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Abstract
Exploring the phases of 2+1 dimensional gauge theories through bosonization, holography
& more
Andrew Baumgartner
Chair of the Supervisory Committee:
Professor Andreas Karch
Department of Physics
The dynamics of 2+1 dimensional gauge theories offer insight into the exciting interplay between topology and physics. With the addition of Chern-Simons terms to the action, one can
engineer conformal field theories which are related by a myriad of dualities. Understanding
these dualities offers insight into the phases and behavior of these theories, and allows one
to explore the phase diagram from many different points of view. In this thesis, we will
use these dualities to i) amass evidence for their validity, ii) derive new dualities for exotic
gauge theories, and iii) explore the symmetry breaking patterns of QCD3 with product flavor
groups.
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Chapter 1
INTRODUCTION AND REVIEW
Quantum field theory is a strange beast. On one hand it offers a relatively simple, elegant
framework by which one can understand the most fundamental aspects of the universe. This
relative simplicity, however, gets drowned out by difficult-to-calculate path integrals, subtle
issues of renormalization and anomalies, nonperturbative solutions and other interesting topics. Still, the basic tenets of the path integral are straightforward to understand – integrate
over all possible field configurations weighted by an integral measure which favors classical
solutions (and small perturbations around such solutions). Thus it is no surprise that there
has been much effort in finding physical systems which become analytically tractable that
mimic aspects of our messy, 3+1 dimensional world. There are many ways this can be done,
of course, but one method that has proved fruitful, especially in the context of strongly
coupled and nonperturbative physics, has been studying theories in different dimensions.
Understanding how the dimensionality effects the physics gives a unique type of insight and
intuition about our own universe.
One good example of this comes from the Schwinger model [100]. This 1+1 dimensional
model is (almost1 ) the simplest gauge theory one can write down: an Abelian gauge theory
coupled to fermions. Surprisingly this solvable model shares two important characteristics
with 3+1 dimensional quantum chromodynamics – it is confining and anomalous. To see the
former one must only note that the Coloumb interaction between charged particles is linear
in their separation, a hallmark feature of confinement in 3+1D QCD. To see the latter one
must do more work, but indeed this simple gauge theory has a chiral anomaly, again like
QCD. One can then study this simplified, Abelian model to gain more understanding and
1

It is the author’s belief that scalars are easier to deal with than fermions.
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intuition for the more difficult and interesting non-Abelian case.
Still, the linear nature of the Coulomb force in 1+1 d does not entirely capture the effects
of confinement. A slightly better model comes instead from Polyakov [97]. Polyakov’s model
slightly improves upon Schwinger’s by studying a non-Abelian theory, specifically an SU (2)
theory, in 2+1D coupled to a real scalar field. The fact that this theory is defined in 2+1D
allows the photon to be rewritten in a dual representation as a compact, real scalar. One can
then compute the instanton contribution to the effective potential and find that the theory is
confining. It is important to note that this is possible precisely because of the dimensionality
– the photon can be dualized into a scalar.
Aside from providing toy models for difficult concepts in higher dimensions, low dimensional physics has its own physical significance, specifically in the realm of condensed matter
physics. As experimental techniques grow more and more sophisticated, exotic 2+1 dimensional systems can be engineered and studied to their full extent. Oftentimes, the strongly
coupled nature of these theories leads to strange collective behaviors and degrees of freedom
which can be modeled by gauge theories. And while it is true that a vast majority of these
gauge theories are Abelian, it is not out of the realm of possibility to create a system in which
these emergent gauge fields are non-Abelian. Thus the study of 2+1D non-Abelian gauge
theories, in addition to being theoretically very interesting, could potentially help uncover
some yet-to-be-discovered exotic materials.
The canonical manifestations of 2+1D gauge theories in real life are the integer and
fractional quantum Hall effect. The classical Hall effect refers the phenomenon in which
a 2+1 dimensional sample of electrons is immersed in a transverse magnetic field with an
externally applied voltage. When the electrons in the sample move with the external electric
field, their trajectories bend, giving rise to a transverse current. This current is characterized,
through Ohm’s law, by a resistance known as the Hall resistance. This resistivity, in the
classical regime, increases linearly with the strength of the magnetic field.
In the 1980’s von Klitzing, Dorda and Pepper [79] set out to measure this Hall resistance
in the quantum regime using an ultra-pure 2d electron gas from the inversion layer of a

3

Figure 1.1: Measurements of the Hall (curve with plateaus) and longitudinal (curve with
intermittent peaks) resistances by von Klitzing, Dorda and Pepper [79]

metal-oxide-semiconductor field-effect transistor. They found that, contrary to the classical
picture, the Hall resistance is quantized, jumping to different discrete values2 at special
values of the magnetic field strength. Additionally, the longitudinal resistance drops to zero,
becoming nonzero only when the Hall resistance jumps (see fig 1.1). This peculiar quantized
hall resistance is not the only hallmark of quantum Hall states. Additionally, these transport
properties are both chiral3 and confined to the edge of the sample. These “chiral edge modes"
have since been realized as the signature of a new phase of matter – topological phases of
matter – which has spawned a whole new direction in condensed matter research.
The peculiar properties of quantum Hall states mentioned above can be derived from the
microscopic physics in the usual manner: placing many electrons in a magnetic field, guessing
a many body wave function for the low energy physics, deriving transport properties via Kubo
formula etc... This approach, however, can be quite painful. Indeed, anyone familiar with
2

In appropriate units

3

Charge only flows in one direction.
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quantum mechanics knows that dealing with many body quantum states quickly devolves
into chaos4 . Fortunately there is another way to study the low energy physics of the quantum
Hall states without mention of electrons in strong magnetic fields and annoying many body
wave functions. One can instead construct an effective field theory to study these properties. An effective field theory is a quantum field theory which is meant to capture the low
energy/macroscopic physics of complicated physical systems. While the microscopic physics
may involve complicated interactions between many particles, the macroscopic physics simplifies dramatically. As one probes the physics at lower and lower energies, the high energy
degrees of freedom – be they massive particles, vorticies, what have you – decouple, and one
is left with gapless5 (or nearly gapless) degrees of freedom. To construct such a macroscopic
theory one must write down all the terms in the Lagrangian which are consistent with the
symmetries of the system, which scale in the appropriate way with the energy, and capture
the physics at the scale which you are interested in. This translates to writing down all
symmetric6 , relevant operators with the fewest number of derivatives.
The effective field theory which describes the quantum Hall effect is known as an Abelian
Chern-Simons gauge theory (see [44] for a comprehensive review) . We will discuss this gauge
theory in (mostly) all of its gory detail in the following subsection, but we wish only to make
a few comments about it here. First of all, it is a topological field theory. That means its
action is a topological invariant of the manifold on which it is defined and so the degrees
of freedom are non-local and non-propagating, just like the ground state in the bulk of a
quantum Hall system. Second of all it is anomalous. Specifically it has a chiral anomaly.
This means that the theory is not well defined when placed on a manifold with boundaries
unless there are extra, chiral degrees of freedom at the boundary. This gives rise to the
edge states of the quantum Hall effect. Third of all, the coefficient in front of the action
is quantized to preserve gauge invariance. This coefficient enters into electronic transport
4

Sometimes literally!

5

By gapless we mean there exists energy differences between the ground state and the first excited state

6

Symmetric with respect to whatever global and gauge symmetries are present.
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calculations as a part of the Hall resistance, thus giving rise to the quantized Hall coefficient.
Thus, all the important properties of quantum Hall states can effectively be captured by this
simple topological field theory.
The Abelian Chern-Simons theory is not the end of the story. Indeed one can complicate matters by studying non-Abelian Chern-Simons theories, or coupling the gauge field
to gapless matter. There are many variants which can be studied which lead to interesting
physics. In this thesis, we study a subset of these variants, primarily non-Abelian ChernSimons theories coupled to gapless fermionic and scalar matter. These theories are subject
to dualities–known as bosonization–which relate seemingly disparate theories to each other
at some energy scale. The dualities, along with other properties which we will review below,
allow for a rich phase structure that can be explored through a number of lenses.
First, we will explore the nature of these dualities when placed on a manifold with
boundaries. As mentioned above, a pure Chern-Simons theory admits gapless, chiral edge
modes. When coupled to gapless matter, the theory on a boundary will have boundary
conditions for the matter as well as the edge modes. How must the boundary conditions
of the matter be related to the Chern-Simons edge modes? Additionally, how do these
edge modes map under the aforementioned dualities? We will explore these questions in the
context of Abelian bosonization dualities by carefully examining the role boundary conditions
play in these Chern-Simons-Matter theories. The non-Abelian story has been worked out by
collaborators of the author in [13], but since the author has only contributed to the Abelian
story, the non Abelian analog will not be included.
Next we derive dualities for a certain type of Chern-Simons matter theory known as a
quiver gauge theory. This theory contains certain, exotic types of matter which can interact
via two different types of forces. Using known bosonization and holographic dualities, one
can derive a dual theory which, in certain parameter regimes, greatly simplifies. The phase
structure of this theory is rich and requires special attention in parameter regimes where
symmetry breaking can occur, and to the coefficients of certain background terms which
are required to make the theory anomaly free. These dualities are then applied to 3+1

6

dimensional QCD where they represent the low energy effective theories living on domain
walls when one continuously changes the θ-angle.
Finally, we end with an exploration of the phase diagram of 2+1 dimensional QCD – that
is non-Abelian Chern-Simons theory coupled to light, fermionic matter – as a function of two
distinct mass deformations. This phase diagram is required for a full mapping of the phases
of the aforementioned quiver gauge theory, but is also interesting in its own right. We find
that the symmetry breaking scenarios which lead to mesonic and baryonic degrees of freedom
heavily depend on the size of the groups of fermions involved relative to the Chern-Simons
level, gauge group rank and other parameters of interest. We map out these scenarios and
provide phase diagrams for a multitude of parameter regimes, both at finite and large N7 .
In the rest of this introduction we will review some of the necessary background for
this thesis. First we will take a more extensive look at Chern-Simons gauge theory. This
special type of gauge theory plays a pivotal role in the work presented here. Next we turn
to the various dualities which will be employed throughout. This includes 2+1 bosonization
dualities and holographic duality. Finally, we will review various aspects of spontaneous
symmetry breaking in QCD. The most pertinent information will be reviewed again as needed
throughout the bulk of the text. This introduction is only to provide a broad overview of
the important concepts and tools used extensively throughout.

1.1

Chern-Simons Theory–Where Physics Becomes Topological

In 2+1 dimensions there is a special Lorentz invariant, single derivative action known as the
Chern-Simons action. For an Abelian gauge theory, where the gauge potential Aµ is valued
in U (1) or some other compact Abelian group, the action is given by
SCS

7

k
=
4π

Z

d3 xµνρ Aµ ∂ν Aρ

N here, and throughout, refers to the rank of the gauge group, i.e. SU (N ).

(1.1)
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while for non-Abelian gauge theories the gauge field Aµ becomes an N ×N Hermitian matrix
valued in the Lie algebra associated to the gauge group, and the action becomes


Z
2i
k
3 µνρ
SCS =
d x Tr Aµ ∂ν Aρ − Aµ Aν Aρ .
4π
3

(1.2)

The equations of motion derived from these actions require the field strength to vanish. In
other words, the space of classical solutions to Chern-Simons gauge theory is flat connections.
This might indicate that the theory is trivial, but as we will see this is not the case.
The coefficient k is known as the level of the Chern-Simons theory and is often times
denoted as a subscript when specifying the gauge group i.e. SU (N )k or U (1)k 8 . The actions
presented in (1.1) and (1.2) are not, strictly speaking, gauge invariant, although they do
lead to gauge invariant theories. This is not obvious since the action depends on the gauge
field Aµ and not the gauge-invariant field strength Fµν . To see this, let us perform a gauge
transformation by some element of the gauge group U (x):
i
Aµ → U A µ U † + U ∂ µ U † .
g
Under this transformation, the action becomes (up to a total derivative)
Z

k
SCS → SCS +
d3 xµνρ Tr U ∂µ U † U ∂ν U † U ∂ρ U † .
12π

(1.3)

(1.4)

This new term has a nice topological meaning. It is simply 2π times the winding number of
the gauge transformation! To understand this better, consider Wick rotating to Euclidean
space so our spacetime manifold becomes 3d Euclidean space. In doing so we must specify
boundary conditions on our gauge field at spatial infinity. To skirt this slight complication,
we could instead consider a compactification of Euclidean space and regard our spacetime
as S 3 . In doing so, we find that U is a map from our spacetime S 3 into our gauge group.
Since the gauge groups we will be doing this are sem-simple Lie groups, they com equipped
with a manifold structure as well as a group structure. These manifolds can have non-trivial
8

Here, we will only be concerned with unitary gauge groups, although there is some discussion on
generalizations to orthogonal and symplectic groups in chapter 3.
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S 3 submanifolds around which the spatial S 3 can wind. From the group perspective, these
S 3 submanifolds are SU (2) subgroups of the gauge group. The winding number tells us how
many times our spacetime S 3 wraps around some S 3 ' SU (2) subgroup of our gauge group
So under this type of gauge transformation, the action changes as
SCS → SCS + 2πkn
where
1
n=
24π 2

Z


d3 xµνρ Tr U ∂µ U † U ∂ν U † U ∂ρ U † ∈ Z.

(1.5)

Still, this does not look gauge invariant! But we are saved by the fact that it is only eiSCS
which must remain single valued under a gauge transformation, since it is in this form that
the action enters the path integral measure. For this to be the case, we must take k ∈ Z.
Thus, the Chern-Simons action leads to a physical theory which is perfectly gauge invariant
so long as k is an integer. In addition, the Chern-Simons action also breaks both time reversal
and parity. In 2+1 dimensions these act as
P :x0 → x0 , x1 → −x1 , x2 → x2

A0 → A0 , A1 → −A1 , A2 → A2

(1.6)

T :x0 → −x0 , x1 → x1 , x2 → x2

A0 → −A0 , A1 → A1 , A2 → A2 .

(1.7)

This differs from how we think of parity in 3+1 dimensions, where the x2 coordinate would
also flip signs. This means that the Chern-Simons action can only arise in systems where
parity and time reversal are broken such as electrons in a large magnetic field like in the
quantum Hall effect.
At low energies the Chern-Simons action, when present, dominates the dynamics due to
the single derivative. The reason for this is due to the inverse relationship of energy scales
and length scales in relativistic physics: low energies correspond to large distances. Let L be
the length scale at which we are probing out theory. A single derivative term in the action
will be order 1/L while a two derivative term is on the order of 1/L2 . As L → ∞ the latter
tends to zero more quickly than the former. As L → 0 the opposite occurs.
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This is not the only reason, however. Consider the Chern-Simons-Maxwell theory (or
Chern-Simons-Yang-Mills if the gauge group is non-Abelian) defined by
Z
Z
1
k
3
µν
S = − 2 d xFµν F +
d3 xµνρ Aµ ∂ν Aρ .
4g
4π

(1.8)

The equations of motion for this action are
∂µ F µν +

kg 2 νµρ
 Fνρ = 0
8π

(1.9)

which defines the propagation of a single massive degree of freedom with mass m = kg 2 /4π.
To see this, we define a new field related to the field strength by F̃ µ = µνρ Fνρ . Then eq. (1.9)
becomes the equation of motion for a massive pseudo-vector. Because of this Chern-Simons
theory is sometimes called topologically massive gauge theory. When probing the theory at
low energies, i.e. when going down the RG flow, the coupling constant tends to infinity,
since the Maxwell term is an irrelevant operator, and the photon/gluon becomes infinitely
massive. This suppresses the dynamics associated to the Maxwell term since g 2 → ∞ implies
1/g 2 → 0. Thus, the low energy dynamics is completely determined by the Chern-Simons
action.
A rather important aspect of Chern-Simons gauge theory is its topological nature. Simply
stated this means that the partition function of a Chern-Simons gauge theory is a topological
invariant for whatever 2+1D (or 3D if you are dealing with the Euclidean theory) manifold
you are studying. This manifests itself in a myriad of ways, but the most obvious is the
lack of dependence on the metric. When defining an action on a curved spacetime manifold,
p
one must include a factor of −|g| in the integration measure and change the derivative
to a covariant derivative. The Chern-Simons action, however, also contains a factor of the
Levi-Civita tensor. When defined on a curved manifold, this tensor includes a factor of
p
1/ −|g| which cancels the analogous term in the integration measure. Additionally, due
to the symmetric properties of the Christofell symbols hiding in the covariant derivative,
the contraction with the antisymmetric Levi-Civita tensor gives zero. The resulting action
doesn’t depend on the metric and so small changes in the metric have no bearing on the
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dynamics associated to the Chern-Simons term. This is one hallmark feature of topological
field theories. This has important consequences, most notably that there is no stress-energy
tensor associated to the Chern-Simons gauge theory, which in turn applies that there are
no propagating local degrees of freedom. After all, how is one supposed to propagate when
there are no generators of spacetime translation?
If there are no local degrees of freedom in Chern-Simons theory, then what are the degrees
of freedom? To understand this, let us briefly discuss the canonical structure of the Abelian
CS theory. Consider the structure of the CS action (1.1). The temporal component of the
gauge field does not have a kinetic term, so the “coordinates" of our gauge theory are the
spatial components of the gauge field A1 and A2 . This means the space of classical solutions
is the space of all A1 and A2 such that Fµν = 0. However, due to the Levi-Civita tensor,
these “coordinates" are also canonically conjugate to each other! Thus, the space of classical
solutions is also the phase space of the theory. We must therefore find a gauge invariant
way to parameterize such a space, thereby giving us our gauge invariant degrees of freedom.
But what are these objects? The answer, perhaps unsurprisingly, are non-local degrees of
freedom known as Wilson loops i.e. holonomies of the gauge field along closed 1-cycles:
 H

µ
WC = Tr R ei C Aµ dx

(1.10)

where C is a closed 1-cycle and the trace is taken in the representation R. These gauge
invariant Wilson loops take on values in S 1 which is a compact manifold. This means that
the phase space is compact and therefore the Hilbert space should be finite. When defined
on a spacetime manifold of genus g, these loops can wrap the 2g nontrivial cycles leading to
a degeneracy of ground states. Upon deriving the algebra of observables (a task we will not
undertake in this brief introduction) ones finds that the lowest dimensional representation
allowable is k g . This shows that the ground state of Chern-Simons that has a degeneracy
of k g . This type of degeneracy is now known as topological order and plays a special role
in modern condensed matter physics, especially in studies of topological phases of matter.
Additionally, as discovered by Witten in the 80’s [117], expectation values of Wilson loops
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in Chern-Simons theory are interesting topological invariants related to knot invariants on
three manifolds. These invariants offer a vast generalization of known knot invariants that
have been studied by mathematicians, and contains detailed information about the linking
and winding of the various knots considered.
Another important aspect of Chern-Simons theories we will review is the relation between
Chern-Simons theories and fermions in 2+1D. Fermions in odd dimension are distinct from
fermions in even dimension in the sense that there is i) no sense of chirality since the analog
of the γ5 matrix, which defines chirality in even dimensions, becomes part of the Clifford
algebra and ii) mass terms break parity since fermions transform under parity as ψ → γ 1 ψ
which implies ψ̄ψ → −ψ̄ψ. Consider a fermion in 2+1D coupled to a background Abelian9
gauge field:
Z
S[Aµ ] = i


/ + m ψ.
d3 xψ̄ ∂/ + iA

(1.11)

If we wish to study the dynamics at energies much below the mass of the fermion, we must
first integrate out the fermion. Standard guidance from 3+1D quantum field theories would
tell us that the massive fermion decouples from the low energy physics and should not effect
the resulting theory. This, however, is not the case in 2+1D. The path integral of the fermion
field contributes terms to the effective action which look like
/+m
Sef f = log det ∂/ + iA



(1.12)

If we expand this in powers of the gauge field, one finds that the first nontrivial contribution
comes at quadratic order:
Sef f

1
∼ const + Tr log
2




1
1
/
/ + ...
A
A
/ + m ∂/ + iA
/+m
∂/ + iA

(1.13)

To compute the trace, we pass to momentum space. The resulting integral is equivalent to
performing a 1-loop fermion correction to the gauge field propagator. We will not perform
this integral here, but when the dust settles one finds the contribution to the effective action
9

an equivalent calculation is possible for non-Abelian gauge fields
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is
Sef f

i sgn(m)
=
4π
2

Z

(1.14)

d3 xµνρ Aµ ∂ν Aρ

which is nothing more than an Abelian Chern-Simons theory at level

sgn(m)
!
2

Integrating out,

say, Nf massive fermions would then contribute one such term per fermion, leading to, for
example, a Chern-Simons theory at level Nf sgn(m)
if all the masses are the same sign. Thus,
2
integrating out Nf such fermions, all with the positive mass deformations, serves to shift the
level as:
k → k + Nf

sgn(m)
.
2

This answer is 1-loop exact
So integrating out massive fermions in 2+1D in a background gauge field leads to ChernSimons theories at level

sgn(m)
.
2

Although the computation is 1-loop exact it is still a little

bit problematic since, as discussed above, Chern-Simons theory is only gauge invariant when
the level is an integer, not a half integer. How do we reconcile these facts? One may think
that there are some higher order corrections when integrating out the fermion, but this is not
the case. Instead, the answer lies in how we regularize the theory. Recall that, in general,
quantum field theories often suffer from UV divergences. As such, we will need a gauge
invariant way to deal with such divergences. In 2+1D, (arguably) the best way to go about
this is include a Pauli-Villars regulator for the fermions. This regulator is a very massive
boson which obeys the Dirac equation [122], so the calculation of the effective action will go
through in exactly the same way as the above. Integrating out the Pauli-Villars regulator
will also generate a Chern-Simons term at level sgn(M )/2, where M now refers to the mass
of the regulator. It is conventional to give this Pauli-Villars mass a sign opposite to the
current CS level, although either sign is appropriate so long as one is consistent.
This argument, although good enough for our purposes, is not the entire story. To
gain a better understanding, one can phrase this issue of regulator contributions to the
level in terms of anomalies. Simply stated, massless fermions in odd dimensions suffer from
something known as the “parity anomaly", which implies that the theory cannot be quantized
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in a parity-invariant way. This has many consequences, one of which being that it is only
the magnitude of the parition function that is well defined. To get a feel for this consider a
single, massless fermion in 2+1D. Formally, the partition function will be a determinant of
the kinetic term:
/=
Zψ = det iD

Y

λk

(1.15)

k∈N

/ = λk ψ. This quantity is real since iD
/ is Hermitian, but the sign is ill-defined.
where iDψ
The sign will be determined by the relative number of positive and negative eigenvalues, and
since k ∈ N there is no clear way to determine how many λ’s are positive and how many
are negative. In particular, it is possible to perform a gauge transformation that leaves the
entire spectrum unchanged but changes the sign of a finite number of eigenvalues! This
has the effect of changing the sign of the partition function [122]. One can account for this
change of sign by including a parity violating, but still gauge invariant, regulator such as a
Pauli-Villars regulator. If one includes this regulator, upon integrating it out one obtains
the shifted Chern-Simons level as described above. But one can also treat this at the level of
the eigenvalues as in eq. (1.15). Denoting the mass of this Pauli-Villars field to be |M |  0,
the regularized parition function becomes
Zψ =

Y
k

λk
.
λk + iM

(1.16)

For large M , we see that
Y
Y
π
λk
λk
|λk |
≈
(−i)
=
(−i)sgn(λk )
= |Zψ |(−i)#pos −#neg = |Zψ |e−i 2 η
λk + iM
M
|M |
k
k
k
(1.17)
P
where η =
k sgn(λk ) is known as the Atiyah-Padoti-Singer (APS) invariant, or etaZψ =

Y

invariant. Changing the sign of the regulator’s mass will simply take η → −η, but give an
equally acceptable regularization. When squared, the η invariant is equivalent to a ChernSimons term, and so we often think of it as a half-integer level Chern-Simons term. Strictly
speaking, such a half integer term is nonsensical due to it’s lack of gauge invariance, but
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viewing it as such leads to a nice physical interpretation of the offset as due to the integrating out of infinitely massive Pauli-Villars fields. Formally, this half-integer shift takes into
account how the sign of the partition function changes when the signs of the eigenvalues
change. See [101] for more details.
Chern-Simons theory underlies every aspect of the work done in this thesis. Here we
have outlined just a few of the many interesting properties of such theories and yet already
we see a rich interplay between physics and topology. This interplay will continue to give
interesting phenomena as we couple such theories to different types of matter, exotic or not.
The robustness of this interplay may also allow insight into the relationships between the
different types of Chern-Simons theories. Exploring these relationships, using them to map
out phase diagrams and derived new relationships, is the main subject of this work. Broadly,
we refer to such relationships as dualities. We now turn to examine some of the various
dualities that arise in this work and their relationship to Chern-Simons gauge theory.
1.2

Dualities: Things Are Not Always What They Seem

A large portion of this thesis is devoted to the study and use of dualities. A duality is
an equivalence between two seemingly disparate physical theories, equipped with a duality
dictionary for mapping observables between them. These maps are usually very difficult to
construct, except in a select few cases [30]. Still, one can amass evidence of these dualities
through phase matching, anomaly matching and, if you are lucky, explicit computation of
partition functions. This work will primarily employ three such dualities: i) level/rank duality between pure Chern-Simons theories, ii) bosonization dualities between Chern-SimonsMatter theories and iii) holographic duality between quantum gravity and quantum field
theory. Each of these dualities comes equipped with a range of validity. That is, there
may be certain energy scales at which these dualities are valid. For example, the level/rank
dualities and bosonization dualities are both defined in the infrared, i.e. at low energies.
Holography, on the other hand, is valid at all energy scales. Understanding these regions of
validity is an important part in understanding these dualities and how to use them. We will
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begin our review of these dualities by first discussing these regimes of validity in the context
of renormalization group flows.

Primer on Renormalization Group Flows
Interacting field theories10 , such as those considered in the bosonization dualities to be
discussed below, come equipped with a variety of parameters which characterize the strength
of interactions, as well as a cutoff scale Λ to regularize UV divergences. Since we will primarily
be concerned with physics in the infrared, we will focus our attention to energy scales which
are much below this cutoff scale. Equivalently, we can consider zooming out of our system to
macroscopically large distances. Such a zooming out is equivalent to a rescaling of the cutoff
Λ → Λ̃ and then integrating out the modes between Λ and Λ̃ to bring the cutoff back to Λ.
This process is know as “following the renormalization group (RG) flow" and is equivalent
to rescaling the parameters of the theory in a well-defined way.
Following the RG flow from high energies to low energies is generally an intractable task.
If the theory is weakly coupled, one can compute loop integrals to find the equations which
govern how these parameters change. If the theory is strongly coupled you are likely out of
luck. Luckily there is a small set of guiding principles from which some conclusions can be
made. For instance, each term in the Lagrangian comes equipped with a “mass dimension"
which tells us the first order approximation for how these parameters will flow. These are
generally grouped into three categories: relevant, irrelevant and marginal. Classically this
means that relevant parameters will grow as the energy is lowered, irrelevant parameters will
decrease and marginal terms do neither. This classical dependence will be modified, possibly
very dramatically, when one includes quantum corrections. Still, the classical dependence is
a necessary first step to understanding how these theories will behave at low energies.
This RG flow is governed by a system of differential equations and can be thought of
as a trajectory in parameter space. As the energy approaches zero, this trajectory must
10

And also massive free theories.
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end at some specific values which renders the theory scale-invariant. This can happen in a
number of ways, such as gapping everything in sight and leaving behind a trivial theory. A
more interesting scenario is when the trajectory tends to some non-trivial fixed-point of the
RG equations. By non-trivial, we mean an interacting fixed point, otherwise we would be
left with a free theory. Such non-trivial fixed points host non-trivial conformal field theories
which describe quantum critical points.
When we say we have a duality between two theories in the IR what we really mean is
that the two theories tend to the same RG fixed point in the IR. Deforming these theories
away from the fixed points also leads to dual theories, so long as these deformations map
to each other under the duality map. Matching these deformed phases is a crucial piece of
evidence for the duality that we will use many times in the work below.
1.2.1

Level/Rank Duality

Before diving into the more complicated bosonization dualities which constitutes a majority
of this work, we will review another important duality which will serve as benchmark by
which the bosonization dualities can be checked. This is level/rank duality between pure
Chern-Simons theories.
There are three such level rank dualities [58] :
SU (N )k ↔ U (k)−N
U (N )k,k±N ↔ U (k)−N,−N ∓k

(1.18)
(1.19)

where U (N )K,L = (SU (N )K × U (1)N L ) /ZN . One can also act with a time reversal operator
on the defining actions on either side of the duality to generate the time-reversed level/rank
dualities. This just amounts to flipping the sign of the level, and slightly modifying the
observable map between the two sides. Both the level/rank duality stated above and their
time reversed cousins will be utilized in the work below.
This level/rank duality can be rigorously derived and proved using methods from 1+1 d
conformal field theories. As reviewed above, Chern-Simons theory (Abelian and non-Abelian
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alike) are anomalous when placed on a manifold with boundary. We saw a reason for this
near (1.4), where we ignored the boundary term in deriving the transformation properties of
the Chern-Simons action under large gauge transformations. Generally this boundary term
does not disappear and so pure Chern-Simons theories are ill-defined on such manifolds.
One can rectify this by adding extra degrees of freedom to the boundary of the manifold to
“cancel off" this lack of gauge invariance. These extra degrees of freedom take the form of
a chiral boson in the Abelian theory, and the so-called Wess-Zumino-Witten model in the
non-Abelian theory.
A full review of these boundary theories and their relation to level/rank duality would
take us too far afield. We only wish to say that these special 1+1 d conformal field theories are
simple enough that explicit computations can be made [87]. One important such computation
uncovered a bijection between the space of conformal blocks of two very different WZW
modesl–one defined for a WZW model associated to a SU (N )k theory and the other for a
U (k)−N theory. This duality between the boundary theories can then be lifted to 2+1D
as a duality between the Chern-Simons gauge theories. This is precisely level/rank duality.
One can go further, as in [58] and construct the Lagrangians to both theories and show
this equivalence by gauging certain global symmetries and performing the path integrals
over restricted sectors of the theory. One can then transform one such CS Lagrangian into
the other. The rigorous nature of level/rank duality makes it perfect check for the more
complicated bosonization dualities, which we will now review.

1.2.2

Bosonization

Matter coupled to Chern-Simons gauge theories has a number of peculiar properties. For the
purposes of understanding the 2+1D bosonization dualities the most important property is
that of flux attachment. To see this, consider an Abelian Chern-Simons theory coupled to
some type of matter with a current J µ = (ρ, J i ). In a minimal coupling scheme one must
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simply add a term Aµ J µ to the Lagrangian. The full theory then becomes
L=

k µνρ
 Aµ ∂ν Aρ + Aµ J µ + Lmat .
4π

(1.20)

The equations of motion for the gauge field become
k µνρ
 Fνρ = J µ
4π

(1.21)

4π
ρ
k
4π i
ij Ej =
J
k

(1.22)

which, in components, becomes
Fij =

(1.23)

where Ei = ∂0 Aj is the ith component of the electric field. The second of these offers a clear
explanation as to why Abelian Chern-Simons theory is used as an effective field theory for
the quantum Hall effect–Ohm’s law J i = σ ij Ej implies σ ij =

k ij
 ,
4π

and since k is quantized

we obtain a quantum Hall conductance! This is not extremely pertinent to 2+1 bosonization,
however. We are more interested in the implications of the first line, which, when written in
conventional electricity and magnetism language says B ∼ ρ. In other words, where there
is density, there is magnetic field. Consider, for instance, the simplest non-relativistic case
of a point particle with ρ ∼ δ(x). The CS equations of motion then say that wherever this
point particle is, there is also magnetic flux attached to the particle! This flux attachment
procedure does not change too much when passing to the relativistic quantum field theories
we are interested in. The only difference is that the charge densities are a little more difficult
to interpret, but still the equations of motion are clear: when there exists non-zero density,
there exits magnetic field flux.
To better understand this consider the following object:
µ
Jtop
=

1 µνρ
 ∂ν Aρ .
4π

(1.24)

This current, known as a topological current, and its non-Abelian generalization is automatically conserved in any 2+1 gauge theory (Chern-Simons or not) due to the properties of the
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Levi-Civita tensor. Noether’s theorem tells us that associated with some conserved current
is some continuous symmetry under which the theory is invariant. Moreover, objects charged
under this symmetry, i.e. objects which transform in some specified way under the action of
this symmetry, give rise to the associated current. The question then becomes: what types
of objects are charged under this symmetry? Additionally, what is the symmetry group?
Well, since the current is known as the topological current, it stands to reason that the symmetry which generates its is known as topological symmetry and is denoted by U (1)top . To
understand what types of object are charged under this symmetry, consider the total charge
associated with this current:
Z
Q=

1
d xJ =
4π
2

0

Z

d2 xB.

(1.25)

This is nothing more than the magnetic flux! This current should then be associated to some
type of point-like objects which produce magnetic flux. But such objects are known field
configurations in gauge theory: magnetic monopoles! The topological current is due to the
presence of monopoles in the theory. Further, standard Dirac quantization type arguments
imply that this flux is quantized. Strictly speaking these objects are more like vorticies with
magnetic flux, similar to the type of vorticies one obtains in a superconductor. However, the
larger bosonization community has deemed these objects “magnetic monopoles" and so we
will refer to them for the rest of this work.
This interpretation helps us get a slightly more physical picture into the nature of the
flux attachment conditions: attaching magnetic flux to a point-like particle is, in a sense,
equivalent to forming a bound state between the particle and a magnetic monopole. In fact,
this is more than just an interpretation, but is required by gauge invariance! That is, in these
types of Chern-Simons matter theories, the flux attachment conditions comes from coupling
the gauge field to the matter in a gauge invariant way. Thus, if we want to have a perfectly
gauge invariant CS-matter theory, then these types of bound states must be formed! For
the moment let us specialize to k = 1. The properties of the resulting bound state depends
on a lot of factors, the most important of which is the statistics of the resulting particle. In
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fact, one can show that when a particle moves in a background of magnetic flux, the angular
momentum of the particle shifts by 1/2! So the monopole-particle bound state described
above will have a different spin than the original particle.
We can now understand the nomenclature “bosonization": consider a scalar coupled to
a CS gauge theory. Particle excitations will come dressed with monopole operators which
will shift the angular momentum by 1/2. Thus a spin-0 particle will be come a spin-1/2
particle! Effectively, we have turned a scalar boson into a fermion! Equivalently we can do
the opposite, couple a fermion to the CS gauge theory and obtain a boson. The turning of
these bosons into fermions and vice versa is what garnered this relationship “bosonization".
Fermionization, while also appropriate, just does not roll of the tongue as well. The next step
is to ask if the dynamics of the resulting monopole-particle type bound state is describable
through any classical quantum field theory techniques. Do the dynamics simply? Can we
write down a Lagrangian for it? The answer is, in some cases, yes! But only for very
particular types of conformal field theories.
As stated before, these bosonization dualities are only valid at low energies, when the
two theories flow to the same IR fixed point and thus to conformal field theories. So what
exactly are these theories? For a fermion the answer is simple: a massless, free Dirac fermion
governed by the Lagrangian
/
L = iψ̄ Dψ

(1.26)

/ = γ µ (∂µ − iAµ ) is the covariant derivative. Clearly this theory is conformally
where D
invariant, since there is no mass or interaction terms. The bosonic side of things is a little
more complicated. The correct theory to which this flows is known as a Wilson-Fisher
fixed point. Conventionally, the Wilson-Fisher actions contains with a single trace, quartic
interaction, but recent work has shown that an extra, double trace quartic interaction term
is necessary to obtain the correct symmetry breaking patterns [16, 17]. The Lagrangian is
L=

2
1
(Dµ φ)† (Dµ φ) + λTr (|φ|4 ) + λ̃ Tr |φ|2 .
2

(1.27)

We are now in a position to state the bosonization dualities as first written down by Aharony
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[2]11 :
SU (k)N with Nf φ

↔

U (N )−k+ Nf with Nf ψ,

(1.28a)

SU (N )−k+ Nf with Nf ψ

(1.28b)

2

U (k)N with Nf φ

↔

2

where ψ and φ refer to the actions in (1.26) and (1.27) respectively. These are subject to
the “flavor bound" Nf ≤ k. It is possible to extend these beyond the flavor bound, as we
will review below.
An interesting thing happens when you take Nf = k = N = 1 in the above dualities
[76, 101]. One winds up with a set of Abelian dualities and due to the lack of the A3 term in
the Abelian CS action, one can integrate out the gauge fields relatively easily. By constantly
coupling the dualities to various background fields, gauging them and integrating them out,
one can generate an infinite web of dualities. Contained in this web are well known dualities
such as the well known bosonic particle/vortex duality and it’s younger sister, fermionic
particle vortex duality [112, 107]. In chapter 2 we will perform an important consistency
check for these dualities by examining the behavior of these Abelian dualities on manifolds
with boundaries.
One can go further with the dualities in (1.28a) and (1.28b) and couple both fermions
and bosons to a single gauge field, with interactions between them! Such a “master duality"
was discovered independently by Benini and Jensen [24, 64] and states
SU (N )−k+ Nf with Ns φ and Nf ψ
2

↔

U (k)N − Ns with Nf Φ and Ns Ψ.
2

(1.29)

One can then obtain the dualities in (1.28a) and (1.28b) by setting Ns = 0. With the addition
of a new matter comes an additional flavor bound. These are now subject to Nf ≤ k and
Ns ≤ N . We will use these master dualities in deriving the quiver dualities of chapter 3.
In doing so, we will extend the range of validity of the master duality past the first flavor
bound and find an incredibly rich phase diagram with many interesting properties. It would
11

Work has been done prior to the publication of Aharony’s work, but he gets the credit work working
through the annoying subtleties.
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be interesting to find a doubly extended master duality, but that is be beyond the scope of
this work.
Even though the dualities above are all different, they behave in exactly the same way.
By this I mean the mapping of operators on either side of the duality is the same for the
non-Abelian, Abelian and master dualities. A crucial part of this story is the matching
of global symmetries across the dualities. After all, if these theories are equivalent then
they should both have the same global symmetries. Clearly the flavor symmetry will match
since there are the same number of bosons and fermions on either side. The more difficult
symmetries to deal with are the Abelian global symmetries. As we said earlier each of these
theories comes equipped with a U (1) topological symmetry which couples to monopoles. In
addition, there is a baryon number U (1) associated with conservation of baryons, i.e. bound
states of N different fermions of differing gauge (color) charge. Under these dualities, the
topological symmetry is mapped to the baryon symmetry and vice versa. This gives the
interpretation that the nonperturbative objects in one theory (be they monopoles, vortices,
etc...) are mapped to baryons in the other and vice versa. Evidence for this mapping can
be sees by computing the anomalous dimensions of these operators in the large N limit and
verifying that they match.
Bosonization in 2+1 dimensions is not the only example of this type of duality. Long
before the canonical works on 2+1D bosonization, physicists in the condensed matter and
string theory communities discovered a similar relationship between a free boson and a free
fermion in 1+1 d. Contrary to the 2+1 case, the 1+1 case does not involve flux attachment.
Similar to the 2+1 case is the fact that it does not hold for all bosonic or fermionic theories,
just a special, select few. The canonical example of this is the compact boson in 1+1 d.
One can construct an operator called a vertex operator V(φ) ∼ eiφ which is fermionic.
This operator is important for, among other things, constructing asymptotic states in string
theory to compute scattering amplitudes. This relationship has also been used to study the
Luttinger liquid [? ], a simple model for interacting electrons in 1+1 d.
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1.2.3

Holography

The last duality we will use in this work is gauge/gravity duality, or holography, or AdS/CFT.
To fully understand this duality one must first understand the behavior of D-branes–nonperturbative
charged objects in string theory on which open strings can end. In string theory, the bosonic
degrees of freedom are simply the coordinates of the string embedded in some auxiliary
spacetime. To parameterize this string, one introduces the string coordinates: (σ, τ ), often
denoted by σ for convenience. The action is then the area of the string embedded in spacetime. Let X µ (σ) denote these embedding coordinates. The action for the bosonic string,
known as the Polyakov action, is
1
SP = −
4πα0

Z

d2 σhαβ (σ)∂ α X µ (σ)∂ β Xµ

(1.30)

where hαβ (σ) is the world sheet metric. This action exhibits full conformal symmetry in 1+1
d. As with any theory defined by an action, in deriving the equations of motion one winds
up with a boundary term which defines the boundary conditions of the theory. They are:
Dirichlet: X µ (σ)bdry = 0
Neumann: ∂ ⊥ Xµ = 0

(1.31a)
(1.31b)

where ∂ ⊥ refers to the derivative perpendicular to the boundary. One must choose such
boundary conditions for each direction in the embedding space. By choosing the Dirichlet
boundary conditions for D − p − 1 directions, one restricts the motion of the string endpoints
to lie on some p + 1 submanifold of the embedding space. This submanifold gives rise to a
classical view of Dp-branes. These can of course fluctuate in all sorts of interesting ways.
Even though they are defined in terms of strings, D-branes can be studied in their own
right. In analogy to (1.30), the D-brane action, known as the DBI action, is the area of the
D-branes:
Z
SDBI = −T

dp+1 ξ

p
− det(P [g]ab )

(1.32)

where P [g]ab is the pullback of the embedding space metric onto the p + 1 submanifold and
T is the tension of the D-brane. These objects carry charges associated to the modes of the
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string endpoints. The facts together imply that the dynamical D-branes carry energy and
thus they couple to gravity and bend the ambient spacetime. This gives rise to a curved
background in which closed strings (the strings which don’t need these types of boundary
conditions) can propagate.
Upon quantizing the open string one finds massless modes which give rise to, among
other things, an Abelian gauge field. Since this is associated to the movement of the string
endpoints along the directions defined by the Neumann boundary conditions, this gauge
field is interpreted as “living on the D-brane". One can include this in (1.32) by adding
2παFab in the determinant. When there are N D-branes stacked on top of each other,
strings have the option of ending on any of one of these D-branes. This gives rise to extra
charges known as Chan-Paton factors which lift the Abelian gauge modes to a U (N ) gauge
theory. Similarly when quantizing the closed string one finds, among other things, massless
symmetric tensors which can be interpreted as gravitons. As stated before, these gravitons
can couple to the D-branes since they have energy. Additionally, they can propogate in the
curved background created by these D-branes. This gives rise to two complementary views
of D-branes–one in which they are surfaces on which closed strings end, hosting the massless
modes of the open string, and one in which they create backgrounds in which closed strings
can propagate. At high energies there are complicated interactions between the open strings
and the closed strings, but at low energies they completely decouple from one another. Thus,
these complementary views gives rise to two equivalent dynamical theories–one living on the
D-brane and the other propagating in the gravitational background created by the D-branes.
One can do this for a lot of different D-branes and obtain a lot of different theories which
are equivalent by these complementary views. The most famous of these types of dualities,
however, comes from focusing on D3-branes. The gauge theory which lives on the D3 branes
is N = 4 super Yang-Mills, a maximally supersymmetric version of our favorite non-Abelian
gauge theory. On the other hand, the gravitational background which the D-branes create,
in the appropriate low energy limit, is AdS5 × S 5 , i.e. a product of 5-dimensional anti-de
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Sitter space and a 5 sphere12 . We are then left with a closed string theory propagating on
this exotic background. The difference in dimensionality, coupled with the fact that AdS
space has a time-like boundary, gives rise to the nomenclature “holography"–we have two
equivalent theories one defined in 5 dimensions13 and one defined in 4 dimensions, where
the 4 dimensional theory is interpreted as living on the boundary of the 5 dimensional AdS
space. Much like a hologram stores information about a 3d image in a 2d setting, the 3+1
SYM theory contains information about the 3+2 string theory.
The duality in this form does not give us much. Indeed, closed string theory on AdS5 is
notoriously difficult to construct, let alone calculate anything. To make this duality more
useful, one takes some limits where the string theory simplifies. First, one takes the strength
of the string coupling to zero. This brings us into the classical regime of string theory, which
makes calculations slightly simpler since now one does not need to quantize anything. On
the field theory side, this is equivalent to taking the large N limit in the ’t Hooft sense–that
is we take N → ∞ while keeping g 2 N = const. Next, we take the length of the string to
be much smaller than the radius of AdS. This washes out the “stringiness" of the theory
and we are left with point particle limit of string theory–supergravity. On the field theory
side, this is equivalent to taking the strongly coupled limit of the field theory. Thus, we
have a weak/strong duality between supergrvaity on a weakly curved spacetime (which, in
the absence of other fields, is simply Einstein gravity) to a strong coupled conformal field
theory–something that is infamously difficult to study. In this way we can use gravity to
draw conclusions about very complicated types of field theories–a huge deal in the theoretical
physics world!
There is an issue here: how can a duality involving a 3+1 d conformal field theory help
12

The dimensionality comes from requirements of conformality of the 1+1 d field theories associated to
the string modes.
13

The 5-sphere plays an important role, but one can perform a Kaluza-Klein type compactification of
closed string degrees of freedom, generating an infinite tower of massive modes and leaving behind a
massless 5 dimensional theory on AdS. These massive modes are related to composite operators in the
field theory, where the masses map to the scaling dimension of the operators.
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us understand to the dynamics of 2+1D gauge theories? We will provide a more detailed
answer to this procedure in chapter 3 when we use holography to derived dualities between
quiver gauge theories. For now, we simply sketch two ways this can be done. Both of these
processes involve compactifying the theory along one direction, breaking supersymmetry by
giving fermions different boundary conditions than the bosons, and taking the radius of the
resulting circle to be very small. This gives mass to most of the matter content of the theory,
leaving behind massless gauge fields. In one approach, one starts with a 3+1-dimensional
quantum field theory, compactified down to 2+1 dimensions with fundamental matter added
back in by placing a small amount of “flavor" branes so as to not warp the background away
from AdS. This procedure was carried out by Karch and Jensen in [65] and leads to a purely
2+1 dimensional gauge theory. The holographic duality becomes the bosonization dualitiy.
In the other approach, one can go from a 5-dimensional theory down to a 4 dimensional one
and embed the flavor branes in such a way so that they are living on some 2+1D submanifold.
This was first suggested by Witten in [120] and will be important for studying the quiver
gauge theories which arise from varying the QCD θ angle along a given direction. Either
approach is useful and the choice depends on the problems we want to solve.
1.3

Symmetry Breaking in 2+1 Dimensions

As mentioned in section 1.2.2, the bosonization dualities (1.28a), (1.28b) and their “master"
extensions, are subject to the flavor bound Nf ≤ k. To understand why this is so, consider
the scalar gauge theory of (1.28b). This is a U (k)N gauge field coupled to Nf scalars. If
the flavor bound is satisfied, we give all of the scalars a negative mass, and we assume the
resulting theory is “maximally Higgsed"14 the scalars would obtain a vacuum expectation
value of the form

hφiaI = 

14

1Nf ×Nf
0


.

An assumption which requires both the single and double trace quartic terms in eq. (1.27)

(1.33)
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where the 0 represents an (k − Nf ) × Nf block of zeros. This breaks the gauge group as:
U (k)N → U (k − Nf )N

(1.34)

leading to the usual Higgs mechanism effects such as massive gauge bosons. From (1.34) we
can see the origins of the flavor bound: if k ≤ Nf the gauge group gets completely broken
down. Further, the flavor group breaks down too, at least for k < Nf . To see why this
occurs, consider the vev in the Higgs phase when the flavor bound is broken:


aI
hφi = 1k×k 0

(1.35)

where now the 0 represents an k × Nf − k block of zeros. The resulting symmetry of the
ground state is given by the transformations which leave this vacuum expectation value
invariant. Clearly this breaks the entirety of the gauge group. To see if there is any residule
symmetry breaking in the flavor group, one can then perform a flavor transformation by
multiplying on the right by some U ∈ U (Nf ). Due to the form of (1.35), we can bring this
flavor transformation into a block diagonal form


U1 0

U =
0 U2

(1.36)

where U1 ∈ U (k) and U2 ∈ U (Nf − k). This implies that the flavor symmetry is broken as
U (Nf ) → U (k) × U (Nf − k).

