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Abstract

Quantum Dynamics in Rugged Energy Landscapes,
and Additional Topics in Disordered Systems

Christopher L. Baldwin

Chair of the Supervisory Committee:

Christopher Laumann

Department of Physics

This thesis concerns the interplay of quantum mechanics with strong dis-
order, and the novel dynamical phases that are unique to disordered quantum
systems. The results that we present apply to systems ranging from spin glasses
to granular superconductors to quantum-computational problems.

In the first part, we discuss the isolated quantum dynamics of mean-field
spin glass models, using the random energy and p-spin models in a transverse
field as tractable examples. We show that the low-energy configurations are
organized into clusters separated by macroscopic Hamming distances, and that
the tunneling amplitudes between clusters are exponentially suppressed. As
a result, we find three distinct dynamical phases. At small transverse field,
the system remains trapped within its starting cluster (trapped phase). At
intermediate transverse field, the system tunnels between clusters (tunneling
phase). At large transverse field, the system is excited out of clusters (excitation
phase). We describe the similarities and differences between the trapped phase
and a many-body localized phase. We also discuss at length the implications
for quantum-computational approaches to “matching” problems, in which one
solution to a computational problem is used as a starting point to find others.
Only in the tunneling phase can quantum dynamics solve the matching problem.
Although necessarily exponentially slow in system size, it may be exponentially
faster than simple classical algorithms.

In the second part, we discuss interfering directed paths in disordered media.
Important physical realizations are hopping conduction in semiconductors, spin
glasses at high temperature, and granular D-wave superconductors. Sign order,
defined as the directed path sum having greater probability of being positive
than negative at large distance, is a characterization of the role of interference
with implications for the response of systems to a magnetic field. We show
that path sums are necessarily sign-disordered in two dimensions but may be
sign-ordered in three dimensions. Building on this result, we study the behavior
of granular D-wave superconductors and show that the superconductivity is
enhanced by a magnetic field, even beyond the directed-path regime.
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Chapter 1

Introduction

Within the past three decades, no less than four sets of Nobel Prizes in physics
have been awarded for the development of experimental techniques to isolate
and manipulate microscopic quantum matter [1–4]. Understandably, these pow-
erful experimental methods have reinvigorated interest in the theory of non-
equilibrium Hamiltonian dynamics. The systems being studied often either are
interacting spins or can be modelled as effective spin degrees of freedom [5–10].
Part 1 of this thesis explores the effects of static disorder on the quantum dy-
namics of isolated spin systems. By “static disorder” we mean local fields and/or
interactions which vary erratically in space. A variety of novel non-equilibrium
phenomena emerge under such conditions which cannot be understood through
the phenomenology of clean (i.e., disorderless) systems and challenge traditional
notions of equilibration. The present chapter introduces essential concepts, mo-
tivates the precise questions under consideration, and states the main results.

1.1 Thermalization in closed quantum systems

1.1.1 The eigenstate thermalization hypothesis

A natural question to ask about an isolated system is if the dynamics of the
system brings it to internal equilibrium. One has an observable of interest A
and wants to know if the value seen at late times agrees with the microcanoni-
cal average up to small fluctuations. This thesis will focus on systems evolving
under quantum Hamiltonian dynamics, and so we use the following precise for-
mulation. Denote the number of degrees of freedom by N , the Hamiltonian by
Ĥ, the state of the system by |Ψ(t)〉, and the average energy by E (independent
of time for an isolated system). We say that equilibration, or “thermalization”,
occurs if

lim
τ→∞

1

τ

∫ τ

0

dt 〈Ψ(t)|Â|Ψ(t)〉 = Tr
[
Â ρ̂micro(E)

]
≡ Aeq(E), (1.1)
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CHAPTER 1. INTRODUCTION

lim
τ→∞

1

τ

∫ τ

0

dt 〈Ψ(t)|(Â−Aeq)2|Ψ(t)〉 = O
(
N−1

)
. (1.2)

In Eq. (1.1), ρ̂micro(E) is the microcanonical density matrix: it projects uni-
formly onto those eigenstates with energies in a small window around E.

Eqs. (1.1) and (1.2) are certainly not true for every system which one could
consider: non-interacting systems are a trivial example, and those described in
Sec. 1.2 are a highly non-trivial one. Nevertheless, the right-hand sides of the
equations have been remarkably successful in describing the macroscopic world,
so we expect them to hold for typical interacting many-body Hamiltonians. A
reasonably generic ansatz from which one can derive Eqs. (1.1) and (1.2) is
the Eigenstate Thermalization Hypothesis (ETH) [11–13]. In words, the ETH
consists of two assertions about the eigenstates of the Hamiltonian: 1) the
expectation values of observables in an individual eigenstate are equal to the
equilibrium values, and 2) the off-diagonal matrix elements of observables are
of comparable scale for all eigenstates. The precise mathematical statement is
that for any (local) observable Â,

〈m|Â|n〉 = Aeq(ε)δmn +
Rmn

eNs(ε)/2
f(ε, ω), (1.3)

where |m〉 and |n〉 are eigenstates with energies Nεm and Nεn (i.e., εm and
εn are energy densities). We define ε ≡ (εm + εn)/2 and ω ≡ Nεm − Nεn for
convenience.

The first term in Eq. (1.3) constitutes assertion 1, and the second constitutes
assertion 2. s(ε) is the thermodynamic entropy density, and the factor e−Ns(ε)/2

can be thought of as a normalization to ensure that Â2, Â3, etc. obey their own
forms of Eq. (1.3) (required for consistency of the ansatz) [14]. Note that the
normalization is independent of the specific eigenstates other than through the
entropy density at the energy in question. Rmn does vary erratically between
eigenstates, but it is assumed to be O(1) with respect to N , unlike the normal-
ization. Finally, f(ε, ω) is a smooth O(1) function to be discussed momentarily.

Since all eigenstates near a given energy have the same expectation value
〈Â〉, Eq. (1.1) follows quite naturally, irrespective of initial condition. The only
assumption we make is that the standard deviation of Ĥ in the initial state
|Ψ(0)〉 is much smaller than N , i.e., the quantum fluctuations in the energy
density are small1. Expand |Ψ(0)〉 in the eigenstate basis as

|Ψ(0)〉 =
∑

n

cn |n〉 , (1.4)

where cn is vanishingly small if εn 6= ε but is otherwise arbitrary. Then, using

1If the quantum fluctuations in the energy density are not small, then clearly the micro-
canonical ensemble is not a reasonable description of the system. The restriction to initial
states with well-defined energy density is not a limitation of the ETH but rather a requirement
for posing the original question of equilibration.
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CHAPTER 1. INTRODUCTION

Eq. (1.3),

lim
τ→∞

1

τ

∫ τ

0

dt 〈Ψ(t)|Â|Ψ(t)〉 = lim
τ→∞

1

τ

∫ τ

0

dt
∑

mn

e−i(En−Em)tc∗mcn 〈m|A|n〉

=
∑

n

|cn|2 〈n|A|n〉 =
∑

n

|cn|2Aeq(ε) = Aeq(ε),

(1.5)
as claimed. If a quantum system obeys the ETH, then it thermalizes re-
gardless of initial state. The derivation of Eq. (1.2), stating that fluctuations
around the equilibrium value are small, is similarly straightforward. One fur-
ther finds that |f(ε, ω)|2 is simply the Fourier transform of the autocorrelation
function 〈Â(t)Â(0)〉, i.e., f(ε, ω) describes how A(t) approaches the equilibrium
value [15].

It may appear that the ETH is too restrictive an ansatz to apply to real
systems: the statement that every eigenstate gives the same expectation values
may seem to contradict the wide variety of non-equilibrium states observed in
nature. Yet keep in mind that the many-body eigenstates of strongly interact-
ing Hamiltonians are complex, highly entangled states. The states which we
are familiar with and can access experimentally much more closely resemble
product states, superposed from exponentially many eigenstates, and so we can
observe numerous non-equilibrium states even if the underlying eigenstates obey
the ETH. Indeed, the ETH has been confirmed numerically in many systems,
including those of spins, fermions, and bosons (hard- and soft-core) [16–21].

1.1.2 Random matrix statistics

Random matrix theory offers a complementary perspective on strongly inter-
acting many-body systems. Unlike the ETH, it characterizes the correlations
among energy levels as opposed to the behavior of observables. Although ran-
dom matrix theory does not describe thermalization directly, it has close con-
nections and often serves as a useful diagnostic for distinguishing chaotic from
non-chaotic dynamics2.

The use of random matrix theory in physics began with attempts to describe
the energy levels of nuclei, in particular quantities such as the distribution of
gaps between neighboring levels (called “level spacings”). An immediate obsta-
cle is that one does not know the Hamiltonian for nucleons in a nucleus, and
even if one did, the problem would certainly be too complicated to solve in full
detail. This motivates a statistical approach to the problem, analogous to sta-
tistical mechanics: consider instead an ensemble of random Hamiltonians, and
hope that the ensemble average for quantities of interest agrees with the val-
ues for the real system [22]. The simplest example is the Gaussian Orthogonal
Ensemble (GOE), in which every element Hij of the random Hamiltonian is a

2The notion of chaos in quantum systems is subtle and distinct from classical chaos. For
this thesis, however, we will be content to use random matrix statistics merely as a sharp
indicator of different dynamical phases.
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CHAPTER 1. INTRODUCTION

Gaussian-distributed real random variable:

P (Hii) =
1√
π
e−H

2
ii , P (Hij = Hji) =

√
2

π
e−2H2

ij . (1.6)

See Ref. [22] for many more details. Remarkably, it was discovered that the
distribution of level spacings in the GOE agrees quite well with the experimental
data on real nuclei, validating the statistical approach [23].

Keep in mind that Eq. (1.6) is not intended to be an accurate model of
the nuclear Hamiltonian. The philosophy is rather that local properties of the
spectrum, such as the level spacing distribution and the correlation function
between nearby levels, are insensitive to details of specific matrix elements and
thus can be inferred from the relatively simple GOE. Many properties of real
systems have been calculated in this manner [24–27].

The relevance of random matrix theory is not limited to nuclear physics.
GOE statistics have been observed in a wide range of many-body Hamiltonians,
particularly in interacting spin systems [28–30] and particles on a lattice [31–33].
Other ensembles of random matrices are possible as well. One common alter-
native is Poisson level statistics, in which the eigenvalues are distributed inde-
pendently (as opposed to the underlying matrix elements of the Hamiltonian).
Whereas the level spacings in the GOE are distributed to good approximation
as [22]

PGOE(s) =
π

2
s e−

π
4 s

2

, (1.7)

where s is the spacing normalized by the mean, the Poisson distribution is
instead

PPois(s) = e−s. (1.8)

The difference between the two is stark. PPois(s) is finite at small spacings
and decays exponentially, while PGOE(s) vanishes at small spacings and decays
much faster at large spacings.

Not only have both distributions been observed in many-body systems, but
there can be transitions from one to the other as parameters of the model vary.
In all the cases known thus far, the transition coincides with a change from
dynamics that leads to thermalization to dynamics that does not (discussed
further below). Level spacing statistics serve as an order parameter for distin-
guishing the different dynamical phases, with GOE statistics corresponding to
thermalization and Poisson statistics to the absence. We shall use them as such
in what follows.

1.2 Many-body localization

1.2.1 Non-interacting particles

Perhaps counterintuitively, disorder can be a major impediment to thermaliza-
tion. The phenomenon of “localization” is a dramatic example. Randomness
in the potential that a quantum particle feels can localize the particle in space
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CHAPTER 1. INTRODUCTION

and completely prevent transport, even without any barriers to confine the par-
ticle [34–36].

The simplest context in which to study localization is a single particle hop-
ping on a lattice, e.g., to model an electron hopping between impurity states of
a doped semiconductor [37,38]:

H =
∑

i

εi |i〉 〈i| − γ
∑

〈ij〉

(
|i〉 〈j|+ |j〉 〈i|

)
, (1.9)

where i and j label sites of the lattice and 〈ij〉 refers to neighboring sites. The
on-site potential εi is taken to be a random variable, often uniformly distributed
in [−W,W ] independently for each site. The choice to treat εi as random is not
as artificial as it may seem. In the context of hopping conduction, for example,
different impurities may have offset energy levels due to differences in their local
environments.

First, however, let us consider two special cases (in 1D for simplicity). Sup-
pose that ε0 = −W while all other εi = 0. Site 0 constitutes a potential well,
and one knows from elementary quantum mechanics that the bound state in the
well has exponentially decaying tails. One can be more concrete in the γ �W
limit by using perturbation theory. As discussed in detail in the body of the
thesis, the expansion of the bound state |φ0〉 takes the form

|φ0〉 =

(
1 + . . .

)
|0〉+

(
γ

W
+ . . .

)
|1〉+

(( γ
W

)2

+ . . .

)
|2〉+ . . . , (1.10)

where the ellipses denote higher powers of γ. To leading order, the wavefunction
amplitude on site j is

〈j|φ0〉 =
( γ
W

)|j|
= e−

|j|
ξ , (1.11)

where the localization length is ξ ≡ (lnW/γ)−1. Eq. (1.11) is a trivial example
of a localized wavefunction. Realistic localized states have more complicated
structure, but remain characterized by an exponentially decaying envelope.

Now suppose that every lth site has potential −W as well, i.e., εnl = −W
for n ∈ Z while εi = 0 otherwise. In this case, one knows that the states inside
the wells form Bloch waves:

〈j|φk〉 = eikjuk(j), (1.12)

where k is defined up to 2π/l and uk(j) is periodic in steps of l. Eq. (1.12)
is an example of an extended wavefunction, and it holds regardless of γ and l.
| 〈j|φk〉 |2 may be very small in between wells but it does not decay as |j| → ∞,
even for arbitrarily weak hopping and distant wells.

Random potentials are much more subtle. On the one hand, they are not
periodic and therefore Bloch’s theorem does not apply. On the other hand,
there exist sites with energies arbitrary close to a given one, and so the concept
of isolated wells does not strictly apply either. The study of eigenstates in
random potentials is accordingly more complicated, but by now there are ample
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CHAPTER 1. INTRODUCTION

results, both analytical [38–40], numerical [41–45], and experimental [46–48].
It is well-established that states are localized in low dimensions or at small
hopping, and are extended in high dimensions at large hopping. To heuristically
understand localization, note that one must look to larger distances to find sites
with energies closer to a given one: if ε0 = −W , the smallest energy within
distance 1 is on average −W/3, the smallest within distance 2 is −3W/5, within
distance 3 is −5W/7, and so on. Longer-distance jumps have smaller transition
amplitudes since the particle must tunnel through the intermediate sites, and
so it is possible for the transition amplitudes to be smaller than the energy
differences at all distances. In this event, the wavefunctions are localized.

As mentioned above, localized states in a random potential do not have the
simple form of Eq. (1.11), but they are bounded by an analogous expression:

|φn(x)| ≤ 1√
ξ
e−
|x−n|
ξ . (1.13)

The label n indicates the localization center of the wavefunction. Although
Eq. (1.13) is a statement about eigenstates of the Hamiltonian, one can directly
show that initial wave packets do not spread throughout the lattice as a result.
Take the initial state to be |ψ(0)〉 = |0〉 for simplicity. Write

〈x̂(t)2〉 =
∑

mn

〈0|φm〉 〈φn|0〉 e−i(En−Em)t 〈φm|x̂2|φn〉

=
∑

mn

∑

x

e−i(En−Em)tx2φm(0)φm(x)∗φn(0)∗φn(x).
(1.14)

Then, using Eq. (1.13),

∣∣ 〈x̂(t)2〉
∣∣ ≤ 1

ξ2

∑

mn

∑

x

x2e−
|m|
ξ e−

|x−m|
ξ e−

|n|
ξ e−

|x−n|
ξ ≤ Aξ2, (1.15)

where A is a numerical coefficient. The width of the wave packet remains finite,
even at arbitrarily late times, and thus the particle will always be observed
within a distance O(ξ) of its initial position. Contrast this with the behavior of
a diffusive particle, for which x2 ∼ t.

Before moving on, let us rephrase Eq. (1.13) in language more suitable for
many-body problems [49]. Eq. (1.9) for the tight-binding Hamiltonian is ex-
pressed in second quantization as

H =
∑

i

εi ci
†ci − γ

∑

〈ij〉

(
ci
†cj + cj

†ci
)
. (1.16)

One can diagonalize the quadratic form through a unitary transformation U :

cm =
∑

i

Umici, H =
∑

m

Emcm
†cm ≡

∑

m

Emn̂m. (1.17)

So far this is completely general. For a localized system, we further have that

|Umi| ≤
1√
ξ
e−
|i−m|
ξ . (1.18)
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One says that the Hamiltonian has been brought into diagonal form by a quasi-
local transformation of the creation operators, where “quasi-local” (i.e., expo-
nentially decaying with distance) indicates that the system is localized.

1.2.2 Interacting particles

Do interactions between localized particles modify or destabilize the behav-
ior described above? This is the defining question of many-body localization
(MBL). The MBL field has received a surge of interest over the past decade,
in no small part because of modern experimental techniques for isolating and
manipulating cold atomic systems. It is now clear that MBL does exist, at least
for 1D interacting spin systems, as characterized by a lack of transport through-
out arbitrarily long timescales. As in the non-interacting case, the evidence for
MBL is both analytical [50–52], numerical [53–58], and experimental [5–7,10].

A prototypical model for MBL is the random-field Heisenberg chain:

H =

N∑

i=1

(
hiσ̂

z
i + J~̂σi · ~̂σi

)
, (1.19)

where hi ∈ [−W,W ] independently. This model exhibits a transition from
delocalized at small W/J to localized at large W/J [28]. The way to understand
the MBL phase is analogous to Eqs. (1.17) and (1.18). There exists a quasi-local
transformation from the “physical” spins σ̂αi (“p-bits”) to “localized” degrees
of freedom τ̂αi (“l-bits”), such that the Hamiltonian is diagonal in the l-bit
basis [49,52,59,60]:

τ̂αi =
∑

jβ

K
(1)
iα,jβ σ̂

β
j +

∑

jβ,kγ

K
(2)
iα,jβ,kγ σ̂

β
j σ̂

γ
k + . . . , (1.20)

H =
∑

i

J
(1)
i τ̂zi +

∑

ij

J
(2)
ij τ̂

z
i τ̂

z
j + . . . . (1.21)

The ellipses denote higher-body terms of the same structure. Again, the defining
feature of the transformation is that all coefficients are quasi-local:

∣∣K(1)
iα,jβ

∣∣ ≤ e−
|i−j|
ξ ,

∣∣K(2)
iα,jβ,kγ

∣∣ ≤ e−
max[|i−j|,|j−k|,|i−k|]

ξ , · · · ,
∣∣J (2)
ij

∣∣ ≤ e−
|i−j|
ξ ,

∣∣J (3)
ijk

∣∣ ≤ e−
max[|i−j|,|j−k|,|i−k|]

ξ · · · .
(1.22)

The quasi-local nature also holds for the inverse transformation of Eq. (1.20),

i.e., σ̂αi is superposed only from τ̂βj within an exponentially decaying envelope
around site i.

The l-bit operators obey spin commutation relations and so can be thought of
as effective spins. In particular, the eigenvalues of τ̂αi are ±1. From Eq. (1.21),
the eigenstates of the Hamiltonian are simply bitstrings in the τ̂z basis, e.g.,
|+−+ · · ·〉τ or |−+ + · · ·〉τ . These eigenstates clearly do not obey the ETH.
For example, let |n〉 ≡ |+ + + · · ·〉τ be the eigenstate with all l-bits pointing up,

12



CHAPTER 1. INTRODUCTION

|m〉 ≡ |−+ + · · ·〉τ have the first l-bit flipped, and |m′〉 ≡ |+ + · · · −〉τ have the
last l-bit flipped. The ETH would assert that 〈m′|σ̂z1 |n〉 and 〈m|σ̂z1 |n〉 should be
of comparable magnitude. Yet one finds that 〈m′|σ̂z1 |n〉 is exponentially smaller

than 〈m|σ̂z1 |n〉 by a factor e−
N
ξ , because the decomposition of σ̂z1 into l-bit

operators has exponentially small weight on those which flip spin N (τ̂xN and
τ̂yN ). More physically, the excitation created by σ̂z1 cannot spread through the
system, since the probability of observing spins around site N to have flipped
is only ever exponentially small. Lack of equilibration is a direct consequence
of the l-bit phenomenology for MBL.

Numerical diagnostics for MBL are usually defined in constrast to the ETH.
For example, in an ETH phase 〈n|σ̂z1 |n〉 = 0 for every |n〉 in the middle of the
spectrum3 (because the equilibrium value is 0 at infinite temperature), whereas
in an MBL phase 〈n|σ̂z1 |n〉 is close to either +1 or −1 depending on the specific
state. The level spacing statistics in an ETH phase are GOE, whereas they
are Poisson in an MBL phase. Local operators have matrix elements between
exponentially many eigenstates in an ETH phase but only O(1) in an MBL
phase. All of the models studied numerically in the references above exhibit
transitions between an ETH phase at weak disorder and an MBL phase at strong
disorder, which makes these quantities useful order parameters for identifying
the transitions and understanding the dynamical behavior on either side.

It is worth emphasizing that both the ETH and MBL are statements about
the eigenstates of many-body Hamiltonians. They do not explicitly reference
dynamical behavior. Nonetheless, highly non-trivial results on the dynamics
follow directly once one has identified ETH or MBL phases. This is the under-
lying motivation for studying such eigenstate phases among the non-equilibrium
quantum mechanics community.

1.3 Quantum dynamics as an algorithm for solv-
ing hard problems

1.3.1 Constraint satisfaction problems

Consider the following “constraint satisfaction” problem, seemingly unrelated to
many-body physics or physics in general: is it possible for the logical statement

(
x1 ∨ ¬x2

)
∧
(
¬x1 ∨ ¬x3 ∨ x4

)
∧
(
¬x2 ∨ x3 ∨ x4

)
∧
(
x2

)
(1.23)

to be made True? For this specific example, the answer is yes: one possibility
is x1 = True, x2 = True, x3 = False, x4 = True.

From the computer science perspective, such a question is not as artificial
as it may seem: an enormous variety of computational tasks can be phrased as
attempting to satisfy multiple constraints simultaneously, and any set of logical

3An important exception is systems with additional conserved quantities. For example, the
Hamiltonian in Eq. (1.19) conserves the total z magnetization. In these cases, one formulates
the ETH separately for each corresponding subspace.
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CHAPTER 1. INTRODUCTION

constraints can be cast into the above “conjuctive normal form” (OR clauses
joined together by ANDs).

From the physics perspective, such a question is not as irrelevant as it may
seem: one can directly map the above problem onto an interacting Ising spin
system. Replace the Boolean variables with spin variables according to True ≡
+ and False ≡ −. Whether Eq. (1.23) can be made True is equivalent to whether
the classical4 Hamiltonian

H =

(
1− σz1

2

)(
1 + σz2

2

)
+

(
1 + σz1

2

)(
1 + σz3

2

)(
1− σz4

2

)

+

(
1 + σz2

2

)(
1− σz3

2

)(
1− σz4

2

)
+

(
1− σz2

2

) (1.24)

has a ground state with energy zero (otherwise the ground state energy is posi-
tive). Furthermore, each assignment of truth values to the {xi} is in one-to-one
correspondence with a configuration of the {σi}. The number of assignments
yielding True equals the number of zero-energy states, and the number of OR
clauses which an assignment fails to make True equals the energy of the cor-
responding configuration. It is clear that this mapping holds not just for the
given example but for any problem of satisfying a logical statement in conjunc-
tive normal form, referred to as a “satisfiability” problem.

Note three features of the Hamiltonian obtained from the satisfiability prob-
lem. First, many interaction terms are higher-body than two. A clause with K
variables corresponds to a K-body interaction. Second, the allowed interaction
terms are not limited by any spatial structure. One refers to the interactions as
“infinite-range”, since any spin can in principle interact with any other. This is
quite natural from the computer science perspective: a satisfiability problem de-
rived from, e.g., links between internet websites need not lie on a simple lattice
with nearest-neighbor interactions. Third, the interactions are frustrated. Some
terms bias a spin to point up, while others bias it to point down. These features
make the physics of computationally-inspired spin systems different from that
of traditional condensed matter systems, and the statistical physics community
is actively researching the unique behavior that results [61–65].

The goal in such problems is to find the ground state. This is very hard to
do for a generic spin glass, and in fact, satisfiability problems were the first to
be proven NP-complete5. As of yet, there is no known algorithm that can solve
arbitrary satisfiability problems in polynomial time.

Physics-inspired approaches [66–68] have the advantage of being general-
purpose but, as with all other algorithms, come with their own set of weaknesses
and limitations. Simulated annealing is the most prominent example. One starts
in a random configuration, which will almost certainly be well above the ground
state, and runs a Monte Carlo simulation at progressively lower temperatures.

4By “classical”, we mean a spin Hamiltonian which is diagonal in the σ̂z basis.
5An NP-complete problem is one onto which any NP problem can be mapped efficiently.

Thus being able to solve an NP-complete problem efficiently would enable one to solve any
NP problem efficiently.
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Assuming the system remains in equilibrium at each stage in the process, it will
be in the ground state once zero temperature is reached. Simulated annealing
works spectacularly well when the Hamiltonian has a single global minimum
without any local minima: in this case, one can set the temperature to zero
at the start and simply “walk downhill”. Real problems do have local min-
ima, but annealing continues to succeed as long as the local minima are not
too numerous and the energy barriers are not too large. Unfortunately, hard
constraint satisfaction problems, including but not limited to the satisfiability
problem, have famously “rugged” energy landscapes with many deep local min-
ima [69–74]. Annealing generically requires exponentially long times to find the
ground states of such systems. In this sense, constraint satisfaction problems
are particularly dramatic examples of spin glasses which fail to equilibrate.

One can define ruggedness more carefully through the concept of “cluster-
ing”. Two solutions to a constraint satisfaction problem are said to be in the
same cluster if one can be transformed into the other, changing only a single bit
at a time, without ever leaving the set of solutions. Said differently, solutions
within the same cluster can be connected by a path in configuration space which
lies entirely within the solution set. If no such path exists, the solutions belong
to different clusters. One can identify clusters not just of solutions but of states
at any energy density: simply replace the phrase “solution set” with “states
at energy density ε” and use the same definition. As an example, suppose the
solutions to a (classical) problem involving four bits are

|++++〉 , |++−−〉 , |−+++〉 , |+−++〉 , |+−−−〉 . (1.25)

These solutions separate into clusters as

|++++〉 , |−+++〉 , |+−++〉︸ ︷︷ ︸
Cluster 1

, |++−−〉 , |+−−−〉︸ ︷︷ ︸
Cluster 2

. (1.26)

|−+++〉 can be transformed into |+−++〉 by way of |++++〉, but there is no
way to transform |−+++〉 into |++−−〉.

We say that an energy landscape is rugged if there is some threshold energy
density εd below which the states are organized into exponentially many clusters.
Many difficult problems have particularly rugged landscapes. Not only are there
numerous clusters, but energy barriers of height O(N) separate them and O(N)-
many bits must be flipped to pass from one cluster to another.

Rugged energy landscapes are an obstacle not just to simulated annealing
but to every known general-purpose algorithm. If an algorithm is designed to
find ground states for arbitrary Hamiltonians, it is hard to imagine any approach
other than simply proposing moves that lower the energy based on the current
environment. Once the algorithm finds itself in a local minimum, the only way
to progress further is to return to energies above εd and repeat the process,
hoping to find a lower minimum on the next iteration. It should come as no
surprise that this is often a very slow procedure.
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1.3.2 The p-spin model and the random energy model

Given the ubiquity of rugged energy landscapes in constraint satisfaction prob-
lems, it pays to consider toy models that exhibit the salient physics. The p-spin
model is the most well-studied. It consists of N spin-1/2s with random all-to-
all p-body interactions. Although originally introduced as a mean-field model
for physical spin glasses [75–77], it has since received attention for its connec-
tion to constraint satisfaction problems [63, 78] (and to structural glasses as
well [79,80]). The versatility of the p-spin model is due to the particularly sim-
ple Gaussian correlations between the energy levels. It serves as an analytically
tractable model of rugged landscapes.

The p-spin Hamiltonian is

Hp =
∑

(i1···ip)

Ji1···ipσ
z
i1 · · ·σzip . (1.27)

The sum is over all p-tuples of the N spins. Each coupling Ji1···ip is an inde-

pendent Gaussian random variable of mean 0 and variance p!
2Np−1 . Note that

as an operator, Hp is trivially diagonal in the σ̂z basis (i.e., is “classical”). Our
discussion of energy landscapes focuses on Hp as a function of σ̂z eigenstate.
It is analogous to the landscape formed from a potential energy U(x), which
is trivially diagonal in the position basis. One studies dynamics within the
landscape by adding non-commuting terms to the Hamiltonian (e.g., p̂2/2m).

Before discussing Eq. (1.27), let us establish notation which we shall use
throughout the thesis. E[ · ] will denote an average over the random couplings
Ji1···ip . To denote bitstrings in the σ̂z basis (e.g., |+−+ · · ·〉 or |−+ + · · ·〉),
we will often simply write σ, where the ith spin has value σi = ±1. Finally, a
useful measure of distance between two states σ and σ′ is the Hamming distance
x(σ, σ′), i.e., the fraction of spins which differ between the two states:

x(σ, σ′) ≡ 1

2

(
1− 1

N

N∑

i=1

σiσ
′
i

)
. (1.28)

From Eq. (1.27), it is straightforward to evaluate the average energy of a
configuration and the covariance matrix:

E
[
Hp(σ)

]
=

∑

(i1···ip)

E
[
Ji1···ip

]
σi1 · · ·σip = 0, (1.29)

E
[
Hp(σ)Hp(σ

′)
]

=
∑

(i1···ip)

∑

(i′1···i′p)

E
[
Ji1···ipJi′1···i′p

]
σi1 · · ·σipσ′i′1 · · ·σ

′
i′p

=
∑

(i1···ip)

p!

2Np−1
σi1σ

′
i1 · · ·σipσ′ip

∼ N

2

(
1− 2x(σ, σ′)

)p
.

(1.30)
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These expressions summarize why the p-spin model is a useful testbed for dis-
ordered systems: the energy landscape is Gaussian-correlated with correlations
that depend only on the Hamming distance.

The parameter p sets the strength of the correlations and is a useful param-
eter to vary. In particular, as p→∞,

E [Hp(σ)Hp(σ
′)]→ N

2
δ0,x(σ,σ′) =

N

2
δσ,σ′ . (1.31)

The energies are independent and distributed as

P1(E) =

√
1

πN
e−E

2/N . (1.32)

In this limit, the p-spin model is referred to as the “random energy model”
(REM) [75].

