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Electronic structure methods are one of the most powerful tools in the computational tool-

box to provide an atomistic understanding of molecules and materials. Among all electronic

structure methods, Density functional theory (DFT) has become the standard choice for

electronic structure calculations on molecules, clusters, surfaces, and solids, with thousands

of papers published and new, improved, and more accurate functionals proposed almost

every year. DFT methods have also gained great success in understanding the structural,

thermodynamic, and electronic properties of nanomaterials like quantum dots and perovskite

solar cells. However, with a growing demands for a deeper understanding of those nanoma-

terials, DFT has reached a bottleneck. Either the material system we are looking into is too

complicated to be handled by DFT under current computational resources, or the physics

we are targeting is beyond the capability of DFT. Therefore, more accurate and efficient

methods need to be developed to better study nanomaterials. This dissertation covers both

success stories of nanomaterials modeling by DFT, and efforts of developing new electronic

structure methods for nanomaterials. After a brief introduction to the preliminary theory

concepts in Chapter 1, Chapter 2 focuses on using DFT to rationalize experimental findings

and predict the chemical and physical properties of the lead halide perovskites. Chapter 3

demonstrates the effort of pursuing the tractability of electronic structure methods to handle

even larger chemical systems with no periodicity. Chapter 4 focuses on including relativis-



tic effects in electronic structure methods with the goal of accurate modeling of the wave

functions of nanomaterials. Chapter 5 focuses on modeling external field and environmental

effects. Though the benchmark and examples to the methods detailed in Chapter 4 and 5

are not real nanomaterial systems, the implementations are general and fully compatible to

study the nanomaterial systems like metal or semiconductor clusters.
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Chapter 1

THEORETICAL PRELIMINARIES

1.1 Quantum Mechanics and Wave Function

The postulates of quantum mechanics establish that a pure state of a given system is de-

scribed by a state or ket vector, |Ψi〉, belonging to a mathematically well-defined vector

space, i.e., the Hilbert space denoted by H. Such vector is defined as a wave function and

the inner product on H is defined as an expectation value. Here we simply mention that

H is a vector space defined on the complex numbers set: it has the inner or scalar product

defined; it has an infinite dimension; and it is complete. This last property is especially

important and means that, for any vector |Ψi〉 ∈ H, there exists a family of infinite and

complex numbers, {cki}, and an infinite family of vectors, |Φk〉 to satisfy

|Ψi〉 =
∑

cki |Φk〉 (1.1)

Now, recall that the goal of all quantum chemical methods is to obtain approximate solutions

to the eigenvalue problem defined by the time-dependent Schrödinger equation

i~
d

dt
|Ψi〉 = Ĥ |Ψi〉 (1.2)

And in most cases, Eq. (1.2) can be further simplified to a general time-independent equation

if we only care about the ground state properties of a static system:

Ĥ |Ψi〉 = Ei |Ψi〉 (1.3)

where Ĥ = T̂ + V̂Ne + V̂ee is the usual electronic Hamiltonian hermitic operator in the

Born−Oppenheimer approximation and includes the kinetic energy of the electrons (T̂ ), the

nucleus−electron potential (V̂Ne), and the electron−electron repulsion (V̂ee).
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1.2 Hartree-Fock Theory

Hartree-Fock theory is one of the most important approximations in the electronic structure

method. The simplest N -electron wave function that can be imagined consists of a single

Slater determinant.

|Ψ0〉 =
1√
N !

det |ψiψj...ψN〉 (1.4)

The HF ground-state energy is determined by minimizing the energy functional E0 =

〈Ψ0| Ĥ |Ψ0〉 with the constraint that the orbitals remain orthogonal to each other. This

is done by setting the linear variation in the following Lagrangian to be zero

L = 〈Ψ0| Ĥ |Ψ0〉 −
∑
ij

εij(〈ψi | ψj〉 − δij) (1.5)

where i, j are Lagrange multipliers and 〈ψi | ψj〉 is the overlap between two orbitals. Eval-

uating the conditions that make the variation zero leads to a set of one-electron eigenvalue

problems

f̂ψi = εiψi (1.6)

where f̂ is the well-known one-electron Fock operator, the sum of the kinetic energy, nuclear

attraction energy, and Coulomb and exchange effective potential operators. These effective

potentials average the interaction with the rest of the electrons and is given by the orbitals

themselves. Therefore, Eq. (1.6) must be solved in a self-consistent way. It is usually

transformed to a matrix form by expanding the orbitals in a given atomic orbtial (AO)

basis. These molecular orbitals are often described as linear combinations of atomic-orbitals

(LCAO). The spatial part of the spin orbitals are expanded in a finite set of atomic orbital

(AO) basis functions

ψ(r) = φ(r)σ(ω) (1.7)

φ(r) =
M∑
µ=1

Cµkχmu(r) (1.8)
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where Cµk are molecular orbital (MO) coefficients and χµ(r) are the basis functions. The

basis functions are usually nuclei centered Gaussian or Slater-type functions[14], but in some

software packages they are plane waves [24] or numerical basis[328].

The stationary condition of Eq. (1.5) can be satisfied by solving the generalized eigenvalue

problem

FC = SCE (1.9)

where C is the matrix representation of the aforementioned Cµk, i.e., MO coefficients. and

S is the overlap matrix now appearing because the basis set orbitals are centered in different

nuclei, hence, are not orthogonal. The matrix in Eq. (1.9) is also solved iteratively, and the

whole procedure is termed the self-consistent field (SCF) method. An important remark

here is that since a variational approach is used, the HF scheme is aimed at approximating

the ground-state wave function only.

1.3 Density Functional Theory

The Hartree-Fock theory described in the previous section provides reasonable approaches to

obtain the wave functions from the time-independent Schrödinger equation, Eq. (1.3). From

the approximate wave function the total energy can be obtained as an expectation value, and

the different density matrices, in particular the one-particle density matrix, can be obtained

in a straightforward way as

ρ0( ~X) = N

∫
Ψ∗0( ~X1

~X2, ..., ~XN)Ψ0( ~X1
~X2, ..., ~XN)d ~X2

...d ~XN (1.10)

where the subindex zero indicates that this is the ground-state density arising from the

ground-state wave function Ψ0. The integration in Eq. (1.10) is carried out for the spin

and space coordinates of all the rest of electrons. In 1964 Hohenberg and Kohn proved a

theorem that states that in certain conditions the inverse of this proposal also holds. [113]

They proved that for a non-degenerate ground state the one-electron density determines the

electronic Hamiltonian and wave function. They have also proven that for any N -electron

system, there exist a universal functional to satisfy that the total energy is a functional of the



4

density. The resulting theoretical framework is nowadays referred to as density functional

theory or simply DFT. [230] The foundation of DFT is further consolidated by the second

theorem of Hohenberg and Kohn, which is a variational theorem stating that the ground-state

energy is a minimum for the exact density.

Later, Kohn and Sham proposed a general framework which permits the practical use of

DFT.[146] The Kohn-Sham formalism assumes that for any real system of electrons, there

is a fictitious system on N non-interacting electrons experiencing the real external potential

and showing exactly the same electron density as the real system. This allows one to define

a convenient reference of N one-electron systems as a Slater determinant. In this way DFT

permits handling of discrete and periodic systems (vida infra). The reference system allows

a trial density to be obtained, but one still needs to compute the energy of the real system,

E[ρ] = Ts[ρ] + VNe[ρ] + VCoulomb[ρ] + VXC[ρ] (1.11)

The first term is the kinetic energy of the noninteracting electrons, the orbitals are re-

introduced through the Slater determinant to better describe the kinetic energy.

Ts[ρ] = −1

2

N∑
i

〈ψi| ∇2 |ψi〉 (1.12)

the second term accounts for the contribution of the nuclei attraction,

VNe[ρ] =
∑
A

∫
dr

ZAρ(r)

|RA − r|
(1.13)

and the third one corresponds to the Coulomb repulsion

VCoulomb[ρ] =
1

2

x
drdr′

ρ(r)ρ(r′)

|r− r′|
(1.14)

Finally, the fourth term accounts for all the remaining effects, i.e., the contribution to the

kinetic energy due to the fact that electrons are interacting, the exchange part due to the

Fermi character of the electrons, and the correlation contribution of the electron densities.

The Kohn-Sham form of DFT is solved in the almost same way as HF. A Lagrangian is
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formed with the constraint that the orbitals remain orthogonal to each other.

L = EDFT[ρ]−
∑
ij

εij(〈ψi | ψj〉 − δij) (1.15)

The stationary condition that makes the variation in this Lagrangian zero leads to

f̂KSψi = εiψi (1.16)

where a unitary transformation has made the Lagrange multipliers diagonal. The Kohn-

Sham operator can now be defined as

f̂KS(r) = ĥ(r) +

∫
dr′

ρ(r′)

|r − r′|
+ vxc(r) (1.17)

where

vxc(r) =
∂Exc[ρ]

∂ρ(r)
(1.18)

Even though the universal functional form is unknown, there have been tremendous efforts

of developing approximated exchange-correlation functionals within KS theory to address

different problems over the past twenty years. DFT has already become almost the standard

choice for electronic structure calculations on molecules, clusters, surfaces, and solids, with

thousands of papers published and new, improved, and more accurate functionals proposed

almost every year.

1.4 Atomic Orbital Basis

Both HF and DFT require solving the generalized eigenvalue problem under concept of or-

bitals, which are a set of mathematical functions commonly named basis set. Although, as

previously mentioned, any basis set that sufficiently spans the space of electron distribu-

tion could be used, the concept of Molecular Orbitals as Linear Combinations of Atomic

Orbitals (LCAO) suggests a very natural set of basis functions: Atomic-Orbital (AO)-type

functions centered on each nuclei. One obvious choice are the exact hydrogen AO’s, known as

Slater-type orbitals (STO), describing the radial component of the functions. However, the
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computation of the integrals is greatly simplified by using Gaussian-type orbitals (GTO) for

basis functions. GTOs are widely used in the computation from atom to molecules to even

large metal clusters. The most popular ones are split valence basis set, e.g., 6-31G, proposed

by Pople [61] and correlation consistent basis set, e.g., cc-pVDZ, proposed by Dunning. [72]

1.5 Pseudopotential, Plane-wave, and Periodic Boundary Condition

The re-introduction of the orbitals in the KS framework makes DFT again depends on the

number of electrons and orbitals in the systems. The computational cost scales cubically

with the number of basis functions in the system and causes numerical troubles when the

system size is very large, for instance, metal solids. Therefore, a lot of techniques have been

introduced and invented to reduce the dimension of the generalized eigenvalue problems.

The pseudopotential is an attempt to replace the complicated effects of the motion of

the non-valence electrons of an atom and its nucleus with an effective potential, so that the

Schrödinger equation contains a modified effective potential term instead of the Coulombic

potential term for non-valence electrons normally found in the Schrödinger equation. The

projector augmented wave methods (PAW) is a generalized method of the pseudopotential

that assists the DFT to performed with greater computational efficiency.[24] Compared to

other pseudopotential methods, PAW improves accuracy for magnetic materials, alkali and

alkali earth elements, 3d elements, lanthanides and actinides.

Besides pseudopotentials, periodicity must be adopted to model the infinite expanded

bulk metals and semiconductors. The extended system may be represented by a single unit

cell. The interactions within the unit cell can be computed as per normal quantum chemistry

method, while the interaction between the unit cells can be solved through Born-von Kármán

equation:

Ψ(r +Nā) = Ψ(r) (1.19)

where N is an integer, ā is the lattice vector. Equation (1.19) can be easily satisfied if the

plane-wave basis set is utilized to represent the one-electron wave-function.
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ψnk(r) = eikrunk(r) (1.20)

in which n is the band (orbital) index and k is the planewave vector. In software packages

like VASP, it adopts all aforementioned techniques to fix the core electrons, using pseudopo-

tentials, and and expand the valence-and-above Kohn-Sham orbitals using plane-waves under

periodic boundary conditions. Those settings assure accurate, but rather fast calculations of

infinite expanded metal and semiconductor systems.

1.6 Summary

With the advances of modern computers, the HF and DFT (mostly DFT) methods have

been widely used in chemistry, both to serve as the rationalization of experiments and the

prediction of novel chemical and physical properties. Nowadays, a modern high-performance

computer cluster can roughly handle DFT calculations within one thousand atoms. Nu-

merous efforts has been devoted to use DFT to study the electronic, optic, and magnetic

properties in nanomaterials.

For some system like quantum dots or metal clusters with no obvious periodicity, DFT

calculations are usually performed using atomic orbital basis using software like Gaussian.

On the other hand, for systems with obvious periodicity, like several hundred nanometer

semiconductor crystal grains, even though they are still in the nanometer scale, quantum

confinement effect merely appear on such sizes. It is generally reasonable to treat those

systems using a plane-wave basis with periodic boundary conditions. VASP is the most

commonly used software to perform these DFT calcualtions.

However, one need always keep in mind that in the whole realm of electronic structure

theory, DFT serves more like a compromise between the accuracy and computational afford-

ability. One can easily find a nanomaterial system whose physical nature is far beyond the

capability of conventional DFT (heavy metal clusters who has significant zero-field splitting)

or a nanomaterial system which is too large and complicated to be handled by DFT with

the current computation resources (usually quantum dots whose radii are larger than 2 nm).
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This dissertation stands for the effort of modelling nanomaterials using DFT and beyond.

The following of this dissertation will be divided into four part. In Chapter 2, I will discuss

several examples of using conventional DFT to predict the chemical and physical properties

in the bulk and interface of semiconductors. Chapter 3 focuses on improving the tractability

of electronic structure methods like HF and DFT, I will discuss the demand and solution

of calculating even larger non-periodic nanomaterial systems, e.g., quantum dots containing

over 10,000 atoms.Chapter 4 and 5 focuse on pursuing the description of highly accurate wave

functions beyond the DFT method, I will focus on the recent development of some post-HF

electronic structure methods. The new methods has been implemented in an efficient and

computationally economical fashion which makes it possible to be applied to the nanomaterial

systems.
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Chapter 2

MODELING NANOMATERIAL WITH DENSITY
FUNCTIONAL THEORIES

The past twenty years have witnessed a rapidly growing demands of a in-depth under-

standing of materials from the atomistic level. More and more experimentalists rely on

computation insights to optimize material design processes and rationalize novel phenomena

to the fundamental physics. As the most frequently used tool in the computational toolbox,

DFT has been extensively used to reveal the energetics and band structures of materials.

In this chapter, I am showing two examples of using conventional DFT to model nanoma-

terials. In the first example, an AO and plane-wave combined DFT approach is used to 1)

optimize the geometries of the FAxPEA1−xPbI3 on the grain boundary. 2) help rationalize

the structural and composition influence on the stability of FAxPEA1−xPbI3 perovskite. In

the second example, a plane-wave based DFT investigation has been carried out to profile

the defect properties in the trivalent metal ion doped CsPbCl3 perovskites. The first part of

this chapter is adapted with the permission from Nan Li, Zonglong Zhu, Chu-Chen Chueh,

Hongbin Liu, Bo Peng, Alessio Petrone, Xiaosong Li, Liduo Wang, Alex K-Y Jen, Adv. En-

ergy Mater. 2017, 7, 1601307. Copyright c©2016 WILEY-VCH Verlag GmbH & Co. KGaA,

Weinheim. [169]

2.1 Modeling Phase Stability in Mixed Cation Lead Iodide Perovskites

2.1.1 Introduction

Recently, organic-inorganic metal halide perovskites have drawn tremendous research atten-

tion among the photovoltaic (PV) community due to their superior semiconducting prop-

erties and facile solution processability.[50, 322, 283, 104] To date, the dynamic research
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efforts have resulted in very high power conversion efficiency (PCE) in derived perovskite

solar cells (PVSCs) with the highest certified PCE reaching 22.1%, which is on par with

other high-performance inorganic solar cells.[309] Three-dimensional (3D) hybrid organic-

inorganic perovskites are materials with a ABX3 crystal structure, where A+ is an organic

cation or cesium cation (Cs+), B+ is a metal cation, and X− is a halide anion, respectively.

[95, 128, 133, 229, 280, 285] In principle, the electronic band structures of a hybrid per-

ovskite are governed by the electronic orbitals of B+ and X− ions, while A+ ions are mainly

responsible for keeping the electro-neutrality and cohesion of the lattices.[320, 321] There-

fore, the A+ plays a critical role in affecting the symmetry of perovskite lattice and the

associated phase transformation, which will also influence the resulting band structures and

relevant optoelectronic properties.[182, 202, 325, 326, 308] In general, if the size of A+ is

too large, the 3D framework of ABX3 will be transformed into a lower dimensional crystal

structure, such as a 2D layered structure.[279, 48, 26] Currently, methylammonium lead io-

dide (MAPbI3) is the most commonly studied perovskite composition for high-performance

PVSCs.[271, 34, 162, 247, 223] However, there are several issues that need to be addressed,

such as the photo- and thermal-stability of MAPbI3.[309, 324] This is attributed to its

low crystallization energy and low temperature phase transformation between the tetrag-

onal and cubic phase at 320K.[182, 282, 312] Hence, a significant part of research fo-

cus has been shifted to engineer the perovskite compositions for achieving optimal mate-

rial systems.[77, 232, 160, 6, 296] In this regard, formamidinium lead iodide (FAPbI3) has

been vigorously investigated due to its broader light absorption that extends to near in-

frared (NIR) region, higher decomposition temperature (over 150 ◦C), and decent charge

diffusion length compared to MAPbI3.[77, 232, 160, 6, 296] However, the phase-purity and

-stability of pristine FAPbI3 have also been found as a significant hurdle for developing effi-

cient and stable PVSC. The relatively easy conversion of black α-phase FAPbI3 into yellow

non-perovskite δ-phase limits the resultant photovoltaic performance and long-term stability

of devices.[3, 106, 68] These deficiencies need careful investigation to improve their applicabil-

ity for practical solar cells.[263, 173, 159, 318] Several research groups have recently unveiled
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that phase instability of FAPbI3 can be effectively modulated by employing the mixed-cation

strategy to form perovskites. For example, by mixing FA+ with a smaller cation like MA+ or

Cs+ into FAPbI3, the lattice contraction introduced by the added small cations not only can

facilitate the formation of α-phase but also retard its relaxation back to δ-phase.[317, 19] As

a result, the current state-of-the-art mix-cation MA+/FA+ based PVSC showed a very high

PCE of 21%.[20] Despite the vigorous progress, the FA-based perovskites still suffer from

unsatisfied moisture stability as a result of their easy hydration with H2O.[164] Therefore, it

is imperative to simultaneously improve both their phase and ambient stability.[210, 212] As

mentioned earlier, a 2D layered perovskite will form if the size of the employed A+ exceeds

the tolerance space of a 3D perovskite framework. For example, the phenylethylammonium

iodide (PEAI) has been used to form 2D PEA2PbI4 perovskite, wherein a bilayered PEA+

self-assembles along the inorganic sheet consisting of metal halide octahedron.[264, 211] This

2D structure yields a better ambient stability than that of the 3D counterpart due to the

stronger interlock between the organic and inorganic species.[245, 35] Based on this prin-

ciple, several reports have recently described the intercalation of PEA+ into MAPbI3 to

form 2D/3D (or quasi-3D) hybrid perovskites with improved ambient stability.[176, 144]

The inserted PEA+ can break the 3D perovskite framework to result in quasi-3D perovskite

structures with hydrophobic PEA formed on the surface to improve the ambient stability

of resultant perovskites. In this work, different from the explored strategy of incorporating

a smaller cation, MA+ or Cs+, into FAPbI3 lattice, the larger PEA+ was incorporated into

FAPbI3 perovskite to form FAxPEA1−xPbI3 to demonstrate enhanced phase and ambient

stability in addition to obtaining higher photovoltaic performance in derived PVSC. From

both experimental results and theoretical calculations, the FAxPEA1−xPbI3 phase stability

was shown to greatly improve in quasi-3D perovskite at room temperature. We hypothesize

that PEA+ might migrate into the FAPbI3 grain boundaries to form a self-assembled organic

shell with induced π − π interactions, raising the phase transition energy and enhance its

phase stability. In addition, the hydrophobicity of self-assembled PEA+ layer helps prevent

moisture from interacting with FAxPEA1−xPbI3. The PEA+ and its I− counterion can also
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passivate the surface defects of perovskites to enhance device performance. As a result, a

high-performance (PCE: 17.7%) solar cell with superior phase and ambient stability was

successfully demonstrated.

