factor giving a thermal average over the initial
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Figure 1.5: Kinematics of x-ray scattering. An incident photon with momentum and energy

k1,ω1 scatters at an angle θ. The scattered photon has momentum and energy k2,ω2. The

momentum and energy transferred to the sample are q and ω respectively.

state.

Eq. 1.1 factors into two quantities which describe different physical aspects. The Thom-

son scattering cross-section (
dσ

dΩ

)
Th

≡ r2
0

(
ω2

ω1

)
|ε1 · ε∗2|2 (1.2)

describes the interaction between the probe and a single electron. The sample-dependent

properties are then encapsulated in the remain factor, the dynamic structure factor

S(q, ω) ≡
∑
I,F

gI

∣∣∣∣∣∣
∑
j

〈F | eiq·rj |I〉

∣∣∣∣∣∣
2

δ(EF − EI − ω). (1.3)

Energy conservation is expressed by the final δ-function, while momentum conservation is

implicitly given by the matrix elements of the momentum translation operator exp(iq · rj).
Eq. 1.3 contains both coherent/elastic scattering (for ω = 0) and incoherent / inelastic

scattering (for ω 6= 0). For the remainder of this introduction we will be interested only in

the incoherent portion of S(q, ω), which can be further separated into contributions from

each of the tightly-bound core electrons and a contribution from the delocalized electrons in

the valence/conduction band. In Fig. 1.6, we show experimental data along with theoretical

calculations that illustrate this separation.
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Figure 1.6: Experimental NIXS from polycrystalline Be under ambient conditions. The

separate contributions from the tightly bound core electrons and the delocalized valence

electrons are shown. The sharp cutoff in the core contribution at ω = 112 eV is due to the

binding energy of the 1s core electrons, below which there are no available final states to

scatter into.
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Upon formation of a condensed system, the core states are generally expected to retain

their atomic-like character, provided that the overlap of wavefunctions from neighboring

atoms is negligible. Theoretical methods for calculating the core contribution to NIXS are

described in detail in chapter 7.

The nature of the valence-electron contribution to NIXS, on the other hand, is highly

dependent on the magnitude of the momentum transfer which sets the length scale 2π/q

being probed. At small scattering angles, and thus small q, long wavelength, collective

excitations are probed. At large scattering angle and thus large q, short length-scale, non-

collective physics is probed. In this limit, the interpretation of IXS becomes particularly

simple in that the spectrum is directly related to the electronic momentum distribution.

We now give a detailed description of this relationship.

1.1.2 Compton Scattering and the Impulse Approximation

Before continuing further, it is useful to consider the much simpler case of x-ray scattering

from a single electron. In his seminal 1923 work, Arthur H. Compton had the insight to use

simple relativistic kinematics to describe the process. Doing so for the case of an initially

stationary electron, one finds

ω2 =
ω1

1 + ω1
mc2

(1− cos(θ))
(1.4)

Alternatively, one can use non-relativistic energy and momentum conservation, provided

that ω2 − ω1 � mc2 to obtain

ωC ≡ ω2 − ω1 =
q2

2m
(1.5)

for the recoil energy. The magnitude of q is given by

q2c2 = ω2
1 + ω2

2 − 2ω1ω2(1− cos(θ)). (1.6)

We note that the prior two expressions give a quadratic equation for ω2 as a function of θ,

which are accurate to order (ω1/mc
2)2.

In early x-ray scattering experiments, it was observed that, in addition to what Compton

termed the modified line, an unmodified, elastically scattered line was present. Furthermore,
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the modified line was observed to be broader than the unmodified line[48]. In 1925, Jauncey

explained both of these effects qualitatively using the Bohr model for the atom[155].

If the scattering electron initially has a momentum p, then one finds from energy and

momentum conservation that

ω =
(p + q)2

2m
− p2

2m
=

q2

2m
+

p · q
2m

. (1.7)

Then, depending on where the electron is in its orbit when the scattering event occurs, the

direction of its momentum, and thus its influence on the energy shift changes. Averaging

over directions results in a broadening of the modified line. On the other hand, when the

initial momentum is directed opposite to q, it is possible for ω to be smaller than the binding

energy of the electron. In this case, the electron remains bound and the atom as a whole

recoils. Due to the much greater mass of the atom, the recoil energy becomes negligible

resulting in the unmodified, elastic peak. The idea that the Compton peak was broadened

by the electronic momenta was extended from the Bohr atom to arbitrary momentum

distributions by DuMond in 1928[63, 64]. He considered the scattering of Mo Kα x-rays from

a Be metal and compared the experimental spectra to Doppler-broadened Compton lines for

several different theoretical models of the 2s electrons in Be metal. This comparisonshowed

that the Bohr model, a free atom and a classical gas all gave momentum distributions which

were too narrow to describe the spectrum. However, a degenerate gas of fermions gave a

result of sufficient breadth. This provided some of the first experimental support for Fermi-

Dirac statistics. For more details on the early developments, we recommend the excellent

review by DuMond[65].

A rigorous theoretical footing for the description of inelastic x-ray scattering in terms

of Doppler broadened Compton scattering did not come until 1970, when Eisenberger and

Platzman gave a first-principles derivation of this so-called impulse approximation[71]. Here,

we follow their derivation closely.

We will start with Eq. (1.3), and for simplicity drop the thermal averaging and consider

only a single electron. By expanding the δ-function using the spectral representation

δ(EF − EI − ω) ≡ 1

2π

∫
dt ei(EF−EI−ω)t (1.8)
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we find

S(q, ω) =
1

2π

∫
dt e−iωt

∑
F

〈I| e−iEF te−iq·reiEI t |F 〉 〈F | eiq·r |I〉 (1.9)

=
1

2π

∫
dt 〈I| e−iHte−iq·reiHteiq·r |I〉 . (1.10)

In the second line, we have made use of the fact that |I, E〉 are eigenstates of the Hamiltonian

H, and the completeness relation
∑

F |F 〉 〈F | = 1.

Now, we make use of the Baker-Campbell-Hausdorff relation to expand

eiHt ' eiH0teiV te−(1/2)[H0,V ]t2+... (1.11)

Noting that due to the Fourier transform in Eq. (1.10), only contributions from t � ω

will strongly contribute, we can drop the t2 and higher terms in Eq. (1.11), provided that

ω is much larger than any characteristic energies (e.g., binding energies) of the scattering

electron.

Then, making use of the fact that the potential V commutes with the position operator,

we can rearrange to obtain

S(q, ω) =
1

2π

∫
dt eiωt 〈I| e−iH0te−iq·reiH0teiq·r |I〉 (1.12)

=
1

2π

∫
dt eiωt

∫
d3p 〈I|p〉 〈p| e−iH0te−iq·reiH0teiq·r |I〉 (1.13)

=
1

2π

∫
dt eiωt

∫
d3p 〈I|p〉 e−i(p2/2m)tei((p+q)2/2m)t 〈p|I〉 (1.14)

=

∫
d3pρ(p)δ

(
q2

2m
− p · q

m
− ω

)
(1.15)

We note in the first line that we have canceled the two factors containing the potential. In the

second line we have inserted a complete set of momentum states. In the third line, we use the

fact that these are eigenstates of the free Hamiltonian H0, and that exp(iq ·r) |p〉 = |p + q〉
In the final line we once again use Eq. (1.8), and the definition ρ(p) = | 〈p|I〉 |2. Eisenberger

and Platzman stress that, although the potential appears to have vanished from Eq. (1.15), it

still plays the very important role of determining the momentum distribution. Cooper[51]

gives a derivation for the multi-electron case. The final result is identical, although an

additional constraint arises, namely that 2π/q is much smaller than the average interparticle

spacing.
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The integral in Eq. (1.15) counts the relative fraction of electrons with a given projection

of momentum onto the direction of momentum transfer. Thus, we see that the interpre-

tation of NIXS as Doppler-broadened Compton scattering is accurate, provided that the

momentum- and energy-transfer are larger than any characteristic momenta or energies of

the system under consideration.

It is customary to extract the projected momentum distribution from Eq. (1.15) by

rewriting the δ-function in terms of the variable pq ≡ wm/q − q/2

S(q, ω) =
m

q
J(pq) (1.16)

J(pq) =

∫
d3pρ(p)δ(p · q̂− pq), (1.17)

where J(pq) is known as the Compton profile (CP). From Eq. 1.17, it follows immediately

that ∫
J(pq)dpq =

∫
d3p ρ(p) = N, (1.18)

where N is the number of electrons in the normalizing volume V .

For the case of an isotropic (or spherically averaged) momentum distribution, ρ(p) =

ρ(p), the angular integral in Eq. (1.17) can be performed to obtain

J(pq) = 2π

∫ ∞
|pq |

pρ(p)dp. (1.19)

This form can be inverted to obtain

ρ(p) = −1

p

d

dpq
J(pq)

∣∣∣
pq=p

. (1.20)

Thus, we see that, while in the general case only a projected momentum density is

measured, for an isotropic system this determines the complete momentum density.

As an illustrative example, we will consider the case of a non-interacting gas of fermions.

At zero temperature, the momentum distribution is given by ρ(p) = (2V/(2π)3)Θ(pF − p),
where the Fermi momentum pF = (3π2N/V )1/3. Fig. 1.7 (a) shows the radial momen-

tum distribution, normalized to the number of electrons per momentum eigenstate n(p) =

((2π)3/V )ρ(p). In panel (b), the occupied Fermi sphere is shown along wit The occupied

states in 3d fill the Fermi sphere, shown in panel (b). States in a plane perpendicular to q̂
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Figure 1.7: Illustration of the impulse approximation for a non-interacting Fermi gas. (a)

The radial Fermi distribution. (b) The Fermi sphere. States within the shaded plane have

the same projection onto q, and thus will scatter with the same energy transfer. (c) The

Compton profile. (d) The dynamic structure factor including the contribution from states

tightly bound to the ionic cores. The center of the peak is located at the Compton shift

EC . The sharp cutoff at the binding energy EB is caused by the lack of unoccupied final

states to scatter into.

all have the same projection onto q, so the area of the shaded intersection with the Fermi

sphere as a function of displacement from the origin defines J(pq) geometrically. Alterna-

tively, using Eq. (1.19), we find

J(pq) =
2

π2

(
p2
F − p2

q

)
Θ(pF − p)

, the truncated upside-down parabola shown in panel (c). Finally, in panel (d) we convert

to S(q, ω) using Eq. 1.17 and include a representative contribution from core electrons.

In Fig. 1.8, we show the density dependence of both the momentum distribution and

the CP for a non-interacting Fermi gas at T=0. As density increases, pF increases and the
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Figure 1.8: Density dependence of the momentum distribution (left) and Compton profile

(right) for a non-interacting Fermi gas. The electronic density ranges from the average

valence-electron density in ambient Be ρ0 = 0.036a−3
0 to 5× ρ0.

CP becomes wider, while retaining its parabolic shape. Since the total integral is fixed (Eq.

(1.18)), the peak height decreases.

Generalizing to finite temperature, the momentum density for the non-interacting gas

is given by ρ(p) = (2V/(2π)3)f(p2/2) where the Fermi distribution

f(E) =
[
e(E−µ)/kBT )+1 + 1

]−1
, (1.21)

and the chemical potential is set by particle number conservation

N =

∫
d3p ρ(p). (1.22)

In Fig. 1.9, we show the temperature dependence of both the momentum distribution and

the CP at fixed density. As temperature is increased, occupation is shifted smoothly from

below pF to above. Likewise, the CP becomes broader, but now departs from the parabolic

shape, developing tails.
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Figure 1.9: Temperature dependence of the momentum distribution (left) and Compton

profile (right) for a non-interacting Fermi gas at T = 0.

1.1.3 The dynamic structure factor for a dense plasma

The standard starting point for calculating the dynamic structure factor for a dense plasma

is the following form, from Chihara[42]

S(q, ω) = |fI(q) + fe(q)|2Sii(q, ω) + Sff(q, ω) + Sbf(q, ω). (1.23)

Here, the system is assumed to be isotropic, and so S(q, ω) depends only on the magnitude

q. The first term gives quasi-elastic scattering from electrons surrounding the ions. Sii is

the ionic structure factor, fI is the atomic form factor for bound electrons and fe is the

form factor for the screening cloud of free electrons which surrounds the ion. The free-free

contribution Sff contains inelastic scattering off of delocalized electrons and the bound-free

term Sbf is scattering from tightly-bound core states (with final states in the continuum).

Again, we are primarily interested in inelastics scattering, and will focus on the final two

terms.

Although for hot plasmas, the bound-free term should be modulated by the ionic motion,
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this is a small effect in WDM and is typically ignored[115]. Methods for calculating the

bound-free term are discussed in chapter 7.

The free-free contribution Sff(q, ω) can be obtained using the fluctuation dissipation

theorem[178]

S(q, ω) =
ε0~q2

πe2ne

1

1− e~ω/kBTe Im
1

ε(q, ω)
, (1.24)

where ε(q, ω) is the dielectric function. The dielectric function for the WDM system is typi-

cally approximated using the random-phase approximation (RPA)[27] to ε for the interacting

electron gas.

In some more recent studies, electron-ion interactions are included perturbatively as

follows. The primary loss mechanism is assumed to be collisions between ions and electrons,

which is incorporated using the Mermin ansatz[195, 107]

ε(q, ω) = 1 + (1.25)

(1 + iν/ω)(εRPA(q, ω + iν)− 1)

1 + (iν/ω)(εRPA(q, ω + iν)− 1)/(εRPA(q, 0)− 1)
.

Here, ν = ν(ω) is a dynamic collision frequency, which is calculated in the Born approxi-

mation [255, 136, 107].

Now, the Mermin ansatz, while exact in the low-q limit is of questionable applicability at

higher-q. In particular, in the non-collective regime, where the IA holds, the NIXS spectrum

consists of a Compton peak centered at the Compton shift, ωC = q2/2. Now, the collision

frequency ν takes on a density-dependent, nearly constant value for ω less-than the plasma

frequency ωpl. Above ωpl, ν(ω) decays to zero (see Fig. 7 of Glenzer and Redmer[107]).

So, for ωC � ωpl, we expect ν(ω) to be negligible. In this case, Eq. (1.26) reduces to

ε(q, ω) = εRPA(q, ω). Thus, in the high-q limit, the BMA approach reduces to simply using

the RPA, which amounts to neglecting even the perturbative effects of the ionic potentials.

Furthermore, although this general response-function treatment should be reasonably

accurate at lower momentum transfers, it is unclear whether the first-Born approximation

is adequate at the solid-like (and higher) densities typical of WDM. An improved collision

frequency calculated from projector-augmented wave (PAW) based MD-DFT simulations

show a significant shift in the plasmon peak location and shape compared to the predictions

of the BMA[220].
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1.2 Experimental NIXS studies of WDM

The application of inelastic x-ray scattering as a diagnostic measurement of the thermody-

namic state of WDM was first demonstrated by Glenzer, et al.[103], where the technique

was termed x-ray Thomson scattering in analogy with the use of optical-Thomson scatter-

ing as a diagnostic in dilute plasmas [257]. In this pioneering experiment, non-collective

(high-q) data from laser-heated Be was collected and analyzed by fitting the Compton peak

using the RPA. This has been reproduced in Fig. 1.10. The peaks at 4.75 and 4.92 keV are

the incident probe spectrum (He-α and Ly-α emission from a Ti disk plasma). The broad

shoulder on the low-energy side is the downshifted Compton peak. The elastic lineshape was

determined by directly measuring the source spectrum. The valence-electron contribution

was calculated using the RPA and the core was (incorrectly) assumed to be a weak back-

ground and was neglected. Although the quantitative accuracy of this analysis is limited,

the broadening of the inelastic spectrum upon heating and compressing is clearly noticeable

in the data demonstrating at least the feasibility of NIXS for WDM thermometry.

This initial demonstration was followed by a series of NIXS studies of Be[181, 173, 96]

and CH plastic[173, 92], both of interest as ablator materials for ICF.

We will now show representative data from one of these studies and give an overview of

how various pieces of information are encoded in the inelastic spectrum

Fig. 1.11, reproduced from Kritcher, et al.[173], shows experimental NIXS data (black

lines) collected from laser-shock-compressed Be at four different time delays between the

heater pulse and the probe pulse. The peak from 8900 - 9050 eV is the elastically scattered

source (Zn He-α emission). The red curves are best-fit theoretical calculations performed

using the XRTS software package of Gregori, et al. [115, 114, 116, 107].

I have repeated these calculations in order to separate the individual contributions from

the core and valence electrons, shown in Fig. 1.13 for the 3.9-ns data. The core contribution

was calculated using the plane-wave form-factor approximation of Schumacher, et al.[252]

with the Stewart-Pyatt continuum-lowering model[273]. The valence was calculated using

the RPA. All curves have been broadened by the lineshape labeled “Source”[172].

The calculations are parameterized by electron density ne, electron temperature T and
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Figure 1.10: X-ray scattering data from laser heated Be[103]. The inelastic scattering peak

significantly broadens upon heating.

ionization state Zf (i.e., the number of free/delocalized electrons). Additionally, the data

is known only in relative units, so an overall amplitude remains as a free parameter.

The ionization state can, in principle, be determined from the relative intensities of the

core and valence contributions (using the Bethe f -sum rule[151]). The electron density and

temperature are then determined by the width and shape of the valence-electron contribu-

tion. However, the situation is complicated somewhat by the lack of reliable modeling for

continuum lowering which determines the location of the edge-step in the core profile.

The normalized RMS deviation between experiment and theory for calculations at fixed

ionization Zf = 2, reproduced from Kritcher, et al.[173], is shown in Fig. 1.12a, and rep-

resentative fits along the low-energy tail are shown in Fig. 1.12b. The reported statistical

errors for the best-fit values in this work are ∼ 20% due to the large covariance between den-

sity and temperature (indicated by the elongated elliptical shape of the contours). This is

particularly noticeable in panel (d), where the covariance is broken only by the low-energy
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Figure 1.11: NIXS data from laser-shock-compressed Be[173] (black lines) at varying times

during compression. Theoretical best fits are shown in red and used to extract electronic

densities ne and temperatures T .
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Figure 1.12: Top panel: RMS deviation between fits and 3.9-ns experimental data. Bottom

panel: Detail of low-energy wing demonstrating quality of fits.
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Figure 1.13: Core- and valence-electron contributions to the theoretical NIXS spectrum

calculated using the XRTS package and overlayed on the 3.9-ns data digitized from Fig. 1.11.

The total theoretical spectrum is identical to the best-fit curve shown in the previous figure.

tail. The variation of this tail is primarily due to the density-dependence of continuum

lowering in the core-shell model.

1.3 Outline of the dissertation

The validity of thermodynamic state variables extracted from the fitting procedure described

in the previous section is dependent upon the accuracy of the models used for each of

the contributions to the NIXS spectrum. Agreement between parameterized models and

low-resolution experimental data (for some value of the parameters) cannot by itself be

taken as validation of model accuracy. Indeed, as I show in the remainder of this work,

significant shortcomings exist in the modeling of both contributions. First, treatments

of valence electrons which ignore non-perturbative effects of the ion-electron interaction,

such as orthogonality between core and valence wavefunctions significantly underestimate

the width of the valence peak. Second, the plane-wave form-factor model used for the

core is simply unjustified theoretically and is in gross disagreement with high-resolution
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experimental data taken under ambient conditions. We note that both of these limitations

are due to the same conceptual error: the use of plane waves for the valence states.

In dense systems, it is essential to include the non-perturbative modifications of the

valence-state wavefunctions caused by the presence of strong ionic potentials. In order to

study this non-perturbative effect of ionic potentials on the valence-electron contribution to

NIXS, I have extended the FEFF condensed-phase electronic structure code to first calculate

Compton scattering spectra and to handle elevated electronic temperatures. In Chapter 2, I

give an overview of the FEFF code and the techniques used to calculate the real-space Green’s

function. In Chapter 3, I describe the implementation of Compton scattering calculations

and provide comparison with high-resolution synchrotron data and alternative theoretical

methods. In Chapter 4, I describe the extensions necessary to handle elevated electronic

temperatures. In Chapter 5, I use a simple one-dimensional orthogonalized plane-wave

model to explore the qualitative effects of orthogonalization between core and valence states

on the electronic momentum distribution. In Chapter 6, I present a study of the density

dependence of the Compton profile, in which I find that the non-perturbative ion-electron

interaction has a dramatic effect on the width of the Compton profile.

In Chapter 7, I give an overview of theoretical models used to calculate the core-electron

contribution to NIXS. Here, I show that the plane-wave form-factor model that is used in

NIXS studies of WDM is incorrect and provide alternatives. In Chapter 8, I further discuss

issues with the theoretical formalism used in NIXS studies of WDM and the resulting

systematic errors. In chapter 9, I give conclusions and future directions for this research.

I have also included in an appendix, unrelated work on instrumental design of a portable,

miniature 3-d printed plastic x-ray emission spectrometer.
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Chapter 2

FEFF: CALCULATING THE REAL-SPACE GREEN’S FUNCTION

In this chapter, we give a somewhat concise summary of the structure and methodology

used by the FEFF x-ray scattering code to calculate the Real-Space Green’s function. For

further details of the the theory behind FEFF , we refer the reader to the manual[1], prior

theses[5, 223], and the large body of published articles.

FEFF allows one to calculate a variety of spectroscopic quantities including x-ray absorp-

tion spectra (XAS), both near-edge (XANES) and the oscillatory extended fine-structure

(EXAFS), x-ray emission spectra (XES), non-resonant inelastic x-ray scattering (NIXS)

from both core and valence electrons. The unifying object, from which these quantities are

calculated, is the single-particle real-space Green’s function (RSGF) G(r, r′;E), which is

the Fourier-transform with respect to time of G(r, r′; t, t′). This latter form of the Green’s

function gives relative probability for an electron to propagate from r at time t to r′ at

time t′. We here give a practical, constructive description of the methods used by FEFF to

calculate the RSGF.

We first discuss the primary approximations. The first, implied by the use of the single-

particle Green’s function, is the independent particle-approximation: it is assumed that

single-particle solutions to an effective Hamiltonian provide a good representation of the

many-body state. Spectroscopic quantities are then calculated from transition rates, as

given by Fermi’s golden rule[232]. Inter-particle interactions are handled via an exchange-

correlation potential in the local density approximation (LDA)[168, 17]. Finally, and per-

haps most importantly, the potentials are treated using a spherically-average muffin tin

approximation. In the muffin-tin approximation, the potential about each atomic site is

spherically averaged. In the interstitial regions (outside of some prescribed muffin-tin ra-

dius), the potential is approximated as a constant.

