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It is no secret that there is significant room for improvement when it comes to security at 

airports and other secure locations. One area with considerable room for improvement is in 

passenger screening for the presence of illicit materials. Traditional swabbing methods used for 

sampling can be inconvenient and ineffective. Non-contact sampling can offer improvements over 

traditional sampling methods by increasing speed and effectiveness. Aerodynamic sampling uses 

a combination of impinging jets to remove particles from the surface of interest and suction to 

direct the removed particles onto a collection substrate or directly to a detector of choice. This 

offers improvements over swabbing, as there is less room for contamination of the sampling 

substrate, removes user bias, and allows for sampling of larger areas in less time. To design an 

effective non-contact surface sampler, one must characterize several distinct phenomena; the flow 

field of impinging jets, the necessary flow conditions for the removal of micro-particles resting on 



 

a surface, and the aerodynamic forces experienced by particles under these conditions. This 

dissertation focuses on (i) characterization of wall shear stress from axisymmetric underexpanded 

impinging jets, (ii) development of equations for the wall jet velocity profile and wall shear stress 

of planar underexpanded impinging jets, (ii) development of a method for calculating the adhesion 

force of spherical microparticles, and (iv) formulations of aerodynamic forces on non-spherical 

particles in a boundary layer.
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Chapter 1. INTRODUCTION  

Aerodynamic particle resuspension is relevant in studies across scientific disciplines. From 

the spread of infectious disease to the cleaning of microelectronics, understanding how particles 

resting on a surface will behave when exposed to a flow field is essential. One field where studying 

aerodynamic particle suspension can have a significant impact, and is the focus of this work, is the 

detection of illicit material and specifically the detection of trace amounts of explosives. There is 

a need for improvement in the ability to sample and detect explosive residue at airports and other 

checkpoint and screening applications.1  

Trace amounts of energetic particles will be abundant on the hands, clothes, and luggage of 

individuals who have been handling explosives, and thus can be detected via sampling of these 

surfaces. Current protocol for trace explosive detection is to use a contact tracing method known 

as the “swab test” in which the surface of interest is swabbed by hand with a material such as nylon 

or cotton, which is then placed in a benchtop detection device. This method is subject to 

contamination, inconsistency through human error, high variance depending on the surface of 

interest, and general poor performance. There is also a need to sample large surfaces at security 

checkpoints such as large pieces of luggage or entire vehicle surfaces; sampling of these large 

surfaces is simply infeasible via current swabbing methods. Non-contact aerodynamic sampling 

potentially offers upgrades over contact sampling in all of these areas as well as speed, ease of use 

and efficiency1.  

While aerodynamic sampling is promising, it involves complex phenomena and thus 

requires thorough investigation to optimize the design of an aerodynamic particle sampler. There 

has been substantial research into microparticle resuspension via impinging jets 2,3 demonstrating 

the potential for aerodynamic sampling, but these studies are limited to low-pressure jets and 



 

spherical glass or polystyrene particles. Trace explosive residue particles are irregularly shaped, 

are especially adhesive 4, and require high pressure, under expanded jets for removal5,6. Thus it is 

essential to understand both (i) the flow dynamics of underexpanded impinging jets and the 

resulting wall jet flow and (ii) the forces on particles resting in the resulting wall jet boundary 

layers. This thesis focuses on the use of extensive computational studies to parametrically 

characterize both the flow field of underexpanded impinging jets and the flow field of a 

microparticle in a boundary layer.  

The second chapter of this thesis explores underexpanded axisymmetric impinging jets. 

Through an extensive computational study, the author was able to develop a set of equations for 

mapping the wall shear stress along the impingement surface as a function of nozzle parameters: 

nozzle pressure ratio, nozzle diameter, and standoff height. These equations can be used to predict 

wall shear at any location on the impingement surface stress within a mean error of 4%.  

Chapter three utilizes computational fluid dynamics to study the flow field of 

underexpanded planar impinging jets through the lens of wall jet self-similarity. The computational 

study provides a data set to confer the wall jet resulting from underexpanded impinging jets follow 

the same self-similar structure of traditional wall jets. Thus, it allows for the use of similarity 

parameters such as friction velocity and maximum wall jet velocity and location, to map out the 

entire wall jet velocity field. The chapter lays out a set of equations for predicting these similarity 

variables as a function of jet parameters and location on the impingement surface. Using source 

dependent power-law relationships, the similarity variables can be predicted within a mean 

deviation from the CFD of only 3%. These similarity variables can then be used to calculate the 

entire wall jet velocity profile, including the wall shear stress, at any location downstream of 

impingement. This insight is useful for designing aerodynamic sampling or cleaning devices as 



 

one can predict the flow field resulting from these jets with only the nozzle pressure ratio, jet width, 

and jet standoff height. 

In chapter four, the author shows the calculation of the forces acting on a particle during 

aerodynamic resuspension. This work combines computational and experimental study to 

determine the wall shear stress required to remove 50% of silica microspheres attached to the 

surface, then pairs that with a computational study that calculates the aerodynamic forces on a 

microsphere exposed to specific wall shear stress. A moment balance derived from the applied 

forces is used to solve for the adhesion force experienced by the particles. This work presents (i) 

a method for calculating adhesion force during rolling removal and (ii) presents results for how 

the adhesion of microspheres changes with its diameter. This is critical knowledge for determining 

the necessary flow conditions for particle removal. By understanding the forces acting on a particle 

during removal, and how they are affected by particle size, we can better understand the necessary 

design conditions for aerodynamic particle sampling. 

Chapter five details the development of a set of equations for calculating the drag and lift 

coefficient for prolate spheroids resting in a turbulent boundary layer. Direct numerical simulations 

were conducted for prolate spheroids attached to a wall in a linear shear flow across several 

parameter. The parametric study provides a data set for fitting equations for drag and lift based 

upon the orientation angles, Reynolds numbers, and particle aspect ratios. These equations allow 

for the calculation of drag coefficient within a mean deviation from DNS of 0.8% and the 

calculation of the lift coefficient within a mean error of 4.4%. As particles of interest are typically 

non-spherical, it is important to understand the aerodynamic forces acting on prolate particles 

based on their orientation and aspect ratio. 



 

The combination of these chapters present an extensive work on the fluid dynamics of 

aerodynamic particle resuspension. By characterizing the flow field of underexpanded impinging 

jets and a comprehensive study of the forces acting on particles the author has laid the groundwork 

for non-conact particle sampling devices.  

 

 

 

 

 

 

 

 

 

 

 

 

 

  



 

Chapter 2. CHARACTERIZATION OF WALL SHEAR STRESS  

FROM UNDEREXPANDED AXISYMMETRIC IMPINGING JETS  

This analysis is published in the Journal of Fluids Engineering7 The CFD simulations we 

performed with the assistance of Mr. Hari Murali8, and the CFD computation results are presented 

here for completeness. 

In this chapter, wall shear stress is characterized for underexpanded axisymmetric 

impinging jets for the application of aerodynamic particle resuspension from a surface. Analysis 

of the flow field resulting from normally impinging axisymmetric jets is conducted using 

Computational Fluid Dynamics. A normally impinging jet is modeled with a constant area nozzle 

while varying the height to diameter ratio (H/D) and the inlet pressures. Schlieren photography is 

used to visualize the density gradient of the flow field for validation of the CFD. A Dimensionless 

Jet Parameter (DJP) is developed to describe flow regimes and characterize shear stress. The DJP 

is defined as being proportional to the jet pressure ratio divided by the H/D ratio squared. 

Maximum wall shear stress is examined as a function of DJP with three distinct regimes: (i) 

subsonic impingement (DJP<1), (ii) transitional (1<DJP<2), and (iii) supersonic impingement 

(DJP>2). It is observed that wall shear stress is limited to a finite value due to jet energy dissipation 

in shock structures, which become a dominant dissipation mechanism in the supersonic 

impingement regime. Additionally, the formation of shock structures in the wall flow were 

observed for DJP>2, resulting in difficulties with dimensionless analysis. In subsonic 

impingement and transitional regimes, equations as a function of the DJP are obtained for the 

maximum wall shear stress magnitude, maximum shear stress location, and shear stress decay. 

Using these relationships, wall shear stress can be predicted at all locations along the impingement 

surface. 



 

2.1 INTRODUCTION 

Impinging jets are used for a wide range of engineering applications, which include the 

cooling of electronic components, surface cleaning in the microelectronic industry, and annealing 

processes. These jets also have the potential to allow for the rapid collection of the trace amounts 

of illicit materials. Although not related to particle sampling, the behavior of impinging jets has 

been studied extensively for the application of vertical aircraft takeoff. These studies are associated 

with the underexpanded jets with an exit pressure of at least 1.87 times the ambient pressure. These 

high-pressure jets impinge on the surface and can produce high wall shear stress in the wall jet 

region. This shear stress is critical in dislodging particles from the surface. 

The basic structure of the impinging jet is shown in Figure 1.1. It is comprised of three 

characteristic regions that include the free jet region (under the nozzle), the stagnation zone (the 

region of contact with the plate), and the wall jet region along the plate. As the jet is 

underexpanded, it expands further outside the nozzle through a number of expansion and 

compression waves. This region of the flow is contained within the potential core in its free jet 

region and along with it, is a set of acoustic feedback loops formed on impingement against the 

plate. Henderson et al., Krothapalli et al. and Tam & Ahuja 9-11 are amongst the researchers who 

have examined the acoustics of impinging jets.  



 

 

Figure 1.1. Schematic diagram of a normal impinging jet. The flow consists of the free jet region, 

stagnation zone, and wall jet region. The boundary layer develops as jet impinges on the surface 

and creates the flow parallel to the surface. 

 

The experimental studies by Donaldson and Snedeker 12 using Schlieren gives a detailed 

insight into the complex shock structure of the supersonic jet. They examined the shock structure 

development and concluded that it primarily depended on the nozzle pressure ratio and the standoff 

distance of the jet. For a free jet without an impingement plate, the oblique shocks alone expand 

the flow and render the flow subsonic. This is seen in impinging jet configurations with high 

standoff distances. However, in some jet configurations, the airflow onto the plate may still be 

supersonic, and this leads to the formation of a normal shock ahead of the plate. Across this shock, 

the flow transitions to subsonic, and is deflected to the wall jet region near the plate. For higher 

standoff distances, maximum pressure occurs at the centerline of the jet on the impingement plate. 

For very small standoff distances, researchers have observed the formation of a stagnation bubble 

at the impingement region 13. For these cases, the maximum pressure was observed to occur off 

the center. 

A great deal of computational research is related to the supersonic impinging jet. Most of 

the CFD studies in this field 14-16 have employed the RANS models, which used lesser 



 

computational memory and time to yield good predictions with respect to the experimental data. 

Alvi et al. 14, looked at solving for the flow field using different turbulence models and compared 

them to experimental velocity measurements. They used 𝑘 − 𝜔 𝑆𝑆𝑇 and Spalart Allmaras with 

curvature correction and observed that they produced nearly identical results. While these studies 

are comprehensive and important to the understanding of underexpanded impinging jets, there is 

a lack of investigation into the wall jet region and, specifically, the wall shear stress developed 

along the plate. 

The problem has been investigated for subsonic and mildly sonic jets experimentally in the 

past. Young et al. 17 used oil-film interferometry to measure the shear stress from a supersonic 

impinging jet. The experiment was limited to a single jet pressure ratio, and therefore, one can not 

draw any conclusions on the effect of pressure on the flow characteristics of the impinging jet and 

on the wall shear stress, as well as the limits of the scope of the results to mildly sonic jets. Tu & 

Wood 18 conducted a comprehensive study of wall shear stress developed from a subsonic 

impinging jet, but their conclusions cannot be extrapolated to account for supersonic and 

compressible effects.  

Smedley et al. 19 and Phares et al. 20 investigated a normally impinging jet on a glass plate 

containing microspheres and used previous results of theoretical shear stress profiles, adhesion 

forces, and particle removal rates to infer shear stress along the plate. They determined that the 

maximum shear stress was directly related to the Reynolds Number of the jet and was directly 

proportional to the H/D ratio. They also concluded that the axial location of the maximum shear 

will be at r/H = 0.09 for all cases of the jet with H/D > 8. Their results find the shear stress to be 

directly related to particle forces, but do not account for compressibility and turbulent effects. 

These conclusions were produced for subsonic and nearly sonic jets, and its applicability for highly 



 

underexpanded jets, where the flow is compressible in the wall jet region, is uncertain. Shear stress 

is the correct parameter to analyze, but it must be used along with the entire boundary layer profile 

to understand the forces acting on the particle. 

Even with full confidence in the results discussed above, it still has been shown that the 

shear stresses obtained for the jets examined in these experiments and models do not reach the 

critical shear stress needed for the successful removal of typical explosive particles. Keedy et al.5 

used Birch’s 21 model for the virtual origin of underexpanded jets as their jet parameter (i.e., the 

origin of hyperbolic velocity decay) and demonstrated that trace explosive particles could only be 

removed if the impingement plate is within the distance of the virtual origin. The scenarios of 

interest have been extrapolated using a Mach number correction by Smedley et al. 19, but have not 

been investigated directly. Further investigation into underexpanded jets is necessary to determine 

the parameters of the impinging jet required to obtain the levels of shear stress needed for particle 

removal.  

2.2 METHODOLOGY 

The presented work is aimed at the characterization of wall shear stress resulting from the 

impingement of the normal axisymmetric jet and includes both numerical and experimental 

studies. Our research methodology consists of: (i) the development of the CFD model for an 

underexpanded air jet, (ii) the validation of the numerical results by comparison with Schlieren 

images, and (iii) the analysis of the CFD results to determine wall shear stresses over operational 

parameters of interest. Our numerical and the experimental matrix contains two jet parameters: 

nozzle pressure and the H/D. Only normal jets were considered in this study; a straight pipe with 

fully developed flow is used as a nozzle. We thus developed a Dimensionless Jet Parameter that 



 

quantifies the wall shear stress for any location on an impingement surface for a wide range of 

pressure ratios and H/D combinations. 

2.2.1 Computational Study 

A computational study provides an insight into the flow field with all its necessary 

characteristics: shock structures and the velocity field near the wall; this is a simple, yet effective, 

way to calculate wall shear stresses for a range of operational parameters. The computational 

analysis is performed using the commercial software code ANSYS FLUENT 16.2 and a cell-

centered finite volume approach. The steady-state Reynolds and Favre Averaged Navier-Stokes 

equations are solved to obtain the flow field. 

CFD solvers can be classified as two distinct families of schemes: pressure-based and 

density-based methods. Previously, pressure-based methods were created for incompressible flows 

and flows with low Mach number flows, while the density-based methods have typically 

dominated transonic and supersonic simulations encountered in traditional aerodynamics 

applications. In the pressure-based method, a pressure equation is derived from the continuity and 

the momentum equations in such a way that the velocity field, corrected by the pressure, satisfies 

the continuity. Whereas for the density-based solver, the solver solves the governing equations of 

continuity, momentum, and (where appropriate) energy and species transport simultaneously. 

Typically, the pressure-based solver was created for incompressible flows. But it has been 

modified through the introduction of pressure-velocity coupling, which solves for pressure from 

the continuity and momentum equations, taking into consideration the effect pressure has on both 

the velocity and density 22. This coupling uses either a pressure-based segregated algorithm or a 

coupled algorithm. The pressure-based coupled algorithm offers superior performance to the 

segregated algorithm and also aids with better numerical convergence. This forms an alternative 



 

to the density-based solver. Although nearly all numerical simulation cases in this work include 

the supersonic region Ma > 1, where density solver may be beneficial, the majority of the flow in 

the wall jet region is subsonic. Thus, the use of the coupled pressure-based solver is more 

appropriate for this study 23. A second-order scheme was used for the pressure, whereas a third-

order MUSCL scheme was used for density, momentum and turbulence, which was necessary to 

avoid the effects of numerical viscosity (associated with the first-order schemes) on the jet 

dissipation, as well as pressure strain relationship. Since the flow is also associated with changes 

in temperature, the Sutherland model, which is based on the on kinetic theory of ideal gases and 

an idealized intermolecular-force potential, is used for viscosity. 

The choice of the turbulence model takes into account the need to accurately capture the 

wall shear stress. Since the main focus of this analysis was on the wall jet region, we needed a 

model that resolves the viscous boundary layer well. The standard 𝑘 − 𝜔 model suffered from 

errors around the near-wall region, which was resolved using the modified using the 𝑘 − 𝜔 SST 

model 24. According to Catalano 25, as 𝑘 − 𝜔 SST is less stiff, it requires less computational effort. 

Based on the study by Alvi et al., 14 the 𝑘 − 𝜔 SST model showed results quite similar to the actual 

data obtained. Hence, the most suited option based on an accurately resolved flow field was the 

𝑘 − 𝜔 Shear Stress Transport model.  



 

 

Figure 2.1. Computational Domain (not to scale). Note that only half the domain is modeled due 

to the presence of symmetry. The inlet is supplied with gauge pressure, plate follows the model 

of a no-slip wall and outlet represents the open atmosphere (0 psig). 

A schematic diagram of the computational domain is shown in Figure 2.1 is used for 

simulations taking advantage of the jet’s axial symmetry. The nozzle radius (D/2) and the standoff 

distance to the impingement surface (H) were varied depending on the case. The converging 

section of the top wall does not represent the exact experimental setup but was introduced into the 

CFD to aid with the solution convergence by minimizing the exit plane flow recirculation. This 

converging section has very low velocities, and, as a result, does not change the boundary layer 

properties in the vicinity of the area of study. 

The mesh primarily comprises of quadrilateral elements, and for the majority of simulations, 

after conducting mesh independence studies, the size of the mesh is around 250,000 elements. To 

obtain the wall shear stress, the near wall properties have to be captured, and this is done by 

resolving the viscous sublayer. The viscous sublayer is of a thickness of 𝑦+ = 5. To resolve this, 

at least three cells have to be placed within this region, so that the mesh at the impingement surface 

is created such that its first grid point is located at a distance of 𝑦+ ≈ 1. The typical size of an 

element within the impinging surface is of the order of 1 micron. For the boundary conditions, the 



 

inlet of the domain is supplied with air at a specific gauge pressure measured experimentally by a 

pressure transducer. The impinging jet is kept open to the air and to model this, the outlet is kept 

far away from the inlet and is forced to be at atmospheric pressure (zero-gauge pressure). The axis 

of symmetry is conditioned to have no crossflow across it, and the walls are modeled as non-slip 

boundary.  