2.1.2 Results and Discussion

A sequential two-step deposition procedure is employed to process the FAxPEA1−xPbI3 films

in this study (Fig. 2.1a), where a PbI2 layer is formed initially then the FAI or FAI/PEAI

mixed solution is deposited on top of layered PbI2 to convert it into perovskites. The

detailed process information is described in the experiment section. By adopting this 2-step

procedure, the inter-diffusion of FAI/PEAI into the pre-deposited PbI2 matrix can modulate

the PEA+ distribution and self-assembly on both the top surface and grain boundaries

of FAPbI3 through distinct diffusivity and van de Waals interactions between FA+ and

PEA+.[144, 201]

Figure 2.1: Schematic drawing of (a) the deposition of FAxPEA1−xPbI3 films in this study.
(b) The formation of quasi-3D FAxPEA1−xPbI3 crystal. (c) Photographs of the prepared
FAxPEA1−xPbI3 films, where N is the molar ratio of FA+ to PEA+.
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Previous reports have shown that the incorporation of larger organic cations can result

in mixed 2D/3D perovskites with their crystal growth direction perpendicularly oriented to

the substrate.[144, 201] Fig. 2.1b illustrates the schematic drawing of self-assembled PEA+

in perovskite films. The PEA layer can form both on the lattice surface and within the grain

boundaries via self-assembly to form quasi-3D perovskite structures. Different molar ratios

(N) of FAI to PEAI could be adjusted by adding PEAI into the FAI solution. A yellow

2D PEA2PbI4 film will form if only a pure PEAI precursor solution is added (Fig. 2.1c).

Fig. 2.2 shows the top-sectional scanning electron microscopy (SEM) images of the prepared

FAxPEA1−xPbI3 films. All of them exhibit a smooth and homogenous morphology without

any pinholes or severe aggregations but only with slightly different grain sizes. Such high

quality films are critical for their performance in derived PVSC.



14

Figure 2.2: Top SEM images of FAPbI3 and FAxPEA1−xPbI3 films with different magnifi-
cations. (a,b) FAPbI3, (c,d) N = 60, (e,f) N = 40, (g, h) N = 20, and (i, j) N=10. N is the
molar ratio of FA+ ion to PEA+ ion.

The absorption spectra of prepared FAxPEA1−xPbI3 films are presented in Fig. 2.3a.

As shown in the spectra, the FAxPEA1−xPbI3 films possess similar profile with an absorp-

tion band-edge around 820 nm, indicating the formation of quasi-3D crystalline FAPbI3

domains instead of 2D PEA2PbI4 (N = 0) domains. In addition, the total absorbance of
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FAxPEA1−xPbI3 films with N between 20 and 60 increases compared to that of the pristine

FAPbI3 (N = ∞), suggesting the addition of a small amount of PEA+ improves the crys-

tallinity of FAPbI3. However, as more PEA+ is added, the absorption of the prepared films

decreases, which may be attributed to the excess larger-sized PEA+ hindering FA+ from

diffusing into the PbI2 layer.

The corresponding X-ray diffraction (XRD) patterns are displayed in Fig. 2.3b. For all

the quasi-3D FAPbI3 films, the characteristic peaks of 13.8◦, 24.2◦, 28◦, and 31.5◦ can

be assigned to the scattering from (111), (021), (222) and (123) crystal planes, which are

apparently distinct to the characteristics of 2D PEA2PbI4. The full width at half max-

imum (FWHM) of the peak at 13.8◦ (Fig. 2.3c) was further estimated. The gradually

decreased FWHM indicates the enhanced crystallization of FAPbI3 as a result of PEAI

addition. The enhanced crystallization may be due to the facilitated vertical growth of

perovskite as reported in the literature,[7a, 22b] or the self-assembled PEA+ at the grain

boundaries behaving like molecular locks to strengthen the intermolecular interactions of

FAPbI3 domains.[144, 117]

To confirm the presence of PEA+ in the prepared FAxPEA1−xPbI3 films, we have further

applied the Fourier transform infrared spectroscopy (FTIR). In the FTIR spectra (Fig. 2.3d),

the feature peak of the alkenyl C=C stretching vibrations from the benzene ring of PEA+

can be clearly seen at 1600 cm−1 and its intensity rises as the amount of incorporated PEA+

increases. Figure 2.3e and f show the X-ray photoelectron Spectroscopy (XPS) results of the

FAxPEA1−xPbI3 films processed with N = 10, 40, ∞, respectively. There is no shift of the

feature peaks in the XPS spectra of FAxPEA1−xPbI3 films, suggesting the FAPbI3 lattice

parameter does not change after incorporating PEA+, which is in agreement with the UV-vis

absorption and XRD results, validating the formation of quasi-3D FAPbI3 as illustrated.
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Figure 2.3: (a) Optical absorption spectra, (b) XRD patterns, (c) magnified (111) peak of
XRD patterns, (d) FTIR spectra, and (e) Pb 4f and (f) I 3d XPS spectra of the studied
FAxPEA1−xPbI3 films.

The phase and ambient stability of prepared FAxPEA1−xPbI3 films are investigated to

understand the effect of PEA+ incorporation on the films stability. All the prepared films

were kept in ambient with a relative humidity of around 40±5%. Figure 2.4a shows the corre-

sponding UV-vis spectra recorded at different storage times in ambient. The pristine FAPbI3
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decomposes totally into yellow phase after being stored for 30 days while the FAxPEA1−xPbI3

film (N = 40) shows much better ambient stability. The pictures of degraded films are pre-

sented in Fig. 2.4b. The color of pristine FAPbI3 changes from black into yellow after being

stored in ambient for 30 days, while the color of the FAxPEA1−xPbI3 film (N = 40) remains

intact in black. Figure 2.4c and d illustrate the XRD patterns of those degraded films as

a function of stored time in ambient, which unravels the possible degradation pathways of

these films. The pristine FAPbI3 first converted into δ-phase FAPbI3 (characteristic peak at

11.7◦) after 5 days storage in ambient, and then completely degraded into PbI2 (characteris-

tic peaks at 12.5◦) after 30 days. On the contrary, the FAxPEA1−xPbI3 film (N = 40) shows

the retarded yellow phase transformation with only a relatively small amount of perovskite

degraded into PbI2 after 30 days in ambient.

Figure 2.4: (a) Optical absorption spectra, (b) XRD patterns, (c) magnified (111) peak of
XRD patterns, (d) FTIR spectra, and (e) Pb 4f and (f) I 3d XPS spectra of the studied
FAxPEA1−xPbI3 films.

To better understand the reason for the improved phase and ambient stability of FAxPEA1−xPbI3

film, we resort to the density functional theory (DFT) simulation. On account of the suffi-

cient characterizations, we propose that PEA+ mainly penetrate into grain boundaries and

substitute the FA+ at the crystal surface. Based on this model, we first studied the stabil-
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ity of α-phase FAPbI3 by calculating the formation energy with different molar fractions of

FA+, and the detailed information is shown in the SI. By gradually substituting FA+ with

PEA+ at the crystal surface, the formation energy of α-phase FAPbI3 changes with different

molar fractions of FA+. The system reaches the most stable state of phase with the highest

formation energy when the FA+ molar fraction is around 95% to 96% (Fig. 2.5).

Figure 2.5: The formation energy change in accordance with the increase of the FA+ mole
fraction in the black phase.

Based on these calculations, we hypothesize the reason for improved phase stability of

FAxPEA1−xPbI3 film. The α- and δ-phase of FAPbI3 lattices have very similar building

layers parallel to the ab plane, which are highlighted with yellow circles in Fig. 2.6a and b.

The significant difference is that the α-phase FAPbI3 has one more FAI layer inserted in its

supercell structure, which is highlighted with the red circle. The black phase can turn into

the yellow phase through some translations of different layers. The existence of PEA+ on the

(-111) surface increases the inter-layer distance and blocks some mismatch pathways, which

could potentially raise the transition energy barrier from the black phase to the yellow phase

as illustrated in Fig. 2.6c and d, thereby enabling the black phase to be more kinetically

stable.
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Figure 2.6: Material calculation: (a) The 1×1×2 supercell of black phase FAPbI3. (b) The
1×1×2 supercell of the yellow phase FAPbI3. (c) The PEA docking on the (-111) surface
of black phase FAPbI3 will prevent the layer translations or mismatch along the a, b, c
directions. (d) The thermodynamic analysis and kinetic hypothesis using a 4-layer black
phase FAPbI3 to a 2-layer yellow phase FAPbI3 transition (number of Pb atoms conserved)
as an example.

The inverted p-i-n planar FAxPEA1−xPbI3-based PVSCs were fabricated in the config-

uration of ITO/NiOx/FAxPEA1−xPbI3/PCBM/bis-C60/Ag.[168, 136] Figure 2.7a shows a

representative cross-sectional SEM image of the fabricated devices, wherein a thick per-

ovskite layer ( 400 nm) was deposited on top of the NiOx hole-transporting layer (HTL)

( 40 nm), followed by the deposition of a PCBM electron-transporting layer (ETL) ( 50 nm)

and a thin bis-C60 surfactant layer ( 10 nm). The energy levels of the fabricated device

illustrated in Fig. 2.7b show the well aligned conduction band minimum (CBM) and valence

band maximum (VBM) of perovskite with the energy levels of employed ETL and HTL,

respectively, which ensures the efficient charge transport and collection in the device.



20

Figure 2.7: (a) The cross-sectional SEM image of the fabricated device. (b) The energy level
diagram of the studied device with a structure of ITO/NiOx/ FAxPEA1−xPbI3/ PCBM/bis-
C60/ Ag. (c) The J-V curve, (d) EQE spectra, and (e) the stable out-put performance curve
of FAxPEA1−xPbI3 devices with the best performance. (f) The performance distribution of
FAxPEA1−xPbI3 (N = 40) devices. (g) The stability evolution of the derived PVSCs. Note
the stabilized photocurrent density (black) and PCE (blue) shown in (e) is measured under
a constant bias of 0.89 V near the maximum power point.

The best PCE of 17.71%, with a VOC of 1.04 V, a JSC of 22.08 mA/cm2, and a FF of

77.14% is realized in the device based on a FAxPEA1−xPbI3 with N=40 and shows negligible
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hysteresis under the forward and reverse scans (Fig. 2.7c). The EQE spectrum is plotted in

Fig. 2.7d, for which the integrated JSC agrees well with the value obtained in the J-V curve.

A plateau of EQE around 80% across 400-750 nm is clearly observed, revealing the high

photon-to-electron conversion of the fabricated device. To further confirm the reliability of

the fabricated PVSC, the stabilized photocurrent measured at a constant bias of 0.89 V near

the maximum power point is examined and presented in Fig. 2.7e. A steady-state PCE of

17.3% is clearly shown. Moreover, the solar cell efficiency histogram of this top-performing

PVSC is evaluated along with the Gaussian fitting as illustrated in Fig. 2.7f, which unravels

an average PCE of 16.4% over 35 devices with good reproducibility. Figure 2.7g shows

that the ambient stability of the FAxPEA1−xPbI3 (N=40) based device is greatly improved,

which retains over 90% of its initial PCE after being stored in air for 16 days under a relative

humidity of 40±5% without encapsulation. On the contrary, the PCE of pure FAPbI3 based

device decays to near zero after 16 days.

It is interesting to note that all the fabricated devices show similar series resistance

(Rs) but distinctly different shunt resistance (Rshunt), which is relevant to the previously

discussed favorable vertical crystal growth induced by the small amount of PEA+ at the

grain boundaries (Fig. 2.1b). The self-assembled PEA+ layer can reduce the lateral charge

leaking, thereby leading to increased Rshunt and FF.

Electrochemical impedance spectroscopy (EIS) has been widely used to measure the

charge transport dynamics in solar cells, such as chemical capacitance, recombination life-

time, and transport properties.[22, 21, 102] As metioned, the PEA+ should be located mainly

at the perovskite surface and grain boundaries, which will also passivate the grain boundary

defects.[176, 144, 117] To further elucidate the charge carieer dynamics in FAxPEA1−xPbI3,

we have measured the EIS for devices derived from FAxPEA1−xPbI3 (N = 40, 60, and

∞). The Nyquist plots of these devices recorded at different applied voltages are shown in

Fig. 2.8a-c. The frequency used for all EIS measurements is ranging from 0.5 Hz to 1 MHz.

All devices were applied with a bias ranging from 0 V to 1 V. The arc at low frequencies

has been assigned as the recombination process[27] and the obtained data was fitted based
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on the commonly used equivaltent circuit model as shown in Fig. 2.8d, where a parallel

bulk resistance (R1)-chemical capacitance (C1) sub-circuit was applied. R2 represents the

surface recombination resistance along with its related capacitance (C2) forming another

sub-circuit, and Rs, C3 and R3 represent the series resistance, geometric capacitance and

internal resistance, respectively. The recombination process in device was investigated by

evaluating its bulk charge recombination lifetime (τrec) from R1 and C1, and surface charge

recombination lifetime (τrec(surface)) from R2 and C2, respectively.[11, 105, 134, 273, 79, 71]

Both τrec and τrec(surface) can be derived from the equation τrec = RrecCrec. The estimated τrec

value for devices based on FAxPEA1−xPbI3 (N = 10, 40, and∞) is similar while the value of

τrec(surface) varies significantly following the order of FAPbI3 < FAxPEA1−xPbI3 (N=40) <

FAxPEA1−xPbI3 (N=10). This result demonstrates that the recombination at the perovskite

surface can be effectively suppressed by the intercalated PEA+, proving its possible role in

passivating the defects located among the grain boundaries.
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Figure 2.8: Impedance spectrum study. The representative Nyquist plots of whole regions of
impedance spectra at different biases (0 V, 0.5V and 1.0 V) of (a) FAPbI3, FAxPEA1−xPbI3

((b) N = 40 and (c) N = 10) based PVSCs. The equivalent circuit (d) is used for fitting the
Nyquist plots. Plots a series of (e) bulk electron lifetime and (f) surface recombination time
of FAPbI3 and FAxPEA1−xPbI3 (N = 40 and N = 10) based PVSCs.

2.1.3 Conclusion

In summary, we demonstrate that both phase and ambient stability of FAPbI3 can be ef-

fectively enhanced by intercalating a larger cation PEA+ into FAPbI3 perovskite to form

mix-cation FAxPEA1−xPbI3 perovskites. PEA+ can self-assemble at the grain boundaries of

3D perovskite grains to form quasi-3D perovskite structures, behaving as molecular locks to

strengthen the intermolecular interactions of FAPbI3. Consequently, the transition energy

from the black phase to the yellow phase is raised, resulting in enhanced phase stability. In

addition, the PEA+ and its I− counterion can also passivate the defects at grain boundaries

with the hydrophobic PEA+ on perovskite surface to enhance the ambient stability of the
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perovskites. As a result, a high-performance FAxPEA1−xPbI3 solar cell with a PCE as high

as 17.7% could be demonstrated with superior phase and ambient stability.

2.2 Modeling Defects in Trivalently doped Lead Halide Perovskites

2.2.1 Introduction

Doped metal-halide perovskites are an emerging class of phosphors that combine the desirable

broadband absorptive properties of perovskite semiconductors with the richly tunable color

emission profiles of sensitized metal ion dopants. A variety of dopants have been incorporated

into perovskites including transition metals (Mn2+, Ni2+, Cd2+, Cu2+),[180, 323, 213, 18]

metalloids (Sn2+, Bi3+),[319] and lanthanides (Y3+, La3+, Ce3+, Sm3+, Eu3+, Tb3+, Dy3+,

Er3+, Yb3+).[4, 209, 155, 54, 228, 330] Among the trivalent lanthanides, ytterbium (Yb3+)

has proven to be an extraordinarily attractive luminescence activator in CsPb(Cl1−xBrx)3.

Yb3+ shows a single emission band centered around 1.3 eV, corresponding to 2F5/2 → 2F7/2

f − f electronic transitions, which is well-aligned with the 1.1 eV band gap of silicon. More-

over, Yb3+-doped CsPb(Cl1−xBrx)3 nanocrystals and thin films exhibit photoluminescence

quantum yields (PLQYs) that exceed 100%, stemming from a unique picosecond quantum-

cutting process. For these reasons, quantum-cutting perovskites are extremely promising

down-conversion materials for efficient solid-state lighting and solar photovoltaics.[330]

Previously, we hypothesized that aliovalent Yb3+ substitution at the B-site of CsPbX3

stabilizes a proximal charge-compensating defect, and that these dopants and defects are elec-

trostatically associated as a charge-neutral defect complex.[209] Based on literature prece-

dent, we hypothesized a Yb3+-VPb-Yb3+ motif in which two Yb3+ dopants are compensated

by one intervening Pb2+ vacancy.[110, 208] This defect cluster was anticipated to play an

integral role in the quantum-cutting mechanism in these materials: following CsPbX3 pho-

toexcitation, the defect complex was hypothesized to rapidly trap the excitation energy,

thereby depopulating the exciton, and this trapped energy is then divided to excite two

Yb3+ ions into their luminescent excited state. The existence of such a dopant-induced de-
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fect has been confirmed by direct observation of shallow trap luminescence in lanthanum

(La3+) doped CsPbCl3. While the spectroscopic signatures are evident, less is known about

the structural properties of Yb3+ dopants in CsPbX3. Here we apply a combination of com-

putational analysis and chemical synthesis to more closely examine the microscopic defect

structure of CsPbX3 perovskites doped with trivalent metal ions.

2.2.2 Experiments

We prepared a series of M3+-doped CsPbCl3 bulk powders by solid-state mechanochemical

grinding of stoichiometric metal-halide salts using an agate mortar and pestle. The resulting

powders are composed primarily of the desired CsPbCl3 phase as determined by powder

X-ray diffraction, Fig. 2.9. Similar to previous reports on manual grinding of metal-halide

perovskite semiconductors, excess precursor and other phases are also present in the product

powder. Specifically, we detect excess PbCl2 and a CsCl-rich Cs4PbCl6 phase in all samples

studied here.

Figure 2.9: X-ray diffraction patterns for undoped (black), 3% La3+-doped (blue), 3% Lu3+-
doped (green), and 3% Yb3+-doped (red) CsPbCl3 powders. Reference indices are for shown
for Pnma CsPbCl3 (orange) and I4/mcm CsPb2Cl5 (purple).

Figure 2.10 presents photoluminescence (PL) spectra of undoped (black), 3% La3+-doped
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(blue) and 3% Lu3+-doped (red) CsPbCl3 powders at 45 K under 375 nm photoexcitation.

The undoped sample shows characteristic band-edge emission centered at 2.97 eV and a

broad emission band centered near 1.64 eV. This broad feature has previously been assigned

to defect emission from lattice chloride vacancies. [143, 301] Similar to what has been

observed for nanocrystals [209] and polycrystalline thin films. [155]

Figure 2.10: Photoluminescence spectra of undoped (black), 3% La3+-doped (blue), 3%
Lu3+-doped (red) CsPbCl3 powders at 45 K under 375 nm photoexcitation.