The calculation begins with the specification of a cluster of atoms, each identified by
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atomic number, spatial coordinates. The ATOMS program[228], or its online version[229]

can be used to generate the cluster specification for crystalline systems. A Dirac-Fock

(i.e., relativistic generalization of Hartree-Fock) solver is used to determine the atomic

orbitals for each species.[6] Electronic densities are calculated from the occupied atomic

orbitals and then overlapped for all atoms in the cluster. After spherically averaging the

densities within each muffin tin site, the radius of a sphere that contains a number of

electrons equal to the atomic number is calculated. This radius of charge neutrality is known

as the Norman radius. Next, potentials (including both direct Coulomb and LDA-based

exchange/correlation) are constructed from the spherically-averaged density. Numerical

solutions to the Dirac equation are calculated from the potentials and partial-wave phase

shifts are determined by matching onto free-particle states (i.e., spherical Bessel functions)

at the muffin-tin boundary. The Green’s function is calculated using a multiple-scattering

expansion which sums over all scattering paths in the cluster, using the free Green’s function

to propagate between sites and the phase-shifts to encapsulate the effects of scattering at

each site. An updated density is given by the imaginary part of the Green’s function

integrated over occupied states. This procedure is iterated until convergence is obtained, a

process termed the self consistent field (SCF) loop.

The site and angular-momentum expansion of the Green’s function is[224]

G(r, r′, E) = −2k
[
δn,n′

∑
L

HE
Ln(r>)R̄ELn′(r<) (2.1)

+
∑
L,L′

RELn(rn)eiδLn gELn,L′n′ eiδL′n′ R̄EL′n′(r′n′)
]
.

The indices n and n′ label the atomic sites nearest r and r′, and rn ≡ r − Rn, where

rn is the center of the nth site. RELn(r) = ilRELn(r)YL(r̂) is the regular solution at site

n with angular momentum L and energy E. HE = NE − iRE where NE is the irregular

solution. The overbar denotes complex conjugation of all parts except for the radial function,

e.g., R̄ELn(r) = (−i)lRELn(r)Y ∗L (r̂). The partial-wave scattering phase shifts are denoted by

δLn and gELn,L′n′ is the full multiple scattering (FMS) matrix. The FMS matrix can be
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expanded[5] as

gELn,L′n′ =
∑
n1,L1

G0
Ln,L1n1

tL1n1G
0
L1n1,L′n′ (2.2)

+
∑
n1,L1

∑
n2,L2

G0
Ln,L1n1

tL1n1G
0
L1n1,L2n2

tL2n2G
0
L2n2,L′n′ (2.3)

+ · · · (2.4)

Here, G0
Ln,L′n′ = (1 − δn, n′)G0

L,L′(Rn − Rn′) is a two-center free-propogator and tLn =

exp(iδLn) sin δLn. For a finite-sized cluster, this expansion can be summed to infinite order

to obtain (dropping indices for clarity)

g = G0(1− tG0)−1, (2.5)

which can be calculated by a single matrix inversion.

From the Green’s function, we can define a density matrix

ρ(r, r′;E) = − 1

π
ImG(r, r′;E), (2.6)

. Integrating this over occupied states gives the real-space density matrix

ρ(r, r′) =

∫
occ

ρ(r, r′;E)dE. (2.7)

The electronic density is then given by the diagonal portion of the real-space density matrix

ρ(r) = ρ(r, r) (2.8)

Alternatively, integrating the energy-dependent density matrix over the Norman sphere

gives a local density of states (LDOS)

ρi(E) =

∫
|r−Ri|<Rnrm

ρ(r, r, E)d3r (2.9)

At zero temperature, the occupied states are those with E < EF . The Fermi level, EF is

determined by the constraint of charge neutrality

N =
∑
i

∫ EF

EC

ρi(E)dE. (2.10)
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In practice, the deeply-bound core states are frozen in their atomic form, and only the

valence electronic properties are calculated self-consistently. The lower bound in Eq. (2.10)

is a core-valence separation energy EC . N is then the total number of valence electrons.

We note that, as a matter of practicality, due to the presence of poles just below the

real energy-axis, integrals over ρ(E) are typically computationally much less expensive if

performed along a contour with a sizable imaginary part. In Fig. 2.1 we show an example

of the LDOS for Be. Along the black integration contour, the integrand is much smoother,

thus requiring fewer samples.
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Figure 2.1: In the complex plane, the density of states ρ(E) (shown here for hcp Be) is much

smoother at energies with a finite imaginary part than along the real axis. Using the black

integration contour requires many fewer samples of the integrand than would be required

to integrate along the real axis.
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Chapter 3

REAL-SPACE GREEN’S FUNCTION CALCULATIONS OF
COMPTON PROFILES

(Originally published as: B. A. Mattern, G. T. Seidler, J. J. Kas, J. I. Pacold, and J. J.

Rehr, Phys. Rev. B 85, 115135 (2012).)

We report development of a first-principles, real-space Green’s function method for

calculation of Compton profiles in the impulse approximation. For crystalline Be, we

find excellent agreement with prior theoretical treatments requiring periodicity; with

prior experimental measurements of the Compton profile; and with new measurements

of the dynamical structure factor via nonresonant inelastic x-ray scattering (often also

called x-ray Thomson scattering in the plasma physics community). We also find good

agreement with prior experimental results for the Compton profile of Cu. This approach

can be extended to disordered and very high-temperature systems, such as ‘warm dense

matter’, where theories presently used for the interpretation of inelastic x-ray scattering

include condensed phase effects only at a perturbative level.

3.1 Introduction

Non-resonant inelastic x-ray scattering[59] (NIXS), often also called x-ray Thomson scat-

tering (XRTS) in the plasma physics community, has long been used as a probe of ma-

terial properties. For example, the Compton scattering cross-section, which is the large

energy- and momentum-transfer limit of NIXS, was used in the earliest demonstrations of

the particulate character of photons[47] and of Fermi-Dirac statistics.[68] Recently NIXS

has seen a steady renaissance thanks to the development of third generation x-ray light

sources and associated specialized x-ray spectrometers.[274, 246, 84, 281] Recent applica-

tions address many forefront issues in condensed matter physics,[247, 16] subtle questions

of bonding in chemical physics,[15, 122, 123] solvation in mixtures,[160] and long-standing

problems in quantum scattering theory.[33] Because NIXS makes possible studies of low-Z
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edges without high-vacuum techniques, it provides an attractive alternative to and exten-

sion of traditional x-ray absorption spectroscopies.[30, 35, 79, 82, 90, 111, 250, 263, 23, 292,

291, 49, 80, 127, 118, 124, 171, 87, 39, 264, 12, 24, 21, 77] More recently, NIXS experi-

ments have yet another venue. High-power laser facilities have created a new application

of NIXS, wherein laser-pumped x-ray backlighter sources allow snapshot determinations of

the state variables (density and temperature) of so-called ‘warm dense matter’ (WDM).

[60, 76, 103, 108, 102, 105, 176, 104, 182, 99] Our goal in this work is to develop a quan-

titative treatment of the valence contribution to NIXS that is applicable in these various

cases.

The wide parameter space of kinematic variables and initial states requires several dif-

ferent theoretical treatments of NIXS. The treatment of semi-core and core levels has

been solved at essentially the same level of detail as x-ray absorption fine structure and

with similar tools,[263, 127, 264, 118] whereas the theoretical treatment of NIXS involv-

ing valence excitations is still evolving. The difficulties in the latter case come from

a significant sensitivity to the atomic and molecular potentials.[122, 207, 208, 123, 31]

Hence they depend on an underlying conceptual issue: whether the scattering for given

experimental conditions may be treated as nearly single-particle like, or collective, or re-

quiring a more sophisticated treatment of many-body effects including thermodynamic

considerations.[108, 105, 95, 97, 74, 230, 40] Such issues are central to NIXS studies of

the state variables of WDM.[108]. The WDM sample has solid-like or sometimes higher

densities but exists at temperatures that can be well in excess of the Fermi energy, and

sometimes in excess of semi-core and eventually core-level ionization energies. These condi-

tions can be generated at large-scale optical laser facilities such as the Laboratory for Laser

Energetics (LLE)[60, 103, 102, 105, 104] or the National Ignition Facility (NIF),[198] in

addition to being possible through direct, ultrafast x-ray stimulation at x-ray free-electron

laser (XFEL) facilities such as the Free-Electron Laser in Hamburg (FLASH) and the Linac

Coherent Light Source (LCLS).[201, 277, 278, 286, 284]

A first-principles theoretical treatment of NIXS for WDM must include a self-consistent

determination of atomic potentials and ionization levels for a given range of state variables,

while also being compatible with high-densities and varying degrees of disorder in atomic
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positions. Our purpose here is to demonstrate an important first step in the development

of such a theoretical treatment. More specifically, we aim to calculate the valence elec-

tron Compton profile in the impulse approximation using an extension of the real-space

electronic structure and spectroscopy code FEFF .[232] This technique is quite appropriate

for these studies since it does not require or depend on periodicity, and is thus applica-

ble to aperiodic and disordered systems. However, we first present prototypical calcula-

tions and experimental results for cold, crystalline Be which serves as a well characterized

test case.[141, 269, 143, 182] This application also serves as an anchoring reference system

that validates and quantifies both our theoretical approach and implementation: indeed we

demonstrate excellent agreement with experiment and with prior momentum-space meth-

ods designed for periodic structures. Similar agreement is found with experimental results

for fcc Cu.

With this foundation, we can then consider applying the method to disordered and

higher-temperature systems. Both the traditional condensed matter and the WDM com-

munities have invested effort in understanding thermal effects in NIXS. In the former,

comparison of empirical modelling of thermal effects and experimental data up to ∼ 800

K (i.e., kBT ∼ 0.07 eV) shows that the dominant source of thermal effects on the Comp-

ton profile is indirect, arising from the thermally-induced change of density of the simple

metals investigated[268, 143]. Thermally-induced disorder is less important and the most

direct thermal effect, smearing of the Fermi function or other reorganizations of the valence

electron wavefunctions, is negligible because of the metallic nature of the systems studied

and the low temperatures relative to the structure in the unoccupied density of states. In

the WDM context, on the other hand, density and more direct thermal effects play a more

equal role. Existing methods for calculation of NIXS spectra in WDM treat the valence

electrons as fully ionized and include only spherically averaged collisional effects from the

ionic cores.[41, 43, 136, 108] An improved theoretical treatment will, at a minimum, shed

light on the accuracy of mean-field treatments, and may have direct impact on ongoing

studies of WDM in relevant geophysical and astrophysical conditions,[198, 235] in inertial

confinement fusion studies,[198] or in the unique nearly-ordered WDM states that can be

achieved with XFEL illumination.[201, 286]
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The remainder of this article is organized as follows: In Section 3.2, we survey the theo-

retical description of inelastic x-ray scattering. We then specialize to the high momentum-

transfer regime in which the Impulse Approximation (IA) applies. It is in this regime that

the NIXS spectrum is most clearly understood in terms of the Compton profile, which is di-

rectly related to the electronic momentum distribution. Here, we provide experimental data

that illustrates the cross-over from low momentum-transfer, where collective excitations are

visible, to high momentum transfer, where the spectrum is dominated by the Compton peak.

Next, we detail how the electronic momentum density can be obtained from the real-space

Green’s function (RSGF) in the muffin-tin approximation. Section 3.3 contains details on

the implementation of this theoretical framework. In Section 3.4, as demonstration of the

technique, we present detailed results for ordered Be metal and give a comparison with

both experimental data and momentum-space Koringa-Kohn-Rostocker[169, 167] (KKR)

calculations. Although the real-space calculation is limited in momentum resolution by the

size of the included cluster, we find very good agreement between with real-space calcula-

tion, experimental data taken at a similar momentum resolution, and the broadened KKR

calculation. We next compare RSGF calculation of the valence Compton profile for Cu to

experiment and prior KKR calculations, finding similarly good agreement. Next, in Sec-

tion 3.4.2, we compare theoretical RSGF calculations of NIXS spectra with experimental

data taken at lower momentum transfer, where the IA no longer holds for the core electrons.

In Section 3.4.3, we briefly discuss the benefits of this approach compared to existing meth-

ods for treating NIXS from WDM. We then outline the steps we feel would be necessary

to extend this work to these higher temperature, disordered systems. Finally, Section 3.5

contains a summary and conclusions.

3.2 Theory

3.2.1 Nonresonant Inelastic X-ray Scattering

In this work, we consider an experiment in which a narrow-bandwidth beam of X rays is

incident on a sample and the intensity of scattered radiation is measured as a function of

energy and scattering angle. This two-photon process is described by a double-differential
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Figure 3.1: (Color online.) Experimental S(q, ω) for polycrystalline Be taken at 15 different

fixed scattering angles. The average momentum transfer q for lowest and highest scattering

angles is labeled. Features visible in the data are marked, including the collective plasmon

excitation at smaller energy transfers, the BeK-absorption edge at 112 eV, and the Compton

scattering peak, which disperses with q.
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scattering cross section (DDSCS) d2σ/dΩdω2(q, ω), where Ω is the detected solid angle, ω2

is the detected photon energy, and q and ω are the momentum and energy transferred to the

sample in the scattering process. We will furthermore focus on the nonresonant inelastic

x-ray scattering (NIXS) regime, in which the incident photon energy ω1 is far from any

electron binding energies in the sample. In this regime the dominant contribution to the

DDSCS comes from the A2 term in the interaction Hamiltonian at first order in perturbation

theory. For ~ω well below the electron mass, where the non-relativistic limit applies, the

DDSCS is given by[52]
d2σ

dΩdω2
=

(
dσ

dΩ

)
Th

S(q, ω). (3.1)

This has been factored into the probe-specific Thomson scattering cross section(
dσ

dΩ

)
Th

=
ω2

ω1
r2

0(ε̂1 · ε̂∗2)2, (3.2)

and the sample-specific dynamic structure factor

S(q, ω) =
∑
F

∣∣∣∣∣∣〈F |
∑
j

exp(iq · rj) |I〉

∣∣∣∣∣∣
2

δ(EF − EI − ~ω). (3.3)

Here, r0 = e2/mc2 is the classical electron radius and ε̂1,2 are incoming and outgoing photon

polarizations. I and F are initial and final states of the sample, with energies EI and EF ,

respectively, and rj is the position operator for the jth electron.

The physical information in the dynamic structure factor depends on the regime of q

and ω. For example, by expanding the exponential transition operator, one sees that at

low q, this reduces to a dipole operator. In this limit, the NIXS spectrum is very similar to

an x-ray absorption spectrum, and thus contains information about the unoccupied density

of states.[24, 250] Here, we will instead be primarily interested in the regime of larger q

and ω, in which the dynamic structure factor provides information about the ground state

electronic momentum density. This will be described in the following Section.

First, however, to provide illustrative context, we present in Fig. 3.1 experimental NIXS

data for polycrystalline Be taken at several different momentum transfers. We defer details

of the experimental setup and data processing to Section 3.4.2. Two sharp features are

visible: the plasmon excitation at 25 eV and the Be K edge at 111.5 eV. Although very
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strong at low q, the collective plasmon peak quickly dies off as q is increased, indicating the

onset of the single-particle excitation regime. Our focus in this work will be on the broad

Compton peak, which disperses and broadens as q is increased. This latter behavior is most

easily understood in terms of the Impulse Approximation, to which we now turn.

3.2.2 Impulse Approximation

For large energy transfer relative to the binding energy of an electron, and for large mo-

mentum transfer relative to the inverse electronic orbital size, Eisenberger and Platzman

showed that, to a very good approximation, the NIXS from that electron can be described as

Doppler-broadened Compton scattering. [72] In this approximation, known as the Impulse

Approximation (IA), the single-electron potential before and after scattering cancels in the

evaluation of the dynamic structure factor S(q, ω). The potential plays the simple role of

determining the momentum distribution of the electronic ground state, and consequently

the shape of the Doppler broadened peak. In other words, the IA assumes that the photon-

electron interaction occurs fast enough that the potential felt by the electron is identical

before and after the interaction. Thus, energy conservation implies that

~ω = Ef − Ei =
~2q2

2m
+

~p · q
m

, (3.4)

where p is the electron’s momentum. This result is identical to that for classical Compton

scattering of a photon from an electron with momentum p. For fixed q, the energy transfer

is determined by the projection of the electron’s momentum along the direction of the

momentum transfer, pq ≡ p · q̂, where q̂ = q/|q|. The dynamic structure factor, S(q, ω),

must then be proportional to the number of electrons with a given value of this momentum

projection. Indeed, one can show that in the IA,[72]

S(q, ω) = (m/~q)J(pq), (3.5)

J(pq) ≡
∫

d3p ρ(p) δ(pq − (ωm/q − ~q/2)), (3.6)

where ρ(p) is the one-particle electronic momentum density. J(pq), commonly referred to as

the Compton profile (CP), gives precisely the average number of electrons with momentum-

projection pq. From eqs. (3.4), (3.5), and (3.6), we see that the resulting Compton peak
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Figure 3.2: (Color online.) The same data as Fig. 3.1 after changing variables to J(pq).

All momentum transfers q are in a.u. Above the Be K-absorption edge, the spectra are

nearly identical showing the applicability of the Impulse Approximation in that regime.

The sharp feature dispersing across the Compton peak for intermediate q is the Be K edge.

The plasmon excitation peak is visible in the 4 curves with lowest q.
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in the NIXS spectrum will be centered around ω = ~q2/2m and have a width proportional

to both the width of the one-electron momentum distribution and the momentum transfer.

This explains the dispersion and broadening visible in Fig. 3.1.

In the independent-particle approximation, S(q, ω) can be written as a sum over inde-

pendent, non-interfering contributions from valence, semi-core and core electrons. Thus,

the respective contributions to the CP can also be separated. For the valence contribution,

the conditions of the IA are satisfied for all but the lowest q. On the other hand, for the core

contribution, only the high energy transfer tail is correctly described by the IA. In Fig. 3.2,

we show the Be NIXS spectra after switching variables from S(q, ω) to J(pq). The Comp-

ton peak is centered about pq = 0, consistent with vanishing average electron momentum.

The valence contribution is sharper, extending between ≈ ±1 a.u. The core contribution is

broader, extending well above +3 a.u., with a low energy-transfer cutoff that is q-dependent.

This cutoff occurs when the energy transfer is equal to the K-shell binding energy, and thus

disperses from −2 to +3 a.u. as q decreases from 5.3 to 1.2 a.u. Additionally, the plasmon

peak is seen at small negative pq for the lowest values of momentum transfer. It is clear

that once well above the K-absorption edge, the spectra are nearly identical, indicating the

validity of the IA.

3.2.3 Real-space formalism for valence Compton Profile

If the IA holds, then, as seen in Eq. (3.6), the dominant ingredient required for calculation of

the Compton profile is the one-electron momentum density ρ(p). Several techniques exist to

calculate ρ(p). Existing methods for solids typically use a band-structure approach, and thus

impose a requirement of periodic structure,[52] complicating the application to disordered

systems. Some classes of disorder, such as substitutionally disordered alloys have been

treated in KKR calculations by using the coherent potential approximation, in which the

alloy is replaced by an ordered system with a single averaged effective site potential.[14] An

early attempt at describing thermal effects in Li was based on calculating band structures for

frozen configurations in 8-atom super-cells.[67] These calculations predicted a broadening

of the CP with increased temperature. In contrast, subsequent experiments on Al, Li
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and Be found instead that the CP became narrower as temperature increased.[268, 143]

By comparing to a pseudopotential model that included thermal effects by scaling the

plane-wave components by Debye-Waller factors, these authors attributed the dominant

source of the effect to be from thermal expansion of the lattice. We seek to relax the

constraint of periodicity by using a real-space analogue of KKR, as implemented in the FEFF

code,[232] to calculate the Green’s function in the muffin-tin approximation for an arbitrary

cluster of atomic sites. This code builds in self-consistent potentials, quasi-particle effects,

relativistic effects, and disorder and has been widely used for calculations of core-level x-ray

spectroscopy. However, the extension of FEFF to the valence regime as discussed here is

still developmental.[224]

Briefly the strategy of the code is as follows: Given the locations and species of atoms

in a cluster, FEFF calculates atomic wavefunctions for each unique species using a Dirac-

Hartree-Fock solver. Next, the atomic densities and cluster structure are used to form

overlapped atomic potentials in the spherical muffin tin approximation. The real-space one-

particle Green’s function is then constructed including the full effects of multiple-scattering

from other atoms within a specified radius. The density of states (DOS) is calculated by

integrating the imaginary part of the Green’s function over all space (as approximated by

a sum over Norman spheres centered at each site[205]). The Fermi level is determined

by integrating the DOS to give the appropriate number of electrons. The density is then

recalculated from the Green’s function, giving new potentials. This process is iterated until

self-consistent.

The momentum-space density ρ(p), is related to the real-space density matrix, ρ(r, r′)

via a Fourier transform:

ρ(p) =

∫
d3r d3r′ eip·(r−r

′)ρ(r, r′). (3.7)

Choosing the z-axis to lie along q̂, combining Eqs. (3.6) and (3.7) and integrating over px

and py gives delta functions that set x = x′ and y = y′. After performing the x′ and y′

integrals we have

J(pq) =

∫
dx dy dz dz′ eipq(z−z′)ρ(r, r′), (3.8)

where r = (x, y, z) and r′ = (x, y, z′).
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Now, the real-space density matrix is related to Green’s function by

ρ(r, r′) = − 2

π
Im

∫ ∞
Ec

dE G(r, r′, E)fT (E), (3.9)

where fT (E) = 1/(e(E−µ)/kBT +1) is the Fermi distribution and µ is the chemical potential.

For our purposes, we are interested in the valence CP, so the lower energy cutoff Ec is set

in the gap between core and valence states (typically around -30 eV). In this paper, all

calculations are at T = 0, so the Fermi distribution is replaced by Θ(EF − E), where EF

is the Fermi energy. The factor of 2 comes from spin degeneracy (here we assume no spin

dependence in G, although it is straightforward to generalize).

Finally, the Green’s function can be expressed in the muffin-tin approximation as [224]

G(r, r′, E) = −2k
[
δn,n′

∑
L

HE
Ln(r>)R̄ELn′(r<) (3.10)

+
∑
L,L′

RELn(rn)eiδLn gELn,L′n′ eiδL′n′ R̄EL′n′(r′n′)
]
.

The indices n and n′ label the atomic sites nearest r and r′, and rn ≡ r − Rn, where rn

is the center of the nth site. RELn(r) = ilRELn(r)YL(r̂) is the regular solution at site n with

angular momentum L and energy E. HE = NE − iRE where NE is the irregular solution.

The overbar denotes complex conjugation of all parts except for the radial function, e.g.,

R̄ELn(r) = (−i)lRELn(r)Y ∗L (r̂). δLn gives the scattering phase shift and gELn,L′n′ is the full

multiple scattering (FMS) matrix.[5] For a derivation of Eq. (3.10), we refer to the Appendix

of Prange et al.[224] and references therein.

