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The microscopic and molecular-level characterization and understanding of excited states
properties and dynamics plays an important role in modern scientific research. Tremendous
examples can be found in photovoltaics, photocatalysis, spintronics, and plasmonics. Over
the past several decades, despite the fact that a significant progress has been achieved in
the development of experimental techniques (e.g. crystallography and spectroscopy), it is
important to realize that many chemical transformations, especially when associated with
excited states, are still difficult to be precisely detected and accurately characterized in
experiments. One typical example is optically forbidden (dark) states, which are experimentally barely accessible, but very often determine the excited state dynamics. Fortunately,
quantum chemical calculations of such excited states are usually able to provide accurate
and predictive information, and do indeed contribute to the fundamental understanding of
excited state properties and dynamics.
To describe excited states properly with quantum mechanics, essentially, one needs to
adopt a quantum chemical method that is able to describe electron correlations towards
“chemical accuracy” (1 kcal/mol). Among all available quantum chemical methods, the
density functional theory/time-dependent density functional theory (DFT/TDDFT) are extremely popular. Their favorable trade-off between accuracy and computational cost has
made them standard technique in most branches of chemistry and materials science. How-

ever, DFT/TDDFT results depend on the specific exchange-correlation (XC) functional
adopted. The wave-function-based ab initio methods, on the other hand, can be systematically improved to provide reliable results. A typical example is the coupled-cluster (CC)
model, in which various correlation effects can be categorized according to the rank of excitations included in the approximate form of the cluster and excitation operators, and its
accuracy can then be systematically improved by including higher excitations explicitly or
perturbatively. In particular, the CC model with single and double excitations corrected by
perturbative triples, a.k.a. CCSD(T), has been recognized as the “gold standard” for computational chemistry. However, these wave-function-based methods always suffer from very
high computational cost (e.g. the canonical procedure of CCSD(T) scales as O(N 7 ) with N
the number of basis functions representing system size), which precludes them from being
applied to large systems.
The main objective of this work is to develop quantum chemical methods that provide
better trade-off between accuracy and efficiency for the description of electron correlations
in some electron excitation scenarios where conventional methods may encounter problems.
Several newly developed approximations and algorithms based on DFT, TDDFT, and CC
will be presented in the following chapters. The applications of these methods include the
computations of excitation energy, excited state wave function, and excited state dynamics.
The structure of this thesis is as follows.

• In Chapter 1, the theoretical background of quantum chemical methods for the study
of excited states is given. The emphasis is on DFT, TDDFT and CC.
• Chapter 2 describes a guided self-consistent-field (SCF) method developed in this work.
The working procedure of this method is presented within DFT framework. The application of this method to the computation of the d-d transition energies in some metal
complexes is discussed.

• In Chapter 3, a factorization method is introduced to deal with states coupling driven
by pure electron-electron interaction. In combination with DFT and TDDFT technique, its application in estimating the transition rate of a spin-fliped Auger process
in large CdSe quantum dots is discussed.
• Chapter 4 discusses the real-time TDDFT method. The case study is focusing on the
exciton dynamics in a two-silver-atomic-chain prototype system that goes beyond the
capability of canonical models of electronic energy transfer.
• In Chapter 5, a variant of the equation-of-motion CC (EOM-CC) method aiming at
solving interior eigenpairs of the EOM Hamiltonian matrix is discussed. A benchmark
of this method is done by computing the K-edge core excitation energies of carbon,
oxygen, nitrogen, and sulfur in some molecules.
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Chapter 1
OVERVIEW
· · · within the orbital picture, the correlated motion of interacting
electrons manifests itself in virtual excitations of electrons from occupied to unoccupied spin orbitals. · · ·
– T. Helgaker et al. in Molecular Electronic Structure Theory[100]

1.1

Electron Correlation and Excited Electronic State

The motions of the electrons are correlated. For example, one can not find two electrons
at the same points in space with parallel spins. This type of correlation is often called
Fermi correlation, which is already included in the Hartree-Fock (HF) method of quantum
chemistry. Beside the Fermi correlation, there are many other modes of electron correlation usually discussed in the description of electronic systems. For example, the so-called
static correlation is usually discussed when a single reference determinant is not able to give
a good description of an electronic configuration due to the near-degeneracy of electronic
configurations. In this scenario, multi-configuration self-consistent field (MCSCF) theory
can be employed.[154] On the other hand, dynamic correlation is often introduced when the
description of the instantaneous correlation of electron motion arising from the electron repulsion is required. Dynamic electron correlation is known to play a key role in quantitative
description of reaction barrier heights and excitation energies, and can be best accounted for
by perturbation theory[162, 16] or CC theory.[77, 39] The dynamic correlation can be further
categorized into long-range dynamic correlation and short-range dynamic correlation. The
former is responsible for the description of dispersion forces in van der Waals interactions,
while the latter is related to the Coulomb cusp in the electronic wave function, and can be
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treated using explicitly correlated method.[119]
Electronically excited states often display large electron correlation effects. Proper consideration of electron correlation effect in the description of excited state is as important,
if not more important, than that in ground state. Inability to properly account for these
effect will lead to a large deviation between calculated and experimental excitation energies
for some valence excited singlet and triplet states. Typical examples are the 1 (π, π ∗ ) state
in ethene[152] and the E1u state in benzene.[150, 183] Besides, since the dynamic correlation
effect on Rydberg state is much smaller than that on some valence excited states, inability to
properly account for the dynamic correlation effect may give rise to a too strong interaction
between the valence state and a Rydberg state. The too strong valence-Rydberg interaction
will make the valence state, and thus the electron density, too diffuse, and will bring a significant error. It has been shown that the resulting error in excitation energy for ethene and
1

Bu states in butadiene could be of the order of 0.3 eV.[190]
As mentioned above, there are several ways to properly account for the electron corre-

lation during the excited state calculation. However, typical wave-function-based methods,
such as configuration interaction (CI),[218, 226] multireference CI (MR-CI)[35, 169] or multireference Møller-Plesset,[151, 113] MCSCF,[154] complete active space SCF (CASSCF)[182]
and complete active space perturbation theory of second order (CASPT2),[4] though providing very accurate results, are nevertheless too computationally expensive for molecules of
medium to large size. Therefore, in terms of developing methods towards accurate and efficient description of excited states, the effort is usually on the density functional theory/timedependent density functional theory and coupled-cluster theory. The following sections will
give a brief overview of these theories.
1.2

Density Functional Theory (DFT) and Time-dependent Density Functional Theory (TDDFT)

DFT is a formally exact theory. The famous Hohenberg-Kohn theorems[105] ensure a oneto-one mapping between the electron density and the external potential, and guarantee the
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variational principle for the electron density. The electron correlation is included in the DFT
through the so-called exchange-correlation (XC) functional. Since the exact XC functional is
unknown, all the XC functionals used in practice are approximate XC functionals, which are
fitted based on model systems such as the uniform electron gas and other known properties.
Thus, the accuracy of a DFT calculation is closely related to the quality of the approximate
XC functional for the system under investigation. As a single-particle theory, DFT usually
aims at the precise calculation of the electronic ground state of molecules. Nevertheless,
DFT can be applied for the calculation of some particular electronically excited state if some
constraints are introduced during the SCF iteration to force the procedure to converge to
an energetically higher solution. However, if the excited state has the same spin multiplicity
or same irreducible representation of the spatial symmetry group as the ground state, as
usually found in the optical spectra of large molecules, this method will break down (as will
be discussed in Ch. 2). More often, the TDDFT[184] is used for the calculation of excited
state of molecules of medium to large size. In analogy to Kohn-Sham (KS) DFT,[118]
TDDFT is done in the time-dependent KS formalism,


Z
0
∂
1 2
δAxc [ρ]
3 0 ρ(r , t)
i φi (r, t) = − ∇i + v(r, t) + d r
+
φi (r, t)
∂t
2
|r − r0 | δρ(r, t)
|
{z
}

(1.1)

FKS
t

in which, each electron, being represented by the single-electron orbitals φi (r, t), is treated
individually in the mean field of all others, and the election density is given as
ρ(r, t) =

N
elec
X

|φi (r, t)|2 .

(1.2)

i

If expanding the single-electron orbitals in a manifold represented by Nbas basis functions,
{χ1 (r), · · · , χi (r), · · · , χNbas (r)},
φi (r, t) =

N
bas
X

ciµ (t)χµ (r),

(1.3)

µ

then the time-dependent KS equation can be expressed in a matrix form,
i

∂
ct = FKS
t ct ,
∂t

(1.4)
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where the subscript indicates the time-dependent feature. Employing the time-dependent
density matrix P, as defined by
Pµν (t) =

N
occ
X

ciµ (t)ciν (t),

(1.5)

i

eventually one can reach the Dirac form of the time-dependent KS equation
i

∂
Pt = [FKS
t , Pt ].
∂t

(1.6)

Numerically, there are two different schemes to solve Eq. (1.6). The widely used scheme focuses on the linear response (LR) of the electron density to a perturbation.[41, 42] Given that
electronic transitions occur for an infinitesimal perturbation, and employing the canonical
orbitals, the LR-TDDFT scheme essentially deals with a non-Hermitian eigenvalue problem,





A
B
X
X


 = ω
.
(1.7)
−B∗ −A∗
Y
Y
Here, ω denotes the transition energy, and X and Y are excitation and de-excitation operators. The elements of matrices A and B are given in Mulliken notation as
Aia,jb = δij δab (a − i ) + (ia|jb) + (ia|fxc |jb),

(1.8)

Bia,jb = (ia|bj) + (ia|fxc |bj).

(1.9)

Since the exact time-dependent XC action functional (Axc [ρ]) is not known, and supposed
the electron density varies slowly with time, people then introduce the so-called adiabatic
local density approximation (ALDA)[171] to use a standard local ground-state XC potential
to compute (ia|fxc |jb) term in Eq. (1.8) and Eq. (1.9),
Z
δ 2 Exc
3
3 0 ∗
(ia|fxc |jb) = d r d r φi (r)φa (r)
φ∗j (r0 )φb (r0 ).
0
δρ(r)δρ(r )

(1.10)

Alternatively, one can directly propagate the time-dependent density matrix in time. This is
often referred to as real-time (RT) TDDFT.[233, 148, 138, 134, 106] Standard technique can
be used to numerically integrate Eq. (1.6) as long as the density matrix remains idempotent,
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PP = P (due to the constraint that MO’s must remain orthonormal). One numerical
propagation method will be briefly discussed in Ch. 3 and Appendix C. It is worth pointing
out that, for small perturbations to the ground-state density, both LR-TDDFT and RTTDDFT schemes are able to describe single-electron excitations from the ground state using
the standard approximate ground state XC functional. If many transitions are required to
model an absorption spectrum, RT-TDDFT can be more computationally affordable, since it
gives the full spectrum via a single Fourier transform of the time-dependent dipole moment.
More importantly, RT-TDDFT enables direct modeling of the excited state dynamics.

1.3

Coupled-Cluster (CC) Theory

In CC theory,[54, 192] the correlated motion of the electrons (within the orbital model) is
taken into account by including the excitations of electrons within the clusters of different
sizes. This is done by first introducing the cluster operator, which is defined in Eq. (1.11).
T =

X
µ>0

tµ τµ =

X

Tµ .

(1.11)

µ>0

Here, τµ is the excitation operator, which can generate a substituted determinant |µi when
acting on the reference determinant |0i. Within each excitation, there is also an amplitude
tµ , representing the probability that this particular excitation will occur as a result of electron interaction. Then, the cluster operator is applied to the reference state to generate a
correlated wave function. This process can be simplified via an exponential ansatz, since
P


|CCi = [πµ>0 (1 + Tµ )] |0i = πµ>0 eTµ |0i = e µ>0 Tµ |0i = eT |0i.

(1.12)

Note that (Tµ )n |0i = 0 for n ≥ 2. Also, since the substituted determinnant |µi is orthogonal
to |0i, it is easy to see that h0|CCi = 1, which is usually known as the intermediate normalization. Plugging the correlated wave function into the Schrödinger equation, applying the
intermediate normalization, and left-projecting against the reference state, the CC energy
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and amplitudes can then be obtained,
h0|H|CCi = Ecc ,

(1.13)

hµ|H|CCi = Ecc hµ|eT |0i.

(1.14)

Usually, it is more convenient to express the projected CC equations in a slightly different
form,
h0|e−T H|CCi = h0|e−T HeT |0i = Ecc ,

(1.15)

hµ|e−T H|CCi = hµ|e−T HeT |0i = Ecc hµ|e−T eT |0i = 0.

(1.16)

where the Hamiltonian can be viewed as being similarity transformed with the T operator.
Apparently, the similarity transformation leaves the energy unchanged, and yields a “neat”
expression for the amplitudes.
Eq. (1.16) is usually referred to as the linked CC equation, which is superior to its unlinked
analog (Eq. (1.14)) in many situations. Firstly, the linked equation simplifies the algebra of
the expansion. Note that the similarity-transformed Hamiltonian can be expanded by the
Baker-Campbell-Hausdorff expansion
1
1
1
e−T HeT = H + [H, T ] + [[H, T ], T ] + [[[H, T ], T ], T ] + [[[[H, T ], T ], T ], T ],
2
6
24

(1.17)

which naturally terminates at the fourth term since the Hamiltonian can at most be linked
to four cluster operators, and all higher-order terms will contain commutators of only the
cluster operators, and are therefore zero. Also, the linked equation is size-extensive term by
term, and allows for a simpler control of size-extensivity upon the modification of the CC
equation. Besides, the linked equations serves a starting point for the development of a CC
approach for the calculation of excited states. For example, in the equation-of-motion CC
(EOM-CC) model,[198, 51] the excited state can be calculated by a linear expansion in the
space spanned by all states of the form
|ri =

X
µ

rµ τµ |0i.

(1.18)
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The expansion parameters, which carry the excitation structure, are optimized by minimizing
the energy
E(l, r) =

hl|e−T HeT |ri
.
hl|ri

(1.19)

Here, the similarity-transformed Hamiltonian carries the information about the correlated
motion of electrons, and can significantly simplify the associated algebra (as can be seen in
Ch. 5).
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Chapter 2
A GUIDED SELF-CONSISTENT-FIELD (SCF) METHOD FOR
EXCITED-STATE WAVE FUNCTION OPTIMIZATION
A guided SCF method is presented in this chapter. This method uses the eigenspace
update-and-following idea to guide the occupation of molecular orbitals to improve the SCF
method for optimizing wave functions that are higher-energy solutions to the Roothaan-Hall
equations. The initial guess of excited wave function is improved with a pre-conditioning
step. For testing, the guided SCF method is used to optimize ligand-field excited states
of transition metal complexes, and calculate transition metal d-d transition energies. The
results are compared with those obtained from orbital energy differences, LR-TDDFT, and
experiments.

2.1

Introduction

Theoretical investigations of electronic excitations often require searching for excited-state
wave functions while maintaining the orthogonality constraint. When wave function approximations (e.g. the finite basis approximation) are used, variational methods (e.g. the
CI), can be used to obtain the upper bound of each excited state, fulfilling the bracketing
theorem.[142] However, correlated electronic structure methods that satisfy both the orthogonality constraint and the bracketing theorem are of prohibitive computational cost except
for systems with only a few electrons. Practical applications of excited-state calculations
often use methods that avoid explicit computations of excited-state wave functions. For
example, LR-TDDFT has been the workhorse for obtaining excitation energies at a very
affordable computation cost.[87, 168, 40, 41, 206, 62, 42, 135] LR-TDDFT computes the
first-order response of ground-state electronic density to a small external perturbation. As
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a result, excitation energies are obtained as the resonant frequencies of the system. This
approach is computationally inexpensive because calculations of explicit excited-state wave
functions are avoided.
In cases where excited-state wave functions are needed for analyzing molecular properties,
the ∆SCF method[91, 110, 101, 85, 25, 78] can be used to obtain the approximate wave
function of excited state. This method is based on the proof (under some assumptions) that
there exist some higher-energy solutions to the Roothaan-Hall equation.[137, 201] However,
these solutions do not satisfy the bracketing theorem. As a result, they are just some
stationary upper bounds of the ground state. Nevertheless, with careful scrutiny of the
electronic characteristics of the higher-energy solutions, the electronic excitation energies can
be approximated as the difference between the ground state and the SCF-converged higherenergy states. When these two wave functions are associated with different spin-manifolds
(e.g. singlet and triplet), this technique is rather successful in predicting the spectra and
electronic transition characteristics. When the excited state of interest has the same spin
symmetry as the ground state (e.g. S1 vs. S0 ), the excited state is approximated as a brokenspin-symmetry configuration state converged self-consistently to a higher energy solution of
the Roothaan-Hall equation. However, the approximate excited state often does not satisfy
the orthogonality constraint. Although the lack of constraint of orthogonality to the ground
state only leads to errors in the second-order term in the wave function,[100] it gives rise
to convergence difficulty.[235] Conventional SCF techniques often lead to the variational
collapse to the ground state even if appropriate initial guesses of orbital occupations are
used.
For electronic excitations of transition metals in ligand fields, standard ∆SCF often fails
due to small energy differences between SCF solutions and the high degeneracy of d-orbitals.
In such cases, one needs to include a constraint or guidance during the SCF procedure.
Recently, controlled SCF methods using the maximum overlap approach have been used to
converge the SCF procedure to charge-transfer and core-excited states.[78, 28] Inspired by the
success of controlled SCF methods for optimizing excited-state wave functions, I proposed
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to use an eigenspace update-and-following method[133] to guide the SCF convergence to a
higher-energy solution as an approximation to the excited state. The detailed discussion
about the method and its robustness are presented in the Methodology section. I also apply
the guided SCF method to study d-d transitions in a select set of transition metal complexes
and compare these results with experimental values.
2.2

Methodology

Optimization of single-particle wave functions as in HF and KS DFT can be achieved by
iteratively solving the Roothaan-Hall equation in the atomic orbital (AO) basis,
FC = SC,

(2.1)

where F, C, S, and  are the Fock/KS matrix, molecular orbital coefficients, overlap matrix and orbital energies, respectively. For unrestricted HF and DFT, Eq. (2.1) is solved
separately for α and β spins, with each of the Fock matrices constructed based on density
matrices of both spins. In a conventional optimization of the ground-state wave function of
an N -electron system, the N spin-orbitals {φi } with the lowest energies are chosen to be occupied as an initial guess, while the rest of orbitals are unoccupied. The Slater determinant
of such wave function can be specified by an occupation number vector, |ni, such as
|ni = |11 , 12 , ..., 1N , 0N +1 , ..., 0K i,

(2.2)

where the subscript denotes the orbital and K is the basis size. Any permutation of occupation numbers between occupied and unoccupied orbitals results in an excited configuration
state, which can be used as the initial guess for the excited-state wave function. Here, I
introduce a pre-conditioning step to the permuted initial guess when the subject of interest
is an excited state of the same spin symmetry as the ground state (e.g. S0 and S1 ). Considering an initial guess for excited-state wave function is generated by orbital permutation in
the α spin-manifold (e.g. |niα = |11 , 12 , ..., 0N , 1N +1 , ..., 0K iα ) while the β spin remains in its
ground state configuration (e.g. |niβ = |11 , 12 , ..., 1N , 0N +1 , ..., 0K iβ ). The pre-conditioning
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step is essentially an SCF iteration applied to the β manifold only. In this step, the Fock/KS
matrix corresponding to the β spin is fully diagonalized while maintaining the α spin intact.
The β spin wave function is reconstructed using the pre-conditioned eigenvectors of the β
Fock/KS matrix. The purpose of this pre-conditioning step is obvious. It introduces a better Coulombic potential for optimization of the permuted spin-manifold, the α spin in this
example. In the presented test cases, this simple pre-conditioning step gives rise to more
stable SCF convergence using the algorithm presented next.
In order to maintain the desired orbital occupation arrangement during the SCF procedure, I have implemented a guided-SCF method that combines the pre-diagonalization
step and eigenspace update techniques. The algorithm is constructed in an orthonormal
basis. Transformation from AO (unprimed notation, e.g. F and C) to orthonormal basis (primed notation, e.g. F0 and C0 ) can be achieved using the Löwdin or the Cholesky
method.[160, 130, 132] The details of this algorithm are presented in the following paragraphs.
In the i-th SCF iteration, the Fock/KS matrix F0 i is formed using the occupied set of
MOs from the previous iteration C0 i−1 . Note that C0 0 corresponds to the initial guess of
excited configuration state. Then a guidance vector Gi−1 is introduced with G0 = C0 0 to
pre-diagonalize the Fock/KS matrix,
∆i = G†i−1 F0 i Gi−1

(2.3)

The purpose of this intermediate pre-diagonalization step is to construct a diagonally dominant form of the Fock/KS matrix. The transformed Fock/KS matrix is then diagonalized by
a standard eigensolver yielding the eigenvalues and eigenvectors of the intermediate matrix.
i = A†i ∆i Ai

(2.4)

The guidance vector for the permutation of the eigenvectors of the Fock/KS matrix at the
i-th iteration are then computed using the following equation,
Gi = Gi−1 Ai .