(1.37)

In other words, the flavor group is spontaneously broken, and Goldstone’s theorem tells us
that the low energy theory contains massless scalars valued in the coset known as the complex
Grassmannian
M(Nf , k) =

U (Nf )
.
U (k) × U (Nf − k)

(1.38)

In the corresponding regime in the fermion theory, such symmetry breaking does not occur.
Thus, the duality is lost.
There are some observations to be made, though. First and foremost, one of the mass
deformed phases, the one where the scalar has a positive mass and the fermion has a negative
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mass, still matches in the flavor violating regime. Moreover, the other mass deformed phase
in which the fermion has a positive mass (which does not match the symmetry broken phase
of the scalar) can be matched by a different scalar theory under a positive mass deformation,
namely
U (Nf − k)−N with Nf φ

(1.39)

Interestingly enough, when this theory enters its Higgsed regime, it leads to the same Grassmannian (1.38). This lead the authors of [80] to conjecture a new duality which leads to
spontaneous symmetry breaking for the fermion in a finite range of masses about the origin.
Their conjecture states the following duality:


U (k)N with Nf Φ1
SU (N )−k+Nf /2 with Nf ψ
↔

U (Nf − k)−N with Nf Φ2

mψ = −m∗

,

(1.40)

mψ = m∗

where m∗ is just some yet-to-be-known value of the fermion mass where the dual theories
become massless. In contrast to the dualities in section 1.2.2, (1.40) requires two scalar duals
which overlap on some finite range about the origin where symmetry breaking occurs.
Our main objective in the latter half of chapter 3 will be to extend this duality to the
master duality by coupling it to scalar matter and tracking how the various interactions will
effect the symmetry broken phases. This will be a necessary step in constructing duals to
quiver gauge theories which host fundamental matter on the nodes. Part of this requires a
breaking of the flavor group, since in constructing the quiver some fermions will be fundamental and some will be bifundamental. We turn to the question of the phase diagrams of
these types of flavor broken, flavor bound violating fermions in chapter 4.
This concludes our brief review of the pertinent topics explored in this thesis. We will
review these topics again in more detail as needed.
Notation
An annoying part of this line of work is the question of conventions for the Chern-Simons
level when coupled to fermions. Some authors like to explicitly display the half-integer
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contribution to the level from the η-invariant, while some like to absorb it in a redefinition
of the level. In chapters 2 and 3 and the first half of chapter 4 we will do the former, but
when switching to the large N limit in the last half of chapter 4 we will do the latter.
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Chapter 2
DUALITIES AT THE BOUNDARY
Disclaimer: This work [10] was done in collaboration with Kyle Aitken, Andreas Karch
and Brandon Robinson. The author contributed to most aspects of the work discussed here,
with the exception of the lattice construction which was primarily done by Kyle.
One aspect of both the Abelian and non-Abelian bosonization dualities that had previously received little attention is the role that boundaries in the duality. If there is any
testable prediction to come from the duality, it is necessary to understand how to describe
the behavior of systems with dual bulk theories in the presence of a boundary in order to
make contact with quantities measurable on a finite sample. After all, the physics of edge
modes is the most easily accessible physical manifestation in quantum Hall samples. Furthermore, including boundaries gives us one more check of the dualities which to some extent
remain conjectural, even though there has been recent progress on providing a proof of the
basic “seed duality" by realizing it via a lattice construction in [27]. To understand both these
2,1
points, we will study how Abelian theories on flat, half space R+
are related by bosonization.

In particular, we will restrict our investigation to flux attachment between IR descriptions of
free fermions and scalars with quartic self-coupling near or at the conformal fixed point. We
note that while we will be considering bosonization and particle-vortex duality as in [76, 101]
throughout, the results obtained should be easily generalizable to include, say, non-trivial
2,1
flavor symmetries [75]. Despite our restriction to R+
, we believe our results generalize to

curved manifolds with arbitrary boundaries so long as they are topologically trivial.
An ambitious program considering boundary conditions in 2+1 dimensional dualities has
been outlined by Gaiotto in a talk in honor of Nathan Seiberg’s birthday [48]. In that talk,
he conjectures dual pairs of boundary conditions based on constructing interfaces between
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a theory and its dual. Assuming that at low energies the theories decouple across the
interface, an interesting web of Abelian and non-Abelian dualities emerges with subtle, nontrivial interplay of boundary conditions imposed on scalars and gauge fields. In this work,
we construct a duality that agrees with one of the examples in [48] and gives evidence that
these conjectures – which are based on the decoupling assumption – are possibly true more
broadly. While not attempted in the following work, it would be very interesting to flesh out
the details of Gaiotto’s program.
In § 2.1, we review the status of the web of dualities in d = 2 + 1 including conventions,
notation, and descriptions of the theories participating in the dualities for use in all of
the subsequent sections. In § 2.2, we construct the appropriate theories participating in
bosonization on R2,1
+ including possible boundary conditions and requirements for the theory
to be non-anomalous. Joining the concepts from the previous section, in § 2.3 we formulate
the role of boundary conditions and self-consistency in describing dual theories on R2,1
+ .
Further, in § 2.4, we will give evidence for the continuum duality by writing down the
microscopic theory on a Euclidean three-dimensional cubic lattice. Finally, we will conclude
with an overview of the results and a discussion of future directions.

2.1

Review of Abelian dualities

To begin the analysis of Abelian dualities with boundaries, we will give a brief review of the
basic players and the mechanisms that relate them [76, 101]. Our starting point will be the
two basic forms of bosonization relating a Wilson-Fisher (WF) scalar, a free Dirac fermion,
and level-k U (1) Chern-Simons theories (U (1)k CS) living on R2,1 . Specifically, we begin
with the “seed” dualities
WF scalar + U (1)1 CS

←→

Free Fermion,

(2.1)

WF scalar

←→

Free Fermion + U (1)−1 CS.

(2.2)
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These schematic relations are understood at the level of equating the partition functions as
a function of background fields of the theories across the arrows.
In the following, we use uppercase letters to denote background gauge fields, and lowercase
for a dynamical gauge fields, ϕ for scalar fields, ψ for Dirac fermions, and λ for heavy PauliVillars regulator fields. In what will be a necessary distinction for later application, we will
denote dynamical (background) spinc valued connections with a (A), while ordinary U(1)
connections will be denoted with b (B), c (C), and so on. The background and dynamical
gauge fields are coupled through a BF-term that is defined below. With these conventions,
eqs. (2.1) and (2.2) are more precisely written respectively as
Z
ZWF+flux [A] ≡

Dϕ Db eiSWF [ϕ, b]+iSCS [b]+iSBF [b,A]
Z
↔ DψDλ eiSf [ψ,λ, A] ≡ Zf [A],

(2.3)

Dϕ eiSWF [ϕ, B]
Z
↔ DψDλ Da eiSf [ψ,λ, a]−iSBF [a,B]−iSCS [B] ≡ Zf+flux [B].

(2.4)

and
Z
ZWF [B] ≡

The actions for the various matter fields participating in the above dualities are given by
Z

d3 x |(∂µ − iBµ )ϕ|2 − α|ϕ|4 ,
Z
Sf [ψ, λ, A] = lim
d3 x iψ̄γ µ (∂µ − iAµ )ψ + iλ̄γ µ (∂µ − iAµ )λ − mλ λ̄λ .
SWF [ϕ, B] =

mλ→−∞

(2.5a)
(2.5b)

It is well known that a single Dirac fermion in d = 3 has a parity anomaly, which necessitates
the inclusion of the Pauli-Villars regulator in eq. (2.5b) to yield a well defined fermion
determinant. Even though we are ultimately interested in the case where the regulator mass
is parametrically heavy (|mλ | → ∞), its effect on the theory by shifting topological terms
must always be tracked – even when λ is integrated out. In the literature it is common
to forego writing down the regulator and instead add a k = − 21 Chern-Simons term to the
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action to account for the effects of λ.1 We prefer to explicitly keep the regulator field around
as it makes the accounting of edge modes clearer.
The actions for the level-k Chern-Simons and BF -terms are
Z
k
kSCS [A] =
d3 x µνρ Aµ ∂ν Aρ ,
4π
Z
k
kSBF [b, A] =
d3 x µνρ bµ ∂ν Aρ .
2π

(2.6a)
(2.6b)

The normalizations in eqs. (2.6a) and (2.6b) are chosen such that the theories with arbitrary k ∈ Z are gauge invariant in the absence of a boundary. Taking inspiration from the
microscopic description of bosonization [27], the coupling of the dynamical field b to the
background field A can alternatively be written
SCS [b] + SBF [b, A] = SCS [b + A] − SCS [A].

(2.7)

We will see in later sections that rewriting eqs. (2.3) and (2.4) with only Chern-Simons
terms will be useful in understanding edge modes.
A few remarks are warranted before proceeding. The statements of eqs. (2.3) and (2.4)
should to be understood at the IR fixed point. Thus, the absence of a Maxwell term for a, i.e.
1
(da)2 ,
4e2

can easily be seen because the IR limit requires e2 → ∞. Moreover, the action for

the Wilson-Fisher scalar is obtained by tuning the scalar mass m2ϕ → 0 and quartic coupling
α → ∞. Alternatively, one can think of the Wilson-Fisher scalar by introducing an auxiliary
scalar (Hubbard-Stratonovich) field, σ, such that
Z

σ2 
SW F [ϕ, σ, B] = d3 x |(∂µ − iBµ )ϕ|2 − σ|ϕ|2 +
.
2α

(2.8)

Integrating out σ produces eq. (2.5a). Treating σ as a background field, it functions as
a mass-term source. Relating the operator insertion sourced by σ through either of the
dualities yields the map: σ ↔ −ψ̄ψ. The way that we will interpret this map for mass
1

More precisely, we should note that this topological effect is the η-invariant coming from the AtiyahPatodi-Singer index theorem [19, 92]. The precise definition will be discussed more thoroughly when the
distinction is important in Sec. § 2.3.2.
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deformed theories is that the scalar and fermion mass terms are mapped into one another
under the duality as
±m2ϕ |ϕ|2

↔

(2.9)

∓mψ ψ̄ψ.

Consistency of the dualities (2.3) and (2.4) for positive and negative mass deformations will
be a guiding principle in what follows.
Another useful map between dualities will be between global symmetry currents. Since
we identify the global U (1) symmetries on either side of the duality, it is natural to also
identify the conserved currents associated with said symmetries. For example, the duality
eq. (2.3) implies the identification of
µ
jWF+flux
(x) ≡

δSWF+flux [A]
δAµ (x)

↔

jfµ (x) ≡

δSf [A]
.
δAµ (x)

(2.10)

For the side of the duality with a dynamical U (1) gauge field, the global U (1) is associated
with a flux current. Meanwhile, the side with just matter has a global U (1) that is associated
with particle number.
Spin Considerations
A large portion of the subtleties involved in extending these dualities to include manifolds
with boundaries comes from the differences between spin and spinc valued U (1) connections.
We will now take a brief detour to review some of these concepts. The discussion here
will be largely heuristic, while more mathematically oriented treatments can be found in
[102, 101, 84].
Consider an arbitrary manifold, M, and turn on a background gauge field, i.e. a U (1)
connection A. Suppose that we want to ask questions about the dynamics of a system of
fermions on M that couple to A. We first must ensure that it is sensible to define the Dirac
operator on M. This requires us to define an appropriate connection, ωµab , that consistently
parallel transports a local Lorentz frame over all of M, allowing us to meaningfully talk
about placing a spinor anywhere on M. An M that admits a global definition of ωµab is
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called a spin manifold. On a spin manifold the full covariant Dirac operator is given by
1
Dµ = ∂µ + ωµab γa γb + iAµ .
4

(2.11)

However, certain topological constraints imply that not every manifold admits a global
definition of ωµab . The topological obstruction to defining ω everywhere on M can be compensated by a non-standard choice for quantization of A:
Z
1
dA ∈ 2Z,
2π Σ

(2.12)

where Σ is an oriented co-dimension 2 surface in M. Within this quantization scheme, the
covariant Dirac operator
1
Dµ(n) = ∂µ + ωµab γa γb + inAµ
4

(2.13)

is well defined for odd n. An M whose topological obstruction to a global definition of the
Dirac operator is compensated by the unusual quantization of A is called a spinc manifold,
and the A obeying eq. (2.12) will be referred to as a spinc valued connection.
Further, we can impose eq. (2.12) even if the manifold admits a global definition of ωµab ,
which implies that spin and spinc valued connections can be defined spin manifolds . Thus
since R2,1 and R2,1
+ are spin manifolds, the distinction that we must make is at the level of
fermions being coupled to either a spin or spinc valued connection.
The restriction to odd n gives rise to the spin-charge relation of condensed matter physics;
particles with integer spin have even charge and half-integer spin have odd charge. While this
does not appear to be a fundamental law of nature, it is believed to be valid for systems made
up of protons, electrons and other charged (quasi-)particles. This motivates the distinction
between spin and spinc valued connections in our notation and further implies that our
background field appearing in eq. (2.3) is spinc [102].
As an example of how this distinction can enter into the seed dualities, consider pure a
U (1)1 theory with spin valued connection, b, on M = T 3 .2 Further, consider that M is the
2

This discussion follows Appendix B of [101] where more details can be found.
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boundary of a four-dimensional manifold X. Upon quantization, we find that there is just
one state such that the path integral is
Z
Z = Db eiSCS [b] = e−iΩ

(2.14)

where Ω denotes “framing anomaly”
Z

1
Ω=2
CSg =
96π
∂X

Z

(2.15)

R ∧ R,
X

and CSg is the gravitational Chern-Simons term.
If the same U (1) theory with dynamical gauge field b is defined with respect to a background spinc structure with connection A on M, we must couple our dynamical U (1) field
b to the background connection A through a BF term. As with the previous case, there is
only one state, and the theory is uniquely determined. The difference is that the partition
function evaluates to
Z
Z[A] =

1

Db eiSCS [b]+iSBF [b,A] = e−iΩ−i 4π

R

AdA

.

(2.16)

Accounting for these extra terms will prove to be a useful guiding principle for keeping track
of edge modes across the duality.
2.2

Theories on half-space

Now that we have reviewed the basics of the standard Abelian dualities, we are in a position
to address the subtleties associated with the theories on the half-space, R2,1
+ . We will explore
2,1
the space of boundary conditions consistent with eqs. (2.5b) or (2.5a) defined on R+
.

To do so, we must remind ourselves of how to be honest about boundary conditions in
field theories. Consider a theory with action S defined on the manifold M with boundary
∂M. By taking the variation δS we will find two classes of terms
Z
Z
δS = δSbulk + δSbdry =
δLbulk +
δLbdry .
M

(2.17)

∂M

The bulk part of the action is still extremized by the classical equations of motion, and
consistency of the variation amounts to choosing conditions on the field configurations such
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that δSbdry vanishes as well. In the classical limit of the theory, the field configuration that
satisfies the equations of motion should also satisfy boundary conditions. In the full quantum
theory this is not necessarily the case. One way to proceed is by manually restricting the space
of allowed field configurations by inserting delta funtions in the path integral which impose
the desired boundary conditions. This method excludes fluctuations where δSbdry 6= 0.
Alternatively, we could do the path integral over all boundary field configurations. In that
case the boundary conditions would only be obeyed by the dominant field configurations in
the path integral–those which extremize the action. Below we will see that for all fields we
consider there will be multiple boundary conditions which satisfy δSbdry = 0. The boundary
conditions will be chosen such that the theory remains non-anomalous and we keep the global
symmetries on either side of the duality consistent.
In addition to the field conventions listed above, we will take coordinates on R2,1
+ to be
2,1
{t, x, y} where t, x ∈ (−∞, ∞) and y ≥ 0. The boundary of R+
is the surface at y = 0.

Indices i, j will be used to denote coordinates on the boundary and µ, ν in the bulk.
2.2.1

Boundary conditions

Applying the above approach to eq. (2.5a), we take the theory defined on R2,1
+ by fiat and
vary such that
Z
δSW F [ϕ, B] = . . . +



d2 x δϕ† Dy ϕ + δϕDy ϕ†

(2.18)

y=0

where “. . .” contains bulk terms which vanish on-shell. This implies that both Dirichlet
δϕ|y=0 = 0 and Neumann Dy ϕ|y=0 = 0 are valid boundary conditions.
Now consider the boundary conditions for a Dirac fermion. We write the Dirac fermion
eq. (2.5b) evaluated on R2,1
+ in terms of left and right handed components:
 
ψ+
1 ± γy
ψ =  ,
i.e. ψ± = P± ψ
with
P± =
,
2
ψ−

(2.19)

and γ y is the gamma matrix in the direction perpendicular to the boundary. γ y = iγ t γ x is
2,1
the ‘γ5 ’ in the boundary theory. Now, on R+
the terms in eq. (2.5b) that depend on ψ in
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this language read
Z
Sf [ψ, λ, A] =

R2,1
+


d3 x iψ̄+ D
/Ai ψ+ + iψ̄− D
/Ai ψ− + ψ̄− Ay ψ+ − ψ̄+ Ay ψ−

i
+ (ψ̄− ∂y ψ+ − ∂y ψ̄− ψ+ + ∂y ψ̄+ ψ− − ψ̄+ ∂y ψ− ) + . . .
2

(2.20)

where the ellipses denote the terms that only depend on the Pauli-Villars regulator field and
D
/Ai ≡ γ i (∂i − iAi ).
The boundary terms generated by the variation of eq. (2.20) are
Z

d2 x ψ− δ ψ̄+ − ψ+ δ ψ̄− + ψ̄− δψ+ − ψ̄+ δψ− .
δSf [ψ, A] = . . . +

(2.21)

y=0

We can consistently impose Dirichlet boundary conditions on either of the chiral components,3
ψ+ |y=0 = 0

or

ψ− |y=0 = 0.

(2.22)

However, choosing both ψ+ |y=0 = 0 and ψ− |y=0 = 0 over-constrains the equations of motion
at the boundary [39]. Either choice in eq. (2.22) leaves behind a chiral edge mode as seen
in the current running parallel to the boundary, jψi = ψ̄γ i ψ. In § 2.3.1, we will explore how
requiring a non-anomalous theory forces us to choose one boundary condition over the other.
Since the action for the Pauli-Villars regulator fields is identical to that for the Dirac
fermions, the analysis above applies in kind. In particular, we apply chiral boundary conditions on the Pauli-Villars regulator as well, i.e.
λ+ |y=0 = 0

or

λ− |y=0 = 0.

(2.23)

In what follows, we will show boundary condition of the Dirac fermion and Pauli-Villars field
are related. In order to keep track of which boundary condition we are imposing on the two
fields, we introduce a superscript Sf± [ψ, λ, A] to indicate imposing the boundary conditions
ψ∓ |y=0 = λ± |y=0 = 0.
3

We will always take P± ψ|y=0 to imply the corresponding relation on the conjugate field, namely
ψ̄P∓ |y=0 = 0.
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We will use similar notation for the time reversed fermion actions S̄f∓ [ψ, λ, A] with the
superscript indicating the type of boundary conditions imposed. Note that the time reversed
version of Sf+ is S̄f− and vice versa. In addition, we should keep in mind that Sf± itself was
defined with a large negative Pauli-Villars mass, and since fermion mass terms are timereversal odd, S̄f± is defined with a large positive Pauli-Villars mass. This means that S̄f can
be thought of as coming with a k = + 21 Chern-Simons term rather than k = − 21 .
Next, consider the possible boundary conditions for our dynamical gauge fields. To
constrain such fields, we will consider the action at the level of the microscopic description
in which the Maxwell term is still dominant. Upon variation, we find
Z
1
d2 x F yi δbi ,
δSMaxwell [b] = . . . − 2
e y=0

(2.24)

with Fyi = ∂y bi − ∂i by . Once more, we see we can impose either Dirichlet or Neumann
boundary conditions. The former requires the variation along the boundary to vanish, i.e.
bi = 0. Neumann boundary conditions require the field strength adjacent and oriented
perpendicular to the boundary be flat, Fiy = 0.
Lastly, we will consider the boundary conditions for a level-k Chern-Simons term. Such
terms will only come up in the IR limit of the dualities. Varying eq. (2.6a) gives
Z
k
k δSCS [b] = . . . +
d2 x ij bi δbj .
4π y=0

(2.25)

While we could impose bt = 0 or bx = 0 at the boundary, requiring the general, sufficient
condition that
(bt − vb bx )|y=0 = 0,

(2.26)

makes the boundary physics clear in the context of eqs. (2.3) and (2.4). That is, we maintain
a chiral edge mode with velocity vb and chirality set by sgn(vb ). In order for the boundary
kinetic term to be positive definite, the velocity must be chosen such that vb k > 0 [45]. In
what follows we will be mostly interested in relativistic theories fixing the magnitude |vb | = 1.
Since a gauge transformation of eq. (2.6a) also produces a boundary term, any gauge choice
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that we make must be consistent with eq. (2.26). The simplest solution is to promote the
boundary condition to a gauge fixing condition, i.e. we let (bt − vb bx ) = 0 in the bulk as well.
As we will see in the next section, the freedom to choose vb is actually tied to the choice of
fermionic boundary conditions. The consistency requirement on the sign of vb will then pick
a preferred fermionic boundary condition, which we will hardwire into the path integral.
In this section, we have seen that there are multiple choices of boundary conditions for all
of the fields in our theories. However, the choices will be constrained by requiring the theory
to be non-anomalous and that the global symmetries on either side of the duality match.
2.2.2

Boundary modes and anomalies

The discussion of the previous subsection will prove sufficient to study the duality between
the conformal field theories related by bosonization. However, to check the consistency of our
dualities under deformations, we will also be interested in adding mass gaps to the theories
on R2,1
+ . Before formulating dualities like eqs. (2.3) and (2.4) with boundary conditions, we
will highlight additional subtleties in gapped phases in the presence of a boundary.
Our main concern in this section is the possible existence of domain wall fermions (DWFs)
and their interplay with anomalies.4 DWFs are typically discussed in the context of Dirac
fermions defined on R2,1 with a spatially varying mass term – specifically, a mass term that
changes sign across an interface. But the same basic construction also allows us to look for
2,1
the existence of massless boundary modes on R+
. A massless chiral mode localized on the

boundary will exist when the mass profile leaves
ξ (y) = e±

Ry
0

dy 0 m(y 0 )

(2.27)

2,1
finite for all y ∈ R2,1
+ [70]. Unlike the DWF descending from the construction on R , any

constant, non-zero mass profile (m(y) = m) in eq. (2.27) yields a normalizable zero mode
for a fermionic theory on R2,1
+ . The chirality of the DWF is set by the sign of the mass:
4

Strictly speaking, our “domain wall” is really the boundary of our material, but we will continue to use
this slight abuse of vocabulary.
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sgn(m) = +1 gives a left-mover and sgn(m) = −1 a right-mover. In either case, the chiral
current is not conserved, and so the boundary theory on its own is anomalous. While this is
not necessarily an inconsistency in the case when the fermion number is not gauged, we are
only interested in theories in which our global symmetry currents are in fact conserved and
so can be consistently coupled to background fields.5
It has long been known that a level-k Chern-Simons in the bulk can precisely account for
the anomalous chiral modes living on the defect so long as they satisfy the relation
k = n+ − n− ,

(2.28)

where (n+ ) n− are the number of (right-) left-moving modes. More precisely, the nonzero
anomaly of the bulk Chern-Simons term under gauge transformations of its associated gauge
field can be exactly compensated by the axial anomaly of chiral edge movers on the boundary.
This is know as the Callan-Harvey mechanism [26].
In addition to the chiral anomaly, there is also a framing anomaly of such edge theories which arises under diffeomorphism transformations. There is a condition analogous to
the Callan-Harvey mechanism which accounts for anomalies associated with diffeomorphism
transformations of the gravitational Cherm-Simons terms we will consider. In particular, a
manifold M with a boundary will not be diffeomorphism invariant unless the theory satisfies
kΩ =


1 MW
n+ − nMW
−
2

(2.29)

where kΩ is the coefficient of gravitational Chern-Simons term, iΩ of eq. (2.15), and nMW
±
the number of right- and left-moving Majorana-Weyl fermions, respectively. Fortuantely, a
single chiral Dirac fermion is equivalent to two Majorana-Weyl fermions, i.e. n± = 2nMW
±
[101]. Hence, so long as k = kΩ = ±1, a single chiral fermion can render the theory nonanomalous for both the chiral and framing anomalies. In what follows, our calculations will
be organized such that keeping track of eq. (2.28) is completely equivalent to eq. (2.29).
5

Dualities between theories which have non-vanishing boundary anomalies for global symmetries can
also be formulated, as long as the anomalies on both sides of the duality agree. We do not consider such
dualities in this work, but they have been outlined in [48] along with the theories we consider.
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We will see that requiring our theories to be non-anomalous – such that eq. (2.28) is satisfied – arranges for us the pieces laid out above into a working conjecture for Abelian dualities
with a boundary. Furthermore, this counting will naturally appear as an organizational tool
in the lattice construction in later sections.
Let us now take account of the possible edge modes that can appear in the context of
bosonization dualities. To start, we will only consider matter fields. The scalars will never
give rise to a chiral edge mode. For gapped fermions, we naturally get DWFs subject to the
boundary conditions of eq. (2.22), which select any possible surviving edge mode. As hinted
by eq. (2.28) these DWFs are intimately connected to Chern-Simons terms.
By the same reasoning that our gapped fermions give rise to DWFs, so too do the PauliVillars fields. We will always take the boundary conditions on the Pauli-Villars regulators
to kill off the would-be DWF. If we do not kill off the Pauli-Villars DWF, this would give
us massless ghosts localized to the boundary. This would be orthogonal to the Pauli-Villar’s
field original purpose, which was to regulate high energy degrees of freedom giving rise to
the parity anomaly.
Consider a spinc valued connection, A, coupled to a heavy Dirac fermion, χ, and a heavy
Pauli-Villars regulator, λ, with positive masses. Here we will take A to be a background field,
but analogous results hold for dynamical spinc valued connections up to potential boundary
conditions which we will discuss later. The effective action generated by integrating out
a heavy Dirac fermion is iSCS [A] + iΩ. Furthermore from eq. (2.27), χ gives rise to a
DWF of positive chirality, and so we can satisfy eq. (2.28) by imposing χ− |y=0 = 0 to leave
the DWF unaffected. The same DWF is precisely the edge mode we also need to account
for the framing anomaly. To remove the DWF associated with the Pauli-Villars regulator,
we impose λ+ |y=0 = 0. Analogous results follow choosing negative mass Dirac fermions
and Pauli-Villars regulators with a flipped Chern-Simons level and the opposite boundary
conditions. Choosing the signs of the fermion and Pauli-Villars masses to be anti-aligned,
the Chern-Simons terms cancel. Furthermore, both the fermion and Pauli-Villars boundary
conditions prevent any DWFs from arising. As promised, for k = ±1 only one of the two
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possible fermionic boundary conditions yields a theory consistent with eq. (2.28).
Returning to the IR boundary conditions on the gauge fields, we saw the Chern-Simons
term gave us a chiral edge mode whose handedness was set by the sign by the velocity in
eq. (2.26) and hence by k. If this Chern-Simons term is generated by integrating out a
massive fermion, the bosonic chiral edge mode from the gauge field can be understood as a
1 + 1-dimensional bosonized DWF. Thus, the IR physics still retains some memory of the
microscopic picture due to the gapless chiral edge mode furnished by the underlying DWF,
which appropriately accounts for the anomalies. Together the massive fermions, Maxwell
term for the gauge field, and chiral edge mode give a complete microscopic picture of the
theory. This implies that eq. (2.26) emerges from the boundary conditions imposed on the
microscopic fermions.
In fact, we would like to promote this to an operating principle for how to deal with
Chern-Simons terms when analyzing theories in the presence of boundaries. We want to
view all spinc and gravitational Chern-Simons terms as being generated by integrating out
massive fermions. This is the easiest way to get a consistent microscopic picture accounting
for all the resulting boundary modes and anomaly inflows. In particular, this means we will
have the following view of the Chern-Simons terms appearing in Abelian bosonization:
+iSCS [A]+iΩ Chern-Simons terms: Pauli-Villars regulator and a free fermion
with mλ , mχ > 0 and the χ− |y=0 = 0 and λ+ |y=0 = 0 boundary conditions.
−iSCS [A]−iΩ Chern-Simons terms: Pauli-Villars regulator and a free fermion
with mλ , mχ < 0 and the χ+ |y=0 = 0 and λ− |y=0 = 0 boundary conditions.
The signs of the masses of the fermion and Pauli-Villars fields and their appropriate boundary
conditions are completely determined by the sign of the Chern-Simons level. We will use
this microscopic description both for Chern-Simons terms for dynamical spinc fields and for
Chern-Simons terms associated with background spinc valued connections. For clarity, we
will denote the fermions that appear in eqs. (2.3) and (2.4) as ψ and refer to them as
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“dynamical”, while “fiducial” fermions χ refer to the microscopic description of the ChernSimons term. More explicitly, we will view every Chern-Simon terms as arising from
Z
±
±iSCS [A]±iΩ
e
= Dχ Dλ eiSf f [χ, λ,A] ,
(2.30)
where
Sf±f [χ, λ, A]

Z
=

lim

|mχ |,|mλ |→∞

R2,1
+



d3 x iχ̄D
/A χ ∓ |mχ |χ̄χ + iλ̄D
/A λ ∓ |mλ |λ̄λ .

(2.31)

The superscript on fiducial fermion action denotes the sign of the fermion and Pauli-Villars
masses6 as well as the corresponding boundary conditions, χ∓ |y=0 = λ± |y=0 = 0. As usual,
we have chosen the convention that the fermionic mass term appears generically as V (ψ) =
+mψ ψ̄ψ.
The only difference between dynamical and background spinc valued connections is the
possibility of imposing boundary conditions on the former. Since Dirichlet boundary conditions set the gauge field at the boundary to zero, imposing them will eliminate anomalous
current flow onto the boundary from a dynamical Chern-Simons term. Hence, we do not
need to put any additional chiral boundary modes to compensate for such currents. However, employing Dirichlet boundary conditions changes the boundary gauge symmetry to
a global symmetry; thus, introducing a second global U (1) symmetry into the theory. On
the dual side, new boundary localized matter has to be added to account for this enhanced
global symmetry. In this work, we will only consider Neumann boundary conditions on the
dynamical gauge fields so that eq. (2.28) needs to be satisfied for all types of gauge fields.
Additional dualities with Dirichlet boundary conditions on gauge fields have been outlined
in [48].
We will see that the boundary modes associated with the fiducial fermions will be crucial
in developing a consistent picture of boundary modes. This is particularly interesting when
the Chern-Simons terms involved describe only background fields. In this case the fiducial
This is to be contrasted with our definition of Sf± [ψ, λ, A] for the dynamical fermions. The latter were
massless to begin with and we always took the Pauli-Villars mass to be negative and large. The superscript
in that case only referred to the boundary conditions.
6
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fermion still can contribute massless boundary modes, even though the Chern-Simons term
does not involve any fluctuating fields. From the point of view of the low energy theory it
appears that these fermionic boundary modes have to be added “by hand" in order for the
duality to hold.
2.3

Dualities including boundaries

We now turn to establishing three-dimensional bosonization and particle-vortex duality in
the presence of a boundary. Our starting point is the conjecture that dualities (2.1) and
(2.2) are valid on R2,1
+ provided the boundary conditions are correctly applied to dynamical
and fiducial fermions. From this conjecture, we will also be able to establish a web of
Abelian dualities – i.e. scalar-vortex and fermion-QED3 – in the presence of boundaries.
The derivation will give us a setting to establish checks between chiral degrees of freedom on
the boundary and Chern-Simons levels such that eq. (2.28) is satisfied at every step of the
way. All partition functions in this and subsequent sections are understood to be defined on
the half-space and distinct from their full-space equivalents.
2.3.1

Bosonization

Scalar+Flux = Fermion
Our conjecture for the form of the seed duality with a boundary starts with rewriting the
flux attachment to Wilson-Fisher scalars using eq. (2.7),
Z
ZWF+flux [A] = Dϕ Db eiSW F [ϕ,b]+iSCS [b+A]−iSCS [A] .

(2.32)

In this form, the coupling of the statistical gauge field b to the background A can be understood entirely in terms of the microscopic fiducial description via heavy fermions:
Z
Y
+
−
ZWF+flux [A] = Dϕ Db
Dχj Dλj eiSW F [b]+iSf f [χ1 , λ1 ,b+A]+iSf f [χ2 , λ2 , A] ,

(2.33)

j=1,2

where once again the superscripts are chosen such that they generate the corresponding
Chern-Simons terms appearing in eq. (2.32). Implicit in the above expression is the fact the
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Scalar + flux

Fermion

ϕ=0

ψ+ = 0

Boundary conditions

∂y bi − ∂i by = 0
Additional edge modes

Left-mover coupled to A

None

Right-mover coupled to b + A
Table 2.1: Summary of boundary conditions and additional edge movers for eq. (2.35).

gravitational Chern-Simons terms coming from each of the fiducial fermions cancel,
(iSCS [b + A] + iΩ) + (−iSCS [A] − iΩ) = iSCS [b + A] − iSCS [A].

(2.34)

This particular combination of Chern-Simons terms will be used many times in what follows.
We should reemphasize that this rewriting has actual content in the case of a theory with
boundary: Even though A is a non-dynamical background gauge field, Sf−f [χ2 , λ2 , A] will
give rise to massless chiral boundary modes associated with the fiducial fermion χ2 despite
working in the |mχ2 | → ∞ limit. As noted above, from the perspective of the coarse-grained,
Chern-Simons formulation of the theory in eq. (2.32) these gapless edge modes appear to be
added by hand.
The fermionic side of the duality eq. (2.3) does not need any additional work: It is
already in a form that makes the chiral edge modes obvious. We can simply apply the
chiral boundary conditions on dynamical fermions (ψ+ |y=0 = 0) and Pauli-Villars regulator
(λ− |y=0 = 0). Our conjecture is then that
Z
Y
+
−
ZWF+flux [A] ≡ Dϕ Db
Dχj Dλj eiSW F [b]+iSf f [χ1 , λ1 ,b+A]+iSf f [χ2 , λ2 , A]
(2.35)

j=1,2

Z
↔

iSf− [ψ,λ, A]

Dψ Dλ e

≡ Zf [A]

holds as an equivalence at the conformal point. Additionally, we choose the dynamical gauge
field to obey Neumann boundary conditions, (∂y bi − ∂i by )|y=0 = 0, and the scalar to obey
the Dirichlet condition, ϕ|y=0 = 0. These results are summarized in Table 2.1.
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In order to establish some guiding principle for the conjectured duality of CFTs, we can
gap both theories and track whether our putative equivalence holds for positive and negative
mass deformations. We will see the boundary conditions in our conjecture naturally arise by
requiring the theory to be non-anomalous and have consistent global symmetries. With the
correspondence of signs between fermion and scalar mass terms in the original bosonization
duality in eq. (2.9) and the convention we’ve already chosen for fermions, the potential for
the scalars is V (ϕ) = −m2ϕ |ϕ|2 + α|ϕ|4 . We should find consistent dualities between theories
in the bulk and on the boundary for positive and negative mass deformations away from the
CFT.
Let us start with the free fermion side of eq. (2.3). Making the mass deformation explicit,
the action is given by the replacement
Sf+ [ψ, λ, A] → Sf+ [ψ, λ, A] − mψ ψ̄ψ

(2.36)

where ψ+ |y=0 = 0. In the IR limit of the theory, integrating out the massive degrees of
freedom of the fermion yields
1
Sf = − (1 − sgn(mψ )) (iSCS + iΩ)
2

(IR Limit).

(2.37)

When the Pauli-Villars field and the fermion have the same sign of mass, corresponding
to a −iSCS [A] − iΩ Chern-Simons term, we need a single left-moving chiral edge mode to
account for the anomalous term in order for this to be consistent with eq. (2.28). Since
mψ < 0, the DWF which arises from our analysis of § 2.2.2 is exactly the anomaly cancelling
edge mode we need. If instead we had imposed the condition ψ− |y=0 = 0, then this would
have suppressed the DWF. Hence, if we demand a non-anomalous theory, we are forced into
choosing ψ+ |y=0 = 0.
We should now check to make sure everything is consistent for mψ > 0. In this case we
get no ordinary or gravitational Chern-Simons terms and ψ’s mass profile naturally gives rise
to a right-moving DWF. It seems like we are in trouble. Fortunately, applying ψ+ |y=0 = 0
prevents any right-movers on the boundary. We are thus left with no chiral edge modes and
eq. (2.28) is satisfied for both signs of mψ .
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For the Wilson-Fisher scalar with flux, introducing a mass deformation m2ϕ < 0 with our
conventions for V (ϕ) gives an overall positive mass term that corresponds to a gapped scalar.
Flowing to the IR, the only term with b dependence is iSCS [b + A]. As reviewed in above
and in appendix B of [101], this theory is completely determined by its framing anomaly and
thus equal to −iΩ. This results in an overall −iSCS [A] − iΩ Chern-Simons term, consistent
with the fermionic side when mψ < 0.
We should also check that the anomaly inflow condition eq. (2.28) is still satisfied on this
side of the duality. It is here where our microscopic description of the Chern-Simons term in
eq. (2.33) will be important. Integrating out b caused the first Chern-Simons term to vanish
leaving behind −iSCS [A] − iΩ. From the micrscopic perspective, this can be viewed as the
condition
Z

±

Dχ Dλ Db eiSf f [χ,λ,b+A] = 1.

(2.38)

That is, the fiducial fermions provide no ordinary or gravitational Chern-Simons terms as
well as no corresponding edge movers. Per our prescription, the remaining fiducial fermion
associated with −iSCS [A] − iΩ has the correct mass profile and boundary condition such
that it contains a left-moving DWF. Thus, eq. (2.28) is satisfied.
To complete our discussion of massive phases we need to check that everything is consistent when m2ϕ > 0. This gives a negative mass squared term in V (ϕ), spontaneously
breaking the emergent U (1) in the scalar theory. This kills off the Chern-Simons term for
b, and so integrating out ϕ and b leave behind no Chern-Simons terms. As expected, this
means that the IR theory in the Higgs phase is identical to the ‘vacuum’ region. When
b = 0, the edge modes of the fiducial fermions associated with iSCS [b + A] and −iSCS [A]
have the same gauge coupling but opposite chiralities, and hence cancel one another. Since
no Chern-Simons terms or fermions are left behind, there are no possible chiral modes that
can arise and make this theory anomalous. Hence, we have found a consistent story for the
duality on either side of the mass deformation.
That last step is to see if the scalar boundary conditions is constrained. To do so, we rely
on our identification of global symmetry currents on either side of the duality, eq. (2.10). For
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this purpose, it becomes useful to reinterpret the cancellation of the anomaly from eq. (2.28)
in a slightly different, but equivalent, language. The Chern-Simons term of the bulk is
anomalous on its own under the global U (1) topological symmetry because the corresponding
current has a nonzero divergence at the boundary. This seems to imply that the symmetry is
broken at the boundary. However, the Chern-Simons anomaly is compensated via the axial
U (1) symmetry of the DWFs, and hence the theory is non-anomalous under a simultaneous
topological U (1) transformation in the bulk and the axial U (1) transformation on the DWFs.
If the two symmetries are identified, the global topological U (1) symmetry is restored on
the boundary by the transformation of the DWFs and is unbroken everywhere. This is in
agreement with the fermion side of the duality where the global U (1) symmetry of particle
number is unbroken in the bulk and on the boundary.
Returning to the constraints on the boundary condition of the scalar, recall that the
equations of motion for the scalar and Chern-Simons term tie the matter current to the
topological current,
µ
jflux
≡

k µνρ
µ
 ∂ν bρ = −jscalar
.
2π

(2.39)

µ
Here, jscalar
is the usual scalar matter current and we have temporarily set the background

fields to zero. However, as we have argued above, on the boundary it is not the flux which
i
accounts for the topological U (1) symmetry, but the DWFs. Hence, we should have jflux
|y=0 =
i
0 and by eq. (2.39) should also take jscalar
|y=0 = 0. Such a condition on the scalar current

can only be achieved by Dirichlet boundary conditions, ϕ|y=0 = 0. Dirichlet boundary
conditions are usually referred to as the “ordinary transition” boundary conditions of the
O(2) Wilson-Fisher fixed point. See [81] for a recent discussion.
The above constructions leads us to conjecture what happens to the DWFs at the conformal fixed point: As the mass deformation becomes smaller, according to eq. (2.27) the DWF
becomes less and less localized to the boundary. In the massless limit, the DWF recombines
with a DWF of opposite chirality living on – in the case of a finite interval y ∈ [0, L] –
the other boundary. Note that on the semi-infinite interval that we have used for R2,1
+ , the

50

Fermion + flux

Scalar

ψ− = 0

ϕ=0

Boundary conditions

∂y ai − ∂i ay = 0
Additional edge modes

Left-mover coupled to a + B

None

Right-mover coupled to a
Table 2.2: Summary of boundary conditions and additional edge movers for eq. (2.40).

oppositely chiral fermion is not explicitly seen as the boundary condition at y = L is replaced
by a condition on the asymptotic behavior of the matter fields. At the conformal fixed point,
we then have an ordinary Dirac fermion which lives in the bulk.
Fermion+Flux = Scalar
Having established a set of conventions in the first seed duality in the presence of a boundary,
we can carry the above notation through into the second seed duality. Our conjecture is that
Z
Y
+
−
+
Zf+flux [B] ≡ Dψ Da Dλ0
Dχj Dλj eiSf [ψ, λ0 , a]+iSf f [χ1 , λ1 , a+B]+iSf f [χ2 , λ2 , a]
(2.40)

j=1,2

Z
↔

Dϕ e

iSW F [ϕ, B]

≡ ZWF [B]

holds as an equivalence at the conformal point. Once more, we have imposed Neumann
boundary conditions on the dynamical gauge field a and Dirichlet boundary conditions on
the scalar. These results are summarized in Table 2.2. We should recall the procedure that
maps from eq. (2.3) to eq. (2.4) and make sure that it is consistent with our boundary picture.
In the bulk, this duality can be derived from the first seed duality by promoting the
background spinc valued connection A to a dynamical field, a, introducing an ordinary background U (1) field B, and adding −iSBF [a, B] − iSCS [B] to the action. Looking first at the
scalar side of this procedure and starting with eq. (2.32), it becomes useful to define a new
recipe for moving from the first seed duality to the second in the presence of a boundary by
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rewriting the BF term:
New Promotion: Promote A to a dynamical field, a, introduce a new background field B, and add iSCS [a] − iSCS [a + B] to the action.
The Chern-Simons terms should be understood throughout the process in their microscopic
descriptions with appropriate boundary conditions such that they give rise to chiral modes
on the boundary to satisfy eq. (2.28). Once more, we have introduced the combination whose
gravitational Chern-Simons terms cancel one another. Note the old and new promotions are
completely equivalent in the bulk where there are no surface terms from integration by parts
or chiral modes to consider on the boundary.
Applying this procedure to eq. (2.32) gives
Z
DϕDaDb eiSW F [ϕ,b]+iSCS [b+a]−iSCS [a+B] .

(2.41)

For brevity, we will leave the process of rewriting Chern-Simons terms as fermion and PauliVillars fields as implied moving forward. When integrating out the dynamical fields, we find
in the absence of holonomies, an assumption we will always make from now on, 0 = b + a,
0 = a + B, and thus b = −a = B.
With the methods we used in the first seed duality, it is straightforward to establish a
duality between non-anomalous theories in the second. After integrating out the dynamical
fields, there are no ordinary or gravitational Chern-Simons terms left over for either mass
deformation. This is easiest to understand on the scalar side. There are no Chern-Simons
terms present regardless of the mass deformation, and hence, there are no edge movers
required for the theory to be non-anomalous. Since the scalar fields give rise to no chiral
edge modes, we are consistent with eq. (2.28).
Following our process for promotion for the free fermion gives
Z
Zfermion+flux [B] = DψDa eiSf [ψ, a]+iSCS [a]−iSCS [a+B] .

(2.42)

In the IR limit, integrating out the fermion gives
1
Sfermion+flux = − (1 − sgn(mψ )) (iSCS [a] + iΩ) − iSCS [a + B] + iSCS [a].
2

(2.43)
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For mψ > 0, integrating out the fermion gives no Chern-Simons terms, and the equations
of motion for a imply B = 0; leaving behind no Chern-Simons terms and the edge modes
of the fiducial fermions exactly cancel. For mψ < 0, the first and last Chern-Simons terms
and DWFs cancel and we are left with a −iSCS [a + B] − iΩ. Here we can again find a
theory completely determined by its framing anomaly and hence it can be replaced by +iΩ.7
Microscopically, this amounts to
Z

±

Dχ Dλ Da eiSf f [χ,λ,a+B] = 1.

(2.44)

This leaves behind no ordinary or gravitational Chern-Simons terms and hence no edge
modes are left behind. Thus, we find that after integrating out the dynamical degrees of
freedom requiring the absence of anomalies for each of the Chern-Simons terms individually
gives us a consistent theory.
Note that the fiducial fermion picture may not seem strictly necessary in this duality
since there are no nonzero Chern-Simons terms from mass deformations and hence no edge
movers are necessary to make the theory non-anomalous. However, the fiducial fermions do
play an integral role in the above analysis since they cancel the would-be dynamical DWF,
which cannot be eliminated without additional edge movers.
As with the first duality, imposing boundary conditions on the scalar requires a closer look
at the global symmetry currents. Choosing Neumann boundary conditions on the dynamical
gauge field a implies a constraint to field configurations which obey (∂y ai −∂i ay )|y=0 = 0. This
i
also means the topological current parallel to the boundary vanishes, since jflux
∝ ∂y ai −∂i ay .

Since this topological current should be identified with the particle number current on the
i
scalar side of the duality, consistency requires jscalar
|y=0 = 0. Again, this can only be achieved

by imposing Dirichlet boundary conditions on the scalar.
Lastly, one can easily check consistency of the above prescriptions by applying the promotions again to get back to the first seed duality. The only subtlety is the sign of all the
7

This follows in an analogous manner to eq. (2.38). To see this, rewrite the dynamical spinc valued
connection as the sum of a background spinc valued connection and a dynamical U (1) connection a = b+A.
Then, we can simply shift away the extra B to recover the usual expression.
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Chern-Simons terms in the promotion need to be flipped. This means that our prescription
is to promote B to a dynamical field in eq. (2.40), introduce a new background field A, add
+iSCS [b + A] − iSCS [A] to the action, and integrate out the dynamical fields. Following
this through, we are left with the appropriate chiral modes for the remaining Chern-Simons
terms to satisfy eq. (2.28).

Time-reversed dualities
The time-reversed version of the seed dualities follow in a completely analogous manner.
Since the Chern-Simons terms are time-reversal odd, in order to satisfy eq. (2.28) we also need
to swap the chiralities of the fermionic boundary terms. Other than the minor consistency
check required by the fermionic and Pauli-Villars boundary conditions, the time-reversed
analogs of eq. (2.3) and eq. (2.4) are
Z
Z̄WF+flux [A] ≡

Dϕ Db eiSW F [ϕ, b]−iSCS [b+A]+iSCS [A]
Z
+
↔ Dψ Dλ eiS̄f [ψ,λ, A] ≡ Z̄f [A],

(2.45)

and
Z
Z̄f+flux [B] ≡

−

Dψ Dλ Da eiS̄f [ψ,λ, a]+iSCS [a+B]−iSCS [a]
Z
↔ Dϕ eiSW F [ϕ, B] ≡ Z̄WF [B].

(2.46)

As in the previous versions of the dualities, we can simply identify the correct number of
boundary modes needed to ensure the absence of anomalies by looking at the sign and level
of the Chern-Simons term directly.
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2.3.2

Particle-Vortex duality

Scalar-Vortex duality
Moving deeper into the web of dualities in [76, 101], we will start with finding the influence
of a boundary on
Z WF [C] ↔ Zscalar-QED [C].

(2.47)

Beginning with eq. (2.40), this duality is derived by promoting B to be dynamical, introducing a new background field C, and adding −iSCS [b] + iSCS [b + C] − iSCS [C] to both sides
of the duality. Note these terms are equivalent to iSBF [b, C] in the absence of boundaries.
However, there would appear to be an issue of applying our fiducial fermion prescription to
this duality. That is we have Chern-Simons terms of ordinary U (1) – rather than spinc valued – connections.8 The coupling of the fiducial fermions to such fields violates the relation
forced by eq. (2.12) discussed in § 2.1. However, we can work around that by rewriting the
BF term including a spinc valued connection as [58]
SBF [b, C] = SCS [b + C + A] − SCS [b + A] − SCS [C + A] + SCS [A].

(2.48)

Note that all of the gravitational Chern-Simons terms that would have accompanied each SCS
on the right hand side of eq. (2.48) cancel and have thus been ignored. Now, the promotion
of the ordinary background connection, B → b, and the subsequent coupling to another
ordinary background connection C can be realized as a system of four fiducial fermions in
the usual way.
Proceeding with the prescription, the scalar side of the duality becomes
Z
Zscalar-QED [C] = DϕDb eiSW F [ϕ,b]+iSCS [b+C+A]−iSCS [b+A]−iSCS [C+A]+iSCS [A] .

(2.49)

The analysis of Chern-Simons terms and edge modes follows in a similar fashion to the WF
+ flux case. In the phase where the scalar is massive, the equations of motion for b imply
8

Recall, a U (1) Chern-Simons term is well defined modulo πZ in general. It is only picking a spin
structure that makes it well defined modulo 2πZ.
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C = 0, which causes the four Chern-Simons terms and associated edge modes cancel. In the
Higgsed phase, b = 0, and once more all Chern-Simons terms cancel and there are no edge
modes.
The modified fermionic theory is
Z
+
Zf 0 [C] = DψDλDa Db eiSf [ψ,λ,a]+iSCS [a]−iSCS [a+b]+iSCS [b+C+A]−iSCS [b+A]−iSCS [C+A]+iSCS [A] .
(2.50)
Integrating out b implies b = C − a and plugging this back into the above expression yields
Z
+
Zf 0 [C] = DψDλ Da eiSf [ψ,λ,a]+iSCS [a−C] .
(2.51)
Up to the sign of the mass terms, the two terms in the action of eq. (2.51) are exactly the
time-reversed alternate seed duality, eq. (2.46), with B → −C, so that9
Zf 0 [C] = Z f+flux [−C] ↔ Z WF [C].

