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Abstract
Force feedback control is investigated for improving the

quality of the haptic feedback in virtual reality applications.
Advanced control design can increase the transparency of the
haptic device at the haptic interface thereby increasing the
realism of the simulation. Force feedback also enables the
implementation of admittance control approaches heretofore
considered the domain of large robotic platforms. The quality
of the haptic interface is "rst quanti"ed, and the standard
open-loop impedance approach to haptic control is reviewed.
Dual-input control schemes with sensory force feedback are then
introduced, and the resulting quality of the haptic interface is
derived. A four-bar linkage example is used to illustrate the im-
provement in "delity realized with the various approaches. The
tradeoffs encountered in moving to force feedback controllers
for haptic applications are also discussed.

Nomenclature
q joint angle vector, rad
qc commanded joint angle vector, rad
x position vector, m
xd desired position vector, m
xc commanded position vector, m
t actuator torque input vector, N-m
t f wd feedforward torque vector, N-m
td desired torque input vector, N-m
tc commanded torque vector, N-m
F force output vector, N
Fd desired force output vector, N
jZh joint impedance matrix, N-m
j �Zh modeled joint impedance matrix, N-m
Zh impedance matrix, N/m
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ZhCL closed-loop impedance matrix, N/m
Zd desired impedance matrix, N/m
Ze impedance error matrix, N/m
DZ relative impedance error (scalar)
KF force gain matrix
Kd desired stiffness gain matrix, N/m
Bd desired damping gain matrix, N/m/s
C impedance compensator gain matrix, m/N
jD joint servo compensator matrix, N-m
D Cartesian servo compensator matrix, N/m
KP joint stiffness gain matrix, N-m
KD joint damping gain matrix, N-m/s
J Jacobian matrix, m
M inertia matrix, kg-m2
G gravity torque vector, N-m

1 Introduction
The development of haptic devices for virtual reality ap-

plications is already rivaling the development of industrial ma-
nipulators which took place two decades earlier. This rapid
pace largely owes its existence to the advent of powerful com-
puter workstations which allow the rendering of virtual environ-
ments in real-time. These robotic mechanisms form the kines-
thetic counterpart to the visual feedback from the workstation
and are a direct descendant of force-re#ecting hand controllers
used in teleoperation. Desktop haptic devices are already "nd-
ing widespread use as force �displays� for computer games,
nanoscale manipulation, and surgical simulators.

At the core of this development is creating a �realistic�
force-position interface with the virtual environment. The qual-
ity of this interface can be measured in terms of impedance �ac-
curacy�, which refers to how close the impedance matches that
of the virtual environment, and impedance �resolution� or �"-
delity�, which refers to the level of impedance discrimination
that can be detected at the haptic interface. For high output force
applications such as driving simulators and smart exercise ma-
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chines, the former is usually more important. For the dexter-
ous procedures involved in surgical simulation, the latter is more
likely to be important.

One of the principal barriers to achieving high impedance
accuracy and precision are the dynamics of the haptic device it-
self. The natural dynamics detract from the realism of the haptic
feedback since they are perceived by the human operator as part
of the simulated environment. Improvements in robotic design
over the last several years have done much to reduce the natu-
ral dynamics of haptic devices over the previous generation of
master arms. These advancements are largely due to more ef"-
cient drive trains (cable, harmonic drives) and higher strength-
to-weight ratio materials.

However, as the demand for force production continues to
rise, it will become increasingly dif"cult to achieve further re-
ductions by strictly physical means; larger actuators, drive mech-
anisms, and linkages all lead to more inertia and friction in the
haptic device. The trend toward higher output haptic devices is
already apparent as traditionally robotic mechanisms are now be-
ing employed as haptic devices. Some examples of this include
manipulators used as driving and #ight simulators [Lee et al.,
1998; Clover et al., 1997], motorized �smart� exercise machines
[Book and Ruis, 1981; Li and Horowitz, 1996], and astronaut ex-
travehicular (EVA) training using parallel mechanisms [Swaim
et al., 1995] and manipulators [Carignan and Akin, 1997b].

Higher "delity may also imply that the dynamics of the hap-
tic device need to be reduced relative to the impedance of the
virtual environment. Thus, even if the force output of current
haptic devices is adequate, the natural dynamics might prohibit
the "ner force discrimination required for simulating more dex-
terous tasks. A notable example of this is the abrupt change in
resistance encountered by a needle or scalpel as it penetrates a
layer of tissue during a surgical procedure [Baumann and Clavel,
1998; Popa and Singh, 1998; Cleary et al., 1998].

Further reductions in the haptic device dynamics will likely
come from active control. This compensation can take the form
of model feedforward or force feedback from a force-torque sen-
sor mounted at the haptic interface. While gravity and friction
feedforward are often used to reduce these effects, modi"cation
of the inertial dynamics requires force or acceleration feedback.
In addition, feedback control allows for a more robust design
which is important when physical properties of the haptic device
are changing with time. In this paper, the impact of sensory force
feedback on the haptic interface will be investigated in the con-
text of several control methodologies.

What this paper is not about is stability. While it is rec-
ognized that stable behavior is a prerequisite to implementing
any form of haptic control, addressing stability issues as well as
haptic quality goes beyond the scope of this paper. The con-
trollers introduced in this report have all been implemented on
either haptic or robotic systems so that they are known to have at
least a range of stable behavior. The reader is referred to work by
Lawrence [1988], Newman [1990], and Adams and Hannaford

[1999] for discussions on stability issues, particularly in the con-
text of impedance control.

This paper begins with a brief history of force-controlled
haptic devices and then proceeds to discuss design criteria for
haptic interfaces. This is followed by an overview of the open-
loop impedance approach to haptic control. The next section
discusses advanced control schemes which implement sensory
force feedback in the control law. A measure of the impedance
tracking accuracy is then developed, and an example is used to il-
lustrate the "delity realized by the two approaches. Results from
the example are then discussed and some conclusions are drawn
regarding force feedback implementations.