La3+ and Lu3+ were selected as dopant candidates because they are optically inert

with completely empty or full f orbitals, respectively. They also have the same charge-

compensation requirements as Yb3+ with comparable ionic radii. Thus, introduction of

La3+ and Lu3+ should introduce a similar microscopic dopant structure as Yb3+, but should

not introduce ion-specific emission. Instead, emergent emission features can be ascribed to

dopant-induced defects. As shown in Fig. 2.10, incorporation of La3+ and Lu3+ also quenches

the defect emission band at 1.64 eV. Beginning at 60 K, we observe the growth of a new

band lower in energy than the exciton. This band peaks in intensity between 45 and 50 K

and is rapidly quenched at temperatures lower than 40 K. Full temperature-dependent PL

data for Lu3+-doped CsPbCl3 is included in the Fig. 2.11.
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Defect Binding Energy (eV) m∗e/me Defect Bohr Radius (nm)

La3+ 0.114 0.138 1.56

Lu3+ 0.161 0.196 1.10

Table 2.1: The calculated defect Bohr radius of Lu3+ and La3+-doped CsPbCl3.

Figure 2.11: Temperature-dependent photoluminescence spectra of 3% Lu3+-doped CsPbCl3
powder under 375 nm photoexcitation.

We extracted the M3+-induced defect binding energies by taking the peak difference

between band-edge and induced-defect emission bands. The corresponding defect Bohr radii,

assuming a dielectric constant, εr, of 4.07 for CsPbCl3,[241] are calculated using Eq. (2.1)

and Eq. (2.2) and reported in Tab. 2.1, where ∆E is the experimental measured Stokes shift.

m∗e
me

=
8ε20h

2

mee4
×∆Eε2r =

∆Eε2r
13.6

(2.1)

Defect Bohr Radius [nm] =
4πε0~2

e2me

εr

(m
∗
e

me
)

= 0.053
εr

(m
∗
e

me
)

(2.2)

2.2.3 DFT Simulations

Density functional theory (DFT) calculations have been carried out to further investigate the

effect of different M3+ dopant on the electronic structures of CsPbCl3. Five dopants, Al3+,
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Lu3+, Yb3+, Y3+, La3+, have been chosen in the computational modelling. The calculations

start from a cubic CsPbCl3 perovskite with a lattice constant of 5.727 Å. All electronic struc-

ture calculations are performed using the VASP software package with projector-augmented

wavefunctions.[151, 150, 24] The calculations used the Perdew-Burke-Ernzerhof functional

with an energy cut-off of 300 eV.[238] For Cs, Pb, and Cl atoms, 5s5p6s, 6s6p, and 3s3p

valence electrons were explicitly treated, respectively. For the Al3+, Y3+ dopants, the 3s3p,

4s4p5s4d valence electrons were explicitly treated, respectively. For La3+, Yb3+, and Lu3+

dopants, the 6s5p5d were explicitly treated. We first optimized the CsPbCl3 unit cell at a

Γ-centered 6×6×6 k-point grid of the Brillouin zone. The total energy convergence is set to

10−6 eV and we assume the geometry relaxation converges when the max Hellman?Feynman

force on each atom was below 0.001 eV/Å. A 5×5×5 supercell was then expanded based on

the optimized unit cell structure. The density of states of the supercell was then calculated

at a Γ-centered 3×3×3 k-point grid of the Brillouin zone. The band structure is calcu-

lated along all special k-points of the cubic lattice: Γ(0,0,0), X(0,1/2,0), R(1/2,1/2,1/2),

M(1/2,1/2,0) [272]
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Figure 2.12: The electronic structures of undoped CsPbCl3. (A) The density of states (B)
The band structure (C) The wave function at VBM (D) The wave function at CBM of cubic
CsPbCl3. All calculations are done on a 5×5×5 supercell, containing 625 atoms (except the
dash lines in B, which correspond to the band structures of the unit cell, containing only 5
atoms). The band gap is on the R(1/2,1/2,1/2) point instead of Γ(0,0,0) point.

The supercell expansion flattened the band-structure (as shown in Fig. 2.12B, compared

to ref.[241]), but all the other electronic structures remain the same. The band-gap still

located on the R point of the Brillouin zone. The VBM is mostly consist of the chloride

p-orbitals and the CBM is mostly consist of the lead p-orbitals (as shown in Fig. 2.12A, C,

and D). As expected, standard DFT underestimates the bandgap in the CsPbCl3 material

substantially. [16] The calculation gives a band gap of 2.2 eV (3.1 eV as measured and

shown in Fig. 2.10), which is consistent with previous calculations. [241, 172] The spin-orbit

coupling is not considered in the paper due to tremendous computational cost. According to

the literatures, the higher level of calculations, e.g., including spin-orbit coupling, using GW

method or hybrid functionals can give accurate band-gaps, but would not virtually alter the

band-structures. [16]
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By modifying the supercell structure, we can get the various types of the M3+-doped

CsPbCl3 defects. All types of defects (linear, diagonal, A1 and A2 type) studied in this paper

has been summarized in Fig. 2.13, with defect densities of 0.4×1020 cm−3. The geometries

of the defects are further relaxed with a total energy convergence of 10−4 eV.

Figure 2.13: Four types of M3+-VPb-M
3+ defects.

The formation energy of a defect with charge q can be calculated as [2]

∆Hf (α, q) = Ed(α, q)− Eh +
∑
i

ni(µi + Ei) + q(εhV BM + εF ) (2.3)

Where, Ed(α, q) is the total energy of the defect supercell, Eh is the total energy of the

non-defect supercell. µi is the chemical potential of the constituent i referenced to the total

energy Ei of its pure elemental solid or molecule (Cs metal, Pb metal, and Cl2 molecule for

CsPbCl3). ni is the number of atom i, and q is the number of electrons, transferred from the

supercell to the reservoirs in forming the defect cell. In the case of a M3+-VPb-M
3+ defect,

nM = -2 and nPb = 3. q is the overall charge of the defect. εhV BM is the energy of the VBM.

εF is the Fermi level. Usually, the defect transition energy level can be calculated assuming

the charged defect has the same formation energy as the non-charged defect.

∆Hf (α, q) = ∆Hf (α, q
′) (2.4)

Substituting Eq. (2.3) into Eq. (2.4) will give the transition energy level ε(q/q′) as:

ε(q/q′) =
E(α, q)− E(α, q′)

q′ − q
− εhVBM (2.5)
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The value of formation energy showed in Eq. (2.3) largely depends on the constituent chemical

potential µi, which is bounded by:

∆Hf
bulk
PbCl2

≤ µPb ≤ µbulk
Pb (2.6)

∆Hf
bulk
MCl3

≤ µM ≤ µbulk
M (2.7)

The lower bound of Eq. (2.6) and Eq. (2.7) represents for the metal-poor growth condition,

on the other hand, the upper bound stands for the metal-rich growth condition. In the paper,

we assumed a Pb-rich synthetic condition as suggested by the experiments. We calculate the

formation energy range of M3+-VPb-M
3+ by altering the dopant M3+ growth condition.

As shown in Fig. 2.14, Al3+-defects have much higher formation energy even in the Al3+

rich growth condition. This is because the Al3+ ions are too small (70pm) to be commensurate

to the VPb (133pm) in the lattice, which leads to a severe lattice distortion. Therefore, the

Al3+-defects are much less stable comparing to the other M3+-defects, which are all over

100 pm in ionic radii. The formation energy explains the synthetic difficulty of making the

Al3+-doped CsPbCl3. For the Y3+/La3+/Yb3+/Lu3+-defects, the linear and A1 type defects

always have lower formation energies in the M3+ rich growth condition; while the A2 type

defects always have the highest formation energies in the M3+ rich growth condition. This

means the stability roughly follows the trend of: linear ≈ A1 > diagonal > A2 in all four

M3+ dopants. The energy differences between the linear type and A1 type defects are subtle,

indicating the high possibility of their co-existence in the lattice.

Figure 2.14: The formation energies of linear, diagonal, A1, and A2 types of M3+-defect.
The formation energy ranges are calculated by setting a Pb and M rich condition, i.e.,
µPb = µbulk

Pb = 0, and µM = µbulk
M = 0.
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A main reason to account for the defect stability is the electrostatics. The total en-

ergy change after introducing the defect can be attributed to two coulomb interactions, the

VPb(-2q)-M3+(+q) attraction and M3+(+q)-M3+(+q) repulsion. The linear and A1 defects

maximize the VPb-M
3+ attraction, while the M3+-M3+ distance is well separated in the lin-

ear defect to minimize the repulsion. The detailed electrostatic analysis can be found in

Fig. 2.15. The analysis suggests the linear defect should be slightly more stable than the

A1 defect, however, due to the strain effects in the actual lattice, there are some cases the

formation energy of A1 defects can be slightly lower than the linear defects, e.g. Lu3+ and

Yb3+-doped ones.

Figure 2.15: The electrostatic explanation of the defect stability. From a pure electrostatic
point of view, the stability trend is: linear > A1 > diagonal > A2, which is consistent with
the first principle calculations.

Figure 2.16 shows the defect energy levels of four types of M3+-defects and Figure 2.17

shows the defect Bohr radius in the linear type defects. Similar size-dependencies can be

observed in both figures, i.e., the smaller M3+ ions will lead to a deeper trap (with respect

to the CBM) with smaller defect Bohr radius.

We hypothesize that the lattice commensuration is the key factor governing this size-

dependency. The worse lattice commensuration of the small M3+ ions will cause severer

structural distortion: the Cl atoms will be contracted to the M3+ to form the M-Cl bond,

in consequence, the adjacent Cl-Pb distance will be elongated, which impairs the bonding
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between the defect center and the rest of the lattice, leading to a more locally trapped

defect. On the other hand, in the defect of large M3+ dopants, since their ionic radii are

much similar to the Pb2+, the M-Cl and Cl-Pb bond distances are much more balanced,

leading to a delocalized defect (relative large Bohr radius). On the analogy of the “particle

in a box” model, the more localized wave function corresponds to the lower energy state.

Therefore, within the same type of defect, smaller M3+ dopant will lead to a deeper defect

energy level.

In terms of the different types of defects, the linear and A1 type defects have similar

defect energy levels (except Al3+ doped) and are deepest among the four, while the A2 type

M3+-defects have the shallowest defect energy levels. The observation is consistent with the

results of formation energies. A stable defect (with more negative formation energy) will

have a lower defect energy level, in other word, will create a deeper energy trap.

Figure 2.16: The defect transition energy levels of Al3+, Lu3+, Yb3+, Y3+ and La3+-doped
CsPbCl3. The black line indicates the ionic radius of Pb2+, the red solid horizontal line
indicates the CBM. The linear defects introduce the deepest defects while the A2 defects
introduce the shallowest defects. However, all defects follow a size-dependency of the dopant
ionic radii.
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Figure 2.17: The wave functions of charged defects in linear type M3++-doped CsPbCl3, the
wave functions are plotted at the same isovalue of 0.0002. The two M3+ are aligned along
a-axis in linear type and are diagonally across the a-c plane in A1 type. In both defect types,
the wave functions expand as the size of M3+ dopants increase. The red circles indicate the
rough estimation of defect Bohr radii, which are 0.57 nm, 0.86 nm, 0.86 nm, 0.86nm, 1.28nm,
respectively.

Though both the calculations and experiments reveal a same size-dependent trend on the

defect energy levels. The calculations under estimate the defect Bohr radii and overestimate

of the defect energy levels (equivalent to underestimate the binding energy).

The calculated defect Bohr radii using experimental measured binding energies ranged

from 1.1 nm for Lu3+ to 1.56 nm for La3+ as shown by Tab. 2.1. We can roughly estimate

the defect Bohr radius of linear type M3+-defects from 0.6 nm for Al3+ to 1.2 nm for La3+

based on Fig. 2.17. The underestimation is because the 5×5×5 supercell is not large enough

to show a clear termination of the defect wave function within the lattice boundary.

The overestimation of the defect energy levels is mainly contributed by the overestimation

of the total energy of one-electron charged defect E(α,−1) used in Eq. (2.5). Due to the

computational cost, we used a 5×5×5 supercell, such size may be sufficient enough to prevent

the simple replacement or vacancy or interstitial defect from interacting with its adjacent

charged defect cell, but not for the large defects like M3+-VPb-M
3+. Therefore, the E(α,−1)

used in Eq. (2.5) also accounts for the repulsion from the adjacent charged defect cell.

Therefore, the defect binding energy is systematically overestimated for all defect types

and M3+ dopant. Overall, a larger supercell size might remedy both issues, but far more
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computation resources will be required. Nevertheless, the current supercell modeling is

adequate to provide qualitative agreement with experiments and insights for designing the

M3+-doped CsPbCl3.

2.2.4 Conclusion

In summary, we have combined both experimental and computational approaches to study

the electronic structures of various M3+-CsPbCl3 defects. Through the calculations, we found

that among different types of defects we proposed, the linear defect is the most stable one for

all examined M3+. However, under the same Pb2+-rich and M3+-rich growth condition, its

energy difference with the A1 type M3+-VPb-M3+ defect is subtle, those two types of defects

are likely to co-existence in the realistic experiment conditions. In the same type of defect,

both experiments and calculations confirm that the energy level and Bohr radius of the defect

show a size-dependency with respect to the size of doped M3+ ions. We propose the lattice

commensuration plays important role in the size-dependent trend of defect energy levels, i.e.,

too small M3+ dopant cannot balance the M-Cl and Pb-Cl bond distances, leading to strong

M-Cl and weak Pb-Cl bonds, which make the wave function localize to the close proximity of

the M3+ center, giving rise to a deep trap and small defect Bohr radius. The calculations and

experiments again support the quantum-cutting mechanism in the Yb3+-doped CsPbCl3 and

give insights into the further modification of the CsPbCl3 as more promising down-conversion

materials.
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Chapter 3

MODELING NANOMATERIALS WITH HYBRID
QUANTUM-CLASSICAL METHOD.

In Chapter 2, we focused on the ab initio simulations of bulk materials with the help of

periodic boundary conditions. However, when condense matter solid shrink its size to several

nanometer scale, which ususally means that the size of the material is already smaller than

its exciton Bohr radius, quantum confinement effect is going to introduce many peculiar

properties to the materials. At this time, the periodic boundary condition is no longer a

good approximation to simplify the wave function expansion. Nanocrystal with the size of

5 nm in radius usually contains more than tens or hundreds thousand of atoms, leading to

tremendous amount of atomic basis functions. Modeling those nanomaterials in the atomic

basis is neither a feasible approach. To keep nanocrystal in a tractable size, we need to

introduce more elegant approximation to simplify the degree of freedom in the Schrödinger

equation. Quantum dot is a kind of nanomaterials which has been shown success in modeling

in a mathematical model. The hybrid quantum-classical model shows excellent agreement

with experimental and DFT calculated results in Fermi-levels. The simple mathematical

formalism also allows the further extension of the model. The model can be applied not

only to even aliovalently doped quantum dots to reveal novel physical phenomena. This

chapter is adapter with permission from Hongbin Liu, Carl K Brozek, Shichao Sun, David

B Lingerfelt, Daniel R Gamelin, Xiaosong Li, J. Chem. Phys. C 2017, 121, 26086-26095.

Copyright c©2017 American Chemical Society. [187]
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3.1 Introduction

Addition of excess charge carriers has emerged as a powerful tool for manipulating the physi-

cal and chemical properties of colloidal quantum dots (QDs). Multiple conduction-band (CB)

electrons can be introduced synthetically through aliovalent doping, or through electrochemi-

cal, thermochemical (remote chemical doping), or photochemical reduction (photodoping).[267]

Charge mobilities, carrier dynamics, optical absorption, plasmon resonances, and various

physical properties are altered upon charge accumulation. In certain materials, infrared

plasmonics emerge that are tunable by charge, size, and composition,[152, 51, 269] giving

rise to fascinating electrochromic[96], and magneto-optical behavior.[107] Electrostatic inter-

actions between additional carriers and surface charges leads to dramatic shifts in band-edge

potentials [41] and Stark-shifted luminescence. [315] At a fundamental level, many proper-

ties of excess electrons in charged QDs are not well understood, however. Despite progress

in tuning carrier densities in various colloidal QD materials, such as ZnO, CdSe, PbS, InN,

and In2O3, [266, 257, 145, 194, 268] the factors governing CB electron (e−CB) potentials and

maximum achievable carrier densities remain largely unknown.

Mounting experimental evidence points to surface electrostatics as key determinants of

QD band-edge potentials. Systematic modulation of PbS, HgS, and CdSe surface dipoles has

been shown to tune their band-edge potentials by hundreds of mV.[41, 29, 47] Similar ener-

getic shifts are observed by altering the ion-pairing strength of charged ZnO[40, 30] QDs with

charge-balancing cations of differing coordinating ability. Confinement and inter-electronic

interactions alone cannot account for these experimental observations. A convenient model

is needed to describe excess electrons in charged QDs that accounts for electron-cation sta-

bilization, dielectric effects, and inter-electronic interactions. To the best of our knowledge,

no such model exists.

The “Particle in a Sphere” model [32, 33] is widely used to describe singly occupied

QDs. Expressed in spherical coordinates, it solves the Schrödinger equation, ĤΨ(r, θ, φ) =

EΨ(r, θ, φ). After the separation of variables, the Hamiltonian in the radial equation is
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composed of kinetic, angular, and potential terms, written in atomic units as:

Ĥ = −1

2

d2

dr2
+
l(l + 1)

2r2
+ V (r) (3.1)

The potential V (r) in the Hamiltonian is usually defined as a step function:

V (r) =

−EA, r < R

0, r ≥ R

(3.2)

where EA is the electron affinity and R is the radius of the QD. With the definition of V (r)

in Eq. (3.2), solution of the single-electron Schrödinger equation is analytically tractable,

with wavefunctions and energy levels taking the form:

Ψ(r, θ, φ) = A · Rnl(r) · Y m
l (θ, φ) (3.3)

Enl =
β2
nl

2R2
(3.4)

whereRnl(r) is the spherical Neumann function, Y m
l (θ, φ) is the spherical harmonic function,

and A is a normalization constant. βnl is the solution to the boundary condition of the

spherical Neumann function. This approach gives rise to hydrogenic orbitals, which have

been reproduced using density functional theory (DFT) calculations of QD e−CB.[101]

Whereas the square well potential assumed in Eq. (3.2) is sufficient for singly occupied

QDs in the absence of surface chemistry, it does not describe inter-electronic interactions of

many-electron systems, nor does it account for important experimental parameters such as

charge compensation or the solvent dielectric strength. As electrons populate the CB, inter-

electronic and electron-countercation interactions significantly perturb the effective potential

acting upon a e−CB. In first-principles methods, inter-electronic interactions produce Coulomb

and exchange contributions to the Fermi-level energy (EF ), but such calculations are only

tractable for small clusters of atoms.[300, 101, 224, 97, 219, 49] Here, we present a model

of inter-electronic and electron-cation interactions in multiply charged QDs that, through

comparison with ab initio calculations and experimental results, accurately approximates
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EF of charged QDs. By treating key experimental parameters as explicit variables in the

model, their impact on the energetics of excess electrons can be investigated systematically

for any QD material. We then illustrate how this versatile model can help explain emerging

phenomena in multiply charged QDs.

3.2 Hybrid Quantum-Classical Model

3.2.1 Theoretical Model

The model presented here approximates inter-electronic and electron-cation interactions by

modifying the potential term of Eq. (5.5) to reflect a uniformly charged sphere. To distinguish

our model from the “Particle in a Sphere” model with a square well potential, we term these

the “Charged Sphere” and “Square Well” models, respectively. The “Charged Sphere” model

consists of q− number of electrons inside a spherical QD of radius R with q+ compensating

cations at the QD surface (Fig. 3.1). Employing Gauss’s law, the effective potential outside

the QD (r ≥ R) arises from contributions from both q+ and q−,

V +(r) = − q+

εoutr
, r ≥ R; V −(r) = +

q−

εoutr
, r ≥ R (3.5)

where εout is the dielectric constant of the medium (solvent or vacuum) surrounding the QD.

