
c©Copyright 2016

Daehan Won





Optimization and Machine Learning Frameworks for Complex
Network Analysis

Daehan Won

A dissertation
submitted in partial fulfillment of the

requirements for the degree of

Doctor of Philosophy

University of Washington

2016

Reading Committee:

W. Art Chaovalitwongse, Chair

Thomas Grabowski

Archis Ghate

Adrian KC Lee

Onur Seref

Program Authorized to Offer Degree:
Industrial and Systems Engineering





University of Washington

Abstract

Optimization and Machine Learning Frameworks for Complex Network Analysis

Daehan Won

Chair of the Supervisory Committee:

Professor W. Art Chaovalitwongse

Industrial and Systems Engineering

Networks are all around us, and they may be connections of tangible objects in the Euclidean

space such as electric power grids, the Internet, highways systems, etc. Among the wide

range of areas in the network analysis, finding critical component in the large scale complex

networks is one of the most challenging but fascinating problem in the network analysis.

Analytical approaches of finding critical components have been widely studied and exten-

sively used to investigate and provide meaningful characterizations of the intrinsic dynamics

and properties of complex structures in networked systems.

The objective of this thesis is to build novel mathematical models for finding critical compo-

nents and connectivity patterns in complex networks that may reveal hidden, yet insightful,

information for the investigation of underlying dynamics of the networks.

In particular:

1. I propose mixed integer programming (MIP) models to seek k-Cardinality Tree (KCT)

which address the finding critical components problem. I proposed seven variations of

MIP models that are based on connected component constraints and subtour elimina-

tion constraints. Through the investigation of polyhedral structures and experimental

results, the best performance model has been chosen and then we compared it with

state of the art algorithm in the literature.

2. I expand our scope to find critical components in the labeled networks. I design two

mathematical programming model to determine k-sized critical component including



the most informative edges to classify the networks. As a first step, we develop mixed

integer programming (MIP) model for finding critical components in the networked

data classification. Due to the computationally intractability on the large scaled data,

I built a branch-and-cut algorithm based on the Benders decomposition.

3. I also build a mixed integer nonlinear programming (MINLP) model based on the

support vector machine (SVM) formulation. Rather than solving this MINLP directly,

an efficient iterative algorithm combining with multiple kernel learning is proposed.

To demonstrate the utility of the proposed models and solution approaches, synthetic net-

works and brain functional connectivity networks are used as case points in this thesis.

Through the extensive experiments on both data sets, proposed approaches achieve impres-

sive scalability and comparable or even better performance rather than the state-of-the-art

methods. On human brain networks, the approaches are used to detect informative regions

of interests (ROIs) and their connectivity patterns that may be useful in detecting people

who are risk of developing neurological diseases.
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1

Chapter 1

INTRODUCTION

Biological systems, chemical interactions, social networks, the Internet, and the neural

system of the human brain are only a few examples of items composed by a large number of

highly interconnected dynamic units. The first step toward capturing the global and local

properties of connected systems is to represent them as general networks. In particular, as

symbolic representations. Graphs have been commonly used as frameworks for modeling

system components as nodes, with connections between components as edges [77, 176].

With the rapid development of technology, large-scale networks with complicated structural

connectivity, which have been called “complex networks”, have emerged in various applica-

tions, such as social networks, bioinformatics, and human brain connectivity. The explosive

growth in the size of this data has brought substantial challenges, as well as opportunities

for network science.

Analyzing large-scale networks gives rise to critical issues, such as data storage, scalability

issues for analytical algorithms, and the difficulty of understanding the intrinsic character-

istics of a network.

Despite these challenges, such complex networked data have also brought great opportunities

for data analysis, such as the chance to reveal underlying characteristics of networks, the

possibility of improving stability and general performance, and the discovery the hidden

knowledge within this massive data.

In this thesis, I present novel frameworks for complex network analysis, while introducing the

concept of optimization frameworks to understand the intrinsic dynamics and underlying

structure of complex networks. Specifically, I have focused on determining the critical

components of a single network and group-labeled networks and this has provided insight

into the intrinsic dynamics and properties of complex structures in networked systems.
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1.1 Researches on Networks

Basically, research on networks can be summarized into three categories: network optimiza-

tion, the study of global attributes, and machine learning.

1.1.1 Network Optimization

Historically, the study of networks has been mainly the domain of graph theory. Since its

birth in 1736, when the Swiss mathematician, Leonhard Euler, published the solution to

the königsberg Bridge Problem (consisting of finding a round trip that traversed each of the

bridges of the Prussian city of königsberg exactly once), graph theory has witnessed many

exciting developments and has provided answers to a series of practical questions such as

what the maximum flow per unit time is from source to sink in a network of pipe lines;

how to color the regions of a map using the minimum number of colors so that neighboring

regions receive different colors or how to assign n jobs to n people with maximum total

utility [23].

Solving problems based on graph theory has been called “network optimization”. This

research has focused on finding objective structures, establishing strategies, and deducing

other solutions in terms of a problems characteristics by satisfying the given objectives and

constraints of the problem.

Mathematical optimization (alternatively, optimization or mathematical programming) is

the selection of a best solution with regard to some criteria from a set of available alterna-

tives. As a branch of optimization, network optimization seeks to find the optimal solution

of a problem when the problem structure is composed of network representation. Net-

work optimization has been used to solve various practical network-structured optimization

problems, such as the shortest path problem and problems involving assignments, max-flow,

transportation, optimal trees, and the Traveling Salesman Problem, all of which constitute

the most common class of optimization problem.

Aside from their wide usage in practice, methodologically, the ties between linear program-

ming and combinatorial optimization can be traced to the representation of the constraint

polyhedron as the convex hull of its extreme points. When a network is involved, however,
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these ties become much stronger because the extreme points of the polyhedron are integer

and represent solutions of combinatorial problems. Because of this structure and also be-

cause of their intuitive character, network models provide ideal vehicles for explaining many

of the fundamental ideas which are present in common optimization problems [20].

One representative network optimization problem is the network flow problem. The net-

work flow problem is one of the most important and most frequently encountered class of

optimization problems. It arises naturally in the analysis and design of large systems, such

as communications, logistics, and transportation. It can also be used to model important

classes of combinatorial problems. e.g., job assignments, issues concerning matching and

the Traveling Salesman Problem. Basically, the network flow problem consists of source

and sink points, combined with several routes that connect these points and that are used

to transfer the source to the sink. These routes contain intermediate transshipment points.

Often, the source, sink, and transshipment points can be modeled by the nodes of a graph,

and the routes can be modeled by the paths of the graph. Furthermore, there may be

multiple types of commodities delivered via these routes. There are also some constraints

concerning the characteristics of the route, such as capacity, and some cost and revenue

issues associated with using particular routes. Such problems can be modeled as network

optimization problems, whereby we try to find routes that involve the minimized cost or

maximized revenue, while satisfying transshipment conditions from source to sink points.

The max-flow problem is based in the boundary of the network flow problem. Its objective is

to move as much flow as possible from source to sink, while observing capacity constraints.

More precisely, in solving this problem, we want to find a flow vector that makes the

divergence of all nodes other than the source and sink equal to zero, while maximizing the

divergence of the source. The max-flow problem arises in many practical situations, such

as calculating the throughput of a highway system or a telecommunication network.

In addition to the flow conservation and bounds, there exist network optimization problems

that involve identifying a subset of networks that satisfy a set of constraints with minimum

or maximum total cost. Such a problem has been called a “network design problem”. In

particular, there may be constraints that couple the flows of different edges, and there may

also be integer constraints involving these flows. For example, the flow of the edge can
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be either 0 or 1. There are popular combinatorial optimization problems like this, such as

the Traveling Salesman Problem (TSP) [10]. This problem refers to a salesman who wants

to find a minimum cost tour that visits each of N given cities exactly once and to then

return to the city where he started. Intuitively, to convert this to a network flow problem,

we associate a node with each city and we introduce an edge with an edge cost. The

optimal tree problem is one of the examples of network design problems based on integer

programming optimization.

The minimum spanning tree problem is the most representative optimal tree problem. As

well as the minimum spanning tree problem, the k-cardinality tree problem can also be a

network optimization problem [74]. This seeks to find the subtree of a given graph with

exact k edges and minimum edge weights. There are a number of variations of optimal

tree problems aside from these two. The Steiner Tree Problem involves finding a tree that

includes the subset S of its nodes and has a minimum total weight of edges in the founded

tree [98].

1.1.2 Global Attributes in Complex Network

Aside from network optimization, scientists have to cope with structural issues, such as

characterizing the topology of complex architecture, revealing the unifying principles at

the basis of real networks, and developing models that mimic the growth of a network

and reproduce its underlying structural properties. To that end, much research has been

done on network analysis and this has provided meaningful insight into networks and also

information that may be applied to other areas.

In the 1990s, with the introduction of the Internet, it became possible for us to observe the

dynamics and evolution of this large-scale network. This new opportunity generated fresh

interest in analyzing common patterns in real networks. These studies led to the conclusion

that different kinds of networks share some macroscopic statistical properties. For example,

when studying the worldwide web, protein interaction, Facebook, and several other real

networks, it has been noticed that all of them have a similar degree of distribution and a

similar community structure [32].
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The massive comparative analysis of networks from different areas has produced plenty of

results. The first problem though is structural. The research on complex networks began

with the effort to define new concepts and a determination to characterize the topology

of networks. This has led to remarkable results involving the identification of a series of

unifying principles and statistical characteristics common to most of the real networks.

The node degree is the first relevant result, which is the number of directed connections to

other nodes (i.e., the number of neighborhood nodes). In a real complex network, the degree

distribution, P (k), is defined as the probability that a node selected uniformly at random

has degree k and significantly deviates from the Poisson distribution expected for a random

graph and, in many cases, exhibits a power law (scale-free) tail with an exponent r ranging

from 2 to 3. Besides this, real networks are defined by node degree correlations, by having

a relatively short path between any two nodes (e.g., a small world network property), and

by specific motifs.

Since there is a pressing need to reflect real world networks accurately, these findings have

initiated a revival of modeling which involves compensating for the lack derived from the

limitations of graph theory approaches. It has been shown that engaged architecture offers

important results for network robustness and responses to external attacks or perturbations.

At the same time, it reveals the possibility of empirically studying the dynamical behavior

of large assemblies of systems interacting via complex topologies.

This allows us to investigate the evidence that points to the important role played by network

topology in determining the emergence of collective dynamical behavior, e.g., synchroniza-

tion or in governing the main attributes of relevant processes that take place in complex

networks, such as the spreading of epidemics, information, and rumors. Considering these

emerging research interests in the world of complex network analysis, there are a number

of review papers and books already in existence [182, 7, 142, 202, 35].

Differing from deterministic graph theory-based approaches, this work provides approx-

imation, since it means translating the interaction between two dynamical units, which

is usually dependent on time, space, and many more other details, into a simple binary

variable: the existence of a link between two corresponding nodes. Although the graph

representation step is based on the approximation scheme, it provides a simple, but still
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powerful representation of the system.

Recently, the growing availability of databases and the optimized configuration of computing

facilities have provided better machinery to explore the topological properties of several

networks from the real world. This allows us to investigate the topology of interactions in

various systems as diverse as communications, social networks, and biological systems. From

these investigations, we have observed that most real networks are characterized by the same

topological properties, such as, for instance, relatively small characteristic path lengths, high

clustering coefficients, fat-tailed shapes in their degree distributions, degree correlations, and

the presence of motifs and community structures, despite a difference of inheritance in these

networks (detailed description of these characteristics will be presented in Chapter 2). All

of these observations imply that real networks are quite far from the regular lattices and

random graphs which have been used as the standard models in mathematical graph theory.

Furthermore, this research has allowed us to understand evolutionary processes, such as

the topology of a network, and the design processes of models that reflect the significant

properties we have empirically observed. In Chapter 2, we will briefly discuss the modeling

process. In this section, we will present the most important topological properties, such as

the small world network and scale-free networks. More detailed descriptions are offered by

[31].

The study of dynamical processes over real networks has revealed the existence of shortcuts,

thus increasing communication speed between distant nodes. Lets suppose the presence of

regular, hyper-cubic lattices H, where dim(H) = d. The average number of nodes (=N)

one has to pass by so as to arrive at an arbitrarily selected node involves following the

lattice size as N1/d. Conversely, in most of the real networks, there is a relatively short

path between any two nodes. The small world network property represents this feature

and it is defined by an average shortest path length L that depends logarithmically on the

network size N [202].

Furthermore, this is a mathematical property of some network models, such as, for instance,

in random graphs. The small world network property of real networks is often associated

with the presence of clustering coefficients, denoted by high values of clustering coefficients

(see Chapter 2 for details). For this reason, [202] proposed to define a small world network
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as a network having both a small L and a high clustering coefficient C.

In 1999, Albert et al. started to draw a map of the Internet and observed the surprising

result that only a few pages possess the majority of links, whereas most pages are only

sparsely connected. This was totally different from the conventional expectation that the

degree distribution of nodes would be localized around an average value [17]. Based on the

fact that they found the degree distribution was following a power law, such as P (k) ∼ Ak−r,

they denoted this as a scale-free network.

Since the observations of Albert et al.[17], many researchers have empirically analyzed many

real world networks with this scale-free property. As a result, r is the degree exponent and

this ranges between 2 and 3 (precisely 1.9 ≤ r ≤ 2.5). This factor is derived by counting

the number of edges per node and plotting the results by increasing degrees within a chart

with a log-log-scale (the slope of the resulting straight line is r).

# of nodes = 10 # of nodes = 30 # of nodes = 50

# of nodes = 70 # of nodes = 90 # of nodes = 110

Figure 1.1: Scale free network generation process. The volume size of the node is directly
proportional to the degree of the node
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1.1.3 Machine Learning on the Networks

In the machine learning community, there has been a lot of interests in recent years in

learning about networked data. Machine learning approaches to networks (aka graph min-

ing) can be categorized into the following subgroups: (i) Network clustering (unsupervised

learning)this is the task of grouping networks into clusters by means of similarity measures.

Various ways have been investigated in order to represent the structural information of

networks, , such as patterning common subnetworks [43], calculating the median of a set

of networks, applying k-means clustering [94], and developing spectral feature vectors for

network representation [128]. (ii) Network classification (supervised learning) corresponds

to the task of predicting the label (=class) of a given network. This is similar to network

optimization and standard analysis of networks, and it has a wide application range from

chemical compound informatics (e.g., having compounds that are toxic or non-toxic as tar-

gets) and bio-informatics (e.g., classifying proteins into different families and classifying

tissue samples), to telecommunication networks (e.g., classifying customers based on their

conversation patterns) and social networks (e.g., classifying users based on their feeds on

Twitter, Facebook, and so on) [102, 120, 72]. This learning model in itself does not differ

from the existing classification models. Therefore, most proposed schemes have dealt with

the extraction of features from the networked data.

One of the most popular extraction techniques is the use of kernels. These have been

widely used due to their ability to represent data as a symmetric, positive semi-definite

matrix which contains a pairwise similarity between all pairs of networks in the population.

Using the kernel between networks was firstly proposed by Gärtner et al. [82] and this was

based on random walks or cycles. Additionally, several topology-based kernels have been

developed, e.g., shortest paths [33], subtrees[161], and cycles[95].

A common point of view concerning these kernels is that their features are composed of

counts of label sequences produced by network traversal. Thus, the essential difference

between the kernels lies in how networks are traversed and which methodologies are involved

in calculating them.

In mathematics, it is possible to consider a kernel based on a more complicated structure.
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However, considering all possible subnetworks is hard [82]. Recently, subgraph mining has

come into the spotlight due to its high performance rate. In considering subnetworks as

features, the basic idea is to mine frequent subnetworks and employ them as features for

classification, e.g., with SVM [61]. [61] Scientists have conducted experiments on chemical

compound data based on the assumption that substructure patterns are good indicators

of belonging to one particular label. Popular methods for subnetwork pattern mining are

gSpan [208] and FFSM [96]. However, all of them involve expensive computation since the

number of frequent subnetworks is extremely huge, especially in large, complex networks.

Aside from the kernel method, global attributes also can be used as features for classification.

We can construct a feature vector by means of calculating topological attributes [120]. This

technique is underpinned by the premise that networks that belong to the same group

should have similar topological and group attributes. The most prominent advantage of

this technique is its easiness to implement and fast computation time.

In contrast to the above two methodologies based on an unweighted network which only

considers binary connectivity, weights on edges can be represented as a feature vector by

a concentration of weights. This method is especially useful for homogeneous structure

networks with different weights, such as human brain connectivity networks [121]. Note

that we are mainly focusing in this thesis on network classifications where all given networks

have homogeneous structures with different edge weights.

1.2 Networks Applications

In this section, I provide a brief information of two representative networks which may

involve large scale of networked data with complicated structures: sensor networks and

human brain networks. Due to the structural complexity of the data, both of them have

been regarded as complex networks [1, 162].

1.2.1 Sensor Network

Here, I present a brief information to the history and current state of the art with regard

to sensor networks. The origins of the research on sensor networks(SN) (or wireless sensory

network, WSN) can be traced back to the Distributed Sensor Networks (DSN) program at
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the Defense Advanced Research Projects Agency (DARPA) at around 1980. Due to the

high operation cost and large size of sensors in early SN, its applications were limited to

specific usage.

Recent advances in computing, communication technology have caused a significant shift

in SN researches and brought it closer to achieving the original vision. In the new wave

of sensor network research, networking techniques and networked information processing

suitable for highly dynamic ad-hoc environments and resource-constrained sensor nodes

have been the focus. Further, the sensor nodes have been much smaller in size and much

cheaper in price, and thus many new applications of sensor networks such as environment

monitoring, vehicular sensor network and body sensor network have emerged.

Currently, SN has been viewed as one of the most important technologies for the 21st

century. Countries such as China have involved SNs in their national strategic research

programs [145].

Components of SN

Basically, a SN consists of spatially distributed sensor nodes. In a SN, each sensor node

can perform some processing and sensing jobs independently. In Further, sensor nodes

communicate with each other in order to forward their acquired information to a central

processing unit or hub location. Basically, each sensor node consists of several hardware

components: a radio transceiver, a processor, memories, power source and sensors.

• Processor: the functionality of a processor is to schedule tasks, process collected data,

and control the functionality of other components

• Transceiver: a transceiver is addressing the communication of a sensor node. It in-

cludes a choice option of transitioning data types such as radio frequency, laser, in-

frared etc.

• Memory: a memory is composed of two type: in-chip flash memory and random access

memory (RAM) of external memory.

• Power Source: due to the power consumption by various sensing activities, power can

be stored in batteries or capacitors. Usually, battery have been preferred.
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• Sensors: it is a hardware device that produces a measurable response signal to a change

in a physical condition such as temperature, humidity and any specific status.

Network Functioning

A SN is a network consisting of numerous sensor nodes with sensing, wireless commu-

nications and computing capabilities. These sensor nodes are scattered in an unattended

environment (i.e. sensing field) to sense the physical world. The sensed data can be collected

by a few sink nodes which have accesses to infra-structured networks. Finally, end users

(i.e., network operators) can remotely fetch the sensed data by accessing infra-structured

networks. According to the Alyildiz et al. [6], basic protocol of SN is composed of following

five layers: application, transport, network, data linkage, and physical. The physical is re-

sponsible for frequency selection, carrier frequency generation, signal detection, modulation

and data encryption. The data linkage is responsible for the multiplexing of data streams,

data frame detection, medium access and error control. The network layer takes care of

routing the data supplied by the transport layer. The network layer design in WSNs must

consider the power efficiency, data-centric communication, data aggregation, etc. The trans-

portation layer helps to maintain the data flow and may be important if SNs are planned

to be accessed through the Internet or other external networks. Depending on the sensing

tasks, different types of application software can be set up and used on the application layer.

Applications

The original aim of SN development is usage on the military area. As the costs for sensor

nodes and communication networks have been reduced, many other potential applications

including those for practical purposes have emerged [6, 53].

• Environment monitoring: it can be used for animal tracking, forest surveillance, pol-

lution level detection, and weather forecasting.

• Healthcare monitoring: SN can be embedded into a hospital or medical institution to

track and monitor patients and all medical resources.

• Industrial Sensing: In a manufacturing (or processing ) plant, equipment failure cause
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unplanned downtime and it induces serious cost defects. A SN in the machine make

it economically feasible to monitor the “malfunctioning” machines and to ensure safe

operation.

• Traffic Control: SN have been used for traffic monitoring and controlling. At many

roads, there are either overhead or buried sensors to detect vehicles and to control the

traffic lights.

• Security: SN can be used for infrastructure security and preventing terrorism appli-

cations. Critical buildings and facilities (e.g, power plant) have to be protected from

external invasions. SN consists of video, acoustic, and other sensor nodes can be

deployed around these facilities.

1.2.2 Brain Networks

Neural assemblies (i.e., local connections of neurons) are considered to be largely distributed

and linked to form a Web-like structure of the brain [195]. The resulting networks, which is

sparse, is able to coordinate and integrate distributed brain activities in a neural process.

The interaction of neuron organizations and neural functions was revealed out by [178].

The most important fact that is addressed whether the structure of neural connection is

related to brain functions. Even though there exist a huge number of neurons and their

communications in human brain cortex, the brain organization is constrained by optimizing

principles of resource allocation and constraint minimization [110]. Especially, in the course

of the brain evolution, the number of neurons has increased, whereas their connections have

become indirect.

Connectivity would lead to minimized cost of interconnection between neural regions, thus

yielding an efficient communication. Since a brain has the complicated structure, there has

been an explosion of interest in exploring and understanding the intrinsic brain networks.

As the intrinsic networks vary over time, neurons dynamics change continuously. This plas-

ticity makes neurons changing their connection continuously or establishing new connections

according to underlying needs. This dynamic connection between different cortical regions

would emerge the global dynamics. According to recent studies, a functional connection
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(time dependent) and not only a simultaneous activation of the population of neurons, is a

fundamental mechanism for the large scale network integration problem. By means of this

mechanism, local population of synchronized neural assemblies are integrated functionally

at various spatial and temporal scales as a comprehensive neural process. Thus, human

brain is an example of a complex system that can be described as an active network of

neuronal elements (i.e., neurons) in convert with a complicated structural network [162].

Recently, quantitative approaches based on a graph theory have been widely applied to

analyze brain networks to investigate their topological structures and underlying dynamics.

So as to explore such a complex network, the structure of the brain and the interaction (i.e.,

connectivity) of brain functions need to be clearly defined. There exist various methods

to observe the anatomy of the brain and there are also variant ways to determine brain

connectivity.

Brain Connectivity

Generally, the brain connectivity is referred as a pattern and the patterns are categorized as

three types: anatomical links (anatomical connectivity), statistical dependencies (functional

connectivity) and causal interactions (effective connectivity) between distinct units within

a nervous system [78].

Firstly, anatomical (or structural) connectivity is a pattern defined by structural connections

such as synapses or fiber pathways. While the anatomical connectivity shows a robust

status against external and internal stimulations, the other connectivities encounter various

stimulations caused by spontaneous or task-based activities.

Secondly, functional connectivity, unlike anatomical connectivity, is a pattern representing

the correlations of spatially distributed regions in a temporal domain. Such patterns of

dynamic interactions are measured by statistical dependencies (e.g., cross-correlation values)

from time series signal data [78]. The signal data can be obtained by various neuroimaging

methods such as functional magnetic resonance imaging (fMRI), electroencephalographic

(EEG), magnetoencephalographic (MEG), local field potentials (LFP), positron emission

tomography (PET), and multielectrode array (MEA) [32].
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Lastly, causal (or effective) connectivity is another pattern of causal effects among neural

elements, often inferred on the basis of temporal consecutiveness. Commonly, it may be

regarded as the union of anatomical and functional connectivity, as it describes networks

of directional effects of one neural element (or specified region) over another. Basically

Figure 1.2: Three modes of brain connectivity. Figures at the top display structural con-
nectivity (fiber pathways), functional connectivity (correlations), and effective connectivity
(information flow) among four brain regions in macaque cortex. Matrices at the bottom
show binary anatomical connections (left), symmetric mutual information (middle) and
non-symmetric transfer entropy (right).

brain connectivity patterns can be represented in graph or matrix format (see Figure 1.2).

Anatomical brain connectivity builds a sparse and directed graph. The graph can be

weighted, with weights representing connection densities or binary, with binary elements

indicating the presence or absence of a connection. Functional brain connectivity builds a

full symmetric matrix, with each of the elements encoding statistical similarity or proxim-

ity between two system elements (neurons, recording sites, voxels). Such matrices may be

thresholded to yield binary undirected graphs, with the setting of the threshold controlling

the degree of sparsity. Effective brain connectivity provides a full non-symmetric matrix.

Applying a threshold to such matrices yields binary directed graphs.

A common denominator to the different kinds of brain connectivity is the idea that, in
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all instances, the system can be described as a (structural or functional) network. The

idea that the brain is a network-like system is far from being novel in neuroscience, but

attempts to examine these properties under formal mathematical network theories are a

recent endeavor.

Bran Network Analysis

Various ways described in Section 1.1.2 allow us to analyze the brain network similar to

what we have done in general complex network analysis. The analysis of neural connectivity

matrices has exhibited the small world network property [181, 97, 193, 198, 150]. In different

cortical connectivity matrices, significant correlations were observed between the path length

or the clustering coefficient and the degree of each brain region. It is worth to notice that

in most of cases the networks are considered as unweighted. However, neural system can

be described as weighted networks. In this case, the framework of small world network has

suggested the hypothesis of minimization of connection between brain regions.

Together with the small world property, some cortical networks display a multi-cluster

organization which is related to a scale free network [193]. Moreover, some preliminary

studies suggest that there is a similar behavior between when some nodes int the cortical

network are removed and scale free network. However, it is too early to conclude that

brain network has scale free network property by statistical assessment due to the small

size of the data sets [97]. Recently, local connectivity patterns in neural connections have

been identified by motifs analysis [68]. The local organization of neural links significantly

displays some motifs. Within the cortical connectivity, a distinction has been made between

functional and structural motifs. Structural motifs refer to neural elements connected by

anatomical connections, whereas functional motifs consider the possible combinations of

nodes and links within the structural motifs.

Researches who have attempted to assess a complex topology from the functional connec-

tivity have shown relatively slow progress compared to anatomical connectivity researches

[135, 78, 181, 166]. The first reason is a difficulty for a unified definition of the connectivity.

Due to the volume conduction in brain tissue, it has different spatial and temporal resolution
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scales of recorded dynamics. Second is the drawbacks induced by use of functional correla-

tions to asses brain connectivity patterns. As we mentioned above, functional connectivity

is temporal correlation between brain activities recorded by several techniques. Correla-

tion results definitely depend on the correlation calculation methods. Neural oscillators are

essentially complex nonlinear systems, hence a nonlinear character of their interactions is

expected. Therefore, appropriate statistical methods are necessary to deal with the possible

nonlinearities in the time series captured by neuroimaging techniques. Therefore, in order

to assess a significant complex topology in brain connectivity, a careful statistical study

would be necessary. As functional connections are strongly time dependent, the correlation

methods need to capture the fluctuations in the connections. Moreover, functional corre-

lations between some brain areas are very sensitive to slow frequencies (< 0.1 Hz), or to

physiological noise sources as the respiratory and cardiac activities.

Functional connectivity in fMRI

Nevertheless the difficulties in researches of functional connectivity network, the functional

network analysis has shown noticeable achievements as time goes on [166, 2, 3, 193, 167,

198, 18, 129]. Especially, fMRI has been widely used in many research studies as a basic

tool to investigate the brain functional connectivity and perform brain functional mapping.

Without invasive experiments, fMRI obtains sequence of individual MRI images that shows

the level of Blood Oxygen Level Dependent (BOLD) signals over time. Similar to network

analysis based on the anatomical connectivity, functional connectivity analysis by use of

fMRI has been done. The analysis of connectivity in fMRI suggested a scale free network

in brain functional networks [65]. Furthermore, various network analysis has applied to

functional networks to reveal the underlying structure of functional network in brain.

Resting state fMRI (rsfMRI or r-fMRI) has emerged as a reproducible and unbiased way

of measuring the functional connectivity between different regions of the brain [129, 86,

199, 87, 59, 197, 73]. Even in the absence of stimulus or explicit tasks (i.e., resting state),

recent studies have identified multiple correlated networks in the brain associated with var-

ious functions [59]. The most easily detected and consistent of these is the default mode
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network (DMN). The reproducibility of this network across patients and studies makes it

a target of interests in functional connectivity research. Many studies have shown that

disruption/alteration of DMN structure have been associated with neurological disorders

such as Alzheimer’s disease (AD) [217], schizophrenia [197], and dementia [73, 152]. Func-

tional connectivity mapping using r-fMRI has been shown to be one of the most important

methods for evaluation neurological integrity of many cognitive networks [165].

1.3 Challenges and Opportunities

In this section, I comprehensively describe the challenges of the aforementioned network

research methodologies. First of all, I will explore the issues arising from large-scale data

(aka big data) which are common challenges for complex network research. The main

characteristic of big data is its massive volume size and high dimensionality, which results

in many critical issues, such as problems concerning data storage, scalability, and difficulties

of understanding the data [69]. In spite of these challenges, large-scale data have also

brought great opportunities for modern data analysis, such as the chance to improve general

performance and to discover subtle knowledge.

Specifically, for networked data studies, the concurrent challenges are as follows:

• In network optimization, many problems for solving an optimization scheme are NP-

hard or have comparable difficulties. This is especially true when a network design

problem involves subnetwork identification that satisfies a set of constraints with min-

imum or maximum total weights. This is a well-known combinatorial optimization

problem and NP-hard in nature [5]. Due to the complexity of computation, the compu-

tational cost of this network optimization problem will be drastically increased, along

with the data size. Considering the fact that an optimization problem based on com-

plex networks generally involves a huge size of constraints and variables, developing

effective solution approaches still remains challenging.

• In global attribute analysis, similar to the case of the network optimization, scalability

is the most critical issue for complex, structured network data. Moreover, as the data

size increases, the accumulation noise effect becomes more pronounced for complex
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networks with high dimensional data [69]. Also, existing methodologies for defining

topological attributes have been limited capability to capturing local dynamics (e.g.,

only a few components have changed) [143, 112].

• In machine learning circles, the main issue is how to convert discrete network objects

into numerical features for effective learning. Adapting existing feature extraction

methods directly to networked data is fundamentally non-trivial. Basically, networks

are semi-structured data. So there is no obvious choice of features in networks. Fur-

thermore, limited progress has been made by applying kernel functions for feature

extraction because developing well-designed kernels is not a simple task. Also, the

connection between kernel space and the original network space is not clear. Even if

one extracts features from the kernel successfully, there still exists the high dimen-

sionality problem.

• In addition to the fundamental challenges of kernel methods, most of the feature ex-

traction methods are based on unweighted networks which focus on characterizing

binary connectivity structures (i.e., connected vs. disconnected). Therefore, it is

impossible to capture subtle distinctions in these connectivities, such as their status

as being weakly connected or strongly connected. Since most of the existing meth-

ods are not applicable when all observations have same network structure (e.g., all

networks are complete networks with different weights), researchers have used a filter-

ing (thresholding) method which removes the edges whose weights are smaller than

the predetermined threshold in order to obtain heterozygous connectivity structures.

However, this method leads to serious drawbacks, such as there is no clear evidence

that the removed edges are not informative. Thus, when using this method, one has

to rely on prior domain knowledge of given networks and the resulting structures are

highly dependent on the employed test metrics [164, 189].

Nevertheless, complex networked data has brought great opportunities for the network

science community.

• As a kind of big data, it help us to understand systems more precisely and to possess
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abundantly detailed information to describe them. Furthermore, it provides important

information which was hidden by complex connectivity representations. For example,

if one aims to establish the most cost-effective delivery schedule based on a traffic

network, that network contains a great deal of detailed logistical information that will

be helpful for deciding upon the most reliable and optimized schedule.

• The structure of data is important for understanding the intrinsic property of data.

However, this subtle information in the data can be obtained accurately only if enough

data are provided. For example, a change in local connectivity patterns in human

brain networks is significantly determined only if these networks contain enough data

collecting points (nodes). Also, the acquired networked data might be generated from

multiple sources with slight dynamics. These changes are discovered only if the data

size is large enough.

• The large volume and high dimensionality of networked data is helpful to improve

stability and generalization. In general, with more features, a better description re-

garding research objectives can be achieved.

1.4 The Motivation and Roadmap of this Thesis

Critical components within a complex network or between complex networks can provide

us insightful into the intrinsic dynamics and properties of complex structures in networked

systems. For example, in August 2003, North America suffered a blackout affecting two

million people in eight U.S. states, with an estimated economic loss of between 7 and 10

billion US dollars. The blackout started with the failure of a few power stations [75]. If one

was able to identify such vulnerable components at the early stage, the restoration process

could begin immediately and the loss caused by the blackout could be reduced [64].

Mathematically, critical components can be found by solving cardinality constrained net-

work design problems with the employment of the following constraint:

‖Gs‖ ≤ k (1.1)

where Gs is a resulting critical component and ‖.‖ indicates size of networks e.g., the number

of nodes or edges. A parameter k denotes the size of networked to be designed. Based on
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the domain knowledge, Gs can be represented by various network topologies such as clique,

tree, or quasi-clique.

As a tool for complex network analysis, the identification of critical components via opti-

mization frameworks can produce insights which help us investigate the topological struc-

tures of complex networks. For example, finding a maximum clique, which is one of the

classic network optimization problems, has been used to detect cohesive subgroups in large

social networks [16]. Also, recent studies have revealed that large-scale social and informa-

tion networks contain hierarchical or tree-like structures. This result suggests that the core

tree structure is crucial to understanding connectivity in networks [4, 141].

As a formal representation, (1.1) can be transformed to the `0-norm, such as ‖x‖0 ≤ k, where

x is a selection indicator vector for nodes or edges. In general, the resultant optimization

problem with a `0-norm is NP-hard [37].

The critical components in a single network can provide meaningful information concerning

the classification of networked data within a group of labeled networks. Given a series

of networks, where every single network has a corresponding label, identification of core

components can provide clues to help us unveil the underlying data structure. For example,

in human brain networks, such critical components allow us to detect the most important

regions of the brain related to certain neurological diseases, such as regions in the motor

cortex for Parkinson’s disease and regions in the default mode network for Alzheimer’s

disease. Moreover, along with feature selection in learning tasks with complex networks,

selecting critical components consists of finding the most relevant features regarding a given

output and is very effective for improving predictive, as well as computational performance.

By exploiting optimization frameworks for finding critical components, the goal of this thesis

is to conduct complex network analysis on three topics, namely:

• Exact solution approaches for k cardinality tree

• Node selection of networked data classification via mathematical programming

• Convex optimization for group feature selection of networked data

In Chapter 3, as one of the approaches to finding critical components, I develop mixed integer

programming (MIP) mathematical models to find a subtree in the network. In particular,
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the goal there is to find a k-cardinality tree (KCT), which is the subtree with a fixed cardi-

nality of nodes, while minimizing or maximizing the sum of the edge costs in the subtree. It

is a classic network optimization problem and also regarded as a combinatorial optimization

problem which generalizes the Minimum Spanning Tree (MST) problem. Originally, this

problem was firstly introduced by Fischetti et al. [74] and it has gained considerable interest

in recent years due to its various applications. We modulate the constraints of the prob-

lem in two phases: the connected component module and cycle elimination. Based on the

modulation, we then propose seven variations of MIPs. Also, I extend the issue of finding

critical components to a group of networks with corresponding label information. KCT is

employed as a tool for feature extraction and an extracted tree for each network is used

as a measurable characteristic of the original complex network. Functional connectivity of

human brain are introduced as a case point for this approach.

