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Technological innovations have given rise to data-rich environments that support the use of
heterogeneous sensor measurements to monitor complex healthcare systems. Despite these
advancements, however, there remains little understanding of how patient health evolves in
real clinical settings and how changes in health condition generate manifestations that are
captured by the data. To address this knowledge gap, my research aims to build disease
trajectory modeling that can reconstruct the evolving patient’s health condition over time,
termed the contemporaneous health index (CHI), by combining data and the natural history
model of the disease. This global index may help increase the continuity of care, facilitate patient-provider communication, and assist with a range of clinical decision makings.
However, lack of deep understanding of the disease and its progression, existence of patient
heterogeneity, inherent uncertainty in predictive models and the emergence of large amounts
of complex, and unstructured data, all could compromise prediction capabilities.
In this dissertation, we developed innovative methodologies that reflect the progression of the
underlying patient condition by learning personalized models, quantifying the uncertainty of

those models, and creating effective biomarker engineering pipelines to analyze large amounts
of complex data for effective incorporation into the calculation of CHI. We first, proposed
a novel clinical data fusion framework, named DL-CHI: a dictionary learning-based CHI
that quantifies the severity of the deterioration process over time and represents monotonic
progression patterns with a systematic optimization formulation. DL-CHI mitigated the
heterogeneity of the patients by incorporating dictionary learning to create personalized
models for individual patients. We then developed the UQ-CHI framework: an uncertainty
quantification-based model of CHI to further enhance the disease trajectory modeling with
uncertainty quantification by considering imperfect and continuous delivery of knowledge
via probabilistic nature of maximum entropy discrimination (MED) principle. Finally, we
proposed effective biomarker engineering pipelines to enable possible extensions of the CHI
for building trajectory models from complex data (video, audio, text, and mobile sensor
reading data).
We applied the proposed methodologies to real-world applications, including Alzheimer’s
disease (AD), surgical site infection (SSI), depression and human activity recognition using
wearable sensors.
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Chapter 1

INTRODUCTION

1.1

Motivation

The emergence of big data era in routine health care provides an unprecedented opportunity for patient monitoring and characterization of clinical conditions. Current knowledge of
disease comes from clinical experience and laboratory experimentation, but a systematic collection of observations from patients remains rare. This has led to a limited understanding of
how the disease evolves in real clinical settings and has hampered the true power of big data
analytics in the health sciences. Healthcare system characteristics present challenges that
call for specialized techniques capable of integrating data, extracting intelligent knowledge,
and coordinate monitoring by multiple sensors. Among the many challenges in using these
methods, is an incomplete understanding of the disease that could ultimately contribute to
model development (e.g., monotonic progression) that fully leverages complex new types of
data (e.g., text, image, audio, video, mobile sensor reading data, etc) and readily handles
the inherent complexity/variety in clinical decision support (e.g., uncertainty). Some recent
developments in statistics and machine learning, including dictionary learning, Bayesian
learning, deep learning, as well as some traditional methodologies (e.g., multi-level models),
hold potential in addressing these challenges in a statistically powerful and computationally
efficient way. This dissertation concentrates on developing novel statistical methods for helping overcome these challenges. In the following, we illustrate the objectives and organization
of this dissertation.

2

1.2
1.2.1

Research objectives
Disease trajectory modeling and contemporaneous health monitoring

We developed novel formulations for contemporaneous patient risk monitoring by exploiting
emerging data-rich environments, where longitudinal data that reflects the degeneration
of the health condition could be continuously collected. Our formulations considered the
existence of patient heterogeneity and uncertainty as two unavoidable features that could
affect model prediction capabilities.
DL-CHI: a dictionary learning-based CHI model to address heterogeneity
It is recognized that the heterogeneity of the patient population (even of the same diagnostic
group) can play a significant role in clinical outcomes [2], for reasons such as the severity of the
disease, responsiveness to the care, or the presence of multiple comorbid conditions. Although
it is believed that a personalized model can be built for each patient according to their
specific data, such models require a significant amount of labeled training samples, which
is generally not available in clinical settings. Furthermore, multivariate longitudinal clinical
measurements are temporal realizations of an underlying disease progression, therefore it
is challenging to model this data to ensure robust predictions. The fact that these data
are usually sampled at irregular time points introduces an additional layer of complexity.
Towards this goal, we developed a knowledge-driven contemporaneous health index DLCHI, which represents an index for degenerative disease monitoring [3]. This index precisely
reflects the underlying patient condition across the course of the condition’s progression and
accounts for disease complexity and patient heterogeneity by drawing on recent theoretical
developments in statistics and machine learning.
UQ-CHI: an uncertainty quantification-based model of CHI to quantify imperfect and continuous delivery of knowledge
A degree of uncertainty is always involved in decision-support systems. This uncertainty
can be traced back to sample errors, system noise, or insufficient sample size that is encountered during the modeling process. In clinical predictions, it is necessary to deal with
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such uncertainty in an effective manner. If the model parameters are not well constrained,
the resulting predictions will likely represent an unacceptable degree of uncertainty that
would lead healthcare professionals and caregivers to make uninformed, and potentially erroneous, medical decisions. To address this concern, we developed a methodology to further
enhance the disease trajectory modeling with uncertainty quantification named UQ-CHI:
an uncertainty quantification-based contemporaneous health index for degenerative disease
monitoring [4]. This framework informs optimal decision-making given imperfect and continuous delivery of knowledge and can ultimately lay the foundation for further decision-making
such as prediction and monitoring.
1.2.2

Biomarker engineering for data-rich healthcare environments

Many biomarker measurement techniques can be used to represent the progression of complex
disease, however, they have to be in a form that allows algorithms for effective modeling.
Building trajectory models from complex data (video, audio, text, and mobile sensor reading
data) require advanced data-driven approaches that integrate multiple sources and draw
meaningful conclusions that support decision-making. Therefore, we developed biomarker
engineering pipelines by using domain knowledge of the data to serve as a benchmark for
building CHI models. These pipelines enable possible extensions of CHI to other healthcare
applications such as mental health monitoring and human activity recognition.
Multi-modal biomarker engineering to detect depression
We examined how domain knowledge of the disease and data could be used to create biomarkers that make machine learning models more accurate and useful. Particular healthcare
system characteristics call for specialized data fusion models to predict patient’s conditions,
address data-rich environments, and extract intelligent knowledge from multiple, interacting
sensors. For example, for complex diseases such as depression, a single sensor is typically insufficient for characterizing various types of manifestations. Studies show that depression can
manifest in multiple modalities such as a patient’s vocal acoustic, linguistic and facial patterns [5, 6, 7]. Hence, the explicit modeling of heterogeneous signals provides a much better
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characterization of the condition of a system compared to relying solely on measures from
an individual signal. We previously proposed an application scenario of a multi-modality
methodology-based prediction, intending to discover promising biomarkers that were predictive of depression for better treatment evaluation and monitoring [8, 9]. Here, we apply a
multi-modality prediction model to combine the audio, video, and text modalities.

Unknown context discovery through an uncertainty quantification-based of deep
neural networks
With the knowledge-driven contemporaneous health index, warning signals occurring throughout disease progression can be automatically sent to the clinic team via integration of information from the sensor reading data (e.g., medical sensor, mobile device, and wearables).
A healthcare application may bring about severe network traffic as patients, biomedical signals, sampling rates all increase. Using contextual information to characterize the situation
of patients (i.e., location, physical condition, disease type, etc.) may facilitate the clinic
team to provide better treatment for the patient [10, 11], and might be a solution to solve
the interoperability problem linking sensor makers to healthcare service providers. However,
contextual information can vary from person to person, and it can change over time for
the same person. Therefore, we require approaches to generate health indices from sensor
reading data that are able to effectively reveal unknown contexts.

Towards this goal, we focused on context-aware systems as a part of wearable computing
to improve activity recognition and to detect useful digital biomarkers that are predictive
or indicative of patient’s conditions. We developed a deep context-aware mobile activity
recognition system that detected the uncertainty of possible unknown contexts. This was
accomplished by determining the potential distribution mismatch between known and unknown contexts by combining the feature extraction power of deep learning with the learning
power of maximum entropy learning (MEL) to define a probabilistic mechanism for unknown
context discovery.

5

1.3

Organization of the dissertation

This dissertation is organized according to the following sections: the first part of this dissertation focuses on the disease trajectory modeling of DL-CHI: a dictionary learning-based
contemporaneous health index for degenerative disease monitoring (Chapter 2). We then developed a probabilistic generalization of CHI, UQ-CHI: an uncertainty quantification-based
contemporaneous health index for degenerative disease monitoring (Chapter 3). Next, we
developed effective pipelines for complex data by presenting a multi-modality framework
to detect depression from communication, specifically the linking of computer vision, signal processing, and sentiment analysis (Chapter 4). Finally, we developed an uncertainty
quantification-based mixture of deep neural networks for context-aware activity recognition
to enable CHI for sensor reading data (Chapter 5). The conclusion of the dissertation is
presented in Chapter 6.
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Chapter 2
DL-CHI: A DICTIONARY LEARNING BASED
CONTEMPORANEOUS HEALTH INDEX FOR
DEGENERATIVE DISEASE MONITORING

Effective monitoring of degenerative patient conditions is crucial for many clinical decisionmaking problems. Leveraging the nowadays data-rich environments in many clinical settings,
in this work we propose a novel clinical data fusion framework that can build a contemporaneous health index (CHI) for degenerative disease monitoring to quantify the severity of
deterioration process over time. Our framework specifically exploits the monotonic progression patterns of the target degenerative disease conditions such as the Alzheimer’s disease
(AD) and articulate these patterns with a systematic optimization formulation. Further,
to address the patient heterogeneity, we integrate CHI with dictionary learning to build
sets of overcomplete bases to represent the personalized models efficiently. Numerical performances on two real-world applications show the promising capability of the proposed
DL-CHI model.
2.1

Introduction

In this work, we concern the problem of patient risk monitoring that is to characterize
the trajectory over the course of progression. Although there is no universal definition
of the concept ”patient condition”, it has been a crucial concept in the communications
between clinicians and frequently referenced by healthcare providers. Developing a precise
contemporaneous longitudinal index (CHI) that can faithfully reflect the underlying patient
condition across the course of the condition’s progression holds great value for facilitating
a range of clinical decision-makings. For instance, it will help early detection of patient
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deterioration to help reduce the number of serious incidents, i.e., it is reported that 11% of
serious incidents are a function of deterioration not acted upon mainly due to the failure
to recognize the sign of deterioration [12, 13]. It will also help enhance the continuity of
care since a longitudinal perspective of the patient condition can be provided for clinicians
and healthcare providers. Also, it may ultimately lead to development of control system
engineering that can implement adaptive interventions for better healthcare management
[14, 15, 16, 17], with a global representation of the dynamic condition in evolution.
Towards this goal, technological innovations are emerging in many healthcare applications,
which have given rise to a data-rich environment where an abundance of longitudinal clinical
measurements that reflect the degeneration of the health condition can be continuously collected. For example, to monitor the surgical site infection (SSI), daily wound measurements,
such as the temperature, granularity, distance of the wound, could be acquired to assess
the condition of the wound, together with other non-wound related but important clinical
signals such as heart rate, morning body temperature, and NG tube presence, etc. However,
particular data characteristics present challenges that call for specialized data fusion models
to predict patient conditions using the multivariate longitudinal data. For instance, as these
multivariate longitudinal data are actually temporal realizations of an underlying disease
progression in different dimensions, how to leverage our knowledge of the disease progression
process to fuse the data is a challenge. Also, the fact that these data are usually sampled at
irregular time points adds in another layer of complexity. And even we could fuse the data
properly, the existence of patient heterogeneity multiplies the complexity of the problem that
calls for a generic framework to personalize the model based on individual’s characteristics
implicitly embedded in data.
To tackle those challenges, we propose a novel framework, named as DL-CHI that focuses on a
particular category of disease conditions that follow a monotonic disease progression process.
In our previous work [1], we have developed a Contemporaneous health index (CHI) that fuses
the irregular multivariate longitudinal time series data to quantify the severity of degenerative
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disease conditions to fit the monotonic degradation process of the disease condition. However,
CHI is designed for average user and ignores the patient heterogeneity, and therefore limits
their applicability in real-world applications. For example, it is known that patients of AD
suffer from very diverse and heterogeneous progression processes [18, 19, 20]. A possible
remedy is to build personalized model on an individual’s basis. However, this demands a
great amount of labeled training samples, which are very likely not feasible in many clinical
settings.
Thus, this motivates us to develop the DL-CHI framework by integrating CHI with dictionary learning [21, 18]. The basic idea shared by the dictionary learning algorithms is that the
input signal is approximated with a sparse linear combination of a few dictionary elements
or basis [22]. DL has been used in many signal processing applications, such as signal reconstruction [23], face recognition [24], and healthcare [25, 26]. The dictionary basis provides
a succinct representation that can span the space of the personalized models to capture the
patient heterogeneity and reveal the hidden structures in the data (in a similar spirit as
principal component analysis). It has been shown that the performance of a classification
task can be improved by learning a sparsifying dictionary from the data set. [27, 28]. The
reason is that the sparsifying dictionary actually plays a role in the regularization of the
model learning, as the dictionary basis vectors are numerical representations of patient heterogeneity. Translating this wisdom into DL-CHI, our basic idea is to first learn individual
models through the CHI formulation, and then, reconstruct the model parameters of the
learned individual models via supervised dictionary learning. Each column of the dictionary
represents a basis vector. As such, each individual model is represented as a sparse linear
combination of the basis vectors.
The work is organized as follows. In Section 2, related work in the literature will be reviewed
and discussed. In Section 3, the proposed analytic framework will be presented, and the
corresponding computational algorithm will be derived. In Section 4, the proposed method
will be implemented and validated using two real-world applications; one is for monitoring of
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brain health in AD and the other is monitoring of SSI. We will conclude the study in Section
5. Note that, in this work, we use lower-case letters, e.g., x, to represent scalars, bold-face
lower-case letters, e.g., v, to represent vectors, and bold-face upper-case letters, e.g., W , to
represent matrices.
2.2
2.2.1

Related works
The CHI model

The CHI model is developed in [1] which specifically utilizes the monotonicity of disease progression to enhance the data fusion of multivariate clinical measurements taken at irregular
time points. In this section, we will first briefly present the basic formulation of the CHI
model, and then, present the DL-CHI model that integrates CHI with dictionary learning
for personalized models.
The CHI model was motivated by the common characteristics of many degenerative conditions such as AD which shows monotonic progression trajectory. For example, for AD,
a number of biomarkers have been developed to measure the degeneration of the neural
systems, including the neuroimaging modalities such as PET and MRI scans [29, 30]. It is
typical to see that, along with the disease progression, the brain volumes shown in the MRI
scans continues to shrink over time. The same phenomenon could be observed on the PET
scans with the persistent decrease of metabolic activities. Those monotonic patterns indicate
that the disease progression, once started, tends to be worse and worse.
The task of CHI is to translate multivariate longitudinal measurements into a contemporaneous health index hn,t that captures patient condition changing over the course of progression.
Note that different individuals could be measured with different length of time and at different time locations. As we target degenerative conditions, CHI should be monotonic, i.e.,
hn,t1 ≥ hn,t2 if t1 ≥ t2 , if we assume that higher index represents more severe condition.
Since CHI is a latent construct that is not directly measurable, clinical variables associated
with it can be measured over time, which provide us data to learn it.
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Denote the training set by xn,t = [xn,1,t , ..., xn,d,t ]T ∈ Rd collected from N patients. Here,
each measurement xn,i,t is the value of the ith variable for the nth subject for a given time
t, where t ∈ {1, . . . , Tn } is the time index. Converting the measurements xn,t into hn,t needs
a mathematical model for hn,t = f (xn,t ). Here, for simplicity and interpretability, we start
with the linear models, i.e., hn,t = xn,t · w, where w ∈ Rd is a vector of weight coefficients to
combine the d variables. Denote the total number of positive and negative samples by N +
and N − respectively, i.e., N + := |{n|yn = 1}| and N − := |{n|yn = −1}|.
The formulation of the CHI learning framework is shown in below:

min
w,b

1
kwk2 +
2
X
β
max(0, 1 − yn (x>
n,Tn w + b))+

(2.1a)
(2.1b)

n∈{1,··· ,N }

X

α

max(0, 1 − z>
n,t w)+

(2.1c)

n∈{1,··· ,N }
t∈{1,··· ,Tn −1}


λ 1
2 N+

λ 1
2 N−


X

T
2
((xn,Tn − x̄+
+
Tn ) w)

(2.1d)

n∈{N + |yn =1}


X

T
2
((xn,Tn − x̄−
Tn ) w)

(2.1e)

n∈{N − |yn =−1}

+ γkwk1 .

(2.1f)

Items in (3.1) can be explained as follows:
• The first term (3.1a) and second term (3.1b) is the SVM formulation that aims to utilize
the label information to enhance the discriminatory power of CHI. Here, yn ∈ {1, −1}
is the label of the nth sample that indicates if the nth subject is diseased or not.
• The term (3.1c) is invented to enforce the monotonicity of the learned health index,
i.e., hn,t1 ≥ hn,t2 if t1 ≥ t2 . Here, zn,t is the difference of two successive data vectors
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zn,t := xn,t+1 − xn,t .
• Items (3.1d) and (3.1f) are invented to encourage the homogeneity of CHI within the
−
group that has the same health status. Here, x̄+
Tn and x̄Tn represent the center of data

vectors at time Tn for all positive and negative samples, respectively, that are,
x̄+
Tn :=
x̄−
Tn :=

1
N+
1
N−

X

xn,Tn

n∈{n|yn =1}

X

xn,Tn .

n∈{n|yn =−1}

• The last term, (3.1f), is the L1 -norm penalty that is used to encourage sparsity of the
features.
Note that the proposed formulation generalized many existing models, such as SVM, sparse
SVM, LASSO, etc. The CHI model could be efficiently solved by using the block coordinate
descent algorithm that is illustrated in Appendix A.1.
2.2.2

Dictionary learning

Developing models like CHI helps us to capture changes in various aspects of the disease
trajectory. But as CHI assumes the same model for the whole population, it ignores heterogeneity of degenerative diseases and therefore limits its applicability in real-world applications
that have shown great patient heterogeneity [31, 32]. Recently, it has been shown that learning a dictionary can overcome the above limitations [33, 24, 34]. The basic idea of dictionary
learning algorithms is to approximate training samples as a sparse linear combination of the
few dictionary elements. Hence, dictionary learning algorithm can be considered as a way
to represent low-dimensional structure of high-dimensional data.
DL was applied to many applications and achieved state-of-the-art performances, such as
image denoising [23] and inpainting [35], clustering [36, 37], classification [38, 39] etc. It is
known that the conventional DL framework was designed for a reconstruction task instead
of adapting to classification. It is believed that classification performance will be further
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improved if we carefully learn a classification oriented dictionary. For instance, in [22] a sparse
representation based classification (SRC) method was proposed for robust face recognition,
and achieved very impressive results. SRC treats the original data set as a dictionary, wherein
the class-specific training sets are sub-dictionaries contributing to discrimination. Inspired
by SRC, Yang et al. proposed a meta-face learning [24] to learn an adaptive dictionary for
each class, and Ramirez et al. [27] added another term to derive more delicate classificationoriented dictionaries.
The use of dictionary learning for personalization of prediction models is also achieved by
proposing novel transfer learning approaches. For example, in [17] personalization task was
performed in two phases; learning user-specific source classifiers, and learning a distributionto-classifier mapping via implementing dictionary learning. Another approach is to perform
multi-modal task-driven dictionary learning algorithm under the joint sparsity constraint to
enforce collaborations among multiple homogeneous/heterogeneous sources of information.
In task driven formulation, the multi-modal dictionaries are learned simultaneously with their
corresponding classifiers. The resulting multi-modal dictionaries can generate discriminative
sparse codes from the data that are optimized for a given task such as binary or multi-class
classification [40].
There are various dictionary learning algorithms that are effective for classification tasks
[41, 42, 43, 44]. Zhang and Li proposed discriminative K-SVD to simultaneously achieve a
dictionary which has a good representation power while supporting optimal discrimination of
the classes [43]. The name K-SVD refers to updating a dictionary with K vectors. A collection of training vectors corresponding to the dictionary vector in its approximation are taken
by minimizing the Frobenius norm of the approximation error by solving for the dictionary
vector at each iteration. This algorithm starts with an initial dictionary and initial sparse
code coefficients and then one dictionary vector is updated at each iteration. The corresponding sparse coefficient is changed before proceeding to update the next dictionary vector. The
minimization is done through singular value decomposition (SVD). Another example is the
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iterative least squares dictionary learning algorithms (ILS-DLA) presented in [41, 42], where
assumes known sparse code coefficients at each iteration and derives the best possible dictionary using either the orthogonal matching pursuit (OMP) or Focal Under-determined System
Solver (FOCUSS). ILS-DLA method deploys a second order update which makes it nearly
impractical in reasonable dimensions due to its matrix inversion step. Another example is
the recursive least squares dictionary learning algorithm RLS-DLA, which is an online alternation of ILS-DLA. In the online alternation each training signal is processed one at a time
to improve the dictionary. One of the larger challenges with ILS-DLA and K-SVD is to find
a good initial dictionary. The online nature of RLS-DLA prevents getting stuck in a local
minimum close to the initial dictionary contrary to the K-SVD and ILS-DLA. RLS-DLA
uses the forgetting factor to improve the convergence properties of the algorithm, and hence
makes the algorithm less dependent on the initial dictionary. However, RLS-DLA method
requires to permute the order of training vectors and adapt the forgetting factor to satisfy
the randomness and convergence properties of the online nature of the algorithm.

