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Since the introduction of Bridgeland stability conditions, constructing moduli spaces of com-
plexes has become an increasingly important task in algebraic geometry. However, the pic-
ture is complicated by the fact that the toolkit of Geometric Invariant Theory is frequently
unavailable. In this work we showcase the use of determinantal line bundle techniques in
constructing projective moduli space of complexes in two contexts.

In Chapter 3, we establish projectivity of certain moduli spaces of Bridgeland semistable
objects on a smooth, projective surface, and relate these moduli spaces to the Uhlenbeck
compactification of the moduli of stable vector bundles. This is achieved by studying a
determinantal line bundle constructed on Bridgeland moduli spaces by Bayer and Macri. As
an application, we give an argument showing that, under a coprime assumption, the moduli
of Gieseker-stable sheaves is projective.

In Chapter 4, we consider higher rank PT-stable pairs on a smooth, projective threefold.
Using a determinantal line bundle, we construct a morphism from the moduli of PT-stable
pairs to a projective scheme and show that the set-theoretic behavior of this map is closely

analogous to that of the Uhlenbeck compactification.
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Chapter 1

INTRODUCTION
1.1 Classical moduli spaces

Constructing projective moduli spaces is an important problem in algebraic geometry. Some
of the early successes in this direction were provided by Mumford, who developed the ma-
chinery of Geometric Invariant Theory (GIT) for taking quotients of varieties by group
actions, and used it to construct various moduli spaces. An important example of this
method is the construction of the moduli space of semistable sheaves on a curve [33], [30].
The slope of a coherent sheaf ' on a smooth, projective curve C' is the rational number
w(E) = deg(E)/rk(FE). A locally free sheaf E is semistable if for every proper nonzero
subsheaf F' C E the inequality pu(F) < p(E) holds, stable if p(F) < u(E), and polystable
if £ = @;F; where the E; are stable bundles of the same slope. Every semistable sheaf F
has a Jordan-Hdélder filtration by stable sheaves E;, and the polystable sheaf gr(FE) = @&;F;
is called the associated graded of E. Two semistable sheaves E and E’ are S-equivalent
if gr(E) = gr(E’), and every S-equivalence class contains a unique polystable sheaf. The
projective moduli space constructed by Mumford and Seshadri parameterizes S-equivalence
classes of semistable sheaves, or equivalently isomorphism classes of polystable sheaves, and
contains the locus of stable sheaves as an open subscheme.

The notion of slope-stability has been generalized to an n-dimensional smooth, projective,
polarized variety (X, H) in various ways. One successful notion is Gieseker-stability, where
the slope is replaced by the reduced Hilbert polynomial which takes into account all Chern
classes. Moduli spaces parameterizing S-equivalence classes of Gieseker-semistable sheaves
were constructed using GIT by Gieseker, Maruyama, and Simpson. However, unlike in the

case of a curve, to obtain a projective moduli space, some non-locally free coherent sheaves



must be included in the moduli problem.

A direct generalization of slope-stability to a higher-dimensional X is obtained by mod-
ifying the formula to be u(F) = (H" ' - ¢;(E))/rk(F). Although Jordan-Holder filtrations
exist, and p-stability has many other useful properties, this notion of stability does not allow
for a moduli space parameterizing S-equivalence classes. However, when X is a surface, a
related projective scheme parameterizing sheaves up to a coarser equivalence relation was
constructed by Li [22] following work of Uhlenbeck and Donaldson in gauge theory. This so-
called Uhlenbeck compactification contains the moduli of p-stable vector bundles as an open
subscheme. Two p-semistable sheaves F7 and F, are identified in the Uhlenbeck compacti-
fication precisely when gr(F;)"Y = gr(F3)Y" and the 0-dimensional sheaves gr(Fy)¥"/ gr(F})
and gr(F)YY/ gr(Fy) are supported at the same points of X with the same lengths.

1.2 Stability of complexes

Stability of objects in the derived category as a tool to study birational geometry of varieties
was initiated in [10], where Bridgeland constructed a flop of a threefold X as a moduli of
certain “point-like” objects in D°(X). Soon after, Bridgeland introduced a general notion
of stability of objects in D’(X) [11], inspired by the work of Douglas in string theory. A
Bridgeland stability condition on X is a pair 0 = (A, Z) consisting of a heart of a bounded

t-structure A C D?(X) and a group homomorphism
Z: K(X) - C,

called the central charge, that gives rise to a slope function on A. The set of all such
stability conditions naturally forms a complex manifold endowed with interesting wall-and-
chamber structures. It was quickly realized that Bridgeland stability is suitable for studying
the birational geometry of classical moduli spaces of sheaves. Namely, the moduli space
of Bridgeland semistable objects remains constant within each open chamber, and mod-
uli spaces corresponding to open chambers separated by a wall are frequently birational.

A prominent example of this approach is the complete description of the minimal model



program of the Hilbert scheme of points on a surface [0].

Constructing stability conditions on higher dimensional varieties remains an important
open problem, and for example no stability conditions are known to exist on the derived
category of a projective Calabi-Yau threefold, the case considered the most interesting from
the point of view of mirror symmetry. A general method for producing stability conditions
on a surface X was developed by Bridgeland [12] for K3 surfaces, and extended by Arcara
and Bertram [5] for all surfaces. Moreover, moduli of semistable objects on a surface are
known to exist as algebraic stacks [39] and to have good moduli spaces that exist as proper
algebraic spaces [3, Theorem 7.25, Example 7.27]. However, Bridgeland moduli spaces are

known to be projective only in limited number of cases.

Partly motivated by the difficulty of constructing Bridgeland stability conditions on
higher-dimensional varieties, Bayer [8] introduced the more general notion of polynomial
stability conditions, where the central charge Z is allowed to take values in the ring C[m)]
of complex polynomials, and constructed a “standard family” of polynomial stability con-
ditions on any normal projective variety. A second source of motivation came from curve
counting. A PT-stable pair on a threefold X is a section Ox — F of a pure 1-dimensional
sheaf that generically generates F'. In [35], the authors constructed curve counting invariants
on X using a virtual fundamental class on the moduli space of PT-stable pairs and conjec-
tured a relationship to similarly constructed DT-invariants. In [3], Bayer showed that, with
respect to certain polynomial stability conditions called PT-stability conditions, PT-stable
pairs coincide with stable objects of rank 1 and trivial determinant, and interpreted the
PT/DT-correspondence as arising from a wall-crossing phenomenon in the space of polyno-

mial stability conditions.

Stable objects of higher rank with respect to PT-stability were studied by Lo in [27]
and [27]. He constructed moduli space of semistable objects as algebraic stacks and, in the
absence of strictly semistable objects, as proper algebraic spaces. It remains open whether

these moduli spaces are projective.



1.3 Determinantal line bundles

Many moduli problems involving objects in the derived category are inaccessible to the
powerful toolkit of GIT, and thus constructing moduli spaces as projective schemes requires
different methods. This includes moduli spaces arising from Bridgeland and polynomial
stability discussed above. An alternative path to projectivity is provided by determinantal
line bundle techniques. If M is a moduli stack of complexes on a projective variety X and
£ the universal complex on M x X, we can produce line bundles on M by the rule that to

a coherent sheaf I on X associates the line bundle
Ae(F) = det(prp«(€ @ pry F)) € Pic(M).

In favorable conditions this construction also produces a section of A¢(F), so by varying F,

one could hope to produce enough sections to obtain an ample line bundle. This approach

was successfully used by Faltings in [13] to construct the moduli space of Higgs bundles on
a curve, and specialized to slope-semistable sheaves by Seshadri in [37]. Li’s construction of
the Uhlenbeck compactification in [22] also utilizes determinantal line bundles. In a differ-

ent direction, Kollar developed analogous determinantal techniques for moduli of polarized
varieties in [21] and gave a construction of the moduli of stable curves as a projective variety.

In the context of Bridgeland stability, given a smooth, projective variety X, Bayer and
Macri constructed a determinantal line bundle £, on the moduli stack M? of o-semistable
objects in D°(X) that varies continuously with the stability condition o, and showed that this
line bundle has strong positivity properties [9]. This gives a clear candidate for an ample line
bundle on the moduli space, taking us one step closer to projectivity of Bridgeland moduli
spaces in general.

A key step in the approach of Faltings and Seshadri is the following characterization of
stability on a curve: a locally free sheaf E/ on a smooth, projective curve C' is semistable if

and only if there exists another vector bundle F' such that

HY(C,E® F)=H'(C,E® F) =0.



Our arguments in Chapters 3 and 4 crucially rely on this fact coupled with restriction

theorems for pu-stability.
1.4 Overview of results: Chapter 3

The goal of Chapter 3 is to prove projectivity of the Bridgeland moduli space when X is an
arbitrary smooth, projective surface, and o lies on the “vertical wall” bounding the chamber
corresponding to Gieseker-stability. The main results are Theorem 3.4.7 and Theorem 3.5.1

which we summarize as follows.

Theorem 1.4.1. Let (X, H) be a smooth, projective, polarized surface over C, and let v €
Kpum(X) be a numerical class of positive rank. There ezists a Bridgeland stability condition

o = (A, Z) with the following properties.

(a) The o-polystable objects of class v in A are of the form

E=F& (EB ogmH]) ,

7

where F' is a p-polystable locally free sheaf and the O,, are structure sheaves of closed

points p; € X.

(b) The good moduli space M?(v) parameterizing o-polystable objects is projective and the

line bundle L, is ample.

(¢c) There is a bijective morphism MY (v) — M?(v) from the Uhlenbeck compactification of

p-stable locally free sheaves.

Our main mathematical contribution is part (b) of the theorem. The key idea is the
observation that the line bundle £, constructed by Bayer and Macri arises through restricting
o-semistable objects to various curves C' C X, which allows us to apply the result of Faltings

mentioned above to directly produce sections of L.



Part (c) of the theorem follows straightforwardly by comparing the proof of part (b) and
Li’s construction of the Uhlenbeck compactification [22]. To convince the reader that the
bijection is plausible, consider a p-polystable torsion-free sheaf F' on X. The sheaf F' fits

into a short exact sequence

0= F—=F"YW—T-=0,

where FVV is a p-polystable locally free sheaf and T' has 0-dimensional support. Recall that
the Uhlenbeck compactification records the information of FV together with the length
l,(T) of T at closed points p € X. On the other hand, the above exact sequence rotates to

the exact sequence

0—->T[-1]—=F—F" —=0

in the heart A C D?(X). The inclusion T[—1] C F is part of the Jordan-Hélder filtration

with respect to o, and in fact F' is S-equivalent to the o-polystable object

V& <@ O§ZP<T>[—1]) :

peX

Part (a) of the theorem is known to experts in general and worked out by Lo and Qin
in [28] in the case when rk(v) and H - ¢;(v) are coprime, where the authors also observe the
set theoretic bijection with the Uhlenbeck compactification. Although we include a proof in
the general case, we claim no originality.

As an application of the projectivity of moduli space on the vertical wall, we give a
proof in Section 3.6 of the classical fact that the moduli space of Gieseker-semistable sheaves
is projective. Our argument avoids the use of GIT, but is limited to the case when X
is a surface, the base field is that of the complex numbers, and we make the assumption

ged(rk(v), H - ¢1(v)) = 1 to rule out strictly semistable objects.

Relation to previous work

Bridgeland moduli spaces on surfaces are known to be projective in only some cases:



e When X is either P2 [6] or P! x P! or the blow-up of P? at a point [7], all Bridgeland
moduli spaces can be related to moduli of quiver representations. Similar results are

conjectured to hold for all Del Pezzo surfaces [7].

e For an arbitrary surface X, stability in a special chamber coincides with Giekeser

stability. The proof for K3 surfaces presented in [12] works in general.

e When X is an abelian surface of Picard rank 1, Maciocia and Meachan [30] construct
moduli spaces M?(v) for certain classes v of rank 1 and when o is generic for v by

relating M7 (v) to Gieseker moduli spaces via a Fourier-Mukai transform.

e When X is a K3 surface and o is generic with respect to v, Bayer and Macri show in [9],
generalizing similar results for K3 and abelian surfaces in [32], that M?(v) is projective

by relating o-stability on X to Gieseker-stability on a Fourier-Mukai partner.

e When X is an unnodal Enriques surface and o is generic with respect to v, Nuer shows
in [34] that the moduli space M (v) is projective by producing a finite map to a related

Bridgeland moduli space on the K3 universal cover of X.

While in all of these cases the projectivity of the moduli spaces ultimately rely on GIT
constructions, and the line bundle £, of Bayer and Macri can be seen to be ample after the
fact, a general GIT framework for Bridgeland stability is currently unavailable. Our method
avoids the use of GIT and proves ampleness of £, by directly producing enough sections.
To our knowledge, this is the first example of a Bridgeland moduli space on a surface whose
projectivity does not rely on GIT, as well as the first projective Bridgeland moduli space on
an arbitrary surface X apart from the Gieseker moduli space.

The relationship between MY (v) and M?(v) when o lies on the vertical wall for v has
been previously studied by Lo in [26], whose result together with properness of the good
moduli space implies that when X is a K3 surface, the good moduli space of o-semistable

objects is projective. Lo achieves this by relating M?(v) to a moduli space of p-stable locally



free sheaves on a Fourier-Mukai partner of X. Our results subsumes Lo’s results and avoids

the use of a Fourier-Mukai transform.

Open questions

The following are potential next questions in the direction of this chapter.

What is the local geometry of M?(v), and is the morphism MYM(v) — M?(v) an

isomorphism?

e What kind of birational surgery does the Gieseker moduli space undergo when we cross
the vertical wall? Based on earlier work in the subject, stability on the other side of

the wall should correspond to Gieseker-stability under the derived dual functor.

e Can the argument for projectivity of the Gieseker moduli space be adapted to the

noncoprime case, or for other base fields, or even for higher-dimensional varieties?

e Can the methods used here be adapted to showing projectivity of more general Bridge-
land moduli spaces on surfaces, or some other moduli spaces of sheaves or complexes

on varieties?
1.5 Overview of results: Chapter 4

In Chapter 4 we study moduli of PT-semistable objects on a smooth, projective, polarized
threefold (X, H). Defined in terms of a polynomial stability condition, they are objects
E € D(X) that fit in a triangle

HO(E) - E — HY(E)[-1],

where H(E) is a p-semistable sheaf and H'(F) is a 0-dimensional sheaf. Moreover, F sat-
isfies the condition that Hom(O,[—1], E') = 0 for every closed point p € X, one consequence
of which is that the quotient H°(E)VY/H (E) is pure of dimension 1. The PT-semistable



objects of rank 1 and trivial determinant are precisely the stable pairs considered in [35].
Relying on Lo’s work on the moduli stack of PT-semistable objects in [25] and [27], we con-
struct a globally generated determinantal line bundle on the stack and study the induced
morphism to projective space.

To state our results, let v € Kuum(X) be a class of positive rank and let MYT(v) denote
the moduli stack of PT-semistable objects of class v. By [27, Theorem 1.1}, the stack MFT(v)
is universally closed and of finite type, and in the absence of strictly semistable objects admits
a proper good moduli space parameterizing isomorphism classes of stable objects. The latter
occurs for example when ged(rk(v), H? - ¢1(v)) = 1. We summarize Theorems 4.5.1 and 4.6.3

under this simplifying assumption in the following.

Theorem 1.5.1. Assume that ged(rk(v), H? - c1(v)) = 1. There exists a semiample determi-
nantal line bundle Lo on MFPT(v) with the following property. For all objects E € MFT(v)
mapping to the same point under the canonical map
MY (v) = M = Proj @ HO(MPE(v), £S™),
n>0
the reflezive sheaves H°(E)YY are isomorphic, and the lengths of the 1-dimensional sheaves

HO(E)WY/HO(E) are equal at all codimension 2 points of X .

The proof of the theorem follows the same lines as the main result in Chapter 3 dis-
cussed above. The determinantal line bundle in the statement arises through restricting
PT-semistable objects E € D’(X) to various curves C' C X, which allows us to invoke the
results of Faltings to produce sections of the line bundle. We are also able to give a weaker

statement without the assumption ged(rk(v), H? - ¢1(v)) = 1.

Further problems and questions

We collect here some questions that remain unanswered in this work.

e Does the stack MPT(v) admit a good moduli space? At the moment this is only

know in the absence of strictly semistable objects, for example under the coprime
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assumption. The obstacle in applying the techniques in [3, section 7] is that the heart
AP C D*(X) containing PT-semistable objects is not noetherian. We however believe

that the general machinery of [3] should be applicable to our situation.

The description of the fibers given in Theorem 4.6.3 is incomplete, even in the coprime
case, in the sense that not all objects satisfying the conditions in part (ii) of the theorem
will be identified. In particular, it is not difficult to see that the 0-dimensional sheaf

H'(E) will play a role in separating objects under the morphism.

Is the good moduli space projective? A worked example in Section 4.7 shows that the
line bundle considered in Theorems 4.5.1 and 4.6.3 is not ample. We have borrowed
the notation Ly from [17, Chapter 8], and inspired by the results there, we conjecture

that some linear combination of Ly, £, and L, will be ample.

Part of Li’s motivation for constructing the Uhlenbeck compactification of stable vector
bundles on a surface X in [22] was to give an interpretation of Donaldson’s polynomial
invariants of the real 4-manifold underlying X in terms of intersection theory on the
Uhlenbeck compactification. Can our space M be used to define analogous invariants

when X is a threefold?
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Chapter 2

BACKGROUND ON SHEAVES AND COMPLEXES AND
THEIR MODULI

In this chapter we collect and summarize several key notions and results needed in the

main body of the work. We consider schemes over a fixed algebraically closed field k.

2.1 Local properties of sheaves

Let X be a regular, noetherian, integral scheme of dimension n. The dimension of a coherent
sheaf F' on X is the dimension of its support Supp(F'). A d-dimensional sheaf F is called
pure if all its associated points have dimension d, or equivalently if Hom(G, F') = 0 for all

sheaves GG of dimension less than d. A coherent sheaf F' of dimension d has a unique filtration

RWChC..Clhy 1 Ck=F

where Fj is the union of all subsheaves of dimension at most i, so that F;/F;_; is either zero
or pure of dimension 7 for each i. A torsion-free sheaf is a pure sheaf of dimension n. A
torsion-free sheaf is locally free in codimension 1. The rank of F' is denote rk(F) and defined

as the dimension of the stalk of F' at the generic point of X.

The dual of F' € Coh(X) is the sheaf FY = Zom(F, Ox). The canonical map F — F"Y
to the double dual of F' is injective precisely when F'is torsion-free, and we say that F' is

reflexive if this map is an isomorphism. A reflexive sheaf is locally free in codimension 2.
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2.2 Stability of sheaves

Let X be a smooth, projective variety of dimension n with a very ample divisor H C X. We

denote the Hilbert polynomial of a coherent sheaf I’ by

P(F,m) =x(X,F®Ox(mH)) = i(—ni dim H'(X, F ® Ox(mH)),

i=0
and, if dim(F") = n, define the reduced Hilbert polynomial of F' as

1

p(Fym) = Tk(F)

P(F,m).

A torsion-free sheaf F' is Gieseker-stable (resp. Gieseker-semistable) if for any proper,

nonzero subsheaf F' C I we have
p(F',m) <p(F,m)  (resp. p(F',m) < p(F,m)),

where we compare polynomials by asymptotic inequality, or equivalently by lexicographically
comparing their coefficients. Note that the first inequality holds automatically for subsheaves
F’ with rk(F") = rk(F'), so we can assume rk(F’) < rk(F") in the definition.