3.2.4 Core Contribution

The IA does not hold for the core contribution to S(q, ω) at the momentum transfers shown

in Figs. 3.1 and 3.2 since the energy transfer is comparable to the core binding energy. In

this case, it is possible to calculate the core NIXS contribution directly using the RSGF

approach described by Soininen et al.[263] We give results using this approach below, in

Section 3.4.2.

At higher momentum transfer (as would be accessible with higher incident photon en-

ergy), or when only interested in the high energy transfer portion of the spectrum, it is
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possible to use the IA for the core contribution. Since solid-state effects on the localized

core wavefunction are typically negligible, the core momentum density can be obtained di-

rectly from Fourier transformed atomic Hartree-Fock wavefunctions using ρ(p) =
∑

i |φ(p)|2.

The core CP in the IA can then be obtained by combining this with Eq. (3.6).

3.3 Computational Details

We have extended FEFF to calculate the momentum density ρ(p) in Eq. (3.7) and thence

the Compton profile. Our procedure makes use of a subroutine rhorrp in FEFF, which

calculates the density matrix ρ(r, r′) by combining equations (3.9) and (3.10). To calculate

the CP from Eq. (3.8), we approximate the integral over r as a sum over Norman spheres

centered at each atomic site. For a given term in this sum, r is constrained to lie within

the Norman radius while z′ is allowed to vary over all space (in practice, limited by the size

of the cluster). In a periodic system with a monatomic unit cell each site is identical, so

the integral need only be performed for a single site. This normalizes the integral of the

resulting CP to the number of valence electrons per atom. In general, r must be integrated

over each unique site in the system, e.g. every site in the cluster for a completely disordered

system.

The sum over angular momenta in Eq. (3.10) is truncated at a configurable upper bound

lmax. Since the size the FMS matrix gELn,L′n′ , scales as (lmax + 1)4, it is desirable to keep

this bound as low as possible. However, if the value used is too low, the density matrix

becomes inaccurate away from the center of a site, leading to a discontinuity as z′ moves

from one site to another. In Fig. 3.3, we show a slice of the density matrix ρ(r, r′) with

r fixed near the origin and r′ varying along the ẑ axis. The discontinuity at the point

marked “Cell Boundary” is clear for small lmax and decreases as lmax is increased. Typically

the discontinuity is negligible for lmax ≥ lv, where lv is the atomic valence orbital angular

momentum (e.g. lmax = 4 for transition metals).

Numerical integration of Eq. (3.6) is performed in cylindrical coordinates. At each

z, z′ point, the integral over the x-y plane is calculated. This reduced ρ(z, z′) is then

Fourier transformed to obtain the CP. In some cases, the CP calculated in this fashion

displays oscillatory aliasing effects from the finite range of the Fourier transform. A Hann
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Figure 3.3: (Color online.) Dependence of Cu density matrix on angular momentum cutoff,

lmax. A slice of ρ(r, r′) with r fixed near the origin and r′ varying along the z-axis is shown.

The discontinuity at ∼ 3.4 a.u. occurs as r′ moves from one cell into another. As lmax is

increased, the discontinuity decreases.

apodization function can be included to remove these. The finite range of z′ has two further

consequences. First, some momentum density is missed, resulting in the integral of the CP

being less than the number of valence electrons per atom. This . 5% effect is corrected

for by rescaling the CP. Second, the CP is broadened due to the convolution theorem,

reducing the momentum resolution to ∼ π/z′max. This latter factor is one key limitation of

this technique: the number of atoms in a cluster scales as the cube of the radius, placing a

practical bound on the attainable momentum resolution.

3.4 Results and Discussion

3.4.1 Valence Compton Profile

In order to validate our new framework, we have calculated the valence Compton profile

(CP) for Be at ambient conditions with lattice constants a = 4.3289 a.u. and c = 6.7675

a.u. These calculations are compared to experimental data and momentum-space (KKR)
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Figure 3.4: (Color online.) Be Compton profile. Experimental data from Huotari, et

al.[141] is compared to a momentum-space (KKR) calculation from the same reference

and our real-space (FEFF) calculation. The experimental data were taken at 56 keV and

have had the theoretical core contribution and a small linear background subtracted. For

each direction, the same experimental data is presented twice (once for each theory). The

experimental statistical uncertainty is smaller than the symbol size. The Fermi surface is

located at the inflection point of the CP, just below 1 a.u.
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Figure 3.5: (Color online.) Be Compton profile differences. The solid curves show the

difference between experiment and theory. The dashed curve is the difference between

theories. These are superimposed on the ±2σ range of experimental statistical uncertainty.
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Figure 3.6: (Color online.) Be Compton profile derivative. The same experimental data

and theoretical calculations as Fig. 3.4 are shown, but this time as first derivatives. The

fine structure of the profile is more clearly seen here. Experimental statistical uncertainty is

smaller than the symbol size. The Fermi surface is located at the extrema of the derivative.
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theoretical calculations from Huotari, et al.[141] Comparisons are made for the three main

crystallographic directions of the hexagonal close-packed structure ([100], [110] and [001],

where the â and b̂ basis vectors have been chosen to be 60◦ apart). In Fig. 3.4 we present

the primary result of this work, showing very good agreement between the present real-

space theory and momentum-space theory, and good agreement between both theories and

experiment. We now give contextual details for the comparison.

The experimental data in Fig. 3.4 (reproduced from Huotari, et al.[141]) were taken at 56

keV with a momentum resolution of 0.16 a.u. The momentum-space theoretical calculations

(also from Huotari, et al.[141]) were performed using the KKR[169, 167] methodology. Crys-

tal potentials were calculated in the local density approximation (LDA), and exchange and

correlation effects were approximated via the isotropic Lam-Platzman (LP) correction.[179]

Our real-space calculations were performed using a cluster of 522 atoms within a sphere

of 10 Å radius with lmax = 2. Increasing lmax beyond this value had no effect for this low-Z

material. The density matrix was evaluated with r on a 32× 32× 32 point cylindrical grid

and z′ at 144 points between ±30 a.u. The range over which z′ is integrated is limited by

the cluster size. This limits the momentum resolution of the real-space theoretical CP to

δq = π/30 ' 0.1 a.u. Lattice motion, which can be approximately treated by FEFF, has

been neglected. The LP correction has not been applied to the real-space calculations.

As described by Huotari, et al.,[141] a linear background has been subtracted from the

experimental data. Additionally, since it is our purpose to compare valence profile calcula-

tions, we have subtracted the theoretical core profile presented in the original reference.[141]

The theoretical curves in Fig. 3.4 are offset for clarity and for each direction, the same ex-

perimental data is presented twice (once for each theory). Absolute differences between

these curves are shown in Fig. 3.5. The two theories are in similarly good agreement with

experiment. Significant systematic errors are introduced by the subtraction of the core CP,

which most likely is the cause of the linear trend in the differences with experiment. The

FEFF calculations slightly overestimate the momentum density in in the range 1 < |pq| < 2.

It is unclear whether this is a numerical artifact or a consequence of the muffin-tin approx-

imation. The largest discrepancy between the two theories is at |pq| ∼ 0.9 in the [001]

direction, and is below the 5% level. Given the analogous nature of the KKR and RSGF
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methods, one would expect the two theoretical results to differ by the LP correction, which

was only applied to the KKR theory. This discrepancy may be due to differing muffin-tin

radii. The KKR calculation assumes non-overlapping muffin tins, while the RSGF calcula-

tion uses overlapping muffin tins.[232] As pointed out in Huotari, et al.,[141] the residuals

with experiment are similar in shape to the LP correction, suggesting that were it included

in the RSGF calculation, the agreement would be even better. Finally, in order to more

clearly see the fine-structure, we show the derivative of the CP in Fig. 3.6. Here, the exper-

imental data were numerically differentiated using a 3-point derivative, with no additional

smoothing. The overall similarity between the two theoretical curves further validates our

implementation of the RSGF technique.

Given the good agreement with Be, it is natural to ask if the RSGF method extends

to other simple metals that are well described in the muffin-tin approximation. We have

included a calculation of the valence CP for crystalline Cu with q̂ along the [110] direction.

In Fig. 3.7, we compare the FEFF calculation with KKR and with two different experi-

ments. The KKR calculation and experiment labeled Sakurai are reproduced from Sakurai,

et al.[245] The experimental data was taken using 59.38 keV X rays with a momentum

resolution of 0.12 a.u. Additionally, we include a gamma-ray measurement (412 keV inci-

dent, 0.41 a.u. momentum resolution) from Pattison, et al.[215] The FEFF calculations were

performed using a cluster of 176 atoms within a sphere of 8-Å radius with lmax = 4. The

density matrix was evaluated with r on a 48× 48× 48 point cylindrical grid and z′ at 256

points between ±20 a.u. Again, the FEFF and KKR calculations are similar. Even after

accounting for momentum resolution, the two experiments are not in agreement with each

other. This disagreement has been attributed to systematic errors introduced while correct-

ing for multiple Compton-scattering events.[245] These errors are expected to be smaller

in the Sakurai dataset, but the agreement between theory and the supposedly erroneous

Pattison dataset is impressive, and suggest that a reinterpretation of the experimental data

may be appropriate.
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Figure 3.7: (Color online.) Cu [110] valence Compton profile. Curves have been offset by

0.5 a.u. for clarity. The KKR calculation and x-ray scattering data (59.38 keV incident,

0.12 a.u. momentum resolution) from Sakurai, et al.[245] For comparison we have included

a gamma-ray dataset (412 keV incident, 0.41 a.u. momentum resolution) from Pattison, et

al.[215]
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3.4.2 Comparison of FEFF with NIXS data.

In the prior Section, we have focused on experimental data taken for the explicit purpose of

studying the CP, and thus taken well into the regime of applicability of the IA. Often, as

in NIXS studies of WDM, the energy- and momentum-transfer regimes accessible are more

intermediate. The IA typically does not apply to scattering from the core electrons, and

at lower momentum transfer breaks down even for the valence electrons. Our purpose in

this Section is to find the limits of applicability of the RSGF technique in this intermediate

regime.

Experimental data in this Section (also presented in Figs. 3.1 and 3.2) were collected

using the recently upgraded LERIX instrument at beamline 20-ID at the Advanced Photon

Source.[84, 254] The instrument consists of 19 spherically bent Si crystal analyzers on a 1-m

radius semi-circle. The incident beam is polarized normal to the plane of the semi circle, so

the polarization factor from Eq. (3.2) is unity for all analyzers. Each analyzer selects a nar-

row band of radiation around 9890 eV at a fixed scattering angle. The incident beam energy

is varied to cover the energy loss region of interest. The energy loss scale is independently

calibrated to within 0.1 eV for each analyzer using the center of the elastic scattering peak

and points withing each spectrum are normalized to the incident flux measured measured

by an ion chamber upstream of the sample.

For fixed scattering angle θ, the magnitude of q is given by

q2 = ω2
1 + ω2

2 − 2ω1ω2 cos(θ). (3.11)

Combining this with Eq. (3.6), it is straightforward to convert from the valence CP to

S(θ, ω). Since the IA does not apply for the core, we use the FEFFq package[263] to calculate

the directionally averaged core contribution to S(q, ω). This is done for a fine mesh of q

values, which are interpolated between using Eq. (3.11) to obtain the fixed-angle S(θ, ω).

We have subtracted a small linear background from the data. Although it is possible

to apply f-sum normalization to S(q, ω), the same is not true for S(θ, ω). For this reason,

the overall normalization of the data was left as a free parameter. The results for several

different scattering angles are shown in Fig. 3.8. Close to backscatter (θ & 110◦), the

agreement is very good. In our calculations of the core contribution, this detailed near-edge
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Figure 3.8: (Color online.) Comparison with NIXS data for polycrystalline Be at 5 different

values of momentum transfer q. The core contribution to the spectrum is calculated using

FEFFq package.[263] The valence is calculated using the techniques described in this paper

and averaged over the three main crystallographic directions. At the lowest two values of

momentum transfer, a plasmon excitation is visible at ∼ 25 eV. This signals the onset of

the collective regime and the breakdown of the IA for the valence electrons.



52

structure (XANES) was not included, leading to the noticeable differences at the Be K edge.

As q is decreased, the IA becomes less valid and some discrepancies emerge. Additionally,

the collective plasmon excitation is present in the experimental data for the lowest q value

shown (at ω ∼ 20), which is not modeled in the RSGF theory.

3.4.3 Application to WDM

Before concluding, we recall that a long-term goal of this work is to extend its application

to high temperature and/or disordered systems, as in the case of WDM. Present methods

for treating NIXS from WDM calculate the valence-electron contribution to the dynamic

structure factor within the random phase approximation (RPA) from the dielectric func-

tion using the fluctuation-dissipation theorem.[41, 43, 136, 108] The valence electrons are

treated as free, with effects of collisions with ionic cores included perturbatively in the

Born-Mermin approximation (BMA)[136]. At lower densities, collisions are infrequent and

the BMA approach is unlikely to omit quantitatively important aspects of the behavior of

unbound electrons. However, at solid-like and higher densities, any perturbative treatment

of the dominant physical presence in the system, the ionic cores, will clearly benefit from

independent validation against more complete theoretical treatments. By contrast, the ap-

proach present in this work includes all orders of valence electron scattering caused by such

condensed phase effects.

The most complete extension of the RSGF approach to calculations of WDM phases will

require several steps beyond the present work. First, thermal and static structural disorder

can be treated approximately by including Debye-Waller factors in the FMS calculation.[5]

More general structural disorder can be treated by averaging over configurations taken from

finite-temperature, molecular dynamics simulations. These disorder effects tend to dampen

the fine structure in the density function. Second, the smearing of the Fermi distribution

can be handled as in Eq. (3.9); the Fermi function should be included self-consistently in

the calculation of the Green’s function and density matrix. Finally, for the WDM case with

temperatures comparable to or larger than the Fermi energy, a more appropriate, finite-

temperature exchange-correlation potential is called for, which will likely affect the width
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of the Compton profile.

3.5 Conclusions

We have demonstrated a real-space Green’s function technique for calculating valence Comp-

ton profiles for Be and Cu. We find close agreement with high momentum-transfer exper-

imental measurements and prior theoretical calculations for these systems, validating the

implementation. Furthermore, we have shown that the technique can be used at moder-

ate momentum-transfer as long as the core contribution to the dynamic structure factor is

properly treated. Although periodic systems were chosen for the comparison, the technique

does not require periodicity and thus should be readily applicable to disordered systems.

This lays the groundwork for first principle calculations of high momentum-transfer NIXS

from WDM, where disorder in potentials, ionization and atomic structure is expected to be

relevant.



54

Chapter 4

EXTENDING FEFF TO FINITE ELECTRONIC TEMPERATURES

4.0.1 Thermal occupation in the SCF loop

The primary change necessary to generalize FEFF to finite electronic temperature is to use

the Fermi function for the occupation of states. That is, we replace Eq. (2.10) by

N =
∑
i

∫ ∞
EC

ρi(E)f(E)dE (4.1)

f(E) =
1

e(E−µ)/kT + 1
, (4.2)

where the chemical potential µ is now determined by this constraint.

The Fermi function f(E) is periodic in the complex plane with In the complex plane,

with f(E + i ∗ 2πkT ) = f(E), and is analytic except for simple poles at En = µ + iωn,

where ωn = (2n + 1)πkT are the Matsubara frequencies. The residue at the poles is equal

to kT . Fig. 4.1 shows Re f(E) for a small region of the complex energy plane, in which the

periodicity and pole structure are evident.

We define an integration contour C that follows the path EC + 0i → EC + iE1 →
E2 + iE1 → E2 + 0i, where E1 = 2nkT . For now, the value of the integer n is left as

arbitrary choice. Formally E2 → ∞, although in practice any finite value can be used

provided f(E2) is negligible at the desired level of accuracy. Let C0 be the contour along

the real axis from EC → E2. Then, for any function g(E) that is analytic in the upper half

plane, Cauchy’s integral theorem implies∫
C0

f(E)g(E)dE =

∫
C

f(E)g(E)dE
n∑
j=1

(−2πi)kTg(µ+ iωj). (4.3)

If we directly apply this to Eq. (4.2), the poles give a suspect imaginary contribution to

the number of electrons. We must instead integrate the complex density of states defined as

in Eq. (2.9), except without taking the imaginary part. Only after integrating over energies
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Figure 4.1: The Fermi function f(E) in the complex plane.
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can we take the imaginary part to obtain the number of electrons. In the following we will

implicitly take ρ(E) to be the complex density of states.

Starting with an initial guess for µ (e.g., that for a Fermi gas with the average density),

we can then use Eqs. (4.3) and (4.2) to numerically solve for the actual µ. Since evaluation

of ρ(E) is computationally expensive, we proceed by first calculating ρ(E) on a grid of points

along the contour C, which can be performed in parallel. Note that the final leg can be

ignored since f(E2) is negligible. For a given guess at µ, ρ(E) need then only be calculated

at the Matsubara poles contained within the integration contour. We can then numerically

minimize to solve for µ. The value of E1 must be chosen to balance the smoothness of

ρ(E) along the contour C and the number of Matsubara poles that must be calculated at

each step in this final minimization. The minimization to solve for µ is currently performed

serially using the secant rule to generate the next guess from the prior ones. This could

be improved by a parallel algorithm which tries a grid of µ values and uses a higher-order

polynomial to update to the next guess. However, we have found that the minimization

converges after a small number of steps (. 10), and thus this is a low priority.

Once µ has been determined, the real-space density can be calculated by combining

Eqs. 2.7) and (4.3), again with the caveat that the imaginary part must be taken only after

the integral over energies.

4.0.2 A finite temperature exchange-correlation potential

The ground-state exchange-correlation potential of von Barth and Hedin[17] is of question-

able validity when thermal excitation become significant. As an initial attempt to remedy

this, we have added support for the finite-temperature exchange-correlation potential of

Perrot and Dharma-Wardana[218]. In Fig. 4.3, we show the finite-T Vxc as a function of

temperature and rs, the average inter-particle spacing in atomic units. For high densities

and for T . 10 eV, this potential differs only slightly from the ground-state potential, shown

by the filled circles. We note that the interpolating formula used appears to be innaccurate

at very low temperatures. We have not made a systematic study of the effect of the finite

temperature potential, however, for Be at or above solid density, we have found negligible
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differences in Compton profiles calculated using the two different potentials for T < 15 eV.

4.0.3 Going forward

So far, only the SCF loop and valence-electron Compton profile calculations have been

extended to finite temperature. Modifications of other spectroscopic calculations remain to

be made.

We note that a practical upper bound on the electronic temperature that can be treated

exists. A configurable cutoff Lmaxis used to limit the angular momentum expansion of the
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Green’s function in Eq. (2.1). Higher-L terms contribute only at larger energies, and thus,

the occupied DOS for low temperatures can be accurately calculated with a relatively low

cutoff. However, as temperature is increased and higher energy states become occupied, the

angular momentum cutoff will need to be increased.

Finally, at present, we only treat the elevated temperature of the electrons. The lattice

itself is frozen. For nanosecond scale laser-shock experiments, where lattice disorder is ex-

pected to be signficant, a proper high-temperature calculation would require averaging over

an ensemble of frozen configurations obtained from, e.g., molecular dynamics simulations.

This should be straightforward, albeit computationally expensive.
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Chapter 5

THE EFFECT OF CORE-ORTHOGONALIZATION ON THE
VALENCE ELECTRON MOMENTUM DISTRIBUTION

In dense systems, the electronic states typically separate into deeply bound core states,

which are highly localized and retain their atomic character, and the delocalized valence

states, which are much more free-electron like in character. This separation is often exploited

to simplify the theoretical treatments of electronic structure, most notably in highly suc-

cessful use of pseudopotentials. In a pseudopotential treatment, one removes the core states

entirely from the picture and replaces the ionic potential with an effective potential chosen

to reproduce the valence states outside of some radius. This method accurately reproduces

the real-space density away from the ions by construction, but clearly cannot simultaneously

reproduce momentum space quantities. In particular, the psuedo-wavefunction is smooth

near the ionic core, containing none of the nodes and corresponding oscillations that would

otherwise be present due to the requirement of orthogonalization between the valence and

core states.

In the early 70s, Pandey and Lam proposed a simple modification of pseudo-wavefunctions

to include the effect of orthogonalization[214]. Using simple plane waves to approximate the

pseudo-wavefunctions for metallic Na (for which the psuedopotential is rather small) and

subtracting off the projection onto a Hartree-Fock 1s wavefunction, they found that the ef-

fect of core-orthogonalization on the Compton profile (CP) was non-negligible and resulted

in much better agreement with experimental data. Shortly thereafter, Cooper used Pandey

and Lam’s treatment to calculate the CP for Al, also finding reasonably good agreement[50].

Examples of explicitly orthogonalizing pseudo-potential wavefunctions to the core states can

be found for Be[238] and Li[19]. In all cases, the orthogonalization results in a decrease in

the height of the Compton profile, and an increase in the high-momentum tails.

In this chapter, we explore the effects of orthogonalization as a function of the relative
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size of the core state to the atomic volume using a simple one-dimensional version of Pandey

and Lam’s model.

5.1 A simple one-dimensional model

Consider plane-wave states within a periodic super-cell of size L

〈x|kj〉 = L−1/2 exp(ikjx) (5.1)

kj =
2πj

L
, j ∈ Z (5.2)

We assume that within this cell are a set of N atomic cores modeled by normalized Gaussian

wavefunctions with common width-parameter σ, centered at the locations xii=1,N .

Initially, we take the cores to be uniformly spaced, i.e. xi = L/N(i− 1/2).

〈x|ci〉 = π−1/4σ−1/2e−(x−xi)2/2σ2
(5.3)

Later, we will consider the effects of disorder.

The plane wave states are orthogonalized to the core states by subtracting off the pro-

jection onto each core and renormalizing to unity. That is,

|ψj〉 = Aj(|kj〉 −
∑
i

|ci〉 〈ci|kj〉), (5.4)

where the normalization constant Aj is chosen so that 〈ψj |ψj〉 = 1.

After orthogonalization, a momentum distribution is calculated by summing over occu-

pied states (we assume two electrons, one of each spin per site).

ρ(p) =
2a

2π

N/2∑
j=−N/2

| 〈p|ψj〉 |2. (5.5)

Here, a is the lattice spacing and the factor of 2 is due to spin degeneracy. The prefactor

has been chosen for comparison with the continuum (large-L) limit, i.e.,
∫
dpρ(p) = Ne,

where Ne is the number of electrons per site. For the free gas (in the absence of core-

orthogonalization) the momentum distribution is given by ρ0(p) = (a/π)Θ(pF − |p|), where

the Fermi momentum pF = Neπ/2.