(2.5)
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In terms of computational cost, this approach is advantageous in most cases since the diagonalization of a diagonal-dominant matrix (Eq. (2.4)) is less expensive than direct diagonalization of a dense matrix, F0 i . In the context of the guided SCF method developed here, the
pre-diagonalization step is used to project the current Fock/KS matrix to the guided vector
space, preserving the ordering of orbital occupations. This step gives the guidance to the
SCF procedure by maintaining the orbital occupations. In other words, instead of selecting
the N lowest energy spin-orbitals resulting from a direct diagonalization, the SCF proceeds
by inheriting the orbital occupation arrangement from the guidance vectors.
The guided SCF algorithm discussed above is implemented in the development version
of the Gaussian program.[74] For all test cases, geometry optimizations were fully optimized
with the Td symmetry constraint. The metal d-orbitals are identified by population analysis
and visual inspection. Initial excited configurational states are constructed by interchanging
the occupation numbers of occupied and virtual orbitals, followed by wave function optimization using the guided SCF approach introduced here.
2.3

Application to d-d Transitions in Transition-Metal Complexes

One of the most important theories for understanding physical properties of transition metal
(TM) complexes is ligand field theory. It has been successfully and widely used in the
interpretation of optical, spin, and magnetic measurements of TM complexes. For ligand
field theory of octahedral and tetrahedral coordinations, the central parameter describing
the metal–ligand environment is the ligand field splitting energy, 10Dq, which can be readily
observed in the d − d spectra of TM complexes. Due to rather small excitation energies and
high degeneracy of d-levels, ligand-field transitions are usually difficult to resolve. In this
work, I apply the method introduced above to calculate ligand-field excitations in a select set
of tetrahedral TM complexes. The first test case is [Co(II)Cl4 ]2− (Fig. 2.1), which has been
the subject of extensive experimental and theoretical studies.[129, 108, 102, 197, 43, 166, 145]
The tetrahedral ligand field splits d levels into two e orbitals and three t2 orbitals (e < t2 ).
[Co(II)Cl4 ]2− is a typical high-spin complex with a 4 A2 (F) ground state and an e4 T32 electron
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Figure 2.1: Schematic description of the electronic structure of the ground and excited states
of [Co(II)Cl4 ]2− in the Td ligand field.

configuration. The lowest spin-allowed d − d transition corresponds to the 4 A2 (F) → 4 T2 (F)
(Fig. 2.1) excitation. In order to obtain the energy and wave function of the 4 T2 state, the
initial guess of excited state is prepared by promoting an electron from the occupied dx2 −y2
to the unoccupied dxy spin orbitals in the β manifold at the ground state geometry (i.e.
vertical excitation). Fig. 2.2 shows the KS orbitals whose populations are manipulated to
generate the d − d excited states. The guided SCF method is then used to optimize the wave
function of the 4 T2 (F) state. The energy difference between the fully optimized 4 T2 (F) and
4

A2 (F) states is the 10Dq value (d-d transition energy).
Table 2.1 compares experiments with the computed 10Dq values using the guided SCF

method with various DFT functionals. I also include estimated 10Dq values using simple or-
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Figure 2.2: Frontier spin orbitals of [Co(II)Cl4 ]2− in the Td ligand field.

bital energy differences, and those computed by the LR-TDDFT method. I have tested functionals at several different levels of approximation including GGA (BLYP[22, 127] and BP86),
meta-GGA (TPSS[210]), hybrid GGA (B3LYP[204] and B97-2[229]), and meta hybrid GGA
(TPSSh[202]) with pseudo-potential LANL2DZ,[95, 96, 220] and several full-electron basis
sets. The diversity of this test set is representative of the most commonly used DFT functionals for studies of ligand field excitations. These tests assess the consistency of each
method for calculating ligand field excitation energies. Table 2.1 shows that the calculated
t2 − e orbital energy difference (0.01∼0.07 eV) severely underestimate the experimentally
determined 10Dq value (∼0.39 eV) as expected. On the other hand, the LR-TDDFT results overestimate the excitation energy by about 0.25 eV. The nature of the LR theory
describes one-electron excitation in the ground state electronic potential. It does not include
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wave function relaxation/optimization of the excited state. As a result, the LR-TDDFT
method computes an upper bound of the excitation energy associated with local electronic
transitions. Similar overestimation of d − d transitions using LR-TDDFT has been reported
for Co(III) and Rh(III) complexes.[55] In contrast, the ∆SCF results using the guided SCF
method are in excellent agreement with the experimental 10Dq values.
In principle, the guided SCF technique for computing excited states and excitation energies is not restricted to single-electron excitation. I have also applied the guided SCF
algorithm to calculate the wave function and excitation energy of the doubly excited state,
4

T1 (F). The procedure is similar to that for the 4 T2 (F) singly-excited state. Beginning with

the 4 T2 (F) singly-excited state, a second β electron is promoted from the dz2 orbital to an
unoccupied orbital in the t2 set and this state is optimized. The excitation energy for the
doubly-excited state is given in Tab. 2.1. The ability of the guided SCF algorithm to isolate a state that is doubly-excited with respect to the ground state reference, exhibits an
advantage of ∆SCF techniques over LR-TDDFT from which double excitations cannot be
obtained. The guided SCF method can be used as a computationally inexpensive approach
for optimizing doubly-excited electronic states.
Table 2.2 lists 10Dq values in various transition metal complexes in tetrahedral coordination computed at the BP86/LANL2DZ level of theory. The 10Dq values from the ∆SCF
using the guided SCF method, LR-TDDFT, and experiment (where available) are compared.
For all test cases, ∆SCF excitation energies are in very good agreement with experiment. For
most of the cases, the deviation of the guided SCF method result from the experimental value
is less than 0.1 eV, whereas the LR calculations overestimate the 10Dq values significantly.
2.4

Summary

In this chapter, I introduced a guided SCF method for obtaining higher energy solutions
to the Roothaan-Hall equation as approximations to the excited states. This method uses
the idea of eigenspace update-and-following to maintain the orbital occupations chosen in
the initial guess while allowing the wave function to be fully optimized. A pre-conditioning
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Table 2.1: Comparison of ligand field excitations in [Co(II)Cl4 ]2− . The experimental 10Dq
(4 A2 →

4

T2 (F)) value is about 0.39 eV.[166] Two-electron d − d transition 4 A2 →

is observed at 0.83 ± 0.16 eV.[86, 223]
t2 − e

LR-TDDFT

/eV

/eV

B3LYP/LANL2DZ

0.04

0.64

0.32

0.91

BLYP/LANL2DZ

0.01

0.64

0.33

0.87

TPSS/LANL2DZ

0.01

0.65

0.34

1.00

TPSSh/LANL2DZ

0.07

0.65

0.33

1.02

B97-2/LANL2DZ

0.03

0.65

0.33

0.87

BP86/LANL2DZ

0.03

0.65

0.35

0.88

BP86/6-31+G(d)

0.05

0.73

0.40

1.00

BP86/cc-pVDZ

0.00

0.73

0.36

0.96

BP86/aug-cc-pVDZ

0.00

0.73

0.39

1.01

∆SCF (eV)
4A

2 (F)

→

4T

2 (F)

4A

2 (F)

→

4T

1 (F)

4

T1 (F)
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Table 2.2: 10Dq values computed using the guided SCF method for a select set of first row
transition metal complexes at the BP86/LANL2DZ level of theory.
TM 3d

Spin

LR-TDDFT

∆SCF

Configuration

Multiplicity

/eV

∆E1 /eV

Exp.

Ref.

[V(III)Cl4 ]−

e2

3

1.57

1.47

1.30

[129]

V(IV)Cl4

e1

2

1.57

1.02

1.12

[129]

[V(II)(H2 O)6 ]2+

t32g

4

1.64

1.19

1.53

[129]

Cr(IV)F4

e2

3

2.20

1.34

1.25

[129]

[Cr(II)Cl4 ]2−

e2 t22

5

1.05

1.03

1.22

[129]

Mn(IV)F4

e2 t12

4

1.58

1.34

1.34

[30]

e2

1

0.98

0.60

0.57

[211]

Fe(CO)4

e3 t32

5

0.96

0.67

[Co(II)I4 ]2−

e4 T32

4

0.60

0.30

0.33

[129]

Co(CO)4

e4 T32

4

0.65

0.62

[Ni(VI)O4 ]2−

e2 t22

5

0.60

0.77

[Ni(II)Cl4 ]2−

e4 T42

3

0.75

0.35

0.51

[129]

[Ni(II)(CN)4 ]2−

e4 T42

3

0.78

0.45

Ni(CO)4

e4 T42

3

0.65

0.60

[Ni(II)(H2 O)6 ]2+

t62g e2g

2

1.31

0.81

1.05

[129]

[Cu(II)(H2 O)4 ]2+

e4 T52

2

0.59

0.47

0.53

[177]

[Fe(VI)O4 ]2−
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procedure is introduced to improve the initial guess generated using simple orbital permutation. This method has been applied to studies of ligand-field transitions in tetrahedral
transition metal complexes. The results were compared with experiments and other widely
used methods. The ∆SCF excitation energies are in excellent agreement with experiments.
This is a significant improvement over orbital energy differences and LR-TDDFT, which
either significantly underestimate or overestimate excitation energies. Finally, the guided
SCF algorithm provides a promising approach for optimizing multi-electron excited states.
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Chapter 3
THEORETICAL EVALUATION OF SPIN-DEPENDENT
AUGER DE-EXCITATION
A quantitative method for analysis of fast Mn2+ -centered Auger processes in Mn2+ doped semiconductors is introduced. Analytical expressions have been derived that describe
the Coulomb (“direct”) and exchange (“sp-d”) contributions to Mn2+ -electron Auger deexcitation rate constants. All of the quantities in these expressions can be calculated using
existing electronic structure methods without the computational expense of multi-reference
approaches. Using TDDFT to generate input parameters, these expressions have been applied to calculate Auger de-excitation rate constants in Mn2+ -doped CdS nanocrystals. The
results of these calculations agree well with experiment. Analysis reveals that the large rate
constants for Auger de-excitation in Mn2+ -doped semiconductors are primarily attributable
to effective s-d exchange coupling.

3.1

Introduction

Fast Auger recombination processes are ubiquitous in the photophysics of semiconductor
nanocrystals (or quantum dots, QDs). Such processes have been widely examined in relation to quantum dot blinking,[66, 121, 236] multi-exciton decay,[115] and charge-controlled
luminescence.[107] Recently,[227] an analogous Auger process was reported in doped semiconductor nanocrystals, in which photoexcited Mn2+ impurity ions were de-excited via nonradiative energy transfer to extra conduction-band electrons (eCB ), as illustrated in Fig. 3.1.
The rate constants measured for this Mn2+ -electron Auger process (∼ 2.5 × 10−10 cm3 s−1 for
diameter (D) ∼ 4.5 nm Cd1−x Mnx S nanocrystals[227] ) are comparable to those measured for
exciton-electron (negative trion) Auger recombination in undoped semiconductor nanocrys-
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tals (for example, ∼ 1 × 10−10 cm3 s−1 for D ∼ 6 nm CdSe/CdS core/shell nanocrystals[107]),
a remarkable result given the extreme localization and spin-forbidden nature of the Mn2+ d-d
transition involved in the former process (Fig. 3.1). Such Auger de-excitation has long been
known to limit the performance of Mn2+ -based thin-film electroluminescent devices made
from bulk Mn2+ -doped semiconductors[125, 126, 90, 84] and related materials,[50, 38] and
understanding its microscopic origins is therefore of both fundamental and practical importance. Whereas theoretical models have been developed to calculate exciton-electron Auger
recombination rates in undoped semiconductors,[221, 46, 65] however, to date there have
been no first-principles theoretical analyses of Mn2+ -electron Auger de-excitation in doped
semiconductors, either bulk or quantum confined, largely because of the computational challenges associated with multi-electron, multi-reference, spin-flip processes.

Figure 3.1: Left: Schematic depiction of Mn2+ -electron Auger de-excitation, in which energy
is transferred from Mn2+ (4 T1 ) excited state to a conduction-band-edge electron (eCB ) to yield
a hot conduction-band electron (e0CB ) and Mn2+ in its ground state (6 A1 ). Right: The d5
configurations of the Mn2+ 4 T1 and 6 A1 states. The 4 T1 →

6

A1 relaxation involves an

electron spin flip, in addition to an orbital transition.

Auger rate constants can be generally described using Fermi’s Golden Rule (Eq. (3.1)).[123]
kAug

2π
=
h

Z

|hΨi |V̂if |Ψf i|2 δ(Ei − Ef )dRf

(3.1)
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Here, |hΨi |V̂if |Ψf i| describes the coupling strength between the initial and final states of the
system, Ψi and Ψf are the electronic wave functions describing these states, and V̂if is the
interaction operator. The Dirac delta function ensures energy conservation in the transition,
and the integral is over all resonant final states. The integral form is used to enumerate the
complete set of Ψf . From the perspective of electronic structure calculations, Eq. (3.1) is
simply formulated but very difficult to evaluate. Explicit computation of the coupling term
in Eq. (3.1) must address the fact that these are two-electron transitions and hence require
multi-configurational approaches beyond the single-electron excitation scheme. Additionally,
Auger de-excitation in Mn2+ -doped semiconductors is a spin dynamic process (see Fig. 3.1)
in which an excited magnetic center undergoes a spin-flip d-d transition (4 T1 →

6

A1 for

Mn2+ ) and the conduction-band electron is simultaneously excited to a higher-energy state
with a different spin configuration.[227, 84, 3, 9, 19] Not only is the whole process energy
conserving, but it also must obey the Wigner spin conservation rule,[228, 36] i.e. the total
spin and its projection must be conserved. Calculating such spin-flip processes is beyond the
single-reference electronic structure framework. First-principles computations of the Auger
de-excitation and impact excitation processes as illustrated in Fig. 3.1 are consequently
intractable except for very small systems.
In some special cases, Eq. (3.1) can be factorized into a simpler form that is easier to
compute than explicit evaluation of the full coupling integral. For example, such an approach
has been taken to calculate Auger de-excitation rate constants in Gd2+ - and Mn2+ -doped
CdF2 , where the process was proposed to proceed through the Coulomb interaction. The calculated Auger rate constants were close to the experimental values. Application of the same
approach to calculating Auger de-excitation rate constants in Mn2+ -doped II-VI semiconductors such as Zn1−x Mnx S and Zn1−x Mnx Se drastically underestimated the experimental
values, however, and the difference was ascribed to contributions from kinetic (sp-d) exchange. Numerical calculation of the sp-d exchange contribution was concluded to be too
difficult at that time due to the non-factorizability of the exchange integral.[3, 207] Such
calculations thus remain a long-standing challenge in the electronic-structure description of
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multi-electron ions. It is the purpose of this work to introduce and test an analytical factorization method that can serve as an alternative to multi-reference excited-state methods for
calculating spin-dependent rate constants.
Here, I introduce a general method for quantitative analysis of the rate constants of Mn2+ centered Auger processes in doped semiconductors. This method is illustrated by evaluating
Mn2+ –electron Auger de-excitation dynamics in Cd1−x Mnx S nanocrystals. Analytical expressions are derived that describe the direct Coulomb and sp-d exchange contributions to Auger
de-excitation rate constants. Using time-dependent density functional theory (TDDFT) to
generate input parameters, Auger de-excitation rate constants in Cd1−x Mnx S nanocrystals
are calculated for comparison with experiment. The calculated rate constants agree well with
those measured experimentally, validating the general methodology introduced here. From
these results it is concluded that s-d exchange coupling is ultimately responsible for the very
fast rates of Auger de-excitation in Mn2+ -doped semiconductors.
3.2

Methodology

Microscopically, Auger de-excitation in a Cd1−x Mnx S nanocrystal involves two concerted
spin-flip transitions (Fig. 3.1). In one transition, a Mn2+ ion undergoes the 4 T1 →

6

A1

spin-flip transition. In the other transition, an eCB is excited to a higher energy state while
reversing its spin projection (e.g. from Sz = +1/2 to -1/2) to conserve the total spin of the
system. To describe these processes quantum mechanically, the following notation will be
used,
• 6 A1 and 4 T1 refer to the ground and first-excited states of Mn2+ , respectively; eCB
(unprimed) and e0CB (primed) refer to the relaxed and excited conduction-band electron,
respectively.
• Ψ6 A1 and Ψ4 T1 denote the spatial wavefunctions of the 6 A1 and 4 T1 states of Mn2+ ;
ΨeCB and Ψe0CB are the eCB spatial wave functions (or Bloch functions if represented in
momentum space).
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• For both Mn2+ and eCB , α and β refer to spin-up and spin-down wave functions.
• r1 , r1 . . . are electron position vectors; ω1 , ω2 . . . are spin variables, defining the basis
functions that satisfy conditions of completeness and orthonormalization.
in the Auger de-excitation process (Fig. 3.1) are defined as in Eq. (3.2) and Eq. (3.3),
1
[Ψ4 T1 (r1 )ΨeCB (r2 ) + Ψ4 T1 (r2 )ΨeCB (r1 )] · [α(ω1 )β(ω2 ) − α(ω2 )β(ω1 )] ,
2

1
Ψ6 A1 (r1 )Ψe0CB (r2 ) + Ψ6 A1 (r2 )Ψe0CB (r1 ) · [α(ω2 )β(ω1 ) − α(ω1 )β(ω2 )] ,
|Ψf i =
2
|Ψi i =

(3.2)
(3.3)

which represent two different reference states for the Auger de-excitation process occurring at the dopant. The Auger de-excitation process is a concerted two-electron process,
and the two-electron operator V̂if = 1/|r1 − r2 | = 1/r12 gives rise to the coupling term in
Eq. (3.1). As described by Eq. (3.4), this coupling term consists of two components, J =
hΨ4 T1 (r1 )ΨeCB (r2 )| r112 |Ψ6 A1 (r1 )Ψe0CB (r2 )i describes the Coulomb contribution to coupling be-

tween Mn2+ 4 T1 → 6 A1 and eCB → e0CB transitions (Fig. 3.2a); K = hΨ4 T1 (r1 )ΨeCB (r2 )| r112 |Ψe0CB (r1 )Ψ6 A1 (r2 )
describes the exchange contribution to this coupling (Fig. 3.2b).
hΨi |V̂if |Ψf i
1
1
= hΨ4 T1 (r1 )ΨeCB (r2 ) + Ψ4 T1 (r2 )ΨeCB (r1 )| |Ψ6 A1 (r1 )Ψe0CB (r2 ) + Ψ6 A1 (r2 )Ψe0CB (r1 )i·
4
r12
hα(ω1 )β(ω2 ) − α(ω2 )β(ω1 )|α(ω2 )β(ω1 ) − α(ω1 )β(ω2 )i


hΨ4 T1 (r1 )ΨeCB (r2 )| r112 |Ψ6 A1 (r1 )Ψe0CB (r2 )i+




1
hΨ4 T1 (r1 )ΨeCB (r2 )| r12 |Ψ6 A1 (r2 )Ψe0CB (r1 )i+ 
1


=− 
2  hΨ4 (r2 )Ψe (r1 )| 1 |Ψ6 (r1 )Ψe0 (r2 )i+ 

T1
A1
CB
r12
CB


1
0
hΨ4 T1 (r2 )ΨeCB (r1 )| r12 |Ψ6 A1 (r2 )ΨeCB (r1 )i


1
hΨ4 T1 (r1 )ΨeCB (r2 )| r12 |Ψ6 A1 (r1 )Ψe0CB (r2 )i+

=−
1
0
4
6
hΨ T1 (r1 )ΨeCB (r2 )| r12 |Ψ A1 (r2 )ΨeCB (r1 )i
= − J − K.