By the Hirzebruch-Riemann-Roch formula, the coefficient of the degree n — 1 term in
p(F,m) is the quantity )
() = T,
which we call the slope of F' (with respect to H). We say F'is u-stable (resp. p-semistable)

if it is torsion-free and for any subsheaf I’ C F of smaller rank we have
p(F) < u(F)  (resp. u(F") < p(F)).
We have the evident implications
p-stable = Gieseker-stable = Gieseker-semistable = p-semistable.

Moreover, if ged(tk(F), H"™' - ¢;(F)) = 1, then all four notions are equivalent. To see this,
let F' C F be a subsheaf with u(F”) = pu(F'), or equivalently

tk(F)(H™ e (F") = tk(F)(H" " - ¢ (F)).
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Since rk(F’) divides the right hand side, it must divide rk(F"), so that rk(F") = rk(F).
A torsion-free sheaf F' is called pu-polystable if it is a direct sum F' = &, F; of u-stable
sheaves F; with p(F;) = pu(F'). Any u-semistable sheaf F' has a Jordan-Holder filtration

OZFogFlchmflgFm:F

—=

where the successive quotients gr;(F') := F;/F;,_; are u-stable with p(gr;(F)) = u(E). The
sheaf gr(F) :== @; gr;(F) is called the associated graded of F.. The Jordan-Hélder filtration
is not necessarily unique, but the associated graded is unique up to isomorphism. Two u-
semistable sheaves F} and Fy are called S-equivalent if gr(F7) = gr(F;). Each equivalence
class is represented by a unique polystable sheaf.

Any torsion-free sheaf F admits a Harder-Narasimhan filtration
0= CEKC...CE, 1CFE,=F

where the successive quotients F;/E;_; are u-semistable with u(Ey/Ey) > u(Ey/Ey) > -+ >
wW(Ey/Eny_1). The Harder-Narasimhan filtration is uniquely determined by E.

We define polystability, Jordan-Hélder filtrations, the associated graded, S-equivalence,
and Harder-Narasimhan filtrations analogously for Gieseker-stability. It will be clear from
context which type of stability we mean.

We recall the following. If £ and F' are either (a) Gieseker-stable sheaves with the same
reduced Hilbert polynomial, or (b) u-stable reflexive sheaves with the same slope, then either
E = For Hom(E, F) = 0. As a consequence, if E = @, E”" is either a Gieseker-polystable

sheaf or p-polystable reflexive sheaf, with E; and E; nonisomorphic when ¢ # j, then

Aut(E) = GL,, x --- x GL

™m

As will be discussed below, moduli spaces of Gieseker-semistable sheaves can be con-
structed as projective schemes using GIT. While pu-stability lacks this benefit, its utility
comes from various permanence properties it enjoys. The most relevant for us is that u-
stability is preserved under restriction to a general divisor. The following result is attributed

to Mehta and Ramanathan.
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Theorem 2.2.1 ([17, Theorem 7.2.1, Theorem 7.2.8]). Let X be a smooth, projective variety
over an algebraically closed field with a very ample divisor H. Let F' be a p-semistable (resp.
p-stable) sheaf on X. There exists an integer ag such that for a > ag and a general smooth

divisor D € |aH]|, the restriction F|p is p-semistable (resp. p-stable).

The integer ag in the theorem depends on the sheaf F. In characteristic 0, we get the
following stronger result for restricting p-semistable sheaves to complete intersections of

divisors, attributed to Flenner.

Theorem 2.2.2 ([I7, Theorem 7.1.1, Theorem 7.2.8]). Let X be a smooth, projective variety
of dimension n > 2 over an algebraically closed field of characteristic 0, and let H C X
be a very ample divisor. Let r and | be integers with r > 0 and 1 < | < n — 1. There
exists an integer ag, depending on r and l, such that if a > ay and F' is a p-semistable
sheaf of rank r on X, the restriction F|p,n..np, to a complete intersection of general divisor

Dy, ...,D; € |aH| is again p-semistable.
2.3 Derived categories

We now recall some basic notions of derived categories. Let X be a scheme of finite type
over k. If

di— di
E: —>E171—1>Ez—>E1+1_>

is a complex of coherent sheaves on X, we denote by H'(F) = kerd;/imd,;_; its ith coho-
mology sheaf. A map E — F of complexes is a quasi-isomorphism if it induces an iso-
morphism H!(E) = H!(F) for all i. We denote by D°(X) the derived category of X, which
is a triangulated category whose objects are bounded complexes of coherent sheaves and
whose morphisms are maps of chain complexes and formal inverses of quasi-isomorphisms.
An exact triangle

E—-F—>d

in D°(X) induces an exact sequence

oo HUE) = H(F) = HY(G) = HTYE) — -
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in Coh(X). Any morphism ¢ : E — F in D°(X) can be completed to an exact triangle
ESF cone().

The category of coherent sheaves Coh(X) embeds as a full subcategory of D°(X) as
complexes E with H'(E) = 0 for i # 0. For E, F € Coh(X) we have identifications

Ext'(E, F) = Hom pu(xy (E, F[i]) = Hompe(x)(E[—i], F') for all 4.

We often use this notation even when E and F' are not sheaves. Moreover, if X is smooth

and projective of pure dimension n, the canonical sheaf wy induces a duality
Home(X)(E, F) = Home(X)(F, E ® CUX[”])V,

functorial in E, F' € D°(X), extending the usual Serre duality.
A proper morphism f : X — Y of smooth varieties over k induces an adjoint pair of

exact functors

Lf*: DY) — D"X),  Rf.:DX)— D"(Y).

extending the pullback and pushforward along f. When f is a closed embedding, we call
Lf* the derived restriction and denote Lf*E = E|%. If on the other hand f is the structure
map X — Speck, we denote Rf, = RI'(X, —) and call the cohomology sheaves of RI'(X, E)
the hypercohomology groups of F and denote them by H'(X, E).

An object E € D’(X) induces a derived tensor product (—) @* FE : D*(X) — D’(X),

derived local homs
R#omx(E,—): D’(X) — D*(X) and RsZom(—,E):D"(X)® — D*(X),
as well as global homs
RHomy (FE,—) : D’(X) — D’(Speck) and RHom(—,E): D*(X)° — D"(Speck),

each functorial in F.
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2.3.1 Hearts and tilting

The subcategory Coh(X) C Db(X) has the special feature that any object £ € D°(X) has
a unique filtration

O=FkFy—~FK—---—F, 1—>FE,=F

such that cone(E;_; — E;) lies in Coh(X)[k;] for some k;, and ky > ko > -+ > k,,, — this is
just the usual filtration of F by its cohomology sheaves H'(E). Abstracting this property

gives rise to the following definition.

Definition 2.3.1. A heart of a bounded t-structure is a full additive subcategory A C
D(X) such that

(i) Hom(A, B[i]) =0 for any A,B € A andi <0,

(ii) For any E € D*(X), there exists a filtration

O:EO E1 Em,1 Em:E
S RN ‘ e h
A1 [kl] Amfl [kmfl] Am [km]

with Ay,...,An, € A and k1 > ko > -+ > ky,.

It follows from (i) that the factors A; in the filtration in (ii) are unique. Moreover, a
heart A turns out to be abelian, a short exact sequence in A begin simply an exact triangle
in D°(X) whose three vertices lie in A.

A method for producing new hearts from old is provided by tilting with respect to a

torsion pair.

Definition 2.3.2. A torsion pair on an abelian category A is a pair (T, F) of full additive
subcategories of A, such that
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(1) Hom(T, F) =0 for any T € T and F € F,

(ii) for any E € A, the ezists a short exact sequence 0 =T — E — F - 0 with T € T
and F' € F.

It follows again from (i) that the short exact sequence in (ii) is unique. The basic
example of a torsion pair is (7, F) C Coh(X) where 7 and F are the full subcategory of

torsion sheaves and torsion-free sheaves respectively.

Definition 2.3.3. Given a torsion pair (T,F) on a heart of a bounded t-structure A C
D*(X), the tilt of A with respect (T, F) is the full subcategory

A* = (F[1],T)
of D*(X) consisting of objects that fit in an exact triangle
F— E—T[-1]
with Fe F andT € T.

The tilt of a heart is again a heart, and in particular abelian. The definition of A* given
here is the most common definition in the literature, but in Chapters 3 and 4 it will be in

fact more convenient for us to consider the shifted version A#[—1] = (F, T[—1]) instead.

2.4 Good moduli spaces

A good moduli space is a generalization to algebraic stacks of the usual coarse moduli space
associated to a Deligne-Mumford stack or a gerbe. In a sense, a good moduli space is an
algebraic space that most closely approximates the stack. Based on ideas from Geometric
Invariant Theory, Alper gave the definition and developed the basic theory of good moduli
spaces in [2].

Let M be an algebraic stack. A quasi-compact, quasi-separated morphism 7 : M — M

to an algebraic space M is called a good moduli space, if
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e the pushforward 7, : Qcoh(M) — Qcoh(M) is exact, and

e the natural map O,y — 7,0, is an isomorphism.

We list a few basic properties of good moduli spaces.

Proposition 2.4.1. If 7 : M — M is a good moduli space, then the following hold.

(1) 7 is surjective, universally closed, and induces a bijection on closed points.
(1) m is universal for maps to algebraic spaces.

(111) For every geometric point x : Spec K — M with closed image, the stabilizer group G,

1s linearly reductive.

() If M is of finite type over a field, then so is M, and m, preserves coherence.

We recall the following criterion [2, Theorem 10.3] for a locally free sheaf on M to descend

to the good moduli space M.

Proposition 2.4.2. If 1 : M — M s a good moduli space and M 1is locally noetherian,
then the pullback morphism m* : Coh(M) — Coh(M) induces an equivalence of categories
between locally free sheaves on M and those locally free sheaves F on M such that for every
geometric point x : Speck — M with closed image, the induced representation x*F of the

stabilizer G, is trivial.

The existence of a good moduli space for a given algebraic stack is a subtle question.
One answer is given in [3], where for a large class of stacks the authors give necessary and
sufficient conditions for existence of a good moduli space in terms of certain valuative criteria.

An important source of good moduli spaces is Geometric Invariant Theory. Let X be a
projective scheme, G a linearly reductive algebraic group acting on X, and L a G-linearized
ample line bundle on X. Let 2" = [X/G] denote the quotient stack. The invariant open

subset X** of semistable points with respect to L gives an open substack 2, and the good
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GIT quotient X* // G is a good moduli space for 2. The closed points of X** / G are in
bijection with the closed orbits of X5,

We will need the following in Chapters 3 and 4.

Lemma 2.4.3. Let M be an algebraic stack of finite type that admits a good moduli space
™ M — M with M proper. Let C' be a smooth, proper curve, and let g : C' — M be a

morphism. There exists a commutative diagram

oL
of ]
C

— M
9

where C" is smooth and proper and ¢ is finite.

Proof. Let U — M be a smooth surjection with U a scheme of finite type. The fiber product
C x ;U is also a scheme of finite type and n¢ : C' x 3 U — C' is surjective. The scheme-
theoretic fiber wal(n) over the generic point n € C' is of finite type over the function field
of C, hence contains a closed point 7 € 7;'(n) whose residue field K = x(7) is a finite
extension of the function field K(C) = k(n). Let C, denote the normalization of C' in the
field k(7). Since U is of finite type, we can extend the map Spec K — U over an open

subscheme V' C (', and obtain a commutative diagram:

SpecK ——V —U — M

b

C;,—C—M

By applying [3, Theorem A.8] to the local rings of the finitely many points in the complement
C,\ 'V, we find a finite extension K’ of K such that the normalization C’ of C in K" admits
a map C' — M. ]
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2.5 Moduli stacks of sheaves and complexes

Let X be a smooth, projective variety over k. If S is a k-scheme, a complex E of quasi-
coherent sheaves on S x X is called perfect relative to S or S-perfect if étale-locally
on S x X, it is quasi-isomorphic to a bounded complex of coherent sheaves flat over S. A
complex on X is perfect if it is perfect relative to the identity morphism, or in other words
locally quasi-isomorphic to a bounded complex of locally free sheaf of finite rank. The rank
of a perfect complex FE is the alternating sum of the ranks of the terms in a complex of
locally free sheaves representing E.

An S-perfect complex is called universally gluable if for every geometric point Spec K —

S, the complex Ex = El, € D"(Xk) satisfies
Ext'(Ex,Ex) =0 fori<O.

We let A% ! denote the stack on the big étale site of k-schemes that to a scheme S associates
the groupoid of universally gluable complexes on S x X. On A’)’? x X there is a universal Agtg-
perfect complex. In [23], Lieblich dubbed the stack A% “the mother of all moduli spaces”
and established the following.

Theorem 2.5.1 ([23, Theorem 4.2.1)). The stack A% is an algebraic stack locally of finite

type over k.

The stack A}t{ contains many useful open substacks. For example, if S is a scheme of
finite type over k£ and F is an S-perfect complex on .S x X such that for every k-point s € .S,
the restriction E, € D’(X) lies in the heart of a bounded t-structure, then FE is universally
gluable. In particular, any flat family of sheaves on X is universally gluable. As another
example, we say that a complex E € D*(X) is simple if Hom(E, E) = k and Ext'(E, E) = 0
for i < 0. The substack Spl C A’}(’ of simple complexes is a G,,-gerbe over an algebraic space

locally of finite presentation over k, see [13], [23, Corollary 4.3.3].

!Finnish] &iti (noun) : mother, mom, mum, mommy, mummy, momma
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2.5.1 Moduli stacks of semistable sheaves

Let X be a smooth, projective variety of dimension n over k with a very ample divisor H.
We let K (X) denote the Grothendieck group of coherent sheaves on X. It has the structure
of a filtered ring, where the product is induced by tensor product on locally free sheaves and
the filtration is given by the codimension of the support of a coherent sheaf. We denote by

K (X) the quotient of K (X) by the kernel of the Euler pairing

X K(X)x K(X)=Z, x(E,F)= Zn:(—nidim Ext'(E, F).

i=0
The group Knum(X) is a finitely generated free abelian group. For a class v € Kpum(X) with

rk(v) > 0, we obtain a sequence of open substacks

M) € M (v) € MS(v) € My(v) €AY

parameterizing, from left to right, u-stable, Gieseker-stable, Gieseker-semistable, and p-se-
mistable torsion-free sheaves of class v. All four stacks are quasicompact and the first two
are substacks of the stack Spl of simple complexes and hence (G,,-gerbes over an algebraic
space. If rk(v) and H" ™! ¢;(v) are coprime, then all four substacks coincide. In the stacks
M (v) and MY (v), two k-valued points representing S-equivalent sheaves have intersecting
closures, which implies that a moduli variety of semistable sheaves can parameterize sheaves

only up to S-equivalence.

2.5.2  Projective moduli spaces of semistable sheaves

A good moduli space for the stack M$(v) of Gieseker-semistable sheaves is obtained as
a GIT quotient as follows. Since the family of semistable sheaves of class v is bounded,
there exist integers n and m such for every semistable sheaf F', there exists a surjection
E == Ox(—m)®" — F that induces an isomorphism on global sections k" = H°(X, O%") —
H°(X,F(m)). Thus, if P denotes the Hilbert polynomial of the class v, the semistable

sheaves of class v are represented by the points of an open subset U of the Quot scheme
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Q = Quot(Ox(—m)®", P), giving rise to a surjective morphism
¢:U— M§(v).

The group GG = SL(n) acts on the closure U by precomposing a quotient £ — F with an
automorphism of F, and the map ¢ is invariant under this action. Moreover, there is a
natural linearized ample line bundle L on U such that the semistable locus U is precisely

U, and we obtain a projective good moduli space
MG (v) = M$(v)=U ) G

as the good GIT quotient. The closed points of M (v) are in bijection with S-equivalence
classes of Gieseker-semistable sheaves, and the open substack M$S(v) € M$(v) of stable
sheaves induces an open subscheme M$*(v) C M$(v) parameterizing isomorphism classes
of stable sheaves.

The situation is not as favorable with p-stability. In fact, the stack MY (v) of u-semistable
sheaves does not have a good moduli space in general. For example if ], is the ideal sheaf of a
closed point p € X, then the sheaf I, ®Ox is p-semistable, but its automorphism group is not
linearly reductive. However, when X is a surface, Jun Li [22] constructed a projective scheme
MM (v), called the Uhlenbeck compactification, and a map 7 : M’ (v) — M{"(v) giving
rise to a commutative diagram:

open emb.

ME (v) ———— MH(v)

MG@) MUhl(v)

To explain the set-theoretic behavior of m, recall that if F' is a pu-semistable sheaf, the
associated graded gr(F') is the direct sum of its Jordan-Holder factors. Since X is a surface,
the double dual gr(F)¥Y is locally free and the quotient gr(F)"Y/gr(F) is supported at
finitely many closed points of X. Two p-semistable sheaves F; and Fy are identified by 7
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if and only if gr(F;)¥Y and gr(F3)Y" are isomorphic and the quotients gr(Fy)"Y/ gr(Fy) and
gr(Fy)YY/ gr(Fy) are supported at the same points with the same lengths.

The goal of Chapter 3 is to find a certain open substack M%(v) C A% containing
MY (v) whose good moduli space M$(v) is identified with M{"(v). Unfortunately we only
obtain a bijective morphism My™(v) — M%(v), and it remains open whether this map is an
isomorphism.

In Chapter 4 we study a certain stack MY (v) of complexes on a threefold X. We
construct a morphism M5 (v) — M to a projective scheme M and show that the set-
theoretic behavior of this map is closely analogous to that of the map to the Uhlenbeck
compactification. In both chapters we heavily employ the technology of determinantal line

bundles, which we now turn to.

2.6 Determinantal line bundles

Material for this section follows [38, Tag OFJI], [38, Tag OFJW], and [17, Section 8.1]. The
original exposition is [19].
Let S be a scheme. The rule that sends a locally free sheaf F' to its determinant line

bundle det(F') = /\rk(F) F extends to a functor
det : {perfect complexeson S} — {invertible sheaveson S}.
Moreover, for any short exact sequence
0—>F —-F—=F'—0

of locally free sheaves, there is a canonical isomorphism det(F') — det(F’) ® det(F"”), so in

particular we obtain an induced homomorphism of abelian groups
det : Ko(S) — Pic(9),

where K(S) denotes the Grothendieck group of locally free sheaves on S. These construc-
tions commute with pullbacks in the sense that if 7 : S’ — S is a morphism of schemes and

F'is a locally free sheaf or a perfect complex on S, then canonically det(7*F') & 7* det(F).


https://stacks.math.columbia.edu/tag/0FJI
https://stacks.math.columbia.edu/tag/0FJW
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Let now X be a smooth, projective variety over k, S a scheme of finite type over k, and
& € D*(Sx X) an S-perfect complex. Note that since X is smooth, we have Ky(X) = K(X).