2.2.2 Experimental Setup 

The greatest uncertainties in the CFD simulations are the length and the structure of the 

supersonic jet region, and the interaction of the supersonic jet with the impingement plate. While 

there are several publications describing the interaction between the supersonic jet and the surface, 

these are limited to a few H/D ratios, and the jet pressures 15. To perform any meaningful 

comparisons between the CFD and the experimental fluid dynamics, we have designed and 

performed a series of flow visualization experiments (Fig. 2.2).  

 

Figure 2.2.  Schematic of Experimental Impinging Jet Setup. Supply pressure was regulated through 

the supply pressure gauge and measured precisely using an electronic pressure transducer. The flow 

was regulated using an AC solenoid. The flow field was then captured using Schlieren Imaging. 

 



 

A normal impinging jet system was built on the optical table. Two long constant diameter 

nozzles are used to allow for the flow to fully develop while the standoff distance and pressure are 

adjusted to match the designed parameters. The pressure is then controlled by a regulator 

connected to conditioned shop air (RH~0%). The timing is controlled by a solenoid valve operated 

by an arbitrary function generator. The 1-second pulse width was used in this study. The pressure 

transducer downstream of the solenoid valve is used to measure the pressure in the nozzle. This 

nozzle pressure was then matched to the CFD boundary conditions as the inlet nozzle pressure. In 

the experiments, the nozzle was at a fixed location, and the location of the impingement plate was 

adjusted to the desired height to diameter ratio (H/D) for the impinging jet.  

Schlieren imaging was used to visualize the flow patterns of the impinging jet. Schlieren 

imaging uses the refraction of light through media of variant density to visualize the density 

gradient of compressible flow. For our visualization, a z-type Schlieren setup was implemented. 

A halogen light bulb with a focusing lens and an optical slit was used as a point light source with 

spherical mirrors to collimate the light rays through the test section and to refocus the light onto a 

razor’s edge, which blocks the refracted rays, allowing the camera to capture an image of the 

density gradient 26. 

 
Figure 2.3. Schematic of the z-type Schlieren set up used to visualize the flow 



 

2.3 RESULTS 

2.3.1 Computational Model Validation 

The supersonic underexpanded jet is associated with a series of expansion waves at the 

exit of the nozzle, and may also be accompanied by a plate shock based on the ratio of the 

standoff distance of the jet to its diameter (H/D ratio). These formations are characteristics of the 

underexpanded jet, and hence validation of the CFD model would be obtained through an 

accurate prediction of the behavior in the under-expanded (supersonic) region of the jet—

specifically, within the interaction between the shock wave pattern in the presence of the wall. 

Figure 2.4 presents a schematic of an underexpanded impinging jet. 

 

 
Figure 2.4  Schematic of underexpanded impinging jet. Key characteristics are outlined. The 

presence of supersonic flow extending to the impingement point results in a normal plate shock, 

which dissipates energy, resulting in less efficient removal. If the pressure in the recirculation 

zone is high enough, a shockwave in the wall jet region may form. 

 

 



 

To examine the capabilities of the numerical simulation to reproduce the features of the 

flow, the CFD results are compared with the experimental data (in this case, Schlieren images). 

Thus, for the purpose of validation, the numerical simulation was run for the case of the H/D 

ratio of 5, with three different inlet pressures and their density contours compared against their 

Schlieren counterparts as shown in Figure 2.5. 

 

Figure 2.5  Density Contours of the CFD model and Schlieren Images at a height to diameter 

ratio of 5. The number of shock cells decreases with increasing pressure, but they get stronger. 

The oblique shock cells and the plate shocks produced by CFD are in agreement with the 

Schlieren images. 

 



 

The Schlieren images align quite well with the CFD contours. Similar results were 

obtained for an H/D of 10, but are omitted in the interest of brevity. The shock cells seem to 

decrease in number, but increase in strength as the inlet pressure is increased. As the H/D ratio is 

increased, more shocks cells formed in the free jet region. This comparison confirms that the 

chosen simulation approach is the appropriate tool for evaluating the flow field for an 

underexpanded impinging jet. 

2.3.2 H/D Parameter Validation 

The z-type Schlieren setup was used to examine the flow field of impinging jets of two 

different diameters and across a variety of the pressure ratios to affirm the previously determined 

self-similarity parameter of impingement height divided by jet diameter (H/D). 

 

Figure 2.6  Experimental Verification of H/D as a Similarity Parameter. Normally impinging jets 

of similar H/D, supplied with the same inlet pressure, produce the same flow pattern. 

 

The images from Figure 2.6 confirm the self-similarity of impinging jets using the height to 

diameter ratio. For each case of different pressure ratios, the relative size, location, and the 

number of shocks are the same.  



 

Previous researchers and the Schlieren images in Figure 2.6 have helped identify H/D as 

a similarity parameter. To be confident moving forward, the CFD model is used to verify H/D 

similarity by looking at the wall shear profiles for different jets with the same H/D ratio. Figure 

2.7 plots the profile of shear stress along the impingement plate for several different diameters 

with the height adjusted to maintain the same H/D. 

 

Figure 2.7  Experimental Verification of H/D as a Similarity Parameter. Normally impinging jets 

of similar H/D, supplied with the same inlet pressure of 40 psi, produce the same shear stress 

profiles but different maximum values. 

 

Figure 2.7 shows how the shear stress profiles are not identical across the three different 

jet diameters (changing the impingement height to keep the H/D constant), as was expected. 

After further investigation changing the diameter while fixing H/D does not affect the location of 

the maximum shear stress or how the sheer stress decays along the impingement surface. This 

means that when adjusting for diameter, only the magnitude of the shear stress must be 

accounted for. It was found that the maximum wall shear value for constant pressure and H/D 

scales with the inverse of the fourth root of the diameter such that: 
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The dependency of wall shear stress on jet diameter and height independently of the H/D 

ratio is due to the increase in turbulent or effective viscosity with larger Reynolds number, 

leading to more momentum loss in the impinging jet region. Moving forward, all simulations 

were conducted for a diameter of 2.12 mm, and all equations may be adjusted appropriately to 

specific applications.  

2.3.3 Wall Shear Stress 

On establishing confidence in the CFD model, forty separate cases are run, which span 

eight different H/D ratios (5, 10, 15, 20, 25, 30, 40, and 60) and five separate jet pressures 

(20:20:100 psig). Initially, the wall shear stress profiles were examined for all cases to 

understand the overall trends. Figure 2.7 shows these profiles for three H/D ratios across all 

pressures, by plotting 𝜏 against a normalized distance along the plate of the radial distances 

divided by the impingement height (r/H).  



 

 

Figure 2.7  Wall Shear Stress Distribution for H/D of 10, 20, and 30 at gauge pressures of 20, 40, 

60, 80, and 100 psig. The plots show the change in maximum wall shear stress magnitude and 

location. 

The effect of the increasing pressure ratios and increasing H/D on the wall shear is visible 

through Figure 2.7. As the inlet pressure is increased, the wall shear stress along the plate 

increases. And, similarly, wall shear stress is seen to increase as the standoff distance to the plate 

is decreased. Amongst the two parameters, the effect produced by changing H/D on the wall 

shear stress is greater than that caused by the inlet pressure, i.e., the decrease in H/D produces a 

larger increase in the wall shear than that produced by increasing the inlet pressure. This pattern 

is noted for all cases until supersonic flow begins to appear at the wall jet region, which is seen 

in Figure 2. 8 for H/D=10 and pressures of 80psi and 100psi.  

It is immediately noticeable for supersonic impingement that the location of the max 

shear is not consistent with regards to r/H as was found for subsonic jets 19, 20, and 17. There is a 



 

clear effect of pressure, as well as H/D, on the location of the maximum shear stress. This is 

especially true for the H/D = 10 case. In this case, supersonic flow is present in the wall jet 

region of the flow. The effect of the supersonic flow along the wall jet region is difficult to 

characterize and is thus beyond the scope of this paper.  

The goal of this research is to characterize the wall shear stress based upon the impinging 

jet parameters. When analyzing the trends, it was found that the peak wall shear can be directly 

related to a single dimensionless jet parameter.  We found that the maximum wall shear stress 

value tended to go as the inverse of (H/D)2 and is directly proportional to the ratio of the jet 

gauge pressure over the atmospheric pressure. We then investigated how to appropriately adjust 

the H/D ratio to obtain a certain shear stress at a variety of pressure ratios. Consistent with our 

expectations, if the pressure is decreased by a factor of “𝑋”, then to achieve the same wall shear 

stress, the H/D must be reduced by a factor of √𝑋. This led us to develop the dimensionless jet 

parameter:     

 𝐷𝐽𝑃 =
𝛼 ∗ (

𝑃𝑔𝑎𝑢𝑔𝑒
𝑃𝑎𝑡𝑚

)

(
𝐻
𝐷)

2  (2.2) 

Where 𝛼 = 46.3 normalizes, from zero to one, the range where the DJP can be accurately used to 

characterize the impinging jet. The physical representation of 𝐷𝐽𝑃 = 1 is that the length of the 

supersonic region of a free (non-impinging) jet at the given pressure ratio would be at the 

standoff distance of the jet.  



 

 

Figure 2.9  Maximum wall shear stress vs. DJP with lines separating the subsonic, transitional, and 

supersonic wall regions. For DJP greater than 1, the maximum shear stress asymptotically 

approached the maximum value limit.  

Figure 2.9 displays all scenarios of the underexpanded impinging jet examined for this 

work. The three distinct regimes can be seen clearly in Figure 2.9. An exponential trend line is 

developed in Eq. (3) to capture the entire range of DJP’s. This trend is not accurate enough to be 

used for small values of DJP, but works in the transitional regime, capturing the maximum value 

in the supersonic impingement regime.  

 𝜏𝑚𝑎𝑥 = 1780( 1 − 𝑒−(0.775∗𝐷𝐽𝑃)
1.57
) (2.3) 

When removing the data points with DJP greater than unity, a more accurate trend can be 

defined with a second-order polynomial fit. For comparison, we plotted our models with the 

equation for maximum shear stress using the Mach number correction developed by Phares et al. 

20.  



 

 

Figure 2.10  Plot of the Variation of Peak Wall Shear Stress with the Dimensionless Jet Parameter 

with data using the equations developed by Phares et al. 

It is clear that the results from Phares et al. 20 cannot be consistently extended to 

underexpanded impinging jets. Using the Dimensionless Jet Parameter, we can accurately 

determine the maximum shear stress from underexpanded impinging jets using a single quadratic 

trend line equation, as shown in Figure 2.10 with Eq. (4). The trend was expected to be linear, 

but at the higher pressures and smaller H/D, the flow is compressible on the impingement plate, 

and these effects are most likely responsible for the second-order relationship. The trend 

represents all of the data for 𝐷𝐽𝑃 < 1 within 5% of the computed value.  

 𝜏 𝑚𝑎𝑥 =  327.01 ∗ 𝐷𝐽𝑃2 + 526.98 ∗ 𝐷𝐽𝑃    (2.4) 

 For the application of particle removal, it is important not only to know what the 

maximum shear stress magnitude, but also the location of the maximum and the rate of decay of 

the shear stress on the impingement plate. In the subsonic impingement regime, the square root 

of the DJP was shown to be linearly related to the location of the maximum shear normalized by 



 

the impingement height of the jet. In the transitional and supersonic impingement regimes, the 

max shear location was shown to move inside the radius of the jet and becomes unpredictable 

using the DJP. 

 

Figure 2.11  Plot showing the effect of the Dimensionless Jet Parameter on the Peak Wall Shear 

Location 

To better represent the physics of the impinging jet, the radius of the jet is subtracted 

from the radial location of the max shear. The trend line for the max shear location is given by 

Eq. (5). As the 𝐷𝐽𝑃 goes to zero, the peak location approaches the tangent of 7.5°, which is the 

spreading angle for subsonic jets, thus being the limit for the location of the maximum shear. It 

should also be noted that as the length of the supersonic region approaches the impingement 

height, the location of the max shear approaches the radius of the jet. This is because the 

supersonic region of the jet does not expand as the subsonic region does. The compressibility of 

the air at high velocity is responsible for the shifting of the maximum shear location towards the 

impingement point as DJP increases. 



 

 
(𝑟𝑚𝑎𝑥 − 𝑅)

𝐻
= tan(7.5°) −  0.11 ∗ √𝐷𝐽𝑃 (2.5) 

                         

 

Now that we can locate the maximum wall shear, we can determine how the shear decays along 

the plate. We define a new variable 𝑟∗, where 𝑟∗  =  1 at the location of the maximum shear for 

each case, and zero at the center of the impingement point of the jet. 

 𝑟∗ =
𝑟

𝑟𝑚𝑎𝑥
  (2.6) 

         

Using the 𝑟∗ variable, we can then characterize the decay of the shear stress on the plate. 

A 
1

𝑟∗2
 relationship was initially assumed for the decay, but it was found that an exponential decay 

more accurately depicts the decay of the shear stress. We then use an equation to characterize the 

shear stress away from the peak location. 

 𝜏 = 𝜏𝑚𝑎𝑥 ∗ 𝑒
𝛽(1−𝑟∗) (2.7) 

Using Eq. (7), 𝛽 was optimized for minimum error in the shear stress profile for each case run on 

our model. It was found that 𝛽 is also directly related to the DJP. We could then come up with a 

trend for β and thus have the ability to determine shear stress along all of the locations of the 

plate based solely on the Dimensionless Jet Parameter. 



 

 
Figure 2.12  Effect of Dimensionless Jet Parameter on Exponential Jet Decay Factor 

The trend line from Figure 2.12 gives us Eq. (8), which allows us to determine the decay 

factor as a function of the DJP. 

 𝛽 =  −0.2204 ∗ 𝐷𝐽𝑃 +  0.5171 (2.8) 

 Using the trends developed for the maximum shear stress along the wall 𝜏𝑚𝑎𝑥, the maximum 

shear location 𝑟𝑚𝑎𝑥, and the exponential decay factor 𝛽, we can then use Eqs. (6) & (7)as a 

function of a single variable, DJP, to characterize the entire shear stress profile along the 

impingement plate for a wide range of underexpanded axisymmetric impinging jets.  

2.4 CONCLUSIONS FOR AXISYMMETRIC UNDEREXPANDED IMPINGING JETS 

In this chapter, we have developed the Dimensionless Jet Parameter that can be used to 

characterize the wall shear stress profile on the impingement plate for the wide range of flow 

conditions. The DJP includes two principle components: nozzle pressure to ambient pressure ratio 

and the nozzle stand-off to nozzle diameter ratio. The relationships presented in this work are valid 

for normal axisymmetric jet. The best agreement for all parameters is obtained when DJP value is 

directly proportional to the pressure ratio and inversely proportional to (
𝐻

𝐷
)
2

. The order of the 



 

terms is determined by their relationship to each other. For every factor of X that the pressure is 

increased, the H/D ratio needs to be increased by a factor of  √𝑋  to result in similar wall shear 

stress profiles. It was also found that the diameter of the jet has a slight effect on wall shear stress 

independently of the DJP. This relationship was found to be accounted for in a simple adjustment 

such that for a fixed DJP, the ratios of shear stress will be proportional to the inverse of the fourth 

root of the ratio of diameters. 

To indicate the valid operational conditions for developed relationships, DJP was 

normalized. The physical representation of DJP = 1 is that the length of the supersonic region of 

a free (non-impinging) jet at the given pressure ratio would be equal to the impingement height 

(or stand-off distance) of the jet. At DJP values greater than unity, supersonic flow in the wall jet 

region is observed experimentally and in the numerical simulations. The presence of the 

supersonic wall jet significantly complicated the analysis and hence the mapping of wall shear 

stress is restricted to subsonic flows of the wall jet. As a result,  the DJP has been normalized to 

be in a range of 0 to 1, beyond which the use of the DJP is not validated for use in locating wall 

shear stress. 

The maximum aerodynamic forces acting on the particle in the boundary layer will be at 

the location of the maximum shear stress assuming the viscous non-slip wall boundary layer 

condition. Finding the maximum values of the wall shear stress and its location is necessary for 

particle detachment studies and aids in the design of the non-contact sampling devices. The 

maximum wall shear stress in the subsonic impingement regime can now be calculated. The 

trend for maximum wall shear stress for lower values of DJP (0–0.2) is nearly linear. This 

corresponds to incompressible flow along the impingement surface. At higher values of 𝐷𝐽𝑃 (> 

0.2) the quadratic term is dominant. This term demonstrates that compressible flow along the 



 

wall allows for much higher shear stress, and more efficient transfer of shear stress for design 

criterion trade off ((H/D)2 and 𝑃𝑔𝑎𝑢𝑔𝑒/𝑃𝑎𝑡𝑚) than incompressible flow.    

It was also found that when the 𝐷𝐽𝑃 is greater than unity, there is a loss of return in the 

power requirement as the shear stress is limited due to the increase in energy dissipation in the 

normal (plate) shock wave that forms at the impingement point. In the transitional regime 

(1<DJP<2), the wall stress asymptotically approaches its maximum value limit. The maximum 

increase of the wall stress will be about 150% of the shear stress at DJP = 1. This is not well 

defined by the relationships developed in this work. In the supersonic wall flow region (DJP>2), 

the value of the maximum wall shear stress can be exceeded (though not significantly or 

predictably). To describe the supersonic wall jet region, additional CFD simulations and 

experimental validation experiments are needed. The non-slip assumption of the wall flow at the 

DJP>1 are not likely to be valid as the flow becomes unstable, which was observed by the high-

speed Schlieren visualization. This topic is beyond the scope of this manuscript. In addition, 

achieving the supersonic conditions at the surface is not practical for most engineering applications 

due to power and nozzle standoff requirement.  

For DJP<1, the location of the maximum shear stress was found to be consistent with the 

jet expansion angle. The radius of the nozzle is subtracted from the radial location of the max shear 

to account for the shift due to the nozzle geometry. As the 𝐷𝐽𝑃 approaches zero (low nozzle 

pressure and larger stand-off distance), the peak location approaches the tangent of 7.5°, which is 

a typical value for a spreading angle for subsonic jets. It should also be noted that as the length of 



 

the supersonic region approaches the impingement height, the location of the max shear 

approaches the radius of the jet. 

Observing the decay of the wall shear profile from its point of the maximum, an equation 

led to the derivation of an exponential decay equation. The decay factor for the exponent is also a 

function of the 𝐷𝐽𝑃 and, hence, using this similarity parameter, the shear stress along the plate can 

be mapped for different normally impinging jets.  

The limitation of the presented relationship is related to both operational and geometrical 

considerations. While these results are validated for the normal axisymmetric jet in subsonic 

impingement scenarios, several parameters can influence the maximum values and location of wall 

shear stress, as well as the wall shear mapping on the surface. Among these parameters are: (i) 

high Mach number (> 1) at the impingement location and the presence of shocks at the surface; 

although these were observed both experimentally and in the CFD simulation, their effect has not 

been quantified in this work. (ii) Nozzle shape and the nozzle aspect ratio affect flow conditions 

at the nozzle exit and, thus, will have an impact on the wall shear stress. A nozzle correction factor 

could be developed in future work to account for over-expanded nozzles. (iii) Jet angle will also 

have a significant impact on the wall shear stress.  

