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Patrick J. Lestrange
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Professor Xiaosong Li

Department of Chemistry

This dissertation details work in two general areas: the modeling of X-ray absorption

spectroscopy (XAS) and the spin symmetry in molecular simulations. The first chapter in-

troduces electronic structure theory (EST) techniques used in the later sections and XAS.

The following chapter discusses calibration of the energy-specific time-dependent density

functional theory approach for modeling core excitations and proposes appropriate function-

als and basis sets. The time-resolved X-ray absorption of a nickel porphyrin system is also

investigated to understand the relaxation pathway following an initial excitation. The very

accurate energy-specific equation of motion coupled cluster approach is introduced next and a

solution to the origin dependence problem for quadrupole-allowed transitions is investigated.

The final two chapters focuses on the issue of spin symmetry in EST and uses two alterna-

tive approaches to preserve this as a symmetry of a molecular wave function. The system

can be constrained to a particular spin symmetry in the single-determinant framework and

then additional electron correlation can be included through the configuration interaction

method. A time-dependent extension of this approach and its application to modeling linear

and nonlinear electric properties is presented. Spin symmetry can also be restored to broken

symmetry Slater determinants by using a projection operator. An efficient implementation

of projected Hartree-Fock is presented in detail.
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PREFACE

Scientific research, like all great endeavors, is a collaborative effort. As the work presented

in the following chapters is the result of combined efforts with other researchers, I’d like to

highlight my contributions to each section.

In Chapter 2, I focus on calibrating energy-specific time-dependent density functional

theory to determine which functionals and basis sets are appropriate to model core exci-

tations. This approach was developed by Wenkel Liang to directly model higher energy

excitations, but its ability to describe core excitations had not yet been determined.1 New

approximations in density functional theory are always calibrated against a set of experi-

mental observables. The accuracy of a method always needs to be reevaluated if it is to be

applied to a phenomena outside of its training data set. My role was to collect a set of ex-

perimental X-ray absorption spectra and evaluate the ability of different density functionals

to reproduce them, so this approach could be applied with more confidence in the future.

This chapter also describes a collaborative project with experimentalists at Northwestern

University and Argonne National Laboratory. We studied the relaxation dynamics of an

excited Ni porphyrin with X-ray transient absorption. Several steps in the relaxation pathway

had been identified, but additional evidence to characterize each intermediate state was

necessary to make more definitive assignments. My role was to model the X-ray absorption

spectra of the proposed steps in the relaxation pathway to compare with the experiment.

I was able to show which signatures corresponded to different intermediate structures and

provide a rational for how the spectra changed over time. Many of the experimental details

are left out of this section and readers are referred to Ref. 2 if interested.

Chapter 3 highlights the development of energy-specific equation-of-motion coupled clus-

xiii



ter theory. The development of this technique was motivated by my previous work on X-ray

absorption spectra and the desire for more accurate approaches. The first author of the re-

sulting paper, Bo Peng, implemented the method while I acted in an advisory role throughout

the process. My contribution was to developing benchmarks to compare our new method

against and contrast it against other recently developed techniques.

The following section focuses on a more complete description of the light-matter interac-

tion necessary to describe certain high energy excitations. This work built off of the initial

presentation of the second-order oscillator strength expression by Bernadotte, Atkins, and

Jacob.3 My work further highlights the utility of their approach by showing the consequences

and failings of another commonly used oscillator strength expression. I also present the first

instance of negative oscillator strengths using the expression raising doubts on its utility in

the future.

Chapter 4 shows how to extract linear and nonlinear properties from time-dependent con-

figuration interaction simulations. I implemented both time-dependent and time-independent

versions of the graphical unitary group approach to configuration interaction. This section

illustrates how to adiabatically turn on the interaction between an oscillating electric field

and an electronic wave function. It also compares different truncations of the configuration

interaction space and shows how this affects extracted physical properties.

The final chapter details the implementation spin-projected generalized Hartree-Fock

in the Chronus Quantum software package. My implementation has notable improvements

over previous implementations including reduced memory requirements and overall efficiency.

This is an important step toward developing more advanced projected techniques.

xiv



1

Chapter 1

BASIS THEORIES AND CONCEPTS

1.1 Electronic Structure Theory

As the name implies, electronic structure theory focuses on describing the electrons in a

molecular system. In order to focus on the electronic degrees of freedom, they must be sepa-

rated from the nuclear degrees of freedom. This is done by invoking the Born-Oppenheimer

approximation where the nuclei are treated as a static frame that electrons move around

since they are so much heavier and slower than electrons. This approximation leads to the

non-relativistic time-independent electronic Schrödinger equation (TISE)

ĤΨ = EΨ (1.1)

where Ψ is the electronic wave function, Ĥ is the non-relativistic electronic Hamiltonian,

and E is the electronic energy. The electronic Hamiltonian is written as

Ĥ = −1

2

∑
i

∇2
i −

∑
iA

ZA
riA

+
∑
i 6=j

1

rij
+
∑
AB

ZAZB
rAB

(1.2)

where the first term describes the kinetic-energy of the electrons, the second term the

Coulombic attraction between electrons and nuclei, the third term is Coulombic repulsion

between electrons, and the final term in the Coulombic repulsion between nuclei. The in-

dices i, j denote different electrons and A,B denote different nuclei. The nuclear repulsion

term is always a constant for static nuclear point charges used in the Born-Oppenheimer ap-

proximation, so it’s not necessary to discuss it further in the context of electronic structure

theory.
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1.1.1 Hartree-Fock Theory

Hartree-Fock Theory is a centrally important approximation in EST. Its simplicity helps

to develop intuition about molecular systems in terms of orbital theory and it provides a

useful starting point for more accurate calculations. A Hartee-Fock (HF) wave function is

expressed as an antisymmetrized product of single electron wave functions, known as a Slater

determinant

ΦHF =
1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣

ψ1(x1) ψ2(x1) · · · ψN(x1)

ψ1(x2) ψ2(x2) · · · ψN(x2)
...

...
. . .

...

ψ1(xN) ψ2(xN) · · · ψN(xN)

∣∣∣∣∣∣∣∣∣∣∣∣
(1.3)

The HF ground-state energy is determined by minimizing the energy functional E0 =

〈ΦHF | Ĥ |ΦHF 〉 with the constraint that the orbitals remain orthogonal to each other. This

is done by setting the linear variation in the following Lagrangian to be zero

L = 〈ΦHF | Ĥ |ΦHF 〉 −
∑
ij

εij(〈ψi | ψj〉 − δij) (1.4)

where εij are Lagrange multipliers and 〈ψi | ψj〉 is the overlap between two orbitals. Eval-

uating the conditions that make the variation zero leads to a set of one-electron eigenvalue

problems

f̂(x1)ψi(x1) = εiψi(x1) (1.5)

where the Lagrange multipliers are now diagonal following a unitary transformation and

represent spin orbital energies.

The Fock operator introduced above describes the interaction of an electron with the

surrounding nuclei and an averaged field due to the other electrons. It is often referred to as

a mean-field operator for this reason.

f̂(x1) = ĥ(x1) + Ĵ(x1)− K̂(x1) (1.6)
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where the core Hamiltonian ĥ is a one-electron operator describing the kinetic-energy of the

electron and its attraction to the surrounding nuclei

ĥ(x1) = −1

2
∇2

1 −
∑
A

ZA
r1A

(1.7)

where ZA is the charge of nucleus A and r1A is the separation between the electron and the

nucleus. The Coloumb and exchange operators describe the interaction of an electron with

the other electrons in the system

Ĵ(x1)ψk(x1) =
N∑
j=1

[∫
dx2ψ

∗
j (x2)r−1

12 ψj(x2)

]
ψk(x1) (1.8)

K̂(x1)ψk(x1) =
N∑
j=1

[∫
dx2ψ

∗
j (x2)r−1

12 ψk(x2)

]
ψj(x1) (1.9)

Different constraints can be placed on the spin orbitals to restrict the form of the Hartree-

Fock problem. The spin orbitals ψ(x) have a spatial φ(r) and a spin component σ(ω), which

can be either α or β or a combination of the two. Restricted HF (RHF) keeps the spatial

component the same regardless of the spin component.

RHF : ψ(x) =

 φ(r)α(ω)

φ(r)β(ω)
(1.10)

Restricted open-shell HF (ROHF) enforces the same constraints for doubly occupied orbitals,

but not for those that are singly occupied.4 Unrestricted HF (UHF) relaxes this constraint

to allow α and β electrons to have different spatial components5

UHF : ψ(x) =

 φα(r)α(ω)

φβ(r)β(ω)
(1.11)

The UHF orbitals are still constrained to have one of two spin projections along the z-axis.

This constraint is relaxed for Generalized HF (GHF)6 where each spin orbital is a linear

combination of α and β

GHF : ψ(x) = φα(r)α(ω) + φβ(r)β(ω) (1.12)
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These molecular orbitals are often described as linear combinations of atomic-orbitals

(LCAO). The spatial part of the spin orbitals are expanded in a finite set of atomic-orbital

(AO) basis functions

φ(r)k =
M∑
µ=1

Cµkχµ(r) (1.13)

where Cµk are molecular orbitals (MO) coefficients and χµ(r) are the AO basis functions.

The basis functions are usually Gaussian functions, but in some software packages they are

Slater-type functions or plane waves.

The stationary condition of Equation (1.4) can be satisfied by solving the generalized

eigenvalue problem

FC = SCε (1.14)

where F is the Fock matrix in the AO basis, C are the MO coefficients, and S is the overlap

matrix between basis functions

Sµν = 〈µ | ν〉 (1.15)

For GHF the Fock matrix can be spin-blocked to give the form

F =

Fαα Fαβ

Fβα Fββ

 (1.16)

where each block matrix is defined as

Fστ = hστ + δστ [J
αα + Jββ]−Kστ (1.17)

The Coulomb and exchange matrix elements are defined as

Jσσµν =
∑
λκ

P σσ
λκ 〈µν | κλ〉 (1.18)

Kστ
µν =

∑
λκ

P στ
λκ 〈µλ | κν〉 (1.19)

〈µν | κλ〉 =

∫
dx1dx2ψ

∗
µ(x1)ψν(x1)r−1

12 ψ
∗
κ(x2)ψλ(x2) (1.20)
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The density matrix in the above expressions is constructed from the MO coefficients

P = CoccC
†
occ (1.21)

where Cocc are the MO coefficients for the occupied orbitals.

Equation (1.14) is a nonlinear problem since the Fock matrix depends on the MO coef-

ficients and they are determined by diagonalizing the Fock matrix. This equation must be

solved iteratively until the MO coefficients used to form the Fock matrix are the same as

those obtained from diagonalizing it. At this point we will have reached self consistency, so

the HF method is often referred to as a self-consistent field (SCF) method. UHF and RHF

are special cases of GHF where the off-diagonal blocks of the Fock matrix are zero for UHF

and Fββ = Fαα for RHF.

1.1.2 Electron Correlation

The Hartree-Fock method embodies many desirable aspects in a molecular theory. However,

due to its description of electron repulsion through a mean-field potential, the HF ground-

state energy is still far from the exact non-relativistic ground-state energy in the basis used.

The difference between these two energies is referred to as the “correlation energy”. Without

a description that captures some or all of this correlation energy, we cannot quantitatively

and in many cases cannot even qualitatively describe molecular systems.

The deficiencies of HF theory are addressed by so-called post-SCF methods.5,7 These

approaches add in explicit two-electron interactions that are missing in the mean-field de-

scription of HF. The simplest approach in this category is the configuration interaction (CI)

method. This approach describes the electronic wave function as a linear combination of the

HF ground-state determinant and other excited determinants.

Ψ = ΦHF +
∑
i

ciΦi (1.22)

If all excited determinants in a given bases are included in this description of the wave func-

tion, the exact solution in that basis is obtained. This is the so-called full configuration
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interaction (FCI) method. Unfortunately, the number of excited determinants grows expo-

nentially with the size of the system, so this approach is impractical for all but very small

systems. The expansion in Equation (1.22) usually includes only certain classes of excited

determinants to keep the CI space from growing too large. This approach will be investigated

further in Chapter 4.

Electron correlation can also be added into our description of an electronic system with

Many-body Perturbation Theory (MBPT). The Hamiltonian is partitioned into a zero-order

part Ĥ0 and a perturbation V̂ .

Ĥ = Ĥ0 + λV̂ (1.23)

where we have introduced an ordering parameter λ. The wave function and the energy are

also expanded in different orders

Ψ = Ψ(0) + λΨ(1) + λ2Ψ(2) + . . . (1.24)

E = E(0) + λE(1) + λ2E(2) + . . . (1.25)

These expanded quantities are then combined in the time-independent Schödinger equation

(Equation (1.1)) and collected in like orders of λ. In perturbation theory, the zero-order part

can usually be solved very easily, but solving the higher-order expressions is usually more

involved. The most common form of MBPT used in quantum chemistry is Møller-Plesset

Perturbation Theory (MPPT). Different orders of MPPT are denoted as MPn where n is

the order in the expansion. HF is recovered as MP1 in Møller-Plesset Perturbation Theory

and Ψ(0) is the HF wave function.

Coupled cluster (CC) theory is particularly accurate post-SCF method that describes the

electronic wave function with an exponential ansatz8

Ψ = eT̂ΦHF (1.26)

The T̂ operator is a cluster operator that creates excited Slater determinants. The exponen-

tial operator is usually expanded in a series and also truncated at some level of excitation.
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This method is closely related to the Møller-Plesset series involving many terms similar to

those in MPPT. This technique and its connection to MPPT will be discussed further in

Section 3.1.

1.1.3 Density Functional Theory

Density functional theory (DFT) is based on proofs by Hohenberg and Kohn that show

that the ground-state electronic energy is completely determined by the electron density.9

The electron density depends on three coordinates independent of the size of the molecular

system. This is in contrast to the above wave function approaches with contain 4N variables,

where N is the number of electrons in the system. In principle, it offers and affordable exact

solution to the Schrödinger equation. In practice, the exact density functional is not known

so approximations to this functional must be used instead.

The Thomas-Fermi-Dirac form of DFT was very successful at calculating the energy of a

uniform electron gas. However, this approach poorly describes kinetic-energy and exchange

in molecular systems. Common density functional approximations build on Kohn and Sham’s

introduction of orbitals to DFT, which dramatically improves the description of the kinetic-

energy.

TS = −1

2

N∑
i

〈ψi| ∇2 |ψi〉 (1.27)

where the subscript S denotes that the kinetic-energy is calculated from a Slater determinant.

Kohn and Sham also introduced an exchange-correlation term to account for errors in the

kinetic-energy term and missing electron correlation.

EDFT[ρ] = TS[ρ] + Ene[ρ] + J [ρ] + Exc[ρ] (1.28)

where Ene[ρ] is the nuclear-electron attraction and J [ρ] is Coulombic electron repulsion

Ene[ρ] =
∑
A

∫
dx

ZAρ(x)

|RA − x|
(1.29)

J [ρ] =
1

2

∫ ∫
dxdx′

ρ(x)ρ(x′)

|x− x′|
(1.30)
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The Kohn-Sham (KS) form of DFT is solved in much the same way as HF. A Lagrangian

is formed with the constraint that the orbitals remain orthogonal to each other.

L = EDFT[ρ]−
∑
ij

εij(〈ψi | ψj〉 − δij) (1.31)

The stationary condition that makes the variation in this Lagrangian zero leads to

f̂KSψi = εiψi (1.32)

where a unitary transformation has made the Lagrange multipliers diagonal. The Kohn-

Sham operator can now be defined as

f̂KS(x) = ĥ(x) +

∫
dx′

ρ(x′)

|x− x′|
+ vxc(x) (1.33)

where

vxc(x) =
∂Exc[ρ]

∂ρ(x)
(1.34)

If the exact functional were known, DFT would be an elegant means of modeling molec-

ular systems. There have been many approximations developed within KS theory to address

different problems. When working on a new problem, one must determine whether there is an

appropriate functional approximation that can be used to model a particular phenomenon.

We will talk about this process in more detail in Section 2.1.

1.1.4 Time-dependent Quantum Mechanics

The previous sections focused on approximations to the time-independent Schödinger equa-

tion. The time-dependent Schödinger equation (TDSE) is written as

i
∂

∂t
Ψ(x, t) = Ĥ(t)Ψ(x, t) (1.35)

and can be approximated using the same wave function ansatz used for the TISE.
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The working equations for time-dependent Hartree-Fock (TDHF) are determined by in-

voking the time-dependent variational principle where the Lagrangian is defined as

L = 〈ΦHF | Ĥ − i
∂

∂t
|ΦHF 〉 −

∑
ij

εij(〈ψi | ψj〉 − δij) (1.36)

where the coefficients enforce that the occupied orbitals remain orthonormal through the

propagation. It is the variation in this functional that will determine the time-dependent

equations. Evaluating the stationary conditions of the above Lagrangian leads to the follow-

ing time-dependent equation

iSṖS = FPS− SPF (1.37)

where the dot denotes a time derivative. This is the time-dependent HF equation in the

atomic-orbital basis, but this expression is more commonly written in the orthonormal basis.

This is done by defining a transformation matrix (V = S1/2 for the Löwdin transformation)

P′ = VPVT (1.38)

F′ = V−TFV−1 (1.39)

The TDHF equation can now be written in the common Liouville-von Neumann form

iṖ′ = [F′,P′] (1.40)

There are many different schemes to propagate this equation in time, but those techniques

are beyond the scope of this work.

Density functional theory can also be extended to the time domain using the Runge-Gross

theorem. This states that there is a one-to-one correspondence between the external time-

dependent potential acting on a system and the electron density. This allows us to construct

a similar Lagrangian DFT to derive the time-dependent Kohn-Sham (TDKS) equation

iSṖS = KPS− SPK (1.41)
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where K is the Kohn-Sham matrix. The Liouville-von Neumann form of the TDKS equation

is

iṖ′ = [K′,P′] (1.42)

which can be solved in the same way as the TDHF equation. Just like in the time-independent

case, the time-dependent exchange-correlation potential is not known. It is often approx-

imated to be the same as the ground-state exchange-correlation functional, known as the

adiabatic approximation.

1.1.5 Response Theory

While Equations (1.40) and (1.42) can be solved explicitly in the time domain, it is often

advantageous to linearize and transform them to the frequency domain. One approach is to

first expand the time-dependent density and Fock (or Kohn-Sham) matrices in a perturbative

series

P(t, λ) = P(0) + λµ
∂P

∂λµ

∣∣∣∣
λ=0

+
λµλν

2

∂P

∂2λµλν

∣∣∣∣
λ=0

+ . . . (1.43)

F(t, λ) = F(0) + λµ
∂F

∂λµ

∣∣∣∣
λ=0

+
λµλν

2

∂F

∂2λµλν

∣∣∣∣
λ=0

+ . . . (1.44)

Each order in the series can then be Fourier transformed to the frequency domain and

combined again in Equations (1.40) and (1.42) to collect the different orders of response. The

stationary condition the SCF equations is recovered as well as the linear-response equation

0 = [F(0),P(0)] (1.45)

ωµP
(µ) = [F(0),P(µ)] + [F(µ),P(0)] (1.46)

where P(µ) and F(µ) are the Fourier transformed first-derivatives of the density and Fock

(Kohn-Sham) matrices. The linear-response equation is commonly represented in the eigen-

mode Casida form where excitation energies ω are obtained as solutions to the non-Hermitian
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eigenvalue equation:10–12 A B

B A

X

Y

 = ω

1 0

0 −1

X

Y

 (1.47)

where the matrix elements of A and B are given by:

Aia,jb = δijδab(εa − εi) + (ia|jb)− α(ib|ja) + (ia|fxc|jb) (1.48)

Bia,jb = (ia|bj)− α(ij|ba) + (ia|fxc|bj) (1.49)

Occupied and virtual molecular orbitals (MO) are indexed by i, j and a, b respectively. The

scaling factor α in front of the HF exchange integral has a value between 0 and 1 for hybrid

functionals and zero for pure density functionals. Solving the system of linear equations as

shown in Eq. (1.47) yields the first-order electron density responses X and Y.

1.2 X-ray Absorption Spectroscopy

X-ray absorption spectroscopy (XAS) has become an ever more present tool for interrogating

the electronic and nuclear structure of molecules and condensed matter. This is mainly due

to recent advances that have greatly improved its temporal and spectroscopic resolution.13–17

XAS is particularly powerful due to its ability to probe both the electronic structure (e.g.

oxidation state) and the local geometry of the absorbing atom in a single experiment. This

technique excites core electrons to weakly bound orbitals or to the continuum. It is often

referred to as an “element-specific” technique since the energies of core electrons are strongly

dependent on the nuclear charge of the absorbing atom. This makes it possible to isolate and

study the local environment around a metal center separate from transitions on surrounding

ligands.

X-ray absorption spectra feature a large absorption edge corresponding to the ionization

of core electrons. The spectrum is usually partitioned into the region preceding the edge,

the near-edge X-ray absorption fine structure (NEXAFS), and the region following the edge,

the extended X-ray absorption fine structure (EXAFS).18 The NEXAFS region, also known
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as X-ray absorption near-edge structure (XANES) for heavier elements, contains excitations

to bound electronic states close to the ionization potential. The EXAFS region contains

oscillatory features corresponding to the scattering of a photoelectron by the surrounding

nuclei. Because XAS includes excitations to both bound and continuum states, information

about both the electronic and nuclear structure of the system can be obtained in one ex-

perimental setup. As a result, X-ray spectroscopy has become increasingly prevalent in the

surface science community,19 as well as in the bioinorganic20 and thin-film sciences.21

1.2.1 Modeling XAS

Both valence and core excitations are induced by coupling a many-body wave function to an

electric field. In this way, they are very similar phenomena except that valence excitations

are induced by laser pulses of a few or tens of eV, but core excitations require pulses of

hundreds or thousands of eV. This difference determines which numerical approaches are

tractable for modeling XAS and causes several approximations valid for valence excitations

to breakdown.

The eigenmode decomposition form of linear-response TDDFT is possibly the most com-

mon method for modeling electronic absorption spectra. Most schemes to iteratively di-

agonalize Equation (1.47) require solving for lower-energy solutions first before obtaining

higher-energy solutions. This is problematic for core excitations because they are particu-

larly high in energy and there are very many lower-energy solutions. Frequency-dependent

linear-response avoids this issue since the dynamic polarizability is determined for discrete

frequencies and does not depend on solutions at other frequencies. However, the eigenmode

form is useful for characterize electronic excited states in more detail. Many techniques which

can directly model transitions within a particular energy range have been developed recently.

We will detail the calibration of our energy-specific TDDFT (ES-TDDFT) and the develop-

ment of the energy-specific equation-of-motion coupled cluster (ES-EOMCC) technique in

Section 2.1 and Section 3.1 respectively.

The electromagnetic field is often treated as a classical plane wave when coupling to a
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quantum mechanical system. This interaction is usually described by expanding the plane

wave in a series and truncating at first order

exp(i k · ri) = 1 + i k · ri +
1

2
(i k · ri)2 + · · · (1.50)

This is the so-called “dipole approximation” where when exp(i k · ri) ≈ 1 then the system

couples to the electric field only through the electric dipole. This approximation assumes

that the wavelength of the incident field is long compared to the molecular system, so it can

treated as a constant over its entire length. X-ray pulses can have wavelengths comparable

to the size of molecular systems, so higher-order multipole coupling to the field should be

considered. This idea and the consequences of incorrectly including higher multipole terms

are investigated further in Section 3.2.
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Chapter 2

TRACKING MOLECULES WITH FEMTOSECOND X-RAY
ABSORPTION SPECTROSCOPY

2.1 Calibrating TDDFT for X-ray Absorption Spectroscopy

X-ray absorption spectroscopy (XAS) has become a powerful technique in chemical physics

due to advances in synchrotron technology that have greatly improved its temporal and

spectroscopic resolution. Our recent work on energy-specific TDDFT (ES-TDDFT) allows

for the direct calculation of excitation energies in any region of the absorption spectrum,

from UV-vis to X-ray. However, the ability of different density functional theories to model

X-ray absorption spectra (XAS) of light elements has not yet been verified for ES-TDDFT.

This work is a calibration of the ability of existing DFT kernels and basis sets to repro-

duce experimental K-edge excitation energies. Results were compared against 30 different

transitions from gas phase experiments. We focus on six commonly used density functionals

(BHandHLYP, B3LYP, PBE1PBE, BP86, HSE06, LC-ωPBE) and various triple-zeta basis

sets. The effects of core and diffuse functions are also investigated. The work presented in

this section is adapted with permission from P. J. Lestrange, P. D. Nguyen, X. Li, J. Chem.

Theory Comput., 2015, 11, 2994-2999.22 Copyright 2015 American Chemical Society.

2.1.1 Introduction

X-ray absorption spectroscopy probes core excitations in molecular systems. Both transitions

to bound and to continuum states are captured by this technique and many different methods

have been developed to model XAS. Both the NEXAFS (XANES) and EXAFS regions of the

spectrum are often modeled using a Green’s function based scattering approach with muffin-

tin potentials.23,24 However, the NEXAFS region is difficult to capture without a more robust



15

description of the electronic structure of the absorbing atom and its neighbors. The ∆SCF

approach25 and transition-potential DFT26,27 have been popular theoretical techniques for

modeling NEXAFS spectra in the past. These techniques require the preparation of a full

or partial core-hole in order to model core relaxation in a single-determinant framework.

The recent orthogonality-constrained DFT method adds a proper constraint to the ∆SCF

approach so that single-determinant core-excited states are guaranteed to be orthogonal to

the ground-state determinant.28,29 In contrast, response theory based time-dependent density

functional theory (TDDFT) does not require preparation of core-hole states and there has

been much effort recently to extend this framework to model core excitations.1,30–33

There are two broadly defined implementation schemes for modeling XAS with TDDFT.

