
c©Copyright 2019

Chase P. Dowling



Applications of Statistical and Machine Learning to Civil

Infrastructure

Chase P. Dowling

A dissertation
submitted in partial fulfillment of the

requirements for the degree of

Doctor of Philosophy

University of Washington

2019

Reading Committee:

Baosen Zhang, Chair

Lillian J. Ratliff

James A. Ritcey

Program Authorized to Offer Degree:
Electrical and Computer Engineering



University of Washington

Abstract

Applications of Statistical and Machine Learning to Civil Infrastructure

Chase P. Dowling

Chair of the Supervisory Committee:
Assistant Professor Baosen Zhang
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Roadway, buildings, and electrical infrastructure in the United States are triumphs of modern

engineering and represent enormous societal investments. With the proliferation of emerging

technologies—from solar panels to autonomous and electric vehicles—these systems will be-

gin to be utilized in ways they were not originally designed for. The advent of open source,

as well as municipal and government data sources on the usage of these systems, however,

provides an opportunity to adapt these systems to emerging technologies without rebuilding

national infrastructure from scratch. Many works in recent years have utilized statistical

and machine learning to analyze these data sets in an effort to improve the operational

efficiency of and adapt existing civil infrastructure to these emerging technologies. These

works, however, often conduct superficial studies of the potential usage of statistical and

machine learning techniques and ignore the physical and engineering design constraints on

these systems. This produces models with predictive power exhibiting limited flexibility to

changes in external factors driving the system, or control frameworks with limited guarantees

security constraints are met.

Addressing these shortcomings often requires carefully tailored combinations of domain-

aware system models, available data, and statistical and machine learning techniques. To

demonstrate the effectiveness of conscientiously combining these elements, this work conducts

three in-depth case studies at the national, municipal, and local scales: by focusing on



specific applications in a) municipal transportation networks, b) power grids and electrical

markets, and at c) HVAC systems in buildings. The work is concluded with a discussion

on patterns arising in applying statistical and machine learning techniques to these types

of civil infrastructure effectively given available data sources and standing, domain-specific

engineering questions.
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Chapter 1

INTRODUCTION

Do what you can, with what you have, where you are. — Theodore Roosevelt

Civil infrastructure in the United States represent enormous societal investments. With

the proliferation of emerging technologies, from solar panels to autonomous and electric

vehicles, these systems will begin to be utilized in ways they were not originally designed

for. The advent of open source, as well as municipal and government data sources on the

usage of these systems, however, provides an opportunity to adapt these systems to emerging

technologies without rebuilding national infrastructure from scratch.

These data sources have generated considerable excitement, as studies claim that many

of our societal problems can be solved through broad application of statistics and machine

learning to these data sets in an effort to improve efficiency. As many have found, how-

ever, the myriad ways in which these data sets can be used individually represent significant

research and development effort, often requiring bespoke systems design in each case. Ad-

ditionally, superficial application of statistical or machine learning in recent research often

ignores physical and engineering design constraints and provides little more than assurance

such techniques could work in practice. This dissertation represents the acceptance of this

challenge, applying large, open source data sets to infrastructural systems combined with

modern tools and techniques to present concrete ways in which those infrastructures can be

used more efficiently and to answer long-standing engineering questions in each domain.

1.1 Summary of Work

This work is a collection of three case studies in applying statistical and machine learning to

civil, infrastructural engineering problems. Which each case study, emerging technologies are
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identified that will have transformative impacts on the operations of these infrastructures.

Further, specific data sources being collected regarding the operation of these infrastruc-

tures are identified which can be used . Using these data sources we address long-standing

engineering questions with statistical and machine learning tools with an eye toward the

emergence of new technologies utilizing this infrastructure.

In Sec. 1.2, the convergence of new data sources, statistical and machine learning, and

new technologies being leveraged on aging infrastructure is illustrated to provide contextual

motivation and highlight the relevance of this work’s constituent case studies.

In Chapter 2 we combined parking transaction data collected by the Seattle Department

of Transportation with estimated travel times collected by Google Maps to shed light on

a long-standing question on the relationship between curbside parking and congestion. In

Chapter 3 open source electrical grid operations data is combined with weather data to

demonstrate the ease with which time-of-use pricing can be predicted by a consumer. This

is used to inform a series of questions about the viability of certain pricing mechanism

when faced with emerging distributed generation and other energy products in deregulated

markets. Lastly, in Chapter 4, building energy usage data from a highly monitored building

and data generated by an industry standard simulator are used to demonstrate the viability

of applying transfer learning to building energy management and fault detection tasks.

Chapter 5 synthesizes the practical results of these case studies and outlines best prac-

tices for applications of statistical and machine learning to civil engineering problems. The

dissertation is concluded with some final remarks on specific results and on paths forward

for future works.

1.2 Overview of the Literature

Civil infrastructure is broadly defined, containing everything from transportation, water, and

power grids; waste management, communications networks, parks, and so on [143]. These

can be thought of as the core, operating components of society’s built environments [63]—the

places where we live and work. Opportunities to improve our built environment identified in
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the 1990’s stemmed from the nascent expansion of the Internet [94] and with it has come vast

amounts of data on the operations of this infrastructure [107, 183]. Machine and statistical

learning are important tools for effectively parsing and making use of these data sources as

they grow in size and diversity.

The explosive progress in the fields of statistical and machine learning [139] has occurred

commensurately with this growth in available data sources [5]. Applying machine learning

to personal data sets has allowed private industry to create enormous economic value [113,

78]. Many domains and institutions both public and private have recognized the value of

combining these tools with growing data sets of their own; in the case of this work, operational

data from civil infrastructure collected by municipalities and government agencies.

The utilization of statistical and machine learning in civil engineering began in earnest in

the 1990’s [7, 163]. Since just 2018 to the time of this writing, tens of thousands of works have

been concordantly published in the application of machine and statistical learning to civil,

infrastructural engineering. Provided is a brief, high level overview of recent applications.

1.2.1 Transportation

The application of machine learning to transportation networks is diverse and growing [54].

It extends broadly from maritime [209] and railway [185] port operations to the assessment

of physical roadway condition [80, 158, 115]. Indicative of the pervasiveness of the use of

machine learning techniques, route finding is an old [52] but active research area [142, 206].

The incorporation of choice of transportation modality [124] from a transit-provider [66,

205] and rider perspective [137] is a hopeful source of efficiency improvements for our built

environments. Data exposed by private industry like in the case of Google Maps [1] as well

as government [2, 171, 179] provide a pathway toward studying the impact of policy choices.

To that end, the transit mode choices made by people or freight, for example, can be

classified [172] and characterized [70] with machine learning techniques. Such categorization

provides insight into how transit systems can be modified or controlled, but the actual task

of control, or choice of municipal or federal policy direction, is far more challenging [154].
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This end is emphasized in this work’s case study in transportation.

Emergent technologies making use of our transportation infrastructure are already having

an effect on traffic in areas where mapping and GPS technologies are suggesting different

routes [4, 49]. Soon, the proliferation of autonomous vehicles [65], enabled in part by ma-

chine learning, will likely fundamentally change transportation infrastructure usage due to

phenomena like induced demand and lower vehicle operational costs [111, 47].

1.2.2 Power

Power engineering disciplines have seen broad application of statistical and machine learning

from a relatively early stage. In the case of demand forecasting [13] neural networks—a

canonical example of machine learning—while having only recently seen a rise in popularity,

its application is far from [184, 97, 149, 162]. More recently neural networks have been

applied to richer forms of forecasting via scenario generation [45].

Other forms of statistical learning methods have been broadly applied to demand fore-

casting [39, 134, 42, 46], particularly with the increase in penetration of stochastic and

intermittent sources such as wind [110, 28, 71] and solar [193, 180].

Further, as the grid becomes increasingly decentralized, power grid participants utilize

statistical learning to estimate their role in the grid with respect to the global state [181, 8].

The diversity of grid participants is also evolving: the deployment of battery storage in power

grids [41, 95] as well as in the increased production of electric vehicles [98] and intelligent

residential-consumer electricity meters [150] has also seen application of machine learning

for the purpose of control.

Other applications of statistical and machine learning include improving the security

of the grid [197] through active fault detection [40] and diagnosis [92]. Further, tools like

genetic algorithms [21] or adversarial scenario generation [116] are used to harden the grid

against potential future failures. Computer vision has been employed for efficient inspection

of power lines [141]
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1.2.3 Buildings

The use of statistical and machine learning and largely centered around energy usage and

management in the case of buildings [14, 187, 217, 164]. Control of energy usage in an HVAC

system, for example, has utilized neural networks [43] and other forms of regression [126, 31]

in supervised environments as well as unsupervised environments [198] to learn accurate

state transition models.

With respect to maintenance, machine learning has also been used for the purpose of fault

detection [194] and classification [138] in HVAC systems; additionally, computer vision has

been employed in the analysis of building integrity [68, 73]. Additionally, machine learning

has also incorporated analyzing occupant features and behaviors for more efficient control of

building energy usage [126, 151].

1.2.4 Others

Machine learning in civil infrastructure also extends to water [196, 82] and waste management

[84, 22]. Additionally, because of its growing usage some works have also begun to consider

public safety implications [44] in light of the highly non-prescriptive nature of current machine

learning techniques being used. Civil infrastructural design has also been considered since

even the initial stages machine learning research [6] using some of the earliest concepts like

the perceptron [167].

1.2.5 Conclusion

It is clear that the growth in diversity and size of data sources on civil infrastructural opera-

tions has been met with a rise in the application of statistical and machine learning techniques

[168]. Notable academics both in machine learning and engineering disciplines have accord-

ingly shared their enthusiasm for its continued use to help combat climate change [165]. Yet

many of the studies cited in [165] can be viewed as superficial applications of statistical and

machine learning techniques; these studies either ignore physical constraints of an engineered
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system or assume exogenous factors driving the system of interest will not change. While

the non-prescriptive nature of machine learning techniques—as opposed to model-based or

rule-based control, for example—is considered a “feature, not a bug”, this needs to be ad-

dressed to meaningfully impact the operational efficiency of civil infrastructure. This work’s

three case studies take this caveat into account.
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Chapter 2

TRANSPORTATION NETWORKS

2.1 Introduction

Roadway infrastructure in the United States, like the federal interstate network for example,

has had a formative social, cultural, and economic effect throughout the last 100 years [129].

These networks carry more than half of the roughly $1.2 trillion worth of total freight in North

America annually, dwarfing rail, maritime, and air freight [145]. Simultaneously, automotive

emissions account for roughly 34% of total U.S. green house gas emissions [38, 91]. By virtue

of its signficance as an economic engine and source of climate externalities, the resurgence of

electric and the advent of autonomous vehicles will have a yet further transformative social,

cultural, and economic effect. Consequently, the utilization of U.S. roadway networks must

adapt to these changing needs and evolving technologies.

Autonomous driving systems and electric vehicles are not new, but have recently re-

turned to the consumer forefront due to a convergence of market pressures and technological

advancements, like better batteries [123] and computer vision [135]. The aging U.S. trans-

portation infrastructure [129], however, is not designed with the optimal utilization of these

technologies in mind. Autonomous vehicles will likely spur a rise in commercial vehicle traffic

[47] and decreased private vehicle ownership, particularly in dense urban areas [65, 111]. In-

creased electric vehicle penetration on energy networks will influence where and how vehicles

are recharged [191].

As with the theme of this work, bodies like the National Science Foundation [179] hold

that with increased federal, state, and municipal open-source data collection, transportation

engineers will be able to better adapt existing infrastructure to these emerging technologies

without redesigning these systems from the ground up [69, 100]. In this chapter, we can
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combine municipally collected curbside parking data to learn parameters for a a novel queue-

theoretic model to 1) measure the impact of curbside parking on through-travel efficiency,

2) identify where engineering efforts for efficiency improvement should be targeted, and 3)

how prices can be set to maximize parking resource availability subject to travel efficiency

constraints.

2.1.1 Urban Parking

Most drivers in dense urban areas—tourists and commuters alike—face the frustrating expe-

rience of searching for parking. Drivers often default to cruising for parking due to the cost

difference between on-street curbside and off-street garage parking; studies indicate on-street

parking costs roughly 20% of its off-street counterpart [175, 18]. Drivers cruising for parking

subsequently leads to potentially significant additions to travel time for both local traffic in

need of parking and through-traffic transiting the area en route to their destination.

Popular media, city officials, and academics commonly cite that approximately 30% of

downtown, congested traffic on surface streets is actively cruising for parking [176], but the

meta-analysis providing this statistic—compiling nearly 70 years of parking studies—shows

that drivers cruising for parking account for anywhere between 8 to 74% of traffic [175]. This

variation in the amount of traffic generated by searching for parking is highly dependent on

location, time, and method of study. Nevertheless, since saturated parking resources can lead

to congestion, cities have implemented parking policies as an indirect means of controlling

congestion despite the lack of a programmatic means of measuring cruising’s impact on local

and through-traffic. Toward making locally informed parking policy decisions, therefore, we

focus on three core questions:

1. How much traffic is searching for parking, e.g. along a specific arterial?

2. What is the social welfare cost, i.e. the time-delay impact to all drivers?

3. How can cities efficiently manage parking resources and related congestion?
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These questions have long been investigated by researchers and municipalities alike—

beginning with Vickrey in the 1950’s [192]—resulting in varied outcomes [16, 99, 190, 176,

175]. Many studies are conducted manually; e.g., drivers are randomly sampled and surveyed

and manual counts of parking occupancy are collected (e.g. [144]). Such studies are labor

intensive (thus, cost prohibitive and hard to scale) and often result in major policy changes

based on conclusions drawn from statistically insignificant sample sizes and across distinct

infrastructural, geographic, and culturally disparate cities. In this work we revisit these

questions about curbside parking armed with digital parking transaction data, through-

traffic volume measurements, and Google Maps travel time estimates combined with a novel

finite-capacity queuing network model.

Addressing core question 1, we show that while the classic estimate of 30% [175] is a

good estimate, the number of drivers cruising for parking varies greatly by time of day and

location (between 0 and 50% in our case study). The transferability of this method is a critical

improvement, as empirical congestion estimates differ significantly between cities [99]. Our

model, while taking into account the spatial dependence of block-faces, can be utilized with

any form of curbside parking occupancy measurement, e.g. digital transactions, sensors, or

human surveillance.

We then combine Google Maps estimated travel time data [1] with traffic flow sensor

measurements to learn a per-vehicle marginal cost to travel time along 1st Ave. , a major

arterial through Belltown. We apply the worst-case marginal cost estimate to the proportion

of through-traffic searching for parking to evaluate lost time, giving us a means to answer

core question 2. We find that periods of peak traffic do not necessarily coincide with periods

of peak time losses due to drivers cruising for parking—upwards of a 10% increase to travel

time to all drivers along 1st Ave. in Belltown.

This queueing network model was derived specifically to take advantage of a number of

emerging data streams. The availability of digital curbside parking transaction data has

allowed us to improve on the state-of-the-art cruising estimates. We can estimate curbside

parking occupancy directly from transactions where sensors would otherwise be unavailable.
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Figure 2.2: (a): A single block-face of curbside parking represented as a finite capacity
queue. (b): Example of blockface adjacency with respect to side-of-street, one-way (blue,
one arrow) and two-way (red, two arrows) streets. (c): Graphical representation of Fig.
2.1b with respect to block-faces along the centered city block. The solid arrows are edges
between block-faces (directions of legal inter-block-face maneuvers while cruising) visible in
Fig. 2.1b, while the dashed arrows are between block-faces not labeled. Drivers leaving the
red, two-way street block-faces (1 and 3) may only continue straight or turn right, while
drivers leaving the blue, one-way block-faces (2 and 4) can continue straight, or turn right
or left.
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Further, block-by-block measurements of occupancy allow us to consider spatial heterogene-

ity in a generalizable fashion, resulting in increased spatial and temporal resolution in the

cruising estimates.

Addressing core question 3, it is shown that the queueing network model admits a convex

relationship between concave price elasticity and the rate of congestion generated by vehicles

searching for available parking. It is shown that this increased spatial and temporal resolution

highlights that optimal increases in prices are highly localized, as opposed to district-wide

as is currently implemented in most places.

2.2 Literature Review

Parking in the core business districts (CBD) of cities is amenable to analysis via networks

of finite capacity (i.e. no waiting room) queues. In this case, queue tasks are vehicles in

need of a space to park and servers are collections of parking spaces along a city block-

face; a single block-face queue is illustrated in Fig. 2.1a. Service time distributions can be

characterized by sensor measurements or the length of paid parking time available through

digital parking meter data. And if a driver arrives to a block-face with no available curbside

spaces, they begin cruising for parking from block-face queue to block-face queue, illustrated

in Fig. 2.2, in order to park close to their destination or avoid garage prices [18]. This behavior

creates potentially significant congestion [174], but city planners have until recently lacked

high resolution (block-face by block-face, per hour) models of such costs [160]. More recent

studies than [175] have narrowed this range to 25— 40% [77, 90].

Unfortunately canonical queueing networks with separable state spaces are not suited

to describing the state space of these block-face queue networks. In practice this is further

supported by evidence of the probabilistic dependence of adjacent block-faces of curbside

parking [70] (i.e. a block-face of curbside parking that is full is unlikely to be adjacent to an

empty block-face). We are able to address this, however, through the use of some relaxing

assumptions and we verify these assumptions via simulation and comparison to real data.
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2.2.1 Related Work: Queueing Theory

Queueing networks like Jackson [101] or (in general) BCMP networks [25] are celebrated

models in communications. We refer the reader to [204] and references therein for a review

of important theoretical results. In short, these networks operate under a regime where tasks

join the network at some queue, are served, and then move onto the next queue according to

the network topology or exit according to some probability. Characterized by mild conditions

on the distributions of their arrival and service rates as represented by random variables,

the state spaces of BCMP networks are separable (i.e. the state spaces of individual queues

in the network are probabilistically independent), each forming true Markov processes and

greatly improving the tractability of their analysis.

In this work we consider a new service regime where a network of queues each has some

exogenous arrival process and if a task arrives at a queue without an available server, the task

searches according to a network topology, but requirements for separability via the BCMP

theorem are not met (e.g., general instead of negative exponential service time distributions)

due to physical drivers in a system, giving rise to the probabilistic dependence of adjacent

queues.

BCMP networks with finite queueing capacities have been analyzed by incorporating some

blocking probability at each queue, or by allowing tasks to be dropped once the capacity

of the queue is reached [24, 23]. In the case of curbside parking, this is an unreasonable

assumption. Consider the case of parking spaces in a CBD: drivers can neither a) be held

in place by some blocking protocol waiting for a space to open up or b) simply disappear

from the network while in search of a parking space either curbside or garage. A vehicle

constantly impacts the performance of the system both when cruising and when utilizing

parking supply.

