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In this dissertation, we study three problems related to omnichannel sale. In thefirst two chapters,
we study omnichannel fulfillment where aretailer can use either the online or the offline channel
to back up the other one by fulfilling its demand, because of stockout or low inventory availability.
In the last chapter, we study an incentive problem where sales agents compete for a common
customer base. This problem is loosely related to similar problems in omnichannel sales — when
an online order isfilled by an offline store, or vice versa, how should sales credit be shared?

In the first chapter, we study store fulfillment strategy of an omnichannel retailer that would
like to leverage its established offline retail channel infrastructure to capture online sales after
stockout. We consider a single newsvendor-type product that is sold in both online and offline

channels to non-overlapping markets with independent Poisson demand. The offline store can



fulfill online demand at an additional handling and fulfillment cost, k, but not vice versa. We
characterize the optimal rationing policy which determines whether online demand should be
fulfilled or not given the remaining time and inventory. Due to the challenges of implementing the
optimal policy, we further propose two simple and effective heuristics. We also show that
integrating the rationing policy into retailer’s higher-level inventory stocking and supply chain
design decisions can have a significant impact on the retailer’s inventory level and profitability.
As aresult, we propose an integrated policy, where the retailer builds separate inventory stocks
for each channel but can use the offline inventory to back up online sales, subject to a rationing
heuristic.

In the second chapter, we study discounted home delivery strategy of an omnichannel retailer
that would like to leverage its online channel to help with offline sales when offline store has
limited inventory. We consider a single newsvendor-type product that is sold in both online and
offline channels to non-overlapping markets with independent Poisson demand. Store has option
to offer customers discount d to incentivize them to accept home delivery of item rather than taking
an inventory unit from the store. We assume customers are heterogeneous in their discount
sengitivity, ranging from price sensitive to leadtime sensitive. We characterize the optimal
dynamic discounting policy which determines at any point in season whether the offline store
should offer discount or not, and if yes, the optimal discount level. Again, dueto the challenges of
implementing the optimal policy, we propose two simple and effective heuristics. We conduct an
extensive numerical study and find that retailers can considerably benefit from discounted home

delivery policy.



In the last chapter, we study sales agent’s competition for a common customer base when
sales agents are heavily paid by commission. We assume agents can affect customers perceived
service quality through their service time. We build a simple model that captures agents time and
quality trade off while competing for a common customer base. We assume that the agent’s service
time can increase sales probability, but the agents incur cost for their effort. We show that agent’s
speed up in the decentralized setting, in comparison to the central solution, which resultsin lower
expected sale for the system. We suggest financial, operational, and informational tools that can

align agent’s incentive with that of the service provider’s.
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INTRODUCTION

With the rapid advance of technology, the interaction of customers with retailers has evolved
significantly. Customers used to interact with retailers through one channel (for example, online
or offline). However, nowadays they may follow different paths to make a purchase. Some might
start by researching online, but end up purchasing in astore, or vice versa. In response to shiftsin
customer behavior, retailers have also been integrating their back-end operations to make efficient
use of their inventory and resources in terms of matching demand with supply. When a customer
places an order online, a retailer might choose to fulfill a customer’s demand from a store nearby
rather than awarehouse, either because of stockout, or some other reason. On the other hand, when
a customer in the store finds an item to be out-of-stock, a sales associate can order the item for
home delivery either using inventory in the warehouse or at other stores. These are just two
strategies retailers use to create a seamless experience for customer’s regardless of the channel
they use to make a purchase. Thisis called omnichannel fulfillment.

The ultimate idea of omnichannel fulfillment isto have multiple channels perform asasingle
channel by back each other up. For example, when an online channel runs out-of-stock, demand
will be routed to physical stores, either the ones nearby or those with low expectation of running
out of inventory. This strategy is called "store fulfillment.". Successful implementation of this
strategy requires storesto have arationing policy that can decide whether to use aunit of inventory
to satisfy an online demand or to protect it for future demand in a store. In chapter 2, we study
store fulfillment strategy in-depth and characterize the optimal rationing policy and suggest

heuristics that are practical and effective.



While store fulfillment strategy is used to backup an online channel using store inventory, the
reverse also exists. For example, when a store runs out of an item in a specific color or size, they
might offer customers home delivery with the shipping cost discounted or free of charge. Currently
in the industry a discounted home delivery offer is only made in the event of a stockout, however
there might be benefits to making this offer even before stockout happens. In chapter 3, we study
this problem in-depth and characterize the optimal discounted home delivery policy. Given the
remaining time and remaining inventory, optimal policy determines if home delivery should be
offered and at what discount level. We aso suggest heuristics that are easy to implement and
efficient.

In omnichannel, the boundary between online shopping and in-store shopping behavior
disappears; therefore, al sales channels are serving a common customer pool. Seeing customers
walking out of their store and losing asale or commission would be of great concern to sal es agents
who are heavily paid by commission. However, this situation is not specific to omnichannel.
Agents even within the same channel serving a common customer base might have the same
concern which can create competition between them. Such competition might have quality
implicationsfor the system and therefore the experience of customers. In chapter 4, we study sales
agent competition for sales within the common customer base and how that affects service quality.
When agents are independent decision makers, we show that they provide lower service quality
than system optimal. We then suggest different mechanisms; contract, alocation scheme, and

customer choice to incentivize agents to increase their service time to the system’s optimal level.



CHAPTER 1.STORE FULFILLMENT STRATEGY

1.1 INTRODUCTION AND MOTIVATION

Online shopping appeals to consumers for its convenience, information abundance, and possible
lower price. Spurred by rapid devel opment and spread of Internet and mobile technologies, online
shopping has expanded exponentially. Whereas total retail saes in the US grew at an average
annual rate of 5.46% from 2009 to 2013, online sales grew at an average annual rate of 15.65% in
the same period (U.S. Census Bureau 2015). Online-only retailers, such as Amazon.com, led the
charge with an average annua growth of 25.29% during that time (InternetRetailer 2014), but
traditional retailers, such as Macy’s and Walmart, did not stand still, and also invested heavily in
their ecommerce expansion. Traditional retailers’ online sales also grew an average of 15.56%
annually during the same period (InternetRetailer 2014).

Online orders require different capabilities from the fulfillment center than offline ones. For
example, the fulfillment center needs to be able to pick many items quickly in small batches and
combine them for shipment, whereas traditional offline warehouses are set up to move productsin
large quantities to a smaller number of destinations. To manage online demand, many traditional
retailers ssmply built more warehouses configured specifically for online orders. With an entry
price of at least $100 million dollar per warehouse (Banjo et al. 2014), this infrastructure
investment imposes a huge financial burden. Innovative retailers, such as Nordstrom and Macy’s,
started to explore alternative ways to cope with the surge in online orders. They realized that they
already had plenty of inventory/storage capability all around the country — in the form of

department stores — that could be used to meet the growing online sales (Mattioli 2012). When



used properly, these established offline stores present the retailer with a great opportunity to
integrate online and offline fulfillments. For example, 30% of Target’s online orders were fulfilled
from the stores (Chao 2016). This particular type of “omnichannel” approach allows the retailer to
strategically position and use some of itsinventory for both online and offline sales.

One possible implementation is to alow in-store pickup of online orders. For customers who
want instant gratification, thisisagreat option. It also increases traffic to offline store, which may
lead to extra sales (Gallino 2014). This chapter, however, analyzes a complementary approach
called “store fulfillment”. Using this approach, when online stock runs out, an online order can be
routed to an offline store where a clerk (e.g., Macy’s) or a logistics supplier employee (e.g.,
USPS’s) will take the order and pick items from shop floor, pack them up in a backroom, and then
ship to the customer. Naturally, the system should be judicious in filling online orders from the
offline store. Some online orders should be rejected if the offline store islow on inventory or if it
anticipates sufficient demand in its own store for the remaining inventory units.

There are several benefits to using the store fulfillment approach: 1) the retailer needs no
special, extra effort to track and offer additional incentive to capture some online demand that
would otherwise belost, 2) it increases inventory turnover by reducing total inventory and results
in a more efficient use of offline inventory, and 3) it helps to maintain offline margin by
preemptively shipping out inventory units that could be left over at the end of the season. For the
most part, customer experienceis unaffected — the retailer does not need to inform customers when
its online store runs out. Many customers are ssmply not aware, or do not care, that the shipment

they receive come directly from an offline store, rather than an online warehouse.



The store fulfillment approach a so has downsides. At present, many offline stores are not set
up/organized for online order picking, packing, and shipping (Baird & Kilcourse 2011). The
logistics costs and inefficiency of stores versus warehouses in handling online orders may result
in margin erosion (Manhattan Associates 2011, Weedfald 2014). Moreover, it creates more work
and inconvenience for store clerks who must now fulfill online orders and help in-store customers
(Banjo et al. 2014). Store fulfillment can cost three to four times more when compared with that
in an online warehouse (Banjo 2012). According to a PwC survey of CEOs (PwC 2014), only 16%
of all 410 respondents say they can fulfill omnichannel demand profitably. Moreover, 67% ranked
fulfillment cost asthe highest cost for fulfilling orders. Thus, a successful omnichannel fulfillment
strategy must seek balance between satisfying online demand and curbing fulfillment cost. It is
our aim inthisresearch to derive efficient and profitable fulfillment strategies and provide insights
about managing store fulfillment.

While our research is motivated by the store fulfillment strategy adopted by large retailers,
our model is equaly applicable to smaller, offline retailers that are moving to become
omnichannel. The initial heavy capital requirement for opening an online channel, including
building a website with all its associated e-commerce functions (billing, fulfillment, processing
returns, etc.), poses a big challenge to small retailers. Seizing this opportunity, a number of e-
commerce platforms provide fulfillment services. For example, Fulfillment by Amazon (FBA)
offersto manage inventory and fulfillment for independent sellers, who would retain ownership of
their inventory, but let FBA handle the physical stocking, handling, and shipping of the products.
Facing such choices, sellers must decide whether to use such services and, if so, how to coordinate

the management of inventory with their existing offline store. From private communications, we



know some Amazon sellers will completely rely on FBA to manage al of their inventory, yet
otherswill divide up inventory between FBA and their own warehouse, and use the latter to satisfy
both demand generated by their own website and Amazon demand that exceeds the inventory
placed with FBA.

For products with a short sales season, the retailer may also have to make real-time inventory
rationing decisions, when both online and offline demand chase after alimited quantity of offline
inventory. The Y eti Rambler was such ahighly sought after product for the 2015 Christmas season.
Some retailers, such as Illinois-based Ace Hardware Corp. had to cut off online sales during the
last few weeks of the holiday season, in order to prioritize sales to local, offline customers who
they believe are more profitable.

This research aims to tackle the fulfillment problem at al three levels described above. At the
strategic level, the retailer must decide whether to stock channel-specific inventory or rely on just
the offline inventory to fulfill both demand streams. Then, at the tactical level once the fulfillment
structure is determined, the retailer must decide the amount of inventory to stock. Finaly, at the
operational level, the retailer must be able to ration the remaining offline inventory, in real time,
between the two demand streams to maximize profit. We refer to these three decisions as the
fulfillment structure, stocking, and rationing decisions, respectively.

Our contribution to the academic literature and business practice is four-fold: First, we build
an integrated model to tackle all three of the problems described above. Second, our model is set
in aredistic continuous-time framework and, we can characterize the structure of the optimal
rationing policy through which we develop two simple yet effective heuristics. Third, we are able

to provide concrete insights and guidance to the omnichannel retailer regarding its fulfillment



structure and stocking decisions; namely, the retailer should shift some of its online inventory to
the offline channel and use a judicious rationing policy to achieve profit maximization. Fourth,
using an extensive numerical study, we demonstrate the value of integrating all these decisions,
and show that our proposed approach is both profit-efficient and robust.

The rest of this chapter is organized as follows. In Section 1.2, we review severa related
literature streams. In Section 1.3, we build analytical models to study the retailer’s problems. In
Section 1.4, we use an extensive numerical study to further explore the results devel oped in Section
1.3, and gain managerial insights into the retailer’s decisions. Finally, we conclude in Section 1.5

by summarizing the contribution of this research and directions for future work.

1.2 LITERATURE REVIEW

Our study of the retailer’s fulfillment strategy is closely related to the literature on e-fulfillment
and multi-channel distribution (see Agatz et al. 2008, de Koster 2002, Ricker and Kalakota 1999).
Both Bretthauer et al. (2010) and Alptekinoglu and Tang (2005) study static allocation followed
by Mahar et al. (2009) who consider the dynamic allocation of online sales across supply chain
locations. More recently, Mahar et al. (2010) and Mahar et al. (2012) explore store configuration
when in-store pickups and returns are allowed. The paper that comes closest to our research is
Bendoly et al. (2007) who study whether online orders should be handled in a centralized or
decentralized fashion. In this chapter, not only do we compare these fulfillment structures, we also
integrate this decision with the stocking and rationing decisions. This makes our approach more

practical and closer to the omnichannel ideal.



Another stream of literature that’s closely related to the fulfillment structure and stocking
aspects of our research isthat on inventory pooling, which started with Eppen (1979) who showed
the benefit of warehouse consolidation in asingle-period setting. This seminal work has since been
extended to include the examinations of correlated and general demand distributions (Corbett and
Rajaram 2006), demand variability (Gerchak and Mossman 1992, Ridder et al. 1998, Gerchak and
He 2003, Berman et al. 2011, Bimpikis and Markakis 2014), and holding and penalty costs (Chen
and Lin 1989, Mehrez and Stulman 1984, Jonsson and Silver 1987). Some researchers have
identified conditions under which pooling may not be beneficial, such as service levels less than
0.5 (Wee and Dada 2005) and right skewed demand distribution under product substitution (Yang
and Scharge 2009). When the demand streams are non-identical, Eynan (1999) shows numerically
that if the margins are different, lower margin customers serve as a secondary outlet of leftovers.
Ben-Zvi and Gerchak (2012) model demand pooling with different shortage cost, and show that
retailers are better off if they pool their inventory and give priority to customers with higher
underage cost when allocating inventory after demand is realized.

Our model differsin two aspects. First, unlike the above models where demand streams are
different in only one dimension, our demand streams are different in several dimensions. not only
do they vary in margin and leftover cost, the online orders also incur an extra handling and
fulfillment cost if they are filled from the offline store. Second, our inventory rationing is
performed as demand unfurlsin real time, not after all the demand isrealized asisthe casein many
previous works. Similar to the aforementioned papers, we develop our model in a single-period
setting. Readersinterested in periodic-review inventory pooling are referred to Erkip et al. (1990),

Benjaafar et a (2005), and Song (1994).



Therationing of inventory between online and offline demand in our model is related to three
separate but overlapping streams of research: inventory rationing, transshipment, and substitution.

INVENTORY RATIONING The inventory rationing literature is concerned with how to use

pooled inventory to satisfy severa classes of demand. Kleijn and Dekker (1998) give areview of
early papers in the literature. In the periodic-review setting, Veinott (1965) first proves the
optimality of threshold based rationing policy. His work is extended by Topkis (1968), Evans
(1968), and Kaplan (1969). In the single-period setting, Nahmias and Demmy (1981) present a
model for two demand classes and Moon and Kang (1998) extend it to multiple classes.

Our model differs from the existing literature (e.g., Nahmias & Demmy 1981, Atkins &
Katircioglu 1995, Frank et al. 2003, Deshpande et al. 2003, Melchiors et al. 2000) in that demand
arrivals and decision epochs are continuous within asingle, finite period setting. Chen et al. (2011)
is the only other paper with a similar setting but they approximate the continuous arrivals by
discretizing time. Another distinguishing feature of our model is that demand margins are
endogenized by the retailer’s rationing decision, because the margin on an online demand is lower

if it’s satisfied by a unit of offline inventory.

LATERAL TRANSSHIPMENT Under lateral transshipment, if one retail store is out of stock,
another store can supply it at a cost. Lee (1987) studies a two-echelon model with one depot and
n identical stores, and evaluates three rules on choosing which store should be the origin of
transshipment. Wee and Dada (2005) find the optimal transshipment origin in a similar two-
echelon model with one warehouse and n identical stores. Unlike these two papers which assume
inventory is monitored in continuous time, the majority of works in the literature study the

rationing problem in periodic-review inventory models. Moreover, to simplify analysis, they
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assume that transshipment occurs either at the end of the period after demand isrealized (Krishnan
and Rao 1965, Tagaras 1989, Tagaras and Cohen 1992, Robinson 1990; Rudi et al. 2001), or at
the beginning of each period in anticipation of stockout (Allen 1958, Gross 1963, Karmakar and
Patel 1977, Herer and Rashit 1999). In contrast, although we study a single-period inventory
model, we allow rationing decisions to be made continuously throughout the period, as demand
arrives. Only afew other papersin the literature allow transshipment decisions within a period in
the periodic-inventory setting. Archibald et al. (1997) use afinite-horizon continuous-time Markov
decision process to study whether to use transshipment or place an emergency order. Axséter
(2003) studies a store that uses a (R,Q) policy to replenish from the supplier, supplemented by
lateral transshipment. Due to the complexity of the model, he derives amyopic rationing heuristic,
which is still too complicated to be incorporated into the stocking problem. In our research, not
only we are able to characterize the optimal rationing policy, we also develop a simple, effective
heuristic that could be used in future modeling work. For a more detailed review on lateral
transshipments, please see Paterson et al. (2011).

SUBSTITUTION This research has similarity to those on firm-driven product substitution,

because when online inventory runs out, offline inventory can be used as a perfect substitute, at an
extra cost. Pasternack and Drezner (1991) consider two substitutable products with stochastic
demand within asingle period. They show that total order quantity under substitution may increase
or decreases depending on the substitution revenue. Bassok et al. (1999) show concavity and
submodularity of the expected profit function under various assumptions in a single-period setting
with downward product substitution. Deflem and Van Nieuwenhuyse (2013) examine the benefits

of downward substitution between two products in a single-period setting. Again, all these papers
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make the simplifying assumption that substitution occurs at the end of the period after demand is
realized. In contrast, in this research, substitution decisions are made in real time. For areview on

the substitution literature, please see Shin et al. (2015).
1.3 MODEL SETUP

We consider the inventory management of a single product in a newsvendor-type setting, for an
omnichannel retailer with one online and one offline store. The product under study has a long
replenishment |eadtime and short sales season, so there is only one chance before the season to
stock.

Some retailers match online and offline sales prices, but many don’t. We assume the retailer

has fixed online and offline prices, but impose no restriction on the relationship between the two.
Let p denote the product’s overall unit profit margin at store n ¢ {0,1} (throughout the chapter,
we use subscript O for the online store, and 1 for the offline store). Furthermore, the two stores
have independent, non-overlapping Poisson customer arrivals during the season with mean rates
of A, and A .

Let T' be the length of the sales season and S be the initia stocking level at storen . Any

unsatisfied demand will be lost. When excess online demand is satisfied by a unit of offline
inventory, there is an extra cost of £ (similar to Axsédter 2003), representing the higher handling,

overhead, and shipment costs in the offline store compared to warehouses. Therefore, a unit of

offline inventory can fetch a profit of p, if used to satisfy an offline demand, but only p, — % if

used to satisfy an online demand. We make the reasonable assumption that p, > p, —k ; this
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impliesthat the offline store prefers satisfying its own customer to an online one (which is clearly

the casein the Y eti Rambler example, Nassauer 2015). The product has alife cycle of one season,

so any leftover at the end of the sales season will be cleared. Let i be the cost of having a unit
leftover of the product at store n e {0,1} a the end of the season. Furthermore, we assume

h, < p, . Thisassumption applies to many products such as those in garment or fashion industry,

and is commonly used in the literature (see, for example, Y ang and Schrage 2009).

As described earlier, in an omnichannel setting the retailer has option to fulfil online orders
using offline demand. Adding this new option to the model of separate channels has other
implications. In such setting, retailer needs to make decision at three levels of strategical, tactical,
and operational. Retailer’s decisions are described below.

Fulfillment Channel Design Decision: Since offline stores are now capable of handling
online orders, the retailer has an option of either assigning all online orders to offline store
or keeping both channel inventory and using offline store in the case of stock-out.
Therefore, at the strategic level, the retailer must decide whether to stock channel-specific
inventory (Non-Pooling) or rely on just the offlineinventory to fulfill both demand streams
(Pooaling).

