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Professor Kristi Morgansen
Aeronautics & Astronautics

While control actuation is well understood to influence the observability of nonlinear dy-

namical systems, actuation of nonlinear stochastic systems by process noise has received

comparatively little attention in terms of the effects on observability. As noise is present

in essentially all physically instantiated systems, complete analysis of observability must

account for process noise. We approach the problem of process-noise-induced observability

through the use of a tool called the empirical observability Gramian. We demonstrate that

the empirical observability Gramian can provide a unified approach to observability anal-

ysis, by providing sufficient conditions for weak observability of continuous-time nonlinear

systems, local weak observability of discrete-time nonlinear systems, and stochastic observ-

ability of continuous-time stochastic linear systems with multiplicative noise. The empirical

observability Gramian can be used to extend notions of stochastic observability that depend

explicitly on linear systems structure to nonlinear stochastic systems. We use Monte Carlo

methods to analyze the observability of nonlinear stochastic systems with noise and control

actuation.
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Chapter 1

INTRODUCTION

Sensing and estimation are pervasive in everyday life, in both engineered systems, such

as thermostats, cell phones, and automobiles, and in biological systems, such as fruit fly

halteres, cat whiskers, and human perception. For stability and control, engineered systems,

in particular, rely heavily on the ability to sense and estimate otherwise hidden variables,

and may be constrained in their design and performance by what they can estimate from a

fixed set of sensors. The aim of this dissertation is to provide new tools for the analysis of the

limits of sensing in nonlinear systems and to analyze the effects of noise in system dynamics

on the sensing of hidden variables. Given that noise is ubiquitous in natural and engineered

systems, we believe that a better understanding of noise in nonlinear systems could lead to

substantial improvements in sensing and estimation.

The property of a system that denotes whether all states of the system can be estimated

from the output of that system (measurements or sensor readings) is called observability.

Observability is important because modern control relies on knowledge of system states for

controllers to react on. In theory, if a system is observable, then an estimator can be designed

to determine its states. However, if a system is not observable, then some states cannot be

determined from the output of the system by any estimator.

For deterministic linear systems with known dynamics, observability can be determined

quickly and easily, and observability and control of the system are decoupled. Checking

observability for deterministic nonlinear systems, however, can be significantly more difficult,

and choice of control input is well known to influence observability. For example, during its

seminal crossing of the Atlantic ocean, the Aerosonde autonomous unmanned vehicle was

required to periodically perform S-turn maneuvers in order to obtain full observability of its
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air-relative velocity because the vehicle was equipped with a Pitot wind-speed sensor and

GPS but no compass [1].

To clarify this property of nonlinear systems, consider an example system which we will

build upon as we progress through the results in this dissertation: a planar unicycle vehicle,

i.e., a vehicle constrained to pivot about its center and move forward or backwards along its

current heading angle. Let us assume that we have control over the vehicle’s linear acceler-

ation (along the heading direction) and rotational rate and are able to measure the position

of the vehicle, but we cannot directly measure its heading. When the vehicle is stationary,

the heading is not observable unless an acceleration input is applied, demonstrating that

observability can be a state and/or control dependent property in nonlinear systems.

Adding stochastic elements to our analysis can complicate the question of observabil-

ity further. Noise is often treated as an undesirable property to be suppressed or worked

around when possible. However, noise may have beneficial effects on many kinds of systems.

White Gaussian noise is intentionally injected into systems (through the control inputs) to

provide persistent excitation for system identification [2], and the phenomenon of stochastic

resonance, in which the addition of process noise can amplify or enhance some determinis-

tic behavior of a system, has been observed in systems ranging from climate models [3, 4]

to neuron signal transmission models [5–9]. As we show below, noise driven actuation can

improve observability as well.

Furthermore, noise is ubiquitous in physically instantiated systems; no physical system is

truly deterministic if we examine it closely enough. For example, aerodynamic turbulence,

vibration, electrical noise, thermal fluctuations, quantum dynamical effects, and other un-

modeled dynamics or incompletely understood physics can appear in our models as process

noise [10]. We also note that noise can actuate dynamical systems in much the same way as

control (which, as we showed above, can be important in nonlinear systems) but, in many

systems, noise may be present in states that we cannot actuate directly by the control input.

This ubiquity and potential for system actuation beyond the reach of control justify the

additional complexity of including noise in observability analysis.
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Figure 1.1: The unicycle actuated by noise in the acceleration term will make a random walk
along the dashed line, which passes through the vehicle and the origin along the heading angle
of the unicycle. Steering noise would add perturbations to either side of the line.

Returning to the unicycle example, we examine the case that the vehicle is stationary

at the origin, and our system includes process noise in the acceleration (perhaps due to

electrical noise in the drive motors). Driven by noise, the vehicle will move in a random walk

along the line through the origin with the vehicle’s heading angle, as shown in Figure 1.1.

Through this motion, we can determine the heading angle of the vehicle (modulo 180◦).

Clearly, therefore, situations exist in which process noise can increase the observability of a

nonlinear system (at least in the sense that it may allow us to determine the initial state of

a system that we could not determine when noise was not considered).

Remark 1.1. While process noise is typically modeled as white and Gaussian for convenience

(as we shall do as well), in principle not all process noise need have these properties. As we

can see from the unicycle example, all we need is that noise provide actuation to the system,

not that it have a particular distribution.

While the example above clearly demonstrates the potential benefits of an approach to

observability that embraces noise, existing tools for deterministic nonlinear observability

analysis do not apply to stochastic systems, and the existing literature on the observability

of stochastic nonlinear systems does not directly address the benefits of noise in observability

and is often prohibitively difficult to apply in practice. Therefore, the aim of the research
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presented here has been to derive common tools for nonlinear deterministic and stochastic

systems and to address the following questions: a) When can noise actuate a system to make

it observable? b) How do noise and control actuation interact to influence the observability

of nonlinear systems? c) How does noise magnitude influence observability quantitatively?

In approaching these questions, we have utilized a tool from deterministic observability

analysis called the empirical observability Gramian, which we generalize to include control

input. We first derive a formal connection between the singular values of this Gramian and

weak observability of nonlinear deterministic systems in discrete and continuous-time. We

then extend the empirical Gramian to nonlinear stochastic systems, and use the singular

values and condition number of the Gramian as quantitative metrics of observability to

approach the analysis of stochastic systems. This approach has allowed us to measure the

quantitative impact of process noise on the observability of particular nonlinear systems, and

to compare that contribution to the impact of control. For linear stochastic systems with

multiplicative noise, we can also show that the rank of the expected value of the empirical

Gramian and stochastic observability are connected.

Note that, in this effort, we distinguish process noise from measurement noise. We

base our investigation into noise-induced observability upon the known ability of control

to influence observability in nonlinear systems (i.e., the lack of a separation principle for

nonlinear systems). Process noise can directly actuate system dynamics that may not be

actuated (or even actuate-able) by control in some nonlinear systems, which is not possible

for measurement noise. Therefore, we do not expect measurement noise to directly influence

observability.

1.1 Literature Review

We draw from two primary fields of research in this dissertation, and, as a result, our liter-

ature review is broken into two primary sections followed by two shorter sections discussing

other relevant research and our own prior work. First, we discuss the literature surrounding

the empirical observability Gramian, all of which has been conducted with deterministic
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continuous-time systems. Second, we discuss the literature surrounding various definitions

and results in observability of stochastic systems. Following that, we will describe the pub-

lication history of the author and place those works into the context of the work in this

dissertation.

1.1.1 Empirical observability Gramian

The empirical observability Gramian was first introduced by Lall, Marsden, and Glavaški [11]

in the context of state-space reduction for nonlinear systems [11–13]. The Gramian (we may

drop the modifiers “empirical” and “observability” for ease of discussion when there is no

chance of confusion with the controllability Gramian or the linear observability Gramian)

itself was an extension of the idea of the output energy function described in [14] for model

balancing to make the output energy easier to compute numerically, as the output energy

function is not generally possible to compute analytically for arbitrary nonlinear systems. In

linear systems, the observation energy function can be computed with a weighted quadratic

function of the initial state, with the Gramian as the weighting matrix.

The use of the empirical observability Gramian to provide quantitative metrics for ob-

servability in nonlinear systems appears to have first surfaced in Singh and Hahn [15], who

used the minimum eigenvalue and condition number of the Gramian as useful measures of

observability information. However, widespread adoption of observability metrics from the

empirical Gramian did not occur until they appeared a second time and were given names

in [16]. Krener and Ide [16] named the reciprocal of the minimum eigenvalue of the Gramian

the local unobservability index, and the condition number of the Gramian the estimation

condition number. These metrics have seen rapid adoption in applications including under-

water navigation [17–19], planetary landers [20], blood glucose modeling [21], power network

monitoring [22], and flow-field estimation [23, 24]. The empirical observability Gramian has

also been used to give measures of partial observability in systems of partial differential

equations [25,26].

The empirical observability Gramian, as defined in [11–13], explicitly set the control input
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of the system to zero to capture only the drift dynamics of the system, while the definition

used in [16] does not include control explicitly in the system dynamics. However, control

is essential in determining the observability of nonlinear systems, so, in order to be useful

in a complete observability analysis, the definition of the Gramian must accommodate any

valid control input. In the works of Hinson, et al. [17,23], control was incorporated into the

Gramian for the purpose of choosing the control that maximized observability by using the

Gramian of the system linearized about a nominal trajectory which was set by the control

choice. In [17] the observability Gramian of the linearized system was computed analytically,

while in [23] the empirical observability Gramian was used to approximate the Gramian of

the linearized system. In [18, 19], the empirical Gramian was computed for a nonlinear

system over a finite set of choices of control in order to choose a course that would improve

observability for an underwater vehicle. And in [27], the linear observability Gramian was

calculated with control for a nonlinear system with linear measurements and dynamics of

the form

ẋ(t) = A(t, u(t), y(t))x(t) +B(t)u(t) (1.1)

y(t) = C(t)x(t). (1.2)

For that case, Batista, Silvestre, and Oliveira showed that the linear observability Gramian

having full rank was sufficient for the system to be observable in the sense that the output

measurements were unique for that control and initial condition (see Chapter 2 for more

general definitions of observability). However, no existing research has addressed formal

connections between the observability Gramian and nonlinear observability for arbitrary

nonlinear systems. We are also unaware of any use of the empirical observability Gramian

in discrete-time nonlinear systems.

1.1.2 Stochastic observability

While the concept of observability for linear systems has (relatively) straightforward exten-

sions in deterministic nonlinear systems [28] that are widely accepted, extension of observ-
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ability to stochastic nonlinear systems is not so straightforward. Deterministic definitions of

observability derive from the concept of indistinguishability of outputs from different initial

conditions, a concept that does not map well to stochastic trajectories, for which the out-

puts of the system from a single initial condition and control input generally will not be the

same from run to run (points are effectively distinguishable from themselves). Some authors

attempt to rectify this problem by using indistinguishability of probability distributions [29]

(in stochastic systems, the system state can be formulated as a probability distribution), but

this approach contains other ambiguities.1

Instead, several competing notions of observability exist for stochastic systems, though

many have been defined and examined only in the case of linear stochastic systems [29–41],

and none have seen predominant adoption. Many of these definitions of stochastic ob-

servability follow common themes, including definitions based on attempts to extend in-

distinguishability to probability distributions of the state [29], definitions based on con-

vergence of state estimates or their covariance below a particular threshold [30, 31, 42–44],

stochastic controllability of the dual linear system [33], mutual information between the

state and the output [34, 41, 45–52], and generalizations of deterministic exact observabil-

ity/detectability [37–40, 53, 54]. Some of these definitions are joint properties of a system

and a chosen estimator rather than being purely system properties. Related work has also

examined the observability of uncertain linear systems [55] with noise.

One of the more common observability definitions for stochastic systems is exact observ-

ability. A system is exactly observable if the output is zero almost surely (that is, with

probability one) for all time only if the initial condition is zero [37, 38, 40]. In [37] a matrix

rank condition is given for linear stochastic systems with multiplicative noise, and in [38]

sufficient conditions for exact observability are extended to systems with measurement noise.

Exact observability has also been examined for discrete-time linear stochastic systems with

1A system might be unobservable because we cannot distinguish, using the output, two distributions
with the same mean, but different variances, even if we can always distinguish distributions with different
means, which would potentially be enough for non-robust, full-state feedback control.



8

Markov jumps in [39, 40]. A similar condition is often given for exact detectability, which

requires that the expected value of the square of the measurement becomes zero after some

finite time for all initial conditions only if the expected value of the square of the state also

goes to zero [53]. Because these properties do not generalize well to nonlinear observability

even for deterministic systems, we do not utilize them in this work.

Gramian-based rank conditions for stochastic observability are given by [32] and [36] for

linear stochastic systems with additive noise and multiplicative noise respectively. In [36],

an expected Gramian is used for the definition, while in [32] the definition is based upon the

convergence of the state covariance to below a threshold and a Gramian-based condition is

given for this definition to hold. Definitions for stochastic observability are given by [40,53]

for discrete-time linear stochastic systems with multiplicative noise using a scalar output

energy metric are roughly equivalent (accounting for the different time-base) conditions to

those of [32, 36]. The definitions of the Gramians in [32, 36] depend explicitly on the linear

system matrices, making them difficult to extend to nonlinear stochastic systems. While the

energy-based definitions can be extended to nonlinear systems, it is not clear that they, as

formulated, capture the non-global nature of observability in nonlinear systems, i.e., they

may rely too much on non-local system information to apply well to nonlinear systems.

Another common observability definition for stochastic systems is estimability [34,47–51].

Estimability requires that the posterior state estimate error covariance be strictly less than

(under a positive definite ordering) the prior covariance for an optimal estimator. For lin-

ear discrete-time systems this condition is equivalent to requiring that the mutual infor-

mation between the state and the measurements is strictly positive for the set containing

all measurements after n time steps. A matrix rank condition is given for the estimabil-

ity of discrete-time linear stochastic systems with additive process noise in both discrete

and continuous-time [34] and [51] extends this result to discrete-space discrete-time linear

systems. Liu and Bitmead [47–50] examine estimability (and a specialization, complete re-

constructability, which reduces to complete reconstructability of deterministic linear systems,

or the ability to determine the state from measurements taken prior to the current time) for
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linear and nonlinear discrete-time stochastic systems. However, the estimability of nonlinear

systems requires that every measurable function of the initial state with non-zero entropy

must have strictly positive mutual information with the measurement, a property which is

nearly impossible to check for most nonlinear systems. Also, note that the reconstructibility

conditions given do not obviously reduce to traditional nonlinear observability conditions

as the noise is removed from the system. Estimability has been applied in the analysis of

GPS/INS equipped systems [56, 57] and bearing-only target tracking for underwater vehi-

cles [46].

Beyond the work of Liu and Bitmead, comparatively little effort has been expended

examining the observability of nonlinear stochastic systems. In the mid-1970s, Sunahara et

al. defined stochastic observability for nonlinear systems (in continuous and discrete-time)

based on a probability threshold of a linear feedback estimator converging to within specified

error [31,42,43]. A metric of stochastic observability defined by Subasi and Demirekler applies

to nonlinear systems, but all analysis using that metric was restricted to LTI systems [41].

And while some of the definitions of stochastic observability above could potentially be

extended to nonlinear stochastic systems, definitions that depend explicitly on linear system

matrices [35, 36, 58] or that assume a particular form of estimator [31, 42–44] do not extend

naturally to general nonlinear systems.

In summary, while there has been significant work done in examining observability for

stochastic systems, nearly all of it has been done on linear stochastic systems, and the work

that has been done on nonlinear stochastic systems has failed to produce tractable tests

that can be applied to even relatively simple nonlinear systems. Furthermore, to the best of

our knowledge, no work has examined the influence of process noise on the observability of

nonlinear systems.

1.1.3 Filter information bounds

Compared to stochastic observability, information lower bounds and covariance upper bounds

for nonlinear filters have been a relatively lightly studied topic. Although the Cramer-Rao
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lower bound on the error covariance (upper bound on the information) of any unbiased

estimator by the Fisher information matrix has been known since 1946 [59], upper bounds

are harder to come by. The Fisher information matrix itself has been shown to be equal

to the time-derivative of the empirical observability Gramian when the measurement noise

covariance is the identity matrix times a constant [24]. Sugathadasa et al. provided a bound

on the mean-square error of an extended Kalman filter for a system with linear dynamics,

nonlinear measurement equation, and uncertain, but bounded, measurement noise covariance

[60], but not for nonlinear dynamics. Zakai and Ziv also provided tight upper bounds on

filter mean-square-error for very specific linear diffusion processes with white noise, but

the derivation does not generalize well to nonlinear systems [61]. Upper and lower bounds

on the density function of the Kalman filter error covariance are provided for the case of

randomly dropped measurements from a linear system in [62]. However, a lower bound on

the information for a general nonlinear system in the extended Kalman filter or unscented

Kalman filter does not seem to be available.

In this work, we place lower bounds on the information matrix for both the extended

Kalman filter and on the unscented Kalman filter for nonlinear systems with particular

classes of measurement functions. We also generalize the relation of [24] into an upper and

lower bound on the Fisher information matrix for arbitrary measurement covariance noise.

1.1.4 Previous work

My work relevant to the topic of this dissertation began with assisting in the implementation

and testing of a single-beacon based observability optimization algorithm on the robotic

fish [63]. Work from Chapter 3 on the connection between the observability Gramian and

weak observability of deterministic nonlinear systems, along with Theorem 4.1, was first

published in [64]. The work in Chapter 6 and Corollary 4.2 will be submitted to IEEE

Transactions on Automatic Control [65], along with some of the material in Chapter 7.

A further journal article with the material of Chapter 5 and the remaining material from

Chapter 7 is in preparation.
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1.2 Contributions

Our research addresses the gaps in the existing literature that were identified in the previous

sections. We explicitly incorporate control input into the empirical observability Gramian,

and rigorously tie the empirical observability Gramian to weak observability of nonlinear

systems. We also demonstrate that the empirical Gramian observability guarantees apply to

discrete-time systems as well. In doing so, we provide a more tractable tool for the observ-

ability analysis of nonlinear systems than the existing Lie algebraic approach, and provide

a rigorous justification for the existing, widespread use of observability metrics derived from

the empirical observability Gramian.

To address the lack of tractable tools for nonlinear stochastic observability analysis, we

extend the empirical observability Gramian to stochastic systems. We show that the Gramian

can provide an equivalent test for stochastic observability of linear stochastic systems to

that of Dragan and Morozan [36] and, unlike the method of Dragan and Morozan, can be

applied to nonlinear stochastic systems as well. The empirical observability Gramian has the

advantage of being relatively straightforward to evaluate, even for continuous-time stochastic

systems and analytically complicated nonlinear systems, and it provides a unified approach

to observability for stochastic and deterministic, and for linear and nonlinear systems.