In Fig. 5.1, we present the momentum distribution after orthogonalization with an or-

dered lattice of core states. Here, and throughout the remainder of the chapter, we will



62

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
p/pF

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

0.16

ρ
(p

) 0.0 0.1 0.2 0.3 0.4 0.5
Core FWHM

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

E
x
cl

u
d
e
d
 L

e
n
g
th

Figure 5.1: Effect of core-orthogonalization on the momentum density. The thick, black

curve is the momentum density for a 1-d Fermi gas in the absence of core states. The

remaining curves have been orthogonalized against a regular lattice of Gaussian core states

of progressively larger width. The inset shows the effective excluded length as a function of

the full-width half-max of the core states (both in units of the lattice spacing).
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use the lattice spacing a as the unit of length, and consider a system with two delocalized

electrons per site. The calculations were performed for 32 Gaussian core states with σ in

Eq. (5.3) varying from 0.01 to 0.2 in uniform steps of size 0.01. The thick, black curve gives

the numerical result in the absence of orthogonalization, which agrees with the analytical

result discussed earlier. For narrow core states, orthogonalization results in a nearly uniform

decrease in ρ(p) for |p| < pF , with a corresponding increase for p > pF . As the width of the

cores increases, the strength of this effect increases.

The requirement of orthogonalization constrains the degrees of freedom available to the

free states. As a somewhat simplistic interpretation, we define an effective unit-cell length a∗

by the relation ρ(0) ≡ a∗/π. From this, we can then define an excluded length lex ≡ a− a∗.
As shown in the inset, this excluded length is linearly related to the width of the core state.

The effect of core-orthogonalization on the low-p momentum distribution is similar to that

of excluding the free electrons entirely from the region occupied by core electrons. We note

that this interpretation is not consistent with the effect at or above pF (if a region of space

were truly excluded, one would expect the Fermi momentum to increase), or with the real-

space density (which develops sharp peaks at the core sites). For this reason, we prefer to

interpret the effect of orthogonalization as an excluded phase space.

In Fig. 5.2, we explore the effect of disordering the core locations. We consider two types

of disorder. Initially, we displace the cores from their lattice locations by displacing each xi

in Eq. (5.3) by a random amount drawn from a Gaussian distribution of adjustable width σ.

The result of averaging over 32 configurations is shown in Fig. 5.2, where the lighter shading

about each line gives the standard deviation. As we increase the σ, the value of ρ(0) increases

progressively, i.e., the effect of core-orthogonalization decreases partially. However, in the

limit of strong disorder, the effect only partially vanishes. We also include a calculation

for core locations that are drawn randomly from a uniform distribution over the super-cell.

Calculations for Gaussian disorder with large σ converge onto the uniform-disorder case.

We have also checked that further increasing the super-cell size has a negligible effect on the

results, confirming that the effect is not influenced strongly by residual long-range order.
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5.2 Qualititative effect on Compton profiles

We will now assume that core-orthogonalization has a similar effect on the radial momen-

tum distribution in three dimensions. In particular, for modest sized cores, occupation is

uniformly decreased for p < pF and a tail is introduced for p > pF . Conservation of particle

number requires that
∫
p2ρ(p)dp remains constant. We consider the effect of this modi-

fication on the isotropic Compton profile, given by Eq.(1.19). Since the integral contains

only a single factor of p, it is clear the the value of J(0) necessarily must decrease, and a

tail will develop for p > pF . This would have the appearance, especially in low resolution

experiments of an additional broadening of the CP, which could be misinterpreted as an

increase in either the density or temperature of the system. We explore this further in the

following chapter.
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Chapter 6

CONDENSED PHASE EFFECTS ON THE ELECTRONIC
MOMENTUM DISTRIBUTION IN THE WARM DENSE MATTER

REGIME

(Submitted for publication Phys. Rev. Lett. Aug. 2013)

We report ab initio calculations of the valence electron momentum distribution

function n(p) and dynamic structure factor for warm dense Be at Mbar pressures. We

observe an unexpected, strong reshaping of the Compton profile upon increasing density,

even well before any significant core-wavefunction overlap or electride behavior occurs.

We propose that this nonperturbative effect, which is due to a growing influence on

n(p) of the orthogonalization of valence and core electron wavefunctions with increas-

ing density, is observable by inelastic x-ray scattering at x-ray free-electron lasers and

large-scale laser-shock heating facilities, and may also be more generally important for

thermodynamic properties of dense, partially-ionized plasmas.

There is growing interest in dense states of matter intermediate between traditional

condensed phase systems and fully-ionized dense plasmas. These “warm dense matter”

(WDM) states present unique scientific opportunities with special relevance to planetary

and stellar conditions[150, 3, 236, 297], with obvious importance for the early stages of

compression in inertial confinement fusion (ICF)[188], and with additional broad, long-

term scientific potential when considered as the next-stage of evolution of the available

thermodynamic parameter space for the condensed phase community.

As with any new material regime, one must determine the dominant microphysics that es-

tablishes the resulting (macroscopic) thermodynamic and statistical properties. For WDM,

this is complicated by the lack of simplifying features present in either the cold, ordered limit

of condensed matter or the hot, non-degenerate limit of fully-ionized dilute plasmas; unsur-

prisingly, at present, no broadly-applicable, first-principles treatment of WDM is available.
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One must instead combine methods from these opposing limits[107, 231, 261, 161, 162] and

then seek comparison with the limited, but growing, body of WDM experimental results.

As a case in point, a common theoretical approach to WDM[115, 114, 107] treats free or

ionized electrons in the random phase approximation (RPA)[27] with perturbative correc-

tions for the electron-ion scattering via the Born-Mermin approximation (BMA)[255, 195].

This approach necessarily assumes a weak electron-ion interaction and has seen extensive

use in the interpretation of inelastic x-ray scattering from WDM[181, 173, 96, 190].

By contrast, in crystalline materials and other condensed-phase systems it is the electron-

ion interaction, both through the Coulombic potential and orthogonalization between core

and valence electrons, that plays the dominant role in the overall electronic structure[25,

8, 7]. In addition, at elevated densities, where core wavefunctions begin to overlap, an

interesting combination of free-energy effects constrained by valence-core orthogonalization

(VCO) can lead to structural changes and novel phases known as electrides in which the

valence electrons re-localize in the interstitial spaces between atomic sites[202, 203, 241].

This behavior at low temperatures hints at the possibility of strong influence of the electron-

ion interaction, and in particular VCO, on the electronic structure of WDM. This conclusion,

which runs contrary to the commonly stated perspective that the electron-ion interaction

becomes progressively less important at high plasma densities[180], is further supported

by the growing use in WDM molecular dynamics simulations of modern density-functional

theory methods, such as projector-augmented wave calculations, that substantially include

VCO effects[220, 290].

Here, we report a detailed theoretical study of the valence electron momentum distri-

bution n(p) for warm dense Be. In addition to being a candidate ablator material for

ICF, and thus undergoing extensive study in the WDM context[181, 173, 96], Be has seen

thorough high-resolution synchrotron study[152, 142, 144, 149]. Our results illustrate that

VCO, which has a long history in the context of electronic structure calculations[134, 26]

and which plays an important role in determining the ambient momentum distribution of

Be and other materials[214, 50, 238, 19], steadily grows in importance upon increasing den-

sity. This observation may have significant consequences for calculation of the equation of

state or thermodynamic susceptibilities (e.g., compressibility) for WDM but here we focus
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Figure 6.1: Relationship between electronic momentum distribution and nonresonant IXS

spectrum in the impulse approximation. (a)-(d): a non-interacting electron gas. (e)-(g) an

electron gas with strong electron-ion interaction, such as due to valence-core orthogonaliza-

tion (VCO). See the text for discussion.

on an issue of central experimental importance: n(p) is a primary experimental observable,

appearing as a direct contributor to the dynamic structure factor measured by non-resonant

inelastic x-ray scattering (NIXS) in the noncollective scattering regime and subsequently

used to infer temperature and density of WDM[107].

NIXS experiments measure the dynamic structure factor S(q, ω) which determines the

relative probability of transferring momentum ~q and energy ~ω from the probe radiation

to the sample in the scattering process[251]. At large q, the interpretation of NIXS simpli-

fies due to the impulse approximation (IA)[71] wherein the potential before and after the

scattering process cancel implying that

~ω =
~2q2

2m
+

~q · p
m

, (6.1)

where p is the scattering electron’s initial momentum. This Doppler broadened Compton

scattering is entirely determined by the electronic momentum distribution n(p).
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In Fig. 6.1 (a-d), we illustrate the relationship between n(p) and the NIXS spectrum

using a simple Fermi gas model for the valence electrons. In panel (a), we show the Fermi

radial momentum distribution. This corresponds to the Fermi sphere shown in panel (b).

In the shaded intersection between the Fermi sphere and a plane perpendicular to q, the

Doppler shift, and thus energy transfer, is identical. The area of this intersection as a

function of displacement from the origin pq ≡ p · q̂ defines the Compton profile (CP) J(pq),

shown in panel (c). According to Eq. (6.1), the CP is displaced by the Compton shift

EC = ~2q2/2me and stretched by ~q/m to obtain S(q, ω). In panel (d), we show this along

with a representative contribution from tightly-bound core electrons (EB is the core-state

binding energy)[193].

Each of temperature, free-electron density, electron-electron interactions and electron-

ion interactions influences n(p). As shown in Fig. 6.1(e), interactions, if strong, have a global

impact on n(p) and the shape of the CP by moving occupation from states below the single-

electron Fermi level to states above, even at T = 0. For an interacting Fermi gas at the

density of ambient Be, electron-electron correlations result in a promotion of 5% of electrons

to states above the Fermi level[163] (See Supplemental Information). As density increases,

this effect diminishes. On the other hand, we show here that electron-ion interactions, which

already have a stronger influence on electron occupation at ambient conditions[142, 238]

(with 20% of electrons promoted above pF , see Supplemental Information) have a growing,

dramatic impact on n(p) as density increases. This effect, and its consequences are shown

schematically in Fig. 6.1 (e)-(g) and are presented in detail in the remainder of this letter.

In Fig. 6.2, we present calculations of the spherically-averaged radial momentum distri-

bution n(p) for hcp beryllium at T = 0 as a function of atomic density using a real-space

Green’s function (RSGF) method[194, 234, 233] that treats the electron-ion interaction

non-perturbatively, including the effects of VCO. This is compared to calculations for a

non-interacting Fermi gas (FG) and to calculations that include electron-ion interactions

perturbatively via the BMA[255]. The distribution function shown in Fig. 6.2 is the num-

ber of electrons per momentum eigenstate n(p), which is related to the momentum density

ρ(p) by n(p) = ((2π)3/V )ρ(p). The abscissa in Fig. 6.2 has been rescaled by the Fermi

momentum, pF to capture the complete density-dependence of the Fermi gas n(p). The
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perturbative electron-ion interaction in the BMA results in a slight decrease in occupation

at all momenta compensated for by increased occupation above pF . Evidently, the bulk of

the BMA density dependence is also captured by the rescaling by pF . The RSGF calcula-

tions, on the other hand, show a marked density dependence differing from that of the free

or weakly interacting FG. We note two primary features. First, n(p) is nearly uniformly

decreased at low p and this depletion gets stronger with increased density. Second, the

relative weight of the tail above pF increases with density.

In Fig. 6.3, we show Compton profiles that correspond to the momentum distributions

from Fig. 6.2. The slight reshaping of the RSGF CP relative to the FG at ambient density

is in good agreement with high-resolution experimental data[194]. As density increases,

the differences between RSGF and FG become quite dramatic: the electron-ion interaction

results in a significant reshaping of the CP, shifting weight from the peak out into the

high-momentum tails.

The broad, nearly uniform depletion of valence occupation for p < pF indicates gross

changes in the available phase space. Interestingly, these effects have a simple relationship

to atomic density that suggests an overwhelming importance of VCO for n(p) of solids

or partially-ionized plasmas at high densities. In Fig. 6.2b we show a simple rescaling of

all RSGF n(p) by the apparent effective free volume per atom inferred from n̄, the average

occupancy of n(p) at low p (see Fig. 6.2c), i.e., V ∗ = n̄V/2. The simple offset in the effective

volume V ∗ indicates that the overall phenomenon can be discussed, at least qualitatively,

as an excluded volume effect encompassing the strong constraint imposed by VCO on the

valence electron wavefunctions in the vicinity of the ion core. Numerically, Vexcl = 0.83

Å3, which is the volume in which 98% of the 1s electrons are contained. There are clear

similarities between these results, where VCO with Hartree-Fock bound states has been

imposed, and the simpler hard-sphere model introduced by Rousseau and Ashcroft as a

heuristic tool for electride formation in Na[241]. In each case, the key physical insight is a

substantial constraint on the valence electron wavefunctions over a fixed volume per atom,

independent of overall atomic density.

These results establish that calculations of the momentum density function for WDM

must necessarily include nonperturbative effects of the electron-ion interaction at the level
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of wavefunctions or Green’s function propagators even well before electride formation is

reached. We now discuss the consequences of this observation. First, a full understanding

of the consequences of VCO on the EOS or thermodynamic susceptibilities, especially the

compressibility, will require further work. That being said, the strong non-free-electron-like

modification of n(p), and thus also the kinetic energy[73], with compression makes it clear

that its consequences cannot, a priori, be ignored.

Second, moving to experimental consequences, we return to Fig. 6.3 where, for the

highest-density calculations, we show a fit to the RSGF predictions using the BMA with

adjustable ρ and T . The large weight in the RSGF tail is reproduced by the BMA model only

when increasing the density by 30% and increasing the temperature from 0 to 8 eV. While the

exact consequences for interpretation or reinterpretation of experiment will require further

work, the message is clear: failure to include the effects of VCO will result in a systematic

overestimate of either T , ne, or both.
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In Fig. 6.4 we compare RSGF and BMA valence contributions to synthetic NIXS spec-

tra under the following four thermodynamic conditions: (a) ambient, (b) isochoric heating,

(c) isothermal compression, and (d) shock-compression/heating. High-temperature RSGF

calculations were performed by using a finite-temperature exchange-correlation potential[218]

and using the Fermi distribution for the occupation of states both in the self-consistency

loop and in the final calculation of the Compton profile.[192] The ionic lattice was kept

ordered. All curves have been broadened by a 5-eV FWHM Gaussian. At this resolution,

which is attainable using the seeded source at LCLS, the effects of VCO on the Compton

profile should be measurable.

One interesting future direction is to investigate the corresponding momentum-space

phenomenon associated with the real-space segregation of valence charge density in pro-

posed electride phases. It may be the case that electride formation can be more easily

observed, especially in disordered systems, by its influence on n(p) rather than by its slight

modification of the static structure factor S(q) in elastic scattering.

In conclusion, we have shown that non-perturbative effects of the electron-ion interaction,

such as core-valence orthogonalization, play an increasingly important role in determining

the momentum distribution of free electrons in ordered dense matter as density is increased.

This will have a profound effect on the interpretation of NIXS-based diagnostic measure-

ments of WDM, and may also be relevant for thermodynamic properties of dense, partially

ionized plasmas.

6.1 Supplemental Information

In Fig. 6.5, we give compare the RSGF momentum distribution with that for an interacting

electron gas at the corresponding density. Occupation numbers for the interacting electron

gas were calculated by integration of the electron spectral function. Correlation effects

were included using a cumulant expansion for the electron Green’s function[163], where

the cumulant function was derived to first order in the screened coulomb interaction. The

calculations assumed a free electron gas with a Wigner-Seitz radius rs = 1.87 for Be at

ambient density, and rs = 1.22 for 3.6× ambient density. The RSGF calculations neglect

electron-electron correlations.
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FG + corr. RSGF

Ambient 0.10 0.36

Compressed 0.08 0.75

Table 6.1: Number of electrons promoted above pF (out of 2 total electrons).

For quantitative comparison, Table 6.1 shows the number of electrons promoted above

the Fermi level,
V

(2π)3

∫ ∞
pF

p2n(p)dp. (6.2)

The corresponding Compton profiles are shown in Fig. 6.6. At ambient density, the

effect of correlations is smaller than that of the electron-ion interaction, but is by no means

negligible. However, at higher densities, the electron-ion interaction clearly dominates over

electron-electron correlations.
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Figure 6.6: Compton profile J(pq) for an non-interacting gas (FG), interacting electron gas

(FG + corr) and for the solid, neglecting correlations (RSGF).
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Chapter 7

THEORETICAL TREATMENTS OF THE BOUND-FREE
CONTRIBUTION AND EXPERIMENTAL BEST PRACTICE IN

X-RAY THOMSON SCATTERING FROM WARM DENSE MATTER

(Originally published as: B. A. Mattern and G. T. Seidler, Phys. Plasmas 20, 022706

(2013))

By comparison with high-resolution synchrotron x-ray experimental results, we as-

sess several theoretical treatments for the bound-free (core-electron) contribution to

x-ray Thomson scattering (i.e., also known as nonresonant inelastic x-ray scattering).

We identify an often overlooked source of systematic error in the plane-wave form factor

approximation (PWFFA) used in the inference of temperature, ionization state, and free

electron density in some laser-driven compression studies of warm dense matter. This

error is due to a direct violation of energy conservation in the PWFFA. We propose an

improved practice for the bound-free term that will be particularly relevant for XRTS

experiments performed with somewhat improved energy resolution at the National Igni-

tion Facility or the Linac Coherent Light Source. Our results raise important questions

about the accuracy of state variable determination in XRTS studies, given that the

limited information content in low-resolution XRTS spectra does not strongly constrain

the models of electronic structure being used to fit the spectra.

7.1 Introduction

The field of warm dense matter (WDM) rests in the transitional regime between traditional

condensed phase systems and strongly-correlated, fully-ionized plasmas. As such, it draws

from the complexity of both fields while showing its own special fundamental and, as we

show here, pragmatic challenges. A significant and growing literature exists on the elec-

tronic structure,[115, 113, 66, 262, 220] thermodynamics[112] and hydrodynamics[191] of

WDM, in addition to a range of applications in fusion energy science[188] and laboratory

astrophysics.[236, 297] Here, however, we investigate a particular difficulty of the WDM
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regime: assessing the accuracy of the experimental determination of the basic state vari-

ables of the system, such as temperature, density and ionization state. Reliable inference

of these quantities is central to the clearly-needed improvements in the equation of state of

materials under, for example, the entire range of conditions leading from ambient matter

to inertial confinement fusion.[197]

The high optical opacity of WDM requires the use of penetrating probe radiation, i.e.,

x-ray photons with energies of a few to a few tens of keV. Unfortunately, with only few

counterexamples[61] the inference of state-variables using these methods is limited by the

degree of understanding of the electronic structure of WDM and its relationship to the state

variables themselves. Faintly circular co-dependencies of this type are not uncommon in

emergent fields of experimental science (e.g., consider the many years of effort needed to

establish accurate and precise pressure sensing in the Mbar range in opposed-anvil pres-

sure cells[93, 219, 119, 227]), and a firm foundation for such methodologies can follow from

any of several developments. Foremost among such developments are: experimental data

of sufficient information content to itself strongly constrain the constituent theories for

electronic structure; broad programs to assess accuracy by cross-comparison of different

metrologies; and, finally, an eventual comparison to international standards. The experi-

mental determination of state variables in the WDM regime is seeing only the earliest such

examples, including notably the rare experiments using detailed balance in x-ray Thomson

scattering[61] or the recent checks in consistency between conclusions drawn from the elastic

and inelastic components of x-ray scattering.[96]

The present paper reports a first step in evaluating the accuracy, rather than precision,

of the methods used for state variable determination in the WDM regime. To this end, we

investigate the various available treatments for the core-electron, or bound-free, contribu-

tion to x-ray Thomson scattering (XRTS, also called nonresonant inelastic x-ray scattering,

NIXS[251]) with a special emphasis on the plane-wave form-factor approximation (PWFFA)

of Schumacher, et al.[252]. We will show that this approximation, which has seen exten-

sive use in XRTS studies of shock-compressed matter,[240, 249, 243, 107, 174, 173, 96]is

fundamentally flawed and presents a source of systematic uncertainty in inferred quantities.

Based on these observations we come to three main conclusions. First, looking to the near
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future, when XRTS studies of WDM with improved energy resolution will be performed at

the Linac Coherent Light Source[126] and the National Ignition Facility[197], the errors im-

plicit in the use of the PWFFA must be avoided if physically meaningful information on the

equation of state in the WDM regime is to be determined. Second, while it is important to

note that a faulty theoretical treatment has been used, and that some reevaluation of exper-

imental results may be called for, the more lasting conclusion is that the information content

in the measured XRTS spectra for WDM has been insufficient to alert the experimenters

to the presence of an unphysical model for the electronic structure. This strongly suggests

the need for cross-comparison with alternative methods of WDM state variable determina-

tion, e.g., x-ray fluorescence thermometry[299, 256, 266, 204, 185, 285]. Third, we find that

stronger connections between the synchrotron x-ray and WDM-XRTS communities provide

important experimental and theoretical synergies. The wealth of very high-resolution stud-

ies at synchrotron light sources of both the free-free (valence) [51, 144, 287, 149, 146, 121,

209, 248] and bound-free (core) [251, 32, 36, 34, 244, 81, 271, 91, 110, 13, 83, 78, 184, 294]

contributions to XRTS provide important benchmarks both for comparison to WDM-specific

theory and also for validation of experimental protocol including, e.g., instrument-specific

backgrounds. Further, as we have illustrated here, there will be cases where theoretical

methods already in use for synchrotron studies may be beneficially transported to WDM-

XRTS studies.

In Sect. 7.2 we discuss four theoretical treatments of bound-free XRTS: the impulse

approximation (IA), which is valid at large energy transfer; a hydrogenic model (HM); an

extension of the IA to incorporate binding energies (PWFFA); and a real-space Green’s

function method (RSGF). The first three are essentially atomic (with varying degrees of

approximation), while the latter treats the condensed solid, and is based on methods broadly

used for many years in the interpretation of several x-ray spectroscopic techniques. [233, 234]

Since high-resolution XRTS data from WDM at known thermodynamic conditions is

currently unavailable, we instead compare each of the above theories with very high-quality

XRTS spectra collected under ambient conditions at a synchrotron x-ray source. This

provides a baseline validation for the core contribution: a theoretical treatment which fails

under these conditions is certain to form a weak foundation when including the further
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complexities of continuum lowering and partial ionization present in WDM.

Experimental details are described in Sect. 7.3 and the comparison of theory and exper-

iment is made in Sect. 7.4.1. The relative success of even atomic treatments at describing

the condensed solid suggests that these methods should be extensible to the WDM regime

with only minor modifications. However, we find that the PWFFA, which has been used for

a few years in the interpretation of WDM measurements,[240, 249, 243, 107, 174, 173, 96]is

in stark disagreement with the ambient experimental data. In Sect. 7.4.2, we show that

this disagreement is due to internal inconsistency in the PWFFA that leads to unphysical

results. Next, in Sect. 7.4.3, we consider the implications of using the PWFFA to model

the bound-free contribution to WDM XRTS data; namely, the likelihood of previously-

undiagnosed systematic errors in extracted thermodynamic quantities. These observations

then motivate a discussion of best future practice in Sect. 7.4.4, after which we conclude in

Sect. 7.5.