 

 

 

 



 

Chapter 3. WALL JET SIMILARITY OF IMPINGING PLANAR 

UNDEREXPANDED JETS 

This work is published in the International Journal of Heat and Fluid Flow27. 

Velocity profiles and wall shear stress values in the wall jet region of planar underexpanded 

impinging jets are parameterized based on nozzle parameters (stand-off height, jet hydraulic 

diameter, and nozzle pressure ratio). Computational fluid dynamics is used to calculate the velocity 

fields of impinging jets with height-to-diameter ratios in the range of 15 to 30 and nozzle pressure 

ratio in the range of 1.2 to 3.0. The wall jet has an incomplete self-similar profile with a typical 

triple-layer structure as in traditional wall jets. The effects of compressibility are found to be 

insignificant for wall jets with Ma<0.8. Wall jet analysis yielded power-law relationships with 

source dependent coefficients describing maximum velocity, friction velocity, and wall distances 

for maximum and half-maximum velocities. Source dependency is determined using the conjugate 

gradient method. These power-law relationships can be used for mapping wall shear stress as a 

function of nozzle parameters.  

3.1 INTRODUCTION 

Planar impinging jets have been studied extensively; their characterization is useful in 

biological, chemical, and engineering applications. These studies tend to focus on heat and mass 

transfer 28-31. The goal of this work is to analyze the properties of the wall jet originated from the 

impingement of underexpanded planar jets, with application to aerodynamic micro-particle 

sampling. Previous studies of underexpanded jets have generally been motivated by the flow 

dynamics and acoustics of short takeoff and vertical landing aircraft 9,10,32; thus, the jets of interest 

were axisymmetric, and the wall jet region has not been the primary focus. The main advantages 

of using underexpanded planar jets for the removal of micro-particles from a surface are: (i) planar 



 

jets provide an advantage over circular jets as the velocity in the wall jet sustains further from 

impingement, (ii) planar jets cover a larger area where the particle is removed, (iii) supersonic jets 

produce high wall shear stress in the wall jet region, (iv) isentropic nozzle relations allow for 

straightforward calculations of fluid properties at the jet exit, convenient for numerical and 

experimental studies.  

For characterization of aerodynamic particle resuspension, it is useful to characterize the 

wall shear stress resulted from jet impingement. Measurements of wall shear stress are 

challenging; for example, Young et al. 17 used oil-film interferometry to measure the shear stress 

from an impinging supersonic jet. Their experiment has shown promise, but oil-film interferometry 

is limited in its precision. Tu & Wood 33 conducted a comprehensive study of wall shear stress 

developed from a subsonic impinging jet using Preston and Stanton tube measurements, but their 

results were affected by the measurement apparatus, and their conclusions cannot be extrapolated 

for compressible jets. Velocity measurements near the wall can be used to elucidate the values of 

the shear stress. Loureiro 34 demonstrated Laser Doppler Anemometry (LDA) could be used to 

measure velocity within 50 micrometers of the wall accurately; but, in boundary layers with the 

necessary wall shear stress to remove trace explosive materials, the viscous sublayer may be only 

20 micrometers thick 35. In general, there is a scarcity of reliable wall shear stress data in the 

scientific literature, especially for compressible and planar impinging jets.  

3.2 WALL JET THEORY 

For mapping of flow properties near the surface and wall shear stress, it is useful to examine 

the wall jet portion of the flow from a similarity perspective. Figure 3.1 shows the schematic 

diagram of the impinging jet system. Similarity variables are obtained by normalizing by x-

dependent variables; 𝑦𝑚 - wall-normal location of maximum velocity, 𝑦1/2 - wall-normal location 



 

of half-maximum velocity in the outer layer, 𝑢𝑚 - maximum wall jet velocity, and 𝑢𝜏 - wall jet 

friction velocity. The planar turbulent wall jet has consistently been shown to have incomplete 

similarity, which is to say that a non-dimensional similarity solution cannot describe the velocity 

profile of the wall jet without Reynolds number or scale dependence. Thus, one must separate the 

wall jet into three regions: a self-similar wall layer where viscous forces are dominant, a self-

similar outer layer which behaves analogously to a free jet, and an overlap layer with source 

dependence where the velocity is closest to the maximum. A triple-layered incomplete similarity 

is achieved by matching the self-similar outer and wall regions with the overlap layer. Source 

dependence has been studied for true wall jets but is not defined for the wall jets resulting from 

impinging jets.  

 
Figure 3.1  Schematic of an impinging jet and the resulting wall jet. ℎ - standoff height, 𝑑 - jet 

hydraulic diameter, which is equal to twice the jet width for 2D planar jets,  𝑦1/2 - location of half 

maximum velocity, 𝑢𝑚 - maximum wall jet velocity, and 𝑢𝜏 - wall jet friction velocity.   

 

The equation of motion for the wall jet is defined as: 
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𝜌
] (3.1) 

𝑢 → 0 𝑎𝑠 𝑦 →  ∞;   𝑢 = 𝑣 = 0 𝑎𝑡 𝑦 = 0. 

As first proposed by Glauert 36, the equations of motion are assumed to be solved by outer and 

inner self-similar equations. The outer region becomes: 

𝑢 = 𝑢𝑚(𝑥)𝑓𝑜
′(𝜂) (3.2) 

𝜂 =
𝑦

𝑦1/2(𝑥)
. 

George et al. 37 demonstrated that the classical “law of the wall” coordinates for turbulent boundary 

layers can be used for turbulent wall jets:  

𝑢 = 𝑢𝜏(𝑥)𝑓𝑖(𝑦
+)  (3.3) 

𝑦+ =
𝑦𝑢𝜏(𝑥)

𝜈
. 

The properties of inner and outer regions need to be merged in what has traditionally been 

called the overlap region. George et al. 37 concluded that the overlap velocity profile could be 

accurately described in both inner and outer similarity coordinates, but Gertsen 38 demonstrated 

that the velocity in this overlap region could be more accurately described in the form of a defect 

law:  

𝑢 = 𝑢𝑚(𝑥) − 𝑢𝜏(𝑥)𝑓′(𝜂𝑚)  (3.4) 

𝜂𝑚 =
𝑦

𝑦𝑚(𝑥)
.  

The solutions to these similarity equations have been determined separately by George 37 

and Gertsen 38. In this work, we examine the x-dependent variables, which can be used to describe 

the rest of the flow field when determined. Thus, we are interested in developing relations for 



 

𝑦1/2,  𝑦𝑚,  𝑢𝑚, and 𝑢𝜏. For each of these variables, we will assume a power-law relation in x 39 with 

source dependent coefficients: 

𝑦1/2 ~ 𝛽1𝑥
𝛼1 ,    𝑦𝑚 ~ 𝛽2𝑥

𝛼2 ,     𝑢𝑚 ~𝑦1/2
𝛼3 ,     𝑢𝜏 ~ 𝛽4𝑥

𝛼4 .    

To determine the power-law exponents, one must determine proper scaling through 

dimensional analysis. In the description of the planar impinging jet, we consider seven parameters: 

𝑥~𝐿, the streamwise distance from the impingement point; 𝑦~𝐿, the distance from the 

impingement surface; ℎ~𝐿, the standoff height of the jet; 𝑑~𝐿, the jet hydraulic diameter; 

𝜌~𝑀𝐿−3, the fluid density; 𝜈~𝐿2𝑇−1, the kinematic viscosity; and  0~𝐿
1𝑇−1, the velocity at the 

jet exit. L, M, and T are the units of length, mass, and time, respectively. Using these variables for 

dimensional analysis yields the following non-dimensional groups: 

Π1 =
ℎ

𝑑
, Π2 =

𝑥

ℎ
, Π3 =

𝑦

ℎ
, Π4 =

 0𝑑

𝜈
.   

Narashima et al. 40 demonstrated that scaling x and y by the momentum flux of the source 

is effective when writing power-laws for the velocity in wall jets, while George et al. 37 defines 

the momentum flux per unit mass, 𝑀𝑜 =  0
2𝑑/2. In the study of underexpanded jets, one must 

consider the changes in density by defining the momentum flux as 𝐽 = 𝜌0 0
2𝑑/2. This 

normalization yields the following non-dimensional versions of 𝑥, 𝑦, 𝑢𝜏, and 𝑢𝑚: 

𝑋 =
𝐽𝑥

𝜌∞𝜇∞ 
, 𝑌1/2 =

𝐽𝑦1/2

𝜌∞𝜇∞ 
, 𝑌𝑚 =

𝐽𝑦𝑚
𝜌∞𝜇∞ 

,  𝜏 =
𝑢𝜏𝜇∞
𝐽

,   𝑚 =
𝑢𝑚𝜇∞
𝐽

 . 

It is important to note that this procedure does not account for all of the source dependence. 

To account for the incomplete self-similarity of wall jets, one must consider a Reynolds number 

associated with the jet width. To capture the physics of underexpanded jets, the nozzle pressure 

ratio (NPR) and standoff height to jet hydraulic diameter ratio considered: 



 

  𝑅𝑒𝑛 =
 0𝑑

𝜈∞
, 𝑁𝑃𝑅 =

𝑃0
𝑃∞
. 

Wygnanski et al. 41 established that 𝑌1/2, 𝑌𝑚,  𝜏,  and  𝑚 can be expressed as power-laws 

of the form: 

𝑌1/2 = 𝛽1𝑋
𝛼1   (3.5) 

𝑌𝑚 = 𝛽2𝑋
𝛼2  (3.6) 

 𝑚 = 𝛽3𝑌1/2
𝛼3   (3.7) 

 𝜏 = 𝛽4𝑋
𝛼4 .   (3.8) 

For the case of underexpanded impinging jets, we can assume each beta term is a function 

of the nozzle parameters 𝑅𝑒𝑛, ℎ/𝑑, and 𝑁𝑃𝑅 of the form 𝛽 = 𝑅𝑒𝑛
𝑎(ℎ/𝑑)𝑏𝑁𝑃𝑅𝑐. The alpha terms 

are assumed to be universal across all cases. By assuming solutions for the wall jet variables of 

this form, we can determine the exponents in the coefficients and the power-law exponents simply 

by linear least squares regression on the natural logarithm of equations 5-8, i.e.: ln(𝑌1/2) =

𝑎 ln(𝑅𝑒𝑛) + 𝑏 ln(ℎ/𝑑) + 𝑐 ln(𝑁𝑃𝑅) + 𝛼1ln (𝑋). 

While underexpanded impinging jets provide high wall shear stress, which is desirable for 

aerodynamic particle resuspension, flow in the wall jet region is compressible and has the potential 

to introduce complications in similarity formulations. The effects of density fluctuations on 

turbulence have been shown by Morkovin 42 to be negligible for compressible jets for 𝑀𝑎 < 1.5. 

The range of cases in this work is limited to subsonic wall jets (𝑀𝑎 < 0.8), so the turbulent 

properties are not likely to be affected by compressibility. However, mean density effects may still 

be important. Ahlman et al. 43 found, through a direct numerical simulation (DNS) study, that mean 

density effects were only significant in the wall-normal direction by comparing Reynolds and 



 

Favre averaged velocity profiles for the outer layer and comparing traditional wall coordinates 

with semi-local 44 and Van Driest 45 scaling. When examining velocity profiles, it was also found 

that mean density effects were minimal. Plotting profiles in Van Driest and semi-local scaling did 

not yield a noticeable improvement in similarity analysis, as shown in SI figures 1-3. For this 

reason, the effects of compressibility on wall jet similarity are not considered for the range of Mach 

numbers presented in this work. It is likely that this assumption is not valid for transonic and 

supersonic wall jets. 

3.3 COMPUTATIONAL STUDY 

3.3.1 Computational Method 

The scientific literature does not report the experimental data or results from DNS related 

to the wall jet developed from compressible impinging jets in the literature. To compute the flow 

properties needed for estimation of shear stresses, we use steady-state CFD simulation. While 

Shukla and Dewan 46 found that LES and DES can be accurate in predicting flow profiles, these 

methods are computationally intensive for a broad parametric study. Numerical simulations for 

this work were performed using ANSYS FLUENT 17.2 software and a 𝑘 − 𝜔 shear stress transport 

closure model. A pressure-based coupled solver is used with the QUICK (Quadratic Upstream 

Interpolation for Convective Kinematics) discretization scheme 47 to solve the steady-state Favre-

Averaged Navier-Stokes equations:  

𝜕(𝜌̅𝑢𝑖̃)

𝜕𝑥𝑖
= 0  (3.9) 

𝜕(𝜌̅𝑢𝑖̃𝑢𝑗̃)

𝜕𝑥𝑖
= −

𝜕𝑝̅

𝜕𝑥𝑖
+
𝜕𝜏𝑖𝑗̅̅ ̅

𝜕𝑥𝑗
−
𝜕(𝜌𝑢𝑖

′′𝑢𝑗
′′̅̅ ̅̅ ̅̅ ̅̅ ̅)

𝜕𝑥𝑗
  (3.10) 



 

𝜕

𝜕𝑥𝑗
(𝜌̅𝑢𝑗̃ (ℎ̃ +

1

2
𝑢𝑖̃𝑢𝑗̃) + 𝑢𝑗̃𝜌𝑢𝑖

′′𝑢𝑗
′′)

=  
𝜕

𝜕𝑥𝑗
(𝑢𝑖̃(𝜏𝑖𝑗̅̅ ̅ − 𝜌𝑢𝑖

′′𝑢𝑗
′′̅̅ ̅̅ ̅̅ ̅̅ ̅) − 𝑞̅ − 𝜌𝑢𝑗

′′ℎ′′̅̅ ̅̅ ̅̅ ̅̅ ̅ + 𝜏𝑖𝑗𝑢𝑖
′′̅̅ ̅̅ ̅̅ ̅ −

1

2
𝜌𝑢𝑗

′′𝑢𝑖
′′𝑢𝑖

′′̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ). 

 (3.11) 

Where, 𝑢̃ = 𝜌𝑢̅̅ ̅̅ /𝜌̅ and 𝑢′′ = 𝑢 − 𝑢̃. 𝜏𝑖𝑗 represents the viscous stress tensor.  

While turbulence closure models are known to be have specific weaknesses, especially 

when modeling impinging jets, Jaramillo et al. 48 demonstrated that 𝑘 − 𝜔 models can accurately 

calculate the mean flow of planar impinging jets when compared to DNS. The 𝑘 − 𝜔 shear stress 

transport (SST) model this work uses, solves the 𝑘 − 𝜖  closure equations away from the wall in 

the free stream and free jet portions of the flow, while using 𝑘 − 𝜔 near the wall to resolve the 

boundary layer. As demonstrated by Alvi et al. 49 and discussed by Fillingham et al. 7, the 𝑘 − 𝜔 

SST model 50 is a good choice for modeling underexpanded impinging jets while resolving the 

wall jet boundary layer.  Shukla and Dewan. 51 also found 𝑘 − 𝜔 SST to be superior to other 

closure models when considering planar impinging jets.  

Figure 3.2 shows the computational domain. The inlet boundary condition is defined as the 

exit of an isentropic nozzle where the flow is choked; thus, the boundary can be described by a 

total pressure and a static pressure where the total pressure is necessarily (for an ideal diatomic 

gas) 1.893 times the static pressure. The walls are modeled as isothermal, no-slip boundaries. The 

outlets are defined as atmospheric pressure outlets. The outlets are located at 50 jet hydraulic 



 

diameters (100 jet slot widths) from the jet axis corresponding to a minimum of 1.5 times the 

impingement height.  

 
Figure 3.2. Schematic of CFD domain and boundary conditions. Note that 𝑑 = 2𝑤 for an infinite 

planar jet, where d is the hydraulic diameter. 

 

The computational grid contains ~600,000 quadrilateral elements. At the impingement surface, the 

first node is at a constant distance from the wall and is placed within a 𝑦+ value of 1 at the 

maximum shear stress location, ensuring that the viscous sublayer is resolved for the entirety of 

the domain. The x-direction spacing is set to avoid the elements with an aspect ratio greater than 

50:1. Mesh independence was confirmed by doubling the number of elements; further mesh 

refinement did not affect the results. Table 3.1 shows the conditions used in the study. The range 

is chosen based on the wall shear stress required for microparticle resuspension 52,53. All cases 

result in a subsonic wall jet. For a supersonic wall jet, a separate characterization would be 

necessary; this is beyond the scope of the paper. 

Table 3.1. Summary of CFD Cases. 

h/d d (mm) NPR 

15, 17.5, 25, 30 1, 2 1.2, 1.6, 2.0, 2.4, 2.8 
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3.3.2 Computational Model Validation 

To evaluate the 2D assumption, a 3D simulation of the jet with an aspect ratio of 30 to 1 

was performed. As with the 2D simulation, the QUICK discretization scheme and 𝑘 − 𝜔 SST 

turbulence closure model were used. The 3D domain includes ~12 million elements with the first 

node in the wall-normal direction at 𝑦+ = 1. Figure 3.3 shows that the centerline profile of wall 

shear stress from the 3D simulation agrees well with the 2D simulations.  

 
Figure 3.3. Comparison of wall shear stress as a function of distance from impingement location 

for 2D and 3D simulations: h = 30 mm, d = 1 mm, and NPR = 2.0 from the 2D simulation and 

centerline profile from the 3D simulation.  

 

Validation of the CFD result is challenging in the absence of the experimental or DNS data 

for compressible planar impinging jets needed for direct comparison. To validate the model, we 

evaluated two flow regions: (i) impinging jet and (ii) wall jet region. Related to the impinging jet 

region, the implementation of the 𝑘 − 𝜔 SST jet was previously validated in the study of 

underexpanded axisymmetric jets. The shape and the shock structures of the impinging jet 

predicted by the 𝑘 − 𝜔 SST model were shown to be in excellent agreement with experimental 

observations from Schlieren photography 7. This provides confidence in the modeling accuracy of 

the supersonic region of the jet. Additionally, in this study, the CFD predictions were compared 



 

with normal pressure profiles on the impingement surface from pressure-sensitive paint (PSP) 

experiments. PSP utilizes the emission spectra of a luminophore by relating the emission intensity 

at specific wavelengths to the partial pressure of oxygen at the surface. Images were taken at wind-

on and wind-off conditions, and the intensity ratio of the images relate to pressure. Binary FIB 

PSP and a PSP-CCD camera from Innovative Scientific Solutions Incorporated were used. The 

calibration curve measurements for the PSP were provided by ISSI, as well. Evaluation of the 

numerical model was performed using oblique planar jet impingement against the PSP 

measurements. Oblique impingement results in an uphill shift in the impingement point from the 

geometric center 54. Figure 3.4 shows the CFD pressure profiles overlayed on the PSP 

measurements. The CFD simulations show agreement in shape and magnitude with PSP 

measurements of the pressure profile, allowing for confidence in the accuracy of the CFD in the 

impingement region.  