2 Previous Work
The origin of haptic devices actually dates back to the master

arms used in the 1950s for remote handling of radioactive mate-
rials [Goertz, 1954]. Initially just passive replicas of the slave
arm, master arms were manipulated by the operator to command
the slave arm performing the task. Later on, master arms were
motorized so that they could impart feedback forces on the op-
erator that were proportional to the forces being felt by the slave
arm operating in the remote environment. This increased �telep-
resence� was found to decrease task times, particularly in envi-
ronments that were unpredictable or changing [Das et al., 1992;
Zhai and Milgram, 1993].

The computational requirements for master/slave (M/S) sys-
tems were fairly minimal since the control could be accom-
plished joint-to-joint. As computers became more powerful,
complex kinematics computations could be performed in real-
time enabling the development of master arms which bore little
resembleance to the slave arms they were controlling. The JPL
Force Re#ecting Hand Controller (FRHC) was one of the "rst
devices to emerge, and it had better force resolution than most
master arms built beforehand [Bejczy and Salisbury, 1983].

It was only a matter of time before researchers began to re-
alize that this new breed of hand controllers could be used for
simulating virtual environments as well as reproducing the forces
sensed in a �real� environment. In this context, FRHC's belong
to a class of robotic mechanisms usually referred to as �haptic
devices�. It has long been recognized that the dynamics of the
haptic device interfere with the realism of haptic feedback, and
the drive to achieve low dynamics or �transparency� has always
been regarded as a desirable feature in hand controller design
[Hannaford, 1989; Lawrence, 1992]. By employing new materi-
als and drive components, the mass and friction in these devices
have been reduced dramatically making the current generation of
haptic devices adequate for many applications.

Force-torque sensors have rarely been implemented in hap-
tic devices due to the added mass and cost penalties. However,
the advantages of incorporating them have been known from the
start. An example of a simple linear haptic device with force
sensing is shown in Figure 1 [Paines, 1987]. �Canute� was
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driven by a cable assembly and incorporated strain gauges, an
accelerometer, and a position sensor for state feedback. Derived
rate information from an encoder was used to modify the appar-
ent viscosity of the joystick. In addition, an accelerometer al-
lowed the user to program different �feels� for the joystick, and
even negative values of mass were tested.

Figure 1. Canute translational hand controller undergoing testing in neu-
tral buoyancy.

The six degree of freedom Cartesian �manipulator� devel-
oped by Yokoi et al. [1994] had a force sensor in the wrist to
read user force inputs. The master arm had three orthogonal
Cartesian axes in the base driven by linear actuators and three
orthogonal revolute axes to drive the handle. Feedback from the
virtual environment was used to minimize the input forces dur-
ing free motion and to oppose the user during contact with virtual
objects. The closed-loop bandwidth was estimated to be only 4
Hz, and investigators reported instability when the handle was
grasped tightly by the user.

A portable haptic mechanism employing force sensing is
the GLAD-IN-ART arm exoskeleton [Bergamasco et al., 1994].
This haptic device was designed to be worn over a human arm
for the purpose of a more fully immersive simulation. Torques
ranged from 20 N-m at the shoulder joints to 2 N-m at the fore-
arm. Gravity feedforward compensation was used to reduce the
gravitational loads due to the 10 kg mass of the device. The ex-
oskeleton incorporated a six-axis force-torque sensor below the
handle grasped by the operator which was used to close a force
loop at the wrist.

Haptic devices with force-sensing capability have also been
used as mass simulators in space applications. At the Virtual Re-
ality Laboratory at the Johnson Space Center, EVA crew have
trained using fully immersive virtual reality hardware, and have
dynamically interacted with massive payloads through the use
of a CharlotteTM parallel-cable manipulator system produced
by McDonnell-Douglas Corporation [Swaim et al., 1995]. The

Charlotte robot is supported by eight cables connected to the
corners of its box structure which are reeled in and out via
a capstan/motor system allowing movement within the large
workspace area encompassed by the cable assembly.

The Ranger Dexterous Manipulator (DXM) is an example
of a serial manipulator that has been used as a mass simulator
[Carignan and Akin, 1997b]. By mounting a force-torque sensor
at the end of the manipulator, researchers were able to simulate
free-#oating masses of 125 kg to 1000 kg. In addition, a force
�accommodation� mode was also tested for damping values as
low as 250 N/m/s. Further reductions might have been realized,
but the maximum impedance loop rate attained was 40 Hz due to
hardware limitations.

The mechanisms described above are all examples of haptic
devices which incorporate force sensors in the hardware. Com-
monly used haptic devices such as the PHANToMTM and Im-
pulse EngineTM do not incorporate force sensors in their design.
In the next section, the standard open-loop approach to haptic
control is examined "rst, and then closed-loop force control ap-
proaches are introduced.

3 Haptic Control Design
Recent developments in haptic interfaces and 3D computer

graphics provide the basic hardware and software platforms to
incorporate these devices into working systems. For example,
a surgical simulator can be constructed using a PHANToMTM

haptic interface, a computer graphics workstation, and an envi-
ronmental model. While several of these simulators have been
built, haptic "delity is still an issue. Most of the simulators con-
structed so far concentrate on modeling the environment and use
relatively simple control laws for the haptic feedback.

A block diagram of a typical haptic system for surgical sim-
ulation is shown in Figure 2 [Cleary et al., 1998]. The simu-
lator consists of four blocks: the physician (human operator),
the haptic device, the anatomical model of the patient (environ-
ment), and the visual interface (computed tomography (CT) im-
age). The physician interacts with the simulator by positioning
the haptic device, which exerts forces back that are similar to
the actual patient. The anatomical model computes the desired
Cartesian forces and torques on the tool based upon the physical
properties of the environment and the position of the tool. The
haptic controller calculates the motor torques for the haptic de-
vice based on the sensed position and/or force and the desired in-
teraction forces and torques coming from the anatomical model.
The motor torques are then sent to the haptic device, and any up-
dates to the model are sent to the visual interface, typically a 3D
graphical representation of the environment.