In Eq. (3.5)–Eq. (3.10), Vr=∞ determines the zero reference.
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Figure 3.1: Pictorial representation of the “Charged Sphere” model.

q+ and q− make different contributions to the potential inside the QD (r < R). Because

q+ is distributed evenly across the QD surface, its contribution is equal everywhere inside



40

the dot, and can be written as

V +(r) = − q+

εoutR
, r < R (3.6)

The contribution of the electric field generated by q− to the potential inside the QD

(r < R) can be evaluated at any distance r using Gauss’s Law (Fig. 3.1) as,

E(r) =

t
ρ(r)dV

r2εr
, r < R (3.7)

where εr and ρ(r) are the dielectric constant and electron density inside the QD. As a starting

point, the electron density and dielectric constant are uniform inside the QD, so that Eq. (3.7)

can be rewritten as

E(r) = − q−r

εRR3
(3.8)

where ρ(r) is replaced by the homogenous e−CB density (ρ−CB) inside the QD, ρ−CB = q−

( 4
3
πR3)

,

and the dielectric constant εr becomes the dielectric constant of the QD, εR. Integrating

Eq. (3.8) from r to ∞ leads to the following expression for the potential inside the QD:

V −(r) = − q−r2

2εRR3
+

q−

2εRR
+

q−

εoutR
, r < R (3.9)

Combining Eq. (3.2), Eq. (3.5), Eq. (3.6), and Eq. (3.9), the potential at any distance r can

be expressed as

V (r) =


− 1

2εR
[q−r2/R3 − q−/R]− 1

εout
[(q+ − q−)/R + EA] r < R

− 1
εout

[(q+ − q−)/r] r ≥ R

(3.10)

Figure 3.2 depicts the combined effect of the square well potential, a quantum mechanical

property defined as EA/εout, and the electrostatic contributions from q+ and q− to the total

effective potential, V (r). Varying q− and q+ in Eq. (3.10) leads to potentials with drastically

different forms, as shown in Fig. 3.2. Two scenarios are presented, q+ > 0 and q+ = 0, to

illustrate the competing effects of q−/εoutR and q+/εoutR on the potential. Unless specified
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otherwise, discussion of the “Charged Sphere” model will refer to the scenario when q+ = q−.

Below, this model is contrasted with the “Anionic Charged Sphere” (q+ = 0) and the “Square

Well” models to explore the impact of electron-cation and inter-electronic interactions.
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Figure 3.2: Illustration of the energetic contributions of the square well potential (brown),
q+ (red), and q− (blue) to the total potential (black), with two specific scenarios highlighted:
q− 6= 0, q+ = 0 (middle, “Anionic Charged Sphere” model) and q+ > 0, q− > 0 (right,
“Charged Sphere” model). V∞ and VCBE denote the potential at r =∞ and at the CB edge
(CBE) of the undoped QD, respectively.

Equation (3.10) suggests that for a given charged semiconductor QD surrounded by a

dielectric medium (e.g., solvent), the potential depends on three tunable parameters: the

size of the quantum dot (R), the excess electron density inside the QD (ρ−CB ∝ q−), and the

density of surface counter cations (ρ+
SUR ∝ q+). In the limit of large crystal radius (R→∞),

it is easy to see from Eq. (3.10) that the potential inside the crystal approaches zero. On

the other hand, in the limit of low ρ−CB (q− = 0) and no surface counter ions (q+ = 0), the

potential in Eq. (3.10) simply converges to the results from the “Square Well” model.

For QDs with multiple e−CB, the QD radius R strongly affects the shape of the potential
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inside the QD. Figure 3.3A plots V (r) as a function of R for a ZnO QD solvated by tetrahy-

drofuran (THF) with q− = q+ = 10. Because evaluating V (r) of undoped ZnO (q− = q+ = 0)

requires an additional uncompensated probe electron, the same procedure was used to plot

Fig. 3.3. To compare against undoped ZnO, therefore, the zero reference was taken as the CB

edge (CBE) of undoped ZnO. ZnO and THF are represented in the “Charged Sphere” model

by choosing EA = 4.2 eV and εout = 7.56, respectively. When R is small, the prominent r2

dependence of the potential inside the QD is consistent with classical Coulombic repulsion

increasing for charges confined to a small volume. As the QD size increases, the potential

inside the QD flattens because the Coulombic repulsion is spread across a larger volume. The

bulk limit is illustrated with a R = 5µm sphere, where the charged sphere model yields the

same results as the“Square Well” model. The exterior potential in Fig. 3.3A follows a similar

size dependence. Charges confined to smaller QDs destabilize the exterior potential more

than when R is large, in which case the exterior potential approaches a bulk limit dominated

by EA and εout. At the boundary (r = R), the potential is zero because the contributions

from both q− and q+ cancel exactly (q− = q+ for all examples shown in Fig. 3.3A).
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Figure 3.3: A: Size-dependence of the potential for a multiply charged ZnO QD with a fixed
number of electrons solvated by THF (q− = q+ = 10). See Eq. (3.10) for the definition of
V (r). B: Electron density-dependence of the potential for a R = 4.6 nm ZnO QD solvated
by THF with fixed q+ = 24. C: Dependence of the potential on increasing numbers of q+, q−

pairs in a R = 3 nm ZnO QD solvated by THF. ZnO and THF are simulated with EA = 4.2
eV, εout = 7.56. r > R regions are shaded in grey. The horizontal red dashed line denotes the
exterior potential bulk limit, EA/εout. The zero reference is set at the VCBE of pure undoped
ZnO for all cases, i.e. q− = q+ = 0.

Figure 3.3B illustrates the effect of ρ−CB ∝ q− on V (r) when q+ is fixed. Both EA and

εout are chosen again to simulate a ZnO QD solvated by THF. As the density increases,

the interior potential rises, being highest at the origin and decreasing quadratically towards

the surface. This behavior arises from inter-electronic repulsion within the classical mean-
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field approximation. Figure 3.3B also illustrates that in accordance with Eq. (3.10) charge

balancing cations (q+ : q− > 1) lower both the interior and exterior potentials. This scenario

is also depicted in the “Charged Sphere” model of Figure 3.2 and represents an extreme limit

of charged QDs with large electrical double layers due to low electrolyte concentrations.

Figure 3.3C depicts the scenario where overall charge neutrality is maintained at the

surface of a R = 3 nm ZnO QD solvated by THF. For different values of q+ = q−, the

exterior potential remains constant, whereas the interior potential rises sharply with electron

accumulation. The maximum number of e−CB (q−max) that can be stabilized in a QD is given

by the value where EF equals the exterior potential energy. Because q− = q+, the potential

again equals zero at the QD surface, where both contributions cancel exactly.

The results presented above illustrate the impact of QD size and charge density on the

energetics of excess CB electrons in QDs. As seen from Fig. 3.3A–C, in the case of weak

inter-electronic repulsion or bulk-like crystal sizes, the “Square Well” model is sufficient, but

this model fails when multiple excess electrons are confined to small volumes, which is the

scenario of most interest when studying charged QDs.

3.2.2 Implementation of the “Charged Sphere” Model

Whereas analytical solutions of the Schrödinger equation using the “Square Well” model

(Eq. (3.2)) can be obtained (Eq. (3.3) and Eq. (3.4)), the Schrödinger equation using the

“Charged Sphere” model (Eq. (3.10)) does not have analytical solutions. Instead, the discrete

variable representation (DVR) approach[49, 179] is used to numerically solve the Schrödinger

equation for e−CB, with the potential as defined in Eq. (3.10). To compare Eq. (3.5)–Eq. (3.10)

and Fig. 3.3 against undoped ZnO (q− = q+ = 0), an additional uncompensated probe

electron was used to evaluate V (r). As a result, the potential at r = R equals zero because

the interactions of q− and q+ with the probe electron are equal and opposite. This potential

is identical to the CB edge (VCBE) of undoped ZnO (q− = q+ = 0) and is therefore the

zero reference in Fig. 3.3. All other calculations with the “Charged Sphere” model treat the

nth electron as a probe of the mean field created by the previous n− 1 electrons so that the
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minimum potential, always at r = R, lies −1/εoutR lower than the VCBE of the corresponding

undoped ZnO QD due to stabilization by q+, in accordance with Eq. (3.10) and as depicted

by Fig. 3.2. Consequently, the zero reference for these calculations, and in Fig. 3.4, Fig. 3.7,

Fig. 3.8, and Fig. 3.9, is taken as the minimum value for convenience. The zero reference of

Fig. 3.5 is taken as the minimum of the “Charged Sphere” model, which lies q−/εoutR below

the minimum of the “Anionic Charged Sphere” model. As stated previously, we solve the

radial part of the Schrödinger equation for a given angular momentum. The size dependent

dielectric constant formalism, [274]

εR = 1 +
ε0 − 1

1 + 1.8
R1.7

(3.11)

is used throughout the paper, where ε0 is the static dielectric constant.

3.2.3 Comparison to the “Square Well” Model

Figure 3.4 compares the potential energies of the Fermi-level electron (VF ) and radial-

distribution functions (ψ(r)2r2) calculated from both the “Charged Sphere” and “Square

Well” models for different R and ρ−CB. Both models incorporate the centrifugal potential

l(l+1)
2r2

arising from orbital angular momentum. At low ρ−CB, the solutions of the two models

are nearly identical for all sizes. As ρ−CB increases at a fixed QD size, however, the solutions of

the “Square Well” and the “Charged Sphere” models begin to deviate. Both models predict a

shift of the radial-distribution function toward the surface at higher angular momentum due

to the centrifugal potential. This shift causes a large degree of e−CB tunneling (“spill out”).

Compared with the “Square Well” solutions, the e−CB in the “Charged Sphere” model shift

more toward the QD surface because of inter-electronic repulsion, resulting in a narrower

distribution (Figure 3.4). For example, in the case of q− = q+ = 32 in a R = 4.0 nm QD, the

difference between the positions of the distribution maxima is as large as 0.41 nm, with a

full-width-at-half-maximum (FWHM) difference of 0.43 nm. The righthand side of Fig. 3.4

shows that for a fixed electron density, this deviation is accentuated with increasing R. For

example, when ρ−CB = 1.4 × 1020 cm−3 in a R = 4.0 nm QD, the sum total ψ(r)2r2 of all e−CB
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(Σψ(r)2r2) from the “Square Well” model resides at r = 3.17 nm with a 1.35 nm FWHM,

whereas the “Charged Sphere” model predicts a maximum at r = 3.58 nm with a 0.99 nm

FWHM. At this ρ−CB and R = 2.0 nm, the “Square Well” and the “Charged Sphere” models

produce nearly identical results.
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Figure 3.4: Comparison of the “Square Well” (red) and “Charged Sphere” (blue) models for
a ZnO QD solvated by THF (EA = 4.2 eV, εout = 7.56). The zero reference is set to the
potential energy minimum for each QD size. A: Dependence of the potential energy of the
Fermi-level electron (VF ) and radial-distribution functions (ψ(r)2r2) of the QD Fermi-level
electron on the QD radius (R) and number of q−, q+ pairs. Potentials are plotted as dashed
lines and ψ(r)2r2 as shaded curves. B: Dependence of the sum total ψ(r)2r2 of all e−CB
(Σψ(r)2r2) on R at a fixed ρ−CB.
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3.2.4 Comparison to the “Anionic Charged Sphere” Model

To evaluate the energetic stabilization provided by charge-balancing cations, we compare VF

in the “Anionic Charged Sphere” and “Charged Sphere” models. From Fig. 3.2, the interior

potential in the “Anionic Charged Sphere” model raises by q−/εoutR above VCBE, where q−

is the number of uncompensated e−CB, consequently also shifting the EF by q−/εoutR. This

Coulombic term suggests charge-balancing cations provide greatest stabilization for highly

charged QDs with small R and εout.

Figure 3.5 compares VF and ψ(r)2r2 calculated from the “Charged Sphere” (q+ = q−,

blue) and “Anionic Charged Sphere” (q+ = 0, black) models for a R = 4 nm ZnO QD

solvated by THF (EA = 4.2 eV, εout = 7.56) for several values of q−. The lefthand figure

shows that ψ(r)2r2 (shaded curves) calculated from both models are nearly identical when

q− < 16. The calculated potentials (dashed lines) on the other hand deviate even at q− = 1,

with the “Anionic Charged Sphere” model predicting higher EF . At q− = 16, the interior

potential rises above the exterior potential, causing the maximum of ψ(r)2r2 to lie outside

the QD. In other words, QDs with uncompensated e−CB support lower electron densities.

The righthand panel of Fig. 3.5 summarizes this result across QD sizes, showing again that

modeling charged QDs without surface cations (q+ = 0) systematically underestimates q−max.
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Figure 3.5: Comparison of the “Charged Sphere” (blue) and “Anionic Charged Sphere”
(black) models for a R = 4 nm ZnO QD solvated by THF (EA = 4.2 eV, εout = 7.56).
A: Dependence of VF and ψ(r)2r2 of the QD Fermi-level electron on the QD radius, R,
and number of q−, q+ pairs. Potentials are plotted as dashed lines and ψ(r)2r2 as shaded
curves (hashed black for the “Anionic Charged Sphere” model). VF of the “Anionic Charged
Sphere” model are baseline-corrected so that the zero reference is taken as the minimum
potential of the “Charged Sphere” model. B: Size-dependence of q−max.

3.2.5 Comparison to DFT and Experiment

To evaluate the accuracy of the “Charged Sphere” model, we compared its solutions to DFT

calculations of small QDs. Details of the DFT calculations are provided in the Methods

section. Figure 3.6 compares EF from the “Charged Sphere”, “Anionic Charged Sphere”,

and “Square Well” models with DFT calculations of Zn33O33 (R = 0.6 nm), Zn84O84 (R = 0.7

nm), and Zn153O153 (R = 0.8 nm) and experimental results[40, 266] of various ZnO QDs.

Figure 3.6A plots the predicted energetic difference between the 1 e−CB and 2 e−CB Fermi levels

(∆EF ) of R = 0.6 nm, R = 0.7 nm, and R = 0.8 nm ZnO QDs in vacuum (ε0 = 1). The

“Square Well” model predicts degeneracy of these levels (∆EF = 0), whereas the “Charged

Sphere” and “Anionic Charged Sphere” models and DFT calculate nonzero ∆EF values that

are numerically similar with average values of ∆EF = 0.31 eV, 0.25 eV, and 0.20 eV for the

R = 0.6, 0.7, and 0.8 nm QDs, respectively.

For comparison against two key experimental signatures of multiply charged QDs, the
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“Charged Spher” model was used to compute the size dependence of q−max and the impact

of many additional charge carriers on EF . Figure 3.6B compares q−max determined from the

“Charged Sphere” model with experimental results of ZnO QDs photodoped in the presence

of Li[HBEt3] or K[HBEt3].[266] Excellent numerical agreement between theory and experi-

ment show increasing q−max for larger QD sizes. The strong size dependence of q−max observed

experimentally for ZnO,[266] In2O3, Sn:In2O3,[268] and InN[194] QDs can therefore be in-

terpreted in terms of the “Charged Sphere” model as large QDs requiring greater numbers

of excess charges to reach the destabilizing interior effective potential that limits q−max. Fig-

ure 3.6C compares EF values of THF-solvated R = 3.7 nm ZnO QDs from experiment and

predicted by the “Square Well” and “Charged Sphere” models. For clarity, the zero reference

in this figure is taken as EF at 1e−CB (E1e−
F ) rather than VCBE because the “Charged Sphere”

model predicts this value to lie nearly 1
εoutR

below VCBE, leading to an unphysical negative

value. Note that we are unable to calculate the electronic structure of a R = 3.7 nm ZnO

QD using DFT due to computational expense. The solutions to the “Square Well” model

are a set of hydrogenic orbitals with degeneracy within each orbital shell (S, P,D, . . . ). By

excluding inter-electron repulsion, these orbitals fill in a staircase fashion with constant po-

tential for each orbital shell. In contrast, the “Charged Sphere” model reproduces the more

gradual increase in EF observed in experiment [40] and expected for multi-electron systems

when inter-electronic repulsion is included.

Figure 3.6D illustrates that the “Anionic Charged Sphere” model calculates EF values

that are systematically raised by q−/εoutR after applying the baseline correction described

above. Even at low e−CB accumulation, a lack of charge compensation destabilizes EF by

hundreds of meV.
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Figure 3.6: Comparison of ZnO QD Fermi-level energies (EF ) calculated using the “Square
Well”, “Charged Sphere”, and “Anionic Charged Sphere” models (EA = 4.2 eV, εout = 1
(vacuum)) with DFT and experimental results.[40] A: Energetic difference (∆EF ) between 1
e−CB and 2 e−CB Fermi levels of R = 0.6 nm, R = 0.7 nm, and R = 0.8 nm ZnO QDs calculated
from the “Square Well”, “Charged Sphere”, and “Anionic Charged Sphere” models, and
DFT. B: Comparison of the maximum number of e−CB (q−max) from experiments given in Ref.
8 and calculated by the “Charged Sphere” model. C: Comparison of calculated relative
EF values with experimental results for THF-solvated R = 3.7 nm ZnO QDs. Energies are
plotted relative to the EF at 1e−CB (E1e−

F ). D: Comparison of EF values calculated from
the “Charged Sphere”, and “Anionic Charged Sphere” models. The difference is equal to
the term written in red. The baseline is corrected so that the zero reference is set at the
minimum value calculated from the “Charged Sphere” model.

3.2.6 Comparison of Different QD Materials

Figure 3.7 compares Σψ(r)2r2 and EF for R = 2 nm In2O3 and ZnO QDs solvated by THF

(εout = 7.56), simulated using EA values of 4.45 eV and 4.2 eV[215, 139] and ε0 of 9 and

10, respectively. Two hypothetical materials were also included to illustrate the impact of
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ε0 by setting ε0 = 20 and ε0 = 80 but keeping the EA of ZnO. For each material, εR was

calculated from ε0 using Eq. (3.11). Figure 3.7A compares the Σψ(r)2r2 of the QD materials

at q−max, determined for all models as when the highest bound EF is reached, i.e., when

EF = EA/εout. Figure 3.7B compares EF computed from the “Square Well”, “Charged

Sphere”, and “Anionic Charged Sphere” models versus number of e−CB. Horizontal lines

indicate EA/εout and vertical lines denote the q−max according to each color-coded model.

Figure 3.7 illustrates the impacts of εR and EA in the “Charged Sphere” model on EF ,

and hence q−max, of a QD material. As suggested by Eq. (3.9), a large εR screens the interior

potential and inter-electronic repulsion. As a result, for similar values of EA, higher dielectric

materials accumulate more e−CB and exhibit diminished orbital energy splitting within a given

orbital shell. A larger EA, on the other hand, imposes a higher tunneling barrier, allowing

more e−CB to accumulate. Therefore, despite In2O3 having εR smaller than ZnO, its larger

EA results in the two materials having similar q−max. As discussed above, the “Anionic

Charged Sphere” model predicts Fermi-level energies that are greatly destabilized relative to

the “Charged Sphere” results, and fewer e−CB accumulate in each material, resulting in the

smallest q−max in Fig. 3.7A and Σψ(r)2r2 in Fig. 3.7B. The “Square Well” model, in contrast,

predicts much higher q−max as a consequence of neglecting inter-electronic repulsion and fails

to reproduce the constant increase in EF with increasing values of q−.