  
Figure 3.4. Normal pressure profiles from CFD (red) and pressure-sensitive paint (blue) 

experiments  for h = 30 mm, d = 1 mm, NPR = 1.0 with the impingement angle of 30 degrees (left) 

and 15 degrees (right).  

 

To evaluate the model accuracy in the wall jet region, the 𝑘 − 𝜔 SST model results are 

compared to two separate DNS studies. First, the model was used to replicate DNS data from 

planar impinging jet conducted by Jaramillo et al. 48 The authors report a wall jet velocity profiles 



 

at the locations downstream of the impingement point, up to 8 jet widths. Figure 3.5 (a) shows the 

velocity profile from DNS by Jaramillo et al. 48 and  𝑘 − 𝜔 SST are in good agreement. This 

agreement is closer for locations away from the impingement point, which is of the most interest 

in our study. Second, the model was evaluated against the DNS of a classical wall jet conducted 

by Naqavi et al. 55 The boundary conditions were matched to ensure the wall jet development was 

modeled accurately. Figure 3.5 (b-d) compares the development of the wall jet thickness, 𝑦1/2, the 

maximum velocity,  𝑚, and the wall shear stress, 𝜏. The 2D 𝑘 − 𝜔 SST model shows excellent 

agreement with both planar impinging jet 48 and wall jet DNS 55 studies. In summary, the 𝑘 − 𝜔 

SST was found to be an acceptable model for use in the parametric study of planar impinging jet 

due to its good agreement with the PSP measurements, Schlieren photography, as well as two DNS 

studies describing wall jet development.     
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Figure 3.5. Validation of 𝑘 − 𝜔 SST for impinging jet modeling (a) Comparison of the velocity 

profile at 8 jet widths downstream of impingement location against DNS from Jaramillo et al. 48. 

Comparison with wall jet DNS simulation from Naqavi et al. 55 (b) Decay of half maximum 

velocity location. (c) maximum velocity (d), and wall shear stress.  
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3.4 RESULTS 

3.4.1 Wall Jet Velocity Profiles 

Velocity profiles from the 2D impinging jet simulations are examined to determine the 

self-similarity of the wall jet region. Traditionally, the planar wall jet has been considered self-

similar in coordinates presented in Eq. 2. Wygnanski et al. 41 observed that normalization by 𝑦1/2 

and 𝑢𝑚 appears to yield similarity for the entire velocity profile; however, it was later 

demonstrated 37 that normalization by 𝑦1/2 and 𝑢𝑚 only yields similarity in the outer region (y > 

y1/2) of the jet. The velocity profile for the outer region is identical to that of a free jet and thus can 

be described by: 

𝑓𝑜
′ = 1 − (tanh𝑘𝜂)2  (3.12) 

𝑘 = atanh√
1

2
. 

Figure 3.6 illustrates the self-similarity in the outer region for three different geometries and NPRs, 

comparing the CFD simulations to the analytical solution in Eq. 12. The self-similarity develops 

downstream of the impingement point for 𝑥 ℎ⁄ > 0.2.    



 

 
Figure 3.6. Velocity profiles plotted in outer coordinates for four different cases vs. the 

theoretical profile (Eq. 12). Patterns demonstrate similarity independent of the geometry and 

nozzle pressure ratio. 

 

To examine similarity in the overlap layer, the coordinates described by Eq. 4 are used in a defect 

relation given by Eq. 13. Gertsen 38 developed an analytical expression for the velocity profile: 

𝑓′ = 
1

0.41
(− ln 𝜂𝑚 −

5

6
+
3

2
𝜂𝑚
2 −

2

3
𝜂𝑚
3 ). (3.13) 

In Figure 3.7, velocity profiles are plotted in defect coordinates for two geometries and two NPRs; 

the simulations are also compared with the analytical expression, Eq. 13. The overlap layer 

similarity takes longer to develop (𝑥/ℎ > 0.4) than the inner and outer layers. 



 

 
Figure 3.7. Velocity profiles plotted in defect coordinates for four different cases vs. the theoretical 

profile (Eq.13). Profiles demonstrate similarity independent of the geometry and nozzle pressure 

ratio.  

 

When examining the velocity profile in defect coordinates, it appears that similarity extends to the 

wall layer; however, the analytical expression for the velocity profile derived from the equations 

of motion does not apply for 𝑦+ < 30. To obtain similarity in the viscous wall layer, the velocity 



 

profiles are plotted in the traditional “law of the wall” coordinates. Figure 3.8 plots the wall layer 

for the same cases as Figures 6 and 7.    

 
Figure 3.8. Velocity profiles plotted in wall coordinates for four different cases. The 𝑦+ = 𝑢+ 

shown as the dash line. Profiles demonstrate similarity independent of the geometry and nozzle 

pressure ratio.  

 

Figure 3.8 demonstrates that the inner layer of the wall jet follows the traditional law of 

the wall, with a linear velocity profile in the viscous sublayer up to a 𝑦+ value of 5. This is 

important when considering particle removal as the linear velocity profile allows for the 

calculation of drag forces of particles in the sublayer with only knowledge of the wall shear stress. 

Figures 3.7 and .8 show that an analytical expression that characterizes the “buffer” region 

(between the linear and log law regions of the boundary layer) of the velocity profiles of the 

turbulent boundary layers does not exist. Plotting data in the established similarity coordinates 

shows that impinging jets produce wall jets in the same triple-layer structure demonstrated 

experimentally 56.  



 

3.4.2 Power Law Relationships 

After confirming the similarity of the wall jet velocity profile, the similarity variables from 

each computational case were calculated and then analyzed to obtain the source-dependent power-

law relationship as a function of x-coordinate for each similarity variables. Before calculating the 

power-laws, it is important to note that while the far-field conditions are not typically considered 

in the wall jet analysis, they are significant when determining the power-law exponents. As 

Gertsen 38  pointed out, his analysis is only valid in the absence of a perpendicular wall coincident 

with the source of the wall jet. The analysis of George et al. 37 considers the wall jet to be emerging 

from a perpendicular wall, and thus discrepancies between their power-law exponents are 

expected. An impinging jet should behave similarly to that of a wall jet emerging from a 

perpendicular wall. The available experimental and computational studies 57,58 that consider a wall 

jet emerging from a wall have all been conducted in closed water tanks, meaning they represent a 

confined jet scenario for both the top and side boundary conditions. In this study, unconfined jets 

are investigated; thus, we expect some variation in the power-law relationships developed in this 

work.  

The characteristic length of wall jet velocity profiles has been debated in the scientific 

literature 36-38. Generally, the distance from the wall in the outer region, where the velocity is half 

of the maximum (𝑦1/2), is used as the length scale. Though it was suggested that this choice is 

arbitrary, the use of 𝑦1/2 has repeatedly 40,41,58 shown to be useful in characterizing the similarity 

of wall jet velocity profiles. It was also demonstrated that momentum normalized 𝑦1/2 can be 

accurately described by a source dependent power-law in the 𝑥-direction with a virtual origin. 

Figure 3.9 plots 𝑌1/2 against 𝑋 for all geometries with 1 mm jet hydraulic diameter and all NPRs. 

Simulations show that a virtual origin is necessary for similarity, which is consistent with the 



 

previous reports 37,41. While there is not an obvious physical choice for the virtual origin of a 

traditional wall jet, the standoff height is a logical choice for impinging jets. Here, we define the 

virtual origin location as 𝑋0 =
−𝐽ℎ

𝜌∞𝜇∞
.  

 

 
Figure 3.9. Momentum normalized half velocity wall distance plotted against momentum- 

normalized x-location for all height-to-diameter ratios colored by the nozzle pressure ratio.   

 

Figure 3.10 (a) demonstrates the effectiveness of using standoff height as a virtual origin. 

The similarity is nearly obtained; however, an adjustment for source dependence based on nozzle 

pressure ratio improves the fit; 𝛽1 ~ 𝑁𝑃𝑅
0.15 yields a linear relation, as shown in Figure 3.11 (b).  



 

 
Figure 3.10. Momentum normalized Y1/2 plotted against the momentum-normalized x-location 

with a virtual origin at the jet nozzle location and analytical solution to Eq. 14: (a) without nozzle 

pressure source dependence adjustment; (b) with nozzle pressure source dependent adjustment.  

 

George et al. 37 proposed that the dependence of 𝑦1/2 on 𝑥 is necessarily non-linear but 

approaches linearity in the limit of 𝑅𝑒 → ∞; for the experimental case examined 𝛼1 = 0.97. 

Gertsen 38 suggested that a linear relationship should be expected, but this determination is 

dependent on the absence of a wall perpendicular to the wall jet source. Naqavi 55  found that for 

the case of co-flow the best fit was for 𝛼1 = 0.72; however, the maximum x-coordinate in the 

analysis was limited to forty jet widths, and the wall jet was not fully developed. Since the virtual 

origin was not considered, and the fit is weighted to the thinner boundary layer, the exponent is 

significantly different from the analytical expressions for fully developed flow 37, 38. In our 

analysis the wall jet is not constrained thus fully developed flow can be achieved; the least-squares 

analysis in this yielded  𝛼1 = 0.98.  

𝑌1/2 = 𝛽1(𝑋 − 𝑋0)
0.98 (3.14) 



 

𝛽1 = 0.083 ∗ 𝑁𝑃𝑅0.15  

In characterizing maximum velocity in the wall jet, a power-law based on a local length 

scale can be more accurate than one based on the global 𝑥-coordinate 37. Intuitively, 𝑦𝑚(𝑥) can be 

used as the length scale for characterizing 𝑢𝑚. However, 𝑦1/2(𝑥) has shown to have better a 

correlation; it is also easier to measure experimentally 58 and with DNS 55. George et al. 37 proposed 

that the decay exponent for 𝑢𝑚 as a function of 𝑦1/2 is universal for wall jets. Figure 3.11 plots 

momentum normalized maximum velocity against 𝑦1/2 with and without pressure source 

adjustment. Our calculations show that the NPR is the only source adjustment needed to obtain 

similarity in the wall jet, which is consistent with the findings that a power-law for maximum 

velocity based on the local length scale is universal 37.  

Figure 3.11. Momentum normalized maximum velocity plotted against momentum-normalized 

half-maximum velocity location: (a) without nozzle pressure source dependence adjustment; (b) 

with nozzle pressure source dependent adjustment and fit (Eq. 15). 

 

After adjusting for nozzle pressure ratio, the power-law for maximum velocity relation is: 



 

 𝑚 = 𝛽3𝑌1/2
−0.52 (3.15) 

𝛽3 = 0.0051 ∗ 𝑁𝑃𝑅0.15.  

The exponent for the decay of maximum velocity exponent 𝛼3 = −0.52, which is in 

good agreement with the analytical expression 𝛼3 = 0.527 37. The relationship between the local 

length scale and maximum velocity is one of the main characteristics of the traditional wall jets. 

The consistency with the literature provides evidence that wall jets developed from impinging 

jets exhibit the same length scale dependence as simple wall jets, regardless of far-field 

conditions.  

To use defect law coordinates, the maximum velocity location, 𝑦𝑚 as a function of 𝑥, must 

be characterized. The similarity of wall jets generally assumes the ratio, 𝛾 = 𝑦𝑚/𝑦1/2, to be 

constant, however, it is only strictly true as 𝑥 → ∞ 37,38. For impinging jets near the impingement 

point, this approach is not valid, thus a separate power-law for 𝑦𝑚 is required. Figure 3.12 (a) plots 

momentum normalized maximum velocity location against the momentum-normalized 𝑥, showing 

that a virtual origin is not necessary. The source dependence, as determined by a least-squares fit, 

is plotted in Figure 3.12 (b). The final expression for 𝑦𝑚 is: 

𝑌𝑚 = 𝛽2𝑋
0.49 (3.16) 

𝛽2 = 0.00027 ∗ 𝑁𝑃𝑅0.33 ∗
ℎ

𝑑

0.48

∗ 𝑅𝑒𝑛
0.85. 

The exponent for Ym in this work, 𝛼2 = 0.49, is lower than reported in the literature. Tang 

et al. 59 found 𝛼2 = 0.717 using LDA while Naqavi et al. 55 found 𝛼2 = 0.743 based on the DNS 

calculations. Tang et al. 59 conducted their experiments in an enclosed water tank while Naqavi et 

al. 55 used a coflow for the DNS. These far-field conditions significantly change the entrainment 

pattern. The jet would primarily entrain momentum from co-flow or large-scale structures moving 



 

in the x-direction, however, in the case of the perpendicular wall or impinging jet, the momentum 

must be entrained from the y-direction. This major difference in the entrainment pattern changes 

the wall development; the y-direction momentum entrainment hinders the wall jet spreading, thus 

reducing the location of the maximum velocity. To confirm this assumption, maximum velocity 

location data were taken from the velocity profiles provided by Shukla and Dewan 46. These data 

were fitted with a power-law with the same exponent as found in this work with the excellent 

agreement. 

Fluid compressibility did not have an appreciable effect on the decay analysis. Fitted cases 

for only 𝑀𝑎~0.3 and 𝑀𝑎~0.8 had exponents of 𝛼3 = −0.50 and 𝛼3 = −0.48, respectively, 

which is a small difference compared to the exponent found through DNS simulations of a wall jet 

reported in the literature 55.  

 
Figure 3.12. Momentum normalized maximum velocity wall-distance plotted against momentum 

normalized x-location: (a) without nozzle pressure source dependence adjustment; (b) with nozzle 

pressure source dependent adjustment and fit (Eq. 16). 

 



 

 Friction laws are generally expressed as a friction coefficient, which is a function of a 

local Reynolds number. For this work, the friction coefficient power-law works for 𝑥 ℎ⁄ > 1.0. 

Using the downstream data, a friction law has the best fit: 

𝑐𝑓 = (
𝑢𝜏
𝑢𝑚

)
2

= 0.0029𝑅𝑒𝑙
−0.19 (3.17) 

𝑅𝑒𝑙 =
𝑢𝑚𝑦1/2

𝜈0.5
. 

This formulation agrees with the existing literature 37,58,60. Friction laws in this form are 

inconsistent across experimental and DNS data, however, and are highly dependent on the 

momentum source; thus, for this work, friction velocity was characterized directly, similar to the 

maximum wall jet velocity. Figure 3.13 demonstrates the effect of the source term adjustment. 

Momentum normalized friction velocity can be expressed as: 

 𝜏 = 𝛽4𝑋
−0.3 (3.18) 

𝛽4 = 0.021 ∗
ℎ

𝑑

0.22

∗ 𝑁𝑃𝑅−0.07 ∗ 𝑅𝑒𝑛
−0.5. 

Note that it is difficult to obtain physical interpretations from the source dependent 

exponents, as there are insufficient analytical or experimental data of planar impinging jets. 

Further investigation is needed to gain insight into the source-dependent exponents.  



 

 
Figure 3.13. Momentum normalized friction velocity plotted against momentum-normalized x-

location: (a) without nozzle pressure source dependence adjustment; (b) with nozzle pressure 

source dependent adjustment and fit (Eq.18).  

3.4.3 Wall Shear Stress 

Though the fluid compressibility does not have a significant effect on the power-laws or 

similarity, the change in mean density is not negligible. For this reason, the wall shear stress 

cannot be characterized directly from friction velocity. Here, we formulate a power-law for 

momentum normalized wall shear stress, 𝜏∗: 

𝜏∗ =
𝜏

𝜌∞
(
𝜇∞
𝐽
)
2

.    

Figure 3.14 plots momentum normalized wall shear stress against momentum-normalized 

x with and without source dependence, demonstrating that a power-law is appropriate for wall 

shear stress.  

 



 

 

Figure 3.14. Momentum normalized wall shear stress plotted against momentum-normalized x-

location: (a) without nozzle pressure source dependence adjustment; (b) with nozzle pressure 

source dependent adjustment and fit (Eq. 14). 

 

The source dependent power-law developed for momentum normalized wall shear stress is: 

𝜏∗ = 𝛽5𝑋
−0.61 (3.19) 

𝛽5 = 0.00059 ∗
ℎ

𝑑

−0.45

∗ 𝑁𝑃𝑅−0.18 ∗ 𝑅𝑒𝑛
−1.0. 

The power-law developed in this work suggests a slower decay of wall shear stress (𝛼 = 0.61) than 

those in the literature for traditional wall jets. Wygnanski et al. 41 found the decay exponent to be 

−1.07, while Naqavi et al. 55 found an exponent of −0.967 via DNS. As stated before, both of 

these studies are conducted without a wall coincident and perpendicular to the wall jet source. For 

a direct comparison to impinging jets, the shear stress data from Tu and Wood  33 for an impinging 

jet with ℎ/𝑑 =  20.6 and 𝑅𝑒𝑛 = 6300 is more appropriate. The experimental data was fitted with 

a power-law, the exponent based on the experimental data  fits the data well, as shown in Figure 

3.15.  



 

 
Figure 3.15. Wall shear stress profile from Tu and Wood with height to jet width ratio of 20.6 and 

Re=6300 with power-law fit, 𝑏𝑝 is the half-width of the normal pressure profile. 

3.4.4 Summary of Wall Jet Relations 

The developed power-laws suggest that the power-law exponents are source independent 

and universal while their coefficients (pre-exponential factors) depend on the jet nozzle 

parameters. These relations allow for mapping of the wall jet velocity profile and wall shear stress 

based on knowledge of nozzle parameters and x location on the impingement surface. Table II 

summarizes the power laws below. 