Stocking Decision: Since offline inventory can be substituted for online inventory, it is
expected that stocking decision will be different depending on channel design. Therefore,

once the fulfillment channel design is determined, at the tactical level retailer must decide

on the amount of inventory to stock (.S, only or S and S,).
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Rationing Decision: At the operational level, the retailer must ration offline inventory, in

real time, between the two demand streams with margin of p, and p, — & to maximize

profit.

/ Pooling (P) Setup \ / Non-Pooling (NP) Setup \

,—————.

:E ‘le Slg \‘02 i

N /0 N /. |
N oo YN oo )

Figure 1.1 Channel Design of P and NP Fulfillment
While these decisions can be analyzed separately, we find the value of integrating these three

levels of decision in our model to create more practical insight. In Section 1.3.1, we focus on the
fulfillment channel design and stocking decisions assuming no inventory rationing. Then in
Section 1.3.2, we derive the optimal rationing policy and develop two practical, effective heuristics

for given inventory level(s). In Section 1.3.3, we integrate all the decisions.

1.3.1 FULFILLMENT STRUCTURE AND INVENTORY STOCKING PROBLEMS

When the retailer lets another party (i.e., FBA) handle its online order fulfillment, or decides to
have a dedicated online warehouse himself, each of the online and offline stores will have a

dedicated pile of inventory. We call this the NP (“no pooling™) structure, and the retailer must
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decide on the stocking level for each store, S and S On the other hand, retailer could also keep
just one pile of inventory at the offline store, and use it to satisfy both the online and offline
demand. We call this the P (“pooling”) structure, and theretailer only needsto decide on the offline
stocking level S; for both stores. There are pros and cons to each structure. In the P structure, the
offline store reaps the inventory pooling benefit. In the NP structure, online demand can be
satisfied using online inventory, thus avoiding the additional cross-channel handling and
fulfillment cost % . In thissection, we study when each structure should be adopted, assuming first-

come first-served among all demand arrivals (i.e. there is no rationing).

Let TIV(S S,) be the retailer’s expected profit in the NP structure, given the stocking levels

01
Sand S, and I1” (51) be the retailer’s expected profit in the P structure, given the total stocking
level S.. We assume that the retailer is risk-neutral and seeks to maximize his expected profit.

In the NP structure, the two stores operate as separate newsvendor systems with independent
Poisson demand with average rate A , margin p , and leftover cost 7, . In the P structure, both
stores are operated centrally as a single newsvendor system with Poisson demand with average

rate A\, = A, + A, |eftover cost £, , and aweighted product margin of

A A
= +—2 — k. 1.1
Y= A0+Al<p“ ) (L.D)

Clearly, the cost of using offline inventory to satisfy online demand, %, reduces the overall
expected product margin. When £ is high enough such that w < 0then answer to fulfillment
channel design becomes trivia as retailer will lose money under P structure, and thus NP will be

the best choice. Therefore, here we are only considering when w > 0.
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The newsvendor model results are summarized in Proposition 1. Following Hadley and

Within (1963), we denote the PDF and the complementary CDF of a Poisson random variable with
arateof \ by p(j,)\) and P(j,A) , respectively.
Proposition 1 (Newsvendor stocking level and profit function)

1. IntheNPstructure, the optimal inventory level for store n € {0,1}, S, isthelargest

Ssuch that:

P(S,\T)> ", (12)
h,+p,

Furthermore, the retailer’s optimal total profit function is:

GNP

i (Sévpvsfvp) = i P8 = (p, +5,)>(S2 —)p(sAT)| (1.3)

n=0 y=0

2. Inthe P structure, the retailer’s optimal inventory level at the offline store, SIP ,isthe

largest Ssuch that:

hl
P(S.A,T) > . (14)

Furthermore, the retailer’s optimal total profit function is:

" (Sf) = wSlp — (w + hJZ(SlP — y)p (y, )\0_1T). (1.5)

Proposition 1 shows the optimal stocking Ié\:/()els in the NP and P structures. The next
proposition compares these quantities. In the P structure, the offline inventory is used to satisfy
both online and offline demand; thus, the offline inventory must increase accordingly; hence, the
first result in Proposition 2. Thisresult is expected, but its proof is non-trivial due to the presence

of extra handling and fulfillment cost % .
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The second part of Proposition 2 means the total inventory islower in the P structure, which
is consistent with standard pooling results. Whereas the first result holds for any desired service
level, the second result depends on our assumption of service level higher than 0.5. Wee and Dada
(2005) show asimilar result when stores are identical, demand is normally distributed, and service
levels are above 0.5. We extend their results to the case with non-identical stores with the
additional fulfillment cost, k.

Proposition 2 S < 87 < 5 + S
Next, we compare the retailer’s expected profit in these two settings.

Proposition 3

0

a II” (Sf)—HNP (SNP SINP) isdecreasingin k.
b) There existsafinite & suchthat T1” (S/") — 11 (8,5 ) > 0 if and only if k < J .

Proposition 3 states that the preference of one structure to the other has a threshold form:
smaller values of k favor P and larger values of k favor NP, with the threshold being % . (When the

NP structure is always preferred, & isset to bezero.) A numerical exampleis presented in Figure
1.2. This result is intuitive as large values of k£ impose heavy penalty for every fulfillment of

online demand by offline inventory, pushing the retailer to carry online-specific inventory.
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Figure 1.2 Difference between Optimal P Profit and Optimal NP Profit by k and A

(A =10,p, =10,p, =10,h, =1,k =1)
From Figure 1.2, we further observe that the threshold % is decreasing in A, - That is, when

onlinedemand islarge, it makes more sense to have online-specific inventory in order to avoid the
cross-channel handling and fulfillment cost % . The next proposition gives theoretical support to

this observation.

Proposition 4 11" (Sf) — (SNP SNP) issubmodular in £ and A, .

0 71
Submodularity means the threshold on k that we found in Proposition 3 is decreasing in A, .
Figure 1.3 depicts atypical dominance map of the P and NP structures. There is a monotonically
decreasing switching curveinthe k- A space. Below the curve, inventory pooling (P structure) is
preferred and above it channel-specific inventory (NP structure) is preferred. A similar threshold

on ), isnumericaly observed by Bendoly et al. (2007).
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NP Policy

Figure 1.3 Decision Map for P versus NP Fulfillment
()\1 =10,p, =10, p, =10,h zl,h1 =1)

The P structure always leads to lower inventory (Proposition 2), but not necessarily higher
profit (Proposition 4), due to the cross-channel fulfillment cost k which is a novel, and important,
feature of our model. This result adds to the existing literature on inventory pooling, which has
explored the benefits and effect of pooling in regards to demand distribution, demand correlation,
and cost parameters asymmetry (Y ang and Schrage 2009, Gerchak and M ossman 1992, Pasternack

and Drezner 1991).

1.3.2 INVENTORY RATIONING PROBLEM

Our analysis in Section 1.3.1 does not incorporate an inventory rationing strategy for allocating

inventory to demand from the two channels. However, since a unit of offline inventory gets a

higher margin when it is used to satisfy an offline demand (p, > p, — & ), it may be sensible to

protect some offline inventory for possible future offline customers, rather than using them to

satisfy immediate online customers. Thus, a carefully chosen inventory rationing policy should

improve profit for theretailer. Let 6 (O <0< T) denote the time in the season when the online
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store runs out of stock and thus, its demands are routed to the offline store. In the P structure,
6 = 0; rationing starts at the beginning of the season, and is applied throughout the season. In the
NP structure, 6 represents the instant online store runs out of inventory. From 6 onward, al
online demand is routed to the offline store but due to the rationing policy, it is not always filled.
Any offline demand, however, is always satisfied as long as there isinventory.

Our inventory rationing problem is similar to the multi-class revenue management (RM)
capacity allocation problem (Talluri and Van Ryzin 2004). A common solution approach is to
approximate the problem using discrete-time setting dynamic program, where each time interval
has a demand of only O or 1. However we choose to keep the continuous-time framework instead
so that optimal policy determines the decision at any point in time rather than discrete times.

Let ¢t €[0,7'] denotethe elapsed time from the beginning of the sales season. For therationing

problem, because of the memory-less property of Poisson arrival, the state variable for decision

making is (z’,t)wherei is the level of offline inventory at time t. Following Liang (1999), the

Bellman equation can be written as follows:

V (i.t) = max LT(aO (u(p, ~ )+ V(i = w7))+ o, (p, + V(i =17)) 7,0 (00, (7 = t))ar (L6)

u=0,1

where u represents the decision to accept (u = 1) or reject online demand (v = 0). If an online

demand arrives at time ¢ > 6, it isrouted to the offline store, and the retailer must decide whether
to sell to this customer and make the sure p, — & , or to reject the online demand and keep the unit

for possible future offline use. Therefore, the retailer should optimally reject the online demand
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(i.e., protect this unit of inventory for offline use) if and only if its expected future value is higher
than p, — k.

Intuitively, the marginal value of an extra unit of inventory should be higher when there is
more time left in the sales season to sell it. Also at any given time, the marginal value of an extra
unit of inventory should be decreasing in the existing inventory level: when the inventory level is
low, an extra unit is highly likely to result in additional sales; this benefit diminishes as there is

more inventory as the likelihood of being a left over starts to dominate. Therefore, we expect
V(z’,t) to be concave in 7, and submodular in (i,t). Lemma 1 parallels a similar result in Liang
(1999).
LemmalV (z’,t) has the following properties:

a) V(z’,t) isconcavein 1,

b) V(i,t) is submodular in(z’,t).

The concavity and sub-modularity properties are useful for deriving the optimal rationing
policy for the retailer. When an online demand occurs, the retailer can realize a fixed profit of
p, — k if he accepts the demand. However, that comes at the expense of losing one unit of
inventory, which could be used to fill afuture higher-margin offline demand. The concavity in i
shows decreasing marginal value in 7, therefore the optimal rationing decision should have a
threshold structure: if it isoptimal to accept an online demand when on hand inventory isi, then it

will aso be optimal to accept online demand at inventory levels larger than i. We formally define

athreshold-based rationing policy as follows:
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There exists an inventory threshold 7 (t) for all ¢ € [0,T'] wherean onlinedemand at time ¢ > 0 is

accepted if and only if the offline inventory at time t is above 7 (t) .
Submodularity of V(i,t) further suggests that the marginal value of an additional unit of

inventory is also decreasing in time. This means that when thereislesstimeleft, theretailer should
protect less by lowering the protection level. Therefore, the inventory-based threshold is aso

decreasing in time. The following theorem is akey result in our study of the rationing problem.

l
Theorem 1 There exist a positive integer | and points in time {t7}'0 where
if i

0=t <t _..<t <t <T, such tha a threshold-based rationing policy is optimal for the
offline inventory, with the threshol ds defined as follows: T(t) =0 onte[t,T] and T(t) =jon

telt,t

J7 1

), V1< j<lI.

To understand the specific pattern of the optimal threshold policy, we first consider t just
before the end of the season (i.e. t ~ T'). Any offline inventory at that point is amost certain to

end up as leftover. Therefore, if an online demand occurs, the offline store should accept it and
take the sure profit p, — k. As we move backward from T, more time is |ft in the sales season,
and the probability of the marginal unit being leftover decreases. There comes atime, denoted by
t,,» when the marginal value of protecting an offline inventory equals to p, — k. Then ¢, is the

first indifference point when retailer becomes indifferent between protecting and not protecting

one unit (last unit) of offline inventory. Moving further away from ¢ , the retailer now strictly

prefers to protect the last unit, so the threshold jumps to one. This procedure can be applied
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recursively to find the other indifference times, t, (1 <j< l) . At those time points, the retailer

isindifferent between protecting j unitsand j+1 units. That is, it is equally optimal for the retailer

to protect j units and j+1 units. Therefore, we also call t, (O <5< l) the indifference points. For

expositional purpose, we say the retailer prefersto protect j units at .

Theorem 1 simplifies the computation of the optimal policy. It now suffices to calculate all

the indifference points. For ¢ € [t ;¢ ) where 7(¢) = j, the maximum profit function can be

3’

written as:

i—j—1

V(z',t) = Z (wm + V(z’ —m, trl))p(m, )\()71 (tH — t)) (17)

Ap(i= 5 =1, (6~ t))de.

N AR YW B S MO

We can then use (6) and the indifference points property to recursively find ¢, ¢, ¢, , ...

backwards. Figure 1.4 illustrates the structure of the optimal rationing policy via a numerical

example, for different valuesof ) . Asexpected, when ) increases, retailer stocks moreinventory

a time 0, and the optima rationing policy employs more threshold levels, making it
computationally expensive to find. Apart from computation time, deploying multiple frequently
changing thresholds is not practical in industry. So it is worthwhile to study if such complicated
threshold policy is required or we are able to capture most benefit, just by deploying a couple of
these thresholds. This makes the case for developing simple yet effective heuristics for practica

use.
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Figure 1.4 Optimal Rationing Policy as ) increases
(A =10,p, =10,p, =10,h, =1,k =1)
To do so, we take two different approaches. In thefirst, we limit the number of thresholds that

can be used. In the second, we retain the multi-threshold structure of the optimal policy, but use a
simple function to approximate V' (4,t) in (6). This function does not need to be evaluated
recursively, so the indifference points are easier to find. We study these two heuristicsin Sections
1.3.2.1 and 1.3.2.2 respectively.

1.3.2.1 Single Threshold (ST) Heuristic

In the optimal rationing policy, the threshold varies over time; therefore, a natural simplification
isto use a fixed threshold throughout the season. This replaces the staircase shape of the optimal

policy by afixed horizontal line. Once this single threshold is set at time 6 , it is used for the rest
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of the season. Because of this, the threshold should reflect the level of inventory, ¢, at time 6 . For
example, at time 6, if the inventory level is high, there isn’t much need to protect inventory and
the retailer should be more concerned about having leftover at the end of the season; therefore, a
low value of single threshold should be set, and vice versa. We define this single threshold (ST)
heuristic as follows:
If at time @ there are 7 units of inventory remaining in offline store, then there exists an inventory
threshold 75" (z’,@) < i.Anonlinedemandattime ¢ > 6 isaccepted if and only if the offlineinventory

attimetisabove 7°" (z’,@).

For ST, the offline store’s maximum expected profit for [0,7] can be written as

I (i,0) = max H*" (T‘i,@) where

T

—7—1

#7 (rfit) = 3 (o, i =) m (7 - 0) 9

m=

+f£€[w(i7’)+plr(pl +hl)i(7'fn>p(n,)\l(Tf§>>

n=0

N o

Ayp (i =7 =12, (€~ 0))de.

Even though the optimal ST threshold 757 (i, 9) appears more complicated, it is much easier

to use than the optimal policy because the threshold needs to be cal culated only once and used for

the rest of the season. Furthermore, we note that unlike the profit function of the optimal policy,
Vv (z’,t) in (1.7), evaluation of H°" (T‘i,@) in (1.8) is not recruvie. Thus, the ST heuristic is much

simpler to compute than the optimal rationing policy.
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Lemma2 H*" (T‘i,@) has the following properties:
a H (T‘i,@) isconcavein 7 and i.
b) H" (r‘i,&) iswbmodularin(i,@).
The propertiesin Lemma 2 allow usto find the ST threshold for any given ¢ and 6 with the
first order condition: 75" (z’,@) isthe largest 7 such that A H*' (r‘ i,H) > (0. The concavity and
submodularity also imply that the optimal threshold 75" (z’,@) isdecreasing in both 7 and 6 .

1.3.2.2 Newsvendor Thresholds (NT) Heuristic

We now take a different heuristic approach to keep the structure of the optimal policy but simplify

how the threshol ds are cal cul ated. To do so, we approximate all the V (i, t) terms on theright hand

sde of (6) by the newsvendor profit function for the offline store, G, (it)=

plz'—<p1 +hl>zi]_:0 (z’—j)p(z’,)\l(T—t». This way, the calculation of indifference point

simplifiesto:

i—j—1

= o=t bl i) -

m=0

ol S )+ ) ol = (- 52 e

n=0

We call the heuristic based on optimizing H"" (z‘,t) the newsvendor thresholds (NT)

heuristic.
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Lemma3 H"" (z’,t) has the following properties:

NT | - .
a) (Z’t) issubmodularin(i’t) ,
by H' (z’,t) isconcavein i.
The structural properties of A" (z’,t) in Lemma 3 allows us to show that the NT heuristic,

just like the optimal policy, has the threshold structure.

There exists an inventory threshold 7" (t) = max {2 : AiHNT (z’,t) > P, — k} for all ¢ € [0,T]such

that an online demand at time ¢ > 6 is accepted if and only if the offline inventory at time ¢ is above
™ (t) .

Proposition 5 There exists a positive integer n and points in time {r;];o, where

0=t <..<t <t <T,suchthattheoptima NT thresholdis 7" (t) =jfortelt,t ) and

37
AT (t) =0 for ¢t € [t,,T].

Proposition 5 shows that the NT thresholds behave in a similar fashion to the optimal ones
and decrease in unit steps over time. Clearly, the tj's in Proposition 5 represents the indifference
points, and are key to the compl ete characterization of the NT heuristic. Because the profit function
evaluation of the NT heuristic is non-recursive, we are able to compute the indifference pointsin
closed-form solutions, which require a straightforward inversion of a Poisson complementary
CDF:

Proposition 6 The NT heuristic’s indifference points are solutions to the following equation:

P(iA(T—1))= %. (1.10)
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In the following Proposition, we show that the NT heuristic thresholds are always smaller or
equal to the optimal policy thresholds. This means the NT heuristic will have fewer thresholds to

compute (for clear delineation, we use superscript OPT to indicate the optimal rationing policy):
Proposition 7 7" (t) < pOPT (t) foral t € [G,T].

Both ST and NT heuristics are ssimple to understand, analyze, and implement. We will

examine and verify their effectivenessin Section 1.4.

1.3.3 INTEGRATED FULFILLMENT STRUCTURE, STOCKING, AND RATIONING POLICY

In Sections 1.3.1 and 1.3.2 we analyzed the fulfillment structure, stocking, and rationing decisions

separately. Next, we integrate them into a coherent inventory policy. To that end, we use

superscript " to indicate an integrated policy (X,Y) where X ¢ {P,NP} represents the
fulfillment structureand Y € {@,OPT} represents the no rationing and optimal rationing policies.

In the numerical studies in Section 1.4, we will extend Y to include all the rationing policies,
thereforeY {@,ST,NT, OPT} .

Clearly, oncetherationing policy isincorporated, the retailer should adjust hisinitial stocking
level(s) accordingly. The following lemma provides needed technical properties of the profit

function that are useful in computing the optimal stock levels.

Lemma4

a M"?(S)) isconcavein S, .

b) II*(S,,S,) isconcavein S, and submodularin S,and S, .
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We are a so able to characterize how the integration of the optimal rationing policy affectsthe
retailer’s stocking levels and expected profits.
Proposition 8

a) HP,@(Sl) S HP,OPT(Sl) andHNPﬁQ(SO,Sl) S HNP,OPT(S()781> )
b) SlNP.Z S S1NP.OPT andSéVPz Z SONP.OPT .

Although the profit comparison in Proposition 8a) are for the same fixed S, and S,

maximizing over them would preserve the direction of profit improvement. The profit increase is
expected: Since no rationing is always a feasible action for the optimal rationing policy, profit
should increase from the use of optimal rationing. We study the magnitude of such a profit
improvement numerically in Section 4, and show that it can be substantial, especially in the NP
structure.

The Proposition 8b) isintuitive but not straightforward to show. Within the NP structure, the
use of optimal rationing helps the retailer to shift inventory from the online store to the offline
store where its use is more flexible and, thus, more valuable. This shift in inventory allocation
matches the trend in practice where large retailers are putting a higher emphasis on using offline
stores to satisfy online demand, and moving inventory in that direction.

Proposition 8 demonstrate the effects of using the optimal rationing policy on the retailer’s
inventory and profit, within a fulfillment structure. Next, we discuss the impact of the rationing
policy on the retailer’s fulfillment structure itself.