The haptic control and visual computations may be done on
different computing platforms, depending on the system archi-
tecture. In a typical implementation, the haptic device must be
updated at a fairly high rate (on the order of 1000 Hz) to ensure
stability and a responsive interface. On the other hand, the visual
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interface can be updated at a much lower rate, perhaps as low as
30 Hz, due to the relatively low threshold of visual perception.

Figure 2. System block diagram for the Georgetown University Spinal
Biopsy Simulator.

The haptic device can be regarded as a transmission between
the human hand and the motors which generate the forces in the
simulation. In between these are the tool interface, the linkages,
and the transmissions to the motor shafts. The motors are driven
by the haptic controller which is programmed to replicate the de-
sired stiffness, viscous, and mass properties of the environment
as well as constraint surfaces or interfaces that might be present.

The PHANToMTM , shown in Figure 3, is a three degree of
freedom device consisting of a four-bar parallel linkage attached
to a vertical rotational axis. The parallel linkage allows the three
motors to be mounted at the base giving an apparent mass at the
tool tip of about 100 grams. Cable drives are used for torque am-
pli"cation to reduce the effect of friction usually found in geared
mechanisms. A continuous force of 1.5 N can be generated at
the tool tip and peak forces of 10 N can be applied.

Haptic engineers typically employ three criteria when de-
signing haptic mechanisms [Massie and Salisbury, 1994]: (1)
free space must feel free, (2) solid virtual objects must feel stiff,
and (3) virtual constraints must not be easily saturated. The "rst
criterion implies that the natural dynamics of the haptic device
should not distract the user from the environment being simu-
lated (PHANToMTM is < 0.2 N). This implies that the apparent
mass and friction of the apparatus should be as low as possible.
The second criterion says that the haptic device must be capable
of producing a stiffness convincing enough to believe that con-
tact with an immovable object has taken place. This stiffness is
usually taken to be a minimum of 20 N/cm. The third criterion
implies that the haptic mechanism must be capable of produc-

ing enough force so that virtual objects feel solid. For "ngertip
contact, a force of 10 N is rarely exceeded. However, for a grasp
situation, the force can be much higher. The above values as well
as criteria were all derived from Massie and Salisbury [1994].

The "rst criterion regarding "delity can be satis"ed either
through passive design or by active control. The second require-
ment on stiffness is satis"ed by making the mechanism stiff and
using a very high bandwidth controller. The latter implies that
the control law be computed at a very fast rate. The saturation
requirement is a function of the peak torque outputs of the mo-
tors. The higher the force produced at the haptic interface, the
larger the torques that must be supplied by the motors.

Haptic devices such as the PHANToMTM were designed
from the outset to have low dynamic properties and thus easily
satisfy the "rst design criterion. However, in many applications,
the operator exerts far more than 1.5 N of continuous force thus
violating the third criteria and rendering low output devices such
as the PHANToMTM inadequate for simulation and training. For
example, during a lumbar puncture insertion, surgeons typically
apply in excess of 10 N of force [Popa and Singh, 1998]. It seems
likely that in future applications, higher output devices with po-
tentially larger masses and drive mechanisms will be required.

In some haptic devices, certain components of the natu-
ral dynamics can be compensated for through mechanical de-
sign. The gravitational moments, for example, can be �removed�
through counterbalancing. However, there is a penalty associ-
ated with the higher inertia from the counterweight. Other pas-
sive measures include decoupling the inertia of the apparatus by
proper choice of link lengths and masses. While this simpli"es
the dynamics, it does not reduce the principal inertias. These
measures are also restricted to certain classes of mechanisms
usually employing parallel linkages [Huissoon and Wang, 1991].

Figure 3. PHANToMTM haptic interface (Image courtesy of SensAble
Technologies, Inc.)
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A typical master arm control scheme is depicted in Figure 4.
The master arm is comprised of a set of motors/encoders, link-
ages, drive transmissions, and a gripper. Encoders attached to the
motor shafts read the angles of the motors which drive the link-
ages through a transmission. The joint angles are then sent to
a forward kinematics module inside the controller to determine
the position of the gripper. The position is then mapped into a
desired position command for the slave arm end-effector, xc, and
sent to the slave arm controller. The slave arm controller passes
the forces sensed at the manipulator, Fs, back to the master arm
controller which then maps this into a force �re#ection� com-
mand. The force command is mapped using a Jacobian to a set
of desired torques to be produced by the motors in the master
arm. The signal is then converted into desired currents for the
servo ampli"ers driving the motors.
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Figure 4. Typical master arm controller used in M/S teleoperation.

This type of force control is called �open-loop� because
there is no force feedback from the device to the controller to
regulate the force output of the master. The accuracy of the force
thus depends largely upon the master arm (or hand controller)
having negligible dynamics. Any friction, gravitational, or iner-
tial torques in the device will directly add to the forces felt by the
user. In addition, any errors in the geometric modeling or output
of the servos will also contribute to inaccuracies perceived by the
user.

There are two classes of control schemes available for force
re#ection: impedance control and admittance control [Baumann
and Clavel, 1998]. Impedance controlled systems detect the mo-
tion commanded by the operator and control the force applied
by the haptic device. Admittance controlled systems detect the
force commanded by the operator and control the velocity or dis-

placement of the haptic device. Sometimes, force is used as an
additional input to the impedance controller or displacement is
used as an additional input to the admittance controller. How-
ever, the type of output (force or position) can ordinarily be used
to determine the class of controller being used.

