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Statistical divergences have been widely used in statistics and artificial intelligence to measure
the dissimilarity between probability distributions. The applications range from generative
modeling to statistical inference. Early works in statistics have focused on discrete and
low-dimensional probability distributions. We choose to tackle problems emerging in mod-
ern applications of statistics and artificial intelligence in which the sample space is either
discrete with a large alphabet (e.g., natural language processing) or continuous of high di-
mension (e.g., computer vision). This dissertation revisits statistical divergences in modern
applications and addresses challenges arising from the complex nature of the data.

Chapter 2 studies the minimum Kullback-Leibler divergence estimation which is equiva-
lent to the widely used maximum likelihood estimation. While the classical asymptotic theory
is well established in a rather general setting, high-dimensional problems reveal several of its
limitations. We develop finite-sample bounds characterizing the asymptotic behavior in a
non-asymptotic fashion, allowing the dimension to grow with the sample size. Unlike previ-
ous work that relies heavily on the strong convexity of the objective function, we only assume
the Hessian is lower bounded at optimum and allow it to gradually become degenerate. This

is enabled by the notion of self-concordance originating from convex optimization.



Chapter 3 investigates the framework of divergence frontiers, a notion of trade-off curves
built upon statistical divergences, for comparing generative models. These trade-off curves
are analogous to operating characteristic curves in statistical decision theory. Due to the
complex and high-dimensional nature of the input space, an effective approach used by
practitioners to estimate divergence frontiers involves a quantization step followed by an
estimation step. We establish non-asymptotic bounds on the sample complexity of this
estimator. We also show how smoothed distribution estimators such as Good-Turing or
Krichevsky-Trofimov can overcome the missing mass problem and lead to faster rate of
convergence.

Chapters 4 and 5 explore the Schrédinger bridge problem—an information projection
problem which projects a reference measure onto a linear subspace of probability distributions
in terms of the Kullback-Leibler divergence. This problem is equivalent to the entropy-
regularized optimal transport problem that recently attracted a huge attention from the
statistics and machine learning communities. We develop limit laws and non-asymptotic
bounds for its empirical estimators. Unlike the unregularized optimal transport, our results
enjoy a parametric rate of convergence that does not suffer from the curse of dimensionality.
We also propose statistical tests for testing homogeneity and independence based on the

Schrodinger bridge problem.
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Chapter 1

INTRODUCTION

Statistical divergences, which quantify the discrepancy between probability distributions,
are ubiquitous in statistics and machine learning. In statistical learning, they have been
used to estimate, either parametrically or non-parametrically, the density from which the
data are generated via minimizing the discrepancy between the data distribution and the
model distribution. This includes the classical maximum likelihood estimation, the minimum
distance estimation, and the modern adversarial generative modeling. In statistical inference,
statistical divergences provide a principled way to design test statistics to determine whether
two samples are coming from the same population known as the homogeneity (or two-sample)
testing problem. In the same spirit, they can also be applied to the independence testing
problem by reformulating the independence of two random elements into the equivalence of

the joint distribution and the product of marginal distributions.

Early works in statistics focus on discrete and one-dimensional probability distributions
where statistical divergences are defined via the probability mass function (Pearson, 1900;
Bhattacharyya, 1946) and the cumulative distribution function, respectively (Cramér, 1928;
von Mises, 1931; Kolmogorov, 1933; Smirnov, 1939; Anderson and Darling, 1954). They
are not applicable in modern statistics and machine learning applications where the sample
space is either discrete with a large alphabet or continuous of high dimension. For instance,
when testing the independence of two documents (Gretton et al., 2007b), the observations
are natural languages which live in a discrete space of nearly infinite size. When learning a
generative model on images (Goodfellow et al., 2014), the observations are images consisting
of hundreds of thousands of pixel values. This raises challenges both in their statistical

analysis and computation.



This dissertation revisits statistical divergences in modern applications and addresses
challenges arising from the complex nature of the data. In particular, we use the well-known
Kullback-Leibler (KL) divergence to estimate model parameters, build trade-off curves for
generative models, and study the Schrodinger problem. To facilitate the exposition of the
results, we introduce in the following several concepts involving statistical divergences. First,
we review in Section 1.1 the KL divergence and its extension which we call information
divergences. We then in Section 1.2 explain how the KL divergence can be applied to
parameter estimation which coincides with the celebrated maximum likelihood estimation.
Next, in Section 1.3, we review two types of errors and trade-off curves in statistical decision
theory which serves as the basis of modern trade-off curves for generative models. Finally, we
consider in Section 1.4 a structured information projection problem with marginal constraints
which leads to the so-called Schrodinger problem. It can be reformulated as an entropy-
regularized optimal transport problem which is closely related to the optimal transport
distance. Moreover, it induces the so-called Sinkhorn divergence. Both the optimal transport
distance and the Sinkhorn divergence are statistical divergences adapted to the metric of the
sample space. We conclude with a summary of the main contributions and an outline of the

rest of the thesis.

1.1 Information Divergences

In their seminal work, Kullback and Leibler (1951) introduced the KL divergence (or the

relative entropy) while studying generalizations of the Shannon entropy (Shannon, 1948).

Definition 1.1 (Kullback-Leibler divergence). Let X' be some measurable space and My (X)
be the space of probability measures on X. For any P,Q € My(X), the KL divergence
between P and @) is defined as

log £dP if P
kL(plg) — | TEEE

00 otherwise.



An important feature of the KL divergence is that it is indeed a divergence, i.e., a metric

without the triangle inequality, which behaves similarly as the squared Euclidean distance.

Property 1.1 (Lemma 3.1 in Kullback and Leibler (1951)). For any P,Q € M;y(X), we
have KL(P||Q) > 0 with equality iff P = Q Q-a.s.

Remark 1.2. Note that the KL divergence is asymmetric. In fact, as noted by Kullback and
Leibler (1951), its symmetrized version, i.e., KL(P||Q) + KL(Q||P), has appeared earlier in

Jeffreys (1946).

Beyond information theory, the KL divergence has found its wide applications in statis-
tics and probability. For instance, it can be used to estimate parameters of a statistical
model which corresponds to the famous maximum likelihood estimation as demonstrated in
Section 1.2. Moreover, in large deviation theory, it characterizes the rate at which the rare
event probability converges to zero (see, e.g., Dembo and Zeitouni, 2009). In particular,
according to Sanov’s theorem, given a subset of distributions P C M;(X), the log of the
probability that the empirical measure of an i.i.d. sample from @ € M;(X) belongs to P is

asymptotically close to
i 1.1
un KL(P(Q) (1.1)

with a factor of —n, where n is the sample size. The above variational problem of the KL
divergence is later studied by Csiszar (1975) which is referred to as the information projection
(or I-projection) of @ onto P.

A case of special interest to us is when P := NE_ P, for some linear subsets {Pj}5~_ | of
M (X). Under these linear constraints, the solution (if exists) admits a special structure
involving these constraints (Csiszar, 1975, Theorem 3.1). Furthermore, it can be obtain by
the iterative proportional fitting procedure (IPFP)—projecting @) onto each linear subset
iteratively—which can be dated back to Deming and Stephan (1940): for ¢ > 1,

Q; = argmin KL(P||Q¢—1) if t mod K =k,

PePy



where )y := ). This variational problem and the IPFP form the backbone of the Schrodinger
problem as we will see in Section 1.4.
Finally, we note that the KL divergence was generalized by Csiszar (1967) to a class of

divergences known as the f-divergence.

Definition 1.2 (f-divergence). Let f : (0,00) — Ry be a convex function with f(1) = 0.
For any P,Q € My(X), the f-divergence between P and Q is defined as

DyPIQ) = | 1 (%) aQ

with the convention that f(0) := lim,,o, f(t) and 0f(p/0) = pf*(0), where f*(0) € [0, o0]
is the limit of f* 1t — tf(1/t) at 04. We call f the generator to Dy and f* the conjugate
generator' of f since D+ (P||Q) = Ds(Q|P).

Remark 1.3. When P and Q are dominated by pu € My(X) with densities p and q, respec-

tively, we have

Dy(P|Q) = / J0@)/ale)a(@)dpa) + £ (0) Pl = 0

with the agreement that the last term is taken to be zero if Plg = 0] = 0 no matter what

value f*(0) takes (which could be infinity).

Example 1.4. We illustrate a number of examples.

(a) KL divergence: f(x)=xlogx —z + 1.

(b) Total variation: f(x) = |z —1|/2,

dpP

TV(P,Q) := %/ ’@ - 1’dQ.

(c) x*-divergence: f(z) = (z — 1),

Q) = [ (%—1)2&2.

!The conjugacy between f and f* is unrelated to the usual Fenchel or Lagrange duality in convex
analysis, but is related to the perspective transform (Rockafellar, 1970).




1.2 Parameter Estimation with the Kullback-Leibler Divergence

Let Z be a random element following some unknown distribution P. Consider a parametric
family of distributions Pe := {F : # € © C R?} which may or may not contain P. For
simplicity of the presentation, we assume that P and P, are absolutely continuous w.r.t. some
dominating measure with densities p and py, respectively. We are interested in finding the
parameter 6, so that the model P, best approximates the underlying distribution P. For
this purpose, one strategy is to minimize the KL divergence, i.e.,

0, € arg I(Ialin KL(P| Py). (1.2)

S

Note that, when P < Py,

pe(Z2)

Consequently, minimizing KL(P||P) over 6 is equivalent to maximizing the expected log-

KL(P||Py) = E [bg plZ) } — E[~logps(Z)] + Ellog p(7)].

likelihood E[log pp(Z)], which is known as the maximum likelihood method; see, e.g., (Casella
and Berger, 2001).

Remark 1.5. The KL minimization problem (1.2) is reminiscent of the information projec-
tion problem (1.1). However, they are not exactly the same due to the asymmetry of the KL
divergence. In fact, problems of the form (1.2) are often referred to as the reverse information

projection.

In many real applications, we do not have access to the underlying distribution P. In-
stead, we have an i.i.d. sample {Z;}" , from P. To learn the parameter 6, from the data, we

maximize the data log-likelihood to obtain the mazimum likelihood estimator (MLE)

1 n
6, € arg max — log pe(Z;).
" pco N ; ( z)

Due to its flexibility and effectiveness, it has become a dominate approach in statistical in-
ference and has wide applications in economics (Hendry and Nielsen, 2012), survey statistics

(Chambers et al., 2012), and social sciences (Ward and Ahlquist, 2018).



To evaluate the performance of the estimator, we use the excess KL divergence, i.e.,
Exr(0n) := KL(P||Fy,) — inf KL(P|[Fy) = KL(P|[Fy,) — KL(P|| Py, ). (1.3)

For instance, Rigollet (2012, Theorem 3.1) used the excess KL divergence in aggregation
problems. The (symmetrized) KL divergence is also used in Gu (2013, Chapter 9) to quantify
the convergence rate of penalized likelihood estimates.

The classical asymptotic theory of maximum likelihood estimation is well established in
a rather general setting under the assumption that the parametric model is well-specified,
i.e., the underlying data distribution belongs to the parametric family. We mention here,
among many of them, the monographs by Ibragimov and Has’ Minskii (1981); van der Vaart
(2000); Geer et al. (2000). One of the main result is

VRHY2(6, —6,) = N(0, 1), (1.4)

where = represents weak convergence (or convergence in distribution), H, := Vi KL(P|| P,,)
is the Hessian of the population objective, and d is the parameter dimension. Model misspec-
ification has been considered in, e.g., Huber (1967), where the weak limit of VnH? (6, —0,)
becomes Ny(0, Hy *G,H?). Here G, := E[Vy KL(P||Py,)Vy KL(P||P,,)T] is the second
moment of the gradient of the population objective.

The weak limit in (1.4) allows us to do statistical inference via the construction of a
confidence set for 6, if we equip it with a consistent estimator H, of H,. By Slutsky’s

lemma, we have n(6, — 0,)" H,(0, — 0,) = x3 and thus P(6, € C,(§)) — 1 — §, where
Co(8) = {0 (0, — 0,) T Ho (6, — 6,) < qxz(é)}

and qxg(5) is the upper d-quantile of 2. That is, the probabiliy that 6, belongs to the

confidence set C,,(9) is approximately 1—0 for large enough n. However, due to its asymptotic

nature, it does not tell us how large n should be for this approximation to be accurate.
Another limitation of classical asymptotic theory is its asymptotic regime where n — oo

and the parameter dimension d is fixed. This is inapplicable in the modern context where



the data are of rather high dimension involving a huge number of parameters. We establish
non-asymptotic bounds for both the excess KL divergence and the estimator in Chapter 2.
These bounds hold for any n and d such that d = O(n) as n — co. We also obtain confidence
bounds for #, in a non-asymptotic fashion and characterize the critical sample size that is

enough to enter the asymptotic regime.

1.3 Two Types of Errors and Tradeoff Curves

In statistical hypothesis testing, the goal is to decide between the null hypothesis Hy and
the alternative hypothesis Hy given a sample of observations (see, e.g., Casella and Berger,
2001). A typical procedure for such problems consists of the following procedure. First,
we choose a quantity 7' € R depending on Hy and H; so that a large value of T' favors
H,. Second, we estimate T from the data to obtain a test statistic T,. Finally, we select
a threshold t,, and adopt the decision rule (or test) 1{7,, > ¢,}, that is, we reject the null
hypothesis if the test statistic exceeds the threshold.

The performance of a test is usually evaluated by two types of errors. A type I error (or
false positive) occurs if the null hypothesis is wrongly rejected when it is true, and a type II
error (or false negative) occurs if the null hypothesis fails to be rejected when the alternative
hypothesis is true. The rates at which each of the two errors occur, i.e., the type I error
rate P(7,, > t, | Hp) and the type II error rate P(T,, < t, | Hy), constitute the operating
characteristics of the test. Note that it is also common to use the statistical power (or true
positive rate), i.e., 1 —P(T, <t, | Hy) = P(T,, > t, | Hy) instead of the type II error rate.
Often, one prescribes a significance level a € (0,1) and selects t,, to minimize the type II

error rate under the constraint that the (asymptotic) type I error rate does not exceed a.

Example 1.6 (Neyman-Pearson test). Let {X;}!, be an i.i.d. sample from some dis-
tribution p. Consider two simple hypotheses Hy @ u = po and Hy @ p = py, where
o and py are two continuous distributions. In the Neyman-Pearson test, one chooses

T = Ex~ullog [ (X)/pmo(X)]], that is, the expected log likelihood ratio. A large value of



T favors Hy since T'= KL(u1||pt0) > 0 under Hy and T' = — KL(po||p1) < 0 under Hy. We
can estimate T by T, := 23" log [111(X;)/po(X;)]. The type I error rate and type II error

rate are then given by, respectively,

P (%Zlog (11 (X3) /po(X3)] > tn) and Py, (% Zlog 11 (X3) / 110 (X3)] < tn) :

Instead of considering a fixed threshold ¢, the receiver operating characteristic (ROC)
curve plots the statistical power versus the type I error rate for all possible choices of ¢
(see, e.g., Pepe, 2000). By construction, it is an increasing function mapping from [0, 1] to
0, 1], where higher curves correspond to better tests. It displays the trade-offs between the
type I error rate and the statistical power. It is particularly useful for comparing tests on
different scales where comparisons based on the test statistics are not meaningful. The ROC
curve was originally developed in electrical engineering and became increasingly popular in
statistical machine learning (Cortes and Mohri, 2004; Clémengon and Vayatis, 2009; Flach,
2012).

In deep generative modeling, where the goal is to train generative models to generate
artificial samples from the real data distribution, it is of great interest to develop quantitative
evaluation tools to measure their statistical performance and diagnose where and why they
fail (Salimans et al., 2016; Lopez-Paz and Oquab, 2017; Heusel et al., 2017; Sajjadi et al.,
2018; Karras et al., 2019). There is a quality-diversity trade-off inherent to deep generative
modeling. In particular, a good generative model must not only produce high-quality samples
that are likely under the target distribution but also cover the target distribution with diverse
samples.