(3.4)
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Figure 3.2: Schematic depiction of (a) Coulomb and (b) exchange contributions to Auger deexcitation in Mn2+ -doped semiconductors. The initial state (Mn2+ (4 T1 ), eCB ) is represented
by the filled arrows. Auger de-excitation in each case is represented by the thin dashed
arrows.

3.2.1

Coulomb Interaction

The 4 T1 →

6

A1 transition density is confined by a small volume at the dopant site r1 ,

whereas the eCB → e0CB transition (described by r2 ) is delocalized over the entire electron
envelope function, in this case determined by the nanocrystal volume. Interaction between
electron densities in this special case can be treated with a multipole-expansion technique.
Using the Legendre expansion,[18] the Coulomb operator in the case of r2  r1 is given by
Eq. (3.5),
k 

∞ 
1
1 X r2
r1 · r2
=
Pk
|r1 − r2 |
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r1 r2
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+
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!


+O
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(3.5)

where Pk is the k-th Legendre polynomial and r is the norm of the vector r. The first three
terms in Eq. (3.5) are the monopole, dipole, and quadrupole terms, respectively. For the
Coulomb interaction discussed here, the dominant interaction is the dipole term,[3] giving
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rise to Eq. (3.6),
J = hΨ4 T1 (r1 )ΨeCB (r2 )|

r
1
|Ψ6 A1 (r1 )Ψe0CB (r2 )i ' hΨ4 T1 |r|Ψ6 A1 i · hΨeCB | 3 |Ψe0CB i
r12
r

(3.6)

The first integral on the right-hand side of Eq. (3.6) is the electric transition dipole moment
for the 4 T1 →

6

A1 transition, and has been attributed to the dipole-monopole interaction

mechanism in Auger processes.[3] The oscillator strength for the 4 T1 →

6

A1 transition

is on the order of 10−6 ∼ 10−5 , corresponding to a radiative decay rate constant of about
102 ∼ 103 s−1 .[9, 19] Even if the oscillator strength of the eCB → e0CB transition were 1, this
small Mn2+ oscillator strength yields a multipolar energy-transfer rate constant many orders
of magnitude smaller than those measured experimentally in Cd1−x Mnx S, Zn1−x Mnx Se, and
Zn1−x Mnx S.[227, 84, 3, 9] I therefore conclude that Coulomb-type coupling makes a negligible contribution to the fast Auger de-excitation observed in Mn2+ -doped semiconductor
nanocrystals,[227] as concluded previously for bulk materials.[3] A related conclusion also
applies to exciton-to-Mn2+ energy transfer, which is sometimes also referred to as an Auger
process.[47] Evaluation of the exchange-type coupling is thus essential to understanding the
physical origin of fast Auger de-excitation in Mn2+ -doped semiconductors.
3.2.2

Exchange Interaction

Direct evaluation of the exchange integral is difficult. K (from Eq. (3.4)) cannot be factorized using the multipole expansion approach, and for this reason it has not been explicitly
calculated to date. Here, I introduce a general method for addressing this long-standing challenge: Using the Cauchy-Schwarz inequality,[18] K is factorized into fundamental exchange
interactions between dopants and charge carriers as shown in Eq. (3.7),
1
|Ψ6 A1 (r2 )Ψe0CB (r1 )i|2 ≤ K1 · K2
r12
1
K1 = hΨ4 T1 (r1 )ΨeCB (r2 )| |Ψ4 T1 (r2 )ΨeCB (r1 )i
r12
1
K2 = hΨ6 A1 (r1 )Ψe0CB (r2 )| |Ψ6 A1 (r2 )Ψe0CB (r1 )i
r12

K 2 = |hΨ4 T1 (r1 )ΨeCB (r2 )|

(3.7)
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This expression gives the upper bound of the exchange-type coupling as the product of two
terms, K1 and K2 . K1 is related to the fundamental s-d exchange interaction between a Mn2+
in the 4 T1 state and eCB , and K2 is related to the s-d exchange interaction between a Mn2+
in the 6 A1 state and e0CB . This upper bound expression approaches equality when K1 and K2
become linearly dependent on each other. Appendix B presents a detailed discussion of the
relationship between K1 and K2 in Mn2+ -doped semiconductors and outlines the conditions
when Eq. (3.7) takes on the equality form.
I now show that Eq. (3.7) provides an effective way to evaluate exchange contributions
to dopant-carrier Auger rate constants in Mn2+ -doped semiconductors. The 4 T1 state has
the d5 [e(α)2 e(β)1 t(α)2 ] configuration (Fig. 3.1). If eCB has spin α (or β), then the coupling
in the Mn2+ -eCB system is defined as ferromagnetic (or antiferromagnetic). The total energy difference between the ferromagnetic (FM) and antiferromagnetic (AFM) states is the
so-called s-d exchange splitting. Eq. (3.8) describes the relationship between K1 and the
Mn2+ (4 T1 )-eCB s-d exchange splitting (see Appendix B). Following a similar procedure, K2
is described by Eq. (3.9).
4
4 AFM
FM
K1 = E4s−d
T1 −eCB = (E4 T1 −eCB − E4 T1 −eCB ),
3
3
K2 = E6s−d
A1 −e0

CB

FM
= (E6AFM
A1 −e0CB − E6 A1 −e0CB ).

(3.8)
(3.9)

The exchange splittings (Es−d ) for both the 4 T1 -eCB and 6 A1 -e0CB exchange interactions
can be described using the Heisenberg-Dirac-van-V leck Hamiltonian (E s−d = −J s−d · Ŝ1 ·
Ŝ2 ,[219, 209] where J s−d is the exchange coupling constant), as in Eq. (3.10) and Eq. (3.11),
s−d
E4s−d
T1 −eCB = 4J4 T1 −eCB ,

(3.10)

E6s−d
A1 −e0

(3.11)

CB

= 6J6s−d
A1 −e0 .
CB

In the next section, I apply the above expressions with exchange energies K1 and K2 computed from density functional theory (DFT) to evaluate Auger de-excitation rates in Mn2+ doped CdS nanocrystals.
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3.2.3

DFT Calculations

Nearly spherical wurtzite CdS nanocrystals, Cd33 S33 and Cd84 S84 (Fig. 3.3), were constructed
with C3v symmetry using experimental lattice parameters: a = 4.135 Å, c = 6.749 Å, and u
= 0.345.[232] The diameters of these nanocrystals are about 1.2 nm and 1.8 nm, respectively.
Dangling bonds on the nanocrystal surfaces were passivated with pseudo-hydrogen atoms,
which have modified nuclear charges of 0.5 and 1.5 to terminate surface S2− and Cd2+ ions, respectively (see ref. [11] for detailed discussion of the surface capping scheme). All calculations
were performed with the development version of the Gaussian program suite.[74] Nanocrystal
electronic structures were obtained with the PBE1PBE hybrid DFT functional.[2] The Los
Alamos double-ζ pseudo-core potential (LANL2DZ)[96, 95, 220] and the associated basis
set were used for all atoms, with the Cd(5s, 4d), Mn(3s, 3p, 4s, 3d), and S(3s, 3p) electrons treated explicitly with basis functions. Excited-state energies were calculated with the
LR-TDDFT[184, 206] at the TD-PBE1PBE/LANL2DZ level of theory. The accuracy of the
model and DFT theory used in this work have been extensively validated by comparing calculated geometries, electronic structures, magnetic exchange constants, and absorption spectra
of diluted magnetic semiconductor quantum dots with experimental data.[11, 167, 12, 13] For
Mn2+ -doped CdS nanocrystals, Mn2+ ions were introduced substitutionally into the lattice,
such that the total charge of the cluster remained neutral. Because the Mn2+ (6 A1 ) and Zn2+
are comparable in size and both have spherically symmetric d-shell orbital configurations (d5
and d10 ), the geometry does not change within the convergence criteria. Natural transition
orbital (NTO)[149] analysis based on the calculated transition densities between the ground
and excited states was used to describe the electronic characteristics of excited states. The
NTO approach provides a compact representation of the electronic transitions in terms of
an expansion into single-particle orbitals (electron and hole) by diagonalizing the transition
density matrix associated with each excitation. For closed-shell calculations, an excitation
can be described by a pair of spin-independent transition orbitals, whereas for open-shell
calculations, two sets of spin-transition orbitals have to be considered for a given excitation
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(spin-up and spin-down manifolds). All NTOs shown in this paper were produced with an
isosurface value of ± 0.02.
3.3

Application to Spin-Dependent Auger De-Excitation in Mn2+ -Doped Semiconductor Nanocrystals

The equations presented above provide a framework for evaluation of Mn2+ -eCB Auger deexcitation rate constants. The key exchange integrals K1 and K2 are not known from experiment but can be estimated using electronic structure calculations. DFT calculations were
therefore performed on Mn2+ -doped CdS nanocrystals.
Fig. 3.4 shows density-of-state (DOS) diagrams calculated by DFT for a Cd1−x Mnx S
nanocrystal containing one Mn2+ ion in both its ground (6 A1 ) and first-excited (4 T1 ) states.
The majority spin (α) of Mn2+ is defined as aligned in the spin-up direction. When the
Mn2+ ion is in the 4 T1 state, the d(β) electron is located above the top edge of the CdS
valence band. When the 4 T1 → 6 A1 transition occurs at the Mn2+ center, the d(β) electron
becomes a (α) electron, and the density above the top of the valence band disappears. The
4

T1 →

6

A1 transition is highly localized at the Mn2+ , so its energy is independent of

the Mn2+ location within the quantum dot. DFT calculations predict an energy difference
between 4 T1 and 6 A1 states of about 2.05 eV for all dopant positions considered here (in
the absence of eCB ), agreeing well with the experimentally measured 4 T1 → 6 A1 electronic
origin energy of about 2.12 eV (585 nm) in CdS.[124, 20]
3.3.1

Mn2+ -eCB Exchange Energies

To calculate E4s−d
T1 −eCB from Eq. (3.8), the quadratic convergence approach[10] was used
to identify the electron configuration of the 4 T1 state in the presence of eCB . Fig. 3.5a,b
show that ΨeCB is delocalized over the volume of the quantum dot. The density distribution of the band-edge electron is reasonably reproduced using a zero-order Bessel function
(Eq. (3.12)),[33] where D is the nanocrystal diameter,
|ΨeCB |2 =

sin2 (2πr/D)
.
r2 πD

(3.12)
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Figure 3.3: Structures of the Mn2+ -doped CdS nanocrystals studied here: (a, c) Cd32 MnS33 ,
with D = 1.2 nm. (b, d) Cd83 MnS84 , with D = 1.8 nm. The purple spheres represent the
Mn2+ ions, and the labels a and b denote the two Mn2+ substitution positions indicated.
The distances of the two substitution potions to the QD geometric center are 0.319 nm and
0.494 nm, respectively. (a) and (b) are side-views and (c) and (d) are top views of the
nanocrystals.
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Figure 3.4: Total DOS of Cd1−x Mnx S nanocrystals (black solid lines), and partial DOS for
the Mn2+ 3d levels (red, shaded) and Mn2+ 4s levels (blue dashed line). (a) Cd32 MnS33 with
Mn2+ in the 4 T1 state. (b) Cd32 MnS33 with Mn2+ in the 6 A1 state. (c) Cd83 MnS84 with
Mn2+ in the 4 T1 state. (d) Cd83 MnS84 with Mn2+ in the 6 A1 state.
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Because the s-d exchange splitting depends on the position of the dopant relative to the
center of the electron distribution,[167, 21] I consider two unique dopant positions in the
present analysis, one closer to the quantum dot center (Mn2+ -a) and the other closer to
the surface (Mn2+ -b) (see Fig. 3.3 for Mn2+ positions). Tab. 3.1 summarizes the calculated
s-d exchange splittings in Cd1−x MnxS nanocrystals for both the 6 A1 and 4 T1 states. s-d
exchange in Mn2+ -doped semiconductors favors parallel alignment of the Mn2+ d electron
and eCB spins,[76] even in small QDs,[19, 21] and this alignment is reproduced in these
calculations for the 6 A1 state and eCB as shown in Tab. 3.1 ( E6s−d
A1 −e0

> 0). Tab. 3.1 shows

CB

that ferromagnetic alignment of electron and dopant spins is also preferred when Mn2+ is
in its 4 T1 state. The exchange splittings are calculated to be dependent on the position of
the dopant as expected, with the strongest interactions occurring when Mn2+ is closest to
the nanocrystal center. The s-d exchange splitting decreases with increasing nanocrystal
size as a result of the decreased local eCB density at the dopant site (Eq. (3.12)). As seen
from Tab. 3.1, the s-d exchange splitting is larger when Mn2+ is in its 6 A1 state than in
its 4 T1 state. The origin of this trend is largely due to the dependence of E s−d on Mn2+
total spin (Eq. (3.10) and Eq. (3.11)). Additionally, Mn2+ (4s)-eCB hybridization decreases
slightly when Mn2+ is promoted to its 4 T1 excited state, and because s-d exchange proceeds
primarily through a Mn2+ (4s)-eCB orbital pathway,[19, 21] this decrease also contributes to
s−d
the smaller E s−d of the 4 T1 state. From Eq. (3.10) and Eq. (3.11), J4s−d
T1 −eCB and J6 A1 −e0

CB

can be calculated and are listed in Tab. 3.1. The calculated J6s−d
A1 −e0

is on the same order

CB

of magnitude as the experimental value for the average Mn

2+

position (mean-field value) of

∼1.1 meV.[99]
3.3.2

Mn2+ (6 A1 )-e0CB Magnetic Exchange

LR-TDDFT was used to compute the energies and wave functions of various e0CB states, which
were then evaluated to identify those most likely to be involved in the Auger de-excitation
process. Two characteristic features of e0CB states can be used to identify their relevance
to Auger de-excitation: (i) Because Auger de-excitation conserves energy, the energy of
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Figure 3.5: Electron wave functions in CdS nanocrystals: (a) side-view and (b) top-view of
ΨeCB ; (c) side-view and (d) top-view of Ψe0CB approximately 2.05 eV above the band edge
(isosurface value: ± 0.02) .
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Table 3.1: Summary of the results from DFT calculations on Cd1−x Mnx S nanocrystals,
including Mn2+ 4 T1 →

6

A1 transition energies, Mn2+ -electron exchange energies involv-

ing both the 4 T1 and 6 A1 states in nanocrystals containing an additional conduction-band
electron (eCB or e0CB ), and the ratio of J6s−d
A1 −e0

CB

to J4s−d
T1 −eCB for each nanocrystal. Dopant

positions Mn-a and Mn-b are depicted in Fig. 3.3.
Energies

6A

1

→

6A

1

→ eCB

6A

1

4T

1

→ e0CB

Cd32 MnS33

Cd83 MnS84

Mn-a

Mn-b

Mn-a

Mn-b

∆EMn = E(4 T1 ) − E(6 A1 ) (eV)

2.0396

2.0553

2.0363

2.0372

FM
E6s−d
= E6AFM
A1 −eCB − E6 A1 −eCB (meV)
A1 −eCB

34.2

14.2

20.1

8.1

J6s−d
A1 −eCB

5.7

2.4

3.4

1.4

18.8

18.4

12.0

12.0

4.7

4.6

3.0

3.0

FM
E4s−d
= E4AFM
T1 −eCB − E4 T1 −eCB (meV)
T1 −eCB

11.2

6.3

8.2

1.3

J4s−d
T1 −eCB

2.8

1.6

2.1

0.3

J6s−d
/J4s−d
A1 −e0
T1 −eCB

1.7

2.9

1.4

10.0

E6s−d
A1 −e0

CB

= E6AFM
A1 −e0

CB

− E6FM
A1 −e0

(meV)

CB

J6s−d
A1 −e0

CB

4T

1

→ eCB

Ratio

CB
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|e0CB ,6 A1 i must be similar to that of |eCB ,4 T1 i. On this basis, I limit my analysis to e0CB states
FM
AFM
AFM
that are close in energy to ∆E FM = E4FM
= E4AFM
T1 −eCB − E6 A1 −eCB or ∆E
T1 −eCB − E6 A1 −eCB ;

(ii) Mn2+ -electron exchange is dominated by spin-dependent hybridization between Mn2+
and electron wave functions.[19, 21] Excited states with these properties were identified in
the TDDFT calculations and their energies are listed in Tab. 3.1. For the Cd32 MnS33 QD,
there is only one TDDFT-calculated e0CB state that satisfies the energy conservation criterion
±25 meV. This state has 7% electron density localized on Mn2+ . This e0CB wave function is
displayed in Fig. 3.5c,d and exhibits several radial nodes, which is very different from that
of eCB (Fig. 3.5a,b). Radial nodes are characteristic of higher-order Bessel functions. For
the larger Cd83 MnS84 QD, there are more e0CB states meeting the energy conservation criterion. The excitation energies and Mn2+ electron density contributions for each energetically
resonant state are listed in Tab. 3.2. Because the exchange coupling is linearly proportional
to the spin-dependent Mn2+ -electron hybridization, states with ρ(Mn2+ ) ≤ 0.1% make negligible contributions to exchange-mediated Auger rate constants. As a result, one 6 A1 − e0CB
state generally dominates the exchange-mediated Auger de-excitation rate constant. The
only exception in Tab. 3.2 is the AFM configuration of position a, which possesses three
6

A1 − e0CB states with > 0.1% Mn2+ character. For this case, the average exchange coupling

constant is reported in Tab. 3.1.

As shown in Appendix B, the ratio of J6s−d
A1 −e0

CB

to J4s−d
T1 −eCB can be used as an indicator

of the quality of the factorization scheme for the exchange-type Auger coupling in Eq. (3.7).
Using the calculated s-d coupling constants, the ratio of J6s−d
A1 −e0

CB

to J4s−d
T1 −eCB is ∼1.5 for

the Mn2+ positions closest to the centers of each nanocrystal considered here. Although its
specific value varies, this ratio is nearly constant for all calculations, suggesting that the
equality form of Eq. (3.7) can be applied to factorize the exchange-type Auger coupling in
Mn2+ -doped semiconductor nanocrystals.