In the past, which approach to use often depended on the
application being considered. Impedance controllers were gener-
ally used when the environment being simulated was highly com-
pliant such as human tissue in surgical simulators. Admittance
control was generally used when the environment was unyield-
ing such as #ight simulator platforms. However, the use of force
and velocity inputs for both classes of control often blurs this
distinction. In the remainder of this section, a �pure� impedance
controller will be examined as well as two dual-input controllers:
impedance control with force feedback [Sakaki et al., 1992;
Bergamasco et al., 1994], and admittance control with position
feedback [Maples and Becker, 1986; Pelletier and Doyon, 1994].

3.1 Open-Loop Impedance Control
Off-the-shelf haptic devices typically use controllers based

on the master arm design discussed in the previous section. A
block diagram of a typical haptic controller is shown in Figure 5
[Massie and Salisbury, 1994]. Encoders mounted on the motor
shafts read the angles of the motors which are converted to joint
angles. The angles are then sent to a forward kinematics module
inside the controller to determine the position of the tool tip, xs.
An environmental model uses the position and desired physical
properties to generate a desired force response, Fd . The desired
force is then mapped using a Jacobian to a set of desired torques
to be produced by the motors in the haptic device.
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Figure 5. PHANToMTM haptic interface controller.
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This block diagram is almost identical to the master arm
controller shown in Figure 4 except the slave arm controller has
been replaced by an environmental model. Thus while the mas-
ter arm is attempting to replicate the forces felt by the slave arm
in a real environment, the haptic device is attempting to produce
forces generated by interaction with a virtual environment. In ad-
dition, the position of the haptic device directly affects the forces
generated by the virtual environment, whereas the slave arm in-
tercedes between the master arm and the environment.

The PHANToMTM controller in Figure 5 can be recast as the
control block diagram in Figure 6. In this diagram, the linearized
haptic device dynamics are represented by jZh which is the rela-
tionship between the joint torque inputs and the differential angu-
lar output. This will be referred to as the �joint-space impedance�
of the haptic device. (Strictly speaking, the impedance is the re-
lationship between velocity and force not position and force.)
Since the positions on this linearized block diagram are repre-
sented by deviations from some nominal position, xo, the Carte-
sian position of the haptic interface and the joint position of the
haptic mechanism are related through the Jacobian, J.

Referring to the block diagram in Figure 6, the controller
takes the difference between the desired position de#ection,
Dxd ≡ xd − xo, and the actual position de#ection of the haptic
interface, Dx ≡ x− xo, and multiplies it by the desired environ-
mental impedance, Zd , to generate a desired force command, Fd .
The commanded force is then mapped into a set of desired torque
commands using the Jacobian, J, which are then applied to the
haptic device. Note that F is the negative of the force applied by
the human operator and represents a physical, not control, input
to the haptic device.

Z
Dxd

F

+

---- d
Fd +

-

td Dt
Z-1h
j

J T

J T J
DxDq

Figure 6. Open-loop impedance controller.

The block diagram in Figure 6 can be used to determine the
closed-loop impedance achieved at the haptic interface. The fol-
lowing two relationships can be obtained from the block diagram

Dx = J jZ−1h [JTFd− JTF ] (1)
Fd = Zd(Dxd−Dx) (2)

where Dt denotes the deviation of the total torque applied to
the haptic device, t, from the nominal (gravitational) torque, to.
Substituting (2) into (1) and de"ning the open-loop impedance

of the haptic device, Zh ≡ J−T jZhJ−1, gives
Dx = Z−1h [Zd(Dxd−Dx)−F ] (3)

Combining terms in Dx and setting Dxd = 0 without loss of gen-
erality yields

[Zh +Zd ]Dx =−F (4)

The closed-loop haptic impedance is the relationship between the
positional deviation of the haptic interface, Dx, and the force ap-
plied by the operator, −F ,

ZhCL = Zd +Zh (5)

Thus the difference between the desired impedance and the
closed-loop impedance is just the natural (open-loop) impedance
of the haptic device in Cartesian space, Zh.

Note that if the desired impedance Zd contains a mass or
acceleration component, then endpoint acceleration feedback is
required. Six-axis accelerometers are available, but are gener-
ally not as accurate as force-torque sensors. In addition, many
of the same problems implicit in force control are also present
with explicit acceleration feedback, namely noise and high gain
instability. Therefore, if modifying the inertia is a requirement,
then it might be best to consider an explicit force signal in the
primary feedback path.

The impedance controller is often augmented by a model
feedforward term for the haptic device dynamics, j �Zh, in the con-
trol law. This was the approach used by Hogan [1985] in his de-
velopment of �impedance control� for robot manipulation and is
illustrated by the control block diagram in Figure 7. Using (2)
and the modi"ed control input

Dt f wd = j �ZhJ−1Dx (6)
Dx = J jZ−1h [Dt f wd + JTFd− JTF ] (7)

results in the following closed-loop impedance

ZhCL = Zd +Zh− �Zh (8)

The last term in (8), �Zh ≡ J−T j �ZhJ−1, represents the dynamic
model of the haptic device in Cartesian space. The goal of the
model feedforward, �Zh, is to cancel out the corresponding terms
in the dynamics of the haptic device, Zh.

While model feedforward may represent an improvement in
performance, it is fraught with dif"culties. One drawback is that
the controller is very susceptible to modeling error; if the es-
timated stiffness, damping, and inertia in the haptic model are
incorrect, �Zh 6= Zh, then the impedance realized at the output
will also be incorrect. Some recent work in adaptive modeling
may improve the picture in the future [Liu, 1997], but accurately
modeling effects such as friction which is both position and tem-
perature dependent remains elusive. In addition, model feedfor-
ward increases the computational load on the controller proces-
sor leading to lower loop rates which may compromise the haptic
design stiffness criteria.
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Figure 7. Open-loop impedance controller with model-feedforward.