To quantify this trade-off, similar notions of the type I error and type II error can be
defined in the context of generative modeling (Sajjadi et al., 2018; Kynkd&dnniemi et al.,
2019; Simon et al., 2019; Djolonga et al., 2020; Naeem et al., 2020; Pillutla et al., 2021). A
type I error occurs if a generated sample point is unlikely under the real data distribution,
i.e., it is unrealistic. A type II error occurs if a real data point is unlikely under the model

distribution, i.e., it can rarely be generated by the model. Now a model with high type I



error rate generates samples of low quality and a model with high type II error rate generates
samples of low diversity. Choosing a reference measure R that interpolates between the data
distribution P and model distribution @), these two types of errors can be quantified by
KL(Q||R) and KL(P||R), respectively. By sweeping through all adequate reference measures,
we arrive at a curve, called the divergence frontier (Djolonga et al., 2020), that displays the

quality-diversity trade-off of a generative model. This will be the main subject of Chapter 3.

1.4 The Schrodinger Problem and the Sinkhorn Divergence

We introduce the Schrédinger problem in modern terms. Given ¢ € R, and a cost function

c:R?Yx R? — R, we assume that the following Markov transition density is well-defined:

7 o |~ el

where Z.(x) is the normalizing constant. For instance, when c is the quadratic cost, this is

pe(z,y) =

the transition density of the Brownian motion with diffusion € considered in Schrodinger’s
lazy gas experiment (Schrodinger, 1932). Suppose that (Wy, W;) is a pair of random vectors
distributed according to this Markov transition kernel. Let P and () be two probability mea-
sures on R?%. Informally, the (static) Schrédinger bridge connecting P and @ at temperature
e is the joint distribution of (W, W;) conditioned to have Wy ~ P and W; ~ Q. In contin-
uum, when P and () have densities w.r.t. the Lebesgue measure, it can be made precise as
the solution to the following information projection problem (Féllmer, 1988; Léonard, 2012,

2014):

in KL(v||R.), 1.5
i KL(v|| ) (1.5)

where TI(P, Q) is the set of couplings (joint distributions) with marginals P and @Q and?
R.(z,y) := P(x)p-(z,y). We refer to (1.5) as the Schrdodinger problem.
With this formulation, the Schrodinger bridge has a geometry interpretation—we first

construct the reference measure R, by starting from the initial configuration P and jumping

2We follow the standard abuse of keeping the same notation for an absolutely continuous measure and
its density.
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according to the Markov transition kernel p., and we then project R. onto the space of
couplings II( P, Q) since R. may not belong to II(P, Q). Note that II(P, Q) is the intersection
of two linear marginal constraints. This will be important in characterizing and computing
the Schrodinger bridge in Chapter 4.
The Schrodinger problem is closely related to the optimal transport (OT) problem (see,
e.g., Villani, 2021):
min /c(:c, y)dv(z,y), (1.6)

vell(P,Q)

where the goal is to find the optimal coupling (or transport plan) which minimizes the
transport cost. When the cost is chosen to be c¢(x,y) := ||z — y||” for p > 1, the OT cost
induces a metric on M;(R?) which is known as the Wasserstein-p distance (Santambrogio,

2015, Chapter 5). To see the connection, note that, for any v € II(P, Q),

1
KLR) = 2 [ el y)dvlo) + Hw) + [log Zu()AP() - H(P)
where H(v) is the differential entropy of v defined as H(v) := [logv(x,y)dv(z,y) if v is a
density and infinity otherwise. As a result, the Schrédinger problem (1.5) is equivalent to

S.(P,Q) = min [ / (@, y)dv(z, y) + 5H<u)] (1.7)

vell(P,Q)

which is known as the entropy-regularized optimal transport (EOT) problem. Whereas
the OT problem usually admits a degenerate solution given by a transport map with zero-
measure support (Santambrogio, 2015, Theorem 1.17), the entropy term in the EOT problem
prevents such solutions from existing. Moreover, as ¢ — 0, the minimum of the Schrodinger
problem converges to the one of the OT problem and the minimizer (if exists) as well
(Léonard, 2012, Theorem 3.3). In other words, the Schrédinger problem can be viewed
as a smooth approximation to the OT problem which quantifies how close two distributions
are. As opposed to the OT problem, the Schrédinger problem can not only be solved effi-
ciently but also be estimated without suffering from the curse of dimensionality as shown in

Chapters 4 and 5.
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While S; is close to the OT distance when € — 0, it is not a statistical divergence for a
fixed € since S.(P, Q) is not necessarily 0 when P = (). A remedy to this issue is to consider

the centered version

5.(P.Q) = S.P.Q) ~ 3S.(P.P) ~ 35.(0,Q).

This defines a semi-metric on the space of probability measures which is known as the
Sinkhorn divergence (Feydy et al., 2019) and has been applied to two-sample testing (Ramdas
et al., 2017) and generative modeling (Genevay et al., 2018). We will use it to measure

independence in Chapter 5.
1.5 Contributions and Outline

In the remainder of this dissertation, we study the aforementioned problems in each of the

four chapters. We conclude with a discussion on future research directions.

Non-asymptotic analysis of the maximum likelihood estimator. In Chapter 2 we
present an excess KL divergence bound and a confidence bound for the maximum likelihood
estimator (or the minimum KL divergence estimator). Our analysis allows the dimension
to grow with the sample size and the model to be mis-specified. The complexity of the
parameter space is measured by the effective dimension d,, i.e., the trace of the asymptotic
covariance 1’-]*_1/263*]-1*_1/2 of \/ﬁH*l/Q(Hn—H*), which can be much smaller than the parameter
dimension in some regimes. Moreover, we obtain a novel non-asymptotic confidence bound
for the estimator whose shape is adapted to the optimization landscape induced by the loss
function. Along the way, we demonstrate how the effective dimension can be estimated from
data and characterize its estimation accuracy. Compared to classical asymptotic theory, our
results recover the limiting behavior in a non-asymptotic fashion whenever the sample size
n grows linearly in the “dimension” d + d,. In other words, they provide a characterization
of the critical sample size sufficient to enter the asymptotic regime. Compared to previous

works in the non-asymptotic theory, our approach avoids strong global assumptions on the
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data likelihood by restricting ourselves to generalized self-concordant losses, a tool borrowed
from convex analysis, while being more general than the generalized linear models.

This chapter is joint work with Zaid Harchaoui. A preliminary version was presented
at the NeurIPS 2022 Workshop on Score-Based Methods (Liu and Harchaoui, 2022) and
a longer version is under review. The part on detecting changes in model parameters is
joint work with Joseph Salmon and Zaid Harchaoui which was published at ICASSP 2021
(Liu et al., 2021b). In a collaboration with Carlos Cinelli and Zaid Harchaoui that was
published at COLT 2022 (Liu et al., 2022a), the results are extended to double machine
learning /orthogonal statistical learning for semi-parametric models. In a collaboration with
Jillian Fisher, Krishna Pillutla, Yejin Choi, and Zaid Harchaoui that is under review (Fisher

et al., 2022), the techniques are applied to analyze influence functions.

Non-asymptotic analysis of the divergence frontiers. In Chapter 3 we focus on the
notion of divergence frontiers which was recently proposed as an evaluation framework for
generative models to quantify the quality-diversity trade-offs inherent to deep generative
modeling. Due to the complex and high-dimensional nature of the input space (e.g., images
or text), we conform to the recipe used by practitioners to estimate divergence frontiers:
(a) jointly quantize the data and model distributions into disjoint groups, (b) estimate the
quantized distributions from samples, and (¢) compute the divergence frontier between the
estimated distributions. We establish non-asymptotic bounds for the sample complexity of
this estimator in the large-alphabet regime, i.e., the quantization level is large compared
to the sample size. Along the way, we introduce frontier integrals which provide summary
statistics of divergence frontiers. The frontier integral itself turns out to be a symmetric
f-divergence. We discuss the choice of quantization level by balancing the two types of
approximation errors arise from the computation. We also show how smoothed distribution
estimators such as Good-Turing or Krichevsky-Trofimov can overcome the missing mass
problem and lead to faster rates of convergence.

This chapter is joint work with Krishna Pillutla, Sean Welleck, Sewoong Oh, Yejin Choi,
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and Zaid Harchaoui. It was published at NeurIPS 2021 (Liu et al., 2021a) and a journal-

length version is in preparation.

Asymptotics of discrete Schrodinger bridges. In Chapter 4 we turn our attention
to the Schrodinger problem. In light of Schrodinger’s lazy gas experiment, we propose the
discrete Schrodinger bridge as an estimator of the Schrédinger bridge in continuum. We
establish its asymptotic consistency as the sample size goes to infinity while the dimension
kept fixed. We prove limiting Gaussian fluctuations for this convergence in the form of
central limit theorems for integrated test functions. This suggests a parametric rate of
convergence O(n~'/2) that does not suffer from the curse of dimensionality. A result of
independent interest is the limit law of a two-sample U-statistic of infinite order constructed
from the permanent of the Gram matrix of a bivariate function. The proofs are based on a
novel chaos decomposition of the discrete Schrodinger bridge consisting of functions of the
empirical distributions as Taylor approximations in the space of measures. This is achieved
by extending the Hoeffding decomposition from the classical theory of U-statistics. The
kernels in the first order chaos are given by an alternating conditional expectation procedure
induced by Markov operators associated with the Schrodinger bridge which is reminiscent
of the IPFP. Finally, we design an efficient algorithm to compute the discrete Schrodinger
bridge and apply it to homogeneity testing.

This chapter is joint work with Soumik Pal and Zaid Harchaoui. A preliminary version
was presented at the NeurIPS 2021 Workshop on Optimal Transport and Machine Learning,

and a journal-length version is under revision at Bernoulli (Harchaoui et al., 2022).

Entropy-regularized optimal transport independence criterion. In Chapter 5 we
introduce an independence criterion based on the entropy-regularized optimal transport
which uses the Sinkhorn divergence to quantify the discrepancy between the joint distri-
bution and the product of marginals. The plug-in estimator can be used as a statistic to

test for independence. We establish non-asymptotic bounds for our test statistic and study
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its statistical behavior under both the null hypothesis and the alternative hypothesis. The
rate of convergence is O(c*¥n~/2) where ¢ is some problem-specific constant. In other
words, it enjoys a parametric rate of convergence where the dimension only appears in a
problem-specified constant. A result of independent interest is a metric entropy bound for
degenerate two-sample U-processes. The theoretical results involve tools from U-process
theory and optimal transport theory. We propose an efficient algorithm based on random
feature approximations and symbolic matrices to compute the test statistic in large-scale
problems, which admits a quadratic time complexity and a linear space complexity. Finally,
we show how to differentiate through the proposed independence criterion in a differentiable
programming framework.

This chapter is joint work with Soumik Pal and Zaid Harchaoui. A major part of it was
published at AISTATS 2022 (Liu et al., 2022¢) and the implementational aspects for large-
scale problems were presented at the International Conference on Computational Statistics

in Summer 2022.

Other explorations. This dissertation does not include (1) the work on meta-learning
with heterogeneous covariate spaces (Liu et al., 2022b) where the dissertation author is the
primary author and conducted during an internship, (2) a collaborative work on spectral risk

measures (Mehta et al., 2022).
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Chapter 2

INFORMATION DIVERGENCES FOR
ESTIMATION AND INFERENCE

2.1 Introduction

The problem of statistical inference on learned parameters is regaining the importance it
deserves as machine learning and data science are increasingly impacting humanity and so-
ciety through a large range of successful applications from transportation to healthcare. The
classical asymptotic theory of minimum KL divergence estimation (or maximum likelihood
estimation) is well established in a rather general setting under the assumption that the
parametric model is well-specified, i.e., the underlying data distribution belongs to the para-
metric family. From this theory a Wald-type confidence set, which relies on the weighted
difference between the estimator and the target parameter, can be constructed to quantify
the statistical uncertainty of the estimator. The main tool is the local asymptotic normality
(LAN) condition introduced by Le Cam (1960) (see also Geyer, 2013). We mention here,
among many of them, the monographs Ibragimov and Has’ Minskii (1981); van der Vaart
(2000); Geer et al. (2000).

In many real problems, the parametric model is usually an approximation to the data
distribution, so it is too restrictive to assume that the model is well-specified. To relax this
restriction, model mis-specification has been considered by Huber (1967); see also Wakefield
(2013); Dawid et al. (2016). Another limitation of classical asymptotic theory is its asymp-
totic regime where n — oo and the parameter dimension d is fixed. This is inapplicable in
the modern context where the data are of rather high dimension involving a huge number of

parameters.

The non-asymptotic viewpoint has been fruitful to address higher dimensional problems—
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the results are developed for fixed n so that it also captures the asymptotic regime where
d grows with n. Early works in this line of research focus on specific models such as Gaus-
sian models (Beran, 1996; Beran and Dumbgen, 1998; Laurent and Massart, 2000; Baraud,
2004), ridge regression (Hsu et al., 2012), logistic regression (Bach, 2010), and robust M-
estimation (Zhou et al., 2018; Chen and Zhou, 2020); see Bach (2021) for a survey. Spokoiny
(2012) addressed the non-asymptotic regime in full generality in a spirit similar to the classi-
cal LAN theory. The approach of Spokoiny (2012) relies on heavy empirical process machin-
ery and requires strong global assumptions on the deviation of the empirical risk process.
More recently, Ostrovskii and Bach (2021) focused on risk bounds, specializing their discus-
sion to linear models with (pseudo) self-concordant losses and obtained a more transparent

analysis under neater assumptions.

A critical tool arose from this line of research is the so-called Dikin ellipsoid, a geometric
object identified in the theory of convex optimization (Nesterov and Nemirovskii, 1994; Ben-
Tal and Nemirovski, 2001; Boyd and Vandenberghe, 2004; Tungel and Nemirovski, 2010;
Bubeck and Lee, 2016; Bubeck and Eldan, 2019). The Dikin ellipsoid corresponds to the
distance measured by the Euclidean distance weighted by the Hessian matrix at the optimum.
This weighted Euclidean distance is adapted to the geometry near the target parameter and
thus leads to sharper bounds which do not depend on the minimum eigenvalue of the Hessian.
This important property has been used fruitfully in various problems of learning theory and

mathematical statistics (Zhang and Lin, 2015; Yang and Mohri, 2016; Faury et al., 2020).

The remainder of this chapter is organized as follows. In Section 2.2 we recall several
definitions preliminary to our results. In Section 2.3 we introduce the framework of minimum
KL divergence estimation and the Wald-type confidence set from classical asymptotic theory.
In Section 2.4 we establish non-asymptotic bounds to characterize this confidences set, whose
size is controlled by the effective dimension, in a non-asymptotic fashion. Our results hold
for a general class of models encompassing generalized linear models characterized by the
notion of generalized self-concordance. Along the way, we show how the effective dimension

can be estimated from data and establish its estimation accuracy. This is a novel result and
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Table 2.1: Examples of generalized linear models.

Model Data Parameter Conditional probability
Linear X eRYY eR 6 € R? o exp (—(y — 07 x)?/20?)
Poisson X eRLY eN 6 € R oc exp(yf ' x)/y!
Logistic X € RLY € {—1,1} 6 € R? = (1 +exp(—yfTz))!
Softmax X € RPY € [K] (wp)E, CRP o< exp(w, )

is of independent interest. We apply our results to compare Rao’s score test, the likelihood
ratio test, and the Wald test for goodness-of-fit testing in Section 2.5. Finally, in Section 2.6,

we illustrate the interest of our results on synthetic data.