The REM is rightfully known as the simplest spin glass. Since the energy
levels are independent, the average density of states is

E
[
N (ε)

]
= 2N

√
1

πN
e−E

2/N =

√
1

πN
eN(ln 2−ε2), (1.33)

where ε ≡ E/N . Since N (ε) ≡ eNs(ε), we can read off the entropy density:

s(ε) = ln 2− ε2. (1.34)

The ground state energy density is εGS ≡ −
√

ln 2: the number of states at
ε > εGS is exponentially large, whereas the number at ε < εGS is exponentially
small. One has that

1

T
=
∂s

∂ε
= −2ε, (1.35)

and thus εGS occurs at a finite temperature Tc ≡ 1/2
√

ln 2. As trivial as it may
seem, we have identified a phase transition in the REM. At temperatures above
Tc, the system is in a paramagnetic phase in which the Gibbs distribution is
spread over exponentially many states. At temperatures below Tc, however, the
system is in a glass phase. The Gibbs distribution is frozen onto O(1)-many
states, all of which are at energy density εGS. Sec. 3 of the thesis discusses the
interpretation of this low-temperature phase further.

The above analysis, although simple, is sloppy in that it neglects possible
fluctuations in N (ε). Said differently, E[N (ε)] may not represent the typical
value of N (ε) seen in most instances, especially since it is a sum of exponentially
many rare events. This happens often in spin glass models. However, the
fluctuations are known to be small in the REM. See Ref. [63] or Sec. 3 of this
thesis for details.

There is one important aspect of the REM which is hidden in the thermo-
dynamic analysis: the ruggedness of the energy landscape. Suppose that state
σ has energy density ε < 0, and consider the states obtained by flipping one
spin. There are N such states, but since the probability of a state having ε 6= 0
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is exponentially small (independently of all others), those N states will have
energy density ε′ = 0 with high probability. The cost of flipping a single spin is
O(N), namely N(0 − ε) = N |ε|, starting from any state at ε < 0 (i.e., at finite
temperature, see Eq. (1.35)). In other words, every finite-temperature state lies
in an energy well which is O(N) deep. Such an energy landscape is extremely
rugged. Imagine running a Monte Carlo simulation with single-spin-flip update
rules, e.g., Metropolis. The rate at which the system is kicked out of state σ
is e−∆E/T = e−N |ε|/T , and thus the timescale on which the system equilibrates
is exponentially long at any finite temperature. Even though the equilibrium
properties of the REM are paramagnetic above Tc, it would be more accurate
to say that the system is dynamically frozen (a “dynamical glass”) at all finite
temperatures. It is important to keep this fact in mind, that equilibration may
be exponentially slow even in a putatively “high-temperature” phase.

1.3.3 Quantum algorithms

So far, everything discussed in this subsection has been classical: we have exam-
ined classical spin Hamiltonians, described the hardness of finding low-energy
states through the classical energy landscape, and considered algorithms im-
plemented on classical computers. Quantum computing approaches have the
potential to circumvent some of the difficulties inherent in classical algorithms.

Consider quantum annealing, intended to be analogous to simulated anneal-
ing [78,81–83]. Given a classical spin Hamiltonian Hp for which one desires the
ground state, one applies a time-dependent transverse field Γ(t), so that the full
Hamiltonian is

H(t) = Hp − Γ(t)
∑

i

σ̂xi . (1.36)

Initially, Γ(0) � 1 and the system is prepared in the corresponding ground
state, i.e., with all spins aligned along the field. The field is decreased to 0 over
a time τ , so that H(τ) = Hp, and during this period the system evolves via its
quantum dynamics. The adiabatic theorem states that the system will remain
in the instantaneous ground state, which at time τ is the desired ground state,
if τ � maxΓ V/∆(Γ)2, where ∆(Γ) is the energy gap between the lowest and
first excited states at field Γ and V is a constant with units of energy [84]. As
with simulated annealing, quantum annealing succeeds if one ramps sufficiently
slowly but fails if one ramps too quickly. The required runtime is of order
maxΓ V/∆(Γ)2.

Unfortunately, there is no known example in which quantum annealing un-
ambiguously solves a hard constraint satisfaction or optimization problem in
polynomial time [85–88]. Furthermore, the picture of quantum annealing devel-
oped over the past two decades is purely in terms of the spectrum as a function
of Γ. We have a much more limited understanding of the explicit dynamical
processes that cause quantum annealing to succeed or fail.

A somewhat simpler context in which to study the potential of quantum
dynamics is “matching” problems. For example, suppose that a traveling sales-
person wants not just one efficient sales route but many, each distinct from the
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others so that she may pick the one which suits her best. The salesperson has
no choice but to labor for days to find even one satisfactory route. However,
once she has found that first route, perhaps she can use it to generate others
faster than from scratch. This is the matching problem: given an optimization
problem and one solution, find others that are sufficiently distinct.

There are multiple reasons why one would want a representative collection of
solutions to a problem, and thus be interested in efficient matching: one may de-
sire solutions with additional properties, a larger set of solutions is more robust
to parameter perturbations, and a representative set gives insight into underly-
ing structure in the problem. However, it is intuitively clear that ruggedness in
the energy landscape makes a matching problem difficult for the same reason
as the original optimization problem. Furthermore, certain matching problems
are themselves NP-complete [89].

Quantum dynamics provides an “algorithm” for matching problems that is
even more straightforward than annealing: apply a static transverse field, i.e.,

H = Hp − Γ
∑

i

σ̂xi , (1.37)

initialize the system in the given solution |σ〉, and wait. The matching problem
is solved if the system is later found in a different state |σ′〉 which is also a
solution, an event occuring with probability | 〈σ′|e−iHt|σ〉 |2. Hamiltonian dy-
namics conserves energy, and so starting in the state |σ〉 biases the system to
explore configurations with the same energy as |σ〉 (although keep in mind that
the total energy 〈H〉 rather than 〈Hp〉 is conserved). Furthermore, being quan-
tum mechanical, hopefully the system will tunnel between the energy barriers
that separate states in a reasonable amount of time. One can thus understand
the performance of this algorithm by understanding the tunneling amplitudes
between low-energy states.

We can now establish the connection to Secs. 1.1 and 1.2 of the thesis: the
ability of quantum dynamics to solve matching problems is closely related to
its ability to thermalize the system. If the system cannot tunnel between low-
energy states, then it cannot come to equilibrium. Conversely, if the system
does tunnel efficiently, then one has a strong indication that the system does
thermalize. However, this thesis shall make clear that the relationship between
ETH, MBL, and matching problems is nonetheless subtle.

1.4 Motivation and summary of results

Part 1 of the thesis is based on the work in Refs. [89–91], motivated by previous
results in Ref. [92]. The goal is to identify the dynamical phases of the quantum
p-spin and random energy models, and use the results to draw conclusions about
the potential of quantum dynamics for solving computational tasks such as
matching problems. The quantum models are of the form in Eq. (1.37). The
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quantum p-spin model is

H = Hp − Γ
∑

i

σ̂xi , (1.38)

with Hp given by Eq. (1.27), and the quantum random energy model is

H = HREM − Γ
∑

i

σ̂xi , (1.39)

where HREM has independent energy levels in the σ̂z basis distributed from
Eq. (1.32).

We ask three broad questions:

1. Do the quantum p-spin and random energy models obey the
ETH? Do they exhibit MBL? We find that these models only obey
the ETH in a high-energy portion of the spectrum. However, the remain-
ing portion is not many-body localized either. This new non-ergodic or
“trapped” phase is intermediate between ETH and MBL, in a sense which
we make precise in Chap. 4. We understand the new phase in terms of
the clustering defined above. States below a certain εd are divided into
distant clusters, in which a non-zero fractional Hamming distance sepa-
rates clusters (i.e., a non-zero fraction of the spins must be flipped) and
the energy barriers throughout the distance have O(N) height. We find
that the effective tunneling amplitudes between clusters can be sufficiently
small for the eigenstates of the quantum Hamiltonian to remain bound to
single clusters, violating the ETH. At the same time, the eigenstates do
hybridize within their individual clusters, which has no analogue in an
MBL phase.

2. What is the timescale for thermalization when it does occur?
In the trapped phase, thermalization does not occur, even for a finite-
size system and for arbitrarily late times. Furthermore, we show that
it proceeds exponentially slowly in a portion of the ETH phase. In the
N → ∞ limit, the system remains dynamically frozen and qualitatively
indistinguishable from the non-ergodic phase over any finite timescale.
This highlights a major limitation of the ETH: it makes no guarantees as
to the timescale on which equilibration occurs.

3. Can quantum tunneling be viable/efficient for solving matching
problems? Tunneling is severely constrained in the p-spin and random
energy models. If the transverse field is too weak, the system is in the
trapped phase and does not tunnel out of the cluster in which it was
initialized. Matching fails because the system does not explore the full
range of low-energy states (namely those in other clusters). However, if
the transverse field is too strong, the spins are forced parallel to it. The
reduction in the transverse energy −Γ 〈σ̂x〉 must be accompanied by an
increase in the classical energy 〈Hp〉, i.e., the system is no longer exploring
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configurations which sufficiently optimize the original constraint satisfac-
tion problem. Matching fails here as well. We show that an intermediate-
field “sweet spot” can exist, but that the timescale for tunneling between
clusters and thus for solving the matching problem is necessarily exponen-
tial in system size. In this sense, quantum dynamics is never efficient. Yet
all known classical algorithms also require exponential runtime, and we
do show that quantum dynamics can outperform standard (and in some
cases near-optimal) classical approaches.

The most important conclusion is that none of the results listed above are
specific to the toy models under study. They rely only on ruggedness in the
energy landscape as characterized by three features: the low-energy states are
organized into exponentially many disconnected clusters, the fractional Ham-
ming distance between any two clusters is non-zero, and the energy barriers
that separate clusters are O(N). Such features are present in the vast major-
ity of hard constraint satisfaction and optimization problems (see Ref. [63] and
references therein). Thus the results demonstrated here are of direct relevance
to the quantum computing field.
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Chapter 2

Quantum dynamics in the
random energy model

We begin our study with the simple quantum random energy model (QREM),
given by Eq. (1.39):

H = HREM − Γ
∑

i

σ̂xi . (1.39)

The Hilbert space is that of N spin-1/2s. HREM is diagonal in the σ̂z basis,
with each diagonal element drawn from a Gaussian of variance N/2:

HREM |σ〉 = E |σ〉 , P (E) =

√
1

πN
e−E

2/N . (2.1)

Sec. 2.1 provides the thermodynamic behavior of the QREM as a reference
point. Sec. 2.2 gives a description of the eigenstate phases, and Sec. 2.3 the
tunneling dynamics, both using perturbation theory in Γ. Sec. 2.4 then presents
numerical evidence validating the analytic results.

2.1 Thermodynamics

The thermodynamic phase diagram of the QREM is shown in Fig. 2.1, both in
the canonical and microcanonical ensembles. It was calculated in Ref. [93] using
the replica trick on an imaginary-time representation of the partition function
(which we will not elaborate on further). See also Ref. [85] for a simple derivation
of parts of the diagram.

The QREM has three equilibrium phases:

• The classical paramagnet. The free energy density is

fCPM = −T ln 2− 1

4T
. (2.2)
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Figure 2.1: The thermodynamic phase diagram of the QREM, in the canonical
Γ-T plane (left) and the microcanonical Γ-ε plane (right). The spin glass phase
in the microcanonical diagram lies solely on the horizontal line ε = −

√
ln 2, at

the bottom of the figure.

Note that fCPM is identical to the Legendre transform of Eq. (1.34), the
entropy of the classical REM. Thus all thermodynamic quantities are equal
to those of the classical model and unaffected by the transverse field.

• The spin glass. The free energy density is simply

fSG = −
√

ln 2, (2.3)

identical to the classical REM [75]. As discussed in Sec. 1.3.2, the system
is frozen onto O(1)-many states, all at energy density εGS = −

√
ln 2 (hence

the spin glass phase is not visible in the microcanonical diagram). Again,
the transverse field has no effect on this picture.

• The quantum paramagnet. The free energy density is

fQPM = −T ln 2− T ln

(
cosh

Γ

T

)
. (2.4)

Note that fQPM is the free energy density for non-interacting spins in
a field Γ. It is now the random energy term in the Hamiltonian which
does not affect the thermodynamics. The transition between the classical
phases (paramagnetic or spin glass) and the quantum paramagnetic phase
is first-order: the transverse magnetization jumps discontinuously as Γ
increases.

The essence of the phase diagram is that the system exhibits either “REM
physics” or “non-interacting physics”, without anything in between. REM
physics results from an otherwise structureless system freezing into an O(1)
number of configurations, whereas non-interacting physics is that of uncoupled
spins in a magnetic field. The QREM does not compromise between these two
behaviors. At least thermodynamically, there is no hint of an external field in
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Figure 2.2: The eigenstate phase diagram of the QREM. The left panel shows the
analytic estimate for the phase boundary (black line), as discussed in Sec. 2.2,
alongside the thermodynamic boundary for reference (dashed red line). The
right panel includes finite-size numerical estimates for a zoomed-in portion of
the diagram, as discussed in Sec. 2.4. The light green markers are results from
numerical forward-scattering calculations, and the dark green markers are from
exact diagonalization (shading indicates the uncertainties).

the classical phases and no hint of interactions in the quantum paramagnetic
phase.

Below, we shall focus on values of Γ and ε lying within the classical param-
agnetic phase. As we discuss, the trivial thermodynamics of this phase belies
highly non-trivial dynamical behavior which is particularly relevant for quantum
computing algorithms.

2.2 Eigenstate phases

Fig. 2.2 shows the eigenstate phase diagram of the QREM, to be compared
with the thermodynamic diagram. To understand the distinction between the
“trapped” and “ETH” phases, keep in mind that at Γ = 0, the eigenstates are
trivially σ̂z eigenstates. In the trapped phase, the eigenstates remain σ̂z eigen-
states up to O(1/N) corrections. Since there are exponentially many states
at energies in the paramagnetic phase, such eigenstates clearly do not obey
the ETH. As one increases Γ, the eigenstates undergo a transition in which
they hybridize among the σ̂z states at the given energy. Although we have not
checked whether these eigenstates obey the ETH in the strict sense of Eq. (1.3),
they do pass many of the standard tests for thermal eigenstates, and thus we
identify this as the ETH phase. It is remarkable that the eigenstate phase tran-
sition occurs entirely within the classical paramagnetic phase, with non-trivial
functional dependence Γtun(ε), despite the transverse field having no impact on
thermodynamics. Below, we develop an understanding of the transition.

Before presenting the details, let us describe the underlying intuition. Our
main analytical tool is perturbation theory in Γ. We consider a σ̂z state |σ〉
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having energy density ε, and think of it as being transformed into an eigenstate
|Ψσ〉 which has amplitude on other states |σ′〉. The weight on |σ′〉 depends on
the energy density and distance from |σ〉. Recall that we define distance to be
the fraction of spins which differ between the two configurations:

x(σ, σ′) ≡ 1

2

(
1− 1

N

N∑

i=1

σiσ
′
i

)
. (1.28)

We argue that the effective coupling between |σ〉 and |σ′〉 is exponentially small,
which we write as e−Nγ(x,ε). Another important quantity is the distance-resolved
density of states, i.e., the number of configurations at distance x with energy
density ε. It is also exponential, written as eNg(x,ε).
|Ψσ〉 has large weight on a given state |σ′〉 only if the effective coupling to

that state is larger than the unperturbed difference in energies between |σ〉 and
|σ′〉. The smallest energy difference will be on the order of the level spacing
around ε, which at distance x is e−Ng(x,ε). Thus there exist configurations on
which the eigenstate has large weight only if g(x, ε) > γ(x, ε) for some x ∈ (0, 1].
This condition defines the phase boundary Γtun(ε). At smaller fields, the weight
on every |σ′〉 is small and |Ψσ〉 ∼ |σ〉 (the trapped phase). At larger fields,
the eigenstate is hybridized among configurations throughout the configuration
space and can no longer be identified with an individual |σ〉 (the ETH phase).

2.2.1 The forward-scattering approximation

Using perturbation theory in Γ has precedent in studies of single-particle local-
ization [38,45,94]. To see why it applies here, compare the QREM Hamiltonian,

H = HREM − Γ
∑

i

σ̂xi , (1.39)

to the toy model for localization from Sec. 1.2.1,

H =
∑

i

εi |i〉 〈i| − γ
∑

〈ij〉

(
|i〉 〈j|+ |j〉 〈i|

)
. (1.9)

HREM acts as an “on-site” potential in the σ̂z configuration space, analogous
to εi. Recall that the configuration space for N spin-1/2s can be visualized as
the corners of an N -dimensional hypercube (see Fig. 2.3 for the N = 2 case as
an example). Since the action of σ̂xi in the σ̂z basis is to flip spin i, −Γ

∑
i σ̂

x
i

acts as a hopping term between neighboring sites of the configuration space,
analogous to −γ∑〈ij〉 |i〉 〈j|. Thus the QREM can be thought of as a single-
particle localization problem on the N -dimensional hypercube. In particular,
the “potential” is uncorrelated, just as in the standard version of the single-
particle model.

The σ̂z eigenstate |σ〉 is perturbed by the transverse field into an eigenstate
|Ψσ〉. Denote the unperturbed energy of |σ〉 by E, i.e., HREM |σ〉 = E |σ〉, and
similarly denote the unperturbed energy of any state |σ′′〉 by E(σ′′). Finally,
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|++i |+�i

|�+i |��i

Figure 2.3: The configuration space for two spin-1/2s (black vertices). The label
of each vertex is the corresponding σ̂z configuration. One generalizes to more
spins by including more dimensions.

write the perturbed energy of |Ψσ〉 as E + ∆. Time-independent perturbation
theory [95] gives that

|Ψσ〉 = |σ〉+
πσ

E −HREM

(
−Γ
∑

i

σ̂xi −∆

)
|Ψσ〉 , (2.5)

where πσ ≡ I − |σ〉 〈σ| and ∆ is determined self-consistently order by order.
Eq. (2.5) can be iterated to obtain a perturbative expansion of |Ψσ〉. Writing
up to second order explicitly,

|Ψσ〉 = |σ〉 −
∑

i

Γ

E − E
(
σ̂xi |σ〉

) σ̂xi |σ〉

+
∑

i 6=j

Γ2

(
E − E

(
σ̂xj σ̂

x
i |σ〉

))(
E − E

(
σ̂xi |σ〉

)) σ̂xj σ̂xi |σ〉

+
∑

i

Γ∆
(
E − E

(
σ̂xi |σ〉

))2 σ̂xi |σ〉+ . . . .

(2.6)

In particular, consider the amplitude on a different σ̂z state |σ′〉, i.e., 〈σ′|Ψσ〉.
Let the distance between |σ〉 and |σ′〉 be x. Thus the two configurations differ
in the values of Nx spins. Note that each application of Γσ̂xi to |Ψσ〉 flips a
single spin and comes with a factor of Γ, and each application of ∆ leaves |Ψσ〉
unaffected and comes with a factor of Γ (since ∆ ∼ O(Γ)). Thus 〈σ′|Ψσ〉 is zero
until the Nxth order of the perturbation series.

At this point, we make the forward-scattering approximation (FSA) [45,92],
in which 〈σ′|Ψσ〉 is approximated by solely the leading Nxth-order terms. The
FSA is different from a simple truncation of the perturbation series, since differ-
ent |σ′〉 require going to different orders (and indeed, we must go to arbitrarily
high orders as N →∞). The energy shift ∆ doesn’t enter into 〈σ′|Ψσ〉 at lead-
ing order. After some thought, one sees that the only terms which do survive
correspond to the directed sequences of spin flips transforming |σ〉 into |σ′〉. For
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|�i = |���i |�00i = |+ ��i

|�0i = |+ + +i

x(�,�0) = 1

x(�,�00) = 1/3

x(�0,�00) = 2/3

Figure 2.4: The configuration space for N = 3, with two directed paths from
|σ〉 to |σ′〉 shown in red and blue. |σ′′〉 is an intermediate configuration along
the red path. Also shown for reference are the Hamming distances between the
three indicated states.

example, if |σ〉 = |+ + +〉 and |σ′〉 = |− −+〉, the two terms kept by the FSA
correspond to flipping spin 1 followed by 2 and flipping 2 followed by 1:

〈σ′|Ψσ〉 ≈
Γ(

E − E
(
|− −+〉

)) Γ(
E − E

(
|−+ +〉

))

+
Γ(

E − E
(
|− −+〉

)) Γ(
E − E

(
|+−+〉

)) .
(2.7)

The generalization to higher orders is

〈σ′|Ψσ〉 ≈
∑

P

∏

σ′′∈P

Γ

E − E(σ′′)
, (2.8)

where the sum is over all (Nx)! directed sequences and the product is over the
Nx intermediate configurations along a sequence. The allowed terms can be
visualized in configuration space as the directed paths from |σ〉 to |σ′〉. Fig. 2.4
gives an example.

Eq. (2.8) is the forward-scattering approximation to the eigenstates of the
QREM. We use it to investigate eigenstate thermalization or the lack thereof.
If
∣∣ 〈σ′|Ψσ〉

∣∣ � 1 for all σ′ 6= σ, then certainly the eigenstates do not obey the
ETH. Furthermore, our use of perturbation theory is consistent in this regime,
and we expect it to give an accurate description of the eigenstates. Those |σ′〉
on which

∣∣ 〈σ′|Ψσ〉
∣∣ ≥ 1 are referred to as “resonant” configurations. Strictly

speaking, the appearance of resonant configurations does not mean that the
eigenstates obey the ETH or are even delocalized. It only shows that pertur-
bation theory cannot describe them. Regardless, we shall use the proliferation
of resonances as a reasonable indicator for an eigenstate phase transition, and
later support this prediction with exact diagonalization numerics (Sec. 2.4.1).
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One can always evaluate Eq. (2.8) numerically for a given realization of
HREM, and build statistics over many different realizations. We do this in
Sec. 2.4.2, but the QREM is sufficiently simple to allow one to study the problem
analytically. We do so first, and use the numerical results as an important
validation.

2.2.2 Path statistics

Each E(σ′′) in Eq. (2.8), which we now write as Nε(σ′′), is an independent
random variable of mean 0. If we replace every ε(σ′′) by E

[
ε(σ′′)

]
, we have a

particularly simple expression:

∣∣ 〈σ′|Ψσ〉
∣∣ ∼ (Nx)!

(
Γ

N |ε|

)Nx
∼ e−Nγ(x,ε), (2.9)

where

γ(x, ε) ≡ −x ln
xΓ

e|ε| . (2.10)

Note that γ(x, ε) > 0 for all x ∈ (0, 1], and thus Eq. (2.9) is exponentially small
for all |σ′〉, if Γ < e|ε|. This would seem to suggest that the eigenstates delocalize
at Γ = e|ε|, but such an estimate turns out to be too crude. Even though ε(σ′′)
is typically 0, there are nevertheless exponentially many configurations with
ε(σ′′) ≈ ε, namely 2Ne−Nε

2

of them. These configurations contribute small
energy denominators which enhance 〈σ′|Ψσ〉, as we now show.

Every term in Eq. (2.8) ends with a factor Γ/N(ε− ε′) (where we’ve defined
ε(σ′) ≡ ε′), so factor it out:

〈σ′|Ψσ〉 =
Γ

N
(
ε− ε′

)
∑

P

∏

σ′′∈P

Γ

N
(
ε− ε(σ′′)

) ≡ Veff(x, ε)

N
(
ε− ε′

) , (2.11)

where the product now omits σ′. Veff(x, ε) has the interpretation of an effective
coupling between configurations separated by distance x at energy density ε. If
we set every ε(σ′′) in Veff(x, ε) to 0, but do not set ε′ to 0, we have

∣∣ 〈σ′|Ψσ〉
∣∣ ∼ e−Nγ(x,ε)

N |ε− ε′| , (2.12)

with γ(x, ε) again given by Eq. (2.10). The eigenstate amplitude will be large if

|ε− ε′| . e−Nγ(x,ε). (2.13)

This applies to a single state |σ′〉 at distance x. Since the unperturbed energy
levels in the REM are independent, the average density of states at distance x,
denoted N (x, ε), is straightforward to compute:

E
[
N (x)

]
=

(
N

Nx

)
e−Nε

2 ∼ eNg(x,ε), (2.14)
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Figure 2.5: The entropy of resonances, fres(x, ε), as a function of x at ε = −0.3.
Three different values of Γ are used: Γ = 0.35 (blue), 0.474 (magenta), 0.60
(red).

where
g(x, ε) = −x lnx− (1− x) ln (1− x)− ε2. (2.15)

Thus the expected number of configurations within energy e−Nγ(x,ε) of ε, i.e.,
the number of resonant configurations, denoted Nres(x, ε), is

E
[
Nres(x, ε)

]
= eN

(
g(x,ε)−γ(x,ε)

)
≡ eNfres(x,ε), (2.16)

where

fres(x, ε) = x ln
Γ

e|ε| − (1− x) ln (1− x)− ε2. (2.17)

If fres(x, ε) < 0 for all x ∈ (0, 1], then the expected number of resonant
configurations is exponentially small throughout the configuration space. In
other words, there are no resonances except for in a vanishing fraction of re-
alizations1. Perturbation theory holds, and the eigenstate |Ψσ〉 is simply |σ〉
up to small corrections (a “trapped” eigenstate). If fres(x, ε) > 0 for some
x ∈ (0, 1], then the perturbation theory breaks down. Given the caveat men-
tioned above and the numerical results in Sec. 2.4.1, we identify this as the
ETH phase. Thus the boundary Γtun(ε) between the trapped and ETH phases
is where maxx fres(x, ε) = 0. The situation is illustrated in Fig. 2.5. We have
that

ln
Γtun

e|ε| +
|ε|

Γtun
− ε2 = 0. (2.18)

1This follows rigorously from Markov’s inequality as described in Chap. 3
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The resulting Γtun(ε) constitutes the upper portion of the curve in Fig. 2.2 (the
lower portion is discussed momentarily). At small ε, the phase boundary goes
as

Γtun(ε) ∼ −ε+
√

2ε2 +O
(
ε3
)
. (2.19)

Γtun(ε) is significantly less than the naive estimate e|ε|. Even though the
typical eigenstate amplitudes remain small, a subset of configurations become
resonant as Γ increases beyond Γtun(ε). They are precisely those with energy
densities particularly close to ε.

This derivation also explains the use of the term “trapped” to describe the
low-energy eigenstates. As is clear from Eq. (2.17) and Fig. 2.5, fres(x, ε) is
always negative for x close to 0. Even when resonant configurations exist, they
lie beyond a minimum distance, and the effective coupling Veff(x, ε) is exponen-
tially supressed from tunneling through non-resonant intermediate configura-
tions. The trapped phase occurs when the suppression is sufficiently strong for
Veff(x, ε) to be smaller than level spacing at all distances. The system cannot
tunnel through the energy barriers and thus remains trapped in state |σ〉.

Notice that in Fig. 2.2, we have cut off the trapped phase by the thermo-
dynamic boundary between the classical and quantum paramagnets. Since the
thermodynamic transition is first-order, we cannot detect it using perturbation
theory at small Γ. However, it is clear from the numerical results below that the
eigenstates are no longer trapped beyond the first-order line, and so we include
it in the phase diagram.

Finally, one may rightfully wonder about the validity of replacing ε(σ′′) by
0 in Veff(x, ε), given the importance of not setting ε(σ′) to 0. Fortunately, this
replacement is valid. Write Eq. (2.8) as2

∣∣ 〈σ′|Ψσ〉
∣∣ =

(
Γ

N

)Nx∑

P

∏

σ′′∈P

1∣∣ε− ε(σ′′)
∣∣ . (2.20)

The remaining product is the only factor which fluctuates between realizations.
First consider the possibility of fluctuations which change the factors |ε− ε(σ′′)|
by O(1) amounts (e.g., ε(σ′′) = ε/2). Writing

∏

σ′′∈P

1∣∣ε− ε(σ′′)
∣∣ = e−

∑
σ′′∈P ln

∣∣ε−ε(σ′′)
∣∣
, (2.21)

we see that in order for such a fluctuation to scale as anything other than
exp

(
−Nx ln |ε|

)
, it must be that O(N) of the σ′′ along a single path P have

ε(σ′′) 6= 0. The probability of such an event scales as e−cN
2

, with c ∼ O(1).
Therefore the expected number of paths which contribute anything other than
exp

(
−Nx ln |ε|

)
, denoted Nfluc, is

E[Nfluc] = (Nx)! e−cN
2 → 0, (2.22)

2Strictly speaking, Eq. (2.20) is an inequality, since |∑P · | ≤
∑

P | · |. However, we have
found from the numerical studies in Sec. 2.4.2 that using

∑
P | · | does not noticeably modify

any results. Conceptually, it takes a rare event to change the sign of a path amplitude (one
needs ε(σ′′) < ε), and the considerations here show that such events are negligible.
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i.e., the expected number of atypical paths vanishes as N →∞.
There remains the possibility of individual configurations σ′′ with energy

densities exponentially close to ε. They can change the exponent in Veff(x, ε) by
themselves. Suppose that for some σ′′ at distance y,

∣∣ε− ε(σ′′)
∣∣ ∼ e−Nd, (2.23)

with d ∼ O(1). The expected number of such configurations which lie along the
directed paths to σ′ is (

Nx

Ny

)
e−Nε

2−Nd. (2.24)

When one accounts for every path which passes through a single such σ′′, the
contribution of that σ′′ to Veff(x, ε) is

(Ny)!

(
Γ

N |ε|

)Ny
eNd (N(x− y))!

(
Γ

N |ε|

)N(x−y)

=

(
Γ

N |ε|

)Nx
(Ny)!(N(x− y))!eNd.

(2.25)

In the top line, the first two factors constitute the sum over paths leading to
σ′′, the next factor is the contribution of σ′′ itself, and the final two factors
constitute the paths beyond σ′′. Combining Eqs. (2.24) and (2.25), the total
contribution from all σ′′ on an energy scale e−Nd is

(
Nx

Ny

)
e−Nε

2

(
Γ

N |ε|

)Nx
(Ny)!(N(x− y))!

= (Nx)!

(
Γ

N |ε|

)Nx
e−Nε

2

= e−Nγ(x,ε)−Nε2 .

(2.26)

The total contribution is exponentially smaller than that from the typical paths,
despite smaller energy denominators. This pattern repeats if one considers
paths which pass through two exponentially close configurations, or three, and
so on. We have shown that Veff(x, ε) does indeed take the value e−Nγ(x,ε) in all
realizations except for a vanishing fraction.