Consider the diagram:

S x X
N

S X

Any coherent sheaf I’ on X is perfect as an object of D’(X), and so the complex £ ® ¢*F on
S x X is again S-perfect. Thus, by [38, Tag 0B91], the derived pushforward Rp.(€ ® ¢*F)
is perfect on S. Composing with the determinant map gives a homomorphism of abelian
groups

Ae : K(X) = Pic(S), [F]— det Rp.(E ® ¢"F)
called the Donaldson morphism. Moreover, since the formation of the pushforward
Rp.(€ ® ¢*F) commutes with base change, so does the formation of A¢ in the sense that if

m: S — S is a morphism of schemes, then the composition
K(X) 25 Pic(S) I Pic(S)

equals A(rxidy)«¢. In particular, the fiber of A\¢(F) at a k-point ¢ € S is identified with the

1-dimensional vector space

det RD(X, & @" F) = (X)(det H'(X, & ®" F)) ',

iez
where & denotes the restriction &£ |%t}x « € D°(X).

We collect some of the basic properties of the Donaldson morphism in the following.

Lemma 2.6.1. Let w € K(X).
(1) If € = F — G is an exact triangle of S-perfect complexes on S x X, then

Ar(w) = Ae(w) @ Ag(w).


https://stacks.math.columbia.edu/tag/0B91
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(i1) If F is a perfect complex on X, then

)\q*F(’LU) = Os.

(111) If € is an S-perfect family of complexes of class ¢ € K(X) on S x X and G is a perfect

complex on S, then

Ap-cise (W) = Ae(w)™ ¢ @ det(G) =X,

The Donaldson morphism respects numerical equivalence and hence induces a homomor-
phism
Ae @ Kpum(X) — Num(S),
where Num(S) denotes Pic(S) modulo numerical equivalence, and furthermore extends to a
linear map
Ae @ Kpum (X)r — Num(9S)g
of real vector spaces, where Kpum(X)gr = Kpum(X) ® R, and Num(S)g = Num(S) @ R is the
group of real divisor classes.
This construction readily generalizes to algebraic stacks, and in particular, the Donaldson
morphism lets us construct line bundles on the stack ff{ and its open substacks. Let
M C AZ)? be an open substack and £ the universal M-perfect complex on M x X, and

consider the diagram:

If I is a coherent sheaf on X, we obtain the line bundle
Ae(F) = det(Rp.(E R ¢ F))
on M, and this induces a group homomorphism

Ae : K(X) = Pic(M).
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2.6.1 Sections of determinantal line bundles

In special situations the above construction of a determinantal line bundle also yields a
canonical section of the dual of the line bundle. Namely, if E € D?(S) is a perfect complex
of rank 0 whose cohomology sheaves H'(E) vanish whenever i # 0, 1, then locally on S the

complex F can be represented by a two-term complex of locally free sheaves
—>0—>E01>E1—>0—>, I'k(EQ):Ik(El)

The map f induces a section det(f) : Og — det(Ep)Y @det(E}), and these local sections glue
to a global section 6 € T'(S,det(E)Y). Moreover, the formation of this section commutes
with pullbacks in the sense that if 7 : S — S is a morphism of schemes, then the sections
dr+p and 7*0p are identified under the canonical isomorphism det(7*E)Y = 7*(det(E)Y).
See [38, Tag OFJX]. The following lemma gives a useful criterion for the existence and

non-vanishing of a section.

Lemma 2.6.2. Let X be a smooth, projective variety and S a scheme or an algebraic stack
of finite type over k. Let £ € D°(S x X) be an S-perfect complex, and let F' be a coherent
sheaf on X.

(a) If for all k-points t € S, we have H'(X, & ® F) = 0 whenever i # 0,1, and
(X, & @Y F) =dimH(X, & @ F) —dimH' (X, & @ F) =0,

then the line bundle Ag(F)Y on S has a canonical section 0.

(b) In addition, if for some t € S we have
HO(X, & @ F) =HY(X, & @ F) =0,
then the section dr is nonzero at t.

Proof. For (a), cohomology and base change implies that Rip,(£ ® ¢*F) = 0 for i # 0, 1, and
thus locally on S, the object Rp.(€£ ® ¢*F) can be represented by a complex

---—>0—>goi>gl—>0—>---


https://stacks.math.columbia.edu/tag/0FJX
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where Gy and G; are locally free of finite rank. By [38, Tag 0B91], forming Rp.(£ ® ¢*F)
commutes with base change, and so for any ¢t € S, we have
> (1) 1k(G) =) (=1 rk(Gily) = ) (~1) dimH(X, & ® F) =0,
so rk Gy = rk G;.
For (b), if moreover H' (X, &®F) = 0, by cohomology and base change R'p,(E®q*F) =0
in a neighborhood of ¢, so the map f : & — & is surjective in a neighborhood of ¢, hence

an isomorphism, and so its determinant is nonzero at t. O

2.6.2 Stabilizer action

We now compute how the stabilizer of certain objects in A% acts on a determinantal line
bundle A¢(F). Let X be a smooth, projective variety and let E' be a direct sum of simple
objects in D?(X). If F is a locally free sheaf on X, we want to know how g € Aut(E) acts
on the 1-dimensional vector space

det RT(X, E® F) = (X)(det H'(X, E @ F))".
i€z,

First consider the case E = S®" where S is a simple object and r > 1, so that Aut(E) = GL,,
and we can view an element g € Aut(F£) as an invertible matrix g = (gy;). Thus, g acts on
H(X,F® F) 2 H(X,S® F)® by a block diagonal matrix consisting of dim H(X,S ® F)

diagonal copies of g, and hence on
det H'(X, E® F) = (det H'(X, S @ F))®"

by multiplication by det(g)dimHi(X’s‘@F), and on det RI'(X, E ® F') by
H ((det(g)dimH"(X’%F))(_l)l = det(g)X(X5=F),
i=0
Next, consider the case E = SP"™ @ - - @ S where Sy, ..., S, € D’(X) are simple objects

and Hom(S;, S;) = 0 for i # j. For example the S; could be nonisomorphic p-stable locally


https://stacks.math.columbia.edu/tag/0B91
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free sheaves with the same slope. Now
Aut(E) =2 GL,, x -+ x GL,.
and an element g = (g1, ..., 9m) € Aut(FE) acts on
H(X,E®F) 2H(X,$ ®F)® & e H(X,S,® F)®"

by a block diagonal matrix with the matrix g; on the diagonal dim H'(X,S; ® F) times.
Thus, g acts on det H'(X, F ® F') by multiplication by

det(g1>dimHi(X,Sl®F) . det(gm)dimHi(X7Sm®F)’

and hence on det RI'(X, F ® F') by

det(gl)x(x,&@F) - det(gm)x(x,sm®p)_

The same analysis extends to the case where we replace F' by an element u € K(X), and so

we have the following.

Proposition 2.6.3. Let £ denote the universal complex on A% x X, let u € K(X) be a
class, and let t € A% be a k-point corresponding to an object E = S @ --- @ S&™™ where
each S; is simple and Hom(S;,S;) =0 fori # j. An element g = (g1, ..., 9m) € Aut(E) acts
on the fiber of Ae(u) on A% at t by multiplication by

det(gy )XW L det( gy, Xm0,
In particular, if x(X,[S;] - u) =0 for each i, then Aut(E) acts trivially on the fiber.
2.7 Moduli of vector bundles on a curve

In this section we recall elements of the construction of the moduli of vector bundles on a
curve via determinantal line bundles. This approach was developed by Faltings in the more

general context of Higgs bundles [13] and specialized to p-semistable bundles by Seshadri [37].
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Let C' be a smooth, projective, connected curve of genus g > 2. We have canonical
isomorphisms

K(C) = Z x Pic(C), Knm(C) S Z X Z

given by [F]| — (rk(F),det(F)) and [F] — (rk(F'),deg(F')) respectively. Since the Hilbert
polynomial of any coherent sheaf ¥ on C' has degree at most 1, Gieseker- and p-stability
coincide, and the slope of a coherent sheaf F now has the simple form

_ deg(E)

n(E) k()

Let 7 and d be integers with r > 0 and let M/, (r, d) denote the stack of u-semistable locally

free sheaves of rank r and degree d with universal locally free sheaf £. Consider the diagram

M (r,d) C

Recall that the Donaldson morphism
Ae 1 K(C) — Pie(ME(r,d))

is induced by sending a locally free sheaf G to the line bundle A\¢(G) = det(Rp.(€ ® ¢*Q)).
Since C is 1-dimensional, we have H(C,& ® G) = 0 for i # 0,1 and for all k-points
t € M%(r,d), implying that Rp.(€ ® ¢*G) is locally represented by a two-term complex of
locally free sheaves Gy — Gi.

Choose now an integer ' > 0 and a line bundle L € Pic(C') such that
rdeg L+ (d+r(1—g))r' =0.

Denote —w = (1, L) € K(C) = Z x Pic(C). If G is a locally free sheaf on C' with [G] = —w,
it follows from the Riemann-Roch theorem that x(X,& ® G) = 0 for any t € M%(r,d), so
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by Lemma 2.6.2, the line bundle \¢(w) acquires a section
dg € T(ME(r,d), Ae(w)).

We emphasize that the line bundle Ag(w) only depends on the class w € K(C), but the
section dg depends on the sheaf G.

The strategy of Faltings and Seshadri is to (i) show that for large enough 7' > 0, the
sections g generate the line bundle Ag¢(w) inducing a map from MY (r,d) to projective
space, (ii) prove that the only curves this map contracts are those parameterizing families of
S-equivalent sheaves, and (iii) identify the normalization of the image of this map with the
good moduli space M£(r, d) obtained from GIT. Key ingredients in the construction are the

following two results.

Lemma 2.7.1 ([37, Lemma 3.1, “First Main Lemma”]). Let C' be a smooth, projective,
connected curve of genus g > 2, and let E be a semistable locally free sheaf on C. There

exists an integer ro such that if v’ > ro and L € Pic(C) is a line bundle such that
rk Edeg L + (deg E +1k E(1 — g))r' = 0.
then there ezists a locally free sheaf G with tk G = r' and det G = L such that
H'(C,E®G)=H(C,E®G)=0.

Remark 2.7.2. The converse of Lemma 2.7.1 also holds. More precisely, if E is a coherent
sheaf on a smooth, projective, connected curve C' and there exists a locally free sheaf G such
that

H(CE®G)=H(C,E®G)=0,

then E is semistable. See [31, Theorem 2.13] for a proof.

Lemma 2.7.1 implies that the section g € T'(MY(r,d), Ae(w)) is nonvanishing at the
point representing E, and since we can choose such a G for any F, we see that the line

bundle Ag(w) is globally generated.
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Lemma 2.7.3 ([37, Lemma 4.2, “Second Main Lemma”]). Let C' and S be two smooth,
projective, connected curves, and let £ € Coh(S x C) be a family of semistable locally free

sheaves on C of rank r > 0 and degree d. Let G € Coh(C') be a locally free sheaf such that
rdegG+ (d+r(1 —g))rkG =0.

The line bundle A\e(G) € Pic(S) has degree 0 if and only if the semistable sheaves & are all

S-equivalent.

Proof. For the forward implication we refer to [37]. For the converse, the condition on the
rank and degree of G together with Proposition 2.6.3 shows that A\¢(G) descends to a line
bundle L on the good moduli space M (r,d). If £ € Coh(S x X) is a family of S-equivalent

semistable sheaves, the induced map
S — M{(r,d) — ME(r,d)

must be constant, so the pullback of L, and hence of \¢(G), to S is trivial. O
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Chapter 3

UHLENBECK COMPACTIFICATION AS A BRIDGELAND
MODULI SPACE

3.1 Bridgeland stability

In this section we recall definitions and basic notions concerning Bridgeland stability. An
excellent exposition of the material is [31].

Let X be a smooth, projective variety over C and let K,un,(X) denote its numerical
Grothendieck group, that is, the quotient of K (X) by the kernel of the Euler pairing x(—, —).

A (numerical) stability condition on X is a pair 0 = (A, Z), where

e A C D'(X) is the heart of a bounded t-structure, and

o 7 : Kym(X) — Cis a stability function on A, that is, a group homomorphism such

that for every nonzero object A € A, we have

Z(A)eH=HUR = {re™ eC|r>0,0<¢<1}.

This lets us define a notion of stability in the abelian category A: we say A € A is stable

(resp. semistable) if for every proper nonzero subobject A" C A, we have

vz(A") <vz(A) (resp. vz(A") <wvz(A)),

where
_ReZM) if Im Z(A) >0
Vz(A> _ Im Z(A) ( )
400 if ImZ(A)=0.

With this notion of stability, the pair o = (A, Z) must satisfy the following conditions:



33

(i) Every nonzero A € A has a Harder-Narasimhan filtration
OZAOQAlg_gAm—IgAm:Aa
where each quotient F; = A;/A;_; is semistable and

Vz<F1) > e > Vz<Fm).

(ii) Support property: there is a symmetric bilinear form @ on Ky, (X) ® R that is
negative definite on the kernel of Z, and Q(A, A) > 0 for every semistable object
Ac A

The set Stab(X) of stability conditions on X has a natural topology with respect to
which the map
Stab(X) — Hom(Kuum(X),C), (A, 2)— Z

is a local homeomorphism. Moreover, for a given numerical class v € K, (X) there is a
locally finite collection of real codimension 1 walls inside Stab(.X) such that the sets of stable
and semistable objects remains constant when o varies within a connected component of the
complement of the walls.

If C is a curve, an example of a stability condition on C' is given by o = (Coh(C), Z)
with Z(F) = —deg(F) + irk(F), giving rise to the classical slope-stability. However, if
dim X > 2, the standard heart Coh(X) C D’(X) can never be the heart of a stability

condition, see [10, Lemma 2.7].

3.1.1  Stability conditions on surfaces

We now recall a construction of stability conditions on the derived category of a smooth,
projective surface X equipped with a very ample divisor H. This is achieved by tilting the
standard heart Coh(X) C D’(X) with respect to u-stability.

Fix a real divisor class B € N'(X)g. The B-twisted Chern character is defined by

ch? = e P . ch,



34

with graded pieces
BQ
chf? = chg =1k, ch? =ch; —B-chy, ch? =chy—B-ch +=5 cho.

Define the B-twisted slope function on Coh(X) by

H-chP?(E) H-ch(E) H-B

T HZ-B(E) H’-d(E) H?

ps(E)

if tk(E) > 0, and up(E) = o0 if rk(E) = 0, i.e. E is a torsion sheaf. Note that this differs
from the usual slope function p only by the additive constant —H - B/H? and hence defines
the same notion of stability on Coh(X).

Since Harder-Narasimhan filtrations by p-semistable factors exist, for every real number

B we obtain a torsion pair on Coh(X) by setting

Ts ={E € Coh(X) | up(F) > [ for every semistable factor F' of E},

Fs={F € Coh(X) | up(F) < p for every semistable factor F' of E}.

Thus, we obtain a heart Coh”(X) = (F3[1],T3) € D'(X) as the full subcategory whose
objects are precisely those £ € D°(X) fitting in an exact triangle

F[1] = E—T,

where F' € F3,T € Tp.
For any o € R we define a map Z, 5 : Kyum(X) — C by setting

Zop(E) = — /X e~ T o, B(R)

042—52 2 1B B B
=~ H’cb/(E) + BH - chy’(B) — chy'(E)

+ia(H - ch?(E) — BH? ch¥ (E)).

We denote the associated slope function on Coh”(X) by v, . It is shown in [12] and [5] that
the pair 044 = (Coh’(X), Z, ) is a stability condition on X.
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An object E € Coh”(X) is called polystable with respect to O if
E=PE

where F; € Coh?(X) is 0, g-stable and v, (E;) = vag(E) for each i. Every o, g-semistable
object E € Coh?(X) has a Jordan-Hélder filtration

0=FCFkK<...CE,1CE,=FE
where the successive quotients F;/FE;_; are o, g-stable with
Vo,5(Ei/ Ei—1) = Vo5(E)
for: =1,...,m. The associated graded object of E is the direct sum
gr(E) = @Ei/Ei,l,

unique up to noncanonical isomorphism, and two semistable objects £ and E’' are S-
equivalent if gr(FE) = gr(F').

We will need the following observation.
Lemma 3.1.1. If E € Coh’(X) and Im Z, 3(F) = 0, then in the above triangle
F[1] - E—>T,
T has 0-dimensional support, and F' is a p-semistable sheaf with pg(F) = .

Proof. Note that for a coherent sheaf G, we have Im Z, 3(G) > 0 (resp. = 0) if and only if
pp(G) > B (resp. = ). Tt follows from the construction that for any E € Coh”(X),

Im Zaﬂ(E) = Im Zayﬁ(T) — IIl’l Zaﬂ(F)

and Im Z, 3(T), —Im Z, s(F) > 0.
First, if 7" has positive rank, then by assumption pug(7) > g, and so Im Z, 3(E) > 0.

Hence T' must have rank 0. If the support of T is 1-dimensional, then

Im Zo5(T) = aH - chf(F) = aH - chy(E) >0
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since H is ample. This means that 7" must have 0-dimensional support.

Second, if F'is not p-semistable, then it has a Harder-Narasimhan filtration
0O£AFCFHhC---CF, 1CF,=F
with respect to p with m > 2, and
ImZ, 5(F;/F;—1) <0 foralli, and ImZ,s(F,/Fn-1)<D0.

But then
—Im Zop(F) = = Im Zo4(Fi/Fi_1) > 0.
i=1

Thus, F' must be p-semistable. [

3.1.2 Wall-and-chamber structure

We visualize the stability conditions 045 = (Coh”(X), Z, 3) as living in the upper half-plane
with horizontal f-axis and vertical a-axis. The wall-and-chamber structure in the (o, 3)-
plane was analyzed in [29] and turns out to be rather simple. If v € K;ym(X) is a class of

positive rank, then there is a unique vertical wall at

H - ch? (v)

o= cho(v)

and on each side of the vertical wall, there is a nested sequence of semicircles with center
on the f[-axis and contained in a largest semicircle. In particular, on either side of the
vertical wall, there is an unbounded open chamber. The walls in the («, 3)-plane are pairwise
disjoint, and so there is no further wall-and-chamber decomposition within each wall. In
the unbounded open chamber left of the vertical wall, o-stability coincides with Gieseker-

stability.
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Gieseker chamber vertical wall 8 = [,

ﬁﬁ/\ g

Our goal is to study the moduli space of semistable objects when o lies on the vertical wall.

3.1.3  Stability on the vertical wall

In this subsection we classify stable and semistable objects on the vertical wall. Let v €

K (X) be a class of positive rank and let
(Coh”(X), Zap,) € Stab(X)

be the stability condition constructed in the previous section with

H - chP(v)

= — d .
HZ cho(0) an a>0

o

Note that since other walls do not intersect the vertical wall, the sets of stable and semistable
objects are independent of a.
We first note that there are no nonzero objects in Coh™(X) with numerical class v.

Namely, by Lemma 3.1.1, any object E € Coh™(X) with Im Zop,(E) =0 fits in a triangle
F[1] = E—T,

where T has 0-dimensional support and F' is p-semistable. But rk(E) = rk(T") 4+ rk(F[1]) =
—rk(F) <0, while rk(v) > 0 by assumption. Therefore, it is convenient to instead consider

the stability condition

o= (A,2%), where A=Coh™(X)[-1], Z= —Z o fo-
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Note that this does not change the slope function v = — Re Z/Im Z. By definition, the heart

A consists of objects F with fitting in a triangle
F— FE—T[-1]

where F' € Fp,, T € Tg,.