One approach restricts excitations to only include the core orbitals of interest and the

TDDFT equations are then solved within this reduced space. This class of method is of-

ten called restricted excitation window TDDFT (REW-TDDFT).30–33 The energy-specific

TDDFT (ES-TDDFT) method,1,33 on the other hand, does not restrict the molecular or-

bital space when the linear-response TDDFT equation is solved. Instead, the ES-TDDFT

method utilizes a growing-window algorithm11 to search for eigenvectors with eigenvalues

that satisfy an energetic constraint. The ES-TDDFT method has been shown to obtain

NEXAFS transition energies in exact agreement with solutions obtained from the full-space

TDDFT framework. The growing-window method also ensures the orthogonality of different

electronic states, a condition that may fail in REW-TDDFT. Although for XAS of atomic

nature, such conditions can be largely satisfied even with a restricted excitation window.34

In this work, we focus on calibrating the performance of the ES-TDDFT method for

modeling NEXAFS with an emphasis on the dependence on density functionals and basis

sets. We will examine the different levels of theory to better characterize the ability of

standard density functionals to model NEXAFS. We calculate the K-edge spectra of carbon,

nitrogen, and oxygen and compare our results to available experimental data. This will

provide a dependable benchmark for ES-TDDFT and highlight it’s utility for modeling core

excitations of light elements.
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2.1.2 Methodology

For a detailed implementation scheme of the energy-specific TDDFT algorithm, readers are

referred to Reference 1. In this section, we only provide a brief review of the ES-TDDFT

approach.

Linear-response TDDFT is typically written in the non-Hermitian form in Equation (1.47).

This equation can be recast for real orbitals into a non-Hermitian (Eq. (2.1)) or a Hermitian

(Eq. (2.2)) problem of reduced dimension.

(A−B)(A + B) |X + Y〉 = ω2 |X + Y〉 (2.1)

(A−B)1/2(A + B)(A−B)1/2T = ω2T (2.2)

T = (A−B)−1/2 |X + Y〉 (2.3)

Energy-specific TDDFT (ES-TDDFT) solves the Hermitian problem (Equation (2.2)) to

obtain excitation energies using a method similar to that of Stratmann et al.11 The growing-

window algorithm starts with a set of trial vectors that are associated with MO transitions

above a target energy threshold, εa − εi ≥ ω0. This energy threshold is defined based on

the relevant region of the absorption spectrum. A subspace is then formed using these trial

vectors, C

M̃+ = CT (A + B)C (2.4)

M̃− = CT (A−B)C (2.5)

M̃ = (M̃−)1/2(M̃+)(M̃−)1/2 (2.6)

with the dimension of M̃ being the number of trial vectors constructed. After the diago-

nalization of this subspace, only the resulting eigenvalues above the energy threshold are

kept. The corresponding eigenvectors are then projected back onto the full MO space so

that a residual can be computed and new vectors with significant amplitude can be added

into the trial vector search space. The new and expanded set of trial vectors are used to

form another subspace to be diagonalized. The procedure continues until the norm of the
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residual is below a desired threshold and eigenvalues above the predefined energy threshold

are obtained. Note that the reduced subspace is only used to generate new trial vectors and

ensure solutions above the desired energy threshold. Because convergence is tested within

the full MO space, the solutions of the ES-TDDFT methods are exact within the TDDFT

framework.

2.1.3 Results and Discussion

In this work, ES-TDDFT is used to model the K-edge absorption of light elements. Several

different functional and basis set combinations were tested in order to determine an appro-

priate model chemistry. All calculations were carried out using a development version of

Gaussian.35 A total of 30 K-edge transitions for carbon, nitrogen, and oxygen (CO, CH2O,

C2H4, N2, NH3, NO2) were calculated using ES-TDDFT with different functional and basis

set combinations. All calculated excitation energies are compared with experimental results

obtained from either gaseous X-ray absorption (XAS) or inner-shell Electron Energy Loss

Spectroscopy (EELS).36–42 Assignments are made based on the symmetry and orbital char-

acter of the transition and compared with experimental assignments. Excitation energies

and assignments for all transitions can be found in Supporting Information of Ref. 22. In

the main discussion, we only present the error analysis of excitation energies computed with

different DFT kernels and basis sets.

The commonly available functionals: BHandHLYP,43 B3LYP,44,45 PBE1PBE,46,47 BP8648,49

and two range-separated functionals: HSE0650–52 and LC-ωPBE53 have been included in this

study. Time-dependent HF is also included as a point of contrast.54 All electron basis sets

from three commonly used families were used: the Pople 6-311+G(d,p)55,56 basis set , the

Ahlrichs def2-TZVPD57–60 basis set, and the Dunning aug-cc-pVTZ61,62 basis set. In order

to investigate the effect of core basis functions and diffuse functions, the singly and doubly

augmented cc-pCVTZ basis sets have also been included.63,64 All ground-state structures

were optimized with the B3LYP functional and the def2-TZVP basis set. Comparisons are

made using the mean absolute error (Mean AE), maximum absolute error (Maximum AE),
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root mean square (RMS) error, mean signed error (MSE), and the standard deviation of the

error with respect to experiment. Along with the absolute errors of the excitation energies,

shifted errors are also reported. Due to inherent problems with DFT and the neglect of

relativistic effects, DeBeer et al.65 have proposed that relative transition energies are more

chemically relevant quantities than absolute transition energies when modeling core excita-

tions. We apply a uniform shift to the calculated spectrum such that the lowest-energy peak

perfectly matches the experimental value, as is done in other studies.32,66,67 The errors are

then calculated using the remaining transitions.

Table 2.1 shows the error analysis of predicted K-edge spectra with the ES-TDDFT

method. When absolute (unshifted) errors are considered, functionals with a larger per-

centage of Hartree-Fock exchange result in transition energies much closer to experimental

values. This is consistent with trends seen in previous studies.32,33 BHandHLYP has 50% HF

exchange (the largest percentage of HF exchange among all DFT kernels considered here)

and consistently outperforms the other functionals in terms of absolute errors with respect

to experimental results. The pure density functional (BP86), with no HF exchange, signif-

icantly underestimates the K-edge excitation energies by as much as ∼26 eV, compared to

only 2-4 eV error by BHandHLYP and 11-17 eV error by B3LYP, PBE1PBE, and HSE06.

The good performance of BHandHLYP is likely attributed to the lower self-interaction error

as compared to the other functionals,68 and error cancellations arising from the fact that

TDHF consistently overestimates the excitation energies by 15-22 eV.

The two range-separated functionals tested, HSE06 and LC-ωPBE, are based on the

PBE functional and include short-range and long-range HF exchange respectively. The

HSE06 functional has comparable absolute errors to PBE1PBE (11-15 eV), but LC-ωPBE

underestimates K-edge excitation energies by 18-24 eV. The inclusion of exact short-range

exchange has been shown to reduce the self-interaction error and improve the description of

core excitation energies while long-range exchange appears to be less important for core exci-

tations.68,69 Without the inclusion of short-range exchange the transition energies calculated

with LC-ωPBE are more similar to those calculated with the pure functional.
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Absolute Errors Shifted Errors

Mean AE RMS Max AE MSE Std. Dev. Mean AE RMS Max AE MSE Std. Dev.

BP86 6-311+G(d,p) 20.09 20.24 24.51 -20.09 2.46 1.68 1.82 2.71 -1.39 1.18

def2-TZVPD 19.93 20.09 24.54 -19.93 2.55 1.75 1.86 2.59 -1.22 1.41

aug-cc-pVTZ 20.45 20.59 24.79 -20.45 2.40 1.98 2.18 3.12 -1.97 0.94

PBE1PBE 6-311+G(d,p) 11.36 11.43 13.79 -11.36 1.23 0.58 0.73 2.20 -0.24 0.68

def2-TZVPD 11.21 11.30 13.80 -11.21 1.41 0.72 1.05 3.62 -0.06 1.05

aug-cc-pVTZ 11.60 11.65 13.80 -11.60 1.12 0.70 0.78 1.26 -0.67 0.40

B3LYP 6-311+G(d,p) 12.88 12.97 15.85 -12.88 1.54 0.93 1.04 2.20 -0.63 0.83

def2-TZVPD 12.72 12.83 15.84 -12.72 1.67 1.05 1.20 3.07 -0.45 1.12

aug-cc-pVTZ 13.13 13.21 15.86 -13.13 1.46 1.09 1.19 1.80 -1.06 0.55

BHandHLYP 6-311+G(d,p) 1.92 2.06 3.87 -1.87 0.88 1.03 1.17 2.57 0.97 0.65

def2-TZVPD 1.90 2.04 3.89 -1.74 1.08 1.22 1.55 4.92 1.15 1.05

aug-cc-pVTZ 2.06 2.16 3.85 -2.06 0.65 0.73 0.82 1.62 0.65 0.51

HF 6-311+G(d,p) 15.27 15.73 21.45 15.27 3.78 4.02 4.30 6.11 3.90 1.82

def2-TZVPD 15.29 15.75 21.28 15.29 3.78 4.10 4.50 8.66 3.97 2.11

aug-cc-pVTZ 15.08 15.52 21.25 15.08 3.67 3.78 4.09 5.93 3.65 1.84

HSE06 6-311+G(d,p) 11.33 11.40 13.72 -11.33 1.23 0.54 0.70 2.21 -0.20 0.67

def2-TZVPD 11.18 11.27 13.73 -11.18 1.39 0.68 1.03 3.63 -0.02 1.03

aug-cc-pVTZ 11.56 11.61 13.72 -11.56 1.11 0.64 0.71 1.16 -0.60 0.38

LC-ωPBE 6-311+G(d,p) 18.77 18.93 23.25 -18.77 2.47 0.57 0.72 2.19 -0.16 0.71

def2-TZVPD 18.57 18.76 23.17 -18.57 2.60 0.73 1.03 3.43 0.03 1.03

aug-cc-pVTZ 18.90 19.05 23.17 -18.90 2.40 0.60 0.71 1.48 -0.53 0.48

Table 2.1. Errors for all K-edge transitions (eV) using different basis set fami-

lies. Mean absolute error (Mean AE), root mean square (RMS) error, maximum

absolute error (Max AE), mean signed error (MSE), and the standard deviation

of the error are compared to experimental results.36–42 For the shifted errors, the

whole spectrum is shifted so that the lowest-energy transition matches perfectly

with experiment and the errors of all other peaks are then evaluated.
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Based on the shifted errors, all hybrid functionals are much improved. The pure func-

tional is less reliable with errors as large as ∼4 eV. Unlike absolute transition energies, the

magnitude of exact exchange among hybrid functionals does not appear to be the most

important factor for reproducing relative transition energies. For example, the PBE1PBE

functional has the lowest shifted errors (among the functionals that are not range-separated)

for several of the basis sets tested. The shifted results for TDHF are still very poor, indicating

the importance of electron correlation on core excitations.

From the statistics of all K-edge excitations summarized in Tab. 2.1 and Tab. 2.2,

BHandHLYP clearly shows the best agreement with experimental values when absolute exci-

tation energies are considered. When shifted results are used as in most computational prac-

tices, all hybrid functionals considered here show similarly good performance with HSE06

being the best choice in terms of mean average errors and standard derivation.

Table 2.1 also shows that absolute errors of K-edge excitations are less sensitive to the

quality of valence basis compared to the shifted results. Among the three split- valance

basis sets considered in Tab. 2.1, aug-cc-pVTZ results have a smaller standard deviation

compared to the other two sets. As the XAS probes core electron excitations, the quality of

core basis can be very important on the accuracy of computed spectrum. Flexible basis sets

with a reasonable number of core functions, such as the cc-pCVTZ basis set, could improve

the description of core orbital relaxation upon excitation. Diffuse functions have also been

shown to have a large effect on transition energies,70,71 so we have included the singly and

doubly augmented triple-zeta Dunning basis sets with and without core functions.

Table 2.2 compares K-edge excitations using different basis sets with a focus on the

importance of core and diffuse basis functions. The addition of more core functions seems to

have little effect for these light elements as the excitation energies shift only slightly toward

the experimental values. Although, the average change due to these additional core functions

does increase with atomic number. This suggests that core functions will be more important

for heavier elements where the other functions in the set may not be capable of describing

the core relaxation well. The shifted results are virtually unchanged with the addition of
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Absolute Errors Shifted Errors

Mean AE RMS Max AE MSE Std. Dev. Mean AE RMS Max AE MSE Std. Dev.

BP86 aug-cc-pVTZ 20.45 20.59 24.79 -20.45 2.40 1.98 2.18 3.12 -1.97 0.94

aug-cc-pCVTZ 20.50 20.64 24.88 -20.50 2.42 1.97 2.18 3.12 -1.97 0.93

d-aug-cc-pVTZ 20.96 21.12 25.75 -20.96 2.60 2.68 2.83 4.09 -2.68 0.93

d-aug-cc-pCVTZ 21.01 21.18 25.87 -21.01 2.63 2.69 2.85 4.08 -2.69 0.94

PBE1PBE aug-cc-pVTZ 11.60 11.65 13.80 -11.60 1.12 0.70 0.78 1.26 -0.67 0.40

aug-cc-pCVTZ 11.64 11.70 13.88 -11.64 1.14 0.70 0.78 1.26 -0.67 0.40

d-aug-cc-pVTZ 11.86 11.93 14.43 -11.86 1.25 1.04 1.14 1.77 -1.04 0.48

d-aug-cc-pCVTZ 11.91 11.98 14.52 -11.91 1.27 1.05 1.15 1.78 -1.05 0.48

B3LYP aug-cc-pVTZ 13.13 13.21 15.86 -13.13 1.46 1.09 1.19 1.80 -1.06 0.55

aug-cc-pCVTZ 13.16 13.25 15.93 -13.16 1.48 1.09 1.19 1.79 -1.06 0.55

d-aug-cc-pVTZ 13.42 13.52 16.49 -13.42 1.60 1.48 1.57 2.32 -1.48 0.54

d-aug-cc-pCVTZ 13.46 13.56 16.57 -13.46 1.62 1.49 1.58 2.32 -1.49 0.55

BHandHLYP aug-cc-pVTZ 2.06 2.16 3.85 -2.06 0.65 0.73 0.82 1.62 0.65 0.51

aug-cc-pCVTZ 2.09 2.19 3.87 -2.09 0.65 0.73 0.82 1.61 0.65 0.51

d-aug-cc-pVTZ 2.22 2.31 3.85 -2.22 0.62 0.57 0.68 1.50 0.42 0.53

d-aug-cc-pCVTZ 2.25 2.34 3.87 -2.25 0.62 0.57 0.68 1.51 0.42 0.54

HF aug-cc-pVTZ 15.08 15.52 21.25 15.08 3.67 3.78 4.09 5.93 3.65 1.84

aug-cc-pCVTZ 15.05 15.49 21.22 15.05 3.66 3.78 4.09 5.95 3.65 1.84

d-aug-cc-pVTZ 15.01 15.44 21.15 15.01 3.62 3.67 4.00 5.85 3.55 1.84

d-aug-cc-pCVTZ 14.98 15.41 21.12 14.98 3.61 3.68 4.01 5.87 3.55 1.85

HSE06 aug-cc-pVTZ 11.56 11.61 13.72 -11.56 1.11 0.64 0.71 1.16 -0.60 0.38

aug-cc-pCVTZ 11.59 11.65 13.79 -11.59 1.13 0.64 0.71 1.15 -0.60 0.38

d-aug-cc-pVTZ 11.84 11.90 14.32 -11.84 1.24 1.00 1.09 1.64 -1.00 0.42

d-aug-cc-pCVTZ 11.88 11.95 14.41 -11.88 1.26 1.01 1.10 1.66 -1.01 0.43

LC-ωPBE aug-cc-pVTZ 18.90 19.05 23.17 -18.90 2.40 0.60 0.71 1.48 -0.53 0.48

aug-cc-pCVTZ 18.94 19.10 23.25 -18.94 2.43 0.60 0.71 1.48 -0.53 0.48

d-aug-cc-pVTZ 19.08 19.24 23.36 -19.08 2.46 0.78 0.93 1.66 -0.78 0.51

d-aug-cc-pCVTZ 19.11 19.28 23.43 -19.11 2.49 0.78 0.93 1.65 -0.78 0.51

Table 2.2. Errors for all K-edge transitions (eV) focusing on the effect of core

and diffuse functions. Mean absolute error (Mean AE), root mean square (RMS)

error, maximum absolute error (Max AE), mean signed error (MSE), and the

standard deviation of the error are compared to experimental results.36–42 For

the shifted errors, the whole spectrum is shifted so that lowest-energy transition

matches perfectly with experiment and the errors of all other peaks are then

evaluated.
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more core functions, differing by < 0.01 eV. Diffuse functions have a slightly larger effect

on the transition energies. An extra set of diffuse functions slightly increases the absolute

error for all functionals, but is slightly reduced for TDHF. For the shifted spectra, the error

is reduced for BHandHLYP and TDHF, but increases for all other methods with < 50%

HF exchange. Without a large portion of HF exchange, additional diffuse functions are not

advantageous and lead to a worse description of the relative transition energies.

2.1.4 Conclusion

Six density functional kernels and various basis sets were used to evaluate the accuracy of

ES-TDDFT for describing K-edge transitions of carbon, nitrogen, and oxygen. The results of

30 different transitions were compared against experimental values in the gas phase. There

is a consistent improvement in the absolute values of the calculated excitation energies with

increasing Hartree-Fock exchange.32,33 Particularly, short-range exchange was shown to be

an important component of any hybrid functional applied to core excitations. When shifted

results are used, all hybrid functionals considered here show similarly good performance with

HSE06 being the best choice in terms of mean average errors and standard derivation.

For K-edge excitations of light elements, the choice of basis set does not appear to have

a large effect on the absolute or shifted errors of the transition energies and these errors are

mostly dominated by the choice of the functional. Although a second set of diffuse functions

seems to increase the error of the shifted spectra for all functionals with < 50% HF exchange.

2.2 Dynamics of a Nickel Porphyrin: Insights from Experiment and Theory

Photoexcited Nickel(II) tetramesitylporphyrin (NiTMP), like many open-shell metallopor-

phyrins, relaxes rapidly through multiple electronic states following an initial porphyrin-

based excitation, some involving metal centered electronic configuration changes that could

be harnessed catalytically before excited state relaxation. While a NiTMP excited state

present at 100 ps was previously identified by X-ray transient absorption (XTA) spectroscopy

at a synchrotron source as a relaxed (d,d) state, the lowest energy excited state (J. Am.



23

Chem. Soc., 2007, 129, 9616 and Chem. Sci., 2010, 1, 642),72,73 structural dynamics before

thermalization were not resolved due to the ∼100 ps duration of the available X-ray probe

pulse. Using the femtosecond (fs) X-ray pulses of the Linac Coherent Light Source (LCLS),

the Ni center electronic configuration from the initial excited state to the relaxed (d,d) state

has been obtained via ultrafast Ni K-edge XANES (X-ray absorption near edge structure)

on a time scale from hundreds of femtoseconds to 100 ps. This enabled the identification of a

short-lived Ni(I) species aided by time-dependent density functional theory (TDDFT) meth-

ods. Computed electronic and nuclear structure for critical excited electronic states in the

relaxation pathway characterize the dependence of the complex’s geometry on the electron

occupation of the 3d orbitals. Calculated XANES transitions for these excited states assign

a short-lived transient signal to the spectroscopic signature of the Ni(I) species, resulting

from intramolecular charge transfer on a time scale that has eluded previous synchrotron

studies. These combined results enable us to examine the excited state structural dynamics

of NiTMP prior to thermal relaxation and to capture intermediates of potential photocat-

alytic significance. The work presented in this section is adapted with permission from M.

L. Shelby, P. J. Lestrange, N. E. Jackson, K. Haldrup, M. W. Mara, A. B. Stickrath, D. Zhu,

H. Lemke, B. M. Hoffman, X. Li, L. X. Chen, J. Am. Chem. Soc., 2016, 138, 8752-8764.2

Copyright 2016 American Chemical Society.

2.2.1 Introduction

Molecular photoexcitation generates high-energy transient species capable of driving subse-

quent chemical reactions. The challenge for energy conversion from light entails directing

these transient species to minimize unwanted processes, such as heat generation and geminate

charge recombination. Transition metal complexes (TMCs) have previously been selected

for photochemical applications primarily based on the condition of possessing nanosecond

or longer triplet excited state lifetimes (and large redox potentials).74–76 While such selec-

tion criteria are sufficient to ensure that a reactive species will persist, recent studies have

shown that some excited TMCs can initiate photochemical processes on the picosecond or
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subpicosecond time scales via singlet excited states, time scales that are competitive with

vibrational relaxation, and faster than intersystem-crossing to a triplet excited state.72,77–82

Such short-lived excited states are less susceptible to energy dissipation processes that would

reduce the potential driving force of a reaction. However, experimentally characterizing the

TMC electronic and nuclear configurations of excited states on these time scales is challeng-

ing, making rational control difficult. Recent ultrafast optical spectroscopic measurements

have provided substantial information on the reaction dynamics of TMCs,83–91 but optical

signatures of metal-centered electronic transitions for these critical TMC intermediates are

frequently nonexistent or obscured by π → π∗ optical signatures localized on aromatic lig-

ands. A greater understanding of the electronic and nuclear structural response to excitation

on fs to ps time scales is needed to utilize these potentially catalytic intermediates and could

be pivotal to identifying a new regime of efficient metal based photocatalysts, light sensitiz-

ers, and electron donor/acceptors that might otherwise be neglected on the basis of selection

criteria focused on triplet state lifetimes.

Pump-probe X-ray spectroscopies are element specific, and can selectively probe both the

dynamic electronic structure of a TMC’s metal center and its local nuclear dynamics following

photoexcitation without interference from ligand-localized transitions.92–100 Recently, X-ray

free electron laser (XFEL) sources capable of producing femtosecond X-ray pulses101,102 have

become available for these studies.92 By implementing this experimental approach along

with accurate theoretical modeling, rational control over transient, catalytically active TMC

species becomes a possibility.

Metalloporphyrins possess versatile functionality as light harvesting/electron transfer

cofactors, both in biological processes (natural photosynthesis,103,104 physiological oxygen

transport,105 and small molecule sensing)106 and photocatalytic processes where they act

as redox centers,107–109 and sensitizers in molecular devices.110 Such functional versatility

is enabled by a high degree of chemical tunability in both the choice of metal center and

the ligated macrocycle. Changes in macrocycle functionalization can dramatically impact

metalloporphyrin ring conformation and rigidity, leading to varied redox and ligand binding
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properties, as well as the ability to impact relaxation dynamics by altering the energetic

ordering of excited states. Open-shell transition metal porphyrins have not historically been

seen as candidates for solar energy conversion due to their relatively fast excited state de-

activation through d-orbital vacancies. While originally thought to be a disadvantage when

judged with the triplet lifetime criteria, the ability to rationally control this ultrafast deacti-

vation mechanism presents an exciting possibility for funneling the photon energy absorbed

via porphyrin-based π → π∗ transitions to redox equivalents at the metal centers via in-

tramolecular charge transfer.

Nickel porphyrins and phthalocyanines have been of particular interest as model com-

plexes to provide guidance for targeted molecular design in part due to their conformational

flexibility brought on by the small Ni core size and the ease with which certain ring conform-

ers can be stabilized to tune relaxation kinetics. Nickel(II) tetramesitylporphyrin (NiTMP),

which exists in the ground state as an ensemble of ring conformers, and its analogues, have

complicated photo- chemical dynamics and have been extensively studied by optical absorp-

tion73,111 and Raman spectroscopy.112–117 These studies, combined with quantum-mechanical

calculations, proposed a plausible pathway for the photoexcitation. Within 20 ps of the pho-

toexcitation that initiates the S0 → S1 transition, a porphyrin macrocycle based π → π∗

transition, the electron promoted to the π∗ orbital moves to an empty 3dx2−y2 orbital, the

highest energy ligand field state for a square-planar complex, and an electron from an orig-

inally filled 3dz2 orbital moves to fill the hole in the π orbital of the macrocycle left by the

initial photoexcitation, resulting ultimately in the lowest- lying triplet state, (3dz2 , 3dx2−y2).

This state has a 3d electronic configuration of (3dx2−y2)
1(3dz2)

1 and is here denoted T(d,d)

(Figure 2.1).112,118 A pump-pump-probe transient absorption measurement of Ni(II) por-

phyrin excited state dynamics suggested that a transient Ni(I) charge transfer state may

exist with a lifetime of a few picoseconds,111 but previously such a reaction pathway could

not be substantiated by monitoring the temporal evolution of the nickel electronic configu-

ration. In comparison to these previous optical and vibrational spectroscopic studies, X-ray

transient absorption (XTA) spectroscopy,92,93 which combines a laser excitation and con-
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Figure 2.1. The relaxation pathway of NiTMP following Q-band excitation (e.g.

at 527 nm). Structures for states characterized by XTA are shown. Within a few

ps the porphyrin macrocycle S1(π, π∗) population has dissipated by transfer of the

excitation to the metal center. The resulting state (T’) is therefore either a hot

(3dz2 , 3dx2−y2) state which decays to the relaxed (3dz2 , 3dx2−y2) state T(d,d) via

vibrational relaxation or a (π, 3dx2−y2) state with Ni(I) character that transfers

an electron back to the ligand. By 20 ps the T(d,d) state is fully populated and

vibrationally relaxed, and has adopted a flattened structure with elongated Ni-N

bonds. This T(d,d) state decays back to the ground state with a 200 ps lifetime.

ventional X-ray absorption spectroscopy,119 can directly probe the metal center electronic

structure and local geometry rather than relying on the indirect deduction of excited state

dynamics from relatively broad transient optical spectral features.