In Chapter 4, I extend the issue of finding critical components to a group of networks

with corresponding label information. Motivated by feature selection, I propose a new

MIP which aims to provide a node selection scheme involving networked data classification.

In contrast with conventional feature selection-i.e., edge selection in the networked data I

propose to select nodes that are regarded as indirect, but more informative features of the

networked structure. Due to NP-hardness and the big-M constraints of the model, I develop

a branch-and-cut algorithm based on Bender’s decomposition.

In Chapter 5, in spite of the novelty of the proposed mathematical model and solution ap-

proaches in the Chapter 4, the overall computational times are shown to be not satisfactory

for practical usage. Therefore, I formulate a mixed integer nonlinear programming (MINLP)

problem based on the SVM formulation. In order to resolve computational intractability, it

is relaxed into a convex quadratically constrained linear programming (QCLP) model and

solved by an iterative algorithm.

1.5 Contributions

The major contributions of this thesis are summarized as follows:
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Table 1.1: Overview of this thesis

Chapters

3 4 5

Component Topology k sized tree k sized subnetwork

Math. Model MIP MIP MINLP

Solution Approach Exact (global optimal) solution Heuristic

Algorithm Branch and Bound Branch and Cut Iterative algorithm

Instance Single weighted network G Labeled weighted networks; {Gi, yi}ni=1

1.5.1 Exact Solution Approaches for the k-Cardinality Tree Problem

Given a connected, undirected and weighted graph G = (V,E) with a positive integer, k,

the k-Cardinality Tree Problem (KCTP) seeks to find a minimal cost subtree of graph G

with exact k edges (k − 1 nodes). The KCTP has been proven to be NP-hard, and there

have been several exact and heuristic approaches to this in the literature. Existing methods

are either inefficient or too complicated to implement with varying degrees of performance.

In this study, I, therefore:

• Propose new MIP formulations which are composed of two submodules: cardinality

restriction and cycle elimination.

• Provide polyhedral comparisons which are conducted in terms of the tightness of the

corresponding polyhedron for each formulation. This provides a theoretical prospec-

tive for the modules which has wide applicability for various network design problems.

• Apply the Reformulation and Linearization Technique (RLT) in order to strengthen

this formulation.

• Propose formulations that are compact and easy to implement, whereas the state-

of-art method (using a branch-and-cut-based algorithm [174]) includes complicated

preprocessing tasks and pricing steps in the whole process.

• Propose a model from the computational results that outperforms the current cutting-

edge algorithm for analyzing complex networks, especially denser networks.

• Employ KCT as a tool for the complex network analysis. It can be used as a feature
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regarding as a marker for the classification.

1.5.2 Node selection of networked data classification via mathematical programming

In this study, I focus on a specialized version of networked data classification, which involves

classifying data where every observation is constructed by a common network structure with

different edge weights. Thus, under a conventional classification scheme, the collection of

such edge weights may be regarded as a feature vector for each network object. Therefore, to

select features is equivalent to selecting edges and it is hard to reflect connectivity structure

from the given data and find meaningful information. In this study, I, therefore:

• Present a new mathematical formulation to classify the networked data and improve

computational efficiency by employing the branch-and-cut algorithm based on Ben-

der’s decomposition.

• Propose a new feature selection scheme: “node-based feature selection” to overcome

over-fitting which generally deteriorates predictive performance, as well as leading to

computational inefficiency with a reflection of the implicit networked structure in the

multidimensional data.

• Verify our new methods through comparison with conventional feature selection schemes

and provide a new perspective through our methods.

1.5.3 Convex Optimization for Group Feature Selection of Networked Data

In this study, I expand node selection of networked data to general group feature selection.

This features a collection of edge weights and feature “groups” that are a collection of

nodes in the network. The proposed mathematical model entails a `0-norm regularization,

which is NP-hard due to its non-convex properties, but which provides a better predictive

performance than `1-norm regularization.

• To overcome the computational challenge of the `0 norm regularization in group fea-

ture selection, I propose a mathematical model with `0 norm based on the support

vector machine (SVM) formulation and to develop an efficient computational tech-

nique to solve the proposed model.
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• This technique is based on a convex relaxation to address the high dimensional data

by solving the proposed quadratically constrained linear programming (QCLP) prob-

lem which is convex. Since there are an exponential number of constraints in the

QCLP, we propose an iterative algorithm to solve it. The proposed technique finds

the most informative B-sized groups of features iteratively by using an approximation

algorithm. Once B feature groups are found, our technique determines the feature

weight, w, that achieves the optimal trade-off between the maximization of the hy-

perplane distance. This process automatically goes through the re-training process

for selected features and that helps to overcome the “selection-bias” which has been

a critical drawback in the `1 norm-based feature selection method.

• I apply the proposed group feature selection to the networked data classification,

regarding a node as a group. As a consequence, the selection problem was achieved

by solving a network optimization problem, specifically the “k heaviest subnetwork

problem”. Therefore, the proposed technique is based on combining machine learning

methodologies with network optimization throughout the entire process.

• I apply this technique to both synthetic and real data sets in the context of networked

data classification. Through this application phase, I show that the proposed tech-

nique is able to reveal new perspectives concerning the feature selection of networked

data.

1.6 Organization of Thesis

The organization of this thesis is described as follows:

Chapter 2 gives a detailed introduction to related studies on the key three topics and current

issues. Chapter 3 presents the exact solution approach for the k cardinality tree problem.

Chapter 4 provides a new mathematical model for a node selection scheme in networked

data classification. Specifically, the branch-and-cut algorithm based on the Bender’s decom-

position is proposed in order to solve the problem efficiently. Chapter 5 presents a convex

relaxation approach for the group feature selection problem which is a generalized version

of node selection. Nonlinear mixed integer programming is developed and solved by an

iterative algorithm. Chapter 6 concludes this thesis and discusses possible future work.
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Chapter 2

RELATED STUDIES

In this section, we provide various methodologies for network optimization and network

analysis for complex network. Furthermore we present a brief review of the classifica-

tion and networks classification based on the optimization framework. Since the network

optimization involves concepts and principles of optimization including linear and integer

programmings, we presume the readers have basic backgrounds about that. Moreover, as we

mentioned at Chapter 1, network optimization and analysis encompass preliminary princi-

ples about graph theory. Graph theory is the natural framework for the exact mathematical

treatment of networks and, formally a network can be represented as a graph. Here, we

establish terminology and basic notions about graphs first.

A directed graph G = (N,A) consists of a set N of nodes and a set A of pairs of distinct

nodes from N arcs. The number of nodes and arcs are denoted by N and A respectively.

An arc (i, j) is represented as on ordered pair and is to be distinguished from the pair (j, i).

If we define arc (i, j),we can say that (i, j) is outgoing from node i and incoming to node j;

we also say that j is an outward neighbor of i and that i is an inward neighbor of j.We say

that arc (i, j) is incident to i and to j, and that i is the start node and j is the end node

of the arc. The degree of a node i is the number of arcs that are incident to i. If a graph

contains all possible arcs, we can say it a complete (aka, fully connected) graph.

We note that much of the literature of graph theory distinguishes between directed graphs

where an arc (i, j) is an ordered pair to be distinguished from arc (j, i), and undirected

graphs where an arc is associated with a pair of nodes regardless of order. For more precise

description, we use a terminology an edge {i, j} instead of arcs (i, j) where {i, j}={j, i} and

a set of edges is denoted by E. Therefore, an undirected graph is represented as G = (N,E).

A path in a directed graph G is a sequence of nodes (n1, n2, ... ,nk) with k ≥ 2 and

corresponding sequence of k−1 arcs such that ith arcs in the sequence is either (ni, ni+1) or
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(ni+1, ni). In detail, a path is said to be ‘forward’ if all arcs are on the forward directions,

otherwise we said it a ‘backward’ path.

A cycle is a path for which the start and end nodes are the same. A path is said to be

simple if it contains no repeated arcs and no repeated nodes, except that the start and end

nodes could be the same (in which case the path is called a simple cycle). A Hamiltonian

cycle is a simple forward cycle forward cycle that contains all the nodes of the graph. Some

authors use the term “walk” to refer to a path and term “path” to refer to a simple path.

If a graph does not contain any simple cycles, it is said to be acyclic. A graph is said to be

connected if for each pair of nodes i and j, there is a path starting from i to ending at j. It

is said to be strongly connected if for each pair of nodes.

A graph G′ = (N ′, A′) is a subgraph of graph G = (N,A) if N ′ ⊂ N and A′ ⊂ A. A tree is

a connected acyclic graph. A spanning tree of graph G is a subgraph of G, that is a tree

and contains all the nodes of G. It can be shown that a subgraph is an spanning tree if and

only if it is connected and it contains N − 1 arcs.

A clique is a subset of nodes such that every two nodes in the subset are connected by an

edge. It is equivalently called a complete subgraph. Cliques are one of the basic concepts

of graph theory and are used in many other problems and construction on graphs.

2.1 Methodologies: Network Optimization

From Section 1.1, we examined that network optimization problems involve graphs corre-

sponding to the structures of the networks. We introduce basic concepts of flow which can

be measure the quantity flow through each arcs. Mathematically, the flow of an arc (i, j) is

a scalar (real number), which we usually denote by xij . It is convenient to allow negative as

well as positive values for flow. In applications, a negative arc flow indicates that whatever

is represented by the flow (material, electric current, etc.), moves in a direction opposite to

the direction of the arc.

Given a graph G = (N,A), a set of flows {xij |∀(i, j) ∈ A} is considered as a flow vector. The

divergence (or conservation) vector y asscociated with a flow vector x is the N dimensional
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vector.

yi =
∑

{j|(i,j)∈A}

xij −
∑

{j|(j,i)∈A}

xji, ∀i ∈ N. (2.1)

Thus, yi is the total flow starting from node i less the total flow arriving at node i; it can

be regarded as the divergence of node i. The flow vector x that we will consider often be

constrained to range from lower to upper bound of the form:

lij ≤ xij ≤ uij , ∀(i, j) ∈ A.

2.1.1 The Minimum Cost Flow Problem

By means of the predefined flow variables and divergence variables, we can formulate the

linear programming (LP) version optimization problem; minimum cost flow problem such

that it is to find a set of arc flows while minimizing a linear cost function, subject to the

constraints that they produce a given divergence vector and they lie with in given bound;

min
∑

(i,j)∈A cijxij

s.t. ∑
{j|(i,j)∈A} xij −

∑
{j|(j,i)∈A} xji = si ∀i ∈ N, (2.2)

lij ≤ xij ≤ uij ∀(i, j) ∈ A. (2.3)

where cij is the cost occurred when the flow is passing by arc (i, j). lij and uij is the lower

and upper bounds of (i, j) respectively. sij is the supply of node i when sij ≥ 0. Otherwise,

it is called the demand of i. We refer to constraints (2.2) and (2.3) as the conservation of

flow constraints and the capacity constraints, respectively. If a flow vectors satisfies both

constraints, it is called feasible flow.

For a typical application of the minimum cost flow problem, consider the nodes as locations

(cities, warehouses, or factories) where a certain product is produced or consumed. Consider

the arcs as transportation links between the locations, each with transportation cost cij per

unit transported. The problem then is to move the product from the production points

to the consumption points at minimum cost while observing the capacity constraints of

the transportation links. Moreover, the minimum cost network flow problem has many
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applications that are well beyond the transportation as will be seen from the special versions.

Basically, the following special versions play a central role in the theory and applications of

networks.

2.1.2 The Shortest Path Problem

Let suppose that each arc (i, j) of a graph is weighted a cost cij , and suppose that we define

the cost of a forward path to be the sum of the costs of its arcs. Given a pair of nodes, the

shortest path problem is to find a forward path that connects these nodes with minimum

cost. Similarly, it is possible to cast the problem of finding a shortest path from node s to

node t as the following minimum cost flow problem.

min
∑

(i,j)∈A cijxij

s.t.

∑
{j|(i,j)∈A} xij −

∑
{j|(j,i)∈A} xji =


1 i = s,

−1 i = t,

0 otherwise

, (2.4)

xij ≥ 0 ∀(i, j) ∈ A. (2.5)

To see this, let associate with any forward path P from s to t the flow vector x with

components given by

xij =


1 (i, j) ∈ P

0 otherwise

(2.6)

Then x is a feasible for problem and the cost of x is equal to the path P ’s length. Thus,

if a vector x of the form (2.6) is an optimal solution, the corresponding path P is shortest

path equivalently.

From the above LP, we can observe that the solution of LP is the shortest path in G with

starting node s to ending node t. Apart from solution approach in terms of LP, there exist

various algorithmic ways to solve the problem. Here, we introduce one famous algorithmic

way: Dijkstra’s algorithm.
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Dijkstras algorithm works by first setting d(s) = 0 and d(u) =∞ for all nodes s 6= u. The

node s is a starting node and node u is all other nodes ∈ N . And then, we select the node

u repeatedly with the smallest distance d(u), and relaxing its edges, i.e. setting d(v) =

min(d(v); d(u) + w(u, v)), where v is a neighbor node of u and w(u, v) is the weight (or

cost) of the arc (u, v). In the following pseudo-code, we assume that all nodes have been

initialized to unvisited, d(u) =∞, and d(s) = 0.

Algorithm 1: Dijkstras algorithm

Result: Shortest path P

1 Create queue Q and empty set P ;

2 Q← {s};

3 while Q 6= do

4 u← argminu∈Qd(u);

5 Q← Q− {u};

6 visited(u)← true;

7 for each v ∈ adj(u) do

8 d(v)← min(d(v), d(u) + w(u, v));

9 if visited(u)==false then

10 Q← Q ∪ {v};

11 end

12 end

13 end

14 P = Q;

2.1.3 The Maximum Flow Problem

In the maximum flow problem, we have a graph with two special nodes: the source , denoted

by s, and the sink, denoted by t. The objective of this problem is to move as much flow as

possible from source s into sink t while satisfying the capacity constraints. Similar to the

shortest path problem, we formulate the LP as a special version of the minimum cost flow

problem by assigning cost cij as 0 to ∀(i, j) ∈ A and by employing an artificial arc (t, s)
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with cost -1. The LP formulation is given by:

max xts

s.t. ∑
{j|(i,j)∈A} xij −

∑
{j|(j,i)∈A} xji = 0 ∀i ∈ N with i 6= s and i 6= t,∑

{j|(s,j)∈A} xsj =
∑
{i|(i,t)∈A} xit = xts,

lij ≤ xij ≤ uij ∀(i, j) ∈ A with (i, j) 6= (t, s).

Even though we can formulate the max-flow problem as LP, central to the max-flow problem

is the max-flow/min-cut theorem, which is one of the most insightful and brilliant theorem

of network optimization. Before explanation of the theorem, in here, we should introduce

the concept of ‘cuts’ first.

A cut Q in a graph G = (N,A) is a partition of the N into two non-empty subsets, a set S

and its complement S. We introduce the notation

Q =
[
S, S

]
For a cut Q =

[
S, S

]
, we use the following notation

Q+ = {(i, j) ∈ A|i ∈ S, j /∈ S}, Q− = {(i, j) ∈ A|i /∈ S, j ∈ S},

and we note that Q+ and Q− are the sets of forward and backward arcs of the cut, respec-

tively.

Given a flow vector x, the flux across a nonempty cut Q =
[
S, S

]
is defined to be the total

net flow coming out of S, i.e.,

F (Q) =
∑

{(i,j)∈Q+}

xij −
∑

{(j,i)∈Q−}

xij , ∀i ∈ N. (2.7)

Recall from the (2.1),

yi =
∑

{j|(i,j)∈A}

xij −
∑

{j|(j,i)∈A}

xji, ∀i ∈ N,
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We can observe that F (Q) =
∑

i∈S yi. Analogously, given lower and upper bounds lij and

uij for each arc (i, j), the capacity of a cut Q is:

C(Q) =
∑

{(i,j)∈Q+}

uij −
∑

{(j,i)∈Q−}

lij , ∀i ∈ N. (2.8)

Obviously, for any capacity-feasible flow vector x, the flux F (Q) across Q is no larger than

the cut capacity C(Q). If F (Q) = C(Q), then Q is said to be a saturated cut with respect

to x; the flow of each forward (backward) arc of such a cut must be at its upper (lower)

bound.

Recap the max-flow problem, where we want to maximize the divergence out of s over all

capacity-feasible flow vectors having zero divergence for all nodes other than s and t. Given

any such flow and any cut Q separating s from t, the divergence out of s is equal to flux

across Q while it is smaller than the C(Q). Therefore, it there exist a feasible flow, we have

Maximum Flow ≤ C(Q). (2.9)

2.1.4 The Multi-Commodity Flow Problem

Multi-Commodity flow problems involve several flow types or commodities, which simulta-

neously use the network and are coupled through either the arc bounds or through the cost

function. For example, in Internet data transfer networks the commodities are the size of dif-

ferent classes of traffic (image, text, db-quarry, etc.) that involve different origin-destination

pairs. Thus there is a separate commodity per class of traffic and origin-destination pair.

Given a directed graph G = (N,A) with a set of ordered node pair (ik, jk), k = 1, ...,K,

regarded as origin-destination (OD) pairs. The nodes ik and jk are referred to as the origin

and destination of the OD pair. For each OD (ik, jk), we are given a rk that is its input

amount of traffic (or commodity). The objective is to divide each rk among the many paths

from the origin ik to the destination jk in a way that the resulting total arc flow pattern

minimizes a cost function.

Let denote xkij the flow on arc (i, j) of OD pair (ik, jk), flow conservation constraints are

given by:
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∑
{j|(i,j)∈A}

xkij −
∑

{j|(j,i)∈A}

xkji =


rk i = ik,

−rk i = jk,

0 otherwise

, ∀i ∈ N.

for each k = 1, ...,K. Furthermore, the flows xkij are required to be non-negative, and

possibly to satisfy additional constraints, such as bound constraints. The cost function

often has the form

f(x) =
∑

(i,j)∈A

fij(yij)

where fij is a function of yij which is the total flow of arc (i, j) such that

yij =
K∑
k=1

xkij

2.1.5 The Minimum Spanning Tree Problem

Given a graph G = (N,E) and a weight wij for each edge {i, j}, Minimum spanning

tree (MST) problem is to find a spanning tree GT = (NT , ET ) with minimum sum of edge

weights. Note that the direction of arc is useless according to the definition of MST problem.

Therefore, we will use edge {i, j} as an indicator the connection between two nodes.

Basically, we can formulate the problem as Integer Programming model with decision vari-

able xij given by:

xij =


1 edge {i, j} ∈ ET ,

0 otherwise,

The constraints of the IP require to restrict that the edges in ET form a tree. According to

the definition of spanning tree, solution tree must have N−1 edges with keeping connected.
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A possible IP of MST is given:

min
∑
{i,j}∈E wijxij

s.t. ∑
{i,j}∈E xij = |N | − 1, (2.10)∑
{i,j}∈(S,S) xij ≤ |S| − 1, ∀S ⊆ N, (2.11)

xij ∈ {0, 1} ∀{i, j} ∈ E. (2.12)

where (S, S) is an edge set such that every edge in (S, S) go from a node in the set S to

another node in the set S. (2.11) is the cycle elimination constraints in ET . From the above

formulation, we can observe following facts.

First, LP relaxation has integral extreme points. Second, Even though the LP relaxation

has integral extreme points, this does not imply that we can solve the MST problem in

polynomial time due to the exponential number of constraints. Hence, we can establish

the following strategy. Relax the problem without (2.11). Given the solution, find which

of the relaxed constraints are violated and add them. Resolve the problem including these

constraints until no constraints is violated. This process is the basic step of ‘branch and

cut’. Detail description of the ‘branch-and-cut’ algorithm is [206]. Since we can separate the

inequalities (2.11) in polynomial time, it follows that we can solve problem in polynomial

time.

Asides from the IP, there exist other polynomial time algorithms to solve the problem like

Dijkstra’s algorithm in the shortest path problem. Here, we introduce one representative

algorithm: Kruskal algorithm. As a first step, sort the edge in non-decreasing order of

weight.
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Algorithm 2: Kruskal’s Algorithm

Result: Minimum spanning tree T

1 k ← 1;

2 i← 1;

3 ET ← ∅;

4 while i ≤ |N | do

5 let ek = {i, j};

6 if i and j are not connected in (N,ET ) then

7 E ← E ∪ {i, j};

8 T ← T ∪ {i} ∪ {j};

9 end

10 end

From the Algorithm 2, we can obtain the MST with O(|E|+ |N | log |N |) complexity. Detail

proof is available in [206].

2.1.6 Network Flow Algorithms

Typically, network optimization problems are not able to be solved analytically. In usual,

they need to be addressed computationally with one of available algorithms. Until the above

section, we have observed that network flow problems could be formulated by LP (or MIP).

However, at Section 2.1.2, there exist algorithmic ways to solve the problem while yield same

optimal solution with determined complexity. This section provides a broad categorization

of the various classes of algorithms for network optimization problems. The network struc-

ture can be exploited to speed up the solution by using either an adaptation of a general

purpose algorithm such as the simplex method, or by using a specialized network optimiza-

tion algorithm [5]. In practice, network optimization problems can often be solved hundreds

and even thousands of times faster than general linear or convex programs of comparable

dimension. The algorithms the problems can be grouped in three main categories:

• Primal cost improvement: We try to iteratively improve the cost to its optimal value

by constructing a corresponding sequence of feasible flows.
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• Dual cost improvement: We define a problem related to the original network flow

problem, called the dual problem, whose variables are called prices. We then try to

iteratively improve the dual cost to its optimal value by constructing a corresponding

sequence of prices.Dual cost improvement algorithms also iterate on flows, which are

related to the prices through a property called complementary slackness.

• Auction: We generate a sequence of prices in a way that is similar to real-life auctions.

Strictly, there is no primal or dual cost improvement here, although we will show that

auction can be viewed as an approximate dual cost improvement process.

All of the preceding types of algorithms can be used to solve both linear and convex network

problems (although the structure of the given problem may favor significantly the use of

some types of methods over others). Detail descriptions of those algorithms are too broad

and extensive. Details are in [20].

2.1.7 k Cardinality Constrained Network Design Problem

Given a network G = (N,E) and a weight wij for each edge {i, j}, cardinality constrained

network design problem is to find a sub network Gs = (Ns, Es) which is obtained by solving

Gs = arg min{c(Gs) : |Gs| ≤ k, Gs ∈ T }, where |.| indicates a size of sub network Gs (e.g.,

the number of edges and nodes) and T is a topology regularizer for a specific structure of

Gs such as tree, clique and quasi-clique etc. Depending on the objective function c(.) and

a regularizer T , the problems have been varied as followings.

• If c(.) is a sum of the edge weights and T is a clique, the problem is equivalent to

solve the maximum weight k clique problem (MWkCP) which is well known NP-hard

problem. Basically, it is formulated by quadratic programming (QP) and has been

solved by unconstrained QP [8] and linearization technique [47]. When all edge weights

are equal, it is reduced to the just k clique problem which is NP-completeness and

solved by O(n0.792k) algorithm [196].

• If c(.) is a sum of the edge weight and there is no specific T , the problem is equivalent

to solve the k heaviest sub network problem which is also known as NP-hard. It is

also known as k-cluster problem and dense k-subgraph problem if all edges have the
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same weight. Many solution methods have been developed to tackle this problem

[130, 22, 34].

• If c(.) is a sum of the edge weights, and T is a tree, the problem is equivalent to solve

the k cardinality tree problem (KCTP) which is NP-hard. There exist various solution

approaches including heuristics [27, 67, 106, 138, 30], approximation algorithm [84]

and exact solution approaches [174, 52, 157]. Instead of sum of edge weight, if c(.)

is a sum of node weights, it is transformed to the k cardinality node weighted tree

problem [40].

Nevertheless of broad applications and continuous needs from the various fields, computa-

tional challenges are still remaining due to the NP-hardness of the problems.

2.2 Methodologies: Global Topological Attributes of Complex Network

In this section, it is intended to serve as a brief account of the recent developments in the

characterization and modeling of the topological properties of a network. We shall introduce

to the analysis of the properties observed in real networks, and provide the reader with a

brief review of the models motivated by the empirical observations.

2.2.1 Degree Distribution

The degree ki of a node i is the number of edges incident with the node such as ki =
∑

j∈N xij

where xij is a connection indicator whether there exist a edge (i, j) or not.

The most basic topological characterization of a graph G can be obtained in terms of

the degree distribution P (k), defined as the probability that a node chosen uniformly at

random has degree k or, equivalently, as the fraction of nodes in the graph having degree k.

Information on how the degree is distributed among the nodes of a undirected network can

be obtained either by a plot of P (k),or by the calculation of the moments of the distribution.

The n-moment of P (k) is defined as: 〈kn〉 =
∑

k k
nP (k). The first momentum is the mean

degree of G.

The degree distribution completely determines the statistical properties of uncorrelated

networks. However, as we shall see, a large number of real networks are correlated in the
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sense that the probability that a node of degree k is connected to another node of degree,

say k′ depend on k. Let introduce the conditional probability P (k′|k), being defined as the

probability that a link from a node of degree k points to a node of degree k′. Although

the degree correlation are formally characterized by P (k′|k), the direct evaluation of the

conditional probability gives noisy results because of their finite size N . To overcome this

problem, average nearest neighbor degree of i is defined by:

knn,i =
1

ki

∑
j∈Ni

kj =
1

ki

N∑
j=1

xijkj

where Nj is the set of first neighbors of i. Using the above equation, one can get the average

degree of the nearest neighbors of nodes with degree k, denoted as knn(k).

2.2.2 Shortest Path Length, Efficiency

Shortest paths play an important role in the transport and communication within a network.

From Section 2.1.2, we can obtain a shortest path from node i to j and we denote the length

as dij . A measure of the typical distance between two nodes in the graph is given by the

average shortest path length L as following:

L =
1

N(N − 1)

∑
i,j∈N,i6=j

dij

A problem with L is that it diverges if there are disconnected components in the G. One

possibility is to consider the harmonic mean of geodesic length, and to define the so-called

efficiency of G [203].

E =
1

N(N − 1)

∑
i,j∈N,i6=j

1

dij

Such a quantity if an indicator of the traffic capacity of a network and avoids the divergence

of L, since any couple of nodes belonging to disconnected components of the graph yields a

contribution equal to zero in the formula ( 1
dij
≈ 0).

2.2.3 Clustering

Clustering, also known as transitivity, is a typical property of acquaintance networks, where

two individuals with a common friend are likely to know each other. In G, transitivity means
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the present of high number of triangles. This can be represented as T of the graph as the

relative number of transitive triples:

T =
3× number of triangles in G

number of connected triples of nodes in G

An alternative possibility is to introduce the clustering coefficient C, a measure introduced

by Watts and Strogatz in [203] is defined as follows. A local clustering coefficient ci is

first introduced, expressing how likely xjk = 1 for two neighbors j and k of node i. Its

value is obtained by counting the actual number of edges (denoted by ei) in Gi (See Section

2.2.2). The local clustering coefficient ci is defined as the ratio between ei and ki(ki−1)
2 , the

maximum possible number of edges in Gi [203]:

ci =
2× ei

ki(ki − 1)
=

∑
j,k∈N xijxjkxki

ki(ki − 1)

The clustering coefficient of the G is then given by the average of ci over all the nodes in G:

C =
1

|N |
∑
i∈N

ci

By definition, 0 ≤ ci ≤ 1 and 0 ≤ C ≤ 1 respectively [203].

2.2.4 Motifs

A motif M is a pattern of interconnections occurring either in a undirected or in a directed

graph G at a number significantly higher than in randomized versions of the graph. As a

pattern of interconnections, M is usually described as a connected (undirected or directed)

n-node graph which is a subgraph of G. The research of the significant motifs in a graphs is

based on matching algorithms counting the total number of occurrences of each n-node sized

subgraph M in the original graph and in the randomized ones. The statistical significance

of M is then described by the Z-score, defined as:

ZM =
nM −

〈
nrandM

〉
σrandnM

where nM is the number of times (frequency) the subgraph M appears in G and
〈
nrandM

〉
and〈

σrandM

〉
are mean and standard deviation of the number of appearance in the randomized

network respectively.
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2.2.5 Small-Worldness

As we mentioned the property of small world network at Section 1.1.2, small world network

is known to have high clustering coefficient C, but low average shortest path length L,

compared to a random graph. The small worldness, δ is defined by:

δ =

CG
CR

LG
LR

,

where CR is the clustering coefficient of random graph rewired in order to preserve the

degree distribution of G, and LR is the average shortest path length of such a random

graph. Similarly, CG and LG is the clustering coefficient and the average shortest path

length of G respectively. A network is generally regarded as “small world” if δ > 1 [203, 97].

Figure 2.1: Watts-Strogatz model [203] for a small world network. A ring lattice become a
small world after a random wiring with probability p. Continues rewiring edges the lattice’s
structure until a random graph. C is the clustering coefficient for each network

2.2.6 Robustness

As a measure of robustness, we looked at the resistance of network to fragmentation after

removal of nodes either in random or in decreasing order of their degree. Suppose that

there are M fragments in the network, i.e., M subgraphs that connected with each other

but disconnected from each other. Resistance to such fragmentation is calculated as:

R =

∑M
j=1Nj(Nj − 1)

N(N − 1)
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2.3 Methodologies: Classification and Feature Selection

Classification is a fundamental machine learning task whereby rules are developed for the

allocation of independent objects to groups. Classic examples of applications includes med-

ical diagnosis, economics, marketing, finance, and so on [118, 155, 209]. Basically, data are

collected concerning objects with known group membership. This training data is used to

develop rules for the classification of future objects with unknown group membership.

The classification methodologies can be categorized two approaches: (i) statistical inference

based on the Bayesian frameworks and (ii) mathematical programming approaches based

on the optimization frameworks. In this thesis, we will focus on the latter approach, (ii)

mathematical programming approach, which is non-parametric and does not make strict

assumption in terms of the distribution of the data analyzed.

2.3.1 Classification via Mathematical Programming

Mathematical programming approaches for classification have been developed in the last

two decades. Since the pioneering work of [92] and [76], various formulations have been in-

troduced as well as performance improvements. In mathematical programming approaches,

the model can determine the coefficients of discriminant functions for different objectives.

Most of the literature about mathematical programming approach is concerned with ei-

ther using mathematical programming to determine the coefficients of linear discriminant

functions or with support vector machines (SVM).

2.3.2 Linear Programming Classification

Linear programming (LP) approaches to determine the weights of linear discriminant func-

tions (aka “linear classifier”) has been widely investigated [76, 83, 105]. Since Freed and

Glover proposed two linear programming (LP) approaches to solve the classification prob-

lem in discriminant analysis [76], many researchers have studied the variant of LP for the

classification problem. Among the existing mathematical programming formulations, min-

imizing the sum of deviations (MSD) model has been received great interests due to the

reliability and efficiency [147].
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We are given n examples(or samples, observations, subjects) of objects and let n1 and n2

represents the number of subjects in two groups i.e., controls and patients respectively. i.e.,

n = n1 + n2. Let S denote the set of all subjects and let S1 and S2 are representing each

class respectively (e.g., S1=Controls vs. S2=Patients). Thus we have S = S1 ∪ S2. For

each one, say the ith one, a description of its features in terms of m dimensional vector

wi = [wi1, w
i
2, ..., w

i
m]

A linear classifier is defined in terms of an m-dimensional vector x = [x1, x2, ..., xm] and a

scalar x0 and operate as follows. Let assume that there exist value x0, xj , j = 1, ...,m, such

that (2.13) and (2.14) in the following hold if the subjects are clearly classified:

x0 +
∑
j

xjw
i
j < 0 ∀i ∈ S1 (2.13)

x0 +
∑
j

xjw
i
j > 0 ∀i ∈ S2 (2.14)

A linear classifier makes decision on the basis of a linear combination of the different features.

The objective is to use the available samples in order to design a “good” classifier. In real

world problems, it is hard to find a classifier separating all objects perfectly. If all subjects

are not clearly separable, the objective of our model is to minimize the amount of violation

of (2.13) and (2.14). Therefore, we introduce continuous variable εi which measure the

violation of the following equation for each subject i:

x0 +

m∑
j=1

xjw
i
j + εi = 0 (2.15)

The amount of εi can denote the class of the subject such that if i ∈ S1, then εi > 0.

Otherwise, εi < 0 for i ∈ S2. If we concern only the separation between two classes, then

an equation (2.15) is the classification function itself. Once the weights x0, xj are obtained,

these weights can be used as parameter values to classify new incoming samples.

Next, in order to make a “good” classifier, one need to estimate appropriate weights which

separate the samples as correctly as possible. Therefore, we construct optimization problem,

which is a form of linear programming (LP), to estimate the weights in order to fit a resulting

classification model. In the constructed LP for consistency of the analogy, we use same x0,

xj as classification weights. Furthermore, in order to estimate εs ∈ R, two non-negative
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variables zs−, zs+, ∀s ∈ S are introduced. Since the goal of the LP is to minimize the

violation induced by determined linear classifier, we formulate the LP as follows:

Minimize
∑

i∈S1
zi+ +

∑
i∈S2

zi− (2.16)

s.t.

x0 +
m∑
j=1

xjw
i
j + zi− − zi+ = −σ ∀i ∈ S1, (2.17)

x0 +

m∑
j=1

xjw
i
j + zi− − zi+ = σ ∀i ∈ S2, (2.18)

x0, xj free j = 1, ...,m, (2.19)

zi+, z
i
− ≥ 0 ∀i ∈ S. (2.20)

In Constraints (2.17) and (2.18), σ is a constant and any σ can be used actually. Usually

σ = 1 has been used for convenient usage. Since zi−, zi+ are non-negative variables, at most

one of them has a value. These variables represent how far each subject is separated by

the estimated classifiers. Thus, if a subject is correctly classified then, zi− − zi+ + σ > 0 for

i ∈ S1 and zi− − zi+ − σ < 0 for i ∈ S2. Therefore, zi+ and zi− represent empirical errors of

the classification eventually. Note that we employ positive σ in order to prevent the trivial

solution where x0 = 0 and xj = 0 for all j. Since we use σ > 0, a gap of classification is

equal to 2σ obviously.

2.3.3 Support Vector Machine

A support vector machine (SVM) is one of the mathematical programming approach based

on the nonlinear optimization problem [56]. It has been extensively studied and has become

popular method in many fields in recent years.

SVM incorporates the concept of structural risk minimization by determining a separating

hyperplane that not only maximizes the margin separating the two classes of data but also

minimizes a quantity measuring the misclassification error. We herein provide a brief math-

ematical background of SVM. Given empirical data {xi, yi}ni=1 with input feature pattern

xi ∈ X and binary label yi ∈ {+1,−1}, SVM finds a linear hyperplane h(x) = wᵀx+ b that

separates the positive from the negative samples with the largest soft-margin. To construct
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this optimal hyperplane, one solves the following mathematical optimization problem:

min
w,b,ξ

1

2
‖w‖22 +

C

2

n∑
i=1

ξ2
i s.t. yi(w

ᵀxi + b) + ξi ≥ 1 i = 1, ..., n, (2.21)

where ξi are slack variables for soft margin and C is a hyper-parameter between the margin

space and the prediction error.