There are several properties that should be considered in the search for a successful dictionary
training algorithm. Flexibility: The algorithm should be flexible enough to run with various
sparse approximation algorithm such as pursuit algorithm which involves finding the best
projections of input signal onto the span of an overcomplete dictionary D. The flexibility
property would enable different choices in favor of run-time constraints. Usually methods
that are flexible enough would separate the dictionary updates with sparse coding stage.
Adaptivity: An overcomplete dictionary D either can be chosen as a pre-determined set
of functions, or designed to iteratively getting updated to better fit the data. Choosing a
pre-specified dictionary is appealing because it is simpler and may lead to a fast algorithm.
However, the dictionary that leads to the best representation for each member in this set,
under strict sparsity constraints is needed. Such dictionaries have the potential to outperform
the commonly used pre-specified dictionaries. Efficiency: A dictionary learning algorithm
should lead to a numerically efficient and fast convergence. For example, ILS-DLA, has a
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second-order update which makes it nearly impractical in reasonable dimensions.
K-SVD algorithm is flexible and works with any pursuit algorithm. In addition, it leads
to the best representation for each training vector. Given the merits of DL in overcoming
heterogeneity of models, and the classification performance, here we used the idea of DL and
developed the DL-CHI framework using K-SVD dictionary learning algorithm. Therefore,
we reconstructed our model parameter of each individual sample to be linear combination of
dictionary elements. We further, compared our methodology with CHI, and other dictionary
models K-SVD, ILS-DLA and RLS-DLA. Note, that DL-CHI formulation is personalized
and not designed for average users unlike the above methods.
2.3
2.3.1

The proposed DL-CHI model
Rational and formulation

To extend CHI for personalized models, our approach is built on the dictionary learning
framework [45]. As we have mentioned, the dictionary learning aims to identify a set of
representative vectors that could characterize the low-dimensional structure embedded in a
high-dimensional vector space [46, 47, 48]. Particularly, here, taking the model parameter
vectors of all the individuals as the high-dimensional vector space, we seek a dictionary to
represent these model parameter vectors. The dictionary will be learned from data, and it
helps regularize the learning of the models since it requires the model parameter vectors to
be (sparse) linear combination of the dictionary bases. The whole pipeline of this DL-CHI
model is shown in Figure 2.3.1.
From this point of view, the Dictionary learning could be viewed as a trade-off made between
two extremes. In one extreme, there is only one model for all the individuals, i.e., the ”onesize-fits-all” model. On the other extreme, there is one distinct model for all the individuals
and these models are all independent with each other. As a trade-off, dictionary learning
exploits the dependency and difference of the individuals simultaneously.
To fulfill this idea, here, we denote the set of model parameter vectors of all the individuals as
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Figure 2.3.1: A conceptual overview of the DL-CHI method

∗
], where wi∗ represents weight coefficient vector of the ith patient
W∗ = [w1∗ . . . , wi∗ , . . . , wN

learned from the CHI model. Using dictionary learning, we aim to find an overcomplete
dictionary D ∈ Rd×k that contains k independent columns referred as the basis vectors,
{di }ki=1 . A model parameter vector w∗ can be represented as a linear combination of these
basis vectors, satisfying the approximation condition w∗ ≈ Da, where a is the coefficient
vector which can be considered as the representation of w∗ over the dictionary D.
In order for D to be flexible and robust to noise, we set the dictionary to be overcomplete
(k > d). On the other hand, given any w∗ with a overcomplete dictionary, we need to find the
smallest set of basis vectors from the dictionary to represent it. When we set the dictionary
to be overcomplete, an infinite number of solutions are available for the representation, hence
constraints on the solution must be set. The solution with the fewest number of nonzero
coefficients in a to represent w∗ is certainly an appealing representation. This strategy is
called sparse coding that is often used in dictionary learning representations. In this setting,
sparse coding amounts to computing the following:
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{A, D} = min
D,A

N
X

kwi∗ − Dai k22 + λ1 kai k0
(2.2)

i
∗

= min kW −
D,A

DAk22

+ λ1 kAk0

Here, k·k0 is the l0 norm, counting the nonzero entries of a vector, A = [a1 , . . . , aN ] is the
coefficient matrix of the sparse decomposition. In order to achieve sparse representations
given a set of training vectors, we adapt a dictionary that leads to the best representation
for each vector in this training set, under strict sparsity constraints.
2.3.2

Computational algorithm

In DL-CHI, we used the K-SVD dictionary learning algorithm [49, 50] for sparse representation as an optimization problem, which can be efficiently solved via orthogonal matching
pursuit (OMP) and singular value decomposition (SVD). The K-SVD approach is an iterative procedure that consists of two steps, and both steps in the algorithm are coherent with
each other; working towards the minimization of the overall objective function.
First, we considered the sparse coding stage where we assumed that D was fixed and considered the optimization problem in (2.2) as a search for sparse representation with coefficients
summarized in the matrix A. The sparsity term of the constraint was relaxed so that the
number of nonzero entries of each column ai could be more than 1 and less than a number
T0 . In doing so, the relaxed objective function becomes:

min kwi∗ − Dai k22 s.t. ∀i, kai k0 ≤ T0 , i = 1, 2, ..., N
ai

(2.3)

In (2.3) D was first fixed such that we could focus on learning the coefficient matrix A using
the orthogonal matching pursuit method, as long as it could supply a solution with a fixed
and predetermined number of nonzero entries T0 . OMP is an iterative greedy algorithm that
selects the column best correlated with the residual part of the signal, and represents the
sub-optimal solution to the problem of sparse signal representation. The major advantage
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of the OMP is its simplicity and fast implementation. The problem in (2.3) consists of N
distinct problems.
With a learned A, we searched for the best dictionary D. The search process is to update
only one column of the dictionary, dk , at each time corresponding to ith row in A, denoted
as ajT (this is not the vector ai which is the ith column in A). The process of updating
only one column of D at a time has a straightforward solution based on the singular value
decomposition (SVD). The problem becomes looking only at the training vectors that uses
only one column of the dictionary vector in its approximation, minimizing the approximation
P
error Ek . The matrix Ek = W∗ − kj6=k dj ajT stands for the error for all the training samples
when the kth basis is removed, and akT is the kth row in A. The SVD finds the closest rank-1
matrix (in Frobenius norm) that approximates Ek . Hence, we re-wrote the penalty term in
(2.3) as:
N
X

kwi∗ − Dai k22 = ||W∗ − DA||2F

(2.4)

i

The notation kAkF stands for the Frobenius norm, defined as kAkF =

qP

ij

A2ij . Then the

penalty term in (2.2) can be rewritten as:

∗

||W −

DA||2F

∗

= W −

k
X

2

dj ajT

j=1

= (W∗ −

k
X

F
2

dj ajT )

j6=k

= Ek − dk akT
Hence, we updated the

Ek − dk akT

2
,
F

− dk akT

(2.5)

F
2
F

assuming fixed coefficients A and error Ek . The

constraint is over the jth orthonormal basis Dj . By decomposing the multiplication DA
into the sum of K rank 1 matrices, we can assume that the other K − 1 terms were fixed,
and the kth remains unknown. Then, the singular value decomposition find the closest K −1
terms that approximate Ek , and this will effectively minimize the error in Eq. (2.5).
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The above solution of vector akT is very likely to be filled, because the sparsity constraint
is not enforced. To enforce the sparsity constraint, we define ωk as the group of indices
pointing to examples wi∗ that use basis dk , and entries of akT (i) that are non-zero. Thus,
2
P
ωk = {i|1 ≤ i ≤ N, akT (i) 6= 0}. Then we compute Ek = W∗ − kj6=k dj ajT
by only
F

T
choosing columns corresponding to ωk . We then apply the SVD decomposition ER
k = UΛV .

The solution for dk is the first column of U , and the updated coefficient vector is the first
column of U × Λ(1, 1).
2.3.3

Summary of DL-CHI

Putting all together, an overview of the DL-CHI method can be seen from Figure 2.3.2. A
full description of the DL-CHI algorithm is also given in Algorithm 1. It can be seen in
algorithm 1 that, we have to learn W, A, and D. We split the algorithm into two phases
for learning personalized CHI and dictionary learning. In the Phase I, we intend to solve w∗
via CHI using the algorithm 3 described in Appendix A.2. In this phase we learn the model
parameter vectors of all individuals, which leads to the construction of the matrix W∗ . In
the Phase II, we use the K-SVD method to learn the dictionary by first computing the best
representation matrix A via (2.3) using the matching pursuit algorithm, and then, searching
for the best dictionary. With a learned dictionary, the representations of the individual’s
models could be identified and further used as the final individual models. Specifically,
from the dictionary algorithm we can find the the low-dimensional structure of the model
parameter matrix W∗ ≈ DA, where each column of W∗ is a reconstructed model parameter
vector of each individual to be linear combination of dictionary elements.
2.4
2.4.1

Numerical studies
Real-world applications

We implement the DL-CHI model on two real-world datasets that were collected in Alzheimer’s
disease (AD) and surgical site infection (SSI) research. Both diseases exhibit monotonic disease progression and significant patient heterogeneity. For the Alzheimer’s disease data,
we use the FDG-PET images of 162 subjects (Alzheimer’s Disease: 74, Normal aging: 88)
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Algorithm 1 The DL-CHI algorithm
Require: D(0) ∈ Rd×k , W∗ ∈ Rd×n , and λ ∈ R
Ensure: Find a dictionary D ∈ Rd×k , and a corresponding coefficient matrix A ∈ Rk×n
such that the representation error, R = W − DA is minimized and A fulfill sparseness
criterion
1:

while not converge do

2:

Start iterations t:= 1,2,. . . do

3:

Update A(t)

4:
5:
6:
7:
8:

for i=1,2,. . . ,N,
a(t) = minai wi∗ − D(t−1) ai

2
2

∀i, kai k0 ≤ T0

end for
Update D(t)
for k = 1, . . . , k Update the kth column of D(t) :

10:

Define ωk = {i|1 ≤ i ≤ d, akT (i) 6= 0}
P
(t)
Compute: Ek = W∗ − t6=k d(t) aT

11:

In Ek , choose only columns corresponding to ωk

12:

Apply the SVD to the corresponding Ek

13:

Ek = UΛVT .

14:

The updated dk is the first column of U.

15:

The updated akT is first column of U × Λ(1, 1).

9:

16:
17:

end for
Reconstructed individual model parameter: W∗ ≈ DA

downloaded from the ADNI (www.loni.usc.edu/ADNI). For each subject, there are at least
three time points and at most seven time points. The data has been preprocessed and the
Automated Anatomical Labeling has been used to segment each image into 116 anatomical
volumes of interest (AVOIs). We select 90 AVOIs that are in the cerebral cortex in our study.
Each AVOI becomes a variable here. The measurement data of each region, according to
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Figure 2.3.2: An algorithmic overview of the DL-CHI method

the mechanism of FDG-PET, is the regional average FDG binding counts, representing the
degree of glucose metabolism. Extensive evidences in the literature have shown that the
glucose metabolism will decline as a function of the aging, while the pathology of neurodegenerative diseases such as AD will further accelerate the declination, providing a perfect
application example for implementing and testing the proposed DL-CHI method.
The SSI data exhibit similar characteristics as the AD data. There have been many models
developed to monitor individuals who are subject to developing SSI [51, 52, 53], based on
daily wound measurements, such as the temperature, granularity, distance of the wound,
together with other non-wound related but important clinical signals such as heart rate,
morning body temperature, and NG tube presence, etc. Figure 2.4.1 shows the longitudinal
trend of a wound-related variable collected in our data, which clearly shows the monotonic
degradation process of the SSI patients. The SSI data include longitudinal wound measure-
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Figure 2.4.1: Example of the longitudinal data of wound assessment that could gradually
separate the SSI group with the non-SSI group as the condition progresses over time [1]

ments from 857 patients, among which 169 are SSI patients and 539 are normal control. The
data include wound measurement variables, for example, wound edge distance, temperature,
include exudate amount, etc. Some other physiological variables such as heart rate are also
provided in the data. Subjects were measured in time length ranging from 3 days to 21
days.
2.4.2

Parameter tuning and validation

For each experiment, we randomly split the data into two equal parts, one for training and
one for testing. For training, we used 10-fold cross validation to tune the parameters. As CHI
is a complex data fusion mechanism that synthesizes monotonicity of the disease progression,
label information, and statistical homogeneity, we use a comprehensive scheme to compare
DL-CHI with CHI. Specifically, we compared the two models (1) when only monotonicity is
used for model training (i.e., by setting β = 0 and optimizing for α); (2) when only the label
information is used for model training (i.e., by setting α = 0 and optimizing for β); (3) when
a full model is used (i.e., by optimizing for both α and β). In addition, we performed in each
of the settings by randomly down-sampling the training data, i.e., only using a proportion of
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the data randing from 15% to 75%, to train both models. A model that can maintain good
performances with less training data in obviously more promising in healthcare applications
while data collection is relatively more costly than other real-world applications.
2.4.3

Results

Comparison between CHI and DL-CHI across a wide range of scenarios aforementioned are
reported in Table 2.4.1. In general, it is observed that the DL-CHI model could significantly
improve CHI model by accounting for the patient heterogeneity. This makes sense, since
enforcing the constraint that the individual CHI model should be represented by a dictionary
plays a role in the regularization of the model learning, as the dictionary basis vectors
are numerical representations of patient heterogeneity. It is shown that in all of the three
scenarios; using only monotonicity (β = 0), using only the label information α = 0, or the
full model DL-CHI model achieves satisfying results. Another observation is that enforcing
monotonicity constraint alone leads to satisfactory performance for the DL-CHI model. As
shown in Table 2.4.1, the DL-CHI method is also robust to small sample size. We investigate
DL-CHI model’s capability by selecting only 15% of the data as the training data, while the
10-folder cross validation was used to identify the optimal parameters in the model. The
results show that our method achieves better prediction performance than the CHI model
that uses the same ratio of the training data. Overall, the results show that the DL-CHI has
a great potential for clinical applications to overcome the limitation of the CHI method in
mitigating patient heterogeneity.
Table 2.4.2 shows the performance comparison of personalized DL-CHI method with the
CHI model and and three dictionary methods; K-SVD, ILS-DLA and RLS-DLA. While for
each model training, 10-fold cross validation is used on the training data and the AUC is
evaluated on the testing data. Results in Table 2.4.2 show that the integration of dictionary learning with the CHI model improves the performance of the algorithm. The performance of RLS-DLA is in general considerable better than that of ILS-DLA and K-SVD.
However, interestingly DL-CHI model performance demonstrates that it is superior to the
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Table 2.4.1: AUC performance for ADNI and SSI data across different ratio of training and
testing datasets obtained by 10-fold cross-validation
Data
α = 0, β

Ratio

CHI

DL-CHI

15%

0.870 ± 0.024

0.887 ± 0.021

20%

0.883 ± 0.021

0.890 ± 0.016

35%

0.889 ± 0.014

0.936 ± 0.051

50%

0.890 ± 0.031

0.940 ± 0.047

75%

0.927 ± 0.012

0.959 ± 0.036

15%

0.850 ± 0.055

0.867 ± 0.039

20%

0.861 ± 0.036

0.877 ± 0.020

35%

0.871 ± 0.012

0.886 ± 0.020

50%

0.862 ± 0.015

0.892 ± 0.041

75%

0.889 ± 0.024

0.914 ± 0.027

15%

0.780 ± 0.016

0.863 ± 0.034

20%

0.799 ± 0.054

0.873 ± 0.024

35%

0.804 ± 0.012

0.844 ± 0.034

50%

0.818 ± 0.019

0.869 ± 0.064

75%

0.855 ± 0.064

0.905 ± 0.024

15%

0.829 ± 0.064

0.860 ± 0.023

20%

0.860 ± 0.021

0.879 ± 0.016

35%

0.870 ± 0.034

0.883 ± 0.034

50%

0.880 ± 0.042

0.892 ± 0.036

75%

0.883 ± 0.026

0.895 ± 0.016

15%

0.865 ± 0.021

0.872 ± 0.025

20%

0.871 ± 0.023

0.881 ± 0.014

35%

0.874 ± 0.032

0.890 ± 0.026

50%

0.891 ± 0.021

0.910 ± 0.041

75%

0.901 ± 0.020

0.919 ± 0.036

15%

0.741 ± 0.032

0.814 ± 0.041

20%

0.758 ± 0.034

0.820 ± 0.030

35%

0.770 ± 0.013

0.831 ± 0.036

50%

0.791 ± 0.026

0.887 ± 0.015

75%

0.806 ± 0.010

0.862 ± 0.036

∗

ADNI

SSI

∗

α ,β=0

ADNI

SSI

α∗ , β ∗

ADNI

SSI
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Table 2.4.2: AUC performance comparison for ADNI and SSI data for CHI, DL-CHI, K-SVD,
ILS-DLA and RLS-DLA models obtained by 10-fold cross-validation
Data

ADNI

SSI

DL-CHI

0.951 ± 0.025

0.902 ± 0.032

CHI

0.920 ± 0.021

0.880 ± 0.010

RLS-DLA

0.903 ± 0.030

0.873 ± 0.065

K-SVD
ILS-DLA

0.850 ± 0.043 0.803 ± 0.014
0.723 ± 0.012

0.653 ± 0.063

RLS-DLA despite its convergence as an online algorithm and its ability for reconstruction
purposes.
2.4.4

Representation capacity of dictionary learning

Figure 2.4.2 provides the results regarding the number of basis vectors needed for a sufficient
representation of patient heterogeneity from AD. Apparently, the larger the dictionary size,
the lower the representation error. On the other hand, we can also observe that the error of
representation drops quickly with the increasing number of basis vectors in the dictionary.
As the optimal dictionary size is not known in advance, hence we first obtained it through
an initial dictionary D0 of large size K. The initial dictionary D0 ∈ Rd×k is obtained by
selecting K samples randomly from input signals. The dictionary D0 helps minimizing the
reconstruction error, and it is not yet optimal. For our experiment, we selected the number of
basis based on the minimum error of representation given various dictionary sizes. To satisfy
the overcompleteness we choose the size of D0 to be sufficiently larger than the dimension
of an input signal.
2.5