2.2.3 The high-temperature limit

The above analysis assumes that ε 6= 0 and finds an eigenstate phase transition
along a non-trivial curve Γtun(ε). Importantly, the curve is O(1) with respect
to system size. We now consider the situation for states |σ〉 in the middle of the
spectrum, i.e., E ∼ O(

√
N) rather than O(N).

Simple scaling estimates make it clear that such states cannot be trapped at
Γ ∼ O(1). Each energy denominator in Eq. (2.8) is typically O(

√
N), and thus

one expects 〈σ′|Ψσ〉 to scale as

〈σ′|Ψσ〉 ∼ (Nx)!

(
Γ√
N

)Nx
∼
(
xΓ
√
N

e

)Nx
. (2.27)
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The scale on which the eigenstates delocalize is Γ ∼ O(N−1/2). Obviously, this
analysis neglects fluctuations, and so we shall now be more careful.

Take E to be exactly 0 for simplicity, and consider a single path of length L
(not necessarily O(N)). Denote the amplitude of the path by A:

|A| =
∏

σ′′∈P

Γ

|E(σ′′)| . (2.28)

To simplify notation, we write this as

ln |A| = L ln
Γ

D
+ Y, (2.29)

where

D ≡
√
πN

2
, (2.30)

Y ≡
L∑

i=1

ln
D

|Ei|
, (2.31)

and the Ei are independent Gaussian random variables of variance N/2.
A single term in Eq. (2.31), denoted yi ≡ lnD/|Ei|, has distribution

P (yi) = e−
π
4 e
−2y−y, (2.32)

which goes as e−y for y � 1. The distribution P (Y ) is a convolution of L
P (yi)’s. Assuming Y � 1, the integration is dominated by having all yi � 1,
and thus we can evaluate the convolution:

P (Y ) =
Y L−1

(L− 1)!
e−Y . (2.33)

Thus |A| > 1, i.e., Y > Yc ≡ L ln D
Γ , with probability

Pr
[
|A| > 1

]
=

∫ ∞

Yc

dY
Y L−1

(L− 1)!
e−Y ∼ Y L−1

c

(L− 1)!
e−Yc

(
1 +O(Y −1

c )
)
. (2.34)

The expected number of paths to a given site which have large amplitudes is
thus

L!
Y L−1
c

(L− 1)!
e−Yc ∼

(
L

Γ

D
ln
D

Γ

)L
. (2.35)

If the eigenstates are to remain trapped, Eq. (2.35) must remain less than 1
for all L ≤ N as N →∞. We have the condition

D

Γ ln D
Γ

≥ N, (2.36)

which becomes, at large N ,
D

Γ
≥ N lnN. (2.37)
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The transition from trapped to thermal eigenstates occurs when equality holds.
Using the definition of D (Eq. (2.30)), we have that

Γtun(0) =

√
π

2
√
N lnN

. (2.38)

The most important conclusion in this analysis is simply that perturbation
theory breaks down for any Γ ∼ O(1) at infinite temperature. Note also that we
did not specify any properties of the final state |σ′〉. Even typical configurations
acquire large amplitudes once Γ exceeds Γtun(0), in contrast with the finite-
temperature case.

2.2.4 The large-field limit

Here we briefly describe the opposite limit to that in which our perturbative
treatment holds: Γ� 1. We cannot make nearly as much progress in this limit,
but we do gain some understanding from a simple analysis.

To zeroth order in HREM, the eigenstates of the Hamiltonian are σ̂x eigen-
states with energies −MΓ (M = −N,−N + 2, · · · , N). The degeneracy of the
−MΓ level is

(
N

(N+M)/2

)
. In this basis, the REM term is dense, i.e.,

〈σ′(x)|HREM|σ(x)〉 =
1

2N

∑

σ

(−1)α(σ)E(σ), (2.39)

where the sum is over all 2N σ̂z eigenstates and α(σ) is either 0 or 1 depending
on the specific states in question. The important feature is that every matrix
element of HREM in the σ̂x basis is the sum and/or difference of all REM
energies, divided by 2N from normalization. Thus every element is a Gaussian
random variable with mean and variance

E
[
〈σ′(x)|HREM|σ(x)〉

]
= 0, E

[
〈σ′(x)|HREM|σ(x)〉2

]
=

1

2N
N

2
. (2.40)

We shall treat HREM as a GOE-distributed random matrix in this basis. How-
ever, keep in mind that this is only an approximation because the matrix ele-
ments are not strictly independent.

To leading order in perturbation theory (now with HREM as the perturba-
tion), the eigenstates within a subspace of fixed total magnetization M form a
band according to Wigner’s semi-circle law [22]. This band has a radius of

√
N

2N+1

√(
N

N+M
2

)
∼ N1/4 eN

(
− 1+m

4 ln (1+m)− 1−m
4 ln (1−m)

)
, (2.41)

where m ≡ M/N is the average magnetization per spin. Note that the band-
width is exponentially small for all m 6= 0, to be compared with the O(Γ)
separation between bands. Thus the eigenstates with m 6= 0 do not hybridize
outside of their initial bands, and each state has a well-defined bulk magnetiza-
tion. The only bands which do hybridize are those with m ∼ O(N−1/2).
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Since the unperturbed energy densities are proportional to m, the large-Γ
situation is analogous to the small-Γ situation: states at ε ∼ O(N) (finite tem-
perature) are only weakly dressed by all others, whereas states at ε = 0 (infinite
temperature) hybridize immediately even for an arbitrarily weak perturbation.
However, it is difficult to carry out the large-Γ expansion to higher orders, and
so we cannot see the eigenstate phase transition from this side.

2.3 Tunneling dynamics to solve the matching
problem

There is much more to the dynamical behavior of a system than the structure of
the eigenstates. In particular, our identification of thermal eigenstates in Sec. 2.2
does not give any information on the timescale over which an out-of-equilibrium
initial state thermalizes. Here we study the explicit tunneling dynamics of the
QREM, using the matching problems described in the Introduction as a concrete
motivation.

Our interpretation of the σ̂z eigenstates is slightly different in this section.
Those at a specified energy density ε represent “marked” states which one is
trying to locate out of all possible 2N . The classical paramagnetic phase is
the most interesting to study from this perspective: there are exponentially
many marked states (although still an exponentially small fraction of the total
configuration space), and the transverse field is not so strong as to wash out the
energy landscape. Furthermore, the REM is in a sense the hardest problem of
this type. Since the energy levels are independent, there is no pattern among
the marked states which could be exploited.

Let us be more concrete about the protocol. We initialize the system in a
given state σ̂z state |σ〉 at energy density ε: HREM |σ〉 = Nε |σ〉. The system
then evolves under the QREM Hamiltonian. The matching problem is solved
at time t if there is a significant probability of observing a different state |σ′〉 at
the same classical energy density: HREM |σ′〉 = Nε |σ′〉.

As mentioned in the Introduction, there are two reasons why one might ex-
pect this protocol to be efficient: conservation of energy biases the dynamics
towards classical states having the same energy as the starting configuration,
and quantum fluctuations can tunnel through the energy barriers that separate
those states. However, Hamiltonian dynamics conserves the full quantum me-
chanical energy 〈H〉, whereas our goal is to find a state with the same classical
energy 〈HREM〉. Furthermore, the analysis in Sec. 2.2 has shown that the tun-
neling amplitudes between low-energy are exponentially suppressed. Thus the
performance of quantum dynamics in matching problems, and its comparison
to classical search algorithms, is non-trivial.

We find three sharp dynamical phases for the QREM, each with distinct
implications for the matching problem. The phase diagram is shown in Fig. 2.6.
At low ε and small Γ, the probability of the system tunneling between clusters
vanishes in the thermodynamic limit even at arbitrarily late times. This is the
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Figure 2.6: The dynamical phase diagram of the QREM. The system tunnels
between clusters in the “tunneling” phase (green), remains trapped in a cluster
in the “trapped” phase, and is excited out of clusters in the “excited” phase. The
trapped, tunneling, and large-Γ excited phases have been confirmed numerically.
It is unclear whether the small-Γ excited phase is truly an excited phase or a
portion of the tunneling phase in which perturbation theory does not apply.

same “trapped” phase as identified in Sec. 2.2, and matching fails throughout
it. At large Γ, the system moves freely out of the initial cluster but is excited
to higher classical energies in return for magnetizing along the transverse field.
Matching fails in this “excited” phase as well, since the system does not locate
states at the desired classical energy. Only at intermediate ε and Γ, in the
“tunneling” phase, does energy matching succeed by tunneling between clusters
while preserving the classical energy density.

The timescale for tunneling is exponential in system size, i.e., quantum dy-
namics cannot solve the matching problem in polynomial time. On the other
hand, classical algorithms also require exponential runtime in these models, and
quantum dynamics runs exponentially faster than classical spin-flip Monte Carlo
at equilibrium. We also compare to a non-local search algorithm in which new
configurations are chosen independently at random (the “unstructured search”).
The unstructured search is the best possible classical algorithm for matching in
the REM since there are no correlations between energy levels. In the QREM,
quantum dynamics can succeed as quickly as the unstructured search but no
better. However, when we discuss the more realistic p-spin model in Chap. 4,
we shall show that there, quantum dynamics is capable of outperforming the
unstructured search (and thus all classical algorithms of which we are aware).
Furthermore, the quantum algorithm presented here is directly implementable
on current experimental platforms [96,97].
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Note that the tunneling phase does not exist at sufficiently low ε for the
p-spin model. A uniform transverse field cannot solve the matching problem
near the classical ground state regardless of the field strength and regardless of
runtime.

As we did for the eigenstate phases, we derive these results using perturba-
tion theory in Γ. The central quantities are again the distance-resolved density
of states eNg(x,ε′|ε) and the effective coupling e−Nγ(x,ε′|ε). However, there are
two subtleties which we did not encounter earlier. First, we must consider the
energy density ε′ of the final state as well as the energy density ε of the initial
state, so as to check whether the system is excited to a different classical en-
ergy. Second, configurations with ε′ = ε lie only at those distances for which
g(x, ε|ε) > 0. There is a minimum such distance, i.e., x must be greater than a
certain x∗∗(ε), and we will impose this condition on x when relevant.

We shall first show that tunneling between two states occurs only if their
classical energies differ by less than the effective coupling between them, i.e., if
the states are resonant. This is exactly the condition for eigenstates to hybridize
between the two. The requirement for tunneling to occur is thus

max
x∈[x∗∗(ε),1−x∗∗(ε)]

[
g(x, ε|ε)− γ(x, ε|ε)

]
> 0,

(Tunneling condition)
(2.42)

as in Sec. 2.2, and the curve Γtun(ε) defines the boundary between the trapped
and tunneling phases3.

As the initial state evolves in time, the amplitude on any non-resonant state
remains exponentially small, of order e−2Nγ(x,ε′|ε). However, there are exponen-
tially many such states. If the total amplitude on states with ε′ 6= ε is large,
then those states will be observed at later times with high probability and the
system excites into classical energy density ε′. The requirement for the classical
energy density to be preserved is

max
x∈[0,1]

[
max
ε′

[
g(x, ε′|ε)− 2γ(x, ε′|ε)

]]
< 0.

(Non-excitation condition)
(2.43)

The curve Γexc(ε) on which the left-hand side equals 0 defines the boundary
between the tunneling and excited phases. There is an additional transition
into the excited phase which coincides with the thermodynamic transition into
a quantum paramagnetic phase at large Γ. We cannot detect this transition
within perturbation theory, but we find clear evidence for it numerically as
discussed in Sec. 2.4.1.

Eqs. (2.42) and (2.43) are necessary conditions for quantum dynamics to
succeed at the matching problem. If both are satisfied, then the time required for
matching is simply the inverse tunneling rate between states. We estimate the

3Along Γtun(ε), there exists an x for which g(x, ε) = γ(x, ε), and one can show that
γ(x, ε) > 0 for all x. Thus the value of x at which equality holds is necessarily one for which
g(x, ε) > 0, and the requirement that x ∈ [x∗∗(ε), 1− x∗∗(ε)] is automatically fulfilled.
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timescale τq using Fermi’s golden rule with the effective coupling and distance-
resolved density of states. We find that τq scales exponentially with exponent

1

N
ln τq = min

x∈[x∗∗(ε),1−x∗∗(ε)]

[
2γ(x, ε|ε)− g(x, ε|ε)

]
.

(Tunneling timescale)

(2.44)

In Sec. 2.3.2, we shall compare this timescale against the runtimes for well-
known classical algorithms.

2.3.1 The Schrieffer-Wolff transformation

We will continue to use the forward-scattering approximation (FSA) to make
the perturbation theory tractable. However, we need additional formalism to ex-
plicitly describe time evolution, namely the Schrieffer-Wolff transformation [98].

Let P0 denote the subspace spanned by σ̂z states having classical energy
density ε, and let Q0 denote the orthogonal subspace. Note that the QREM
Hamiltonian H couples P0 and Q0 through the transverse field, yet it does not
directly couple different states in P0, as multiple spin-flips would be required.
The Schrieffer-Wolff transformation is performed by a unitary operator eiS such
that eiSHe−iS ≡ Heff does not couple P0 and Q0, and instead does have a direct
coupling between the states in P0, which is precisely Veff(x, ε) from Sec. 2.2.
Since

〈σ′|e−iHt|σ〉 = 〈σ′| e−iSe−iHeffteiS |σ〉 , (2.45)

the time evolution of |σ〉 into |σ′〉 under H is equivalent to the evolution of
eiS |σ〉 into eiS |σ′〉 under Heff.

To compute the generator S, let P0 be the projector onto P0 and similarly
for Q0 = 1− P0. We determine S by requiring that P0HeffQ0 = Q0HeffP0 = 0.
For brevity, denote the eigenstates of HREM by |i〉 , |j〉 , . . . with corresponding
energies Ei, Ej , . . .. Also denote the transverse field term in the Hamiltonian
simply as ΓV , so that H = HREM + ΓV .

First, decompose V into diagonal and off-diagonal parts:

Vd ≡ P0V P0 +Q0V Q0,

Vod ≡ P0V Q0 +Q0V P0.
(2.46)

Next, define superoperators
Ŝ( · ) ≡ [S , · ], (2.47)

L( · ) ≡
∑

i∈P0
j∈Q0

(
|i〉 〈i| · |j〉
Ei − Ej

〈j|+ |j〉 〈j| · |i〉
Ej − Ei

〈i|
)
, (2.48)

where · denotes an arbitrary operator. Note that Eq. (2.48) only has off-block-
diagonal matrix elements, and thus none of the energy denominators in the
Schrieffer-Wolff formalism are small. With this notation, the condition that
Heff be block-diagonal gives an equation for the generator S:

S = LŜ(ΓVd)− iLŜ cot (Ŝ)(ΓVod). (2.49)
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The effective Hamiltonian is

Heff = H0 + ΓVd + i tan

(
Ŝ

2

)
(ΓVod). (2.50)

See [98] for the derivation.
Eq. (2.49) is naturally suited to an expansion in Γ:

S =

∞∑

n=1

ΓnSn, (2.51)

with each Sn a Hermitian operator. From Eq. (2.49),

S1 = −iL(Vod),

S2 = LŜ1(Vd),

Sn = LŜn−1(Vd) − i

∞∑

j=1

a2j

∑

n1,··· ,n2j≥1
n1+...+n2j=n

LŜn1
· · · Ŝn2j

(Vod),
(2.52)

where the last line refers to n ≥ 3, and a2j is the 2jth Taylor coefficient of x cotx
about 0. Consider the first two orders:

iS1 =
∑

i∈P0
j∈Q0

(
|i〉 〈i|Vod|j〉

Ei − Ej
〈j|+ |j〉 〈j|Vod|i〉

Ej − Ei
〈i|
)
, (2.53)

iS2 =
∑

i∈P0
j∈Q0
k∈Q0

(
|i〉 〈i|Vod|j〉 〈j|Vd|k〉

(Ei − Ek)(Ei − Ej)
〈k| − |k〉 〈k|Vd|j〉 〈j|Vod|i〉

(Ek − Ei)(Ej − Ei)
〈i|
)

+
∑

i∈P0
j∈P0
k∈Q0

(
|i〉 〈i|Vd|j〉 〈j|Vod|k〉

(Ei − Ek)(Ej − Ek)
〈k| − |k〉 〈k|Vod|j〉 〈j|Vd|i〉

(Ek − Ei)(Ek − Ej)
〈i|
)
.

(2.54)

It becomes very tedious to write higher-order terms, yet one already sees the
structure of the expansion. Each term in Sn has a numerator which is a string
of matrix elements of V and a denominator which is a string of energy differ-
ences. Note that each matrix element can be either Vd or Vod, and each energy
denominator is between a state in P0 and a state in Q0. The same structure
holds when we insert the expansion of S into Eq. (2.50) and obtain an expansion
of Heff in powers of Γ. For example, two of the fourth-order terms in Heff are

Heff = · · ·+ Γ4

2
|i〉 〈i|Vod|j〉 〈j|Vd|k〉 〈k|Vd|l〉 〈l|Vod|m〉

(Ei − El)(Ei − Ek)(Ei − Ej)
〈m|

+
Γ4

2
|i〉 〈i|Vd|j〉 〈j|Vod|k〉 〈k|Vd|l〉 〈l|Vod|m〉

(Ei − El)(Ei − Ek)(Ej − Ek)
〈m|+ · · · .

(2.55)
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Thus far, all that we have presented is completely general. Now we show
how the above equations, which are ultimately used to determine Heff, are con-
siderably simplified by making the FSA. It is best to first consider a simple
toy problem, a 1D nearest-neighbor tight-binding model with open boundary
conditions:

H =

L∑

i=0

Ei |i〉 〈i| − Γ

L−1∑

i=0

(
|i〉 〈i+ 1|+ |i+ 1〉 〈i|

)
. (2.56)

Suppose that E0 and EL are much lower than all other Ei, and we want to
study tunneling from site 0 to site L. We take P0 to project onto |0〉 and |L〉,
V to be the hopping term, and aim to compute 〈0|Heff|L〉 to lowest order in Γ.

The lowest-order terms are O
(
ΓL
)
, since at least L applications of the hop-

ping term are required to couple |0〉 and |L〉. However, alongside those Lth-order
terms which do couple |0〉 and |L〉, there are many Lth-order terms in Heff which
do not. Only terms for which the operator string is VodVd

L−2Vod contribute to
〈0|Heff|L〉 at Lth order, since {|0〉 , |L〉} ∈ P0 and {|1〉 , . . . , |L− 1〉} ∈ Q0. For
example, taking L = 4, the first term in Eq. (2.55) does contribute to 〈0|Heff|4〉
at 4th order (taking i = 0, j = 1, etc.) but the second term does not.

In fact, only two terms at Lth order have the correct operator string:

〈0|Heff|L〉 ∼
ΓL

2

( 〈0|Vod|1〉 〈1|Vd|2〉 · · · 〈L− 2|Vd|L− 1〉 〈L− 1|Vod|L〉
(E0 − E1)(E0 − E2) · · · (E0 − EL−2)(E0 − EL−1)

+
〈0|Vod|1〉 〈1|Vd|2〉 · · · 〈L− 2|Vd|L− 1〉 〈L− 1|Vod|L〉
(EL − E1)(EL − E2) · · · (EL − EL−2)(EL − EL−1)

)
.

(2.57)
If E0 = EL, the final expression is particularly simple:

〈0|Heff|L〉 ∼ Γ

L−1∏

i=1

Γ

E0 − Ei
. (2.58)

Compare to Eq. (2.11) from Sec. 2.2.2 (noting that the toy problem has only
one path from 0 to L).

Finally, let us apply this analysis to the QREM. As always, let the distance
between |σ〉 and |σ′〉 be x. 〈σ′|Heff|σ〉 ∼ O

(
ΓNx

)
, and although there are many

more terms at Nxth order than in the toy problem, the same arguments hold
here. Each surviving term has an operator string of the form VodVd

Nx−2Vod,
with the intermediate states constituting a sequence of spin-flips transforming
σ into σ′. Thus

〈σ′|Heff|σ〉 ≡ Veff(x, ε) = Γ
∑

P

∏

σ′′∈P

Γ

E − E(σ′′)
, (2.59)

as before. The FSA in the context of Schrieffer-Wolff gives exactly the same
expression for the effective coupling as it does in eigenstate perturbation theory.

One might worry about the paths which pass through other states in P0,
giving operator strings VodVd

Ny−2Vod
2Vd

N(x−y)−2Vod. However, such paths are
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an exponentially small fraction of the total, and thus negligible: out of the
(Nx)! paths from σ to σ′, the expected number4 with at least one intermedi-

ate configuration having energy density ε scales as Ne−Nε
2

(Nx)!. Note that
these atypical paths do not have amplitudes large enough to compensate for
the smaller quantity, as the Schrieffer-Wolff formalism ensures that there are no
resonant denominators.

Now that we have studied Heff, it remains to consider eiS |σ〉, since this is
the state which we evolve under Heff. Write

eiS |σ〉 = cos (S) |σ〉+ i sin (S) |σ〉 , (2.60)

and note from Eq. (2.52) that, order by order, S is off-block-diagonal. Thus
cos (S) |σ〉 lies in P0 and sin (S) |σ〉 lies in Q0. These two components remain in
their respective subspaces under time evolution because Heff is block-diagonal.

First, we shall calculate the weight of cos (S) |σ〉 on |σ′〉 ∈ P0. We will
continue to work within the FSA, meaning that we compute 〈σ′| cos (S)|σ〉 to
lowest non-zero order in Γ. By the same arguments as above, the relevant terms
again have the operator string VodVd

Nx−2Vod, which all come from 1
2S

2 in the
expansion of cos (S). Unlike above, however, there are more terms: the string
in the first factor of S must begin on |σ〉 but can terminate on any intermediate
|σ′′〉, and the string in the second factor must then begin at |σ′′〉 and terminate
on |σ′〉. Thus

〈σ′| cos (S)|σ〉 ∼ 1

2

∑

σ′′

∑

Pσ′′

∏

σ′′′∈Pσ′′

Γ

N
(
ε− ε(σ′′′)

) . (2.61)

The outer sum is over all |σ′′〉 intermediate between |σ〉 and |σ′〉. The inner
sum is over paths Pσ′′ that pass through |σ′′〉.

Given the analysis from Sec. 2.2, we may take ε(σ′′′)→ E
[
ε(σ′′′)

]
= 0, and

∣∣ 〈σ′| cos (S)|σ〉
∣∣ ∼

∫ x

0

Ndy

(
Nx

Ny

)(
Ny
)
!
(
N(x− y)

)
!

(
Γ

N |ε|

)Nx

= Nx
(
Nx
)
!

(
Γ

N |ε|

)Nx
∼ Nxe−Nγ(x,ε),

(2.62)

with γ(x, ε) as defined in Eq. (2.10). The extra factor of Nx does not modify
the exponential scaling and can be neglected. To obtain the total weight on
all |σ′〉 ∈ P0, we multiply e−2Nγ(x,ε) by the distance-resolved density of states
eNg(x,ε) and integrate over all x ∈

[
x∗∗(ε), 1 − x∗∗(ε)

]
. The result is e−Nr(ε)

with
r(ε) = min

x∈[x∗∗(ε),1−x∗∗(ε)]

[
2γ(x, ε)− g(x, ε)

]
. (2.63)

We shall show in Sec. 2.3.2 that r(ε) > 0 throughout the relevant portions of
the phase diagram. This affords us a useful simplification. Since cos (S) |σ〉 has

4By Markov’s inequality (see Chap. 3), a typical sample cannot have more than a finite
factor times the expected number of paths as N →∞.
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exponentially small weight on all other states |σ′〉, we can take cos (S) |σ〉 ∼ |σ〉
when calculating transition probabilities.

Next, we analogously calculate 〈σ′| sin (S)|σ〉 for |σ′〉 ∈ Q0. The forward-
scattering operator strings are of the form Vd

Nx−1Vod, which come from S in
the expansion of sin (S). There is only one such term in Eq. (2.52), giving

〈σ′| sin (S)|σ〉 ∼
∑

P

∏

σ′′∈P

Γ

N
(
ε− ε(σ′′)

) =
Veff(x, ε′|ε)
N
(
ε− ε′

) , (2.64)

where we have again identified the effective coupling Veff(x, ε′|ε), now between
states at different classical energy densities.

2.3.2 Tunneling rates

We now have enough ingredients to understand the tunneling dynamics in the
QREM. The distance-resolved density of states eNg(x,ε′|ε) was computed using
simple combinatorics in Sec. 2.2.2:

g(x, ε′|ε) = −x lnx− (1− x) ln (1− x)− ε′2. (2.65)

Note that the ε variable is superfluous because the states at distance x are un-
correlated with ε (it will be useful to keep the label nevertheless). The effective
coupling, Eq. (2.59), is computed straightforwardly by taking all ε(σ′′) → 0, a
simplification justified in Sec. 2.2.2. One obtains Veff(x, ε′|ε) ∼ eNγ(x,ε′|ε) with

γ(x, ε′|ε) = −x ln
xΓ

e|ε| . (2.66)

Here the ε′ variable is superfluous because the intermediate states along the
paths are uncorrelated with it (ε enters through the energy denominators).

For brevity, we will often write g(x, ε) and γ(x, ε) in place of g(x, ε′|ε) and
γ(x, ε′|ε). We have also defined x∗∗(ε) by

− x∗∗ lnx∗∗ − (1− x∗∗) ln (1− x∗∗)− ε2 = 0. (2.67)

Thus g(x, ε) > 0 only for x ∈
[
x∗∗(ε), 1 − x∗∗(ε)

]
, i.e., configurations at energy

density ε lie only within that interval.
Consider two states |σ〉 and |σ′〉 both at energy density ε. The effective

Hamiltonian has a direct matrix element Veff(x, ε) between them, and, as noted
above, we can take cos (S) |σ〉 ∼ |σ〉 and cos (S) |σ′〉 ∼ |σ′〉. Thus time-
dependent perturbation theory [95] immediately gives the transition probability
from |σ〉 to |σ′〉:

Pσ′σ(t) ≡
∣∣ 〈σ′|e−iHt|σ〉

∣∣2 =
4Veff(x, ε)2

N2
(
ε(σ′)− ε(σ)

)2 sin2

(
N
(
ε(σ′)− ε(σ)

)
t

2

)
.

(2.68)
It is important that we do not set ε(σ′) exactly equal to ε(σ). The smallest

energy difference among all σ′ is typically of the order of level spacing, which
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may be either smaller or larger than Veff(x, ε) since both scale exponentially
with N . The level spacing among |σ′〉 at distance x scales as e−Ng(x,ε), and so
if g(x, ε) < γ(x, ε), then Eq. (2.68) is exponentially small for every final state at
distance x. Furthermore, the total weight on all states at distance x, obtained by
summing Pσ′σ(t) over all |σ′〉 having the specified energy density and distance,
is exponentially small: those |σ′〉 for which ε(σ′) − ε(σ) ∼ e−Nd give a total
contribution e−2Nγ+2Nd ·eNg−Nd = e−2Nγ+Ng+Nd, which increases with d until
the smallest possible spacing at d = g. Thus the probability of transitioning to
any state at distance x vanishes in the thermodynamic limit, for all times t.

Since the states with energy density ε lie at distances x ∈
[
x∗∗(ε), 1−x∗∗(ε)

]
,

if g(x, ε) < γ(x, ε) for all such x then the system never transitions into a different
state, even on exponentially long timescales. This gives the tunneling condition
presented above as a necessary condition for quantum dynamics to succeed in
matching:

max
x∈[x∗∗(ε),1−x∗∗(ε)]

[
g(x, ε)− γ(x, ε)

]
> 0.

(Tunneling condition)
(2.42)

Using Eqs. (2.65) and (2.66), the tunneling condition becomes

max
x∈[x∗∗(ε),1−x∗∗(ε)]

[
x ln

Γ

e|ε| − (1− x) ln (1− x)− ε2
]
> 0. (2.69)

We located the curve Γtun(ε) on which equality holds in Sec. 2.2.2. It now has
the interpretation not only of the phase boundary between trapped and thermal
eigenstates, but also of the boundary between frozen and tunneling dynamics.

If Eq. (2.42) is satisifed, then Fermi’s golden rule gives the rate at which the
system tunnels between clusters. To ensure that we handle the exponentially
small scales in the level spacing and effective coupling correctly, we present a
derivation here. Consider |σ′〉 at distance x and fixed time t. IfN

∣∣ε(σ′)−ε(σ)
∣∣�

t−1, then Pσ′σ(t) behaves as e−2Nγ(x,ε)t2. If N
∣∣ε(σ′)− ε(σ)

∣∣� t−1 then Pσ′σ(t)
has already reached its maximum value and begun oscillating. Thus the portion
of the weight at distance x which is growing with time, denoted Ptun(x, t),
is obtained by summing Pσ′σ(t) over |σ′〉 with

∣∣ε(σ′) − ε(σ)
∣∣ . (Nt)−1. To

exponential order,

Ptun(x, t) ∼
(
e−2Nγ(x,ε)t2

)(
eNg(x,ε)t−1

)
= e−N

(
2γ(x,ε)−g(x,ε)

)
t, (2.70)

from which the tunneling rate is apparent. The rate τ−1
q at which the system

exits its initial state is given by integrating over x, which since Ptun(x, t) scales
exponentially gives the result stated above:

1

N
ln τq = min

x∈[x∗∗(ε),1−x∗∗(ε)]

[
2γ(x, ε)− g(x, ε)

]
.

(Tunneling timescale)

(2.44)

Note that the tunneling rate is equal to the weight of the transformed state
cos (S) |σ〉 on other |σ′〉 (Eq. (2.63)). The field strength at which the transformed
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state no longer resembles |σ〉 is exactly the strength at which the tunneling rate
is O(1) regardless. If the tunneling rate is O(1), our use of perturbation theory
is questionable. Furthermore, we shall show momentarily that the system enters
its excited phase before this occurs. Thus it is justified to take cos (S) |σ〉 ∼ |σ〉
throughout the entire tunneling phase, as claimed.

Perturbation theory breaks down if the transverse field is too large, which we
see through the weight of eiS |σ〉 in the Q0 subspace. This weight corresponds to
probability that the system will be observed to have a different classical energy
density ε′. From Eq. (2.64), the weight of eiS |σ〉 on a single |σ′〉 is of order
e−Nγ(x,ε′|ε) (the energy denominator is by definition not small and does not
affect the exponential scaling). Thus the total weight in the Q0 subspace is

∫ 1

0

dx

∫
dε′
∣∣ 〈σ′|eiS |σ〉

∣∣2eNg(x,ε′|ε) ∼
∫ 1

0

dx

∫
dε′ eN

(
g(x,ε′|ε)−2γ(x,ε′|ε)

)
.

