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Abstract

New Statistical Inference Methods for DEER Spectroscopy on Proteins

Thomas H. Edwards

Chair of the Supervisory Committee:
Assistant Professor Stefan Stoll

Chemistry

Double Electron-Electron Resonance (DEER) spectroscopy is a pulse-EPR experiment that
can provide sub-ångström resolution distance measurements of proteins and other biomacro-
molecules in the distance range of about 2-16 nm. It is growing in importance as a tool for
structural biology and, due to its robustness towards difficult sample conditions, complements
existing experimental and theoretical techniques quite well. An outstanding problem in the field
is the analysis and interpretation of the data: currently popular workflows invite user bias and
there is little to no quantification of uncertainty. This is a significant barrier to more widespread
adoption of the technique and may call into question published results.

Transforming time-domain DEER data into distance distributions is an ill-conditioned, in-
verse problem. This means that there is no analytical solution and some form of regularization
is necessary, which precludes straightforward fitting and error analysis. The work in this thesis
introduces a Bayesian statistical framework for the processing and analysis of DEER data. The
result is a set of numerical tools that allow for automated and statistically robust analysis.
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Chapter 1

INTRODUCTION

1.1 Overview

This thesis describes improvements to data analysis methods for a pulse Electron Paramag-
netic Resonance (EPR) spectroscopy experiment called Double Electron-Electron Resonance
(DEER). By measuring through-space magnetic dipolar couplings, this experiment can report
the distance between two or more unpaired electrons in the 2-16 nm range to sub-ångström
resolution [1–3]. DEER is a two-frequency pump-probe experiment that records the amplitude
modulation of an electron spin echo as a function of the pump-pulse position. The frequency of
this modulation is determined by the magnitude of the magnetic dipolar coupling between the
spin angular momentum moments of interest, and is proportional to the inverse cube of the dis-
tance. Combined with mutagenic site-directed spin-labeling (SDSL) [4, 5], DEER has become
an increasingly important tool for structural biology [6–10], especially for systems that are not
amenable to more traditional methods such as solution NMR and X-ray crystallography.

Crucially, DEER provides not just average distances, but full probabilistic distance distribu-
tions, P(r ), (Fig. 1.1). If multiple molecular conformations are present, this will manifest in the
P(r ) as broadened and/or multiple peaks, provided those conformations feature distinct spin-
spin distances. Thus, even though DEER data can be considered coarse-grained—only one
or a few distance restraints per mutant and/or measurement—the explanatory power per mea-
surement can be quite high. This often enables practitioners to answer important biophysical
questions with only a few DEER measurements [11].

Although it is now an established tool for biological study, DEER—and related pulse se-
quences like DQC, SIFTER, and RIDME—is still a relative newcomer and remains under active
development. Researchers are continuously making improvements in sample preparation (new
spin-labels, spin-labeling chemistry, biomacromolecule reconstitution, microfluidics & RFQ),
spectrometer hardware (new frequencies/fields, resonator design, pulse-shaping, more pow-
erful amplifiers), and data analysis (faster algorithms, fitting methods, incorporation of DEER
results into molecular modeling).

DEER data analysis can be roughly conceptually divided into processing and interpretation.
Both are open research topics. Processing involves the numerical procedures that lead from raw
DEER signals to distance distributions. It can be complicated by quadrature phase correction,
background signal removal or fitting, orientation selection, multi-spin effects, high-spin effects,
pulse overlap, differential phase memory times [12], and fitting parametric or non-parametric
models to the data. Interpretation comprises drawing conclusions about a physical system from
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Figure 1.1: Top panel: DEER distance distribution, P(r ), inferred from the S(t) in the bottom
panel using Tikhonov regularization (Subsection 1.2.2). The figure annotations highlight several
characteristics of the P(r ) that may contain structural information and are also sensitive to
various sources of uncertainty. Bottom panel: background-corrected Q-band 4-pulse DEER
data (S(t)) displayed as black dots with the corresponding Tikhonov fit in solid blue. The sample
was E22C A338C maltose binding protein doubly-labeled with the MTSSL spin label.
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the DEER distance distribution or other parameters. Beyond underlying complications from
the particular system under study, such as heterogeneous conformations or oligomerization,
interpretation of DEER data is hindered by the fundamental disconnect between label-label
distances and sample-sample distances due to the spin-label linker.

This dissertation is confined to DEER data processing assuming the most simple (to model)
sample reality: spin-1

2 nitroxide biradicals uniformly randomly distributed in a perfect frozen
glassy solution in the high temperature limit with no orientation selection or other complicating
factors. The numerical tasks considered are background correction and inference of distance
distributions using a non-parametric model approach. The novel contributions introduced in this
body of work are an optimized implementation of Tikhonov regularization [13] and a hierarchical
Bayesian model approach to process DEER data using a reproducible and statistically robust
methodology [14].

Inferring distance distributions from DEER data is non-trivial due to the inverse and ill-
conditioned nature of the problem [15–17]. There exist several distinct currently utilized ap-
proaches: Tikhonov regularization [15–18], Gaussian mixture models [19–21], Tikhonov reg-
ularization post-processed with Gaussians [22, 23], Tikhonov regularization combined with
maximum entropy [24], Bayesian inference (based upon Tikhonov regularization) [14], regu-
larization by limiting the number of points in the distance domain [25], wavelet denoising [26],
truncated singular-value decomposition [17, 27], the integral Mellin transform [28], and neu-
ral networks [29, 30]. Polynomial fits and the Approximate Pake Transform [15, 31, 32] are
no longer in widespread use. Currently, Tikhonov regularization is the most widely employed
method, usually through the MATLAB toolbox DeerAnalysis [18] or the LabView package
LongDistances [33].

The Gaussian mixture model approach is distinct from other methods in that it uses a para-
metric model. Parametric model approaches feature straightforward non-negativity constraints
and uncertainty quantification at the cost of more significant assumptions about the shape of the
P(r ). Determining the optimal model complexity (for example, the number of Gaussians to use
to represent P(r )) involves solving a statistical model selection problem. One such approach
to quantify uncertainty is to assume a particular model for P(r ), fit the model to the data, and
then statistically evaluate the error in the various fit parameters, usually with some variant of the
c2 cost function. This method has been employed in LongDistances [33], DeerSim [34–
37], and DEERconstruct [38]. Alternatively, DEFit fits Gaussian distributions directly to the
time-domain data [39]. Hustedt and coworkers have implemented in GLADD a model-based ap-
proach that simultaneously fits the background function and P(r ) to time-domain data, thereby
uncovering potential correlations between background parameters and features in P(r ) [21, 40].

So far, non-parametric model approaches, such as Tikhonov regularization, have lacked
rigorous uncertainty quantification, complicating interpretation and reducing reproducibility [6,
17, 18, 21]. This is a major obstacle to more widespread adoption of the method and decreases
the utility of the information gathered. These methods also require background correction as a
preprocessing step and it is difficult to estimate the uncertainty introduced. Concerningly, it is
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very uncommon for any error or uncertainty estimates to be displayed in P(r ). After surveying
over 100 published papers from 2014-2016 containing DEER distance distributions, we have
found that nearly 90% lacked error estimates on P(r ) (see Appendix C).

The Bayesian method proposed here infers fit parameters and quantifies uncertainty aris-
ing from time-domain noise, regularization, and background correction, ameliorating one of
the disadvantages associated with Tikhonov regularization compared to parametric model-
based approaches. By allowing robust uncertainty quantification and background correction,
the work introduced in this dissertation will permit direct comparison between parametric and
non-parametric approaches for DEER data processing.

1.2 Theory

This section contains a basic description of the DEER signal and its analysis sufficient to moti-
vate the contents of the subsequent chapters.

1.2.1 DEER Signal

DEER measures the (typically integrated) electron spin echo intensity, V , as a function of the
position in time of one or more pump pulses, t (Fig. 1.2). The most common implementation
of DEER is a four-pulse sequence [41] with one pump pulse, depicted in Fig. 1.3. For dilute
samples of doubly-labelled molecules or complexes, V is the product of an unmodulated spin-
echo amplitude V0, a modulation function due to intra-complex coupling, F , and a background
function from the inter-complex interactions, B :

V (t) = V0 · F (t) · B(t) = V0 · ((1� l) + lS(t)) · B(t) (1.1)

where l is the modulation depth, a parameter related to the excitation efficiency of the DEER
experiment. The intermolecular background contribution, B(t), is:

B(t) = exp

⇣
�|crpumpt|D/3

⌘
(1.2)

where D is a phenomenological stretch constant (usually 3 for soluble proteins). The decay
constant c = 2p

9
p

3}µ0µB
2
gAgBcspins is proportional to the spin concentration cspins, in units of

spins·m�3, µB is the Bohr magneton, and gA and gB are the isotropic average g values for
spins A (probe/observe) and B (pump). The percentage of B-spins excited by the pump pulse,
rpump, also affects the decay rate.

It is common to replace the pump-pulse efficiency, rpump, in Eq. 1.2 with the modulation
depth, l. This reflects an outdated understanding of the DEER signal. In 2014, Salikhov
pointed out that the modulation depth, l, is also affected by a few other properties, especially
the presence of A-A diradicals (both spins on a protein are excited by the observer sequence)
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[42]. The two quantities are deeply related and will be, in most cases, quite similar in numerical
value, but they are not the same.

When analyzing DEER data, whether by Tikhonov regularization or a different approach,
a background model is typically fitted to V (t)/V0 and divided out, yielding the isolated intra-
complex modulation function S(t) after scaling by l. S(t) is normalized such that S(0) = 1 in
the noise-free limit. Fig. 1.2 illustrates a simulated DEER signal before and after background
correction.

The background contribution, B(t), is not always removed before estimating P(r ). Exam-
ples include Hustedt and coworkers’ global analysis method [40] and the approach explored in
Ch. 4.

In the absence of pulse overlap (2+1 modulation, nuclear modulations, pump echoes), orien-
tational correlation between the labels and orientation selection, exchange coupling, differential
relaxation, and multi-spin effects, S(t) is related to the distance distribution between the two
spins on the complex, P(r ), by

S(t) =
Z •

0
dr K (t, r )P(r ). (1.3)

The dipolar kernel, K , is:

K (t, r ) =
Z p/2

0
dq sin q cos

⇥
(1� 3 cos

2 q)w?t
⇤

(1.4)

=
C(z)
z

· cos(w?t) +
S(z)
z

· sin(w?t) (1.5)

where w? = µ0µ2
BgAgB/(4p}r3) is the coupling in angular frequency units between spins A

and B when the inter-spin vector is perpendicular to the magnetic field, B0. The substitution
z =

p
6w?t/p. Because they can be quickly and accurately calculated, we rewrite the kernel

using the cosine and sine Fresnel integrals C(z) and S(z), respectively [43, 44]. Finally, P(r ),
being a probability density function (PDF), integrates to one:

R •
0 dr P(r ) = 1.

When S is discretized as an nt -element vector with elements Si = S(ti ), and P as an nr -
element vector with elements Pi = P(ri ), the integral transformation from P to S is represented
by the matrix-vector multiplication (linear model):

S = KP (1.6)

where K is the nt ⇥ nr kernel matrix. Its elements are Kij = K (ti , rj ) ·�r , with the distance
increment �r , assuming a uniform spacing of ri . Usually, nr is set equal to nt .

The matrix K is close to singular, and the calculation of the inverse of KT
K—needed to

obtain P from S in an ordinary least-squares fitting procedure—is very inaccurate [31]. To
enable the solution, a penalized least-squares approach known as Tikhonov regularization is
often used [15, 17].
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Figure 1.3: Schematic of the DEER pulse sequence. The three-pulse observer sequence (top,
blue) forms a refocused echo at time 2t1 + 2t2. The echo amplitude modulates as a function
of the time-position of the pump pulse (bottom, red). The maximum dipolar evolution time is
t2. The integrated echo amplitude as a function of time is represented by the solid black curve
overlaid on the pump pulse channel. The attenuated spin-echoes are plotted in shades of
red corresponding to particular pump-pulse times. The schematic is not to scale: the pulses
typically range between 5 and 300 ns while t2 is typically on the order of 2-10 µs.
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1.2.2 Tikhonov Regularization

Tikhonov regularization was introduced to NMR for de-Pake-ing [45], for the extraction of in-
ternuclear distances from dipolar time-domain signals such as those from REDOR [46], for
the determination of orientational distributions from 2H NMR data [47, 48], and relaxation rate
distributions [49, 50]. These approaches used the self-consistent method for selecting a, as
introduced and implemented in the program FTIKREG [51, 52]. In the context of extracting
distance distributions from DEER data, Tikhonov regularization was initally mentioned in 2002
[31, 32], and first applications appeared in 2004 [15, 16]. In these papers, the regularization
parameter was selected manually or using FTIKREG. A thorough paper examining Tikhonov
regularization and introducing the use of the L-curve maximum-curvature criterion appeared in
2005 [17]. A different L-curve method, the minimum-radius criterion, was introduced in 2006 in
the program DeerAnalysis [18] and is used in its current release (2018).

Tikhonov regularization is expressed by the minimization problem:

PaL = argmin

P�0

⇣
kS �KPk2 + a2 kLPk2

⌘
. (1.7)

This is a form of penalized least-squares fitting. The first term is the least-squares term cap-
turing the misfit between the non-parametric model, KP , and the data, S . The second term
penalizes for unwanted properties of the solution, P , and depends on a specific form for the
regularization operator, L, and a specific value for the regularization parameter, a. The effect of
a is summarized in Fig. 1.4. The fit is constrained by the requirement that all elements of P be
non-negative (P � 0). The subscripts in PaL indicate that the solution depends on the particular
choices of a and L. An example of a P(r ) determined by Tikhonov regularization is provided in
Fig. 1.1. The unconstrained solution, which is not applicable for DEER, is given by:

PaL = (KT
K + a2

L
T
L)�1

K
T
S = QaK

T
S . (1.8)

The matrix L defines the criterion by which P should be penalized. In the DEER literature, L
has been selected based upon the assumption that physically reasonable distance distributions
between spin labels on proteins are smooth on a tenths-of-nanometer scale. There are three
common L choices that all encourage smoothness and penalize roughness of P , in one sense
or another. The second derivative, represented by the (nr � 2) ⇥ nr second-order difference
matrix

L2 =

0

BBB@

1 �2 1 0

1 �2 1

. . . . . . . . .
0 1 �2 1

1

CCCA
(1.9)

penalizes sharp turns in the distribution, which arise from sharp peaks. The first derivative,
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best recovers the true P(r )—is indicated with a black dotted line.

represented by the (nr � 1)⇥ nr first-order difference matrix

L1 =

0

BBB@

�1 1 0

�1 1

. . . . . .
0 �1 1

1

CCCA
(1.10)

penalizes steep slopes, which are also associated with sharp peaks. Note that the matrices
defined in Eqs. (1.9) and (1.10) do not contain �r . Lastly, the nr ⇥ nr identity matrix L0 = I can
be used. It penalizes tall peaks, which tend to be narrow due to the overall normalization of P .
Many other penalty matrices exist, and many more are possible. The discussion in this thesis
and the associated publications is limited to these three common choices.

