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Most interesting real world systems can be understood at multiple scales of detail. A

physical system such as a closed container of gas particles can be understood in terms of

hydrodynamic flows, molecules and atoms exerting forces upon one another, or evolving

wavefunctions for each component particle. A multiscale approach can be used to under-

stand the interplay of different scales of detail in problems that lack time or spatial scale

separation. We present the Mori-Zwanzig formalism as a general framework for understand-

ing multiscale methods. Another popular multiscale method, the heterogeneous multiscale

method, is shown to be a special case of this framework. The heterogeneous multiscale

method framework is applied to a plasma physics problem. We then derive a new multiscale

scheme from the Mori-Zwanzig formalism called the complete memory approximation, and

apply it to the Korteweg-de Vries equation, the 3D Euler’s equations, and Burgers’ equation.

Surprising scaling results shed light into the complex role played by memory in reduced order

models of partial differential equations.
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Chapter 1

INTRODUCTION

Any physical phenomenon can be understood and modeled at a number of different scales.

Consider a system consisting of gas particles in a closed container:

1. At the most fundamental level, the subatomic particles comprising the gas particles can

be represented as wavefunctions which interact according to the equations of quantum

mechanics.

2. If quantum details are discounted, the gas particles can be modeled as classical parti-

cles that interact according to Newton’s laws in a framework referred to as molecular

dynamics.

3. However, if individual particle trajectories are disregarded, we can employ statistical

mechanical arguments to represent the system in terms of particle distribution functions

that evolve according to kinetic theory.

4. Finally, if nonequilibrium effects are not important, we can represent the system as a

continuum that evolves according to hydrodynamics.

When one decides to model a physical system using one of these physical frameworks, one

is making an important implicit claim: the lower scales of detail are not important. In many

cases, this claim holds true. Newtonian mechanics accurately capture everyday physical

observations despite neglecting quantum mechanical considerations. This is because the

microscopic details lead to effects that, on average, cancel with one another rendering them

unimportant for the evolution of the system as a whole.
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Modeling an interesting physical system using a single scale requires choosing the scale

that is detailed enough such that the phenomenon is observable but simple enough that

extraneous details are omitted. This way of thinking about modeling systems is not limited

to physics, either. Biological problems might take place at the scale of molecular dynamics

within living cells, network dynamics in neuroscience on the scale of cell populations, or con-

tinuum representations of population dynamics and ecological models. Chemical problems

run from the quantum mechanical considerations of orbital dynamics, to the classical dynam-

ics of particle collisions and reactions, to the continuum representation modeled effectively

in reaction-diffusion systems. Even purely mathematical questions can contain implicit and

explicit scale separation. When we use a Taylor series to locally linearize a dynamical sys-

tem, we assume the nonlinear effects that vary greatly on a large scale are nearly uniform in

the region of interest.

However, there are many cases where the assumptions required to model a system at

a single scale do not hold. For example, there may be systems in which the interesting

phenomena occur on a scale consistent with one modeling framework, while the relevant

dynamics occurs on a scale consistent with a more detailed modeling framework. A single

problem might include some regions in time or space that satisfy the assumptions needed for

one modeling framework while other regions can be represented in a higher or lower detailed

framework. We call problems that display this challenging structure multiscale problems.

In each of the aforementioned cases, there is some sufficiently detailed scale that fully

captures the problem at all relevant times and positions. One could then solve any such

multiscale problem by solving the entire problem at the level of detail dictated by the most

challenging points. However, this gives rise to prohibitively large problems. Of growing

interest in applied mathematics, especially in the era of Big Data, is reduced order modeling.

Reduced order modeling seeks to reduce a prohibitively large system to a computationally

realizable problem size (resolution) while maintaining the essential features of the dynamics.

When the large system is multiscale in nature, one can use knowledge of each scale and their

relationship to one another in order to construct suitable reduced order models (ROMs).
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Mathematical modeling and applied mathematics generally has a rich history of multiscale

methods both analytic and numerical. Before discussing an overarching framework for multi-

scale modeling, it would be prudent to highlight some key examples of problems that require

a multiscale approach.

1.1 Examples of multiscale systems

Every area of science is replete with examples of systems that benefit from a multiscale

modeling approach. These application areas motivate and inform the development of robust

multiscale methods.

1.1.1 Physical systems with localized disturbances

Certain physical events such as explosions and high energy impacts, give rise to shock waves.

A shock wave is a local disturbance in the underlying medium in which key physical quantities

such as temperature, pressure, and density change nearly discontinuously. As the system

evolves, this disturbance propagates through the system and eventually dissipates. Away

from a shock, the material is considered to be near equilibrium and can be modeled well with

continuum dynamics with a very coarse discretization. Near the shock, however, the state

variables considered in the continuum framework vary exceptionally quickly. These sharp

gradients necessitate a far finer discretization than was needed elsewhere. In particularly

strong shocks, such as those occuring in inertial confinement fusion or meteorite impacts,

the sharpness of the shock necessitates consideration of molecular details at the shock front.

Similarly, in material science one is interested in the propagation of a crack through an

otherwise homogeneous material under stress. Away from the crack, material variables are

changing slowly. At the crack, and especially the crack tip, material variables change almost

discontinuously. Molecular detail might be necessary at the crack tip in order to predict the

path of the crack through the material.

In both of these cases, multiscale methods can be employed to couple the different physical

models needed at the localized disturbance and in the more homogeneous medium. The local
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nature of the disturbance is an example of scale separation in space, which simplifies the

construction of a multiscale method. Some examples of multiscale approaches to physical

systems with localized disturbances are found in [2, 91, 118].

1.1.2 Nanomaterials and biochemical dynamics

The behavior of microscopic materials in solution is of interest in the fields of nanomaterials

and biochemistry. Consider, for example, a protein molecule. This consists of a string of

amino acids that determines the primary structure of the protein. The protein is then folded

into secondary, tertiary, and quaternary structures. Modeled physically, there are collections

of atoms or groups of atoms bound together subject to frequent random perturbations from

impacts with solvent molecules. Scientists interested in modeling the dynamics of compli-

cated molecules like proteins and synthetic polymers must wrestle with the untenable size

of these systems (each particle in the molecule of interest has six degrees of freedom, and

one might also simulate the motion of the solvent molecules). Multiscale methods represent

a possible manner of mitigating the problem size in this setting. In a technique known as

coarse-graining, one can collect groups of particles into pseudo-atoms and infer the interac-

tions of pseudo-atoms from previously observed microscopic data [48,69,77,79,80,96].

1.1.3 Global climate models

Modeling the global climate is an exceptionally important and tremendously challenging

problem. The underlying dynamics are relatively well-understood, as the climate obeys

key physical laws such as the conservation of mass, energy, and momentum. This, coupled

with radiation absorption and emission, allows one to represent the global climate as a

three-dimensional fluid dynamics problem. However, the size of the problem is enormous

and perturbations can have long-lasting and wide-reaching effects [98]. Even for the finest

resolutions available today, sub-grid effects cannot be perfectly captured. If the resolution is

refined, it produces a problem whose size dwarfs the capabilities of modern supercomputers.
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The development of multiscale methods allows one to represent features at a higher

level of detail without reducing the resolution to an unreasonable level. Promising results

have been achieved by incorporating cloud resolving models over each simulation cell in

place of conventional cloud parameterizations [56, 57, 72, 107]. This has been expanded to

include multiscale modeling of aerosol pollutants [113–115]. This method of coupling detailed

sub-cell models to larger scale fluid dynamics presents a promising solution to the challenges

of insufficient resolution in climate models.

1.1.4 Biological modeling

Systems that arise in biology can range from the molecular scale, through individual cells and

collections of cells (sometimes called the mesoscale), to entire organs or full-body physiology.

It is not uncommon for interesting problems to span several of these scales of interest. Multi-

scale methods are critical for constructing analytical and numerical approximations of these

problems. Our strong understanding of individual cellular behavior cannot be expanded to

population level behavior without taking multiscale considerations into account [37]. They

have been employed in reaction-diffusion systems to utilize microscopic detail only at rele-

vant boundaries [49]. As discussed previously, multiscale approaches have seen wide success

in structural biology [38]. Cancer modeling benefits from a multiscale connection between

microscopic molecular dynamics, mesoscopic disease dynamics, and macroscopic physiolog-

ical consequences [35, 95]. Systems biology is an inherently multiscale domain and explicit

multiscale techniques are critical for effectively understanding problems in the field [17].

1.2 Multiscale techniques in applied mathematics

Beyond problems in physical, chemical, and biological application areas that are inherently

multiscale, there is also a rich history of multiscale techniques developed in applied mathe-

matics independent of specific applications. If the application problems are the projects of

a carpenter, these techniques represent the tools that have been honed to be used in any

number of unrelated projects.
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1.2.1 The multigrid method

For some linear problems, iterative methods such as Jacobi iteration, Gauss-Seidel iteration,

and successive overrelaxation may converge quickly at first but more slowly over time. In

these cases the multigrid method can be used to reduce the computational load of the re-

maining convergence. After several iterative steps, the error typically becomes significantly

smoother. One can iteratively solve equations for the error on a coarser grid. The coarser grid

yields a smaller system that iterates more quickly. Furthermore, the ratio of the wavenum-

bers of error modes to the grid cell size is now smaller, and this ratio is what dictates the

convergence rate.

By applying this method recursively, one constructs a multiscale structure of solution

representations on ever coarser grids. Each grid is applied to progressively smoother error

functions and accelerates the convergence for lower and lower frequencies of error. A compre-

hensive overview can be found in [65]. Multigrid methods have been used to great success in

investigating partial differential equations arising in fluid dynamics such as the Navier-Stokes

equation [41] and Euler’s equations [54].

1.2.2 Singular perturbation techniques

We call a problem singularly perturbed when it has a small positive parameter ε, but the

solution is not well-approximated by setting ε = 0. One example is a singularly perturbed

differential equation such as:

εu′′ + u′ + u = 0. (1.1)

In this case, the presence of a nonzero ε changes the problem from a first order differential

equation into a second order differential equation, which is a fundamentally different problem.

Singularly perturbed problems have a multiscale structure built in. Namely, there is the O(1)

scale associated with the terms that are not multiplied by ε and the O(ε) scale of the terms

associated with the small parameter.

Consequently, many solution methods for singularly perturbed problems approach the
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problem from a multiscale framework. The method of matched asymptotic expansions is

useful for boundary-layer problems, which have multiple spatial scales. A boundary-layer

problem is a problem in which the singularly perturbed term is only significant in a highly

local region of the domain of independent variables. The method of matched asymptotic

expansions uses different solutions in the larger domain and in the localized boundary layer

and matches the two solutions to meet in a sufficiently smooth manner in the intermediate

region [62].

In some singularly perturbed problems, the impact of the small parameter is not local-

ized in space. Instead, the small parameter creates multiple timescales (“fast” and “slow”) of

interest. Problems with multiple timescales are amenable to multiple-scale analysis. In this

case, one explicitly introduces fast-scale and slow-scale versions of time and then expresses

the solution as a perturbation series in which each term in the series depends upon both

the fast and slow time variables. The flexibility of the extra variables allows one to elimi-

nate problematic (“secular”) terms. A comprehensive presentation of singularly perturbed

problems, including multiscale approaches to their solutions, is provided in [9].

1.2.3 Adaptive mesh refinement

The adaptive mesh refinement method for solving partial differential equations is another ex-

ample of a fundamentally multiscale applied mathematics technique. In adaptive mesh refine-

ment, the solution to a partial differential equation is represented on an initially coarse spatial

grid. As the solution evolves, some regions are relatively smooth and are well-represented

by the coarse grid. Other regions develop strong gradients, such as when a shock occurs.

In adaptive mesh refinement, the grid is automatically made finer in regions where higher

resolution are needed. This is an example of, quite literally, using multiple spatial scales in

the regions and at the times where they are needed. A thorough overview of adaptive mesh

refinement can be found in [84]. Adaptive mesh refinement has been used to great effect in

simulating cosmological hydrodynamics [108], shock propagation in fluids [10], and general

hyperbolic partial differential equations [11].
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1.2.4 Parallel tempering

Multiscale techniques have also been developed in the field of sampling methods. Markov

Chain Monte Carlo (MCMC) sampling methods can be used to rigorously sample from a

chosen probability distribution. These sampling techniques can be framed in terms of a

“temperature” indicating the likelihood of accepting samples that significantly alter the en-

ergy of the system. By running multiple MCMC systems at different temperatures in parellel

and exchanging configurations between two systems with a Metropolis-Hastings acceptance

criterion, one can achieve a significant improvement in mixing properties. This results in

a swifter exploration of the probability distribution even for low-temperature systems. An

early overview of the technique is [34]. The method has been applied with great success to

the molecular dynamics of protein folding [106]. A related idea is to use different spatial res-

olutions of a path through a stochastic dynamical system. One can construct a conditional

path sampling method in which the spatial resolution plays the role of the temperature [116].

In these cases, one leverages the different behaviors of systems at different temperature scales

or resolutions.

1.3 General multiscale frameworks

In this dissertation, we will be interested in multiscale methods as a general tool. Conse-

quently, it would be useful to have a general and rigorous framework for multiscale methods

and the related concept of reduced order modeling. Here we will discuss two such frameworks:

the Mori-Zwanzig formalism and the heterogeneous multiscale method.

1.3.1 The Mori-Zwanzig formalism

Historically, the contributions of Robert Zwanzig and Hazime Mori to statistical mechanics

allowed the rigorous discussion of reduced order modeling [120]. The Mori-Zwanzig formalism

is an exact reduction of the dynamics of a full (large) system to the dynamics of a reduced

set of variables. This reduction is done by viewing the set of variables in terms of Liouvillian
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distributions. In this way, the unwanted variables can be treated probabilistically. The

impact of the unwanted variables on the reduced set of variables may then be represented

in a number of different ways, such as with conditional probabilities. Most generally, the

impact of the unwanted variables on the reduced set of variables manifests as noise and

memory terms. A memory term is a term that depends on the history of the trajectory of a

variable up until the current time. It is fundamental to reduced order models, and represents

a significant computational challenge.

The Mori-Zwanzig formalism is helpful conceptually, but the difficulty of computing

the memory term precludes a simple implementation. Recently, there have been tremen-

dous strides in approximating the memory effect. Optimal prediction and the t-model

[8, 12,23–25,46,103] and higher order memory approximations [99,100] have led to effective

reduced order models for some specific applications. The higher order approximations are

susceptible to instabilities. One potential method for stabilizing these approximations draws

on ideas from renormalization group theory in physics. The form of the problem terms are

retained in a class of reduced order memory approximation schemes that are parametrized

by “renormalization coefficients.” These renormalization coefficients modify the problem

terms into “effective terms.” They are chosen to match observed quantities. Initial efforts

to construct renormalized versions of these approximations [104,105] show promise, but are

not well understood.

1.3.2 The heterogeneous multiscale method

A more modern, but less rigorous, model reduction technique is the heterogeneous multiscale

method (HMM), popularized by Weinan E [117, 118]. In this approach, a system is known

to be described at two levels of detail, one coarse and one fine. The fine level is understood

as the fully detailed system, and the coarse level is some dimension-reduced description of

the full system that accurately captures the dynamics of a reduced number of variables.

HMM, motivated by the original ideas of singular perturbation, is unique in that it uses

physical arguments and constrained simulations of the fine system to inform undetermined
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parameters in the coarse simulation. This technique relies on an explicit scale separation

between the coarse dynamics and fine dynamics.

HMM is well suited to multiphysics problems, which inherently involve time or spatial

scale separations. It has been successfully applied to gas dynamics problems using molecular

dynamics to compute hydrodynamic fluxes [33], microfluidics and complex fluids [81, 91],

finite temperature solid simulations [67], and more general fast-slow differential equation

systems [55]. HMM, however, is not effective at handling systems in which there is no clear

dividing line between scales.

1.4 Structure of dissertation

In this dissertation, we will present several extensions and applications of multiscale tech-

niques derived from the Mori-Zwanzig formalism and the heterogeneous multiscale method.

In Chapter 2, we will present the Mori-Zwanzig formalism in full detail and comment upon

the inherent advantages and challenges of developing reduced order models from it. In

Chapter 3, we will present the heterogeneous multiscale method in greater detail. We will

demonstrate that this framework is a special case of the Mori-Zwanzig formalism. Finally,

we will present an HMM method developed for plasma physics simulation and comment

upon the Mori-Zwanzig interpretation of the derived equations. In Chapter 4, we will return

to the Mori-Zwanzig formalism by presenting a new method of approximating the memory

term called the “complete memory approximation.” This method of deriving a reduced order

model from the Mori-Zwanzig formalism is more general than previously developed methods.

Applications to the Korteweg-de Vries equation, the three dimensional Euler’s equations, and

Burgers’ equation are presented, including surprising results relating to the optimal scaling

of introduced parameters. The code relating to these results is accessible in [87]. Finally, in

Chapter 5, we will provide an overview of the results and comment upon future promising

directions for the work described here.
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Chapter 2

THE MORI-ZWANZIG FORMALISM

In this chapter, we will derive the Mori-Zwanzig formalism and present a simple example

of its application to a linear problem.

2.1 Derivation of the Mori-Zwanzig formalism

Consider a system of autonomous ordinary differential equations

du(t)

dt
= R(u) (2.1)

augmented with an initial condition u(0) = u0. For example, if one considers a partial

differential equation, spectral or finite volume methods can be employed to convert a PDE

to a system of ODEs. A solution trajectory for (2.1) can be thought of as a function of the

initial condition and time (u(u0, t)). The state of the system at any given time is determined

entirely by the full initial condition and the time. Let u(t) = {uk(t)}, k ∈ F∪G. We separate

u(t) into resolved variables û = {ui(t)}, i ∈ F and unresolved variables ũ = {uj(t)}, j ∈ G

where F and G are disjoint. Let Rk(u) be the kth entry in the vector-valued function R(u).

We can transform this nonlinear system of ODEs (2.1) into a linear system of PDEs by

way of the Liouvillian operator, also known as the generator of the Koopman operator [61]:

L =
∑

k∈F∪G

Rk(u
0)

∂

∂u0
k

. (2.2)

The following proof of this claim is based upon [23]. Consider a smooth function f(x) where

x is a vector with the same number of components as u. We will show that φ(u0, t) =
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f(u(u0, t)) satisfies the PDE:

∂φ(u0, t)

∂t
= Lφ, φ(u0, 0) = f(u0). (2.3)

First, we can see that φ(u0, 0) = f(u(u0, 0)) = f(u0). Next, we take the time derivative:

∂φ

∂t
=
∑

k∈F∪G

∂f(u(u0, t))

∂xk

duk
dt

=
∑

k∈F∪G

Rk(u(u0, t))
∂f(u(u0, t))

∂xk
(2.4)

where we used (2.1).

Next, we will show that

Rk(u(u0, t)) =
∑
j∈F∪G

Rj(u
0)
∂uk(u

0, t)

∂u0
j

. (2.5)

We begin by defining Fk(u
0, t) = Rk(u(u0, t)) −

∑
j∈F∪GRj(u

0)∂uk(u0,t)

∂u0j
. Observe that the

initial condition of Fk is:

Fk(u
0, 0) = Rk(u(u0, 0))−

∑
j∈F∪G

Rj(u
0)
∂uk(u

0, 0)

∂u0
j

= Rk(u
0)−

∑
j∈F∪G

Rj(u
0)
∂u0

k

∂u0
j

= 0. (2.6)
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Now take the time derivative:

∂Fk(u
0, t)

∂t
=
∂

∂t
Rk(u(u0, t))−

∑
j∈F∪G

Rj(u
0)

∂

∂u0
j

(
∂uk(u

0, t)

∂t

)
=
∑
i∈F∪G

∂Rk(u(u0, t))

∂xi

∂ui(u
0, t)

∂t
−
∑
j∈F∪G

Rj(u
0)
∂Rk(u(u0, t))

∂u0
j

=
∑
i∈F∪G

∂Rk(u(u0, t))

∂xi
Ri(u(u0, t))−

∑
j∈F∪G

Rj(u
0)
∑
i∈F∪G

∂Rk(u(u0, t))

∂xi

∂ui(u
0, t)

∂u0
j

=
∑
i∈F∪G

[
∂Rk(u(u0, t))

∂xi

(
Ri(u(u0, t))−

∑
j∈F∪G

Rj(u
0)
∂ui(u

0, t)

∂u0
j

)]

=
∑
i∈F∪G

∂Rk(u(u0, t))

∂xi
Fi(u

0, t).

Thus, we have shown that the PDE defining the evolution of Fk is linear with zero initial

condition. Consequently, Fk(u
0, t) = 0 for all k ∈ F ∪G at all times. This means:

Rk(u(u0, t)) =
∑
j∈F∪G

Rj(u
0)
∂uk(u

0, t)

∂u0
j

.

Returning to (2.4), we substitute this in:

∂φ

∂t
=
∑

k∈F∪G

Rk(u(u0, t)
∂f(u(u0, t))

∂xk

=
∑( ∑

j∈F∪G

Rj(u
0)
∂uk(u

0, t)

∂u0
j

)
∂f(u(u0, t))

∂xk

=
∑
j∈F∪G

Rj(u
0)

( ∑
k∈F∪G

∂f(u(u0, t))

∂xk

∂uk(u
0, t)

∂u0
j

)

=
∑
j∈F∪G

Rj(u
0)

∂

∂u0
j

(
f(u(u0, t))

)
=Lφ.

Thus, the nonlinear ODE (2.1) and linear PDE (2.3) are equivalent. In particular, if we
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consider φk the solution of (2.3) with f(u0) = u0
k, φk(u

0, t) = uk(t). In essence, we are

constructing the partial differential equation for which our original ODE system defines the

backward characteristic curves. Equation (2.3), however, is linear. Using semigroup notation,

which states φk(u
0, t) = etLu0

k, we can write

duk(t)

dt
=
∂φk(u

0, t)

∂t
=

∂

∂t
etLu0

k = etLLu0
k. (2.7)

This is the third and most convenient way of expressing the dynamics of the system given

an initial condition.

Consider the space of functions that depend upon u0. Let P be an orthogonal projection

onto the subspace of functions depending only on the resolved variables û0. For example,

Pf might be the conditional expectation of f given the resolved variables and an assumed

distribution for the unresolved variables. Let Q = I − P . Then, we can decompose an

evolution operator etL using Dyson’s formula:

etL = etQL +

∫ t

0

e(t−s)LPLesQL ds. (2.8)

A brief proof of Dyson’s formula follows. Define

g(t) = etQL +

∫ t

0

e(t−s)LPLesQL ds, (2.9)

and then take the derivative:

dg

dt
=QLetQL + LetL

∫ t

0

e−sLPLesQL ds+
(
e(t−t)LPLetQL

)
(1)− (e(t−0)LPL)(0)

=L
(
etQL +

∫ t

0

e(t−s)LPLesQL ds

)
=Lg.
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Observe that the intial condition is g(0) = 1. Thus, g satisfies the ODE:

dg

dt
= Lg, g(0) = 1 (2.10)

which implies g(t) = etL. This constitutes a proof of Dyson’s formula. Applying Dyson’s

formula to (2.7) gives:

duk
dt

= etLPLu0
k + etQLQLu0

k +

∫ t

0

e(t−s)LPLesQLQLu0
k ds. (2.11)

This is the Mori-Zwanzig identity. It represents an alternative, but exact way of writing the

full dynamics. The first term on the right hand side in (2.11) is called the Markov term,

because it depends only on the instantaneous values of the resolved variables. The second

term is called “noise” and the third is called “memory”. We again project the dynamics,:

dPuk
dt

= PetLPLu0
k + P

∫ t

0

e(t−s)LPLesQLQLu0
k ds. (2.12)

Here, we made use of the fact that

PetQLQLu0
k = P

[
I + tQL+ t2(QL)2 + . . .

]
QLu0

k = 0

because PQ = 0. For k ∈ F , (2.12) describes the projected dynamics of the resolved

variables. For a concrete example, if P is indeed a conditional expectation, then (2.12)

describes the trajectories of the expected values of the resolved variables.

The system is not closed, however, due to the presence of the orthogonal dynamics op-

erator esQL in the memory term. In order to simulate the dynamics of (2.12) exactly, one

needs to evaluate the second term which requires the dynamics of the unresolved variables.

One key fact must be understood: reducing a large system to one of comparatively fewer

variables necessarily introduces a memory term encoding the interplay between the unre-

solved and resolved variables. Dropping both the noise and memory terms and simulating
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only the “average” dynamics (the Markov term) may not accurately reflect the dynamics of

the resolved variables in the full simulation. Any multiscale dynamical model must in some

way approximate or compute the memory term, or argue convincingly why the memory term

is negligible. In fact, we will demonstrate that even in cases where the magnitude of the

memory term is very small, it must be included in order to produce accurate simulations of

the resolved modes.

2.2 Application to a linear system

For an informative example, we will apply the Mori-Zwanzig formalism to reduce a linear

system of ODEs:
du

dt
= Au, u(0) = u0. (2.13)

Consider breaking the state vector into n resolved variables û and m unresolved variables ũ

such that u = [û, ũ]T . Furthermore, we will partition the matrix A into block matrices:

A =

 Â Â′

Ã′ Ã


where Â is n × n, Â′ is n × m, Ã′ is m × n, and Ã is m × m. Under this definition, L is

defined as:

L =
n∑
k=1

(
n∑
i=1

âkiû
0
i +

m∑
i=1

â′kiũ
0
i

)
∂

∂û0
k

+
m∑
j=1

(
n∑
i=1

ãjiû
0
i +

m∑
i=1

ã′jiũ
0
i

)
∂

∂û0
j

, (2.14)

or more succinctly,

Lû0 = Âû0 + Â′ũ0, Lũ0 = Ãû0 + Ã′ũ0.
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Define our projector P such that P û0 = û0 and P ũ0 = 0. Then, we can use the Mori-Zwanzig

formalism to write a new equation for the evolution of the resolved variables û:

dû

dt
= etLPLû0︸ ︷︷ ︸

Markov term

+ etQLQLû0︸ ︷︷ ︸
Noise term

+

∫ t

0

e(t−s)LPLesQLQLû0 ds︸ ︷︷ ︸
Memory term

.

The Markov term is:

etLPLû0 = etLP
[
Âû0 + Â′ũ0

]
= Âû.