Intuitively, the queuing regime we are interested in is more akin to jockeying than current

research in networks of finite capacity queues. In typical jockeying problems, tasks switch

between queues or servers based on a jockeying strategy (e.g. probabilistic or rule-based
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strategies) with the motivation, in practice, being a shorter sojourn time [105]. In our

motivating case, drivers are forced to search between queues until an available server is

found but in a combinatorially constrained fashion—drivers may only search a limited set of

block-faces with each trial based on the connectivity of the network.

2.2.2 Related Work: Parking

Canonical models for parking tend to assume a degree of homogeneity (e.g. the well-

known bathtub model [19] and more recent, rich works on macroscopic fundamental dia-

grams [74, 215, 119]) abstracting away the surface street topology of the CBD [15], but this

limitation was largely a function of the availability of high resolution data on curbside parking

occupancy and local traffic [55, 18, 17]. This data has traditionally been collected manually

[99, 176], but the wide-spread introduction of digital parking meters has provided researchers

with an opportunity to increase the spatial and temporal resolution of CBD parking models.

Recent work on such homogeneous models point out potential shortcomings when assuming

block-faces of curbside parking are spatially independent of one another [20]; other works

empirically demonstrate the homogeneity assumption may be too strong when high spatial

resolution data is otherwise available [70, 50].

Additionally, queues themselves are not new to traffic engineers: they have been used to

analyze the flow of traffic along a roadway [148] or through a signalized intersection [140].

In an attempt to capture the parking-congestion relationship, several approaches based on

queuing theory have been previously introduced [26, 104, 155, 108, 160] where roads, parking

spaces, or both are modeled as queues.

Previous applications of queuing theory to curbside parking specifically have been focused

on investigating the short-term impact on through-traffic or an intersection due to drivers

maneuvering into a parking space [155, 34]. To be clear, this work is interested in longer,

steady-state analysis of curbside parking resource performance and its impact on expected

traffic volumes. Maneuvers over a finer time resolutions are indeed fundamental to under-

standing parking’s impact on the flow of traffic, but are less relevant from a system wide
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point of view over longer periods of time. The system-level point of view is important to

policy makers as mean characteristics drive the distribution of parking supply, maximum

parking time, and price, particularly in Seattle [144, 146].

Toward this end, steady-state analysis of garage or lot parking modeled as finite capacity

queues has recently appeared in [207]. The authors analyze a single queue with many servers

(as in [33]) to predict occupancy and the availability of a parking space, and congestion

between parking locations resulting from finite supply—precisely those drivers cruising for

parking—is introduced as a future goal. Another recent related paper by Hampshire and

Shoup analyzed the mean idle time of parking spaces along a single block-face between drivers

leaving and new drivers arriving [90] collected via video data processing. Both [207] and [90]

make hard assumptions about service time distributions and arrival processes respectively

that we analyze both with evidence from transaction data and simulation.

We demonstrate that a key insight finite capacity queues provide is the relationship be-

tween occupancy and the probability of a block-face being full. This probability, and not

the occupancy rate, fundamentally drives cruising behavior as noted originally in [133]. This

outlook is necessary when parking occupancy sensors are not available, only recently being

comprehensively deployed in cities like San Francisco [171]. We expand on [133] by consid-

ering the entire state space of a network of block-faces with curbside parking, rather than

considering each as a Bernoulli random variable between full and not full, or by analyzing a

single finite capacity queue in isolation as in [207].

Our work advances the state-of-the-art in this type of steady-state performance analysis

by rigorously formulating the spatiotemporal effects of congestion due to drivers cruising for

parking in the context of queueing network theory; this has been expressed as a desired but

as-yet unnattained goal in previous works by Arnott et al. highlighting the importance of

spatial and temporal dependence of curbside parking availability probabilities [20].

2.2.3 Parking Performance Metrics and Data

A typical metric for parking resource utilization is occupancy, u:
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u =
number of cars parked

number of available spaces
× 100%. (2.1)

City planners aim for an average occupancy rate close to 85% [144, 10] across time, but

occupancy alone is an insufficient metric to link demand for parking to resulting congestion

levels. Parking economics literature claims congestion due to drivers searching for parking

occurs at 100% occupancy [174]. Yet, if occupancy along a block-face is measured over the

course of an hour, at any moment there is a non-zero probability that there is no available

curbside parking [133, 208]. Since municipalities typically measure performance on an hourly

basis, we will show that as the hourly time-averaged occupancy level increases, however

measured, this probability of being full grows along with it.

Further consider, if drivers are unable to wait for an available parking space at a particular

block, in order to obtain time-average occupancies approaching 100%, vehicles in search of

parking would need to arrive at a near infinite rate in order to immediately replace vehicles

exiting service. This is a critical miscommunication—therefore, we fundamentally adopt

a viewpoint that focuses on the time-average input, output, and rejection rates of drivers

unable to find parking from a block-face of curbside parking. In other words, we will show

there exists some rate of arrival of drivers that attains a measured occupancy, determine

the probability that such a block-face is full given that rate, and estimate the congestion

caused by drivers cruising for parking to be the average rate of drivers arriving that find the

block-face to be full.

Early work on modeling parking, like Vickrey’s bathtub model, by assuming downtown

areas to be homogeneous [17] in order to gauge overall parking supply and demand over a

larger area, would necessarily miss localized congestion caused by spatially inefficient uti-

lization of parking resources. With the increasingly common deployment of digital parking

meters, however, this is no longer the case. Cities using these meters, like Seattle [2] and San

Francisco [171], have collected and made publicly available a growing body of transaction

data [171, 75, 64]. In addition to structural parking supply data, the transactions’ paid



16

durations can be used to estimate occupancy across times and locations.

Related works have investigated the inherent uncertainties in transaction-based estimates

of occupancy caused by drivers over- or under-paying [208]. Although exempt (e.g. car-

sharing services and drivers with handicap placards) and illegally parked vehicles create

additional uncertainty, transaction-based estimates of occupancy on a block-by-block ba-

sis creates an opportunity to evaluate curbside parking resource performance at a spatial

and temporal resolution unrealizable in historical models, and where parking sensors are

otherwise unavailable [171, 166].

2.2.4 Curbside Parking Pricing

Despite a number of recent empirical studies with the increased number of available data

sources on paid parking in CBD’s, there is no analytical consensus on the price sensitivity

of drivers when searching for parking [132]. The study of parking pricing is broad [99, 190],

considering the difference in market power of various forms of parking (e.g. garage vs.

curbside) [18], to the study of price elasticity of curbside parking [153, 146]. Additionally,

time and convenience costs are also considered as impacting the utility of specific parking

locations [50] and it’s effect on transit mode choice [160, 12, 76, 202], and it’s clear in the

literature that parking is subject to a form of bid-rent theory [37] as we will illustrate in our

results.

2.3 Queueing Networks

First we’ll introduce how a single queue within a network of finite capacity queues can be

analyzed. To help avoid confusion between exogenous arrivals (from outside of the network,

denoted by λ) and endogenous arrivals (rejections arriving from neighboring queues, denoted

by x), we use y as the total arrival rate to a queue within the network. For a single queue, we

do not distinguish from where endogenous arrivals originate. Suppose the service rate (inverse

length of parking time) of each server is 1
µ

and there are k servers (k parking spots) in total.

The birth-death process associated with this queue is illustrated in Fig. 2.3.
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Figure 2.3: States and transitions for k-server queue, single node view

Here we assume the process Y of interarrival times at a queue is memoryless—that new

system arrivals and drivers rejected from neighboring queues are indistinguishable at a fixed

block-face—such that the queue we are analyzing is a proper Markov chain. Let πi be the

stationary probability that i servers are busy (i cars are parked), for i = 0, . . . , k. Let

π = [π0 . . . πk]. For this single queue, we can explicitly write down its stationary probability

distribution via the transition rate matrix:

Q =



−y y 0 0 · · · 0 0

µ −(µ+ y) y 0 · · · 0 0

0 2µ −(2µ+ y) y · · · 0 0
...

0 0 0 0 · · · kµ −kµ


,

and π is the unique solution to

πQ = 0 (2.2)

such that
∑
πi = 1. Let ρ = y

µ
. By standard calculations [204],

π = π0 ·
[
1, ρ, · · · , ρ

k

k!

]
(2.3)

where π0 = [
∑k

j=0
ρj

j!
]−1.

Little’s Law [118] states that the time-average number of customers in a queueing system

is equal to the arrival rate of customers accepted for service times the mean service time.

Using Little’s Law, the time-average occupancy u, or the proportion of busy servers, i.e. the
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number of customers in the system divided by the available servers, at any given time can

be expressed as,

u =
y

kµ

(
1− π0

ρk

k!

)
(2.4)

.

Recall that the statement of Little’s Law does not depend on the arrival process or

service time distributions, merely that they are stationary. We will examine this fundamental

assumption of stationarity at length later in this paper. Further, note that (1− π0 y
k

k!
) is the

probability that at least one space is available. Consider, if drivers are unable to wait for

an available server at a particular block, in order to obtain occupancies approaching 100%,

cars would need to arrive at an infinite rate in order to immediately replace vehicles exiting

service. A block-face queue is therefore rejecting incoming vehicles at a rate of y · πk.

2.3.1 Uniform Networks

In this section we make the assumption that the queueing network is entirely uniform: the

topology is a d-regular graph, all block-faces have the same number of servers with the same

service rate µ, and they have the same exogenous arrival rate λ, representative of a grid

street layout common to dense CBD’s. This uniformity is analogous to classical bathtub-like

models. In this regular queue network, each queue will have equal stationary distributions

in the steady state, therefore we only need to look at a single queue as representative of

the state space of the entire network. We can therefore make direct use of the stationary

distribution given by Eqn. (2.2). By the network’s uniformity, we have the conservation

equation,

dx = yπk, (2.5)

where πk is the probability that all k severs are busy. We can write (2.5) as,

y − λ =
ρk

k!∑k
i=0

ρi

i!

y (2.6)
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where ρ = y
µ
. The equation in (2.6) is a polynomial in y. The following proposition states

that there exists a unique solution to y (and thus x) as long as the queues are stable:

Proposition 2.1. If 0 < λ < µk, then (i) there is a unique and positive solution to y in

(2.6), (ii) the solution is greater than λ, and (iii) the rejection rate x is also unique and

positive.

The result is obtained by observing there is a single sign change in the sequence of

coefficients in the polynomial (2.6) and applying Descartes’ rule of signs. The complete

proof can be found appendix Sec. A.1. This result states that as long as the total arrivals are

less then the service rate times the number of spaces (the service capacity of the network), we

can explicitly find the rejection rates and the stationary probabilities by solving a polynomial

equation.

2.3.2 Non-uniform Networks

Of course, the totally uniform assumption rarely holds up in practice. But given occupancy

data we show that the total exogenous and endogenous arrivals to a queue can still be solved

for and used to estimate the traffic caused by drivers searching for parking. This time,

for each block-face b, some total incoming rejection rate x =
∑

j∼b xj/dj; accounting for

incoming rejection rates from each j’th block-face with out-degree dj adjacent to current

block-face b. Letting y = λ + x, we can estimate the endogenous proportion of incoming

arrivals for a fixed queue as the sum of the outgoing fractional rejection rates of adjacent

queues.

This means that we “decouple” each queue and solve for the total arrival rate y at each

independently given an observation of occupancy u, yielding a rejection rate x = yπk, and

then calculating the exogenous arrival rate at each post-hoc as λ = y − x. Consequently,

a high occupancy block-face A adjacent to a low occupancy block-face B will see a larger

portion of its total arrival rate resulting from new drivers joining the system relative to the

total arrival rate at B, numerically approximating their conditional state dependence.
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Assuming the queueing network reaches steady state, from the perspective of a single

queue in solving (2.4) for π0 gives

π0
ρk

k!
+
ukµ

y
= 1. (2.7)

Rearranging terms yields a polynomial in y,

0 =
k∑
i=0

1

µi−1

[
i− uk
i!

]
yk. (2.8)

Again, we can characterize the solutions to (2.8)

Proposition 2.2. If u ∈ [0, 1) and k is a positive integer, then (2.8) has a unique real,

positive root.

The result is again obtained by application of Descartes’ rule of signs. A complete proof

can be found in appendix Sec. A.2.

This root need not be bounded, hence the restriction of the values of u to the interval

[0, 1). In order to achieve a 100% occupancy, implying the probability of being full is 1,

vehicles would need to arrive constantly (y → ∞), immediately taking the place of any

vehicle that leaves upon completion of service. In the network case, to achieve stability it is

sufficient to assume
∑

b λb <
∑

b µb for all b block-face queues in the network: this is to say

that the network input rate does not exceed the network service rate, and that any individual

block-face may be subject to drivers arriving faster than parking spaces become available.

This precludes any immediate extension to over-saturation analysis without further data on

drivers in need of parking during periods of extremely high occupancy.

Figure 2.4 shows the rate of rejection (driver’s unable to find parking, default to cruising)

as a function of the observed occupancy level at a block-face queue. Note the asymptotic

behavior of the curve above 85% occupancy. This comes from a positive feedback loop be-

tween the high occupancy level (lack of parking spots) and the increasing number of vehicles

searching for a space. Further, this supports the commonly targeted 85% occupancy rule-

of-thumb for parking performance attributed to Shoup [50] and employed by municipalities

[144, 133].
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Figure 2.4: Given an observed occupancy level, the resulting rate of rejection vehicles for a
block-face queue with 5 spaces and a typical parking time of two hours.

We find that, in particular, spatial inefficiency results in the lion’s share of congestion.

2.4 Congestion caused by cruising

Using equation (2.8) and Belltown parking occupancy data we can calculate the total re-

jection rate (rate of drivers needing to search at least one additional block-face, not to be

confused with the expected number of block-faces a driver will need to search) of curbside

parking along the 1st Ave. corridor from Stewart to Broad on an hourly basis. For this

corridor, we aggregate the rejection rates from block-faces along the arterial itself, as well as

block-faces immediately adjacent to the corridor, feeding into either side of the arterial. We

assume drivers follow a search pattern whereby they select a legal turn uniformly at random,

and consider only rejected traffic that either feeds into an arterial, or remains on the arterial

(i.e. not traffic crossing the arterial).

2.4.1 Congestion and Parking Data

We utilize on-street paid parking transaction data collected from March 1st, 2016 through

July 31st, 2016 (which we denote Q2 2016) by the Seattle Department of Transportation

(SDOT) to estimate curbside parking occupancy [2]. Paid parking transaction data includes
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Figure 2.5: Map of paid curbside parking in downtown Seattle; the neighborhood of Belltown
is in dark red. Original image credit: Lillian Ratliff & Eric Mazumdar. Map background
image provided by Google Maps.

both pay-station and pay-by-phone records at a per-block-face level.

Belltown (dark red, Fig. 2.5 is amongst the more densely populated districts of Seattle,

at 0.77 square kilometers and a population of approximately 8,400 [182]. Belltown has 256

block-faces across the neighborhood each with one to 20 parking spaces (with an average

of 8). Paid parking is active from 8 AM — 8 PM, Monday through Saturday. Price varies

between the morning, 8 AM — 11 AM, rate and the evening 11 AM — 8 PM evening rate,

ranging between $1.50 to $2.50 per hour during Q2 2016. Prices are set on a neighborhood-

wide basis in Seattle, however, maximum parking time varies between two to four hours
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Figure 2.6: Distribution of paid parking times in Belltown during Q2 2016

depending on location. From our data we observe that drivers often park for the maximum

allotted time allowed whether the limit is two or four hours (see Fig. 2.6).

In addition to transaction data, the SDOT has made available block-face latitude and

longitude location data, as well as parking supply data that captures when changes due to

construction or reorganization effect the number of spaces available along a block-face. Since

individual spaces are not marked, Seattle estimates the number of parking spaces along a

block by dividing the length of the legal parking zone into 25 foot sections.

We measure occupancy by counting the number of active transactions at each minute

divided by the supply of the block-face averaged over the course of the hour. Uncertainty in

our hourly occupancy estimate is introduced from a number of readily identifiable sources:

1) several categories of vehicles may park curbside for free (e.g., disabled placard holders,

government vehicles, car-sharing services), 2) 25 feet being an overestimate of the length of

curb the current parked vehicles are occupying, and 3) drivers leaving before or after their

paid time has expired. For the purpose of simulation, occupancy is maximized at 100%.

Traffic volume data along 1st Ave.—a central arterial through Belltown highlighted in

Fig. 2.8—during Q2 2016 have also been made available via SDOT. Roadway sensors detect

the number of vehicles traversing each individual lane at the intersection of 1st Ave. and

Lenora Street in fifteen minute intervals. For each 15 minute window of a 24 hour period
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Figure 2.7: Mean occupancy levels in Belltown during Q2 2016 at 11:00 AM on Friday

along an arterial corridor we calculate an average volume of vehicles (e.g. volumes measured

in the 8:00 AM—8:15 AM window across all days for north- and southbound lane pairs

each). Figure 2.10 illustrates average hourly traffic along 1st Avenue on a typical Tuesday

and Saturday as an example during Q2 2016.

1

Although some bulk through-traffic volume data are available, there is currently no easy

way to directly differentiate between drivers searching for parking or just passing through. By

calculating a rate of arrival of vehicles that attains the observed occupancy at a block-face,

we can use available bulk through-traffic volume and occupancy measurements to infer the

fraction of traffic that results from drivers cruising for parking regardless of driver disposition

(e.g., drivers intent on parking in a garage that opportunistically seize curbside parking versus

those who actively search for curbside parking to avoid garage rates; we note the balance of

garage and curbside rates has been studied extensively [18]1).

1The discrepancy between curbside parking and off-street parking can be significant. For example, in
some areas of Seattle, parking in a garage costs upwards of $9/hour compared to the roughly $2/hour cost
of on-street parking [93]. Accounting for price discrimination caused by time-dependent fees, an entire
day in a garage in Seattle’s CBD is approximately $30.
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Figure 2.8: 1st Ave. in Belltown over which curbside parking rejections are compared to
bulk traffic data from roadway sensors. Background map image provided by Google Maps.

Traffic volume data along 1st Ave. is combined with an expected travel time to estimate a

marginal cost to travel time per vehicle. Using Google Maps Directions API [1], we retrieved

estimated north- and south-bound travel times from Broad Street to Stewart Street (the

length of Belltown) along 1st Avenue. Google’s estimated travel times are based on historical

user transit time data. For 15 minute intervals of Q2, we retrieved prospective optimistic,

average, and pessimistic estimates of travel time.