Previous XTA studies at a synchrotron source (the Advanced Photon Source, Argonne
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National Laboratory) with ∼100 ps time resolution72,73 have conclusively verified that the

thermalized excited T(d,d) state has an (3dx2−y2)
1(3dz2)

1 electronic configuration, and have

captured this state’s elongated Ni-N bond length and flattened macrocycle conformation

through analysis of the Extended X-ray Absorption Fine Structure (EXAFS), which arises

from scattering processes with atoms neighboring the absorbing Ni.72,73,120 However, the time

resolution of the synchrotron X-ray pulses was insufficient to detect detailed excited state

structural dynamics before the development of the relaxed T(d,d) state. In this study, this

missing time window in the evolution of excited Ni(II)TMP is obtained by collection of XTA

spectra near the nickel K-edge (8333 eV) with the subpicosecond time resolution provided

by the Linac Coherent Light Source (LCLS), an X-ray free electron capable of delivering

femtosecond X-ray pulses of incredible intensity.98,121 This study has in fact disclosed a

transient charge transfer state, denoted T’ for consistency with previous work, that occurs

prior to the appearance of T(d,d) (Figure 2.1) and, importantly, the X-ray absorption near

edge spectra (XANES) of electronic states and geometries in the proposed photochemical

trajectory were calculated and the effects of different orbital occupancies, Ni-N bond lengths,

and the magnitude of repulsive potential acting on the Ni 1s electrons were correlated with

trends in the experimental spectra.

2.2.2 Electronic Structure Calculations

To understand the overall electronic and structural evolution of the NiTMP excited states

and to ascertain how changes in the electronic and nuclear structure as the molecule re-

laxes are reflected in the experimentally observed XTA signals, each electronic state in the

proposed mechanism (Figure 2.1) was modeled separately. Initial DFT and TDDFT cal-

culations using the BP86 functional were employed to probe the basic orbital structure of

NiTMP and its excited states using the ADF package.122,123 A double-ζ polarized (DZP)

basis set was used for the description of C, N, and H atoms, and a triple-polarized (TZP)

basis set was used to describe the atomic orbitals of Ni. This combination of functional

and basis set has previously described the orbital structure of a related Ni compound with
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high accuracy.124 Subsequently, the geometries of the ground and each intermediate excited

state were optimized with the BP86 functional48,49 and the 6-31G(d) basis set125,126 using

a development version of the Gaussian software package.35 The X-ray absorption was cal-

culated with energy-specific TDDFT (ES-TDDFT)1,22 using the PBE1PBE and Ahlrichs’

def2-TZVP basis set57 with diffuse functions on the nickel atom.58–60 For all calculations

of X-ray absorption spectra, the mesityl groups on the porphyrin have been replaced with

methyl groups to reduce computational cost.

2.2.3 Results

2.2.3.1 Ni K-edge XANES Describe Excited State Electronic and Structural Dynamics

In the Ni K-edge XANES spectra shown in Figure 2.2, the spectrum at a -5 ps pump-probe

time delay (before the laser arrives) is identical to the previously obtained spectrum for the

ground state S0,72,127 while the spectra at the 20 ps time delay and longer resemble the

spectrum identified by the same study as the T(d,d) state.72,73

Comparing the spectra at 100 ps delay with the T(d,d) spectrum and considering the

200 ps T(d,d) state decay time constant obtained previously, we estimate the initial excited

state fraction to be ∼60% (see Supporting Information 2 of Ref. 2). XANES features for

the S0 and T(d,d) states have been assigned and share attributes characteristic of a square

planar Ni(II) coordination geometry. A distinct peak at 8339 eV in the S0 state spectrum

and at 8341 eV in the T(d,d) state spectrum (Figure 2.2A, labeled E2 and E3), respectively,

are assigned to the strong dipole-allowed 1s → 4pz transition.20 Features near the “white

line” absorption peak at 8351 eV are ascribed to contributions from multiple scattering

resonances and transitions from Ni 1s to π∗ antibonding molecular orbitals resulting from

the hybridization of Ni 4px and 4py orbitals with porphyrin N 2s orbitals. Below the rising

edge in the pre-edge region from 8330 to 8336 eV are weak quadrupole-allowed 1s → vacant

3d transitions, which directly probe the 3d orbital energies and electronic occupation,128

determined by the coordination geometry and electronic state of the Ni center. The 4p
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orbitals are vacant for Ni complexes, so changes in transition energies to these orbitals, as

well as to all high energy bound states, are determined by perturbations to the 4p energies

and changes in the energy of the core orbitals due to structural or oxidation state changes.

The progression of the electronic state population S0 → S1 → T(d,d) is captured by

XANES spectra taken as a function of the pump-probe delay time. The peak position of

the 1s → 4pz transition for the S0 state at 8339 eV (Figure 2.2A, label E2) clearly shifts

to 8341 eV, the energy for the same transition in the T(d,d) state. Meanwhile in the less

well-resolved white line region, the prominent peak feature shifts from 8359 to 8353 eV.

While the σ∗x,y orbitals should shift to lower energy in the excited state as the Ni-N dis-

tances expand and the hybridization between the Ni 4px,y and Ni 2s orbitals is weakened,129

the 4pz transition blue shift has not yet been well explained due to the fact that coupling

between the Ni 4pz orbital and porphyrin π-orbitals is minimal.

At a glance, the spectra at time delays of –5 to 20 ps seem to resemble mixtures of the S0

and T(d,d) states, but a feature around 8337 eV in the difference spectra (Figure 2.2C) is a

notable exceptions. A transient feature at 8337 eV rises rapidly to its maximum amplitude

at 400 to 800 fs, and decays within ∼2 ps (Figure 2.2B and Figure 2.2C). After ∼2 ps, the

XANES difference reflects an increasing population of T(d,d) state, whose features are fully

developed by 10 ps.

The ground state 1s→ 4pz peak depletion proceeds with an approximate time constant of

∼1 ps, in contrast to the growth kinetics of the T(d,d) state 1s→ 4pzz peak, which displays

a sharp rise after ∼200 fs followed by a slower rise to the maximum peak height, suggesting

the presence of an additional transient state, which we denote T’ (Figure 2.1) preceding the

relaxed T(d,d) state (Figure 2.2C). Other dynamics of spectral features on the ps time scale

include an apparent delay between the rise of the white line peak feature at 8353 eV, which

is an indication of the Ni-N bond elongation as seen in the T(d,d) state, and the rise of the

1s → 4pz transition peak associated with T(d,d).
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Figure 2.2. Smoothed Ni K-edge XANES spectra of NiTMP between -5 and

100 ps following 527 nm excitation. Numbered energies correspond to E0, the

1s → 3d transition (“pre-edge”) region; E1, a transient at the low-energy end of

the 1s → 4pz region; E2, the S0 1s → 4pz transition; E3, the T(d,d) 1s → 4pz

transition; and E4, the white-line feature associated with shortened Ni-N bonds

in the T(d,d) state. (A) Time delays characteristic of (-5 ps) S0, (0.4 ps) the peak

of the transient signal at 8337 eV, (2 ps) the partial disappearance of the transient

at 8337 eV, the appearance of the T(d,d) 1s → 4pz peak at E2, and the shift of

the primary white line feature to E4, and (20 ps) T(d,d). (B) The evolution of

the XANES from -5 to 100 ps within the 1s → 4pz region. (C) Difference spectra

relative to S0 spectrum for delays between -5 and 100 ps.
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Figure 2.3. (A) XANES scans in the 1s → 3d region, 5 pt smoothed and with

the rising XANES edge background subtracted. (B) 3d-orbital occupations of

electronic states in the NiTMP relaxation pathway resulting from: (1) excitation

of the porphyrin macrocycle, (2) charge transfer from the macrocycle π∗ orbital

to the Ni metal center, (3) reverse charge transfer from Ni to the macrocycle via

relaxation of a 3dz2 electron into the π hole, (4) relaxation of the 3dx2−y2 electron

into the 3dz2 to recover the ground state d-orbital configuration.

2.2.3.2 Ni 3d Orbital Configuration from Pre-edge Transitions

Pre-edge features corresponding to quadrupole- allowed transitions from 1s to vacant 3d

orbitals in the nickel center provide insight into the electronic configuration of the 3d or-
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bitals. In synchrotron experiments, the pre-edge region of S0 contains a single peak for the

1s → 3dx2−y2 transition arising from the electronic configuration of (3dz2)
2(3dx2−y2)

0 (Fig-

ure 2.3B, S0).72 By 50 ps after photoexcitation (Figure 2.3B, 1.), the T(d,d) excited state

is fully populated and its pre-edge exhibits two peaks arising from the 1s → 3dx2−y2 and 1s

→ 3dz2 transitions available for the (3dz2)
1(3dx2−y2)

1 electronic configuration (Figure 2.3B,

T(d,d)) which eventually decays to the ground state (Figure 2.3B, 4.). Looking at the time

evolution of the d-orbital transition region (Figure 2.3A), at the negative delay representing

100% ground state population, we see a single peak corresponding to the transition to the

sole 3d vacancy, 3dx2−y2 , consistent with previous synchrotron experiments.72,73 Following

excitation, the d-orbital transitions are derived from a mixture of states which we interpret

as evolving according to a series of processes represented in Figure 2.3B. At 1 ps delay time,

the magnitude of this peak is diminished and slightly red- shifted, while by 10 ps the pre-edge

features are significantly broadened with some intensity growing in at lower energy. At 50

ps delay time, we see features associated with the T(d,d) state, where single vacancies in

the 3dx2−y2 and 3dz2 lead to a split peak, although the splitting energy is 1 eV less than

the 2.3 eV observed at 100 ps during synchrotron experiments. This splitting is not clearly

discernible by 1 ps, but may influence the shape of the broadened features at 10 ps. The ab-

sence of a split peak by 1 ps is contradictory to the full conversion of the excited population

to T(d,d) by 350 fs, as suggested by previous studies.130 Total population of the vibrationally

hot T(d,d) state is more consistent with the 10 ps spectrum where the 1s → 3dx2−y2 and 1s

→ 3dz2 transitions appear to be broadened with the 1s → 3dx2−y2 slightly higher in energy,

possibly due to the shorter Ni-N bond length.

Directly detecting T’ features for these weakly absorbing transitions is complicated by the

fact that T’ appears to be short-lived, present at low accumulation, and exists simultaneously

with several other electronic states. Features at 1 ps are likely ascribable to a combination

of the S1 state, T’, and broadened T(d,d) features.
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input for excited state XAS modeling

wave function S0 S1(π,π∗) T’ T(d,d) S0 S0 T(d,d) T(d,d)

geometry S0 S1(π,π∗) T’ T(d,d) T’ T(d,d) S0 S1(π,π∗)

eV ∆ eV

1s α -8167.47 -0.05 2.02 -1.17 -0.37 -0.34 -0.67 -0.61

1s β -8167.47 -0.05 2.03 -1.17 -0.37 -0.34 -0.67 -0.61

4pz α -1.39 -0.07 0.18 -0.23 0.06 -0.03 -0.15 -0.16

4pz β -1.39 -0.06 0.05 -0.44 0.06 -0.03 -0.34 -0.34

Table 2.3. Orbital Energies for the Ground State and for Excited State Elec-

tronic Configurations and Geometries

2.2.3.3 Modeling of Inner Shell XAS Bound Transitions

Solutions to the Self Consistent Field (SCF) equations that converge to a higher energy

than ground state solutions have long been recognized as useful approximations to excited

state wave functions.131–133 These solutions allow excited states to be treated in a single

determinant framework whose response can be modeled with TDDFT. In order to obtain

these higher-energy SCF solutions, a set of natural transition orbitals (NTOs)134 for the

state of interest was first generated at the excited state geometry. The initial guess for the

SCF density of this higher-energy solution was then formed by a HOMO–LUMO swap of

the dominant NTOs. A second-order optimization scheme was then used to converge to the

state of interest.135 The XANES spectra of these intermediate states were then calculated

with ES-TDDFT at the same level of theory as the ground state (discussed in Section 2.2.2).

Due to the neglect of scalar and spin-orbit relativistic effects in this simulation, the

calculated transitions are much lower in energy than the experimental results. However,

it has been shown that these operators have little effect on relative transition energies67

and uniform shifts are routinely applied to calculated XANES spectra to better compare
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Figure 2.4. Gaussian-broadened calculated XAS transitions of relevant excited

electronic states compared to experimental spectra in (A) the rising edge regions

where 1s → 4pz transitions dominate and (B) the pre-edge region.

transition energies with experimental data.32,66,67 A uniform shift of 172 eV is applied to

all calculated spectra and all transitions are convoluted with Gaussian functions to match

experimental lineshapes; 2.2 and 1.8 eV FWHM for the 4pz and 3d transitions, respectively.

The dipole allowed 1s → 4p transitions are the dominant transitions in all calculated

XAS (Table 2.3, Figure 2.4A). The electronic environment around the Ni atom has changed

minimally between the S0 and S1(π, π∗) states, so little change is seen in the 1s → 4pz tran-

sition. However, a red and a blue shift is observed for the T’ and T(d,d) states, respectively.

These trends reproduce those of the experimental data where the T(d,d) 1s → 4p transition

is clearly blue-shifted compared to the S0 and a short-lived rise and fall is evident red of the

S0 peak. It is worth noting, however, that the calculated transitions are pure populations of

their respective electronic states, which do not exist in the relaxation of the excited NiTMP
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and the experimental data reflects of a mixture of states.

For this system, the modeled 1s → 3d transitions reflect the expected 3d-orbital occu-

pation for the ground and T(d,d) states. Modeled transitions to 3dz2 and 3dx2−y2 roughly

coincide with the two peaks apparent in the experimental XANES at 50 ps delay (Fig-

ure 2.4B) and are very similar to those observed in the pre-edge region at 100 ps during

our previous synchrotron experiments.72,73 The experimental 1s → 3dx2−y2 peak at 1 ps is

slightly red-shifted compared to the ground state, and this same behavior is seen for the

modeled transition for the T’ state. This red shift is notable as it contrasts with the blue

shift observed for the same transition at 50 ps and for the modeled T(d,d) state. A weakly

dipole allowed 1s → π transition is apparent in the calculated spectra of the S1(π, π∗) and

T’ states, although these are not plotted because their contribution is removed during back-

ground subtraction of the experimental data. Furthermore, these are relatively short-lived

states, the contribution to the total signal is quite small, and this region of the spectrum

is very noisy due to low XAS signal, so well-defined peaks for these weak dipole allowed

transitions are not observed experimentally.

2.2.4 Discussion

This study, which is among early examples of XTA measurements at LCLS, allows us to

establish a kinetic scheme describing the decay of photoexcited NiTMP and to distinguish

the short-lived Ni(I) state T’ as an intermediate preceding the formation of the previously

characterized T(d,d) state. Inner-shell transitions characterized by the combined experi-

mental and computational results are analyzed to derive properties not directly measurable

using other ultrafast methods. Here, we discuss the evidence for the charge transfer nature

of the short-lived T’ state, discuss the interpretation of the modeled XAS transitions toward

discerning the impact of electronic occupation on Ni orbital energies, reflect on the role of

structure in determining excited state properties, and present our views on the implications

of our findings for potential applications.
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2.2.4.1 Evidence for a Transient Ni(I) Center Due to Intramolecular Electron Transfer

In combination with calculated XAS transitions relating transient XANES features to cor-

responding electronic states, global analysis of the XTA signal as a function of the X-ray

photon energy and delay time allowed us to overcome challenges in the assignment of T’

to a CT state: (1) the weak T’ state signal compared to those of the S0 and T(d,d) states

through the rising-edge; (2) the ambiguity of previous ultrafast optical absorption measure-

ments with regards to changes in the Ni orbital occupation; and (3) the uncertainty of the

correlation between the 3d electronic configuration and the energy of the prominent 1s →

4pz transition.

Relaxation through a charge transfer (CT) state that produces a transient Ni(I) inter-

mediate has been previously hypothesized based on double-excitation optical methods that

observed the relaxation of an excited π electron through d-orbital vacancies in the long-

lived T(d,d) state in NiTPP.111 Such a CT state has also been implicated as the route of

excited porphyrin deactivation in Ni tetraphenylporphyrin (NiTPP), Ni octaethylporphyrin

(NiOEP), heme,136 and several other open-shell metalloporphyrins137 by pump-probe pho-

toelectron spectroscopy measurements in the gas phase, which report fast time constants for

the evolution of the NiOEP excited state absorption very similar to this work (100 fs and

1.2 ps).

A short-lived CT state, T’, is compatible with the population of the T(d,d) state on the

picosecond time scale as observed by previous studies,130,138 although these did not implicate

a charge transfer state and depicted the S1(π, π∗) relaxation process as the direct transfer

of the excitation to the metal center, resulting in a hot T(d,d) state. Vibrational relaxation

of the hot T(d,d) state was observed within 10-20 ps.

During this period, vibrational relaxation processes likely occur and these results do not

preclude the involvement of an unrelaxed T(d,d) state in the S1 decay. However, a purely

vibrational model that does not assign T’ as a CT state is not as well supported by the

current analysis of the 4pz region, where XANES differences before T(d,d) is fully populated
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are ascribed to the rearrangement of the Ni electronic structure. Ni orbital energies calculated

for a T(d,d) electronic configuration but an S0 or S1 geometry, approximating an unrelaxed

T(d,d) state, show that such a state cannot account for the transient signal at 8337 eV due

to an overall blue shift in the 1s → 4pz transition (Table 2.3).

Nuclear movement during vibrational relaxation affects the 3d orbital energies, especially

those involved in coordination to the porphyrin ring, which is reflected in the dynamics of

the 1s → 3d transition region as general broadening of the 3d transitions in T(d,d). An

increased line width for NiTMP 1s → 3d transitions due to conformational heterogeneity

was previously observed for the NiTMP ground state.73 This may provide an explanation of

the apparent broadening of 3d transitions at 10 ps when T(d,d) is fully populated, although a

full description of the relaxation processes in terms of nuclear movement requires additional

measurement with more direct structurally sensitive techniques.

2.2.4.2 XAS Transitions Reflect Photoinduced Electronic Structural Changes in the Metal

Center

Because it directly probes transient metal orbital energies and occupancy, XTA on the fs time

scale can determine the dynamics of photoinduced metal electronic configuration and orbital

energy changes well before thermalization of the excited states. While optical transient

absorption measurements can clearly identify the kinetics of S1(π, π∗) state decay, they are

not able to directly detect optically dark electronic states arising from changes in metal

centered electronic occupation or metal orbital energy changes in subsequent excited states.

This study has directly obtained energies of the transitions 1s → 3d and 1s → 4pz in Ni

for different electronic states, from which these properties have been obtained for short-lived

transient states.

Changes in the observed Ni K-edge transition features, such as the red shift and subse-

quent blue shift of the 1s → 4pz transition energy, agreed with the calculated inner shell

transitions (Table 2.3) and their energies are interpreted in terms of the evolving electronic

configuration. With the assignment of T’ to Ni(I), T’ state formation can be understood as
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the intramolecular charge transfer from the π∗ orbital to the 3dx2−y2 orbital. Computational

results indicate a rise of the 1s energy by ∼2 eV for the T’ electronic configuration, where

charge transfer results in greater nuclear shielding and therefore a lower electron binding

energy. The rise of the 1s orbital energy in turn reduces the 1s → 4pz transition energy in

the T’ state. This is identical to the core-level shift seen in X-ray photoelectron spectroscopy

(XPS)139 and the effect of oxidation on K-edge spectra has also been observed in previous

XAS experiments.140,141

This computed red shift is seen experimentally as the rise and fall of intensity around

E1 in <2 ps. Only about 0.2 eV of the ∼2 eV shift in the 1s → 4pz transition energy

change from the ground state to the T’ state transition is due to the shift of the 4pz orbital

energy. Similarly, the blue shift in the 1s → 4pz transition energy of the T(d,d) state can

be attributed to a change in the repulsive potential felt by the core electrons as the 3dx2−y2

orbital is far more hybridized with the ligand orbitals than the 3dz2 orbital (see Figure S7

in Supplementary Information of Ref. 2). Relative to the ground state, which has a doubly

occupied 3dz2 and an unoccupied 3dx2−y2 orbital, the T(d,d) state has less electron density

around the Ni atom, lowering the 1s orbital energy and blue-shifting the 1s→ 4pz transition

by 1.5 eV.

As evidenced by the computed changes in the Ni 1s energy experimental 1s→ 3d transi-

tion energies cannot be solely relied upon to determine changes in d-orbital splitting. Though

the 1s → 3dx2−y2 transitions, for example, are within half an eV of each other according to

the experimental spectrum, we can expect the 3dx2−y2 orbital energy to change much more

significantly to remain consistent with the shifts in the Ni 1s energy. Calculated transition

energies (see Supporting Information 4 of Ref. 2) are very similar to those experimentally

observed with the possible exception of the T(d,d) state, though even here the trend in the

movement of the transitions with respect to the ground state is preserved.
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2.2.5 Conclusion

Ultrafast XANES at the Ni K-edge was successfully measured for optically excited Ni(II)TMP

on a previously unachievable subpicosecond time scale, providing insight into its ultrafast

electronic and structural relaxation processes. Importantly, a transient Ni(I) (π, d) electronic

state (T’) is implicated as an intermediate through the interpretation of a short-lived excited

state absorption. The assignment of this absorption is confirmed by agreement with calcu-

lated XAS transitions for the postulated (π, d) electronic states at this energy. The observed

and computed inner shell-to-valence orbital transition energies demonstrate and quantify the

influence of electronic configuration on specific metal orbital energies. The strong influence

of the valence orbital occupation on the inner shell orbital energies indicates that one should

not use the transition energy from 1s alone to draw conclusions about the d-orbital energies

of different states. A transient electronic configuration could influence d-orbital energies up

to a few eV and any potential photocatalytic application should account for this to ensure

that energy levels are well matched and that the photoexcitation can be used optimally in

driving desirable processes.
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Chapter 3

DEVELOPING NEW MODELS TO DESCRIBE
X-RAY ABSORPTION SPECTROSCOPY

3.1 Energy-specific Equation-of-motion Coupled Cluster Theory

Single-reference techniques based on coupled cluster (CC) theory, in the forms of linear

response (LR) or equation of motion (EOM), are highly accurate and widely used approaches

for modeling valence absorption spectra. Unfortunately, these equations with singles and

doubles (LR-CCSD and EOM-CCSD) scale as O(N6), which may be prohibitively expensive

for the study of high-energy excited-states using a conventional eigensolver. In this paper,

we present an energy-specific non-Hermitian eigensolver that is able to obtain high-energy

excited-states (e.g., XAS K-edge spectrum) at low computational cost. In addition, we

also introduce an improved trial vector for iteratively solving the EOM-CCSD equation

with a focus on high-energy eigenstates. The energy-specific EOM-CCSD approach and its

low-scaling alternatives are applied to calculations of carbon, nitrogen, oxygen, and sulfur

K-edge excitations. The results are compared to other implementations of CCSD for excited-

states, energy-specific linear response time-dependent density functional theory (TDDFT),

and experimental results with multiple statistical metrics are presented and evaluated. The

work presented in this section is adapted with permission from B. Peng, P. J. Lestrange, J. J.

Goings, M. Caricato, X. Li, J. Chem. Theory Comput., 2015, 11, 4146-4153.142 Copyright

2015 American Chemical Society.

3.1.1 Introduction

Due to its complexity, XAS often relies on theoretical insight for interpretation. As in

lower-energy absorption spectroscopy, variants of time-dependent density functional theory
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(TDDFT)10–12 are the most frequently used methods. The restricted excitation window

(REW-TDDFT)30–33 and energy-specific (ES-TDDFT)1,22,33 TDDFT approaches are now

routinely used to model XAS. The REW-TDDFT method restricts solutions to only include

transitions from orbitals deemed relevant to a particular region of the spectrum, whereas

the ES-TDDFT approach searches for solutions in the full orbital space with a constraint

on the eigenvalues. These two different numerical approaches have been shown to produce

nearly identical X-ray K-edge spectra because excitations from the 1s (K-edge) orbital are

rather localized in the orbital space.34 Variations of the ∆SCF approach,25 such as the

transition-potential DFT26,27 and the orthogonality constrained DFT,28,29 which require the

preparation of a core-hole single-determinant state, have been successfully applied to X-ray

absorption spectroscopy. From the DFT kernel perspective, there has also been interest in

developing short-range corrected functionals that improve the description of core correlation

and reduce the self-interaction error specifically for XAS.68,69

Wave function-based approaches, while more expensive, are inherently free of the self-

interaction error and can be systematically improved. For example, single-reference tech-

niques based on coupled cluster (CC) theory, in the forms of linear response (LR)143,144

or equation-of-motion (EOM),145,146 are highly accurate and widely used approaches for

modeling valence absorption spectra.8,147 Unfortunately, these equations with singles and

doubles (LR-CCSD and EOM-CCSD) scale as O(N6), which may be prohibitively expen-

sive for the study of large molecular systems. This high computational cost has prompted

the development of many low-scaling approximations to EOM-CCSD and LR-CCSD. The

EOM-MBPT2 equation is obtained by truncating the perturbative expansion of the clus-

ter operator at second-order.148,149 This approach still scales as O(N6) but with a much

smaller prefactor than that of EOM-CCSD. Partitioned EOM-MBPT2 (P-EOM-MBPT2) is

an iterative O(N5) approach that makes the further approximation that the doubles-doubles

block of the Hamiltonian can be treated as diagonal.149–151 While these techniques have

been extensively used in obtaining low-lying excited-states, they have not been applied to

the study of core excitations, although further approximations to these techniques have been



42

used previously with varying success.