35

Table 3.2: Mn2+ electron density contribution, ρ(Mn2+ ), in 6 A1 − e0CB states that satisfy
the energy conservation criterion to be within ±25 meV in Cd83 MnS84 QDs. The excitation
energies, ∆E’s, have been calculated using the LR-TDDFT method.
AFM
∆E

ρ(Mn2+ )

FM
∆E

AFM

ρ(Mn2+ )

Position a

∆E

ρ(Mn2+ )

∆E

ρ(Mn2+ )

2.0513

1.1 %

2.0474

0.1%

2.0506

1.9%

Position b

(1)

2.0257

0.7 %

2.0414

0.05%

(1)

(2)

2.0336

0.6 %

2.0452

1.2%

(2)

(3)

2.0519

1.5 %

3.3.3

FM

Auger De-excitation in Cd1−x Mnx S Nanocrystals

The two sections above present DFT results addressing the s-d exchange splittings, E4s−d
T1 −eCB
and E6s−d
A1 −e0 . As derived in the Methodology section, these two s-d exchange interactions
CB

are closely related to the exchange-type contribution to Auger de-excitation. K1 and K2 from
can now be calculated using Eq. (3.8) and Eq. (3.9) and the DFT results of Tab. 3.1. The
results of such calculations are summarized in Tab. 3.3. Auger de-excitation rate constants
are then calculated from Fermi’s Golden Rule (Eq. (3.1)) using only the exchange-type
coupling. Coupling to nuclear degrees of freedom is neglected at this stage.
For a given nanocrystal, kAug depends sensitively on the Mn2+ position within the
nanocrystal because of the Bessel-like eCB probability distribution (Equation (3.12)), as
discussed above. kAug also depends on the nanocrystal diameter, scaling as ∼ 1/D for Mn2+
fixed at the nanocrystal center, for example. Nevertheless, all kAug values in Tab. 3.1 fall in
the range of 1011 − 1012 s−1 . Using Eq. (3.12) and the position-to-center distances noted in
Fig. 3.3, a simple extrapolation to nanocrystal diameters for which experimental Auger de-
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Table 3.3: Exchange coupling energies, Auger de-excitation rate constants, and corresponding time constants calculated for Cd1−x Mnx S nanocrystals.
Cd32 MnS33

Cd83 MnS84

Mn-a

Mn-b

Mn-a

Mn-b

K1 (meV)

14.9

8.4

10.9

1.7

K2 (meV)

18.8

18.4

26.8

12.0

K (meV)

16.8

12.4

17.1

4.6

kAug (s−1 )

2.14×1012

1.48×1012

2.80×1012

1.99×1011

excitation rate constants exist (D ∼ 4.5 nm) yields K ∼1 meV for the dopant position closest
to the nanocrystal’s geometric center (r = 0.32 nm), similar to position a in Fig. 3.3, and ∼0.2
meV for a dopant nearer the nanocrystal surface (r = 2.0 nm), according to Eq. (3.12). From
these values, kAug ∼ 4.6 × 108 − 9.5 × 109 s−1 is calculated for the 4.5 nm nanocrystal, in excellent agreement with the experimental value of kAug ∼ 2 × 109 s−1 .[66, 227] This agreement
strongly implicates s-d exchange as the dominant factor determining Auger de-excitation
rate constants in Mn2+ -doped CdS nanocrystals and, by extension, other Mn2+ -doped semiconductors.
3.4

Summary

A method for analyzing the mechanism and kinetics of Auger de-excitation in Mn2+ -doped
semiconductors has been introduced. Mathematical expressions have been derived that allow
quantitative evaluation of the Coulomb and exchange contributions to Auger de-excitation
in Mn2+ -doped semiconductors. A key advantage of this method is that all quantities in
these expressions can be calculated using existing electronic structure methods without the
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computational expense of multi-reference approaches. Using the results of DFT calculations
as input, this method was successfully applied to compute Auger de-excitation rate constants
in Cd1−x Mnx S nanocrystals. The computational results agree well with recent experimental
measurements, validating the general method introduced here. Deeper analysis reveals that
e0CB -6 A1 exchange is stronger than eCB -6 A1 exchange because of greater carrier hybridization
with the Mn2+ (4s) orbital in the former. This large Mn2+ (4s)-e0CB hybridization is the major
reason why Mn2+ -eCB Auger de-excitation is as fast as eCB -exciton Auger recombination in
the corresponding undoped nanocrystals despite involving coupling of a highly localized
transition with a highly delocalized transition.
Auger de-excitation in Cd1−x Mnx S nanocrystals was examined as a model system to
illustrate the theoretical approach introduced here for treating concerted two-electron transitions computationally, but this approach is general and hence can in principle also be
applied to describing other concerted two-electron processes. Specifically, the success of the
Auger de-excitation calculations in Mn2+ -doped semiconductor nanocrystals is encouraging
and suggests that this approach would also be useful for quantitative analysis of other Augertype processes in Mn2+ -doped semiconductors such as exciton-to-Mn2+ energy transfer or
Mn2+ -exciton Auger recombination, as well as for analysis of Auger-type processes in related
materials or molecules. This approach could possibly even be valuable for computational
design of materials with desirable Auger kinetics (either fast or slow) for various photonics
or electro-optics applications.
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Chapter 4
REAL-TIME TIME-DEPENDENT DENSITY FUNCTIONAL
THEORY (RT-TDDFT) FOR EXCITED STATE DYNAMICS
Understanding dynamical characteristics of excited electronic states is crucial for rational
design of functional nanomaterials. Using RT-TDDFT, I present a fully quantum mechanical
study on the transfer and decay of an exciton in an archetypal metal nanostructure. I introduce several approaches to analyze the dipole moment’s time-evolution to resolve exciton
transfer rates and the pure dephasing times. These approaches are applied to studies of exciton diffusion length in a silver atomic chain array. Calculated rates of polarization-induced
transfer exhibit neither Förster’s “sixth-power” dependence on donor-acceptor distance nor
the perfect exponential separation dependence that typifies the Dexter transfer mechanism,
suggesting that the non-perturbative, ab initio quantum dynamics captures intricacies of
exciton transfer between quantized nanosystems that are beyond the reach of the canonical
models of electronic energy transfer.

4.1

Introduction

Excitons, or Coulombically bound electron-hole pairs, are well-known to chemists, physicists, and material scientists alike as the quasiparticles (or elementary excitations) that
result from coherent light-matter interactions and mediate most processes that occur in electronically excited states. These excitonic processes are the underlying driving forces in solar
energy-conversion and photocatalysis in inorganic[114, 212, 181, 120] and molecular[15, 208]
semiconducting systems. Bound excitonic states also exist in metallic systems, but are fleetingly short-lived owing to the rapid (sub-femtosecond) onset of Coulomb screening.[67, 146]
One route to prolonging the lifetime of excitonic states in conducting materials in order to
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enable some excitonically-promoted physical process could be to utilize the quantized nature
of nanosized metal clusters. Unlike their bulk/macroscopic counterparts, metal nanocrystals
(e.g. nanowires) do not possess a dense band of delocalized states around the Fermi level.
As a result, the photoexcited electron-hole pair can be long-lived due to the smaller resonant broadening of the excited state. Some of these long-lived excited states can even form
coherent molecular plasmons as shown in previous work.[89, 109, 88, 26, 122, 60]
Underlying the potential of using the long-lived exciton in metal nanocrystals for energy
research is the diffusion length of the exciton, i.e. the distance an exciton may travel prior
to its complete decay. This important property determines the feasibility of harvesting the
exciton for energy-conversion and the engineering requirement of making a practical device.
The exciton diffusion length is intrinsically related to the exciton transfer rate and the exciton decay time. However, due to its complex many-electron nature, calculating the exciton
diffusion length from first-principles has been a challenging task. Cao et al. have investigated energy transfer in perfect J-aggregates by associating excitons with Bloch states.[49]
The analytical expression for the transfer rate they derive goes beyond the dipolar coupling
model assumed in the classical Förster equation.[72] In their recent work on the topic, Lusk
and coworkers employed the ab initio Green’s function/GWA approach to explicitly solve
the excited-state electronic structure problem as it pertains to the rate of coherent exciton transfer between silicon nanocrystals.[136] Results demonstrated the breakdown of the
Förster model for exciton transport at donor-acceptor distances of ∼ 2 nm or less. The
authors argue that exchange energies could become comparable to those of direct Coulomb
interactions at such small separations.
In this chapter, I study the dynamical evolution of an exciton in a two-silver atomic chain
array using first-principles electronic dynamics. I will focus on resolving the exciton decay
and transfer rates and building a theoretical understanding of the mechanisms. I will explore
these phenomena for numerous separation distances and obtain estimated exciton diffusion
lengths. The control over the atomic chains’ distance allowed through the theoretical approach yields spatially resolved results that can serve as a valuable starting point for the
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optimization of exciton diffusion processes in organized atomic chain arrays.
4.2

Methodology

4.2.1

Real-Time Time-Dependent Density Functional Theory and Properties

In the following discussions, the density, KS, and dipole operators are expressed in both
atomic orbital (AO) and orthonormal bases at various points in the procedure. I have used
primed (e.g. P0 , K0 , d0 ) and unprimed (e.g. P, K, d) notations to denote the density, KS, and
dipole matrices in the AO and orthonormal basis, respectively. Transformation between AO
and orthonormal bases is accomplished by the Löwdin[140, 143] symmetric orthogonalization
scheme in this work, but other approaches (e.g. Cholesky decomposition-based methods[24])
are equally appropriate.
The electronic dynamics of a superposition of mixed plasmonic-excitonic states are investigated herein using RT-TDDFT, in which the initially prepared superposition is propagated
by numerical integration of the electronic equation of motion in the density matrix representation (the Liouville-von N euman equation),
i

d P(t)
= [ K(t), P(t)]
dt

(4.1)

Eq. (4.1) is integrated using a modified midpoint unitary transformation (MMUT)[131, 106]
algorithm, in which the density matrix, P(tn−1 ), is advanced in time through successive
similarity transformation by the unitary time-evolution operator in its matrix representation,
U(tn ),
P(tn+1 ) = U(tn ) · P(tn−1 ) · U† (tn ).

(4.2)

U(tn ) is expressed in the eigenbasis of the KS operator at time tn ,
U(tn ) = exp [−i · 2∆t · K(tn )]
= C(tn ) · exp [−i · 2∆t · (tn )] · C† (tn ),
with ∆t denoting the size of the discrete time step in the numerical integration.

(4.3)
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To probe the time-dependent response of the silver atomic chain to external electric field
perturbations, I apply a step-function electric field along the longitudinal direction,

 E for t < 0
0
E(t) =
 0 for t ≥ 0

(4.4)

Computationally this is equivalent to preparing the initial electronic density by a SCF calculation in the presence of the static electric field E0 . After that, I turn off the static electric
field, and propagate the electronic system using the RT-TDDFT.
The total dipole moment µ
~ (tn ) is calculated at each time step according to,
µ
~ (t) = Tr[P0 (t) · d0 ],

(4.5)

where d0 is the dipole moment integrals in AO basis. The Mulliken scheme was used to
partition the electron density in order to also resolve each atomic chain’s contribution to the
total dipole moment,
1
1
µ
~ 1 (t) = Tr[P011 (t) · d011 ] + Tr[P012 (t) · d012 ] + Tr[P021 (t) · d021 ],
2
2

(4.6)

where the subscripts on P0 and d0 designate matrix blocks corresponding to basis functions
centered on atoms from the different atomic chains.
4.2.2

Simulation Details

The RT-TDDFT simulations were performed using the development version of the gaussian
suite of programs.[74] In all calculations, the BP86 exchange-correlation functional and the
LANL2DZ effective core potential and valence basis were used.[95, 96, 220] For real time
simulations, the electronic wavepacket was evolved for at least 30 fs with an integration size
of 0.05 a.u. (∼1.2 attoseconds).
In this work, I focus on longitudinal excitons in short silver atomic chains, and the decay
and transfer of these states brought about by a nearby silver atomic chain in its ground state.
Each of the atomic chains considered herein is comprised of six collinear silver atoms with
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Figure 4.1: Model system: two silver atomic chains in the parallel position.

lattice constant 2.68 Å. I consider an ideal parallel alignment of the atomic chains array as
illustrated in Fig. 4.1. The distance between these two atomic chains is chosen in all cases
to be greater than the distance separating neighboring atoms in the atomic chain. Thus,
I model herein the response of a closed system in a nonequilibrium electronic state that is
suddenly exposed to an identical system in its ground (equilibrium) electronic state.
To prepare the initial electron density of the two-chain system at t = 0, separate SCF calculations were first carried out on the individual silver atomic chains. In one SCF calculation,
a static electronic field with field strength of 0.002 a.u. (∼1 V/nm) was applied to a silver
atomic chain along the longitudinal (y in Fig. 4.1) direction, generating the electronic density
of the first subsystem P01 which is non-stationary in the absence of the external field. All
(field-free) electronic eigenstates which exhibit nonzero transition moment (y-component)
with the ground state potentially contribute to the field-equilibrated density. A separate
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SCF calculation was then carried out to obtain the (field-free) ground-state density of a
silver atomic chain, P02 . Special care was taken to ensure that the density matrix for the
second isolated atomic chain corresponds to the orientation of interest with respect to the
nuclear coordinates for the atomic chain in the first calculation.
The block-diagonal trial density matrix of the total system was then constructed using
the following equation,

P̃0 = 

P01

0

0

P02




(4.7)

This trial density P̃0 was then transformed to the orthonormal basis P̃ using the Löwdin
orthogonalization procedure. Since P̃0 is not an idempotent density matrix due to the overlap
of orbitals from the two atomic chains, McWeeny purification[153] was applied to construct
a physically meaningful initial density,
P̃ = 3P̃2 − 2P̃3 .

(4.8)

Given an initial wave function of the combined system in its desired orientation, RT-TDDFT
electronic dynamics described above was used to resolve the time-dependence of the combined
density matrix, P(t), of the two-chain system. The instantaneous dipole moment for the
entire system as well as each individual atomic chain’s contribution to the total dipole were
computed on-the-fly using Eqs. (4.5) to (4.6).
4.3

Application to Exciton Dynamics in Silver Atomic Chain

Figure 4.2 plots the absorption spectra as a function of inter-chain separation of silver atomic
chain systems illustrated in Fig. 4.1, computed using the LR-TDDFT method.[184, 40, 206]
The sharp peak at ∼1.7 eV when two atomic chains are well-separated corresponds to two
independent (or uncorrelated) HOMO → LUMO excitations, referred to as the longitudinal
excitation.[89, 60] As the inter-chain distance decreases, this longitudinal peak is broadened
and red-shifted by the coupling between the low-energy longitudinal modes on each chain
in the parallel configuration, arising from the stronger Coulombic interaction between the
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Figure 4.2: Absorption spectra of the two-wire system calculated with the LR-TDDFT.
Absorption peaks are broadened with a Gaussian envelope function (FWHM = 0.28 eV).

two closer atomic chain. Figure 4.3 shows the frontier orbitals involved in the longitudinal exciton. The one-electron wave function characteristics smoothly transition from being
localized on an individual atomic chain to slightly delocalized across both atomic chains
as their separation is decreased. The strong delocalization is analogous to that found in
parallel-aligned π-conjugated organic dyes in H-type aggregates.[161] In this work, I focus
on analyzing the dynamical properties of excitons in silver atomic chain arrays, with a special emphasis on the decay and transfer characteristics of the exciton. Figure 4.4 shows the
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Figure 4.3: Frontier molecular orbitals of two silver atomic chains at inter-chain distances of
5.0 Å, 7.5 Å, and 10.0 Å (iso-value = ± 0.015).

time-dependent dipole moment following the excitonic transition in an isolated silver atomic
chain. The time-dependent dipole exhibits persistent oscillatory behavior with no obvious
fast decay. As discussed in previous studies of the dynamics of closed quantum systems, this
is the expected behavior for a coherent state.[60, 131] Consider, for example, the coherent
states of the quantum harmonic oscillator, which show analogous perfectly oscillatory time
evolution and recover the classical behavior of a perfect pendulum from within the framework of quantum mechanics. The long-lasting coherence is an artifact of the self-contained
many-electron excited state subspace neither interacting with its surroundings nor coupling
to the photon field.[60] That is, the time evolution of the excitonic state remains unitary at
all times.
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Figure 4.4: Time evolution of the dipole moment in an isolated atomic chain in an excitonic
state.

In the absence of a stimulating photon field, the decay and transfer of an excited electronic
state can be brought about by perturbations and interactions with other quantized systems
(a second silver atomic chain). The preparation of the initial system is illustrated in the
Methodology section. The model system shown in Fig. 4.1 will be used to address how
the excited electronic states of one atomic chain induces the formation of an exciton in the
second atomic chain (i.e. exciton transfer) and how their interaction mediates the exciton
dephasing. These two properties will be used to estimate the exciton diffusion length in an
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array of silver atomic chain.

4.3.1

Exciton Transfer

Figure 4.5: Time evolving dipole moments (Cartesian components) in the first (left) and
second (right) atomic chain at an interchain separation distance of 10.0 Å.

Figure 4.5 shows the time evolution of the partial dipole moments of the two silver atomic
chains in the system when only one of them is initially excited by the perturbing electric
field. The inter-chain distance D is set to 10.0 Å for the simulations shown in Fig. 4.5. In
contrast to the electronic dynamics in Fig. 4.4, the presence of the second silver atomic chain
in its ground electronic state gives rise to exciton transfer and decay phenomena. Exciton
transfer is indicated by the induced dipole oscillation in the second atomic chain whereas
exciton decay is suggested by the envelope decay of the dipole oscillation amplitude. Even at
such a large separation distance considered in this work, strong dipole oscillations (of equal
amplitude to those in the originally excited subsystem) are induced in the second atomic
chain. The out-of-phase dipole oscillations in the two atomic chains suggests that the transfer
mechanism is predominantly polarization driven as supposed to charge-transfer driven. At

48

Figure 4.6: Time evolving dipole moments (Cartesian components) in the first (left) and
second (right) atomic chain at an interchain separation distance of 7.5 Å.

Figure 4.7: Time evolving dipole moments (Cartesian components) in the first (left) and
second (right) atomic chain at an interchain separation distance of 5.0 Å.