The next proposition gives a description of stable and semistable objects in A of slope
v = +oo with respect to 0. This includes objects of class v € Kyum(X). Part (i) will be
crucial in the proof that the moduli space M?(v) of semistable objects of class v is projective,
and part (iii) will let us identify M7 (v) with the Uhlenbeck compactification of the moduli

of p-stable vector bundles, at least on the level of points.

Proposition 3.1.2. Let
0= (A7), where A= Coh™(X)[~1], Z=—Zupz.
(1) Any object E € A with v(E) = +o0 is o-semistable and fits in a triangle
F— FE — T[-1]

where T is a sheaf supported in dimension 0 and F is a p-semistable sheaf of slope

pe(F) = Bo.

(i) An object E € A with v(E) = +oo is o-stable if and only if in the above triangle
either F' is a pi-stable locally free sheaf and T' =0, or T'= O, is the structure sheaf of
a closed point p € X and F' = 0.

(iii) An object E € A of class v is o-polystable if and only if
£=(@r) o (Do)
i J

where each F; is a p-stable locally free sheaf of slope p = pp(v), and each p; € X is a

closed point.
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Part (i) of Proposition 3.1.2 follows from Lemma 3.1.1 and the constructions, while part
(iii) follows from part (ii) by the definition of polystability. We prove part (ii) in a series of
lemmas below. Lemmas 3.1.3 and 3.1.4 show that u-stable locally free sheaves and shifted

skyscraper sheaves are o-stable, and Lemmas 3.1.5 and 3.1.6 show the converse.
Lemma 3.1.3. A p-stable locally free sheaf E with tk(E) > 0 and ug(E) = By is o-stable.

Proof. Let F' — E be an inclusion in A with v(F') = +00. We must show F'=0or F = E.

The induced short exact sequence
0—>F—-F—-G—=0

is by definition an exact triangle in D®(X) with each vertex in .A. Cohomology with respect

to the standard t-structure leads to an exact sequence
0= HYF) = E— H'(G) = HYF) = 0— HNG) =0

of sheaves. This immediately implies that H'(G) = 0, i.e. G = H°(G), and that H°(F) is a
subsheaf of F.

We have three cases.

o If H'(F) = E, then G = H'(F). But G € Fs,, H'(F) € Ts,, so we must have
G =H'(F)=0, hence F = H°(F) = E.

e If H°(F) is a proper, nonzero subsheaf of F, then by the assumption on E we have
pup(H(F)) < ug(E) = By. Let N denote the image of the map £ — G, so that we

have the short exact sequences
0= H(F)— E—N—=0

and

0= N—=G—H(F)—D0.
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By assumption, v¥(G) = 400 so G is p-semistable, and thus ug(N) < pug(G). This

gives the absurd inequality

Bo = us(E) < pp(N) < pp(G) < pp(H'(F)) < fo.

Thus, this case is impossible.

If HO(F) =0, then F = H'(F)[—1]. Denote F’ = H'(F). The short exact sequence
0>E—-G—F —0
implies
H-chP(G) = H-ch?(E)+ H - chP (F).
Assume for contradiction that rk(F”) > 0. Since rk(G) > rk(£) > 0 by assumption,
from the above equality and the definition of up we obtain
o TK(E) + (') tk(F") = ps(B) K (E) + pus(F") k()
= p1(G) k(@)
< BO l"k(G),
so that
pup(F")rk(F") < Bo(rtk(G) — rk(E)) = Bork(F").

However, since pug(F’) > [y, this inequality is impossible. Thus, rk(F”) = 0, which
also implies rk(F) = rk(G) and ch?(F") = chy (F).

Next, assume for contradiction that F”’ has 1-dimensional support. Since H is ample,

this implies H - ch?(F’) > 0. But on the other hand,
pp(GYH? 1k(G) = pp(E)H? 1k(E) + H - ch? (F),

so that
H - chB(F') = H2(u5(G) — fo) 1K(E) < 0
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since by assumption ugp(G) < [y, again a contradiction. Thus, F’ has 0-dimensional
support. Now if F” #£ 0, then we have a locally free subsheaf F of a torsion-free sheaf G
with 0-dimensional quotient F’. But as mentioned in [17, Example 1.1.16], the quotient

G /E has no 0-dimensional associated points. Thus, we must have F’ = 0.

O
Lemma 3.1.4. The shifted skyscraper sheaf O,[—1] is o-stable for every closed point p € X.

Proof. Let F' — O,[—1] be an inclusion in A with v(F) = 4+00. We must show F' = 0 or

F = O,]—1]. Like above, the induced short exact sequence
0= F—=0,[-1]—-G—=0
in A yields the exact sequence
0—HUG) = F =0, = HG) =0

of sheaves, and F' = H'(F). If O, = H'(G), then H°(G) = F, and since H°(G) € Fg, F €
T3, we have F' = 0.
If on the other hand H*(G) = 0, then G = H°(G), and the short exact sequence

0=-G—=-F—=0,—0

implies that ug(G) = pp(F), and we once again see that G = F' = 0, a contradiction. [

Lemma 3.1.5. If E € A is a o-stable object with tk(E) > 0 and v(E) = 400, then E is a

p-stable locally free sheaf.
Proof. The object E fits in an exact triangle
F— E—T[-1]

where F' is a p-semistable torsion-free sheaf with ug(F) = By and T is a 0-dimensional

sheaf. If T' # 0, then F is a destabilizing subobject of F in A unless F' = 0, in which case



42

tk(E) = —1k(T) = 0, contrary to the assumption. Thus, 7" = 0 and F is a p-semistable
sheaf.

We next show that F is locally free. Since F is torsion-free, the canonical evaluation map
E — EVYV is injective with cokernel @) supported in dimension 0. Now EYY and Q[—1] both

lie in the heart A, so the short exact sequence
0—-EFE—=E"Y —Q—0
of coherent sheaves gives an exact sequence
0—=Q-1]—FE—E"Y =0

in A. Since v(Q[—1]) = v(F) = +o0 and E is stable, we must have @ = 0, and so F = EVY
is locally free.

To show that F is u-stable, let
OCE,C---CE,=F

be a Jordan-Hélder filtration into p-stable factors. If r > 1, then E/FE; is a p-semistable

sheaf with pug(E/E1) = Py, so the short exact sequence of sheaves
0—-FE —-FE—FE/E;—0

is also a short exact sequence in A of objects with v = 400, which contradicts the o-stability

of . Thus, F = FE; is p-stable. [l

Lemma 3.1.6. If E € A is o-stable with rk(E) = 0 and v(F) = +oo, then E = O,[—1] for

some closed point p € X.

Proof. From the triangle
F— E—T[-1]

as above, we get

0 =rk(F) = rk(F) —rk(T) = rk(F),
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so since F is torsion-free, we must have F' = 0, and E = T'[—1] is the shift of a 0-dimensional
sheaf. But any proper subsheaf 7" C T is also 0-dimensional, so 7'[—1] € A is a destabilizing
subobject of E with respect to . Thus, 7" must have length 1, and so T' = O, for some
peX. ]

Remark 3.1.7. Proposition 3.1.2 can also be deduced from [16, Proposition 2.2] as follows.
Any stable object E € A is minimal, since a nonzero surjection £ — E’ in A implies
v(E') > v(F) unless B/ = E. Conversely any minimal object is automatically stable.
Although [16, Proposition 2.2] is stated in the case when X is a K3 surface, the proof works

for any surface.
3.2 Moduli of semistable objects

In this section we overview some definitions and results regarding moduli spaces of Bridgeland

semistable objects.

3.2.1 Moduli stacks

Let X be a smooth, projective surface over C with a very ample divisor H, let v € Kpum(X)
be a numerical class, and let o = (A, Z) € Stab(X) be a Bridgeland stability condition on X.
Define a category fibered in groupoids M7(v) over the big étale site of C-schemes as follows.
The objects of M (v) are pairs (S, ), where S is a scheme over C, and £ € D°(S x X) is a
complex of coherent sheaves relatively perfect over S, and whenever S is of finite type over
C, for every closed point s € S, the derived restriction of E to the fiber {s} x X = X lies in
A, is o-semistable, and has numerical class v. A morphism (5",&’) — (5,€) in M(v) is a
pair (f, %), where f : S’ — S is a morphism of C-schemes, and f* : & — f,£’ is a morphism
in D?(S x X) whose adjoint is an isomorphism f*€ = & in D*(S’ x X).

If o is obtained by tilting with respect to p-stability as in Section 3.1.1, then based on
work in [23], [5], and [1], it is proved in [39] that M?(v) is an algebraic stack of finite type
over C. The closed C-valued points of M7 (v) correspond to o-polystable objects.
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3.2.2  Good moduli spaces

Recall that if M is an algebraic stack, a quasi-compact, quasi-separated morphism 7 : M —
M to an algebraic space M is called a good moduli space, if the pushforward functor

T » Qeoh(M) — Qcoh(M) is exact, and the natural map Oy — m,.Opq is an isomorphism.

In [3], the authors give necessary and sufficient conditions for the existence of a good
moduli space in terms of certain valuative criteria. As an application, the authors construct
proper good moduli spaces for various moduli stacks M5} parameterizing objects in an abelian
category A that are semistable with respect to a rather general notion of stability on A. This
construction includes stacks of Bridgeland semistable objects on a smooth, projective variety
X with respect to a numerical stability condition o = (A, Z) € Stab(X) whose heart A is
noetherian and satisfies the “generic flatness property”, and for which the moduli stacks
M?(v) are of finite type. See [3, Section 7] for details, especially Theorem 7.25 and Example

7.27. In particular, we have the following.

Theorem 3.2.1. Let X be a smooth, projective surface over C, let v € Kuym(X) be a
numerical class, and let o € Stab(X) be a stability condition constructed by tilting with
respect to slope-stability as in Section 3.1.1. The moduli stack M?(v) of o-semistable objects
of class v admits a good moduli space M?(v) — M?(v), where M°(v) is a proper algebraic
space over C. The closed points of M°(v) are in bijection with S-equivalence classes of

o-semistable objects of class v.

3.3 The nef line bundle

In [9], the authors construct a natural numerical class of line bundles with strong positivity
properties on a Bridgeland moduli space M7(v) that varies with the stability condition o.
We recall here the construction and basic properties of the line bundle, as well as identify

the line bundle on the vertical wall.
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3.3.1 Definition and positivity properties

Let (X, H) be a smooth, projective, polarized surface, let 0 = (A, Z) € Stab(X) be a stability
condition, and let v € Ky, (X) be a numerical class. Assume that the moduli stack M7 (v)
of o-semistable objects in A of class v is algebraic, and denote by £ the universal complex

on M?(v) x X. Consider the following diagram:

) M7 (v) x X
L \q
?(v) X

M

The Donaldson morphism
Ae : Ko(X) — Pic(M7(v)), [F]— det Rp.(€ @ ¢*F)
from Section 2.6 induces a map
e+ Kpum (X)r = Num(M?(v))g.

Define a real divisor class on M?(v) by applying the Donaldson morphism to the unique

class wy € Kpum(X)r determined by the condition

wer-m(5)

This condition indeed defines a unique class since the Euler pairing x(—, —) induces a perfect

pairing on Kyum(X)gr. Denote this numerical class by £, = A¢(wyz). The following is [9,

Lemma 3.3], and it is the main result of the paper.

Theorem 3.3.1. Let C' be a projective, integral curve over C, and let f : C'— M(v) be a

morphism.
(1) deg f*L, > 0.

(2) If deg f*L, = 0, then for any two closed points s,t € C, the objects
(f xidx)*E|gsyxx and (f x idx)*E|pxx are S-equivalent.
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In [9], part (2) is stated so that the objects (f x idx)*E|yxx are S-equivalent for points
t in some nonempty open subscheme U C C. We deduce the above statement from Theorem
3.2.1 as follows. If M?(v) — M?(v) denotes the good moduli space, then the composition
C' — M?(v) — M?(v) maps the dense open set U to a point, hence must be constant, and
so the objects (f x idx)*E|@y«x are all S-equivalent.

We would like to know that the real divisor class £, descends to the good moduli space
M?(v). In [9] and [34] this is done using a so-called quasi-universal family on the stable locus

of the moduli space. However, we can achieve this on all of M7(v) as follows.

Lemma 3.3.2. If w € K(X) is a class whose image in Kyum(X)r is a multiple of wy, then

Ae(w) descends to the good moduli space M?(v).

Proof. Write w = bwyz in Kyym(X)r with b € R. We check the condition in Proposition
263 If E = EP @ --- @ E®™ is a o-polystable object of class v, then for each i, the
complex number Z(FE;) lies on the same ray as Z(F), so that Z(FE;)/Z(v) is real, and so

X(w, E;) =bx(wg, E;) = b Im (— ZZ<£Z))> = 0.

Thus, Ag(w) descends to a line bundle on the good moduli space. ]

This lets us define a numerical class L, on M?(v) by setting L, = 3[N] where 7°N =
Ae(w) such that w € K(X) satisfies w = bwy in Kyym(X) and b > 0. The class L, is
independent of the choice of w. We would like to know that L, enjoys the same positivity

properties as L,.

Lemma 3.3.3. Let C' be a smooth, projective, integral curve over C, and let g : C'— M7 (v)

be a morphism.
(1°) degg*L, > 0.
(2°) If deg g*L, = 0, then g is constant.

Proof. By Lemma 2.4.3, we can find a commutative diagram
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' L M? (v)

of s
C—— M°
7 (v)
where C” is a smooth, projective curve, ¢ is a finite morphism, and 7 is the good moduli

space map. To prove (1’) we note that
deg () deg g* L, = deg(g 0 )" L, = deg(m o f)*"L, = deg f*L, > 0,

so since deg(¢) > 0, we get deg g*L, > 0.

To prove (2), assume that deg g*L, = 0. Then also f*L, = 0, so by part (2) of Theorem
3.3.1, the family parameterized by C” consists of S-equivalent objects, so the composition
mo f:C"— M?(v) maps every closed point of C’ to the same point py € |M?(v)|, and the
same holds for g : C' — M“(v), and so the scheme-theoretic image of g is a closed point of

Me(v). O

3.3.2  The nef line bundle on the vertical wall

We can describe the class wz € Kpum(X) more explicitly in the case of the stability condition

H - ch}g(v)

, a >0,
H?2 chY,

o= (A, Z) = (Coh®(X)[~1],~Z4az,), where fo=

that is, when o lies on the vertical wall for v. Recall that H C X denotes a fixed very ample

divisor. Denote h = [Oy] € K(X).

Proposition/Definition 3.3.4. Let (X, H) be a smooth, projective, polarized surface, let
v € Kpum(X) be a class of positive rank, and let o € Stab(X) lie on the vertical wall for v
as in Section 3.1.3. Define

u=—x(v-h*)h+x(v-h)h* € K(X).

We have
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Note that Z(v) is a negative real number, so wy is indeed a positive multiple of w. Thus,

Ae(u) enjoys the same positivity properties as L, = Ag(wyz).
Proof. Fix a closed point p € X, and denote the numerical Todd class of X by
1
th =1- §KX +X(Ox)[p]

We will use the Hirzebruch-Riemann-Roch formula:

(a-b) = /X ch(a) ch(b) tdx

for a,b € Kpum(X).

Let a € K(X) be arbitrary. To compute x(a - u), we may replace u with something
numerically equivalent. Now h? = deg(X)[O,] by Bertini’s theorem, and v - [O,] = rk(v), so
if we set

u' = —rk(v)h +x(v - h)[O)]
we can consider the class deg(X )’ instead of u. Moreover,

h(On) = ch(Ox) — ch(Ox(~H)) = H — JH*, ch(O,) = [,

so by Hirzebruch-Riemann-Roch,

x(v-h) = /X(rk(v) + chy (v)) (H - %HQ) (1 — %KX>
:dmm-H—§§2H4H+Kk%
and hence
ch(u') = —rk(v) ch(Oy) + x(v - [Og]) ch(O,)
= —1k(v) (H - %H2) + (chl(v) -H — @H(H + KX)) [p]

rk(v)

:_m@H+Qm@yH— HJ&>M
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Since ch(u') is in A=!'(X), we only need to know the AS!(X)-part of ch(a) tdx, which is
ch(a) tdx = (cho(a) + chy (a))(1 — %KX) = chy(a) — %cho(a)KX + chy(a).
Putting everything together, we now calculate
x(a-u') = /Xch(a) ch(u') tdx
_ /X (cho(a) _ %cho(a)KX +ch1(a)) -

<— cho(v) H + chy (v) H — %cho(v)H : KX)

H - (chp(a) chy(v) — chg(v) chy(a))
= H - (chy(a) chy’(v) — chg’(v) chy’ (a))
Thus,
x(a-u) =deg X - x(a-u') =deg X - H(ch(a)ch?(v) — chf(v) chP(a)).

Next we calculate Im(—Z(a)/Z(v)). Recall that since o is on the vertical wall for v, the

quantity Z(v) is a negative real number, and so

o (_ iﬁ;) =~ )

Now

Thus, we see that

O

Remark 3.3.5. The calculation of wz as in Proposition 3.3.4 appears in [24] using a dual

version of the Donaldson morphism. See in particular [21, Theorem 4.13(b)]
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3.4 Projectivity of the good moduli space

Let (X, H) be a smooth, projective, polarized surface over C, let v € K, (X) be a numer-
ical class with rk(v) > 0, and let o be a stability condition lying on the vertical wall for o
considered in Section 3.1.3, that is,

H - chj(v)

o= (A, Z) = (COhBO(X)[_l]’ _Zaﬁo)v where [y = H?2 Ch%

, a>0.

Let M?(v) be the stack of o-semistable objects of class v in A, and let £ be the universal
complex on M?(v) x X. In this section we prove that the good moduli space M7 (v) of the
stack M (v) is projective.

Recall from Section 3.3.1 that £, denotes the natural nef line bundle on M?(v) and
L, the corresponding line bundle on M?(v). We will show that L, is ample. Since by
Lemma 3.3.2, L, is strictly positive on any proper curve in M7(v), it suffices to show that
L, is semiample, meaning that some tensor power is globally generated. Moreover, since
by Proposition 2.4.2; sections of £, descend to sections of L,, it suffices to show that L, is
semiample. To produce sections of £,, we expand on techniques used in [22] for constructing
a scheme structure on the Uhlenbeck compactification, and in [37] for constructing moduli
spaces of vector bundles on a curve.

The idea is as follows. First, we explain how to obtain a diagram

><X<—)./\/l”

//(\

where C' is a smooth curve in the linear system |aH | for a > 0, together with a locally free

sheaf G on C, with the property that the determinantal line bundle
Aje(G)Y = det(Rpe«(j*€ ® q0G))"

is a positive multiple of £, on M7(v).
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Next, by analyzing restrictions of o-semistable objects E to C, we apply Lemma 2.6.2(a)
to show that A\;«¢(G)" has a canonical global section dg on M (v). Moreover, we show that
for a given C-point ¢ € M?(v), we can choose the curve C' and the sheaf G so that the
section dg is nonvanishing at t. To do this, recall from Proposition 3.1.2 that the complex

& on {t} x X = X fits in an exact triangle
F— & —T[-1]

in D*(X), where F is a p-semistable torsion-free sheaf and T is a torsion sheaf with 0-
dimensional support. Using a restriction theorem for p-stability, we show that we can choose

a>0and C € |aH]| so that

(1) C avoids the support of T', and

(2) the restriction &|c = F|¢ to C' is slope-semistable.