Beyond coupled cluster, there are other wave function and Green’s function-based meth-

ods to study high-energy excited-states. The CIS(D∞) approach can be related to P-EOM-

MBPT2 by treating the singles-doubles blocks of the Hamiltonian to first-order only.152 The

second-order algebraic-diagrammatic construction approach (ADC(2)) is a symmetrized form

of CIS(D∞) that has been previously used to model XAS.153–155 The core valence separa-

tion approximation (CVS)156 is employed to reduce the dimension of the problem by only

including excitations from the relevant core orbitals, however, there is an estimated 0.5-

1.0 eV error associated with the CVS approximation.154,157,158 The closely related CIS(D)

method applies a non-iterative doubles correction to excitation energies obtain from config-

uration interaction singles (CIS).159,160 By using the REW approach, CIS(D) can be used

to model core-excitations, but has been known to provide qualitatively incorrect spectra in

some cases.161

Where core excitations are concerned, direct applications of EOM-CCSD and its closely-

related derivatives are computationally intractable due to the large space where the excited-

states of interest reside. The electron-attachment EOM-CCSD (EA-EOM-CCSD)162 has

been used previously to investigate K-edge transitions in small molecules, relying on the va-

lidity and availability of a core-hole reference state. Recently, an equation-of-motion multi-

reference coupled cluster including singles and doubles (EOM-MRCCSD) method has been

developed to obtain core excitations in the coupled cluster framework.163–165 The EOM-

MRCCSD approach for XAS is based on construction of a core-hole reference in a select

subspace spanned by active core, occupied, and unoccupied spin-orbitals of interest. Re-

cently, a complex polarization propagator formulation of coupled cluster response theory

(CPP-CC) has been applied to model X-ray absorption among other properties.166–168 This

formalism can be used for many different coupled cluster approaches truncated at different

levels (CCS, CC2, CCSD, CCSD(3)). Unlike EOM-CC which solves for resonant frequencies

or poles of the response function, the CPP-CC method solves a damped frequency dependent

response function. This technique is able to resolve the off-resonant response of the system,
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but requires the solution of many frequency-dependent problems.

In this section, we present an energy-specific non-Hermitian eigensolver with improved

trial vectors to efficiently solve the EOM-CCSD equation for high-energy core excitations.

This approach utilizes low-scaling approximations of EOM-CCSD to refine trial vectors,

followed by iterative eigenvalue-screening, eigenvector-bracketing and growing-window tech-

niques to search for high-energy solutions in the full orbital space. The strategy used through-

out is a non-Hermitian generalization of our previously developed energy-specific algorithm

applied in TDDFT.1 This strategy will allow these highly accurate single-reference wave

function methods to be routinely applied to the study of core excitations.

3.1.2 Method

3.1.2.1 Brief Review of EOM-CCSD, EOM-MBPT2 and P-EOM-MBPT2

For two excellent articles of coupled cluster theory, see the review by Crawford and Schae-

fer169 and the book by Shavitt and Bartlett.147 In the present work we adopt the notation

that indices i, j, k, l refer to occupied orbitals, a, b, c, d refer to virtual orbitals, and p, q, r, s

refer to any orbital.

The generalized CC Schrödinger equation may be written as

H̄ R̂(m) |Φ0〉 = Em R̂(m) |Φ0〉, (3.1)

where |Φ0〉 is the reference wave function, and R̂(m) is the excitation operator for the m-th

excited-state with energy Em. This takes the form,

R̂(m) = R̂1 + R̂2 + . . . =
∑
ia

rai (m) a†aai +
∑
i<j
a<b

rabij (m) a†aa
†
bajai + . . . . (3.2)

where a† and a are creation and annihilation operators. H̄ is the similarity transformation

of the bare electronic Hamiltonian Ĥ,

H̄ = e−T̂ Ĥ eT̂ , (3.3)
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in which the cluster operator T̂ takes the following form,

T̂ = T̂1 + T̂2 + . . . =
∑
ia

tai a
†
aai +

1

4

∑
ijab

tabij a
†
aa
†
bajai + . . . . (3.4)

Equation (3.1) represents a right-hand eigenvalue problem, however, Eq. (3.3) makes H̄

non-Hermitian. As a result, Eq. (3.1) is different from its associated left-hand eigenvalue

problem,

〈Φ0| L̂(m) H̄ = 〈Φ0| L̂(m)Em. (3.5)

where L̂(m) is the de-excitation operator defined as,

L̂(m) = L̂1 + L̂2 + . . . =
∑
ia

lia(m) a†iaa +
∑
i<j
a<b

lijab(m) a†ia
†
jabaa + . . . . (3.6)

Note that Eq. (3.1) and Eq. (3.5) share the same eigenvalues (Em) and the left-hand and

right-hand eigenvectors are related to each other through the biorthonormality condition,

〈Φ0| L̂(m) R̂(n) |Φ0〉 = δm,n, m 6= 0 and n 6= 0 (3.7)

such that the generalized CC energy expression can be obtained,

Em = 〈Φ0| L̂(m) H̄ R̂(m) |Φ0〉. (3.8)

In order to calculate electronic excitation energies, it is convenient to define a normal-ordered

Hamiltonian, H̄N , by

H̄N = H̄ − E0, (3.9)

where E0 is the energy associated with ground state wave function |Φ0〉. Then, Eq. (3.8) can

be rewritten as

ωm = 〈Φ0| L̂(m) H̄N R̂(m) |Φ0〉 (3.10)

where ωm is the m-th excitation energy.

Within the framework of EOM-CCSD method, L̂ and R̂ are truncated to the second

order, the excitation energies are obtained by diagonalizing the EOM-CCSD Hamiltonian
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matrix,

HEOM−CCSD =

 H̄SS H̄SD

H̄DS H̄DD

 (3.11)

H̄SS
ai,ck = 〈Φa

i | H̄N |Φc
k〉

H̄SD
ai,cdkl = 〈Φa

i | H̄N

∣∣Φcd
kl

〉
H̄DS
abij,ck =

〈
Φab
ij

∣∣ H̄N |Φc
k〉

H̄DD
abij,cdkl =

〈
Φab
ij

∣∣ H̄N

∣∣Φcd
kl

〉
where |Φc

k〉 ,
∣∣Φcd

kl

〉
are singly and doubly excited determinants, respectively. The overall

dimension of Eq. (3.11) is OV + O2V 2 where O and V are the numbers of occupied and

virtual orbitals. EOM-CCSD scales as O(N6) and a lower-scaling approximation can be

obtained by only keeping terms in the perturbative expansion of the cluster operator through

second order. This gives rise to the EOM-MBPT2 Hamiltonian matrix,148,150,151

HEOM−MBPT2 =

 H̄SS(2) H̄SD(2)

H̄DS(2) H̄DD(2)

 , (3.12)

where H̄
(2)
SS is the singles-singles block of the Hamiltonian, H̄SS, through second order, and

so on. This approximation neglects the numerous T̂1 terms, as T̂
(1)
1 equals zero in the

perturbative approach, and only needs the T̂
(1)
2 amplitudes, which are determined through

t
ab (1)
ij =

〈i j ‖a b〉
εi + εj − εa − εb

, (3.13)

where ε’s are the Hartree-Fock molecular orbital energies.

EOM-MBPT2 is still a O(N6) method, but with a much smaller prefactor than EOM-

CCSD. Further approximation can be made by replacing H̄DD(2) with its zeroth order based

on Löwdin partitioning approach170 to give rise to an iterative O(N5) method, the so-called

partitioned EOM-MBPT2 (P-EOM-MBPT2).150,151,170 The P-EOM-MBPT2 Hamiltonian is

HP−EOM−MBPT2 =

 H̄SS(2) H̄SD(2)

H̄DS(2) H̄DD(0)

 , (3.14)
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where H̄DD(0) = εa + εb − εi − εj.

In practice, due to the non-Hermitian nature of Hamiltonians in Eq. (3.11), Eq. (3.12),

and Eq. (3.14), and their large matrix dimension (roughly O2V 2), the most efficient compu-

tational approach to find the lowest eigenvalues and corresponding left and right eigenvectors

is a modified version of Davidson algorithm.171–174 However, core excitations in XAS usually

exhibit high excitation energies ranging from hundreds to thousands eV, and are thus far

away from low-lying excited-states. It is then impractical for the conventional EOM methods

mentioned above to capture these high-energy excited-states because ordinary solvers require

that all lower-energy solutions be obtained before any higher-energy solution.

3.1.2.2 Improved Trial Vectors for High-Energy Excited States

Davidson-like eigensolvers usually initialize with a set of well-defined guess vectors, and

the quality of these guess vectors subsequently affects the convergence speed in iterative

methods for eigenvalue problems. In TDDFT, trial vectors constructed from simple occupied

to virtual orbital transitions have proven to be quite reasonable. However, such trial vectors

are usually far from the converged EOM-CCSD solution and as a result they may lead to

excessive iterations with Davidson-like eigensolvers. A better and widely used trial vector

scheme for EOM-CCSD in practice starts with the solution of configuration interaction singles

(CIS). However, generating trial vectors for high-energy excited-states using conventional

CIS calculations is impractically expensive with conventional techniques. As a result, the

feasibility of applying EOM-CCSD approach for XAS calculations depends on the availability

of appropriate trial vectors and efficient solvers that can obtain the high-energy eigenvectors

of interest. In this work, we develop a two-step strategy to generate appropriate trial vectors

that aims to enable EOM-CCSD and its low-scaling approximations to study high-energy

excitations such as those probed by XAS.

Assume that M excited-states with energies greater than ω0 are the subject of interest to

be investigated using EOM-CCSD. In the first step, high-energy trial vectors are generated

using the energy-specific eigensolvers with low-scaling excited-state methods such as CIS
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and P-EOM-MBPT2. For CIS, the Hermitian energy-specific algorithm1 is used to obtain

m eigenvectors (m ≥ M , ω ≥ ω0) as trial vectors for the following calculation. As the

CIS approach does not take into account electron correlation, their eigenvectors can be poor

guesses for high-energy excited-states as contributions from T̂2 become more important.149

In fact, in our test cases, searching for high-energy eigenvectors in EOM-CCSD framework

usually takes many more iterations compared to those for valence excitations. Any improve-

ment to expedite solving the EOM-CCSD equations for high-energy excited-states will be

appreciated.

To improve the CIS vectors for high-energy EOM-CCSD calculations, we introduce a

second step to refine the trial vectors using the O(N5) P-EOM-MBPT2 approach with a

non-Hermitian energy-specific eigensolver which will be introduced later in this paper. The

refined trial vectors will be used together with the non-Hermitian energy-specific eigensolver

to obtain solutions of the EOM-CCSD equation. In the following discussion, methods that

utilize the energy-specific eigensolver (Hermitian or non-Hermitian) will have the “ES-” prefix

in order to distinguish the results from those using conventional algorithms.

Figure 3.1 shows the effect of the quality of different trial vectors on the convergence

behavior of an ES-EOM-CCSD calculation of a carbon K-edge excitation of CO. Two dif-

ferent tight convergence criteria, the residual norm and the change in excitation energy, are

considered in this comparison. For both criteria, EOM-CCSD using the P-EOM-MBPT2

eigenvectors as trial vectors exhibits ∼20% savings in computational cost. Note that the

cost of computing ES-P-EOM-MBPT2 eigenvectors is trivial compared to the cost of solving

O(N6) EOM-CCSD equation. This test case suggests that P-EOM-MBPT2 eigenvectors are

a better choice over the CIS trial vectors for ES-EOM-CCSD calculations.

3.1.2.3 Non-Hermitian Energy-Specific Eigensolver

In this work, we introduce a non-Hermitian energy-specific eigensolver for EOM-CCSD and

its low-scaling approximations to efficiently compute high-energy excited-states. The discus-

sion starts with a set of left L = {L1, . . . , Lm} and right R = {R1, . . . , Rm} trial vectors
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Figure 3.1. Comparison of the convergence behaviors of ES-EOM-CCSD cal-

culations using CIS and P-EOM-MBPT2 trial vectors for the carbon 1s → 2pπ∗

transition of CO. The residual norm of the right eigenvector (top panel) and the

absolute change of eigenvalues (bottom panel) are plotted against the number of

iterations. The basis set used is 6-311G∗∗. The calculated excitation energy is

288.32 eV.

in the full orbital space that correspond to initial guesses of high-energy excited-states gen-

erated using the two-step strategy presented above. Note that the left and right vectors

are related by the biorthonormalization condition (Eq. (3.7)). The EOM Hamiltonian H,
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Eq. (3.11), is projected onto the subspace spanned by the trial vectors,

h = L†HR (3.15)

The EOM Hamiltonian in the reduced space h is then diagonalized to obtain a new set of left

l = {l1, . . . , lm} and right r = {r1, . . . , rm} eigenvectors and eigenvalues ω = {ω1, . . . , ωm}.

Eigenpairs in the reduced space are screened and only the ones with associated eigenval-

ues above the desired energy threshold ω0 are kept. The transformation of these qualified

eigenpairs from the reduced space to the full orbital space yields the new approximate eigen-

vectors,

R̃ = Rr, L̃ = Ll. (3.16)

Equation (3.7) is used to ensure the new left and right eigenvectors are biorthonormalized.

To test the convergence, the eigenvector residuals of states of interest are computed

∆Rk = (H− Iωk)Rk (3.17)

∆Lk =
(
H† − Iωk

)
Lk (3.18)

If some of the norms of residuals are still above the pre-defined threshold, perturbation

vectors are generated using the following equation,

R′k = (Iωk −HD)−1 ∆Rk (3.19)

L′k = (Iωk −HD)−1 ∆Lk (3.20)

where HD are the diagonal elements of the H matrix.171,172 In our implementation, as in

previous studies,173,175 HD is approximated by the corresponding orbital energy differences.

The perturbation vectors are biorthonormalized and added to R and L to form the new

subspace for the next iteration starting from Eq. (3.15). If complex eigenvalues are obtained

in the intermediate iteration, the space of R and L needs to be increased. The larger number

of expansion vectors can not only benefit the elimination of complex eigenvalues, but also help
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to accelerate the convergence.11,173 This process is repeated until the norm of the residuals

are below the desired threshold.

The two-step calculation strategy and energy-screening and eigenvector-bracketing tech-

nique introduced above avoids the scan through low-lying excited-states in EOM calcula-

tions, as well as improving the quality of trial vectors for EOM-CCSD calculation by using

converged eigenvectors associated with the high excited-states from low-scaling EOM calcu-

lations. This makes it possible to calculate high-energy excited-states with coupled cluster

theory.

3.1.3 Benchmarks and Discussion

Energy-specific variations of EOM-CCSD, EOM-MBPT2, and P-EOM-MBPT2 have been

implemented and tested in a development version of the Gaussian software package.35 For

all excited-state calculations, the convergence is obtained when (i) the norm of the residual

vectors is below a threshold, 10−5 a. u., as recommended by Stanton and Bartlett;145 or

(ii) the change in the eigenvalues is less than 10−7 a.u.173 All ground state geometries were

optimized at the CCSD level with the def2-TZVPD basis set.58–60,176

Table 3.1. Comparison of conventional EOM-CCSD and ES-EOM-CCSD for se-

lect low-lying excited-states of carbon monoxide computed with the def2-TZVPD

basis set (eV). The energy threshold for the energy-specific calculations is 11.2

eV.

State Transition ES-EOM-CCSD EOM-CCSD

B 1Σ+ σ → 3s 11.27 11.27

C 1Σ+ σ → 3pσ 12.30 12.30

E 1Π σ → 3pπ 12.32 12.32

F 1Σ+ σ → 3dσ 13.53 13.53

As discussed in the Methods section, the energy-specific eigensolver is able to obtain
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the exact solutions represented in the full space. This has been verified by benchmark

calculations on select excited-states using the ES-EOM-CCSD method compared to those

obtained by full EOM-CCSD calculations including low-lying states. In Tab. 3.1, the results

from ES-EOM-CCSD and EOM-CCSD are numerically identical, suggesting that the energy-

specific approach is able to obtain the exact excited-states even though low-lying states are

not considered in the eigenvector search algorithm. As the full EOM-CCSD calculation has

to include extra low-lying states in order to locate the states in the targeted energy range, it

unavoidably incurs additional two-fold computational cost compared to the ES-EOM-CCSD

method in this test case. Assuming the number of excited-states (i.e. the number of R and L

vectors) grows linearly with respect to the excitation energy, the computational cost of each

EOM-CCSD iteration will grow linearly with respect to the energy of the targeted states.

For core-electron excitations, the cost of the conventional EOM-CCSD approach becomes

intractable. In contrast, the computational cost of ES-EOM-CCSD is nearly constant because

the search space is in principle invariant to the excitation energy range of interest.

The quality of the ES-EOM-CCSD approach is also compared to other implementa-

tions/approximations of CC method to XAS. Table 3.2 compares oxygen K-edge excita-

tions of H2O obtained using ES-EOM-CCSD to those computed using multi-reference EOM-

MRCCSD163–165 and single-reference CPP-CCSD.177 Table 3.3 shows ES-EOM-CCSD and

EA-EOM-CCSD162 results for K-edge excitations of a select test set. This comparison shows

that, for the limited number of test cases, ES-EOM-CCSD results are in excellent agreement

with the results from other coupled cluster methods. The difference between ES-EOM-CCSD

and EA-EOM-CCSD can be attributed to the different reference used in the calculation. The

EA-EOM-CCSD method requires a pre-defined core-hole reference that accounts for some

amount of core-hole relaxation. Therefore, the EA-EOM-CCSD results can be of higher ac-

curacy, although they strongly depend on the quality and existence of the core-hole reference.

Excitation energies of a set of 31 K-edge transitions for carbon, nitrogen, and oxygen, of

seven molecules (CO, CH2O, C2H4, N2, NH3, NO2, H2O) are calculated with ES-EOM-CC

methods (see Supporting Information in Ref. 142 for details). The results are compared
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Table 3.2. Comparison of ES-EOM-CCSD with multi-reference EOM-

MRCCSD163–165 method and single-reference CPP-CCSD177 method for select

core-excitations of H2O (in eV).

Excitation Basis ES-EOM-CCSD EOM-MRCCSD CPP-CCSD177 Experiment40

1a1 → 4a1 6-311G** 535.72 535.76163 – 534.00

cc-pVDZ 538.36 538.40163,164 –

cc-pVTZ 535.41 535.34164 –

aug-cc-pVTZ 535.30 535.32165 –

aug-cc-pCVTZ 535.66 – 535.68

1a1 → 2b1 6-311G** 537.57 537.61163 – 535.90

cc-pVDZ 540.17 540.21163,164 –

cc-pVTZ 537.22 537.13164 –

aug-cc-pVTZ 537.08 537.11165 –

aug-cc-pCVTZ 537.44 – 537.47

with results from gaseous XAS or inner-shell electron energy loss spectroscopy (ISEELS)

experiments.36–42 The mean absolute/signed error (MAE/MSE), root mean square (RMS)

error, maximum absolute error (Max AE), mean standard error (MSE) and standard devi-

ation (StDev) of the errors with respect to experimental results are statistically evaluated.

Energy-specific TDDFT (ES-TDDFT)1 results are also included for comparison. Two den-

sity functionals, BHandHLYP43 and PBE1PBE46,47 were used as they have been shown to

consistently perform well for predicting K-edge spectra.22

Table 3.4 lists error analyses of absolute and shifted K-edge excitation energies (300-500

eV for these systems) obtained with different methods and the doubly augmented Dunning

basis with flexible core orbitals (d-aug-cc-pCVDZ).63,64 While absolute excitation energies are

direct measurement of the accuracy of a method, uniform shifts are often applied to calculated

XAS to account for the lack of relativistic effects and higher-order correlations.32,66,67 For

error analyses of shifted results, the calculated excitation energies are uniformly shifted so
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Table 3.3. Comparison of ES-EOM-CCSD with EA-EOM-CCSD162 for select

core-excitations. The EA-EOM-CCSD results are based on pre-defined core-hole

reference states, and the latter is obtained from a so-called quasi-RHF (QRHF)

calculation.178–180 A modified Sadlej basis set is used in both calculations, where

some atomic s and p functions are uncontracted from the original Sadlej basis set

(see Ref. 162 for more details).

Molecule Core Excitation ES-EOM-CCSD EA-EOM-CCSD162 Experiment

CO Carbon 2σ → 2π 287.99 287.08 287.4038

Oxygen 1σ → 2π 535.52 534.15 534.21181

C2H2 Carbon 1σu → 1πg(2p) 286.70 286.21 285.81182

C2H4 Carbon 1b1u → 1b2g(2p) 285.87 285.16 284.87182

N2 Nitrogen 1σu → 1πg 401.93 401.73 401.00183

CH2O Carbon 2a1 → 2b1(π∗) 287.57 285.77 286.00181

Oxygen 1a1 → 2b1(π∗) 532.43 530.78 530.80181

that the lowest-energy transition matches the corresponding experimental value. Errors are

calculated using the remaining transitions.

DFT methods (BHandHLYP and PBE1PBE) consistently underestimate absolute K-

edge excitation energies, whereas wave function-based methods overestimate the K-edge

excitations. The ES-BHandHLYP method surprisingly outperforms even ES-EOM-CCSD.

This is due to fortuitous error cancellation in BHandHLYP functional which includes 50%

of HF exchange that shifts the spectra to the opposite sign compared to those from pure

functionals.22 For details regarding the performance of ES-TDDFT on XAS calculations, we

refer readers to Reference 22.

After the K-edge excitation energies are shifted, the associated errors change signifi-

cantly. All methods considered herein become more reliable with MAEs of < 1 eV with

standard derivation < 0.5 eV. ES-EOM-CCSD shows the best performance in all statis-

tical metrics. It consistently overestimates K-edge excitation energies only by 0.2-0.3 eV.
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Table 3.4. Error analyses of calculated 31 K-edge excitation energies (eV). For

error analyses of shifted energies, excitation energies are uniformly shifted so that

the lowest-energy transition matches the corresponding experimental value. MAE:

Mean absolute error. StDev: standard deviation. MSE: mean signed error. RMS:

root mean square. Max AE: maximum absolute error. ES-TDDFT results were

obtained using the method in Ref. 1 and the basis set used is d-aug-cc-pCVDZ.

Absolute K-edge Excitations Shifted K-edge Excitations

MAE (StDev) MSE (StDev) RMS Max AE MAE (StDev) MSE (StDev) RMS Max AE

ES-PBE1PBE 11.68 (1.35) -11.68 (1.35) 11.75 14.17 0.95 (0.42) -0.95 (0.42) 1.04 1.67

ES-BHandHLYP 1.99 (0.61) -1.99 (0.61) 2.08 3.58 0.62 (0.38) 0.45 (0.58) 0.72 1.49

ES-P-EOM-MBPT2 5.24 (0.66) 5.24 (0.66) 5.28 6.92 0.49 (0.34) -0.18 (0.58) 0.59 1.19

ES-EOM-MBPT2 3.42 (0.57) 3.42 (0.57) 3.46 4.80 0.29 (0.29) 0.23 (0.34) 0.41 0.86

ES-EOM-CCSD 3.11 (0.53) 3.11 (0.53) 3.15 4.37 0.27 (0.26) 0.20 (0.32) 0.37 0.76

The lower-scaling alternatives of ES-EOM-CCSD, as represented by ES-EOM-MBPT2 and

ES-P-EOM-MBPT2, also show a consistent overestimation with slightly larger errors, yet

still outperform DFT-based methods. Note that the difference between these low-scaling

methods and ES-EOM-CCSD is much greater for these core excitations than for valence and

Rydberg excitations.149 Although inclusion of triples has shown to be able to improve the

CPP-CCSD results to be within 0.5 eV of the experimental values for Ne, CO, and H2O,177

it is formally a O(N7) method which is outside the consideration of this work.

As a larger test case, we also applied various energy-specific methods for calculation of

the K-edge excitation of sulfur in dibenzolthiophene (DBT, Fig. 3.2). We focus on the two

lowest peaks, 1s → 3pπ (∼ 2472 eV) and 1s → 3σ (∼ 2474 eV), in the sulfur K-edge XAS

spectrum of DBT.184 Table 3.5 shows the calculated results obtained with different energy-

specific methods. ES-EOM-CCSD and its perturbative approximations are very consistent,

and only underestimate the sulfur K-edge excitations by no more than 1.7 eV compared to

the experimental values. They show a small increase in absolute error compared to those for

lighter elements (C, N, O). This increase of error is likely due to a combination of relativistic
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Figure 3.2. Structure of dibenzothiophene (DBT).

effects and basis set incompleteness. The present calculations neglect the relativistic effect.

Neglecting the relativistic effect inevitably leads to an underestimation in the computed

spectra, and this error becomes larger as the atomic number increases. As a result, the

relativistic correction is bigger for sulfur than for light elements (C, N, O). It was estimated

to be as large as ∼7 eV for the sulfur 1s level.184 On the other hand, basis set incompleteness

gives rise to an overestimation of the spectrum. For example, Fransson et al.167 found that,

for ethene and its fluoro derivatives, a red-shift of ∼1.3 eV needs to be applied to account

for basis set incompleteness for a correlation consistent double-ζ basis set, and a red-shift of

∼0.5 eV for triple corrections for CCSD method. The low-scaling approximations of EOM-

CCSD are associated with a larger error due to the basis set incompleteness. As a result,

due to the error cancellation, P-EOM-MBPT2 happens to exhibit the best performance with

the 6-311++G* basis, although this observation likely won’t hold for larger basis sets.

