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The Grothendieck Groups of Module Categories over Coherent Algebras

Gautam Sisodia
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Professor Sholto Paul Smith
Department of Mathematics

Let k be a field and B either a finitely generated free k-algebra, or a regular k-algebra of
global dimension two with at least three generators, generated in arbitrary positive degrees.
Let qgr B be the quotient category of finitely presented graded right B-modules modulo
those that are finite dimensional. We compute the Grothendieck group Ky(qgr B). In
particular, if the inverse of the Hilbert series of B (which is a polynomial) is irreducible,
then Ko(qgr B) = Z[¢] C R as ordered abelian groups where ¢ is the smallest positive real
pole of the Hilbert series of B and where Z[¢] inherits its order structure from R. We
also obtain general conditions on an algebra B under which our computation of Ky(qgr B)

applies.
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Chapter 1

INTRODUCTION

1.1 The main question

Fix a field k. Let B be a non-noetherian regular k-algebra of global dimension two. Let
qgr B be the quotient category of finitely presented graded right B-modules modulo those
that are finite dimensional. What is the Grothendieck group of qgr B as an ordered abelian

group?

1.2 Background

The Grothendieck group Ky(C) of an abelian category C is an important invariant in many
different contexts. For example, Elliott [4] uses Grothendieck groups to classify ultrama-
tricial algebras. In particular, Elliott shows that two ultramatricial algebras are Morita
equivalent if and only if the Grothendieck groups of the corresponding module categories
are isomorphic as ordered abelian groups. By a result of Smith [14], for B a path algebra
of a quiver, qgr B is equivalent to the category of finitely presented right modules over an
ultramatricial algebra. Thus Ky(qgr B) will prove a useful tool in the classification of the
categories qgr B for B a path algebra.

Classical algebraic geometry provides another example. The Grothendieck group of the
category of coherent sheaves plays a central role in the intersection theory of a noetherian

scheme. The Artin, Tate and Van den Bergh [1] school of noncommutative projective alge-



braic geometry substitutes for the category of coherent sheaves over a scheme the category
qgr A over a possibly noncommutative algebra A. Mori and Smith [9], [10] and Jgrgensen
[13] use Ko(qgr A) to construct a noncommutative intersection theory.

Although noetherian algebras generated in degree one have been the primary objects of
study in noncommutative projective algebraic geometry, the construction of the category
qgr B requires only that the algebra B be coherent. We concern ourselves primarily with
describing K((qgr B) as an ordered abelian group for coherent non-noetherian algebras B,
namely finitely generated free algebras with at least two generators and regular algebras of
global dimension two with at least three generators, generated in arbitrary positive degrees.
We also provide a set of general conditions for B under which our description of Ky(qgr B)

applies.

1.3 The main results

For V a graded k-vector space, let Hy (t) denote the Hilbert series of V. The following

theorem is a special case of the main theorem of this dissertation, Theorem 1.3.3.

Theorem 1.3.1. If B is a reqular k-algebra of global dimension two with at least three
generators such that the degrees of the generators are positive and relatively prime and

Hp(t)™' (which is a polynomial) is irreducible, then the map

Ko(agr B) — Z[¢], [7"M] — qu(§)

is an isomorphism of ordered abelian groups where £ is the smallest positive real pole of

Hp(t), © is the quotient functor of qgr B and qnr(t) := Hy(t)Hp(t) ™.



1.3.1 The general conditions

The general conditions are as follows.

Condition C1. We say an N-graded k-algebra B satisfies C1 if it

e is coherent,

is finitely generated,

is connected-graded, and

has finite global dimension.

If B satisfies C1 then Hp(t)~! is a polynomial h(t) € Z[t] and for each finitely presented
graded right B-module M, the Hilbert series of M is Hys(t) = qu(t) Hp(t) for some qpr(t) €

Z[t, t71.

Condition C2. We say an N-graded k-algebra B satisfies C2 if

e it satisfies Cl1,

e dimy B, > 1 for all n > 0, and

e h(t) = Hp(t)~! has a real root ¢ such that

e ¢ is the only root of h(t) in the interval [0, 1],
e ¢ is a simple root, and

o ¢ < |)| for every other root A of h(t).



Proposition 1.3.2. If B is an N-graded k-algebra that satisfies C2 and M is a finitely
presented graded B-module, then qpr(§) > 0 with equality if and only if M s finite dimen-

sional.

Condition C3. We say an N-graded k-algebra B satisfies C3 if

e it satisfies C2 and

e for each p € Z[t,t!] such that p(¢) > 0, there is a finitely presented graded right
B-module M such that gas(t) — p(t) € (h).
1.3.2  The Grothendieck group

Let B be an N-graded k-algebra that satisfies C2. Make Z[t*1]/(h) an ordered abelian group

by defining

(B5) =@ 1m0 > ofuioy

where p(t) is the image of p(t) € Z[t*'] in Z[tT']/(h).

Theorem 1.3.3. Suppose B is an N-graded k-algebra that satisfies C3. The Grothendieck

group Ko(qgr B) is isomorphic as an ordered abelian group to

Z[til]
(h)

via the map [7*M] — qpr(t) where ™ is the quotient functor of qgr B. If h(t) is irreducible,
Ko(qgr B) is isomorphic as an ordered abelian group to Z[£] via the map [7* M| — qpr(§).
Furthermore, under the isomorphism(s), the shift functor M +— M(1) on qgr B corre-

sponds to multiplication by t—1 and multiplication by £~ 1.



1.8.8 Algebras that satisfy C3

Theorem 1.3.4. If A is either

1. a finitely generated free k-algebra such that the degrees of the generators are positive

and relatively prime, or

2. a regular k-algebra of global dimension two with at least three generators such that the

degrees of the generators are positive and relatively prime,

then A satisfies C3. Consequently, Theorem 1.3.3 describes Ko(qgr A).

The condition that the the degrees of the generators be relatively prime is mild. If B
is an N-graded k-algebra, there exists an N-graded k-algebra B’ with degrees of generators

relatively prime such that qgr B is equivalent to a finite direct sum of copies of qgr B’.

1.8.4 Algebras that do not satisfy C38

Suppose B and B’ are N-graded k-algebras such that qgr B and qgr B’ are equivalent and

B satisfies C3. It is not necessarily the case that B’ satisfies C3.

Theorem 1.3.5 ([7, Theorem 1.1]). If C and C' are two of the five classes below and B

belongs to C, then there is an algebra B’ in C' and an equivalence F : qgr B — qgr B’.

e Path algebras of finite quivers with grading induced by declaring that all arrows have

degree 1; this implies that the degree of a path is equal to its length.

o Weighted path algebras of finite quivers—this is a path algebra with grading given by

assigning each arrow a degree > 1.



e Monomial algebras: these are algebras of the form kQ/I where kQ is a weighted path

algebra of a finite quiver and I is an ideal generated by a finite set of paths.

e Connected monomial algebras: these are monomial algebras kQ /I in which Q has only

one vertezx.

e Connected monomial algebras that are generated by elements of degree 1.

A wedge of cycles is a union of cycles that share a vertex. For example, the quiver

is a wedge of three cycles of lengths one, two and three.

Theorem 1.3.6. If Q is a wedge of n cycles of lengths c1,...,c, and ged{c1,...,cn} =1

then

Ko(qgrkQ) = Z[¢]

as ordered abelian groups where & is the smallest positive real root of 1 — """ | t%.