Broadly speaking, rationing offers benefits at both the operational level and the strategic level.
On the operational level, it helps the retailer to better utilize its limited offline inventory, in much

the same way the expected marginal seat revenue (EM SR) model helps airlines to sell tickets in
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the RM literature. By differentiating the two types of customers and rejecting the lower-margin
online customers at the appropriate time, the retailer can achieve a higher margin and better
inventory utilization. Thisis how rationing helpsin the P structure.

On the strategic level, rationing alows the retailer to combine the benefits of both P and NP
as it can now place some inventory in the online store, in order to minimize cross-channel
fulfillment costs caused by k. The retailer can choose this amount to be suitably low to minimize
leftovers, knowing that it can always use offline inventory and rationing to handle any excess
online demand. Thisis how rationing helps in the NP structure.

For any fixed stocking level(s), either benefit (operational or strategic) could dominate.
However, when the retailer sets its inventory level(s) optimally, the operationa benefit is
minimized, and the strategic benefit will dominate. Therefore, we expect rationing to offer bigger
profit improvement to a retailer that uses the NP fulfillment structure than to one that uses the P

fulfillment structure. Thiswill be numerically confirmed in Section 1.4.

1.4. NUMERICAL STUDIES

In this section, we use a set of numerical examples to study the retailer’s fulfillment structure,
stocking, and rationing decisions. Thethree subsections here mirror thosein Section 1.3. In Section
1.4.1 we compare the P and NP structures without the use of any rationing (Y = ). In Section
1.4.2 we compare the rationing policies and study their impact on the retailer’s profit, margin, and

inventory. Then in Section 1.4.3 we examine the integrated policies.

Without loss of generdity, we normalize p, =p, =10,and T'=1. Then we set A\, and &

values at five different levels ranging from low to high.
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A € {10, 20} and A €{0.2, 0.5, 0.8, 1, 2} * )

ke {0.02 0.05 0.1, 0.2, 0.5}*p,

Let \, represent ratio of online to offline demand rate, therefore )\ e {0.2, 0.5, 0.8, 1, 2}.

Because p, isfixed at 10, setting the online leftover cost A, is equivalent to setting service level

SL, = Po__ Thelatter iseasier to understand in practice, so we set
p, +h,
SL, 6{0.65, 0.75, 0.85, O.95},Whichimplies h, € l, 1 ,i ,i .
13 3 17 19

The offline |eftover cost is generally higher than the online one, so h, are set relativeto 7, :

0 which leads to the following offline store service levels for values of

ho€ {1, 1.25, 1.6}

online service level:

SL, 0.65 0.75 0.85 0.95

SL 1054|060 065|065 071|075 0.78 | 0.82| 0.85 | 0.92 | 0.94 | 0.95

1

There are 600 cases in total.

1.4.1. INVENTORY STOCKING DECISIONS

In Section 1.3.1, we prove that there is a switching curve on the A -k space that demarcates

whether the retailer should hold store-specific inventory, or pool al of hisinventory at the offline
store, in order to maximize total expected profit. Using the 600 examples, we study the switching

curve and performance differences between the two structures on profit, product margin, and
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inventory levels. To streamline presentation, we show al the results as (NP, &)’s performance

deviation from (P, @), defined as:

NP, P,
Performance™ ® — Performance

Performance Dev =

9

P,
Performance’®

where Performance € {Profz't,Margz'n,[nventory} . Margin is defined as profit per unit of

inventory. All the tables present average performance deviations across the given set of cases.

Table 1.1 Policy (NP, @)’s Profit Deviation from Policy (P, @ ) by k and A

2| -061% | 154% | 5.32% | 13.79% | 49.75%

1| -1.76% | -0.17% | 2.59% 8.60% | 31.67%

08| -208% | -0.67% | 1.76% 7.01% | 26.54%

05| -260% | -1.55% | 0.25% 4.05% | 17.39%%

Demand Rate (Aq)

02| -286% | -234% | -1.45% | 0.37% 6.24%

0.2 0.5 1 2 5
Handling Cost (% )

Table 1.1 clearly illustrates a switching curve pattern. Each cell corresponds to a possible
combination of A and k values, and, because there are 25 such combinations, each cell
represents the average performance deviation for 12 cases. It is clear that P is better for small
values of A and %, and the switching curve is monotonically decreasing in both values. This
confirms the analytical resultsin Proposition 3.

It should be noted that throughout our analysis we have ignored the fixed cost of building

online warehousg, if the retailer decides to use the NP structure. Thisis a reasonable assumption

if NP corresponds to using fulfillment services provided by an online platform, since the vast
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majority of the cost charged by such services (i.e., Amazon Fulfillment) is variable based on
volume of fulfillment; the fixed monthly feeisnominal. In the case when the retailer needsto build
and operate the online warehouse by itself, a fixed cost would only affect the threshold of
determining whether the P or NP structure is preferred. The switching curve would be shifted
upward but the qualitative resultswould hold. Finally, our analysishereison one SKU. Theretailer
may have aready built the online warehouse for other purposes or other items. In such acase, sunk
costs should not be considered in the fulfillment structure decision.

The 600 cases can clearly be divided into two groups: 385 casesin which (NP, @) is preferred
and 215 inwhich (P, @) is preferred. Table 1.2 presents the performance comparisons between the
two groups. The profit numbersin Table 1.1 are aggregated from those in Table 1.2, and the other

performance measures can be aggregated similarly.

Table 1.2 Policy (NP,2)’s Performance Deviation from Policy (P, 9)

Policy (NP,o) IsPreferred | Policy (P,o) IsPreferred
(385 cases) (215 cases)
Profit Dev 11.22% -2.14%
Margin Dev 2.55% -71.28%
Inventory Dev 8.48% 5.62%

When (NP, 9) is preferred, the profit difference is significant (11.22% on average). Thisis
accompanied by a big jump in inventory (8.48%), which is understandable given the lack of

inventory pooling. Margin is modestly higher (2.55%). In the remaining cases (215 of 600) where

(P.¢) is preferred, when either A, or k islow, (P, @) outperforms (NP, ) by a modest amount
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(2.14%) but it is able to achieve a significant inventory pooling benefit (inventory is lower by
5.62% on average), leading to a 7.28% increase in product margin.

These observations arein line with our expectation: when the NP structureis preferred, it uses
a dedicated online stock to reduce the fulfillment cost of online orders, but that comes at the
expense of increased inventory. Thus, whereas profit is higher significantly, the product margin
enhancement is modest. Conversely, when the P structure is preferred, the profit improvement is
limited, but it does so with lower inventory and a much improved product margin.

Overal, we learned from this set of tests that, when no rationing policy isin place, selecting
a proper fulfillment structure could lead to significant improvement in profit, product margin,

and/or inventory.

1.4.2. INVENTORY RATIONING DECISION

BASE TESTS

To isolate the effect of the rationing policy, in this part we will fix the P/NP structure, and study
how the various rationing policies compare with the baseline case of no-rationing. We define the

performance deviation to be:

XYy X,
Performance™" — Performance™*®

Performance Dev = , (10)

Performance™?
where Performance € {Profit,Margm,lnventory}, X e {P7 NP}, and Y € {ST,NT,OPT} .

Table 1.3 provides a summary of the results when the retailer sets the stocking level(s) optimally

for each rationing policy.



Table 1.3 Policy (X,Y)’s Performance Dev. from Policy (X, @), High Service Level
(Using Optimal Stocking)

X=P X =NP
Y=ST | Y=NT | Y=0PT Y=ST | Y=NT [ Y=0PT
Profit Dev | 0.01% | 0.09% 0.12% 213% | 215% 2.16%
Margin Dev | 0.08% | 0.34% 0.54% 631% | 6.38% 6.42%
Inventory Dev | -0.07% | -024% | -0.40% -385% | -3.90% | -3.93%

Two notable observations can be made from Table 1.3. First, the impact of rationing in the
NP fulfillment structure is significant, for the optimal policy aswell asthe ST, NT heuristics. The
retailer can reduce inventory by about 4% on average and improve profit by more than 2%. In
contrast, although rationing is still beneficial, itsimpact is minimal in the P fulfillment structure.
This is consistent with our assessment in Section 1.3.3 that the benefit of rationing is more
significant in the NP structure than in the P structure.

Second, we note that both heuristics perform well, especially in the NP structure when the
two heuristics are very close to the optimal policy. This has to do with the timing of 8, the start of
rationing in the season. In the NP structure, when the retailer sets inventory levels optimally, 8
should and usually does happen towards the end of the sales season. In such a case, only afew of
the optimal policy’s multiple thresholds will take effect. Thus, the simplification to a single
threshold (in the case of ST) and the approximation of the value function (in the case of NT) will
not deviate too much from the optimal policy. The two heuristics perform very well.

In practice, the two heuristics offer different advantages. ST is ssimpler and has analytical

properties that make it more suitable to be used in analytical modeling; NT performs better and is
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more effective when 8 happens early — due to either the P fulfillment structure, or an early

occurrence of online stockout.

ADDITIONAL TESTS— LOW SERVICE LEVELS

Intuitively, rationing is most valuable when there are high demands for a limited number of
inventory units. Therefore, we extend our tests to low service levelsin both channels. We keep all

the other parameters the same and change the service levels as follows:

SL, 0.25 0.35 0.45 0.55

SL 1017]021|025|0.25|0.30|0.35| 0.34 | 0.40 | 0.45 | 0.43 | 0.49 | 0.55

1

This gives us another 600 test cases, and the profit deviations are provided in Table 1.4:

Table 1.4 Policy (X,Y)’s Performance Dev. from Policy (X, &), Low Service Level
(Using Optimal Stocking)

X=P X =NP
Y=ST [Y=NT [ Y=OPT | [ Y=ST [Y=NT [ Y=0PT
Profit Dev | 0.01% | 0.36% | 0.54% 770% | 7.81% | 7.88%

We notice that the profit improvementsin Table 4 are significantly higher than thosein Table
3, especidly for the NP structure. This confirms our intuition that rationing is more valuable for
lower service levels. Thisis applicable to products with higher leftover cost h or lower margin p.
It should be noted that the comparison between P and NP structuresremain valid. That is, rationing

has a much higher impact in the NP structure than in the P structure.
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ADDITIONAL TESTS— UNDERSTOCKING

To further test how much rationing can help when inventory is low, we perform additional
tests. Table 3 assumes that the retailer sets hisinventory level(s) optimally. However, in practice
the retailer may not be ableto achieve the optimal stocking levels, either because of miscalculation
of parameters or stocking levels, or because of limited supply of the product due to scarcity. In the
next set of tests, we do not use the optimal stocking levels for the two stores. Instead, we fix their
inventory level at 10%, 30%, and 50% below the optimal stocking level using optimal rationing.
Then we apply the ST, NT, and OPT rationing policies to these fixed levels of inventory and
compare the resullts.

Results for P structure are provided in Table 5, and they confirm our intuition. First, as
understocking gets more severe, the benefit of rationing gets more pronounced. At the 30%
understocking, the NT and optimal policies can get amost about 1% profit increase which is non-
trivial for retailers who usually get single digit margins in practice. At 50% level, the profit
improvement is substantial. Second, in the P structure, 8 = 0 and rationing starts immediately at
the beginning of the season. Therefore, the ST heuristic, which uses a single threshold throughout
the season, doesn’t do as well, while the NT heuristic, by keeping the optimal policy’s flexibility
to adjust threshold over time, outperforms ST. The optimal policy, of course, does the best and can

contribute a4%" profit improvement.
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Table 1.5 Policy (P,Y)’s Profit Deviation from Policy (P, @) when understocked
(with retailer understocking below the (P,OPT) level)

Y=ST | Y=NT | Y=0PT

10% understock | 0.04% | 0.22% 0.33%

30% understock | 0.48% | 0.93% 1.50%

50% understock | 2.55% 2.66% 4.32%

Understocking in the NP structure is a bit more complicated as there are two stocking levels
to consider. Below, we take the optima (NP,OPT) stocking levels as the base and test the

combination of 10%, 30%, and 50% bel ow the base at each store, resulting in 9 combinations, each

of which is presented by acell in Table 1.6.

Table 1.6 Policy (NP,ST)/(NP,NT)/(NP,OPT)’s Profit Deviation from Policy (NP, &)
(with retailer understocking from the optimal (NP,OPT) stocking levels)

Offline Understocking L evels

(NP,ST) / (NP,NT) /
(NP.OPT) 10% 30% 50%

10% 5.83/5.86/588 |222/225/228|0.52/0.53/0.56

30% 9.42/9.49/958 |3.40/3.46/357|0.73/0.75/0.82

Online
Understocking
Levels

50% | 12.95/13.08/13.32 | 4.46/4.55/4.82 | 0.90/0.92/1.09

It is notable that as the offline understocking increases the rationing policies’ profit
improvement suffers, but as the online understocking increases the rationing policies’ profit
improvement rises. This makes sense because rationing depends on the offlineinventory. The more

understocked the offline store, the fewer units of inventory can be used for rationing, and the less
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impactful rationing becomes. On the contrary, as the online store gets more understocked, 8 gets
smaller and thereis alonger time period for rationing. That’s when the benefit of rationing shines
through. The message isthat rationing makes the biggest impact when the more profitable channel
has scarce resource.

Regardless of the combination of understocking, however, the rationing policies consistently

outperform no rationing in the NP structure by alarge margin.

SUMMARY

All the test results consistently suggest that rationing could have a significant impact on the
retailer’s inventory levels and profit, especially in the NP fulfillment structure and/or when the
inventory level is low (due to insufficient supply or low service level target). Moreover, both
heuristics perform extremely well in the NP structure. In the P structure, because there is alonger
rationing time period, the multi-threshold NT heuristic tends to perform better than the inflexible,

single-threshold ST heuristic, but overall the two heuristics are effective.

1.4.3. IMPACT OF INVENTORY RATIONING ON FULFILLMENT STRUCTURE AND STOCKING

DECISIONS

In the previous section, we study the impact of rationing within fixed P and NP structures. Here,
we will integrate all the decisions, and see how rationing impacts the fulfillment structure as well.
Table 7 comparesthe performance between (P,OPT) and (NP,OPT). Thisparallels Table 1.2 where

(P,2) and (NP, &) are compared.
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Table 1.7 Policy (NP,OPT)’s Performance Deviation From (P,OPT)

Policy (NP,OPT) IsPreferred | Policy (P,OPT) IsPreferred
(595 Cases) (5 Cases)
Profit Dev 8.56% -0.13%
Margin Dev 4.59% -0.13%
Inventory Dev 3.64% 0.00%

As predicted in Section 3.3, the use of rationing increases the advantage of the NP structure.
Thisisclearly illustrated in Table 1.7, where 595 cases out of 600 prefer (NP,OPT) over (P,OPT).
In contrast, the (NP, @) policy is preferred in only 385 cases in Table 1.2. Moreover, in the
remaining 5 cases where (P,OPT) is preferred, the performance of the (NP,OPT) policy is nearly
as good.

The robustness of the (NP,OPT) policy has practical implications. First, parameter estimates
may not be accurate in practice. More importantly, our analysis is on a single product, but the
retailer handles alarge number of such single-season products. It’s unrealistic to expect the retailer
to tailor its fulfillment structure for each individual product. Therefore, retailers who prefer a
uniform fulfillment structurefor all of its products can choose the NP structure with the confidence
that, together with an appropriate rationing policy, this approach would be either optimal or near-
optimal for all the products.

Like Table 1.1, Table 1.8 below breaks down the profit deviation by the k and Ao parameter
values. Comparing the two tables, we can see clearly that the use of rationing moves the switching
curve closer to the lower left corner, just as discussed in section 3.3. The dominance of the
(NP,OPT) policy is aso apparent: it isoptimal in almost all the cases. Depending on the k and Ao

parameters, the profit advantage of the (NP,OPT) policy also could be very substantial.
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Table 1.8 Policy (NP,OPT)’s Profit Deviation from Policy (P,OPT) by kand A

A =2| 141% | 340% | 6.96% | 14.99% | 48.89%

A =1| 094% | 2.35% | 4.86% | 10.45% | 31.96%

A, =081 077% | 1.95% | 4.08% | 8.82% | 26.53%

A =051 045% | 1.23% | 2.66% | 5.84% | 17.25%

A =021 014% | 056% | 1.32% | 3.02% 9.14%

k=02 k=05 k=1 k=2 k=5
We already know from Table 1.3 that both (NP,ST) and (NP,NT) are effective policieswithin

the NP fulfillment structure. Results of afurther analysis, presented in Table 1.9 below, shows that
(NP,ST) and (NP,NT) have nearly as good aperformance against (P,OPT). Therefore, we conclude
that the retailer should consider using either (NP,ST) or (NP,NT) as its stocking-rationing policy.
Relating back to the TRUA case, online demand may be too small initialy, but once it starts to
increase, it would be better for TRUA to establish an online warehouse to handle a base level of
online demand, and then use offline stores as backup. Similarly, smaller retailers should seriously

consider using the fulfillment services provided by online platforms.

Table 1.9 Policy (NP,ST)/(NP,OPT)’s Performance Deviation from Policy (P,OPT)

Policy (NP,ST)/ (NP,NT) Is Policy (P,OPT) Is
Preferred (595 Cases) Preferred (5 Cases)
Profit Dev 853% / 8.55% -0.13% / -0.13
Margin Dev 447% | 4.55% -0.13% / -0.13
Inventory Dev 3.73% | 3.67% 0.00% / 0.00
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1.5. SUMMARY AND FUTURE RESEARCH DIRECTIONS

In this research, we study the inventory management problem of an omnichannel retailer who
already has an established offline store and is looking to leverage it to help with online sales. Our
model incorporates relevant decision factors at three different levels. fulfillment structure
(strategic), inventory (tactical), and rationing (operational). We derive the optimal rationing policy
structure and develop two simple heuristics that we demonstrate, through an extensive numerical
test, to be very effective. Integrating the rationing policy into higher-level decisions, we showed
that it can have significant impact on the retailer’s stocking and fulfillment structure decisions.
The integrated (NP, ST) policy — where the retailer has an inventory stock dedicated to online
sales, but can aso use offline inventory as backup when needed, subject to the ST rationing
heuristic — is proved to be ssimple, effective, and robust.

Being afirst model in our attempt to analyze the omnichannel strategies, this research also
pointsto several directionsfor future research. The current research focuses on the store fulfillment
online-to-offline approach, where inventory backup is uni-directional; it would be interesting and
important to extend the study to bi-directional backup and rationing. This requires the retailer to
invest in store staffing to actively capture potential lost sale in the store. The retailer could aso
invest in technology (i.e., QR codes, apps, online portal in the store) so that customers can order
items online directly when shopping in the offline store (e.g., Athletha). Thistrend isslowly taking
hold in practice so arigorous anaytical study would offer guidance.

Even within the online-to-offline framework it would be important to incorporate the option
of in-store pickup into the analytical model. We can extend our model by having three classes of

demand to the offline store. A nested threshold policy may be optimal but a rigorous study is
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needed to find out its impact on the stocking decisions as well as the overall cross-channel
fulfillment structure for the retailer.

Another important topic is cross-channel product return. Many retailers now alow customers
to return items bought online to offline stores. To the extent most such returns are resalable, this
makes the inventory decisions much more complicated, and interesting.

Finally, we consider a retailer that owns both channels, so the decisions are centralized to
maximize total profit. Practically, however, each channel may have its own profit target and
consideration, even within the same retailer. In such a case, one must consider incentive issues:
for example, when an offline store fills an online order who gets the credit and how much credit?

Getting a good handle on thisis essential to the success of an omnichannel approach.
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APPENDIX

Proof of Proposition 1

Retailer’s expected profit when demands are pooled (P structure) can be calculated using demand

realization. However, analysis of that model becomes complicated, so we use weighted margin

based on mean demands similar to Ben-Zvi and Gerchak, 2012. In this case, we have a newsvendor

withmarginof w and leftover cost of A, and Poisson demand with rate of Aot - Therefore, optimal

stocking level of retailer can be calculated using critical ratio. Please refer to Hadley and Within

(1963) on page 298 for proof of optimal stocking level for newsvendor model.

Proof of Proposition 2

We provide the proof in two parts as follows:
A S">S%
B. S" <S5 45V

We need the following two lemmas on the Poisson distribution function first. Asareminder, & is

bounded such that w > 0.

LemmaAl p(n,\) <% foral n and \.