(2.71)
The result must be exponentially small if perturbation theory is to be valid.
This is the non-excitation condition given above:

max
x∈[0,1]

[
max
ε′

[
g(x, ε′|ε)− 2γ(x, ε′|ε)

]]
< 0.

(Non-excitation condition)
(2.43)

For the REM, the maximization over ε′ is trivial and we have the requirement

max
x∈[0,1]

[
2x ln

Γ

e|ε| + x lnx− (1− x) ln (1− x)

]
< 0. (2.72)

Strictly speaking, violation of Eq. (2.43) only means that the perturbation the-
ory is inconsistent. However, it has an immediate physical interpretation: the
system excites out of its initial state and into higher classical energy densities.
This corresponds to another failure mechanism for the matching problem, as a
measurement of the system will not yield the desired energy density.

Finally, we present clear numerical evidence in Sec. 2.4.1 that the first-order
thermodynamic transition into a quantum paramagnetic phase is relevant for the
Hamiltonian dynamics. It is itself an excitation transition in which the system
excites to classical energy density 0, and is another breakdown of matching.

We have obtained two necessary conditions for quantum dynamics to succeed
in the matching problem. If Eq. (2.42) is violated, the system never escapes its
initial states. If Eq. (2.43) is violated (or the first-order line is crossed), the
system excites to higher energies and does not return. Generically, satisfying
both conditions requires that the transverse field be neither too strong nor
too weak, and this regime may be narrow or non-existent depending on ε and
the model in question. Indeed, Fig. 2.6 shows that one cannot satisfy both
conditions at low ε in the QREM.

2.3.3 Comparison to classical algorithms

The rate of tunneling between states, when it occurs at all, is always expo-
nentially slow in system size. This is clear from the expressions for the rate
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(Eq. (2.44)) and the non-excitation condition (Eq. (2.43)): if Eq. (2.43) is sat-
isfied, then N−1 ln τq in Eq. (2.44) is necessarily positive since it optimizes over
fewer variables. Thus quantum dynamics cannot succeed at matching in poly-
nomial time. However, it may be exponentially faster than simple classical
algorithms. We now show this for the QREM, by comparing the tunneling rate
found above to the equilibration timescale for stochastic (e.g., Monte Carlo)
dynamics. We then additionally compare to an unstructured search algorithm
in which new configurations are chosen randomly.

Stochastic dynamics can be used for matching problems as follows: from a
starting configuration |σ〉, run a Monte Carlo simulation at the temperature T
corresponding to ε(σ) by Legendre transform. Since the temperature is properly
chosen, one will observe a configuration having the same energy density at later
times with high probability. However, the later configuration will in fact be the
initial one unless one waits long enough for the system to be thermally activated
over the energy barriers that separate states. This activation timescale is the
time required for Monte Carlo dynamics to succeed in energy matching.

It is straightforward to calculate the activation timescale in the REM. The
N neighboring configurations to a given |σ〉 all have energy density 0 with high
probability, as follows from Eq. (2.1). Thus in a Monte Carlo simulation with
single-spin update rules (e.g., Metropolis), the simulation time required to leave
state |σ〉 is eNβ|ε(σ)|. Recall that the thermodynamic entropy density of the
REM is

s(ε) = ln 2− ε2, (1.34)

from which it follows that β(ε) = −2ε. The activation timescale in the REM
starting from energy density ε is therefore

τth ∼ e2Nε2 . (2.73)

Note that there is another method of matching which is particularly trivial:
ignore the given |σ〉 and pick a new configuration |σ′〉 uniformly out of all
possible 2N , check if ε(σ′) = ε, and repeat until true. The probability of selecting
a |σ′〉 with the correct energy density is eNs(ε)/2N (and the event that |σ′〉 = |σ〉
is unlikely), thus the timescale τunstr for this unstructured search is

τunstr ∼ eNε
2

. (2.74)

Clearly τunstr � τth, and indeed, the unstructured search is the most efficient
classical algorithm for the QREM since the energy levels are completely inde-
pendent.

The tunneling timescale τq from Sec. 2.3.2 also scales exponentially with N
and is given by Eq. (2.44). Using the explicit expressions for γ(x, ε) and g(x, ε),

1

N
ln τq = min

x∈[x∗∗(ε),1−x∗∗(ε)]

[
−2x ln

Γ

e|ε| − x lnx+ (1− x) ln (1− x) + ε2
]
.

(2.75)
It is straightforward to evaluate Eq. (2.75) numerically.
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Figure 2.7: Timescales for matching in the QREM, as a function of Γ at the
indicated ε. In each panel, the red curve is τq, the upper black curve is τth,
and the lower black curve is τunstr. The left dashed line is the location of the
tunneling transition and the right dashed line is the location of the excitation
transition. τq is meaningful only in between the two. The non-analyticity in τq
comes from a change in the argmin of Eq. (2.75).
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Fig. 2.7 shows the tunneling timescale as a function of Γ at representative
values of ε, alongside the activation and unstructured timescales. Tunneling is
exponentially faster than thermal activation at matching problems. One can
check that this is true for all ε and Γ in the tunneling phase of the QREM.
Tunneling can even match the unstructured search precisely on the excitation
boundary Γexc(ε): since the classical energies are independent and γ(x, ε′|ε) does
not depend on ε′ in the QREM,

1

N
ln τq = min

x∈[x∗∗(ε),1−x∗∗(ε)]

[
2γ(x, ε)− g(x, ε)

]

= min
x∈[x∗∗(ε),1−x∗∗(ε)]

[
min
ε′

[
2γ(x, ε′|ε)− g(x, ε′|ε)

]]
+ ε2,

(2.76)

and the first term on the right-hand side is 0 by definition on Γexc(ε)5.
Unfortunately, this derivation also shows that tunneling never performs bet-

ter than the unstructured search. However, we make another comparison when
considering the p-spin model in Chap. 4. In that model, even at large p, we find
that tunneling is faster than the unstructured search in a sliver of the tunneling
phase. The p-spin model is more realistic than the REM because there are cor-
relations between the energy levels. Those correlations enhance the tunneling
amplitude to states at energy density ε relative to those at ε′ > ε, giving quan-
tum dynamics an edge over the unstructured search. We are not aware of any
classical algorithm which has a similar advantage, at least for large p where the
correlations are minimal.

The lesson is that quantitative comparisons of different algorithms do depend
on the specific model in question. This does somewhat limit the utility of
studying toy models like the REM and the p-spin model, but on the other
hand, our results make clear that quantum dynamics can be competitive at
matching problems in non-trivial case studies.

2.4 Numerical validation of results

The purpose of this section is to present numerical evidence supporting the
picture developed above. Our primary technique is exact diagonalization, in
which we generate realizations of the QREM Hamiltonian in Eq. (1.39) for finite
N and compute the eigenvectors numerically. The procedure is computationally
intensive, and we are limited to very small system sizes (N ≤ 14). We also
perform numerical calculations within the FSA, by generating realizations of
HREM and evaluating Eq. (2.8) for 〈σ′|Ψσ〉 numerically. We are able to access
larger but still limited sizes in this way (N ≤ 20). Regardless of the finite-N
limitations, we unambiguously confirm the phase diagrams in Figs. 2.2 and 2.6.

There is one subtle point which has been glossed over thus far. According
to all the diagnostics which we shall present, the trapped phase of the QREM

5Strictly speaking, on the excitation boundary the maximum over all x ∈ [0, 1] is 0. How-
ever, one can check that the maximum in fact lies within [x∗∗(ε), 1− x∗∗(ε)].
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Figure 2.8: (Left) Probability density function for the eigenstate magnetization
of spin 1, as a function of energy density. (Right) Probability density function
for the difference in magnetization between adjacent eigenstates in the spectrum,
as a function of energy density. In both panels, each vertical slice is a separate
probability distribution, obtained by generating a histogram over eigenstates
within an energy window centered on the indicated ε. These distributions are
at Γ = 0.20 and N = 14, with energy density windows δε = 0.02.

constitutes many-body localization. Indeed, the QREM was initially considered
to be a mean-field model for MBL [90, 92]. However, we shall make clear in
Chap. 4 that the trapped phase of the p-spin model, for which the QREM is the
p → ∞ limit, is decidedly not many-body localized. It is thus better to think
of the trapped phase in the QREM as a particularly frozen limit of the p-spin
model.

2.4.1 Exact diagonalization

The exact diagonalization results serve two purposes. First, they confirm that
the eigenstates of the QREM are trapped at small fields and (by standard di-
agnostics) thermal at large fields. Second, they illustrate the three distinct
dynamical phases: trapped, tunneling, and excited.

A particularly transparent method for studying eigenstate thermalization
or the lack thereof is to examine the single-spin magnetization of individual
eigenstates, i.e., 〈σ̂zi 〉 with the expectation value taken in an eigenstate. In
an ETH phase, the magnetization is 0 for every eigenstate and every spin i.
In the trapped phase, the magnetization is either 1 or -1 depending on the
specific eigenstate and spin in question. One cannot simply average 〈σ̂zi 〉 over
realizations because the random sign in the trapped phase would average to 0.
Yet there are two straightforward fixes. First, one can study the histogram of
〈σ̂zi 〉 obtained by looking at all eigenstates in a small energy window. The his-
togram of magnetization differences between eigenstates and their neighbors in
the spectrum gives further confirmation as to whether 〈σ̂zi 〉 varies erratically be-
tween states. Fig. 2.8 presents examples of these distributions. Second, one can
instead average | 〈σ̂zi 〉 | over realizations. Fig. 2.9 shows the result for a represen-
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Figure 2.9: The disorder-averaged magnitude of the eigenstate single-spin mag-
netization, as determined via exact diagonalization, as a function of the eigen-
state energy density. These results are taken at Γ = 0.20, from N = 8 (blue)
to N = 14 (red). The average is also over all eigenstates within an energy
density window of size 0.02. Statistical errorbars are smaller than the marker
widths. The background shading corresponds to the predicted phase at that
energy density: red is ETH, blue is trapped, and green is the transition region
as determined by spectral statistics.

tative value of Γ. Both approaches support the same conclusion: the eigenstates
of the QREM are trapped at low energies and thermal at high energies.

Note that in Fig. 2.9, the most important feature is not the numerical values
of | 〈σ̂zi 〉 | but where they tend to as the system size increases. At low ε, | 〈σ̂zi 〉 |
increases towards 1 as N increases. At high ε, | 〈σ̂zi 〉 | decreases towards 0. This
strongly suggests that a transition between two phases is occuring at a critical
energy density. We will be looking primarily for the same feature in most of the
diagnostics presented below.

Spectral statistics provide another standard tool for distinguishing eigenstate
phases. As discussed in the Introduction, the level spacing distribution in an
ETH phase is that of the GOE. Non-thermal phases, in contrast, typically show
Poisson-distributed level spacings. We use three quantities to characterize the
distribution. The ratio of adjacent gaps is denoted r:

rn ≡ min

[
En+1 − En
En − En−1

,
En − En−1

En+1 − En

]
, (2.77)

where En is the nth energy level of the Hamiltonian, and we compute the average
of rn over realizations and states within an energy window. E[r] ≈ 0.53 in the
GOE and E[r] ≈ 0.39 for the Poisson distribution [31]. The fraction of level
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spacings which are smaller than half the mean is denoted I1, and the fraction
which are greater than twice the mean is denoted I2 [99]. Since anomalously
small and large spacings are both suppressed in the GOE, I1 and I2 are both
smaller in the GOE than in the Poisson distribution. We normalize them by
the difference:

J1 ≡
I1 − I(GOE)

1

I
(Pois)
1 − I(GOE)

1

, J2 ≡
I2 − I(GOE)

2

I
(Pois)
2 − I(GOE)

2

. (2.78)

Thus J1 and J2 change from 0 to 1 as one passes from a thermal to a non-thermal
phase.

Fig. 2.10 shows numerical results on the three quantities for the QREM.
They all tend to the Poisson value at low ε and the GOE value at high ε as N
increases. Furthermore, the transition region is consistent with that seen in the
magnetization curves.

We also consider the eigenstate structure in the configuration space, namely
the number of σ̂z states on which a given eigenstate has significant amplitude.
In the trapped phase, given the analysis in Sec. 2.2.2, we expect this number to
be close to 1. In the ETH phase, it should be exponentially large. A natural
quantity to compute is the inverse participation ratio (IPR) [55]. Given an
eigenstate |Ψ〉 in the σ̂z basis, the IPR Y2 is defined as

Y2 ≡
∑

σ

∣∣ 〈σ|Ψ〉
∣∣4. (2.79)

Note that if |Ψ〉 is itself a basis state |σ′〉, then Y2 = 1, whereas if |Ψ〉 is uniformly
distributed over all states (i.e., |Ψ〉 = 2−N/2

∑
σ |σ〉), then Y2 = 2−N . Thus the

IPR is roughly one over the number of basis states on which |Ψ〉 is distributed
(the inverse of the participation number, hence the name).

Fig. 2.11 gives an example of the IPR as a function of ε, at the same value of
Γ used for Figs. 2.9 and 2.10. We again see the expected behavior: the log-IPR
divided by N tends to 0 at low ε (Y2 is sub-exponential), and tends away from
0 at high ε (Y2 is exponentially small). The location of the transition region
agrees reasonably well with the other diagnostics (given the small system sizes,
we are not concerned with small discrepancies).

Taken together, these exact diagonalization results paint a clear picture of
the eigenstate phases in the QREM, one which agrees with the understanding
developed in Sec. 2.2. The numerics give us separate finite-size estimates of
the phase boundary. We plot them alongside the theoretical curve in Fig. 2.2.
While the agreement is not perfect, we do expect significant finite-size effects:
the theoretical analysis relies on taking N → ∞ to control rare fluctuations
and the competition between exponentials, whereas the numerical results are
restricted to N ≤ 14, hardly the thermodynamic limit. Thus we view the
comparison in Fig. 2.2 as quite satisfactory.

Finally, we study the tunneling dynamics of the QREM explicitly through ex-
act diagonalization, so as to confirm the dynamical phases discussed in Sec. 2.3.
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Figure 2.10: Spectral statistics in the QREM as a function of energy density.
All data is at Γ = 0.20, and N ranges from 8 (blue) to 14 (red). The bin size
for energy densities is 0.02. Statistical errorbars are comparable to the marker
widths. The horizontal black lines show the GOE and Poisson values for each
quantity. The background shading corresponds to the predicted phase at that
energy density: red is ETH, blue is trapped, and green is the transition region.
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Figure 2.11: The disorder-averaged logarithm of the IPR, normalized by system
size, as a function of the eigenstate energy density. These results are taken at
Γ = 0.20, and N ranges from 8 (blue) to 14 (red). The average is also over all
eigenstates within an energy density window of size 0.02. Statistical errorbars
are smaller than the marker widths. The background shading corresponds to
the predicted phase at that energy density: red is ETH, blue is trapped, and
green is the transition region as determined by spectral statistics.

For each realization of the QREM Hamiltonian, we perform a “quench” sim-
ulation: find the σ̂z eigenstate |σ〉 with classical energy density closest to a
specified ε, then compute |Ψ(t)〉 ≡ e−iHt |σ〉. We evaluate two observables at
time t, denoted x̂ and ε̂, which are the operators corresponding respectively to
the distance from |σ〉 and the classical energy density (both are diagonal in the
σ̂z basis).

Results for 〈Ψ(t)|x̂|Ψ(t)〉 and 〈Ψ(t)|ε̂|Ψ(t)〉 are shown in Fig. 2.12. Both
quantities reach saturated values, denoted x∞ and ε∞. For all Γ and ε, x∞
lies between 0 and 1/2 and ε∞ lies between ε and 0. Since we study finite-size
systems, the dependence on the parameters is smooth. The difference between
the three dynamical phases is in the flow of x∞ and ε∞ as N increases.

• Trapped phase: x∞ → 0 and ε∞ → ε.

• Tunneling phase: x∞ → 1/2 and ε∞ → ε.

• Excited phase: x∞ → 1/2 and ε∞ 6→ ε.

In Fig. 2.12, the behavior of the system is consistent with the trapped phase
at small Γ (top panels), the tunneling phase at intermediate Γ (middle panels),
and the excited phase at large Γ (bottom panels). Furthermore, it appears that
the timescale on which the system approaches x∞ is indeed exponential with N
in the tunneling phase.
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Figure 2.12: Quench dynamics in the QREM, at the indicated Γ and ε.
(Left) Average distance relative to the initial configuration, E

[
〈x̂(t)〉

]
≡

E
[
〈Ψ(t)|x̂|Ψ(t)〉

]
. The dashed line is x = 1/2. (Right) Average classical en-

ergy density, E
[
〈ε̂(t)〉

]
≡ E

[
〈Ψ(t)|ε̂|Ψ(t)〉

]
. The dashed line is the initial energy

density ε. Statistical errorbars are smaller than the linewidths.
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Figure 2.13: Quench dynamics in the QREM, at the indicated Γ and ε. The
dynamical behavior is ambiguously in between that of the tunneling and excited
phases. It is uncertain which it will tend to as N increases. (Left) Average
distance relative to the initial configuration, E

[
〈x̂(t)〉

]
≡ E

[
〈Ψ(t)|x̂|Ψ(t)〉

]
. The

dashed line is x = 1/2. (Right) Average classical energy density, E
[
〈ε̂(t)〉

]
≡

E
[
〈Ψ(t)|ε̂|Ψ(t)〉

]
. The dashed line is the initial energy density ε. Statistical

errorbars are smaller than the linewidths.

The middle panels, which show behavior consistent with the tunneling phase,
are at a (Γ, ε) point which Fig. 2.6 predicts is in the trapped phase. There are
two possible explanations for the discrepancy. First, we cannot rule out that the
system becomes trapped at larger system sizes. Our analytical arguments focus
only on the leading exponential order of the quantities relevant for computing
the phase boundaries, and polynomial prefactors may lead to significant finite-
size effects for N ≤ 14. Second, since the analysis of Sec. 2.3 is based on
perturbation theory in Γ, it may only be quantitatively correct at small Γ.
Regardless, the observed behavior is consistent with the other numerical results
on the eigenstate properties.

We are unable to conclusively identify the small-Γ portion of the excited
phase shown in Fig. 2.6. Fig. 2.13 plots 〈Ψ(t)|x̂|Ψ(t)〉 and 〈Ψ(t)|ε̂|Ψ(t)〉 for a
(Γ, ε) point well within that region of the phase diagram. x∞ = 1/2 as expected,
signifying that the system is not trapped within a cluster. However, ε∞ shows a
slight downward flow as N increases, and it is not clear whether the timescale on
which the system approaches x∞ is scaling exponentially or sub-exponentially.
It is possible that the system is excited out of clusters, but it may instead be in
the tunneling phase with very strong finite-size effects.

Regardless, we do find strong signatures of all three dynamical phases at
lower ε, as shown in Fig. 2.12.
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2.4.2 Numerical forward-scattering

Given a realization of HREM, we can calculate many of the same diagnostics as
above using the forward-scattering expression in Eq. (2.8) for the eigenstates.
In particular, we have computed the single-spin magnetization and the IPR,
averaged over many realizations. We have also measured the probability that
a given realization yields resonances in the forward-scattering expansion. Note
that the energy density ε is a tunable parameter within this framework, and we
can study the dependence of quantities on ε without needing to bin and average
over eigenstates.

By construction, the FSA is unable to describe the ETH phase. Our goals
for the numerical forward-scattering calculations are focused on the trapped
eigenstate phase. We aim to confirm that the perturbation theory becomes
more valid at sufficiently low energies as N increases (e.g., the probability of
resonances decreases, the IPR approaches 1, etc.). We also hope to detect the
energy at which the perturbation theory breaks down and compare this estimate
for the phase transition to the estimate from exact diagonalization.

Fig. 2.14 gives representative results from the forward-scattering calcula-
tions. The picture is largely the same as that from exact diagonalization. All
diagnostics are consistent with trapped eigenstates at low energies and show
a clear transition as ε increases. There are a couple of minor points to note.
First, keep in mind that the results are meaningless in the ETH phase. They
indicate only that the perturbation theory has become invalid. Second, for these
calculations we take the unperturbed state |σ〉 to have all spins pointing down
(without loss of generality), and thus can average the magnetization directly
without taking a modulus.

The forward-scattering estimate for the phase transition is plotted in Fig. 2.2
alongside the exact diagonalization estimate and the analytic curve. We see
that forward-scattering and exact diagonalization are in very good agreement
at small Γ, and start to deviate at larger Γ. This is expected, given that the
FSA is based on perturbation theory in Γ. Furthermore, the same caveat about
finite-size effects applies here: even within the FSA, our numerics are limited
to N ≤ 20. We also compare the IPR computed within the FSA to exact
diagonalization in the bottom panel of Fig. 2.14. The two agree quite well inside
the trapped phase. These results provide strong evidence that perturbation
theory and even the FSA give a suitable description of trapped eigenstates.
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Figure 2.14: Diagnostics for trapped eigenstates in the QREM, computed within
the FSA, as a function of energy density and system size. All data is at Γ = 0.20.
(Top) Probability of resonances. N ranges from 10 (blue) to 20 (red). (Middle)
Single-spin magnetization. N ranges from 10 (blue) to 20 (red). (Bottom)
IPR. N ranges from 8 (blue) to 14 (red). The markers are forward-scattering
data, and the dashed lines are exact diagonalization data for comparison. In
all panels, statistical errorbars are smaller than the marker size. The shading
indicates the phase as predicted by exact diagonalization: red is ETH, blue is
trapped, and green is the transition region.
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Chapter 3

Rugged energy landscapes
and the clustering
phenomenon

The main drawback to the random energy model is that the energy levels are
independent. Any model that is expressed in terms of interactions among de-
grees of freedom, as all physical models and optimization problems are, has
correlations between levels. In this sense, the p-spin model discussed in the
Introduction is a more realistic toy model that remains semi-tractable. Recall
that the p-spin model has Hamiltonian

Hp =
∑

(i1···ip)

Ji1···ipσ
z
i1 · · ·σzip , (1.27)

where each coupling Ji1···ip is Gaussian-distributed with mean 0 and variance
p!

2Np−1 . The energy levels are then Gaussian-distributed themselves with mo-
ments

E
[
Hp(σ)

]
= 0, E

[
Hp(σ)Hp(σ

′)
]

=
N

2

(
1− 2x(σ, σ′)

)p
. (3.1)

We consider the quantum model obtained by including a transverse field in
Chap. 4. This chapter focuses entirely on the classical model and develops a de-
tailed understanding of the energy landscape. Many of the dynamical properties
will then follow rather quickly.

3.1 Clustering in the p-spin model

The p-spin model is a prototypical model for rugged energy landscapes. Fig. 3.1
shows the simplest yet most ubiquitous cartoon of such a landscape. The poten-
tial energy has many local minima with large energy barriers in between. Note
that if one specifies a sufficiently low energy ε, those positions at or below ε form
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Figure 3.1: A one-dimensional example of a rugged energy landscape U(x).
States with energy below the dashed line form disconnected clusters (shaded).

disconnected regions referred to as “clusters”. Hp(σ) plays a role analogous to
the potential energy U(x). Although the geometry of configuration space is
much more complicated than that of a line, much of the physics which we shall
discuss can be understood with Fig. 3.1 in mind.

In the σ̂z configuration space, we say that two configurations σ and σ′ are
connected if there is a sequence of spin flips transforming one into the other
(analogous to moving along x in Fig. 3.1) which incurs only O(1) changes
in energy throughout the process. For a given σ, the set of σ′ to which it
is connected defines a cluster. The motivation for these definitions is that,
heuristically, stochastic dynamics such as Glauber or Metropolis Monte Carlo
quickly explores within a cluster but requires much longer times to transition
between them. In many physical and computational problems, including the p-
spin model, the number and geometry of clusters transitions sharply at certain
energy densities.

The relevant transitions for this thesis are sketched in Fig. 3.2. The cen-
ter of the spectrum, corresponding to infinite temperature, is at energy density
ε = 0, and the bottom is at a finite negative energy density εGS . In between,
transitions occur at εd and εs. They are best understood in terms of two or-
der parameters. The Edwards-Anderson order parameter quantifies dynamical
ergodicity-breaking, e.g., in a Monte Carlo simulation run for time t:

qEA ≡ lim
t→∞

lim
N→∞

E
[〈
N−1

∑

i

σi(t)σi(0)
〉]
. (3.2)

The angular brackets denote a thermal average over σ(0) and an average over the
randomness of the dynamics. The order parameter that quantifies equilibrium
ergodicity-breaking is in terms of “replicas”, i.e., copies of the system that are
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Figure 3.2: Important transitions in the classical p-spin model. Each box rep-
resents the configuration space of N spin-1/2s, and the red areas represent the
regions of configuration space that contain states of energy density ε. Top:
εd < ε < 0, middle: εs < ε < εd, bottom: εGS < ε < εs.

uncoupled from each other but have the same disorder realization:

q ≡ lim
N→∞

E
[〈∣∣N−1

∑

i

σαi σ
β
i

∣∣
〉]
. (3.3)

The superscripts α and β denote different replicas and the angular brackets de-
note independent thermal averages over σα and σβ . Note that N−1

∑
i σ

α
i σ

β
i ,

the “overlap” between α and β, is simply 1 − 2x(σα, σβ). Two configurations
chosen uniformly out of all possible 2N will have q = 0 (x = 1/2) with prob-
ability 1. In a finite-temperature paramagnetic phase, q remains at 0. In any
ordered phase, whether ferromagnetic or spin-glass, q 6= 0.

Now we turn to the relevant phases of the p-spin model.

• εd < ε < 0: qEA = 0, q = 0. A randomly selected pair of states at such ε
is connected with probability 1 (in the thermodynamic limit). The corre-
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sponding cluster spans the configuration space, in the sense that the over-
lap between a randomly selected pair is 0 with probability 1 and stochastic
dynamics equilibrates throughout the space.

• εs < ε < εd: qEA 6= 0, q = 0. Typical states are no longer connected, and
instead the number of clusters scales exponentially with N . The timescale
for transitioning between clusters is exponential in N . In particular, it
diverges in the thermodynamic limit, hence qEA is non-zero. Nonetheless,
the clusters are distributed throughout the configuration space. A ran-
domly selected pair of states belong to different clusters and the overlap
is still 0.

• εGS < ε < εs: qEA 6= 0, q 6= 0. The number of clusters is O(1) with
respect to N . A randomly selected pair of states has finite probability
of belonging to the same cluster, which occupies only a small region of
the configuration space. This finite-probability event produces a non-zero
average overlap, i.e., q 6= 0.

The transition at εd is called the “dynamical” or “clustering” transition, as it
marks the energy density (or corresponding temperature) below which stochastic
dynamics fails to equilibrate the system. The transition at εs is called the
“static” transition, as it is where the equilibrium order parameter becomes non-
trivial.

The REM exhibits all these features itself, although it usually is not dis-
cussed in such terms. One connects between the REM and the p-spin model
by using the intuition that individual configurations in the REM correspond to
clusters in the p-spin model (we show this explicitly in Sec. 3.3). Thus the static
transition εs, in which the system freezes onto O(1)-many clusters, is exactly
the glass transition discussed in the Introduction for the REM, in which the
system freezes onto O(1)-many configurations. Although we will not do so here,
one can calculate q for the REM and show that it becomes non-zero at the glass
transition temperature.

One might think that the REM has no analogue to εd, but in fact, all finite-
temperature configurations lie below the dynamical transition. In other words,
εd = 0 for the REM. As we noted in the Introduction, every state σ with ε < 0
has neighbors which are at energy density 0 (i.e., infinite temperature). Thus
σ is disconnected from all others having the same energy density, and qEA is
trivially 1 at any finite temperature.

The interval (εs, εd) is many ways the most interesting, despite (or rather
because of) being thermodynamically paramagnetic. There are exponentially
many clusters scattered throughout the configuration space, but it is a highly
non-trivial problem to find them. Much of Chap. 4 will be devoted to studying
the tunneling amplitudes between clusters when a transverse field is applied. We
will use the results to draw conclusions about the ability of quantum dynamics
to locate clusters faster than classical algorithms, exactly as we did for the REM
in Chap. 2.
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3.2 Two inequalities

Before studying the geometry of clusters quantitatively, it will be useful to have
two basic inequalities with which to bound the probabilities of rare fluctuations.

The first inequality is Markov’s: given a non-negative random variable N ,

Pr
[
N ≥ A

]
≤ E

[
N
]

A
. (3.4)

It is straightforward to prove Eq. (3.4). Define M(N ) to be A if N ≥ A
and 0 if 0 ≤ N < A (we assumed that N < 0 never occurs). Note that
M(N ) ≤ N regardless of the value of N , and thus E[M] ≤ E[N ]. Since
E[M] = APr[N ≥ A], we have Eq. (3.4).

The utility of Eq. (3.4) is its generality: it applies to any non-negative ran-
dom variable, regardless of the distribution or how the variable is defined.

The second inequality is Chebyshev’s: given any random variable N ,

Pr
[∣∣N − E[N ]

∣∣ ≥ kE[N ]
]
≤ Var

[
N
]

k2E[N ]2
. (3.5)

To prove Eq. (3.5), note that (N − E[N ])2 is non-negative and thus Markov’s
inequality applies to it. The average is Var[N ] by definition, and the statement
that |N − E[N ]| ≥ kE[N ] is equivalent to (N − E[N ])2 ≥ k2E[N ]2.

As a first use of these inequalities, we can make the analysis of the REM in
the Introduction completely rigorous. Let N (ε) be the number of configurations
having an energy density within dε of ε for a single realization of the REM. We
can write

N (ε) =
∑

σ

Θ
(
|ε(σ)− ε| < dε

)
, (3.6)

where Θ( · ) is 1 if the argument is true and 0 if false. Then

E
[
N (ε)

]
= 2NP1(ε) 2dε = 2

√
N

π
eNs(ε)dε, (3.7)

where P1(ε) is the probability distribution of ε (Eq. (1.32)) and

s(ε) = ln 2− ε2. (3.8)

Since N (ε) is by definition non-negative, Markov’s inequality applies, in partic-
ular that

Pr
[
N (ε) ≥ 1

]
≤ E

[
N (ε)

]
= 2

√
N

π
eNs(ε)dε. (3.9)

If |ε| >
√

ln 2, s(ε) < 0 and the right-hand side is exponentially small. Thus the
probability of any configuration having energy density ε must be exponentially
small (or smaller), and it vanishes in the thermodynamic limit. We have shown
that the spectrum of the REM lies within [−N

√
ln 2, N

√
ln 2] with certainty as

N →∞.
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Now suppose that |ε| <
√

ln 2, so that E[N (ε)] is exponentially large. Since
the different terms in Eq. (3.6) are independent for the REM,

Var
[
N (ε)

]
= 2NP1(ε) 2dε

(
1− P1(ε) 2dε

)
∼ 2NP1(ε) 2dε = E

[
N (ε)

]
. (3.10)

Chebyshev’s inequality then gives

Pr
[∣∣N (ε)− E[N (ε)]

∣∣ ≥ kE[N (ε)]
]
≤ 1

k2E[N (ε)]
. (3.11)

The right-hand side is exponentially small, regardless of k. Thus the probability
of N (ε) deviating from the mean value by any finite fraction vanishes in the
thermodynamic limit. We have shown that N (ε) equals E[N (ε)] up to sub-
leading corrections. In particular, the entropy density equals s(ε) with certainty
as N →∞.