Theorem 1.3.6 follows from the proof of Theorem 1.3.5 (which shows

agrkQ = qgrk(z1,...,xy)

where degx; = ¢;) and Theorem 1.3.3 applied to k{x1,...,2,). Since dimg(kQ)y > 2 if

¢; > 2 for some i, k@ does not satisfy C3 in general.



1.4 A different question

Let B be a graded k-algebra and let gr B denote the category of finitely presented graded

right B-modules. What are the possible Hilbert series of objects in gr B?

Theorem 1.4.1. Let B be an N-graded k-algebra that satisfies condition C3. Let h(t) =
(Hp(t))~™! € Z[t] and let & be the smallest positive real root of h(t). If M € gr B, then
Hy(t) = q(t)/h(t) for some q(t) € Z[tF] such that q(¢) > 0, with equality if and only if M

s finite dimensional.

The converse is not true. In particular, suppose ¢(t) € Z[t*!] such that ¢(£) > 0 and let
g(t) be the formal Laurent series g(t) = ¢(t)/h(t). It is not necessarily the case that there
exists M € gr B such that g(t) = Hps(t). In fact, g(t) may have negative integer coefficients.
However, we prove the following partial converse.

If g(¢) is a Laurent series and n € Z, define ¢(t)>y, to be the sub-series of g(¢) containing

the terms of degree at least n.
Theorem 1.4.2. Let B be as in Theorem 1.4.1. If q(t) € Z[t*'] such that q(€) > 0, then
q(t))
Y = Hp(?)
(h(t) >N
for some M € gr B and some N € Z.

The proofs of the converse in the case that B is free and the case that B is regular of
global dimension two are not strictly constructive (though they provide a loose algorithm).

Thus no formula for N or M is given.



1.5 Summary of the dissertation

The dissertation is organized as follows. In Chapter 2, we give preliminary definitions and
results.

In Chapter 3, we define general conditions on an algebra B under which our method for
computing Ko(qgr B) works. We then describe Ky(qgr B) for B an algebra satisfying those
conditions.

In Chapter 4, we show that if I is a finitely generated free algebra such that the degrees
of the generators are positive and relatively prime, then F' satisfies condition C3, and as
a corollary to the general result, we compute Ky(qgr F'). A second method for computing
Ky(qgr F') involves presenting qgr F' as the category of modules over an ultramatricial alge-
bra. We show that these two methods produce isomorphic ordered abelian groups. Finally,
we apply our computation to specific examples.

In Chapter 5, we show that if A is a regular algebra of global dimension two with at
least three generators such that the degrees of the generators are positive and relatively
prime, then A satisfies condition C3, and thus we compute Ky(qgr A). We also apply our

computation to specific examples.



Chapter 2

PRELIMINARIES

We fix a field k£ for the rest of the dissertation.

2.1 Graded algebras and modules

Definition 2.1.1. Let V = ®;czV; be a Z-graded k-vector space.
The Hilbert series of V is the formal Laurent series Hy () := Y, (dimy, V;)t".
For n € Z, define V' (n) to be the Z-graded k-vector space that is equal to V' as a k-vector

space but is graded by V(n); = V4. We call V(n) the shift of V' by n.

Definition 2.1.2. If g(t) = >°,.; a;t" and n € Z, define

g(t)>p = Z a;tt.

>n
Definition 2.1.3. Let B be a graded k-algebra. We denote by gr B the category of finitely
presented graded right B-modules. We denote by fdim B the subcategory of gr B consisting

of finite dimensional graded right B-modules.

2.2 Coherent algebras

Definition 2.2.1. A graded k-algebra B is graded right coherent if every homogeneous

finitely generated right-sided ideal of B is finitely presented.

Remark 2.2.2. From now on, by coherent we mean graded right coherent.
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Example 2.2.3. Every graded noetherian algebra is coherent. Free algebras and path
algebras are coherent. By [11, Theorem 4.1], every algebra defined by a single homogeneous

quadratic relation is coherent.

Theorem 2.2.4 ([11, Theorem 2.1]). Let B be a graded k-algebra. The following are

equivalent:

e B is coherent,;

o cvery finitely generated graded submodule of a finitely presented graded right B-module

1s finitely presented;

o gr B is abelian.

2.8 Quotient categories

Let C be an abelian category.

Definition 2.3.1. A full abelian subcategory B C C is called a dense or Serre subcate-
gory if it is closed under subobjects, quotients and extensions: that is, if 0 > M — N —

P — 0 is exact in C then N € B if and only if M, P € B.

Example 2.3.2. If B is a graded coherent k-algebra, then fdim B C gr B is a Serre subcat-

egory.

Definition 2.3.3. Let B C C be a Serre subcategory. The quotient category C/B is an
abelian category with an exact functor 7 : C — C/B (called the quotient functor) such

that
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o (M) =0 for all M € B, and

o if F': C — Ais an exact functor such that F'(M) = 0 for all M € B, then there is a

unique exact functor F’ : C/B — A such that F = F' o 7*.

The quotient category exists. See for example [12, §4.3] for an explicit construction.

In this dissertation, we study the quotient category

grB
B =
qagr fdim B

for B a graded coherent k-algebra.

2.4 The Grothendieck group of an abelian category

Let C be an abelian category.

Definition 2.4.1 ([16, Definition 6.1.1]). The Grothendieck group of C, denoted K¢ (C),
is the free abelian group on generators {[M] | M € C} modulo the relations [M] = [N]+ [P]

for all short exact sequences 0 - N — M — P — 0in C.

Definition 2.4.2. Let G be an abelian group. An additive function from C to G is a
function f : C — G such that f(M) = f(N) + f(P) for all short exact sequences 0 — N —

M —- P —=0inC.

Example 2.4.3. The dimension function dimg(V') from the category of finite dimensional

k-vector spaces to N is an additive function.

The map C — Ko(C), M — [M], is additive by definition, and satisfies the following

univeral property.
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Theorem 2.4.4. [16, Universal Property 6.1.2] If f : C — Ko(C) is an additive function,
then there is a unique group homomorphism g : Ko(C) — G such that f(M) = g([M]) for

every M € C.

2.4.1 Order structure

Definition 2.4.5. An ordered abelian group (G,G>g) is an abelian group G and a
semigroup G>o C G (called the positive cone of G) such that G>9 — G>¢p = G and

G>oN =G> = {0}.

The Grothendieck group of C is an ordered abelian group with positive cone

K0<C)20 = {[M] | M e C}

2.4.2 Déuvissage

Theorem 2.4.6 ([16, Theorem 6.3]). Let B C A be (skeletally) small abelian categories.

Suppose that

e BB is closed in A under subobjects and quotient objects, and

e cvery object M € A has a finite filtration 0 = My C My C --- C M, = M with all

quotients M1 /M; in B.

Then the inclusion functor B C A is exact and induces an isomorphism Ko(B) = Ky(A).
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2.4.8 Localization

Theorem 2.4.7 ([16, Theorem 6.4]). Let A be a (skeletally) small abelian category, and B

a Serre subcategory of A. Then the sequence

Ko(B) — K()(.A) — K()(.A/B) -0

is exact, where Ko(B) — Ko(A) is the homomorphism induced by the exact inclusion functor
B — A and Ko(A) — Ko(A/B) is the homomorphism induced by the exact quotient functor

™ A— A/B.
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Chapter 3
THE ORDER STRUCTURE OF K(qgr B)

In this chapter, we prescribe conditions on an algebra B under which our method for
computing Ky(qgr B) works. We then describe Ky(qgr B) for B an algebra satisfying those

conditions.