The value of a determines the balance between the two terms in Eq. (1.7) (Fig. 1.4). Large a
values lead to oversmoothing of P and a poor fit to the time-domain data S , while small a values
lead to unrealistically spiky distributions (undersmoothing) and overfitting of the data. Therefore,
a proper choice of a is essential. A large number of a selection methods are described in the
literature, and we include many of them in our performance analysis. They are described in
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Appendix B.
The optimal values of both a and L, aopt and Lopt, are the ones which together best re-

cover the underlying true distribution P0, i.e. the ones for which the model recovery error (mre),
defined as

mre(a, L) = kPaL � P0k (1.11)

is minimal. Other figures of merit are likely just as valid here, for example, the Kullback–Leibler
divergence. For synthetic data, this error and thereby aopt and Lopt can be determined, since
P0 is given. However, in experimental practice, P0 is not known, and one must resort to other
methods to choose a form for L and a value for a.

1.2.3 Bayes’ Theorem

Uncertainty quantification in ill-conditioned, inverse problems is non-trivial and an active field of
research [53–55]. Bayesian statistics provides a framework that permits inference of parameters
from complex, hierarchical models. Most numerical implementations of this framework also
readily provide the quantification of uncertainty in estimated parameter values with little or no
additional theoretical and computational effort. Recently, the utility of Bayesian statistics has
been recognized in the estimation and analysis of model parameters related to biophysical
measurements [56–58].

For a set of data, X , with associated parameters, f, Bayes’ Theorem is an expression of
conditional probability:

p(f|X ) µ p(X |f)p(f) (1.12)

where the notation p(f|X ) means the probability of f given X . The left-hand side is called
the posterior probability density function (PDF) and describes the probability of the parameters
given the data. The right-hand side is a product of the likelihood function, p(X |f), and the prior
PDF, p(f). The prior encodes any previous knowledge and assumptions about the parameters.

Conveniently, there exists a well-known and intuitive connection between Bayes’ Theorem
and penalized least-squares methods like Tikhonov regularization: the Tikhonov functional is
the negative logarithm of the posterior PDF p(P |S). This idea is explored more fully in Ch. 3.

1.3 Thesis Outline

Ch. 2 addresses the selection of both the regularization parameter, a, and the regularization
operator, L, for Tikhonov regularization of background-corrected DEER data [13]. The changes
recommended in this chapter will improve the accuracy, reliability, and reproducibility of the
most common method of DEER data analysis [14] by pointing to automated methods that give
better model-recovery with lower rates of failure. As we found in our first foray into Bayesian
hierarchical modeling [14], providing a good estimate of a is necessary to achieve good results
in a statistical MCMC approach, as well.
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Ch. 3 introduces a Bayesian statistical approach to infer P(r ) from background-corrected
and modulation-depth-scaled DEER data [14], S(t). The Bayesian approach exploits a well-
known connection between penalized least-squares approaches and Bayes’ theorem [59, 60].
A numerical Markov-chain Monte-Carlo Gibbs sampler is implemented to estimate the posterior
probability distribution that provides both P(r ) and its uncertainty, given the data.

Ch. 4 extends the Bayesian hierarchical model from Ch. 3 to infer the intermolecular back-
ground function, B(t). This permits the quantification of uncertainty for all fit parameters, includ-
ing correlations between them. The increased complexity of this extended hierarchical model
precludes the use of a simple Gibbs sampler, so Hamiltonian Monte Carlo is employed instead.
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Chapter 2

TIKHONOV REGULARIZATION PARAMETER SELECTION

This chapter is based on a 2018 publication in the Journal of Magnetic Resonance by Ed-
wards T. H. and Stoll S. titled, “Optimal Tikhonov regularization for DEER spectroscopy," vol-
ume 288, pages 58–68, available at https://doi.org/10.1016/j.jmr.2018.01.021
or https://www.ncbi.nlm.nih.gov/pmc/articles/PMC5840305/ [13].

Tikhonov regularization is the most commonly used method for extracting distance distribu-
tions from experimental double electron-electron resonance (DEER) spectroscopy data. This
method requires the selection of a regularization parameter, a, and a regularization operator,
L. We analyze the performance of a large set of a selection methods and several regulariza-
tion operators, using a test set of over half a million synthetic noisy DEER traces. These are
generated from distance distributions obtained from in silico double labeling of a protein crystal
structure of T4 lysozyme with the spin label MTSSL. We compare the methods and operators
based on their ability to recover the model distance distributions from the noisy time traces. The
results indicate that several a selection methods perform quite well, among them the Akaike in-
formation criterion and the generalized cross validation with either the first- or second-derivative
operator. They perform significantly better than currently utilized L-curve methods.

2.1 The synthetic test data set

In order to test a selection methods and regularization operators on DEER data from practically
relevant distance distributions, we numerically generated a large set of synthetic noisy DEER
time-domain signals based on a crystal structure of T4 lysozyme (PDB ID 2LZM, 1.7 Å resolu-
tion, https://www.rcsb.org/structure/2LZM); its structure is shown in Fig. 2.1. We
use this protein since it is currently one of the most thoroughly investigated proteins by DEER
and other EPR techniques [61–69] and is of a size commensurate with the typical DEER dis-
tance range of 1.5 to 6 nm. We in silico labeled the 2LZM protein structure with the nitroxide
spin label MTSSL which is to date, by a wide margin, the most commonly used label for DEER.
In this section, we detail the construction of the test set.

Construction of model distributions. Using scripts based on MMM 2017.1 [70–72] with the
default 216-member rotamer library R1A_298K_UFF_216_r1_CASD for the MTSSL ((1-Oxyl-
2,2,5,5-tetramethyl-�3-pyrroline-3-methyl) Methanethiosulfonate) spin-label at ambient temper-
ature, we calculated rotamer distributions for all 164 sites on the protein. For each site, this

https://doi.org/10.1016/j.jmr.2018.01.021
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC5840305/
https://www.rcsb.org/structure/2LZM
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Figure 2.1: Crystal structure of T4 lysozyme (164 residues, PDB 2LZM, 1.7 Å resolution).
Residues with low predicted labeling probabilities that were excluded from the test set are shown
in grey. Several residues are labeled as guides to the eye.

yielded coordinates of the mid-points of the N-O bonds of all 216 rotamers and their associated
populations, as well as the site partition function. In order to keep the test set realistic, we
eliminated all sites with low predicted labelling probability (partition function smaller than 0.05),
leaving 129 sites. These sites are indicated in Fig. 2.1.

For each of the resulting 8256 site pairs, we calculated the associated model distance dis-
tribution, consisting of a sum of Gaussian lineshapes, with centers corresponding to the inter-
rotamer distances, intensities corresponding to the products of the respective populations, and
with a uniform full width at half maximum (FWHM) of 0.15 nm to account for structural het-
erogeneity around the energy minimum of each rotamer due to librational motion [70]. Each
distribution was discretized with a high resolution of �r = 0.005 nm, corresponding to 1/30
of the FWHM. To keep the test set experimentally realistic, we discarded all distributions with
more than 5% integrated population below 1.7 nm. This guarantees that there is no population
below 1.5 nm. Site pairs with population at such short distances are always avoided in experi-
mental studies in order to avoid potential distortions due to exchange coupling and incomplete
excitation.

This procedure resulted in a set of 5622 model distance distributions. Their properties are
summarized in Fig. 2.2. The distribution modes (location of the distribution maxima) range from
1.7 to 6.1 nm, and the inter-quartile ranges (iqr; range of central 50% integrated population) are
between 0.09 and 1.1 nm wide. Long, short, narrow, wide, unimodal, multimodal, symmetric,
and skewed distributions are all well-represented in the test set. Skewness is relatively evenly
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Figure 2.2: Summary statistics of the 5622 model DEER distance distributions derived from the
crystal structure of T4 lysozyme (PDB 2LZM). The inter-quartile range (iqr) of r is plotted vs
the mode of r for each distribution. Color indicates the number of peaks (significant maxima),
and the symbol indicates the type and degree of skew. The histogram colors correspond to the
number of peaks.

distributed across both the mode and iqr. The number of significant peaks is evenly distributed
across modal distance, but there is a positive correlation between iqr and number of peaks.
Fig. 2.3 shows several representative example distributions.

An alternative strategy of constructing a test set would be to generate completely artifi-
cial distributions without reference to a protein where the center, width, multi-modality, and
skewness is varied either systematically or randomly. However, such a test set will be less ex-
perimentally relevant. Figure 2.2 shows that the structure-based test set used here covers a
sufficiently diverse range of distribution centers, widths, and shapes.

Generation of time-domain traces. Each model distribution was used to generate a set of
time-domain traces S with varying maximum evolution times tmax, time increments �t, noise
levels s, and noise realizations, subject to the constraints that: (1) each S must be long enough
to permit accurate recovery of the longest distances in the corresponding P , and (2) that the
sampling rate must be high enough to recover the shortest distances. The starting time for
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Figure 2.3: Examples of distance distributions calculated via in silico double labeling of the
2LZM structure of T4 lysozyme with MTSSL. The site pairs corresponding to each distribution
are listed in the figure.



16

all time traces was set to tmin = 0. We used multiple values of tmax and �t for each model
distribution in order to be able to assess whether or not any a selection methods display uneven
performance with respect to these parameters.

To choose a set of appropriate tmax for a given distribution, we take as an upper limit
tmm = 3T?,95, where T?,95 is the period corresponding to the perpendicular-orientation dipolar
frequency of the 95-percentile distance, i.e., T?,95 = (r95/nm)3/(52MHz). The factor 3 pro-
longs the time in order to completely capture the long-distance tail of the distribution, which has
the lowest frequencies. With this, we choose the set of tmax according to the following proce-
dure: if tmm > 6.4 µs, then tmax is 6.4 and 3.2 µs; if 3.2 µs < tmm < 6.4 µs, then tmax is 3.2 and
1.6 µs; if 1.6 µs < tmm < 3.2 µs, then tmax is 1.6 and 0.8 µs; if 0.8 µs < tmm < 1.6 µs, then tmax

is 0.8 µs; and if tmm < 0.8 µs, then tmax is 0.4 µs. Figure 2.4 shows an example distribution for
which tmm = 2.36 µs, hence tmax is 1.6 and 0.8 µs. Note that even the shorter tmax value of 0.8
µs is long enough to accommodate a full oscillation of period T?,95 = 0.786 µs.

To find a reasonable set of time increments �t for each distribution, we first determined the
longest allowable increment, �tmax, that correctly samples all frequencies in the signal. This is
dictated by the highest dipolar frequency in the time-domain signal, which corresponds to the
shortest distance in the distribution. We use the period Tk,05 of the parallel-orientation dipolar
frequency corresponding to the 5-percentile distance. According to the Nyquist theorem, �tmax

must be less than Tk,05/2 to avoid frequency aliasing. To capture the short-distance tail of the
distribution and to obtain enough time-domain points to achieve reasonable distance resolution
in the Tikhonov fits in all cases, we chose �tmax = Tk,05/6. This resulted in values from 8 ns to
280 ns. �tmax now guides the choice of �t: If �tmax > 200 ns, then �t is 50, 100, and 200 ns;
if 100 ns < �tmax < 200 ns, then �t is 20, 50, and 100 ns; if 50 ns < �tmax < 100 ns, then �t is
10, 20, and 50 ns; if 20 ns < �tmax < 50 ns, then �t is 10 and 20 ns; if 10 ns < �tmax < 20 ns,
then �t is 10 ns; and if �tmax < 10 ns, then �t is 5 ns. For the example distribution in Fig. 2.4,
�tmax = Tk,05/6 = 31.3 ns, so �t was set to 10 and 20 ns.

To generate the noise-free time trace for a particular combination of tmin, tmax, and �t (with
nt = 33, 41, 65, 81, 129, 161, 321, or 641 points), we used in Eq. (1.6) the high-resolution
model distribution (n0 = 1341 points) and generated the nt -element time trace using an nt ⇥ n0

kernel matrix. Therefore, the model distributions used for this forward modeling have a higher
resolution than the ones obtained via Tikhonov regularization (Eq. (1.7)) of the simulated noisy
data, with nr = nt . This avoids circular reasoning and committing the "inverse crime" [59, 73].
Fig. 2.4 shows the synthetic time-domain traces resulting from the above rules for an example
distribution.

The combinations of �t, tmin, and tmax resulted in a total of 20701 noise-free time-domain
traces with between 33 and 641 points. A few traces with fewer than 33 points were thrown out,
since such short traces are not acquired in practice.

Finally, we generated 30 noisy traces from each noise-free trace. We utilized uncorrelated
Gaussian noise—which is experimentally observed in DEER measurements [14]—with stan-
dard deviations s = 0.02, 0.05, and 0.1. These noise levels span the range typically obtained
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Figure 2.4: Generation of time traces (S(t)) from a distance distribution. Top panel: the model
distribution (for labeled residues 112 and 143). In this case, 3T?,95 = 2.36 µs, so tmax was set
to 1.6 and 0.8 µs in accordance with the rules given in Section 2.1. Tk,05/6 = 31.3 ns, so �t

was set to 10 and 20 ns. Middle panel: the four resulting time-domain traces generated using
Eq. (1.6). Bottom panel: three noisy realizations with s = 0.1, 0.05, and 0.02 for the 3rd (dark
blue) trace in the middle panel. A total of 120 noisy time-domain traces were generated from
this particular distribution.
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experimentally for proteins. In experimental settings, the background removal step typically in-
creases the magnitude of the noise at the end of the S(t) trace relative to the start. This effect
is more pronounced for steeper background functions and can be negligible for shallower ones.
We did not attempt to simulate this characteristic of the data. For each noise level, m = 10

noise realizations were generated using a random-number generator. For reproducibility, seeds
for the random-number generator are stored as part of the test set.