The noise term can be written as the solution to:

∂etQLQLû0

∂t
= etQLQLQLû0. (2.15)

First we find QLû0:

QLû0 = Âû0 + Â′ũ0 − Âû0 = Â′ũ0. (2.16)

Next we apply QL again:

LQLû0 =LÂ′ũ0 = Â′
[
Ã′û0 + Ãũ0

]
PLQLû0 =P

[
Â′
(
Ã′û0 + Ãũ0

)]
= Â′Ã′û0

QLQLû0 =Â′Ãũ0.

In fact, (2.15) is an ODE for the quantity z = etQLQLû0 = etQLÂ′ũ0. We define:

B = Â′Ã(Â′∗Â′)−1Â′∗ (2.17)
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where BÂ′ = Â′Ã. Then we see:

∂etQLQLû0

∂t
=etQLQLQLû0

dz

dt
=etQLÂ′Ãũ0

=etQLBÂ′ũ0

=Bz.

The solution to this linear system is:

etQLQLû0 = etBz(0) = etBÂ′ũ0. (2.18)

Before continuing, we will show etBÂ′ = Â′etÃ. First, recall that BÂ′ = Â′Ã. Now we will

show by induction that BkÂ′ = Â′Ãk. Suppose Bk−1Â′ = Â′Ãk−1. Then,

BkÂ′ =BBk−1Â′ = BÂ′Ãk−1 = Â′Ãk.

Consequently, etBÂ′ = Â′etÃ. Thus, the noise term can be written as:

etQLQLû0 = etBz(0) = etBÂ′ũ0 = Â′etÃũ0.
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We can plug this into the memory integral to simplify it:

∫ t

0

e(t−s)LPLesQLQLû0 ds =

∫ t

0

e(t−s)LPLÂ′esÃũ0 ds

=

∫ t

0

e(t−s)LÂ′esÃP
[
Ã′û0 + Ãũ0

]
ds

=

∫ t

0

e(t−s)LÂ′esÃÂ′Ã′û0 ds

=Â′
∫ t

0

esÃÃ′û(t− s) ds

=Â′
∫ t

0

e(t−s)ÃÃ′û(s) ds.

Therefore, the Mori-Zwanzig formalism defines the following evolution equation for the re-

solved modes:
dû

dt
= Âû + Â′etÃũ0 + Â′

∫ t

0

e(t−s)ÃÃ′û(s) ds. (2.19)

We can also find this same result by using an integrating factor to solve for the unresolved

modes:

dũ

dt
=Ã′û + Ãũ

dũ

dt
− Ãũ =Ã′û

e−tÃ
(
dũ

dt
− Ãũ

)
=e−tÃÃ′û

e−tÃũ + C =

∫ t

0

e−sÃû(s) ds

ũ =etÃũ0 +

∫ t

0

e(t−s)Ãû(s) ds.
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We plug this solution into the ODE for the resolved modes:

dû

dt
=Âû + Â′ũ

=Âû + Â′etÃũ0 + Â′
∫ t

0

e(t−s)ÃÃ′û(s) ds.

2.2.1 Two-dimensional example

As a concrete example, consider the very simple system:
dx
dt

= x+ y

dy
dt

= x− y
, x(0) = x0, y(0) = y0. (2.20)

Let us consider x the resolved variable and y the unresolved variable. In this case, there is

not an obvious choice for “resolved” and “unresolved” variables. However, the Mori-Zwanzig

formalism does not rely upon a clear separation between the two classes. It is my hope that

this example helps to demonstrate the universality of the Mori-Zwanzig formalism approach

to model reduction. In this case Â = 1, Â′ = 1, Ã′ = 1, and Ã = −1. This means

B = (1)(−1)((1)(1))−1(1) = −1. Therefore, the Mori-Zwanzig formalism reorganizes the

ODE for x into:
dx

dt
= x+ e−ty0 +

∫ t

0

e−(t−s)x(s) ds. (2.21)

If we were to instead solve for y(t) explicitly using an integrating factor, we would find

y(t) = e−ty0 +

∫ t

0

e−(t−s)x(s) ds.

Upon plugging this into dx
dt

= x + y, we are left with the same result as in (2.21). Thus, we

see that when applied to a linear problem with a particular choice of P , the Mori-Zwanzig

formalism yields the same solution as found through the integrating factor method.
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Chapter 3

HETEROGENEOUS MULTISCALE METHOD

The heterogenous multiscale method (HMM), popular in the computational physics lit-

erature, represents another way of treating a system with multiple scales (resolved and un-

resolved). In HMM, we begin with two physical descriptions of the same system at different

levels of detail. For example, the fine-grained scale might be molecular dynamics equations

describing the trajectories of each individual atom and molecule in a fluid system, while

the coarse-grained system might be hydrodynamic equations describing the evolution of the

pressure and temperature of the same system. The coarse-grained system is also, in some

way, incomplete. It may include parameters that are empirically determined, or it may break

down under certain conditions. HMM provides a methodology for marrying the two scales

of dynamics in such a way that the coarse model accurately reproduces the dynamics of

the coarse variables as they would be in the full system. The emphasis is on increasing the

accuracy of the coarse level by informing it through the fine level.

E designates the two most common types of HMM type A and type B [118]. In type

A problems, the assumptions of the coarse model are broken by some spatially isolated

defect or singularity. For example, if the coarse model is a hydrodynamic description, shocks

or cracks do not evolve correctly because they break some of the assumptions (such as

smoothness) that are used to derive the model. This is remedied by computing the fine

simulation only in the neighborhood of the problem region and using those to set the ill-

defined parameters. This represents a spatial separation of scales. Type A problems can

be understood as a computational physics version of matched asymptotics. When microscale

dynamics are spatially constrained, the macroscale and microscale dynamics can be treated as

two coupled problems in which the slowly varying macroscale provides boundary conditions
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to the quickly varying microscale.

In type B problems, the coarse model is not fully defined at any point in the domain. It

contains some parameters, such as stress tensors or relaxation times, that must be prescribed.

Historically, these terms have been found empirically, but this limits the types of simulations

to only ones that can be reproduced in a laboratory setting. The strategy of HMM is to

use small fine-grained simulations constrained by the local state of the coarse simulation

to inform the undefined parameters. This process can be executed after every coarse-grain

time step, or only when the parameters can be expected to have changed significantly. This

represents a temporal separation of scales. Solutions to type B problems are a computational

physics version of multiple-scale analysis. There are two timescales of relevance and one must

simultaneously solve for both scales in order to accurately reproduce the solution.

In both types of problems, we can consider separately the fine-grained dynamics and the

coarse-grained dynamics. Let u(t) be the state vector of the full (fine-grained) system and

û(t) be the state vector of the reduced (coarse-grained) system. A priori we have possibly

nonlinear evolution equations for both the full and coarse-grained variables:

du

dt
= R(u),

dû

dt
= R̂(û, α(u)) (3.1)

where α(u) is the vector of parameters needed to close the reduced system. HMM connects

the two scales by allowing α to be a function of the full state u(t) and using a fictitious,

local approximation of the microscale to inform the macroscale through these parameters.

Obviously, since we are not fully solving the problem for the microscale variables, we will

need to develop a framework to approximate the parameter function given only the resolved

variables.

3.1 Connecting Mori-Zwanzig and HMM

The Mori-Zwanzig formalism is a purposefully general and rigorous description of model

reduction: the derivation of a reduced model for only the resolved variables. The end result
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of HMM is a reduced model for only the coarse-grained variables that can be evolved nearly

independently of the full system. In both cases, the effects of the full system persist in

some way. It is reasonable to posit that the two methods are related, but to the author’s

knowledge this connection has not been explicitly articulated in the literature.

HMM can be reexpressed in terms of the general Mori-Zwanzig formalism, and the role of

the memory term in HMM’s effectiveness can be made clear. First, one must identify what

is playing the role of the projection operator P in HMM. Statistical mechanics is devoted in

part to studying the projection of detailed microscale dynamics onto lower order macroscale

variables. Thus, P is often an expected value over specific ensembles of microscale states,

with additional assumptions to eliminate or simplify complex terms. The Mori-Zwanzig

formalism requires the macroscale variables to be expressible in terms of the microscale

variables. For multiphysics problems, this is typically the case by definition. For example,

the microscopic temperature is given by

T =
1

3N

N∑
i=1

|pi|2

2mi

where N is the number of particles in the system, mi is the mass of particle i, and pi is

the momentum of particle i. The expected value of this quantity is the definition of the

hydrodynamic temperature, a macroscopic variable.

For a given macroscopic variable ûk, we must identify the microscopic version û′k, and

it must satisfy a few constraints. It must depend only on variables already present in the

full system. It must also be chosen such that Pû′k = ûk. The physical arguments used

to derive macroscopic dynamics from microscopic descriptions will often naturally produce

these relationships. Common macroscale quantities such as temperature, pressure, density,

and distribution functions satisfy these constraints.

Once these definitions are made, the Mori-Zwanzig formulation can be used to express

the correct HMM dynamics and reveal what memory terms are present. The projection P

should be applied to the microscale differential equations for the û′k variables. This is the
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process of deriving macroscopic evolution equations from their microscopic definitions. All

macroscale descriptions of physical systems can be derived from the more detailed microscale

systems under particular assumptions. After simplification, the resulting equations will

depend largely on the û in a term we designate R̂0(û), but will typically also include some

unsimplified term involving the full dynamics R̂′(u). Often assumptions about these terms

allow one to approximate them, though these assumptions typically introduce unknown

parameters. These are the α parameters that are not fully determined in the macroscopic

model.

The parallels between HMM and Mori-Zwanzig help us now better understand what these

approximate terms represent. They correspond to the noise and memory terms of Mori-

Zwanzig: quantities whose dynamics cannot be understood exclusively through functions of

the reduced variables. In HMM, we make assumptions about the forms of these unknown

terms, then capitalize on the structure of the projection operator P to compute the missing

data. Though P is a many-to-one transformation, statistical mechanical arguments are made

that any representative microscale state should provide the necessary memory information.

The form of the P in HMM is explicitly chosen in such a way that a pseudo inverse is

possible. This is a (possibly noisy) map P † from the resolved set of variables back to the

full set of variables (or a suitable subset of them using statistical mechanical arguments).

The result is a microscale simulation constrained by the macroscale state. The missing data

can then be computed within this constrained microscale simulation. This entire procedure

determines α̂(û). This result is used as an approximation of α(u) to evolve the macroscale

state in HMM according to
dû

dt
= R̂0(û) + R̂′(û, α̂(û)). (3.2)

Computing the noise and memory terms directly is possible in HMM specifically because

of scale separation. Scale arguments are used to reduce the size of the microscale simulation

that must be completed in order to ascertain these quantities. For example, if a parameter

is known to be defined locally, a simulation of the full dynamics in a region much smaller
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than the full system may be used to approximate the parameter locally. If the macroscale

model has sufficient resolution, this provides all the necessary information. Thus, HMM

represents a method for approximating the memory terms that necessarily arise in reduced

order dynamics “on the fly.” It can be reframed in terms of the Mori-Zwanzig formalism. The

projection P and the memory terms are treated without explicitly acknowledging them as

such. It is less general than the Mori-Zwanzig formalism, though, in that it uses assumptions

and bootstrap methods to approximate the noise and memory terms, rather than computing

or approximating them directly.

3.2 HMM applied to plasma simulations

The research described in this section was conducted at Los Alamos National Laboratory

with Jeff Haack, Gil Shohet, and Michael Murillo. The work described here is being prepared

for submission to the Journal of Computational Physics, though it is still preliminary. This

section includes contributions from the aforementioned individuals. It has been reproduced

with their permission.

3.2.1 Introduction

HMM has been successfully applied to gas dynamics problems using molecular dynamics

to compute hydrodynamic fluxes [33], as well as dynamic crack propagation [2], and heat

conduction in fine scale structures [1]. Multiscale domain decomposition methods have been

used in neutral gas kinetic problems to couple a local kinetic Boltzmann model to the Navier-

Stokes equations to model hypersonic flows [63]. However, the HMM philosophy has not been

applied to warm and hot dense plasma systems, in which neither pure kinetic nor molecular

dynamics models are satisfactory for probing the length and time scales of interest. There

have been multiscale models that couple kinetic electron motion to molecular dynamics

models for ionic motion to simulate small systems of ultracold neutral plasmas [86] and hot

dense plasmas [44,74], however these do not fit within the HMM framework.

In this section, we describe a multiscale kinetic-MD model based on the HMM philosophy,
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in which the relaxation times used in the kinetic multispecies Vlasov-Bhatnagar-Gross-Krook

(VBGK) model are computed from localized MD simulations on a small subset of the phys-

ical domain of interest. The result is an adaptive hybrid simulation method that employs

MD-accurate relaxation times to significantly improve the accuracy of the VBGK model,

while requiring significantly less computational time than would be required by a full MD

simulation. The multiscale coupling between the models is handled through “middleware”,

which interfaces between the MD and kinetic code and dynamically builds a linear regression

model based on previous MD data to further reduce expensive MD calls.

3.2.2 Connecting molecular dynamics and kinetic models

At the microscopic level, a classical N -particle plasma system is characterized by the trajec-

tories of the constituent particles in phase space. Given interparticle interaction potentials,

the N -body Hamiltonian fully describes the dynamics of the system, and the evolution is

uniquely determined by the initial conditions in phase space. Simulations of this type are

called molecular dynamics; models of this type have been developed for various physical

regimes [110]. In plasma systems in which microscopic effects are important, MD is the nat-

ural model for both theory and simulations [39,47,70], however it is limited by the maximum

system size [85]. State of the art MD simulations can evolve N = O(1012) particle systems,

however these systems correspond to domains on the order of several µm3 [78], which is

much smaller than e.g. the size of an inertial confinement fusion capsule. Furthermore, MD

typically can only probe time scales on the order of picoseconds to microseconds, and pose

an additional challenge in that massive calculations can produce tens of terabytes of data

per time step [40].

Rather than simulating individual particles, kinetic theory (KT) models describe the

evolution of particle distributions fk(r,v, t) of each species k, which increase the time and

space scales that can be simulated when compared to MD. The temporal and spatial scales

that can be simulated are limited mainly by the dynamics of the system and the complex-

ity of the collisional model. Kinetic models are appropriate in regimes where one expects
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nonequilibrium phenomena; this can be quantified by the Knudsen number K, which is the

ratio of the mean free path between particle collisions and a characteristic length scale of

the system. For very small Knudsen numbers, the collisions drive the system to equilibrium

very quickly and hydrodynamic models are sufficient to describe the dynamics. However, for

K > 0.1, the assumptions of hydrodynamics begin to break down. These conditions occur

in a variety of applications, in particular during the shock convergence phase of intertial

confinement fusion (ICF) [4, 5, 50, 83, 92, 94, 119]. There is a rich history of plasma physics

kinetic models; see [13, 14, 20, 59, 112]. Below, we mathematically derive the multispecies

Vlasov-BGK (VBGK) kinetic equation from molecular dynamics, and use it to motivate the

HMM model.

Kinetic equations can be explicitly derived from the molecular dynamics N -body Hamil-

tonian given an interaction potential. In order to avoid the complexities of evolving the

electron motion we consider only the ionic motion. The screening effect of electrons is mod-

eled implicitly through the Yukawa interparticle potential:

Ukl(r, r
′) =

ZkZle
2

4π|r− r′|
e−|r−r

′|/λ. (3.3)

where λ is the screening length. The plasma system may be comprised of one or more species

of ions, where ions of species k have mass mk, number density nk, temperature Tk, and charge

Zke (where e is the unit charge).

In a classical plasma system, the molecular dynamics simulation evolves every particle

according to the Hamiltonian equations

dri
dt

=
1

mi

∇vi
H,

dvi
dt

= − 1

mi

∇riH (3.4)

H({ri}Ni=1, {vi}Ni=1) =
∑
i

[
mi|vi|2

2
+

1

2

∑
j 6=i

Uij(ri, rj)

]
, (3.5)

where (ri(t),vi(t)) is the position and velocity of particle i at time t, and Uij is the Yukawa

interparticle potential between particles i and j, defined in (3.3), where i is a particle of
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species k and j is a particle of species l.

To derive a kinetic equation from this particle system, we begin by constructing a Klimon-

tovich distribution [60] Nk for each species k that indicates the location ri and velocity vi of

every particle of that species at a given time t:

Nk(r,v, {rα}Nα=1, {vα}Nα=1, t) =
∑
i∈Sk

δ (r− ri) δ (v − vi) . (3.6)

δ(x) is the Dirac delta function, and Sk is the set of ion indices corresponding to species k.

The ensemble expected value of Nk is the definition of fk:

fk(r,v, t) ≡ 〈Nk〉. (3.7)

This ensemble average is taken with respect to all initial choices for ri(0) and vi(0) consistent

with the initial distributions fk(r,v, 0). This defines the ensemble over which we consider

each average. We will take the time derivative of Nk first, and then take the expected value.

∂Nk

∂t
=
∑
i∈Sk

∂

∂t
δ(r− ri)δ(v − vi)

=
∑
i∈Sk

{
δ(v − vi)

∂

∂t
δ(r− ri) + δ(r− ri)

∂

∂t
δ(v − vi)

}
=
∑
i∈Sk

{
− ∂ri(t)

∂t
δ(v − vi) · ∇rδ(r− ri)−

∂vi
∂t

δ(r− ri) · ∇vδ(v − vi)

}
. (3.8)

At this point, we can substitute in the Hamiltonian equations for the evolution of ri and vi:

∂Nk

∂t
=
∑
i∈Sk

{
− viδ(v − vi) · ∇rδ(r− ri) +

1

mk

δ(r− ri)∇ri

[∑
l

∑
j∈Sl
j 6=i

Ukl(ri, rj)

]
· ∇vδ(v − vi)

}
.

(3.9)
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Because viδ(v − vi) is only nonzero when v = vi, we find

viδ(v − vi) = vδ(v − vi). (3.10)

A similar relation holds for the second term. Using this and simplifying, we find

∂Nk

∂t
=− v · ∇rNk +

1

mk

∇r

[∑
l

∑
j∈Sl

U{kl}(r, rj)

]
· ∇vNk. (3.11)

We now take the ensemble average of both sides of this equation and obtain

∂fk
∂t

=− v · ∇rfk +
1

mk

〈
∇r

[∑
l

∑
j∈Sl

U{kl}(r, rj)

]
· ∇vNk

〉
. (3.12)

In order to simplify the second term in (3.12), we use the definition of Nl,

∑
j∈Sl

Ukl(r, rj) =

∫∫
Ukl(r, r

′)Nl(r
′,v′, t) dr′dv′, (3.13)

to obtain

〈
∇r

[∑
l

∑
j∈Sl

U{kl}(r, rj)

]
· ∇vNk

〉
=
∑
l

∫∫
∇rUkl(r, r

′) · ∇v 〈Nk(r,v)Nl(r
′,v′)〉 dr′dv′.

(3.14)

The product of two Klimontovich distribution functions is the two-species Klimontovich

distribution function for that species pair, Nkl(r,v, r
′,v′, {ri}ni=1, {vj}nj=1, t). The expected

value is the definition of the two species distribution function fkl:

fkl(r,v, r
′,v′, t) ≡ 〈Nkl〉 (3.15)

Unfortunately, we have introduced this new unknown function fkl, when we wish to express

our kinetic system as a partial differential equation for fk. Because the two-particle distri-
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bution function can be written as the product of two one-particle distribution function when

the two species are not correlated, we write fkl without loss of generality as

fkl(r,v, r
′,v′, t) = fk(r,v, t)fl(r

′,v′, t) + Ckl (3.16)

where Ckl is a complicated remainder function. This can be thought of as separating inter-

actions into mean field interactions and deviations from the mean field. This substitution

yields:

〈
∇r

[∑
l

∑
j∈Sl

Ukl(r, rj)

]
· ∇v[Nk]

〉
= ∇r

∑
l

(∫
Ukl(r, r

′)nl(r
′, t) dr′

)
· ∇vfk + C ′kl.

(3.17)

C ′kl is a related remainder function describing the interactions between species k and species

l not characterized by the mean field approximation.

To this point, we have not made use of our specific MD potential function, the Yukawa

potential. For different problems, different choices of potential functions may be relevant.

Additionally, we have included both ions and electrons in our list of particle species. We will

now make simplifying assumptions regarding the potential and electron dynamics. Because

the electron mass is much less than the ion mass, for our purposes we will assume that the

electrons follow the ions adiabatically, producing an average density of

ne(r) = n0
e + ∆ne(r), (3.18)

where n0
e is the global average electron density and ∆ne(r) are linear screening electron clouds

that follow ions throughout the domain. The effects of these electron clouds are captured in

MD by employing the Yukawa potential (3.3) between ions.

Due to the special nature of electron dynamics and our assumption above (3.18), we will

find it convenient to abuse notation such that sums over all species will henceforth refer only
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to ion species, with electrons handled separately. Then we can show:

∇r

∑
l

(∫
Ukl(r, r

′)nl(r
′, t) dr′

)
= Zke∇rφ(r, t), (3.19)

where the electrostatic potential φ is

φ(r, t) =

∫
ρ(r′, t)

(
e−|r−r

′|/λ

|r− r′|

)
dr′, (3.20)

and the total charge density ρ is given by

ρ(r, t) = −en0
e +

∑
l

Zlenl(r, t). (3.21)

Here, the contribution of the background electron density n0
e to ρ shifts the charge density

by a constant amount.

For three dimensional Yukawa systems, this electric potential can also be computed by

solving the screened Poisson equation:

− 1

4π
∇2

rφ+
1

λ2
φ = ρ(r, t). (3.22)

This arises from the fact that the Green’s function solution for (3.22) can be expressed as

(3.20). We can now write the full partial differential kinetic equation for fk:

∂fk
∂t

+ v · ∇rfk −
Zke

mk

∇rφ · ∇vfk =
∑
l

C ′kl. (3.23)

This defines our system, save for the unknown C ′kl remainder terms. These are typically

called the “collisional” terms since they describe particle-particle interactions beyond the

mean field electric potential interaction.

Different choices for the functional form of C ′kl, and thus fkl, yield different kinetic models,

e.g. Boltzmann. For this paper we choose the Bhatnagar-Gross-Krook (BGK) model as our
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collisional model because it only requires microscale data in the form of scalar relaxation

times, rather than higher dimensional cross section data. To obtain the BGK model, we take

C ′kl ≈
f eqkl (r,v, t)− fk(r,v, t)

τkl
, (3.24)

where f eqkl is chosen to locally conserve mass, momentum, and energy, and τkl is a relax-

ation parameter. Indices k and l denote species pairs, including self-collisions. The target

distributions f eqkl are Maxwellians with bulk velocity ukl, and temperature Tkl.

f eqkl = nkexp

(
−mk|v − ukl|2

2Tkl

)
. (3.25)

The mixture quantities ukl and Tkl depend on the collision rates τkl, τlk and are defined such

that the collisional model conserves mass, momentum, and energy and satisfies Boltzmann’s

H-Theorem; see [45] for more detail.

To summarize, we have derived the Vlasov-BGK (VBGK) equation:

∂fk
∂t

+ v · ∇rfk −
Zke

mk

∇rφ · ∇vfk =
∑
l

f eqkl − fk
τkl

− 1

4π
∇2

rφ+
1

λ2
φ =

(∑
k

Zkenk − en0
e

) (3.26)

from molecular dynamics. The system is closed when the τkl are specified.

3.2.3 The multiscale model

The BGK approximation greatly simplifies the kinetic model by encoding collisional details

into a single parameter per species pair, τkl. However, standard formulas for relaxation

times for plasmas rely on a series of approximations that are only appropriate in a narrow

range of parameter space [52, 76]. These are phenomenological quantities that can only be

computed explicitly under specific conditions and assumptions, and many physically relevant

scenarios that may be encountered during a simulation, such as moderate coupling and
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distributions too far out of equilibrium, violate the assumptions used in the derivation of

the standard formulas. Furthermore, because the relaxation times depend on a very high

dimensional parameter space, namely, the parameter space of possible distributions, we

cannot realistically predict these scenarios a priori by precomputing the relaxation times

in a manner equivalent to generating an equation of state table.

Instead, we compute τkl in situ using embedded MD simulations (Figure 3.1) using the

HMM framework.

fk(r1,v) fk(r3,v)

Ω ω

Figure 3.1: A sketch of an MD simulation on a domain ω embedded within a kinetic finite el-
ement Ω. The ions in ω are initialized with distributions fk(r2,v). The resultant trajectories
inform the relaxation rates employed in Ω at future kinetic timesteps.

Initializing these MD simulations requires the definition of a suitable pseudoinverse of the

projector, P †. We wish for the MD simulation to begin with particles distributed according

to the current kinetic disctributions. A well known problem in initializing MD simulations

is that if interparticle correlations are not consistent with the desired state, there will be an

unphysical exchange between potential energy and kinetic energy. This initialization issue

in MD is typically mitigated by “equilibrating” the system using non-Hamiltonian mechan-

ics, which drives the system to a self-consistent g(r) and precludes this nonphysical energy

exchange [110]. A number of thermostats exist to initialize to a desired canonical distribu-



34

tion [18,64], however we are concerned with possible nonequilibrium kinetic distributions as

initial conditions, and a thermostat does not exist that generates an arbitrary nonequilibrium

distribution initial state in MD.

We propose using a stochastic thermostat based on Langevin dynamics to match the den-

sity, momentum, and kinetic energy of the nonequilibrium kinetic distributions with their

corresponding equilibrium particle distribution functions. This ensures that we have reason-

able interparticle correlations that correspond to the first three moments of the distribution

function. Then we then sample the distribution functions fk(v) and reassign each particle’s

velocity to match the potentially non-equilibrium kinetic state of the original distribution

function. This is illustrated for a bump-on-tail example in Figure 3.2. It is important to

n, u, K g(r)

f(v)

Velocity Resample

Thermostat

Figure 3.2: The process of initializing an MD simulation to a desired nonequilibrium distri-
bution (left). First, the MD particles are driven by a Langevin thermostat to a Maxwellian
whose first two moments match the desired distribution and has realistic interparticle corre-
lations g(r) (middle). Then, the particle velocities are resampled directly from the desired
distribution (right). These steps are done simultaneously for all species in the cell.

note that by resampling the velocities, we lose the particle correlations that depend on both

positions and velocities. This is a casualty of the multiscale method; there is not sufficient

information to generate a macroscale and microscale that are perfectly consistent. Recall

that our pseudoinverse projector P † is not unique. However, we have not found that these
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lost correlations have any appreciable effect on the evolution of the system.