3.1 First conditions on B

Condition C1. We say an N-graded k-algebra B satisfies C1 if it

e is coherent (i.e. qgr(B) is an abelian category),

e is finitely generated,

e is connected-graded, and

e has finite global dimension.

3.1.1

Suppose B satisfies C1. Then each M € gr(B) has a finite graded resolution by free B-

-1

modules of finite rank, hence Hp(t)™" is a polynomial in ¢ and for all M € gr(B),

Hy(t) = qu(t)Hp(t)

for some qp(t) € Z[tF].
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3.2 Second conditions on B
Condition C2. We say an N-graded k-algebra B satisfies C2 if

e it satisfies C1,
e dimy B, > 1 for all n > 0, and

e h(t) = Hp(t)~! has a real root ¢ such that

e ¢ is the only root of h(t) in the interval [0, 1],
e ¢ is a simple root, and

e ¢ < |\ for every other root A of h(t).
Lemma 3.2.1. Let ) > c,2" be a power series in which ¢, > 0 for all n > 0. Suppose

1. 50 2™ has radius of convergence R > 0 and on the disk |z| < R it converges to a

rational function s(z) that has a simple pole at z = R;

2. all other poles of >_,° ;cn2™ have modulus > R.

Then

Cn

=R.

lim
n—oo C,n+1

Proof. There are polynomials p(z) and ¢(z), neither divisible by R — z, such that

(R—z)q(2)  R—z q(2)

where o € C*, r(2) is a polynomial, and r(z)/q(z) has a Taylor series expansion y - by

with radius of convergence > R by (2). Since EZOZO b, R™ converges lim,, o b, R™ = 0.
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Since
s(z) = R R” + Z by 2"
for |z] < R,
o
Cp — Rn+1 —|— bn'
Therefore
. en . aR + b, R"+? aR

lim = lim | ————— | = — = R,

n—00 \ Cp41 n—oo \ o + bn+1Rn+2 o
as claimed. 0

For B an N-graded k-algebra, we write b,, := dimg(By,) for all n € N.

Lemma 3.2.2. Suppose B is an N-graded k-algebra that satisfies C2. For all m > 1,

bn

n+m

Am

= ¢m,

Proof. Since B is connected-graded and finitely generated, b, < oo for all n € N. Since B

satisfies C2, b, > 1 for all n > 0. Since

bn o bn bn+l bn+m*1

bn+m bn+1 bn+2 bn+m

for n > 0, it suffices to prove the result for m = 1. By C2, Hp(t) = Y 52, b;t’ satisfies the
conditions of Lemma 3.2.1 for R = £ so the result follows from the conclusion of Lemma

3.2.1. O

Proposition 3.2.3. Suppose B is an N-graded k-algebra that satisfies C2. If M € gr(B),

then qar(€) = 0.
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Proof. Write qur(t) = > i, pit" and define ¢; := > 5—_sPjbi—j. Then

Hy(t) = qut)Hp(t) = <§: piti) (ibiti) = i eitt.
. — .

1=—S 1=—Ss

By C2, b, # 0 for all m > 0. Thus, as m — oo,

Zﬂ - > <bg_j>l7j — > pi¢ = qu().

j=-—s j=-—s
Since e; = dim(M;), {€m/bm},,0 15 @ sequence of non-negative numbers its limit, gas(€),

is > 0. OJ

Lemma 3.2.4. Suppose B is an N-graded k-algebra that satisfies C2. Let M € gr(B). The

following are equivalent:

1. M € fdim(B);
2. h(t) divides qp(t);

3 qu(§) =0.

Proof. (1) = (2) If dimg(M) < oo, then Hys(t) € N[t,t71] so qas(t) is a multiple of h(t).

(2) = (3) If h(t) divides gas(t) then gas(§) = 0 since £ is a root of h(t).

(3) = (1) Suppose gur(€§) = 0 but dimg(M) = co. The Laurent series Hjs(t) has non-
negative coefficients and a finite radius of convergence R < 1. Since Hys(t) = qn(t)Hp(t),
qv(§) = 0 and £ is a simple pole of Hp(t) and the only pole of Hp(t) in the interval
[0,1], Hp(t) has no poles in the interval [0, 1]. This contradicts Pringsheim’s Theorem [5,
Theorem IV.6] which says that Hjps(t) has a pole at ¢ = R. We therefore conclude that

dimy (M) < oo. O
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3.3 Third conditions on B and the main theorem

Condition C3. We say an N-graded k-algebra B satisfies C3 if

e B satisfies C2 and

e for each p € Z[t,t~!] such that p(¢) > 0, there is an M € gr(B) such that qu () —p(t) €

(h).

Let B be an N-graded k-algebra that satisfies C2. We make Z[t*!]/(h) an ordered

abelian group by defining

Z[t, t71 e
( (h) >20 ={p | p(§) >0} u{0}.

Let 7* : gr(B) — qgr(B) be the quotient functor.

Theorem 3.3.1. Suppose B is an N-graded k-algebra that satisfies C3. The Grothendieck

group Ko(qgr(B)) is isomorphic as an ordered abelian group to

Z[t, 71
(h)

via the map [7*M] — qp(t). If h is irreducible, Ko(qgr(B)) is isomorphic as an ordered
abelian group to Z[£] via the map [7*M] — qpar(€).
Furthermore, under the isomorphism(s), the functor M — M(1) on qgr(B) corresponds

to multiplication by t=' and multiplication by 1.

Proof. By localization and dévissage, the map

[T*M] — qu(t), (3.3-1)
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is an isomorphism of abelian groups and [M(1)] = ¢t~ }[M] under this isomorphism.
Under the isomorphism (3.3-1), the positive cone in K(qgr(B)) is mapped to {qar(t) | M €

gr(B)}. To show that (3.3-1) is an isomorphism of ordered abelian groups we must show

that

{p|p(€) >0} U{0} = {qum(t) | M € gr(B)}. (3.3-2)

Let M € gr(B). By Proposition 3.2.3, gar(§) > 0. If gar(§) > 0, then gar(¢) is in the
left-hand side of (3.3-2). If gp(§) = 0, then h(t) divides gas(t) by Lemma 3.2.4, whence
qu(t) = 0. Thus, the right-hand side of (3.3-2) is contained in the left-hand side of (3.3-2).

If p € Z[t*!] and p(¢) > 0, then p = gas for some M € gr(B) by C3 so p is in the
right-hand side of (3.3-2). It is clear that O is in the right-hand side of (3.3-2). Thus, the
left-hand side of (3.3-2) is contained in the right-hand side of (3.3-2). Hence (3.3-1) is an
isomorphism of ordered abelian groups.

Suppose h is irreducible. The composition

Z[t, 71
(h)

Ko(qgr(B)) — = Z[§], [ M]— qu(§), (3.3-3)

is certainly an isomorphism of abelian groups. By (3.3-2), the image of the positive cone in
Ko(qgr(B)) under this compsition is R>gNZ[¢], the positive cone in Z[¢]. Hence (3.3-2) is an

isomorphism of ordered abelian groups and [M(1)] = £71[M] under the isomorphism. [

3.4 The Hilbert series of finitely presented modules

Our work to compute Koy(qgr B) for an N-graded k-algebra B that satisfies C3 suggests an
answer to the following, simpler question: what are the possible Hilbert series of finitely

presented graded B-modules?
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The Hilbert series of a finite dimensional module is a Laurent polynomial with non-
negative integer coefficients. Conversely, a Laurent polynomial with nonnegative integer
coefficients is the Hilbert series of a sum of shifts of copies of the trivial module B/B>1.