(2.52)

This confirms the desired relation in eq. (2.47). This is consistent with the scalar-QED side
of the duality.
There is one caveat to the use of the time reversed duality connected to our use of Z WF
rather than ZWF . The time reversal operation changes the sign on the fermion mass term.
This has the effect of flipping the relationship between the way mass deformations in the two
scalar theories are mapped to one another: positive mass deformations in Z WF correspond
to negative mass deformations in Zscalar-QED . However, at the conformal fixed point Z WF
is completely equivalent to ZWF . This is a nice check, since it reproduces the equivalence
m2ϕ ↔ −m2ϕ0 on the two sides of the bosonic particle-vortex duality.
Fermion-Vortex duality
The last duality we will consider in the presence of a boundary is the fermionic particle-vortex
duality, which has some additional nuances. This duality,
i

Z f [A]e− 2 SCS [A] ↔ ZQED3 [A],
9

The −iSCS [a] term is hidden in our difference of Pauli-Villars masses in Sf and S̄f .

(2.53)
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was originally formulated with theories which are T -invariant on both sides, similar to the
bosonic case [107].
Recall that with our definition of Zf in eq. (2.5b) this partition function contains the
contribution of the negative mass, heavy Pauli-Villars field λ. Often the regulator is treated
as producing a level - 12 Chern-Simons term when integrated out. More precisely, we get the
η-invariant of A. This factor means that Zf is not time reversal invariant: mλ → −mλ . The
i

purpose of the e− 2 SCS [A] in eq. (2.53) is to cancel the η-invariant and produce a time-reversal
invariant fermionic partition function. However, from our normalization in eq. (2.6a) we
require that k ∈ Z for the Chern-Simons term to be gauge-invariant. Thus, multiplying with
half-integer Chern-Simons terms is not a consistent procedure in a purely 2 + 1 dimensional
theory. To avoid this issue, this term can be viewed as arising as a boundary insertion in a
theory on a 3 + 1 dimensional bulk manifold, X [85, 112, 101]. More precisely, one promotes
A to a spinc valued connection on X and adds
Z
1
dA ∧ dA
8π X

(2.54)

to the Lagrangian. This promotion of A to a spinc valued connection is possible for any
(orientable) choice of bulk X as all such 3 + 1 dimensional manifolds admit a spinc structure.
This cancels the contribution of the regulator; rendering the fermionic partition function
real and both sides of the duality time-reversal invariant. All of this is perfectly valid in the
2 + 1 dimensional bulk, but in the present context – where R2,1
+ would need to be realized
as a boundary surface – this prescription fails. Indeed, had we proceeded through with
i

multiplying Zf in with e 2 SCS [A] as in [76], we would have found the Chern-Simons levels of
± 12 on either side of the mass deformation. This is a clear contradiction with the assertion
that the boundary is non-anomalous: We cannot generate “half” a DWF to satisfy eq. (2.28).
Thus we find that in order to have a purely 2 + 1 dimensional description of fermionic
particle-vortex duality, we must either abandon time-reversal invariance at the conformal
fixed point or find some other means of canceling the η-invariant of A.
Let us first explore what happens when we give up time reversal invariance. It is no
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longer necessary to transfer the k =

1
2

Chern-Simons term from one side of the duality to

the other. In this case, it will be convenient to begin our derivation with eq. (2.40). We then
promote the background field to be dynamical, B → b, and couple to a new background
spinc valued connection A via −iSCS [b + A] + iSCS [A], the fermion+flux side is
Z
+
ZQED03 [A] = Dψ Dλ Da Db eiSf [ψ,λ,a]−iSCS [a+b]+iSCS [a]−iSCS [b+A]+iSCS [A] .

(2.55)

where the prime is being used to distinguish this from T -invariant QED3 . We proceed as
usual in the IR limit and integrate out the dynamical fields a and b.10 For mψ > 0 we find no
Chern-Simons terms, while for mψ < 0 we find iSCS [A] + iΩ. The fiducial fermion associated
with iSCS [A] provides the necessary right-mover.
Meanwhile, the scalar side yields
Z
Zscalar0 [A] = Dϕ Db eiSWF [ϕ, b]−iSCS [b+A]+iSCS [A] .

(2.56)

However, we recognize this as the time-reversed first seed duality, eq. (2.45). This ultimately
gives
ZQED03 [A] ↔ Z f [A].

(2.57)

Again, we end up with level-0 and 1 ordinary and gravitational Chern-Simons terms on either
side of the mass deformation. This time, the dynamical fermion can provide consistent chiral
edge modes satisfying eq. (2.28).
The other way to proceed is to insist on time-reversal invariance at the fixed point
and doubly quantize the fields to avoid issues associated with half-integer Chern-Simons
terms. With this redefinition of our fields, cancelling the T -violating η-invariant term can
be achieved with a term which meets the quantization requirements of eq. (2.6a). However,
taking A = 2A0 for some new spinc valued connection A0 is in violation of the spin-charge
relation, which would mean such an effective theory is not relevant to usual condensed matter
systems [101, 102].
10

More precisely, we must integrate out a before b to avoid imposing conditions which violate the spincharge relation of our connections, i.e. imposing 2b = −a − A [101]. The same condition prevents us from
simplifying eq. (2.55) by integrating out b.
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Following similar steps to that above, we find
Z
+
ZQED003 [A] ≡ Dψ Dλ Da eiSf [ψ,λ,2a]−2iSCS [a]+2iSCS [a+A]−2iSCS [A]
Z
+
↔ DψDλ eiS̄f [ψ,λ, 2A] = Z̄f [2A].

(2.58)

It is straightforward to show edge movers are consistent with eq. (2.28) with an ordinary
U (1) connection fiducial fermion prescription, analogous to eq. (2.30),
Z
±
±iSCS [B]
e
= Dχ Dλ eiSf f [χ, λ,B] .

(2.59)

One needs to keep in mind the double gauge field coupling causes the edge modes to contribute double the anomalous current, but this is still compensated by the Chern-Simons
current inflow.
2.4

Lattice construction

In this section, we will build on recent work that realized the Abelian dualities in [76, 101]
using exact techniques. We will consider the complex XY model on a Euclidean cubic lattice
in d = 3 as in [27]. We will introduce a boundary to this formalism in order to find the
microscopic description of one of the dualities described in § 2.3, the claim that scalars with
flux are equivalent to a theory of fermions.
Our conventions for the lattice will be that the matter living at lattice sites are denoted
by a subscript n and the link variables are labeled by nµ designated to mean pointing from
site n in the direction µ̂. A boundary will be implemented by simply truncating the lattice in
the y-direction, rendering it semi-infinite. We use the index β for sites on the boundary. Link
variables transverse and parallel to the boundary will be denoted by βy and βi ∈ {βt, βx},
respectively.
To realize the scalar + flux theory, we start with the XY model for a complex scalar
living at lattice site n, Φn ∼ eiθn given in terms of a set of phase variables θn ∈ [0, 2π) and
background U (1) gauge fields living on links Anµ by
n1 X
o Z
 Y Z π dθ 
1
n
exp
cos(θn+µ̂ − θn − Anµ ) ≡ Dθ e− T HXY [A] .
ZXY [A] =
T nµ
−π 2π
n

(2.60)
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To generate the necessary Chern-Simons term, we will employ the trick of coupling eq. (2.60)
to two-component Grassmann fields χn and χ̄n . This is equivalent to our fiducial fermion
prescription in the continuum case. The fermionic sector of the theory is given by
YZ
ZW [A] =
d2 χ̄n d2 χn e−HW [A](M )−Hint (U ) ,

(2.61)

n

where the Wilson action HW and hopping-hopping interaction Hint are
X
 X
∗ iAnµ
+
(M − R)χ̄n χn ,
e
−HW [A](M ) =
Dnµ e−iAnµ + Dnµ
−Hint (U ) = U

(2.62a)

n

nµ

X

(2.62b)

∗
Dnµ Dnµ
.

nµ
∗
with Dnµ and Dnµ
the fermionic forward and backward hopping terms, respectively
 σµ + R


−σ µ + R 
∗
Dnµ ≡ χ̄n
χn+µ̂ ,
Dnµ
≡ χ̄n+µ̂
χn .
(2.63)
2
2

This particular form of Hint is chosen in [27] to reproduce the known continuum results.
Similar to the continuum theory, integrating out these Wilson fermions will produce the
Chern-Simons term. However, as a consequence of fermion doublers, the level of the resulting
Chern-Simons theory is dependent on the relative magnitudes of M and the Wilson term,
R, as well as the sign of R. Compiling the above components of the theory and including
the analog of the dynamical U (1) gauge field present in the continuum theory, the scalar
coupled to flux is
Z
Z[A] =

Z
Da ZXY [a] ZW [A − a],

Da ≡

YZ

π

−π

nµ

danµ
.
2π

(2.64)

For the remainder of this section, we will assume |R| = 1, which is motivated by reflection
positivity. Additionally, we assume we have chosen T , U . 0, and M . 6 in order to hit
the IR critical point, as explained in [27].11 That is, these values are tuned such the theory
eq. (2.64) flows in the IR to
ZW [A] =

YZ

0

0

d2 χ̄n d2 χn e−HW [A](M )−Hint (U ) ,

(2.65)

n
11

We have chosen to define eqs. (2.62a) and (2.62b) such that it matches [54, 63, 104, 70] and thus differs
slightly from that of [27]. To translate back, take (M − 3R) → M and then R → −R.
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with M 0 = 6 and U 0 = 0.

Boundary conditions
To study the effect of the presence of a boundary on eq. (2.64), we need to understand
how boundary conditions come about on the site and link variables. We will start with the
scalar fields, Φβ . Ideally, we would have a direct analogy to the continuum case where either
Neumann or Dirichlet boundary conditions are possible. The former can be implemented
by requiring the scalar hopping terms perpendicular to the boundary vanish. However, due
to our construction of scalar fields as having magnitude one, Φn ∼ eiθn , it is not actually
possible to enforce Dirichlet boundary conditions, i.e. Φβ = 0. Instead, we will enforce
Dirichlet boundary conditions by requiring the scalar current along the boundary to be zero.
The fermionic boundary conditions are such that either
P+ χβ = χ̄β P− = 0,

or

(2.66)

P− χβ = χ̄β P+ = 0,

extremize the boundary variation term [106]. We will use as our convention σ =
ŷ

such that the chiral projectors in eq. (2.66) are P± =

1
(1
2



1

0

0

−1



± σ ). From the assumption that
ŷ

|R| = 1 and up to a sign, the chiral projectors are equivalent to the matrices 21 (±σ ŷ − R)
appearing in the fermionic hopping terms perpendicular to the boundary in eqs. (2.62a)
and (2.62b). Either of the conditions in eq. (2.66) will remove one chiral mode worth of
degrees of freedom, while the other chiral mode is left unconstrained. These conditions can
be compared to those in eq. (2.22) and be seen to agree – albeit by construction [106].
Lastly, we need to consider the link variables. We again draw inspiration for the appropriate boundary conditions from the continuum case. That is, Neumann boundary conditions
correspond to the condition that plaquettes perpendicular and adjacent to the boundary
must vanish. On the lattice, this will correspond to the constraint
aβi + a(β+î)y − a(β+ŷ)i − aβy = 0.

(2.67)
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Alternatively, we could choose Dirichlet boundary conditions which simply require aβi = 0.
We would like to reproduce the results of the continuum duality eq. (2.35) and this will guide
us in choosing the corresponding boundary conditions on the lattice.
Implementation
The main results of ref. [27] – following the choice of hopping-hopping interaction Hint – are
contained in the identification of a suitable UV map for the conserved currents built out of
θn and anµ into a theory of free fermions. Those theories are then flowed to the IR where one
can then compare to continuum results. Following these general principles, we identify the
effects of truncating the lattice at some arbitrary boundary site. We will show the derivation
of [27] holds in the presence of a truncated boundary and is non-anomalous for M > 0 so long
as R = 1 and the P− χβ = χ̄β P+ = 0 boundary condition is chosen. We will also verify mass
deformations away from the conformal fixed point yield equivalent results to the continuum
case.
Recall the existence of a DWF at the boundary was of particular importance in our
continuum picture for self-consistency checks away from the conformal point. A truncated
lattice also gives rise to massless chiral modes localized to the boundary [104]. In particular,
there are fermionic modes obeying
Ψ± (x, y, t) = ξ(y)(1 ± σ ŷ )ψ± ,

1

ξ(y) ≡ [1 − F 2 (kµ )] 2 [F (kµ )]y

(2.68)

X

(2.69)

with ψ± a right/left helicity eigenstate and
F (ki ) = R − M + R

(1 − cos ki ).

i=t,x

For a given ki , this solution can be normalized only if |F (ki )| < 1 [104]. At the limit
|F (ki )| = 1 the DWF becomes a continuum eigenstate.
Now let’s turn to the derivation of the duality. We will follow the derivation of ref. [27]
and point out where subtleties of the boundary come into play. To begin, rewrite the bosonic
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hopping term to make the bosonic currents explicit
1

e T cos(θβ+µ̂ −θβ −aβµ ) =

∞
X

Iβµ (T −1 )Φβ Φ∗β+µ̂ e−iaβµ jβµ ,

(2.70)

jβµ =−∞

where Ij is the j th modified Bessel function. As mentioned in the previous section, we will
enforce Dirichlet boundary conditions on the scalar by requiring the scalar current in the
boundary to vanish, i.e. jβi = 0. The bosonic degrees of freedom can be integrated out
explicitly and this simply enforces Gauss’s law for the scalar currents at the boundary sites.
By current conservation, this implies current onto the boundary also vanishes, jβy = 0.
The implementation of boundary conditions for the Grassmann variable and their effect
on eqs. (2.62a) and (2.62b) is more subtle. In the continuum case, one of these boundary
conditions will kill off the DWF on the boundary, while the other will leave it untouched.
This had important implications relating to the anomalous nature of the theory. Is this
feature also realized in the lattice? To see this is still consistent with the Callan-Harvey
mechanism on either side of the mass deformation, we need to take a closer look at the
interplay between Chern-Simons terms and DWFs on the semi-infinite lattice.
On the lattice, the Chern-Simons term is determined by the masses of the 23 = 8 chiral
Dirac fermion modes in the continuum. These correspond to the eight extrema of the Brillouin zone at kt,x,y = {0, π}. The effective masses of these eights modes are determined by
[54, 27]
meff (kµ ) = M − R

X

(1 − cos kµ ).

(2.71)

µ

Since the value of R is important in eqs. (2.69) and (2.71), we should see if we can first
fix its sign. Recall that it is the current of the Chern-Simons term flowing onto the boundary
which renders the theory non-anomalous. This current is nonzero only when the R and M
in eq. (2.62b) have the same sign [54]. Hence, given our choice of M > 0 we must take R = 1
to allow for anomaly inflow.
From eq. (2.63), the choice of R = 1 has the effect of projecting onto the right-moving
chiral mode for hopping terms perpendicular to the boundary. For reasons that will become
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Brillouin Zone

Chirality

Mass Parameter
M =6−

Extremum, kµ

M =6 M =6+

(0, 0, 0)

R

+

+

+

(0, 0, π)

L

−

−

−

(0, π, 0)

L

−

−

−

(π, 0, 0)

L

−

−

−

(0, π, π)

R

+

+

+

(π, π, 0)

R

+∗

+

+

(π, 0, π)

R

+

+

+

(π, π, π)

L

+∗

0

−

Total CS Level

1

1
2

0

Total DWF

one R, one L

none

none

Table 2.3: Chirality, mass, and existence of a DWF for the eight modes at the extremum of
the Brillouin zone, kµ = (kt , kx , ky ), as calculated using eqs. (2.69) and (2.71). Positive and
negative masses are denoted by a + and −, respectively and an astrix denotes a mode which
meets the condition to be a DWF.

clear shortly, the correct fermionic boundary condition to choose in this case is P− χβ =
∗
χ̄β P+ = 0. Together with the choice of R, this implies Dβy
6= 0 and Dβy 6= 0 in general. Had

we chosen the opposite boundary conditions or R = −1 we would have found no current flow
onto the boundary.
With R fixed, the value of M – or equivalently, M 0 of eq. (2.61) – determines both the
Chern-Simons level and the existence of DWFs for each of the kµ . For our present purposes,
we will only be concerned with the behavior of the theory in the vicinity of the critical mass,
M = 6, and so we will check the behavior of the kµ extrema for these values.
Our results are summarized in Table 2.3. For M = 6, corresponding to the IR fixed point,
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the Chern-Simons term is level- 12 and there are no DWFs. More precisely, the would-be DWF
is at the limit where |F (ki )| = 1 and has become a continuum eigenstate. This is consistent
with the proposed continuum behavior at the conformal fixed point. For M 0 = 6 + , the
Chern-Simons level is zero and we have no DWFs since eq. (2.69) is not satisfied for any ki .
Again, this is in agreement with eq. (2.28).
M 0 = 6 −  is slightly more subtle. This value corresponds to the UV sector of the theory
where we need to level-1 Chern-Simons to generate the eiSCS [A−a] term as well as negative
mass deformations at the IR fixed point. For this case we find a Chern-Simons level of 1
and two DWFs, since both kµ = (π, π, 0) and kµ = (π, π, π) satisfy eq. (2.69). However, this
is where our fermionic boundary conditions we enforced earlier come back into play. Since
we have a Chern-Simons level of 1, we have chosen our boundary condition to kill off the
left-mover, namely P− χβ = χ̄β P+ = 0. This gives the correct chiral modes on the boundary
to satisfy eq. (2.28). Interestingly, since they supply a level- 12 Chern-Simons term with no
DWF, it is the fermion doublers that play the role of the Pauli-Villars regulator on the
lattice. Thus, we are self-consistent with the Callan-Harvey mechanism all the way through.
This analysis follows similarly for M < 0 in which case we would need to choose R = −1
and kill off right-movers with the fermionic boundary condition.
Note that by imposing the fermionic boundary conditions, we have fixed two of the
Grassmann variables we would normally integrate over on the boundary sites. The fermionic
current conservation imposed by Grassmann integration will still hold for such links, but now
each site has only two Grassmann degrees of freedom instead of four. The contribution of the
double hopping/interaction term with any boundary site is very limited in such cases, since it
already contains both Grassmann degrees of freedom. To have a non-vanishing contribution
it must be isolated from any other links.
Finally, we need to understand the effect of the Neumann boundary conditions on the
dynamical gauge field, i.e. eq. (2.67). The bulk integration over the link variables tied the
bosonic and fermionic currents together. From the above construction, the boundary scalar
current vanishes, which would seem to imply the boundary fermionic current does as well.
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This would present a problem for satisfying eq. (2.28) if not for the gauge field boundary
conditions. Enforcing eq. (2.67) on, e.g., the βi link kills off the link integration along the
boundary and transforms the fermionic current terms as
Dβi e−i(Aβi −aβi )

→

Dβi e−i(Aβi +a(β+î)y −a(β+ŷ)i −aβy ) .

(2.72)

Hence, there is no tying of the fermionic current to the vanishing scalar current, but we
should still verify that is possible to get a non-vanishing fermionic current on the boundary
so our DWFs are still allowed solutions.
First, consider eiaβy , which naïvely would be problematic for the survival of terms like
eq. (2.72) upon integration over the corresponding link variable unless it is canceled by e−iaβy
from somewhere else in the path integral. With no scalar current flowing onto the boundary,
∗ i(Aβy −aβy )
we could use fermionic current term such as Dβy
e
to cancel eiaβy . However, such a

term means the fermionic current flows off the boundary. Since the number of Grassmann
variables at the site β is saturated by the two fermionic currents due to our fermion boundary conditions, a double-hopping term to return the fermionic current to the same site is
forbidden. Relying on such a cancellation would mean the boundary fermionic current is
only supported for a single link.
Fortunately, there are additional contributions that work to cancel eiaβy . Consider the
form of eq. (2.72) for neighboring boundary links. The (β − î)i link contains an exponential
of the form e−iaβy which can cancel eiaβy . This has the interpretation of a fermionic current
flowing from the (β − î)i link to the βi link. The cancellation generalizes over a chain of
adjacent boundary links with nonzero fermionic current and causes all exponentials with
dynamical gauge links perpendicular to the boundary to vanish.
The only remaining term the needs to be cancelled in eq. (2.72) is e−ia(β+ŷ)i . This can easily
be achieved by either the fermionic or bosonic currents living on the (β + ŷ)i link. Combining
this with the cancellation of eiaβy and e−ia(β+î)y , it is possible to have an uninterrupted
fermionic current flowing along the boundary in spite of having chosen scalar boundary
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conditions which set bosonic currents on the boundary to zero.12 Furthermore, the chirality
of this boundary current is set by our choice of fermionic boundary conditions. This is
completely analogous to the continuum case.
2.5

Discussion

In this chapter, we presented a generalization of Abelian bosonization that remains valid
in the presence of a boundary. Our main finding is that, for the duality to be valid in the
presence of boundaries, one carefully needs to account for edge modes that are associated
with Chern-Simons terms. Most importantly, we require edge modes even for Chern-Simons
terms in the action that only involve non-dynamical fields. We implemented this consistently
by replacing all Chern-Simons terms with heavy “fiducial" fermions.
Given the fact that even the SBF [b, C] term of eq. (2.48) can be rewritten using our
fiducial fermion prescription to yield a consistent theory, a natural question one might ask
if this is always the case. In other words, can we ever run into some combination of ChernSimons terms which is consistent with the spin-charge relation of a spinc but cannot be
rewritten in terms of our fiducial building blocks? Reassuringly, the answer appears to be
no. In [58] it was shown that any consistently quantized Chern-Simons term which can be
put on a spinc manifold can be rewritten as
SBF [B, C] = SCS [B + C + A] − SCS [B + A] − SCS [C + A] + SCS [A],
SCS [B] + SBF [B, A] = SCS [A + B] − SCS [A],
16CSg = 9SCS [A] − SCS [3A].

(2.73a)
(2.73b)
(2.73c)

All such terms lend themselves to a description in terms of fiducial fermions.
From a condensed matter perspective, the fermionic particle/vortex was originally proposed as a T -symmetric UV completion of the half-filled lowest Landau level. However, the
12

It is also possible to have a nonzero fermionic current on the boundary with Dirichlet boundary conditions
on the gauge field. This is still consistent with the continuum case, but would require killing off edge movers
in order to get a non-anomalous theory.
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need to view it as the surface of a 3 + 1 dimensional topological insulator lead the authors
of [112, 114] to conclude that there is no strictly 2 + 1 dimensional UV completion for this
system. Our analysis suggests such a completion does exist so long as one is willing to lose
the spin-charge relation of a spinc valued connection or T -invariance. One can ask whether
the projection onto the lowest Landau level is somehow inconsistent with formulating the
theory on a spinc manifold. If such inconsistencies arise, then the doubly quantized theory
would provide a purely 2 + 1 dimensional UV completion that is manifestly T invariant.
This would require a rigorous study of lowest Landau level projectors on spinc manifolds –
a problem we leave to future work.
Since there have been other microscopic descriptions of the bulk Abelian dualities, e.g. [90,
89], one could wonder how those models realize the boundary physics as presented above.
In [90], a discrete 2+1 dimensional lamination of 1-dimensional quantum wires was used to
derive the Abelian bosonization and particle-vortex duality. Each wire supporting a 1+1dimensional continuum theory suggests a natural microscopic realization of the above results;
the study of which is also left for future work.
Obvious questions we have not addressed in this work are generalizations to the nonAbelian case or to theories with interfaces rather than boundaries. The former has been
explored by some authors of this work in [13]. Lastly, left unexplored in this analysis among
the transitions enumerated in [81] are the “extraordinary” type where the boundary scalar
gets a vev and drives a surface transition in addition to gapping the bulk. That the extraordinary transition is believed to admit no relevant boundary deformations sets it apart from
the boundary conditions studied in this work and warrants further study in the context of
the 2 + 1 dimensional dualities studied here. A rich network of dualities making along these
lines has been laid out in [48] based on conjectures about the infrared behavior of “duality
walls". It would be very interesting to generalize our work to these other options as well.
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Chapter 3
DERIVING NEW DUALITIES: QUIVER GAUGE THEORIES
Disclaimer: This work was done in collaboration with Kyle Aitken, Andreas Karch and
Changha Choi. The author conceived and contributed to most aspects of the work discussed
here.
Prior to the publication of the work discussed in this section, the pool of bosonization
dualities was limited to the original duality laid out by Aharony [2]:
SU (k)N with Nf φ

↔

U (N )−k+ Nf with Nf ψ,

(3.1a)

SU (N )−k+ Nf with Nf ψ

(3.1b)

2

U (k)N with Nf φ

↔

2

and the “master" duality of Benini and Jensen [24, 64] where each side of the duality has
fermions and scalars which interact through a quartic interaction:
SU (N )−k+ Nf with Ns φ and Nf ψ
2

↔

U (k)N − Ns with Nf Φ and Ns Ψ.
2

(3.2)

Both of these are subject to the “flavor bound" Nf ≤ k. In this work we deepen this pool
by using the master duality and holographic methods similar to those developed in [65] to
derive novel Bose-Bose dualities between non-Abelian linear quivers. We argue that these
dualities can be viewed as a natural generalization of the bosonic particle-vortex duality to
non-Abelian gauge groups since the quivers share many of the qualitative features present
in the particle-vortex duality.
Of particular interest is the application of these dualities to 2 + 1-dimensional defects
in Yang-Mills theory on R4 , which will be the focus of the latter half of this paper. It has
recently been shown that there is a mixed ’t Hooft anomaly between time-reversal symmetry
and center symmetry at θ = π [49]. This is rooted in the fact that SU (N ) YM theory is
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believed to have N distinct vacua associated to N branches of the theory. Such branches
are individually 2πN periodic and correspond to SU (N )/ZN gauge theories. This seems to
contradict the long held belief that θ is 2π periodic in SU (N ) YM theory, but the conflict
is resolved since the vacua interchange roles under a 2π transformation. More specifically, if
one tracks the true ground state of the theory, one changes branches in a single 2π period.
Thus, as theta is varied from, say θ = 0 to 2πn, the theory traverses several vacua. However,
this changes when one couples the one-form center symmetry to a background (two-form)
gauge field. In this case one cannot consistently choose the coefficient of the counterterm,
sometimes referred to as the “discrete theta angle”, to make the theory non-anomalous. Since
this counterterm changes as one traverses branches, a spatially varying θ angle gives rise to
domain walls separating regions with distinct discrete theta angle. Using anomaly inflow
arguments, the effective field theory living on the interface is found to be a Chern-Simons
gauge theory (see [49, 50] for more details).
Although anomaly considerations require a non-trivial theory to live on the interface,
they alone do not fully fix the theory. Among others, [SU (N )−1 ]n or SU (N )−n would be
consistent choices.1 The authors of [50] argue that, at least at n  N , [SU (N )−1 ]n is the
appropriate description for slowly varying theta (meaning that |∇θ|  Λ where Λ is the
strong coupling scale of the confining gauge theory), whereas SU (N )−n is appropriate for a
sharp interface such as a discrete jump by 2πn at a given location. If these are indeed the
correct descriptions this suggests that there is a phase transition as one smooths out a given
jump in θ. If this phase transition is second order, the transition point would be governed
by a CFT which is most easily realized as a Chern-Simons-matter theory. In any case, this
CFT can serve as a parent theory from which topological field theories, describing either the
slowly varying as well as the sharp step, can be realized as massive deformation.

1

Note that we are changing the direction of the θ gradient relative to [50] and so have negative levels
for our Chern-Simons theories. This is in order to conform to the conventions of [66] for the stringy
embeddings.
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Figure 3.1: Parent Chern-Simons matter theory at the phase transition for the special case
n = 5.

The conjectured CFT between the two extreme phases is schematically
[SU (N )−1 ]n + bifundamental scalars

(3.3)

which was used in ref. [50] to explain the transition between two different vacua of (3 + 1)dimensional Yang-Mills. This parent CFT is based on a quiver gauge theory as displayed in
Fig. 3.1. Each node depicts a SU (N )−1 Chern-Simons gauge theory, the links connecting
them represent bifundamental scalar fields, Y . The theory has two obvious massive deformations: we can give all the scalars a positive or a negative mass squared. In the former case
the scalars simply decouple and we are left with the [SU (N )−1 ]n TFT appropriate for slowly
varying theta, in the latter case the gauge group factors get Higgsed down to the diagonal
subgroup and we find the SU (N )−n associated with the steep defect. There are also mixed
phases, where some of the Y have negative and some positive mass squared.
In this work, we propose a theory dual to (3.3) which is supported by both 3d bosonization
of non-Abelian linear quivers and holographic duality. The proposed “theta wall” duality is
[SU (N )−1 ]n + bifundamental scalars

↔

U (n)N + adjoint scalars.

(3.4)

We will see that this is a special case of the more general quiver dualities derived in Sec.
3.4 which do not include matter in the adjoint. This is a special feature of (3.4), owed to
the fact that when all ranks of the SU quiver theory are equal, the U quiver contains nodes
which are confining. With the careful addition of interactions in the proposed theories, mass
deformations on either side of the duality yield TFTs which are level-rank dual to each other.
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The paper is outlined as follows. In Sec. 3.1 we review the master duality and establish
the conventions we use for the rest of the paper. Sec. 3.4 contains our derivation of the nonAbelian linear quiver dualities, including the details of how such dualities should be viewed as
generalization of the particle-vortex duality. We then specialize to quivers applicable to theta
interfaces in 3 + 1-dimensional SU (N ) Yang-Mills theory in Sec. 3.3. Subsections 3.3.1 and
3.3.2 contain the 3d bosonization and holographic support for such dualities, respectively.
In Sec. ?? we discuss our results and conclude. The appendix contains several details of our
construction of the non-Abelian quivers.
As we were finalizing this work, we were made aware of [15] which studies domain walls
in different phases of the Witten-Sakai-Sugimoto model. This has some overlap with Sec.
3.3.2, particularly regarding the nature of domain walls in the pure YM sector.
3.1

Review of 3d Bosonization

We begin by reviewing 3d bosonization and establish conventions we will use throughout this
paper. The most general form of 3d bosonization, the so-called master bosonization duality
[24, 64], is a conjecture that the following two Lagrangians share the same IR fixed point2



2 03
Nf − k
2
0 0
LSU = Db0 +B+Ã1 +Ã2 φ + iψ̄D
TrN b db − i b
/b0 +C+Ã1 ψ + Lint − i
4π
3




N
2
N (Nf − k)
−i
TrNf CdC − i C 3 +
Ã1 dÃ1 ,
(3.5a)
4π
3
4π




2 3
N
N
2
0
Trk cdc − i c −
Trk (c)dÃ1
(3.5b)
LU = |Dc+C Φ| + iΨ̄D
/c+B+Ã2 Ψ + Lint − i
4π
3
2π
with the mass identifications mψ ↔ −m2Φ and m2φ ↔ mΨ . Our definitions of fields are
shown in Table 3.1. We will use uppercase letters for background gauge fields, lowercase
for dynamical gauge fields, and Abelian fields carry a tilde. This duality is subject to the
2

Here we follow the conventions outlined in ref. [13]. We have dropped all gravitational Chern-Simons
terms since they are not relevant for our purposes. Note there is a slight difference in convention in the
sign of the BF term and the Ã2 coupling on the U side of the duality. However since the difference always
amounts to an even number of sign changes the TFTs still match under mass deformations. Additionally,
the flux attachment procedure picks up two minus signs from this effect as well, meaning the quantum
numbers of the baryon and monopole operators still match.
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Gauge Fields

Background Fields

Symmetry

SU (N )

U (k)

SU (Ns )

SU (Nf )

U (1)m,b

U (1)F,S

Field

b0µ

cµ

Bµ

Cµ

Ã1µ

Ã2µ

Table 3.1: Various gauge fields used in the master duality. Dynamical fields are denoted
but uppercase letters while background fields by lowercase. Ã1µ is associated with the
monopole/baryon number U (1) symmetry also present in Aharony’s dualities. Ã2µ is associated to the U (1) symmetry which couples to the additional fermion/scalar matter in the
master duality.

flavor bound (Nf , Ns ) ≤ (k, N ), but excludes the case (Nf , Ns ) = (k, N ).3 Our notation for
covariant derivatives is
h

i

Db0 +B+Ã1 +Ã2 µ φ = ∂µ − i b0µ 1Ns + Bµ 1N + Ã1µ 1N Ns + Ã2µ 1N Ns φ,
h

i

Db0 +C+Ã1 µ ψ = ∂µ − i b0µ 1Nf + Cµ 1N + Ã1µ 1N Nf ψ,


(Dc+C )µ Φ = ∂µ − i cµ 1Nf + Cµ 1k Φ,
h

i

Dc+B+Ã2 µ Ψ = ∂µ − i cµ 1Ns + Bµ 1k + Ã2µ 1kNs Ψ.

(3.6a)
(3.6b)
(3.6c)
(3.6d)

The interaction terms are
Lint = α φ†ac as φac as
L0int

2


φ†bc as ψbc af


2
= α Φ†ac af Φac af + C 0 Ψ̄ac as Φac af Φ†bc af Ψbc as
− C ψ̄ ac af φac as



(3.7a)
(3.7b)

where ac , bc are indices associated with the color symmetries; af , bf with the SU (Nf ) symmetry; and as , bs with the SU (Ns ) symmetry.
As mentioned in the introduction, Aharony’s dualities (3.1) can be found by taking the
Ns = 0 and Nf = 0 limits of (3.5). For example, Aharony’s duality (3.1a) is the Nf = 0
3

There are proposals for dualities describing the phase structure of these theories slightly beyond the
bounds [80], but such cases will not be relevant for this work.
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limit and is an IR duality between Lagrangians of the





k
Nk
2 03
0 0
−
LSU = Db0 +B+Ã1 φ − i − TrN b db − i b
Ã1 dÃ1 ,
4π
3
4π




2 3
N
N
Trk cdc − i c −
Trk (c)dÃ1
LU = iΨ̄D
/c+B Ψ − i
4π
3
2π
2

(3.8a)
(3.8b)

which are subject to the flavor bounds Ns ≤ k.
We will use the η-invariant convention where a positive mass deformation for the fermion
will not change the level of the Chern-Simons term. When compared to the often employed
convention where an ill defined naive Dirac operator gets augmented with an half integer
Chern-Simons term this means we replace [122, 123]:


Nf
iψ̄D
/A ψ − i − TrN
8π



2
AdA − i A3
3


→

iψ̄D
/A ψ.

(3.9)

We will continue to denote fermion half-levels when specifying the Chern-Simons theory.
3.2

Non-Abelian Linear Quiver Dualities

We now turn to constructing linear quivers using the master duality. As explained in the
introduction, we are ultimately motivated by the theta wall construction that leads to (3.4),
but we will derive dualities for a far more general case. We will begin with recasting the
3d bosonization derivation of bosonic particle-vortex duality in a way that highlights the
relation to the non-Abelian quivers.

3.2.1

Bosonic Particle-Vortex Duality

To derive the bosonic particle-vortex duality we will use 3d bosonization techniques similar
to those used in refs. [76, 101]. We then show how one can reinterpret the derivation in terms
of a two-node quiver. This will be the simplest non-trivial case of the far more general quivers
we derive in Sec. 3.2.2. We will drop tildes from Abelian gauge fields in this subsection since
the distinction is not necessary.
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Figure 3.2: Derivation of the bosonic particle-vortex duality as a duality between two node
linear quiver theories. On the left-hand side, we have represented each side of Aharony’s
Abelian dualities as a two-node quiver. The filled yellow circle represents the color gauge
group while the empty circle represents promoted global symmetries (which for the case of
SU (1) are placeholders). The equation numbers corresponding to the two-node quivers are
shown in red. Since the two fermionic theories are the same, one can perform a matching to
arrive at a duality between three two-node quiver theories, the top and bottom of which are
the XY and Abelian Higgs models, respectively.
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Recall the bosonic particle-vortex duality states that, at low energies, the XY model is
dual to the Abelian Higgs model [95, 42],
2

LXY = |DA1 φ|

↔

LAH


1
= |Dc Φ| − i − cdA1 .
2π
2



(3.10)

The mapping of the phases is such that positive mass deformations on one end maps to a
negative deformation on the other end, m2Φ ↔ −m2φ .
In order to derive (3.10) we start by taking the Abelian limit of Aharony’s dualities, (??).
In particular, take the N = k = Nf = 1 and Ns = 0 limit of (3.5), which yields the “scalar
+ U (1)1 ↔ free fermion” duality,
(3.11a)

LSU = iψ̄D
/ A1 ψ
LU = |Dc Φ|2 − i





1
1
cdc −
cdA1 ,
4π
2π

(3.11b)

with mψ ↔ −m2Φ . Meanwhile, the “fermion + U (1)−1/2 ↔ WF scalar” duality is obtained
by taking the N = k = Ns = 1 and Nf = 0 limit,



1
LSU = |DA1 φ| − i − A1 dA1 ,
4π


1
1
cdc −
cdA1 ,
LU = iΨ̄D
/c Ψ − i
4π
2π
2

(3.12a)
(3.12b)

with m2φ ↔ mΨ .
Deriving the bosonic particle-vortex duality from the above two dualities is straightforward. Note that we already have the XY model in (3.12a) up to the additional background
Chern-Simons term. Hence, we should look for another bosonic theory dual to (3.12b). To
1

1
do so, add −i 4π
A1 dA1 − 2π
A1 dB1 to each side of (3.11) and promote the U (1) background
field to be dynamical, A1 → a1 . This gives the dual theories

1
1
= iψ̄D
/a1 ψ − i
a1 da1 −
a1 dB1
4π
2π


1
1
1
1
2
0
LU = |Dc Φ| − i
cdc −
cda1 +
a1 da1 −
a1 dB1 .
4π
2π
4π
2π

L0SU



(3.13a)
(3.13b)
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Since the action is quadratic in the newly promoted a1 field we can integrate it out, which
imposes the constraint a1 = c + B1 . Plugging this in, we find


1
1
2
0
B1 dB1 .
LU = |Dc Φ| − i − cdB1 −
2π
4π

(3.14)

After relabeling the dynamical field in (3.13a) as a1 → c and changing the background field
B1 → A1 , we see (3.13a) matches (3.12b), and thus (3.14) is dual to (3.12a). Canceling
the common background Chern-Simons term, we arrive at the usual particle-vortex duality,
(3.10). Note we get the relative mass flipping between the two ends of the duality since there
is only a relative sign flip between ψ and Φ masses.
We would now like to recast the derivation we just performed to motivate generalization
to a two-node linear quiver. Fig. 3.2 schematically shows how we would like to view the
derivation. Each of our dual theories in (3.12) and (3.13) can be viewed as a two-node linear
quiver, with the matter bifundamentally charged under the two nodes which it connects.
This is motivated by the fact that in Aharony’s dualities (3.1), each matter field is
fundamentally charged under both a dynamical gauge field and background global flavor
symmetry. If we were to promote said flavor symmetry to be dynamical, the matter becomes
a bifundamental and thus admits a natural description as a two node quiver. This looks
rather trivial since SU (N ) gauge groups for N = 1 are nonsensical, but will generalize nicely
for N ≥ 2. For the Abelian case we will use SU (1) as a placeholder for symmetries that can
be gauged in the more general case.
To see this on the Abelian Higgs side, we will first shift the dynamical gauge field,
c → c + a1 , so that (3.13b) becomes
L00U




1
1
= |Dc+a1 Φ| − i
cdc −
a1 dB1 .
4π
2π
2

(3.15)

In this form the scalar is bifundamentally charged under two U (1) gauge groups, which
represent the two nodes in the quiver theory. The dual to the Abelian Higgs model, (3.13a),
couples to a single dynamical U (1) gauge field, a1 . This was previously the flavor symmetry
but was promoted to a gauge symmetry in moving from (3.11) to (3.13). As mentioned
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above, the gauge field belonging to the second node is absent only because we are working
in the Abelian limit of Aharony’s dualities. On the XY model end of the duality (3.12a), φ
couples to two SU (1) fields, so it has no gauge couplings at all.4
The upshot of recasting the derivation in this form is that it readily generalizes to more
complicated two-node quivers. One can use the more general Aharony’s dualities to perform very similar steps as was done in the Abelian case. We’ll see particle-vortex duality
generalizes to a duality of the form
SU (N1 )−k1 × SU (N2 )−k2 + bifundamental scalar
↔

U (k1 )N1 −N2 × U (k1 + k2 )N2 + bifundamental scalar. (3.16)

The bosonic particle-vortex duality is then just the N1 = N2 = k1 = 1 and k2 = 0 case. In
Sec. 3.2.3 we present further evidence of this interpretation by matching the spectrum of
particles and vorticies in (3.16) in a manner similar to the Abelian case. Before we do this we
demonstrate how we can systematically construct the non-Abelian quivers for an arbitrary
number of nodes. This requires the use of the master duality when the number of nodes is
greater than two.
3.2.2

Building Non-Abelian Linear Quiver Dualities

Following the discussion in the previous subsection, our strategy in deriving dual descriptions
of quiver gauge theories is to start with the master duality and gauge global symmetries on
both sides of the duality in order to arrive at a duality for the resulting product gauge
group. Since in a quiver gauge theory the gauge group associated with a given node sees
the gauge groups associated with the neighboring nodes as global flavor symmetries, this
roughly speaking amounts to dualizing the quiver one node at a time. While not a proof,
this procedure suggests the resulting theories are dual. This basic idea had previously been
pursued in ref. [65] using Aharony’s duality, but the flavor bounds put severe limitations on
4

For our purposes here, we are ignoring the possibility of gauging the U (1) global symmetry since its
properties are well established in the particle-vortex duality as a global symmetry.
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the quivers that were amendable to this analysis. In particular, the most interesting case
with equal rank gauge groups on each node was out of reach. We will see that the master
duality will help overcome many of these limitations.
To streamline the derivation it is helpful to follow ref. [65] and rearrange BF terms
to group the SU (N ) and U (1) global symmetries together. Additionally, a key ingredient
in matching this analysis to the existing particle-vortex duality will be the global U (1)
symmetries on either side of the duality. As such, we will be especially careful in keeping
track of the global symmetries at every step.
We start by recalling how ref. [65] derived their quiver transformations and generalize
their method to the master duality. Starting from (3.8), one can use the fact the U (k) field
can be separated into its Abelian and non-Abelian parts, i.e. c = c0 + c̃1k , to perform a shift
on the Abelian portion, c̃ → c̃ + Ã1 . This allows one to rewrite LU as




2 3
N
Nk
Trk cdc − i c −
Ã1 dÃ1 .
LU = iΨ̄D
/c+B+Ã1 Ψ − i
4π
3
4π

(3.17)

Canceling the overall factor of i N4πk Ã1 dÃ1 on either side of the duality and defining the new
U (Ns ) background field Gµ ≡ Bµ + Ã1µ 1Ns , (3.8) becomes



k
2 03
2
0 0
LSU = |Db0 +G φ| − i − TrN b db − i b
4π
3



N
2
LU = iΨ̄D
/c+G Ψ − i
Trk cdc − i c3 .
4π
3

(3.18a)
(3.18b)

The procedure used in [65] to derive new dualities is to promote the non-Abelian U (Ns )
global symmetry to be dynamical. Since both the φ and Ψ matter is charged under G, this
turns the matter into bifundamentals. Schematically, we denote the promoted duality as
SU (N )−k × U (Ns )0

↔

U (k)N −Ns /2 × U (Ns )−k/2 .

(3.19)

This is subject to the flavor bound k ≥ Ns .
In promoting the U (1) global symmetry to a gauge symmetry, we get another U (1)
global symmetry which couples to the new gauge current on either side of the duality. If we
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wanted to make the coupling to the new background gauge field B̃1 explicit, we would add a
1
−i 2π
Ã1 dB̃1 term to each side of the duality. This is completely analogous to the procedure

preformed in ref. [76], where a new BF term was included with each promotion to represent
the new U (1)-monopole symmetry on each side of the duality.
Below, we will sometimes apply this duality to strictly SU gauge fields, in which case it
is advantageous to only gauge the SU part of the flavor symmetry, so that (3.19) becomes
SU (N )−k × SU (Ns )0

↔

U (k)N −Ns /2 × SU (Ns )−k/2 .

(3.20)

Note that in this form of the duality each side retains the original global U (1) symmetries
and we do not obtain the additional global U (1) as above.
We could apply the same procedures to the case where the SU side contains the fermion
and the U side contains the scalar, where we would then find
SU (N )−k+Nf /2 × U (Nf )N/2

↔

U (k)N × U (Nf )0 ,

(3.21)

which matches the result found in ref. [65] up to an overall shift in the level of the background
term. This case is considered in more detail in Appendix 3.7.1.
Now let us perform similar manipulations to the master duality in (3.5). Since the ChernSimons terms on the U side are identical to (3.8b), performing the same manipulations, (3.5b)
becomes
2

LU = Dc+Ã1 +C Φ + iΨ̄D
/c+Ã1 +B+Ã2 Ψ +

L0int




N1
2 3
N1 k1
Trk1 cdc − i c −
Ã1 dÃ1 .
−i
4π
3
4π
(3.22)


Again, we cancel the common Ã1 Chern-Simons terms on either side of the duality. It will
also be convenient to perform a shift to move the Ã2 fields onto the ψ and Φ matter, so
we take Ã1 → Ã1 − Ã2 on either side of the duality. We could now combine the U (1) and
SU (Nf ) global symmetries into the definition of Eµ = Cµ + Ã1µ 1Nf as we did in (3.19).
However, we will hold off on doing this since it is more convenient to keep the two global
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symmetries separate for our purposes. This leaves us with a duality of the form
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2 03
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TrNf CdC − i C 3 +
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N
2 3
2
0
/c+B+Ã Ψ + Lint − i
Trk cdc − i c
.
(3.23b)
LU = Dc+C+Ã1 −Ã2 Φ + iΨ̄D
4π
3
At this point, we have two choices with how to treat the global symmetry associated with
Ã2 . The first choice is to simply leave it as a global symmetry and gauge only the SU (Nf )
flavor symmetry associated with C. In this form, each side of the master duality retains the
U (1) global symmetries associated with Ã1 and Ã2 . Alternatively, we could also gauge the
global symmetry associated with Ã2 . The latter of these cases will be useful for our purposes
in this paper, so we define a U (Nf ) gauge field Gµ ≡ Cµ − Ã2µ 1Nf to which ψ and Φ couple.
After gauging the U (Nf ) and SU (Ns ) global symmetries, this leaves us with
SU (N )−k+Nf /2 × U (Nf )N/2 × SU (Ns )0

↔

U (k)N −Ns /2 × U (Nf )0 × SU (Ns )−k/2 . (3.24)

Similar to Aharony’s duality, in gauging the U (Nf ) symmetry which is associated with G, we
pick up an additional monopole U (1) symmetry on either side of the duality which couples
to the newly gauged Ã2 field. We will denote the background gauge field associated with
said symmetry by B̃2 . For completeness, we consider the master duality with all global
symmetries gauged in Appendix 3.7.1.
Note that we can modify either of the above dualities by adding additional background
flavor levels to either side of the duality before promotion. As a reminder, these dualities are
subject to the flavor bound N ≥ Nf and k ≥ Ns , but (N, k) 6= (Nf , Ns ). In the Nf = 0 and
Ns = 0 limits, (3.24) reduces to (3.20) and (3.21), respectively, with appropriate relabeling.
Four Node Example
Let us now use the dualities we’ve defined to dualize a four node quiver. Walking through
this construction will make generalization to the n node case straightforward. We begin with

81

Figure 3.3: Dualizing a linear quiver. Red nodes are SU gauge groups and black nodes
are U groups. Black (red) links are bifundamental bosons (fermions). Applying Aharony’s
duality to the leftmost link turns the scalar into a fermion. Then, applying the master
duality repeatedly moves said fermion across the quiver until it reaches the final link where
Aharony’s duality can again be used to turn the fermion into a boson.
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Theory A

SU (N1 )−k1

SU (N2 )−k2

SU (N3 )−k3

SU (N4 )−k4

Y1,2





1

1

Y2,3

1





1

Y3,4

1

1





Table 3.2: Charges of the bifundamental matter in our linear quivers.  denotes the matter
transforms in the fundamental representation of the corresponding gauge group.

the SU side of the theory
Theory A:

SU (N1 )−k1 × SU (N2 )−k2 × SU (N3 )−k3 × SU (N4 )−k4 .

(3.25)

This theory has the bifundamental scalars which have charges as given in Table 3.2. In what
follows we will assume that N1 ≥ N2 ≥ N3 ≥ N4 as well as ki ≥ 0 for i = 1, 2, 3, 4. Although
this is not the most general case, below we will find this is required to avoid flavor bounds
to get to the desired U theory. Each of the bifundamentals is charged under a global U (1)
symmetry which rotates its overall phase, giving this side of the duality a [U (1)]3 global
symmetry.
We will denote the bifundamental scalars living between nodes j and j + 1 by Yj,j+1 and
Xj,j+1 on the SU and U side of the duality, respectively. The masses of the U bifundamentals
are denoted by mj,j+1 while we will use Mj,j+1 for those on the SU side.
Before embarking on deriving the duality, note that the uniform mass deformations of
(3.25) are given by
(3.26a)

(A1)

2
Mi,i+1
>0:

SU (N1 )−k1 × SU (N2 )−k2 × SU (N3 )−k3 × SU (N4 )−k4

(A2)

2
Mi,i+1
<0:

SU (N1 − N2 )−k1 × SU (N2 − N3 )−k1 −k2 × SU (N3 − N4 )−k1 −k2 −k3
× SU (N4 )−k1 −k2 −k3 −k4 .