1.3 Organization

The material in this dissertation is separated into progress made on nonlinear observabil-

ity in deterministic nonlinear systems (both continuous-time and discrete-time) and results

pertaining to stochastic nonlinear systems. Before entering into new material, Chapter 2

contains an overview of the concepts and definitions in nonlinear observability required for

the research presented here. Chapter 3 contains work demonstrating a formal connection

between weak observability of deterministic nonlinear continuous-time systems and the min-

imum singular value of the empirical observability Gramian. A connection between the

empirical observability Gramian and the Fisher information matrix appears in Chapter 4,
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providing a link between the Gramian and optimal estimator performance via the Cramer-

Rao bound along with a brief detour into bounds on filter error covariance. The observability

of deterministic discrete-time nonlinear systems and its relation to a discrete-time variant

of the empirical observability Gramian is discussed in Chapter 5. Chapter 6 marks the

transition to work on the observability of stochastic nonlinear systems. The extension of

the empirical observability Gramian to stochastic systems is described, and the expected

value of the now stochastic Gramian is derived for general nonlinear stochastic systems. We

demonstrate how the inclusion of process noise can enhance the positive-definiteness of the

Gramian and show that the first moment of the Gramian can be connected to the Dragan

and Morozan definition of stochastic observability. Chapter 7 includes numerical results il-

lustrating the quantitative effects on observability of process noise, and compares the effects

of process noise on observability with the effects of control input. Finally, we conclude the

dissertation in Chapter 8, and discuss possible future extensions of this work and remaining

open questions.
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Chapter 2

OBSERVABILITY BACKGROUND

Before we proceed to our examination of the empirical observability Gramian and ob-

servability of stochastic systems, we first need to place ourselves on a sound footing by

introducing some mathematical and control concepts that we will need throughout the rest

of this dissertation. In this chapter, we provide definitions of observability of linear and non-

linear deterministic systems in continuous and discrete-time and review how observability is

determined from Lie algebraic methods in continuous-time nonlinear systems.

Ultimately with observability analysis, we are interested in taking the the states, dy-

namics, and measurements, and inverting the relationship between what we know (the mea-

surements, controls, and dynamics) and what we do not know (the states). Observability

addresses the question of whether such an inversion exists, and the methods for determining

it are all either linear of based upon local linearization (e.g., the inverse function theorem).

The process of actually performing the inversion is called estimation, and can utilize either

linear or nonlinear methods. We do not address the estimation problem in detail in this

work.

2.1 Linear Observability

We begin with a brief review of observability of linear systems in continuous and discrete-

time. In particular we focus on the observability Gramian, as the empirical observability

Gramian that plays such a prominent role in this dissertation is based upon it. More infor-

mation on the material in this section can be found in [66].
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For deterministic continuous-time linear systems, which we shall write as

Σl :
ẋ = A(t)x+B(t)u

y = C(t)x,
(2.1)

where x(t) ∈ Rn, y(t) ∈ Rp, u(t) ∈ Rm and A(t), B(t), and C(t) are real-valued matrices of

appropriate dimension, we define observability as the condition that after some finite time,

τ ≥ 0, knowledge of y(t) and u(t) for all t ∈ [0, τ ] is sufficient to uniquely determine x0 = x(0).

Let Ψ(t1, t0) represent the state-transition matrix of (2.1). One test of observability in linear

systems is based upon the rank of the observability Gramian

WO(τ) =

∫ τ

0

Ψ(t, 0)TC(t)TC(t)Ψ(t, 0)dt. (2.2)

The system Σl is observable if and only if rank(WO(τ)) = n for some τ > 0. Equivalently,

we can examine the observability matrix,

O =



C

CA

CA2

...

CAn−1


, (2.3)

of the system (written here for the autonomous case; see [66] for the time-varying equivalent).

The system Σl is observable if and only if rank(O) = n.

An analogous situation holds for discrete-time linear systems

Σld :
xk+1 = Akxk +Bkuk

yk = Ckxk,
(2.4)

where xk ∈ Rn, yk ∈ Rp, uk ∈ Rm and Ak, Bk, and Ck are real-valued matrices of appropriate

dimension. Here, we say that the system is observable when there is a finite time index, κ ≥ 0,

such that knowledge of yk and uk for all k ∈ [0, κ] is sufficient to determine x0. For this
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system, let Ψ[k1, k0] = Ak1−1Ak1−2 · · ·Ak0 be the state-transition matrix. The observability

Gramian for Σld is

WO[κ] =
κ∑
k=0

Ψ[k, 0]TCT
k CkΨ[k, 0]. (2.5)

As in the continuous-time case, the system Σld is observable if and only if rank(WO[κ]) = n

for some κ ≥ 0.

We note that for either discrete or continuous-time linear systems, observability is com-

pletely independent of control. Specifically, the linear system Gramian matrices are only

functions of the unforced system response and the measurement function; the control terms

do not appear in the linear Gramian. We also note that observability in linear systems is a

global property, not dependent on the initial condition of the system. As we will see in the

next section, neither of these properties holds for nonlinear systems.

2.2 Nonlinear Continuous-Time Observability

While observability is relatively straightforward for linear systems, with nonlinear systems

more nuance is necessary when defining exactly what we mean by observability. We therefore

include a brief review of nonlinear observability definitions and the differential geometric

approach for determining the observability of nonlinear systems. The definitions of the

various classes of observability in this section are drawn from [28]. Details on the Lie algebraic

approach to observability can be found in [28] and [67].

Consider the autonomous nonlinear system

Σnl :
ẋ = f(x, u)

y = h(x),
(2.6)

where x(t) ∈ Rn, y(t) ∈ Rp, u(t) ∈ Rm, u ∈ U , where U is the set of permissible controls. We

will write the solution to the initial value problem (2.6), for x(0) = x0, with the control input

u(t), as x(t, x0, u) with the corresponding output y(t, x0, u) = h(x(t, x0, u)). For the purpose

of nonlinear observability analysis, f and h are typically assumed to be smooth functions

[28], which, in turn, guarantees Lipschitz continuity. When f is Lipschitz continuous, the
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solutions, x(t, x0, u), of Σnl are unique and depend continuously upon the initial conditions

[68]. If, additionally, h is continuous, then these properties extend to y(t, x0, u) as well.

Remark 2.1. We will restrict our analysis in this dissertation to autonomous systems (those

systems with no explicit time dependence) for simplicity, but, in general, our results can be

extended to time-varying systems as well.

We say that points x0, x1 ∈ Rn are indistinguishable if for every control, u ∈ U , y(t, x0, u) =

y(t, x1, u) for all t. We say that Σnl is weakly observable at x0 if there exists an open neigh-

borhood S of x0 such that if x1 ∈ S and x0 and x1 are indistinguishable, then x0 = x1. We

say that Σnl is weakly observable if Σnl is weakly observable at all x.

We say that points x0 and x1 are V -indistinguishable if for every control, u ∈ U , with

trajectories x(t, x0, u) and x(t, x1, u) that remain in the set V ⊆ Rn for t ∈ [0, T ], we have

y(t, x0, u) = y(t, x1, u) for all t ∈ [0, T ]. We say that Σnl is locally weakly observable at x0 if

there exists an open neighborhood S of x0 such that for every open neighborhood V ⊆ S of

x0, x0 and x1 V -indistinguishable implies that x0 = x1, and we say that Σnl is locally weakly

observable if Σnl is locally weakly observable at all x.

Note that local weak observability implies weak observability. Intuitively, weak observ-

ability at x0 implies that x0 can eventually be distinguished from any neighboring points for

some control, while local weak observability implies that x0 can be instantly distinguished

from any neighboring points for some control [28].

We also note that observability of nonlinear systems differs from the observability of linear

systems in two important ways. One is that observability of nonlinear systems is potentially

a local property in the state-space. The system may be observable at some states and not

at others. The other is that, unlike the case of a linear system, some nonlinear systems

require control to be applied in order to distinguish neighboring initial conditions near a

given state (the “there exists u ∈ U” part of the definition), or conversely that some nearby

initial conditions cannot be distinguished when control input is restricted to being uniformly

zero.
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The usual approach to testing the observability of a nonlinear system comes from differ-

ential geometry and provides a rank condition for local weak observability. We define the

Lie derivative of the function h(x) with respect to a vector field fi(x) as

Lfi(x)h(x) = fi(x)T
∂h

∂x
. (2.7)

Because the result of a Lie derivative operation is another vector field mapping between the

same two spaces, Lie derivatives can be applied sequentially. The observability Lie algebra,

O, of a system Σnl, is the span of the Lie derivatives of the output function, h:

O(x) = span{LX1LX2 . . .LXkh(x)}, (2.8)

where Xi ∈ {f(x, u0) | u0 ∈ U} for i ∈ {1, 2, . . . , k} and all k ∈ N. If the Jacobian of any

set of vectors in the observability Lie algebra, dO(x0), is full rank at some state x0, then the

system is locally weakly observable at x0 [28]. If the system is control affine

Σaff :
ẋ = f0(x) +

m∑
i=1

fi(x)ui

y = h(x),

(2.9)

where ui(t) ∈ R are the elements of u(t), then Xi ∈ {f0, f1, . . . , fm} for i ∈ {1, 2, . . . , k} [67].

The Jacobian of the Lie observability algebra plays a role in nonlinear observability roughly

equivalent to that of the observability matrix in linear systems.

Relative to the tests for linear observability, computing the rank of the Jacobian of the Lie

observability algebra is considerably more difficult, and for highly nonlinear systems it can

be extremely challenging to compute analytically. Furthermore, the rank of dO(x) provides

only a sufficient condition for local weak observability, not a necessary one (recall that, for

linear systems, the observability matrix rank condition is both sufficient and necessary).

If the Jacobian is rank deficient after examining a particular set of Lie derivatives, we do

not always know if we should attempt to add more Lie derivative iterations, LXi , to our

observability algebra, or if the system is simply unobservable. However, when our system is

analytic, f, h ∈ Cω, it can be shown that we do not need to consider derivatives beyond n-th
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order [69]; when our system is control affine and analytic, this theorem gives us a finite, but

combinatorial, number of derivatives to add to our set.

The Jacobian of the Lie observability algebra gives us some information about the controls

that must be permitted for the system to be observable. For example, in a control affine

system, Σaff, if dLfi is required to make the Jacobian full rank, then the system would not

be observable with ui(t) = 0,∀t ≥ 0. However, the specific structure of the control needed

to distinguish all initial conditions is not always clear, particularly for non-control-affine

systems.

Remark 2.2. In this dissertation we may, from time to time, describe a system as being

observable for certain choices of control. As we can see from the definitions above, such

statements are not strictly correct; observability is an existence property, and as long as

some control exists that allows the system to satisfy the relevant rank condition, then the

system is observable. When we say that the system is only observable for certain choices of

control, we mean that the system would not be observable if those choices of control were

not in the set of admissible controls, u ∈ U .

2.3 Nonlinear Discrete-Time Observability

Consider the discrete-time nonlinear deterministic system

Σnd :
xk+1 = f(xk, uk)

yk = h(xk),
(2.10)

where xk ∈ Rn, yk ∈ Rp, uk ∈ Rm, u ∈ U , where U is the set of permissible controls.

Existence and uniqueness of solutions are guaranteed for (2.10) provided that the domain

of f contains its own image for any permissible uk. For the purposes of the observability

analysis here, f and h are assumed to be smooth.

As with continuous-time systems, we would like to be able to perform full-state feedback

control, which means that we are interested in whether we can determine the state, xk, from

a finite number of measurements, yk. To formalize this idea, we utilize the observability
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definitions of [70], which are, in turn, based upon the definitions of Hermann and Krener [28],

and extend the concepts of indistinguishability to discrete-time systems.

We say that states x0 and x1 of Σnd are indistinguishable if, for each k ≥ 0 and for each

sequence of controls, {u0, . . . , uk} ∈ U , we have

h(fuk ◦ · · · ◦ fu0(x1)) = h(fuk ◦ · · · ◦ fu0(x2)). (2.11)

where f ◦ g(x) = f(g(x)). We say that Σnd is observable at x0 if, for any x1 ∈ Rn, x1 is

indistinguishable from x0 only if x0 = x1. We say that Σnd is locally weakly observable at

x0 if there exists an open neighborhood U of x0 such that if x1 ∈ U and x0 and x1 are

indistinguishable, then x0 = x1. Finally, we say that Σnd is locally strongly observable at

x0 if there exists an open neighborhood U of x0 such that if x1, x2 ∈ U and x1 and x2 are

indistinguishable, then x1 = x2. If a system has one of the three observability properties

above at each state in its domain, the system itself is said to have that observability property

(e.g., if Σnd is locally weakly observable at x for all x ∈ Rn, then we say that Σnd is locally

weakly observable).

Note that local weak observability of discrete-time systems is analogous to weak ob-

servability of continuous-time systems. Indeed, the “local” property in these definitions

corresponds to the “weak” property in continuous-time observability. The continuous-time

observability “local” property has no direct analog in discrete-time, and the strong/weak

distinction from these definitions has no analog in the definitions from [28].

Determining observability of a nonlinear discrete-time system is typically done analo-

gously to the Lie algebraic approach to observability of nonlinear continuous-time systems.

A set of observability co-distributions is defined by

O1 = {h(·)} (2.12)

Ok = {h(fuj ◦ · · · ◦ fu0(·)) | {u0, . . . uj} ∈ U , 1 ≤ j ≤ k − 1}, (2.13)

and O is defined as the union of all Ok, O = ∪kOk. Then if rank(dO(x)) = n, the system

Σnd is locally strongly observable at x [70]. As with continuous-time systems, however, this

condition can be difficult to evaluate in closed-form for general nonlinear systems.
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Chapter 3

CONTINUOUS-TIME OBSERVABILITY

In this chapter we develop a connection between the empirical observability Gramian

and weak observability for deterministic nonlinear systems. First, we define a version of the

empirical observability Gramian with explicit control dependence. Next, we show that for

the limit case of the Gramian with small initial condition perturbations, the rank of the

Gramian gives sufficient conditions for weak observability. We then use that result to extend

to the case of arbitrary perturbations, resulting in an upper bound on the minimum singular

value of the Gramian to guarantee weak observability. The material in this chapter was

originally published in [64].

3.1 Control Explicit Empirical Observability Gramian

In this chapter we consider systems of the form,

Σnl :
ẋ = f(x, u)

y = h(x).
(3.1)

We define the empirical observability Gramian for this system similarly to [16], as

W ε
o (τ, x0, u) =

1

4ε2

∫ τ

0

Φε(t, x0, u)TΦε(t, x0, u)dt, (3.2)

where

Φε(t, x0, u) =
[
y+1 − y−1 · · · y+n − y−n

]
(3.3)

and

y±i = y(t, x0 ± εei, u). (3.4)
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The vectors ei denote the elements of the standard basis in Rn.1 Note that W ε
o (for con-

venience we may drop the explicit dependence on t, x0, and u when we can do so without

ambiguity) can be written element-wise as

(W ε
o )ij =

1

4ε2

∫ τ

0

(y+i − y−i)T (y+j − y−j)dt. (3.5)

In order for the Gramian to be well-defined, Σnl must have trajectories that are bounded on

the interval t ∈ [0, τ ]. Rather than attempt to place conditions in the theorems that follow to

guarantee bounded trajectories, any time that we use the Gramian we will implicitly assume

that the system has bounded trajectories up to time τ .

For linear systems,

Σl :
ẋ = A(t)x+B(t)u

y = C(t)x,
(3.6)

this definition reduces to the standard observability observability Gramian

WO =

∫ τ

0

Ψ(t, 0)TC(t)TC(t)Ψ(t, 0)dt (3.7)

for any control, initial condition, and choice of ε, where, as in Chapter 2, Ψ(t, t0) is the

state-transition matrix of Σl. This follows from noting that

y±i = C(t)Ψ(t, 0)(x0 ± εei) + C(t)

∫ t

0

Ψ(t, t1)B(t1)u(t1)dt1, (3.8)

so that

y+i − y−i = 2εC(t)Ψ(t, 0)ei (3.9)

for any choice of control, u, or initial condition, x0. Substituting (3.9) into (3.3) gives

Φε = 2εC(t)Ψ(t, 0)
[
e1 e2 . . . en

]
= 2εC(t)Ψ(t, 0),

(3.10)

1This definition reduces to the definition in [16] in the case of u(t) = 0, and reduces to the definition
in [11] if u(t) = 0 ∀t ≥ 0, T n = {(1/

√
2)I}, and M = {

√
2ε} where I is the n × n identity matrix. T n

andM appear in the definition of the empirical observability Gramian of [11], but we omit that definition
here for brevity.
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which, when substituted into (3.2) gives WO. Thus, the empirical observability Gramian

appears to be a natural extension of the traditional observability Gramian. One question to

ask, therefore, is whether the rank of the empirical Gramian has significance in observability,

as the rank of the traditional Gramian does? The answer, as we show below, is yes.

As discussed in Chapter 1, previous uses of the empirical observability Gramian generally

neglected the control input, setting it explicitly to u(t) = 0 or dropping it from the dynamics

entirely. In this work, we specifically include control input in our formulation of the empirical

observability Gramian, because, as we showed in Chapter 2, control input is an essential part

of the definition of observability in nonlinear systems. We cannot hope to use the Gramian

to address a condition that depends on the existence of any control that can allow us to

distinguish initial conditions if the Gramian does not reflect that control input. While

control input cancels out in the case of a linear system, it generally does not cancel in the

nonlinear case.

3.2 Limit ε→ 0

We now examine the case of the empirical observability Gramian in the limit as ε → 0.

While we generally cannot compute the empirical Gramian numerically for this case (Φε

goes to zero, and 1/ε2 to infinity, making the problem numerically ill-conditioned, even

when the limit exists), the limit case provides insight about the connection between the rank

of empirical Gramian and weak observability.

The following lemma will be needed in order to prove our rank condition theorem for

weak observability:

Lemma 3.1. Let f, h be C1 functions of x and u. If, for some τ > 0, x0, and u ∈ U ,

rank
(

lim
ε→0

W ε
o (τ, x0, u)

)
= n, (3.11)

then for every non-zero δ ∈ Rn, there exists t ∈ [0, τ ] such that

∂y

∂x0

δ 6= 0. (3.12)
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Proof. First, note that

lim
ε→0

1

2ε
Φε(t, x0, u) =

∂y

∂x0

(t, x0, u) (3.13)

by the central difference definition of the derivative. Because f is locally Lipschitz, we know

that our system has a unique solution [68], and because the Gramian is assumed to be well-

defined, we know that the system trajectories are bounded on any finite interval up to τ .