The next result completes the answer.

Theorem 3.4.1. Let B be an N-graded k-algebra that satisfies C3. Let h(t) = (Hp(t))™! €
Z[t] and let & be the smallest positive real root of h(t). If M € gr B, then Hy(t) = p(t)/h(t)
for some p(t) € Z[tT1] such that p(€) > 0, with equality if and only if M is finite dimensional.

Conversely, if p(t) € Z[t™1] and p(&) > 0, then

<Z$;>2N = H (1)

for some M € gr B and some N € Z.

Proof. Suppose M € gr B. By the discussion in §3.1.1, Hp/(t) = p(t)/h(t) for some p(t) €
Z[t*']. By Proposition 3.2.3, p(¢) > 0, and p(¢) = 0 if and only if M is finite dimensional
by Lemma 3.2.4.

Suppose p(t) € Z[tT!] such that p(¢) > 0. By condition C3, there exists a module
M € gr B such that p(t) — qa(t) € (h). In other words, the formal Laurent series p(t)/h(t)

and Hj(t) differ only in a finite number of terms. Hence

p(t) _ —
(7)., = a0 = 0

for some N € Z. O
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Chapter 4

THE CASE B IS A FINITELY GENERATED FREE ALGEBRA

4.1 Summary

In this chapter, we will show that an N-graded finitely generated free algebra F' over k with
generators in positive degrees satisfies condition C3 of chapter 3. Consequently we compute
Ko(qgr(F')) as an ordered abelian group. We then discuss another method for computing

Ko(qgr(F')) and compare it to our method. Finally, we discuss examples.

Let k be a field, g a positive integer, D = {di,...,dy} C N>; with gedD = 1 and
F =k(z1,...,24) the N-graded free algebra on generators 1, ...,z, with degxz; = d;. The

graded F-module k = F'/F>; has a graded resolution

i=1

F—k—0, (4.1-1)

so the Hilbert series of F is Hp(t) = f(t)~! where

g

fl)y=1-3 ¢4

i=1
d

Let d be the maximum of the degrees of z1,...,z,. We write f(t) =1 — Y7, n;t' where

n; is the number of generators of degree 1.
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4.2 F satisfies C3

4.2.1 F satisfies C1

By definition, F' is finitely generated and connected-graded. Since the right ideals of F' are
free F-modules, F is coherent. By the resolution (4.1-1), F' has global dimension equal to

one. Hence F satisfies C1.

4.2.2 F satisfies C2

Let a; := dimy, F;. Since the degrees of 1, ..., x4 are relatively prime, a; > 1 for all ¢ > 0.
Since f(0) =1, f(1) =1—g¢ <0 and f(t) is decreasing for ¢t > 0, f has one positive real
root, say

0 := the positive real root of f,

and 0 < 0 < 1.

By the following result which will be proved in §4.4, F satisfies C2.

Proposition 4.2.1. The root 6 of f is simple and 6 < |\| for every other root X of f.

4.2.3 F satisfies C3

Lemma 4.2.2. Let p € Z[t,t . If p(0) > O then there exists an M € gr F such that
am(t) — p(t) € (f).

Proof. Write p(t) = >_5___ pit'. If {p;} C N then p(t) = qus(t) for M =7 F(—i)Pi.

1=—35

Suppose {p;} ¢ N. Define integers b; for j > —s by the requirement that

> bit! = p(t)Hp(t).

j=—s
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Therefore

thﬂ—<1—znz > ibjtj.

j=-—s j=-—s

Equating coefficients gives
d
pi =bi — anbzej (4.2-1)
j=1
for all ¢ > —s with the convention that p; = 0 for ¢ > s and b; = 0 for j < —s.

Since a; # 0 for j > 0,

- bi\ _ . ~ (aji o~
i (%) - }5&(2 (% )P) = L= =0

1=—S8 1=—S8

There is therefore an integer m > s such that b; is a nonnegative integer for all j > m+1—d.
We fix such an m.

We will complete the proof by showing that the Laurent polynomial

at) = p(0) - ({Z w‘) 7o)

is qpr(t) for a suitable M € gr(F'). Define

d

r; = E njbi,j

j=i—m

for m +1 <i < m+d. By the choice of m, r; is a nonnegative integer for all i. By (4.2-1),

m d
q(t) = p(t) — (Z W) 1- Z ngt!

1=—s
m+d d
:p(t Z ZTL] i—j t + Z Z njbl-_j tt
i=—s5 i=m+1 | j=i—m
m+d
—p)—pt)+ 3. nit’
i=m+1
m+d
Z T’iti.
i=m+1

Thus q(t) = qu(t) for M = 7 F(—i)". O
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Thus F satisfies C3.

4.3 The Grothendieck group of qgr(F)

We make Z[t!]/(f) an ordered abelian group by defining

(Z[t,tl]

- )ZO = (5| p(0) > 0} U {0} (431)

where p denotes the image of the Laurent polynomial p in Z[t,t~!]/(f). The order structure

on Z[#] is inherited from its embedding in R.

Theorem 4.3.1. Let F be the algebra discussed in §4.1. The Grothendieck group Ko(qgr F')

s isomorphic as an ordered abelian group to

Z[t, 71
(f)

via the map [7*M| — qp(t). If f is irreducible, Ko(qgr F') is isomorphic as an ordered
abelian group to Z[0] via the map [7* M| — qnr(0).
Furthermore, under the isomorphism(s), the functor M — M(1) corresponds to multi-

plication by t=' and 0=,

Proof. By §4.2.1, 4.2.2 and 4.2.3, F satisfies C3. The result now follows from Theorem

3.3.1. O

4.4 The proof of Proposition 4.2.1

4.4.1 The idea of the proof

We will associate to F' a particular finite directed graph G. An incidence matrix for G is a

square matrix whose rows and columns are labelled by the vertices of G and whose uv-entry
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is the number of arrows from v to u. The characteristic polynomial of G is

pa(t) == det(tI — M)

where M is an incidence matrix for G. We will show that pg(t) = t'f(1/t) where ¢ =
diy + ---+dg. We also show that M is primitive, i.e., all entries of M" are positive for
n > 0. We then apply the Perron-Frobenius theorem which says that a primitive matrix
has a positive real eigenvalue of multiplicity 1, p say, with the property that |\| < p for all
other eigenvalues A. But the non-zero eigenvalues of M are the reciprocals of the roots of
f(t). Since we already know that f(t) has only one positive real root, namely 0, p = 1.

Hence 6 is a simple root of f(t) and |A| > 6 for every other root A of f(t).

4.4.2 The associated graph and its characteristic polynomial

We will use Theorem 4.4.1 to compute the characteristic polynomial of the directed graph
G. First we need some notation.

A simple cycle in G is a directed path that begins and ends at the same vertex and does
not pass through any vertex more than once. We introduce the notation for an arbitrary

directed graph G:

1. v(G) :=the number of vertices in G;

2. ¢(@) :=the number of connected components in Gj

3. Z(Q) := {simple cycles in G};

4. Z(@G) := {subgraphs of G that are a disjoint union of simple cycles}.
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Theorem 4.4.1. [3, Theorem 1.2] Let G be a directed graph with £ vertices. Then

pe(t) =t +et™ et

where

The z;s are labelled so that deg(z1) < --- < deg(zy).