3.2 Impedance Control with Force Feedback
An impedance controller with force feedback is illustrated

in Figure 8. In comparing this controller with Figure 6, there is
now a path for the sensed force signal leading back to the haptic
controller. The force feedback is used to close the loop on the
desired force generated by the controller. An example of a de-
vice which uses this type of control is the GLAD-IN-ART Arm
Exoskeleton described earlier [Bergamasco et al., 1994].

Z J T

F

KF

J T

Z-1h
j J

F/T
SENSOR

DxDqDtDxd+

----

+ + + +

---- ----d

Fd
tc

Figure 8. Impedance controller with force feedback.

The dependence of the impedance error on the force gain
can be found using the block diagram shown in Figure 8. The
following relations are obtained from the diagram

Dx = J jZ−1h (tc− JTF) (9)
tc = JT [Fd +KF(Fd−F)] (10)
Fd = Zd(Dxd−Dx) (11)

Setting Dxd = 0 and substituting (11) into (10) and (10) into (9),
the closed-loop impedance can be determined as

ZhCL = Zd +(I+KF)−1Zh (12)

where P is the dimension of the Cartesian space and I is the P×P
identity matrix. Thus, the errors due to the dynamics of the haptic
device are inversely proportional to the force gain, KF . If the
force gain is set to zero, then the controller reverts to the open-
loop case in (5). The force gain is typically set as high as possible
which, in practice, is bounded by the stability as determined by
the sample rate and natural frequencies of the haptic device.

3.3 Admittance Control
While pure admittance controllers (force input only) have

been developed for robotic applications [Glosser and Newman,
1994], the approach which seems to have found the most fa-
vor is the so-called �position-based impedance controller� devel-
oped by Maples and Becker [1986]. To avoid potential confusion
with the impedance controller, the terminology �admittance con-
trol with position feedback� will be used instead. As illustrated
in Figure 9, this type of control consists of two control loops:
an outer Cartesian loop for controlling impedance, and an inner
joint servo loop for controlling joint position. In the outer loop,
the sensed force is used to generate a desired tool position for
the haptic device based upon the environmental model embod-
ied by the compensator, C, and desired stiffness, Kd . An inverse
kinematics module inside the controller, represented by the block
J−1, converts the tool position into a set of commanded joint an-
gles for the haptic device, qc. A high gain PD controller at each
joint, jD, is then used to servo the joint angle sensed by the en-
coder to the desired joint angle.

F

+

-

+

-

J T

Z-1h
j JJ -1

+

----
+

-

+

+

Kd

C

F/T
SENSOR

Dj
Dxd Dx c cDq t c Dt Dq Dx

Figure 9. Admittance controller with position feedback.

Using (9) and the following new relations from the block
diagram in Figure 9,

tc = jD(Dqc−Dq) (13)
Dqc = J−1[Dxd +C(Kd [Dxd−Dx]−F)] (14)
Dq = J−1Dx (15)

and performing a considerable amount of algebra, the following
closed-loop impedance is derived

ZhCL = (DC+ I)−1[Zh +D(CKd + I)] (16)

where D ≡ J−T jDJ−1 is the inner loop joint PD controller ex-
pressed in Cartesian space. As the inner loop compensator gains
in jD become larger, D→ ¥ and

ZhCL ≈ (DC)−1[D(CKd + I)] (17)

which simpli"es to

ZhCL ≈ Kd +C−1 (18)
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IfC is chosen to be

C = (Zd−Kd)−1 (19)

then ZhCL approaches the desired impedance Zd [Carignan and
Smith, 1994]. Typically, an independent joint PD compensator
of the form

jD(s) = KDs+KP (20)

KP =
[

w2M11 0
0 w2M22

]
KD =

[
2zwM11 0
0 2zwM22

]
is chosen for the inner loop where z is the damping ratio and w
is the control bandwidth in rad/s. In order for this controller to
perform as designed, DÀ C and DÀ Zh must be maintained
through high values of the PD gains. KP and KD are typically
limited by stability considerations which are primarily a function
of the sampling rate and #exibility of the drive system.

One of the key features of this form of admittance control
is that the computation can be divided into two loops: the in-
ner joint servo loop, which is typically performed by motor con-
troller chips at very high speeds (≥500 Hz), and the outer force
loop which runs at a much slower rate, perhaps less than 100 Hz.
The effects of friction, backlash, and torque ripple are inversely
proportional to the inner loop gains which are quite high because
of the fast loop rate. The outer loop, which must perform com-
plex inverse kinematics computations, usually runs much slower
than the joint servo loop. However, experimental evidence indi-
cates that the outer loop can run 5-10 times slower than the in-
ner loop with little sacri"ce in performance [Maples and Becker,
1986; Pelletier and Doyon, 1994; Carignan and Akin, 1997a].

4 Impedance Error Measures
The goal of the haptic controller is to produce a closed-

loop impedance at the gripper (tool) interface which matches
the desired impedance, Zd . The difference between the desired
impedance and the closed-loop impedance, Ze ≡ Zd −ZhCL , rep-
resents the impedance �error� at the haptic interface. In the mul-
tidimensional case, it will be necessary to develop a measure of
the �size� of the error matrix. Here, a scalar performance mea-
sure of the impedance error will be adopted from a measure de-
veloped by Lawrence [1990] in assessing the effects of compu-
tational delays on impedance accuracy.

Constant values of the quadratic formed by the inverse
impedance error, xTZ−1e x ≡ cP, describe ellipsoids in P-
dimensional Cartesian space. This is illustrated for the two-
dimensional case in Figure 10. The greater the �size� of Ze, the
larger the ellipse. The semimajor axes of the ellipse are given by
c
√

li, where li are the eigenvalues of Ze.

l
1

c Ö

c=constant

v
1

x1

v
2

l
2

c Ö

x2

Figure 10. Impedance error ellipse in Cartesian-space.