There is no explicit formula for the relaxation rates τkl, and we must extract them from

some statistical observable in the MD system. Because the relaxation rates describe the rate

of change of the distribution functions due to the kinetic system being out of equilibrium,

we compute τkl by ensuring that the rate of change of a quantity of interest matches between

the kinetic and MD systems.

One such relevant quantity in kinetic theory is the Boltzmann H function. The Hk

function for each species k is defined as:

Hk(r, t) =

∫
fk(r,v, t) log(fk(r,v, t)) dv. (3.27)

Integrating the Hk function for each species over the domain and summing over species

yields the negative entropy of the system. It can be proven that this total H is a decreasing

function of time, and constant only when the system is in global equilibrium.

Although the totalH decreases monotonically, Hk for each individual species may increase

due to interactions with other species. We compute τkl by matching the MD and kinetic

interpretations of the rate of change of Hk for each species at each position, due specifically

to collisional interactions, including self-collisions. This guarantees that we compute τkl by

forcing a fundamental, collision-dependent physical quantity to change in the kinetic model

in accordance with the more detailed molecular model. For a detailed discussion of Hk in

this problem, see Section 3.2.4. The most pertinent details can be found in the remainder of

this subsection.

The rate of change of Hk according to the kinetic model when disregarding advection is

dHKT
k

dt
=
∑
l

1

τkl(r)

∫
(f eqkl − fk) log(fk) dv. (3.28)

Note that only the collisional terms in the Vlasov-BGK equation contribute towards this

rate. This allows us to isolate the terms involving τkl. The equivalent rate of change in a
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molecular model is
dHMD

k

dt
=
∑
l

〈∑
i∈Sk
j∈Sl

Fij

mk

· ∇vfk|v=vi

〉
, (3.29)

where Sk is the set of indices corresponding to ions of species k, and Fij is the force exerted on

particle i by particle j. The MD data are computed as a time-averaged quantity, assuming

ergodicity and that the kinetic variables do not change significantly over the course of a

simulation. This last requirement limits the amount of time over which we can average the

data. The resulting data is subject to statistical noise. This can be overcome by using

a larger number of particles or aggregating the data from several MD simulations run in

parallel. Because the MD simulation is over a much smaller volume than the kinetic finite

volume cell, the quantities gathered in MD must be scaled up by the volume differential.

Note that, because both (3.28) and (3.29) are expressed as sums over all species, we

can equate the two expressions term-wise to specifically match the entropy change of any

species k due to interactions with any other species l. Equating the appropriate terms for

species k and species l yields a system of two nonlinear equations specifying τkl and τlk,

because f eqkl and f eqlk both depend nonlinearly on these rates. When both species are near

equilibrium, the resulting system is linearly dependent. To account for statistical noise in

the MD computation of dHMD
k /dt, we attempted to solve this system in the least-squares

sense using a nonlinear optimization method. However, we found that this led to a ill-posed

optimization problem. We therefore choose the constraint of τ12n1 = τ21n2 to compute a

unique solution for the cross-species relaxation terms. This constraint is suggested by the

derivation of the BGK collision model from Boltzmann; it also arises as a consequence of

deriving a BGK model that matches energy exchange rates with the Boltzmann model [45].

3.2.4 Derivation of the matching condition

We select τkl by matching the rates of change of the Hk in both MD and BGK. Conveniently,

this choice of matching criteria isolates the effects of the collisional terms and decomposes

into species-species interactions naturally in both physical models.
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dHk/dt in Molecular Dynamics

Consider first an MD simulation cell that is embedded within the finite volume at r:

HMD
k =

∫∫
〈Nk〉 log(〈Nk〉) drdv, (3.30)

where the r integral is over the MD cell. We assume the system is spatially homogeneous

over the cell, so here Nk corresponds only to the velocity Klimontovich distribution Nk =∑
i∈Sk

δ(v − vi), and the resulting v integral is multiplied by the volume VMD of the MD

cell. We can use the definition of the delta function to evaluate this integral:

HMD
k =

〈
VMD

∑
i∈Sk

log(〈Nk(vi)〉)

〉
. (3.31)

Summed over all species, this should correspond to the negative entropy of the cell. This is

not a typical expression for the negative entropy, so it is worthwhile to explore it. Observe

that a particle contributes negatively to HMD
K if it, on average, has a velocity that is unlikely.

That is, the more particles found consistently in the tails of the distribution, the larger the

entropy.

In order to take the time derivative of HMD
k , we return to the integral formulation so

that we can again take advantage of the delta function feature:

dHMD
k

dt
= VMD

〈∫
∂Nk

∂t
(log(〈Nk〉) + 1) dv

〉
= VMD

〈∑
i∈Sk

∫
dvi
dt
δ(v − vi) · ∇v[log(〈Nk〉)] dv

〉

= VMD

〈∑
i∈Sk

Fi

mk

· ∇v[log(〈Nk〉)]|v=vi

〉
(3.32)

where Fi is the force on particle i due to its interactions with every other particle in the

cell. In reality, the entropy production in the cell depends also upon the force interactions
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between ions inside the cell and those outside it. However, because we consider only the

collisional aspects of entropy production, which are local, we disregard these interactions.

The force exerted on all particles of species k can be decomposed by species using

∑
i∈Sk

Fi =
∑
l

∑
i∈Sk
j∈Sl

Fij

where Fij is the force exerted on particle i by particle j. This species-wise decomposition

allows us to specify interspecies relaxation times τkl individually.

Finally, we note that we initialize the MD simulation with 〈Nk〉 = fk, and assume that

kinetic distribution functions do not change significantly during the MD simulation. Thus,

we can replace 〈Nk〉 with fk in this calculation as the distribution should not have moved

significantly from its initial state. Thus, the rate of change of Hk in MD is:

dHMD
k

dt
= VMD

∑
l

dHMD
kl

dt
,

dHMD
kl

dt
=

∑
i∈Sk
j∈Sl

Fij

mk

·
∑
i∈Sk

∇v[log(fk)]|v=vi


(3.33)

We record the velocities of and forces on each particle in order to calculate this quantity at

each time step. The quantity is statistically noisy, because it is the derivative of a function

that is not necessarily smooth. We attenuate the noise by taking a time average, assuming the

system is ergodic and that dHMD
k /dt does not change significantly during the MD simulation.

It is worth pausing again and considering this term more closely. Hk is decreasing, and

entropy increasing whenever, on average, the force on a particle tends to point opposite the

direction of increasing probability. That is, when a particle is being accelerated towards an

unlikely velocity, the entropy increases. This makes intuitive sense. If fk is a Maxwellian of
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the form

fk = AkExp

{
−mk|v − uk|2

2Tk

}
,

then the rate of change of the entropy is:

dHMD
k

dt
= −VMD

Tk

∑
l

〈∑
i∈Sk
j∈Sl

Fij · (vi − uk)

〉
. (3.34)

We recover the classical result that the rate of change of the entropy is proportional to the

inverse of the temperature.

dHk/dt in Kinetic Theory

In kinetic theory, the amount of Hk inside a finite volume cell is defined as

HKT
k =

∫∫
fk log(fk) drdv. (3.35)

Here, the spatial integral is over the kinetic finite volume cell. fk is considered uniform over

each cell. The rate of change of this quantity according the the Vlasov-BGK equation can

be found by taking the time derivative of each side and substituting in the expression for

∂fk/∂t:

dHKT
k

dt
=−

∫∫
v · ∇r[fk][log(fk) + 1] drdv +

∫∫
Zke

mk

∇r[φ] · ∇v[fk][log(fk) + 1] drdv

+
∑
l

∫∫
f eqkl − fk
τkl

[log(fk) + 1] drdv. (3.36)

The second integral vanishes by the divergence theorem because ∇v[fk][log(fk) + 1] =

∇v[fk log(fk)]. The first integral is the transport of Hk by advection. This is handled well by

the Vlasov portion of the Vlasov-BGK equation. Additionally, transport happens on a time

and spatial scale far exceeding an MD simulation. Because no advection from neighboring

cells is included in MD, it does not have an equivalent term, and equation (3.33) corresponds
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to the collisional entropy in MD. Thus, we consider matching only the “collisional entropy”

in BGK (the third integral) with the collisional entropy observed in MD.

Let the non-advective rate of change of entropy be denoted
(
dHKT

k

dt

)
coll

. Mass conservation

causes
∑

l
1
τkl

∫∫
f eqkl −fk drdv to vanish. We can compute the spatial integral of the remaining

portion of the integrand assuming uniformity, letting the volume of the finite volume be VKT .

What remains is: (
dHKT

k

dt

)
coll

=VKT
∑
l

(
dHKT

kl

dt

)
coll

,(
dHKT

kl

dt

)
coll

=
1

τkl

∫
(f eqkl − fk) log(fk) dv.

(3.37)

We seek to choose τkl and τlk such that equations (3.33) and (3.37) are the same.

Solving for the Relaxation Rates

We will guarantee the matching not just of the overall rate of Hk, but of the contributions

to that rate due to each species l. That is, our matching condition is:

VMD
dHMD

kl

dt
= VKT

(
dHKT

kl

dt

)
coll

(3.38)

for all k and l.

In the case of a single-species system, or computing the intraspecies relaxation rate of a

multispecies system, we have one equation to satisfy. The equilibrium distribution f eqkk does

not depend on τkk, so the matching condition is simply:

τkk =
VKT

∫
(f eqkk − fk) log(fk) dv

VMD
dHMD

kk

dt

. (3.39)

For any two distinct species, two of our matching conditions are coupled due to the
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dependence of f eqkl and f eqlk on τkl and τlk. The necessary matching conditions are:

VMD
dHMD

kl

dt
=
VKT
τkl

∫
(f eqkl (τkl, τlk)− fk) log(fk) dv

VMD
dHMD

lk

dt
=
VKT
τlk

∫
(f eqlk (τkl, τlk)− fl) log(fl) dv.

(3.40)

Though it appears that we have two equations in two unknowns, these equations are linearly

dependent when fk and fl are Maxwellian with the same bulk velocity (and the system is

nearly singular when they are merely near equilibrium). This is the initial condition of a

temperature relaxation problem, and is also a scenario one may encounter during simulations

that we would like to handle. Additionally, the data from MD are often noisy. We handle

both of these issues simultaneously by enforcing another constraint τklnk = τlknl. With this

constraint, the cross-term matching conditions can also be solved explicitly.

The HMM interface

The HMM model is evolved by alternating between the kinetic model and MD. It remains

to specify when the kinetic model interrogates the MD to get new collision rates. We choose

to measure the ratio of the current and initial differences between the distributions fk(r,v)

and their local equilibria f eqk (r,v):

Ek(r) =
‖f eqk (r, t)− fk(r, t)‖2

‖f eqk (r, t0)− fk(r, t0)‖2

, (3.41)

where t0 is the time the most recent kinetic phase began. When this ratio drops below some

threshold, the kinetic model pauses and requests new collision times from the MD based on

the current distribution functions fk. The reference time t0 is reset to the current time and

the kinetic calculation continues with the new collision times.

To further reduce expensive MD calls, as well as to reduce the effects of the noise coming

from the MD data, we use each MD data point to build a linear regression model for each

of the collision times τkl. When the kinetic code requests new collision times, the linear
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regression model is evaluated, and if the new collision rates suggested by the model are

within Eτ% of the previous rates, where Eτ is specified by the user, they are presented to

the kinetic model without running MD. In order to ensure that the MD data is relatively

fresh, we maintain a moving window of the previous NMD simulations to inform the regression

model.

Algorithm

The algorithm described in this chapter can be summarized as follows:

1. Given the initial macroscopic state in each finite volume cell, run a small MD simulation

to compute initial values for each τkl(r).

2. Evolve the kinetic equation using the computed τkl in each cell. Calculate the ratio

(3.41) to determine if a distribution has significantly changed.

3. Evaluate the linear regression model to determine new values for τkl

(a) If the τkl suggested by the linear regression model is within Eτ% of the previous

value, provide this to the kinetic model.

(b) If not, initialize a MD simulation to compute new values for τkl in those cells and

update the regression model.

4. Repeat steps 2 and 3 until the end time of the simulation is reached.

The resulting simulation, while bottlenecked by MD simulations, is able to probe much

larger systems for a much longer time than a full MD simulation. Furthermore, the relaxation

times used in the Vlasov-BGK equation will cause the kinetic system to accurately track the

entropy changes implied by the molecular description. This results in a model far more

accurate and flexible than any current Vlasov-BGK models.
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3.2.5 Numerical results

In this section, we present a relatively simple 0D-3V multispecies kinetic problem (zero

dimension in physical space, three dimensions in velocity space) in order to explore the

choices made in making this model. Future work will extend this model to more realistic

1D-3V case to model problems such as interface evolution in inertial confinement fusion.

Molecular dynamics implementation details

Given an initial configuration
(
{ri(0)}Ni=1, {vi(0)}Ni=1

)
, an MD simulation evolves according

to 3.5, which can be reexpressed as:

dri
dt

=
1

mi

∇vi
[H] = vi

dvi
dt

=− 1

mi

∇ri [H] =
1

mi

Fi(r1, . . . , rN)

Fi =−
∑
j 6=i

∇ri [Uij(ri, rj)],

(3.42)

where Fi is the force exerted on ion i due to all other ions. To compute the screening

length, we assume a density-weighted mixture temperature and use the Debye length as the

characteristic length:

λ = λD =

√
Te

4πne
(3.43)

ne =
∑
k

Zknk (3.44)

Te =

∑
k nkTk∑
k nk

. (3.45)

We exploit the symmetries inherent in the Hamiltonian formulation by using the sym-

plectic velocity Verlet integrator to evolve the MD system from the initial conditions, which

guarantees conservation of energy when used with a stable time step. While computing all

the interparticle potentials is an expensive O(N2) operation, we can exploit the exponential
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decay of the Yukawa potential by using nearest neighbor linked lists and a cutoff radius to

accelerate the simulation, yielding nominally O(N) performance. The force computation

and particle evolution is parallelized using OpenMP. To accelerate the MD simulations we

selectively use a reversible multiple time step method [109] on close-together particles when

we detect that energy is not conserved.

BGK implementation details

The 0D-3V Vlasov BGK equation is evolved with a second order SSP Runge-Kutta method

[42]. For each species, we make a uniform discretization of velocity space with the maximum

velocity chosen to be a multiple of the maximum expected thermal velocity in the simulation.

Temperature relaxation

We apply this model to a two-species, zero dimensional temperature relaxation problem.

The system is comprised of aluminum and hydrogen ions with Maxwell-distributed initial

conditions at equal density with zero bulk velocity. The hydrogen ions begin at TH = 1000

eV while the aluminum ions begin at TAl = 500 eV. The MD simulation employs periodic

boundary conditions, simulating bulk phase. Over time, the system should relax to a thermal

equilibrium with Teq = 750.

We implemented several versions of our algorithm, and the results are depicted in Figure

3.3. First, in the solution labeled “HMM, with regression”, we adjust the relaxation rates

for species k whenever Ek (3.41) changes by 10%. If a linear regression of the five previously

computed empirical relaxation rates implies new relaxation rates that differ by less than 10%

of the previous value, we use that as our new rate. If the results implied by the regression

change the rate by more than 10%, we instead spawn three MD simulations and average

the results over those simulations to mitigate noise. We also use MD simulations if the

extrapolation time exceeds the width of the window defined by the five rates upon which the

regression is currently based. In the solution labeled “HMM, no regression”, we adjust the

relaxation rates for species k whenever Ek (3.41) changes by 10%. No regression is employed,
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Figure 3.3: A comparison of several solution methods for a temperature relaxation problem.
Equal densities of hydrogen ions (H) at 1000 eV and aluminum ions (Al) at 500 eV are
allowed to reach equilibrium. The exact MD solution is averaged from five simulations and
depicted with 95% confidence intervals. The “BGK” curves depict simulations using theo-
retical relaxation rates. The “HMM, regression” curves employ our described HMM method
with linear regression used for relaxation rates that have not changed very dramatically. The
“HMM, no regression” describe the same method, but with no linear regression employed to
minimize calls to MD. The “HMM, one tau” uses five MD simulations to find suitable initial
relaxation rates and then uses that for the duration of the simulation. Note that the “HMM,
regression” and “HMM, one tau” perform the best over the course of the simulation.

and we use three MD simulations to recompute the relaxation rates whenever this threshold

is crossed. In the solution labeled “HMM, one tau”, we compute the relaxation rates only

at the beginning using five MD simulations over which to average. We compare our results

against the “exact” results computed from an average of five MD simulations (with 95%

confidence intervals) and with a standard BGK simulation using theoretical values for τkl

specific to temperature relaxation problems [45].

Inspecting Figure 3.3, we observe several things. First, the BGK simulation with theo-

retical relaxation rates performs quite poorly. Each of our HMM algorithms represents an
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improvement upon the naive BGK results. Intriguingly, the single tau simulation and the

regression simulation perform almost identically, and both are improvements upon the HMM

without regression. The single tau simulation is computationally more efficient than the up-

dating schemes, and so is the obvious choice here. We believe this is a consequence of the

fact that this is a temperature relaxation problem and a single relaxation fixed rate dictates

the dynamics. In a more complicated system, the relaxation rates would be expected to vary

over the course of the simulation. It is also interesting to note that the MD simulations do

not converge to 750 eV, but to a temperature slightly below that. This is because some of

the energy in the system is converted to potential energy over the course of the simulation.

3.2.6 Derivation of kinetic moments from molecular dynamics

MD is taken as the ground truth from which the kinetic equations are derived as expected

values. Similarly, we will here define the kinetic moments in MD, and define their KT

interpretations as the expected values of those expressions. This is equivalent to defining

microscopic functions f(u) such that Pf(u) = f̂(û). These connections will be necessary

for identifying how the macroscale state should constrain microscale simulations. In many

cases, the result is the definition typically used in kinetic theory. However, in a few cases

there are some subtle differences that must be taken into account when coupling the two

theories. Consider the full system described in MD. Let Ω represent a region of the simulation

corresponding to a particular BGK finite volume cell, and suppose units are chosen so that

the volume of that cell is one.

The density of species k inside Ω according to MD is

nΩ
k =

∑
i∈Sk
ri∈Ω

1. (3.46)
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Taking the expected value, we find

nΩ,KT
k ≡ 〈nΩ

k 〉 =

〈∑
i∈Sk
ri∈Ω

1

〉
=

∫∫ 〈∑
i∈Sk
ri∈Ω

δ(r− ri)δ(v − vi)

〉
dvdr

=

∫
Ω

∫ 〈∑
i∈Sk

δ(r− ri)δ(v − vi)

〉
dvdr

=

∫
Ω

∫
fk dvdr =

∫
fk dv.

In the last step we used the fact that the distribution is assumed to be uniform over the

BGK cell, and that the cell volume is one. The result is the density of species k in terms of

kinetic theory variables that is consistent with the MD interpretation.

The momentum of species k inside Ω according to MD is:

(nkuk)
Ω =

∑
i∈Sk
ri∈Ω

mkvi. (3.47)

Taking the expected value, and using delta functions and intra-cell uniformity as above, we

find

(nkuk)
Ω,KT ≡ 〈(nkuk)Ω〉 = mk

∫
vfk dv.

The kinetic energy of species k inside Ω according to MD is

KΩ
k =

∑
i∈Sk
ri∈Ω

mk|vi|2

2
. (3.48)

The BGK interpretation is found by taking the expected value:

KKT
k ≡ 〈KΩ

k 〉 =
mk

2

∫
|v|2fk dv.
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The potential energy in the full system is:

PE =
1

2

∑
k,l

∑
i∈Sk
j∈Sl

Ukl(ri, rj). (3.49)

Taking the expected value, we find:

PEKT ≡ 〈PE〉 =
∑
k,l

1

2

∫∫∫∫
Ukl(r, r

′)fkl dr
′dv′dvdr.

This is different from the standard definition of potential energy in kinetic theory. That

definition arises only upon making a mean field approximation:

PEBGK ≡
∑
k,l

1

2

∫∫
Ukl(r, r

′)nk(r)nl(r
′) dr′dr.

The residual between PEBGK and PEKT is the contribution of the collisional term to the

potential energy. We call this PEcoll, and it has the form:

PEcoll =
∑
k,l

1

2

∫∫∫∫
Ukl(r, r

′)Ckl dr
′dvdv′dr

where Ckl = fkl − fkfl is the remainder of the mean field approximation. This term is not

necessarily zero. What this means is that the standard definition of potential energy in KT

differs from that implied by MD. There will be an error incurred in the potential energy,

and thus total energy, defined in each scale. This error cannot be avoided, and so we cannot

force the total energy to match between scales when initializing an MD simulation.

3.2.7 Residual equation

We can fully express the errors incurred by using the BGK approximation. Let fBk be the

solution to the Vlasov-BGK equation with optimal choices for τkl. We define the residual as

f rk = fk− fBk . Starting with the exact initial condition (zero error), the residual will develop



49

as we evolve our HMM system according to:

∂f rk
∂t

=− v · ∇r[fk − fBk ]− qk
mk

∇r[φ] · ∇v[fk − fBk ]

+
1

mk

∑
l

∫∫
∇r[Ukl] · v[fkl − fBk fBl ] dr′dv′ +

∑
l

f eqkl − fBk
τkl

.

At the initial time, the only error is from the third and fourth terms, but this error will

cause the first two terms to become nonzero as time passes. If the third and fourth terms

approximately cancel one another, the rate of error growth will be small, and the approxima-

tion will be valid for a significant amount of time. This is true whenever the BGK operator

effectively accounts for the collisional effects of the system. An additional error is incurred in

the HMM formulation: the τkl are not optimal throughout each timestep, nor perhaps even

after updating (due to statistical noise). The resulting algorithm will perform necessarily

worse than one with a theoretical optimal τkl.

We can also see how the different choice of potential energy for BGK introduces errors

on top of the errors in distribution:

PEr =
1

2

∑
k,l

∫∫∫∫
Ukl[fkl − fBk fBl ] drdvdr′dv′.

We can count on the total momentum and mass being conserved consistently, because

even with our different evolution equations, they are conserved in both the exact and BGK

models. The total energy we begin with in BGK will be conserved, but this will differ from

the total energy in the real system. The exchange of energy between kinetic and potential

energy will also be incorrect. Thus, neither the kinetic energy nor the potential energy in

BGK will evolve in a way fully consistent with MD. Because the collisional term does not

directly affect the kinetic or potential energy, and is the only term modified by updating τkl,

BGK will conserve the wrong initial total energy during the whole simulation.

The error equations suggest the possibility of choosing the optimal τkl by minimizing
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the difference between the third and fourth terms in the error equation. Unfortunately, this

requires knowledge of fkl, which we cannot easily gather from statistical data in an MD

simulation. This is the topic of future work on this model.

3.2.8 Explicit Mori-Zwanzig interpretation

We can recast this specific HMM implementation in terms of the Mori-Zwanzig formalism.

First, we specify that the variables in the full system (both resolved and unresolved) are

comprised of the positions and velocities of each particle, ri and vi. This is the microscale

in HMM terminology. The operator L, then, obeys the product rule and chain rule until it

is applied directly to ri or vi, in which case:

Lri =vi (3.50)

Lvi =− 1

mi

∇ri

∑
l

∑
j∈Sl
j 6=i

Ukl(ri, rj)

 . (3.51)

Next, we identify the resolved variables. These are the state variables of the macroscopic

system. That is, they are the distribution functions fk(r,v, t) in each finite volume cell. We

assume they are discretized in velocity as well so that we have a large system of ODEs for the

evolution of the fk functions at each point in phase space. The microscopic interpretations

of these variables are the Klimontovich distributions:

Nk(r,v, t) =
∑
k∈Sk

δ(r− ri(t))δ(v − vi(t)).

We now must define a projection P that takes any function of the microscopic variables

and expresses it as a function of only the macroscopic variables. Taking inspiration from

the manner in which the Vlasov equation was derived from the microscopic equations, we

let Pg = 〈g〉 where the expected value is taken over the ensemble of initial microstates

consistent with the initial macrostate variables. This definition of P may yield functions
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that depend upon higher order distribution functions from the BBGKY hierarchy, such as

the two particle distribution function

fkl(r,v, r
′,v′, t) = 〈Nkl〉 =

〈 ∑
i∈Sk,j∈Sl

δ(r− ri(t))δ(v − vi(t))δ(r
′ − rj(t))δ(v

′ − vj(t))

〉
.

In order for our projection to project onto the space of functions that depend only on the

one particle distribution functions, and not higher order ones, we introduce the following

additional rule: P (Nk1,...,kn) =
∏

i fki . That is, the n-particle distribution function is ap-

proximated as the product of the n one-particle distribution functions. We now apply these

definitions to the microscopic interpretations, Nk, of the macroscopic variables, fk, in order

to see the Markov term:

LNk =
∑
i∈Sk

L [δ(r− ri)δ(v − vi)]

=
∑
i∈Sk

{δ(v − vi)Lδ(r− ri) + δ(r− ri)Lδ(v − vi)}

=
∑
i∈Sk

{−(Lri)δ(v − vi) · ∇r[δ(r− ri)]− (Lvi)δ(r− ri) · ∇v[δ(v − vi)]}

=
∑
i∈Sk

−viδ(v − vi) · ∇r[δ(r− ri)] +
1

mk

δ(r− ri)∇ri

∑
l

∑
j∈Sl
j 6=i

Ukl(ri, rj)

 · ∇v[δ(v − vi)]


= −v · ∇r[Nk] +

∑
i∈Sk


∑
l

∑
j∈Sl
j 6=i

1

mk

∇r[Ukl(ri, rj)] · ∇v[δ(r− ri)δ(v − vi)]

 .
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We now apply the projection operator, which acts only on the trajectories ri and vi.

PLNk =− v · ∇r[PNk] +
∑
i∈Sk

P
∑

l

∑
j∈Sl
j 6=i

1

mk

∇r[Ukl(ri, rj)] · ∇v[δ(r− ri)δ(v − vi)]




=− v · ∇r[fk] +
1

mk

(∑
l

∫∫
∇r[Ukl(r, r

′)] · ∇v[PNkl] dr′dv′

)

=− v · ∇r[fk] +
1

mk

(∑
l

∫∫
∇r[Ukl(r, r

′)]fl dr
′dv′

)
· ∇v[fk]

=− v · ∇r[fk] +
Zke

mk

∇r[φ] · ∇v[fk].