Proof: For any givenn >0, we have p(n —1,n) = p(n,n) and p(n —1,n) + p(n,n) < 1. S0

Ip(n,\)

plnn) <1/ 2. Net, By~ 1.3) = p(n, ) = pln ~ 10|12

1——]. So p(n,A) is non-

n




44
decreasing in A for A<n and non-increasing in A for \>mn. Therefore,
p(n,A) < p(n,n) <1/2foral n and \.

LemmaA2 P(n,A\)[1 — P(n,\)] < Ap(n —1LA) foral n and \.

Proof: Define L(n,\) £ —2P(n,\) — (n —1) + . Then % = —2p(n —1L,A)+1>0 due

to LemmaAl. Moreover, L(n,0) <0 and L(n,00) = co. This means there exists afinite A such

that L(n,\) <0 for A < A, L(n,A)=0,and L(n,\) >0 for A > A.

dG(n,\)

Next, define G(n,\) = P(n,\)[1 — P(n,\)] —np(n,\) . Since )

= L(n,\)p(n —L\),

G(n,\) isdecreasing for A < A, andincreasing for A > A. Noting that G(n,0) = G(n,00) = 0,

we conclude that G(n,\) <0 for n and A. Since Ap(n —1,\) = np(n,\), we complete the

proof.
N . . WP
Part A) Now, we go back to Proposition 2. Define J(\) = : where
1= P(S"\,)
hl hl
P SNP, T pl +h pl +h
Ay = A+, - We know lim J(\) = 2 BTAT), Tnth o 7p L—h and

= = 1
’\0_’0+ S -1 Sp-1 pl

LoplpA ) TrhT)

y=0 y=0

Al(im J(),) = co. Moreover,
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O\, A\

0.1 1’01

aJ(\) (w po+k <S1NP7 01)[1_P *S’fvp7 01 }+W)‘o1p(SNP 7)‘01)

1-P(8)" . r

—

{Ulp<SNP—1,)\01) P
[ _P

NP
(Sl >N,

NP
<(S ’)\01) ﬂ} >0 due to Lemma A2 and p, > k.

h
Therefore, J()) > h, for al S and X , which means P(SlN‘D,AOI) < Ji . Next, w < p,
w

1

N h h
implies —— > —L— . Thesetwo factstogether lead to 5" < """
h +w — h +p,

Part B) Now, we prove 5 < 5" + S, For expositional ease, we assume equation (4) holds

as equality (that is, stock levels can be fractional). Let f(p) = . Itisaconvex function, so

h +p

h h
we have f(w) >« f(p,)+a,f(p, —k) . Moreover, f(p, —k)> f(p,) = - ;p > +“p :

where the first inequality is due to monotonicity of f and the second isdueto i, > £ . Therefore,

we have shown that
hl hl h()
> q, +q, . (1.11)
h + w h, + p, h, + p,
Applying mean value theorem, we know that there exists

(u, v)—c(SNP A)+(1—c)<SéVP + SN\ )forsomeogcglsuchthat

0’70 1 7701

P(Sévp GNP ) (SNP A) 3_P

1 271 0o 70 EYS (vap)'i_a_];

(u,v)

(A)- (1.12)

(u,v)
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Using a continuous P(u,v), we know _8Pa(u, v) = —p(u,v) and _(‘9Pa(u, v) = p(u,v) . So (1.12)
u v
becomes
P(Sévp + vap,)\(]’l) = P( évp,)\ )— p(u,v)(SfVP — )\1> (1.13)

1 "oy

Similarly, there exists (z,y) = d(SfVP,/\l) - (1—d)(SéVP + SN ) for some 0 < d <1 such

that

P(S)" 450, ) = P(S)".)) = plz.y) (S0 = A,). (1.14)
A weighted sum of (1.13) and (1.14) gives us
P(S)" 48 2, ) = P (S)7 0 )+ 0, P (SN ) = ayp (w,0) (S = A ) — oy (,9) (SN, )
Because S5 > A for n = 0,1, thismeans

h h
P(SY + 8™ X | <aP(SY X )+aP(S" N+ a '+« L (1.15)
( 0 1 0,1) 0 ( 0 0) 1 ( 1 1) 0 h, + p, 1h1+p1

h
Combine (1.11) and (1.15) , P (S + 8,7, ) < —— and 57 < 5"+ 5" follows
’ w

1

Proof of Proposition 3

Please note I1° (S) can be also written as:

" () = w(k)[D (A, T) A 8|~ 1, (5 = D(3,T)) (116)
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Since k isavariable now, H(k:) = mngP (S,k:).

Ol (k) o’ (9,k) 05" ) on’ (S, k)

. (1.17)
ok oS ok ok
o . - on’ (9, k)
Please note I1” (S,k) is strictly concave in S. Considering that ————= =0 we can
s=8F
simplify (1.17) asfollows:
oI (k) om" (S, k
( ): 5 )za—”[D(AMT)ASf <0 (1.18)
ok ok ok : '
OTI? (SNP SNP)
Because under structure NP thereisno handling cost k, we have 0 "L /= 0.Therefore,

the profit difference T1” (8} — 11" (5, 5" ) is decreasing in k.
Moreover, it is clear that as k — oo, we have w — —oo, hence HP(Slp)—N). So

lim IT” (SIP) — 1 (SéVP,SfVP) = —I1"" (S?P,vap) <0 .Atk = 0, there are two possible cases:

k—00

a I’ (Sf) > 11" (SéVP,SINP>. In this case, we define k to be the unique solution to

I’ (Sf):HNP (SONP,Sle). Due to strict monotonicity in k& , we must have
I (S0) > 1 (5)7,8," ) forall k <k and T1” (S ) < 1" (87,8, ) for all ks > I .

by II” (SIP) <11V (S[jVP,SfVP). In this case we simply define & = 0 and automatically get,

due to strict monotonicity in k , that T1” (Sf) < (SéVP,SfVP) foral k> 0.
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Proof of Proposition 4
Both k£ and )\, are variables in this proposition, so we include them as additiona function

arguments whenever necessary. For example: we denote H(Ao,k) = max " (S, )\O,k) and let

its optimizer be denoted as S;:\ ; thus, H(Ao,k) =117 (SP A l-c)

kA7 700
oA k) OI" (ST Ak g S
) A el (o ens]

Then:

i o (siA) oS, o (s

0’
ONOK — OkOS | ok ONOE |
5=5i, 5=5,

(1.20)

which using (1.19) can be written as follows:

sP

U\ k) o2 oy oolosr =
aAOaOk B aA{)gk st = (5& —fE)P(ff»%JT) +8—°]: 8—;@“ [ plzr1)| @20

P

=0 =2k

95" 2
Since —22 >0, 0w <0, and 9w < 0, the proof is complete.
O\ O\ 0k ok

0

Proof Lemma 1

Please refer to Liang (1999) on pages 119-120.
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Proof of Theorem 1
Based on Lemma 1, protection thresholds are non-increasing unit step function throughout the

season. At the indifference points we have:

AV (it )=p,—k (122)

It is intuitive as it says a unit of inventory should be open to share with online when
Aiv(i,t) < p, — k and protected when Aiv(z‘,t) > p, — k. Since Lemma 1 shows that Ay(m)
isdecreasingin ¢ and ¢, therefore ¢, <t ... <t <t . Soitremainsto show that there exist af,

close enough to end of season such that retailer would prefer to protect no unit after that. Because

AV (i,t)isdecreasingin , if it is optimal to not protect last unit of inventory close enough to the

end of season, it will aso be optimal to not protect if we have more inventory available (7 > 1).

Therefore, it suffices to show ¢, exist when only one unit of inventory left, i.e. AV (i,t) isatits

maximum for agiven ¢.

Now consider an online demand that arrives at time ¢ > £, when the offline store has one unit of

inventory. If the retailer accepts the online demand, then he receives asure p, — & from that unit
of inventory. If the retailer rgects the online demand, however, he may expect to sell it later at a
higher profit of p, . Thishappenswith aprobability of at most P (1, A (T — t)) (“at most” because

policy may reject other online demands that arrive after t). On the other hand, the unit may be left

over at the end of the season and incur a cost of —/, . This happens with a probability of at least

p(0A (T =),
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pl—(po —k)

Therefore, if wedefine t = T + iln
A p, + h1

1

],thenforanyt>t_,wehave

p,—k > pIP(l,)\1(T—t))—h1p<0,)\1(T—t>).
Thus, the retailer would make less expected profit if he rejects the online demand at ¢ > ¢ .

Defining ¢, = min{t |it is optimal to accept an online demand for all ¢ € [¢,T]}, then we

know it’s optimal not to protect any offline inventory after ¢,.

Proof of Lemma 3

Part A) Thefirst order difference of H* (7|i,6) with respect to risasfollow:

A HT (7]6,6) = ~hy + (p, + Iy ) P(i =70, (T —6))

T—1

(o h ) T S (i A (T = 0)) (B(i—rnti— 7+ L) (T = 6))

n=0
where by convention 1Fl(a;b;z) indicates a confluent hypergeometric function. Then
A2 (7]10) = =(m + ) o) 7 (i =LA (T = 0)) (B (i i = 141,20, (T —0)) < 0
Since AA_HST (7]i,0) = —(py + ) () p(i = 1A (T = 0)) B (i = mi—2 (T — 8)) < 0, then
isalso concavein i.

A_HST (7]i,0 —(i—r— . . .
Part B) 3% = o (2 + 1) (o) ( 1>p(Z LA (T = 0)) (B (i—ri=2(T-0))<0.
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Proof of Lemma 4
Part A) To prove "7 (4,¢) is submodular in (z’,t) , we start from the end of the season and work
our way backward. Let’s look at [,7'] where T — ¢ < At. Assume At is small enough such that

thereisonly asingle protection level activein thisperiod (7" (¢)). When 0 < i < 7V" (1), wecan

write:
a—AiH];z(i’t) =-N(p, +h)p(i— LA\ (T —t)) (123
When i > 77 (), we can write:
AHNT (4.t . NT
87’T<)=—Ao(po—k+fﬁ)17(l—7 () =12, (T — 1)) (1.24)

N (py i) (e p(i =120, (T = 1)) B (77 (£) 62 (T 1))

AHNT (1)

(1.23) and (1.24), s0 8 < 0 isdecreasingon A H"" (i,t) where [t,T]. T —t < At.

Next we extend the analysis to show that A #"" (it)is decreasing in ¢ on [t,T] where

T—t<2At.When 0<i< TNT(t), we can write:

NT (; ‘
P2 ) i (7~ A4 )T AT (1 ) (Bt )) 0
n=0

When i > 77 (), we can write:
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AHNT (4 i—7 —1
afHT(”) = —up(i—7" =L, (T=At=t))+ 3 AXG (i—m,T - At)p(m,N, (T — At —t))
m=0
gy (a0) U p(i — 1A (T = At — 1)) (B (i = 70 (T — At — 1))
oy il
+A1a1(a1)*(’*7) ST A (i~ T — At)p(n (T — At —t)) \F (i — "+ 1,-X (T — At — )
Therefore, since A%G, <i,t) <0, we showed A H" (i) is decreasing in + on [t,T] where
T —t < 2At. Wecan repeat thisprocessfor 3A¢, 4At, ... and eventually cover the whole season.
Therefore HY" (z‘,t)issubmodular iniandt.
Part B) To show B (i,t) is concavein i, we follow asimilar analysis to part A. First, we show

that A, H"" (i,t) is decreasing in i where T —t < At. Then we extend this to the whole season.

When 0 < i < 7" (), second order difference with respect to i isasfollow:
AZHYT (it) = —(py + by ) p(i =LA (T — 1)) <0 (1.25)
When i > 77 (¢), second order difference with respect to i isalso negative as follow:

N2HVT (i) = —ay (py — k + h,l)i(z =) = 1,0, (T — t))
(o ) (o T I p(i— A (T =) (B (i = 7 ()= (T — 1))

Therefore H7 (i,t) isconcaveon|t,T| where T — ¢ < At¢.
Now, we step back At and check H"" (i,t)on [t,T] where 7 — ¢ < 2At. When 0 <i < 77 (1),

second order difference with respect to i isasfollow:

i—1

AfHNT (z’,t) = —plp(z'—l,)\l(T—At—t>)+ZAfG1 (i—n,T—At)p(n,)\l(T—At—t))

n=0
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Since AG, (i,t) < 0, then A?H"T (i,t) isnegative. When i > 7 (¢), second order difference with

respect to i isasfollow:

AN (iyt) = pl(al) ( — LA (T = At =) P (7 (1),iA, (T — At - 1))
+ao[ﬁc ).T ~ At)~(p, —k)}p(i—f (1) =LA, (T — At —1))
+ 2 (z—mT Atlp(m,\,, (T - At —1))
(ozl> 71 [AfGl (z —n,T — At)]p(n,)\l (T — At — t))F(z — M (t),n +1L,=A (T — At — t))

n=i—7"" (t)

Because A’G, (i,t) <0, it suffices to show A_ G, (z’,T - At) - (po — k) <0.Ati=7""(t),
we know that AHY" (i,t) > p, —k . Because AH" (i,t)is submodular, it then follows that
HY (z’,t) is concavein i on [+,7] where T — ¢ < 2A¢. In asimilar fashion, we can repeat this
processfor 3At¢, 4At, ... and eventually cover the whole season. Therefore HY" (i,t) isconcave

inion [O,T].

Proof of Proposition 5

Please recall that solution to indifference points of optimal rationing policy is identified using
AV (it,_y) = p, — k, however by approximating end of period value using G, (i,t) in the optimal
value function, AiHNT (z’, tl,’_l) = p, — kwill be used to calculate indifference points. A H"" (i,t)

on ¢ €[0,T| issimplified asfollow, just asin the classic newsvendor model:

AHY (i) =y — () S p(m (T — 1)) (1.26)

0

n
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By Lemma 3, A,#"" (i,t)is decreasing in ¢. Therefore, at a given ieither A #Y (i,t)is aways
below p, — & or there exists atime (¢, ) after which it goes below p, — k. When the former

happens ¢/ | = 0, whilein thelatter case ¢/ | > 0. We know at the limits (1.26) is:

lim A HYT (it) = —h

t—T

i—1

= (p, +1) 2 p(nA (T —1))

n=0

. . NT [ - ERT .
fin Ty A1 (i) = Jimy =7,

since A HN" (i,¢)is monotonically decreasing in i as proved earlier. Therefore, starting from
i = 1 thereexita t; suchthat A, H"" (1,t)) = p, — k. Weknow AH"" (i,t)isalso decreasing in :
(i.e. concavity) therefore following holds:

AHNT(2,60) < AHN (L4)) = py — k

This means that there exist a t/ < ¢; such that A #"" (2,t/) = p, — k. This procedure continuous
until we reach alevel of inventory (i =n+2 ) where ¢/ ., < 0. Then all the indifference points

have been identified as follows: 0=t <..<t, <ty <T

Proof of Proposition 6

Equation  (1.26) wusing AHY (it ,)=p,—k can be further simplified as

i—1

(o +m)> p(nN(T—t))=p —p,+k In the last step, it can be written as

n=0

P(iN(T-F)) = p“p?# to complete the proof.
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A Lemma Used in the Proofs of Proposition 7, Lemma 4, and Proposition 8

LemmaA3 Aiv(i,e) > AG, (z’,&)for any ¢ and i > 0.

Proof: Let 6(i,6) =V (i,0)—G,(i,0). Since V(i,0) is the optimal value function on [H,T], we

know that 6(i,6) > 0forall 6 and i. It remainsto be show that A5(4,6) > 0 forall ¢ and i > 0.
When i = 1, AV(i,0) > AG, (i,0) holds easily because V(0.0) = G, (0.6) = 0.

When i > 1, the proof is more complicated. We follow a backward induction and start

from end of the season where 6 € [#,,T|. In this period, first order and second order

differences with respect to ; can be written as follow:
A6(5,0) = (w+ k) P(isA,, (T = 0)) = (p, + ) P\ (T = 0)) ¥i>0

A (0,0) = —(w+hy )p(i =LA (T =0))+ (p, + My )p(i =LA (T —0)) Vix>1.

Now define a ratio R, = <w+hl)p(i__1’)\°’l<T_9)) _wth eAU(TG)[lJrﬁ]H. It is
 (pn)p(i-LA(T-0)) oty !

easy to see that Afé(z’,&) <0<« R >1.Itisalso easy to see that R, is positive and strictly

increasing in ;. Depending on theinitial value of R, there are two possible cases:

Casel- R, >1.Inthiscase R, > 1,Vi, because it’s increasing in i. Therefore,
(wl + hl)p<n,)\0’1(T —9)) > (pl + h1>p(n,)\1(T —0)) for ¥n >0

Summing over n we get:
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() p(mAog (T =8)) 2 (y + 1) S p(m (T~ 0)) forvi2 0

n=i n=i

That is,(wl + I )P (i, (T = 0)) = (py + I ) P (A (T = 0)) _Thus,Ai‘S(i’e) 20

Casell- R <1.Because R, isincreasing and lim R, = oo, theremust exist an ' suchthat r, <1
foro<i<i and R >1fori>i.

Casell(1): For i > i', R, > 1. Asin Casel, weimmediately have A6(i,6) > 0.

Case I1(2): For 0 <i<4d', R <1 and §(4,0) is convex in i. Because we know §(0,6) =0, and
5(4,0) > 0, it must be the case that 5(i,0) is increasing in i for al 0 <i< . (Tha is, the
decreasing part of a convex function is not possible here.)

Therefore, combining both caseswe get A6(i,6) > 0 forall i and 6 € [¢,,T].

We now extend the analysis to 6 €(t.t)] . Since 7(t)=1 on 6€[t.t,] , we know
AV(1,6) = AG (1,0). Similar to what we did earlier, we can show that 6(i,0) =V (i,0) — G, (i,0)
isalwaysincreasingini for i > 2. Knowing A9(1,6) = 0, weconcludethat A9 (i,6) > ofor all i

on 6 € [t.t].

This proof process can be repeated for 4 [tZ,tl] .. to show that A(4,6) > Oforall i and ¢ .

Proof of Proposition 7

First, asarecall, we describe how the indifference points are cal cul ated under the optimal rationing

policy. Then we compare that with NT heuristic.
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For the optimal rationing policy, indifference points are calculated using A,V (i,t, ) = p, — k. To

find the first indifference point, ¢, , we will use following:

AV(i=1t)=p —(p + M )p(ON(T — 1)) =p, —k (127)
Then we calculate V (it ) for i >1. The second indifference point, ¢, , is calculated using
following:

A;;V<i = 2>t1) =p + Z[AiV(Q - ”7%) - pl}p<”’)‘1(to - t1)) =py—k (1.28)

Thenwe calculate V (i,z, ) for Vi > 1. The procedure continuoustill v (i,0)for vi > 1iscalculated.

Now, we compare the procedure with that of NT heuristic. While equation (1.27) stays the same, equation

(1.28) changesto:
1
AZ.HNT(i =2t )=p + Z[AiGl (2 — n,té) — pl]p(n,kl(tf - t(;)) =p, — k (2.29)
n=0
Therefore, both policy match up until first indifference point (¢, = ¢;), which means:
() =T (t) =0 Vt e [#),T]

In the next step to find ¢ using(1.29), we need marginal value at ¢, = ¢, which is calculated using

AV (it )and AG, (i, ) respectively in optimal and NT heuristics. Comparing (1.28), we find

(1.20), wefind 5 [AG, (2 mt!) = oy ]p(mA (¢ ) = S AV (2 =ty ) = oy ]p(mA, (1~ 1,))
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Because of Lemma A3 and ¢, = ¢;, it is clear that ¢ >¢ . This means under NT heuristic,

protection level of oneis optimal action for a longer period compared to that of optimal policy.

Similarly, thisanalysis can be extended to show that ¢ >t . Therefore, there are fewer protection

n —n

levels under the NT heuristic than under the optimal policy.

Proof of Lemma 4
Part A) We note 1”977 (s,) = V(5,,0).
Therefore, based on Lemma 1, we conclude that 117977 (S,)is concavein S, .

Part B1) Recall that we define G, to be the newsvendor profit function for the offline store:

Gy (1t) = mi—(p +0)3 (1= 3)p(in (T —1)).