A single realization of the REM has all configurations lying within the inter-
val of energy densities [−

√
ln 2,
√

ln 2], and has entropy density ln 2− ε2 within
that interval. At this point, we can proceed to study the thermodynamics ex-
actly as in the Introduction, now with the assurance that we are indeed studying
the properties of individual realizations.

3.3 The Franz-Parisi potential

3.3.1 Definition

We need a tool with which to quantitatively study the energy landscape of the
p-spin model. The distance-resolved density of states from Chap. 2 serves this
purpose well. We shall retain the notation from before, and denote the density
of states by N (x, ε′|ε) ≡ eNg(x,ε′|ε). Written out,

N (x, ε′|ε) =
∑

σ′

δx,x(σ,σ′)δ
(
ε′ − ε(σ′)

)
ε(σ)=ε

, (3.12)

where the subscript indicates that we must condition on σ having energy den-
sity ε. This conditioning did not enter into the analysis of the REM because
the energy levels were independent. Furthermore, proofs analogous to that in
Sec. 3.2 meant that we could use the average value of N (x, ε′|ε) in place of typ-
ical values. Neither simplification holds in the p-spin model. It is standard to
disorder-average g(x, ε′|ε) as opposed to N (x, ε′|ε):

E
[
g(x, ε′|σ, ε)

]
=

1

N
E
[

ln Trσ′
[
δx,x(σ,σ′) δ

(
ε′ − ε(σ′)

)]]
ε(σ)=ε

. (3.13)

The subscript again indicates conditioning. Generically, the fluctuations in
g(x, ε′|ε) between realizations are small even when those in N (x, ε′|ε) are not.
Thus we will often write g in place of E[g] and leave the disorder-averaging
implied.
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g(x, ε′|ε) is closely related to the Franz-Parisi potential (FPP), which is an
important tool in the analysis of mean-field disordered systems [100–102]. In
fact, Eq. (3.13) is essentially the FPP written in the microcanonical ensemble.
The FPP as defined in the literature is

v(x, β′|β) = E

[
Trσ

[
e−Nβε(σ)

Z(β)
ln Trσ′

[
δx,x(σ,σ′)e

−Nβ′ε(σ′)]
] ]
, (3.14)

where Z(β) is the partition function. v(x, β′|β) represents the free energy of a
system at inverse temperature β′ which is constrained to be at distance x from
a system in equilibrium at inverse temperature β.

Before moving on, let us briefly establish the relationship between v(x, β′|β)
and g(x, ε′|ε). First consider

E

[
Trσ

[
e−Nβε(σ)

Z(β)
f(σ)

]]
, (3.15)

for a function f(σ) growing slower than exponential with N but otherwise
arbitrary. The trace is dominated by those σ at the energy density ε which
maximizes s(ε) − βε, where s(ε) is the disorder-averaged entropy density (the
sample-to-sample fluctuations about s(ε) are expected to vanish as N → ∞).
The configurations at other energy densities collectively give an exponentially
small contribution. Thus as N →∞,

E

[
Trσ

[
e−Nβε(σ)

Z(β)
f(σ)

]]
∼ E

[
Trσ

[
δ
(
ε− ε(σ)

)

N (ε)
f(σ)

]]
, (3.16)

where ε = argmaxz
[
s(z)− βz

]
and N (ε) = eNs(ε).

Eq. (3.16) applies to v(x, β′|β) with

f(σ) = ln Trσ′
[
δx,x(σ,σ′)e

−Nβ′ε(σ′)]. (3.17)

In fact, since all configurations are statistically equivalent, the argument of the
trace over σ in Eq. (3.14) is independent of σ and we have that

v(x, β′|β) = E
[

ln Trσ′
[
δx,x(σ,σ′)e

−Nβ′ε(σ′)]]
∣∣∣∣
ε(σ)=ε

, (3.18)

for an arbitrary reference configuration σ.
Next write

Trσ′
[
δx,x(σ,σ′)e

−Nβ′ε(σ′)] =

∫
dε′e−Nβ

′ε′Trσ′
[
δx,x(σ,σ′)δ

(
ε′ − ε(σ′)

)]
. (3.19)

The trace on the right-hand side is precisely eNg(x,ε′|ε). The integral is then dom-
inated by ε′ = argmaxz′

[
g(x, z′|ε)−β′z′

]
. We thus have the desired relationship

between the FPP v(x, β′|β) and the distance-resolved entropy g(x, ε′|ε):

v(x, β′|β) = g(x, ε′|ε)− β′ε′, (3.20)
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ε = argmaxz
[
s(z)− βz

]
, (3.21)

ε′ = argmaxz′
[
g(x, z′|ε)− β′z′

]
. (3.22)

Note that the relationship between ε′ and β′ is not set by the full entropy s(ε)
but rather by the distance-resolved entropy g(x, ε′|ε).

Eqs. (3.20), (3.21), and (3.22) express v(x, β′|β) in terms of g(x, ε′|ε) through
a Legendre transform. By inverting the transform, one obtains g(x, ε′|ε) in terms
of v(x, β′|β).

For our purposes, g(x, ε′|ε) is a much more natural object to use than
v(x, β′|β). Nevertheless, this analysis establishes that our results will have close
connections to the existing spin glass literature. Given the relationship, we will
often refer to g(x, ε′|ε) as the microcanonical FPP or simply the FPP.

3.3.2 Annealed averaging

Strictly speaking, one would need to use the replica trick to evaluate the FPP, as
done in [101]. However, the essential physics remains intact if we instead take
an “annealed” average by switching the order of the logarithm and disorder
average:

g(x, ε′|ε) ≈ 1

N
lnE

[
Trσ′

[
δx,x(σ,σ′) δ

(
ε′ − ε(σ′)

)]]
ε(σ)=ε

=
1

N
lnE

[
N (x, ε′|ε)

]
.

(3.23)
Thus despite the points made above, we disorder-average N (x, ε′|ε) in the end.
Markov’s inequality from Sec. 3.2 provides the justification. The most impor-
tant feature of our analysis shall be identifying intermediate distances x at which
there are no low-energy configurations. Thus we can map out the shapes of the
energy barriers that separate clusters. We shall find that the annealed g(x, ε′|ε)
in Eq. (3.23) can become negative for intermediate x and low ε′, meaning that
E[N (x, ε′|ε)] is exponentially small, from which Markov’s inequality gives that
there are no states at such x having ε′ with high probability. This is the con-
clusion which we were aiming for.

Furthermore, the inequality E[ln · ] ≤ lnE[ · ] shows that the annealed esti-
mate for the FPP is a rigorous upper bound to the true value.

Evaluating E[N (x, ε′|ε)] is reasonably straightforward. We first need the
joint distribution for configurations σ and σ′, separated by distance x, to have
energy densities ε and ε′. We know that ε and ε′ are Gaussian-distributed, and
Eq. (3.1) gives the covariance matrix, thus up to normalization,

P2(ε, ε′) ∝ e−NεTQ−1ε, (3.24)

where εT ≡
(
ε ε′

)
and

Q ≡
(

1 (1− 2x)p

(1− 2x)p 1

)
. (3.25)
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Evaluating the inverse,

P2(ε, ε′) ∝ exp

(
−N ε2 − 2(1− 2x)pεε′ + ε′2

1− (1− 2x)2p

)
. (3.26)

In particular, the conditional distribution of ε′ given ε is

P1|2(ε′|ε) ∝ exp

(
−N (ε′ − (1− 2x)pε)2

1− (1− 2x)2p

)
, (3.27)

again up to normalization. E[N (x, ε′|ε)] is then simply

E[N (x, ε′|ε)] =

(
N

Nx

)
P1|2(ε′|ε), (3.28)

and the annealed estimate for the FPP is

g(x, ε′|ε) = −x lnx− (1− x) ln (1− x)−
(
ε′ − (1− 2x)pε

)2

1− (1− 2x)2p
. (3.29)

Note that if we take p → ∞, (1 − 2x)p → 0 and we recover Eq. (2.65),
the REM expression for g(x, ε′|ε). The finite-p expression for the FPP is more
complicated, and in particular now depends on ε, because of the correlations in
the p-spin model.

One might hope that the variance in N (x, ε′|ε) is small compared to the
mean, analogous to the situation in the REM, for then Eq. (3.29) would be
exact rather than approximate. Unfortunately, this is not the case. Using
Eq. (3.12),

E
[
N (x, ε′|ε)2

]
=
∑

σ′σ′′

δx,x(σ,σ′)δx,x(σ,σ′′)P2|3(ε′, ε′|ε), (3.30)

where P2|3(ε′, ε′|ε) is the conditional distribution for ε(σ′) = ε′ and ε(σ′′) = ε′

given ε(σ) = ε. The distribution depends on σ′ and σ′′ only through x and y,
the distance between them. Thus

E
[
N (x, ε′|ε)2

]
∼
(
N

Nx

)∫
dy

(
Nx

N y
2

)(
N(1− x)

N y
2

)
P2|3(ε′, ε′|ε). (3.31)

Dividing by the square of the mean, we have

E
[
N (x, ε′|ε)2

]

E
[
N (x, ε′|ε)

]2 =

∫
dy

(
Nx
N y

2

)(N(1−x)
N y

2

)
(
N
Nx

) P2|3(ε′, ε′|ε)
P1|2(ε′|ε)2

. (3.32)

The joint distribution for three energy levels is given by an expression anal-
ogous to Eqs. (3.24) and (3.25):

P3(ε, ε′, ε′) ∝ e−NεTQ−1ε, (3.33)
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where εT ≡
(
ε ε′ ε′

)
and

Q ≡




1 (1− 2x)p (1− 2x)p

(1− 2x)p 1 (1− 2y)p

(1− 2x)p (1− 2y)p 1


 . (3.34)

A straightforward but tedious calculation of the inverse gives

εTQ−1ε =
2

1− 2µ(x)2 + µ(y)

(
ε′2 − 2µ(x)εε′ +

1 + µ(y)

2
ε2
)
, (3.35)

where µ(z) ≡ (1− 2z)p. Then the conditional distribution is

P2|3(ε′, ε′|ε) ∝ exp

(
−N 2

(
ε′ − µ(x)ε

)2

1− 2µ(x)2 + µ(y)

)
. (3.36)

Dividing by P1|2(ε′|ε)2 gives

P2|3(ε′, ε′|ε)
P1|2(ε′|ε)2

∼ exp

(
−N 2

(
µ(x)2 − µ(y)

)
(
1− µ(x)2

)(
1− 2µ(x)2 + µ(y)

)(ε′ − µ(x)ε
)2
)
.

(3.37)
As for the binomial coefficients,

1

N
ln

(
Nx

N y
2

)(
N(1− x)

N y
2

)

∼ y

2
ln

4x(1− x)

y2
+
(
x− y

2

)
ln

2x

2x− y +
(

1− x− y

2

)
ln

2(1− x)

2(1− x)− y .
(3.38)

The maximum is at
(2x− y∗)(2− 2x− y∗)

y∗2
= 1, (3.39)

i.e. y∗ = 2x(1− x). Then Eq. (3.38) gives

(
Nx

N y∗

2

)(
N(1− x)

N y∗

2

)
∼
(
N

Nx

)
, (3.40)

and the binomial coefficients in Eq. (3.32) together give 1 at y∗.
Note that µ(y∗) = µ(x)2, and thus that the exponent of Eq. (3.37) vanishes

there. Thus the integral in Eq. (3.32) has a contribution scaling as O(1) from y∗.

This makes sense: we know automatically that E
[
N (x, ε′|ε)2

]
/E
[
N (x, ε′|ε)

]2
must be at least 1. The question now is whether y∗ is the saddle-point of

Eq. (3.32). If so, we would have that E
[
N (x, ε′|ε)2

]
/E
[
N (x, ε′|ε)

]2 ∼ 1 and

thus Var
[
N (x, ε′|ε)

]
/E
[
N (x, ε′|ε)

]2 → 0 as N → ∞. Unfortunately, y∗ is not
the saddle-point. One can check that the exponent of Eq. (3.37) has a negative
first derivative at y∗, meaning that the saddle-point must be at y < y∗ and that
the value at the saddle-point is greater than at y∗, i.e., positive. We have shown
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Figure 3.3: Transitions in the p-spin model exhibited through the FPP, g(x, ε|ε).
Only x < 1/2 is shown, since (for even p) g(x, ε|ε) is symmetric between x ↔
1− x. For the curves shown, we made the annealed approximation using p = 6
and ε = −0.68 (red), −0.78 (purple), −0.828 (blue).

that E
[
N (x, ε′|ε)2

]
is exponentially larger than E

[
N (x, ε′|ε)

]2
, and we cannot

use Chebyshev’s inequality to show that the fluctuations in N (x, ε′|ε) are small.
Thus as far as we know, g(x, ε′|ε) in Eq. (3.29) is only approximate. We

shall continue to use it in our calculations for concreteness, but it is important
to keep this fact in mind.

3.3.3 Geometry of the energy landscape

Fig. 3.3 plots g(x, ε|ε) ≡ g(x, ε) as a function x. For reference,

g(x, ε) = −x lnx− (1− x) ln (1− x)− 1− (1− 2x)p

1 + (1− 2x)p
ε2. (3.41)

The curves demonstrate that low-lying energy levels are organized into clusters,
and give a quantitative picture of the transitions sketched in Fig. 3.2.

• εd < ε < 0: g(x, ε) > 0 for all x. There are configurations that have
the same energy density at all distances from the reference state σ. This
suggests that each configuration is connected to all others, forming a single
cluster that spans the configuration space. While it is not a proof, as
the FPP distinguishes only the radial coordinate x of configurations and
not angular coordinates, dynamical calculations of the classical stochastic
dynamics confirm that qEA = 0 above εd [79, 103].

• εs < ε < εd: g(x, ε) is positive for x less than a certain x∗(ε) or greater
than a certain x∗∗(ε) (see Fig. 3.3), but is negative in between. This
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shows that configurations below εd are organized into disjoint clusters.
No configurations at distances x ∈

(
x∗(ε), x∗∗(ε)

)
have energy density

ε, thus those at x > x∗∗(ε) cannot be connected to σ. Furthermore, the
maximum of g(x, ε) over x > x∗∗(ε) is greater than that over x < x∗(ε). In
other words, although the number of configurations within a cluster is still
exponential, there are exponentially more configurations disconnected to
σ than connected, i.e., exponentially many clusters. A randomly selected
σ′ lies at distance 1/2 from σ.

• εGS < ε < εs: The maximum of g(x, ε) over x > x∗∗(ε) is now less
than that over x < x∗(ε). Interpreting this result literally, one would say
that most configurations belong to a single cluster of linear size x∗(ε). A
randomly selected σ′ lies within that distance.

We are specifically interested in large but finite p, where all the relevant
quantities can be computed analytically to leading order in 1/p. First consider
the linear cluster size x∗(ε) at ε ∼ O(1) (with respect to p). For x� 1

p ,

g(x, ε) ∼ −x lnx+ x− xpε2 +O(p2x2)

∼ x
(

ln
e

x
− pε2

)
.

(3.42)

The right-hand side starts at 0 for x = 0, is positive for sufficiently small x, and
then becomes negative. Thus

x∗(ε) ∼ e1−pε2 . (3.43)

As for the separation between clusters x∗∗(ε), it occurs at x ∼ O(1), for which

g(x, ε) ∼ −x lnx− (1− x) ln (1− x)− ε2 + e−O(p). (3.44)

Thus
x∗∗(ε) = x∗∗(ε)p→∞ − e−O(p), (3.45)

where x∗∗(ε)p→∞ is the REM value of x∗∗(ε). We have shown that the clusters
have a linear size exponentially small in p and are separated by O(1) fractional
Hamming distances.

We next use the FPP to characterize the energy barriers between clusters.
Setting g(x, ε′|ε) = 0 at fixed x gives us a bound ε′−(x): all configurations at
distance x have energy densities greater than ε′−(x). For x between x∗(ε) and
x∗∗(ε),

ε′−(x) = (1− 2x)pε−
√(

1− (1− 2x)2p
)(
− x lnx− (1− x) ln (1− x)

)
, (3.46)

which is strictly greater than ε. The shape of ε′−(x) is plotted in Fig. 3.4. At
large p, the peak of the barrier is at

xpeak ∼
ln p

4p
, (3.47)
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Figure 3.4: Regions of the (x, ε′) plane in which the FPP is positive (white)
and negative (grey), for p = 100 and ε = −0.5 (dashed line). Configurations
at distance x have energy densities exclusively in the white region. x∗∗(ε) is
marked, and x∗(ε) is too close to 0 to be visible on this scale. The curve
separating white and grey is ε′−(x), Eq. (3.46) (the corresponding upper root
ε′+(x) is barely visible in the top-left corner).

with a height of

ε′−(xpeak)− ε ∼ |ε| − ln p

2
√
p
. (3.48)

Now consider the dynamical transition at εd. We can show that it occurs on

a scale
√

ln p
p , i.e., εd = εr

√
ln p
p . The FPP on this scale is

g(x, ε) = −x lnx− (1− x) ln (1− x)− 1− (1− 2x)p

1 + (1− 2x)p
ln p

p
ε2r. (3.49)

Define x ≡ xr
p with xr . O(lnn p), then

g(x, ε) ∼ ln p

p

(
xr − ε2r

1− e−2xr

1 + e−2xr

)
+

1

p
xr ln

e

xr
+O

(
lnn p

p2

)
. (3.50)

If εr > 1, then g(x, ε) < 0 for an interval of xr ∼ O(1). On the other hand, if
εr < 1, then g(x, ε) > 0 for all xr: the first term is always positive, while the
second term is positive for xr � 1 and subleading for xr ∼ O(1). Finally, if

x � lnn p
p , the last term in Eq. (3.49) is subleading compared to the first two

and g(x, ε) is manifestly positive. Together, this identifies εr = 1 as the location
of the dynamical transition, i.e.,

εd ∼
√

ln p

p
. (3.51)
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As for the static transition at εs, from Eq. (3.42) we see that

max
x<x∗(ε)

g(x, ε) = e−pε
2

, (3.52)

whereas
max

x>x∗∗(ε)
g(x, ε) = ln 2− ε2. (3.53)

Thus we have that

εs ∼ −
√

ln 2 +
1

2
√

ln 2
2−p. (3.54)

Note that Eq. (3.52) is the entropy density of configurations within an in-
dividual cluster (this follows from integrating eNg(x,ε) over x < x∗(ε), which
to exponential order simply gives the maximum value). Although it may ap-
pear to be small, keep in mind that it is the entropy per spin. The number
of configurations within the cluster is exponentially large, eNg, regardless of
whether g is exponentially small in p. Since the internal entropy of each cluster
is strictly less than the thermodynamic entropy s(ε) = ln 2− ε2, the number of
clusters is itself exponential. The entropy density of clusters, often called the
“complexity”, makes up the difference between the internal and thermodynamic
entropies. At the risk of belaboring the point, this is the most important fea-
ture of the clustered phase at ε ∈ (εs, εd). The energy landscape is disconnected
into exponentially many clusters, each with exponentially many configurations
inside.

It is worth noting again that since we estimated g(x, ε) through an annealed
average, the quantities calculated here are only approximate. In particular, the
interpretation that below εs most states belong to a single cluster is too naive:
the number of clusters is O(1) but larger than 1, and it depends on ε [63].
However, the fact that the annealed g(x, ε) is an upper bound to the typical
value tells us the direction in which our results are approximate. Eq. (3.43)
is an upper bound on x∗(ε) and Eq. (3.45) is a lower bound on x∗∗(ε), while
Eqs. (3.46) and (3.51) for the energy barrier and value of εd are both lower
bounds.

3.4 A proof of clustering

Even though the annealed FPP is only approximate, we can nonetheless prove
that the low-energy states in the p-spin model are organized into clusters by
using a different approach, analogous to what was done in Ref. [72] for satisfi-
ability problems. Rather than fixing a configuration σ and counting states at
distance x around it, we count the total number of pairs σ & σ′ which are sepa-
rated by distance x. For simplicity, we take both states to have energy density
ε. Denote the number by Npair(x, ε), then formally,

Npair(x, ε) =
∑

σσ′

δx,x(σ,σ′)δ
(
ε− ε(σ)

)
δ
(
ε− ε(σ′)

)
. (3.55)
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The first moment is easy to compute:

E
[
Npair(x, ε)

]
= 2N

(
N

Nx

)
P2(ε, ε)

= eN
(

ln 2−ε2+g(x,ε)
)
.

(3.56)

Note that

E
[
Npair(x, ε)

]
=

{
eN(ln 2−ε2) , x = 0

e2N(ln 2−ε2) , x = 1
2

. (3.57)

We are only interested in |ε| <
√

ln 2 since we know that the spectrum is
contained in this interval. Thus E

[
Npair(x, ε)

]
� 1 for x close to 0 and x

close to 1/2. Intermediate x are more interesting. For sufficiently low ε (e.g.,

ε < −
√

ln 2
2 at large p), one can show that there is a range of distances in which

E
[
Npair(x, ε)

]
is exponentially small. Thus there are no pairs separated by inter-

mediate distances, with certainty in the thermodynamic limit. If we can show
that Npair(x, ε) concentrates around its mean at smaller and larger distances,
then we will have proved that the states at low ε form disjoint clusters.

From Eq. (3.55), we see that Npair(x, ε)
2 involves a sum over sets of four

configurations. The orientation between any four is specified by the distances
xmn, 1 ≤ m < n ≤ 4, with x12 and x34 fixed at x. We can write

E
[
Npair(x, ε)

2
]

=
∑

xmn

N4

(
{xmn}

)
P4(ε, ε, ε, ε), (3.58)

with P4 the joint distribution of energies and N4 the number of sets of configu-
rations consistent with the given distances. Our strategy is to show that N4P4

has a saddle-point at x∗13 = x∗14 = x∗23 = x∗24 = 1/2, that at this saddle-point

N4P4 ∼ E
[
Npair(x, ε)

]2 ≡ (N2P2)2, and that any other saddle-points give expo-

nentially smaller contributions. It follows that E
[
Npair(x, ε)

2
]
∼ E

[
Npair(x, ε)

]2
and then, by Chebyshev’s inequality, that Npair(x, ε) concentrates around its
mean.

We first focus on N4. Note that

N4

(
{xmn}

)
= Tr

[∏

m<n

δ

(
1

N

∑

i

1 + σ
(m)
i σ

(n)
i

2
− xmn

)]
, (3.59)

where the trace is over four systems of N Ising spins each. Certainly N4 scales
exponentially with N , and thus we have that

max
xmn

[
N4

(
{xmn}

)]
∼
∫
DxN4

(
{xmn}

)
. (3.60)

Intuitively, one expects the maximum to be at x∗13 = x∗14 = x∗23 = x∗24 = 1/2,
and we can show this formally. Using the identity

δ
(
f(σ)− xmn

)
=

∫ i∞

−i∞
dλmn e

Nλmn

(
f(σ)−xmn

)
, (3.61)
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we have

N4

(
{xmn}

)
=

∫
Dλ e−N

∑
m<n λmnxmnTr

[
e
∑
m<n λmn

∑
i

1+σ
(m)
i

σ
(n)
i

2

]

=

∫
Dλ eN(−

∑
m<n λmnxmn + lnZeff),

(3.62)

where

Zeff =
∑

σ(m)

e
∑
m<n λmn

1+σ(m)σ(n)

2 . (3.63)

Given Eq. (3.60), we can compute the maximum value of N4 by integrating
over xmn (but not x12 or x34, which are fixed at x). Yet from Eq. (3.62),
integration over xmn simply fixes λmn = 0. Then

Zeff =

( ∑

σ(1)σ(2)

eλ12
1+σ(1)σ(2)

2

)( ∑

σ(3)σ(4)

eλ34
1+σ(3)σ(4)

2

)

= 4
(
1 + eλ12

) (
1 + eλ34

)
.

(3.64)

We integrate over λ12 and λ34 by saddle-point, which sets λ12 = λ34 = ln x
1−x ,

giving us

max
xmn

[
N4

(
{xmn}

)]
∼ e2N

(
ln 2−x ln x−(1−x) ln (1−x)

)

∼
(

2N
(
N

Nx

))2

.

(3.65)

For the location of the maximum, note that if we had not integrated over
xmn, the saddle-point equation for λmn would be

xmn =
1

2
+

1

Zeff

∑

σ(m)

σ(m)σ(n)

2
e
∑
m<n λmn

1+σ(m)σ(n)

2 , (3.66)

which defines λ∗mn(xmn) implicitly. Since integrating over xmn is equivalent to
evaluating the integrand at the saddle-point x∗mn, and integrating over xmn fixes
λmn to be 0, we have that λ∗mn(x∗mn) = 0. Plugging into Eq. (3.66), we get that
x∗mn = 1/2.

We now turn to P4. The joint distribution is

P4(ε, ε, ε, ε) = e−NεTQ−1ε, (3.67)

where εT ≡
(
ε ε ε ε

)
and

Q ≡




1 (1− 2x)p (1− 2x13)p (1− 2x14)p

(1− 2x)p 1 (1− 2x23)p (1− 2x24)p

(1− 2x13)p (1− 2x23)p 1 (1− 2x)p

(1− 2x14)p (1− 2x24)p (1− 2x)p 1


 . (3.68)
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It would be too tedious to evaluate Q−1 directly. However, note that Q becomes
block-diagonal when we set xmn to x∗mn = 1/2. Then

εTQ−1ε = 2
(
ε ε
)( 1 (1− 2x)p

(1− 2x)p 1

)(
ε
ε

)
, (3.69)

and P4(ε, ε, ε, ε) ∼ P2(ε, ε)2. As for the correction when we shift xmn slightly
away from 1/2, write xmn = 1+∆mn

2 . Then Q depends on ∆p
mn, and since Q−1

is an analytic function of ∆mn, we see that the correction to Q−1 is O(∆p
mn).

It follows that x∗mn = 1/2 is a maximum of N4P4: it is a maximum of
N4, and the exponent of P4 has vanishing first and second derivatives at that
location (for p > 2). We have also shown that

N4

(
{x∗mn}

)
P4(ε, ε, ε, ε) ∼

(
N2

(
x
)
P2(ε, ε)

)2

. (3.70)

Thus x∗mn is the saddle-point which we hoped to find.
Assuming p is large, similar analysis shows that any other saddle-points

must be sub-leading. Since the correction to Q−1 for xmn around 1/2 scales
as O(∆p

mn), in the large-p limit the only cases to consider are those in which
some or all xmn . O(1/p). If x13 → 0 and x24 6→ 0, one finds that N4P4 →
e−N(ln 2−ε2)(N2P2)2 � (N2P2)2. If x13 → 0 and x24 → 0, one finds that
N4P4 → N2P2 � (N2P2)2.

We have shown that E
[
Npair(x, ε)

2
]
∼ E

[
Npair(x, ε)

]2
in the event that

E
[
Npair(x, ε)

]
is large. Chebyshev’s inequality then proves that fluctuations

in Npair(x, ε) around the mean are unlikely. Since Npair(x, ε) is exponentially
large for both small x and large x, but is 0 in between when ε is sufficiently
small, this proves that the low-energy states in the p-spin model are organized
into disjoint clusters.
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Quantum dynamics in the
p-spin model

Here we study the dynamical behavior of the quantum p-spin model:

H = Hp − Γ
∑

i

σ̂xi , (1.38)

with Hp as described in detail in Chap. 3. Our goal is the same as in Chap. 2
for the REM: to elucidate the eigenstate and dynamical phases, now in a more
realistic energy landscape. Many of the conclusions drawn there apply here
as well, merely by replacing the individual configurations in the REM with
clusters in the p-spin model. Although each cluster now contains exponentially
many configurations, there are many such clusters scattered throughout the
configuration space. The exponentially small tunneling amplitudes between
them compete non-trivially with the exponentially large number of them.

Now that there are multiple configurations inside each cluster, we must tweak
our definition of matching problems. Given a state |σ〉 in a cluster of the p-spin
model, if the goal were to find any other |σ′〉 having the same energy, the problem
would be trivial: simply find another state in the same cluster, where there are
no energy barriers to impede progress. Thus we additionally require that |σ′〉
lie in a different cluster from |σ〉. This was always the implicit aim in matching.
The utility of having multiple solutions to an optimization problem comes from
those solutions being sufficiently distinct, rather than superficial modifications
of the same structure.

The presence of exponentially many configurations per cluster also makes
clear the distinction between the trapped eigenstates in the p-spin model and
many-body localization. We argue in Sec. 4.3 that the trapped eigenstates are
nonetheless “thermal” within their respective clusters, in a sense which we make
precise. This has no analogue in MBL, and makes the trapped phase a genuinely
novel class of eigenstates.
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Figure 4.1: The Schrieffer-Wolff transformation. The left side is H, the right
side Heff. On top is the full Hamiltonian, broken into P0 and Q0 subspaces.
V has a block-diagonal part Vd and an off-block-diagonal part Vod. Below is a
schematic of the structure within P0. Superscripts refer to different clusters.

4.1 Finite-p corrections

As we did for the REM, we study the quantum p-spin model using the distance-
resolved density of states N (x, ε′|ε) ∼ eNg(x,ε′|ε) and the effective coupling
Veff(x, ε′|ε) ∼ e−Nγ(x,ε′|ε). The density of states was discussed in Sec. 3.3. We
take the effective coupling to again be the matrix element between |σ〉 and |σ′〉
in the Schrieffer-Wolff-transformed Hamiltonian, computed within the FSA.