(3.26b)

Here we have been careful to account for which gauge group is Higgsed by each bifundamental
scalar. The bifundamental scalar Yi,i+1 has Ni × Ni+1 components. Below we will always
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view the smaller of the two gauge groups to be associated with the “flavor” symmetry of the
bifundamentals. As such, if we assume the Higgsing to be maximal, the Higgsing can be
thought of as acting on the “color” gauge group, i.e. the group with the larger rank, while
leaving the flavor group unchanged.5 Since to meet flavor bounds below we have assumed
N1 ≥ N2 ≥ N3 ≥ N4 , this means vacuum expectation value takes the form
ai ai+1

1Ni+1
ai ai+1

hYi,i+1
i∝
0

(3.27)

with ai , bi and ai+1 , bi+1 gauge indices to SU (Ni ) and SU (Ni+1 ), respectively. Reassuringly,
no gauge group acquires a negative rank with this Higgsing pattern.
Returning to our derivation of the non-Abelian linear quiver dualities, we will now show
five theories are dual to one another,
Theory A

↔

Theory B

↔

···

↔

Theory E,

(3.28)

by sequentially dualizing each node from left to right, see Fig. 3.3. To begin, we apply
Aharony’s duality (3.20) to the first node to obtain
Theory B:

U (k1 )N1 −N2 + N2 × SU (N2 )−k2 −k1 + k1 × SU (N3 )−k3 × SU (N4 )−k4 .
2

2

(3.29)

Flavor bounds are satisfied so long as N1 ≥ N2 . This turns the bifundamental scalar on the
link between nodes one and two into a bifundamental fermion. The U (1) global symmetry
of the first bifundamental becomes a monopole symmetry for the Abelian part of the gauge
field which lives on the first node. This will be a common theme as we sequentially step
through nodes and the details are shown in Appendix 3.7.2.
Dualizing the SU (N2 ) node is where we will need to use something new. We could try
applying Aharony’s dualities (3.19) or (3.21) to the second node. However, one will inevitably
5

For example, for a bifundamental coupled to SU (N1 )c and SU (N2 )f with N1 ≥ N2 , what occurs can
be best understood by first splitting SU (N1 )c × SU (N2 )f → SU (N1 − N2 )c × SU (N2 )c × SU (N2 )f . Since
the bifundamental is maximally Higgsed in the SU (N2 ) subgroup, the unbroken part of the two SU (N2 )
factors is their diagonal, leaving SU (N1 − N2 )c × SU (N2 )diag . Thus, saying the flavor group is unchanged
is a merely a convenient relabeling. Also note that the Chern-Simons level of the new flavor group will be
the sum of the original flavor and color Chern-Simons levels.
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run into flavor bound issues since nodes with links on two sides require a SU (Ni−1 + Ni+1 )
flavor symmetry, which exceeds the SU (Ni ) color symmetry for the cases we are interested
in here.
Notice that since the master duality has two types of matter it has two separate flavor
symmetries, each subject to its own flavor bound. This is useful for dualizing the nodes with
two links and, furthermore, has the correct matter content since node two in Theory B has
both a bifundamental scalar and fermion attached to it. However, the master duality is quite
a bit different from Aharony’s original dualities in that it requires additional interactions
terms between the scalars and fermions on a given side of the duality, as given in (3.7). Let
us consider how we could introduce such interactions terms and how they affect the theories
we are considering.
Including Bifundamental Interactions
The interaction we need in order to apply the master duality in theory B is
Theory B:
(B)

Here C2

(B)
C2

a2 a1 2,3
ψ̄1,2
Ya2 a3



†b2 b3 1,2
Y2,3
ψb2 a1



.

(3.30)

is the coefficient of the interaction on the second node in theory B and we have not

yet committed to its sign or magnitude, but we will do so later by matching TFTs. In what
follows, it will be useful to associate each interaction term with one of the interior nodes of
the quiver.
In order to give rise to (3.30), we must backtrack slightly since a similar interaction should
also then be present in theory A in its dualized form. The exact matching of the interactions
between theories A and B is quite subtle and requires auxiliary field techniques that were
originally introduced in the large N and k literature [86]. Here we will only give a schematic
overview. The full details of this matching are given in Appendix 3.7.3.
Recall that the purpose of the interaction term in the master duality is to ensure that
when the scalars acquire a vacuum expectation value we also gain an additional mass term
for the fermions [24, 64]. This was vital for matching the phases and TFTs on either side of
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the duality. Importantly, regardless of the sign of the mass deformation, the fermions never
condense and thus there is no opportunity for a fermion condensate to influence the mass
of the scalars through the same interaction term. If the fermions did condense, this would
yield a very different looking phase diagram than that found in refs. [24, 64].
Here we identify the fermions with scalars, which can condense when their quadratic term
goes negative. In order to match the TFT phase diagrams of theories A and B under mass
deformations, we need to make sure the interaction term does not allow the Y1,2 condensate
to influence the Y2,3 mass. In Appendix 3.7.3 we derive an interaction term which has
the desired properties: this term will cause a nonzero vacuum expectation value for the
Y2,3 bifundamental to give a positive or negative mass to Y1,2 , depending on the sign of
(A)

the coefficients C2 . However, the opposite effect cannot occur: Y1,2 acquiring a vacuum
expectation value cannot influence the mass of Y2,3 . More generally, for the SU side of the
duality, the vacuum expectation value of a link can only affect nodes/links to its left. The
interaction term is unidirectional as it is for the original master duality.
We will schematically denote the interactions we add to Theory A as

Theory A:

(A)

C2




†a2 a1 2,3
†b2 a3 1,2
Y1,2
Ya2 a3 Y2,3
Yb2 a1

(3.31)

with the understanding that the true interaction is as given in (3.139). Eq. (3.31) is equivalent to (3.139) if we simply ignore the fact that when the Y1,2 acquires a vacuum expectation
value the interaction term gives a mass to Y2,3 , so we will do so henceforth for brevity.
An analogous interaction term is added to node three as well since it will be needed when
stepping from theory C to D.
Having introduced the necessary interaction term, we subsequently apply the master
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duality (3.24) to the second and third nodes, this gives
Theory C:

U (k1 )N1 −N2 × U (k1 + k2 )N2 − N3 × SU (N3 )−k3 −k1 −k2 + k1 +k2 × SU (N4 )−k4
2

2

(3.32)
Theory D:

U (k1 )N1 −N2 × U (k1 + k2 )N2 −N3 × U (k1 + k2 + k3 )N3 − N4
2

× SU (N4 )−k4 −k1 −k2 −k3 + k1 +k2 +k3 .
2

(3.33)

These in turn require the flavor bounds N2 ≥ N3 , k2 ≥ 0 and N3 ≥ N4 , k3 ≥ 0, respectively.6
Each application of the master duality changes a boson link to a fermion link and vice versa,
effectively driving the single fermion link down the quiver, see Fig. 3.3. As with the duality
relating theories A and B, the application of the master duality above changes the global
U (1) symmetry across the duality. Specifically, it changes the U (1) global symmetry under
which Y2,3 was charged to a monopole-like symmetry which couples to the Abelian part of
gauge field on the second node. A completely analogous transformation occurs for the baryon
number symmetry of Y3,4 . The details of how this occurs are shown in Appendix 3.7.2.
Finally, to arrive at the desired dual theory we again apply Aharony’s duality (3.21) to
the last node. Flavor bounds require k4 ≥ 0. This ultimately gives
Theory E:

U (k1 )N1 −N2 ×U (k1 + k2 )N2 −N3 ×U (k1 + k2 + k3 )N3 −N4 ×U (k1 + k2 + k3 + k4 )N4 .
(3.34)

Note that the fourth node does not pick up a monopole-like global symmetry for its Abelian
gauge field. This is related to the fact we have one more node than bifundamentals and is
also a feature of the dualities in ref. [65] and ABJM theory [4].
2
Following the mass identifications through the dualities, we see Mi,i+1
↔ −m2i,i+1 . The

6

More precisely, this should exclude the double saturation cases where N2 = N3 and k2 = 0 or N3 = N4
and k3 = 0. We will not make note of such special cases henceforth since they will not be relevant for our
purposes.
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uniform mass deformations of Theory E are
(3.35a)

(E1)

m2i,i+1 < 0 :

U (k1 )N1 × U (k2 )k2 × U (k3 )N3 × U (k4 )N4

(E2)

m2i,i+1 > 0 :

U (k1 )N1 −N2 × U (k1 + k2 )N2 −N3 × U (k1 + k2 + k3 )N3 −N4
(3.35b)

× U (k1 + k2 + k3 + k4 )N4

which, reassuringly, are level-rank dual to the phases considered above. Here once again
some care is required for the Higgs phase. Since we are assuming all ki ≥ 0 in order to meet
the flavor bounds above, the maximal Higgsing vacuum expectation value is, using block
matrix notation,
aa

i i+1
i∝
hXi,i+1



1Ki 0

ai ai+1

.

(3.36)

where ai , ai+1 are gauge indices to U (Ki ) and U (Ki+1 ), respectively and we have defined the
shorthand
Kj ≡

j
X

ki .

(3.37)

i=1

Of course, as we apply all the aforementioned dualities the matter interaction terms
are changing as well. We also end up with the interaction term (3.138) between adjacent
bifundamental scalars for theory E. The interaction is such that a bifundamental scalar
vacuum expectation can only affect nodes/links to its right now.7 The analog of (3.31),
which is a schematic stand-in for (3.138), is



(E)
†a2 a1 2,3
†b2 a3 1,2
Theory E:
C2
X1,2
Xa2 a3 X2,3
Xb2 a1 .

(3.38)

where now we ignore the fact that when X2,3 acquires a vacuum expectation value it gives a
mass to X1,2 .
Effect of Interactions
We would now like to show that these interaction terms are vital for a matching the mass deformed TFTs. Although we found a matching between phases for the completely gapped/Higgsed
7

This is most obvious to see when moving from Theory C to Theory D. In theory C, the X1,2 bifundamental can influence the mass of the fermion on the 2, 3 link, but not vice versa. Hence, in Theory D the
interaction between X1,2 and X2,3 should obey the same rule to get a matching of TFTs.
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phases above, these were very special cases. In order to observe the expected partial gapping/Higgsing behavior to apply to theta walls, we need to carefully treat the interactions.
First it will be helpful to specialize to a particular sign and magnitude of interaction
(A)

terms coefficients, CI

(E)

and CI

for I = 2, 3 (i.e. all internal nodes). Specifically for the
(A)

purposes of matching onto the phases of (3.3), we take CI
(E)

(E)

< 0 and CI

< 0.

8

We also

(E)

assume |CI | → ∞ such that |CI |  |m2i,i+1 |. Although not considered in [24, 64], it is
straightforward to check that a very large interaction term on one side of the master duality
(A)

implies a very small interaction term on the other side of the duality.9 Hence, CI
(A)

2
the hierarchy Mi,i+1
 CI

→ 0 so

> 0 holds for all mass deformations. In such a limit we can

effectively ignore the interaction terms on the SU side of the duality.
The choice of magnitudes above has the added effect of simplifying the analysis of the
interaction terms and the TFT structure. It is possible to derive quiver theories for more
general interaction coefficients and still find matching TFTs, but we leave such analysis for
future work.
Let us now consider the effect of the interaction terms on the U side of the duality. The
two interaction terms of theory E are given by
(E)

C2







(E)
†a2 a1 2,3
†b2 a3 1,2
†a3 a2 3,4
†b3 a4 2,3
X1,2
Xa2 a3 X2,3
Xb2 a1 + C3
X2,3
Xa3 a4 X3,4
Xb3 a2 .

(3.39)

Consider the case when X1,2 acquires a nonzero vacuum expectation value as in (3.36).
This term breaks U (K2 ) down to U (K2 − K1 ), which is the usual effect of the Higgsing.
8

We must choose the coefficients of the interactions to be the same sign for a matching of TFTs. To see
this, first note that we use the master duality once on each internal node, and under the master duality
the interaction term flips sign [24, 64]. An additional sign flip comes from the application of the master
duality for the node to the left of an internal node, which sign flip when changing the fermions in the
interaction to bosons.
9

To see this, let us specialize to the notation used in [64]. Here we saw that by changing the sign of c4
and c04 , one could change the location of the “singlet critical line”. Smoothly changing c4 → −c4 causes
the line to move from phase IV to phase III. Meanwhile, changing c04 → −c04 to move from phase IV’ to
phase I’. Thus, for example, we can shrink the size of region IVb and IVb’ by decreasing the magnitude
of c04 and increasing the magnitude of c4 . In the limit c04 → 0, we must take |c4 | → ∞.
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Additionally, the first interaction term (3.39) becomes
a2




1K1 0
†b2 a3 2,3
†b2 a3 1,2
†a2 a1 2,3
 X2,3
Xa2 a3 .
Xb2 a1 ∝ − 
Xa2 a3 X2,3
− X1,2
0 0

(3.40)

b2

Hence the vacuum expectation value of X1,2 shows up as a negative mass deformation for the
first K1 components of X2,3 and thus also breaks the U (K3 ) to U (K3 − K1 ). As such, except
for the X1,2 link, each bifundamental can acquire a mass deformation from two different
sources: its explicit mass term as well as the interaction terms to its left. As an example, let
us assume m22,3 = m23,4 = 0 but m21,2 < 0. Then X2,3 acquires a vacuum expectation value
from (3.40). The interaction term between X2,3 and X3,4 also means X3,4 gets a negative
mass shift,

a3


1
0
K1
†a3 a2 3,4
†b3 a4 2,3
†b3 a4 3,4
 X3,4
− X2,3
Xa3 a4 X3,4
Xb3 a2 ∝ − 
Xa3 a4 .
0 0


(3.41)

b3

breaking U (K4 ) to U (K4 − K1 ) and giving the first K1 components an additional negative
mass deformation. If there are no other mass term deformations, this effect cascades to the
right across the entire quiver.
Now let us consider how this changes if X2,3 also had a mass deformation. A negative
mass deformation would further break down the U (K3 ) subgroup to U (K3 − K2 ), and this
could also propagate down the quiver, as we just discussed. Positive mass deformations are
slightly more tricky since we need to consider them in two regimes. First consider the case
where the negative mass deformation from (3.40) is larger than that of the mass term for
X2,3 . Then the results considered above are unchanged, X1,2 is still partially broken. When
the mass term has a larger positive mass contribution than that of (3.40), X2,3 is completely
gapped. This means none of the components have a nonzero vacuum expectation value, and
thus the interaction (3.41) contributes no mass to X3,4 . In other words, if the mass term
for X2,3 is large enough, it can stop of propagation of X1,2 ’s breaking down the quiver. We
(E)

have avoided this case by assuming CI

 m2i,i+1 , thereby forbidding large positive mass

deformations from blocking the propagation of the breaking down the quiver.
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What about when X2,3 acquires a negative mass deformation but the X1,2 and X3,4 mass
terms are untouched? By the same reasoning above, X3,4 will also acquire a negative mass
shift to its first K2 components via the interaction terms, causing the breaking of U (K3 ) and
U (K4 ) to U (K3 − K2 ) and U (K4 − K2 ), respectively. However, as we have been careful to
argue in Appendix 3.7.3, X2,3 ’s vacuum expectation value should not be able to influence
nodes/links to its left. Hence X1,2 is unaffected.
We are now in the position to consider mass deformations which are partially Higgsed.
That is, not all bifundamental masses are taken to be the same sign. Specifically, consider the
case where the bifundamentals Y1,2 and Y3,4 are Higgsed and Y2,3 is gapped (corresponding
via mass identifications to X1,2 and X3,4 being gapped and X2,3 being Higgsed). This yields
the phases

(A3)

: SU (N1 − N2 )−k1 × SU (N2 )−k1 −k2 × SU (N3 − N4 )−k3 × SU (N4 )−k3 −k4

(3.42a)

(E3)

: U (k1 )N1 −N2 × U (k1 + k2 )N2 × U (k3 )N3 −N4 × U (k3 + k4 )N4

(3.42b)

which are level-rank dual to one another! Note that the interactions are vital for us to reach
this conclusion. We have used the fact that X2,3 acquiring a vacuum expectation value breaks
the U (K2 ) subgroup of U (K3 ) → U (k3 )N3 −N4 × U (K2 )N3 −N4 and also, due to the interaction
term, U (K4 )N4 → U (k3 + k4 )N4 × U (K2 )N4 . Without such terms we would have found the
U (K4 )N4 group unbroken, yielding the TFT

(E3̄)

:

U (k1 )N1 −N2 × U (k1 + k2 )N2 −N4 × U (k3 )N3 −N4 × U (K4 )N4

which is clearly not level-rank dual to (3.42a).

(3.43)
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Generalization to n Nodes
Now let us generalize this prescription to an arbitrary number of nodes. For n nodes, there
is a duality between the following two theories:
Theory A:

SU (N1 )−k1 ×

n
Y

[SU (Ni )−ki × bifund Yi−1,i ]

(3.44a)

i=2
n−1
Y

Theory B:



U (Ki )Ni −Ni+1 × bifund Xi,i+1 × U (Kn )Nn

(3.44b)

i=1

where flavor bounds require ki ≥ 0 and N1 ≥ N2 ≥ . . . ≥ Nn . As with the above case, these
theories can be shown to be dual by systematically applying Aharony’s duality (3.1a) to
the first node, the master duality to every two-link node, and then Aharony’s other duality
(3.1b) to the last node. The master duality is not needed for the two node case.
Implied above are interaction terms on the U side of the duality of the form of (3.138).
Equivalently, we can use the schematic interaction
L(B) ⊃

n−1
X

(B)

CI



†a a

I I−1
XI−1,I
XaI,I+1
I aI+1



†bI aI+1 I−1,I
XI,I+1
XbI aI−1

(3.45)

I=2

with the understanding that such interactions can only give mass terms to the link on their
(B)

left. Here, ai , bi the gauge indices of the ith node and CI

(B)

→ −∞ so that |CI |  m2i,i+1 .

In this limit, on the SU side of the duality the interaction terms are very small and have no
effect on the mass deformed phases, so we ignore them.
To summarize the interaction behavior on the U side: a bifundamental scalar Xj,j+1
acquiring a nonzero vacuum expectation value affects nodes/links to the right but not to the
left. Namely, it causes all bifundamental scalars (i.e Xi,i+1 with i > j) to acquire a similar
vacuum expectation for the first Kj components. This in turn causes a breaking of all gauge
groups nodes i > j to U (Ki − Kj ). Note this effect can compound, so if Xj,j+1 and X`,`+1
acquire a vacuum expectation value from their respective mass deformations, the gauge group
on node i > j > ` undergoes breaking U (Ki ) → U (Ki − Kj ) × U (Kj − K` ) × U (K` ).
As mentioned earlier, other dualities which flow to other TFTs can be constructed by
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changing the sign/magnitude of the interaction terms, but such considerations are left for
future work.
3.2.3

Self-Consistency Checks

Returning to the bosonic particle-vortex duality, it should now be clear the derivation we
outlined in Sec. 3.2.1 is the two node case of the more general non-Abelian linear quivers
with values
N1 = N2 = k1 = 1,

k2 = 0,

(3.46)

which is shown in Fig. 3.2. Note this saturates all flavor bounds and carries the minimum
value of parameters without being completely trivial, so the particle-vortex duality can be
thought of as the simplest case of an infinite class of 2 + 1 dimensional Bose-Bose dualities.
Additionally, it is clear that the derivation of the two node quiver requires no master duality
since there are no nodes connected to two links.
Another helpful tool in analyzing the more general non-Abelian quiver dualities as well
as comparing them to the holographic dualities in Sec. 3.3.2 will be comparing the spectrum
of the two theories. To this end, let us briefly review how the spectra of the particle-vortex
duality match on either side of the duality.
First consider the case when Φ acquires a vacuum expectation value in (3.14) through a
negative mass deformation. It is well known the breaking of the U (1) gauge symmetry gives
rise to vortex solutions of finite mass charged under B1 flux. Since there is no dynamical
Chern-Simons term on this end, there is no funny business with flux attachment or alternative
vortex solutions. These vortices carry flux charge under the broken U (1) gauge group which
can be seen by looking at the asymptotic behavior of the gauge field.
Now consider the Abelian-Higgs model but instead in the form which is more amenable
to matching onto the non-Abelian quivers (i.e. (3.15)). In this form we have two U (1)
gauge fields, one of which is redundant and can be integrated out. When hΦi ∼ v, it forces
the breaking of U (1) × U (1) → U (1)A , where U (1)A is the subgroup where the two U (1)
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transformations act oppositely on Φ, leaving it invariant. Again, the breaking of a U (1)
symmetry ensures that there are vortex solutions which are charged under the flux of the
broken symmetry. In this case, it corresponds to a nonzero winding of both a1 and c at
spatial infinity, since the broken U (1) group is where they are set equal to one another (i.e.
U (1)diag ). For the vortex solution where a1 = c energy contributions from the Chern-Simons
terms drop out, as they should since they weren’t present in (3.14). Since there is nonzero a1
flux the vortex is charged under the background B1 field. Also note that the vortex has finite
mass proportional to the vacuum expectation value of the scalar. As expected, we reach the
same conclusions when working from (3.14), albeit in a slightly more complicated manner.
Due to the mass identification, the phase where Φ has a vacuum expectation value should
be identified with the phase where φ is simply gapped. The U (1) global symmetry is unbroken
and φ excitations of (3.12a) are charged under the B1 field, which are identified with the
vortices on the opposite side of the duality.
Meanwhile, for mass deformations where φ obtains a vacuum expectation value and
Φ is gapped, the U (1) global symmetry on both sides of the duality is broken. This is
straightforward to see on the φ side of the duality and is made clear on the Φ side by rewriting
the photon using the Abelian duality, Fµν ∼ µνρ ∂ ρ σ. Since the U (1) global symmetry is
broken, we expect Goldstone bosons on either side of the duality. For the φ field, we have
massless angular excitations. In this phase the photon remains gapless and it is identified
with the Goldstone boson of the Φ side.
We claim the above results completely generalize to the n-node quiver case. Across the
duality we have established the fact that the global U (1) symmetry of the Xi,i+1 bifundamental is identified with the monopole number symmetry of the ith node. We begin with the side
of the duality where a U (1) global symmetry is unbroken, which corresponds to a positive
mass deformation on the SU side and a negative mass deformation on the U side. We will
focus on the behavior of a single bifundamental since generalization is straightforward.
When we gap the Yi,i+1 bifundamental on the SU side, on the U side this should cause
2
the Xi,i+1 bifundamental to acquire a vacuum expectation value as a result of the Mi,i+1
↔
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−m2i,i+1 mass mapping.
Let’s take a closer look at the breaking term to account for degrees of freedom. Schematically the interaction term can be written in the form

2

bi ai+1
†
2 bi
V (Xi,i+1 ) ∼ Tr (Xi,i+1 )ai ai+1 Xi,i+1
− v δai .

(3.47)

With the gauge freedom we can take hXi,i+1 i to be of the from of (3.36). This causing the
breaking of
U (Ki ) × U (Ki+1 ) → U (Ki )diag × U (ki+1 ),

(3.48)

corresponding to an overall broken U (Ki ) gauge symmetry. Each Xi,i+1 field has 2Ki Ki+1
total degrees of freedom. Within the U (Ki ) subspace, there are Ki2 flat directions corresponding to “angular” excitations, which are consumed by the broken U (Ki ) gauge fields
to become (two-component) massive “W-bosons”. The remaining Ki2 scalar degrees of freedom represent “modulus” excitations in directions of the potential which are not flat and are
thus analogous to Higgs bosons. Additionally, these modes are now adjoint particles since
they are charged under U (Ki )diag . This leaves 2Ki ki+1 degrees of freedom, which acquire a
mass through the double trace-like interaction term that is present for Wilson-Fisher scalars.
Hence all bifundamental scalar particles are gapped, as they should be.
As with the particle-vortex duality, we would like to show vortices on the U side should
be identified with the gapped particles on the SU side of the duality. The gapped Yi,i+1
particles are charged under the unbroken U (1) symmetry and carry baryon number. Meanwhile, when the Xi,i+1 particles acquire a vacuum expectation value, the breaking of the
corresponding U (1) subgroup mean vortices associated to that link now have finite mass and
are topologically stable since

10

π1 (U (Ki ) × U (Ki+1 )/U (Ki )diag ) ' Z.
10

(3.49)

One might worry that we may be able to form other vortex solutions by winding the other broken
subsets, say U (1)A ⊂ U (Ki+1 ) × U (Ki+2 )/U (Ki )diag . Note however that the interactions force the vacuum expectation value of the associated U (Ki ) subgroup of the Xi+1,i+2 bifundamental to be effectively
infinite. This is distinct from hXi,i+1 i which is presumed to be proportional to the mass deformation and
finite. Thus such vortices are significantly heavier than the vortex formed from a winding of the Xi,i+1
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Specifically, the vortex configurations correspond to a winding of the broken U (1)A ⊂
U (Ki ) × U (Ki+1 )/U (Ki )diag gauge group as well as the phase of hXi,i+1 i at spatial infinity. Since the broken subgroup U (1)A contains the ith node’s U (1) factor, through the BF
term of that node it coupled to the B̃2 field.11 This is the same symmetry the gapped Yi,i+1
couple to, and thus the two modes should be identified in a manner analogous to what we
saw for the particle-vortex duality.
Unlike the particle-vortex duality, the presence of nonzero Chern-Simons terms in the
mass deformed phases means variation with respect to dynamical gauge groups imposes a
flux attachment condition on the excitations. That is, particles charged under the respective
symmetry must be attached to the vortex excitations. This might be modified slightly due
to the breaking of the U gauge group, since the broken gauge degrees of freedom will become
massive giving an extra term when varying with respect to the corresponding massive gauge
degrees of freedom. We leave such analysis for future projects.
3.3

Theta Wall Dualities

In this section we consider duals to the Chern-Simons theories found on defects in 3 + 1dimensional SU (N ) Yang Mills theory when the θ angle varies as a function of location.
Specifically, we look for a dual to (3.3).
We begin by reviewing a few essential facts about the expected theta dependence in pure
SU (N ) gauge theories. Such gauge theories are believed to have multiple vacua related to
the physics of the theta angle. In each vacuum, physical quantities are not periodic in theta
bifundamental and its corresponding gauge groups. Note for the Xi,i+1 vortex, no matter the mass deformations of bifundamentals to its left, its U (ki ) subgroup will always have a finite vacuum expectation
value, and thus the topologically stable vortex solutions can always have finite energy via a winding of
this corresponding subgroup.
11

Since the Xi,i+1 vortices contain winding under U (1)A , which is a subgroup of the U (1) × U (1) gauge
symmetries of the ith and (i + 1)th nodes, one might worry that such a vortex also carries flux under the
(i + 1)th gauge group and is thus charged under the U (1) symmetry of the (i + 1)th node. However, as
explained in Appendix 3.7.2, the BF coupling is such that nodes to the right of a bifundamental are only
coupled via the unbroken gauge group. Hence, although the vortices carry U (1) flux of the (i + 1)th node,
they are only charged under global symmetry of the ith node.
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with period 2π but instead with period 2πN . The physical properties of the system are
nevertheless 2π periodic. As we change theta by a single 2π period, the true vacuum of the
system changes and the physics in the new vacuum at θ = θ0 + 2π is the same as the physics
in the original vacuum at θ = θ0 .
This picture can be most rigourously established at large N . In this limit the vacuum
energy as a function of θ is expected to scale as [115, 120]
E(θ) = N 2 h(θ/N )

(3.50)

for some to be determined function h. This appears to be inconsistent with the periodicity
requirement
E(θ) = E(θ + 2π).

(3.51)

As claimed above, a single vacuum with energy of the form (3.50) is expected to be 2πN
periodic, not 2π periodic. This conundrum can easily be solved by postulating that the
theory has a family of N vacua labeled by an integer K. In this case the vacuum energy in
the Kth vacuum is given by
EK (θ) = N 2 h((θ + 2πK)/N ).

(3.52)

Most of these vacua are meta-stable, the truly stable vacuum for any given θ is given by
minimizing over K:
E(θ) = N 2 min h((θ + 2πK)/N ).
K

(3.53)

The resulting function E(θ) has the expected 2π periodicity. While the energy of (say) the
0-th vacuum keeps increasing as we increase theta from 0 towards 2π, the energy of the
K = −1 vacuum at θ = 2π is exactly the same as the energy of the 0-th vacuum was at
θ = 0. One expects that a transition from the 0-th to the (−1)-th vacuum is triggered at
θ = π. While physics in any given vacuum is 2πN periodic, the system as a whole, in its
true vacuum, is 2π periodic.
We are now in a position to discuss the physics of theta interfaces and domain walls. Let
us first turn to the case of interfaces. Starting with a confining gauge theory (pure Yang-
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Mills in this case), one can introduce interfaces across which the theta angle changes by an
integer multiple of 2π,
∆θ = 2πn.

(3.54)

The theory is assumed to be everywhere in the true ground state. This means, in particular,
that the index labeling the local vacuum state changes by −n units as the theta angle changes
by 2πn. Since the theta angle is a parameter in the Lagrangian, translation invariance is
explicitly broken in this theory and we do not expect any Goldstone bosons corresponding
to fluctuations of the position of the interface.
As we explained in the introduction, a spatially varying theta gives rise to domain walls
on which Chern-Simons theories live. However, anomaly inflow does not constrain the exact
Chern-Simons theory. Ref. [101] has argued that for |∇θ|  Λ and |∇θ|  Λ, one should
expect the TFTs [SU (N )−1 ]n and SU (N )−n , respectively. Assuming a smooth transition,
(3.3) was proposed as a possible CFT to describe the transition between these two extreme
cases.
The generic phase of (3.3) is characterized by a partition {ni } of n, that is integers ni
P
with the property that i ni = n. Each ni denotes the number of gauge group factors along
the quiver that have been Higgsed down to their diagonal subgroup before we encounter a
positive mass squared scalar. For example, n1 = n corresponds to the completely Higgsed
SU (N )−n phase associated with the steep wall, ni = 1 for i = 1, . . . , n corresponds to the
shallow wall with [SU (N )−1 ]n . The generic phase is given by a TFT based on
Phase {ni } :

Y

SU (N )−ni .

(3.55)

i

One extra subtlety that arises concerns global symmetries. The scalar fields are bifundamentals under neighboring SU (N )−1 gauge group factors. This leaves an overall phase rotation
of every single scalar as a global symmetry, for a combined U (1)n−1 extra global symmetry
from the n − 1 scalar fields. If these indeed were global symmetries of the parent theory this
would lead to unexpected consequences. Most notably, in the fully broken phase the low
energy theory on the interface would not just be the topological SU (N )−n Chern-Simons
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theory we expect, but would in addition contain n − 1 massless Goldstone bosons as these
extra global symmetries are spontaneously broken in the condensed phase. The proposal of
[50] is to add extra terms to the action that break these extra global symmetries so that
there are no Goldstone bosons. The simplest option to do so is a det(Y ) term for each link12 ,
which is indeed gauge invariant under all SU (N )−1 gauge group factors but is charged under
overall phase rotations of Y . The quiver gauge theories we discussed in the last section do
not have these determinant terms added to the potential. The dualities we derive will most
naturally apply to the theory without the determinant terms. To connect to the theory of
the theta interfaces we will have to add the extra determinant term as a deformation.
In addition to interfaces a second type of co-dimension one defect we can discuss are
domain walls. These are already present in a theory with constant theta. They govern the
decay of one of the meta-stable vacua of the theory to the true vacuum. In the idealized case,
we can consider the theory in a state where we interpolate between two metastable vacua
as we move along a single direction, which we once more chose to be the x3 direction. For
simplicity we are only interested in configurations which preserve 2 + 1 -dimensional Lorentz
invariance, that is we focus on flat domain walls. If the theory starts in the 0-th vacuum
as x3 → −∞, we can interpolate to the (−n)-th vacuum at x3 → ∞. While the state of
the system at large positive x3 is not in the true local ground state, this configuration is
meta-stable. The false vacuum has to decay via bubble formation, which is governed by the
domain wall tension. It has been argued [120] that the tension of the wall is of order N , a
fact that is obvious in the holographic realization of these walls which we will turn to in Sec.
3.3.2. At large N this means that decay of the meta-stable vacuum is e−N suppressed. In
addition the difference in vacuum energies will exert a pressure on the domain wall generically
causing the wall to move. But since the pressure difference is order N 0 , whereas the domain
wall tension is order N , the domain wall can be treated as static in the large N limit.
12

Of course any power of det(Y ) would do the job in that it is gauge invariant but charged under the
global symmetry. For small values of N we need to make use of this freedom. For example, for N = 1
det(Y ) = Y and we would simply add linear potentials, whereas for N = 2 we would be adding mass
terms. Instead we should add det(Y )4 and det(Y )2 respectively in those two cases.
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As far as the anomalies are concerned, the analysis of [50] generalizes to the case of walls:
the gauge theory on the defect should be the same whether we are forced to jump n vacua
because of a 2πn jump in θ, or whether we study a dynamical wall that interpolates between
two n-separated vacua in a theory with fixed θ. The main difference appears to be that
this time the wall is dynamical with a finite tension. Most notably, this implies that we
should have (at large N ) a massless scalar living on the wall whose expectation value gives
the location of the wall. It being the Goldstone boson of broken translations, the scalar
has an exact shift symmetry that protects it from becoming massive. While interfaces were
characterized by a free function θ(x3 ) and were only loosely characterized into shallow and
steep, for walls it is much easier to characterize the moduli space of allowed configurations.
We have a total of n discrete jumps from one vacuum to the next. When the walls are
widely separated, we should have n separate walls connecting two neighboring vacua each.
In this limit, we should have a total of n translational modes as the different basic walls can
presumably move independently. The gauge theory living on these widely separated walls
should be [SU (N )−1 ]n as above together with these decoupled light translational modes.
This is indeed what follows from the analysis of Acharya and Vafa in the closely related case
of N = 1 supersymmetric gauge theories [1] (see also [43]). The other extreme is when all
n walls coincide and we have a single wall across which we jump by n vacua, presumably
governed by a single SU (N )−n gauge theory and a single translational mode.

To summarize, note that we are still characterizing the phases by partitions {ni } of n
and the gauge theory on the wall is once again governed by the topological field theory
(3.55). In addition we have the decoupled translational modes. At finite N the walls no
longer correspond to static configurations as they will be pushed around by the pressure
differences, making them generically much harder to study than the case of interfaces. The
reason we discuss them at all as that, at large N , they have a very simple holographic
realization which we will employ in what follows to check our dualities.
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3.3.1

Theta Wall Dualities via 3d Bosonization

We now consider possible duals to (3.3) via 3d bosonization. Fortunately, such a theory can
easily be constructed from the non-Abelian linear quiver dualities.13 Consider the n node
linear quiver, (3.93), and take
1 = k1 = k2 = · · · = kn

(3.56a)

N = N1 = N2 = · · · = Nn .

(3.56b)

This satisfies all flavor bounds of the derivation given above since ki ≥ 0 and N = Nj ≥
Nj+1 = N . In this case the dual quiver theories become
Theory A:

n

[SU (N )−1 ] ×

n−1
Y

bifund Yp,p+1

(3.57a)

p=1

Theory B:

n−1
Y

[U (p)0 × bifund Xp,p+1 ] × U (n)N

(3.57b)

p=1

and the relevant mass deformations for all bifundamentals taken positive/negative are given
by
(A1)

2
Mi,i+1
>0:

(A2)

2
Mi,i+1

<0:

(3.58a)

[SU (N )−1 ]n
SU (N )−n ×

n−1
Y

[SU (0)−p ]

(3.58b)

p=1

(B1)

m2i,i+1 < 0 :

[U (1)N ]n

(B2)

m2i,i+1 > 0 :

U (n)N ×

(3.58c)
n−1
Y

[U (p)0 ] .

(3.58d)

p=1

The topological sector of Theory A matches the TFTs we set to find at the outset, SU (N )−n
and [SU (N )−1 ]n . In addition both sides have decoupled massless modes that also match. We
assume that the non-Abelian part of U (p)0 confines at low energies and is therefore gapped.
13

As touched upon earlier, if one tried to derive such a quiver using only Aharony’s dualities, one would
inevitably run into violations of the flavor bound. Thus it appears the interactions between links which
come from the master duality are a necessity.
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This implies that the dynamics of the confining gauge group should have no effect on the
physics at scales well below the gap. The U (1) part however gives rise to a light photon for
every level 0 unitary gauge group. On the SU side these light photons map to Goldstone
bosons. In a theory with Ns < N scalars charged under a SU (N ) gauge symmetry a full
global U (Ns ) flavor symmetry is unbroken as the gauge group is broken to SU (N − Ns ) by a
scalar vacuum expectation value. The broken gauge generators can be used to compensate
any flavor rotation. In the special case of Ns = N , which is of interest to us here, the U (1)
part of the flavor symmetry however is broken and so we will get a corresponding Goldstone
boson. In order to keep track of these light scalars we denote the Goldstone bosons as
SU (0)−p theories, which continue to be “level-rank” dual to the U (p)0 factors of Theory
(B2); either theory denotes a decoupled light scalar mode. Including these factors we see
that there is a perfect matching both between the topological sector and the decoupled light
modes.
One should note that these extra massless Goldstone bosons are exactly the ones that in
the theory of theta interfaces have been eliminated by the det(Y ) potentials. As it stands, our
quiver duality applies to (3.3) without these extra determinant terms. Since the global U (1)
baryon number symmetries under which det(Y ) is charged map to monopole symmetries on
the U side, the corresponding dual operator is a monopole operator. Adding this monopole
operator to the theory should lead to confinement of the U (1)0 factors together with their
non-Abelian counterparts and hence remove the massless photons associated to these factors
from the spectrum, just as we removed their dual Goldstone bosons on the SU side.
Given the fact that most of the gauge group factors on the U side confine, we can further
simplify the low energy description of this side of the duality. The confining groups cause
the bifundamental matter and antimatter to form “mesons”. If the matter/antimatter is still
charged under some gauge group with nonzero Chern-Simons level, the meson transforms
as an adjoint under said gauge group as conjectured in (3.4). For phase (B2), there are the
†
adjoints formed from Xn−1,n
Xn−1,n since the (n − 1)th node confines. It is difficult to say
†
†
if bound states such as Xn−1,n
Xn−2,n
Xn−2,n Xn−1,n , which are also adjoints under the U (n)N
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†
gauge group, would be stable or if it would split into separate particles Xn−2,n
Xn−2,n and
†
Xn−1,n
Xn−1,n . If we assume the latter, there is only a single light adjoint scalar charged under

the U (n) considered above.14 We also would want to conjecture that there are no additional
neutral mesons that become light together with the adjoint; such extra light matter is not
accounted for on the SU side of the duality. With these dynamical assumptions our quiver
duality boils down to the one we advertised in the introduction
[SU (N )−1 ]n + bifundamental scalars

↔

U (n)N + adjoint scalars

(3.59)

with a det(Y ) potential for all the bifundamental scalars on the SU side implied.
Unlike the quiver dualities, which we derived from gauging global symmetries, the duality (3.4) only follows upon making extra dynamical assumptions regarding the confining
mechanism. We can give extra evidence for this duality by, once again, looking at the phase
structure. On the U side the various massive phases are realized by adding mass squared
terms that give expectation values to the adjoint scalar (or remove it completely) together
with Tr X k terms in the potential. We can always chose a gauge in which the scalar expectation value is diagonal, so the generic expectation values is characterized by the n eigenvalues
of the scalar expectation value. Due to the presence of the interaction terms, it is possible
to have none of the eigenvalues coincide, in which case the gauge group is [U (1)N ]n . But
whenever two or more eigenvalues coincide, we do get an enhanced unbroken subgroup. Once
again the most general phase is encoded in partitions {ni } of n, where each integer ni denotes
the multiplicity of a given eigenvalue. The generic phase is given by ni = 1 for all i, whereas
the case of n coincident eigenvalues with a single U (n)N gauge group factor corresponds to
n1 = n. The generic partition corresponds to
Phase {ni } :

Y

U (ni )N .

(3.60)

i
14

Note that when the bifundamental scalars on the SU side acquire a negative vacuum expectation value,
by assumption this breaks their gauge symmetry down to the common diagonal symmetry group and
causes the Higgsed bifundamentals to become adjoint particles. Thus we get gapped adjoint particles on
both sides of the duality for phase 2 considered above.
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Reassuringly, this is exactly the level-rank dual gauge group of what we found for the quiver
theory, (3.55). In the next section we will give further support for the validity of this duality,
at least in the large N limit, using holography.

3.3.2

Theta Wall Dualities via Holography

Now we turn to the holographic proof of the duality. Our work will follow closely the stringy
embedding of bosonization presented in [66] based on the earlier string theory realization of
level-rank duality in [47]. In this construction the holographic duality between field theory
and supergravity becomes, at low energies, the purely field theoretic bosonization duality.
One starts with a well known holographic pair. The work of [47, 66] employs the original
holographic duality [83] between N = 4 super-Yang Mills (SYM) and type IIB string theory
on AdS5 × S 5 . We then deform the theory in such a way that all, or at least most, degrees
of freedom gap out and one is left with a non-trivial topological field theory (in the case of
level-rank) or conformal field theory (in the case of bosonization) in the infrared. Following
the same deformations in the dual gravity solution one finds that the spectrum of most
supergravity excitations also gets gapped out. The only remaining low energy excitations
are localized on a probe brane. These probe degrees of freedom in the bulk are found to be
related to the boundary degrees of freedom by the desired field theory duality.

Review of Holography Applied to 3d Bosonization
Let us first briefly review the case of level-rank. Starting with N = 4 SYM one can go to
2 + 1 dimensions via compactifying the theory on a circle of radius R. With anti-periodic
boundary conditions for the fermions in the theory, all fermionic Kaluza Klein modes pick
up masses of order 1/R and the scalars then pick up masses of the same order via loop
corrections. At energies below 1/R we are left with pure Yang-Mills in 2 + 1 dimensions,
which is believed to confine. The theory is gapped with gap of order 1/R. This is not quite
yet the theory we want, the IR is trivial rather than a non-trivial Chern-Simons TFT.

104

To produce the desired Chern-Simons terms we need to introduce the theta angle. Like
all coupling constants in the Lagrangian, the theta angle in 3 + 1 dimensional gauge theories
is usually introduced as a position independent constant, but it can be promoted to a nontrivial background field. What we need here is a theta angle that linearly changes by 2πn as
we walk around the circle once. Since theta is only well defined modulo 2π this is consistent
as long as n is an integer. The θF ∧ F term in the Lagrangian with constant theta gradient
can be integrated by parts to turn into a 2+1 dimensional Chern-Simons term with level −n.
So in short, N = 4 SYM with anti-periodic boundary conditions for fermions and a constant
theta gradient gives rise to a gapped 2 + 1 dimensional theory which, at low energies, is well
described by an SU (N )−n Chern-Simons theory.
These deformations are easily repeated in the holographic dual. The compactification
with anti-periodic boundary conditions for fermions is dual to the cigar geometry of [118],
that is a doubly-Wick rotated planar Schwarzschild black-hole where the compact time direction of the Euclidean black hole plays the role of the compact spatial directions, whereas
one of the directions along the planar “horizon" becomes the new time direction. Most importantly, the radial coordinate in this cigar geometry truncates at a finite value r = r∗
where the compact circle contracts. Consequently this geometry acts as a finite box and
so indeed all supergravity fluctuations exhibit a gapped spectrum [118] with a mass gap of
order 1/R. In order to retain a non-trivial topological sector we still need to implement the
spatially varying theta angle. The theta angle is set by the near boundary behavior of the
bulk axion field, so we are looking for a supergravity solution where the axion asymptotes to
a ∼ ny/R. Here y denotes the coordinate along the circle direction and a = ny/R is an exact
solution to the axion equation of motion in the cigar background. As long as we are only
interested in the n  N limit we can ignore the backreaction of the axion on the background
geometry and a = ny/R appears to be the full solution to the problem. The only remaining
issue is that the axion field strength fy = ∂y a = n/R in the bulk has to be supported by a
source. This source can be introduced by locating n D7 branes, wrapping the entire internal
S 5 , at the tip of the cigar at r = r∗ . This stack of D7 brane introduces new degrees of
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freedom in the bulk. The scalar fields corresponding to fluctuations of the D7 away from
the tip are massive due to the geometry of the cigar. Like all other geometric fluctuations
they have mass of order 1/R. The only other degree of freedom introduced by the n D7
branes is the worldvolume gauge field. The latter acquires a Chern-Simons term of level N
from the Wess-Zumino coupling to the N units of background 5-form flux through the S 5 .
Lo and behold, the low energy description of the holographic bulk dual is simply a U (n)N
Chern-Simons gauge theory living on the D7 branes. Comparing low energy descriptions on
both sides, AdS/CFT boiled down to level-rank duality for the emerging TFTs.
The last step in order to derive 3d bosonization rather than level-rank from this construction is to add extra light matter into the theory. This can be easily accomplished using
flavor probe branes [74]. In the construction put forward in [66] an extra probe D5 adds
fermionic matter localized on 2 + 1 dimensional defects in the 3 + 1 dimensional theory.
These defects live at points in the circle direction, so at low energies they simply become
light fermions coupled to the SU (N )−n Chern-Simons gauge fields. The same probe branes
can be argued, from the bulk point of view, to add scalar matter to the dual U (n)N ChernSimons gauge theory. Instead of simply giving us level-rank, in this case holography, at low
energies, reduces to the basic non-Abelian 3d bosonization duality.

Holographic Realization of Theta Walls
To holographically realize the field theory theta domain walls we just reviewed we need to
start with a holographic duality for a confining 3 + 1 dimensional theory and then simply
once again follow the field theory deformation corresponding to turning on theta in the bulk.
The simplest realization of a confining 3 + 1 gauge theory with a gravity dual is Witten’s
black hole [118]. This is almost the same construction we employed previously, but lifted
one dimension up. We start with a 5d gauge theory, maximally supersymmetric YM with
gauge group SU (N ), and compactify it on a circle with anti-periodic boundary conditions.
The dual geometry has once again the basic shape of a cigar, and the explicit supergravity
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solution is given by
 3/2  2

 u 3/2

L
du
µ
ν
2
2
2
2
ηµν dx dx + f (u)dy +
+ u dΩ4 ,
ds =
L
u
f (u)
 u 3/4
u3
2πN
4 , f (u) = 1 − ∗3 .
eφ = gs
, F4 = dC3 =
(3.61)
L
V4
u
Here xµ are the 4 coordinates of 3 + 1 dimensional Minkowski space, y is the circle direction
we compactified to go from 4 + 1 to 3 + 1 dimensions. φ is the dilaton field, F4 the RR 4-form
field strength. Ω4 is the internal 4-sphere, with dΩ24 , 4 and V4 = 8π 2 /3 its line element,
volume form and volume respectively. The string coupling gs and the string length ls are
the parameters of the underlying type IIA super-string theory. L sets the curvature radius
of the solution, it is determined by Einstein’s equations to be L3 = πgs N ls3 . Last but not
least u∗ is the location of the tip of the cigar, it is related to the periodicity 2πR of the
−3/2

compactification circle by R = 32 L3/2 u∗

.

The holographic realization of turning on a constant theta angle has been worked out
in [120]. The theta angle is dual to the Wilson line of the bulk RR 1-form Cµ along the
compact y direction:
Z
C = θ + ...

(3.62)

S1

where the ellipses denote terms with negative powers of u, that is terms that vanish near
the boundary. The Wilson line is gauge invariant modulo 2πZ, so theta is indeed an angle.
Using Stokes’s law, we can rewrite the condition (3.62) as
Z
F = θ + 2πK.

(3.63)

D

Here F = dC is the field strength associated with the RR one-form and D is the cigar
R
geometry, which has the topology of a disc. Since D F is a well-defined real number whereas
θ is an angle, we have a 2πK ambiguity in F where K is an integer. For a given theta
there is more than one bulk solution for F , characterized by K. This is responsible for the
multi-branched structure of the allowed ground states which we expect to find. Physics in
any given one of the branches is only periodic in 2πN , the actual periodicity of θ is 2π as it
should be. We simply jump to a different branch.
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For generic theta it is non-trivial to solve the supergravity solutions subject to the constraint (3.63). But a very simple solution can once more be found [120, 20] in the probe limit
(θ + 2πK)  N , or in other words K/N  1. In this limit one can neglect the backreaction
of the axion on the background geometry. Newton’s constant is of order 1/N 2 in units where
the curvature scale L = 1, whereas the axion action and hence its stress tensor is of order
1 in the large N counting. The only non-trivial equation left to solve is Maxwell’s equation
for C1 in the background geometry (3.61) subject to the boundary condition (3.63). The
solution is
C1 =

f (u)
(θ + 2πK)dy.
2πR

(3.64)

The integer K is the bulk manifestation of the K-th vacuum. In fact, plugging the solution
(3.64) back into the action we find that the vacuum energy density of the K-th vacuum has
exactly the expected form from (3.52) with [20]
"
2 #

2 
2N 2 λ
λ
θ + 2πK
h(θ/N ) = − 7 2 4 1 − 3
3π R
4π 2
N

(3.65)

where λ = gY2 M N = 2πgs ls N/R is the ’t Hooft coupling.
While it is not obvious to us how to realize interfaces in this setup, the holographic dual
for a domain wall has already been proposed in [120]. A jump in vacuum, according to
R
(3.63), requires a jump in D F , which in turn requires a source magnetically charged under
the RR 1-form. The naturally stringy object carrying the appropriate RR charge is a D6
brane. The D6 brane needs to wrap the entire internal S 4 as well as the 3d Minkowski space
spanned by t, x1 and x2 . It is localized in the x3 direction as well as on the cigar geometry
D. From the induced metric of a D6 sitting at a fixed position u and wrapping M 2,1 × S 4 is
√
we can infer that the D6 Lagrangian density e−φ −gI reads
L ∝ u5/2

(3.66)

meaning that the D6 brane experience a potential pulling it to smaller values of u: the D6
brane will sink to the tip of the cigar, see Fig. 3.4.
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Figure 3.4: Configuration of D6 branes.