∼17.5 fs, when the dipole oscillation in the second atomic chain reaches its peak, the exciton
transfer can be considered completed. The time to reach this dipole maximum is used as
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the exciton transfer time τ between atomic chains to estimate the exciton diffusion length.
Given the interchain distance of 10.0 Å, the exciton transfer rate can be estimated to be
r ≈ 0.57 Å/fs.
As the interchain distance decreases, the exciton transfer time also decreases arising from
a stronger Coulombic interaction. At the interchain distance of 7.5 Å (Fig. 4.6), the exciton
transfer time and transfer rate is estimated to be τ ≈ 9.8 fs, and r ≈ 0.77 Å/fs, respectively.
At the interchain distance of 5.0 Å (Fig. 4.7), the polarization induced exciton transfer shows
some fine oscillatory structures in the main dipole oscillation. As suggested by the frontier
orbitals (Fig. 4.3), there is a small overlap between the MOs in the two atomic chains in
this region. As a result, a small amount of charge-transfer character will mix with the
polarization driven exciton transfer. Although this is a very interesting region where the
two different exciton transfer mechanisms are mixed, analysis of the interplay of different
mechanisms is not the focus of the current work. For the interchain distance of 5.0 Å, the
exciton transfer time and transfer rate obtained from the simulations are τ ≈ 5 fs, and
r ≈ 1.0 Å/fs, respectively.
4.3.2

Exciton Decay

When the second atomic chain is included in the quantum description of the system, the
evolution of individual subsystems is no longer necessarily unitary (coherent), but rather
the evolution of the system as a whole is subjected to this constraint. Thus, while the
TDDFT equation implicitly conserves the coherence of the system as a whole, the constituent
subsystems are free to fall out of phase with one another in this formalism.
A decay of the exciton in the initially excited atomic chain and the induced exciton in
the second atomic chain is clearly observed in Figs. 4.5 to 4.7. The mechanism of this nonradiative decay can be understood from a fundamental quantum-mechanical vantage point
as an instantaneous expansion in the space of electronic states. When the electronic degrees
of freedom of the isolated silver atomic chain are perturbed by such a space expansion, new
channels are opened for their time-evolution. If sufficient interaction between these two
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spaces occurs, the electronic wavepackets describing each subsystem will lose their initial
phase relationship, leading to a pure dephasing[194] of the non-ground state components of
the superposition, characterized by the decay time T2∗ .
The decay of the initial excited state can be interpreted in light of the two-state model
problem for which the dephasing process is completely solvable.[194] Skinner and coworkers
showed that the the time-evolution of the coherence (off-diagonal density matrix element)
for a two-state model system is given by,[194]
∗

ρ12 (t) = ρ12 (0)e−iωt e−i∆ωt e−t/T2

(4.9)

where ω is the energy gap of the two-level system, and ∆ω is the shift of ω due to the
interaction with a bath. Equation (4.9) also suggests that the amplitude of transition density
oscillation decays as an exponential form with a pure dephasing constant of T2∗ . Although
the system studied in this work is an atomic chain with many electronic degrees of freedom
in non-equilibrium states in the initial condition for the dynamics, the exciton dynamics
involves mainly the ground state and the lowest longitudinal excited state. As a result,
Eq. (4.9) can be applied to resolve the pure dephasing time constant. By fitting the decay
curve observed in Fig. 4.5 to an exponential function, the decay time is estimated to be
T2∗ ≈ 118 fs. This is several orders of magnitude longer than the inverse plasma frequency
for bulk silver (the time-scale of the Coulomb screening) which lends credence to the idea that
excitons can be significantly longer lived in nanostructures.[164] However, these dephasing
rates do not take into account all environmental effects in a realistic supported atomic chain
array system. For instance, this study neglects the effects of a dielectric medium surrounding
the two-atomic-chain system, as well as the coupling between electronic and nuclear degrees
of freedom of the atomic chains.
For ultrafast excited state decay/dephasing phenomena, the quantum aspect of electronelectron interaction is known to dominate the decay process.[80, 81, 82, 83, 173, 57, 237] As
the inter-chain distance decreases from 10.0 Å (Fig. 4.5) to 5.0 Å (Fig. 4.7), the excitonic
state lifetime (in the originally excited atomic chain) also decreases, from T2∗ ≈ 118 fs to ≈ 37
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fs. This behavior is expected as the electrostatic perturbation from the external quantized
system becomes stronger at closer distances. Similar behavior of the strength of plasmon
resonances have also been observed in silver nanoparticle dimers.[147, 186]
4.3.3

Exciton Diffusion Length

Exciton transfer rates and lifetimes resulting from the dipole-evolution analysis outlined
above are plotted in Fig. 4.8a and Fig. 4.8b. A characteristic property that is crucial for
materials design is the effective diffusion length of an exciton before its complete decay to
the ground state. Given the exciton transfer rate (r) and lifetime (T2∗ ), the effective exciton
diffusion length can be computed as L = T2∗ × r. The calculated exciton diffusion length as
a function of inter-chain distance is plotted in Fig. 4.8c. In the interaction region considered
in this work, the exciton diffusion length increases as the inter-chain distance increases.
However, this relationship is not expected to hold asymptotically, i.e. as the interchain
distance approaches infinity. At the infinite separation limit, the exciton transfer rate will
approach zero. That is, the exciton lifetime remains finite although the pure dephasing
mechanism no longer governs the exciton decay. Nevertheless, Fig. 4.8 shows characteristics
of exciton dynamics of a silver atomic chain array at intermediate inter-chain separation.
The exciton diffusion length is estimated to be ∼ 37 Å to ∼ 67 Å for the inter-chain distance
considered in this work.
4.4

Summary

In this work, I have presented a fully quantum mechanical many-electron dynamical approach
to estimate the exciton diffusion length in a silver atomic chain array. This approach is based
on the analysis of the exciton transfer and decay in a two silver atomic chain array using
the RT-TDDFT electronic dynamics. By following the time evolution of dipole oscillations
in the different atomic chains, the exciton transfer and decay rates can be calculated, and
the exciton diffusion length estimated. I have studied the characteristic exciton dynamics
of a two silver atomic chain array at interchain distances from 5 Å to 10 Å. The exciton
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Figure 4.8: Characteristics of exciton transfer in a silver atomic chain array. (a) Exciton
diffusion rate r as a function of interchain distance D, computed as r = D/τ . (b) Exciton
decay time T2∗ as a function of interchain distance D, obtained by fitting the dipole oscillation
∗

envelope to an exponential function Ae−t/T2 . (c) Exciton diffusion length L as a function
of interchain distance D, computed as L = T2∗ × r.

diffusion length is estimated to be in the range of ∼ 37 Å to ∼ 67 Å for the inter-chain
distances considered herein. In this work, I only considered the pure dephasing mechanism,
ignoring the immensely complicated effect of phonon-exciton coupling on the exciton decay
mechanism. As a result, the exciton decay time is an estimated upper bound.
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Chapter 5
ENERGY-SPECIFIC EQUATION-OF-MOTION
COUPLED-CLUSTER (EOM-CC) METHOD FOR
HIGH-ENERGY EXCITED STATES
Single-reference techniques based on CC theory, in the forms of LR- or EOM-, are highly
accurate and widely used approaches for modeling valence absorption spectra. Unfortunately,
these equations with singles and doubles (LR-CCSD and EOM-CCSD) scale as O(N 6 ), which
may be prohibitively expensive for the study of high-energy excited states using a conventional eigensolver. In this chapter, I present an energy-specific non-Hermitian eigensolver
that is able to obtain high-energy excited states, e.g. XAS K-edge spectrum, at low computational cost. In addition, I also introduce an improved trial vector for iteratively solving the EOM-CCSD equation with a focus on high-energy eigenstates. The energy-specific
EOM-CCSD approach and its low-scaling alternatives are applied to calculations of carbon,
nitrogen, and oxygen K-edge excitations, as well as sulfur K-edge excitations. The results are
compared to other implementations of CCSD for excited states, energy-specific LR-TDDFT,
and experimental results with multiple statistical metrics presented and evaluated.

5.1

Introduction

Advances in laser light sources have made X-ray absorption spectroscopy (XAS) a powerful
tool in modern-day chemical research. In XAS, excitations of core electrons to either weakly
bound or continuum states can be used to characterize electronic and molecular structure of a
chemical or material system.[205] Excitations to bound states provide information about the
valence electronic structure while the scattering of the photoelectron generated by excitation
to continuum states provides information about the molecular geometry. The ability to
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simultaneously probe both electronic and nuclear degrees of freedom has made XAS an
irreplaceable tool in the fields of surface science[234, 205, 8] and inorganic catalysis.[191, 63,
45]
Due to its complexity, XAS often relies on theoretical insight for interpretation. As in
lower-energy absorption spectroscopy, variants of time-dependent density functional theory
(TDDFT) [40, 206, 62] are the most frequently used methods. The restricted excitation
window (REW-TDDFT) [203, 176, 27, 139] and energy-specific (ES-TDDFT)[135, 139, 128]
TDDFT approaches are now routinely used to model XAS. The REW-TDDFT method
restricts solutions to only include transitions from orbitals deemed relevant to a particular region of the spectrum, whereas the ES-TDDFT approach searches for solutions in
the full orbital space with a constraint on the eigenvalues. These two different numerical approaches have been shown to produce nearly identical X-ray K-edge spectra because
excitations from the 1s (K-edge) orbital are rather localized in the orbital space.[5] Variations of the ∆SCF approach[14], such as the transition-potential DFT[195, 213] and the
orthogonality-constrained DFT[69, 59], which require the preparation of a core-hole single
determinant state, have been successfully applied to X-ray absorption spectroscopy. From
the DFT kernel perspective, there has also been interest in developing short-range corrected
functionals that improve the description of core correlation and reduce the self-interaction
error specifically for XAS.[196, 29]
Wave function-based approaches, while more expensive, are inherently free of the selfinteraction error and can be systematically improved. For example, single-reference techniques based on CC theory, in the forms of LR-[163, 116] or EOM-[198, 51], are highly
accurate and widely used approaches for modeling valence absorption spectra.[54, 192] Unfortunately, these equations with singles and doubles (LR-CCSD and EOM-CCSD) scale
as O(N 6 ), which may be prohibitively expensive for the study of large molecular systems.
This high computational cost has prompted the development of many low-scaling approximations to EOM-CCSD and LR-CCSD. The EOM second-order many-body perturbation
theory (EOM-MBPT2) equation is obtained by truncating the perturbative expansion of the
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cluster operator at second-order.[199, 79] This approach still scales as O(N 6 ) but with a much
smaller prefactor than that of EOM-CCSD. Partitioned EOM-MBPT2 (P-EOM-MBPT2) is
an iterative O(N 5 ) approach that makes the further approximation that the doubles-doubles
block of the Hamiltonian can be treated as diagonal.[93, 92, 79] While these techniques have
been extensively used in obtaining low-lying excited states, they have not been applied to
the study of core excitations, although further approximations to these techniques have been
used previously with varying success.
Beyond CC, there are other wave function- and Green’s function-based methods to study
high-energy excited states. The CIS(D∞ ) approach can be related to P-EOM-MBPT2 by
treating the singles-doubles blocks of the Hamiltonian to first-order only.[98] The secondorder algebraic-diagrammatic construction approach (ADC(2)) is a symmetrized form of
CIS(D∞ ) that has been previously used to model XAS.[214, 215, 172] The core-valence
separation approximation (CVS)[44] is employed to reduce the dimension of the problem by
only including excitations from the relevant core orbitals, however, there is an estimated 0.51.0 eV error associated with the CVS approximation.[215] The closely related CIS(D) method
applies a non-iterative doubles correction to excitation energies obtain from CIS.[71, 97] By
using the REW approach, CIS(D) can be used to model core excitations, but has been known
to provide qualitatively incorrect spectra in some cases.[6].
Where core excitations are concerned, direct applications of EOM-CCSD and its closelyrelated derivatives are computationally intractable due to the large space where the excited
states of interest reside. The electron-attachment EOM-CCSD (EA-EOM-CCSD)[165] has
been used previously to investigate K-edge transitions in small molecules, relying on the
validity and availability of a core-hole reference state. Recently, an equation-of-motion multireference CC including singles and doubles (EOM-MRCCSD) has been developed to obtain
core excitations in the CC framework.[31, 189, 64] The EOM-MRCCSD approach for XAS
is based on construction of a core-hole reference in a select subspace spanned by active
core, occupied, and unoccupied spin-orbitals of interest. Recently, a complex polarization
propagator formulation of CC response theory (CPP-CC) has been applied to model X-ray
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absorption among other properties.[52, 73, 112] This formalism can be used for many different
CC approaches truncated at different levels (CCS, CC2, CCSD, CCSD(3)). Unlike EOM-CC
which solves for resonant frequencies or poles of the response function, the CPP-CC method
solves a damped frequency-dependent response function. This technique is able to resolve the
off-resonant response of the system, but requires the solution of many frequency-dependent
problems.
In this chapter, I present an energy-specific non-Hermitian eigensolver with improved trial
vectors to efficiently solve the EOM-CCSD equation for high-energy core excitations. This
approach utilizes low-scaling approximations of EOM-CCSD to refine trial vectors, followed
by iterative eigenvalue-screening, eigenvector-bracketing and growing window techniques to
search for high-energy solutions in the full orbital space. The strategy used throughout is a
non-Hermitian generalization of the previously developed energy-specific algorithm applied
in TDDFT.[135] This strategy will allow these highly accurate single-reference wave function
methods to be routinely applied to the study of core excitations.
5.2
5.2.1

Methodology
Brief Review of EOM-CCSD, EOM-MBPT2 and P-EOM-MBPT2

For two excellent articles of CC theory, see the review by Crawford and Schaefer[54] and the
book by Shavitt and Bartlett[192]. In the present work I adopt the notation that indices
i, j, k, l refer to occupied orbitals, a, b, c, d refer to virtual orbitals, and p, q, r, s refer to any
orbital.
The generalized CC Schrödinger equation may be written as
H̄ R̂(m) |Φ0 i = Em R̂(m) |Φ0 i,

(5.1)

where |Φ0 i is the reference wave function, and R̂(m) is the excitation operator for the m-th
excited state with energy Em . This takes the form,
X
X
ab
R̂(m) = R̂1 + R̂2 + . . . =
ria (m) a†a ai +
rij
(m) a†a a†b aj ai + . . . ,
ia

i<j
a<b

(5.2)
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where a† and a are creation and annihilation operators. H̄ is the similarity transformation
of the bare electronic Hamiltonian Ĥ,
H̄ = e−T̂ Ĥ eT̂ ,

(5.3)

in which the cluster operator T̂ takes the following form,
T̂ = T̂1 + T̂2 + . . . =

X

tai a†a ai +

ia

1 X ab † †
t a a aj ai + . . . .
4 ijab ij a b

(5.4)

Equation (5.1) represents a right-hand eigenvalue problem, however, Eq. (5.3) makes H̄
non-Hermitian. As a result, Eq. (5.1) is different from its associated left-hand eigenvalue
problem,
hΦ0 | L̂(m) H̄ = hΦ0 | L̂(m) Em .

(5.5)

where L̂(m) is the de-excitation operator defined as,
L̂(m) = L̂1 + L̂2 + . . . =

X

lai (m) a†i aa +

ia

X

ij
lab
(m) a†i a†j ab aa + . . . .

(5.6)

i<j
a<b

Note that Eq. (5.1) and Eq. (5.5) share the same eigenvalues (Em ) and the left-hand and
right-hand eigenvectors are related to each other through the biorthonormality condition,
hΦ0 | L̂(m) R̂(n) |Φ0 i = δm,n ,

m 6= 0 and n 6= 0

(5.7)

such that the generalized CC energy expression can be obtained,
Em = hΦ0 | L̂(m) H̄ R̂(m) |Φ0 i.

(5.8)

In order to calculate electronic excitation energies, it is convenient to define a normal-ordered
Hamiltonian, H̄N , by
H̄N = H̄ − E0 ,

(5.9)

where E0 is the energy associated with the ground-state wave function |Φ0 i. Then, Eq. (5.8)
can be rewritten as
ωm = hΦ0 | L̂(m) H̄N R̂(m) |Φ0 i

(5.10)
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where ωm is the m-th excitation energy.
Within the framework of EOM-CCSD method, L̂ and R̂ are truncated to the second
order, and the excitation energies are obtained by diagonalizing the EOM-CCSD Hamiltonian
matrix,

HEOM −CCSD = 

H̄

SS

H̄DS

H̄

SD

H̄DD


(5.11)



SS
= hΦai | H̄N |Φck i
H̄ai,ck
SD
H̄ai,cdkl
= hΦai | H̄N Φcd
kl
DS
c
H̄abij,ck
= Φab
ij H̄N |Φk i
cd
DD
H̄abij,cdkl
= Φab
ij H̄N Φkl

where |Φck i , Φcd
are singly and doubly excited determinants, respectively. The overall
kl
dimension of Eq. (5.11) is OV + O2 V 2 where O and V are the numbers of occupied and
virtual orbitals. EOM-CCSD scales as O(N 6 ), and a lower-scaling approximation can be
obtained by only keeping terms in the perturbative expansion of the cluster operator through
second order. This gives rise to the EOM-MBPT2 Hamiltonian matrix,[199, 93, 92]


SS(2)
SD(2)
H̄
H̄
,
HEOM −M BP T 2 = 
(5.12)
DS(2)
DD(2)
H̄
H̄
where H̄SS(2) is the singles-singles block of the Hamiltonian, H̄SS , through second order,
(1)

and so on. This approximation neglects the numerous T̂1 terms, as T̂1
(1)

perturbative approach, and only needs the T̂2
ab (1)

tij

=

equals zero in the

amplitudes, which are determined through

hi j ka bi
,
i + j − a − b

(5.13)

where ’s are the Hartree-Fock molecular orbital energies.
EOM-MBPT2 is still a O(N 6 ) method, but with a much smaller prefactor than EOMCCSD. Further approximation can be made by replacing H̄DD(2) with its zeroth order based
on Löwdin partitioning approach[141] to give rise to an iterative O(N 5 ) method, the so-called
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partitioned EOM-MBPT2 (P-EOM-MBPT2).[93, 92, 141] The P-EOM-MBPT2 Hamiltonian
is


HP −EOM −M BP T 2 = 

H̄

SS(2)

H̄DS(2)

H̄

SD(2)

H̄DD(0)


,

(5.14)

where H̄DD(0) = a + b − i − j .
In practice, due to the non-Hermitian nature of Hamiltonians in Eq. (5.11), Eq. (5.12),
and Eq. (5.14), and their large matrix dimension (roughly O2 V 2 ), the most efficient computational approach to find the lowest eigenvalues and corresponding left and right eigenvectors
is a modified version of the Davidson algorithm. [56, 103, 37, 179] However, core excitations
in XAS usually exhibit high excitation energies ranging from hundreds to thousands eV, and
are thus far away from low-lying excited states. It is then impractical for the conventional
EOM methods mentioned above to capture these high-energy excited states because ordinary
solvers require that all lower-energy solutions be obtained before any higher-energy solution.
5.2.2

Improved Trial Vectors for High-Energy Excited States

Davidson-like eigensolvers usually initialize with a set of well-defined guess vectors, and the
quality of these guess vectors subsequently affects the convergence speed in iterative methods for eigenvalue problems. In TDDFT, trial vectors constructed from simple occupied-tovirtual orbital transitions have proven to be quite reasonable. However, such trial vectors are
usually far from the converged EOM-CCSD solution and as a result they may lead to excessive iterations with Davidson-like eigensolvers. A better and widely used trial vector scheme
for EOM-CCSD in practice starts with the solution of configuration interaction singles (CIS).
However, generating trial vectors for high-energy excited states using conventional CIS calculations is impractically expensive with conventional techniques. As a result, the feasibility
of applying the EOM-CCSD approach for XAS calculations depends on the availability of
appropriate trial vectors and efficient solvers that can obtain the high energy eigenvectors
of interest. In this work, I develop a two-step strategy to generate appropriate trial vectors
that aims to enable EOM-CCSD and its low-scaling approximations to study high-energy
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excitations such as those probed by XAS.
Assume that M excited states with energies greater than ω0 are the subject of interest to
be investigated using EOM-CCSD. In the first step, high-energy trial vectors are generated
using the energy-specific eigensolvers with low-scaling excited-state methods such as CIS and
P-EOM-MBPT2. For CIS, the Hermitian energy-specific algorithm[135] is used to obtain
m eigenvectors (m ≥ M , ω ≥ ω0 ) as trial vectors for the following calculation. As the CIS
approach does not have electron correlation, their eigenvectors can be poor guesses for highenergy excited states as contributions from T̂2 become more important.[79] In fact, in the test
cases, searching for high-energy eigenvectors in EOM-CCSD framework usually takes many
more iterations compared to those for valence excitations. Any improvement to expedite
solving the EOM-CCSD equations for high-energy excited states will be appreciated.
To improve the CIS vectors for high-energy EOM-CCSD calculations, I introduce a second
step to refine the trial vectors using the O(N 5 ) P-EOM-MBPT2 approach with a nonHermitian energy-specific eigensolver which will be introduced later in this paper. The
refined trial vectors will be used together with the non-Hermitian energy-specific eigensolver
to obtain solutions of the EOM-CCSD equation. In the following discussion, methods that
utilize the energy-specific eigensolver (Hermitian or non-Hermitian) will have the “ES-” prefix
in order to distinguish the results from those using conventional algorithms.
Figure 5.1 shows the effect of the quality of different trial vectors on the convergence
behavior of an ES-EOM-CCSD calculation of a carbon K-edge excitation of CO. Two different tight convergence criteria, the residual norm and the change in excitation energy, are
considered in this comparison. For both criteria, EOM-CCSD using the P-EOM-MBPT2
eigenvectors as trial vectors exhibits ∼20% savings in computational cost. Note that the
cost of computing ES-P-EOM-MBPT2 eigenvectors is trivial compared to the cost of solving
O(N 6 ) EOM-CCSD equation. This test case suggests that P-EOM-MBPT2 eigenvectors are
a better choice over the CIS trial vectors for ES-EOM-CCSD calculations.
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5.2.3

Non-Hermitian Energy-Specific Eigensolver

In this work, I introduce a non-Hermitian energy-specific eigensolver for EOM-CCSD and its
low-scaling approximations to efficiently compute high-energy excited states. The discussion
starts with a set of left L = {L1 , . . . , Lm } and right R = {R1 , . . . , Rm } trial vectors in the
full orbital space that correspond to initial guesses of high-energy excited states generated
using the two-step strategy presented above. Note that the left and right vectors are related
by the biorthonormalization condition (Eq. (5.7)). The EOM Hamiltonian H, Eq. (5.11), is
projected onto the subspace spanned by the trial vectors,
h = L† HR

(5.15)

The EOM Hamiltonian in the reduced space, h, is then diagonalized to obtain a new set of left
l = {l1 , . . . , lm } and right r = {r1 , . . . , rm } eigenvectors and eigenvalues ω = {ω1 , . . . , ωm }.
Eigenpairs in the reduced space are screened and only the ones with associated eigenvalues above the desired energy threshold ω0 are kept. The transformation of these qualified
eigenpairs from the reduced space to the full orbital space yields the new approximate eigenvectors,
R̃ = Rr,

L̃ = Ll.