2.4.2 Congestion Results

Fig. 2.12 illustrates typical Tuesday and Saturday percentages of bulk through-traffic traffic

volumes north- and southbound on 1st Ave. searching for parking. The volume due to parking

changes widely throughout the day, varying from no vehicles to nearly 100 vehicles per hour

in both directions. SDOT data shows 1st Ave. handling far more northbound traffic per

hour on a typical Tuesday at noon, illustrated in Fig. 2.9a. Consequently, the percentage
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(a) North-bound traffic (b) South-bound traffic

Figure 2.10: Average north- and south-bound through-traffic along 1st both north- and
southbound on a typical Tuesday (a) and Saturday (b) during Q2 2016.

of southbound traffic searching for parking (approximately 50%, Fig. 2.11a) is twice that

of northbound traffic. This is likely due to the fact that 2nd Ave. one block northeast of

1st Ave. was a 3-lane, now 2-lane as of writing, southbound arterial leading directly to the

core business district of Seattle and would likely be a preferable transit route for drivers not

in need of parking. Interestingly, the peak periods of drivers cruising for parking does not

necessarily align with peaks in bulk through-traffic during typical 9:00 AM and 5:00 PM rush

hours. For example, in the southbound direction between 10:00 AM and 1:00 PM, there is a

significant rise in drivers cruising for parking, but the overall traffic volume remains relatively

constant. This could be due to the fact that a number of restaurants and businesses line 1st

Ave. that would see business during lunch hours.

Across all block-faces in Belltown, sources of congestion are not uniformly distributed. On

a typical Friday at 5:00 PM during Q2 2016, less that 20% of all block-faces in Belltown are

above 80% occupancy. Since appreciable congestion due to drivers unable to find parking

does not occur until above 85%, we find that only a few block-faces are responsible for
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(a) Typical Tuesday Q2 2016 (b) Typical Saturday Q2 2016

Figure 2.12: Proportion of through-traffic searching for parking along 1st Ave north- and
southbound on a typical Tuesday (a) and Saturday (b)

drivers cruising for parking who may have otherwise parked. Indeed, the top 20 block-faces

by occupancy on a typical Friday at 5:00 PM during Q2 2016 account for approximately 13%

of the total neighborhood exogenous arrivals (50 of 550 vehicles per hour), but over 75% of

the number of drivers who arrive unable to find parking and subsequently are required to

search at least one additional neighboring block-face (300 of 400 vehicles per hour). These

high occupancy block-faces are concentrated near restaurants and bars near the center of

Belltown, as well as block-faces near the Olympic Sculpture Park, Seattle Center, and Pike

Place, along Belltown’s south-east and western boundaries.

A more useful performance metric to municipalities than the rate of vehicles rejected

from block-faces would be the increase to bulk through-traffic travel times caused by drivers

cruising for parking. There are multiple approaches to relate traffic volume to travel time,

with the most popular being so-called fundamental diagrams [186, Chap. 15]. Likewise,

finding the fundamental diagram for a roadway requires detailed knowledge about the sig-

naling strategy, distance between signals, posted speed limits, true free-flow speed, etc. Here,

we adopt a data-driven approach to estimate increases in travel time caused by increasing
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(a) Percentage delay northbound along 1st Ave
on a typical Tuesday due to drivers searching for
parking.

(b) Percentage delay southbound along 1st Ave
on a typical Saturday due to drivers searching for
parking.

Figure 2.14: Percent increases to delay north- and southbound on a typical Tuesday (a) and
Saturday (b)

congestion that can be broadly applied independent of street design.

Using the Google Maps Directions API [1], we retrieved estimated travel times from

Broad St. to Stewart St. (and vise versa) along 1st Ave. We then fit a linear model Tworst(N)

(Fig. 2.15) that allows us to map a rate of vehicles per unit time N , to expected worst case

travel time in minutes. We find the worst-case marginal increase in travel time along 1st

Ave. to be approximately 1.6 seconds per vehicle. Using the estimated model of travel time

as a function of traffic volume, we calculate the percentage increase in travel time due to

drivers searching for parking as

Tcost = 1− Tworst(Nbulk −Nparking)

Tworst(Nbulk)
, (2.9)

where Nbulk is the bulk through-traffic rate per hour along a network edge and Nparking is the

estimated rate per hour of vehicles in search of parking.

Fig. 2.14 shows the worst-case percentage increase in travel time along 1st Ave due to

drivers cruising for parking. Peak increases in travel time on a typical Tuesday in Q2 2016
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Figure 2.15: Worst expected travel time delays along 1st Avenue (average of northbound
and southbound) in Belltown given a volume of vehicles per 15 minute window. Points are
data, while the line of best-fit is used as an approximate mapping between a traffic volume
and expected delay. Best and average expected travel time curves can be found in Appendix
A Fig. A.1.

occur between 10:00 AM and 2:00 PM, leading to a 10.2% increase northbound a 12.7%

increase southbound in travel time per vehicle at 12:00 PM. This corresponds to approxi-

mately 30 seconds more travel time per vehicle, accounting for 150 and 30 vehicle-minutes

of lost time north- and southbound, respectively, on a typical Tuesday in Q2 2016 based

on bulk through-traffic volume data. On a typical Saturday, peak increases in travel time

of as much as 15% occur at 5:00 PM. These peaks occur in line with peak percentage of

bulk through-traffic searching for parking as in Fig. 2.12 due to the linearity of our traffic

volume to travel time model. Considering this relationship is believed to be exponential in

reality [186, 30, 12], worst-case increases in travel time during peak traffic periods in the

evening could indeed be much greater.

2.5 Convexity under price changes

Parking occupancy (and availability) is an indirect measure of overall demand for vehicle

access. Yet, if city planners must control congestion, occupancy alone is not a sufficient

measure. Firstly, the same occupancy levels of two streets in different parts of the city can
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lead to different effects on through-traffic delays or respond differently to incremental price

changes. Secondly, the street topology and interactions between different blocks can lead

to complex traffic dynamics, which a single number like occupancy cannot capture. At the

same time, cities cannot be overly aggressive in controlling parking occupancy since they must

maintain a high availability of parking resources to serve downtown businesses and residents,

as well as delivery, courier, and emergency vehicle services. Therefore, a reasonable question

that a city planner would be interested in addressing is the following: Given a maximum

tolerable level of congestion, what is the corresponding maximum occupancy at a block-face

that does not exceed a resulting rate of rejection and thus congestion and what price achieves

this occupancy?

In this chapter, we conduct a study based on real occupancy and pricing data for blocks

in the San Francisco Mission District, showing that a) higher total occupancy does not

necessarily lead to more traffic, and b) incentivizing drivers to park further away by reducing

price can be equally as effective as disincentivizing drivers from parking at desirable locations.

2.5.1 Price Elasticity

Price elasticity of demand provides a means of describing how consumer demand will change

with incremental changes to price. Currently, Pierce and Shoup’s analysis of the SFPark pilot

project in [153] is the state-of-the-art in estimating the price elasticity of demand for curbside

parking; their exploratory analysis provided rough estimates of aggregated elasticities across

time, location, and price change directions. For the purposes of this paper, and in order to

make use of the results in [153] we assume a linear elasticity, however, any concave function

reflective of consumer behavior would not tax the validity of our results. Thus, a individual

block-face i has a linear elasticity αi (for some fixed time period), and a function U : pi 7→ ui,

taking a price pi to an occupancy level ui, defined as

U(pi) = 1− αpi (2.10)
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Recall (2.8); we can write the right-hand side of this equation as a mapping F : Y ×U → R

where U = (0, 1) such that

F (y, u) =
k∑
i=0

1

µi−1

[
i− uk
i!

]
yk (2.11)

Note that this map is smooth in both its arguments y and u. By applying the Implicit

Function Theorem [109, Theorem C.40], a smooth mapping f : u 7→ y exists and it is

continuous and differentiable. Moreover, there is an explicit expression for its derivative and

the function f maps an occupancy u ∈ U to the unique real root y of F (y, u) = 0.

2.5.2 Convex Optimization Formulation

Consider the following composition for some block-face i,

g(p) = f(U(p)) · πk, (2.12)

which is equal the rate of rejection of vehicles from a block given a price p. The composition

(2.12) takes a price to a resulting level of congestion along an edge in a queue network due

to rejections.

The optimization problem given by

maximize
p

∑
i

U(pi)

subject to gi(pi) ≤ x̄i, i = 1, . . . ,m.

(P-1)

maximizes parking resource utilization subject to a congestion constraints x̄i imposed on each

block-face. Since (2.10) is concave, if gi’s are convex, then (P-1) is a convex optimization

problem easily solved by gradient descent.

Theorem 2.1. The optimization problem (P-1) is convex.

Proof. Let x = ku. Then we can think of (2.8) as

F (y, x) = ( x
k!
− 1

(k−1)!)y
k + · · ·+ ( x

2!
− 1)y2 + (x− 1)y + x (2.13)
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It can be shown via implicit differentiation of (2.13), that

y′ = −∂F
∂x
·
(
∂F

∂y

)−1
(2.14)

is positive whenever F (y, x) = 0. Similarly, it can further be shown that y′′ ≥ 0. Finally

collecting inequalities, by application of the Gauss-Lucas Theorem, we can observe that

F (y, x) is convex. The full proof can be found in Appendix A.3.

2.5.3 Price Change Results

We consider the application of the above methods to curbside parking in San Francisco’s

Mission District. Using data collected by the SFPark pilot from May 8th, 2012 - August

29th, 2012 and linear elasticities estimated by [153], we identify block-faces responsible for

the high congestion impacts to through-traffic and set constraints to bring this down to

some hypothetically tolerable level. A map of block-faces under consideration in the Mission

District is illustrated in Fig. 2.16. Again, occupancy aggregated at an hourly rate.

According to [153], curbside parking in the Mission District of San Francisco displayed an

average price elasticity of −0.21. Price elasticity varied greatly due to the time of day, week,

and year, among a number of other observable factors. For the purposes of demonstration

in this paper, we assume a uniform price elasticity of −0.21 across block-faces in the Mission

District, and therefore, resulting price changes should be taken with a grain of salt.

We examine two scenarios: 1) we wish to reduce overall congestion due to parking by

80% at two high occupancy block-faces and 2) achieve >80% occupancy at each block-face,

rather than a neighborhoodwide average of 80%, concentrated at a smaller proportion of the

blocks in the district.

2.5.4 Congestion Reduction

The 3300 block of 17th street and the 3400 block of 18th street are responsible for the

overwhelming majority of parking related congestion in Mission District at noon on the

average Saturday, generating a total of nearly 60 vehicles unable to find parking per hour.
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Figure 2.16: A map of block-faces in the Mission District considered in this analysis. Map
image provided by Google Maps.
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At these traffic levels, 17th and 18th street have occupancies of 97% and 98% respectively. By

increasing prices by $0.28 on 17thth and $0.27 on 18th, we are able to reduce this congestion

by 80% to approximately 11 vehicles per hour, total, while still maintaining 91% and 92%

occupancies, respectively. All other blocks see comparatively negligible changes.

The “elbow” of the highly non-linear curve describing the total arrival rate needed to

achieve a particular occupancy level occurs around the 85% mark, as illustrated in Fig. 2.4.

By redistributing vehicles intending to park at high occupancy blocks to historically low

occupancy blocks through price control, less time is spent cruising for parking, leading us to

our next experiment.

2.5.5 Occupancy Redistribution

On a typical Saturday at noon, the Mission District achieves an average occupancy of approx-

imately 78%, while generating over 60 vehicles per hour in additional traffic due to drivers

searching for parking because there is a small number of high occupancy block-faces and a

larger number of low occupancy block-faces. By bounding each block to producing no more

than 1 vehicle every 20 minutes unable to find parking (for a total of 48 per hour for the

district), each individual block-face individually exceeds 85% occupancy at each block-face.

Indeed, after price control, the Mission District services a larger total number of vehicles

while still producing less additional traffic due parking scarcity.

Fig. 2.19 indicates that significantly discounting prices on low occupancy block-faces is an

equally effective solution as raising prices at high occupancy block-faces. Indeed, considering

that a small number of block-faces may exhibit a high occupancy due to their desirable

proximity to popular locations, incentivizing drivers to park somewhat further away may

be more effective than pricing out other drivers by means of money or time to walk to a

location.
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(a) Occupancy and resulting traffic in vehicles per hour generated.

(b) Redistributing demand in Fig. 2.17a to low-occupancy block-faces using
the price changes indicated in Fig. 2.19 results in less total traffic.

Figure 2.18: Block-face occupancy and resulting traffic without (a) price changes and with
(b) price changes under linear price elasticity.
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Figure 2.19: Price changes corresponding to the resulting occupancy redistribution in
Sec. 2.5.5.

2.5.6 Targeting price changes

To alleviate the congestion caused by cruising for parking, cities have implemented various

policies from demand-based pricing to changing maximum parking durations. In the case of

Seattle, these policies are set uniformly at neighborhood levels. Yet we observe in Fig. 2.7,

occupancy—which we consider as a proxy for demand—is not uniform even at the sub-

neighborhood level.

Appendix Fig. A.2 illustrates the distribution of mean occupancy levels in Belltown during

Q2 2016 at 11:00 AM on Friday with a reference line at the 85% occupancy level. Because

we have observed the the amount of congestion originating from a block-face is asymptotic

in occupancy (see Fig. 2.4) above 85%, it’s clear that congestion results from the small

number of high demand locations. Moreover, since we can determine levels of congestion given

the occupancy, if spatial demand is distributed throughout a neighborhood consistently—

meaning from week to week at the same day of week and time of day the distribution of

demand is similar—policies aimed at controlling congestion caused by drivers cruising for

parking can be targeted to regions of high demand block-faces.

In order to further understand the spatial characteristics of demand, in related work [70]

we use a Gaussian mixture model (GMM) taking into account the occupancy and location



37

(a) GMM centers learned on Wednesdays at
11 AM during Q2 2016

(b) k-means identified centroids of GMM
profile centers

Figure 2.21: Spatial variation in curbside parking demand behavior during Wednesdays at
11 AM. Intuitively, these mark the areas where curbside parking demand determines the
relative level of demand on block-faces around it.

of block-faces. We refer the reader to [139] for a complete description of GMM’s. A GMM in

this context learns how variations in occupancy, time of day, and location are correlated in

space, clustering nearby block-faces into areas of correlated demand patterns. Comprehensive

details and results on their application to curbside parking in Seattle can be found in our

related work [70].

Centroids of Parking Demand

An intuitive means by which block-faces belong to a given component of the GMM at a day

of week and time of day, [70] quantifies how tightly clustered the centroids of the mixture

components are across time, forming the spatial centers of demand behaviors within a region

of a neighborhood. We do this for a day of week and time of day by using the k-means

clustering algorithm [139] on the centers of components that were found at each date with

the corresponding day of week and time of day.
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Fig. 2.20a shows an example of this clustering of the centers from GMM learned on each

Wednesday at 11 AM in Q2 2016. The centers are tightly clustered with little change in

distance from week to week. By finding the centroids of each of the k-means clusters, and

calculating the average distance from each centroid to the points in that respective cluster

we can describe this change in terms of distance. In the example presented in Fig. 2.20b

the distance is just 41.3m. The distance at all the active paid parking times has a mean of

72.1m. Since this analysis shows the centroids at most vary by a distance of tens of meters,

we can conclude that the spatial centers of demand are reliable to within 1 to 2 blocks.

The key observations drawn from these results are that regions of correlated parking

behaviors are predictable and blocks determined to be correlated tend to be located in zones

with similar features in terms of their attractions and utilization. This suggests a mechanism

for determining groups of block-faces and time windows for targeting control methods, such

as adjusting price, aimed at reducing congestion.

2.6 Conclusion

Our work suggests that in neighborhoods with curbside parking locations that aren’t over-

saturated, a relatively small number of block-faces are responsible for virtually all congestion

caused by drivers cruising for parking, localizing the congestion effect both in time and

space. Therefore, extrapolating the estimates of [90] across an entire neighborhood is not

justifiable. These locations of high demand—clusters of bars and restaraunts or theaters and

shops, for example—have recently been shown to be both spatially and temporally correlated

[70]. These high demand areas could be targeted for curbside parking supply control while

not removing supply outright from an entire neighborhood. This supports the intuition

behind the Barcelona superblock project aimed at minimizing surface-street congestion [36]

by closing small, walkable clusters of city blocks to automobile traffic.

In addition, our analytical results on rejection rates is corroborated by recent work in

[50] and [210]. The authors of [50] investigated the walking distances to their homes of

neighborhood vehicle owners parking curbside by scanning license plates. They found that
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significant walking distances did not appear until curbside parking occupancies exceeded 85%.

As illustrated in Fig. 2.4 the probability of a block-face being full increases significantly above

85% occupancy, also arising in a time-dynamic differential equation model in [210], implying

that drivers were more likely unable to find parking close to their desired destination and

were forced to cruise.

An emerging theme we hope this work serves to highlight in recent works is the lack

of distinction between the cost perspective of the driver (e.g., expected cruising time) and

the cost perspective of the system (e.g., congestion arising from inefficient utilization of

supply). Our theoretical analysis focuses on the latter trading off resolution on the former;

we are able to make conclusions about the spatiotemporal congestion costs incurred by a

lack of available curbside parking but, by focusing on mean rates in a non-Markovian setting,

we can’t make any theoretical conclusions on the costs to individual drivers searching for

parking. Nevertheless, we demonstrate in simulation that approximating the conditional

dependence of block-faces works, and thus individual driver experiences can be simulated

in a network of finite capacity queues where additional parameters, such as driver search

behavior, are included.

Further, while price is an important and well-studied tool with which to influence demand,

digital curbside parking transaction data shows locational demand (price being fixed) is an

extremely important factor to consider when developing parking policies, as corroborated

by [50]. The observation that location can be more important than price has borne out in

previous research [202, 76]. Indeed, the findings of surveys conducted in Los Angeles and

Beijing on drivers looking to park concluded that parking near an intended destination is

a more important factor in decisions than both the time spent searching for parking and

the cost of parking [79, 125]. On average, respondents to the survey in Los Angeles were

only willing to park within a 3.07 block radius of their final destination. Likewise, in the

Beijing study 70% of respondents parked within a five minute walk of their final destination.

Combining the implicit costs of walking distances induced by spatially concentrated demand

for curbside parking with parking pricing may prove fruitful.
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2.6.1 Open Questions

A standing question in parking economics research is that of an appropriate maximum park-

ing time [99]. Some argue that a lower maximum parking time or lack of an initial buy-in

price results in higher vehicle turn-over, and hence more congestion. Indeed, according to

(2.4), decreasing µ increases the total arrival rate necessary to achieve a fixed occupancy, but

the probability of being full remains unchanged. Combined with the collection of ground-

truth data and hypothesis testing, from an analytical perspective this question is closer to

being answered.