Altogether, with these selections for tmax, �t, s, and m, the 5622 model distributions P0

resulted in 621030 noisy time-domain traces S . These constitute the final test data set, which
is available for download at https://doi.org/10.6069/H5S75DCG.

2.2 Performance evaluation

For each of the traces in the test set, we use 60 different variants of a selection methods
to determine an appropriate regularization parameter value asel and the associated Tikhonov
solution. Mathematical details of the methods are given in the Appendix. Each method is
referred to via a short acronym, which is listed in Table 2.1. We evaluate each a selection
method for each of the three regularization operators L (identity, first derivative, and second
derivative). Thus, we examine Tikhonov regularization along both its degrees of freedom (L
and a), with a total of 180 approaches.

Each method determines a by minimizing or thresholding some cost function over a. To
search for these points, we use an a range from 10

�3 to 10
3 with 61 points on a logarithmic

scale, i.e. 10 points per decade (1 dB increments). All methods require the data S as input and
need to calculate PaL over the entire a range for each L. For this, PaL can be determined with
or without the constraint P � 0 in Eq. (1.7), and we test both variants in all cases. Several
methods require knowledge of the time-domain noise standard deviation, s. The cost functions
of a few methods are equipped with a tuning or scaling parameter that can be adjusted to
increase stability.

The analysis procedure also requires the choice of a distance range and resolution for PaL.
We use a range of 1.0 nm to 7.0 nm for all cases. These limits encompass the full ranges
of all model distributions in the test set. The number of points in the distance domain, nr , is
determined separately for each case and is set equal to the number of points in the time-domain
trace, nt .

Since the goal of analyzing the time-domain data is to reveal the underlying model distribu-
tion, we base our performance evaluation of the various selection methods not on a (which is a
nuisance parameter whose numerical value is physically irrelevant), but on the model recovery
error defined in Eq. (1.11). It quantifies how close the calculated Tikhonov solution, PaL, for a
given a and L is to the model distribution P0. This error is generally non-zero, since noise in the
data and the fundamental ill-posedness of the problem prevent full recovery of the model from
the data, no matter which a and L are used. As the actual performance measure, we use the

https://doi.org/10.6069/H5S75DCG
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inefficiency [74]

ine�ciency =
rmsd(a, L)

rmsd(aopt, Lopt)
(2.1)

with rmsd(a, L) = mre(a, L)/
p
nr = kPa,L � P0k /

p
nr (Eq. 1.11). This measure relates the

model recovery error for a given L and the particular a value chosen by a selection method to
the smallest possible model recovery error, obtainable with aopt and Lopt. This error, and the
associated optimal solution Popt are found by minimizing the mre as a function of a and L. The
inefficiency equals 1 when PaL = Popt and is greater otherwise. The closer the inefficiency is
to 1, the better the method.

2.3 Results and discussion

Histograms. Figure 2.5 shows an overview of the calculated inefficiencies for all 621030 time
traces, 60 a selection methods, and three regularization operators. Each histogram shows the
distribution of inefficiencies for a particular combination of method and operator. The methods
are sorted by increasing order of lowest 75th-percentile inefficiency from top left to bottom right.
There is a wide range of performances. Most methods in the top row achieve low inefficiencies
that are sharply peaked at 1. Methods shown lower down have a propensity towards worse
inefficiencies. The high-inefficiency tails of the histograms are not shown, but are protracted
in many cases, indicating a not insignificant failure rate for those methods. It is apparent from
the histograms that the L0 operator, shown in blue, tends to perform worse than the others for
the same method, except for some with overall bad performance. For most methods, L1 and L2

appear to give similar results.

Performance comparison. To compare the method/operator combinations more quantita-
tively, we use the 99th percentile from each inefficiency histogram as the metric. This stringent
choice is motivated by the consideration that a method/operator combination can be deemed
good and safe if it delivers overall low inefficiencies with negligible risk of large inefficiencies
(i.e. severe under- or oversmoothing). Figure 2.6 shows the results. There is a group of methods
that perform similarly well, leading to small 99th-percentile inefficiencies just above 2. Mallows’
CL (MCL), the Akaike information criterion (AIC) and the generalized cross validation (GCV)
perform equally well with L1 and L2, whereas the generalized maximum likelihood method and
its unconstrained variant (GML and GMLu) perform well only with L1. L0 is the worst-performing
operator for these top methods. The methods ranking below this top group are parameterized
modifications of GCV and AIC. Since they are inferior to their parent methods, they can be dis-
regarded. Currently, the most commonly applied a selection methods are based on the L-curve.
The results show that the L-curve methods LC, LCu, LR, LRu, LR2, LR2u are not competitive
with the top group. Their overall tendency is to oversmooth. Similarly, the SC and SCu methods
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Figure 2.6: Performance comparison of all combinations of a selection methods and regular-
ization operators, based on their 99th-percentile inefficiency. The methods are sorted based on
best 99th-percentile inefficiency among L0, L1, and L2. The gray lines serves as guides to the
eye.
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Figure 2.7: Example case comparing the LR2u L-curve, GCV, and AIC methods (dataset
115333). For this particular test case, each method features an inefficiency very close to that
method’s overall median inefficiency (LR2u 1.38, GCV 1.09, AIC 1.09). Left column: the simu-
lated data are shown as grey dots, the Tikhonov fit with optimum a is shown as a black line, and
the Tikhonov fits for LR2u, GCV, and AIC are shown as blue, orange, and purple lines, respec-
tively. Right column: the model P is shown in grey, the Tikhonov solution for P with optimum
a is shown as a black line, and the Tikhonov Ps for LR2u, GCV, and AIC are shown as blue,
orange, and purple lines, respectively. In all cases, the L2 operator was used.

(used in FTIKREG) display elevated inefficiency for DEER. The computational cost of all meth-
ods is essentially identical, since it is dominated by the solution of the Tikhonov minimization
problem for each a.

Due to the diversity of distribution shapes and time traces, and due to the wide range of
inefficiencies, it is impossible to visualize method performances with a few sample datasets.
Nevertheless, for the sake of illustration, Figure 2.7 shows the relative performance of LR2u,
GCV, and AIC for a typical test dataset. This example is typical in these sense that the inef-
ficiency of each method is very close to the method’s median inefficiency. The figure shows
that the L-curve has a tendency to oversmooth, and that AIC and GCV perform similarly well.
Fig. 2.8 illustrates the uncertainty in the extracted P(r ) based on these a selection methods,
quantified using Bayesian inference [14]. The Bayesian statistical methodology used to quantify
this uncertainty is introduced in Ch. 3.

Sensitivity to metric. The performance comparison shown in Fig. 2.6 is based on our par-
ticular choice of metric, the 99th percentile of the ratio of rmsds, defined in Eq. (2.1). Varying
the percentile to 90, 75, or 50 does not significantly affect the composition of the top group, al-
though it affects the detailed rankings. Altering the definition of inefficiency in Eq. (2.1) by using
the difference instead of the ratio, or by using the maximum absolute deviation (mad) instead
of the rmsd, yields similar results. The online supplementary material for the paper upon which
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Figure 2.8: Bayesian credible intervals for the case shown in Fig. 2.7. In each plot, the model
P(r ) is shown in grey and the corresponding Tikhonov solution is in dotted black. The L2

operator was used in each case.
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this chapter is based contains an excel spreadsheet demonstrating these facts [13]. Therefore,
we conclude that the identity of the top methods is insensitive towards the particular choice of
ranking metric, and that our assessment procedure is overall robust.

Sensitivity to data characteristics. To check for uneven performance for certain subsets
of the test set, we examined the performance across noise level, the ratio of iqr to mode (a
measure of the damping rate of oscillations in S), number of points, and number of modal peri-
ods, using the 99th percentile rmsd ratio inefficiency metric. The breakdowns are available in the
online supplementary material mentioned in the last paragraph [13]. For all values of these vari-
ables, MCL, AIC, GCV, GML, and GMLu are usually within 5% of the optimal method/operator
combination and never deviate by more than 11%. The specific rankings vary between sub-
sets, but actual performance changes to such a small degree that this is not significant. The
conclusions reached above regarding the three operators generalize to the subsets considered
in the online supplementary excel spreadsheet mentioned previously [13]. In addition to poor
performance relative to L1 and L2, L0 also displays much higher variation in performance across
test subsets. Several variations on GCV (mGCV, mGCVu, rGCV, and rGCVu) with varied tuning
parameter values, as well as AICC, come within 10% of the best case for many of the test sub-
sets. However, none display sufficient consistency or quality of performance to surpass MCL,
AIC, GCV, GML, or GMLu.

Since there is no correlation between the performance of any top method and these subset
characteristics, the results are therefore likely to be applicable to situations with different relative
representations of distance distribution characteristics, such as other spin labels or proteins with
more b sheets than T4 lysozyme.

Method choice. The performance differences among the top method/operator combinations
are so small that we cannot identify one as an evident best choice. However, additional consid-
erations can provide some guidance. MCL requires the time-domain noise variance s2 as an
input. An under- or overestimation of s2, which is likely in experimental settings, will affect the
performance and likely degrade it. GML and GMLu depend on a thresholding value to remove
eigenvalues close to zero, and the choice of this value can affect the performance. In contrast,
AIC and GCV do not require a priori knowledge of s2 nor do they depend on thresholding or
tuning parameters. Therefore, the parameter-free AIC and GCV methods with either L1 or L2

appear to be the simplest, best, and safest choices for practical applications.

2.4 Conclusions

Our performance analysis of a large number of regularization parameter selection methods over
a large set of protein-based synthetic DEER data indicates that there are several method/operator
combinations that perform equally well. Among these, the Akaike information criterion (AIC)
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and the generalized cross validation (GCV) are preferable, as they are parameter-free and do
not require accurate knowledge of the noise level. They work equally well with the first- and
second-derivative operator, but not with the identity. L-curve methods, some of which are cur-
rently widely employed, perform distinctly worse.

The structure-based test set developed in this work is useful beyond Tikhonov regularization,
as it can be used to assess the performance of other existing analysis methods (truncated
singular-value decomposition, Gaussian mixture models) and of any new solution approaches.
It is available online at https://doi.org/10.6069/H5S75DCG.
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Table 2.1: List of abbreviations for regularization parameter selection methods. To indicate the
use of unconstrained P(r ) in a method, the suffix ’u’ is appended to the abbreviation. If a tuning
parameter is used, its value is appended as well.

Acronym Full name
AIC Akaike information criterion
AICC corrected Akaike information criterion
BIC Bayesian information criterion
BP balancing principle
CV leave-one-out cross validation
DP discrepancy principle
EE extrapolated error
GCV generalized cross validation
GML generalized maximum-likelihood
hBP hardened balancing principle
ICOMP information complexity criterion
LC L-curve, maximum curvature
LR L-curve, minimum radius
LR2 L-curve, minimum radius 2
MCL Mallows’ CL

mGCV modified generalized cross validation
NCP normalized cumulative periodogram
QO quasi-optimality criterion
rGCV robust generalized cross validation
RM residual method
SC self-consistency method
srGCV strong robust generalized cross valida-

tion
tDP transformed discrepancy principle
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Chapter 3

BAYESIAN MODEL TO QUANTIFY UNCERTAINTY FROM NOISE AND
REGULARIZATION

This chapter is based on a 2016 publication in the Journal of Magnetic Resonance by Ed-
wards T. H. and Stoll S. titled "A Bayesian approach to quantifying uncertainty from experimental
noise in DEER spectroscopy," volume 270, pages 87–97, available at https://www.ncbi.
nlm.nih.gov/pmc/articles/PMC4996738/ and https://doi.org/10.1016/j.

jmr.2016.06.021 [14].

3.1 Introduction

The most common method for inferring distance distributions, P(r ), from experimental DEER
data is Tikhonov regularization. One disadvantage of this method is that it does not directly pro-
vide error bars for the resulting P(r ), rendering correct interpretation difficult. Here we introduce
a Markov-chain Monte-Carlo (MCMC) method based on Bayesian statistics that quantifies un-
certainty in P(r ) arising from noise and numerical regularization. This method provides credible
intervals (error bars) for a and P(r ) at each r . This allows practitioners to answer whether or not
small features are significant, whether or not apparent shoulders are significant, and whether or
not two distance distributions are significantly different from each other. In addition, the method
quantifies uncertainty in the regularization parameter. I introduce the basic probabilistic equa-
tions, show their connection to Tikhonov regularization, and describe an MCMC algorithm for
generating representative numerical samples of P and a. The methodology is demonstrated on
a few test cases.

3.2 The posterior distribution

We start by considering what is observable and given, and what is unknown, uncertain, and
wanted. Here, we consider the intramolecular dipolar modulation function S(t) observable and
given. S(t) is obtained from the experimental data V (t) after background correction. It is an
inseparable sum of the true signal and corrupting noise. A second useful quantity that can
be obtained from experiment is the noise variance. We obtain it experimentally by acquiring
each phase-cycled DEER trace separately and then statistically analyzing the distribution of
values for each ti . As shown in Appendix C, this noise is Gaussian with amplitude roughly
independent of ti . The noise deviations at adjacent time points are not correlated. Therefore,

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC4996738/
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC4996738/
https://doi.org/10.1016/j.jmr.2016.06.021
https://doi.org/10.1016/j.jmr.2016.06.021
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we can characterize the noise by a single noise variance, s2
S . Note that for steep background

functions, the noise at the end of the S(t) vector will be artificially inflated relative to the start of
the trace. For notational convenience, we will henceforth use its inverse, called the precision

t = 1/s2
S . (3.1)

Next, we consider the unknown and uncertain quantities. These include the desired under-
lying distance distribution P . However, since the problem is not solvable without regularization,
a regularization parameter is required as well. There is no absolute certainty about its optimal
value. Here, we will use the symbol d and show later that d is proportional to a2.