2.3.4 Feature Selection

High dimensionality of real world data, in both sample space and feature space, can hinder

efficiency and efficacy of classification methods. Specifically, the curse of dimensionality

leads to not only computational inefficiency for processing the data but also diminished

classification performance, also known as over-fitting [89]. Fortunately, for many high di-

mensional data sets, most of the features are irrelevant to the output. Under this scenario,

feature selection, also known as the variable selection, is to compress the original data set

by selecting the most relevant subset of features based on some criteria.

Feature selection is a fundamental task in machine learning community. A limited sample

size in real world data presents new challenges to traditional classification algorithms as

they tend to overfit the prediction model and lack a generalization power when training on

a dataset with the number of features far larger than the sample size (m � n problem).

The concept of parsimony (Occam’s razor) is often invoked to have a minimal number of

features, leading to simpler models, better generalization and easier interpretation. The

main challenge of feature selection is thus to identify the least number of features, sub-set

of the original set of features, that best address the over-fitting issue and improve prediction

performance [89]. For this reason, feature selection has received a great deal of attention

over the last decade (see, [88]) to deal with these challenges.

In general, existing feature selection methods can be classified into three categories, namely

filter methods, wrapper methods, and embedded methods. The distinction of these cate-

gories is based on how feature selection and model training are integrated. Filter methods

select features based on a statistical criterion (e.g., Chi-squared test, information gain)

that scores each feature independently and removes features with the scores worse than a

pre-determined threshold [89]. These methods are univariate and heuristic in nature, and
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thus can reduce the computational complexity. However, they do not take into account

the interaction between selected variables and chosen predictor and ignore correlations and

complementary information that exist between features. Wrapper methods use determinis-

tic (e.g., forward and backward passes) and/or stochastic (e.g., hill-climbing) search to find

and evaluate subsets of features based on their usefulness to improve model accuracy. In

other words, wrapper methods utilize search algorithms [113] as a black box and evaluate

different combinations of features according to their predictive power [89]. However, the

search process can be computationally intractable as the number of feature grows, and the

problems is NP-hard [9]. Thus, the most commonly used wrapper method is based on greedy

heuristics to add or remove one feature to/from the model at a time, known as forward and

backward selection, respectively [111]. SVM with recursive feature elimination (SVM-RFE)

is a widely used wrapper method where feature with the smallest weight in the trained

model is removed iteratively [90]. Embedded methods aim to reduce the computation time

of wrapper methods by incorporating the feature selection as part of the model training

process to determine which features best contribute to the accuracy of the model. Regu-

larization is the most commonly used embedded method, which performs feature selection

as part of the model training by selecting the subset of features that best contributes to

the accuracy of the model. Regularization introduces a penalty term (aka loss function) to

the objective function to bias the model toward lower complexity and induce the model’s

sparsity (less features being selected).

2.3.5 Feature Selection with Cardinality Constraint

Feature selection is fundamentally an optimization problem, which can be mathematically

defined as follows. Given input matrix X ∈ Rn×m of n samples with m features, label

vector y ∈ {+1,−1}n, and the number of features k to be selected from m features, the

feature selection problem is to determine the optimal weight vector w ∈ Rm of m features

that minimizes the expected generalized loss function L(w;X,y). There have been many

variants of the loss functions L(.) introduced in the literature, such as least square loss

in linear regression [91, 89], logistic loss in logistic regression [127, 144], and hinge loss in
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support vector machines [144, 127, 187, 44]. The mathematical programming formulation

of the feature selection problem is given by

min
w
L(w;X,y), s.t. ‖w‖0 ≤ k, (2.22)

where ‖w‖0 =
m∑
j=1

I{wj 6=0} is the `0 norm to count the number of nonzero weights of w

[46]. This feature selection problem has been shown to be NP-hard and computationally

intractable [9].

As an alternative representation of (2.22), regularization technique (aka sparse learning

[14]) tries to find a sparse prediction model by penalizing the cardinality (a number of

nonzero elements) of the support of the weight vector w with a form of Lagrangian version

of (2.22). Regularized model can be mathematically defined by min
w
L(w;X,y) + γ‖w‖0,

where γ ∈ R is a regularization parameter [89, 188]. This `0 norm regularization model

has been shown to be NP-hard due to the non-convex `0 norm, ‖w‖0 term in the objective

function. Insightful theoretical properties of the regularization approach has been explored

from a theoretical point of view in [215, 85, 169]. Moreover, [169] points out that (2.22) is

preferable over the regularization technique in terms of superior properties of the resulting

parameter.

To efficiently solve this regularization problem, researchers have proposed several convex

relaxation approaches by replacing the `0 norm with `1 (‖w‖1 =
m∑
i=1
|wi|) or `2 (‖w‖22 =

m∑
j=1
|wj |2) norm. Among the most notable techniques, least absolute shrinkage and selection

operator (LASSO) was proposed as a sparse regression model with `1 norm regularization

[190], and regularized support vector machines (RSVM) was also proposed as a classification

model with `1 hinge loss [79, 144]. Although these techniques can reduce the computational

effort, the use of penalty term does not explicitly control the number of features to be

selected as it is subject to the scaling of features [38, 79, 201].

Nevertheless its computational difficulties, sparsity control as a feature selection is crucial for

large-scale learning due to the following reason. For large and complex data, noise existence

in the data becomes even worse due to the accumulation effect of noises for the learning

model [69]. In the extreme case, the accumulated noise may totally dominate the true
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patterns and dramatically degrades the learning performance. Sparsity control can resolve

such challenge through selecting the most relevant (≈ informative) features regarding a

given output. As a result, it can be effective for high dimensional data to reduce the noise

accumulation effect.

2.3.6 Limitations of `1 and `2 norm Methods

As we mentioned at Section 2.3.5, almost methods in the literature are based on either

`2 or `1 norm as an approximation of `0 norm. Naturally, `2 norm is commonly used in

regression (i.e., output yi is continuous), ‖w‖22 =
m∑
j=1
|wj |2, which is called ridge regression

model. Although `2 norm can shrink all coefficients toward zero, it cannot guarantee a sparse

solution (a small number of non-zero weights). In the regression, least absolute shrinkage

and selection operator (LASSO) was proposed to impose an `1 norm penalty, which can

induce both continuous shrinkage and variable selection simultaneously. After the seminal

work in [190], many researchers have replaced `0 norm with `1 norm in logistic loss or hinge

loss (see, [38, 79, 144, 201]). Despite computational efficiency of `1 norm, it has a critical

drawback on “selection bias” because it is a by-product approach of sparse solution [88, 214].

A recent comparison study of LASSO [190] and forward stepwise regression [89], which is

a greedy surrogate of `0 norm regularization, indicates that the `1 norm never outperforms

the `0 norm by more than a constant factor, and in some cases, the `1 norm is much worse

than the `0 norm [124]. In addition, fine-tuning the penalty parameter of the `1 norm

regularization can be very challenging. On one hand, if we choose a large regularization

parameter γ, minimizing γ‖w‖1 induces a very sparse w, and very few features would be

selected. However, the risk of poor prediction is also increased. On the other hand, if

we choose a small γ, then the model would provide better fitted results that reduce the

loss function values. However, the resulting model might not be sparse. For this reason,

`1 norm methods cannot simultaneously provide the model sparsity and a de-bias solution

to the model [124, 214]. Furthermore, according to the empirical tests in [124], the bias

becomes more pronounced as the data size increases.
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2.3.7 Group Feature Selection

Real world networked systems (e.g., biological systems, transportation systems, financial

systems, energy systems, and cyber-physical systems) often possess an intrinsic relationship

among features/sensors, known as feature structure. Some feature structures that have been

studied in the literature include group (disjoint or overlapping) [101], hierarchy [109], and

spatial smoothness [191]. In feature selection with group structure (group feature selection),

features in one group can be selected if and only if the feature group is selected. In general,

a feature can be assigned to multiple groups simultaneously (overlapping group structure).

In this case, group feature selection can be accomplished by either one of the following

two approaches: (1) selected features are defined by the union of selected groups [99] or

(2) selected features are defined by the complement of the union of non-selected groups

[101, 212, 119]. In this paper, we focus on the latter approach, which can be mathematically

defined as follows. Suppose that m features are organized by p groups, G = {G1, G2, ..., Gp},

and each group contains an index set of feature supports belonging to the g-th group,

Gg ⊂ {1, ...,m}, g = 1, ..., p. The group feature selection problem can be formulated as

min
w
L(w;X,y), s.t. ‖wGg‖2,0 ≤ B, (2.23)

where wGg ∈ R|Gg | is the weight vector of w related to Gg and ‖wGg‖2,0 is a modified `2,0

norm =
p∑
g=1

I(‖wGg‖2 6= 0) to count the cardinality of selected features groups [13]. Regular-

ization version of group feature selection can be defined by min
w
L(w;X,y)+γ‖wGg‖2,0. This

`2,0 norm regularization of group feature selection is NP hard due to ‖wGg‖2,0 [14]. To solve

the group feature selection, convex relaxations based on `1 norm have been introduced. As

an extension of the LASSO, Group LASSO was proposed as a convex optimization problem

for group feature selection [213]. The mathematical formulation of group feature selection

can be defined as follows. Suppose that m features are put into p non-overlapping groups

G = {G1, G2, ..., Gp} with mg the number of features in group Gg. For brevity, we denote

wGg as the coefficient of features corresponding to the gth group. Then, the formulation

of group lasso is given by min
w
L(w;X,y) + γ

p∑
g=1

√
mg‖wGg‖2, where

√
mg accounts for the

varying group sizes, and ‖wGg‖2 =
√ ∑
j∈Gg

w2
j is the Euclidean norm [213]. This model
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resembles the `1 norm at the group level. In fact, if G is the set of singletons, the model

reduces to the standard LASSO. Group LASSO has been applied to several research and

real life domains (see, e.g., [213, 132, 163]), and a wide variety of formulations and solution

approaches of group LASSO have been presented in the literature [99, 101, 212, 186].

In many domains of interest, the instances are connected via a set of edges/links, thus

forming a network. For example, research papers are connected by citations, telephone

accounts are linked by calls, and brain connections are connected via different regions.

Several classification methods have been developed for networked data in different domains,

including web pages (e.g., [192]), computational biology (e.g., [115]), and human brain

network (e.g., [180]). Feature selection of networked data can be thus considered to be a

special case of group feature selection. Although the technique developed in this study is

motivated by networked data, it can be generalized to group feature selection problems.

2.4 Methodologies: Networked Data Classification

The network classification can be defined as follows: There is a data of networks Gi ∈ S with

i = 1, ..., n. Each network Gi = (Vi, Ei) is given as a set of nodes and edges respectively.

Finally, each network Gi has a corresponding label yi ∈ C where C is the set of |C| classes

of labels. In this thesis, we will only focus on the binary classification, i.e., C = {+1,−1}.

Along the same vein as the standard classification, the aim of network classification is to

learn a classifier f : D → C that predicts the label for any unlabeled network.

2.4.1 Feature Extraction in the Networked Data Classification

The one of the challenges in the networked data classification is how to convert discrete

network objects into numeric features for effective classification. Existing classification

researches on the networked data can be divided into three following schemes.

First of all, graph kernel methods have been widely used to the classification in the machine

learning community. The graph kernel enable us to represent the data as n × n symmet-

ric, positive semi-definite kernel matrix K = {κ(Gi, Gj)}ni,j=1 which measure the pair-wise

similarity (or dissimilarity). Once obtained the kernel matrix K, we are able to apply

various classification approaches (e.g., SVM) to learn the networked data classifier. There
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exists several studies to develop efficient and effective kernel κ such as the methods based

on random walks [82], shortest paths [33], subtrees[161], and cycles[95]. Although those

kernels have provide insightful features, there are still remaining challenges, especially for

large sized instances, i.e., the complexity of computation for existing kernel methods are

extremely high.

Secondly, it is possible to use global topology attributes for each Gi [120]. Instead of

relying on fixed “patterns”, computed global topological attributes, which are mentioned

at Section 2.2, can be used as a feature vector. For example, one can calculate efficiency

of Gi, E(Gi) and clustering coefficient C(Gi) and apply the SVM with a feature vector

xi = [E(Gi), E(Ci)] for ith network. Using global attributes can substantially reduce the

computational cost [120].

Finally, it is usually called ‘a bag of edges’, where the networks are treated as a collec-

tion/bag of edges. A bag of independent edges through multivariate classification methods.

Contrast from the usage of global attributes, it can reflect the entire connection weights si-

multaneously. Another novelty of this method is to extract informative sub-network through

the feature selection techniques. Since each feature is one to one matched to its correspond-

ing edge, we can construct a sub-network with selected features. We will handle it at the

following Section 2.4.2.

2.4.2 Feature Selection in the Networked Data Classification

In the Section 2.4, we briefly introduce the methods for feature extraction from the given

networks. Next step is to apply feature selection motivated by general feature selection

in Section 2.3.5. Contrast from extensive studies in terms of feature extraction on the

networked data, feature selection has been less studied. In using kernel method, typical

approach is to use filtering method based on the frequency of the subnetworks. It aims to

collect most frequently appealing subnetworks [208].

If we use the global attributes, selecting features is to pick the most informative attributes

and does not differ from the standard feature selection. This method cannot determine a

subnetwork as selected features.
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If we transplant the feature selection scheme into the networked data classification, it would

be equivalent to the edge selection problem since there exists one-to-one matching between

an edge and a feature respectively. As a result, we can select a set of edges via conventional

feature selection scheme. In addition, since the input data is composed of a specific net-

worked structure, it can be regarded as one of the structural feature selection. When the

data have complex structures, it is desirable to mine such structure for better prediction.

Unlike to the extensive investigations for the general feature selection, feature selection

researches on the networked data is at an opening stage. In the literature, several researches

on the human brain connectivity networks has been done. [104] applied a wrapper feature

selection method; SVM-RFE on the features made by random work graph kernel with mild

cognitive impairment (MCI) and edge selection has been applied to the autism spectrum

disorder(ASD) data [100, 51].
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Chapter 3

EXACT SOLUTION APPROACHES FOR THE K-CARDINALITY
TREE PROBLEM

3.1 Introduction

Let G = (V,E) be a connected undirected graph with vertex set V , edge set E, edge

cost function c: E → R. Let T = (VT , ET ) ⊆ G represent a tree structure. Then, the

k-cardinality tree problem (KCTP) is to find a minimum cost tree with exactly k edges,

which can be expressed by

T ∗ ∈ arg min
∀T⊆G

{c(T ) : |ET | = k}.

, where c(T ) =
∑

e∈ET
c(e).

KCTP was first introduced by Fischetti et al. who have also proven KCTP to be NP-hard

when 2 ≤ k ≤ |V | − 2 for arbitrary k as part of the input [74]. KCTP reduces to finding

the minimum cost edge when k = 1 and the minimum spanning tree problem (MSTP)

when k = |V | − 1, which can be solved efficiently [114, 156]. KCTP has been shown to be

polynomially solvable if input graph G is a tree [27]. KCTP has been extensively studied

in literature and applied to many practical applications in oil-field leasing, facility layout,

open pit mining, matrix decomposition, quorum-cast routing, and telecommunication fields

[29].

A number of heuristic approaches have been proposed to solve KCTP. Ehrgott et al. pro-

posed a greedy approach based on dynamic programming (DP) [67]. Blum revisited the

DP approach and employed Kruskal’s and Prim’s algorithms to solve the MSTP in the DP

framework [27]. Meta-heuristic methods have also been applied to KCTP using tabu search

[106, 24], evolutionary algorithms [25], variable neighborhood search [138, 30], and ensemble

metaheuristics [28]. In addition to heuristic approaches, approximation algorithms have also

been developed [11, 26, 80, 81], which are mainly based on the primal-dual theory proposed

by [84] for the prize-collecting steiner tree problem.
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Fischetti et al. introduced the first exact solution approach through integer programming

based on general subtour elimination constraints (GSEC) requiring exponential number of

constraints [74]. Ehrgott and Freitag solved the GSEC formulation using a branch-and-

cut approach on graph instances with up to only 30 vertices [66]. As a follow-up work,

Chimani et al. extended the formulation in [74] by adding symmetry breaking constraints

that substantially reduced the search space for the branch-and-cut algorithm [52].

Simonetti et al. introduced a branch-and-bound algorithm using a rooted version of KCTP,

where a predetermined vertex was chosen to be the root of the tree, and the algorithm was

iterated over all vertices as root vertices [175]. Quintão et al. proposed two mixed integer

programming (MIP) formulations [157]: one using multi commodity flow (MCF) constraints

to enforce connectivity and another using lifted Miller-Tucker-Zemlin (MTZ) constraints to

break subtours [62]. Their computational results showed that the MCF formulation had a

stronger LP relaxation bound compared to that of the MTZ formulation; however, it re-

quired longer CPU times to obtain the LP relaxation. Therefore, they suggested Lagrangian

relaxation for the MCF formulation while using a branch-and-bound algorithm to solve the

MTZ formulation. More recently, Simonetti et al. introduced three new families of valid

inequalities on top of the formulation in [52], two of which being facet defining constraints

for the convex hull of feasible KCTP solutions [174]. Compared to other formulations, the

approach in [174] produced the best computational results, especially for grid type graphs

which are known as the crux of KCTP.

In this study, I propose new mixed integer programming (MIP) formulations to solve the

KCTP. Our formulations are decomposed into two parts: the first is to find k cardinality

constrained connected components with at most one cycle (subtour), and the secondary

part is to remove such cycles. In the first part, three MIP formulations are introduced

in terms of the number of artificial vertices to be added to G. For the secondary part, I

use either single commodity flow (SCF) constraints or lifted MTZ constraints to break the

cycles in the connected components. Following the reformulation-linearization technique

(RLT) applied to the asymmetric traveling salesman problem in [173], I transform our MTZ

constraints accordingly to obtain tighter linear relaxation bounds.

The formulations developed in our study have similarities to those in [157], however I present
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computational evidence that the modifications with the artificial vertices in the first part

provide several computational advantages. In particular, I compare the performance of our

algorithms with other exact solution approaches: two formulations in [157] and a formu-

lation in [174]. The formulations in [157] can be solved by a branch-and-bound algorithm

while the formulation in [174] can be solved by a branch-and-cut algorithm. We should

note that the formulations and the solution methods of [52] and [174] are quite similar;

therefore, in this study I include comparisons of our formulations to only the latter since it

outperforms the former. We report competitive results for higher edge densities and com-

parable results for lower edge densities, where our formulations may be preferable due to

their ease of implementation using any commercial MIP solvers as opposed to complicated

implementation required for the branch-and-cut algorithm in [174].

The rest of this study is organized as follows. In Section 3.2, I demonstrate the modular

development of our formulations. In Section 3.3, the application of RLT to lifted MTZ

constraints is proposed. Computational results from our formulations are compared to

those from other formulations in Section 3.5. Finally, conclusions are drawn in Section 3.6

3.2 Mathematical Formulations

In this section, we present the modular development of our MIP formulations for the KCTP,

including connections to other formulations. We first introduce the notation used in the

study as follows. Given an undirected graph G = (V,E), an edge e ∈ E is defined as {i, j}

with endpoints of vertices i and j. For a given digraph D = (V,A), I denote an arc a ∈ A

whose start vertex is i and end vertex j by (i, j). We also define δ+(S) = {(i, j) ∈ A|i ∈

S, j 6∈ S} and δ−(S) = {(i, j) ∈ A|i 6∈ S, j ∈ S} for outgoing and incoming arcs of set S

respectively. Similarly, if set S contains single vertex i, we use δ+(i) and δ−(i) instead of

δ+({i}) and δ−({i}) respectively.

The input for KCTP are an undirected graph G = (V,E), an integer number k ≤ |V |−1, and

an edge cost function c. We transform an input instance graph G into a digraph D = (V,A)

to develop our formulations. An arc set A is a set of pairs of arcs obtained from a given

edge set E such that A = {(i, j), (j, i)|{i, j} ∈ E}. Edge costs are also transformed into

arc costs c(i,j) = c(j,i) = c{i,j}. Given a digraph D = (V,A) with a root vertex s ∈ V , the
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feasible solution of the KCTP, T = (VT , AT ) has to satisfy following properties [52]:

• T has exactly k arcs,

• T has exactly k + 1 vertices,

• there is a di-path from s to v, where ∀v ∈ VT , and

• indegree of each v ∈ VT \ {s} is equal to 1.

Considering these properties, I can identify two necessary conditions what the MIP formu-

lation has to satisfy. First, the feasible solution of MIP, T = {VT , AT } has to be consistent.

That is, if an arc (i, j) ∈ AT , then vertices i and j ∈ VT . Second, T should not involve

any cycle; that is, there should be a unique dipath from s to each v ∈ VT \ {s}. Hence, I

propose two constraint modules in this study: a primary module for finding connected com-

ponents and a secondary module for subtour (cycle) elimination. We provide three different

constraint sets for the primary module in Section 3.2.1 and two different constraint sets to

break subtours in Sections 3.2.2 and 3.2.3. Finally, I propose a RLT approach to improve

the MTZ formulation.

3.2.1 Connected Components with at Most One Cycle

Let xa ∈ B be a binary variable that denotes whether arc a ∈ A is selected or not, yi ∈ B

be a binary variable that denotes whether vertex i ∈ V is selected or not, and zi ∈ B be

a binary variable that denotes whether vertex i ∈ V is the root vertex or not. Now, I

define the following set of constraints, which produce connected components with desirable

properties.

XCC :
∑

a∈A xa = k, (3.1)∑
i∈V yi = k, (3.2)∑
i∈V zi = 1, (3.3)∑

a∈δ−(i) xa = yi, ∀i ∈ V, (3.4)

zi + yi ≤ 1, ∀i ∈ V, (3.5)

x(i,j) + x(j,i) ≤ (yi + zi), ∀(i, j),∈ A. (3.6)

xa, yi, zi ∈ B, ∀i ∈ V, ∀a ∈ A. (3.7)
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Constraint (3.1) requires that exactly k arcs are selected. Constraints (3.2) and (3.3) enforce

that exactly k ordinary vertices and one root vertex are selected, respectively. Constraints

(3.4) require the in-degree of selected arcs at an ordinary vertex i to be equal to 1 due to

feasibility property 3.2 if vertex i is selected, and 0 otherwise. Constraints (3.5) enforce

that vertex i cannot be selected as the root vertex and an ordinary vertex at the same time.

Constraints (3.6) require that only one of the two arcs between vertices can be selected if

both vertices are selected as root or ordinary vertices.

Instead of choosing a vertex among the vertices in V , an artificial vertex can be introduced

as the root vertex, which is indexed as vertex 0. [52] proposed a KCTP reformulation

defined over a digraph D̂ = (V̂ , Â), where V̂ = V ∪ {0} and Â = A ∪ {(0, i) : i ∈ V } with

{c(0,i) = 0 : i ∈ V }. This change implies an increase in the cardinality of the tree to k + 1

due to the fact that one of the added arcs (0, i) connected to the artificial vertex has to be

selected. Removal of the selected arc (0, i) from the solution would imply a k-cardinality

tree of G, where vertex i becomes the actual root vertex in T . Constraints pertaining to

the new augmented graph D̂ = (V̂ , Â) are given as follows.

X̂CC : constraint (1),∑
i∈V yi = k + 1, (3.8)∑

a∈δ−(i) xa + x(0,i) = yi, ∀i ∈ V, (3.9)∑
a∈δ+(0) xa = 1, (3.10)

x(i,j) + x(j,i) ≤ yi, ∀(i, j) ∈ A, (3.11)

xa, yi ∈ B, ∀i ∈ V, ∀a ∈ A. (3.12)

Constraint (3.8) requires that any feasible solution must contain k + 1 vertices. Constraint

(3.9) requires in-degree of any ordinary vertex to be 1 if the vertex is also selected, and 0

otherwise. Constraint (3.10) enforces that one arc connected to vertex 0 must be selected.

Constraints (3.11) enforce only one of the two arcs between two vertices to be selected if

both of the vertices are selected, and none otherwise.

[157] adopt a formulation where the vertex selector variables for the vertices are implicitly

replaced by arcs from another artificial vertex 0́ (in addition to vertex 0), which are used to



56

“unselect” vertices. Then, the new digraph D = {V ,A} can be defined as V = V ∪ {0, 0́}

and A = A ∪ (0́, 0) ∪ {(0, i) : i ∈ V } ∪ {(0́, i) : i ∈ V }. Corresponding constraint set is given

as follows.

XCC : constraint (3.1),

constraint (3.10),∑
a∈δ+(0́) xa = n− k, (3.13)∑
a∈δ−(i) xa = 1, ∀i ∈ V ∪ {0}, (3.14)

x(i,j) + x(j,i) ≤ 1, ∀(i, j) ∈ A, (3.15)

x(0́,i) + x(i,j),≤ 1, ∀(i, j) ∈ A. (3.16)

x(0́,0) = 1 (3.17)

xa ∈ B, ∀a ∈ A. (3.18)

Constraint (3.13) requires that n−k arcs emanating from vertex 0́ are selected, which point

at unselected vertices. Constraint (3.14) requires the in-degree of all vertices in V and also

vertex {0} to be equal to 1. Constraints (3.15) enforce only one of the two arcs between any

two vertices can be selected. Constraints (3.16) enforce that in any feasible tree if i ∈ V is

connected to 0́ then vertex i cannot be connected to other vertices and vice versa.

In the following two propositions, I show the equivalence of the three constraint sets, in-

cluding the integrality constraints, and I present a structural property that they share.

Proposition 3.2.1 There exists one-to-one correspondence mapping for integer feasible

solution within each constraint sets.

Proof Let (x, y, z) be a feasible solution of XCC . Based on the (x, y, z), let construct a

solution of X̂CC ; (x̂, ŷ) as followings. Firstly, define x̂a = xa, ∀a ∈ A. Next, let x̂(0,i) = 1

for zi = 1 and x̂(0,i) = 0 otherwise (zi = 0), ∀i ∈ V . Finally, let ŷi = yi + zi, ∀i ∈ V .

In Constraints (3.8),
∑

i∈V ŷi =
∑

i∈V yi +
∑

i∈V zi = k + 1. In Constraints (3.9), for

i ∈ {i | zi = 0}, we have
∑

a∈δ−(i) x̂a + x̂(0,i) =
∑

a∈δ−(i) xa = yi = ŷi. Similarly, for

i ∈ {i | zi = 1}, we have
∑

a∈δ−(i) x̂a + x̂(0,i) =
∑

a∈δ−(i) xa + x̂(0,i) = zi = ŷi because∑
a∈δ−(i) xa = 0 when zi = 1 due to Constraints (3.4) and (3.5). In Constraints (3.10),
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∑
a∈δ+(0) xa =

∑
i∈V zi = 1 Constraints (3.11) is easily derived from Constraints (3.5) and

(3.6). Thus, we can confirm that (x̂a, ŷi) can be a feasible solution of X̂CC .

Following the same line the case of X̂CC , let construct (xa, ∀a ∈ A) for XCC . Define

xa = xa, ∀a ∈ A. For all i ∈ V , x(0,i) = 1 for zi = 1 and x(0,i) = 0 otherwise. Similarly,

x(0́,i) = 1 for yi = zi = 0 and x(0́,i) = 0 when either zi = 1 or yi = 1. Simply, let define

x(0́,0) = 1.

In Constraint (3.13), we have
∑

a∈δ+(0́) xa = n −
∑

i∈V yi = n − k. In Constraint (3.10),∑
a∈δ+(0) xa =

∑
i∈V zi = 1. In Constraint (3.14), for i ∈ {i | yi = 1, ∀i ∈ V }, we have∑

a∈δ−(i) xa =
∑

a∈δ−(i) xa = yi = 1. When i = {0},
∑

a∈δ−(i) xa = x(0́,0) = 1. For

Constraints (3.16), if x(0́,i) = 1 on a vertex i, we have x(i,j) = 0 due to the Constraint (3.6)

and the definition of x(0́,i); x(0́,i) = 1 ↔ yi = zi = 0. Otherwise, x(0́,i) + x(i,j) = x(i,j) ≤ 1.

Thus, any xa, ∀a ∈ A satisfy Constraints (3.16). Therefore, (xa, ∀a ∈ A) can be a feasible

solution of XCC .

Proposition 3.2.2 Feasible solutions in XCC , X̂CC and XCC are composed of connected

components with at most one cycle.

Proof Note that two vertex cycles are not possible in XCC due to constraint (3.6). Because

of constraints (3.4), which implies that every vertex in |V | can have only one parent vertex,

one can start with any arbitrary vertex and trace back to the root vertex or itself within the

connected component. Let C be a connected component that satisfies XCC . Assume that

there are two cycles W1 ∈ C and W2 ∈ C. Let W1∩W2 6= ∅; then there is at least one vertex

in W1 ∩W2, whose in-degree is 2. Thus, it contradicts constraint (3.4). Let W1 ∩W2 = ∅;

then there is a directed path between W1and W2, which means that a vertex in W1 or W2

has in-degree of 2, which again contradicts constraint (3.4). The proofs for X̂CC and XCC

follows from Proposition 3.2.1.

Proposition 3.2.2 implies that the connected components are either directed trees or they

contain a single cycle that can be broken to construct a directed tree due to the cardinality

constraints. This property may facilitate finding KCTP solutions after inserting connec-

tivity and subtour elimination constraints to XCC ,X̂CC , and XCC . We implement these
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additional constraints in two different ways: conservation of flow using a single commodity

flow formulation and Miller-Tucker-Zemlin subtour elimination constraints.

3.2.2 Single Commodity Flow (SCF) Constraints

In this section, we propose Single Commodity Flow (SCF) constraints to ensure the con-

nectivity, which would break cycles in the connected components from XCC and produce

feasible KCTP solutions. The main idea of SCF is to send a total of k units of flow from

a root vertex to k ordinary vertices in the solution, where each ordinary vertex has a unit

demand. Connectivity is satisfied through flow balance constraints. Since only k arcs can

be selected from A, the resulting solution is constructing a k-cardinality tree

Let variable fa denote a flow value on arc a. Then the following constraints establish

connectivity through conservation of flow in a SCF problem.

SSCF :
∑

a∈δ+(i) fa ≤ k(yi + zi), ∀i ∈ V, (3.19)∑
a∈δ−(i) fa −

∑
a∈δ+(i) fa = yi − kzi, ∀i ∈ V, (3.20)

fa ≤ kxa, ∀a ∈ A. (3.21)

Constraints (3.19) require that out-flow from a vertex is at most k. Constraints (3.20)

enforce that k units of flow are generated at the selected root vertex and one unit of flow is

absorbed at a selected ordinary vertex. Constraints (3.21) enforce that at most k units of

flow on an arc if the arc is selected, and 0 otherwise. Similar to SSCF , the following set of

constraints based on the single commodity flow can be applied to X̂CC .

ŜSCF :
∑

a∈δ+(i) fa ≤ kyi, ∀i ∈ V, (3.22)∑
a∈δ−(i) fa −

∑
a∈δ+(i) fa = yi, ∀i ∈ V, (3.23)

fa = (k + 1)xa, ∀a ∈ δ+(0), (3.24)

constraints (3.21).

In Constraints (3.22) and (3.23), we rewrite Constraints (3.19) and (3.20) by excluding the

root vertex selector variable zi due to the artificial root vertex 0. Constraints (3.24) require

that the selected artificial arc will carry k+ 1 units of flow to be distributed to the selected

ordinary vertices.
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In XCC , we only use arc variables xa. Therefore, the flow conservation constraints for XCC

is given by

SSCF :
∑

a∈δ−(i) fa −
∑

a∈δ+(i) fa = 1, ∀i ∈ V, (3.25)∑
a∈{δ+(0́)\(0́,0)} fa = n− k − 1, (3.26)

constraints (3.21),

constraints (3.24).

Constraints (3.25) require that one unit of flow is absorbed by each vertex in V . Constraint

(3.26) ensures that the unit flow demanded by the n − k − 1 vertices not in the solution

tree are supplied by the artificial vertex 0́, whereas the demand for the selected vertices is

supplied through artificial vertex 0 as in constraint (3.24).

The feasible set of solutions for KCTP for the three different variations satisfy the constraint

sets XCC ∩ SSCF , X̂CC ∩ ŜSCF and XCC ∩ SSCF , respectively. The cost of the tree is the

sum of the arc costs included in the tree, i.e.,
∑

a∈A caxa. Thus we can state the three

variations of the SCF formulation of KCTP as follows.

KSCF : min{
∑
a∈A

caxa : (x, y, z, f) ∈ XCC ∩ SSCF } (3.27)

K̂SCF : min{
∑
a∈A

caxa : (x, y, f) ∈ X̂CC ∩ ŜSCF } (3.28)

KSCF : min{
∑
a∈A

caxa : (x, f) ∈ XCC ∩ SSCF } (3.29)

3.2.3 Lifted Miller-Tucker-Zemlin Constraints

One of the most well known subtour elimination constraints was proposed by [60] to solve

the traveling salesman problem (TSP). However, this approach requires an exponential

number of constraints. [137] proposed Miller-Tucker-Zemlin (MTZ) constraints for subtour

elimination by introducing a vertex level variable that represents the number of arcs in

the path from a start vertex to the current vertex. However, MTZ constraints are known

to produce a weak LP relaxation [117, 146]. [62] proposed lifted MTZ constraints, which

provide an improved LP relaxation compared to the original MTZ constraints.
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In this subsection, I adopt the lifted MTZ constraints for subtour elimination in three

versions of our formulation. We first introduce vertex level variables {ui : i ∈ V } that

represent the number of arcs from the root vertex to vertex i in any feasible tree, which can

be interpreted as the depth of a vertex. The resulting lifted MTZ constraints are as follows.

SMTZ : ui ≤ kyi, ∀i ∈ V, (3.30)

ui ≤ k(1− zi), ∀i ∈ V, (3.31)

kx(i,j) + (k − 2)x(j,i) + ui − uj ≤ k − 1, ∀(i, j) ∈ A, (3.32)

ui ∈ R+, ∀i ∈ V.

Constraints (3.30) and (3.31) restrict the depth of a vertex to k or less. Constraint (3.31)

set the depth of the root vertex to 0. Constraints (3.32) are the lifted MTZ constraints that

set proper depth values to vertices in the tree, which prevent cycles.

We can apply MTZ constraints to X̂CC and XCC with minor modifications in terms of the

structures of them. ŜMTZ and SMTZ ,which are the lifted MTZ constraints for X̂CC and

XCC , are given as follows.

ŜMTZ : ui ≤ (k + 1)yi, ∀i ∈ V, (3.33)

(k + 1)x(i,j) + (k − 1)x(j,i) + ui − uj ≤ k, ∀(i, j) ∈ A, (3.34)

(k + 1)x(i,j) + ui − uj ≤ k, ∀(i, j) ∈ Â \A, (3.35)

u0 = 0, (3.36)

ui ∈ R+, ∀i ∈ V.

SMTZ : (k + 3)x(i,j) + (k + 1)x(j,i) + ui − uj ≤ k + 2, ∀(i, j) ∈ A, (3.37)

(k + 3)x(i,j) + ui − uj ≤ k + 2, ∀(i, j) ∈ Â \A, (3.38)

u0́ = 0, (3.39)

ui ∈ R+, ∀i ∈ V.

Constraints (3.34) and (3.37) are the MTZ constraints for arcs in A. Constraints (3.35)

and (3.38) are the MTZ constraints for the arcs in δ̂+(0) and δ̂+(0́). Constraints (3.36) and

(3.39) ensure that the root vertex has 0 depth.
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Reformulations of KCTP with MTZ constraints (KMTZ ,K̂MTZ , and KMTZ) can then be

given as follows.