7.2 Theory

The fundamental observable in XRTS/NIXS is the dynamic structure factor S(q, ω), which

separates into independent contributions from electrons in different shells. We will focus

on the contribution from tightly bound core electrons, i.e., the bound-free contribution.

The theoretical description of bound-free XRTS begins with the Kramers-Heisenberg for-

mula for the first-Born approximation to the double-differential scattering cross-section

(DDSCS):[251]

d2σ

dωdΩ
=

ω2

ω1
r2
o |ε̂1 · ε̂∗2|2 S(q, ω) (7.1)

S(q, ω) =
∑
I

PI(T )
∑
F

∣∣∣ 〈F |∑
j

eiq·rj |I〉
∣∣∣2

× δ(EF − EI − ω) (7.2)

Here, ω1,2 and ε̂1,2 are initial and final photon energies and polarizations; r0 is the Thomson

scattering length; |I〉,|F 〉 are initial and final many-body states with energies EI ,EF ; PI(T )

is the temperature-dependent Boltzmann factor; q is the momentum transfer; ω = ω1 − ω2

is the energy transfer and j indexes individual electrons. In this and subsequent formulae,
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we use Hartree atomic units (~ = me = 1).

In the independent particle approximation, Eq. (7.2) can written as

S(q, ω) =
∑
i

niSi(q, ω)

Si(q, ω) =
∑
f

(1− nf )
∣∣〈f | eiq·r |i〉∣∣2 δ(Ef − Ei − ω), (7.3)

where |i〉,|f〉 are initial and final state single particle states with energies Ei,Ef and thermally-

averaged occupation numbers ni, nf .

7.2.1 The impulse approximation

In the limit of large energy-transfer ω relative to the initial state binding energy EB, known

as the impulse approximation (IA), the XRTS spectrum is completely determined by the

initial-state electronic momentum distribution; the binding energy of the scattering electron

plays no role.[71]

For ω � EB, only unoccupied final states contribution to Eq. (7.3), so we set nf = 0.

Next, following Eisenberger and Platzman,[71] we expand the δ-function using the standard

Fourier representation

δ(ω) =

∫
dt

2π
eiωt. (7.4)

After rearranging slightly and using the fact that |i〉 and |f〉 are eigenstates of the single-

particle Hamiltonian H, we find

Si(q, ω) =

∫
dt

2π

∑
f

eiωt 〈i| eiHte−iq·re−iHt |f〉 〈f | eiq·r |i〉

=

∫
dt

2π
eiωt 〈i| eiHte−iq·re−iHteiq·r |i〉 . (7.5)

In the second line, we have used completeness to remove the sum over final states. The

IA corresponds to replacing H by the free-particle Hamiltonian H0, which can be justified

in the limit of (ω/EB)2 � 1 (see Section III of Ref. 71). After inserting a complete set of

momentum eigenstates and integrating over the direction of momentum, we obtain

Si(q, ω) = (2π/q)

∫ ∞
|w/q−q/2|

p dp ρi(p), (7.6)
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where ρi(p) = (2π)−3| 〈i|p〉 |2 is the initial-state momentum density, which is here assumed

to be isotropic (e.g. s-shell, or sum over a filled subshell).

This formula can be interpreted as describing XRTS from a gas of free electrons with

the same initial-state momentum distribution. The scattering spectrum consists of a line

centered at the free-particle Compton shift ωc = q2/2 that is Doppler broadened by the

projection of the momentum distribution along the direction of q. The integral over the mo-

mentum distribution in Eq. (7.6) simply counts electrons with a given momentum-projection

pq determined by the energy transfer.

We now turn to methods that take the binding energy into account.

7.2.2 Hydrogenic Model

It is possibly to analytically evaluate Eq. (7.3) using hydrogenic initial and final states. For

a 1s initial state, the result is[71]

Si(q, ω) =

∫
d3p

(2π)3
| 〈f | eiq·r |i〉 |2δ(ω − EB − p2/2), (7.7)

with

| 〈f | eiq·r |i〉 |2 =
π283a2

p
(1− e−2π/pa)−1

× exp

[−2

pa
tan−1

(
2pa

1 + (q2a2)− p2a2

)]
×

[
k4a4 + (1/3)k2a2(1 + p2a2)

]
×

[
(k2a2 + 1− p2a2)2 + 4p2a2

]−3
. (7.8)

Here, p is the final-state momentum, a = 1/Z where Z is the effective nuclear charge[45], and

EB = 1/2Z2 is the binding energy. In this expression, contributions from bound final states

have been neglected. Expressions for shells other than the 1s are included in Schumacher,

et al.[252] , where this method is referred to as the hydrogenic form-factor approximation.

We will, however, refer to this simply as the hydrogenic model (HM).

7.2.3 Plane-wave form-factor approximation

The plane-wave form-factor approximation (PWFFA) is an attempt to improve the IA by

including the binding energy in the kinematics. The final states are assumed to be momen-
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tum eigenstates, which is conceptually appealing in the context of dense plasmas where the

jellium model has found wide application. However, as we demonstrate in Sect. 7.4.2, a fun-

damental difficulty arises: this approximation effectively evaluates the initial-state energy

using the atomic Hamiltonian, while evaluating the final-state energy using the free-particle

Hamiltonian. This inconsistent treatment violates energy conservation, resulting in vio-

lations of the Bethe f -sum rule and deviations from experimental results that, although

small in the original context of gamma-ray scattering, are quite large under the kinematic

conditions typical of XRTS measurements. It is the use of the PWFFA in the interpretation

of recent XRTS experiments on WDM[240, 249, 243, 107, 174, 173, 96]that motivates the

present paper.

Schumacher’s derivation of the PWFFA[252] makes the following assumptions:

|f〉 = |p + q〉∑
f

→
∫

d3p

(2π)3

Ef = Ep+q =
(p + q)2

2

Ei = −EB (7.9)

where EB is the initial-state binding energy, p is the initial-state momentum and p + q is

the final-state momentum. Assuming that T = 0 and applying (7.9) to (7.3), we find

Si(q, ω) =

∫
d3p

(2π)3

∣∣〈p + q| eiq·r |i〉
∣∣2 δ(Ep+q + EB − ω)

=

∫
d3p

(2π)3
|〈p|i〉|2 δ(Ep+q + EB − ω)

=

∫
d3pρi(p)δ(Ep+q + EB − ω) (7.10)

In the second line we use the fact that eiq·r is a momentum translation operator. The last

line uses the definition of the momentum density ρi(p) = (2π)−3 |〈p|i〉|2. Furthermore, if

we again restrict ourselves to an isotropic momentum density (e.g., s-shell, or sum over a

filled subshell), we can perform the angular integrals to obtain

Si(q, ω) = (2π/q)

∫ √2(ω−B)+q

|
√

2(ω−B)−q|
p dp ρi(p) (7.11)
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This expression, along with (7.1) differs from Schumacher’s[252] Eqs. (5) and (21) only in

that it does not contain the relativistic prefactor
√

1 + (p/mc)2, which for the experimental

conditions under consideration differs negligibly from unity.

Eq. (7.11) has the same form as the IA expression Eq. (7.6), differing only by the bounds

on the integration over the momentum density. Given this similarity and the well-tested

validity of the IA in its regime of applicability, one would expect that for ω � EB the

PWFFA would reproduce the IA. This is, however, not the case — despite claims in the

literature to the contrary.[252, 107] We will return to this point in Sect. 7.4, after comparison

with experiment.

7.2.4 The real-space Green’s function method

The prior methods have all treated XRTS for an isolated atom to various degrees of ap-

proximation. The next method we describe treats an arbitrary cluster of atoms using a

real-space Green’s function (RSGF) formalism implemented in recent versions of the x-ray

spectroscopy code FEFF .[263] This formalism, which can treat complex, aperiodic sys-

tems, has been extensively applied to condensed-matter systems, where XRTS/NIXS pro-

vides a bulk-sensitive alternative to, and extension of, soft x-ray absorption spectroscopy,

[263, 272, 270, 13, 79, 89, 225] The RSGF approach has recently been extended to treat the

valence contribution.[194]

Starting with a description of atomic species and locations, an effective one-particle

Green’s function for the valence electrons in the cluster of atoms is calculated in the muffin-

tin approximation, including the effects of full multiple scattering[234]. This Green’s func-

tion implicitly contains the excited electronic states that are the final states in the scattering

experiment. In terms of a spectral density matrix defined by ρ(E) =
∑

f |f〉 〈f | δ(E −Ef ),

which is related to the Green’s function by 〈r| ρ(E) |r′〉 = −(1/π) ImG(r′, r, E), Eq. (7.3)

can be recast as

Si(q, ω) = 〈i| e−iq·r′Pρ(E)Peiq·r |i〉 . (7.12)

Here E = ω + Ei is the photoelectron energy and P projects the final states (which are

calculated in the presence of a core hole) onto the unoccupied states of the initial-state
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Hamiltonian (which has no core hole).[263] The Green’s function can be separated into

contributions from the central atom and from scattering off other atoms in the cluster.

Likewise, the dynamic structure factor can be factored as

Si(q, ω) = S0(q, ω)[1 + χq(ω)], (7.13)

where S0(q, ω) is a smoothly varying, isotropic atomic background and χq is the fine struc-

ture due to all orders of photoelectron scattering from the environment.[263, 83] Implicit in

the fine structure is information about nearest-neighbor distances and thus also density[263].

However, at the poor experimental resolution typical of WDM measurements[107], this

structure will be washed out. Thus, for our purposes, we will include only the atomic

background contribution, S0(q, ω).

7.3 Experiment

Although we are ultimately interested in the elevated temperatures and densities of WDM,

it is important to first validate theoretical methodology against spectra taken under known

thermodynamic conditions and at higher resolution than presently typical of WDM experi-

ments. To this end, experimental XRTS data for polycrystalline Be at ambient temperature

and pressure were collected using the lower energy resolution inelastic x-ray (LERIX) spec-

trometer at beamline 20-ID of the Advanced Photon Source.[84] Scattered photons with

ω2 = (9891.7 ± 0.2) eV were analyzed by a single spherically bent Si crystal located at a

fixed 171◦ scattering angle while scanning the incident photon energy. From the elastic

peak width the total instrumental resolution was determined to be 1.3 eV. The data, which

have previously been reported[194], are shown in Fig. 7.1. The graph is labelled S(qθ, ω) to

indicate that the data are collected at fixed scattering angle, and thus q is a weak function

of ω.

After normalizing to the incident flux, a small linear background and a single scale factor

were fit in order to match the RSGF core calculation in the tail region (800 < ω < 1500 eV)

and thus put the data into absolute units. The results of this fit have been used to scale

the experimental data in Fig. 7.1. Additionally, theoretical core and valence calculations,

the fit linear background, and the sum of these three are shown.
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−1

θ = 171◦

Expt.
RSGF core
RSGF val.
linear BG
RSGF + BG

0 200 400 600 800 1000

ω (eV)

0.0

0.2

S
(q

θ
,ω

)
(1

0
−

2
eV

−
1
)

Figure 7.1: (Color online.) XRTS from polycrystalline beryllium under ambient conditions

at a fixed 171◦ scattering angle and 9890-eV scattered photon energy[194]. Here, the energy

transfer ω is the difference between the incident and scattered photon energies. In the

upper panel, the data are shown along with a combined real-space Green’s function (RSGF)

valence and core calculation. The data have been scaled as described in the text. In the

lower panel, the valence contribution and linear background have been subtracted to give

the core contribution alone.
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The experimental generalized oscillator strength
∫

(2/q2)ωS(q, ω)dω matches that for the

combined theoretical RSGF spectrum to within 1%. Since the measurement was performed

at fixed scattering angle, this value is slightly larger than the Bethe f -sum rule[251, 151, 293]

value of N=4 (which only holds for experiments performed at fixed q).

The theoretical valence profile, calculated from the RSGF,[194] was then subtracted to

obtain the experimental core profile, shown in the lower panel of Fig. 7.1. The small peak

visible for 550 < ω < 650 eV is a result of the theoretical valence profile underestimating the

actual contribution in this region, as was also seen in comparisons with higher momentum-

transfer data (see Figs. 4 and 5 of Mattern, et al.[194]).

7.4 Results and Discussion

7.4.1 Comparison of Experiment and Theory

The extracted experimental core profile is compared in Fig. 7.2 to to each of the four

theoretical calculations discussed in Section 7.2. All calculations are in absolute units and

have taken the weak dependence of q on ω into account. Vertical guides are included at the

1s binding energy (112 eV) and the free-particle Compton shift (396 eV).

The IA and PWFFA calculations use the ground-state Dirac-Fock Be 1s wavefunction

calculated using FEFF ’s atomic solver as the initial state, and thus only differ in their

treatment of the final states and energy conservation. For the RSGF calculation, the Dirac-

Fock wavefunction is calculated in the presence of a 1s core-hole. We have included only

the atomic background contribution S0(q, ω). The fine structure visible in the experimental

data for ω . 200 eV is not included, although it has been treated elsewhere.[263] The HM

calculation uses hydrogenic wavefunctions with an effective nuclear charge (Z=3.685)[45]

for the initial and final states.

We focus on three regions for comparison: the vicinities of the K-edge binding energy

(ω ∼ 112 eV), the peak (ω ∼ 396 eV), and the tail (ω & 600 eV). The RSGF calculation

matches the data reasonably well in all three regions (with the exception of immediately

above the K edge, where interference effects have been omitted). The HM accurately

describes the peak and tail regions, but shows a large deficit above the experimental binding
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Figure 7.2: (Color online.) Comparison of extracted core-shell XRTS with theoretical cal-

culations using the RSGF, the hydrogenic model (HM), impulse approximation (IA), and

plane-wave form-factor approximation (PWFFA). The energy transfer ω is the difference

between the incident and scattered photon energies. All calculations are in absolute units.

Vertical guides are shown at the 1s binding energy (112 eV) and the free-particle Compton

shift (396 eV).
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Figure 7.3: (Color online.) On the left are shown the integration bounds for both the

PWFFA (upper and lower bounds) and IA (lower only, upper bound is ∞) calculations.

On the right, plotted vertically, is the integrand pρ(p). Both the offset of the peak by the

binding energy (112 eV) and the lack of convergence of the PWFFA to the IA at large ω

are apparent.



90

energy due to the larger binding energy of the hydrogenic state. The IA, which ignores the

binding energy, has an unphysical tail at low energy transfers. The peak region is reasonably

well described by the IA, while the high-ω tail region is quite accurate. This is expected

since the conditions of applicability of the IA are well satisfied for large energy transfer.

By contrast, although the PWFFA of Schumacher, et al.[252] vanishes below K edge, it

exhibits only a gradual onset and further shows strong quantitative and qualitative disagree-

ment with the experimental data everywhere else. Given its application in the interpretation

of several XRTS experiments[240, 249, 243, 107, 174, 173, 96]on WDM, and its evident fail-

ure to describe high-resolution synchrotron measurements, we now turn our focus to the

PWFFA. We will first look in more detail at the source of the approximation’s error, and

then briefly discuss the possible implications for interpretation of experiment and future

best practice.

7.4.2 A closer look at the PWFFA

Although others have previously observed that the PWFFA gives results with unphysical

features that are in disagreement with experimental data,[53, 18] we are unaware of a

discussion of the origin of the approximation’s inconsistency. We now consider this point in

detail.

An alternative route to obtain the PWFFA is to follow the IA derivation up to Eq. (7.5).

At this point, if one makes the ad hoc approximation of replacing only the second H by H0,

Si(q, ω) ≈
∫

dt

2π
eiωt 〈i| eiHte−iq·re−iH0teiq·r |i〉 . (7.14)

then, instead, the PWFFA result (7.11) follows. Thus, the assumptions (7.9) correspond to

making the uncontrolled approximation of evaluating the initial-state energy using H and

the final-state energy using H0. This effectively violates energy conservation, opening the

possibility of unphysical results.

As we mentioned in Sect. 7.2.3, the IA (7.6) and PWFFA (7.11) results differ only in

the bounds of the integration over the momentum density. In left panel of Fig. 7.3, we show

the integration bounds as a function of ω for both theories. For the IA, there is no upper

bound, and for the PWFFA the upper bound is only relevant for small ω, beyond which it is
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Figure 7.4: (Color online.) Theoretical core profiles for the experimental conditions of Fort-

mann, et al.[96]. The inaccuracy of the PWFFA remains, even after substantial broadening.

well above the integrand’s region of support. The right panel shows the integrand (rotated

so that the abscissa runs vertically). The scattering spectra can be seen to peak when the

lower integration bound vanishes. For the PWFFA, this is offset to higher energy transfer

by the binding energy of the initial state. Furthermore, the failure of the PWFFA to reduce

to the IA at large ω can be clearly seen here. The offset of the PWFFA peak relative to the

IA appears to be in conflict with the calculations presented in Fig. 3 of Riley, et al.[240].

Given the much lower energy resolution typical of WDM experiments, it is natural to

ask whether the discrepancies seen above are relevant in that context. In Fig. 7.4, we

compare RSGF, IA and PWFFA calculations at the representative experimental conditions

of Fortmann, et al.[96]. The IA calculation has been truncated at the empirical binding

energy. In addition to the absolute-unit PWFFA calculation, we have included a curve scaled

to match the f -sum of the other theoretical curves. The unbroadened calculations are shown

in the upper panel. The curves in the middle panel are broadened by 115-eV (FWHM) to

match the experimental resolution of Ref. 96. Finally, for illustrative purposed, the lower

panel contains curves broadened by 500 eV. Even in the latter, admittedly extreme case,
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Figure 7.5: (Color online.) Theoretical (RSGF) XRTS from polycrystalline Be compressed

to 3.6× ambient density. The valence contribution is broader than under ambient condi-

tions (cf. Fig. 7.1, top panel). Subsequently, the core contribution (assumed here to be

independent of density) is relatively larger in the region of the peak.

the PWFFA offset and subsequent overestimation of the high-ω tail is still quite prominent.

The ad hoc f -sum scaling results in a tail that is only slightly overestimated, but at the

cost of an extreme deficit beneath the peak.

At the higher densities typical of WDM, the core contribution becomes even more im-

portant. As the density is increased, the Fermi level increases relative to the bottom of the

valence band resulting in a broader valence contribution. The core wavefunction, on the

other hand, is only weakly dependent on density (at least for modest compression, where the

cores from neighboring sites have negligible overlap). Subsequently, as shown in Fig. 7.5 (cf.

Fig. 7.1, top panel), the core contribution is relatively larger in the peak region, increasing

the importance of a numerically accurate theoretical treatment.

7.4.3 Implications

We now turn to implications of an incorrect core treatment on the interpretation of XRTS

spectra from WDM. It is important to recognize the difficulty of these experiments and their
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analysis. The intrinsic width of backlighter x-ray sources fundamentally limits the energy

resolution obtainable in this measurement technique. The low flux and need for single-shot

measurement requires the use of low-resolution spectrometers with limited spectral range

further decreasing the resolution while also complicating background characterization. This

uncertainty in the background subtraction makes f -sum normalization especially difficult,

and thus the spectra often can not be reliably placed into absolute units. Furthermore, the

highest likelihood background is necessarily dependent upon assumptions made about the

core contribution to the spectrum.

The complicated interplay between the various degrees of freedom present in such fits

makes it difficult to state the exact implications of using the PWFFA in the extraction of

thermodynamic state variables in published work.[240, 249, 243, 107, 174, 173, 96]It is likely

that, in order for a good fit in the high-ω tail to be obtained, the ionization state must be

overestimated. This could explain the discrepancy noted by Fortmann, et al.,[96] between

their best-fit ionization state found using the PWFFA and earlier work that appears to use

the HM.[181, 106] Beyond that, the net effect on extracted thermodynamic parameters is

unclear. However, due to this previously undiagnosed systematic uncertainty, re-evaluation

of existing experimental data[240, 249, 243, 107, 174, 173, 96]using a more appropriate core

calculation and a maximum likelihood treatment of the background is necessary.

7.4.4 Future Practice

The limitations of the PWFFA bring up the question of best future practice for fitting

the core-shell XRTS from WDM. This will become particularly important when higher

resolution WDM-XRTS experiments are performed at the Linac Coherent Light Source and

the National Ignition Facility. If such experiments are to reach their full scientific potential,

errors on the scale of those given by the PWFFA must be avoided. An ideal treatment would

include self-consistent determination of occupied and unoccupied electronic states including

condensed-phase effects. Also, the decrease of ionization potentials with increased density

(i.e., continuum lowering) should be either implicitly present in the calculation, or tunable

using models from plasma physics.[70, 273, 300]
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5 Å−1

6 Å−1
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Figure 7.6: (Color online.) Comparison of theoretical core contribution to Be K-edge XRTS

calculated using RSGF and truncated IA methods as a function of momentum transfer.

Vertical arrows are located at the free-particle Compton shifts.
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Figure 7.8: (Color online.) Comparison of RSGF and IA calculations for L1 (2s) and L2,3

(2p) subshells, along with the combined spectra at high q. While the RSGF and IA differ

for individual subshells, agreement is recovered for the combined spectra.

Of the methods we have presented, the RSGF calculation most closely describes the

ambient experimental data. Condensed-phase effects are included explicitly in final states.

Although a frozen atomic core wavefunction is used, this is a common feature of all tech-

niques under consideration, and should be sufficient at modest densities where core overlap

is expected to be negligible. The primary limitation of the RSGF approach is that it is

currently unclear how to incorporate continuum-lowering effects.

Alternatively, one can use an ad hoc modification of the low-energy-transfer tail of the

IA

Str−IA(q, ω) = S(q, ω)

(
1− 1

eβ(ω−EB) + 1

)
. (7.15)

We will refer to this approach, which for T = 0 simply truncates the spectrum below binding

energy, as the truncated IA (tr-IA). This allows straightforward application of continuum-

lowering models to adjust the binding energy. A similar approach, using screened hydrogenic

wavefunctions for the initial state instead of Dirac-Fock is discussed in Gregori, et al.[114],

but only in the context of smaller q, where the core contribution is relatively small. In

Figs. 7.6, 7.7, and 7.8, we explore the accuracy and applicability of the tr-IA at T=0 by
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comparing it with RSGF calculations for a range of momentum transfers for the K shell of

Be and L shell of Al. Note that all calculations are in absolute units.