Let us first discuss the case of a single D6 brane. Without loss of generality, we can place
the D6 at x3 = 0. If we denote by D− the cigar/disc spanned by (y, u) at a fixed negative
x3 and D+ the cigar/disc at a fixed positive x3 , then the analog of the magnetic Gauss’ law
for the D6 brane reads
Z

Z
F−

D+

F = 2π.

(3.67)

D−

Comparing with (3.63) we see that this means that (θ + 2πK) jumps by 2π as we cross, in
the field theory, the bulk x3 location of the D6-brane. This also implies that the vacuum
energy of the theory jumps across the D6. Furthermore, the D6 brane is clearly dynamical.
The x3 position of the D6 brane is a dynamical field. Since the metric is independent of x3
the corresponding worldvolume scalar is massless. These facts together clearly identify the
D6 brane as the domain wall between the j-th and (j + 1)-th vacuum [120] at a fixed theta
angle. The general wall in which we jump from the j-th vacuum to the (j + K)-th simply
corresponds to K coincident D6 branes. We can pull apart the stack of K D6 branes to
obtain a configuration of walls where the vacuum jumps one unit at a time at well-separated
locations in the x3 direction.
It is fairly straightforward to determine the low energy physics in the bulk. The background geometry once more truncates at a finite radial position, u = u∗ . Correspondingly
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all supergravity modes are gapped. The only degrees of freedom surviving are the ones localized on the D6 branes. For a stack of n coincident D6 branes, these worldvolume degrees
of freedom are a U (n) gauge field as well as 3 adjoint scalars corresponding to motion of the
stack into the u, y and x3 direction. The u and y fluctuations are massive due to the cigar
geometry just as we reviewed above in section 3.3.2. The x3 scalar, however, is massless. The
worldvolume gauge field picks up a Chern-Simons term of level N from the Wess-Zumino
coupling of the worldvolume gauge field to the N units of 4-form flux. So the low energy
dynamics in the bulk is governed by a U (n)N gauge theory with a single massless adjoint
representation scalar. Holographic duality implies that this is an equivalent representation
of the quiver gauge theory with the additional n − 1 translational modes associated with the
domain walls at least in the large N limit.
Note that this way we almost landed on the duality (3.4). There is however a small difference. On the quiver side, we have the extra light modes corresponding to the translational
motion of the domain walls. As we argued before, we expect these to be present at large
N . At any finite N the domain walls would no longer be static. The phases of the quiver
theory are still given by (3.55) as long as one accounts for the extra decoupled translational
modes. The analogous statement on the U side of the duality is that the adjoint scalar
governing the position of the stack of probe branes this time corresponds to a flat direction.
The various phases are still parametrized by the n eigenvalues of the scalar matrix hx3 i. But
this time instead of having to add deformations to the potential we have a moduli space of
vacua where we can freely dial the expectation values of x3 . The eigenvalues of hx3 i simply
correspond to D6 positions and the enhanced gauge symmetries we encounter for coincident
eigenvalues simply arise from coincident D6 branes. The gauge groups of the various phases
once again are given by (3.60), but since the scalar potential was exactly flat this time each
gauge group factor comes with an extra massless adjoint. In the generic case where the gauge
group is [U (1)N ]n these extra massless adjoints map exactly to the n translational modes
we identified on the quiver side. Surely the exactly flat potential for the probe scalar is also
an artifact of the large N limit and any bulk quantum corrections would lift this flat direc-
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tion. Furthermore, the phase where the adjoint gets a positive mass squared is not easily
realized in the brane picture. Modulo these extra light scalars, matching on both sides, the
holographic construction exactly reproduces our conjectured duality (3.4).
3.4

Adding Flavors to Quivers

We now turn our attention to the construction and dualization of flavored quiver gauge
theories. In analogy to the unflavored quiver gauge theories discussed in the previous sections,
these purely 2 + 1 dimensional theories will serve as an effective description of interfaces in
3 + 1 dimensional QCD when one varies the θ angle along a particular coordinate direction.
Interestingly anomaly considerations alone aren’t sufficient to pin down the 2+1 dimensional
theory. While it is difficult to prove, it has been argued in [50] that different theories govern
the steep versus the shallow interface. Concretely, let us focus on the case where the θ angle
experiences a net jump of 2πn with an integer n. In this case the shallow interface in a
3+1 dimensional gauge theory with gauge group SU (N ) is believed to be described by a
2+1 dimensional [SU (N )−1 ]n gauge theory, whereas the steep wall is described by a single
SU (N )−n theory.
At least for the shallow interface this can easily be argued based on the general expectations for the θ dependence in SU (N ) gauge theories, at least at large N , as described in
[120]. The vacuum energy in any given vacuum at large N can be shown to be 2πN periodic.
In order to reconcile this with the expected 2π periodicity of QCD one postulates that the
theory has N different vacua as depicted in figure 3.5. At any given θ the vacuum energy
is lowest in one of the N vacua. As θ increases one finds that whenever it reaches an odd
multiple of π two of the vacua are degenerate. Further increasing θ past this point triggers
a transition to a different vacuum and by the time we shifted θ by 2π one indeed is back to
the same physics, but in a different vacuum.
This allows a very simple description of the shallow interface, where the gradient of θ
is small compared to the strong coupling scale of the theory. All the interesting physics is
localized at the points where θ passes odd multiples of π. Since the gradient of θ is small,
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Figure 3.5: Expected behavior of the vacuum energy as a function of θ in a large N gauge
theory. Distinct branches are shown in different colors.

these loci are widely separated and we expect the total topological field theory to be simply
n copies of the theory living on a single interface, which then can be argued to be SU (N )−1
based on anomalies [1, 43]. For a steep interface there is another theory that can carry
the correct anomaly – a single SU (N )−n . If the transition between the steep and shallow
interfaces is second order, it should be described by a conformal field theory. This is the
quiver gauge theory of (3.3). If we give all the scalars a large positive mass, we simply remove
all bifundamental scalars leaving behind the product gauge group of the shallow interface.
On the other hand, giving all the scalars a large negative mass drives the gauge groups into
the Higgs phase, breaking them down to the single gauge group of the steep interface. We
wish to see how this picture changes with the addition of fundamental fermions.15 This will
require the use of the flavor violated master duality developed in the previous section.
To construct the flavorless quivers, we used the fact that one can identify and gauge
the SU (Nf ) × SU (Ns ) flavor symmetries of (multiple copies of) the master duality to get
bifundamental matter charged under various gauge symmetries. Adding flavors to the nodes
15

For a discussion on interfaces in QCD4 , see Appendix A of [50].
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can be achieved if we only gauge a part of the flavor symmetry instead of the entire global
flavor symmetry. The leftover global symmetry and the corresponding field components then
become additional matter on each node.
We employ the aforementioned procedure in order to engineer a quiver with SU gauge
theories and scalar matter on the links. Node-by-node duality in general turns this into an
equal length quiver with U gauge theories on the nodes and once again scalar bifundamental
matter. We add extra fundamental representation fermions on the original SU side, which
we will see necessitate extra scalar matter on the dual U side. Intermediate steps involve
theories with bifundamental fermions as well, but they are present neither in the initial nor
in the final theory. The U side can be argued to collapse to a single gauge group when the
ranks of the gauge groups on all nodes are equal in the original SU type theory. This pattern
is what we previously found in the case of the unflavored quivers, and we will see it again
once flavors are included.
While we can construct these quiver dualities for generic ranks and levels on the nodes
(subject to certain bounds) there are special values of these parameters for which certain
nodes confine. While in this case uncontrolled strong coupling dynamics is important, holography suggests that in this case a much simpler duality emerges. We will argue that
[SU (N )−1+NF /2 ]n + bifundamental scalars + NF fundamental fermions per site

(3.68)

with certain potential terms is dual to
U (n)N + adjoint scalar + NF fundamental scalars.

(3.69)

Clearly this is a intuitive generalization of (3.3) and (3.4). Let us justify these results again
using node-by-node duality and holography.
However, one runs into difficulty when applying the same methods discussed above for
the unflavored case. When applying bosonization dualities to each node, one finds that the
flavor bound is always violated for at least one node. To rectify this, we must first extend the
master duality [24, 64] beyond the flavor bound, in a manner consistent with the symmetry
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breaking scenario of Komargodski and Seiberg [80]. In particular, we map out the phase
diagram for the master duality in the regime where k < Nf < N∗ (N, k) and Ns < N .
3.4.1

Extending the Master Duality

Before diving into the extension of the master duality phase diagram, we will review the
construction of [80], i.e. examine the Ns = 0 limit. Like the ordinary master duality, the
phase diagrams for the Ns < N and Ns = N cases look fairly different due to particular
cancellations which occur in the latter case. We will begin with the phase diagram for the
more general Ns < N since it is slightly simpler to analyze. The N = Ns case will be
considered second and it will be applicable to the quivers we are constructing to model the
domain wall behavior of QCD4 . Finally, we will discuss extending the master duality to the
double saturated case in Sec. 3.4.3.
Review of QCD3 Symmetry-Breaking
As was mentioned in the the introduction, the flavor bounds of (??) are imposed because
when Nf > k, the Higgs phase of the U side of the theory becomes a non-linear sigma model.
This does not appear to be matched on the SU side, because the corresponding fermion mass
deformation simply shifts the Chern-Simons level. Hence the bound Nf ≤ k was imposed to
avoid the mismatch from the non-linear sigma model phase.
The proposal of [80] is that when k < Nf < N∗ (N, k), for small fermion masses, i.e.
|mψ | < m∗ , the SU Chern-Simons theory causes the fermions to condense, yielding a nonlinear sigma model whose target space is the complex Grassmannian manifold16
M(Nf , k) =

U (Nf )
.
U (k) × U (Nf − k)

(3.70)

Said another way, the SU side exhibits “chiral” symmetry breaking, yielding as its low energy
“pion” Lagrangian the target space of (3.70). Importantly, it is the number of fermions with
16

Note, here we are using a slightly different convention than [80] for the levels of the Chern-Simons terms.
The SU levels we use do not have the additional −Nf /2 shift used in [80] to make the phases look more
symmetric.
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|mψ | < m∗ which determines whether or not the associated gauge group confines, resulting
in the Grassmannian (3.70). Specifically, the assumption is that if the number of light
fermions exceeds the bare level of the gauge group (the level without the η-invariant offset),
the fermions still condense. When we construct quivers below we will further split the Nf
symmetry into smaller subgroups and individually tune their masses. This can lead to a
rich structure with many different Grassmannians, but in this work we will generally be
concerned with phases outside of this region. More details on such subtleties of the phase
diagram can be found in Refs. [16, 22].
A potential issue with this assumption is that the Grassmannian of the SU side only
exists for small mass deformations, see Fig. ??. This is not matched on the U side if we
use the phase diagram of the flavor-bounded duality (??), which has a Grassmannian phase
for unbounded negative scalar mass deformations. To rectify this, the authors of ref. [80]
propose that there are two scalar theories dual to the SU end that are patched together to
describe the full phase diagram. More explicitly, the duality proposed is

SU (N )−k+Nf /2 with Nf ψ

↔



U (k)N with Nf Φ1

mψ = −m∗


U (Nf − k)−N with Nf Φ2

mψ = m∗

(blue)

,

(red)
(3.71)

where the colors in parenthesis correspond to those in Fig. ?? and figures which follow.
Note that in both scalars theories, when the mass becomes negative we obtain the same
aforementioned Grassmannian manifold of (3.70). Accompanying the Grassmannian is a
Wess-Zumino-Witten term with a coefficient that is determined by the level of the ChernSimons theories on the U side. This is important for matching of the operators across the
duality, but will not play an essential role in our story. For more details on this term see
[80]. This model is summarized in Fig. ??.
One feature of this construction that we will see occurs also in the master duality case
is that the SU side of the duality does not yield a good description of the quantum phase
or the theories which exist at the phase transition. That is, the true IR description on the
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SU side is hidden by strong dynamics and so we must pass to the U side to obtain a full
description of the phase diagram.
3.4.2

Flavor-Violated Master Duality

We now generalize the analysis of [80] to the master duality. In particular, we are interested
in mapping out the phase diagram of
SU (N )−k+Nf /2 with Nf ψ and Ns φ

(3.72)

when Nf > k and Ns ≤ N as a function of the scalar and fermion masses. We will begin
our analysis in the asymptotic regimes where the mass deformations are large compared to
the strong scale and we don’t expect to see quantum phases. When one or both mass deformations are small, we again expect to find phases that may be described by Grassmannian
manifolds.
When we give an asymptotically large positive mass to the scalars, we can integrate them
out and they have no effect on the gauge group. The theory we are left with is
SU (N )−k+Nf /2 with Nf ψ.

(3.73)

This is nothing more than the left-hand side of (4.19) and so this portion of the phase
diagram is identical to what was found for QCD3 . We can do the same for a large negative
mass deformation. Assuming the Higgsing is maximal,the gauge group breaks as SU (N ) →
SU (N − Ns ). The resulting theory is
SU (N − Ns )−k+ Nf with Nf ψ

(3.74)

2

which again appears to be described by (4.19) so long as N −Ns > 1. For now, we are ignoring
effects due to the interaction term, but we will return to such considerations when we analyze
the Grassmannian regime. We will see such terms make the Grassmannian portion of (3.74)
different than that of (4.19) with N → N − Ns .
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Since we can match onto (4.19) for the asymptotically large mass phases of the SU side of
the master duality, we follow the same reasoning for the U side. We thus assume once more
we cannot use a single dual theory to describe all the phases of the U side. This motivates
the “flavor-violated master duality" shown in Fig. ??:
SU (N )−k+Nf /2 with Nf ψ and Ns φ


U (k)N −Ns /2 with Nf Φ1 and Ns Ψ1
↔

U (Nf − k)−N +N /2 with Nf Φ2 and Ns Ψ2
s

mψ = −m∗ (blue) (3.75)
mψ = m∗ (red).

As a first consistency check, we make sure all four asymptotic phases match across the duality
(I) :

SU (N )−k+Nf

↔

U (Nf − k)−N ,

(3.76a)

(II) :

SU (N − Ns )−k+Nf

↔

U (Nf − k)−N +Ns ,

(3.76b)

(III) :

SU (N − Ns )−k

↔

U (k)N −Ns ,

(3.76c)

(IV) :

SU (N )−k

↔

U (k)N .

(3.76d)

The levels for both the dynamical and background fields can be fixed by making sure the
mass deformations of the two U theories match that of the SU theories for the asymptotically
large deformations we have thus far discussed. The details of this analysis as well as explicit
Lagrangians are given in Appendix 3.8. Phases I and II follow from the first dual description
in (3.75), while phases III and IV correspond to second dual description in (3.75). Note that
for Nf ≤ k, the flavor-bounded master duality instead yields the phases
(I’) :

SU (N )−k+Nf

↔

U (k − Nf )N ,

(3.77a)

(II’) :

SU (N − Ns )−k+Nf

↔

U (k − Nf )N −Ns ,

(3.77b)

but phases III and IV are the same as the Nf > k case. We will use this fact to save us some
work later on.
The mass mappings between the two sides are slightly complicated by the two scalar
descriptions of the U side. For mψ < 0 we have
mψ + m∗ ↔ −m2Φ1

m2φ ↔ mΨ1

(3.78)
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while for mψ > 0
mψ − m∗ ↔ m2Φ2

m2φ ↔ −mΨ2 .

(3.79)

Once more we see the scalar mass vanishes when the magnitude of the fermion mass is equal
to m∗ .
Now let us discuss what we expect to occur as we move to smaller mass deformations.
Once more, we can use (4.19) as a guiding principle for particular phases. Since phases I
and IV precisely correspond to the large mass deformations of (4.19), we expect to find the
very same Grassmannian in between them, which we have called phase V. This is indeed
consistent with the two U theories of (3.75). The story gets slightly more complicated for
other regions of the phase diagram. Let us now analyze the Ns < N and Ns = N cases in
turn.
Flavor-Violation for N > Ns
Summarizing our results first, the phase diagram of (3.72) and the claimed duals for N > Ns
are given in Fig. ??. As we have learned, many aspects of the phase diagram are better
described on the U side, so much of what is drawn on the SU is learned by considering how
the two dual U theories can be consistent in the presence of a finite interaction term. Phases
I, V, and IV correspond to the three phases of (4.19) conjectured by Ref. [80].
The SU phase diagram contains the following phases
(I) :

(3.80a)

SU (N )−k+Nf × [SU (Nf )N × SU (Ns )0 × JI ]


SU (N − Ns )−k+Nf × SU (Nf )N × SU (Ns )−k+Nf × JII

(3.80b)

(III) :

SU (N − Ns )−k × [SU (Nf )0 × SU (Ns )−k × JIII ]

(3.80c)

(IV) :

SU (N )−k × [SU (Nf )0 × SU (Ns )0 × JIV ]

(3.80d)

Better described by U side

(3.80e)

(II) :

(V) to (VIII) :

where the Chern-Simons theories in [· · · ] belong to background gauge fields. Meanwhile,
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Figure 3.6: SU and U sides of the flavor-violated master duality for N > Ns . On the SU
side, the critical lines in green are well-described by the corresponding SU theory. The
critical lines in black are best described by the U duals.

the U side is given by
(I) :

(3.81a)

U (Nf − k)−N × [SU (Nf )N × SU (Ns )0 × JI ]


U (Nf − k)−N +Ns × SU (Nf )N × SU (Ns )−k+Nf × JII

(3.81b)

(III) :

U (k)N −Ns × [SU (Nf )0 × SU (Ns )−k × JIII ]

(3.81c)

(IV) :

U (k)N × [SU (Nf )0 × SU (Ns )0 × JIV ]

(3.81d)
(3.81e)

(VII) :

M(Nf , k) × [SU (k)N × SU (Nf − k)0 × SU (Ns )0 × JV,VI ]


M(Nf , k) × SU (k)N × SU (Nf − k)Ns × SU (Ns )Nf −k × JVII

(VIII) :

M(Nf , k) × [SU (k)N −Ns × SU (Nf − k)0 × SU (Ns )−k × JVIII ] .

(3.81g)

(II) :

(V), (VI) :

(3.81f)

We note that phases V and VI are one in the same phase, despite being separated by a
dotted line in fig. ??. This dotted line represents where a phase transition would occur if
not for the interaction terms to be discussed below.

119

We label the critical theories by the two phases which they separate. They are
(I-II) :
(III-IV) :
(I-V) :
(IV-V) :
(II-VII) :
(III-VIII) :
(VI-VII) :
(VI-VIII) :
(VII-VIII) :

U (Nf − k)−N +Ns /2 with Ns Ψ2

↔

SU (N )−k+Nf with Ns φ

(3.82a)

U (k)N −Ns /2 with Ns Ψ1

↔

SU (N )−k with Ns φ

(3.82b)

U (Nf − k)−N with Nf Φ2

(3.82c)

U (k)N with Nf Φ1

(3.82d)

U (Nf − k)−N +Ns with Nf Φ2

(3.82e)

U (k)N −Ns with Nf Φ1

(3.82f)

M(Nf , k) with (Nf − k)Ns ψs

(3.82g)

M(Nf , k) with kNs ψs0

(3.82h)

M(Nf , k) with (Nf − k)Ns ψs and kNs ψs0 .

(3.82i)

Most of the critical theories are described by U side alone except (I-II) and (III-IV) which
have an SU description related by (??). As a reminder, ψs and ψs0 denote neutral fermions in
the phases where dynamical gauge group is completely broken. By construction, each of the
critical theories correctly describes the transition between the two phases which it separates,
consistent with anomaly constraints.
The Ji for i = I, II, III, IV are the Abelian Chern-Simons levels of the two U (1) background gauge fields Ã1 and Ã2 in the i-th phase. When one enters the Grassmannian phases,
the breaking of the SU (Nf ) global symmetry yields an additional background U (1) field,
which we call Ã3 . We write these U (1) levels as
Ji ≡ Jiab

1
Ãa dÃb
4π

(3.83)

where the Jiab are17
17

We suppress the third column/row for phases outside of the Grassmannian regime for brevity. For more
details on how these terms are calculated, see [64, 24, 13].
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JIab = 

N (Nf − k) 0


(3.84a)


0

0




N (Nf − k)  N Ns 
N − Ns
Ns Ns


N
N
−N k 
s
ab

=
JIII
N − Ns Ns Ns


−N
k
0
ab

JIV
=
0
0


0
0 −N k




ab
JV,VI
= 0
0
0 


−N k 0 N k


0
0
−N k




ab
= 0
JVII
Ns (Nf − k)
−Ns k 


Ns k2
−N k
−Ns k
+ Nk
Nf −k


0
0
−N k




ab
JVIII =  0
−Ns k
−Ns k  .


−N k −Ns k (N − Ns )k
JIIab =

(3.84b)

(3.84c)

(3.84d)

(3.84e)

(3.84f)

(3.84g)

See Appendix 3.8 for more detailed discussion about the Lagrangian and background fields.
We now explain in more detail how we determined these phases and critical lines.
Construction of Flavor-Violated Master Duality As mentioned above, we follow the
guiding principle of Ref. [80] to conjecture the phase diagram on the U side of the duality.
For Aharony’s duality, the natural way of constructing the U side of the flavor-violated phase
diagram was to overlay the phase diagram of two scalar theories, which was consistent since
both scalar theories exhibited the same non-linear sigma model phase. It follows that as one
traverses the quantum phase of the U side one must switch over from one scalar description
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to another. This is the same principle by which we have constructed the phase diagram for
the master duality.
What complicates the phase diagram description for the flavor-violated master duality
is the presence of the interaction term, which leads to an additional splitting of phases. It
is straightforward to see the additional critical line from the interaction term is present in
what will become the overlapping Grassmannian phases of the U theories. Since phases
I, V, and IV should correspond to (4.19), the new critical line should have no effect deep
into said regions. One can also verify that the overlapping scalar theories of (3.72) are
not consistent outside of phase V without an interaction term. Per these constraints, we
conjecture the interaction term’s coefficients are chosen such that it splits the Grassmannian
region below phase V. Furthermore, since such critical lines cannot simply terminate, at the
crossover between the two scalar theories we conjecture the two critical lines merge. Rather
remarkably, the merged critical line VII-VIII is precisely the theory needed to be consistent
under anomaly constraints given the two phases it separates.
More explicitly, to reach a consistent intermediate phase we require the interaction for
the blue theory to have a positive coefficient for its interaction term so as to give the
fermions a positive mass when Φ1 is Higgsed. The interaction takes the form L1int ⊃



βN 1
1
c0 Φ†αM
Ψ
Ψ̄
Φ
with α, β indices for the U (k) gauge field, M an index for the
1
1
αN
βM
SU (Nf ) global symmetry, N index for the SU (Ns ) global symmetry, and c0 > 0. We then
must give the fermions a negative mass to make the singlets light. This gives kNs light
fermions living on the critical theory between phases VI and VIII. Since the axis of the
fermion mass deformation of the red theory is flipped relative to the blue one, it requires a



βN 2
2
negative coefficient for the interaction term, and so L2int ⊃ −c0 Φ†αM
Ψ
Ψ̄
Φ
with
2
2
αN
βM
α, β now U (Nf − k) indices. This gives (Nf − k)Ns light fermions on the critical line between phases VII and VI. At the crossover between (VI-VII) and (VI-VIII), the two critical
theories unite into Nf Ns light fermions, which is consistent with the transition from VII to
VIII. This separates the Grassmannian phase into the three different regimes shown in Fig.
??. These phases all share the same Grassmannian M(Nf , k), but have distinct non-Abelian
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background Chern-Simons terms.18
For the rest of the phase diagram, calculating the critical theories is straightforward.
As conjectured in [80], the critical lines corresponding to I-V and IV-V, as well as II-VII
and III-VIII occur at some finite fermion mass deformation ±m∗ . These are obtained by
application of (4.19). As such these lines are better described by the U side of the theory.
This is different from the I-II and III-IV critical lines, which follow from a straightforward
application of (??).
Although much of this phase diagram lives in the strong coupling regime, it offers a
plausible scenario for the matching of the dynamical and background gauge terms, which
we discuss explicitly in Appendix 3.8. The gravitational Chern-Simons terms can also be
calculated and are consistent with expectations from level-rank duality.

Flavor-Violation for Ns = N
The conjectured phase diagram for N = Ns is shown in Fig. 3.7, with the corresponding
phases given in (3.85) and (3.86).
To see why N = Ns needs to be considered separately, we begin by looking at the SU
side. In the phase where m2φ < 0, the gauge group is SU (N − Ns ) and is thus completely
broken when N = Ns . Hence for large enough scalar mass, we assume the strong dynamics of
the gauge groups which was responsible for the condensation of the fermions is eliminated.
If this occurs, the Grassmannian phase cannot persist as we approach m2φ → −∞. We
will take the termination to occur around m2φ ∼ Λ2 . When one goes beyond this scale, we
assume the gauge bosons of SU (N ) pick up too large of a mass (relative to the mass from the
Chern-Simons terms) to cause the fermions to condense, meaning the Grassmannian phase
terminates as one goes m2φ  Λ2 . Note that this is very different from the m2φ > 0 phase,
where the scalars are simply gapped out and the fermion condensate is unaffected.
18

Also note that phase VII and VIII have a different coefficient of the Wess-Zumino-Witten term from
phases V and VI. This comes from the Chern-Simons level of the U gauge theories bordering the Grassmannian phases.
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Figure 3.7: SU and U sides of the flavor-violated master duality for N = Ns and |k| < Nf <
N∗ .

This should be mirrored on the U side of the duality for N = Ns , where now we have the
special case where the level of the U gauge group is zero and thus the gauge bosons are truly
massless in the classical theory. Since we are in the strongly coupled regime we can only
make conjectures, but we offer a plausible mechanism to match the SU side. Like the SU
side, we will make the assumption that the termination comes when the matter, this time
the fermion, has a large enough mass (in magnitude) to be integrated out. We conjecture
that for large enough fermion mass, the level being N − Ns = 0 means the U gauge group is
confining and it induces a mass gap for the scalars. This gap is large, but can be cancelled off
by an appropriate mass deformation, similar to the singlet fermion picture described above.
This allows us to still have a critical theory of light scalars along the II-VII and VIII-III
transition that can drive us into the Grassmannian and give a mass to the singlet fermions.
Once these theories become degenerate, i.e. when the two lines of light scalar meet in Fig.
3.7 the description breaks down and the Grassmannian terminates, leaving just the singlet
fermions on the II-III transition.
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The phases of the SU side are19
(I) :

(3.85a)

SU (N )−k+Nf × [SU (Nf )N × SU (Ns )0 × JI ]


U (1)0 × SU (Nf )N × SU (Ns )−k+Nf × U (1)N (Nf −k)

(3.85b)

(III) :

U (1)0 × [SU (Nf )0 × SU (Ns )−k × U (1)−N k ]

(3.85c)

(IV) :

SU (N )−k × [SU (Nf )0 × SU (Ns )0 × JIV ]

(3.85d)

Better described by U side.

(3.85e)

(II) :

(V) to (VIII) :

As we saw for Aharony’s duality, the U side is a better description for certain phases. Phases
of the U side is given by
(I) :

(3.86a)

U (Nf − k)−N × [SU (Nf )N × SU (Ns )0 × JI ]


U (1)0 × SU (Nf )N × SU (Ns )−k+Nf × U (1)N (Nf −k)

(3.86b)

(III) :

U (1)0 × [SU (Nf )0 × SU (Ns )−k × U (1)−N k ]

(3.86c)

(IV) :

U (k)N × [SU (Nf )0 × SU (Ns )0 × JIV ]

(3.86d)

(II) :

(V), (VI) :
(VII) :

M(Nf , k) × [SU (k)N × SU (Nf − k)0 × SU (Ns )0 × JV ]
h
M(Nf , k) × SU (k)N × SU (Nf − k)Ns × SU (Ns )Nf −k × JVII

(3.86e)
i
N =Ns

(3.86f)
(VIII) :

h
M(Nf , k) × SU (k)0 × SU (Nf − k)0 × SU (Ns )−k × JVIII

i
N =Ns

. (3.86g)

We now have a single U (1) background gauge field for phases II and III, which is Ã ≡ Ã1 =
−Ã2 . This is because the global U (1) baryon/monopole symmetry is spontaneously broken
in the phases II and III for N = Ns (see Appendix 3.8 for more details).
19

Here we use the fact that both the theories SU (0) and U (k)0 lead to a decoupled U (1)0 theory. To see
this on the SU side, note the gauge group is completely broken down by the scalar vacuum expectation
value, but this leaves a single light degree of freedom which is the Goldstone boson associated with the
spontaneous breaking of the U (1) global symmetry. On the U side, the Chern-Simons term disappears
and thus we are left with U (k) Yang-Mills in the IR. The SU (k) part of this confines, leaving the Abelian
part of the gauge group which has a light photon. The photon is also associated with the spontaneously
broken U (1) symmetry corresponding to conserved particle flux (this is easiest to see in the dual photon
language). Hence both of these light degrees of freedom can be associated with a spontaneous symmetry
breaking of the U (1) global symmetry (i.e. the one associated with B̃ = Ã1 + Ã2 ).
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Finally, critical theories are given by

(I-II) :
(III-IV) :
(I-V) :
(IV-V) :
(II-VII) :
(III-VIII) :
(VI-VII) :
(VI-VIII) :
(VII-VIII) :
(II-III) :

U (Nf − k)−N/2 with N Ψ2

↔

SU (N )−k+Nf with N φ

(3.87a)

U (k)N/2 with N Ψ1

↔

SU (N )−k with N φ

(3.87b)

U (Nf − k)−N with Nf Φ2

(3.87c)

U (k)N with Nf Φ1

(3.87d)

U (Nf − k)0 with Nf Φ2

(3.87e)

U (k)0 with Nf Φ1

(3.87f)

M(Nf , k) with (Nf − k)N ψs

(3.87g)

M(Nf , k) with kN ψs0

(3.87h)

M(Nf , k) with (Nf − k)N ψs and kN ψs0

(3.87i)

U (1)0 with decoupled N Nf ψ̃s .

(3.87j)

In the above, ψs , ψs0 and ψ̃s denote neutral fermions in the phases where dynamical gauge
group is completely broken. Note that in contrast to the N > Ns case, here we have the
critical line (II-III) which can only be described by the SU side using semiclassical analysis.

3.4.3

Double Saturated Flavor Bound

We now investigate the validity of the double saturated flavor bound, which will be applicable
to the flavored quiver we construct in the next section. That is, can the master duality be
extended to also hold for the case (Ns , Nf ) = (N, k)?
Let us review in more detail why the master duality was invalid in such a limit. In [64]
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it is argued that the phases (shown in Fig. ??) for Ns = N are
(I) :

SU (N )0

↔

U (0)N

(3.88a)

(IIa) :

U (1)0

↔

U (0)0

(3.88b)

(IIb) :

SU (0)0

↔

(III) :

U (1)0

↔

U (1)0

(3.88d)

(IV) :

SU (N )−k

↔

U (k)N

(3.88e)

U (0)0

(3.88c)

with mass mapping m2φ ↔ mΨ and mψ ↔ −m2Φ . Phase I, III, and IV should all match, since
these phases reduce to Aharony’s dualities, (??), and we know the flavor saturated cases pass
all tests in those dualities. There appears to be a conflict already in phase I, where one side
of the theory is a completely broken U (0) theory, while the other end of the theory is simply
SU (N ) Yang-Mills with no Chern-Simons term. By assumption, the latter of these confines,
so the low energy limit is empty. Meanwhile, in the completely broken theory, the lightest
excitations are finite mass vortices. Thus there are no light degrees of freedom in either case,
which is consistent. The matching in phase III occurs because each side is described by a
decoupled U (1)0 , as we saw earlier in the N = Ns flavor violated master.
The conflict in the double saturated master duality then arises in phase IIa and IIb. Let
us compare phase IIa to what we had in phase III. On the SU side, we have gone from
SU (0)−k to SU (0)0 . The breaking and subsequent Goldstone boson which occurred in phase
III was irrespective of the Chern-Simons level, so there is no difference in the resulting light
degrees of freedom in this phase. Meanwhile on the U side we have gone from U (k)0 to
U (0)0 . When the rank of the gauge group is reduced to zero, there is no light photon left in
the theory. Thus we have a mismatch in the degrees of freedom on either side, leading Refs.
[24, 64] to postulate that the master duality no longer holds for such a case.
To summarize the issue: changing the level on the SU side has no effect on the theory,
but changing the rank does affect the light degrees of freedom on the U side of the theory,
but only for the case of Nf = k where the rank of the U group is reduced to zero. As we
mentioned above, the light degrees of freedom in this phase should be associated with a
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spontaneous symmetry breaking of the U (1) global symmetry associated to Ã1 .
To extend the validity of the master duality to the double saturated case is simple – we
choose to explicitly break the U (1) global symmetry on both sides of the duality. This will
eliminate the Goldstone bosons associated with the spontaneous breaking of said symmetry,
and thus we will again have a matching in phases IIa and IIb. Note this will also modify the
light degrees of freedom in said phases.
Perhaps not by coincidence, we have explicitly broken the same U (1) global symmetry
in the construction of the SU (N ) Yang-Mills n-node quivers [9]. Specifically, we introduced
a det (Yi,i+1 ) term on the SU side and and appropriate monopole term on the U side to
eliminate the U (1)n−1 symmetry. It is straightforward to see this will be necessary for our
NF ≥ 1 quivers as well, since there we would also like to prevent the additional Goldstone
bosons arising. Hence, by eliminating these U (1) global symmetries on both sides of the
duality, we have also extended the master duality to validity in the (Nf , Ns ) = (k, N ) case.
This allows the master duality to be valid for the NF = 1 quivers, which we construct in the
next section.
Note that these determinant terms are going to be present for all our NF choices so we
could think of them simply being a feature of the master duality when N = Ns . It does
not seem possible to write down the determinant-like term unless N = Ns , so this is a nice
consistency check.
Thus, we can in fact use the non-flavor extended master duality to derive the NF = 1
quivers. This means the analysis in Sec. 3.4.4 and construction in Fig. 3.8 holds just fine
and we need no mass offset to get the desired theories. Furthermore, unlike the NF > 1
theories we only need one theory on the U side of the duality to give the desired dual. The
critical theory is then

n
SU (N )−1 + fundamental fermion + bifundamental scalars

↔

U (n)N + fundamental scalar + bifundamental scalars. (3.89)
It is straightforward to analyze how mass deformations behave. It is very interesting that
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once more the NF = 1 case is distinct from the NF > 1 case. For QCD4 this was due
to the fact there was an enhanced symmetry when the fermion mass vanished (the axial
part of the non-Abelian symmetry), while for NF = 1 the point at which the fermion mass
vanished wasn’t special. It would be interesting to elaborate on the connection of these two
peculiarities.
3.4.4

Node by Node Duality

Before deriving the dual description for flavored quivers, let’s remind ourselves of some
notation. We will index the nodes by i = 1, . . . , n. The bifundamental scalars between the
ith and (i + 1)th node in the SU and U theories are labeled by Yi,i+1 and Xi,i+1 , respectively.
The bifundamental fermions of the intermediate theories will be labeled by ψi,i+1 . We’ll call
the flavored fermions belonging to the ith node ψi . Meanwhile, the scalar flavor degrees
of freedom which are the dualized ψi are denoted by φi . All levels used in these notes are
equivalent to the “bare” levels used in [80].
The most general 3-node quiver with flavor degrees of freedom on each node is shown in
Fig. 3.8. Its dual can be derived as in Ref. [9] using the master duality and its Nf = 0 and
Ns = 0 limits.20 In particular, if one gauges the flavor symmetries of the master duality, one
arrives at the following two and three-node dualities,
SU (N )−k × [SU (Ns )0 ]


SU (N )−k+Nf /2 × U (Nf )N/2


SU (N )−k+Nf /2 × U (Nf )N/2 × SU (Ns )0

(3.90)

↔



U (k)N −Ns /2 × SU (Ns )−k/2

↔

U (k)N × [U (Nf )0 ]
(3.91)


U (k)N −Ns /2 × U (Nf )0 × SU (Ns )−k/2 .

↔

(3.92)
Each of these is subject to particular flavor bounds, but let us ignore them for a moment.
Stepping from Theory A to Theory B we use (3.92) with the U (Nf ) symmetry ungauged
20

In Ref. [9] the NF = 0 quiver was derived with no regard to distinguishing between ordinary and spinc
connections. In Appendix 3.9 we elaborate on how such quivers can be consistently formulated on spinc
manifolds.
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(i.e. the master duality with only the SU (Ns ) symmetry promoted to be dynamical). From
Theory B and Theory C, again use (3.92) but gauge only part of the background flavor
symmetry such that the U (k1 + F2 ) background fermion flavor symmetry becomes a U (k1 )
gauge symmetry and the remaining SU (F2 ) × U (1) are still global symmetries. Finally, use
(3.91) to go from Theory C to Theory D, again with a split flavor symmetry with a part
which is gauged and another which is untouched.
It is straightforward to see how this pattern generalize to the n-node quiver. Let N1 , . . .,
Nn denote the number of colors on the nodes and k1 , . . ., kn the levels of the corresponding
Chern-Simons terms. The duality for the n-node quiver reads
n h
h
i Y
i
SU (Ni )−ki + Fi + bifund Yi−1,i + fund ψi
SU (N1 )−k1 + F1 + fund ψ1 ×
2

↔

n−1
Y

2

i=2



U (Ki )Ni −Ni+1 + bifund Xi−1,i + fund φi × [U (Kn )Nn + fund φn ] .

(3.93a)
(3.93b)

i=1

The ranks of the gauge groups in the U quiver are given by
Kn ≡

n
X

ki .

(3.94)

i=1

This is very similar to the relation as was found in the unflavored case [9]. As in the 3-node
case depicted in Fig. 3.8 we can also keep track of the level of the flavor groups. These can
always be shifted by an overall background Chern-Simons term added on both sides, but if
we chose the levels to be SU (Fi )Ni /2 on the SU side, they end up being SU (Fi )0 on the U
side.
Now let us specialize to the case where N1 = . . . = Nn = N , k1 = . . . = kn = 1, and
F1 = . . . = Fn = NF . If, in addition, we add a det Xi,i+1 potential term on each link, this is
the theory that describes the physics of interfaces in QCD4 . Recall, the determinant term
was needed in order to eliminate the additional U (1)n−1 global symmetry present on the
quivers [9, 50], and its U side equivalent is a monopole operator. It is easy to see that only
the NF = 0 case does not violate any flavor bounds. This is because all the levels must
satisfy ki ≥ Fi and in addition we must avoid the double-saturation limit of the master
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Figure 3.8: Flavored quiver with fermions on the SU side and scalars on the U side. The
red/black nodes correspond to U and SU gauge groups, respectively. The red and black
links are fermions and scalars. The white nodes are background flavor symmetries.
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duality. Since we have already saturated the Ni ≥ Ni+1 flavor bound, NF = 0 is the only
way we can avoid violating such bounds.
The flavor-extended master duality and double saturated master we laid out in the previous section allows us to proceed. The NF = 1 case corresponds to use of the double-saturated
master duality. As discussed in Sec. 3.4.3, the introduction of the determinant terms allow
extend the validity of the master duality to this limit. We will discuss the NF > 1 in detail
in what follows below, but let us summarize here the essential points for general NF ≥ 1.
We saw that for one sign of the mass the flavor extended duality is just the same as we had
when the flavor bounds were obeyed (see (3.76c) and (3.76d)) , so we can just continue to
use the duality above if we stay in such phases. On the SU side, each of the nodes has a
SU (N )−1+NF /2 with NF ψ

(3.95)

theory on it. We also see that in this special case of equal Ni we get a dual quiver on the
U side where all but the last node have a level 0 Chern-Simons term. This is once again
completely identical to the case of the unflavored quivers considered in [9]. The non-Abelian
factors with level 0 confine. Lo and behold, all but the last node disappear from the low
energy spectrum. To pin down the remaining charged matter under the last gauge group,
we need to make some dynamical assumptions for this confinement mechanism. In [9] it was
argued that the only light remnant of the bifundamental matter is an adjoint “meson" made
from the bifundamentals on the last link. This assumption gave rise to a duality conjecture
that agreed with the holographic construction and passed several non-trivial consistency
tests. If we make the same assumption here, we are lead to the duality conjecture of eqs.
(3.68) and (3.69). Once again, we will see that this is also what the holographic construction
tells us.
Similar dualities can also be derived if the extra flavors on the SU side are taken to be
scalars, but the patterns that emerge are more complicated than in the fermionic case and
do not appear to yield any simple interesting new dualities.
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Constructing the NF > 1 Quiver
Let us now use the flavor extended master duality to construct quivers. This will allow us
to extend the validity of our dualities to NF > 1. As we have seen, this will be complicated
slightly by the fact one needs two theories to describe the entire phase diagram of the U
side. Since there are even more mass deformed phases in the quivers, we should expect the
number of theories needed to ultimately describe all possible mass deformations of the U
side to be quite large. Every time one uses a flavor violated duality the number of scalar
theories needed to describe the entire phase diagram doubles. For our three-node case we can
consider 23 = 8 separate theories to capture all possible mass deformations of the original
fermionic theory. However, all eight theories should be equivalent descriptions of the same
Grassmannian manifold.
In this section we will only consider two of the eight possible descriptions of the U side
of the quiver. These will be the cases which are valid when all masses of the quivers are
deformed such that we are in phases III and IV or I and II of the flavor-extended master
duality. These correspond to the extreme cases in the original SU theory where all the
fermions are tuned to large positive and large negative mass, respectively. It is possible
construct quivers for mixed phases, but we do not consider them here.
In what follows, we will first apply this general strategy to the special case of n = 3 nodes.
After considering the three-node case, we will generalize such extreme cases to n-nodes.

mψi < 0 Duality
The special case where all masses are negative is especially easy since in this case the duality
map is formally still given by (3.92). That is, the entire derivation shown in Fig. 3.8 in
principle still holds since the initial theory is the same and the extended master/Aharony
dualities are also the same. Thus much of the same conclusions we made there can be
applied here. The primary difference is that the identification between the two sides of the
phase diagrams is shifted from the flavorless case. Following the mass mappings through
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the derivation, for the bifundamentals we still have m2Y1,2 ↔ m2ψ1,2 ↔ −m2X1,2 . For the flavor
degrees of freedom we have
mψi + m∗ ↔ −m2φ .