For the K-edge excitation of sulfur, a heavier element than those previously studied,

ES-TDDFT with the as-investigated two functionals, PBE1PBE and BHandHLYP severely

underestimate the excitations by 20∼50 eV. Obviously, neither the relativistic effect nor

the basis set incompleteness can explain the poor performance of TDDFT for sulfur K-
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edge excitation. It is likely due to the large self-interaction error in these DFT kernels.

Nevertheless, after the computed excitation energies are shifted so that the lowest XAS peak

(1s→ 3pπ) is aligned with the experimental value (2472 eV), all methods show an excellent

agreement with the experiment for the second XAS peak (1s→ 3pσ).

Table 3.5. Calculated sulfur 1s→ 3p K-edge excitation energies (in eV) for the

dibenzothiophene molecule. The basis set used here is 6-311++G*.

Absolute K-edge Excitations Shifted K-edge Excitations

1s→ 3pπ (B2) 1s→ 3pσ (A1) 1s→ 3pσ (A1)

Experiment ∼2472 ∼2474 ∼2474

ES-PBE1PBE 2420.55 2422.26 2473.71

ES-BHandHLYP 2446.19 2448.69 2474.50

ES-P-EOM-MBPT2 2471.29 2473.35 2474.06

ES-EOM-MBPT2 2470.38 2472.68 2474.30

ES-EOM-CCSD 2470.32 2472.56 2474.24

3.1.4 Conclusion

In this chapter, we presented a strategy using the low-scaling P-EOM-MBPT2 approach

to improve the trial vectors for solving the EOM-CCSD equation with an emphasis on the

high-energy excited-states, e.g. core electron excitations. An energy-specific non-Hermitian

Davidson eigensolver, facilitated by the energy-screening, eigenvector-bracketing, and growing-

window techniques, has been developed to efficiently obtain high-energy solutions without

scanning through low-energy states. With these advances, EOM-CCSD and its low-scaling

alternatives can be directly used to compute XAS. Applications to first-row elements (car-

bon, nitrogen, and oxygen) K-edge XAS of various modules show the wave function-based

methods (EOM-CCSD and its low-scaling alternatives) are not obviously advantageous in

terms of absolute excitations compared to the spectra predicted by ES-TDDFT using the
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BHandHLYP functional. After uniform spectral shift, all methods considered here perform

very well for shifted K-edge XAS of first-row elements with ES-EOM-CCSD marginally out-

performing DFT and low-scaling alternatives in all statistical metrics. For K-edge XAS of

heavier element, sulfur, EOM-CCSD and its low-scaling alternatives maintain the excellent

performance while TDDFT severely underestimates the excitation energies.

3.2 The Consequences of Going Beyond the Dipole Approximation

The interaction between a quantum mechanical system and plane wave light is usually mod-

eled within the electric-dipole approximation. This assumes that the intensity of the incident

field is constant over the length of the system and transition probabilities are described in

terms of the electric-dipole transition moment. For short-wavelength spectroscopies, such as

X-ray absorption, the electric-dipole approximation often breaks down. Higher order mul-

tipoles are then included to describe transition probabilities. The square of the magnetic

dipole and electric quadrupole are often included, but this results in an origin-dependent ex-

pression for the oscillator strength. The oscillator strength can be made origin-independent

if all terms through the same order in the wave vector are retained. We will show the conse-

quences and potential pitfalls of using either of these two expressions. It is shown that the

origin-dependent expression may violate the Thomas-Reiche-Kuhn sum rule and the origin-

independent expression can result in negative transition probabilities. The work presented

in this section is adapted with permission from P. J. Lestrange, F. Egidi, X. Li, J. Chem.

Phys., 2015, 143, 234103.185 Copyright 2015 AIP Publishing LLC.

3.2.1 Introduction

The utility of a spectroscopic technique is greatly enhanced by theoretical models that pro-

vide a language through which to explain complex phenomena.186 For many spectroscopies,

the strength of the incident field is weak enough that it can be described as a classical per-

turbation on a quantum mechanical system. A Taylor expansion of the perturbed observable

is often introduced and then truncated at some finite order to describe the interaction of the
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incident plane wave with the system. In this way, the system’s properties can be described

in terms of electric and magnetic multipoles.187,188 Unfortunately, many properties become

origin-dependent when described beyond the lowest-order nonzero multipole. This is non-

physical and a potential pitfall when using multipole theory, as molecular properties should

be origin-independent when described through infinite-order. This non-physical origin de-

pendence has prompted the development of schemes to minimize the origin dependence67

and the derivation of fully origin-independent expressions3,189–191 for describing observable

molecular properties.

If the wavelength of the incident field is long compared to the size of the system, the

Taylor expansion describing the system-wave interaction can be truncated at the first term.

This is the well-known electric-dipole approximation (EDA), so-called because the electric-

dipole is the relevant multipole for describing molecular transitions. The EDA assumes that

the magnitude of the incident field is constant over the length of the system and is commonly

used to describe one-photon molecular absorption and emission processes. X-ray absorption

spectroscopy (XAS) is an interesting case where the EDA is not always valid. The wavelength

of the field can often be < 1 nm and thus comparable to the size of a molecular system.

The most commonly used expression for describing XAS oscillator strengths truncates

the Taylor expansion after the second term. This origin-dependent expression is often used

in the atomic spectroscopy community.192,193 There is no ambiguity when defining the origin

in atomic spectroscopy and the origin-dependence of the expression is not often considered.

However, origin-dependence of computational oscillator strengths is an unavoidable issue

for modeling molecular XAS where there is no unambiguously correct way of defining the

origin of a multi-atomic system. This issue becomes even more important as molecular XAS

spectra nowadays can be computed routinely with low-scaling many-body methods, such as

time-dependent density functional theory (TDDFT).1,22,30–33

Neese and co-workers have developed a scheme to minimize this origin dependence by

using clever choices of the molecular origin.67 In many ways this is physically satisfying

because the molecular origin is often chosen to be within the transition density of a given
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excitation and the Taylor expansion of the plane wave is expected to converge more quickly

in this region. However, this only marginalizes the origin dependence problem and does not

eliminate it completely. It has been recently shown that this origin dependence is due to an

incomplete treatment of the oscillator strength through second-order in the wave vector and

a rigorously origin-independent second-order expression has been implemented by Jacob and

co-workers.3 It is important to understand that these different oscillator strength expressions

may lead to different interpretations and assignments of spectral features. There are also

some important nuances, strengths, and deficiencies unique to these expressions that have

yet to be explored in the literature. In fact, the use of either expression can lead to surprising

consequences, highlighting the need for further developments in this field. In this work, we

will compare the complete second-order oscillator strength expression with the more com-

monly used origin-dependent expression. Some of the noteworthy consequences when using

each expression include violation of the Thomas-Reiche-Kuhn sum rule, varying spectral

lineshapes and, most surprisingly, possibly computing negative transition probabilities.

3.2.2 Theory

The interaction of a molecular system with an electromagnetic field is often treated semiclas-

sically.194–196 The incident field is treated as a classical plane wave and the molecular system

is described quantum mechanically. The incident electric field E is described by means of the

scalar and vector potentials φ and A. We will assume the Coulomb gauge where ∇ ·A = 0

and add the further constraint that the scalar potential be zero, φ(r, t) = 0. This particular

choice of gauge is often referred to as the velocity gauge and we will make comparisons later

to the so-called length gauge when discussing transition properties below.
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3.2.3 The Absorption of Light

The Hamiltonian describing the interaction of a quantum system with a monochromatic

electric field in the non-relativistic limit can be written as

Ĥ(t) =
N∑
i

1

2me

[
p̂i −

e

c
A(ri, t)

]2

+ V (r1, . . . , rN) (3.21)

where p̂i = −i ~∇ and e and me are the charge and mass of the electron respectively. The

vector potential is defined as

A(r, t) = −A0 ε cos(k · r− ωt) (3.22)

where A0 is proportional to the amplitude of the incident electric field. The wave vector

k describes the propagation direction with a magnitude k = |k| = ω/c. The propagation

direction is perpendicular to the polarization vector ε. We can describe the electric field in

terms of this vector potential

E(r, t) = −1

c

∂A(r, t)

∂t
= A0 k ε sin(k · r− ωt) (3.23)

The Hamiltonian in Eq. (3.21) can be separated into a portion independent of the incident

field and the perturbing operator.

Ĥ(t) = Ĥ0 + V̂ (t) (3.24)

where

V̂ (t) = − e

mec

∑
i

A(ri, t) · p̂i (3.25)

The strength of the incident field is assumed to be weak and the quadratic terms in A have

been neglected. Using the definitions of the vector potential (Eq. (3.22)), the perturbing

operator becomes

V̂ (t) =
eA0

mec

∑
i

cos(k · ri − ωt)(p̂i · ε) (3.26)

= V̂ exp(−iωt) + V̂ ∗exp(iωt) (3.27)
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with the interaction potential defined as

V̂ =
eA0

2mec

∑
i

exp(i k · ri)(p̂i · ε) (3.28)

This potential can be used with Fermi’s golden rule to describe the rate of transition

between two states

Γ0n(ω) =
2π

~
| 〈0| V̂ |n〉 |2δ(ω − ω0n) (3.29)

=
πA2

0

2~c2
|T0n|2δ(ω − ω0n) (3.30)

where T0n is the transition moment between state |0〉 and |n〉. Following an integration over

all frequencies and the inclusion of additional prefactors, we can arrive at the expression for

the dimensionless oscillator strength

f0n =
2me

e2E0n

|T0n|2 (3.31)

where E0n is the transition energy between state |0〉 and |n〉. This represents the transition

probability between two states relative to a classical electron in a harmonic potential.195 The

experimentally observed absorption intensity is proportional to Eq. (3.31) and the oscillator

strength is often convoluted with a broadening function when results are compared with

experimental lineshapes.

3.2.4 Multipole Expansion

The perturbing operator (Eq. (3.28)) can be greatly simplified by expanding the plane wave

in a Taylor series and truncating at some finite order.

exp(i k · ri) = 1 + i k · ri +
1

2
(i k · ri)2 + · · · (3.32)

This expansion is commonly truncated at the first term, leading to the well-known electric-

dipole approximation. This assumes that the wavelength of the incident field is long com-

pared to the size of the system and that the intensity of the field is constant over the length of
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the system. Within this approximation, the transition moment is simply the electric-dipole

(E1) transition moment, expressed in atomic units as

T
(E1)
0n =

∑
i

〈0| p̂i · ε |n〉

= ε · 〈0| µ̂ |n〉 (3.33)

For the vast majority of spectroscopic experiments, the molecules are randomly oriented

with respect to the incident field. The oscillator strength should therefore be isotropically

averaged197 to account for these random orientations in the ensemble. The isotropically

averaged electric-dipole oscillator strength (in atomic units) is

〈f (E1)
0n 〉iso =

2

3E0n

| 〈0| µ̂ |n〉 |2 (3.34)

This expression is zero-order in the wave vector and is commonly used to describe ab-

sorption intensities for low energy absorption spectra. However, the EDA is not always

valid when the molecular system is very large or the wavelength of the incident field is very

small (e.g. X-ray). Additional terms accounting for variation in the field over the length of

the molecule should be included in the description of the transition moment and oscillator

strength.198–200 In this case, the Taylor expansion of the plane wave is commonly truncated

after the second term.1,67 This leads to the magnetic dipole (M1) and electric quadrupole

(E2) transition moments

T
(M1)
0n =

i

2
(k× ε) ·

∑
i

〈0| (ri × p̂i) |n〉

=
i

2
(k× ε) · 〈0| m̂ |n〉 (3.35)

T
(E2)
0n =

i

2

∑
αβ

∑
i

kαεβ 〈0| ri, αp̂i, β + p̂i, αri, β |n〉

=
i

2

∑
αβ

kαεβ 〈0| Q̂αβ |n〉 (3.36)

where the Greek indices run over Cartesian coordinates. Contributions from the spin operator

will be neglected throughout because states with different MS values will be degenerate and

their spin contributions to the magnetic transition moments will cancel out.3,201
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With this truncation of the Taylor expansion, all isotropically averaged cross terms be-

come zero and the two additional contributions to the oscillator strength are

〈f (M1)
0n 〉iso =

α2

6
E0n| 〈0| m̂ |n〉 |2 (3.37)

〈f (E2)
0n 〉iso =

α2

20
E0n

∑
αβ

〈0| Q̂αβ |n〉2 −
1

3

(∑
α

〈0| Q̂αα |n〉

)2
 (3.38)

While the electric-dipole expressions in Eq. (3.33) and Eq. (3.34) are both zero-order in

the wave vector, truncating the Taylor expansion after the second term leads to transition

moments that are first-order in the wave vector and oscillator strength terms that are second-

order.

As is often the case when molecular properties are described beyond the lowest nonzero

multipole order, the oscillator strength becomes origin-dependent when the f
(M1)
0n and f

(E2)
0n

terms are included.189,190 This is obviously problematic because the obtained physical observ-

able is origin-independent. Bernadotte et al. have recently shown that this origin dependence

is due to inconsistent treatment of the oscillator strength through second-order.3 The addi-

tional second-order contributions to the oscillator strength contain the magnetic quadrupole

(M2) and the electronic octupole (E3) transition moments.

T
(M2)
0n = −1

6

∑
αβ

∑
i

(k× ε)αkβ 〈0| ri, β(ri × p̂i)α + (ri × p̂i)αri, β |n〉

= −1

6

∑
αβ

(k× ε)αkβ 〈0| M̂αβ |n〉 (3.39)

T
(E3)
0n = −1

6

∑
αβγ

∑
i

kαkβεγ 〈0| ri, αri, β p̂i, γ + ri, αp̂i, βri, γ + p̂i, αri, βri, γ |n〉

= −1

6

∑
αβγ

kαkβεγ 〈0| Ôαβγ |n〉 (3.40)

When the magnitude of the transition moment is squared to derive the oscillator strength

(Eq. (3.31)), there are two cross terms that include the product between these and the E1
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transition moment. The isotropically averaged cross terms are

〈f (M2)
0n 〉iso =

α2

9
E0n

∑
αβγ

εαβγ 〈0| µ̂β |n〉 〈0| M̂γα |n〉 (3.41)

〈f (E3)
0n 〉iso = −2α2

45
E0n

∑
αβ

〈0| µ̂β |n〉 〈0| Ôααβ |n〉 (3.42)

where εαβγ is the Levi-Civita tensor. While all second-order terms are individually origin-

dependent, these dependencies cancel out when all terms are included. It has also been

shown that the oscillator strength is always origin-independent when treated consistently

through a finite order in the wave vector.3

The spectra obtained from different expressions for the oscillator strength can be strik-

ingly different.

f (0) = 〈f (E1)
0n 〉iso (3.43)

f (E1+E2+M2) = 〈f (E1)
0n 〉iso + 〈f (M1)

0n 〉iso + 〈f (E2)
0n 〉iso (3.44)

f (2) = 〈f (E1)
0n 〉iso + 〈f (M1)

0n 〉iso + 〈f (E2)
0n 〉iso + 〈f (M2)

0n 〉iso + 〈f (E3)
0n 〉iso (3.45)

The transition probabilities calculated with the zero-order expression (Eq. (3.43)) will be

strictly zero for dipole-forbidden transitions; the EDA cannot describe quadrupole-allowed

transitions. Improper treatment of the oscillator strength through second-order (denoted as

f (E1+M1+E2) in Eq. (3.44)) can result in artificial enhancement of transition probabilities and

qualitatively wrong spectral shapes that are dependent upon the origin definition. Unlike

f (E1+M1+E2), the full second-order expression (Eq. (3.45)) is origin-independent and retains

many of the properties expected of an oscillator strength. While the origin-independent

expression may be preferable, it is not completely devoid of problems since it is still a

truncated form of the complete, infinite-order operator. The failings of the f (E1+M1+E2)

expression and some potential problems associated with f (2) are explored in Results and

Discussion.
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3.2.5 Different Gauges

The electric transition moments in Eqs. (3.33), (3.36) and (3.40) are in their velocity gauge

representation. When a complete basis set is used, there are equivalent expressions in which

the operator takes a different form.196 The relationship between these expressions can be

shown for the E1 transition moment using the commutation relationship

[ri, α, Ĥ0] =
i~
me

p̂i, α (3.46)

This relationship can be used with Equation (3.33) to show that the E1 transition moment

can also be written (in atomic units) as

T
(E1)
0n = −iE0n

∑
i

〈0| ri · ε |n〉 (3.47)

Similar commutation relationships (see Appendix A of Ref. 3) can be used to show that

T
(E2)
0n =

E0n

2

∑
αβ

∑
i

kαεβ 〈0| ri, αri, β |n〉 (3.48)

T
(E3)
0n = i

E0n

6

∑
αβγ

∑
i

kαkβεγ 〈0| ri, αri, βri, γ |n〉 (3.49)

when a complete basis set is used. These expressions are referred to as the length gauge

representations of the electric transition moments. There are also corresponding length

gauge expressions for the oscillator strength that are equivalent to those in the velocity

gauge when a complete basis set is used.

It is important to note that when the basis set is incomplete, f (2) is only origin-independent

in the velocity gauge. The origin dependence of the magnetic multipole integrals can be rep-

resented in terms of lower-order magnetic multipoles and velocity gauge electric multipoles.

This can be shown by shifting the molecular origin from O to O + a.

〈0| m̂α(O + a) |n〉 = 〈0| m̂α(O) |n〉 − εαβγaβ 〈0| µ̂γ |n〉 (3.50)

〈0| M̂αβ(O + a) |n〉 = 〈0| M̂αβ(O) |n〉 − 3aβ 〈0| m̂α(O) |n〉+ δαβ (a · 〈0| m̂(O) |n〉)

+
∑
γδ

εαγδ

[
2aβaγ 〈0| µ̂γ |n〉 − aγ 〈0| Q̂βδ(O) |n〉

]
(3.51)
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For a detailed derivation see the Supporting Information of Ref. 3. For problems of chemical

relevance it is usually impractical to use a complete basis set. In order to maintain origin

independence, all second-order contributions to the oscillator strength presented in this work

will be calculated in the velocity gauge.

The zero-order expression for the oscillator strength is origin-independent in both the

length and velocity gauge and there has been considerable debate over the appropriate gauge

to describe transition probabilities.202–205 Recent work on propagating the electronic density

in time while coupled to the electric field through the electric-dipole has shown that the

length gauge representation tends to be more numerically stable.196 This is also the gauge

most commonly used and is employed for the f (0) results presented in this work. This mixed

gauge representation is consistent with that presented by Bernadotte et al. in Ref. 3.

3.2.6 Computational Details

The multipole expansion may be used to describe transition probabilities for any quantum

mechanical method able to describe electronic excited states. We will use linear-response

time-dependent density functional theory (TDDFT) for our discussion. A formal response

theory is appealing because it allows us to discuss the Thomas-Reiche-Kuhn sum rule.206–208

This sum rule does not hold for approximate response methods such as Configuration Inter-

action Singles (CIS)209 and the Tamm-Dancoff approximation (TDA).12,210

The X-ray absorption energies and oscillator strengths are calculated using energy-specific

TDDFT (ES-TDDFT)1,22 in a development version of the Gaussian software package.35 To

first order, the density matrix response to the perturbation can be written in terms of

excitation and de-excitation amplitudes, which are found by solving the TDDFT equations:

ρ(x, x′) =
∑
ia

(
Xiaϕa(x)ϕi(x

′) + Yiaϕi(x)ϕa(x
′)
)

(3.52)

where the i and a subscripts refer to occupied and virtual orbitals, respectively. The transi-

tion moments between electronic states are calculated as the trace of the transition density

with multipole integrals in the MO basis. The [X + Y] or [X−Y] density is used depending
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on if the operator is Hermitian or anti-Hermitian respectively. For example, the length gauge

E1 transition moment is calculated as

〈0|
∑
k

rk ,α |n〉 =
√

2
∑
ia

[
Xn
ia + Y n

ai

]
〈ψi|

∑
k

rk ,α |ψa〉 (3.53)

where ψp are molecular orbitals. For all calculations presented herein, geometries are opti-

mized with the PBE1PBE functional (also known as PBE0)46,47 and the 6-31+G(d) basis

set.125,126,211–213

3.2.7 Results and Discussion

3.2.7.1 Thomas-Reiche-Kuhn Sum Rule

Oscillator strengths obtained from TDHF214 and TDDFT10 obey the Thomas-Reiche-Kuhn

sum rule.206–208 ∑
i

fij = N (3.54)

This says that the sum of all oscillator strengths from a particular state to all others will equal

the number of electrons in the system. When the infinite-order expression for the transition

moment is used, the oscillator strength is origin-independent and obeys this sum rule in any

coordinate system definition. However, if the oscillator strength is treated incompletely at

some finite order, the oscillator strength is not guaranteed to satisfy this sum rule. This

behavior can be illustrated (in Fig. 3.3) using the f (0), f (E1+M1+E2), and f (2) expressions

to model excitations of molecular hydrogen calculated with the PBE1PBE functional and

the daug-cc-pVTZ basis set.61–63 The system is originally oriented along the z-axis with the

origin placed at the center of the molecular bond. The origin is then displaced along the

x-axis and the sum rule evaluated at all definitions of the origin.

The EDA is, of course, more than sufficient to describe transition probabilities for molec-

ular hydrogen. The zero-order expression is origin-independent and the sum rule is satisfied

at all definitions of the origin. When the second-order oscillator strength is treated incom-

pletely, the summation total is wildly inflated as the origin is moved far away from the
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Figure 3.3. The sum of oscillator strengths from 68 excitations of H2 calcu-

lated at the PBE1PBE/daug-cc-pVTZ level of theory. Three different oscillator

strength expressions are used: f (0), f (E1+M1+E2), and f (2). Note that the f (0)

and f (2) plots overlap almost exactly.

molecular system, rising to > 35 when the origin is displaced by 500 Å. To the best of our

knowledge, this behavior of the f (E1+M1+E2) expression has not yet been reported in the

literature. This behavior is corrected, however, when the cross terms are included and the

complete second-order expression is used. The sum rule is then satisfied at any definition of

the origin, as it should be.

This behavior alone is not sufficient to say that f (E1+M1+E2) should not be used because

there is no reason to place the molecular origin outside of the molecular system. Those

definitions of the origin do not allow one to take advantage of molecular symmetry and

reduce computational cost. Also, methods such as CIS and TDA do not satisfy this sum rule

and are used to successfully model experimental spectra nonetheless. We will next turn our

attention to more reasonable origin definitions contained within the molecular system and

show how these still have a large effect on the resulting spectrum when using f (E1+M1+E2).
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3.2.7.2 Lineshape Variation

The f (E1+M1+E2) expression can result in very different spectra for different definitions of the

origin. We can show this by modeling a derivative of the low bandgap polymer poly[2,6-(4,4-

bis-(2-ethylhexyl)-4H -cyclopenta[2,1-b:3,4-b’]dithiophene)-alt-4,7(2,1,3-benzothiadiazole)]

(PCPDTBT) where the alkyl chains have been replaced with methyl groups (Fig. 3.4). The

nitrogen and sulfur K-edges of this system have been previously investigated both experimen-

tally and theoretically.215,216 We will focus on the sulfur K-edge transitions as the wavelength

is about 0.5 nm and a single subunit of this polymer is > 1 nm, making it a likely case where

the EDA would break down.

Figure 3.4. A single subunit of the PCPDTBT polymer where the alkyl chains

have been replaced with methyl groups. The different sulfur atoms are denoted as

Sa−c in order to identify different definitions of the origin to compare with their

respective spectra in Fig. 3.5.

Spectra using the origin-independent f (0) and f (2) expressions and the origin-dependent

f (E1+M1+E2) expression are plotted in Sec. 3.2.7.2. We have placed the origin at the center of

mass (COM) of the system and on each sulfur atom (denoted as Sa−c in Fig. 3.4) to show the

variation in the origin-dependent expression. All transitions are broadened with Lorentzian

functions with FWHM of 0.35 eV consistent with the core-hole lifetime for sulfur K-edge
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Figure 3.5. Sulfur K-edge spectra of the PCPDTBT derivative in Fig. 3.4. The

f (0) and f (2) definitions of the oscillator strength as well as the f (E1+M1+E2)

expression with four different definitions of the origin are included. The origin

is placed at the COM and on each sulfur atom denoted as Sa−c. Note that the

f (0) and f (2) spectra overlap almost exactly. The unnormalized and normalized

spectra are on the left and right respectively. The individual oscillator strengths

are left out for clarity.

All oscillator strengths calculated with f (E1+M1+E2) are far greater than those calculated

with f (0) or f (2) (Sec. 3.2.7.2). They also vary dramatically for different definitions of the

origin. The zero- and second-order spectra are virtually identical as the cross terms largely

cancel out contributions from Eqs. (3.37) and (3.38). This may seem counterintuitive because

the size of this system is more than twice the wavelength of the exciting electromagnetic field

and the EDA is expected to break down. List et al. have observed similar behavior for trans-

polyenes of varying length.191 The modest effect of higher-order contributions was attributed

to the localized nature of the initial state which confines the transition density around the

core hole. The PCPDTBT transitions are all localized around the excited atom, which

explains the very small change when going beyond the EDA. Further, the largest possible
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error due to the EDA is about 20% so we would only ever expect a small effect for these

dipole-allowed transitions.191

When comparing to experimental results, modeled spectra are rescaled in order to com-

pare with the experimental intensities. With this in mind, it is important to consider how

the different oscillator strength expressions can change the relative peak intensities and over-

all spectral features and not just the overall intensity. Section 3.2.7.2 contains normalized

spectra such that the strongest transition is set to unity. There are three dominant tran-

sitions with the middle transition often having a shoulder slightly lower in energy. For the

f (E1+M1+E2) expression, when the origin is place on Sa or Sb the middle transition is strongly

dampened and when the origin is placed on Sc this feature is strongly enhanced relative to

the other peaks. This origin-dependent enhancement of features can be rationalized in terms

of where the excitation is localized on the system.