Consequently driver behavior when cruising for parking is an important next-step to be

considered for future, as studied in [89, 202, 76] for example. We have implicitly assumed in

simulation that drivers, once inside the network searching for parking, will park regardless

of price, distance to destination, and search time at a particular block-face; on the other

hand, our analytical results only provide expected rates of arrivals agnostic to individual

driver behavior (a feature of steady-state analysis also noted in [90]). While assuming the

latter approximates the former may not be unrealistic, how demand changes with respect to

the total network sojourn time of the driver [74], distance from the initially desired location

[79, 125], and whether or not drivers have access to information regarding available parking

locations [160] are all certainly critical implications to consider going forward. These could

be modeled, for example, as a queue balking or reneging probability [160] or behavior search

patterns [89].

In summation, our results lead us to propose that in the case of Belltown, high occupancy

block-faces become the primary target of policy for mitigation. Conventionally, the main

method by which a city can use to change levels of demand is by adjusting price. In previous

work we have shown that the finite capacity queue model demonstrated admits a convex

relationship between concave price elasticity and resulting congestion [56]. The author of

[210] similarly proposes such optimization as a function of arrival and service rates, but only

with respect to parking supply constraints. Yet while significant research has been performed
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on price elasticity of curbside parking demand [146], especially considering the high spatial

variability of demand-response pricing experiments in San Francisco [153], empirical results

have not yielded an analytical consensus on how responsive drivers are and how to implement

block-level price changes [132]. Drivers also take location into account [202, 76], citing that

on average, drivers are unwilling to park further than 3.07 blocks away from their final

destination [50, 79, 125]. The queue network model enables municipalities to simultaneously

consider location and price elasticity when optimizing parking supply subject to constraints

on resulting congestion on block-by-block basis.

Our block-face network queue model confirms the long standing empirical result at signif-

icant amount of traffic on urban streets are searching for parking. But as one might expect,

this proportion depends greatly on the time of day and location as we demonstrate. With a

finer grained understanding of the dynamics of curbside parking demand and its contribution

to through traffic congestion, targeted parking policies can be implemented. In particular,

municipalities can decide when and where congestion due to drivers cruising for parking

might be acceptable (e.g. side-streets) or not acceptable (e.g. arterials, during rush-hour)

and set parking price and availability accordingly.
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Chapter 3

POWER GRIDS

3.1 Introduction

Electrical infrastructure in the United States is a monumental engineering acheivement both

in size and scope. In 2018, the US electrical grid delivered over 4,000 terrawatt-hours of

power [9]. This infrastructure has been built up over the course of the last century based on

centralized power distribution engineering paradigms [213]. The proliferation of emerging

technologies, from low-inertia power sources like solar and battery storage [8] to moving load

in the form of electrical vehicles [121], is taxing many longstanding design and engineering

assumptions made for grid operations [147]. This results in higher operational costs in many

places [58], and in perverse cost recovery situations that disproportionately impact different

types of electricity consumers [32].

New sources of data, however, are enabling flexible, so-called demand response techniques

[11] that can be utilized to offset the proliferation of new technologies in an increasingly dis-

tributed and participatory electrical grid [102]. Customers can be monetarily incentivized to

change their power consumption behavior to the benefit of the stability of the grid. One such

pricing mechanism is known as a coincident peak charge. Coincident peak charging—aimed

at recapturing long term system expansion costs—long predates current demand response

techniques [29], however emerging data streams have provided a research opportunity to

evaluate customer responsiveness to this price signal in an evolving power grid.

A coincident peak (CP) is a consumer’s electrical demand at the time of the total system

peak demand. Since much of the power system infrastructure is only used only during peak

times [188], some system operators and utilities use CP pricing mechanisms to incentivize

customers to reduce their consumption during peak times, therefore hoping to achieve an
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overall reduction of the system peak [60, 157]. Existing CP charges are applied through a

rate structure, with the rates at peak times hundreds of times larger than at regular times.

As a result, CP charges often account for a significant portion—often greater than 20%—

of annual electrical costs for participating customers [120], providing them with a strong

incentive to reduce their consumption at these peak times [156, 212].

To understand the role of system-expansion cost-recovering pricing mechanisms like CP

charges, in this chapter, we adopt multiple view points: that of the system operator imple-

menting CP charges, of a small customer facing CP charges, and a large customer also facing

CP charges and study how each player can operationally best set or mitigate this cost. In

each case, the primary challenge is that the timing of the CP charges are only known after

all of the system demands have been realized over the course of a billing period. In this

chapter we utilize open source generation and forecast data collected via grid operators like

PJM and ERCOT, as well as widely available weather data, to answer questions about the

ability to mitigate CP costs as well as draw initial conclusions about their effectiveness in a

flexible market.

3.2 Literature Review

CP charges are made according the system’s peak demand during a finite-time billing period.

For example, if CP is charged on a monthly basis [157], the hour that the peak load occurred

in only determined after the entire month has passed. To mitigate this uncertainty in peak

timing, operators typically provide warning signals during the billing period to consumers

to indicate peak is forthcoming [188]. In [120], the authors utilize these signals to develop

a scheduling model for a data center’s workload in the Fort Collins PUD [157]. However,

forecasting when a peak will occur is a difficult prediction problem [62, 57], since it only occurs

(by definition) at a single point in time. Since the rate associated with the CP is orders of

magnitude higher than normal time-of-use rates, false negative predictions are extremely

costly. Therefore operators tend to send out many successive CP warning signals, degrading

the efficiency of customer responses and leading to user fatigue in the long run [211, 212].
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We fundamentally treat the problem of mitigating CP costs as an optimization problem

that is continually solved over the entire horizon of the billing period. Instead of explicitly

predicting when the peak will occur, we adopt a probabilistic framework to gracefully incor-

porate observations made by the operator or customer to maximize their expected utility.

That is, at each time-step we calculate the probability of the peak occurring at some point

in the future having observed previous values of system demand.

Related works on mitigating CP pricing focus on large consumers with considerable de-

mand flexibility, namely, data centers [203]. Limited works have addressed CP prices for

data center consumers directly such as [120] which incorporates existing grid operator sig-

nals. Others related to data center peak power consumption address the problem generally

based on time-of-use costs given on-site storage or generation capabilities [173] without tack-

ling the idiosyncrasies of CP pricing mechanisms.

3.3 Operator Coincident Peak Signaling

In this section we provide a brief numerical assessment of the effectiveness of binary signals

currently used by most system operators based on Monte Carlo simulations and historical

and forecasted demand statistics [83]. Currently, a grid operator is responsible for signaling

the timing of peak demand for the purpose of reducing the peak. The grid operator has a

limited signal budget.

Using PJM historical forecast data, we can see that 24-hour ahead forecasts are fairly close

to accurate, with a near 0 mean (Fig. 3.1a), and is stationary in time. Even when selecting

for the highest 10% of demands, forecast error is stationary, distributed as in Fig. 3.1b.

Figure 3.3 illustrates the DEOK region of PJM’s peak demand, occuring on July 5, 2018.

The solid line was the forecasted demand. The dashed lines are the empirical ± 1 standard

deviation of hour-matched forecast errors for the previous 20 days. While the forecast error

is stationary, the variance is heteroskedastic.

Using the fact that forecast error is mean-centered, we illustrate out Monte Carlo sim-

ulations can be optimized over by a utility to determine when to send both binary and
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Figure 3.2: In PJM’s Duke Energy Ohio/Kentucky region: (a) actual and forecasted system
load and (b) the distribution of forecast error from June 1 to September 30, 2018.

Figure 3.3: DEOK regional demand in GW on July 5, 2018, with ± 1 standard deviation in
day-ahead forecast errors.
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continuous signal warnings to minimize the expected peak.

3.3.1 Binary signal problem

Here we let Xt be a random variable for hour t during a day, based on statistics gathered

for July 5, 2018 in the DEOK region of PJM. Each hour is a Gaussian random variable

with mean equal to the forecasted demand in Fig. 3.3 and variance according to same. For a

system operator who can only sen a finite number of hourly warning signals N , presuming the

system has some flexible curtailment budget m, we can construct the following optimization

problem:

minimize
t∈T

[
1

N

N∑
i=1

max
t

{
X

(i)
t − 1[t] ·m

}]
(3.1a)

subject to
∑
t

1[t] ≤ N (3.1b)

The index i indicates the simulation of the Monte Carlo of total size N . The optimization

program is a linear program which can be solved in a straightforward manner by replacing

the max term with a dummy variable and incorporated inequality constraints on the dummy

variable for each hour, t ∈ {0, . . . , 23}, the maximum is taken over. Fig. 3.4 illustrates

example curtailment with a (large) prospective curtailment budget of 1 GW and a maximum

of 4 hourly signals.

With a large amount of flexibility, curtailment according to binary signals misses relatively

large levels of demand before and after the expected peaks due to temporal dependence in

the system load.

3.3.2 Continuous signal problem

Here we present a continuous version of the same signalling optimization problem. The

system operator can send continuous curtailment signals for precise amounts up to a time-

flexible curtailment budget. We minimize the expected peak a large number N of Monte
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Figure 3.4: Binary signal curtailment of expected peak demand.

Carlo simulations. The following continuous verson of (3.1) is again an easily solve linear

program:

minimize
m

[
1

N

N∑
i=1

max
t

{
X

(i)
t −mt

}]
(3.2a)

subject to
∑
k

mk ≤M (3.2b)

mk ≥ 0 ∀k (3.2c)

In this case the total curtailment budget M = 4GW . Figure 3.5 illustrates the optimal

distribution of continuous curtailment signals. Notice the anticipated peak is far lower than

in Fig. 3.4 if signals are allowed to be continuous.

This summarizes current system operator curtailment strategies, but we cast it in the

context of an increasingly flexible pool of electrical consumers by demonstrating the inefficacy

of binary signals when a large curtailment budget is available. The rest of this chapter focuses

on the consumer perspective, to show that increased flexibility can be taken advantage of in

the absence of operator signals.
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Figure 3.5: Continuous signal curtailment of expected peak demand.

3.4 Coincident Peak Prediction

As we saw in the previous section, operators send warning signals to consumers using their

own forecasts compared to the expected peak based on mean-shifted load growth [157]. To

motivate analyzing CP charges from a small and large consumer perspective, we first seek to

demonstrate that CP charges can be relatively easily predicted by utilizing ERCOT regional

system demand data and and weather data from the largest

To this end, we consider system power demand as a random process, S, for times t =

1, . . . τ , where τ is some finite time horizon, in this case a year. Given data from previous

years, we would like to predict the conditional density value of St—for all i ∈ [1, . . . τ ] in the

current billing year, i.e. the probability P(Si ≤ St)—with little-to-no information regarding

the distribution from which values in S are drawn. In words, the conditional density function

(CDF) of a random variable in the context of coincidental peak prediction can be thought

of as a ranking: if P (xi ≤ xt) > 0 for all i ∈ [1, . . . , τ ], then xt would be the CP over the

given time horizon.

Without a clear picture of the relationships between factors driving power consumption—

e.g. power flows, weather, consumers, and noise—a true probability that a peak will occur

within the next k time steps may be difficult to predict both from a Bayesian and frequentist
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Figure 3.6: Empirical CDF of 2017 system hourly power demands

perspective. The former requires prior assumptions which may not be justifiable, while

the latter makes predicting rare events like peaks intractable. We can, however, calculate

empirical CDF’s for historical annual power demands, and a predictor can be trained to use

system load data {S}t0t=t0−s in conjunction with exogenous factors like weather to predict

proceeding empirical CDF values F (x) for [t0, . . . , t0 + k].

Given our problem setup, our CP prediction efforts diverge from ERCOT market opera-

tions in one significant way; in order to highlight the difficulty of predicting relatively rare

events, our goal in this work will be to predict the top 10 annual CP’s, each at least 24 hours

in advance, regardless of the month of occurrence. Our hypothetical business will be charged

individually for each peak. For a thorough review of PUTC CP billing and amortization

schedules, we refer the reader to [211].

In the rest of this section we construct a CDF value predictor based on the empirical

CDF of historical system demand data: hourly ERCOT system demand data from 2010-2017

[61]. Our main predictor, a feed-forward neural network (NN), utilizes both historical system

demand data and weather forecast data. In our application scenario, a CDF predictor F̂

accepts a system power St along with various engineered features as a function of St and t
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to predict the proceeding 24 hours of CDF values.

3.4.1 Problem Setup

An individual consumer subject to CP charges is incentivized to reduce consumption during

a CP. We suppose a consumer exhibits a generic utility g as a function of hourly power

consumed at time t, pt, over the course of a year’s hours τ . We assume g is concave,

monotonically increasing, and continuous [161] incorporating, for example, hourly electricity

rates. Let πcp be the coincidental peak charge rate and St be the total system power demands,

{S} := {S1, . . . , Sτ}. Let rn({S}) be a ranking function which yields the set of indices t of

the n largest values in {S}. For example, r1({S}) is the time index of the maximum value

in {S}.

To maximize utility at time t subject to one CP charge over time horizon τ (an additive

cost to utility), a business solves the following optimization program:

maximize
pt

g(pt)− πcppt · 1 [t ∈ r1({S})]

subject to pt ≤ pmax

pt ≥ 0

(P1)

where pmax is the maximum power consumption. Note the indicator function in the CP

charge term is equal to 1 only during a system peak, i.e. St ≥ Ss,∀s ∈ {0, . . . , τ}.

The challenge in solving (P1) is that the indicator function 1 [t = r1({S})] is non-causal,

since we do not know whether a particular hour is the peak demand until all future demand

in the period τ is observed. Hence, we need to make a curtailment decision while treating

the indicator function as a random variable.

3.4.2 Equivalent formulation

A natural solution to (P1) is to directly predict whether the peak demand occurs at a

particular time or not. However, this prediction is extremely difficult since it is essentially



51

predicting a very rare event, with a high cost if the event is missed [128, 86]. Therefore

we replace the indicator function with a probabilistic expression. Here we use the empirical

cumulative distribution function (CDF), defined as:

Fτ (x) =
1

τ

τ∑
t=1

1[St ≤ x]. (3.3)

Using F , we can write (P1) in an equivalent form:

maximize
pt

g(pt)− πcppt · 1 [Fτ (St) ≥ 1] (3.4a)

subject to pt ≤ pmax (3.4b)

pt ≥ 0 (3.4c)

where the indicator function only evaluates to be one when St is a system peak. Again, if all

{S}τt=1 are known, then Fτ (x) can be determined directly, however, we are interested in the

case where only {S}mt=1 for (m < τ) have been observed and a predictor F̂τ (x) is required.

To avoid overloading notation, we drop the τ subscript with the understanding the empirical

CDF F is over a fixed time horizon. The next section shows how (3.4) can be modified to

use an estimated CDF.

3.4.3 Surrogate Problem

In practice—when the future information is not known—instead of comparing F (St) with 1,

we can relax the curtailment threshold. Let F̂ be some estimation of the true CDF F , then

we write the following surrogate problem for (3.4):

maximize
pt

g(pt)− πcppt · 1
[
F̂ (St) ≥ α

]
(3.5a)

subject to pt ≤ pmax (3.5b)

pt ≥ 0. (3.5c)



52

Figure 3.7: Hedged CP cost as a function of the predicted CDF value for various values of
α.

Here α “softens” the curtailment decision based on the predicted value of the CDF at time

t. If F̂ (St) ≥ α, we then curtail the optimal planned power from pmax to p∗ by interpolation

over the interval [α, 1]. The parameter α can then be tuned to suit the peak predictor F̂ .

We now propose the following optimization program:

maximize
p

g(pt)− πcppt ·max

{
0,
F (St)− α

1− α

}
subject to p ≤ pmax

p ≥ 0

(P2)

The max term in the optimization problem acts as a hinge function (illustrated in Fig.

3.7) that activates once the value of predictor F̂ (St) is large enough. Given a predictor with

perfect knowledge and letting α = 1
8760

, this surrogate optimization problem reduces to (P1)

for each hour t.

Given our problem setup, our CP prediction efforts diverge from ERCOT market opera-

tions in one significant way; in order to highlight the difficulty of predicting relatively rare

events, our goal in this work will be to predict the top 10 annual CP’s, each at least 24 hours

in advance, regardless of the month of occurrence. Our hypothetical business will be charged

individually for each peak. For a thorough review of PUTC CP billing and amortization
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schedules, we refer the reader to [211].

In the rest of this section we construct a CDF value predictor based on the empirical

CDF of historical system demand data: hourly ERCOT system demand data from 2010-2017

[61]. Our main predictor, a feed-forward neural network (NN), utilizes both historical system

demand data and weather forecast data. In our application scenario, a CDF predictor F̂

accepts a system power St along with various engineered features as a function of St and t

to predict the proceeding 24 hours of CDF values.

3.4.4 Historical average predictor

As a baseline prediction method we create a historical average model for ERCOT. For each

year from 2010-2016, we calculate an average annual system demand series ¯{S} where each

hour t is calculate as the average demand across years:

S̄t =
1

7

2016∑
year=2010

S
(year)
t . (3.6)

Consistent with ERCOT load growth forecast methodology [59], all demand data is mean-

shifted a priori. Then from ¯{S} we calculate an empirical CDF F̂hist(x). In order to use this

model in a predictive context, F (S
(2017)
t ) is predicted directly as F̂hist(S̄t).

3.4.5 Neural network predictor

To make use of weather forecasts, we employ a deep feed-forward neural network to train an

additional predictor F̂NN . Neural networks are non-linear function approximators recently

demonstrating broad success in a number of application areas like image classification [106]

and natural language processing [96]. In the context of electrical system load forecasting,

neural networks have been employed extensively [97, 149, 184]. In this paper we make use

of a feed-forward network with six hidden layers with sigmoid and tanh activations. The the

architecture and dimensions of the NN used to predict the value of the CDF for future time

periods is as follows:



54

1. Feature dimension sized linear input layer

2. 10,000 tanh hidden layer

3. 12,000 sigmoid hidden layer

4. 10,000 tanh hidden layer

5. 5,000 sigmoid hidden layer

6. 1,000 tanh hidden layer

7. 100 linear output layer

Input features include date and time information for the current hour. System demand

data spans the prior three weeks for each of the nine ERCOT operational sub-regions, in-

cluding first order statistics on each hour of each day within that period. Further, means

and variances of system demands observed thus far through the billing cycle up to the cur-

rent point are included. Open-source weather data features [3] include a 24 hour forecast of

temperature, humidity, wind speed, wind bearing, visibility, pressure, and precipitation for

each of the 19 largest cities in the ERCOT market region.