(5.16)

Equation (5.7) is used to ensure the new left and right eigenvectors are biorthonormalized.
To test the convergence, the eigenvector residuals of states of interest are computed
∆Rk = (H − Iωk ) Rk

∆Lk = H† − Iωk Lk

(5.17)
(5.18)

If some of the norms of residuals are still above the pre-defined threshold, perturbation
vectors are generated using the following equation,
Rk0 = (Iωk − HD )−1 ∆Rk

(5.19)

L0k = (Iωk − HD )−1 ∆Lk

(5.20)
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where HD are the diagonal elements of the H matrix.[56, 103] In this implementation, as
in previous studies,[37, 222] HD is approximated by the corresponding orbital energy differences. The perturbation vectors are biorthonormalized and added to R and L to form the
new subspace for the next iteration starting from Eq. (5.15). If complex eigenvalues are obtained in the intermediate iteration, the space of R and L needs to be increased. The larger
number of expansion vectors can not only benefit the elimination of complex eigenvalues,
but also help to accelerate the convergence.[206, 37] This process is repeated until the norm
of the residuals are below the desired threshold.
The two-step calculation strategy and energy-screening and eigenvector-bracketing technique introduced above avoids the scan through low-lying excited states in EOM calculations, as well as improving the quality of trial vectors for EOM-CCSD calculation by using
converged eigenvectors associated with the high excited states from low-scaling EOM calculations. This makes it possible to calculate high-energy excited states with CC theory.
5.3

Application to K-edge Core Excitations

Energy-specific variations of EOM-CCSD, EOM-MBPT2, and P-EOM-MBPT2 have been
implemented and tested in a development version of the Gaussian software package.[74] For
all excited-state calculations, the convergence is obtained when (i) the norm of the residual
vectors is below a threshold, 10−5 a. u., as recommended by Stanton and Bartlett;[198] or
(ii) the change in the eigenvalues is less than 10−7 a.u.[37] All ground state geometries were
optimized at the CCSD level with the def2-TZVPD basis set.[224, 175, 70, 188] As discussed
in the Method section, the energy-specific eigensolver is able to obtain the exact solutions
represented in the full space. This has been verified by benchmark calculations on select
excited states using the ES-EOM-CCSD method compared to those obtained by full EOMCCSD calculations including low-lying states. In Tab. 5.1, the results from ES-EOM-CCSD
and EOM-CCSD are numerically identical, suggesting that the energy-specific approach is
able to obtain the exact excited states even though low-lying states are not considered in the
eigenvector search algorithm. As the full EOM-CCSD calculation has to include extra low-
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Table 5.1: Comparison of conventional EOM-CCSD and ES-EOM-CCSD for select low-lying
excited states of carbon monoxide computed with the def2-TZVPD basis set (eV). The energy
threshold for the energy-specific calculations is 11.2 eV.

State

Transition

ES-EOM-CCSD

EOM-CCSD

B 1 Σ+

σ → 3s

11.27

11.27

C 1 Σ+

σ → 3pσ

12.30

12.30

E 1π

σ → 3pπ

12.32

12.32

F 1 Σ+

σ → 3dσ

13.53

13.53

lying states in order to locate the states in the targeted energy range, it unavoidably incurs
additional two-fold computational cost compared to the ES-EOM-CCSD method in this test
case. Assuming the number of excited states (i.e. the number of R and L vectors) grows
linearly with respect to the excitation energy, the computational cost of each EOM-CCSD
iteration will grow linearly with respect to the energy of the targeted states. For coreelectron excitations, the cost of the conventional EOM-CCSD approach becomes intractable.
In contrast, the computational cost of ES-EOM-CCSD is nearly constant because the search
space is in principle invariant to the excitation energy range of interest.
The quality of ES-EOM-CCSD approach is also compared to other implementations
and/or approximations of CC method to XAS. Table 5.2 compares oxygen K-edge excitations of H2 O obtained using ES-EOM-CCSD to those computed using multi-reference
EOM-MRCCSD[31, 189, 64] method and single-reference CPP-CCSD[111] method. Table 5.3
compares K-edge excitations of a select test set obtained using ES-EOM-CCSD to another
single-reference method, EA-EOM-CCSD[165]. This comparison shows that, for the limited
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number of test cases, ES-EOM-CCSD results are in excellent agreement with the results
from other CC methods. The difference between ES-EOM-CCSD and EA-EOM-CCSD can
be attributed to the different reference used in the calculation. The EA-EOM-CCSD method
requires a pre-defined core-hole reference that includes a certain amount of core-hole relaxation effect. Therefore, the EA-EOM-CCSD results can be of higher accuracy, although they
strongly depends on the quality of the core-hole reference.
Excitation energies of a set of 31 K-edge transitions for carbon, nitrogen, and oxygen, of
seven molecules (CO, CH2 O, C2 H4 , N2 , NH3 , NO2 , H2 O) are calculated with ES-EOM-CC
methods (see Tab. 5.4). The results are compared with results from gaseous XAS or innershell electron energy loss spectroscopy (ISEELS) experiments.[185, 178, 61, 174, 193, 1, 216]
The mean absolute/signed error (MAE/MSE), root mean square (RMS) error, maximum
absolute error (Max AE), and standard deviation (StDev) of the errors with respect to experimental results are statistically evaluated. Energy-specific TDDFT (ES-TDDFT)[135]
results are also included for comparison. Two density functionals, BHandHLYP[23] and
PBE1PBE[2, 170] were used as they have been shown to consistently perform well for predicting K-edge spectra.[128]
Table 5.5 lists error analyses of absolute and shifted K-edge excitation energies (300-500
eV for these systems) obtained with different methods and the doubly augmented Dunning basis with flexible core orbitals (d-aug-cc-pCVDZ).[230, 231] While absolute excitation energies are direct measurement of the accuracy of a method, uniform shifts are often
applied to calculated XAS to account for the lack of relativistic effects and higher-order
correlations.[27, 58, 75] For error analyses of shifted results, the calculated excitation energies are uniformly shifted so that the lowest-energy transition matches the corresponding
experimental value. Errors are calculated using the remaining transitions.
DFT methods (BHandHLYP and PBE1PBE) consistently underestimate absolute Kedge excitation energies, whereas wave function-based methods overestimate the K-edge
excitations. The ES-BHandHLYP method surprisingly outperforms even ES-EOM-CCSD.
This is due to fortuitous error cancellation in BHandHLYP functional which includes 50%
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of HF exchange that shifts the spectra to the opposite sign compared to those from pure
functionals.[128] For details regarding the performance of ES-TDDFT on XAS calculations,
I refer readers to Ref. [128].
After the K-edge excitation energies are shifted, the associated errors change significantly. All methods considered herein become more reliable with MAEs of < 1 eV with
standard derivation < 0.5 eV. ES-EOM-CCSD shows the best performance in all statistical metrics. It consistently overestimates K-edge excitation energies only by 0.2-0.3 eV.
The lower-scaling alternatives of ES-EOM-CCSD, as represented by ES-EOM-MBPT2 and
ES-P-EOM-MBPT2, also show a consistent overestimation with slightly larger errors, yet
still outperform DFT-based methods. Note that the difference between these low-scaling
methods and ES-EOM-CCSD is much greater for these core excitations than for valence and
Rydberg excitations.[79] Although inclusion of triples has shown to be able to improve the
CPP-CCSD results to be within 0.5 eV of the experimental values for Ne, CO, and H2 O,[111]
it is formally a O(N 7 ) method which is outside the consideration of this work. I also applied
the energy-specific method to the calculation of the K-edge excitation of heavier elements
(e.g. sulfur) in organic molecules. Fig. 5.2 shows the structure of an organic molecule, dibenzolthiophene, used in the test. For DBT, the sulfur K-edge X-ray absorption spectrum
shows a main peak at about 2472 eV and resonance at about 2474 eV, corresponding to
sulfur 1s → 3p excitations.[159] Tab. 5.6 shows the calculated results obtained with different
energy-specific methods. In contrast to what I have seen for small molecules, TDDFT with
the as-investigated two functionals, PBE1PBE and BHandHLYP severely underestimate the
excitations by 20-50 eV, while EOM-CCSD and its perturbative approximations only underestimate the experimental values no more than 2 eV. After the excitation energies are
shifted, all the as-investigated energy-specific methods give close results to the experimental
value, but the EOM-CCSD and its two perturbative approximations still slightly outperform TDDFT. Note that the presented calculations neglect the relativistic effect, which, in
contrast to small molecules, is significant in DBT, and may bring a blue shift of as large as
∼7 eV to the calculated excitation energies.[159] However, this blue shift can be partially
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compromised by introducing larger basis set, and including triples and higher determinants
in the CC method. For example, Fransson et al. [73] found that, for ethene and its fluoro
derivatives, a red shift of ∼1.3 eV needs to be applied to account for basis set incompleteness for a correlation-consistent double-ζ basis set, and a red shift of about 0.5 eV for triple
corrections for CCSD method.
5.4

Summary

In this work, I presented a strategy using the low-scaling P-EOM-MBPT2 approach to improve the trial vectors for solving EOM-CCSD equation with an emphasis on the high-energy
excited states, e.g. core-electron excitations. An energy-specific non-Hermitian Davidson
eigensolver, facilitated by the energy-screening, eigenvector-bracketing, and growing window
techniques, has been developed to efficiently obtain high-energy solutions without scanning
through low-energy states. With these advances, EOM-CCSD and its low-scaling alternatives
can be directly used to compute XAS. Applications to carbon, nitrogen, and oxygen K-edge
XAS of various modules show that after uniform spectral shift, ES-EOM-CCSD outperforms
DFT and low-scaling alternatives in all statistical metrics with an average overestimation
of only 0.2∼0.3 eV. Further application of energy-specific methods to DBT molecule shows
excellent agreement with the experiment. As an extension to this research, a second-order
approximation of CCSD, CC2,[48] has also been implemented and tested. Relevant information can be found in Appendix E.
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Figure 5.1: Comparison of the convergence behaviors of ES-EOM-CCSD calculations using
CIS and P-EOM-MBPT2 trial vectors for the carbon 1s → 2pπ ∗ transition of CO. The
residual norm of the right eigenvector (top panel) and the absolute change of eigenvalues
(bottom panel) are plotted against the number of iterations. The basis set used is 6-311G∗∗.
The calculated excitation energy is 288.32 eV.
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Table 5.2: Comparison of ES-EOM-CCSD with multi-reference EOM-MRCCSD[31, 189, 64]
method and single-reference CPP-CCSD[111] method for select core-excitations of H2 O (in
eV).

Excitation

Basis

ES-EOM-CCSD

EOM-MRCCSD

CPP-CCSD[111]

Experiment[185]

1a1 → 4a1

6-311G**

535.72

535.76[31]

–

534.00

cc-pVDZ

538.36

538.40[31, 189]

–

cc-pVTZ

535.41

535.34[189]

–

cc-pCVDZ

537.72

–

–

cc-pCVTZ

535.77

–

–

aug-cc-pVDZ

538.25

–

–

aug-cc-pVTZ

535.30

535.32[64]

–

aug-cc-pCVDZ

537.60

–

–

aug-cc-pCVTZ

535.66

–

535.68

d-aug-cc-pCVDZ

537.56

–

–

6-311G**

537.57

537.61[31]

–

cc-pVDZ

540.17

540.21[31, 189]

–

cc-pVTZ

537.22

537.13[189]

–

cc-pCVDZ

539.53

–

–

cc-pCVTZ

537.59

–

–

aug-cc-pVDZ

540.05

–

–

aug-cc-pVTZ

537.08

537.11[64]

–

aug-cc-pCVDZ

539.40

–

–

aug-cc-pCVTZ

537.44

–

537.47

d-aug-cc-pCVDZ

539.36

–

–

1a1 → 2b1

535.90
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Table 5.3:

Comparison of ES-EOM-CCSD with EA-EOM-CCSD[165] for select core-

excitations. The EA-EOM-CCSD results are based on pre-defined core-hole reference states,
and the latter is obtained from a so-called quasi-RHF (QRHF) calculation.[17, 180, 200] A
modified Sadlej basis set is used in both calculations, where some atomic s and p functions
are uncontracted from the original Sadlej basis set (see Ref. [165] for more details).
Molecule

Core

Excitation

CO

Carbon

2σ → 2π

287.99

287.08

287.40[216]

Oxygen

1σ → 2π

535.52

534.15

534.21[104]

C2 H2

Carbon

1σu → 1πg (2p)

286.70

286.21

285.81[144]

C2 H4

Carbon

1b1u → 1b2g (2p)

285.87

285.16

284.87 [144]

N2

Nitrogen

1σu → 1πg

401.93

401.73

401.00[217]

CH2 O

Carbon

2a1 → 2b1 (π ∗ )

287.57

285.77

286.00[104]

532.43

530.78

530.80[104]

Oxygen

ES-EOM-CCSD EA-EOM-CCSD[165]

∗

1a1 → 2b1 (π )

Figure 5.2: Structure of dibenzothiophene (DBT).

Experiment
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Table 5.4: Calculated K-edge transition energies for some small molecules. The basis set
used here is d-aug-cc-pCVDZ.
Molecules

Excitation

Calculated excitation (eV)

energy (eV)

NH3

Formaldehyde

N

C

O

CO

C

O

N2

N2 O

N

NT

NC

Ethene

H2 O

C

O

ES-TD-PBE1PBE ES-TD-BHandHLYP

Experimental

ES-P-EOM-MBPT2

ES-EOM-MBPT2

ES-EOM-CCSD

values (eV)

1s → 3s

389.33

399.09

405.63

403.68

403.59

400.66 [185]

1s → 3p (E)

390.57

400.45

407.07

405.35

405.26

402.33 [185]

1s → 3p (A1)

390.84

401.17

407.53

406.02

405.90

402.86 [185]

1s → 4s (A1)

390.96

401.68

408.22

406.70

406.60

403.57 [185]

1s → π ∗

276.14

283.18

290.83

288.54

288.21

285.59 [178]

1s → 3s

279.88

288.36

295.44

293.04

292.76

290.18 [178]

1s → 3p (B2)

280.68

289.21

296.35

294.07

293.77

291.25 [178]

1s → 3p (B1)

280.95

290.01

296.89

294.69

294.34

291.73 [178]

1s → π ∗

518.54

528.51

536.59

534.47

534.43

530.82 [178]

1s → 3s

522.52

534.48

540.61

539.75

539.80

535.43 [178]

1s → 3p

523.18

535.06

541.28

540.39

540.45

536.34 [178]

1s → 2pπ ∗

277.10

283.82

291.81

289.88

289.46

287.40 [61]

1s → 3sσ

280.96

289.82

297.83

295.70

295.11

292.37 [61]

1s → 3pπ

281.55

290.69

298.65

296.67

296.11

293.33 [61]

1s → 3pσ

282.27

290.71

298.74

296.78

296.24

293.49 [61]

∗

521.66

531.93

539.71

537.74

537.70

534.21 [174]

1s → 3s

525.07

536.78

543.38

542.47

542.43

538.91 [174]

1s → 3pπ

525.74

537.85

544.22

543.56

543.54

539.91 [174]

1s → π

1s → 2pπg

390.02

398.37

406.78

404.30

403.78

401.00 [193]

1s → 3sσg

393.68

404.05

411.47

409.67

409.09

406.10 [193]

1s → 3pπu

394.35

405.01

412.25

410.59

410.02

407.00 [193]

1s → 3pπ ∗

390.47

399.11

407.65

405.27

404.37

401.10 [1]

1s → 3sσ

392.97

403.40

410.66

408.57

407.55

403.90 [1]

1s → 3pπ ∗

393.79

402.17

410.94

408.63

407.83

404.70 [1]

1s → 3pσ

396.20

406.45

414.52

412.40

411.48

407.60 [1]

1s → π ∗

275.41

282.81

289.89

287.43

287.36

284.67 [216]

1s → 3s

277.34

285.93

292.20

289.95

289.77

287.24 [216]

1s → 3pπ

277.88

286.48

292.78

290.59

290.41

287.88 [216]

1s → 4a1 /3s

520.99

531.96

538.98

537.52

537.56

534.00 [185]

1s → 2b1 /3p

522.45

533.43

540.61

539.34

539.36

535.90 [185]

1s → 3p(b2 )

522.98

534.78

541.37

540.58

540.59

537.00 [185]
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Table 5.5: Error analyses of 31 calculated K-edge excitation energies (eV). For error analyses
of shifted energies, excitation energies are uniformly shifted so that the lowest-energy transition matches the corresponding experimental value. MAE: Mean absolute error. StDev:
standard deviation. MSE: mean signed error. RMS: root mean square. Max AE: maximum
absolute error. ES-TDDFT results were obtained using the method in Ref. [135] and the
basis set used is d-aug-cc-pCVDZ.