Conclusion

In this work, we presented a DL-CHI formulation to help build personalized contemporary
health index (CHI) to monitor patient condition over time. Through applications on two
real-world datasets of AD and SSI, the DL-CHI model is shown to better than the CHI model
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Figure 2.4.2: Representation error for different dictionary size.

in patient prediction and can achieve robust results with small sample sizes. In the future,
we may further enhance the DL-CHI method in the following directions. First, note that,
in the current DL-CHI formulation, the individual models have to be learned via the CHI
formulation without information from the dictionary. Only with a learned dictionary, the
representations of the individuals models are identified and further used as the final individual
models. This is a possibility that a joint learning of both steps could further enhance the
performance of DL-CHI by incorporating the dictionary into the CHI formulation. Second,
the need of transfer learning when the supply of training data is limited is vital. One way to
tackle this problem is by exploring the transfer learning through model-based transfer, where
the prior knowledge from the generic recognizer enters through a modified regularization term
in the CHI model. Last but not least, we can also consider an integration between data-based
and model-based transfer learning. Where, by re-weighting the input source data we can
minimize the discrepancy between the source and the target distributions, and then allowing
CHI to be biased toward the parameters of another model.
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Chapter 3
UQ-CHI: AN UNCERTAINTY QUANTIFICATION-BASED
CONTEMPORANEOUS HEALTH INDEX FOR
DEGENERATIVE DISEASE MONITORING

Developing a knowledge-driven contemporaneous health index (CHI) that precisely reflects
the underlying patient condition over time holds considerable promise for informing a range
of clinical decision-making challenges. This is particularly important for monitoring degenerative conditions such as Alzheimer’s disease (AD), where patient condition decays over time.
Detecting early symptoms, tracking progression signs, and continuous evaluation of severity,
are all essential for disease management. Despite some recent model developments in the
literature, the uncertainty quantification of health index models has been largely overlooked.
To ensure continuity of the care, we should be more explicit about the level of confidence
in model outputs. Ideally, decision-makers should be provided with recommendations that
are robust in the face of substantial uncertainty regarding future outcomes. In this paper,
we seek to fill this knowledge gap by developing an uncertainty quantification based contemporaneous longitudinal index, named UQ-CHI, with a particular focus on continuous
patient monitoring of degenerative conditions. Our method combines convex optimization
and Bayesian learning using the maximum entropy learning (MEL) framework, and also
explicitly integrates uncertainty on labels. The methodology further provides closed-form
solutions in some important decision making tasks, e.g., such as predicting the label of
a new sample. Numerical studies demonstrate the effectiveness of the proposed UQ-CHI
method in terms of prediction accuracy and monitoring efficacy, and unique advantages for
application are discussed.
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3.1

Introduction

Effective monitoring of degenerative patient conditions represents a significant challenge
in many clinical decision-making settings, which has led to the development of numerous
mathematical and computational models [54, 55, 56, 57]. Developing a knowledge-driven
contemporaneous health index (CHI) that precisely reflects underlying patient condition
during the progression of conditions holds unique value. This includes facilitating a range
of clinical decision-making opportunities [14, 15, 16], enhancing the continuity of care, and
facilitating communications between clinicians, healthcare providers, and patients. It can
also inform the development of many envisioned AI systems that implement adaptive interventions for better healthcare management, given a representation of the dynamic evolution
of the patient’s condition.
To ensure continuity of care it is important to be more explicit about our level of confidence
in model outputs. Ideally, decision-makers should be provided with recommendations that
are robust in the face of substantial uncertainty about future outcomes. However, computational models represent an abstraction of clinical observations, as such, they are often
built on analytically tractable assumptions that overly simplify real-world problems. Also,
most of these models are parameterized from sparse and typically imperfect data, subjecting
them to a host of statistical errors. An approach that yields only a single prediction fail
to adequately reflect the level of uncertainty, both in the empirical data and the estimated
parameters [58]. As a result, the outcomes from such mathematical models may not show
consistency with clinical observations. Uncertainty is an unavoidable feature that affects
prediction capabilities in real-world domains, including healthcare [59, 60], manufacturing
[61, 62], signal processing [63, 64], and many others. A certain amount of uncertainty is
common in decision-making systems, for example when the experimental data are insufficient for robust model calibration. In such cases, a chance remains that model parameters
will be unambiguously even in the existence of complex mathematical models. In clinical
predictions, it is necessary to account for this uncertainty in an effective manner, because if
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the model parameters are not well constrained, the resulting predictions may represent an
unacceptable degree of posterior uncertainty. Furthermore, while most existing models in
patient monitoring generate a single prediction without the reporting of confidence, uncertainty quantification could inform which samples we may not be ready to act based on the
model. Therefore, uncertainty quantification is a much-needed capacity to develop reliable
models for a clinically relevant prediction [65, 66, 67].
A number of patient monitoring index approaches have been developed in the literature. A
standard formulation of these health indices involves the use of weighted sum models (e.g.,
regression models) that combine multiple static clinical measurements to predict disease
condition. For example, many risk score models exist to predict AD using multi-modality
data integration methods [68, 69, 70] integrating neuroimaging data [71, 72], genomics data
[73], clinical data [74], etc. There are a few approaches that have quantified the decline
of AD-related scores over time using a multi-task learning model [32, 31]. These existing
efforts have been limited to combining static data rather than longitudinal data. Another
challenge is that these data are usually sampled at irregular time points. Our problem’s
objective is fundamentally different from existing risk score models; we focus on developing
the contemporaneous health index (CHI) that can use irregular multivariate longitudinal
time-series data to quantify the severity of degenerative disease conditions that are required
to fit the monotonic degradation process of the disease condition. For example, in our
previous work [3] to address patient heterogeneity, we developed a dictionary learning-based
contemporaneous health index for degenerative disease monitoring, called DLCHI. This index
leveraged the knowledge of the monotonic disease progression process to fuse the data by
integrating CHI with dictionary learning. The basic concept of DL-CHI involved the learning
of individual models via the CHI formulation and then rebuilding the model parameters
of each patient’s models through supervised dictionary learning. However, both CHI and
DL-CHI frameworks only produce one single set of predictions and thus ignore sampling
uncertainty (i.e., it is common in healthcare that the label information is usually obtained
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by subjective methods which are subject to uncertainty). Therefore, enabling CHI to also
quantify uncertainty and incorporate this uncertainty in labels in its modeling, would result
in broader applicability in real-world contexts. The main objective of this paper is to develop
a framework that articulates the contemporaneous health index (CHI) developed in [1] and
depicts the incorporation of uncertainty into CHI.
There is abundant literature describing how longitudinal measurements can be used in risk
assessments [75, 76, 77]. Lee et al. developed a Bayesian functional Cox regression model
[78] on the time-to-event data. Goldsmith et al. introduced a penalized functional regression model and inferential tools designed specifically for these emerging types of data [79].
However, clinical decision-making problems are sensitive to uncertainties; thus, it is critical
to incorporate uncertainties into the modeling process. There are several methodologies to
assess uncertainties in predictions of health risk models. One practical solution is using
Bayesian inference as a principled technique to estimate model uncertainty. Here, uncertainty is a feature of the probability distribution of the output, which is induced by input
parameter uncertainty. Characterizing uncertainties surrounding decision problems can be
done by assigning prior distributions to each model input. Once prior distributions have been
characterized, values drawn from these distributions can be propagated through the model.
For example, a number of previous studies have used Monte Carlo simulation to propagate
these prior distributions through the model [80, 81, 82]. However, Monte Carlo methods are
based on random input configurations and the uncertainties are derived from the random
selection of inputs. Therefore, the Monte Carlo estimate appears to be driven by aleatory
uncertainty. Another example is where Rizopoulos [83] developed a Bayesian personalized
prediction model called functional joint model (FJM). However, their model was incapable
of handling incomplete label information.
In this paper, we develop a framework for uncertainty quantification based contemporaneous
longitudinal index, named UQ-CHI, with a particular focus on continuous patient monitoring
of degenerative conditions. Our method combines convex optimization and Bayesian learning
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using the maximum entropy learning (MEL) framework, integrating uncertainty on labels
as well. The basic idea of MEL is to identify parameter distributions of a statistical model
that reflects maximum uncertainty, a principle that is conservative and robust [84, 85, 86].
This process has been investigated in a few machine learning models [87, 88, 89, 90] as well.
For example, in [87], MEL was used to learn a distribution of the parameters in the support
vector machine model rather than a single vector of the parameters. This distribution of
the parameters could help us evaluate the uncertainty of the learned support vector machine
model and translate into the uncertainty of predictions.
A few challenges must be addressed prior to adapting the MEL formulation and developing
the UQ-CHI. The objective function of MEL, as its distinct feature, reflects the notion
of maximum entropy: regardless of the specific model, the learning objective of MEL is to
estimate the distribution of the model parameters that have the maximum entropy. If there is
a prior distribution of the parameters, the Kullback-Leibler divergence can be used to extend
this idea. In our case, the properties of the prior distribution should be studied to account for
label uncertainties. In addition to the objective function, the MEL encodes information from
the data into constraints; in the case of a classification model, for each sample, there would
be a constraint that the expectation of the prediction over the distribution of the parameters
matches the observed outcome on this sample. Here, we derive the constraints from the
CHI model and integrate it with the MEL framework. Specifically, there are two steps
in our method: training and prediction. During training, we consider a prior uncertainty
over the labels to address uncertain or incomplete labels. Then we derive a solution to the
optimization problem by using a specific prior formulation. Next, we develop a prediction
method, with a rejection option method, for new samples with the obtained uncertainty
quantification capacity. A distinct feature of our model is that it provides a closed-form
solution for predicting the label of a new example. The whole pipeline of this UQ-CHI
model is demonstrated in Figure 3.1.1.
Below, this paper is organized as follows. In Section 3.2, we will review related literature
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Figure 3.1.1: A conceptual overview of the UQ-CHI method

in modeling the contemporaneous health index for degenerative conditions and the MEL
framework. In Section 3.3, the UQ-CHI framework will be presented. In Section 3.4, we
will implement and evaluate the UQ-CHI using a simulated dataset. We then continue the
numerical analysis with a real-world application on Alzheimer’s disease dataset in Section
3.5. We will provide concluding remarks in Section 3.6. Note that, in this paper, we use
lowercase letters, e.g., x, to represent scalars, boldface lowercase letters, e.g., v, to represent
vectors, and boldface uppercase letters, e.g., W, to represent matrices.
3.2

Related works

In this section, we briefly present the basic formulation of the contemporaneous health index
(CHI) model, and its extension, the dictionary learning-based contemporaneous health index
(DL-CHI), and then present the proposed UQ-CHI model.
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3.2.1

The CHI model

The CHI model exploits the monotonic pattern of disease over the course of progression
to improve the data fusion of multivariate clinical measurements taken at irregular time
points [1]. The CHI framework was inspired by the common characteristics of degenerative
conditions (e.g., AD) that often cause irreversible degradation. For example, in AD, a
number of biomarkers were developed to measure the degradation of the neural systems.
These biomarkers included neuroimaging modalities such as PET and MRI scans [29, 30].
MRI scans show a decline in the brain volume over time associated with disease progression.
The same phenomenon is observed on PET scans when there is a persistent shrinkage of
metabolic activities. Such monotonic patterns indicate that once disease progression starts,
it tends to increasingly deteriorate over time.
The task of CHI is to translate multivariate longitudinal and irregular clinical measurements
into a contemporaneous health index hn,t to capture the changing conditions of the patient
over the course of progression. Note, clinical measurements for each patient could be taken
with different length of time and at different time locations. Targeting degenerative conditions, CHI is designed to be monotonic, i.e., hn,t1 ≥ hn,t2 if t1 ≥ t2 , where higher index
represents a more severe conditions. CHI is a latent structure; hence, clinical variables associated with it should be measured over time to facilitate data for learning the index.
Let, xn,t = [xn,1,t , . . . , xn,d,t ]T ∈ Rd , denote a training set of N patients. Each measurement
xn,i,t , is the value of the ith variable for the nth subject in a given time t, where t ∈ {1, . . . , Tn }
is the time index. our goal is, given a training set, convert each measurement xn,t into an
health index hn,t , which requires a mathematical model of hn,t = f (xn,t ). For simplicity,
multivariable form of the hypothesis function hn,t was studies in [1], i.e., hn,t = xn,t .w, where
w ∈ Rd is a vector of weight coefficients that combines the d variables. The total number of
positive and negative samples is shown by N + and N − respectively, i.e., N + := |{n|yn = 1}|
and N − := |{n|yn = −1}|. The formulation of the CHI learning framework is shown in
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below:
min
w,b

1
kwk2 +
2


X
>
β
max 0, 1 − yn (xn,Tn w + b) +

(3.1a)
(3.1b)

n∈{1,...,N }

α



X

max 0, 1 −

z>
n,t w


+

(3.1c)

n∈{1,,...,,N }
t∈{1,...,Tn −1}

λ 1
2 N+
λ 1
2 N−

2 !

+ T
+
(xn,Tn − x̄Tn ) w

X

(3.1d)

n∈{N + |yn =1}



X
n∈{N − |y

(xn,Tn

2 !
T
− x̄−
+
Tn ) w

(3.1e)

n =−1}

γkwk1 .

(3.1f)

Items in (3.1) can be explained as follows:
• The first term (3.1a) and the second term (3.1b) are derived from a general formulation
of support vector machine (SVM). These two terms are used to enhance the discriminatory power of CHI by utilizing the label information. Here, yn ∈ {1, −1} is the label
of the nth sample that indicates if the nth subject has the disease or not.
• To accommodate the monotonic pattern of disease progression, and to enforce the
monotonicity of the learned health index, the term (3.1c) is invented, i.e., hn,t1 ≥ hn,t2
if t1 ≥ t2 . Here, zn,t is the difference of two successive data vectors zn,t := xn,t+1 − xn,t .
• To encourage the homogeneity of CHI within the group that has the same health status
−
terms (3.1d) and (3.1e) are invented. Here, x̄+
Tn and x̄Tn represent the center of data

vectors at time Tn for all positive and negative samples, respectively, that are,
x̄+
Tn :=
x̄−
Tn :=

1
N+
1
N−

X

xn,Tn

n∈{n|yn =1}

X
n∈{n|yn =−1}

xn,Tn .

34

• To encourage sparsity of the features, L1 -norm penalty is used as shown in the last
term (3.1f).
The CHI formulation can be solved by using the block coordinate descent algorithm that
is illustrated in [1]. Note, the CHI formulation generalizes many existing models, such as
SVM, sparse SVM, LASSO, etc.
3.2.2

The DL-CHI model

CHI formulation seeks to model the average of a population, and thus, ignores important
among patient heterogeneity. However, patients who suffer from AD have very heterogeneous
progression patterns [18, 19, 20]. Building a personalized model on an individual basis could
be used to capture heterogeneity. However, such models require a significant amount of labeled training samples, which is often not feasible in clinical settings. Towards this goal, the
DL-CHI approach was further developed in [3] by integrating CHI with dictionary learning
[21, 18]. Dictionary learning algorithms reconstruct the input signals as an approximated
signal via a sparse linear combination of a few dictionary elements or basis [22] (each column
of the dictionary represents a basis vector). Dictionary learning algorithms can reveal hidden
structures in the data (much like principal component analysis) by spanning the space of a
personalized model and capturing patient heterogeneity. They play a role during regularization of the model learning, in a way that each dictionary basis vector can be viewed as the
numerical representations of patient heterogeneity. Thus, DL algorithms can improve overall
classification performance. Translating this knowledge into DL-CHI, the basic idea is first
to learn individual models through the CHI formulation, and then, reconstruct the model
parameters of the individual learned models via supervised dictionary learning. As such,
each model is represented as a sparse linear combination of the basis vectors. Numerous
experiments in both simulated and real-world data have shown the effectiveness of DL-CHI
in creating personalized CHI models.
Despite accounting for patient heterogeneity, DL-CHI ignores sampling uncertainty, which
can limit its applicability in real-world applications. This provides the motivation to enable
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CHI to conduct uncertainty quantification.
3.2.3

The MEL formulation

Maximum entropy can be considered as a special case of a standard Bayesian approach to
support vector machines. Unlike standard Bayesian framework, (MEL) framework has a
straightforward probabilistic interpretation of the learning scheme and the prediction rule.
As mentioned in Section 3.1, MEL formulation has a distinct objective function that aims
to learn the parameter distributions of a model that encodes maximum uncertainty (i.e.,
evaluated by the entropy concept). It also imposes constraints that encode information from
the data. For example, in the case of a classification model, for each sample, there would be
a constraint that the expectation of the prediction over the distribution of the parameters
should match the observed outcome on this sample. To further illustrate some details, a
common application of the MEL is the maximum entropy discrimination (MED) method
that focuses on the application of MEL on classification models.
Let’s consider a binary classification problem, where the response variable y takes values
from {+1, −1}. Let xn = [x1 , . . . , xn ] be an input feature vector and D (xn |w) be a discriminant function parameterized by w, and γ e.g., D(xn |w) = wT xn . The training set is
defined by D = {xn , yn }N
n=1 and the hinge loss is defined as h(x) = max (0, yi D(xn |w)). The
classification margin is defined as yn D(xn , w), and it is large and positive when the label yn
agrees with the prediction. Traditional learning machines such as the max-margin methods
learn the optimal parameter setting w, γ by the empirical loss and the regularization penalty
as shown below:
min R(w) +
(w,γn )

X

L(γn )
(3.2)

n

s.t. yn D(xn | w) − γn ≥ 0,

∀n

Where L() is the loss function which is a non-increasing and convex function of the margin,
and R(w) is the regularization penalty. However, MED considers a more general problem of
finding a distribution p(w, γ) over w and classification margin parameters γ. This could be
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done by minimizing its relative entropy with respect to some prior target distribution p0 (w, γ)
under certain margin constraints. Specifically, suppose that a prior distribution, denoted as
p0 (w, γ), is available, then MED learns a distribution p(w, γ) by solving a regularized risk
minimization problem. When the prior distribution is not a uniform distribution, this can
be generalized as minimizing the relative entropy (or Kullback-Leibler divergence) and the
regularization penalty as follows (penalizing larger distances from priors):


min KL p (w, γ) ||p0 (w, γ) + CR p(w, γ) .

p(w,γ)

(3.3)



P
Here, C is a constant and R(p w, γ) = n h yn Ep(w,γ) [D (xn |w) − γn ] is the hinge-loss
that captures the large-margin principle underlying the MED prediction rule:

ŷ = sign Ep(w,γ) [D (xn |w) − γn ]) .