The free algebra F' is the path algebra (as an ungraded algebra) of the quiver with

one vertex x and g loops from % to x labelled x1,...,z,. We replace each loop z; by
d; := deg(x;) — 1 = d; — 1 vertices labelled z;1, ..., Tid, and arrows
. Qg
o0 gy Tig T

The graph G obtained by this procedure is the graph associated to F' in [7].

Example 4.4.2. If g = 3 and d; = ¢ then G is

20 *
Q32 x

Proposition 4.4.3. Let { = v(G). The characteristic polynomial of G is t'f(1/t).

21
«

31
as1
32

Proof. Any two simple cycles in G share the vertex %, so Z(G) = Z(G). The number of

simple cycles of length ¢ in G is equal to n;, the number of generators of degree ¢ in F'. By
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Theorem 4.4.1,

pat) =t + et et 4o

gt ndtﬁ—d
=t'1—nit7 = =gt
= t'f(1/1),
as claimed. O

Proposition 4.4.4. Let M be an incidence matriz for G. Then every entry in M™ is

non-zero for n > 0.

Proof. If u and v are vertices in G, then there is a directed path in G from u to v: in the
language of [8, Defn. 4.2.2], M is irreducible.

The period of a vertex v in G is the greatest common divisor of the non-trivial directed
paths that begin and end at v. The period of G is the greatest common divisor of the periods
of its vertices. Since there is a directed path of length d; = deg(x;) from z;y to itself, the
period of G divides ged{ds,...,d,} which is 1. The period of G is therefore 1. Thus, in the
language of [8, Defn. 4.5.2], M is aperiodic and therefore primitive [8, Defn. 4.5.7]. Hence

[8, Thm. 4.5.8] applies to M, and gives the result claimed. O

The Perron-Frobenius theorem [6, Thm. 1, p.64] therefore applies to M giving the

following result.

Corollary 4.4.5. The characteristic polynomial for G has a unique eigenvalue of maximal

modulus and that eigenvalue is simple and real.
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As explained at the start of §4.4.1, Proposition 4.2.1 follows from Proposition 4.4.3 and

Corollary 4.4.5. Hence F satisfies C2.
4.5 A second way to compute Ky(qgr F')

We denote by S the ordered abelian group Z[t*!]/(f(t)) with order structure defined by
(4.3-1). Since t~! = Z?:l n;t*~! in S, we may disregard negative powers of ¢ in S. That is,
S = Z[t]/(f())-

We have two ways to compute Ky(qgr F') as an ordered abelian group. By Theorem
4.3.1, Ko(qgr F) = S.

A second way is as follows. By [7], qgr F' = qgr kG. By [14], there exists an ultramatricial
algebra U such that qgr kG = ModU. Thus we can present Ky(qgr F) as a direct limit of
ordered abelian groups.

Can we describe an isomophism between the ordered abelian groups obtained by each
method? The fact that G does not have a nonsingular incidence matrix in general compli-
cates the search for such an isomorphism. Thus we define a quiver () with all arrows in

degree one and a nonsingular incidence matrix and prove that

1. qgr F = qgr kQ and

2. Ko(qgr F) = Ko(qgr kQ) as ordered abelian groups.

By Elliott’s classification of ultramatricial algebras [4], (1) and (2) are equivalent statements,

but we will prove each directly.



4.5.1 The second quiver

Let @ be the quiver with vertices 1,2,...,d and arrows
e i —i+1lforalll<i<d-—1and
e di—>1foralll <i<yg.

Let kQ be the path algebra of ). We grade k@ by placing all arrows in degree one.

Example 4.5.1. If g =4 and dy = 1, do = d3 =2 and d4 = 3, then @ is the quiver

5

G

The quiver () has an incidence matrix

ng 1 0 --- 0
nge 0 1 --- 0
M =
ng-1 0 0 --- 1
ng 00 --- 0
The characteristic polynomial of M is
det(tI — M) =t¢ —nit?t — ... —ng_1t —ng

=t1f(1/t).
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4.5.2  An equivalence of categories

By an equivalence similar to the one presented in [7], qgr F' = qgr kQ. We illustrate this

equivalence through an example.

Example 4.5.2. If g=3 and dy = 1, do = d3 = 2 then Q is

1/—\2
Urner™

View F' as the path algebra of the quiver

az
()
N
)
a Uag
with deg(a1) = 1, deg(az) = deg(as) = 2. The functor gr F — gr kQ given by
g id
Vv = Vv —
@, ), U bz
f h f 7
and the functor gr kQQ — gr F’ given by
m gom
7N (>
Vv L w = ~V
U xlr )
f g f hom

descend to a equivalence qgr F' = qgr kQ.

4.5.8 The Grothendieck group

Hence
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where each Z? is an ordered abelian group in the standard way, i.e. (Z%)>o = N%. The limit

is

74 M 74 M- zd M
1 ¢ +2
Z°[t]
(ei —tM 61')

Where e; € Z% is the column vector with one in the i-th entry and zeros in all other entries.

We write T = Z4[t]/(e; — tMe;). The positive cone of T is
Too = {p(t) | p(t) € Nt]}. (4.5-1)
The relations e; = tMe; in T tell us that in T,
ei=et T foralll1<i<d
and
d
ep =t Z n;e;.
i=1
4.5.4  An isomorphism of Grothendieck groups

By the equivalence of categories qgr F' = qgr k@), S and T are isomorphic ordered abelian
groups. In this subsection we find an explicit isomorphism.

For ease of reading, we suppress the overline notation for quotient groups. For example,
p(t) € S denotes both a polynomial p(t) € Z[t] and the image of that polynomial in S.

Both S and T are Z[t]-modules.
Proposition 4.5.3. The Z[t]-module homomorphisms

0:T— 8, e—ti!
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and

Yv:S8—=T, 1—e
are well-defined and mutually inverse.

Proof. To show ¢ is well-defined, we must show that p(e; —tMe;) € (f(t)) for all 1 <i <d.

Fori=1,
d .
pleg —tMe;) =1—1t (Z nitll>
i=1
d .
=1-> nit' = f(t).
i=1
For 2 <14 < d,

ole; —tMe;) =t —t(t2) = 0.

Hence ¢ is well-defined.

To show that ¢ is well defined, we must show that ¥(f(t)) € (e; — tMe;). Since
d .
Y1) =e1 =) miert!
i=1
d
= €1 — tz n;e;
i=1
= €1 — tMel,

1) is well-defined.
The composition po) : § — S sends 1 to 1 and therefore is the identity. Since e; = eyt'~!

in T for all 1 <14 < d, the composition
@bocp:T—)T, ei'—>€1ti_1

is also the identity. O
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The following result is proved in the proof of Lemma 4.2.2.

Proposition 4.5.4. If p(t) € Z[t*'] such that p(§) > 0, then there exists an n € N such

that

with q(t) € N[t].

It remains to show that ¢ and ¥ respect the orderings of S and T, for which the next

result is key.
Proposition 4.5.5. If p(t) € Z[t] then

+tg(t)

<p(t)> _ teM(p(t))
F@®) ) 51 f(t)

for some g(t) € Z[t].

Proof. Write p(t) = >_I*, pit'. We may assume, by taking high coefficients to be zero, that

m > d.

Let q(t) = Y0y pimieit it g pieat™" € Z9[t). Since p(q(t)) = p(t), a(t) =9 (p(1)) € (ei~
tMe;). By the relations in T', t M q(t) —t M1 (p(t)) € (e;—tMe;), so ptMq(t) —ptMp(p(t)) €
(f(t)). Since ¢ is a Z[t]-module homomorphism, toMq(t) — toM(p(t)) € (f(t)).