The core hole of the dominant transitions for the features around 2420 and 2422 eV

is localized on Sc. The dominant transition contributing to the feature around 2421 eV

has the core hole localized on Sa. When the origin is placed on the excited sulfur atom,

the oscillator strength calculated with f (E1+M1+E2) is much closer to that calculated with

f (0) or f (2) (evident in Sec. 3.2.7.2). The reverse is also true: when the origin is placed

far from the excited atom, the oscillator strength calculated with f (E1+M1+E2) is artificially

enhanced relative to the correct value. This behavior is consistent with that seen by Neese

and co-workers and one of the arguments for placing the origin within the transition density

so the Taylor series expansion of the plane wave converges more quickly.67 With the origin

placed at the COM, the three features all have comparable intensities, although the relative

magnitude of the three features is still not consistent with the f (0) and f (2) expressions.

This enhancement and dampening of features could be mitigated by changing the molecular

origin to be within the the transition density of each excitation although this would be rather

tedious as well as computationally inefficient.

An incomplete treatment of the oscillator strength through second-order can result in

variable spectral shapes dependent upon the location of the origin and the localization of
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the transition densities. This can result in the dampening of important features and the

enhancement of features that are insignificant experimentally. This is particularly troubling

when f (E1+M1+E2) is used because spectral features may be misassigned and the experiment

interpreted incorrectly if too much confidence is placed in the theoretical model. Although

much of this can be accounted for by shifting the origin for each transition to be within the

transition density. In short, the f (E1+M1+E2) expression is not an appropriate way to model

the oscillator strength unless particular care is taken when defining the molecular origin.

The f (2) expression, on the other hand, does not require this type of consideration and is

always independent of the coordinate system.

3.2.7.3 Negative Oscillator Strengths

The oscillator strength is a measure of transition probability and should always be positive for

absorption processes, although it can be negative for emission.194 The f (0) and f (E1+M1+E2)

expressions are always positive because they arise from a truncation of the Taylor expansion

of the plane wave at some finite order. The transition moments are evaluated with this

truncation and their magnitude is squared keeping all nonzero terms. The full second-order

expression, however, comes from keeping all terms through second-order after the magnitude

of the transition moment has been squared. The resulting cross terms make it possible that

the oscillator strength can become negative.

TiCl4 has been studied experimentally and theoretically by several different groups and

is often used to illustrate the ability of a TDDFT based method to model X-ray excita-

tions.1,3,29,67,218,219 It’s a tetrahedral coordinated system of Td symmetry, so the five Ti d

orbitals are split into two sets of two and three orbitals that transform as the e and t2 ir-

reducible representations, respectively. The experimental pre-edge peak is a rather broad

feature requiring two peaks to fit, which are assigned as excitations to the e and t2 sets of

Ti d orbitals. We will focus on excitations to the e set of orbitals.

There are eight different transitions to the e set of Ti d orbitals that are around ∼2763

eV when calculated at the PBE1PBE/6-31+G(d) level of theory (Tab. 3.6). The first six
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Symmetry Energy (meV) 103f (0) 103f (E1+M1+E2) 103f (2)

T1 4.474 0.00 5.54 5.54

T1 4.474 0.00 5.54 5.54

T1 4.474 0.00 5.54 5.54

T2 4.482 2.48 3.59 −5.28

T2 4.482 2.48 3.59 −5.28

T2 4.482 2.48 3.59 −5.28

E 4.515 0.00 3.32 3.32

E 4.515 0.00 3.32 3.32

Table 3.6. Oscillator strengths for Cl 1s → Ti 3d transitions calculated at

the PBE1PBE/6-31+G(d) level of theory. The excitation energies are shifted by

−2763 eV.

excitations are dominated by transitions from the t2 Cl 1s orbitals and the final two are

dominated by transitions from the a1 orbital. The excitations from the t2 orbitals are fur-

ther separated into two sets of triply degenerate transitions, one of which is dipole-allowed.

These dipole-allowed transitions have negative oscillator strengths when the second-order

expression is used. The second-order cross terms include the electric-dipole and either the

magnetic quadrupole or the electric octupole. These second-order terms can either be posi-

tive or negative depending on the signs of these transition moments and will only be nonzero

for dipole-allowed transitions. This means that the only instance where the second-order

oscillator strength can be negative is when the E1 transition moment is nonzero. Unfortu-

nately, the addition of the cross-terms between the electric-dipole and the electric octupole

and magnetic quadrupole terms provides an origin-independent oscillator strength, but the

resulting expression is no longer a perfect square. The origin of negative oscillator strengths

for the f (2) expression has also been discussed by other authors.220,221

From an experimental point of view, the intrinsic broadening of these excitations is so
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large that they cannot be individually resolved, therefore no comparison can be made with

the calculated intensities for each transition. However, the fact that the computed oscillator

strength is negative may be considered a diagnostic for the need to include even higher-order

multipole contributions in the model, since the exact (untruncated) quantity is assured to

be positive for absorption processes. In fact, as can be seen from Tab. 3.6, the effect of

the second-order terms is of the same order of magnitude as the electric-dipole contribution

for the T2 transition. It should also be pointed out that the TRK sum rule should still be

satisfied, therefore the positive contributions from the second-order terms in other transitions

will compensate for the negative ones when the sum is performed.

3.2.8 Conclusion

The origin-dependent f (E1+M1+E2) expression is commonly used to describe X-ray absorption

spectra when the EDA is expected to breakdown. We have shown that this expression is not

guaranteed to satisfy the Thomas-Reiche-Kuhn sum rule and can often result in different

spectral shapes dependent up on the origin definition. This is true even in cases where

the EDA is still valid as different definitions of the origin can artificially enhance higher-

order terms in the oscillator strength expression. Spectra obtained using this expression are

not likely to be reliable unless particular care is taken when assigning the molecular origin

for each calculated transition. Full treatment of the oscillator strength through second-

order removes many of these strange behaviors; the sum rule is satisfied and the spectral

lineshape is consistent at all definitions of the origin. However, the f (2) expression can result

in negative oscillator strengths for dipole-allowed transitions. This has been observed for

several Cl K-edge transitions of TiCl4, but it is not yet clear how common this behavior is.

Having negative oscillator strengths would prevent one from making spectral assignments

and is a diagnostic for the need to use a higher-order expansion or the untruncated form

of the operator. When the transition moment and oscillator strength are treated through

infinite-order, these undesirable properties are no longer present. It seems that either the

electric-dipole approximation or the infinite-order oscillator strength should be used. Any
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other truncation of the plane wave Taylor expansion can lead to strange and unphysical

behaviors that can effect the way spectral features are assigned.
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Chapter 4

TD-CI USING THE GRAPHICAL UNITARY GROUP
APPROACH

Dynamic electric properties are most commonly determined by applying linear and nonlinear-

response theory. This is often a sequential process as each order of response depends on the

solution for the previous lower-order. Response theory is a perturbative approach and is not

directly amenable to modeling time-resolved spectroscopies or experiments involving exotic

pulse shapes. Nonperturbative interaction between a system and an electric field can be

modeled explicitly in time. This makes it possible to more easily resolve higher-order prop-

erties and highly nonlinear processes. Time-dependent configuration interaction (TDCI) has

asserted itself as a powerful tool for accurately modeling electronic dynamics. We have im-

plemented TDCI using the Graphical Unitary Group Approach (TD-GUGA-CI) in order to

study the dynamics of open-shell systems while retaining spin as a good quantum number.

This approach has been used to resolve linear and nonlinear electric properties of molecular

systems. Important considerations when modeling dynamic electric properties in the time

domain are presented as well as comparisons to properties of broken-symmetry solutions.

4.1 Introduction

Intense atto- and femtosecond laser sources have opened up new ways to probe electronic

and nuclear dynamics in real time.222,223 Intricate experiments take advantage of these new

laser sources and tease out previously inaccessible information about different molecular

systems.224,225 A more detailed understanding of linear and nonlinear-responses to these

strong electric fields will aid in the interpretation of these complex experiments.

Dynamical polarizabilities and hyperpolarizabilities are often calculated with time-dependent
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perturbation theory using sum-over-states expressions.226 These techniques assume a much

weaker field strength than those seen in typical attosecond experiments. Further, they are

not able to account for the complicated pulse shapes that are often employed or the time-

dependence between pump and probe pulses. An alternative approach would be to model

the system explicitly in the time domain under the influence of an external field and extract

relevant properties from the simulation. This goes beyond the perturbative regime and cap-

tures all orders of response that could be described by perturbation theory all at once. It also

allows for the use of pulse shapes and field strengths more representative of the experiment

being modeled.

Real-time time-dependent density functional theory (RT-TDDFT) has become the workhorse

of time-dependent electronic structure theory due to its low computational cost and reason-

able accuracy.227 It has been used to model absorption spectra of large molecules,228,229 linear

and nonlinear electric properties,230,231 and spin232,233 and charge transport.234,235 However,

RT-TDDFT suffers from some well-documented problems associated with using adiabatic

functionals of the density. This can lead to a time-dependence in the resonant frequencies

as the density is propagated in time.236–238 This is a particularly vexing problem that makes

it difficult to model time-resolved spectroscopies or excited-state properties although some

groups have made recent progress in this area.239,240

Multiconfigurational wave functions propagated in time do not suffer from the same

difficulties of RT-TDDFT. These techniques have been used to model time-resolved pho-

toionization241,242 and nonlinear-responses243–247 to intense electric fields. Time-dependent

Configuration Interaction Singles (TD-CIS) is the simplest and most commonly used mul-

ticonfigurational approach. Unfortunately, it tends to overestimate (hyper)polarizabilities

due to a lack of electron correlation in the description of the ground state, although it is

able to qualitatively describe high harmonic generation (HHG) spectra.243,246,247 Madsen and

Miyagi recently gave a more detailed analysis of the role of multielectron excitations on the

description of nonlinear properties with their series of TD-RASSCF approaches.248 Their

analysis highlighted the importance of including doubly excited configurations in the basis
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describing the time-evolving wave function. This work will focus on practical considerations

of evaluating nonlinear electric properties in the time domain for both closed- and open-shell

systems with GUGA-CI. We will also highlight the importance of including doubly excited

configurations in the description of the time-evolving wave function.

4.2 Theory

4.2.1 Configuration Interaction

Configuration Interaction describes electronic wave functions as linear combinations of dif-

ferent electron configurations

|ψ〉 =
∑
i

Ci |φi〉 . (4.1)

CIS uses singly excited configurations from the reference state to describe excited electronic

states, but does not improve the description of the reference ground state.209 The expansion

in Equation (4.1) can be truncated at other levels of excitation leading to methods like

CISD and CISDT where doubly and triply excited configurations are also included. These

approaches can be used to describe multiconfigurational ground and excited electronic states.

The bases used in the expansion are usually either excited Slater determinants (SDs)249–252

or spin-adapted configurations known as Configuration State Functions (CSFs).253,254

Excited SDs can be used as the CI basis for any form of the mean-field reference including

a restricted, unrestricted, or noncollinear wave function.255–257 Any relaxation or breaking

of a particular symmetry in the reference configuration will also be broken for the resulting

CI wave functions. There are some advantages in using a broken-symmetry wave function

including most notably that breaking symmetry usually lowers the energy of the variational

wave function. However, when a broken-symmetry wave function is used as the reference

configuration for response theory of CI, there can often be unphysical bright transitions

to different spin states.258 These unphysical transitions should usually be removed from

calculated spectra and should influence calculated electric properties as well.
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Configuration state functions are spin-adapted combinations of determinants that can

also be used as the basis in the CI expansion. They do require the use of a restricted

reference configuration that is both an eigenfunction of Ŝz and Ŝ2. CSFs are an appealing

alternative to SDs since the Full CI space will be smaller due to the lack of coupling between

different spin states and the Hamiltonian being block-diagonalized into different spin states.

For higher-spin states, CIS on top of an ROHF wave function will add a small amount of

electron correlation to the description of the ground state.259 This is of course different from

what is seen when only singly excited SDs are used or when the reference configuration is a

singlet. The combination of SDs needed to create the excited high-spin CSFs may include

doubly excited determinants which would offer a small correction to the description of the

ground state.

The time-independent nonrelativistic electronic Hamiltonian is defined as

Ĥ0 =
∑
ij

〈i| ĥ |j〉 Êij +
1

2

∑
ijkl

(ij|kl)(ÊijÊkl − δjkÊil) (4.2)

where {i, j, k, l} are orbital indices, 〈i| ĥ |j〉 and (ij|kl) are one- and two-electron integrals

respectively, and Êij is a spin adapted excitation operator

Êij =
∑
σ

â†iσâjσ. (4.3)

The one- and two-body coupling coefficients between states must be calculated when con-

structing the CI matrix: 〈ψ′| Êij |ψ〉 and 〈ψ′| ÊijÊkl−δjkÊil |ψ〉. These are simple to calculate

when using orthogonal orbitals and determinants since they can only be 0 or ±1. CSFs are

not orthogonal, however, and these coupling coefficients cannot be calculated so simply.

The graphical unitary group approach (GUGA)253,260–264 determines these coupling co-

efficients by finding patterns in a graph constructed from available spin couplings within

different orbital occupations. The graph is a convenient representation of a distinct row

table, which contains all unique rows of the Paldus arrays that define different spin-adapted

configurations. Each path that traverses the graph is a unique CSF and the coupling coeffi-

cients are determined by the shape made by two different CSFs. This graph can be efficiently
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searched to build the Hamiltonian or, in the case of direct CI, the matrix-vector product

σi =
∑
j

HijCj (4.4)

where Hij are elements of Ĥ0. This technique can also be applied to multiconfigurational

SCF (MCSCF) or any CI excitation level simply by changing the graph that is searched.

Further details on the implementation of GUGA-CI can be found in Appendix A.

4.2.2 Time-dependent CI

The dynamics of a time-evolving wave function are determined by solving the time-dependent

Schrödinger equation

i
∂Ψ(t)

∂t
= Ĥ(t)Ψ(t). (4.5)

The time-dependent Hamiltonian is defined as

Ĥ(t) = Ĥ0 − µ̂ · E(t) (4.6)

where the field-free Hamiltonian is augmented by the dipole operator µ̂ = −
∑N

i ri +∑NA

A ZARA coupling to an external electric field E(t).

The time-dependent wave function is described in the basis of CI states

Ψ(t) =
∑
i

Ci(t)ψi. (4.7)

The initial wave function at t = 0 can be any of the CI states or a superposition of several

states. Without an external electric field, the propagation of the time-evolving coefficients

is trivial

C(t+ ∆t) = e−iĤ0∆tC(t) (4.8)

where Ĥ0 is the diagonal field-free Hamiltonian in the CI basis. This just causes the wave

function to rotate through the complex plane, but does not change any observables if be-

ginning in an eigenstate of Ĥ0. The split operator approach265 can be used to separate the
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time-dependent and -independent parts of the Hamiltonian and describe the system under

the influence of an oscillating electric field

C(t+ ∆t) =

[ ∏
q=x,y,z

U†qe
iEq(t)µq∆tUq

]
e−iĤ0∆tC(t) (4.9)

where Uq is a unitary matrix that transforms the CI dipole matrix µq so that it is diagonal.

With this formalism, the dynamics of a time-dependent wave function can be determined in

the basis of resolved CI states.

4.2.3 Dynamic (hyper)polarizabilities

In these simulations, the field is turned on adiabatically using a linear ramp envelope that

grows to a maximum intensity over several optical cycles of the applied field (oc = 2π
ω

). This

type of time-dependent electric field can be written as

E(t) =


t

x oc
Acos(ωt) if 0 ≤ t < x oc

Acos(ωt) if t ≥ x oc

(4.10)

where A is the constant magnitude vector of the field and x is the number of optical cycles

over which the field is turned on. The dynamic polarizabilities and hyperpolarizabilities are

determined using a method previously developed in our group.231 This approach uses several

simulations with maximum field strengths of ±A, ±2A, and ±3A to determine first, second,

and third-order electric properties. The time-dependent dipole moments of the system under

these field strengths are combined and a function is then fit to the data.

To review how this approach works, we must first notice that the time-evolving dipole

moment can be expanded in a Taylor series to all orders of response.266 Each order can

be grouped into its own expression that can be used to extract properties from the time-

evolving dipole moment with a small error related to the field strengths used, O(A4). The
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first-, second-, and third-order responses are determined as

µ
(1)
ij =

8[µi(t, Aj)− µi(t,−Aj)]− [µi(t, 2Aj)− µi(t,−2Aj)]

12Aj
(4.11)

µ
(2)
ijj =

16[µi(t, Aj) + µi(t,−Aj)]− [µi(t, 2Aj) + µi(t,−2Aj)]− 30µ0
i

24A2
j

(4.12)

µ
(3)
ijjj =

−13[µi(t, Aj)− µi(t,−Aj)] + 8[µi(t, 2Aj)− µi(t,−2Aj)]− [µi(t, 3Aj)− µi(t,−3Aj)]

48A3
j

(4.13)

where µi(t,±Aj) are the ith components of the time-dependent dipole induced by a field

with maximum intensity ±Aj. The polarizability and hyperpolzarizability values are then

extracted by fitting different functions to the simulation data

µ
(1)
ij = αij(−ω;ω)cos(ωt) (4.14)

µ
(2)
ijk =

1

4
[βijk(−2ω;ω, ω)cos(2ωt) + βijk(0;ω,−ω)] (4.15)

µ
(3)
ijkl =

1

24
[γijkl(−3ω;ω, ω, ω)cos(3ωt) + 3γ̄ijkl(−ω;ω, ω,−ω)cos(ωt)] (4.16)

The frequency-dependent polarizability αij(−ω;ω) is related to the linear refractive in-

dex. The first hyperpolarizabilities βijk(−2ω;ω, ω) and βijk(0;ω,−ω) correspond to second-

harmonic generation (SHG) and optical rectification (OR) respectively. The second hyperpo-

larizabilities γijkl(−3ω;ω, ω, ω) and γ̄ijkl(−ω;ω, ω,−ω) related to third-harmonic generation

(THG) and averaged degenerate four-wave mixing (DFWM). Data from the simulation after

the external field has reached its maximum are fit to Eqs. (4.14) to (4.16) to extract these

properties. Field strengths were kept sufficiently weak so that ionization would not need to

be considered and the Keldysh parameters were close to one for all simulations.267 The fields

used for H2 and water were chosen to compare with experimental data. The off-resonant

field for BeH is representative of a Ti:Sapphire laser having a maximum intensity of 800 nm.

All simulations used a time step of 0.1 au (0.00242 fs). All CI calculations were performed in

a development version of Gaussian35 and all properties from response theory were obtained

using the Dalton16 package.268,269
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4.3 Results

We begin by calculating the dynamic polarizabilities and hyperpolarizabilities of H2 at the

experimental bond length of 0.7414 Å270 using TD-CIS and TD-CISD with the 6-31G basis

set. This results in 4 configurations for CIS and 10 configurations for CISD, so all config-

urations can easily be included in the description of the time-evolving wave function. The

molecule is oriented along the z-axis and we study the response of the system to 632.8

nm light propagating along the molecular axis. All even-order properties are zero because

molecular hydrogen has an inversion center, so only the odd-order molecular properties are

presented.

In these calculations, a monochromatic field is linearly ramped to a maximum intensity

over several optical cycles. The field must be turned on slowly so that it remains an adiabatic

perturbation to the system. If the field is turned on too quickly the system will be perturbed

too far from the ground state, preparing a superposition of the ground and excited-states.

The time-evolving dipole would then report on how all states in the superposition respond

to the field and not just the ground state. This can certainly be problematic when trying to

determine the properties of a the ground state or any other single eigenstate.

1 oc 2 oc 5 oc

αzz(−ω;ω) 7.407 (0.999) 7.405 (0.999) 7.407 (0.999)

γzzzz(−3ω;ω, ω, ω) −506.404 (0.783) −515.418 (0.850) −514.369 (0.992)

γ̄zzzz(−ω;ω, ω,−ω) −454.117 −457.244 −457.202

Table 4.1. TD-CIS polarizabilities and 2nd hyperpolarizabilities of H2 under the

influence of 632.8 nm light with the field turned on at different rates. R2 values

for fits are included in parentheses.

We have compared the (hyper)polarizabilities extracted from simulations where the elec-

tric field is turned on over different periods of time. The field is ramped up to its maximum

intensity over 1, 2, or 5 optical cycles and the electric properties are extracted from 4 ad-
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ditional optical cycles of propagation. The extracted properties are largely unaffected by

how quickly the field is turned on (Table 4.1). This is likely because even if the field is

turned on quickly and some excited-states are fractionally populated, the superposition is

still dominated by the ground state. In that case the majority of the signal would still come

from the response of the ground state wave function to the field.

The quality of the fits to the 2nd hyperpolarizabilities signals are significantly improved

by turning on the field more slowly. This is due to a large amount of noise that grows in

quickly over several optical cycles (Figure 4.1). This likely arises from stimulated transitions

among excited-states populated by turning on the field too quickly. These data suggests that

turning on the field over 5 optical cycles is a sufficient length of time to achieve an adiabatic

perturbation and will be used for all subsequent simulations.

876543210
Optical Cycles

150
100
50

0
-50

-100
-150

µ z
zz
z

(3
)    
(t)

150
100
50

0
-50

-100
-150

µ z
zz
z

(3
)    
(t)

150
100
50

0
-50

-100
-150

µ z
zz
z

(3
)    
(t)

1 optical cycle ramp

2 optical cycles ramp

5 optical cycles ramp

Figure 4.1. The quality of the 2nd hyperpolarizability fits for H2 if the field is

turned on over different lengths of time.
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All properties extracted from the real-time simulations are in good agreement with those

calculated from response theory. Deviations are partly due to the fact that the field is

not truly monochromatic while the field is ramping towards its maximum intensity. Slight

numerical noise over the course of the simulation is also a likely culprit. The fits to the simu-

lation data are also very good with R2 always above 0.99 (Figure 4.2). The polarizability and

second hyperpolarizability values are extracted from the fits and are presented in Table 4.2.

Resp. (HF) Resp. (CIS) TD-CIS Resp. (CISD) TD-CISD Exp.271

αzz(−ω;ω) 6.614 7.630 7.407 6.193 6.015 6.9395

γzzzz(−3ω;ω, ω, ω) −134.107 −514.369 −57.065 −63.201

γ̄zzzz(−ω;ω, ω,−ω) −118.138 −457.202 −50.609 −69.062

Table 4.2. Dynamic (hyper)polarizabilities of H2 with a wavelength of 632.8 nm

modeled using various methods and the 6-31G basis set.

The TD-CIS properties are consistently larger in magnitude than those calculated with

response theory from a HF reference or with CISD (FCI for this system). A previous study by

Saalfrank and coworkers also noted the tendency of TD-CIS to overestimate polarizabilities

when compared with TD-CISD.243 This behavior comes from two factors: the first excitation

energy is lower for CIS than for CISD and the transition moments from the ground state are

larger for CIS. The same laser pulse thus perturbs the ground state further from equilibrium

and induces a larger dipole moment. This behavior can also be rationalized by observing

the relative changes in energy and populations of the ground and first excited-state over the

course of the simulations (Figure 4.3). The change in energy and projection onto the first

excited-state are much greater for CIS than for CISD.

For most systems larger than H2 it may not be affordable to use the entire CI space

as the basis describing the time-evolving wave function. We have investigated how different

properties change as the number of CI states increases for a water molecule. The experimental

geometry of gaseous water was used with RO-H = 0.957 Å and αHOH = 104.474◦.272 For these
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Figure 4.2. Time evolution of the first- and third-order responses of H2 modeled

with TD-CIS using the 6-31G basis set. The fit curves and their R2 values overlay

the simulation data.

simulations, the system is oriented in the xy-plane with the molecular dipole along the z-axis.

In most published TD-CI studies an adequate basis for the time-evolving wave func-

tion is identified by adding in higher energy states until the time-evolving dipole moment

has converged to a reasonable degree.246 Figure 4.4 shows that the majority of the electric

properties converge smoothly toward the result that would be obtained using the full CIS

space. However, the third-order properties along the static dipole axis (γzzzz(−3ω;ω, ω, ω)

and γ̄zzzz(−ω;ω, ω,−ω)) do not converge as smoothly as the lower-order properties. It seems

that as much as 2/3 of the total space may be required to converge the linear and nonlinear

properties to within 5% of what would be calculated using the total CI space, consistent
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Figure 4.3. Change in energy of the time-dependent H2 wave function relative

to the ground state energy and its projection onto the ground and first excited-

state modeled with CIS and CISD. The incident 631.8 nm pulse increases to a

maximum intensity of 0.001 a.u. over 5 optical cycles.

with what other studies have shown.246 At that point all of the valence transitions have

been included and only the oxygen K-edge transitions are remaining, which are energetically

well-separated from other transitions and contribute very little in the determination of these

properties. It may be advantageous for future HHG studies to also evaluate the convergence

of higher-order properties as well as that of the first-order polarizability when determining

the basis for the time-evolving wave function. The vast majority of valence transitions may

be required.