Using a characterization of semistability on a curve due to Faltings and Seshadri, we find a

locally free sheaf G on C with the property that
HO(CuF’C ®G) = Hl(CaF|C ® G) = 07

and apply Lemma 2.6.2(b) to translate this into the nonvanishing of ds at ¢.

Finally, by varying C' and G, we produce a generating set of sections of some power of
L,, or equivalently L,, and use Theorem 3.2.1 and Lemma 3.3.3 to show that the mor-
phism M?(v) — PV induced by the sections is finite. From this we conclude that M?(v) is

projective.

3.4.1 Sheaves on curves and the nef line bundle

We begin to carry out the plan outlined above. To set up some notation, let C' C X be a

smooth, connected curve in the linear system |aH | for some a > 0, and consider the diagram:
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where p, q, pc, o denote the projections, and i and j are closed embeddings. Let &¢ = j*E
be the restriction of £ to M?(v) x C, which is perfect relative to M7(v). We have the

Donaldson homomorphisms
Ae : K(X) = Pic(M7(v)),  Ag. : K(C) — Pic(M?(v)).

In addition, for any n € Z, we have a map K(X) — K(X),w — w(n) induced by the map on
locally free sheaves F' +— F(n) = F ® Ox(n). Similarly we have a map K(X) — K(C),w
w|e induced by F +— Fl¢ =i*F. We denote h = [Og] € K(X) as before.

Recall from Proposition 3.3.4 that for the class

u=—x(v-h*)h+x(v- h)h*e K(X),

the line bundle Ag(u) on M7(v) is a positive multiple of the natural nef line bundle £,. We
first establish the following.

Proposition/Definition 3.4.1. Given an integer a > 0 and a smooth, connected curve

C € |aH|, define the class
w=—xw-h-[0c]) -1+ x(v-[0c])-h € K(X).

We have an isomorphism
Aeo (w]e) = Ae(w)”

Moreover, the class —w|c € K(C) has positive rank and so can be represented by a locally

free sheaf G on C.

The proof of the following simple lemma as well as part of the proof of Proposition 3.4.1

below are essentially included in the proof of [17, Proposition 8.2.3].
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Lemma 3.4.2. If C € |aH| is a curve and w' € K(X) is arbitrary, then
Ae(w' = w'(=a)) = Aeo(w']c).

Proof. Both sides of the equation are linear in w’, so it suffices to consider the class w’ = [F]

for a locally free sheaf F' on X. On the one hand, we have

)\gc (Flc) = det Rpc* (50 & qu*F)

= det Rp.(j«€c ® ¢ F). (projection formula)
On the other hand, pulling back the short exact sequence
0— Ox(—a) = Ox = j.Oc — 0
along ¢, tensoring with £ ® ¢*F', and applying Rp, gives the exact triangle
Bp. (€ ® ¢"(F ® Ox(—a))) = Rp(E ® ¢"F) — Rp.(ji€c @ ¢"F)
in D(M?(v)), and so we obtain an isomorphism
det Rp.(julc ® " F) = Ae(F) @ Ae(F(=a))” = Ae(w — w(—a)).
O
Proof of Proposition 3.4.1. By Lemma 3.4.2, for the first statement it is enough to show that
w—w(—a) = au.
Since [Ox(—1)] =1—h € K(X), we have
Ox(-a)] = Ox(-1J* = (1= )" =1 = ah-+ (5 )7
so the short exact sequence

0— Ox(—a) > Ox - Oc — 0
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gives [Oc] =1 — [Ox(—a)] = ah — (3)h?. In particular, h - [O¢] = ah?®. We now calculate
w—w(—a) =w - [O¢]
a
— (x(v+ 1+ 0c) 14 x(o- O] - (et~ (5 )

2 a\, o a\, o 2
= —x(v-ah?)(ah — (2)h )+ X (v - (ah — <2>h )) ah
= a*(—x(v - h*)h + x(v - h)h?) = a®u.

For the second claim, we note that
—w|c = x|c - hle) 1= x(v|e) - hlec =ark(v)deg X -1 — x(v|e) - hle,
and so
rk(w|e¢) = ark(v) deg X rk(1) — x(v|¢) rk(h|c) = ark(v) deg(X) > 0.
Since C' is smooth, projective, and connected, the natural map

K(C) = Z @ Pic(C), [F]— (tkF,detF)

is an isomorphism. Moreover, any class (m, L) € Z & K(C) with m > 0 can be represented
by a locally free sheaf: take for instance G = O™ ! @ L. In particular, there exist locally

free sheaves G of class —w|c on C. O

3.4.2  Producing sections

Our next task is to show that the construction of Proposition 3.4.1 yields a canonical section
d¢ of the line bundle g, (G)Y 2 Ag(u)™* on M7 (v), and that by choosing C and G carefully,
this section is nonzero at a given point t € M?(v). After some preparations, we prove this
in Proposition 3.4.6. In the proof, Lemmas 3.4.3 and 3.4.4 will be used to apply Lemma
2.6.2(a), and Lemmas 3.4.5 and 2.7.1 to apply Lemma 2.6.2(b).

Lemma 3.4.3. Let X be a smooth, projective surface and C C X a smooth, projective curve.

Assume E € D°(X) fits in a triangle

F—E—T[-1],
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where F' is a torsion-free sheaf and T is a torsion sheaf with 0-dimensional support. The

derived restriction E|% fits in a triangle
HO(Ble) — Ele — H'(Ble)[~1]
in D*(C), where H*(E|%) is a torsion sheaf.
Proof. Derived restriction to C' is a functor of triangulated categories, so we obtain a triangle
Fle = El¢ = Tl¢[-1],
which yields a long exact sequence of cohomology sheaves
o HFL) = HBJE) = H(TI-1]) — M () = -

To understand the terms in this sequence, we study the derived restrictions F|% and T'|%.
Since pushforward of coherent sheaves along the inclusion C' — X is exact, we may as well
study the derived tensor products F' @ O¢ and T @ O, where O is the structure sheaf
of C viewed as an Ox-module.

Since C' C X is a Cartier divisor, O¢ has a resolution by line bundles
0= Ox(—=C) L Ox — Oc — 0.
Thus, the objects F @ O¢ and T ®" O¢ are represented by the complexes
F =[F(-C) = F] and T=[T(-C)=>T|

respectively, where F' and T are placed in degree 0.

Since F' is by assumption torsion-free, the map f : F(—C) — F is injective. Thus, we see
that HO(F|&) = HO(F) = F|c agrees with the ordinary restriction, and H!(F|%) = H{(F) =
0 for ¢ # 0. Moreover, from T we see that H™*(T|&) = H~!(T) is a subsheaf of T(—C) 2 T,
and HO(T|%) = H(T) is a quotient of T, hence both are 0-dimensional, and HY(T|%) = 0
for i # —1,0.
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We now return to the triangle
Fl¢ = Ble — Tle[-1]

at the beginning of the proof. Taking into account the shift in the last term, we obtain an

exact sequence of cohomology sheaves
0= Flg = HUBL) = H HTE) - 0= HYER) — HY(T|R) — o0,

and also see that H!(E|g) = 0 if i # 0, 1. In particular, E|% is supported in degrees 0 and 1,
and H'(E|&) =2 H(T)|¢) is a torsion sheaf on C. O

Lemma 3.4.4. If C is a projective curve and E € D°(C) fits into a triangle
F — FE — T[-1],

with F,'T € Coh(C) and T has 0-dimensional support, then the hypercohomology groups of
E satisfy
H'(C,E)=0  fori#0,1.

Proof. We have a long exact sequence of hypercohomology groups
= HY(C,F) - H(C,E) - H(C,T[-1]) - H"Y(C,F) — --- .
Since H'(C, F) = 0 whenever i # 0,1, and
H(C,T[-1]) =H"YC,T) =0
whenever i # 1, the group H'(C, E) can be nonzero only if i = 0, 1. O

We pause to recall that ¢ = (A, Z) denotes a stability condition on the vertical wall for
the class v € Kpum(X), and that by Proposition 3.1.2, any o-semistable object E € A of
class v fits in a triangle

F — FE — T[-1]

where F' is a p-semistable torsion-free sheaf and 7' is a torsion sheaf with 0-dimensional

support.
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Lemma 3.4.5. If E € A C D(X) is a o-semistable object of class v, there exists a smooth,
projective, connected curve C' C X in the linear system |aH| for a > 0 such that the derived

restriction of E to C' is a slope-semistable locally free sheaf.

Proof. We use Flenner’s restriction theorem, [17, Theorem 7.1.1]. Specialized to the case at
hand, it states the following. Let a be an integer satisfying

() -a-1_a+1
a 2

21
>deg(X)-maX{r 1 ,1}.

If F'is a p-semistable sheaf of rank r = rk(v), then there is a nonempty open subset U in
the complete linear system |aH |, such that every C' € U is smooth and the restriction of F'
to C' is semistable. Note that since F' is torsion-free, its derived and ordinary restriction to
C agree.

Now let E € A be a o-semistable object of class v fitting in an exact triangle
F— FE—T[-1]
as above. For any smooth curve C' C X, derived restriction to C' gives an exact triangle
Flg = Ele — Tle[-1].

If C' does not pass through the finitely many closed points pi,...,p,, in the support of T,
then T|g = 0, and thus F|§ = E|g. Now for each point p;, the subset in |aH| of curves
not passing through p; is a nonempty open subset U; C |aH|. Since |aH| is irreducible, the
intersection U' = U NU; N---NU,, is also nonempty, and any curve C' € U’ has the desired
property. O

With these preparations, we are ready to prove that for each C-point t € M7(v), some
power of Ag(u) has a global section not vanishing at ¢.
Proposition 3.4.6. Let u € K(X) be as in Proposition 3.3.4. For every C-point t, €
2

M?(v), there exist integers a,m > 0 and a global section of the line bundle Ag(u)™* on

M (v) that does not vanish at tg.
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Proof. Let Ey € A be the o-semistable object corresponding to ty. By Lemma 3.4.5, for some
a > 0, there exists a smooth, connected curve C' € |aH| such that the derived restriction
FEy¢ is a slope-semistable torsion-free sheaf on C'.

Recall from Proposition 3.4.1 that associated to C' C X is the class w € K(X), and that
the class

—wlo = x(vlc - hle) - 1= x(vle) - hlo € K(C)

has positive rank. For any integer m > 0, the class —mw|c € K(C) is determined by its
rank and determinant, and so it follows from Lemma 2.7.1 that for sufficiently large m, there

exists a locally free sheaf G on C' of class —mw|c with the property that
H°(C,G ® Eylg) = H(C,G® Eyl¢) = 0.
Now consider the diagram:

><X<—)./\/l"

//(\

As before, let £ denote the universal complex on M?(v) x X and &¢ its restriction to

M?(v) x C. By Lemma 3.4.1, we have

2

Aeo (@)Y = Aec(—mwle)” = Aeo(mwlc) = Aeo (w]o)™ = Ae(u)™

We will apply Lemma 2.6.2 to the complex & and the sheaf G' to obtain a global section
d¢ of Ae(u)™ that is nonvanishing at t, € M?(v). Notice that the condition of Lemma
2.6.2(b) holds at ty by the choice of G, so to conclude the proof we only have to verify the
conditions of Lemma 2.6.2(a).

Fix a C-point ¢ € M7(v), and let Ec = Eclgy . denote the restriction to the fiber

{t} x C. Since G is locally free, we have

H'(Ec®G) =H'(Ec)® G for alli. (3.1)
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Since E¢ is the restriction of €|%t}xx to C' C X, by Lemma 3.4.3, E¢ fits in a triangle
H(Ec) = Ec — H'(Ec)[-1],

where H'(E¢) is a torsion sheaf, and by (3.1) the same is true for Ec ® G. Thus, by
Lemma 3.4.4, we have H (C, Ec ® G) = 0 if i # 0, 1. Moreover, by assumption E¢ has class

v|lc € K(C), and so we obtain

x(vle - [G]) = x(v]c - (=mwlc))
= mx(vlc - (x(v|c - hlc) - 1= x(v|c) - hlc))

= m(x(vlc - hle)x(vle) — x(vle)x(vle - hle)) = 0.

Thus, the conditions of Lemma 2.6.2(a) hold. O

3.4.3  Proof of projectivity

We will now use Proposition 3.4.6 to prove that the line bundle Ag(u) on M?(v) descends
to a semiample line bundle on the good moduli space M?(v) and deduce that M7(v) is

projective.

Theorem 3.4.7. Let (X, H) be a smooth, projective, polarized surface, v € Kyum(X) a class
of positive rank, and o = (A, Z) a stability condition on the vertical wall for v as in Section
3.1.8. Let M?(v) be the moduli stack of o-semistable objects of class v in A. The good

moduli space M?(v) of M7 (v) is projective, and the natural nef class L, is ample.

Proof. Let € denote the universal complex on M7 (v) x X, and let u € K (X) be as in Propo-
sition 3.3.4. By Proposition 3.4.6, for each C-point t € M7(v), there exists an integer N; > 0
and a global section d§; of Ag(u)™ that does not vanish at ¢. Since M (v) is quasicompact,
there exists a single N such that the line bundle \g¢(u)Y is generated by finitely many global
sections d, . . ., 0, € T(M(v), Ae(u)V).

By Lemma 3.3.2 and the equivalence of categories of Proposition 2.4.2; the line bun-

dle Ae(u)™ and the sections dy,...,d, descend to a line bundle L and generating sec-
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tions og,...,0, € I'(M?(v), L) on the good moduli space M?(v) and induce a morphism
m: M7 (v) — P
We claim that 7 has finite fibers. If not, there is a smooth, projective curve C' and a

nonconstant morphism ¢ : C' — M7(v) such that the composition
L Mmow) S pr

is constant. This implies that one of the sections g*o; is nowhere vanishing, implying that
g*L = O¢. But by Proposition 3.3.4, the line bundle L is a positive multiple of the nef class
L, as an element of Num(M“(v)) and so enjoys the positivity properties of Lemma 3.3.3.
Thus, the line bundle ¢* L has positive degree since ¢ is nonconstant, a contradiction.

Now M?(v) is proper by Theorem 3.2.1, hence the map 7 is proper. Thus, by Zariski’s
Main Theorem, 7 is in particular quasi-finite, hence representable by schemes, see [20, Chap-
ter II, Theorem 6.15] or [38, Tag 082J]. Thus, M?(v) is in particular a scheme. Moreover,

7w M?(v) — P" is finite, hence L is ample, and we conclude that M?(v) is projective. [

3.5 Relationship to the Uhlenbeck compactification

In this section we describe a bijective morphism ® : MY (v) — M7 (v) from the Uhlenbeck
compactification of p-stable locally free sheaves to the good moduli space of o-semistable
objects, where v € Kum(X) is a class of positive rank and o € Stab(X) lies on the vertical
wall for v. To describe some context, let us consider the following diagram.

open emb. open emb.

ME(v) ——— MH(v) ——— M (v)

M€ (v)

The top row consists of open embeddings of algebraic stacks, where from left to right the
stacks are respectively that of Gieseker-semistable sheaves, p-semistable sheaves, and o-

semistable complexes, each of numerical class v of positive rank. They all contain the stack


https://stacks.math.columbia.edu/tag/082J
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MHSE(y) of p-stable locally free sheaves of class v as an open substack, which moreover
coincides with the stack of o-stable objects of class v. We denote by £ the universal complex
on M?(v) and by &, its restriction to M*#(v); this restriction is the universal sheaf. The
vertical maps M%(v) — M%(v) and M?(v) — M°(v) are good moduli spaces.

The scheme MM (v) together with the middle vertical map was constructed by Li in [22],

and stack-theoretically can be described as the projective spectrum
MM (v) = Proj (@ I(M*(v), /\gﬂ(u)®”)>
n>0

of the section ring of the line bundle Ag, (u) on M*(v), where u is as in Proposition 3.3.4. It is
not a good moduli space of M*(v), but its closed points naturally parameterize p-semistable
sheaves up to the following equivalence relation. If F' is a torsion-free sheaf on X, it embeds

into its double dual with cokernel 7" supported in dimension 0:

0> F—=F"Y—=T=0.

Let [,(T) denote the length of the stalk 7, as an Ox ,-module at a closed point p € X. Recall
that if F' is p-semistable, we denote by gr(F') the direct sum of its Jordan-Holder factors.

Two p-semistable sheaves Fy and F, correspond to the same point in MY (v) if and only if
e gr(F1)YY and gr(F»)¥" are isomorphic, and
o [,(gr(F1)VV/gr(F1)) = l,(gr(F2)"Y/ gr(F»)) for all closed points p € X.

As observed in [28], it follows from the classification of polystable objects in Proposition
3.1.2 that the closed points of MY (v) and M?(v) are in a set-theoretic bijection. In the

next result we upgrade this bijection to a morphism of schemes.

Theorem 3.5.1. There exists a morphism ® : MY (v) — M (v) that makes the above

diagram commute and is bijective on points.
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Proof. From Theorem 3.4.7 we see that the good moduli space M?(v) is the projective

spectrum

M?(v) = Proj <@ (M (v), )\g(u)®”)> .

n>0

The restriction maps
L(M?(v), Ae(u)*") = T(M"(v), A, (u)*")

give a homomorphism of graded rings

B (M (v), Ae(w)®") = @ T(M" (v), Ae, (u)®").

n>0 n>0
Since the restrictions of sections of Ag(u)®™ to M*#(v) have no base points, this ring map
induces the morphism ® : MVb(v) — M (v).

To prove that @ is surjective, it is enough to show that the composition M#(v) —

M?(v) — MP?(v) is surjective on C-valued points. So let

E= (EB F) & (EB (92”f[—1]>

J

be a o-polystable object corresponding to a closed point of M?(v), where the points p; € X
are distinct. Let R; be an artinian quotient of the local ring Ox ,, of length n;. Note that

the object
E = (@F) @ (@Rﬂ—l})
i J
is o-semistable whose stable factors are the direct summands of E, and so E’ corresponds to

the same closed point of M?(v) as E. Let F' denote the polystable locally free sheaf &;F;,

choose a surjective map
P~ @DE;:
J
and let E” denote the kernel of this surjection. The sheaf E” is u-semistable of class v, and

in the heart A fits in the triangle

@PR[-1] - E" - F.
J
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Thus, the stable factors of E” with respect to o are again the direct summands of E, and so
E" corresponds to a C-point of M*(v) that maps to the point corresponding to E in M7 (v).
To prove that ® is injective, let F' be a u-polystable sheaf. Letting T" denote the quotient

FYV/F, we get a short exact sequence
0—->T[-1]—=F—=F" —=0

in A. Now FVYV is a u-polystable locally free sheaf, and in the Jordan-Holder filtration of
T'[—1] with respect to o, the object O,[—1] appears as a factor exactly [,(7") times for each
p € X. Thus, the o-polystable object corresponding to F' is
FWV & <@ O§ZP<T>[—1]> .
peX
From this description it is clear that two p-polystable sheaves map to the same point in

M? (v) if and only if they map to the same point in MU (v). O
3.6 Projectivity of the Gieseker moduli space

In this section, we deduce projectivity of the moduli space of Gieseker-stable sheaves on a
surface in a special case. Let (X, H) be a smooth, projective, polarized surface, and let

v € Kuum(X) be a class of rank 7 = rk(v) > 0. We make the assumption that
ged(rk(v), H - c1(v)) =1,

which implies that for a torsion-free sheaf /' € Coh(X) of class v, the conditions of being
p-stable, p-semistable, Gieseker-stable, and Gieseker-semistable are all equivalent.