3.4.6 Loss function

To train a NN, a straightforward loss function to use is in this context is the mean absolute

error or average L1 loss. When performing coincidental peak prediction, however, the aver-

age L1 loss forces the training of the predictor F̂ to consider values from [0, 1] with equal

importance. This isn’t necessary when we wish to constrain our decision making efforts to

only the largest values of F for which a peak occurs. To rectify this we weight the loss

function according to the true CDF value. We define the exponentially weighted average L1

loss (EW) as:

L =
1

|{S}|
∑

St∈{P}

[
βF (St)|F (St)− F̂ (St)|

]
. (3.7)

Increasing the parameter β sharpens the loss incurred by incorrect predictions at large,

true CDF values.
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3.4.7 Metrics

To evaluate the performance of our predictor F̂ we define some metrics. Because we only

care about peak values, our metrics focus on CDF values above a certain threshold c.

Definition 3.1 (Threshold Loss). Let L be the average L1 loss, the threshold loss L(c) is

defined as

L(c) =
1

m

∑
St∈{S}

|F (St)− F̂ (St)| if F (St) or F̂ (St) ≥ c

0 otherwise

where m is the of number non-zeros, i.e.,

m =
∑
{S}

1[F (St) or F̂ (St) ≥ c].

Definition 3.2 (Binary precision). For some threshold c, the binary precision is defined as

P =

∑
{S} 1[F̂ (St) > c and F (St) > c]∑

{S} 1[F̂ (St) > c]
(3.8)

Definition 3.3 (Binary recall). For some threshold c, the binary recall is defined as

R =

∑
{S} 1[F̂ (St) > c and F (St) > c]∑

{S} 1[F (St) > c]
(3.9)

3.4.8 Prediction Results

For NN training, 2010-2016 are used as training and validation data, with a random 90%/10%

split respectively. 2017 is held out entirely as a test data set for both F̂hist and F̂NN .

Training a predictor with EW loss over average L1 loss exhibits the expected consequence

for higher CDF values, as is illustrated in Fig. 3.8. The threshold loss on test data outputs is

lower for high CDF values for networks trained with EW loss. Since the goal is to accurately

predict higher CDF values on test data, this approach provides a positive result.

The NN, F̂NN , outperforms the historical average model F̂hist, for all CDF tresholds in

binary precision, illustrated in Fig. 3.9a, correctly predicting CDF values over 0.98 at least
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Figure 3.8: Comparison of post-training average L1 loss after use of average L1 and EW loss
during training with β = 10, identical network training parameters

50% of the time. Both F̂NN and F̂hist have similar binary recalls, illustrated in Fig. 3.9b.

To better understand a predictor’s CP cost-savings performance, we turn to a hypothetical

business utility model.

Using program (P2) we develop a hypothetical business utility function of power to test

the effectiveness of F̂NN and the F̂hist, as measured against perfect knowledge and if a business

takes no action. We presume our hypothetical business’ utility function to maximize takes

the form,

G(pt) = log(1 + pt)−max

{
0,
F (Pt)− α

1− α

}
pt (3.10)

where pmax = 500 MW. Operating during regular business hours (9 AM to 5 PM) on week-

days, this roughly equates to 10 utility per hour that isn’t a CP. 10 CP hours are billed to

the business over the course of the test year. The CP cost of 1 utility per MW is approx-

imately 40% of the annual maximum utility of 21,000, representative of a more drastic CP

cost scenario for a business.

Curtailment decisions for each regular business hour (9 AM to 5 PM) of each day are
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(a) Binary precision (b) Binary recall

Figure 3.10: Binary precision (a) and binary recall (b) for historical and NN CDF predictors

Figure 3.11: Annual utility as a function of curtailment threshold alpha for historical and
neural network predictors



58

made at midnight based on 24-hour ahead predictions. Fig. 3.11 illustrates the performance

of both F̂NN and F̂hist as a function of the curtailment threshold α. Utility for both predictors

is maximized at α = 0.975. The historical average model achieves approximately 94.4% of

optimal annual utility, while F̂NN model exceeds 97.4%. As α is increased to a tighter value,

the purely time-of-year based predictor F̂hist can perform suboptimally as compared to taking

no action over the course of the year at all. Utility drops off as predicted CDF values are

excluded by the curtailment threshold α.

3.5 Small Consumer Coincident Peak Cost Mitigation

In this section we adopt the view point of a small customer facing CP charges and study how

the customer can operationally mitigate this cost. The primary challenge is that the timing

of the CP charges are only known after all of the system demands have been realized. For

example, if CP is charged on a monthly basis [157], the hour that the peak load occurred in

only determined after the entire month has passed.

Dynamic programming is a natural approach to maximize the expected revenue of a

small customer in the face of CP timing uncertainty. However, since the action space of a

customer is continuous and coupled in time, solving the dynamical programming problem

becomes intractable. Therefore we approximate the value function and train a deterministic

policy parametrized as a neural network. Based on the structure of the CP charge, we

design the input of the neural network to explicitly include the maximum of the observed

demand and the number of time periods. Using these inputs, we show that this neural

network based policy is comparable to a brute force grid search and outperforms a standard

benchmark algorithm. This approach advances the state-of-the-art by providing a way to

actively reduce the CP cost that does not rely on system warning signals or assumes an

adversarial environment.
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3.5.1 Model and Problem Formulation

We consider a small customer that tries to maximize its revenue subject to CP charges over T

time periods. Let xt be the energy consumption of the customer at time t ∈ {1, . . . , T}, and

it is limited to be between x and x. We assume the revenue of the customer is represented by

a concave increasing function g(·) [103, 161] of power consumption. Let πcp be the CP charge

rate and the customer pays an amount of πcpxt∗ where t∗ is the time period the system peak

occurs.

We model the system load in each time period as random variables S1, . . . , ST where the

mean of St is the forecasted load value. Even though system loads are strongly correlated in

time, once the forecast value is given, the forecast errors are typically independent across time

periods [67, 200]. For example, Fig. 3.2 illustrates the distribution of system load forecast

error for the top 10% of system load values during summer months in 2018 in a single PJM

subregion.

Additionally, it is clear a large customer has a measurable impact on the value of St. In

the case of ERCOT, for example, the 6 largest customers accounted for over 80% of each

summer monthly CP in 2017 and 2018. On the other hand, of the 130 total customers

participating in ERCOT’s CP pricing program, 20% in 2017, and 40% in 2018 consumed less

than 1
10

the difference between the annual system peak and the second closest system demand.

For these exceedingly small customers, the variance of the forecast error well exceeds their

CP demands of less than 5-10 MW.

Therefore, in the case of a small customer we assume that S1, . . . , ST are independent

and their mean is given by the forecast values. We define t∗ as the time index corresponding

to the maximum load:

t∗ = arg max
t
{S1, . . . , St}. (3.11)

Note since t∗ is a function of random variables, it is also a (discrete) random variable.

With these definitions, the expected net revenue (or reward) of a customer is
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R =
T∑
t=1

g(xt)− πcp
{
xc∗ |c∗ = argmax

c∈T
sc

}
(3.12)

E[R] := E

[
T∑
t=1

g(xt)− πcpxt∗
]

(3.13)

where t∗ is defined in (3.11) and the expectation is over the random variables S1, . . . , ST .

The goal of the customer is then to maximize E[R] subject to their operational constraints.

We assume a fairly simple customer model where the demand from each time-period is

coupled through a ramping constraint, and the customer’s optimization problem is

maximize
xt

E[R]

subject to x ≤ xt ≤ x̄

xt−1 − δ ≤ xt ≤ xt−1 + δ

(3.14)

where δ limits the possible rate-of-change between two time periods. Other types of con-

straints can be included using the techniques described in this paper.

3.5.2 Sequential Decision Problem

In practice, the optimization problem in (3.14) needs to be solved in a sequential manner.

There are two sources of temporal coupling in (3.14) that makes this sequential optimization

problem nontrivial and interesting. The first is the ramp constraint between two successive

time steps. The second is how the timing of the peak changes after loads are observed.

At time t, the customer have observed the realization of S1, . . . , St−1, which we denote as

s1, . . . , st−1. Based on these observations, the value of peak time t∗ changes. In other words,

if the observed loads are large, then the peak is likely to have already occurred and the

customer can act aggressively; conversely, if the maximum value of the observed loads are

small, then the customer should act more conservatively to protect against incurring a large

CP charge in the future. Therefore, even if the ramp limits are not present, the structure of

the CP charge induces a time dependency on the observations made at each stage. A variant
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of (3.14) without ramp constraints is studied in [120] where data centers are assumed to

have a large amount of flexibility and can ignore the coupling of its own actions between two

time periods. In this paper, we focus on commercial customers that may not have this level

of flexibility and are limited in their rate-of-change.

3.5.3 Benchmark Algorithm

There are two typical strategies to solve (3.14) in practice. The first is to simply assume that

all time periods (e.g., all hours between 3 PM and 7 PM on a hot summer day) experience the

peak demand and conservatively reduce the load to mitigate the CP charge [212]. The the

CP charge is evenly distributed over all of these time intervals. The second is to follow the

warning signals of operators and treat those as true peak times [157, 120]. It turns out that

these two strategies amount to the same thing, since operators tend to be conservative and

issue CP warnings for all of the time periods that have a reasonable chance of experiencing

the moment of peak demand [157]. This is to say that conservative CP warnings amount

to treating any hot summer afternoon, for example, as equally likely to the system peak

without taking into joint consideration the known system capacity and previously observed

system loads during the billing window. Therefore we adopt the following strategy as the a

baseline algorithm which we call the naive strategy [57], where the customer solves

max
xt

g(xt)−
1

T
πcpxt, (3.15)

and where the scaling factor 1/T represents the fact that the cost of CP is amortized

evenly to all of the time periods under consideration. The optimal solution is then the the

demand that satisfies the first order optimality condition Tg′(x∗)− πcp = 0.

Note even though this solution is simple to compute, it does not take into account the

successive realization in the system load and is generally suboptimal. In later comparisons,

we will call it the naive policy. In the next section, we develop a policy based on approximate

dynamic programming to solve (3.14).
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3.5.4 Dynamic Programming Formulation

Let us first directly apply a dynamic programming approach to optimize (3.13). Suppose

the customer is solving for the optimal xT , having already chosen x1, . . . , xT−1 at the final

step t = T − 1. The customer must maximize the expected reward conditioned on observed

system load realizations, s1, . . . , sT−1, specifically, E[R|s1, . . . , sT−1].

At t = T − 1, let sm = max{s1, . . . , sT−1}, the maximum observed so far; since this is the

final round, the expected reward depends only on whether sT will be larger than sm. Let

pT = 1− P (sm < ST ), the probability that the final system load realization will be the CP.

Then the objective,

E[R|sm] =
∑

t=1,...T−1

g(xt) + g(xT )− πcpE [xt∗|sm] (3.16a)

=
∑

t=1,...T−1

g(xt) + g(xT )− (3.16b)

πcp[(1− pT )xt∗ + pTxT ]. (3.16c)

Thus, for the solution x′T to g(x′T )−πcppT = 0, the optimal x∗T is the point in the interval

[xT−1−δ, xT−1 +δ] which minimizes |x′T −x∗T |. At t = T −2, in order to solve for the optimal

x∗T−1 there are two potential rounds that the CP may yet occur on and the customer must

consider the probability that either ST or ST−1 is the CP. Indeed,

E[R|s1, . . . , sT−2] =
∑

t=1,...,T−2

g(xt) + g(xT−1)+ (3.17a)

E[g(xT )− πcp[(1− pT )xt∗ + pTxT ]], (3.17b)

noting that xT remains inside the expectation since it depends on the realization of ST−1.

Iterating backwards yields a dependency on future realizations of St, where only the cur-

rent consumption xt, maximum system load observed thus far sm, and number of rounds

remaining T − t influence future choices of xt+1, . . . , xT .
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A straightforward means of addressing this would be a brute force grid search. Con-

sumption values in [x, x̄] and a range of likely system loads St can be discretized, with every

potential outcome being computed forward from each possible initial value x1. At each time

a consumer would choose a feasible xt+1 subject to ramping constraints that maximizes the

expected reward over the entire horizon T for all possible outcomes given s1, . . . , st using

the output of the grid search as a look-up table; however, a complete grid search exhibits

exponential complexity in T . This dimensionality problem is common in applications of

dynamic programming [177].

Therefore we propose an approximate dynamic programming approach by sampling from

all possible outcomes in order to estimate the best choices of xt+1. These samples are used to

train a policy f , which takes as input at time t the current consumption xt, the largest system

load observed so far in the billing period sm, and the number of rounds left, T−t. The policy

then outputs an estimated optimal x̂t+1. We note that in the absence of these time coupling

constraints, an optimal solution exists since each time-step is completely independent.

3.5.5 Neural Network Policy

Neural networks have gained popularity as a tractable way to parameterize policies. For

example, they have been used to solve approximate dynamic programming problems in

[177, 27, 195]. We also adopt a neural network based policy to solve (3.14). In the context

of dynamic programming, a policy is a function that maps previous values to an action. In

our case, this policy should map the current choice of xt and observations of st to an output

xt+1 that a customer should select as their demand based on, in this case, criterion that

maximizes their expected reward over the remaining time horizon. A policy in the context of

approximate dynamic programming attempts to output a value x̂t+1 that is close to optimal.

Therefore, in order to train a policy f we require an approximation of the true optimal

output x∗t+1 of f that maximizes expected reward R given previous observations of s. Alg. 1

details the process by which these samples are generated. At time t, for each feasible value of

xt+1 subject to the ramping constraints, potential outcomes are forward simulated until time
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Figure 3.12: Architecture of single-layer neural network policy, with inputs xt, sm, T − t,
and a linear bias term.

T a total of C times. The value of xt+1 with the best average remaining reward—modulo∑t
i=1 g(xt)—is selected as the training output. If the range of customer consumption values

are discretized into n values, sampling across all possible starting times t ∈ T yields an

improved complexity of O(TCn).

Many samples are compiled and used to train a neural network to to approximate the

function f . Fig. 3.12 illustrates the basic network architecture described. The necessary

inputs of the policy at time t are 1) the current state xt, as this determines the range of

feasible values due to the ramping constraint, 2) the maximum value sm = max{s1, . . . , st}

observed thus far, as values of si < sm have no bearing on the timing of the CP, and 3) the

number of rounds left, T − t—given the probability density function of St—determines the

probability any future value will be greater than sm and thus the new potential CP. When

performing grid search, these three values completely determine the expected reward when

choosing a value xt+1.
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Data: xt, sm, T

Result: Estimated policy output x̂t+1

C = number of Monte Carlo simulations;

sim rewards = [];

discretize [xt − δ, xt + δ];

for each feasible xt+1 ∈ [xt − δ, xt + δ] do

sim rewards[xt+1] ← [];

for j = 1, . . . , C do

sample st+1 according to system load distribution;

x← [xt, xt+1];

s← [sm, st+1];

for k = t+ 2, . . . , T do

sample sk according to system load distribution;

s← sk;

randomly sample feasible xk from interval [xk−1 − δ, xk−1 + δ];

x← xk

end

sim rewards[xt+1]← R(x, s);

end

end

x̂t+1 = arg maxxt+1

1
C

∑
sim rewards (choose xt+1 with best average forward simulated

reward)
Algorithm 1: Monte Carlo path sampling

3.5.6 Case Studies

To test the efficacy of our approximate dynamic programming solution compared to the naive

strategy, we set up a numerical study. We consider two different consumer revenue functions

(illustrated in Fig. 3.13),
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Figure 3.13: Case study revenue functions gi(x)

g1(x) = 2 log(1 + x2) and (3.18a)

g2(x) = 1.386
4
√
x (3.18b)

For both revenue functions we suppose the customer’s ramp constraint δ = 0.3, and

that the customer’s CP charge rate πcp = 0.6Tg(x̄), or 60% of their maximum possible gross

revenue over T rounds. Typically CP charges form greater than 20% of their annual electrical

costs, but we choose to much higher percentage to illustrate a more drastic scenario.

For T = 2, ...10 rounds1, we use the sampling strategy defined in Alg. 1 to generate 1000

input/output samples per time t ∈ [1, . . . , T ], such that we train with an even number of

x̂t+1 for all t. For each feasible xt+1 being evaluated, the number of simulations C = 100.

As a first pass we design our neural network to have a single hidden layer of size 4 with

a sigmoidal activation function. Further, we included a linear bias term, indicated as the

fourth input in Fig. 3.12. The neural network is trained using mean-squared error; additional

hyperparameters like learning rate and batch-size can be found in our linked repository.

1Results for larger values of T can be found for g1(x) in our Github project repo
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Figure 3.14: Comparison of best-possible performance via grid search to a NN policy and the
naive strategy. Reward is strictly increasing with each additional number of rounds roughly
as Tg1(x)

First we test the validity of the assumption that our ADP sampling procedure yields

near-optimal choices x̂t+1 against an exhaustive grid-search. For T = 2, 3 and 4, and revenue

function g1(x) we compute an exhaustive grid for our example function and system load

distribution. Fig. 3.14 illustrates the relative performances of each strategy; while we found

that the discretization resolution of the grid search has a noticeable effect on the resulting

reward given the choice of our case study revenue function, the NN policy performs nearly

as well and we make use of the sampling technique on a larger number of rounds for which

grid search is intractable.

Figures 3.15 and 3.16 illustrate the performance of the respective NN policies against

the naive strategies for g1(x) ad g2(x). The NN policies consistently outperforms the naive

optimal solution while maintaining the added benefit of being an solution approximated from

sampled paths. In the case of mitigating CP costs on an hourly basis, it is unlikely that a

potential CP would occur at anytime in excess of 8 to 10 consecutive hours, viz occuring

outside known, afternoon peak hours [120]. This benefits a customer by allowing them to

focus on sweeping training parameters to tune the policy for a narrow range of values of T .



68

Figure 3.15: Policy performance for revenue g1(x), across time horizons T with πcp set to be
60% of maximum, unpenalized revenue for each T .

Figure 3.16: Policy performance for revenue g2(x), across time horizons T with πcp set to be
60% of maximum, unpenalized revenue for each T .
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Figure 3.17: Example of policy for revenue g1(x) for multiple rounds t over time horizon
T = 4 and fixed xt = 0.3. With later rounds of t, the policy becomes less conservative and
shifts to the right as the decreasing number of rounds decreases the probability of a new
maximum system load being observed.