We now similarly define G, to be the newsvendor profit function for the online store:
Go (int) = poi = (2o + 1) 37, (i = 3) (10 (T 1)

We can write the (NP,OPT) profit function as follows:

TIVPOPT (S, 8,) = G, (S,,0) + Gl(Sl,O)(l - P<Sov/\oT)) + faioplE[Dl(H) A S])\Op(SO - 1,>\00)d9

T | &
+L_O1V§V(Sl wd)p quAop — LA 0)d0

Itsfirst order difference with respect to S,is asfollow:

A INTOPT(S).8)) = Ag G1(S,,0)(1 = P (8, T))

§,-1
+f [ P(S00) + 30 Ag V(S — .0 plu. M) | \p(S, — LA0)d0

u=0
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And the second order difference with respect to S, is as follow:

A;HNT’OPT(SOasl) = A§1G1(5170)<1 o P(SO’)‘OT))

r 5,-1
[ (S =LA + DT AL V(S = u0) p(u\0) A(S, — LA0)a0
u=0

Since both G,(5,,0) and V (S, —u,0) are concave (Propositions 1 and 5), we conclude that
IIVTOPT(s, .S, )is concavein S, .
Part B2) The (NP,OPT) profit function can be aso written as follow:

HNP’OPT(SO,Sl) — HNP,@(SO,SI)

T | &
+f9:0 Y (V(S, = w,0) =Gy (S, —u,0))p(u,\0)  Agp(Sy — 1, \0)d0

u=0
We first show that the following two inequalities hold:
p(Sy —LA0) — p(Sy —2,00) <0, (1.30)
Ag V(S —ub)—AgG (S, —ub)=0. (1.31)
Considering our assumption that the service levels are more than 0.5, we have

SNPZ > [N T] >[\0], and (1.30) holds. (1.31) follows from Lemma A3.

Next, the profit function’s cross difference with respect 5, and 5, can be written as follow:

T S -1
ASUASIHNP,OPT(SO’SJ — f

u=0

(A V(S —w0) = Ag Gy (S, = w.0)) p(u,N0) Ay (P(Sy — LA0) = p(S, = 2,00) ) db.
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Thus ASUASIHNP’OPT(SO,Sl) < 0 because of (1.30) and (1.31). That is, the profit function is

submodular.

Proof of Proposition 8

Part A) Because ¢ is afeasible rationing policy, its performance by definition is worse than the
optimal rationing  policy.  Therefore, we have  II"¢(S) <1"'’(s) and
HNP,z( S,,9,) < mvp.orT (S,5,).

Part B1) Please note following:

A, IYPOr (s, 8,) = Ay Gy (51’0)
o [5il
+J, > (Aslv(s1 —u0) = Ag G, (S, — u,Q))p(u,)\IQ) Ap(Sy — 1,)\,0)d0
u=0

Plugging in 5, = 5", we note A G,(5",0) = 0 and Lemma A3 imply that the LHS is aso
positive: Ay IO (s 5?) > 0. Then, because Az IV (5, 5""") > 0, the concavity of
IYPOPT(g . S)) in S, means SMOPT > ghPe,

Part B2) Please note following:

0
Sl

LSSV (8, — w8) = Gy (S, — ) A0) | A [ (S, — 1A — p(S, — 2.7\6)]d6

u=0

ASOHNPOPT (8:5,) = Ay Gy(5,,0)

For any S, >S5 , the assumption of S > 0.5 means S, > S >[A\T|>[)\0] . So

p(Sy — L) < p(S, —2.00) . Plugging in S5, =572, we get A 1" (5)"?,5,) <0 for al
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Sy 2 572, because A Gy(5)"7,0) =0 and V(S —u.0) > G, (8, —u0). Since I (5,.5,)is

decreasingin S on 5, > 5", we must have """ < 57,
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CHAPTER 2. DISCOUNTED HOME DELIVERY STRATEGY

2.1 INTRODUCTION AND MOTIVATION

Stockout is an experience most customers have had at some point in their lives. While customers
who purchase online may have ahigher tolerance for such events, it isacompletely different matter
for customerswho shop in astore and expect to find theitem they seek in stock. A study by Sterling
Commerce Inc. (2009) showed at least 25% of the time customers | eft stores without the item they
were looking for. A similar study by Deloitte Inc. (2007) showed that seventy-two percent of
consumers say that finding their favorite items to be out-of-stock decreases their willingness to
shop with that retailer. Customers who choose to shop in a store spend time and effort to get to a
store because they expect retailers to have what they want. If a retailer fails to meet this
expectation, the customer’s disappointment might reduce the chances of them coming back.
Therefore, it is not surprising that retailers are very concerned with not wanting customers to
experience stockout.

While retailers have become more experienced in dealing with stockouts, there is still
considerable room for improvement. A traditional solution has been transshipment, which requires
the physical transfer of items between stores to rebalance the inventory. A more recent solution is
to create inventory visibility across the system so that sales associates are able to locate out-of -
stock items in other stores for customers to pick up in-person. However, in-person pick-up is not
always feasible as the store might be far to reach for customer either from distance or time
perspective. In this case sales associates can place an order for home delivery from online

warehouse or directly from supplier. Customers who are not in need of an item immediately may
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accept the option of home delivery. There will be some customers who will just walk away and
possibly substitute the item.

Retailers want to capture a sale before a customer leaves the store, so retailers have been
mostly making the home delivery option more attractive compared with the shopping charge on
their website. For example, Macy’s offers $50 free shipping threshold for home delivery purchase
made in store while the threshold online is $99. In some cases, a sales associate may choose to
override the threshold and offer free shipping. Ann Taylor is another retailer that provides free
shipping for home delivery if an item is not available in the store. While most retailers such as
Macy’s and Ann Taylor handle home delivery through sales associates, others such as Kohl use
kiosks in the store. While retailers are incentivizing customers by subsidizing the shipping cost
partially or completely, the incentive can take other forms such as an immediate price reduction or
adiscount coupon for future purchase. We call this the discounted home delivery strategy.

Customers react to the discounted home delivery option different due to their heterogeneity
on many dimensions. In this regard we focus on sensitivity to price and leadtime. Customers who
purchase in store can be placed on a continuum from highly price sensitive to leadtime sensitive.
Discounted home delivery after stockout helps retailers to not only capture sales that might be
otherwise lost; but also keep price sensitive customers happy. However, there is no reason to offer
this option only after stockout, it can also be offered when there are still some inventory units | eft.
By doing so, the retailer can induce some price sensitive customers to take the home delivery
option while preserving the inventory for leadtime sensitive customers who would otherwise be

lost if the home delivery option is not made available until stockout.
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Therest of this chapter is organized asfollows. In section 2.2 we review the related literature.
In section 2.3 we introduce the model setup. In Section 2.4 we study the retailers’ optimal
discounted home delivery strategy. In section 2.5 we build simple and practical heuristics that
address challenges with regard to implementation of the optimal policy. In Section 2.6 we perform
numerical analysis to evaluate a retailer’s profit and optimal stocking using a discounted home
delivery strategy. In Section 2.7 we conclude this chapter with a summary and a discussion about

directions for future research.

2.2 LITERATURE REVIEW

Our study of retailers’ discounted home-delivery strategy is related to dynamic pricing, and
customer retention. In this section, we focus on the literature review of the most relevant papers.

Dynamic Pricing The relevant research stream in dynamic pricing is the literature on multi-

product dynamic pricing without replenishment in the retail industry. For comprehensive surveys
on pricing in the revenue management literature, see Bitran and Caldentey (2003), Elmaghraby
and Keskinocak (2003), and Chen and Simchi-Levi (2012).

There are afew other studies that consider multiple products with shared resources (such as
Maglaras and Meissner 2006; Gallego and van Ryzin 1997). Gallego and van Ryzin (1997) studied
the dynamic pricing problem of multiple productsin a network revenue management context with
limited inventory and price-sensitive Poisson demand. Even though the paper considered airline
yield management applications, the model is extendible to retail settings.

Ding et al. (2006) study dynamic discounting for single product with multiple customer

classes. They consider stochastic demand within a single period setting. However, they divide a
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period into severa stages and assume that the firm observes the demand in the beginning of each
stage and then the firm makes alocation decision based on that. They assume the probability of
unfulfilled demand waiting for delayed delivery islinear in the discount offered. In another paper,
Ding et al. (2007) investigate dynamic pricing for multiple customer classes but with deterministic
demand in an EOQ type environment. They assume the retailer knows the customer classes
therefore retailer can make a decision, to not serve some customer class from inventory but rather
offer them discount to accept delayed delivery.

Customer Retention Another related stream of work in the inventory management literature

looks at the economic incentives to retain customers in the presence of stockouts. Most of this
literature considers durable products with multiple ordering opportunities. Customers will be
offered a discount to wait till future periods, therefore partial backlogging is possible. Although
these problem are similar in nature to ours, they deal with a different problem because offering
such discount might result in lowering higher-class customer’s satisfaction in thefuture. Therefore,
the optimal policy in these problems considers a different set of tradeoffs than ours.

Cheung (1998) considers a continuous-review model where a discount can be offered to
customers who are willing to accept backorders or substitutable units even before the inventory is
depleted, but the proportion of backordering customers is not a function of discount asis the case
in our work. Bhargava et al. (2006) study a model where customers wait for demand fulfillment if
the effective price, a discounted price plus a waiting cost, exceeds their valuation. DeCroix and
Arreola- Risa (1998) consider backordering incentives for a ssmple inventory system, but their
analysis does not exploit different customer classes or dynamic discount adjustments. Deshpande

(2000) considers the design of a pricing mechanism and rationing policy for serving customers
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with differing shortage costs. Gale and Holmes (1993) discuss the use of advance-purchase
discounted prices to divert demand from a peak period flight to an off-peak period flight. Chen
(2001) studies optimal pricing and repl enishment strategiesthat bal ance discounts with the benefits
of advance demand information. Chen finds optimal static prices as opposed to the dynamic
discountswe use. Wang et al. (2002) study a problem of meeting demand from two demand classes
with different lead time requirements. Their paper focuses on studying required inventory levels
in atwo-echelon supply chain, where each location follows a base stock policy with no inventory

rationing, whereas we specifically focus on dynamic pricing for a single location.
2.3. MODEL SETUP

In our model setup, we consider the inventory management of a single seasonal product such as
fashion items with finite sale horizon, for an omnichannel retailer that has one physical store and
one virtua warehouse. We only consider the operations of the physical store and assume the
retailer can use store inventory aswell asvirtual warehouse inventory to satisfy store demand. The
virtual warehouse represents a virtual pool of available inventory outside the store which may
include other stores, online warehouses, and suppliers. We refer to inventory in the virtual
warehouse as backup inventory which for tractability purposes we assume to be infinite. In the
case of big retailers such as Macy’s and Nordstrom, if inventory outside one physical store can be

pooled virtually then this assumption is reasonable.

Let p, denote the product’s unit profit margin at store n < {0,1} (throughout the chapter, we

use subscript 0 for the warehouse, and 1 for the store). Unit sales price is a fixed; however,

difference in cost of inventory can result in different margins for store inventory and backup



67

inventory. When backup inventory is used, the retailer incurs additional shipping and handling
cost, therefore it is reasonable to assume that p, > p, . The product has alife cycle of one season,
so any leftover at the end of the sales season need to be salvaged. Let 1 be the cost of having a
unit leftover in the store at the end of the season.

When customers walk into a store and find the item they seek available, they will make the
purchase and take the item home unless they are offered an option to receive discount of 4 for
home delivery of the item. Customers can be viewed being on a continuum from price sensitive to
leadtime sensitive. We also assume customers are myopic; therefore, they will not delay their
purchase in anticipation of a higher discount in the future. When offered home delivery option,
they will accept the offer if the discount is enough to offset the disutility of a longer delivery
leadtime, otherwise they will walk away. We assume in this case demand is lost; there is no
backlogging.

Let o(d)be the proportion of customers accepting home delivery at the discount level of a.
We assume «(d)is increasing and concave in d. We assume that at zero discount no customer
will accept home delivery. Therefore, aunit of store inventory can fetch aprofit of p, and backup
inventory canyield aprofit of o (d)(p, — ). For notation simplicity, wewill usea, to denote o (d)

. Let T be the length of the sales season. We assume store demand follows the Poisson process

with mean rates of ). Therefore, when discounted home delivery is offered, rate of home delivery
is A, and rate of in store shoppingis A(1—a, ). Let A, = A, and A = A(1—q,).
In practice, a, can depend on time as well. As time gets closer to the end of the season,

customers’ discount sensitivity decreases, which means that higher discount will be needed in
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order to capture the same «, . While we assume «, isindependent of time, results of our study can
be extended to this situation. In our model, d is the decision variable, however since a, is
monotone in d, we can solve the problem in terms of «, as the decision variable instead. The

optimal «, isfound throughout the season, it can be inverted to fine the discount value 4 .

2.4. OPTIMAL DISCOUNTED HOME DELIVERY POLICY

The current industry practice to offer discounted home delivery after stockout is an effective
strategy. However, as we discussed earlier this might not be the best strategy. It is possible that by
offering this option even before stockout, retailers can delay the possible stockout and increase
their profit. In this section, we study retailer’s optimal discounting policy (OPT). The retailer has
two decisions to make at any time in the season. First, the retailer should decide whether to offer
discounted home delivery or not. The second decision is how much discount to offer. Once
stockout occurs, the answer to first decision is positive. However, when a store has inventory
available, the answer depends on the amount of inventory available. When lots of inventory is
available, the option should not be offered. Recall from model setup that offering a zero discount
results in no acceptance, which is equivalent to not providing the option. Therefore, we only study
retailers discount decision (4 ), where ¢ = 0 means no-discount and ¢ > 0 means discount.

We use dynamic programming (DP) to formulate the retailer’s profit. Continuous time setting
is complicated to solve, therefore we follow a common practice in the literature to use discrete
approximation to solve the problem and find the optimal policy. However later in the numerical

anaysis, we evaluate the optimal policy and suggested heuristics which are derived in the
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continuous time setting to check how well the approximation works. The methods for solving
discrete DP’s have been well developed in the operations research literature (Bertsekas 1987,

Porteus 1980).
Wedividetheseasonto 7 timeperiodsand use ¢ to index time period numbers. Timeindices
run forward, so ¢t = 1 is the first period and ¢ = 7 is the last period. We assume that the time

period length, s, is so small that in each period, there will be a most one arrival. Therefore,

demand in each period follows the Bernoulli process where probability of one arrival is P = Xé.

The state variable for decision making is (4,t) where i is the level of offline inventory at time ¢.

Let V (z’,t) be the retailer’s optimal profit at the beginning of period ¢ with i units of inventory.

The corresponding Bellman equation can be written as:

V(it)= max {RV(it+1)+Boy(p,—d+V(it+1))+P(1—a,)(p, +V(i-Lt+1))} (21)

0<d<p,

with boundary condition V(4,7 +1) = —hi for al . Thefirst term in equation (2.1) represents no

arrival and the second and third terms represent one arrival when home delivery is accepted and

rejected respectively. Let 4;, be the optimal discount with  units of inventory at time ¢. We start

by characterizing 4;, when inventory is zero and proceed to the positive inventory case. The

Bellman equation for i = 0 simplifiesasfollows:

V(O,t):V(O,t—i-l)—i- max Plad<p0—d) (2.2)

0<d<p,

Proposition 9 For 7 = 0 and al ¢, the optimal discount level 4,, satisfies o/ (po - d;t) =a,

and dg,t S (O,po) .
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Aswe assume backup inventory isinfinite, d;, isan independent decision for every incoming

demand asit isindependent of ¢ as shown in Proposition 9. Therefore, we simplify 4;, into d .
Next, we look at the optimal discount at + with positive inventory. Let’s define first order

difference of value function as AV (i,t) = V(i,t)— V(i —1t) where AV (it)represents marginal

value of the i’s unit of inventory at time ¢. The Bellman equation in (2.1) can be simplified as

follows by rearranging terms:

V(i,t)=V(i,t +1)+ B (p — AV (i,t + 1))+ max BWT (dit). (2.3)

0<d<p,
where W7 (d, z’,t) =aq, (po —d—p, + AiV(z',t + 1)) is the expected gain from offering

discount ¢ with i units at time period ¢ . Note that the superscript Y in W (d,i,t) represents the

discounting policy. In the next sections, definition of Y will be extended to include others policies.

Unlike optimal discount at zero inventory level, optimal discount for positive inventory depends

on AV (it+1), margina value of inventory. Therefore, to in order to characterize the behavior
of d, , we need to first study AV (it). When AV (it)is high, the retailer is more willing to
protect the unit and therefore offer discount for home delivery. The opposite holdswhen AV (i,t)
islow. The following lemma shows characteristics of A,V (i,t) with respectto i and ¢ .
Lemma5Forany i and ¢, AV(i+1t)<AV(it) and AV (it) > AV(it+1).

Lemma 5 shows that marginal value of inventory is decreasing in time and inventory level.

Intuitively, the marginal value of an extra unit of inventory should be higher when there is more

time left in the sales season to sell it. Also at any given time, the margina value of an extraunit of
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inventory should be decreasing in the existing inventory level: when the inventory level islow, an
extra unit is highly likely to result in additional sales; this benefit diminishes as there is more
inventory asthelikelihood of being aleft over startsto dominate. Therefore, we expect that optimal
discount to be higher in the early season for low value of inventory as marginal value of inventory

will be high.

The following theorem shows that ¢;, can be uniquely identified at any point in the season.

Theorem 2 For any i and ¢, there existsaunique d;, such that
a d,=0if py—p +AV(it+1)<0,

b) otherwise d;, is the unique solution to a(’ii[(po—dZt—pl—FAiV(i,t—i-l)):ad;[ and

dZt € (0,p,).

The proof is provided in the appendix and theideaisthat W°"" (d,i,t) isaunimodal function,

where it is either increasing at ¢« = o or decreasing for al «. If it is decreasing at ¢ = 0, then

d;, = 0. Otherwise sinceit isaunimodal function, itsfirst order condition can be used to calculate

d;, . Next, we characterize d;, with respectto i and .

*

i+1,t

*

Proposition 10 For any : and ¢, d el -

<d;, and d;, >d

Proposition 10 shows that optimal discount is decreasing in i and ¢, which is a result of
Lemma 5. The result can also be explained considering the direct relationship between optimal
discount and stockout. For example, a a given i, chance of stockout is decreasing as time gets

closer to the end of the season, hence the discount level also decreases.
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The next proposition further shows that there exists a point in the season after which no

discount should be given whenever there isinventory.
Proposition 11 There exists #, suchthat ¢, = 0 foral i >0 and ¢t >¢;.

Intuitively speaking, near the end of the season, the expected value of any inventory unit is
negative. Therefore, the retailer is better off offering no discount at all.

To completely characterize the optimal policy, we aso need to calculate the optimal discount

before ¢, is reached. Unfortunately, the calculation of 4, = 0 in part b) of Theorem 2 is quite

involved and must be done for al i >0 and ¢t < t; . Considering the scale of problems in the

industry, calculation poses a practica challenge for implementation. Also the dynamically
changing discount is hard to implement in industry. Perhaps a store’s policy is to inform customers
about discounts through putting signs near checkout areas. Therefore, either discount signs need
to be digital and linked to the central system for continuous updating or, if the signs are physical,
sales associates would be required to change them very frequently. Therefore, we develop ssmple

and effective heuristics in the next section.

2.5. HEURISTICS

In this section, we present three heuristics. Let ¢ = min{t |1 <¢ < T, i = 0 at time ¢} represent the
random time when thefirst stockout happens. Similar to Proposition 9, we can seethat it isoptimal

to offer discount d; after ¢ for any policy. Thecalculation 4, = (po —a )/o/* isfixed and simple

d,

0

.
dy

enough, so we will let al of our heuristics use d; after stockout. Our heuristics differ in how they

discount before ¢ .
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Thefirst heuristic is called the base (B) policy and represents current practice in the industry,
offering no discount before ¢ . We will use the base policy as the benchmark in our numerical
analysis to show how much benefit retailers can expect if they switch to a more comprehensive
policy. The second heuristic is called the two discount level (TD) policy, which offers a fixed
discount level or zero, before ¢ . The third heuristic is called the newsvendor (NV) policy, where
optimal discount can vary by i and ¢, but its calculation is simplified — the value function for the
OPT policy is approximated by a static newsvendor profit function.

We now give the specifics of each heuristic in the next three sections.