Recall the wall-and-chamber structure from Section 3.1.2. Let oy,00 € Stab(X) be
stability conditions in the Gieseker chamber and on the vertical wall of the («, 5)-plane re-
spectively. Recall from Section 3.2 that the moduli stacks M7+ (v) and M?°(v) are algebraic
and admit proper good moduli spaces M7+ (v) and M (v). Since every o, -semistable object

is also og-semistable, the inclusion M7+ (v) C M (v) induces a morphism

M7 (v) = M2(v).
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We saw above in Theorem 3.4.7 that the moduli space M7 (v) is projective and the line

bundle L, € Pic(M?°(v)) is ample. As an application we prove the following,.

Theorem 3.6.1. The line bundle L,, € Pic(M+(v)) is ample relative to the morphism

f M (v) = M°(v). In particular, the moduli space M7+ (v) is a projective scheme.

The proof of Theorem 3.6.1 occupies the rest of the section. Our strategy is as follows.
Since we know that M7 (v) is projective, by [38, Tag 0D3A] it suffices to show that the
restriction of L,, to each fiber of f is ample. For a given closed point s € M?°(v), we will
construct a projective scheme S and a family £ of o, -stable sheaves of class v parameterized

by S such that the induced morphism
S — M (v) = M°*(v)

maps S bijectively onto the fiber f~!(s). In fact, we will construct S as a product of Quot
schemes. Since the map S — f~!(s) is a homeomorphism, it follows from [33, Tag 07VN]
that the algebraic space f~1(s) is a scheme. Using properties of the universal quotient
parameterized by Quot, we will show that the pullback of the line bundle L., to S is ample.
It then follows from [38, Tag 0B5V] that L, |s-1(s is ample on f~!(s).

To carry out this strategy, we begin by a quick lemma.

Lemma 3.6.2. Let k be a field and let (R, m, k) be a local k-algebra. If Q) is an R-module
whose dimension over k is n < 0o, then the ideal m™ C R acts by zero on Q). In particular,

Q is naturally a R/m"™-module.

Proof. Since @ is finite-dimensional over k, the descending sequence

QoOmQ Om’Q- -

must terminate at some m?Q = m?'Q = .... By Nakayama’s lemma each containment until

d is strict and m?Q = 0. Thus,

d—1
n=dinQ=> dimmQ/m"'Q)>d.
1=0


https://stacks.math.columbia.edu/tag/0D3A
https://stacks.math.columbia.edu/tag/07VN
https://stacks.math.columbia.edu/tag/0B5V
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Now suppose that the point s € M (v) corresponds to the og-polystable object
Fo@oim-1] € D'(X).
i=1

where F' € Coh(X) is a u-stable locally free sheaf, the x; € X are distinct closed points, and
n; € N. The points of the fiber f~!(s) C M+ (v) are in bijection with torsion-free sheaves
E € Coh(X) such that

o FVWVXF,
e the quotient EVY/E has length n; at x;.

Said differently, the fiber parameterizes isomorphism classes of quotients of F' supported at
the points z; with length n,;. Let m; denote the maximal ideal of the local ring Ox ,,. By
Lemma 3.6.2, any quotient of ¢ : ' — () where () is supported at the points x; with lengths

n; must factor as

i=1

Thus, denoting F; = F/m}"F, the fiber f~!(s) parameterizes quotients @) of @;F; that have
length n; at x;.
Let S; denote the Quot scheme parameterizing quotients of F; of length n;, and let

S =51 X+ xSy,. Consider the diagram of projections:

S S x X

I

SZ“ 7SZ><X——_>X
pi 4;

K3 K3

Pi

Let ¢fF;, — Q, denote the universal quotient parameterized by S;. We pull back each

universal quotient along 7;, and the surjections F' — F; along ¢, to obtain surjections

¢F = ¢F, =m ¢ F; — 7} Q.



66

Now 7} Q; is set-theoretically supported on the closed subset S x {x;}, so the supports of

the 77 Q, for « = 1,...,m are disjoint, and so the induced map
i=1

is also surjective. Let £ denote the kernel of this map, so that we have a short exact sequence

0—>8—>q*F—>@ani—>O (3.2)

i=1

of coherent sheaves on S x X flat over S. By construction, the sheaf £ parameterizes all
kernels of quotients of F' supported at the points x; with lengths n;. On the other hand
since for each ¢t € S, the inclusion & < F'is given by the double dual, any automorphism
of & extends to an automorphism of F', and so if for ¢;,%, € S, the sheaves &, and &, are
isomorphic, they are identified as subsheaves of F'. Thus, the induced map g : S — M7+(v)
takes S bijectively onto the fiber f~!(s).

We now show that the line bundle g*L,, is ample on S by relating it to an ample line

bundle on a Quot scheme. Using Lemma 2.6.1 and the short exact sequence (3.2), we have

g*LU+ = )‘S(w0+)

Y

= AQ*F(wU-s-) ® AEBZ’; T Q (w0+)
= ®>\W2=Qi(wg+)v.
=1

By flat base change, for any vector bundle V on X, we have

Arzo, (V) = det(Rp. (77 Q; ® ¢*V)) = det(Rp. (7 (Q; ® ¢;V)))
= det(p; Rpi«(Qi ® ¢;V')) = p; det(Rp;»(Qi ® ¢;V))

=pire, (V)
so extending by linearity to K (X)), we have

Arrg;(u) = piAg,(u) forall ue K(X),
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and so
g*LU+ = ®p:>‘Qi(wU+)v'
i=1

We next observe that if V' is a vector bundle on X, then since Q; is supported on a closed
subscheme with underlying set S; x {z;}, the sheaf ¢V is trivial in a neighborhood of the
support of Q;, and so

Qi ®qV =y

hence

det(Rp; +(Q: @ ¢'V)) = det(Rpi.(QF ™)) = det(Rp; . Q)™ V).

Extending by linearity to K (X), we conclude that

Ao, (u) = det(Rp; . Q)®™ ™ for all w € K(X),

i

and in particular
9 Lo, = ®p:>\gi(w0+)\/ = ®,0;k det(RpL*Qi)@(_ rk(wo )
i=1 i=1

Moreover, it follows from the general construction of Quot schemes that the line bundle
Ao, (Ox(N)) is ample on S; for N > 0, see for example [, Part 2]. But by what we have
just seen,

A, (Ox(N)) = det(Rp; . Qi)

so we conclude that det(Rp;.Q;) is ample on S;. Thus, the proof will be complete once we

show that rk(w,) < 0. But for any closed point z € X,

(i) = (0, & ) = I (- 5205

Zoy (V)

Now Z,, (O,) € Ry while Im Z,, (v) > 0, and so
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Chapter 4

PROJECTIVE MODULI SPACE FOR HIGHER RANK
PT-STABLE OBJECTS

4.1 PT-stability

In this section we recall definitions and basic properties of PT-stability conditions. They are
examples of polynomial stability conditions defined in [3] as a generalization of Bridgeland
stability conditions in order to understand the large volume limit of Bridgeland stability, as
well as to study relations between various curve counting invariants. We largely follow [25]
and [27] in our presentation, except that we use a slightly different convention for the heart
in the definition of a PT-stability condition.

Let (X, H) be a smooth, projective, polarized threefold, where H C X is a very ample
divisor. Polynomial stability on X will be defined as a type of stability condition on a heart

AP C Db(X) which is obtained by tilting as follows. Define full subcategories
Coh<;(X) = {E € Coh(X) | dim(Supp(X)) <1}

and

COh22<X) = {E € COh(X) | HOI’H(T, E) =0 VTe COhSl(X)}

For any coherent sheaf FF on X there exists a unique short exact sequence
0T —-E—=F—=0

where T € Coh<;(X) and F' € Coh>y(X). Here the subsheaf 7' C E' is the union of all sub-
sheaves 7" C F with dim(Supp(7”)) < 1. This shows that the pair (Coh<;(X), Coh>2(X))
is a torsion pair on Coh(X). We define the heart AP C D’(X) as the tilt with respect to
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this torsion pair, that is,
AP = (Cohxy(X), Cohy (X)[—1]) (4.1)
={E € D"(X) | H*(E) € Cohsy(X),H'(E) € Cohey(X),H'(E) =0Vi #0,1}.

Equivalently, AP is the full subcategory of D°(X) consisting of objects E that fit into an
exact triangle

F — FE — T[-1],
where F' € Cohs9(X),T € Coh<(X).

Remark 4.1.1. The heart A? is not noetherian. For example, consider the increasing sequence
of 2-dimensional sheaves

The cokernels @; = Og(i)/Og form an increasing sequence of 1-dimensional sheaves
Q1= Q2 — Q3 — ...

By rotating the triangle Oy — Opg(i) — Q;, we see that in AP, we have an increasing

sequence of subobjects
However, by [10, Lemma 2.16], A” contains a torsion pair (A7, A} ,) defined by

Al = (F,O,[—1]| F is a sheaf of pure dimension 2, x € X),

Afjy ={E € A" | Hom(F, E) = 0 for any I" € AT},

and both categories A7, A7 /9 have finite length in the sense that any sequence of strict

monomorphisms or strict epimorphisms terminates [10, Lemma 2.19].

For the following definition, we let H C C denote the open upper half-plane and
H=HUR (={re?cC|r>00<¢<m}

the extended upper half-plane. For z € H, we denote by ¢(z) € (0, 7] the argument of z.
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Definition 4.1.2. A PT-stability condition on X consists of the data of

(1) the heart AP = (Cohss(X), Coh<y(X)[—1]), and

(2) a group homomorphism Z : Knum(X) |, called the central charge, of the form

2(B)(m) ( / HY (B U )

where

(a) the pg € C* are nonzero complex numbers such that —py, —p1, pa, p3 € H, and whose

phases satisfy
P(p2) > d(—po) > d(p3) > ¢(—p1).

(b)) U=1+U, + Uy + Uz € A*(X) is a class with U; € AY(X) fori=1,2,3.

The configuration of the complex numbers p; is compatible with the heart AP in the sense
that for any nonzero F € AP, we have Z(FE)(m) € H for m > 0. This allows us to define a
notion of stability on AP: an object E € AP is called Z-stable (resp. Z-semistable) if for

every proper nonzero subobject F' C E, we have

O(Z(F)(m)) < (Z(E)m) (resp. $(Z(F)(m)) < $(Z(E)m)) for m > 0.

Remark 4.1.3. Our definition of the heart AP differs from that in [25], [27], and [8] by a
shift: the nonzero cohomology sheaves are in degrees 0 and 1 rather than —1 and 0. To
account, for this, also our definition of the charge Z differs in that —py, —p1, p2, p3, rather
than pg, p1, —p2, —ps3, are in the open upper half plane H. The reason for this choice is purely
psychological: if E' € Coh(X) is a torsion-free sheaf, then F, rather than E[1], is contained
in AP. This will let us view the moduli of PT-semistable objects as an enlargement of the

moduli of u-stable vector bundles without having to perform a shift.

A convenient way to rephrase the stability condition given by Z is as follows. Notice that

for complex numbers z,w € H lying in the extended upper half plane, we have

o(2) > p(w) < Im(z) Re(w) — Re(z) Im(w) > 0.
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Thus, if we define
Dot Ko (X) = Rim], po(F) =ImZ(v)Re Z(F) — Re Z(v) Im Z(F), (4.2)

and give the polynomial ring R[m| the natural ordering by asymptotic inequality, then an
object £ € AP of class v is semistable if and only if for every subobject F' C E, we have
po(F) <0.

In [35], Pandharipande and Thomas define a stable pair on X to be a map of the form
Ox = F,

where F' is a sheaf of pure dimension 1 and s has 0-dimensional cokernel. In [8, Proposition
6.1.1], Bayer shows that for any PT-stability condition, the stable objects in AP with nu-
merical invariants ch = (1,0, —f, —n) and trivial determinant coincide precisely with these
stable pairs. The following partial characterization of PT-semistable objects generalizes this

fact to higher rank.

Proposition 4.1.4 ([25, Lemma 3.3, [27, Proposition 2.24]). If v € Kyum(X) is a class
of rank rk(v) > 0, then any PT-semistable object E € AP of class v satisfies the following

conditions:
(i) HO(E) is torsion-free and p-semistable,
(ii) H'(E) is 0-dimensional,
(i41) Hompe x)(T[—1], E) = 0 for any 0-dimensional sheaf T

If moreover ged(tk(v), H? - ¢1(v)) = 1, then any object of class v in AP satisfying these

conditions is PT-stable and there are no strictly semistable objects.

Note that ch;(E) = ch;(H°(E)) for i = 0,1 when E € AP, so if ged(tk(v), H? - ¢1(v)) = 1
and F € AP is PT-stable of class v, then H°(FE) is p-stable.

We make some observations regarding PT-semistable objects.
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Lemma 4.1.5. Let E € AP be a PT-semistable object fitting in a triangle
F— E— T[-1]
where F' is p-semistable and T' is 0-dimensional.

(i) The sheaf Q = FYV/F is pure of dimension 1.

(1) The support of T is contained in the union of Supp(Q) and the finitely many points

where FVV is not locally free.

Proof. (i) Since F' is torsion-free, it embeds into its double dual FYY and the quotient
Q = FYV/F is 1-dimensional. If @ is not pure, the maximal 0-dimensional subsheaf

Qo C @ is nonzero. We have exact sequences
0->Q-1]—-F—=F"Y—=0 and 0— Q-1 = Q[-1] = Q/Q¢[—1] = 0
in AP. Thus, we get a nonzero map
Qo[-1] = Q-1 - F—FE

as a composition of inclusions AP. But Hom(Qy[—1], E) = 0 since E is PT-semistable,

a contradiction.

(ii) The object E represents a class in

Ext'(T[-1], F) = EQExt (T,[-1], F),

peX
where T}, denotes the stalk of T at p € X. If p ¢ Supp(Q), then Ext'(T,[—1],Q) = 0
for all i, so that Ext!(T,[—1], F) = Ext!(T,[-1], FVV). If FVV is locally free at p, then

by Serre duality, we have
Ext!(T,[-1], F¥Y) = Ext*(FYY, T,[-1] @ wx)" = H' (X, F¥ ®T,) =0

since IV @ T}, is a 0-dimensional sheaf. Thus, if 7}, # 0, we see that 7),[—1] must be
direct summand of E, contradicting the fact that Hom(7,[—1], E) = 0.
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Lemma 4.1.6. Let E € AP be a PT-semistable object with respect to Z : Kyum(X) — Cm)
and assume tk(E) > 0. If F C E is a subobject in AP such that

¢(Z(F)(m)) = o(Z(E)(m))  for m >0,
then rk(F') > 0.

Proof. Let @Q denote the cokernel of the inclusion FF C E in AP, so that we have a short
exact sequence

0—F—F—>0Q—0

in AP. This induces an exact sequence
0 — HUF) = H'(E) = HY(Q) = H'(F) = HYE) = H' (Q) = 0

in Coh(X). If rk(F) = 0, then rk(H°(F)) = 0 and so H°(F) = 0 since H°(E) is torsion-
free. Thus, we must have F = F'[-1], where F' = H!(F) is a coherent sheaf with
dim(Supp(F”)) < 1.

If dim(Supp(F”)) = 1, then

lim ¢(Z(F)(m)) = ¢(p1) < ¢(=p3) = lim ¢(Z(E)(m)).

m—0o0

Similarly, if dim(Supp(F”)) = 0, then

lim ¢(Z(F)(m)) = d(pa) > 6(—ps) = lim $(Z(E)(m).

m—0o0

In neither case can we have ¢(Z(F)(m)) = ¢(Z(E)(m)) for m > 0. O
4.2 Moduli spaces of PT-semistable objects

The theory of moduli of PT-semistable objects was developed by Lo in [25] and [27], culmi-
nating in [27, Theorem 1.1] where the author constructs the moduli stack of PT-semistable
objects of fixed Chern character as a universally closed algebraic stack of finite type, and, in

the absence of strictly semistable objects, as a proper algebraic space.
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Let (X, H) be a smooth, projective, polarized variety over C, let v € K,m(X) be a class
of positive rank, and let Z : K,um(X) — C|m| define a PT-stability condition on the heart
AP. The moduli stack of PT-semistable objects of class v is defined to be the category fibered
in groupoids MYT(v) over the category of C-schemes that to a scheme S of finite type over

C associates the groupoid of objects E € D°(S x X) such that

(a) E is relatively perfect over S, and

(b) for all C-points s € S, the derived restriction F |H{“S}X + to the fiber over s lies in AP, is

semistable with respect to Z, and has numerical class v € Kyum(X).

By [27, Theorem 1.1], the stack MYT(v) is universally closed and of finite type over C, and
moreover, in the case when rk(v) and H? - ¢;(v) are coprime, admits a proper good moduli
space M2T(v) that parameterizes isomorphism classes of PT-stable objects.

We conjecture that M5T(v) admits a good moduli space even without the coprime as-
sumption. However, since the heart AP is not noetherian as remarked above, the tools devel-
oped in [3, Section 7] do not immediately apply. We will nevertheless assume the existence

of a good moduli space and use this assumption in our arguments in Section 4.6.

4.3 Restrictions of semistable objects to curves

In this section we collect various results concerning the restriction of a PT-semistable object
E € AP to smooth curves C' C X.

For integers a,b > 0, we set S, , = |Ox(a)| x |Ox(b)|, where |Ox(a)| = P(H*(X, Ox(a)))
is the complete linear system of Ox(a). Let Zwb C Sap X X denote the incidence correspon-

dence

7% = {(Dy, Dy, x) | (D1, D3) € Sap, * € DyN Dy C X}

and consider the diagram:



75

Za,b
p

Sa,b

If s € S, corresponds to the pair of divisors Dy, Dy C X, the fiber Z% == p~1(s) C Z*? is

the scheme-theoretic intersection D1 N Dy C X.

Lemma 4.3.1. If U C S, is a nonempty open set, then |J ., Z&* = q(p~"(U)) C X is an

open subset whose complement has codimension at least 2.

Proof. The map ¢ : Z** — X is a product of projective bundles (see for example [17, Section
3.1]), hence flat, and in particular open, and so q(p~'(U)) is open. If n € X is a point of
codimension 1 with closure Y C X, then the intersection Dy N Dy MY is nonempty for any
Dy, Dy € |Ox(a)| since Ox(a) is ample. Thus, ¢(p~'(U)) NY is nonempty and open in Y,

hence contains 7 since Y is irreducible. O]

Lemma 4.3.2. Let v € Ky (X) be a numerical class. There exists a; > 0 such that for
any a,b > a; there exists a nonempty open subset U C S, with the following property. For
every s € U, the fiber Z%" is a smooth, connected curve, and if E € AP is any PT-semistable

object of class v, then Z%® contains no associated points of Supp(H°(E)VY /H(E)).