KMTZ : min{
∑
a∈A

caxa : (x, y, z, u) ∈ XCC ∪ SMTZ} (3.40)

K̂MTZ : min{
∑
a∈A

caxa : (x, y, u) ∈ X̂CC ∪ ŜMTZ} (3.41)

KMTZ : min{
∑
a∈A

caxa : (x, u) ∈ XCC ∪ SMTZ} (3.42)

3.2.4 Symmetry Breaking Constraints

A symmetry breaking constraint proposed by [174] significantly reduces the search tree in

branch-and-bound or branch-and-cut type algorithms, which can be adopted to our formu-

lations as follows.

∑
j>i x(0,j) + yi ≤ 1, ∀i ∈ V, (3.43)∑

j>i x(0,j) + (1− x(0́,i) − x(0,i)) ≤ 1, ∀i ∈ V. (3.44)

Constraints (3.43) impose that the index of the root vertex is the smallest of the indices

of the selected vertices, which correspond to one of the k + 1 symmetric solutions. Similar

to Constraints (3.43), Constraints (3.44) forces the root vertex to start with smallest index

among all asymmetric feasible solutions. Note that if both x(0́,i) and x(0,i) are equal to zero,

the second component on the left-hand-side of Constraint (3.44) implies that vertex i is a

child vertex as opposed to the root vertex in the feasible tree. The first component is the

sum of the arcs with index j > i that determines the root vertex, and it is equivalent to

the first component of (3.43). These constraints are generic to all KCTP implementations

except for KSCF and KMTZ due to the absence of the artificial root vertex {0}. Therefore,

I include Constraints (3.43) to both K̂SCF and K̂MTZ and Constraints (3.44) to both KSCF

and KMTZ , respectively.

3.2.5 Polyhedral Study

In this section, I study the polyhedral characteristics of our formulations. In the following,

let PSCF , P̂SCF , and PSCF be the polyhedrons corresponding to the LP-relaxation for
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KSCF , K̂SCF , and KSCF respectively. Analogously, PMTZ , P̂MTZ , and PMTZ be the

polyhedrons corresponding to the LP-relaxation for KMTZ , K̂MTZ , and KMTZ .

Each polyhedron P includes all feasible solutions for each formulation with replacement of in-

teger properties to the continuous properties. e.g., PSCF = {(x,y, z) ∈ R|A|+2|V |
+ |Const. (3.1)−

(3.5),Const. (3.19) - (3.21), 0 ≤ xa, yi, zi ≤ 1}.

Additionally, let zLP (.) denote the optimal solution value of the LP-relaxation of a given

model. For example, zLP (KSCF ) = min
∑

a caxa where xa ∈ PSCF . Therefore, the objective

value of the optimal solution within the relaxed formulation which might contains fractional

values is a lower bound for the optimal integer solution in its original formulation containing

integer property (e.g., z(PSCF ) ≤ z(KSCF )). We consider a stronger formulation when its

optimal LP solution gives a tighter lower bound than the other. For example, suppose there

exist two MIP formulations K1 and K2 on the same problem (both of them have same

optimal solution, z(K1) = z(K2)) and their corresponding LP relaxations are PK1 and PK2 .

Then, PK1 ⊆ PK2 if and only if z(PK1) ≥ z(PK2). We can consider the K1 stronger since

its LP-solution gives a tighter lower bound than K2.

Proposition 3.2.3 Both formulation KSCF and K̂SCF have same LP relaxation tightness.

Proof Equivalence of LP relaxation can be proved by: P̂SCF = Π1(PSCF ), where Π is a

projection of PSCF onto the P̂SCF , i.e., (x∗,y∗,z∗,f∗)
Π→ (x̂∗, ŷ∗, f̂∗) where (x∗,y∗,z∗,f∗)

and (x̂∗, ŷ∗, f̂∗) are feasible points of PSCF and P̂SCF respectively.

Prove Π1(PSCF ) ⊆ P (P̂SCF ) first. Consider a projection Π such that x̂∗a = x∗a, ∀a ∈ A.

x̂∗(0,i) = z∗i , ∀i ∈ V . ŷ∗i = y∗i +z∗i . Similarly, f̂∗a = f∗a , ∀a ∈ A. f̂∗(0,i) = (k+1)z∗i , ∀i ∈ V . First

of all, constructed values onto the space of P̂SCF (x̂∗,ŷ∗,ẑ∗ ,̂f∗) satisfy Constraints in X̂CC

by Proposition 3.2.1. Next, f̂∗ satisfy Constraints (3.22) since ŷ∗i = y∗i + z∗i .
∑

a∈δ−(i) f̂
∗
a −∑

a∈δ+(i) f̂
∗
a =

∑
a∈δ−(i)\{(0,i)} f

∗
a + f̂∗(0,i) −

∑
a∈δ+(i) f

∗
a = y∗i − kz∗i + (k + 1)z∗i = y∗i +

z∗i = ŷ∗i . Constraints (3.24) is already defined in the above transformation. Thus, any

points projected from the feasible points in PSCF are also feasible in P̂SCF , i.e.,P (KSCF ) ⊆

P (K̂SCF )

Prove P̂SCF ⊆ Π1(PSCF ). Given any feasible points (x̂∗, ŷ∗, f̂∗) in P̂SCF , we can simply

obtain: x∗a = x̂∗a, ∀a ∈ A. z∗i = x̂∗(0,i), ∀i ∈ V . y∗i = ŷ∗i − x̂∗(0,i). f
∗
a = f̂∗a , ∀a ∈ A. Similarly,
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constructed (x∗,y∗,z∗) satisfy Constraints in XCC . For f∗, it satisfies Constraints (3.19)

because y∗i + z∗i = ŷ∗i . In Constraints (3.20),
∑

a∈δ−(i) f
∗
a −

∑
a∈δ+(i) f

∗
a =

∑
a∈δ−(i) f̂

∗
a −∑

a∈δ+(i) f̂
∗
a − f̂∗(0,i) = ŷ∗i − f̂∗(0,i) = (y∗i − z∗i )− (k+ 1)z∗i = y∗i − kz∗i . Thus, from any feasible

points in P̂SCF , I can obtain feasible points in PSCF . Hence, both PSCF and P̂SCF are

polytope-wise equivalent.

(0.25, 0.0)

(0.75, 1.75)

(0.75, 2.0)

(0.25, 0.75)

(0.5, 0.0)

(0.5, 0.0)
1 (0, 0) (0.5, 1)

2 (0.25, 1) (0.25, 0)

3 (0, 0) (0.25, 0)

4 (0, 0) (1, 1)

5 (0.75, 3) (0, 0)

6 (0, 0) (0, 0)

Figure 3.1: A sample instance for proof of Proposition 3.2.4. Arc costs c(1,2) = c(3,6) =
c(5,6) = 1 and remaining costs are equal to 10. Note that the solution in the figure is
generated by the case of k = 3.

Proposition 3.2.4 KSCF is stronger than KSCF , i.e., zLP (KSCF ) ≥ zLP (KSCF ).

Proof Prove Π2(PSCF ) ⊂ PSCF first. Based on the feasible points of P (KSCF ), (x∗,y∗,z∗,f∗),

we define a projection Π2 such that xa = xa, x
∗
(0,i) = z∗i and x∗

(0́,i)
= 1 − (y∗i + z∗i ). From

the Proposition 3.2.1, x∗ satisfy the constraints in XCC . For f
∗
, let f

∗
a = f∗a , ∀a ∈ A,

f
∗
(0,i) = (k + 1)z∗i , and f

∗
(0́,i) = x∗

(0́,i)
.

In Constraints (3.25),
∑

a∈δ−(i) f
∗
a−
∑

a∈δ+(i) f
∗
a =

∑
a∈δ−(i)∩A f

∗
a+f

∗
(0,i)+f

∗
(0́,i)−

∑
a∈δ+(i) f

∗
a =∑

a∈δ−(i)∩A f
∗
a −

∑
a∈δ+(i) f

∗
a + f

∗
(0,i) + f

∗
(0́,i) = y∗i − kz∗i + (k + 1)z∗i + 1− (y∗i + z∗i ) = 1.

In Constraint (3.26),
∑

a∈{δ+(0́)\(0́,0)} f
∗
a =

∑
a∈{δ+(0́)\(0́,0)} x

∗
(0́,i)

=
∑

i∈V (1 − (y∗i + z∗i )) =

n−
∑

i∈V (y∗i + z∗i )) = n− k − 1.

On the other hand, a traditional argument is introduced in order to identify fractional

solution feasible for KSCF , but infeasible for KSCF . In Figure 3.1, assume a grid graph on

6 vertices. On the the left panel of Figure 3.1, a feasible solution (x∗a, f
∗
a) for all a ∈ A. For

all a ∈ A \A, we make a table for (x∗a, f
∗
a) at the right panel of Figure 3.1. These values are
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feasible for KSCF . However, for KSCF , there is no possible yi and zi satisfying Constraints

(3.6), Constraints (3.2), and Constraint (3.3) simultaneously. By use of x∗a in Figure 3.1,

every corresponding nodes i of arc a whose x∗a > 0 has to satisfy x∗(i,j) + x∗(i,j) ≤ (y∗i + z∗i )

according to Constraints (3.6). Thus, we have zi + yi = 1 for i ∈ {1, 2, 3, 5, 6}. Thus, we

have
∑

i∈V (y∗i + z∗i ) = 5 which contradicts to Constraints (3.2) and Constraint (3.3).

Remark PSCF = P̂SCF ⊆ PSCF . Thus, zLP (KSCF ) = zLP (K̂SCF ) ≥ zLP (KSCF )

(0.5, 0.0)

(0.75, 0.0)

(0
.7

5
, 
0
.0

)

(0
.2

5
, 0

.0
)

(0.25, 1.0)

(0.25, 1.0)

(a) Proposition 3.2.5

(0.5)

(0.75)

(0
.7

5
) (0

.2
5

(0.25)

(0.25)

[1.0] [1.0]

[0.5]

[0.0]

(b) Proposition 3.2.8

Figure 3.2: A sample instance for proofs of Proposition 3.2.5 and 3.2.8. Arc costs are all
equal to 1 except c(1,4) = 10

Proposition 3.2.5 Constraints (3.43) and (3.44) strengthen K̂SCF and KSCF respectively.

Proof For notational convenience, let P̂ sSCF denote the LP relaxation polyhedron including

the symmetry breaking constraints (3.43). Consider Constraints (3.43) first. Obviously, any

feasible solution in P̂ sSCF is feasible in P̂SCF .

One the other hand, we use a same argument used in the proof of Proposition 3.2.4. In

Figure 3.2(a), note that feasible ŷ∗i = 1 for all i ∈ {1, 2, 3, 4} by Constraints (3.9). Hence, we

only have x(0,1) = 1 and x̂∗(0,2) = x̂∗(0,3) = x̂∗(0,4) = 0 to satisfy symmetry breaking constraints

(3.43). Thus, the feasible solution of P (K̂SCF ) in Figure 3.2(a) is infeasible in P̂ sSCF .

Along the same line, let P
s
SCF be a polyhedron including Constraints (3.44). From the

feasible solution (ŷ∗, x̂∗, f̂∗) of K̂SCF in Figure 3.2(a), we construct a feasible solution of
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KSCF such that x∗a = x̂∗a and f
∗
a = f̂∗a , ∀a ∈ A∩ Â. Simply we set x∗

(0́,i)
= f

∗
(0́,i) = 0. Similar

to the case of P ′(K̂SCF ), constructed (x∗, f
∗
) is infeasible of P ′(KSCF ). For example, when

i = 1 in Constraint (3.44), x∗(0,2) + x∗(0,3) + x∗(0,4) + 1− x∗
(0́,1)
− x∗(0,1) = 0.75 + 1− 0− 0.25 =

1.5 > 1. Thus, (x∗, f
∗
) is not feasible in P

s
SCF .

Similar to the case of above three formulations based on the SCF, I compare the polyhedral

strength within three MTZ based formulations: KMTZ , K̂MTZ , and KMTZ .

Proposition 3.2.6 Both formulation KMTZ and K̂MTZ have same LP relaxation tightness.

Proof Prove PMTZ ⊆ P̂MTZ first. Let (x∗,y∗,z∗,u∗) be an optimal solution of LP relaxation

KMTZ . Then, we have x̂∗a = x∗a, ∀a ∈ A. x̂∗(0,i) = z∗i , ∀i ∈ V . ŷ∗i = y∗i + z∗i . Every (x∗,y∗,z∗)

satisfy the constraints in X̂CC . Thus, it is sufficient to show that we are always able to

find a u∗ satisfying MTZ constraints in ŜMTZ . For an arc a = (i, j) ∈ A, we have following

linear inequalities:

ûi ≤(k + 1)(y∗i + z∗i ) (3.45)

ûj ≤(k + 1)(y∗j + z∗j ) (3.46)

ûi − ûj ≤k − (k + 1)x∗(i,j) − (k − 1)x∗(j,i) (3.47)

ûi ≥max{(k + 1)z∗i − k, 0} (3.48)

ûj ≥max{(k + 1)z∗j − k, 0} (3.49)

First of all, max{(k + 1)z∗i − k, 0} ≤ (k + 1)(y∗i + z∗i ) is established. Thus, for i, we have

max{(k+1)z∗i −k, 0} ≤ ûi ≤ (k+1)(y∗i +z∗i ). Next, we can confirm that there exist feasible

u∗ unless the above linear inequalities are infeasible. The above inequalities are infeasible

if and only if k − (k + 1)x∗(i,j) − (k − 1)x∗(j,i) < max{(k + 1)z∗i − k, 0} − (k + 1)(y∗j + z∗j ).

However, according to the Constraints (3.6), we have k−(k+1)x∗(i,j)−(k−1)x∗(j,i)−(max{(k+

1)z∗i −k, 0}−(k+1)(y∗j +z∗j )) =2k−(k+1)(x∗(i,j) +x∗(j,i)−y
∗
j )+(k+1)(z∗i −z∗j )−2x∗(j,i) ≥ 0.

Note that k ≥ 1 always. Thus, we always find a feasible u∗ based on the (x∗,y∗,z∗).

Next, prove P̂MTZ ⊆ PMTZ . First x∗a = x̂∗a, ∀a ∈ A. z∗i = x̂∗(0,i), ∀i ∈ V . y∗i = ŷ∗i − x̂∗(0,i) is
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feasible in XCC . Secondly, we have the following inequalities:

ui ≤min{k(ŷ∗i − x̂∗(0,i)), k(1− x̂∗(0,i))} (3.50)

uj ≤min{k(ŷ∗j − x̂∗(0,j)), k(1− x̂∗(0,j))} (3.51)

ui − uj ≤k − 1− kx̂∗(i,j) − (k − 2)x̂∗(j,i) (3.52)

ûi ≥0 (3.53)

ûj ≥0 (3.54)

Similarly, the above linear inequalities are infeasible if and only if k−1−kx̂∗(i,j)−(k−2)x̂∗(j,i) <

−min{k(ŷ∗j − x̂∗(0,i)), k(1− x̂∗(0,j))}.

Suppose min{k(ŷ∗j − x̂∗(0,j)), k(1 − x̂∗(0,j))} = k(ŷ∗j − x̂∗(0,j)) first, then k − 1 − kx̂∗(i,j) − (k −

2)x̂∗(j,i) +k(ŷ∗j − x̂∗(0,j)) = k(y∗j − x̂∗(j,i))− x̂
∗
(i,j)) +k−kx̂∗(0,j) + 2x̂∗(j,i) = k(y∗j − x̂∗(j,i)− x̂

∗
(i,j)) +

k − kx̂∗(0,i) − 1 + 2x̂∗(j,i) = k(y∗j − x̂∗(j,i) − x̂∗(i,j) − x̂∗(0,j)) + k − 1 + 2x̂∗(j,i) ≥ 0 due to the

Constraints (3.9) and (3.11).

Otherwise, when min{k(ŷ∗j − x̂∗(0,j)), k(1− x̂∗(0,j))} = k(1− x̂∗(0,j)), then

k−1−kx̂∗(i,j)−(k−2)x̂∗(j,i) +k(1− x̂∗(0,j)) = k(2− x̂∗(i,j)− x̂
∗
(j,i)− x̂

∗
(0,j))+2x̂∗(j,i)−1 ≥ 0 due to

the Constraints (3.9) and (3.11). Thus, both formulation have equally strong LP-relaxation.

(0.25, 0.0)

(0.75, 1.75)

(0.75, 2.0)

(0.25, 0.75)

(0.5, 0.0)

(0.5, 0.0)

1 0 0.5 1.0

2 0.25 0.25 1.0

3 0 0.25 5.0

4 0 1 1.0

5 0.75 0 4.0

6 0 0 4.5

Figure 3.3: A sample instance for proof of Proposition 3.2.6. c(i,j) is a edge cost of an edge
(i, j). k = 3

Proposition 3.2.7 KMTZ is stronger than KMTZ , i.e., zLP (KMTZ) ≥ zLP (KMTZ).
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Proof Based on the feasible solution of PMTZ ; (x∗, y∗, z∗, u∗), we transform xa = xa,

x∗(0,i) = z∗i and x∗
(0́,i)

= 1− (y∗i + z∗i ). From the Proposition 3.2.1, x∗ satisfy the constraints

in XCC . In contrast to the proof of 3.2.6, which is shown by general feasibility of the linear

inequalities for u∗i , let consider a projection u∗i = u∗i + 2(y∗i + z∗i ).

In Constraints (3.37), (k + 3)x∗(i,j) + (k + 1)x∗(j,i) + u∗i + 2(y∗i + z∗i ) − u∗j − 2(y∗j + z∗j ) =

kx∗(i,j) + (k − 2)x∗(j,i) + u∗i − u∗j + 3(x∗(i,j) + x∗(j,i)) + 2(y∗i + z∗i )− 2(y∗j + z∗j ).

Since kx∗(i,j) + (k− 2)x∗(j,i) + u∗i − u∗j ≤ k− 1 and 3(x∗(i,j) + x∗(j,i)) + 2(y∗i + z∗i )− 2(y∗j + z∗j ) ≤

5(y∗i + z∗i )− 2(y∗j + z∗j ) ≤ 3, thus we can find feasible u∗i satisfy Constraints (3.37) through

the mapping.

In Constraints (3.37), (k + 3)z∗j − u∗j − 2(y∗j + z∗j ) = (k + 1)z∗j − u∗j − 2y∗j ≤ k + 2.

On the other hand, similar to the process for the proof of Proposition 3.2.4, we provide an

example which contains a feasible solution of PMTZ , but infeasible for PMTZ .

In Figure 3.3, it is equivalent instance used in Figure 3.1. We obtain a same feasible solution

x∗ of PMTZ as the solution of PSCF . On the right panel, we make a table for (x∗a, u
∗
i ) as a

reference. Equivalently to the Proposition 3.2.3, x∗ is infeasible while violating Constraints

(3.6), Constraints (3.2), and Constraint (3.3) in XCC

Remark zLP (KMTZ) = zLP (K̂MTZ) ≥ zLP (KMTZ)

Proposition 3.2.8 Constraints (3.43) and (3.44) strengthen K̂MTZ and KMTZ respec-

tively.

Proof Along the same vein as the proof of Proposition 3.2.5, feasible solution x̂∗a making

all ŷ∗i = 1 cannot satisfying the symmetry breaking constraints (3.43). Also, we derive

the feasible solution of KCC from the solution in Figure 3.2(b) such that let set x∗a = x̂∗a

and x∗(0,i) = x̂∗(0,1). By Constraint (3.14), we can calculate x̂∗
(0́,1)

as a result. We omit the

verification of For i = 1, in Constraint (3.44), x∗(0,2) + x∗(0,3) + x∗(0,4) + 1 − x∗
(0́,1)
− x∗(0,1) =

0.75 + 1 − 0 − 0.25 = 1.5 > 1 so we can verify that x∗ is feasible for KMTZ , but strictly

violates the symmetry breaking constraints.
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3.3 A Reformulation-Linearization Technique Approach

Shearli and Driscoll introduced tighter relaxations of the MTZ constraints for the asym-

metric TSP using the reformulation-linearization technique (RLT) [173]. They started with

a nonstandard restatement of MTZ constraints that involved nonlinear product terms and

then applied a specialized version of the RLT [170, 171], exploiting inherent special struc-

tures as in [172]. Most of the development in their work can be adapted for KMTZ with

the following reformulation.

KMTZ2 : Minimize
∑

a∈A caxa

subject to:

x ∈ XCC

constraints (3.39),

ujx(i,j) = (ui + 1)x(i,j), ∀(i, j) ∈ A, (3.55)

u0 = 1, (3.56)

1 ≤ ui ≤ k + 2, ∀i ∈ V, (3.57)

Nonlinear constraints (3.55) are subtour elimination constraints. For vertices {0, 0́} in

KMTZ2, I can observe ujx(0́,j) = x(0́,j) and ujx(0,j) = 2x(0,j) from Constraints (3.39) and

(3.56), respectively. Since there are k arcs in the feasible tree, the upper bound of ui is

k + 2. These bounds are given in Constraints (3.57).

Next, I reformulate KMTZ2 by generating additional implied constraints and linearizing

nonlinear terms by substitution of distinct variables that enforce the nonlinear relationships.

3.3.1 Reformulation Phase

In the reformulation phase, I construct additional sets of constraints via steps (R1)–(R4)

stated below.

(R1) Using the enforcement in-degree constraints (3.14), I construct the following valid
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inequalities:

ui

 ∑
a∈δ−(i)

xa − 1

 = 0, ∀i ∈ N ∪ {0}. (3.58)

(R2) For each i, I multiply the inequality (ui − 1) ≥ 0 of Constraint (3.57) by (i) x(i,j) ≥ 0

for each (i, j) ∈ A and by (ii) (1 − x(i,j) − x(j,i)) ≥ 0 for each (i, j) ∈ A. Note that these

multiplications yield inequalities of type (i):

(ui − 1)x(i,j) ≥ 0, ∀(i, j) ∈ A, (3.59)

and type (ii):

(ui − 1)(1− x(i,j) − x(j,i)) ≥ 0, ∀(i, j) ∈ A (3.60)

Observe that the inequalities used as multipliers in (ii) are the two vertex cycle elimination

constraints. Since x(i,j) + x(j,i) ≤ 1 and x(i,j), x(j,i) ≥ 0 imply 0 ≤ x(i,j) ≤ 1 and 0 ≤ x(j,i) ≤

1}, though not vice-versa, the use of factors (1− x(i,j) − x(j,i)) generates potentially tighter

relaxations than that obtained using the simple bound constraints (1−x(i,j)) and (1−x(j,i))

as studied generally in [172].

(R3) Similar to (R2), using the upper bound conditions in Constraints (3.57), I construct

valid inequalities type (i):

(k + 2− ui)x(i,j) ≥ 0, ∀(i, j) ∈ Â, (3.61)

and type (ii):

(k + 2− ui)(1− x(i,j) − x(j,i)) ≥ 0, ∀(i, j) ∈ A. (3.62)

(R4) For each vertex i which are all non-root vertex and have ui ≥ 3, I construct the

following valid inequalities:

(ui − 3)(1− x(0́,i) − x(0,i)) ≥ 0, ∀i ∈ N (3.63)

Note that when x(0́,i) = 1 or x(0,i) = 1, these constraints are trivial valid inequalities.

Likewise, x(0́,i) = 0 and x(0,i) = 0, since I must then have 3 ≤ ui ≤ k + 2, these constraints

are again valid inequalities.
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3.3.2 Linearization Phase

In the linearization phase, I linearize KMTZ2 along with new classes of constraints from

(R1) to (R4) generated above by using the substitution

y(i,j) = uix(i,j) and z(i,j) = ujx(i,j), ∀(i, j) ∈ Â. (3.64)

Note that Constraints (3.55) together with (3.57) imply,

z(i,j) = x(i,j) + y(i,j), ∀(i, j) ∈ Â. (3.65)

Subsequently, z(i,j) in Constraint (3.64) can be eliminated by substitution using Constraint

(3.65), and it finally yields the following formulation:

KRLT :

Minimize
∑
a∈A

caxa

subject to:

x ∈ XCC (3.66)∑
(i,j)∈Â

y(i,j) + 1 = uj , ∀j ∈ N, (3.67)

y(i,j) ≥ x(i,j), ∀(i, j) ∈ A,∀i ∈ N ∪ {0}, (3.68)

(k + 1)x(i,j) ≥ y(i,j), ∀(i, j) ∈ A,∀i ∈ N ∪ {0}, (3.69)

(k + 1)x(i,j) + (k + 2)x(j,i) + uj

≤ y(i,j) + y(j,i) + k + 2, ∀(i, j) ∈ A, (3.70)

(k + 1)x(i,j) + uj ≤ y(i,j) + k + 2, i ∈ {0́, 0}, j ∈ N, (3.71)

y(i,j) + y(j,i) ≤ x(j,i) + uj − 1, ∀(i, j) ∈ A, (3.72)

y(i,j) ≤ uj − 1, i ∈ {0́, 0}, j ∈ N, (3.73)

uj + 2x(0́,j) + x(0,j) ≥ 3, ∀j ∈ N, (3.74)

constraints (3.39),(3.56), and (3.57)
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Under the linearization in Eq. (3.64) and the substitution Eq. (3.65), the reformulation step

(R1) yields Constraint (3.67). Step (R2)(i) and inequalities (R3)(i) provide lower and upper

bounding restrictions in Constraints (3.68) and (3.69), respectively. Similarly, (R2)(ii) and

(R3)(ii) produce lower and upper bounding restrictions in Constraints (3.70) and (3.72),

respectively. Since there does not exist arc (j, i), where j ∈ N and i ∈ {0́, 0}, we distinguish

Constraints (3.71) and (3.73) from Constraints (3.70) and (3.72) separately in terms of arcs’

condition. The set of constraints generated at step (R4) produce bounding inequalities given

in Constraint (3.74). Note that the new variable y(i,j) represents the depth of the arc (i, j)

in the tree from the root vertex if it appears in the solution, 0 otherwise.

The interpretation of each constraint is thereby evident by considering a possible 0−1 value

for the accompanying x variable. For instance, consider Constraints (3.70) and (3.72), which

are lower and upper bounds for y(i,j) + y(j,i), respectively and suppose that x(i,j) = 1 and

x(j,i) = 0 for (i, j) ∈ A. Then Constraints (3.70) and (3.72) reduce to y(i,j) + y(j,i) = uj − 1.

Similarly, for (i, j) where i ∈ {0́, 0}, j ∈ N , y(i,j) = uj − 1 is established by Constraints

(3.71) and (3.73). The interpretation of y variables confirms this relationship since we must

have y(j,i) = 0 due to Constraint (3.69). According to the original definition of y(i,j) in

Constraint (3.64), y(i,j) = ui when x(i,j) = 1. Consequently, it leads to the valid equation:

ui = uj − 1.

We next show the validity of the KRLT formulation and also show that KMTZ is a surrogate

relaxation of KMTZ , which implies that KRLT yields a tighter LP relaxation than that of

KMTZ . We further discuss the conditions under which the constraints of KRLT are tighter

than the constraints of KMTZ .

Proposition 3.3.1 The formulation KRLT is a valid model for KCTP and KMTZ is a

surrogate relaxation of KRLT .

Proof The validity of the constraints described in KRLT follows by construction and argu-

ments presented in the reformulation phase of the RLT process. Therefore, it is sufficient to

show that Constraints (3.66)-(3.74) imply the constraints of KMTZ in the continuous sense.

Note that Constraints (3.66) are common. Hence, it remains to show that Constraints (3.37)

and (3.38) are implied by Constraints (3.67)-(3.74). For any arc (i, j) ∈ A, let us examine
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Constraints (3.70), (3.72), and (3.15). By swapping i and j in the first, multiplying the

second by -1, and finally surrogating all of them, Constraint (3.37) can be obtained. The

case of arc (i, j), i ∈ {0́, 0}, j ∈ N , yields the same equivalence to Constraint (3.37) similarly

if we replace arc (j, i) with 0. This result shows that KMTZ is a surrogate relaxation of

KRLT .

Fixing all other variables, the relaxed feasible region for x(i,j) and x(j,i) would be a unit

square as shown in Figure 3.4. We next provide a detailed comparison of the feasible

region defined by Constraints (3.75) and (3.76) to the region defined by Constraint (3.77)

within this unit square. By using the equality y(i,j) = uix(i,j) from Constraint (3.64), we first

rearrange Constraint (3.70) (after swapping i and j), and Constraint (3.72) as in Constraints

(3.75) and (3.76), respectively. As a result, we obtain

x(i,j) +
k+1−uj
k+2−ui x(j.i) ≤ 1, (3.75)

ui
uj−1x(i,j) + x(j,i) ≤ 1. (3.76)

Similarly, we rearrange Constraint (3.37) as in Constraint (3.77) and obtain

k+3
k+2+uj−uix(i,j) + k+1

k+2+uj−uix(j,i) ≤ 1. (3.77)

For uj ≥ ui + 1, it is easy to check that the region defined by Constraint (3.15), which is

x(i,j) + x(j.i) ≤ 1, is tighter than the region defined by Constraints (3.75) and (3.76), and

also tighter than the region defined by Constraint (3.77). Note that Constraint (3.15) is

common to both KRLT and KMTZ .

Next we show that for uj ≤ ui − 1, the feasible region defined by Constraints (3.75) and

(3.76) is strictly tighter than the region defined by Constraint (3.77), which are shown as the

quadrilateral ABCD (gray area) and the triangle AEF (light gray), respectively in Figure

3.4.

Proposition 3.3.2 For uj ≤ ui−1, Constraints (3.75) and (3.76) provide a strictly tighter

relaxation than Constraint (3.77).

Proof It is sufficient to show that vertices B, C and D of the feasible region defined by

Constraints (3.75) and (3.76) satisfy Constraint (3.77), with at least one of them strictly
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Figure 3.4: The LP relaxation for KRLT is tighter than the LP relaxation for KMTZ .

satisfying Constraint (3.77). For notational convenience, we let ui = u, and uj = u − t,

where t ≥ 1. In Table 3.1, we present the coordinates of the points in Figure 3.4, and the

values obtained when they are plugged in the left-hand-side (LHS) of Constraint (3.77). It

is clear that point A strictly satisfies Constraint (3.77), and points E and F are on the

constraint line of Constraint (3.77). It is also easy to observe that the expressions in square

brackets in LHS of Constraint (3.77) column are strictly greater than 0 when t > 1 for

points B, C and D, thus strictly satisfying Constraint (3.77). For t = 1, points B and C

satisfy Constraint (3.77) at equality, however point D strictly satisfies Constraint (3.77),

completing the proof.

3.4 Applications to Networked Data Classification

As I mentioned at Chapter 1, extracted k cardinality tree T ∗ can be represented as a critical

component of the complex network which represent the “core” connectivity with restricted

number of connection.

In the network data classification, which is to determine the classifying rule which induce

the group level difference, KCT can be a representative feature for each network instance.

In specific, given {Gi, li}ni=1 where n is the total number of instances and each Gi has its

corresponding label li ∈ L, I set simple but insightful hypothesis that the group leveled
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Table 3.1: Coordinates of points given in Figure 3.4 and the values obtained when they are
plugged in the left-hand-side (LHS) of constraint (3.77)

point x(i,j)-coord x(j,i)-coord LHS of (3.77)

A 0 0 0

B 0 k+2−u
k+1−u+t 1−

[
(t−1)(u−t)

(k+2−t)(k+1−u+t)

]
C (t−1)(u−t−1)

(k+2)(t+1)−2u
(t+1)(k+2−u)
(k+2)(t+1)−2u 1−

[
(t−1)(t+1)

((k+2)(t+1)−2u)(k+2−t)

]
D u−t−1

u 0 1−
[

(t+1)(k+3−u)
(k+2−t)u

]
E 0

k+2+uj−ui
k+1 1

F
k+2+uj−ui

k+3 0 1

difference, i.e., L, might be described by the alteration of connectivity patterns among Gi.

This hypothesis has been widely used in the functional brain network analysis such that the

normal structure of functional brain network might be somehow disrupted in neuropsychi-

atric disease. Therefore, the alteration/disruption can potentially be used as a bio-marker

of abnormal brain eventually. As an example, a minimum spanning tree (MST) was intro-

duced to demonstrate disrupted modularity of connectivity of default mode network (DMN)

in the functional brain network, which is identified networks in the resting state of human

brain [197].

However, even though connectivity among the nodes in the network may be sensitive to

abnormal changes, MST might not provide the most insightful information on the network

changes because it had to contain all nodes in the network in which some nodes might be

irrelevant. In specific, the study of DMN, the regions of DMN are mostly defined based

on entire study subject group and the actual regions for individual subject can vary in

size, shape and location. Therefore, instead of considering all nodes, I apply KCT as a

representative connectivity of the core area in the large scale complex network.

As a framework for this purpose, I can extract a Ti from Gi with predetermined cardinality

k and use the average weights w(Ti) in the Ti as a measurable characteristic of connec-

tivity patterns in Gi. Then, I evaluate the discrimination power between group based on
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{w(Ti), li}ni=1. Thus, KCT can be regarded as a tool for feature extraction of univariate

classification in the networked data classification.

3.5 Computational Results

All our formulations were coded in C# using IBM ILOG CPLEX 12.5 MIP solver and tested

on an Intel Xeon E5335 2.00 GHz with 4GB of RAM. For every test instance, computation

time was restricted as 1 hour (3,600 seconds). Only single thread processing was used. All

parameters used were from the default settings of CPLEX.

In this section, I conduct the test as following two directions. First, I focus on the evaluation

of computational efficiency. Through the extensive experiments. I validate the computation

performance among the proposed MIPs first. Then, I compare the selected MIPs with the

state-of-art methods which have been developed. Second, I apply the KCT for the net-

worked data classification. Specifically, I employ the KCTP as a network analysis technique

using functional connectivity human brain networks collected from fMRI. Through the ex-

periments, I aim to characterize transition stages between healthy brain stage to cognitive

decline.

3.5.1 Results on Small Public Benchmark Data Set

First, we present the computational results of our models on benchmark problem instance.

The first set of KCTP test instances was provided in [67], consisting of 120 connected

graphs with 10, 20, and 30 vertices and varying numbers of edges (with a maximum of 268).

Subsequently, 35 KCTP instances of 4-regular graphs were provided in [24] with varying

numbers of vertices. However, all these graph instances were extremely easy to solve with

recent methods and therefore not effective in differentiating true performances of different

algorithms [28, 52]. More recently, KCTP test instances of four different graph types were

provided in [28]. The first group of graphs included grid type graphs with different number

of vertices, which were identified with the suffix bb. The second group contained hard 4-

regular graphs from [24]. The third group included Steiner tree problem (STP) instances

with varying edge densities. Finally, the fourth group was associated with Leighton graphs.

Detailed descriptions of these data sets can be found in [28]. In this study, to compare the
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computational efficiency of all seven formulations of our KCTP (KMTZ , K̂MTZ , KMTZ ,

KSCF , K̂SCF , KSCF and KRLT ), we applied our formulations on the benchmark datasets

by [28] using 10 equidistantly distributed cardinality values between 2 and |V | − 2.

Table 3.2 compares the CPU times for our formulations on the small benchmark instances,

where k represents cardinality and r = 2|E|
|V |(|V |−1) edge density. Additionally, the second

column, named ‘Type’, represents the type of graph, which are specified by [28]. In general,

the results show that KSCF and K̂SCF are faster than other models. Among all four types

of test instances, grid instances were reported to be the most difficult instances [52, 29, 39].