This is the Vlasov equation. This proves that, under these definitions, the Markov term

of the reduced order model is the Vlasov equation. This implies that the remainder, or

corrections to the Vlasov model, correspond to the memory and noise terms. The HMM

methodology uses knowledge of the forms of these remainders and the underlying microscale

system to approximate these terms using small simulations constrained by the macroscale

variables.

3.3 Summary

The heterogeneous multiscale method is an extremely successful multiscale simulation frame-

work for computational physics. It is perfectly suited for systems with precisely two levels of

important detail in which the coarser scale is the scale of interest. We have seen how it can

be understood in terms of the Mori-Zwanzig formalism, and we have seen a novel specific

plasma physics application. We have seen how the HMM strategy we derived in that case

can be reframed in terms of Markov term and noise and memory terms.

There are natural extensions of the specific application described in this chapter, and we

will revisit them in Chapter 5. The methods used here, such as using knowledge of the full

system to inform coarse modeling methods and enforcing matching conditions, are common

themes of multiscale modeling. We hope to continue to seek application areas which benefit
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from the HMM methodology specifically. Problems that can be tackled by HMM have the

following features:

1. the problem involves two (or at least a small number of) relevant scales of interest,

2. we understand how to effectively simulate the component scales at least theoretically

if not practically,

3. the scales are explicitly separated in terms of timescale or spatial scale,

4. a matching condition can be employed to connect the scales.

With those features, one can use one’s knowledge of the component scales to construct

a custom multiscale model using the heterogeneous multiscale method. We plan to seek

applications in industry and national laboratories that satisfy these features, so that we can

continue to construct custom multiscale models and learn more about their construction and

behavior.



54

Chapter 4

THE COMPLETE MEMORY APPROXIMATION

We now return our attention to the Mori-Zwanzig formalism. Unlike HMM, the Mori-

Zwanzig formalism, as a multiscale method, does not assume an explicit separation of scales.

It can, consequently, be used for multiscale problems in which there is a continuum of scales

rather than some small discrete number each treated differently. Portions of the text in this

chapter, specifically the content of Section 4.1 and 4.3, is drawn from [88], which has been

submitted to the Journal of Multiscale Modeling and Simulation.

Recall the form of the projected dynamics in the Mori-Zwanzig formalism:

dPuk
dt

= PetLPLu0
k + P

∫ t

0

e(t−s)LPLesQLQLu0
k ds.

We will study how to develop reduced order models directly from this rigorous foundation.

These will take the form of methods of approximating the memory integral in terms of only

the resolved variables. Define the memory term as:

Mk = P

∫ t

0

e(t−s)LPLesQLQLu0
k ds. (4.1)

4.1 Memory approximation methods

Several memory approximation methods have been developed and applied to a variety of

problems. In this section, I will describe several such approximation methods and their

assumptions. Finally, I will describe a novel memory approximation that avoids many of

those assumptions.
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4.1.1 The t-model

The simplest possible approximation of the memory integral is to assume the integrand is

constant. In this case, the memory integral becomes:

Mk ≈ tPetLPLQLu0
k. (4.2)

We apply PLQL to the initial condition. The result is an expression that depends upon only

the initial condition of the resolved modes (because the final operator applied is a projection

operator). This is then evolved forward in time. Therefore, this term can be expressed in

terms of only the trajectories of the resolved variables, as desired. The t-model has been

used to successfully construct reduced order models for a variety of problems [12, 19, 24, 25,

46,99,101–105].

4.1.2 The BCH approximation

Though the t-model has been a useful tool for simulation, we are interested in constructing

new reduced order models in a perturbative sense. One such method begins by rewriting the

memory term by reversing our use of Dyson’s formula

Mk =PetLQLu0
k − PetQLQLu0

k

=PetL
(
QLu0

k − e−tLetQLQLu0
k

)
=PetL

(
QLuk0 − eC(t)QLuk0

)
where C(t) = −tPL + [tPL, tQL] + . . . is the BCH series, which expands in powers of the

commutator [tPL, tQL]. In the event that [tPL, tQL] is small, which corresponds to cases

in which the orthogonal and the projected dynamics approximately commute, C(t) can be
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approximated by −tPL. The resulting approximation is:

Mk ≈
∞∑
j=1

(−1)j+1 t
j

j!
PetL(PL)jQLu0

k. (4.3)

We designate this method of approximating the memory term the “BCH approximation.”

Note that if we take [tPL, tQL] = 0 exactly, we can derive this expression explicitly from

the integral form of the memory by making use of the commutation of PL and QL and

expanding the exponential function as a series so we can compute the integral termwise. If

[tPL, tQL] is merely small, this expansion represents the first order approximation in that

power series.

We can find higher order BCH approximations of the memory term by truncating (4.3)

at different values of j. The j = 1 term is the t-model. Higher order terms are always

projected immediately before the evolution operator, meaning they represent terms that can

be fully described in terms of the trajectories of resolved variables only. They can therefore

be included in a reduced order model without modification, as by construction they do not

depend explicitly on unresolved variables. Unfortunately, when the BCH approximation has

been used to construct reduced order models beyond the t-model, the resulting terms have

led to numerical instability. Some success has been found in renormalizing these terms,

and we will return to that concept shortly. The BCH memory approximation was employed

in [104,105].

4.1.3 The complete memory approximation

The BCH approximation assumes that the commutator [tPL, tQL] is small. This may not

remain true as simulations evolve. We sought to construct a new method for approximating

the memory integral without relying upon this assumption.

We begin by rewriting the memory term using the definitions of e−sL and esQL and then
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computing the integral termwise:

Mk =PetL
∫ t

0

(
∞∑
i=0

(−1)isi

i!
Li
)
PL

(
∞∑
j=0

sj

j!
(QL)j

)
QLu0

k ds

=PetL

(
∞∑
i=0

∞∑
j=0

(−1)iti+j+1

i! j! (i+ j + 1)
LiPL(QL)jQLu0

k

)
. (4.4)

We assume the integrand is sufficiently smooth that we can interchange the order of the

integral and the infinite sums. This represents the major assumption associated with this

memory approximation. In the case where PL and QL commute, we can show that (4.3)

is equivalent to (4.4). Consider tn where n is some integer n ≥ 1. The term in the BCH

approximation (4.3) associated with this power of t is

Mn
k = PetL(−1)n+1 t

n

n!
(PL)nQLu0

k. (4.5)

The term associated with this power of t in the full expansion (4.4) is:

M′n
k =PetL

n−1∑
i=0

(−1)itn

i! (n− 1− i)!n
LiPL(QL)n−1−iQLu0

k

=
tn

n
PetL

n−1∑
i=0

(−1)i

i! (n− 1− i)!
(PL+QL)iPL(QL)n−1−iQLu0

k (4.6)

We expand the binomial in (4.6) and use the fact that PL and QL commute to group all

PL and QL together:

M′n
k =

tn

n
PetL

n−1∑
i=0

(−1)i

i! (n− 1− i)!

i∑
l=0

i!

l! (i− l)!
(PL)i−l+1(QL)n−1−i+lQLu0

k

=
tn

n
PetL

n−1∑
i=0

i∑
l=0

(−1)i

l! (i− l)! (n− 1− i)!
(PL)i−l+1(QL)n−1−i+lQLu0

k.
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We now implement a change of variables a = i+ 1 and b = i− l + 1:

M′n
k =

tn

n
PetL

n∑
a=1

a∑
b=1

(−1)a+1

(a− b)! (b− 1)! (n− a)!
(PL)b(QL)n−bQLu0

k

=
tn

n
PetL

n∑
b=1

1

(b− 1)!

(
n∑
a=b

(−1)a+1

(a− b)! (n− a)!

)
(PL)b(QL)n−bQLu0

k. (4.7)

Consider the term in parentheses. For b = n, this term is:

n∑
a=n

(−1)a+1

(a− b)! (n− a)!
= (−1)n+1. (4.8)

For b < n, let c = a− b. Then the term in parentheses in (4.7) is:

n∑
a=b

(−1)a+1

(a− b)! (n− a)!
=

n−b∑
c=0

(−1)b+c+1

c! (n− b− c)!

=
(−1)b+1

(n− b)!

n−b∑
c=0

(n− b)!
c! ((n− b)− c)!

(−1)c(1)(n−b)−c

=
(−1)b+1

(n− b)!
(1− 1)n−b

=0.

Thus, the only nonzero term in (4.7) is when a = b = n, so

M′n
k = PetL(−1)n+1 t

n

n!
(PL)nQLu0

k =Mn
k .

Therefore, the BCH approximationMn
k is a special case of this full expansion of the memory

integral subject to the condition PLQL = QLPL. Now, consider the full expansion of the

memory kernel (4.4). We begin to analyze this formulation of the memory by writing the
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first few terms arranged by powers of t:

Mk =tPetL [PLQL]u0
k −

t2

2
PetL [LQLQL − PLPLQL]u0

k +O(t3) (4.9)

The O(t) term is the t-model once again. The O(t2) term, presents a new problem. The

second term in it can be computed in a manner similar to the t-model, but the first term

is not projected prior to its evolution. When the operator L is applied to any quantity, the

result is a function of all modes, both resolved and unresolved. If we apply the evolution

operator etL to a term of this form, we would need to evolve forward in time a quantity that

depends upon unresolved modes, necessitating knowledge of the dynamics of the unresolved

modes. This makes it impossible to compute as part of a reduced order model. In the BCH

approximation, there were no terms that lacked a leading P , so this problem was avoided.

To close the model in the resolved variables we start by constructing an additional reduced

order model for the unclosed term. This term is PetLLPLQLu0
k. First note that

PetLLPLQLu0
k =

∂

∂t
PetLPLQLu0

k. (4.10)

That is, it is the derivative of the t-model term itself. Now consider a reduced order model

for this derivative under the Mori-Zwanzig formalism again:

∂

∂t
PetLPLQLu0

k = PetLPLPLQLu0
k + P

∫ t

0

e(t−s)LPLesQLQLPLQLu0
k ds

=PetLPLPLQLu0
k + PetL

(
∞∑
i=0

∞∑
j=0

(−1)iti+j+1

i! j! (i+ j + 1)
LiPL(QL)j+1PLQLu0

k

)
. (4.11)

If we replace PetLLPLQLu0
k in (4.9) with (4.11), only the first term of (4.11) contributes at

the O(t2) level. All the double sum terms contribute at O(t3) and higher. We find

Mk =tPetL [PLQL]u0
k −

t2

2
PetLPL [PL −QL]QLu0

k +O(t3) (4.12)
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where all the terms are now projected prior to evolution and so involve only resolved variables.

Observe that now the second order term in (4.12) no longer matches the second order term

in (4.3) even when PL and QL commute. The reason is that the contribution of one term

PetLQLPLQLu0
k has been rewritten as a sum that contributes only at O(t3) and higher.

If PL and QL commute, this sum representation of PetLQLPLQLu0
k would identically

match PetLPLQLQLu0
k, and the two would indeed cancel. Thus, the BCH approximation

remains a special case of the complete memory approximation, and the complete memory

approximation remains an expansion of the memory term that does not neglect any terms.

We can naturally extend this to higher orders. Many of the terms in (4.4) contain a

leading L like the “problem term” at O(t2) discussed above. These terms, if included as

part of a reduced order model, would not be closed in the resolved variables. Here we

should be explicit. These “problem terms” with a leading L in fact only depend on the

resolved variables (due to the projector P applied after the evolution). However, because the

initial condition is evolved forward in time before this projection, the functional dependence

cannot be identified without knowledge of the evolution of the unresolved modes. In order

to construct a closed reduced order model at higher orders, we need to approximate these

terms. Consider one of these “problem terms,” which we designate C:

C = tiPetLLB(u0
k), (4.13)

where B is some combination of projections and Liouvillian operators applied to u0
k. The

first step to dealing with problem terms like C is to rewrite it as a time derivative

C = tiPetLLB(u0
k) = tiP

∂

∂t
etLB(u0

k). (4.14)

The Mori-Zwanzig formalism can similarly be used to expand this time derivative. The

memory integral that appears can be approximated with the same double sum technique
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employed above:

C =ti
(
PetLPLB(u0

k) + PetL
∫ t

0

e−sLPLesQLQLB(u0
k) ds

)
=ti

[
PetLPLB(u0

k) + PetL

(
∞∑
i=0

∞∑
j=0

(−1)iti+j+1

i! j! (i+ j + 1)
LiPL(QL)jQLB(u0

k)

)]
. (4.15)

By repeatedly applying this technique, we can construct an approximation for (4.4) in which

every term has a leading P before the evolution operator is applied. The resulting series is

written as:

Mk =
∞∑
i=1

(−1)i+1ti

i!
Ri
k(û). (4.16)

Recall that we designate û as the resolved modes and that the operator P ensures that each

Ri
k is a function of those modes only. Different approximation schemes can be constructed

by truncating this series at different terms. As discussed above, the O(t) term corresponds

to the t-model

R1
k(û) = PetLPLQLu0

k, (4.17)

and the O(t2) term is:

R2
k(û) = PetLPL [PL −QL]QLu0

k. (4.18)

We call this the t2-model term. By grouping terms in the series (4.4) in powers of t and using

the technique described above to further expand problem terms, we can uniquely define Ri
k(û)

for any positive integer i. We automated this process in a Mathematica notebook, which is

available in the Renormalized_Mori_Zwanzig git repository [87]. The O(t3) t3-model term

is:

R3
k(û) = PetLPL[PLPL − 2PLQL − 2QLPL+QLQL]QLu0

k. (4.19)
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Finally, the O(t4) t4-model term is:

R4
k(û) = PetLPL

[
PLPLPL − 3PLPLQL − 5PLQLPL − 3QLPLPL

+ 3PLQLQL+ 5QLPLQL+ 3QLQLPL −QLQLQL
]
QLu0

k. (4.20)

Note that every term in the O(t3) term of the Taylor series has four applications of the

L differential operator, while the O(t4) terms all have five applications of L with differ-

ent permutations of projections. We believe that the complete memory approximation is

an effective approximation scheme because it groups terms that have the same number of

differential operators.

4.2 Renormalizing reduced order models

The complete memory approximation framework provides a series representation of the mem-

ory integral. Different ROMs can be created by truncating the series at different terms. In

this case, the differential equation for a resolved mode is:

dPuk
dt

= R0
k(û) +

n∑
i=1

(−1)i+1ti

i!
Ri
k(û), (4.21)

where R0
k(û) is the Markov term, R1

k(û) = PetL[PLQL]u0
k is the t-model, and higher ordered

terms are found by grouping similar powers of t in the complete memory approximation. For

the examples we have tried, the resulting ROMs are unstable. This was the case for both the

BCH memory approximation and the complete memory approximation, both of which can

be written as (4.21) with suitable definitions of Ri
k(û). We will assume for the remainder of

this text that we are using the Ri
k(û) as defined by the complete memory approximation.

The ROMs defined by the BCH memory approximation have been stabilized through

renormalization. We attach additional coefficients to each term in the series, such that the

terms represent an effective memory, given knowledge only of the resolved modes [104,105].
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The evolution equation for a reduced variable then becomes

dPuk
dt

= R0
k(û) +

n∑
i=1

αi(t)t
iRi

k(û). (4.22)

Here, we allow the renormalization coefficients αi(t) to be time dependent. This gives us the

flexibility to allow the functional form of the effective memory to be dynamic if necessary.

These coefficients must be chosen in a way that captures information we know about the

memory term. Selecting them is done in a problem-specific manner, frequently by comparing

the reduced system to a larger system prior to the point where the larger system becomes

unresolved. Concrete examples and details will be provided in the following sections.

4.2.1 Analogies to renormalization in physics

Renormalization is a loaded term. However, we believe that it is an accurate description of

the sentiment behind our procedure. It is also an inherently multiscale mode of thinking

that interfaces well with the fundamental ideas of the Mori-Zwanzig formalism. We present

here a brief overview of renormalization in the physics literature (adapted from [29]) and

make analogies to our approach here.

Whenever we consider a physical problem, we select a physical model that is valid on

a particular scale but fails to represent the whole truth. We call this the macroscale. For

example, we model a fluid by its hydrodynamic variables instead of molecular trajectories.

One can ask the question, “What should we do if we go are faced with a scale or problem

where our physical model is not valid, but we do not know the more fundamental model that

should be used?” Renormalization is a process for taking the known model and modifying

it into an approximate but effective model beyond its domain of validity. In practice, we

take functional forms from our physical model and modify their parameters to match reality.

One of the earliest examples was when Stokes modeled the drag on a sphere in a fluid flow

using a modified or effective mass for the sphere. This is very similar to our renormalization

procedure. We assume the functional forms of our ROM terms are correct, but that they
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are being used outside their domain of validity. We modify them with effective coefficients

to match reality.

Renormalization in physics requires these modifying coefficients because using a model

outside the scale of validity without adjusting parameters often leads to singularities. The

concept of renormalization has also been used in the context of singular perturbation. If one

attempts to solve a singularly perturbed problem using a standard perturbation expansion,

the result is “secular terms” that violate the assumption of the perturbation (namely that

there is a clear ordering of terms from large to small). One can eliminate the effects of these

secular terms by changing from a standard perturbation expansion to one with effective co-

efficients. These coefficients are selected specifically to eliminate the assumption-violating

behavior of the secular terms. All of these concepts were eventually formalized in renor-

malization group theory. The scale-dependent effective parameters form a group of trans-

formations and studying the fixed points of the group flow leads to conclusions about phase

transitions.

All of these ideas are echoed in our work. We have a reduced order model that would

be effective if applied to enough modes to fully resolve the solution. But because we cannot

fully resolve the systems we wish to simulate (either because they are finite but too large, or

they develop shocks and become impossible to resolve with a finite number of variables), we

are necessarily unable to capture the truth without making modifications. The instability

of the models thus are not a shortcoming, but a signal that we are applying these models

beyond their range of validity. By changing the parameters to effective ones through renor-

malization coefficients, we expand the range of validity. These effective parameters come

from attempting to match real observations from a solution that we trust at least up to a

point. Furthermore, as in the work from the renormalization group theory, we will find that

these renormalization coefficients function best when they themselves have a strict scaling

structure.
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4.3 Application 1: The Korteweg-de Vries equation with small dispersion

The work in this section was submitted for publication at the SIAM Multiscale Modeling

and Simulation journal in October 2017. It was accepted pending revisions which have since

been submitted. It is also available in the arXiv at [88].

The Korteweg-de Vries equation with small dispersion ε is

ut + uux + ε2uxxx = 0. (4.23)

We will consider solving this equation on [0, 2π] with periodic boundary conditions and initial

condition v0 = u(x, 0).

Renormalized MZ models have already been applied to the Burgers equation which cor-

responds to the case ε = 0 in (4.23) [104, 105]. The Burgers equation develops singularities

in the form of shocks in finite time. We will revisit this case in Section 4.5. For ε 6= 0, the

dispersive term precludes a finite time singularity. Instead, the solution can be fully resolved

with O(1/ε) Fourier modes [111]. Additionally, the presence of a dispersive term causes

energy to flow from the resolved modes to the unresolved modes and back, unlike Burgers

where there is a constant drain of energy out of the resolved variables. We have to make

a comment here about terminology. In the dispersive equation community (which includes

KdV), the square magnitude of a Fourier mode is called the “mass” of the mode while in the

fluid dynamics community (which includes the study of Burgers) it is called the “energy” of

the mode. In this section we will use the word “mass.”

Because of the periodic boundary conditions, we use Fourier series as a basis for the

solution. That is, let

u(x, t) =
∑

k∈F∪G

uk(t)e
ikx

where F = [−N, . . . , N − 1], G = [−M, . . . ,−N − 1, N, . . . ,M − 1], and F∪G = [−M, . . . ,M − 1]

for N < M . To avoid an asymmetry between positive and negative modes we always set to

zero the coefficient for the most negative mode (−N and −M , depending on the context).
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We call F the resolved modes and G the unresolved modes. Let u = {uk(t)}k∈F∪G. We par-

tition u = (û, ũ) where û = {uk}k∈F and ũ = {uk}k∈G. Our goal is to construct a reduced

order model for each component ûk(t) of û. u is the “full” model, which will be fully resolved

if M exceeds the maximal resolution for the chosen ε.

The equation of motion for the Fourier mode uk is

duk
dt

= Rk(u) = iε2k3uk −
ik

2

∑
p+q=k
p,q∈F∪G

upuq. (4.24)

The convolution sum in the second term on the right hand side can be computed efficiently

by transforming data to real space and computing the sum there as the FFT of the product

of the real space solution with itself.

We define L as in (2.2) such that Lu0
k = Rk(u

0). We must define the projection operator

P . Consider a function h(u0) that depends on all the Fourier modes. We define Ph(u0) =

Ph(û0, ũ0) = h(û0, 0). That is, we set each unresolved variable to zero. Our choice of

projection operator is motivated by our interest in studying the transfer of activity to smaller

scales when starting with a smooth initial condition. The choice of projection facilitates the

computation of the memory terms. In order to remain consistent with our projection operator

choice, our initial condition must be u0(x) = (û0, 0). We must begin with an initial condition

that does not have any unresolved modes activated. For example, we will use v0(x) = sin(x),

for which only the first Fourier mode is nonzero.

The Markov term for uk(t) for k ∈ F is given by PetLPLu0
k:

R0
k(û) = PetLPLu0

k = PetLP

iε2k3u0
k −

ik

2

∑
p+q=k
p,q∈F∪G

u0
pu

0
q


R0
k(û) = iε2k3ûk −

ik

2

∑
p+q=k
p,q∈F

upuq.
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Note that the final P operator actually commutes with the nonlinear evolution operator.

This is not a general rule, but in fact a consequence of the specific projector we chose.

Because the unresolved modes are set to zero with zero variance, we are able to commute P

and etL. Since all our terms have a leading P , when we commute the P with etL, it has no

additional effect.

The Markov term has the same form as the full system, but has been restricted to sums

over the resolved modes. We can easily compute the convolution sum in this expression using

fast Fourier transforms, but only retaining the resolved modes of the result. In fact, it will

be prudent to define a function representing a convolution of two vector valued functions f

and g with their respective components labeled fi and gi. We define the convolution of f

with g as:

Ck(f(u),g(u)) = −ik
2

∑
p+q=k

fp(u)gq(u). (4.25)

With this definition, the Markov term is

R0
k(û) = iε2k3uk + Ck(û, û). (4.26)

It will be useful to define the vector-valued functions Ĉ(f(u),g(u)) and C̃(f(u),g(u)) whose

components are the appropriate convolutions (4.25) with the unresolved modes set to zero

and the resolved modes set to zero (respectively).

It can be shown that the Markov term conserves mass in the resolved modes. Thus, it

does not allow any transfer of mass out of the resolved modes, which must occur if we are

to accurately reproduce what would happen in the full system. That must be accomplished

through the memory term. We can compute terms in the complete memory approximation

to generate reduced order models for KdV. We will consider up to fourth order in t. This

reduced order model for uk can be written

dPuk
dt

= R0
k(û) +

4∑
i=1

αi(t)t
iRi

k(û). (4.27)
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The Markov term R0
k was computed above in (4.26). We next compute the t-model term

R1
k(û). First, we compute QLu0

k (again for k ∈ F ):

QLu0
k = Lu0

k − PLu0
k

= −ik
2

∑
p+q=k
p∈F,q∈G

u0
pu

0
q −

ik

2

∑
p+q=k
p∈G,q∈F

u0
pu

0
q −

ik

2

∑
p+q=k
p,q∈G

u0
pu

0
q.

Next we compute PLQLu0
k:

PLQLu0
k = −ik

2

∑
p+q=k
p∈F,q∈G

PL[u0
pu

0
q]−

ik

2

∑
p+q=k
p∈G,q∈F

PL[u0
pu

0
q]

= 2

−ik2 ∑
p+q=k
p∈F,q∈G

u0
p

−iq
2

∑
r+s=q
r,s∈F

u0
ru

0
s


 .

We have here repeatedly used the projection operator P to eliminate terms that become

zero. We have also made use of the symmetry of the two sums that remained. Therefore,

the t-model term is

R1
k(û) = 2Ck(û, C̃(û, û)). (4.28)

Because the convolutions involve a function with only resolved modes convolved with a

function with only unresolved modes, the result is dealiased by construction if we augment

our Fourier vectors with one additional mode. We can compute additional terms entirely in

the shorthand established above by recognizing the following rules:

1. Because a convolution sum is a product of terms and L is a differential operator, it

operates according to the product rule. That is, for every argument in a convolution,

we get a term that is a duplicate of that convolution, but with L applied to that
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argument. For example:

LCk(û0, C̃(û0, û0)) =Ck(Lû0, C̃(û0, û0)) + Ck(û
0, C̃(Lû0, û0)) + Ck(û

0, C̃(û0,Lû0)).

2. Each Lû0 term is expanded as

Lû0 = iε2ûk3 + Ĉ(û0, û0) + 2Ĉ(û0, ũ0) + Ĉ(ũ0, ũ0),

where (ûk3)j = j3û0
j . Lũ0 is expanded in an identical manner, but with each term

being the unresolved part, rather than the resolved part.

3. When L is applied to terms involving powers of k, the following occurs:

L(iε2ûk3)k = Liε2k3u0
k

= (iε2k3)2u0
k + (iε2k3)[Ck(û

0, û0) + 2Ck(û0, ũ0) + Ck(ũ
0, ũ0)]

=
(
−ε4ûk6 + iε2[Ĉk3(û0, û0) + 2Ĉk3(û0, ũ0) + Ĉk3(ũ0, ũ0)]

)
k

where (ûk6)j = j6u0
j , (Ĉk3(a,b))j = j3Cj(a,b) for j ∈ F . That is, the further expan-

sion of powers of k proceed in an easily understandable manner.

The projection operator P is also simple to implement. When applied to a convolution, it

applies to each term in the convolution. P sets equal to zero any occurrence of ũ0. Q can be

represented as I − P . Finally, PetL merely advances the initial conditions u0 to the current

time u (and the P commutes with etL and has no effect as discussed above). The process

of deriving these terms becomes quite exhausting, because each nested convolution expands

into multiple terms with additional applications of L. Each term in the complete memory

approximation also contains more terms than those that preceded it. We implemented these

definitions into a Mathematica notebook, which can then generate ROMs of any order for

KdV. This is available in the git repository Renormalized_Mori_Zwanzig [87]. In fact,
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through redefinitions of P and L, this software can be used to derive ROMs of any order for

a generic PDE with a generic projector. In the next two sections we will reuse this software.