(3.4)

And the KL divergence is defined as follows:


KL p (w, γ) ||p0 (w, γ) =

Z
p (w, γ) log

p (w, γ)
.
p0 (w, γ)

(3.5)

Here in (3.3), the classification margin quantities are included; γn as slack variables in the
optimization, which represents the minimum margin that yn D(xn |w) must satisfy. MED
considers an expectation form of the traditional approaches and casts Eq. (3.2) as an integration. The classification constraints will also be applied in an expected form. As a
result, MED no longer finds a fixed set of the parameters, rather it estimates a distribution of parameter values, and it uses a convex combination of discriminant functions rather
than one single discriminant function to derive model averaging for decisions. In particular,
MED formulation estimates parameter distributions that are as close as possible with the
prior distribution over all parameters regarding KL-divergence subject to various moment
constraints. This analogy extends to cases where the distributions reflect unlabeled samples, missing values, or other probabilistic entities that are introduced when designing the
discriminant function. Correspondingly, MED is an effective approach to learn a discriminative classifier as well as consider uncertainties over model parameters; thus, it combines
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generative and discriminative learning [91, 90]. This generalization facilitates a number of
extensions of the basic approach, including uncertainty quantification described in this paper. The present work introduces a novel generalization of CHI formulation by integrating
the MED to perform the task of uncertainty quantification.
3.3

The proposed work: the UQ-CHI model

The overall goal of UQ-CHI is to learn a distribution p(w) over the parameters of CHI model
w. An additional goal is to achieve modeling success even if only partial labels are given, and
when the labels might also contain uncertainty. Therefore, the first step in constructing the
UQ-CHI is to create the constraint structure. To design the UQ-CHI, we incorporate some
features from the original formulation of the CHI via Eq. (3.1) as follows: First, we utilize
the label information by defining the discriminant function D (xn,T n |w) = wT xn,T n which
corresponds to (3.1b). We, then incorporate the distinct feature of the CHI formulation, the
monotonicity regularization function M (zn,t |w) = wT zn,t that corresponds to Eq. (3.1c).
Note that, here, we do not incorporate the additional terms in Eq. (3.1d) and Eq. (3.1e) as
they require full knowledge of labels of the samples. In addition, we don’t include the sparsity
regularization term (3.1f), because our focus is to learn p(w) rather than the parameter vector
w. Also, our model can induce sparsity, e.g., if we impose a Laplace prior distribution for
the parameters as to what is done in Bayesian Lasso model [92].
In the following subsections, we introduce the design the prior distributions, the constraints,
and explain how to derive computational algorithms and closed-form solutions for training
and prediction.
3.3.1

Design of constraints and prior distributions

As aforementioned, there are two types of constraints that we can extract from the CHI
formulation into the development of UQ-CHI. One corresponds to the discriminant function
D (xn,T n |w) = wT xn,T n used in CHI, to generate prediction on samples, while the other
one corresponds to the monotonicity regularization function M (zn,t |w) = wT zn,t . Based on
the CHI formulation, it is supposed that the model should lead to yn D (xn,T n |w) = 1 and
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M (zn,t |w) ≥ 0. As this perfect model may not exist, a set of margin variables γ = [γ1 , . . . , γn ]
are introduced. We consider an expectation form of the previous approach and cast Eq. (3.1)
as an integration. Hence, the classification constraints are applied in an expected sense. This
will lead to the following formulation for the constraints:
Z
p (w, γ) [p(yn )D(xn,T n | w) − γn ]dwdγ+
Z
p (w, γ) [M (zn,t |w) − γn ] dwdγ ≥ 0.

(3.6a)
(3.6b)

Here, the term (3.6a) is the discriminant function and the term (3.6b) is the monotonicity regularization function. And, p(yn ) is the distribution of yn , and p(w, γ) is the distribution of w, γ. With the prior distribution, we can derive the prediction rule: ŷ =
sign(Ep(w) [D (xn |w])).
Now we move on to the design of the prior distribution p0 (w, γ, y). It is natural to decompose
the joint prior distribution as a product of three distributions:
p0 (w, γ, y) = p0 (w)

N
Y
1

p0 (γn )

N
Y

(3.7)

p0 (yn ) .

1

In what follows we discuss each of the three prior distributions. Specifically, it is reasonable
to assume that a level of uncertainty can be designed to each example in defining p0 (yn ). A
simple solution is to set p0 (yn ) = 1 whenever yn is observed and p0 (yn ) = 0.5 otherwise.
To define p0 (w), we choose p0 (w) to be a Gaussian distribution with mean vector as 0 and
covariance matrix as an identity matrix I. To define the prior over the margin variables, we
Q
assume that it could be factorized p (γ) = n p0 (γn ). Further, following the idea proposed
in [87], we can set p0 (γn ) = ce−c(1−γn ) and γn ≤ 1. Here, 1 −

1
c

is actually the mean of

the prior distribution of γn , so the idea of this distribution is to incur a penalty only for
margins smaller than 1 − 1c , while for margins larger than this quantity are not penalized.
More details about the design of prior distributions will be given in Section 3.3.4.
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3.3.2

The computational algorithm for UQ-CHI

The full formulation of the proposed UQ-CHI model is shown below:

min KL p (w, γ) ||p0 (w, γ)
p(w,γ)
Z
s.t. p (w, γ) [p(yn )D(xn,T n | w) − γn ]dwdγ+
Z
p (w, γ) [M (zn,t |w) − γn ] dwdγ ≥ 0.

(3.8a)
(3.8b)
(3.8c)

Essentially, solving optimization formulation Eq. (3.8) is to find a solution by calculating the
relative entropy projection from the overall prior distribution p0 (w, γ, y) to the admissible
set of distributions p that are consistent with the constraints. In what follows, we develop the
computational algorithm to solve this formulation Eq. (3.8) and further derive the method
for the prediction on samples.
Step 1: Training the model
In the training step, we consider a joint distribution of w, and the margin vector of γ =
[γ1 , . . . , γn ] while fixing p(yn ). In this step, we first explain the solution to the MED optimization problem subject to the terms in (3.3).
Lemma 3.3.1. Let the loss function be a non-increasing and convex function of the margin, and let the Lagrangian of the optimization problem defined as L and λ = [λ1 , . . . , λn ]
be a set of non-negative Lagrange multipliers. Given the prior distribution p0 (w) and the
model distribution p(w), and the discriminant function D (xn |w) in order to minimize the
relative entropy in terms of the KL-divergence (KL(p(w||p0 (w)) subjected to set of defined
constraints, the MED optimization problem (3.3) can be written as:
max J(λ) = −logZ(λ)
λ

s.t.

(3.9)
λi ≥ 0 for

i = 1, . . . , N

Here, Z(λ) is the normalization constant defined as:
!
Z
X
Z(λ) = p0 (w) exp
λn yn D (xn |w) dw,
n

(3.10)
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The proof of Lemma 3.3.1 can be found in B.1. Now, the model training problem is revealed
to be another optimization problem, that is learning optimal λ∗ by solving the dual objective
function J under positivity constraint. Based on the results from Lemma 3.3.1, after adding
dual variables for the constraint in Eq. (3.8), the Lagrangian of the optimization problem
can be written as:
Z
L=

p (w, γ)
dwdγ−
p0 (w, γ)

p (w, γ) log
Z

X

p (w, γ) λn [p(yn )D(xn,T n | w) − γn ]dwdγ+

n∈{1,...,N }

Z

X

(3.11)

!
p (w, γ) λn [M (zn,t |w) − γn ] dwdγ .

n∈{1,...,N }
t∈{1,...,Tn−1 }

In order to find a solution, we require:
p (w, γ)
∂L
= log
+ 1−
∂p (w, γ)
p0 (w, γ)
X
λn [p(yn )D(xn,T n | w) − γn ]+
n∈{1,...,N }

!
X

(3.12)

λn [M (zn,t |w) − γn ]

n∈{1,...,N }
t∈{1,...,Tn−1 }

= 0,
Which results in the following theorem.
Theorem 3.3.2. The solution to the UQ-CHI problem has the following general form:
1
p0 (w, γ)
Z(λ)
X
exp
λn [p(yn )D(xn,T n | w) − γn ]+

p (w, γ)∗ =

(3.13)

n∈{1,...,N }

!
X
n∈{1,...,N }
t∈{1,...,Tn−1 }

λn [M (zn,t |w) − γn ] .
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Thus, finding the solution to (3.8) depends on being able to evaluate the normalization
constant Z(λ).
Lemma 3.3.3. Let Z(λ) be the normalization constant defined in Eq. (3.10). Based on the
finding in (3.13), Z(λ) can be reformulated as follows:
Z(λ) = Zw (λ) + Zγ (λ)
 X
1
= exp
2

(3.14a)
λn pn (yn )xn,T n

n∈{1,...,N }



X

Y
n∈{1,...,N }

λn zn,t

(3.14b)

n∈{1,...,N }
t∈{1,...,Tn−1 }

!
λn zn,t
+

X

λn pn (yn )xn,T n

n∈{1,...,N }

T

X

(3.14c)

n∈{1,...,N }
t∈{1,...,Tn−1 }

1
exp(−λn ).
1 − λn /c

(3.14d)

Where, Zw (λ) is defined in (3.14b) and (3.14c) Zγ (λ) is defined in (3.14d).
The proof of Lemma 3.3.3 can be found in the B.2. Given the reformulated normalization
constant Z(λ) in (3.14), the maximum of the jointly concave function objective function
J(λ) showing in Eq. (3.9) can be found through a constrained non-linear optimization. As
a result, by substituting Eq. (3.14) in Eq. (3.9) we get:

X 
J(λ) =
λn + log(1 − λn /c) −
n∈{1,...,N }

1
2





X

λn pn (yn )xn,T n

n∈{1,...,N }

X
n∈{1,...,N }

λn pn (yn )xn,T n

T

X

λn zn,t

n∈{1,...,N }
t∈{1,...,Tn−1 }

X
n∈{1,...,N }
t∈{1,...,Tn−1 }


λn zn,t .

(3.15)
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Here, λ ≥ 0. Thus, we have the following dual optimization problem:

X 
max
λn + log(1 − λn /c) −
λ

n∈{1,...,N }

1
2



X

λn pn (yn )xn,T n

n∈{1,...,N }



X

λn pn (yn )xn,T n

n∈{1,...,N }

T

X

λn zn,t

n∈{1,...,N }
t∈{1,...,Tn−1 }

X

(3.16)


λn zn,t

n∈{1,...,N }
t∈{1,...,Tn−1 }

s.t. λ ≥ 0
The Lagrange multiplier λ, is recovered by solving the convex optimization problem Eq.
(3.16). Note that since the prior factorizes across w, γ, UQ-CHI solution also factorized as
well, i.e., p(w, γ) = p(w)p(γ).
Corollary 3.3.4. From results in Theorem 3.3.2 the marginal distribution p(w) can be found
as follows:
 X
1
p0 (w) exp
λn pn (yn )wT xn,T n +
p (w) =
Zw (λ)
n∈{1,...,N }

X
λn wT zn,t .

(3.17)

n∈{1,...,N }
t∈{1,...,Tn−1 }

Where, Zw (λ) can be obtained from Eq. (3.14b) and (3.14c).
Step 2: Prediction
After obtaining the marginal distribution p(w) in (3.17), the following lemma is used to
predict the label of a new example xnew . Referring to the solution of the UQ-CHI problem
in (3.13), we can easily modify the regularization approach for predicting a new label from
a new input sample xnew that is shown by ŷ = sign D (x|ŵ). In what follows, we generate
the predictive label for the upcoming new labels.
Lemma 3.3.5. Given the marginal distribution p (w) in (3.17) and the convex combination
R
of discriminant functions p(w)D (x|w) dw, and let λ∗ be the optimal Lagrangian multiplier
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obtained from the optimization problem (3.16), and given Zw (λ) obtained from (3.14d), then
the predictive label for the new (xnew ) can be generated as:


X

ŷ = sign

X

λn pn (yn )xn,T n +

n∈{1,...,N }

T
λn zn,t

!
xnew .

(3.18)

n∈{1,...,N }
t∈{1,...,Tn−1 }

The proof of Lemma 3.3.5 is shown in Appendix B.3.
Summary of the algorithms
A full description of the training and prediction of UQ-CHI model is given in Algorithm
2.
Algorithm 2 The UQ algorithm
Require: xn ∈ Rd , yn , p0 (w), and ()
Ensure:
1:

while not converge do

2:

Start iterations t:= 1,2,. . . do

3:

Find p(w)

4:

for n = 1, 2, . . . , N ,

5:
6:

minp(w) H(p(w))
R
s.t.
p(w)[yn D(xn , w) − γn ]dw ≥ 0,

7:

Rejection option

8:

reject the sample if :

∀n

p(w|xi ) < 

9:
10:

3.3.3

end for

UQ-CHI with rejection option

The performance of a predictive model is typically evaluated based on its accuracy, on a
scheme of classifying all samples, regardless of the degree of confidence associated with the
classification of the samples. However, accuracy is just one measure of model performance.
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In many healthcare applications, it is preferred to make predictions when the confidence assigned to the classification is relatively high, rather than classify all samples when confidence
is low. In this case, a sample can be omitted if it doesn’t fit into any of the classes. In pattern
recognition, this problem is often solved by estimating the class conditional probabilities and
rejecting the samples that have the lowest class posterior probabilities (i.e., samples that
are the most unreliable). As UQ-CHI enables uncertainty quantification, here, we create a
rejection option in prediction to show the utility of uncertainty quantification in practice.
The basic idea of rejection option is that the predictive model does not generate a prediction
if uncertainty is higher than a given probability threshold. In other words, a sample that is
most likely to be misclassified is rejected as described below:

p(w|xi ) < κ i = 1, . . . , N,

(3.19)

Here, κ is the rejection rate. The samples xi are rejected for which the maximum posterior
probability p(w|xi ) is below a probability threshold. And a sample is accepted when:

p(w|xi ) ≥ κ i = 1, . . . , N

(3.20)

Thus, we define a classification with rejection option as ŷ Rej , where, if a sample is rejected
ŷiRej = 0, denotes rejection, else, the classification is ŷi , where, ŷi corresponds to the classification of the ith sample defined in Eq. (3.18).
3.3.4

Tractability of UQ-CHI related to design of prior distribution

Recall that by applying the MED to our optimization problem we no longer learn the model
parameter, and instead, we specify the probability distributions. These distributions give
rise to penalty functions for the model and the margins via KL-divergence. In detail, the
model distribution will give rise to a divergence term KL(p(w)||p0 (w)), and the margin
distribution will give rise to the divergence term KL(p(γ)||p0 (γ)) which corresponds to the
regularization penalty and the loss function respectively. The trade-off between classification
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Algorithm name

UQ-CHI
Rejection rate

Label ratio

Low = 10

Medium = 20

High = 50

CHI

Training ratio
Low = 20

Medium = 40

High = 60

30

0.69

0.74

0.81

0.61

50

0.73

0.76

0.83

0.62

70

0.75

0.77

0.85

0.65

30

0.66

0.72

0.73

0.55

50

0.69

0.73

0.74

0.60

70

0.71

0.75

0.78

0.64

30

0.64

0.69

0.72

0.53

50

0.67

0.71

0.73

0.56

70

0.70

0.73

0.75

0.60

Table 3.3.1: Corresponding testing accuracies for different rejection options for the simulated
dataset

loss and regularization now are on a common probabilistic scale, since both terms are based on
probability distributions and KL-divergence. Hence, there is a relationship between defining
a prior distribution over margins and parameters and defining the objective function and
the penalty term in the original function. Recall that, γn are the classification margins as
slack variables in the optimization which represent the minimum margin that yn D(Xn ; w)
must satisfy. Hence, the choice of the margin distribution corresponds to the use of the
slack variables in the formulation of the UQ-CHI. For example, in our case we set p0 (γn ) =
ce−c(1−γn ) and γn ≤ 1. If we mathematically expand the normalization function in (3.10),
we get the two terms Zw (λ) and Zγ (λ) as shown in (3.14), and given the choice of margin
priors in Section 3.3.1 we get:
Z

1

logZγn (λn ) = log






c exp −c 1 − γn exp − λn γn dγn .

(3.21)

γn =−∞

From (3.21) we can see that a penalty occurs when the margins are smaller than E[γn ] = 1− 1c ,
and any margins larger than this would not be penalized. The margin distribution becomes

46

peaked when γn = 1 that is when c → ∞, and this is equivalent to having fixed margins. If
the margin values are held fixed the discriminant function might not be able to separate the
training examples with such pre-specified margin values. Because of non-separable datasets
this will generate an empty convex hull for the solution space. Thus, we need to revisit the
setting of the margin values, and the loss function upon them. The parameter c will play
an almost identical role as the regularization parameter which upper bounds the Lagrange
multipliers. Note, if the objective function J() grow without a bound, it may generate
a search space for parameters that are no longer a convex hull. This compromises the
uniqueness and solvability of the problem. Therefore, the selection of a prior forms a concave
function J() for a unique optimum in the Lagrange multiplier space.
3.4

Numerical studies

In this section, we design our simulation studies to evaluate the efficacy of UQ-CHI in terms
of prediction and uncertainty quantification, when compared to the CHI model, under a
variety of practical scenarios.
3.4.1

Simulated dataset

We simulate data following the procedure described below. The synthetic dataset is generated
with two classes with partial labels. We conduct several experiments with the simulated
data to investigate the performance of our method across different settings. Without loss
of generality, we assume that there are two groups, normal vs. diseased with a proportion
of 60% of class normal and 20% of complete labels. For all the experiments, we set the
number of features d = 90, For each class, we simulate 50 subjects, where we assumed that

xkn,t ∼ N u, σk2 for k ∈ {1, . . . , d}.
3.4.2

Incomplete labels and length of longitudinal data

UQ-CHI can also model data with partial labels by assigning a prior distribution of the labels
and obtaining posterior distributions after model training. In our experiment, we consider
a low, medium and high level of label availability, i.e., 10%, 20% and 50% of unlabeled
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examples. Also, we evaluate our methodology’s robustness in the presence of down-sampling
of the training data, i.e., only using a percentage of the data (for example, ranging from
30%, 50% and 70%), to train both UQ-CHI and CHI models. A model that can predict well
with less longitudinal data holds great value in clinical applications.
3.4.3

Uncertainty quantification with rejection option

As mentioned in 3.3.3, UQ-CHI has the unique capability of only classifying all examples
that demonstrate a sufficiently high posterior probability. In this case, the classifier rejects to
predict on a sample if it cannot be predicted reliably. The key parameter is the threshold (κ)
that will be used in the rejection option. Here, the rejection rate is defined as the probability
that the classifier rejects the example,

Z
p(reject) =

p (x) dx = p(p(w|xi ) < κ)

(3.22)

We can define two types of error when classifying with the rejection option. The error,
ε = p(b
y 6= y ), which is the probability of making an incorrect classification, The conditional
error εcond = p(b
y 6= y|accept), which is the probability of making an incorrect classification,
given the classifier has accepted the example. There is a general relationship between the
error and rejection rate: the error rate decreases monotonically with increasing rejection
rates, thus implying that the classifier is more reliable. Therefore, incorporating a rejection
option removes uncertain samples and improves the prediction accuracy of classifiers.
The rejection option relies upon the threshold (κ) parameter. In our experiments, we use
several levels of the threshold (κ) to create a range of rejection options from loose to strict,
and further calculate the resulting accuracies on the predictions on the accepted samples.
Specifically, we examined the size of the rejection region from 20%, 40%, to 60%.
3.4.4

Parameter tuning and validation

In our experiments, we randomly split the data into the two parts, one for training and
one for testing sets. For the training dataset, we use 10-fold cross-validation to tune the

48

parameters. The average accuracies from the split of the testing dataset are reported in
the result section. In Section 3.3.4 we specify the conditions under which the computation
remain tractable. It has been pointed out that, based on the choice of the margin distribution
described in 3.3.4, γn is bounded by the parameter c. Recall that c is a parameter in the
prior for the margins. Therefore, the parameter c will play an important role. For this reason
we conduct experiments with the parameter c chosen from (1.5, 3, 5, 10, 20, 100) to see the
impact of various choices of c on the testing accuracy.
3.4.5

Discussion

We discuss the tractability of the model given the simulated data for various choices of the
parameter c in Table 3.4.1. We simulated different selection of the parameter c to evaluate
its impact on the testing accuracy. The accuracy of a classifier is defined as the probability
of making a correct decision. If we discover that increasing this parameter imposes little
effect on model performance, we would then ignore the higher values for reasons already
explained in Section 3.3.4. We found that model accuracy decreases with increasing values
of parameter c. As shown in Table 3.4.1, additional potential terms of the parameter c
have minimal effects as the margin distribution may have become at its peak (γn )) which is
equivalent to having fixed margins. Note that to fully evaluate the impact of the parameter
c we simulated the data with a proportion of 60% of class normal and 20% complete labels.
Here, we found that after increasing the values for the parameter c beyond 5, the performance
of the model doesn’t change significantly. This indicates that the margin distribution may
have reach its peak, and hence it is equal to a fixed value. Higher values of this parameter
generate relatively similar performances. Consequently, lower values of c preserve flexibility
to estimate a distribution over parameters instead of using fixed margins.
Next, we examined how incomplete label information could affect the performance of UQCHI with regards to the testing accuracy given different sampling ratios in Table 3.4.2. A
model which can be built with less training data is more promising in healthcare applications
because data collection is relatively more expensive compared to other real-world applica-
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tions. Therefore, we tested our model by randomly down-sampling the training data, i.e.,
only using a proportion of the data with different sampling ratios (30%, 50% and 70%). The
results showed that the UQ-CH performed reasonably with a testing accuracy of 74% in
the extreme case where a small proportion of training samples (30%) was used and 50% of
incomplete label information was available (Table 3.4.2).
Error rates on the testing set for different rejection options are reported in Table 3.5.1.
As depicted in Eq. (3.22), the rejection rate is defined as the probability that the classifier
rejects the example. Hence, the classifier becomes more reliable as the rejection rate increases
and as a result the probability of making incorrect classification decreases. Comparisons of
varying rejection rates for the UQ-CHI confirms this expectation. For a high rejection rate
of 60%, the testing error reduces to 0.19, whereas a lower rejection rate of 20% resulted in
a testing error of 0.31. Our methodology was also compared to the CHI framework (Table
3.5.1). Recall that CHI is not strictly a supervised learning problem. In [28], both simulation
studies and real-world applications demonstrated that without label information, it was still
possible to train the CHI method. Here, we found that the UQ-CHI can outperform CHI by
incorporating the rejection option. UQ-CHI can obtain a testing error in a range of 0.19%
to 0.25% for a given rejection rate of 60%.