Therefore, we can use the Lebesgue Dominated Convergence Theorem to justify commuting

the integral and the limit in (3.11) giving us

lim
ε→0

W ε
o (τ, x0, u) =

∫ τ

0

∂y

∂x0

T ∂y

∂x0

dt. (3.14)

We now proceed by contraposition, and assume that for some δ ∈ Rn, δ 6= 0,

∂y

∂x0

δ = 0 (3.15)

for all t ∈ [0, τ ]. For such a δ, we have

lim
ε→0

W ε
o (τ, x0, u)δ = 0, (3.16)

which implies that rank(limε→0W
ε
o ) < n. Thus, we conclude that when rank(limε→0W

ε
o ) =

n, for every δ ∈ Rn, δ 6= 0, there exists t ∈ [0, τ ] such that

∂y

∂x0

δ 6= 0. (3.17)

In essence, the integrand is positive semidefinite at every point t ∈ [0, τ ]. Therefore, if

the integrand becomes strictly positive definite at t, then the integral must also be strictly

positive definite and vice versa.

Remark 3.1. Note that for t > 0,
∂y

∂x0

(3.18)

is the derivative of y(t, x0, u), evaluated at time t, with respect to the state of the system at

time t = 0. Therefore, in general,
∂y

∂x0

6= ∂h

∂x
(3.19)

and is generally quite difficult to compute analytically.
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Armed with Lemma 3.1, we can show that, in the limit case, the empirical observability

Gramian having full rank is a sufficient condition for the system to be weakly observable.

Theorem 3.2. Let f, h be C2 functions of x and u. If there exists u ∈ U such that

rank
(

lim
ε→0

W ε
o (τ, x0, u)

)
= n (3.20)

for some τ > 0, then the system Σnl is weakly observable at x0.

Proof. Suppose that for some u ∈ U and τ > 0, rank (limε→0W
ε
o (τ, x0, u)) = n. Consider

some x1 6= x0 and let δ = x1 − x0. From Lemma 3.1, we know that for some t ∈ [0, τ ]

∂y

∂x0

δ 6= 0. (3.21)

Now we can expand y(t, x1, u) with a Taylor series,

y(t, x1, u) = y(t, x0, u) +
∂y

∂x0

δ + o(‖δ‖2) (3.22)

where o(‖δ‖2) is a continuous map from a neighborhood of 0 ∈ Rn to Rp satisfying

lim
‖δ‖→0

∥∥o(‖δ‖2)
∥∥

‖δ‖2 = 0 (3.23)

and ‖·‖ is the vector 2-norm (see [71] for more detail on this notation). From the ε-δ definition

of the limit, we know we can always choose a 0 < β < 1 such that if ‖δ‖ < β then∥∥o(‖δ‖2)
∥∥

‖δ‖2 ≤
∥∥∥∥1

2

∂y

∂x0

δ

‖δ‖

∥∥∥∥ . (3.24)

Note that δ
‖δ‖ , the unit vector in the δ direction, is a constant with respect to the mapping

o(‖δ‖2) and the limit as δ → 0, which permits us to use it on the right hand side of (3.24).

Because we chose β < 1, we can rewrite (3.24) as∥∥o(‖δ‖2)
∥∥ ≤ ∥∥∥∥1

2

∂y

∂x0

δ

‖δ‖

∥∥∥∥ ‖δ‖2 <

∥∥∥∥ ∂y∂x0

δ

∥∥∥∥ . (3.25)

Let U = {x ∈ Rn | 0 < ‖x− x0‖ < β} and let x1 ∈ U . We can now say that for some

t ∈ [0, τ ],

y(t, x1, u)− y(t, x0, u) =
∂y

∂x0

δ + o(‖δ‖2) 6= 0. (3.26)
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Thus, there exists an open neighborhood, U , of x0 such that for all x1 ∈ U , x1 6= x0 there

exists a control u ∈ U that distinguishes x0 and x1 after time t, so the system is weakly

observable.

This theorem is analogous to the Gramian rank condition for observability of a linear

system. However, the restriction to the case of ε → 0 limits its usefulness to systems for

which we can analytically compute the empirical observability Gramian, negating one of the

primary advantages of the empirical Gramian, that we need only be able to numerically

evaluate our system to apply it (we will lift this restriction, at least partially, in §3.3).

We also note that, just as with the Lie derivative algebra approach, our theorem gives

sufficient, but not necessary, conditions for observability. We can demonstrate that the

converse of Theorem 3.2 does not hold with a simple example. Consider the system

ẋ = ax

y = x3.
(3.27)

Solving the system analytically, we get y(t, x0, u) = e3atx3
0 and

W ε
0 (τ, x0, u) =

1

6a

(
ε2 + 3x2

0

)2 (
e6aτ − 1

)
. (3.28)

At the origin, rank(limε→0W
ε
o (τ, 0, u)) = 0, however, because the system has only a single

state and the measurement function, h(x), is invertible the system is clearly (locally) weakly

observable from any state x0. Note that this example also works for the Lie derivative

approach: O(x) = {(3a)nx3 | n ∈ N}, so at the origin rank(dO(0)) = 0.

Finally, we note that the proof presented here for Theorem 3.2 cannot be extended to

local weak observability, because we do not necessarily know at which time t ∈ [0, τ ] (3.21)

is satisfied. In particular, if the requisite t is not very small, we cannot guarantee that the

system trajectories would remain in every open neighborhood V ⊆ U until t. In other words,

the system trajectories might have to move a least a finite distance away from the origin

before they become distinguishable.
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3.3 Finite ε

We now turn our attention to the case of the empirical observability Gramian with finite

ε (finite being used here in the limit relative sense, meaning strictly non-zero). The finite

ε Gramian has the advantage of being computable merely by simulation, but we can no

longer apply Lemma 3.1. However, the fact that W ε
o has a well-defined limit means that we

can bound the error between the empirical Gramian with finite ε and the limit Gramian, at

least for small ε. This, in turn, will allow us to extend Theorem 3.2 to the case of finite ε,

though we will no longer have a pure rank condition, but a minimum singular value condition

instead.

To begin, we define the error term as

∆ε(τ, x0, u) = W ε
o (τ, x0, u)− lim

ε→0
W ε
o (τ, x0, u). (3.29)

To prevent the equations that follow from growing too large, we will also define the following

quantity, which will recur in the next several theorems:

Γ(t, x0, u) = max
i

sup
η∈Iεi

∥∥D3y(η)(ei, ei, ei)
∥∥

1
, (3.30)

whereDky(x) is the k-th Fréchet derivative of y(t, x0, u) with respect to x0 evaluated at x, and

Iεi = [x0− εei, x0 + εei] is the closed line segment from x0− εei to x0 + εei. Figure 3.1 shows

the set of points over which ‖D3y(η)(ei, ei, ei)‖1 must be maximized. Fréchet derivatives

are a natural extension of derivatives to functions from Ra to Rb (and, more generally, to

functions on arbitrary Banach spaces) [72]. The k-th Fréchet derivative of y, Dky(x), is a

k-linear operator at each point in its domain, and Dky(x)(ei, ei, ei) ∈ Rp. We have already

encountered the first Fréchet derivative of y,

Dy(x) =
∂y

∂x0

. (3.31)

In order to expand the reach of Theorem 3.2, we first bound the norm of the error between

the empirical observability Gramian with finite ε and the Gramian as ε → 0. Note that all

matrix norms to follow are induced p-norms.
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Figure 3.1: The domain for the maximization operation in the definition of Γ for a three-
dimensional system.

Lemma 3.3. Let f, h be C3 functions of x and u. The error between the empirical observ-

ability Gramian and the limit of the Gramian as ε goes to zero is bounded above by

‖∆ε‖2 ≤ sup
t∈[0,τ ]

(√
nε2τ

3

∥∥∥∥ ∂y∂x0

∥∥∥∥
2

Γ +
nε4τ

36
Γ2

)
(3.32)

for any given ε.

Proof. Let ε > 0. Using Fréchet-Taylor expansion about x0 for y(t, x0 ± εei, u) (see [72] for

details) we can write

y±i = y(x0)± εDy(x0)(ei) +
ε2

2!
D2y(x0)(ei, ei)±

ε3

3!
R±i (x0), (3.33)

where R±i (x0) ∈ Rp is a remainder term. We used the k-linearity of Dky(x0) to factor the

±ε terms. Using Taylor’s theorem for Banach spaces (permitted by f, h ∈ C3) we can bound

the remainder by ∥∥R±i (x0)
∥∥

1
≤ sup

η∈[x0,x0±εei]

∥∥D3y(η)(ei, ei, ei)
∥∥

1
, (3.34)

where [x0, x0 ± εei] refers to the line segment connecting x0 and x0 ± ei. Subtracting y−i

from y+i, and dividing by 2ε, we get,

y+i − y−i

2ε
=

∂y

∂x0

ei +
ε2

2 · 3!
(R+

i (x0) +R−i (x0)). (3.35)
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Define

R(x0) =
[
R+

1 (x0) +R−1 (x0) · · · R+
n (x0) +R−n (x0)

]
(3.36)

and note that

‖R(x0)‖2 ≤
√
n ‖R(x0)‖1

=
√
nmax

i

∥∥R+
i (x0) +R−i (x0)

∥∥
1

≤ 2
√
nmax

i
sup
η∈Iεi

∥∥D3y(η)(ei, ei, ei)
∥∥

1

= 2
√
nΓ.

(3.37)

Going back to the definition of Φε from (3.3), we see

1

2ε
Φε =

[
∂y
∂x0
e1

∂y
∂x0
e2 · · · ∂y

∂x0
en

]
+

ε2

2 · 3!
R

=
∂y

∂x0

+
ε2

2 · 3!
R.

(3.38)

From here we can begin the chain of inequalities that conclude the proof. By substituting

(3.38) and (3.14) into (3.29) and applying the triangle inequality, we get

‖∆ε‖2 =

∥∥∥∥∫ τ

0

Φε

2ε

T Φε

2ε
− ∂y

∂x0

T ∂y

∂x0

dt

∥∥∥∥
2

≤
∫ τ

0

ε2

2(3!)

∥∥∥∥ ∂y∂x0

T

R + RT ∂y

∂x0

∥∥∥∥
2

+
ε4

4(3!)2

∥∥RTR
∥∥

2
dt

≤ sup
t∈[0,τ ]

(
ε2τ

3!

∥∥∥∥ ∂y∂x0

∥∥∥∥
2

‖R‖2 +
ε4τ

4(3!)2
‖R‖2

2

)
≤ sup

t∈[0,τ ]

(√
nε2τ

3

∥∥∥∥ ∂y∂x0

∥∥∥∥
2

Γ +
nε4τ

36
Γ2

)
.

(3.39)

This bound on the error is potentially conservative. For the bound to be tight, it would

be necessary for the error to take the same value for all t ∈ [0, τ ] and for the error in the

Fréchet-Taylor expansion to be maximal at each time as well. The right-hand side of (3.32)

can be very difficult to evaluate analytically, but we do note that the error in the Gramian

scales, in the worst case, with O(ε2τ).
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We can now use our bound on the error between the finite ε Gramian and the limit

Gramian to state conditions on the minimum singular value of the empirical Gramian for

which the limit of the Gramian as ε→ 0 must be full rank. We shall denote the minimum and

maximum singular value of a matrix, A, as
¯
σ(A) and σ̄(A) respectively, and the minimum

and maximum eigenvalues similarly as
¯
λ(A) and λ̄(A) respectively.

Theorem 3.4. Let f, h be C3 functions of x and u. If there exists u ∈ U such that

¯
σ(W ε

o ) > sup
t∈[0,τ ]

(√
nε2τ

3

∥∥∥∥ ∂y∂x0

∥∥∥∥
2

Γ +
nε4τ

36
Γ2

)
(3.40)

for some τ > 0, then the system is weakly observable at x0.

Proof. If

¯
σ (W ε

o ) > sup
t∈[0,τ ]

(√
nε2τ

3

∥∥∥∥ ∂y∂x0

∥∥∥∥
2

Γ +
nε4τ

36
Γ2

)
, (3.41)

then it follows from Lemma 3.3 that
¯
σ(W ε

o ) > ‖∆ε‖2 = σ̄(∆ε). As both matrices are

symmetric, this inequality further implies
¯
λ(W ε

o ) > λ̄(∆ε). Therefore, by Weyl’s inequality,

¯
λ
(

lim
ε→0

W ε
o

)
=

¯
λ(W ε

o −∆ε) ≥
¯
λ(W ε

o )− λ̄(∆ε) > 0. (3.42)

This proves that
¯
λ(limε→0W

ε
o ) > 0, therefore limε→0W

ε
o (τ, x0, u) � 0. By Theorem 3.2, we

conclude that the system is weakly observable.

Essentially, if the empirical observability Gramian is sufficiently positive definite (mini-

mum singular value large enough), then the limit of the Gramian as ε→ 0 must also be full

rank. As before, we note that this theorem gives only sufficient, not necessary conditions

for weak observability. Theorem 3.4 is potentially conservative in that it assumes that the

limit form of the Gramian is as close to the edge of the positive definite cone as possible, and

sets the bound on the minimum singular value of the empirical Gramian accordingly. The

bound on ∆ε from Lemma 3.3 is similarly potentially conservative. For some systems, the

limit form of the Gramian could be even more positive definite than the empirical Gramian,

in which case the bound could be relaxed.
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A useful corollary to Theorem 3.4 formalizes the local unobservability index by giving an

upper bound to the unobservability index sufficient to guarantee weak observability of the

system.

Corollary 3.5. Let f, h be C3 functions of x and u. If, for some u ∈ U and t > 0,

rank(W ε
o ) = n and the local unobservability index is bounded above by

1

¯
λ(W ε

o )
<

1

supτ∈[0,t]

(√
nε2t
3

∥∥∥ ∂y
∂x0

∥∥∥
2

Γ + nε4t
36

Γ2
) (3.43)

then the system is weakly observable at x0.

Proof. Because W ε
o is full rank by assumption and positive semidefinite by definition, we

know that
¯
λ(W ε

o ) > 0, so the local unobservability index is well defined. We can also say

that
1

¯
λ(W ε

o )
=

1

¯
σ(W ε

o )
(3.44)

and the corollary follows from Theorem 3.4.

The empirical observability Gramian, and the quantitative observability metrics derived

from it, have seen rapid widespread adoption due to the relative ease of application compared

the traditional nonlinear observability tools. Theorem 3.4 and Corollary 3.5 provide a strong

theoretical justification for the use of the empirical Gramian and unobservability index, as

well as clarifying the limits of the metrics (i.e., the local unobservability index relates to

weak, not local weak observability). Theorem 4.1 and Corollary 4.2, in Chapter 4, provide a

better theoretical understanding of the estimation condition number as well.

A difficulty in applying the bound of Theorem 3.4 is that we cannot analytically com-

pute Γ(t, x0, u) or ∂y
∂x0

(t, x0, u) for t > 0 without solving the system dynamics in closed-form.

Provided that the system can be simulated numerically, however, then both these quantities

can be computed by finite difference methods. We also point out that the empirical observ-

ability Gramian can only provide observability information at a single point. Determining

the observability of the system over a region requires either repeated computation of the
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Gramian over points in that region, or the ability to explicitly determine the dependence of

the minimum singular value of the Gramian on the initial condition.

Finally, much as with Lyapunov stability, the onus is on the user to find a control input

that satisfies the conditions of the theorem. Lack of rank of the Gramian cannot be used to

show that the system is unobservable, only that the current choice of control does not actuate

the system in a way that exposes all states to the sensors. Another control policy could show

that the system is observable at the given initial condition. However, this information can

still be used to evaluate the relative merits of different control policies on estimation quality.
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Chapter 4

BOUNDS ON FILTER INFORMATION

In this chapter we make a brief side-trip to describe work placing bounds on the error

covariance of nonlinear estimators. The Cramer-Rao theorem [59] places, as a lower bound

on the error covariance of any unbiased nonlinear filter, the inverse of the Fisher information

matrix. Utilizing the empirical observability Gramian (in the limit as ε→ 0), we can bound

the Fisher information matrix for an arbitrary nonlinear system, a result which was originally

published in [64]. For the specific case of the extended and unscented Kalman filters, we are

also able to place upper bounds on the error covariance for nonlinear systems with linear or

bounded measurement functions, h, and arbitrary dynamics, f .

4.1 Fisher Information Matrix

We begin by showing how the empirical observability Gramian relates to the Fisher infor-

mation matrix. For a system

ΣF :
ẋ = f(x, u)

ỹ = h(x) + v,
(4.1)

where v ∼ N (0, R) i.i.d, the Fisher information matrix of y(t, x0, u) with respect to x0 is

defined component-wise as

Fij = −E

[
∂2

∂x0i∂x0j

log (fỹ(ỹ;x0))

]
, (4.2)

where E[·] denotes the expected value operation (in this case with respect to x0) and fỹ(ỹ;x0)

is the probability density function for ỹ given x0 [59]. We assume, without loss of generality,

that R is strictly positive definite. To relate the empirical Gramian to the Fisher information,

we note that one property of the Gramian, in the limit as ε→ 0, is that the integrand matches
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the form of the Fisher information matrix when the measurement noise of the system is

Gaussian. Based on this property we can use the Gramian to derive bounds for the Fisher

matrix.

Theorem 4.1. For a nonlinear system ΣF ,

¯
σ
(
R−1

) d
dt

lim
ε→0

W ε
o (t, x0, u) 4 F (t) 4 σ̄

(
R−1

) d
dt

lim
ε→0

W ε
o (t, x0, u), (4.3)

where σ̄(R−1) and
¯
σ(R−1) denote the maximum and minimum singular values of R−1 respec-

tively.

Proof. By differentiating (3.14) with respect to t we get,

d

dt
lim
ε→0

W ε
o (t, x0, u) =

∂y

∂x0

T ∂y

∂x0

. (4.4)

Because the state dynamics are deterministic and the measurement noise at any time

instant is normally distributed, we can write

fỹ(ỹ;x0) =
1√

(2π)p|R|
e−

1
2

(ỹ−y(t,x0,u))TR−1(ỹ−y(t,x0,u)), (4.5)

where |R| is the determinant of R, so that

F =
∂y

∂x0

T

R−1 ∂y

∂x0

. (4.6)

In general, for any matrix H, and positive definite matrix Q, we can say
¯
σ(Q)HTH 4

HTQH 4 σ̄(Q)HTH, so we conclude

¯
σ
(
R−1

) d
dt

lim
ε→0

W ε
o (t, x0, u) 4 F (t) 4 σ̄

(
R−1

) d
dt

lim
ε→0

W ε
o (t, x0, u). (4.7)

The Fisher information matrix is essentially an R−1 weighting of the time-derivative of the

limit form of the empirical observability Gramian. Note that a special case of Theorem 4.1

was proven with equality for the case R = ζI in [24]. As we can see above, when R → ζI,

Theorem 4.1 reduces to the result of [24] by the squeeze theorem.
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Theorem 4.1 suggests that the shape of the empirical observability Gramian can be useful

in determining the likely performance limits and conditioning of nonlinear estimators for our

system around a particular state. Because the Fisher information is bounded above and

below by scalings of the integrand of the empirical Gramian, when the estimation condition

number of the system is high (and particularly when the condition number of R−1 is also low),

the Fisher information is also likely to have a high condition number, which in turn places

constraints on the numerical conditioning of unbiased estimators applied to the problem. We

can formalize this in the following corollary to Theorem 4.1.