As long as the free-particle Compton shift (shown by vertical arrows) is a few times the

edge energy, the tr-IA is in reasonable agreement with the RSGF calculation. Since the IA

satisfies the f -sum rule by construction, the truncation of the low ω tail results in slight f -

sum violations (. 5% for Al, q ≥ 6 Å−1). We also note that for the Al L shell, the tr-IA and

RSGF calculations differ for the individual subshells (Fig. 7.8, upper two panels). However,

agreement is recovered after combining to form the total L-shell contribution (Fig. 7.8 lower

panel).

Recently, another approach to modeling XRTS from WDM has been discussed by John-

son, et al.[158] They use an average-atom model, which gives a significant improvement in

the treatment of the free-electrons compared to a simple jellium model. Unfortunately, the

average-atom binding energies disagree significantly with experiment, limiting the accuracy

of the bound-free contribution to the XRTS spectrum. Johnson, et al.[158] also consider

applying the PWFFA to the average-atom 1s state for Be and find similar qualitative dis-

crepancies as we have discussed here.

In summary, for XRTS experiments with modest energy resolution at high momentum

transfer it should be sufficient to treat the bound-free contribution with a truncated IA,

where the truncation energy is adjusted to include the effects of continuum lowering. How-

ever, the IA ceases to be accurate at lower momentum transfers. If continuum-lowering

shifts and temperatures are negligible compared to the desired energy resolution, then the

RSGF approach can be immediately applied at any momentum transfer. Further investiga-

tion is needed to determine if continuum lowering can be calculated or included empirically

within the RSGF framework.

7.5 Conclusion

We have discussed several techniques for calculating the core-shell contribution to XRTS

and compared with experimental data collected from polycrystalline Be under ambient con-

ditions. Of the techniques considered, the real-space Green’s function method best describes

the data. However, a simple ad hoc truncation of the impulse approximation is reasonably
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accurate at higher momentum transfers and allows more straightforward inclusion of contin-

uum lower effects. The accuracy of this truncated IA as a function of q has been explored

by comparing with RSGF calculations for both the Be K-shell and Al L-shell. On the

other hand, the plane-wave form-factor approximation, which has been used in the inter-

pretation of several WDM experiments[240, 249, 243, 107, 174, 173, 96]is quantitatively and

qualitatively inaccurate due to an inconsistent treatment of the single-particle Hamiltonian.

Re-evaluation of the experimental data using a more accurate core calculation and maxi-

mum likelihood background subtraction is recommended. More importantly, an accurate

treatment of the bound-free XRTS from WDM will be necessary when higher resolution

experiments are performed at the Linac Coherent Light Source and the National Ignition

Facility. We believe we have also motivated the need for cross-method comparisons and

the usefulness of exchange of both theoretical and experimental techniques between the

condensed-matter and dense-plasma communities.
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Chapter 8

SYSTEMATIC ERRORS IN THE INTERPRETATION OF X-RAY
THOMSON SCATTERING STUDIES OF WARM DENSE MATTER

Uncertainties in the equation of state (EOS) of ablator materials are one of the

underlying challenges for complete modeling of inertial confinement fusion (ICF) ex-

periments. X-ray Thomson Scattering (XRTS) studies of warm dense matter hold the

potential to provide a critical test of EOS under conditions relevant to the early stages

of compression, as demonstrated by recent experimental determinations of the adiabats

in Be and CH. We discuss here a faulty theoretical treatment of inelastic x-ray scat-

tering that has, for many years, been used when interpreting x-ray Thomson scattering

studies of low-Z ablator materials. This practice has resulted in systematic errors of

inferred temperatures, ionization states and free-electron densities that are likely at the

level or larger than quoted systematic errors.

8.1 Introduction

A complete understanding of any laser-shock compression study requires careful treatment

of the laser-plasma interaction, all mass and heat transport, and the equation of state (EOS)

of the target material.[62] Any, or all, of these issues may play a role in the difficulty in

obtaining ignition in the campaign for inertial confinement fusion (ICF) at the National

Ignition Facility.[197, 120, 211] The thermodynamic path of the ablator material during

the early stages of compression is notably problematic[96, 173, 107], as it encompasses

high mass densities, structural disorder, incomplete ionization, and varying degrees of both

free electron degeneracy and electron-ion scattering. The EOS[164, 46, 237], electronic

structure[261, 161], and real-space structure[253, 217, 126, 220] in the often-called warm

dense matter (WDM) regime is consequently a matter of considerable importance and

current scientific interest.

However, from an experimental perspective, studies of WDM suffer from a substantial

complication: the high opacity of the WDM up to at least the soft x-ray regime makes
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it impossible to use passive observation of black-body radiation or laser scattering meth-

ods (as used at lower plasma densities) for the determination of state variables such as

temperature.[107, 210] This has led to a long-standing research program to develop hard

x-ray based diagnostics that actively probe the thermodynamic state variables in dense,

partially ionized systems. [177, 107, 173, 96, 200, 185, 126, 299, 266, 256] Nonresonant in-

elastic x-ray scattering (IXS), typically called x-ray Thomson scattering (XRTS) in WDM

studies, has emerged as the only broadly applicable method for studies of low-Z WDM at

large-scale laser facilities.[107] As such, XRTS has the potential to strongly constrain the

EOS of ablator materials, an accomplishment with deep importance in the campaign for

ignition. For example, recent XRTS studies of shocked Be and CH show strong progress

toward determining their adiabats in conditions relevant for the early stages of compression

in ICF.[173, 96]

However, we have recently shown[193] that a theoretically unjustifiable model, the plane-

wave form-factor approximation (PWFFA)[252], has been used for the bound-free contribu-

tion to the XRTS in many studies of WDM.[240, 249, 243, 181, 107, 174, 106, 173, 175, 96,

117, 190] The purpose of the present paper is to more completely revisit the implementation

of theoretical models used for extraction of state variables from XRTS in laser-compression

experiments and to assess the magnitude of errors that presently exist in the literature.

We have two main results. First, we find that the rejection of the impulse approxi-

mation (IA), a model well-known to be useful in the synchrotron x-ray studies,[251, 71]

has been due to an inconsistent implementation of sum-rules between the free-electron and

bound-electron contributions to the IXS. Second, we find that the near-universal acceptance

of the PWFFA in laser-compression studies of WDM has resulted in previously unquanti-

fied systematic errors that can be significantly larger than reported statistical errors, with

exact consequences that depend on experiment-specific kinematic conditions and on any

assumptions or prior knowledge about instrumental backgrounds. As a subsidiary issue,

we also propose that these results illustrate the importance of stronger communication and

shared methodologies between the plasma-XRTS and synchrotron-IXS communities: high-

resolution IXS data taken at ambient conditions should broadly serve as a testing ground for

models to be used in WDM studies at large-scale laser facilities, where energy resolutions,
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signal to noise, and knowledge of experimental backgrounds are typically much degraded.

8.2 Theory

Throughout this article, we will use Hartree atomic units (~ = me = 1) for theoretical

expressions. The experimental observable in XRTS experiments is the double-differential

scattering cross section, which in the first-Born approximation is given by[251, 71]

d2σ

dω2dΩ
=

ω1

ω2

(
dσ

dΩ

)
Th

S(k, ω), (8.1)(
dσ

dΩ

)
Th

=

(
ω2

ω1

)2

r2
0 |ε1 · ε2|2 , (8.2)

S(k, ω) =
∑
F

∣∣∣∣∣∣〈F |
∑
j

eik·rj |I〉

∣∣∣∣∣∣
2

δ(EF − EI − ω). (8.3)

A clear separation exists between the probe-specific properties given by the Thomson scat-

tering cross-section (dσ/dΩ)Th and material properties described the dynamic structure

factor S(k, ω). In Eqs.(8.1)-(8.3), ω1,2 are the incident and scattered photon energies and

ε1,2 are the respective polarizations. The energy and momentum transferred to the sample

by the inelastic scattering event are given by ω and k, dΩ is the differential solid angle into

which the photon is scattered, and r0 is the classical electron radius. |I〉 , |F 〉 are initial

and final many-particle states with energies EI , EF , respectively, and the index j runs over

all electrons. For finite temperatures, Eq. (8.3) should be thermally averaged over initial

states.

Eq. 8.3 includes both coherent scattering, in which the final and initial states are iden-

tical, and incoherent scattering, in which they differ, i.e.,

S(k, ω) = SCOH(k)δ(ω) + SINC(k, ω) (8.4)

The small energy transfer associated with quasi-elastic scattering from the ion (e.g. phonons)

does not influence the present discussion and their weight is included in SCOH(k).

We now make use of the independent particle approximation and define a partial dynamic
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structure factor

Sa(k, ω) =
∑
b

∣∣∣〈b| eik·r |a〉∣∣∣2 δ(Eb − Ea − ω)

= |fa(k)|2 + SINC
a (k, ω) (8.5)

fa(k) = 〈a| eik·r |a〉 (8.6)

where |a〉,|b〉 are initial and final single-particle states and Ea, Eb are the corresponding

energies.

It is important to note that S(k, ω) 6= ∑a Sa(k, ω), but rather that,

SCOH(k) =

∣∣∣∣∣∑
a

fa(k)

∣∣∣∣∣
2

, (8.7)

SINC(k, ω) =
∑
a

SINC
a (k, ω). (8.8)

As their names indicate, the coherent contributions add coherently, and the incoherent

contributions add incoherently.

Now, Sa(k, ω) for a single electron satisfies the following sum rules [71, 151, 293]∫ ∞
−∞

Sa(k, ω) dω = 1 (8.9)∫ ∞
−∞

ω Sa(k, ω) dω =
k2

2
. (8.10)

These generalize in the many-particle case to∫ ∞
−∞

SINC(k, ω) dω = N −
∑
a

|fa(k)|2 (8.11)∫ ∞
−∞

ω S(k, ω) dω = N
k2

2
, (8.12)

where N is the total number of electrons. We note that the sum in Eq. (8.11) is an incoherent

sum, unlike that in Eq. (8.7). Eq. (8.12) is commonly referred to as the Bethe f -sum

rule.[151]

These sum rules are useful for two primary purposes. The first is to normalize experi-

mental data to absolute units for comparison with theory, where Eq. (8.12) is to be preferred

over Eq. (8.11) because the former is independent of theoretical calculations of fa(k). We
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note that the sum rules are valid for fixed k; errors of a few percent are made when nor-

malizing energy-loss spectra taken at fixed scattering angle due to the slight ω dependence

of k. However, this is typically well below the statistical noise of WDM data. The second

purpose is as a check on any approximations made in theoretical calculations of the various

contributions to S(k, ω).

8.3 Results and Discussion

In Fig. 8.1, we show high resolution synchrotron data from polycrystalline Be at ambi-

ent conditions from Ref. 194, to which we refer for experimental details. Since S(k, ω)

from isotropic (e.g. polycrystalline) systems has no dependence on the direction of k, we

will henceforth drop the vector symbol and refer simply to S(k, ω). We note that such

high-resolution (∼ 1 eV) IXS/XRTS measurements are regularly available at synchrotron

light sources, where they are supported by dedicated endstation apparatus[85, 282, 265].

These facilities have been used to conduct numerous IXS/XRTS studies of condensed phase

systems.[251, 88, 147, 32, 36, 34, 244, 81, 271, 91, 110, 13, 83, 78, 184, 294] The data in

Fig. 8.1 have been placed into absolute units by applying a single overall scale factor in

order to numerically satisfy the Bethe f -sum rule (Eq. (8.12)). A clear distinction can be

seen between the contributions from the delocalized valence electrons and the bound core

electrons. The valence electrons contribute a peak similar to an upside-down parabola that

is centered at the free-particle Compton shift ωC = k2/2. The core contribution displays

a sharp onset at the 1s binding energy EB = 112 eV, and is subsequently much broader.

The small oscillatory structure in the core contribution near ω = EB is due to solid-state

interference effects in the final photo-electron state[263], and will not be considered further

here.

The extraction of thermodynamic parameters from XRTS spectra at elevated tempera-

tures in the WDM regime is strongly dependent on the relative magnitudes of the valence

(called free-free) and core (called bound-free) contributions to the IXS. For given exper-

imental conditions, it is the ratio of f -sums of the theoretical forms fitted to these two

contributions that, for example, substantially determines the ionization state of the core

levels. The degree of ionization in turn then constrains the inference of temperature or
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Figure 8.1: High-resolution NIXS data from polycrystalline Be at ambient conditions, nor-

malized to absolute units using the Bethe f -sum rule. A real-space Green’s function (RSGF)

calculation agrees well with the experimental data at both momentum transfers shown. A

truncated impulse approximation (tr-IA) makes modest errors at both momentum transfers.

The additional scaling present in the tr-IA∗, however, significantly underestimates the core

contribution relative to the valence.
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Figure 8.2: Comparison between experiment and plane-wave form-factor approximation.

Although the PWFFA dramatically differs from the experimental data, near-agreement on

the high-ω tail is fortuitously regained after including the scaling present in the PWFFA∗.

However, the low-ω region is significantly underestimated by the PWFFA∗.
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free-electron density. We now use the data in Fig. 8.1 as a contextual testing ground for

illustrating and evaluating the differing theoretical practice for IXS that presently exist

between the synchrotron IXS and laser-plasma XRTS communities.

We first compare the experimental data to a real-space Green’s function calculation,

shown in Fig. 8.1. We refer elsewhere for details of these calculations[193]. We note that

the RSGF calculations are preformed in absolute units, contain no free parameters, and nu-

merically satisfy the sum rules, Eqs. (8.11),(8.12), to within a few percent. Good agreement

with the data is seen throughout.

The XRTS software package[115, 114, 107] has been used for the analysis of nearly all

XRTS studies from WDM.[240, 249, 243, 181, 107, 174, 106, 173, 175, 96, 117, 190] The

starting point[114] is again the independent particle approximation, now in a form following

Chihara[42]

S(k, ω) = |fI(k) + q(k)|2Sii(k, ω) + Sff(k, ω) + Sbf(k, ω). (8.13)

The first term accounts for quasi-elastic scattering off of electrons that follow the ion mo-

tion, including bound electrons with form-factor fI(k) and the screening cloud of free (and

valence) electrons with form-factor q(k). Sii(k, ω) is the ion-ion correlation function. The

second term in Eq. (8.13) gives the contribution from free electrons and the final term gives

the contribution from bound electrons scattered into the continuum. These are the free-free

and bound-free contributions, respectively.

For the incoherent contribution to the scattered x-ray intensity, in the methodology used

in WDM studies,[107, 115, 114] one then defines

IINC = A

(
ω2

ω1

)2 [
B−3 rk S̃bf(k, ω) + Sff(k, ω)

]
, (8.14)

where A is an overall scale factor fit to experimental data. S̃bf(k, ω) is a high-k model for

the bound-free scattering, e.g., in the impulse approximation. The factor rk is intended to

correct for errors made due to this pragmatic choice. Whether this correction is valid is a

subtle point, which we will discuss in detail later after giving more context.

First, however, we discuss the Breit-Dirac recoil factor[37, 58, 154]

B−3 ≡
(

1 +
k2/2

ω1

)−3

, (8.15)
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It is surprising that this factor is associated with the material properties of the bound

electrons alone in Eq. (8.14) instead of the overall Thomson-scattering cross-section which

encapsulates the probe-specific physics in the first-Born approximation. In x-ray diffraction

studies, the total incoherent intensity is often The standard form of this correction contains

B = (ω2/ω1), which agrees with Eq. (8.15) only at the free-particle Compton shift. In

standard discussions of this correction[75, 166, 154], one factor of B is typically meant to

account for energy-sensitive detectors. This is already present in Eq. (8.14) as the additional

power of (ω2/ω1) compared to Eq. (8.1). The other two factors of B constitute the well-

known difference between the quantum and classical Thomson scattering cross-sections.[153]

These are included in Eq. (8.2) and thus have already been accounted for in Eqs. (8.1) and

(8.14). Fortunately, although the factor of B−3 should not be present in Eq. (8.14), the error

it introduces is typically small; for the conditions shown in Fig. 8.1, the RHS of Eq. (8.15)

is ∼ 0.97 for the upper panel and 0.90 for the lower panel and is constant to ∼ 1%.

Now, two primary models are used for calculating S̃bf(k, ω) in WDM studies: a truncated

impulse approximation (tr-IA) and the plane-wave form-factor approximation (PWFFA) of

Schumacher[252]. In the tr-IA, the spectrum is first calculated in the impulse approxima-

tion (IA)[71], and then truncated to zero for ω < EB. We have recently shown that the

PWFFA is an uncontrolled approximation which is internally inconsistent and violates en-

ergy conservation.[193] For a thorough discussion of these two models, we refer to Ref. 193.

In both the (untruncated) IA and the PWFFA, the left-hand side of Eq. (8.11) is always

equal to the number of bound electrons Nb, with no allowance for non-zero |fa(k)|2. The

factor of rk ≡ 1 −∑a |fa(k)|2/Nb in Eq. (8.14) is then motivated by the desire to bring

these models into agreement with Eq. (8.11). However, in the case of the tr-IA, this is

flawed for several reasons. First, the truncation present in the tr-IA itself decreases the

left-hand side of Eq. (8.11). We have found numerically that the truncation alone results

in near-satisfaction of Eq. (8.11), with the residual discrepancy being . 20% for all k, as

we show later. Second, since the truncation only affects low (or negative) ω, the Bethe

f -sum rule, which is satisfied exactly for the IA, is only modestly violated (. 10%) by the

tr-IA.[193] Thus, scaling the tr-IA by rk results in substantial violation of both of the sum

rules. Third, we have found that the tr-IA is reasonably accurate along the high-ω tail for
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k2/2 & EB[193]. Consequently, any rescaling factor applied to the tr-IA over the entire

energy loss spectrum will necessarily result in departures from the physical solution for the

high-ω tail of the bound-free contribution, i.e., exactly the data that strongly influence the

inferred ionization state of the core level. In the remainder of the paper, we illustrate these

facts and analyze the consequences of this conceptual error, and the closely related adoption

of the PWFFA, in the analysis of XRTS WDM studies.

Throughout the following discussion, we will use the notation tr-IA∗ and PWFFA∗ to

refer to the scaled combination B−3 rk S̃bf(k, ω) (see Eq. (8.14)). In Fig. 8.1, we show

tr-IA and tr-IA∗ calculations using a hydrogenic 1s wavefunction with a screened nuclear

charge Z̃ = 3.81[216]. The value of rk in the tr-IA∗ was calculated for the same hydrogenic

wavefunction. From Fig. 8.1, it is clear that the unscaled tr-IA shows, as expected, good

agreement with the experimental data and RSGF calculations at both momentum transfers

shown. However, the scaled tr-IA∗ significantly underestimates the core contribution relative

to the valence. Again, when the rescaling of Eq. (8.14) is used, the sum rules (Eqs. (8.11) and

(8.12)) are not being consistently applied between the free-free and bound-free contributions.

In Fig. 8.2, we reproduce Fig. 8.1, but replace the tr-IA core by calculations using the

PWFFA and PWFFA∗. The unscaled PWFFA shows dramatic disagreement with exper-

iment, as we have previously noted.[193] The factor of rk in the PWFFA∗ then has its

intended effect of rescaling such that Eq. (8.11) is satisfied. This results, somewhat for-

tuitously, in much improved agreement along the high-ω tail (although, at the expense of

significantly underestimating the region near the binding energy). For this reason, the

PWFFA∗ has been preferred over the tr-IA∗ in the vast majority of XRTS studies of

WDM[240, 249, 243, 181, 107, 174, 106, 173, 175, 96, 117, 190]. However, the fact that the

PWFFA∗ gives reasonable fits to experimental data provides no support for this method-

ology. Instead, it emphasizes that low-resolution XRTS data typically has relatively low

information content and cannot generally be expected, by itself, to select between different

theoretical treatments of the electronic structure of WDM.

In order to determine the magnitude of systematic errors made by the use of the PWFFA∗

in XRTS studies, we consider two representative cases. In Fig. 8.3, we simulate incoherent

scattering spectra using a core contribution calculated from the RSGF[263] combined with
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Figure 8.3: Estimation of characteristic systematic errors when using the PWFFA∗ in the

thermodynamic and kinematical conditions of (A) Lee, et al[181] (90◦ data) and (B) Fort-

mann, et al.[96] (pre-shock-collision). Simulated IXS is generated by combining a real-space

Green’s function core (RSGF) with a valence calculation in the Born-Mermin approximation

and broadening to match the combined experimental resolution (Source). The simulated

curves are then fit using a PWFFA∗ core and a BMA valence with adjustable density ne,

temperature T and ionization state Zfree. Additionally, a constant baseline and overall

amplitude are fit to emulate the presence of an unknown background and uncertain exper-

imental normalization.
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a valence contribution in the Born-Mermin approximation (BMA)[255] under the conditions

of Lee, et al.[181] (Fig 8.3A) and Fortmann, et al.[96] (Fig. 8.3B). The incident energies and

scattering angles were chosen to match the experimental studies, and all curves have been

Gaussian broadened (60-eV FWHM for panel A and 70-eV for panel B, labeled “Source”)

to agree with the net experimental resolution of these studies. The simulated curves were

then fit using a PWFFA∗ core and a BMA valence contribution (labeled BMA’ in Fig. 8.3)

parameterized by electron density, temperature and ionization state. Additionally, a con-

stant baseline and overall amplitude were included in the fit, as is standard practice due to

uncertainties in background levels and normalization of experimental data. The curves in

Fig. 8.3 are plotted with respect to scattered energy instead of energy transfer, as is typical

in the XRTS literature.

For the lower incident energy and k of Fig. 8.3A, the valence electron response is partially

collective, as can be seen by the density-dependence of the valence peak location. The

PWFFA∗ core peaks at lower energies than the RSGF core, which is compensated for in the

fit by increasing the density by ∼ 45%. We also note that a negative baseline was required

to obtain agreement along the low-energy tail. To summarize: using a correct theoretical

treatment for the core, we have made simulated spectra at the reported thermodynamic

conditions of reference 181. We find that fits based on the PWFFA∗ (Eq. (8.14)) then lead

to deviations (9% for T and 47% for ne) at the scale of the reported statistical errors (23%

for T and 6% for ne).

At the higher incident energy and k of Fig. 8.3B, the valence electron peak location is

no longer density dependent, but instead is located near the free-electron Compton shift.

The scattering in this regime is entirely non-collective. Here the lack of weight in the

PWFFA∗ near the binding energy is compensated for by increasing the ionization state

by 15%. Increasing ionization state alone results in a overly-broad peak, which is further

corrected for by an underestimation of temperature by ∼ 50%. However, this result is highly

influenced by the strong covariance present between temperature and density, which must

be broken by accurate modeling of the coherent scattering contribution. We note that the

peak shift in the core cannot be completely compensated for by adjusting any of the free

parameters we have allowed. To summarize: using a correct theoretical treatment for the
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k = 2.3 k = 4.5

Sim. PWFFA* tr-IA Sim. PWFFA* tr-IA

T (eV) 13 12 12 8 4 7

ne (Å−3) 0.75 1.10 0.7 0.90 1.10 0.90

Zfree 2.0 2.0 2.0 2.0 2.3 2.0

Table 8.1: Effect of different models for the core contribution on fits to simulated data.

core, we have simulated spectra at the reported thermodynamic conditions of reference 96.