2.2 Preliminaries

2.2.1 Generalized linear models

As an extension of linear models, generalized linear models (GLM) introduced by Nelder and
Wedderburn (1972) provide a class of models that are of broader applicability and maintain
desirable statistical properties of linear models; see, e.g., also Wakefield (2013, Chapter 6.3).
Given a pair of independent and response variables (X,Y) € X x ), a GLM assumes that

the condition distribution Y | X follows an exponential family. To be more concrete,

_exp (0, tx,y)) + h(z,y)]
Jexp [(0,t(z, 7)) + h(z,7)]du(y)

where y is a dominating measure on Y, t: X x Y —+R% and h: X x Y — R.

po(y | ) du(y), (2.1)

To show the broad applicability of GLMs, we give below several popular examples and

summarize them in Table 2.1.
(a) Linear regression. The conditional probability is pg(y | ) x exp (—(y — 0" x)?/20?)
for y € R. This can be rewritten in the form of (2.1) with t(z,y) := xy/c? and
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h(z,y) := —y?/202.

(b) Poisson regression. The conditional probability is py(y | ) o< exp(yd'z)/y! for y €
N. This can be rewritten in the form of (2.1) with t(x,y) := xy and h(z,y) := —logy!.

(c) Logistic regression. The conditional probability is ps(y | ) = (1 + exp(—yf z))~!
for y € {—1,1}. This can be rewritten in the form of (2.1) with t(z,y) := 21{y = 1}
and h(x,y) = 0.

(d) Softmax regression. The conditional probability is py(y | ) o exp(w, x) for y €
(K] :={1,...,K} and {wy}5_, C RP. This can be rewritten in the form of (2.1) with
07 == (w],...,wg) € R*? t(x,y)" :=(0),...,0,,2",...,0)) € REP whose elements

from (y — 1)7 + 1 to y7 are given by ' and 0 elsewhere, and h(z,y) = 0.

2.2.2  Self-concordance

We will use the notion of self-concordance from convex optimization in our analysis. Self-
concordance originated from the analysis of the interior-point and Newton-type convex op-
timization methods (Nesterov and Nemirovskii, 1994). It is later modified by Bach (2010),
which we call the pseudo self-concordance, to derive finite-sample bounds for the general-
ization properties of the logistic regression. This is later extended by Ostrovskii and Bach
(2021) to a larger class of models. Recently, Sun and Tran-Dinh (2019) proposed the gener-
alized self-concordance which unifies these two notions. In a different line of research, pseudo
self-concordance has also been utilized to analyze logistic bandits (Faury et al., 2020; Abeille
et al., 2021; Jun et al., 2021; Mason et al., 2022).

For a function f : R? — R, we define Df(z)[u] := < f(z + tu)lmo, D*f(z)[u,v] =
D(Df(x)[u])[v] for x,u,v € RY, and D3 f(z)[u, v, w] similarly.

Definition 2.1 (Generalized self-concordance). Let X C R? be open and f : X — R be a
closed convex function. For R >0 and v > 0, we say f is (R, v)-generalized self-concordant

on X if

|D* f(2)[u, u, 0] < R0llgasiy lols™ lullgayy  for allz € X ue R,
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Strong convexity Self-concordance

Figure 2.1: Strong convexity versus self-concordance. Black curve: objective function; col-
ored dot: reference point; colored dashed curve: quadratic approximation at the correspond-

ing reference point.

where ||“||2v2f(x) =u'V2f(z)u.

Remark 2.1. When v = 2 and v = 3, this definition recovers the pseudo self-concordance
and the standard self-concordance, respectively. For our purposes, we focus on the case when

v € [2,3].

In contrast to strong convexity which imposes a gross lower bound on the Hessian, gen-
eralized self-concordance specifies the rate at which the Hessian can vary, leading to a finer
control on the Hessian; see Figure 2.1 for a illustration. This property is characterized by
the following proposition. Let

Ry — x|, if v=2
dy(x,y) =

(/2= DRIly —all} ™ lly o] ifv>2

and
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Proposition 2.1 (Proposition 8 in Sun and Tran-Dinh (2019)). Assume that f is (R, v)-

generalized self-concordant. For any x,y € dom(f), we have

o
wy(dy(2,9))

where it holds if d,(x,y) < 1 for the case v > 2.

Vif(2) 2 V() 2w (do(@,y)) Vi (@),

One useful property of generalized self-concordant functions is that the sum of generalized

self-concordant functions is also generalized self-concordant.

Proposition 2.2 (Proposition 1 in Sun and Tran-Dinh (2019)). Let {fi}!, be a set of
generalized self-concordant functions on X with parameters {(R;,v)}",. Then, for any
{a;} C Ry, the function f := Y a;fi is (R,v)-generalized self-concordant on X with

R := maxep, ai_y/ZRi.

Another useful property is that the local distance between the minimizer of f and x
only depends on the geometry at x. It can be used to localize the maximum likelihood
estimator as shown in Proposition 2.10. The proof is inspired by Ostrovskii and Bach (2021,
Proposition B.4) and deferred to Appendix A.3. Let Ay := Amin(H (z)) and

AR if v =2

R, =
(/2= DAI2R ity e (2,3].

min

Proposition 2.3. There exists K, € (0,1/2] such that, whenever Ry ||V f ()| g2 f@y-1 < Ko,

the function f has a unique minimizer T and
|z — xHVQf(x) <4 ||Vf(37)”v2f(x)—1 :

2.2.83  Sub-Gaussian random vectors

The exposition of this section largely follows Vershynin (2018). We start by recalling the

definition of sub-Gaussian random variables.
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Definition 2.2 (Sub-Gaussian random variables). Let X be a mean-zero random variable.
We say X is sub-Gaussian with parameter o2, denoted by subG(c?), if E[exp(X?/o?)] < 2.
The sub-Gaussian norm of X is defined by

| X1, = inf {o: E[exp(X?/o?)] < 2}.

It is well-known that the tail of a sub-Gaussian random variable is as least as light as a

Gaussian. Concretely, there exists an absolute constant ¢ > 0 such that, for every ¢ > 0,
P(IX] > t) < 2exp(—ct?/ | X][},).

The notion of a sub-Gaussian random vector is simply requiring all the one-dimensional

projections to be sub-Gaussian.

Definition 2.3 (Sub-Gaussian random vectors). Let S € R? be a mean-zero random vector.
We say S is sub-Gaussian if (S,s) is sub-Gaussian for every s € R%. Moreover, we define

the sub-Gaussian norm of S as

151y, == sup [I(S;s)

lIsll=1

sz'

We call a random vector S € R? isotropic if E[S] = 0 and E[SST| = I,;. The following

theorem provides a tail bound for quadratic forms of isotropic sub-Gaussian random vectors.

Theorem 2.4 (Theorem A.1 in Ostrovskii and Bach (2021)). Let S € R? be an isotropic

random vector with ||S||,,, < K, and let J € R™? be positive semi-definite. Then,

t? t
P (|IS||> = Tr(J) > t) < exp [ —cmin : , forallt >0,
(151, ) K2|7)5 K1l

where ||S||% == X TJX and c is an absolute constant. In other words, with probability at least

1 -9, we have

813 = Te(J) S K2 |71, v/og (¢/0) + 7] Tog (1/5)]

where < omits an absolute constant.
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2.2.4 Matriz Bernstein condition

The exposition of this section largely follows Wainwright (2019). Before we introduce the
matrix Bernstein condition, let us review the Bernstein condition for random variables. The

Bernstein condition is a way to characterize the tail behavior of heavy tail random variables.

Definition 2.4 (Bernstein condition). Let X be a mean-zero random variable with variance

o?. We say that X satisfies a Bernstein condition with parameter b > 0 if, for all j > 2,

ELX]| < L2062,
L) <

When X satisfies the Bernstein condition, its tail probability can be controlled by the

Bernstein inequality
P(|X]| >t) < 2exp(—t*/(2(c* 4+ bt))), forall t > 0.

The matrix Bernstein inequality is an extension of the Bernstein inequality to random
matrices. A key challenge in establishing such type of results is that matrices do not nec-
essarily commute. Thanks to recent developments in random matrix theory, we have the
following matrix Bernstein inequality. Let ||J| := \/Amax(JJ) be the spectral norm for a
squared matrix. Note that, when J is symmetric, we have ||J|| = max{Amax(J), Amin(J)}.
When J is random, we define Var(J) := E[JJ"] — E[J]E[J].

Definition 2.5 (Matrix Bernstein condition). Let H € R™? be a zero-mean symmetric
random matriz. We say H satisfies a matriz Bernstein condition with parameter b > 0 if,

for all 5 > 3,
A
E[H] = §j!b] Var(H).

Theorem 2.5 (Theorem 6.17 in Wainwright (2019)). Let {H;}"_, be a sequence of indepen-

dent zero-mean symmetric random matrices that satisfy the matriz Bernstein condition with
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parameter b > 0. Then, for all t > 0, it holds that

1 n n nt2
Pl Il— Hll>t] <2 k Var(H; R
( - Zz; il > ) < 2Ran (ZZI ar( Z)) exp{ 207 1 bt)} ,

where o® := L ||>°" | Var(H;)|.

2.3 Minimum Kullback-Leibler Divergence Estimation

Let Z be a measurable space. Let Z € Z be a random element following some unknown
distribution P. Consider a parametric family of distributions Pg := { Py : § € © C R} which
may or may not contain P. For simplicity of the presentation, we assume that P and P, are
absolutely continuous w.r.t. some dominating measure with densities p and py, respectively.
We are interested in finding the parameter 6, so that the model P, best approximates the
underlying distribution P.

For this purpose, one strategy is to minimize the KL divergence KL(P||Py) over 6 € ©.
Note that

KL(P|P) = E {mg Y%} — E[ log po(2)] + Ellog p(2)].

Consequently, minimizing KL(P||P) over 0 is equivalent to maximizing the expected log-
likelihood E[log py(Z)], which is known as the maximum likelihood method (Fisher, 1922).
More broadly, the minimum KL divergence method fits into the framework of statistical
learning—one selects a loss function ¢ : © x Z — R and obtains 6, by minimizing the
population risk L(0) := E[¢(0; Z)]. To maintain full generality, we work with the statistical
learning framework while keeping in mind that we can recover the minimum KL divergence
method by choosing ¢(6; Z) = —logpy(Z). Throught out this chapter, we assume that

6, = argmin L(0)
90

uniquely exists and satisfies 0, € int(0), VoL(6,) = 0, and V3L(6,) = 0.
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Consistent loss function. We focus on loss functions that are consistent in the following

sense.

Assumption 2.1. When the model is well-specified, i.e., there exists 8y € © such that

P = Py,, it holds that 0, = 0y. We say such a loss function is consistent.

In the statistics literature, such loss functions are known as proper scoring rules (Dawid
et al., 2016). Due to the property of the KL divergence, the loss function ¢(0; Z) = —log pe(Z)
corresponding to the minimum KL divergence estimation (or maximum likelihood estima-

tion) is consistent. We give here another popular choice of consistent loss functions.

Example 2.2 (Score matching estimation). One important example of consistent loss func-
tions appears in score matching (Hyvdrinen, 2005). Assume that Z = RP. Let py(z) =

qo(2)/A(0) where A(6) is an unknown normalizing constant. We can choose the loss
1 2
0(0;2) == A, log qa(2) + 3 |V, log ga(2)||” + const.
Here A :=Y"7_,0*/02} is the Laplace operator. Since (Hyvarinen, 2005, Theorem 1)
1 2
L) = LE[IV.0(2) ~ V.p()|).

it follows that when p = pg, we have 8y € argming g L(0). In fact, when gy > 0 and there is
no 0 such that pg = pa,, the true parameter Oy is the unique minimizer of L (Hyvdrinen,

2005, Theorem 2).

Empirical risk minimization. In many real applications, we do not have access to the
underlying distribution P. Instead, we have an i.i.d. sample {Z;}"; from P. To learn the
parameter 0, from the data, we minimize the empirical risk to obtain the empirical risk
minimaizer

1 n
0, € arg min — 0(0;Z;).
%e@ n; ( )
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—— Risk contour
* 0,
Dikin ellipsoid
Euclidean ball

\ /

Figure 2.2: Dikin ellipsoid and Euclidean ball.

In Section 2.4, we will prove that, with high probability, the estimator 6, exists and is
unique under a generalized self-concordance assumption. To evaluate the performance of
the estimator, we use the excess risk, i.e., L(6,) — L(0,) which is the difference between the
population risk of ,, and the best risk we can achieve. One of the main results in Section 2.4

is a non-asymptotic bound for the excess risk.

Remark 2.3. When L(0) = E[—logpy(Z)] is the expected negative log-likelihood, the excess
risk exactly equals the excess KL divergence defined in (1.3).

Confidence set. In statistical inference, it is of great interest to quantify the uncer-
tainty in the estimator 6,. In classical asymptotic theory, this is achieved by construct-
ing an asymptotic confidence set. We review here the commonly used Wald confidence
set, assuming the model is well-specified. From classical asymptotic theory, we know that
n(0, — 0,) " H,(0,)(0, — 0,) —4 X3, where H,(0) := V2L,(0). Hence, one may consider a
confidence set {6 : n(6,, —0)"H,(0,)(0, — 0) < qy2(6)} where g,2(9) is the upper d-quantile
of x3. This confidence set enjoys two merits: 1) its shape is an ellipsoid (known as the Dikin
ellipsoid) which is adapted to the optimization landscape induced by the population risk; 2)
it is asymptotically valid, i.e., its coverage is exactly 1 — § as n — oo. However, due to its

asymptotic nature, it is unclear how large n should be in order for it to be accurate.
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Non-asymptotic theory usually focuses on developing finite-sample bounds for the excess
risk, i.e., P(L(0,) — L(0,) < C,(0)) > 1 — §. To obtain a confidence set, one may assume
that the population risk is twice continuously differentiable and A-strongly convex. Conse-
quently, we have A |6, — 6,2 /2 < L(6,)) — L(6,) and thus we can consider the confidence set
Chiniten(0) == {0 : ||6,, — 9||§ < 2C,(6)/A}. Since it is originated from a finite-sample bound,
it is valid for fixed n, i.e., P(6y € Chniten(d)) > 1 — J; however, it is usually conservative,
meaning that the coverage is strictly larger than 1 — §. Another drawback is that its shape
is a Euclidean ball which remains the same no matter which loss function is chosen. We il-
lustrate this phenomenon in Figure 2.2. Note that a similar observation has also been made
in the bandit literature (Faury et al., 2020).

We are interested in developing non-asymptotic confidence sets. However, instead of using
excess risk bounds and strong convexity, we construct in Section 2.4 the Wald confidence set
in a non-asymptotic fashion, under a generalized self-concordance condition. This confidence
set has the same shape as its asymptotic counterparts while maintaining validity for fixed n,
which is achieved by characterizing the critical sample size enough to enter the asymptotic

regime.

Effective dimension. A quantity that plays a central role in our analysis is the effective

dimension. Define G(0) := E[Vyl(0; Z)Vl(0; Z)| and H(0) := E[V2((0; Z)].

Definition 2.6 (Effective dimension). Let Q(6) := H(0)"Y2G(0)H(0)"'/2. We define the

effective dimension to be
dy = Tr(Q(0,)) = Tr { H(0,)2G(0,)H(0,)"/?} . (2.2)

The effective dimension appears recently in non-asymptotic analyses of (penalized) M-
estimation (see, e.g., Spokoiny, 2017; Ostrovskii and Bach, 2021). It provides a charac-
terization of the complexity of the parameter space © that is adapted to both the data
distribution and the loss function. When the model is well-specified, it can be shown that

H(0,) = G(0,) and thus d, = d. When the model is mis-specified, it can be much smaller
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than d depending on the spectra of H(6,) and G(0,); see Section 2.4.3 for a thorough dis-
cussion. The effective dimension is also closely connected to classical asymptotic theory of
M-estimation under model misspecification. According to Huber (1967, Section 4), under
suitable regularity conditions, v/n(6,, — 6,) is asymptotically normal with mean 0 and covari-
ance H(0,)'G(6,)H(,)~". This implies that H(6,)"/%(f, — 6,) has asymptotic covariance
H(0,)"'?G(0,)H(0,)~'/2. Hence, the effective dimension is simply the trace of the limiting

covariance matrix of H(6,)Y?(6, —0.,).