Absolute K-edge Excitations

MAE (StDev) MSE (StDev)

ES-PBE1PBE

Shifted K-edge Excitations

RMS

Max AE

MAE (StDev)

MSE (StDev)

RMS

Max AE

11.68 (1.35)

-11.68 (1.35)

11.75

14.17

0.95 (0.42)

-0.95 (0.42)

1.04

1.67

ES-BHandHLYP

1.99 (0.61)

-1.99 (0.61)

2.08

3.58

0.62 (0.38)

0.45 (0.58)

0.72

1.49

ES-P-EOM-MBPT2

5.24 (0.66)

5.24 (0.66)

5.28

6.92

0.49 (0.34)

-0.18 (0.58)

0.59

1.19

ES-EOM-MBPT2

3.42 (0.57)

3.42 (0.57)

3.46

4.80

0.29 (0.29)

0.23 (0.34)

0.41

0.86

ES-EOM-CCSD

3.11 (0.53)

3.11 (0.53)

3.15

4.37

0.27 (0.26)

0.20 (0.32)

0.37

0.76
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Table 5.6: Calculated sulfur 1s → 3p K-edge excitation energies for dibenzothiophene (DBT)
(in eV). The basis set used here is 6-311++G*.

Absolute K-edge Excitations

1s → 3pπ ∗ (B2)

1s → 3pσ (B1)

1s → 3pπ ∗ (A1)

ES-PBE1PBE

2420.55

2420.63

ES-BHandHLYP

2446.19

ES-P-EOM-MBPT2

Shifted K-edge Excitations

1s → 3pσ (B1)

1s → 3pπ ∗ (A1)

2422.26

2472.08

2473.71

2447.73

2448.69

2473.54

2474.50

2471.29

2472.96

2473.35

2473.67

2474.06

ES-EOM-MBPT2

2470.38

2472.54

2472.68

2474.16

2474.30

ES-EOM-CCSD

2470.32

2472.42

2472.56

2474.10

2474.24
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[205] J. Stöhr. NEXAFS Spectroscopy. Springer Series in Surface Sciences. Springer-Verlag,
1st edition, 1992. ISBN 9783540544224.
[206] R E Stratmann, G E Scuseria, and M J Frisch. An Efficient Implementation of
Time-Dependent Density-Functional Theory for the Calculation of Excitation Energies of Large Molecules. J. Chem. Phys., 109(19):8218–8224, 1998. doi: 10.1063/
1.477483. URL http://scitation.aip.org/content/aip/journal/jcp/09/19/10.
1063/1.477483.
[207] A. Suchocki and J. M. Langer. Auger Effect in the Mn2+ Luminescence of CdF2 :(Mn,Y)
Crystals. Phys. Rev. B, 39:7905–7916, 1989. doi: 10.1103/PhysRevB.39.7905. URL
http://link.aps.org/doi/10.1103/PhysRevB.39.7905.
[208] S. S. Sun and N. S. Sariciftci, editors. Organic Photovoltaics: Mechanisms, Materials,
and Devices. Optical Science and Engineering. CRC Press, 2010. ISBN 9781420026351.
[209] A. Szabo and N. S. Ostlund. Modern Quantum Chemistry: Introduction to Advanced
Electronic Structure Theory. Dover Publications, Mineola, NY, 1996.

104

[210] J. Tao, J. P. Perdew, V. N. Staroverov, and G. E. Scuseria. Climbing the Density
Functional Ladder: Nonempirical Meta-Generalized Gradient Approximation Designed
for Molecules and Solids. Phys. Rev. Lett., 91:146401, 2003. doi: 10.1103/PhysRevLett.
91.146401. URL http://link.aps.org/doi/10.1103/PhysRevLett.91.146401.
[211] M. N. Taran and G. R. Rossman. Optical Spectroscopic Study of Tuhualite and A
Re-examination of the Beryl, Cordierite, and Osumilite Spectra. Am. Mineral., 86(9):
973–980, 2001. doi: 10.2138/am-2001-8-903. URL http://ammin.geoscienceworld.
org/content/86/9/973.abstract.
[212] T. K. Townsend. Inorganic Metal Oxide Nanocrystal Photocatalysts for Solar Fuel
Generation from Water. Springer, 2014. ISBN 9783319052427.
[213] L. Triguero, O. Plashkevych, L. G. M. Pettersson, and H. Ågren. Separate State
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Appendix A
PROPERTIES OF THE EIGENVALUES AND
EIGENVECTORS IN A NONLINEAR VARIATIONAL
PROBLEM
Consider a reference N -electron Slater determinant Φ0 :
Y
Φ0 = Â
φ0i (i)

(A.1)

i

where Â is the antisymmetrizer and φ0i occupied spin orbitals of the reference state. Here I
label i, j, k, l as occupied orbital indices, a, b, c, d as unoccupied orbital indices, and p, q, r, s
as all orbital indices.
The SCF procedure can be recast in the formalism of orbital rotation as a unitary transformation of all the spin orbitals:
φp =

X

φ0q Uqp

(A.2)

q

where the unitary matrix U may be written in terms of an anti-Hermitian matrix C
U = exp(−C),

C† = −C

(A.3)

C is also called the orbital rotation matrix, and it satisfies:
cij = cab = 0,

for all i, j, a, b

(A.4)

It can be shown that the new Slater determinant that consists of the transformed orbitals
can be expressed as
Φ = Φ0 +

X
ia

cia Φai +

1X
cia cjb Φab
ij + · · ·
2 iajb

(A.5)

where Φai , Φab
ij , . . . are the singly, doubly, . . . excited determinants with respect to the reference
state Φ0 . Note that Eq. (A.5) is not the conventional CI type expansion. It has constraints
on the expansion coefficients as products of rotational matrix elements.

109

To simplify the following equations, a change of notations can be made here, replacing
ia index with I, Kia as cI , Φai as ΦI and Φab
ij as ΦIJ , etc, then Eq. (A.5) can be rewritten as
Φ = Φ0 +

X

cI ΦI +

I

1X
cI cJ ΦIJ + · · · .
2 IJ

(A.6)

In the variational approach for the optimized determinant Φ, consider the energy functional
E[Φ] =

hΦ|Ĥ|Φi
hΦ|Φi

(A.7)

Substituting Eq. (A.5) into the above expression gives
E(c) =

H00 + 2c† S + c† Dc + · · ·
1 + c† c + · · ·

(A.8)

where
H00 = hΦ0 | Ĥ |Φ0 i ,

(A.9)

SI = hΦ0 | Ĥ |ΦI i ,

(A.10)

DIJ = hΦI | Ĥ |ΦJ i + hΦ0 | Ĥ |ΦIJ i .

(A.11)

The existence of higher order terms in Eq. (A.8) indicates that the variation of E(c) with
respect to c is nonlinear. Mathematically, stationery points of Eq. (A.8) are usually characterized by their first and second order properties. If the energy functional is truncated up
to second order in c, Eq. (A.8) becomes

(1 c† ) 
E(c) '

H00 + 2c† S + c† Dc
=
1 + c† c

†

H00 S
S

D




1
c




1 + c† c

The stationary point of the truncated energy functional occurs when the gradient g
vanishes:

2
g=

∂E
=
∂c

†

H00 S
S

D




1
c





 − 2E 

1 + c† c

1
c



=0

(A.12)
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which leads to the usual eigenvalue problem
H̃x = Ex

(A.13)

where

H̃ = 

†

H00 S

S D
 
1
x= 
c




(A.14)

(A.15)

Therefore, the solutions of the variational Schrödinger equation amounts to the stationary
points of the energy functional which has N + 1 number of roots where N is the dimension
of c.
The characteristics of these stationary points can be verified by evaluating the second
derivatives, Hessian h given by
h=

∂ 2E
4(H̃x − Ex)x† 2(H̃ − EI + gx† )
=
−
+
∂c2
(x† x)2
x† x

(A.16)

where I is the identity matrix. In deriving Eq. (A.12) and Eq. (A.16) the usual convention
for matrix/vector differentiations have been used.
At stationary points, the Hessian becomes:
h|g=0 =

2(H̃ − EI)
x† x

(A.17)

When expressed in the normalized eigenspace of the matrix H̃, the Hessian becomes:


E −E
0
···
0
 0





0
E
−
E
·
·
·
0
1

h0 |g=0 = 
(A.18)
 ..

..
..
...
 .

.
.


0
···
0 EM − E
where E0 stands for the ground state energy, Ei the i-th excited state energy. It is easy to
see that at the ground state (i.e. when E = E0 ) all the diagonal elements of the Hessian are
non-negative, which implies a minimum, whereas at i-th excited state (i.e. when E = Ei )
there are i negative diagonal elements in the Hessian, indicating an i-th saddle point.
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Appendix B
RELATIONSHIP BETWEEN TWO TYPES OF EXCHANGE
INTERACTIONS IN MN2+ -DOPED SEMICONDUCTORS
The initial state of the system under consideration consists of one eCB and a Mn2+
center in the 4 T1 configuration, which has two spin-up Mn2+ -3d electrons with t2 symmetry,
two spin-up Mn2+ -3d electrons with e symmetry and one spin-down d electron, also in the
e-subshell (Mn2+ d5 [e(α)2 e(β)1 t(α)2 ]). When eCB is in the α(β) state and parallel (antiparallel) to the majority spin at the Mn2+ center, the total energy of the ferromagnetic
(anti-ferromagnetic) state is
X

E4FM
T1 −eCB =

hdi + heCB (α)

i=e(α,β),t2 (α,β)

+

X

hΨdi (r1 )Ψdj (r2 )|

i,j=e(α,β),t2 (α,β)
i6=j

+

X

hΨdi (r1 )ΨeCB (α) (r2 )|

i=e(α,β),t2 (α,β)

−

X

hΨdi (r1 )Ψdj (r2 )|

i,j=e(α),t2 (α)
i6=j

−

X

1
|Ψdi (r1 )Ψdj (r2 )i
r12

1
|Ψdi (r2 )Ψdj (r1 )i)
r12

hΨdi (r1 )ΨeCB (α) (r2 )|

i=e(α),t2 (α)

1
|Ψdi (r1 )ΨeCB (α) (r2 )i
r12

1
|Ψdi (r2 )ΨeCB (α) (r1 )i,
r12

(B.1)
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X

E4AFM
T1 −eCB =

hdi + heCB (β)

i=e(α,β),t2 (α,β)

+

X

hΨdi (r1 )Ψdj (r2 )|

i,j=e(α,β),t2 (α,β)
i6=j

+

X

hΨdi (r1 )ΨeCB (β) (r2 )|

i=e(α,β),t2 (α,β)

−

X

1
|Ψdi (r1 )Ψdj (r2 )i
r12

hΨdi (r1 )Ψdj (r2 )|

i,j=e(α),t2 (α)
i6=j

− hΨde (β) (r1 )ΨeCB (β) (r2 )|

1
|Ψdi (r1 )ΨeCB (β) (r2 )i
r12

1
|Ψdi (r2 )Ψdj (r1 )i)
r12

1
|Ψde (β) (r2 )ΨeCB (β) (r1 )i,
r12

(B.2)

where h is the one-electron energy including kinetic energy and electron-nuclear Coulombic attractions. The exchange splitting is defined as the difference between Eq. (B.1) and
Eq. (B.2),
AFM
FM
E4s−d
T1 −eCB =E4 T1 −eCB − E4 T1 −eCB
X
1
≈
hΨdi (r1 )ΨeCB (α) (r2 )| |Ψdi (r2 )ΨeCB (α) (r1 )i
r12
i=e(α),t2 (α)

− hΨde (β) (r1 )ΨeCB (β) (r2 )|

1
|Ψde (β) (r2 )ΨeCB (β) (r1 )i.
r12

(B.3)

where one-electron energies and electron-electron Coulombic interactions are considered the same in FM and AFM configurations.
K1 from Eq. (3.7) is the sum
P4
1
i=e(α),t2 (α) hΨdi (r1 )ΨeCB (α) (r2 )| r12 |Ψdi (r2 )ΨeCB (α) (r1 )i; the second term of Eq. (B.3) takes
on a similar spatial integral with summation over a different spin-state. Since
hΨde (β) (r1 )ΨeCB (β) (r2 )|

1
|Ψde (β) (r2 )ΨeCB (β) (r1 )i
r12
X
1
1
≈
hΨdi (r1 )ΨeCB (α) (r2 )| |Ψdi (r2 )ΨeCB (α) (r1 )i,
4
r12

(B.4)

i=e(α),t2 (α)

for the 4 T1 -eCB interaction, Eq. (B.6) follows.
3
E4s−d
T1 −eCB ≈ K1 .
4

(B.5)
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Following a similar procedure, it is easy to show that
E6s−d
A1 −eCB ≈ K2
for K2 =

P5

1
0
0
i=e(α),t2 (α) hΨdi (r1 )ΨeCB (α) (r2 )| r12 |Ψdi (r2 )ΨeCB (α) (r1 )i.

(B.6)
If the electron density dis-

tribution is the same at the conduction band edge and at a higher energy excited state
(|ΨeCB |2 ' |Ψe0CB |2 ), K1 and K2 can be considered linearly dependent, 5K1 ' 4K2 , and
Eq. (3.7) approaches equality. This assumption is valid in a bulk system where eCB are associated with plane-wave type wave functions. However, in a quantized system, the electron
wave function at the band edge and at the excited state may be very different.[34, 53] From
the two-center kinetic-exchange mechanism point of view,[19, 225, 155] the largest contribution in K1 and K2 comes from hybridization of eCB or e0CB with Mn2+ -4s levels, and it is
possible that the Mn2+ (4 s,p) hybridized levels are contributing in the case of e0CB , due to
the high energy of the e0CB state. The exchange coupling constants for 6 A1 -e0CB and 4 T1 -eCB
can be evaluated by,
=

E4s(α) − E4s(β)
Vss2 0
·
,
2(S6 A1 + 1/2) (E4s(α) − Ee0CB ) · (E4s(β) − Ee0CB )

(B.7)

J4s−d
T1 −eCB =

E4s0 (α) − E4s0 (β)
Vs20 s
·
,
2(S4 T1 + 1/2) (E4s0 (α) − EeCB ) · (E4s0 (β) − EeCB )

(B.8)

J6s−d
A1 −e0

CB

where V is the transfer integral, related to the interaction strength between the Mn2+ -4s
level and eCB electron. In the case of Eq. (B.7), Vss0 describes the interaction between
Mn2+ (4s) level in the 6 A1 configuration and the e0CB , while corresponds to the interaction
between Mn2+ (4s) levels in the 4 T1 configuration and the eCB (Eq. (B.8)). The ratio between
Eq. (B.7) and Eq. (B.8) is
J6s−d
A1 −e0

CB

J4s−d
T1 −eCB

=

(S4 T1 + 1/2)Vss2 0 (E4s(α) − E4s(β) )(E4s0 (α) − EeCB )(E4s0 (β) − EeCB )
·
(S6 A1 + 1/2)Vs20 s (E4s0 (α) − E4s0 (β) )(E4s(α) − Ee0CB )(E4s(β) − Ee0CB )

=A ·

Vss2 0 (E4s0 (α) − EeCB )(E4s0 (β) − EeCB )
·
,
Vs20 s (E4s(α) − Ee0CB )(E4s(β) − Ee0CB )

(B.9)

where all parameters that are intrinsic to the dopant center ( S6 A1 , S4 T1 , E4s , E4s0 ) are
replaced by a constant A. During the Auger de-excitation process, the total energy has to
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be conserved. Therefore, Ee0CB = EeCB + ∆E(4 T1 →
the dopant center ∆E(4 T1 →

6

6

A1 ) and the transition energy at

A1 ) can be considered as constant. This leads to a further

reduction of Eq. (B.9) to
J6s−d
A1 −e0

CB

J4s−d
T1 −eCB

=A·

Vss2 0
.
Vs20 s

(B.10)

Eq. (B.10) gives a relationship between the two exchange coupling constants that contribute
to the Auger de-excitation process in Mn2+ -doped semiconductors. In large nanocrystals
or bulk, Vss0 and Vs0 s can be estimated using Harrison’s tight-binding approach,[19, 94] and
can be shown to approach constants. As a result, Eq. (B.10) becomes a constant as well,
suggesting that J6s−d
A1 −e0

CB

and J4s−d
T1 −eCB are linearly dependent, and Eq. (3.7) takes on the

equality form. If Eq. (B.10) approaches a constant as the size of the system increases,
Eq. (3.7) becomes a good estimate for the exchange-type coupling in the Auger process,
otherwise it represents the upper bound.

115

Appendix C
ERROR ANALYSIS OF MODIFIED MIDPOINT UNITARY
TRANSFORMATION (MMUT) FOR THE DENSITY MATRIX
PROPOGATION
The MMUT[131, 106] used to propagate the density matrix in RT-TDDFT was originally
developed based on the “relax and drive” method proposed by Micha[157, 156, 158] for
efficiently integrating time-dependent Hartree-Fock (TDHF) equations. Basically, the new
density matrix is obtained in a two-step procedure. In the relax step, the approximation of
the new density matrix is obtained from a unitary transformation of an old one,
P̃tn+1 = Utn Ptn U†tn = exp(−i · ∆t · Ktn ) Ptn exp(i · ∆t · Ktn ).
(0)

(C.1)

(0)

Then, in the drive step, a first-order perturbation correction to the P̃tn+1 is computed via
Z tn+1
∆Ptn+1 =
dt0 Ut0 ∆0t0 U†t0
tn
Z tn+1
h
i
(0)
0
' Utn
dt (Kt0 − Ktn ), P̃tn+1 U†tn .
(C.2)
tn

The new density matrix is finally obtained through
(0)

Ptn+1 = P̃tn+1 + ∆Ptn+1 .

(C.3)

Note that the change of the KS matrix K from tn to tn+1 (due to the change of external
field) is taken into account only in the drive step.
If the external field varies linearly during the time step, the “drive” correction done by
Eq. (C.2) will be zero up to the first order in ∆t. Then, the propagation of density matrix
can be simply done by Eq. (C.1) with a slightly different propagator
(0)

Ptn+1 ' P̃tn+1 = exp(−i · ∆t · Ktn + ∆t ) Ptn exp(i · ∆t · Ktn + ∆t ).
2

2

(C.4)
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Eq. (C.4) is equivalent to Eq. (4.2), i.e. the MMUT of density matrix.
To analyze the error of MMUT, one can first expand Ptn+1 around Ptn
Ptn+1

∞
X
1 ∂ m Ptn
=
(∆t)m .
m
m!
(∂t)
m=0

(C.5)

Then, applying Eq. (4.1) to Eq. (C.5) gives


 2

1
∂
1 ∂
2
[Ktn , Ptn ] (∆t) − i
Ptn+1 = Ptn − i [Ktn , Ptn ] ∆t − i
[Ktn , Ptn ] (∆t)3 + · · ·
2
2 ∂t
6 (∂t)


1 ∂Ktn
1
2
, Ptn (∆t)2
= Ptn − i [Ktn , Ptn ] ∆t − [Ktn , [Ktn , Ptn ]] (∆t) − i
2
2
∂t

 2


1 ∂
1 ∂
Ktn , Ptn (∆t)3 −
Kt , [Ktn , Ptn ] (∆t)3
−i
2
6 (∂t)
3 ∂t n



1
1
∂
−
Ktn , Ptn (∆t)3 + i [Ktn , [Ktn , [Ktn , Ptn ]]] (∆t)3 + · · ·
(C.6)
Ktn ,
6
∂t
6
Note that Eq. (C.6) is the direct result of Liouville-von N eumann equation, and can be used
as a reference for the error analysis of MMUT. For Eq. (C.4), switch to Baker-CampbellHausdorff expansion, which gives
P̃tn+1 = exp(−i · ∆t · Ktn + ∆t ) Ptn exp(i · ∆t · Ktn + ∆t )
2
2
h
i 1 hh
i
i
= Ptn + Ptn , i · ∆t · Ktn + ∆t +
Ptn , i · ∆t · Ktn + ∆t , i · ∆t · Ktn + ∆t
2
2
2
2
i
i
i
1 hhh
+
Ptn , i · ∆t · Ktn + ∆t , i · ∆t · Ktn + ∆t , i · ∆t · Ktn + ∆t + · · ·
2
2
2
6
h
h
i
ii
1h
= Ptn − i Ktn + ∆t , Ptn ∆t −
Ktn + ∆t , Ktn + ∆t , Ptn (∆t)2
2
2
2
2
h
h
iii
1h
+i
Ktn + ∆t , Ktn + ∆t , Ktn + ∆t , Ptn
(∆t)3 + · · · .
(C.7)
2
2
2
6
The Ktn + ∆t can be expanded around Ktn via
2

Ktn + ∆t =
2

∞
X
1 ∂ m Ktn ∆t m
( ) .
m
m!
(∂t)
2
m=0

(C.8)
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Plugging Eq. (C.8) into Eq. (C.7) gives
P̃tn+1



1
1 ∂Ktn
2
= Ptn − i [Ktn , Ptn ] ∆t − [Ktn , [Ktn , Ptn ]] (∆t) − i
, Ptn (∆t)2
2
2
∂t




1 ∂2
1 ∂
3
−i
Kt , [Ktn , Ptn ] (∆t)3
Kt , Ptn (∆t) −
8 (∂t)2 n
4 ∂t n



1
∂
1
−
Ktn ,
Ktn , Ptn (∆t)3 + i [Ktn , [Ktn , [Ktn , Ptn ]]] (∆t)3 + · · ·
4
∂t
6

(C.9)

From Eq. (C.9) and Eq. (C.6), one can compute the local truncation error, τ n , of MMUT
propagation method,

1 
Ptn+1 − P̃tn+1
∆t


 2

1 ∂
1
∂
2
= −i
Kt , Ptn (∆t) −
Kt , [Ktn , Ptn ] (∆t)2
24 (∂t)2 n
12 ∂t n




1
∂
+
Ktn , Ptn (∆t)2 + O (∆t)3 .
Ktn ,
12
∂t

τn =

(C.10)

Thus, the local truncation error is O ((∆t)2 ), which means the MMUT propagation method
is second order accurate.
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Appendix D
THE IMPLEMENTATION OF CCSD AND EOM-CCSD IN
GAUSSIAN
If CC with singles and doubles (CCSD) is considered, then the CC wave function is
written as
|CCSDi = eT1 +T2 |0i.