Table 3.2. Summary of Wall Jet Power-Laws from Planar Impinging Jet 

Wall Jet Variable Power-Law Coefficient, 𝛽 

𝑌1/2 𝛽1(𝑋 − 𝑋0)
0.98 0.083 ∗ 𝑁𝑃𝑅0.15 

𝑌𝑚 𝛽2𝑋
0.49 0.00027 ∗ 𝑁𝑃𝑅0.33 ∗ ℎ/𝑑0.48 ∗ 𝑅𝑒𝑛

0.85 

 𝑚 𝛽3𝑌1/2
−0.52 0.0051 ∗ 𝑁𝑃𝑅0.15 

 𝜏 𝛽4𝑋
−0.3 0.021 ∗ ℎ/𝑑0.22 ∗ 𝑁𝑃𝑅−0.07 ∗ 𝑅𝑒𝑛

−0.5 

𝜏∗ 𝛽5𝑋
−0.61 0.00059 ∗ ℎ/𝑑−0.45 ∗ 𝑁𝑃𝑅−0.18 ∗ 𝑅𝑒𝑛

−1.0 

 



 

3.5 CONCLUSIONS FOR PLANAR UNDEREXPANDED JETS 

A parametric study uses 2D numerical simulations to examine underexpanded impinging 

jets over a range of jet parameters, such as jet standoff distance, jet hydraulic diameter, and jet 

nozzle pressure ratio. The velocity fields calculated from CFD were transformed into similarity 

coordinates traditionally used for studying wall jets, demonstrating the self-similar nature of the 

wall jet resulting from underexpanded impinging jets. These similarity coordinates provide a 

framework to map the entire wall jet velocity field by developing power-law equations for the wall 

jet similarity variables based solely on the nozzle parameters and streamwise location. The analysis 

of the similarity profiles and power-laws led to the following conclusions: 

• The wall jet developed from planar jet impingement has the same triple-layered structure 

as classical wall jets. Thus, the x-dependent length scales and velocities (𝑦1/2, 𝑦𝑚, 𝑢𝜏 and 

𝑢𝑚) can be used to analyze wall jet properties.  

• Compressibility does not significantly affect the similarity analysis; that is, density 

adjusted similarity coordinates do not yield improvement over traditional coordinates for 

wall jets with 𝑀𝑎 < 0.8.  

• The wall jet velocity profile from under expanded impinging jets can be mapped using 

power-laws for 𝑦1/2, 𝑦𝑚, 𝑢𝜏 and 𝑢𝑚 based only on the nozzle parameters. Jet geometry and 

operating conditions (h, d, NPR) have a significant effect on the power-law coefficients, 

while the power-law exponents are independent of these parameters. Normalization by 

momentum, as opposed to length scales, is found to be effective in reducing source 

dependence in the power-laws.  

• The entrainment patterns have a significant effect on the power-law exponents but not the 

shape of the wall jet velocity profile. 



 

• A power-law for normalized wall shear stress allows for estimating wall shear stress, within 

a maximum error of 8%, as a function of only jet hydraulic diameter, standoff height, NPR, 

and x-coordinate.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Chapter 4. CALCULATION OF ADHESION FORCE IN 

AERODYNAMIC PARTICLE RESUSPENSION  

This work is published in the Journal of Aerosol Science61.  

Microparticle adhesion and resuspension are critical in studies of surface contamination, 

non-contact sampling, environmental and occupational health assessments, and surface cleaning. 

Direct adhesion measurement methods that evaluate the pull-out force are often limited to a range 

of operational conditions. The established analytical models need additional terms to account for 

roughness, morphology, and environmental conditions. The proposed aerodynamic method offers 

a non-contact evaluation of particle-surface adhesion force. In this work, aerodynamic detachment 

of silica microspheres in the 12-26 µm range from a smooth glass surface is studied experimentally. 

Computational fluid dynamics (CFD) calculates the drag and lift forces acting on the particles. The 

adhesion force is derived from the moment balance required to initiate the rolling motion of the 

particle. The aerodynamic forces acting on the particle, calculated by the CFD, agree with the 

theoretical values for a spherical particle in the shear flow in the Stokes regime (Re<1). The 

aerodynamic force calculations are extended to Re=1-1000. The aerodynamic method shows a 

monotonically increasing dependency of the adhesion force with particle diameter; the results are 

consistent with the theoretical models and the published experimental data. The approach can be 

extended to more complex systems, including the effects of roughness, particle morphology and 

aging, and a range of environmental conditions.  

4.1 INTRODUCTION 

Besides the application related to non-contact sampling of illicit trace material residues, 62-

64 understanding microparticle adhesion is important in other fields. In the microelectronics 

industry, adherent contaminant particles on the scale of tens of nanometers in diameter can produce 



 

fatal flaws in finished devices. Particulate matter resuspended from HVAC systems can cause 

adverse health effects 65 and sick building syndrome 66 in biological systems. A comprehensive 

understanding of aerodynamic particle resuspension from surfaces has not yet been developed due 

to the challenges in characterizing dependence on particle size, morphology, particle-surface 

interaction, humidity, turbulence level, and other parameters. To gain a better mechanistic 

understanding of aerodynamic particle detachment, we examine the forces acting on particles 

during aerodynamic resuspension. 

The established methods for evaluating adhesion forces include atomic force microscopy 

(AFM), the centrifugal method, the electric field detachment method, the drop test procedure, and 

the vibration method. Most methods were developed to measure the forces acting perpendicular to 

the surface. However, several authors describe techniques that measure the forces required to 

remove particles based on the rolling and sliding mechanism. Heim 67 performed a direct 

measurement of the adhesion and rolling friction forces between individual silica microspheres of 

radius between 0.5 µm and 2 µm using AFM. There are several difficulties when the AFM is used 

to measure environmental samples with large particle sizes and high loading conditions. The AFM 

technique takes measurements one particle at a time, where, for complex adhesion scenarios, the 

large number set is required for reliable statistical data. These include complex particle and surface 

morphologies, the effect of humidity, and particle aging studies. The contact nature of the AFM 

measurements introduces uncertainty in the surface energy distribution of the particle-surface 

system in the presence of the AFM cantilever tip. Another challenge is a characterization of time-

dependent particle – surface interaction as the particle ages on the surface. As the particle ages on 

the surface, the particle/surface interface morphology evolves due to the acting van der Waals 

(vdW) force, electrostatic forces, relative humidity, and possible chemical interaction. In addition 



 

to a physical aging mechanism where the particle and surface conform to each other, increasing 

the contact surface area, a chemical reaction between the particle and surface may occur, resulting 

in interface changes. The particle or surface may also be modified by other compounds or natural 

processes, e.g., coating by semivolatile organics and chemical processes, such as oxidation, 

chemical decomposition, biological activity. The effect of these complex processes on the particle 

surface interaction requires the development of alternative methods.  

Among the non-contact methods, centrifugal, vibrational, and hydrodynamic, and 

techniques have been used for particle adhesion measurements.  In the centrifugal detachment 

method, the adhesion between particles and the surface is measured by the balance of centrifugal 

force generated by the rotating surface. Several researchers 68-75 demonstrated the use of the 

centrifugal method for measurement of adhesion strengths between particles and surfaces. The 

advantage of the ability of the centrifugal process to obtain data for the relatively large number of 

particles in a single experiment, and hence provide a relevant sample in only a few experiments. 

The centrifugal method measures direct lift-off force and is not used to examine for rolling removal 

mechanism. Deryagin and Zimon 75 developed a vibrational technique to the range of adhesion 

forces that could be measured over a wide range of surface accelerations. A comprehensive review 

and techniques for calculating the adhesion of particles are presented by Zimon 76. 

The AFM, centrifugal and vibrational methods are well-developed, but the equipment can 

be expensive, and the measurements are time-consuming. Visser 77 studied the removal of 

individual particles from a solid surface through the flow between two concentric cylinders in 

liquid. Hydrodynamic forces were generated by the rotation of one cylinder with the other cylinder 

at rest. He concluded that the removal of submicron particles depends only on the wall shear stress 

(τw). The hydrodynamic force exerted on a spherical particle adhering to a flat surface was then 



 

found to be a direct function of the shear stress 78. In a comprehensive review, Van den Tempel 79 

suggested that the hydrodynamic technique allows for the study of a greater adhesion force than is 

accessible by centrifuge methods. Hubbe 80 analyzed the detachment of particles from the flat 

surfaces in a gas flow and demonstrated that the effect of an aerodynamic force acting parallel to 

the wall is greater than the normal force. In other words, the lift detachment mechanism for 

removal may be neglected. Sharma, Chamoun, Sarma and Schester 81 investigated the 

hydrodynamic detachment of particles from the surface and demonstrated that the mechanism of 

the detachment of particles in size range of 5 µm to 40 µm is indeed controlled by rolling and not 

by sliding or lifting mechanisms. When rolling is assumed, torque analysis becomes critical. The 

torque balance model of Hubbe more accurately described the physical behavior of particles in 

aerodynamic removal than that of the model given by Visser; the drag force required to remove 

the particles was found to be about two orders of magnitude smaller than the adhesion force. 

4.2 ANALYTICAL METHODS 

4.2.1 Adhesion Force Modeling 

Surface adhesion forces include van der Waals forces (vdW), electric double-layer forces, 

solvation forces, hydrogen bonding, contact deformation, and chemical bonding. Multiple reviews 

of particle adhesion and removal have been conducted 71. The effect of the environmental 

parameters can be significant in real-world situations. In a controlled environment, the dominant 

adhesion mechanism is the vdW interaction 82. In the 1930s, Hamaker 83 and Derjaguin 84 applied 

the vdW theory to particle surface interactions. Initially, the models assumed a smooth, 

nondeformable particle and a flat plate. Derjaguin 85 considered the effect of contact deformation 



 

on particle adhesion. The total vdW force for a smooth, deformable particle adhering to (in contact 

with) a smooth surface is,  

 

𝐹𝑣 𝑊 =
𝐴𝐻𝑅

6𝐷0
2 (4.1) 

where 𝐴𝐻 is the system-dependent Hamaker constant. 0 shows the values used in this work.  

Table 4.1. Parameter value used in the calculations 

Material Poisson’s Ratio 
Young’s 

Modulus 

Hamaker 

Constant 

Adhesion Work 

Soda Lime Glass 0.22 7.2 × 1010  Pa ~6.45 × 10−20 J 10-35 𝑚𝐽/m2 

 

Several theories describe the elastic deformation of a spherical particle in contact with a 

flat plate; the calculations of the contact radius (a) involve the particle and surface properties and 

the applied load (F) on the particle. The first of these theories were developed by Hertz 86 who 

neglected the particle adhesion force. Johnson–Kendall–Roberts (JKR) 87 and Derjaguin-Muller-

Toporov (DMT) 85 considered the adhesion effects based on the surface energy and adhesion work 

and developed formulations for the contact radius (𝑎) and the adhesion force (𝐹𝑎 ) for a spherical 

particle on a flat surface  

Table 4.2. The relation between the contact radius 𝑎 and the adhesion force 𝐹𝑎  for a spherical 

particle on a flat surface with no applied load according to JKR and DMT theories. 

 DMT JKR 

𝑎 √
2𝜋𝑊𝐴𝑅2

𝐸𝑡𝑜𝑡

3

 √
6𝜋𝑊𝐴𝑅2

𝐸𝑡𝑜𝑡

3

 

𝐹𝑎  2𝜋𝑅𝑊𝐴 
3𝜋𝑅𝑊𝐴

2
 

 

For both theories, the contact radius can be written as a function of the reduced Young’s 

modulus Etot, the work of adhesion 𝑊𝐴, and the radius of the sphere. The JKR theory is used when 

soft systems or larger particles are being considered, while the DMT theory is generally used for 



 

hard systems and for smaller particles. Tabor 88 proposed to identify regions where the JKR and 

DMT theories are applicable based on 𝜆:  

 𝜆 =
2.06

𝐷0
  √

𝑅𝑊𝐴
2

𝜋𝐸𝑡𝑜𝑡
2

3

 (4.2) 

where R is the particle radius, Do is the typical interatom spacing, and Etot is the reduced Young’s 

modulus, defined as: 

 
𝐸𝑡𝑜𝑡 =

4

3
[
1 − 𝛾1

2

𝐸1
+
1 − 𝛾2

2

𝐸2
]

−1

 (4.3) 

Here, 𝛾𝑖 and 𝐸𝑖 are, respectively, the Poisson ratio and Young’s modulus of the 

material. JKR is applicable when 𝜆 ≫ 1, while the DMT theory has a better fit for systems where 

𝜆 ≪ 1. In this work, we calculate that for silica microparticles and glass test substrates,  𝜆 ≈ 1, 

thus the results should fit between the two theories. Maugis 89 extended on these works to 

characterize the transition between JKR and DMT theories. 

4.2.2 Aerodynamic Forces 

A particle in shear flow experiences aerodynamic drag and lift forces, which may result in 

particle detachment from the surface. Aerodynamic forces depend on the flow field in the vicinity 

of the particle and the flow around the particle itself. The calculation of the adhesion force is based 

on the threshold force for removal and the moment balance acting on the particle. Figure 4.1 shows 

a model for a deformable particle of diameter (𝑑), adhering to a smooth surface in a shear flow. 

The forces considered in the moment balance are the adhesion force, the gravitational force (𝑚𝑔),  

the drag force (𝐹 ), and the lift force (Fl). Particle detachment depends on the relationship of these 

forces, the contact radius (𝑎), and several other factors, such as the distance between the applied 



 

force and the surface (h), the surface roughness (𝛿), the particle-surface charges, and the 

environmental factors. In this work, h is calculated from the CFD simulation and 𝛿 is measured to 

be on the order of 2-6 nm and neglected in the analysis; the effect of the surface charges and 

relative humidity (RH) are neglected as all experiments are performed at RH<10% levels. 

 

Figure 4.1. Schematic diagram of a microparticle adhesion/removal model on a surface in shear 

flow with linear velocity profile. The flow is fully developed at the particle location. 

The effect of the Saffman lift force 90 in the shear flow has been previously considered in 

aerodynamic resuspension, but is not applicable when considering particles attached to a wall; an 

alternate formulation is necessary to account for the no-slip condition, i.e., zero velocity at the 

contact point. O'Neill 91 assumes the lift force is negligible when presenting an exact solution of 

the linearized Stokes viscous flow around a fixed sphere in contact with a fixed plane wall and 

derives the drag force that the fluid exerts on the sphere. Mollinger and Nieuwstadt 92 analytically 

derived an expression for a lift on a sphere attached to a wall. They found that it is insignificant 

relative to drag for low particle Reynolds numbers. The drag force in work by O’Neill 91 is 

determined as a combination of a pressure difference between the particle and shear force on the 

surface of the particle. For a microparticle in a laminar shear flow, a modified Stokes law is used 

to describe the drag force (FD), 



 

 Fd = 1.7009 ∙ 3πμDVc (4.4) 

where 𝜇 is the fluid viscosity, and 𝑉𝑐 is the fluid velocity at the center of the particle. The constant 

1.7009 is developed from an exact solution; it accounts for the shear flow velocity profile. Due to 

the symmetry, forces in the direction perpendicular to the surface (lif, gravity) do not contribute to 

the moment. Hence, the aerodynamic moment about the detachment location, 𝑀 , is given by: 

 𝑀 = 𝐹 ∙ ℎ (4.5) 

The moment arm, ℎ =  0.7 ∙ 𝑑, is the location of the equivalent point force from the pressure and 

shear force acting on the particle, and h is computed by the CFD for the entire range of the 

experimental conditions; the value agrees with the analytical solution [25]. The moment can be 

explicitely written as:  

                   𝑀 = 1.2 ∙ 3𝜋𝜇𝐷2𝑉𝑐 (4.6) 

These expressions have been shown to be limited to Stokes Flow (Re<1). In this work, we calculate 

the particle drag and lift force using CFD for the experimental range of the particle Reynolds 

numbers(~1-5). The contribution of lift force is found to be of the same order of magnitude as the 

gravity force and orders of magnitude lower than the drag force suggesting that particle 

resuspension does not occur by the lift-off mechanism.  

The region outside the viscous sublayer presents difficulties with the transition to 

turbulence leading to a nonlinear velocity profile. For this reason, we consider only the particles 

that are positioned within the viscous sublayer, where non-dimensional distance is less than five 

(y+ < 5).  This limitation is expressed in Eq. (1-7) 

 𝑑 < 5√
𝜇2

𝜌𝜏𝑤
  (4.7) 



 

Combining Eq. (1-7) with the definitions of Reynolds number and assuming a linear viscous 

sublayer we can determine a nondimensional limit for our assumptions: 

 𝑅𝑒 =
𝜌𝑉𝑐 

𝜇
  (4.8) 

 𝑉𝑐 =
𝜏𝑤 

2𝜇
   (4.9) 

 √
2𝜇2𝑅𝑒

𝜌𝜏𝑤
= 𝑑  (4.10) 

 √
2𝜇2𝑅𝑒

𝜌𝜏𝑤
< 5√

𝜇2

𝜌𝜏𝑤
  (4.11) 

 𝑅𝑒 < 12.5  (4.12) 

The particle Reynolds number for removal must be less than 12.5 in order to use the linear 

shear flow assumption. In order to use this method for Reynolds numbers greater than 12.5 a more 

sophisticated formulation of drag force would be necessary.  

4.2.3 Models for Adhesive Resistance to Rolling 

Wang 93 originally proposed that an adhesive particle resistance to rolling can be calculated 

from the moment created by the adhesion force acting at the center of the contact circle. His work 

led to the conclusion that, for rolling removal, the ratio of the critical removal force to the adhesion 

force is approximately equal to the ratio of the contact radius to the radius of the microsphere. 

Ziskind et al. 94 extended the approach by analyzing the maximum adhesive moment acting about 

the contact radius with respect to the pull-off force; the authors show that the maximum adhesive 

moments are 
2

3
𝐹𝑎 ∗ 𝑎 and 

1

2
𝐹𝑎 ∗ 𝑎 for the JKR and DMT theories, respectively. Dominik and 

Tielens 95 theorize that the value for static rolling moment resistance is characterized by asymmetry 



 

in the contact pressure. They developed an expression for the adhesive moment as a function of 

pull-off force, 𝑃, normalized contact radius, 𝛼̂, and the shifted contact area distance, 𝜁.  

𝑀𝑎 = 4𝑃𝛼̂𝜁                                                            (4.13) 

This expression is not used in this work as the shifted distance is difficult to determine. Instead, 

the relationships presented in Ziskind et al. 94 are used. 

4.2.4 Moment Based Methodology for Adhesion Force Calculation 

Tsai et al. 96 and Soltani and Ahmadi 97 assumed that the particle is detached when the 

external force moment about the point ‘‘𝑂,’’ at the rear perimeter of the contact circle, overcomes 

the resisting moment. Using Ziskind’s et al. results 94 for the DMT adhesive moment, the criterion 

for removal becomes: 

 
𝐹 ∙ ℎ ≥ (

𝐹𝑎𝑑

2
+𝑚𝑔 − 𝐹𝑙) ∙ 𝑎           

        

(4.14) 

 
 
𝐹𝑎𝑑

2
=

𝐹𝑑ℎ

𝑎
+ 𝐹𝑙 −𝑚𝑔 

        

(4.15) 

Neglecting the lift force and gravity, (4.15) becomes:  

 𝐹𝑎𝑑

2
=

𝐹𝑑ℎ

𝑎
    (4.16) 

Substituting the contact radius (see DMT theory in Table 1), the equation for adhesion force 

becomes: 

                 𝐹𝑎 = [2𝐹 ∗ ℎ ∗ (
𝐸𝑡𝑜𝑡

𝑅
)

1

3
]

3

4

        (4.17) 



 

In summary, the established experimental methods and models are limited in the quantification of 

the lateral forces prevalent in aerodynamic particle resuspension and applications to 

environmentally relevant particle aging scenarios. A more direct, non-contact method is needed. 