To summarize, S and t are observable and fixed, and P and d are unknown and desired.
Our goal is to fully characterize the conditional probability distribution for P and d, given the
measured S and t: p(P , d|S , t). First, we construct an expression for p(P , d|S , t). Like any
conditional probability, it is proportional to the full joint probability

p(P , d|S , t) =
p(P , d, S , t)

p(S , t)
µ p(P , d, S , t) = p(S ,P , d, t). (3.2)

In the second step we omitted the marginal probability p(S , t), since it is a constant indepen-
dent of P and d. In the last step, we reordered the variables. This joint probability can be written
as a chain product of four probabilities

p(S ,P , d, t) = p(S |P , d, t) · p(P |d, t) · p(d|t) · p(t). (3.3)

Next, we introduce specific expressions for the factors on the right-hand side. The first term
indicates the conditional probability of a certain S given P , d and t. For this, we can use a
Gaussian with the weighted sum-of-squares-deviation in the exponent

p(S |P , d, t) = p(S |P , t) =
⇣ t

2p

⌘nt/2
exp

⇣
�t

2
kS �KPk2

⌘
. (3.4)

(We omit d in the notation, since the expression does not directly depend on it). This expression,
which constitutes the likelihood model, captures the essence of least-squares fitting: if P is such
that KP fits S well, the magnitude of the exponent is small and the probability large. On the
other hand, if the fit is poor, the exponent is large in magnitude, and the probability is small
(Fig. 3.1).

The second term in Eq. (3.3) is the conditional probability of a certain P given values for d
and t. For this, we choose a Gaussian smoothness requirement:

p(P |d, t) = p(P |d) =
✓

d

2p

◆nr /2

exp

✓
� d

2
kLPk2

◆
(3.5)

where L is the same operator as in Tikhonov regularization (commonly the second derivative)
and d determines the roll-off rate of the probability as a function of the roughness kLPk2. This
expression assigns higher probabilities to smoother P , as illustrated in Fig. 3.1.
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Figure 3.1: Illustration of the factors composing the posterior distribution: the likelihood, prior,
and hyperprior. The likelihood function (left) is a Gaussian in kS �KPk, the fit error. Its width
is determined by t. The prior (middle) is also a Gaussian, this time in kLPk, the roughness. It
biases towards zero roughness with width determined by d. The hyper-prior (right) is a gamma
distribution with the form of a slowly decaying exponential, given a = 1 and small b.

The third term in Eq. (3.3) is the probability of a given d. Since we are uncertain about
the value of d, we use a very broad distribution. For mathematical convenience, we choose a
gamma distribution [54]

p(d|t) = p(d|a, b) = b
a

�(a)
da�1

exp(�bd) (3.6)

where we omitted t because it is independent of d. The fixed parameters a and b determine
the shape and width of the distribution such that its mean is a/b and its variance is a/b2. We
use a = 1, in which case the expression simplifies to a decaying exponential, b exp(�bd) (see
Fig. 3.1). We discuss the selection of b in Section 3.4.

Finally, the last term in Eq. (3.3), p(t), is a constant, since t is known from experiment. We
can therefore drop it and use the experimental t value.

To summarize, our target expression for the conditional probability for P and d, given S and
t, is

p(P , d|S , t) µ p(S |P , t) · p(P |d) · p(d|a, b) (3.7)

with the right-hand side quantities given by Eq. (3.4), Eq. (3.5) and Eq. (3.6) and illustrated
in Fig. 3.1. This expression is a form of Bayes’ law and constitutes a Bayesian hierarchical
model. p(P , d|S , t) is called the posterior PDF, or simply the posterior. p(S |P , t) is called
the likelihood and describes how likely it is to measure a certain S given a particular P and t.
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p(P |d) is a called the prior PDF, or simply the prior. It describes our knowledge about P prior to
the acquisition of the data (i.e. P is not rough). p(d|a, b) is a hyper-prior which describes prior
knowledge about d. The reason we use a gamma distribution in d is that this makes the total
expression a gamma function in d. Eq. (3.6) is therefore called a conjugate hyper-prior [53].
Similarly, the Gaussian prior in P is conjugate with the likelihood, since the total expression is
also Gaussian in P .

3.3 Connection to Tikhonov regularization

The particular P that maximizes the posterior probability is the most likely P and is called the
maximum-a-posteriori solution: PMAP = maxP�0 p(P , d|S , t). The same P can be obtained
by minimizing the negative logarithm of that probability: maxP�0 p(P , d|S , t) =
minP�0(� log p(P , d|S , t)). Dropping all P-independent prefactors in p(P , d|S , t), taking the
negative logarithm, and dividing by t/2 gives

� logp(P , d|S , t) µ kS �KPk2 +
d

t
kLPk2

. (3.8)

This is identical to the Tikhonov functional in Eq. 1.7 if [53, 75, 76]

a2 =
d

t
(3.9)

Consequently, the Pa obtained by Tikhonov regularization is equal to PMAP, for a given d (or a).

3.4 Gibbs sampling

In order to obtain visually interpretable results, we need to compute the average and other
measures of P over the distribution given in Eq. (3.7). Due to the multivariate and constrained
nature of the expression, this is not possible analytically. Therefore, we need to resort to nu-
merical sampling techniques to generate a set of P and d such that any expectation (e.g. mean)
over this set approximates well the corresponding analytical expectation value over the entire
posterior distribution, p(P , d|S , t).

For this, we use the Gibbs sampler, which is a Markov-chain Monte-Carlo (MCMC) algorithm
for drawing numerical samples from a multivariate probability distribution [60]. The Gibbs sam-
pler generates samples of P and d from p(P , d|S , t) by successively sampling from the poste-
rior of each variable (P and d) in turn. In our case, the necessary posteriors are p(P |d, S , t)
and p(d|P , S , t).

To obtain p(P |d, S , t), we take Eq. (3.7) and omit terms that do not contain P . As shown in
Appendix C, the resulting expression gives a multivariate normal distribution in P

p(P |d, S , t) µ exp


�1

2
(P � PMAP)

TS�1(P � PMAP)

�
(3.10)
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with mean PMAP = tSK
T
S and covariance matrix S = (tKT

K + dLT
L)�1. Drawing a random

sample of P from this multivariate normal distribution under the non-negativity constraint P � 0

can be done by solving the following randomized minimization problem ([76], see Appendix C):

min
P�0

h
P

TS�1
P + P

T(tKT
S + (C�1

L )Tv)
i

(3.11)

where v is a random vector sampled from the normal distribution Normal(0, I ) with an identity
covariance matrix, and CL is the lower triangular Cholesky factor of S such that CLC

T
L = S

(Appendix C). To solve Eq. (3.11), we use the Fast Non-Negative Least Squares (FNNLS)
algorithm [77] (see Section 3.9).

To write down p(d|P , S , t), we again take Eq. (3.7) and omit terms independent of d. This
results in a gamma distribution with parameters ã = a+ nr

2 and b̃ = b+ 1
2 kLPk

2:

p (d|P , S , t) µ gamma(d; ã, b̃). (3.12)

One common approach with gamma hyper-priors is to use small values for a and b that satisfy
a ⌧ nr /2 and b ⌧ kLPk2 /2. With these values, a and b have little influence on ã and b̃ and
on the posterior of d in Eq. (3.12), therefore introducing minimal bias [76]. Initially, to achieve
such an an uninformative flat distribution, we chose b values between 10

�6 and 10
�3, which

render the decay rate of the exponential very slow [76], as in Fig. 3.1. We found that b had
to be 10

�5 or smaller to avoid influencing the results. This choice resulted in estimates for a
that were unreasonably large, so we instead use the GCV estimate of a, explained in Ch. 2,
to select b. The AIC estimate would also be suitable. Note that the original publication of
this work [14] predated the regularization parameter selection study [13] that formed Ch. 2. In
the original paper, we utilized the leave-one-out Cross Validation (abbreviated as CV in Ch. 2)
estimate of a. The figures in this chapter feature analysis using the CV estimate, rather than
the GCV estimate. Recalling the relationship between d and a from Eq. (3.9), we set the mean
of Eq. (3.12) (ã/b̃) equal to a2

GCVt and solve for b to obtain:

b =
ã

a2
GCVt

� 1

2
kLPinitk2 (3.13)

where Pinit is calculated via Eq. (3.11) using d = a2
GCVt. To draw random samples from the

gamma distribution, we use the algorithm of Marsaglia and Tsang [78].
The Gibbs sampler explores the full (P , d) space by taking random steps (Monte Carlo) along

each parameter dimension, using the last value sampled for the other parameter (Markov-chain)
[53, 79]:
The symbol ⇠ denotes drawing a random sample from the distribution to its right, and sub-
scripted t refers to the sample index. Note that dt , the sampled value of d, is used immediately
in the generation of a sample of P , Pt .

The Gibbs sampler produces a chain of P and d values that is guaranteed to converge
to the true distribution [53, 54, 60]. Upon convergence, the algorithm yields a large set of
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Set d0 = ta2
GCV

Set P0 = PaGCV

Set t = 1

while not converged do
dt ⇠ p(d|Pt�1, S , t)
Pt ⇠ p(P |dt , S , t)
t = t + 1

end while

(Pt , dt ) samples, distributed over parameter space such that their density is proportional to
p(P , d|S , t). The initial part of the chain (called the burn-in) is usually discarded, since initially
the distribution is not yet stationary and depends on the particular choice of the starting value.

Assessment of convergence needs to be done carefully. We consider the sampling con-
verged when the 2nd, 25th, 50th, 75th, and 98th percentiles for each point in P change by less
than 10

�3
nm

�1. For more easily computed values such as a and the mean of P , we use a
multi-chain convergence test called the Gelman-Rubin statistic [55, 76]. This method requires
that multiple chains are run from different starting points. At each convergence check, the
intra- and inter-chain variances of some test statistic are compared. When the inter- and intra-
chain variances coincide, the sampler is considered converged. The details are discussed in
Appendix C.

3.5 Analyzing the Gibbs samples

Next, we calculate the median and spread estimates for the set of P vectors and d values from
the Gibbs sampler to obtain measures of uncertainty for P and d. For each rj , the values of
Pt(rj ) are sorted into quantiles, using method 8 from [80]. Specifically, we calculate the 2nd,
25th, 50th, 75th, and 98th percentiles. We generate distance distribution plots, where the median
P (50th percentile) is shown as a line, and the other quantiles are used to draw error bands.
The 2nd and 98th percentiles encapsulate the 96% credible interval. This interval indicates that
the parameter in question has a 96% probability of falling within the interval [54]. Likewise, the
25th and 75th percentiles bound the 50% credible interval.

We analyze the distribution of d, and consequently a, in a similar fashion. From the set
of d samples, we obtain a mean and the root-mean-square deviation. The method therefore
automatically determines a, starting from the GCV estimate, without the need of user choices
and the danger of user bias and inconsistency. Any systematic error in the GCV estimate will
affect the final results. We next show that the Bayesian method described above captures well
the effect of noise on P .
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Figure 3.2: Simulated model data. Left panel: DEER time traces with varied SNR generated
from unimodal and bimodal distributions are shown as black dots in the top and bottom plots,
respectively. The unimodal distribution is a normalized Gaussian centered at 3 nm with a FWHM
(full-width at half maximum) of 0.8 nm. The bimodal distribution is a normalized sum of two
Gaussians with centers of 3 and 3.9 nm, FWHM of 0.8 and 0.7 nm, and weights of 1 and 0.4,
respectively. For all S and P , n = 400. Right panel: the corresponding unimodal and bimodal
P(r ) vectors obtained from Tikhonov regularization are displayed in the top and bottom plots,
respectively. The model P(r ) is shown as a dotted line and the low-, medium-, and high-SNR
solutions are shown as magenta, green, and blue curves, respectively.

3.6 Results

3.6.1 Unimodal and bimodal distributions

Credible intervals Fig. 3.2 shows DEER time-domain traces generated from two model dis-
tance distributions (one unimodal and one bimodal) and three different levels of noise. For these
data, six independent chains per data set converged within 11,500-20,500 iterations. The sets
of P and d from the resulting chains represent the posterior distribution and are illustrated in
Fig. 3.3. The results are plotted in terms of a, rather than d. This scatter plot of the value of
P at r = 3 nm vs. a for each iteration of two chains of the Gibbs sampler reveals that most of
the samples fall near to the model value for P and the a that best recovered the model through
Tikhonov regularization. As the distance from the maximum of the posterior increases, the den-
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Figure 3.3: Illustrative plot of the result of a Gibbs sampler, showing Pt(rj ) vs. at from the uni-
modal t = 900 (medium noise) case (Fig. 3.2), including marginal histograms for both variables.
The scatter plot shows two chains of Gibbs sampled values for P(rj = 3nm) vs the sampled d
values (converted to a through Eq. (3.9)). This distance corresponds to the peak maximum of
the model P . Chain 1 begins at a = 1 and chain 2 begins at a = 100. The dashed line in the a
dimension corresponds to the a that minimizes the error between the Tikhonov solution and the
model P . After a brief burn-in for both chains, the algorithm finds and samples the posterior dis-
tribution, visiting regions of high probability more often than those of low probability. The offset
from the model values is due to noise and the systematic bias introduced by the CV estimate of
a.
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Figure 3.4: Bayesian credible intervals on P(r ) from model data (Fig. 3.2). Median P solutions
and Bayesian credible intervals for the unimodal and bimodal models are displayed in the left
and right columns, respectively. Low-, medium-, and high-SNR cases are in the top, middle,
and bottom rows, respectively. The 96% and 50% credible intervals are light and dark bands,
respectively. Model S traces with variable SNR (black dots) and time-domain fits from the
median Ps are shown as insets. a is reported as the mean plus or minus 2s.
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sity of points decreases. To illustrate the Markov-chains that built this particular posterior, the
initial values and the first 25 iterations for two chains are highlighted. The sampler alternates
between steps in the d and P dimensions. The initial value starts the Markov-chain in a region
of low probability, and then quickly finds the region of high probability, sampling around the pos-
terior. Though highly informative, this view of the posterior would be difficult to visualize for all
n = 400 points in each P considered, so we examine the results in terms of quantiles.

The resulting median and the 50% and 96% credible intervals obtained from the Gibbs sam-
pler for simulated data are shown in Fig. 3.4. The width of the credible intervals increases with
the noise level and decreases with increasing d: variance is reduced at the cost of increased
bias (Appendix C), but t dominates. High noise levels may lead to much more drastic deviations
in the distance distribution. Bimodal distributions display wider credible intervals than unimodal
distributions for a given noise level, again matching our expectations. The average and standard
deviations of a, obtained from d via Eq. (3.9), are given in Fig. 3.4.