Corollary 4.2. For the system ΣF given by (4.1),

max

{
1,
κ
(
d
dt

limε→0W
ε
o

)
κ(R)

}
≤ κ(F ) ≤ κ(R)κ

(
d

dt
lim
ε→0

W ε
o

)
(4.8)

where κ(A) is the condition number of the matrix A.

Proof. From Theorem 4.1, we know that

λ̄(F ) ≤ λ̄(R−1)λ̄

(
d

dt
lim
ε→0

W ε
o

)
(4.9)

and

¯
λ(F ) ≥

¯
λ(R−1)

¯
λ

(
d

dt
lim
ε→0

W ε
o

)
, (4.10)

using the fact the λi(R
−1) = σi(R

−1) because R � 0. It follows immediately that

κ(F ) =
λ̄(F )

¯
λ(F )

≤
λ̄(R−1)λ̄

(
d
dt

limε→0W
ε
o

)
¯
λ(R−1)

¯
λ
(
d
dt

limε→0W ε
o

) = κ(R)κ

(
d

dt
lim
ε→0

W ε
o

)
, (4.11)

because the condition number of a positive-definite matrix and its inverse are the same.

To arrive at the other part of the inequality, let us assume that F = λ̄(R−1)
(
d
dt

limε→0W
ε
o

)
.

This choice of F fits the bounds of Theorem 4.1 and has the largest possible minimum

eigenvalue,
¯
λ(F ) = λ̄(R−1)

¯
λ
(
d
dt

limε→0W
ε
o

)
. Now we smoothly reduce the maximum eigen-

value of F , reducing the condition number of F , until either λ̄(F ) =
¯
λ(F ) , in which case
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Figure 4.1: The maximum and minimum of the condition number of the Fisher information
matrix are bounded by the condition number of the integrand of the empirical observability
Gramian scaled by the condition number of the covariance of the measurement noise (W
stands for d

dt
limε→0W

ε
o ).

κ(F ) = 1, its smallest possible value, or until we run into the lower bound from Theorem 4.1,

λ̄(F ) =
¯
λ(R−1)λ̄ (limε→0W

ε
o ). Thus, we have

max

{
1,
κ
(
d
dt

limε→0W
ε
o

)
κ(R)

}
= max

{
1, ¯
λ(R)λ̄

(
d
dt

limε→0W
ε
o

)
λ̄(R)

¯
λ
(
d
dt

limε→0W ε
o

)} ≤ λ̄(F )

¯
λ(F )

= κ(F ) (4.12)

We could also have begun with F =
¯
λ(R−1)

(
d
dt

limε→0W
ε
o

)
and smoothly increased the

minimum eigenvalue of F to arrive at the same result.

Figure 4.1 illustrates the intuition behind Corollary 4.2. The Fisher information matrix

ellipsoid is constrained to remain between the two scalings of the ellipsoid given by the inte-

grand of the Gramian. The larger the condition number of the measurement noise covariance,

the further apart those ellipsoids will lie, and the larger the freedom there is in the condition

number of the Fisher information. If the condition number of R is unity, then there is no

room between the ellipsoids at all, and the inequalities of Theorem 4.1 become equality.

Note that κ (limε→0W
ε
o ) is the estimation condition number of the empirical observability

Gramian in the limit as ε → 0. Thus, the conditioning of the Fisher information matrix is

bounded above by a scaling of the estimation condition number. The close the condition
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number of the measurement noise covariance is to unity, the tighter the connection between

the estimation condition number and the Fisher information matrix. Thus, we can rigor-

ously connect the numerical conditioning of the estimation problem to the other metric of

observability from [16].

4.2 Filter Information Bounds

In addition to placing bounds on the Fisher information matrix, we are able to bound

the estimator error covariance directly for specific filter types applied to specific nonlinear

systems. These bounds are motivated by the information lower bound on the linear Kalman

filter, instead of utilizing the empirical observability Gramian, so for completeness we will

include a derivation of that bound here. A more complete treatment may be found in [59].

4.2.1 Kalman filter

Consider the linear system with continuous-time dynamics and discrete-time measurements

ΣKF :
ẋ = Ax+Bu

yk = Hkx(tk) + vk,
(4.13)

where vk ∼ N (0, Rk) represents measurement noise. Assuming that the system is observable

and that the initial estimate distribution is Gaussian, the linear Kalman filter is the optimal

unbiased estimator for this system [59]. Because the system is linear, the state estimates

will remain Gaussian, and can be completely represented at any time tk as an n-dimensional

mean, x̂k, and a n× n covariance matrix Pk.

The estimate covariance update step of the Kalman filter can be written as

P+
k = P−k −KkHkP

−
k , (4.14)

where

Kk = P−k H
T
k (HkP

−
k H

T
k +Rk)

−1 (4.15)
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or, combining (4.14) and (4.15), as

P+
k = P−k − P

−
k H

T
k (HkP

−
k H

T
k +Rk)

−1HkP
−
k , (4.16)

where P−k is the prior error covariance at time tk, and P+
k is the posterior error covariance

at time tk.

Using the Woodbury matrix identity,

(A+BCD)−1 = A−1 − A−1B(C−1 +DA−1B)−1DA−1 (4.17)

(assuming that A and C are invertible), we can rewrite the covariance update step in infor-

mation form as

P+
k = P−k +HT

k R
−1
k Hk, (4.18)

where P±k = (P±k )−1. As Rk is positive definite (by virtue of being a covariance matrix), we

can lower bound the Kalman filter information by

P+
k < HT

k R
−1
k Hk. (4.19)

Note that this lower bound is essentially the information of a sequential least squares es-

timate. Unfortunately, the lower bound is not generally invertible, so it cannot be easily

converted to an upper bound on the estimate covariance except in special cases.

4.2.2 Extended Kalman filter

We now move our attention to nonlinear systems with discrete-time measurements. Consider

ΣEKF :
ẋ = f(x, u)

yk = h(x(tk)) + vk,
(4.20)

where the vk are, as before, independent Gaussian random variables with zero mean and

covariance Rk. Due to the nonlinear dynamics, the linear Kalman filter, and the correspond-

ing estimate information bound, no longer apply. In this section we derive an information
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bound for the extended Kalman filter (EKF), an extension of the linear Kalman filter based

on linearization of our dynamics.

The covariance update step for the extended Kalman filter is

P+
k = P−k −KkH(x̂−k )P−k (4.21)

Kk = P−k H(x̂−k )T (H(x̂−k )P−k H(x̂−k )T +Rk)
−1 (4.22)

H(x̂−k ) =
∂h

∂x

∣∣∣∣
x̂−k

. (4.23)

Note that the EKF clearly makes an implicit assumption that f and h are differentiable

in x and u to permit linearization. However, unlike ∂y
∂x0

, ∂h
∂x

is generally straightforward to

compute for known dynamics. By applying the same procedure from (4.14)-(4.19), we can

arrive at an information lower bound for the EKF

P+
k < H(x̂−k )TR−1

k H(x̂−k ). (4.24)

Because this lower bound depends on the state estimate at a given time, it provides less a

priori information for the design of the filter. However, for certain classes of output function,

h(x), we can remove the state dependence of the lower bound. Note that in the special case

of the linear measurement function, yk = Hx(tk) + vk, we recover the bound from (4.19).

Theorem 4.3. For a nonlinear system ΣEKF, if ∀x, ∂h
∂x

T ∂h
∂x

< M for some M < 0, then for

the EKF with covariance given by (4.21)-(4.23)

P+
k <

1

λ̄(Rk)
M. (4.25)

Proof. Let H(x) = ∂h
∂x

. Assuming that H(x)TH(x) < M ∀x and M < 0, then we can lower

bound the EKF estimate information by noting that

H(x̂−k )TR−1
k H(x̂−k ) <

¯
λ(R−1

k )H(x̂−k )TH(x̂−k )

<
1

λ̄(Rk)
M.

(4.26)

Applying this inequality to (4.24), we get

P+
k <

1

λ̄(Rk)
M. (4.27)
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While Theorem 4.3 applies to a narrower class of systems than Theorem 4.1, and only to

the extended Kalman filter, it provides a bound directly to the estimate information, rather

than to the Fisher information matrix. When M is strictly positive definite, the bound can

be inverted to give an upper bound on the error covariance of the EKF as well. The theorem

bounds the worst case performance of an EKF applied to a particular system.

4.2.3 Unscented Kalman filter

While the extended Kalman filter is probably the most popular nonlinear estimator, for

highly nonlinear systems it can fail to converge. In such cases, another popular filter is

the unscented Kalman filter (UKF), which does not rely on linearization. The UKF is a

derivative-free filter that numerically approximates the nonlinear transform of the estimate

probability distribution by propagating a set of sample points (called sigma points) through

the nonlinear dynamics (as opposed to the EKF, which exactly propagates the estimate

distribution using linearized dynamics). There are multiple minor variations on the UKF

that differ slightly on how exactly to generate the sigma points. We use [59] for the form of

the UKF used in this derivation. In that work the update step is given by

P+
k = P−k −KkP

yy
k KT

k (4.28)

Kk = P xy
k (P yy

k )−1 (4.29)

P xy
k =

2L∑
i=0

W i
c(χ

i
k − x̂−k )(Y ik − ŷ−k )T (4.30)

P yy
k =

2L∑
i=0

W i
c(Y ik − ŷ−k )(Y ik − ŷ−k )T (4.31)

x̂−k =
2L∑
i=0

W i
mχ

i
k (4.32)

ŷ−k =
2L∑
i=0

W i
mh(χik, vχ

i
k), (4.33)
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whereχik and vχ
i
k are sigma points, Y ik = h(χik, vχ

i
k), and

W 0
m =

λ

L+ λ
(4.34)

W 0
c =

λ

L+ λ
+ 1− α2 + β (4.35)

W i
m = W i

c =
1

2(L+ λ)
, i > 0, (4.36)

for some tuning parameters α, β, and λ. L is the sum of the dimensions of x, w, and v (the

state, process noise, and measurement noise respectively).

In the case that the output function, h(x, v), is linear, we can lower bound the information

of the UKF similarly to Theorem 4.3. Thus, we consider systems of the form

ΣUKF :
xk+1 = f(xk, uk, wk)

yk = Hxk + vk.
(4.37)

Theorem 4.4. For a nonlinear system ΣUKF, where vk is uncorrelated with both the state,

xk, and the process noise, wk, then for the UKF with covariance update given by (4.28)-(4.33)

P+
k < HTR−1H. (4.38)

Proof. We start by making note of several facts about the UKF in the case of linear mea-

surements. First,

ŷ−k =
2L∑
i=0

W i
m(Hχik + vχ

i
k) (4.39)

= H
2L∑
i=0

W i
mχ

i
k +

2L∑
i=0

W i
mvχ

i
k (4.40)

= Hx̂−k , (4.41)

where x̂−k is the mean of the sigma points, χik are the propagated sigma points for the state,

and vχ
i
k are the sigma points for the measurement noise. The derivation follows because v

is zero mean. Also, we note that

2L∑
i=0

W i
c(χ

i
k − x̂−k )(vχ

i
k)
T = 0 (4.42)
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when measurement noise, state, and output noise are uncorrelated and v is zero mean. In

these circumstances, vχ
i
k is zero for i /∈ Nv (Nv is the set of indices for the the measurement

noise-based sigma points in the augmented state vector), and the state and process noise

portions of the sigma points are zero for i ∈ Nv (i.e., for i ∈ Nv, χik = x̂+
k ± xσ

i
k = x̂+

k and

wχ
i
k = w̄k ± wσ

i
k = w̄k). Thus we can rewrite (4.42) as

2L∑
i=0

W i
c(χ

i
k − x̂−k )(vχ

i
k)
T =

∑
i∈Nv

W i
c(χ

i
k − x̂−k )(±vχik)T

= 0.

(4.43)

Next, we note that the update step, (4.28), can be rewritten as

P+
k = P−k − P

xy
k (P yy

k )−1(P xy
k )T . (4.44)

From the definition of P xy
k we see

P xy
k =

2L∑
i=0

W i
c(χ

i
k − x̂−k )(Y ik − ŷ−k )T

=
2L∑
i=0

W i
c(χ

i
k − x̂−k )(Hχik + vχ

i
k −Hx̂−k )T

=
2L∑
i=0

W i
c(χ

i
k − x̂−k )(Hχik −Hx̂−k )T +

2L∑
i=0

W i
c(χ

i
k − x̂−k )(vχ

i
k)
T

=
2L∑
i=0

W i
c(χ

i
k − x̂−k )(χik − x̂−k )THT

= P−k H
T .

(4.45)
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Similarly, for P yy
k we can write

P yy
k =

2L∑
i=0

W i
c(Y ik − ŷ−k )(Y ik − ŷ−k )T

=
2L∑
i=0

W i
c(Hχ

i
k + vχ

i
k −Hx̂−k )(Hχik + vχ

i
k −Hx̂−k )T

=
2L∑
i=0

W i
cH(χik − x̂−k )(χik − x̂−k )THT +

2L∑
i=0

W i
cH(χik − x̂−k )(vχ

i
k)
T

+
2L∑
i=0

W i
c(vχ

i
k)(χ

i
k − x̂−k )THT +

2L∑
i=0

W i
c(vχ

i
k)(vχ

i
k)
T

= HP−k H
T +Rk.

(4.46)

We can now rewrite the covariance update as

P+
k = P−k − P

−
k H

T (HP−k H
T +Rk)

−1HP−k , (4.47)

and proceed as in the linear Kalman filter case to the conclusion

P+
k < HTR−1

k H. (4.48)

Although the conditions on the measurement functions of ΣEKF and ΣUKF required for

Theorem 4.3 and Theorem 4.4 are strict, notice that no restrictions were required on the

dynamics of the system. The lower bound on the information of the filters reflects only

the contribution of measurements to the information of the estimator. Any contribution of

the dynamics of the system to the filter information would necessarily depend on the initial

conditions of the estimator and their covariance, which are generally selected somewhat

arbitrarily.
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Chapter 5

DISCRETE-TIME OBSERVABILITY

Though continuous-time systems are widely used in control system design and modeling,

implementation of control algorithms is often performed with the aid of digital computers and

requires discretization of the systems in question. A useful task, therefore, is to examine the

extension of the results of Chapter 3 to discrete-time systems. It turns out that this extension

is largely straightforward, though the notions of observability used must be adjusted slightly

(see Chapter 2 for the definitions we use here).

We follow the approach of Chapter 3 by giving a rank condition on the discrete-time

empirical observability Gramian for discrete-time local weak observability (which is analogous

to continuous-time weak observability) as ε→ 0. From there we can define an error function

for the finite ε Gramian and use that to arrive at an lower bound on the minimum singular

value of the Gramian that is sufficient for local weak observability of systems of the form

Σnd :
xk+1 = f(xk, uk)

yk = h(xk).
(5.1)

5.1 Discrete-Time Empirical Observability Gramian

As with the continuous-time case, we can define a control-dependent empirical observability

Gramian that we can compute so long as we can simulate the system. We define this discrete-

time Gramian as

W ε
o (κ, x0, u) =

1

4ε2

κ∑
k=0

Φε(k, x0, u)TΦε(k, x0, u)dt, (5.2)

where

Φε(k, x0, u) =
[
y+1 − y−1 · · · y+n − y−n

]
(5.3)
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and

y±i = y(k, x0 ± εei, u). (5.4)

Note that this definition is largely the same definition as (3.2), with the integration replaced

by summation.

As with the continuous-time case, the empirical Gramian reduces to the standard discrete-

time observability Gramian

Wo[κ] =
κ∑
k=0

(AT )kCTCAk (5.5)

when the system in question is linear, for any initial condition, control, or choice of ε.

We will show that this discrete-time empirical observability Gramian can be used to prove

the local weak observability of a nonlinear discrete-time system in the case as ε → 0 and

that an upper bound on the unobservability index in the finite ε case can guarantee local

weak observability. Note, to avoid cumbersome descriptors, we will assume, for the rest of

this chapter, that all systems are discrete-time unless explicitly described as continuous-time.

The opposite convention is used in the rest of the dissertation.

5.2 Limit ε→ 0

We start with a lemma showing that, if the rank of the limit form of the Gramian is n, then

the intersection of the null-spaces of the terms of the summation is empty (except for the

zero vector).

Lemma 5.1. Let f, h be C1 functions of x and u. If, for some κ ≥ 0, x0, and u ∈ U ,

rank
(

lim
ε→0

W ε
o (κ, x0, u)

)
= n, (5.6)

then for every δ ∈ Rn, δ 6= 0, there exists k ∈ {0, . . . , κ} such that

∂y

∂x0

δ 6= 0. (5.7)

Proof. First, note that

lim
ε→0

1

2ε
Φε(k, x0, u) =

∂y

∂x0

(k, x0, u) (5.8)
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by the central difference definition of the derivative. In the interests of brevity, we will

occasionally drop the explicit dependence of the derivative on k, x0, and u going forward.

Thus

lim
ε→0

W ε
o (κ, x0, u) =

κ∑
k=0

∂y

∂x0

T ∂y

∂x0

. (5.9)

We know that ∂y/∂x0 exists for smooth f and h because y(k, x0, u) is continuous and differ-

entiable in x0.

We now proceed by contraposition, and assume that, for some δ ∈ Rn, δ 6= 0,

∂y

∂x0

δ = 0 (5.10)

for all k ∈ [0, . . . , κ]. Then

lim
ε→0

W ε
o (κ, x0, u)δ = 0, (5.11)

which violates our assumption that limε→0W
ε
o is full rank. Thus, for every δ ∈ Rn, δ 6= 0,

there exists k ∈ {0, . . . , κ} such that

∂y

∂x0

δ 6= 0, (5.12)

As before, we note that ∂y
∂x0
6= ∂h

∂x
. Provided that our system has solutions that are well-

defined and continuous with respect to initial conditions, these derivatives pose no obstacle.

As we mentioned in Chapter 2, this situation is the case when f and h are continuous and

the domain of f contains its own image under f .

We are now prepared to extend Theorem 3.2 to discrete-time systems.