We find that fits based on the PWFFA∗ lead to deviations (50% for T and 22% for ne) that

are at the scale of reported statistical errors (22% for T and 8% for ne).

We have also performed fits to the simulated spectra using the unscaled tr-IA for the

core. These results, and those of the fits shown in Fig. 8.3, are shown in Table 8.1. Compared

to the PWFFA∗, the tr-IA fits come much closer to reproducing the simulated parameters

although small discrepancies remain. We note that in these and similar experimental con-

ditions, the best-fit parameters will also be dependent on the accuracy of the estimated

binding energy, including any continuum lowering effects.[44]

In Table 8.2 we show the result of numerically evaluating the sum rules for the contri-

bution to S(k, ω) (for fixed k) from a single 1s electron in Be using the various theoretical

treatments we have discussed. The RSGF values agree with the exact values to within a

few percent. The unscaled tr-IA satisfies the f -sum rule to a similar accuracy, but slightly

overestimates the total integral. The scaled tr-IA∗ and unscaled PWFFA both significantly

violate both sum rules. Finally, the scaled PWFFA∗ is close to having the correct total

integral, but violates the f -sum rule by 30− 50%.

8.4 Conclusion

We have shown that an inconsistent normalization between the bound-free and free-free

contributions to x-ray Thomson scattering has been used in the analysis of many diagnostic

studies of WDM[240, 249, 243, 181, 107, 174, 106, 173, 175, 96, 117, 190]. This has resulted

in the adoption of a theoretically unjustifiable model for the bound-free contribution which
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ka0 Exact RSGF tr-IA tr-IA∗ PWFFA PWFFA∗

〈
ω0
〉 2.3 0.32 0.31 0.36 0.10 0.99 0.28

4.5 0.73 0.72 0.76 0.49 0.99 0.63

2
k2

〈
ω1
〉 2.3 1.00 1.02 1.02 0.29 5.11 1.45

4.5 1.00 1.03 1.05 0.67 2.06 1.31

Table 8.2: Numerical evaluation of sum rules, Eqs. (8.11) and (8.12), for the contribution

to S(k, ω) from a single 1s electron in Be at fixed k. For the exact value of
〈
ω0
〉
, the RHS

of Eq. (8.11) was evaluated for a Hartree-Fock 1s orbital.

has led to previously unidentified systematic errors. We find that these systematic errors

are likely at, or above, the reported level of statistical uncertainty in many of these studies.

Both a reanalysis of prior work and a modification of ongoing data analysis methods are

needed.
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Chapter 9

CONCLUSIONS AND FUTURE DIRECTIONS

In this dissertation, I have developed a method for theoretical calculation of the valence-

electron contribution to non-resonant inelastic x-ray scattering spectra from materials in the

warm dense matter regime. In doing so, I have shown the importance of including the non-

perturbative effects of the ion-electron interaction on the valence-electronic state. I have

also discussed the relative strengths of a variety of models for the core-shell contribution.

I have shown that the prevailing models used in the analysis of non-resonant inelastic

x-ray scattering studies of warm dense matter introduce systematic errors into extracted

thermodynamic state parameters that are likely at the level of current statistical accuracy or

larger. These errors are due to a common misconception, namely that the valence electron

wavefunctions in dense systems can be accurately treated as being simply plane waves.

Such an approximation neglects the non-perturbative effects of the potential landscape in

which the valence electrons live. In particular, the lack of orthogonalization between valence

electrons and occupied core states results in a significant underestimation of the breadth of

the valence-electron momentum distribution and thus the width of the Compton scattering

contribution to the NIXS spectrum. This leads to underestimation of electron density,

temperature or both parameters in fits to experimental NIXS data from WDM. For the

core-shell contribution to NIXS, the use of plane-wave final states results in a shift of the

peak to higher energy transfer, with the offset being equal to the binding energy of the core

state. The effect that this has on extracted thermodynamic parameters depends on both

the kinematics of the experiment (which sets the Compton shift, and thus the location of

the core-shell contribution with respect to that from the valence). However, in any case,

this results in a reshaping of the portion of the spectrum to be fit by the valence-electron

model, and thus a modification of extracted thermodynamic parameters.

The logical next step for this work is to include ionic disorder by averaging over con-
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figurations obtained from molecular dynamics simulations of hot-dense Be. Currently, for

a single configuration at fixed thermodynamic state, the FEFF calculation requires ∼ 200

hours of CPU time. This time scales linearly with the number of configuration and points in

thermodynamic phase space required. Thus, a study including disorder could be performed

on a modest computational cluster. However, the computational time required to perform

perform a full unconstrained fit to experimental data is still somewhat prohibitive. Before

such an effort is to be deemed worthwhile, critical tests of each component of the spectrum

are needed.

At present, the low resolution of experimental data, which is insufficient to even dis-

tinguish between the core- and valence contributions to the spectrum, makes such tests

difficult, since data can be fit well using a variety of models. Fortunately, higher energy

resolution will be attainable in studies at x-ray free electron facilities such as the Linac Co-

herent Light Source (LCLS) at Stanford and the upcoming European X-ray Free Electron

Laser (XFEL) in Hamburg, both of which have plans for beamlines focused on studying

matter at elevated temperatures and densities. As data from these facilities becomes avail-

able, the separation between the valence and core-shell contributions to the spectrum should

be much more clear, providing an additional strong constraint on fitting parameters and

thus give a much better test of theoretical models used for each of the contributions to the

spectrum.
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Appendix A

A PLASTIC MINIATURE X-RAY EMISSION SPECTROMETER
(MINIXES) BASED ON THE CYLINDRICAL VON HAMOS

GEOMETRY

(Originally published as: B. A. Mattern, G. T. Seidler, M. Haave, J. I. Pacold, R. A. Gordon,

J. Planillo, J. Quintana, and B. Rusthoven, Rev. Sci. Inst. 83, 023901 (2012))

We present a short working distance miniature x-ray emission spectrometer (miniXES)

based on the cylindrical von Hamos geometry. We describe the general design principles

for the spectrometer and detail a specific implementation that covers Kβ and valence

level emission from Fe. Large spatial and angular access to the sample region pro-

vides compatibility with environmental chambers, microprobe and pump/probe mea-

surements. The primary spectrometer structure and optic is plastic, printed using a

3-dimensional rapid-prototype machine. The spectrometer is inexpensive to construct

and is portable; it can be quickly set up at any focused beamline with a tunable narrow

bandwidth monochromator. The sample clearance is over 27 mm, providing compatibil-

ity with a variety of environment chambers. An overview is also given of the calibration

and data processing procedures, which are implemented by a multiplatform user-friendly

software package. Finally, representative measurements are presented. Background lev-

els are below the level of the Kβ2,5 valence emission, the weakest diagram line in the

system, and photometric analysis of count rates finds that the instrument is performing

at the theoretical limit.

A.1 Introduction

Several different types of dispersive optics are used in x-ray spectrometers for laboratory and

light-source based experiments. The Johann[156], Johannson[69, 157], and von Hamos[289]

geometries are the most commonly used, and considerable effort has been made to steadily

improve the quality of such optics and the diversity of their application [260, 145, 140,

4, 125, 128, 129, 130, 131, 206, 239, 258, 259, 222, 295, 296, 86]. In practice, instruments
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based on spherically-bent crystal analyzers (SBCA) using the Johann geometry are the most

commonly employed, with several instruments based on one or more SBCA present at most

hard x-ray light sources[22, 226, 165, 132]. While some of the dominance of SBCA-based

instruments is historical in nature and some is due to synergistic benefits of using SBCA for

∼ 1-eV resolution at facilities where SBCA have also been developed for much higher energy

resolution applications, it is important to recognize that the SBCA-based instruments hold a

unique advantage in flexibility of operation. First, when used in traditional, focusing mode,

they efficiently select a single emission energy and consequently are ideal for high-energy

resolution fluorescence detection (HERFD), a technique with rapidly growing appeal in the

synchrotron community. [54, 100, 55, 101, 189, 28] Second, when operated in positions off

the Rowland circle, as has been common for some years in plasma physics[94, 279, 196] but

is a more recent development in synchrotron radiation studies,[140, 283, 2, 148] the SBCA

then support dispersive-mode operation, distributing their collection solid angle across a

range of emission energies.

That being said, when one excludes the case of HERFD applications from dilute species,

spectrometers based on purely dispersive analyzer optics are often at least technically com-

petitive with multi-SBCA systems and sometimes have operational characteristics that are

highly favorable to net scientific output.[137, 275, 139, 138] One of the most recent ex-

amples of such an alternative route to ∼1-eV resolution hard x-ray spectroscopy comes in

the demonstration of a very efficient, short working-distance (SWD) x-ray spectrometer by

Dickinson, et al.[57] As demonstrated in the present paper, these instruments are inexpen-

sive, easily fabricated and operated, and (perhaps most importantly from the standpoint of

fostering novel science) are trivially portable and can be readily implemented at any high-

flux, hard x-ray beamline. As such, they provide an important new route to implement

∼ 1-eV resolution resonant and non-resonant x-ray emission spectroscopy.

SWD optics are based on the observation that microfocused incident beams permit one

to obtain good energy resolution from an analyzer crystal which is ∼1 cm from the sample,

as opposed to the ∼1-m distance which is more typical when using spherically bent crystal

analyzers (SBCA). In Dickinson, et al.[57], a collection of small, flat analyzer crystals were

arranged near the sample on a fixed support in a Johann-like configuration. The reflections
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from the analyzer crystals were spatially filtered so that each crystal uniquely illuminates

a different region on a 2-dimensional position-sensitive detector (2D-PSD) having very low

dark-counts and readout noise. After in situ calibration of each pixel of the 2D-PSD,

the resulting instrument demonstrated performance comparable to traditional inelastic x-

ray scattering or x-ray emission spectrometers for some applications. The low cost and

straightforward operation of even the prototype instrument suggest a useful range of future

applications of SWD optics in x-ray emission spectroscopy and inelastic x-ray scattering

experiments. In particular, for concentrated samples SWD spectrometers should provide

single-shot collection of hard x-ray emission spectra at the Linac Coherent Light Source.

Our research group has since pushed forward to develop several variants of SWD

spectrometers[213, 109]. This approach has come to be known in the synchrotron commu-

nity as “miniXES” (miniature X-ray Emission Spectrometer). In this paper, we present a

spectrometer covering the Fe Kβ and valence emission regions using an SWD design based

on the von Hamos geometry. Fe compounds are ubiquitous across many areas of active re-

search, including high pressure studies of magnetism[10, 9, 11, 186, 187], non-precious metal

fuel-cell catalysts[159], metalloenzymes[221] and other metallo-organics[280], thus motivat-

ing this choice of energy range.

As noted previously[57], the Johann geometry for SWD optics often presents a significant

challenge to the experimenter to find a analyzer crystal with a Bragg reflection quite close to

backscatter for the desired energy range. The Johann geometry does not satisfy the Rowland

circle, and the associated Johann aberrations, which are small for longer working-distance

instruments (such as SBCA), become extreme for the large collection angles used in the SWD

approach when the reflection from the analyzer crystal is not close to backscatter. In the von

Hamos geometry, however, each analyzer crystal approximately satisfies its own Rowland

circle. This allows the use of a Bragg reflection further from backscatter, increasing the space

available for the sample, removing the sample from the path between analyzer and detector

and allowing compatibility with a range of sample environments such as cryostats, furnaces,

diamond anvil cells (DACs) and electrochemical cells. This geometry also spatially separates

the sample-to-analyzer and analyzer-detector pathways allowing for improved shielding.

The remainder of this paper is arranged as follows. In section A.2 we describe the design
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Figure A.1: (Color online). (a) Side view of ray tracing for a single analyzer crystal. (b)

Front view. Ray tracing from real source to analyzer crystals has been left off for clarity.

Note that only ∼30% of each analyzer crystal is active.

and construction of the spectrometer and the experimental configuration. A key point in

the design process is the use of in-context computer-aided design (CAD) in the SolidWorks

environment and the embedding of the geometric constraints associated with optimal de-

sign of the SWD optic into the CAD assembly documents. Although the spectrometer

could have been machined using traditional means, it was convenient and less expensive

to have major components fabricated as all-plastic parts using a 3-dimensional rapid pro-

totyping machine (i.e., “3D printer”). This combination of CAD-embedded geometrical

constraints and rapid prototyping greatly eases modification of the design to cover a wide

range of a different emission lines. As discussed in this section, table A.1 contains a list

of suitable analyzer crystals and Bragg angles for 3d transition metal Kβ emission lines.

The current spectrometer design can be easily modified to produce spectrometers for any

of these emission lines. In section A.3 we describe the spectrometer operation, calibration

and data processing procedures. We have written a cross-platform Python software pack-

age to streamline data processing for this and other similar spectrometers. This package

includes a user-friendly calibration interface and several command-line processing utilities
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allowing most data processing to occur at the beamline, including batch processing of large

data sets. In section A.3 we also present sample data taken with the instrument and give

a photometric analysis demonstrating that our instrument is performing at the theoretical

limit. Finally, in section A.4 we conclude.

A.2 Experimental

A.2.1 Spectrometer Design

The spectrometer design is a variation of the classical von Hamos optic[289], replacing

the single cylindrically bent crystal with flat crystals that tile the cylindrical surface (see

Fig. A.1). Although this modification results in a loss of focus along the cylindrical axis, a

quasi-focus is retained at which an exit aperture is placed. Following Dickinson, et. al.[57],

this exit aperture allows the dispersed image from each analyzer crystal to illuminate a

unique region of the detector.

The geometry of the spectrometer is primarily constrained by the desired energy range,

resolution and the size of the active region of the 2D-PSD. The Fe Kβ emission region,

including the valence emission band (Kβ2,5), extends from ∼7000 to 7140 eV, including

some extra range on both sides for background characterization. After selecting the desired

energy range, an appropriate analyzer crystal material and orientation are chosen so that

this energy range has Bragg angles close enough to backscatter to obtain the desired energy

resolution at a short working distance, but not so close as to negatively impact sample

clearance. For the energy range above, Ge (620) crystals give Bragg angles between 76◦ and

82◦. This spectrometer is based around a commercial 2D-PSD, the Dectris Pilatus 100K.

The detector face is 83.8 × 33.5 mm2 with 487 × 195 pixels of dimension 172 × 172 µm2.

For spectrometers coupled to this detector, the von Hamos geometry is optimal when the

range of Bragg angles of interest is greater than ∼ 3◦, as in the current case. For smaller

angular ranges, an alternative design based on the Johannson geometry[213] will typically

provide a larger collection solid angle.

For a microfocused beam, the energy resolution of the spectrometer is primarily deter-

mined by the angular size of a detector pixel as seen from a virtual source, and thus, for
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Figure A.2: (Color online). A 3D cutaway rendering of the spectrometer.

fixed linear pixel size, by the total path length from source to detector. Moving the detec-

tor further back gives a linear increase in resolution. However, since the total area of the

detector is also fixed, this results in quadratic loss of total collection solid angle. Thus, it is

optimal to place the detector as close as possible while still resolving the spectral features of

interest. For nonresonant core-shell spectroscopies, the lifetime broadening of spectral fea-

tures is dominated by the core-hole lifetime[100], e.g., 1.25 eV for the Fe 1s shell[98]. In the

case of resonant x-ray emission spectroscopy, on the other hand, resonant-Raman features

are broadened primarily by the final-state lifetime[100]. For the Fe 3p shell, the lifetime

broadening is multiplet-term dependent due to the spin dependence of super-Coster-Kronig

decay rates[288, 276], but is not lower than ∼0.6 eV[98, 276]. For the present instrument,

in order to balance collection solid angle and spectrometer resolution, we chose an average

pixel energy width of 0.7 eV. Placing the detector appropriately to obtain this resolution,

i.e., a typical distance from source to detector of 33.8 cm, results in a total active collection

solid angle of 20 msr. This solid angle is calculated as the sum of solid angles subtended by

each illuminated detector pixel as seen from the virtual source of the corresponding analyzer

crystal, and thus includes the effects of all entrance and exit apertures.
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For comparison with other spectrometers, we note that a standard 10-cm diameter spher-

ically bent crystal analyzer (SBCA) at 1-m working distance from a sample covers a solid

angle of 7.9 msr; the active collection solid angle of this spectrometer is thus equivalent to

that of 2.5 traditional SBCA.

Next, the radius of the Rowland circle (Fig. A.1a) is chosen to give a roughly even three-

way split between source-to-crystal, crystal-to-aperture and aperture-to-PSD distances.

This provides a good balance between collection solid angle, obliqueness of incidence on

the detector face and sample clearance. At this point the geometry for a single analyzer

crystal (Fig. A.1a) is fully constrained.

This geometry then must be duplicated and rotated about the line connecting the source

to the exit aperture. For a given rotation angle, the exit aperture size and detector location

would need to be chosen appropriately in order to optimally fill the detector with non-

overlapping images. Since we have already constrained the detector location, we instead fix

the non-dispersive exit aperture size and use the following iterative solution to the inverse

problem of determining the crystal locations required to optimally fill the detector.

Beginning at one edge of the 2D-PSD, (point 1 in Fig. A.1b), raytrace through the

closest edge of the aperture to the circle of virtual sources (point 2), and back to the 2D-

PSD (point 3). The intersection of this triangle with the von Hamos circle defines the

active region for one crystal. After moving over a few pixels on the detector face to prevent

overlap of dispersed images, repeat the process until the entire 2D-PSD is filled. For the

present spectrometer, this procedure results in 10 analyzer crystals with central scattering

angles from 69.3◦ to 110.7◦, separated by ∼ 4.6◦. This corresponds to momentum transfers

between 4 and 6 Å−1 for 7100 eV elastically scattered radiation.

Decreasing the non-dispersive dimension of the exit aperture results in a larger number of

narrower crystals needed to fill the detector. This has the benefit of limiting the pathways by

which non-specular scatter off of the analyzer crystals can reach the camera, thus reducing

background. In the limit of an infinitely thin aperture, one recovers the original focusing

von Hamos bent crystal. However, for flat crystals, decreased size requires higher machining

precision to gain the same angular tolerance. This places a practical lower limit on the

crystal size and thus also on the aperture size. Since the condition of non-overlapping
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images results in gaps between the active analyzer regions, the crystals can be oversized to

fill in these gaps, improving angular precision. It is beneficial to include individual entrance

apertures, one for each analyzer crystal, to ensure that only the active region is exposed.

This removes background from non-specular scattering (e.g., Compton scattering) from the

non-active crystal regions, and also helps remove scatter or fluorescence from exposed plastic

between the crystals.

This design can be easily modified to produce spectrometers covering many interesting

emission bands of other elements, e.g., the Kβ emission from other 3d transition metals.

Table A.1 lists selected Bragg angles for a few analyzer crystal materials and shows that

suitable refelections exist for all of the 3d transition metals. The relatively large acceptance

angle of the miniXES design opens up the undesired possibility of the Bragg condition

being satisfied for other planes in the analyzer that are close in angle to the desired one.

This possibility is greatly reduced by using high-symmetry analyzer materials due to the

selection rules for Bragg scattering. For this reason, we have only considered Ge, Si and

GaP in table A.1.

A.2.2 Construction

The spectrometer body is constructed out of two pieces of plastic that were fabricated using

an Alaris 30 rapid-prototyping machine. One piece (labeled “He Enclosure” in Fig. A.2)

forms the optic on which the Ge crystals are mounted, the helium enclosure and posts for

alignment with the x-ray beam. Access to the spectrometer interior is provided through a

lucite door that seals over an O-ring. A second plastic piece (“He Extension” in Fig. A.2)

extends the helium space from the exit aperture up to the detector. Polyimide film is used

to form entrance and exit windows that seal the helium space.

The interior of the He enclosure is lined with 0.25-mm thick Mo shielding in order to

prevent stray x-ray transmission through the plastic and fluorescence from the small metal

content in the plastic from reaching the detector. The Mo plates are shaped by wire-electric

discharge machining. The entrance and exit apertures are also cut into the Mo shielding.

A vertical Mo shield is placed between the source-to-crystal and crystal-to-detector paths
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Front SideBack

Figure A.3: (Color online). A rendering of the full spectrometer assembly. The side view is

looking downstream along the beam.

to limit background from He scatter.

The spectrometer and detector are mounted together on an aluminum-alloy plate that

is supported by two large optical posts attached to a lower aluminum-alloy mounting plate.

A 3D rendering of the complete assembly is shown in Fig. A.3 and a photograph of the

spectrometer is shown in Fig. A.4.

A.2.3 Sample preparation and beamline details

As reference samples, we used two pressed-powder pellets. One was 13-mm diameter, ∼1-

mm thick pellet of pure Fe3O4. The other was a 7-mm diameter pellet of FeS diluted in

BN/PVP to ∼ 0.12 absorption lengths of Fe. These were mounted inside a separate He

enclosure that was on an independent translation stage.

All measurements were performed at the 20-ID-B beamline[133] of the Advanced Photon

Source (APS) at Argonne National Labs. X-ray radiation from an undulator passes through

a liquid-nitrogen cooled Si (111) double crystal monochromator resulting in a beam with

∼0.8-eV energy resolution near 7 keV which is focused down to a 30-µm diameter spot

using Kirkpatrick-Baez mirrors. The flux incident on the sample was ∼ 1012 photons/s.

The monochromator energy was calibrated by setting the first-derivative zero crossing of
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Figure A.4: (Color online). A photograph of the Fe Kβ spectrometer, viewed from the

opposite perspective as Fig. A.2.
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an Fe foil K-edge transmission scan to 7110.75 eV[170]. As mentioned above, we used a

commercial 2D position-sensitive area detector (Dectris Pilatus 100K) with 497×195 pixels

of dimension 172× 172 µm2 covering a region 83.8× 33.5 mm2.

A.2.4 Installation

Installing the spectrometer at the beamline is straightforward and typically takes less than

an hour. The assembled spectrometer is mounted on a three-axis translation stage and

roughly aligned with the focus of the x-ray beam. Precise alignment normal to the beam

direction is performed using circular alignment posts (see Fig. A.2) by translating the spec-

trometer while measuring the transmitted x-ray intensity using a downstream gas ioniza-

tion chamber. Large samples can typically be aligned transverse to the beam by eye by

sighting through the alignment posts. For smaller samples a combination of transmission

measurements and fluorescence detection using a nearby solid state detector can be used.