For the water molecule, the first-order properties calculated with TD-CIS are again con-

sistently larger in magnitude than those calculated with TD-CISD. Unfortunately, both
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Figure 4.4. Convergence of various properties of water as the number of CIS

states is increased until it spans the full space.

methods and linear-response HF underestimate the experimental polarizabilities although

TD-CIS is closer. The deviation from experiment is due to several factors, most notably

the limited basis set used in these simulations. The CISD excitation energies for water are

known to be too large compared to experimental values leading to the diminished response

seen at all orders.243

An important benefit of the GUGA-CI approach is that it restricts the system to have

a particular spin symmetry. This is in contrast to CI on top of an Unrestricted Hartree

Fock (UHF) wave function in which all CI states will have broken Ŝ2 symmetry, just like the

reference configuration. We will illustrate show that breaking spin symmetry and mixing

with higher-spin states influences the determination of dynamic electric properties. The

TD-UCIS results take parameters from unrestricted CIS calculations in Gaussian and the
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Resp. (HF) Resp. (CIS) TD-CIS Resp. (CISD) TD-CISD Exp.273

αxx(−ω;ω) 5.245 5.587 5.578 4.899 4.892 9.546

αyy(−ω;ω) 7.249 8.133 8.123 6.150 6.143 10.314

αzz(−ω;ω) 5.837 6.419 6.411 5.039 5.031 9.906

βzzz(−2ω;ω, ω) −5.694 −12.461 −12.371 −2.563 −2.566

βzzz(0;ω,−ω) −4.495 −10.434 −10.346 −2.077 −2.071

γxxxx(−3ω;ω, ω, ω) 1901.647 1851.873 1078.802

γ̄xxxx(−ω;ω, ω,−ω) 1032.180 1016.642 722.862

γzzzz(−3ω;ω, ω, ω) 455.240 350.143 260.333

γ̄zzzz(−ω;ω, ω,−ω) 278.554 159.873 189.269

Table 4.3. Dynamic (hyper)polarizabilities of water with a wavelength of 514.5

nm modeled using various methods and the 6-31+G* basis set.

necessary state and transition dipoles were evaluated using unrelaxed CI densities. We will

investigate the linear and nonlinear properties of the paramagnetic BeH molecule, a typically

example with a spin-contaminated ground state wave function (Table 4.4).258 The molecule

is fixed at its experimental geometry of 1.3426 Å.274

Resp. (ROHF) TD-UCIS TD-GUGA-CIS TD-GUGA-CISD

αxx(−ω;ω) 36.359 37.834 38.720 28.633

αzz(−ω;ω) 20.566 20.758 20.732 20.307

βzzz(−2ω;ω, ω) −221.381 −193.605 −211.705 −205.635

βzzz(0;ω,−ω) −151.097 −132.211 −143.883 −153.281

γzzzz(−3ω;ω, ω, ω) 41 148.193 47 154.336 38 425.598

γ̄zzzz(−ω;ω, ω,−ω) 10 735.933 13 278.785 31 112.808

Table 4.4. Dynamic (hyper)polarizabilities of BeH with a wavelength of 800 nm

modeled using various methods and the 6-31+G* basis set.
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The first-order properties are virtually identical for TD-UCIS and TD-GUGA-CIS, but

both methods significantly overestimate the polarizabilities compared to the TD-GUGA-

CISD method. The calculated first hyperpolarizabilities are also similar between both sin-

gle excitation methods and are comparable to the CISD results. The third-order proper-

ties do start to deviate significantly between all time-dependent methods, particularly for

γ̄zzzz(−ω;ω, ω,−ω). The TD-GUGA-CISD results are about three times greater than the

singly excited methods. Part of the difference between the UCIS and GUGA-CIS approaches

is explained by the different reference states. The rest is due to the different eigenspectra

for the approaches. Many of the excited-states determined by the UCIS approach mix with

neighboring quartet states and shift to different energies. Of course, this does not happen

with the GUGA-CI approach and all states are true doublets.

4.4 Conclusions

Linear and nonlinear electric properties can be extracted from time-dependent configuration

interaction calculations by fitting equations to the time signal. This approach is nonpertur-

bative and has the potential to go beyond what is possible with traditional response theory

since high order properties can be determined all at once without needing to sequentially

solve each response problem. The time over which an electric field is turned on was shown

to have a significant impact on the quality of the fit. Although the extracted properties did

vary much for H2, this is not likely to be the case for more complicated systems. The quality

of the CI space used to describe the time-evolving wave function should also be considered.

The vast majority of valence excitations may be necessary to adequately converge linear

and nonlinear properties. The TD-GUGA-CI approach forces open-shell systems to remain

spin eigenfunctions. Results for the broken-symmetry TD-UCIS method deviate from the

GUGA-CI properties mostly due to changes in the eigenspectrum as states mix with other

higher-spin states. In short, TD-GUGA-CI is a powerful tool for modeling linear and non-

linear electric properties and has the potential to model more complex time-resolved spectra

in the future.
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BeH modeled with TD-GUGA-CIS using the 6-31+G* basis set. The fit curves
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Chapter 5

AN EFFICIENT IMPLEMENTATION OF SPIN-PROJECTED
GENERALIZED HARTREE-FOCK THEORY

Projected Hartree-Fock (PHF) theory can restore important symmetries to broken-symmetry

wave functions. Variation after projection (VAP) implementations make it possible to de-

liberatively break and then restore a given symmetry by directly minimizing the projected

energy expression. This technique can be applied to any symmetry that can be broken from

relaxing constraints on single Slater determinant wave functions. Generalized Hartree-Fock

(GHF) wave functions are neither eigenfunctions of Ŝz or S2. By relaxing these constraints,

the wave function can explore a larger variational space and can reach lower energies than

more constrained HF solutions. We have implemented spin-projected GHF (SGHF), which

retains many of the advantages of breaking symmetry while also being a spin eigenfunction,

with some notable improvements over previous implementations. The overall structure of

the algorithm better constrains memory usage and forms new intermediate matrices. Dis-

cretization of the necessary integration over the rotation group SO(3) is accomplished much

more efficiently using Lebedev grids. A novel scheme to incrementally build rotated Fock

matrices is also presented and compared with more standard approaches.

5.1 Introduction

Strongly correlated systems present a unique challenge for electronic structure theory. These

systems typically have degenerate or nearly degenerate orbitals which cause the single de-

terminant description of the wave function to break down leading to spontaneous symmetry

breaking due to instabilities. While this symmetry breaking will lower the variational energy

closer to the exact value, the approximate solution will not have the same symmetries as the
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true solution. On the other hand, if a solution is constrained to have the desired symme-

tries of the exact solution this will raise the solution’s energy and can lead to qualitatively

incorrect descriptions of the system. Löwdin referred to this as the “symmetry dilemma”

where one must make a choice on whether to enforce a particular symmetry or to find a

lower energy broken-symmetry solution.275

This dilemma has motivated the development of various projection techniques to approx-

imately or exactly restore certain symmetries of broken-symmetry wave functions. In this

way the energy is lowered by symmetry breaking and lowered again by restoring the desired

symmetry. The approximate wave function and its properties are also made more similar to

the true solution. The simplest scheme is to apply a projection operator after converging

to a stable broken-symmetry solution, referred to as projection after variation (PAV). This

projected wave function is not variationally optimized making the evaluation of properties

and derivatives quite complicated.276–278 PAV also has difficulties near regions of spontaneous

symmetry breaking, which can lead to discontinuities in the potential energy surface (PES).

Further, most implementations only approximately restore spin symmetry, so there will still

be contaminating states.279 These problems can be addressed by variationally optimizing the

wave function in the presence of the projection operator, known as variation after projection

(VAP).

The problems with PAV approaches led to the development of the Extended Hartree-Fock

(EHF) method.280,281 This is a VAP approach that uses Löwdin’s spin projection operator

to remove components of the wave function not having the desired spin symmetry. While

this method was successful in many respects, Löwdin’s projection operator led to exceed-

ingly complicated SCF equations and was all but abandoned. Simpler operators the restore

spin symmetry have since been developed, renewing interest in this body of work. Scuseria

and coworkers revitalized VAP techniques in the quantum chemistry community by applying

them to the Hartree-Fock-Bogoliubov (HFB) and HF wavefunctions.282,283 They broke and

restored not only spin symmetry, but also complex conjugation, point group, and particle

number in the case of HFB wave functions. These contributions built off of a larger body
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of work on symmetry projection in the nuclear physics community.284–286 These projected

Hartree-Fock (PHF) wave functions retain the advantages of broken-symmetry wave func-

tions, namely the larger variational space, and also have the same symmetries as the exact

solution. In other words, they provide a solution to the “symmetry dilemma”.

The PHF method accounts for the majority of static correlation, but there is still a

significant portion of dynamic correlation that is unaccounted for. This motivated the devel-

opment of many techniques to add dynamic correlation in much the same way as ordinary

HF. Scuseria and coworkers have worked to combine symmetry projection with DFT while

attempting to avoid double counting of electron correlation287 and have reformulated the

spin-projected HF wave function in terms of a polynomial similarity transformation to form a

spin-projected coupled cluster theory.288,289 Other groups have also combined spin-projected

HF with many-body perturbation theory290 and configuration interaction.291,292

The majority of the recent extensions of Scuseria’s original work on PHF have focused on

spin-projected unrestricted HF (SUHF). Our work revisits spin-projected GHF (SGHF) and

provides ways to more efficiently construct the PHF effective Fock matrix. First, we present

an algorithm that is more easily parallelized and allows better control over memory usage.

We also advocate using a Lebedev integration grid when discretizing the integration over

rotation angles and discuss issues with convergence associated with sparse grids. Finally, we

present a novel scheme to incrementally build all necessary rotated Fock matrices. These

modifications have greatly reduced the cost of optimizing SGHF wave functions and will make

it possible to study larger molecular systems with this method. Some of these techniques

can also be used with projected UHF and with other types of projection operators.

5.2 Theory

Projected Hartree-Fock theory (PHF) describes the electronic wave function in terms of

a transfer operator (or a sum of transfer operators) acting on a broken-symmetry wave



95

function293,294

∣∣ΨS
m

〉
= P̂ |Φ〉 =

∑
k

fkP̂
S
mk |Φ〉 . (5.1)

where
∣∣ΨS

m

〉
is a wave function with quantum numbers S and m. The coefficients fk are

determined by diagonalizing the Hamiltonian in the basis of the transfer operators. The

transfer operators are defined as linear combinations of group operators Â weighted by

elements of the matrix associated with that operator in a particular irreducible representation

P̂ S
mk =

lS
h

∑
A∈G

ΓS(A)∗mk Â (5.2)

The normalization factor lS and h are the dimension of the irreducible representation ΓS

and the order of the group respectively. These operators are meant to restore a particular

symmetry such as spin, particle number, complex conjugation, or point group. The action

of operator P̂ S
mk produces a wave function that transforms as the mth row of irreducible

representation ΓS, thus having m and S as good quantum numbers. While these are not

truly projection operators, they do achieve the goal of preparing a wave function with the

desired quantum numbers.

The projected wave function is determined by minimizing the projected energy expression

E =
〈Φ| ĤP̂ |Φ〉
〈Φ| P̂ |Φ〉

(5.3)

where we have used the fact that P̂ commutes with the Hamiltonian and that it is idempotent.

The specific form of P̂ and the representation of the broken-symmetry wave function will

dictate how to minimize this function.
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5.2.1 Spin-projection Operators

Spin symmetry can be restored by forcing the projected wave function to be invariant to the

axis of spin quantitation.295 The operator that accomplishes this is expressed as

P̂ S
mk = |S;m〉 〈S; k| (5.4)

=
2S + 1

8π2

∫ 2π

0

∫ π

0

∫ 2π

0

dα dβ dγ sin(β)DS∗
mk(α, β, γ)eiαŜzeiβŜyeiγŜz

where DS
mk(α, β, γ) is a Wigner rotation matrix element.296,297 The label S indicates the

total spin of the projected wave function and m and k are different spin projections along

the z-axis. This operator involves an integration over the rotation group SO(3) and we will

discuss how to efficiently discretize this integration in later sections.

This operator can be simplified for UHF wave functions as these retain Ŝz symmetry.

This makes rotation about the z-axis trivial, so the above operator can be simplified to

P̂ S
mm = |S;m〉 〈S;m| (5.5)

=
2S + 1

2

∫ π

0

dβ sin(β)dSmm(β)eiβŜy

where dsmm(β) is an element of the Wigner small d-matrix.296 In this case, it is a true

projection operator. This work will focus exclusively on spin-projection as it has special

significance in the context of chemical problems, but much of the later discussion is also

applicable to the restoration of other symmetries as we will point out where appropriate.

5.2.2 Spin-projected Hartree-Fock

The PHF energy for a particular spin symmetry is expressed as

ES =
2S+1∑
mk

f ∗mHmkfk (5.6)

where the Hamiltonian matrix elements are

Hmk = 〈Φ| ĤP̂ S
mk |Φ〉 (5.7)
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and this matrix is the dimension of the number of different spin projections (2S + 1). The

energy expression is a function of the broken-symmetry density ρ defined in terms of the

broken-symmetry molecular orbital coefficients

ρµν =
Nocc∑
i

CµiC
∗
νi (5.8)

and the linear coefficients f defining the expansion of the projected wave function in terms

of transfer operators. The stationary conditions for the variational problem are determined

from the variation in a Lagrangian under the constraints that the broken-symmetry density

remains idempotent and that the projected wave function is normalized

LS[f ,ρ] =
∑
mk

f ∗mHmkfk − Tr
[
Λ(ρ2 − ρ)

]
− ES

(∑
mk

f ∗mSmkfk − 1

)
(5.9)

where we have introduced the projected overlap matrix elements

Smk = 〈Φ| P̂ S
mk |Φ〉 . (5.10)

The stationary conditions resulting from variation of this Lagrangian with respect to the

linear coefficients leads to the generalized eigenvalue problem

Hf = SfES. (5.11)

This is a small configuration interaction (CI) problem in the basis of different spin projections

along the z-axis. The linear coefficients and the energy of the system are obtained by solving

this problem. Variation of the Lagrangian with respect to the broken-symmetry density leads

to a familiar stationary condition

[F ,ρ] = 0 (5.12)

where F is not the standard Fock matrix but an effective Fock matrix. This matrix is defined

as

F =
∑
mk

f ∗mfk

∫
dg wmk(g)(F g − ESXg). (5.13)
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where wmk(g) is a weight at a rotation angle, F g is a matrix defined at a given rotation

angle, and Xg is related to the derivative of the overlap matrix S. Explicit expressions for

these terms can be found in the Appendix B, but are left out of this section for brevity. The

above stationary conditions can be satisfied by solving the PHF self-consistent field (SCF)

equation

FC = Cε (5.14)

much the same way as with ordinary HF, but while also solving Equation (5.11) to obtain

the linear coefficients every SCF iteration.

5.3 Computational Details

Spin-projected generalized Hartree-Fock has been implemented in the Chronus Quantum

software package.298 This implementation forms new intermediates and limits memory usage

in ways not discussed in previous works. It also takes a novel approach to incrementally

forming Fock matrices.

The effective Fock matrix is a function of the linear coefficients f , the energy ES, and

involves an integration over the rotation angles g (Equation (5.13)). The Hamiltonian H

and overlap matrix S are also formed by integrating over the rotation angles and are used to

determine the linear coefficients and energy, so the effective Fock matrix cannot be completely

formed until Equation (5.11) is solved during each SCF iteration.

Previous implementations formed the Hamiltonian, diagonalized it, and then began the

process of forming the effective Fock matrix. Code structured in this way requires many

intermediate quantities used to form the Hamiltonian, overlap matrix, and effective Fock

matrices to be stored in memory. These include all the rotated density matrices and rotated

Fock matrices at each point in the integration over g (see Appendix B for explicit expressions).

This structure also required multiple loops over the integration grid. We can remove the need

to store these intermediate quantities and only loop over the integration grid once every SCF
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cycle by forming new intermediate matrices

Fmk =

∫
dg wmk(g)F g (5.15)

Xmk =

∫
dg wmk(g)Xg (5.16)

The number of intermediate matrices scales with the size of the CI problem, so there will only

be (2S+1)(2S+2)/2 matrices or the dimension of the lower triangle of the Hamiltonian. After

this integration, we can solve Equation (5.11) to determine the linear coefficients and then

contract them with these intermediate matrices to complete the formation of the effective

Fock matrix. The general structure of this algorithm is presented in Figure 5.1.

Build integration grid and determine grid weights

while SCF not converged do
Transform the broken-symmetry density to the NO basis

for g = 0 to Ngrid do
Form Xg, and F g

for m, k = 0 to 2S + 1 do
Add contributions to Smk, Hmk, Xmk, and Fmk

end

end

Solve the CI Problem

Contract Xmk and Fmk with the CI vector

Diagonalize F and evaluate convergence

end

Figure 5.1. Schematic of the algorithm for spin-projected GHF.

This scheme is advantageous for several reasons. For one, this structure makes it easier

to limit memory usage in the case where all rotated densities, overlap matrices, and rotated
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Fock matrices can’t be stored in memory at one time. Although this is an unlikely scenario on

most modern machines. Another advantage is that all integration points are independent, so

the loop over g can easily be split over several cores and the collected quantities formed after

each core has completed its task. This is advantageous over the previous implementation,

which required multiple loops over g, since parallel processes would need to be spawned and

reformed each SCF cycle, an undesirable trait in a parallel algorithm. This scheme is useful

not just for spin projection, but for any form of projected HF.

Spin projection operators involve an integration over the rotation group SO(3), which

must be discretized in some way. Previous implementations of SGHF advocated using a

Trapezoid grid for integration over α and γ and a Gauss-Legendre grid for integration over

β.282 These choices result in very dense integration grids since about 10 points for each angle

are usually necessary to adequately restore spin symmetry. At each integration point, rotated

densities, overlaps, and Fock matrices need to be constructed. These are computationally

intensive operations so any reduction in the number of grid points would significantly reduce

the cost of the calculation.

The integration over SO(3) can be broken down to two surface integrals over a 2-sphere

S2 and one over S1.299 Lebedev integration grids discretize the surface integral of a 2-sphere

and are commonly used when evaluating DFT exchange correlation functionals.300,301

I[f ] =

∫ π

0

dθ sin(θ)

∫ 2π

0

dφ f(θ, φ) (5.17)

All integration points lie on the surface of a unit sphere and are invariant under the oc-

tahedral rotation group with inversion. Lebedev grids are efficient schemes to evaluate

surface integrals and can be used to integrate over the α (or γ) and β rotation angles for

spin-projected GHF. Compared to the mixed Trapezoid and Gauss-Legendre grid far fewer

integration points are required to achieve the same accuracy in spin symmetry restoration.

Our implementation uses a Lebedev grid for integration over S2 and a Trapezoid grid for

integration over S1.
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5.4 Results and Discussion

5.4.1 Lebedev Grid

We have compared two different schemes to discretize the spin-projection operator. The

first scheme uses a Trapezoid grid for α and γ and a Gauss-Legendre grid for β denoted as

TrapGaussLeg(nα, nβ, nγ) and the second uses a Lebedev grid for α and β with a Trapezoid

grid for γ denoted as LebedevTrap(nαβ, nγ). Table 5.1 shows the error in spin symme-

try restoration and the error in the converged energy relative to a denser grid that yields

the lowest energy solution. All calculations begin with a converged UHF or GHF solution

as the guess for the SGHF calculation. The percent error of 〈S2〉 relative to that of the

starting UHF/GHF solution is also included to show what percentage of the starting spin

contamination remains.

Molecule Basis Set Grid # Points 〈S2〉 Error Remaining Spin Cont. Energy Error (Eh)

H3 STO-3G TrapGaussLeg(2,2,2) 8 8.234× 10−2 93.7 % 1.434× 10−2

TrapGaussLeg(6,6,6) 216 3.197× 10−6 3.64× 10−3 % 4.11× 10−7

TrapGaussLeg(10,10,10) 1000 6.725× 10−13 7.65× 10−10 %

LebedevTrap(6,4) 24 6.661× 10−16 7.58× 10−13 %

O2 6-31G TrapGaussLeg(10,10,10) 1000 5.869× 10−12 4.95× 10−9 %

LebedevTrap(14,6) 84 8.760× 10−10 7.79× 10−7 %

LebedevTrap(26,8) 208 −8.882× 10−16 7.49× 10−13 %

Table 5.1. Error of 〈S2〉 and energy for different integration grids.

Our comparison aims to determine the smallest grid required to restore the desired spin

symmetry with an error < 1.0× 10−10 (the energy convergence criteria in these calculations).

In Table 5.1 the largest grid in each category is the smallest grid that meets this criteria.

For H3 the atoms were arranged in an equilateral triangle with 1 Å separation. The broken-

symmetry GHF solution has 〈S2〉 = 0.838 and spin projection restores the system to doublet

symmetry. The O2 bond length was optimized with UHF and the 6-31G basis set211 (〈S2〉 =
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2.034) using the Gaussian16 software package302 and the projection operator restores triplet

symmetry.

Minimal basis H3 is an extreme example illustrating the benefit of Lebedev grids. The

LebedevTrap(6,4) grid has ∼41.67 times fewer grid points than the TrapGaussLeg(10,10,10)

grid, but does a better job of restoring the system to doublet symmetry. Both grids converge

to the same energy within the convergence criteria, so no errors are reported. The smaller

TrapGaussLeg grids show comparable errors in spin symmetry restoration to that of the

converged energy. For O2 with the 6-31G basis set, ∼4.8 times fewer points are required

when using the Lebedev grid, which is more representative of the savings seen in other

systems.

There are two notable problems that can arise when the integration grid is not dense

enough. The first is that the error in forming the overlap matrix (Eq. (5.10)) may be so

great that it is not positive definite making the generalized eigenvalue problem in Equa-

tion (5.11) ill-defined. The other problem concerns convergence when the integration error

is greater than or comparable to the convergence criteria. Both of these problems present

themselves when modeling triplet O2. The overlap matrix is not positive definite when using

the LebedevTrap(6,6) grid although an even smaller grid was successful at restoring spin

symmetry for H3. The three grids presented in Table 5.1 all converge in 12 SCF iterations,

but small grids oscillate about the correct energy when the error in symmetry restoration is

greater than the convergence criteria. Figure 5.2 shows the convergence behavior for smaller

integration grids that did not converge within 200 iterations despite using the same initial

guess and optimization scheme as the grids in Table 5.1.

The error in spin symmetry restoration may dictate whether self-consistency can be

reached and should be used to determine whether a denser integration grid is necessary.

This also means that sparser integration grids can likely be used if the energy convergence

criteria is looser. This has implications beyond just spin-projection and should be an impor-

tant consideration when using other projection operators that require discretization of an

integration.
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Figure 5.2. SGHF convergence behavior of triplet O2 modeled with the 6-31G

basis set with the TrapGaussLeg(6,6,6) (A) and TrapGaussLeg(8,8,8) (B) grids.

5.4.2 Incremental Fock Build

During the PHF SCF procedure, a rotated Fock matrix needs to be formed at each grid

point in the integration over the rotation angles

F[ρg] = h + G[ρg] (5.18)

where h is the core Hamiltonian and G[ρg] is the perturbation tensor defined as

(G[ρg])ij =
∑
kl

〈ik| |jl〉 (ρg)lk. (5.19)

and 〈ik| |jl〉 are anti-symmetrized two-electron integrals. We can take advantage of the fact

that this matrix is linear in the density to more effectively screen two-electron integrals and

reduce the cost of forming this matrix.

For ordinary HF, if the two-electron integrals can’t be stored in memory (or if writ-

ing/reading them from disk is too slow) they can be computed directly at each SCF iteration

when forming the perturbation tensor. It is often advantageous to incrementally form the

Fock matrix at SCF iteration k as

F[ρk] = F[ρk−1] + G[∆ρk] (5.20)
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where the change in G is calculated using the density difference ∆ρk = ρk − ρk−1. The

two-electron integrals used to form G[∆ρk] can be screened more effectively since the den-

sity difference should be very small between SCF cycles and will get even smaller as the

calculation approaches convergence.303 The two-electron integrals used to construct G can

be screened using the Schwartz inequality

〈ij | kl〉 ρlj ≤
√
〈ij | ij〉

√
〈kl | kl〉ρlj (5.21)

If the RHS of the above equation is below a particular threshold, then the 〈ij | kl〉 integral

does not need to be evaluated. Obviously more integrals will fall below a given threshold

and can be screened out if the argument to G is small.

This same approach can be used to build the rotated Fock matrix in Equation (5.18).

All the rotated G matrices and all the density differences at each integration point can be

stored and used to update the rotated Fock matrix during the next SCF cycle. A rotated

Fock matrix at SCF cycle k can be calculated as

F[ρkg ] = F[ρk−1
g ] + G[∆ρkg ] (5.22)

where ∆ρkg = ρkg − ρk−1
g . It should be noted that storing many rotated matrices every SCF

cycle does require a nontrivial amount of memory. However, on modern compute clusters

and with the smaller grids presented in the previous section, this likely won’t be an issue in

most cases. Also this memory requirement is certainly smaller than that required to store all

two-electron integrals in-core (the constraint that would prompt one to directly build Fock

matrices).