Now

d d m
Mq(t) = po Zniei + Zpi—lei—l + Zpieltl_l
i=1 i=2 i=d
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s0
d . d . m .
toMq(t) =po »_mnit' + > piat '+ pit’
i=1 i=2 i=d
d . m .
= Z(Poni +pi)t' + Z pit'
i=1 i=d+1
=p(t) —p(0)f(t)
Hence

for some g(t) € Z[t].

Corollary 4.5.6. If p(t) € Z[t] and n € N then

p(t) "o M™p(p(t)) | L,
<f> >n B " ' g(t)

f(t)

for some g(t) € Z]t].

Proof. We induct on n. The result holds for n = 1 by Proposition 4.5.5.
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If the result holds for NV € N, then

628) >N+1 - <<2;((2) ZN) >N+1

(N MNY(p(t) N
‘< 7 +fW0

N
— tN <§0M fq(/;gp(t)) —i—g(t))
_ N (tsoM M N4 (p(t))
f(t)
_ oMYy (p(t))
f#)

>N+1

>1

+WMMMW+MW>

+ N oMy (g(t)) + h(t)).
The result follows. O

Lemma 4.5.7. The Z[t]-module map

U
7 e —tMey) ()

e; — ti_l

18 an isomorphism of ordered abelian groups.

Proof. By Proposition 4.5.3, ¢ : T — S is an isomorphism of abelian groups (in fact, of
Z[t]-modules). It remains to show that ¢(T>g) C S>¢ and ¥ (S>0) C T>o.

If q(t) € Tso, ie. q(t) € N9, then p(t) = p(q(t)) € N[t]. If p(d) = 0 then ¢(t) = 0,
otherwise p(6) > 0. Hence p(t) € S>o.

Suppose p(t) € S>¢. If p(t) = 0 then ¢ (p(t)) =0 € T>. If p(d) > 0 then for some n,

(P(’f)) _alt)
f@&)) s, f(0)
for some ¢(t) € N[t] by Proposition 4.5.4. By Corollary 4.5.6,

q(t) = t"pM" ¢ (p(t)) + t"g(t) f(t)
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for some g(t) € Z[t]. Since 1 (q(t)) € N[t] and

P(q(t)) = "M P(p(t)) = ¥ (p(t))

in T, %(p(t)) € Too. 0

4.6 Examples

4.6.1

If F =k(zi,...,24) with deg(z;) =1 for all 4, then f(t) =1 — gt is irreducible, so
Ko(agr F) = Z[1/g] C R

as ordered abelian groups by Theorem 3.3.1.

4.6.2
Let F = k(x1,22,x3) with deg(x;) = 1 and deg(z2) = deg(x3) = 2. In this case, f(t) =
1—t—2t2=(1+1t)(1—2t) and § = 1/2. The map

Z[t, 71
(f)

—Z®Z[1)2], g~ (9(-1),9(1/2))

is an isomorphism of abelian groups. By Theorem 3.3.1, Ky(qgr F') = Z ® Z[1/2] as ordered

abelian groups where (Z & Z[1/2])>0 = (Z & Z[1/2]>¢) U {0}.

4.6.3

Let F = k(z1,72) with deg(z;) = i. Then Ko(qgr(F)) = Z[3(1 + v/5)] C R since
f(t) = 1 —t — 2 is irreducible and 6 = %(—1 + 4/5). This ordered group shows up as

the Grothendieck group of categories associated to Penrose tilings in [2, Sect I1.3] and [15]
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and as the Grothendieck group of qgr(A) where A = k(z1, 72, v3)/(z123 + 23 + x371) With

deg(x1) = deg(z2) = deg(z3) = 1 in chapter 5.
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Chapter 5
THE CASE B IS A REGULAR ALGEBRA OF DIMENSION 2

In this chapter, we use the methods of Chapter 3 to compute Ky(qgr A) as an ordered

abelian group where A is a regular algebra of global dimension 2.

5.1 Regular algebras of global dimension 2

Let k be a field and A = €P,,5q An an N-graded k-algebra such that A9 = k. The left
and right global dimensions of A are the same and equal the projective dimension of the
A-module k := A/A>,. We say A is regular if it has finite global dimension, n say, and

‘ kE ifj=n

Ext’, (k, A) =
0 ifj#n.

Zhang [17, Theorem 0.1] proved that A is regular of global dimension 2 if and only if it is
isomorphic to some

 k(wy,... 1) (5.1-1)

where g > 2, the z;’s can be labelled so that deg(x;) + deg(z4+1—i) =: d is the same
for all 4, and o is a graded k-algebra automorphism of the free algebra k(z1,...,z,), and

b=731 i (zg41-i)-

Because A is regular of global dimension two, the minimal projective resolution of 4k is

00— A(—d) —2> @7_, A(— deg(;)) Ly k 0 (5.1-2)
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where d = deg(z;) + deg(z4+1—i), a is right multiplication by (z4,...,21), and g is right

multiplication by (o (x1),0(x2),...,0(z,))T. The Hilbert series for A is therefore

o0 ‘ n 1
Ha(t) := nZ:;)dlmk(An)t =0
where
g
F(t) o= h =) "pdesled 4 (5.1-3)
=1

For the rest of the chapter, A denotes the algebra in (5.1-1) where the degrees of the
generators and the relation b have the properties stated after (5.1-1). We will also assume
that g > 3 (the case g = 2 is well-understood) and without loss of generality, that the

greatest common divisor of the degrees of the generators x; is one.

5.2 A satisfies C3

5.2.1 A satisfies C1

By definition, A is finitely generated and connected-graded. Because A is defined by a single
homogeneous quadratic relation, A is coherent by [11, Theorem 1.2]. By [17, Theorem 0.1],

A has global dimension equal to two. Hence A satisfies C1.

5.2.2 A satisfies C2

Let a; := dimy A;. Because A is a domain [17, Thm. 0.2] and 1 is the greatest common
divisor of the degrees of its generators, a; > 1 for all ¢ > 0.

Descartes’ rule of signs implies that f(¢) has either 0 or 2 positive real roots. The
hypothesis that ¢ > 3 implies f(1) < 0. Since f(0) > 0, we conclude that f(¢) has two

positive roots, #~' > 1 and 0 € (0, 1), say.
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By the following result proved in §5.4, F' satisfies C2.

Proposition 5.2.1. The root 0 of f is simple and 6 < || for A any other root of f.

5.2.8 A satisfies C3

Lemma 5.2.2. Let p € Z[t,t71]. If p(§) > 0, then there is an M in gr(A) such that

qu(t) — p(t) € (f)-

Proof. Tt suffices to show that t*qas(t) — t°p(t) € (f) for some integer s. Since gpr(—g) (1) =
t*qpr(t), we can, and will, assume p(t) € Z[t].

Write p(t) = >_7_, pit'. Define integers b;, j > 0, by the requirement that

i bjt! = p(t)Ha(t). (5.2-1)
j=0

Therefore
00 . d—1 0o .
p(t) = f() ) bjt! = <1 =) ngt' + td) > btd.
j=0 /=1 Jj=0

Equating coefficients gives
d—1
pi=b; +bi_q— Znebz‘—e (5.2-2)
(=1

for all 4 > 0 with the convention that p; = 0 for ¢ > s and b; = 0 for j < 0.
Since a; # 0 for j > 0,
b i Qi i ]
lim <]> = lim (H) pi| = Zpiﬁz = p(#) > 0.
J—00 CLj J—00 i—o aj i—0

Therefore

b; biaiz1 a; _
lim J> = lim [ 22 2 ) = p@)p®)~1o = 6.
j=00 <bj+1 j—00 (aj bj+1 aj1 pO)p(0)
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There is therefore an integer m > s such that {b;} i>mtl-d is a strictly increasing sequence
of positive integers. We fix such an m.