One possible measure of the size of Ze is based on the vol-
ume of the ellipsoid

||Ze||= c(
P

Õ
i=1

√
li)

1
P (21)

where the Pth root has been used to retain the dimensions of Ze.
Another possible measure is the average value of the semimajor
axes

||Ze||=
c
P

P

å
i=1

√
li (22)

This gives a more conservative measure of the size of Ze than
the volume which would collapse to zero if the error in one of
the directions became zero. It was found that the impedance er-
rors in the case of a desired impedance which is isotropic were
rather insensitive to the choice of ‖Ze‖ as long as the units of Ze
were retained. The more conservative measure (22) was there-
fore adopted in this work.

The error would be more meaningful if it were somehow
normalized by the desired impedance, Zd . If the same mea-
sure is used for Zd as for Ze, then a normalized measure of the
impedance error is

DZ =
åP
i=1
√

li(Ze)
åP
i=1
√

li(Zd)
(23)

Thus (23) represents a scalar measure of the �relative�
impedance error. A more conservative measure could be adopted
which normalizes ||Ze|| by the desired impedance along the
semiminor axis of Zd [Lawrence, 1990]. However, (23) repre-
sents a balanced approach which weighs the impedance error
over all the principal directions.
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5 Example
The four-bar planar haptic device shown in Figure 11 will

be used to illustrate the differences in impedance accuracy ob-
tained using the various control approaches examined in this pa-
per. First, the design of the haptic device is described. A surgical
simulation task is then proposed to illustrate the application of
the controllers. Finally, the sensitivities to various parameters
are investigated using impedance analysis.

5.1 Haptic Device Design
The geometry of the haptic device is based on the 4-bar link-

age design in the CADV1 force re#ecting interface [Huissoon
and Wang, 1991; Ching and Wang, 1997]. The links in this ex-
ample are constructed of 2.5 cm square titanium alloy tubes with
a 0.5 cm wall thickness. The motors have a continuous output
torque of 2 N-m and are mounted at the base to reduce the mass
of the links. The rotor inertia is Ir = 1.5× 10−4 kg-m2, and the
motor viscous friction is Br = 3.5×10−4 N-m/rad/s. The output
of the motors is geared 5:1 to produce a force at the gripper of
approximately 16.7 N at full extension. The link parameters are
summarized in Table 1.

l
3
c

q
1 ,

q
2

a
1

a
2

l 2

l
4c

l
1
c

l
2
c

l 1

l 4

l 2

l 3

Figure 11. Parallel haptic device used in example.

Since this is a parallel drive mechanism, the dynamics are
formulated in the actuator coordinates, a, rather than joint coor-
dinates, q. However, the analysis used previously for joint space
applies equally well here. The position of the tool tip in actuator
coordinates is given by

x(a) =
[
l1c1+(l4− l2)c2
l1s1+(l4− l2)s2

]
(24)

Table 1. Link parameters for parallel haptic device.

link length c. m. mass
# li,cm lci ,cm mi,kg

1 0.300 0.150 0.5352
2 0.150 0.075 0.2676
3 0.300 0.150 0.5352
4 0.450 0.075 0.8028

where ci ≡ cos(ai) and si ≡ sin(ai). The Jacobian, de"ned by
J ≡ ¶x

¶a , is given by

J(a) =
[
−l1s1 −(l4− l2)s2
l1c1 (l4− l2)c2

]
(25)

The dynamics, excluding the Coriolis and centripetal force terms,
are given by [Asada and Youcef-Toumi, 1987][

M11 M12
M21 M22

]
ä +

[
n1 0
0 n2

]
!a +
[
G1
G2

]
=
[

t1
t2

]
(26)

where M11 = I1+ I3+m4l21 + Im1
M22 = I2+ I4+m3l22 + Im2
M12 = M21 = (m4l1lc4 −m3l2lc3)cosa2
G1 = g(m1lc1 +m3lc3 +m4l1)cosa1
G2 = g(m2lc2 −m3l2+m4lc4)cosa2

and ni is the viscous friction coef"cient for actuator i. The inertia
of link i about its joint axis, Ii, is found using the parallel axis
theorem to be Ii = 1

12mil2i +mil2ci , and the motor inertia at the
output is given by Imi = h2i Iri . The apparent mass at the tool tip
when links 1 and 3 are vertical is 1.20 kg in the x-direction and
0.40 kg in the y-direction. The largest apparent mass is therefore
an order of magnitude greater than that for the PHANToMTM .

5.2 Task Description
Suppose that the haptic device is used to simulate a lum-

bar puncture operation for the purpose of administering spinal or
epidural anesthesia as described in Bostrom et al. [1993]. In this
procedure, the needle is inserted into the CSF #uid area while
the surgeon correlates visual feedback from the simulation with
tactile feedback from the needle. As shown in Figure 12, the
needle must "rst penetrate the skin and then an area of dense lig-
ament tissue before reaching the #uid "lled sac. Once the needle
penetrates the skin, it is held in place by these dense ligaments.

Using average values of 3.0 N/cm and 1.5 N/cm/s for the
stiffness and viscosity at the interface of the needle with the lig-
ament [Popa and Singh, 1998], the desired impedance objective
can be written as

Zd(s) = Bds+Kd (27)

9 http://www.haptics-e.org



Kp =
[
300 0
0 300

]
N/m

Kv =
[
150 0
0 150

]
N/m/s

Realistically, the stiffness in the direction perpendicular to the
needle travel is probably much higher, but isotropic properties
will be assumed here for simplicity.
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Figure 12. Simulation of lumbar puncture operation.

5.3 Impedance Analysis
The cases which will be compared are the impedance con-

troller with and without force feedback and the admittance con-
troller with position feedback. In all cases, perfect gravity model
compensation is assumed. In addition, a nominal velocity of zero
is assumed so that the linearized Coriolis and centripetal torques
are zero. The joint PD servo for the admittance controller was
critically damped.