Dikin ellipsoid. Our analysis is local to a Dikin ellipsoid of the parameter 6, defined as
0,(0,) == {9 €000l < 7“} , (2.3)

where, unlike Euclidean balls, the radius is quantified by the Hessian-weighted Euclidean

distance (|6 — Ol 4,) == V(0 —0,)TH(6,)(6 —0,). As illustrated in Figure 2.2, while the

Euclidean ball is agnostic to the risk function, the Dikin ellipsoid is adapted to the geometry
of the underlying optimization landscape around 6#,. The Dikin ellipsoid was, up to our
knowledge, first put to use in machine learning by Abernethy et al. (2008) in the context
of sequential allocation of experiments and multi-armed bandits. The key observation is
that, within the Dikin ellipsoid, the variation of the Hessian can be easily controlled. More
recently, it is used to obtain finite-sample analysis of the maximum likelihood estimator
(Spokoiny, 2012; Ostrovskii and Bach, 2021). Our results and proof techniques also rely
on this observation. We show how to leverage this observation to obtain risk bounds and
confidence sets for a broad class of statistical models under a generalized self-concordance
assumption owing to the use of the matrix Bernstein inequality. For instance, we obtain
confidence bounds for parameter estimation using score matching and generalized linear

models under possible model misspecification as provided in Section 2.5.
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2.4 Non-Asymptotic Analysis

We provide non-asymptotic analysis for the empirical risk minimization. We give in Sec-
tion 2.4.1 the assumptions required by our analysis. In Section 2.4.2 we state our main
results which include an excess risk bound and a confidence bound for the estimator. We

sketch their main proof ideas in Section 2.4.4.

2.4.1 Assumptions

Notation. We denote by S(0; z) := Vyl(0; z) the gradient of the loss at z and H(0; z) :=
V2((6; z) the Hessian at z. Their population versions are S(6) := E[S(0; Z)] and H() :=
E[H (6; Z)], respectively. We assume standard regularity assumptions so that S(6) = VyL(6)
and H(A) = ViL(0). Note that the two optimality conditions then read S(f,) = 0 and
H(6,) » 0. It follows that A\, := Ann(H(05)) > 0. Furthermore, we let G(0;z) :=
S(0;2)S(0;2)" and G(0) := E[S(0; Z)S(0; Z) "] be the autocorrelation matrices of the gradi-
ent. We define their empirical quantities as £,,(0) := £ S°"  0(0; Z;), S, (0) := 2 > | S(0; Z,),

T on T on

H,(0):= 15" H(0;7Z;), and G,(0) := 3" | G(6; Z;).

Our key assumption is that the loss function is globally generalized self-concordant. Recall

its definition in Definition 2.1.

Assumption 2.2 (Pseudo self-concordance). For any z € Z, the loss {(-;z) is (R,v) gen-

eralized self-concordant on © with R > 0 and v € [2,3).

Remark 2.4. According to Proposition 2.2, both the empirical risk £, and the population

risk are generalized self-concordant on © with the same order v.

We then make local distributional assumptions on the gradient and the Hessian. In order
to control the empirical gradient .S, (6), we assume that the standardized gradient at 6, is a

sub-Gaussian random vector defined in Definition 2.3.

Assumption 2.3 (Sub-Gaussian gradient). There ezists a constant Ky > 0 such that the
standardized gradient G(0,)~Y2[S(0; Z) — S(6,)] is sub-Gaussian with parameter K.
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Remark 2.5. When the loss function is of the form £(0;z) = {(y,0"x), we have S(0;Z) =
(Y, 0T X)X. As a result, Assumption 2.5 holds true if (i) £'(Y,0] X) is sub-Gaussian and
X is bounded or (i) ¢'(Y,0] X) is bounded and X is sub-Gaussian. For least squares with
U(y,0Tz) = (y — 0"x)?, the derwative 0'(Y,0]X) = 0] X — Y is the negative residual.
Assumption 2.3 is guaranteed if the residual is sub-Gaussian and X is bounded. For lo-
gistic regression with {(y,0 x) = —logo(y-0"x) where o(u) = (1 + e %)~ the derivative
Y, 0] X)=[o(Y-0] X)—1]Y € [-1,1] is bounded. Thus, Assumption 2.3 is guaranteed if

X s sub-Gaussian.

In order to control the empirical Hessian H,,(6), we assume that the standardized Hessian

satisfies the matrix Bernstein condition (Definition 2.5) in a neighborhood of 6,.

Assumption 2.4 (Matrix Bernstein of Hessian). There exist constants Ky, v > 0 such that,

for any 0 € ©,(0,), the standardized Hessian
HO)V2H(0; 2)H(H)V* - 1,
satisfies the matriz Bernstein condition with parameter Ko. Moreover,

0% = ||Var (H(6,)"Y2H(6.; Z)H(6,)?)|| < oo,

2.4.2  Main results

We now give the simplified versions of our main theorems. We use C, to represent a constant
depending only on v that may change from line to line; and Ck, , similarly. We use < and
2 to hide constants depending only on Ky, K3, 0, v. Recall that A, := Apin(H (6,)) and the
effective dimension d, from Definition 2.6. The precise versions and proofs can be found in

Appendix A.1.

Theorem 2.6. Under Assumptions 2.2, 2.3, and 2.4 with v = 0, whenever

n > log (2d/6) + A;* [R%d, log (¢/5)] /™, (2.4)
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the empirical risk minimizer 6, uniquely exists and satisfies, with probability at least 1 — 0,

d, +log (e/9) [|2(0,
16— 0.1y 5 BB LTI (25)

Moreover, it holds that

- de+log (¢/8) [9(0.)],

L(6,) — L(6,) "

(2.6)

Remark 2.6. When the loss ((0;z) = —log pe(2) is the negative log-likelihood, the bound in
(2.6) also holds for the excess KL divergence defined in (1.3).

Remark 2.7. Note that ||2(0,)]|, is (usually much) smaller than d, = Tr(2(6,)). In fact,
when the model is well-specified ||Q2(0,)|l, = 1 and d, = d. Hence, the leading term in (2.5) is
d,/n, which matches the misspecifed Cramér-Rao lower bound (e.g., Fortunati et al., 2010,

Thm. 1) up to a constant factor.

Remark 2.8. The results in Theorem 2.6 can be extended to semi-parametric models as

demonstrated in Liu et al. (2022a).

With a local matrix Bernstein condition, we can replace H(6,) by H,(6,) in (2.5) and

obtain a non-asymptotic version of the Wald confidence set.

Theorem 2.7. Suppose Assumptions 2.2, 2.3, and 2.4 with r = C’l,)\f’_y)/z/R hold true. Let

d, +log (e/d) ||2(6,
i) = {0€ 01001, < Cu ELIEENLA o)
Then we have P(0, € C,(9)) > 1 — § whenever n satisfies
2 =
n 2 log Fd + dlogn + A\ [RZd* log g} o (2.8)

Theorem 2.7 suggests that the tail probability of |6, — 9*”12LIn(9n) is governed by a 2
distribution with d, degrees of freedom, which coincides with the asymptotic result. In fact,
according to Huber (1967, Section 4), under suitable regularity assumptions, it holds that
VH L (0,)Y%(0, — 0,) =4 W ~ N(0,9(6,)) which implies that

(6, —6,) H,(0,)(0, — 0,) —q W' W.
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This induces an asymptotic confidence set with a similar form of (2.7) whose radius is given
by O(E[WTW]/n) = O(d,/n). Our result characterizes the critical sample size enough to
enter the asymptotic regime.

When the model is misspecified, the effective dimension d, is unknown and thus we cannot
construct the confidence set in Theorem 2.7. Alternatively, we use the following empirical

counterpart
dy i=Tr (H,(0,) "2 G (0,) Ho (0,) 7).

The next result implies that we do not lose much if we replace d, by d,. This result is
novel and of independent interest since one also needs to estimate d, in order to construct

asymptotic confidence sets under model misspecification.

Assumption 2.3°. There exist constants Ki,r > 0 such that, for any 0 € ©,(0,), we have
|G(6)~1/25(6; Z)||w2 < K;.

Assumption 2.5. There exists r > 0 such that M := E[M(Z)] < oo where

G(0,)72[G(0:; 2) — G(0y; 2)]G(6,) /2
M) e sp GG ) — GG,
010,60, (0.) 161 = 62| 70,
Remark 2.9. Assumption 2.5 is a Lipschitz-type condition for G(0;z). This assumption was

previously used by (Mei et al., 2018, Assumption 3) to analyze non-convex risk landscapes.

Proposition 2.8. Let v € [2,3). Under Asms. 2.2, 2.3°, 2./ and 2.5 with r = C’l,)\iy_?’)/Q/R,
it holds that

1
_d* < dn S Cl/d*J
C =~

v

with probability at least 1 — §, whenever n is large enough (see Appendiz A.1 for the precise

condition,).

Remark 2.10. The precise version of Proposition 2.8 in Appendiz A.1 implies that d,, is a

consistent estimator of d.
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Table 2.2: Comparison between the effective dimension d, and the parameter dimension

d in different regimes of eigendecays of G(6,) and H(f,) assuming they share the same

eigenvectors.

Eigendecay Dimension Dependency Ratio

G(6,) H(b,) d, d d./d
Poly-Poly i@ ih dB—at)vo d dB—eVv(=1)
Poly-Exp =@ e vt dt=eevd d d—evd
Exp-Poly e ¥ ih 1 d d-!

dif p=v 1if p=v
Exp-Exp e e 1if p>v d dlif pu>v
er=md if < v d=ter=md if < v

With Proposition 2.8 at hand, we can obtain non-asymptotic confidence sets involving

d,,, which can be computed from data.

Corollary 2.9. Suppose the same assumptions in Proposition 2.8 hold true. Let
/ 2 dn
C,(6) = {0 €O:|0—- 0*||Hn(9n) < Ck, v log (e/é)z} .

Then we have P(0, € C.,(0)) > 1 — 0 whenever n satisfies the same condition as in Proposi-

tion 2.8.

2.4.8 Discussion

Fisher information and model misspecification. When the model is well-specified,
the autocorrelation matrix G(6) coincides with the well-known Fisher information Z(6) :=

Ezwr,[S(0; Z)S(0; Z)T] at 0,. The Fisher information plays a central role in mathematical
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statistics and, in particular, M-estimation; see (Pennington and Worah, 2018; Kunstner
et al., 2019; Ash et al., 2021; Soen and Sun, 2021) for recent developments in this line of
research. It quantifies the amount of information a random variable carries about the model
parameter. Under a well-specified model, it also coincides with the Hessian matrix H () at
the optimum which captures the local curvature of the population risk. When the model is
misspecified, the Fisher information deviates from the Hessian matrix. In the asymptotic
regime, this discrepancy is reflected in the limiting covariance of the weighted M-estimator

which admits a sandwich form H(6,)~'2G(0,)H (0,)~'/?; see, e.g., (Huber, 1967, Section 4).

Effective dimension. The counterpart of the sandwich covariance in the non-asymptotic
regime is the effective dimension d,; see, e.g., (Spokoiny, 2017; Ostrovskii and Bach, 2021).
Our bounds also enjoy the same merit—its dimension dependency is via the effective di-
mension. When the model is well-specified, the effective dimension reduces to d, recovering
the same rate of convergence O(d/n) as in classical linear regression; see, e.g., (Bach, 2021,
Proposition 3.5). When the model is misspecified, the effective dimension provides a char-
acterization of the problem complexity which is adapted to both the data distribution and
the loss function via the matrix H(6,)~*/2G(6,)H(0,)"*/2. To gain a better understanding
on the effective dimension d,, we compare it with d in Table 2.2 under different regimes of
eigendecay, assuming that G(6,) and H(f,) share the same eigenvectors. It is clear that,
when the spectrum of G(6,) decays faster than the one of H(6,), the dimension dependency
can be better than O(d). In fact, it can be as good as O(1) when the spectrum of G(6,) and

H(0,) decay exponentially and polynomially, respectively.

Comparison to classical asymptotic theory. Classical asymptotic theory of M-estimation
is usually based on two assumptions: (a) the model is well-specified and (b) the sample size
n is much larger than the parameter dimension d. These assumptions prevent it from being
applicable to many real applications where the parametric family is only an approximation

to the unknown data distribution and the data is of high dimension involving a large amount
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of parameters. On the contrary, our results do not require a well-specified model and the di-
mension dependency is replaced by the effective dimension d, which captures the complexity
of the parameter space. Moreover, they are of non-asymptotic nature—they hold true for
any n as long as it exceeds some constant factor of d,. This allows the number of parameters

to potentially grow with the same size.

Comparison to recent non-asymptotic theory. Recently, Spokoiny (2012) achieved a
breakthrough on finite-sample analysis of parametric M-estimation. Although being fully
general, their results require strong global assumptions on the deviation of the empirical
risk process and are built upon advanced tools from empirical process theory. Restricting
ourselves to generalized self-concordant losses, we are able to provide a more transparent
analysis with neater assumptions only in a neighborhood of the optimum parameter 6,.
Moreover, our results maintain some generality, covering several interesting examples in
statistical machine learning as provided in Section 2.5.1.

Ostrovskii and Bach (2021) also considered self-concordant losses for M-estimation. How-
ever, their results are limited to generalized linear models whose loss is (pseudo) self-
concordant and admits the form £(6; Z) := £(Y,0" X). While sharing the same rate O(d, /n),
our results are more general than theirs in two aspects. First, the loss need not be of the
form £(Y,0" X), encompassing the score matching loss in Example 2.13 below. Second, we
go beyond pseudo self-concordance via the notion of generalized self-concordance. Moreover,
they focus on bounding the excess risk rather than providing confidence sets, and they do

not study the estimation of d,.

Regularization. Our results can also be applied to regularized empirical risk minimization
by including the regularization term in the loss function. Let 62 and 6} be the minimizers

of the reqularized empirical and population risk, respectively. Let

&= Tr ((H(0.)) G0N HO.)) ).
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where H(0,)* and G(0,)" are the regularized Hessian and the autocorrelation matrix of the
regularized gradient at 0, respectively. Then our results characterize the concentration of

A A.
67 around 6;:

16 — < O(dy/n).

AP

This result coincides with Spokoiny (2017, Theorem 2.1). If the goal is to estimate the unreg-
ularized population risk minimizer 6, then we need to pay an additional error Heﬁ — H*Hil (0.
which is referred to as the modeling bias (Spokoiny, 2017, Section 2.5). One can invoke a
so-called source condition to bound the modeling bias and a capacity condition to bound
d}. An optimal value of X can be obtained by balancing between these two terms (see, e.g.,

Marteau-Ferey et al., 2019).

2.4.4  Proof sketches

We give the proof sketch of Theorems 2.6 and 2.7 here. We start with showing the existence
and uniqueness of 6,. The next result shows that 6, exists and is unique whenever the
quadratic form S, (0,)" H,1(6,)S,(0,) is small. Note that this quantity is also known as the
Rao’s score statistic for goodness-of-fit testing. This result also localizes the empirical risk

minimizer to a neighborhood of the optimal parameter 6,.

Proposition 2.10. Under Assumption 2.2, whenever
HSTL(Q*)HH;l(G*) < CV[)‘min<Hn(9*))](3_V)/2/(Rny/2_l)v
the estimator 0,, uniquely exists and satisfies

100 = Oull i1, (0,) < 41150 (0 7120, -

The main tool used in the proof of Proposition 2.10 is a strong convexity type result for
generalized self-concordant functions recalled in Appendix A.3. In order to apply Propo-
sition 2.10, we need to a bound for [|S,(0.)| 4-1(,, Which is summarized in the following

proposition.
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Proposition 2.11. Under Assumptions 2.5 and 2.4 with r = 0, it holds that, with probability
at least 1 — 0,

d, +log (e/d) [|2(6,
1500 1316,y S %)H (01l

whenever n 2 log (2d/6).