We will complete the proof by showing that the Laurent polynomial

a(t) = p(t) - (Z bni) £(t)
=0

is qpr(t) for a suitable M € gr(A). Before beginning the proof we define

d—1
rii= > mgbig—big (5.2-3)

l=i—m

for m 4+ 1 < i <m+d. To start the proof, we note that ¢(t) is equal to

m d—1
p(t) — (Z biti> <1 =) it + td>
=0 =1

which equals

m d—1
NOEDY [bi — D mubig+big
i=0 =1

m~+d d—1
Ry [Z ngbig—bid] #

i=m+1 U=i—m
By (5.2-2), the left-hand sum is p(t) so

m~+d

q(t) = Z rit".

i=m+1
Suppose deg(z;) =1 for all i =1,...,g9. Then
q(t) = rmat™ T i at™? = ™t 4 b, (1 - )"
where a = (g — 1)by, — byp—2 > 0. Thus, ¢(t) = qar(t) where M = M'(—m — 1) and
A\
M= A [ .

Suppose deg(z;) # 1 for some i. Then d; # d, and Lemmas 5.2.4 and 5.2.5 below show

that ¢(t) = qnr(t) for some M € gr(A). O
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5.2.4  Technical lemmas

The next three lemmas complete the proof of Lemma 5.2.2 when dy # dy so are proved

under that hypothesis.

Lemma 5.2.3. For each integer i between m + dy + 1 and m +d,

d—1

Z nebi—g > bi_g.

l=i—m

Proof. Since ny is the number of the generators x1,..., x4 having degree ¢, n, > 0 for all ¢

between ¢ —m and d — 1. Since ¢ — m is between d; + 1 and dg, the only £’s between i —m

and d — 1 for which ny is non-zero are da,...,dy. If £ = dj, then nyb;—y = ng,b;—q,; but

i—dj>i—d>m+1—dsob_g; >bi_q. The result follows.

Lemma 5.2.4. There is N € gr(A) such that

m+dg
gn(t) = Z rit’.
i=m-+di+1
Proof. By definition,
d—1
ri = —bj—a+ Z nebi—g.
{=i—m

By Lemma 5.2.3, r; > 0 for all ¢ between m + dy + 1 and m + d,;. The module

m-+dy

N= P A7(-i).

i=m+di+1

satisfies the conclusion of the lemma.

Lemma 5.2.5. There is L € gr(A) such that

m-+dq m—+d

qr(t) = Z rit' + Z ritt

i=m+1 t=m+dg+1

O
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Proof. Because di + dy = d,

m+dq m-+d m+di
Z Titz + Z T‘itz = Z (’I“Z‘ + Ti+dgtdg)tl.
i=m+1 i=m+dg+1 i=m-+1

However, ny, = 0 for all £ > d, + 1 so, when m + 1 < ¢ < m + dy,
Ti+ Titd, 1% = 1 — biva,—at™ = 1 — bi_ay + bi—g, (1 — %),

We must therefore show there is L € gr(A) such that

m-+dq ) m~+dy
a(t) = D (ri—bia)t'+ > bia,(1—t%)t
i=m-+1 i=m+1

Since t' = qa(_;(t) and (1 — %)t = A(A)zyA)(—i) (1), q(t) equals gr(t) where

m+dy m+dy bi—d,
(@) (B

1=m+1 i=m-+1
provided the coefficients r; — b;_4, and b;_4, are non-negative. Since ¢ —d; > m+ 1 —d,
bi—d1 > 0.
Ifm+1<i<m+dp, then
ri > ngbi—g, +na,bi—a, —bi—q > bi—q,
so r; —bi—q, > 0. ]

5.3 The Grothendieck group of qgr(A)

We make Z[t!]/(f) an ordered abelian group by defining

Z[t, 71 e
( 0 )20.—{p|p<9>>0}u{0}

where P denotes the image of the Laurent polynomial p in Z[t,t~1]/(f). The order structure

on Z[#] is inherited from its embedding in R.
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Theorem 5.3.1. Let A be the algebra discussed in §5.1. The Grothendieck group Ko(qgr A)

s isomorphic as an ordered abelian group to

Z[t, t71
(f)

via the map [7*M] — qu(t). If f is irreducible, Ko(qgr A) is isomorphic as an ordered
abelian group to Z[0] via the map [7*M] — qar(6).
Furthermore, under the isomorphism(s), the functor M +— M(1) corresponds to multi-

plication by t=" and 1.

Proof. By §5.2.1, 5.2.2 and 5.2.3, F satisfies C3. The result now follows from Theorem

3.3.1. O

5.4 The proof of Proposition 5.2.1

5.4.1 The idea of the proof

The idea of the proof of Proposition 5.2.1 is similar to the idea of the proof of Proposition
4.2.1 described in §4.4.1. Namely, we will associate to A a particular finite directed graph
G and show that the characteristic polynomial of G is t*~¢f(t) where ¢ is the sum of the
degrees of the generators x;. We also show that M is primitive, i.e., all entries of M"™
are positive for n > 0. We then apply the Perron-Frobenius theorem which says that a
primitive matrix has a positive real eigenvalue of multiplicity 1, p say, with the property
that |A| < p for all other eigenvalues A\. But the non-zero eigenvalues of M are the roots of
f(t). Since we already know that f(¢) has only two positive real roots, # < 1 and 6~! > 1,

p =071, Since the coefficient of ¢’ in f(t) is the same as that of 9=, f(t) = t?f(¢~1). Thus
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f(A) = 0 if and only if f(A~!) = 0. Hence 0! is the unique root of f(t) having largest
modulus, so 6 is the unique root of f(¢) having smallest modulus.

The ;s are labelled so that deg(z1) < --- < deg(zy).

The free algebra on k(z1,...,z4) is the path algebra of the quiver with one vertex x and
g loops from « to  labelled z1, ..., x,. We replace each loop x; by d} := deg(z;) —1=d; —1

vertices labelled x;1, ..., x;y and arrows
k2

The graph obtained by this procedure is the graph associated to k(x1,...,z4) in 4.4.2.

5.4.2 FErample

If A is generated by x1,x9, z3 and deg(x;) = i, the associated graph is

T2 \aﬂ‘ 0430/1‘31
Q20 * asg
A
Q10
Q32 T30

5.4.3 The second graph associated to A

1

We now form a second directed graph, the vertices of which are the arrows in the previous
graph. In the second graph there is an arrow from vertex u to vertex v if in the first graph

the arrow u can be followed by the arrow v, except we do not include an arrow gy = Qg0-

We write G, or G(A), for the second graph associated to A.
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The second graph associated to Example 5.4.2 is
Q0 <—— 021

= N

Ca 10 Q30

N

32 <— (431

Note the absence of an arrow from aqg to asg.

Proposition 5.4.1. If u and v are vertices in G, there is a directed path starting at u and

ending at v.

Proof. There is a directed path oo — ;1 — -+ = o7 — o so the result is true if u = ay;

and v = ¢4. There are also arrows
Qg = 20,  Qggy =7 O30, ... Qgig/ | 7 Qg0,  Qgdy —> Q10
so the result is true if u = o, j, and v = a;,j,. O

Proposition 5.4.2. Let M be an incidence matriz for G. Then every entry in M™ is

non-zero for n > 0.