K̂SCF outperforms all other models. KSCF comes second with similar performance to

K̂SCF . However, KSCF shows poor performance regardless of graph type.

Table 3.2: CPU time comparisons with the models: selected instance of the benchmark data
set. The bold faced measures with ∗ indicate the best performing model for that instance

Instances Type k r
CPU time (in seconds)

KMTZ K̂MTZ KMTZ KSCF K̂SCF KSCF KRLT

steine5 sparse 500 0.0010 540.14 80.10 54.94 54.93 32.67∗ 3600.00 314.41

steind5 sparse 400 0.0025 371.95 11.39 15.97 18.87 5.34∗ 3600.00 22.82

g1000-4-01 regular 20 0.0040 10.48 10.63 9.92 2.09∗ 5.55 3600.00 22.53

g1000-4-05 regular 100 0.0040 27.80 12.05 16.24 3.50∗ 7.93 3600.00 15.45

g400 4 05 regular 40 0.0100 3.21 3.88 4.21 1.21∗ 1.50 3600.00 4.40

bb45×5 1 grid 40 0.0159 1128.79 190.14 321.46 201.56 13.00∗ 3600.00 2257.80

bb15×15 2 grid 20 0.0167 39.16 3.07 5.54 6.73 1.97∗ 654.52 20.86

steind15 dense 400 0.0100 3600.00 50.03 59.65 102.35 14.77∗ 3600.00 335.516

steinc15 dense 400 0.0200 3600.00 63.24 282.49 3.83 3.29∗ 3600.00 162.85

lec450 15a dense 405 0.0809 3600.00 14.68∗ 45.33 70.99 49.16 1321.54 45.33

Table 3.3 shows the optimality status results for all of the 190 instances in the benchmark

data set. In this table, ‘opt ’ denotes the number of instances for which the model proved

optimality; ‘tlo’ denotes that time limit was reached but the current solution was optimal;

‘tlf ’ denotes that time limit was reached while the current solution was not optimal but

feasible; finally, ‘na’ denotes that no feasible solution was found within the time limit. A
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Table 3.3: Solution status counts for all benchmark instances

K̂MTZ KMTZ K̂SCF KSCF KMTZ KSCF KRLT

opt 152 103 175 162 142 42 134

tlo 15 66 4 14 17 21 24

tlf 13 12 10 10 22 15 24

na 10 9 1 4 9 112 8
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Figure 3.5: CPU time (in seconds) of K̂MTZ , K̂SCF , KSCF for dense graphs ‘steind15’ and
‘le450 15a’.

great majority of the 190 instances were solved to optimality by all models except for KSCF

and more than 150 instances out of 190 were solved to provable optimality by our three

models: K̂MTZ , KSCF , and K̂SCF .

In Figure 3.5, we present a plot of CPU times (y-axis) versus an increasing cardinality

(x-axis) for the three best performing models based on Tables 3.2 and 3.3, namely, K̂MTZ ,

K̂SCF , KSCF . The results in the figure are based on two instances, ‘steind15’ (left) and

‘le450 15a’ (right), which are identified as dense graphs in [28]. In ‘steind15’, K̂SCF shows

the best overall performance and KSCF is faster than K̂MTZ except for two specific cardi-

nality values. In ‘le450 15a’, K̂MTZ is the fastest, followed by K̂SCF and KSCF .

Aside from the CPU time, we also present LP relaxation results of our models in Table

3.4. The reported optimality gap was calculated by ZIP−ZLP
ZIP

, where ZIP was the best

integral solution and ZLP was the LP relaxation value. Table 3.4 shows that K̂SCF has
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the smallest optimality gap. It means K̂SCF has a tighter LP relaxation than the other

models. In general, there is not much difference between models based on XCC and X̂CC .

However, models based on XCC show relatively worse relaxation results, which implies that

constraints based on XCC and X̂CC provide tighter bounds than XCC . We also observe

similar results between KMTZ and KRLT , supporting Proposition 3.3.1.

Table 3.4: Optimality gap and LP relaxations in the benchmark data set. ‘N/A’ indicates
that the instance cannot be found any integer feasible solution within the time limit.

Instances
KMTZ K̂MTZ KMTZ KSCF K̂SCF KSCF KRLT

GAP ZLP GAP ZLP GAP ZLP GAP ZLP GAP ZLP GAP ZLP GAP ZLP

steine5 0.0047 9226.78 0.0015 9256.11 0.5202 4460.07 0.0017 9254.17 0.0002 9268.17 N/A 4448.00 0.5202 4448.00

steind5 0.0060 8633.00 0.0007 8679.00 0.3062 6026.00 0.0021 8666.80 0.0001 8684.23 N/A 6030.13 0.3062 6026.00

g1000-4-01 0.0304 255.00 0.0279 255.67 0.7643 62.00 0.0116 259.96 0.0000 263.00 0.7993 62.00 0.7643 62.00

g1000-4-05 0.0086 1633.82 0.0010 1646.38 0.5158 798.00 0.0026 1643.77 0.0010 1646.38 0.5158 798.00 0.5158 798.00

g400 4 05 0.0239 654.00 0.0100 663.28 0.5716 287.00 0.0104 663.06 0.0073 665.08 0.5716 287.03 0.5716 287.00

bb45×5 1 0.2412 527.33 0.2412 527.33 0.7410 180.00 0.2119 547.74 0.1787 570.83 0.7345 184.49 0.7410 180.00

bb15×15 2 0.2242 237.22 0.2190 238.18 0.8142 59.00 0.2006 247.62 0.1534 250.57 0.8127 59.00 0.8127 59.00

steind15 0.0058 2431.80 0.0029 2439.00 0.2416 1856.22 0.0026 2439.53 0.0013 2442.78 N/A 1855.00 0.2416 1855.00

steinc15 0.0048 3554.00 0.0017 3565.00 0.0266 3481.75 0.0008 3568.22 0.0003 3569.82 N/A 3476.00 0.0266 3476.01

lec450 15a 0.0086 624.00 0.0014 628.00 0.0137 592.00 0.0017 627.59 0.0013 628.25 0.0093 593.12 0.0108 592.52

We present comparative results between our top three models, the branch-and-cut algorithm

by [174] and the branch-and-bound algorithm by [157]. All of them were implemented under

the same computational configuration. In Table 3.5, solution status results are given (similar

to Table 3.3), where the branch-and-cut algorithm in [174] is denoted as SBnC and the two

branch-and-bound algorithms in [157] are identified as QMCF and QMCFR respectively.

SBnC shows the best results in all categories, followed by our models with K̂SCF having the

best result among our models. The performance of QMCF and QMCFR proposed by [157]

are relatively poor.
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Table 3.5: Solution status counts for all instances for comparison with other exact solution
algorithms.[157, 174]

K̂MTZ KSCF K̂SCF SBnC QMCF QMCFR

opt 152 162 175 190 23 98

tlo 15 14 4 0 3 64

tlf 13 10 10 0 34 10

na 10 4 1 0 130 18

3.5.2 Results on Dense Graphs

The publicly available benchmark datasets lack instances with high edge density. Therefore,

we randomly generated 40 different random graphs with various vertice size and edge density.

Edge costs were drawn uniformly from [1, 100]. Graph sizes and densities were set as the

combinations of |V | ∈ {50, 100, 150, 200, 500} and r ∈ {0.25, 0.50, 0.75, 0.99}, respectively.

Cardinalities were determined in the interval k ∈ { |V |5 ,
|V |
2 }. Tables 3.6 shows CPU time

of the generated instances. From the table, K̂MTZ solves 6 instances out of 8 faster than

others whereas KMTZ solves 2 instances faster than others. KSCF and KSCF fail to solve

one and KRLT fails to solve two instances to optimality. A detailed account of solution

status is given in Table 3.8.

Similar to Table 3.4, we present optimality gap results for selected instances in Table 3.9

and 3.10. From the table, one can observe the same order of tightness of LP relaxation as in

Table 3.4. In the same manner as in Section 3.5.1, we choose three models; K̂MTZ , KMTZ ,

KMTZ , which have shown significant computational performance out of our seven models.

Interestingly, we observe that models with MTZ constraints were selected in contrast to the

results from the benchmark data set.

Table 3.11 and 3.12 shows the CPU time comparison between our selected models and other

algorithms of the selected instances in dense graphs. Also, Table 3.13 presents optimality

status counts (similar to Table 3.5), where all algorithms reach optimality in all instances

except forQMCF . Figure 3.6 plots average CPU times of K̂MTZ and SBnC over test instances

of 200 vertices (|V | = 200) with a cardinality of 100 (k = 100) and 500 vertices (|V | = 500)
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Table 3.6: CPU time comparisons of models on selected dense graphs. The bold faced
measures with ∗ indicate the best performing model for that instance.

|V | r k
CPU Time (in seconds)

KMTZ K̂MTZ KMTZ KSCF K̂SCF KSCF KRLT

100 0.25 20 0.37 0.31∗ 1.17 1.10 0.68 24.23 1.67

100 0.25 50 0.79 0.60∗ 0.81 0.77 0.92 12.18 1.26

150 0.5 30 4.26 3.15∗ 10.43 6.71 7.92 379.08 17.53

150 0.5 75 2.02∗ 4.20 8.89 10.84 20.60 283.30 17.80

200 0.75 40 5.90 5.11∗ 10.83 19.01 29.59 635.91 44.54

200 0.75 100 7.13∗ 7.27 12.73 21.37 32.17 931.72 56.22

500 0.99 100 290.47 114.85∗ 417.90 3600.00 1699.93 3600.00 3600.00

500 0.99 250 565.42 100.45∗ 604.50 1076.61 1876.15 3600.00 3600.00

with a cardinality of 250 (k = 250).

In the figure, the performance of K̂MTZ was comparable to that of SBnC in smaller graph

instances (|V | = 200, k = 100). However, it is very important to note that the CPU times

of K̂MTZ were much more stable than those of SBnC , suggesting our K̂MTZ to be a more

robust choice of solution approach. More importantly in larger graph instances (|V | = 500,

k = 250), K̂MTZ notably outperformsSBnC , using only half of CPU times.
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Figure 3.6: CPU time of K̂MTZ , SBnC for |V | = 200, k = 100 and |V | = 500, k = 250.
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Table 3.7: CPU time comparisons of models on selected dense graphs (ER). The bold faced
measures with ∗ indicate the best performing model for that instance.

|V | p k
CPU Time (in seconds)

KMTZ K̂MTZ KMTZ KSCF K̂SCF KSCF KRLT

100 0.25 20 0.82 0.66∗ 2.28 2.02 1.24 15.01 3.27

100 0.25 50 1.10 0.75∗ 1.97 1.81 1.50 21.75 3.44

150 0.5 30 5.04 3.82∗ 9.78 6.21 8.10 348.12 25.33

150 0.5 75 6.09 5.25∗ 12.35 13.01 12.60 339.53 31.06

200 0.75 40 7.18∗ 7.90 18.64 18.17 15.69 601.47 57.23

200 0.75 100 11.16 10.07∗ 22.10 19.09 23.65 897.20 89.13

500 0.99 100 311.57 134.44∗ 390.08 3154.08 2122.15 3600.00 3398.05

500 0.99 250 450.63 178.56∗ 789.64 3600.00 3029.34 3600.00 3600.00

Table 3.8: Solution status counts for all dense graph instances. See Section 3.5.1 for the
descriptions of ‘opt ’, ‘tlo’, ‘tlf ’, and ‘na’.

K̂MTZ KMTZ K̂SCF KSCF KMTZ KSCF KRLT

opt 80 80 78 65 80 70 75

tlo 0 0 0 0 0 3 1

tlf 0 0 2 0 0 5 1

na 0 0 0 5 0 2 3

3.5.3 Results on Large graphs

We compare the computational performance of K̂MTZ and SBnC on large graph instances

with |V | ∈ {500, 600, 800}. The number of edges in the generated graphs was controlled

by the edge densities r ∈ {0.25, 0.50, 0.75, 0.99}. For each setting (|V |, r), we generated 10

random instances (realizations) with different edge costs, resulting in a total of 120 graphs

generated. For notational convenience, we introduce the term “relative cardinality, krel,

which is a fraction of |V |, and varied as {0.1, 0.25, 0.40, 0.50}. For example, suppose that a

graph G is generated by (|V | = 500, r = 0.25) and krel is set to 0.1. Then, G is constructed

by 31,187 edges (|E| = b r×|V |×(|V |−1)
2 c) with 500 vertices and the cardinality k for KCTP
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Table 3.9: Optimality gap and LP relaxations in the Dense graphs. ‘N/A’ indicates that
the instance cannot find any integer feasible solution within the time limit.

|V | r k
KMTZ K̂MTZ KMTZ KSCF K̂SCF KSCF KRLT

GAP ZLP GAP ZLP GAP ZLP GAP ZLP GAP ZLP GAP ZLP GAP ZLP

100 0.25 20 0.0200 49.00 0.0200 49.00 0.4200 29.00 0.0200 49.00 0.0200 49.00 0.4200 29.00 0.4200 29.00

100 0.25 50 0.0127 155.00 0.0000 157.00 0.0573 148.00 0.0007 156.89 0.0000 157.00 0.0573 148.00 0.0573 148.00

150 0.5 30 0.0299 33.55 0.0257 34.10 0.1429 30.00 0.0326 33.86 0.0126 34.56 0.1429 30.00 0.1429 30.00

150 0.5 75 0.0102 97.00 0.0053 97.48 0.0816 90.00 0.0054 97.47 0.0051 97.50 0.0816 90.00 0.0816 90.00

200 0.75 40 0.0000 60.00 0.0000 60.00 0.0000 60.00 0.0000 60.00 0.0000 60.00 0.0000 60.00 0.0000 60.00

200 0.75 100 0.0000 100.00 0.0000 100.00 0.0000 100.00 0.0000 100.00 0.0000 100.00 0.0000 100.00 0.0000 100.00

500 0.99 100 0.0000 150.00 0.0000 150.00 0.0000 150.00 N/A 150.00 0.0000 150.00 0.0000 150.00 N/A 150.00

500 0.99 250 0.0000 250.00 0.0000 250.00 0.0000 250.00 0.0000 250.00 0.0000 250.00 0.0000 250.00 N/A 250.00

is 50 (=|V | × krel). Note that we increase the time limit up to 2 hours (7,200 seconds) due

to the large scale of the generated graph instances.

Table 3.14 presents the number of instances in terms of the solution status, which is similar

to those in Tables 3.3, 3.5, 3.8, and 3.13. From the table, we observe that the number of

optimal instances (‘opt ’ in Table 3.14) decreases when the size of graph instances increases

(|V | and r). Furthermore, in the case of r = 0.25, both models successfully found the

optimal solutions except for only one case (SBnC at |V | = 800). However, the difference

of ‘opt ’ between the two models gradually increases with an increasing value of r (i.e., the

graph becomes denser). Especially, for the case of |V | = 800 and r = 0.99 across all krel (the

last four columns in Table 3.14), out of the 40 test instances K̂MTZ found feasible solutions

of 35 instances (
∑
opt = 26,

∑
tlf = 9), whereas SBnC found feasible solutions of only 18

instances (
∑
opt = 6,

∑
tlf = 12).

To provide a more in-depth comparison between K̂MTZ and SBnC , Figure 3.7 reports the

instance counts of the solution status and relative solution comparison when both models

share the same status. As the solution status for each model can be categorized into three

levels (refer to Table 3.14), we can build scenarios in terms of their status as follows. First,

we define a set of generated graphs I (|I| = 10) for each setting of (|V |, r), which is

composed of three disjoint subsets in terms of the solution status. For K̂MTZ , we define
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Table 3.10: Optimality gap and LP relaxations in the ER Dense graphs. ‘N/A’ indicates
that the instance cannot find any integer feasible solution within the time limit.

|V | r k
KMTZ K̂MTZ KMTZ KSCF K̂SCF KSCF KRLT

GAP ZLP GAP ZLP GAP ZLP GAP ZLP GAP ZLP GAP ZLP GAP ZLP

100 0.25 20 0.0714 39.00 0.0190 41.20 0.3333 28.00 0.0388 40.37 0.0190 41.20 0.3333 28.00 0.3333 28.00

100 0.25 50 0.0370 130.00 0.0148 133.00 0.1111 120.00 0.0203 132.26 0.0148 133.00 0.1111 120.00 0.1064 120.64

150 0.5 30 0.0211 36.22 0.0181 36.33 0.1892 30.00 0.0205 36.24 0.0181 36.33 0.1892 30.00 0.1892 30.00

150 0.5 75 0.0183 107.00 0.0092 108.00 0.0642 102.00 0.0017 108.82 0.0000 109.00 0.0642 102.00 0.0642 102.00

200 0.75 40 0.0000 40.00 0.0000 40.00 0.0000 40.00 0.0000 40.00 0.0000 40.00 0.0000 40.00 0.0000 40.00

200 0.75 100 0.0000 100.00 0.0000 100.00 0.0000 100.00 0.0000 100.00 0.0000 100.00 0.0000 100.00 0.0000 100.00

500 0.99 100 0.0000 100.00 0.0000 100.00 0.0000 100.00 0.0000 100.00 0.0000 100.00 0.0000 100.00 0.0000 100.00

500 0.99 250 0.0000 250.00 0.0000 250.00 0.0000 250.00 N/A 250.00 0.0000 250.00 0.0000 250.00 N/A 250.00

a set IK = IKopt ∪ IKtlf ∪ IKna. Similarly, we define a set IS = ISopt ∪ IStlf ∪ ISna for SBnC .

Recall that status opt, tlf, and na are representations of optimality, time limit feasibility,

and non-availability of a solution (i.e., out-of-memory error and no solution within time

limit), respectively. For comparison measurements, we consider two factors: ti is the CPU

time for instance i and vi is a solution value for instance i. We use the term (tKi , vKi )

for K̂MTZ and (tSi , vSi ) for SBnC , respectively. Based on the given notations, we build 6

scenarios to count comparison results between the two models.

• Scenario 1 (S1): In this scenario, we count the number of instances, at which K̂MTZ

outperforms SBnC . If both models solve instance i within the time limit (i.e., finding

an optimal solution), we simply compare tKi and tSi . Otherwise, if K̂MTZ finds an

optimal solution whereas SBnC does not (i.e., time limit feasible or failure to find

the solution), we regard that K̂MTZ outperforms SBnC . Thus, we are able to count

up the number of instances for scenario 1: |S1|, where S1 = {i | tKi < tSi , ∀i ∈

IKopt ∩ ISopt} ∪ {i | ∀i ∈ IKopt ∩ (IStlf ∪ ISna)}.

• Scenario 2 (S2): In this scenario, we also count the number of instances, at which

K̂MTZ outperforms SBnC . When both models find a feasible solution for instance i

but are terminated by the time limit, we compare vKi and vSi . We count the number of
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Table 3.11: CPU time comparison with other exact solution algorithms [157, 174]. The bold
faced measures with ∗ indicate the best performing model for that instance.

|V | r k
CPU time ( in seconds)

K̂MTZ KMTZ KMTZ SBnC QMCF QMCFR

100 0.25 20 0.35∗ 0.37 1.17 0.45 1203.49 1.69

100 0.25 50 0.60 0.49∗ 0.81 0.70 1475.38 2.96

150 0.5 30 3.15∗ 4.26 10.43 5.34 3600.00 13.20

150 0.5 75 4.20 2.02∗ 8.89 4.52 3600.00 5.59

200 0.75 40 5.11∗ 6.90 10.83 7.71 3600.00 31.82

200 0.75 100 6.17∗ 7.13 12.73 6.25 3600.00 278.35

500 0.99 100 114.85∗ 290.47 417.90 130.18 3600.00 858.46

500 0.99 250 100.45∗ 565.42 604.50 258.14 3600.00 1066.27

instances where vKi < vSi . Thus, the number of instance for scenario 2 can be obtained

by: |S2|, where S2 = {i | vKi < vSi , ∀i ∈ IKtlf ∩ IStlf} ∪ {i | ∀i ∈ IKtlf ∩ ISna)}.

• Scenario 3 (S3): In contrast to scenario 1, this scenario is when SBnC outperforms

K̂MTZ . The number of instances for this scenario is equal to |S3|, where S3 = {i | tSi <

tki , ∀i ∈ ISopt ∩ IKopt} ∪ {i | ∀i ∈ ISopt ∩ (IKtlf ∪ IKna)}.

• Scenario 4 (S4): In contrast to scenario 2, this scenario is also when SBnC outper-

forms K̂MTZ . In this scenario, we count the number of instances, where SBnC finds

a better solution than that of K̂MTZ , and denote it by |S4|, where S4 = {i | vSi <

vKi , ∀i ∈ IStlf ∩ IKtlf} ∪ {i | ∀i ∈ IStlf ∩ IKna)}.

• Scenario 5 and 6 (S5, S6): These two scenarios are when both models have a tie in

performance. In scenario 5, we count when both models find the same feasible solution.

We denote the set of instances for scenario 5 as S5 = { i | vKi = vSi , ∀i ∈ (IKtlf ∩ IStlf )}.

In scenario 6, we consider the cases, where both models fail to find a solution. Hence,

the set for scenario 6 is defined as: S6 = {i | ∀i ∈ IKna ∩ ISna}.
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Table 3.12: CPU time comparison with other exact solution algorithms [157, 174] of ER
data set. The bold faced measures with ∗ indicate the best performing model for that
instance.

|V | p k
CPU time ( in seconds)

K̂MTZ KMTZ KMTZ SBnC QMCF QMCFR

100 0.25 20 0.66 0.82 2.28 0.75 1104.59 2.01

100 0.25 50 0.75 1.10 1.97 1.03 1565.20 5.12

150 0.5 30 3.82 5.04 9.78 4.12 3600.00 14.50

150 0.5 75 5.25 6.09 12.35 6.05 3600.00 7.79

200 0.75 60 7.90 7.18 18.64 8.89 3600.00 25.28

200 0.75 100 10.07 11.16 22.10 10.89 3600.00 103.64

500 0.99 150 134.44 311.57 390.08 180.08 3600.00 771.35

500 0.99 250 178.56 450.63 789.64 223.84 3600.00 1521.62

Table 3.13: Solution status count comparison with other exact solution algorithms. [157,
174]

K̂MTZ KMTZ KMTZ SBnC QMCF QMCFR

opt 80 80 80 80 25 75

tlo 0 0 0 0 0 0

tlf 0 0 0 0 18 5

na 0 0 0 0 37 0

In Figure 3.7, we compare the performance between two models according to |V |. For

V = 500, SBnC outperforms K̂MTZ for most cases. For V = 600, results are mixed and

it is not clear which model is superior. For V = 800, we can clearly observe that K̂MTZ

outperforms SBnC at r = 0.75 and r = 0.99 except two cases; (r = 0.25, krel = 0.10) and

(r = 0.50, krel = 0.25).

Figure 3.8 depicts bar graphs of average CPU times of 10 iterations for each (|V |, r) sepa-

rately, where the error bars indicate the standard error. Each sub-figure presents a result

for a different relative cardinality value. The first number in the x-axis labels represents
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Table 3.14: Solution status count for large graphs. ‘opt ’ is the number of instances which
is optimal. ’tlf ’ is the number of instances which is terminated by the time limit while
providing a feasible solution. ‘na’ is the number of instances which is not able to find any
solution. Also, ‘na’ includes out-of-memory error cases. The three numbers in parentheses
refer to ‘opt ’, ‘tlf ’, and ‘na’ in sequential order.

Condition krel

Instances

|V | 500 600 800

r 0.25 0.50 0.75 0.99 0.25 0.50 0.75 0.99 0.25 0.50 0.75 0.99

opt/tlf /na

0.10
K̂MTZ (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (8,2,0)

SBnC (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (9,0,1) (8,0,2) (7,0,3) (10,0,0) (5,4,1) (7,1,2) (2,4,4)

0.25
K̂MTZ (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (9,1,0) (10,0,0) (10,0,0) (9,1,0) (9,1,0)

SBnC (10,0,0) (9,0,1) (10,0,0) (8,1,1) (10,0,0) (8,1,1) (10,0,0) (6,4,0) (10,0,0) (8,1,1) (2,5,3) (2,7,1)

0.40
K̂MTZ (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (9,1,0) (10,0,0) (10,0,0) (9,1,0) (5,3,2)

SBnC (10,0,0) (10,0,0) (7,2,1) (9,0,1) (10,0,0) (10,0,0) (6,2,2) (7,1,2) (10,0,0) (2,7,1) (7,1,2) (1,0,9)

0.50
K̂MTZ (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (8,0,2) (9,1,0) (10,0,0) (10,0,0) (9,1,0) (4,3,3)

SBnC (10,0,0) (10,0,0) (9,0,1) (9,1,0) (10,0,0) (9,1,0) (6,4,0) (9,0,1) (9,1,0) (7,2,1) (1,0,9) (1,1,8)

the number of vertices |V | and the second number represents edge density r. We made an

assumption that the instances that do not fit in the allocated memory would take longer to

solve than those that fit in the memory and cannot be solved optimality within the time

limit. Thus, instances that induced out-of-memory error were treated to failure of finding

solution within the time limit. From these plots, it is clear that K̂MTZ is faster than SBnC

in the majority of the instances, especially as the graph size increases. From the error bars,

we can conclude that K̂MTZ has a more robust performance when compared to SBnC . For

example, at |V | = 600, r = 0.5 and krel = 0.10, SBnC is faster in 8 out of 10 instances, but

average CPU time is longer than K̂MTZ .

3.5.4 Detection Cognitive Decline within Default Mode Network via KCTP

Mild cognitive impairment has been defined as an intermediate stage between normal age-

related changes and dementia [149]. To prevent from the delayed detection, there is a need

for quantitative method that can be used to assess brain function before overt cognitive

decline. In this section, I use KCT as a tool to investigate if the strength and structure

of brain connectivity within functional regions are altered and associated with cognitive
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Figure 3.7: Comparison of the solution status for K̂MTZ and SBnC over different graph
sizes, densities (first and second number in x-axis labels) and relative cardinalities (different
plots). Each bar is the number of instances within its respective scenario.

decline.

In this section, I use the functional connectivity networks collected from fMRI which allowed
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Figure 3.8: Comparison of CPU times for K̂MTZ and SBnC (in seconds) over different graph
sizes, densities (first and second number in x-axis labels) and relative cardinalities (different
plots).

researchers to define alteration in large scale neuronal networks that may be related to

abnormal cognitive changes. In particular, I focus on the default mode network (DMN),

which include multiple spatially distinct regions in the resting state of human brain. Many

researches have shown that DMN have been shown to associated with neurological disorders

[152, 41, 73].

In contrast to conventional studies of the DMN focusing on examining coarse functional

connectivity between spatially distinct DMN regions, called inter connectivity between DMN

regions, I focus on a local level network of functional connectivity within individual DMN

regions (intra connectivity) rather than limiting oneself to a global level network among

DMN regions since the role of disrupted local connectivity is still unexplored.
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Data Set

I used fMRI data of 29 subjects collected from the Seattle Longitudinal Study (SLS). Among

29 subjects, 11 subjects were classified a priori as having cognitive declining and remain 18

subjects are stable. For each subject’s fMRI data, specific regions of DMN were obtained.

Defined six local regions are:

• Region-1: (Bilateral) Medical Frontal Cortex (MFC)

• Region-2: (Bilateral) Posterior Cingulate Cortex (PCC)

• Region-3: Left Dorsal Parietal Cortex (lDPC)

• Region-4: Left Medial Temporal Lobe (lMTL)

• Region-5: Right Dorsal Parietal Cortex (rDPC)

• Region-6: Right Medial Temporal Lobe (rMTL)

After DMN regions were identified, a local connectivity graph was constructed for each

DMN region based on the functional connectivity matrix of all voxel pairs with in the

region. Thus, it is represented by N by N matrix, where N is the number of voxels in

the region. A pairwise voxel connectivity is measured by correlation coefficient for each

BOLD signals obtained from the voxel. Since we consider all pairwise of voxels, constructed

networks are all fully connected within N voxels.

Figure 3.9: Example of default mode network (DMN) [151]

For each of the six DMN regions, Table 3.15 shows the range, average, and standard devi-

ation of the number of voxels (=nodes) in the subject space across all subjects.
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Table 3.15: The range and the average and standard deviation of the problem sizes across
different subjects.

Statistics
DMN Regions of Interest (ROIs)

MFC PCC lLPC lMTL rLPC rMTL

Range [Min–Max] [719–1062] [538–929] [222–317] [93–128] [310–479] [110–189]

Average ± std 878 ± 83 716 ± 94 271 ± 25 109 ± 9 401 ± 38 147 ± 18

Discriminating Power

First of all, we employ K̂MTZ as the main model for this approach since it has shown the

best performance from the computational experiments at Section 3.5.1, 3.5.2 and 3.5.3. The

cardinality K was fixed as a percentage of the number of voxels to be included from the

total number of voxels in the region because every subject has a different size of network

for each region. I fixed the value of K to 10%, 25%, 50%, 75%. Note that when K = 100%,

the KCT is equivalent to the MST.

Basically, to compare the solution to the KCT problem across subjects, a percent average

correlation per edge (i.e., dividing the objective function value by the number of edges in

KCT times 100) was reported and referred as the percent normalized objective function

(PNOF) value.

To investigate which regions played a significant role in separating subject group into “de-

cliner” and “non-decliner”, for each region I isolated the PNOFs of the two groups. Table

3.16 reports the p-values of K̂MTZ method. Note that two DMN regions, MFC and PCC,

are excluded since they can be solved by K̂MTZ within a time limit due to their larger size.

The bold faced number in the Table 3.16 represent p-value ¡0.05, and one can observe that

the KCT solutions show more discriminating power when K% is larger, i.e., more voxels

are included. The result in Table 3.16 can conclude that left and right MTL regions are the

key DMN regions that are significantly altered by cognitive decline and likely to be used as

a bio-marker of executive decliner.
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Table 3.16: Comparison of p-value for decliner vs. non-decliner instances using K̂MTZ

DMN regions
K%

10% 25% 50% 75% 100%

lLPC 0.6393 0.5362 0.4148 0.3899 0.3994

lMTL 0.0898 0.0373 0.0251 0.0106 0.0082

rLPC 0.9724 0.9160 0.7493 0.6484 0.6180

rMTL 0.3412 0.0469 0.0270 0.0217 0.0264

3.6 Summary

In this chapter, we propose a modular framework to formulate the KCTP. We formulate

seven MIP models to find connected components and eliminate cycles in these components.

For cycle elimination, we use SCF constraints and lifted MTZ constraints. We also in-

troduce a RLT formulation based on the MTZ constraints to obtain tightened relaxation

bounds. To illustrate the usefulness of our proposed MIP models, we present computational

results on public benchmark datasets and randomly generated graphs. We show that SCF-

based formulations perform better on benchmark datasets and exhibit tighter LP relaxation

comparing with others. The random graph instances that we generated are designed to be

dense, on which MTZ-based models perform better. However, SCF-based models still have

tight relaxation bounds on random graph instances.

We also compare our fastest formulations, all of which are polynomial in size, to other

polynomial and exponential size exact solution models that are known to be the state-of-

the-art methods to solve KCTP. The model with an exponential number of constraint in

[174], which is solved by a branch-and-cut algorithm, outperforms others on the benchmark

datasets, however the polynomial-sized formulations in [157] do not show significant advan-

tages compared to our formulations. On dense graph instances, the proposed MTZ-based

models outperform all other models. We also perform a comparison between the best MTZ-

based model and the exponential-sized model proposed in [174] on large random graphs.
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Our formulation not only performs better in overall, but provides more robust results with

smaller variation of CPU time. Thus, we can conclude that the contribution of this study

is to present both theoretical and computational results of our framework as a method to

obtain simple-to-implement, low-overhead formulations to solve KCTP with relatively good

performance, especially in larger and denser graphs.

In addition, from the results in the human brain networks analysis, KCTP could be used a

feature extraction technique for the classification of networked data having various size. As

one of the real world applications, identification of local connectivity strengths and config-

urations could provide a noninvasive bio-marker for brain health, and aid in the assessment

of neuroprotective strategies. Computational method via KCTP can be considered as a es-

sential first step to develop useful tools for system neuroimaging that can be employed and

tested a new bio-marker of cognitive decline. Moreover, this approach will enable the me-

thodical uncovering of abnormal alterations in brain function and bring informative insight

into mechanism of brain disease.
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Chapter 4

NODE SELECTION OF NETWORKED DATA CLASSIFICATION VIA
MATHEMATICAL PROGRAMMING

4.1 Introduction

Knowledge discovery in complex data is an essential problem in the data science including

machine learning, data mining and data analytics. Networked data, a discrete structure,

have been widely applied in various areas such as bio-informatics, social network analysis and

human brain connectivity networks. One of the analytic tools on the networked data is data

classification. It is to develop a pattern to separate the group labeled networks. Networked

data classification have a wide variety of applications and decomposed into several specific

domain in terms of the structure of the networks, algorithmic approaches, and preliminary

knowledge. For example, [115] represented chemical compounds as network structures and

classified those structures with respect to toxic vs. non-toxic and active vs. inactive in

an anti cancer screening process. As we mentioned at Section 2.4.1, feature extraction on

networked data classification can be divided into two categories:

• (1) The first one is based on topological characteristics of given networks. It also

branches into two sub-categories: one is using various topological measurements based

on graph theory such as clustering coefficient, modularity, centrality and so on. These

measurements have been used to capture global pattern in connected networks. It

has been widely applied to real world problems e.g., text mining [153], websites [192]

and human brain networks for detecting alteration of specific neurological disorders

[180]. The other is called as graph mining which investigates patterns of subgraphs

in the given networked data. This approach has been applied to text classification,

computer vision, software engineering and computational biology [189, 103, 115, 164].

• (2) The second one is usually called as a bag of edges, where each network is trans-

formed to a collection of edges. Such transformation allows us to apply standard mul-



94

tivariate classification methods such as regression, decision trees and support vector

machine. Particularly, this method has been applied for brain networks classification

[112].

In (1), regardless of successful achievements for the approaches, it has several drawbacks.

First, it is less sensitive to local changes (e.g., only a few edges are altered) [112]. Second,

it is not directly applicable when all observations have same network structure e.g., all ob-

servations are represented by complete networks (e.g., human brain networks). In this case,

in order to obtain heterozygous connectivity structures among the networks, researchers

have used a filtering method: to fix a threshold ε ∈ R and remove the links whose weight is

lower than ε to zero. Once the filtered network is obtained, various topological metrics are

calculated in terms of the aim of research. However, there is no clear evidence that removed

edges are not informative. Finally, we have to rely on the preliminary knowledge in terms

of the test metrics. Moreover, in the graph mining approaches, it is inappropriate to apply

large sized datasets because enumerating all (or even partial) subgraphs is computationally

difficult and its discriminate power is not generally stable for various types of the networks

[164, 189].

In the large scale complex networks, there might exist the most discriminative subnetwork

that contains critical (=valuable) information related to group difference. For instance,

among large scale chemical compound networks, there exist a subnetwork which discrim-

inate the toxic and non-toxic of original networks while distinction from noisy (i.e., non-

informative) subnetworks.

In the machine learning community, to identify the most informative subset of data is con-

ducted by feature selection (For detail, recall Section 2.3.4). However, it is hard to determine

the subnetwork by means of features made by (1) due to the structural information loss after

the feature extraction phase. For example, once we obtain a connectivity pattern within

subgraphs from the connectivity structure, how can we obtain a particular subnetwork from

the connectivity pattern? The subset of connectivity pattern can be a partial information

thus it cannot represent the original networks anymore.
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In contrast from (1), since a feature is exactly matched to an edge separately, we can

infer the informative subgraph through the feature selection easily while preserving original

connectivity pattern. Therefore, in this chapter, we are focusing on the determining critical

component of the whole networks based on (2).