Table 3.4.1: Model average testing accuracies (%) for simulated dataset
Parameter c

Testing accuracy

1.5

81.2

3

80.2

5

79.8

10

77.2

20

77.3

100

76.1

50

Table 3.4.2: The average testing accuracies and standard deviations for the simulated dataset
for various sample and label ratio
Label ratio (%)
Sample ratio

3.5

Low = 10

Medium = 20

High = 50

30

0.85 ± 0.033

0.80 ± 0.032

0.74 ± 0.033

50

0.86 ± 0.060

0.83 ± 0.053

0.76 ± 0.027

70

0.88 ± 0.074

0.85 ± 0.041

0.78 ± 0.037

Real-world application on Alzheimer’s disease

We tested the predictive utility of UQ-CHI using Alzheimer’s disease data which exhibited
monotonic disease progression. We use the FDG-PET images of 162 patients (Alzheimer’s
Disease: 74, Normal aging: 88) downloaded from ADNI (www.loni.usc.edu/ADNI). The
data represents samples taken at irregular time points where each patient has between 3 and
7 time points. The data is preprocessed, and the Automated Anatomical Labeling (AAL) is
used to segment each image into 116 anatomical volumes of interest (AVOIs). For this study,
90 AVOIs that are located in the cerebral cortex are selected (each AVOI becomes a variable
here). According to the mechanism of FDG-PET, the measurement data of each region are
the local average FDG binding counts, which represents the degree of glucose metabolism.
The glucose metabolism declines as the function of age, and the progression of many neurodegenerative diseases such as AD further accelerates this declination. Thus, ADNI dataset
provides an optimal application example to test the proposed method. Whereas the ADNI
dataset consists of fully labeled examples, we artificially induce a variety of uncertainties to
the label information.
The results for tuning the parameter c for the ADNI dataset are reported in Table 3.5.2.
This shows decreasing accuracy with increasing values of parameter c. The performance
of UQ-CHI across different uncertainty levels as well as different sampling ratios was also
evaluated (Table 3.5.3). The proposed method demonstrated excellent capability to quantify
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Table 3.5.1: Corresponding testing errors for different rejection options for the simulated
dataset
Algorithm name

UQ-CHI testing error
Rejection rate (%)

Label ratio (%)

Low = 10

Medium = 20

High = 50

CHI testing error

Sampling ratio (%)
Low = 20

Medium = 40

High = 60

30

0.31

0.26

0.19

0.39

50

0.27

0.24

0.17

0.38

70

0.25

0.23

0.15

0.35

30

0.34

0.28

0.27

0.45

50

0.31

0.27

0.26

0.40

70

0.29

0.25

0.22

0.36

30

0.36

0.31

0.28

0.47

50

0.33

0.29

0.27

0.44

70

0.30

0.26

0.25

0.40

uncertainties in the real-world dataset. As shown in Table 3.5.3, UQ-CHI is even capable of
handling data that has 50% of incomplete labels; in this case demonstrating an accuracy in
the range of 70% − 77% for the ADNI dataset.
By contrast, we show that by only using a small proportion of the training samples (as low
as 30% of the data) that it is still possible to maintain reasonable performance in a range of
70% − 82%. This suggests that UQ-CHI for the real-world dataset can be trained with less
training data. The rejection options against the testing error, as well as these values against
the sampling ratios, are shown in Tables 3.5.4. Comparisons of different rejection rates for the
UQ-CHI confirmed the capability of the rejection ratio for the real-world applications.
3.6

Conclusion

In this paper, we developed the UQ-CHI methodology to enable uncertainty quantification
for continuous patient monitoring. This probabilistic generalization can facilitate further
extensions of the basic CHI model for decision-making purposes. For example, in many
degenerative disease conditions such as AD, it is essential to triage patients to determine the
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Table 3.5.2: Model average testing accuracies (%) for ADNI dataset
Parameter c

Testing accuracy

1.5

78.8

3

77.9

5

77.3

10

75.3

20

72.0

100

68.9

Table 3.5.3: The average testing accuracies and standard deviations for ADNI dataset for
various sample and label ratio
Label ratio
Sample ratio (%)
Low = 10

Medium = 20

High = 50

30

0.82 ± 0.022

0.79 ± 0.052

0.70 ± 0.032

50

0.84 ± 0.014

0.82 ± 0.005

0.74 ± 0.049

70

0.87 ± 0.040

0.83 ± 0.032

0.76 ± 0.043

Table 3.5.4: Corresponding testing errors for different rejection options for the ADNI dataset
Algorithm name

UQ-CHI testing errors
Rejection rate (%)

Label ratio (%)

Low = 10

Medium = 20

High = 50

CHI testing errors

Sampling ratio (%)
Low = 20

Medium = 40

High = 60

30

0.29

0.24

0.17

0.26

50

0.25

0.22

0.16

0.34

70

0.23

0.21

0.13

0.20

30

0.33

0.29

0.28

0.42

50

0.30

0.28

0.25

0.38

70

0.29

0.25

0.24

0.36

30

0.44

0.30

0.29

0.45

50

0.31

0.29

0.26

0.42

70

0.29

0.28

0.26

0.38
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prioritization of resource allocations and patient care. The UQ-CHI framework can support
optimal decision making that considers imperfect and continuous delivery of knowledge.
In the future, it may be advantageous to extend this method to other diseases that may
show different degradation characteristics in the context of degenerative diseases. Another
extension of this methodology is to adapt for a non-linear index and further explore the
feasibility of varying discriminant functions.
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Chapter 4
DETECT DEPRESSION FROM COMMUNICATION: HOW
COMPUTER VISION, SIGNAL PROCESSING, AND
SENTIMENT ANALYSIS JOIN FORCES

Depression is a common illness worldwide. Traditional procedures have generated controversy and criticism such as accuracy and agreement consistency of depression diagnosis and
assessment among clinicians. More objective biomarkers are needed for better treatment
evaluation and monitoring. Depression will leave recognizable markers in patient’s vocal
acoustic, linguistic, and facial patterns, all of which have demonstrated increasing promise
on evaluating and predicting patient’s mental condition in a more objective way. We applied
a multi-modality prediction model to combine the audio, video, and text modalities, to identify the biomakers that are predictive of depression with consideration of gender differences.
We identified promising biomarkers from successive search on feature extraction analysis for
each modality. We found that gender disparity in vocal and facial expressions play an important role in detecting depression. Audio, video and text biomarkers provided the possibility
of detecting depression in addition to traditional clinical assessments. Biomarkers detected
for gender-dependent analysis were not identical, indicating that gender affect the depression
manifestations.
4.1

Introduction

Depression has been recognized as a significant health concern worldwide. According to the
World Health Organization (WHO), more than 300 million people suffer from depression
in their daily lives 1 . Psychiatric diagnoses have traditionally been made based on clinical
1

http://www.who.int/mediacentre/factsheets/fs369/en/
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criteria. For example, the Diagnostic and Statistical Manual of Mental Disorders (DSM) is
a standard diagnostic tool published by the American Psychiatric Association APA, and is
used by healthcare professionals as an authoritative guide to the diagnosis of mental disorders
[93]. DSM contains descriptions, symptoms, and many other criteria for diagnosing a mental
disorder. Alternatively, clinicians can also monitor the severity of depression using the
Patient Health Questionnaire depression scale (PHQ-8) questionnaire, a self-administered
tool consisting of 8 symptom questions [94]. However, such traditional procedures have
generated controversy and criticism such as accuracy and agreement consistency among
clinicians due to their subjective nature [95]. Therefore, determining an accurate and feasible
screening tool in the general population remains important.
An accurate diagnosis that is made in a timely manner has the best opportunity for a
positive health outcome since the subsequent decision-making will be tailored to a correct
understanding of the patient’s health problem [96]. It is desirable to develop more biomarkers
that can be automatically extracted from objective measurements. As audio, video, and text
modalities are very useful data for characterizing human interaction and communications,
they have been used in many applications such as speech processing [97], safety and security
applications [98] and human-machine interaction [99]. Also, since depression is a complex
disease that manifests in all of these modalities, many research efforts have been directed
toward using these datasets for depression prediction and evaluation. Studies show that
depression will leave recognizable markers in a patient’s vocal acoustic, linguistic and facial
patterns, all of which have demonstrated increasing promise in the objective evaluation and
prediction of a patient’s mental state [5, 6, 7]. Central to the success of these models,
extracting useful quantitative biomarkers from the audio, video, and text data have resulted
in the discovery of many interesting biomarkers.
Audio biomarkers are powerful tools to assist in detecting depression severity and monitoring
over the course of a depressive disorder. For example, Alpert et al. suggested that intrapersonal pause duration and speaking rate are closely related to change in depression severity
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over time [100]. Several studies have found distinguishable audio biomarkers such as pitch
[101, 102], decreased speech intensity [103], loudness [104], and energy [105], that are useful
for detecting depression severity. There have been few studies documenting the relationship
between audio biomarkers and depression severity using clinical subjective ratings [7, 106,
107]. Overall, they found that audio biomarkers discriminate between individuals with and
without depression. On the other hand, previous studies have shown that word and phraserelated biomarkers can influence the classification performances [108, 109]. For example, in
[110], they showed that selecting a few phrases can improve depression prediction. Similarly,
facial-based video biomarker sets extracted from dynamic analysis of facial expressions were
also identified to be predictive for depression [111, 112, 113]. Video biomarkers can be
extracted via head pose movement analysis [114], automatic facial action coding system
[115], etc. To date, there has been no systematic study that investigates biomarkers with
respect to all of these modalities together, nor has any study attempted to further investigate
their clinical interpretations and interactions with gender.
Depression is a complex mental disorder that could not be solely captured from one single modality. Modalities that integrate acoustic, textual and visual biomarkers to analyze
psychological distress have shown promising performances [116, 117]. In these mechanisms,
each acquisition framework is denoted as a modality and is associated with one dataset. In
a recent study [118], researchers have investigated the performance of each of the modalities
(audio, linguistic, and facial) for the task of depression severity evaluation by a multi-modal
mechanism. Further, authors improved the results by using a confidence-based fusion mechanism to combine all three modalities. Experiments on the recently released AVEC 2017 [117]
depression dataset have verified the promising performance of the proposed model in [118].
In this work, we extended [118], and identified unique biomarkers from audio, linguistic, and
facial biomarkers that were predictive of depression. Compared with [118], in this paper, we
identified a much more comprehensive array of biomarkers in all three modalities and further
studied their clinical interpretations. For example, we captured prosodic characteristics of
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the speaker and quality of voice in both time and frequency domains. We learned discriminative audio biomarkers such as low-pitched voice and multiple pauses during a speech that
were predictive to depression. For video biomarkers, because of the unavailability of raw
video recordings, we extracted facial biomarkers as a complementary cue that was measured
simultaneously with other cues (e.g. speech, and text). Hence, eye, eyebrow, mouth and
head movement biomarkers were used for recognizing depression. In the text analysis, we
captured valence ratings of the text using the tool of AFINN sentiment analysis. In addition,
we identified depression-related words, a total number of words and sentences, which were
nonverbal manifestations of depression.
The combination of these modalities and their interactions with gender information were
also investigated. A recent study showed that gender plays an important role in depression
severity assessment [119]. Similarly, in our study, we found that biomarkers detected for
gender-dependent analysis were not identical, indicating that gender can affect manifestations of depression. This result is consistent with previous findings on gender differences
which show that depression in women may be more likely to be detected than depression in
men [120]. We found that this might be related to the theory that women are more likely
to amplify their mood. For example, women are likely tending to employ positive emotions
including expressing joy or laughter [121]. Research has found that facial movement dynamics are discriminative for females and males. For example, men’s movement may be more
asymmetrical [122] and women’s more animated [123]. Hence, there is a need to investigate
a subset of biomarkers that contribute significantly to the target class (depressed) and are
unique to women and men. Furthermore, existing works demonstrated that including gender
information is effective in improving the prediction performance [124, 125, 126, 127]. This
suggests that it is reasonable to assess the performance of the multi-modality fusion model
based on gender-bias. In the present work, a gender-based classification system was implemented by building two separate classifiers, training two gender-specific models for male
and female separately. In addition, we investigated significant biomarkers that had domi-
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nant importance for prediction in audio, video and text modalities using biomarker selection
methods. Finally, we investigated the clinical implications of these observations and their
relationships with respect to depression detection.
This paper is structured in the following manner. Section 4.2 describes the process of extracting biomarkers from three modalities. The results of biomarkers that are predictive to
depression along with their performances are shown in Section 4.3. Discussions and conclusion are drawn in Section 4.4.
4.2

Methods

4.2.1

Data collection

The database is part of a larger corpus, the Distress Analysis Interview Corpus - Wizard
of Oz (DAIC-WOZ), that contains clinical interviews designed to support the diagnosis
of psychological distress conditions such as anxiety and depression. The dataset includes
interviews, conducted by an animated virtual interviewer called Ellie, controlled by a human
interviewer in another room, and the participants include both distressed and non-distressed
individuals. Participants were drawn from two distinct populations living in the greater
Los Angeles metropolitan area and from the general public. Participants were coded for
depression based on PHQ-8.
Of the 140 participants, 76 were male, 63 were female, and 1 did not report his/her gender.
The mean age of this group of participants was 39.34 (SD = 12.52). The collected data include
audio and video recordings and extensive questionnaire responses. During the interview, the
participant was recorded by a camera and a close-talking microphone. Data were transcribed
and annotated for a variety of verbal and non-verbal features combining both participant
and interviewer. However, the focus of this paper is on the participant speech, and the
transcription part of Ellie was not considered. Information on how to obtain shared data
can be found at this location: 2 . Data is freely available for research purposes.
2

http://dcapswoz.ict.usc.edu
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4.2.2

Study population

The Distress Analysis Interview Corpus database consists of the word-level human transcriptions including auxiliary speech behaviors, raw audio recordings and facial landmarks
along with the gender of participants provided in two partitions training set (n = 107), and
development set (n = 36). Socioeconomic background was not provided by the dataset. The
multi-modality fusion model was employed on the training set, and we validated the model
with the given extracted biomarkers on the development set. For the generalization purpose,
we used 10-fold cross-validation in all the experiments. The average depression severity on
the training and development set is M = 6.67 (SD = 5.75) out of a maximum score of
24. The level of depression is labeled with a single value per recording using a standardized
self-assessed subjective depression questionnaire, the PHQ-8 score, which was recorded prior
to every human-agent interaction. The distribution of the depression severity binary labels
(PHQ8 Scores ≥ 10) on the training and development set for females and males can be seen
in Figure 4.2.1.

Figure 4.2.1: Distribution of the depression severity on the training and development set
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4.2.3

Biomarkers

To detect biomarkers that are predictive of depression, we adopted a separate processing
pipeline for each modality, followed by a multi-modality methodology to predict the result
using the proposed method in [118]. The settings of individual prediction models and the
multi-modal fusion approach are discussed in the next section.
Overview of the multi-modality fusion model
In this work, we used a multi-modal fusion approach to combine information across different
modalities. Here, we used modality loosely to refer to different biomarkers extracted from
audio, video and text datasets. The audio recordings include soundtracks with significant
communicative cues that are symptomatic of depression. The 2D facial landmarks are indicative of changes in facial expression, which could be further analyzed for depression. In
addition, people’s emotional status may change from sentence to sentence, and from word
to word. The fusion of these multiple modalities can provide complementary information
and increase the accuracy of the overall decision-making process. However, the benefit of
multi-modal fusion comes with a certain cost and complexity in the analysis process. This
is due to the fact that different modalities are captured in different formats and at different
rates. Also, different modalities usually have varying confidence levels. Therefore, building a robust multi-modality framework that is capable of dealing with complex datasets is
essential.
Existing multi-modality fusion techniques can be categorized as a biomarker-level fusion and
a decision-level fusion [128]. A biomarker-level fusion learns shared or similarity-regularized
biomarkers across different modalities and then performs classification based on a multimodal representation vector. On the other hand, a decision-level fusion learns an inputspecific classifier for each modality and finds a decision rule to aggregate decisions made based
on a single modality. In the present work, we found that each modality contained highly
varying data volume and sample dimensionality, therefore, we chose separate biomarker
processing pipelines for each modality, followed by a decision-level fusion module to predict
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the final result.
For each modality, a random forest model was built to convert the predictive information
of these biomarkers into scores, and further combined them into a confidence-based fusion
method to make a final prediction on the PHQ-8 scores. Random Forest is an ensemble of
unpruned classification created by using bootstrap samples of the training data and random
biomarker selection in tree induction. Usually, the prediction of random forest is made by
aggregating (majority vote or averaging) the predictions of the ensemble [129]. However,
the dataset is coming from three different modalities, e.g., audio, video, and text, hence
compromising them by aggregating the predictions from all the trees is not recommended.
Therefore, for each modality we calculated the standard deviation of predictions from all the
trees, defined as the modality-wise confidence score.
Let us assume a set of M randomized decision trees within a random forest {ϕL,θm |m = 1, . . . , M }
all learned on the same data L (e.g., audio, video, or text). In order to improve the classification accuracy over decision trees, the individual trees in a random forest need to be
different, which can be achieved by introducing randomness in the generation of the trees.
The randomness is influenced by the seed θm for each model. Ensemble methods work by
combining the predictions of these models into a new ensemble model, denoted by ψ L,θ1 ,...,θm .
The randomized models are combined into an ensemble by computing the standard deviation
(S) of the predictions to form the final prediction as:
s
S=

PM
m

2
ϕL,θm − ψ L,θ1 ,...,θn (x)
.
M −1

(4.1)

Here, ψ L,θ1 ,...,θn (x) is the average prediction which is defined as:

ψ L,θ1 ,...,θn (x)

M
1 X
=
ϕL,θm .
M m

(4.2)

After conducting several different strategies, the winner-take-all strategy, i.e., picking the
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single-modality prediction with the highest confidence score as the final result, seemed to be
the most effective and reliable one in our setting. The overview of the multi-modal fusion
framework is shown in Figure 4.2.2. We identified many biomarkers that were predictive to
depression with the help of signal processing on the audio files, computer vision on 2D facial
coordinates and sentiment analysis on individual’s transcript files. We will next introduce
how we extracted biomarkers based on the given data for each modality.