(3.96)

Zero mass for the fermion no longer maps to zero mass for the boson. In particular, the
mψi = 0 region now corresponds to the m2Φi < 0 region, and this “mass offset” will introduce
certain complications.
Let us discuss in detail how the analysis of interfaces changes in the presence of the
additional flavors due to this mass offset. Once more we specialize to the values relevant for
QCD4 , namely Ni = N , ki = 1, and Fi = NF > 1. We’ll begin by assuming no deformations
of the matter on the SU side, i.e. mψi = 0 and m2Xi,i+1 = 0. First off, note that because
NF > 1 each node in the initial SU theory has Grassmannians. Thus, this should ultimately
map to something on the U side of the duality which also produces Grassmannians. Since
the U side only has scalars, in order to produce said Grassmannians some of said scalars
must be in their Higgs phase. This is already very different than the flavorless case where
theories with no mass deformations were mapped to one another.
It will be useful to keep in mind which matter is “responsible” for the flavor violation and
presence of the Grassmannian description. Recall, per the conjecture of [80], this can occur
from either having too many light fermions or too many scalars with a negative mass. The
culprit is obvious in the SU theory: without the additional flavors on each node we have the
flavorless case which we know meets all flavor bounds. Thus, it is the additional fermions of
each node which are responsible.
This is complicated in (say) Theory B, where we now have two subgroups of fermions
connected to the second node, corresponding to SU (F2 ) and SU (k1 ) (see Fig.3.8). The
former are the additional flavors that were on that node to begin with, the latter are the
bifundamental fermions which were previously scalars. If all such fermions were light for the
portion of the phase diagrams we are interested in, the Grassmannian manifold of the second
node may have changed, and this would be problematic since we claim it is dual to Theory
A.
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To resolve this issue, first note that in Theory B the flavor degrees of freedom on the
first node have been converted into scalars, and because the mass offset these scalars have
a negative mass. This is consistent with there being a Grassmannian on the first node.
What we have neglected are the interactions introduced by using the master duality that
are now present in Theory B. Since the scalar flavors on the first node are now Higgsed, the
interactions cause the ψ1,2 fermions to be gapped. Meanwhile, the ψ2 remain light. Hence
the only light fermionic degrees of freedom are those which were already present in Theory
A, so the Grassmannian on the second node also remains the same.
Generalizing this argument down the quiver, we see that it is always either the ψi or φi (i.e.
the flavor degrees of freedom on each node) which break the nodes down to Grassmannian
descriptions. This might have been expected, since these are the new ingredients relative to
the flavorless case, but it is nice that the quivers get it right.
As in Ref. [9], the phase corresponding to m2Xi,i+1 < 0 causes a breaking of the ChernSimons terms in the theory to [U (1)N ]3 . Thus on the U side of the theory we ultimately end
up with
U (1)N with NF φi

(3.97)

on each node, with m2φi < 0, as we would have expected.
Critical Theory Formally the duality map (3.75) is only valid when we tune the fermion
mass to its critical value, the scalar mass to zero and apply the map (3.78). In this case the
dualized scalars φi are massless and the interactions terms introduced through the master
duality do nothing to the mass of the fermions. This is okay since we would not expect Grassmannians at this location in phase space. Additionally, since the number of bifundamental
fermions is less than the level of the corresponding node, we do not get any Grassmannians.
The duality thus states
[SU (N )−1 + NF fundamental fermions with mψi = −m∗ ]n + bifundamental scalars
↔

U (n)N + NF fundamental scalars + bifundamental scalars. (3.98)
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It is interesting to consider deformations of the bifundamentals in this phase. Luckily,
almost all of the analysis performed in [9] holds here as well. That is, on the SU side gapping
the bifundamentals simply removes them from the spectrum. Higgsing the bifundamentals
leaves the gauge transformations which transform two adjacent nodes equally unbroken. This
causes the levels of the two nodes to add. The mass identifications of the bifundamentals
on the U side are still opposite of those on the SU side. Thus for gapped scalars on the SU
side we have Higgsing of the U groups down to U (1). Meanwhile, the first n − 1 nodes on
the U side are confining for full Higgsing on the SU side.
Let us consider this latter case in a little more detail. Consider sitting at the critical
point where all mψi = −m∗ and all m2Yi,i+1 = 0. Now give all Yi,i+1 a negative mass, so the
Chern-Simons term on the SU side is SU (N )−n . All bifundamentals are gapped on the U
side, and the only non-confining node is all the way on the right, given by a U (n)N ChernSimons theory. Now consider tuning the masses of the flavor degrees of freedom. Move the
fermion on the last node, ψn , to a slightly larger mass (but smaller in magnitude), −m∗ + ,
which causes us to get a M(NF , n) Grassmannian. On the U side this causes the dual scalar
φn to acquire a negative mass, breaking down the node flavor symmetry to M(NF , n). Thus
both sides are consistent.
One needs to be slightly more careful when tuning the masses of any other matter, say
ψj for j < n. Moving to a larger mass mψj = −m∗ +  again causes the corresponding φj
scalar to get a negative mass, which due to interaction terms present on the U side gives
the Xj,j+1 bifundamental a negative mass. Although the interactions are finite, we will only
focus on the case when they are stronger than mass deformations. The scalar then breaks the
corresponding the U (j + 1)0 gauge group and this propagates down the quiver similar to the
flavorless case. Ultimately this causes a breaking of U (n)N → U (n−j)N ×U (j)N . On the SU
side of things this is reflected in the fermion condensing, causing a breaking of the gauge group
and a M(Nf , j) Grassmannian on the jth node, and a leftover SU (N )−n+j . This is consistent
since the breaking from the negative mass bifundamental scalar, Yj,j+1 , is inconsequential for
corresponding node since it is instead now broken by the fermion condensate. To summarize,
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Figure 3.9: Flavored quiver with fermions on the SU side and scalars on the U side. This
is an alternate theory in the flavor extended case. Here we have introduced the notation
`i ≡ Fi − ki .

tuning the masses of flavor degrees of freedom on nodes j < n undoes the effects of Higgsing
the bifundamental scalars on the SU side/gapping the bifundamental scalars on the U side.
mψi > 0 Duality
Now let us instead look at the case where all masses are positive. In this case we need to
use the mψ = m∗ theory of (3.75), which is spelled out explicitly in (3.164), to derive the
flavor extended quiver. We consider again the three node quiver for the most general set of
parameters. It will be useful to introduce a new notation `i ≡ Fi − ki . The derivation is
shown in Fig. 3.9.
Note since we are using the mψ = m∗ duality, the interaction in this phase is slightly
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different. Namely, the interactions are now in the m2Φ < 0 and mΨ > 0 phase and prevent
the fermions from getting a positive mass. That means that the interaction term comes with
a negative sign out front.
3.4.5

Holographic Construction

Having generalized the node-by-node construction in order to motivate the duality between
(3.68) and (3.69), let us now turn to the holographic derivation. The holographic construction used in [9] is in spirit similar to the one first introduced in [66] for the study of 2+1
dimensional bosonization dualities, which is based on the even earlier holographic realization
of level/rank duality in [47]. The key idea here is to embed the Chern-Simons matter theory
of interest inside a larger gauge theory with a known holographic dual. In the UV we have
the full set of degrees of freedom of the larger gauge theory, dual to a theory of gravity in
the bulk. Upon suitable deformation on both sides the gauge theory and its gravitational
dual develop a gap for most degrees of freedom, only a small subset survives in the infrared.
The original field theory is engineered to reduce to a Chern-Simons matter theory in 2+1
dimensions. In the bulk most degrees of freedom are gapped out as well, including all the
fluctuations of the graviton and its superpartners. The only degrees of freedom that survive
are localized on a probe D-brane.
More specifically, in [66] the basic bosonization dualities were reproduced by compactifying N = 4 super Yang-Mills on a circle with antiperiodic boundary conditions for the
fermions and a θ angle wrapping non-trivially around the circle direction. The low energy
theory yielded a gapped Chern-Simons theory, with extra light matter added via probe
branes. In order to obtain quiver gauge theories one needs to start with a slightly more
complicated construction. Fortunately, most of this framework has been laid out in [120] in
the context of the simplest holographic dual for a confining gauge theory: Witten’s black
hole [118]. Witten’s black hole describes the gravitational dual of 4 + 1 dimensional super
Yang-Mills compactified on a circle with anti-periodic boundary conditions for the fermions.
This procedure gives masses to all matter fields and so, at low energies, one is left with
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pure Yang-Mills in 3 + 1 dimensions, which itself is gapped. Topologically Witten’s black
hole solution is R3,1 × D2 × S 4 , where the first factor is 3 + 1 dimensional Minkowski space
and the disc or “cigar" D2 contains the radial direction of the holographic dual as well as
a compact circle direction which smoothly shrinks to zero size at a critical value r∗ of the
radial coordinate. The relevant holographic dual for the interfaces we are seeking are D6
branes sitting at the bottom of the cigar, wrapping all of the internal S 4 and being localized
in one of the three spatial directions of the R3,1 factor.
One subtlety here is that the D6 branes were argued in [120] to be dual to a domain
walls between two vacua at a fixed θ rather than a θ interface. At a given θ we still have
N vacua, with all but one of them being only meta-stable. The energy difference between
vacua however is of order 1 in the large N counting, whereas the tension of the domain wall
is of order N . So in the large N limit these domain walls are long lived and approximately
stationary. To truly describe an interface, we should turn on a θ gradient in addition to
the D6 branes, which corresponds to a RR 1-form in the bulk that depends on the radial
direction in the bulk as well as the spatial direction orthogonal to the domain walls, call it x.
The simplest such supergravity solution is an RR 1-form that grows linearly along x. In this
case the RR 1-form equation of motion is solved without giving the 1-form any dependence
on the holographic radial coordinate. This solution as it stands corresponds to increasing
θ along a spatial direction without adjusting vacua, but instead staying on a meta-stable
branch. This is clearly not the physical vacuum of the theory. In order to truly correspond
to the interfaces of [50] we need to still include D6 branes in addition to the spatially varying
theta angle in order to ensure that the field theory always is living in the locally true vacuum.
At least in the simple case of a linearly varying θ angle it is easy to see that the D6 branes
experience a potential that will automatically localize them where θ crosses odd multiples of
π. To see that this is the case, recall that the backreaction of the D6 branes induces an RR
1-form field ∼ (θ + 2πK) which gives rise to an energy density of order (θ + 2πK)2 . Here K
labels the different vacua. Let us look at a spatial region in which θ varies over a 2π range.
Let us chose this range to be 0 to 2π with K = 0. This can always be done by the way we
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label vacua in terms of K. Let us assume that the change is θ is taking place over an interval
of length L with θ = 2πx/L. There is a single D6 brane located at x0 with 0 ≤ x0 ≤ L across
which the vacuum jumps to K = −1. The vacuum energy associated to this configuration is
Z l
2π
4π 2 (L2 − 3Lx0 + 3x20 )
dx ( x − Θ(x − x0 )2π)2 =
(3.99)
E∼
L
3L
0
where Θ is the step function that is 1 when its argument is positive and 0 otherwise. Minimizing with respect to x0 we indeed find x0 = L/2. The D6 brane wants to sit at the middle
of the interval where θ = π. Note that these energies are all of order 1 in the large N counting. This is due to the fact that they involve the brane backreaction. When determining
the leading order in N physics on the brane, we can neglect these potentials. The upshot
is that irrespective on whether we describe interfaces or domain walls, the holographic dual
description is given in terms of a stack of n D6 branes at the bottom of the cigar as long as
we jump n vacua across the co-dimension one object.
Interestingly, this holographic dual at low energies does not give back the quiver gauge
theory (3.3), but its dual incarnation (3.4): the theory on a stack of n D6 branes is a U (n)
super-symmetric gauge theory. Due to the Wess-Zumino terms on the worldvolume coupling
to the 4-form flux supporting Witten’s black hole the gauge field picks up a Chern-Simons
term of level N . The worldvolume fermions get mass from the compactification on the
internal S 4 . The worldvolume scalars correspond to geometric fluctuations of the D6 branes.
The two scalars corresponding to fluctuations of the D6 on the disc are massive due to the
warped geometry of the spacetime: there is a non-vanishing potential energy cost associated
with fluctuating up the cigar. The only light matter on the D6 branes is a single massless
adjoint scalar corresponding to the fluctuations in the x directions. To leading order in N
it is massless, even though we’ve already seen above that a non-trivial potential will surely
be generated at order 1. Lo and behold, the gauge theory on the D6 branes exactly realizes
(3.4) as advertised.
The inclusion of extra flavors is now conceptually straightforward but the details are
somewhat daunting. Many aspects of this construction have been discussed nicely in [15].
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On the field theory side, our flavored quiver gauge theory from (3.68) indeed already appeared
in the study of interfaces alongside its flavorless cousin. If instead of studying θ interfaces
in pure Yang-Mills one studies them in a confining SU (N ) gauge theory with fundamental
fermions, the correct gauge theory on the domain walls is exactly the flavored quiver [50]. In
the holographic dual, we need to augment Witten’s black hole with NF flavor D8 branes in
order to describe holographic QCD [99]. The D8 branes are localized on the compact circle
but their worldvolume extends in all other directions. In particular, the D6 branes dual to the
domain walls are entirely embedded inside the D8 worldvolume. That is, the D6/D8 system
constitutes a Dp/Dp+2 brane system with 2ND directions. Correspondingly, the 6-8 strings
connecting the two gives rise to extra scalar matter in the fundamental representation of the
U (n)N gauge theory on the D6 worldvolume. Indeed we have found that the flavored quiver of
(3.68) has a holographic dual description in terms of the theory in (3.69). When asking more
detailed questions, lots of open problems emerge. The scalar at a 2ND brane intersection is
tachyonic. So in order to find the CFT dual to the flavored quiver, we need to let the scalars
condense. The result is outside of the range of perturbative string theory, so the outcome is
somewhat inspired guesswork. The fact that this condensation is happening is presumably
related to the fact that in the field theory we passed the flavor bound. The extension of
the duality into this regime moved occurrence of the conformal field theory in the phase
diagram from zero mass to the edge of the chirally broken regime with its Grassmannian
pion Lagrangian as already argued in [15]. So qualitatively holography supports our duality
conjecture.
3.4.6

Phase Matching

As a final check we want to confirm that the possible phases match in the duality of (3.68)
and (3.69). Recall how the matching of phases worked in the flavor-less case. On the SU
side the bifundamental scalars could either acquire an expectation value or a mass. In the
latter case they just disappear from the low energy spectrum, in the former they break two
neighboring nodes to the diagonal subgroup. The corresponding levels add. The allowed
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phases were hence given by partitions {nI } of n, that is integers nI with

P

I

nI = n. Each

nI specified how many consecutive nodes were broken down to the diagonal subgroup before
encountering a scalar that became massive. So n1 = n corresponds to the case were all
bifundamentals acquired an expectation value, whereas nI = 1 for I = 1, . . . , n is the case
where all bifundamentals get a mass. The generic partition led to a phase governed by a
topological field theory based on a gauge group
Y

SU (N )−nI .

(3.100)

I

The phases of the U (N )n gauge theory were parametrized by the expectation values of the
adjoint scalar. Latter can always be diagonalized, so we have to specify N eigenvalues.
Enhanced unbroken gauge groups arise whenever eigenvalues coincide. Using again the
partition {nI } to denote to multiplicities of repeated eigenvalues the phases of the U (N )n
plus adjoint theory gave
Y

U (nI )N .

(3.101)

I

Eqs. (3.100) and (3.101) are level-rank duals, so both sides have the same phase diagram.
Now let us see what happens in the presence of flavors. Let us first take a look at the U
side of the duality. Under the gauge symmetry breaking of (3.101) triggered by the adjoint
scalar the fundamental matter multiplets decompose into fundamental matter under each of
the product factors, so that we obtain a theory
Y

[U (nI )N + NF fund scalars] .

(3.102)

I

For each gauge group factor we now can, as usual, drive the fundamental scalars to condense
or to become heavy and decouple. We know that the dual description of all these phases is
captured by:
Y


SU (N )−nI +NF /2 + NF fund fermions .

(3.103)

I

This is indeed a theory we can get out of the flavored quiver, but it requires a non-trivial
potential. Note that in the quiver without potential we would find that whenever two nodes

142

with their SU (N )−1+NF /2 gauge groups and NF fundamental fermions each get broken down
to their diagonal subgroup, we would get a SU (N )−2+NF and 2NF fundamental fermions
and an enhanced flavor symmetry. In order to get (3.103) we need a quartic potential which
gives one of the two sets of NF flavors a negative mass so they decouple and shift the ChernSimons level back to NF /2. Generally, when we break down nI nodes to their diagonal factor,
we need nI − 1 sets of NF flavors to get a negative mass from the nI − 1 bifundamentals.
This can be accomplished by the appropriate quartic potential, but it is crucial that this is
included. Apparently the limit of no interactions on the SU side that we have mostly been
working with in the flavorless case is inconsistent with the confinement scenario where we
are left with the theory of (3.69) on the U side.
3.4.7

Enhanced Flavor Symmetries

A crucial feature of the new flavor-violated master duality is the presence of finite interactions on the SU side of the duality. These interactions ensure that when one Higgses the
bifundamental scalars they give a gap to all but the very last node’s flavor degrees of freedom.
Explicitly, the interactions enter in the form21
L⊂c

0

n−1 
X

†
Yi,i+1
ψi




ψ̄i Yi,i+1 .

(3.104)

i=1

Thus, when we Higgs the Yi,i+1 bifundamentals, the ψj for j = 1, . . . , n − 1 all acquire a
finite positive mass. Since only the ψn remains light, we effectively have an SU (N )−n+NF /2
theory coupled to only NF fermions. If these interaction terms were not present, all ψi would
remain light. This would lead to an SU (N )−n+NF /2 theory coupled to nNF fermion, which
gives a Grassmannian which does not agree with the pure 3 + 1 dimensional analysis [50].
Although the ψj acquire a mass from interaction terms, this can be canceled by an explicit
mass deformation for all the ψj . This is what occurs on critical lines corresponding to II-III,
21

For consistency we must also include finite interactions for scalars on adjacent links, however we are
only focusing on the part of phase space where these interactions are small compared to any given mass
scalar mass deformation. We leave a full mapping of the phase diagram with finite interactions for future
work.
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Figure 3.10: Explanation of interaction and enhanced flavor symmetries which arise due to
the flavor-violated master duality and its finite interaction terms. We are using green/blue
arrows to denote the (unidirectional) interactions. The green arrows represent finite interactions between the flavor degrees of freedom and adjacent bifundamentals. The light blue
arrows represent interactions between bifundamental scalars, which were also present in the
pure YM case of [9]. We assume they take the very same form they did there. The right-hand
side shows how one arrives at enhanced flavor symmetries on the adjacent node at each step
of the duality.
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II-VI, and III-VI. If this is done for all ψj , then we once more have nNF light fermions, which
can lead to enhanced symmetries and strange looking Grassmannians. For consistency, these
flavor enhanced Grassmannians should be present on the U side of the duality as well. This
is indeed what occurs. The procedure is summarized in Fig. 3.10.
First let us review what occurs in the fully SU theory, denoted by A in Fig. 3.10. When
one Higgses the Y12 bifundamental, this effectively ties the gauge theories of the first and
second node together. We have denoted this mass deformation in A’ by representing said
nodes as a single node. From the point of view of Fig. 3.7, this corresponds to moving along
the II-III critical line. Now, when one gauges the SU (Ns ) global symmetry, one gets a Grassmannian around where this line was previously. This is because the non-Abelian background
terms have Chern-Simons levels which violate the flavor bounds. This Grassmannian will be
M (2NF , 2), where the 2NF comes from the NF fermion flavors which were already tied to
the second node, and another NF flavors which previously belonged to the first node.
Now let us discuss how this is matched in B of Fig. 3.10. To do so, it is helpful to reference
what occurs in Fig. 3.7 along the II-III critical line when the SU (Ns ) global symmetry is
gauged. Note that, prior to the gauging of said symmetry, we also get Ns Nf light fermions
along said line, which we will call ψs 22 . From Fig. 3.7, we get the same behavior when we
give Ψ12 a negative mass deformation. The ψs lead to an enhanced flavor symmetry on the
second node, shown in B’ of Fig. 3.10. If we took the ψs and ψ2 to be light, we would again
arrive at the Grassmannian M(2NF , 2). Everything seems consistent so far, which shouldn’t
be too surprising since we have only used the flavor-violated master duality once, and it can
be confirmed this is consistent when gauging the SU (Ns ) symmetry.
In moving from B to C we have used the flavor-violated master duality on the second
node. This changes the fermions Ψ12 and ψ2 to scalars. Strictly looking at C and gapping
22

As a quick aside, notice that it is difficult to see from the point of view of just the blue scalar theory
where these light fermions come from (as opposed to the III-VI critical line, where all kNs fermions modes
are simply light). Said light fermions are needed to explain the change in background Chern-Simons terms
between phases II-III, which gives us confidence their number is correct. Abstractly, they can be viewed
as the two critical lines II-VI and III-VI merging together, but these singlet fermions are described by the
two distinct scalar theories (i.e. the red and blue ones).
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the X12 scalars, which via mass mapping is analogous to Higgsing the Y12 , it is difficult to
see how we again get the enhanced flavor symmetry on the second node. This isn’t too
surprising, because even in moving from B to B’ it was difficult to explain where the Ns Nf
ψs came from. Instead, consider applying the master duality to B’ (i.e. B with Ψ12 already
deformed to large negative mass). This would change the NF light ψ2 and NF light ψs to
corresponding light scalars in C’. Thus from this point of view, it makes sense that we get NF
light φ2 , but also NF light φs , leading once more to an enhanced flavor symmetry. Similar
to ψs , the we can conjecture the φs are light by some cancellation between the interaction
terms and the explicit mass deformations. Since we now have 2NF light scalars, if we take
them to negative mass we once more find the M(2NF , 2) Grassmannian.
To see this continues to occur as we move to more general quivers, note that we can
continue to use these very same arguments used above to see enhanced flavor symmetries
in U theories. In particular, in Fig. 3.10, the part of the quiver in the dashed box of C’
is identical to that of B, except for the fact the former has 2NF light scalars instead of
only NF light scalars. Thus, repeating the very same arguments used in moving from B
to B’ above, we come to the conclusion that as one takes Ψ23 to negative mass, we should
again get light ψs fermions bifundamentally charged under the scalar and fermion flavor
symmetries. However, now those symmetries are SU (Ns ) × SU (2NF ). This would then lead
to an SU (3NF ) symmetry on the third node.
Lastly, let us propose where the extra light ψs and φs we saw above in theories B’ and
C’ arise. There are very natural bound states which have the exact quantum numbers to
match these bifundamentals, namely
ψs = φ1 Ψ12 ,

φs = φ1 X12 .

(3.105)

Furthermore, the corresponding U node under which each component of these bound states
is charged (i.e. node one) is confining. Thus we conjecture that some combination of confinement and mass deformations somehow makes said bound states light. This procedure
generalizes as one moves down the quiver. For example, the additional light scalars one gets
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on the third node for certain mass deformations could correspond to bound states φ1 X12 X23
and φ2 X23 . Along with φ3 , said scalars can lead to an enhanced flavor symmetry.
3.5

Orthogonal and Symplectic Gauge Groups

3.5.1

Node-by-node

We can generalize the duality for quiver gauge theories to the case of symplectic and orthogonal gauge groups. The node-by-node construction generalizes in a straightforward fashion.
According to [3] the basic bosonization dualities in this case are
SO(N )k + Nf real scalars

↔

SO(k)−N +Nf /2 + Nf real fermions

(3.106a)

Sp(N )k + Nf real scalars

↔

Sp(k)−N +Nf /2 + Nf real fermions.

(3.106b)

Both of these can be extended to the case of “master dualities" with fermions and scalars
on both sides [24, 64]; in any case, note that the assignments of the matrix size (which is
now twice the rank) as well as the levels on the dual side exactly match the corresponding
assignments in the unitary group. So going through the exercise of dualizing node by node
we get exactly the same answers as in the unitary case, except for the fact that SU and U
both get replaced with all SO or all Sp respectively. Let us focus here for simplicity on the
case of unflavored quivers, the flavored case follows straightforwardly. We get the following
two dualities in direct analogy with the unitary case:
"n−1
#
n
Y
Y
SO(Ni )−ki
is dual to
SO(Ki )Ni −Ni+1 × SO(Kn )Nn
i=1

and

n
Y
i=1

(3.107)

i=1

Sp(Ni )−ki

is dual to

"n−1
Y

#
Sp(Ki )Ni −Ni+1 × Sp(Kn )Nn .

(3.108)

i=1

Once again we can use these node-by node duality chains to argue for the special case that
all Ni = N and all ranks are ki = 1. In this case the original theories become quivers with
equal rank and level nodes analogous to 3.3. In the dual theory we get all but the last node
to be at level 0. Appealing to a confinement scenario as in the unitary case, we would argue
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that the last bifundamental gets replaced by a meson gauge invariant under the second to
last node. This is a symmetric combination in the case of orthogonal gauge groups and an
anti-symmetric combination in the symplectic case. Correspondingly we should conclude
that
[SO(N )−1 ]n + bifundamental scalars

↔

(3.109a)

SO(n)N + symmetric rank-2 scalar

(3.109b)

and
[Sp(N )−1 ]n + bifundamental scalars

↔

(3.110a)

Sp(n)N + antisymmetric rank-2 scalar.

(3.110b)

When we add flavors, we face same the complications as the unitary case. Fortunately these
dualities can be extended into the flavor violated regime in exactly the same manner as the
SU theories. The main difference is the Grassmannians become
SO(Nf )
SO(k) × SO(Nf − k)

and

Sp(Nf )
.
Sp(k) × Sp(Nf − k)

(3.111)

These changes introduces a whole slew of interesting physics which is discussed in great detail
in [80]. For our purposes, we simply note that the story of flavored quivers goes through in
the same manner as in the SU case.
3.5.2

Phase Matching

The phase matching in the symplectic and orthogonal cases also directly mimics their unitary
counterparts. Let us focus first on the orthogonal case. In the quiver we can once again
express the phases by partitions of n, determining whether the bifundamental scalars get
positive or negative mass squareds. The generic phase of the quiver is given by
Y
i

SO(N )−ni

(3.112)

148

in direct analogy with (3.100) of the SU quiver. The phases of the U (N )n gauge theory were
parametrized by the expectation values of the adjoint scalar, a hermitian matrix that we were
able to diagonalize with the unitary gauge transformation. This time we are having a scalar
in a symmetric matrix, exactly the object that can be diagonalized by our orthogonal gauge
transformations. So once again the phases of the dual theory can be parametrized by the
eigenvalues of the matrix and enhanced unbroken gauge groups arise whenever eigenvalues
coincide. The phases of the dual theory hence become
Y

SO(ni )N ,

(3.113)

i

indeed a level/rank dual representation of (3.112). In the symplectic case the antisymmetric
matrix plays exactly the role of the symmetric matrix in the orthogonal case. It can be
brought into normal form by symplectic transformations, breaking the gauge group down
into products of smaller symplectic groups.
3.5.3

Holographic Construction

Holographic QCD was generalized to the orthogonal and symplectic case in [59]. An orientifold O6 plane is introduced into the D4/D8 system in order to project the original unitary
group down to either an orthogonal or symplectic subgroup. Both O6 and D8 are localized
on the circle; if both are present they need to be offset from each other by an angle π/4
so that the stack of D8 branes gets mirrored onto the antipodal stack of anti-D8 branes by
the orientifold projection. The two options for the gauge group are distinguished by exactly
what type of O6 we add, the two options are usually denoted O6− for orthogonal and O6+
for symplectic groups, the superscript indicating the sign of the RR charge associated with
the orientifold plane. The full brane content both in the flat embedding space picture as
well as in the dual geometry is enumerated in Tables 3.3a and 3.3b. Included in Table 3.3b
is also the D6 brane that acts as the domain wall.
In order to understand the theory in the bulk, we simply need to determine the effect
of the O6 plane on the gauge theory living on the domain wall D6s. As is apparent from

149

0

1

2

3

4

5

6

7

8

9

0

1

2

3

r

D4

x

x

x

x

x

o

o

o

o

o

D8

x

x

x

x

x o S4

D8

x

x

x

x

o

x

x

x

x

x

O6

x

x

x

x

x o S2

O6

x

x

x

x

o

x

x

x

o

o

D6

x

x

x

o

o

θ

o

S4

S4

(a) Brane realization of the gauge theory in 10d flat

(b) Embedding of the probe branes in

space. X4 is a compact direction.

Witten’s black hole.

Table 3.3: Brane realization of holographic QCD with symplectic or orthogonal gauge group.
In a) N color D4 branes intersect an orientifold O6 to project to a real gauge group. In b)
the same branes are embedded in the dual R3,1 × D2 × S 4 geometry, together with D6 branes
dual to the θ-interfaces. Also indicated are flavor D8 branes that would be needed to add
additional flavors. t, x1,2,3 are the coordinates on R3,1 , and r and θ the coordinates on D2 .

Tables 3.3a and 3.3b the O6 planes have 4 relative ND directions with both the D4s of the
flat space embedding and the D6s in the black hole geometry. What this means is that the
worldvolume theory on both D4s and D6s experience the same type of projection: the gauge
groups are either orthogonal on both or symplectic on both. This is exactly as we would
expect from our node-by-node procedure.
Last but not least we need to determine what happens to the formerly adjoint scalar
corresponding to motion of the stack of D6s in the x3 direction. Let us start with the case
of an orthogonal gauge group. For a scalar describing motion transverse to the orientifold
one finds that branes have to move off in mirror pairs, with a U (1) gauge theory on each
pair that can enhance to U (ni ) for ni coincident branes on one side. This is the breaking
pattern we would expect from an antisymmetric rank 2 tensor. On the other hand, a scalar
corresponding to motion inside the orientifold allows the stack of n branes to completely
separate into n individual branes - since they are inside the orientifold they need no mirror
partner. Each brane has an SO(1) gauge group on its worldvolume that can get enhanced
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to SO(ni ) for coincident eigenvalues. Since the motion of the D6s into the x3 direction is
inside the O6, this corresponds to a symmetric rank-2 tensor. Reassuringly this is exactly
what we are supposed to find according to our duality conjecture in (3.109b). For symplectic
gauge groups, the role of symmetric and antisymmetric rank-2 tensors is reversed. So the
bulk physics yields indeed (3.110b) in that case.
In order to fully realize our dualities we would need to find (3.109a) and (3.110a) to be
the corresponding field theories living on the boundary. For the case of symplectic gauge
groups this appears indeed to be the obvious guess for the theory on the domain walls of
a confining Sp(N ) gauge theory generalizing the discussion of [50] in the unitary case. In
the orthogonal case this is certainly incorrect for the case of SO(N ) gauge groups, but it
appears reasonable if the gauge group is instead Spin(N ). Since the stringy realizations of
these gauge groups always involve heavy spinors, it is entirely reasonable to assume that
the relevant gauge theories living on the branes were actually Spin(N ) groups all along.
Unfortunately, these global issues are often not considered carefully in the orientifold literature. Somewhat confusingly, the node-by-node dualization above seems to be literally
working with SO groups, not Spin groups. So while a coherent and self-consistent duality
story seems to emerge on the symplectic side, a complete understanding of the orthogonal
case would require solid control of these global issues.
3.6

Discussion

Here we have developed the methodology for dualizing linear quiver gauge theories with
bifundamental scalars and argued that they can be viewed as the non-Abelian generalization
of particle/vortex duality. Crucial to this is the interaction terms, which couple scalars
living on adjacent links and propagate the symmetry breaking pattern down the quiver in a
unidirectional manner. This is required to ensure the mass deformed phases are level-rank
dual to each other.
We then specialize this general framework to the study of domain walls that arise in
3 + 1 dimensional Yang-Mills theory with a spatially varying theta angle. In addition, we
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embed this special case in string theory and study the duality holographically. We find a
novel duality between a theory with bifundamental matter and one with adjoint matter,
schematically given by (3.4). Let us comment on the similarities and differences between
these two approaches.
From the setup in ref. [50], we expect the bifundamental scalars on the SU side of
the duality to interpolate between a smoothly varying and a sharp domain wall/interface.
However, the pure field theoretic quiver approach of Sec. 3.2.2 makes opaque the geometric
interpretation of a physical wall located in space. The complementary geometric approach
of Sec. 3.3.2 makes this manifest: Higgsing a bifundamental is literally removing a D6 brane
(i.e. domain wall) from a stack and moving it to a different physical location in space.
Widely separated D6s correspond to the smoothly varying phase, reinforcing our intuition
of the theory at small |∇θ|.
It is a nice consistency check that we get adjoint particles even when the U groups are broken down, just like when we separated the branes and get smaller U groups. We can see how
one can effectively tune the diagonal vacuum expectation values of the adjoint scalar without
introducing interactions terms which explicitly break the U (n) gauge symmetry. This was
unclear when we only had the U (n) factor, but can now be made manifest. Namely, one can
effectively break the smaller U (p) symmetries (with p < n) and then the interaction terms
propagate the breaking to the larger gauge groups. The adjustment of effective eigenvalues
can be seen from the generalization of (??). There is also a natural way to describe the
gapping of such modes, which just leaves the U (n)N TFT untouched.
When the walls on top of one another in the holographic duality we have new light
matter one both sides of the duality, but it manifests itself in a very different manner. On
the U side the extra matter enhances the gauge symmetry. Meanwhile, on the SU side the
bifundamentals just become additional massless scalars. This may seem peculiar given the
fact the bifundamental degrees of freedom match quite nicely when the walls are separated
(albeit by construction). But this is precisely the behavior we would expect in our 3d
bosonization duality. As we learned from the particle-vortex duality generalization, it is
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not actually the bifundamental degrees of freedom which should match on either side of the
duality but rather particles and vortices. The very same mismatch of particle degrees of
freedom is present in the bosonic particle-vortex duality as well.
In fact, the matching of the particle and vortex degrees of freedom is very nicely realized
in the holographic duality. The dual of the baryons in the bulk are based on the standard
holographic construction of the baryon vertex [119], very similar to what was found in [66].
Namely, they are D4 branes wrapping the S 4 and also extended along the time direction. In
order to be neutral, fundamental strings run from the D4 branes to the D6 branes on which
they live. Furthermore, the D6 branes dissolve the D4 branes turning them into magnetic
flux (it is more energetically favorable and has the same quantum numbers). The attachment
of N fundamental strings is analogous to particle/flux attachment. It can be argued that
the N fundamental strings cannot end on the same D6 brane. Hence when the D6 branes
get separated, the monopoles must also pick up a mass since the fundamental strings must
stretch from one D6 brane to another–providing more evidence that lines of flux can end on
domain walls. This is also in nice agreement with the behavior which occurs on the SU side
where the bifundamentals are interpreted as strings which stretch from one brane to another
and thus both acquire a mass proportional to the separation between branes.
Also the holographic system has additional translational degrees of freedom associated
with moving the walls. On the SU side this is interpreted as the literal position of the
domain walls along the x3 direction. Meanwhile, on the bulk side this is interpreted as
the vacuum expectation values of the adjoint U matrix which are the locations of the D6
branes. Since the nodes of the quiver had no concept of absolute position in space, this was
never considered in the 3d bosonization case. This could potentially be resolved by including
the Goldstone bosons associated to the broken translational invariance with an appropriate
potential.
In the holographic duality, the scalar excitations are always massless, since translations
correspond to flat directions for the adjoint scalar excitations. This is in contrast to the
adjoints of the quiver duality which are massive except perhaps at very fine tuned locations
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in deformation space. This may just be a feature of the large N limit, though, since stringy
corrections will generate a Coleman-Weinberg potential for the adjoint.
It seems likely that many of the discrepencies between the two approaches can be attributed to the large N, large λ limit on the holographic side of the duality. For instance,
gapping the bifundamentals on the SU side of the duality is dual to seperating the stack
of D6 branes in the bulk. Higgsing the bifundamentals, on the other hand, has no dual
gravitational description since the CFT occurs when all the D6 branes are on top of each
other and the strings stretching between the D6 branes are massless. At finite N, however,
tachyonic contributions will become important. There will be some finite seperation of D6
branes where the strings become massless, below which open string excitations are tachyonic
and interesting stringy dynamcis occurs. We believe this regime is dual to the Higgs phases
of the SU side of the duality. Stated another way, our holographic construction does not
probe the whole phase diagram–some phases may not be accesible in the large N limit. This
claim could be tested by computing finite N corrections on the gravity side or taking the
large N limit of the quiver theories. We leave this to future work.
For instance, there is an uncertainty on the U side of the quiver duality as to whether or
not we should treat the particles as adjoint or bifundamentals (this is related to the fact of
whether or not we are considering the confinement scale to be greater or smaller than the
mass deformation). The issue with considering adjoints is that they do not couple to U (1)
factors, and thus cannot seem to yield the correct breaking pattern for negative masses on
the U side of the duality. That is, when an adjoint acquires a vacuum expectation value,
it will not contribute the appropriate U (1) factor to yield the correct combination of U (1)N
levels. What we need is something charged under the appropriate U (1) factor to acquire a
vacuum expectation value in order for the breaking to occur. Since the U (p)0 factors are
confining, we can only have gauge singlets under the corresponding gauge groups, and thus
we need something analogous to baryons to be light (the adjoints are analogous to mesons).
One may wonder whether our quiver dualities can be useful in the context of deconstruction, following the recent work of [12]. There it was shown that Abelian quiver dualities can
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be lifted to dualities in 3+1 dimensions. It would be very interesting to do this in the nonAbelian case. One important ingredient in this construction is the use of “all scale" versions
of the duality, following the construction of [72] in the supersymmetric case. We’d like to
point out that at least for two node quivers, our method of gauging global flavor symmetries
does allow us to give all scale versions of the non-Abelian duality. Say we want a dual for
SU (N )k with Nf fermionic flavors with a finite gauge coupling. Since the gauge coupling
is dimensionful we are describing a theory with a non-trivial RG running. It interpolates
between a free theory in the UV and a strongly coupled CFT in the IR. We can obtain this
theory by starting with N Nf free fermions and gauging a SU (N ) subgroup of the global
SU (N Nf ) flavor symmetry. At this stage we can add both the Chern-Simons as well as the
Maxwell kinetic terms. The original theory of N Nf free fermions has dual descriptions in
terms of a U (K)1 gauge theory coupled to N Nf scalars. Modulo flavor bounds K is a free
parameter. The global flavor symmetry simply rotates the scalar flavors in this dual. Promoting a SU (N ) subgroup to be dynamical we end up with a U (K)1 × SU (N )k gauge theory
with Nf bi-fundamentals. While the U (K) factor has infinite coupling, the SU (N )k factor
has a finite Maxwell term which maps directly to the Maxwell term of the same SU (N )k
factor on the dual side. This way we did construct a non-Abelian all scale dual to SU (N )k
with fermions. Unfortunately it is not yet clear how to generalize this construction to more
interesting quivers. In this work we extended the master duality presented in [64, 24] to the
flavor violated regime where Nf > k. It is important to keep in mind the general philosophy
used in deriving the phase diagrams of Figs. ?? and 3.7: the dynamics in the quantum phase
is hidden by strong dynamics in the SU theory. It is only when we pass to the U theory
that we can see interesting structure emerge, similar to approached used in [80] as well as in
[55, 38, 33, 37]. Like these prior works, our dualities pass all the required consistency checks
short of explicit large N calculations. And although it is difficult to prove the existence of
these new quantum phases exactly, 3d bosonization gives good evidence that they indeed
exist.
We then went on to extend the quiver dualities by using the flavor violated master
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duality. We constructed a dual for a flavored quiver with bifundamental scalars on the
links and fundamental fermions coupled to each node via node-by-node dualization. Such a
theory describes interfaces in 3 + 1 dimensional QCD as discussed in Ref. [50]. The resulting
dual theories were qualitatively supported by a holographic construction with D6 branes
in the Sakai-Sugimoto model. We then extended our work to orthogonal and symplectic
gauge groups, both in the node-by-node dualization and in holography. More interesting
directions would be exploring other gauge theories with different matter contents. It is widely
believed that infrared phase of three-dimensional theories describes effective worldvolume
theory of walls/interfaces in corresponding four-dimensional theories [55, 1, 80, 50, 9, 15,
34, 21, 73]. It would be nice to understand what kind of quiver gauge theories with its
phase diagram and stringy constructions would emerge when analyzing phase transitions of
multiple walls/interfaces in various cases similar to what we’ve done in the case of QCD4 .
There are some limitations to our approach, however. First, the analysis in Appendix A
of [50] seems to indicate a periodicity of the Grassmannian as a function of the number of
nodes, n. That is, the most general Grassmannian is not M(Nf , n) but instead M(Nf , n
mod Nf ). Our quiver theory seems to indicate that this is not the case – if the number of
nodes n is greater than Nf , the full Higgsed regime gives SU (N )−n+ Nf with Nf ψ. This is
2

flavor bounded and so does not exhibit a quantum regime. The case examined in [50] is valid
for n ≤ Nf . The analysis just seems to point to this periodicity, but an explicit demonstration
of it has not yet been completed. Perhaps there is some subtle strong coupling dynamics
in the 3 + 1 dimensional theory that causes the Grassmannian to disappear. Or maybe our
quiver theory is only valid for n ≤ Nf and there is some extension of our work that can bring
us into the n > Nf regime. We hope to report on this interesting question in future work.
We have also found that the quivers corresponding to NF = 1 and NF > 1 require
the use of two very different versions of the master duality – the double-flavor saturated
and flavor violated cases, respectively. In Ref. [50], it was found these two cases also
separated themselves quite distinctly due to the lack of an enhanced symmetry when the
3 + 1-dimensional fermion mass disappeared in the Nf = 1 case. It is not obvious to the
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authors if these two facts are somehow related.
The inclusion of finite interactions in the flavored and unflavored quiver immensely complicates the phase diagram. This is because it is possible for interactions to give negative
mass deformations to links living on adjacent nodes, which propagate symmetry breaking
down the entire quiver. However, these negative mass deformations could be undone by a
positive mass deformation of a given link. This leads to a whole new variety of critical lines
and theories. We are able to explicitly verify the matching of phases for low-node quivers,
but a general proof of phase matching for an arbitrary number of nodes is still beyond our
reach.
The holographic side of things is ripe with interesting puzzles. For instance, it is still
unknown what the exact form of our derived orthogonal duality is. As briefly commented on
in the end of Sec. 3.5, the duality derived from the orientifold projection onto the orthogonal
subgroup seems to be insensitive to the global properties of the gauge group. That is, we
know that there are multiple different types of orthogonal gauge groups in 2+1D that differ
by the required background terms and the gauging of various Z2 global symmetries [38].
Can these global issues be understood in string theory? Moreover, how does one even see a
quantum phase in the holographic construction of SU (N ) gauge theories with fundamental
fermions in holography? We leave these questions for future work.

3.7

Supplementary: Building Non-Abelian Linear Quivers

Here we provide further details of our construction of the non-Abelian linear quivers.
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3.7.1

Other Forms of the Duality

The second of Aharony’s dualities is given by taking the Ns = 0 of the master duality, (3.5),
which gives




N
2 3
Nf − k
2 03
0 0
+
TrN b db − i b
TrNf CdC − i C
LSU = iψ̄D
/b0 +C+Ã1 ψ − i
4π
3
4π
3


N (Nf − k)
−i
Ã1 dÃ1 ,
(3.114a)
4π




N
2 3
N
2
Trk cdc − i c −
Trk (c) dÃ1 .
(3.114b)
LU = |Dc+C φ| − i
4π
3
2π


Performing the using c̃ → c̃+ Ã1 shift, canceling common factors on either side of the duality,
and defining Eµ ≡ Cµ + Ã1µ , we end up with





Nf − k
N
2 03
2 3
0 0
LSU = iψ̄D
/b0 +E ψ − i
TrN b db − i b
+
TrNf EdE − i E
4π
3
4π
3



N
2
Trk cdc − i c3 .
LU = |Dc+E φ|2 − i
4π
3

(3.115a)
(3.115b)

This yields the duality (3.21) which we use in going from theory D to theory E. Note that
in promoting Ã1 into a dynamical field, we again introduce a new global symmetry. We will
call the background gauge field associated with said symmetry B̃1 .
Returning to the master duality, in the main text we could have combined the U (1)
and SU (Nf ) global symmetries into the definition of Eµ = Cµ + Ã1µ 1Nf . For the purposes
of deriving the non-Abelian linear quivers, this was not necessary. For completeness, we
show the form of the duality here, because it gives the explicit master duality with all
background fields in its most succinct form. It is also convenient to define the U (Ns ) gauge
field Hµ ≡ Bµ + Ã1µ + Ã2µ . This leaves us with a duality of the form



Nf − k
2 03
2
0 0
TrN b db − i b
LSU = |Db0 +H φ| + iψ̄D
/b0 +E ψ + Lint − i
4π
3



N
2
−i
TrNf EdE − i E 3 ,
4π
3



N
2 3
2
0
LU = |Dc+E Φ| + iΨ̄D
/c+H Ψ + Lint − i
Trk cdc − i c
.
4π
3
This makes the U (Ns ) × U (Nf ) global symmetry explicit.

(3.116a)
(3.116b)

158

3.7.2

Global Symmetries

Here we discuss the matching of the global symmetries across the dualities in more detail.
In our four node example of Sec. 3.2.2, when stepping from theory A to B and subsequently from theory B to C, there is an implicit matching that occurs between the two
equivalent Lagrangians we call theory B. To follow the global symmetries all the way through
from theory A to E, it is necessary to look at this matching more carefully. This implicit
matching also occurs for every intermediate theory as well (i.e. theories C and D for the
four node case). We will call these two equivalent descriptions theory B’ and B" and use a
similar notation to describing the matching of C and D as well.
To start, let us explicitly consider the matching of theory B. Specifically, theory B’ is
what we get from using (3.20) with theory A. Meanwhile, theory B" is what we would like to
apply the master duality in the form of (3.24) to get out what we now call theory C’. When
matching these theories to one another, what was the color gauge symmetry of theory B’
gets mapped to the (promoted) U (k3 ) flavor symmetry of theory B". Meanwhile, the flavor
symmetry of theory B’ becomes the color symmetry of theory B".
It will be helpful to consider in closer detail how we are matching all the gauge fields to
which the fermions couple. The fermion couplings for the two theories are given by
(B’) :

iΨ̄D
/c+B+Ã1 Ψ

(3.117)

(B") :

iψ̄D
/b0 +C+Ã1 −Ã2 ψ.

(3.118)

With a slight abuse of notation, the dynamical/background gauge fields of theory B’ and
B" denoted above are completely distinct and must be matched. The matching of the gauge
fields associated with gauge and global symmetries are shown in Table 3.4. Note the Ã1 field
belonging to Ψ is matched to B̃2 field of the subsequent node.
This careful matching allows us to focus on how the global U (1) symmetry gets transferred
through the dualities. In the duality relating theory A and B’, the U (1) global symmetry
is associated with Ã1 . For theory A this shows up as a baryon-number symmetry and in
theory B’ it appears as monopole-like symmetry which couples to the U field flux. From
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Figure 3.11: How the matching occurs on a generic internal link, which for the purposes of
concreteness we have labeled C’ and C".

Table 3.4, we identify this symmetry with the U (1) monopole symmetry of theory B", where
the associated background gauge field is B̃2 . Recall, this is the new global U (1) symmetry
which couples to the newly gauged Ã2 field associated with the U symmetry of the first node.
Since this new monopole symmetry is the same on both sides of the duality relating B" and
C’, when we ultimately arrive at theory C’ we have a monopole-like symmetry which still
couples to the newly dynamical Ã2 . From theory C’ onward, the nodes and links associated
with such a symmetry are untouched. Thus the U (1) global symmetry which coupled to the
Y1,2 bifundamental in theory A becomes a monopole symmetry coupled to the Abelian part
of the first U node in theory E.
Similarly matching must occur for theory C. Fortunately, we don’t need to work very
hard because the matching between C’ and C" is identical to what occurs above for B’ and
B" and is schematically shown in Fig. 3.11. The additional global symmetry associated with
Ã1 is identified with the global U (1) symmetry on the next node.
We can again follow a global symmetry through from theory A to E for any of the global
U (1) symmetries which couple to bifundamentals higher up the quiver. We find results
identical to those of the first node/link above: each U (1) global symmetry which couples to
the Yi,i+1 bifundamental becomes a U (1) global symmetry associated with monopole number
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•

B’ Side

B" Side

C’ Side

C" Side

D’ Side

D" Side

U Node

c

C − Ã2

c

C − Ã2

c

C + Ã1

SU Node

B

b0

B

b0

B

b0

U (1)m Global Symmetry

Ã1

B̃2

Ã1

B̃2

Ã1

B̃1

Table 3.4: Matching of the intermediate theories. Note the matching of theory B’ and B"
generalizes for any internal matching, except for the very last. Here, B̃2 is the background
gauge field associated with the new global symmetry we get from gauging Ã2 .

for the ith node.
Finally, consider how the matching occurs for the last node. In going from theory D" to
theory E in the example we considered in the main text, we used (3.21). Since for this duality
we need to promote the entire U (k2 ) flavor symmetry to dynamical, we once more acquired
an additional global symmetry which couples to the newly promoted Ã1 whose associated
background field we call B̃1 . The matching of symmetries is slightly different and is shown
in Table 3.4. Since Aharony’s dualities only have one U (1) global symmetry, there is no
monopole-like symmetry associated with the right-most node.
We should also point out a special feature of the global symmetries that occurs for certain
mass deformed phases. Note that the Ã1 coupling of (3.5b) only couples to the unbroken
part of the dynamical gauge field c. That is, when the U gauge group is broken down to
say U (k1 − k2 ), the coupling changes from Trk1 (c)dA1 → Trk1 −k2 (c)dA1 . This is important
because when we are in certain mass deformed phases, we must be careful what gauge
components are coupled to the Ã1 charge. Of particular concern in the main text is whether
or not vortices couple to certain global symmetries. Since certain finite mass vortices are
charged under the broken part of certain gauge fields, they will not couple to particular
global symmetries and this will be important for matching excitations.
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Figure 3.12: Example case of properly dualizing interaction terms. This is for the second
node of the four node case considered in the main text in Sec. 3.2.2 and also pictures in
Figure 3.3.

3.7.3

Bosonizing Interaction Terms

In this appendix, our goal is to justify the proper mapping of the interaction term present in
the master duality. We take as an example what occurs on the second node of our four node
example in Sec. 3.2.2, which has a U (K2 ) gauge symmetry on it. Specifically, we look at
how the interaction term changes when moving from Theory C to Theory D (see Fig. 3.12).
With the proper transformation in hand, we will then generalize to interaction terms on the
SU and U sides of the duality.
The term from the master duality we would like to apply the duality toward is
(C)

C2

a2 a3 1,2
ψ̄2,3
Xa2 a1
(C)

Although we commit to a magnitude for C2
(C)

we only assume C2

  †b2 a1 2,3 
X1,2 ψb2 a3 .

(3.119)

in the main text, to keep this appendix general

< 0 in what follows. From the master duality, the purpose of this

interaction term is that when the X1,2 field obtains a vacuum expectation value this should
cause a subset of the fermions to get a mass [24, 64].
One might guess the proper transformation of the term between ψ2,3 and X2,3 from theory
C to theory D is simply a generalization of the mψ ψ̄ψ ↔ −m2X |X|2 mass identification.
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Hence a naive generalization and the shorthand used in the main text is
  †b2 a1 2,3 
  †b2 a1 2,3 
(D)
(C)
a2 a3 1,2
a2 a3 1,2
Xb2 a3 .
Xa2 a1 X1,2
ψb2 a3
↔ −C2
X2,3
Xa2 a1 X1,2
C2 ψ̄2,3

(3.120)

This term has the correct behavior when X1,2 acquires a vacuum expectation value. Namely,
it gives X2,3 a color-breaking vacuum expectation value. Unfortunately this suffers from the
fact that the reverse procedure can happen as well. That is, when X2,3 acquires a vacuum
expectation, this gives a mass to X1,2 . This is because X1,2 and X2,3 enter on symmetric
footing in (3.120), so it is difficult to see where the desired unidirectional behavior that was
present in (3.119) will come from. This means the TFT deformations do not match, so we
must look for a better generalization.
To do so, it will be helpful to go back to the large N and k studies where the duality map
between operators is better established. We will assume such mappings continue to hold for
finite values of N and k, at least up to order one factors, which will not affect the results of
our analysis.
a2 a3 2,3
Ultimately we’d like to find the true bosonic dual of ψ̄2,3
ψb2 a3 with a2 and b2 promoted

flavor indices. To do so, we’ll look for the bosonic dual of ψ̄ψ and assume our results
generalize to arbitrary flavor indices. We follow ref. [86] which represents the most general
fermion Lagrangian describing the fixed point as,23



Nf − k
2 03
0 0
LF = iψ̄D
/ b0 ψ − i
TrN b db − i b
4π
3


Nf − k
Nf − k 2
Nf − k 3
+ σF ψ̄ψ − y22
− y4
σF + y6
σF .
4π
4π
4π

(3.121)

where σF is an auxiliary field and y22 , y4 , and y6 are arbitrary coefficients of the relevant and
marginal operators of the UV Lagrangian. For the coefficients we choose the values
y4 = x,

y22 = −2xmψ ,

y6 = 0.

(3.122)

Eventually we would like to flow to the deep IR, which amounts to taking x → ∞, where
the fermions pick up a finite mass mψ , but for now we will assume it to be finite. The dual
23

We use a different regularization convention for the Chern-Simons-matter theories than that in [86]. See
[2] for a nice discussion on the differences in regularization conventions.
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of LF on the bosonic side is


2 3
N
Trk cdc − i c
LB = |Dc φ| − i
4π
3
4π † 2
(2π)2 † 3
+ m2B φ† φ + b4
φ φ + x6
φφ
N
N2
2



(3.123)

where m2B , b4 , and x6 are coefficient of marginal/relevant operators (the dual of the fermionic
parameters) which are then
m2B

b4 = x,


= 2x

N −k
N



m2φ ,

x6 = 0.