Figure 3.18: Example of policy for revenue g2(x) for multiple rounds t over time horizon
T = 4 and fixed xt = 0.3. With later rounds of t, the policy interestingly becomes more
conservative, likely due to the sharper decrease in g′2(x) in increasing x.
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Figures 3.17 and 3.18 illustrate examples of the outputs of f corresponding to g1(x)

and g2(x) both trained for T = 4. For each time t = 1, 2, 3, the output xt+1 is given as a

function of sm for a fixed initial value, xt = 0.3. Note that with each consecutive round,

the likelihood of St remaining that may be a CP changes both as a function t and sm. In

general, the probability that the next realization of St will be the maximum over all T ,

pt = 1
T−t(1−P (St < sm)(T−t). Interestingly these policies learned for g1(x) and g2(x) appear

very different.

In the case of policy f learned for g1(x), outputs of the policy for each t become less

conservative with decreasing number of rounds. The flattening of the policy at small values

of sm is due to the ramping constraint. Conversely, decreasing the radius of curvature of the

revenue function—the sharpness in the initial revenue increase transitioning into diminishing

returns—as in g2(x), it appears that a more conservative strategy arises, likely due to the

decreased cost of false negatives. Large changes in x result in little change in g2(x) but

correspondingly a relatively larger marginal decrease of πcp in the CP charge. That is to say

it costs the customer little to curtail to values already near the naive optimal strategy for

g2(x), (e.g. for T = 10, x = 0.311), yet the NN policy still improves on the naive strategy.

3.6 Large Consumer Coincident Peak Interaction

In this section we consider how large players may interact. In the previous section we assumed

that a player does not impact the value of the total system demand St, and hence the timing

of the CP. In the case of large players, the reward function

R(i) =
T∑
t=1

g(i)(x
(i)
t )− πcp

{
xc∗|c∗ = argmax

c∈T
sc

}
, (3.19)

where now

st =
N∑
j=1

x
(j)
t + εt (3.20)

and εt
∼
iidN (µ, σ2). In the case of the small player, we used ADP to forward simulate scenarios
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Figure 3.19: Reward surface for a two-round game for a single large player and arbitrarily
fixed choices for all other players.

and train a deterministic policy because their choices did not influence outcomes. Here we

will require a more analytic approach.

Figure 3.19 illustrates the reward surface for a large player’s choices, all other players’

choices being fixed to arbitrary values. We note that due to the argmax term, the surface is

not concave, so immediately traditional game theoretical results are not likely to be available

to use. However, there appears to be a set of maximums, if not a global maximum, that a

gradient method might find. Therefore, we will 1) express (3.19) as a differentiable function

and 2) utilize an similarly supervised training method as we saw in the case of small players

we refer to as guided policy gradient [112].

3.6.1 Guided Policy Gradient

In this section we describe a guided policy gradient algorithm for large players to train

deterministic policies for play in a CP game where their choice of play influences the timing
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of the peak. Guided policy gradient is similar to ADP where scenarios are forward simulated,

and gradient steps are taken along those scenarios to generate incrementally better-plays-in-

hindsight to train a policy with according to some loss function. While some differences exist

in nomenclature, there are some recent examples of policy gradient utilizing these features

forward simulating training scenarios in a similar spirit [112, 136].

The reward function (3.19) must be differentiable. We replace utilize a softmax function,

h(x
(i)
t |st) =

eβst∑T
k=1 e

βsk
, (3.21)

to define an well-approximating formulation,

R(i) ≈
T∑
t=1

[
g(i)(x

(i)
t )− πcpx(i)t h(x

(i)
t |st)

]
, (3.22)

where large values of β approach the argmax formulation of (3.19). The reward function

(3.22) is differentiable with respect to any player’s choice of play for a given round, x
(i)
t .

Indeed we have that,

∇iR(i) = 〈
T∑
t=1

g′(i)(x
(i)
t )− πcp

[
h(x

(i)
t |st) + x

(i)
t h(x

(i)
t |st)(1− h(x

(i)
t |st))

]
〉 (3.23)

We can now describe the algorithmic procedure for guided policy gradient that we can use

to analyze strategic behaviors a large player might exhibit in this context. Let φi : z
(i)
t → x

(i)
t+1

be a deterministic policy that maps input features of the current state of the game for a

given player (e.g. rounds left, previous play, maximum round observed so far, prediction of

opponent’s choice) to the choice of play x
(i)
t+1.

In the following sections we present numerical case studies on player behavior for one

large player, as well as multiple large players with and without predictions of other players’

behaviors.
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Data: Initialized policies φi, number of rounds T , loss function L

Result: Trained policies φi

C = number of Monte Carlo simulations;

G = number of gradient steps;

η = policy gradient step-size;

for step in G do

player choices = {};

player targets = {};

for c in C do

# generate a realization of the game;

for t in T do

for each player j do

player choices[j] ← φi(zt);

end

# compute incrementally better plays in hindsight;

player targets[j] ← player choices[j] + η∇iRi( player choices[j] );

end

end

# update player policies according to loss function;

for each player j do

minimize L(φi(player choices[j]), player targets[j] );

end

end

Algorithm 2: Guided policy gradient for large players in CP games

3.6.2 One Large Player

In the first case study we do not take ramping constraints into consideration, nor do we

incorporate a decreasing learning-rate. The input features for a single player,
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Single player policy returns Single player policy

Figure 3.21: Single large player returns (a) and policy (b) learned via guided policy gradient.

z
(1)
t =

[
x
(1)
t−1, (T − t),

max

1, . . . , t[st], 1
]

,

i.e. the previous choice of play, the number of rounds left, the largest system value observed

thus far, and a linear bias term. We paramertize φ(1) as a feed-forward neural network

identical to the one used in our small player case study, illustrated in Fig. 3.12. The game

is played for 5 rounds, with a utility function,

g(1)(x
(1)
t ) = log(1 + x

(1)
t ) (3.24)

and where picp = 3.0, xt ∈ [0, 1], and system noise εt ∼ N (0, 2). Figure 3.20a illustrates the

policy returns a single large player recieves compared to the naive policy return determined

by (3.15). Figure 3.20b illustrates the policy φ1 for varying values of inputs z
(1)
t .
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Multiplayer guided policy gradient returns
without opponent predictions

Multiplayer guided policy gradient returns
with opponent predictions

Figure 3.23: Expected returns with (a) and without (b) opponent predictions.

3.6.3 Multiple Large Players

In this section we consider multiple players learning via guided policy gradient. The same

log utility function as (3.24) is used for 2 players under identical parameters. Figure 3.22a

illustrates the returns on policies learned via guided policy gradient without predictions of

opposing player choices as input features in z
(i)
t . We note that players are unable to exceed

naive policy returns without opposing player information.

The same scenario is run where a noisy (N (0, 0.01)) estimate of the opposing player’s

choice is used as an input feature for the policy φi. Figure 3.22b illustrates that two large

players can far exceed the naive policy return if information on an opposing player’s future

choices is available.

For multiple large players, having access to predictions about opposing player’s choices has

an outsized difference on their expected reward when training with guided policy gradient.

In the same scenario, despite growth in the expected reward, the system peak value does not

grow commensurately, as illustrated in Fig. 3.25.

Lastly we consider a heterogeneous case where two large players have different utility
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Multiplayer guided policy gradient returns
with opponent predictions

System peak values by epoch when training

Figure 3.25: System peak values (b) in a large two-player scenario with access to predictions
of opponent’s choices.

functions,

g1(x
(1)
t ) = log(1 + 60x

(1)
t ) (3.25a)

g2(x
(2)
t ) = e2x

(2)
t − 1 (3.25b)

Figure 3.26b illustrates the utility functions, and Fig. 3.26a show the expected returns for

policies learned via guided policy gradient.

3.6.4 Multiple Correlated Players

In large electrical systems that make use of coincident peak pricing it is typically the case

that players are correlated. In this exploratory case we assume that one player’s choices are

a dependent function of their opponent’s choice, resulting in correlated play. We assume the

player’s policies are the same as (3.24). Player 2’s correlated policy φ̂2 is such that,

φ̂2(x
(2)
t = φ2(x

(2)
t + Unif(0, 0.1) · φ1(x

(1)
t ) (3.26)
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Multiplayer returns under mixed utility func-
tions

Utility functions for two players

Figure 3.27: Expected returns (a) for 2 large players with mixed utilities (b) with opponent
predictions..

Figure 3.28 illustrates the rewards of each player when trained using guided policy gra-

dient. Notice that player 2, without being subject to a decreasing learning rate schedule,

functionally learns not to play, as it cannot control the timing of its CP. This might suggest

that multiple large players may in fact not benefit from participating in opt-in CP pricing

programs.

3.7 Conclusion

In sum we considered how a small customer participating in a CP pricing program can near-

optimally trade off lost revenue for CP cost savings. We formulated an approximate dynamic

programming problem that incorporates successive observations of system loads likely to

be a CP as inputs allowing a customer subject to ramping constraints to make informed

curtailment decisions over the course of the billing period time horizon. This work improves

on existing algorithms such as [120] or [57] by escaping an ad-hoc threshold curtailment

regime where if some measure exceeds a threshold parameter than the customer should

curtail. Since CP pricing mechanisms weren’t intended for voluntary participation in order
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Figure 3.28: Expected rewards for two large, correlated players.

to ameloriate long-term system expansion costs, its use a demand response incentivization

mechanism should be carefully evaluated.

This work has demonstrated in the case of CP programs with large participants determin-

ing the timing of the CP, that customers with flexible ramping capacity can outperform the

naive policy of ignoring CP timing altogether. The work also empirically demonstrates that

when players are correlated, participating in CP pricing programs is not a guarantee that a

flexible but smaller customer will benefit. Since this presented guided policy gradient does

not come with any form of known theoretical guarantees on the nature of convergent policies,

future work should continue towards the identification of equilibria in such CP games, if any.

If equilibria exist, then determining if CP pricing benefits the social welfare of the system

towards peak reduction, which may be the case as we empirically show, and what optimal

CP rates are is a natural next step.

Additionally, for both large and small players, given a customer’s time-coupled revenue

function, analysis of this equilibria would help better understand how players are incentivized

to participate in a CP program. Intuitively a customer with more demand flexibility—such

as in the case of the data center in [120]—has potentially more to gain from participating

in a CP pricing program than a comparably sized customer with little demand flexibility. If
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this is the case, this would provide insight into how factors such as CP billing horizon affect

incentives, e.g. annually vs. monthly, vary with incentives like discounted time of use rates

in exchange for participating.
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Chapter 4

BUILDINGS

4.1 Introduction

Buildings account for roughly 40% of electrical demand in the United States [35] and climate

control is one of the largest sources of power consumption in many buildings. To reduce power

consumption costs and environmental impacts, technologies like smart-meters and responsive

behind-the-meter devices have been introduced to improve efficiency and streaming data from

these sources creates a relevant opportunity for the application of statistical and machine

learning [217].

The most common machine learning task in this context is building energy management

for things like HVAC systems [43, 198, 151] and other devices [164, 217, 187]. Addtionally,

fault detection [194] and diagnosis [114] in, for example, HVAC systems are also an area of

interest for application of machine learning. With increasing utilization of smart behind-the-

meter devices, and the proliferation of consumer solar panels, energy-storage, and responsive

EV batteries, machine learning enabled fault detection and diagnosis will be important tools

for ensuring robust participation in a connected power grid.

Many buildings however, lack large numbers of embedded sensors required to collect

sufficient data on HVAC operations. Moreover, labeling such data between faulty and normal

operations is currently expensive and labor-intensive. In this chapter a naive Bayesian fault

classification method is proposed that determines whether or not a building is operating

normally according to kernel regression weights learned on a building with sufficient sensor

data. We then use transfer learning to retrain these regression weights with a much smaller

number of required samples from a building that does not have long-term access to sensor

data. By utilizing a linear method, we show empirically that few samples are required to
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achieve appreciable accuracy.

4.1.1 Transfer Learning for Fault Detection

Transfer learning [122] provides a potential solution to the challenges posed by a lack of

labeled data in the case of building energy management and specifically, fault detection

and classification. A predictor trained on an existing, labeled data set can be used as a

starting point to train a predictor for the same task in which labeled data is limited but

known to be in a similar embedding [117]. Transfer learning has been used successfully in

image classification [159, 216]. An image classifier, for example, is trained to recognize a

set of image labels; to transfer the classifier to new images, initializing with the previously

learned classifier requires far fewer examples of the new labels to achieve good accuracy.

Transfer learning has only very recently begun to be applied to, for example, predicting

energy consumption in buildings [152, 178, 73].

In this work we develop a transferable, naive Bayesian framework for detecting faults

and failures resulting from component degradation in three key steps:

1. We derive a novel log-likelihood classifier that depends only on building normal opera-

tions data and an estimated state transition matrix

2. For a building with a large, labeled data set of HVAC component operations and weather

data, we learn a normal operations state transition matrix

3. With the same model parameters, we transfer the learned state transition matrix with

a limited number of samples from a similar building

We accomplish item (1) by specifying a matrix normal prior to derive a novel log-

likelihood classifier that determines whether a series of HVAC system state observations

was generated by the learned state transition matrix or by some other faulty state transition

matrix having arisen as a random perturbation. Item (3) employs weighted least squares to
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transfer the learned state transition matrix to a new building for which labeled data is limited

but the feature space is similar—e.g. type and number of relevant HVAC components—using

model parameters learned in item (2).

To test our framework we first perform simple, motivating numerical simulations. We

then proceed to transfer an hourly state transition model trained on a standard medium

office building simulated by EnergyPlus [48] to a physically monitored [87] testbed site,

the Systems Engineering Building (SEB) located at Pacific Northwest National Laboratory

(PNNL) [72, 81] in Richland, WA. We separately compare how effectively a classifier can

be transferred between similar office buildings simulated by EnergyPlus in different climates

subject to known fault conditions. In Sec. 4.3 we introduce the model and Sec. 4.4 describes

the classifier and transfer procedure. In Sec. 4.6 and Sec. 4.5 we present our results, and we

conclude with Sec. 4.7.

4.2 Literature Review

The normal operation of heat, venting, and air conditioning (HVAC) systems is critical for si-

multaneously maintaining energy efficiency and thermal comfort. Because of the widespread

deployment of sensors, multiple data-driven algorithms have consequently been developed to

detect faulty operation of HVAC systems [217, 189, 114, 152]. A fundamental challenge of

applying these types of machine learning algorithms, however, is the lack of labeled data.

Data-driven fault detection algorithms rely on having data about both the normal and

faulted operation of HVAC systems [114, 201]. Despite the growth in buildings equipped

with a large number of sensors that can generate high resolution measurements [51], it is

nontrivial and labor intensive to correctly label each data point as coming from faulty or

normal operation. In addition, HVAC systems mostly operate (fortunately) under fairly

normal conditions. Therefore operators may need to either 1) wait for a long time to collect

enough fault data—even if they can be correctly labeled—to train a useful algorithm, or 2)

rely on established industry standards [199] and exhaustively simulate potential scenarios.

Neither option takes direct and immediate advantage of the rich stream of data from well-



83

equipped buildings.

4.3 State Transition and Model Transfer

In this section we introduce how an HVAC system can be modeled using kernel regression,

and how the state transition matrix learned by kernel regression is well-equipped for transfer

learning.

4.3.1 State Transition Model

The state of an HVAC system can be described by a linear transformation with a polynomial

kernel φd [31]. Let xt ∈ Rn be a dependent state variable (e.g. fan power, indoor temperature,

pump status) and ut ∈ Rk be a independent state variable (e.g. time, outdoor temperature,

humidity). Furthermore, let φd (x) = [xd, xd−1, . . . , x1,1]—the vector x component-wise

raised to the i’th power for i ∈ [0, d] and concatenated—and st = [φd (xt) , φd (ut)]
T the

kernelized, concatenated dependent and independent state vectors of the HVAC system of

dimension p := d(n + k). We will assume that if an HVAC system is operating normally,

then a finite sequence of observations of (st, xt+1) will have been generated by

xt+1 = Ast + εt (4.1)

where εt
iid∼ N (0, I) and A ∈ Rn×p is the true state transition matrix, which can be estimated

via kernel regression. A primary advantage of using kernel regression is that the state

estimator A is readily interpretable and easy to use in transfer learning, while in general also

requiring fewer samples to parameterize and train than a more general model like a neural

network [31, 178, 198].

4.3.2 Bayesian Fault and Degredation Detection

An entry ai,j of A determines the relationship between the input and output states for explicit

components of an HVAC system directly—we leverage this to derive a Bayesian classifier for
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determining if an HVAC system is operating in a faulty state without assuming explicitly

what the faulty state transition matrix should look like.

By a faulty state, we mean that the HVAC is governed by some other transition matrix,

denoted Ã. For an observation of (st, xt+1), there are two distinct probabilities: either

the current dependent state of the HVAC system xt+1 was generated by the normal state

transition matrix A, or by some faulty state transition matrix Ã.

To compute these probabilities and derive a classifier, we make two assumptions: 1) we

assume a Gaussian prior probability on the entries Ã such that ãij ∼ N (aij, 1) (i.e. a matrix

normal distribution [85] centered at A) and 2) initially, an HVAC system is equally likely to

be operating in a faulty state or a normal state at any given time. Note these assumptions are

used to derive the detection algorithm and provide some intuition, but the actual simulation

study in Sec. 4.6 uses real data which may not follow them. The probabilities of observing

xt+1 conditioned on the state transition matrices A and Ã are

P (xt+1|A, st) =
1

(2π)n/2
e−

1
2 [(xt+1−Ast)T (xt+1−Ast)] (4.2a)

P (xt+1|Ã, st) =

∫
1

(2π)n/2
e−

1
2 [(xt+1−Bst)T (xt+1−Bst)]

· 1

(2π)np/2
e−

1
2 [(B−A)T (B−A)]∂B. (4.2b)

Eqn. (4.8a) is the probability a sample was generated by some other state transition

matrix Ã 6= A assumed to have a Bayesian prior probability distribution of a matrix normal

random variable with mean A and identity row- and column-wise covariance (explained in

Sec. 4.6). This approach fundamentally differs from many HVAC fault detection systems are

rule-based [170, 199], or from algorithms that are learned from rule-based scenario generation

[194], as no modes of failure are assumed beforehand. These methods can be combined to

produce more informative priors for entries of A that describe the relationship between fan

power consumption and air flow volume, for example. Furthermore, directly incorporating

failure statistics with informed HVAC component failure rates [88] is also possible1 but

1An independent failure rate would entail an exponential distribution with known or informed failure
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outside the scope of this chapter as we seek to naively transfer a state transition matrix. By

naive, we mean that no ground truth fault data is required to train. Once these probabilities

are computed we can state a simple classification rule as

0 ≶ log[P (xt+1|A, st)]− log[P (xt+1|Ã, st)], (4.3)

where a positive difference in log-likelihoods indicates the system is operating normally and

a negative value indicates the observed data was generated by faulty operations.