Figure 4.2.2: Fusing audio, facial and textural biomarkers with the help of a multi-modality
fusion model

Audio biomarkers extracted by signal processing
Audio biomarkers discriminate between individuals with and without depression. The first
step in the speech recognition system is to extract biomarkers, i.e., to identify the components
of the audio signal that have relations in a clinical context, and to distinguish other signals
which carry information like background noise, pause, etc. In most audio processing and
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analysis techniques, it is common to divide the input audio signal into short-term frames
before biomarker extraction. In particular, the audio signal is broken into non-overlapping,
short frames and a set of biomarkers are extracted for each frame. An audio signal is changing
very rapidly, hence we assume that a signal doesn’t change statistically (i.e. statistically
stationary) in short-term frames. We, therefore, broke each audio signal into 20-40 ms frames.
The result of this procedure was a sequence of biomarker vectors per audio signal.
A discriminative biomarker can be learned from either the time domain or the frequency
domain. For example, analyzing audio signals with respect to time provides information
with regards to the value of the signal at any given instance. Hence, time domain is useful
when amplitude or energy of a signal needs to be examined. On the other hand, time domain
doesn’t convey information with respect to the rate at which the signal is varying. Therefore,
representing the signal in a domain where the frequency of a signal is described is needed.
Frequency-based biomarkers (spectral biomarkers) are obtained by converting a time-based
signal into a frequency domain by using Fourier transform. For example, one of the most
dominant methods used to extract frequency-based biomarkers is calculating Mel-Frequency
Cepstral Coefficients (MFCC). MFCC biomarkers are derived from a cepstral representation
of an audio clip (a Fourier transform of the power spectrum of a voice signal). MFCC of a
signal extracts biomarker from the speech which approximates the human auditory system’s
response, while at the same time deemphasizing all other information. Another example of
the frequency-based technique is Perceptual Linear Prediction (PLP). PLP biomarkers are
obtained based on the concept of the psychophysics of hearing and they are also used to
derive an estimate of the human auditory spectrum. Differences between PLP and MFCC
lie in the intensity-to-loudness conversion of a sound.
In our setting, we extracted a set of validated and tested biomarker extraction techniques
that aim to capture prosodic characteristics of the speaker as well as the quality of voice in
both the time and frequency domains. Descriptions of audio biomarkers in both time and
frequency domains are shown in Table4.2.1 and 4.2.2. A total of 35 audio biomarkers were
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used.
Audio biomarkers

Description

Modulation of

It is used to find the amplitude of two signals that are multiplied by

amplitude

the superimposed signals.

Envelope

It represents the varying level of an audio signal over time.

No. of biomarkers
1
1

It shows the repeating patterns between observations as a function
Autocorrelation

1
of the time lag between them.
It is used to detect,a sudden change in the energy or any changes

Onset detector

1
in the statistical properties of a signal.

Entropy of energy

It is a measure of abrupt changes in the energy level of an audio signal.

1

It is obtained by taking the ratio of the tonal power of the spectrum
Tonal power ratio

1
components to the overall power.

RMS power

Root mean square (RMS) approximates the volume of an audio frame.

1

Zero Crossing Rate (ZCR) is the number of times the signal changes
ZCR

1
sign in a given period of time.

Table 4.2.1: Description of audio biomarkers used in a time domain

Visual biomarkers extracted by computer vision
Several biomarkers were extracted from the set of the 2D coordinates of the 68 points [130]
on the face provided by the AVEC’17, despite the unavailability of video recordings. Hence,
a preprocessing on the 2D facial landmarks was done to obtain head and distance biomarkers. Overall, we obtained 133 video biomarkers using both head motion and distance with
complementary statistical measures.
1. Head biomarkers: Initially, we drew the 2D polygons of facial landmarks using patch
function in Matlab. Patch function creates several polygons using elements of 2D
coordinates for each vertex, which connects the vertices to specify them. Such polygons,
which encode facial landmark regions as well as temporal movements, have resulted
in different video frames. Landmark motion history using patch function is shown
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Audio biomarkers

Description

PLP

It is a technique to minimize the differences between speakers.

No. of biomarkers
9

It is a representation of the short-term power spectrum of an audio
MFCC

12
signal.

Spectral decrease

It computes the steepness of the decrease of the spectral envelope.

1

Spectral rolloff

It can be treated as a spectral shape descriptor of an audio signal.

1

Spectral flux

It is a measure of spectral change between two successive frames.

1

Spectral centroid

It is a measure to characterize the center mass of the spectrum.

1

Spectral slope

It is the gradient of the linear regression of a spectrum.

1

It is a function that measures the regular harmonic spacing in the
Spectral autocorrelation

1
spectrum of the speech signal.

Table 4.2.2: Description of audio biomarkers used in a frequency domain

in Figure 4.2.3 a. blueThe points, which represent head motions and have minimal
involvement in facial movement, were chosen. Points 2, 4, 14, and 16 are among
these landmarks, as shown in Figure 4.2.3 b, [131]. In addition, given that the regions
between eyes and mouth are the most stable regions due to their minimal involvement
in facial expression, we followed the approach in [132], and calculated the mean shape
of 46 stable points without regard to gender. For each of these facial points, statistical
measures such as mean, and median were calculated, resulting in 41 biomarkers.
2. Distance biomarkers: Both head motion and facial expression can be an indicator of a
person’s behavior, and may convey sets of essential information regarding the emotional
state of a person. We split the facial landmarks into three groups of different regions:
the left eye and left eyebrow, the right eye and right eyebrow, and the mouth. The
pairwise Euclidean distance between coordinates of the landmarks was calculated, as
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well as the angles (in radians) between the points, resulting in 92 biomarkers. In
detail, for the left and right eye, the distance between points {37, 40} and {43, 46}
were measured as horizontal distance, and the distance between {38, 42} and {44, 48}
were measured as vertical distance respectively. For the mouth, the distance between
points {52, 58} were measured as vertical distance, an average of the distance between
two pairs of points {55, 49}, {65, 61} were measured as horizontal distance. Usually,
eyebrow movements occur simultaneously. Hence we took the average distance between
two pairs, using points {22, 23} and {27, 18}, as horizontal measures, and {31, 25},
{31, 20} as vertical distances. We calculated the difference between the coordinates of
the landmarks, and those from the mean shape, and finally calculated the Euclidean
distance (L2-norm) between the points for each group.

(a) Landmark motion history using (b) Facial landmark numbering
patch function

Figure 4.2.3: Facial landmark motion and facial landmark numbering

Text biomarkers extracted by sentimental analysis
A set of text biomarkers were calculated based on the individual’s transcript file. The original
transcript file included translated communication content between each participant and the
animated virtual interviewer (named as ‘Ellie’ who is controlled by a human interviewer),
as well as the duration (start time and stop time) for each round of communication. The
focus of this paper deals solely with participant speech. The transcription part of Ellie
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was not considered. The first part of text biomarkers was about basic statistics of words
or sentences from the transcription file. This included the number of sentences over the
duration, the number of words,the ratio of the number of instances of laugher over the number
of words. The use of these biomarkers is supported by the literature, indicating that slowed
and reduced speech, elongated speech pauses, and short answers are nonverbal manifestations
of depression [133]. The second category of text biomarkers concerned depression-related
words, namely, the ratio of depression-related words over the total number of words over the
duration. Words relating to depression were identified from a dictionary of more than 200
words, which can be downloaded from the Depression Vocabulary Word List 3 . In addition,
we introduced a new set of text sentiment biomarkers, obtained using the tool of AFINN
sentiment analysis [134], that would represent the valence of the current text by comparing
it to an existing word list with known sentiment labels. The outcome of AFINN sentiment
analysis is an integer between minus five (negative) and plus five (positive), where a negative
or positive number corresponds, in turn, to a negative or positive sentiment. These ratings
are calculated according to the psychological reaction of a person to a specific word, where
each word is categorized for valence with numerical values. In addition, the mean, median,
min, max, and standard deviation of the sentiment analysis outcomes (as a time series) were
measured. A total of 8 biomarkers were extracted.
4.3

Experimental results

4.3.1

Identifying biomarkers that are predictive to depression

To discover promising biomarkers, we studied the details of the multi-modality fusion model
proposed in [118] and compared the results to single modalities. Baseline scripts provided by
the AVEC have been made available in the data repositories, where depression severity was
computed using random forest regressor. We used the training and the validation set to pick
the optimal number of trees. The model deviance was calculated based on the mean squared
error between the training and the validation set. Figure 4.3.1 shows the model deviance on
3

https://myvocabulary.com/word-list/depression-vocabulary/
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both training set (blue) and validation set (yellow), as a function of the number of trees for
audio dataset. Each random forest model aggregates the outcomes of 50 individual trees.
According to our experiments, if only using audio biomarkers, then the performance of the
random forest model gets saturated with around 25 trees. After blending video and text
modalities, the random forest model demands a larger learning capacity and grows to 50
trees, until it meets another performance plateau.

Figure 4.3.1: Scoring history over number of trees in prediction with audio biomarkers

We employed single modalities as well as the multi-modality fusion model proposed in [118]
on the training set and validated the model using the development set. The depression
severity baseline was computed using random forest regressor [117]. Baseline performance
was provided by the AVEC to show the state-of-the-art prediction performance AVEC can
achieve on this dataset. In the baseline, the fusion of audio and video modalities was performed by averaging the regression outputs of the unimodal random forest regressors. In
addition, the root mean square error (RMSE) and mean absolute error (MAE) averaged
over all observations were used to evaluate the models, while the best model was selected
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based on RMSE. Table 4.3.1 reports the performance of single modalities, proposed multimodality fusion model and the baseline for development and training set. The results show
that fusing the audio, video and text biomarkers is powerful in detecting depression with
RMSE of 5.12 and MAE 4.12, attained on development set compared with single modalities.
In addition, the multi-modality fusion model had relatively better performance compared
with the baseline results of RMSE 6.62 and MAE 5.52.
The performance of the multi-modality fusion model indicates promising values of capturing depression by integration of different biomarkers. The marginal differences between the
multi-modality mechanism and single modalities might be due to many reasons. For example, the RSME and MAE of audio and text biomarkers are 6.00, 5.25 and 5.95 and 5.21
respectively. However, the performance for both RMSE and MAE of video for development
set are 6.67 and 5.64 respectively. This indicates that fusing the video with other modalities
might not have been very helpful. Moreover, the current dataset includes biomarkers and
gender information only, and doesn’t include other measures.
4.3.2

Investigating the gender-information on biomarkers

Existing works demonstrated that including gender information is effective in improving the
prediction performance [124, 125]. Thus, we investigated the effect of gender by comparing
the performance of the model both with and without inputting subject gender. The multimodality mechanism further improved the performance of depression severity prediction
significantly with RMSE of 4.78 and MAE 4.05 attained on the development set with gender
included as a variable shown in Table 4.3.1. Besides the biomarkers extracted from the three
modalities, the gender of subjects was found to be highly correlated with the depression
severity prediction. We proposed to include gender information, by training two genderspecific models for male and female separately.
Detailed results of gender-specific models can be found in Table 4.3.2. The multi-modality
fusion model could attain RMSE of 5.09 and MAE 4.35 and RMSE of 4.95 and MAE 4.32
for females and males respectively. Although there are marginal differences in the multi-
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Biomarkers used

‘development’
RMSE

MAE

‘train’
RMSE

MAE

The baseline provided by the AVEC organizer
Visual only

7.13

5.88

5.42

5.29

Audio only

6.74

5.36

5.89

4.78

Audio & Video

6.62

5.52

6.01

5.09

The model that doesn’t include gender variable
Visual only

6.67

5.64

6.13

5.08

Audio only

6.00

5.25

5.62

4.89

Text only

5.95

5.21

5.68

5.17

Multi-modality fusion model

5.12

4.12

4.25

4.54

The model that includes the gender variable
Visual only

5.65

4.87

4.99

4.46

Audio only

5.89

5.18

5.66

5.06

Text only

5.86

4.88

5.67

4.96

Multi-modality fusion model

4.78

4.05

4.35

3.69

Table 4.3.1: Performance comparison among single modalities and multi-modality fusion
model

modality methods used between females and males, the performance of gender-specific models demonstrates variation in prediction. The performance of gender-specific models shows
that individual audio and text modalities (except video) have a marginally better performance for males than females. This might be due to the gender-based differences in audio
and text biomarkers. For example, the vocal characteristics of females and males are different, and detecting speech patterns might be affected by variation in pitch, loudness, and the
rhythm of speech.
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Biomarkers used

‘development’
RMSE

‘train’

MAE

RMSE

MAE

female
Visual only

6.35

5.01

5.69

4.87

Audio only

6.45

5.38

5.03

4.66

Text only

6.41

5.68

5.06

4.65

Multi-modality fusion model

5.09

4.35

4.89

4.23

male
Visual only

6.44

5.18

5.92

4.89

Audio only

5.77

5.26

4.78

4.02

Text only

5.76

4.79

4.91

4.36

Multi-modality fusion model

4.95

4.32

4.91

4.02

Table 4.3.2: Performance comparison among single modalities and multi-modality by training
gender-specific models

4.3.3

Investigating dominant biomarkers and their significance

We extracted significant biomarkers from each modality to investigate gender differences.
Selecting a subset of biomarkers that significantly contribute to the target class (depressed)
can reduce the length of the process. Vocal, linguistic and facial significant biomarkers were
attained from a successive search on biomarkers during the extraction analysis. Significant
biomarkers were extracted by computing estimates of predictor importance based on permutation. Below, we provide brief details of how it works. The predictor importance measures
how influential a candidate predictor variable is at the predicting response variable. The
influence of a predictor increases with the value of this measure, hence larger values indicate
predictors that have a greater influence on the prediction. For example, if a predictor is
influential in prediction, then permuting its value should affect the error of the model. If a
predictor is not influential, then permuting its values should have little to no effect on the
model error.
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Figure 4.3.3 shows the top 5 significant biomarkers from each individual modality for females
and males. Furthermore, we found the significant p-value for each top biomarker in relation
to the target class by using the multiple linear regression shown in Table 4.3.3. The resulted
significant biomarkers behave differently for females and males in each modality. In addition,
a crossover interaction was observed between gender. For example, MFCC ranked the highest
in the list for females, while PLP and spectral decrease were ranked the lowest. However,
spectral slope and PLP were both ranked high for males. As a result, in-depth clinical
interpretation is needed to decipher the clinical implications of these observations, and their
relationship with respect to depression detection.
4.4

Discussion

In this paper, we studied the details of the multi-modality fusion model proposed in [118]
by integrating vocal, facial and textual modalities to discover promising biomarkers that
were predictive of depression. The impact of the biomarker selection method was exploited
to highlight each biomarker’s communicative power for depression detection, and crossover
interactions were observed in gender-specific predictions. Developing biomarkers that can be
automatically extracted from objective measurements demonstrates the increasing promise
of this methodology in the accurate diagnosis of a patient’s mental condition. Therefore, to
interpret the observations, and to identify disparities between gender, we investigated their
clinical interpretations with respect to depression detection.
4.4.1

Audio biomarkers and their relationship with depression detection

We found that non-linguistic speech patterns provided significant communicative power
through variations in pitch, loudness, interruption, anger, and laughter. Hence, they are
helpful in providing cues that aid in interpretation of audio signals. For example, one of
the most important perceptual elements of sound is pitch, as shown in Figure 4.3.3 a, and
b. Studies show that when someone speaks in a slow, soft voice, they may be signaling
sadness or depression [135]. Pitch is determined from frequencies that are clear, and can
be detected via modulation of amplitude [136, 137], autocorrelation signals [101], MFCC
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(a) Audio biomarkers for females

(b) Audio biomarkers for males

(c) Video biomarkers for females

(d) Video biomarkers for males

(e) Text biomarkers for females

(f) Text biomarkers for males

Figure 4.3.2: Top 5 most important biomarkers that have dominant importances for
the prediction in audio, video and text modalities
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Selected biomarkers

Audio biomarkers

Females

p-value

Males

p-value

MFCC

0.0012

Spectral slope

<0.0001

Modulation of amplitude

0.0008

PLP

<0.0001

Autocorrelation

<0.0001

Modulation of amplitude

0.022

PLP

<0.0001

Spectral decrease

0.012

Spectral decrease

0.002

Entropy of energy

0.011

Spectral slope

0.0080

MFCC

0.1140

Entropy of energy

0.2100

Autocorrelation

0.0210

Left eye distance (38,42)

<0.0001

Left eye distance (39,41)

<0.0001

Right eye distance (44,48)

<0.0001

Left eye distance (38,42)

0.0028

Mouth distance (52,58)

0.0014

Right eye distance (45,47)

0.0012

Mouth angle (50,51)

0.001

Mouth angle (61,90)

<0.0001

Eyebrow distance (22,23)

<0.0001

Mouth angle (60,59)

0.0311

Left eye distance (39,41)

<0.0001

Left eye distance (38,42)

<0.0001

Left eye distance (38,42)

<0.0001

Right eye distance (44,48)

<0.0001

Right eye distance (45,47)

0.0063

Mouth distance (52,58)

0.6510

Mouth angle (61,90)

<0.0001

Mouth angle (50,51)

0.0052

Mouth angle (60,59)

<0.0001

Eyebrow distance (22,23)

0.1000

No.sentence/duration

<0.0001

Sentiment max

0.003

Sentiment mean

<0.0001

Sentiment standard deviation

<0.0001

No.laughters/no.words

0.032

No.laughters/no.words

0.126

Sentiment min

0.887

Sentiment mean

0.366

No. word/duration

0.311

Sentiment min

0.369

Sentiment standard deviation

0.0036

No.sentence/duration 0.322

Video biomarkers

Text biomarkers

Table 4.3.3: p-value of the selected top 5 significant biomarkers for females and males

[138, 139], and energy [140]. As we could see from the result of audio biomarkers in Figure 4.3.3 a, MFCC, autocorrelation, and modulation of amplitude signals were among the
most expressive biomarkers for females. The significance of these biomarkers is shown in
Table 4.3.3. This might be due to the fact that the pitch of the male voice falls under low
frequencies whereas the female voice is higher pitched.
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Another important indication of depression is anger, which is characterized by an increase
in pitch. MK Biaggio et.al, studied the effect of anger over 112 university students on
depression. They found that, among depressed subjects, there was a more intense experience
of hostility and less control over anger [141]. Angry voices typically have large proportion
of high-frequency energy in the spectrum, and hence can be detected via frequency-based
biomarkers like MFCC [142, 143], and PLP [144]. Interestingly, the results showed that these
biomarkers appear for both females and males, as shown in Figure 4.3.3 a, and b.
Another voice characteristic the scientific community agrees aids in detecting depression
is laughter. The influence of depression on the reduction of laughter frequency in speech
has been shown in [145]. It has been found that laughter is able to improve negative consequences of stressful events and depressive symptoms. This characteristic of sound can
be found through changes in spectral/cepstral biomarkers [146]. As shown in Table 4.3.3,
the spectral/cepstral biomarkers were significant for both females and males. However, we
found cross-relations across speech patterns. Any changes in the intonation or the rhythm
of speech could reflect the spectral/cepstral biomarkers and could be considered as either
laughter or anger. This shows, despite the great value of sound to determine an emotional
state of the speaker, further investigation is required for drawing any conclusion. The complete list of vocal characteristics and their relationship with audio biomarkers is shown in
Table 4.4.1.
4.4.2

Video biomarkers and their relationship with depression detection

We found that biomarkers related to eye, eyebrow, and mouth movements were predictive to
depression detection, as shown in Figure 4.3.3 c, and d. We also investigated the influence
of gender-dependent classification on the selected video biomarkers. For example, we found
that eye movement holds a discriminative power for detecting depression. The results show
that the vertical L2 distance of the left eye [(38,42) and (39,41)], and the vertical L2 distance
of the right eye [(44,48) and (45,47)] were significant biomarkers among depressed subjects
for both female and male participants, as shown in Table 4.3.3. This might be an indication
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Audio biomarkers