In detail, if we transplant the feature selection scheme into the networked data classification,

it would be equivalent to the edge selection problem since there exists one-to-one matching

between an edge and a feature respectively. As a result, we can select a set of edges via

conventional feature selection scheme. However, we suggest different perspective for the

selection problem in this chapter. Given a certain network structure, it is almost certain

that features’ relevance to the label might be affected by a set of nodes instead of individual

edges. Thus, an extracted sub network by feature selection can be denser when there

exist a few informative nodes for classification. Therefore, it is important not only to find

relevant/informative edges but also to find relevant/informative nodes. Hence, we propose

a new feature selection scheme which is based on the selection of nodes for which are

corresponding to the informative edges. To model our proposing method, we present a

mixed integer programming (MIP) model for node selection, which aims to minimize the

classification error with restriction of total number of nodes in the resulting sub-network

instead of penalizing or restricting total number of edges.

In order to handle with computational difficulty for the constructed MIP, a branch-and-cut

algorithm based on the benders decomposition is introduced. It decomposes the original

problem into two sub-problems: one is to decide sub network with use of integer variables

and the other is to calculate minimum classification error based on the determined subnet-

work inherited from the first sub-problem. We conduct computational experiments with

two kinds of network datasets: synthetic dataset and human brain networks datasets con-

structed by functional magnetic resonance imaging (fMRI). From the experimental results,

we demonstrate that our approaches outperform the state-of-the-art feature selection al-

gorithms for the networked classification problems. Also, the selected nodes can provide

intrinsic information to reveal the complex structure of the given networked data sets.

The remainder of this chapter is organized as follows: Section 4.2, we provide related studies

for this chapter including benders decomposition and networked data classification problem.
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Figure 4.1: An illustration of the networked data classification with node selection

We formulate the problem with mathematical programming in Section 4.3 and propose

the benders decomposition approach in Section 4.4. Section 4.5 presents the experimental

results. Finally, we conclude with some remarks and directions for future research.

4.2 Related Studies

In this section, we briefly introduce background knowledge involved in this chapter. Firstly,

we introduce several networked data classification researches especially on the human brain

networks. And then, we provide a concise terminology of the benders decomposition.

4.2.1 Networked data classification for human brain networks

Among the various applications on this problem, the application on human brain networks

becomes an emerging are in this field. In the last decade, the use of advanced tools de-

riving from statistics, signal processing, and statistical physics, has significantly improved

our understanding of the brain function. Notably, connectivity-based methods have had

a prominent role in characterizing normal brain organization as well as alteration due to
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various disorder of brains. By measuring the magnitude of temporal dependence between re-

gional activities - using functional modalities such as functional magnetic resonance imaging

(fMRI), electroencephalography (EEG), or magnetoencephalography (MEG) - functional

connectivity patterns describe how N different brain regions interact with each other. The

resulting N ×N multivariate relationships lead to an interconnected representation of the

brain that can be conveniently treated as a network.

Based on the constructed brain networks, the two approaches mentioned at Section 4.1

have been extensively applied to investigate functional changes of the brain under various

circumstances. Especially, the first approach, topological investigation has been widely

studied to determine the networked characteristic of human brain with neurological disorder.

Given all the pairs of regions lead to N × N relationships that can be represented in a

complete weight matrix WN×N , containing all the pairwise functional connectivity measure

w(i,j) corresponding to the weighted links between regions i and j. After that, filtering

method is applied: to fix a threshold ε ∈ R and remove the links whose weight w(i,j) is

lower than ε to zero. Once the filtered graph is obtained, various metric are calculated in

terms of the aim of research. Finally, the structural difference between subjects (or groups)

might be observed.

For example, “small-worldness” was measured on the human brain networks to denote the

topological alteration/disruption in the Alzheimer’s disease patients [185] and Schizophrenia

[126]. Also [200] showed that clustering coefficient of children with ADHD significantly

increased rather than aged volunteers. Detail information for topological studies are well

described in the two survey papers [180, 42].

On the contrary from the efforts for topological characteristics investigations, the second

approach has been focused on the achievement of accurate prediction under given connec-

tivity data. Most of the researches are implication of collected brain networks with use of

the stat-of-the-art classification approaches. Based on the collections of edges weights, re-

searches have pursued to reveal the specific patterns could be distinguished from the labeled

group such as patients vs. healthy control , children vs. adult, and task related vs. resting

state [155, 48, 139, 57, 216].
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4.2.2 Benders Decomposition

Benders decomposition is a solution method for solving large-scale optimization problems.

Instead of considering all decision variables and constraints of a large-scale problem simul-

taneously, the benders decomposition partitions the problem into multiple smaller prob-

lems. Since computational difficulty of optimization problems increases significantly with

the number of variables and constraints, solving these smaller problems iteratively can be

more efficient than solving a single large problem wholly [19].

In Benders decomposition, a first-stage master problem is solved for a subset of variables,

and the values of the remaining variables are determined by a second-stage subproblem given

the values of the first-stage variables. If the subproblem determines that the proposed first-

stage decisions are infeasible, then one or more constraints are generated and added to the

master problem, which is then re-solved. In this manner, a series of small problems are solved

instead of a single large problem, which can be justified by the increased computational

resource requirements associated with solving larger problems.

Mathematically, let consider the following problem:

min{cTx+ dT y| Ax ≥ b, Tx+Qy ≥ g, x ∈ Zn+, y ∈ Rt+} (4.1)

Benders’ decomposition works as follows. An artificial variable γ = dT y is introduced along

with a lower bound γ and the master problem relaxation is give by:

min{cTx+ γ| Ax ≥ b, γ ≥ γ, x ∈ Zn+} (4.2)

Assume that (4.2) can be solved and find the optimal solution (x∗, γ∗). Note that x∗ is

integer. The optimal solution is used to define the following dual slave problem:

max{πT (g − Tx∗)| πTQ ≤ dT , π ≥ 0} (4.3)

If the dual slave problem (4.3) is unbounded, an unbounded extreme ray π is selected, and

the benders’ feasibility cut (feas-cut); πT (g − Tx∗) ≤ 0 is added to the master, which is

solved again. Otherwise, let (z∗, π) be the optimal value and the optimal vertex of the dual

slave problem respectively. If z∗ ≤ γ∗ then the feasibility of the current solution (x∗, γ∗)

is established and it would be an optimal for the problem (4.1). If not (i.e., z∗ > γ∗), the
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optimality cut (opt-cut); πT (g − Tx∗) ≤ γ is added to the current master problem. The

overall procedure is to repeat those process iteratively.

4.3 Mathematical Model

Let n denote the number of subjects or observations in the sample and let n1 and n2

represents the number of subjects in two groups e.g., controls vs. patients respectively.

Let S denote the set of all observations and let S1 and S2 are subset of all observations

corresponding to each group respectively (e.g., S1=Healthy controls vs. S2=Patients). We

assume that there are no overlapped observations (S1 ∩ S2 = ∅), thus we have S = S1 ∪ S2.

For each s-th observation has a data profile which is represented as a networked data

G(N,E) with node set N and edge set E. For each subject s, every edge (i, j) in E has a

weight ws(i,j) and it is also regraded as a feature expression of the connection (i, j).

Based on the linear programming approaches of classification (see Section 2.3.2), we have:

Pc : min
∑

s∈S1
zs+ +

∑
s∈S2

zs− (4.4)

subject to:

x0 +
∑

(i,j)∈E

x(i,j)w
s
(i,j) + zs− − zs+ = −σ ∀s ∈ S1, (4.5)

x0 +
∑

(i,j)∈E

x(i,j)w
s
(i,j) + zs− − zs+ = σ ∀s ∈ S2, (4.6)

x0, x(i,j) free ∀(i, j) ∈ E, (4.7)

zs+, z
s
− ≥ 0 ∀s ∈ S. (4.8)

In (4.5) and (4.6), σ is a constant and any σ can be used basically. In here, we set σ = 1 in

our implementation for convenient usage. Since zs−, zs+ are non-negative variables, at most

one of them has a value. These variables represent how far each subject is separated by the

learned classifiers. Hence, if a subject is correctly classified then, zs−− zs+ +σ > 0 for s ∈ S1

and zs− − zs+ − σ < 0 for s ∈ S2. zs− and zs+ represent empirical errors of the classification

eventually. Note that we employ positive σ in order to prevent the trivial solution where

x0 = 0 and x(i,j) = 0 for all (i, j) ∈ E. Since we use σ > 0, a gap of classification is equal

to 2σ obviously.
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To prevent from the “curse of dimensionality”, one can apply the feature selection scheme

to the Pc by pursuit of the sparse x where x = [x1 x2 ... x|E|]. Based on the Section 2.3.4, we

can add the sparsity constraint ‖x‖0 ≤ k to Pc. However, as we mentioned at Section 4.1,

we consider different perspective of the feature selection scheme. Although distinctive edges

can affect the classification actually, we presume that such distinction on edges are induced

by a set of nodes. In other words, there exist a set of nodes corresponding to the subject’s

class. Thus, we limit the number of nodes instead of the number of edges to determine

relevant / informative nodes as well as edges.

Let introduce binary variable y = [y1 y2 ... yN ] indicating whether the node i is selected

(yi = 1) or not (yi = 0). Additionally, another binary variable e(i,j) ∈ {0, 1} is introduced,

which denotes that edge (i, j) is selected in the classifier, i.e., estimated parameter if x(i,j) 6=

0, then e(i,j) = 1. Otherwise e(i,j) = 0 This modified mixed integer programming (MIP)

model PRc is stated formally as follows:

PRc : Minimize
∑

s∈S1
zs+ +

∑
s∈S2

zs− (4.9)

subject to:

x0 +
∑

(i,j)∈E

x(i,j)w
s
(i,j) + zs− − zs+ = −σ ∀s ∈ S1, (4.10)

x0 +
∑

(i,j)∈E

x(i,j)w
s
(i,j) + zs− − zs+ = σ ∀s ∈ S2, (4.11)

x(i,j) ≤Me(i,j) ∀(i, j) ∈ E (4.12)

−x(i,j) ≤Me(i,j) ∀(i, j) ∈ E (4.13)∑
(i,j)∈adj(j)

e(i,j) ≤ Djyj ∀j ∈ N, (4.14)

∑
n∈N yn ≤ k (4.15)

x0, x(i,j) free ∀(i, j) ∈ E, (4.16)

zs+, z
s
− ≥ 0 ∀s ∈ S (4.17)

e(i,j), yn ∈ {0, 1} ∀(i, j) ∈ E, ∀n ∈ N (4.18)

Constraints (4.10)) and (4.11) are equivalent to (4.5)) and (4.6). (4.12) and (4.13) are

coupling constraints; if y(i,j) > 0 or y(i,j) < 0 then e(i,j) = 1. M > 0 is a big-M constant
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that is sufficiently large. In some cases, y(i,j) for some (i, j) ∈ E may become arbitrarily large

in absolute value, i.e., |y(i,j)| → ∞. In such case, (4.12) and (4.13) also play a normalization

role. In (4.14), Dj = min{dj , k − 1} where dj is a degree of node j. Thus, if an edge

(i, j) is selected, its corresponding node should be selected. An edge (i, j) is selected in

the classification model only if y(i,j) 6= 0 in the solution of PRc . Let E
′

be a set of edges

which are in the solution of PRc such that E
′

= {(i, j)|x(i,j) 6= 0}. From the solution of PRc ,

the value of estimated parameters are obtained and following classification functions can be

constructed:

cs = x0 +
∑

(i,j)∈E′
x(i,j)w

s
(i,j) (4.19)

If cs < 0 which is calculated by (4.19), a s-th subject is classified as a class 1 (i.e., s ∈ S1)

. Otherwise, it is classified as a class 2 (s ∈ S1) if cs > 0 and we define that cs = 0 is not

classified case.

The most common algorithm to MIP is a branch and bound, in which bounds are typically

derived from the linear (continuous) relaxation of the model. The efficiency of branch and

bound is directly related to the tightness of those bounds. In the PRc , two continuous vari-

ables (zs− and zs+) and one integer variable (yn) are included in the objective function. In

the linear relaxation of PRc , it is unnecessary to consider tightness of bounds for continuous

variables in the linear relaxation. However, yn will be assigned the value:
∑

(i,n)∈E x(i,n)

M(|N |−1)

assuming that x(i,n) is in the solution having nonzero value. Even with conservative choices

of M , theses positive values for the relaxed variables are too close to zero to provide tight

objective bounds. Hence, nodes in the search tree are difficult to fathom, the search proce-

dure deeper into the tree, and for even modest data sizes the procedure takes too long to

complete.

4.4 Benders Decomposition Approach

An important concern regarding constructing and solving optimization problems is that the

amount of memory and the computational effort required to solve such problems growing

significantly with the number of variables and constraints. The traditional approach such as

general branch-and-bound involves making all decision variables simultaneously by solving
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a monolithic optimization problem, quickly becomes intractable as the number of variables

and constraints increases.

Multi-stage optimization algorithms, such as the benders decomposition [19], have been

developed as an alternative solution approach to alleviate those difficulties. Differently from

the traditional algorithms, these approaches divide the solving process into several stages.

In benders decomposition, a first-stage master problem is solved for a subset of variables,

and the values of remaining variables are determined by a second stage sub-problem given

the values of the first stage variables. If the sub-problem determines that the proposed

first stage decisions are infeasible, the additional constraint is generated and inserted to

the master problem, which is then repeated to solve iteratively. Following this manner, a

number of small problems are solved instead of solving single large size problem, which can

be justified by the increased computational burden associated with that.

In this section, we apply the Benders decomposition to our PRc . First, we select a subset

of nodes and edges in the G in a master problem, and then find a classifier which minimize

the classification errors. Let us first reformulate the problem in terms of the node and edge

variables yn, e(i,j):

MPRc : Minimize t (4.20)

subject to: ∑
(i,j)∈E

e(i,j) ≤ Djyj ∀j ∈ N, (4.21)

∑
n∈N

yn ≤ k (4.22)∑
(i,j)∈E

g(i,j)e(i,j) + h ≤ 0 ∀g, h ∈ F , (4.23)

∑
(i,j)∈E

g(i,j)e(i,j) + h ≤ t ∀g, h ∈ O, (4.24)

e(i,j), yn ∈ {0, 1} ∀(i, j) ∈ E, ∀n ∈ N (4.25)

Variable t stand for a surrogate of the objective contribution
∑

s∈S1
zs+ +

∑
s∈S2

zs−. Set O

contains optimality cuts which correct underestimation of the objective value by t. Set F

contains feasibility cuts that eliminate binary solutions x and e for which the subproblem
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is infeasible. At the initial stage, we set O and F as empty: O = F = ∅. We describe how

to determine g and h of added cut constraints in F ,O as followings.

Given feasible solution of MPRc ; (ê, ŷ), we can find the minimum classification error for the

corresponding feasible network, if one exist, by solving the following linear program:

SPRc (ê) : Minimize
∑

s∈S1
zs+ +

∑
s∈S2

zs− (4.26)

subject to:

x0 +
∑

(i,j)∈E

x(i,j)w
s
(i,j) + zs− − zs+ = −σ ∀s ∈ S1, (4.27)

x0 +
∑

(i,j)∈E

x(i,j)w
s
(i,j) + zs− − zs+ = σ ∀s ∈ S2, (4.28)

x(i,j) ≤Mê(i,j) ∀(i, j) ∈ E (4.29)

−x(i,j) ≤Mê(i,j) ∀(i, j) ∈ E (4.30)

x0, x(i,j) unrestricted ∀(i, j) ∈ E, (4.31)

zs+, z
s
− ≥ 0 ∀s ∈ S (4.32)

Let αs, be an optimal dual multiplier associated with constraints (4.27) and (4.28). Simi-

larly, let β+
(i,j) and β−(i,j) be dual multiplier corresponding to (4.29) and (4.30). Then, the

dual problem of SPRc (ê) is:

DSPRc (ê) :

Maximize: σ(
∑
s∈S2

αs −
∑
s∈S1

αs) +M
∑

(i,j)∈E

ê(i,j)(β
+
(i,j) − β

−
(i,j)) (4.33)

subject to: ∑
s∈S

αs = 0 (4.34)∑
s∈S

αsw
s
(i,j) + β+

(i,j) − β
−
(i,j) = 0 ∀(i, j) ∈ E,(4.35)

α−s ≤ 1 ∀s ∈ S1 (4.36)

−α+
s ≤ 1 ∀s ∈ S2 (4.37)

α−s free ∀s ∈ S1, (4.38)

α+
s free ∀s ∈ S2, (4.39)

β−(i,j), β
+
(i,j) ≤ 0 ∀(i, j) ∈ E,(4.40)



104

Our decomposition strategy first relaxes MPRc and solves it to optimality which yields

elements of a k sized subgraph (ê,ŷ). If SPRc has a feasible solution (ẑ, x̂), then (ê,ŷ,ẑ, x̂)

corresponds to an optimal classifier. On the other hand, if SPRc is infeasible, then the dual

formulation of SPRc , DSPRc is unbounded according to primal-dual theorem. Let (α̂, β̂) be

an extreme ray of DSPRc such that σ(
∑

s∈S2 α̂s
+ −

∑
s∈S1

α̂s−) + M
∑

(i,j)∈E ê(i,j)(β̂
+
(i,j) −

β̂−(i,j)) > 0. Then, all ê vectors that are feasible must satisfy

σ(
∑
s∈S2

α̂s
+ −

∑
s∈S1

α̂s−) +M
∑

(i,j)∈E

ê(i,j)(β̂
+
(i,j) − β̂

−
(i,j)) ≤ 0 (4.41)

Otherwise (i.e., when DSPRc is an optimal), add the following optimality cut

σ(
∑
s∈S2

α̂s
+ −

∑
s∈S1

α̂s−) +M
∑

(i,j)∈E

ê(i,j)(β̂
+
(i,j) − β̂

−
(i,j)) ≤ t (4.42)

to the current master problem MPRc . Then, we re-solve updated MPRc in the next itera-

tion to obtain new incumbent solutions. Therefore, the generic procedure of the benders

decomposition approach is described at Algorithm 6.

4.4.1 Branch and Cut Algorithm

In contrast to early works on the benders decomposition based on the Algorithm 3, with

the development optimization solvers, recent researches on the benders decomposition works

have been employed a branch-and-cut approach to solve the problem with reducing waste

of computational time [15, 36].

In the Algorithm 3, although it have been performed decomposition problems successfully,

each time we add a new cut to the master problem, and we have to solve it anew. The new

cuts may change the structure of the solution tree, we would spend time revisiting candidate

solutions that we have already eliminated at the earlier node.

In order to avoid this wasted repetition, we present an alternative strategy that is to solve

master problem only once. We aim at embedding the generation of cuts into the branch and

cut framework solving the master problem MPRc . Thus, it enables us to avoid considerable

rework. Recent studies by [15, 36] proved that using a branch-and-cut algorithm could save

computational time significantly compared to the generic algorithm; Algorithm 3.
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Algorithm 3: Generic Benders Decomposition Algorithm

Data: Problem instances Gs

Result: Solutions: x∗, y∗, z∗, e∗

1 Construct MPR
c , SPR

c , and DSPR
c ;

2 while t̂ > t̄ do

3 ê, x̂, t̂ ← solve MPR
c ;

4 if SPR
c (ê, x̂) is infeasible then

5 get an extreme ray α̂, β̂ ← solve DSPR
c ;

6 add a cut (α̂, β̂) to the MPR
c ; /* add a feasibility cut */

7 else

8 t̄ ← obj. value of SPR
c ;

9 get an extreme ray α̂, β̂ ← solve DSPR
c ;

10 if t̄ > t̂ then

11 add an optimality cut (α̂, β̂) to the MPR
c ; /* add an optimality cut */

12 end

13 end

14 end
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It is an important fact that adding many cuts early in the branch-and-bound tree aids to

reduce the unnecessary visiting of infeasible nodes. However, if we include too many cuts

in the early stage, it would deteriorate the computational performance to solve the linear

programming relaxation for each node in the branch-and-bound tree obviously. Hence, we

decide whether or not to add a cut only at integer nodes. The proposed branch-and-cut

algorithm is described in Algorithm 4.

4.5 Computational Results

In this section, we evaluate our two proposed algorithms: the formulation PRc and branch

and cut approach based on the benders decomposition with comparison of the state-of-the-

art methods. For notational convenience, we denote the branch and bound approach for

solving PRc as MIP and the branch and cut approach as BD respectively. We demonstrate

the performance of our proposed algorithms via a series of experiments on both synthetic

and real data.

All our methods were coded in Python 2.7 using IBM ILOG CPLEX 12.4 solver and tested

on an Intel Xeon E5335 2.00 GHz with 4GB of RAM. For every test instance, computation

time was restricted as 1 hour (3,600 seconds). Only single thread processing was used.

For MIP, all parameters have been kept to their default values. Basically, CPLEX explore

the branch and cut tree with the dynamic search automatically. For BD, since the model

does not need to contain all constraints explicitly, we turned off the option about the dual

presolving. Also, we prohibited the CPLEX’s dynamic search because it might interrupt

our own cut generation procedure.

4.5.1 Data Description

Synthetic Datasets. Two different scale of networks are considered; one is a set of com-

plete graphs with |N | = {20, 30, 90} and the others are created by Erdös-Rényi random

graph model with |N | = {80} and four edge creation probabilities p = {0.10, 0.25, 0.50, 0.75}.

Based on the network structure (N,E), feature weights (i.e., edge weights) for each obser-

vation are sampled from i.i.d. Normal distribution N(0, 1). We fixed the total number of

observation for training/test set to 150. Finally, we were able to obtain input data matrix
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Algorithm 4: Branch and Cut Benders Decomposition Algorithm
Data: Problem instances Gs

Result: Solutions: x∗, y∗, z∗, e∗

1 Construct MPR
c , SPR

c , and DSPR
c ;

2 T = {o} where o has empty branching constraints;

3 UB = +∞;

4 while T 6= ∅ do

5 choose a node o
′

from T ;

6 T ← T \ {o′};

7 ê, x̂ ← optimal solution of linear relaxation of MPR
c at node o

′
;

8 t̂ ← optimal obj. value of MPR
c at node o

′
;

9 if t̂ < UB then

10 if x̂, ê is integral then

11 if SPR
c (ê, x̂) is infeasible then

12 get an extreme ray α̂, β̂ ← solve DSPR
c ;

13 add a cut (α̂, β̂) to the MPR
c ; /* add a feasibility cut */

14 else

15 ŷ, ẑ ← solve SPR
c t̄ ← obj. value of SPR

c ;

16 if t̂ < t̄ then

17 add an cut (α̂, β̂) to the MPR
c ; /* add an optimality cut */

18 else

19 UB ← t̂; /* update new upper bound */

20 x∗ ← x̂, e∗ ← ê, y∗ ← ŷ, z∗ ← ẑ ; /* update current solutions */

21 end

22 end

23 end

24 if cuts are added then

25 T ← T ∪ {o′};

26 end

27 if ê, x̂ are fractional then

28 branching T ;

29 end

30 end

31 end
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W ∈ R150×|E|, where W = [wT1 , w
T
2 , ..., w

T
150]T and wi was a collection of edge weight for

observation i.

To determine the class of each observation, a sparse vector α ∈ R|E| is generated, which

contributes the class level l ∈ {−1, 1}. Given the set of nodes B which were randomly

selected from N , nonzero elements of α were determined by induced subgraph from B.

Each weight of nonzero element in α was also sampled from i.i.d. Normal distribution

N(0, 1).

After that, by use of determined α, the class l is determined by l = sign(Wα). For

evaluation our methods, we created testing data sets separately. Thus, under the same

configuration of (N,E), we had Wtraining and Wtesting. Also, the l was figured out such

that ltraining = sign(Wtrainingα) and ltesting = sign(Wtestingα). The detail information of

the synthetic datasets is described at Table 4.1.

Table 4.1: Synthetic Datasets Description

Instances Types |N | |E| |B| |EB |

CO(20)

Complete Graph

20 190 5 10

CO(30) 30 435 5 10

CO(90) 60 4,005 10 45

ER(0.10)

Random Graph 80

317.90±14.08

8

6.00±0.89

ER(0.25) 785.20±17.32 9.50±1.44

ER(0.50) 1566.93±15.65 15.00±2.50

ER(0.75) 2371.08±18.65 21.70±2.01

Real Datasets. With the recent advanced in neuroimaging technology, the research on

brain network becomes has been widely studied. One of the popular research on the brain

network analysis is to emphasize constructing networks among brain regions and detecting

alterations in connectivity related to brain disease. In this study, we conduct classification

task on two neurological disorders ( Parkinson’s Disease (PD) and Alzheimer’s Disease

(AD)) brain network datasets created by fMRI. Note that we only considered data sets

conducted under resting-state experiment (i.e., task free experiment). One of the distinctive
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characteristic of the brain networks, in contrast from conventional networked data, is that

nodes and edges are not given but need to extract from the neuroimaging data in terms of

the scope of individual research. Thus, Harvard-Oxford atlas (HOA) was used to divide the

whole brain into a number of regions (=nodes) [107, 136, 131]. Based on the defined regions,

we collected 4D (3D × time) matrix from fMRI data. We assumed that all regions are

interconnected and each connection strength (=edge weight) was calculated by correlation

coefficient between two ROIs’ time series. As a result, we finally were able to obtain fully

connected weighted networks. Since HOA is composed of 96 ROIs, constructed networks

have 96 nodes and 4560 edges. For notational convenience, we hereafter denote the data

set of Parkinson’s Disease as PD and Alzheimer’s Disease as ADNI respectively. In terms

of the observation size for each dataset, PD contains 25 healthy controls and 21 patients

respectively (total 46 observations) and ADNI contains 21 healthy controls and 21 patients

respectively (total 42 observations).

4.5.2 Initial Heuristic

One of the key factor for the proposed method is to determine the node cardinality k

properly. If k is large, the classifier may completely or almost completely separate the

groups in the training data and the constructed model may have many alternative optimal

solutions. However, one possible problem with such an optimal solution if over-fitting, i.e.,

memorizing the pattern in the training data, when too many features (=edges) are in the

resulting classifier. Otherwise, i.e., k is too small, we might miss informative nodes/edges

accidentally. Thus, a possible strategy is to select the large k first and reduce the k gradually

until the fixed k.

The remaining task is how to set the start k. Therefore, we propose the greedy heuristic

determine the initial k. Firstly, we calculate individual edge’s score in terms of its relevance

to the class label l. After that, since we only consider the number of nodes, edges induced

by the nodes in the current solution are having the first priority to be selected. In formal,

let T be a set of selected edges, N(T ) be a set of corresponding nodes in T . Then we have

a set of candidate H(T ) = {(i, j)|i ∈ N(T ), j ∈ N(T ), (i, j) ∈ E \ T}. Finally, we solve the
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Pc iteratively with T ∪ {(i, j)} where an edge (i, j) ∈ H(T ) and select edges which reduce

the objective value (i.e., classification error) of Pc. Recall that parameter y is restricted by

M in PRc . Thus, we replace the range of y from unrestricted to |y| ≤ M and denote the

modified Pc as P ′c.. If there is no more edges to reduce the objective value, then we expand

the search space by the order of edge score. A pseudocode of the algorithm is described in

Algorithm 5

As an edge score, we introduce the Fisher distance which measure each edge’s importance:

θ(i,j) =
|S1|(w̄1

(i,j) − w(i,j))
2 + |S2|(w̄2

(i,j) − w(i,j))
2∑

s∈S1

(ws(i,j) − w̄
1
(i,j))

2 +
∑
s∈S2

(ws(i,j) − w̄
2
(i,j))

2
, (4.43)

where w̄1
(i,j) = 1

|S1|
∑

s∈S1
ws(i,j), w̄

2
(i,j) = 1

|S2|
∑

s∈S2
ws(i,j) and w(i,j) = 1

(|S|)
∑

s∈S w
s
(i,j).

Generally, (4.43) have been widely used to screen the features for subset selection as a

preliminary process [183, 89]. For example, [183] selected features (=genes) whose Fisher

distance were greater than 0.3 before conducting a classification process.

Algorithm 5: Heuristic Algorithm for Finding the Best Subnetwork
Data: Problem instances Gs, edge score θ, stopping criteria ε

Result: Solutions: T ∗, |N(T ∗)|

1 Choose the start edge e0 = argmax(i,j) θ ;

2 Append the start edge e0 to the solution edge set, T = {e0} ;

3 objbest ←−∞;

4 while z > ε do

5 sort current search space H(T ) by θ;

6 for e ∈ H(T ) do

7 objcurr ←− P ′c(T ∪ {e});

8 if objcurr < objbest then

9 T ←− T ∪ {e};

10 objbest ←− objcrnt;

11 end

12 end

13 construct new search space H(T );

14 update N(T )

15 end
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Note that the Algorithm 5 should be terminated when z ≤ ε. We set ε = 10 as a default

value for practical use. From Algorithm 5, we obtain a |N(T ∗)| sized sub-network whose

classification error is less than ε. Therefore, we employ |N(T ∗)| − 1 as the upper bound of

k in PRc for the computational experiments as follows.

4.5.3 Comparison Methods

For evaluation task, we compare our proposed methods; MIP and BD with two state-of-the-

art feature selection methods, including `1 regularized support vector machine (`1-SVM) and

`1 regularized logistic regression (`1-LR). Given networked data for each i-th instance (Wi,

li ), where Wi is a collective vector of edge weights and li is a class label, `1-SVM and `1-LR

are defined as following optimization problems:

`1 − SVM : min
y
‖y‖1 + C

n∑
i=1

max(0, 1− li(yTWi))
2 (4.44)

`1 − LR : min
y
‖y‖1 + C

n∑
i=1

log(1 + exp(−li(yTWi))) (4.45)

, where C is a hyper-parameter to control the trade-off between classification error and

regularization phase. If we replace the `1 regularizer ‖y‖1 to `2 norm ‖y‖2, then (4.44)

and (4.45) are equivalent to the standard SVM and logistic regression eventually. Among

the various algorithms to solve (4.44) and (4.45) such as interior point method, generalized

linear model with elastic net (GLMNET) and so on [70, 211]. LIBlinear, which employed

the coordinate descent algorithm to solve the non-smooth optimization problem, has shown

the best performance in terms of classification efficiency [211]. Therefore, we include the

LIBlinear solver for comparison. Moreover, we take the standard SVM and LR classifier

as the baseline which include the all features for classification task. Both two standard

classifier were solved by LIBlinear solver as well as `1 regularization methods. Note that we

keep the all parameters of LIBlinear as default.

4.5.4 Performance Evaluation: Synthetic Dataset

First, we evaluate within our models in terms of computational efficiency. In Table 4.2,

CPU time spent for solving the synthetic instances are described. Also, since we limit the
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CPU time up to 3,600 seconds, we calculate the number of instances which can be solved

optimality within the time limit. From the column of CPU time, BD solve the instances faster

than the MIP in overall. Also, comparing with the number of instances proving optimality,

BD outperforms MIP on the instance CO(90) with k = 5 and k = 10.

Table 4.2: CPU time and number of instances solved optimality on the complete graphs in
synthetic dataset

Instacnces k
CPU time (sec.) # of opt.

instances

BD MIP BD MIP

CO(20)

4 35.10±15.92 70.06±24.62 10/10 10/10

5 18.58±3.02 34.26±2.50 10/10 10/10

6 9.56±5.77 25.82±15.31 10/10 10/10

CO(30)

4 1354.29±345.75 2661.70±150.20 10/10 10/10

5 250.16±80.55 450.45±101.92 10/10 10/10

6 202.39±50.07 377.02±25.02 10/10 10/10

CO(90)

5 3475.10±67.25 3600.00 2/10 0/10

10 2266.74±500.29 3458.54±64.62 7/10 2/10

15 45.94±9.01 366.64±50.25 10/10 10/10

ER(0.10)

6 3494.60±159.14 3540.10±146.09 5/10 3/10

8 2781.33±261.12 3214.70±379.52 9/10 6/10

10 1137.20±299.93 1834.29±356.38 10/10 10/10

ER(0.25)

6 3600 3600 0/10 0/10

8 3487.33±194.12 3553.33±147.68 3/10 1/10

10 2511.20±591.14 2884.02±356.38 10/10 10/10

ER(0.50)

6 3600 3600 0/10 0/10

8 3561.33±161.12 3600.00 2/10 0/10

10 3193.31±259.74 3488.10±121.88 5/10 3/10

ER(0.75)

6 3600.00 3600.00 0/10 0/10

8 3166.74±500.29 3571.54±91.62 3/10 1/10

10 3430.20±299.93 3586.11±59.77 2/10 1/10
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In addition, we can observe that CPU time is increasing with the node size of instances. It is

obvious that large size instances deteriorate the computational efficiency. Interestingly, we

also observe that CPU time is affected by the k. Thus, the smaller k take much time to solve

the instances. Recall that our objective is to minimize the deviation from the separating

hyperplane for two groups. Hence, if we set the large k, we can have more chance to include

edges to reduce the sum of deviation. It is a line with a general case of the conventional

classification problems. If we consider more variables to classify the datasets, the training

efficiency might be increased.

From the Table 4.2, we can also found out that there exist several instances where both

of our algorithms fail to find the optimal solution. Although we cannot find the optimal

solution, it is worthwhile to compare obtained time limit feasible solutions with each other.

Let Z?BD and Z?MIP be the time limit feasible solution of BD and MIP respectively. Then, we

count the number of instances in terms of solution comparison and present at the following

Table 4.3.

Table 4.3: Solution quality comparison for instances whose solution status are time limit
feasible

CO(90) ER(0.10) ER(0.25) ER(0.50) ER(0.75)

k 5 10 6 8 6 8 6 8 10 6 8 10

z?BD > z?MIP 0 0 1 1 2 1 2 0 0 0 1 0

z?BD = z?MIP 0 2 2 5 0 0 0 0 3 0 0 1

z?BD < z?MIP 10 8 7 4 8 9 8 10 7 10 9 9

From Table 4.3, it can be seen that BD provide a good solution rather than MIP. The solution

quality, i.e., which one provide lower objective value, is highly related to the classification

performance of the model since the objective value (Z?BD or Z?MIP ) actually represents the

training efficiency of the input dataset. Thus, the model providing lower objective value is

more likely to construct good classifier eventually. Of course, the lower value cannot always

guarantee the good classifier due to risk of the over-fitting.
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Once we solve the instances, then we can obtain the classifier function (4.19). With use of

(4.19), we conduct classification test based on the generated test datasets.

In Table 5.3, we describe the classification accuracy with different node cardinality k on

the synthetic datasets. To compare the classification performance fairly, once we obtain the

solution from our models, we extract the same number of features from `1-SVM and `1-LR

by manual adjustment C ∈ [10−4, 10−1] in (4.44) and (4.45) since it is impossible to select

desired number of edges and nodes exactly through `1-SVM and `1-LR while our methods can

find k nodes exactly. Note that |N | in the Table 4.4 represent a predetermined cardinality

k.