2.5.1. BASE PoLICY

The current industry practice is to only offer discounted home delivery when the store inventory
is depleted. To represent this strategy, we study base policy which offers discount d;, on
0 <t<T and zero discount on 1 <t < # . Since demand in each period follows a Bernoulli

distribution, the total demand of season follows Binomial distribution. Let T1° (S) be the expected

profit of retailer under B policy with initial stocking level of S. Let p(j;T,F,) be the probability

[o¢]

distribution function of Binomial distribution and P(j;T,7) = > p(i;T,7 ) be the tail of its

=7

cumulative distribution. Then 11”2 (S) can be written as:

oo

a1 (5) = 3 (g =h(8 = )p(TR)+ 3 (05 +(=S)ay(m ~d)p(GT.R) @)
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Proposition 12 The following properties hold for 11" (S):

a II%(9) isstrictly concavein s,

h
(p +h)—a (po_dg).

0

b) Optimal stocking level, S? , isthelargest s such that P(S;T7P1) >

When there is no backup inventory, optimal stocking is the largest s such that

P(S:T,P) > . Comparing with

p +h

Proposition 12, we can see that optimal stocking level is lower when backup inventory is
available.

Proposition 12 shows that the possibility of using home delivery to satisfy customers after

stockout can increase the store profit and reduce inventory at the same time.

2.5.2. TWO DISCOUNT LEVEL POLICY

In the two discount level (TD) policy, as the name suggests either discount will be zero or afixed

level d before stockout. With only two discount level store operations will become more
manageable and sale associates can use their time to further enhance the quality of customer in-
store experience. The TD policy will also be easier to characterize as search paces of d islimited
to zero or 4 . To find the optimal TD policy, a two stage optimization should be solved. In the
second stage, 4 is fixed, and the TD policy finds the optimal stock and profit given . Then in

the first stage, profit is optimized over d .
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Let 4™ (z‘,t|c7) be the expected maximum profit under TD policy with 4 units of inventory

at time period ¢ given the fixed d . For notation simplicity, we use H™” (i,t) to represent

H™ (z‘,t‘&) . The Bellman equation is:

H™ (ijt)=H™ (i,t +1)+ P, (p1 — AH™ (it + 1)) + max BW™ (d,i,t) (2.5)

d=0,d
where WP (dit) = a,(p, —d —p, + AH™ (it +1)) and the boundary condition is

H™ (i, T +1) = —hi . Next, we show that the TD value function has similar properties to those of
the OPT function. The following result is parallel to Lemma5.
Lemma6 Forany i and ¢, A H™ (i+1,t) < AH™ (i,t) and AH™ (it) > AH™ (it +1).

Lemma 6 shows that the margina value of inventory under TD policy is also decreasing in

inventory and time, just as under the OPT policy. Similarly, we expect that TD discount has similar

behaviors with respect to inventory and time to those of the OPT policy. Let 4/ represent optimal

discount under TD policy with i units at time period ¢ . Next, we characterize 4/ with positive

inventory.

Proposition 13 If p, —d — p, + AH" (it +1) >0, d}f = d, otherwise 4] = 0.

Thereason for Proposition 15isthat to find TD discount, we just need to compare W'” (d. it
andW "™ (0,,t). Sincew™ (0,i,t) = 0, when W™ (d,i,t) > othen it is optimal for the retailer to
offerd”” = d . Based on Lemma 6 and Proposition 13, we can see that the TD policy is threshold

based as characterized in Proposition 14.
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Proposition 14 The TD discount policy is threshold based:
a) For agiven i > 0, there exists a threshold on time period, tiTD , before which 47 = d and
after which 4/” = 0.
b) Thethreshold, ¢'”, isdecreasingin i .
Therefore, to characterize the TD policy for agiven 4, we need to find ¢'” for all i . Please
note that Part b) of Proposition 14 is equivalent to inventory based threshold, i'”, above which
d'? = 0and below which d” = d . Once DPissolved for agiven d , the optimal stocking and the

optimal profit for d isfound. Next step isto optimization over 4 asfollows:

max I (d) = H™(8;,1|d) (2.6)

0<d<p,
where 3; is the optimal stocking given the fixed 4 . Next, we show that to we can search for the
optimal d on [0,p, .
Lemma?7 H' (it|d)isconcavein d forall i.
When d =0 and d = p,, the TD policy is the same as the B policy. However, for any

d €(0,p, ), the TD policy will perform better than B policy.

2.5.3. NEWSVENDOR PoOLICY

We now take a different approach that keeps the structure of optimal policy but simplifies how the

optimal discount is calculated. Recall that to find the optimal discount under OPT policy, we

optimize WO (d,i,t) = a,(p, —d — p, + A,V (i,t +1)) over ¢. To simplify calculation, we can
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approximate AV (it) by the first order of newsvendor profit. Therefore, we call this the

newsvendor (NV) heuristic. The newsvendor profit is defined as follow:

i

G(dit)=pi—(p +h)> (i—n)p(mT —t+LP(1—qa,))

n=0
Therefore, the first order difference of (2.7) isasfollows:

i1
AiG<d,z‘,t):plf(p1+h> p(n;T—t+LPl(1—ad)).
0

n

2.7)

(2.8)

This approximation assumes that a constant discount will be offered for the rest of the season

a al positive inventory levels. The NV heuristics is myopic and will be updated in every time

period, therefore the NV discount can vary. We begin by characterizing how NV discount (47"

is calculated and then show how its behavior changes with respect to i and ¢ .

Proposition 15 There exists aunique 4} such that

dNV —0. i—1
a if py = (m +h) 3 p(mT —t+1LR(1-a,)) <0,

n=0

b) otherwise, dff‘ is the unique solution to a;* [po — d:t —p, + AiG(d, z',t)} =a,

" € (0,p,).

and

Similar to the OPT policy, we show that WNV(d,z',t) isaunimodal functionin 4 for al i and

t. When it is decreasing for all 4, thend;, = 0. Otherwise since it is a unimodal the first order

condition can be used to calculated;, . Next, we characterize how 47" changes with respect to

and ¢.
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Proposition 16 Forany i and ¢, d” |, <d\" and 43}, > d}}" .

Proposition 16 showsthat the NV heuristic, just like the OPT policy, has decreasing discounts
both with respect to time and inventory. Next, we characterize NV discount close to the end of the

season which will help to map the complete NV policy.
Proposition 17 There exists aperiod ¢, after which ¢ =0 foral i > 0.

Using al the information we obtained on NV policy, we suggest the following procedure to
calculate NV discount over the season. Start from ¢ = 1 and i = 1 to calculate the NV discount
and then move to the next period, until the NV discount is zero. At this point, go to the next
inventory level and set ¢ = 1and i = 2, Follow this procedure until the NV discount at ¢+ = 1 and
i 1S zero. Once the NV policy is calculated, we can calculate the retailer’s expected profit using a

dynamic program similar to the OPT policy.
2.6. NUMERICAL STUDIES

In this section, we use a set of numerical examples to study the retailer’s profit and stocking level
under the optimal policy and the suggested heuristics. Recall that the optimal policy and the
heuristics are all derived in the discrete time setting which serves as an approximation to the
underlying continuous time customer arrival and discounting processes. In the numerical tests we

will evaluate all of them and see how well they perform in the real, continuous-time setting.

Without loss of generality, wenormalize p, =p, =10, 7 = 1,and s = 0.001. Weset \ atfive
different levels ranging from low to high. Because » isfixed at 10, setting the leftover cost » is

equivalent to setting aservice level (SL), SL = %.
P
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The parameter set is:

0 \e {5,10,20,50, 75}.

o SL€{0.65,0.75,0.85,0.95,0.99} , which implies h, e{l L2 i}.

137 3717 19
We assume function form of a(d) =1-¢". We set o at five different levels ranging from

low to high. The parameter set is:

0 a€{0.050.10205125}.
Note that parameter o represents the upper bound on discount sensitivity of customers,
showing how much home delivery rate increasesif discount is slightly above zero discount.
There are 198 casesin total. In this section, we are interested in anal yzing how much optimal
profit and inventory change a retailer could expect from implementing the optimal policy and
various suggested heuristics from the base policy. All the tables present average performance
deviations across a given set of cases. To streamline presentation, we show all the results as

performance deviation of OPT/NV/TD from policy B, defined as:

OPT/NV/TD _ Performance®

: , (©)

Performance

Performance Dev =
Performance

where Performance € {Proﬁt, Inventory} :

Table 2.1 Policy OPT/NV/TD’s Profit Deviation from Policy B

NV Policy | TD Policy | OPT Policy
Average 0.81% 0.83% 0.99%
MAX 2.24% 2.30% 2.68%
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In Table 2.1, profit deviation results show that OPT policy can result in ~1% profit increases.

Maximum profit increase is 2.68%, which is significant. While the TD policy slightly does better

than the NV policy, comparing individual cases shows that in 52.8% of the cases NV policy is

outperforming (0.64% vs. 0.58%) TD policy.

Table 2.2 Policy OPT/NV/TD’s Inventory Deviation from Policy B

NV Policy

TD Policy

OPT Policy

Average

-6.57%

-4.71%

-6.43%

In Table 2.2 we observe optimal inventory reduction which is due to using backup inventory.

The OPT policy on average reduces stocking level around 6.43%, which is less reduction

compared to NV policy. So while expected profit from NV policy is not as much as OPT and TD

policy, theinventory reduction is higher. Numerically what we can seeisthat NV policy discounts

heavier compared to OPT policy; as aresult, inventory reduction is more.

In Table 2.1 and Table 2.2, we analyzed how a retailer’s performance in terms of profit and

inventory changes with discounted home delivery policy. It is also important to understand a

retailer’s performance trend with respect to demand and service level.

Table 2.3 Policy OPT’s Profit Deviation from Policy B by A and sL

065 1.91% 1.98% 2.02% 1.81% 1.66%
T o075 L44% 1.59% 1.59% 1.38% 1.26%
w085 106% 1.07% 1.03% 0.90% 0.82%
'(; 095| 0.44% 0.42% 0.39% 0.33% 0.30%

099| 0.09% 0.08% 0.08% 0.06% 0.06%

5 10 20 50 75

A (Demand Rate)
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In Table 2.3 we can see that retailers with a service level below 0 benefit significantly from
implementing OPT policy compared to B policy. When service level is high, unit values are high
while holding cost is low, therefore retailers with high service level tend to carry lots of inventory.
Therefore, they will not need to use backup inventory as much. Next, we anayze profit and

inventory deviation with respect to customer’s discount sensitivity.

1.4%

1.2% -

1.0% +

Profit Dev (%)
o (=)
(@) (ee]
X =¥

0.4% -

0.2% -~

0-0% T T T T
0.05 0.2 0.5 1 2

Figure 2.1 Profit Deviation by Discount Sensitivity

Profit deviation is concave in discount sensitivity. When discount sensitivity islow, it means
that customers are mostly leadtime sensitive. Therefore, increasing discount will not have much
benefit. On the other hand, when discount sensitivity is high, customers are mostly price sensitive.
Therefore, retailer can capture them just by offering discount after stockout. However, with middle
range of price sensitivity, there is more heterogeneity among customers. In that case retailer can
discounted home delivery to successfully segment the customers before stockout. Therefore, for

middle ranges of price sensitivity, OPT, NT, and ST outperform B policy.
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2.77. SUMMARY AND FUTURE RESEARCH DIRECTIONS

In this chapter, we have studied the discounted home delivery strategy. Thisstrategy helpsretailers
to delay stock and to save the sale after stockout.

We characterized the optimal action of retailers under stochastic demand for any given time
and inventory in the season. We noted the challenges of implementing the optimal policy and
suggest two heuristics, two discount level and newsvendor, to address these challenges. In the
numerical section we analyzed retailer profit and inventory decisions with discounted home
delivery strategies. We showed that profit increase as well as inventory reduction is significant
with OPT, NV, or TD policy compared to B policy.

Much work remains to be done. There are three extensions that we suggest here. First, we
assumed customers are myopic; however, in real life customers can be strategic. Therefore, one
extension to this model isto consider strategic customers who might visit a store often in order to
determine the best time to make a purchase. Second, we made the assumption that thereisan ample
amount of backup inventory. Thisis a reasonable assumption when considering big retailers with

many stores, warehouses, and suppliers. However, it is worthwhile to consider finite backup

inventory. Third, we assumed that «(d) isindependent of inventory level for tractability purposes.

However, «(d) could be different when we have positive inventory available compared to no

inventory. When there is no inventory available, customers discount sensitivity will be higher.
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APPENDIX

Proof of Proposition 9

Please note;

V(0.t)=V (0.t +1)+ max Pa,(p, —d) (2.9)

0<d<p,

For thisproof, let’s define f(d) = a, (p, — d) . Thefirst and second order derivativeswith respect

to d areasfollows:

7 (a)=olfp, )

f”(d) — Oé;/(p[) _ d) — 2/ (2.10)

Since a;, > 0and a) <0 then f”(d) <0. Thereforef(d) is a strictly concave function, as a
result of which 4, is unique the solution to f’(d):o . Since f’(O):Ozé-pO >0 and

f'(p,) = —a, <0,then 0 <d;, <p,.

Proof of Lemma 5

We prove Lemma5 in two parts as follows:
A. Forany ¢ and ?, Aiv(z’ + 1,t) < Ay(m)

B. Forany ¢ and t, AiV(z’,t) > Aiv(z’,t—i—l)
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Part A) The proof is by induction on ¢. For all i, we know AiV(i,T + 1) — —h, therefore it

holds at the boundary. Now we assumethat it holdsat period ¢ 4+ 1 and show that it holds at period

t aswell. Forall i > 0, at period ¢, we can write:

AV(i+2t)-AV(i+1t)=(1-B)AV(i+2t+1)=AV(i+1t+1)
+R(AV(i+ 1t +1) = AV (it +1))

+Pay (p, -
~Pay (p—d

—Plazd:+1 (po - d

—|—Plad1.t (p[) d +p, + A V(

From the optimality of d_ |,

O‘d;l‘,( ~d +p +AV(i+1t+1))

>,
., (7= dHrH%+AV@+1“””Zaa(

Substituting (2.12) into (2.11), we obtain:

d*

s, o, AV (i+1t+1))
p,—d, +p, —|—AiV<i+1,t+1))

LD AV (i42t+1))

P AV (i1t +1))

L P AV (i1t +1))
£+

1)

(2.12)

, the following inequalities hold:

o (p
ey

(2.12)

AV(i+2t)=AV(i+1t)<(1=B)(AV(i+2t+1)-AV(i+1t+1)

+B(AV i+ 1t +1) = AV (it +1))
Ap—d AV (42, +1))
~Pa, (2, =+, + AV (i+1E+1))

~Ray, (p,—d, +p, +AV(i+Lt+ 1))
+Plad/*_, (po - d:t b+ Aiv (i’t + 1))

+]Dlad* . (pO
i+2,t (213)
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Rearranging and canceling terms yield the following:

AV(i+2t)-AV(i+1t)< [1—131(1—%‘ )](A1V<i+2,t+1)—AlV(i+1,t+1)) (2.14)

+P, (1_% )(Aiv(i+1,t+1)—Aiv(z',t+1))

From the induction assumption, we know Aiv(z'-l-l,t-l-l)gAiV(i,t—i-l) for al i. By
definition of o, and P, we aso know that 0 <« ,, P, <1. Therefore we have showed

AV (i+2t)—AV(i+1t)<0 holdsfor al i a period ¢ aswell. Asaresult, it holds for all i

and ¢ .

Part B) Please note:

AV(it)= AV (it+1)=-P (AZ_V(i,t +1)— AV (i—1t+ 1))
+ha, (po —d, —p, + AV (it + 1)) (2.15)

12

*

—Pa » (p() —d_ ., —p + AiV(z'—l,t + 1))

174 i

From the optimality of d:t , the following inequality holds:

o, (p=d,—p +AV(it+1)za, (p-d, —p+aV(it+1)) (216

dY.

Substituting (2.16) into (2.15), we obtain:

AV(i+1Lt)=AV(i+1Lt+1)> =R (AV(i+ 1Lt +1)= AV (it +1))
+Ba, (p,—d, —p +AV(i+Lt+1))  (217)
~Pa, (p,—d, —p, + AV (it +1))

t
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Rearranging and canceling terms yield

AV(i+Lt)=AV(i+1Lt+1)> —(1—% )P] (AiV<i +1,t +1)—Aiv(z’,t+1)) (2.18)

i

We showed in pat A) tha AL_V(z'-i—l,t-i—l)gAiV(i,t-i—l) ,  therefore

AV(i+1t)>AV(i+1t+1).

Proof of Theorem 2

Recall from (2.3):
TWOPT (d,i,t) =a, (p0 —d—p +AV (i,t + 1)) (2.19)
The first and second order derivatives with respect to d are asfollows:

oW (d,i,t)

5 = % (p,—d—p, +AV (it +1)) -, (2.20)
2 OPT .
W adz(d, irt) =a/(p,—d—p, + AV (it +1)) - 2, (2.22)

OWOrT (d, it oW (d,i,t 2
( ) and ( ) as oW and oW respectively.

For brevity, we will shorten
od od’ od od’

For this proof, let’s define f(d) = p, —d —p, + AV (i,t +1). We know f'(d) = —1 < 0 and
f(p0> =-p +AV (z’,t + 1) < 0. Therefore, either f(d) < 0for ald or there exist d such that

f(@)= 0. Therefore, at any (i,t) two cases are possible:
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l. When f(d)< 0forall d,because o/, >0 and a, >O,Weknowaa—3/<0

II. Similar o1, when £(d) < 0for d € |d, p, |, weknow %—Z/ < 0 . Ontheother hand, since

2

f(d)>00n defod), aj<0, and o) >0, we know — <0 . Please note

>0 andg—W

ad

ow

<0.
od

d=d

d=0

*
i,

Therefore wo” (d,z’,t) isaunimodal function. Incasel, d’, = 0 andincasell, d’,isthe unique

solution to the first order condition and d:t € (0, d ) :

Proof of Proposition 10

We prove Proposition 10 in two parts as follows:

A. Forany tandt,d <d

= it

*

B. Forany tand t,d >d

it — i+l

Part A) Thefirst order difference of (2.20) with respect to ¢ isasfollows:

oW (d,it)

AiJrl 8d

=aj(AV(i+1Lt+1)=AV (it +1)). (2.22)

oW (d,i,t)

Based on Lemma 5, AiV(z’ +1,t+ 1) < Aiv(z’,t T 1), therefore A < 0 which

*

means dvﬁ+1,t < d,;,t-
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_ oW (dyit) oW (dyit) oW (dit +1) _
Part B) Let’s define A = — . The first order
’ od od od

difference of (2.20) with respect to ¢ isasfollows:

oW (d,i,t)

T =% (AV(it+1)-AV (it +2)) (2.23)

OWOrT (d, i, t)

Based on Lemma 5, Aiv(z’,t + 1) > AiV(i,t +2) , therefore A > (0 which
means d; > dzm.
Proof of Proposition 11
At periodt = T:
OWOrT (d, z',T) /
:ad(po—d—pl—h>—ad (2.24)

OWOrT (d, i, T)

Since p, < p, and a; >0, then < 0for al d whichmeans d,, = 0. We know

* *

d >d

it — i+’

then if we move backward in time, either TD discount is always zero or there might
be aperiod at which d/, > 0. Since d_,, <d,, d;, will change sign sooner than any other i at a

i+1t —

given t. Therefore t; isthelargest ¢ such that the followings hold:

(p, =P, +AV(Lt+1))>0 and (p, —p, +AV (Lt +2))<0. (2.25)
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Proof of

Proposition 12

The first order difference of 11” () with respect to  is:

ASHB (S) =p, —aq, (po —d)—(p1 —a, (po —d)+h)§p(j;T,Pl) (2.26)

j=0

The second order difference of 11” (S ) with respectto S is:
AII7 (8) = —(p1 —a,(p, - d))p(s ~LT,P)) (2.27)
Therefore T1” (S) isstrictly concavein S .

Proof of Lemma 6

Proof is parallel to that of Lemma5.