Using this, we computed expressions for R2
k, R

3
k, and R4

k. We will demonstrate the derivation

of R2
k by hand here as an example. We have already computed QLu0

k, but future applications

of QL will be computed by QL = L − PL. Thus, the R2
k is:

PetL[PLPLQL − PLQLQL]u0
k = PetL[2PLPLQL − PLLQL]u0

k.

The first term can be computed by applying PL to PLQLu0
k, which we have already found:

PLPLQLu0
k = PL

[
2Ck(û

0, C̃(û0, û0))
]

=P

[
2Ck(iε

2ûk3 + Ĉ(û0, û0) + 2Ĉ(û0, ũ0) + Ĉ(ũ0, ũ0), C̃(û0, û0))

+ 4Ck(û
0, C̃(iε2ûk3 + C(û0, û0) + 2Ĉ(û0, ũ0) + Ĉ(ũ0, ũ0), û0))

]
=2Ck(iε

2ûk3 + C(û0, û0), C̃(û0, û0)) + 4Ck(û
0, C̃(iε2ûk3 + Ĉ(û0, û0), û0)).

The second term in the O(t2) expansion is:

PLLQLu0
k =PLL[2Ck(û

0, ũ0) + Ck(ũ
0, ũ0)]

=PL
[
2Ck(iε

2ûk3 + Ĉ(û0, û0) + 2Ĉ(û0, ũ0) + Ĉ(ũ0, ũ0), ũ0)

+ 2Ck(û
0, iε2ũk3 + C̃(û0, û0) + 2C̃(û0, ũ0) + C̃(ũ0, ũ0))

+ 2Ck(ũ
0, iε2ũk3 + C̃(û0, û0) + 2C̃(û0, ũ0) + C̃(ũ0, ũ0))

]
.

We will apply the projection P in the same step that we apply L to save space writing out



71

terms that will be eliminated. The result is:

PLLQLu0
k =4Ck(iε

2ûk3 + Ĉ(û0, û0), C̃(û0, û0))

+ 2Ck(û
0, iε2C̃k3(û0, û0) + 2C̃(û0, iε2ûk3 + Ĉ(û0, û0) + C̃(û0, û0)))

+ 2Ck(C̃(û0, û0), C̃(û0, û0)).

Combining these two results gives us the O(t2) term of the complete memory approximation:

R2
k(û) =PetL[2PLPLQL − PLLQL]u0

k

=− 2Ck(C̃(û, û), C̃(û, û))

− 2Ck(û, iε
2C̃k3(û, û) + 2C̃(û, C̃(û, û))

− 2C̃(û, iε2ûk3 + Ĉ(û, û))). (4.29)

One can clearly see how frustrating it would be to compute the O(t3) and O(t4) terms

by hand. Instead, we use the automated procedure to derive these expressions. We have

reproduced them here:

R3
k(û) =2Ck(û,−ε4C̃k6(û, û)− 2iε2C̃k3(û, 2iε2ûk3 + 2Ĉ(û, û)− C̃(û, û))

+ 2C̃(û,−ε4ûk6 + iε2Ĉk3(û, û) + 2Ĉ(û, iε2ûk3 + Ĉ(û, û)− 2C̃(û, û))

+ iε2C̃k3(û, û) + 2C̃(û,−2(iε2ûk3 + Ĉ(û, û)) + C̃(û, û)))

+ 2C̃(iε2ûk3 + Ĉ(û, û), iε2ûk3 + Ĉ(û, û)− C̃(û, û))

+ 2C̃(C̃(û, û), C̃(û, û)))

+ 6Ck(C̃(û, û), iε2C̃k3(û, û)− 2C̃(û, iε2ûk3 + Ĉ(û, û)− C̃(û, û))). (4.30)
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R4
k(û) =

2Ck(û, iε
6C̃k9(û, û)− 2ε4C̃k6(û, 3iε2ûk3 + 3Ĉ(û, û)− C̃(û, û))

− 2iε2C̃k3(û,−3ε4ûk6 + 3iε2Ĉk3(û, û) + 2Ĉ(û, 3iε2ûk3 + 3Ĉ(û, û)− 5C̃(û, û)) + iε2C̃k3(û, û)

− 2C̃(û, 3iε2ûk3 + 3Ĉ(û, û)− C̃(û, û)))

− 2C̃(û, iε6ûk9 + ε4Ĉk6(û, û)− 2iε2Ĉk3(û, iε2ûk3 + Ĉ(û, û)− 3C̃(û, û))

+ 2Ĉ(û, ε4ûk6 − iε2Ĉk3(û, û)− 2Ĉ(û, iε2ûk3 + Ĉ(û, û)− 3C̃(û, û))

− 3iε2C̃k3(û, û) + 2C̃(û, 5iε2ûk3 + 5Ĉ(û, û)− 3C̃(û, û)))

− 2Ĉ(iε2ûk3 + Ĉ(û, û), iε2ûk3 + Ĉ(û, û)− 2C̃(û, û))

− 6Ĉ(C̃(û, û), C̃(û, û))

− ε4C̃k6(û, û) + 2iε2C̃k3(û,−3iε2ûk3 − 3Ĉ(û, û) + C̃(û, û))

+ 2C̃(û,−3ε4ûk6 + 3iε2Ĉk3(û, û) + 2Ĉ(û, 3iε2ûk3 + 3Ĉ(û, û)− 5C̃(û, û)) + iε2C̃k3(û, û)

+ 2C̃(û,−3iε2ûk3 − 3Ĉ(û, û) + C̃(û, û)))

+ 2C̃(iε2ûk3 + Ĉ(û, û), 3iε2ûk3 + 3Ĉ(û, û)− 2C̃(û, û))

+ 2C̃(C̃(û, û), C̃(û, û)))

+ 2iε2C̃k3(iε2ûk3 + Ĉ(û, û),−3ε2ûk3 − 3Ĉ(û, û) + 2C̃(û, û))

− 2C̃(iε2ûk3 + Ĉ(û, û), 3ε4ûk6 − 3iε2Ĉk3(û, û) + 2Ĉ(û,−3iε2ûk3 − 3Ĉ(û, û) + 5C̃(û, û))

− iε2C̃k3(û, û) + 2C̃(û, 3iε2ûk3 + 3Ĉ(û, û)− C̃(û, û)))

+ 2C̃(C̃(û, û), ε4ûk6 − iε2Ĉk3(û, û)− 2C(û, iε2ûk3 + Ĉ(û, û)− 3C̃(û, û))

− 3iε2C̃k3(û, û) + 2C̃(û, 5iε2ûk3 + 5Ĉ(û, û)− 3C̃(û, û)))

− 2iε2C̃k3(C̃(û, û), C̃(û, û)))

− 8Ck(C̃(û, û),−ε4C̃k6(û, û) + 2iε2C̃k3(û,−2iε2ûk3 − 2Ĉ(û, û) + C̃(û, û))

+ 2C̃(û,−ε4ûk6 + iε2Ĉk3(û, û) + 2Ĉ(û, iε2ûk3 + Ĉ(û, û)− 2C̃(û, û)) + iε2C̃k3(û, û)

+ 2C̃(û,−2iε2ûk3 − 2Ĉ(û, û) + C̃(û, û)))

+ 2C̃(iε2ûk3 + Ĉ(û, û), iε2ûk3 + Ĉ(û, û)− C̃(û, û))

+ 2C̃(C̃(û, û), C̃(û, û)))

+ 48Ck(C̃(û, iε2ûk3 + Ĉ(û, û)), iε2C̃k3(û, û) + 2C̃(û, C̃(û, û)))

− 6Ck(iε
2C̃k3(û, û) + 2C̃(û, iε2ûk3 + Ĉ(û, û) + C̃(û, û)),

iε2C̃k3(û, û) + 2C̃(û, iε2ûk3 + Ĉ(û, û) + ˜eC(û, û))) (4.31)
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These terms involve convolutions of unresolved terms with other unresolved terms, necessi-

tating that we further augment our vectors using the 3/2-rule to dealias the results. The

functional form of these higher-order terms in the complete memory approximation are quite

complicated, and it is unlikely that a mathematical modeler would propose them. However,

because they are derived from the dynamics themselves through the Mori-Zwanzig formalism,

we find that they inherit significant structure from the full KdV equation.

4.3.1 Renormalization Coefficients

The non-renormalized ROMs computed from the complete memory approximation (4.21)

are numerically unstable, so we focus on the renormalized ROMs (4.22). We must develop

a procedure for computing the renormalization coefficients αi. An important quantity in a

ROM for KdV is the mass in a Fourier mode:

Mk(t) = |uk(t)|2. (4.32)

For select values of ε, we computed the exact solution using a sufficient number of modes

to ensure the solution was fully resolved, from which we compute the rate of change of the

mass:

∆Mk(t) = uk(t)Rk(u) + uk(t)Rk(u). (4.33)

The mass in a subset of modes is not monotonically decreasing. Instead, there is a “mass

rebound” as the dispersive term opposes the formation of a shock, and mass returns from

high-frequency modes to low-frequency modes.

We also computed Ri
k(û) for ROMs constructed for those same subsets using truncated

versions û of the exact solution u. From this, we can measure the impact each Ri
k term has

upon the rate of change of the mass in individual modes. This is given by:

∆M i
k(t) = uk(t)Ri

k(û) + uk(t)R
i
k(û). (4.34)
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Figure 4.1: (Top) The exact net mass derivative of the first N = 20 positive modes of the
solution to the KdV equation with ε = 0.1 up to time 10 (

∑20
k=1 ∆Mk(t)). (Middle) The rate

of change of the mass in the first N = 20 positive modes for the R2
k term in an ROM of

size N = 20 provided the truncated exact solution û as input (
∑20

k=1 ∆M2
k (t)). It seems to

be proportional to the top figure with a positive constant of proportionality. (Bottom) The
rate of change of the mass in the first N = 20 positive modes for the R4

k term in an ROM of
size N = 20 provided the truncated exact solution û as input (

∑20
k=1 ∆M4

k (t)). It seems to
be proportional to the top figure with a negative constant of proportionality.

Any net rate of change of mass in the resolved modes must be accounted for by these memory

terms alone, because the Markov term conserves mass in the resolved modes.

We found that the
∑

k∈F ∆M2
k and

∑
k∈F ∆M4

k terms closely mirror the exact net mass

derivative
∑

k∈F ∆Mk for a given subset of modes, as depicted in Figure 4.1. From this, we

draw several conclusions. First, this close agreement suggests that the complete memory

approximation is in some sense a “correct” way of expanding the memory integral. Second,

we observe that the rate of change of mass due to the R2
k and R4

k terms are approximately

proportional to the exact mass derivative at all times. In an ROM, these terms would be

multiplied by t2 and t4, respectively, eliminating the agreement with the exact results as

time passes. One possible means of counteracting this effect is to propose a functional form
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for the renormalization coefficients of

αi(t) = βit
−i, (4.35)

such that the time dependence of the renormalization coefficient cancels the time dependence

in the memory terms. We use this as an ansatz that is qualitatively suggested by the results

in Figure 4.1, though other forms could be considered.

For a fixed ε, we used a least squares fit to identify optimal choices for the constants βi.

Suppose we have the exact solution at times t∗ = {t0, . . . , tm}. The cost function for a given

set of resolved modes F is:

CF (β1, β2, β3, β4) =
∑
t∈t∗

∑
k∈F

[
∆Mk(t)−∆M0

k (t)−
4∑
i=1

βi∆M
i
k(t)

]2

. (4.36)

That is, we sought to minimize the error in representing the derivative of the mass of each in-

dividual mode at {t0, . . . , tm}. We tried several other cost functions, such as the square errors

of the real and imaginary parts of the derivative of each mode, without finding significant

differences in the optimizing coefficients.

We conducted least squares fits for many sets of resolved modes and choices of dispersion

ε. In each case, we used data for ti ∈ [t0, tm] in increments of 0.001. In practice, we found

the results were insensitive to the specific details of the data used. As long as the width of

the interval, tm − t0, was greater than 2 time units, the coefficients were not substantially

different. They seem to “lock in” on a particular value (Figure 4.2). The optimal coefficients

for the second and fourth terms were remarkably stable to the set of timesteps used. On

the other hand, the optimal coefficients for the first and third terms varied significantly as

we adjusted the timesteps used in the fit. In fact, as the length of the fitted timeframe

grew, these coefficients tended closer towards zero. This suggests to us that the first order

and third order coefficients are effectively fitting noise, and instead should be discarded in
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Figure 4.2: Optimal coefficients for ROMs of resolution N = 20, 24, . . . , 36 for ε = 0.1. Fits
were computed by minimizing (4.36) on different sets of times t∗. In each plot, we fit over
t∗ = [0, T ] where T = 2, 2.1, . . . , 10. Note that the second order and fourth order coefficients
are impressively stable, while the first and third order coefficients are less stable (even varying
in sign in some cases). For this reason, we suspect the second and fourth order models are
the most important to include.

favor of only the second and fourth order coefficients. For this reason, we hypothesize that

β1 = β3 = 0. We also see that, as N increases the magnitude of each coefficient seems to

grow smaller. For all subsequent calculations, we used t∗ = {0, 0.1, . . . , 10} for our fits. We

found that the optimal coefficients displayed power law behavior both in ε and in the size of

the reduced order model N . We used an additional least squares fit to identify the scaling

coefficients for each variable.

The power law behavior of the coefficients suggests the presence of incomplete similarity

for appropriate non-dimensional parameters [7]. After we nondimensionalize the problem

with characteristic length L and velocity U , (4.23) becomes

ut + uux +
1

Re2
uxxx = 0, (4.37)
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where Re =
√
UL
ε

is a “dispersive” Reynolds number. From (4.22) we know that the renor-

malization coefficients αi(t) are non-dimensional. This is because the terms tiRi
k that they

multiply in (4.22) have the correct dimensions by construction, since they are produced

through the MZ formalism and not added by hand. One can also recognize that these terms

are nondimensional because they take the place of clearly nondimensional coefficients in the

Taylor series expansion (4.4). Also, from (4.35) we know that the prefactors βi have dimen-

sion T i = (L
U

)i. If in addition to the Reynolds number Re we define the non-dimensional

parameters Πi = βi
(L/U)i

and Λ = N
L−1 we can represent the renormalization coefficients as

Πi = aiRe
biΛci . (4.38)

Note that we here understand N as the maximal wavenumber, which has units (length)−1.

It happens to also be the number of variables we evolve, referred to as the resolution. Figure

4.3 presents the results of the least squares fit of log(Π2) and log(Π4) against log(Re) and

log(Λ). For i = 1 and i = 3, the data suggested ai = 0, so the power law exponents

bi and ci were irrelevant and we exclude them from Figure 4.3. It is notable that the

odd numbered terms in the memory expansion seem to be unnecessary for capturing the

dynamics. For i = 2, we found a2 = −1.2006, b2 = 3.7013, and c2 = −5.7384. For i = 4,

we found a4 = −0.3318, b4 = 7.4052, and c4 = −11.4715 (we will refer to reduced order

models of this form with these renormalization coefficients as the fourth order complete

renormalized model). We conducted a similar fit with Π1 and Π3 set to zero a priori and

found the resulting parameters for Π2 and Π4 changed very little. This corroborates our

choice to set Π1 and Π3 to zero explicitly. We note that b4 and c4 are roughly double b2

and c2 respectively. Furthermore, note that the signs of the renormalization coefficients

are negative. In the non-renormalized model, the coefficients on R2
k and R4

k are −1/2 and

−1/24, respectively. Therefore, we see the sign of the renormalization coefficients matches

that of the unrenormalized model. It seems likely that these power laws belie an even deeper

structure in the memory inherited by the ROMs from the original KdV equation than we
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Figure 4.3: Log-log plots of the absolute values of the nondimensionalized renormalization
coefficients Πi. Computed by minimizing (4.36) using data from time [0, 10] for a variety
of values of dispersive Reynolds numbers Re and resolutions Λ with an initial condition
v0(x) = sin(x). (Left) log(|Π2|) (blue, upper) and log(|Π4|) (black, lower) plotted against
log(Re) for Λ corresponding to N equal to 32 (dots), 38 (circles), 44 (stars), 50 (crosses),
and 56 (pluses). (Right) log(|Π2|) (blue, upper) and log(|Π4|) (black, lower) plotted against
log(Λ) for Reynolds numbers corresponding to ε equal to 0.1 (dots), 0.09 (circles), 0.08
(stars), and 0.07 (crosses). The linear relationships suggest power law behavior in both Re
and Λ, which implies power law behavior in ε and N of the dimensional formulation. We
present only the results for i = 2, 4 because simulations indicate the coefficients vanish for
i = 1, 3.
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have uncovered here. This is a subject of future investigation by the authors.

The non-dimensional renormalization coefficients Πi in (4.38) exhibit incomplete similar-

ity in both parameters Re and Λ. If we keep the resolution of the reduced model fixed (Λ

fixed), then Πi → ∞ as Re → ∞. This is a hallmark of a singular perturbation problem

which is to be expected since for Re = ∞ we recover the Burgers equation which develops

shocks in finite time, while KdV does not. We will see in Section 4.5 that the renormalized

ROMs for Burgers are, as one would expect, markedly different from those of KdV. Similarly,

if we keep Re fixed, and let the resolution of the reduced model Λ→∞ then Πi → 0 which

is also expected since in this limit there is no need for a memory term.

We used a similar approach to find different renormalization coefficients α′i(t) for a ROM

that includes only the first two terms of the complete memory approximation:

dûk
dt

= R0
k(û) +

2∑
i=1

α′i(t)t
iRi

k(û).

Similarly, we assume the time dependence of the coefficients is α′i(t) = β′it
−i for constants

β′i. Let Π′i be the non-dimensionalized form of β′i. It also obeys a power law formula:

Π′i = diRe
eiΛfi

1 , (4.39)

where d1 = 0 (so the t-model again is not included), and d2 = −0.7923, e2 = 3.7832,

and f2 = −5.8254. Observe that the scaling coefficients for Λ1 and Re are very similar to

the results for the second order term in the fourth order model, but that the prefactor is

different (we will call reduced order models with this form and renormalization coefficients

the second order complete renormalized model). Once again, the fact that the t-model is

unimportant for capturing the memory effects of the KdV equation is noteworthy, as is the

scaling structure inherent in the R2
k coefficient.

Finally, the reader might be puzzled by the fact that the R2
k coefficient is negative in

both cases, since the rate of change of mass entering and exiting the resolved modes due



80

to the non-renormalized R2
k was observed to be approximately proportional (with a positive

constant of proportionality) to the associated exact quantity (Figure 4.1). The negative

coefficient means the net rate of change of mass in and out of the resolved modes is exactly

opposite the desired result. However, the coefficient was not fit to the net rate of change

of mass in the resolved modes, but the rate of change of mass in each individual mode (see

(4.36)). The results, as will be seen, are accurate in spite of this inconsistency. This curious

phenomenon is also the subject of further investigation.

4.3.2 Results

Because a fully resolved solution is possible for sufficiently large values of ε, we are able

to test these new renormalized reduced order models for both stability and accuracy by

comparing them against a numerically accurate solution. A natural comparison for our ROMs

is the “average dynamics” given by the Markov term alone, disregarding memory terms.

All simulations are conducted using a time step of ∆t = 0.001 using an implicit-explicit

integration scheme that has proven effective for the KdV equation with periodic boundary

conditions [32,58].

There are several metrics for identifying the accuracy of a reduced order model of this

kind. First, we have seen from the exact solution that for a given subset of modes F in the

exact solution, mass should flow both in and out as time passes. This corresponds to mass

passing from the resolved modes to the unresolved modes and back. A ROM for the same

subset of modes should accurately capture this net in and out flow of mass. The Markov

term alone conserves mass in the resolved modes, and so is unable capture this effect at all.

An example of this dynamic mass loss and gain is depicted in Figure 4.4. Observe that the

second order ROM drains mass when the exact system should be gaining it, and vice versa.

This is a consequence of the fact that the renormalization coefficient is negative, while when

summed over the resolved modes, the R2
k term itself appears contribute a positive multiple

of the derivative of the total mass in the resolved modes (as seen in Figure 4.1). The fourth

order ROM, on the other hand, drains too much mass in the initial three units of time, but
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Figure 4.4: The mass in the first N = 20 positive Fourier modes for an initial condition
of sin(x) according to several models. The solid curve depicts the exact solution, found by
running a simulation with N = 256 positive modes. The dashed curve depicts the Markov
model with N = 20 modes. The solid curve with squares depicts the renormalized second
order complete ROM, while the solid curve with circles depicts the renormalized fourth
order complete memory ROM. The dash-dotted curve is a non-renormalized version of the
4th order ROM, which is unstable.

then gains and drains mass consistently with the exact rate. The addition of the fourth

order term seems to improve the model’s ability to capture mass transfer in and out of the

resolved modes. Note, finally, how little the mass in the resolved modes actually changes. In

the N = 20 case, less than 0.08% ever leaves the resolved modes. It is remarkable that this

little amount of mass flow in and out of the resolved variables carries with it the rich structure

for the renormalized coefficients presented in Section 4.3.1. For this reason, intuition would

suggest that the memory is not important, and that the Markov model will be sufficient.

This proves to not be the case.

The need for the inclusion of memory can be seen by inspecting our solutions in real

space. Figure 4.5 depicts the solution for the first N = 20 modes as depicted in real space
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at a variety of times. The initial condition leads to a near-shock, but the dispersive term

resists the creation, leading to the generation of a number of solitons which then interact

with one another for the remaining time. After sufficient time, the Markov model is out of

phase with the exact solution, while the fourth order ROM tracks it well for long times.

We compute the L2 norm of the difference between the exact real space solution and that

predicted by the ROM. We divide this error by the L2 norm of the exact solution, producing

a global relative error between the exact and approximated solution trajectories. Here, it is

reasonable to also compute the error of the Markov approximation for comparison. Figure

4.6 depicts the global relative error at time t = 100 for ROMs of several different resolutions

with ε = 0.1 (the error results for other values of ε are qualitatively similar). Recall that the

formulae for the renormalization coefficients were fit only with data between t ∈ [0, 10], so

it appears that these coefficients are valid for a long time.

The accuracy of complete ROMs is not achieved until N is sufficiently large. For ε = 0.1

this is around N = 20. For ε = 0.09, it is approximately N = 24. Qualitatively, our

results suggest that a stable and accurate ROM can only be constructed for sets of resolved

modes whose “full models” comprise at least half of the modes needed for a fully resolved

simulation. Because KdV is a dispersive problem, the total mass is conserved. Therefore, a

reduced order model can only hope to capture the dynamic flow of a fixed amount of mass

if the full model upon which it is based contains a large proportion of the modes through

which the mass must flow.

As ε → 0, the initial draining of mass passes to higher frequencies before beginning to

rebound. When ε = 0, the problem becomes Burgers’ equation, which has a finite time singu-

larity, and the mass (in the Burgers literature called energy) cascades to higher frequencies

indefinitely. For this case, a renormalized model based upon the BCH approximation in

which the coefficients αi(t) are actually constant has been seen to perform very well [104].

We will revisit this in Section 4.5. As ε→ 0, the renormalization coefficients as computed by

our formulae (4.38) and (4.39) grow to infinity. This suggests that, as ε becomes small, the

assumptions made in deriving our complete renormalized ROMs fail to hold. As mentioned
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Figure 4.5: The real space representation of the solution to KdV through N = 20 positive
modes with ε = 0.1 and initial condition v0(x) = sin(x) according to several models. The
initial condition is depicted in the upper left. At the upper right, there is steepening of the
gradient due to the nonlinearity in the equation. In the lower left, the sharp gradient has
been converted into a number of interacting solitons. In the bottom right, the interactions
of the solitons have caused the Markov model to lose phase with the exact solution, while
the accuracy of our reduced order model persists.
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Figure 4.6: The relative global error at time t = 100 for several models plotted on a log-
arithmic axis with ε = 0.1 and initial condition v0(x) = sin(x). The error is computed as
the ratio between the L2 norm of the real space error and the L2 norm of the exact real
space solution. All three ROMs improve as the number of resolved modes increases, but the
complete memory second order and fourth order ROMs are consistently more accurate than
the Markov model alone.

before, this is an indication of the singular nature of the perturbation problem as ε→ 0.

In deriving the governing parameters of the power laws (4.38) and (4.39), we used data

for ε = 0.1, 0.095, . . . 0.065. Using the power laws we recovered, we conducted a simulation

for ε = 0.01, depicted in Figure 4.7. Clearly, the ROM which keeps up to a 4th order memory

term is much more accurate than the Markov ROM. This signifies that the power laws can

be extrapolated beyond the parameter regimes over which they were derived. This is a major

objective of any model reduction methodology because it allows the construction of accurate

ROMs for parameter regimes where a brute force calculation could be infeasible.

Finally, we must comment on the computational cost of these reduced order models.

As observed, stable and accurate ROMs can only be constructed for resolutions that are

approximately four times smaller than a fully resolved solution. The FFTs employed in an

ROM are large enough to contain the “full model,” which is twice as large as the ROM

itself. Thus, in the best case scenario, we will be using FFTs that are half as large as those
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Figure 4.7: Relative global error over time of several reduced models of size N = 256 and
ε = 0.01. The exact solution is taken to be the behavior of the first N = 256 modes in a
full simulation of size N = 512. Simulations were conducted with ∆t = 10−4. The Markov
model (dashed curve) becomes inaccurate within the first twenty time units. The error of
the fourth order ROM (solid curve), has grown to only 75% after 100 time units.

needed for the full solution. The second order ROM uses six FFTs and IFFTs per timestep,

while the fourth order ROM requires 22. A fully resolved simulation, on the other hand only

uses one FFT and IFFT per timestep, though it is twice as large. Consequently, the ROMs

produced in this paper are necessarily less efficient than simply solving the problem outright.

Their value is not found in producing efficient computational schemes, but in shedding light

on the role of memory in dispersive problems.