(3.124)

Unfortunately, in the analysis of ref. [86], there is no clear dual to ψ̄ψ. We can however
express ψ̄ψ in terms of operators which do have a well-defined dual. Integrating out σF in
SF enforces the equations of motion
x

Nf − k
Nf − k
σF = ψ̄ψ + x
mψ .
2π
2π

(3.125)

We can rearrange this expression to solve for ψ̄ψ,
ψ̄ψ = x

Nf − k
(σF − mψ ) .
2π

Fortunately, we know how to dualize the RHS from the maps in [86]. We obtain


Nf − k
N −k 2
†
ψ̄ψ = 2x
(σF − mψ ) ↔ −2x φ φ +
mφ .
4π
4π

(3.126)

(3.127)

Now let’s see how this is implemented for the WF scalar. We know we can rewrite the
WF scalar using auxiliary fields, namely, we write the quadratic and quartic terms so that
SB then contains the terms
 


Z
N −k 2
N 2
3
†
SB ⊃ d x σB φ φ +
mφ −
σ .
4π
16πx B

(3.128)

Again, σB is an auxiliary field and its corresponding equation of motion is
φ† φ +

N −k 2
N
mφ =
σB .
4π
16πx

(3.129)
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Notably, the LHS of this expression matches the term on the RHS of (3.127), so we can
establish the duality
ψ̄ψ ↔ −

N
σB .
8π

(3.130)

Note all factors of x have dropped from this expression.
Hence, under the bosonization of the fermion end of this interaction, a naive generalization
of (3.130) for (3.119) would be
(C)

C2

a2 a3 1,2
Xa2 a1
ψ̄2,3



†b2 a1 2,3
X1,2
ψb2 a3



↔

(D)

−C2



†b2 a1 1,2
X1,2
Xa2 a1

N
(σ2,3 )ab22
8π

(3.131)

where we have introduced the K2 × K2 auxiliary fields σ2,3 . Importantly, there is an inherent
asymmetry here because σ2,3 belongs to the X2,3 link. Grouping this together with the other
terms linear in σ2,3 and taking the x → ∞ limit, the bosonic action of the link to the right
of the node is a generalization of (3.128) is


Z
N − k 2 b2
(D) N
a2
†b2 a3 2,3
†b2 a1 1,2
3
SB ⊃ d x (σ2,3 )b2 X2,3 Xa2 a3 +
m2,3 δa2 − C2
X
Xa2 a1
4π
8π 1,2

(3.132)
b

where we have assumed that we have used the U (K2 ) symmetry such that (m2 )a22 is always
diagonal.
Before proceeding, let us briefly comment on the need to introduce (K2 )2 σ fields. Had
we introduced only K2 sigma fields, all self-interactions would have been of the form
X

†a2 a3 2,3
X2,3
Xa2 a3

2

(3.133)

.

a2


2
†b2 a3 2,3
In contrast, (3.132) implies self-interaction terms of the form X2,3
Xa2 a3 with no sum
P
2
†a2 a3 2,3
X
. This
over a2 and b2 . These can be combined into a perfect square,
X
2,3
a2 a3
a2
potential is needed to realize the full “flavor” symmetry, i.e. SU (Ns ). Meanwhile, (3.133)
only preserves the diagonal U (1)Ns subgroup. For example, in the Ns = 2 the two distinct
choices for the interaction term are
|φ1 |4 + |φ2 |4

or

|φ1 |2 + |φ2 |2

2

.

(3.134)
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The former is invariant under a U (1)2 symmetry while the latter is invariant under SU (2).
While it doesn’t appear that anyone has been careful enough to distinguish the two possibilities in the context of Non-Abelian 3d bosonization dualities24 , it appears that for symmetry
matching of the global flavor symmetries we do need (3.132) with its (K2 )2 auxiliary σ fields.
To analyze the effect of the interaction terms in (3.132) , let us recall how the original

−k 2
WF term without the additional interactions, LB ⊃ σB φ† φ + N4π
mφ . We know that we
should expect
m2φ > 0 :

φ† φ = 0

(3.135a)

m2φ < 0 :

φ† φ ∼ m2φ .

(3.135b)

We can use this to make conclusions about (3.132). Note that we are assuming the U groups
D
E
†a1 a2 1,2
2 a2
on the nodes are of unequal rank and thus X1,2 Xa1 b2 = (v1,2
)b2 6= v 2 δba22 as in (3.36) for
some constant v. We’ll also assume maximal Higgsing so that the a negative deformation of
D
E
†a2 a3 2,3
2 a2
)b2 ∼ δba22 . We then find
m22,3 produces a vacuum expectation value of X2,3
Xb2 a3 = (v2,3
> 0,

D

m22,3 > 0,

D

m22,3

m22,3 < 0,
m22,3 < 0,

†a1 a2 1,2
X1,2
Xa1 b2

E
E

>0:

†a1 a2 1,2
X1,2
Xa1 b2 = 0 :
D
E
†a1 a2 1,2
X1,2
Xa1 b2 > 0 :
D
E
†a1 a2 1,2
X1,2
Xa1 b2 = 0 :

D

†a2 a3 2,3
X2,3
Xb2 a3

D

E

(D)

∼ C2

(v1,2 )ab22

E

†a2 a3 2,3
X2,3
Xb2 a3 = 0
D
E 
a2
(D)
†a2 a3 2,3
X2,3
Xb2 a3 ∼ C2 v1,2 + v2,3
.
b2
D
E
†a2 a3 2,3
X2,3
Xb2 a3 ∼ (v2,3 )ab22 .

(3.136a)
(3.136b)
(3.136c)
(3.136d)

This is precisely the behavior that we would expect for a term dual to (3.119). That is, we see
that a nonzero vacuum expectation value of the X1,2 fields can cause certain components of
X2,3 to also get a vacuum expectation value. Importantly, if X2,3 has a vacuum expectation
value but X1,2 does not, the interaction term does not work in reverse. To see this, note that
the equation of motion for (σ2 )ab22 would require
2 a2
(v2,3
)b2
24

m22,3
(D) N
†b2 a1 1,2
= C2
X1,2
Xa2 a1 .
+ (N − k)
4π
8π

(3.137)

In the Abelian case, dualities which differ only by the structure of the quartic interactions have been
discussed in [111].
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Similar equations of motion hold for the X3,4 link, but importantly the X1,2 link contains
no such interaction term. To determine the vacuum expectation values, one then just needs
to consistently solve the three equations of motion. To do so, it is helpful to start with the
one corresponding to the X1,2 link. Since there is no interaction term for the X1,2 link, X2,3
has no influence on v1,2 and its value follows in a manner completely analogous to (3.135).
When X1,2 acquires a vacuum expectation value, it then affects the X2,3 equation of motion
via (3.137). Hence we get our desired unidirectional influence. This behavior was always
difficult to achieve using the naive interaction generalization in (3.120) because both the X2,3
and X1,2 fields appeared in the term symmetrically. Thus the effect of one field acquiring
a nonzero vacuum expectation value was always the same as the other field, up to flavor
structure.
More generally, for interactions on the U side we have



aI aI+1 I−1,I
†bI aI−1 I,I+1
XaI aI−1 XI−1,I
CI ψ̄I,I+1
ψbI aI+1

↔


K
I−1
†bI aI−1 I−1,I
−CI XI−1,I
XaI aI−1
(σI,I+1 )abII
8π
(3.138)

while for interactions on the SU side, which are unidirectional to the left,



aI−1 aI I,I+1
†bI+1 aI I−1,I
CI ψ̄I−1,I YaI aI+1 YI,I+1 ψbI+1 aI

↔


N
I
†bI+1 aI I,I+1
(σI−1,I )abII
−CI YI,I+1 YaI+1 aI
8π

(3.139)

where the σI,I+1 are auxiliary fields belonging to the (I, I + 1)-th bifundamental and I runs
over all internal nodes (e.g. I = 2, 3 for the four node case).
3.8

Supplementary: Background Terms and Flavor Violation

In this appendix we work out the Lagrangians of the flavor extended master duality coupled
to background fields, which provide important consistency checks for the phase diagram of
the extended master duality proposed in section 3.4.1. We mostly analyze the case of N > Ns
(Fig. ??) and briefly comment for the case of N = Ns (Fig. 3.7). Finally we discuss gauging
of flavor symmetry and description of flavor-violated quivers which are used extensively in
the section 3.4.
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3.8.1 SU side
First, we discuss the SU side of the duality. The Lagrangian corresponding to the SU side
of flavor-violated master duality (3.75) is given by

LSU





Nf − k
2 03
0
0
/ b0 +C+Ã1 ψ + Lint − i
TrN b db − i b
= Db0 +B+Ã1 +Ã2 φ + iψ̄ D
4π
3




N
2
N (Nf − k)
−i
TrNf CdC − i C 3 +
Ã1 dÃ1 + 2N Nf CSgrav
(3.140)
4π
3
4π
2

which we denote using

h
i
SU (N )−k+Nf /2 × SU (Nf )N/2 × SU (Ns )0 × U (1)N (Nf −k)/2 × U (1)0 + Nf ψ + Ns φ (3.141)

where again the terms in the [· · · ] are global symmetries. In the mass deformed regime where
|mψ |  m∗ , phases are straightforwardly obtained from SU side as follows:25

(I) :

(3.142a)
(3.142b)

(III) :



SU (N )−k+Nf × SU (Nf )N ×SU (Ns )0 ×JI
h
i
SU (N − Ns )−k+Nf × SU (Nf )N ×SU (Ns )−k+Nf ×JII


SU (N − Ns )−k × SU (Nf )0 ×SU (Ns )−k ×JIII

(IV) :



SU (N )−k × SU (Nf )0 ×SU (Ns )0 ×JIV .

(3.142d)

(II) :

(3.142c)

where
Ji ≡ Jiab

25

1
Ãa dÃb
4π

(3.143)

We are suppressing gravitational Chern-Simons terms for brevity. They are straightforward to restore
using level-rank duality.
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is the Chern-Simons term for the Abelian background gauge fields in the ith phase in for
a, b = 1, 2. For the asymptotic mass phases, the Jiab are


N (Nf − k) 0

JIab = 
0
0


N (Nf − k)  N Ns 
JIIab =
N − Ns
Ns Ns


−N k  N Ns 
ab
JIII
=
N − Ns Ns Ns


−N
k
0
ab
.
JIV
=
0
0

(3.144a)

(3.144b)

(3.144c)

(3.144d)

ab
. First we only turn on U(1) background fields Ã1 and
It is instructive to calculate, say, J˜III

Ã2 . Then we express b0 ∈ SU (N ) as U (N ) × U (1) with b ∈ U (N ) and e ∈ U (1). We then
couple e to a new background field which we denote N (Ã1 + Ã2 ) and add an appropriate
counter term. After giving the fermions a large negative mass and integrating them out the
Lagrangian becomes:

1 
Nk
T rN (b) − N (Ã1 + Ã2 ) de −
Ã1 dÃ1
2π
4π
(3.145)
k
Nk
−
T rN (b)dT rN (b) +
(Ã1 + Ã2 )d(Ã1 + Ã2 )
4πN
4π
We then give the scalars a negative mass deformation. This only effects the T rN (b) term.
LIV-III =(Db+B φ)2 +

We get
L=


1 
k
T rN −Ns (b) − N (Ã1 + Ã2 ) de −
T rN −Ns (b)dT rN −Ns (b)
2π
4π(N − Ns )
Nk
Nk
−
Ã1 dÃ1 +
(Ã1 + Ã2 )d(Ã1 + Ã2 )
4π
4π

(3.146)

Integrating out e, we indeed find


ab
JIII
=



−N k  N Ns 
N − Ns Ns Ns

(3.147)
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For the region of small fermion mass |mψ | < m∗ , corresponding to phases V to VIII, we
are in the quantum regime and flavor symmetry is expected to be spontaneously broken by
the non-perturbative fermion condensate,
U (Nf ) → U (Nf − k) × U (k).

(3.148)

We now move on to the U side of master duality, which describes quantum regime of SU
side as well as the semiclassical regimes.

3.8.2 U side
The Lagrangians for the U side of the flavor-violated master duality can be fixed by demanding that they yield the same TFTs and background Chern-Simons terms as the SU case for
phases I to IV. As mentioned in the main text, this is achieved via two different scalar
theories, one of which is identical to the flavor-bounded case. Explicitly, the Lagrangians
corresponding to (3.75) are given by
m <0

LU ψ

m >0

LU ψ

0(1)

/ c+B+Ã2 Ψ1 + Lint
= |Dc+C Φ1 |2 + iΨ̄1 D




N
2 3
N
Trk cdc − i c −
Trk (c)dÃ1 + 2N kCSgrav
−i
4π
3
2π
/ c+B−Ã2 Ψ2 + L0(2)
= |Dc+C Φ2 |2 + iΨ̄2 D
int




−N + Ns
2 3
−i
TrNF −k cdc − i c + 2 (N k − Ns (Nf − k)) CSgrav
4π
3





N
2 3
Nf − k
2 3
−i
TrNf CdC − i C +
TrNs BdB − i B
4π
3
4π
3


Ns
Ns (Nf − k)
N
Ã2 dÃ2 .
− i − TrNf −k (c) dÃ1 −
TrNf −k (c)dÃ2 +
2π
2π
4π

(3.149a)

(3.149b)

In general, dynamical gauge groups for these two theories are distinct, so the number of
degrees of freedom in the matter fields is different. The reason the mψ > 0 Lagrangian looks
significantly more complicated is largely a result of our convention for η-invariant terms (see
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footnote 2). Schematically, these theories can be denoted by
mψ < 0 :

h
i
U (k)N −Ns /2 × SU (Nf )0 × SU (Ns )−k/2 × U (1)N Nf /2 × U (1)−N Ns /2

mψ > 0 :

(3.150a)
i
h
U (Nf − k)−N +Ns /2 × SU (Nf )N × SU (Ns )(−k+Nf )/2 × U (1)0 × U (1)N Ns /2
+ Ns Ψ1 + Nf Φ1

(3.150b)

+ Ns Ψ2 + Nf Φ2 .

(I) :

mΨ2 < 0,

m2Φ2 > 0

⇒

h
i
U (Nf − k)−N × SU (Nf )N × SU (Ns )0 × J˜I
(3.151)

(II) :

mΨ2 > 0,

m2Φ2

>0

⇒

h

U (Nf − k)−N +Ns × SU (Nf )N × SU (Ns )−k+Nf

× J˜II

(3.152)
(III) :

mΨ1 < 0,

m2Φ1 > 0

⇒

h

U (k)N −Ns × SU (Nf )0 × SU (Ns )−k × J˜III

i
(3.153)

(IV) :

mΨ1 > 0,

m2Φ1 > 0

⇒

h

i

U (k)N × SU (Nf )0 × SU (Ns )0 × J˜IV .

(3.154)

Reassuringly, the procedure laid out in [64] gives background terms for the asymptotic region
which match those from the SU side. The next complication comes in determining the U (1)
levels in the quantum phase. On the U side, the monopole current couples to Ã1 which
couples to the Kahler-form w
LU ⊃

N
wdÃ1 .
2π

(3.155)

We can then integrate out w in a procedure analogous to the semiclassical regions discussed
above.
As mentioned in the main text, moving into the quantum regions we find an additional
U (1) background symmetry which was a subgroup of the original SU (Nf ) global symmetry.
Being careful with said breaking pattern results in the TFTs described in (3.81). For the

i
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mass deformations describes middle region we find
(V&VI) :

mΨ2 < 0,

m2Φ2 < 0

⇒

h
i
M(Nf , k) × SU (k)N × SU (Nf − k)0 × SU (Ns )0 × J˜V,V I
(3.156)

(VII) :

mΨ2 > 0,

m2Φ2 < 0

⇒

h

M(Nf , k) × SU (k)N × SU (Nf − k)Ns × SU (Ns )−k+Nf × J˜V II
(3.157)

(VIII) :

mΨ1 < 0,

m2Φ1 < 0

⇒

h

M(Nf , k) × SU (Nf − k)0 × SU (k)N −Ns × SU (Ns )−k × J˜V III
(3.158)

(V&VI) :

mΨ1 > 0,

m2Φ1 < 0

⇒

h

i
M(Nf , k) × SU (Nf − k)0 × SU (k)N × SU (Ns )0 × J˜V,V I .
(3.159)

with U(1) background terms as
ab
ab
. Starting
and J˜VI
Here again, it is instructive to calculate the background term J˜VII

from (3.149b), we shift ã → ã − Ã1 and integrate out the fermion and scalar similar to the
ab
calculation of J˜III
case above which give:

1
1
1
J˜VII =
(N Nf + (Nf − k)(−N + Ns ))Ã1 dÃ1 +
(Nf − k)Ns B̃dB̃ −
Ns (Nf − k)Ã1 dB̃
4π
4π
2π
(3.160)
Transition from VII to VI involves the (Nf − k)N singlet fermions being negative mass
from positive mass. Since these fermions are charged under Ã1 + B̃, after integrating out the
fermion we get the U(1) background term in phase III:
1
J˜VI =
N k Ã1 dÃ1
4π

(3.161)

]
Notably, exactly parallel analysis of J˜VIII and VIII-VI critical line predict the same J˜VI .
Together with the observation J˜V = J˜VI and the matching of dynamical gauge group and
nonabelian background terms support the phase structure of middle region in figure ??.
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3.8.3 N = Ns
We remark that all the above analysis of N > Ns case is directly extended to N = Ns with
two important differences.
First, in the phases II and III there is a spontaneous breaking of the diagonal Ã1 + Ã2
background field. This is straightforward to see on the SU side where the dynamical gauge
symmetry is completely Higgs when N = Ns . To see this on the U side, one can move to
a dual photon description to make the shift symmetry explicit. The breaking signals the
naive divergence of background terms proportional to N (Ã1 + Ã2 )d˜(Ã1 + Ã2 ) in (3.144) for
4π

N = Ns .
Second, as it’s clear from the figure 3.7, phases VII and VIII have finite regions in contrast
to the N > Ns case. Thus we have extra critical line II-III with U (1)0 + N Nf ψ̃s , and it is
reassuringly consistent with all the background terms calculated in phases II and III.
3.8.4

Quiver description

Since the flavor-violated SU theory is master dual to two different U theories which describe
certain patches of the SU phase diagram respectively, it will become useful to adopt a
notation similar to (3.90) to denote the appropriate theory located in the common region
mψ = 0 and m2φ = 0 of phase space, corresponding to a Grassmannian manifold. One can
choose either of the U theories to describe phases V and VI, which contain the SU theory.
Since the two scalar theories are uniquely related to one another, later we will adopt a method
for converting from one scalar theory to the other. As such, one should still be able to start
with the U theory and determine all mass deformations. Choosing the mψ < 0 theory, we
have a duality between the two theories
h
i
SU (N )−k+Nf /2 × SU (Nf )Nf /2 × SU (Ns )0

↔

h
i
U (k)N −Ns /2 × SU (Nf )0 × SU (Ns )−k/2 . (3.162)
As with the flavorless case, it will be useful to have a version of this theory where the
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SU side has its fermion flavor symmetry and a U (1) global symmetry combined into a
single U (Nf ) symmetry. This is achieved by grouping the C and Ã1 fields together(we do
not include the additional B̃ symmetry to make contact with 3.90 in addition to include
N = Ns ). The above duality becomes
h
i
SU (N )−k+Nf /2 × U (Nf )N/2 × SU (Ns )0

↔
h

i

U (k)N −Ns /2 × U (Nf )0 × SU (Ns )−k/2 . (3.163)
Immediately note that this duality is identical to that of (3.92).
Alternatively, if we had chosen the mψ > 0 theory on the U side, we would have arrive
at something a little different, namely,
h
i
SU (N )−k+Nf /2 × U (Nf )N/2 × SU (Ns )0

↔
i
h
U (Nf − k)−N +Ns /2 × U (Nf )N × SU (Ns )(−k+Nf )/2 . (3.164)

3.9

Supplementary: Quivers and Spinc

In [13] it was discussed how the master duality is consistent with being put on a spinc
manifold. Unfortunately, we weren’t particularly careful with ordinary and spinc connections
in [9], so we should clarify the consistency here.
In [9] a modified version of the master duality is used and various shifts were performed.
Specifically, a shift on the Abelian portion of c was performed, c̃ → c̃ + Ã1 and the common
Ã1 Chern-Simons term was canceled. Being more careful with connections, this is equivalent
to redefining a new spinc gauge field which we will call ã = c̃ − Ã1 and ordinary gauge field
B̃ = Ã1 + Ã2 , so that the U side is now
2

/ c0 +ã+B+B̃ Ψ + L0int
LU = Dc0 +ã+Ã1 +C Φ + iΨ̄D




N
2 03
Nk
0 0
−i
Trk c dc − i c
+
ãdã + 2N kCSgrav .
4π
3
4π

(3.165)

We also shifted the Ã2 fields into the ψ and Φ matter by taking Ã1 → Ã1 − Ã2 . Instead,
define a new ordinary connection G̃ = Ã1 + Ã2 (corresponds to the B̃ in the U side above)
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so the SU side of the duality now reads
LSU





Nf − k
2 03
0
0
/ b0 +C+Ã1 ψ + Lint − i
TrN b db − i b
= Db0 +B+G̃ φ + iψ̄ D
4π
3






N
2 3
1
−i
TrNf CdC − i C + N Nf
Ã1 dÃ1 + 2N Nf CSgrav .
4π
3
4π
2

(3.166)

This is the same as we have in our paper with the replacements, G̃ → Ã1 , Ã1 → Ã1 − Ã2 ,
c0 + ã → c, B̃ → Ã1 . We also promote the field Ã2 which introduces a new background
symmetry which we call B̃2 . In our new notation this is equivalent to gauging Ã1 → ã1 , and
we will called the new ordinary connection to which it couples B̃1 .
The part we need to be most careful is in the match of the two theories as we move
across the quiver construction. This is spelled out in the most detail in Appendix A.3 of [9]
become. There we make certain identifications based on fermion interactions which are now
equivalent to
iΨ̄D
/c0 +ã+B+B̃ Ψ

↔

iψ̄D
/b0 +C+Ã1 ψ.

(3.167)

The field level identification which are in Table 3 of [9] become
c0 + ã

↔

C + ã1

(3.168a)

B

↔

b0

(3.168b)

B̃

↔

B̃1 .

(3.168c)

Since we are matching ordinary connections to ordinary connections and spinc connections
to spinc connections, everything is consistent and it does appear these quivers are consistent
with being put on spinc manifolds.
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Chapter 4
BREAKING THE FLAVOR SYMMETRY
Disclaimer: This work was conceived and carried out solely by the author
One aspect of the derivation presented in the previous chapter that has yet to be discussed
is the matching of phases at each step of the duality. Indeed, this is a difficult task since
an n + 1 node quiver, there 2n phases. This is complicated by the fact that in building the
quiver one must explicitly break the flavor symmetry by gauging a subgroup of the full flavor
group. For example, consider a simple three node quiver with SU (N )k gauge groups on the
nodes, bifundamental scalars on the links and extra fundamental fermions. Upon dualizing
the first node, one has two distinct sets of fermions: one group of bifundamentals and one
group of fundamentals. Thus, to accurately match the phases at each step of the derivation,
one must first map out the phase diagram of an SU (N )k gauge theory coupled to fermions
with a product gauge group of the form U (f ) × U (Nf − f ).
In this chapter we will construct the phase diagram of such a gauge theory as a function
of two unequal masses. Specifically, we explicitly break the flavor group U (Nf ) to U (f ) ×
U (Nf −f ) and then match the resulting theories onto (??) or (4.19). We find a rich structure
of Grassmannians which disappear and reemerge as we tune F and f relative to k. Our results
reduce to that of [80] in the limit where both quark masses are equal. Our phase diagram as
a function of f and F is given in Fig. 4.9. In section 4.1 we lay out the phases diagrams as
a function of mass for each relevant case. In section 4.2 we describe how to obtain the rich
network of Grassmannians from the scalar theories and the necessary potentials needed to
obtain this structure. We conclude in section ??.
As this work was being finalized we learned of [16] which has overlap with this work.
Luckily our results are in agreement.
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Figure 4.1: Symmetry breaking of QCD3 according to [80]

4.1

Constructing the Phase Diagram

We start with a flavor group of U (F ) × U (f ) with F + f = Nf . Without loss of generality, we
take f ≤ F . We denote F fermions by Ψ with mass M and the f fermions by ψ with mass m.
We always work with “bare" Chern-Simons level k, explicitly displaying the
from the η invariant, rather than defining kef f = kbare −

Nf
.
2

Nf
2

contribution

Moreover, k will always be

positive and a negative Chern-Simons level will always come with an explicit minus sign.

4.1.1

Flavor Bounded Case

We start by considering the f + F ≤ k case for completeness. We obtain a phase diagram
as in Fig. 4.2. Any value of the mass deformation leads to a theory which satisfies the
flavor bound. As a result, we have four distinct topological field theories seperated by critial
lines hosting light fermions. These lines admit bosonized duals in accordance with [2]. The
completely gapped phases give the following TFTs:
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I) :

SU (N )−k+f +F ↔ U (k − f − F )N

(4.1a)

SU (N )−k+f ↔ U (k − f )N

(4.1b)

III) :

SU (N )−k ↔ U (k)N

(4.1c)

IV) :

SU (N )−k+F ↔ U (k − F )N

(4.1d)

II) :

while the critical lines host
SU (N )−k+f + F with F Ψ ↔ U (k − f )N with F Φ

(4.2a)

II-III) :

SU (N )−k+ f with f ψ ↔ U (k)N with f φ

(4.2b)

III-IV) :

SU (N )−k+ F with F Ψ ↔ U (k)N with F Φ

(4.2c)

SU (N )−k+F + f with f ψ ↔ U (k − F )N with f φ.

(4.2d)

I-II) :

IV-I) :

2

2

2

2

This scenario is relatively straightforward since there are no quantum phases. More structure
emerges as we allow violation of the flavor bound. There is also the added complication of
a possible U (f ) × U (F ) potential on the scalar side. This will not drastically effect the
structure of this phase diagram. See Sec. 4.2 for more details.
4.1.2

Flavor Violated Case

We now turn to the case where k < Nf < N? . Right away we note that if m = M our flavor
group is enchanced from U (f ) × U (F ) → U (f + F ) and we are back to the case considered
in [80]. This will serve as an important benchmark for the complete phase diagram.
For the case of two flavor groups we obtain six separate phase diagrams depending on
the relative sizes of f, F and k. These are
i.) f < k, F < k
ii.) f < k, F > k
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Figure 4.2: Phases when f + F < k

iii.) f > k, F > k
iv.) f < k, F = k
v.) f = k, F > k
vi.) f = k,F = k.
The procedure for mapping out these phase diagrams is identical in all six phases. We
start by gapping out all of the matter to determine the asymptotic TFTs. Next, we keep
one flavor light and give the other a positive or negative mass deformation. This reduces the
problem to a single flavor group with a shifted Chern-Simons level. The resulting asymptotic
theory will either satisfy the flavor bound with the new CS level and admit a single scalar
dual or violate it and have a quantum phase with two scalar duals. We will assume that
0 < k < f + F < N? .
Before we proceed we would like to highlight one subtlety in the procedure above. When
examining the flavor bounds we must take the effective CS level to have opposite sign as the
shift coming from the η invariant. This is the convention used throughout the literature and
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is necessary for an accurate application of the dualities. As an example say we encounter a
situation where the CS level is k + f2 . The dualities in [2, 80] say nothing about this situation
as written. To apply the dualities correctly, we shift k such that we obtain k + f −

f
2

and

apply the flavor bounds with respect to kef f = k + f . This simply corresponds to changing
the sign of the η invariant in the path integral [122]. This may look disturbing, since it
seems as if we are using different regularizations in separate parts of the phase diagram.
However this is not the case. We are simply shifting the levels of the induced CS terms in
such a way that it appears as if we are changing the sign of the η invariant, without actually
explicitly performing the necessary time-reversal operation to do so. Stated another way–the
partition function of an SU (N )k fermionic theory with a positive η-invariant is equivalent to
an SU (N )k+f fermionic theory with a negative η-invariant1 . Let us now turn to the phase
diagrams for these six cases.

f, F < k

The phase diagram for this case is given in Fig. 4.3. Explicit mass labels correspond to
positive values of the mass deformation. Both flavors of fermions condense. Naively this
may not seem possible since both groups of flavors satisfy the flavor bounds. But when
compared to the effective CS level induced by integrating out the other group, they become

1

This is another reason why we choose to work with the bare CS level. This procedure is straightforward
to implement in this case. It is obscured by working with the full quantum CS level.
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flavor violating. The phases are

I) :

SU (N )−k+f +F ↔ U (F + f − k)−N

(4.3a)

SU (N )−k+f ↔ U (k − f )N

(4.3b)

III) :

SU (N )−k ↔ U (k)N

(4.3c)

IV) :

SU (N )−k+F ↔ U (k − F )N

(4.3d)

V) :

M(f + F, k) + N Γ

(4.3e)

VI) :

M(F, k − f ) + N Γ

(4.3f)

VII) :

M(f, k − F ) + N Γ

(4.3g)

II) :

while the critical lines (red) host the bosonic theories

I-VI) :

U (F + f − k)−N with F Φ̃

(4.4a)

VI-II) :

U (k − f )N with F Φ

(4.4b)

II-III) :

U (k)N with f φ

(4.4c)

III-IV) :

U (k)N with F Φ

(4.4d)

U (k − F )N with f φ

(4.4e)

U (F + f − k)−N with f φ̃.

(4.4f)

IV-VII) :
VII-I) :

The theories sitting at the stars in the third and first quadrant are U (k)N with f φ + F Φ
and U (F +f −k)−N with f φ̃ + F Φ̃ respectivley. These are the scalar theories corresponding
to the flavor enchanced case of [80] and will be present in all of the remaining diagrams. Also
note that the II-III and III-IV critical lines are dual to massless fermionic theories, while the
others are dual to a fermionic theory with a mass offset. As the number of flavors decreases
this mass offset should decrease as well, leading to the curvature of the critical lines.
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Figure 4.3: Phase diagram for flavor broken QCD3 with f, F < k. The phases are described
in Sec. 4.1.2. The stars denote the bosonic duals given in [80].

f < k, F > k

The phase diagram for this case is given in Fig. 4.4. Here it is always the F fermions which
are condensing so long as we are away from the flavor enhanced line. The phases are

I) :

SU (N )−k+f +F ↔ U (F + f − k)−N

(4.5a)

SU (N )−k+f ↔ U (k − f )N

(4.5b)

III) :

SU (N )−k ↔ U (k)N

(4.5c)

IV) :

SU (N )−k+F ↔ U (F − k)−N

(4.5d)

V) :

M(f + F, k) + N Γ

(4.5e)

VI) :

M(F, k − f ) + N Γ

(4.5f)

M(F, k) + N Γ

(4.5g)

II) :

VII) :
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Figure 4.4: Phase diagram for flavor broken QCD3 with f < k, F > k. These phases are
laid out in Sec. 4.1.2.

while the critical lines which separate them are given by the by the following bosonic theories:

I-VI) :

U (F + f − k)−N with F Φ̃

(4.6a)

VI-II) :

U (k − f )N with F Φ

(4.6b)

II-III) :

U (k)N with f φ

(4.6c)

III-VII) :

U (k)N with F Φ

(4.6d)

VII-IV) :

U (F − k)−N with F Φ̃

(4.6e)

U (F + f − k)−N with f φ̃.

(4.6f)

VI-I) :

Once again the theories sitting at the stars in the third and first quadrants are U (k)N with
f φ + F Φ and U (F + f − k)−N with f φ̃ + F Φ̃ respectively.
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f, F > k
The phase diagram for this case is given in Fig. 4.5. Here both sets of fermions are condensing. The phases are
I) :

SU (N )−k+f +F ↔ U (F + f − k)−N

(4.7a)

SU (N )−k+f ↔ U (f − k)−N

(4.7b)

III) :

SU (N )−k ↔ U (k)N

(4.7c)

IV) :

SU (N )−k+F ↔ U (F − k)−N

(4.7d)

M(f + F, k) + N Γ

(4.7e)

VI) :

M(f, k) + N Γ

(4.7f)

VII) :

M(F, k) + N Γ

(4.7g)

II) :

V) :

while the critical lines which separate them are given by the by the following bosonic theories
I-II) :

U (F + f − k)−N with F Φ̃

(4.8a)

U (f − k)N with f φ̃

(4.8b)

VI-III) :

U (k)N with f φ

(4.8c)

III-VII) :

U (k)N with F Φ

(4.8d)

VII-IV) :

U (F − k)−N with F Φ̃

(4.8e)

U (F + f − k)−N with f φ̃.

(4.8f)

II-VI) :

VI-I) :

We note that this phase can be derived from the f, F < k case of Sec. 4.1.2 by a clever use
of time reversal symmetry. This maps the theory with f, F < k to one with f, F > k̃ where
k̃ = F + f − k. We then have M(F, f − k) = M(F, k̃). The action of time reversal also maps
m → −m and so will change the location of this phase as well2 . This mapping was used in
[16] to deduce the form of Fig. 4.5 without explicitly performing the mass deformations.
2

We thank the authors of [16] for discussion on this mapping.
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Figure 4.5: Phase diagram for flavor broken QCD3 with f, F > k. These phases are laid out
in Sec. 4.1.2.

f < k, F = k

The case when either f or F is equal to k offers a unique challenge. Consider the case at
hand, f < k and F = k, as shown in Fig. 4.6 . When we integrate out F , we will cancel
the CS term completely and the Grassmannian corresponding to phase VII in Fig. 4.3 will
disappear. As we increase F further, the Grassmannian will reappear as phase VII in Fig.
4.4. This offers an interesting view of the phase diagram as a function of F and f . As
we smoothly change F through k, one of our Grassmannians disappears–we no longer have
symmetry breaking in that part of the diagram. The theory is confining, all quarks pick up
a mass from some confinement mechanism and the low energy theory is trivial. Moreover,
in sharp distinction from the cases where neither f nor F is equal to k, we only have two
Grassmannians instead of one. The phases corresponding to VI in Fig. 4.3 remains, however,
since the effective CS level from integrating out the f fermions ensures that the flavor bound
is violated in this regime. The phases are:
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I) :

SU (N )f ↔ U (f )−N

(4.9a)

SU (N )−k+f ↔ U (k − f )N

(4.9b)

III) :

SU (N )−k ↔ U (k)N

(4.9c)

IV) :

SU (N )0 = trivial

(4.9d)

V) :

M(f + F, k) + N Γ

(4.9e)

VI) :

M(k, k − f ) + N Γ

(4.9f)

II) :

(4.9g)
The resulting scalar theories on the critical lines are
I-VI) :

U (f )−N with k Φ̃

(4.10a)

VI-II) :

U (k − f )N with k Φ

(4.10b)

II-III) :

U (k)N with f φ

(4.10c)

III-VII) :

U (k)N with k Φ

(4.10d)

U (f )−N with f φ̃.

(4.10e)

IV-I) :

The III-IV and IV-I critical theories are consistent with the above since completely breaking
the gauge group will lead to a trivial theory in the IR [24, 64].
f = k, F > k
This case is similar to the above in that one of the Grassmannian phases disappears while the
other persists. This time, however, it is the Grassmannian which corresponds to phase VI
in the f < k, F > k (Fig. 4.4) diagram which disappears. This has the same interpretation
as the previous case–namely as we smoothly vary f through k the Grassmannian disappears
and reappears as phase VI in the f, F > k (Fig. 4.5) phase diagram. At the transition we
again only have two Grassmannians. The phase diagram is shown in Fig.4.7. The phases are
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Figure 4.6: Phase diagram for flavor broken QCD3 with f < k, F = k. These phases are
described in Sec. 4.1.2.

I) :

SU (N )F ↔ U (F )−N

(4.11a)

SU (N )0 = trivial

(4.11b)

III) :

SU (N )−k ↔ U (k)N

(4.11c)

IV) :

SU (N )F = U (F )−N

(4.11d)

V) :

M(f + F, k) + N Γ

(4.11e)

M(F, k) + N Γ

(4.11f)

II) :

VI) :

(4.11g)
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Figure 4.7: Phase diagram for flavor broken QCD3 with f = k, F > k. These phases are
laid out in Sec. 4.1.2.

while the bosonic theories are
I-II) :

U (F )−N with F Φ̃

(4.12a)

II-III) :

U (k)N with k φ

(4.12b)

III-VI) :

U (k)N with F Φ

(4.12c)

VI-IV) :

U (F − k)−N with k Φ̃

(4.12d)

U (F )−N with k φ̃.

(4.12e)

IV-I) :

The III-IV and IV-I critical theories are again consistent as explained in the previous subsection. This diagram can also be deduced from the action of time reversal on Fig. 4.7 as
described at the end of Sec. 4.1.2.
f = k, F = k
Finally we consider the case when both flavor are equal to k. In this case, we only get
one Grassmannian phase living on the flavor-enhanced diagonal with two trivially gapped
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theories on either side. This case is given in Fig. 4.8
I) :

SU (N )k ↔ U (k)−N

(4.13a)

SU (N )0 = trivial

(4.13b)

III) :

SU (N )−k ↔ U (k)N

(4.13c)

IV) :

SU (N )0 = trivial

(4.13d)

M(2k, k) + N Γ

(4.13e)

II) :

V) :

(4.13f)
while the bosonic theories are
I-II) :

U (k)−N with k Φ̃

(4.14a)

II-III) :

U (k)N with k φ

(4.14b)

III-IV) :

U (k)N with k Φ

(4.14c)

U (k)−N with k φ̃.

(4.14d)

IV-I) :

This is nothing more than the flavor broken generalization of the symmetry breaking put
forward by Vafa and Witten [110]. The Vafa-Witten theorem then says that there can be
no further symmetry breaking than what occurs on the flavor-enhanced diagonal. It is a
reassuring check that our methods satisfy this theorem.
4.1.3

Adding More Flavor Groups

The next obvious generalization is to give a different mass to a third subset of flavors. This
would further break the flavor symmetry to U (Nf ) → U (f1 ) × U (f2 ) × U (f3 ). The resulting
phase diagram as a function of mass is now three dimensional so we will not try to reproduce
it here. However we do have a few comments. Giving equal masses to each flavor will again
reduce the problem to the single flavored case considered in [80]. These will lie on the line
given by m1 = m2 = m3 . Now giving an asymptotically large mass to one of the flavors
will reduce to one of the cases considered in Sec. 4.1.2. The resulting scalar theories in
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Figure 4.8: Phase diagram for flavor broken QCD3 with f = k, F = k. These pahses are
described in Sec. 4.1.2. This symmetry breaking pattern was first conjectured by Vafa and
Witten [110].

that part of the phase diagram will not be localized on a curve as in Sec. 4.1.2, but on a
curved plane embedded in the three dimensional diagram. In between these planes will be
the appropriate Grassmannians, if the effective CS level is flavor violating. There will now
be a web of Grassmannians of differing dimensions permeating the diagram. As we tune any
of the fi to k, then a corresponding Grassmannian will disappear and one of the TFTs will
become trivial, as in the 2-flavor case. In general, the scalar theories will be localized on
co-dimension 1 surfaces and there will be a plethora of flavor enhanced critical theories of
various codimensionality where the different flavor groups become mass degenerate.
The above procedure is difficult to implement in practice, however. That is because the
existence of flavor-violated phases not only relies on the relative sizes of the fi ’s, but the
size of the pairwise sum of fi ’s with respect to k . For example, consider a situation where
f1 < k with f1 < f2 < f3 . The two-flavor theory we are left with is then SU (N )−k+f1 + f2 +f3
2

with f2 ψ2 and f3 ψ3 . Now give f2 a negative mass. The existence of a quantum phase then
depends on if f3 > k − f1 or f3 + f1 > k. The amount of data needed to map out the phase
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diagram grows exponentially with the addition of each successive flavor group. Nevertheless
this procedure can be implemented inductively as a way to map out the phase diagram as a
function of each fermion mass individually.
4.1.4

Summary

If our conjectured phases diagram is correct, the phases of QCD3 as a function of f and F
are given in Fig. 4.9. The black excision from the top right reflects the fact that we have
restricted our analysis to f ≤ F . We can simply reflect the diagram about the diagonal if
we are so inclined but the pertinant information is displayed. The solid blue line is again a
reduction to the single flavor analysis considered in [80]. The various regions are:
(i): This corresponds to the f + F < k considered in 4.1.1. There are no quantum phases,
just four distinct TFTs separated by CFTs with a single scalar dual.
(ii): This corresponds to the f, F < k case considered in Sec. 4.1.2. There are three
Grassmannians and four TFTs separated by six scalar theories.
(iii): This corresponds to the f < k, F > k case considered in Sec. 4.1.2. There are again
are three Grassmannians and four TFTs separated by six scalar theories.
(iv): This corresponds to the f, F > k case considered in Sec. 4.1.2. There are three
Grassmannians and four TFTs seperate by six scalar theories
(v): This corresponds to Nf > N? . There are again four distinct TFTs but no scalar CFTs
seperating them.
Sitting on the lines between these phases are
(i)-(ii): This transition marks the beginning of the existence of quantum phases. This line,
however, is still captured by the duality in eq. ??.
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(ii)-(iii): This transition corresponds to f < k, F = k case considered in Sec. 4.1.2. Here there
are three non-trivial TFTs, one trivial phase and two Grassmannians.
(iii)-(iv): This transition corresponds to f = k, F < k case considered in Sec. 4.1.2. Again there
are three non-trivial TFTs, one trivial phase and two Grassmannians.
Finally the yellow dot corresponds to the Vafa-Witten breaking scenario [110]. This lies on
the f = F line and is the crux of the entire phase diagram. Indeed, one can derive this entire
symemtry breaking scenario from this breaking pattern alone [80].
The emergence, disappearance, and reemergence of various Grassmannians is an incredibly interesting phenomena. We believe this is indication that the phase transition between
these phases is first order–the topology of the phase diagram as a function of m and M
changes wildly when you tune f and F . This must be taken with a grain of salt since f and
F are not continuous parameters and so this is not a bonafide thermodynamic-type phase
transition. It is possible that if we analytically continue f and F that the Grassmannians
smoothly disappear and reappear as we tune, which would be indication of a second order
“phase" transition. The exact structure of the singly-saturated cases considered in Secs.
4.1.2 and 4.1.2 indicate that a smooth transition may be possible. However Grassmannian
manifolds with continuous dimensional is not a well-studied subject. Perhaps the answer is
hiding in this complicated math. We leave a definitive answer to this important question for
future work.
4.2

Comments on Scalar Potentials

Let us briefly comment on the consistency of the scalar theories in our phase diagram. We
use the following intuitive picture to guide our construction of the phase diagram: as we
follow the RG flow from the UV to the IR, whichever mass deformation we encounter first
will dictate the resulting dynamics. For example if we encounter a mass deformation which
completely breaks the gauge group, this is will be the first thing to happen. The rest of the
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Figure 4.9: Phases as a function of f and F .

story is in the details of the scalar potential. With this picture in mind we can accurately
say which scalars condense first in various parts of the phase diagrams.
As with any discussion involving 3d bosonization dualities we are dealing with WilsonFisher scalars with a quartic potential tuned to the fixed point. As was recently shown in
[16] and [17] this potential includes both single and double trace potentials of the form
Trφ̄φ

2


and Tr (φ̄φ)2 .

(4.15)

This potential is necessary to generate the maximal Higgsing pattern that has been used
throughout the literature3 . See the aforementioned references for a detailed discussion on
how this occurs.
In addition to the quartics (4.15), we will also assume that explicitly breaking the flavor
symmetry in the UV will generate a certain U (f ) × U (F ) invariant relevant operator as we
flow to the IR. This operator has the form
O4 = c φ†a I Φa J Φ†b J φb I

(4.16)

where a, b are SU (N ) gauge indicies, I is a U (f ) flavor index and J is an U (F ) flavor index.
This operator should be mirrored on the fermionic side as well, although it is not clear what
3

The large N analysis of [17] indicates that it may be necessary to include sextet terms as well, although
it is possible that at finite N the structure simplifies and only the quartics are necessary.
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it should be mapped to (for hints on how to do this see appendix A of [9]). For our conjecture
to work, we need c to be large and positive. This is similar in spirit to the quartic potential
used in the master duality [24, 64] where it was crucial for the correct mapping of the phases.
Indeed it performs the same task–when one scalar gets a vev, the other gains a large positive
mass deformation for some of the gauge components. In analogy to [24, 64] we call the gauge
components which gain a mass from (4.16) “singlet scalars" since they are charged under the
broken part of the gauge group. As an example consider the case when f < k, F > 0 given in
Fig. 4.4. Assuming maximal Higgsing (which we will continue to do from here on out) as we
give φ a negative mass deformation, the gauge group gets broken down to U (k − f ) × U (f )
and φ picks a vev which can be written as

hφ†a I φb I i = v 

If ×f 0
0

0

a b


(4.17)

This causes first f gauge components of the Φ scalars to decouple from the unbroken part
of the gauge group and obtain a large positive mass. The remaining k − f light components
can then drive the unbroken gauge group into the Grassmannian phase. If we considered
the case where f > k as well, then all of the components of Φ would get a large positive
mass and would not contribute to the low energy dynamics, such as in the third quadrant
of Fig. 4.5. When both have the same mass, this does not occur and we again back to the
case of [80]. This mechanism nicely explains the Grassmannian structures in Sec. 4.1.2 and
why only one flavor can condense at a time independent of the presence of the single trace
quartics in (4.15). For consistency we must assume that once this potential is triggered along
the RG flow, it no longer has any effect on the physics. That is the action of this potential
is unidirectional with respect to whichever scalar get it’s vev first. If φ gets triggered first,
and then Φ, the φ vev will give masses to the components of Φ but not vice versa.
Further, there is a possibility that this mass deformation for the singlet scalars can be
cancelled off by an explicit negative mass deformation of the Φ’s. This would result in extra
lines of light singlet scalars within the Grassmannian phases that are decoupled from the
dynamics (for a related discussion see [7]). We assume that this is not the case by letting c
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be larger than any other scale in the problem. This is, of course, rather artificial. Certainly
this coefficient will flow to a specific value along the RG flow. What we are actually doing
here is scaling one of the scalar fields relative to the other so that we zoom in to the part of
the phase diagram where these interactions dominate4 .
In addition to the induced mass brought on by (4.16), the potential (4.15) can also induce
a mass deformation for one of the scalars. For example the double trace term will decompose
as
|φ|2 + |Φ|2

2

(4.18)

= |φ|4 + |Φ|4 + 2|φ|2 |Φ|2

Again we get that if one scalar condenses we again have hφi =
6 0 the other flavor gets and
induced mass deformation from the cross term in (4.18). This can be compensated for by
a suitable shift in the mass of Φ and so should only serve to shift the location of where Φ
goes light in the phase diagram. This is different from the case discussed above because it is
not various subsets of the gauge components which obtain a mass from this interaction. In
other words this interaction does not lead to the existence of singlet scalars. We assume our
red scalar theories in Sec. 4.1.2 take this effect into account.
4.3

Taking the Large N Limit

Note: Here we change notation related to the η invariant. Instead of explicitly displaying
the half integer contribution to the level from the Pauli-Villars fields, we will shift the level
as k → k −

Nf
2

So far we have been dealing exclusively with gauge theories at finite N . To reiterate,
the authors of [80] extended the duality of Aharony past the flavor bound and found the
following:

SU (N )k with Nf ψ

4

↔



U ( Nf + k)−N with Nf φ mψ = m?
2

U ( Nf − k)N with Nf φ̃
2

We thank Andreas Karch for discussion on this point.

mψ = −m?

.

(4.19)
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Between these critical points exists a NLσM given by the complex Grassmannian:
M(Nf ,

U (Nf )
Nf
+ k) ∼
=
Nf
N
2
U ( 2 + k) × U ( 2f − k)

(4.20)

supplemented by an appropriate WZW type term. This scenario assumes that each of the Nf
fermions is given the same mass deformation. The plot thickens when one passes to the large
N limit. Large N limits in Chern-Simons matter theories have been studied before (see for
instance [86, 51, 6, 5, 61] and references therein) where N/k remains constant. However, this
limit does not lead to the Grassmannian (4.20). Instead, the authors or [17] studied a large
N limit of Yang-Mills-Chern-Simons theory coupled to fermions with g 2 N = const, where g
is the gauge coupling. In this limit, the distinguished points in the phase diagram where one
transitions between the semi-classical phases get resolved into a series of first order phase
transitions with Grassmannians of the form M(Nf , p) as in figure 4.10. Interestingly, this is
true when k = 0 as well as when k ≥ Nf /2 and k < Nf /2. Additionally, each Grassmannian
is accompanied by a decoupled pure Chern-Simons theory of the form SU (N )k+p−Nf /2 , even
when k = 0. The phases identified at finite N are distinguished by the fact that their CS
theory has zero level.
In these final sections, we extend the analysis of [22, 16] to the large N limit using
the techniques laid out in [17]. We find series of first order phase transitions in special
locations of the phase diagram consistent with the results of [22, 16] . Interestingly, there
exists special places in the diagram where many (2n where n − 1 is the number of distinct
flavors) Grassmannians become degenerate. Additionally, for odd Nf we find degenerate
symmetry broken and symmetry unbroken phases from any value of the mass, not just at
special locations where phase transitions occur. We also discuss modifications to the dual
scalar potential which will lead to doubly symmetry broken phases. The layout of our paper
is as follows: in section 4.4 we review the necessary results of [80, 17, 22, 16] which are
used in this work. Next, in section 4.5, we discuss the construction of our phase diagram
and perform some consistency checks. In section 4.6 we briefly discuss scalar potentials and
modifications which lead to interesting doubly symmetry broken phases. We conclude in
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section 4.8. Additionally, we include numerical evidence for the diagram in appendix 4.7.

(a) k > Nf /2 and Nf → ∞

(b) k < Nf /2 < N?