The proof of Proposition 2.11 consists of two steps: (a) lower bound H,(6,) by H(6,)
up to a constant using the Bernstein inequality and (b) upper bound |[[S, (6 -1, us-
ing a concentration inequality for isotropic random vectors, where the tools are recalled in
Theorem 2.4 and Theorem 2.5. Combining them completes the proof.

Note that Proposition 2.11 implies that [|S,(64)[| y-1(,) can be arbitrarily small and thus
satisfies the requirement in Proposition 2.10 for sufficiently large n. This not only proves
the existence and uniqueness of the empirical risk minimizer 6,, but also provides an upper
bound for [[6,, — 6.,y through [[Sn(6,)| 1-1(4,)- Now using the result from step (a) above

gives the bound (2.5). To prove the excess risk bound (2.6), we use the Taylor expansion
T 1 2
L(0) = L(6) = (00 — 0.) S(04) + 5 100 = Ollrq)

for some 6 € Conv{f,,0,}. The first order optimality condition implies that S(6,) = 0 and
thus L(6,) — L(0,) < 5|6, — ‘9”2(5)- Moreover, due to Proposition 2.1, we can upper bound
H(6) by H(6,) paying a factor of e®I?=0+Il. Combining it with (2.5) leads to (2.6).

To prove Theorem 2.7, it remains to upper bound (|6, — 6| 5,) bY 100 — Ol 57(0,) up

to a constant factor. This can be achieved by the following result.

Proposition 2.12. Under Assumptions 2.2 and 2./ with r = C,,)\S'*gw/R, it holds that,

with probability at least 1 — 9,

Qé H(6,) < Ha(6) < gCZ,H(Q*), Jor all 0 € ©,(6,),

whenever whenever n 2 {log (2d/d) + d(v/2 — 1) logn}.

Remark 2.11. Our proof techniques developed here can also be harnessed to analyze influ-

ence functions. This has been done in a follow-up work (Fisher et al., 2022).
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2.5 Applications

We give several examples whose loss function is generalized self-concordant so that our results
can be applied. We also provide non-asymptotic analysis for Rao’s score test, the likelihood
ratio test, and the Wald test in goodness-of-fit testing. All the proofs and derivations are
deferred to Appendix A.2.

2.5.1 FExamples

Example 2.12 (Generalized linear models). Let Z := (X,Y) be a pair of input and output,
where X € X andY €Y. Lett: X xY — R? and i be a measure on Y. Consider the

statistical model

N exp(0"t(z,y) + h(x,y))
poly | z) [ exp(0Tt(x,§) + h(z,7))du(@)

with [[t(X,Y)|ly <q.s. M. It induces the loss function

dp(y)

0(0:2) == ~07t{z.3) ~ h(a,y) +1og [ exp(6ta,) + hz.9))dn(a),
which is generalized self-concordant for v =2 and R = 2M. Moreover, this model satisfies

Assumptions 2.5, 2./, 2.5 and 2.3’

Example 2.13 (Score matching with exponential families). Assume that Z = RP. Consider

an exponential family on R with densities
log pp(2) = 0" t(2) + h(z) — A(9).

The non-normalized density qy then reads logqe(z) = 0t(2) + h(2). As a result, the score

matching loss becomes

00;z) = %QTA(Z)Q —b(2)"0 + c(z) + const,

z z T 2 z z z
where A(z) = 221%(%2) is p.s.d, b(z) == > r_, aa’;(i) _i_agz(k)a;ik) , and c(z) =

- [%%Z) + (%h—z(:))Q]. Therefore, the score matching loss £(6; z) is convex. Moreover,

since the third derivatives of ((-;z) is zero, the score matching loss is generalized self-

concordant for all v > 2 and R > 0.
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2.5.2 Rao’s score test and its relatives

We discuss how our results can be applied to analyze three classical goodness-of-fit tests. In
this subsection, we will assume that the model is well-specified. Due to Assumption 2.1, we
will use 0, to denote the true parameter of P and reserve 6, for the parameter under the null
hypothesis.

Given a subset Oy C O, a goodness-of-fit testing problem is to test the hypotheses

H029*€@0<—>H119*¢@0.

We focus on a simple null hypothesis where © := {0y} is a singleton. A statistical test
consists of a test statistic T' := T(Zy,...,Z,) and a prescribed critical value t, and we
reject the null hypothesis if 7' > ¢t. The performance is quantified by the type I error rate
P(T >t | Hy) and statistical power P(T > t | H;). Classical goodness-of-fit tests include
Rao’s score test, the likelihood ratio test (LRT), and the Wald test. Their test statistics are
TRao = ||Sn(60)\|§{;1(90), Tir = 2[0,(00) — £,(0,)], and Twaia = |0, — 90"?1"(9”)7 respectively.

Our approach can be applied to analyze the type I error rate of these tests as summarized

in the following proposition.

Proposition 2.13 (Type I error rate). Suppose that Assumptions 2.3 and 2.4 with r = 0
hold true. Under Hy, we have, with probability at least 1 — 6,

~Y

d
Trao < log (e/é)a

whenever n 2 log (2d/d). Furthermore, if Assumptions 2.2 to 2. with r = C’V)\§V73)/2/R

hold true, we have, with probability at least 1 — 6,

and  Twaq < log(e/6) d

d
Tyr < log (e/9) o

n
whenever n satisfies (2.8).

This result implies that the three test statistics all scale as O(d/n) under the null hypoth-

esis. Consequently, for a fixed significance level o € (0, 1), we can choose the critical value
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t = t,(a) = O(d/n) so that their type I error rates are below «. With this choice, we can
then characterize the statistical powers of these tests under alternative hypotheses 6, # 6,

where 0, may depend on n. Recall Q(6) := G(0)Y2H(0)7*G(0)"/? and let h(7) := min{7r?, 7}.

Proposition 2.14 (Statistical power). Let 6, # 6. The following statements are true for
sufficiently large n.

(a) Suppose that Assumptions 2.2 to 2./ hold true with r = 0. When 6, — 0y = O(n™1/?)
and T, = t,(a)/4 — ||S(90)||§I(90),1 — Tr(2(6y))/n > 0, we have

P(Thao > tn(a)) < 2de” 2o 4 o= Crihnma/lI900)]2)
When 6, — 0,, = w(n~'?), we have

P(Thao > tn(a)) > 1 — 2de” Cr2oum — ¢ Cranmn/[2)llz
where 7, = O(||0, — 0,]%).

(b) Suppose that the assumptions in Theorem 2.7 hold true. When 0, — 0y = O(n~"/?) and
7! = t,(a) /384 — ||0, — 90||§{(9*) /64 —d/n >0, we have

n

P(Tun > to(a)) < e Cxahmi/I90]2) | o=CrwOum)®=/(F24),

When 6, — 0,, = w(n='?), we have
CKl,I/<>‘*n)3_D

P(Tir > ta(a)) > 1 — ¢ CMT0ENT: — o= 5

where 7, = (|16, — 0,]°).
(c) The same statements replacing Trr by Twaa.

According to Proposition 2.14, when 6, — 6y = O(n~'/2), the powers of the three tests
are asymptotically upper bounded; when 6, — 6y = w(n~'/2), the power of Rao’s score test

nt|9*790||2) and the ones of the other two tests tend to one at rate

tends to one at rate O(e

O(e_””@*—@oHQ/\"S_U).



40

2.5.83 Score-based change detection

Rao’s score test can also be used to detect changes in model parameters. To be more
concrete, we consider a well-specified model with the true parameter 6,. Under abnormal
circumstances, this true value may not remain the same for all observations. Hence, we allow
a potential parameter change in the model-—the model parameter § = 6, may evolve over
time, i.e., Zy ~ Py,. A time point 7 € [n — 1] := {1,...,n — 1} is called a changepoint if
there exists A # 0 such that 0, = 0, for k¥ < 7 and 0, = 0, + A for £k > 7. We say that
there is a jump (or change) in the data sequence if such a changepoint exists. We aim to
determine if there exists a jump in this sequence, which we formalize as a hypothesis testing

problem.

(P0O) Testing the presence of a jump

Hy:0,=60,forallk=1,....n

H, : after some time 7, 0, jumps from 6, to 0, + A.

Likelihood score and score-based testing. Let 1{-} be the indicator function. Given

7€ [n—1] and 1 < s <t < n, we define the partial log-likelihood under the alternative as
t
Car(0,0:7) = > 00+ AL{k > 7} Zy).
k=s

We will write (4.(0,A) for short if there is no confusion. Under the null, we denote by
ls1(0) = l54(0,0;n) the partial log-likelihood. The score function w.r.t. 6 is defined as
Sst(0) := Vlss(0), and the Hessian w.r.t. 0 is denoted by H,.(0) := Vale.(0).

Let us design a test for Problem (P0). We start with the case when the changepoint 7 is

fixed. A standard choice is the generalized score statistic given by
RH(T) = S;r+1n(0n>Hn(6m 7-)7157-+1:n<8n); (29)

where H,(0,;7) is the partial observed information w.r.t. A (Wakefield, 2013, Chapter 2.9)
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Figure 2.3: Ilustration of detecting changes in model parameters.

defined as
Hn(eny T) = HT—I—I:n(en) - HT—I—l:n(‘gn)THl:n(en)_lHT—I-I:n(en)' (2]—0)

To adapt to an unknown changepoint 7, a natural statistic is Ry, := maX,cp—1] B (7).
And, given a significance level a, the decision rule reads ¥y, («) := 1{ Ry, > Hyn()}, where

Hyn(«) is a prescribed threshold. We call Ry, the linear statistic and vy, the linear test.

Sparse alternatives. There are cases when the jump only happens in a small subset of
components of #,. The linear test, which is built assuming the jump is large, may fail to

detect such small jumps. Therefore, we also consider sparse alternatives.

(P1) Testing the presence of a small jump:
Hy:0,=0,forallk=1,....n
H; : after some time 7, 0, jumps from 6, to 0, + A,
where A has at most M nonzero entries.

Here M is referred to as the maximum cardinality, which is set to be much smaller than d,

the dimension of . We denote by T' the changed components, i.e., Ap # 0 and Aggpr = 0.
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Given a fixed T', we consider the truncated statistic

1

Rn(Ta T) = S;—r+1;n(0n)T [Hn(‘gna T)T,T} - ST-‘,—lZ?’L(QTZ)T'

Let 7., be the collection of all subsets of size m of [d]. To adapt to unknown 7', we use

R, (T, M:a) := H, () 'R, (1, T), 2.11
(7, M; ) := max max Hy(a)™ B (7, T) (2.11)

where we use a different threshold H,,(«) for each m € [M]. Finally, since 7 is also un-
known, we propose Rscan(@) = maxX,cp,—1) Bn(7, M; ), with the decision rule 9scan(a) =
1{ Rscan () > 1}. We call Ryean(a) the scan statistic and tgca, the scan test.

To combine the respective strengths of these two tests, we consider the test

¢aut0(05> = maX{¢lin(al)a 77Z)scan(as)}; (212)

with oy + ay = «a, and we refer to it as the auto-test. The choice of a; and «y, should be
based on prior knowledge regarding how likely the jump is small. We illustrate how to detect
changes in model parameters with auto-test in Fig. 2.3. Statistical properties of the auto-test

and choices of the thresholds can be found in Liu et al. (2021b).

Differentiable programming. A naive implementation of the auto-test statistic involves
materializing and inverting the Hessian matrix H, (6,;7) € R¥? with O(nd? + d*) time and
O(d?) space. This approach does not scale to modern applications in deep learning with
dense Hessians and large n,d. Instead, we rely on iterative algorithms to approximately

minimize the quadratic

1
fn(u) = §UTHn(0n7 T)U + UTST-l-l:n(en)'

Indeed, the unique minimizer u, of f, satisfies 0 = Vf,(u.) = Hp(0n;7)us + Sri1:0(6n)
and thus u, = H,(0,;7)71S;11..(0,) as desired. Modern automatic differentiation software
supports the efficient computation of the Hessian-vector product u +— H,(0,; 7)u without
materializing the Hessian. Several iterative algorithms that can achieve this are the conjugate
gradient method, stochastic gradient descent, the LiSSA algorithm (Agarwal et al., 2017),

and a low-rank approximation (Schioppa et al., 2022).
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Figure 2.4: Absolute error of the empirical effective dimension. (Left): least squares;

(Right): logistic regression.

2.6 Simulation Study

We run simulation study to illustrate our theoretical results. We start by demonstrating the

consistency of d,, and the shape of the Wald confidence set defined in Corollary 2.9, i.e.,

d,,
Ca(8) = {9 € 0 : 116 = ull3 0,y < Crcrw = log (6/5)} . (2.13)

Note that the oracle Wald confidence set should be constructed from |6, — 6,||, and d,;
however, Corollary 2.9 suggests we can replace H, and d, by H,(f,) and d,, without losing
too much. To empirically verify our theoretical results, we calibrate the Wald confidence
set in Corollary 2.9 with the threshold from the oracle Wald confidence set and compare its
coverage with the one calibrated by the multiplier bootstrap—a popular resampling-based
approach for calibration. In all the experiments, we generate n i.i.d. pairs by sampling X and

then sampling Y | X. The code to reproduce the experiments is available online (confset,

2022).
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Figure 2.5: Confidence set in (2.13) under a logistic regression model. Left: ¥ = (2,0;0, 1);
Middle: ¥ = (2,1;1,1); Right: ¥ = (2,—1;—1,1).

2.6.1 Numerical illustrations

Approximation of the effective dimension. By Proposition 2.8, we know that d,, is a
consistent estimator of d,. We verify it with simulations. We consider two models. For least
squares, the data are generated from X ~ N(0,1;) and Y|X ~ N (17 X,1). For logistic
regression, the data are generated from X ~ N(0,1;) and Y | X ~p(Y | X) = o(Y 1T X)
for Y € {—1,1} where (u) := (1+e™*)~'. We then estimate d, = d (since the model is well-
specified) by d,, and quantify its estimation error by E |d,,/d, — 1|. We vary n € [2000, 10000]
and d € {5,10, 15,20}, and give the plots in Figure 2.4. For a fixed d, the absolute error
decays to zero as the sample size increases as predicted by Proposition 2.8. For a fixed n, the
absolute error raises as the dimension becomes larger in logistic regression, but it remains

similar in least squares.

Shape of the Wald confidence set. Note that the Wald confidence set in (2.13) is an
ellipsoid whose shape is determined by the empirical Hessian H,,(6,,) and thus can effectively
handles the local curvature of the empirical risk. We illustrate this feature on a logistic

regression example. We generate data from X ~ N(0,X) with different ¥’s and ¥V | X ~
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Table 2.3: Coverage of the oracle and bootstrap confidence sets.

Model Confidence set 6 =095 6=09 06=085 6=08 6=0.75
Oracle 0.957 0.908 0.868 0.792 0.770
Well-specified LS
Bootstrap 0.947 0.908 0.855 0.791 0.735
Oracle 0.972 0.916 0.882 0.841 0.764
Misspecified LS
Bootstrap 0.968 0.924 0.865 0.779 0.727
Oracle 0.961 0.915 0.868 0.809 0.776
Well-specified LR
Bootstrap 0.938 0.885 0.826 0.781 0.706

p(Y | X) = o(Y0) X) for Y € {—1,1} where 6, = (—1,2)". We then construct the
confidence set with d, = d. As shown in Figure 2.5, the shape of the confidence set varies

with 3 and captures the curvature of the empirical risk at 6.