4.3.3 Discussion

We have applied our complete memory approximation to the construction of ROMs for

the Korteweg-de Vries equation. The functional forms of these ROMs are complex, and

would be unlikely to be discovered by classical mathematical modeling techniques. Instead,

these terms are derived from the dynamics themselves. The resulting ROMs are numerically

unstable, unless each term is tamed with specific renormalization coefficients. We find that
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these renormalization coefficients decay algebraically in time, canceling the time dependence

originally found in the Taylor expansions. This differs from previous efforts to renormalize

ROMs derived from the Mori-Zwanzig formalism, which became stable with renormalization

coefficients that were constant in time [104,105].

The renormalization coefficients that most effectively capture the correct dynamics of

the resolved modes also suggest significant structure in the memory. The odd terms in the

memory expansion seem to be unimportant for capturing the dynamics of the memory. This

is at odds with previous results for Burgers’ equation, for which the odd terms seemed to be

more important [105]. It is possible that the even terms in the memory expansion account for

the memory of dispersive terms, while the odd terms account for the memory of dissipative

terms. To clarify the situation, the authors plan to apply it to dissipative problems (such as

Burgers’ equation) and problems with dissipation and dispersion (such as the KdV-Burgers

equation). For the case of KdV-Burgers equation, averaging and renormalization for traveling

waves was considered in [22].

The structure of the memory is also evident in the fact that the coefficients of the even

terms in the memory expansion obey strict power laws in ε and N , with the power law

dependence for the R4
k term being approximately twice as large as that of the R2

k term.

Due to this structure, we can construct ROMs for any ε and N without needing to know

the exact solution for that specific ε. The highly structured nature of the renormalization

coefficients suggest that the complete memory approximation is, in some manner, a natural

way of describing the dynamics of a subset of modes in this problem.

We found qualitatively that accurate ROMs were only possible when the “full model” on

which the reduced model is based is nearly fully resolved itself. This was not the case for

dissipative problems, and we hypothesize that it is the dispersive nature of the problem that

necessitates large “full models.” Once accurate ROMs can be constructed, however, they

prove to be much more effective than the Markov term alone. This is noteworthy, because

the amount of mass leaving the resolved modes is exceptionally small. This indicates that,

even when the memory term is extremely small, ignoring it will lead to inaccurate results,
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especially during long time simulations. This is a hallmark of a singular perturbation problem

(in our case the perturbation is the small magnitude of the dispersion coefficient ε). Also, this

agrees with the discovered incomplete similarity exhibited by the renormalized coefficients [7].

The results of the complete memory approximation and its renormalization are promising

and important. First, they support the need for memory terms in reduced models. Second,

the suggested distinction of different order MZ memory terms as relevant for different phys-

ical mechanisms points towards a systematic classification of the memory. This realization

supports the advantage of model reduction starting from an exact formalism like MZ over

adding terms by hand. Finally, the success of renormalization in producing stable and accu-

rate models for long times indicates an elegant and effective way of incorporating dynamic

information about the scales we aim to resolve.

4.4 Application 2: The three-dimensional Euler’s equations

The work in this section is also available in the arXiv at [89]. We intend to submit it for

publication in June 2018.

4.4.1 Introduction

The behavior of solutions of the 3D Euler equations for incompressible fluid flow is one of the

most challenging problems in the analysis of PDEs and scientific computing. The common

root of these difficulties lies in the complexity of the dynamics implied by the equations. On

the theoretical side, it is unknown whether general smooth initial conditions give rise to a

finite time singularity. On the numerical side, computations that begin with smooth initial

conditions quickly give rise to a degree of complexity (turbulence) that exhausts the available

computational power. Despite the accumulated knowledge on the theoretical and numerical

fronts [3, 6, 21, 26–28, 30, 36, 43, 51, 53, 66, 68, 71, 73, 75, 82, 97], there is still no conclusive

evidence. A limiting factor in the numerical exploration of this problem is the necessary

system size for fully resolved computations. Consequently, the development of reduced order

models for Euler’s equations would greatly help in this effort.
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The MZ formalism has been previously used to develop reduced order models for Euler’s

equations [46, 99, 104]. Those models were based on approximations of the memory term

which assume various degrees of “long memory” i.e., the assumption that the unresolved

variables evolve on timescales that are comparable to the resolved variables. Such an as-

sumption is eminently plausible for the Euler equations (and high-Reynolds number fluid

flows in general), given the vast range of active scales present in the solution. The complete

memory approximation also assumes long memory but avoids all the simplifying approxima-

tions applied before. Thus, it can incorporate all the complex effects present in the Euler

dynamics. In this section we present results for renormalized MZ reduced models of the

3D Euler equations stemming from the complete memory approximation. The renormalized

reduced models are stable and we evolve them for long times. We use the predicted evolution

to estimate several quantities related to the occurrence of a finite-time singularity (blow-up).

We find that our results are indeed consistent with a finite-time singularity.

4.4.2 Problem statement

The three dimensional Euler’s equations are given by:

ut + u · ∇u = −∇p, ∇ · u = 0 (4.40)

where u(x, t) is a three-dimensional vector that is periodic in all three dimensions and p is

the pressure. Let the initial condition be u(x, 0) = v0. We will use the Taylor-Green initial

condition:

v0 =


sin(x) cos(y) cos(z)

− cos(x) sin(y) cos(z)

0

 . (4.41)

The Taylor-Green initial condition is very smooth. We are interested in studying the cascade

of energy into higher frequency modes as time evolves. We will write (4.40) in vector form in

order to keep track of terms more carefully. Let ux be the component of u in the x dimension
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(and similarly for y and z):


∂ux

∂t

∂uy

∂t

∂uz

∂t

+


ux ∂u

x

∂x
+ uy ∂u

x

∂y
+ uz ∂u

x

∂z

ux ∂u
y

∂x
+ uy ∂u

y

∂y
+ uz ∂u

y

∂z

ux ∂u
z

∂x
+ uy ∂u

z

∂y
+ uz ∂u

z

∂z

 = −


∂p
∂x

∂p
∂y

∂p
∂z

 . (4.42)

In order to specify the pressure p, we will apply ∇· to both sides of the equation and use

∇ · u = 0.

∇ ·


∂ux

∂t

∂uy

∂t

∂uz

∂t

+∇ ·


ux ∂u

x

∂x
+ uy ∂u

x

∂y
+ uz ∂u

x

∂z
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y

∂x
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y

∂y
+ uz ∂u

y

∂z

ux ∂u
z

∂x
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z

∂y
+ uz ∂u

z

∂z

 = −∇ ·


∂p
∂x

∂p
∂y

∂p
∂z


∂ux

∂x

∂ux

∂x
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∂2ux

∂x2
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∂uy

∂x

∂ux

∂y
+ uy

∂2ux

∂x∂y
+
∂uz

∂x

∂ux

∂z
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∂2ux

∂x∂z

+
∂ux

∂y

∂uy

∂x
+ ux
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∂x∂y
+
∂uy

∂y

∂uy

∂y
+ uy
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∂y2
+
∂uz

∂y
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∂z
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+
∂ux

∂z
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∂x
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+
∂uy

∂z

∂uz

∂y
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∂y∂z
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∂uz

∂z
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∂z
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∂x2
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]
.

Note that:

ux
∂2ux

∂x2
+ ux

∂2uy

∂x∂y
+ ux

∂2uz

∂x∂z
= ux

∂

∂x
[∇ · u] = 0

and similary for the uy ∂
∂y

and uz ∂
∂z

terms. Thus:

∂ux

∂x

∂ux

∂x
+
∂uy

∂x

∂ux

∂y
+
∂uz

∂x

∂ux

∂z
+
∂ux

∂y

∂uy

∂x
+
∂uy

∂y

∂uy

∂y
+
∂uz

∂y

∂uy

∂z

+
∂ux

∂z

∂uz

∂x
+
∂uy

∂z

∂uz

∂y
+
∂uz

∂z

∂uz

∂z
= −

[
∂2p

∂x2
+

∂2p

∂xy2
+
∂2p

∂z2

]

Because u is periodic in all three dimensions, we will write it as Fourier series:
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u(x, t) =
∑
k

uk(t)eik·x (4.43)

where k is a three-dimensional wavevector, and the sum is over all possible integer-valued

wavevectors. Also let p =
∑

k pk(t)eik·x. We will be able to find a compact expression for

pk. Consider first the right hand side:

−
[
∂2p

∂x2
+
∂2p

∂2y
+
∂2p

∂z2

]
= −

[∑
k

−k2
xpke

ik·x +
∑
k

−k2
ypke

ik·x +
∑
k

−k2
zpkke

ik·x

]
=
∑
k

|k|2pkeik·x.

Now, the left hand side:
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Now observe that:

∇ · u = 0 =⇒ 0 =
∑
k

[ikxu
x
k + ikyu

y
k + ikzu

z
k]eik·x

0 =i
∑
k

(k · uk)eik·x

Multiplying both sides by e−ij·x and integrating yields:

0 = i(j · uj)

so we know that k · uk = 0. Thus,

p · uq = p · uq + 0 = p · uq + q · uq = k · uq,

and similarly for the other dot product. Thus, the left hand side we had been simplifying is:

−
∑
k

∑
p+q=k

(k · uq)(k · up)eik·x

Multiplying the left and right hand sides by e−ij·x leaves:

|j|2pj = −
∑

p+q=k

(j · uq)(j · up) =⇒ pj = − 1

|j|2
∑

p+q=k

(j · uq)(j · up).

We now return to the original equation, knowing we can plug this in for pk later on. We

write each term as a Fourier sum: 
∂ux

∂t

∂uy

∂t

∂uz

∂t

 =
∑
k

duk

dt
eik·x
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Multiplying each term by e−ij·x and integrating yields this equation for the evolution of a

Fourier mode:
duk
dt

= −i
∑

p+q=k

(k · up)uq +
k

|k|2
(k · up)(k · uq) (4.44)

Written in a more compact form,

duk

dt
= −i

∑
p+q=k

k · upAkuq (4.45)

where

Ak = I − kkT

|k|2
. (4.46)

4.4.3 Implementation

Now we should think about how to implement this computationally. For a given state vector

u, the derivative of element k is given by (4.45). We would like to evaluate the right hand

side efficiently. We first consider, in real space, the quantity uuT :



93

uuT =


uxux uxuy uxuz

uyux uyuy uyuz

uzux uzuy uzuz

 =
∑
k

∑
p+q=k


uxpu

x
q uypu

x
q uzpu

x
q

uxpu
y
q uypu

y
q uzpu

y
q

uxpu
z
q uypu

z
q uzpu

z
q

 eik·x.

The fast Fourier transform of this is found by multiplying by e−ij·x and integrating. Thus,
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Observe the two terms in the right hand side of (4.45). First is,
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∑

p+q=k

(k · up)uq = −i
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k = −i[FFT (uuT )]kk.

Thus, it can be computed easily by transforming into real space, multiplying the state vectors,

and returning to Fourier space. Similarly, the second term is:

i
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Thus, we can also compute the other part of the right hand side using the same real space

calculation. For the remainder of this section, we used Matlab’s built-in integrator ode45 to

solve the described differential equations. This uses a version of Runge-Kutta-Fehlberg with

adaptive stepsize selection. We set the initial step as 10−3 because the very small initial rate

of change causes the algorithm to choose an overly ambitious starting step. We also set the

maximum relative error to 10−10.

4.4.4 Reduced models

Unlike the KdV case, the reduced models for Euler are simpler to derive. This is largely

due to the fact that the RHS has only one term, so the models do not telescope out in a

challenging fashion. We do have to note that the convolution is no longer symmetric. With

the benefit of hindsight, we can define our functions ahead of time to make our life easier

when applying repeated differential operators.

Let u(t) be the solution to Euler’s equations. Consider the Fourier components uk(t),

where k ∈ F ∪G. Let F be the set of resolved modes. That is F = {k ∈ [−N,N − 1]3}. Let

F ∪G = {k ∈ [−M,M − 1]3}. Define û = {uk | k ∈ F} and ũ = {uk | k ∈ G}.

Following the Mori-Zwanzig formalism, we define

L =
∑

k∈F∪G


Rx

k(u0) ∂

∂u0,xk

0 0

0 Ry
k(u0) ∂

∂u0,yk

0

0 0 Rz
k(u0) ∂

∂u0,zk


where Ri

k is the component of Rk in the ith direction and u0,i
k is the component of the initial

condition of uk in the ith direction. Observe that:

Lu0
k = Rk(u0)
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as desired. Therefore, we can see

Lu0
k = −i

∑
p+q=k

p,q,k∈F∪G

k · u0
pAku

0
q.

Let’s define the convolution C of two vectors. Let Ck be the component of C correspond-

ing to the wavevector k:

Ck(v,w) = −i
∑

p+q=k
p,q∈F∪G

k · vpAkwq. (4.47)

Under this definition, we can see that Lu0
k = Ck(u0,u0), or under the Mori-Zwanzig

formalism that
duk

dt
= etLCk(u0,u0) = Ck(u,u). (4.48)

For this to be the exact full solution, we would need M = ∞. For our implementation, M

will necessarily be the maximal mode we choose to retain. We now define the projector P

in the same manner as in Section 4.3

Ph(u0) = Ph(û0, ũ0) = h(û0, 0).

That is, it simply sets all unresolved modes to zero. This again lets it commute with the evo-

lution operator and cancel with the leading P that appears in all the terms of our ROMs. Let

Q = I−P . Then we can begin constructing the terms of a complete memory approximation:

dPuk

dt
= R0

k(û) +
4∑
i=1

αi(t)t
iRi

k(û). (4.49)

Markov Term

The Markov term is

R0
k(û) = PetLPLu0

k.
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Using the definitions above, we find:

R0
k(û) =PetLPCk(u0,u0) = PetLCk(û0, û0) = Ck(û, û).

Here, we used the fact that P sets the unresolved modes to zero. Through a slight abuse of

notation, consider û0 to be the array of u where all uj = 0 for j ∈ G (and similarly for ũ).

First-order term

The t-model is

R1
k(û) = PetLPLQLu0

k.

We can simplify this as:

R1
k(û) =PetLPLQLu0

k = PetLPL[L − PL]u0
k

=PetLPL[Ck(û0, ũ0) + Ck(ũ0, û0) + Ck(ũ0, ũ0)]

In order to proceed, we must investigate how L operates on a convolution sum:

LCk(v,w) =L

−i ∑
p+q=k

p,q∈F∪G

k · vpAkwq


=− i

∑
p+q=k

p,q∈F∪G

k · (Lvp)Akwq − i
∑

p+q=k
p,q∈F∪G

k · vpAk(Lwq)

=Ck(Lv,w) + Ck(v,Lw).
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We see it obeys the product rule. Now consider how L operates on û0 and ũ0. Consider

p ∈ F and q ∈ G:

Lu0
p = −i

∑
r+s=p

r,s∈F∪G,p∈F

p · u0
rApu

0
s = Cp(u0,u0)

Lu0
q = −i

∑
r+s=q

r,s∈F∪G,q∈G

p · u0
rApu

0
s = Cq(u0,u0).

Define the following arrays. Let Ĉ(v,w) be the convolution of v and w, but set all indices

corresponding to j ∈ G to zero. Let C̃(v,w) be the convolution of v and w, but set all indices

corresponding to i ∈ F to zero. Thus, C(v,w) = Ĉ(v,w) + C̃(v,w). Observe that, under

this definition (and based upon the componentwise derivations above), Lû0 = Ĉ(u0,u0) and

Lũ0 = C̃(u0,u0). Thus,

R1
k(û) =PetLP [Ck(Ĉ(u0,u0), ũ0) + Ck(û0, C̃(u0,u0))

+ Ck(C̃(u0,u0), û0) + Ck(ũ0, Ĉ(u0,u0))

+ Ck(C̃(u0,u0), ũ0) + Ck(ũ0, C̃(u0,u0))].

In order to apply the projector, observe that PCk(v,w) = Ck(Pv, Pw). Note that Pu0 =

û0, P û0 = û0, and P ũ0 = 0. Finally, note that Ck(v, 0) = Ck(0,w) = 0. This yields:

R1
k(û) =PetLP [Ck(Ĉ(u0,u0), ũ0) + Ck(û0, C̃(u0,u0))

+ Ck(C̃(u0,u0), û0) + Ck(ũ0, Ĉ(u0,u0))

+ Ck(C̃(u0,u0), ũ0) + Ck(ũ0, C̃(u0,u0))]

=PetL[Ck(û0, C̃(û0, û0)) + Ck(C̃(û0, û0), û0)]

=Ck(û, C̃(û, û)) + Ck(C̃(û, û), û).
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This term involves convolutions of the same two terms in both permutations. It is useful to

define a function:

D(v,w) = C(v,w) + C(w,v)

and the related functions Dk, D̂, and D̃ defined in terms of the equivalent convolutions.

With this notation, we can write the t-model term in a single expression:

R1
k(û) = Dk(û, C̃(û, û)). (4.50)

Second-order term

The set of rules derived in the previous section will allow us to proceed to higher terms. The

t2-model is:

R2
k(û) =PetLPL[PL −QL]QLu0

k.

First note that, with our newly defined D function,

QLu0
k = Dk(û, ũ) + Ck(ũ, ũ).

We will also need to understand how L operates upon D:

LD(v,w) =LC(v,w) + LC(w,v)

=C(Lv,w) + C(v,Lw) + C(Lw,v) + C(w,Lv)

=D(Lv,w) + D(v,Lw).
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Thus, it operates in the same manner it did upon C. The projector P similarly is applied

to each term within the expression

PD(v,w) = D(Pv, Pw).

Starting from this, we derive an expression for the t2-term:

R2
k(û) =PetLPL(2PL − L)[Dk(û0, ũ0) + Ck(ũ0, ũ0)]

=PetLPL[2Dk(û0, C̃(û0, û0))−Dk(Ĉ(u0,u0), ũ0)

−Dk(û0, C̃(u0,u0))−Dk(ũ0, C̃(u0,u0))]

=PetL[Dk(û0, D̃(Ĉ(û0, û0)− C̃(û0, û0), û0))−Dk(C̃(û0, û0), C̃(û0, û0))]

=Dk(û, D̃(Ĉ(û, û)− C̃(û, û), û))−Dk(C̃(û, û), C̃(û, û)).

Third-order Term

We will make use of the terms we have already computed in order to simplify our derivation

of the third order term. Under the complete memory approximation, the third term is:

R3
k(û) = PetLPL[PLPL− 2PLQL− 2QLPL+QLQL]QLu0

k.

Once again, we rewrite it with no QL terms.

R3
k(û) =PetLPL[PLPL− 2PLQL− 2QLPL+QLQL]QLu0

k

=PetLPL[3PL(2PL − PL)− 3LPL+ LL]QLu0
k

We recognize that we have already computed an expression for PL(2PL − L)QLu0
k in the

previous subsection. This leaves two additional terms to compute before simplifying and
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applying the final PL:

LPLQLu0
k =L[Dk(û0, C̃(û0, û0))]

=Dk(Ĉ(u0,u0), C̃(û0, û0)) + Dk(û0, D̃(Ĉ(u0,u0), û0))

LLQLu0
k =LL[Dk(û0, ũ0) + Ck(ũ0, ũ0)]

=L[Dk(Ĉ(u0,u0), ũ0) + Dk(û0, C̃(u0,u0)) + Dk(C̃(u0,u0), ũ0)]

=Dk(D̂(C(u0,u0),u0), ũ0) + 2Dk(Ĉ(u0,u0), C̃(u0,u0))

+ Dk(u0, D̃(C(u0,u0),u0)) + Dk(C̃(u0,u0), C̃(u0,u0)).

Combining these three computed terms with the correct coefficients yields:

[3PL(2PL − PL)− 3LPL+ LL]QLu0
k =Dk(û0, D̃(−3Ĉ(u0,u0) + 3Ĉ(û0, û0)− 3C̃(û0, û0), û0))

− 6Ck(C̃(û0, û0), C̃(û0, û0))− 3Dk(Ĉ(u0,u0), C̃(û0, û0))

+ Dk(D̂(C(u0,u0),u0), ũ0) + 2Dk(Ĉ(u0,u0), C̃(u0,u0))

+ Dk(u0, D̃(C(u0,u0),u0)) + 2Ck(C̃(u0,u0), C̃(u0,u0)).

The t3-term is found once we apply PL to this expression, yielding:

R3
k(û) =Dk(û, D̃(û, D̂(û, Ĉ(û, û)− 2C̃(û, û)) + D̃(û, C̃(û, û)− 2Ĉ(û, û)))

+ D̃(C̃(û, û), C̃(û, û)− Ĉ(û, û)) + D̃(Ĉ(û, û), Ĉ(û, û)))

+ 3Dk(C̃(û, û), D̃(û, C̃(û, û)− Ĉ(û, û))).

Fourth-order term

Our final included model will be the t4-model. The derivation of these models is quite

tedious. For this reason, but we make use of our symbolic tools described above [87]. The

result for the fourth order model is:
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R4
k(û) =etLPL[PLPLPL− 3PLPLQL− 5PLQLPL+ 3PLQLQL

− 3QLPLPL+ 5QLPLQL+ 3QLQLPL−QLQLQL]QLu0
k

=Dk(û, D̃(û, D̂(Ĉ(û, û), Ĉ(û, û)− 2C̃(û, û)) + 3D̂(C̃(û, û), C̃(û, û))

+ D̃(Ĉ(û, û), 2C̃(û, û)− 3Ĉ(û, û))− D̃(C̃(û, û), C̃(û, û))

+ D̂(û, D̂(û, Ĉ(û, û)− 3C̃(û, û)) + D̃(û, 3C̃(û, û)− 5Ĉ(û, û)))

+ D̃(û, D̂(û, 5C̃(û, û)− 3Ĉ(û, û)) + D̃(û, 3Ĉ(û, û)− C̃(û, û))))

+ D̃(Ĉ(û, û), D̂(û, 3Ĉ(û, û)− 5C̃(û, û)) + D̃(û, C̃(û, û)− 3Ĉ(û, û)))

+ D̃(C̃(û, û), D̂(û, 3C̃(û, û)− Ĉ(û, û)) + D̃(û, 5Ĉ(û, û)− 3C̃(û, û))))

− 4Dk(C̃(û, û), D̃(Ĉ(û, û), Ĉ(û, û)− C̃(û, û)) + D̃(C̃(û, û), C̃(û, û))

+ D̃(û, D̂(û, Ĉ(û, û)− 2C̃(û, û)) + D̃(û, C̃(û, û)− 2Ĉ(û, û))))

− 3Dk(D̃(û, Ĉ(û, û)), D̃(û, Ĉ(û, û)− 2C̃(û, û)))

− 3Dk(D̃(û, C̃(û, û)), D̃(û, C̃(û, û))).

4.4.5 Renormalization coefficients

With these terms computed, we can express a renormalized reduced order model as:

dPuk

dt
= R0

k(û) +
n∑
i=1

αi(t)t
iRi

k(û)

for n = 1, 2, 3, 4. If we do not renormalize and αi(t) = (−1)i+1

i!
, we find that the simulations are

unstable for all except the t-model alone. Instead, we will choose renormalization coefficients

to stabilize the models. In the previous section, ROMs of the Korteweg-de Vries equation

were stabilized with algebraically decaying renormalization coefficients [88]. In past work,

it was found that ROMs of Burgers’ equation and Euler’s equations derived from the BCH

approximation were stabilized with constant renormalization coefficients [104, 105]. We will
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consider both cases as possible ansatzes. To be explicit,

αi(t) = ait
−i (4.51)

α′i(t) = a′i. (4.52)

We will use the rates of change of the energy in each resolved mode as the quantities we

attempt to match in the renormalization process. This choice is reasonable because it is

known that energy moves from low-frequency modes to high-frequency modes as Euler’s

equations are evolved, and the Markov term is incapable of capturing this, since it conserves

energy in the resolved modes. Thus, it makes an excellent heuristic for the effectiveness of a

memory approximation. The energy of a mode is defined as:

Ek(t) = |uk|2. (4.53)

The rate of change of the energy in a particular mode in the full model is:

∆Ek(t) = Rk(u) · uk + uk ·Rk(u). (4.54)

In a reduced order model, each term in the series has its own contribution to the energy

derivative:

∆Ei
k(t) = Ri

k(û) · uk + uk ·R
i

k(û). (4.55)

Given an exact energy derivative, our renormalization coefficients will be chosen to minimize

the difference between ∆Ek and

∆Êk,n(t) = ∆E0
k(t) +

n∑
i=1

αi(t)t
i∆Ei

k(t).

We will renormalize against data ∆Ek produced by a full model that we trust has not

yet become unresolved. We use the Markov model to simulate this “full” system of size
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F ∪ G = {k | k ∈ [−M,M − 1]3} up to time T . This produces a time series u(t) for

t = 0, . . . , T . We must identify the timesteps which correspond to times we are confident

that this simulation is still resolved. We assume the transfer of energy is largely local. This

means that the energy that begins in low-frequency modes at the beginning will begin to

drain into modes with increasing |k| as time evolves. The assumption of local energy transfer

means that we can assume a simulation is still resolved as long as energy has not yet reached

the edge of the computational domain.

We process the data to find a conservative estimate of the resolved timesteps. At each

timestep, we define û(t) to be a restricted version of the calculated solution of size F =

{k | k ∈ [−M/2,M/2− 1]3} at the observed timesteps. We can calculate to first order the

amount of energy flowing out of these modes through the t-model:

∆EF (t) = t
∑
k∈F

R1
k(û) · uk + uk ·R

1

k(û). (4.56)

We restrict ourselves to timesteps where the full data are still resolved by limiting ourselves

to a specific set of timesteps t∗ = {t | 10−16 < ∆EF (t) < 10−10}. If there is so little energy

leaving the cube corresponding to the inner 1/27th of the simulated domain, we conclude

that the energy has not yet cascaded to the edge of the domain and the simulation is still

resolved. We double-checked this by computing:

∆EG(t) = t
∑
k∈G

R1
k(u) · uk + uk ·R

1

k(u), (4.57)

which is a first-order approximation of the amount of energy that should be flowing out of

the full system were it larger. We found that for all t ∈ t∗ this quantity was below machine

precision. This makes us more confident that the timesteps t∗ can be trusted as resolved.

Thus, we can use it for fitting our reduced order models.