The work of the previous investigators provides sufficient information to formulate and apply a 

robust method for calculating the microparticle adhesion force in aerodynamic resuspension 

scenarios. In this work, we propose that a combination of numerically calculated aerodynamic 

forces acting on the particle and the particle detachment experiments in the controlled wall shear 

stress environment allows for the estimation of threshold forces required for particle detachment, 

thus enabling the calculation of particle adhesion forces. Our research methodology consists of (i) 

calculating the aerodynamic drag and lift forces acting on a particle in the boundary layer, (ii) 

experimentally determining the threshold force values for particle resuspension, and (iii) based on 

the moment balance, calculating the particle adhesion force in aerodynamic resuspension. 

 

4.3 NUMERICAL METHODS 

Numerical modeling provides a unique capability of determining the aerodynamic forces 

acting on an arbitrary shape particle in the complex flow scenarios, such as laminar, turbulent and 

transitional boundary layers, as well as for the complex surface geometries and morphologies. 

Here, the CFD simulations are performed to determine the aerodynamic forces acting on the 

spherical particle in the laminar boundary layer. The forces are compared with the analytical 

solution to validate the approach and to determine the limitations of the method. The analytical 

solution provides the necessary information to compute the drag force, lift force, and moment for 

spherical particles using the modified Stokes’ law in a low particle Re number region (Re<1). 

However, the forces in the low Re region may not be sufficient for particle resuspension. 



 

Computational analysis is performed using the commercial software code ANSYS FLUENT 16. 

In this study, two CFD models are used: (i) a global model that simulates the flow field inside the 

flow cell, and (ii) a local model for flow in the vicinity of the particle. The former model is used 

for the design of the flow cell and to obtain the shear stresses and boundary velocity profiles for 

the local model as a function of the experimental inlet conditions. The boundary layer profile is 

used as the flow profile inlet for the simulation of the flow around the particle. The local model is 

used to compute the velocity field near the particle, as well as the forces acting on the particle, 

significantly reducing the computational demands that would arise when attempting to resolve 

flow around an individual particle using global flow cell simulations.  

4.3.1 Flow Cell Model 

The CFD simulations are performed to optimize the flow cell geometry and to gain insight 

into the boundary layer and shear stress profiles in the flow cell. Figure 4.2 shows the 3D model 

of the flow cell. The computational domain includes a cylindrical inlet, transition section, and 1mm 

high test section enclosed by microscope glass slides. The inlet section has an inner diameter of 7 

mm and a length of 15 mm. The transition section converts the flow to the rectangular test section 

with minimum changes in the cross-sectional area to avoid the onset of flow instabilities; it has 

has a length of 45 mm. The test section is confined by two microscope glass slides; it is 75 mm 

long and 25 mm wide. Mesh optimization is performed to resolve the viscous sublayer to capture 

τw as defined by a non-dimensional wall distance of 𝑦+ = 5. To resolve the flow in the viscous 

sublayer, we use at least three cells within this region; the first grid point is located at a distance 

of 𝑦+ ≈ 1. Further refinement of the mesh did not result in changes in the boundary layer profile. 

The computational domain mesh consists of about 1,000,000 quadrilateral elements. 

 



 

 

Figure 4.2. Top: flow cell geometry; Bottom: schematic of the computational domain (not to scale). 

A quarter of the domain is modeled due to symmetry. The inlet is set as the velocity boundary 

conditions; the outlet is set the atmospheric pressure boundary condition.   

The choice of the turbulence model considers the requirement to resolve the near-wall 

boundary layer. The standard k − ε model yields consistent results for free shear flows with 

relatively small pressure gradients but struggles in wall-bounded flows with larger pressure 

gradients 98. The k − ω model has been shown to be superior to the k − ε model in the flow near 

the wall and transitional (laminar to turbulent) region, but it suffers from numerical instability. The 

shear stress transport (SST) k − ω turbulence model 99 is a two-equation turbulent viscosity model 

that combines the best of both the k − ε  and k − ω models. The use of the k − ω formulation in 

the inner parts of the boundary layer makes the model directly applicable to resolving the viscous 

sub-layer. The SST formulation switches to a 𝑘 − 𝜀 behavior in the free-stream and, thereby, 

avoids the common k-ω problem of hypersensitivity to the initialization and inlet conditions. The 

SST 𝑘 − 𝜔 model can be used as a low Reynolds number turbulence model without secondary 

damping functions and is a well-suited option for this work. The inlet boundary condition for the 

flow is a uniform velocity profile; the velocity magnitude is determined from the measured flow 

rate for each experimental condition. Wall boundary conditions are no-slip walls; the outlet is 



 

modeled as an ambient pressure boundary condition. The inlet turbulence length scale is set based 

on a fully-developed turbulent flow in a pipe to 3.8% of the hydraulic diameter.  

4.3.2 Modeling of Flow Around a Particle 

We consider the case of a spherical particle attached to a flat surface in a wall-bounded 

linear shear flow. Figure 4.3 shows the computational domain and the closeup view of the mesh at 

the particle location. To avoid potential numerical difficulties at the contact point, in the CFD 

study, we modeled particle contact radius (a) to be half of the particle diameter. A contact cylinder 

is constructed to address this issue while maintaining the height of a spherical particle. The actual 

contact area may be significantly smaller than the one in the simulation domain; however, the 

contact cylinder is the near-zero velocity region, the flow around the particle and the calculated 

drag and lift forces are not influenced by this approximation. In the calculation of the moment of 

the forces acting on the particle, the contact length is taken from the literature. 

After performing the mesh independence analysis, the computational domain uses about 

1,000,000 hexahedral elements. The mesh is refined at the particle surface to capture velocity 

gradients and the forces acting on the particle. Because we are modeling the viscous sublayer, and 

low particle Reynolds numbers, a laminar model is sufficient. Table 3 describes the numerical 

approach and boundary conditions. The inlet velocity profile is imported from the flow cell 

simulation; the proportionality constant k is determined based on the flow cell simulation for a 

given test condition. 

 



 

Figure 4.3. Schematic of the computational domain and mesh used for the velocity field and the 

particle forces computation.  

 

Table 4.3. The boundary conditions in the CFD simulation of flow around a particle. 

Boundary Boundary Conditions 

Inlet 𝑢 = 𝑘𝑦 

Outlet Ambient pressure (0 psi) 

Top wall Moving wall 𝑢𝑡𝑜𝑝 = 𝑘𝑙 

Bottom wall Stationary Wall 𝑢𝑤𝑎𝑙𝑙 = 0 

Sidewalls Symmetry Planes 

Particle Stationary Wall (no slip) 

 

4.4 EXPERIMENTAL METHODS 

Experiments are conducted to determine flow parameters corresponding to the particle 

detachment. Figure 4.4 shows a schematic of the experimental setup. The flow cell housing is 

fabricated using 3D printing. The compressed shop air provides flow for the experiments; the air 

is filtered, and the inlet pressure and the flow rate is adjusted using a pressure regulator (ARG20, 

SMC, Inc., IN). The flow rate is controlled by the valve; the flow rate is monitored by a digital 

flow meter (TopTrak 820, Sierra Instruments, Inc., CA). The metered, conditioned air stream 

enters the flow cell connected to the flowmeter by flexible tubing. The flow rate measured during 

the experimental process is used as the input for the CFD simulation.  

 



 

 

Figure 4.4. The aerodynamic flow cell setup used to study the resuspension of particles from a 

glass surface. The flow is controlled using a pressure inlet; the flow rate is measured by the flow 

meter.  

4.4.1 Testing Procedure 

Polydispersed soda-lime glass spheres in the 12-26 micron size range (SLGMS-2.5 10-22 

µm, Cospheric LLC, Santa Barbra, CA) are used for all experiments. The surface roughness of the 

particle is not reported by the manufacturer, but has been evaluated using SEM and is assumed 

negligible. Standard 25 mm x 75 mm microscope glass slides are pre-cleaned in an ultrasonic bath 

and dried using compressed filtered dry air. The roughness of the slides is determined to be 

between 2 nm - 6 nm using profilometer measurements (DektakXT, Bruker Corp., MA). The slides 

are stored in the desiccator for 12 hours to ensure moisture removal. The microspheres are 

deposited gravitationally onto slides by dry nebulization. The dry nebulization is performed inside 

an aerosol chamber using a disposable aerosol vaporizer (HealthLine Corp., NY). The humidity in 

the chamber is controlled in the range of 30-40%. The method provided good repeatability and 

particle deposition uniformity. The glass slides with deposited particles are then placed in a 

desiccator for 24 hours before they interrogated in the aerodynamic flow cell. The relative 

humidity in the experiment is measured by the RH meter, typically below 5%. At the beginning of 

each experiment, creeping flow (at ~10% of the experimental flow rate) is used to dehumidify the 

system for 3-4 minutes. This step removes the moisture in the setup without removing the particles. 

To perform the time-independent experiment, each test is conducted until no more particles are 

Pressure regulator

Flowmeter

Aerodynamic flow cell

Pressurized air from 
the wall outlet

Cover slide

Slide with test 
sample



 

being removed. In a preliminary study, we found that a flow exposure time of 30 seconds is 

appropriate for reaching steady-state particle removal at all flow conditions. Before each 

experiment, all parts of the flow cell are cleaned with pressurized air to ensure that no outside 

particles are introduced in the experiments.  

4.4.2 Microscopic Analysis 

Removal efficiency is evaluated microscopically by imaging test coupons before and after 

exposure in the flow cell. An Olympus BX 60 microscope is fitted with a digital camera (OptixCam 

Summit D3K2). ToupCam software is used to acquire images. The resolution of each image is 14 

megapixels. The images are taken at the center of the slide to avoid the potential side wall effect. 

Only the leading edge of the particle deposition is evaluated. Though the method limits the number 

of total particles in the experiments; the rationale for this is two-fold:  (i) to avoid the ambiguity 

associated with particle relocation from the upstream to downstream locations, and (ii) to reduce 

the probability of particle removal by contact, wherein the particle removed from the upstream 

location travels along the surface (i.e., rolling, sliding, bouncing), comes into contact with the 

particle at the downstream location, and results in the detachment of the latter particle. The images 

are first processed using a custom MATLAB subroutine to remove any non-circular objects. The 

images are then imported into the microscopic image analysis software (Structure, iMicrotech Inc., 

NY), which stitches the selected images, sorts the particles by size, and counts the particles in the 

experiment.  

Each experiment consists of particles being exposed to airflow at the assigned flow rate; 

the removal fraction in each particle size bin (1 micron) is recorded as a single data point. In a 

typical experiment, 1200 particles are observed with a minimum of 40 particles in each size bin. 

A total of 120 experiments are performed, with approximately 4200 particles in each bin size 



 

analyzed for removal. The analysis of the 50% threshold removal condition is based on Ntotal= 

5897 particles; the minimum number of particles in each size bin is Nmin=113.   

4.5 RESULTS 

4.5.1 Modeling Results 

Numerical simulations provide an insight into the forces exerted on particles in the boundary 

layer. Though the simulations of the flow cell do not directly result in the particle force 

information, they allow for establishing the operational envelope and limitations of the system. 

The key results of the flow cell analysis are: (i)  calculated τw values as a function of the flow rate 

in the cell, (ii) velocity profile in the boundary layer that serves as an input for simulations of the 

flow around the particle, and (iii) determination of the flow regime (i.e., laminar, transitional, 

turbulent) as a function of distance from the wall, defining the range of particle sizes that can be 

used in the experimental study.  

The velocity profile and the test particle size enables the calculation of the particle Re number 

and the direct comparison of the force computed by the CFD with the analytical solution. The 

analytical solutions of the drag coefficient and drag force are obtained from (2-1) as a function of 

the particle Re number. The inlet boundary condition and the particle size are varied to achieve Re 

= 0.001 - 1000. While this work is limited to the region of Re<12.5, we address the entire range 

from Stokes to Newton region, not to suggest that particle Reynolds numbers of up to 1000 are 

relevant, but for comparison to past work and for developing a more robust relationship for drag 

acting on the particle. The normal pressure and shear stress terms acting on the particle from the 

CFD are integrated over the entire surface of the particle to calculate the resulting Fd, Fl, and the 

moment arm - h. The moment arm does not vary significantly (<1%) for all conditions, the drag 



 

and lift forces increase with the particle Re. Figure 4.5 plots the aerodynamic forces against the 

particle Re from the numerical simulation, calculated by the modified Stokes Law. The CFD drag 

force agrees well with the analytical solution in the Stokes region (Re<1). However, for the Re>1 

region, Fd calculations the diverge from the analytical solution due to the onset flow separation in 

the wake of the particle. The numerical simulations allow for the development of an empirical 

relationship of drag force as a function of the particle Re number, including the transitional region 

between the Stokes and Newton drag laws. The equation (0-18) describes the best fit for the drag 

force as a function of the particle Reynolds number in the high shear stress region, specifically in 

the wall boundary layer for Re = 0.001-1000.  

 𝐹 = 1.7009 ∙ 3𝜋
𝜇2

𝜌
𝑅𝑒(1 +

𝑅𝑒0.82

12.23
)  (4.18) 

The numerical simulation also proves an empirical fit for the drag coefficient Cd for a 

particle in the viscous boundary layer for Re = 0.001 − 1000. While the analytical work of O'Neill 

[25] shows the analytical solution for particles Re<1, we extend the range for the drag coefficient 

calculation to the transitional regime (1 < 𝑅𝑒 < 1000): 

                   𝐶 = 1.7009 ⋅
24

𝑅𝑒
(1 + 0.071𝑅𝑒0.85) (4.19) 

The CFD calculates the lift force on a sphere in a shear flow; the magnitude of the lift force 

is at least an order of magnitude lower than the drag force. The difference is the greatest for 

particles with the lower Reynolds Number. Our results are compared to the results of O’Neil and 

Zeng 100 in Figure 4.5.  

 



 

  

Figure 4.5. Compression of the drag and lift force from the CFD results with modified Stokes law 

for the sphere as a function of the particle’s Reynold’s number in shear flow.  

4.5.2 Experimental Results 

The relationship between the drag force and experimental particle resuspension data allows 

the threshold values for particle detachment to be determined. The threshold forces associated with 

50% particle detachment (𝐹 50) are determined experimentally for each particle size; these are 

used for the calculation of particle adhesion force by a moment balance from Eq. (0-17). Although 

in this work, the critical force corresponds to the resuspension of 50% of the particles as it provided 

the most consistent results, other threshold values can be used. Figure 4.6 shows the threshold τw 

and Fd values as a function of particle size. While the drag force is directly used in the adhesion 

force calculation, the shear stress is a very useful independent parameter, providing flow boundary 

layer characterization independent of particle size and morphology.  
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Figure 4.6. Critical drag force and τw for the removal of 50% of silica glass spheres. The number 

of observed particles in the 50% threshold removal is Ntotal = 5897, Nmin = 113 (in the 1-micron 

size bin). The critical drag force is proportional to D1.6, while the critical τw is shown to be 

proportional to D-0.58. 

The threshold force required to resuspend the particle increases as particle diameter increases; 

the threshold shear stress necessary for resuspension decreases as particle diameter increases. 

Equations (5-3) and (5-4) show the empirical relationship of the threshold drag force in 

nanoNewtons and critical shear stress in Pascals as a function of the particle diameter in 

micrometers. 

𝐹 50 = 0.1564 ⋅ 𝑑1.63         (4.20) 

 

𝜏50 = 29.915 ⋅ 𝑑−0.58            (4.21) 

Using DMT and JKR theories and assumptions for contact area and adhesion force when 

conducting a moment balance yields an analytical relationship where the critical drag force for 
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particle detachment by rolling is proportional to d2/3; our data shows a greater dependence on the 

particle size (see Table 4). 

The experimentally determined threshold values of 𝐹 50 can be used in calculating the 

contact radius and adhesion force associated with 50% particle resuspension. The contact radius 

can be calculated using assumptions from DMT and JKR theories. Table 4 shows the relationships 

used in the calculations. Figure 4.7 shows the contact radius as a function of particle size, 

calculated using the experimental data for 𝐹 50 values, and compares the values with the DMT and 

JKR theories. Figure 4.7 shows that, for silica microspheres on a smooth glass surface, the DMT 

theory is appropriate; the JKR lines diverge while the DMT lines are closer together.  

 

Figure 4.7. The contact radius for silica glass particles on a smooth glass surface vs. particle size. 

The experimental results for the 50% removal threshold and DMT and JKR assumptions are 

compared with the theoretical relationships. 

Figure 4.7 shows a comparison of the experimental data using DMT and JKR assumptions 

(see Table 1) with the vdW force as well as analytical relationships using DMT and JKR adhesion 

theory and rolling removal assumptions. The experimental data has a better agreement with the 
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DMT theory. The adhesion force has a higher dependency on particle diameter than is predicted 

by theory. The error bars are greater for the larger particles due to their limited number in the size 

bin (Nmin =113). The experimental Fad is greater than the van der Waals force. Additionally, the 

AFM measurements of silica glass adhesion are included 101,102. Direct comparisons of the dry 

adhesion force of silica microspheres on a glass surface are difficult to obtain for the particle in 

size range considered in this work. The AFM data are lower than the calculated adhesion force 

from the aerodynamic method. Several possible explanations can be considered to explain the 

difference. (i) Influence of particle detachment mechanisms – the perpendicular force in AFM 

measurements would result in rapid vertical pop-off versus rolling, where the detachment 

mechanism is more gradual with a possible relationship to the crack propagation theories 103. (ii) 

The difference in the mechanical properties roughness of the microspheres and surface can result 

in a change of the contact radius and adhesion work terms in our calculations, thus in the estimation 

of the Fad. (iii) The most likely explanation, however, is the particle deformation during the 24-

hour aging period, in which the particles conform to the surface, resulting in a contact area 

increase, thus an increase of the adhesion force. The AFM technique examines the adhesion force 

based on the momentary contact of the particle and the surface. The effect of particle aging on the 

contact area as a function of the particle size, particle, and surface properties requires additional 

modeling and experimental investigation.    



 

 

Figure 4.8.  The experimental adhesion force of silica particles on a glass slide calculated with 

DMT and JKR assumptions vs. the JKR and DMT models and the AFM 101,102;  Ntotal = 5897, Nmin 

= 113 (in each size bin). 