52

0 2
0.0

1.2

2.4

Radius (nm)

∑ψ
(r)
2 r
2

0 2
Radius (nm)

0 2
Radius (nm)

●●

●●●●●●

●●●●●●●●●●
●●
●●●●●●●●●●●●●●

●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●

●
●

●●
●●
●●

●●
●●●
●●●
●●

▲

▲

▲

0 20 40 60
0.0

0.2

0.4

0.6

0.8

q-

E
F
(e
V)

●●

●●●●●●

●●●●●●●●●●
●●
●●●●●●●●●●●●●●

●●●●●●
●●●●●●●●●●●●●●●●●●

●●

●●●
●●●

●●●●
●●●●

●●

●●●●●●
●●●●●●●●

▲

▲

▲

0 20 40
q-

●●

●●●●●●

●●●●●●●●●●
●●
●●●●●●●●●●●●●●

●●●●●●
●●●●●●●●●●●●●●●●●●

●
●

●●
●●
●●

●●●
●●●
●●●
●

▲

▲

▲

0 20 40
q-

0 2 4
Radius (nm)

●●

●●●●●●

●●●●●●●●●●
●●
●●●●●●●●●●●●●●

●●●●●●
●●●●●●●●●●●●●●●●●●

●●

●●●●●●

●●●●●●●●●●
●●
●●●●●●●●●●●●●●

●●●●

▲
▲

▲
▲

0 20 40 60
q-

ZnO, 𝜖" = 7.0In2O3, 𝜖" = 6.4 𝜖" = 13.8 𝜖" = 54.1A

B

Square Well Charged Sphere (CS) Anionic CS

● Square Well ● Charged Sphere (CS) ▲ Anionic CS

0.2 0.4 0.6 0.8 1.0

1.5

2.0

2.5

3.0

Figure 3.7: Comparison of EF (A) and Σψ(r)2r2 (B) and of R = 2 nm ZnO, In2O3, and
two hypothetical QDs using the “Square Well”, “Charged Sphere”, and “Anionic Charged
Sphere” models. A: EF of QDs with increasing e−CB accumulation. Horizontal lines indicate
the EA/εout of each material. Vertical lines denote q−max according to each color-coded model.
B: Comparison of Σψ(r)2r2 of the same series of QDs at the predicted q−max of each. εR were
calculated from Eq. (3.11), using ε0 values of 9, 10, 20, 80 for In2O3, ZnO, and the two
hypothetical materials, respectively.

3.2.7 Solvation Effects

Solvation effects can be simulated within the “Charged Sphere” model by adjusting εout.

Figure 3.8 plots q−max, Σψ(r)2r2, and EF for a R = 2 nm ZnO QD in various dielectric

media chosen for their experimental relevance: toluene (ε0 = 2.38), polymethylmethacrylate

(PMMA, ε0 = 3), THF (ε0 = 7.56), ethanol (EtOH, ε0 = 24.5), propylene carbonate (PC,

ε0 = 64), water (ε0 = 80.1), and formamide (ε0 = 111). As suggested by Eq. (3.5), εout screens

EA, lowering the tunneling barrier and decreasing the q−max. The leftmost panel of Fig. 3.8

compares q−max as a function of εout. The smallest εout leads to greatest e−CB accumulation by
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maximizing the barrier height EA/εout. The middle panel of Fig. 3.8 illustrates the impact

of εout on ψ(r)2r2 at a fixed q−max. In the 1-e−CB limit, the Σψ(r)2r2 expands toward the

QD surface with increasing εout. The rightmost panel of Fig. 3.8 plots EF for three selected

solvents versus log of e−CB, illustrating that weaker dielectric solvents lower the interior QD

potential, decrease EF , and greatly confine ψ(r)2r2.
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Figure 3.8: Solvent-dependence of the e−CBmax (A), 1-e−CB Σψ(r)2r2 (B), and EF (C) for
R = 2 nm ZnO QDs using the “Charged Sphere” model, simulated by varying εout. The
Fermi-level zero reference is set to the potential minimum for the QD solvated by toluene.
The horizontal dashed line in the leftmost panel denotes the experimentally determined
q−max for colloidal ZnO QDs. Solvent εout were adjusted as follows: toluene (ε0 = 2.38),
polymethylmethacrylate (PMMA, ε0 = 3), THF (ε0 = 7.56), ethanol (EtOH, ε0 = 24.5),
propylene carbonate (PC, ε0 = 64), water (ε0 = 80.1), and formamide (ε0 = 111)

3.2.8 Surface Proximity of Charge-Balancing Cations

The dependence of EF on the distance (∆R) of charge-balancing cations from QD surfaces

was also examined within the “Charged Sphere” model. EF increases as q+ moves away from

the QD surface, as illustrated in the left-hand-side of Fig. 3.9. To calculate the Coulombic

destabilization of displacing charge-balancing cations from the QD surface, an energetic

correction of q+

εoutR
− q+

εout(R+∆R)
is added to EF .
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Figure 3.9: A: The potential difference resulting from q+ displacement from the QD surface.
Contributions from EA/εout, q

−, q+ at R, and q+ at R+ ∆R are shown in brown, blue, red,
and grey, respectively. B: Dependence of EF calculated from the “Charged Sphere” model
on the surface proximity of charge-balancing cations (∆R) for a ZnO QD (EA = 4.2 eV) with
q− = q+ = 1 and varying R and solvent media (εout). Horizontal lines denote the energy at
∆R = 0 for comparison.

The right panel of Figure 3.9 plots EF of a ZnO QD in the q− = q+ = 1 limit versus ∆R for

a variety of R and εout. ∆R = 2 nm is the largest distance considered. This distance coincides

with the approximate length of a typical surface-capping ligand such as trioctylphosphonate.

In all cases, displacement of the cations from the QD surfaces leads to destabilization of

EF . Comparing EF for R = 4 nm versus R = 2 nm ZnO QDs solvated by THF shows that

smaller QDs experience greater Coulombic destabilization. Comparing R = 2 nm ZnO QDs

solvated by THF (ε0 = 7.56) versus toluene (ε0 = 2.38), on the other hand, illustrates that

QDs in weaker dielectric media are more sensitive to cation displacement. Although these

results were obtained for q− = q+ = 1, the correction term scales linearly with q+ and so

similar trends are predicted for other values of q+ and q−.
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3.3 Computation Details

3.3.1 DFT calculations

All electronic structure calculations were performed using the development version of the

Gaussian program.[87] Nearly spherical wurtzite phase ZnO QDs having C3v symmetry were

built according to the previously published scheme[8, 9] using lattice parameters from the

American Crystal Structure Database. The coordinatively unsaturated surface atoms were

passivated using pseudohydrogen atoms with modified nuclear charges of +0.5 and +1.5

to terminate surface O2− and Zn2+ ions, respectively, for neutral QDs.[8, 9] In the case

of QDs charged with e−CB, this pseudohydrogen capping scheme also allows us to create a

homogenous distribution of surface compensating charges by increasing the nuclear charge

of each pseudohydrogen by δ+ so that q+ =
∑
δ+. A uniform distribution of fractional

charges simulates the realistic scenario of dipoles induced by localized cations and delocalized

electrons being counterbalanced by large numbers of other dipoles distributed over the entire

QD surface. The PBE0 hybrid DFT functional was used [1, 238, 239] along with the Los

Alamos double-ζ pseudopotential and the associated valence double zeta basis (LANL2DZ)

for the lattice.[73, 295, 108] This methodology has already shown promising results for the

theoretical characterization of diluted magnetic semiconductors, e.g., doped ZnO QDs, and

for charged ZnO QDs in the limit of one excess electron.[9, 15, 207, 206, 101, 233, 28] All

DFT calculations were performed in vacuum.

3.3.2 Model calculations

The discrete variable representation (DVR) approach[49, 179] is used to numerically solve the

Schrödinger equations in the hybrid model. The DVR code is implemented in Python and is

publicly available.[183]. A fine grid composed of 1000 Gauss-Hermite quadrature points was

employed in the DVR calculations. The eigenfunction and corresponding radial-distribution

function were collected with 0.02 nm resolution.
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3.4 Theoretical Insights

The “Charged Sphere” model presented above offers four key predictions about excess elec-

tron accumulation in colloidal QDs: (i) ψ(r)2r2 dramatically shifts toward the QD surfaces

with larger εout, R, or ρ−CB. (ii) For a fixed dielectric medium, QDs with larger values of

EA and εr can sustain higher ρ−CBmax(∝ q−max) values. (iii) Weaker dielectric media promote

greater ρ−CBmax by increasing the barrier height for electron escape. (iv) Charge-balancing

cations closer to the QD surfaces stabilize e−CB more effectively.

Although the “Charged Sphere” model uses a uniform charge density to construct the

interior potential, a key insight is that excess electrons in highly charged QDs shift toward

the QD surfaces. The resulting electron density distributions are reminiscent of Schockley or

Tamm delocalized surface states.[277] Our analysis suggests that these states become more

relevant in larger QDs with greater ρ−CB.

The “Charged Sphere” model helps explain several experimental observations. For exam-

ple, the model correctly predicts similar ρ−CBmax in colloidal In2O3 and ZnO QDs, determined

from experiment to be 2.3× 1020 cm−3 and 1.4× 1020 cm−3, respectively.[268, 266] Numeri-

cally, the model predicts ρ−CBmax of 5.4× 1020 cm−3 for both materials when photodoped in

the presence of EtOH. A likely explanation for this higher predicted ρ−CBmax is that the model

neglects competing redox transformations such as QD oxidation reactive surface species. As

EF rises with greater ρ−CB, these processes may dominate. In line with this reasoning, ac-

etaldehyde hydrogenation was invoked previously as introducing a limit to ρ−CBmax in colloidal

ZnO QDs photodoped using EtOH as the hole quencher.[40] Interestingly, photodoping ZnO

QDs with Li[HBEt3], thereby eliminating formation of acetaldehyde, leads to higher ρ−CBmax

of 6×1020 cm−3, much more similar to our predicted value. This model, therefore, estimates

an upper limit of ρ−CBmax for a QD material in the absence of competing redox processes.

The strong size dependence of q−max for a given QD material is accurately predicted by

the “Charged Sphere” model. Agreement between experiment and calculations in Fig. 3.6B

provides a basis for understanding why larger ZnO,[266] In2O3, Sn:In2O3,[268] and InN[194]
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QDs accumulate greater q−max and display volume-independent ρ−CBmax regardless of whether

charges arrive through photodoping, remote chemical doping, or reductive synthetic con-

ditions. Electrons accumulate in QDs until the interior effective potential rises above a

threshold value that causes spontaneous charge ejection. Whereas the “Charged Sphere”

model simulates this process as QD ionization into solvated electrons and cationic QDs,

reports have postulated Zn(0) metal formation in the case of ZnO QD photodoping, for

instance.[266] Despite mechanistic differences of charge ejection between experiment and

theoretical predictions, the “Charged Sphere” model captures the essence of the strong size

dependence of q−max with remarkable numerical accuracy.

Solvent dependencies of ρ−CBmax are also explainable by the “Charged Sphere” model. A

previous study of electrochemical electron injection into a thin-film assembly of R = 2.15

ZnO QDs reported a solvent dependence consistent with the one predicted by the “Charged

Sphere” model (Fig. 3.8).[258] Electron injection in EtOH, PC, and water led to q−max values

of 4, 2, and 11, respectively, compared to predicted values of 4, 2, and 1 for R = 2 ZnO

QDs. Interestingly, ε0 of water at the surface of an electrode is known to be at least ten

times smaller than its bulk value,[52] which would bring the calculated q−max for this solvent

in line with experiment. The q−max values predicted by the “Charged Sphere” model for ZnO

QDs in toluene, PMMA, and THF are not observed experimentally, however. Lower values

of q−max are observed likely because of competing redox processes, such as charge trapping

at surfaces. For example, the high calculated values of q−max may not be achievable in weak

dielectric media because these solvents poorly solubilize cations, leading to ineffective charge

compensation at the QD surface and higher EF . The general agreement with experiments

performed in EtOH, PC, and water suggest that among sufficiently strong dielectric media,

the key determinant of ρ−CBmax is the ability of the dielectric to screen the QD EA and stabilize

e−CB. Again, the “Charged Sphere” model estimates an upper limit of ρ−CBmax achievable in

a given dielectric medium.

The higher EF calculated for QDs with q+ displaced from the surface supports experimen-

tal observations that surface electrostatics greatly impact e−CB stabilization.[29, 41, 40, 47, 30,
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126] Altering ∆R simulates the effect of poor ion-pairing and low electrolyte concentrations

at the QD surface, with the “Anionic Charged Sphere” model representing an extreme limit

of cation displacement. Consistent with experimental evidence, Figure 3.9 predicts these

electrostatic factors to impact EF by hundreds of meV. For example, one report has shown

that R = 1.9 nm ZnO colloidal QDs in toluene charged to the 1-e−CB limit are destabilized

by 600 mV when compensated by [CoCp∗2]+ versus H+.[40] For comparison, the maximum

destabilization obtained by displacing cations from the surface of a R = 1.9 nm QD solvated

by toluene is predicted to be 320 meV (by setting ∆R = ∞). The precise value depends

heavily on εout, which likely differs from ε0 of the bulk solvent because the QD surface is

surrounded by ligands and other chemical species, in addition to solvent. Reducing εout by

half would reproduce the 600 mV destabilization, and is reasonable given solvent exclusion

from the QD ligand shell and the weak dielectric ligands used.

Adjusting ∆R can also be used simulate experimental observations that q−max depends on

the electrolyte concentration and composition of the electrical double layer. For example, EF

of Se2−-rich R = 2.7 nm CdSe colloidal QDs has been demonstrated experimentally to stabi-

lize by over 250 mV simply by increasing the concentration of [Bu4N][PF6] electrolyte, thereby

decreasing the length of the electrical double layer and improving charge-compensation at

the QD surface. This value is similar to the 224 meV maximum destabilization energy pre-

dicted for R = 2.7 nm ZnO QDs in toluene (Fig. 3.9). A dependence of EF on the proximity

of charge-balancing cations has also been reported in potentiometric titrations of multiply

charged ZnO QDs.[30] Displacing charge-balancing protons from the surfaces of charged

ZnO QDs with increasing amounts of bulky non-coordinating diammonium ions leads to

systematic destabilization of EF without changing the number of e−CB.

Conceptually, the “Charged Sphere” model relates to the classical electrostatic expression

∆V = µN/ε0 invoked previously to calculate the shift ∆V of QD band-edge potentials

resulting from a surface density N of dipoles with magnitude µ.[41, 47, 126] Both predict

a shift of EF when the QD surface is surrounded by separated point charges screened by a

dielectric medium. Whereas the expression above treats this charge separation specifically
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as a dipole with quantifiable strength µ, the “Charged Sphere” model parameterizes this

interaction more generally as q− separated from q+ by ∆R, allowing a greater variety of

surface phenomena to be modeled, such as dependence on electrolyte concentration and

coordinating strength of the countercation. Further development of the “Charged Sphere”

model will allow more detailed description of specific aspects of the electrical double layer,

but these results already provide valuable insight into the electrostatics of QD surfaces.

The accuracy of the “Charged Sphere” model can be improved through several modifi-

cations. First, the Schrödinger equation can be solved iteratively by proceeding from V (r)

determined through Gauss’s Law using the previously calculated electron density. Also, in-

troducing additional parameters to model the electrical double layer and modifying EA as a

function of electron doping level would improve both EF and ψ(r)2r2. The model presented

here was chosen to balance convenience and accuracy.

3.5 Conclusions

In summary, we present a quantum model for describing EF and ψ(r)2r2 of excess electrons

in multiply charged QDs. This “Charged Sphere” model successfully accounts for inter-

electronic and electron-cation interactions using classical electrostatics and exhibits marked

quantitative advantages over models that neglect charge-compensating cations at the QD

surfaces or inter-electronic interactions. The model is generalizable to many materials and

dielectric media by using the adjustable parameters εR, εout, and EA. Its predictions agree

well with both DFT and experiment. The model’s predictions of an expansion of excess

electron density toward the QD surfaces and a strong dependence of EF on the proximity

of charge-balancing cations provide a theoretical basis for understanding and quantifying

the sensitivity of multiply charged QDs to surface chemistry. Future work will focus on

extending this model to p-type semiconductor QDs with excess holes, to aliovalently doped

QDs, and to modeling electrical double layers. Beyond providing insights into the charac-

teristics of multiply charged QDs as discussed above, the quantitative description of key

experimental factors determining VCBE outlined here will help guide the understanding of
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surface electrostatic effects on QD electron-transfer processes including those involved in

QD-based photovoltaics, solar photocatalysis, and electrical devices.
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Chapter 4

TOWARD ACCURATE MODELING OF NANOMATERIALS
WITH RELATIVISTIC EFFECTS

As more and more researchers are pursuing the atomic level deeper understanding of

nanomaterials other than energetics and bands/orbitals. Most of the electronic, optic, and

magnetic properties relies on the accurate description of the wave functions. However, for

such purpose, neither numerical methods nor DFT aforementioned can serve as an appropri-

ate method. Chapter 3 has already shown that many approximations need to be considered

to convert the model into a numerically solvable problem, which jeopardizes the completeness

of physics. On the other hand, DFT is well-known for its deficiency of treating systems with

multireference in nature, e.g., open shell singlets. Nevertheless, a lot of nanomaterials and

clusters has multireference ground states arise from unpaired electrons in metal d-/f-orbitals.

Moreover, the relativistic effect arise from the heavy element centers in the nanomaterials,

e.g., lead and iodine in the perovskites, can significantly change the character of the wave

functions. Therefore, a relativistic wave-function based method has been developed in this

chapter to fully account both dense manifold and relativistic effect. The method has been

benchmarked with abundant atomic spectroscopies. It has been implemented in an efficient

and computationally economical way to has full compatibility to be applied to nanomaterial

systems which are suitable for atomic basis treatment. This chapter is adapted with permis-

sion from: Andrew J Jenkins, Hongbin Liu, Joseph M Kasper, Michael J Frisch, Xiaosong

Li, J. Chem. Theory Comput. 2019, 15, 2974-2982, Copyright c©2019 American Chemical

Society.[122]
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4.1 Introduction

The accurate description of electronic properties of late-row (≥4th) elements in the peri-

odic table and their molecular complexes presents a challenge to modern electronic struc-

ture theory. Their dense manifold of nearly degenerate states often demands the treatment

of a multi-configurational method, such as the complete-active-space self-consistent field

(CASSCF) approach. The strong attraction from their “heavy” nuclei and the presence

of unpaired valence electrons require the effects of relativity to be considered. These effects

grow in importance further down the periodic table.[243, 244] For example, scalar relativities

give rise to radial contraction and stabilization of s and p orbitals and the subsequent radial

expansion of outer d and f orbitals due to changes in screening. Relativistic effects also

introduce important spin-couplings that are responsible for the unique chemical reactivities,

magnetic properties, and optical responses of metal complexes.[74, 244, 251, 81]

To introduce relativistic effects in a multi-configurational framework, Malmqvist et.

al. developed a computational scheme[200] that includes scalar relativistic effects in a

CASSCF optimization via a 2nd-order Douglas-Kroll-Hess Hamiltonian[154] and perturba-

tive one-electron spin-orbit coupling by adapting the CASSCF state interaction (CASSI)

approach.[198, 199] This method involves diagonalizing a spin-orbit Hamiltonian in the basis

of the optimized CASSCF states, resulting in spin-orbit coupled states that are combinations

of CASSCF states of different spin and space symmetry. Further, dynamic correlation was

included by shifting the diagonal elements of the spin-orbit Hamiltonian by the CASPT2

energies, giving the final spin-orbit-coupled states referred to here as CASPT2-SOC.[259] In

benchmark calculations of spin-orbit splittings of p-block elements, the CASPT2-SOC ap-

proach reproduced ground state experimental splittings to within 15%, with a higher error

for excited state splittings. An extension to using a restricted active space (RASSI)[200]

has allowed studies of larger systems. However, these methods add the spin-orbit coupling

a posteriori as a perturbation, i.e., the spin-orbit coupling is added after orbital optimiza-

tion. While these methods have proven to be successful,[93, 92] it has been shown that the
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inclusion of spin-orbit coupling in the orbital optimization is required for reasonable atomic

ground state spin-orbit splittings, and additionally affects orbital hybridization and molecu-

lar properties.[84] Work by Ganyushin and Neese, using a self-consistent LS-coupling scheme,

also found that inclusion of spin-orbit coupling has an important effect on the configuration

expansion coefficients in CASSCF.[94]

A more rigorous way of including relativistic effects is to solve the Dirac equation, in-

volving a four-component (4C) relativistic wavefunction. In recent years there has been

much development in the area of multi-configurational four-component methods, includ-

ing four-component Kramers-restricted multi-configurational SCF (KR-MCSCF)[125, 288, 5]

and four-component CASSCF[12, 254], internally contracted CASPT2,[276, 294] internally

contracted MRCI,[276] and four-component density matrix renormalization group (DMRG)

approach.[141, 13] These methods have also been benchmarked for the spin-orbit splittings

of p-block elements[327]. Solution of the Dirac equation with four-component framework

is inherently more computationally demanding than solution of the Schrödinger equation.