Table 4.4: Test results on the synthetic dataset

Instances

Solution Size

|E| |N| Classification Accuracy

BD MIP `1-SVM `1-LR BD MIP `1-SVM `1-LR BD MIP `1-SVM `1-LR SVM LR

CO(20)

6.0 6.0 6.0 6.0 4.0 4.0 6.0 5.0 0.88 0.88 0.84 0.83

0.67 0.6810 10 10 10 5 5 11 12 0.94 0.94 0.86 0.86

15 15 15 15 6 6 17 17 0.89 0.89 0.84 0.85

CO(30)

6 6 6 6 4 4 6 5 0.81 0.81 0.83 0.84

0.65 0.6610 10 10 10 5 5 11 12 0.95 0.95 0.86 0.87

15 15 15 15 6 6 17 16 0.91 0.91 0.84 0.88

CO(90)

10 10 10 10 5 5 17 19 0.62 0.64 0.70 0.67

0.52 0.5445 45 45 45 10 10 59 54 0.88 0.82 0.68 0.64

75 75 75 75 15 15 74 73 0.67 0.62 0.71 0.69

ER(0.10)

5.3 5.5 5.2 5.2 6.0 6.0 8.2 8.4 0.89 0.88 0.87 0.85

0.65 0.647.5 7.2 7.3 7.3 8.0 8.0 11.8 11.1 0.93 0.93 0.91 0.90

12 11.1 11.5 11.5 10.0 10.0 13.5 12.1 0.90 0.90 0.90 0.88

ER(0.25)

6.2 6.5 6.3 6.2 6.0 6.0 9.0 11.5 0.84 0.85 0.88 0.87

0.59 0.619.9 9.1 9.6 9.5 8.0 8.0 18.2 19.1 0.91 0.90 0.86 0.86

16.8 17.3 16.5 17.1 10.0 10.0 24.0 21.3 0.82 0.83 0.86 0.85

ER(0.50)

7.8 7.9 7.9 7.9 6.0 6.0 8.3 7.1 0.78 0.76 0.78 0.75

0.56 0.5815.2 14.5 16.2 15.4 8.0 8.0 24.7 28.2 0.90 0.89 0.82 0.81

23.1 22.4 22.4 23.9 10.0 10.0 28.1 26.0 0.89 0.88 0.80 0.79

ER(0.75)

13.1 11.5 12.1 12.1 6.0 6.0 19.1 16.5 0.73 0.72 0.65 0.66

0.59 0.5924.5 26.3 24.5 24.5 8.0 8.0 33.1 32.4 0.87 0.82 0.79 0.78

37.6 38.2 38.1 38.0 10.0 10.0 48.3 44.2 0.81 0.72 0.79 0.79

From Table 4.4, we observe that ours outperform than conventional feature selection meth-
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ods (`1-SVM & `1-LR) as well as the baseline classifiers. Note that BD and MIP have equiv-

alent classification accuracy on CO(20) and CO(30) because the optimal solution of both

two methods are same. However, they have different accuracy on CO(90) due to the fact

that they have different time limit feasible solution. The quality of the time limit feasible

solutions for both our methods can be observed at Table 4.3 more clearly.

In the result of CO(90), we can observe that ours perform lower than the comparison

methods at k = 5 and k = 15. This can be explained that when k = 5, we might ignore

informative edges because the total number of edges should be less than 10 (=
(

5
2

)
). However,

when k = 15, the over-fitting can be occurred because too many edges are included in the

resulting function. Thus, those two cases imply that we should select the k carefully to

obtain a satisfactory result.

From the results in Table 4.4, the performance of `1 methods gradually becomes worse along

with the increasing of the edge creation probability from 0.10 to 0.75. According to Table

4.1, the edge creation probability is directly related to the edge density of the graphs. Thus,

we conclude that conventional feature selection algorithms cannot perform better than ours

under the dense graphs. From the result of ER(80,0.5) and ER(80,0.75), we can observe that

ours accuracy are decreasing at some degree. This is caused by the declining the number of

instances solved optimality in Table 4.2.

4.5.5 Performance Evaluation: Real Dataset

On the contrary from the experiments on the synthetic datasets, there is no clear distinction

between testing and training data in real datasets. Therefore, we employ cross-validation

technique to estimate how accurately our models will perform in practice. Since we do

not have abundant observation size, we use the ‘leave-one-out’ cross validation method to

validate classification models. In this method, we leave one observation out in turn and use

the other n− 1 observations to set up our models; BD and MIP. We then use the estimated

classification function to classify the observations that is left out. This process is repeated

n times for all observations. Finally, we count the number of misclassified observations and

calculate the cross validation rate. First, we compare the performance in terms of CPU
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time for our proposed method by describing on Table 4.5.

Table 4.5: CPU time and number of instances solved optimality on the real dataset

Instacnces k
CPU time (sec.) # of opt.

instances

BD MIP BD MIP

PD

5 3501.28±233.57 3576.21±162.55 4/46 1/46

6 3230.25±525.49 3451.03±351.17 19/46 8/46

7 129.74±22.20 446.95±160.05 46/46 46/46

8 81.74±27.05 267.20±187.83 46/46 46/46

ADNI

5 3513.56±197.98 3600.00 6/42 0/42

6 3184.77±526.15 3485.94±328.43 22/42 8/42

7 179.13±154.88 513.91±396.13 42/42 42/42

8 90.25±37.61 324.31±74.19 42/42 42/42

Table 4.6: Solution quality comparison for instances whose solution status are time limit
feasible on the real datasets

PD ADNI

k 5 6 5 6

z?BD > z?MIP 3 2 0 2

z?BD = z?MIP 1 3 0 4

z?BD < z?MIP 42 41 42 36

In the same vein as Table 4.3, we compare the quality of the time limit feasible solutions

for BD and MIP. Clearly, BD provides better solution than BD.

In Table 5.5, we evaluate our models with the state-of-the-art methods on the real dataset.

Differently from the synthetic data set, we cannot estimate the proper upper bound of k.

Instead of relying on empirical trials, we employ the Algorithm 5 described in Section 4.5.2.
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Once we run the Algorithm 5 on the real dataset, we obtain subnetworks whose node size

are 9 equivalently. However, since we set the ε as the lower value, it is more likely to occur

the over-fitting. Thus, the cardinality k for real dataset test is varied; k ∈ {5, 6, 7, 8}. If we

tune the algorithm more wisely, we might obtain a smaller network with proper objective

value. We leave it for the future direction. Note that the runtime of the Algorithm 5 is less

than a minute.

Table 4.7: Test results on real dataset: PD and ADNI

Instances

Size

|E| |N| Accuracy

BD MIP `1-SVM `1-LR BD MIP `1SVM `1-LR BD MIP `1-SVM `1-LR SVM LR

PD

10 10 10 10 5 5 16.78 16.50 0.61 0.58 0.58 0.56

0.58 0.56
15 15 15 15 6 6 23.14 21.55 0.70 0.68 0.61 0.58

21 21 21 21 7 7 29.78 27.87 0.65 0.63 0.61 0.54

28 28 28 28 8 8 35.82 33.37 0.57 0.57 0.59 0.59

ADNI

10 10 10 10 5 5 13.55 14.90 0.61 0.57 0.52 0.57

0.59 0.57
15 15 15 15 6 6 20.65 20.90 0.68 0.65 0.55 0.52

21 21 21 21 7 7 25.82 26.49 0.63 0.63 0.57 0.57

28 28 28 28 8 8 30.94 32.77 0.59 0.52 0.59 0.55

From Table 4.7, our models outperform the `1 methods except for k = 8. From the classi-

fication accuracy, we can infer that k = 8 occurs over-fitting problem. Among the various

k, k = 6 for both data shows the best classification accuracy. It implies that we might

miss the informative edges when k < 6 and include irrelevant/non-informative edges when

k > 6. Comparing with the standard methods(SVM and LR), if the number of selected edges

are small (|E|=10), the accuracy is worse than SVM and LR with considering all edges.

However, if we increase k and include more edges, the accuracy is better than SVM and

LR, which verifies the importance of the feature selection scheme on real datasets.

4.5.6 Interpretability Enhancements via Node based Feature Selection

From the previous Sections 4.5.4 and 4.5.5, our proposed methods, thus the node based

selection scheme, outperform the conventional feature selection methods through the tests

on the synthetic and real datasets. It means the node selection scheme is more effective
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to find informative features to classify the observations. Recall that another fundamental

objective of the feature selection is proving better understanding of the underlying structural

difference between the grouped observations. Therefore, we present the selected subnetworks

through two different selection schemes on the real datasets.

(a) Node based feature selection

(b) Conventional feature selection

Figure 4.2: Selected sub-networks on PD dataset: Node based feature selection (|N | = 6,
|E| = 15) vs. Conventional feature selection (|N | = 22, |E| = 15)

Two different subnetworks are depicted in Figure 4.2. Figure 4.2(a) is defined from the

node selection scheme BD and Figure 4.2(b) is defined from the conventional feature selection

scheme `1-SVM respectively. Note that both of them contain same number of edges (features)

but different number of nodes. Basically, the regions of the brain have been regarded as

highly associated with the neurological disorders. Thus, defining related regions is also

important as well as defining related connectivity. For example, the selected nodes in

Figure 4.2; ‘Temporal pole’, ‘Precuneous’, ‘Parahippocampal Gyrus’, and ‘Orbitofrontal’

have been reported that they were significantly related to Parkinson’s Disease from the

longitudinal functional connectivity study [63]. Besides, recent evidence suggest that one

of the selected node;‘Insular’ activity may be a “precursor” for cognitive processes related
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to the task at hand. In addition, it is highly connected with the central executive network,

which is associated with Parkinson’s disease, as well [168, 134, 54]. In contrast, we cannot

find exact relatedness to Parkinson’s Disease from some regions in Figure 4.2(b). Thus, we

can infer that conventional feature selection scheme might select noisy/irrelevant features

and it might not be a reflective of the Parkinson’s Disease as a consequence.

(a) Node based feature selection

(b) Conventional feature selection

Figure 4.3: Selected sub-networks on ADNI dataset: Node based feature selection (|N | = 6,
|E| = 15) vs. Conventional feature selection (|N | = 24, |E| = 15)

In Figure 4.3, out of 6 selected regions, ours select two ‘Inferior Temporal Gyrus’ which are

highly related to semantic memory. According to the literature, Alzheimer’s disease and

Dementia has been characterized by a patient’s inability to integrate semantic memories

[45]. Moreover, ‘Orbitofrontal’ also has been examined the connectivity to Alzheimer’s

disease [194] and ‘Lingual gyrus’ is a brain structure that play a role in analysis of logical

condition (i.e., logical order of events) and encoding visual memories [133]. The remaining

two are ‘Postcentral Gyrus’ and ‘Occipital cortex’ which are in charge of sensory reception

and visual stimulus respectively. From the selected regions, we can derive various symptoms

from the Alzheimer’s disease patients. For example, if the disruption is occurred between
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temporal area and occipital area, then the patients might have a trouble to recognize the

familiar faces and may seem to forget who a familiar person is. Thus, associated connections

with ‘Occipital Cortex’ are also playing an important role to investigate the Alzheimer’s

disease. Sensory disorder has been often found from the Alzheimer’s disease patients [58].

In Figure 4.2(b) and Figure 4.3(b), relatively many nodes are selected with inaccurate

classification accuracy comparing with ours. A part of selected nodes in Figure 4.2(b) and

Figure 4.3(b) seem to be related to the corresponding diseases. However, we can observe

that the fewer nodes can provide more clear view points to understand the selected features.

In this study, we will not handle with the detail interpretation of the specific brain functions

in terms of neurological pathways since it is beyond of our scope. Instead, we support that

node based selection scheme would be beneficial for networked data feature selection in

terms of not only predictive performance but also analyzing intrinsic structure of the data.

4.6 Summary

In this chapter, we present a mathematical programming model for the networked data clas-

sification. Compared to the extensive researches based on the mathematical programming

approaches for the ordinary data classifications, the researches on the networked classifi-

cation have not paid much attention. Furthermore, considering high dimensionality of the

feature domain is less investigated as well. Therefore, based on the presented mathematical

model, we propose a node selection model as a new feature selection scheme while reflecting

the structure of the data. Through our new proposed scheme, in contrast to the conven-

tional selection scheme such as `1-SVM or `1-LR, our proposed scheme allows us to reveal

the underlying structure of the data with node based and it should be beneficial when one

needs to investigate informative or irrelevant nodes in given data. Additionally, ours can

provide much clear view points rather than the conventional methods for the data analysis.

Due to the computational intractability of the proposed MIP, we apply the branch-and-cut

algorithm based on the benders decomposition. As a result, we can improve the computa-

tional efficiency with providing better solution quality. From the conduced experiment on

the synthetic datasets, we can observe that ours outperform the state-of-the-art feature se-

lection methods under the conventional feature selection scheme when the relevant features
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are affected by a set of nodes. Even the instances becomes denser, the degree of superiority

of ours are increasing. Moreover, from the experiments on the real datasets, ours still out-

perform the conventional approaches. It implies that the status of the networks might be

affected by nodes rather than individual edges. Through the results, we can also confirm

that selected nodes representing regions in the human brain are pathologically meaningful

and it will be beneficial for future researches to investigate the configuration of various

neurological disorders via brain connectivity studies.
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Chapter 5

CONVEX OPTIMIZATION FOR GROUP FEATURE SELECTION OF
NETWORKED DATA

5.1 Introduction

A common goal of machine learning is to estimate an explicit function/model that maps data

points of feature vector from the training set to an output target such that the model can

be used to make predictions on new, unseen data points in the testing set. Feature selection

is a related problem associated with classification, and it often arises when dealing with

superfluous information in real world data. High dimensionality of real world data, in both

sample space and feature space, can hinder efficiency and efficacy of classification methods.

Specifically, the curse of dimensionality leads to not only computational inefficiency for

processing the data but also diminished classification performance, also known as over-

fitting [89].

Motivated by applications in real life networked systems, there is a need of new prediction

models that can incorporate the knowledge about the structure of features (i.e., group

feature selection) and control the sparsity (size) limit on selected features and their groups

(i.e., `0 norm). In this chapter, we present an efficient computational technique based

on mathematical optimization to solve the support vector machine (SVM) group feature

selection problem with `0 norm constraint, denoted as `0 norm Group-Regularized SVM

(L0GRSVM). This problem uses the squared hinge loss in SVM as the loss function L(.)

and the `0 norm constraint on the number of selected feature groups. Specifically, we extend

the group lasso problem introduced in [213] by substituting the `2,1 regularization term

with the `2,0 norm to prevent undesirable properties of the `2,1 norm [124] while using the

mathematical programming structure of SVM. Due to the combinatorial nature of the `2,0

norm, we apply a convex relaxation to the `2,0 norm and construct a new formulation based

on quardratically constrained linear program (QCLP). There are an exponential number of
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constraints in the QCLP; therefore, we propose an iterative algorithm to efficiently solve the

QCLP. Our proposed technique finds the most informative groups of features (B) iteratively

by using a computationally efficient approximation algorithm. Once B feature groups are

found, our technique determines the feature weight w that achieves the optimal trade-

off between the maximization of the hyperplane distance (‖w‖22) and the minimization

of the prediction loss as measured by the loss function in the multiple kernel learning

(MKL) problem [158]. Consequently, our technique automatically goes through the re-

training process for selected features that helps overcome the bias problem, which is common

drawback of the `1 norm based methods. We apply our technique to both synthetic and

real-life datasets that are in the context of networked data classification. We focus on

identifying important network nodes (feature groups) instead of the conventional setting

that considers edge (feature) selection.

The real-life dataset of complex networked system is from brain connectivity data, where

connectivity strengths between two brain regions are features and brain regions are groups

of features. The prediction model is trained and a group of brain regions is selected to clas-

sify subjects (samples) to normal controls or brain diseases (Parkinson’s disease vs. Control

and Autistic spectrum disorder vs. Control). Empirical comparison of our technique with

state-of-the-art feature selection methods, including `1-SVM, `1-Logistic Regression (LR)

and group LASSO, demonstrates our technique outperforms these methods. Specifically,

our technique yields sparser solutions with competitive predictive power (i.e., classification

performance) or better classification performance with similar sparsity of the solutions. In

addition, because our technique can control the number of features to be selected while

incorporating of knowledge about the structure of features, our technique provides more ac-

curate prediction results and yields more interpretable results that help neurologists obtain

a better understanding of systems neuroscience in neurological diseases.

The rest of this chapter is organized as follows. Section 5.2 presents a solution approach for

the proposed mathematical model. We conduct computational experiments in Section 4.5,

and conclude this study in Section 5.4.
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5.2 Solution Approach: Convex Relaxation and Iterative Algorithm

In this section, we first present a mixed integer non-linear programming (MINLP) formula-

tion of `0 norm Group-Regularized SVM (L0GRSVM), which uses `2,0 norm group feature

selection with SVM structure. Without loss of generality, we model the L0GRSVM for

networked data. Since the problem is non-convex, we propose a convex relaxation method

to reformulate the problem as a quadratically constrained linear programming (QCLP). We

develop an iterative algorithm to efficiently solve the QCLP to obtain an accurate prediction

model.

5.2.1 `0 norm Group-Regularized SVM (L0GRSVM)

Given empirical data {xi, yi}ni=1 of n observations, each with m features that are organized

by p groups, G = {G1, G2, ..., Gp}, each containing an index set of feature group members,

binary label yi ∈ {+1,−1} and a limit on the number of selected feature groups B, inte-

grating the SVM model in (2.21) and the group feature selection model in (2.23) gives rise

to a natural formulation of L0GRSVM, which is given by

min
w,b,ξ

1

2
‖w‖22 +

C

2

n∑
i=1

ξ2
i

s.t. yi(w
ᵀxi + b) + ξi ≥ 1 ∀ i = 1, ..., n, (5.1)

‖wGg‖2,0 ≤ B ∀ g = 1, 2, ..., p,

where ξi are slack variables for soft margin, C is a hyper-parameter between the margin

space and the prediction error, wGg ∈ R|Gg | is the weight vector of w related to Gg and

‖wGg‖2,0 is a modified `2,0 norm =
p∑
g=1

I(‖wGg‖2 6= 0) to count the cardinality of selected

features groups.

One can reformulate the group feature selection SVM formulation in (5.1) by mapping

the input data to a lower dimension xi → (xi ∗ s), where s = [s1, ..., sm] ∈ {0, 1}m is a

vector indicating the binary selection of features and the operator ∗ denotes an element-

wise product. The use of this indicator vector is very common in feature selection (e.g.,

kernel tuning or kernel selection [159, 160, 184] and SVM feature selection [207, 187]).
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L0GRSVM can thus be reformulated as a MINLP, given by

min
w,b,ξ,s,v

1

2
‖w‖22 +

C

2

n∑
i=1

ξ2
i

s.t. yi(w
ᵀ(xi ∗ s) + b) + ξi ≥ 1 i = 1, ..., n, (5.2)

|v‖0 ≤ B,

sj ≤ vg ∀j ∈ Gg ∀g = {1, ..., p},

where v is a p-dimensional vector, v = [v1, v2, ..., vp] ∈ {0, 1}p, indicating the binary selection

of feature group (vg = 1 → gth group is selected). The ‖v‖0 ≤ B constraint stipulates that

at most B feature groups can be selected whereas the sj ≤ vg constraint implies that if

the weight of at least one feature in a group is non-zero, then the feature group must be

selected. The following proposition proves that the two formulations in (5.1) and (5.2) have

the same objective function value, which indicates the training prediction performance.

Proposition 5.2.1 Problems (5.1) and (5.2) have the same objective value.

Proof Let (ŵ, ξ̂, b̂) and L(ŵ, ξ̂) refer to the optimal solution of Problem (5.1) and its

corresponding objective value, respectively. Similarly, let (w, s,v, ξ, b) and L(w, ξ) represent

the optimal solution and its corresponding objective value of Problem (5.2), respectively.

We can prove that L(ŵ, ξ̂) = L(w, ξ) by contradiction.

If L(ŵ, ξ̂) < L(w, ξ), then consider a feasible solution of Problem (5.2) as follows: wt = ŵ,

stj = Iwj 6=0, vtg = IwGg 6=0, ξt = ξ̂ and bt = b̂ for all j = 1, ...,m and g = 1, ..., p. We can easily

verify that (wt, st,vt, ξt, bt) satisfies the constraints given in Problem (5.2). Thus, we have

L(ŵ, ξ̂) = L(wt, ξt) < L(w, ξ). It contradicts the optimality of the solution (w, s,v, ξ, b).

Conversely, if L(ŵ, ξ̂) > L(w, ξ), we can construct a solution wt = w and ξt = ξ which

satisfies ‖wt
Gg
‖2,0 ≤ B. Note that if vg = 0, then all the wj , j ∈ Gg have to be zero which

is equivalent to ‖wGg‖2 = 0. As a result, we have L(ŵ, ξ̂) > L(wt, ξt) = L(w, ξ), which

contradicts the optimality of (ŵ, ξ̂, b̂).

5.2.2 L0GRSVM for Networked Data

In the networked data, each observation i can be represented as an undirected weighted

network structure {N,E, ci}ni=1 where N,E represent the set of nodes and edges, and the
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edge weight (e.g., connectivity strength) between two nodes is defined by ci : E → R|E|.

Each observation is associated with a label, denoted by {yi ∈ {−1, 1}}ni=1. Note that all

observations have the same network structure (N,E) with different edge weights. Thus, the

classification of the networked data aims to learn a decision hyperplane from all observation

f(xi) = wᵀxi + b, ∀ i = 1, 2, ..., n where xi = {c(i, j) | ∀(i, j) ∈ E} is the input data. In this

conventional setting, feature selection is regarded as edge selection.

In this study, a node in the network is regarded as a group. Therefore, a group/node includes

all of the edges connected to the node. Thus, group selection leads to node selection.

In this setting, a group set G is defined as G = {G1, G2, ..., G|N |=p} including |N |(=the

number of nodes) groups and each Gg ⊂ {1, ..., |E| = m} contains an index set of features

(=edges) linked to gth group (=gth node). Considering the network structure, we have

Gg = {(i, g)| ∀(i, g) ∈ Adj(g)}, where Adj(g) is an adjacent edge set of node g. It is

worth noting that a feature (=edge) is assigned to two corresponding nodes, simultaneously.

Therefore, the problem is an overlapping group feature selection with ‖v‖0 ≤ B. We can

extend the L0GRSVM formulation in (5.2) for networked data as:

min
w,b,ξ,s,v

1

2
‖w‖22 +

C

2

n∑
i=1

ξ2
i

s.t. yi(w
ᵀ(xi ∗ s) + b) + ξi ≥ 1 i = 1, ..., n, (5.3)

p∑
g=1

vg ≤ B,

sj ≤ vg, ∀i ∈ Adj(g), ∀g = {1, ..., p}.

5.2.3 Convex Relaxation

In Problem (5.3), the non-zero elements of the optimal solution (s, v) constitute a sub-

network that contains at most B nodes. We define such a sub-networks as B sized network.

Let define group (node) domain by V = {v|
∑p

g=1 vg ≤ B} and feature (edge) domain by

E(V) = {s | sj ≤ vg, ∀j ∈ Adj(g), ∀g ∈ {1, ..., p}, v ∈ V}. Consequently, Problem (5.3) can
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be rewritten as

min
s∈E(V)

min
w,b,ξ

1

2
‖w‖22 +

C

2

l∑
i=1

ξ2
i (5.4)

s.t. yi(w
ᵀ(xi ∗ s) + b) + ξi ≥ 1 i = 1, ..., n.

This problem is extremely hard to solve due to the combinatorial nature of E(V). Never-

theless, once s is determined, the inner problem of (5.4) becomes a standard SVM, which

can be solved efficiently. Inspired by [122], we introduce a convex relaxation to deal with

the computational intractability of Problem (5.4).

Assuming s ∈ E(V) is predefined and given, we can rewrite the dual of inner problem (5.4)

as

max
α

−1

2
‖

l∑
i=1

αiyi(xi ∗ s)‖22 −
1

2C
αᵀα +

n∑
i=1

αi

s.t.

n∑
i=1

αiyi = 0, i = 1, ..., n, (5.5)

αi ≥ 0, i = 1, ..., n,

where α = [α1, ..., αn] is a dual vector for the constraints in Problem (5.4). We define a

domain of α, A = {α|αᵀy = 0, ∀αi ≥ 0, i = 1, ..., n} and define the objective function

of Problem (5.5) with (-1) multiplication as: h(α, s) = 1
2‖
∑l

i=1 αiyi(xi ∗ s)‖22 + 1
2Cα

ᵀα −∑n
i=1 α. Thus, Problem(5.4) can be rewritten as:

min
s∈E(V)

max
α∈A

− h(α, s). (5.6)

We derive the lower bound of Problem (5.6) by applying the minimax relaxation and ex-

changing mins∈E(V) and maxα∈A [123, 108] and obtain

max
α∈A

min
s∈E(V)

− h(α, s) = min
α∈A

max
s∈E(V)

h(α, s). (5.7)

Solving Problem (5.7) directly is computationally intensive. Thus, we introduce an addi-

tional bounding variable η ∈ R [93, 187, 122, 50, 71] and reformulate Problem (5.7) as a

quadratically constrained linear problem (QCLP) problem, which is given by

QCLP : min
α∈A,η∈R

η s.t. η ≥ h(α, s) ∀s ∈ E(V). (5.8)
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The QCLP in (5.8) is convex in terms of α for each s. However, it is still difficult to

solve due to the exponential number of constraints in (5.8). Therefore, we develop an

iterative algorithm in the next subsection to efficiently handle with the exponential number

of constraints.

5.2.4 Iterative Algorithm

Inspired by [50], we develop an iterative algorithm to solve the QCLP in (5.8). The proposed

algorithm consists of two main steps: (i) computing an intermediate SVM solution with a

restricted subset of constraints, and (ii) updating the subset of constraints according to the

obtained intermediate SVM solution. The algorithm belongs to a family of algorithms for

solving general QCLP problems known as the exchange methods in which the constraints

are exchanged at each iteration.

From the QCLP in (5.8), we formate the restricted mater problem (RMP) based on a

restricted subset of constraints, called localized set Fl. The RMP is given by

RMP : min
α∈A,η∈R

η s.t. η ≥ h(α, st) ∀st ∈ Fl. (5.9)

The solution to this RMP in (5.9) yields an intermediate sub-optimal solution (η,α) to the

QCLP in (5.8). Our algorithm iteratively solve this RMP by adding a new constraint of

B-sized subnetwork with the maximum violation until a stopping criterion is met. A new

constraint is generated by solving the Constraint Generation Problem (CGP), which is to

find a new B-sized subnetwork, sl+1 ∈ E(V), that maximizes h(α, sl+1).

This procedure of our iterative algorithm is outlined in Algorithm 6. Considering each sl

represents a B-sized subnetwork, the algorithm is to find the B-sized sub networks iteratively

and the composition of all determined subnetworks will be the final solution. Thus, the total

number of nodes (groups) is bounded by lB after l iterations.

Solving the RMP

Given a set of B-sized subnetworks Fl, we can solve Problem (5.9) as follows. Define Xt as

a subset of X denoted by st ∈ Fl. The KKT conditions of Problem (5.9) implies that the
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Algorithm 6: Iterative Algorithm for the QCLP in (5.8)

1 α0 ← C;

2 F0 = ∅ ← localized set;

3 l = 1 ← iteration step;

4 repeat

5 Find the most violated constraint sl based on αl−1 using CGP ;

6 Fl ← Fl−1 ∪ {sl} ;

7 αl, ηl ← Solve the RMP;

8 l← l + 1;

9 until convergence;

Lagrangian multiplier λ must satisfy
∑

st∈Fl
λt = 1. Therefore, solving the RMP (5.9) is

equivalent to solve the following optimization problem:

max
α∈A

min
λ∈Q
−
∑
st∈Fl

λth(α, s) = min
λ∈Q

max
α∈A
−1

2
(α ∗ y)ᵀ(

∑
st∈Fl

λtXtX
ᵀ
t + E)(α ∗ y), (5.10)

where Q is a domain for Lagrangian multiplier λ such that Q = {λ |
∑

st∈Fl
λt = 1} and

E = 1
C I, where I is an n-dimensional identity matrix. Note that we can interchange the

operators maxα∈A and minλ∈Q because it is concave in α and convex in λ, respectively

[177].

Note that Problem (5.10) is equivalent to the multiple kernel learning (MKL) problem [116],

where the kernel matrix to be learned is a convex combination of the base kernel matrices

{XtX
ᵀ
t | st ∈ Fl}. There are several approaches in the literature to solve the MKL (e.g.,

[116, 160, 148]). Our algorithm uses the SimpleMKL approach, which solves the non-smooth

optimization problem via sub-gradient method [160].

Solving the CGP

To find the most violated constraint s at each iteration step, we propose the following

procedure to solve the CGP. Recall that the feasibility of each constraint is measured by the

corresponding value of η. Therefore, the constraint that yields the largest η can be regarded

as the most violated constraint. Hence, it can be calculated as s∗ = argmaxs∈E(V) h(α, s)
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with given α. Consequently, the CGP can be formulated as

max
s∈E(V)

1

2
‖

n∑
i=1

αiyi(xi ∗ s)‖22 +
1

2C
αᵀα−

n∑
i=1

αi. (5.11)

Proposition 5.2.2 Problem (5.11) is NP-hard.

Proof In Problem (5.11), ‖
∑n

i=1 αiyi(xi∗s)‖22 = ‖
∑m

j=1(
∑n

i=1 αiyixi)∗s‖22. Let (
∑n

i=1 αiyixi) =

τ ∈ Rm. Therefore, each non-negative τj can be considered as a non-negative weight on j-th

feature (=edge) sj . Recall that a set of edges must be involved in the B-sized subnetwork

(i.e., ∀ s ∈ E(V)). Hence, with removal of the constant term 1
2Cα

ᵀα −
∑n

i=1 αi, Problem

(5.11) can be reformulated as

max
1

2

m∑
j=1

τ2
j s

2
j

s.t. sj ≤ vg ∀j ∈ Adj(g), ∀g = 1, ..., p (5.12)
p∑
i=1

vg ≤ B.

The above formulation in (5.12) is equivalent to the heaviest B subgraph problem (HSP),

which is well-known NP-hard problem [55]. We can thus conclude that the HSP can be

reduced to Problem (5.11).

The HSP determines a subset of B nodes such that total edge weight of the subgraph induced

by such B nodes is maximized. It is also known as B-cluster problem and dense B-subgraph

problem if all edges have the same weight. Many solution methods have been developed to

tackle this problem (e.g., [130, 22]). However, existing methods in the literature can solve

only small instances. Recently, a preprocessing routine to reduce the size of a given network

while retaining a (1 + 1
B )-approximation for HSP problem have been proposed [34]. Our

iterative algorithm also uses this routine to solve Problem (5.11).

5.2.5 Analysis of Convergence

In this section, we analyze the convergence property of Algorithm 6. Assume the current

iteration step is l. At the l-th iteration, a new constraint sl below can be found via the
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CGP derived by αl−1

h(αl−1, sl) = max
s∈E(V)

h(αl−1, s). (5.13)

As a result, the new constraint set Fl is given by Fl = Fl−1 ∪ {sl}.

Define ubl = min1≤k≤l h(αk−1, sk) and (ηl, αl) as the intermediate solution pair to Problem

(5.9), which is obtained by

αl = argmin
α∈A

(
max
st∈Fl

h(α, st)

)
, (5.14)

ηl = max
1≤k≤l

h(αl, sk) = min
α∈A

(
max
1≤k≤l

h(α, sk)
)
. (5.15)

For notational convenience, we introduce lbl such that ηl = lbl. We obtain

lbl = min
α∈A

max
1≤k≤l

h(α, sk), (5.16)

ubl = min
1≤k≤l

h(αk−1, sk) = min
1≤k≤l

(
max
s∈E(V)

h(αk, s)
)
. (5.17)

Based on the definitions of lbl and ubl, we present the following two lemmas to prove that

Algorithm 6 converges to the optimal solution.

Lemma 5.2.3 Suppose (ηopt, αopt) is an optimal solution pair of Problem (5.8). Inequality

lbl ≤ ηopt ≤ ubl holds at the l-th iteration. As iteration step increases, the sequence {lbl} is

monotonically increasing and {ubl} is monotonically decreasing.

Proof Firstly, we have the optimal solution ηopt = minα∈A maxs∈E(V) h(α, s) from Problem

(5.8). For any feasible α in Problem (5.8), we have maxs∈Fl
h(α, s) ≤ maxs∈E(V) h(α, s)

under Fl ⊆ E(V). With consideration of α, we obtain:

min
α∈A

max
s∈Fl

h(α, s) ≤ min
α∈A

max
s∈E(V)

h(α, s).

By Eq. (5.16), we have lbl ≤ ηopt.

On the other hand, from Problem (5.13), sk = argmaxs∈E(V) h(αk−1, s) for k = 1, ..., l. Thus,

{(αk−1, h(αk−1, sk))}lk=1 is a set of feasible solutions to Problem (5.8). Since (αopt, ηopt)

is the optimal solution to Problem (5.8), any feasible solution h(αk−1, sk)) satisfies ηopt ≤

h(αk−1, sk), for k = 1, ..., l. This follows from Eq. (5.17) and finally we have ηopt ≤ ubl.
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Localized set Fl is monotonically expanding with increasing iteration step l. Therefore, the

sequence {lbl} = {ηl} is also monotonically increasing. Along the same line, the sequence

{ubl} is monotonically decreasing.

According to the Lemma 5.2.3, the convergence can be traced by the gap between lbl and

ubl. For example, if this gap is less than a predetermined tolerance, the Algorithm 6 is

terminated.

Lemma 5.2.4 Assume that our algorithm converges at the l-th step. The intermediate

solution (ηl−1,αl−1) is the global optimal solution to Problem (5.8).

Proof Once the algorithm is terminated at the l-th iteration, there is no more update from

the (l − 1)-th step to l-th step. Thus, Fl = Fl−1 and αl = αl−1. A new constraint sl

at the l-th iteration is given by sl = argmaxs∈E(V) h(αl). From Problem (5.13), we have

h(αl−1, sl) = maxs∈E(V) h(αl−1, s) and it is equivalent to h(αl−1, sl) = maxs∈Fl
h(αl−1, s)

as the new constraint sl ∈ Fl = Fl−1. Following from Eqs. (5.16) and (5.17), we obtain

h(αl−1, sl) = max
s∈E(V)

h(αl−1, s) = max
s∈Fl−1

h(αl−1, s) = ηl−1

ubl−1 = min
1≤k≤l

h(αk−1, sk) ≤ ηl−1
(5.18)

Since we already proved that lbl ≤ ηopt ≤ ubl in Lemma 5.2.3, we obtain ηl = lbl. Con-

sequently, we conclude that lbl−1 = ubl−1 = ηl−1 = ηopt and (ηl−1,αl−1) is the optimal

solution to Problem (5.8)

5.3 Computational Results

In this study, we carried out several experiments to compare the performance of our feature

selection technique, L0GRSVM, with several state-of-the-art methods, in terms of classifi-

cation accuracy and interpretability of the results. All computations were implemented on

a Window Server 2012 machine with Intel Xeon E5335 eight core processor @ 2.00 GHz, 24

GB of RAM. All our methods were implemented by MATLAB R2013a.
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5.3.1 Experimental Setup

The baseline `1-norm feature selection methods used for our performance comparison were

`1-SVM and `1-logistic regression, which are among the most commonly used embedded

feature selection methods. We used the coordinate descent algorithm, developed in [211], to

solve these `1-norm feature selection methods. To evaluate the performance of the proposed

L0GRSVM technique, we compared it with the group lasso (group regularized logistic re-

gression) based on the fast iterative shrinkage-thresholding algorithm (FISTA), implemented

in the SLEP package [125]. To compare the group lasso in the classification tasks, we sub-

stituted the sum of the least squares with the logistic loss. Due to the computational issues

in `1-norm methods, we assumed wj = 0 if |wj |/maxj(|wj |) ≤ 1 × 10−4. Also, we set all

wj = 0 if maxj(|wj |) ≤ 1× 10−5 [44]. With respect to termination condition, we applied a

relative tolerance as follows: {z(l)− z(l − 1)}/z(0) ≤ δ where z(l) is the objective value of

(5.10) at the lth iteration. Note that z(l) is monotonically decreasing.