Consider a reduced order model of resolution N that includes reduced order models up

through order n. By this we mean the ROM would compute the solutions for the wavenum-
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bers in FN = {k | k ∈ [−N,N − 1]3}. We assume the renormalization coefficients depend

upon the system size N . We computed these coefficients using a least squares fit. For the

algebraically decaying coefficients αi(t) = ait
−i, we minimized:

CN,n(a) =
∑
k∈FN

∑
t∈t∗

(
∆Ek −∆E0

k −
n∑
i=1

ai∆E
i
k

)2

(4.58)

where a is the vector of renormalization coefficients. For the constant renormalization coef-

ficients α′i(t) = a′i, we minimized:

C ′N,n(a′) =
∑
k∈FN

∑
t∈t∗

(
∆Ek −∆E0

k −
n∑
i=1

a′it
i∆Ei

k

)2

. (4.59)

Figure 4.8: Optimal algebraically decaying renormalization coefficients ai (left) and constant
renormalization coefficients a′i (right) plotted on a log-log scale against the system resolution
N . The optimal coefficients were calculated by minimizing (4.58) and (4.59), respectively,
for N = 4, 6, . . . , 24 and n = 1, 2, 3, 4 against data produced by a still-resolved M = 48 full
simulation.

We ran a full simulation of size M = 48 and used it to compute renormalization coef-

ficients for reduced order models of size N = 4, 6, . . . , 24 with algebraically decaying renor-

malization coefficients and constant renormalization coefficients. In each case, we considered
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models that included up through n = 1,2,3,4 terms from the complete memory approxima-

tion. In all cases, there was an apparent algebraic dependence upon N for the constants a

and a′ as depicted in Figure 4.8. We also used simulations of size M = 24 and M = 32

to compute renormalization coefficients for reduced order models of size N = 4, 6, . . . , 12

and N = 4, 6, . . . , 16, respectively. The coefficients found in each of these calculations were

similar. As the largest simulation, we trust the results from the M = 48 simulation the most.

Due to the apparent algebraic dependence, we conclude that the functional form of the

renormalization coefficients is:

αi(t) = βni N
γni t−i (4.60)

α′i(t) = β′ni N
γ′ni . (4.61)

We identified the parameters βni , γni , β′ni and γ′ni by computing a linear least squares fit of

log(αi) and log(N). The resulting coefficients and the correlation coefficient of the linear

least-squares fit r2 are presented in Table 4.1.

There are a few comments we can make from these data. First, we see from the corre-

lation coefficients that these fits are quite good. It appears the scaling law form is a good

representation of the functional form of the renormalization coefficients. We see also that

the exponent in those scaling laws (γni and γ′ni ) seem relatively independent of the number of

terms n included in the reduced model. The prefactors βni and β′ni , however, slowly grow in

magnitude as more terms are included. We also see that the coefficients of the even terms are

negative while the coefficients of the odd terms are positive in all cases. Thus, the renormal-

ized coefficients agree with the unrenormalized coefficients in sign though not in magnitude.

Unlike the KdV case, there is no indication that only some of the memory approximation

terms should be included in our ROMs.
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n βn1 βn2 βn3 βn4 γn1 γn2 γn3 γn4 r1 r2 r3 r4

1 1.591 −1.077 1.000
2 2.448 −2.341 −0.999 −2.136 0.998 0.996
3 2.650 −3.094 1.068 −0.962 −2.042 −3.148 1.000 0.999 0.998
4 3.110 −5.006 4.924 −1.828 −0.924 −1.959 −3.115 −4.312 0.999 1.000 1.000 0.999

n β′n1 β′n2 β′n3 β′n4 γ′n1 γ′n2 γ′n3 γ′n4 r′1 r′2 r′3 r′4
1 1.574 −1.132 0.999
2 1.677 −0.805 −0.926 −1.879 0.998 0.994
3 1.955 −1.570 0.573 −0.915 −1.925 −3.122 0.997 0.996 0.994
4 2.454 −3.124 2.628 −0.860 −0.906 −1.924 −3.091 −4.306 0.999 1.000 0.999 0.998

Table 4.1: Scaling laws that approximate the observed optimal correlation coefficients for
3D Euler’s equations. The top table contains scaling laws for algebraically decaying renor-
malization coefficients αi(t) = βni N

γni t−i while the bottom table contains scaling laws for
constant renormalization coefficients α′i(t) = β′ni N

γ′ni . We computed an M = 48 full simu-
lation to construct ∆Ek. The algebraically decaying renormalization coefficient scaling laws
were found by minimizing (4.58) with n = 1, 2, 3, 4 and N = 4, 6, . . . , 24, then conducting a
linear least squares fit of log(ai) against log(N). The correlation coefficient r2 of this log-log
fit is also provided. The same method was used to compute the constant renormalization
coefficient scaling laws.

4.4.6 Results

The behavior of the solution to the three-dimensional Euler’s equations with a smooth initial

condition remains unknown. Consequently, we cannot compare the results of our ROMs to

the exact solution for accuracy. Instead, we endeavour to produce ROMs that remain stable

over a long time. We will have to rely upon secondary means of inferring the accuracy of the

resultant ROMs. Our results, not fully validated as they are, can be interpreted as evidence

that is suggestive of long-term behavior of a subset of Fourier modes evolved according to

Euler’s equations.

First, it should be noted that renormalized ROMs with constant renormalization coef-

ficients proved to be unstable for n > 1. The t-model is stable, by construction, but the

addition of higher-order terms, even when renormalized, rendered the simulations unsta-

ble. As the order of the ROM increases for a fixed resolution, the time at which the model
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becomes unstable becomes earlier (see Figure 4.9). Consequently, we conclude that the con-

stant renormalization coefficients are not the correct choice for producing stable ROMs for

Euler’s equations.

Figure 4.9: The energy contained in the resolved modes of several ROMs of resolution N = 12
using constant renormalization coefficients as described in the bottom of Table 4.1 depicted
on a log-log plot. The Markov model is stable but does not drain any energy. The first order
ROM is stable by construction. All other ROMs are unstable, and the time of instability
grows smaller as the order of the ROM increases. These results are qualitatively the same
for other resolutions N .

On the other hand, the ROMs with renormalization coefficients that decay algebraically

with time led to solutions that remained stable until at least t = 1000. When we fix a

resolution N and simulate ROMs that include up through degree n = 1, 2, 3, 4, as seen in

Figure 4.10, the results converge quickly with increasing order. Each additional term in

a ROM is more expensive to compute, and the fast convergence gives us confidence that

including additional terms will only minimally affect our results. Thus, we will assume

that the fourth order ROMs represent the most accurate simulations of the dynamics of the

resolved modes.

As one increases the resolution of our fourth order ROMs, several fascinating patterns

emerge. First, we consider the energy contained in the resolved modes. The Markov term
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Figure 4.10: The energy contained in the resolved modes of several ROMs of resolution
N = 12, 14, 16, 18 up to time t = 100 depicted on a log-log plot. The Markov model does
not drain energy at all. The other four ROMs use algebraically decaying renormalization
coefficients as described in the top of Table 4.1. Note that the behavior of the energy appears
to converge as the order of the model increases, indicating that we are in the perturbative
regime. The results for other resolutions N are qualitatively similar and the convergence
appears to be faster as N grows larger.

conserves energy, so any draining of energy is accomplished by the memory terms alone.

Figure 4.11 depicts the energy decay of ROMs with resolution N = 4, 6, . . . , 24 up to time

t = 1000 on a log-log plot. We see that in all cases there is monotonic energy decay. As

time goes on, the results become stratified: the amount of energy remaining in the system

at a given time decreases as the resolution of the model grows. This indicates significant

activity in the high-frequency modes that increases with the resolution of the ROM. This is

one point of evidence for a singularity. Were there not a singularity, one would not expect

each larger ROM to drain more energy.
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Figure 4.11: The energy contained in the resolved modes of fourth order ROMs of resolutions
N = 4, 6, . . . , 24 up to time t = 1000 depicted on a log-log plot. These simulations use
algebraically decaying renormalization coefficients as described in the top half of Table 4.1.
The qualitative behavor is the same for each resolution: energy does not drain at first, until
it suddenly begins to do so at a nearly constant rate. After a long time, it gradually shifts
to a different constant drain rate. The time at which the energy drain begins becomes later
as N increases, and the initial slope grows steeper with increasing N . Both appear to have
limiting values. The total energy ejected by the end of the simulation grows monotonically
with increasing N .

We also see several other patterns as the resolution increases. The time at which the

energy begins to drain from the resolved modes becomes later with increasing resolution.

We measure the time at which the energy drain begins by identifying the point at which

10% of the initial energy has left the system. These data can be found in Table 4.2. This

quantity seems to be converging towards a fixed value. If the time at which energy drain

begins for the model of resolution N is designated TN , we plot TN+2 − TN against TN in

Figure 4.12. A best linear fit intersects the x-axis at t = 7.817, suggesting this as a limiting

value. The decay of energy is also relatively linear on a log-log plot (Figure 4.2), indicating

algebraic energy ejection from the resolved modes. The slope indicates the exponent of the

decay. We computed the slope from the data for which between 50% and 90% of the initial

energy has left the system. These slopes seem to converge towards a approximately -2.5.



110

Finally, we see that the rate of energy ejection eventually becomes less steep. We computed

the slope from the data after 99.5% of the initial energy had left the system. These new

ejection rates seem to converge towards -1.5. All these observations are enumerated in Table

4.2.

Figure 4.12: The times at which energy begins draining in reduced order models of resolution
N , TN , plotted against TN+2−TN . The limiting value of TN corresponds to when this quantity
intersects the x-axis. A best fit line (red) intersects the x-axis (black) at t = 7.817.

Next, we computed several other interesting dynamic quantities from our ROM simula-

tions. In each of these quantities, we found perturbative convergence as the order of the

model increases. This suggests that we can continue to treat the fourth order ROM as the

most accurate result. The curl of the solution is called the vorticity in fluid dynamics. The

enstrophy is defined as the L2-norm of the vorticity:

e(t) =

∫
|∇ × u|2 dx, (4.62)

where ∇ × u is the vorticity. If a singularity does occur, we would expect a peak in the

enstrophy to occur at the time of the singularity. Furthermore, we would expect this peak

to grow larger as the resolution is increased (and become infinite as the resolution grows to
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ROM resolution N Initial decay time Initial decay rate Second decay rate
4 3.786 -0.808 -1.208
6 5.044 -1.003 -1.291
8 5.463 -1.575 -1.163
10 5.860 -1.646 -1.298
12 6.181 -1.916 -1.274
14 6.882 -1.981 -1.265
16 7.213 -2.005 -1.357
18 7.301 -1.989 -1.298
20 7.458 -2.208 -1.485
22 7.578 -2.226 -1.348
24 7.648 -2.414 -1.413

Table 4.2: Observations of the energy decay in reduced order models of 3D Euler’s equations.
Simulations use algebraically decaying renormalization coefficients as described in the top of
Table 4.1. When plotted on a log-log plot, the energy begins to decay at a fixed rate after a
certain amount of time. The time at which the energy begins to decay is calculated as the
time at which 10% of the intial energy has left the resolved modes. The initial decay rate
is the slope of a least-squares fit line to the log-log data for which between 50% and 90%
of the initial energy has left the resolved modes. The second decay rate is the slope of a
least-squares fit line to the log-log data after 99.5% of the data has left the resolved modes.

infinity). Indeed, these are exactly the results we observe (Figure 4.13). Furthermore, we

observe that the time at which the enstrophy peaks roughly coincides with the time at which

the energy begins to flow out of the system at a fixed algebraic rate.

The maximum of the vorticity

||ω||∞(t) = max|∇ × u| (4.63)

is the best indicator of singular behavior [31]. During a singularity this quantity will blow

up even if the enstrophy does not. In the presence of a singularity, one would again expect

a peak in the maximum of the vorticity at some finite time, and we would expect this peak

to grow towards infinity as the resolution is increased. We observe this here as well, and

again the time of the peak seems to roughly coincide with the point at which energy begins
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Figure 4.13: The enstrophy plotted against time for fourth order ROMs of size N =
4, 6, . . . , 24 using algebraically decaying renormalization coefficients as described in the top
half of Table 4.1 up to time t = 100. The enstrophy for each ROM begins small, grows to a
maximum at a finite time, and then decays. As N increases, the maximum value achieved
increases, and the time at which this maximum is achieved appears to converge. If this
pattern continues and the enstrophy approaches infinity at some finite time as the number
of simulated modes increases, we can conclude that a finite-time singularity occurs.

flowing out of the system (Figure 4.14). Data on the times and heights of the enstrophy and

maximal vorticity peaks are presented in Table 4.3.

4.4.7 Discussion

Our reduced order models represent an advancement in the ability to simulate these equa-

tions. Without an exact solution to validate against, it is difficult to ascertain whether our

results are accurate in addition to stable. However, there are a few hints: the convergence

of behavior in Figure 4.10 indicates that our ROMs have a perturbative structure. That is,

each additional order in the ROM modifies the solution less and less. It appears to be con-

verging towards something and it is not unreasonable to think that it is the exact solution.

Next, Table 4.1 demonstrates that adding additional terms does not significantly change

the scaling laws for other terms. Each additional term is making corrections to previously
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Figure 4.14: The maximal vorticity plotted against time for fourth order ROMs of size
N = 4, 6, . . . , 24 using algebraically decaying renormalization coefficients as described in the
top of Table 4.1 up to time t = 100. The maximal vorticity grows to a maximum at a finite
time like the enstrophy. As the resolution increases, the maximum value achieved increases.
This is further suggestive that a finite-time singularity occurs.

captured behavior, but their contributions seem to be somewhat orthogonal to one another.

These results together give us confidence in trusting these results.

The simulations are rather expensive. Each convolution requires a three-dimensional FFT

and IFFT. Furthermore, for a system of resolution N , the FFTs are of size (2× 3/2×N)3.

The factor of 3/2 is needed to dealias the results, and the factor of 2 comes from the fact that

we include both positive and negative modes. The Markov model requires only one FFT.

The first order ROM requires an additional two convolutions. The second order ROM adds

another five, while the third order ROM has an additional nine on top of that. The fourth

order ROM requires all past convolutions, plus another 20. Thus, the simulation cost grows

very quickly as the degree of the ROM increases. On the other hand, as stated above, we are

incapable of performing a brute force calculation beyond a few units of time even on modern

cutting-edge high-resolution simulations. With our models we can integrate out to time

t = 1000 for N = 24 in only a few days on a laptop computer. The results in Figures 4.11,
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ROM resolution N max e(t) Time of maximum max ||ω||∞(t) Time of maximum

4 1.407 5.511 2.777 8.001

6 2.702 6.191 4.358 6.582

8 4.115 6.133 7.921 5.408

10 5.281 6.249 10.756 5.425

12 7.281 8.066 12.065 5.697

14 10.000 8.769 14.712 7.747

16 11.848 8.453 19.500 7.613

18 13.383 8.521 22.655 7.263

20 15.823 8.825 22.785 7.086

22 17.812 9.074 25.133 8.161

24 20.182 8.948 27.745 6.921

Table 4.3: Dependence of peaks of enstrophy and maximum vorticity on resolution. Simula-
tions use algebraically decaying renormalization coefficients as described in the top of Table
4.1. The maximum value of the enstrophy e(t), the maximal vorticity ||ω||∞(t), and the
times those maxima are achieved are presented. Note that the maxima grow as the reso-
lution increases. In fact, they appear to increase nearly linearly. If this pattern continues,
we expect the limit of max e(t) and max||ω||∞(t) to be infinite as N → ∞, which indicates
that a singularity occurs. Note also that the time of the maximum appears to be converging.
This time appears to be somewhere around t = 9 for the maximum of the enstrophy and
t = 8 for the maximum of the vorticity. Compare this to the limiting time of the drain of
energy, which is roughly t = 8.

4.13, and 4.14 and Tables 4.2 and 4.3 all provide strong evidence of a singularity occurring in

Euler’s equations with the Taylor-Green initial condition around t = 8. Our simulations are

able to pass through the singularity, which would not be possible for a non-reduced system

even with infinite computational power (if a singularity does indeed occur).

We have found that algebraically decaying renormalization coefficients are necessary to

produce stable reduced order models. We found an algebraic dependence of the prefactors

upon the resolution N . It is possible that a different time dependence for the renormalization

coefficients could yield stable and accurate simulations. This is an area of future inquiry by

the authors. The algebraic decay of energy from the resolved modes is suggestive of a finite

time singularity. The increasing peaks of the enstrophy and maximum of the vorticity provide
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further evidence for the formation of a singularity. The convergence of each of these events

to a fixed time leads us to conclude that these reduced order models provide strong evidence

for a finite time singularity developing from a smooth initial condition in Euler’s equations.

This is an important and long-standing open problem in fluid dynamics.

4.5 Application 3: Burgers’ Equation

As a final application, we return to the first application to which renormalized models of this

variety were applied: Burgers’ equation,

ut + uux = 0, (4.64)

on a periodic domain with u(x, 0) = sin(x). Note that this is the same as KdV with ε = 0.

The dynamics, however, are quite different (as is often the case with a singularly perturbed

problem). This problem produces a shock after a few units of time. Once the shock forms, it

dominates the dynamics of the system. In previous work, renormalized models of the BCH

variety were used to construct reduced order models of the solution [104, 105]. We revisit

this problem now with the complete memory approximation and our understanding of the

types of observed renormalization coefficients. Once more, let

u(x, t) =
∑

k∈F∪G

uk(t)e
ikx

where F = [−N, . . . , N − 1], G = [−M, . . . ,−N − 1, N, . . . ,M − 1], and F∪G = [−M, . . . ,M − 1]

for N < M (as was the case for KdV). Let u = {uk(t)}k∈F∪G, and let û = {uk}k∈F and

ũ = {uk}k∈G. The equation of motion for the Fourier mode uk is

duk
dt

= Rk(u) = −ik
2

∑
p+q=k
p,q∈F∪G

upuq. (4.65)
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The convolution sum is identical to that found in KdV, and so it can also be conveniently

computed in real space. We define L as in (2.2) such that Lu0
k = Rk(u

0) and the projector

P in the usual way, Pf(u0) = Pf(û0, ũ0) = f(û0, 0). We can thus proceed to the derivation

of reduced model terms.

4.5.1 Reduced Models

Let us focus on constructing a reduced order model for uk where k ∈ F . Our Mathematica

software [87] allowed us to complete this process in a few seconds (after about an hour

of setting up the problem), which makes us optimistic about the ability to extend this

methodology to other problems quickly. The convolution sum of interest in this case is:

Ck(v,w) = −ik
2

∑
k∈F∪G

vpwq, (4.66)

such that the full model can be written:

duk
dt

= etLCk(u
0,u0) = Ck(u,u). (4.67)

With finite resolution, this model is unable to resolve the solution. We instead begin con-

structing the terms of a complete memory approximation of the projected dynamics:

dPuk
dt

= R0
k(û) +

n∑
i=1

αi(t)t
iRi

k(û). (4.68)

Markov Term

The Markov term is

R0
k(û) = PetLPLu0

k.
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Using the definitions above, we find:

R̂0
k(u) = PetLPCk(u

0,u0) = Ck(û, û).

First-order term

The t-model is

R1
k(û) = PetLPLQLu0

k.

This can be rewritten:

R1
k(û) =PetLPLQLu0

k

=PetLPL[2Ck(û
0, ũ0) + Ck(ũ

0, ũ0)].

Once again, our operator L operates upon a convolution through the product rule. It operates

upon û and ũ in a simple manner:

Lû0 = Ĉ(u0,u0), Lũ0 = C̃(u0,u0)

where Ĉ(v,w) is the convolution of v and w, but with the modes k ∈ G set to zero and

C̃(v,w) is the convolution of v and w with the modes k ∈ F set to zero. Therefore,

R1
k(û) =PetLPL[2Ck(û

0, ũ0) + Ck(ũ
0, ũ0)]

=PetLP [2Ck(Ĉ(u0,u0), ũ0) + 2Ck(û
0, C̃(u0,u0)) + 2Ck(C̃(u0,u0), ũ0)]

=PetL[2Ck(û
0, C̃(û0, û0))]

=2Ck(û, C̃(û, û)).
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Second-order term

The t2-model is:

R2
k(û) =PetLPL[PL −QL]QLu0

k = PetLPL[2PL − L]QLu0
k.

The first term we have already computed:

2PLQLu0
k = 4Ck(û

0, C̃(û0, û0)).

The second term is:

−LQLu0
k =− 2Ck(Ĉ(u0,u0), ũ0)− 2Ck(û

0, C̃(u0,u0))− 2Ck(C̃(u0,u0), ũ0).

Combining them and applying PL to the result allows us to derive the second order term:

R2
k(û) =PetLPL[4Ck(û

0, C̃(û0, û0))− 2Ck(Ĉ(u0,u0), ũ0)− 2Ck(û
0, C̃(u0,u0))+

− 2Ck(C̃(u0,u0), ũ0)]

=PetL[4Ck(û
0, C̃(û0, Ĉ(û0, û0)− C̃(û0, û0)))− 2Ck(C̃(û0, û0), C̃(û0, û0))]

=4Ck(û, C̃(û, Ĉ(û, û)− C̃(û, û)))− 2Ck(C̃(û, û), C̃(û, û))

Third-order Term

Recall that the third term of the complete memory approximation is:

R3
k(û) =PetLPL[PLPL− 2PLQL− 2QLPL+QLQL]QLu0

k

=PetLPL[3PL(2PL − L)− 3LPL+ LL]QLu0
k
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We derived PL(2PL − L)QLu0
k in the previous subsection. Next we compute:

LPLQLu0
k =L[2Ck(û

0, C̃(û0, û0))]

=2Ck(Ĉ(u0,u0), C̃(û0, û0)) + 4Ck(û
0, C̃(û0, Ĉ(u0,u0)))

LLQLu0
k =L[2Ck(Ĉ(u0,u0), ũ0) + 2Ck(û

0, C̃(u0,u0)) + 2Ck(C̃(u0,u0), ũ0)]

=4Ck(ũ
0,C(C(u0,u0),u0)) + 2Ck(C̃(u0,u0), 2Ĉ(u0,u0) + C̃(u0,u0))

+ 4Ck(û
0, C̃(C(u0,u0),u0))

Combining these three terms yields:

[3PL(2PL − L)− 3LPL+ LL]QLu0
k = Ck(ũ

0, 4C(u0,C(u0,u0)))

+ Ck(û
0, C̃(û0,−24Ĉ(û0, ũ0)− 12Ĉ(ũ0, ũ0)− 12C̃(û0, û0))

+ C̃(u0, 4C(u0,u0)))

− 6Ck(C̃(û0, û0), C̃(û0, û0) + Ĉ(u0,u0))

+ 2Ck(C̃(u0,u0), 2Ĉ(u0,u0) + C̃(u0,u0)).

The t3-term is found once we apply PL to this expression, yielding:

R3
k(û) =PetLPL[3PL(2PL − L)− 3LPL+ LL]QLu0

k

=4Ck(û, 2C̃(û, Ĉ(û, Ĉ(û, û)− 2C̃(û, û)) + C̃(û,−2Ĉ(û, û) + C̃(û, û)))

+ C̃(Ĉ(û, û), Ĉ(û, û)− C̃(û, û)) + C̃(C̃(û, û), C̃(û, û)))

+ 12Ck(C̃(û, û), C̃(û,−Ĉ(û, û) + C̃(û, û))).

Fourth-order term

The fourth order term, according to our symbolic computations, is:
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R̂4
k(u) =etLPL[PLPLPL− 3PLPLQL− 5PLQLPL+ 3PLQLQL

− 3QLPLPL+ 5QLPLQL+ 3QLQLPL−QLQLQL]QLu0
k

=8Ck(û, C̃(û, 2Ĉ(û, Ĉ(û, Ĉ(û, û)− 3C̃(û, û)) + C̃(û,−5Ĉ(û, û) + 3C̃(û, û)))

+ Ĉ(Ĉ(û, û), Ĉ(û, û)− 2C̃(û, û)) + 3Ĉ(C̃(û, û), C̃(û, û))

+ 2C̃(û, Ĉ(û,−3Ĉ(û, û) + 5C̃(û, û)) + C̃(û, 3Ĉ(û, û)− C̃(û, û)))

+ C̃(Ĉ(û, û),−3Ĉ(û, û) + 2C̃(û, û))− Ĉ(C̃(û, û), C̃(û, û)))

+ C̃(Ĉ(û, û), Ĉ(û, 3Ĉ(û, û)− 5C̃(û, û)) + C̃(û,−3Ĉ(û, û) + C̃(û, û)))

+ C̃(C̃(û, û), Ĉ(û,−Ĉ(û, û) + 3C̃(û, û)) + C̃(û, 5Ĉ(û, û)− 3C̃(û, û))))

+ 16Ck(C̃(û, û), 2C̃(û, Ĉ(û,−Ĉ(û, û) + 2C̃(û, û)) + C̃(û, 2Ĉ(û, û)− C̃(û, û)))

+ C̃(Ĉ(û, û),−Ĉ(û, û) + C̃(û, û))− C̃(C̃(û, û), C̃(û, û)))

+ 24Ck(C̃(û, Ĉ(û, û)), C̃(û,−Ĉ(û, û) + 2C̃(û, û)))

− 24Ck(C̃(û, C̃(û, û)), C̃(û, C̃(û, û))).

4.5.2 Renormalization coefficients

We can now express a renormalized reduced order model as:

dPuk
dt

= R0
k(û) +

n∑
i=1

αi(t)t
iRi

k(û).

We find that the t-model is stable, but that higher-order models are generally unstable.

In [104, 105], the BCH approximation of the memory term was renormalized with constant

renormalization coefficients. However, in Sections 4.3 and 4.4, we found that coefficients

with algebraic time decay performed optimally. We will explore both of these possibilities
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here. That is, let

αi(t) = ait
−i (4.69)

α′i(t) = a′i. (4.70)

As in the previous sections, the energy of a mode is defined as:

Ek(t) = |uk|2, (4.71)

and the rate of change of the energy in a particular mode in the full model is:

∆Ek(t) = Rk(u)uk + ukRk(u). (4.72)

Once more we isolate the termwise contribution to this rate of change:

∆Ei
k(t) = Ri

k(u)uk + ukR
i

k(u). (4.73)

After computing the exact energy derivative for each mode at a variety of times, our renor-

malization coefficients are found by minimizing the difference between ∆Ek and

∆Êk,n(t) =
n∑
i=0

αi(t)t
i∆Ei

k.