Theorem 5.2. Let f, h be C2 functions of x and u. If there exists u ∈ U such that

rank
(

lim
ε→0

W ε
o (κ, x0, u)

)
= n (5.13)

for some κ ≥ 0, then the system Σnd is locally weakly observable at x0.
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Proof. Suppose that for some u ∈ U and κ ≥ 0, rank (limε→0W
ε
o (κ, x0, u)) = n. Consider

some x1 6= x0 and let δ = x1 − x0. From Lemma 5.1, we know that for some k ∈ {0, . . . , κ}

∂y

∂x0

δ 6= 0. (5.14)

Now we expand y(k, x1, u) with a Taylor series about x0,

y(k, x1, u) = y(k, x0, u) +
∂y

∂x0

δ + o(‖δ‖2) (5.15)

where o(‖δ‖2) is a continuous map from a neighborhood of 0 ∈ Rn to Rp satisfying

lim
‖δ‖→0

∥∥o(‖δ‖2)
∥∥

‖δ‖2 = 0. (5.16)

By the definition of the limit, we can always choose a 0 < β < 1 such that if ‖δ‖ < β then∥∥o(‖δ‖2)
∥∥

‖δ‖2 ≤
∥∥∥∥1

2

∂y

∂x0

δ

‖δ‖

∥∥∥∥ , (5.17)

or ∥∥o(‖δ‖2)
∥∥ ≤ ∥∥∥∥1

2

∂y

∂x0

δ

‖δ‖

∥∥∥∥ ‖δ‖2 <

∥∥∥∥ ∂y∂x0

δ

∥∥∥∥ . (5.18)

Let U = {x ∈ Rn | ‖x− x0‖ ≤ β} and let x1 ∈ U . We can now say that for some

k ∈ {0, . . . , κ},

y(k, x1, u)− y(k, x0, u) =
∂y

∂x0

δ + o(‖δ‖2) 6= 0. (5.19)

Thus, there exists an open neighborhood, U , of x0 such that for all x1 ∈ U , x1 6= x0

there exists a control u ∈ U that distinguishes x0 and x1, so the system is locally weakly

observable.

As before, the empirical observability Gramian being full rank is sufficient to guarantee

local weak observability of Σnd but not necessary. Consider the system

Σsd :
xk+1 = xk

yk = x2
k.

(5.20)

Solving, we get yk = x2
0. Letting x0 = 0, we find that for any neighborhood U of x0 and

any x1 ∈ U , x0 and x1 are indistinguishable if and only if x1 = x0, so the system is locally
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weakly observable (the origin can be distinguished from any neighboring point as being the

only point with strictly zero output). However, limε→0W
ε
o = 0 at the origin.

We cannot use the proof technique of Theorem 5.2 to show sufficiency of the rank con-

dition for local strong observability, because we can construct systems such that for any

neighborhood of x0, we can choose δ1 = x1 − x0 and δ2 = x2 − x0 such that ‖δ1 − δ2‖ ≤

o(‖δ1‖) + o(‖δ2‖). Thus, we cannot use Taylor’s theorem to guarantee that the outputs

of the system are unique in some neighborhood of x0, as opposed to simply being distinct

from y(k, x0, u). Whether local strong observability can be shown using some other method

remains an open question.

We also note that, as we are now summing and not integrating, we can use a non-strict

inequality, k ≥ 0, rather than a strict inequality as in the continuous-time case.

Once again, however, we encounter the problem that we must be able to solve for each

term of the sum in closed-form in order to be able to compute the limit of the Gramian. For

nonlinear systems, even in discrete-time, this computation is not generally possible.

5.3 Finite ε

Our path, in the discrete-time case, from Theorem 5.2 to a local weak observability proof

based on the finite ε Gramian, mirrors that taken in Chapter 3. We begin by defining an

error term between the limit Gramian and the finite ε Gramian as

∆ε = W ε
o (κ, x0, u)− lim

ε→0
W ε
o (κ, x0, u), (5.21)

and follow by defining

Γ(k, x0, u) = max
i

sup
η∈Iεi

∥∥D3y(η)(ei, ei, ei)
∥∥

1
, (5.22)

where Djy(x) is the j-th Fréchet derivative of y(k, x0, u) with respect to x0 evaluated at

x, and Iεi = [x0 − εei, x0 + εei] is the closed line segment from x0 − εei to x0 + εei. No

changes need be made to these definitions from (3.29) and (3.30), except to replace the time

parameter with the discrete-time index.
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Lemma 5.3. Let f, h be C3 functions of x and u. The error between the empirical observ-

ability Gramian and the limit of the Gramian as ε goes to zero is bounded above by

‖∆ε‖2 ≤ max
k∈{0,...,κ}

(√
nε2(κ+ 1)

3

∥∥∥∥ ∂y∂x0

∥∥∥∥
2

Γ +
nε4(κ+ 1)

36
Γ2

)
(5.23)

for any given ε.

Proof. Let ε > 0. Using Fréchet-Taylor expansion about x0 for y(k, x0±εei, u), we can write

y±i = y(x0)± εDy(x0)(ei) +
ε2

2!
D2y(x0)(ei, ei)±

ε3

3!
R±i (x0), (5.24)

where R±i (x0) ∈ Rp is a remainder term. Using Taylor’s theorem for Banach spaces, we can

bound the remainder by∥∥R±i (x0)
∥∥

1
≤ sup

η∈[x0,x0±εei]

∥∥D3y(η)(ei, ei, ei)
∥∥

1
, (5.25)

where [x0, x0 ± εei] refers to the line segment connecting x0 and x0 ± ei. Subtracting y−i

from y+i, and dividing by 2ε, we get

y+i − y−i

2ε
=

∂y

∂x0

ei +
ε2

2 · 3!
(R+

i (x0) +R−i (x0)). (5.26)

Define

R(x0) =
[
R+

1 (x0) +R−1 (x0) · · · R+
n (x0) +R−n (x0)

]
, (5.27)

and note that

‖R(x0)‖2 ≤
√
n ‖R(x0)‖1

=
√
nmax

i

∥∥R+
i (x0) +R−i (x0)

∥∥
1

≤ 2
√
nmax

i
sup
η∈Iεi

∥∥D3y(η)(ei, ei, ei)
∥∥

1

= 2
√
nΓ.

(5.28)

Going back to the definition of Φε from (5.3), we see

1

2ε
Φε =

[
∂y
∂x0
e1

∂y
∂x0
e2 · · · ∂y

∂x0
en

]
+

ε2

2 · 3!
R

=
∂y

∂x0

+
ε2

2 · 3!
R.

(5.29)
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From here we can begin the chain of inequalities that conclude the proof. By substituting

(5.29) and (5.3) into (5.21) and applying the triangle inequality, we get

‖∆ε‖2 =

∥∥∥∥∥
κ∑
k=0

Φε

2ε

T Φε

2ε
− ∂y

∂x0

T ∂y

∂x0

∥∥∥∥∥
2

≤
κ∑
k=0

ε2

2(3!)

∥∥∥∥ ∂y∂x0

T

R + RT ∂y

∂x0

∥∥∥∥
2

+
ε4

4(3!)2

∥∥RTR
∥∥

2

≤ max
k∈{0,...,κ}

(
ε2(κ+ 1)

3!

∥∥∥∥ ∂y∂x0

∥∥∥∥
2

‖R‖2 +
ε4(κ+ 1)

4(3!)2
‖R‖2

2

)
≤ max

k∈{0,...,κ}

(√
nε2(κ+ 1)

3

∥∥∥∥ ∂y∂x0

∥∥∥∥
2

Γ +
nε4(κ+ 1)

36
Γ2

)
.

(5.30)

We note a few small changes from the corresponding theorems of Chapter 3. First, the

time multiplier must be made one unit larger (κ+1) to account for the summation including

the zero time index. Second, because there were a finite number of time indices to consider,

we were able to convert the supremum on the bound to a maximum.

Lemma 5.3 contains the bulk of the work needed to arrive at our intended result, a suffi-

cient upper bound on the minimum singular value of the discrete-time empirical observability

Gramian for local weak observability at x0.

Theorem 5.4. Let f, h be C3 functions of x and u. If there exists u ∈ U such that

¯
σ(W ε

o ) > max
k∈{0,...,κ}

(√
nε2(κ+ 1)

3

∥∥∥∥ ∂y∂x0

∥∥∥∥
2

Γ +
nε4(κ+ 1)

36
Γ2

)
(5.31)

for some κ ≥ 0, then the system Σnd is weakly observable at x0.

Proof. If

¯
σ (W ε

o ) > max
k∈{0,...,κ}

(√
nε2(κ+ 1)

3

∥∥∥∥ ∂y∂x0

∥∥∥∥
2

Γ +
nε4(κ+ 1)

36
Γ2

)
, (5.32)

then it follows from Lemma 5.3 that
¯
σ(W ε

o ) > ‖∆ε‖2 = σ̄(∆ε). As both matrices are

symmetric, this inequality further implies
¯
λ(W ε

o ) > λ̄(∆ε). Therefore, by Weyl’s inequality,

¯
λ
(

lim
ε→0

W ε
o

)
=

¯
λ(W ε

o −∆ε) ≥
¯
λ(W ε

o )− λ̄(∆ε) > 0. (5.33)
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This proves that
¯
λ(limε→0W

ε
o ) > 0, therefore limε→0W

ε
o (κ, x0, u) � 0. By Theorem 5.2 we

conclude that the system is locally weakly observable.

Corollary 3.5 also holds in discrete-time with only minor modifications.

Corollary 5.5. Let f, h be C3 functions of x and u. If, for some u ∈ U and k ≥ 0,

rank(W ε
o ) = n and the local unobservability index is bounded above by

1

¯
λ(W ε

o )
<

1

maxk∈{0,...,κ}

(√
nε2(κ+1)

3

∥∥∥ ∂y
∂x0

∥∥∥
2

Γ + nε4(κ+1)
36

Γ2
) (5.34)

then the system is locally weakly observable at x0.

Proof. Because W ε
o is full rank by assumption and positive semidefinite by definition, we

know that
¯
λ(W ε

o ) > 0, so the local unobservability index is well defined. We can also say

that
1

¯
λ(W ε

o )
=

1

¯
σ(W ε

o )
(5.35)

and the corollary follows from Theorem 5.4.

It would be natural to ask if we can combine the results of the preceding two chapters

and arrive at similar theorems for hybrid systems. Unfortunately, for even relatively simple

hybrid systems, such as continuous-time systems with discontinuous dynamics and hybrid

automata, we are unable to guarantee that the solutions to our system will be continuous in

the initial conditions. Theorems 3.4 and 5.4 both rely on this property, making it unlikely

that the empirical Gramian will be as useful in such cases. Note, however, that systems with

continuous-time smooth dynamics and discrete-time smooth measurements,

Σh :
ẋ = f(x, u)

yk = h(x(tk)),
(5.36)

are covered by the proofs of Theorem 5.4 for the Gramian and Theorem 3.4 for existence

and uniqueness of solutions. Observability of these systems, which can be reformulated as a
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type of fully discrete-time system with dynamics

Σh :
xk+1 = xk +

∫ tk+1

tk

f(x, u)dt

yk = h(x(tk)),

(5.37)

can be shown in the discrete-time sense using Theorem 5.4.
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Chapter 6

STOCHASTIC OBSERVABILITY

We now turn our attention to the observability of stochastic nonlinear systems in continuous-

time. As in Chapter 3, the empirical observability Gramian provides a useful and numerically

tractable tool for observability analysis, though once again we must amend our notions of

observability to accommodate stochastic dynamics. As one of the main results of this chap-

ter, we demonstrate that the empirical Gramian can provide a means of testing the definition

of stochastic observability of linear systems from [36], and that the Gramian may provide a

path to extend stochastic observability to nonlinear systems. As we mentioned in Chapter 1,

existing definitions of observability for nonlinear systems are generally not tractably testable.

An empirical Gramian-based approach to stochastic observability provides a more tractable

method of approaching the problem. Much of the material in this chapter will be submitted

in an article to IEEE Transactions on Automatic Control [65].

The stochastic nonlinear systems considered in this chapter will have the form

ΣS :
dX = f(X, u)dt+ σ(X, u)dW

Y = h(X),
(6.1)

where dW is a vector of independent differentials of the Itô sense. We will refer to the

σ(X, u)dW term of (6.1) as the process noise of the system. This form for stochastic nonlinear

equations is the most straightforward extension of the continuous-time nonlinear systems

addressed in Chapter 3. However, X now represents a vector of random variables over Rn,

and there is no longer a single unique state trajectory that satisfies (6.1). Deterministic

dynamics for the probability distribution of X(t) are given by the Fokker-Planck equations,

and sample trajectories of the system satisfying ΣS in probability can be drawn by methods

such as the Euler-Maruyama method or the Milstein Method.
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To simplify the analysis, we will be neglecting measurement noise in this paper. Noise

in the output of the system cannot influence the state trajectory, so non-state-dependent

measurement noise should be incapable of providing information about system states, which

is the primary case that we are interested in. In this chapter we discuss how to apply the

empirical observability Gramian to systems of the form of ΣS, and attempt to derive general

properties of the resulting Gramian. Numerical results and simulations of stochastic systems

and their observability Gramians are deferred to Chapter 7.

6.1 Stochastic Empirical Observability Gramian

We first wish to define an extension of the empirical observability Gramian to stochastic sys-

tems. However, unlike the deterministic case, with stochastic systems we are not guaranteed

(or are even likely) to get the same trajectory for multiple sample trajectories of the system.

As a result, we have at least three reasonable ways to about computing the Gramian of a

stochastic system.

We could compute ensemble averages for entries y±i(t, x0, u), and then compute the

Gramian as defined in (3.2) and (3.3). However, in this case, the Gramian would not always

reflect the contribution of process noise to the system output. Returning to the example of

the unicycle with noise actuated acceleration from Chapter 1, the ensemble average of the

output would be 0, not reflecting that, for any particular vehicle trajectory, the output would

be non-zero almost certainly. Furthermore, computing the Gramian would require significant

computational effort, because it would require simulating the system many times for each

perturbed initial condition in order to compute the ensemble average. A potential advantage

of this approach would be that the resulting Gramian would be largely deterministic.

Another approach would be to compute a sample trajectory for y±i(t, x0, u) for each of

the two times that a given perturbed trajectory is needed in the Gramian (the left and

right Φε(t, x0, u) terms of (3.2)). While this procedure would allow the Gramian to reflect

the influence of process noise, it would have two primary disadvantages. First, it would

require 4n sample trajectories of the system to compute the Gramian, compared to the 2n
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trajectories required for the deterministic Gramian from Chapter 3. Second, the resulting

Gramian would almost certainly be asymmetric, violating our expectation that a Gramian

should be symmetric and positive semidefinite.

Finally, we could compute a single sample trajectory for y±i(t, x0, u) for each perturbed

initial condition. This option would provide the benefits of the previous option (reflecting

process noise), and result in a symmetric positive semidefinite Gramian with only 2n sample

trajectories required. Note that both this option, and the previous, result in an empirical ob-

servability Gramian that is a random variable and that reduces to the deterministic Gramian

as σ(X, u) goes uniformly to zero.

In this paper we will compute the empirical observability Gramian for nonlinear stochastic

systems according to the last algorithm: for each i ∈ [0, . . . , n] we compute a pair of sample

trajectories

y+i(t, x0, u) = y(t, x0 + εei, u) (6.2)

y−i(t, x0, u) = y(t, x0 − εei, u) (6.3)

and then compute the Gramian from

Φε(t, x0, u) =
[
y+1 − y−1 · · · y+n − y−n

]
(6.4)

W ε
o (τ, x0, u) =

1

4ε2

∫ τ

0

Φε(t, x0, u)TΦε(t, x0, u)dt, (6.5)

as before. We can compute ensembles of the Gramian to find the mean and variance of the

stochastic Gramian if necessary, or apply Monte Carlo methods to find the distribution of

the local unobservability index and estimation condition number of the stochastic nonlinear

system at a point.

6.2 Expected Value of the Empirical Observability Gramian

Now that the empirical observability Gramian is a random variable, we are interested in

finding the moments of the Gramian, particularly the first moment, in order to further

characterize the properties of the stochastic Gramian. While the moments of the Gramian
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can be computed from Monte Carlo ensembles, we often learn more by deriving a result

analytically as far as possible. For an arbitrary nonlinear stochastic system we cannot

completely determine the mean of the empirical observability Gramian analytically, but we

can partially derive a solution, as well as derive a complete solution for simple cases.

Before we proceed with our expected value derivation, we will need the following result.

Lemma 6.1. For a random vector X, of length n,

E
[
XTX

]
= E[X]T E[X] + tr(Cov[X]) (6.6)

Proof.

E
[
XTX

]
= E

[
n∑
i=0

XiXi

]

=
n∑
i=0

E[XiXi]

=
n∑
i=0

E[Xi]
2 + Var[Xi]

= E[X]T E[X] + tr(Cov[X])

(6.7)

We can prove a similar result for square matrices, provided that the columns are indepen-

dently distributed. Before we proceed, we must define the diag(·)i operator, which is defined

as mapping an n-dimensional vector, v specified component-wise as vi, to a diagonal n × n

matrix whose diagonal elements are given by the components of v and whose off-diagonal

elements are all 0. In other words

diag(vi)i =


v1 0 . . . 0

0 v2
...

...
. . .

0 . . . vn

 . (6.8)
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Lemma 6.2. For a random matrix X, of length n, with independent columns

X =
[
X1 X2 . . . Xn

]
, (6.9)

we have

E
[
XTX

]
= E[X]T E[X] + diag(tr(Cov[Xi]))i (6.10)

Proof.

E
[
XTX

]
= E


XT

1 X1 XT
1 X2 . . . XT

1 X
T
n

XT
2 X1 XT

2 X2
...

...
. . .

XT
nX1 . . . XT

nXn



=


E[XT

1 X1] E[XT
1 X2] . . . E[XT

1 Xn]

E[XT
2 X1] E[XT

2 X2]
...

...
. . .

E[XT
nX1] . . . E[XT

nXn]

 .
(6.11)

We can now apply Lemma 6.1 to each entry of the matrix and see that

E
[
XTX

]
=


E[XT

1 ] E[X1] + tr(Cov[X1]) E[XT
1 ] E[X2] . . . E[XT

1 ] E[Xn]

E[XT
2 ] E[X1]

. . .
...

...
. . .

E[XT
n ] E[X1] . . . E[XT

n ] E[Xn] + tr(Cov[Xn])


= E[X]T E[X] + diag(tr(Cov[Xi]))i,

(6.12)

where we have used the independence of the columns to drop the covariance of the off-

diagonal terms.