In this section, we use the following terminology as we report the results. We refer to

Algorithm 6 for L0GRSVM as networked group feature selection ‘NF’, two standard feature

selection methods as ‘`1-SVM’ and ‘`1-LR’ (logistic regression), respectively, and the group

regularized logistic regression [125] as ‘GR-LR’. We also included both standard SVM and

logistic regression without feature selection components as the baseline of our analysis, and

they are denoted by by ‘S-SVM’ and ‘S-LR’ respectively.

5.3.2 Datasets

In this section, we provide detailed information of the synthetic dataset that we randomly

generated and the real dataset from neuroimaging studies.

Synthetic Datasets

We generated two sets of large-scale networks as follows. The first set of networks is based

on a complete network (CN) with 150 nodes and 11,175 edges. The second set of networks

is based on the Erdös-Rényi random network model 1 (ER) with 350 nodes and 12,388

1Sources are available at http://strategic.mit.edu/
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edges (the probability of edge creation = 0.2). We then used i.i.d. Gaussian distribution

N (0, 1) to assign random weights to edges. We replicated 2,000 networks in this fashion

and constructed two data matrices XCN ∈ R2,000×11,175 and XER ∈ R2,000×12,388.

To compare the performance of group feature selection in different network topologies, we

constructed two types of sub-networks: dense (group-structured) networks and sparse(non

group structured) networks. These sub-networks actually represent the selected features

in the networked data. To construct the dense sub-network, we firstly selected 10% of

nodes from each XCN and XER. We denoted selected nodes in these sub-networks by NT

(|NT | = 15 for XCN and |NT | = 35 for XER). Then, we extracted all of the edges associated

with NT , denoted by ET , and assigned random edge weights to them (i.e., w(i,j) ∼ N (0, 1),

∀(i, j) ∈ ET and w(i,j) = 0, ∀(i, j) /∈ ET ). Note that the constructed network is dense since

|NT | � |ET |. Because the edges corresponding to w were defined by a set of nodes, the

relevant features were thus organized by a set of groups. Thus, this characteristic of dense

networks can be an strong indicator of presence of group structure.

To construct sparse networks, 300 edges from both synthetic datasets (i.e., CN and ER)

were randomly chosen. The set of selected edges was denoted by ET . We then selected all

the nodes, NT , associated with ET and assigned random weight to them w(i,j) = c(i, j) ∼

N (0, 1), similar to dense networks. In this construction, corresponding edges in w were

unrelated to the certain groups. Thus, this characteristic of dense networks can be an

strong indicator of absence of group structure.

For each w, output label was produced by y = sign(Xw). The characteristics of the

constructed synthetic data sets are described in Table 5.1.

Table 5.1: Network characteristics of synthetic datasets.

Instances Scale |N | |E| |NT | |ET | Group structure

SN-150 CN
150 11,175

15 105 Yes

SE-150 CN 149 300 No

SN-350 ER
350 12,388

35 80 Yes

SE-350 ER 289 300 No
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Real Datasets

Brain functional networks have been extensively investigated in recent years in search for

biomarkers of neurological diseases [179, 204]. Researches have studied connectivity in the

brain network by means of various neuroimaging modalities (e.g., electroencephalography

(EEG), functional magnetic resonance imaging (fMRI), and positron emission tomography

(PET)). In this chapter, we focus on the brain networks, collected by fMRI, from two neu-

rological diseases: Parkinson’s Disease (PD) and Autism Spectrum Disorders (ASD). To

define nodes in these networked data, Power’s functional coordinate system in the brain

was used to locate functional nodes in the brain functional network [154]. Based on Power’s

functional nodes, for all node pairs, the blood-oxygen-level-dependent (BOLD) time series

from each node used to calculate the strength of functional connectivity by means of Pear-

son’s correlation coefficient. The resulting correlation coefficients were used as the weights

of edges in our netwok, i.e., connectivity strengths between two nodes. Note that brain

network is a complete network. Detail information of these real datasets are described in

Table 5.2. The objective of analyses of these real datasets was to classify whether subjects

were from the normal control group or the disease group (i.e., PD vs. Control, ASD vs.

Control).

Table 5.2: Real Datasets Statistics.

Instance |N | |E| Size (# of Controls/ # of Patients) Disease

PD 264 34,716 46(25/21) Parkinson’s Disease

ASD 264 34,716 360(180/180) Autism Spectrum Disorder

5.3.3 Algorithm Convergence and Sensitivity Analysis

We investigated the convergence of Algorithm 6 in terms of its input parameter B on the

synthetic data SN-150. In addition, we performed sensitivity analysis on hyper-parameter

C in (5.3). In Figure 5.1, we empirically demonstrated convergence of Algorithm 6 with

respect to B ∈ {5, 10, 15} with C = 10. The termination criterion was δ = 1.0 × 10−3.
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Figure 5.1: Convergence of our algorithm on synthetic data SN-150 with B ∈ {5, 10, 15} in
terms of Relative Objective Value (R.O.V.)

Figure 5.1 illustrates that the algorithm converges with similar objective values for all of

B. This implies that choosing any B could achieve the convergence. However, the number

of iterations to reach convergence varies. The larger B, the fewer iterations are required for

the algorithm to converge. This is because increasing B leads to a large number of features

to be included at each iteration resulting in a fewer number of the CGPs. However, we also

note that some irrelevant features might be included unexpectedly, when B is too large.

We also conducted a sensitivity analysis on hyper-parameter C in Eq. (5.3), which generally

represents the trade-off between the loss function and the marginal space for the separating

hyperplane in SVM. We varied the value of C ∈ {10−1, 100, 101, 102, 103}, and performed the

analysis on two datasets: SN-150 from the synthetic datasets and PD from the real datasets.

The corresponding testing accuracies and the number of selected features as a function of

C are illustrated in Figure 5.2 for both datasets. A small value for C = 10−1 yielded a

poor accuracy compared to the others. Similarly, we observe the poor accuracy when C

is too large C = 103 for the PD data may be due to over-fitting. Except for these two C

values, the other cases of C ∈ {100, 101, 102} yielded comparable results. These preliminary

results illustrated in Figure 5.2 supports that our method is robust with respect to C, and

suggested the good range for the value of C to be [100, 102].
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Figure 5.2: Sensitivity analysis of the hyper-parameter C for the Algorithm 6 on two data
sets: SN-150 and PD. Variation of C is C ∈ {10−1, 100, 101, 102, 103}

5.3.4 Experimental Results on Synthetic Datasets

We compared the performance of our technique, NF, with other methods including `1-

SVM and `1-LR, GR-LR, S-SVM and S-LR in terms of testing accuracies and sparsity of

the solutions (i.e., number of node selected). For NF, parameter C was set to be 10, the

termination criterion was δ = 1.0× 10−3, and parameter B was varied to achieve different

numbers of selected features and groups. For `1-SVM, `1-LR, and GR-LR, the regularization

parameter γ was varied. Note that the regularization parameters in `1-LR, `1-SVM, and

GR-LR were carefully fine-tuned to achieve comparable numbers of features and groups with

those by NF. Table 5.3 provides detail information about how the regularization parameters

were set in each method.

Figure 5.3 depicts testing accuracies of NF and all other baseline methods on all four

synthetic datasets. In datasets with presence of group structure, SN-150 in Figure 5.3(a)

and SN-350 in Figure 5.3(b), NF outperforms all other baseline methods, providing the

highest classification accuracy. In datasets with absence of group structure, SE-150 in

Figure 5.3(c) and SE-350 Figure 5.3(d), as expected, both baseline regularization methods,

`1-LR and `1-SVM, outperform group regularization methods, NF and GR-LR, and baseline

classification methods without regularization, S-LR and S-SVM. It is, however, important

to note that NF still outperforms the baseline group feature selection method, GR-LR, and
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Table 5.3: Ranges of regularization parameter settings: B in NF, γ for w in `1-LR and
`1-SVM, γ for

∑p
g=1 ‖wGg‖2 in GR-LR

Instances NF `1-LR `1-SVM GR-LR

SN-150 B ∈ {3,...,10} γ = [0.01,0.03] γ = [0.003,0.008] γ = [4.55,4.60]

SN-350 B ∈ {3,...,15} γ = [0.01,0.03] γ = [0.003,0.008] γ = [4.50,4.60]

SE-150 B ∈ {3,...,12} γ = [0.01,0.045] γ = [0.002,0.010] γ = [4.30,4.65]

SE-350 B ∈ {3,...,20} γ = [0.01,0.045] γ = [0.002,0.010] γ = [4.25,4.65]
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Figure 5.3: Comparison of testing accuracies achieved by NF, baseline group feature se-
lection method (GR-LP), baseline feature selection methods (`1-LR and `1-SVM), baseline
classification methods (S-LR and S-SVM) on synthetic datasets
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other baseline classification methods, S-LR and S-SVM. This observation is in line with

other research studies (e.g.,[211]) and reinforces the idea that incorporating group structure

of data (if any) in a model explicitly can significantly enhance the testing accuracy of a

model. On the other hand, on the datasets with absence of group structure, SE-150 and SE-

350, both group feature selection methods produce inferior results to the standard feature

selection methods. Based on all around results as shown in Figure 5.3, it is clear that NF

provides better results in terms of testing accuracies in comparison to GR-LR, and is the

most accurate method when applied to the datasets with presence of group structure.
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Figure 5.4: Comparison of the sparsity of group features achieved by NF, baseline group
feature selection method (GR-LP), baseline feature selection methods (`1-LR and `1-SVM),
baseline classification methods (S-LR and S-SVM) on synthetic datasets

In Figure 5.4, we illustrate the group sparsity of solutions (i.e., the number of selected

feature groups) obtained from NF and other baseline methods with respect to the number

of selected features. In all datasets, NF was able to achieve the highest group sparsity.
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Especially in datasets with presence of group structure, SN-150 in Figure 5.4(a) and SN-350

in Figure 5.4(b), not only does NF provide the highest group sparsity (i.e., using the least

number of feature groups) but it also yield the most accurate results (as shown in Figure

5.3). From the figure, NF and GR-LR provide group sparse solutions whereas other feature

selection methods (`1-LR and `1-SVM) failed to achieve group sparsity. When compared

with GR-LR, the proposed NF achieved a much better solution quality in terms of group

sparsity and classification performance.

5.3.5 Experiments on Real Datasets

In this section, experimental results on two real data sets are presented. Similar to experi-

ments on synthetic datasets, we evaluated the performance in terms of testing classification

accuracy and group sparsity of the solution. To evaluate the proposed classification tech-

nique and all baseline methods, we used a k-fold cross validation, in which the original data

was randomly partitioned into k equal sized subsamples. From these k subsamples, a sin-

gle subsample was kept as the validation data for testing the classification model, and the

remaining (k − 1) subsamples were used as training data. The cross-validation process was

repeated k times meaning that each of the k subsamples used exactly once as the validation

data. Since there are only 46 data samples in PD dataset, we applied a leave-one-out cross

validation, k = n = 46, in which a single sample was as the testing set and the remaining

(n− 1 = 45) samples as the training set, and the process repeated n times so that all data

samples were tested. In ASD dataset, as there are n = 360 samples, we applied a 10-fold

cross validation.

We also set C = 10 and δ = 1.0× 10−3, which was the same setting as in the experiments

on Synthetic datasets. The details for all parameters are described at Table 5.4.

Table 5.4: Input parameters for real datasets experiments

Instances NF `1-LR `1-SVM GR-LR

PD B ∈ {3,...,7} γ = [0.60,0.70] γ = [0.05,0.75] γ = [2.02,2.03]

ASD B ∈ {3,...,15} γ = [0.50,1.85] γ = [0.10,1.50] γ = [2.01,2.03]
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Figure 5.5: Comparison of the sparsity of group features achieved by NF, baseline group
feature selection method (GR-LP), baseline feature selection methods (`1-LR and `1-SVM),
baseline classification methods (S-LR and S-SVM) on two real datasets, PD and ASD

Figure 5.5 depicts testing accuracies of NF and all other baseline methods on both real

datasets, PD and ASD, as a function of the number of selected features. For PD dataset in

Figure 5.5(a), testing accuracies of all methods increase as the number of selected features

increases from 1 to 50. The accuracies of all methods decrease and plateau when the number

of selected features is larger than 50 (not shown in the figure), which is one would expect

due to overfitting. As the number of samples in PD data is only 46, the number of selected

features should not be larger than 50. However, it is important to note that NF outperforms

all other baseline methods, providing the highest classification accuracy. For ASD dataset in

Figure 5.5(b), testing accuracies of all methods increase as the number of selected features

increases. Because the number of samples in ASD data is 360, all methods did not encounter

the overfitting issue. Similar to the PD result, NF outperforms all other baseline methods,

providing the highest classification accuracy. We also note that the testing accuracy of GR-

LR was better than the baseline feature selection methods, `1-LR and `1-SVM, and other

baseline classification methods, S-LR and S-SVM.

Figure 5.6 illustrates the group sparsity of solutions (i.e., the number of selected feature

groups) obtained from NF and other baseline methods with respect to the number of selected

features on both real datasets. Similar to synthetic datasets, not only does NF provide the

highest group sparsity (i.e., using the least number of feature groups) but it also yield the
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Figure 5.6: Comparison of the sparsity of group features achieved by NF, baseline group
feature selection method (GR-LP), baseline feature selection methods (`1-LR and `1-SVM),
baseline classification methods (S-LR and S-SVM) on two real datasets, PD and ASD

most accurate results. We also note that, as expected, GR-LR also produced group sparse

solutions but not as sparse as the ones obtained from NF, which may be due to the solution

bias induced by `2,1-norm minimization.

5.3.6 Scientific Interpretation of Node Selection on Real Datasets

One of the goals of feature/group selection is to improve interpretability of the underlying

complex data. Taking into account the specific domain knowledge of given data, the selected

features can give useful information for understanding data, e.g., informative connectivities

in the human brain networks on autism spectrum disorder [49]. In this section, we investigate

the features and groups of features selected by each of the methods tested in this chapter.

Based on these selections, we examined how they form subnetworks, which may provide

valuable insights to a greater understanding of disrupted brain connectivities due to the

brain diseases.

Figure 5.7 illustrates subnetworks, in terms of nodes and edges, that were obtained from

group feature selection methods and baseline feature selection methods. In the figure, two

dimensional coordinates (x, y) for each node were randomly generated with the Uniform

distribution x, y ∼ U(0, 150). Coordinates of ‘Ground-truth’ nodes in NT were x̄, ȳ ∼

U(0, 15). Let the size of network for each method be (# of nodes, # of edges). Then,
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NF=(21,104), GR-LR=(27,112), `1-SVM=(71,105),`1-LR=(69,109). From the figure, it

can be observed that relevant features and groups are located at the south west corner

of the network. Such an observation is much more prominent in NF results. If SN-150

was a transportation or sensory network, then one can easily identify the root cause of

congestions or malfunctioning sensors from the resulting sub-networks obtained from NF.

NF GR-LR L1-SVM L1-LR

Selected Nodes
Nodes

Selected Edges

Figure 5.7: Illustration of the selected sub-networks on SN-150 with the best performing
sub-networks for NF, baseline group feature selection method (GR-LP), baseline feature
selection methods (`1-LR and `1-SVM)

NF GR-LR L1-SVM L1-LR

Visual Motor Dorsal Ventral Limbic Frontoparietal Default

Figure 5.8: Illustration of the selected subnetworks obtained from NF, baseline group feature
selection method (GR-LP), baseline feature selection methods (`1-LR and `1-SVM) on ASD
dataset

Figure 5.8 illustrates three dimensional coordinates (x, y, z) of selected edges and nodes,

which are derived from [154]. All nodes are categorized by 7 functional networks defined in

[210]. Each node is colored differently in terms of its functional network group. The size of

selected subnetworks are (94 edges, 34 nodes) for NF, (101 edges, 63 nodes) for GR-LR, (96

edges, 118 nodes) for `1-SVM, (94 edges, 115 nodes) for `1-LR. It is worth noting that, in
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the literature, it has not been shown that any one of these functional networks is a predictor

of the disease onset. Based on the selected subnetworks, it is clear that disruptions in brain

network are not localized in any of functional networks. Nevertheless, the selected feature

groups (nodes) and features (edges) by NF provide a much more insightful interpretation

of brain network disruptions. Sparser feature groups (nodes) and features (edges) also help

researcher identify a few key localized regions in the brain that may be disrupted in ASD

subjects. For example, we can observe that there exist strong connections between occipital

and frontal areas through the default mode networks (brown colored nodes). These findings,

which are discovered only by the proposed NF technique, are supported by previous ASD

studies [49, 12].

5.4 Summary

In this chapter, we modified the group lasso problem by substituting the `2,1 regularization

term with the `2,0 norm to avoid the undesirable properties of the `2,1 norm while using

the mathematical programming structure of SVM. Due to the non-convexity of the original

problem, we applied a convex relaxation and reformulated the model as a convex QCLP,

which includes an exponential number of constraints. To deal with inefficiency of constraint

size, we developed a new iterative algorithm that can guarantee to converge with an op-

timal solution. This iterative algorithm computes an intermediate SVM solution with a

redirected number of constraints and update the subset in an iterative fashion based on the

solution of intermediate SVM. Our technique for the group feature selection based on `2,0

norm can overcome the biased solution of `2,0-norm on the high dimensional data and has

shown a successful extension of the group selection application through the node selection

in the networked data. Our technique can also be extended to ultra-high dimensional data.

Computational results performed on synthetic and real datasets showed promising results,

which can be summarized as follows:

1. Experiments results on synthetic datasets showed that if relevant features contain a

group structure, the proposed technique can significantly outperform the standard

feature selection methods. Also, we observed superior performance of our technique

compared to group lasso in terms of testing accuracy (predictive power) and the group
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sparsity of the solution (number of nodes selected).

2. Experimental results on both Parkinson’s Disease (PD) and Autism Spectrum Dis-

order (ASD) datasets showed that our proposed technique provides a group sparse

solution with the highest testing accuracy.

3. The illustration of the results of synthetic and real datasets confirmed that our tech-

nique provides more interpretable results (i.e., a few number of nodes with more

meaningful structure) compared to other methods.
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Chapter 6

SUMMARY AND FINAL REMARKS

In this thesis, I proposed optimization frameworks, including not only the standard network

optimization problem, but also machine learning problems to find critical components which

contain insights for analysis of large-scale complex networks.

For this purpose, I formulated mathematical programming problems which had many ap-

plications, especially to human brain connectivity networks, and were of considerable theo-

retical interest because they generalized several well-known network optimization problems.

My thesis was motivated by the need not only to build new models for identifying critical

components, but also for developing efficient solution approaches to handle the large-scale

data which have so far jeopardized the general performance of optimization frameworks.

As a consequence, I devoted my attention to understanding the structural properties of

complex networks and exploiting these properties to develop MIP/MINLP models with

computationally efficient solution approaches.

In particular, I designed:

1. MIP models for the k-cardinality tree problem (KCTP). These formulations find a

minimum weighted k-sized subtree in the network. Among them, I selected a compu-

tationally efficient model by means of theoretical and empirical studies.

2. A MIP formulation for node selection in networked data classification. This is solved

by a branch-and cut-algorithm based on the Bender’s decomposition in order to im-

prove computational efficiency.

3. A MINLP formulation for a group selection problem. This model generalized the

group variable selection as proposed by [213]. This can be applied to the node selection

problem in networked data classification.

In Chapter 3, seven different compact formulations for KCTP were presented. KCTP is
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one of the network optimization problems that involves finding a critical component in the

network which keeps connectivity with use of the least edges. Due to the NP-hardness of the

original problem, various solution approaches have been proposed to resolve computational

intractability. Recently, a branch-and-cut algorithm has been proposed by [174] and has

been shown to outperform all other approaches, especially for grid-shaped networks which

are generally sparse. However, this algorithm was hard to implement for practical usage

since it required several complicated tuned algorithms. Furthermore, its performance was

not effective when working with dense networks since the algorithm generated a huge size of

constraints to maintain connectivity on such networks. This motivated us to develop new

models which work well for dense, complex networks, as well as being easy to implement.

Through theoretical studies and computational experiments on the benchmark data sets

and randomly generated dense data sets, the proposed MTZ-based model outperformed all

other models on the dense networks. We also performed a comparison between the selected

model and the branch-and-cut model proposed by [174] on large random networks. Our

formulation not only performed better overall, but also provided more robust results with

smaller variations in CPU time.

As a next step, I wish to expand my research toward finding the critical components in a

group of labeled networks. Specifically, when working on the classification of networks, I

will assume that there exists a core subnetwork which is composed of informative features.

Detecting this component will be helpful for describing group level distinctions in data sets,

while discarding non-informative subnetworks. First of all, I employed KCT as a feature

extraction tool for the network analysis. In specific, I obtained the averaged connectivity of

the extracted KCT for each network instance and did a univariate statistical analysis based

on the extracted values by means of KCT. This approach is also in the line with filtering

feature selection method.

Using the KCT is one of the application of feature selection in the network classification. To

produce generalized models, I planed to develop modified optimization frameworks based

on the feature selection problem which has been used for general data classification. With

this objective in mind, the specific goal of the frameworks I proposed was to select a k-sized

subnetwork which contained the most relevant features and would thus contribute to reduc-



148

ing the misclassification rate. Simultaneously, to select a k-sized subnetwork was equivalent

to discarding noisy information which deteriorates general learning performance, as well

as diminishing the understanding of the underlying structure of large-scale networked data

sets. Through the proposed models, the aims of this proposed framework were simplifica-

tion of the model to make it easier to interpret by future users, a reduction in computation

time, and the enhancement of generalization. Considering the general context of the feature

selection, this framework can be regarded as a wrapper method which select the best subset

of features in the whole possible combinations.

In terms of methodological approaches, I first formulated MIP to identify the k-sized subnet-

work, which minimizes the misclassification rate of the induced k-sized subnetwork. Since

the formulated MIP was NP-hard in the nature of its combinatorics, the Bender’s decompo-

sition approach was used to decompose the original problem into master and slave problems.

Instead of a generic algorithm for solving the Bender’s decomposition problem, a branch-

and-cut algorithm was developed to find a global optimal solution by using decomposed

problems. As a result, the proposed algorithm outperformed a branch-and-bound algo-

rithm which has been a general solution procedure for MIP in terms of computation speed

and predictive power when dealing with synthetic and real data sets.

Regardless of the successful improvement of computational efficiency through the research

discussed in Chapter 4, it was still necessary to improve computational efficiency for practical

usage in terms of large-scale networked data sets. Therefore, I proposed a new mathemat-

ical formulation for node selection based on the SVM as it was computationally efficient

and well-suited to problems such as high dimensional data classification. The resulting

optimization problem was still NP-hard due to the existence of integer variables and a `0-

norm, so I relaxed the original problem into convex QCLP and solved the relaxed QCLP

by means of a cutting plane scheme. Unlike the MIP presented in Chapter 4, this new

proposed technique could not find an exact k-sized subnetwork optimally, but it did find

an optimal combination of several k-sized subnetworks. Compared with the state of the art

feature selection algorithms, the developed technique achieved competitive or even better

performance in terms of generalized predictions.

Also, it provided a tractable computational time, in spite of containing a `0-norm, which
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made the optimization problem NP-hard. Thus, it achieved computational efficiency and

great predictive performance simultaneously, whereas existing `1-norm based methods suffer

from “biased” results.

I view this thesis as synthesizing concepts from two important areas: mathematical program-

ming (i.e., optimization problems) and machine learning (i.e., data classification). Specif-

ically, I introduce the network optimization framework as a feature selection scheme for

the data classification problem which is a core part of machine learning. The collabora-

tion of concepts from both these areas provided crucial direction to the development of our

approach. From the viewpoint of machine learning, I focused on how to construct an effi-

cient model to select informative features concerning the classification of structured data.

Simultaneously, from the viewpoint of optimization, I focused on how to develop solution

approaches to solve the constructed machine learning problem in a tractable computation

time. These collaborations are the first of such approaches involving networked data classi-

fication. With the development of technologies of data collection and processing, the need

for networked data classification will increase drastically.

The future work of this study will focus on the following directions:

In Chapter 3, the proposed methods for KCTP showed how we tackled the problem of dense

networks with a large number of constraints and variables in terms of size of their edges.

From the literature on KCTP, various heuristic methods, such as dynamic algorithm [27],

were developed. In future, I will use this solution as the primary heuristic aim of the MIP.

I will set the solution of the heuristic algorithm as the initial solution of the branch-and-

bound procedure for the MIP, thus reducing the solution search space which is extremely

large due to the huge problem size and I thus will obtain a shorter computational time.

In Chapter 4, I proposed a MIP to select the most informative k-sized subnetwork of large-

scale complex networks. The selected nodes and their corresponding edges were regarded

as the most relevant subnetwork to describe group level distinctions in given networks. The

proposed MIP contained inherited drawbacks caused by the big-M method which has been

previously used to restrict the upper bound of feature weights in the resulting classifier.

This big-M method has been known to deteriorate the computational efficiency of the MIP

in general. A recent study of the subset selection problem by Bertsimas et al. presented
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an approximation method to find the appropriate values of the bound [21]. Motivated by

this approximation method, I will estimate the bound of feature weights in the proposed

MIP and this will be helpful for providing a reliable solution and significantly reducing the

computation.

In Chapter 5, I will focus on developing an exact solution approach extended from the

current heuristic solution approach. As the computational time will be still tractable for

practical usage, the new approach will show better predictive performance with providing

exact k sized component at a time.

Concerning the application of this formulation to complex networks, it is worth mentioning

that the hierarchical structure of networks plays a new role in the context of complex

network learning. For example, I depicted the selected critical component in Figure 5.8

where each node was colored in terms of their predetermined functionality, as defined by

Yeo et al. [210]. Based on the predetermined characteristic of each node, the next step

is to consider the sparsity of such functionality, e.g., how to select critical components

having the same functionality. Indeed, considering this sparsity of the components will be

very important. There is no clear evidence that every edge of the critical component is

informative for classification. Therefore, in this case, it will be necessary to decompose the

current cardinality constraint Gs ≤ k into V (Gs) ≤ k1 and E(Gs) ≤ k2, respectively, where

V (Gs) represents the number of nodes in Gs and E(Gs) represents the number of edges in

Gs.
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traveling salesman problems. Rheinische Friedrich-Wilhelms-Universität Bonn, 1998.

[11] S. Arora and G. Karakostas. A (2+ε)-approximation algorithm for the k-mst prob-

lem. In Proc. of the eleventh annual ACM-SIAM symposium on Discrete algorithms

(SODA’00), pages 754–759, 2000.

[12] Michal Assaf, Kanchana Jagannathan, Vince D Calhoun, Laura Miller, Michael C

Stevens, Robert Sahl, Jacqueline G O’Boyle, Robert T Schultz, and Godfrey D Pearl-

son. Abnormal functional connectivity of default mode sub-networks in autism spec-

trum disorder patients. Neuroimage, 53(1):247–256, 2010.

[13] Francis Bach, Rodolphe Jenatton, Julien Mairal, Guillaume Obozinski, et al. Convex

optimization with sparsity-inducing norms. Optimization for Machine Learning, pages

19–53, 2011.

[14] Francis Bach and Guillaume Obozinski. Sparse methods for machine learning theory

and algorithms. ECML/PKDD Tutorial, 2010.

[15] Lihui Bai and Paul A Rubin. Combinatorial benders cuts for the minimum tollbooth

problem. Operations research, 57(6):1510–1522, 2009.

[16] Balabhaskar Balasundaram, Sergiy Butenko, and Illya V Hicks. Clique relaxations

in social network analysis: The maximum k-plex problem. Operations Research,

59(1):133–142, 2011.

[17] Albert-László Barabási and Réka Albert. Emergence of scaling in random networks.

science, 286(5439):509–512, 1999.

[18] R Baumgartner, C Windischberger, and E Moser. Quantification in functional mag-



153

netic resonance imaging: fuzzy clustering vs. correlation analysis. Magnetic Resonance

Imaging, 16(2):115–125, 1998.

[19] Jacques F Benders. Partitioning procedures for solving mixed-variables programming

problems. Numerische mathematik, 4(1):238–252, 1962.

[20] Dimitri P Bertsekas and Athena Scientific. Network optimization: Continuous and

discrete models. Interfaces-Providence-Institute of Management Sciences, 28:73–75,

1998.

[21] Dimitris Bertsimas, Angela King, and Rahul Mazumder. Best subset selection via a

modern optimization lens. arXiv/1507.03133, 2015.

[22] Aditya Bhaskara, Moses Charikar, Eden Chlamtac, Uriel Feige, and Aravindan Vi-

jayaraghavan. Detecting high log-densities: an o(n
1
4 ) approximation for densest k-

subgraph. In Proceedings of the forty-second ACM symposium on Theory of comput-

ing, pages 201–210. ACM, 2010.

[23] Norman Biggs, E Keith Lloyd, and Robin J Wilson. Graph Theory 1736-1936. Oxford

University Press, 1976.

[24] Maria J. Blesa, M. Josep Blesa, Fatos Xhafa, and Jordi Girona. A c++ implementa-

tion of tabu search for k-cardinality tree problem based on generic programming and

component reuse. In GCSE Young Researchers Workshop 2000 (Part of the Second

International Symposium on Generative and Component-based Software Engineering)

October 9-12, pages 648–652. Net.ObjectDaysForum, 2000.

[25] M.J. Blesa, P. Moscato, and F. Xhafa. A memetic algorithm for the minimum weighted

k-cardinality tree subgraph problem. In In Proceedings of the Metaheuristics Inter-

national Conference MIC’2001, volume 1, pages 85–90, Porto, Portugal, 2001.

[26] A. Blum, R. Ravi, and S. Vempala. A constant factor approximation algorithm for

the k-mst problem. In ACM Symposium on Theory of Computing, pages 442–448,

1996.



154

[27] C. Blum. Revisiting dynamic programming for finding optimal subtrees in trees.

European Journal of Operational Research, 177(1):102–115, 2007.

[28] C. Blum and M. J. Blesa. New metaheuristic approaches for the edge-weighted k-

cardinality tree problem. Computers & Operations Research, 32:1355–1377, 2005.

[29] C. Blum and M. Ehrgott. Local search algorithms for the k-cardinality tree problem.

Discrete Applied Mathematics, 128(2-3):511–540, 2003.

[30] Christian Blum and Maria Blesa. Combining ant colony optimization with dynamic

programming for solving the k-cardinality tree problem. In Computational Intelligence

and Bioinspired Systems, volume 3512 of Lecture Notes in Computer Science, pages

25–33. Springer Berlin Heidelberg, 2005.

[31] S. Boccaletti, V. Latora, Y. Moreno, M. Chavez, and D.-U. Hwang. Complex networks:

Structure and dynamics. Physics Reports, 424(45):175 – 308, 2006.

[32] Stefano Boccaletti, Vito Latora, Yamir Moreno, Martin Chavez, and D-U Hwang.

Complex networks: Structure and dynamics. Physics reports, 424(4):175–308, 2006.

[33] Karsten M Borgwardt and Hans-Peter Kriegel. Shortest-path kernels on graphs. In

Data Mining, Fifth IEEE International Conference on, pages 8–pp. IEEE, 2005.

[34] Steffen Borgwardt and Felix Schmiedl. Threshold-based preprocessing for approxi-

mating the weighted dense k-subgraph problem. European Journal of Operational

Research, 234(3):631–640, 2014.

[35] Stefan Bornholdt, Heinz Georg Schuster, and John Wiley. Handbook of graphs and

networks, volume 2. Wiley Online Library, 2003.

[36] Quentin Botton, Bernard Fortz, Luis Gouveia, and Michael Poss. Benders decompo-

sition for the hop-constrained survivable network design problem. INFORMS journal

on computing, 25(1):13–26, 2013.

[37] Stephen Boyd and Lieven Vandenberghe. Convex optimization. Cambridge university

press, 2004.



155

[38] Paul S Bradley and Olvi L Mangasarian. Feature selection via concave minimization

and support vector machines. In ICML, volume 98, pages 82–90, 1998.
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Appendix A

APPENDIX

A.1 Abbreviations

AD Alzheimer’s Disease

ASD Autism Spectrum Disorder

BnB Branch-and-Bound

BnC Branch-and-Cut

fMRI Functional Magnetic Resonance Imaging

KCTP k Cardinality Tree Problem

LP Linear Programming

LR Logistics Regression

MIP Mixed Integer Programming

MINLP Mixed Integer Non Linear Programming

MST Minimum Spanning Tree

PD Parkinson’s Disease

SVM Support Vector Machine

ROI Region of Interest

Table A.1: Introduced abbreviations in this thesis
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A.2 fMRI Data Preprocessing Pipeline

No matter the design, multiple volumes (made from multiple slices) have been acquired in

time. Before getting data out, one need to make sure the signal from each voxel contains

the right temporal and spatial information. Thus, in general, researches have preprocessed

acquired fMRI data to collect data as clean as possible. I depict a general pipeline for

preprocessing at following Figure A.1. In Figure A.1, WM and CSF indicates ‘White Matter’

Figure A.1: Preprocessing pipeline for fMRI data
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and ‘Cerebrospinal Fluid’ respectively. TR means ‘Repetition time’.

• Regressing out: From the image atlas (i.e., T1 image), we can obtain three regressors

in terms of WM, CSF, and Motion corrections. Signal changes in the WM and CSF

primarily reflect non-neural fluctuations such as scanner instabilities, subject motion,

and physiological artifacts (e.g. respiration and cardiac effects) [205]. These signals

are largely independent from the BOLD signal fluctuations recorded in gray matter,

and may introduce temporal coherences that lead to an overestimation of functional

connectivity strength. Thus, in order to collect fine signals, one need to estimate



177

WM and CSF and exclude from the original data successfully. Similarly, unexpected

motion such as accidental head movement during an experiment should be excluded

from the data. By means of three regressors, one can remove noisy signals from the

data.

• De-spiking: It is removal of spikes which are made by brightness changes due to

the instability of electrical signals in the scanner. In general, they have appeared in

the image with regular stripe patterns or dots. As scanning technologies develop, the

occurrence frequency of spikes is decreasing, but when they are occurred unexpectedly,

they can give negative effects to the analysis.

• Slice timing Correction: One of the important step of preprocessing of fMRI data

is the proper treatment of differences in the recording time of each slices. The problem

caused by different slice scanning time originates from the fact that a functional map

of a whole brain is not covered but a series of successively measured two dimensional

(2D) slices. For example, suppose that an image volume is collected by 30 slices and

each volume TR is 3 seconds. And then, the recorded time of last slice is measured

almost 3 seconds later than the data of the first slice.

• Spatial smoothing: It is a process such that data points are being averaged with

their neighborhoods. Being averaged effects are similar to a low pass filtering meaning

that high frequencies are excluded from the data while enhancing low frequencies.

Those smoothing result that the sharp edges of fMRI images become to be blurred

and also spatial correlation is more pronounced.