Proof of Proposition 13
We want to optimize W' (d,i,t) = a, (po —d—p +AH" (i,t + 1)) over d € {0,&} . We
know WP (O,i,t) = 0. Therefore, if W™ (&\,z‘,t) >0, d?” =d, otherwise d/” =0 . For

WP (dzt) >0, itissufficientif p, —d —p, + A H™ (i,t + 1) > 0.

Proof of Proposition 14
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For this proof, we define f(&,z‘,t) =p,—d —p +AH"(i,t+1). By Proposition 13, if
f(d,it)>0,then & = d , otherwise d” = 0.
Part A) We know f(g,i,T) =p,—d —p,—h <0. Therefore, when ¢t =T, d/” = 0 for all
i>0.By Lemma 6, A H™ (zt) >AH™ (i,t+1), therefore f(ci,z',t) > f(&,i,t +1) which

means d'” > d'"

...+ This means going backward either TD discount is always zero for a given i

or thereisaperiod at which, called tiTD , TD discount changesto d and remains fixed for the rest

of the season. Therefore ¢ is such that:
py—d—p, A AH”(it”)>0) and (p,—d—p +AH” (it +1) < 0] (228)

Part B) By Lemma 6, A H"” (z + 1,t) <AH"™ (i,t), therefore f(E,i + 1,t) < f(zf,z’,t) which

means d'” < d'".Asaresult, ¢/” isdecreasing i.

i+t —

Proof of Lemma 7

We prove concavity in d using induction on ¢ . At the last period, t = T, we know that dI;D =0
holdsforal i > 0. Thatis, therewill be no discounting regardless of theinventory. Thusthevaue
functionisindependent of the 4 . It’s trivially concave in d asaresult. Weassumethat it is concave

in d at period ¢ + 1 and show that it is concave at period ¢ aswell.

For all i > szﬁ . we know:
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H™ (i,t) = BH™ (it +1)+ P, (p, + H™ (i = 1,¢ + 1)) (2.29)
The second order of (2.29) with respect to d isasfollows:

O*H™ (m) O*H™ (i,t + 1) O*H™ (z —Lt+ 1)

= =P = + P — 2.30
od’ ’ od’ ' od’ (230
o . . . O*H™ (i)
By induction assumption, H"” (z‘,t + 1) is concave for al i > i”, then — =< 0 for all
i > aswell.
For i <", weknow:
H™ (ist) = BH™ (it +1)+ P, (p, + H™ (i = 1,t +1)) .
+Pa, (p, —d +p, + AH™ (it +1)) '
Therefore, second orders of (2.31) with respect to d is:
O*H™ (i) O*H"™ (it +1) OH™ (i—1Lt+1)
7 = Po 7 + Pl 72
od’ od” od
+Pla{;(p0 —d+p +AH (it + 1)) (2.32)
, OAH™ (it +1) OPAH™ (it +1)
OA H™ <z’,t +1)
We can show that N = PaA’H"™ (i,t + 2) and

od

O*NH™ (i,7 +1)
dd

= Pa/A’H"™ (i,7 +2). Therefore (2.32) simplifiesto:
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BZHTD(@',t>_ O*H"™ (it +1) P82HTD<i—1,t—i—1)

= + =
od* ’ ad’ ' od*
+Pa)(p, —d +p, + A H™ (it +1)) (2.33)

+2(Pal) AP H™ (it +2) — (P) a,afA?H™ (it +2) 2P0

Therefore, since (2.33) is also negative, concavity proof is complete.

Proof of Proposition 15

The first and second order derivatives with respect to d are asfollows:

oW (d,it)

5 ! po—d—(pl—{—h)izljp(n;T—t+1,P1<1—Oéd>)]—04d (2.34)

:ad

n=0

*WwY (d, z’,t)

i—1
PE¥E po—d—(pl+h>§p(n;T—t+1,Pl<1—ad>>]

2+ (pl + h)a;PliTit_—ji__lnp(n;T —t,P, (1 — ad))

n=0

o
- a(l

(2.35)

/
_ad

oW (d,i,t W™ (d, it 2
For brevity of this proof, we will shorten ( ) and ( ) as oW and oW
ad od’ od od’

respectively. For this proof, let’s define f(d) =p,—d— (p1 + h)ip(n;T —t+LFP (1 — ad>).
n=0

Weknow f'(d) < 0and f(p,) < 0. Therefore, either f(d) < 0foralld or thereexist d such that

f(E) — 0. Therefore, at any (i,t) two cases are possible:

l.  When f(d)<0foral| d, because o/, > 0 and o, >O,Weknowa—W<0
od



93

1. Similar tol, when f(d) < o0forde [J,po],weknow %—ZV < 0 . Onthe other hand, since

2

f(d)>0 on de[O,E), /<0, and a, >0, we know V2V<O. Please note

ow

od

>0 and—

d=0

Therefore W"" (d, i,t) isaunimodal function. Incasel, d., = 0 andin casell, d_,isthe unique

solution to the first order condition and d;t € (0, d ) :

Proof of Proposition 16

Part A) Thefirst order difference of (2.34) with respect to: is.

oW (d, i, t)

T =—(p, +h)a;p(z‘—1;T—t+1,Pl(1—ad)) (2.36)

oW (d, i, t)

Since A <0,weknow " <a"".

i+1,t

Part B) The cross order derivative of (2.34) with respectto ¢ is:

owW™ (d,i,t i1 0ot
" % =(p, + h)a;nz;p(n;T —t+1P(1- aJ)%ﬁ (2.37)
ow™ (d,it)

Since A, | >0,weknow d"" >d""

it+1 "
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Proof of Proposition 17

Let’s look at the last period + = 7. Thefirst order conditionat + = 7 for al i > 0 simplifiesto:

oW (d,i,T)
dd

:A%ﬂ@%—d—prﬂ—qJ<O (2.38)

d
Therefore d”" = 0 for al i > 0. However since d." is decreasing in ¢, if we move backward

there might be a period at which dﬁT becomes greater than zero. Since dﬁT IS decreasing in i,

aw”@mﬂ

when ¢ =1 sign of will change sooner than any other i going backward. We can

use (2.34) to characterize this point as follow:

p, = (p, +h)p(0T =" +1,B(1-a,)) =0 (2.39)
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CHAPTER 3. COMPETITION FOR COMMON CUSTOMER BASE

3.1 INTRODUCTION AND MOTIVATION

In this chapter, we study an incentive problem in a service setting where the service provider has
multiple channels to serve the same homogeneous customer base. We use a very broad definition
of channel so that it can include different formats of service or simply different service agentswho
all can serve the customer base. Because the agents serve the same pool of potential customers,
there exists an inherent competition among agents for customers. For example, when one agent
serves the only remaining customer in a queue, the other agent(s) after completing service will be
idle as they wait for more customers. Therefore, an agent’s share of the customer base is the result
of competition. Intuitively, we know that this will affect an agent’s decision on how much effort
to put forth or how fast to work, both of which affect service quality. We want to know how to
coordinate such a system through variousfinancial, operational, and informational meansavailable
to the system provider. We hope that the results and insights developed in this research, while
obtained in a service setting, could have some relevance to similar incentive problems often faced
by omnichannel retailers.

Sales associates are paid through a combination of salary, commission, and bonuses. A
combination of base salary and commissions are more prevalent in the industry as they promote a
more sales-focused culture. Commissions are easy for acompany to set asthey will never overpay.
Commission is popular not only among big companies such as Nordstrom, and IBM, but aso

among small companies. Fishbow! (Williams and Scott 2013) isa small company with around 100
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employees. They put every employee on their commission system and believe that it helped them
increase their sales by about 60% between 2007 and 2013.

Commission promotes aggregate sale, but not the sales process. Such behavior will likely
decrease the quality of customer service and therefore customer satisfaction. Even though
customer satisfaction asacriterion of salesforce compensation is growing, only 47% of US contact
centers reward their agents based on customer satisfaction ratings (ContactBabel 2012).

This chapter is organized asfollows. In section 3.2 we review the related literature. In section
3.3 we introduce the model setup. In Section 3.4, we find system’s optimal service quality in the
centralized setting. In section 3.5, we find agent’s service quality when system is decentralized. In
section 3.6, we suggest three solution mechanisms as contracts, allocation, and customer choice.
Finally, in section 3.7 we summarize our findings and talk about future research direction for

agent’s competition.

3.2 LITERATURE REVIEW

Thisresearchisrelated to salesforce compensation, quality and speed trade-off, aswell asresource
allocation. Speed and quality trade-off literature has a rather short research history. Anand et al.
(2011) when they studied customer intense services. They assumed that time spent with customer’s
increases service quality with diminishing marginal value; this became a common assumption in
the literature. They captured quality through endogenous demands of strategic customers. They
considered single servers aswell as multiple competing servers and show that service value offered
through competition is higher and that servers will slow down. Tong and Rajagopalan (2014)

studied pricing decisions of firmswhen customers have different quality valuations. The dynamic
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aspect of the quality—speed trade-off is analyzed in Kostami and Ragjagopalan (2014). Thereisa
branch in this stream of literature that considers the speed—quality trade-off in a health care setting
(Alizamir et al. 2013; Akan et al. 2011). There is another branch that considers the speed—quality
trade-off in a call center setting, where quality is defined as percentage of calls that are resolved
during the first call (de Vericourt & Zhou 2005; Zhan & Ward 2014). A separate branch of the
literature looked at judgment/diagnostic accuracy under congestion where the value of an
additional test or cue is weighted against delaying service to other customers and creating
congestion (de Vericourt & Sun 2009; Alizamir et al. 2013).

Our research is relevant to the extensively studied resource allocation literature. In the
literature, with limited resources available, agents compete based on different factors such as
servicelevel (Benjaafar et al. 2007; Jin and Ryan 2012; Elahi 2013), delivery frequency (Haet al.
2003; Cachon and Zhang 2007), and price (Jin and Ryan 2012). Gilbert and Weng (1998) modeled
aprincipal that allocates limited demand between two competing agents with costly service rates.
They characterized the condition under which consolidated or non-consolidate queues would be
performing better. Cachon and Lariviere (1999) studied supply chain performance when a supplier
allocates its fixed supply across retailers using different allocation mechanism. They specifically
analyzed aturn-and-earn allocation mechanism based on past sales. Lu and Lariviere (2012) have
studied performance of turn-and-earn allocation mechanisms in the long-run using a dynamic
setting. Interested readers are referred to Zhou and Ren (2010) for a review of service-based
outsourcing.

Salesforce compensation has been extensively studied in the marketing literature; see

Coughlan (1993) and Albers and Mantrala (2008) for a comprehensive review. Many of these
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studies considered asymmetrical information cases where moral-hazard or adverse selection or a
combination of the two exists (started with Basu et al. 1985). Mainly this literature has studied the
effectiveness of different combinations of compensation packages such as salary, commission, and
bonuses (Holmstrom 1979, Basu et al. 1985, Raju and Srinivasan 1996, Oyer 2000). In operations
management literature there are few studies on salesforce compensation with regard to operation

issues such asinventory (Chen 2000, Chen 2005, Dai and Jerath 2013, Saghafian and Chao 2014).

3.3 MODEL SETUP

Consider a service center with a service provider and two identical agents. We assume the center

sells a product that has a fixed price of p. We aso assume the arrival of customers follows a

Poisson process with aconstant rate \. Customers arrive to agueue that iscommon to both agents.
When an agent becomes available, they will immediately serve the next in line on a first-come,
first-served (FCFS) basis. Customers who find both agentsidle are assigned randomly. We assume
customer purchase decisions depend not only on the price of the product but also on the quality of
the interaction they perceive to have received from the agents. We assume agents are identical in
that they have the same effort cost function and receive the same commission ¢ from each sale.

Each customer brings a random amount of work to the system. We assume customers are
homogeneous and their work amount follow i.i.d. exponentia distribution.

, which means they bring i.i.d. work amount. Moreover, we assume that the work amount all
follows the same exponential distribution. Agents exert effort which affects the speed of service.
The random service time for each customer simply equals the amount of work divided by the

service speed. Therefore, customer service time follows thei.i.d. exponentia distribution, and the
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average service time and the agent speed have a reciprocal -type relationship. We can equivalently
view the agents’ decision as determining their average service time. Let ¢, (z = 1,2) represent the

averagetimeagent i spendswith customers, and R(t) theresultant service quality given ¢ . Since

higher service quality leads to higher sales probability, we will normalize R(t) to be the
probability of making a sale to each customer if the agent puts in an effort that leads to average
service time of ¢ . For the rest of the chapter we will ssimply use R (t)to represent both service

quality and sales probability.

It is common to assume that service quality is an increasing function of ¢ . After all, the more
service time a customer receives, the better treated they feel. However, that is only true up to a
point, sincetimeitself is valuableto customers. If aservicetakestoo long, any additional marginal

benefit from longer service time may be offset by the customer’s loss of time. Therefore, we

assumethat R () isincreasingin ¢ uptoacertain point, denoted as ¢ , with diminishing marginal
value. For ¢ above t , R(t) is decreasing and reaches zero before ¢ = 2/\ . We assume
R(0) = R(2/A)=0.

When two agents choose ¢, and ¢, respectively, the system can be modeled as a FCFS 2-

server heterogeneous queuing system under Poisson arrival with rate \, and two exponential

servers with service rates of 1/ t, and 1/ t,. Itis clear that the proportion of customers served by

each agent must depends on the average servicetime of both agents. Let ¢, (tl, t, ) denote the share
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of customersserved by agent ;. Based on Kalai et al. (1992), the steady-state market share of agent

11is:

bltt) A+t )
SIS ) At +t) '

Then an agent i’s (i = 1.2) sde S (tl,tz) can be calculated as Ao (tl,tQ)R(ti). Agent i’s
utilization p, can be calculated as Ag, (¢, )t,. We model the agents’ cost of effort as an
increasing and convex function of their utilization p., and denote it by D(pi). We assume
D(O) =0 and D’(O) = 0. Atthe sametime, for every sale, agents earn acommission of ¢ while
the service provider earns p — c¢. Thusagent’s i’s income is ¢ - S, (tl,tQ) and its profit function is
c-S,(t.t,) = D(p,).

Agents face the following trade-off with regard to service time. On the one hand, spending

more time with each customer can lead to higher R (t) up to a point. On the other hand, longer

service time a'so means a potentially smaller ¢, (tl,tQ) , and a higher effort cost. Therefore, when

determining the optimal average service time, agents must trade off potential higher sales with

potential higher effort cost, and optimize the total profit function in a game theoretical setting.
3.4 CENTRALIZED MODEL

Wefirst present the centralized optimal solution for the service center where both the agents’ and

the service providers’ profit has been taken into account. Later we will compare this solution with
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that in the decentralized setting. Let nys(tl, t,) be system profit under centralized setting where f
stands for system optimal, a.k.a. first best. The centralized problem is as follows:

max HI;S(tptz) :pZSi (tl,tQ)—iD(pi)
i i1

st.  p <1, | (3.2)

Since both agents are identical in terms of their cost of effort and service quality function, it
is not optimal for a system to decide different service times for each agent. Therefore, we study

the symmetrical equilibrium where agents make similar decisions.

Proposition 18 There exists a unique symmetrical equilibrium (tf,tf)for al ¢, where t, is the

dR(tf> _dD
— o p:A‘i

2

unique solution to p ,and t, € (0,1, ).

The result shows that quality experienced by customers at systems optimal (tf) islower than
maximum possi bIe(tp), due to agent’s cost of effort. Next we look at the decentralized model

where agents decide on their ¢, given the commission offered by the service provider.

3.5 DECENTRALIZED MODEL

In the decentralized setting, the game between the service provider and the agentsis a Stackelberg

game. The service provider offers commission ¢ per sale and, given that, agentsdecideon ¢, asa

result of game between them. Let H;(c) be the service provider’s expected profit under the
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decentralized setting where s superscript stands for second best. Agent i then maximizes his/her

profit as:

max U, (tl,t2> =c-5 (tl,tQ) —D(,oi>

t
i

st. p, <1

Therefore, the service provider’s problem under decentralized setting is as follows:

max II (¢c) = (p - C)i:*gz (t:’t;>
i=]

(3.3)
s.t. t: = argmaX{Si (tl,tQ)c — D(pi)‘tz, ip, < 1}
ti

We look for asymmetrical equilibrium, aswe did earlier.

Proposition 19 There exist a symmetrical equilibrium(ts,ts)for al ¢ , where ¢, is the unique

08, (t.t) 9p;(tt)dD
ot. dp ot
2

i i

solution to ¢ =0,and t, €(0¢).

The result shows that there is no level of commission that can coordinate this system. Agents
will always spend less time on average with customers compared to the systems optimal.
Therefore, agent’s speedup results in lower customer service quality, sales probability, and
therefore system profitability.

Agent’s speedup is not an artifact of system double marginalization, because even if agents
get full commission: = p , they will still exert effort lower than the centralized optimum. We

believe that this result is strongly driven by the competition for customers from the same queue,
as evidenced by the function ¢, (tl, t2> in equation (3.1).

Therefore, we have shown a simple commission contract is not able to coordinate the system.

Next, we look at the effect of operational and financia solution mechanisms in aligning agent
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incentive with that of the service provider. It should be noted that the speedup result isin contrast
to Krishnan et al. (2011), who showed that the agents’ strategy under competition is to slow down.
This is expected as they do not model competition between agents. They assume customers will
join the queue if the expected service value considering wait time and price is positive. They also
assume that once customers have joined a queue that they will make a purchase. However, in our

model a customer’s purchase decision depends on the quality of interaction with an agent.
3.6 SOLUTION MECHANISMS

3.6.1 CONTRACTS
3.6.1.1 Revenue and Profit Sharing Contracts

We start by considering revenue sharing contracts which are extensively studied in the literature
and applied in the industry. We have three players in the model, one service provider and two
agents. Therefore, we use two parameters to show how revenue is shared among the players. Of

the total system revenue, let the service provider receive a 6 proportion, and agent i receive a
Y, (z = 1,2) proportion. Obviously, 6 + v, + 7, = 1. Agents i then maximize their own profit

as

max U, (tl,tQ) =", (1 — O)pSZ. (tl,tz) — D(pi)

t (3.4)
st. p, <1

Then the system provider solves the following maximization problem:
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2
max H:;(G, Y Yy) = sz_; S, (tl ,tz)

. (3.5)
st. ¢ =argmaxU, (tl,t2> 1=1,2
t

Proposition 20 There does not exist ¢ and v, (i = 1,2) suchthat ¢, = ¢,.

Therefore Proposition 20 means a revenue sharing contract that coordinates the system
doesn’t exist. However, a contract that satisfies the following conditions (3.6) and (3.7) will

always coordinate the system if it’s feasible:

iUv: (tl’tQ’Cm <t17t2797 71772 )) = (1 o ‘9) Hsys (tlvtz) (3-6)
i=1
Uz’ ( i? OW (tp tg? 07 717 ’)/2 )) == '.)/7 (1 - 0) Hsys <t1,t2) (37)

where C"" (tl,tg,e, ’yl,’yZ> is the contract payment, and U, (ti,C” (tl,t2,0,71,72>) is agent i ’s

utility. With slight abuse of the notation, ¢ and ~, (z = 1,2) here represents how profit, not

revenue, is shared among the parties. This contract works because it shares system profit among
players, and therefore each player’s goal will be aligned with the system goal. We will refer to this
as the “profit sharing” contract, hence the superscript pr. Note that designing a profit sharing

contract requires knowledge of agent cost, which istheir private information, in addition to system

revenue. We can solve (3.6) and (3.7) tofind ¢ and ~, (z = 1,2) that coordinate the system:

Proposition 21 Choose v, = 7, :% for any 6 , the following profit sharing contract

()
S (tl,tQ) '

coordinates the system: C'"" (tl,t2,0, 71,72) = (1 — G)p +0
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The result shows that in a coordinating profit sharing contract the two agents should receive
an equal share of the system profit. Moreover, 6 can be chosen to flexibly determine how system
profit can be shared between the service provider and the agents so that each party can be better

off.

3.6.2 ALLOCATION
3.6.2.1 Proportional Allocation

Operational tools, such as routing, are as effective as financial tools in aligning incentives. One

such tool is to alocate customers to agents based on their previous sales resolution record (i.e.