The Schrieffer-Wolff transformation itself comes with some subtleties in the
p-spin model. As before, we define it so as to decouple the σ̂z states hav-
ing classical energy density ε (the P0 subspace) from those having a different
classical energy density (the Q0 subspace). Yet now the effective Hamiltonian
contains an intra-cluster part as well as the inter-cluster terms. The situation
is illustrated in Fig. 4.1. We will neglect the energy shifts that arise from the

intra-cluster effective Hamiltonian (H
(α)
eff in Fig. 4.1). Our justification relies

on the fact that the entropy of states within each cluster is exponentially small

in p. Assuming that the corrections which come from diagonalizing H
(α)
eff scale

as that entropy1, they will be sub-leading compared to the polynomial-in-1/p

1For example, a very crude model for a cluster with eNg states would be that Ng/ ln 2
spins are free to flip while the remaining N −Ng/ ln 2 spins are frozen in specific orientations.
Upon applying the transverse field, the eigenstates have the free spins pointing along x̂. The
spread in energies is 2ΓNg/ ln 2, i.e., the shifts in energy density are proportional to g.
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terms which we calculate below.
In addition, while the different terms in the expansion of Veff(x, ε′|ε) can still

be thought of as paths in configuration space, they acquire different weights
depending on how they pass through clusters (see Eq. (2.52) and the coefficients
associated with extra factors of Vod). We are unable to quantitatively account
for these intra-cluster contributions to Veff(x, ε′|ε). However, we expect them to
be negligible at large p, since the cluster size is much smaller than the separation
between clusters. The majority of each tunneling path lies outside of the clusters
and contributes factors of Γ/N

(
ε − ε(σ′′)

)
exactly as in Eq. (2.59). The intra-

cluster portions should give additive contributions to γ(x, ε′|ε) which scale as
O
(
x∗(ε)

)
. Since x∗(ε) is exponentially small in p, these effects will be sub-leading

and can be ignored. We shall thus continue to take

Veff(x, ε′|ε) = Γ
∑

P

∏

σ′′∈P

Γ

N
(
ε− ε(σ′′)

) . (4.1)

Eq. (4.1) is nonetheless more difficult to evalute in the p-spin model than in
the REM because the ε(σ′′) are correlated2. We account for these correlations
by using a path integral representation of Veff(x, ε′|ε), from which we learn that
the corrections relative to the REM value are no larger than O(1/p) at large p.

Consider those tunneling paths along which the energy densities are a given
function ε(y) (0 < y < x). Let the number of such paths be denoted N [ε(y)].
We can then write Eq. (4.1) as

∣∣Veff(x, ε′|ε)
∣∣ ∼

∫
Dε(y)N [ε(y)] eN

∫ x
0

dy ln Γ
N|ε−ε(y)| . (4.2)

We enforce the conditioning on ε(σ) and ε(σ′) through boundary conditions:
ε(y = 0) = ε and ε(y = x) = ε′. Eq. (4.2) is formally exact, since now N [ε(y)] is
the random variable which depends on the disorder realization. Importantly, we
integrate only over ε(y) that are nowhere equal to ε, since the tunneling paths
lie outside of the clusters.

We next make another “annealed” approximation:

N [ε(y)]→ E
[
N [ε(y)]

]
=
(
Nx
)
!P [ε(y)], (4.3)

where P [ε(y)] is the probability of a given path having energy densities ε(y).
Calculating P [ε(y)] exactly is intractable, yet we can infer the scaling with both
N and p from the covariance matrix of the classical energies (Eq. (3.1)):

E
[
ε(σ1)ε(σ2)

]
=

1

2N
(1− 2x(σ1, σ2))

p
. (4.4)

At large p, the right-hand side is independent of p on a length scale x(σ1, σ2) ∼
O
(
1/p
)
. Thus 1/p can be identified as the “correlation length” for the classical

energies. If ε(y) deviates from its mean throughout a distance x, then since

2Now the ε′ variable is no longer superfluous.
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the number of correlation lengths involved is px, this roughly corresponds to a
number px of independent fluctuations, each of which is exponentially rare in
N . Thus

P [ε(y)] ∼ e−Np c[ε(y)], (4.5)

where c[ε(y)] is independent of both N and p, with a unique minimum value of
0 at E

[
ε(y)

]
. Thus Eq. (4.2) becomes

∣∣ 〈σ′|Veff|σ〉
∣∣ ∼

∫
Dε(y) eN(x ln xΓ

e −
∫ x
0

dy ln |ε−ε(y)|−p c[ε(y)]). (4.6)

At p → ∞, the saddle point of the path integral is at ε0(y) ≡ E
[
ε(y)

]
(see

Sec. 2.2.2). To compute the correction from large but finite p, write ε(y) =
ε0(y) + δε(y) and expand the exponent:

−
∫ x

0

dy ln |ε− ε(y)| − p c[ε(y)] ∼ −
∫ x

0

dy ln |ε− ε0(y)| +

∫ x

0

dy
δε(y)

ε− ε(y)

− p
∂2c[ε0(y)]

∂ε(y)∂ε(z)
δε(y)δε(z).

(4.7)
There are no first derivatives of c[ε(y)] because ε0(y) is the location of its mini-
mum. Competition between the second and third terms in Eq. (4.7) determines
the location of the saddle point. They are comparable for δε(y) ∼ O

(
1/p
)
, which

changes the value of the exponent at the saddle point by O
(
1/p
)
. This is the

error made to 〈σ′|Veff|σ〉, or rather γ(x, ε′|ε), by approximating ε(y) ≈ E
[
ε(y)

]
,

i.e., δε(y) ≈ 0. It is indeed small at large p.
However, since the paths in Eq. (4.2) must obey the boundary conditions,

E
[
ε(y)

]
still includes correlations with ε and ε′, the energy densities of |σ〉 and

|σ′〉. Thus we need to average over ε′′ in the joint distribution P3(ε, ε′, ε′′), where
the distance between |σ〉 and |σ′′〉 is y and the distance between |σ′′〉 and |σ′〉
is x − y. We discussed how to compute this distribution in Sec. 3.3.2. In the
present case, the correlation matrix is

Q =




1 (1− 2x)p (1− 2y)p

(1− 2x)p 1 (1− 2x+ 2y)p

(1− 2y)p (1− 2x+ 2y)p 1


 . (4.8)

Before computing Q−1, let us write it in block-diagonal form as

Q−1 =

(
A b
bT c

)
, (4.9)

where A is 2 × 2 and acts in the (ε, ε′) subspace, b is 2 × 1, and c is 1 × 1.
Then

P3(ε, ε′, ε′′) = exp

(
−N

(
cε′′2 + 2bT εε′′ + εTAε

))

= exp

(
−Nc

(
ε′′ +

bT ε

c

)2

−NεT
(
A− bb

T

c

)
ε

)
,

(4.10)
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where ε ≡
(
ε ε′

)T
. We see that

E
[
ε′′
]∣∣∣
ε,ε′

= −b
T ε

c
. (4.11)

A direct calculation of the inverse gives

E
[
ε′′
]∣∣∣
ε,ε′

=
µ(y)− µ(x)µ(x− y)

1− µ(x)2
ε +

µ(x− y)− µ(x)µ(y)

1− µ(x)2
ε′, (4.12)

where µ(z) ≡ (1− 2z)p.
We thus have that

Veff(x, ε′|ε) = Γ
∑

P

∏

σ′′∈P

Γ

N
(
ε− E[ε(σ′′)]

∣∣
ε,ε′

) ∼ e−Nγ(x,ε′|ε), (4.13)

where

γ(x, ε′|ε) = −x ln
xΓ

e|ε|

+

∫ x

0

dy ln

∣∣∣∣1−
µ(y)− µ(x)µ(x− y)

1− µ(x)2
− µ(x− y)− µ(x)µ(y)

1− µ(x)2

ε′

ε

∣∣∣∣.
(4.14)

In particular, we will need γ(x, ε′|ε) in two regimes: x ∼ O(1) and x� 1/p.
Let us first evaluate the integral assuming x ∼ O(1). Since µ(x) is exponen-

tially small in p, the integral simplifies to
∫ x

0

dy ln

∣∣∣∣1− µ(y)− µ(x− y)
ε′

ε

∣∣∣∣. (4.15)

Since µ(y) is exponentially small when y ∼ O(1) and µ(x− y) is exponentially
small when x− y ∼ O(1), we can approximate the integral as

∫ x

0

dy ln

∣∣∣∣1− µ(y)

∣∣∣∣ +

∫ x

0

dy ln

∣∣∣∣1− µ(y)
ε′

ε

∣∣∣∣. (4.16)

Setting y = z/p, using that µ(y)→ e−2z as p→∞, and taking the upper limit
of integration to infinity, we are left with

1

p

∫ ∞

0

dz ln

∣∣∣∣1− e−2z

∣∣∣∣ +
1

p

∫ ∞

0

dz ln

∣∣∣∣1−
ε′

ε
e−2z

∣∣∣∣

= − π2

12p
+

1

p

∫ ∞

0

dz ln

∣∣∣∣1−
ε′

ε
e−2z

∣∣∣∣.
(4.17)

Thus for x ∼ O(1),

γ(x, ε′|ε) ∼ −x ln
xΓ

e|ε| −
K

p
, (4.18)

where

K ≡ π2

12
−
∫ ∞

0

dz ln

∣∣∣∣1−
ε′

ε
e−2z

∣∣∣∣. (4.19)
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Let us next evaluate the integral assuming x� 1/p. Write

1− µ(y)− µ(x)µ(x− y)

1− µ(x)2
− µ(x− y)− µ(x)µ(y)

1− µ(x)2

ε′

ε

= 1− µ(y) + µ(x− y)

1 + µ(x)
− µ(x− y)− µ(x)µ(y)

1− µ(x)2

δε

ε
,

(4.20)
where δε ≡ ε′ − ε. Since x� 1/p and 0 < y < x, we can expand all quantities:

1− µ(y) + µ(x− y)

1 + µ(x)
− µ(x− y)− µ(x)µ(y)

1− µ(x)2

δε

ε
∼ 2p2y(x− y)− y

x

δε

ε
. (4.21)

Then we have
∫ x

0

dy ln

(
2p2y(x− y) +

y

x

δε

|ε|

)

= x ln (2p2x)− x+

∫ x

0

dy ln

(
x− y +

1

2p2x

δε

|ε|

)

= x ln (2p2x)− 2x− 1

2p2x

δε

|ε| ln
(

1

2p2x

δε

|ε|

)

+

(
x+

1

2p2x

δε

|ε|

)
ln

(
x+

1

2p2x

δε

|ε|

)
.

(4.22)

Thus for x� 1/p,

γ(x, ε′|ε) = −x ln
eΓ

2p2|ε| −
1

2p2x

δε

|ε| ln
(

1

2p2x

δε

|ε|

)

+

(
x+

1

2p2x

δε

|ε|

)
ln

(
x+

1

2p2x

δε

|ε|

)
.

(4.23)

One might have noticed that the correction to γ(x, ε′|ε) from correlations
with the initial and final states is of the same scale as the correction due to
fluctuations about E

[
ε(σ′′)

]
: O(1/p). Thus we do not know whether the sub-

leading terms in Eqs. (4.18) and (4.23) have the correct coefficients. We cannot
be any more precise about the effect of fluctuations because we do not know
the form of the functional c[ε(y)] in Eq. (4.5). However, this issue is somewhat
beside the point. The most important features of the effective coupling are
that: 1) the finite-p corrections are small at large p, and 2) the coupling is
larger to states having ε′ = ε than states having ε′ > ε. These features have
been demonstrated carefully. Our use of Eqs. (4.18) and (4.23) is largely for
concreteness, and we will explicitly note how our conclusions do not depend on
the precise form of γ(x, ε′|ε) at the appropriate moments.

4.2 The phase diagram

The eigenstate and dynamical phases of the p-spin model are defined by the same
conditions as for the REM. Given an initial σ̂z state |σ〉 with energy density ε,
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the expected number of resonant states at distance x is eNg(x,ε)−Nγ(x,ε) and the
total weight on states having ε′ is eNg(x,ε′|ε)−2Nγ(x,ε′|ε). The trapped phase is
defined by

max
x∈[x∗∗(ε),1−x∗∗(ε)]

[
g(x, ε)− γ(x, ε)

]
< 0, (4.24)

the tunneling phase by

max
x∈[x∗∗(ε),1−x∗∗(ε)]

[
g(x, ε)− γ(x, ε)

]
> 0,

max
x∈[0,1]

[
max
ε′

[
g(x, ε′|ε)− 2γ(x, ε′|ε)

]]
< 0,

(4.25)

and the excited phase by

max
x∈[0,1]

[
max
ε′

[
g(x, ε′|ε)− 2γ(x, ε′|ε)

]]
> 0. (4.26)

Note that now, the limits on which x to optimize over are important. We only
consider tunneling to states at x > x∗∗(ε), since these are the distances at
which different clusters lie, but consider the non-resonant weight on states at
all distances.

One important new feature is the existence of εd. The trapped and tunneling
phases are not even defined for ε > εd because disjoint clusters do not exist. We
expect the eigenstates to obey the ETH and the dynamics to rapidly thermalize
for any non-zero Γ at such high energies. The situation is sketched in Fig. 4.2.

4.2.1 Phase boundaries

The phase boundaries are shifted only slightly relative to the REM. For the
tunneling transition, we have

g(x, ε)− γ(x, ε) ∼ x ln
Γ

e|ε| − (1− x) ln (1− x)− ε2 +
π2

6p
. (4.27)

The maximum over x ∈
[
x∗∗(ε), 1− x∗∗(ε)

]
is

ln
Γ

|ε| − 1 +
|ε|
Γ
− ε2 +

π2

6p
, (4.28)

which is 0 at the trapped-tunneling phase boundary. Denoting the REM solution
at p→∞ by Γ∞tun(ε), we have that

Γtun(ε) = Γ∞tun(ε)

(
1− π2

6p

Γ∞tun(ε)

Γ∞tun(ε)− ε

)
. (4.29)

The excitation transition is more subtle. First consider x ∼ O(1) with
respect to p:

g(x, ε′|ε)− 2γ(x, ε′|ε)

∼ 2x ln
Γ

e|ε| + x lnx− (1− x) ln (1− x)− ε′2 +
π2

6p
+
ε′

pε
,

(4.30)
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0

Figure 4.2: A sketch of the dynamical phase diagram of the p-spin model.
The system tunnels between clusters in the “tunneling” phase (green), remains
trapped in a cluster in the “trapped” phase, and is excited out of clusters in
the “excited” phase. See Fig. 2.6 and Sec. 2.4.1 for comments on the “excited?”
phase. Compared to the REM, note that the trapped and tunneling phases are
cut off at εd, and that the first-order line terminates at high energy [104].

where we have anticipated that ε′ � ε. The maximization over ε′, which occurs
at ε′ = 1/2pε, gives

2x ln
Γ

e|ε| + x lnx− (1− x) ln (1− x) +
π2

6p
+O

(
1

p2

)
, (4.31)

and the maximization over x then gives

1 +D

2
ln

1 +D

2
− 1−D

2
ln

1−D
2

+ (1 +D)

(
ln

Γ

|ε| − 1

)
+
π2

6p
, (4.32)

where D ≡
√

1− 4ε2/Γ2. We set this expression to 0 and obtain

Γexc(ε) ∼
(

2.485− 2.565

p

)
|ε|. (4.33)

The coefficients are approximate, but the proportionality to |ε| is exact.
As mentioned above, the most important feature of Eqs. (4.29) and (4.33)

is simply that the finite-p corrections are small. This is due to the corrections
in g(x, ε′|ε) and γ(x, ε′|ε) being small, regardless of the specific functional form.
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Now let us turn to x� 1/p:

g(x, ε′|ε)− 2γ(x, ε′|ε) ∼ x ln
e3Γ2

4p4ε2x
− (δε− 2p|ε|x)2

4px
+

1

p2x

δε

|ε| ln
(

1

2p2x

δε

|ε|

)

− 2

(
x+

1

2p2x

δε

|ε|

)
ln

(
x+

1

2p2x

δε

|ε|

)
.

(4.34)
The maximization over ε′ is at δε ∼ 2p|ε|x and gives

x ln
eΓ2

4p2ε2x
+O

(
1

p3

)
. (4.35)

This expression is maximized at

xm =
Γ2

4p2ε2
, (4.36)

and importantly, the value of the maximum is positive. Thus strictly speaking,
one can never satisfy the non-excitation condition in Eq. (4.25). However, this
does not imply that the system escapes from its initial cluster: Eq. (4.36) indi-
cates that the system moves through a distance O(1/p2) and the energy changes
by O(1/p), yet we found in Sec. 3.3.3 that the energy barriers between clusters
are much larger, at a distance O(1/p) and height O(1). To check if the system is
excited out of clusters, one should modify the non-excitation condition to maxi-
mize over x & O(1/p). Then the finite-p corrections to γ(x, ε′|ε) are sub-leading
and we are back to Eq. (4.33).

Similarly, suppose that we had not restricted ourselves to x > x∗∗(ε) in
Eq. (4.24), and in particular had allowed x < x∗(ε), i.e., distances lying within
the same cluster. We would have

g(x, ε)− γ(x, ε) ∼ x ln
e2Γ

2p2|ε|x2
− pε2x. (4.37)

Eq. (4.37) is positive throughout x < x∗(ε), meaning that there are resonant
configurations throughout the initial cluster, even for arbitrarily small Γ. One
can understand this on conceptual grounds, without relying on a specific form
for γ(x, ε). Starting from a configuration |σ〉, the correlations in the p-spin
model are such that the energy (not per spin) changes by O(p) when one flips a
single spin. Yet the energy costs are random, and since there are N possibilities
for which spin to flip, a non-zero fraction of the spins will have arbitrarily small
energy costs to flipping. The eigenstate |Ψσ〉 hybridizes among these free spins,
and the perturbation theory breaks down, for any non-zero Γ.

Our interpretation of this result is that the eigenstates automatically ther-
malize within individual clusters, and the trapped states are those which do not
thermalize between clusters. We give a precise statement of this phenomenon in
Sec. 4.3. It is consistent with our broader understanding of the quantum p-spin
model. Macroscopic energy barriers are responsible for completely suppressing
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tunneling in the trapped phase and restricting it to exponential timescales in
the tunneling phase, yet these barriers by definition do not exist within a sin-
gle cluster. There is nothing to prevent the system from moving throughout a
cluster, regardless of what happens in the configuration space as a whole.

4.2.2 Tunneling rates

Let us now return to the matching problem and the question of timescales in the
tunneling phase. Recall that we compare quantum dynamics to thermal activa-
tion and the unstructured search, with runtimes τq, τth, and τunstr, respectively.

Tunneling continues to be exponentially faster than activation for large but
finite p. This follows from the fact that for x ∼ O(1), the density of states has
exponent

g(x, ε) = max
ε′

[
g(x, ε′|ε)

]
− ε2 + e−O(p), (4.38)

and the effective coupling has exponent

γ(x, ε) = γ(x, ε′ 6= ε|ε)−O
(

1

p

)
. (4.39)

See Secs. 3.3 and 4.1, respectively. Thus N−1 ln τq is corrected only by O(1/p)
relative to the REM value. Similarly, given that the height of the energy barriers
is close to the REM value and the distance from the cluster centers is close to
0 (Sec. 3.3.3), N−1 ln τth also has corrections small in 1/p. These corrections
cannot compensate for the leading-order result that N−1 ln τq < N−1 ln τth by
O(1).

The comparison between tunneling and unstructured search is more interest-
ing at finite p, and indeed, tunneling is now faster in a portion of the tunneling
phase. It is known that the entropy density of the p-spin model is exactly equal
to the REM expression for all ε > εs [77], thus the runtime for unstructured
search is again given by Eq. (2.74), written here as

1

N
ln τunstr = ε2. (4.40)

From Eqs. (4.38) and (4.39),

1

N
ln τq = − max

x∈[x∗∗(ε),1−x∗∗(ε)]

[
g(x, ε)− 2γ(x, ε)

]

= − max
x∈[x∗∗(ε),1−x∗∗(ε)]

[
max
ε′

[
g(x, ε′|ε)− 2γ(x, ε′|ε)

]]
+ ε2 − O

(
1

p

)
.

(4.41)
Precisely on the excitation boundary, the first term on the right-hand side is
zero by definition3. Thus N−1 ln τq is smaller than ε2 = N−1 ln τunstr by O(1/p)

3As noted in Sec. 2.3.2, one can check in the REM that the maximum over all x ∈ [0, 1]
indeed lies within [x∗∗(ε), 1− x∗∗(ε)]. By continuity, this is true for large but finite p as well.
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on the boundary. By continuity, tunneling is faster than unstructured search
for an entire range of Γ < Γexc(ε) in the tunneling phase.

As trivial as the unstructured search is, we are not aware of any classical
search algorithm that can perform better at large p, where the energy landscape
is similar to the uncorrelated landscape of the REM (for which unstructured
search must be optimal, since the energy levels are independent). Thus to the
best of our knowledge, the quantum energy matching algorithm presented here
is more efficient than any classical method for solving matching problems in this
regime. The algorithm does not require exponential precision or knowledge of
the level structure. While one must be able to identify the tunneling phase and
tune the transverse field close to the excitation boundary, these requirements do
not scale with the size of the problem. This approach thus has a fundamental
advantage over other quantum algorithms, which require unreasonable amounts
of control [105].

4.3 Eigenstate structure in the trapped phase

We are finally in a position to sharply distinguish the trapped phase of eigen-
states from the existing categories, namely ETH and MBL. We shall do so in
terms of the matrix elements of local operators between eigenstates. Recall from
the Introduction that the ETH asserts

〈Φ|Â|Ψ〉 ∼ e−Ns(ε)/2f(ε, ω), (4.42)

for two eigenstates |Φ〉 and |Ψ〉 with energies EΦ ≡ Nε+ω/2 and EΨ ≡ Nε−ω/2.
The essence of the statement is that all eigenstates at energy density ε are
coupled with comparable magnitude by local operators. See the Introduction
for a more thorough description.

Using the l-bit description (also in the Introduction), we can make a con-
trasting statement about MBL:

〈Φ|Â|Ψ〉 ∼
{
O(1) , supp

[
|τΦ − τΨ|

]
⊂ supp

[
Â
]

0 , otherwise
, (4.43)

where the (admittedly schematic) notation in the upper line indicates that those
sites on which the l-bits of |Φ〉 and |Ψ〉 differ are contained in the support of Â.
Given that the l-bits are quasi-local, there are only O(1)-many |Φ〉 for which
this is true per |Ψ〉. For example, if Â = σ̂zi , then since σ̂zi has an expansion in

l-bits with an exponentially decaying envelope, Â couples |Ψ〉 only to those |Φ〉
which are identical outside of a localization length around site i. The number
of such |Φ〉 is 2O(ξ), i.e., O(1). To summarize, in an MBL phase, local operators
couple an eigenstate to only O(1)-many others.

The trapped phase is intermediate between these two extremes. Each trapped
eigenstate is associated with one of the exponentially many clusters, and local
operators do not couple between clusters. Yet there are exponentially many
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states per cluster, and local operators do couple all those within a cluster. We
have

〈Φ|Â|Ψ〉 ∼
{
e−Nsc(ε)/2fc(ε, ω) , cΦ = cΨ

0 , otherwise
, (4.44)

where cΦ and cΨ denote the clusters to which |Φ〉 and |Ψ〉 belong. sc(ε) is the
entropy density of a single cluster, and fc(ε, ω) is a smooth cluster-dependent
function.

In terms of the standard diagnostics, the trapped phase has much in common
with MBL. To be more precise, we need a concrete model for the trapped wave-
functions. We shall take each state to have O(1) amplitude on configurations
within the cluster and have the typical amplitude e−Nγ(x,ε′|ε) on configurations
outside the cluster (in the “tail” of the wavefunction). Note that most of the
weight is in fact in the tail. The total weight at distance x is (see Eqs. (4.34)
and (4.35))

W (x) ≡
∫

dε′ eN
(
g(x,ε′|ε)−2γ(x,ε′|ε)

)
∼ exp

(
N max

ε′

(
g(x, ε′|ε)− 2γ(x, ε′|ε)

))

∼ exp

(
Nx ln

eΓ2

4p2ε2x

)
,

(4.45)
which is maximized at xm:

xm =
Γ2

4p2ε2
, W (xm) = exp

(
N

Γ2

4p2ε2

)
. (4.46)

Compare to the total weight within the cluster, which is only exp
(
Ne−O(p)

)

(see Sec. 3.3.3).
Let us first compute the IPR:

Y2 ≡
∑

σ

∣∣ 〈σ|Ψ〉
∣∣4

(∑
σ′ | 〈σ′|Ψ〉 |2

)2 . (4.47)

Using our ansatz for |Ψ〉,
∑

σ

∣∣ 〈σ|Ψ〉
∣∣4 ∼

∫
dx

∫
dε′ eN

(
g(x,ε′|ε)−4γ(x,ε′|ε)

)
∼ exp

(
N

Γ4

16p4ε4

)
. (4.48)

Thus

Y2 ∼ exp

(
−N Γ2

2p2ε2

(
1− Γ2

8p2ε2

))
. (4.49)

Although the IPR is exponentially small, it is exponentially larger than in a
thermal state, for which one would expect Y2 ∼ e−Ns(ε).

Our next quantity is

qES ≡
1

N

∑

i

( 〈Ψ|σ̂zi |Ψ〉
〈Ψ|Ψ〉

)2

, (4.50)
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which is the eigenstate analogue to a common order parameter in spin glass
theory: q ≡ N−1

∑
i 〈σzi 〉

2
[63, 106]. One would have qES = 0 in an ETH phase

and qES 6= 0 in an MBL phase. To evaluate Eq. (4.50), write

qES =
1

N 〈Ψ|Ψ〉2
∑

i

(∑

σ

∣∣ 〈σ|Ψ〉
∣∣2σi

)2

=
1

〈Ψ|Ψ〉2
∑

σσ′

∣∣ 〈σ|Ψ〉
∣∣2∣∣ 〈σ′|Ψ〉

∣∣2
(

1

N

∑

i

σiσ
′
i

)
.

(4.51)

Recall that N−1
∑
i σiσ

′
i = 1− 2x(σ, σ′). We thus have

qES = e
−N Γ2

2p2ε2

∫
dx

∫
dy

∫
dz

(
N

Nx

)(
Nx

N x−y+z
2

)(
N(1− x)

N y−x+z
2

)

·
(

eΓ

2p2|ε|

)2Nx(
eΓ

2p2|ε|

)2Ny

(1− 2z),

(4.52)

where x and y are the distances of σ and σ′ from the origin, z is the distance from
each other, the binomial coefficients together give the number of configurations
with such a geometry, and we have already performed the integrals over the
energies at x and y (ignoring the correlations between them for simplicity). The
saddle-point in z is at z∗ = x+ y − 2xy, and

(
Nx

N x−y+z∗

2

)(
N(1− x)

N y−x+z∗

2

)
∼
(
N

Ny

)
. (4.53)

We are left with separate integrals over x and y, each of which has a saddle-point
at Γ2/4p2ε2, thus

qES ∼ 1− Γ2

p2ε2
. (4.54)

Trapped eigenstates have qES 6= 0, similar to many-body localized states, and
in fact qES → 1 as p→∞.

The level spacing statistics in the trapped phase will follow the Poisson
distribution. If one could isolate the levels within a single cluster, they would
exhibit GOE statistics. However, the spectra of different clusters interpenetrate,
and as the clusters are essentially uncoupled, their spectra are independent.
Thus the level spacing statistics as a whole obey Poisson.

The final quantity which we shall discuss highlights the distinction between
ETH, MBL, and trapped phases quite well. It is the σ̂zi -σ̂zi autocorrelation
function, evaluated in an eigenstate for simplicity:

C(t) ≡ 〈Ψ|σ̂zi (t)σ̂zi (0)|Ψ〉 . (4.55)

Inserting a set of energy eigenstates, we have

C(t) =
∑

Φ

ei(EΨ−EΦ)t
∣∣ 〈Φ|σ̂zi |Ψ〉

∣∣2. (4.56)
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First consider the situation in which the eigenstates obey the ETH. Denote
the equilibrium value of σ̂zi by σeq. We have

C(t) = σ2
eq +

∑

Φ6=Ψ

ei(EΨ−EΦ)t R
2
ΦΨ

eNs(ε)

∣∣f(ε, ω)
∣∣2. (4.57)

The function f(ε, ω) decays to 0 for ω ∼ O(1), so we can consider the sum as
only over |Φ〉 with the same energy density ε as |Ψ〉. Given the exponentially
large density of states, the sum over Φ should average out any fluctuations in
R2

ΦΨ, so that we can replace R2
ΦΨ by 1. Thus

C(t) ∼ σ2
eq +

∫
dω eiωt

∣∣f(ε, ω)
∣∣2. (4.58)

Since |f(ε, ω)|2 is a smooth function, we know that the Fourier transform decays
to 0 as t → ∞ faster than a power law. We have thus established that in an
ETH phase, the autocorrelation function decays to the equilibrium value in a
reasonably short amount of time.

Next consider the MBL case. The matrix elements 〈Φ|σ̂zi |Ψ〉 are signif-
icant only for O(1)-many |Φ〉, namely those whose flipped l-bits relative to
|Ψ〉 lie within a localization length of site i. Number the significant states as
{|Φ1〉 , |Φ2〉 , · · · , |ΦM 〉}, where M ∼ 2O(ξ). We have that

C(t) =

M∑

m=1

∣∣ 〈Φm|σ̂zi |Ψ〉
∣∣2ei(EΨ−EΦm )t. (4.59)

The important feature here is that, as a sum over a finite number of oscillating
terms, C(t) never decays. It may fluctuate erratically, especially if ξ � 1, but
it never settles into a steady-state value.

Finally, consider the trapped phase. Here the matrix elements are significant
only for those |Φ〉 in the same cluster c as |Ψ〉. Furthermore, the expectation
value 〈Ψ|σ̂zi |Ψ〉 does not equal the equilibrium average σeq but rather an average
restricted to the cluster c, i.e., σc. We thus have

C(t) = σ2
c +

∑

Φ6=Ψ,Φ∈c
ei(EΨ−EΦ)t R

2
ΦΨ

eNsc(ε)

∣∣fc(ε, ω)
∣∣2. (4.60)

Even though the internal entropy of the cluster, sc(ε), is less than the full
thermodynamic entropy, it is still non-zero. Thus exponentially many states
are included in the sum. The arguments from the ETH case apply here as well,
and

C(t) ∼ σ2
c +

∫
dω eiωt

∣∣fc(ε, ω)
∣∣2. (4.61)

The autocorrelation function does approach a steady-state value as t→∞, but
one that is not the equilibrium value.