Proof. In the language of [8, Defn. 4.2.2], Proposition 5.4.1 says that M is irreducible.
The period of a vertex v in G is the greatest common divisor of the non-trivial directed
paths that begin and end at v. The period of G is the greatest common divisor of the periods
of its vertices. Since there is a directed path of length d; = deg(x;) from ;g to itself, the
period of G divides ged{dy,...,dy} which is 1. The period of G is therefore 1. Thus, in the
language of [8, Defn. 4.5.2], M is aperiodic and therefore primitive [8, Defn. 4.5.7]. Hence

[8, Thm. 4.5.8] applies to M, and gives the result claimed. O
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The Perron-Frobenius theorem [6, Thm. 1, p.64] therefore applies to M giving the

following result.

Corollary 5.4.3. The characteristic polynomial for G has a unique eigenvalue of maximal

modulus and that eigenvalue is simple and real.

Our next goal, achieved in Proposition 5.4.8, is to show that pg(t) = t'=9f(t) for a

suitable 4.

5.4.4  Other graphs associated to A

We now write X := {z1,...,24} and define the directed graph X by declaring that its
vertex set is X and there is an arrow x; — z; for all (z;,z;) € X? — {(21,7,)}. For each

non-empty subset X C X let X be the full subgraph of X with vertex set X.

If g =4, then

{1,220, 23}~

/\

and

{.’171, 2, 334}

/\
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Lemma 5.4.4. Let X C {z1,...,24}. The constant term in the characteristic polynomial
for X is
1 if X ={x1, 24}

re(0) = (-1 if[x|=1

0 otherwise.

Proof. Let M be an incidence matrix of X. Then the constant term in the characteristic
polynomial for X is pg(0) = (—1)XT det ().

If | X| = 1, then X consists of one vertex with a single loop so M = (1) whence ps(0) =
—1.

If X = {x1,24}, then X has vertices z; and zg, an arrow from x4 to z1, and a loop at
each vertex. Hence ((1) }) is an incidence matrix for X and the constant term is 1.

If | X| =2 and X # {x1,24}, then the incidence matrix for X is (} }) so the constant
term is 0.

Suppose |X| > 3. If {z1,24} C X, then M has a single off-diagonal 0 and all its other
entries are 1; in particular, M is singular so the constant term is 0. If {z1,24} Z X, then

every entry in M is 1 so M is singular and the constant term is 0. O

5.4.5 The paths p1,...,By in G
For each 1 <4 < g, let 3; be the path
Q0 —> Q1 —> -t —>aid§.

In example 5.4.2, B is the trivial path at vertex aqg, [ is the arrow agy — o1, and B3 is

the path Q30 —> 31 — (Q32.
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Proposition 5.4.5. Let iy,... 4, be pairwise distinct elements of {1,...,g} such that

(1,9) & {(im,41), (41,%2), ..., (bm—1,%m)}. Then there is a simple cycle in G of the form
ﬁil — /Big — s = ﬁ’im — Q4,0 (54—1)
and every simple cycle in G is of this form, up to choice of starting point.

Proof. Let r;s € {1,...,g} and assume r # s. If (r,s) # (1, g), then there is an arrow from
ayq., the vertex at which §, ends, to asp, the vertex at which s starts; hence there is a
path “traverse 3, then traverse 5s”; we denote this path by 8, — §s. It follows that there
is a path of the form (5.4-1).

Let p be a simple cycle in G. A simple cycle passes through a vertex «;; if and only if
it passes through «;g. Every simple cycle that passes through a;g contains 3; as a subpath
because there is a unique arrow starting at «;; for all j = 0,...,d, — 1. Hence p is of the

form (5.4-1). O

Lemma 5.4.6. There is a bijection ® : Z(X) — Z(G) defined by
Q(wgy = = wy, = xiy) = By = = B, = Qo (5.4-2)
whose inverse s

(I)fl(,Bil — s = /Bim — ailo) =Ly = = T4y, — Ty (5.4—3)

Proof. We need only check that & and ¥ are well-defined. Because X does not contain an
arrow 1 — x4 and G does not contain an arrow ;g — ago, the right-hand sides of (5.4-2)

and (5.4-3) are simple cycles. O

The next result is obvious.



50

Proposition 5.4.7. The function ® extends to a bijection ® : 7(./?) — Z(G) defined by

OELU---UEy,) (= ®(E)U---UD(E,)
for disjoint simple cycles B, ..., En in X. Furthermore, ¢(E) = ¢(®(E)) for all E € Z(X).
The support of a subgraph @) of G is

Supp(Q) := {z; | B; is a path in Q}.

For each non-empty subset X C {z1,---,z4} let
Z(G,X) :={Q € Z(G) | Supp(Q) = X'}

and let d(X) = > x deg(x).
Proposition 5.4.8. Let £ = > "7, deg(z;). The characteristic polynomial of G is t*~¢f(t).
Proof. The characteristic polynomial of G is

pe(t) =t +eit"™ et + o

where £ = v(G) = Y7, d; and

o= Y (-9 =} ( (1)C<Q>). (5.4-4)
QeZ(G,X)

e =

Since Z(G, X) = {®(E) | E € Z(X) & v(E) = d(X)} we have

Y= = N~ (5.4-5)

QEZ(G,X) E€Z(X)



o1

~

Since v(X) = | X/, the right-hand side of (5.4-5) is p¢(0). Hence by Lemma 5.4.4,

1 ifi=d+d, =d,

G = —n; 1f1§z§dg,
0 otherwise.
Thus pg(t) = t¢ —nt=t — - —mg gt 4 #=d = =4 £(1) as claimed. O

As explained at the end of §5.4.1, Proposition 5.2.1 follows from Proposition 5.4.8 and

Corollary 5.4.3.

Ezample

In order to clarify some of the technicalities in this section, we will compute the coefficient
s in pg(t) = t9 4 c1t + - - - 4 cgt + cg where G is the second graph associated to the algebra
A = k(z1,x2,23)/(b) where deg(z;) =i+ 1. First, G is

alpZ o

N\

\

33 —— 30 Q20

RN

Q32 Q31 Q22 Q21
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There are two subgraphs of G that have exactly five vertices and are disjoint unions of

simple cycles, namely

.
a0 an
Ql = and Q2 = \
90 OQO
(| 122 <—— (21 Q22 <—— OéQl

The only subset X of X = {x1, 22,23} such that d(X) = 5 is X = {x1,z2}. The graph X is

Since Q1 = ®(F1) and Qg = ®(F>) where

T D T

E1 = and E2 = \
X9 D Z2

equations (5.4-4) and (5.4-5) give

c5 = (_1)C(Q1) + (_1)0(622)
= (—=1)°FY) 4 (—1)(F2)

=1-1
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5.5 Examples

5.5.1

When A is generated by g > 3 elements of degree one, f(t) is the irreducible polynomial

1—gt+t?so

— 2 _4
Ko(agr(4)) = Z [929 CR

as ordered abelian groups.

5.5.2  Non-irreducible f
Suppose g = 4,d; = dy = 1and d3 = dy = 2. Then f(t) = 1-2t—2t2+3 = (1+¢t)(1-3t+t?)
and 0 = %(3 — \/5) The map

Z[t, t71]
(f)

= Z®Z0], p— (p(—1),p(0))

is an isomorphism of abelian groups. The image of the positive cone under that isomorphism

Ko(qgr(A)) — Z @ Z[6] is (Z @ Z[6]>0) U {0}.
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