R(ti)), similar to the “earn and turn” strategy employed in the auto industry (Cachon and Lariviere

1999; Lu and Lariviere 2012). We call this method “proportional allocation”, and note that it uses

sales probability rather than actual sales records. Again with slight abuse of the notation, ¢ and
v, (1 = 1,2) here represent how profit, not revenue, is shared among the parties. Let a(tl,tQ) be
agent 7’s share of the customer base under proportional allocation. This can be written as:

i <ti ) (3.8)
R(t)" +R(t)"

a(tl,tz) -

Proposition 22 Choose v, = 1, , for any 0, there exists a symmetrical equilibrium (ta,ta) for

()

L, +2R(tf

R(tf)<7i T 2)

Vi

< p suchthat ¢t = t,.
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Therefore Proposition 22 shows that under proportional allocation and a simple commission
contract when ¢ = ¢_, agents put in effort at the system optimal level. While it coordinates and
using +, can arbitrarily share profit between parties, designing such routing policy and keeping
fairnessto customers (i.e. follow FCFS) is achallenging issue.
3.6.2.2 Customer’s Choice

The customer choice model allows customers to choose the agent based on disclosed information
such as customer satisfaction. If a service provider creates a platform that provides information
about each agent and allows customers to leave reviews for each agent on the service quality
received, then future customers may select and agent based on thisinformation. We will use alogit

choice model to represent how customers choose an agent based on disclosed service quality

information. Again with slight abuse of the notation, ¢ and ~, (z =1, 2) here represent how profit,

not revenue, is shared among the parties. Let 3 (7517 t, ) represent the share of the customer base for

agent ¢ in alogit customer choice model. This can be written as follows:
)"
Bltyt,) = ———r (39

Proposition 23 Choose +, = 1, , for any ¢, there exists a symmetrical equilibrium (t‘g,tﬁ) for

dR
42
7 dt 7

T

p

c:Eﬁ,whereEﬂ: 7R(t)+2
i\

< p, such that t,=1,.
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Therefore, result shows that when customers choose agents based on disclosed service quality
information using a logit model, the simple commission contract can align an agent’s incentive

with that of the system. Proposition 23 aso shows that using ~, profit can be arbitrarily shared

between parties to make them better off.

3.6.3 Comparison of Solution Mechanism
We have suggested two categories of solution mechanisms. In the first category (i.e. financial
contracts), we provide incentive to agents to make the right decision, while in the second category
(i.e. alocation) the service provider manipulates input (market share) to force agents to make the
right decision.

Contracts are suitable mechanisms to use when an agent’s pay can be adjusted to reflect their
effort, cost, and so on. Profit sharing contracts require knowledge of an agent’s cost of effort, and
while thisinformation is private, there are industry norms that can be used to estimate their cost.

Allocation mechanisms are more suitable when a service provider can allocate customers
either directly by proportional alocation or indirectly through disclosing information for
customersto choose. However, designing a customer routing algorithm for proportional alocation
that can fairly alocate customers to satisfy first-come, first-served is a challenging task. The

customer choice model can be easier to implement but may result higher commission costs.

3.7 SUMMARY AND FUTURE RESEARCH DIRECTIONS

In this chapter we studied agent competition for a common customer base within a decentralized

setting. Comparing the result with that of centralized solution, we showed that agent speedup and
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service quality is lower than system optimal. This is not a desirable outcome for the system as
expected system profit will decrease.

To solve agent suboptimal behavior caused by competition, we have examined contracts and
operational tools to coordinate the system. We showed that profit sharing contract can coordinate
the system. However, this contract requires precise knowledge of the optimal solution and the
private information of agents, and are hence not very robust. We aso looked at proportional
allocation policy as ameans to coordinate. We showed that an allocation policy based on the past
sale resolution record of agents can coordinate the system under a simple commission contract.
However, implementing such a policy might violate FCFSrule. Lastly, we showed that customers
provided with agent’s service quality (i.e. service time), they can self-select which eventually
coordinates with a more practical approach.

Much work remains to be done. There are three extensions that we suggest here. First, we
have analyzed agent static decision making by looking at average service time, while in red life
decisions are made dynamically. Second, we have assumed customers are homogenous, but they
can be heterogeneous in how they value their time. Third, we have assumed agents have identical,
effort cost, and resolution probability. It would be worthwhile to extend this model to consider the

case of heterogeneous agents.
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Notation Definition

For simplicity of notation in this appendix, we use:

09, (t,t) 99, (.t,) 0’9, (t.t) P, (.1, )
ot o, ot? ot
tI:tZ:I‘ tI:tZ:f
dD _ dD(pl,) 4D _ dQD(pZ,
dp p=0, (14, )1, dp dp ’ p=0, (4 )1, dp 2
ar| dR(t,) ar| dR(t,)
dt|,_, o dt dt|,_, o dt

Frequently Used Relationshipsin Proofs

A+t
At +)+2(t, +t,)

Recall ¢ (t,t,) =

00, (t,1,) At +1,) — 22t
= — <0,

ot, (A& + )+ 2, +1,)

A, (tl,tQ) + Q(Ati + 1)W

0%, (tl,tZ) B

ot At + 1) +2(t, +1,)

1

Simplifying (3.10) and (3.11) for asymmetrical equilibrium where ¢, = ¢, = ¢, we obtain:

9o (t, t) A\

— <
ot 4+ 2Xt

)

, based on which following can be shown:
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(3.10)

(3.11)

(3.12)
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0, (t,.1,) X
o' 22+ At) >0 (319
(22 (t’t)t+A¢ (t.t) = A (3.14)
A o T '

00 (t,t 0o (t,t 2
)\L)tn%)\ 6(0t) __ ar+x <0. (3.15)
ot? ot, 2(2 + At)?

Since R(t,) is concave and differentiable, then using Taylor approximation we know:

dR(t,)
Rt )—t <> 0. 3.16
(t)-t— (316
Proof of Proposition 18
Thefirst order condition of (3.2) isasfollows:
oIl . v v
sy;(tt“tQ) =\ [8¢Z((9i1’t2>R(ti)+¢¢<t17t2>de(:Z) —A[%Zé?’ Q)ti + (4t dDd<pZ>
; i i P @1
09, 0P, ,
+Ap —¢‘7(t17t2>3<ti)]_A[ 4(tt) 14D (s1)
ot ot, | dp

We assume everyone will be served therefore:

09, (t.ty) 09y (tty)

ot, ot,

Altt)+ o) =1=1p, () AUEY) 19
ot? ot?

We can then simplify (3.17) using (3.18) asfollows:
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ot ot
: i (3.19)
96 1:1)[, a0(p) _, 0l inft) anlp)
- t —t, + 28, (11, )| p - .
ot. " dp Todp ' dt dp
Simplifying (3.19) using ¢, = ¢, to find the symmetrical equilibrium, we obtain:
Ol (t.t
My (b)) A dr_do] | a0
ot. 2 dt dp| x
' t =t =t =

1772

Following a similar procedure, the second order derivate of (3.17) for symmetrical equilibriumis

asfollows:

o1, (t,1,) ¢, (t,1) AR dD

=2\
ot? ot, Pat " ap Y

e 2 , (3.21)

wdR 09 (tt) 1| [94.(t1) | a2

2 4’ ot 2 ot dp*| w

2 2
For this proof, let’s define f( >=pﬁ—@ Since <0 and Q>o , then

dt  dp| x dp*

< 0. Therefore f(t) is decreasing for al ¢ Since

limf(t) = p%> 0 and linzlf(t) = _4D < 0, therefore there is unique solution to

t—0 t"x dp

p=

At
2

f(t) = 0. Let’scall it ¢ where f()=0.
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We know for dl ¢,

09, (:’t> <0.Alsoonte [o,t_] , we know f(t) >0 , therefore the second

order, (3.21), is negative. We aso know that the first order, (3.20), is strictly negative on

te (t_, % ] Therefore, function I (#,.1,)

is unimodal and the symmetrical equilibrium
t

172

(t ot f) is the unique solution to the first order condition, (3.20).

Proof of Proposition 19

We prove Proposition 19 in two parts as follows:

A. Thereexistsasymmetrical equilibrium (ts,ts) forall ¢ ,where ¢ istheuniquesolutionto

08,(t,t)  9p,(t:t) ap
ot ot dp|

K3 (3 p=—

c

B. t, €(0t).

Part A) Thefirst and second order derivatives of U, (tl, t2> areasfollows:

ouU, (t,t,) 99, (t,.t,) dR(t,) ¢, (1,1, dD 3.99
at; 2L — Ne 6;, 2 R(tl) + 9, (tl,tz) o | A 81;’ 2 t+¢, <t1’t2) d—p:m(t] o , ( )
O, (t:ty ) \ ¢, (ty.ty) 9¢; (t.ty ) dR(t,) d’R(t

= AC

R(t)+2

)
at? ot? at, dt RS (3.23)

2 . . 2
2 ¢7‘(t;’t2>tz 4220 {tt)\dD - A{d@(thtz)ti - ¢Z‘<t1~,t2)J o
ati 8ti dp p:/\él(tl’t2)t1 ati d p=A¢(ty:t, )t;
dR(t,) ¢, (t,,1,) o _
We know R(ti) —t, 0 > 0 and o < 0, therefore the following inequality holds:

i
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0¢.(t.1 dR(t) dR(t )[04, (.t
;tt Q)R(ti)—l-Q(tl,tQ) di )< di ) ;; 2>ti+¢i(t1,t2)] (3.24)
Using (3.24), we find an upper bound for the first order as follows:
oU, (t,.t,) ¢, (.1, ) dR(t) ap
atl 2 <\ atl 2 tz + ¢i <t1,t2> 07—% N (325)
i p=20, (11, ),

Next, we follow a similar procedure to find an upper bound on the second order derivative. We

know R(t,)—t, Tl > 0 and o > 0, therefore the following inequality holds:

, 9 (t,.t,) dR(t) 3 R(t)
ot di t

) (tptg) L 0¢, (tl,t2>
ot? ot

] (3.26)

Using (3.26), an upper bound for the second order is as follows:

2 2
8°U, (t;,g) _,|0% (t;%)@; L0 (.1, ) CR(tZ_) ~dD|
t ot ot ] aom
CR(t) |99, (t.t,) "D '
Aco, AN N T+ et
+ Cgbz (tth) dt? 812 tz + (ﬁz (tptz) 2 p:)\él(tl%)ti
For this proof, Let’s define f (z,t,) = c% —‘ZZ—D and f(t) = f(t,t) = £ (tt). Since
t=t, P p=p;

d’R d’D &*R X\ d°D . .
e < 0 and i > 0, then f’(t) =c PR 71 < 0. Therefore f(t) is decreasing for

=y
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al ¢. Since limf(t) = ccfi—f >0 and 1in;1f(t> = _ap < 0, then there is unique solution to

t—0 2 dp By
A p72

f(t) = 0. Let’scall it ¢ where f(t_) =0.

3gb.(t,t) _
Remark 1) We know (”% t+¢j(t,t>>0 and f(t,)<o0 for te[t,%) , therefore

i

%ﬁg()onte{i%).
We know R(ti)—tide—(tt”)>0. We aso know that on te[o,t_), f(t,:)>() . Therefore
cR<ti)>cdR<ti>>dD| , which result in CM—@ >0.
L dt dp ‘p:m(tl.tz)tl dp p=A0, (14 )1,
2
Remark 2) We know 8¢é(tt;’t2>tj+2a¢i£ipt2) <0 and c#ti)—cji—lp) 5 >0 on
i i i =Mt 4, )t;

O°U, (t,.1,)

ot?

te [O,t_) , therefore, <0onte [O,t_).

Considering remarks 1 and 2, U, (tl,tg) is aunimodal function and the equilibrium ¢, = ¢, = ¢ is
the unique solution to the first order condition, (3.22) .

Part B) If we evauate the solution to equation (3.20), t,, in equation (3.22), we obtain:

oU (t,t (t,, dR(t
Lot Bt )0 220

i

99, (t/’ tf)
ot

i

AR t,) (3.28)
dt

t+ ¢, (tf’tf)

We know (3.16) and (3.14), therefore:
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8@(1&1,5)}2 dR(t,) § dRi(t)[a(ﬁi(tl,tQ)
ot

ot, IRACEY dt. dt, ;

K3 3

t+ & (tt )] (3.29)

Using (3.29), we obtain the following upper bound to (3.28):

8Uz (t17t2) dR (tf) 8¢i (tf’tf)
T A— 5t t+o,(tt)|(c—p) (3.30)
) t]:t_zztf
Therefore, for al ¢ € [0,p, ], %:“t?) < 0. It means there is no level of commission that
i ==y

can coordinate the system.

Proof of Proposition 20

Thefirst order of (3.4) isasfollows:

ouU. 0¢. dR(t, 0. (t,t
—’a(tl’t2> = \y,p —qb’(tl’tQ)R(ti) + 0, (t.1y) (t) +M,p ALY, 2)R(tj)‘
t, ot, dt ot,
o) 0 @31
_)\\1—1’2151_ + ¢ (t1’t2 )]_
a1, P lo=xe,(t., )1,
The second order of (3.31)isasfollows:
2 2 2
9 Uz<t1’t2) =\, 23¢z(t1»t2)d3(ti> —|—¢i(t1,t2)d R<ti) Y a¢z<t17t2>ti —|—q5i(t1,t2> aD
8152.2 6ti dt dt? 8ti dp p=6, (it )1,
) 2
Since % <0, ‘Z—f <0, and C;—D > 0, the second order condition holds.
; t p

If we evaluate (3.31) at centralized solution(¢,,t, ), we obtain:
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ou. (t,, dR|(t, 0 (t.,t,
8(:? i - d(ttf) ARALAARAR gb(‘gif tf) tT] o
Toshow ¢, =t itisequivaent to show:
o¢, (tf’tf)
¢, (tf’tf) P =19 (tf’t,f)+Tti (3:33)

We use (3.14) to ssimplify (3.33) asfollows:

2
2+ M

ge (3:34)

We can drive an identical condition for the other agent. Therefore v, = v,.Since 0 + v, + v, =1,

then (3.34) can be written as:

p— 2+ (3.35)
2+ Mt

Constraint of agent’s utility maximization is A\t <2, which implies from (3.35) that 0 < 0.

Therefore, there doesn’t exist ¢ suchthat ¢, = ¢, .

Proof of Proposition 21

Using (3.6) and (3.7), we can define a flexible contract that can both coordinate the system and

divide the profit arbitrarily. Please note that (3.6) simplifies to:
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2
HZD()\(;Si(tl,t?)ti)
Cpr(t17t2797"/17'}/2) = (1_9)]) +X1:21 ’ (336)
D06 (hty ) R(t;)
i=1
and (3.7) simplifiesto:
2 2
AR o (tt ) R(t) = > D(A, (1,1, )1
o (e )Z’Y P; (toty ) R (%) ; (A (8185 )1;) +D()\¢i(t1,t2)ti) (3.37)
b Ao, (t,t, )R (1) A, (1,1, ) R(t,)
Comparing (3.36) and (3.37), The sufficient conditions for existence of such a contract are:
) R(t
vy, = fl(tl’t?) (t) (3.38)
> (ot R(t)
i=1
¢j<t1’t2)R(ti) ¢i(t1’t2>R(ti> (339)

D(Ao; (t,1,)1;) - D(Ag; (.t )t;)
Please note that for a symmetrical equilibrium (3.39) holds, while equation (3.38) means +, = +,.

Therefore, the contract specified by (3.36) can be ssmplified to the following for any 6 :

QD()\qﬁi(tl,tQ)tj)

Ao, (6t )R (1) (3.40)

Opr(t17t270771772> = (1 - 0>p +
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Proof of Proposition 22

Agent i ’s optimization problem for the proportional allocation schemeis as follows:

max U-a(tl,tQ) = A%(tp?é)R(ti) _D<pi)

t !

1

st.  p, <1

)
R(t )"
( ) — . Thefirst order derivative of U? (1, )isasfollows:

where . (t,.1,) = R(t)" +R(t)
i J

a , dR(t, .
oUI ) _ Ac 8Ozl(tl’t”}z(ztj)+o¢i(zt1,7t2) () —A 8a2(t1’t2>ti +a, (t,t) @
o, o, ' dt; o, P lo=da,(t.t, )t,
If we evaluate the first order at (¢,,t, ), we obtain:
U (1.t day, (t,,t dR(t day, (t,,t R(t
atif R étj f)R(tf)Jra,.(tf,tf) diif) —Ap éti f)tj—l—ozi(tf,tf) ) (3.41)

When¢ = o, we can ssimplify (3.41) asfollows:

U (.t Aoy, (t,,t dR(t
#FO =-\p %tf +oay (1)) # <0 (3.42)
When. = p , we can simplify (3.41) asfollows:
OUF (tpt)|  _ day(tpty) dR(t;)
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Any t > ¢ issuboptimal because the purchase probability goes down and the effort cost increases.

Therefore, we only consider ¢<t, where %>O by assumption. We know

7 @
@ayjéil’tQ)_eiR(ti) -1 <]) dt ; > 0; therefore aai(g?la)ti+Oéi(t1at2>>0'
i (R(ti )"+ R(t )”)
o, (t,,,)

R(t,)+q (tl,tQ)d}ZEti) which is

i i

Behavior of (3.41) with respect to ¢ depends on

, da,
positive because R(t, ) — tide—(:’) > 0 and da, () > 0:

i

Ao (1,1, ) dR(t,)  dR(t, )0, (t,t,)
— R(t;)+ o (t.t,) >— 51

[ [ [

t.+ o, (t,t,)|> 0. (3.44)

Therefore (3.41) is increasing in ¢ which means there exist alevel of commission, ¢,, such that

oU, (ty.t;)
ot.

(3

= 0 . This means coordination under proportional allocation is possible with the

(Z:(',a

simple commission contract. We can use (3.41) to find ¢, as follow:

Do (1.1 dR(t,

) (ng)tﬁai(tf?tf) d(tj> %‘md(;f)thrmz(tf)

N Z _ 3.45
. 9 (117 () " R()0+2) .

o Bt ) et ) —

i i



120
Proof of Proposition 23

Agent 7 ’s optimization problem for the customer choice schemeis as follows:

max U (tty) = A8, (4,1, ) R(t,) — D(p;)

st. p;, <1

R(t)"
whereﬁ(tl,tQ) = c — . Thefirst order derivative of U/ (t,1,)isasfollows:
R(t,/.y)wi R t] ¥
e +e
U (1,1, 9B, (1,1, dR(t,) 9B, (1,1, ) dD
Zri\R) i _ _ A Y ) a
ot S Rl )+ Al )= o, " ALY P p=A3 (1),
Evaluating it at (¢,,t, ), we obtain:
U (1.t 9B, (t,,t dR(t B, (t,.t R(t, )
%,f y = A %R(tf)+ﬁi<tf’tf) (if) —Ap étf f)tf +6,(t.t;) dtf (3.46)
When. = 0, we can simplify (3.46) as follows:
oU/ (ty,t)) 9B, (1., ) dR(t,)
When. = p , we can ssimplify (3.46) as follows:
OUY (ty.t;) 9B, () dR(t, )
o Ap ot R(t,)—t, | >0 (3.48)
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We only consider all t < ¢, where Cfl—]f >0,asal t >, aresuboptimal since purchase probability

7j

9B, (t.t,)  dR wieR“l)wl CAlt)

goes down and effort cost increases. We know o = [

~>0 and
)" GR(G)7

therefore %ti + 8 (t,t,) > 0.

i

Behavior of (3.46) with respect to ¢ depends on %R(qﬂﬁi(t tQ)dR;ttf) which is

19
[

positive because R(ti) - tZde_(:‘) >~ 0 and aﬁié?’t2> <0

2

—aﬁi(tl’t"’)}z(ti)+ﬂi(tl,t2) 2R (t,)[ 26, (1t)

>
ot, dt ot

) [ 1

()

t.+ B, (t.ty)| >0 (3.49)

Therefore (3.46) isincreasing in ¢ which means there exist alevel of commission, ¢, , such that

oUy (tt;)

= 0 . This means coordination under proportional alocation is possible with the

¢=¢Cs

simple commission contract. We can use (3.41) to find ¢, asfollow:

B, (t;,t
p[ ﬁt(f f>tf+ﬂfi<tf7tf)

ot

dR(t
(f> %thf—k2]

. dt PU%
C 3 =

" 9B, (1.1 dR(t,)  yR(t)+2
() )

(3.50)

i
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