Proof. Since the set of isomorphism classes of PT-semistable objects E of class v is bounded,
so is the set of isomorphism classes of the quotients Q@ = H°(E)VY/H(E), and hence the

degree of Supp(Q) is bounded by some m > 0.

deg(X) "

X, we have deg(Z%*) = abdeg(X), so that if a,b > a;, we have deg(Z%®) > m. By Bertini’s

Choose any a; > Since Z2? is the intersection of divisors of degree a and b in
theorem, there is a nonempty open subset U C S, such that for every s € U, the fiber Z%®
is a smooth, connected curve, and since deg(Z*%) > deg(Supp(Q)), the curve Z%® cannot
contain any 1-dimensional components of Supp(@). But since @ is pure of dimension 1, its

only associated points are the generic points of the components of its support. O
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Lemma 4.3.3. There exists as > 0 such that for any a > as and any PT-semistable object
E € AP of class v, there exists a nonempty open subset U C S, , such that for every s € U,
the fiber Z&* is a smooth, connected curve and the restriction E]Héa,a is a p-semistable sheaf

on Z&°.
Proof. Recall that E fits in an exact triangle
F—E—T[-1],

where F' is a p-semistable torsion-free sheaf and T is a 0-dimensional sheaf. Denote r =
rk(E) = rk(F'). By Flenner’s Theorem [17, Theorem 7.1.1], if ay € N satisfies
(a2+3>_2a2_1 7”2—1

L > deg(X) - max{
az

) 1}7

then for any a > as, there exists a nonempty open subset U’ C S, , such that for any s € U’,
the fiber Z3® is a smooth, connected curve, and the restriction F|ze.e is a semistable sheaf.
Now the set of those s € U’ such that Z%* intersects Supp(7') is a proper, closed subset
of U’, and if we take U to be the complement of this subset, then for any s € U, we have
E|Hég,a = F|zo.a. m

The following is a key technical tool in the following sections. Although we will apply it
to PT-semistable objects, we state it in slightly broader generality.

Proposition 4.3.4. Let E € D*(X) be an object fitting in a triangle
F— E—T[-1]

where F' € Coh(X) is torsion-free and T € Coh(X) is 0-dimensional, and assume that
Hom(O,[—1], E) = 0 for all closed points p € X. Denote Q = FYV/F. Let C C X be a
smooth, proper curve and G a nonzero vector bundle on C'. Assume that C' does not contain

any associated points of Q,
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(a) The derived restriction E|% fits in a triangle
H(Ele) = Ble — H'(Ele)[-1]
in D*(C), where HY(E|%) is 0-dimensional.
(b) If C meets Supp(T'), then H'(E|g) is a nonzero torsion sheaf, and H'(C, E|% @ G) # 0.

(c) If C does not meet Supp(T) but does meet Supp(Q), then HY(E|&) has a nonzero torsion
subsheaf, and H*(C, E|% ® G) # 0.

(d) If C meets neither Supp(T) nor Supp(Q), then E|% = FYV|¢ is a sheaf.

Proof. (a) We will show below that the restriction F|¢ = F|¢ is underived, and that the
cohomology sheaf H(T|%) is O-dimensional for i = —2,—1,0 and vanishes otherwise.
Assuming this, we obtain the claim as follows. The triangle F|c — E|% — T|g[—1]

gives the exact sequence
0—=HYEL) = H2AT|S) = Fle = HY(EE) - H Y (T)E) =0

and an isomorphism H!'(E|&) = H(T|g). The latter implies that H!(E|%) is a 0-di-

mensional sheaf as claimed.

We must show that H™1(E|g) = 0. If not, then as a subsheaf of H™%(T|%), it is 0-

dimensional, so for some p € C, we have Hom(O,, H™'(E|¢)) # 0, and since
Hom(O,, ,H_I(EHC")) — Hom(O,, E|Hé’[_1])

is injective as H(E|g) = 0 for i < —1, also Hom(O,, E|%[—1]) # 0. We can see that

this is impossible as follows.

Let we and wx denote the dualizing sheaves of C' and X respectively. Using Serre

duality and the adjunction of the derived restriction and pushforward along the inclusion
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C — X, we get
Hom pe(c) (O, El¢[=1]) = Hom pec (E|6[1], 0, @ wel[1])"
= Hompy(cy(Ele, Op[2])"
= Hompe(x) (£, Op[2])"
= Hompo(x)(Op[2], E ® wx[3])
= Homps(x) (O, R wy[-1], E)
= Hom p(x)(Op[—1], E).

But by assumption Homps(x)(Op[—1], E) = 0. Thus, we must have H(E|g) = 0.

We return to the claims at the beginning of the proof. To see that the restriction F|q
is underived, we may work Zariski-locally on X and express C' as the intersection of two
smooth surfaces D, and D, cut out by functions f and g respectively, neither of which

vanishes at the associated points of Q).

We first analyze the restriction Q[%. To begin with, we have an exact triangle

QL Q-

where the map induced by f is an injective map of sheaves, showing that Q|],51 = Q|p,

is a 0-dimensional sheaf. From the triangle

Q’Dl i> Q|D1 — Q|]IC‘v

we get an exact sequence

0= HQle) = Qlp, = Qlp, = H(Qle) = 0
which shows that H~(Q|%) and H°(Q|%) are torsion sheaves on C.
Next, as FVV is reflexive, the restriction FVV|, = FYV|p, is torsion-free by [17, Corollary
1.1.14], and so the restriction FVV|g = FVV|c is a sheaf on C. From the short exact

sequence

0> F—>F"Y—=Q—0



79

we get a triangle F|% — FYV|o — Q|%, yielding an exact sequence of sheaves
0= H NQlg) = Fle — F¥WV|e = H(Qlg) — 0,

which shows that the restriction F|g = F|c is a sheaf. For the proof of part (c) we also

note that F|% = F|c contains H1(Q[g) as a torsion subsheaf.

Similarly, we have triangles
TLT T and T ST — TR

Combining the associated long exact sequences of cohomology sheaves implies that

H!(T|%) is O-dimensional for i = —2,—1,0 and vanishes otherwise.

Since C passes through the support of T', the sheaf H°(T|¢) is nonzero and torsion. The

long exact sequence of cohomology sheaves associated to the triangle
Fl¢ = Ele — Tle[-1]
shows that HY(E|%) = HY(T|4[—1]) = HO(T|%) is nonzero and torsion, hence so is
H(Ele®G) =H'(Elg) ® G,

and thus H(C,H'(E|% @ G)) # 0. On the other hand since dim(C) = 1, we have
H?*(C,H(E|%) @ G) = 0, so the long exact sequence of hypercohomology groups associ-
ated to the triangle

H(Elg) ® G — Elg @ G — H'(El¢)[-1]® G
gives a surjection

HY(C,E% ® G) - HY(C,H (E%)[-1] ® G) = H(C,H (E|g) ® G) # 0.

Since C' does not meet Supp(T') we have E|% = F|¢, and we saw above that the torsion

subsheaf of F|¢ contains H™(Q|%). On the other hand, as in the proof of (a) let f and
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g be local equations for C' in a neighborhood of a point x € C' N Supp(Q)) which exists

by assumption. Now in the triangle

Qlp, L Qlp, — QIE,

the first map is not injective at z, so H™1(Q|%) is nonzero.
Taking the long exact sequence in hypercohomology associated to the triangle
H(Elg) ® G — Elg ® G — H'(Elg)[-1]® G
gives an inclusion
H(C,H(E|¢) ® G)) = H°(C, E|¢. ®@ G),

and the first group is nonzero since H°(E|¢) ® G = F|c ® G contains a nonzero torsion

subsheaf.

Since C' N Supp(T) = 0, we have E|g = F|g, and since C' N Supp(Q) = 0, we have
F|& = FYV|&. Working again locally, we saw above that FVV|p, is torsion-free, so the

function g acts on it as a nonzero divisor, implying that FVV|% = FVV|c is a sheaf.

4.4 Determinantal line bundles on PT-moduli spaces

Recall that H C X denotes a very ample divisor and v € Kp,,(X) is a class of positive

rank. Let Z be a PT-stability function on A? and let M3 (v) denote the stack of semistable

objects in AP of class v with respect to Z. Let € be the universal complex on M5 (v) x X

and consider the diagram:

MET(v) x X
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Recall that we have the Donaldson morphism
Ae t K(X) = Pic(MGT(v)),  Ae(F) = det(Rp.(E @ ¢*F)).
Following [17, Example 8.1.8 (iii)], we set
ve(v) = —x(v - h*)A* + x(v- h*)h* € K(X),
where h = [Oy| € K(X), and define
Ly = Ae(v2(v)) € Pic(MLE(v)).

The line bundle £, is our main object of study. In this section we prove that L5 descends to
a line bundle Ly on the good moduli space ML"(v) (assuming one exists), and relate Ly to

restrictions of £ to certain curves C' C X.

Descending to the good moduli space

To show that £y descends to ML™(v), by Proposition 2.4.2 we must control the action of
the stabilizer group G, of MYT(v) on the fiber Ly, for closed points x € MET(v). We first

prove the following.
Lemma 4.4.1. If E is PT-semistable of class v and F C E is a subobject in AP such that
¢(Z(F)(m)) = ¢(Z(E)(m))  for m >0,

then
/XHd-ch(F)-U:iigg;/}(Hd-ch(E)-U (4.3)

ford=0,1,2.

Proof. The assumption on F' is equivalent to saying p,(F) = 0, where p, is given in (4.2).

To lighten the notation, we set

Id(G):/Hd-ch(G)-U, d=0,...,3.
X
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We note that
L(G) = / H? . ch(G) - U = deg(X) 1k(G),
X

and rk(F') > 0 by Lemma 4.1.6, so equation (4.3) is equivalent to
I3(E)1o(F) = I3(F)14(E).

Moreover, we set
rij = Re(p;) Im(p;), 4,7 =0,...,3.

and note that since none of the complex numbers p; are collinear, the real numbers r;; — 7
are all nonzero for i # j.

The condition p,(F) = 0 can now be written as
6
SN r(L(E)L(F) — L(F)L(E))m® = 0. (4.4)
We compare coefficients on both sides of this equation. First, the m®-term in (4.4) gives
(r3z — 123) (12(E) [3(F) — I(F)I3(E)) =0,

so dividing by deg(X) and r3; — ro3 gives (4.3) for d = 2. Similarly from the m*-term, noting

that the ¢ = 7 = 2 term cancels out, we get
(r31 — r13) (L (E)I5(F) — Li(F)I3(E)) =0,
giving (4.3) for d = 1. Finally, the m®-term gives
(r3o = 1o3) (Lo (E) I3(F) — Io(F)I3(E)) + (r21 — ri2) (L(E) L2(F) — L(F)L(E)) = 0.

The second term on the left cancels out, since by what we have already proven, we have

L(E)L(F) = = = = Li(F)2(E).

Thus, we obtain (4.3) for d = 0, completing the proof. ]
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Proposition 4.4.2. Let Z be a PT-stability function on AP and assume that U = tdx in
the definition of Z is the Todd class of X. Assuming a good moduli space MET(v) emists, the

line bundle

Ly = Ae(v2(v)) € Pic(M5T(v))

descends to MET(v).
Proof. Let x € MZT(v) be a closed point corresponding to the Z-polystable object
E= @Fi, where p,(F;) = 0 for all 7.

By Lemma 2.6.3, the automorphism group of E acts trivially on the fiber of £ at z if and
only if x([F;] - v2(v)) = 0 for each i. By the Hirzebruch-Riemann-Roch formula,

((F] - 0a(0)) = /X ch(F}) ch(v(v) tel -

Now
ch(vy(v)) = —x(v - h*) ch(h)? + x(v - h?) ch(h)?,
and
ch(h) = ch(Ox) — ch(Ox(—H)) = H — %HZ + %H?’.

Thus, v(v) is a linear combination of powers of H. Thus, by Lemma 4.4.1 and linearity, we

obtain

/X ch(F}) ch(vs(v)) tdx = ?;((Z;)) /X ch(E) ch(vs(v)) tdx .

Since [E] = v € Kyum(X), by the Hirzebruch-Riemann-Roch formula again,

/Xch(E) ch(ve(v)) tdx = x(v - va(v)) = 0.
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Restriction to curves

We now relate Lo to restrictions of the universal complex to various curves in X. Let
a,b > 0 be integers and let D; € |Ox(a)| and Dy € |Ox(b)| be divisors whose intersection

C = D1 N Dy is a smooth, connected curve. Consider the diagram

MET(v) X > C

Here £ denotes the derived restrictions of £ to MEYT(v) x C. Consider the Donaldson

morphisms

Ae : K(X) = Pic(M5T(v), e, : K(C) — Pic(M5T(v)).

Lemma 4.4.3. We have commutative diagram

00— ki)

i* )\5‘

K(0) —— Pie(M£T(v))
Ec

Proof. It suffices to show that Ae(F ® i.O¢) = Ae..(F|¢) when F is a locally free sheaf on

X. By flat base change and the projection formula, we have

JEc =g =& ®j*q(*1(’)c =& ®q,0c.



Thus,

Aeo(Flc) = det Rpe.(Ec @ qi*F)
= det Rp.j.(Ec ® j ¢ F)
= det Rp.(j.€c ® ¢*F)
= det Rp.(€ ® ¢"(i.0¢c ® F))
= Ae(i,0c @ F).

Proposition/Definition 4.4.4. Define
wi=—x(v-h-[0c])- 1+ x(v-[Oc]) - h € K(X).

We have

Mo (wlo) = L5,
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Moreover, —w|c € K(C') has positive rank and so is represented by a locally free sheaf on C.

Proof. For the first claim, by Lemma 4.4.3 it suffices to show that w - [O¢] = a*b*u. Note

that [Oc| = [Op,][Op,] and that Op, fits in the exact sequence
0— Ox(—a) — OX — ODl — 0,
so that

05, = 03] = [Ox(-a)l = 1 - (-1 =1~ (1= =t~ (3 )+ ()1

and similarly [Op,] = bh — (3)h? + (3)h®. Hence

[Oc] = (ah — (3) K2+ (g) 1) (bh — (g) K2+ (g) h?)
— abh? — <a (Z) + b@)) B3,
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Thus, h - [O¢] = abh?®, hence

w = —abx(v-h*)-1+abx(v-h?)-h— (a(g) + b(g)) x(v-h?) - h,
and so
w- [Oc] = —a®b*x(v - h?) - h? + a*b*x (v - h*)h? = a*b?u.
For the second claim, we note that rk(w) = —a'x(v - h®) = —a?? rk(v) deg(X) < 0.
Since restriction to C' preserves rank, we see that rk(—w|¢) > 0, so —w|¢ is represented for

example by the sheaf
05O g det(—wle).

4.5 Global generation

We now prove our first main result: some positive power of the line bundle £, on MYT(v)
is globally generated. To make a precise statement, recall that for an integer a > 0, we have

defined S, , = |Ox(a)| x |Ox(a)| with incidence correspondence Z%* C S, , X X.

Theorem 4.5.1. There exists an integer a > 0 such that for any PT-semistable object
Ey € AP of class v, there exists a nonempty open subset U C S, , with the following property.

For every s € U, the fiber C' = Z** is a smooth, connected curve, and there exists a locally
free sheaf G on C' such that
L5 = Ao (G)Y

for some m > 0, and G induces a global section 6 € T(MET(v), L% that is nonvan-
ishing at [Eo] € MET(v). In particular, for sufficiently large m, the line bundle E?m‘fl €
Pic(M5T(v)) is globally generated.

Proof. Combining Lemmas 4.3.2 and 4.3.3, we find a > 0 such that

(i) there exists a nonempty open set Uy C S, , such that for every s € Uy, the fiber Z%* is
a smooth, connected curve, and if £ € AP is any PT-semistable object of class v, then

Z®% does not contain any components of H°(E)"V/H°(E),
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(ii) given a PT-semistable object Ey of class v, there exists an open subset Uy C S, , such
that for every s € U, the fiber Z%“ is a smooth, connected curve, and the restriction

Ep|%a.a is a p-semistable sheat.

Set U=U; NUy C S,4. Let s € U and denote C' = Z3*. Recall from Lemma 4.4.4 that we
defined
w=—x(v-h-[0c]) - 1+x©-[0c]) - h € K(X)

and observed that £2% = Aeo(w|e).  Notice that for m > 0, we have rk(—mwl|c) =

ma? deg(X) rk(v), and that that
mw|c = —mx(v|c - hle) - 14+ mx(v|e) - hle

so that x(mw|c -v|¢) = 0. Thus, by Lemma 2.7.1, for large enough m, there exists a locally
free sheaf G of class —mw|c on C such that HY(C, Ey|% ® G) = 0 for all i € Z.

Let now E € AP be any PT-semistable object. By Proposition 4.3.4(a), we have an exact
triangle

F - El¢®G — T[-1]

in D°(C), where F is a coherent sheaf and T is a O-dimensional coherent sheaf. Thus, the
long exact sequence in hypercohomology shows that H(C, E|z ® G) = 0 for i # 0,1, and
since x(C, E|& ® G) = x(—mw|c - ve) = 0, we have

dimH(C, F|% ® G) = dimH'(C, E|% ® G).
Thus, by Lemma 2.6.2, the line bundle
LI = Aeo (w]e) = Aeo (G)Y

has a global section dg that does not vanish at [Ey] € MYT(v).
This shows that for each point t € MYT(v) we can find and integer m; > 0 and a section

sy of E?mt“4 not vanishing at t. Since MYT(v) is quasicompact, the nonvanishing loci of
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finitely many of these sections, say sy, ..., sy, cover MYT(v). Taking m = my -+ -my, we
see that the nonvanishing loci of the sections

4

57 € T(MET (v), £5™)
cover MET(v). Thus, L™ is globally generated. O

4.6 Study of the fibers

In this section we analyze the fibers of the morphism provided by the line bundle £5. Let
L= L5 € Pic(ME (1)), where a > 0 and m > 0 are given by Theorem 4.5.1 so that £ is
globally generated. From now on we assume that U = tdx in the definition of the PT-stability
condition, so that by Proposition 4.4.2, the line bundle £ descends to a line bundle L on the
good moduli space MET(v). We also assume that the good moduli space exists — this is only
known in the absence of strictly semistable objects, such as when ged(rk(v), H? - ¢;(v)) = 1.

Since the good moduli space map 7 : MY (v) — MLT(v) satisfies 7,0 = O, the projec-
tion formula implies that there is an isomorphism

D(ME(v), £57) = T (M7 " (v), L")
for every n and that L is globally generated. We claim that the graded ring
R =@Mz (v), L")
n>0

is finitely generated and the induced morphism ¢ : ML T (v) — Proj R has connected fibers.

To see this, let MYT(v) — PV be the morphism induced by the complete linear system |L]|.

Since M} T (v) is a proper algebraic space, this map admits a Stein factorization
MET(v) L M L PV,
where h is finite and g satisfies g*OMZpT(v) = Oj3;, and in particular g has connected fibers.

Let Ly; = h*Opn(1) so that we have g*Ly; = L. The projection formula now gives an

identification

R = @ D(M, L),

n>0
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and since h is finite, the line bundle Ly; is ample. Thus, R is finitely generated and the
canonical map M — Proj R is an isomorphism. Moreover, the map ¢ : MET(v) — Proj R
gets identified with g, and so has connected fibers.

The goal of this section is to give a partial set-theoretic description of the fibers of ¢.
The first step is to understand curves contracted by ¢, so we begin by studying families
parameterized by curves. To state our results, we introduce the following notation.

First, given a p-semistable torsion-free sheaf F on X, let F** := gr(F)Y" denote the
double dual of the polystable sheaf gr(F') = &; gr,;(F') associated to a Jordan-Hdlder filtration
of ' with torsion-free factors gr;(F). Note that F** is independent of the Jordan-Holder
filtration. Second, if S is a scheme of finite type and £ € D?(S x X) a family of PT-semistable

objects parameterized by S, for each t € S we set
gt :g|{t}><X7 Ft :Ho(gt)7 E :Hl(gt)7 Qt :Ftvv/Ft.