Small features adjacent to the primary peaks are likely to be artifactual. For example, the
small feature at 4.8 nm in the unimodal P(r )s in Fig. 3.2 are shown in Fig. 3.4 to be indistin-
guishable from zero and therefore artifactual at all noise levels considered.

The credible intervals in Fig. 3.4 show the persistence of a second peak at 3.9 nm for
bimodal P(r )s in the mid- and high-SNR cases. In the low-SNR case, where Tikhonov regular-
ization is unable to recover a bimodal distribution due to poor data quality, the credible intervals
reflect that the second peak cannot be resolved.

Histograms By generating histograms of single-point estimators such as the mean, the mode,
or the variance for each Pt , we can gain additional insight. Fig. 3.5 shows an example for the
model data from Fig. 3.2. The histograms for the high-noise cases are larger than those for
the low and medium noise cases because the Gibbs sampler took many more iterations to
converge. In both the unimodal and bimodal cases, the location of the most populated distance
does not significantly change with increasing SNR, though it does become more precise. This
stability of the mode with respect to noise has been previously observed [15]. In contrast, the
peak width is statistically significantly different at different noise levels, and unrelated to the
precision of the mode. The mean likewise shifts with increasing noise.

Regularization parameter In Tikhonov regularization, error assessment for a is not per-
formed. One distinct advantage of the method described here is that it generates a distribution
of d and thereby a, allowing statistical analysis of this parameter. Fig. 3.6 shows an example.
For the high and medium SNR cases from Fig. 3.2, the Bayesian MCMC approach generates
a narrowly distributed set of as close to the value that minimizes error between Pa and the
model P . The discrepancy is greater in the low-SNR case. CV outperforms the L-curve, but
both heuristic methods overestimate a. Again, note that this 2016 study that utilized CV pre-
dated our 2018 investigation into the regularization parameter selection problem. As discussed
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Figure 3.5: Analysis of the Gibbs sampler output. Left column: unimodal case. Right column:
bimodal case. Top row: P(r ) mode. Middle row: P(r ) 1st moment. Bottom row: P(r ) 2nd

moment. The mode of the P(r ) is largely invariant to noise, but its precision does correlate with
SNR. Added noise does cause statistically significant shifts in the 1st moment and especially in
the 2nd moment. Such analysis can be used to demonstrate the statistical difference or similarity
of two separate P(r )s.
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Figure 3.6: Comparison of a values for the model data in Fig. 3.2 determined from the maximum
curvature of the L-Curve (orange), CV (dark red), and Gibbs sampling (dark blue), with the value
that best recovers the model using Tikhonov regularization (black). Left column: unimodal case.
Right column: bimodal case. Top row: low SNR. Middle row: medium SNR. Bottom row: high
SNR. The Gibbs sampler out-performs point estimates for a in all cases.

in Ch. 2, GCV and AIC perform better in the setting of DEER data analysis.

3.6.2 Mixed-width distribution

One example that is frequently brought up to describe the limitations of Tikhonov regularization
is a bimodal P(r ) consisting of a wide and a narrow Gaussian peak of roughly equal area
(Fig. 3.7) [15, 21]. From the noisy time-domain signal corresponding to this P(r ), Tikhonov
regularization predicts the narrow peak well, but represents the wide peak as a combination of
features that have widths similar to that of the narrow peak. The smoothness bias in Tikhonov
regularization applies approximately equally over the entire range of r and, in this case, this
bias prevents faithful recovery of the original mixed-width bimodal P(r ). The Bayesian method
outlined here provides error bands that visually indicate that the shape of P(r ) is quite uncertain
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in the area of the wide feature. This shows that the wide peak cannot be recovered as faithfully
as the narrow feature.

3.7 Discussion

Although not the only source of uncertainty in DEER distance distributions, noise in the signal
contributes spurious features and partially determines the degree of regularization required.
Researchers often go to great lengths to minimize the presence of noise. As a first step towards
full uncertainty quantification in DEER analysis, the present work successfully quantifies the
uncertainty in P(r ) stemming from experimental noise. This will make the interpretation of
DEER data easier and more robust, as more quantitative arguments about the significance or
insignificance of a given feature can be made.

3.7.1 Interpretation guidelines

Bayesian credible intervals are a natural way to visualize the uncertainty in P(r ) given a certain
noise level in the data. Features lying within a given credible interval are statistically indistin-
guishable at that level of credibility. The credible intervals can therefore guide interpretation
of DEER distance distributions and help guard against overinterpretation. Next, we consider
the following typical interpretative questions: (a) Significance of small peaks, (b) presence of
shoulders, and (c) relevance of the difference between two distributions.

(a) Small side peaks are not uncommon in experimental DEER distance distributions. With
the credible intervals, it is possible to assess whether they are significant or not. If the credible
interval of a small peak includes the baseline, then the small peak is statistically indistinguish-
able from zero at that level of credibility and must be considered insignificant given the data.

(b) Shoulders in distributions can indicate conformational subpopulations. If a straight ref-
erence line (or a spline) connecting two points on the median distribution to the left and to the
right of the shoulder fully falls within the credible intervals, then the shoulder is not significant.
In such a case, a P with a shoulder is statistically indistinguishable from a P without a shoulder.

(c) When comparing two distributions, the credible intervals allows the practitioner to quickly
identify whether the distributions are significantly different. If the credible intervals of two P do
not overlap, then they are different. If there is overlap in the credible intervals, then significance
testing can be employed to answer basic questions such as: are the mean spin-spin distances
significantly different between these two samples? For example, one can construct histograms
as in Fig. 3.5 and perform a Student’s t-test. Fig. 3.5 demonstrates that P(r ) peak width can
be significantly affected by experimental noise. This implies that quantifying uncertainty in the
width of P(r ) is crucial in studies that compare the relative widths of distributions.
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Figure 3.7: Bayesian analysis applied to a bimodal mixed-width distribution. The model was
generated with two equally weighted Gaussian peaks centered at 3 and 3.8 nm with FWHM of
1 and 0.25 nm, respectively. Normally distributed noise with t = 2500 (SNR = 50) was added to
the corresponding S . Both the Tikhonov solution and the Gibbs median P fail to recapitulate the
model distribution. The Bayesian credible intervals indicate that there is increased uncertainty
in the regions where the Tikhonov solution is the most incorrect.
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3.7.2 Comparison with other methods

In the literature, the quality of a given P(r ) is most often assessed by examining the time-
domain data, considering the magnitude of the regularization parameter, and then making a
qualitative judgment call (Appendix C). Several attempts have been made to quantify uncer-
tainty in DEER. Those quantitative estimates of error from signal noise that the authors have
encountered come from one of three methods: the noise feature of the Validation Tool in the soft-
ware DeerAnalysis [18]; error propagation [18, 52]; and various model-based approaches
[21, 33–40].

DeerAnalysis DeerAnalysis [18] is the most commonly used software for DEER data
processing, and it uses Tikhonov regularization to calculate P(r ). The method proposed here
quantifies uncertainty in the Tikhonov solution for P(r ), so DeerAnalysis is the most com-
parable extant tool. DeerAnalysis provides the capability to assess error from time-domain
noise by repeatedly adding additional normally distributed synthetic noise to the data V/V0 and
then examining the resulting changes in the P vectors. This approach falls under the category
of bootstrapping methods. The user sets several parameters, including the magnitude of the
added synthetic noise and the number of iterations. The noise is therefore not guaranteed to
be equal in magnitude to the experimental noise level, compromising accuracy. Convergence
is likewise not guaranteed. The error bars displayed are the ±2s bands of the set of calcu-
lated P vectors. This visualization is useful if the population is normally, or close to normally,
distributed. This is not guaranteed to be the case, especially where P is zero or close to zero.
The confidence intervals often include regions of negative probability, which is not physically
valid, so negative valued indices of the ±2s bands are set to 0. No error analysis regarding the
uncertainty in the choice of a can be performed.

Compared to the validation tool in DeerAnalysis, the present method is more time con-
suming because of the large number of required iterations. DeerAnalysis also considers
additional sources of uncertainty, such as background correction and pulse bandwidth. How-
ever, the Bayesian method features convergence criteria, utilizes real noise information, reduces
user bias, and provides uncertainty estimates for a.

Propagation The next method is more limited in scope than either DeerAnalysis or the
proposed Bayesian approach. The variance of the noise in S(t), s2

S , can be propagated from
the time domain to the distance domain using s2

P = s2
Sdiag

�
Q

0
aQ

0T
a

�
where the primes indi-

cate that only rows and columns in Qa (as defined in Eq. (1.8)) are retained that correspond
to the indices where the unconstrained Tikhonov solution is non-negative. Commercial EPR
spectrometers store acquired data only after signal averaging, so noise statistics are usually
unavailable. In this case, the fit RMSD (root mean square difference) between the Tikhonov fit
KP and the data S is often used as a stand-in for sS . As a result, any error in the fit will corrupt
the calculation. This approach gives no error estimate for regions where the Tikhonov solution is
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zero. This method is used in the program FTIKREG [52], which was used by DeerAnalysis
until 2016. The Stoll lab has used this method in the past [81, 82].

Unlike the propagation method, for which true noise statistics are usually unavailable, the
proposed method uses observed noise information. The present method also provides esti-
mates for the full r domain, including regions where P(r ) has been constrained to non-negative
values. Finally, the propagation method considers a to be given and fixed, and so provides no
uncertainty estimates for the level of regularization applied.

Model Fitting In addition to the Bayesian approach, it is possible to use classical frequen-
tist methods. One such approach to quantify uncertainty is to assume a particular model for
P(r ), fit the model to the data, and then statistically evaluate the error in the various fit param-
eters, usually with some variant of the c2 cost function. This method has been employed in
LongDistances [33], DeerSim [34–37], and DEERconstruct [38]. Alternatively, DEFit
fits Gaussian distributions directly to the time-domain data [39]. Hustedt and coworkers have im-
plemented a model-based approach that simultaneously fits the background function and P(r )
to time-domain data, thereby uncovering potential correlations between background parameters
and features in P(r ) [21, 40].

The Bayesian method proposed here quantifies uncertainty arising from time-domain noise
and regularization, ameliorating one of the disadvantages associated with Tikhonov regular-
ization compared to model-based approaches. The Bayesian approach so far does not take
into account background correction. As with Tikhonov regularization, the proposed method is
model-free with respect to P(r ). The credible intervals produced by the present method do not
include any negative values.

3.8 Conclusions

We introduce a Bayesian statistical method for the analysis of DEER spectroscopic data. The
method extends the existing method of Tikhonov regularization: First, it not only determines
P(r ), but it also fully quantifies the associated uncertainty (error) due to noise in the data.
Second, it automatically determines the regularization parameter a and provides an associated
error estimate. The uncertainty regarding a is included in the overall error estimates for P .
The statistically determined uncertainty estimates are visualized using quantiles. This is an
important improvement to the application of DEER spectroscopy as it guides interpretation,
reduces practitioner bias, increases reliability, and helps reproducibility.

This treatment is far from complete. There are still many other sources of uncertainty affect-
ing the DEER distance distribution that need to be addressed. The error estimates determined
here do not capture uncertainty arising from background correction, time-domain truncation,
and discretization. Uncertainty in the background correction, in particular, can give rise to very
significant uncertainty in the distance distribution [15, 18]. The proposed method may be com-
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bined sequentially with the validation tool of DeerAnalysis to assure that a good choice for
the background function has been used. The Bayesian statistical approach outlined here is flex-
ible, general and robust enough to be extended to capture the influences of, and correlations
between, these other sources of uncertainty.

3.9 Methods

All computations were carried out using MATLAB R2016a [83]. The dipolar kernel matrix K was
calculated using Fresnel integrals [84]. Non-negativity constrained minimization for Tikhonov
regularization and for Gibbs sampling was done using the Fast Non-Negative Least Squares
(FNNLS) algorithm [77]. Each minimization took between 0.01 and 0.1 s on a standard lap-
top computer. Uniform and normally distributed pseudo-random numbers were generated with
the Mersenne Twister pseudo-random number generator (PRNG) as implemented in MATLAB
R2016a using a seed value of 19560 to generate model data and 12345 for Gibbs sampler
runs. The PRNG was reset before each MCMC run, but not during a run, i.e. not between
chains. The gamma-distributed pseudo-random numbers were generated using the algorithm
of Marsaglia and Tsang [78, 85].
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Chapter 4

EXTENDED BAYESIAN MODEL INCLUDING BACKGROUND

This chapter summarizes unpublished work that follows up and extends the approach pre-
sented in Ch. 3.

Double electron-electron resonance (DEER) signals comprise contributions from both intra-
and inter-complex dipolar interactions. The latter is typically fit and divided out before inferring a
distance distribution, P(r ), from the former. This pre-processing step can introduce significant
error into the resulting P(r ). Here, we introduce a statistical method, based upon Bayesian
inference, to simultaneously fit the intra- and inter-complex components of the DEER signal.
The method quantifies uncertainty in the final result, facilitating reasonable interpretation.

4.1 Introduction

In the context of DEER data analysis, approaches that simultaneously infer the intra- and in-
termolecular signal components are referred to as global. There is not yet a published global
analysis approach that utilizes a non-parametric model, such as Tikhonov regularization. Exist-
ing implementations use parametric modelling approaches, such as Gaussian mixture models
[20, 21]. As the background correction step in a sequential analysis approach can introduce sig-
nificant error in P(r ), finding the best possible estimate of B(t) and quantifying the uncertainty
introduced into P(r ) is crucial.

The software package, GLADD, introduced by Hustedt and coworkers, simultaneously fits
P(r ) and B(t) to the data, V (t), using Gaussian mixture models [20, 21]. The downside to
this approach is that it assumes a particular form for P(r ) that may not be physically realis-
tic. A global analysis procedure using a non-parametric model for P(r ) would allow a direct
comparison between these two approaches.

Here we present a global fully probabilistic model that is able to simultaneously determine a
parameter-free distance distribution and a background function. The model is based upon the
Bayesian approach introduced in Ch. 3 and provides complete quantification of uncertainty.

4.2 Theory

The DEER signal considered here is identical to that in the preceding chapters and Appendix A.
All symbols retain their meanings.
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4.2.1 Data Pre-processing

Prior to analysis, DEER data is subjected to a few pre-processing steps. First, quadrature-
detected integrated spin-echoes are signal averaged and phase-corrected. Then, estimates
for the true t0 and the non-modulated signal at V (t0) are obtained by fitting a simple curved
function to the early time-points. With the exception of normalization by V0 ⌘ V (t = 0), these
pre-processing steps and their effects on the outcome are not treated in the statistical model
presented below.