The exact solution for comparison was computed in real space using the upwind method

with ∆x = 2π
10000

and ∆t = 10−4 (which satisfies the CFL stability condition). We solved the

system on t = [0, 10]. The solution was then transformed into Fourier space for comparison.

We call this exact solution for the Fourier modes k ∈ [−5000, 4999] u(t). Consider t∗ to be

the set of times used in our fits.

Consider reduced order models of resolution N that includes up through order n. By

this we consider our set of resolved modes FN = {k | k ∈ [−N,N − 1]}. We assume the
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renormalization coefficients depend upon the system size N , as this has been observed in

our past examples and in previous work. The cost function for the algebraically decaying

coefficients was:

Cn(a) =
∑
k∈FN

∑
t∈t∗

(
∆Ek −∆E0

k −
n∑
i=1

ai∆E
i
k

)2

(4.74)

where a is the vector of renormalization coefficients. For the constant coefficients, we mini-

mized:

C ′n(a′) =
∑
k∈FN

∑
t∈t∗

(
∆Ek −∆E0

k −
n∑
i=1

a′it
i∆Ei

k

)2

. (4.75)

Figure 4.15: Optimal algebraically decaying renormalization coefficients ai (left) and constant
renormalization coefficients a′i (right) plotted on a log-log scale against the system resolution
N . The optimal coefficients were calculated for N = 10, 12, . . . , 24 and n = 1, 2, 3, 4 against
data produced by an upwind solution with ∆x = 2π

10000
.

We used our exact solution with t∗ = {0, 0.1, . . . , 10} to compute renormalization coeffi-

cients for reduced order models of size N = 10, 12, . . . , 24 with algebraically decaying coeffi-

cients and constant coefficients. We considered models that included up through n = 1,2,3,4

terms from the complete memory approximation. The results are depicted in Figure 4.15.

We also used t∗ = [0, tM ] where tM ∈ [0, 10] and found that, once the width of the fitting

window was at least two the resultant coefficients did not differ significantly. We find again
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that the functional form of the renormalization coefficients is:

αi(t) = βni N
γni t−i (4.76)

α′i(t) = β′ni N
γ′ni . (4.77)

We found βni , γni , β′ni and γ′ni by computing a linear least squares fit of log(αi) and log(N).

The resulting coefficients and the correlation coefficient of the linear least-squares fit r2 are

presented in Table 4.4.

There are a few comments we can make from these data. First, the scaling laws are

quite strict, as can be seen from the near perfect (up to three digits) correlation coefficients.

Second, one can compare these results to Table 4.1 and find that the scaling exponents

γni and γ′ni are nearly equal for Burgers’ equation and Euler’s equations. From these data,

it is not immediately apparent which functional form for the renormalization coefficients

should be preferred, so we will conduct experiments with both varieties. We do observe the

same result as before: the signs of the renormalization coefficients agree with those of the

nonrenormalized model.

4.5.3 Results

We solved each of our ROMs using ode45 with the relative tolerance set to 10−10. Solutions

were computed for n = 1, 2, 3, 4 and N = 4, 6, . . . , 24 for both types of coefficients. The

results for the energy decay for N = 8, 10, 12, 14, which are representative of other simulated

resolutions, are depicted in Figure 4.16. We observe a number of curious things. First, the

ROMs with algebraically decaying renormalization coefficients are stable. Furthermore, they

appear to display perturbative convergence (each additional term has less of an impact on

the energy trajectory). However, the results are exceedingly inaccurate. This leads us to

believe that algebraic time decay is not the proper functional form for Burgers’ equation.

The constant coefficient ROMs are intriguing as well. The n = 1 and n = 3 ROMs are stable

and somewhat accurate, though the n = 3 model displays curious oscillations. The n = 2
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n βn1 βn2 βn3 βn4 γn1 γn2 γn3 γn4 r1 r2 r3 r4

1 2.025 −1.202 1.000
2 3.880 −5.081 −1.167 −2.495 1.000 1.000
3 3.089 −2.319 0.072 −1.081 −2.126 −2.569 1.000 1.000 0.999
4 3.450 −4.845 4.548 −1.647 −1.083 −2.233 −3.507 −4.772 1.000 1.000 1.000 1.000

n β′n1 β′n2 β′n3 β′n4 γ′n1 γ′n2 γ′n3 γ′n4 r′1 r′2 r′3 r′4
1 3.261 −1.137 1.000
2 6.171 −11.747 −1.094 −2.325 1.000 1.000
3 4.673 −6.841 2.602 −0.981 −1.982 −2.937 1.000 1.000 1.000
4 6.721 −16.383 23.392 −15.627 −1.067 −2.162 −3.342 −4.579 1.000 1.000 1.000 1.000

Table 4.4: Scaling laws that approximate the observed optimal correlation coefficients for
Burgers’ equation. The top table contains scaling laws for algebraically decaying coefficients
αi(t) = βni N

γni t−i while the bottom table contains scaling laws for constant coefficients
α′i(t) = β′ni N

γ′ni . The optimal coefficients were calculated for N = 10, 12, . . . , 24 and n =
1, 2, 3, 4 against data produced by an upwind solution with ∆x = 2π

10000
. We then conducted

a linear least squares fit of log(αi) and log(α′i) against log(N). The correlation coefficient r2

of this log-log fit is also provided.

and n = 4 models are less accurate and stable. There is also, it appears, a lack of obvious

perturbative convergence in these models.

We are able to compare our results to the exact solution. Because the decaying coefficient

ROMs are so obviously inaccurate, we only consider the constant coefficient ROMs. We

calculated the relative error (in the two norm metric) of our result as a function of time.

Thus, for a given solution from an ROM of resolution N and degree n uN,n(t) and exact

solution u(t), we calculated

En
N(t) =

∑
k∈F

|uN,nk (t)− uk(t)|2

|uk(t)|2
. (4.78)

These results are found in Figure 4.17. Notably, we see that the oscillations in the energy

decay for n = 3 for large N manifest as a lack of accuracy. For small N , the n = 3 model

yields an increase in accuracy over the n = 1 model, suggesting convergence. This is not the
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Figure 4.16: Energy decay of Burgers’ equation according to an exact solution and ROMs
of degree n = 1, 2, 3, 4 and resolution N = 6, 8, 10, 12 with both constant and decaying
coefficients. Note that the decaying coefficient ROMs are all stable, converge as the number
of terms grows, but are highly inaccurate. The constant coefficient ROMs are stable for
n = 1, 3 and seem to converge towards the exact solution. However, as the resolution N
increases, oscillations begin to appear in the n = 3 case. The constant coefficient n = 2, 4
ROMs appear to be unstable and display curious oscillations.

case for large N , in which the n = 3 error oscillates about the error from the n = 1 model. It

is interesting that, in the cases where there are not oscillations we see the relative error grow

to a maximal value and remain fixed as the simulation continues. One also observes that

the n = 1 and n = 3 models are stable and accurate, while the n = 2 and n = 4 models are

not. Perhaps one must add terms in pairs due to the alternating sign of the renormalization

coefficients in this case. It would be interesting to explore an n = 5 model to see if this

pattern continues.

Our results for Burgers’ equation remain preliminary, but agree in part with past results



126

Figure 4.17: Relative error of Burgers’ equation according to an exact solution and ROMs of
degree n = 1, 2, 3, 4 and resolution N = 6, 8, 10, 12 with constant renormalization coefficients.
The algebraically decaying coefficient models were observed to be inaccurate in capturing
the energy evolution, so their errors are not depicted. Note that, for small N , the error is
smaller for the n = 3 model. Furthermore, both the n = 1 and n = 3 models appear to
reach a maximal error and then retain that error as time evolves. Note that for larger N ,
the oscillations in the n = 3 model lead to errors on the same order as the n = 1 model (a
lack of convergence towards the exact solution).

which used the BCH approximation of the memory term. We find that constant renormal-

ization coefficient models appear to perform better than decaying renormalization coefficient

models (though other time dependencies should be explored). Furthermore, we find that

terms must be added in pairs beyond the Markov model, perhaps due to the alternating

signs of the coefficients. We once more observe scaling law behavior in the coefficients, which

is promising. However, the unclear convergence of the models towards the exact solution is

alarming, as are the unexplained oscillations. We will continue to investigate this problem
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and in the process learn still more about the complete memory approximation.

4.6 The complete memory approximation method

By applying the complete memory approximation to three separate problems, we have de-

veloped a procedure for constructing reduced order models for systems of ODEs (in our case,

solutions to PDEs on a periodic domain expressed as a Fourier series).

0. Derive the terms of the complete memory approximation to desired degree in terms of

L, P , and Q using symbolic software.

1. Define L such that duk
dt

= Lu0
k for a given system variable.

2. Define P as desired. Simpler choices lead to simpler ROMs, but more complicated or

problem-informed choices could yield useful results.

3. Derive the series terms Rn
k(û) using symbolic software.

4. Compute a reference solution u(t) that you are confident is fully resolved at least for

some time.

5. Choose a dynamic quantity to match. Examples include rates of change of energy or

rates of change of particular modes.

6. From the exact solution, compute the contributions to the dynamic quantity given

the solution at each time. For a variety of time-dependent functional forms, use least

squares fits to choose renormalization coefficients to match the dynamic quantity.

7. Identify patterns in the renormalization coefficients and test strong candidates for

stability and accuracy.

8. Use the renormalized models to explore results beyond the capacity of full simulations

or to search for patterns in the contributions of memory terms.
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The zeroth step must be done only once. Each other step has been demonstrated in

Sections 4.3, 4.4, and 4.5. Step one is dictated by the chosen ODE system. For step two,

in each case we have defined P to be a conditional expectation in which the unresolved

modes are taken to be identically zero. This has made the construction of ROMs simpler,

but is not a necessity. Step three can be made simpler through the use of our symbolic

software [87]. Steps four and five are delicate. One must understand the system well to

identify how to gain sufficient reference data, and one can use knowledge of the problem

to select suitable matching quantities. Step six is similarly challenging, as we have found

evidence for algebraically decaying renormalization coefficients (KdV and Euler’s equations)

and constant-coefficient renormalization coefficients (Burgers’ equation). A more systematic

approach for identifying and understanding suitable time dependence of renormalization

coefficients is needed. Steps seven and eight can proceed quickly once the previous steps

have been completed. They promise to yield fascinating results.

The steps described above create a roadmap for explorations of the complete memory

approximation. The complete memory approximation is derived directly from the Mori-

Zwanzig formalism, which is an exact representation of the system dynamics. Furthermore,

we do not neglect any terms (as in the BCH approximation to the memory). Instead, we

allow the memory term to inform the structure of the reduced order models. The fact that

these models are unstable is unfortunate, but not surprising: we are using approximations

that are only exact when the system is fully resolved to probe systems that are not resolved.

This is analogous to the situation in physics for which renormalization was the solution. We

find that this is the case here as well. The effective renormalization coefficients we found

display surprising and fascinating structure. Furthermore, the reduced order models allow

us to explore the behavior of solutions beyond our current computational limits, such as

providing increasing evidence for a finite-time singularity in Euler’s equations. There is still

much to be learned about the complete memory approximation, and by following the above

steps we can apply it to any number of new problems, each of which will shed more light on

the role of memory in efficiently simulating dynamical systems.
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Chapter 5

CONCLUSION AND FUTURE WORK

5.1 Summary of results

Multiscale problems are ubiquitous in all areas of science and applied mathematics. Problem-

specific multiscale simulations methods (such as the heterogeneous multiscale method) and

general purpose multiscale techniques (such as adaptive mesh refinement) have been de-

veloped to solve important and challenging problems. The Mori-Zwanzig formalism is a

framework for thinking about multiscale methods in a rigorous and general sense. In this

dissertation, we have endeavoured to expand both the theory and practice of multiscale

simulation methods. In Chapter 2, we began with a detailed overview of the Mori-Zwanzig

formalism as a mathematical tool. One can reframe any system of ODEs into a linear PDE

through the Liouvillian operator L. In this form, projection techniques are more convenient.

We can define a projection operator P that maps functions of every variable onto functions

that depend only upon a subset of the variables (called the resolved variables). With these

defined, we can break the dynamics of the resolved variables into a Markov term, a noise

term, and a memory term. Using the Mori-Zwanzig formalism to construct reduced order

models requires one to wrestle with how to approximate the noise and memory terms, which

are connected to the unresolved variables. We demonstrated all of these ideas with a simple

example of a linear system of differential equations.

In Chapter 3, we introduced the heterogeneous multiscale method, which is a simulation

framework that has been used to much success in the computational physics community. We

demonstrated how the general approach can be interpreted as a special case of the Mori-

Zwanzig formalism in which the terms relating to the unresolved variables are approximated

with a constrained approximation of the underlying microscale dynamics. Next, we presented
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results applying the heterogeneous multiscale method to plasma physics applications. We

successfully coupled a kinetic macroscale solver to a molecular dynamics microscale solver

in order to increase the accuracy of the macroscale solver. We applied this methodology

to a zero-dimensional temperature relaxation problem, and are eager to expand to higher-

dimensional problems, in which the improvements will become much more significant. We

also demonstrated how this specific case of HMM can be mapped onto the Mori-Zwanzig

formalism framework.

In Chapter 4, we return our attention to the Mori-Zwanzig formalism. We confine our-

selves to studying only the projected dynamics, which eliminates the noise term. Under most

projections, this amounts to considering only the average behavior and so cannot produce

actual dynamical paths. In the examples we presented, however, the projected dynamics are

actual dynamical paths because our projectors have zero variance in the unresolved modes.

We present the BCH approximation method, which has been used to some success in the

past, but requires assumptions about the commutativity of the projected and the orthogonal

dynamics. We develop a new method of approximating the memory term, which we call the

complete memory approximation. This does not require any assumptions about the dynam-

ics, except that the solutions of the orthogonal dynamics equations are sufficiently smooth

that we can interchange an infinite sum and an integral. This introduces new terms that are

not expressible in terms of only the resolved variables. These terms can be themselves ex-

pressed through the Mori-Zwanzig formalism and approximated by expanding the evolution

operators and integrating termwise. By repeating this process, we derive a telescoping but

deterministic method for constructing reduced order models of arbitrary order. This entire

approach is called the “complete memory approximation.” We furthermore develop sym-

bolic software to complete this process automatically. The resulting reduced order models

are quite complicated, and are unlikely to be proposed by a mathematical modeler. How-

ever, these models are derived from the equations themselves and represent in some way the

“correct” form of reduced order models for a system.

Reduced order models constructed naively from the complete memory approximation are
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unstable, like past reduced order models derived from the Mori-Zwanzig formalism. We sta-

bilize our methods through the process of renormalization. That is, we acknowledge that our

reduced order model is necessarily incomplete. We maintain the functional form of the terms

we derived, but we modify their coefficients to make them effective terms. In order to choose

these renormalization coefficients, we must have access to the exact solution at least up to

some time. In our case, we are studying how equations in which smooth initial conditions

develop increasingly complex activity. The early stages of the simulation, however, can be

found exactly. We then applied this methodology to three different partial differential equa-

tions on periodic domains: the Korteweg-de Vries equation, the three-dimensional Euler’s

equations, and Burgers’ equation. Each case showed us different interesting aspects of the

complete memory approximation.

In KdV, we found that the renormalization coefficients required algebraically decaying

time dependence that canceled the time dependence in the Taylor series. Furthermore, we

found the prefactor of this time dependence itself obeyed a scaling law in both the degree of

dispersion ε and the resolution N . The limiting behavior of these coefficients suggest that

these coefficients will grow without bound as ε → 0 (at ε = 0 we have Burgers’ equation).

This discontinuous behavior in the coefficients is a consequence of the singularly perturbed

nature of the problem. Furthermore, we demonstrated that even when the amount of energy

leaving the resolved modes is very small, the memory term cannot be completely disregarded

without sacrificing accuracy. We found that only the even terms are necessary for capturing

these dynamics. The implications of these results are fascinating and merit significant further

study.

In Euler’s equations, we found that the algebraic time decay of the renormalization

coefficients was again necessary. We found an algebraic dependence of the prefactors upon

the resolution N once more. We were unable to compare our results to exact solutions,

since modern simulations of Euler’s equations have not yet extended beyond a few units of

time. We did, however, demonstrate that the renormalized complete memory approximation

appears to be perturbative in nature: each subsequent term provides increasingly smaller
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corrections. This can be seen by the convergence of the energy evolution and the insensitivity

of the renormalization coefficients to the number of included terms. The algebraic decay of

energy from the resolved modes evokes the formation of a singularity in Burgers’ equation.

The increasing peaks of the enstrophy and maximum of the vorticity provide further evidence

for the formation of a singularity. The convergence of each of these events to a fixed time

leads us to conclude that these reduced order models provide strong evidence for a finite

time singularity developing from a smooth intial condition in Euler’s equations. This is an

important and long-standing open problem in computational fluid dynamics. Our simulations

were able to proceed up to t = 1000 and likely beyond. This is hundreds of times farther

than state-of-the-art full scale simulations. Reduced order models allow us to utilize the

multiscale structure of problems to evolve only a subset of the variables in the system.

In Burgers’ equation, we found once more that the renormalization coefficients have a

very particular structure. This time, the constant renormalization coefficients performed

best. The value of this constant obeyed a strict scaling law with the resolution of the

model N . Furthermore, we found the curious case that we achieved stability only when we

added terms beyond the t-model in pairs. We found unsettling evidence that models can be

stable, but converge to the wrong solution (as in the algebraically decaying renormalization

coefficient models). We also found strange oscillations that eliminated the convergence of our

models. There is obviously much to be learned from a continued study of Burgers’ equation,

and we expect those results to inform our interpretation of the results from KdV and Euler’s

equations as well.

In all cases, we found the sign of the renormalization coefficients agreed with the sign of

the unrenormalized model terms. The dramatic scaling laws for the prefactors are exceedingly

unlikely to arise from chance, and we believe they are emblematic of the unique nature of the

complete memory approximation. The general nature of the Mori-Zwanzig formalism and

the lack of assumptions needed to employ the complete memory approximation combine to

make a powerful and interesting new tool for studying reduced order models and memory.
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5.2 Future directions

The development of the HMM plasma method and the complete memory approximation

open many doors for future inquiry. We will comment here upon some promising avenues

we plan to explore in the coming years.

5.2.1 Improving the HMM plasma algorithm

The multiscale plasma simulation algorithm described in Chapter 3 shows great promise, and

there are a number of obvious and less obvious extensions. The current state of the algorithm

is implemented only for zero-dimensional problems, which do not benefit tremendously from

the multiscale approach. We are preparing those results for publication now. A simple

extension is to generalize the implementation to include multidimensional problems. In

particular, a one-dimensional shock problem would be an interesting test case. This example

is prevalent in inertial confinement fusion simulations, and the adaptive multiscale technique

should scale well to this problem.

Another extension draws further inspiration from machine learning. Each time one com-

putes the relaxation rates from a microscale simulation, one could store the result and refer

to it again if one encounters a similar macroscale state. For nearby macroscale states, in-

terpolation methods called “kriging”, which come with built-in error approximations, could

be employed to infer relaxation rates. This framework would minimize the frequency with

which one needs to generate microscale data, which is the limiting constraint of the simu-

lation. This is inspired by the work described in [93]. In our case, however, the macroscale

variables are continuous distribution functions. In order to practice interpolation in a space

of reasonable dimension, we need to represent our macroscale state with only a few variables.

We have several ideas for approaching this, such as representing the solution in terms of a

basis of commonly-encountered distributional shapes. Successfully improving this multiscale

method will make it easier to scale up to large problems, including ones of national interest

such as nuclear fusion simulations.
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5.2.2 Further investigation of the complete memory approximation

The complete memory approximation is a novel and interesting method for constructing

reduced order models from the Mori-Zwanzig formalism. We have found that the renormal-

ization coefficients it requires inherit tremendous structure from the full system it is approx-

imating. There are many directions to take this new tool, both in terms of understanding

the tool itself and applying it to interesting problems.

Interrogating the parity of terms

We were surprised to find that only even terms were needed in reduced order models for

KdV, while even and odd terms were needed for Euler’s equations. For Burgers’ equation,

we found that stable models only appeared when pairs of terms were included. We would

like to investigate this phenomenon, and have several theories. KdV is a dispersive equation.

Dispersive effects are associated with equations that have an odd number of derivatives.

The even terms in the complete memory approximation have an odd number of differential

operators. Thus, we hypothesize that the even terms of the complete memory approximation

are associated with dispersive behavior. While this explains our results for KdV, it does not

fit with what we know of Burgers’ equation. Burgers’ equation is dissipative, and dissipation

is associated with even numbers of differential operators. One would expect that only the

odd terms would be needed for Burgers’ equation, but instead we find that the terms must

be added in pairs with an odd term being the highest term. Finally, Euler’s equations are

completely different. ROMs constructed for Euler’s equations are stable for models with

even and odd maximal terms.

We plan to expore the role of dispersion and dissipation in the complete memory approx-

imation by invesigating the KdV-Burgers equation:

ut + uux = αuxx + ε2uxxx (5.1)

on a periodic domain. This equation exhibits both dissipation and dispersion. By adjusting
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the ratio of α to ε, we can dictate the degree of dispersion and dissipation. We hope to study

the optimal renormalization coefficients for different ratios of these parameters. It is our

hope that we will see interesting limiting behavior in the coefficients: perhaps the even-term

coefficients will be large when dispersion is the predominant force, but will tend towards zero

as the dissipative term becomes more prominent (with the odd-term coefficients doing the

opposite). The study of the limiting behavior of renormalization coefficients is reminiscent of

renormalization group theory in physics, in which one begins to study the limiting behavior

of renormalization coefficients in order to learn about critical behavior.

Time dependent renormalization coefficients

We observed effective renormalization coefficients with two types of time dependence: alge-

braic decay to cancel the time dependence inherent in the Talor series and constant. It is

possible that other time dependences could be relevant for these or other models. We hope

to explore other possible time dependences without generating ansatzes a priori. In fact, we

first discovered the algebraic time decay of the KdV renormalization coefficients by compar-

ing the exact evolution of a matching quantity and the value of each term in the complete

memory approximation expansion over time. We have access to an exact time series and n

other time series with which to fit (where n is the maximal degree in the truncated series).

We would like to find simple functions of time that allow us to match the exact time series

with our component time series.

One might make an ansatz that the time dependence is algebraic with an undefined

exponent αi(t) = ait
ηi , and use a nonlinear least squares optimization to find the optimal

prefactors and exponents. We tried this, hoping to discover ηi = −i for KdV. In our experi-

ence, when the nonlinear optimization method was supplied with a guess exceptionally close

to ηi = −i, it found that to be the minimum. For guesses further away, the optimization al-

gorithm failed to converge. It is possible that this extreme sensitivity is indicative of critical

behavior near the optimal exponent, which would be worthy of further investigation.

We could also expand our “ansatz” to a library of possible time dependences and allow the
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data to identify the best possible fit from a large collection of possible time dependences. This

approach would employ modern machine learning ideas. Data-driven model discovery such as

this has been the topic of intense inquiry in recent years [15,16,90] and we intend to explore

these concepts as we consider other possible functional dependences for the renormalization

coefficients.

Larger scale complete memory approximation simulations

We have described applying the complete memory approximation to the Korteweg-de Vries

equation, Euler’s equations, and Burgers’ equation. In each case, our simulations were

run on a reasonably powerful desktop computer. It is our hope that the complete memory

approximation will be useful in larger scale computations as well. We are confident that there

are little new results of interest to gain from larger simulations of Burgers’ equation and KdV.

Burgers’ equation consists of a shock with little other interesting dynamics. We believe we

have already accurately captured these results and that larger resolution simulations will

reveal little more. The KdV equation can be fully resolved with a finite number of modes,

and we believe we have comprehensively studied the effect of applying complete memory

approximation to it.

The three-dimensional Euler’s equations, however, remain an open question. Our evi-

dence is suggestive of a finite-time singularity, but this evidence would become more per-

suasive with larger-scale simulations. We were only able to simulate relatively small 243

mode simulations using our memory approximation. This precludes interesting visualization

of the results becuase they lack sufficient resolution. Furthermore, it is possible that new

and exciting effects only become apparent at sufficient resolution. We would be interested

in applying our reduced order models to a more finely-resolved simulation on a powerful

computer.
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Application to other systems

Aside from the KdV-Burgers equation, there are countless other partial differential equations

that we would be interested in investigating with our novel reduced order model framework.

One interesting case is the critical nonlinear Schrödinger equation:

iut + ∆u+ |u|4u = 0. (5.2)

The unrenormalized t-model alone has been used to simulate beyond a finite-time singularity

[103]. It would be interesting to investigate how both the additional terms of the complete

memory approximation and the renormalization coefficients affect these results. It would

also be interesting to generalize those results to higher dimensions. There are countless

other interesting PDEs on periodic domains that could be studied in the manner described

in this dissertation. The symbolic notebook we developed allows one to quickly study new

equations of this form [87].

Throughout this text, we have applied the complete memory approximation to problems

on a periodic domain and with a very specific projector P . There is nothing in the derivation

that requires the use of Fourier modes or forces us to use this simple projector. If one wishes

to turn this new memory approximation into a more general-purpose tool, one would need

to study how to apply it to more complicated bases and projections. In those cases, the

orthogonal dynamics (the “noise” term in the Mori-Zwanzig formalism) might become im-

portant. A logical next step is to apply this formalism to realistic problems with projections

such as conditional expectations. We aspire to turn this new approximation method into a

general tool for reduced-order modeling that can be applied to problems in many different

scientific domains.

5.3 Conclusion

We have strived in this dissertation to provide a useful overview of multiscale methods from

an applied mathematics perspective. We focused our attention on practical computational
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methods, such as HMM, and useful theoretical formulations, such as the Mori-Zwanzig for-

malism. Our most significant contribution to the field of multiscale modeling is the complete

memory approximation, which allows us to construct reduced order models of arbitrary order

from the Mori-Zwanzig formalism with minimal additional assumptions. We have demon-

strated the usefulness of this tool in three separate applications, including one of the biggest

open questions in computational fluid dynamics. The remarkable structure found from these

applications suggests that this framework is indeed an important and essential means of

understanding the role of memory in reduced order models. The code described can be ac-

cessed at [87]. We hope this tool will allow us to simulate reduced order models of systems

beyond the capabilities of modern computation, and consequently allow us to probe new and

exciting numerical solutions.
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