Table 4 provides a summary of the results and a comparison with the known theoretical 

relationships. While the magnitude of the forces and deformations parameters are consistent, the 

experimental trends have a greater dependency on particle size. This is likely due to the differences 

in particle detachment mechanisms, changes associated with particle aging, surface and particle 

mechanical properties, and their surface roughness used in our calculations. These assumptions 

affect the contact radius and adhesion work terms, thus the estimation of Fad. The relationships 

presented in Table 4 are representative of the adhesion force associated with the aerodynamic 

detachment of an aged particle by rolling on a smooth surface. The theoretical relationships are 

obtained by using the equations for adhesion force in Table 1 and rearranging Eq. (0-17) to solve 

for the parameter of interest. 
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Table 4.4. Comparison of relationships between the critical drag force for rolling removal, 

adhesion force, contact radius, and diameter. Constants c1, c2, & c3 are experimentally determined 

and dependent on properties of the particle, contact surface, and units.  

 Critical Drag Force, 𝐹 50  Adhesion Force, 𝐹𝑎  Contact Radius, 𝑎 

Experimental 

Relationship 

𝑐1𝑑
1.63 

𝑐1 = .1564
𝑛𝑁

𝜇m1.63 

𝑐2𝑑
1.55 

𝑐2 = 0.0319
𝜇𝑁

𝜇m1.72
  

𝑐3𝑑
0.85 

𝑐3 =  6.952
𝑛m

𝜇m0.91
 

Theoretical 

relationship using 

DMT theory 
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4.6 SUMMARY FOR ADHESION FORCE IN AERODYNAMIC RESUSPENSION 

In this work, we developed a method that combines a numerical calculation of aerodynamic 

forces acting on the particle and the controlled aerodynamic particle detachment experiments, 

enabling the calculation of particle adhesion forces. The aerodynamic method for determining the 

particle adhesion forces relies on the estimation of forces acting on the particle in the boundary 

layer from the CFD or the available analytical or empirical relationships. The adhesion force is 

derived from the moment balance needed to initiate the detachment of the particle by rolling. The 

geometric parameters required to construct the moment balance can be obtained from the 

previously published models or empirical data. A detachment of aged silica microspheres from a 

smooth glass surface is studied experimentally in a flow cell to determine the threshold drag force 

values required for particle detachment. The primary findings are related to the method 

development and results obtained from this approach, which, in summary, are: 



 

• The aerodynamic method for determining the particle adhesion force provides consistent 

results with the DMT 104 and JKR models 87; however, the trends, proportionality constants, 

and dependence on the particle diameter differed slightly from the theoretical model.  

• Based on the best data fit, the critical drag force (𝐹𝐷50) for silica particle removal from the 

glass slide is proportional to 𝑑1.6, compared to the expected 𝑑2/3 using DMT and JKR 

models.  

• From the moment balance, the effective particle adhesion force and contact radius are found 

to be proportional to the particle diameter, as: 𝐹𝑎  ~ 𝑑
1.72 ;  𝑎~𝑑0.91 compared to the linear 

relationship for adhesion and 𝑑
2

3 relationship for contact radius from the DMT and JKR 

models.  

In addition to the described method for the estimation of the particle adhesion by 

aerodynamic forces, some conclusions relevant to the particle behavior in the boundary layer flow 

can be made:  

• The drag force computed numerically is consistent with the modified Stokes flow theory [25] 

for Re<1. For Re>1, it is necessary to use the CFD or empirical fit to determine the drag 

force. 

• An empirical relationship (Eq. 4-2) between the drag coefficient and particle Re in a linear 

shear flow is developed for transitional (Stoke to Newton drag) flow regimes (1 < 𝑅𝑒 <

103). 

• The lift force is consistently at least at an order of magnitude less than the drag force and 

several orders of magnitude less than the adhesion force.  

The limitations of this study are related to the particle size and ability to interrogate relatively low 

adhesion forces, due to the assumption that the particles need to be contained within the viscous 



 

sublayer and a fully developed flow. The shear stresses considered in this work are relatively low 

due to the low adhesion force between the silica particles and glass surface. Other fluid dynamic 

systems can be used to study the particle adhesion force if the relationship between the flow and 

shear stress can be quantified. For example, particle detachment by the impinging jet 2,20,105-109; the 

shear stresses systems can be as high as 2kPa 7. A combination of shear stress calculations and 

particle removal data in the impinging jet system can extend the application of the method to higher 

adhesion force systems.     

The aerodynamic measurement method is sensitive to the surface and the particle 

roughness parameters: at the inception of the rolling motion, the particle may need to overcome 

the effect of asperities on the test surface or the particle surface. While smooth surface assumptions 

are used in this study, the sensitivity to the microscopic geometry at the particle surface interface 

allows the surface roughness effects, and particle morphology need to be studied in rolling 

detachment scenarios. Application of the methods over a range of parameters and comparisons to 

the findings previously reported in the literature: relative humidity (RH=0-100%) 110, electrostatic 

force, particle aging (deformation) on the surface, and surface properties 72,97,111. Of particular 

interest is the extension of the method to systems with greater adhesion forces. The practical 

application of the presented work will include analysis resuspension rates related to the particle 

fate in the environment and optimization non-contact surface sampling methods. 

 

 



 

Chapter 5. AERODYNAMIC FORCES ON PROLATE SPHEROIDS 

RESTING ON A SURFACE IN A LINEAR SHEAR 

FLOW 

This work is submitted for publication in Powder Technology.  

Though the aerodynamic forces acting on a spherical particle are well studied, in many 

real-world applications, the particles are non-spherical, and there are currently no established 

relations for forces on non-spherical particles resting on a surface. We developed new relations for 

the aerodynamic forces on prolate-spheroidal particles attached to a surface in a linear shear flow 

using direct numerical simulations. The presented formulations predict drag and lift coefficients 

as a function of the particle aspect ratio, flow incidence angle, and Reynolds number. The 

predictive model agrees with the DNS results for the drag and lift coefficients within 0.3% and 

3%, respectively. 

5.1 INTRODUCTION 

Understanding aerodynamic forces acting on particles resting on a surface is crucial in the 

fields of study where particle resuspension is of interest. These particles are often irregularly 

shaped, but recent scientific research treats such particles as spheres, as there are no established 

relations for non-spherical particles. This presents the need for formulations for aerodynamic 

forces on non-spherical particles.   

O'Neil 91 first derived an analytical expression for the aerodynamic forces experienced by a 

spherical particle at rest on a surface in shear flow in the low Reynolds number (Re<1) Stokes 

regime, but particle resuspension often necessitates higher Reynolds numbers. Zeng100 conducted 

a comprehensive numerical study on stationary and moving particles on a surface in a shear flow 

and developed robust relations for aerodynamic forces. The work by Zeng was expanded upon 



 

first by Lee et al. 112, then Fillingham et al. 61 investigated critical shear rates for particle 

resuspension. Yahiaouiet al.113 characterized forces in a parabolic velocity profile. While existing 

work has led to a comprehensive understanding of aerodynamic forces on spherical particles, 

particles of interest, for example, in trace explosive detection, tend to be oblong and rest along 

their long axis114, rendering models for forces on spherical particles inadequate. 

There has been significant recent work into the characterization of aerodynamic forces for 

non-spherical particles. Militzer115 first developed expressions for drag on prolate spheroids in 

axisymmetric flows. Holzer116 produced a model for drag on arbitrary particle shapes. Ouchene et 

al.117,118 and Zastawny et al. 119 each constructed models for lift, drag, and torque on arbitrary 

particle shapes in uniform flows. Harper120 first developed an analytical model for the calculation 

of lift for an ellipsoidal particle in a shear flow. Still, it is limited to particles far away from a 

surface. Gavse et al. 121 formulated expressions for the lift on ellipsoidal particles in shear flow 

near the surface, but the method diverges as the distance to the surface approaches zero. Cui et 

al.122 described a force-based model for tracking the movement of ellipsoidal particles in arbitrary 

shear flows; however, the method does not apply to a particle resting on a surface. There remains 

a lack of comprehensive models for the problem of non-spherical particles attached to surfaces. In 

this work, we present a parametric computational study of flow over prolate spheroids resting on 

a surface for the characterization of the lift and drag force as a function of Reynolds number, 

orientation and aspect ratio. 

5.2 METHODOLOGY 

5.2.1 Problem Description 

Typical particles of interest for surface cleaning and aerodynamic sampling will be on the 

order of microns in height, and therefore under any aerodynamic removal scenario will be resting 



 

in the linear viscous sublayer of a turbulent boundary layer 61. When at rest, particles will lie with 

their long axis parallel to the surface. Thus, for this work, we consider rigid prolate spheroids 

resting on a surface parallel to their long axis in a linear shear flow. The coordinate axis is attached 

to the surface at the center of the spheroid with 𝑥-, 𝑦-, and 𝑧-coordinates representing the 

streamwise, wall-normal, and spanwise directions, respectively. The incidence angle 𝜃 is definied 

as the rotation of the spheroid about the y-axis, as shown in Figure 5.1. 

 
Figure 5.1. Schematic diagram of a prolate spheroid resting on the surface in a shear flow with a 

side-view (top) and top-veiw (bottom). 

 

We define the aspect ratio, 𝜂, of the particles as the ratio of the major axis to the minor 

axis: 

 
𝜼 =

𝒃

𝒂
 . 

(5.1) 



 

Such that an aspect ratio of 1 represents a sphere. In this work, we investigate aspect ratios of 

1.5, 2, 3, and 5 each at angles, 𝜃, of 0°, 30°, 45°, 60°, and 90°. 

The characteristic length scale, 𝑑𝑝, for the prolate spheroids is taken to be the volume 

equivalent spherical diameter. The characteristic velocity for a prolate spheroid in a linear shear 

flow is the flow speed at 𝑦 = 𝑎, such that in a flow of shear rate 𝛾,  𝑐 = 𝛾𝑎. This gives us the 

definition of our Reynolds number for the problem: 

𝑅𝑒 =
 𝑐𝑑𝑝

𝜈
=
2𝛾𝑎(𝑎2𝑏)

1
3

𝜈
 (5.2) 

In a realistic removal scenario for microparticles are positioned entirely in a linear shear 

flow, the height of a particle must be less than the width of the viscous sublayer of a turbulent 

boundary layer (ℎ+ < 5). In Fillingham et al. 61, the author demonstrated that this leads to a 

maximum Reynolds number of 12.5 for spherical particles. For a prolate spheroidal particle resting 

on its long axis, the limit can be defined as  

𝑅𝑒

𝜂
1
3

< 12.5, (5.3) 

which provides a physical limit that conveniently aligns with the range of Reynolds numbers for 

which the flow will stay steady and attached 100,112. For this reason, the Reynolds numbers 

considered in this work are in the range of 0.1-10.  

Finally, we define the drag and lift coefficients for the problem using the spherical 

equivalent diameter and the flow velocity  𝑐 at 𝑦 = 𝑎 such that: 

𝐶𝐷 =
𝐹 

1
2𝜌 𝑐

2𝜋
𝑑𝑝2

4

 , 𝐶𝐿 =
𝐹𝐿

1
2𝜌 𝑐

2𝜋
𝑑𝑝2

4

 
(5.4) 



 

5.2.2 Computational Approach 

The commercial finite volume solver, Ansys Fluent 18.2, was used to solve the three-

dimensional, steady, incompressible Navier Stokes equations. 

 ∇ ⋅ 𝐮 = 0  (5.5) 

 (𝐮 ⋅ ∇)𝐮 = −
1

𝜌
∇p + ν∇2𝐮 (5.6) 

Simulations are performed in a rectangular domain with dimensions 𝐿𝑥 = 50𝑑𝑝 and 𝐿𝑦 = 𝐿𝑧 =

10𝑑𝑝. With boundary conditions shown in Table 1. To avoid a singularity at the contact point 

between the particle and the surface particles were modeled at a small gap of  0.01𝑑𝑝 away from 

the surface.  

Table 5.1 Boundary conditions for numerical simulations on flow over particles 

Inlet Top Sides Particle Bottom Outlet 

𝑢 = 𝛾𝑦 𝑢 = 𝛾𝐿𝑦  𝑢 = 𝛾𝑦 𝑢 = 0 𝑢 = 0 
𝜕𝑢

𝜕𝑥
= 0 

𝑣 = 0 𝑣 = 0 𝑣 = 0 𝑣 = 0 𝑣 = 0 
𝜕𝑣

𝜕𝑥
= 0 

𝑤 = 0 𝑤 = 0 𝑤 = 0 𝑤 = 0 𝑤 = 0 
𝜕𝑤

𝜕𝑥
= 0 

𝜕𝑝

𝜕𝑥
= 0 

𝜕𝑝

𝜕𝑦
= 0 

𝜕𝑝

𝜕𝑧
= 0 

𝜕𝑝

𝜕𝑛⃗ 
= 0 

𝜕𝑝

𝜕𝑦
= 0 

𝜕𝑝

𝜕𝑥
= 0 

 

The computational grid is clustered near the particle surface to enhance resolution in the 

region of interest while reducing the overall computational cost. The grid is constructed such that 

the non-dimensional spacing, Δ+ =
Δ∗𝑢+

𝜈
, is less than unity in each direction at the surface of the 

particle for the highest Reynolds number case. A mesh independence study was conducted, with 

the results summarized in Table 2.  



 

Table 5.2 Mesh independence study for the case of 𝑹𝒆 = 𝟖. 𝟕𝟑, 𝜼 =
𝟐

𝟑
, 𝜽 = 𝟑𝟎°. 𝚫𝒚𝒑

+ and 𝚫𝒙𝒑
+ 

represent non-dimensional grid spacing at the surface of the particle. 𝚫𝒙𝒑
+ ≈ 𝚫𝒛𝒑

+ for all cases.  

Mesh [𝑁𝑥, 𝑁𝑦 , 𝑁𝑧] Δ𝑦𝑝
+ Δ𝑥𝑝

+ CD 𝐶𝐿 

Course [128,63,38] 0.29 1.45 7.754 1.713 

Medium [256,126,76] 0.145 0.725 7.749 01.706 

Fine [512,252,152] . 073 0.363 7.748 01.706 

 

The mesh independence study shows that the coarse mesh is inadequate, but any further refinement 

beyond the medium mesh is unnecessary.  

5.3 RESULTS 

5.3.1 Drag Coefficient 

The drag coefficient for a sphere resting on a surface has been previously studied, and a 

relationship based on the Reynolds number has been established100: 

𝐶𝐷 = 1.7009 ∗
24

𝑅𝑒
(1 + .104𝑅𝑒0.75) 

(5.7) 

For prolate spheroids, then it is natural to use the existing expression for spherical particles with 

correction factors for orientation and aspect ratios. When examing the effect of aspect ratio on drag 

coefficient at each angle, as shown in Figure 5.2, it appears that adjustment to the spherical relation 

is necessary for 𝜃 = 0 (the volume equivalent diameter accounts for the variation due to the 

elongation of the particle) but the effect of aspect ratio increases with the angle 𝜃.  



 

 

Figure 5.2.  Drag coefficient from DNS against particle Reynolds number for incidence angles of 

0°, 30°, 60° and 90° at all aspect ratios. The effect on aspect ratio on deviation from the spherical 

relation is most prominent at an angle of 90°. 

For determining the effect of incidence angle on the drag coefficient, we look to relations 

established for prolate spheroids in a uniform flow. Happel and Brenner123 found that the drag 

coefficient varies with the square of the sine of the incidence angle as 

 

𝐶𝐷 = 𝐶𝐷,𝜃=0 + (𝐶𝐷,𝜃=90 − 𝐶𝐷,𝜃=0) sin
2 𝜃 (5.7) 

Figure 5.3 shows that the formulation agrees well for prolate spheroids in a linear shear flow.  

 

 
 

  

 



 

 

Figure 5.3. Drag coefficient from DNS normalized by drag coefficient at an incidence of 90° 

plotted against incidence angle for comparison of theoretical relation by Brenner. The sin2 𝜃 

relation is appropriate for spheroids in a shear flow attached to a surface. 

 

To fully characterize the drag coefficient, we seek expressions for incidence angles of 𝜃 = 0° 

and 𝜃 = 90° as a function of Reynolds number and aspect ratio in the following form: 

𝐶 ,𝜃=0 = 1.7009 ∗
24

𝑅𝑒
(𝜂𝛼1 + 0.104𝜂𝛼2𝑅𝑒0.75 + 𝛼3(𝜂 − 1)𝛼4𝑅𝑒𝛼5)  

𝐶 ,𝜃=90 = 1.7009 ∗
24

𝑅𝑒
(𝜂𝛽1 + 0.104𝜂𝛽2𝑅𝑒0.75 + 𝛽3(𝜂 − 1)𝛽4𝑅𝑒𝛽5) 

 

(5.9) 

Such that the equations converge to that of a sphere as the aspect ratio goes to unity. The 

coefficients as determined by least-squares fitting to the numerical simulations are summarized 

in Table 3. 

Table 5.3  Summary of fitting parameters for drag coefficient expressions at 0° and 90° 

 1 2 3 4 5  

𝛼 0.523 −0.442 −0.483 −0.003 0.625 

𝛽 0.405 0.636 −0.162 0.0856 −0.121 

 
  



 

The expression allows predicting the drag coefficient with a mean deviation from DNS results of 

0.8% and a maximum deviation of 3.1%, see Figure 5.4.  

 

Figure 5.4. Drag coefficient predicted by the correlations developed in this work against the 

results from a direct numerical simulation. The fitted drag coefficient agrees with the DNS 

results with a maximum deviation of 3.1%. 

5.3.2 Lift Coefficient 

As with the drag coefficient, Zeng100 established a relation for the lift coefficient of a sphere 

resting on a surface in linear shear flow: 

 

𝐶𝐿 =
3.663

(𝑅𝑒2 + 0.1173)0.22
 

(5.10) 

As with the formulation for the drag coefficient, we will be basing our equation for the lift 

coefficient on this existing relation.  



 

 
Figure 5.5. Lift coefficient against particle Reynolds number for incidence angles of 0°, 30°, 60° 
and 90° at all aspect ratios with comparison to the lift coefficient for a sphere. The lift coefficient 

decreases with aspect ratio at low angles of incidence but increases with aspect ratio at higher 

angles.  

Figure 5.5 shows the dependence of the lift coefficient on the aspect ratio is highly 

dependent on the incidence angle. For a 90° incidence angle, the lift coefficient increases 

drastically with aspect ratio while it decreases drastically at an incidence of 0°. For all aspect 

ratios, the maximum lift occurs at 90° incidence and the minimum at 0°. Our formulation 

contains the terms for incidence angle, the Reynolds number, and a stand-alone aspect ratio term. 