4.2.2 Data model

The general model for the pre-processed DEER time-domain trace is

V (t) = [1� l + lS(t)] · B(t) +N(0, s) (4.1)

with the modulation depth parameter l, the dipolar modulation function S(t), and the back-
ground function B(t). N represents stochastic noise and is a random vector drawn from a
normal distribution with center 0 and standard deviation s.

For the components S(t) and B(t), different models can be chosen. We use

S(t) = K (t, r )P(r ) (4.2)

where S , K , and P are the same as in Chs. 1-3. To take the modulation due to interactions
between spins on different complexes into account, we employ the widely used exponential-
decay model [1, 2, 86, 87] extended with a phenomenological stretching exponent [88]

B(t) = exp

⇣
�|krpumpct|D/3

⌘
(4.3)

where rpump is the probability of exciting B spins with k = 8p2

9
p

3

µ2
BgAgB

} . It depends on three
parameters: the pump-pulse efficiency rpump (assumed given), the average spin number (not
molar) concentration c , and the dimensionality D (which functions as a stretching exponent).
D = 3 corresponds to an exponential decay while D = 6 results in a Gaussian decay. Note
that the |...| in Eq. (4.3) allows it to be applied also for t < 0 in the 4-pulse DEER sequence.
Alternative background models, such as the excluded-volume model [20, 89] calculated via shell
factorization [31] can easily be accommodated.

4.3 Probabilistic model

The probabilistic model used here is an extension of that from Ch. 3 (Eq. 3.7). In Ch. 3, the
background-corrected and l-scaled time-domain vector S(t) was considered the raw data.
Perfect background-correction was assumed, or, more accurately, background-correction errors
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were neglected. Here, the averaged integrated echo intensity trace V (t) is considered the raw
data. The extended Bayesian hierarchical model can be written down in several ways. Here, we
will examine the most physically complete model given the same simplifying assumptions about
experimental realization made throughout this thesis. The model will have the familiar form:

posterior = likelihood · priors · hyperpriors. (4.4)

The likelihood function is a multivariate normal distribution:

p(V |V0, s,l,P , c ,D) = MvNormal(V0[1� l + lKP ] exp
⇣
�|rpumpckt|D/3

⌘
,⌃V ) (4.5)

where the covariance matrix can be written as simply ⌃V = s2
I because the noise in a DEER

experiment is independent and normally distributed [14]. Here, as in Ch. 3, s is assumed given
since it can be obtained experimentally. The prior for P is identical to that in Ch. 3:

P = constrMvNormal

⇣
0, (LT(dI )L)�1

⌘
(4.6)

where d is the distance-domain precision, defined in Ch. 3, and we explicitly write out the identity
matrix. The prior PDF for l reflects its possible range of 0 to 1 and is:

p(l) = U(0, 1). (4.7)

More informative choices for p(l) are possible and could be centered around a value estimated
from the pulse excitation bandwidths. The spin-concentration c can be estimated from the sam-
ple preparation procedure or, more accurately, from a spin-quantitation CW EPR experiment.
Its prior PDF is written as a normal distribution:

p(c) = N(c̄ , sc) (4.8)

where the estimated mean concentration, c̄ , and associated standard deviation, sc , are as-
sumed given. If sc is not small compared to c̄ , then some other distribution with only positive
support should be used. The phenomenological stretch constant, D, is estimated from the
truncated Normal distribution:

p(D) = truncN(3, 2); 0 < D < • (4.9)

where the mean has been set to the expected dimensionality of 3 and the standard deviation 2
confines nearly all of the PDF mass to between 0 and 6. The support is limited to only positive
values. These values can be adapted based on the nature of the sample: It is expected that
D ⇡ 3 for dilute frozen solutions of soluble proteins, but smaller for membrane proteins. The
value of the non-modulated spin-echo, V0, must be estimated from the noisy data V :

p(V0|s) = N(V̄0, s) (4.10)



47

where s is the time-domain noise standard deviation and V̄0 is estimated by least-squares fitting
a simple curved function to the early part of V . Finally, the hyperprior for d is the same as that
in Ch. 3:

p(d|a, b) = Gamma(a, b) (4.11)

with the hyperparameters a and b determined as before. The posterior PDF for P is nearly
identical to that in Ch. 3:

p(P |S , t, d,l,B(rpump, c ,D)) = constrMvNormal(⌃�1
P K

T
⌃SSdata,⌃P) (4.12)

where Sdata is calculated from the raw data V :

Sdata,i =
1

V0l
diag(B)ii\diag(V )ii �

1

l
+ 1. (4.13)

The covariance matrix

⌃S ,ii = diag(B)ii\
✓

s2

V0
I

◆

ii

� 1

l
+ 1 (4.14)

scales the time-domain variance by B and l, and

⌃P = (KT
⌃SK + dLT

L)�1
. (4.15)

To summarize the full model in terms of numerical sampling:

V ⇠ MvNormal(V0[1� l + lKP ]B ,⌃V )

B = exp

⇣
�|rpumpckt|D/3

⌘

Sdata,i =
1

V0l
diag(B)ii\diag(V )ii �

1

l
+ 1

P ⇠ constrMvNormal(⌃�1
P K

T
⌃SSdata,⌃P)

V0 ⇠ N(V̄0, s)

l ⇠ U(0, 1)

D ⇠ N(3, 2)

c ⇠ N(c̄ , sc)

d ⇠ gamma(a, b)

(4.16)

where ⇠ indicates stochastic sampling and with the parameters t, rpump, K , and L considered
given.
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4.4 Methods - numerical sampling

Due to the complexity (lack of a standard-form distribution for the posteriors) of the joint expres-
sion of the hierarchical model:

p(V ,V0,l,P , d, c ,D) =
(2p�nt/2)

|⌃V |
exp

✓
�
⇣
V � V0[(1� l) + lKP ] exp

n
�|rBckt|D/3

o⌘T

... ⌃
�1
V

⇣
V � V0[(1� l) + lKP ] exp

n
�|rBckt|D/3

o⌘⌘

· (2ps2)�1/2
exp

✓
� (V0 � V̄0)2

2s2

◆

· (2p�nr /2)
|(LT(dI )L)�1| exp

⇣
�(P � 0)T(LT(dI )L)(P � 0)

⌘

· b
a

�(a)
d(a�1)

exp(�bd)

·
(

1
1�0 , if 0 < l  1

0, otherwise

· (2ps2
c )

�1/2
exp

✓
� (c � c̄)2

2s2
c

◆

· (2p2
2)�1/2

exp

✓
� (D � 3)2

2 · 22

◆

(4.17)
it is not possible to use direct Gibbs sampling as in Ch. 3, and more general methods have to
be used. Hamiltonian Monte Carlo (HMC) is one particular method well-suited to such complex
models.

4.4.1 Hamiltonian Monte Carlo

In order to generate a numerical estimate of Eq. 4.17, we use the pseudo-random sampling
technique Hamiltonian Monte Carlo [90], which has a statistical accept/reject step (similar to the
classic Metropolis algorithm [60]) and therefore does not need to generate perfect samples on
every step. For HMC sampling, we use the MATLAB interface [91] of the open-source package
Stan [92].

As an initial validation, we compared HMC and the Gibbs sampler on the probabilistic model
from Ch. 3. The HMC and Gibbs MCMC results for the case of unconstrained P are identical
(Fig. 4.1). Including the non-negativity constraint leads to differences that are due to differences
in how the constraint is incorporated in the samplers (Fig. 4.2).
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Figure 4.1: Comparison of the Gibbs sampler from 3 with the Stan HMC sampler for uncon-
strained P samples from a multivariate normal distribution with a constant a (a = d/t) value.
The sampled values are nearly identical. The five lines, stacked from bottom to top, are the 2nd,
25th, 50th, 75th, and 98th percentiles of the sampled P values, which correspond to the credible
intervals shown in Ch. 3.
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Figure 4.2: Comparison of the Gibbs sampler from 3 with the Stan HMC sampler for non-
negativity constrained P samples from a multivariate normal distribution with a constant a (a =
d/t) value. The results differ, likely due to differences in how the constraint is implemented.
The sampled values are nearly identical. The five lines, stacked from bottom to top, are the 2nd,
25th, 50th, 75th, and 98th percentiles of the sampled P values, which correspond to the credible
intervals shown in Ch. 3.
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4.5 Numerical Study Design

The numerical investigation will follow similar lines as that in Ch. 2. To build a large, synthetic
test data set, the test set introduced in Ch. 2 must be augmented with randomized background
functions, B(t), and modulation depths, l. The results will similarly be analyzed as before:
primarily in terms of model parameter recovery.
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Chapter 5

SUMMARY AND OUTLOOK

This body of work will enable and simplify statistically defensible interpretations of DEER
EPR data. It is now within reach to compare directly parametric and non-parametric model
analysis for DEER data, which will allow progression in the field. DEER distance distributions
with full uncertainty quantification can be more rigorously incorporated into molecular modeling
projects to provide physically-measured restraints.

Ch. 2 describes improvements to Tikhonov regularization for DEER spectroscopy that im-
prove the accuracy and reliability of the method. The results of this work are currently being
incorporated into workflows within the community. The design of the study is general and may
be applied to other ill-conditioned, inverse problems. We have also made freely and publicly
available an extensive test-set of physically- and experimentally-reasonable simulated DEER
data that is likely to be useful to other practitioners in the field.

Ch. 3 describes a Bayesian statistical framework for inferring distance distributions with
uncertainty quantification from DEER data. This is the contribution that is most important to the
field in terms of novelty, as Bayesian statistics had not yet made its way into the field of EPR. It
is also significant in that it is the first statistically rigorous method for quantifying uncertainty in
a non-parametric DEER P(r ).

Ch. 4 outlines an extension to the approach from Ch. 3 that includes background correction.
This enables global analysis for a non-parametric model approach for DEER data analysis. It
also places non-parametric distance-restraint inference on a similar statistical playing field as
parametric approaches, allowing direct comparison.

There is a great deal of work yet to do. The full model presented in Ch. 4 is not yet com-
pletely implemented and tweaks may be necessary to ensure computational feasibility. There
are also several significant sources of uncertainty in the DEER experiment that could be in-
corporated into this framework, namely, orientation selection, multi-spin effects, and differential
phase memory times. However, it should be possible to account for these eventualities using
the Bayesian hierarchical framework employed here.

A still open problem is how to optimally use DEER distance distributions as restraints in
molecular modeling studies. It is my hope that upcoming students will uncover a clear and
rational way to solve this problem and that quantitative error estimates, such as those made
available here, will prove useful to them to those ends. With reliable, quantitative estimates of
parameters and their uncertainties, it should be possible to build useful models of reality from
which we know exactly what we can and cannot claim. Ultimately, using the numerical results
of DEER experiments to create informative structural models of proteins is the only reason to



53

go through the significant effort to perform such experiments. The work presented here is, in all
honesty, simply fulfilling a prerequisite to that more important work.
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Appendix A

THEORY OF THE DEER SIGNAL

This appendix provides a derivation of the expressions that describe the time-domain DEER
signal for typical—well, idealized—experimental conditions. First, the magnetic dipolar interac-
tion between two electrons located in a strong external magnetic field is explored. Then, the
effect of this interaction on the DEER experimental observable—electron spin echoes—is laid
out. The microscopic interaction is scaled up to the situation encountered in a macroscopically-
sized sample solution through the use of the ṕowder average’ integration. Finally, the signal
expression is rewritten as a combination of Fresnel integrals, which provides an easy route to
fast numerical evaluation.

A.1 The Magnetic Dipolar Interaction

We start by considering the vector potential at a distance r from a classical dipole in units of
J/T, given by:

A(~r ,~µ) =
µ0

4p

~µ ⇥~n
r3

(A.1)

where µ0 is the magnetic constant (vacuum permeability), ~µ is the magnetic dipole moment,
and~n is the spherical unit vector:

~n =

0

@
cos f sin q
sin f sin q
cos q

1

A . (A.2)

The magnetic field (flux density) from the dipole at some distance r is given in teslas by

~B(~r ,~µ) = r⇥ A(~r ) =
µ0

4p

3~n ·~nT � I

r3
~µ (A.3)

where I is the identity and (3~n ·~nT � I) is a 3x3 matrix. If we introduce a second dipole and
consider the coupling energy between the two dipoles,

E (~µ1, ~µ2,~r ) = �~µT
2
~B(~r ,~µ1) = �~µT

2
µ0

4p

3~n ·~nT � I

r3
~µ1 (A.4)

where subscripts 1 and 2 refer to two separate dipole moments, then we can write down a
Hamiltonian operator for the system. First, let’s remember that our dipoles are electrons, and
write down their magnetic moments as

~µ = �µBg~S (A.5)



55

where µB is the Bohr magneton, g is the g-factor of the electron, and ~S is the spin angular
momentum vector in atomic units. Assuming negligible exchange coupling, we can then write
down the coupling Hamiltonian for the two-spin system in joules:

Ĥdd = � µ0

4p
µB

2
g1g2

1

r3
~̂ST

2 · [3~n ·~nT � I] · ~̂S1. (A.6)

where ~̂Si = [Ŝ i
x Ŝ

i
y Ŝ

i
z ]

T is a vector of spin operators. In an EPR experiment, the spins sit in
an external magnetic field, B0, and interact with the field via the Zeeman interaction. This adds
terms to the Hamiltonian:

Ĥ = ĤZ1 + ĤZ2 + Ĥdd (A.7)

where ĤZi = µBB0gi Ŝi . If we divide both sides of this expression by }, we obtain the spin-
Hamiltonian in units of angular frequency

Ĥ

} = Ĥ

= ĤZ1 + ĤZ2 + Ĥdd.