2.6.2 Calibration

We investigate two calibration schemes. Inspired by the setting in Chen and Zhou (2020,
Sec. 5.1), we generate n = 100 i.i.d. observations from three models with true parameter
0p whose elements are equally spaced between [0,1]—1) well-specified least squares with
X ~ N(0,I;) and Y | X ~ N(6] X, 1), 2) misspecified least squares with X ~ N(0, 1)
and Y | X ~ 0) X + t35, and 3) well-specified logistic regression with X ~ N(0,I;) and
Y| X ~pY|X)=0(Y0]X) for Y € {—1,1}. For each § € {0.95,0.9,0.85,0.8,0.75}, we
construct a confidence set using either oracle calibration or multiplier bootstrap. We repeat

the whole process for 1000 times and report the coverage of each confidence set in Table 2.3.
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Oracle calibration. According to Theorem 2.6, if we have access to H, and d,, we can
construct a confidence set of the form C,(d) := {0 : [|0,, — 0| ;. < di/n+c,(0)}. Now Corol-
lary 2.9 suggests that H, and d, can be accurately estimated by H,(6,) and d,,, respectively,
leading the confidence set C,(0) := {0 : [0, — 0|y, 5,y < dn/n + cu(d)}. To calibrate C,(d),

we use the data generating distribution to estimate ¢,(d) so that P(6, € Ci(d)) ~ 1 — 0,
and then plug it into C,(J). We call it the oracle confidence set. As shown in Table 2.3,
its coverage is very close to the prescribed confidence level in the well-specified case and it

tends to be more conservative in the misspecified case.

Multiplier bootstrap. To further evaluate the oracle calibration, we compare its cov-
erage with the one calibrated by the multiplier bootstrap (e.g., Chen and Zhou, 2020)—a
popular resampling-based calibration approach that is widely used in practice. We construct
a bootstrap confidence set with B = 2000 bootstrap samples in the following steps. For
each b € {1,..., B}, we 1) generate weights {W?}", BV (1,1), 2) compute the bootstrap

estimator

n:
0

1 n
b : b - bprp. 7.
0) = argmin | L, (0) := - ;_1 W2e(0; z;) | ,

3) compute the bootstrap statistic T, = ||0% — Q"Hfr{g(ag) where H?(0) := V2Lt (0). Fi-
nally, we compare |[|6,, — 00||12L1n(9n) with the upper ¢ quantile of {T4;,,4}2., to decide if the
confidence set covers the true parameter. It is clear that the bootstrap confidence set per-
forms similarly as the oracle confidence set in least squares, but it is more liberal in logistic

regression.
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Chapter 3

INFORMATION DIVERGENCES FOR
COMPARING DISTRIBUTIONS

3.1 Introduction

Deep generative models have recently taken a giant leap forward in their ability to model
complex, high-dimensional distributions. Recent advances are able to produce incredibly
detailed and realistic images (Kingma and Dhariwal, 2018; Razavi et al., 2019; Karras et al.,
2020), strikingly consistent and coherent text (Radford et al., 2019; Zellers et al., 2019;
Brown et al., 2020), and music of near-human quality (Dhariwal et al., 2020). The advances
in these models, particularly in the image domain, have been spurred by the development
of quantitative evaluation tools which enable a large-scale comparison of models, as well as
diagnosing of where and why a generative model fails (Salimans et al., 2016; Lopez-Paz and
Oquab, 2017; Heusel et al., 2017; Binkowski et al., 2018; Sajjadi et al., 2018; Karras et al.,
2019).

Divergence frontiers were recently proposed by Djolonga et al. (2020) to quantify the
trade-offs between quality and diversity in generative modeling with modern deep neural
networks (Sajjadi et al., 2018; Kynkdanniemi et al., 2019; Simon et al., 2019; Naeem et al.,
2020; Pillutla et al., 2021). In particular, a good generative model must not only produce
high-quality samples that are likely under the target distribution but also cover the target
distribution with diverse samples.

While the framework of divergence frontiers is mathematically elegant and empirically
successful (Kynkddnniemi et al., 2019; Pillutla et al., 2021), its statistical properties are not
well understood. The recipe taken by practitioners to estimate divergence frontiers from data

for large generative models usually involves two approximations: (a) joint quantization of the



48

model distribution and the target distribution into discrete distributions with quantization
level k, and (b) statistical estimation of the divergence frontiers based on the empirical

estimators of the quantized distributions.

Djolonga et al. (2020) argue that the quantization in the first approximation often intro-
duces a positive bias, making the distributions appear closer than they really are; while a
small sample size can result in a pessimistic estimate of the divergence frontiers. The latter
effect is due to the missing mass of the samples, causing the two distributions to appear
farther than they really are because the samples do not cover some parts of the distributions
especially when the support size is large. The first consideration favors a large k, while the

second favors a small k.

We are interested in answering the following questions in this chapter: (a) Given two
distributions, how many samples are needed to achieve a desired estimation accuracy, or in
other words, what is the sample complexity of the estimation procedure? (b) Given a sample
size budget, how to choose the quantization level to balance the errors induced by the two

approximations? (c) Can we have estimators better than the naive empirical estimator?

The remainder of this section is organized as follows. In Section 3.2 we recall the problem
of KL estimation and the missing mass problem. We review in Section 3.3 the definition of
divergence frontiers and propose a novel statistical summary. We establish in Section 3.4
non-asymptotic bounds for the estimation of divergence frontiers as well as frontier integrals
which characterizes the sample complexity. We discuss the choice of the quantization level
by balancing the errors induced by the two approximations. We show in Section 3.5 how
smoothed distribution estimators, such as the add-constant estimator and the Good-Turing
estimator, improve the estimation accuracy. We also generalize our results to a large class
of f-divergences satisfying some regularity assumptions. Finally, we demonstrate in Sec-
tion 3.6, through simulations on synthetic data as well as generative adversarial networks on
images and transformer-based language models on text, that our bounds exhibit the correct

dependence of the estimation error on the sample size n and the support size k.
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3.2 Preliminaries

3.2.1 Estimation of KL divergence in the large-alphabet regime

A closely related problem is the estimation of KL divergence between two discrete distri-
butions (Cai et al., 2006; Zhang and Grabchak, 2014; Bu et al., 2018; Han et al., 2020).
To be more concrete, let P and () be two distributions supported on a common alpha-
bet [k] := {1,...,k} such that P < (. We denote by D([k]) the collection of such
pairs of distributions. Given two independent i.i.d. samples {X;};', and {Y;}".,, a nat-
ural way to estimate KL(P||Q) is based on the empirical distributions P, and @Q,,, where
P,(a) = Ny/n = |{i: X; = a}| /nand Q,,(a) = M,/m = [{j : Y; = a}| /m for each a € [k].
However, the minimax quadratic risk of this type of estimators over the set D([k]) is infinite
for all £ > 2 (Bu et al., 2018, Theorem 1). The main challenge is that when @ has a long
tail, its tail masses contribute significantly to the KL divergence but requires a large amount
of observations to estimate accurately. In other words, it is highly likely that some masses
are missing in the sample. This phenomenon is especially prominent in the large-alphabet
regime, i.e., k — o0.

This challenge can be addressed in two steps. First, we restrict the class of distributions

so that the mass ratio between P and () is bounded, i.e., we consider
P(a)
Q(a)

Second, we smooth the empirical distribution @), so that there is no missing mass. A popular

DK 6 i= { (P.Q) P = 1@l = k. [ < Cuuva e 4]}

choice is the technique called add-constant smoothing (Krichevsky and Trofimov, 1981; Braess
and Sauer, 2004). It adds a small constant to the counts of the alphabet and normalize these

pseudo counts to form a distribution. Precisely, the add-b estimator of () is defined as
Qmp(a) == (M, +b)/(m+ kb), for each a € [k]. (3.1)

Now, the so-called augmented plug-in estimator KL(P,|Qms) can achieve the following
worst-case quadratic risk. In fact, as shown by Bu et al. (2018, Theorem 3), this risk is

minimax optimal up to a logarithmic factor log k.
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Theorem 3.1 (Theorem 2 in Bu et al. (2018)). For any k > 1, n > k and m > 10kC}, we

have

ko kC\? log®Cp C
sup  E [(KL(Pu[|Qms) — KL(P||Q))*] = (_+ k) Llog” G i
(PQIED([H,Cr) n m n m

3.2.2  The Good-Turing estimator and the missing mass

The missing mass problem is of interest in many applications involving sampling from a large
alphabet, e.g., species in a population and words in a language corpus. The study of this
problem can be dated back to Turing’s work on solving the Enigma cypher during World
War II, which later developed by Good (1953) in the context of estimating the population
frequency of species. To be more precise, consider an i.i.d. sample {X;}", drawn from a
large alphabet [k]. Let N, be the number of times symbol a € [k] appears in the sample and
Op = 22:1 1{N, = r} be the number of distinct symbols which appear exactly € N times

in the sample. It is clear that

o0

ZT(,DT =n.

r=1
Let P, := Y2 P(a)1{N, = r} be the masses of the symbols which appear exactly r times in
the sample. Note that it is a random variable since it depends on the sample. In particular,
the quantity Fy is called the missing mass. The basic Good-Turing estimator estimates P.
by (r+ 1)@rs1/n.

The Good-Turing estimator induces an estimator of the distribution P. Take a symbol
a € [k]. By definition, it appears in the sample exactly N, times. Intuitively, it makes sense
to assume that the symbols appearing exactly N, (there are ¢y, > 1 such symbols) times in
the sample share the same mass, i.e., P(a) = Py, /¢n,. Hence, the Good-Turing distribution
estimator is defined as

N, +1
Py ar(a) = (Vo MN““, for each a € [k].

YN,

This estimator has been widely studied in language modeling (Katz, 1987; Church and Gale,
1991; Chen and Goodman, 1999) and in theory (McAllester and Schapire, 2000; Orlitsky
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et al., 2003; Orlitsky and Suresh, 2015). An inspiring result coming from this line of work
is that the missing mass itself concentrates around its expectation (McAllester and Ortiz,

2003) which decays as O(k/n) (Berend and Kontorovich, 2012).

3.3 Divergence Frontiers and Frontier Integrals

We introduce the notion of divergence frontiers for comparing two distributions in Sec-

tion 3.3.1. We also propose a statistical summary of the divergence frontiers in Section 3.3.2.

3.3.1 Fvaluating generative models via divergence frontiers

Let X’ be a measurable space in which the data live. Consider a generative model @ € M (X))
which attempts to model the target distribution P € M;(X). It has been argued in Sajjadi
et al. (2018) and Kynkddnniemi et al. (2019) that one must consider two types of costs to
evaluate () with respect to P: (a) a type I cost (loss in precision), which is the mass of @
that has low or zero probability mass under P, and (b) a type II cost (loss in recall), which

is the mass of P that ) does not adequately capture.

Suppose P and ) are uniform distributions on their supports, and R is uniform on
the union of their supports. Then, the type I cost is the mass of Supp(Q) \ Supp(P), or
equivalently, the mass of Supp(R) \ Supp(P). We measure it using the surrogate KL(Q|| R),
which is large if there exists z € X such that Q(z) is large but R(z) is small. Likewise,
the type II cost is measured by KL(P||R). When P and @ are not constrained to be
uniform, it is not clear what the measure R should be. Djolonga et al. (2020) propose
to vary R over all possible probability measures and consider the Pareto frontier of the
multi-objective optimization ming ( KL(P||R),KL(Q||R)). This leads to a curve called the
divergence frontier, and is reminiscent of the precision-recall curve in binary classification.
See Cortes and Mohri (2005); Clémengon and Vayatis (2009); Flach (2012) and references

therein on trade-off curves in machine learning.
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Figure 3.1: Left: Comparing two distributions P and Q. Here, Ry = AP + (1 — \)Q is the

KL(Q[|R)

KL(P||R)

interpolation between P and @ for A € (0,1) and R’ denotes some arbitrary distribution.
Right: The corresponding divergence frontier (black curve) between P and ). The interpo-
lations Ry for A € (0,1) make up the frontier, while all other distributions such as R’ must

lie above the frontier.

Formally, the divergence frontier of probability measures P and () is defined as

F(P,Q) = {(KL(PHR),KL(QHR)) . AR’ € M, (X) such that

KL(P||R") < KL(P||R) and KL(Q||R") < KL(QHR)}. &
It admits the closed-form expression (Djolonga et al., 2020, Propositions 1 and 2)
F(P.Q) = { (KL(P R\, KL(Q|RY) : A€ (0,1)],
where
Ry := argmin {AKL(P||R) + (1 - ) KL(Q||R)} = AP + (1 — N)Q. (3.3)

ReM1(X)

Intuitively, each point on the divergence frontier compares the two individual distributions
against a linear mixture of the two. By sweeping through mixtures, the curve interpolates
between measurements of the two types of costs. See Figure 3.1 for an illustration.

In practical applications, P is usually a complex, high-dimensional distribution which

could either be discrete, as in natural language processing, or continuous, as in computer
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vision. Likewise, ) is often a deep generative model such as GPT-3 (Brown et al., 2020) for
text and variants of GANs (Goodfellow et al., 2014) for images. It is infeasible to compute
the divergence frontier F(P, Q) directly because we only have samples from P and the
integrals or sums over () are intractable. Therefore, the recipe used by practitioners (Sajjadi
et al., 2018; Djolonga et al., 2020; Pillutla et al., 2021) has been to (a) jointly quantize P
and Q over a partition S = {S;}¥_, of X to obtain discrete distributions Ps = (P(S;))~_,
and Qs = (Q(Sy))E_,, (b) estimate the quantized distributions from samples to get Ps
and Qs, and (c) compute F (PS, QS) In practice, the best quantization schemes are data-
dependent transformations such as k-means clustering or lattice-type quantization of dense

representations of images or text (Sablayrolles et al., 2019).

3.3.2  Statistical summary of divergence frontiers

In the minimax theory of hypothesis testing, where the goal is also to study two types of
errors (yet different from the ones considered here), it is common to theoretically analyze
their linear combination; see, e.g., Ingster and Suslina (2003, Sec. 1.2) and Cai et al. (2011,
Thm. 7). In the same spirit, we consider a linear combination of the two costs, quantified

by the KL divergences,
LA(P,Q) == AKL(P||Ry) + (1 — A) KL(Q[|R»). (3.4)

Recall from (3.3) that R, is exactly the minimizer of the linearized objective A KL(P||R) +
(1 — A\) KL(Q||R). This linear combination £, is also known as the A-skew Jensen-Shannon
Divergence (Nielsen and Bhatia, 2013).

The linearized cost £, depends on the choice of the interpolation parameter A. To remove

this dependency, we define a novel statistical summary, called the frontier integral, as

FI(P,Q) := 2/1 LA(P,Q)dA . (3.5)

We can interpret the frontier integral as the average linearized cost over A € (0,1). As shown
in Section 3.6, it can also be used to evaluate generative models which is more convenient

than the divergence frontier when comparing a large number of models.
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The frontier integral is always bounded in [0, 1] thanks to the factor 2 in front of the

integral. Moreover, it is a symmetric f-divergence. We summarize these properties below.

Property 3.1. Let P and Q) be dominated by some probability measure p with densities p
and q, respectively. Then,

FI(P,Q) = /X Lp(e) # q)} (p(x);q“) _pfg_q(q”&) 1ogp(9”))du(x), (3.6)

with the convention 0log0 = 0. Moreover, FI is an f-divergence generated by the convex

function

t+1 ¢
t:——
) === -7

logt,
with the understanding that fer(1) = limy_y; fer(t) = 0.

Proof. Let A := 1 — X. By Tonelli’s theorem, we have FI(P,Q) = 2 [, h(p(z), ¢(z))dpu(z),

where
1
h(p,q) = / (Aplogp + Aqlog g — (Ap + Ag) log(Ap + Ag)) dA.
0

When p = g, the integrand is 0 and thus h(p,q) = 0. If ¢ = 0, then the second term inside

the integral is 0, while the rest of the terms is

1 1 D
Aplog —dA = =.

Finally, when p # ¢ are both non-zero, we evaluate the integral to get

p q 2p*logp — p* — 2¢*log ¢ + ¢*
h(p,q) = 5 logp + 5 logg — =0 :

Rearranging the expression completes the proof. O

Property 3.2. The frontier integral satisfies the following properties:
(a) FI(P,Q) = FI(Q, P).