Figure 4.10: Resolution of critical points into a series of first order phase transitions. The
different colored regions represent distinct Grassmannians

4.4

Symmetry Breaking in QCD3 and Vacuum Structure at Large N

As mentioned in the introduction, the 3d non-Abelian bosonization dualities fail to hold
when k ≤ Nf /2 < N? where N? is some yet-to-be-pinned-down function of Nf and k 5 . When
the scalars obtain a large negative mass deformation, they obtain a vev of the form


hφi = 1 Nf +k 0 Nf −k
2

(4.21)

2

which spontaneously breaks the flavor symmetry as
U (Nf ) → U (

Nf
Nf
+ k) × U (
− k)
2
2

(4.22)

leading to Goldstone bosons which are valued in the complex Grassmannian6
M(Nf , Nf /2 + k) ∼
=

U (Nf )
N
U ( 2f

+ k) × U (

5

For an upper bound derived from the f-theorem see [105]

6

Henceforth we will drop the “complex" for sake of presentation.

Nf
2

− k)

.

(4.23)
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A key observation of [80] is that this is not the only scalar theory with this symmetry breaking
pattern. One can instead consider the theory
U(

Nf
− k)−N with Nf φ̃
2

(4.24)

with a large negative mass deformation and find the same symmetry breaking pattern, leading to equivalent low energy dynamics. In addition, positive mass deformations of this scalar
theory will land us in the level/rank dual of the TFT corresponding to negative mass deformations of the original fermionic theory. This motivates the duality


U ( Nf + k)−N with Nf φ mψ = m?
2
SU (N )k with Nf ψ ↔

U ( Nf − k)N with Nf φ̃ mψ = −m?
2

(4.25)

and the corresponding phase diagram in figure 4.10. Thus, there is a finite range of masses for
which spontaneous symmetry breaking (SSB) occurs and the low energy theory is described
by massless Goldstone modes valued in the Grassmannian. In addition to the Lagrangian
which describes the NLσM, the action contains a contribution from a Wess-Zumino-Witten
term which allows for the existence of skyrmions which play the role of baryons in the
symmetry broken phase. The WZW term, however, will not play a crucial role in our
discussion.
4.4.1

Symmetry Breaking with Unequal Masses

The above analysis is applicable when one gives equal masses to all Nf of the fermions. A
more interesting structure emerges when one gives different mass deformations to separate
subsets of the Nf fermions [22, 16]. Namely, we give the first f of the fermion flavors a
mass m and the other Nf − f a mass M . Such mass deformations will explicitly break the
flavor group as U (Nf ) → U (f ) × U (Nf − f ). As a result of this explicit breaking, it will
always be either one or the other subset of flavor which will condense to form Grassmannians.
The specific Grassmannians and their location in the phase diagram depends on the relative
values of f, Nf − f and k. There are 6 possible options:
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i.) f −

Nf
2

< k,

Nf
2

−f <k

ii.) f −

Nf
2

< k,

Nf
2

−f =k

iii.) f −

Nf
2

< k,

Nf
2

−f >k

iv.) f −

Nf
2

= k,

Nf
2

−f >k

v.) f −

Nf
2

> k,

Nf
2

−f >k

vi.) f −

Nf
2

= k,

Nf
2

− f = k.

The structure of the phase diagrams in each case shown in figure 4.11. For each of parameter
regime we have the following Grassmannians7 along the specified axis in the m − M plane.
i.) M < 0 : M(f, k + f −

Nf
,)
2

m < 0 : M(Nf − f, k − f +

Nf
)
2

ii.) m < 0 : M(Nf − f, k − f +

Nf
)
2

iii.) m > 0 : M(Nf − f, k +

Nf
)
2

m < 0 : M(Nf − f, k − f +
iv.) m > 0 : M(Nf − f, k +
v.) M > 0 : M(f, k +

Nf
)
2

Nf
)
2

Nf
,)
2

m > 0 : M(Nf − f, k +

Nf
)
2

vi.) No additional Grassmannians
Strictly speaking this analysis is applicable when at least one mass deformation is macroscopically large8 . The massive fermions shift the Chern-Simons level and the problem then
7

These are in addition to the Grassmannian M(Nf , k +
regime
8

Nf
2

) which exists along the diagonal in each

By “macroscopically large" we mean larger than the strong scale Λ.
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reduces to the analysis of flavor bounds of the light flavors with this shifted level. The behavior when both mass deformations are small is still ambiguous but can be slightly elucidated
in the large N limit.

(a) Phase diagram associated to

(b) Phase diagram associated

(c) Phase diagram associated

i).

to ii).

to iii).

(d) Phase diagram associated to

(e) Phase diagram associated to

iv).

v).

Figure 4.11: Various phase diagrams for the scenarios discussed in sec. 4.4.1, where m is on
the y axis and M is on the x-axis.

4.4.2

Vacuum Structure at Large N

One major drawback of the analyses in the previous section is the lack of insight about the
nature of the phase transitions. On one hand the fact that they are mediated by scalar
theories seems to indicate that these are second order. However they are also strongly
coupled and so the presence of light degrees of freedom at the transition point does not
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necessarily mean that the transition is second order. In order to probe the nature of these
phase transitions, we must pass to some perturbative limit where calculations are possible.
One such perturbative analysis was recently performed in [17] using the “standard" ’t
Hooft large N limit: N → ∞, g 2 N =fixed. This differs from previous large N calculations
in Chern-Simons matter theories where one takes k/N = fixed. As a result, this counting
scheme leads to the standard large N counting rules–leading order diagrams are arbitrary
planar gluon diagrams, and quark loops are suppressed by a factor of 1/N .
Since we are interested in the patterns of flavor-symmetry breaking in this limit, the
primary observable of interest is the expectation value of the fermion condensate
MIJ =

1
hψ̄I ψ J i
N

(4.26)

where I, J = 1, .., Nf are flavor indices. This term is valued in the adjoint representation of
the global SU (Nf ) ⊂ U (Nf ) flavor symmetry, invariant under the baryonic U (1) ⊂ U (Nf )
and is time-reversal odd. It enters into the Lagrangian via a mass term for the fermions
L ⊃ −mIJ ψ̄J ψ I = −N tr(mM).

(4.27)

Here we defined m as the matrix with entries mIJ .
The basic strategy of [17] is to use large N reasoning to derive a general form for the
effective potential as a function of hMi. Specifically, we are interested in
V (hMi) = −W (m) − N tr(mM)

(4.28)

where W (m) = −iln(Z(m))/V3 is the sum of all connected correlation functions of M and
V3 is the spacetime volume. We now review their leading order and next to leading order
calculations.
Leading Order
The O(N ) contributions to W (m) (and, by extension, V (hMi) ) come from diagrams which
are topologically a disk with a single fermion loop and an arbitrary number of M’s inserted
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on it’s boundary as in figure 4.12. The interior of the disk is an arbitrary planar gluon
diagram. As a result, W (m) can only take on contributions from single-trace operators.
Time reversal symmetry requires that the potential obey W (−m) = W (m) which further
constrains the allowed terms. When the dust settles, we can schematically write W (m) as
∞
X
Cn
W (m) = N Λ
tr(mn )
n
Λ
n=2,4,6..

(4.29)

3

which leads to a very similar form for the effective potential:
V (hMi) = N Λ

3

∞
X

Cn0
tr(hMin ).
2n
Λ
n=2,4,6..

(4.30)

We now use an SU (Nf ) transformation to diagonalize M to get
M = Λ3 diag(x1 , x2 ...xNf ), xi ∈ R

(4.31)

which leads to an effective potential of the form
V (xi ) = N Λ

3

Nf
X

∞
X

i=1 n=2,4,6,...

Cn0 xni

≡ NΛ

3

Nf
X

(4.32)

F (xi ).

i=1

An incredibly crucial assumption of [17] is that F (x) has degenerate minima at some finite
±x? and by a simultaneous rescaling of M and F (x) we can set x? = 19 . Since the potential
is minimized as xi = ±1, each eigenvalue must take on either one of those values. This leads
to Nf + 1 degenerate vacua labeled by the number of positive (or negative) eigenvalues of
M. The NLσM that describes the low energy physics is again the Grassmannian
M(Nf , p) ∼
=

U (Nf )
U (p) × U (Nf − p)

(4.33)

supplemented by the appropriate WZW term. In addition to the Grassmannian, each of
these vacua will contain a non-trivial Chern-Simons TFT of the form SU (N )p− Nf +k , even
2

when k = 0. This is necessary is one assumes that there are no phase transitions as one
tunes the mass from small non-zero values to asymptotically large values.
9

Without this assumption the results of [17] would be inconsistent with the Vafa-Witten theorem [110,
109]
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One can add a mass term for the fermions which will lift the degeneracy of these vacua.
It is not difficult to show that
(4.34)

[m, M] = 0

which allows for the simultaneous diagonalization of both m and M. Let mi be the eigenvalues of m. Then the mass term will add a term to the effective potential of the form
V (xi ) ⊃ N Λ

Nf
X

(4.35)

mi xi .

i=1

Now if we take the first mi > 0 for i = 1, .., p and mi < 0 for i = p + 1, ..., Nf , the potential
will be minimized by taking xi = −1 for i = 1, .., p and xi = 1 for i = p + 1, ..., Nf . This lifts
the degeneracy and singles out M(Nf , p) as the true ground state.

(a)

(b)

Figure 4.12: Leading (a) and subleading (b) diagrams in the large N limit. Blue represents
arbitrary gluon loops and stars are insertions of M.

Next-To-Leading-Order
In the proceeding section we discussed the vacuum structure of QCD3 by examining the
O(N ) contribution to the effective potential, which stems from the disk diagram of figure
4.12 (a). The O(1) contribution, on the other hand, comes from the annulus diagram of
0

figure 4.12 (b) and so contains double trace terms such as tr(hMin )tr(hMin ). Since we are
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not interested in any higher order terms in the large N expansion, we can restrict the xi ’s
to their values which minimize the O(N ) potential. This fact, along with constraints from
time-reversal invariance, give the following form for the O(1) potential
V (xi ) ⊃ Λ3 ∆

N
X

(4.36)

xi xj .

i,j=1

The constant ∆ is a strictly positive constant whose value is determined from calculation of
the diagrams in figure 4.12. It’s positivity is required by consistency with the Vafa-Witten
theorem–in the absence of mass terms the ground state is given by M(Nf , Nf /2).
One can add a small singlet mass deformations m ∼ mδij to this and examine how the
ground state will change as a function of the mass. In addition, we can add a non-zero
Chern-Simons term to the action. The contribution from the Chern-Simons term enters in
the same form as the mass term and so we can group them together. The potential is then
3

V (xi ) ⊃ Λ ∆

Nf
X

N

2

xi xj + N mΛ + kΛ

i,j=1

3

f
X

xi .

(4.37)

i=1

Note that this mass deformation is subleading only when m O(1/N ). If m ∼ O(1), then it
becomes part of the O(N ) potential. Now we make the ansatz that the first p eigenvalues of
hMi are -1 and the remaining Nf − p are 1. Minimizing the effective potential with respect
to p gives
p=

Nf
N m + Λk
+J
K
2
4Λ∆

(4.38)

where JxK denotes the nearest integer of x. The vacuum which minimizes the effective
potential jumps by ±1 whenever

N m+Λk
4Λ∆

∈ Z + 12 . Thus as we tune m we traverse each

Grassmannian until we wind up in the asymptotic phases. In other words, one encounters a
series of first order phase transitions as a function of m.
4.5

Vacuum Structure With an Explicitly Broken Flavor Group

In the above discussion we gave the fermions a mass deformation of the form m = m1 which
preserved the global flavor symmetry. In this section we will examine a different scenario in
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which







m̃ = diag m, .., m, M, .., M  .
| {z } | {z }

(4.39)

Nf −f

f

This mass deformation explicitly breaks the global flavor symmetry as U (Nf ) → U (f ) ×
U (Nf − f ). As a result, we will distinguish the corresponding eigenvalues of our condensate:
hMi =


1
diag x1 , .., xf , y1 , ..., yNf −f .
N

(4.40)

We may then ask if these subgroups get broken down any further by the resulting fermion
condensate. The purpose of this section is to determine the circumstances under which these
subgroups get spontaneously broken.
4.5.1

Leading Order

We start by assuming M = 0. The full O(N ) potential including the mass deformation is
V (xi ) = N Λ

3

Nf
X

F (xi ) + m

i=1

f
X

xi .

(4.41)

i=1

The mass term fixes all the x’s to be −1 but places no such restriction on the y 0 s. Thus each
y can be ±1 which again leads to a degeneracy. Assuming the first p of the y eigenvalues are
1, our symmetry group will spontaneously break as
U (f ) × U (Nf − f ) → U (f ) × U (p) × U (Nf − f − p)

(4.42)

which leads to the coset
U (f ) × U (Nf − f )
U (Nf − f )
∼
=
= M(Nf − f, p).
U (f ) × U (p) × U (Nf − f − p)
U (p) × U (Nf − f − p)

(4.43)

Thus there are Nf − f + 1 degenerate vacua, one for each choice of p, each one accompanied
by a Chern-Simons TFT.
If we take M 6= 0, then the corresponding eigenvalues will also be fixed and, in general,
no SSB will occur.
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4.5.2

Next-To-Leading Order

The story becomes much more interesting at O(1) due to the asymmetry in the mass term.
The full O(1) potential including, including the Chern-Simons term and an O(1/N ) mass
deformation, can be written as

2


Nf −f
Nf −f
f
f
f
f
X
X
X
X
X
X
3
3
2
2


V = ∆Λ
xi +
yi
+ kΛ
xi +
yi + N mΛ
xi + N M Λ
yi .
i=1

i=1

i=1

i=1

i=1

i=1

(4.44)
As in the flavor symmetric case the eigenvalues of M take on their O(N ) values in the O(1)
potential since we are not considering terms which are higher order. The general structure
of the phase diagram will also be uneffected by the Chern-Simons term and so the bulk of
our analysis will be concerned with the k = 0 case. Adding non-zero k will only serve to
shift the locations of various phases in the phase diagram, rather than change it’s structure.
We start this section by demonstrating a lack of double condensation of the fermions when
m 6= M . That is, it is forbidden to have SSB in both groups of fermions simultaneously. The
resulting scenarios can then be broken up into three cases–one where symmetry breaking
happens in the upper left f × f block of M, one that happens in the lower right (Nf − f ) ×
(Nf − f ) block, and one where no symmetry breaking occurs. We then identify the regions of
the phase diagram where these symmetry breaking scenarios occur by examining the relative
values of the effective potential. We then use the fact that M(N, M ) does not exist unless
0 ≤ M ≤ N to further refine our diagram.

A Lack of Double Condensation
We start by looking for a solution in which both groups of fermions undergoes spontaneous
symmetry breaking. That implies the formation of a condensate of the form
N hMi = diag(1, ..., 1, −1, ..., −1, 1, ..., 1 , −1..., −1)
| {z } | {z } | {z } | {z }
p

f −p

q

Nf −f −q

(4.45)
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leading to the double coset
(4.46)

M(f, p) × M(Nf − f, q).

The integers p and q are bounded below by zero and above by the number of fermion flavors in
that block. In other words, p and q takes integer values in the domain D = [0, f ]×[0, Nf −f ].
If, for general m and M , the effective potential admits a minimum on int(D) then double
condensation can occur. Otherwise, the minimum must occur on ∂D and only one group of
flavors undergoes SSB. Plugging (4.45) into (4.44) gives




mN
V
k
MN
k
2
= (2p + 2q − Nf ) +
+
+
(2p − f ) +
(2q − Nf + f ) .
∆Λ3
Λ∆
∆
Λ∆
∆

(4.47)

To find extrema, we extend p and q to the real numbers and solve the system of equations:


mN
k
∂V
= 4(2p + 2q − Nf ) + 2
+
=0
(4.48)
∂p
Λ∆
∆


∂V
MN
k
= 4(2p + 2q − Nf ) + 2
+
= 0.
(4.49)
∂q
Λ∆
∆
To simplify this, rewrite it as a matrix equation:

  
4Nf − 2
8 8
p

  = 
8 8
q
4Nf − 2

Clearly the coefficient matrix 

8 8

mN
Λ∆

+

k
∆

MN
Λ∆

+

k
∆

 
 .

(4.50)



 has determinant zero and is therefore not invertible.
8 8
This system of equations has no solutions and the extrema must occur on ∂D. Explicit
numerics demonstrating the same conclusion are given in Appendix A.
At finite N , one can show that double condensation is forbidden by explicitly minimizing the potential on the scalar side, as was done in [16, 17]. There the authors included
both a single and double flavor trace quartic potentials and minimized with respect to the
eigenvalues. Positivity constraints show that there is no double condensation outside of the
flavor enhanced m = M line. However, this same reasoning can not be applied to large
N QCD3 , since the proposed form of the (finely tuned) sextic potential on the scalar side
does not include double trace deformations at leading order. Since the leading order solution
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determines the eigenvalues of the condensate, there is no a priori reason to expect a lack of
double condensation. We will discuss some modifications to the potential that could allow
for such double condensation in section 4.6 below.

Single Massive Flavor
We start by examining what happens when we give the first f flavors a mass m > 0 while
leaving the other Nf − f light. The situation is slightly different when f ≤

Nf
2

and f ≥

Nf
.
2

We examine these in turn. The potential is the same in either case. We start by taking
k = 0. We have

3

V = ∆Λ 

f
X
i=1

First, consider giving f <

Nf
2

Nf −f

xi +

X

2
yi  + N mΛ2

i=1

f
X

xi .

(4.51)

i=1

a mass m. In this scenario, we can take all the x’s to be −1.

Now, since there are more y 0 s than there are x’s, we can entirely cancel off the contribution
from the x’s in the quadratic term by taking f of the y 0 s to be equal to +1. Of the remaining
Nf − 2f y’s, we take half to be positive and half to be negative so that they cancel among
themselves. If Nf is even, this works perfectly. If Nf is odd, then we will be left with one
unpaired eigenvalue. This eigenvalue can be either +1 or −1 and since it’s only contribution
to the effective potential is in the quadratic term, these scenarios have the same value of the
effective potential and so are degenerate. When the dust settles our condensate looks like







N M = diag 
−1,
...
−
1
,
1,
...,
1
−1,
...,
−1
| {z } | {z } | {z }
f

Nf
2

Nf
2

for Nf even

−f



(4.52)





= diag 
... − 1, 1, ..., 1 −1, ..., −1
−1,
| {z } | {z } | {z }
f

Nf ±1
2

Nf ∓1
−f
2

for Nf odd

208

which leads to the Grassmannians
Nf
Nf ∼
) = M(Nf − f,
− f ) for Nf even
M(Nf − f,
2
2
Nf ± 1 ∼
Nf ∓ 1
M(Nf − f,
) = M(Nf − f,
− f ) for Nf odd
2
2
with effective potentials given by

(4.53)

for Nf even

V = −N mΛ2 f,
= 1 − N mΛ2 f,

(4.54)

for Nf odd.

These only occur, however, when
Nf
− f ≥ 1 for Nf even
2
Nf ∓ 1
− f ≥ 1 for Nf odd.
2

(4.55)

Otherwise, the Grassmannians (4.53) do not exist. If (4.55) is not satisfied, then we simply
have some Chern-Simons matter theory with Nf − f massless fermions.
When f =

Nf
,
2

we get no spontaneous symmetry breaking when Nf is even. This is

because all of the y’s can perfectly cancel all the x’s. We wind up with a condensate of the
form:







N hMi = diag −1, ... − 1, 1, ..., 1 .
| {z } | {z }
Nf /2

(4.56)

Nf /2

When Nf is odd, we have two choices, since not all of the y’s can cancel off the x’s. We
are left with one unpaired y eigenvalue which can take either sign. Since this eigenvalue
enters in eq. (4.51) in the quadratic term, both choices have the same value of the effective
potential and we again have a twofold degeneracy as in eq. (4.53). This leads to the following
condensates:






N hMi = diag −1, ... − 1, 1, ..., 1  =⇒ no SSB
| {z } | {z }
(Nf −1)/2

(Nf +1)/2



(4.57)




Nf + 1


N hMi = diag −1, ... − 1, 1, ..., 1 , −1 =⇒ SSB with Gr 1,
| {z } | {z }
2
(Nf −1)/2

(Nf −1)/2


.
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Already we can see some novelties of the flavor broken case as opposed to the flavor
symmetric one. Namely that one does not encounter a series of first order phase transitions
as you dial m–you simply stay in the same Grassmannian until you reach the asymptotic
regime. Also we see that for odd Nf there exists two degenerate Grassmannians for any
value of m. When f = (Nf − 1)/2, this degeneracy is between a phase where SSB occurs
and one where it does not.
When f > Nf /2 the y’s can not fully cancel off all of the x’s. As a result, we will have
some excess energy in either the quadratic term or the linear term. To proceed we calculate
the extrema of the effective potential in both cases and compare the values of V to see which
scenario is preferred. Proceeding in this way, we find that having excess in the linear term
is energetically favorable. This leads to a condensate of the form




N hMi = diag −1, ... − 1, 1, ..., 1 1, 1, ...1
| {z } | {z } | {z }
f −q

q

(4.58)

Nf −f

where
q=f−

Nm
Nf
−J
K.
2
4Λ∆

(4.59)

In contrast to the f ≤ Nf /2 case, we do encounter a series of phase transitions as we tune
the mass, albeit a reduced number of them.
Double Massive Flavors
The diagram become much richer when we give the other set of flavor a mass. The potential
is


3

V = ∆Λ 

f
X
i=1

Nf −f

xi +

X

2
yi  + N mΛ2

i=1

f
X
i=1

Nf −f

xi + N M Λ

2

X

yi .

(4.60)

i=1

Now, we must carefully examine the values of the effective potential on the boundary of our
p − q domain. The full domain is given by
D = [0, f ] × [0, Nf − f ]

(4.61)
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with boundary ∂D = ∂D1 ∪ ∂D2 ∪ ∂D3 ∪ ∂D4 where

∂D1 = [0, f ] × {0}
∂D2 = [0, f ] × {Nf − f }

(4.62)

∂D3 = {0} × [0, Nf − f ]
∂D4 = {f } × [0, Nf − f ]
Let m̃ =

mN
Λ∆

and similarly for M̃ . The minimum occur at:

Nf
m̃
m̃2
− J K, q = 0 with V1 = −
+ (m̃ − M̃ )(Nf − f )
2
4
4
m̃
m̃2
Nf
− J K, q = Nf − f with V2 = −
− (m̃ − M̃ )(Nf − f )
∂D2 : p = f −
2
4
4
Nf
M̃
M̃ 2
∂D3 : p = 0, q =
− J K with V3 = −
− (m̃ − M̃ )f
2
4
4
Nf
M̃
M̃ 2
∂D4 : p = f, q =
− f − J K with V4 = −
+ (m̃ − M̃ )f
2
4
4

∂D1 : p =

(4.63)

where p and q are subject to
0 ≤ p ≤ f, and 0 ≤ q ≤ Nf − f.

(4.64)

Plugging eq. (4.63) into eq. (4.64) gives the following mass ranges for which we remain on
∂D:


m̃
Nf
Nf
∂D1 :
∈ I1 ≡
− f,
4
2
2


m̃
Nf
Nf
∂D2 :
∈ I2 ≡ − , f −
4
2
2


M̃
Nf Nf
∂D3 :
∈ I3 ≡ f −
,
4
2 2


M̃
Nf Nf
∂D4 :
∈ I4 ≡ − ,
−f .
4
2 2

(4.65)

These intervals have the property that I1 ∩ I2 and I3 ∩ I4 can not both be non-zero. If
f >

Nf
,
2

the former is non-empty while the latter is empty and vice versa for f ≤

Nf
.
2

For
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regions where these mass intervals overlap, the preferred symmetry breaking scenario is the
one which minimizes the effective potential. From eq. (4.63) it is easy to see that if m < M
then
V1 < V2 and V4 < V3
while if m > M we have the opposite. If m = M the flavor group is no longer broken and
we return to the phase diagram of [80].
To proceed let us assume m < M . The regions in the m̃ − M̃ plane for which symmetry
breaking of either type will occur is (up to a factor of 4) are given by I1 × Rm<M and
Rm<M × I4 , respectively, where we defined
Rm<M ≡ {(M, m) ∈ R2 | m < M }.
One can see that for M̃ /4 ∈ I4 , we have M̃ < 0 except for some small interval [0, Nf /2 − f ] if
f < Nf /2. Similarly, if m̃/4 ∈ I1 , then m̃ > 0 except for some small interval [Nf /2 − f, 0] if
f > Nf /2. This shows that most of the region where the f fermions condense are for positive
values of m̃ while the regions where the other Nf − f fermions condense are for negative
values of M̃ ! And since we restrict our attention to the regions m < M , we know that in the
first quadrant, we get Grassmannians of the form M(f, p) and in the third quadrant, we get
Grassmannians of the form M(Nf − f, q). In both cases, as you tune m̃ or M̃ , you encounter
a series of first order phase transitions which bring you through each Grassmannian until
you wind up in the asymptotic, topological phase as in [80]. We can repeat the analysis
for M > m and find a similar phenomenon, except now we get Grassmannians of the form
M(f, p) for negative values of m̃ and Grassmannians of the form M(Nf − f, q) for positive
values of M̃ .
The resulting phase diagram is given in figure 4.13 Each line represents a transition
between Grassmannians, and they are colored according to the component of ∂D on which
the transitions occur. Namely, blue corresponds to ∂D1 , pink to ∂D4 , green to ∂D2 and red
to ∂D3 . The low energy theory in each region is
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m̃
Nf
−J K
2
4
2
Nf
M̃
Pink: M(Nf − f, q) ⊗ SU (N )Nf /2−f −q with q =
−f −J K
2
4
Nf
m̃
Green: M(f, p) ⊗ SU (N )f − Nf −p with p = f −
−J K
2
4
2
M̃
Nf
− J K.
Red: M(Nf − f, q) ⊗ SU (N )Nf /2−q with q =
2
4
Blue: M(f, p) ⊗ SU (N ) Nf −p with p =

(4.66)

These are subject to the isomorphism M(N, M ) ' M(N, N − M ). Since we have chosen p
and q to represent the number of +1 eigenvalues of our condensate, this isomorphism simply
puts things in terms of the number of −1 eigenvalues. Physically these are equivalent. The
black diagonal represents the flavor symmetric case studied in [80] where the stars represent
the phase transitions along that line. In the flavor symmetric case, these were special points
where two Grassmannian phases become degenerate. Now, they are phases where six different
Grassmannians become degenerate. The vacuum one winds up in depends on the direction
in the M − m plane that you approach this point. For instance, if you tune along the m < M
from above or below, you wind up in a vacuum of the form M(f, p), while if you tune along
the m = M from above or below you wind up in in M(Nf , p). In general, if we have n
different masses there will be 2n degenerate vacua at these special values of the mass.
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(a) Phase diagram for f < Nf /2

(b) Phase diagram for f ≥ Nf /2

Figure 4.13: Phase diagrams for QCD3 with an explicitly broken flavor symmetry. The
various TFTs shown are SU (N ) Chern-Simons gauge theory with level k + 21 (sgn(m)f +
sgn(M )(Nf − f )). The shaded regions represent the Grassmannians as explained in eq.
(4.67)

One interesting part of the phase diagram in figure 4.13 is the part where I1 ∩ I2 6= ∅
(or I3 ∩ I4 6= ∅ if f < Nf /2). As we mentioned previously, these low energy theories are
determined by which mass is larger. Interestingly, although perhaps not surprisingly, these
theories are not equivalent and are related by a time-reversal-symmetry transformation. To
see this note that the in the region of overlap, the blue Grassmannians are of the form
M(f, f − p) ⊗ SU (N )Nf /2−f +p while the green Grassmannians are of the form M(f, p) ⊗
SU (N )f −Nf /2−p . The Grassmannians are equivalent due to the isomorphism we discussed
above, but the the Chern-Simons TFTs are related to each other by a time reversal operation!
Thus, as one smoothly varies m from M − to m+, one should encounter a domain wall with
extra light matter, even though the massless degrees of freedom on both sides are equivalent.
Constructing such domain wall solutions is interesting but is beyond the scope of this work.
If one includes a non-zero Chern-Simons level, then the TFTs are no longer related by a time
reversal symmetry, but one should get a domain wall solution regardless.

214

In addition to this analytic derivation, we also include some numerical evidence for a
specific choice of Nf and f . We find perfect agreement with our analysis in this particular
case, as well as for numerous other choices. For brevity we only include the one.
Matching Onto the Finite N Solution
As a check, we would like to match onto the flavor broken phase diagram of [22, 16]. This
is not entirely possible, however, due to the fact that the adding a Chern-Simons term does
not alter the shape of the phase diagram, only the location in the plane where the transitions
occurs. However, as noted in [17] the finite N symmetry broken phase is still present in the
large N solution and is distinguished by the fact that it is the phase which has vanishing
Chern-Simons level for it’s decoupled TFT. When k = 0, this occurs at p = Nf /2 giving
the symmetry broken phase first discussed in [110, 109]. At non-zero k, this occurs when
p = k +Nf /2, giving the phase discussed in [80]. Thus, one consistency check we can perform
is to see if the classical flavor-broken Grassmannians discussed in [22, 16] (and shown in 4.11)
are accompanied by SU (N )0 for the relevant parameter regimes.
To proceed, we find for what values of p or q the Chern-Simons level vanish, and find the
values of k for which this confining theory exists. We get:
Nf
Nf
Nf
exists when −
≤k≤f−
2
2
2
Nf
Nf
Nf
Pink: q = k +
− f exists when f −
≤k≤
2
2
2
Nf
Nf
Nf
Green: p = k + f −
exists when
−f ≤k ≤
2
2
2
Nf
Nf
Nf
Red: q = k +
− f exists when −
≤k≤
− f.
2
2
2
Comparing these ranges to those discussed in section 4.4.1, we find the following:
Blue: p = k +

i.) f −

Nf
2

< k,

Nf
2

− f < k— Green+ Pink

ii.) f −

Nf
2

< k,

Nf
2

− f = k—Pink only

iii.) f −

Nf
2

< k,

Nf
2

− f > k—Pink+Red

(4.67)
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iv.) f −
v.) f −

Nf
2

Nf
2

vi.) f −

= k,

> k,
Nf
2

Nf
2

Nf
2

= k,

− f > k—Red Only

− f > k—Blue + Red
Nf
2

− f = k—None

As you can see, this perfectly matches with the phase diagrams in [22, 16] and figure 4.11.
4.6

Scalar Potentials and Double Condensation

When we pass to the scalar side of the large N QCD duality we encounter a number of
difficulties. Specifically, the authors of [17] have argued that the usual quartic potential at
finite N will not accurately capture the phase structure of large N QCD3 . They go on to
construct a sextic potential at O(N ) and O(1) which can reproduce the desired effects:
VO(N ) ∼

X

VO(1) ∼

X

yi2 (yi2 − 1)2

(4.68)

(2yi2 − 1)(2yj2 − 1)

(4.69)

i

i,j

where yi is the eigenvalue for the scalar vacuum expectation value. However, as was argued
in [17], the coupling constants associated with eqs. (4.68) and (4.69) must be fine tuned to
ensure consistency with the fermionic side. This is an unfortunate artifact, but the fact that
it can be done for some choice of coefficients is reassuring.
When we break the flavor symmetry to the U (f ) × U (Nf − f ) subgroup we generally
expect to operators which respect this new symmetry to be generated along the RG flow.
On the fermion side of the duality, it is not clear a priori what these would be, since quartic
potentials are classically irrelevant in 2+1D. For this we turn to the scalar side to see these
effects. For simplicity we stick to U (f ) × U (Nf − f ) quartic potentials.
Let φ1 represent the first f scalars and φ2 the remaining Nf − f . Then, the two quartic

216

Figure 4.14: Diagram associated to the U (f ) × U (Nf − f ) invariant term discussed in section
4.6

U (f ) × U (Nf − f ) invariant potentials are
a †a b
L ⊃ λφ†b
1I φ1I φ2J φ2J
a †b b
⊃ γφ†a
1I φ1I φ2J φ2J .

(4.70)
(4.71)

Both of these involve double traces over the flavor indicies, while eq. (4.70) has a single
trace over the gauge indicies. The index structure of eq. (4.71) indicates it should be part
of the O(1) potential, since it involves separate gauge and flavor traces. Diagrams with this
interaction will be included in the annulus diagram as discussed in section 4.4.
The more interesting term is eq. (4.70). Terms of this type have been discussed before in
[9, 22]. Heuristically this term behaves as follows: when one set of scalars gets a vev from a
negative mass deformation this term induces a mass for some of the components of the other
group of scalars. In [22] it was argued that if this term is large enough it could prevent double
condensation, since any negative mass deformation could not cancel the off the contribution
from the induced mass. The gauge and flavor index structure makes it difficult to determine
at which order this type of term should enter since diagrams containing this interaction
are neither disk or annulus diagrams but instead are “eyeball" type diagrams as in figure
4.14. Since these are, in a sense, “ in between" a disk and annulus, we examine the effect of
including this term at order N and order 1.
Consider the following forms of the vevs for the scalars. If the rank of the gauge group
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is larger than the (broken) flavor group, the vev will look like:




diag(x1 , ..., xf )
diag(y1 , ..., yNf −f )

 , φaI

.
φaI
1 =
2 =
0
0

(4.72)

When this is multiplied out according to (4.70), we wind up with a term in the effective
potential which looks like
V ⊃ λ

F
X

(4.73)

x2i yi2

i=1

where F ≡ min(f, Nf − f ). If we include this term in the O(1) potential, then we would
be looking for the optimal configuration of 0’s and 1’s along the diagonal. This would add
a term like λmin(p, q), where now p and q refer to the number of 1’s on the diagonals of
(4.72). to the minimization problem we have discussed. Again, there is no minimum in
the interior of our domain in the p − q plane and the absolute minimum must live on the
boundary. On the components of the boundary where either p or q are zero, this term
disappears and the analysis is the same as it was without the term. If we are on the other
two boundaries, this term becomes something like λp or λq and will serve to simply shift the
mass by m̃ → m̃ + λ/2. Evidently, in either case the analysis is identical to the inclusion of
a Chern-Simons term.
The more interesting case is when we include this term in the O(N ) potential. In which
case, we must minimize
VO(N ) ∼

f
X

min(f,Nf −f )

Nf −f

yi2 (yi2

2

− 1) +

X

x2i (x2i

2

− 1) + λ

i=1

i=1

X

yi2 x2i .

(4.74)

i=1

Again there are minimum at x, yi = 0, 1 however the eigenvalues are now correlated. For
generic λ the minimum of eq. (4.74) occur at (xi , yi ) = (0, 1), (1, 0) and (0, 0). Thus, if we
choose the first p of the x’s to be 1, we must take the first p of the y’s to be 0. However,
if we choose the first p x’s to be 0, then we can choose the corresponding y’s to be 0 or
1. Without adding any mass deformations, we thus have many degenerate Grassmannians
which, generically, are of the form
M(f, p) × M(Nf − f, q)

(4.75)
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where Nf − f − p ≤ q ≤ Nf − f . If q does not fall within this range, we wind up with
single condensation. Also, if we give φ1 a positive mass deformation, it forces all the y’s to
0 and we wind up with degenerate vacua as in section 4.5. If we give them a negative mass
deformation, we force all the y’s to be 1. This then restricts the allowed range of q and we
do not have as many degenerate vacua.
One could further ask what happens if we include eq. (4.71) at O(1) in addition to
eq. (4.70) at O(N ). This gets messy and so we will not perform a full analysis here, but
we do note that for generic values of λ the minimum again occurs on the boundary of the
p − q plane. However, there do exist regions of the m − M phase diagram where double
condensation at O(1) can occur for finely tuned values of γ. This is true with or without
the inclusion of the λ term—the λ term only serves to restrict the number of Grassmannians
one is allowed to traverse due to the correlation of the scalar vev eigenvalues. So again, we
could engineer phases on the scalar side of the theory where double condensation can occur
in the phase diagram. It is difficult to know if this symmetry breaking actually occurs for
QCD3 unless we can accurately calculate the anomalous dimensions of γ and λ. For now,
we only note that with the inclusion of these symmetry breaking potentials, it is possible for
both flavors of fermions to condense simultaneously.
4.7

Numerical Evidence for the Phase Diagram

Here we present a subset of numerical results which corroborate the phase diagram discussed
in the main text. For simplicity, we choose Nf = 6 and f = 4 and k = 0. We stress that
these choices do not impact the qualitative results, only the location and number of phase
transitions, as well as the level of the accompanying Chern-Simons TFT. To demonstrate
the lack of double condensation, we fix one mass and tune the other. This brings us along
the three trajectories shown in figure 4.15. Note that as we tune the mass, the minimum
value of the effective potential remains along the boundary of the table. This corresponds
to values of p or q which exist along the boundary of the domain D. The trajectories along
fixed, positive m̃ ≡

mN
4Λ∆

and M̃ ≡

MN
4Λ∆

are related to those trajectories along fixed negative
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m̃ and M̃ by a time reversal transformation. This maps p → f − p and q → Nf − f − q,
which serves to invert the rows and reverse the columns of tables 4.1,4.2 and 4.3

q=0 1

2

q=0 1

2

p=0

-18

-32

-38

1

-14

-20

2

-2

3
4

p=0

-26

-32

-30

-18

1

-22

-20

0

10

2

-10

18

28

46

3

46

64

90

4

(a) M̃ = 3 with vacuum SU (N )1

(b) M̃

q=0 1

2

p=0

-34

-32

-22

-10

1

-30

-20

-2

0

18

2

-18

0

26

10

28

54

3

2

28

62

38

64

98

4

30

64

106

=

7 with vacuum

(c) M̃ = 11 with vacuum SU (N )3

M(2, 1) ⊗ SU (N )2

Table 4.1: Various values of the effective potential with m̃ = 12. This follows trajectory 1
as shown in 4.15. The minimum is shown in red.

4.8

Discussion

In this chapter we have mapped out the phases of QCD3 with a product flavor group of the
form U (f ) × U (Nf − f ). We have found a rich structure which involves multiple complex
Grassmannians in different regions of the (m, M ) plane bounded by various Wilson-Fisher
scalar theories. As f and F are tuned through k, some of these Grassmanians disappear
and reappear in a different part of the (m, M ) plane. We also showed how a certain U (f ) ×
U (Nf − f ) invariant potential, which is expected to be generated along the RG flow, leads
to this rich structure on the scalar side. This discussion can be straightforwardly generalized
to symplectic and orthogonal gauge groups, since their breaking pattern is qualitatively the
same, albeit with different Grassmannians.
Recent work on the “standard" large N limit of QCD3 has revealed an even richer quantum
phase structure than previously imagined [17]. In short, the phase transitions between TFTs
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Figure 4.15: Phase diagram for Nf = 6, f = 4 with k = 0. Various effective potential at the
indicated points along trajectories 1,2 and 3 shown are given in tables 4.1, 4.2 and 4.3.

and quantum phases gets resolved into a series of first order phase transitions as you dial the
mass. It would be interesting to see the emergence and reemergence of various Grassmannians
in this limit and see whether these transitions still occur or not.
One glaring unanswered question is how exactly we can see the transition between Grassmannians in the NLSM phase without mentioning the scalars. Indeed it should be the case
that fermion mass deformations can be incorporated by adding a mass term for the fundamental fields of the Grassmannians, as was proposed in [80]. Upon first attempt this
procedure looked promising, but it lacked a crucial ingredient unique to 2+1D fermionic
theories: the difference in positive and negative mass deformations for the fermions and
their effect on the Chern-Simons level. Perhaps this point reflects the author’s ignorance on
the finer points of Grassmannian geometry. Nevertheless this is something that would be
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interesting to work out in all gory detail.
There are still a lot of interesting questions to be answered, most pressing is the actual
order of the phase transitions. We believe that this can be explored by a large N, k, Nf
analysis or by studying the structure of the Grassmannians as a continuous function of
the dimension. In addition, perhaps this work can be extended to the case of U (N )k with
fermions by gauging a global U (1) symmetry and bringing it to the other side of (??). This
will surely change the form of the Grassmannian, but it may allow us to study the duality
in the Abelian limit where calculations are slightly easier. We could also imagine coupling
our QCD3 to scalar matter as in [24, 64]. Another interesting question is the lack of double
condensation in the Grassmannian regime. While this question has been explored in detail in
[16] using the gauged sigma model, it would be interesting to explore this from the fermionic
perspective in spirit to the analysis of [110]. In particular, is there a Vafa-Witten like theorem
for non-zero Chern-Simons level?
Further, we studied the large N limit of QCD3 as a function of two distinct masses.
We find that there exists multiple Grassmannians separated by a series of first order phase
transitions in certain portions of the phase diagram. These are consistent with the phase
diagrams at finite N laid out in [22, 16]. We find a plethora of interesting physics, including
multiple degenerate Grassmannians at special values on the mass, degenerate symmetric and
symmetry broken phases, and lack of double condensation for unmodified scalar potentials.
Additionally, we consider the effect of quartic interactions which may possibly be generated
along the RG flow and find that double condensation is possible for finely tuned values of
the interaction strength.
An interesting extension to this work is to find a more rigorous argument for the lack
of double condensation without the modified scalar potentials. Perhaps there is a deeper
reason for this other than the lack of solution for p and q on the interior of the domain D.
It does not seem to be forbidden by an f-theorem or anomaly matching type argument, at
least not that the author can work out. The generation of U (f ) × U (Nf − f ) terms in the
scalar potential may be indication that no such general argument exists. Still, it might be
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worth investigating further. Additionally, it would be interesting to attempt to compute
the anomalous dimensions of these extra terms in the scalar potential to determine if they
even get generated along the RG flow. If not, this could be further indication of a more
fundamental reason for lack of double condensation.
The rich structure of this phase diagram lends itself nicely to the study of domain walls
between Grassmannians. For instance, fix the magnitude of the mass of f − 1 of the flavors
and tuning the mass of the remaining fermion from m → M , we encounter a domain wall
with extra light matter living on it. What is the nature of this matter? Does it couple to
the Grassmannians? These are questions which are beyond the scope of this work but seem
interesting enough to warrant further investigation.
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q=0 1

2

q=0 1

2

p=0

26

36

54

p=0

1

-4

14

40

2

-26

0

3

-40

4

-46

q=0 1

2

10

20

38

p=0

-6

4

22

1

-12

6

32

1

-20

-2

24

34

2

-26

0

34

2

-26

0

34

-6

36

3

-32

2

44

3

-24

10

52

-4

46

4

-30

12

62

4

-14

28

78

(a) m̃ = −5 with vacuum

(b) m̃ = −1 with vacuum

(c) m̃

SU (N )−1

M(4, 3) ⊗ SU (N )0

M(4, 2) ⊗ SU (N )1

q=0 1

2

p=0

-22

-12

6

1

-28

-10

2

-26

3
4
(d) m̃

=

q=0 1

2

p=0

-38

-28

-10

16

1

-36

-18

8

0

34

2

-26

0

34

-16

18

60

3

-8

26

68

2

44

94

4

18

60

110

=

7 with vacuum

3 with vacuum

(e) m̃ = 11 with vacuum SU (N )3

M(4, 1) ⊗ SU (N )2

Table 4.2: Various values of the effective potential with M̃ = 15. This follows trajectory 2
as shown in 4.15. The minimum is shown in red.
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q=0 1

2

q=0 1

2

p=0

-2

-16

-22

1

-6

-12

2

-2

3
4

p=0

-10

-16

-14

-10

1

-14

-12

0

10

2

-10

10

20

38

3

30

48

74

4

(a) M̃ = 3 with vacuum SU (N )1

(b) M̃

q=0 1

2

p=0

-18

-16

-6

-2

1

-22

-12

6

0

18

2

-18

0

26

2

20

46

3

-6

20

54

22

48

82

4

14

48

90

=

7 with vacuum

M(2, 1) ⊗ SU (N )2

(c) M̃

=

11 with vacuum

M(4, 1) ⊗ SU (N )2

Table 4.3: Various values of the effective potential with m̃ = 11. This follows trajectory 3
as shown in figure 4.15. The minimum is shown in red.
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Chapter 5
CONCLUSION
In this work we examined the dynamics and phases of 2+1 dimensional gauge theories
using a variety of tools from particle and string theory. At the heart of these explorations
was a set of dualities relating the dynamics of non-Abelian gauge theories with fermions to
those with scalars. These dualities map non-perturbative excitations in one of the theories
to baryonic degrees of freedom in the other.
In chapter 2 we explored the behavior of boundary degrees of freedom under the duality
map. For this we focused on the Abelian limit of the bosonization dualities, while the nonAbelian story was worked out by collaborators of the author in [13]. An important part of
this story was the behavior of i) dual boundary conditions and ii) edge modes associated
to non-dynamical Chern-Simons terms. To address these issues, we examine how boundary
conditions for the matter fields and dynamical gauge fields map across the duality. Boundary
conditions for fermions and scalars are rather different. The latter admits the usual Neumann
and Dirichlet boundary conditions, while the former sets one or the other components of the
fermions to zero. In all cases, that is for the fermion+flux=scalar and scalar+flux=fermion
seed dualities, the scalar must have Dirichlet boundary conditions. The fermion, on the
hand, changes it’s boundary conditions depending on the seed duality. Additionally the
gauge fields undergo the analogous “Neumann" conditions for a gauge field, when gauge flux
can flow off perpendicular to the boundary.
In addition to the explicit boundary conditions for the matter fields, we must also shift
the perspective on how we view the background Chern-Simons terms in the action. Based
on the discussion in chapter 1, these fields can come from the integrating out of massive
fermions. We found this perspective to be necessary when accounting for the edge modes on
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either side of the duality, since, a priori, chiral edge modes are not possible for pure scalar
theories. These “fiducial fermions" account for how the edge modes behave under the duality.
They are also necessary for the non-Abelian master duality boundary conditions explored in
[13].
In chapter 3 we use both bosonization dualities and holography to derive a family of
dualities between quiver gauge theories. These exotic gauge theories arise in the study
of domain walls in 3+1 d Yang-Mills and QCD when studying anomalies associated to
a spatially varying theta angle. Depending on the size of the gradient of this angle, these
domain walls could be stacked almost on top of one another or separated at distinct locations
in space. The resulting 2+1D field theories which live on these walls can then be described by
a quiver gauge theory, where the mass deformations of the bifundamental scalars determine
the exact theories on the walls. Our dualities, however, are more general than the ones that
arise in this particular application.
Two important technical points come from the dicussions in 3.2.1 and 3.4.1. In the
former, we argued that these non-Abelian quiver dualities should be viewed as non-Abelian
generalizations of the well known Abelian particle/vortex duality [95, 42]. As discussed
around eq. (3.16), this interpretation simply comes from deriving the Abelian particle/vortex
duality from the Abelian seed dualities and performing an analogous computation in the
non-Abelian generalizations. Doing so, and keeping careful account of the global Abelian
symmetries, shows that indeed the two node non-Abelian quiver and it’s bosonized dual
behave analogously to the Abelian particle/vortex duality.
The other important technical achievement comes from 3.4.1. There, we studied a 2+1D
SU (N )k gauge theory coupled to fermions and scalars and extended the number of fermions
beyond the flavor bound. The result was a rich phase diagram which can be considered as
a natural extension of the master duality beyond one of its flavor bounds. An interesting
part of this story is the emergence of several critical lines, where singlet fermions become
massless in the symmetry broken phases. The result is a set of massless bosons stemming
from spontaneous symmetry breaking, and decoupled massless fermions which shift the levels
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of background Chern-Simons terms. Further, there are two such lines of singlet fermions,
although they combine into one in the center of the phase diagram.
Finally, in chapter 4 we studied the symmetry breaking scenarios of QCD3 beyond the
flavor bound with a product flavor group. Such a product flavor group can be constructed in
many ways, such as coupling two sets of identical fermions to differing background U (1) fields,
or giving each group of fermions a distinct mass. The result was a rich phase diagram which
depends heavily on the differing sizes of the two groups of fermions and their relation to the
level. For generic values of the size of the groups, there are three coexisting Grassmannian
regions in differing parts of the phase diagrams. As the size of the groups change the
Grassmannian regions will disappear and reappear in a different part of the phase diagram.
We then extended the flavor broken analysis to the large N limit as in [17]. Our results
were not only consistent with theirs, but also agree with the finite N flavor broken phase
diagram. This is owed to the fact that there has been a secret, decoupled Chern-Simons
gauge theory sitting with the Grassmannians in the finite N case. In the finite N picture,
however, we do not resolve these decoupled Chern-Simons terms since their level is vanishing
and thus confining. The would-be low energy degrees of freedom then get gapped out and
the resulting theory is trivial. In the large N story, these decoupled CS theories play an
important role, since one traverses each possible Grassmannian as one tunes the value of the
mass. The important part of this is the fact that the finite N Grassmannians are precisely
the ones for which those decoupled CS theories vanish, which makes sense why they are
unimportant and nearly impossible to detect in the finite N analysis alone.
Common to all these works is their pertinence to the world of 2+1D gauge theories. As
of right now these can be considered purely theoretical works, with the possible exception of
the Abelian gauge theories of chapter 2. However, as experimentalists continue to engineer
exotic 2d materials with interesting properties, we hope that our results can be realized in a
controlled laboratory setting to test their validity. Already there exist a number of interesting
such materials which realize emergent gauge fields as their low energy description. It is the
author’s hope that non-Abelian gauge fields can be engineered in a similar way, and our
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dualities can be used to derive useful properties for them.
Still, as with any theoretical pursuit, we mostly hope that this work will be useful and
inspiring to others taking up the task of analyzing and discovering exciting new properties
of 2+1D gauge theories. Our work, while not at all exhaustive, is now part of the pantheon
of 2+1 bosonization dualities and their applications.
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