5.3.1 Force Gain The relative impedance errors for
three different levels of force gain in the impedance controller
are shown in Figure 13. The error clearly decreases as the level
of force feedback increases. In the quasistatic range, even the
impedance controller without force feedback is superior to the
admittance controller shown here at a bandwidth of 50 Hz. How-
ever, the performance of the open-loop impedance controller
crosses over the admittance controller at about 0.2 Hz when the
inertial forces begin to dominate. Note that even small changes
in relative error can be large in absolute terms; a 1% change in
relative error represents an absolute error of 3 N/m near dc. Con-
sidering that Srinivasan and Chen [1993] recommend a force res-

olution at the haptic interface of 0.01 N, even a de#ection as low
as 1 cm could lead to a perceivable error in this example.
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0.001
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IMP/KF=10
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ADM/BW=50

D
Z

 (
%

)

f (Hz)

Figure 13. Relative impedance errors (DZ) as function of input fre-
quency (f) in nominal case for different levels of force gain [admittance
(ADM), impedance (IMP), force gain (KF), bandwidth (BW)].

5.3.2 Joint Servo Control Bandwidth The
impedance error as a function of the input frequency and control
bandwidth can be represented as a surface in three-dimensional
space as shown in Figure 14. The control bandwidth is plotted
up to a value of 100 Hz which represents the performance limit
of most state-of-the-art haptic devices [Burdea, 1996]. The plot
in Figure 13 represents a cross section of this plot at a control
bandwidth of 50 Hz. The impedance controller with and without
force-feedback is shown for comparison.

The error for the admittance controller is reduced signi"-
cantly by an increase in bandwidth. The performance crossover
boundary between the controllers is the line formed by the inter-
section of the admittance and impedance control surfaces. The
crossover point for a 50 Hz bandwidth is approximately 0.2 Hz
and the crossover for the 100 Hz bandwidth is 0.02 Hz. Thus, the
performance crossover decreases by a decade with only a dou-
bling of the control bandwidth.

5.3.3 Friction Feedforward Figure 15 shows the
impedance errors for the open-loop impedance controller with
and without friction compensation. The 50 Hz bandwidth ad-
mittance controller is also shown for comparison. The friction
compensation clearly decreases the error for the impedance con-
troller in the quasistatic range, but the advantage begins to di-
minish rapidly at about 0.1 Hz when the inertial effects begin to
take over.
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Figure 14. Relative impedance error (DZ) as a function of the inner
loop bandwidth (bw) and input frequency (f) [admittance (red), impedance
(blue), impedance/KF=100 (green)].
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Figure 15. Effect of friction compensation on impedance error (DZ) ver-
sus input frequency (f) for the open-loop impedance controller [admittance
(ADM), impedance (IMP), friction feedforward (FFWD), bandwidth (BW)].

5.3.4 Inertia The effect of inertia was investigated for
values both higher and lower than the nominal values. Low val-
ues were obtained by decreasing the link cross sectional area
from 4 cm2 to 1 cm2 and using direct drive. The apparent mass at
the haptic interface was reduced to 0.29 kg in the x-direction and
0.09 kg in the y-direction. High values were obtained by increas-
ing the cross section to 16 cm2 and increasing the gear ratio to
10 : 1. The apparent mass increased to 4.8 kg in the x-direction
and 1.6 kg in the y-direction.

The resulting impedance errors for high and low values of
the inertia are illustrated in Figure 16. As expected, the effect of
reducing the inertia was to decrease the error in the impedance
controller since the error is proportional to the natural dynamics.

However, the effect is to worsen the performance of the admit-
tance controller. This is because the PD loop gains decrease with
lower inertia in order to maintain the same bandwidth for the in-
ner PD loop.
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Figure 16. Effect of inertia on the relative impedance error (DZ) versus
input frequency (f) [50 Hz BW admittance (ADM), open-loop impedance
(IMP), high inertia (HI), low inertia (LO)].

5.3.5 Target Impedance The control performance is
also strongly dependent upon the desired or �target� impedance.
If the target impedance is examined for high and low values,
the optimum choice alternates between the two controllers. Fig-
ure 17 shows the impedance error when the target impedance is
ten times the nominal value. The impedance controller is clearly
superior in all cases. When the target impedance is instead re-
duced by a factor of ten, the admittance controller is superior to
the open-loop impedance controller for bandwidths above 10 Hz
as shown in Figure 18.

As the desired impedance increases, the effect of the haptic
device dynamics in the impedance controller is reduced. This is
because the error from (5) becomes smaller relative to the de-
sired impedance. The effect on the admittance controller is the
opposite. The impedance compensator design in (16) depends on
the inner loop gains in D(s) being much higher than the desired
impedance Zd . Thus, the admittance controller performs better at
low target impedances while the impedance controller is superior
for high target impedances.

6 Results and Discussion
Some important observations can be made with regard to the

results of this example. In the impedance controller, force feed-
back will always increase the impedance accuracy assuming that
stability can be maintained. This is because the impedance error
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Figure 17. Relative impedance error (DZ) versus input frequency (f) for
Kd = 3000 N/cm and Bd = 1500 N/cm/s [admittance (red), impedance
(blue), impedance/KF=100 (green)].
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Figure 18. Relative impedance error (DZ) versus input frequency (f) for
Kd = 30 N/cm andBd = 15 N/cm/s [admittance (red), impedance (blue),
impedance/KF=100 (green)].

is inversely proportional to 1+KF . In addition, model feedfor-
ward, if exact, will also improve the performance of the con-
troller. However, the range of performance increase for gravity
and friction compensation is limited to the quasistatic range.