The correlation also must converge to that of a sphere at an aspect ratio of 1. Thus, we propose a 

formulation in the form: 

  

  
 

𝜃 = 0° 



 

𝐶𝐿 =
3.663(1 + 𝑅𝑒𝜆3(𝜂 − 1)𝜆4 sin2 𝜃)

(𝜂𝜆1𝑅𝑒2 + 0.1173𝜂𝜆2)0.22
 

(5.11) 

Table 4 summarizes the fitting parameters found via the least-squares fitting.  

Table 5.4  Summary of fitting parameters for lift coefficient expressions. 

 1 2 3 4 

𝜆  2.021 1.559 0.165 1.218 

 

The lift coefficient is more difficult to characterize than drag, but the correlation still agrees 

with the DNS for all cases. The final expression for lift has a mean deviation of 4.4% and a 

maximum deviation of 16.2%. Figure 5.6 plots the predicted lift coefficient against the results from 

DNS.  

 

Figure 5.6. The lift coefficient predicted by the correlations developed in this work against the 

results from the direct numerical simulation. The fitted drag coefficient agrees with the DNS 

results with a maximum deviation of 16.2%. 



 

5.4 SUMMARY FOR FORCES ON PROLATE SPHEROIDS 

In this work, we formulate a set of equations for predicting the drag and lift coefficients on 

prolate spheroids resting on a surface in a linear shear flow as a function of incidence angle, aspect 

ratio, and Reynolds number. Direct numerical simulations were conducted for prolate spheroids 

with the aspect ratios up to 1:5, Reynolds numbers from 0.1-10, and at incidence angles of 

0°, 30°, 45°, 60°, and 90°. The numerical results provide a large parametric data set for developing 

fitting parameters for drag and lift coefficients. The new correlations converge to that of Zeng100 

at an aspect ratio of unity. Table 5 presents the final expressions and their mean and max 

deviations.  

Table 5.5  Summary of lift and drag coefficient formulations 

Expression 

Mean 

deviatio

n 

Max 

deviation 

𝐶𝐷,𝜃=0° = 1.7009 ∗
24

𝑅𝑒
(𝜂0.523 + 0.104𝜂−0.442𝑅𝑒0.75

− 0.483(𝜂 − 1)−0.003𝑅𝑒0.625)  
0.57% 1.71% 

𝐶𝐷,𝜃=90° = 1.7009 ∗
24

𝑅𝑒
(𝜂0.523 + 0.104𝜂0.636𝑅𝑒0.75

− 0.162(𝜂 − 1)0.0856𝑅𝑒−0.121)  
0.43% 1.43% 

𝐶𝐷 = 𝐶𝐷,𝜃=0 + (𝐶𝐷,𝜃=90 − 𝐶𝐷,𝜃=0) sin
2 𝜃 0.81% 3.11% 

𝐶𝐿 =
3.663(1 + 𝑅𝑒0.165(𝜂 − 1)1.218 sin2 𝜃)

(𝜂2.021𝑅𝑒2 + 0.1173𝜂1.559)0.22
 4.41% 16.2% 

 

For the drag coefficient, the variation as a function of angle follows the sin2 𝜃 trend as 

reported by Happel and Brenner for uniform flow, such that the drag coefficient is minimum at an 

incidence of 0° and maximum at 90°. The predictive model for the drag coefficient for a prolate 



 

spheroid resting on a surface agrees with the DNS results within 3.1% over a range of flow angles 

𝛳 = 0°-90°, Re<10, and particle aspect ratios up to 1:5.  

For the lift coefficient relation, it is not useful to compare to results for uniform flow. Thus, 

a new formulation is developed by adding adjustment terms for aspect ratio and incidence angle 

to the equation developed by Zeng et al. 100. The lift coefficient increases with aspect ratio for an 

incidence of 90° while it decreases with aspect ratio for an incidence of 0°. Establishing a 

correlation for lift is more challenging; our best fit for the lift coefficient has a maximum deviation 

of 16.2%.  

Chapter 6. CONCLUSIONS 

The work in this dissertation has furthered the design and development of aerodynamic 

particle sampling by developing a deeper understanding of the flow of underexpanded impinging 

jets and their resulting wall jet boundary layer coupled with developing formulations for the forces 

on microparticles resting in the developed boundary layers.  

The first accomplishment is the parametric characterization of the wall shear stress 

generated from axisymmetric impinging jets. The work resulted in a set of equations that allow for 

the mapping of wall shear stress based upon jet nozzle parameters. This wall shear stress mapping 

allows for the prediction of particle removal, or the determination of necessary conditions for 

particle removal, using axisymmetric impinging jets.  

The second accomplishment is another parametric study of planar underexpanded 

impinging jets, resulting in a full similarity analysis that allows for the complete calculation of the 

wall jet velocity and wall shear stress anywhere along the impingement surface as a function of 



 

nozzle parameters. As with axisymmetric impinging jets, this knowledge can be used to determine 

the necessary nozzle parameters for the removal of microparticles from a surface.  

Along with characterizing underexpanded impinging jets, I have developed a model for 

determining the adhesion force and aerodynamic forces on spherical particles resting in a boundary 

layer. By describing the forces experienced by particles, we gain an essential understanding of the 

necessary conditions for particle removal.  

Finally, the forces on prolate spheroids resting in a boundary layer were investigated, 

resulting in a set of equations to predict the aerodynamic forces within an average deviation from 

the DNS results within 3%. These formulations allow for a straight-forward calculation of forces 

on non-spherical particles that is crucial for understanding the aerodynamic resuspension of non-

spherical particles. 

The presented thesis provides insight into the fluid dynamics of aerodynamic particle 

resuspension. The results assisted in the development of non-contact surface sampler and can be 

applied for the development of reduced-order models for particle resuspension. The future work 

can include the parameterization of irregular and deforming particles, such as biological aerosols, 

and the development of physics-based models describing particle fate in the environment. 
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APPENDIX A. OBLIQUELY IMPINGING UNDEREXPANDED 

PLANAR JETS 

The wall shear stress associated with underexpanded planar jets impinging onto 

an inclined incidence has not been adequately investigated despite its wide practical 

applications. In this work, computational fluid dynamics is used to parametrically 

investigate the flow field of under expanded rectangular jets impinging onto a flat 

inclined surface. Pressure-sensitive paint is used to visualize the static pressure on 

the flat plate upon jet impingement and validate the results obtained from numerical 

simulations. The results are used to formulate an equation for predicting maximum 

wall shear stress on the impingement surface within a mean deviation from CFD of 

3%. 

I. INTRODUCTION 

 Impinging jets have a wide range of scientific and engineering applications and have been 

studied extensively. While most of these studies focus on heat and mass transfer 28,30,124-126, the 

focus of this work is to analyze the wall shear stress developed by the oblique impingement of 

underexpanded planar jets. The main applications are related to aerodynamic particle removal from 

the surfaces, such as in surface cleaning and non-contact surface sampling. Microparticle 

resuspension has been shown to have an excellent correlation to wall shear stress [6, 7]. Phares et 

al. 20 have suggested that resuspension of controlled particles could be used to estimate the wall 

shear stress developed by impinging jets. Small, deforming, or irregular shape microparticles, e.g., 

residues of energetic materials 52,114, microorganisms 127,128, and nanoparticles, require exposure 

to high velocities at the surface 111, which implies high wall shear stress. These levels shear stresses 

are not typical weather-induced conditions, but that can be generated by the impingement of 



 

supersonic or high-pressure underexpanded jets. Studies of underexpanded jets have typically been 

confined to normally impinging axisymmetric jets as they have implications for vertical take-off 

and landing aircraft  9,10,32. Recently, we have parameterized the wall flow behavior from 

impingiung jet designed the studies of particle resuspension using a laboratory test setup 7,27. 

Obliquely impinging planar jets have advantages over normally impinging jets. They can 

produce larger and more uniform regions of high shear stress than round or other low aspect ratio 

nozzles, which is desirable for particle resuspension studies, cleaning, and heat transfer 

applications. Additionally, in non-contact surface sampling, the wall jet flow entrains and directs 

the resuspended particles for their subsequent collection and analysis in contrast to scattering the 

sample as with axisymmetric jets 114. Fillingham et al. 129 presented parameterization of the normal 

impingement of planar underexpanded jet, but the correlations developed in that work do not 

expand to oblique impingement. In Crafton et al. 130 and Ngyuen et al. 131, the flowfield of 

axisymmetric underexpanded jets impinging on an inclined surface is studied experimentally. 

However, the authors did not consider planar jets and or wall shear stress correlations.  

The flow field of subsonic planar jets impinging normally and obliquely has been studied 

previously. Dorrepaal 132 found a similarity solution which described the impingement of 2-D 

incompressible non-orthogonal stagnation point flows. Beltaos 54 examined the flow field 

extensively. They used Preston tube measurements to calculate the wall shear stress developed 

from the incompressible oblique impingement of planar jets. The behavior of compressible jets 

and characterization of wall shear stress was not considered. Chin et al. 133 studied the mass transfer 

of obliquely impinging planar jets but did not examine wall shear stress. Hwang et al. 125 conducted 

a computational study of obliquely impinging slot jets, but the turbulence model used is unreliable 

for wall shear stress measurement. Rajaratnam et al. 134 studied erosion, which was closely tied to 



 

wall shear stress from obliquely planar jets. Still, their results do not directly apply to particle 

resuspension from a rigid surface. The lack of experimental and computational data for obliquely 

impinging planar jets in the compressible region suggests the need for a parametric computational 

study of said jets. 

In this work, we present a parametric study of obliquely impinging, underexpanded planar jets. 

Impingement angles from 30° to 90° are examined at jet standoff height to width ratios from 15-

30 and nozzle pressure ratios from 1.0-3.4. This computational matrix allows for the formulation 

of a correlation for the maximum wall shear stress as a function of the jet parameters.  

II. PROBLEM DESCRIPTION 

One can fully characterize an obliquely impinging underexpanded jet by four parameters: the 

standoff height, 𝐻, the jet width, 𝑊, the jet nozzle pressure ratio, 𝑁𝑃𝑅, and the jet impingement 

angle, 𝜃. Thus, in this work, we used these variables to parameterize the wall shear stress. We also 

define the uphill and downhill directions, as demonstrated in Figure 1. Table 1 Summarizes the 

range of values for each parameter used in the computational study.  

 



 

 
Fig. 1 Schematic of oblique jet impingement on a flat plate. 

 

Table 1: Range of geometric conditions used for CFD to predict the shift in stagnation point. 

Standoff distance, H (mm) 15.0, 17.5, 30.0, 35.0, 60.0, 100.0  

Width of the nozzle, W (mm) 0.5, 1.0, 2.0 

Jet Angle, 𝜃 (°) 0, 15, 20, 30, 45, 60  

Nozzle exit pressure ratio, NPR 1.0, 1.2, 1.4, 1.6, 1.8, 2.0, 2.2, 2.4, 2.6, 2.8, 3.0, .3.2, 3.4 

 

 The analysis is performed using non-dimensional parameters, such as the normalized 

maximum wall shear stress is defined as: 

τ𝑚𝑎𝑥
∗ =

𝜏𝑚𝑎𝑥
1
2𝜌𝑜 𝑜

2
 , 

where 𝜌𝑜and  𝑜 are the density and velocity at the nozzle exit, respectively. The objective of this 

work is to develop a set of equations for the prediction of the maximum normalized wall shear 

stress as a function of the following non-dimensional parameters: jet height to width ration, 
𝐻

𝑊
, the 
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nozzle pressure ratio, 𝑁𝑃𝑅, the jet Reynolds number, 𝑅𝑒 =
𝑈𝑜𝑊

𝜈𝑜
, and the jet impingement angle 𝜃. 

A naught subscript describes the properties at the nozzle exit. 

III. COMPUTATIONAL METHOD 

The computational analysis was performed using the commercial software code ANSYS 

FLUENT 17.2 and a cell-centered finite volume approach. The steady-state Reynolds and Favre 

averaged Navier–Stokes equations are solved to obtain the flow field. The solver uses a pressure-

based scheme with pressure-velocity coupling 135. A second-order scheme was used for the 

pressure. A third-order monotonic upstream-centered scheme for conservation laws was used for 

density, momentum, and turbulence, which was necessary to avoid the effects of numerical 

viscosity (associated with the low-order schemes) on the jet dissipation, as well as pressure–strain 

relationship. Since the flow contains not-negligible changes in temperature, the Sutherland model, 

which is based on the kinetic theory of ideal gases and an idealized intermolecular-force potential, 

is used for viscosity calculation. 

The computational grids contain ~500,000 quadrilateral elements. The grid is constructed so 

that, along the impingement surface, the first node in the wall-normal direction is at a constant 

distance from the wall and is located within a 𝑦+=1 at the maximum shear stress location for every 

considered case. This grid resolution ensures that the viscous sublayer is resolved for the entire 

domain. The maximum x-direction spacing gives an element aspect ratio no greater than 50:1. 

Mesh independence was confirmed by doubling the number of elements; this further mesh 

refinement did not affect the results. 

The computational method for this work is identical to that of Fillingham et al. 27 and has been 

validated extensively against both direct numerical simulation (DNS) 48,55 and the experiments 33 

The oblique impingement of underexpanded jets was studied experimentally using pressure-



 

sensitive paint. Pressure sensitive paint uses oxygen doping of luminophores that emit light at an 

intensity inversely proportional to the partial pressure of oxygen, allowing for the mapping of 

normal pressure along a surface. Figure 2 shows the normal pressure profiles from the pressure-

sensitive paint experiment plotted against those from the CFD.  

 
 

Fig. 2 Normal pressure profiles from CFD (red) and pressure sensitive paint (blue) experiments. 

H = 30 mm, W = 0.5 mm, NPR = 1.0 with the impingement angle of 30 degrees (left) and 15 

degrees (right).  

IV. RESULTS & DISCUSSION 

 After completing the computational study, the maximum wall shear stress was tabulated 

for each case and examined as a function of each jet parameter. Figure 3 plots the normalized 

maximum wall shear stress against the nozzle pressure ratio. When examining the dependence of 

maximum wall shear stress on nozzle pressure ratio alone, we found that when all other parameters 

are fixed, the maximum wall shear stress increases with approximately the square root of Nozzle 

Pressure Ratio for all cases.  

  

 



 

 
Fig. 3 Normalized maximum wall shear stress plotted against nozzle pressure ratio with 

impingement angle represented by shade and height to width ratio designated by the symbol. 

 

Figure 4 plots the normalized maximum wall shear stress against the height to width ratio.  As 

would be expected the maximum wall shear stress decreases with increasing height to width ratio. 

The maximum wall shear stress is proportional to the inverse of the height to width ratio when all 

other parameters are fixed. 

 

 
Fig. 4 Normalized maximum wall shear stress plotted against height to width ratio with nozzle 

pressure ratio represented by shade and impingement angle represented by the symbol. 

 



 

  

 

    
Fig. 5 Normalized maximum wall shear stress plotted impingement angle with nozzle pressure 

ratio represented by shade and height to width ratio represented by the symbol. 

 

 Figure 5. illustrates that maximum wall shear stress decreases with impingement angle. This 

relationship was found to resemble a function of the form: 1 − sin 𝜃. After analyzing the 

maximum wall shear stress as a function of jet parameters, we propose an equation for 

normalized maximum wall shear stress of the form: 

𝜏𝑚𝑎𝑥
∗ = 𝜏𝑚𝑎𝑥,𝜃=0

∗ (1 − 𝑎 (
H

W
)
b

NPRcsin 𝜃). (1) 

 

To use this equation, we must first determine the normalized maximum wall shear stress at an 

impingement angle of 0° as a function of height to width ratio, nozzle pressure ratio, and 

Reynolds number. We expect a Reynolds number term to be relevant, as the normalized 

maximum wall shear stress will not be Reynolds number asymptotic, as found by Fillingham et 

al.7. The size adjustment is necessary as the effective turbulent viscosity increases with Reynolds 



 

number and thus decreases the expected maximum wall shear stress. Therefore, for the 

normalized maximum wall shear stress at normal impingement, we propose the following 

equation: 

𝜏𝑚𝑎𝑥,𝜃=0
∗ = 𝛼 (

𝐻

𝑊
)
𝛽

𝑁𝑃𝑅𝛾𝑅𝑒𝜆 (2) 

 

Least-squares fitting gives the following values for the coefficient and exponents: 

𝛼 = 9338.08 

𝛽 = −1.146 

𝛾 = 0.589 

𝜆 = −0.301 

The resulting Equation 2 allows for the prediction of the maximum wall shear stress from the 

normal impingement of underexpanded planar jets. The equation calculates the maximum shear 

stress with a maximum deviation from CFD of 5.7% and a mean deviation of 2.1%. Figure 6 plots 

the predicted maximum wall shear stress against the calculated value from CFD.  

 

 



 

Fig. 6  Predicted maximum normalized wall shear stress plotted against maximum normalized 

wall shear stress from CFD for normal impingement. Shade represents the nozzle pressure ratio, 

while the symbol represents the height to width ratio.  

 

After finding the normal impingement correlations, we calculated the coefficient and exponents 

for equation 1. Least-squares fitting yields the following coefficients: 

 

𝑎 = 0.208 

𝑏 = −0.276 

𝑐 = 1.213 

𝑑 = 1.512 

 

Using equation 1, we can predict the maximum wall shear stress with a maximum deviation 

from CFD of 10.3% and an average deviation of 3.3%. Figure 7 plots the predicted normalized 

maximum wall shear stress values against the values calculated via CFD.  

 
Fig. 7  Predicted maximum normalized wall shear stress plotted against maximum normalized 

wall shear stress from CFD for all impingement angles. Shade represents nozzle pressure ratio, 

while symbol represents impingement angle, and marker size represents height to width ratio.  



 

V.  Conclusions 

This paper investigates the impingement of under expanded oblique flat jets to find the 

maximum wall shear stress associated with the wall-bounded flow. Obliquely impinging jets find 

application in many fields, this study focuses on their use in studies of aerodynamic particle 

resuspension where the knowledge of shear stress is important, as particle resuspension thresholds 

and removal rates can be directly correlated with wall shear stresses 61. When addressing removal 

"sticky" particles such as residues of energetic material or biological particles, high wall shear 

stresses are required 6. Obliquely impinging jets provide a larger area of high wall shear stress as 

well as a mechanism for transporting the resuspended particles. This work provides a set of 

equations for the prediction of the maximum wall shear stress resulting from obliquely impinging 

underexpanded planar jets as a function of jet parameters. The maximum wall shear stress can be 

predicted within a mean error of 3.3%. 

 