For the specific case where one is only concerned with studying scalar-relativistic effects,

the cost can be reduced by using a spin-free Dirac-Coulomb Hamiltonian, where the spin-

free and spin-dependent parts of the four-component equation have been decoupled, and

the spin-dependent term discarded. This approach has been used in a spin-free CASSCF

implementation,[186] and results in a real wavefunction with full spin and spatial symmetry,

significantly reducing the number of integrals to be evaluated, therefore reducing the cost.

To tackle the general case, much effort has been made to decouple the four-component

equations into two-component electronic and positronic equations, retaining the key physi-

cal relativistic effects of the full four-component equations, but at a reduced computational

cost. The Douglas-Kroll-Hess (DKH) and exact two-component (X2C)[70, 111, 249, 250, 311]

methods are popular approaches that decouple the four-component Hamiltonian into a re-

duced dimension electronic two-component Hamiltonian. [158, 192, 234, 118, 193, 189, 265,

175, 235, 75, 98, 147, 76] Relativistic two-component DMRG using the tenth-order Douglas-

Kroll-Hess (DKH) one-electron Hamiltonian with scalar-relativistic effects[216] and relativis-
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tic generalized Van Vleck second-order perturbation theory (GVVPT2) using the spin-free

X2C Hamiltonian[286] have shown promise in resolving challenging multireference electronic

structure problems. In this work, we present a two-component CASSCF method within the

one-electron X2C framework that includes both scalar relativistic and one-electron spin-orbit

coupling. This includes the spin-orbit coupling within the CASSCF orbital optimization, i.e.,

it is non-perturbative in nature, allowing the orbital shape to adjust as a result of the cou-

pling. The method is benchmarked against experimental values for the spin-orbit splitting

of ground and low-lying excited states of p-block atoms and further applied to the splittings

of transition metals. It should be noted that examples of two-component CASSCF methods

that do not include a decoupling scheme have been presented previously[85, 135, 137], where

relativistic effects may be included via a two-component effective core potential.

4.2 Theory

In this section the following notation will be used: i,j,k,l label inactive MOs; t,u,v,w label

active MOs; a,b,c,d label virtual MOs; p,q,r,s label general MOs; I,J,K label Slater de-

terminants. Note that the nature of relativistic Hamiltonian requires variational electronic

structure methods to be formulated using complex arithmetic. The following discussions

assume all quantities are complex-valued unless stated otherwise.

4.2.1 Relativistic X2C-HF Reference

The relativistic two-component CASSCF method developed in this work utilizes spinor

molecular orbitals from a relativistic X2C-HF reference. In this section we provide a brief

overview of relativistic electronic Hamiltonian and its two-component formalism in the con-

text of Hartree-Fock theory. We refer readers to Refs. 74, 251, 191 for a more thorough

review of the subject matter.
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The Dirac equation utilizes a four-component wavefunction of the form

Ψ 7→

ψL
ψS

 (4.1)

where ψL and ψS are two-component spinors known as the large and small components.

Expressing one-electron wavefunctions in a finite kinetically-balanced basis set, the Dirac

equation in matrix form is given by[74, 251, 191]V T

T ( 1
4c2

W− T)

C+
L C−L

C+
S C−S

 =

 S 02

02
1

2c2
T

C+
L C−L

C+
S C−S

ε+ 02

02 ε−

 (4.2)

where c is the speed of light, C are the basis set expansion coefficients, and ε are orbital ener-

gies. “+” and “−” refer to solutions that correspond to electrons and positrons, respectively.

The matrices V, T and S are the non-relativistic, two-component matrix representations of

the the potential energy operator, kinetic energy operator, and the overlap, respectively. W

is the relativistic potential energy operator, with matrix elements given by

Wµ,ν = 〈φµ| (~σ · ~p) V (~σ · ~p) |φν〉 (4.3)

where ~p is the linear momentum operator, ~σ is the vector containing the Pauli spin matrices,

and φ are kinetically-balanced basis functions. Note that in general Eq. (4.2) is solved in an

uncontracted basis over primitives, although it can be recontracted to reduce the number of

orbitals in the SCF and post-HF procedures.

In two-component methods such as the exact-two-component (X2C) method,[158, 192,

234, 118, 193, 189, 265, 175, 235] the large and small components of the four-component

Dirac equation are decoupled by a unitary transformation U that block diagonalizes the

Hamiltonian:

U † Ĥ U =

H+ 02

02 H−

 (4.4)

Since only electronic solutions are of interest, only the two-component Hamiltonian corre-

sponding to electronic solutions, H+, need be computed. The X2C transformation takes the
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form

U =

(12 + Y†Y)−1/2 0

0 (12 + Y†Y)−1/2

 12 Y†

−Y 12

 (4.5)

where the matrix Y is calculated from the orbital coefficients as

Y = C+
S (C+

L)−1 (4.6)

Effectively, the X2C transformation eliminates the need to evaluate the small component

by “folding” it into the large,

U

ψL
ψS

 =

ψ̃L
0

 (4.7)

While this transformation is exact for the single electron case, extension to many electron

systems requires the decoupling transformation to be applied to the 4-component Dirac-

Hartree-Fock equations,[265, 189, 190] which, while more expensive, affords a more accurate

description of relativistic effects.

Our implementation does not transform the four-component matrix representation of the

two-electron operator, but instead uses the bare Coulomb operator. The leading error in

this one-electron X2C approaches arises from the neglect of the transformation of the two-

electron Coulomb repulsion operator. To compensate for this error, an empirical correction,

known as the Boettger factor, is used to scale the one-electron spin-orbit terms in order to

approximately account for the two-electron spin-orbit terms[25]. This approach has been

shown to be reasonably accurate in describing spin-orbit splittings of both valence and core

electrons.[132, 76, 310, 98, 75]

In the one-electron X2C framework, the transformation (or “picture change”) is indepen-

dent of the two-electron operator. This gives rise to a major advantage of using an effective

one-electron X2C approach in the context of CASSCF, which is that the two-component

transformation U becomes invariant with respect to the CASSCF optimization (to be dis-

cussed later).
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4.2.2 Complex X2C-CASSCF

The CAS wavefunction |Ψ〉 is described as a linear combination or a configuration interaction

(CI) expansion of Slater determinants, |K〉, constructed from a subset of the orthonormal

molecular orbitals (MOs) – the active space.

|Ψ〉 =

Ndet∑
K=1

CK |K〉 (4.8)

where Ndet is the total number of determinants in the expansion. For a CAS wavefunction,

the active electrons are distributed into the active orbitals in all combinations that preserve

the symmetry of the system. In the “conventional” one-component CASSCF method, where

α and β spin are collinear, the number of determinants that can be constructed is given by

a product of binomial coefficients, Ndet =
(
Nspatial

nα

)(
Nspatial

nβ

)
, where nα and nβ indicate the

number of electrons of α and β spin, and Nspatial is the number of number of spatial orbitals.

A two-component CASSCF method uses transformed single-occupation molecular spinor

orbitals, ψ̃L in Eq. (4.7). In the following discussion, we remove the “L” labeling by assuming

a decoupling scheme is applied and the pseudo-large component is used. We will also remove

the tilde notation but readers should keep in mind that the X2C-CAS method is formulated

subject to the “picture change” from the two-component transformation.

X2C-transformed molecular orbitals can be defined as

ψp(q) =

(
φαp (r)

φβp (r)

)
(4.9)

where the variable q includes both the spatial coordinate r and the spin coordinate for one

electron. The spatial functions {φαp (r)} and {φαp (r)} are expanded in a common set of real

atomic orbital basis functions χ with complex coefficients.

φαp (r) = cαµpχµ (4.10)

φβp (r) = cβµpχµ (4.11)

When forming Slater determinants in the two-component CASSCF method, the number
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of possible determinants for a two-component CAS is given by

Ndet =

(
Nspinor

ne

)
(4.12)

where ne is the total number of active electrons. Note that for a same number of active

electrons and molecular orbitals, the two-component CAS space is much bigger than that in

the conventional CAS calculation.

The two-component CASSCF wavefunction is optimized by making the energy stationary

with respect to variations of both the configuration parameters and the MO coefficients. For

the complex CI coefficients, this is achieved via solution of the CAS-configuration interaction

(CASCI) eigenvalue equation. The complex spinor orbitals are optimized via a unitary

transformation of the existing orbitals

ψ′p(q) = Rpqψq(q) (4.13)

where the R matrix may be written in terms of an anti-Hermitian orbital-rotation matrix

X:

R = exp(X) (4.14)

Xpq = −X∗qp (4.15)

The CASSCF wavefunction is optimized when

∂E

∂C
= 0 ;

∂E

∂X
= 0 (4.16)

In the present work the wavefunction is optimized via a two-step procedure.

Complex-Valued Two-Component CI Optimization

The prerequisite of X2C-CASSCF wavefunction optimization is to define the two-component

CASSCF energy and Hamiltonian. In contrast to non-relativistic one-component CASSCF

where inactive orbitals are doubly occupied, X2C inactive orbitals are singly occupied. Note
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that enforcing time-reversal symmetry can lead to the Kramers paired orbital structure, but

we choose to formulate X2C-CASSCF in the general Kramers unrestricted case.

The X2C-CASSCF energy is written as,

E = εc + 〈Ψ|ĤCAS|Ψ〉 (4.17)

where εc is the X2C-Hartree-Fock energy of the inactive orbitals (the “core energy”) and is

defined as

εc =
∑
i

hii +
1

2

∑
ij

[(ii|jj)− (ij|ji)] (4.18)

and ĤCAS is the active space Hamiltonian and is defined as

ĤCAS =
∑
tu

hctuÊtu +
1

2

∑
tuvw

(tu|vw)
(
ÊtuÊvw − δuvÊtw

)
(4.19)

where hc is the inactive orbital Fock matrix, and is given by

hctu = htu +
∑

[(tu|ii)− (ti|iu)] (4.20)

and Êpq is an operator that excites from molecular orbital q to p and can be written using

the usual creation and annihilation operators Êpq = a†paq. The excitation list is generated

using Handy’s string based approach [142] adapted to the two-component orbital space.

Note that since ERIs using X2C orbitals are complex valued, they only have a four-fold

symmetry instead of eight, as in the case of real-valued ERIs,

(tu|vw) =(vw|tu) = (ut|wv)∗ = (wv|ut)∗

The first step of the 2-step optimization is the solution of the CASCI eigenvalue problem

HC = EC. (4.21)

For large CI expansions the CAS-Hamiltonian matrix will be too large to store. In such

cases the matrix-vector product, HC, is formed using a direct contraction. In the direct

X2C-CASSCF approach, the matrix-vector product

σL =
∑
L

HKLCL (4.22)
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is computed on-the-fly using Olsen’s minimum operation count algorithm.[226] A subse-

quent Davidson diagonalization procedure[56] for complex arithmetic is performed to solve

Eq. (4.21).

X2C Orbital Optimization

The X2C molecular orbitals are optimized via a complex-valued quasi-Newton-Raphson

scheme using an approximate diagonal orbital Hessian H̃oo,

X =
(
H̃oo

)−1

.go (4.23)

where the dimension of X is doubled compared to the non-relativistic case. The orbital

gradient go is given by

gopq = −(1− P̂pq) 〈Ψ| [Êpq, Ĥ] |Ψ〉 (4.24)

= −2(Fpq − F ∗qp) (4.25)

where P̂pq is the permutation operator that satisfies the relation

P̂pqFpq = F ∗qp (4.26)

and p, q run over all two-component molecular orbitals. The elements of F are given by

Fpq =
∑
r

γprhqr +
∑
rso

Γprso(qr|so) (4.27)

γ and Γ are the one- and two-particle density matrices. They are defined as:

γtu = 〈Ψ| Êtu |Ψ〉 =
∑
KL

C∗KCL 〈K| Êtu |L〉 (4.28)

Γtuvw = 〈Ψ| Êtuvw |Ψ〉 =
∑
KL

C∗KCL 〈K| ÊtuÊvw − δuvÊtw |L〉 (4.29)

The F matrix can be evaluated by blocks, due to the properties of the one- and two-

particle density matrices:

Fiq = F 1
iq

Ftq = F 2
tq

Faq = 0

(4.30)
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where F 1 and F 2 are defined as

F 1
pq = 2

(
hcpq +

∑
tu

γtu[(pq|ut)− (pt|uq)]

)
F 2
tq =

∑
u

γtuh
c
qu +

∑
tuvw

Γtuvw(qu|vw)

(4.31)

Since the CASSCF energy is invariant with respect to rotations within each subspace, the

only non-zero classes of the orbital gradient are the inactive-active, the inactive-virtual, and

the active-virtual. The upper triangular part of the orbital gradient matrix is therefore:

goit = −2(F 1
it − F 2∗

ti )

goia = −2F 1
ia

gota = −2F 2
ta

(4.32)

In this quasi-Newton-Raphson procedure, the gradient is pre-conditioned by an approxi-

mate diagonal Hessian, where the non-zero elements are estimated by

1

2
Hoo
ia,jb = δijF

1
ab − δabF

1
ij (4.33)

1

2
Hoo
ta,ub = δtuh

c
ab − δabF

2
ta (4.34)

1

2
Hoo
it,ju = γtuh

c
ij + δij(F

1
tu − F 2

tu) − δtuF
1
ij (4.35)

The present work also makes use of state averaged orbitals[305], where the density matrices

used in the orbital optimization process (Eqs. (4.27) and (4.31)) are replaced by an average

of the density matrices for a set of states, resulting in orbitals that are optimized for the set

of states rather than a single state.

4.2.3 “Picture Change” Effects in X2C-CASSCF

The evaluation of properties in addition to energies requires the corresponding operators to

be constructed in the original four component basis and transformed with the same unitary

matrix used for the Hamiltonian. However, the CASSCF procedure can also, in principle,

modify the transformation matrix itself, affecting both the energy and other properties.
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While the CI part of the CASSCF procedure is independent of how the two-component

molecular orbitals are obtained, the orbital rotation in CASSCF is closely connected to the

4c-to-2c transformation. This point can be seen from Eq. (4.5) and Eq. (4.6), where the exact

decoupling of the large and small component is constructed from orbital coefficients. Since

orbital rotation will directly modify the orbital coefficients, this, in principle, requires the

reconstruction and application of two-component transformation matrix at every CASSCF

step. However, the use of the approximate one-electron X2C approach eliminates the need

to recompute the two-component transformation matrix in the current implementation. The

reason can be traced back to the fact that the two-electron operator is not transformed so the

one-electron X2C transformation only depends on the four-component one-electron operator,

which does not need to be solved self-consistently.

4.3 Results and Discussion

The relativistic two-component CASSCF method introduced in this work is implemented

in the development version of the Gaussian quantum chemistry package.[88] At the current

stage, double point group symmetries are not used. Benchmark tests include calculations

of spin-orbit splittings of p- and d-block elements, using relativistic and non-relativistic ver-

sions of two-component CASSCF. Non-relativistic calculations use molecular orbitals from

generalized Hartree-Fock (GHF) without relativistic corrections as reference orbitals in a

CASCI or in a CASSCF calculation, referred to here as GHF-CASCI and GHF-CASSCF

respectively. Relativistic calculations use X2C-HF molecular orbitals, including both scalar

relativities and effective one-electron spin-orbit couplings. These calculations are referred to

as X2C-CASCI and X2C-CASSCF. Use of state averaging in the CASSCF orbital optimiza-

tion is also indicated.

4.3.1 Recovering the Energetic Ordering and Degeneracy of Fine Structure Splitting

Perturbative treatment of spin-orbit coupling may predict the energetic splitting with a

reasonable accuracy, but the broken degeneracy of orbitals arising from spin-orbit coupling
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State GHF-SA-CASSCF X2C-CASCI X2C-SA-CASSCF

1 −161.8413411 −162.0340508 −162.0339674

2 −161.8413411 −162.0189330 −162.0339674

3 −161.7682878 −161.9571497 −161.9607845

4 −161.7682878 −161.9571312 −161.9607845

5 −161.7682878 −161.9571125 −161.9607195

6 −161.7682878 −161.9493940 −161.9607195

7 −161.7682878 −161.9493814 −161.9607195

8 −161.7682878 −161.9493690 −161.9607195

Table 4.1: The energy (in Hartree) of the first 8 states of Na calculated from the X2C or
GHF reference.

can only be obtained from a variational calculations. In this section, we investigate the

fine structure of the sodium atom to understand characteristics of the two-component CAS

methods. For simplicity we use a 6-31G basis, as the purpose of the calculations in this

section is to understand the qualitative nature of the solutions obtained using different CAS

methods rather to obtain quantitative agreement with experiment. As mentioned above, we

perform the four-component part of the X2C calculation over uncontracted primitives, but

recontract the basis for the subsequent SCF and post-SCF calculations. A valence active

space, i.e., 3s and 3p, is used, resulting in 1 electron in 8 spin-orbitals – CAS(1,8). In order

to treat all states on an equal footing, CASSCF calculations reported make use of equal state

averaging over 8 states.

Table 4.1 compares the energetics of the lowest 8 states obtained from various CAS

calculations and the energetic alignment are schematically shown in Fig. 4.1. In the non-

relativistic regime where the spin-orbit coupling is absent, all states exhibit separate orbital

and spin degeneracies, (2S+1)(2L+1), where S and L are spin and orbital angular momenta.
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X2C-CASCI X2C-SA-CASSCF GHF-SA-CASSCF

2S

2P1/2
2P3/2

2S

2P

2S

2P1/2
2P3/2

X2C-FCI

Figure 4.1: Schematic diagram of the eight lowest energy states obtained for the Na atom
using different electronic structure theories. Acronyms are defined in main text.

The two-component non-relativistic state-averaged CASSCF (GHF-SA-CASSCF) solution

correctly recovers the doubly degenerate 2S states and the 6-fold degeneracy of the 2P state.

When relativistic effects are included, scalar relativities contract core levels, leading to a lower

system energy compared to that in the non-relativistic case. In addition, spin-orbit coupling

splits 2P to doubly degenerate 2P1/2 and quadruply degenerate 2P3/2 levels. However, the

X2C-CASCI(1,8) calculation without orbital optimization is unable to produce the correct

degeneracies because the orbitals are optimized for one state. The correct degeneracy is

recovered only when the orbitals are optimized equally for all relevant states in X2C-SA-

CASSCF or in the limit of full-CI (FCI).