The expected value of the stochastic Gramian can be broken into two parts, one of

which corresponds roughly to the deterministic Gramian (calculated from the mean output

trajectory), and a second which captures most of the stochastic actuation of the system.
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Theorem 6.3. Let W̄ ε
o (t1, x0, u) be the matrix defined by

(
W̄ ε
o

)
ij

=
1

4ε2

∫ t1

0

(
E[y+i]− E[y−i]

)T (
E[y+j]− E[y−j]

)
dt (6.13)

and let Ŵ ε
o (t1, x0, u) be the diagonal matrix defined by

(Ŵ ε
o )ii =

1

4ε2

∫ t1

0

tr
(
Cov[y+i] + Cov[y−i]

)
dt. (6.14)

Then E[W ε
o (t1, x0, u)] = W̄ ε

o (t1, x0, u) + Ŵ ε
o (t1, x0, u).

Proof. By definition,

(W ε
o )ij =

1

4ε2

∫ t1

0

(
y+i − y−i

)T (
y+j − y−j

)
dt, (6.15)

where the t1, x0, and u arguments have been dropped for brevity. Taking the expectation

on both sides, we get

E [(W ε
o )ij] = E

[
1

4ε2

∫ t1

0

(
y+i − y−i

)T (
y+j − y−j

)
dt

]
=

1

4ε2

∫ t1

0

E
[(
y+i − y−i

)T (
y+j − y−j

)]
dt.

(6.16)

When i 6= j the sample trajectories y+i and y−i are independent of y+j and y−j, so for

off-diagonal terms of the Gramian we get

E[(W ε
o )ij] =

1

4ε2

∫ t1

0

(
E[y+i]− E[y−i]

)T (
E[y+j]− E[y−j]

)
dt. (6.17)

Clearly, when i = j, independence does not hold. By Lemma 6.1, the diagonal terms of

the Gramian become

E[(W ε
o )ii] =

1

4ε2

∫ t1

0

(
E[y+i]− E[y−i]

)T (
E[y+i]− E[y−i]

)
dt

+
1

4ε2

∫ t1

0

tr
(
Cov[y+i + y−i]

)
dt. (6.18)

We can break these diagonal terms into two parts: one that depends on the variance of the

samples and one that does not. Note that the first term of (6.18) matches the right-hand
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side of (6.13). We can break down the second term of (6.18) slightly further by noting that

y+i and y−i are independent, meaning that

Cov[y+i − y−i] = Cov[y+i] + Cov[y−i]. (6.19)

Therefore, the second term of (6.18) is just (Ŵ ε
o )ii. Thus, we have shown that

E[W ε
o (t1, x0, u)] = W̄ ε

o (t1, x0, u) + Ŵ ε
o (t1, x0, u). (6.20)

For arbitrary nonlinear systems we cannot generally go any further than this theorem

in closed-form, because for nonlinear measurement functions, h(X), we cannot move the

expectation inside the function, i.e., E[Y (t, x0, u)] 6= h(E[X(t, x0, u]). However, when the

output is linear (Y = CX), we can do so, and the W̄ ε
o term becomes the Gramian of the

expected trajectory. For similar reasons, analytically computing the higher moments of the

Gramian is not generally possible.

Note that the second term of the expected Gramian contains all of the variance between

the sample trajectories. Each term of the expected Gramian is positive semidefinite, and

Ŵ ε
o is strictly positive definite whenever the system has no states that are decoupled from

states with non-zero process noise input. As a result, the Ŵ ε
o term, which captures much of

the process noise influence, cannot increase the local unobservability index of the expected

Gramian, though the estimation condition number can be increased or decreased by Ŵ ε
o .

Theorem 6.3 also provides insight into the effect of measurement noise on the empirical

observability Gramian. Provided that the measurement noise is independent, zero-mean,

additive noise, then the measurement noise will cancel out of the W̄ ε
o term, and contribute

only to the Ŵ ε
o term. Thus measurement noise can only affect the diagonal entries of the

mean of the Gramian, with increasing noise covariance increasing the eigenvalues of the mean

of the Gramian.

In practice, computing the expected Gramian from ensembles produced by Monte Carlo

simulation may be more efficient than attempting to find the mean and covariance of the
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perturbed output trajectories themselves. Such an approach would also allow the calculation

of higher moments of the Gramian simultaneously. However, Theorem 6.3 provides useful

insight into the way in which process noise can influence and improve nonlinear observability.

6.2.1 Linear stochastic systems with additive noise

While we cannot generally proceed analytically any further than Theorem 6.3, for linear

stochastic systems we can compute E[W ε
o ] directly. In particular, for the Ornstein-Uhlenbeck

process with scalar state,

Σou :
dX = −aXdt+ σdW

Y = X,
(6.21)

we can compute the expected Gramian completely.

Corollary 6.4. For the system Σou with a 6= 0,

E[W ε
o (t1, x0, u)] =

1

8ε2a

(
σ2 + 4aε2

a
+ 2 Cov[X(0)]

)(
1− e−2at1

)
+
σ2t1
4ε2a

. (6.22)

Proof. For the first moment of Σou we can write

d

dt
E[X] = −aE[X], (6.23)

which has the solution

E[Y (t)] = E[X(t)] = e−at E[X(0)]. (6.24)

Similarly, the second moment of Σou has dynamics

d

dt
E[X2] = −2aE[X2] + σ2, (6.25)

which has the solution

E[X(t)2] =
σ2

2a
−
(
σ2

2a
− E[X(0)2]

)
e−2at. (6.26)

Therefore,

Cov[Y (t)] = E[X(t)2]− E[X(t)]2

=
σ2

2a
−
(
σ2

2a
+ E[X(0)]2 − E[X(0)2]

)
e−2at.

(6.27)
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By substituting E[X(0)± ε] and E[(X(0)± ε)2] into (6.24) and (6.27) as appropriate, we can

get

W̄ ε
o =

1

2a
(1− e−2at1) (6.28)

and

Ŵ ε
o =

1

8ε2a

(
σ2

a
+ 2 E[X(0)]2 − 2 E[X(0)2]

)(
1− e−2at1

)
+
σ2t1
4ε2a

=
1

8ε2a

(
σ2

a
+ 2 Cov[X(0)]

)(
1− e−2at1

)
+
σ2t1
4ε2a

.

(6.29)

Applying Theorem 6.3 completes the proof.

Note that for a deterministic system (where σ = 0 and Cov[X(0)] = 0), this quantity

is just the ordinary empirical observability Gramian for a scalar linear system, as we would

expect. The stochastic aspects of the Gramian in this case improve the local unobservability

index by increasing the Gramian; the estimation condition number is always unity. We also

note that we cannot take limε→0 E[W ε
o ] for Σou. This result is because y+i − y−i does not go

to 0 almost surely as ε → 0, as would be necessary for limε→0 E[W ε
o ] to be finite. We will

see this property for all the stochastic systems we examine, but it does not pose a problem

in connecting the Gramian to stochastic observability.

We can also compute the expectation of the Gramian for a non-scalar extension of the

Ornstein-Uhlenbeck process given by

ΣOU :
dX = AXdt+ ΩdW

Y = CX,
(6.30)

though not quite to the same degree of simplicity as for the single-state system. However,

the separation of the noise and deterministic components of the Gramian is still clear.

The stochastic observability of systems of this type has been studied extensively [29, 30,

32–35, 41, 45, 47, 49, 51, 52], though in all but [33], the analysis was in discrete-time. In [29]

the system being studied was a hybrid system with additional quantized states that altered

the continuous state dynamics, and in [45] the dynamics jumped between different linear
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systems at intervals given by a Markov chain. For more discussion on the limitations of, and

differences between, these works, see Chapter 1.

Corollary 6.5. For the system ΣOU ,

E[W ε
o (t1, x0, u)] = WO(t1) +

1

2ε2
I tr(WO(t1) Cov[X(0)])

+
1

2ε2
I

∫ t1

0

∫ t

0

tr(CeA(t−τ)ΩΩT eA
T (t−τ)CT )dτdt,

(6.31)

where WO is the deterministic linear observability Gramian for the system

ẋ = Ax

y = Cx,
(6.32)

and I is the n× n identity matrix.

Proof. For the first moment we have

d

dt
E[X] = AE[X], (6.33)

which has the solution

E[X(t)] = eAt E[X(0)]. (6.34)

Therefore, by linearity of the expectation,

E[Y ±i(t)] = CeAt(E[X(0)]± εei). (6.35)

To compute the variance of Y (t), we first need E[X(t)XT (t)], which has dynamics

d

dt
E[XXT ] = AE[XXT ] + E[XXT ]AT + ΩΩT , (6.36)

a Riccati equation. The Riccati equation has a well-known solution (see [73])

E[XXT ] = U2U
−1
1 (6.37)

where U1, U2 ∈ Rn×n are governed by

d

dt

U1

U2

 =

−AT 0

ΩΩT A

U1

U2

 (6.38)
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with initial conditions

E[X(0)XT (0)] = U2,0U
−1
1,0 . (6.39)

Note that these initial conditions give only n2 equations for 2n2 unknowns, however, U1,0

will cancel out of our final result and can be chosen arbitrarily, provided it is chosen to be

invertible.

We solve straightforwardly for U1

U1 = e−A
T tU1,0, (6.40)

which we can plug into the dynamics of U2 to get

U̇2 = AU2 + ΩΩTU1

= AU2 + ΩΩT e−A
T tU1,0.

(6.41)

Solving this linear system, we get

U2 = eAtU2,0 +

∫ t

0

eA(t−τ)ΩΩT e−A
T τU1,0dτ

= eAtU2,0 + eAt
∫ t

0

e−AτΩΩT e−A
T τdτU1,0.

(6.42)

Therefore, we have

E[XXT ] = eAtU2,0U
−1
1,0 e

AT t + eAt
∫ t

0

e−AτΩΩT e−A
T τdτeA

T t

= eAt
(

E[X(0)X(0)T ] +

∫ t

0

e−AτΩΩT e−A
T τdτ

)
eA

T t.

(6.43)

Because Y is simply a linear function of X, we can write

Cov[Y ] = C Cov[X]CT

= C(E[XXT ]− E[X] E[X]T )CT .
(6.44)

Substituting in (6.34) and (6.43) we find that the covariance of a sample measurement at

time t is given by

Cov[Y (t)] = CeAt
(

E[X(0)X(0)T ]− E[X(0)] E[X(0)]T +

∫ t

0

e−AτΩΩT e−A
T τdτ

)
eA

T tCT

= CeAt
(

Cov[X(0)]T +

∫ t

0

e−AτΩΩT e−A
T τdτ

)
eA

T tCT .

(6.45)
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Note that

Cov[X(0)± εei] = E[(X(0)± εei)(X(0)± εei)T ]− E[(X(0)± εei)] E[(X(0)± εei)]T

= E[X(0)X(0)T ]− E[X(0)] E[X(0)]T

= Cov[X(0)].

(6.46)

In other words, the covariance of the initial state distribution is not affected by perturbation.

Because the covariance of the measurement, Y (t), depends linearly on the covariance of the

state initial condition, we find that

Cov[Y ±i(t)] = Cov[Y (t)], (6.47)

i.e., the covariance of the measurement is also not affected by perturbations in the initial

condition.

Now we can approach W̄ ε
o and Ŵ ε

o . First, looking at the first term,

(W̄ ε
o )ij =

1

4ε2

∫ t1

0

(2εCeAtei)
T (2εCeAtej)dt

=

∫ t1

0

eTi e
AT tCTCeAtejdt,

(6.48)

so that

W̄ ε
o =

∫ t1

0

eA
T tCTCeAtdt

= WO(t1).

(6.49)

The second term, Ŵ ε
o , is given component-wise by,

(Ŵ ε
o )ii =

1

2ε2

∫ t1

0

tr

(
CeAt

(
Cov[X(0)] +

∫ t

0

e−AτΩΩT e−A
T τdτ

)
eA

T tCT

)
dt

=
1

2ε2

∫ t1

0

tr

(
eA

T tCTCeAt
(

Cov[X(0)] +

∫ t

0

e−AτΩΩT e−A
T τdτ

))
dt

=
1

2ε2
tr (WO Cov[X(0)]) +

1

2ε2

∫ t1

0

∫ t

0

tr
(
eA

T tCTCeAte−AτΩΩT e−A
T τ
)
dτdt

=
1

2ε2
tr (WO Cov[X(0)]) +

1

2ε2

∫ t1

0

∫ t

0

tr
(
CeA(t−τ)ΩΩT eA

T (t−τ)CT
)
dτdt.

(6.50)

The corollary then follows from Theorem 6.3.
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Note that (6.31) can be re-written as

E[W ε
o (t1, x0, u)] = WO(t1) +

1

2ε2
I tr(WO(t1) Cov[X(0)]) +

1

2ε2
I

∫ t1

0

tr(CWC(t)CT )dτdt,

(6.51)

where WC(t) is the controllability Gramian of the linear system

ΣΩ :
ẋ = Ax+ Ωu

y = Cx,
(6.52)

or as

E[W ε
o (t1, x0, u)] = WO(t1) +

1

2ε2
I tr(WO(t1) Cov[X(0)]) +

1

2ε2
I

∫ t1

0

tr(WO(t)ΩΩT )dτdt.

(6.53)

We can interpret WC(t1) as noise transfer from control to state, meaning that stochastic

observability is influenced by the noise-to-output power.

As in the single-state system, we note that more noise (larger Ω) never decreases the

positive-definiteness of the expected Gramian, though as we show in the next chapter, the

effect of noise on the estimation condition number is not necessarily monotonic. In particular,

the expected Gramian for ΣOU can be positive definite even when the deterministic linear

component of the system is not observable. Furthermore, the effect of noise on the Gramian

increases as ε→ 0. Increasing the initial covariance of the stochastic state, Cov[X(0)], also

increases the positive-definiteness of the expected Gramian. Because Ŵ ε
o < 0, the expected

value of the Gramian for ΣOU will always be strictly positive definite when the deterministic

component of the system is observable. If WO is not full rank, then WO and Ŵ ε
o must have

non-intersecting null-spaces (except at the origin) in order for E[W ε
o ] to be full rank.

6.2.2 Linear stochastic systems with multiplicative noise

We now move to another stochastic variant of the classic LTI dynamics

ΣBS :
dX = AXdt+

m∑
j=1

ΩjXdwj

Y = CX,

(6.54)
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where the noise now depends multiplicatively on the state and dwj are the independent

components of the process noise dW . The stochastic observability of this system has been

studied in continuous and discrete-time, usually with the addition of Markovian jumps be-

tween a finite set of dynamics (Ai, Ωi, Ci) in [36–40,53,54,58]. We will restrict ourselves to

the simple LTI case for this dissertation.

Note that one difference in these dynamics from the additive noise case discussed previ-

ously is that, once the system reaches equilibrium, it will remain there. Because

d

dt
E[X] = AE[X] (6.55)

we see that the system is stable in expectation when A is Hurwitz. In such a case we expect

that the system state will eventually go to zero.

We define the operator vec(·), which maps an n×n matrix to an n2×1 vector by stacking

the columns of the matrix, and the operator vec−1, the inverse operation. Note that both

operators are linear. We use ⊗ to denote the Kronecker product, and ⊕ to denote the

Kronecker sum of matrices.

Corollary 6.6. For the system ΣBS,

E[W ε
o (t1, x0, u)] = WO(t1) +

1

2

∫ t1

0

diag
(
tr
(
vec−1 (ωi)

))
i
dt, (6.56)

where WO is the deterministic linear observability Gramian for the system

ẋ = Ax

y = Cx,
(6.57)

Q = A⊕ A+
∑m

j=1 Ωj ⊗ Ωj, and

ωi = (C ⊗ C)

(
1

ε2
eQt vec(E[X(0)X(0)T ]) + eQt vec(eie

T
i )

− 1

ε2
e(A⊕A)t vec(E[X(0)] E[X(0)]T )− e(A⊕A)t vec(eie

T
i )

)
.

(6.58)
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Proof. As before, for the first moment we have

d

dt
E[X] = AE[X], (6.59)

which has the solution

E[X(t)] = eAt E[X(0)]. (6.60)

Therefore, by linearity of the expectation,

E[Y ±i(t)] = CeAt(E[X(0)]± εei). (6.61)

To compute Ŵ ε
o , we need the covariance of Y (t), for which we first need E[X(t)XT (t)],

which has dynamics

d

dt
E[XXT ] = AE[XXT ] + E[XXT ]AT +

m∑
j=1

Ωj E[XXT ]ΩT
j . (6.62)

We can simplify this equation by making use of the identity vec(
∑m

j=1 Ωj E[XXT ]ΩT
j ) =∑m

j=1(Ωj ⊗ Ωj) vec(E[XXT ]). Applying the identity, we get

d

dt
vec(E[XXT ]) = vec(AE[XXT ]) + vec(E[XXT ]AT ) +

m∑
j=1

vec(Ωj E[XXT ]ΩT
j )

=

(
A⊗ I + I ⊗ A+

m∑
j=1

Ωj ⊗ Ωj

)
vec(E[XXT ])

=

(
A⊕ A+

m∑
j=1

Ωj ⊗ Ωj

)
vec(E[XXT ])

= Q vec(E[XXT ]).

(6.63)

Therefore,

vec(E[XXT ]) = eQt vec(E[X(0)X(0)T ]). (6.64)

Using the vec identity again, we can write

vec(Cov[Y ]) = vec(C Cov[X]CT )

= (C ⊗ C)(vec(E[XXT ])− vec(E[X] E[X]T )).
(6.65)
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Substituting in (6.60) and (6.64) we find that the covariance of a sample measurement at

time t is given by

vec(Cov[Y (t)]) = (C ⊗ C)
(
eQt vec(E[X(0)X(0)T ])− e(A⊕A)t vec(E[X(0)] E[X(0)]T )

)
(6.66)

The covariance of the perturbed measurements is given by

vec(Cov[Y ±i(t)]) =(C ⊗ C)
(
eQt vec(E[X(0)X(0)T ]± εeQt vec(ei E[X(0)]T )

± εeQt vec(E[X(0)]eTi ) + ε2eQt vec(eie
T
i )

− e(A⊕A)t vec(E[X(0)] E[X(0)]T ))∓ εe(A⊕A)t vec(ei E[X(0)]T )))

∓εe(A⊕A)t vec(E[X(0)]eTi )− ε2e(A⊕A)t vec(eie
T
i )
)

(6.67)

Now we can solve for W̄ ε
o and Ŵ ε

o . As before, the first term is given by

(W̄ ε
o )ij =

1

4ε2

∫ t1

0

(2εCeAtei)
T (2εCeAtej)dt

=

∫ t1

0

eTi e
AT tCTCeAtejdt,

(6.68)

giving

W̄ ε
o =

∫ t1

0

eA
T tCTCeAtdt

= WO(t1).