(b) 0 <FI(P,Q) <1 with FI(P,Q) =0 if and only if P = Q.
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Proof. The first part follows from the closed form expression in Property 3.1. For the second
part, we get the upper bound as

p(x) ;r q(x)dﬂ(x) _q

Fira)< |

X
We have FI(P,Q) > 0 with FI(P, P) = 0 since FI is an f-divergence. Further, since fgy is

strictly convex at 1, we get that FI(P,Q) = 0 only if P = Q. ]

Although the frontier integral in (3.5) involves an integral w.r.t. A, thanks to Property 3.1,
when we have access to P and @, computing FI(P, Q) is computationally no worse than
computing ( KL(P||R,), KL(Q||R»)) which is a point on the divergence frontier. In practice,
when we have samples from P and @, it can be estimated using the same recipe as the

divergence frontier, i.e., FI(PS, QS)
3.4 Non-Asymptotic Analysis

This section is devoted to deriving the rate of convergence for the overall error in estimating
the frontier integral. We decompose the overall estimation error into two components: the
statistical error of estimating the quantized distribution and the quantization error. We
control the statistical error in Section 3.4.1. The strategy is to use a different treatment for
the masses that appear in the sample and the ones that never appear (i.e., the missing mass).
We obtain a high probability bound as well as a bound for its expectation, leading to a rate
of convergence in both the small-alphabet and large-alphabet regimes. These results carry
over to the divergence frontiers as well. The quantization error is discussed in Section 3.4.2.
We construct a distribution-dependent quantization scheme whose error is at most O(k™1)
where k is the quantization level. In Section 3.4.3 we combine these two bounds to obtain
the sample complexity of estimating frontier integrals, shedding light on the optimal choice
of the quantization level.

For P,QQ € M;(X), let {X;}?, and {Y;}!", be two i.i.d. samples from P and @, respec-
tively, and denote by P, and @, the respective empirical measures. Note that our results

hold for two samples with different sizes, and the same size is assumed here for simplicity
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of the presentation. We use < and 2 to represent < and > omitting an absolute constant

factor. The precise statements and proofs can be found in Appendix B.

3.4.1 Statistical error

We focus on in this section distributions P and () supported on a countable alphabet. Here
P and @ should be understood as the quantized distributions in the estimation pipeline of
frontier integrals. We are interested in deriving a non-asymptotic bound for the absolute

error of the empirical estimator, i.e.,

(P, Qn)—FI(P,Q) ‘ A natural strategy is to exploit
the smoothness properties of FI, giving a naive upper bound O(L+/k/n) where L = log 1/p.
with p, = mingegupp(p) P(a) reflecting the smoothness of FI. The dependency on p, requires
P to have a finite support and a short tail. However, in many real-world applications,
the distributions can either be supported on a countable set or have long tails (Chen and
Goodman, 1999; Wang et al., 2017). By considering the missing mass in the sample, we are

able to obtain a high probability bound that is independent of p,. Define

ZF nd  fB.(P):= > P(a)max{l,logp%a)}

acX a:Pp(a)=0

Theorem 3.2. Let k = max{|Supp(P)|, |Supp(Q)|} € NU{oc}. For any é € (0,1), it holds
that, with probability at least 1 — ¢,

log (1/9)

FI(P,,Q.) — FI(P,Q)| < ( on(P) + an@)) logn + Bu(P) + 5u(Q). (3.7)

Furthermore, if the support size k < oo, then a,(P) < v/k/n and p,(P) < klogn/n. In

Nl

There are several merits to Theorem 3.2. First, (3.7) holds for any distributions with a

particular, with probability at least 1 —

IFI(P,,Q,) — FI(P, Q)| logn . (3.8)

countable support. Second, it does not depend on p, and is adapted to the tail behavior of
P and Q. For instance, if P is defined as P(a) oc a™2 for a € [k], then «,(P) o (logk)/+/n,
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which is much better than \/k:/_n in (3.8) in terms of the dependency on k. This phenomenon
is also demonstrated empirically in Section 3.6. Third, it captures a parametric rate of
convergence, i.e., O(n~'/2), up to a logarithmic factor. In fact, as discussed in Section 3.2.1,
this rate is not improvable in a related problem of estimating KL(P||Q), even with the
assumption that P/Q is bounded. The bound in (3.8) is a distribution-free bound, assuming
k is finite. Note that it also gives an upper bound on the sample complexity by setting the
right hand side of (3.8) to be ¢ and solving for n, this is roughly O((y/log 1/6 + Vk)?/€).
The proof of Theorem 3.2 relies on two new results: (a) a concentration bound around
E[FI(P,,Q,)], which can be obtained by McDiarmid’s inequality, and (b) an upper bound

for the expected statistical error, i.e.,
E[FI(P., @n) — FI(P, Q)| < [on(P) + an(Q)]log n + Bu(P) + B (Q)

S (WVEk/n+Ek/n)logn, if k< oo.
The concentration bound gives the term y/n~1!log (1/0). The expected statistical error bound

(3.9)

is achieved by splitting the masses of P and () into two parts: one that appears in the sample
and one that never appears. The first part can be controlled by a Lipschitz-like property of
the frontier integral, leading to the term a,,(P)+,(Q), and the second part, 3,(P)+ 3,(Q),
falls into the missing mass framework. In addition, the rate k/n for 3, shown here matches
the rate for the missing mass.

While Theorem 3.2 establishes the consistency of the frontier integral, it is also of great
interest to know whether the divergence frontier itself can be consistently estimated. In fact,

similar bounds hold for the worst-case error of F (P, Q).

Corollary 3.3. Under the same assumptions as in Theorem 3.2, for any Ao € (0,1), the
bounds in (3.7) and (3.8) hold for

o5 H(KL(P ) KL(Qull Ban)) = (KLPIIRS). KLQIFD)

where Ry, := AP, + (1 — \)Q,, with an additional factor of 1/Xg. In particular, if Ao is
chosen as A\, = o(1) and A\, = w(\/k/nlogn), then the expected worst-case error above
converges to zero at rate O(\;'\/k/nlogn).
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The truncation in Corollary 3.3 is necessary without imposing additional assumptions,
since KL(P||R») is close to KL(P||@) for small X and it is known that the minimax quadratic
risk of estimating the KL divergence over all distributions with & bins is always infinity (Bu

et al., 2018, Theorem 3).

3.4.2  Quantization error

Recall from Section 3.3 that computing the divergence frontiers in practice usually involves
a quantization step. Since every quantization will inherently introduce a positive bias in
the estimation procedure, it is desirable to control the error, which we call the quantization
error, induced by this step. We show that there exists a quantization scheme with error
proportional to the inverse of its level.

We say S is a partition of X if {S;}¥ | are mutually disjoint and U¥_,S; = X. The

quantization of P associated with S is defined as a distribution Ps on k bins satisfying
Ps(i) = P(S;) for each i € [k].

The quantization error of S is the difference |FI(Ps, Qs) — FI(P,Q)|. It can be shown that
there exists a distribution-dependent partition whose quantization error is no larger than the

inverse of its level.

Proposition 3.4. For any k > 1, we have

sup inf |FI(P,Q) — FI(Ps,Qs)| < k™.
PQ |S|<2k

Moreover, there exists S, = S,(P, Q) with |Si| = k such that
[FI(P,Q) — FI(Ps,, Qs.)| S k™. (3.10)
We call S, the oracle quantization.

The key idea behind the construction of this oracle quantization is to partition X accord-

ing to the value of the generator fgr in Property 3.1 at the likelihood ratio dP(x)/dQ(x)
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Figure 3.2: Oracle quantization into 3 bins: blue, yellow and red. Bin 7 is given by the set

{z : f(dP(2)/dQ(x)) € [T, T2)}-

which is visualized in Figure 3.2. To be more concrete, we focus here the set X} := {z € X :
dP(z)/dQ(z) < 1}. Since FI is symmetric, its complement can be handled similarly. Recall
from Property 3.1 that fer € [0, frr(0)] on [0,1]. Thus, we can select k& — 1 cutoff points
0<Ty <--+<Tp_q1 < fr1(0) and partition &) into

Sis = {x eX T, 1 < frr (jgég) < TS} , for s e [k,

where Tj := 0 and Ty, := f(0). For instance, one reasonable choice is to set Ts = s fr1(0)/k.

On each S, g, the frontier integral FI(P, @Q)) can be controlled by

i dP(x) i
;Ts—lQ(S*,s) S /S*YS fFI (dQ(ZL‘)) dQ(l’) S ;TSQ(S*,S)‘

On the other hand, since fgy is non-increasing on (0, 1], the term in FI(Ps,, Qs,) associated

with S, s can be controlled by

P(S,s)
Q(Sks)

Ts—lQ(S*,s) S fFI ( > Q(S*,s) S TSQ(S*,S)-

Hence, the quantization error |FI(Ps,, Qs,) — FI(P, Q)] is small as long as T, — T,_; is small.
It scales as O(1/k) for the choice of T = sfr1(0)/k.



60

3.4.3 Sample complexity for estimating frontier integrals

Combining the bound in Theorem 3.2 with the bound in Proposition 3.4 leads to the following

bound for the total estimation error.

Theorem 3.5. Assume that Si is a partition of X such that |Sx| = k > 2. Then, with
probability at least 1 — 4, the total error |FI(Ps, . Qs, n) — FI(P, Q)| is upper bounded by (up

to a constant factor)

( log (1/9)

n

+ a,(P) + an(Q)> logn + f,(P) + 6u(Q) + [FI(P, Q) — FI(Ps,, @s,)] -

(3.11)

Moreover, if the quantization error satisfies the bound in (3.10) and k < oo, we have, with

probability at least 1 — 9,

[FI(Ps, s Q1) — FI(P. Q)] < [\/M T \/E Lk
n n n

Based on the bound in (3.12), a good choice of k is ©(n'/?) which balances between the

1
logn + = (3.12)

two types of errors. We illustrate in Section 3.6 that this choice works well in practice. This
balancing is enabled by the existence of a good quantizer with a distribution-free bound in
(3.10). In practice, this suggests a data-dependent quantizer using nonparametric density
estimators. However, directions such as kernel density estimation (Hulle, 1999; Meinicke
and Ritter, 2002; Hegde et al., 2004) and nearest-neighbor methods (Alamgir et al., 2014)
have not met empirical success, as they suffer from the curse of dimensionality common in
nonparametric estimation. In particular, Wang et al. (2005); Silva and Narayanan (2007,
2010) propose quantized divergence estimators but only prove asymptotic consistency, and
little progress has been made since then. On the other hand, modern data-dependent quan-
tization techniques based on deep neural networks can successfully estimate properties of
the density from high dimensional data (Sablayrolles et al., 2019; Haméldinen et al., 2020).
Theoretical results for those techniques could complement our analysis. We leverage these

powerful methods to scale our approach on real data in Section 3.6.
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Figure 3.3: The empirical estimator with missing mass and the Krichevsky-Trofimov esti-

mator.

3.5 Towards Better Estimators and General f-Divergences

In Section 3.5.1 we investigate the estimation error of the frontier integral estimated by
smoothed distribution estimators. We show that the upper bound for the add-constant
estimator improves the one for the empirical estimator, especially in the large-alphabet
regime. In Section 3.5.2 we extend our results to general f-divergences satisfying some

regularity conditions. The proofs are deferred to Appendix B.

3.5.1 Smoothed distribution estimators

When the support size k is large, the empirical estimator usually performs poorly due to the
missing mass phenomenon. To overcome this challenge, practitioners often use more sophis-
ticated distribution estimators such as add-constant estimators (Krichevsky and Trofimov,
1981; Braess and Sauer, 2004) and the Good-Turing estimator (Good, 1953; Orlitsky and
Suresh, 2015) as we have seen in Section 3.2. We focus on the add-constant estimators de-
fined in (3.1) and state here its estimation error when it is applied to estimate the frontier
integral from data. We investigate and compare the performance of various distribution
estimators in Section 3.6.

For notational simplicity, we assume that P and () are supported on a common finite

alphabet with size k < oo. Note that this is true for the quantized distributions Ps and Q)s.
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Thanks to the smoothing, there is no mass missing in the add-constant estimator. This
effect is illustrated for the Krichevsky-Trofimov (add-1/2) estimator in Figure 3.3. As a
result, we can directly utilize the smoothness properties of the frontier integral to get the
following bound. Note that both Ps and ()s are estimated by the add-constant estimators.
This is different from the augmented plug-in estimator for the KL divergence in Section 3.2.1

since K L is asymmetric but the frontier integral is symmetric.

Theorem 3.6. Assume that S is a partition of X such that |Sg| = k € [2,00). Then, with
probability at least 1 — ¢, the total error |F1(Ps, np, Qs,np) — FI(P, Q)| is upper bounded by
(up to a constant factor)

(”(\/_log (1/8)/n + an(P) + an(Q))

n + bk

+ ’Yn,k(P) + ’Yn,k(Q)> log (n/b+ k)
(3.13)

+ |FI(P, Q) — FI(Ps,, Qs,)! ,

where Y5 (P) = (n4bk) "0k >, .1 |P(a) — 1/k|. Moreover, if the quantization error satisfies
the bound in (3.10), it can be further upper bounded by

vnk + bk

1
ST log(n/b+k)—|—g. (3.14)

Let us compare the bounds in Theorem 3.6 with the ones in Theorem 3.5. For the
distribution-dependent bound, the term «,(P) in (3.11) is improved by a factor n/(n + bk)
in (3.13). The missing mass term 3, (P) is replaced by v, x(P) which is the total variation dis-
tance between P and the uniform distribution on [k] with a factor bk/(n+ bk). The improve-
ments in both two terms are most significant when k/n is large. As for the distribution-free
bound, when k/n is small, the bound in (3.14) scales the same as the one in (3.12); when k/n
is large (i.e., bounded away from 0 or diverging), it scales as O(logn +log (k/n)+ k') while
the one in (3.12) scales as O(klogn/n+k~'). Given the improvement, it would be an inter-

esting venue for future work to consider adaptive estimators in the spirit of Goldenshluger

and Lepski (2009).
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3.5.2  Generalization to f-divergences

Estimation of the x? divergence is useful for variational inference (Dieng et al., 2017) and
GAN training (Mao et al., 2017; Tao et al., 2018). More generally, estimating f-divergences
from samples is a fundamental problem in machine learning and statistics (Nguyen et al.,
2010; Im et al., 2018; Chen et al., 2018; Rubenstein et al., 2019). The same two-step procedure
used to estimate frontier integrals can be applied to estimate general f-divergences as well.
Our previous results can be extend to general f-divergences as long as they satisfy some
regularity conditions.

We start by recalling f-divergences defined in Definition 1.2. Let f : (0,00) — R be a
nonnegative and convex function with f(1) = 0. Let P,@ € P(X) be dominated by some
measure p € P(X) with densities p and g, respectively. The f-divergence generated by f is

defined as
(o) f (%) ap(z)

with the convention that f(0) = f(07) and 0f(p/0) = pf*(0), where f*(0) = f*(0%) € [0, 0]
for f*(t) =tf(1/t). We call f* the conjugate generator to f. The function f* also generates

Dy(PlQ) = [

X

an f-divergence, which is referred to as the conjugate divergence to Dy since D«(P||Q) =
D¢(Q||P). In particular, the generator of the frontier integral is fp; in Property 3.1 whose
conjugate generator is also frr.

We then state and discuss the regularity assumptions required to extend the results in
Section 3.4 to f-divergences. We use the convention that all higher order derivatives of f

and f* at 0 are defined as the corresponding limits as x — 0% (if they exist).

Assumption 3.1. The generator f is twice continuously differentiable with f'(1) = 0. More-
over,

(A1) We have Cy := f(0) < oo and C§ := f*(0) < oc.