As we approach the limit of full CI, the appropriate symmetry is recovered through

mixing in more determinants. The qualitatively correct solution is obtained once all of the

states with the same symmetry as the true ground state are included. Since full-CI is not

feasible, the correct degeneracy can be recovered by optimizing the orbitals for the set of

states of interest, in a state average CASSCF framework, such that all spin manifolds feel

the same mean-field potential. Although, symmetry is not enforced from the beginning but

is recovered later via variational SA-CASSCF. This is in contrast to other methods that

explicitly enforce Kramers pairing in the MCSCF/CASSCF procedure, or use a closed-shell

reference.

Although not the focus, the value of the sodium ‘d-line’ splitting between the 2P1/2 and
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2P3/2 states, caused by spin-orbit coupling, can be calculated from Tab. 4.1. For X2C-SA-

CASSCF, the splitting is 1.8meV, compared to the experimental value of 2.1meV[149].

4.3.2 Fine Structure Splitting in p-Block Elements

In this section, we benchmark the ground and excited state fine structure splitting of lower

p-block elements (rows 4-6), from Gallium (31) to Astatine (85), where the relativistic effects,

especially the spin-orbit coupling, start to become pronounced. For all elements in this sec-

tion we use the Sapporo-DKH3-DZP basis set [225], which is optimized for use in relativistic

calculations. As before, the four-component part of the X2C calculation is over uncontracted

primitives, while the contracted basis is used for the remainder of the CASSCF procedure.

In the relativistic X2C-CASSCF calculations we use an active space of the valence s and p

orbitals of the atoms and state averaging. All states arising in the fine structure are included

in the state averaging, this varies between groups and is detailed in Tab. 4.5. The calcu-

lated values are compared with the experimental atomic spectra obtained from the NIST

database[149]. For reference, literature values obtained via two other computational meth-

ods are also shown; the perturbative CASPT2-SOC[259] method and the four-component

Dirac-Coulomb-Breit CASSCF method[327]. These results were obtained using larger basis

sets than the calculations presented here, meaning a direct comparison is not possible but

they do serve as a useful guide to the accuracy of the available methods.
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Table 4.2: The ground state 2P energy splitting in group 13 and 17 elements. Percentage
errors with respect to experiments are reported in parentheses.

2P1/2 → 2P3/2 (meV)

Group 13 X2C-SA-CASSCF 4C-CASSCF CASPT2-SOC Exp

Ga 87(14.7%) 85(16.7%) 99(2.9%) 102

In 201(26.6%) 229(16.4%) 261(4.7%) 274

Tl 700(27.5%) - 893(7.6%) 966

2P3/2 → 2P1/2 (meV)

Group 17 X2C-SA-CASSCF 4C-CASSCF CASPT2-SOC Exp

Br 464 (1.5%) 457(0.0%) 422(7.6%) 457

I 909(3.5%) 951 (1.0%) 863(8.3%) 942

At 2529 - 2517 -

2D3/2 → 2D5/2 (meV)

Group 15 X2C-SA-CASSCF 4C-CASSCF CASPT2-SOC Exp

As 46(15.0%) 44(10.0%) 25(37.5%) 40

Sb 175(4.8%) 187(12.0%) 114(31.7%) 167

Bi 558(11.8%) - 465(6.8%) 499

2P1/2 → 2P3/2 (meV)

Group 15 X2C-SA-CASSCF 4C-CASSCF CASPT2-SOC Exp

As 50(12.3%) - 30(47.3%) 57

Sb 217(15.6%) - 156(39.3%) 257

Bi 1088(23.7%) - 1017(28.7%) 1426

Table 4.4: The excited state 2D and 2P energy splittings in group 15 elements. Percentage
errors with respect to experiments are reported in parentheses.
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3P0 → 3P1 (meV)

Group 14 X2C-SA-CASSCF 4C-CASSCF CASPT2-SOC Exp

Ge 62(10.1%) 63(8.7%) 60(13%) 69

Sn 173(17.6%) 192(8.6%) 179(14.8%) 210

Pb 700(27.9%) - 826(14.9%) 971

3P0 → 3P2 (meV)

Group 14 X2C-SA-CASSCF 4C-CASSCF CASPT2-SOC Exp

Ge 162(7.4%) 163(6.8%) 154(12.0%) 175

Sn 384(9.6%) 414(4.5%) 378(11.1%) 425

Pb 1131(14.3%) - 1196(9.3%) 1320

3P2 → 3P1 (meV)

Group 16 X2C-SA-CASSCF 4C-CASSCF CASPT2-SOC Exp

Se 246(0%) 242(1.6%) 229(6.9%) 246

Te 544(7.6%) 571(3%) 537(8.8%) 589

Po 1758(15.8%) - 1818(12.9%) 2087

3P2 → 3P0 (meV)

Group 16 X2C-SA-CASSCF 4C-CASSCF CASPT2-SOC Exp

Se 317(0.6%) 312(1.0%) 302(4.2%) 315

Te 566(3%) 585(0.2%) 600(2.7%) 584

Po 973(4.1%) - 1134(21.2%) 935

Table 4.3: The ground state 3P energy splitting in group 14 and 16 elements. Percentage
errors with respect to experiments are reported in parentheses.
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Table 4.2 presents the ground state fine structure splitting of groups 13 and 17. For

both groups 13 and 17, the p1 and p5 electron configurations give rise to a 2P ground state.

Table 4.3 presents the ground state fine structure splitting of groups 14 and 16. For groups

14 and 16, the p2 and p4 electron configurations both give rise to 3P ground states without

spin-orbit coupling. For group 15 elements, since they have a 4S ground state configuration,

we focus on the fine structure splittings of excited states 2D and 2P (Tab. 4.4).

According to the fine structure rule, in the case of less than half-filled shells levels with a

lower J value in the same term are lower in energy, and vice versa in the case of more than

half-filled shells. The energetic ordering of spin-orbit split levels is 3P1/2 <
3P3/2 for group

13 elements, 3P3/2 <
3P1/2 for group 17 elements, 3P0 <

3P1 <
3P2 for group 14 elements,

and 3P2 <
3P1 <

3P0 for group 16 elements. Although, experimental measurements suggest

that Te and Po in group 16 violate the empirical fine structure rule.

For most cases, X2C-SA-CASSCF predicts the correct energetic ordering of the spin-

orbit split levels, out-performs CASPT2-SOC, and produces results comparable to the 4C-

CASSCF values. There are a few noticeable exceptions. For group 13 elements, both varia-

tional methods (X2C-SA- and 4C-CASSCF) methods exhibit a larger percentage error than

the perturbative method (CASPT2-SOC). This is likely due to the limited contribution of

dynamical correlation in CASSCF methods.

For the Te element in group 16, experimental reference values suggest that 3P0 state lies

slightly beneath the 3P1 states with an energy difference of only 5 meV (1% total energy).

However, none of the tested methods are able to reproduce the same energetic ordering with

the CASPT2-SOC results deviating the most from experiments. Given the small experimen-

tal 3P0-3P1 splitting, we suggest that the discrepancy is likely due to the incompleteness of

basis set.

Overall, for the p-block elements tested, X2C-SA-CASSCF, being an approximate two-

component method, is able to produce fine structure splittings that are comparable to those

computed using the more expensive four-component formalism. The relative error of X2C-

SA-CASSCF compared to experiment increases further down the periodic table. In addition
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#Group Electron Configuration Low Lying States to Average Total Averaged States

13 s2p1 2P1/2, 2P3/2 6

14 s2p2 3P0, 3P1, 3P2 9

15 s2p3 4S3/2, 2D5/2, 2D3/2, 2P1/2, 2P3/2 20

16 s2p4 3P2, 3P1, 3P0 9

17 s2p5 2P1/2, 2P3/2 6

3 s2d1 2D5/2, 2D3/2 10

11 s1d10 2S1/2, 2D5/2, 2D3/2 12

Table 4.5: The states included in the state-averaging, for different groups

to the incompleteness of basis set, a possible cause for this is the importance of 2-electron

spin-orbit coupling. In the present work, only the 1-electron spin-orbit coupling is included,

which is then scaled using the Boettger factor in order to account for screening of nuclear

charge and other multiple electron effects. This factor does not contain any dependence

on the principle quantum number, such that 2p and 6p electrons have the same screening,

leading to larger error further down the group.

4.3.3 Fine Structure Splitting in d-Block Elements

We also apply the X2C-SA-CASSCF method to study the fine structure splitting of selected

d-block elements. As with the p-block benchmarks, a Sapporo-DKH3-DZP basis and a

valence active space is used. Table 4.6 shows the ground state 2D splitting of the group 3

transition metals and excited state 2D splitting for the group 11 transition metals. For group

3 the 2D ground state splits into 10 states, hence we state average over all 10 states. For

group 11 since the ground state is 2S, we report the splitting of the 2D excited state using

averaging over all 12 states that result from the splitting of the ground state 2S and excited

state 2D. The details of the specific states included are given in Tab. 4.5.

For both groups, the X2C-SA-CASSCF gives the correct energetic ordering of states and
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2D3/2 → 2D5/2 (meV) 2D5/2 → 2D3/2 (meV)

Group 3 X2C-SA-CASSCF Exp Group 11 X2C-SA-CASSCF Exp

Sc 23(9.5%) 21 Cu 279(10.3%) 253

Y 49(25.7%) 66 Ag 576(4.0%) 554

La 94(27.7%) 130 Au 1443(5.1%) 1521

Table 4.6: The 2D fine structure splitting of group 3 and group 11 elements. Percentage
errors with respect to experiments are reported in parentheses.

the agreement with experiment is reasonably good. For group 3, as with the p-block atoms,

the error in splittings increases down the group.

4.4 Conclusion

In this work, we have introduced a two-component CASSCF method that includes both

scalar relativistic and spin-orbit coupling effects variationally. This is achieved via use of a

one-electron X2C transformation of the modified Dirac equation. This approach is variational

in nature, allowing the orbitals to be affected by the spin-orbit coupling; a requirement for

accurate description of atomic spin-orbit splittings. The formulation developed in this work

is for the general Kramers-unrestricted case, and could be extended to include magnetic field

effects in the future, where time-reversal symmetry is no longer preserved. In contrast to the

pseudo-potential relativistic approach, although not explored here, including core orbitals in

the active space may allow studies of excitations involving core electrons, such as those in

X-ray spectra.

The qualitative behavior of the method is highlighted by a simple example of spin-orbit

splitting – the sodium ‘d-line’. This example uses an X2C-GHF reference, but the (case-

specific) degeneracy of the α and β spin manifolds and correct spin-orbit splitting structure

is restored by optimizing the orbitals using state averaging.

We also test the X2C-SA-CASSCF method for the calculation of the ground and excited
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state spin-orbit splitting of lower p- and d-block elements. For all atoms, the experimental

ordering of states is successfully reproduced, with the exception of Te. The splitting values

have an error of between 0-25%, performing better for rows 4 and 5. These values are

comparable to existing literature values for four-component CASSCF implementations, but

at a reduced cost since the AO to MO integral transformation can be performed over two-

component rather than four-component spinors.

The X2C-SA-CASSCF method provides a practical tool to describe the electronic struc-

ture of transition metals, and other systems where both static correlation and relativistic

effects must be accounted for.
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Chapter 5

TOWARD ACCURATE MODELING OF NANOMATERIALS
WITH COMPLEX ENVIRONMENT AND EXTERNAL FIELD

In Chapter 3, we have used a concise mathematical model to show that the solvent

surrounding the colloidal QDs can pronouncedly alter their Fermi-level and electronic wave

function of the excess electrons. However, such simple model cannot provide further insights

on the more intriguing properties, such as absorption spectrum. In this chapter, we will

model such solvation effect in a deeper atomistic level, via employing a so-called QM/MM

method, which explicitly incorporate the solvent molecules. Moreover, we have applied

real-time framework to include the effect of time-dependent external electric field as well.

Though the examples we shown in this chapter is not a real nanomaterial system, the theory

and implementation is generalized to any interesting systems, such as metal clusters and

quantum dots under atomic basis. This chapter is adapted with permission from: Hongbin

Liu, Andrew J Jenkins, Andrew Wildman, Michael J Frisch, Filippo Lipparini, Benedetta

Mennucci, Xiaosong Li, J. Chem. Theory Comput. 2019, 15, 1633-1641. Copyright c©2019

American Chemical Society. [188]

5.1 Introduction

Real-time time-dependent electronic structure theory seeks to solve the time-dependent

Schrödinger equation (TDSE) for quantum systems in order to predict and simulate the

response to external perturbations [290, 165, 270, 10, 177, 46, 65, 45, 220, 221, 222, 99].

Real-time methods have been applied to many types of spectroscopy[161, 66, 58, 197] as well

as studies of charge migration and charge-transfer dynamics. [46, 90, 63, 261, 240, 292, 123].

A commonly used real-time approach is the real-time time-dependent density functional the-
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ory (RT-TDDFT),[43, 59, 171, 178, 64, 100, 98, 132, 196, 197, 78] making use of TDDFT,

one of the most prevalent methods for the study of excited state properties and absorption

spectra of molecular systems. However, available DFT functionals used in RT-TDDFT are

adiabatic, i.e. the exchange-correlation potentials do not change in time, and are designed

for the ground state, leading to many known problems.[262, 91, 246, 242]

Recently, wave function based real-time electronic structure theory in the framework of

time-dependent configuration interaction (TD-CI) has been used for the calculation of ab-

sorption spectra and non-linear optical properties in vacuum.[166, 236, 80, 278, 291] Since

the full TD-CI method is not computationally feasible except for very small molecular sys-

tems, the CI expansion is often truncated in terms of either the excitation operator (e.g.,

singles and doubles) or the space used to construct the CI basis (e.g., the complete active

space approach). Both types of truncated TD-CI methods have shown promise in simulating

multi-electron dynamics driven by external perturbations. [166, 236, 291]

An external perturbation of great chemical interest is the interaction between a molecule

and its environment, such as a solvent or protein. It is well known that this perturbation

can lead to changes in fundamentally dynamical properties of a molecule, as seen by sol-

vatochromic shifts in spectra of chromophores [248, 284, 205, 127, 42] or solvent induced

modifications to electron transfer rates.[46] Although the importance of such a perturbation

is widely recognized, care must still be taken when choosing a model to simulate the solute-

solvent interaction. An effective and increasingly popular approach consists in adopting a

so-called polarizable embedding scheme, which includes atomistic descriptions of the environ-

ment while also allowing for mutual polarization between the molecule and its environment.

Many different models belong to the family of polarizable embedding, including, but not

limited to the “Effective Fragment Potential Method”[57, 130] and the polarizable molecular

mechanics models, which can be based on induced dipoles[55, 38, 37, 203, 195] (MMPol),

fluctuating charges[255, 256, 184, 185], or Drude oscillators[27]. Numerous recent efforts have

been devoted to improving the accuracy of spectral simulations in an environment through

the lens of polarizable embedding. Hedeg̊ard et al. implemented a multi-configuration self-
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consistent field (MCSCF) within their own polarizable embedding framework and used it to

get the solvatochromic shift of the first absorption in acetone and uracil.[109] Li et al. com-

bined the induced dipole formalism of MMPol with the complete active space self-consistent

field (CASSCF)[260, 124] method to accurately capture the solvation effect of water on the

excited states of cytosine.[170] Donati et al. coupled real-time TDDFT to MMPol to simulate

the absorption spectrum and the time-dependent dipole in both solvated systems as well as

covalently bound protein.[69] Motivated by this final approach, this paper aims to merge the

merits of both explicitly time-dependent complete active space (CAS) methods and MMPol

to simulate the complex, environment-dependent and multi-electron excited state properties.

We present a time-dependent complete active space configuration interaction (TD-CASCI)

method coupled with an MMPol environment. This method is then used to calculate the

absorption spectrum of coumarin 153 (C153) in methanol, which has a pronounced and well

studied solvatochromic shift, in order to highlight the need for both facets of the model. In

addition, we explore the choice of reference orbitals for the TD-CASCI calculation and the

implications of the choices on the behavior of the environment. In particular, the behaviors

of TD-CASCI simulations using HF, ground state state-specific CASSCF (SS-CASSCF) and

state-averaged CASSCF (SA-CASSCF) [304] orbitals in an MMPol environment are com-

pared to determine their suitability for capturing environmental effects on correlated excited

states.

5.2 Theory

The time-evolving wave function of a many-electron system is governed by the time-dependent

Schrödinger equation:

i
∂Ψ(t)

∂t
= Ĥ(t)Ψ(t) (5.1)

In the time-dependent configuration interaction (TDCI) framework, the wave function Ψ(t)

is expanded as a linear combination of time-independent Slater determinants {Φi}:

Ψ(t) =
∑
k

Ck(t)Φk (5.2)
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where {Ci(t)} are the time-dependent CI coefficients. Within a given basis, the TDCI

approach gives the exact time-dependent variational solution of a many-electron system.

However, it is not a computationally practical method except for small systems. For large

molecules, the TDCI wave function expansion can be restricted in a so-called active space,

resulting in a CAS formalism,

ΨCAS(t) =
∑

K∈CAS

CK(t)ΦK (5.3)

As the size of the active space increases, the CAS wave function approaches the asymptotic

limit of the full CI solution. In the following discussion, we remove the CAS denotation for

simplicity, and use the following notation throughout the rest of the paper:

• K,L, ... are Slater determinants in the active space.

• t, u, v, w, ... are orbitals in the active space.

• i, j, k, l, ... are orbitals in the inactive space.

• a, b, c, d, ... are orbitals in the virtual space.

• p, q, r, s, ... are any orbitals.

• ν, ν ′, ... are atomic orbitals.

5.2.1 Time-dependent Complete Active Space Approach

With the CAS wave function ansatz in Eq. (5.3), Eq. (5.1) can be written in a matrix form

as:

iĊ(t) = Ĥ(t)C(t) (5.4)
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The Hamiltonian in the determinant basis is

HKL(t) = 〈K|
∑
tu

(htu +
∑
i

(2(tu|ii)− (ti|iu)) + V Ext
tu (t)) Êtu |L〉

+ 〈K| 1
2

∑
tuvw

(tu|vw)(ÊtuÊvw − δuvÊtw) |L〉 (5.5)

where the hpq and (pq|rs) are the one-electron and two-electron integrals, respectively. Êpq

is an excitation operator

Êpq = â†pαâqα + â†pβâqβ. (5.6)

The first term in Eq. (5.5) is the effective one-electron Hamiltonian which includes contribu-

tions from doubly occupied inactive orbitals and external perturbations. In the presence of an

external electric field, ξ(t), the effect of the external perturbation takes on an electric-dipole

approximation,

V Ext
tu (t) = dtu · ξ(t) (5.7)

dpq = 〈p| r |q〉 (5.8)

This potential is included in the effective one-electron Hamiltonian in Eq. (5.5)

5.2.2 Time-propagation of Direct TD-CASCI

Propagation of Eq. (5.4) can be carried out in the CI state basis where the time-evolution

operator is a unitary matrix.[163, 166, 291] However, propagating the TD-CASCI wave func-

tion in the CI state basis requires a full diagonalization of the Hamiltonian and computation

of the transition dipole matrix element between all CI states. This is not a computationally

practical approach except for small CAS problems.