This summarizes the difference between the three eigenstate phases discussed
in this thesis. In an ETH phase, observables decay to their equilibrium values
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over time. In a trapped phase, observables decay to non-equilibrium values over
time. In an MBL phase, observables do not decay over time. We have shown
that the previously undiscovered trapped phase manifests in the quantum p-
spin model of spin glass theory. Furthermore, keep in mind the generality of
what we have discussed. The specific functional forms of the two ingredients in
our theoretical analysis, the distance-resolved density of states eNg(x,ε′|ε) and
the effective coupling e−Nγ(x,ε′|ε), were not particularly important. All that
mattered was that both scale exponentially with N , which in turn relied only
on having clusters of states separated by macroscopic energy barriers. Many
interesting models, especially those relevant in the quantum computing field,
exhibit the same features. The physics of the trapped phase is important for
these models and has significant implications for the performance of quantum
algorithms.
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Part II

Additional topics in
disordered systems
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Chapter 5

Sign phase transition in the
problem of interfering
directed paths

In this chapter, we investigate the statistical properties of interfering directed
paths in disordered media. The work is published in Ref. [107]. On a technical
level, this chapter shares with the previous ones the feature of studying sums
over directed paths. However, that is where the similarities end. Here we are
concerned with paths on finite-dimensional lattices and focus on characterizing
the role that interference between paths plays. Two possibilities are that the
average sign of the path sum tends to zero at long distance (sign-disordered)
or that the average sign remains finite (sign-ordered). We discuss the physical
implications and show that dimensionality plays a very important role.

5.1 Background

An example of directed paths in a random medium is shown schematically in
Fig. 5.1, where solid lines correspond to directed “tunneling” paths and blue dots
represent scattering sites. Important physical settings for interfering directed
paths include hopping conduction in doped semiconductors [37,108], spin glasses
at high temperature [109], and granular D-wave superconductors [110,111]. We
describe these applications in more detail below. First, let us introduce the
common mathematical structure among them and motivate the question which
we shall address.

In each of these settings, the physics is determined by the statistics of a sum
over paths:

A =
∑

Γ

AΓ, AΓ =
∏

j∈Γ

αj , (5.1)

where AΓ is the tunneling amplitude of path Γ, given as a product of scattering
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Figure 5.1: (top) Schematic of interfering directed paths in a random medium.
Γ1 and Γ2 are two different paths from site i to f . SΓ1

is the area enclosed by
Γ1 relative to the line joining i and f . (bottom) Sketch of the order parameter
for the sign phase transition.

amplitudes αj along the path (see Fig. 5.1). If the amplitudes αj have random
signs, so too does the sum A. The destructive interference at large distances
r ≡ |rf − ri| is characterized by whether the sum A is more likely to be positive
than negative:

∆Pr→∞ ≡ ∆P ≡ Pr[A > 0]− Pr[A < 0]. (5.2)

It was suggested in [108,112] that the path sum exhibits a “sign phase transition”
at a critical concentration of negative scattering sites xc. For example, if

αj =

{
1 with probability 1− x
−M with probability x

(5.3)

then

∆P > 0 for x < xc,
∆P = 0 for x > xc.

(5.4)

The quantity ∆P (x) serves as an order parameter for the sign phase transition.
Such a transition is shown qualitatively in the bottom of Fig. 5.1.
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It was argued in [108] that the upper critical dimension for the sign phase
transition is four. The lower critical dimension has been debated, and in partic-
ular, whether the sign-ordered phase exists in 2D has remained unresolved for
a long time [108,113–121].

We show conclusively that the sign-ordered phase does not exist in 2D (∆P =
0 for any x > 0), and present strong numerical evidence that it does exist in
3D. The former result is consistent with some of the previous studies (see in
particular [120]). We explain the instability of the sign-ordered phase at small
values of x by identifying the rare fluctuations which destabilize the sign order.
These lead to an anomalously large correlation length which scales stretched-
exponentially with x and explains the apparent sign order observed in previous
numerical studies [112,115,118,121].

The (non-)existence of the sign-ordered phase and associated transition has
immediate consequences for the following physical systems:

1. The quantity A in Eq. (5.1) can play the role of the electron tunneling
amplitude in a disordered medium, where it arises as a sum of partial
amplitudes corresponding to different tunneling paths [108,112,122–128].
It was argued in Refs. [108,112,127] that the sign of the magnetoresistance
in the hopping conductivity regime depends on whether the system is in
the sign-ordered or -disordered phase.

2. In the Edwards-Anderson spin glass, the spin correlation function at high
temperature is governed by a sum analogous to A, where the αj correspond
to bond disorder. Thus, the presence of a sign-ordered phase in 3D implies
that a transition takes place in the sign of the correlation functions at high
temperature.

3. At high temperature, the correlation function χ = 〈exp (i(θi − θj))〉 in a
system of randomly oriented and randomly shaped grains of D-wave su-
perconductor embedded into a metallic matrix can be reduced to Eq. (5.1).
Here, θi is the phase of the order parameter on grain i. In analogy with
the magnetoresistance in the hopping conductivity regime, the magnetic
field suppresses superconductivity in the sign-ordered phase and enhances
it in the sign-disordered phase.

We will return to these applications in more detail in Sec. 5.3, after presenting
the technical results in Sec. 5.2.

5.2 The sign phase transition

5.2.1 Mean-field description and generalities

The essential picture of the sign-ordered phase is illustrated in the “space-time”
diagram of Fig. 5.2. Here, the “time” coordinate t corresponds to the direction
of propagation of the directed paths and the “spatial” coordinates s to the
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Figure 5.2: Regions in which the path sum is negative (purple), created by
isolated negative scatterers (black dots). Although each region has a random
size, the typical scales are as shown. The paths are directed along t. The
scattering length µ characterizes the strength of the scatterer, see [121] for
details.

d−1 transverse directions. Negative-amplitude scatterers produce cigar-shaped
negative domains in the sign

σ(s, t) ≡ sgn[A(s, t)] (5.5)

of the amplitude field.
For an isolated negative scatterer in an otherwise uniform lattice of positive

scatterers, the sign at (s, t) is determined by the interference between those
paths which go through the negative scatterer and those which miss it. If the
scattering amplitude is sufficiently large, the path sum may be estimated in the
diffusive limit [121],

A(s, t) ∝ 1−
( |µ|
t

) d−1
2

e−
s2

4Dt (5.6)

where the scattering length µ characterizes the strength of the negative scatterer,
D is a microscopic length, and we have suppressed an O(1) constant. We find
that the negative domain A < 0 has extent τ ∼ |µ|, width w ∼

√
|µ|, and

volume v ∼ |µ| d+1
2 . At sufficiently small concentration of scatterers x, the

negative domains remain far apart and do not interfere. The sign field σ(s, t)
only disorders if the domains percolate, i.e., when

xv = x|µ| d+1
2 & 1. (5.7)
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Thus this picture predicts a finite xc for sign order in any dimension d > 11.
This argument neglects fluctuations in the size of the isolated negative do-

mains. Should the distribution of domains have a sufficiently long tail, then
sign order becomes unstable even at very small x, as argued by [120]. Suppose
that the distribution of domain lengths τ has a power-law tail, ps(τ) ∼ τ−η,
and that the typical transverse width of such domains is w(τ) ∼ τγ . We refer
to η as the “survival” exponent and γ as the “growth” exponent. The fraction
of the transverse volume occupied by negative domains at time t is

x

∫ t

dt′ps(t− t′)w(t− t′)d−1. (5.8)

This fraction converges as t→∞ provided

1− η + (d− 1)γ < 0. (5.9)

Inequality (5.9) is a necessary condition for the stability of the sign-ordered
phase with respect to these fluctuations.

Since the sign σ(s, t) takes values in {+,−}, it is instructive to interpret it
as an Ising field in d − 1 spatial dimensions s and temporal dimension t which
evolves in the presence of “noise” given by the scattering disorder. In this
language, the sign order parameter is simply the magnetization as t→∞,

E[σ(s, t)] = Pr[A(s, t) > 0]− Pr[A(s, t) < 0]

= ∆P (s, t).
(5.10)

Here E[·] denotes averaging with respect to the random distribution of scatterers
(i.e., the noise). The steady state resulting from the noise need not correspond
to equilibrium with respect to any Ising model. Nevertheless, one might suspect
that the sign-ordered phase is unstable to fluctuations for d = 2 (i.e., 1 spatial
dimension) and stable for d ≥ 3. We will argue below that this is indeed the
case.

5.2.2 Absence of the sign-ordered phase in 2D

As a warm-up, consider the 1D equilibrium Ising model with Glauber dynamics
at low temperature. Domain walls undergo random walks and annihilate when
they meet. When a single spin is flipped in a uniform background, the resulting
domain has probability ps(τ) ∼ τ−1/2 of surviving until time τ . Over that
time, the walls typically walk w ∼ τ1/2. Thus, η = γ = 1

2 and inequality (5.9)
with d − 1 = 1 is violated. The magnetization is unstable, as expected for a
finite-temperature 1D model.

In the directed path problem, there is no Hamiltonian with respect to which
the sign field σ comes into equilibrium. The stochastic “dynamics” neverthe-
less induce survival and growth exponents. We follow [120] and consider an

1In d = 1, randomly placed single scatterers clearly disorder the sign field.

93



CHAPTER 5. SIGN PHASE TRANSITION

isolated negative scatterer embedded in a dense background of disordered posi-
tive scatterers. The path sum in the positive-scattering background reduces to
the well-known directed polymer problem [129,130]. In the extreme disordered
limit, the polymer “pins” so that one path Γ0 dominates the sum:

A = AΓ0
+ · · · . (5.11)

Accordingly, the sign σ(s, t) is only negative if Γ0 happens to go through the
lone negative scatterer. It is known that the directed polymer wanders over
a distance w(τ) ∼ τ ξ with wandering exponent ξ = 2

3 . Thus, we identify
η = (d − 1)ξ and γ = ξ. Inequality (5.9) is violated, which again implies the
instability of the sign-ordered phase even at arbitrarily small x.

Since the fraction of space occupied by negative domains at time t is xt (see
Eq. (5.8)), we also obtain a simple estimate for the disordering time:

t∗(x) ∼ x−1. (5.12)

This argument clearly applies to the large-disorder limit where the path
sum is dominated by a single path Γ0. At weaker disorder in the “pinned”
phase, the wandering exponent ξ governing the directed polymer is unchanged,
yet subdominant paths now contribute to the path sum and interference effects
may become nontrivial. Numerical investigations in Ref. [120] confirmed that
the survival and growth exponents for the domains produced by isolated nega-
tive scatterers are nevertheless unchanged when the background disorder is of
intermediate strength in 2D.

However, the above analysis relies on positive background disorder to pro-
duce the destabilizing fluctuations. It leaves open the possibility of 2D sign
order when the disorder arises only from negative scatterers. Here we close the
door by considering this regime in the limit where the typical negative domain
is microscopic (µ . D) and the concentration of negative scatterers x→ 0. We
find that sign order is nonetheless destroyed by rare events.

First consider no disorder (x = 0). The sum Eq. (5.1) describes diffusion of
paths, so that in the continuum limit,

∂tA = D∇2
sA (5.13)

where we have rescaled A exponentially with t in order to remove an overall
s-independent factor. Suppose the amplitude at t = 0 is roughly uniform over a
region of width l. If a negative scatterer flips the sign of A in a subregion of width
w � l, the negative domain becomes positive after a time τ ∼ w2/D. Thus,
isolated negative scatterers do not produce asymptotically long-lived negative
domains.

For small but finite concentration x, a large length scale l(x) emerges.
Fig. 5.3 shows a typical realization of the amplitude A(s, t) at late time t (we
will discuss the numerical details momentarily). The log-amplitude field forms
smooth “hills” separated by sharp minima. The length scale l(x) is the typical
distance between minima, i.e., the typical width of a hill. As in the isolated
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Figure 5.3: A typical snapshot of the (log-)amplitude field ln |A(s, t)|, as a
function of s for fixed t (L = 200, x = 0.04). The y-axis values are shifted
so that the minimum is at 0. The time t = 86000 is close to the disordering
timescale t∗ for this x. Red (blue) points correspond to positive (negative)
σ(s, t) ≡ sgn[A(s, t)]. The vertical black lines indicate the negative scatterers
at the current t, i.e., where α(s,t) = −1. All other sites have α(s,t) = 1.

case, scattering events which produce negative domains of width w � l(x) re-
main short-lived (τ ∼ w2). However, if a negative scattering event produces a
domain covering more than half of the weight in the hill (w ∼ l(x)/2), then it
cannot disappear due to diffusion of amplitude within the hill. Such domains
are locally stable and their lifetimes are governed by competition with neigh-
boring hills over much longer timescales. Thus, l(x) separates short-lived and
long-lived domains.

A self-consistent argument gives the scaling of l(x) as x → 0. A single
negative scatterer at time t0, although it does not produce a lasting negative
domain, creates a local minimum in |A(s, t)|. The minimum becomes wider and
shallower as ∆t ≡ t − t0 increases, with the width scaling as ∆t1/2. After a
time ∆t ∼ l(x)2, the minimum merges into its neighbors and can no longer
be resolved. Thus l(x)2 is the “lifetime” of a local minimum. New minima
are created at a rate x per unit length and time. Thus, the typical density of
minima present at any given time is ∼ xl(x)2, but by definition, this must equal

1
l(x) . We have that

l(x) ∼ x− 1
3 (5.14)

which holds for x� 1.
Coarse-grained on the scale l(x), isolated negative scatterers become effective

positive-weight disorder, while the rare events which produce domains of width
l(x) become negative scatterers whose concentration is xαl(x) for some O(1)
constant α. On this scale, the effective positive scatterers are disordered, so the
analysis of Ref. [120] again applies. We recover that the sign order is unstable
but with a parametrically longer timescale (cf. Eq. (5.12)),

t∗(x) ∼ x−αl(x) ∼ x−αx−1/3

, (5.15)
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t

s

Figure 5.4: The lattice (blue dots) used in the 2D simulations. All 2D simula-
tions begin with uniform initial conditions A(s, 0) = 1 and propagate forward
in t using Eq. (5.16). The arrows show two examples of directed paths on this
lattice.

for x→ 0.
We now present numerical validation of these arguments. For concreteness,

we use the lattice shown in Fig. 5.4. Each site (s, t) contains a scatterer with
random amplitude α(s,t), for which we take the binary distribution given by
Eq. 5.3 with M = 1. Instead of evaluating each path amplitude AΓ, we organize
the sum over paths iteratively:

A(s, t+ 1) = α(s,t+1) (A(s− 1, t)

+A(s, t) +A(s+ 1, t)) . (5.16)

In all simulations in this section, we consider “quenches” from uniform initial
conditionsA(s, 0) = 1 in systems with transverse width L and periodic boundary
conditions.

We first determine l(x) numerically by defining, at fixed time t, lt(x) to be
the disorder- and spatial-averaged distance between local minima of ln |A(s, t)|.
Fig. 5.5 shows lt(x) as a function of t for a system of size L = 1600 (the
curves are independent of L). Since the curves saturate at t well within the
simulation time, we determine l(x) ≡ limt→∞ lt(x) by averaging the lt(x) over
their plateaux. The scaling behavior of the resulting l(x) with x, shown in
Fig. 5.5b, confirms Eq. 5.14.
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Figure 5.5: (Top) Mean distance between local minima of the height field at
time t, averaged over disorder (L = 1600). Each line (color) corresponds to a
different density of scatterers x. Errorbars (not shown for clarity) are of the
same magnitude as the fluctuations within each curve. (Bottom) Asymptotic
distance l(x) between minima, taken from the average of the late-time plateaux
of lt(x). The color of each point indicates which curve in the top panel it
corresponds to. Errorbars are smaller than the marker size. The solid line is a
power-law fit of the points with x ∈ [0.01, 0.03].
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Figure 5.6: Decay of the sign order parameter ∆P (t) ≡ E
[

1
L

∑
s σ(s, t)

]
in

2D from uniform initial conditions (transverse size L = 100). Errorbars (not
shown) are of the same magnitude as the fluctuations within a curve. The
vertical lines correspond to the independently determined disordering timescales
t∗(x) for each density of negative scatterers x, see Eq. (5.15). The predicted
t∗(x = 0.01) ≈ 1012 is not accessible with current computing resources.

We have also verified Eq. (5.15) for the disordering time. Fig. 5.6 shows

∆P (t) ≡ E

[
1

L

∑

s

σ(s, t)

]
(5.17)

as a function of t, for various small x. For all x ≥ 0.02, the sign field clearly
disorders at large t. The vertical lines are the independent estimates t∗(x) =
x−αl(x), with α = 1

2 and l(x) determined numerically as described above. The
agreement with the observed disordering times is excellent considering that t∗(x)
ranges over ∼ 5 orders of magnitude as x varies. This also explains why past
numerical work on the 2D sign phase transition was inconclusive: the simulation
must run for very long times to see disordering. Indeed, we estimate that the
disordering time for x = 0.01 is ∼ 1012, which is longer than we can study
numerically.

We note that within our analysis, α is the only free fitting parameter. α = 1
2

gives an excellent fit and has a simple physical rationale: only half of a hill must
change sign simultaneously, for then the new domain occupies the majority of
the hill and annihilates the remainder.
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5.2.3 The sign phase transition in 3D

There are several suggestive but contradictory arguments regarding the sign-
ordered phase in 3D. The analogy with the (d− 1)-dimensional stochastic Ising
model (see Sec. 5.2.1) suggests that the sign-ordered phase can exist, since Ising
order is stable in two spatial dimensions. On the other hand, disorder always
drives the (positive-weight) directed polymer into its “pinned” phase in 3D [130],
just as in 2D. In the strongly pinned limit where A is dominated by a single path,
this would lead to sign disorder by the arguments of Sec. 5.2.2 and Ref. [120].
However, this does not rule out the possibility of a stable sign-ordered phase at
weaker disorder. Here, we present a numerical study in the weak disorder regime
analogous to that studied in 2D above. By several complimentary numerical
simulations and finite-size scaling analyses, we conclude that 3D sign order
exists.

We calculate path sums on the cubic lattice defined by the recursion relation

A(s1, s2, t+ 1) = α(s1,s2,t+1)

(
A(s1, s2, t)

+ A(s1 − 1, s2, t) +A(s1 + 1, s2, t) (5.18)

+ A(s1, s2 − 1, t) +A(s1, s2 + 1, t)
)
,

with periodic boundary conditions for systems of transverse size L x L.
Fig. 5.7 shows the decay of ∆P (t) starting from uniform initial conditions.

It suggests that the sign field becomes disordered when x & 0.16 but remains
ordered when x . 0.16. However, we face the same difficulty as in 2D (cf.
Fig. 5.6): ∆P (t) may remain non-zero throughout the accessible simulation but
disorder on longer timescales. The values of ∆P as a function of x plotted in
the bottom panel of Fig. 5.7 are only upper bounds to the true t→∞ values.

To confirm that the sign-ordered phase is in fact stable at small x, we consider
“quench” experiments from disordered initial conditions: A(s1, s2, 0) = ±1 with
equal probability. If the sign order is stable, we expect the sign field to order
spontaneously for x < xc. This is in analogy to the 2D Ising model, which
magnetizes spontaneously when quenched from high temperature to below Tc.
Fig. 5.8 demonstrates this ordering for two representative concentrations x.
Note that because of the symmetry in the initial conditions, we consider the
order parameter

∆P2(t) ≡

√√√√√E



(

1

L2

∑

s1,s2

σ(s1, s2, t)

)2

. (5.19)

At x = 0.08, well below the tentative xc identified above, ∆P2(t) approaches
a constant value independent of L as t → ∞. The timescale to reach the
asymptotic value scales as L2 (not shown), which is the same scaling as that
of coarsening dynamics in the 2D Ising model [131]. At x = 0.17, in contrast,
limt→∞∆P2(t) decreases as the system size increases, consistent with lack of
long-range order.
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Figure 5.7: Decay of sign order in 3D from uniform initial conditions on the
lattice of Eq. (5.18). (Top) The sign order parameter ∆P (t) as a function of
t for various x at size L = 80. Errorbars are smaller than the marker size.
(Bottom) ∆P evaluated at time t = 105 as a function of x. The sharpness of
the crossover is suggestive of a transition at xc ≈ 0.16.
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Figure 5.8: Spontaneous ordering of the sign field starting from disordered initial
conditions, as shown by ∆P2(t) (Eq. (5.19)) for various L. Errorbars are smaller
than the marker size. (Top) For x = 0.08, the late-time value of ∆P2(t) becomes
independent of system size L, consistent with spontaneous long-range order.
(Bottom) For x = 0.17, the late-time value of ∆P2(t) decays with increasing
system size.
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Figure 5.9: Convergence of the Binder cumulant crossing points to the loca-
tion of the sign phase transition (at t = 105). x∗(L) is the point at which
the size-L and size-2L cumulant curves cross, and the 1/L → 0 limit is the
thermodynamic value xc for the transition. Errorbars are imperceptible on this
scale. (Inset) Representative cumulant curves for small systems (blue to red:
L = 10, 20, 40, 80), together with the ordered and disordered limiting values of
2/3 and 0.

These two complementary simulations, respectively observing the decay of
ordered sign fields and the spontaneous ordering of disordered ones, together
suggest that the sign field remains ordered at small x and only disorders at larger
x. To quantitatively extract the critical xc, we have carried out a crossing-point
analysis of the Binder cumulant obtained from the uniform-initial-condition
simulations. The sign Binder cumulant

U(t) ≡ 1−
E
[(

1
L2

∑
s1,s2

σ(s1, s2, t)
)4
]

3E
[(

1
L2

∑
s1,s2

σ(s1, s2, t)
)2
]2 (5.20)

provides a dimensionless measure of the ordering transition in the sign field [132].
In a Gaussian ordered phase, U = 2/3 while in a disordered phase, U = 0. The
Binder cumulant is especially useful for extracting xc by the crossing point
method described below because it has very small finite-size corrections [133].

The inset to Fig. 5.9 shows representative data for the Binder cumulant U
computed at the longest times accessible to our simulations (tmax = 105) as a
function of x at several system sizes. At a given size L, U crosses over from its
ordered value at small x to the disordered value at large x. There is significant
finite size drift of the crossing points between consecutive system sizes L. The
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main panel of Fig. 5.9 shows the crossing point x∗(L) for the size-L and size-2L
curves as a function of 1/L. We determine the crossing points by fitting the
(x, U) data for each L to a second-order polynomial near the tentative location.
Without further assumptions regarding the finite-size scaling of the transition,
we cannot make a quantitatively accurate estimate of xc = limL→∞ x∗(L), but
the data in Fig. 5.9 appear consistent with xc ≈ 0.14.

To summarize, at small x in 3D, the sign field orders spontaneously at long
times even when initialized with a disordered configuration. At large x, on
the other hand, the sign field disorders even when starting from an ordered
configuration. As we increase the system size, the Binder cumulant of the
sign field flows to the ordered limit at small x and the disordered limit at
large x, and a crossing-point analysis shows that the transition persists into the
thermodynamic limit.

These numerical results are robust but limited by finite computational re-
sources. Moreover, we note that sign order is in some tension with the estab-
lished marginal flow of the 3D positive-weight directed polymer to the pinned
phase at arbitrarily small disorder. We speculate that there are three possible
renormalization group scenarios for sign order in 3D:

• Sign order is consistent with pinned-phase fluctuations of the ln |A| field
because of interference from subdominant paths.

• Negative amplitudes stabilize the Gaussian phase of the directed polymer
in 3D and the sign-ordered phase coincides.

• Sign order is ultimately unstable in 3D due to the fluctuations in the
strongly pinned phase. As the flow to strong pinning is only marginal, the
disordering timescales are too long to be observable.

It would be very interesting to conclusively establish which of these scenarios
holds and develop a theory of the associated fixed points.

5.3 Discussion

Our results have physical consequences for a variety of systems, which we now
describe.

5.3.1 Magnetoresistance of variable-range hopping

In the variable range hopping regime of disordered semiconductors, electrons
tunnel further than the typical distance between localized states [37, 134]. In
this case, A in Eq. (5.1) is the electron tunneling amplitude given as a sum
of partial amplitudes corresponding to different tunneling paths Γ [112, 122–
126, 128]. In the presence of a magnetic field, each amplitude acquires a factor
exp (iΦΓ

Φ0
), where ΦΓ = BSΓ is the flux enclosed between Γ and some fixed

reference path, and Φ0 is the flux quantum (see Fig. 5.1). It has been argued
that the magnetoresistance is positive in the sign-ordered phase and negative in
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Figure 5.10: Proxy for the 3D magnetoresistance L(B) (see Eq. (5.23)) as a
function of the applied magnetic field B, for various x (system size L = 1000
and length t = 1000). Errorbars are smaller than the marker size, and the solid
lines are guides to the eye.

the sign-disordered phase [127]. Thus, our results imply that in 2D systems at
sufficiently small magnetic fields and low temperature, the magnetoresistance
is always negative. In contrast, in 3D systems, the manetoresistance should
change sign as a function of the concentration of negative scatterers x.

We have calculated the magnetoresponse for a 3D system with the lattice of
Eq. (5.18). In the magnetic field corresponding to vector potential A(r), a hop

from r0 to r0 + b acquires the phase q
~
∫ r0+b

r0
dr ·A(r), where q is the charge of

the particle. That is,

A(r0 + b) = αr0+bA(r0) + · · ·

→ A(r0 + b) = αr0+be
i q~

∫ r0+b
r0

dr·A(r)
A(r0) + · · · .

(5.21)

We set q = ~ = 1 henceforth. To apply a field B(s1, s2, t) = Bŝ2 to the cubic
lattice, we choose vector potential A(s1, s2, t) = −Bt ŝ1 (using the orientation
ŝ1 × t̂ = ŝ2). The recursion relation becomes

A(s1, s2, t+ 1) = α(s1,s2,t+1)

(
A(s1, s2, t) + e−i(t+

1
2 )BA(s1 − 1, s2, t)

+ ei(t+
1
2 )BA(s1 + 1, s2, t) +A(s1, s2 − 1, t) +A(s1, s2 + 1, t)

)
.

(5.22)
The resulting magnetoresponse is illustrated in Fig. 5.10. We plot the quan-

tity

L(B) ≡ ln

∣∣∣∣
AB(0, t)

A0(0, t)

∣∣∣∣
2

, (5.23)
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Figure 5.11: Schematic phase diagram of 3D ±J spin glass on a bipartite lattice.
The sign-ordered paramagnet (SOP) and sign-disordered paramagnet (SDP) are
separated by the sign phase transition (dotted line). The high temperature ex-
pansion implies a finite asymptotic xc for this line at large temperature; its
terminus at the multicritical point is conjectural. The low temperature ferro-
magnetic (F), antiferromagnetic (AF) and spin glass (SG) phases are separated
by solid lines. For the ±J model, the Nishimori line is indicated by the dashed
line. Boundaries capture topology of the phase diagram but are not drawn
quantitatively accurately.

for a fixed large value of t. AB(s, t) is the path sum in the presence of a magnetic
field B (see Appendix for details). L(B) ∼ t∆ξ/ξ2 measures the relative change
∆ξ = ξ(B) − ξ(0) in the effective localization length which enters into the
hopping conductivity. L(B) > 0 indicates negative and L(B) < 0 indicates
positive magnetoresistance (see Ref. [127] for details). The magnetoresistance
at small B indeed changes sign as a function of x at xc in agreement with our
estimate of the sign phase boundary.

5.3.2 3D spin glass phase diagram

Consider a spin glass described by the Hamiltonian

H =
∑

ij

JijSiSj , (5.24)

where the Si are spins (Ising, Heisenberg, etc.), and the exchange energies Jij
are random. For 3D spin glasses with Pr[Jij > 0] = 1− x and Pr[Jij < 0] = x,
the existence of the sign phase transition implies new features of the phase
diagram. This is qualitatively shown in Fig. 5.11 for the case of a bipartite (e.g.
cubic) lattice.

105



CHAPTER 5. SIGN PHASE TRANSITION

The three low-temperature phases (ferromagnetic, spin-glass, and antiferro-
magnetic) are well-established, both for Ising and Heisenberg spins [135–140]. At
high temperature T � Jij , the system is paramagnetic. The high-temperature
expansion for the spin correlation function,

〈SiSf 〉 = Tr

[
SiSf

exp (−βH)

Z

]
, (5.25)

can be expressed as a sum over interfering directed paths of the form Eq. (5.1).
Thus, there is a sign phase transition in the statistical properties of 〈SiSf 〉 at
long distance. This is indicated by the dotted lines at high temperature in
Fig. 5.11. Note that the line at x > 1

2 , corresponding to mainly antiferromag-

netic bonds, is a transition in the Néel correlator (−1)|i−f | 〈SiSf 〉.
Sign order or disorder in the spin correlation function is well-defined at

any temperature, not only high temperatures where a directed-path expansion
holds. Furthermore, the sign phase transition divides phases with different
symmetries in their correlators. Thus although we have only demonstrated the
existence of the transition at high temperature, the boundary cannot terminate
in the middle of the phase diagram and must persist to lower temperatures.
We conjecture that it meets the triple point of the thermodynamic phases. In
that sense, it is a continuation of the boundary separating the low temperature
ferromagnetic and spin-glass phases. Keep in mind that all thermodynamic
properties of the system are analytic across the sign phase transition. However,
the sign phase transition may nevertheless be relevant for the thermodynamics
and dynamics of spin glasses, particularly at lower temperatures near the triple
point (cf. the “Widom line” that extends well beyond the critical point in
classical fluids [141,142]).

For the ±J model, the well-known Nishimori line [143] also intercepts the
multicritical point in Fig. 5.11. The Nishimori line approaches x = 1

2 as T →∞,
thus it lies in the sign-disordered phase at high temperature. We conjecture
that 〈SiSf 〉 is sign-disordered throughout the entire paramagnetic portion of
the Nishimori line, as sketched in Fig. 5.11. This is consistent with the identity

E [〈SiSf 〉] = E
[
〈SiSf 〉2

]
. (5.26)

which holds everywhere along the Nishimori line. In particular, in the param-
agnetic phase, E [〈SiSf 〉] decays exponentially with distance so E [〈SiSf 〉] � 1
for long-enough paths. The Nishimori identity Eq. (5.26) then implies

Var [〈SiSf 〉] ∼ E [〈SiSf 〉]� E [〈SiSf 〉]2 , (5.27)

i.e., the relative fluctuations of 〈SiSf 〉 diverge at large distance as expected in
the sign-disordered phase.

In 2D, the phase diagram is much simpler (not shown). While the ferromag-
netic phases still exist, there is no finite temperature spin glass. Similarly, our
results show that there is no high temperature sign-ordered phase and thus no
equivalent of the dotted line in the 3D phase diagram.