We show that (4.3) depends only on the entries of the normal operations state transition

matrix A and the sequence of observations (st, xt+1). Indeed, for a single point (s, x), the

classification rule (4.3) simplifies to,

0 ≶ Tr
[
(x− As)T (x− As)

]
−

Tr
[
xxT + AAT − C−1DTD

]
− p log(|C−1|) (4.4)

where

C := (ssT + I) (4.5a)

D := (xsT + A) (4.5b)

For convenience, let us define the binary classification output of (4.4) to be the function

C : (s, x, A)→ {0, 1}. By our IID assumptions of the system noise εt, the joint log-likelihood

of multiple observations is additive, and thus multiple observations can be used to increase

the general accuracy of the classification rule.

4.3.3 Model Transfer

Since the classification rule only depends on the observed data and the true state transition

matrix A, a reliable empirical estimation of A can be used in the classifier C to distinguish

normal operations from previously unseen faulty operations. The process of transferring a

rate parameters being multiplied by each probability, 4.2a and 4.8a.
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learned classifier from one building to another is outlined in Alg. 3. We use data collected

from building 1, X(1) = [x1, x2, . . . , xT ] and S(1) = [s0, s1, . . . , sT−1] generated by a building

which has been certified to be running or simulated at normal operations to estimate Â1 by

solving the least squares problem:

Â1 = argmin
W
||WS(1) −X(1)||22 (4.6)

To transfer the classifier to an architecturally similar building 2, a new set of samples X(2)

and S(2) is collected from the building. Rather than solving (4.3) over again, however, we use

the previously learned Â1 as the initial value when solving the new kernel regression problem

with weighted least squares [169] (WLS) to find the new estimation of the state transition

matrix Â2. Data from building 1, S(1) and X(1) are given low weight, and new data S(2)

and X(X) are given higher weight. The building 1 data set serves to constrain the degrees of

freedom of the new model, while the building 2 data set updates the operating levels (e.g.

temperatures, power consumption) of the various HVAC components under consideration.

Because the thermodynamic laws that govern the HVAC systems in building 1 and build-

ing 2 are the same—only the climate, operating characteristics of the HVAC components,

and the building materials may differ—we assume the span of A1 and A2 to be similar sets;

thus initializing gradient descent at Â1 to learn Â2 will require fewer samples from building

2. Cross-validation is used to determine optimal choices of weights for WLS.

Data: Building 1 data (S(1), X(1)); building 2 data (S(2), X(2))

Result: State estimators Â2, C(s, x, Â2)

split train/validate data sets for building 2 (S(2), X(2));

minimize WLS problem Â2 = argminW ||W [S(1), S(2)]− [X(1), X(2)]||22;

cross-validate optimal weights with validation data set for building 2

return C(s, x, Â2)
Algorithm 3: Algorithmic outline of learning and transferring state estimation and fault

classifier between two buildings
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This algorithm requires that building 1 and building 2 have comparable HVAC systems,

where each system component represented in a row or column in Â1 has an analogous entry

(possibly aggregated, e.g. sum of supply and exhaust fan power) in the true state transition

matrix A2 we wish to transfer our estimate Â1 to. Note that this requirement can be relaxed

for if only a subset of components are of interest. That is, building 1 only needs to have

similar components to those we wish to detect faulty operation for in building 2.

4.4 Label-less Fault Classification

Here we state how the classifier C is computed from the probabilities found in (4.4). Then

we present illustrative numerical results on the number of additional samples required to

transfer a classifier based on a matrix Â1 learned from data simulated by EnergyPlus to

a new matrix Â2 based on data from PNNL’s SEB. Then we conclude with transferring

a classifier designed to detect EnergyPlus simulated degradation in a variable air volume

(VAV) box supply fan due to a fouling filter from an office building operating in a Seattle

winter climate to a similar building operating in a Seattle summer climate.

4.4.1 Posterior probability of fault matrix Ã

In order to derive the equation found in (4.4), we need to compute (4.8a): the posterior

probability of the fault matrix Ã. An n×p matrix normal random variable Z ∼ N (M,U, V )

centered at M has a PDF of the form

P (Z|M,U, V ) =
1

(2π)np/2|V |n/2|U |p/2

· e−
1
2
Tr[V −1(X−M)TU−1(X−M)] (4.7a)

This is a random matrix where each element zi,j is normally distributed around mi,j, with

row-wise covariance matrix U (n × n) and column-wise covariance matrix V (p × p). If we

assume the covariance matrices U and V are identity, then each element of Z is independent

of the others.
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With an abuse of notation on the indefinite integral, a matrix normal prior on Ã with

identity row- and column-wise covariance, the conditional probability of observed x given s

is given by,

P (x|Ã, s) =

∫
1

(2π)n/2
e−

1
2
Tr[(x−Bs)T (x−Bs)]

· 1

(2π)np/2
e−

1
2
Tr[(B−A)T (B−A)]∂B. (4.8a)

We can compute this probability by combining the exponential terms, completing the

square, and rescaling the integrand such that the integral evaluates to 1 by definition. We

therefore have that (4.8a) equals

P (x|Ã, s) =
1

(2π)
n
2

e−
1
2
Tr[(xxT+AAT−(DC−1)TD]|C−1|

p
2 . (4.9)

The complete details of this derviation can be found in Appendix Sec. B.1.

4.4.2 Classifier

Combining probabilities (4.2a) and (4.9), we can use the difference of their respective log-

likelihoods to derive the classifier C by substituting the computed probabilities into (4.3).

For classifier values greater than 0, an observation (s, x) is more likely to have come from an

HVAC system operating normally, while values less than 0 indicates otherwise. Simplifying

gives us the state classification rule in (4.4).

The joint probability of output values x1, . . . , xT+1 conditioned on the input values

s0, . . . , sT is independent since the noise is i.i.d. This means the log-likelihood is additive,

and for multiple samples, (4.3) can be written as,

0 ≶
T∑
t=0

[
log[P (xt+1|A, st)]− log[P (xt+1|Ã, st)]

]
, (4.10)

and a sequence of observations (S,X) can be used to increase the confidence of the classifier

C. This assumes that both the noise in the data and the degree of perturbation in faulty
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state transitions Â has unit variance. This is not the case in our EnergyPlus simulations,

let alone in practice. To overcome this, in Sec. 4.6.3 we use the logdet term and separated

trace terms of (4.4) as input features of a logistic regression classifier; practically we find and

demonstrate below that this allows us to momentarily sidestep the problem of estimating the

variance of the elements of Â when subject to the occurrence of a fault, but demonstrates the

validity of the terms of (4.4) as being the correct featurization of data (S,X) and estimated

Â for naive fault classification. We will denote this modification of the classifier as Clog.

4.5 Variance Estimation

In previous sections we have ignored prior knowledge about the variance in the prior distri-

bution of the elements of Ã. In this section, we recompute the posterior probability with

non-identity covariance of the elements of Ã and conduct some numerical experiments on the

improved accuracy of the log-likelihood classifier when taking into account this covariance.

4.5.1 Non-identity column-wise covariance

Recall the multivariate normal distribution,

P (X|A, I, V ) =
1

(2π)np/2|V |n/2|I|p/2
e−

1
2
Tr[V −1(X−A)T I−1(X−A)], (4.11)

noting that the column-wise covariance of the random matrix X is non-identity. Intuitively,

this implies the rows of X are independent, while the columns are vector normal random

variables of length n with covariance V . In the case of a linear model of an HVAC system

described by a matrix A, the probabilistic dependence of the columns describes how any two

components of the HVAC system might covary in the resulting matrix Ã if one fails.

Again we need to compute the posterior probability of an output y being observed given

Assuming unit row- and column-wise covariance in the prior on B and with an abuse of

notation on the bounds of integration, agin we have that the probabilities of each outcome

are,
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P (y|x,A) =
1

(2π)n/2
e−

1
2
Tr[(y−Ax)T (y−Ax)] (4.12a)

P (y|x,∼ A) =

∫
1

(2π)np/2
e−

1
2
Tr[(y−Bx)T (y−Bx)] 1

(2π)np/2|V |n/2
e−

1
2
Tr[V −1(B−A)T (B−A)]dB.

(4.12b)

By following the same procedure as identity column- and row-wise covariance in the

previous section, the posterior probability is,

P (x|Ã, s) =
1

(2π)
n
2

e−
1
2
Tr[(xxT+AAT−(DC−1)TD]|C−1|

p
2 ., (4.13)

however, where,

C := (xxT + V −1)(p×p) (4.14a)

D := (yxT + AV −1)(n×p). (4.14b)

Complete details of this derivation can be found in Appendix Sec. B.2. While an informed

covariance in the prior distribution would appear to help, numerically it’s not always clear

if informed covariance outperforms assuming identity covariance, as we will show in the

following section.

4.6 Transfer Learning

In this section we present illustrative numerical results on the number of additional sam-

ples required to transfer a classifier based on a matrix Â1 learned from data simulated by

EnergyPlus to a new matrix Â2 based on data from PNNL’s SEB. Then we conclude with

transferring a classifier designed to detect EnergyPlus simulated degradation in a variable

air volume (VAV) box supply fan due to a fouling filter from an office building operating in

a Seattle winter climate to a similar building operating in a Seattle summer climate.
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Figure 4.1: F1 score versus divergence of Monte Carlo realizations of faulty operations state
transition matrix B, when classifying with an increasing number of sample pairs (“lag”)

4.6.1 Numerical Results: Classification

As an initial demonstration of the effectiveness of C via Monte Carlo, we consider a fixed 2×2

matrix A with diagonal entries 0.9 and −0.4 and 0 elsewhere and both U and V are identity.

For each Monte Carlo iteration, we perturb the entries of A such that ai,j ∼ N (ai,j, 1) to

generate an unseen faulty operations matrix B. We then generate 1000 IID samples of

input-output pairs (SA, XA) and (SB, XB) using (4.1) where input values are also normally

distributed with zero mean and unit variance.

Using (4.10) as our classification rule C, we compute the F1 score for increasing numbers

of sample pairs (“lag”) per classification. Figure 4.1 illustrates the F1 score as a function of

||A− B||F for each realization of B, with simple lines of best fit to illustrate the trend. As

the Frobenius norm of the difference between A and B increases the the bases of A and B

are more likely to diverge and span increasingly different sets. Once more than a very small

difference between A and B emerges, the F1 score of C approaches 1.
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Figure 4.2: F1 accuracy as a function of the difference between the true transition matrix A
and the faulty transition matrix B.

Non-unit covariance

Here we conduct a numerical simulation using the same procedure as above where,

A =

 0.9 0.0

0.0 −0.4

 (4.15)

and column-wise covariance

V =

 1.0 −0.001

−0.001 0.02

 (4.16)

Figure 4.2 illustrates the difference in F1 scores for a classifier based on the known covariance

in the prior and for a classifier based on a prior unit covariance, both using a 10 sample lag.

Notice in this constructed example of very small values in the off-diagonals of the covariance

V , F1 is only improved for small differences between A and B, where a classifier would need

to be more sensitive, but under performs when the differences are larger. In the rest of this

work, therefore, all classifiers assume unit covariance for simplicity.



93

4.6.2 Transfer Results: Feasibility and samples savings performance

Here we demonstrate that a state transition model learned on one building can be transferred

to another with similar HVAC system components using a limited number of samples. Build-

ing 1 is simulated with EnergyPlus (v. 9.1.0) using a pre-configured example medium office

building and Seattle, WA weather data. Building 2 is the SEB on PNNL’s main campus in

Richland. For both buildings we collect hourly total building power demand, primary air

handling unit (AHU) supply and exhaust fan power demand, total lighting power demand,

main floor internal zone temperature, as well as outdoor temperature, humidity, day of week

and hour of day. All training data is normalized by feature according to the minimum and

maximum training data values and time data is embedded as coordinates on a unit circle.

Each building differs in a small number of ways: the medium office building configuration

in EnergyPlus is 3 floors, with three AHU’s and 3 VAV boxes—1 VAV box per floor; hot and

chilled water are provided for on-site. The SEB building has 23 VAV boxes served by two

AHU’s and 2 additional AHU’s with constant-speed fans serving one constant air volume

box each. For the purpose of the transfer we select a single, centrally located VAV box on

the 1st floor of the EnergyPlus simulated medium office building, and on the SEB main

floor (VAV-100), and take the indoor zone temperature measured near each central VAV

box. Hot water for SEB is provided for on-site but chilled water is supplied by a central

campus plant2. Also, significantly, the climate in Seattle is characteristically cool and wet

while Richland is located at a higher altitude, arid plateau and sees far greater temperature

variation. EnergyPlus data was generated by a full year’s simulation and data for SEB was

collected from the months of March-October. Both chronologically ordered sets were split

into 50/50 train/validation, exhibiting different operational patterns between each split, such

as increased power usage during the summer months for cooling.

We learn a state transition matrix for building 1, Â1, using 6 months (January-June)

of operations training data simulated by EnergyPlus. Cross-validation for the selection of

2Further details about and floor plan of the building can be found in [53].
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the polynomial degree parameter (d = 4), as well as a weight regularization parameter

(α = 0.5) on the Frobenius norm of Â1, was performed with 6 months of validation data

(July-December). Using identical model parameters, a state transition matrix Â2 Fig. 4.3

illustrates the averaged mean squared error (MSE) of Â2 when trained on an increasing

number of consecutive hourly samples both with the full training data set from building 1

(“Transfered Â”) and without data from building 1 (“Scratch Â”). The baseline in Fig. 4.3

is the best possible validation performance when Â2 is trained on the full SEB training data

set, as the least squares solution to,


bldg. power

fan power

zone temp


t+1

= A ·



φ4(bldg power)

φ4(fan power)

φ4(in. temp)

φ4(out. temp)

φ4(out. humidity)

φ4(weekday)

φ4(hour of day)

φ4(lights power)


t

+ α||A||F (4.17)

In each case—transfer and scratch—100 training sequences of SEB data two weeks in

length were randomly sampled from the training data set (March-June) and the validation

data (July-October) performance were averaged across training instances. The dramatically

increased performance of the transferred Â given approximately 3 days worth of samples

stems the inclusion of data from building 1 constraining the degrees of freedom of the model

by using WLS (with weights 0.01 and 10.0 for building 1 and SEB data respectively). The

transferred model achieves an MSE of 0.041 (on 0-1 normalized data) vs an MSE of 0.267

for a model learned from scratch, with the best possible performance of an MSE of 0.019 on

validation data for a model trained on all SEB training data.

As a comparison, the same procedure is then used to learn a simple, feed-forward neural

network F with 1 hidden layer twice the dimension of the input equipped with a sigmoid
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Figure 4.3: Validation MSE of SEB’s Â2 state transition matrix learned with an increasing
number of consecutive hourly samples (normalized in 0-1 over training data) with (“transfer”)
and without (“scratch”) including data from EnergyPlus simulations of building 1

activation function to demonstrate the transfer procedure is not implicit to the usage of

weighted least squares or linear methods. F is trained with respect to MSE loss on the same

input/output pairs, data, and featurization, with a hidden layer twice the dimension of the

input. A neural network (NN) F1 is learned for building 1, and is transferred to a model F2

of SEB by initialized SGD at the weights learned in F1 and by using the same data selection

procedure as the WLS transfer method. We achieve near baseline MSE with two days worth

of samples when transferring, and notably better validation performance overall due to using

a more complex model than a single matrix. While more accurate at predicting future states

on the same data sets, this neural network lacks intepretability and compatibility with our

naive classifier (4.3).

4.6.3 EnergyPlus Simulation Results: Transfer

We again use EnergyPlus to simulate true HVAC system operations for a pre-configured

medium office building. For normal operations during weekday working hours, we learn a
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Figure 4.4: Validation MSE of SEB’s F2 neural network learned with an increasing number
of consecutive hourly samples (normalized in 0-1 over training data) with (“transfer”) and
without (“scratch”) including data from EnergyPlus simulations of building 1

state transition matrix Â that maps input st containing only outdoor and indoor temperature

(on each of 3 floors), outdoor humidity, and VAV box supply fan power consumption (3 fans

for 3 VAV boxes total) for 8 consecutive hours and polynomial kernel φ2 to single output

xt+1 of VAV box supply fan power consumption in the next hour.

First we simulate the office building for an entire year in typical Seattle weather. Â

is computed by solving the least squares problem (4.6) using normal operations data only.

Using EnergyPlus’ built-in fault simulation, we then simulate a single VAV box supply fan’s

filter in the building as becoming increasingly fouled [214]3 each full week (resulting in up

to +20% of normal air flow resistance) over the same year’s weather data. The true and

VAV box supply fan fault state transition matrices have very similar bases, so a much larger

140 consecutive hourly sample pairs during normal business hours is required to achieve

sufficiently accurate classification results when training.

The row and column-wise covariance of the true, normal operations state transition ma-

3EnergyPlus Version 8.9.0 Documentation Engineering Reference Section 11.2.4 ’Air Fil-
ter Fouling’ https://energyplus.net/sites/all/modules/custom/nrel_custom/pdfs/pdfs_v8.9.0/
EngineeringReference.pdf



97

Figure 4.5: Classification validation performance for Â for a simulated medium office building
learned on a full year of operations in Seattle.

trix A are not identity. Without knowing how the covariance in the simulation data scales

the terms of the traces in (4.4), we use these terms as inputs to a logistic regression classifier

Clog which we then train after solving for Â on normal, non-faulty operations data. For a

full year of simulated normal and fault building operations, without covariance information

Clog achieves a 58.8% and 56.13% validation precision and recall using only indoor, outdoor

temperature, humidity, and fan power consumption data on individual samples. Fig. 4.5 il-

lustrates net fault (+1) vs. no fault (-1) classifications for a continuous sequence of simulated

validation data.

To test transferring a state transition matrix Â1 from an office building operating in a

Seattle winter climate A1 to a building operating in a Seattle summer climate A2. We solve

(4.6) with only two weeks of normal operation data in the winter to find Â1. When tested

on two weeks of winter validation fault/no fault data, Clog trained on two weeks of winter

fault/no fault data achieves a precision of 55.15% and recall of 54.59%. To transfer Â1 to Â2

we use two weeks of summer normal operations data, and following Alg. 3, initialize (4.6)

with Â1 and apply WLS to compute Â2. Clog trained on two weeks of summer fault/no

fault data achieves a precision of 56.37% and recall of 58.67% on summer validation data
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according to eqn. (4.10).