In this work, we use the second-order symplectic leapfrog method [236, 103, 23] to inte-

grate the TD-CASCI equation in matrix form (Eq. (5.4)) with a direct algorithm to form

the matrix-vector product.
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The first step in the leapfrog propagation of Eq. (5.4) is a first order extrapolation of C

at t = 0, C(0), to C at t = ∆t
2

, C(∆t
2

):

C(
∆t

2
) = C(0) +

∆t

2
Ċ(0) (5.9)

where Ċ(t) is written as the simple rearrangement of Eq. (5.4):

Ċ(t) = −iĤ(t)C(t) (5.10)

The subsequent steps propagate C by evaluation of Ċ at the midpoint of the step:

C(t) = C(t−∆t) + ∆t Ċ(t− ∆t

2
) (5.11)

The symplectic nature of the scheme ensures the norm is conserved over long-time propagation.[236]

The most time-consuming step of the leapfrog propagation is the evaluation of the matrix-

vector product in Eq. (5.10). In the direct TD-CASCI approach, the matrix-vector product

σL =
∑
L

HKLCL (5.12)

is computed on-the-fly using Olsen’s minimum operation count algorithm[226]. Combining

a direct-CI approach with the leapfrog algorithm results in a method with reduced memory

requirements, allowing the use of larger CI expansions and the study of larger systems.

5.2.3 Coupling to the Time-dependent Polarizable Force Field

To describe the many-electron dynamics embedded in a polarizable force field, one needs to

integrate the mutual polarization between the TD-CASCI and MMPol subsystems during

the dynamics. MMPol introduces an additional time-dependent perturbation to the effective

one-electron Hamiltonian,

V MMPol
tu = −〈t|

∑
i

qi
|r−Ri|

+
∑
p

µp(t) · (Rp − r)

|r−Rp|3
|u〉 (5.13)

where {qi} are MM charges. Indices i and p label the charge and polarizable sites in the

MM region, respectively. r are electronic degrees of freedom in the QM region and R are

the nuclear degrees of freedom in the MM region.
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The two terms in the bracket in Eq. (5.13) give rise to the electrostatic interaction between

the QM electrons and the MM charges {qi} and induced dipole {µp}. The time-dependence

of the MM dipoles {µp} arises from the time-dependent electric field produced by the MM

charges and QM electrons through the following linear equation,

µp(t) = αp ·

(
Ep(t) +

∑
p′ 6=p

S
(3)
pp′

µp′(t)

|Rpp′|3
−
∑
p′ 6=p

S
(5)
pp′

3Rpp′(Rpp′ · µp′(t))

|Rpp′|5

)
(5.14)

Ep(t) =
∑
i 6=p

qi
Rp −Ri

|Rp −Ri|3
+
∑
i

Zi
Rp −Ri

|Rp −Ri|3
+

∫
ρ(r, t)

Rp − r

|Rp − r|3
dr (5.15)

where αp and Ep(t) are the static polarizability tensor and the time-dependent polarization

field at the MM site p. R are nuclear degrees of freedom in the QM region. S(3)pp′ and

S(5)pp′ are screening factors depending on the MM topology, which are introduced to avoid

over-polarization effects.[287, 293, 299] In the MMPol scheme used in this work, atomic

partial charges[36] and isotropic static atomic polarizabilities[38, 129] in the MM region are

employed.

The time-dependent polarization field at the MM site p includes the electric field produced

by the time-dependent electronic density of charge ρ(r, t). In the current implementation,

this term is evaluated as

∫
ρ(r, t)

Rp − r

|Rp − r|3
dr =

∑
νν′

Pνν′(t) 〈ν|
Rp − r

|Rp − r|3
|ν ′〉 (5.16)

where P is the density matrix in the atomic orbital basis.

In this work, only the static polarizabilities of the MM sites are considered, and the MM

induced dipoles respond instantaneously to the electric field produced by the time-dependent

electronic density of charge ρ(r, t) at each polarizable site p. This is a reasonable and useful

approximation for cases where the electric field generated by the QM region is oscillating

much slower than the response in the MM region.[307]
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Figure 5.1: Density matrix γ in molecular orbital basis.

In the TD-CASCI formalism, the total one-particle density matrix takes on a form illus-

trated in Fig. 5.1 where all the inactive orbitals are doubly occupied and all virtual orbitals

are empty. Only the one-particle density matrix in the active molecular orbital space depends

on times. Such a dependence stems from the time-evolution of TD-CASCI,

γii(t) = 2, γij(t) = 0, i 6= j

γtu(t) = 〈0| Êtu |0〉 =
∑
KL

C∗K(t)CJ(t) 〈K| Êtu |L〉 (5.17)

γab(t) = 0

However, all electrons, including those in the inactive orbitals, produce polarization fields

acting on the MM sites. Therefore, at each time step, the total one-particle density matrix

in the molecular orbital space γ(t) is transformed to the atomic orbital space P(t) for the

evaluation of the polarization field introduced by the QM region (Eq. (5.16)).

5.2.4 Computation of Absorption Spectrum and Signal Processing

In the direct TD-CASCI formalism, the time-dependent dipole moment can be computed as

µx,y,z(t) = Tr[dx,y,zγ(t)] (5.18)

where d and γ(t) are defined in Eq. (5.8) and Eq. (5.17). Note that only the time-evolving

part of the one-particle density matrix can give rise to dipole oscillations and absorption

signals.
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The initial electric field perturbation corresponds to a step function lineshape lasting for

only the initial time-step of width ∆t, e.g.

ξ(t) =

ξmax, 0 ≤ t < ∆t,

0, else

(5.19)

In this case, the discrete Fourier transform of the “delta pulse” ξ(t) will simply be ξmax.

Following this external perturbation the molecular dipole will evolve in time. The absorp-

tion spectrum can then be determined by a Fourier transform of the time evolving dipole

moment (Eq. (5.18)). Padé approximants, used in this paper, have been shown to pro-

duce comparable spectra with far shorter simulation time.[31, 132] The transformed dipole

moments can then be used to construct the isotropic dipole strength function

S(ω) ∝
∑

q=x,y,z

Tr

[
ω · Imµq(ω)

ξq

]
(5.20)

to form the absorption spectrum.

5.3 Results and Discussion

5.3.1 Simulation Protocols

The TD-CASCI/MMPol method introduced in this work is implemented in the development

version of the Gaussian software package.[89] The case study is the absorption spectrum

of the coumarin 153 dye[204, 167, 148, 115, 156, 253, 44, 120, 217, 157], a member of a

class of molecules widely employed as sensitizers in solar cells.[227] The time step used

in the benchmark calculations is 0.024 attosecond to ensure an accurate interpretation of

the results. TD-CASCI/MMPol dynamics are integrated for 15 fs. The external electric

field employed to perturb the system had an intensity of 0.001 a.u., low enough to allow

a linear approximation of the system response to the perturbation. Computed spectra are

compared to experimental measurements and linear response TDDFT results. The PBE0

hybrid functional[1] with the 6-31G(d) basis set [67, 86] is used in the TDDFT calculations.

The same basis set is used for the TD-CASCI calculations.
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5.3.2 Choosing the CASCI Space and Reference Orbitals

Characteristics of electron wave functions in TD-CASCI calculations strongly depend on the

size of the active space and the choice of orbitals used to construct the configurations that

expand the CAS wave function (Eq. (5.3)). Three different sets of molecular orbitals are used

to construct the active space and their effects on the TD-CASCI spectra are investigated in

this work. The three sets of molecular orbitals are fully optimized at the Hartree-Fock (HF)

reference, ground state SS-CASSCF, and SA-CASSCF levels, respectively. In the following

discussion, we will use TD-CASCI//HF, TD-CASCI//SS-CASSCF, and TD-CASCI//SA-

CASSCF notations to describe the choice of molecular orbitals that underly the TD-CASCI

simulations.

In order to determine the ideal size of the active space for TD-CASCI simulations, a large

active space, CAS(22,16) (22 electrons and 16 orbitals), was initially investigated. We will use

the optimized ground state HF reference orbitals in vacuum as a case study to illustrate the

strategy to choose the active space. Ground state HF orbitals optimized in vacuum ranging

from HOMO−10 to LUMO+4 are included in the CASCI(22,16) calculation. Suggested by

a linear response TDHF calculation, these orbitals are mostly responsible for the lowest 15

electronic excitations. Fig. 5.2A shows orbital occupation numbers (Eq. (5.17)) obtained

from the CASCI(22,16) calculation. Many orbitals are nearly doubly-occupied (occupation

number > 1.95) or empty (occupation number < 0.05) in the lowest 16 CI states including

the ground state. Only seven orbitals with significant π characters, HOMO−3 to LUMO+2

(see Fig. 5.2B), are considered active in terms of electron occupation number. This analysis

suggests that an active space of 8 electrons and 7 orbitals is sufficient for describing low-

energy electronic excitations of coumarin 153 in vacuum. Similar exercises are used to select

active spaces for TD-CASCI simulations using molecular orbitals optimized at different levels

in vacuum and in MMPol (see Supporting Information, Figure S1 and S2), and result in

the same size of active space for all simulations carried out in this work. Therefore, all

following TD-CASCI calculations are performed in the CAS(8,7) framework with different
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optimized molecular orbital sets shown in Figure S2 in the Supporting Information. The

initial condition at t < 0 before the field is turned on for each test case is chosen to be the

ground state of the CASCI(8,7) solution.

1 6 11 16

HOMO-10

HOMO-5

HOMO

LUMO+4

#
.O
rb
ita
l

#. State

HOMO HOMO-1

LUMO+1 LUMO+2LUMO

HOMO-2 HOMO-3

(A) (B)

Figure 5.2: (A) Orbital occupation numbers, computed using Eq. (5.17), from HOMO−10
to LUMO+4 across the first sixteen states in coumarin 153. (B) Seven most active orbitals
from the analysis in (A).

Figure 5.3 shows absorption spectra of coumarin 153 in vacuum computed using three

different TD-CASCI protocols, compared to those obtained with linear response TDDFT

and TDHF. All TD-CASCI spectra are blue-shifted compared to those from linear response

TDDFT and TDHF calculations. The spectral blue-shift in TD-CASCI is a result of a lack

of dynamical correlation when a small active space is used. It should be noted that the TD-

CASCI spectrum generated using SS-CASSCF ground state orbitals is more blue-shifted than

those using HF and SA-CASSCF orbitals. This occurs because the SS-CASSCF orbitals are

optimized solely for the ground state, meaning that the ground state is stabilized compared

to the excited states. As a result, the energy gap between the ground and excited states

increases, causing a larger blue shift.
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Figure 5.3: Absorption spectra of coumarin 153 in vacuum computed with linear response
TDDFT, TDHF, and TD-CASCI using HF, SS-CASSCF, and SA-CASSCF optimized or-
bitals. Experimentally, the first absorption peak appears at 3.35 eV in vacuum.[217]

Figure 5.4 analyzes two characteristic absorption peaks in TDHF, TDDFT and TD-

CASCI//HF spectra, including the first and the most intense peaks. Their contributing

MO transitions and Slater determinants are shown with expansion coefficients. Compared

to linear response TDDFT and TDHF calculations, most peaks in TD-CASCI//HF spectra

consist of similar molecular orbital transitions that correspond to singly excited determinants.

One major advantage of TD-CASCI over TDDFT or TDHF is that excited states containing

characters beyond that of a single excitation can be resolved. Figure 5.4 shows that the
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two characteristic absorption peaks in TD-CASCI//HF spectrum contains double excitation

contributions. In particular, the first absorption peak of coumarin 153 in vacuum has a

rather significant contribution from a doubly excited Slater determinant that corresponds

to two-electron transition from HOMO to LUMO, a character that cannot be captured by

linear response TDHF or TDDFT.

Figure 5.4: MO transition and Slater determinant contributions to the first, (A), and most
intense, (B), absorption peaks for coumarin 153 in vacuum.

5.3.3 Solvatochromic Spectral Shift

The focus of this work is to illustrate the time-dependent interplay between solute electronic

excited states and a polarizable environment, and how their interactions manifest in a solva-

tochromic shift. Therefore, although the absolute absorption peak positions are blue-shifted,

we expect that the relative solvatochromic shifts can still be accurately captured by TD-

CASCI since they arise due to the perturbation from the environment instead of internal

electron correlation.

Experimentally, the lowest absorption peak of coumarin 153 in methanol exhibits a

0.35∼0.44 eV solvatochromic red-shift compared to that in vacuum.[217, 297, 153] The TD-

CASCI/MMPol electronic dynamics of the coumarin 153 dye in methanol solvent are simu-
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lated to resolve the absorption spectrum and solvatochromic shift. Coumarin 153 was placed

in a box of 175 methanol molecules.[121, 119] The solvation box was previously equilibrated

using the Amber parm99SB force field.[53, 298, 114]

To simulate electronic dynamics driven by external electric field in solvent, the system is

initially prepared in equilibrium with the environment. In other words, molecular orbitals are

variationally optimized in the presence of solvent before the external perturbation is turned

on. The three self-consistent approaches, including HF, SS-CASSCF, and SA-CASSCF,

to obtain molecular orbitals for the active space also represent three different equilibrium

conditions to include the solvent effect at t < 0. Although at t > 0, the time-dependent

interaction between the TD-CASCI quantum system and the MMPol subsystem is modeled

in the same framework as described in Sec. 5.2.3 for all test cases, the electronic dynamics

and spectroscopic signals strongly depend on the initial equilibrium conditions.

Figure 5.5: Normalized time-dependent net dipole moments of coumarin 153 in methanol
after a delta-pulse perturbation, simulated with TD-CASCI/MMPol using different sets of
orbitals. The net dipole moments of the QM region are plotted in blue, the net dipole mo-
ments of the MM region are plotted in red and have been magnified for 10 times. left to right :
orbitals optimized at the HF/MMPol, SS-CASSCF/MMPol, and SA-CASSCF/MMPol lev-
els.

Figure 5.5 shows the normalized time-dependent net dipole moments of coumarin 153

in methanol simulated with TD-CASCI/MMPol using solvated orbitals optimized at the

HF/MMPol, SS-CASSCF/MMPol, and SA-CASSCF/MMPol levels. Time-dependent net
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dipole moments of the MMPol region are also plotted. Since the MM dipoles are propagated

instantaneously with the perturbed QM electronic density, an anti-oscillatory behavior of

the time-dependent MM dipole is expected. The absorption spectra obtained from the three

dipole time series are compared in Fig. 5.6 to the results in vacuum and those obtained with

linear response TDDFT/MMPol and TDHF/MMPol calculations in methanol.

Figure 5.6: Absorption spectra of coumarin in methanol computed with TD-CASCI/MMPol
using HF/MMPol, SS-CASSCF/MMPol, and SA-CASSCF/MMPol optimized orbitals (red)
compared to their corresponding vacuum spectra (black).

Linear response TDHF and TDDFT exhibit a solvatochromic red-shift of 0.20 eV and
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0.24 eV, respectively. In contrast, TD-CASCI simulations using the HF or SA-CASSCF

optimized orbitals show a solvatochromic red-shift of of 0.37 eV and 0.44 eV, respectively, for

the first absorption peak, in excellent agreement with experimental measurements. From the

analysis in Fig. 5.4, this is attributed to the inclusion of higher order excitation contributions

which are beyond the capability of linear response TDHF or TDDFT formalisms. However,

the simulations using SS-CASSCF orbitals shows the smallest solvatochromic shift. This

again is due to the fact that solvated orbitals are solely optimized for the ground state.

In the cases of TD-CASCI using solvated HF and SA-CASSCF orbitals, both ground and

excited states are treated on an equal footing with the consideration of static correlation

and environmental effects. This is an intrinsic nature of the TD-CASCI//HF approach.

For TD-CASCI//SA-CASSCF, all relevant states should be considered in the state-average

optimization of the solvated orbitals. In the case studied here, the lowest eight states are

included in the averaging.

5.4 Conclusion

In this article, we have introduced a coupling scheme that embeds the TD-CASCI method

in a polarizable force field, MMPol. The time-evolution of TD-CASCI approach employs a

direct matrix-vector contraction on-the-fly which allows studies of large scale systems using

the TD-CI approach.

The solvatochromic shift of coumarin 153 dye in methanol was studied using the TD-

CASCI/MMPol approach developed in this work, compared to experimental measurements

and results from linear response TDHF and TDDFT calculations. Although absolute exci-

tation energies from TD-CASCI/MMPol simulations are higher than those calculated using

TDHF and TDDFT due to the lack of dynamic correlation, TD-CASCI simulations using

HF and SA-CASSCF solvated orbitals out-perform linear response TDHF and TDDFT for

the computed solvatochromic shift. The TD-CASCI approach is particularly advantageous

because its multi-configurational nature allows the description of the excited states with

double-excitation character.
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The effect of using different reference orbitals for the TD-CASCI simulation has also been

investigated. The use of SS-CASSCF/MMPol solvated orbitals is discouraged because they

give rise to a strong bias toward electronic characteristics of the ground state. In order to

properly describe the excited state solvatochromic shift, wave functions of all relevant states

should be treated on an equal footing. This is the case in the TD-CASCI simulations using

HF and SA-CASSCF solvated orbitals which produce a solvatochromic red-shift in excellent

agreement with experiments.

The TD-CASCI/MMPol method detailed here is a powerful tool for studying electronic

dynamics embedded in a polarizable environment. This method is particularly advantageous

when excited states of the quantum subsystem are multi-configurational in nature.
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[15] Rémi Beaulac, Yong Feng, Joseph W. May, Ekaterina Badaeva, Daniel R. Gamelin, and

Xiaosong Li. Orbital Pathways for Mn2+-Carrier sp–d Exchange in Diluted Magnetic

Semiconductor Quantum Dots. Phys. Rev. B, 84:195324, 2011.



101

[16] Michael A Becker, Roman Vaxenburg, Georgian Nedelcu, Peter C. Sercel, Andrew

Shabaev, Michael J Mehl, John G. Michopoulos, Samuel G. Lambrakos, Noam Bern-
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[244] Pekka Pyykkö. Relativistic Effects in Chemistry: More Common Than You Thought.

Annu. Rev. Phys. Chem., 63:45–64, 2012.

[245] Li Na Quan, Mingjian Yuan, Riccardo Comin, Oleksandr Voznyy, Eric M. Beauregard,

Sjoerd Hoogland, Andrei Buin, Ahmad R. Kirmani, Kui Zhao, and Aram Amassian.

Ligand-Stabilized Reduced-Dimensionality Perovskites. J. Am. Chem. Soc., 138:2649–

2655, 2016.

[246] Shampa Raghunathan and Mathias Nest. Critical Examination of Explicitly Time-

Dependent Density Functional Theory for Coherent Control of Dipole Switching. J.

Chem. Theory Comput., 7:2492–2497, 2011.



130

[247] Adharsh Rajagopal, Spencer T. Williams, Chu-Chen Chueh, and Alex K.-Y. Jen. Ab-

normal Current-Voltage Hysteresis Induced by Reverse Bias in Organic-Inorganic Hy-

brid Perovskite Photovoltaics. J. Phys. Chem. Lett., 7:995–1003, 2016.

[248] Christian Reichardt. Solvatochromic Dyes as Solvent Polarity Indicators. Chem. Rev.,

94:2319–2358, 1994.

[249] Markus Reiher and Alexander Wolf. Exact Decoupling of the Dirac Hamiltonian. I.

General Theory. J. Chem. Phys., 121:2037, 2004.

[250] Markus Reiher and Alexander Wolf. Exact Decoupling of the DIrac Hamiltonian. II.

The Generalized Douglas-Kroll-Hess Transformation Up to Arbitrary Order. J. Chem.

Phys., 121:10945, 2004.

[251] Markus Reiher and Alexander Wolf. Relativistic Quantum Chemistry. Wiley-VCH,

second edition, 2015.

[252] M. Repisky, S. Komorovsky, V. G. Malkin, O. L. Malkina, M. Kaupp, K. Ruud, R. Bast,

U. Ekstrom, M. Kadek, S. Knecht, L. Konecn̆ý, E. Malkin, and Ond́ık Malkin. Rela-
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Electron Transport in a ZnO Quantum-dot Solid. Appl. Phys. Lett., 83:5530, 2003.
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