The caveat on stability for this controller is an important one.
While using this form of control to simulate a lumbar puncture
procedure, Popa and Singh [1998] noted a signi"cant amount
of �noise� in the force output which was attributed to noise in
the force sensor. However, it seems more likely that the noise
was caused by non-colocation of the force-torque sensor with
the joint torque commands which excited unmodeled modes in
the arm and the drive train [Eppinger and Seering, 1987]. This
is perhaps not as problematic in the admittance controller where

the force signal passes through the impedance compensator prior
to being input to the joint servo controller, thus "ltering out the
high frequency dynamics before they reach the joint level.

The dynamic instability associated with the use of force con-
trol in robotics was also cited by An and Hollerbach [1987].
They seem to have been the "rst to propose a multiloop con-
trol architecture which combines wrist and joint force sensing to
provide a stable, high-bandwidth force-controlled system. This
was accomplished by combining a high bandwidth open-loop
joint torque controller at each joint to get stability and fast re-
sponse with a lower bandwidth outer loop implementing wrist
force sensing to improve the accuracy of the force produced at
the end-effector. The wrist force signal was modulated by a low-
pass "lter to avoid exciting the unmodelled dynamics in the arm.
This approach is strikingly similar to admittance control with po-
sition feedback except that the inner loop is a high gain torque
controller rather than a position controller.

Another result from this example is that the performance of
the admittance controller improves rapidly with an increase in
the control bandwidth of the joint servo loop. As with the force
gains in the impedance controller, the PD loop gains are also lim-
ited by stability considerations. Because the position feedback is
colocated with the torque control, the control bandwidth of this
loop is typically much higher (perhaps a decade) than that of a
Cartesian loop. This is also why the performance of the admit-
tance controller improves with increasing inertia; larger inertias
can support larger inner loop gains thus improving the accuracy
of the impedance compensator.

One possible advantage of the admittance controller over
the impedance controller is that it relies on high inner loop
gains to eradicate the effect of the haptic device dynamics. The
impedance controller with model feedforward relies on an accu-
rate model of the dynamics of the haptic device which may #uc-
tuate with operating conditions. The additional computational
burden imparted on model-based controllers also lowers the loop
rate thereby increasing the discretization errors. The impedance
controller with force feedback relies on high force gains to miti-
gate the effect of the haptic device dynamics. However, the high
gain nature of explicit force feedback tends to make these con-
trollers more susceptible to instability.

An important difference between the impedance and the ad-
mittance control approaches is the role of the human operator
who functions as the �environment� to the haptic device. In the
impedance approach, instability is more likely to occur when
the operator lets go of the device, imparting zero impedance.
The worst case for the admittance controller is when the oper-
ator grasps the handle tightly, imparting maximum impedance.
This corresponds to the hard contact stability problem in robotics
where the coupling of the robot to a stiff environment causes
highly undamped poles to occur in the closed-loop system. The
compliance of the human hand and arm joints relative to a manip-
ulator render this less likely, although such instability has been
reported with a pure admittance controller by Yokoi et al. [1994].
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In the event that instability does occur, Adams et al. [1998] pro-
pose a virtual coupling network between the haptic display and
the virtual environment to guarantee stable interaction.

While not covered in this work, sampling effects are also an
important issue in haptic controller design. Colgate and Schenkel
[1994] showed that the sample rate for the Cartesian loop im-
poses upper bounds on the target stiffness and damping values
in the impedance controller. There seems to be scant data on
the sample rates for the impedance controller when force feed-
back is present. Bergamasco et al. [1994] suggest rates in the
vicinity of 1 KHz although lower values [Popa and Singh, 1998]
have been reported. Experimental evidence for the admittance
controller indicates low sensitivity of the impedance accuracy to
the outer (impedance) loop rate. Rates below 100 Hz have been
successfully implemented [Maples and Becker, 1986; Pelletier
and Doyon, 1994; Carignan and Akin, 1997a], although it seems
likely that the required outer loop rate should increase with the
target stiffness, Kd , and decrease with the target damping,C−1.

7 Conclusion
This report began with a review of force-controlled haptic

devices and proceeded to quantify their effects at the haptic in-
terface. The impedance error for the open-loop impedance con-
troller was derived "rst, followed by a model-feedforward im-
plementation. Dual-input impedance and admittance controllers
were then examined, and an example was used to illustrate the
sensitivities to position bandwidth, force gain, haptic device in-
ertia and friction, and target impedance.

Some strengths and weaknesses of these approaches were
wrought out by the analysis. The error for the impedance con-
troller is inversely related to the level of force feedback used.
In addition, the relative error increases in proportion to the iner-
tia of the haptic device and decreases in proportion to the target
impedance. The error for the admittance controller is reduced by
an order of magnitude for a doubling of the joint servo loop band-
width. The error for this controller grows as the target impedance
increases. However, increased joint PD gains achieved through
higher inertias in the device reduce the impedance error.

It cannot be concluded from this analysis that one control ap-
proach is clearly superior. The impedance controller with force
feedback is promising if the stability problems associated with
explicit force feedback can be overcome. Admittance control
may offer more immunity to this problem because of its "ltering
effect on the force signal. The disturbance rejection properties of
the dual-input admittance controller are attractive, but the need
for high joint PD gains contraindicates its use at low values of
joint inertia and sample rate. The effect of target impedance is
clearly divisive as the admittance controller is superior at low tar-
get impedances and the impedance controller is superior at high
target impedances. The choice may end up being determined by
the environment being simulated as well as the characteristics of
the haptic device.

The results in this paper represent only one step toward im-
proving the haptic interface for virtual environments. While fur-
ther mechanical improvements in haptic technology may yet be
realized, it is clear that control design has a signi"cant impact on
the quality of the haptic feedback. Whether driven by a need for
higher force output or higher "delity, it seems likely that force
feedback controllers will play a vital role in the successful im-
plementation of future haptic interfaces.
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