(A.8)

It is now useful to rewrite Ĥdd as

Ĥdd = �w?~̂S
T
2 d

~̂ST
1 = �w?(A+ B + C +D + E + F ) (A.9)

where the matrix d = [3~n ·~nT � I] and w? is the perpendicular part of the dipolar frequency
and is given by:

w? =
µ0

4p

µ2
Bg1g2

r3} . (A.10)

Multiplying ~̂ST
2 D

~̂ST
1 yields the so-called “dipolar alphabet" (Abragam’s Tome, Ch. 4, Sec. II)

[86]:
Â = Ŝ1z Ŝ2z (3 cos

2 q � 1)

B̂ =
1

4
(Ŝ1+Ŝ2� + Ŝ1�Ŝ2+)(3 cos

2 q � 1)

Ĉ = �3

2
(Ŝ1+Ŝ2z + Ŝ1z Ŝ2+) sin q cos q e�if

D̂ = �3

2
(Ŝ1�Ŝ2z + Ŝ1z Ŝ2�) sin q cos q e+if

Ê = �3

4
Ŝ1+Ŝ2+ sin

2 q e�2if

F̂ = �3

4
Ŝ1�Ŝ2� sin

2 q e+2if

(A.11)

where Ŝ+ = Ŝx + iŜy and Ŝ� = Ŝx � iŜy are the raising and lowering ladder operators, respec-
tively. These terms are displayed in terms of a two-spin four-level energy diagram in Fig. A.1.
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|a1a2>

|b1b2>
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C ,D

C ,D
C ,D

C ,D
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Figure A.1: Energy level diagram for a coupled two-spin system. The single-quantum (Ĉ and
D̂) and double-quantum (Ê and F̂ ) EPR transitions are indicated.

This is an intimidating number of terms to worry about in Ĥdd. Fortunately, we can, for most
experimental realities, neglect every dipolar alphabet term but Â.

In a Q-band EPR experiment, the sample sits in a strong magnetic field (⇠1.2 T), which
brings the Zeeman terms, ĤZi, up to about 33-34 GHz. In contrast, the magnitude of Ĥdd is on
the order of only a few tens of MHz. This quantizes the electron spin-angular momenta along
the B0 axis, which we define as the z-axis, so the eigenvalues of the overall Hamiltonian are
primarily those of the ~̂Sz operator.

The “alphabet" term Â is the secular term that describes the coupling between two spins
quantized along the z-axis, B̂ is the pseudo-secular ‘flip-flop’ term that couples |bai and |abi, Ĉ
and D̂ are the single-quantum EPR transitions, and Ê and F̂ are the forbidden double-quantum
transitions. In the high-field limit where the electron Zeeman interaction is much greater than the
dipolar coupling, the only non-negligible term is Â. The flip-flop term, B̂ can become relevant
for high-spin systems [93].

This is our first major assumption, and it results in the simplified spin-Hamiltonian:

Ĥdd = �w?(3 cos
2 q � 1)Ŝ1z Ŝ2z (A.12)

In the DEER experiment, an excess angle, or phase, accumulated by the spin as a function of
time is given by

fdd(t) = wdd · t. (A.13)
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It is this phase accumulation in the transverse plane due to the dipolar interaction that forms the
basis of the DEER experiment.

A.2 DEER Signal

Here, we follow primarily Marko and Prisner’s 2013 paper about the out-of-phase DEER signal
because it contains one of the clearest descriptions available in the literature [94]. For a more
complete story that begins with the equilibrium density matrix, I recommend that reference.
Here, I assume the high-temperature limit where the out-of-phase signal is negligible and have
simplified the expressions accordingly. The magnetization along the detection axis owing to a
single observer spin coupled to a single pump spin, pumped at time t, is:

M(t) =
igi µB

4
bpol.,1 cos(fdd,kl (t)) (A.14)

where fdd ,kl (t) is the phase offset accumulated at time t due to the dipolar coupling between
spins k and l and bpol.,i is a Boltzmann polarization factor

bpol.,i = �2 tanh

✓
b}wi

2

◆
(A.15)

where b = (kBT )�1 and wi is the resonant frequency of spin i .
For a many-spin system, the magnetization is the sum of the contributions from each ob-

server spin and each observer spin is affected by the product of the contributions from all pump
spins:

M(t) =
igi µB

4
bpol.,1

Na

Â
k

Nb

’
l

((1� l) + l cos(fdd,kl (t))) . (A.16)

where l is the modulation depth, which characterizes the extent of spin-echo modulation and
is a measure of the experiment efficiency. The sum in Eq. A.16 can be rewritten as:

M(t) =
igi µB

4
bpol.,1Na

Nb

’
l

((1� l) + l cos(fdd,kl (t))) (A.17)

where (...) = 1/Na ÂNa
k (...). Appealing to properties of statistical expectation values, Marko

and coworkers assert that if the observed and pumped spin positions are not correlated, "then
the average of the product can be substituted by the product of the averaged multiplicands,
which are equal" [94]. This allows Eq. A.16 to be further rewritten as:

M(t) =
igi µB

4
bpol.,1Na ((1� l) + l cos(fdd,kl (t)))

Nb
. (A.18)

This expression must now be averaged over all possible observer spin positions using a powder
integral:

I =
1

V

Z •

0
r
2
kldrkl

Z p

0
sin qkldqkl

Z 2p

0
df cos(fdd,kl (t)) (A.19)
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which, for a uniformly random homogenous distribution of monoradicals in the high-temperature
limit, evaluates to:

M(t) = M0 exp

✓
� 8p2

9
p
3

rbc
µ0

4p}µ2
Bgagbt

◆
= B(t) (A.20)

as discussed in Ref. [86], Ch. 4, Sec. 4. This is the intermolecular background signal, B(t),
which complicates the analysis of DEER data. However, in a sample containing diradicals or
other spin-clusters, the integral cannot be explicitly evaluated without direct knowledge of the
intra-cluster spin-spin distance distribution, P(r ). Accounting for this additional complication
results in the expression:

M(t) = B(t)

✓
(1� l) + l

Z •

0
dr P(r )

Z p/2

0
dq sin q cos

⇥
(1� 3 cos

2 q)w?t
⇤◆

(A.21)

where w? = µ0µ2
BgAgB/(4p}r3).

A.3 Expressing the Dipolar Kernel as Fresnel Integrals

If we make the substitution

z = cos q

in the kernel of the dipolar powder integral, we obtain for the kernel:

K (t, r ) =
Z 1

0
dz cos

�
(1� 3z

2)w?t
�

(A.22)

K (t, r ) =
Z 1

0
dz cos

�
w?t � 3z

2w?t
�

(A.23)

(A.24)

Recall that cos(a� b) = cos(a) cos(b) + sin(a) sin(b), then:

K (t, r ) =
Z 1

0
dz (cos(w?t) cos

�
3z

2w?t
�
+ sin(w?t) sin

�
3z

2w?t
�
) (A.25)

K (t, r ) = cos(w?t)
Z 1

0
dz cos

�
3z

2w?t
�
+ sin(w?t)

Z 1

0
dz sin

�
3z

2w?t
�

(A.26)

With some foresight, we rewrite 3 as 6p/2p and then perform a substitution of variables to obtain
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the Fresnel integrals:

K (t, r ) = cos(w?t)
Z 1

0
dz cos

✓
6p

2p
z

2w?t

◆
+ sin(w?t)

Z 1

0
dz sin

✓
6p

2p
z

2w?t

◆
(A.27)

K (t, r ) =
cos(w?t)

Rp 6
p w?t

0 dx cos
�

p
2 x

2
�
+ sin(w?t)

Rp 6
p w?dx t

0 sin
�

p
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2
�

q
6
p w?t

(A.28)

K (t, r ) =
cos(w?t)C(

q
6
p w?t) + sin(w?t)S(

q
6
p w?t)

q
6
p w?t

(A.29)

where C(...) and S(...) are the cosine and sine Fresnel integrals, respectively. You might notice
that the last two expressions are undefined for t = 0. We account for this with an ‘if’ statement
in our Matlab code that sets K (0, r ) = 1.
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Appendix B

REGULARIZATION PARAMETER SELECTION METHODS

Here, we summarize all a selection methods included in Ch. 2 and published in Ref. [13]
and give the expressions necessary to implement them. Further details about the methods can
be found in the cited statistics literature.

Most methods are derived assuming an unconstrained Tikhonov regularization, i.e. without
the P � 0 constraint in Eq. (1.7). In this case, the solution PaL can be expressed in closed form
as

PaL = K̄aLS with K̄aL =
⇣
K

T
K + a2

L
T
L

⌘�1
K

T (B.1)

For the physically relevant constrained problem (with P � 0), a closed-form solution is not
possible, and we obtain PaL via an iterative optimization algorithm [77]. In either case, once PaL

is obtained, the time-domain fit is
SaL = KPaL (B.2)

We apply each method described below in two ways, one using the unconstrained solutions
and one using the constrained solutions. The methods are referred to by short acronyms (see
Table 2.1). A suffix ’u’ is appended to the method acronym when unconstrained PaL are used.
In addition, if the method contains a tuning or scaling parameter, then its value is appended to
the acronym as well.

L-Curve methods (LC, LR, LR2) Several methods select a based on heuristic considerations
about a parametric log-log plot of the Tikhonov penalty term, h = kLPaLk, against the residual
norm, r = kS � SaLk, as a function of a [95, 96]. Such a plot shows a monotonically decaying
h(r) and is called the L-curve since it tends to form a characteristic "L" shape with a visual
corner. The optimal value for a is considered to correspond to this corner, since it intuitively
represents a reasonable balance between the fitting error r and the regularization error h. The
corner is not a mathematically defined quantity, therefore different operational definitions of
locating this corner exist.

One of them is the maximum-curvature method (LC) [96]. It selects the a corresponding to
the point of maximum (positive) curvature of the L-curve, given by

asel = argmax
a

r̂0ĥ00 � r̂00ĥ0

(r̂02 + ĥ02)3/2
(B.3)

where ĥ = log10 kLPaLk, r̂ = log10 kS � SaLk, and the primes indicate derivatives with respect
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to log10 a or a. This method picks the global maximum of the curvature, even though there can
be several local maxima.

Another possible definition of corner is the point closest to the lower left corner of the L-curve
plot [95]. DeerAnalysis uses one implementation of this idea [18]. The two coordinates r̂
and ĥ are evaluated over a range of a values and then rescaled to the interval [0,1]. The
corner is determined as the location on the L-curve that is closest to the origin in these rescaled
coordinates:

asel = argmin
a

 ✓
r̂ � r̂min

r̂max � r̂min

◆2

+

✓
ĥ � ĥmin

ĥmax � ĥmin

◆2
!

(B.4)

The results from this method depend on the a range. We refer to this method as the minimum-
radius method and use two variants of it. In the first one (LR), we use the same a range as for
all other methods (10�3 to 10

3), and in the other one (LR2), we employ the same a range as
DeerAnalysis. The latter extends from the largest generalized singular eigenvalue of K and
L, smax, to a value csmax with c = 16e · 106 · 2s/0.0025, where e ⇡ 2.2 · 10�16 and s is the noise
level. In order to keep the range large enough, we limit c to  10

�6.

Cross validation (CV, GCV, mGCVc , rGCVg, srGCVg) We use several methods based on
the idea of cross validation. Leave-one-out cross validation (CV) [97, 98] is conceptually the
simplest of them. For a given a, it minimizes the total prediction error, which is obtained as
the sum of the prediction errors for each individual data point. For that, a single data point is
excluded and a fit to the remaining data is calculated. That fit is judged based upon its ability
to reproduce the excluded data point. By repeating the method for each data point, the total
prediction error is obtained, and the a value is selected that minimizes it. This procedure can
be condensed into the following expression:

asel = argmin
a

 
nt

Â
i=1

����
S(i)� SaL(i)
1�HaL(i , i)

����
2
!

(B.5)

with the a-dependent influence matrix HaL = KK̄aL.
Generalized cross validation (GCV) [99, 100] is very similar to leave-one-out cross valida-

tion, but the diagonal matrix element HaL(i , i) in the denominator is replaced by the average of
all diagonal elements, rendering the method more stable. The expression simplifies to

asel = argmin
a

kS � SaLk2

[1� tr(HaL)/nt ]
2 (B.6)

The modified GCV (mGCVc) [101, 102] method is a simple tunable modification to GCV
intended to stabilize the method further.

asel = argmin
a

kS � SaLk2

[1� c tr(HaL)/nt ]
2 (B.7)
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with the tuning parameter c � 1. We use this with c = 1.2, 1.5, 2, and 3, to test a range of
stabilizations.

The robust GCV (rGCVg) method [103, 104] is also designed to exhibit greater stability than
the GCV method. It is given by

asel = argmin
a

 
kS � SaLk2

[1� tr(HaL)/nt ]
2

�
g + (1� g) tr

�
H

2
aL

�
/nt
�
!

(B.8)

with the tuning parameter g  1. With g = 1, the method reduces to GCV. As g gets smaller,
the method becomes increasingly stable and less likely to undersmooth. We examine g values
of 0.1, 0.5, and 0.9, with increasing contributions from the second term.

Strong robust GCV (srGCVg) [105] is another tunable modification to GCV that is based on
stronger statistical arguments than rGCV. It selects a via

asel = argmin
a

 
kS � SaLk2

[1� tr(HaL)/nt ]
2

⇣
g + (1� g) tr

⇣
K̄

T
aLK̄aL

⌘
/nt

⌘!
(B.9)

with g � 1. Like rGCV, with g = 1, the method reduces to GCV. We use g values of 0.8 and
0.95.

Quasi-optimality (QO) This criterion, from Tikhonov and coworkers [106–108], selects a such
that a small change in a from that selected value has minimal effects on the resulting PaL:

asel = argmin
a

����
dPaL

d log10a

���� (B.10)

The underlying rationale is that the model recovery error is flat at its minimum.

Discrepancy principle (DPt) This principle [109–111] is predicated upon the idea that the
root-mean-square residual, kS � SaLk /

p
nt , should be on the order of the noise standard de-

viation in the data, s. It requires a priori knowledge of s. The value for a is selected as the
largest value such that

kS � SaLk /
p
nt  ts (B.11)

where t is a safety factor � 1 to guard against undersmoothing in the case s is underestimated.
We use this principle with t = 1 and 1.5.