For spin-projected HF, not only should densities be very similar between each SCF iter-

ation, but many of the rotated densities at each SCF iteration should also be very similar to

one another. This can be leveraged to screen even more integrals during the construction of

each Fock matrix. Rotated Fock matrices can also be built incrementally as

F[ρkg ] = F[ρk−1
g ] + G[ρkg′ ]−G[ρk−1

g′ ] + G[∆∆ρkg ] (5.23)
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where g′ denotes the previously evaluated grid point before g and the density difference

∆∆ρkg = ∆ρkg −∆ρkg′ (5.24)

= (ρkg − ρk−1
g )− (ρkg′ − ρk−1

g′ )

is between two SCF iterations and between two grid points. For this scheme to be advan-

tageous, the rotated density matrices at consecutively evaluated grid points must be very

similar. This is not guaranteed to be the case for any random ordering, so the grid points

must be sorted to achieve this end. Unfortunately, sorting grid points to be in an optimal

ordering is equivalent to solving the NP-hard traveling salesman problem.304 This is obvi-

ously impractical and we have opted to use the greedy nearest neighbor approach to highlight

the potential of this approach.305 After the first SCF iteration, the differences between each

rotated density are evaluated and the grid points are reordered to minimize the differences

between consecutively evaluate grid points. Future works will attempt more optimal solu-

tions to this problem, but this simple solution is sufficient to showcase the utility of the

approach.

We have optimized the SGHF triplet wave function of p-benzyne with the STO-3G basis

set and the LebedevTrap(50,10) grid using both screening approaches. When using the

∆∆ρkg matrix to incrementally build the Fock matrix we screen either significantly more

integrals, a comparable number, or marginally fewer integrals than using ∆ρkg (Figure 5.3).

We have denoted the two approaches as “Delta” density and “Delta-Delta” density screening.

At some grid points in the early SCF iterations, twice as many integrals are screened using

the Delta-Delta density during the formation of the perturbation tensor. The changes in

the number of screened integrals at each grid point also vary more dramatically using the

Delta-Delta density. This is due to the particular order in which the grid points are evaluated

and would likely change with a more optimal ordering of the grid points. The advantages of

this new approach are diminished near convergence where the norm of ∆ρkg approaches that

of ∆∆ρkg and very near convergence these two approaches are comparable in how effectively

they screen two-electron integrals. These results suggest that we should expect significant
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Figure 5.3. The percentage of two-electron integrals screened during the con-

struction of each Fock matrix for triplet p-benzyne using the STO-3G basis and a

LebedevTrap(50,10) grid. Using ∆∆ρkg (Delta-Delta) is either significantly better,

comparable, or only marginally worse than screening using ∆ρkg (Delta).

computational savings for larger molecular systems.

5.5 Conclusions

Spin-projected Hartree-Fock is a powerful technique for describing molecular systems with

a desired spin symmetry. It retains many of the advantages of broken-symmetry solutions,

such as having lower energy than more constrained solutions while also preserving spin as

a good quantum number. By projecting out contaminating spin states, this addresses the

well-known “symmetry dilemma” and still scales as a mean-field approach.

This work builds off of previous developments from Scuseria and coworkers to develop an

efficient scheme to build the effective Fock matrix of spin-projected generalized Hartree-Fock.

We have formulated an algorithm that better limits memory usage and forms intermediate

matrices not previously discussed in the literature. We also advocate using Lebedev integra-
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tion grids to discretize the integration over SO(3) when restoring spin symmetry. Far fewer

grid points are required than previously proposed grids to achieve the same accuracy in spin

symmetry restoration. Our investigation of different integration grids also revealed that the

error in spin symmetry restoration can create a soft bound on the energy convergence. This

means that an appropriate integration grid can be determined based on the SCF convergence

criteria and this point should also be considered when discretizing integrations in other types

of projection operators. We have also presented a novel way to incrementally build rotated

Fock matrices in PHF using densities differences between two different SCF iterations and

between two grid points. This scheme shows significant improvements in integral screen-

ing over just using the density difference between two SCF iterations. These improvements

should make it possible to study more complex molecular systems with spin-projected GHF.
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tosecond and Ångström Resolutions: Toward Attochemistry? Rep. Prog. Phys. 2012,

75, 062401.

[224] Shafir, D.; Soifer, H.; Bruner, B. D.; Dagan, M.; Mairesse, Y.; Patchkovskii, S.;

Ivanov, M. Y.; Smirnova, O.; Dudovich, N. Resolving the Time when an Electron

Exits a Tunnelling Barrier. Nature 2012, 485, 343–346.

[225] Ott, C.; Kaldun, A.; Raith, P.; Meyer, K.; Laux, M.; Evers, J.; Keitel, C. H.;

Greene, C. H.; Pfeifer, T. Lorentz meets Fano in Spectral Line Shapes: A Univer-

sal Phase and its Laser Control. Science 2013, 340, 716–720.

[226] Orr, B. J.; Ward, J. F. Perturbation Theory of the Non-linear Optical Polarization of

an Isolated System. Mol. Phys. 1971, 20, 513.

[227] Li, X.; Smith, S. M.; Markevitch, A. N.; Romanov, D. A.; Levis, R. J.; Schlegel, H. B. A

Time-dependent Hartree-Fock Approach for Studying the Electronic Optical Response

of Molecules in Intense Fields. Phys. Chem. Chem. Phys. 2005, 7, 233–239.

[228] Tussupbayev, S.; Govind, N.; Lopata, K.; Cramer, C. J. Comparison of Real-Time and

Linear-Response Time-Dependent Density Functional Theories for Molecular Chro-

mophores Ranging from Sparse to High Densities of States. J. Chem. Theor. Comput.

2015, 11, 1102–1109.

[229] Goings, J. J.; Li, X. An Atomic Orbital Based Real-time Time-dependent Density Func-

tional Theory for Computing Electronic Circular Dichroism Band Spectra. J. Chem.

Phys. 2016, 144, 234102.

[230] Takimoto, Y.; Vila, F. D.; Rehr, J. J. Real-time Time-dependent Density Functional

Theory Approach for Frequency-dependent Nonlinear Optical Response in Photonic

Molecules. J. Chem. Phys. 2007, 127, 154114.



136

[231] Ding, F.; Kuiken, B. E. V.; Eichinger, B. E.; Li, X. An Efficient Method for Calculating

Dynamical Hyperpolarizabilities Using Real-Time Time-Dependent Density Functional

Theory. J. Chem. Phys. 2013, 138, 064104.

[232] Ding, F.; Goings, J. J.; Frisch, M. J.; Li, X. Ab initio Non-relativistic Spin Dynamics.

J. Chem. Phys. 2014, 141, 214111.

[233] Peralta, J. E.; Hod, O.; Scuseria, G. E. Magnetization Dynamics from Time-Dependent

Noncollinear Spin Density Functional Theory Calculations. J. Chem. Theor. Comput.

2015, 11, 3661–3668.

[234] Ding, F.; Chapman, C. T.; Liang, W.; Li, X. Mechanisms of Bridge-mediated Electron

Transfer: A TDDFT Electronic Dynamics Study. J. Chem. Phys. 2012, 137, 22A512.

[235] Petrone, A.; Lingerfelt, D. B.; Rega, N.; Li, X. From Charge-transfer to a Charge-

separated State: A Perspective From the Real-Time TDDFT Excitonic Dynamics.

Phys. Chem. Chem. Phys. 2014, 16, 24457–24465.
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Appendix A

INTRODUCTION TO THE GRAPHICAL UNITARY GROUP
APPROACH

An introduction to configuration interaction and the nonrelativistic electronic Hamilto-

nian can be found in Section 4.2.1. This section focuses on the important aspects of the

Graphical Unitary Group Approach.

A unitary group U(n) contains all unitary matrices of order n. The set of all CSFs is a

basis that can be used to describe the irreducible representation of U(n). The elements of

this group can be generated by a finite set of operators called “generators”. The excitation

operators Eij satisfy the conditions of these generators,253,306 namely their commutation

relationships. We can use the matrix elements of these generators to represent any “particle

number conserving operator” in the same basis, such as the spin-independent electronic

Hamiltonian.253

For GUGA, all the CSFs of a given spin and number of orbitals and electrons are organized

in a graph. Every different path that traverses from the top to the bottom of the graph

represents a unique CSF. The values for the coupling coefficients are determined by how

two paths differ from each other. Their differences form a “loop”. There have been several

different algorithms used to evaluate these loops.262,263 They are the CSF, integral, loop, and

shape driven methods. They all take advantage of the similarities between the loop shapes

in different ways. The following sections will detail the construction of the graph and how

the coupling coefficients can be calculated in an efficient manner.
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A.0.1 The Distinct Row Table

The distinct row table (DRT) contains all the information about the different CSFs included

in the model.260,261 The graphical component of the technique, introduced by Shavitt, only

gives a more convenient manner in which to visualize the DRT. The graph does not introduce

any new information. The DRT has several unique sections that will be explained in detail.

A.0.1.1 The Paldus Array

A Paldus array is a 3-column array of non-negative integers.

[p] =



an bn cn

an−1 bn−1 cn−1

· · · · · · · · ·

a1 b1 c1

0 0 0


(A.1)

It has n+ 1 rows where n is the number of spatial orbitals where the bottom row is just

zeros and is referred to as the null row. The a, b, and c values keep track of the number of

doubly, singly, and unoccupied orbitals respectively. They also have the property that

ai + bi + ci = i (A.2)

where i is the orbital number.

The CSF is built from the bottom up and the difference in a, b, and c values between

rows determines the occupancy of that orbital. The total number of electrons and spin at

any orbital level is determined by

2ai + bi = Ni (A.3)

bi = 2Si. (A.4)

There are only 4 different ways that two rows in the Paldus array can differ from each

other assigned the step numbers d: 0-3.
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Step number (d) ∆ai ∆bi ∆ci ∆Ni ∆Si

0 0 0 1 0 0

1 0 1 0 1 1
2

2 1 -1 1 1 −1
2

3 1 0 0 2 0

Table A.1. All possible connections between adjacent Paldus rows.

Cases 0, 1, 2, and 3 relate to unoccupied, singly occupied spin-uncoupled, singly occupied

spin-coupled, and doubly occupied orbitals respectively.

The top row of the array defines the electronic state fully in terms of spin and the number

of electrons and orbitals. Each CSF with the appropriate spin will have the same top row but

will have taken different steps to get there. These different steps just correspond to different

orbital occupations. Looking at all possible ways to pass from the null row to this top row

using these different cases, there will be many CSFs that have rows in common. Instead of

separating each CSF and storing all of their rows, we will instead store only the rows that

are “distinct” (Table A.2).

The ways that the different rows can be connected are stored as the downward chaining

indices or links. The link index kdj identifies which step number connects a lower row to the

current row.

A.0.1.2 Lexical Ordering

The downward counting indices ydj and xj can be used to assign a sequential index for the

different CSFs in the table. All the rows for a certain orbital i are arranged in “lexical order”
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i j aj bj cj k0j k1j k2j k3j y0j y1j y2j y3j xj x′
j

6 1 2 1 3 2 3 4 5 0 75 125 170 210 1

5 2 2 1 2 6 7 8 9 0 20 40 55 75 1

3 2 0 3 7 9 10 0 20 40 50 1

4 1 2 2 8 9 11 12 0 15 35 39 45 1

5 1 1 3 9 10 12 13 0 20 30 36 40 1

4 6 2 1 1 14 15 16 17 0 3 9 12 20 1

7 2 0 2 15 17 18 0 6 14 20 2

8 1 2 1 16 17 19 20 0 3 11 12 15 2

9 1 1 2 17 18 20 21 0 8 14 17 20 4

10 1 0 3 18 21 22 0 6 9 10 2

11 0 3 1 19 20 0 1 4 1

12 0 2 2 20 21 0 3 6 2

13 0 1 3 21 22 0 3 4 1

3 14 2 1 0 23 24 0 1 3 1

15 2 0 1 23 24 25 0 1 3 6 3

16 1 2 0 24 26 0 2 3 3

17 1 1 1 24 25 26 27 0 2 5 6 8 9

18 1 0 2 25 27 28 0 3 5 6 8

19 0 3 0 26 0 1 3

20 0 2 1 26 27 0 1 3 9

21 0 1 2 27 28 0 2 3 9

22 0 0 3 28 0 1 3

2 23 2 0 0 29 0 1 4

24 1 1 0 29 30 0 1 2 16

25 1 0 1 29 30 31 0 1 2 3 20

26 0 2 0 30 0 1 24

27 0 1 1 30 31 0 1 2 35

28 0 0 2 31 0 1 20

1 29 1 0 0 32 0 1 40

30 0 1 0 32 0 1 95

31 0 0 1 32 0 1 75

0 32 0 0 0 1 210

Table A.2. DRT for n=6, N=5, S=1/2.

such that if j < j′.

aj > aj′ (A.5)

or

aj = aj′ , bj > bj′ . (A.6)
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The index xj is the weight of the row and ydj is the weight of the link at that row. These

are computed recursively from the bottom up with xj = 1 for the null row and

ydj = 0 (A.7)

where kdj is the first existing link for row j,

yd′′j = yd′j + xkd′j (A.8)

where kd′j is the last link preceding link kd′′j, and

xj = yd′′′j + xkd′′′j (A.9)

where kd′′′j is the last link for row j.

The lexical index m for each CSF is determined by adding up all the link weights ydj

plus 1. The index is used to keep track of which Hamiltonian matrix element the coupling

coefficient should be applied to.

A.0.1.3 Graphical Representation

Shavitt reformed the DRT as a graph in which each node corresponds to a distinct row.260,261

The lines connecting each node have a slope dependent on the connecting link:Different step numbers  di are represented by 
arcs of different slope:

0 1 2 3

(The arrows are left out of the graph to reduce 
crowding.)

Figure A.1. Slopes for different link types.306
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Each unique path between the head and tail nodes corresponds to a single CSF (Fig-

ure A.2). The graph is often organized such that the doubly occupied orbitals are on the

top, the active orbitals are in the middle, and the virtual orbitals are on the bottom.

Some terminology:

i

j
Upper walk

Lower walk

Loop

Loop head

Loop tail

Figure A.2. Graphical representation of the DRT for n=6, N=5, S=1/2.306

A.0.2 Evaluating the Matrix Elements

The generator Eij acts on a CSF to promote an electron from orbital j to orbital i. The

generator can be a weight generator (i = j), a raising generator (i < j), or a lowering

generator (i > j). The values for the coupling coefficients from these generators are all

determined by loops formed between CSFs. A loop is defined by the segments where two
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CSFs differ (Figure A.2) meaning the orbitals where they have different occupations.

A.0.2.1 One-body generator matrix elements

The loop value can be determined by evaluating the segment value between each orbital

level. These different segments are often represented by the function W and the coupling

coefficient is the product of each segment value,

〈m′|Eij |m〉 =

j∏
k=i

W (Tk, bk) (A.10)

where Tk denotes the segment shape type and bk is the b value for the m′ CSF.

There are only 18 nonzero segment shapes for the one-body generators 〈m′|Eij |m〉. Any

other shapes that can be made are zero valued as the two corresponding CSFs will differ by

more than one orbital occupancy.

When expressed 
in terms of the b
value at the top 
of its |m² arc, the 
value of each 
segment shape  
is the same in all 
loops in which it 
appears. 
(The |m² and ¢mc|
arcs are shown 
in red and blue, 
respectively.)

Top segments

Bottom segments
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–1 –1
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0 0

0 0

1 1

1 1 1 1

2 2

2 2 2 2

3 3

33

1
b

�(b+1)(b+3)
b+2

Figure A.3. All nonzero segment shapes for one-body generator matrix ele-

ments.306



152

A.0.2.2 Two-body generator matrix elements

For a coupling coefficient that contains the product of two generators a sum over intermediate

states is introduced

〈m′|EijEkl |m〉 =
∑
m′′

〈m′|Eij |m′′〉 〈m′′|Ekl |m〉 . (A.11)

It can also be written in terms of the different segment values in a similar form to that

of the one-body generator

〈m′| eijkl |m〉 =

 ∏
k (no overlap)

W (Tk, bk)

 ∑
X=0,1

 ∏
k (overlap)

W (Tk, bk, X)

 (A.12)

where X = 0, 1 either relates to direct and exchange matrix elements263 or to singlet and

triplet coupling306 depending on what you’re reading.

In the no overlap region the segment values are the same as for the one-body generator,

but the overlap region must be treated differently. The overlap region is treated implicitly

based on the different paths that can be taken by the intermediate states (Figure A.4). The

intermediate paths for m′′ are never defined at any step.

A.0.3 Loop-driven Method

Any two CSFs that differ by more than 2 orbital occupancies will have a zero Hamiltonian

matrix element. Instead of finding all the zero-valued loops, we can just create the loops

corresponding to non-zero matrix elements.262,263
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i

k

j

l
R

RR

RR

RR

RR

R

–

–

–

–

¢mc| |m²

0

0

0

3 1

1

1

1

1

22

2

2

2

2

2

2

1

1
1

1

1

Example for the 
factorization of 
the generator 
product  EijEkl
for i � k � j � l
(i.e., two 
overlapping 
raising 
generators).

There are 5 
intermediate 
walks in this 
case.

Figure A.4. Graph showing the regions with overlap and no overlap for a two-

body generator.306

There are 14 different loop types:262

(1)
〈
m′
∣∣ (ik|jl)EjlEki + (ij|kl)EklEji |m〉 (i < j < k < l) (A.13)

(2)
〈
m′
∣∣ (il|jk)EilEkj + (ij|kl)EklEij |m〉 (i < j < k < l) (A.14)

(3)
〈
m′
∣∣ (ik|jl)EjlEik + (il|jk)EilEjk |m〉 (i < j < k < l) (A.15)

(4)
〈
m′
∣∣ (ij|jl)EjlEji |m〉 (i < j < l) (A.16)

(5)
〈
m′
∣∣ (ij|jl)EjlEij + (jj|il)EilEjj |m〉 (i < j < l) (A.17)

(6)
〈
m′
∣∣ (ij|il)EilEij |m〉 (i < j < l) (A.18)

(7)
〈
m′
∣∣ (ij|il)EilEji + (ii|jl)EjlEii |m〉 (i < j < l) (A.19)

(8)
〈
m′
∣∣ (il|jl)EjlEil |m〉 (i < j < l) (A.20)

(9)
〈
m′
∣∣ (il|jl)EjlEli |m〉 (i < j < l) (A.21)
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(10)
〈
m′
∣∣ (il|jl)EilElj + (ij|ll)EijEll |m〉 (i < j < l) (A.22)

(11)
〈
m′
∣∣ (il|ll)EllEil + (ii|il)EilEii +

(
〈i|h |l〉 −

∑
a>l

(ia|la)

)
Eil |m〉 (i < l) (A.23)

(12)
〈
m′
∣∣ (il|il)E2

il/2 |m〉 (i < l) (A.24)

(13)
〈
m′
∣∣ (il|il)EilEli + (ii|ll)EiiEll |m〉 (i < l) (A.25)

(14)
〈
m′
∣∣ (ll|ll)Ell(Ell − 1)/2 +

(
〈l|h |l〉 −

∑
a>l

(la|la)

)
Ell |m〉 (A.26)

Several of the loop types have sections in common. For example, types 1-7 are identical

between level l and k. Several other loop types have commonality between levels l and j.

These similarities can easily be taken advantage of to avoid recalculating segment values.

The loops can also be classified and identified based on the different in orbital occupation

between the bra and ket paths (Table A.3).

A.0.3.1 Upper/Lower Walks

For each loop type between 1 and 4 orbital indices are given (i < j < k < l). The l level

corresponds to the head of the loop and the i− 1 level is the tail. For each value of l a valid

loop is made that connects to every other orbital level. If the loop does not connect to the

highest and lowest orbital level, then various “walks” need to be performed.

There are several different CSFs that the found loop can contribute to. Every unique path

that connects the loop head to the graph head and every path that connects the loop tail to

the graph tail points toward different matrix elements. Once the loop value is determined

the lexical index from the different upper and lower walks can be used to determine which

matrix elements the found loop will contribute to.
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Loop ∆l ∆k ∆j ∆i

1 1 -1 -1 1

2 1 -1 1 -1

3 1 1 -1 -1

4 1 -2 1

5 1 0 -1

6 1 1 -2

7 1 -1 0

8 2 -1 -1

9 0 -1 1

10 0 1 -1

11 1 -1

12 2 -2

13 0 0

14 0

Table A.3. Differences in orbital occupations for the bra and ket paths: ∆x =

Nket −Nbra.
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Appendix B

DETAILED SPIN-PROJECTED HARTREE-FOCK
ALGORITHM

This section provides explicit expressions for all terms presented in Figure 5.1 and walks

through each step of the algorithm in detail. This implementation of projected Hartree-Fock

requires using matrices in the atomic orbital (AO), orthonormal atomic orbital (OAO), and

the natural orbital (NO) bases. Matrices in the OAO basis are denoted with a prime and

those in the NO basis have a tilde to differentiate them from AO matrices.

The first step is to combine the grid weights at each integration point with the Wigner

D-matrix elements for all necessary spin-projections m and k

x(α, β, γ)mk = G(α, β, γ)DS∗
mk(α, β, γ) (B.1)

where G(α, β, γ) is the weight at a particular grid point. In the following discussion each

grid point will be denoted by g = (α, β, γ). These quantities can be formed once and used

throughout the SCF procedure.

The broken-symmetry density must be transformed to the NO basis. The AO density

matrix is first transformed to the OAO basis using the transformation matrix X.

ρστ = Cσ
occC

τ†
occ (B.2)

ρ =

ραα ραβ

ρβα ρββ

 (B.3)

ρ′ =

X† 0

0 X†

ραα ραβ

ρβα ρββ

X 0

0 X

 (B.4)

The OAO density matrix is then diagonalized and the NO transformation matrix O (formed
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from the eigenvectors of the OAO density) is used during the current SCF iteration.

ρ̃ = O†ρ
′
O (B.5)

=

ρ̃oo ρ̃ov

ρ̃vo ρ̃vv

 =

1 0

0 0

 (B.6)

Note that in the AO and OAO bases the density matrix is spin blocked, but in the NO basis

it has occupied and virtual blocks.

At this point, we start the loop over all grid points g. The rotation matrix is constructed

from three separate matrices defined by each rotation angle. This is trivially done in the

OAO basis and then transformed to the NO basis.

R
′

g = R
′
(α, Ŝz)R

′
(β, Ŝy)R

′
(γ, Ŝz) (B.7)

R
′
(α, Ŝz) =

eiα/21 0

0 e−iα/21

 (B.8)

R
′
(β, Ŝy) =

 cos(β/2)1 sin(β/2)1

−sin(β/2)1 cos(β/2)1

 (B.9)

R̃g = O†R
′

gO (B.10)

The overlap between the broken-symmetry determinant and the rotated determinant can

now be evaluated using the rotation matrix and the NO density. This can then be used to

renormalize the grid weights determined above.

Ñg =

(ρ̃oo ρ̃ov

)
R̃g

ρ̃oo
ρ̃vo

−1

(B.11)

wmk(g) = xmk(g)/det(Ñgρ̃oo) (B.12)

The rotated density matrix in the NO basis can now be constructed.

ρ̃g = R̃g

ρ̃oo
ρ̃vo

 Ñg

(
ρ̃oo ρ̃ov

)
(B.13)
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The rotated density matrix is then used to construct the rotated Fock matrix. This must

be formed in the AO basis and then transformed back to the NO basis.

ρ′g = Oρ̃gO
† (B.14)ρααg ραβg

ρβαg ρββg

 =

X 0

0 X

ρ′αα
g ρ

′αβ
g

ρ
′βα
g ρ

′ββ
g

X† 0

0 X†

 (B.15)

(Gστ
g )ij = δστ

∑
kl

〈ik | jl〉 ((ρααg )lk + (ρββg )lk)−
∑
kl

〈ik | lj〉 (ρστg )lk (B.16)

G′g =

X† 0

0 X†

Gαα
g Gαβ

g

Gβα
g Gββ

g

X 0

0 X

 (B.17)

G̃g = O†G
′

gO (B.18)

F̃g = h̃ + G̃g (B.19)

We now have all the necessary quantities to build the CI matrix elements by looping over

the different spin projections m, k. Note that this step is not necessary for singlet states since

the spin projection is always 0. We can update Smk, Hmk, Xmk, and Fmk for the current

grid point.

Smk += wmk(g) (B.20)

Hmk +=
1

2
wmk(g)

[
Tr[(h̃ + F̃g)ρ̃g]]

]
(B.21)

X̃mk += wmk(g)X̃g (B.22)

X̃g = R̃g

ρ̃oo
ρ̃vo

 Ñg + Ñg

(
ρ̃oo ρ̃ov

)
R̃g (B.23)

F̃mk += wmk(g)F̃ g (B.24)

F̃ g =
1

2
X̃gTr[(h̃ + F̃g)ρ̃g] + Ñg

(
ρ̃oo ρ̃ov

)
F̃g(1− ρ̃g)R̃g (B.25)

+ (1− ρ̃g)F̃gR̃g

ρ̃oo
ρ̃vo

 Ñg
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The CI problem can now be solved to obtain the linear coefficients and energy. These

can then be contracted with Xmk and Fmk to finish forming the effective Fock matrix

Hf = SfES (B.26)

F̃ =
∑
mk

f ∗mfk

(
F̃mk − ESX̃mk

)
(B.27)

The occupied-occupied and virtual-virtual blocks of the effective Fock matrix are always

0 and at convergence the off-diagonal blocks vanish as well due to the Brillouin condition

(Equation (5.12)). To ensure smooth convergence and separation of the occupied and virtual

spaces, the diagonal blocks of the effective Fock matrix can be modified to use the blocks of

the broken-symmetry Fock matrix. The choice was proposed by Scuseria and coworkers and

has proven to be effective in practice.

F̃ =

 0 F̃PHF

ov

F̃PHF

vo 0

→
F̃GHF

oo F̃PHF

ov

F̃PHF

vo F̃GHF
vv

 (B.28)

The effective Fock matrix can then be transformed to the OAO basis, diagonalized, and

convergence evaluated. If the system has not converged, we return to the step where the

broken-symmetry density is transformed to the NO basis and proceed through the other

steps.
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