(6.69)

The Ŵ ε
o term has entries given by

(Ŵ ε
o )ii =

1

2

∫ t1

0

tr

(
vec−1

(
(C ⊗ C)

(
1

ε2
eQt vec(E[X(0)X(0)T ]) + eQt vec(eie

T
i )

− 1

ε2
e(A⊕A)t vec(E[X(0)] E[X(0)]T )− e(A⊕A)t vec(eie

T
i )

)))
dt

(6.70)

The corollary then follows from Theorem 6.3.

Unlike the case of the additive noise Ornstein-Uhlenbeck model, the condition number

of the Ŵ ε
o matrix is not always unity for ΣBS. When the noise depends on the state, the

direction of the initial condition perturbation matters in the covariance of the output. As
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before, the effect on the Gramian of noise increases as ε→ 0, but in the case of multiplicative

noise, the effect is removed when the Gramian is evaluated with a Dirac delta initial condition

at the origin, for which E[X(0)X(0)T ] = E[X(0)] E[X(0)]T = 0.

Remark 6.1. While we felt that, in this case, the notation would be less cumbersome and

the intuition more clear if we restricted ourselves to the time-invariant system, Corollary 6.6

applies to the LTV version of ΣBS as well. The primary change required would be to replace

each matrix exponential with the fundamental matrix of the corresponding LTV system and

to replace the e(A⊕A)t term with a Kronecker product and fundamental matrices.

6.3 Stochastic Observability

We are now ready to present one of the main results of this chapter: a rank condition for

the expected value of the empirical observability Gramian for stochastic observability. The

definition of stochastic observability that we use here originates with Dragan and Morozan

[36] for linear stochastic systems. Writing that definition in our notation, we say that the

system ΣBS is stochastically observable if there exists β > 0 and t1 > 0 such that

E

[∫ t1

0

ΨT (t, 0)C(t)TC(t)Ψ(t, 0)dt

]
< βI (6.71)

where Ψ(t, t0) is the fundamental matrix solution of ΣBS. Note that this definition is a slight

simplification of the original, which applies to LTV systems with multiplicative noise and

Markovian switches in the system matrices.

In our non-switching system, we can expand the left-hand side of (6.71) in more detail.

The fundamental matrix solution of a stochastic linear system is itself a random variable,

defined such that

X(t) = Ψ(t, 0)X(0), (6.72)

i.e., the random variable of the state at time t is the product of the random Ψ(t, 0) and the

random initial state, which we will assume to be independently distributed. We can derive
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the following properties of the random fundamental matrix,

E[X(t)] = E[Ψ(t, 0)] E[X(0)] (6.73)

Ψ(t, t) = I w.p. 1. (6.74)

We can also see that the columns of Ψ(t, 0) must be independent, because the i-th column

is simply the solution of the system with initial condition ei and the solutions of the system

from independent initial conditions must be independent.

Therefore, expanding and applying Lemma 6.2, we get

E

[∫ t1

0

ΨT (t, 0)C(t)TC(t)Ψ(t, 0)ds

]
=

∫ t1

0

E
[
ΨT (t, 0)C(t)TC(t)Ψ(t, 0)

]
dt

=

∫ t1

0

E [C(t)Ψ(t, 0)]T E [C(t)Ψ(t, 0)] dt

+

∫ t1

0

diag (tr (Cov [C(t)Ψ(t, 0)ei]))i dt

=

∫ t1

0

E[ΨT (t, 0)]C(t)TC(t) E[Ψ(t, 0)]dt

+

∫ t1

0

diag (tr (Cov [C(t)Ψ(t, 0)ei]))i dt

= WO(t1) +

∫ t1

0

diag (tr (Cov [C(t)Ψ(t, 0)ei]))i dt.

(6.75)

Taking a closer look at the second term, we get

Cov[C(t)Ψ(t, 0)ei] =C(t) Cov[Ψ(t, 0)ei]C(t)T

=C(t) Cov[X+i(t)]C(t)T
(6.76)

or, substituting from (6.66),

vec(Cov[C(t)Ψ(t, 0)ei]) = (C(t)⊗ C(t))
(
eQt vec(eie

T
i )− e(A⊕A)t vec(eie

T
i )
)
. (6.77)

We are now ready to state the main result of this chapter.



70

Theorem 6.7. The system ΣBS is stochastically observable in the sense of [36] if and only

if

rank(E[W ε
o (t1, δ(0), 0)]) = n (6.78)

for some t1 > 0, where δ(x) is the Dirac distribution centered at x.

Proof. To begin, we will look at E[W ε
o (t1, δ(0), 0)]. Substituting X(0) = δ(0) into Corol-

lary 6.6, we get

E[W ε
o (t1, δ(0), 0)] = WO(t1)

+
1

2

∫ t1

0

diag
(
tr
(
vec−1

(
(C ⊗ C)

(
eQt vec(eie

T
i )− e(A⊕A)t vec(eie

T
i )
))))

dt,

(6.79)

which we note closely matches E
[∫ t1

0
ΨT (t, 0)C(t)TC(t)Ψ(t, 0)dt

]
except for the factor of 1

2
.

In fact

E

[∫ t1

0

ΨT (t, 0)C(t)TC(t)Ψ(t, 0)dt

]
= E[W ε

o ] + Ŵ ε
o , (6.80)

where the arguments to the empirical observability Gramian have been dropped for clarity.

Now, if rank(E[W ε
o ]) = n for some t1 > 0, then E[W ε

o ] � 0 because W ε
o is symmetric and

positive semidefinite by construction.

Applying Weyl’s inequality, we get

¯
λ

(
E

[∫ t1

0

ΨT (t, 0)C(t)TC(t)Ψ(t, 0)dt

])
≥

¯
λ(E[W ε

o ]) +
¯
λ(Ŵ ε

o ). (6.81)

Let β =
¯
λ(E[W ε

o ]) +
¯
λ(Ŵ ε

o ). We know that
¯
λ(E[W ε

o ]) > 0, and
¯
λ(Ŵ ε

o ) ≥ 0, so it follows

that β > 0. Then

E

[∫ t1

0

ΨT (t, 0)C(t)TC(t)Ψ(t, 0)dt

]
< βI, (6.82)

and the system is stochastically observable by the definition of [36].

Now we consider the reverse case, and assume that the system is stochastically observable

in the sense of [36]. Assume that E[W ε
o ] is not strictly positive definite. It follows that neither
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WO or Ŵ ε
o can be strictly positive definite either, and that there exists at least one vector,

η, that lies in the null spaces of both WO and Ŵ ε
o . However, in that case,

ηT E

[∫ t1

0

φT (s, t)CTCφ(s, t)ds

]
η = ηTWOη + 2ηT Ŵ ε

o η

= 0.

(6.83)

However, that means that there can be no β > 0 that satisfies (6.71), which contradicts our

assumption of stochastic observability. Thus, by contradiction, E[W ε
o ] � 0, or rank(E[W ε

o ]) =

n.

We note that the definition of stochastic observability from [36] does not readily extend to

nonlinear systems, as it depends on the fundamental matrix, which has no analog in nonlinear

systems. The empirical observability Gramian extends naturally to nonlinear stochastic

systems, however, meaning that the rank of the Gramian can be used for a definition of

stochastic nonlinear observability that is equivalent to existing definitions of both stochastic

linear observability, deterministic linear observability, and, as shown in Chapter 3, partially

equivalent to definitions of weak observability of deterministic nonlinear systems.

In Theorem 6.7 the ε terms cancel out, just as they do in linear deterministic systems,

but in the general nonlinear stochastic case we cannot assume that this cancellation would

take place. In Chapter 3, the rank of the empirical Gramian in the limit as ε → 0 was

used to demonstrate weak observability of nonlinear deterministic systems. However, as we

mentioned after Theorem 6.3, for nonlinear stochastic systems, the limit as ε → 0 does

not exist. As a result, a singular value condition, similar to Theorem 3.4, proportional to

ε2τ would be a more appropriate way of defining stochastic nonlinear observability with the

expectation of the empirical observability Gramian.
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6.3.1 Example

Consider an example system

Σ1 :
dX =

−1 0

0 −1

Xdt+

Ω11 Ω12

Ω21 Ω22

XdW
Y =

[
1 0

]
X,

(6.84)

Examining the deterministic component of this system, we see that the linear observability

Gramian of the system is

WO(τ) =
1

2

1− e−2τ 0

0 0

 . (6.85)

Clearly, Σ1 is not deterministically observable. Of course, this property is visible at a glance

from the system dynamics as well, because the states are decoupled and the output includes

only a single state.

Letting Ω11 = Ω12 = Ω22 = 1 and Ω21 = 0, the expected value of the empirical observ-

ability Gramian with initial distribution δ(0) is

E[W ε
o (τ, δ(0), 0)] =

1− e−τ 0

0 3− ((τ + 1) + (τ + 1)2)e−τ

 (6.86)

which is positive definite for all τ > 0. Therefore Σ1 is stochastically observable. Intuitively,

we can measure the covariance of the noise in the x1 state and how that changes to deter-

mine x2, though only up to magnitude (a sign ambiguity would remain). Sign ambiguities

are not necessarily a problem for observability in principle; weak observability of nonlinear

deterministic systems, for example, only requires distinguishability from neighboring points,

and that is allowed when the state is non-zero we can distinguish magnitude. From (6.84)

we see that process noise clearly begins to influence the observability even in linear systems

(though whether this system, with multiplicative noise, is truly still linear, or whether it has

taken the first step into nonlinearity might, be a matter for debate).

If we consider the case that Ω12 = 0, which completely decouples the dynamics, we find
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that the expected value of the Gramian is now

E[W ε
o (τ, δ(0), 0)] =

1− e−τ 0

0 0

 , (6.87)

and that the system is not stochastically observable. Indeed, the same is true even if Ω21 is

non-zero. This particular system is observable only when the x2 state can influence the x1

state, either directly through the deterministic dynamics, or less directly, through the noise.

The system remains observable even if the process noise of each component of the system

is independent, with dynamics

Σ1a :
dX =

−1 0

0 −1

Xdt+

Ω11 0

0 0

XdW1 +

0 0

0 Ω22

XdW2 +

0 Ω12

0 0

XdW3

Y =
[
1 0

]
X.

(6.88)

In this case, with Ω11 = Ω12 = Ω22 = 1, the expected value of the Gramian of the system is

E[W ε
o (τ, δ(0), 0)] =

 e−2τ (eτ−1)2

2
0

0 1− (τ + 1)e−τ

 , (6.89)

which is full rank for all τ > 0.

6.4 Noise as Modeling Error

Noise enters our dynamics in a variety of ways. Thermal fluctuations, aerodynamic tur-

bulence, ambient electrical and radiological effects can all create noise. These phenomena

are also all examples of unmodeled dynamics, or modeling errors arising from simplifying

approximations. To understand how noise-as-modeling-error can influence the observability

of a system, we create a simplified example system based on a linearization of an nonlinear

system.
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Consider the nonlinear system

Σ2 :
ẋ =

−x1 + 1
2
x2

2

−x2


y = x1,

(6.90)

and its linearization at the equilibrium point x = 0

Σ20 :
ẋ =

−1 0

0 −1

x
y =

[
1 0

]
x,

(6.91)

From the Lie observability algebra of O = {h,Lfh}, we find that the system Σ2 is

observable when x2 6= 0, while clearly Σ20 is nowhere observable.

Now consider the stochastic system

Σ2s :
dx =

−1 0

0 −1

xdt+

1
2
x2

2

0

 dW
y =

[
1 0

]
x,

(6.92)

The noise in this case is proportional to the modeling error in the linearization. Note that this

system is not linear, so the definition of stochastic observability given above does not strictly

apply. Nevertheless, we can compute (numerically) the expected Gramian of the system to

analyze observability. Numerically computing the empirical observability Gramian of Σ2s

from Monte Carlo simulation, we get an estimation condition number with a median value of

8.7 and an unobservability index with a median value of 20.5. Comparing these values to the

deterministic estimation condition number of 22.5 and unobservability index of 40.2 for the

system Σ2s, we see that the observability of the stochastic approximation has metrics on the

same order as the original system, and far more representative than the linearization Σ20 ,

for which the estimation condition number and local unobservability index are effectively

infinite.
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While this example may seem a bit contrived, it serves to illustrate how we can capture the

influence on the observability of a nonlinear system of some kinds of unmodeled dynamics. In

particular, we have shown that an unobservable deterministic approximation to an observable

system, can be seen to be observable when the noise due to modeling error is accounted

for. Of course, in practice our noise model will never be exactly proportional to modeling

error because if we knew what the modeling error was, we could simply incorporate it into

the model. However, in many cases we can experimentally determine approximate noise

characteristics to use in an approximate model, without knowing an exact original model.

This approximate noise model could then be used in observability analysis of the approximate

system.
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Chapter 7

SIMULATION

In general, as mentioned in Chapter 6, we cannot compute the empirical observability

Gramian in closed-form for arbitrary nonlinear stochastic systems. However, the empirical

Gramian does lend itself naturally to numerical computation by simulation. In the case of

stochastic systems, this property means sampling the Gramian by drawing trajectory samples

for each perturbation direction and using Monte Carlo methods to find Gramian statistics.

To illustrate the use of the empirical observability Gramian for observability of stochastic

nonlinear systems, we have numerically computed ensembles of samples of the empirical

observability Gramian for systems with process noise for three sample systems. The first is

a simple approximately linear system, and the second a nonlinear unicycle model. Finally,

we demonstrate the the observations that we develop for the simpler sample systems in the

first two sections apply to a high fidelity model of lab-scale quadrotor vehicle. In each case

we demonstrate the effect of process noise on the observability of the system.

We use the Euler-Maruyama method to integrate the stochastic differential equations and

obtain sample trajectories. Euler-Maruyama is an extension of the forward Euler method

for deterministic ordinary differential equations to the Itô calculus. A sample trajectory for

ΣS is given by

Xt+1 = Xt + f(Xt, ut)∆t+ σ(Xt, ut)Zt
√

∆t, (7.1)

where each Zt ∈ Rq is independently distributed as N (0, I), X0 is sampled from the initial

condition distribution, and ∆t is the discretization interval. The sample outputs, Y , are

then given by

Yt = h(Xt). (7.2)

The sample trajectories of y(t) can then be used to compute the empirical observability
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Gramian, as described by the procedure of §6.1,

W ε
o (t1, x0, u) =

1

4ε2

∫ t1

0

Φε(t, x0, u)TΦε(t, x0, u)dt, (7.3)

where

Φε(t, x0, u) =
[
Y +1
t − Y −1

t · · · Y +n
t − Y −nt

]
(7.4)

and Y ±i(t) are independent sample trajectories of the system ΣS, with control input u(t),

initialized from X0± εei. Note that we compute Φε only once for each Gramian, so that the

ΦεT and Φε terms of (7.3) are not independent of each other. While X0 itself is a random

variable, we will assume for the purposes of our simulations that its distribution is described

by the Dirac probability density function δ(X0) = x0, that is, a single point. This assumption

can be relaxed, provided that the initial states of the sample trajectory are randomly chosen

according to the desired initial condition distribution.

As discussed in Chapter 6, this modification results in a Gramian that is a random vari-

able, and as a result, the local unobservability index and estimation condition number are

also random variables. We can numerically approximate the distribution of the observabil-

ity metrics by computing an ensemble of Gramians for a given initial condition. As the

Gramian condition number and minimum singular value are both bounded below, we must

note that the distributions of these variables will not be symmetrically distributed, even if

the stochastic Gramian is.

7.1 Control and Noise Affine Dynamics

First we demonstrate a control and noise affine system system that is approximately linear.

Consider the dynamics

Σ3 :
dx =

−x2

x1u

 dt+

 0

qx1

 dW
y = x2.

(7.5)

First, we note that when q = 0 (no process noise), the system is observable if and only if

u(t) 6= 0. When u(t) = 1, we have a simple oscillator. Note also that this system does not
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quite meet the requirements of §6.3 because of the nonlinear x1u term in f(x, u).

When the empirical observability Gramian is computed with no noise (q = 0) and control

u(t) = 0.1, we find that the local unobservability index is 2.012 and the condition number

is 10.1. As expected when q = 0 and u(t) = 0, the local unobservability index is undefined

(infinite) and the condition number is undefined. The system is linear for any particular

constant control input, therefore these values are invariant to initial condition of the system.

If we consider the case u(t) = 0 and q 6= 0, we find that the estimation condition

number and local unobservability index vary significantly depending on the sample trajectory.

Figure 7.1 shows observability metrics for a range of q values. The gray points in the image

are computed from Gramians with q values for Σ3 sampled uniformly from a logarithmic

q domain of [10−3, 10−1], while the box plots are generated by an ensemble of 500 points

at a fixed q. The density of the gray points represent the distribution of the observability

metrics over q values and sample trajectories, while the box plots summarize the marginal

distributions over the sample trajectories for a particular q. The boxes cover the second and

third quartiles, and the center dot shows the median. The whiskers extend from the 5th to

the 95th percentiles.

As the box plots show, the distribution of the metrics is strongly asymmetric, suggesting

that mean and standard deviation are not the most pertinent descriptors of the values.

Instead, we will use the median as our primary summary statistic. An important item to

note from the Figure 7.1a, is that there appears to be a local minimum in the estimation

condition number median as the noise variance, q, is varied. This minimum indicates that too

little noise insufficiently actuates the system to produce observability (indeed, as q → 0, the

system becomes completely unobservable), while too much noise also impairs observability,

perhaps by masking the actual dynamics of the system.

To compare the observability metrics resulting from control input and from noise, we



79

10 -2 10 -1

q

0

50

100

150

200

250

300

350

400

450

E
st

im
at

io
n 

co
nd

iti
on

 n
um

be
r

(a)

10 -2 10 -1

q

0

2

4

6

8

10

12

14

U
no

bs
er

va
bi

lit
y 

in
de

x

(b)

Figure 7.1: Increasing noise monotonically decreases the expected unobservability index in
the noise affine system. The estimation condition number for the linear system shows a
minimum near a noise variance of q = 0.02.

computed the unobservability index and estimation condition number for the system

Σ3a :
dx =

 −x2

x1(1− v)u

 dt+

 0

vqx1

 dW
y = x2.

(7.6)

for v ∈ [0, 1]. The parameter v controls the trade-off between control and noise. When v = 0

there is no noise in the system, while for v = 1 there is no control input. As Figure 7.2

shows, for u = 0.1 and q = 0.1, noise produces similar levels of observability to control of

similar amplitude, though with a much greater variation.
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Figure 7.2: Median estimation condition number improves slightly with mixed control and
noise in the noise affine system, but pure control is better than pure noise. Moving the
balance from control to noise provided a sharp decrease in the unobservability index overall.