4.7 Conclusion

In this work we have demonstrated a novel, transferable Bayesian classifier for detecting faults

due to HVAC component degradation. We employed a matrix normal prior distribution on

the grounds that if a linear, time-dynamic system described by a matrix A under normal

operations begins to fail, the failure process is generated by an unseen matrix Ã. Our

classifier depends only on A and the observed data, and transferring via weighted least

squares to a new building is sample efficient. Future work in this direction is rich: utilizing

informed priors in the classifier with system knowledge, known failure rates, and fault rules;

accounting for differences in empirical covariance between buildings to eliminate the need of

a logistic layer around C and thus the requirement for sample fault data as we have initially

demonstrated; and learning control theory compatible state transition matrices Â via, for

example, regularization and eigenvalue constraints.
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Chapter 5

DISCUSSION

5.1 Thematic Results and Remarks

In each of the case studies presented in this work, the statistical and machine learning

techniques utilized were secondary to a model of the system of interest.

By comparison, in the case of transportation, numerous works have been published in

predicting parking occupancy using, for example an Long Short-Term Memory (LSTM)

recurrent NN [166]. These are powerful tools for learning autocorrelation in time series and

well suited to discovering patterns of behavior in parking occupancy over time. The use of

an LSTM, however, in many publications like [166] is not robust to external pressures on

parking demand, like price or policy changes without an underlying model of how the system

operates—this would otherwise neccessitate retraining the LSTM. In this work we develop

a queueing theoretic model which 1) attempts to model the actual underlying system [20]

while also being amenable to the large amounts of transaction data at hand from which

model parameters are learned statistically. This has provided us with an opportunity to

answer long-standing questions about congestion effects in transportation engineering [176].

This is not to be taken as an indictment of the usage of LSTM’s in this instance, but it calls

into question in the value of its use to transportation engineers and policy makers.

The same can be said of power demand in electrical grids an buildings: numerous works

take advantage of deep NN’s like LSTM’s in order to forecast energy consumption [127].

These works often do not take into account the physics of power flow as input features (as

we do in our electrical grids case study in Chap. 3. In the case of applying transfer learning

in buildings, we start from basic assumptions about the thermodynamic physics of building

climate control and HVAC operations. By considering the physics and external factors
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of the underlying systems forecasts are based on, we are able to derive results with more

flexiblity and adaptability for control purposes. This will become increasingly important for

the effect application of statistical and machine learning and civil infrastructure and emerging

technologies, like the electrification of transportation, challenge fundamental operational

assumptions and rely on the actual physics of the underlying system. This can be accounted

for by incorporating domain knowledge and making informed model choices.

5.2 Conclusion

In sum, this work presented three carefully tailored combinations of domain-aware system

models, available data, and machine learning techniques were presented. This work repre-

sents an acceptance of the challenge in utilizing these tools to improve the efficiency of our

built environments.

In the first case study, parameters for a queuing network are statistically learned from

municipally collected curbside parking transaction data to estimate congestion due to drivers

search for parking, and evidence is presented that these parking locations are probabilistically

dependent. It’s shown this model is convex under concave price elasticity, and how this model

combined with transaction data can be used to implement parking price policy with respect

to congestion.

In the second case study, publicly available data is aggregated to analyze the predictability

of coincident peaks in electrical systems. In showing that these peaks can be predicted,

due to the growing demand responsiveness of consumers in these systems, the effectiveness

of coincident peak pricing mechanisms are analyzed. It is show how both small and large

consumers can mitigate these prices, and that while reducing system peaks, correlated players

can lead to negative outcomes for consumers in some cases.

In the last case study, a Bayesian fault detection classifier is derived for a kernel regression

model of HVAC systems operations. It is demonstrated how a kernel regression currently

utilized in control contexts is amenable to transfer learning techniques in the case of fault

detection. It’s shown that a classifier for fault detection learned on a building with an
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abundance of data from a large number of HVAC and building energy sensor readings can

be used to transfer to a building with far fewer samples to achieve comparable accuracy.
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queueing network models with finite capacity queues for software architectures perfor-
mance prediction. Performance Evaluation, 51(2-4):269–288, 2003.



104

[25] Forest Baskett, K Mani Chandy, Richard R Muntz, and Fernando G Palacios. Open,
closed, and mixed networks of queues with different classes of customers. Journal of
the ACM (JACM), 22(2):248–260, 1975.

[26] Gloria G Bender and Kuo Y Chang. Simulating roadway and curbside traffic at las
vegas mccarran international airport. IIE Solutions, 29(11):26–32, 1997.

[27] Dimitri P Bertsekas and John N Tsitsiklis. Neuro-dynamic programming, volume 5.
Athena Scientific Belmont, MA, 1996.
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Appendix A

A.1 Proof of Proposition 2.1

Proof. Some algebra on (2.6) gives

k!(y − λ)
∑k

i=0
ρi

i!
= yρk

The yk+1

µk
and yρk terms cancel, and we have a polynomial with degree k

k
µk−1 − λ

µk

k!
yk +

k−1
µk−2 − λ

µk−1

(k − 1)!
yk−1 + · · ·+ (1− λ

µ
)y − λ = 0. (A.1)

Descartes’ rule of signs [131] states that ordering the terms of a given polynomial from

highest degree to lowest degree, the number of real positive roots is related to the number

of sign changes. Let n be the number of sign changes (from positive to negative), then the

only possible number of positive roots to this polynomial are n, n−2, n−4, . . . and so on. In

particular, if n = 1, then the polynomial has one and only one positive root. Applying this

to the polynomial in (A.1), we notice the sign of the coefficients are determined by µk − λ,

µ(k − 1)− λ, µ(k − 2)− λ and so on, until the constant term −λ. By assumption, λ < µk,

so the first coefficient is positive. By assumption, λ > 0, so the last coefficient (constant

term) is negative. Then for any λ ∈ (0, µk), it causes at most one sign change of the other

coefficients.

So n = 1 for all possible λ ∈ (0, k), and there is a unique positive solution to y.

To show that y > λ, let f(y) be the polynomial in (A.1). We have f(0) = −λ < 0,

and f(z) > 0 for sufficiently large z (positive coefficient on yk term). Since there is only

one positive solution, it suffices to show that at f(λ) < 0. It turns out that f(λ) has a
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telescoping sum, and

f(λ) =
∑k

i=1
λi

(i−1)! −
∑k

i=1
λi+1

i!
− λ

= λ− λk+1

k!
− λ

< 0.

A.2 Proof of Proposition 2.2

Proof. Let us first examine the coefficients of yk. WLOG, assume µ = 1. We have the

following sequence:

s = {−uk, 1− uk, 2−uk
2!
, . . . , k−uk

k!
} (A.2)

We will show that if u ∈ [0, 1), k ∈ Z+, the sequence (A.2) undergoes exactly 1 sign change,

and again apply Descartes’ rule of signs. Observe that s0 < 0 for any allowable values of u

and k. Further, observe that sk = (1− u) ((k − 1)!)−1.

By induction, sk will always be positive for any value of k. If k = 1, then s1 = (1−u)(1)−1,

and since u ∈ [0, 1), s1 > 0. Assume this is true for k, then for k + 1, sk = (1− u) (k!)−1,

so that we have that sk+1 > 0. It now suffices to show that {s} can only undergo one

sign change as we increment i. For some k, the i–th element of {s} is si = (i− uk)(i!)−1.

Fix k. While the denominator of the sequence is itself increasing with i (meaning {s} need

not be monotonic), it is strictly positive. We need only look at the sign of the numerator.

In particular, uk is fixed between [0, 1) · k = [0, k), and i is the set of indices between [0, k].

The sequence (A.2) will be negative until i > bukc, and since bukc < uk, we are ensured

there is only one sign change and we again invoke Descartes’ rule.

A.3 Proof of Theorem 2.1

Proof. Let x = ku. Then we can think of (2.8) as

F (y, x) = ( x
k!
− 1

(k−1)!)y
k + · · ·+ ( x

2!
− 1)y2 + (x− 1)y + x (A.3)
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Implicit differentiation of (A.3), written as ∂F
∂x

+ ∂F
∂y
· y′ where y′ = dy/dx, gives

0 = (y
k

k!
+ · · ·+ y + 1) + (( 1

(k−1)! −
x
k!

)kyk−1+

· · ·+ (1− x))y′ (A.4)

Noting that ∂F
∂x

(y) = yk

k!
+ · · ·+ y+ 1 and ∂F

∂y
(x, y) = ( 1

(k−1)! −
x
k!

)kyk−1 + · · ·+ (1−x) so that

y′ = −∂F
∂x
· (∂F
∂y

)−1 (A.5)

Proposition A.1. Let (x, y) be a positive solution to F (y, x) = 0, then y′ evaluated at that

solution is positive.

We first show the theorem assuming the proposition is true. We can similarly compute

the second order implicit derivative d2y/dx2; indeed,

y′′ =

∂F
∂x
· (∂2F

∂y2
· y′ + ∂2F

∂x∂y
)− ∂F

∂y
· ∂2F
∂x∂y
· y′

(∂F
∂y

)2
(A.6)

Hence, if ∂F
∂x
· (∂2F

∂y2
· y′ + ∂2F

∂x∂y
)− ∂F

∂y
· ∂2F
∂x∂y
· y′ > 0 then y′′ > 0. We have

∂F

∂x
· (∂

2F

∂y2
· (−∂F

∂x
· (∂F
∂y

)−1)+ (A.7)

∂2F

∂x∂y
)− ∂F

∂y
· ∂

2F

∂x∂y
· (−∂F

∂x
· (∂F
∂y

)−1)

=
∂F

∂x
· (∂

2F

∂y2
· (−∂F

∂x
· (∂F
∂y

)−1) + 2
∂2F

∂x∂y
) (A.8)

=
∂F

∂x
· h(x, y) (A.9)

where h(x, y) = ∂2F
∂y2
· y′ + 2 ∂2F

∂x∂y
. Since ∂F

∂x
> 0, we focus on h(x, y): Now,

(
∂2F

∂x∂y
)(y) = ((k − 1)!)−1yk−1 + · · ·+ 1 (A.10)

and

−∂
2F

∂y2
= ( x

k!
− 1

(k−1)!)k(k − 1)yk−2 + · · ·+ 2(x
2
− 1) (A.11)
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Collecting all the x terms in ∂2F
∂y2

we can define

h̃(x, y) = x
(k−2)!y

k−2 + · · ·+ x. (A.12)

Since F (y, x) = 0, we have

x
k!
yk + x

(k−1)!y
k−1 + · · ·+ x = 1

(k−1)!y
k + · · ·+ y (A.13)

so that

h̃(x, y) + x
k!
yk + x

(k−1)!y
k−1 − x

k!
yk − x

(k−1)!y
k−1

= 1
(k−1)!y

k + · · ·+ y − x
k!
yk − x

(k−1)!y
k−1

Then,

∂2F

∂y2
= x

k!
yk + x

(k−1)!y
k−1 + k

(k−2)!y
k−2 + · · ·+ 2

− 1
(k−1)!y

k − · · · − y.

so that

h(x, y) = 2
(k−1)!y

k−1 + · · ·+ 2−
(

1
(k−1)!y

k + · · ·+ y − x
k!
yk

− x
(k−1)!y

k−1 − k
(k−2)!y

k−2 − · · · − 2
)
y′

= y′
(
x
k!
− 1

(k−1)!

)
yk

+ y′
(

2
(k−1)!y′ + x

(k−1)! −
1

(k−2)!

)
yk−1

+ y′
(

2
(k−2)!y′ + k

(k−2)! −
1

(k−3)!

)
yk−2

+ y′
(

2
(k−3)!y′ + k−1

(k−3)! −
1

(k−4)!

)
yk−3

...

+ y′
(

2
y′

+ 2
)
.

It can be shown that (y, x) is a pair such that F (y, x) = 0, then

2

y′
+ 1 ≥ x.
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Following the above inequalities and using 2
y′

+2 ≥ x, at the solution (y, x) where F (y, x) = 0

h(x, y) ≥ y′
(
x
k!
− 1

(k−1)!

)
yk

+ y′
(

x
(k−1)! −

1
(k−2)!

)
yk−1

+ y′
(

x
(k−2)! −

1
(k−3)!

)
yk−2

...

+ y′ (x)

= y′F (y, x)

= 0,

and y′′ ≥ 0 follows from h(x, y) ≥ 0.

Now we prove Prop. A.1. This lemma follows from the Gauss-Lucas Theorem [130],

which states that if p(z) is a polynomial with real coefficients with complex roots r1, . . . , rn,

then the complex roots of p′(z) is contained in the convex hull of r1, . . . , rn. For a fix x,

applying this theorem to ∂F
∂y

yields the fact that real parts of all roots of ∂F
∂y

is less than the

root of F (y, x). Since ∂F
∂y
→ −∞ as y → ∞, at the root of F (y, x), ∂F

∂y
≤ 0. By (A.5) and

the fact ∂F
∂x
> 0, y′ > 0.

A.4 Supplementary figures
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Figure A.1: Best, average, and worst expected travel time delays along 1st Avenue in Bell-
town given a volume of vehicles per 15 minute window. Points are data, while the lines of
best-fit are used as an approximate mapping between a traffic volume and expected delay.

Figure A.2: Sorted occupancies of all 256 Belltown blockfaces according to Fig. 2.7 with a
horizontal reference line at the 80% occupancy level. Notice less than 20% of block-faces in
Belltown are above the threshold to produce meaningful levels of congestion due to drivers
unable to find parking at that block-face. Thus only a fifth are responsible for congestion
due to drivers cruising for parking.
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Appendix B

B.1 Derivation of posterior probability Eqn. 4.8a

We show that (4.3) depends only on the entries of the normal operations state transition

matrix A and the sequence of observations (st, xt+1). Indeed, for a single point (s, x), the

classification rule (4.3) simplifies to,

0 ≶ Tr
[
(x− As)T (x− As)

]
− Tr

[
xxT + AAT − C−1DTD

]
− p log(|C−1|) (B.1)

where

C := (ssT + I) (B.2a)

D := (xsT + A) (B.2b)

In order to derive the equation found in (B.1), we need to compute (B.4a): the posterior

probability of the fault matrix Ã. An n×p matrix normal random variable Z ∼ N (M,U, V )

centered at M has a PDF of the form

P (Z|M,U, V ) =
1

(2π)np/2|V |n/2|U |p/2
e−

1
2
Tr[V −1(X−M)TU−1(X−M)] (B.3a)

This is a random matrix where each element zi,j is normally distributed around mi,j, with

row-wise covariance matrix U (n × n) and column-wise covariance matrix V (p × p). If we

assume the covariance matrices U and V are identity, then each element of Z is independent

of the others.

With an abuse of notation on the indefinite integral, a matrix normal prior on Ã with

identity row- and column-wise covariance, the conditional probability of observed x given s

is given by,
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P (x|Ã, s) =

∫
1

(2π)n/2
e−

1
2
Tr[(x−Bs)T (x−Bs)] 1

(2π)np/2
e−

1
2
Tr[(B−A)T (B−A)]∂B. (B.4a)

Tr
[
(x−Bs)T (x−Bs) + (B − A)T (B − A)

]
(B.5a)

= Tr
[
BTBxxT +BTB − 2BTyxT − 2BTA+ yyT + AAT

]
(B.5b)

= Tr
[
BTB(ssT + I)− 2BT (xsT + A) + (xxT + AAT )

]
, (B.5c)

and results in a square in terms of B. Letting p × p matrix C and n × p matrix D defined

as (B.2a) and (B.2b) respectively we have that

Tr
[
BTBC − 2BTD

]
+ Tr

[
(xxT + AAT )

]
− Tr

[
(xxT + AAT )

]
(B.6a)

= Tr
[
C(B −DC−1)T (B −DC−1)

]
− Tr

[
(DC−1)TD

]
+ Tr

[
(xxT + AAT )

]
(B.6b)

Note that the first trace term in (B.6b) contains the only term with B. We can factor

the second and third trace terms out of the integrand in (B.4a). Indeed,

P (x|Ã, s) =
1

(2π)n/2
e−

1
2(−Tr[(DC−1)TD]+Tr[xxT+AAT ])

·
∫

1

(2π)np/2
e−

1
2
Tr[C(B−DC−1)T (B−DC−1)]∂B (B.7a)

Let,

H :=
1

(2π)n/2
e−

1
2(−Tr[(DC−1)TD]+Tr[xxT+AAT ]). (B.8)

C is analagous to the column-wise covariance V size p×p. Noting that C is always invertible

and also size p×p, we re-scale the integral by |C−1|p/2 such that it evaluates to 1 (by definition

in (4.7a)), thus we have that,
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H

∫
1

(2π)np/2
e−

1
2
Tr[C(B−DC−1)T (B−DC−1)]∂B (B.9a)

= H|C−1|p/2
∫

1

(2π)np/2|C−1|p/2
e−

1
2
Tr[C(B−DC−1)T (B−DC−1)]∂B (B.9b)

= H|C−1|p/2 · 1. (B.9c)

B.2 Derivation of posterior probability with column-wise prior covariance

Here we take the matrix normal random variable X to have the following distribution with

with non-unit column-wise variance:

P (X|A, I, V ) =
1

(2π)np/2|V |n/2|I|p/2
e−

1
2
Tr[V −1(X−A)T I−1(X−A)]. (B.10)

With an abuse of notation on the bounds of integration, the probabilities that a system is

operating under a faulty state transition matrix or not are

P (y|x,A) =
1

(2π)n/2
e−

1
2
Tr[(y−Ax)T (y−Ax)] (B.11a)

P (y|x, Ã) =

∫
1

(2π)np/2
e−

1
2
Tr[(y−Bx)T (y−Bx)]

· 1

(2π)np/2|V |n/2
e−

1
2
Tr[V −1(B−A)T (B−A)]dB (B.11b)

Looking at the exponent in (B.11b):

− 1

2
Tr
[
(y −Bx)T (y −Bx) + V −1(B − A)T (B − A)

]
(B.12a)

− 1

2
Tr
[
(y −Bx)T (y −Bx) + (V −1B − V −1A)T (B − A)

]
(B.12b)

= −1

2
Tr
[
BTBxxT +BTBV −1 − 2BTyxT − 2BTAV −1 + yyT + AV −1AT

]
(B.12c)

= −1

2
Tr
[
BTB(xxT + V −1)− 2BT (yxT + AV −1) + (yyT + AV −1AT )

]
(B.12d)

(B.12e)
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To isolate B we complete the square. Let:

C := (xxT + V −1)(p×p) (B.13a)

D := (yxT + AV −1)(n×p) (B.13b)

and the computation carries through just as B.6b in Appendix Sec. B.1.