106



CHAPTER 5. SIGN PHASE TRANSITION

�1e
i�1

�2e
i�2

�3e
i�3

�1e
i✓1

�2e
i✓2

�3e
i✓3

Figure 5.12: Sketch of D-wave superconducting grains embedded in a non-
superconducting medium. The lobes on each grain reflect the random alignment
of the D-wave order parameter ∆(k)eiθ.

5.3.3 Composite D-wave superconductors

The existence of sign-ordered and -disordered phases manifests in properties of
random composite D-wave superconductors, where superconducting grains are
embedded into a metallic matrix (see Fig. 5.12). In the regime where the grain
size is larger than the coherence length and the temperature is below the bulk
Tc, fluctuations in the magnitude of the superconducting order parameter can
be neglected. The superconducting phases θi on each grain are then described
by the Josephson Hamiltonian,

Hd =
∑

ij

Jij cos

(
θi − θj +

2e

c

∫ rj

ri

dr ·A(r)

)
, (5.28)

where A(r) is the vector potential. In D-wave systems with no applied field
(A(r) = 0), the effective Josephson couplings Jij may have random signs which
depend on the separation and orientation of the embedded grains. For further
details, see the discussion in [110].

The expansion of the correlation function χ = 〈exp (i(θi − θj))〉 at high
temperature reduces to Eq. (5.1), and the system can exhibit a sign phase
transition as a function of the concentration of negative Jij . On application
of a magnetic field, this correlation function increases in the sign-disordered
phase just like the negative magnetoresistance in hopping conductivity. This
manifests as a general magnetic-field enhancement of the superconductivity.
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Chapter 6

Magnetoenhancement of
superconductivity in
composite D-wave
superconductors

In this chapter, we study composite D-wave superconductors consisting of ran-
domly distributed and randomly oriented superconducting droplets embedded
into a matrix. We show that the application of a small magnetic field can en-
hance superconductivity in these materials. This result was hinted at in Chap. 5.
Here, we explore the phenomenon further under a wider range of conditions. The
work is published in Ref. [144].

6.1 Background and model

In general, the superconducting order parameter is a function of two coordinates
and two spin indices ∆α,β(r, r′). Conventional low-Tc superconductors have a
singlet order parameter with S-wave symmetry which can be described by a
complex field ∆s(r) ≡ ∆(r, r). Qualitatively, this describes the Bose conden-
sation of Cooper pairs into a zero orbital momentum state. The propagation
amplitude of a Cooper pair between two spatial points can be written as a sum
of positive partial amplitudes corresponding to different Feynman paths. In
the presence of a magnetic field, these amplitudes acquire phases and partially
cancel one another. As a result, S-wave superconductivity is suppressed by the
magnetic field. This qualitative picture is consistent with the corresponding
solution of the Gorkov equations [145].

Over the last decades a number of superconductors have been discovered in
which the order parameter changes sign under rotation. The primary examples
are the high-Tc superconductors where the order parameter has singlet D-wave
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symmetry (see, e.g., [146, 147]): ∆(r, r′) changes sign under rotation by π/2,
and consequently ∆(r, r) = 0. This means that the Fourier transform ∆(k)
changes sign under a π/2 rotation as well, as is shown schematically in Fig. 6.1.
Still, the solution of the Gorkov equation in crystalline materials demonstrates
that the application of a magnetic field suppresses superconductivity.

We shall study the magnetic properties of a composite of randomly shaped
and randomly oriented D-wave superconducting grains embedded in a metallic
matrix (see Fig. 6.1). In such systems, the nodes of the order parameter ∆(k)
are locked to the crystalline axes of each grain. It is known that the macroscopic
properties of such granular materials are distinct from both S- and D-wave su-
perconductors [110,111,148]. Below we show that the application of a magnetic
field enhances the superfluid stiffness Ns and the critical temperature Tc of such
materials in certain parameter regimes.

Granular composites are characterized by the following lengths: the typical
superconducting grain size R, the inter-grain distance rG, the elastic electron
mean free path in the metal l, the zero-temperature coherence length of the bulk
superconductor ξ0, and the coherence length of the normal metal LT =

√
D/T .

Here, D ≡ lvF /3 is the diffusion coefficient, where vF is the Fermi velocity in
the metal.

In the regime where R, rG > ξ0, and the temperature T � T bc is smaller
than the critical temperature of the bulk superconductor, one can neglect the
fluctuations of the modulus of the order parameter and reduce the Hamiltonian
to that of a system of Josephson junctions,

H =
~
2e
<
∑

i6=j
Jije

i(θi−θj). (6.1)

Here, Jij is the Josephson coupling between grains i and j, and θi is the phase of
the order parameter in the i-th grain. < denotes taking the real part. Generally,
Jij is a complex number. However, in the absence of a magnetic field we may
take all Jij to be real (but not necessarily positive).

Since in random media all spatial symmetries are broken, the anomalous
Green function F (r, r′) is an admixture of S, D and higher angular momentum
components of the spin singlet state. In the metallic matrix, at distances from
the nearest grain greater than l, only the singlet component survives. Thus, in
the simplest case where the inter-grain distance rG � l, the singlet component
controls the value of the Josephson couplings Jij .

In this diffusive regime and within the mean-field approximation, the S-
components of the normal G and anomalous F Green functions satisfy the
Usadel equation [149],

εFε −
D

2
∇̂
(
Gε∇̂Fε − Fε∇Gε

)
= 0,

G2
ε + |Fε|2 = 1,

(6.2)

where ∇̂ = ∇ + 2eiA is the covariant derivative, A is the vector potential,
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Figure 6.1: (Top) Pictorial representation of a D-wave superconducting grain
and its normal-metallic environment. The grain, colored grey, hosts a non-zero
order parameter having the form indicated above the grain. The wavevector
dependence of the order parameter is represented by the red-and-blue rosette
on the grain: red corresponds to ∆(k) > 0 and blue to ∆(k) < 0. The shading
outside the grain represents the sign of the anomalous Green function produced
by the proximity effect: red is again positive and blue negative. (Bottom) A
granular D-wave superconductor sandwiched between two homogenous S-wave
superconductors, shaded grey. Each individual grain has a randomly oriented
order parameter owing to the random orientation of its crystalline axes. Γ1 and
Γ2 indicate two directed paths across the granular system.
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and Fε(r) and Gε(r) are Fourier transforms of the Matsubara Green functions
F (r, r, t− t′) and G(r, r, t− t′).

In the case where T � T bc , the size of the grain is larger than ξ0, and the
Andreev reflection from its boundary is effective, the boundary conditions for
Eq. (6.2) at the D-N boundary have been derived in Ref. [150]. The relevant
energy for computing the Josephson coupling, ε ∼ D/r2

G, is much smaller than
the value of the order parameter in the puddles. Thus the boundary condition
for Fε(r) is independent of ε and depends only on the angle between the unit
vectors n∆ and n(r), where n∆ is parallel to the direction of a gap node and
n(r) is normal to the boundary at the point r on the surface. We write the
boundary condition as Fε(r) = f [(n∆ · n(r))2]. Here f(x) is a smooth function,
which grows from f(0) = 0 to f(1) ∼ 1.

In the absence of magnetic field H, a typical spatial distribution of the
solution of Eq. (6.2) for the anomalous Green function Fε→0(r) due to an isolated
grain is shown in Fig. 6.1. Red and blue colors are used to indicate the regions
where Fε→0(r) has positive and negative signs, respectively. The lines where
F = 0 will be of particular interest to us.

At H = 0, the phase diagram of the system of D-wave droplets embedded
into a metal was studied in Refs. [110, 111, 148]. It has been shown that in the
case where the droplets are randomly oriented, the Josephson couplings Jij in
Eq. 6.1 are real quantities which can be decomposed as

Jij = ηiηjI
(0)
ij + ηijI

(1)
ij (6.3)

Here

ηi = sgn

[∫

si

F (r)dr

]
= ±1 (6.4)

with the integral taken over the surface si of grain i, and the ηij are random

signs. The positive quantities I
(0),(1)
ij are randomly distributed on the scales

I
(0)
ij ∝

GD

R2

Rd

rdij
e−rij/LT , I

(1)
ij ∝

R2

r2
ij

I
(0)
ij , (6.5)

where G is the conductance of a block of the metal of linear size R. Note
that the two terms in Eq. (6.3) have different character. The first has its sign
determined by a product of quantities that depend on the properties of each
grain separately, roughly related to the shape of the grains. Conversely, the
sign of the second term is determined by a joint property of the pair of grains
i and j (related to the relative orientation of their crystalline axes). At large
grain concentrations, where typically I(0) � I(1), this problem is a version of
the standard model of an XY spin glass [106], while in the opposite limit, the
system reduces to the well-known Mattis model [151].

In the presence of a magnetic field the Josephson couplings Jij in Eq. (6.1)
become complex. We can generally represent the Josephson coupling at finite
H by

Jij(H) = ±eiζij
∣∣Aij −Bijeiχij

∣∣Iij . (6.6)
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This equation expresses Jij as a coherent sum of probability amplitudes to
transfer Cooper pairs between grains i and j. Aij and Bij are appropriately
normalized sums of the positive and negative diffusive amplitudes in the absence
of the magnetic field. The choice of sign in Eq. (6.6) is fixed by the sign of Jij
at H = 0. We separate two phase factors: the average phase ζij = A(r) · rij ,
where rij is a vector connecting the centers of grains i and j, and the relative
phase χij = HSij/Φ0 between the positive and negative path amplitudes. Here,
Φ0 is the flux quantum and Sij is the area associated with the diffusion paths.

Finally, the overall scale Iij depends on rij/R. It maps onto I
(0)
ij from Eq. (6.3)

in the limit rij � R and onto I
(1)
ij in the limit rij � R.

We will show that the magnetic field corrections to physical quantities of the
system associated with Eq. (6.6) are asymptotically larger than H2 for small H.
This is the reason why we neglect the quadratic-in-H suppression of Aij and
Bij in Eq. (6.6).

The value of the area Sij in Eq. (6.6) is also random. Its characteristic
value S is not universal. For example, if the diffusion coefficient in the metal in
Eq. (6.2) does not exhibit spatial fluctuations, S ∼ R2.

6.2 Magnetoenhancement in the Mattis regime

6.2.1 Enhancement in one dimension

To illustrate the physical origin of the magnetic field enhancement of supercon-
ductivity, let us first consider a quasi-one-dimensional case where the droplets
are embedded into a metallic wire. In the absence of a magnetic field, the ground
state of the system corresponds to θi+1 = θi if Ji,i+1 > 0, and θi+1 = θi + π if
Ji,i+1 < 0. The superfluid stiffness Ns is defined by the usual equation

〈j〉 = Ns∇θ, (6.7)

with 〈j〉 the current density coarse-grained over a macroscopic scale. To calculate
Ns, we expand Eq. (6.1) up to quadratic terms in θi− θj near the ground state.
As a result, we get the expression

E
[
Ns(H)

]
= lim
L→∞

E


L
(∑

i

1

|Ji,i+1|

)−1



= rG

(∫
p(|J |)
|J | d|J |

)−1

(6.8)

where the sum is taken over neighboring grains, L is the length of the wire, and
E[ · ] denotes averaging over the random distribution of Jij .

At H = 0, the probability density p(|Jij |) for the random quantity |Jij | is
finite at |Jij | = 0. As a result the integral in Eq. (6.8) diverges logarithmically
and the superfluid stiffness is 0. Physically, this follows from the presence of
arbitrarily weak links in the long wire.
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At H 6= 0, the cancellations which produce small |Jij | are less effective
because they must cancel in the complex plane. The upshot is that p(|Jij |) = 0
at Jij = 0 when H is finite. This cuts off the logarithmic divergence in Eq. (6.8)
and we obtain

〈Ns(H)〉 ∼ N
(0)
s

| log(φ2)| . (6.9)

where N
(0)
s = E[|Jij |] and φ ≡ HS/Φ0 is a dimensionless measure of the charac-

teristic flux between grains. According to Eq. (6.9), the magnetic field enhance-
ment of the superfluid density is non-analytic, which justifies our neglect of the
quadratic-in-H corrections to Jij . Physically, the magnetic field suppresses the
density of weak links in the long wire.

In higher dimensions, the disordered D-wave composite superconductor can
be frustrated and form a superconducting glass. This complicates the theoretical
analysis. Below we discuss several cases where we can nonetheless demonstrate
the magnetoenhancement of superconductivity. We find that the enhancement
is linear in |H| in d ≥ 2 and thus we neglect all quadratic and higher-order
contributions.

6.2.2 Superfluid stiffness

If the typical intergrain distance is larger than their size and the normal metal
coherence length, i.e., rG � R,LT , the second term in Eq. (6.3) can be ne-
glected. In the absence of a magnetic field, the Hamiltonian in Eq. (6.1)
reduces to a Mattis model, for which the random factors ηi can be gauged
out [110, 111, 148]. Accordingly, in Eq. (6.6) we may take the ± sign to be
always positive.

In this regime, the phases χij(H) and ζij(H) play different roles. We will
show that the factors χij(H) inside the modulus in Eq. (6.6) lead to linear-in-|H|
enhancement of the superfluid stiffness Ns(H) and critical temperature Tc(H).
On the other hand, the ζij(H) phases produce quadratic-in-H corrections to
physical quantities and so we neglect them in the following analysis. Thus, in
this section we take for Jij(H) the simpler expression

Jij(H) =
∣∣Aij −Bijeiχij

∣∣J0e
−rij/LT . (6.10)

We take Aij +Bij = 1 with Aij uniformly distributed in [0, 1] and χij uniformly
distributed in [−π|φ|, π|φ|]. Finally, J0 is the characteristic energy scale of the
non-exponential front factors in Eq. (6.5). Neglecting the variation in J0 is
a valid approximation because the disorder in the front factors is subleading
compared to that of the exponent.

It is convenient to represent the Josephson couplings in logarithmic variables,

Jij = J0 exp(−ξij), (6.11)

where ξij = ξ
(0)
ij + δξij with

ξ
(0)
ij = rij/LT , δξij = − ln

∣∣Aij −Bijeiχij
∣∣. (6.12)
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This decomposition highlights that the distribution of δξij is much narrower

than that of ξ
(0)
ij in the rG � LT limit.

To calculate the superfluid stiffness of the system at H = 0, we expand the
Mattis Hamiltonian in Eq. (6.1) up to quadratic terms in θi. Calculating the su-
perfluid stiffness is then equivalent to calculating the macroscopic conductance
of a random resistor network where θi and |Jij | are analogous to voltages and
conductances, respectively. In the rG � LT regime, the |Jij | are broadly dis-
tributed and we can estimate Ns using percolation theory, as is well known in the
context of hopping conductivity [37]. In this approach, we consider switching on
couplings Jij from strongest to weakest until the network of bonds percolates.
The critical coupling Jc ≡ J0 exp(−ξc) sets the scale of the macroscopic super-
fluid stiffness. In other words, the value of Ns is controlled by the percolating
cluster with links where 0 < ξij < ξc.

In the zeroth approximation, where δξij = 0, we obtain

N (0)
s = J0r

2−d
G

(
LT

r
(0)
c

)ν
e
− r

(0)
c
LT (6.13)

where r
(0)
c = LT ξ

(0)
c and ν is the exponent governing the correlation radius of

the percolating cluster. See Ref. [37] for details.
To calculate the magnetic field correction to the superfluid density, we use

the perturbation theory of percolation developed in Ref. [37]: The first-order

correction δξc to the percolation threshold ξc for typical δξij � ξ
(0)
c is given by

the average perturbation, δξc = E[δξij ]. Thus

δξc(H) = −E
[

ln
∣∣Aij −Bijeiχij

∣∣
]

= −
∫ πφ

−πφ

dχ

2πφ

∫ 1

0

dA ln
∣∣A− (1−A)eiχ

∣∣

∼ 1− π2

8
|φ|.

(6.14)

As a result, the superfluid density is enhanced at small magnetic field φ� 1:

∆Ns(H)

Ns(0)
≡ Ns(H)−Ns(0)

Ns(0)
∼ π2

8

|H|S
Φ0

(6.15)

The perturbative treatment of the problem which leads to Eq. (6.15) is
valid when the relevant δξij � ξc. On the other hand, as φ → 0, the main
contribution to Eqs. (6.14) and (6.15) comes from inter-grain couplings with
|Aij − Bij | → 0, for which δξij diverges logarithmically. The magnetic field
suppresses the probability of such events. This means that Eqs. (6.14) and (6.15)
are valid if φ > exp(−ξc). In the opposite limit, at very small magnetic field,
the correction to the superfluid stiffness ∆Ns(H)/Ns(0) ∼ cφ2 > 0 is quadratic.
However, even in this regime, we expect that the magnetic field correction to
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Figure 6.2: The lattice on which numerical calculations in the Mattis regime
are carried out. Nearest-neighbor grains have random couplings Jij . Two large
superconducting leads are placed at either end, with θL = 0, θR = ∆θ. The
system is periodic in the transverse direction.

the stiffness is still positive. Indeed, at φc ∼ e−ξc the linear and quadratic
dependences should match. This gives us an estimate for the coefficient,

c ∼ eξc � 1. (6.16)

On the other hand, the conventional negative contributions to the magnetic field
dependence of the superfluid density scale as −aφ2 with coefficient a ∼ O(1).
Thus the magnetoenhancement discussed here dominates even for φ . e−ξc .

6.2.3 Numerical simulations

In order to verify the applicability of the perturbative analysis, we also study
the Hamiltonian in Eq. (6.1) numerically in the Mattis regime. We carry out
calculations on a regular square lattice of size L× L with Josephson couplings
between nearest-neighbor grains as in Fig. 6.2. At the two boundaries in the x
direction, the system is put in contact with a large superconducting reservoir
at fixed phase. We use periodic boundary conditions in the y direction. The
couplings take the form in Eq. (6.10), with ξij ≡ rij/LT uniformly distributed
in [−W,W ]. The parameter W thus represents the typical distance between
puddles in units of LT .

We calculate the enhancement in NS as a function of the dimensionless mag-
netic flux φ by considering the change in energy due to a small phase difference
∆θ. Since the Hamiltonian in the Mattis regime is essentially that of an XY
ferromagnet, the ground state at ∆θ = 0 is having all θi = 0. By continuity, all
θi are small for ∆θ � 1, and we can write

H =
1

2

∑

ij

Jij(φ)
(
θi − θj

)2
. (6.17)
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Denote the ground state for boundary condition ∆θ by θ∗i . The superfluid
stiffness obeys

1

2

∑

ij

Jij(φ)
(
θ∗i − θ∗j

)2
=

1

2
Ns(φ)∆θ2. (6.18)

Note that we can find θ∗i by solving a linear equation: setting ∂H/∂θi = 0 gives

∑

j

Jij(φ)
(
θ∗i − θ∗j

)
= JiR∆θ. (6.19)

We see that θ∗i is proportional to ∆θ. Write θ∗i = ui∆θ. Then

Ns(φ) =
∑

ij

Jij(φ)
(
ui − uj

)2
, (6.20)

where ui solves ∑

j

Jij(φ)
(
ui − uj

)
= JiR. (6.21)

It is straightforward to evaluate Eqs. (6.20) and (6.21) numerically. The main
panel of Fig. 6.3 shows the resulting superfluid stiffness as a function of φ for
representative values of W . Two regimes are clearly visible. For φ > φc ∼ e−ξc ,
the stiffness grows linearly with φ and even matches the prediction from the
perturbative treatment, ∆NS/NS = φπ2/8. For φ � φc, the curves cross
over into quadratic behavior, as expected. The inset shows the crossover point
φc versus W , where we find that φc is well-described by a curve e−pW with
p = 0.4 ± 0.1. These results thus validate the understanding developed in
Sec. 6.2.2.

Note that this numerical approach applies only in the Mattis regime, where
we know that the ground state is ferromagnetic and thus that we can expand the
Hamiltonian in θi − θj . In the glass regime, the ground state phase differences
are no longer small. Furthermore, since the couplings are now frustrated, even
finding the ground state is non-trivial. In Sec. 6.3, we instead study the glass
regime in the high-temperature limit and find signatures of magnetoenhance-
ment there, as we alluded to in Chap. 5.

6.2.4 The critical temperature

One can similarly estimate the change in the critical temperature Tc due to a
magnetic field. At the mean-field level, all couplings Jij greater than a given
temperature T are “rigid”, so that the phase on the grains connected by such
couplings are locked. Therefore, the critical temperature may be found by
determining when the set of rigid couplings defined by the condition

~
2e
|Jij | > Tc(H) (6.22)

percolates.
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Figure 6.3: Relative enhancement of superconductivity ∆NS/NS as a function
of dimensionless flux φ, for multiple disorder strengths W . The results are
for a square lattice of linear dimension L = 60, averaged over 1000 disorder
realizations per data point. Data for smaller sizes are indistinguishable. The

line π2

8 |φ| is the perturbative prediction of Sec. 6.2.2, which should hold at large
W over the range φc ∼ e−ξc < φ < O(1). At smaller fields φ, the crossover to
quadratic behavior is visible. The crossover point φc(W ) is marked by vertical
ticks. (Inset) The numerically extracted crossover point φc as a function of W .
The straight line fit shows the exponential dependence expected at large W .

A similar procedure has been applied previously to calculate the critical
temperature of disordered ferromagnets [152,153]. The difference is that in the
present case, ξc ≡ rc/LT depends on temperature through LT . Thus Tc is
determined implicitly by the equation

Tc =
~
2e
J0 e

−rc/LTc . (6.23)

In the absence of the δξij , rc = r
(0)
c independent of temperature as previ-

ously discussed in Sec. 6.2.2. Including the δξij then shifts rc/LT according to
Eq. (6.14), thus the equation determining Tc is written

Tc =
~
2e
J0 e

−r(0)
c /LTc−1+π2

8

∣∣φ
∣∣
, (6.24)

Expanding with respect to small φ, we obtain

Tc(H)− Tc(0)

Tc(0)
∼ π2

4

LTc(0)

r
(0)
c

∣∣HS
∣∣

Φ0
. (6.25)

117



CHAPTER 6. SUPERCONDUCTOR MAGNETOENHANCEMENT

The above analysis has a mean-field character in that it neglects fluctuations
of the phase between “rigid” couplings. However, we expect the conclusions to
be correct in the strong-disorder limit (W � LT ), where all but a vanishing
fraction of couplings in the percolating network are much stronger than the
putative Tc. Indeed, the authors of Ref. [153] checked the validity of the per-
colation theory via Monte Carlo simulations, and found that Tc is given by
Eq. (6.23) up to a factor of order 1.

This shows that the magnetoenhancement of Tc behaves analogously to the
magnetoenhancement of Ns. Namely, the linear dependence on |H| applies for
fields larger than the previously mentioned exponentially small cutoff φ > e−ξc ,
but the change in Tc is still positive below the cutoff.

6.3 High-temperature magnetoenhancement

In the superconducting glass regime (rG . R), the couplings Jij in Eq. (6.1) have
random signs in the absence of a magnetic field. The frustration thus induced
makes the theoretical problem difficult at low temperature. As with spin glasses,
most physical properties are out-of-equilibrium and time-dependent. It is not
even clear how to define the superfluid density in general. Therefore, in this
section we restrict ourselves to the case of high temperatures T � (~/2e)|Jij |,
where the system is in the normal state, and show that the superconducting
correlation function,

Akl =
〈
ei(θk−θl)

〉
= Tr

[
ei(θk−θl)

e−βH

Z

]
, (6.26)

is enhanced by a magnetic field. Here, the Hamiltonian H (not to be confused
with the magnetic field) is given by Eq. (6.1), β = 1/T , and Z is the partition
function.

This correlation function controls the critical current in a junction composed
of two S-wave bulk superconductors forming a sandwich around a granular D-
wave composite (see Fig. 6.1) in the regime where the temperature is below the
critical temperature of the S-wave leads.

The sign of the coupling Jij in the glass regime depends on the relative
orientation of the order parameter between the two grains. We model this
dependence by including a factor cos 2(Θi −Θj) in Eq. (6.6), where Θi is the
orientation of the positive node of the order parameter on grain i. This factor
respects the D-wave symmetry of the grains: it retains its sign if either grain
rotates by π and changes sign if either grain rotates by π/2. Furthermore, since
the enhancement of the correlation function relies on long-distance universal
behavior, as discussed below, we neglect the variation in all other quantities
affecting Jij for simplicity. This includes the relative phases χij in Eq. (6.6).
Thus we model the Josephson couplings as

Jij = J0 e
iζij cos 2

(
Θi −Θj

)
, (6.27)

where ζij = A(r) · rij and Θi is uniformly distributed in [−π, π].
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Figure 6.4: The disorder-averaged change in correlation length as a function of
magnetic field H.

The standard high-temperature expansion of Eq. (6.26) gives the correlation
function as a sum over paths Γ from grain k to grain l:

Akl =
∑

Γ

AΓ, AΓ ≡
∏

〈ij〉∈Γ

(
π~β
2e

Jij

)
. (6.28)

The product over 〈ij〉 ∈ Γ runs over all links along path Γ. Furthermore, since
(~β/e)|Jij | � 1, the leading-order terms in the path sum Eq. (6.28) correspond
to directed paths. See Fig. 6.1 for a qualitative example of such directed paths.
In the high-temperature regime, the correlation function decays exponentially
at large distance: ln |Akl| ∼ −r/Ξ(H).

It follows from Eq. (6.28) that

1

Ξ(H)
= ln

2e

π~βJ0
− lim
r→∞

1

r
ln
∣∣∣
∑

Γ

∏

〈ij〉∈Γ

eiζij cos 2
(
Θi −Θj

)∣∣∣. (6.29)

We have conducted numerical simulations of this model on a 2D square lattice
in a uniform perpendicular magnetic field. The average change in correlation
length, E[Ξ(H)] − E[Ξ(0)], is plotted as a function of H in Fig. 6.4. At low
magnetic field, Ξ increases in a non-analytic way:

Ξ(H)− Ξ(0)

Ξ(0)
∼
(

Ξ(0)2 |H|
Φ0

)α
, (6.30)

with α = 0.59±0.03. This non-analyticity derives from the statistics of directed
paths in disordered media. Indeed, as we have discussed in depth in Chap. 5, the
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model defined by Eqs. (6.27) and (6.28)) belongs to the same universality class as
that used to describe negative magnetoresistance in hopping conductivity [108,
112,121,127]. Thus the exponents at small field are the same. The universality
of the long-distance behavior justifies our use of Eq. (6.27), since the exact
microscopic details do not matter.

However, at short distances, the model given by Eq. (6.27) has much more
constructive interference than in hopping conduction problems, because the sign
of the paths going to grain i are all correlated with the orientation Θi. Thus at
large field, where the magnetic length becomes comparable to the “sign disor-
dering length” of Eq. (6.28) (see Chap. 5), the magneto-correction to Ξ becomes
negative. We see this in Fig. 6.4.

To summarize, we have shown that in certain parametric regimes, the ap-
plication of a magnetic field leads to non-analytic enhancement of both the
superfluid stiffness and the critical temperature in disordered D-wave compos-
ites. Heuristically, the magnetoenhancement stems from the suppression of
destructive interference between Cooper pairs carrying positive and negative
amplitudes, although the length scale on which this suppression takes place
varies between the cases which we have considered: it is short compared to the
inter-grain spacing in the Mattis regime, and large in the glass regime. This
picture does not rely on any specific microsopic model, and we view these results
as proof of principle for the magnetoenhancement of superconductivity.
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Garćıa. Quantum quenches in disordered systems: Approach to thermal
equilibrium without a typical relaxation time. Phys. Rev. E, 85:050102,
May 2012.

[18] Hyungwon Kim, Tatsuhiko N. Ikeda, and David A. Huse. Testing whether
all eigenstates obey the eigenstate thermalization hypothesis. Phys. Rev.
E, 90:052105, Nov 2014.

[19] Adam M. Kaufman, M. Eric Tai, Alexander Lukin, Matthew Rispoli,
Robert Schittko, Philipp M. Preiss, and Markus Greiner. Quantum ther-
malization through entanglement in an isolated many-body system. Sci-
ence, 353(6301):794–800, 2016.

[20] Rubem Mondaini, Keith R. Fratus, Mark Srednicki, and Marcos Rigol.
Eigenstate thermalization in the two-dimensional transverse field ising
model. Phys. Rev. E, 93:032104, Mar 2016.

[21] Anatoly Dymarsky, Nima Lashkari, and Hong Liu. Subsystem eigenstate
thermalization hypothesis. Phys. Rev. E, 97:012140, Jan 2018.

[22] M. L. Mehta. Random Matrices and the Statistical Theory of Energy
Levels. Academic Press, 1967.

[23] Norbert Rosenzweig and Charles E. Porter. ”repulsion of energy levels”
in complex atomic spectra. Phys. Rev., 120:1698–1714, Dec 1960.

122



BIBLIOGRAPHY

[24] L. P. Gorkov and G. M. Eliashberg. Minute metallic particles in an elec-
tromagnetic field. JETP, 21(5):940, 1965.

[25] H. S. Camarda and P. D. Georgopulos. Statistical behavior of atomic
energy levels: Agreement with random-matrix theory. Phys. Rev. Lett.,
50:492–495, Feb 1983.

[26] O. Bohigas, M. J. Giannoni, and C. Schmit. Characterization of chaotic
quantum spectra and universality of level fluctuation laws. Phys. Rev.
Lett., 52:1–4, Jan 1984.

[27] C. W. J. Beenakker. Brownian-motion model for parametric correlations
in the spectra of disordered metals. Phys. Rev. Lett., 70:4126–4129, Jun
1993.

[28] Arijeet Pal and David A. Huse. Many-body localization phase transition.
Phys. Rev. B, 82:174411, Nov 2010.

[29] David J. Luitz, Nicolas Laflorencie, and Fabien Alet. Many-body localiza-
tion edge in the random-field heisenberg chain. Phys. Rev. B, 91:081103,
Feb 2015.

[30] Maksym Serbyn and Joel E. Moore. Spectral statistics across the many-
body localization transition. Phys. Rev. B, 93:041424, Jan 2016.

[31] Vadim Oganesyan and David A. Huse. Localization of interacting fermions
at high temperature. Phys. Rev. B, 75:155111, Apr 2007.

[32] Lea F. Santos and Marcos Rigol. Onset of quantum chaos in one-
dimensional bosonic and fermionic systems and its relation to thermal-
ization. Phys. Rev. E, 81:036206, Mar 2010.

[33] Corinna Kollath, Guillaume Roux, Giulio Biroli, and Andreas M Läuchli.
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