(D.1)

In Gaussian, the CCSD/EOM-CCSD and its low-scaling approximations are coded in
L913.F. This section shows the subroutines used to compute CCSD/EOM-CCSD in L913.F.
For CCSD, the energy and amplitudes equations can be written as
1
E CCSD = h0|H(1 + T1 + T12 + T2 )|0i,
2
1 2
1
hµ1 |H(1 + T1 + T2 + T1 + T1 T2 + T13 )|0i = 0,
2
6
1 2
1
1
1
1
hµ2 |H(1 + T1 + T2 + T1 + T1 T2 + T22 + T13 + T12 T2 + T14 )|0i = 0.
2
2
6
2
24

(D.2)
(D.3)
(D.4)
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Its T1 equation (using optimized HF orbitals) to get tai is done in the following subroutines.
(i − a )tai =

X

hibkajitbj

in SS3.F

j,b

+

X

hjkkbcitck tab
ij

in CCSDSS.F

j,k,b,c

X

−

hjkkbcitaj tbc
ik

in UMP43.F

j,k,b>c

+

X

b c
c b
hajkbci(tbc
ij + ti tj − ti tj )

in SD4.F/DD1Drv.F

j,b>c

−

X

a b
b a
hjkkibi(tab
jk + tj tk − tj tk )

in SD5DS5.F

j>k,b

X

−

a c
c a
hjkkbcitbi (tac
jk + tj tk − tj tk ),

in UMP42.F

j>k,b,c

The CCSD T2 equation is done in the following subroutines.
(i + j −a − b )tab
ij = hijkabi
X
habkcjitci
+P (ij)

From IDB1-3
in DS4.F

c

−P (ab)

X
hkbkijitak

in SD5DS5.F

k

−P (ij)P (ab)

X

+P (ij)P (ab)

X

hkbkcjitak tci

in CCDSS1.F

hkbkcjitac
ik

in DD3ZR.F

k,c

k,c

1 X
ab
+
hklkcditcd
ij tkl
4 k,l,c,d
"
X
X
1
bd
d
hklkcditac
+ P (ab)
hbkkcditac
ij tk − P (ab)
ij tkl
2
k,c,d
k,l,c,d
#
X
− P (ab)
hklkcditck tal tdb
ij

in UMP41.F(DD41R.F)

in UMP42.F

k,l,c,d

"

X
X
1
cd
− P (ij)
hklkcditab
hklkcditck tdi tab
ik tjl + P (ij)
lj
2
k,l,c,d
k,l,c,d

#
in UMP43.F
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"

X
X
1
db
b
P (ij)P (ab)
hklkcditac
hklkcditci tad
ik tlj + P (ij)P (ab)
kj tl
2
k,l,c,d
k,l,c,d
#
X
X
c
a
+ P (ij)P (ab)
hakkcditdb
hklkicitcb
kj ti − P (ij)P (ab)
lj tk
+

k,c,d

"

k,l,c

X
1
habkcditci tdj
habkcditcd
ij + P (ij)
2
c,d
c<d

#

X

+

in UMP44.F and UMP4Ry.

in DD1.F

#
X
X
1
1
b
− P (ab)
hakkcditcd
hakkcditci tdj tbk
ij tk + P (ij)P (ab)
2
2
k,c,d
k,c,d
"
X
X
X
1
1
c
+
hklkijitab
hklkijitak tbl + P (ij)
hklkicitab
kl + P (ab)
kl tj
2
2
k<l
k<l
k,l,c
X
X
1
1
b
+ P (ij)P (ab)
hklkicitak tbl tcj + P (ij)
hklkcditci tab
kl tj
2
4
k,l,c
k,l,c,d
#
X
X
1
1
b
hklkcditak tcd
hklkcditci tak tdj tbl .
+ P (ab)
ij tl + P (ij)P (ab)
4
4
k,l,c,d
k,l,c,d
"

in SD5DS5.F

in DD41R.F

For EOM-CCSD, the Jacobian is

HEOM −CCSD = 

H̄
H̄

SS

DS

H̄
H̄

SD

DD


,

(D.5)

121

in which,
1
SS
= hΦai |ĤN (1 + T̂1 + T̂2 + T̂12 )R̂1 |Φ0 i
H̄ai
2
X
X
X
hjkkibi(tbk rja + taj rkb )
= (a − i )ria +
hajkibirjb +
hajkbci(tcj rib + tbi rjc ) −
j,b

j,k,b

j,b,c

X
1 X
1 X
b
bc a
b
−
r
−
r
+
hjkkbcitac
hjkkbcit
hjkkbcitac
jk i
ik j
ik rj
2 j,k,b,c
2 j,k,b,c
j,k,b,c
X
−
hjkkbci(tbi taj rkc + tbi rja tck + rib taj tck ),

(D.6)

j,k,b,c
SD
H̄ai
= hΦai |ĤN (1 + T̂1 )R̂2 |Φ0 i
1X
1X
bc
ab
hajkbcirij
−
hjkkibirjk
=
2 j,b,c
2 j,k,b
X
1 X
1 X
ac b
ac b
bc a
hjkkbcirik
tj ,
−
hjkkbcirjk
ti −
hjkkbcirik
tj +
2 j,k,b,c
2 j,k,b,c
j,k,b,c

(D.7)

1 2
1 3
DS
H̄abij
= hΦab
ij |ĤN (1 + T̂1 + T̂2 + T̂1 + T̂1 T̂2 + T̂1 )R̂1 |Φ0 i
2
6
X
X
X
X
hklkijirka tbl
habkcdiric tdj + P (ab)
hkbkijirka + P (ij)
habkcjiric − P (ab)
= P (ij)
c

− P (ij)P (ab)

k,l

c,d

k

X

X
hakkcdiric tdb
hkbkcji(ric tak + tci rka ) + P (ij)P (ab)
kj
k,c

k,c

X
1
1
b cd
hklkicirka tcb
−
P
(ab)
hakkcdir
P
(ij)
hklkicirjc tab
t
+
lj
k ij
kl
2
2
k,l,c
k,c,d
k,l,c
X
X
X
1
c ab
P
(ij)P
(ab)
hkbkcdirka tci tdj
+ P (ab)
hbkkcdirkd tac
−
P
(ij)
hklkjcir
t
−
ij
l ik
2
k,c,d
k,c,d
k,l,c
X
X
1
hklkicirjc tak tbl − P (ij)P (ab)
hkbkcdiric tak tdj
+ P (ij)P (ab)
2
k,l,c
k,c,d
X
X
X
1
1
+ P (ij)P (ab)
hklkicirka tcj tbl + P (ij)
hklkcdiric tdj tab
hklkcdirka tbl tcd
kl + P (ab)
ij
2
2
k,l,c
k,l,c,d
k,l,c,d
X
X
+ P (ij)P (ab)
hklkcdiric tbl tad
hklkcdirlb tci tad
kj + P (ij)P (ab)
kj
− P (ij)P (ab)

X

X

k,l,c,d

− P (ij)

X

hklkcdi(rkc tdi + rid tck )tab
lj − P (ab)

k,l,c,d

k,l,c,d

X

hklkcdi(rkc tal + rla tck )tdb
ij

k,l,c,d

1
+ P (ij)P (ab)
hklkcdi(rjd tbl + rlb tdj )tci tak ,
2
k,l,c,d
X

(D.8)
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1 2
DD
= hΦab
H̄abij
ij |ĤN (1 + T̂1 + T̂2 + T̂1 )R̂2 |Φ0 i
2
X
X
1
1X
ab
cd
ab
ca
+
+
− P (ij)P (ab)
= (a + b − i − j )rij
habkcdirij
hklkijirkl
hkbkcjirik
2 c,d
2 k,l
k,c
X
X
X
1
db
cd
+ P (ij)P (ab)
hakkcditci rkj
− P (ij)P (ab)
hklkicitak rljcb − P (ab)
hakkcditbk rij
2
k,c
k,l,c
k,c,d
X
X
X
1
ab
ac
ab
hklkicitcj rkl
+ P (ab)
+ P (ij)
hbkkcditdk rij
− P (ij)
hklkjcitcl rik
2
k,l,c
k,c,d
k,l,c
X
X
1
cd ab
ab
ac db
hklkcdi(rij
tkl + tcd
hklkcdirik
tlj
+
ij rkl ) + P (ij)P (ab)
4 k,l,c,d
k,l,c,d
X
X
1
1
bd ac
cd
ab cd
ac
− P (ij)
hklkcdi(tab
P
(ab)
hklkcdi(rkl
r
tij + tbd
+
r
t
)
−
ik jl
ik jl
kl rij )
2
2
k,l,c,d
k,l,c,d
X
X
X
1
1
ad
ab
cd
hklkcditci tbl rkj
hklkcditci tdj rkl
+ P (ab)
hklkcditak tbl rij
+ P (ij)P (ab)
+ P (ij)
4
4
k,l,c,d
k,l,c,d
k,l,c,d
X
X
db
hklkcditck tal rij
.
(D.9)
hklkcditdi tck rljab − P (ab)
− P (ij)
k,l,c,d

k,l,c,d
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The following shows the subroutines used to compute the above terms.
SD
SS
EOMAB.F
= (a − i )ria
+ H̄ai
H̄ai
X
X
X
X
b
+
hajkibirjb +
hajkbcitbi rjc −
hjkkibitaj rkb +
hjkkbcitac
ik rj
j,b

−

X

j,b,c

j,k,b

hjkkbcitbi taj rkc

j,k,b,c

ZDD3u.F

j,k,b,c

1X
bc
hajkbcirij
SD4.F
2 j,b,c
X
X
1 X
1 X
b
a
hjkkbcitac
hjkkbcitbc
r
−
+
hajkbcitcj rib +
hjkkibitbk rja −
jk i
ik rj
2
2
j,k,b,c
j,k,b,c
j,b,c
j,k,b
X
X
hjkkbcirib taj tck
ZMP432.F
hjkkbcitbi rja tck −
−
+

j,k,b,c

−
−
−
+

1X
ab
hjkkibirjk
2 j,k,b
1 X
ac b
hjkkbcirjk
ti
2 j,k,b,c
1 X
bc a
hjkkbcirik
tj
2 j,k,b,c
X
ac b
hjkkbcirik
tj ,
j,k,b,c

j,k,b,c

ZSD5DS.F
RZMP42.F
RZMP43.F
ZSS3.F
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and
DD
DS
+ H̄abij
H̄abij
ab
= (a + b − i − j )rij
X
+ P (ij)
habkcdiric tdj

EOMAB.F
DD1.F

c,d

− P (ij)P (ab)

X

hkbkcdiric tak tdj

ZiabcT.F

k,c,d

X
1
+ P (ij)P (ab)
hklkcdirjd tbl tci tak
UZMP41.F
2
k,l,c,d
X
X
X
1
1
hkbkcdirka tci tdj + P (ij)P (ab)
hklkcdirlb tdj tci tak
hklkijirka tbl − P (ij)P (ab)
+ P (ab)
2
2
k,c,d
k,l,c,d
k,l
ZDD2.F
X
X
X
1
hkbkcjiric tak + P (ij)P (ab)
habkcjiric − P (ij)P (ab)
+ P (ij)
hklkicirjc tak tbl
2
c
k,c
k,l,c
ZSD4.F
X
X
X
1
hkbkcdirka tci tdj .
− P (ab)
hkbkijirka − P (ij)P (ab)
hkbkcjitci rka − P (ij)P (ab)
2
k,c,d
k
k,c
ZSD5DS.F
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Appendix E
THE IMPLEMENTATION OF CC2 IN GAUSSIAN
The CC2 model is the second order approximation of CCSD,[48] whose amplitude equations are expressed as
hµ1 |e−T̂1 −T̂2 HeT̂1 +T̂2 |0i = 0,

(E.1)

hµ2 |e−T̂1 HeT̂1 + [F, T̂2 ]|0i = 0.

(E.2)

Here, H is defined as H = F + U , in which F is a one-electron operator, F =

P

P

P a†P aP ,

and U is a two-electron operator. Note that CC2 doesn’t modify T1 equation, but only T2
equation. The elaborated CC2 T2 equation to get tab
ij is

(i + j − a − b )tab
ij =hijkabi
X
+P (ij)
habkcjitci

From IDB1-3
in DS4.F

c

X
hkbkijitak
−P (ab)

in SD5DS5.F

k

−P (ij)P (ab)

X
hkbkcjitak tci

in CCDSS1.F

k,c

X
1
in DD1.F
habkcditci tdj
+ P (ij)
2
c,d
X
1
− P (ij)P (ab)
in SD5DS5.F
hakkcditci tdj tbk
2
k,c,d
"
X
X
1
1
+ P (ab)
hklkijitak tbl + P (ij)P (ab)
hklkicitak tbl tcj
2
2
k<l
k,l,c
#
X
1
+ P (ij)P (ab)
hklkcditci tak tdj tbl .
in DD41R.F
4
k,l,c,d
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The difference between the EOM-CCSD Jacobian with the CC2 Jacobian comes from the
double-single block and the double-double block.

HEOM −CCSD = 

H̄

SS

H̄DS

H̄

SD

H̄DD





 vs. HEOM −CC2 = 

H̄

SS

H̄

H̄DS∗

SD

H̄DD∗




1 3
1 2
DS
H̄abij
= hΦab
ij |ĤN (1 + T̂1 + T̂2 + T̂1 + T̂1 T̂2 + T̂1 )R̂1 |Φ0 i
2
6
1
DD
2
H̄abij
= hΦab
ij |ĤN (1 + T̂1 + T̂2 + T̂1 )R̂2 |Φ0 i
2
1 2 1 3
DS∗
⇒ H̄abij
= hΦab
ij |ĤN (1 + T̂1 + T̂1 + T̂1 )R̂1 |Φ0 i
2
6
DD∗
H̄abij
= hΦab
ij |F̂N R̂2 |Φ0 i
DS∗
DD
The following shows the subroutines used to compute H̄abij
+ H̄abij
.
DS∗
DD
H̄abij
+ H̄abij
ab
= (a + b − i − j )rij
X
+ P (ij)
habkcdiric tdj

EOMAB.F
DD1.F

c,d

− P (ij)P (ab)

X

hkbkcdiric tak tdj

ZiabcT.F

k,c,d

X
1
hklkcdirjd tbl tci tak
+ P (ij)P (ab)
UZMP41.F
2
k,l,c,d
X
X
X
1
1
hkbkcdirka tci tdj + P (ij)P (ab)
hklkcdirlb tdj tci tak
hklkijirka tbl − P (ij)P (ab)
+ P (ab)
2
2
k,c,d
k,l,c,d
k,l
ZDD2.F
X
X
X
1
+ P (ij)
habkcjiric − P (ij)P (ab)
hkbkcjiric tak + P (ij)P (ab)
hklkicirjc tak tbl
2
c
k,c
k,l,c

− P (ab)

X
k

ZSD4.F
X
X
1
hkbkijirka − P (ij)P (ab)
hkbkcjitci rka − P (ij)P (ab)
hkbkcdirka tci tdj
2
k,c
k,c,d
ZSD5DS.F
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The benchmark test using both closed shell CC2 and open shell CC2 has been done for
18 molecules (see Fig. E.1) over 80 low-lying single excitations. The basis set used in the
benchmark is TZVP basis set given the compromise between accuracy and cost. For all the
molecules, the geometries have been optimized in the MP2/TZVP level. As can be seen, the
CC2 excitation energies and corresponding oscillator strengths computed in this work agree
pretty well with the previous reported values [187].

Figure E.1: Some organic molecules used for CC2 benchmark test.

Table E.1 shows the K-edge core excitation energies of some small molecules computed
by energy specific CCSD (ES-CCSD) and its low-scaling approximations. As can be seen,
as O(N 5 ) methods, CC2 significantly outperforms P-EOM-MBPT2 by 1∼3 eV for all the
C, N, and O K-edge excitations studied in this test. Furthermore, CC2 can sometimes even
outperforms CCSD as exemplified by the N K-edge excitation in NH3 and all the O K-edge
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Figure E.2: CC2 vertical excitation energies computed in this implementation compared
with literature values.

excitations studied in this test.
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Figure E.3: CC2 dipole-allowed oscillator strengths computed in this implementation compared with literature values.
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Table E.1: Calculated K-edge transition energies for some small molecules. The basis set
used here is d-aug-cc-pCVDZ.

Molecules

Excitation

Calculated excitation (eV)

energy (eV)

Experimental

ES-CC2

ES-P-EOM-MBPT2

ES-EOM-MBPT2

ES-EOM-CCSD

values (eV)

NH3

N

1s → 3s

402.90

405.63

403.68

403.59

400.66 [185]

Formaldehyde

C

1s → π ∗

289.52

290.83

288.54

288.21

285.59 [178]

O

1s → π

∗

534.03

536.59

534.47

534.43

530.82 [178]

C

1s → 2pπ ∗

290.57

291.81

289.88

289.46

287.40 [61]

536.76

539.71

537.74

537.70

534.21 [174]

CO

∗

O

1s → π

N2

N

1s → 2pπg

404.51

406.78

404.30

403.78

401.00 [193]

N2 O

NT

1s → 3pπ ∗

404.77

407.65

405.27

404.37

401.10 [1]

NC

∗

407.64

410.94

408.63

407.83

404.70 [1]

1s → 3pπ

Ethene

C

1s → π ∗

288.53

289.89

287.43

287.36

284.67 [216]

H2 O

O

1s → 4a1 /3s

535.69

538.98

537.52

537.56

534.00 [185]