↓

Loud-

↓ Pitch

↑ Silence

ness
Modulation of amplitude

X[147, 148]

↑

Interrup-

tion

↑

↑

↓

Pauses

Anger

ter

X[158]

X[144]

X[146]

[160,

X[142,

X[146]

161]

143]

Laugh-

X[136,
137]

Envelope
Autocorrelation

X[149]
X[151]

Onset detector
Entropy of energy
Zero crossing
PLP

X[101]
X[152]

X[154]

X[150]

X[153]

X[140]
X[155]

X[150]

X[157]

MFCC

X[138,

X[159]

139]

X[156]

Spectral decrease

X[162]

Spectral rolloff

X[162]

X[146]

Spectral flux

X[162]

X[146]

Spectral centroid

X[162]

X[146]

Spectral slope

X[162]

X[146]

Spectral autocorrelation

X[162]

X[146]

X[149]

X[163]

X[146]

Table 4.4.1: Audio biomarkers relationship with non-linguistic speech patterns. ↑ and ↓
show that, higher and lower level of these biomarkers, indicates higher risk of depression
respectively.
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of fatigue, which is a common symptom of depression.
Another biomarker is the mouth movement, which is accompanied by a deep breath. The
mouth movement sometimes happens when the lips are closed, or pushed forward, and
twisted to one side. Usually, rapid mouth movement is an indication of self-consciousness in
social situations. However, from Table 4.3.3, we could see this was not a significant biomarker
for male participants. Further, we observed that the angle between the points in the mouth
are significant (both females and males). This is because non-speech mouth movements have
shown indications of depression symptoms [164].
Another significant biomarker was the rapid eyebrow raising which was observed in females
only. Studies show that when the frequency of an audio is pronounced it is usually associated
with the eyebrow movement too. This is due to the fact that audio and facial signals
are integrated. The fact that speech and facial biomarkers interact suggests that both are
controlled by the same control system, and need further investigation.
4.4.3

Text biomarkers and their relationship with depression detection

We found that the ratio of depression-related words over the duration was a significant text
biomarker for detecting depression in females, as shown in Figure 4.3.3. In contrast, this
biomarker did not show any significance for men, as shown in Table 4.3.3. Interestingly,
the ratio of the number of instances of laughter over the number of words was a significant
biomarker for females, and not for males. Research has confirmed that emotional responses
in women to report feeling are stronger. This is because women likely tend to exhibit positive
emotions, including the expression of joy or laughter [121].
However, the remaining results on gender differences show that there is no gender dependence
in detecting depression using text biomarkers. One reason is that the number of depressionrelated words detected were identified from a common dictionary for both groups. A key
factor known to differ between males and females is the use of affiliative language versus
assertive language. Affiliative language positively engages the other person by expressing
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agreement, versus the assertive language that includes directive statement. Women tend to
use affiliative language more, and men tend to use assertive language more [165]. Perhaps
further research is needed in a more discriminative setting in order to properly construct the
dictionary and shed light on this issue.
4.4.4

Limitations and next steps

One of the challenges that became apparent, was the availability and limitations of the baseline dataset. For example, the video dataset had some restrictions, due to its unavailability
and restricted format. The results showed that fusing the video with other modalities was
not very helpful. The availability of raw video recordings could help in extracting more
relevant biomarkers. Hence, it could improve the predictability of the multi-modality mechanism. Another limitation of the dataset was the unavailability of some measures that could
improve the detectability of depression. For example, studies showed that physiological signals such as heart rate are strongly correlated with depression detection [166, 167], and are
complementary to audiovisual data. Thus, access to these measures could help the detection
task. On the other hand, Wizard of Oz interviews were transcribed from a composite video,
combining both participant and interviewer. Later automated interviews were transcribed
from the audio stream of the participant only without including the interviewer questions.
However, full comprehension of the text is not possible. For example, several transcribed
files included unrecognizable words marked by “x”, suggesting that prediction also could be
challenged with the existing dataset.
Another limitation of this study is the virtual interviewer, Ellie 4 . She functions through a
computer program that uses different algorithms to determine her questions and motions and
analyzes the emotional cues. The computer program reads a patient’s current facial expression and the variation in expressions throughout the session and taking any flat expression
symptomatic of depression. Despite her ability to collect signs of mental health problems, she
cannot deliver solutions and doesn’t have the humanity to aid in therapy work. For example,
4

http://viterbi.usc.edu/news/news/2013/a-virtual-therapist.htm
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unlike a human therapist, Ellie cannot respond to questions. Moreover, some people find it
easier to open up to a human therapist when speaking face-to-face. Furthermore, Ellie’s response is limited to changes in facial expression and recordings of the conversation, however,
human behavior can be difficult to understand, and may rely on changes in psychological
parameters (e.g., blood pressure, weight, cardiac conditions etc.).
We also faced the challenge presented by the limitations of the current model. The most
essential endeavor to be taken in using the multi-modality fusion model is, to learn about
relationships between modalities. Thus, prior knowledge of modality-specific information
and interactions among them, and other mutual properties could be very useful. The current
multi-modality fusion model ignored the interactions among modalities, such as audio-visual
relations. Some studies have shown that combining audio and visual biomarkers can improve
emotion recognition [3], which is a closely related topic to depression evaluation [95]. For
example, Ekman investigated the systematic relations of speech and eyebrow movement [168].
He found that when the frequency of a sound is pronounced, it is usually associated with
the eyebrow movement. This is due to the fact that audio and facial signals are integrated.
Further, we found that there are cross-relations in speech patterns too. For example, we
found that both anger and laughter appear in audio signals, when frequencies are amplified.
Further investigation is needed to distinguish these two signals. In addition, we recognized
the importance of biomarkers in a multi-modality noisy data. With the addition of more
relevant biomarkers, overall performance could be largely improved. For example, the silence
detection could be used to check how often the participants keep quiet, which may act as a
depression indicator.
One possible way to improve the multi-modality fusion model is to build a personalized
model by constructing an individual model and then aggregating them to generate prediction
outcomes [3]. Towards this goal, the model could be extended to a more general social signal
processing mechanism. This could help us in characterizing social interactions by assessing
audio-visual recordings in real-world conditions. Another solution is to transcribe the audio
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dataset. Hence, learning complex emotions that interact with one another, such as anger
and laughter, may help optimize recognition accuracy.
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Chapter 5
UNCERTAINTY QUANTIFICATION FOR DEEP
CONTEXT-AWARE MOBILE ACTIVITY RECOGNITION
AND UNKNOWN CONTEXT DISCOVERY

Activity recognition in wearable computing faces two key challenges: i) the incorporation of
the dependency of activities on user contexts is very important; ii) unknown contexts and
activities may occur from time to time, requiring flexibility and adaptability of the algorithm.
We develop a context-aware mixture of deep models termed the α-β network to enhance
human activity recognition performance (accuracy and F score) by 10% through identifying
high-level contexts in a data-driven way to guide model development. Furthermore, we equip
the α-β network with the capability of uncertainty quantification based on the maximum
entropy learning, for unknown context discovery, and demonstrate improvements on public
benchmarks.
5.1

Introduction

Context-aware systems are used to design innovative user interfaces and are often used
as a part of wearable computing to improve activity recognition. Context can be defined
as “any information that can be used to characterize the situation” [169] or to improve
recognition [170]. Context-aware systems have previously been used in many applications,
including activity recognition [171], online, personalized and adaptive activity classification
[172], and healthcare applications [173, 174]. The definition of contexts heavily relies on
domain knowledge, such as a user’s tasks (e.g., spontaneous activity, engaged tasks) or
a user’s social environment (e.g., co-location of others, group dynamics), etc. However,
in practice, pre-defined contexts may not always be available, or definitions of contexts
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may change in different environments. Additionally, new unknown contexts may emerge
over time. For these reasons, there is a general data insufficiency and lack of contextual
information to develop accurate context-aware activity recognition systems that could adapt
to these unknown contexts. To overcome these challenges, we show that better activity
recognition performance can be achieved if we enhance activity recognition with context
awareness capability. Our method can adapt to data due to its data-driven nature, and can
effectively discover unknown contexts with our UQ method. This work allows for models
trained in laboratory settings to extend to natural environments for monitoring behaviors
and performances of users.
While existing works are not adequate to address the challenges such as a lack of context
information in data while training the model, or the emergence of unknown contexts when
the model is applied [175, 176], our work employs a more powerful data-driven approach
by learning unknown contexts and the distribution of each user’s specific activity likelihood
within each context. We develop the α-β framework, where the α network is the context
detector to learn a distribution over contexts as a mixture of weights, and the β network
models activity recognition for context-specific data. For example, given the sensor reading
data from a user, the α network detects the context by generating a distribution over different
contexts; then, each context has a dedicated β network that outputs a distribution over
different activities. Further, to make our model robust with new unknown contexts, we
equip the α-β network with UQ based on the maximum entropy learning (MEL) principal
to detect unknown context. MEL identifies the distribution of the parameters of a statistical
model that bears the maximum uncertainty, rather than one single best model, as a principle
to achieve robustness in prediction and modeling. The prediction model could refuse to
predict on given data if the uncertainty for making a prediction on this data is higher than
a threshold.
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5.2

Methods

Contextual information can help group and model similar activities together, resulting in
an improvement of activity recognition performance. Our proposed method eliminates the
need for contextual data collection by unsupervised context detection through our proposed
α-β network. A further complexity is that contextual data can be different from person to
person, and it can change over time for the same person. Therefore, these systems should
be able to identify unknown contexts. In section 5.2.1, we will introduce our α-β network
which enables unsupervised context detection, and in section 5.2.2, we will discuss how UQ
improves the α-β network to discover unknown contexts from data.
5.2.1

Context-awareness processing

Studies show that context-awareness plays an important role in improving the performance
of activity recognition systems [177, 178]. Activity data that are captured by different
sensors normally have a heterogeneous set of input features, which make feature extraction
challenging. This feature extraction can be automated using deep learning, simplifying the
task of defining contexts for the data. In human activity recognition, the input data is
multichannel and multimodal, which can pose serious challenges to conventional activity
recognition frameworks, especially in the feature extraction phase. Convolutional neural
networks (CNNs) can automate the feature extraction process to extract task-specific features
with state-of-the-art results in clustering and classification [179, 180]. In this work we develop
a mixture of CNNs, the α-β network, where each mixture component is dedicated to one
specific context. There are two types of networks: α and β. Given the sensor data, the
α network detects context by generating a probability distribution over all known contexts.
Each context has a dedicated β network that outputs a probability distribution over different
activities. Our activity recognition problem features a latent context variable and can be
formulated as:
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log p(ACT IV IT Y |X, θ) =

N
X
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i=1

=

N
X
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Nc
X

(5.1)

p(activityi |ci = c, xi , θ)p(ci = c|xi , θ),

c=1

where θ denotes the mixture component parameters, N denotes the number of data samples,
and Nc denotes the number of expected clusters (contexts) to which each data point may
belong. Our objective is to maximize Eq. (5.1) with respect to θ. As shown by [181], the
log-likelihood has a lower bound:
log p(ACT IV IT Y |X, θ) ≥
Nc
N X
X

q(ci = c) log

n=1 c=1

p(activityi |ci = c, xi , θ).p(ci = c)
,
q(ci = c)

where q(·) is the distribution over different contexts and p(·|context, x, θ) is the distribution
over activities given the context and the input. q(·) is modeled using the context-detecting
α network, and each p(·|context, x, θ) is modeled using a β network (each context has its
own β network). Following EM algorithm, the lower bound in Eq. (5.2) can be maximized.
Specifically, the loss, the negative of the lower bound, is minimized by EM. In the E-step,
q(·) is optimized which translates to optimizing α network while freezing β networks. In
the M-step, θ (model parameters) need to be optimized which translates to optimizing β
networks while freezing α network. The EM training alternates iterations of training either
α network or β networks while keeping the other(s) frozen. It should be noted that no labeled
contextual data is used in the training process for the α-β network.
5.2.2

Unknown context discovery

The α network enables context detection; however, in practice, contexts may change over
time, or may not always be pre-defined. It is possible to improve context-aware systems by
detecting the uncertainty of possible unknown contexts as a result of potential distribution
mismatch between known and unknown contexts. To identify unknown contexts, we combine
the feature extraction power of deep learning with the learning power of MEL to define a
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probabilistic mechanism for unknown context discovery.
UQ has been critical for robust learning under different contexts (known or unknown) in
mobile activity recognition [182], healthcare [4, 60], signal processing [63], and manufacturing
[62]. Existing models with Gaussian process [182] or Bayesian approximation methods [183]
either rely on the assumption that variables in a system can be characterized by explicit
probabilistic relationships (e.g., Bayesian models) or rely on generating one best model in
the learning algorithm.
In the literature, measuring the predictive uncertainty for deep neural networks is a challenging problem. Studies show that this could be done by modeling predictive uncertainty
by parameterizing a prior distribution over predictive distributions [184], by utilizing probabilities from softmax distributions and detecting out-of-distribution examples [185], or by
obtaining the class conditional Gaussian distributions by introducing confidence scores [186].
For example, Malinin & Gales proposed a framework called Prior Networks (PNs) for modeling predictive uncertainty which explicitly modeled distributional uncertainty by parameterizing a prior distribution over predictive distributions [184]. Unlike PNs that attempted
to quantify the uncertainty through modeling predictive uncertainty, Hendrycks & Gimpel
proposed a framework that utilized probabilities from softmax distributions and detected
out-of-distribution examples, by introducing confidence scores that were proposed based on
density estimators [187]. This model was further improved by processing the input and
output of DNNs in [185]. On the other hand, Lee et al. proposed a method for detecting
abnormal test samples by including both out-of-distribution and adversarial samples, to obtain the class conditional Gaussian distributions by introducing confidence scores based on
the Mahalanobis distance [186].
Our method is different from these works as we aim to learn a distribution of deep models
rather than one single best one. While many of these works focus on revising general deep
models with a probabilistic evaluation of their model or prediction, here we have a different
aim: to make the proposed α-β network adaptive to changing contexts hidden in data. To
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achieve this goal, our approach is to relax our expectation of identifying one single optimal
model of the α-β network; rather, we consider solving for a full distribution over multiple
models. The intuition is that many different models might generate relatively similar performance, so it would be better to estimate a distribution over parameters p(w), from the
output layer of the α networks that detects context. This intuition aligns with the basic
principal of MEL [188, 189]. Therefore, we equip the α-β network with UQ capacity based
on the MEL principal. By identifying the distribution of the parameters of a statistical
model that bears the maximum uncertainty through MEL, our model is able to detect any
occurrence of an unknown context.

Uncertainty quantification via minimizing relative entropy To learn the distribution of the α-β network parameters that encode maximum uncertainty, we employ the MEL
formulation. There are two steps. First, we create constraints that encode information from
the data. For example, for each sample we derive a constraint such that the expected prediction on this sample over all the possible model parameters matches the observed outcome
on this sample. Second, on the top of this constraint structure, the learning objective of
MEL is to learn the distribution of the model parameters with the maximal entropy. Thus,
unlike traditional machine learning methods that estimate a single optimal setting of the
parameter, MEL considers a more general problem of these methods by solving for a full
distribution over multiple p(w) values (see Appendix C.1).
The distribution of parameters forms a quantitative evaluation of model uncertainty, which
could be further used in subsequent decision making by using probability laws to track the
uncertainty propagation process. In this paper, we create a rejection option, a flexibility
enabled by the UQ capacity. The rejection option allows for the prediction model to refuse
to generate a prediction if the uncertainty is higher than a given threshold. This is typically
solved by estimating the class conditional probabilities and rejecting the samples that have
lower posterior probability of class. As we could obtain the distribution of parameters by
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solving MEL, we can therefore derive the formula to calculate prediction uncertainty in each
given sample by following the uncertainty propagation process from model to samples.
5.3
5.3.1

Experiments
Dataset

We used the UCI OPPORTUNITY dataset [190] for context-aware human activity recognition. The dataset contained 18 different activities performed in five different contexts and
sensed by 72 different sensors. Each of the 18 activities had one of the five contexts, but not
all contexts contained every activity. Therefore, the UCI OPPORTUNITY dataset provided
a realistic capture of a situation where not all of the human activities occurred with an equal
likelihood in all contexts. The UCI OPPORTUNITY dataset has seven levels of hierarchical
labels. Higher level labels described details such as subject posture, while lower level labels
described the hand movements or interactions with other subjects. In this study, we chose a
higher level label (e.g., cleaning time) as the context and a lower level (e.g., opening a door)
label as the activity.
5.3.2

Implementation

In our work, 19 different preprocessed sensors were fed into the network. Time series data
were divided into non-overlapping segments of 1 second (30 samples). In the OPPORTUNITY dataset, we used all the body-worn sensors which included seven inertial measurement
units (IMUs) and twelve 3D acceleration sensors. Five IMUs were on the upper body while
two were on user’s shoes. Accelerometers were on the upper body, hip, and leg, which
translated to 133 columns in the raw dataset.
We used a five-fold cross-validation to evaluate our models with testing accuracy and micro
F score as performance metrics. In our experiments, we used 3 convolutional layers followed
by 3 fully connected layers for both α and β networks. Note that these two networks’
architectures were different in terms of the number of neurons in the output layer. Networks
were trained using stochastic gradient descent with an initial learning rate of 0.001 and a
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(a) Without pre-training

(b) With pre-training

Figure 5.3.1: Average of α network output in testing without (a) and with (b) pre-training.
The model collapses into a single network in the former. This shows the effectiveness of
pre-training in making sure that the α network finds subgroups in the data and hence can
take advantage of context-aware recognition.

momentum of 0.9, which provided the best results in cross-validation.

Pre-training Initialization is an essential step for both the optimization and for the training of the neural networks. Without proper initialization, the model can collapse into selecting only one specific β network while eliminating the contribution of others. Pre-training is
an important stage in the α-β network training. The model could approach the base model
of a single neural network classifier without proper pre-training because of the large gradients at the beginning of the training stage; large gradients cause the selector to saturate and
select only one model. This phenomena can be seen in Figure 5.3.1 where no pre-training
results in selection of only one network. The effect of pre-training can also be seen in the
network performance. Without proper initialization, the α-β network with four contexts
achieves an accuracy of 0.87 and an F-score of 0.87. This is 4% less than the performance of
an identical α-β network with proper initialization. This is roughly equal to the performance
achieved by a single β network (refer to Table 5.3.1). Therefore, the full capabilities of the
α-β network can only be achieved using proper pre-training, which proves useful in finding
subgroups of data as well as in yielding a better performance.
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Figure 5.3.2: CNN based deep activity recognition neural network. This network, designed
for the OPPORTUNITY dataset, is used as the baseline for our model.

Pre-training the α network required a relatively stable clustering of data. Because of the
unavailability of context information, we first clustered the activity data and then trained
the network. We used the idea presented in [180] to cluster the activity data. The details
of the CNN used in this work can be seen in Figure 5.3.2. In detail, a base network was
trained with sensor readings as input and activities as output. Next, the CNN segment of
the network was used to embed the sensor readings into the features which have proven
to be descriptive of the input data [179, 191]. Subsequently, we used K-means to cluster
the input into a fixed number of clusters. Finally, we trained our α network to learn the
mapping between sensor readings of activity to clusters. This phenomena can be seen in
Figure 5.3.1. In this case, the model approaches the base model of a single neural network
classifier. The collapse happens because of large gradients at the beginning of the training
stage; large gradients cause the selector to saturate and select only one model.
5.3.3

Results: α-β Network vs. Baseline

Table 5.3.1 compares the testing accuracy of the α-β network and the baseline (a single network that is equivalent to a single β network) for predicting labels in the UCI OPPORTUNITY dataset. The testing accuracies are averaged among all their corresponding bootstraps
(bootstrapped 5 times). As can be seen in Table 5.3.1, the mixture of the context-specific
neural networks improved on the accuracy of the baseline from 86% to 96% when using nine
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Figure 5.3.3: Predicted probability distributions when a context is removed v.s the aggregate
of all known contexts within each rotation.