7.2 Unicycle Dynamics

We can perform a similar set of computations for a nonlinear unicycle-type vehicle with

position measurements. Consider the dynamics

Σ4 :

dx =


x4 cos(x3)

x4 sin(x3)

u1

u2

 dt+


0

0

0

q

 dW

y =

x1

x2

 .
(7.7)

Note that the deterministic component of the system is fully observable only when the vehicle

is moving, x4 6= 0, or accelerating, u2 6= 0. If both x4 = 0 and u2 = 0, the heading angle,

x3, cannot be determined from the measurements, y. As before, we can compute Gramians

for the system at equilibrium, x = 0 with no control input, u(t) = 0, across a range of
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noise values, q. We expect, in this case, that including noise in our analysis will reveal that

the system is observable even at rest. We intuitively justify this expectation by noting that

noise in the speed, x4, will result in the vehicle jittering along the heading direction of the

vehicle, providing information in the output about the heading that would not otherwise be

available.

Figure 7.3 demonstrates this intuition by showing the measurement trajectories of a

unicycle across 1000 sample runs, each starting at the origin with an initial heading of 45◦.

Note that for Figure 7.3 we have also added noise to the steering dynamics (x3) in order to

demonstrate that our intuition works even when the heading angle is further obscured. The

highlighted trajectory from Figure 7.3a shows that for any particular sample, we can more-

or-less judge the initial heading of the vehicle, which deterministic observability analysis

indicates is unobservable. Figure 7.3b shows that, in ensemble, the initial heading can

be seen in a maximum likelihood sense, up to a forward/backward ambiguity. Ensemble

conclusions are probably not as useful in real-time estimation, as they require multiple runs

from the system, but they can be useful to illustrate our intuition in this scenario. For

real-time estimation, Figure 7.3 shows that stochastic observability may not be sufficient to

uniquely and exactly identify an initial state, but that stochastic observability may allow us

to estimate the state in a maximum likelihood sense.

Figures 7.4 and 7.5 show the observability metrics computed for a range of q and, as

before, for a trade-off between control and noise. As in our last example, there is a local

minimum in the estimation condition number. Note that the condition number can range

quite high (to very poorly conditioned estimation) values, but that the median condition

number stays close to the condition number with pure control.

While the noise analysis here might seem superfluous, given that control in Σ4 is able to

actuate the same parts of the dynamics as the noise, in general, this situation need not be

the case. While these systems were structured to have similar noise and control inputs, so

that noise and control influences on observability could be compared, in many systems, noise

and control actuate the dynamics differently. Noise, in general, can induce observability of
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Figure 7.3: 1000 sample runs with one highlighted run illustrate that acceleration noise can
render the initial unicycle heading of 45◦ observable up to 180◦. The forward and reverse
headings are clearly visible in the histogram of directions of the final position of the vehicle
from the origin.
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Figure 7.4: Estimation condition number for the unicycle system has a minimum near q =
0.008. As before, too much and too little noise contribute to poor conditioning. Increasing
noise monotonically decreases the unobservability index for the unicycle system.
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Figure 7.5: Control provides better conditioning than mixed or pure noise for the unicy-
cle, while increasing noise monotonically decreases the median unobservability index in the
unicycle system.

states that cannot be excited by the available controls.

It may also appear that in this example we have added noise only to the state calculated

to provide the most benefit. However, Σ4 may be physically representative of, for example, a

unicycle robot with electrical noise in its drive motors. Furthermore, the intuition that leads

us to this experiment still holds in general, even if we add noise to other states as we can

see from Figure 7.3. We do not consider process noise in the position states for this system,

because those states are kinematically related to the heading/velocity states, and therefore

not subject to internal forces.

7.3 Quadrotor Dynamics

Finally, we examine the application of the empirical observability Gramian to a six degree

of freedom quadrotor, which we model as a rigid body subject to control torques along all

three axes, a body-fixed control force perpendicular to the plane of the rotors, and gravity

in the inertial downwards direction. For our states, we use the inertial frame position, Euler
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angles, inertial frame velocity, and Euler angle rates, with the dynamics

Σ5 :

dx =

 x6:12

M(x1:6)−1 (Q(x1:6, u)−D(x)x6:12)

 dt+

 06×1

M(x1:6)−1

 dW

y =



1 0 0

0 1 0

R(x4:6)

x6:7

0

+ E ′(x4:6)

x10:11

0

 x3
cos(x4) cos(x5)


x3

cos(x4) cos(x5)

x4:6

x10:12


,

(7.8)

where

M(x1:6) =

mI3×3 03×3

03×3 E ′T (x4:6)JE ′(x4:6)

 (7.9)

Q(x4:6, u) =


RT (x4:6)


0

0

u1

−m


0

0

g


u3:4

 (7.10)

D(x) =

03×3 03×3

03×3 E ′T (x4:6, x10:12)JdE ′(x4:6, x10:12) + dE ′T (x4:6, x10:12)JE ′(x4:6, x10:12)


(7.11)

R(x4:6) =


cx5cx6 cx5sx6 −sx5

sx4sx5cx6 − cx4sx6 sx4sx5sx6 + cx4cx6 cx5sx6

cx4sx5cx6 + sx4sx6 cx4sx5sx6 − sx4cx6 cx5cx4

 (7.12)

E ′(x4:6) =


1 0 −sx5
0 cx4 cx5sx4

0 −sx4 cx5cx4

 (7.13)
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Table 7.1: The vehicle parameters for the Hummingbird quadrotor used in the simulations
of this section.

J11 0.0046 kg m2 m 0.782 kg

J22 0.0046 kg m2 g 9.81 m/s2

J33 0.0082 kg m2

dE ′(x4:6) =


0 0 −cx5x11

0 −sx4x10 −sx5sx4x11 + cx5cx4x10

0 −cx4x10 −sx5cx4x11 + cx5cx4x10

 , (7.14)

where m is the vehicle mass, J is the vehicle rotational inertia, and g is the gravitational

constant. We have also shortened sin(x) and cos(x) to sx and cx respectively. The measure-

ment function corresponds to a body-fixed optic flow sensor and range finder facing along

the negative x3 body-axis and returning off of a plane at the inertial x3 = 0 coordinate, and

a body fixed inertial measurement unit (IMU). Note that the control input is assumed to be

a body-fixed force along the vehicle x3 axis and three independent torques. We assume that

an appropriate calibration has been performed to allow the vehicle rotor velocities (the true

control of such a vehicle) to be chosen to provide independent control over these quantities,

and that the motor bandwidth is sufficiently high to allow the forces and torques to be ad-

justed effectively instantaneously. The vehicle parameters, Table 7.1 were chosen to match

those of the Ascending Technologies Hummingbird quadrotor from the Nonlinear Dynamics

and Controls Laboratory.

The nominal initial condition for the computation of the empirical observability Gramian

of this system was chosen to be a steady level hover at an altitude of 1 m. We first compute

the Gramian of the systems with no noise. In this case, the rank of the Gramian is 10. By

examination, we can see that there is not enough information from the sensors to determine

the inertial planar position of the vehicle in an absolute sense. The planar position of the

vehicle does not influence any of the sensor readings, so the most we can determine is the



86

10 -2 10 -1

q

0

1

2

3

4

5

6

E
st

im
at

io
n 

co
nd

iti
on

 n
um

be
r

#10 5

(a)

10 -2 10 -1

q

0

0.2

0.4

0.6

0.8

1

1.2

U
no

bs
er

va
bi

lit
y 

in
de

x

(b)

Figure 7.6: Estimation condition number for the unicycle system has a minimum near q =
0.008. As before, too much and too little noise contribute to poor conditioning. Increasing
noise monotonically decreases the unobservability index for the unicycle system.

relative position of the vehicle to the initial condition. Therefore, a the Gramian rank

indicates that all of the remaining states of the vehicle are observable. We can confirm this

understanding, by noting that the rank of the sub-matrix of the Gramian consisting of the

last ten rows and columns of the empirical observability Gramian is also 10.

As with our previous two example systems, we can also compute the Gramian of the

system with noise, and perform a Monte Carlo analysis of the impact of noise on the observ-

ability metrics of the system. Not that for this vehicle, unlike in the previous two cases, noise

or control is not required for the system to be observable.1 Noise was scaled by a parameter,

q across the Monte Carlo runs. As with the unicycle vehicle, increasing noise adds energy to

the output, decreasing the unobservability index, as we can see from Figure 7.6b.

Interestingly, however, we can see from Figure 7.6a the quadrotor system also exhibits a

1Because the planar position states cannot be measured from the given sensors with or without noise,
we will consider the observability of only the remaining ten states in this section. Thus, we compute the
observability metrics of the empirical observability Gramian from the sub-matrix containing the last ten
rows and columns, and will say that the system is observable when the last ten states are observable.
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local minimum in the estimation condition number for a value of q near 0.02. In the case of

the previous two systems this result was somewhat expected: when the noise in the system

was zero, the system was unobservable and the estimation condition number was infinite,

and when the noise increased we expected the estimation problem to become more poorly

conditioned as the dynamics of the system were drowned out by noise. Here, however, the

system is observable even when the noise is zero. The presence of noise has actually improved

the observability of the system.

These results provide some guidance to system designers. They suggest that by account-

ing for noise already present in the system, we may find that our system is more observable

than expected. This could allow for the use of cheaper or fewer sensors if it turns out that

there is no need to enhance the observability of a designed system.

These results also suggest that adding noise to an observable system may increase the

observability of the system. The noise in Σ5 was added to the linear and angular acceleration.

Recall that the control inputs for the system were one force and three torques. Therefore,

the control inputs could be used to replicate the effects of process noise, or to increase the

amount of noise experienced by the system. The advantage of using control input noise to

enhance observability is that zero-mean white noise is simple to generate on top of whatever

deterministic control policy is in use, and will have minimal net impact on the trajectory of

the of the system. The noise will cause the velocity states to have a random walk component

with zero mean distance from the origin. The drift of the states would have to be compensated

by a stabilizing controller, however.

Finally, these results show that the effects of process noise on observability that were

observed on the relatively simple systems of the first two sections of this chapter extend to

more realistic systems with more complicated dynamics. The system Σ5 has twelve states

and accurately models the dynamics and available sensors of a vehicle in widespread use in

many laboratories around the world, and observability metrics of the system also exhibit the

responses to noise that were observed in the simpler example systems, Σ3 and Σ4.
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Chapter 8

CONCLUSION

Returning now to the themes from the introduction, we can say that we have successfully

addressed (at least partially) the questions and goals that we set for ourselves. In particular,

we have shown that the empirical observability Gramian can provide a unified approach to

the observability of discrete and continuous-time, deterministic and stochastic, linear and

nonlinear systems. For linear systems, in both discrete and continuous-time, the empirical

observability Gramian reduces to the corresponding linear observability Gramian with a rank

(equivalently, non-zero minimum singular value) condition that is equivalent to observabil-

ity. For nonlinear systems, in both discrete and continuous-time, we have given a minimum

singular value condition for the empirical observability Gramian that is sufficient for weak

observability (local weak, in the case of discrete-time systems). And for stochastic systems,

we have shown that the rank of expected value of the empirical observability Gramian pro-

vides an equivalent condition for stochastic observability of linear stochastic systems, as well

as a natural method of extending those definitions to nonlinear stochastic systems.

Furthermore, our numerical results from Chapter 7 demonstrate that our unobservable

planar unicycle example from the introduction is observable in a stochastic sense when

process noise is included in our analysis. The heading of the vehicle can be determined locally

in a maximum likelihood sense when the system is actuated by noise in the acceleration and

steering inputs. We also demonstrated that increasing the magnitude of the process noise

in a system monotonically increases the local unobservability index of a system, but that

the estimation condition number generally has a minimum value above which the noise will

decrease the numerical conditioning of the filter. As we expected, noise driven actuation has

similar effects on the observability of nonlinear stochastic systems as control driven actuation.
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Based on the results in this dissertation, it appears that the empirical observability

Gramian naturally extends the Gramian approach to observability from linear systems,

whereas the Lie derivative algebra naturally extends the observability matrix approach.

While the concepts of weak and local weak observability both reduce to the same concept for

linear systems, the nonlinear generalizations of the observability Gramian and observability

matrix each address a slightly different concept. The empirical observability Gramian con-

nects more closely to estimation problems than the Lie observability algebra, through the

connection to the Fisher information derived in Chapter 4.

The empirical observability Gramian approach to observability analysis of nonlinear sys-

tems has the advantage of being much simpler to compute for highly nonlinear systems.

While neither the Gramian, nor the Jacobian of the Lie observability algebra can be com-

puted in closed-form in general, the empirical observability Gramian, and the local unobserv-

ability index can be computed numerically, even when the system dynamics are presented

as a black-box to the user. The results in this paper place a firmer footing under the grow-

ing use of the local unobservability index as a metric of observability for nonlinear systems.

Additionally, the Gramian provides the ability to test nonlinear systems for an additional def-

inition of observability, one that is somewhat more general than the local weak observability

that is usually tested for.

The results of Chapters 6 and 7 are likely to invite comparisons to persistence of excitation

in system identification. In order for the least squares method of system identification to

converge to an equivalent system representation, the input to the system must be persistently

exciting, a property possessed by Gaussian white noise inputs, among others. In both cases,

we are attempting to learn more about aspects of the system from the outputs, with noise as

a potentially useful input signal to tease out the required information. However, the role of

noise in observability is distinct from its role in system identification. In system identification,

it is the structure of the noise itself that makes it attractive, whereas in observability we

are more interested in where the noise enters the system, which states it couples, and which

states it can actuate. We focus only on noise inputs in the observability analysis in this
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dissertation because, in many systems, they can actuate states that cannot be reached by

control inputs. As Figure 7.5a showed, noise is not always the most effective signal for

enabling observability, nor are high bandwidth signals required to enable observability.

Another advantage of the empirical observability Gramian approach to observability is

that the definitions of stochastic observability used in this paper are largely restricted to

linear systems – they either directly depend on the linear system matrices or on the funda-

mental matrix of the linear system in the definition itself. Theorem 6.7 demonstrates that

the Gramian could be used in an equivalent definition of stochastic observability, but one

which would also apply to nonlinear stochastic systems. Given that most research in nonlin-

ear stochastic observability currently centers around estimability and reconstructability, we

have provided an alternate approach to observability of nonlinear stochastic systems.

Of course, the empirical Gramian approach to observability is not without weaknesses.

Although the local unobservability index itself can be computed simply for highly nonlinear

systems, in general the bound upon it to provide the sufficient condition for observability

is not generally computable in closed-form. While the bound can be approximated using

central-differencing methods, this procedure requires third-order derivatives (with their as-

sociated reduced numerical stability) to be computed at many time and spatial locations,

which can be computationally expensive. We note that similar differencing methods for the

Lie observability algebra can require even higher order numerical derivatives, however, and

suffer greater numerical instabilities.

Furthermore, while the Gramian can be used to test for observability of a system at a

particular state, and with a particular control, we must still find valid control inputs to test

without knowing a priori if such inputs even exist or what form they might take. In contrast,

the Lie observability algebra can inform our choice of control input to obtain observability

without the requirement of exhaustive search. Some insight might be gleaned from a rank

deficient Gramian by checking which states appear in the null space of the Gramian and

determining what controls might actuate those states, but determining the correct form of

the controls, and how long to apply them for, would not always be simple. Just as with the
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Lie observability algebra, the non-necessity of the observability condition should be kept in

mind at all times, to avoid falling into the trap of thinking the system unobservable simply

because the Gramian is not full rank with a particular control and integration time. The

Gramian observability condition is equivalent to observability only for linear deterministic

and stochastic systems.

While we have addressed many of the questions we set out to ask, many open questions

remain, and new areas of investigation have been opened by this work. In general, the

problem of observability analysis becomes more challenging as the models used become more

detailed and realistic. Linear systems have multiple straightforward tests for observability,

while, as we mentioned in Chapter 2, testing observability for nonlinear deterministic models

is substantially more challenging. The theorems in this dissertation provide tests for weak

observability of nonlinear systems, as well as means of testing observability when process

noise is included in models. However, challenges remain for observability analysis of models

with yet more detail and realism. For example, one avenue of possible research would be the

inclusion of sensor noise in these results. While we have neglected sensor noise to simplify

our focus on process noise, most systems are subject to noisy sensors, which could increase

the estimation condition number upon inclusion.

The empirical Gramian contains information about surrounding points in state space as

a result of the perturbation techniques. Furthermore, the Gramian depends continuously on

the state parameter, meaning that provided the inequality of Theorem 3.4 is met strictly

(without equality), then the system should be observable in some region about the point of

interest. Future work to determine the size of this region (presumably as a function of the

system dynamics and the value of the local unobservability index) could allow the Gramian

to be used a sufficient condition for observability on sets. Observability of the system as a

whole could be determined by a tiling of such sets across the state domain.

Many inequalities were necessary to arrive at the bounds in Theorem 3.4. Some of

these inequalities are potentially quite loose, and the cumulative effect of all the inequalities

together produced a local unobservability index bound that is extremely conservative. It is
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possible that tighter bounds might be arrived at, if it were possible to determine the positive

(or negative) definiteness of ∆ε from the properties of W ε
o , or if some of the inequalities in

the proof could be tightened.

Another direction for research would be to investigate empirical Gramians of higher order

(Gramians based on higher order central difference perturbations of the initial conditions).

Such a higher order Gramian would presumably require more simulation to compute, but the

finite ε approximation error for such a Gramian would potentially be O(ε4τ) or better. This

might be one path towards tighter bounds on the minimum singular value for observability.

Finally, all of observability is about taking information from the output of the system

to determine the state of the system, using information about the dynamics to constrain

our solutions. Intuitively, we see that a system can only be observable if there is mutual

information between the state and the output of a system. Nevertheless, approaches to

nonlinear stochastic observability that directly utilize mutual information as a criterion for

observability (such as that taken by Liu and Bitmead [49]) do not clearly connect to more

traditional definitions of observability. An important question remaining, is how we can

unify these approaches, or at the least show under what conditions they do or do not agree.

Is it possible to show that the Gramian is full rank only when there is non-zero mutual

information between each state and the output? Are the singular values of the Gramian

linked to the amount of mutual information between the state and the output?

Ultimately, we have advanced our understanding of sensing in an inherently stochastic

world. However, we are brought to mind of the following quote (as we often are in studying

scientific endeavors):

We have not succeeded in answering all our problems. The answers we have

found only serve to raise a whole set of new questions. In some ways we feel we

are as confused as ever, but we believe we are confused on a higher level and

about more important things. – Attributed variously

Sensing and estimation are ubiquitous in our world, both in engineering and in daily life,
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as is noise. This work brings partial understanding of how these phenomena interact, while

leaving much more to be learned.
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