Proposition 4.6.1. Let S be a smooth, proper, connected curve and f : S — MLT(v) a

map corresponding to the family € € D*(S x X). If deg(f*L) =0, then
(1) the sheaves F;* are isomorphic for allt € S, and

(11) there ezists a closed 1-dimensional subset Y C X such that Supp(Qy) C Y for every
tes.

Proof. Fix a point ¢y, € S and let @ > 0 and U’ C S,, be as in Theorem 4.5.1, so that
for each s € U’ we can find an integer m > 0 and a sheaf G on the curve Cs = Z® such
that the section dg of LE™ |g = Aée, (G)Y|s is nonzero at t, € S. But by assumption

deg(ﬁgi””a4 |s) = 0, so the section dg must be nonzero at every point ¢t € S. This implies that
H(Cs, & e, ® G) = H'(Cy, &¢, @ G) = 0.

By Proposition 4.3.4, the curve C cannot meet the supports of @Q; or T; for any s € U’ and
t € S. In particular, the supports Supp(Q;) must be contained in the complement Z = X\ U
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of the union U = U,crCs € X of all the curves C, for s € U’, which by Lemma 4.3.1 is a
closed 1-dimensional subset. This proves the second claim.

To prove the first claim, we give a variant of the restriction argument in the proof of
Theorem 4.5.1. The argument is similar to the proof of [17, Lemma 8.2.12]. Fix t;,t5 € 5,
and for j = 1,2 fix a Jordan-Holder filtration

ocFVc...cE" YV cFEY =R
t] tJ tJ

J
with p-stable torsion-free factors Gg) = Ft(j) / Ft(ji_l). Note that
o @\

First, we can choose an integer a >> 0 and a smooth, connected surface D € |Ox(a)| such
that D avoids the supports of T, and T},, the restrictions Fy, |p and F,,|p are p-semistable
and torsion-free [17, Theorem 7.1.1] and the restrictions Gg) |p and Gg;) |p of all the Jordan-
Holder factors are p-stable and torsion-free [17, Theorem 7.2.8] on D. This implies that for
j = 1,2, the restricted filtration

OCF |DC CF(k'_1)| CF ’D—Ft Ip

is a Jordan-Hélder filtration for I |p. We can also assume that D avoids the ﬁnitely many
(codimension 2 or 3) associated points of each of the sheaves (G, )VV/G( ) and ( S )VV/G

We may also assume that D avoids the finitely many singular points of F;;* and F}*, implying
that F**|p and F}:*|p are locally free. Moreover, we claim that by increasing a if necessary,

we may assume that

Ext!(F*, F}* (= D)) = Bxt!(F;" F;*(=D)) =0 for 1 =0,1, (4.5)

t1 to

so that Hom(Fy*, F;*) = Hom(F;*|p, F;*|p) and similarly with F}, and F}, interchanged,
implying that F;"™* = F; if and only if F}*[p = F;*|p. To see (4.5), note that since F** is

a reflexive sheaf on a smooth threefold, it fits in a short exact sequence 0 — F; — Fy —
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Fy* — 0 where Fy and F; are locally free. Applying Hom(—, F{*(—D)), we obtain the exact

sequence

0 — Hom(F,*, F}*(—D)) = H*(X,Fy ® F*(—D)) —» H*(X, FY ® F*(-D))

t1 0

— Ext'(F}", F*(—D)) — H'(X, Fy ® F*(=D)).

By choosing a large enough, we can make the cohomology groups involving Fy and F; vanish,

giving the claim for Ext'(F;*, F;*(—D)), and we can reverse the roles of F;'* and F;*.
Using [17, Theorem 7.1.1] and [17, Theorem 7.2.8] again, we can choose an integer b > 0

and a curve C' € |Op(b)| such that again the restrictions Fj,|¢ and F},|c are semistable and

the restrictions Gg?\c and Gg)|c are stable, implying that

gr(Fi)le =gr(File)  and  gr(Fy)le = gr(F, o).

Since D avoids the associated points of each of (Gg? )had /G,E? and (Gg))vv /Gg), we may
assume that C' avoids the supports of (GE?)W / Gg? and (GE?)W / Gg) altogether, implying
that
Flle = er(Fy)le = gr(Fyle)  and  Ffle = gr(Fy,)|e = gr(F,le)-

Moreover, since F}*|p and F*|p are locally free, we may, by increasing b if necessary,
assume that Hom(F;*, F;™*) = Hom(F}*|c, F5"|c) and Hom(Fy*, Fi*) = Hom(F;*|c, F*|c).
Finally, we can assume that H'(X,Ox(b—a)) = 0 so that H°(X, Ox (b)) — H°(D,Op(b))
is surjective, implying that C'= D N D’ for a surface D’ € |Ox(b)|. With these choices, it is
sufficient to show that Fj |¢ and F},|c are S-equivalent.

2

By Proposition 4.4.4, we have A, (mw|c) = L&Y and the class —mw|c € K(C) is

represented by a locally free sheaf M on C. Since F},|¢ is semistable on C', by Lemma 2.7.1,

we can choose M for large enough m > 0 so that
H(C,F,lc @ M)=H'"(C,F,|c ® M) = 0.

This implies that the section 8y, of g, (M)Y = L&Y is nonvanishing at ¢, € S, hence

nonvanishing everywhere, or equivalently,

H°(C,Flc ® M) = H(C, F|¢ ® M) =0
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for all ¢ € S. Thus, by Proposition 4.3.4, C' cannot meet the support of 7T; or ); for any
t € S, implying that &- is a family of sheaves on C' parameterized by S. By Remark 2.7.2,
the sheaves in the family £ are all semistable, and by Lemma 2.7.3, they are all S-equivalent.

In particular, F},|c and F},|c are S-equivalent, concluding the proof. [

In the coprime case we get a sharper statement.

Proposition 4.6.2. Assume ged(tk(v), H? - ¢1(v)) = 1. If S is a smooth, proper, connected
curve and f . S — MZET(v) is a map corresponding to the family & € Db(S x X), then
deg(f*L) = 0 if and only if for allt € S

(i) the sheaves F)YY are isomorphic, and

(11) the stalks of the sheaves Q; at every codimension 2 point n € X have the same length

as modules over the local ring Ox .

Proof. (<) Assume that (i) and (ii) hold. As in the proof of Proposition 4.6.1, for sufficiently
large a > 0, we can find a curve C = Dy N Dy C X with Dy, Dy € |Ox(a)| such that the
restriction F}"Y|c is semistable on C'. From (ii) we see that there is a pure 1-dimensional closed
subset Y C X containing the supports of the @, and from (i) that for each t € S, the sheaf
T; is supported in the union Y’ of Y and the finitely many points where F,”V is not locally
free. Thus, Y is a 1-dimensional closed subset (with possibly 0-dimensional components), so
we can choose C' to be disjoint from Y’. This implies that the restriction ¢ = €|sxc is an
isotrivial family of stable sheaves on C'. Thus, Lemma 2.7.3 implies that the determinantal
line bundle Ag. (—wl|¢) has degree 0. But we have seen that \e, (—w|c) = f*£§“4.

(=) Assume that deg(f*£) = 0. Note that with the coprime assumption, F} is p-stable,
so by Proposition 4.6.1 the double duals F,’¥ are isomorphic for all ¢ € S, and there is a
closed 1-dimensional subset Y C X with the property that Supp(Q;) C Y for all t € S. Let
Y1, ..., Y, CY denote the irreducible components and 7; € Y; the generic points.

From the triangles

F, = & — T[-1] and F, — FY — Q,
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we get an equation for Hilbert polynomials
P(Qtam) + P<Ttum) = P(Ftvv7m> - P(ghm)v

where P(—,m) = x(X, (=) ® Ox(m)). The right hand side is independent of ¢t € S since
& is S-perfect and F,"Y is independent of ¢. Thus, the left hand side is independent of ¢.
Moreover, the degrees of P(Q);, m) and P(7;,m) are respectively 1 and 0, so we see that the
leading coefficient of P(Q;, m) is independent of t. Now on the one hand it follows from the

Riemann-Roch theorem that the leading coefficient of P(Q, m) is
> 1, (Qr) deg Y.
i=1

On the other hand each quantity [,,(Q;) is upper semicontinuous by Lemma 4.6.4 below.

Since S is connected, this implies that each [,,(Q;) must be constant. O

We now use Propositions 4.6.1 and 4.6.2 to give a partial description of the fibers of the
map ¢ : MY (v) — M induced by L. Below we will give an example that shows that ¢ is

not finite in general, so we cannot expect L to be ample.

Theorem 4.6.3. Let y € M be a closed point and let M, C MLT(v) denote the fiber over
y of the composition MET(v) — MET(v) % 7.

(i) For all C-points t € M,, the sheaves F}* are isomorphic, and there exists a 1-
dimensional closed subset Y C X such that Supp(Q¢) C Y.

(i) If ged(rk(v), H? - c1(v)) = 1, then for all t € M, the sheaves F,"Y are isomorphic, and
for every point n € X of codimension 2, the lengths 1,,(Q;) are equal.

Proof. Let M, C M}T(v) denote the fiber of ¢ over y € M. Since M, is a proper and
connected algebraic space, it can be covered by images of maps S — M, where S is a
smooth, proper, connected curve. Moreover, by Lemma 2.4.3, after possibly taking a finite

cover of S, we may assume that the map lifts to f : S — MYT(v), and the map f has the
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property that deg(f*L£) = 0. By Proposition 4.6.1, the sheaves F;* are isomorphic along the
image of S, and since any two points in M, can be connected by a chain of such curves, the
sheaves F;* must be isomorphic along all of M,. This proves the first claim of (i).

To see the second claim in (i), we note that by Lemma 4.6.4, for each ¢t € M,, there exists
an open subset U; C M, such that for any ¢ € U;, we have Supp(Qy) C Supp(Q:). Since
M, is quasicompact, we can cover it by finitely many of these opens Uy, ,...,U,,,. Now the

subset

Y = JSupp(Qy,),
=1

is closed and 1-dimensional, and we have Supp(Q:) C Y for all t € M,

To prove (ii), note first that if ged(rk(v), H?-¢;(v)) = 1, then each F; is stable and hence
FYY = F}* so the first claim of (ii) follows from (i). On the other hand, by Proposition
4.6.2, the lengths [,(Q);) remain constant along a curve S like above, and again since M,

can be covered by images of these curves, the lengths must be constant along all of M,. [

Lemma 4.6.4. Let n € X be a point of codimension 1. The length 1,,(Q,) is upper semicon-

tinuous as a function of t € S.

Proof. Let W = Spec Ox , be the spectrum of the local ring of X at n, let ¢ : W — X denote
the canonical monomorphism, and let tg : S X W — S x X denote the induced map. We
replace F; and @), by their restrictions to W — this does not change ,(Q;).

Define F == (€ € D°(S x W). We have Fliyxw = t*&;, and since localization is exact,

pulling back along ¢ commutes with taking cohomology sheaves, so that
H (Flyyxw) = H'(E) = UHI(E), i€

In particular, H'(F|gxw) = 0 for i # 0,1, and also H'(F|gxw) = ¢*T; = 0 since T; is
supported in codimension 3. Thus, F' is a sheaf on S x W, flat over S by [15, Lemma 3.31],

and for each ¢t € S we have a short exact sequence

0= F,—F"Y —Q—0.
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Now &xt'(FY, Ow) = 0 for i > 0 since F,’V is reflexive on the regular 2-dimensional scheme
W, hence locally free. Thus, applying s#om(—, Ow ) to the above sequence and taking the

long exact sequence gives isomorphisms
éal'tl(Ft, OW) = éa.fCt2(Qt, OW), £$t2(Ft, OW) = gl’t:}(Qt, OW)

We claim that &2t3(Qy, Ow) = 0 and 1,(Q;) = 1,(&xt*(Qr, Ow)). To see this, we observe
that @); has a filtration by copies of the residue field k(n) and length is additive in short

exact sequences, so by induction it suffices to show

Since Ox, is a regular local ring of dimension 2, these follow by applying J#om(—, Ow) to
the Koszul complex

0— Oy — O — Ow — k(n) — 0.

Thus, we must show that [, (&xt!(F;, Ow)) is upper semicontinuous as a function of ¢.

We temporarily spread out and replace W by a scheme finite type over C and F' by
a coherent sheaf on S x W flat over S in order to apply [/, Theorem 1.9] to the sheaves
Ext'(F,Ogyw). First, for i = 2 and any ¢t € S the map

é"xtQ(F’ OSXW)|{t}><W — éOItQ(Ft, Ow) =0

is clearly surjective, hence an isomorphism, so we get &zt?(F, Ogxw) = 0. Next, for i = 1
this implies that

St (F, Osxw)|yxw — Ext' (F,, Ow)
is an isomorphism. Thus, we have reduced to showing that I, (&xt' (F, Ogxw)) is upper

semicontinuous as a function of ¢, which follows from Lemma 4.6.5 below. O

Lemma 4.6.5. Let X and S be schemes over C and let F' be a quasicoherent sheaf of finite
type on S x X. Assume that the restriction Fy of F to the fiber {t} x X is supported in

codimension ¢ for everyt € S, and let n € X be a point of codimension d. The function that
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assigns to t € S the length 1,((F}),) of the stalk of Fy at n as a module over the local ring

Ox ,, 15 upper semicontinuous.

Proof. Note that, by the assumption on dimensions, the length of F} at 7 is indeed finite. We
want to reduce the statement to the familiar fact that the fiber dimension of a quasicoherent
sheaf of finite type is upper semicontinuous. We may first replace X by the Spec Ox ;. Now
F' is set-theoretically supported on S x {n}, so we may even replace X by Spec Ox,/m"
for sufficiently large n, where m C Ox, denotes the maximal ideal. Thus, we may assume
that X is the spectrum of a local artinian ring A with maximal ideal m whose residue field
L = A/m is finitely generated over C and has transcendence degree d = dim X — c.

We can choose a set of elements y;,...,y4 € A whose images 7;,...,y,; in L form a

transcendence basis over C. These elements determine a ring homomorphism

¢ Clzy, ..., x4 SiinciNyy
If f € Clxy,...,2z4] is a nonzero polynomial, then the image of ¢(f) in L is nonzero since

there are no algebraic relations among the 7,’s. Thus, ¢(f) lies outside the maximal ideal
m, hence is a unit. Thus, we obtain a map K = C(z1,...,24) — A. Since A has a filtration
by copies of L, and L is a finite extension of K, this map makes A into a finitely generated
K-module. Thus, the induced map S x Spec A — S x Spec K is finite, and we can view F
as a quasicoherent sheaf of finite type on S x Spec K. Let £ € Spec K be the unique point.
Now on the one hand
le(F1) = deg(L/K) 1, (F),

and on the other hand l¢(F}) is just the dimension of the fiber of F; at ¢ since Spec K is

reduce, and this is an upper semicontinuous function of ¢. n

4.7 A counterexample to ampleness

We now give an example of a family of PT-stable objects such that the line bundle £ is not
ample on the base of the family. In fact, the example is a family of stable pairs on P2, that

is, generically surjective maps Ops — G where G is a coherent of pure dimension 1.
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Example 4.7.1. We consider stable pairs of the form Ops — Or(1), where L C P? is a line.
Let h = [Og] € K(P?) denote the class of a plane. Note that a map Ops — O (1), viewed

as an object in D®(IP?), has class
v =[Ops] — [OL(1)] =1 —h* - h* € K(P?),

and thus
ve(v) = —x(v - h*)h* + x(v - RH)h* = —h% + h* € K(P?).
We will construct the "universal family” & of objects of this form, parameterized by a P!-
bundle over the Grassmannian of lines in P?, and show that the map induced by £, =
Ae(v2(v)) factors through the projection to the Grassmannian.
Let S = Gr(2,4) denote the Grassmannian of lines in P? and let O%* — Q denote the
universal quotient. The natural incidence correspondence Z C S x P? is obtained from the

induced surjection Sym*O%* — Sym*Q as
7 = Projg Sym®*Q — Projs Sym*O%* = S x P°.

Let p: SxP?— Sand ¢q: S x P? — P3 denote the projections and set F = p,(Oz(1)).
Note that over ¢ € S corresponding to the line L C X, the restriction of O(1) to the fiber
p1(t) is just Op(1), so it follows from Cohomology and Base Change that F is locally free
of rank 2.

Let P(F) = Projg Sym*F" and consider the diagram:

P(F) x PP —— § x P P
pr ‘ p
P(F) ——— S

Note that P(F) parameterizes lines L C X together with a nonzero section of Or(1) up
to scaling. On S x P? we have a canonical map p*F — Oz(1), and on P(F) a canonical

inclusion O, (—1) < 7*F. From these we can construct a map

O, (—1) = psOy(1) = pem* F = 7p* F = 7 02(1)
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on P(F) x P3. The restriction of this map to the fiber pZ'(t) over a point ¢t € P(F) is just

the section Ops — O (1) parameterized by the point t. Thus, the complex
E: 2028 =0,(-1)—=&=7041)=0— -,

considered as an object in D*(IP(F) x P3), is a family of stable pairs parameterized by P(F).

It follows from properties of determinantal line bundles and the exact triangle
E—=0.(-1) =101
in DP(P(F) x P?) that for any u € K(X) we have

Ae(u) = Ao, (—1) (1) @ Ao,y (1)’

= )\@T(,l)(u) & W*)\oz(l)(u)v
Note first that for any vector bundle V' on P3| we have

Ao, (-1)(V) = det Rpr.(O7(—1) @ 7°¢"V) = det Rpr.(prOx(—1) @ 7°¢"V)
= det(Ox(—1) ® Rpr.m"¢"V)) = det(O,(—1) ® RT(P*,V))

= OT"<_1)®X(V)7
and by linearity this formula extends to any class u € K (P?). In particular, since
X(v2(v)) = =x(h*) + x(h*) = =1+ 1 =0,

we have Ao, (—1)(v2(v)) = Op(r). This already shows that Ags(va(v)) cannot be ample since it
is the pullback of a line bundle along a P!-bundle.

To compute the second factor in Ag(u), we begin with the observation that for n > 0,
we have p,(Oz(n)) = Sym"Q and the higher pushforwards vanish, and det(Sym"Q) =
(det Q)®(n§1). Using the exact sequences

0 — Ops(n) = Ops(n + 1) — Ops(n +2)%% — Ops(n +3)%° = Ops(n +4) — 0,
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and descending induction, we can see that the formula det Rp,(Oz(n)) = (det Q)®<n;rl) holds
for all n € Z. Now h* h? € K(P3) are represented by the structure sheaves of a line L C P?

and a point z € P? respectively. Using the Koszul resolutions

0 — Ops(—2) = Ops(—1)®* = Ops — O, = 0

and
0 — Ops(—3) — Ops(—=2)%* — Ops(—1)®* = Ops — O, = 0
we see that
Ao,y (h?) =det @, Ao, m)(h*) = Os.
Thus,

Ae(v2(v)) = T Ao, 1) (v2(v))Y = 7* det Q.

The line bundle det Q is very ample as it gives the Pliicker embedding Gr(2,4) < P°. Thus,
the map given by the line bundle \¢(v3(v)) on P(E) factors through 7 but also separates the

fibers of .
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