Table 5.3.1: Accuracy and F score for the α-β network and baseline. 1 cluster is a single β,
and additional models are α and c ∗ β where c is the number of clusters.
Model clusters

1

2

3

4

5

Accuracy

0.86

0.89

0.89

0.91

0.92

F-score

0.86

0.90

0.90

0.91

0.91

6

7

8

9

10

Accuracy

0.91

0.96

0.96

0.96

0.95

F-score

0.92

0.96

0.96

0.96

0.95

contexts. Thus, our context-aware α-β network was able to find subgroups in the data in an
unsupervised manner with different numbers of contexts as they all yield higher performance
when compared to the baseline. This fact was reflected in the accuracy boost due to the
subgroup modeling by different β networks.
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Table 5.3.2: UQ results for unknown context discovery where contexts are 1 = Relaxing, 2
= Coffee time, 3 = Early morning, 4 = Clean up, 5 = Sandwich time
Context number that was removed
Performance measure
1

2

3

4

5

Sensitivity

0.63

0.71

0.75

0.62

0.73

Specificity

0.72

0.72

0.76

0.79

0.82

Testing accuracy

0.67

0.71

0.75

0.69

0.77

F-score

0.67

0.72

0.77

0.70

0.78

In the UCI OPPORTUNITY dataset, we had five contexts: relaxing, coffee time, early morning, clean-up, and meal time. To test our unknown context discovery, we adopted a rotating
strategy. In this strategy, we removed one label and its corresponding data from the training
dataset at each rotation, and trained an α-β network only on the remaining known contexts
rather than using the full context information. In detail, after training the α-β network on
a rotating base, one context was assumed to be unknown and was treated as a hold-out to
be used for unknown context discovery assessment. Our UQ approach compared the uncertainty with a threshold to see whether a given sample should be detected as belonging to
an unknown context or not. We selected the threshold based on a cross-validation set, and
then we presented the resulting F-score, accuracy, sensitivity, and specificity at the optimal
threshold. We defined a classification with rejection, where if a sample was rejected (if the
uncertainty was higher than a specific threshold), the prediction model refused to generate
a prediction by setting the predicted context to zero.
Figure 5.3.3 presents a main result in this experiment from the UCI OPPORTUNITY
dataset. Here, the distribution of predicted probabilities of the removed context (the red
histogram) is shown with the distribution for all the other contexts combined (the blue histogram). It can be seen that our UQ algorithm is able to detect the uncertainty for the
unknown context, as the unknown context usually leads to smaller probabilities in compari-

92

son with the distribution of the known contexts. UQ results of unknown context discovery
for the UCI OPPORTUNITY dataset when each context is removed are reported in Table
5.3.2. This shows that the UQ-framework reaches average sensitivity of 0.69 on correctly
identifying an unknown context and an average specificity of 0.76 while correctly identifying
a known context with an average accuracy of 0.72.
5.4

Discussion

In this paper, we developed a novel α-β network together with its UQ formulation in tackling a range of realistic situations where context information was unknown but critical for
enhanced situation awareness and human activity recognition. Experiments on a real-world
dataset showed that this combination of deep learning and uncertainty quantification led
to superior performances by its efficacy and efficiency in extracting context information,
recognizing unknown contexts, and using UQ in prediction.
This work can be used as a foundation for a more comprehensive analysis of contextual
discovery in a variety of modeling efforts. Multiple levels of contextual information can be
gathered and learned from the system, and understanding those in a truly unsupervised
setting can enhance a number of recognition tasks and create a flexible and more realistic
ontology for how to define context in human activity recognition tasks, rather than relying on
high-level but general descriptions of context or too restrictive pre-defined contexts. In addition, other sources of uncertainty in prediction which result from data of new distributions
or noisy data from old distributions should be considered.
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Chapter 6
CONCLUSION AND FUTURE RESEARCH

This dissertation proposes novel statistical, machine learning, and optimization models that
seek to contribute to the design of efficient disease progression monitoring.
6.1

For disease trajectory modeling

This research informs the development of a personalized contemporary health index (CHI)
and quantifies model predictive uncertainty when monitoring patient condition over time.
Our frameworks specifically leverage the monotonic progression patterns of the target degenerative disease conditions such as the AD and SSI and quantify these patterns with
systematic optimization formulations. Strong numerical performances on two real-world
applications suggest the promising capability of the proposed models.
6.2

For biomarker engineering

We proposed effective biomarker engineering pipelines to enable possible extensions to the
CHI for building trajectory models from complex data (video, audio, text, and mobile sensor
reading data). First, a multi-modality fusion model was applied to the audio, video, and
text modalities to identify the biomarkers that are predictive of depression after accounting
for gender differences. Second, we focused on context-aware systems as a part of wearable
computing to improve activity recognition and to detect useful digital biomarkers that are
predictive or indicative of the patient’s conditions.
6.3

Future research: CHI extension to other healthcare applications

Our work points to a number of promising research directions. This includes extensions
of the proposed methods to many other diseases that may have degradation characteristics
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that differ from degenerative diseases. This may ultimately lead to the development of
control system engineering that can implement adaptive interventions for better healthcare
management that accounts for dynamic conditions over time. For example, the alarming rise
in opioid misuse has resulted in a public health crisis in the U.S. characterized by dramatic
increases in drug overdose deaths. Despite recent efforts to tackle the issue, the rates of
opioid misuse and non-fatal and fatal overdose remain staggeringly high. Opioid use disorder
(OUD) develops due to a complex range of factors, and currently, the understanding of these
interrelationships is limited. Hence, a global health index could be designed to uncover how
OUD is developed and to characterize the trajectory throughout progression.
6.4

Future research: disease monitoring with multi-modal sources of data

Advanced analytical techniques can be used to represent the progression of degenerative
disease, however, they usually ignore the multi-factorial aspects of the disease. For example,
building trajectory models solely based on measures from clinical data often only capture one
part of the SSI progression, whereas there are many other measures (text, images, etc.) that
can be used. We recommend that future studies better accommodate the need for multimodality prediction models combining different sources of data using domain knowledge of
the disease.
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and José A Luchsinger. A summary risk score for the prediction of alzheimer disease
in elderly persons. Archives of neurology, 67(7):835–841, 2010.
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Appendix A

A.1

CHI model formulation

For completeness of DL-CHI, here we present more details of the CHI formulation (3.1). The
CHI formulation is convex but contains multiple non-smooth terms such as (3.1b), (3.1c),
and (3.1f). To solve this formulation, we could merge the smooth terms and derive the
dual optimization problem, and finally train it via the block coordinate descent algorithm.
Specifically, we can simplify Eq. (3.1) in a quadratic forms by defining:

kwk2Q := w> Qw = kwk2


X
λ
1
T
2
+  +
+
((xn,Tn − x̄+
Tn ) w)
2 N
n∈{N + |yn =1}


X
λ
1
T
2
+  −
((xn,Tn − x̄−
.
Tn ) w)
2 N
−

(A.1)

n∈{N |yn =1}

where Q is defined as

Q := I + λ 

1
N+

X

+¯ >
(xn,Tn − x̄+
Tn )(xn,Tn − xTn )

n∈{n|yn =1}


1
N−

X

− >
(xn,Tn − x̄−
.
Tn )(xn,Tn − x̄Tn )

n∈{n|yn =−1}

With that, Eq. (A.1) is simplified to Eq. (A.2) as follows:
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min
w,b

1
kwk2Q + γkwk1 +
2
X
α
max(0, 1 − z>
n,t w)+
n∈{1,··· ,N }
t∈{1,··· ,Tn −1}

β

X

(A.2)

max(0, 1 − yn (x>
n,Tn w + b)).

n∈{1,··· ,N }

By introducing two relaxation variables ξ and , Eq. (A.2) is equivalent to Eq. (A.3) as
follows:

1
kwk2Q + α1> ξ + β1>  + γkwk1
2

min
w,b

s.t. 1 − Z > w − ξ≤ 0

(A.3)

1 − X̂ > w − by − ≤ 0
where,

ξ = (ξ 1,1 , · · · , ξ 1,T1 −1 , · · · , ξ N,1 , · · · , ξ N,TN −1 )> ,
Z = (Z1,1 , · · · , Z1,T1 −1 , · · · , ZN,1 , · · · , ZN,TN −1 ),
 = (1 , · · · , N )> ,
y = (y1 , · · · , yN )> ,
X̂ = (y1 X1,T1 , · · · , yN XN,TN ).

We then can derive the dual formulation of (A.3) by substituting the `1 -norm penalty in (A.3)
by its conjugate norm kwk1 = maxksk∞ ≤1 hs, wi = maxksk∞ ≤1 −hs, wi, and then introducing
two new dual variables u and v which leads to the following formulation:
min w,b max
≥0
ξ≥0

u≥0
v≥0
ksk∞ ≤γ

1
kwk2Q
2

+ α1> ξ + β1>  − hw, si+

hu, 1 − Z > w − ξi + hv, 1 − X̂ > w − by − i.
This can be rewritten as the following constrained smooth convex optimization problem,
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which can be solved efficiently:
1
min F (s, u, v) := ks + Zu + X̂vk2Q−1 − h1, ui − h1, vi
s,u,v
2
s.t. 0 ≤ u ≤ α1
0 ≤ v ≤ β1

(A.4)

hv, yi = 0
ksk∞ ≤ γ.
Then the solution w∗ to Eq. (A.4) can be obtained by:
b ∗ ).
w∗ = Q−1 (s∗ + Zu∗ + Xv
A.2

The block coordinate descent algorithm

The block coordinate descent algorithm [192] to solve the dual problem in Eq. (A.4) is an
iterative procedure as follows:
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Algorithm 3 Block Coordinate Descent for Solving CHI
b y, α, β, γ}) and
Require: Problem parameters {Z, Q, X,

Optimization

parameters

ηs , ηu , ηv , ρ ∈ (0, 1) (step sizes ηs , ηu , and ηv can be adaptively decided using linear search alternatively)
Ensure: w∗ , b∗
1:

Initialize k = 0

2:

While not converge do

3:
4:

sk+1 = max(−γ1, min(γ1, sk − ηs ∇s F (sk , uk , vk )))

5:

uk+1 = max(0, min(α1, uk − ηu ∇s F (sk+1 , uk , vk )))

6:

vk+1 = Proj0≤v≤β1 (vk − ηv ∇v F (sk+1 , uk+1 , vk ))

7:

k ←k+1

8:

Recover the primal variables

hv,yi=0

b
w∗ = Q−1 (s + Zu + Xv)
X
b∗ =
y i − w ∗ T xi
{i|vi ∈(0,β)}
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Appendix B

B.1

Proof to Lemma 3.3.1

Proof. By adding a set of dual variables, one for each constraint, the Lagrangian of the
optimization problem in (3.3) can be written as:

 X

L p(w, λ) = KL p(w)||p0 (w) −
λn yn Ep(w) [D (Xn |w)] − 1 ,

(B.1)

n

In order to find the solution to Eq. (3.3), and given the definition of the KL-divergence in
(3.5) we require,
X
∂L
λn yn D (Xn |w) = 0,
= log p(w) − log p0 (w) −
∂p (w)
n

(B.2)

The solution to the MED optimization problem has the following general form:
X

1
∗
p(w ) =
p0 (w) exp
λn yn D (Xn |w) .
Z(λ)
n

(B.3)

Here, Z(λ) is the normalization constant defined in (3.10), then the general exponential form
of the solution becomes:

g(λ) = L p(w∗ ), λ
X

Z
1
p0 (w) exp
λn yn D (Xn |w)
=
Z(λ)
n
X

λn yn D (Xn |w) − log p0 (w) − log(Z) dw−
n

X

Z
λn yn

n

1
p0 (w) exp
Z(λ)
!

D (Xn |w) dw − 1
=

X
n

λn − log Z(λ).

X
n


λn yn D (Xn |w)

(B.4)
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Hence, the dual of the MED problem can be shown in (3.9).
B.2

Proof to Lemma 3.3.3

Proof. Let Z(λ) be the normalization constant defined in Eq. (3.10), given the constraints
in (3.8) the normalization constant can be reformulated as follows:
Z
Z(λ) = p0 (w, γ)
 X
exp
λn [p(yn )D(xn,T n | w) − γn ]+

(B.5a)
(B.5b)

n∈{1,...,N }

X


λn [M (zn,t |w) − γn ] dwdγ,

(B.5c)

n∈{1,...,N }
t∈{1,...,Tn−1 }



Z
=

X

P0 (w) exp

λn pn (yn )wT xn,T n +

(B.5d)

n∈{1,...,N }

X

T



λn w zn,t

(B.5e)

n∈{1,...,N }
t∈{1,...,Tn−1 }


P0 (γ) exp −

X
n∈{1,...,N }


λn γn dwdγ,

(B.5f)
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Given the priors in (3.7), each term in Eq. (B.5) can be reformulated as follows: For the
term in (B.5d) and (B.5e) we have the followings:
 X
Z
Zw (λ) = P0 (w) exp
λn pn (yn )wT xn,T n +
n∈{1,...,N }



X

λn wT zn,t dw

n∈{1,...,N }
t∈{1,...,Tn−1 }
Z ∞

=
−∞


 X
1 T
− w w exp
λn pn (yn )wT xn,T n +
2
n∈{1,...,N }

λn wT zn,t dw

1
√ exp
2π

X



n∈{1,...,N }
t∈{1,...,Tn−1 }

Z

∞

=
−∞


1
−
wT w − 2wT
2
!

λn zn,t
dw

1
√ exp
2π

X

X

λn pn (yn )xn,T n +

n∈{1,...,N }

n∈{1,...,N }
t∈{1,...,Tn−1 }

= exp





1
2

X

λn pn (yn )xn,T n +

n∈{1,...,N }

X

λn zn,t

n∈{1,...,N }
t∈{1,...,Tn−1 }

(B.6)

!

X

λn pn (yn )xn,T n +

n∈{1,...,N }

λn zn,t

n∈{1,...,N }
t∈{1,...,Tn−1 }

∞


1
exp −
w−
2
−∞

X
 T
λn zn,t

Z

T

X

X

λn pn (yn )xn,T n +

n∈{1,...,N }

n∈{1,...,N }
t∈{1,...,Tn−1 }



X

w−

λn pn (yn )xn,T n +

n∈{1,...,N }

= exp



1
2



X

X

n∈{1,...,N }
t∈{1,...,Tn−1 }

n∈{1,...,N }

λn pn (yn )xn,T n +

T

X

λn pn (yn )xn,T n +

n∈{1,...,N }

X

λn zn,t

!


λn zn,t

n∈{1,...,N }
t∈{1,...,Tn−1 }

X
n∈{1,...,N }
t∈{1,...,Tn−1 }

!
λn zn,t

,
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And for the last term (B.5f) we have the following:
X

Zγ (λ) = P0 (γ) exp −


λn γn dγ

n∈{1,...,N }

=

n Z
Y


P0 (γn ) exp −λn γn dγn

1

Z

1

=



c exp − c + cγn exp − λn γn dγn

(B.7)

−∞


c
exp − λn
c − λn

1
exp − λn ,
=
1 − λt /c
=

Substituting the results from Eq. (B.6) and (B.7) in (B.5), results in Eq. (3.14).
B.3

Proof to Lemma 3.3.5

Proof. Given the marginal distribution p (w) in (3.17) and the convex combination of disR
criminant functions defined as p(w)D (x|w) dw we have the following:
Z
Z
p(w)D (x|w) dw = p(w)(wT xnew )dw
=

1
wT xnew p0 (w)
Zw (λ)
 X
exp
λn pn (yn )wT xn,T n +
n∈{1,...,N }

X
n∈{1,...,N }
t∈{1,...,Tn−1 }


λn w zn,t dw,
T

(B.8)
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Where, given the prior distributions, (B.8) can be written as:
∞

wT xnew
1
√ exp − wT w + wT
=
2
−∞ Zw (λ) 2π
!

X
λn zn,t
dw
Z



X

λn pn (yn )xn,T n +

n∈{1,...,N }

n∈{1,...,N }
t∈{1,...,Tn−1 }
∞


−1
wT xnew
√
exp
w−
=
2
2π
−∞
 
X
X
 T
λn zn,t
w−
Z

n∈{1,...,N }
t∈{1,...,Tn−1 }

X

λn pn (yn )xn,T n +

n∈{1,...,N }

λn pn (yn )xn,T n +

n∈{1,...,N }

!

λn zn,t
dw

X
n∈{1,...,N }
t∈{1,...,Tn−1 }

!T
=

X
n∈{1,...,N }

λn pn (yn )xn,T n +

X
n∈{1,...,N }
t∈{1,...,Tn−1 }

λn zn,t

xnew .

(B.9)
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Appendix C

C.1

Uncertainty quantification

Analytical details of MEL To further illustrate this, note that our context detection
problem is also a classification problem where the response variable is denoted by y taking
values for different contexts. Let xn = [x1 , . . . , xn ] be an input feature vector as an aggregate
of all the measures from sensors for each window, and let D (xn |w) be the discriminant
function parameterized by w implemented in the α network.
Traditional learning machines such as the max-margin methods estimate the optimal ŵ that
minimizes the classification error in predicting the labels of training examples as:
ŷ = signD (xn |w) .

(C.1)

Based on this line of thought, we can classify margin as yn D(xn , w), and learn the optimal
parameter setting w by the empirical loss and the regularization penalty as:
X
min R(w) +
L(γn )
(w,γn )

(C.2)

n

s.t. yn D(xn | w) − γn ≥ 0,

∀n.

where L(γn ) is the loss function, a non-increasing and convex function of the margin, and
R(w) is the regularization penalty.
Given p(w), we can recast (C.2) as an integration where the classification constraints will also
be applied in an expected sense. Instead of considering an expectation of the regularization
penalty functions, we can apply a canonical penalty function for distributions, the negative
entropy; minimizing the negative entropy is equivalent to maximizing the entropy. Hence,
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we use the Shannon entropy defined as H(p(w)) = −

R

p(w) log p(w)dw. This gives us the

following objective function to learn the distribution p(w) over the parameters w:

min H(p(w))
p(w)
Z
s.t.
p(w)[yn D(xn , w) − γn ]dw ≥ 0,

(C.3)
∀n.

As a result, MEL no longer finds a fixed set of the parameters, but a distribution over
them. Learning such a distribution of model parameters does not rely on assumptions on
the model’s mathematical form. It also does not rely on knowing a particular distribution
as is needed in Bayesian learning frameworks. Therefore, MEL is more flexible than typical
Bayesian learning methods [91, 90] to characterize uncertainties associated with complex
models such as the α-β network here.
To solve the MEL formulation (C.3), we could derive a Lagrangian J(p), and take the
derivatives with respect to w and set them to 0. To do that we first need to calculate the
unconditional maximum of the problem (C.3) plus the constraints added with some multiplying factors (the Lagrange multipliers), which give the probabilities in a functional form
with the Lagrange multipliers as parameters. Our UQ approach compares the uncertainty
with a threshold to see whether a given sample should be detected as belonging to a new
context or not. We selected the threshold based on a cross validation set, and we computed
the resulting F-score, accuracy, sensitivity and specificity for different thresholds. We defined
a classification with rejection option as ŷiRej , where if a sample is rejected ŷiRej = 0, and if it
is accepted ŷi = ŷ, where ŷ corresponds to the classification of the ith sample. Note that, a
sample is rejected when p(w|xi ) < .