Longitudinal alignment is then performed using the symmetry of elastic scattering arcs on

the 2D-PSD. Once aligned, test exposures are used to reveal any radiation leaks to the

detector. Lead tape is then applied as remedy.

A.3 Spectrometer Operation and Results

We now discuss the spectrometer operation, calibration and data processing procedures and

present typical results. All processing routines are implemented in a multi-platform Python

software package that is available from the authors. This package allows data to be quickly

and easily processed while at the beamline. It is modular, extensible and can be scripted

for processing large data sets.

A.3.1 Calibration

Although it is straightforward to calculate the theoretical response function for each pixel

on the detector from the designed geometry, the rapid prototyping procedure and crystal

fabrication both have limited precision. For crystal mounting surfaces of dimension 15 mm

× 8 mm, the maximum angular deviation from the specification was 0.1◦. This corresponds
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to a maximum shift of 0.5 eV at a given pixel on the detector. The detected energy at

a pixel is also sensitive to the sample location along the beam. To alleviate the need for

precision manufacturing and sample alignment, we use an in situ calibration procedure[57]

to assign an energy value to each pixel on the detector face.

We take a series of exposures while scanning the incident beam energy over the spec-

trometer’s detected energy range. The dominant signal during this scan is elastic scatter off

of the sample. Placing the sample in a He enclosure prevents elastic scatter from air close

to the sample which would otherwise also be present in the calibration data.

Fig. A.5a shows a composite image formed from such a scan consisting of 15 exposures

taken at 10-eV steps from 7000 to 7140 eV. The ten columns in the figure contain radiation

that has been Bragg reflected from each of the ten Ge crystals. The effects of crystal

misalignment are clearly seen in the occasional small overlap between the images from

neighboring crystals, as seen in Fig. A.6. Additionally, two crystals (with images 3rd and

8th from left in Fig. A.6) were misaligned enough to cause the apertures to cut off the region

near the top of the PSD image. This cutoff is also evident in the raw calibration exposures

(not shown).

The integration time required for the calibration exposures depends on the elastic scat-

tering cross section. For this sample, we integrated for 10 s (60 s) per exposure for incident

energies below (above) 7125 eV. The longer integration time was necessary above the Fe

K-absorption edge to clearly separate elastic scatter from Fe Kβ valence emission.

Next, we define the regions that correspond to Bragg reflection from each crystal (filled

areas of Fig. A.5b). At this step we exclude regions that contain overlap from two crystals

and those cut off due to misalignment. For each column of pixels within the defined regions,

we find the center of the elastic line using a windowed average about the maximum. Then,

we fit the energy as function of pixel coordinate to a quartic polynomial over the region

exposed by each analyzer crystal and evaluate the fit at the centers of each pixel producing

the calibration matrix shown in Fig. A.5b. The RMS deviation of the input points from the

fit is typically under 0.1 eV.

From the calibration exposures it is possible to determine the energy resolution of the

spectrometer. We point out that this is not constant, and varies over the energy range of the
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(a)

(b)
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Figure A.5: (Color online). (a) A composite image formed from 15 exposures taken

at evenly spaced incident beam energies across the range of the spectrometer. (b) The

calibrated 2D-PSD face.
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spectrometer due to the nonlinearity of Bragg’s law. The measured full width at half max

(FWHM) of elastic scatter ranged between 1.0 and 1.3 eV from low to high energy. This

includes the bandwidth of the incident beam, which varies from ∼ 0.8−0.9 over this energy

range. After deconvolution, this is in agreement with the designed spectrometer resolution

of ∼ 0.5− 0.9 eV/pixel when moving from low energy (7000 eV) to high energy (7140 eV).

This is also consistent with the change in the calibration matrix between neighboring pixels

in the dispersive direction.

Since the detected energy range for this spectrometer contains the Fe K-absorption edge,

fluorescence emission is also present in calibration exposures taken with the incident beam

above the edge. The main Kβ peak can be easily filtered out since it only has intensity when

the elastic line is well above and thus geometrically well separated from the fluorescence.

However, for samples with a weak elastic-scattering cross section, the valence emission is

comparable in intensity to elastic scatter at the valence emission energy. In this case,

locating the elastic peak in software is difficult. Since the detected range extends above the

Fermi energy, the spectrometer can still be calibrated by simply skipping over the small

valence emission range in the calibration scan.

Comparison of multiple calibration scans taken at the same sample spot places the aver-

age uncertainty in the energy assignment of a pixel at 0.02 eV relative to the monochromator

calibration. The maximum deviation for any single pixel between two different calibration

matrices was less than 0.1 eV.

Since the calibration depends on the exact location at which the beam intersects the

sample, the spectrometer must be recalibrated whenever the beam spot on the sample moves

by a significant amount (on the scale of the pixel size) relative to the spectrometer. Note

that if the sample moves while the beam remains fixed, the intersection point can only

move longitudinally. This is in the non-dispersive direction (horizontal in Fig. A.5), along

which the calibration changes slowly. Failure to recalibrate will then primarily result in a

loss of resolution rather than a systematic energy shift. Best practice is to recalibrate after

switching samples. However, in cases where this is not feasible, it is possible to re-align a

sample well enough that prior calibration can be used[213]. Additionally, one application

of miniXES is for microprobe XES studies of geological sections[212]. In this case, if the
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Kβ′
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Counts

Figure A.6: (Color online). A 300-s exposure of Fe3O4 Kβ fluorescence at 7800-eV incident

energy. Emission energy runs vertically downward. A nonlinear color scale was chosen to

highlight the labeled spectral features. The incident flux was ∼ 1012 photons/s.

surface is sufficiently flat and can be mounted parallel to the translation axes of a translation

stage, it is possible to quickly perform 2D scans using only a single calibration.

A.3.2 Emission Spectra

Fig. A.6 shows a five-minute exposure of non-resonant Kβ emission from a pressed Fe3O4

pellet. The incident beam energy was 7800 eV; far enough above the Fe K-absorption edge

that the Compton-scattering peak fell well outside the spectrometer range. The incident

flux was ∼ 1012 s−1. The raw counts at each pixel of this exposure are combined with the

energy values from the calibration matrix (Fig. A.5b) to produce the emission spectrum

shown in Fig. A.7a.

First, however, some filtering is necessary to remove erroneous counts from bad pixels in

the detector, as visible in Fig. A.6, especially along a vertical line near the center. Typically,

bad pixels in this type of detector produce counts several orders of magnitude above the

signal level, and can be simply filtered out using a low pass filter with a cutoff placed

safely above the fluorescence peak. However, some pixels from this particular detector

unit registered erroneous counts at the level of the signal. These were located using dark

exposures and then masked out in later processing.
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Across the region exposed by a single analyzer crystal, the solid angle subtended by

a pixel varies by ∼ 7%, and this variation is largely correlated with energy. Hence, we

normalize to counts / sr using solid angles calculated from the design specification. Since

this does not take sample or analyzer crystal misalignment into account, a slight systematic

uncertainty remains. However, for estimated misalignment, this is at the level of one part

in 10−4 and thus can be neglected relative to typical statistical uncertainties.

Each 1-pixel wide column in a calibrated region of the spectrometer forms a complete,

albeit low count, spectrum. Although it is possible to simply bin the data, the distribution

of pixel energies is not uniform and binned spectra can contain systematic uncertainty due

to bins having uneven weights for pixels from different analyzer crystals (which may have

differing net efficiencies). So, instead, we interpolate the spectra from each column onto a

common energy grid and then average over the columns. This procedure ensures that all

points in the final spectrum include an average over all analyzer crystals.

A spectrum generated in this fashion is independent of the spacing chosen for the energy

grid. That is, for two different grids that contain a common energy value, the corresponding

intensity value will be identical. The spectra shown in Fig. A.7 are oversampled onto an

energy grid with 0.1 eV spacing. Neighboring points in this oversampled spectrum are not

statistically independent. However, the fluctuations in Kβ2,5 region of the spectrum (shown

at a larger scale in Fig. A.7) have a spacing consistent with the spectrometer resolution, and

have amplitudes consistent with Poisson statistics. Also visible in Fig. A.7b is the Kβ′′ peak

which results from a ligand 2s electron filling the metal 1s corehole[100]. Both spectra in

Fig. A.7 are in good agreement with published results[298, 242] after broadening our spectra

to match the instrumental resolutions in the cited works. The background level (visible

beneath the Kβ2,5 in Fig. A.7) is noticably larger than that in spectra obtained with SBCA-

based spectrometers[183]. We believe that the dominant source of this background is from

photons outside the desired energy range scattering from the interior of the spectrometer,

e.g., Compton scattering of Fe Kα fluorescence off of the Ge analyzer crystals.
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Figure A.7: (Color online). Kβ emission spectra for (a) Fe3O4 (corresponding to raw data

in Fig. A.6) and (b) FeS. The incident beam was at 7.8 keV, with an incident flux ∼ 1012

photons/s. The integration time was 300 s and 500 s respectively. Note that the scale for

FeS is an order of magnitude smaller than for Fe3O4 due to the sample being substantially

thinner than an absorption length. The scale on the left side shows counts/sr/s. The scale

on the right is normalized to counts/eV/s. The total integrated counts rates are 18,800 and

2,500 cps respectively.
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A.3.3 Photometrics

Given the successful performance of this instrument, the question of its efficiency with

respect to traditional, SBCA-based spectrometers naturally arises. Direct, quantitative

comparisons are difficult because of differences in sample preparation, in addition to other,

typically not published, experimental details. That being said, any instrument can be

usefully characterized in terms of its performance relative to theoretical expectation for its

efficiency, based on the relevant scattering geometries and the theoretical integral reflectivity

of its diffractive optic. Below, we present such an analysis for Fe Kβ miniXES. We quantify

the miniXES performance while removing sensitivity to all sample preparation and incident

flux issues by comparing the detected signal to the simultaneously measured signal from a

solid-state detector. We find that the present instrument is indeed operating at theoretical

efficiency, within modest errors. We are unfamiliar with any similarly careful analysis of

the performance of an SBCA-based spectrometer for XES studies. Common experience at

synchrotron light sources finds that SBCA’s often do not perform at the theoretical limit

for collection solid angle, as evidenced by substantial variations in performance between

different optics having nominally identical fabrication. In this sense, the simplicity of the

miniXES optic, i.e., unstrained, flat analyzer crystals, may provide a practical advantage.

To make this analysis as straightforward as possible, we calculate an effective spectrom-

eter efficiency, ηminiXES, that gives the probability of Fe Kβ photons that are emitted by,

and escape from, the sample to be detected by the instrument. We do the same for a

commercial Si drift detector (SDD) and compare experimental results. The experimental

countrates presented here are for a 4-µm thick Fe foil with the incident beam at 10 keV.

We treat the sample as an isotropic point-source of fluorescence radiation. For a given

energy, a conical lamella with a narrow angular width is reflected by the analyzer crystal.

The effective width is determined by the integral reflectivity, δθ, which is the integral of

the rocking curve over Bragg angle and gives a measure of the efficiency of the analyzer

crystal. Only a small piece of this conical lamella intersects the active detector region

(which accounts for the finite size of the analyzers and the effects of all entrance and exit

apertures). Let the non-dispersive angular size of this piece, as seen from the image of
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ΓminiXES 5815± 12 cps

ΓSDD 247212± 107 cps

ηminiXES 1.27± 0.05× 10−6

ηSDD 5.26± 0.10× 10−5

ΓSDD/ΓminiXES 42.51± 0.09

ηSDD/ηminiXES 41.4± 1.9

Table A.2: Results of a photometric analysis for the present spectrometer (miniXES) and a

commerical Si drift detector (SDD). The ratio of the measured count rates (Γ) is compared

to the ratio of the theoretical detector efficiencies (η).

the point source, be δφ. Assuming both of these angles are small, the effective collection

solid angle for a specific energy is Ω = δθδφ. Including the effects of absorption along the

pathway between sample and detector, ηabs, we find

ηminiXES =
δθδφ

4π
ηabs, (A.1)

For the present spectrometer, δφ = 0.213± 0.003 rad, with negligible variation over the

detected energy range. The weighted average δθ for Ge (620) over the Fe Kβ fluorescence

energy range has been calculated using the GID sl software package[267] to be (8.5± 0.3)×
10−5 rad. The dominant absorption effects are due to 3.5 cm of air and 50.8 µm of polyimide

windows, giving ηabs = 0.88. Using these values in Eq. A.1, we find ηminiXES = (1.27±0.05)×
10−6.

The SDD was located 37.0±0.5 cm from the sample in the horizontal plane, ∼ 30◦ from

backscatter. The active detection region is 1.7 cm2, giving a total detector solid angle of

1.24± 0.07 msr. Including the effect of air absorption on the path from sample to detector,

we find the effective efficiency for the SDD to be ηSDD = (5.3± 0.2)× 10−5.

The total Kβ countrate was measured for both detectors. The background level in the

miniXES data (discussed in section A.3.2) was determined from the count rate in areas be-

tween active detector regions. This was then subtracted from the total count rate. The SDD

countrate was corrected for detector deadtime using standard techniques. In table A.2, we
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present the results and compare the ratio of measured countrates to the ratio of theoretical

efficiencies. The results agree to within the errors, which are ∼ 5%. Hence, we find that

the miniXES performs at the limit of theoretical expectations.

A similar photometric experiment can be performed for SBCA-based instruments. The

analogy is most direct when the analyzer is moved off of the Rowland circle and operated in

dispersive mode[140]. If an SBCA performs at theoretical efficiency, then a direct compari-

son can be made with miniXES on the basis of the integral reflectivities and total collection

solid angles of the respective instruments.

A.4 Conclusions

We have demonstrated a SWD (miniXES) x-ray emission spectrometer design based on the

cylindrical von Hamos geometry, and have shown that the instrument performs at the limit

of theoretical efficiency. The use of in-context CAD with embedded geometrical constraints

combined with rapid prototype fabrication of plastic parts has proven to be an effective,

low-cost approach, and allows the design to be modified to cover different emission lines.

Portability and ease of installation, alignment and operation allow this spectrometer to be

used at any existing microfocus beamline. Multi-platform processing software contributes to

ease of use, allowing data processing to occur at the beamline. Finally, compatibility with

environmental chambers and optical access to the sample for pump-probe measurements

make this instrument well suited to a wide range of applications.
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R. Thiele. X-ray thomson scattering cross-section in strongly correlated plasmas.

Laser and Particle Beams, 27(02):311–319, 2009.



147
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[126] S. P. Hau-Riege, A. Graf, T. Döppner, R. A. London, J. Krzywinski, C. Fortmann,

S. H. Glenzer, M. Frank, K. Sokolowski-Tinten, M. Messerschmidt, C. Bostedt,

S. Schorb, J. A. Bradley, A. Lutman, D. Rolles, A. Rudenko, and B. Rudek. Ul-

trafast transitions from solid to liquid and plasma states of graphite induced by x-ray

free-electron laser pulses. Phys. Rev. Lett., 108:217402, May 2012.

[127] M. W. Haverkort, A. Tanaka, L. H. Tjeng, and G. A. Sawatzky. Nonresonant inelastic

X-Ray scattering involving excitonic excitations: The examples of NiO and CoO.

Physical Review Letters, 99(25):257401, December 2007.

[128] S. Hayakawa, Y. Kagoshima, Y. Tsusaka, J. Matsui, and T. Hirokawa. Journal of

Trace and Microprobe Techniques, 19(4):615, 2001.

[129] S. Hayakawa, A. Yamaguchi, W. Hong, Y. Gohshi, T. Yamamoto, K. Hayashi,



151

J. Kawai, and S. Goto. Spectrochimica Acta Part B-Atomic Spectroscopy, 54(1):171,

1999.

[130] H. Hayashi, M. Kawata, R. Takeda, Y. Udagawa, Y. Watanabe, T. Takano, S. Nanao,

and N. Kawamura. Journal of Electron Spectroscopy and Related Phenomena, 136:191,

2004.

[131] K. Hayashi, K. Nakajima, K. Fujiwara, and S. Nishikata. Wave-dispersive x-ray spec-

trometer for simultaneous acquisition of several characteristic lines based on strongly

and accurately shaped ge crystal. Review of Scientific Instruments, 79(3):033110,

2008.

[132] Jean-Louis Hazemann, Olivier Proux, Vivian Nassif, Herve Palancher, Eric Lahera,

Cecile Da Silva, Aurelien Braillard, Denis Testemale, Marie-Ange Diot, Isabelle Al-

liot, William Del Net, Alain Manceau, Frederic Gelebart, Marc Morand, Quentin

Dermigny, and Abhay Shukla. High-resolution spectroscopy on an x-ray absorption

beamline. Journal of Synchrotron Radiation, 16:283–292, 2009.

[133] S.M. Heald, J.O. Cross, D.L. Brewe, and R.A. Gordon. Nucl. Instrum. Methods A,

582(1):215, 2007.

[134] Conyers Herring. A new method for calculating wave functions in crystals. Phys.

Rev., 57:1169–1177, Jun 1940.

[135] D. J. Hoarty, P. Allan, S. F. James, C. R. D. Brown, L. M. R. Hobbs, M. P.

Hill, J. W. O. Harris, J. Morton, M. G. Brookes, R. Shepherd, J. Dunn, H. Chen,

E. Von Marley, P. Beiersdorfer, H. K. Chung, R. W. Lee, G. Brown, and J. Emig. Ob-

servations of the effect of ionization-potential depression in hot dense plasma. Phys.

Rev. Lett., 110:265003, Jun 2013.
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D. O. Gericke, G. Gregori, B. Holst, O. L. Landen, H. J. Lee, E. C. Morse, A. Pelka,

R. Redmer, M. Roth, J. Vorberger, K. Wünsch, and S. H. Glenzer. Measurements
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in the electron momentum density of water. The Journal of Chemical Physics,

126(15):154508, 2007.

[209] J. T. Okada, P. H.-L. Sit, Y. Watanabe, Y. J. Wang, B. Barbiellini, T. Ishikawa,

M. Itou, Y. Sakurai, A. Bansil, R. Ishikawa, M. Hamaishi, T. Masaki, P.-F. Paradis,

K. Kimura, T. Ishikawa, and S. Nanao. Persistence of covalent bonding in liquid



161

silicon probed by inelastic x-ray scattering. Physical Review Letters, 108(6):067402,

Feb 2012.

[210] Committee on High Energy Density Plasma Physics. Frontiers in High Energy Den-

sity Physics: The X-Games of Contemporary Science. National Acadamies Press,

Washington, DC, 2003.

[211] Committee on the Prospects for Inertial Confinement Fusion Energy Systems; Na-

tional Research Council of the National Academies. Interim Report-Status of the

Study ”An Assessment of the Prospects for Inertial Fusion Energy”. The National

Academies Press, 2012.

[212] J. I. Pacold. In preparation, 2011.

[213] J. I. Pacold, J. A. Bradley, B. A. Mattern, M. J. Lipp, G. T. Seidler, P. Chow, Y. Xiao,

E. Rod, B. Rusthoven, and J. Quintana. A miniature x-ray emission spectrometer

(miniXES) for high- pressure studies in a diamond anvil cell. In preparation, 2011.

[214] K.C. Pandey and L. Lam. Core-orthogonalization effect and the compton profile of

sodium metal. Physics Letters A, 43(4):319 – 320, 1973.

[215] P. Pattison, N. K. Hansen, and J. R. Schneider. Anisotropy in the compton profile of

copper. Z. Phys. B - Condensed Matter, 46:285–294, 1982.

[216] L. Pauling and J. Sherman. Zeitschrift für Kirstallographie, 1:81, 1932.

[217] A. Pelka, G. Gregori, D. O. Gericke, J. Vorberger, S. H. Glenzer, M. M. Günther,

K. Harres, R. Heathcote, A. L. Kritcher, N. L. Kugland, B. Li, M. Makita, J. Mithen,

D. Neely, C. Niemann, A. Otten, D. Riley, G. Schaumann, M. Schollmeier, An.

Tauschwitz, and M. Roth. Ultrafast melting of carbon induced by intense proton

beams. Phys. Rev. Lett., 105:265701, Dec 2010.
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Lee, S H Glenzer, and R Redmer. Dynamic structure factor in warm dense beryllium.

New Journal of Physics, 14(5):055020, 2012.

[221] Christopher J. Pollock and Serena DeBeer. Valence-to-core x-ray emission spec-

troscopy: A sensitive probe of the nature of a bound ligand. Journal of the American

Chemical Society, 133(14):5594–5601, 2011.

[222] P. J. Potts, A. T. Ellis, P. Kregsamer, C. Streli, C. Vanhoof, M. West, and P. Wo-

brauschek. Atomic spectrometry update?x-ray fluorescence spectrometry. Journal of

Analytical Atomic Spectrometry, 21(10):1076, 2006.

[223] M. Prange. Density Matrix Calculation of Optical Constants. PhD thesis, University

of Washington, Seattle, 2009.

[224] M. P. Prange, J. J. Rehr, G. Rivas, J. J. Kas, and John W. Lawson. Real space

calculation of optical constants from optical to x-ray frequencies. Physical Review B,

80:155110, October 2009.

[225] Tuomas Pylkkanen, Valentina M. Giordano, Jean-Claude Chervin, Arto Sakko, Mikko

Hakala, J. Aleksi Soininen, Keijo Hamalainen, Giulio Monaco, and Simo Huotari. Role

of non-hydrogen-bonded molecules in the oxygen k-edge spectrum of ice. The Journal

of Physical Chemistry B, 114(11):3804–3808, 2010.

[226] Q. Qian, T.A. Tyson, W.A. Caliebe, and C.-C. Kao. High-efficiency high-energy-

resolution spectrometer for inelastic x-ray scattering. Journal of Physics and Chem-

istry of Solids, 66(12):2295–2298, 2005.

[227] Deirdre D. Ragan, R. Gustavsen, and David Schiferl. Calibration of the ruby r[sub 1]

and r[sub 2] fluorescence shifts as a function of temperature from 0 to 600 k. Journal

of Applied Physics, 72(12):5539–5544, 1992.



163

[228] Bruce Ravel. Atoms software package, 2001.

[229] Bruce Ravel. Atoms on the web, 2005.
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McCarthy, M. Renier, A. Shukla, Th, and T. Meinander. Scanning X-ray spectrometer

for high-resolution Compton profile measurements at ESRF. Journal of Synchrotron

Radiation, 6(2):69–80, March 1999.

[275] J. Szlachetko, J.-Cl. Dousse, J. Hoszowska, M. Pajek, R. Barrett, M. Berset, K. Fen-

nane, A. Kubala-Kukus, and M. Szlachetko. High-resolution study of x-ray resonant

raman scattering at the k edge of silicon. Phys. Rev. Lett., 97:073001, 2006.

[276] K. Tiedtke, Ch. Gerth, M. Martins, and P. Zimmermann. Physical Review A,

64:022705, 2001.
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