The transformed discrepancy principle (tDPt) [112–114] performs the comparison in the
distance domain, choosing the largest a that satisfies

kK̄aL(S � SaL)k /
p
nr  t

b0s

a
(B.12)

where b0 = 3
p
3/16 ⇡ 0.325. We use t = 1.5.
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Balancing principle (BP, hBP) The balancing principle (BP) [115, 116] balances the propa-
gated noise error with the unknown model recovery error. Using

B(a) = max
a0<a

✓
max
a00<a0

kPa0 � Pa00 k
4sf(a00)

◆
(B.13)

and f(a) =
q

tr
�
K̄aLK̄

T
aL

�
, it selects asel as the largest a value that satisfies B(a)  1. The

hardened balancing principle (hBP) [116] selects a using

asel = argmin
a

✓
B(a)

q
f(a)

◆
(B.14)

Residual method (RM) This method [74, 117] determines a by minimizing a scaled norm of
the residual vector

asel = argmin
a

kS � SaLk2

p
tr(BTB)

(B.15)

where B = K
T (I�HaL). The scaling penalizes undersmoothing.

Self-consistency method (SC) This method [51, 52], utilized in FTIKREG, seeks to minimize
the sum of the estimated model recovery error and the propagated data noise variance.

asel = argmin
a

⇣
k(I� K̄aLK )PaLk2 + s2

tr

⇣
K̄aLK̄

T
aL

⌘⌘
(B.16)

This expression is valid for the unconstrained case. In order to include the non-negativity con-
straint, further steps are necessary. First, asel for the unconstrained case is determined. Next,
the constrained solution is determined using this a value and the indices q of the active non-
negativity constraints are stored. Finally, the columns of K and L with indices q are removed
and Eq. (B.16) is re-evaluated.

Generalized maximum likelihood (GML) This method [118] selects the a that maximizes the
likelihood (or, equivalently, minimizes the negative log-likelihood) and is given by

asel = argmin
a

S
T(S � SaL)

m
p

detnz(I�HaL)
(B.17)

where detnz(·) indicates the product of the non-zero eigenvalues, and m is the number of non-
zero eigenvalues. To account for numerical errors, we treat all eigenvalues with magnitude
below 10

�8 as zero. If there are no non-zero eigenvalues less than 10
�8, then m is equal to the

rank of I�HaL).
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Extrapolated error (EE) This method [119–121] minimizes an estimate of the regularization
error via

asel = argmin
a

kS � SaLk2

kKT(S � SaL)k
(B.18)

Normalized cumulative periodogram (NCP) This method [122–124] is based on the idea
that the power spectrum of the residuals should match the power spectrum of the noise. The
unscaled power spectrum (periodogram) for a given a is a vector p with elements

p(k) = |dft (S � SaL)k |
2 (B.19)

where k = 1, ... , nt , dft refers to the discrete Fourier transform. The normalized cumulative
periodogram is an (nt � 1)-element vector c with elements

c(i) =
kp(2 : i+1)k1

kp(2 :nt)k1

(B.20)

where k...k1 is the `1 norm (sum of absolute values). The zero-frequency component, p1, is
omitted. c represents the integrated power spectrum of the residuals. The a value is selected
that minimizes the deviation between c and the integrated power spectrum cnoise expected for
the noise:

asel = argmin
a

kc(a)� cnoisek1 (B.21)

where cnoise is a (nt � 1)-element vector, with elements cnoise,i = i/(nt � 1) for white noise.

Mallows’ CL (MCL) This method [125] minimizes an approximation to the model recovery
error, derived under the assumption of unconstrained regularization and uncorrelated Gaussian
noise.

asel = argmin
a

⇣
kS � SaLk2 + 2s2

tr(HaL)� 2nts2
⌘

(B.22)

This requires the knowledge of the noise level s.

Information-theoretical criteria (AIC, AICC, BIC, ICOMP) In the context of information the-
ory [126, 127], the set of PaL is regarded as a set of candidate models, and criteria have been
developed that select a parsimonious model that balances a small fitting error with a low model
complexity. The general expression is

asel = argmin
a

 
nt ln

kS � SaLk2

nt
+ c tr(HaL)

!
(B.23)

where the second term is a measure of model complexity, which decreases with increasing a.
The term tr(HaL) can be regarded as the effective number of free parameters in the model. The
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constant c depends on the particular criterion: c = 2 for the Akaike information criterion (AIC)
[128], c = 2nt/(nt � tr(HaL) � 1) for the corrected AIC (AICC) [129, 130], and c = ln(nt)
for the Bayesian information criterion (BIC) [131]. The information complexity criterion (ICOMP)
[132, 133] is yet another information-theoretical procedure and is given by

asel = argmin
a

✓
1

s2 kS � SaLk2 + 2 tr(HaL) + nt ln
s̄a

s̄g

◆
(B.24)

where s̄a and s̄g are the arithmetic and geometric means of the singular values of (KT
K +

a2
L

T
L)�1. The last term penalizes for interdependence among model parameters. In contrast

to the other information-theoretical criteria, this one requires knowledge of the noise level s.
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Appendix C

SUPPORTING INFORMATION FOR CHAPTER 4

C.1 Literature Search Citations

We examined the DEER distance distributions included in over 100 papers published in 2014,
2015, and early 2016 — including their SIs [12, 21, 37, 69, 81, 134–234] — and found that 90%
did not show any kind of quantitative error estimation for P(r ). The DEER P(r ) was displayed
as a bare curve.

Those papers that did display error estimates used the following methods:

• In [137–139, 208], the authors used the DeerAnalysis Validation Tool [18], varying the
background dimensionality and fit range.

• In [141], the authors used the DeerAnalysis Validation Tool, varying the background fit
range. The authors also used the pruning tool to exclude very bad background choices
from the calculation.

• In [151, 193], the authors used the DeerAnalysis Validation Tool, varying the background
dimensionality, fit range, and by varying the added noise realizations.

• In [81, 212], the authors linearly propagated the time-domain fit error vector through
Tikhonov regularization and plotted the results added to and subtracted from P .

• In [177], the authors used the DeerAnalysis Validation Tool, varying unspecified parame-
ters. In [149], the authors did the same for one data set in the SI.

• In [207, 220], the authors used the DeerAnalysis Validation Tool, varying the background
fit range. Error regions were shown only for a few sample data sets in the SI, and none
were shown in the main text.

• In [166, 179], the authors indicated that the long-distance regions of the P solutions are
less reliable than the short distances, based upon the length of S , by graying/dashing
longer regions of P . In [194], the authors grayed out all of the P vectors for r > 4 nm,
though the data traces S varied in length. This approach does not estimate error, but
does indicate the increased uncertainty associated with measuring longer distances.



67

C.2 Noise Quantification

Fig. C.1 shows background-corrected DEER data collected at Q-band using the 4-pulse se-
quence [41]. The sample was a frozen glassy solution of 70 µM MTSL-labeled maltose binding
protein (MBP) in the presence of substrate (maltose) at 50 K. For both the pump and probe
sequences, p-pulses of length 44 ns were used. The initial p

2 -pulse in the probe sequence
was 24 ns long. The pump-pulse frequency was set 70MHz above the probe pulse. The pump
sequence was carried out on the spectral maximum. The probe frequency was centered at
the resonator dip. An 8-step phase cycle was used. Each phase-cycled trace was recorded
separately. Each trace was individually phase-corrected before averaging. Because every trace
was available, it was possible to sort the data into histograms at each ti . This revealed that
the noise was approximately Gaussian (Fig. C.1 top) and uncorrelated with t (Fig. C.1 bottom).
After background correction, a slight correlation with t is introduced, but it remains negligible
so long as the background is not too steep. It is therefore justifiable to calculate the standard
deviation, sS , at each ti (Fig. C.1), and use the mean value of sS to characterize the noise.

C.3 Generating random samples from the posterior PDF

In order to generate random samples for P from Eq. (3.7),

p(P , d|S , t) µ
⇣ t

2p

⌘ nt
2

✓
d

2p

◆ nr
2 b

a

�(a)
da�1

e
�bd

exp

⇢✓
�t

2
kS �KPk2 � d

2
kLPk2

◆�
,

we first show that this expression is Gaussian in P . We begin by omitting prefactors independent
of P , expanding the norms, and grouping like terms:

p(P |S , d, t) µ exp

✓
�t

2
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2
kLPk2

◆
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�1

2
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where we have used P
T
K

T
S = S

T
KP . We then complete the square in P :

p(P |S , d, t) µ exp
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P � tSK
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S
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(C.2)
with S =

�
tKT

K + dLT
L
��1. The last two terms do not depend on P , so the expression

reduces to:
p(P |S , d, t) µ Normal

⇣
tSK

T
S ,S

⌘
(C.3)

where S is the covariance matrix and tSK
T
S is equal to the unconstrained Tikhonov solution

if a2 = d/t. Eq. (C.2) shows that Eq. (3.7) is Gaussian in P with well-defined mean, tSK
T
S ,

and covariance, S, and therefore amenable to sampling by pseudo-random number generation.
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Figure C.1: Noise statistics on DEER time-domain traces. Top: background-corrected time-
domain trace. Averages are shown as black points, the 2s band as light gray, and the 1s band
as dark gray. Inset: blowup of the data and a histogram of a particular point in the time domain,
showing that the experimental noise is approximately normally distributed. Bottom: standard
deviation of the noise, sS , for each ti in the trace above. The noise level is approximately
independent of time, so long as the background is not too steep. A slight correlation with time
has been introduced in this case, but it is negligible. The data were collected at Q-band on
MTSL-labeled E22C A338C maltose binding protein (MBP) in the presence of maltose.
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In order to generate random draws from Eq. (C.3), we will follow a common method for
generating random variates x from the multivariate normal where the mean is added to an
appropriate random vector [235]:

x = µ + CLn (C.4)

where the vector µ is the mean of the distribution, the matrix CL is the lower Cholesky factor
of the matrix S, and the vector n is drawn from Normal(0, I ). Following Bardsley, we write a
modified version of Eq. (1.7) that will simultaneously generate our mean and random vector
[76]:

sample P = min
P�0


1

2
P

TS�1
P � P

T
⇣

tKT
S + w

⌘�
(C.5)

where
w ⇠ Normal(0,S�1). (C.6)

Because S�1 = (CLC
T
L )

�1The random vector w can be calculated by:

w = (C�1
L )Tn. (C.7)

The argument of Eq. (C.5) is equivalent to the exponent in Eq. (C.1) if the vector w and the
constant t

2S
T
S are set to zero. The minimum found by Eq. (C.5) is therefore the maximum of

Eq. (C.1) perturbed by a random vector. As S is the precision (inverse-covariance) matrix of the
posterior distribution of P , its Cholesky factor CL can be considered the matrix equivalent of a
standard deviation. We can see that Eq. (C.5) yields samples in the form of Eq. (C.4) by taking
the derivative of Eq. (C.5) with respect to P , setting the result equal to zero, and solving for P
to obtain SK

T
S + CLn [236].

The above analysis also holds for the non-negativity constrained case, see the discussion
in [76].

C.4 Single Parameter Gibbs Sampling

In order to examine the effect of a upon the resulting Bayesian credible intervals, we ran the
Gibbs sampler from Sec. (3.4) with fixed d (fixed a) for the unimodal mid-SNR case from
Fig. (3.2). The results are shown in Fig. C.2. The variance in P varies inversely with the
magnitude of a. This is a consequence of the known tradeoff between bias and variance in
model fitting [54, 55]. If the regularization procedure is strongly biased towards a particular
subset of possible solutions, the potential variance in the observed solutions will be small.

C.5 Convergence Criteria

For testing the convergence in the means of d and P , we use a multi-chain convergence as-
sessment recommended by Bardsley [76]. This method, developed by Gelman and Rubin [55],
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Figure C.2: Bayesian credible intervals resulting from fixed values of a corresponding to the
unimodal t = 900 case from Fig. (3.2). The spread of the credible interval increases with
decreasing a. This reflects the regularizing nature of Tikhonov regularization, where larger
values of a impose greater degrees of smoothness. This result shows a tradeoff between
solution variance and bias: the solutions corresponding to larger as feature less variance, but
they are constrained by greater bias. This is a consequence of the so-called ‘bias-variance
tradeoff’.
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requires that multiple chains be run from different starting points. For a convergence check, the
first half of each chain is discarded as burn-in. This is a very conservative choice, as the chains
for this application appear to converge to regions of high probability very quickly (Fig. (C.3)).
Each truncated chain is split in half, doubling the number of chains. If n total iterations have
been run, each truncated chain used in the convergence check will have k = n/4 points. Some
scalar statistic calculated from the sampled values is statistically analyzed as a function of iter-
ation number and compared both within and between separate chains. Because the first and
second halves of each truncated chain from the run are tested against each other, this process
also controls for stationarity: if a chain has not yet reached the stationary distribution, then the
latter half of the chain will be significantly different from the former.

The particular scalar statistic is denoted yij , where i = 1, ..., k counts the iterations of the
truncated chains and j = 1, ...,m counts the chains. We calculate the inter-chain variance:

B =
k

m� 1

m

Â
j=1

(y.j � y..)2 (C.8)

where y.j = 1
k Âk

i=1 yij and y.. = 1
k Âk

i=1 y.j . The intra-chain variance is:

W =
1

m

m

Â
j=1

s
2
j (C.9)

where s
2
j = 1

k�1 Âk
i=1 (yij � y.j )

2. Using W and B , we calculate an estimate for var(y|S), the
marginal posterior variance of the estimand y:

var(y|S) = k � 1

k
W +

1

k
B . (C.10)

For finite k , this quantity over-estimates the marginal posterior variance, and W is an underes-
timate. Therefore, we can test convergence of the MCMC procedure by comparing var(y|S)
and W :

R̂ =

r
var(y|S)

W
(C.11)

which converges to 1 as k ! •. We set a target value close to 1 for R̂ and consider the chains
converged when R̂ is smaller than that target. For a, we use 1.05 and for the mean of P , we
use 1.1. Gelman suggests 1.1 as a reasonable value [55].

Fig. C.3 shows the first 300 iterations of each of the six d chains, converted to a values,
for each of the six cases considered in 3.2. Within a given data set, the six chains all rapidly
converge to the same value in less than 50 iterations and explore the same probability space.
This demonstrates that our choice of discarding the first half of all iterations for convergence
testing is extremely safe. Also plotted is the R̂ value, which rapidly drops towards 1 as the
chains converge.
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Figure C.3: First 300 iterations of the Gibbs sampler output for a for each of the six datasets
from Fig. (3.2) are plotted in color. The convergence assessment parameter R̂ is plotted in
black. For each MCMC run, six parallel chains were run. The chains quickly find and explore
the same high probability region, which is often called good mixing. The chains also remain in
the same region in probability space, which indicates that they have achieved stationarity, which
is required for convergence.
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