(A2) There exist constants Cy,Cy < oo such that for every t € (0,1), we have,

(I < Ci(1Viegl/t), and, [(f*)'(t)] <C7(1VIlogl/t).
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(A3) There exist constants Cy, C5 < oo such that for every t € (0,00), we have,

t

St <G5

t
—f"(t) < Cy, and, 5

2

Assumption (A1) ensures boundedness of the f-divergence. Indeed, f(0) = oo leads
to Ds(P||Q) = oo if there exists an atom a € X such that P(a) = 0 but Q(a) # 0. This
happens, for instance, with the reverse KL divergence whose generator is f(t) = — logt+t—1.
By symmetry, f*(0) = oo leads to a case where D;(P||Q)) = oo if there exists an atom a € X
such that Q(a) = 0 but P(a) # 0, as in the (forward) KL divergence.

Since f’ is monotonic nondecreasing and f’(1) = 0, we have that f'(0) < 0 (with strict
inequality if f is strictly convex at 1). In fact, f/(0) = —oo for most of the commonly used
divergences such as the KL divergence, the Jensen-Shannon divergence, and etc. Assump-
tion (A2) requires f’(t) to behave as log 1/t when ¢t — 0. Analogously for (f*)'.

Likewise, we have that f”(0) = oo and f”(c0) = 0 for most of the commonly used
divergences. Assumption (A3) imposes additional constraints on the rates of these limits.
Namely, f” should diverge no faster than 1/t as ¢ — 0 and f” should converge to 0 at least
as fast as 1/t* as t — oo. We can summarize the implied asymptotics of f” as

(0) = Q/ty, ift—0,
O(1/t*), ift— oco.

In particular, both the linearized cost £, in (3.4) and the frontier integral FI in (3.5)

satisfy these assumptions. In Appendix B.2, we consider other f-divergences, e.g., the inter-

polated KL divergence, and verify or falsify these assumptions.

Proposition 3.7. The linearized cost L) satisfies Assumption 3.1 with

1 . 1 - A A
Cozklogx, C'Ozklogx, Ci=X C] =)\ (72:§, 02257

where X := 1 — \. Moreover, the frontier integral FI satisfies Assumption 3.1 with

1 1
Co=Ci=5, Ci=Ci=4, C=0C5=2.
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Figure 3.4: Tail decay of the Zipf(1/2), the Step, and the Dir(1/2).

The quantization error bound in Proposition 3.4 holds for all f-divergences which satisfy
Assumption (A1). The statistical bounds in Theorem 3.2 and its counterpart for add-
constant estimators also hold for f-divergences satisfy Assumption 3.1. In the Appendix,
we prove all the results for general f-divergences, recovering all the results in Section 3.4 as

special cases due to Proposition 3.7.

3.6 Experiments

We investigate the empirical behavior of the divergence frontier and the frontier integral
on both synthetic and real data. Our main findings are: (a) the statistical error bound
approximately reveals the rate of convergence of the empirical estimator; (b) the smoothed
distribution estimators improve the estimation accuracy; (c) the quantization level suggested
by the theory works well empirically. In all the plots, we visualize the average absolute error
computed from 100 repetitions with shaded region denoting one standard deviation around
the mean. The results for the divergence frontier and the frontier integral are almost identical.
We focus on the latter here. Results for the divergence frontier can be founded in Liu et al.

(2021a, Appendix G). The code to reproduce the experiments is available online (df, 2021).
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3.6.1 Fxperimental setup

We work with synthetic data in the case when k = |X| < oo as well as real image and text

data.

Synthetic data. Following the experimental settings in Orlitsky and Suresh (2015), we
consider three types of distributions: (a) the Zipf(r) distribution with r € {0,1,2} where
P(i) o< i7". Note that Zipf(r) is regularly varying with index —r; see, e.g., Shorack (2000,
Appendix B); (b) the Step distribution where P(i) = 1/2 for the first half bins and P(i) = 3/2
for the second half bins; (c) the Dirichlet distribution Dir(a) with o € {1/2,1}; see Figure 3.4
for an illustration. In total, there are 6 different distributions, giving 21 different pairs of
(P,Q). For each pair (P,Q), we generate i.i.d. samples of size n from each of them, and

estimate the frontier integral from these samples.

Real data. We consider two domains: images and text. For the image domain, we train
a StyleGAN2 (Karras et al., 2020) on the CIFAR-10 dataset (Krizhevsky and Hinton, 2009)
using the publicly available code! with default hyper-parameters. To evaluate the frontier
integrals, we use the test set of 10k images as the target distribution P and we sample
10k images from the generative model as the model distribution ). For the text domain,
we fine-tune a pretrained GPT-2 (Radford et al., 2019) model with 124M parameters (i.e.,
GPT-2 small) on the Wikitext-103 dataset (Merity et al., 2017). We use the open-source
HuggingFace Transformers library (Wolf et al., 2020) for training, and generate 10k 500-token
completions using top-p sampling and 100-token prefixes.

We take the following steps to compute the frontier integral. First, we represent each
image/text by its features (Heusel et al., 2017; Sajjadi et al., 2018; Kynké&dnniemi et al.,
2019). Second, we learn a low-dimensional feature embedding which maintains the neigh-
borhood structure of the data while encouraging the features to be uniformly distributed on

the unit sphere (Sablayrolles et al., 2019). Third, we quantize these embeddings on a uniform

! https://github.com/NVlabs/stylegan2-ada-pytorch.


https://github.com/NVlabs/stylegan2-ada-pytorch
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Figure 3.5: Statistical error of the estimated frontier integral on synthetic data. (a): Zipf(2)
and Zipf(2) with k& = 103; (b): Zipf(2) and Zipf(2) with n = 2 x 10%; (c): Dir(1) and Zipf(r)
with & = 10% and n = 10%; (d): Zipf(2) and Zipf(r) with k£ = 10%> and n = 10*. The bounds
are scaled by 100.

lattice with k bins. For each support size k, this gives us quantized distributions Ps, and
Qs,. Finally, we sample n i.i.d. observations from each of these distributions and consider
the empirical distributions Ps, ,, and Qs, », as well as the smoothed distribution estimators

computed from these samples.

Performance metric. We are interested in the estimation of the frontier integral FI(P, Q)
using estimators FI(P,, @,,) for the empirical estimator as well as the smoothed distribution
estimator. We measure the quality of estimation using the absolute error, which is defined as

|FI(P,, Q,) — FI(P,Q)|. For the real data, we measure the error of estimating FI(Ps,, Qs,)
by FI(PSk,na QSk,n) with ’FI(PSk,n> QSk,n) - FI(PSka QS;C)‘

3.6.2 Tightness of the statistical bound

In order to verify the validity of the theory in practically relevant settings, we investigate

the tightness of the statistical error bounds in Theorem 3.2 with respect to the sample size

n and the support size k.
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Figure 3.6: Statistical error of the estimated frontier integral on real data. (a): Image data
(CIFAR-10) with & = 128; (b): Text data (WikiText-103) with k& = 2048; (c): Image data
(CIFAR-10) with n = 1000; (d): Text data (WikiText-103) with n = 10000. The bounds

are scaled by 30.

We estimate the expected absolute error E |FI(P,, Q,) — FI(P, Q)| from a Monte Carlo
estimate using 100 random trials. We compare it with the following bounds in? Theorem 3.2:
(a) Bound: the distribution independent bound (\/k/n + k/n)logn.
(b) Oracle Bound: the distribution dependent bound (., (P) + o, (Q))logn + 5,(P) +
Bn(Q). We assume that the quantities «,, and 3, defined in Theorem 3.2 are known.
We fix k, plot each of these quantities in a log-log plot with varying n and compare their
slopes.® We then repeat the experiment with n fixed and k varying. We often scale the bounds

by a constant for easier visual comparison of the slopes; this only changes the intercept and

leaves the slope unchanged.

Theorem 3.2 is tight for synthetic data. Figure 3.5 gives the Monte Carlo estimate and
the bounds of the statistical error for various synthetic data distributions. In Figure 3.5(a),

we observe that the bound has approximately the same slope as the Monte Carlo estimate,

2 Specifically, we use the expected bounds in (3.9), from which Theorem 3.2 is derived.

3 A log-log plot of the function f(z) = cx” is a straight line with slope v and intercept log c. The slope
thus captures the degree of a polynomial rate.
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Figure 3.7: Statistical error of the estimated frontier integral with smoothed distribution
estimators on synthetic data. (a): Zipf(0) and Dir(1/2) with k& = 10% (b): Zipf(0) and
Dir(1/2) with n = 2 x 10%; (c): Dir(1) and Zipf(r) with & = 10®> and n = 10%; (d): Zipf(2)
and Zipf(r) with k = 10% and n = 10*.

while the oracle bound has a slightly worse slope. In Figure 3.5(b), we observe that the
oracle bound captures the correct rate for £ > 300, while the distribution-independent bound
captures the correct rate at small k. For the right two plots, both bounds capture the right
rate over a wide range of tail decay. The oracle bound is tighter for fast decay, where the

distribution-independent bounds on «a,,(Q)) and 3,(Q) can be very pessimistic.

Theorem 3.2 is somewhat tight for real data. Figure 3.6 contains the analogous plot
for real data, where the observations are similar. In Figure 3.6(b), we see that the oracle
bound captures the right rate for small sample sizes where k/n > 1. However, for large
n, the distribution-independent bound is better at matching the slope of the Monte Carlo
estimate. The same is true for Figure 3.6(c), where the oracle bound is better for large k.
For parts (a) and (d), however, both bounds do not capture the right slope of the Monte
Carlo estimate; Theorem 3.2 is not a tight upper bound in this case. That being said, it is

still a valid upper bound on the estimation error.
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Figure 3.8: Statistical error of the estimated frontier integral with smoothed distribution
estimators on real data. (a): Image data (CIFAR-10) with £ = 128; (b): Text data
(WikiText-103) with & = 2048; (c): Image data (CIFAR-10) with n = 1000; (d): Text
data (WikiText-103) with n = 10000. The bounds are scaled by 15.

3.6.3  Effect of smoothed distribution estimators

We now show that smoothed estimators can lead to improved estimation over the empirical
estimator and thus improved sample complexity as shown in Theorem 3.6. This is practically
significant in the context of generative models, since one can have an equally good estimate
of the divergence frontier with fewer samples using smoothed estimators (Sajjadi et al., 2018;
Djolonga et al., 2020).

Concretely, we compare the Monte Carlo estimates of the absolute error E |FI(P,, Q,) —
FI(P, Q)| for the empirical estimator (denoted “Empirical”) as well as smoothed estimators.
We consider 4 smoothed estimators as in Orlitsky and Suresh (2015): the (modified) Good-
Turing estimator, as well as three add-constant estimators: the Laplace, Krichevsky-Trofimov

and Braess-Sauer estimators.

Smoothed estimators are more efficient than the empirical estimator. We com-
pare the smoothed estimators to the empirical one in Figure 3.7 on synthetic data and

Figure 3.8 on real data. In general, the smoothed distribution estimators reduce the abso-
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(@) (b) (©) (d)

Absolute error
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—— =2 r=3 —_—— p =4 s r=>5

Figure 3.9: Total error of the estimated frontier integral with quantization level k o< n!/" on
2-dimensional continuous data. (a): N(0, Is) and N'(1, I5); (b): N(0, I) and N'(0,515); (c):
t4(0, I5) and t4(1, I5) (multivariate t-distribution with 4 degrees of freedom); (d): t4(0, )
and t4(0,515).

lute error. For parts (a) and (b) of Figure 3.7, the Good-Turing and the Krichevsky-Trofimov
estimators have the best absolute error. For parts (c¢) and (d), the Good-Turing estimator
is adapted to various regimes of tail-decay, outperforming the empirical estimator. The
Krichevsky-Trofimov and Braess-Sauer estimators, on the other hand, exhibit small absolute

error for particular decay regimes. The results are similar for real data in Figure 3.8.

Practical guidance on choosing a smoothed estimator. While the smoothed estima-
tors offer a marked improvement when k/n is large (that is, close to 1), the best estimator
is problem-dependent. As a rule of thumb, we suggest the Krichevsky-Trofimov estimator

which works well in the large k/n regime but is still competitive when k/n is small.

3.6.4 Quantization error

Next, we study the effect of the quantization level k£ on the total error. We consider a
simple 2-dimensional synthetic setting where the distributions P, () are either multivariate

normal distributions or t-distributions. We use data-driven quantization with k-means to
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obtain a quantization Si: each component of the partition is the region corresponding to one
cluster. Finally, we plot the expected absolute error E |FI(P, Q) — FI(Ps, », Qs,.n)|, where
the FI(P, Q) is computed using numerical integration and the expectation is estimated with

Monte Carlo simulations.

The choice k¥ = O(n'/3) works the best. We compare k = n'/" for r = 2,3,4,5 in
Figure 3.9. For small n, the orders r» > 3 all perform similarly, but » = 3 clearly outperforms
other choices for n > 10*. While our theory does not directly apply for data-dependent
partitioning schemes, the choice k = ©(n!/3) suggested by Theorem 3.5 nevertheless works
well in practice. This gives a convenient rule of thumb for practical application of divergence

frontiers.
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Chapter 4

OPTIMAL TRANSPORT DISTANCES FOR
TESTING HOMOGENEITY

4.1 Introduction

In 1932, Schrodinger (Schrodinger, 1932) considered the following lazy gas experiment; see,
e.g., Chen et al. (2021) for a review. Image n indistinguishable particles in R? moving
independently as Brownian motion at temperature . At time t = 0, we observe that the
empirical distribution of their initial locations approximately equals some density p. At time
t = 1, we observe that the empirical distribution of their terminal locations approximately
equals another density ¢, which differs significantly from what it should be by the law of

large numbers, i.e.,

q(y) # / (2;)(1/2 exp (—@) p(z)dz.

It is clear that this situation is unlikely to happen. Schrédinger then inquires for, among
all unlikely ways in which this could happen, the most likely path for each particle. As
Follmer (1988) shows, the paths are determined by first solving for the (static) Schrodinger
bridge (which is introduced in Section 1.4) and then connecting the two end points by a
Brownian bridge with diffusion .

Although Schrodinger’s lazy gas experiment is typically defined in the dynamic setting for
Brownian motion, its static counterpart, Schrodinger bridges (Follmer, 1988; Léonard, 2012),
can be defined more generally. In continuum, the Schrodinger bridge can be made precise as
the solution to the entropy-regularized optimal transport (EOT) between two densities p and
q (Léonard, 2014), where the entropy is given by the negative differential entropy. Recently,

Schrodinger bridges have been used in score-based generative modeling (De Bortoli et al.,
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2021) and Markov chain Monte Carlo (Bernton et al., 2019).

In its entropy-regularized form, the Schrodinger bridge problem is closely related to the
EOT between two discrete distributions (Cuturi, 2013; Ferradans et al., 2014), where the
entropy is given by the negative Shannon entropy. This discrete EOT is particularly attrac-
tive both from a computational viewpoint (Cuturi, 2013) and from a statistical viewpoint
(Rigollet and Weed, 2018). When we only have access to i.i.d. samples from p and ¢, one
may use the solution to the discrete EOT between the empirical distributions to estimate
the Schrodinger bridge. However, it remains largely unclear if this estimation is consistent.
Existing works either focus on the case when both p and ¢ are discrete (Bigot et al., 2019;
Klatt et al., 2020) or is limited to the regularized cost rather than the solution (Genevay
et al., 2019; Mena and Weed, 2019).

The remainder of this chapter is organized as follows. In Section 4.2 we review the
Schrodinger bridge problem and its connection to the entropy-regularized optimal transport
problem. In Section 4.3 we introduce as an estimator of the Schrodinger bridge in continuum
the so-called discrete Schrodinger bridge which recovers Schrédinger’s original discrete set-
up as the Schrodinger bridge connecting two empirical distributions. We show that it is the
solution to a modified discrete EOT problem. In Section 4.4 we demonstrate how to apply
the Schrodinger bridge to homogeneity testing. In Section 4.5 we prove its convergence
towards the Schrodinger bridge in continuum as well as limiting Gaussian fluctuations for
this convergence. We also derive the second order Gaussian chaos limit in Appendix C.5. In
Section 4.6 we outline the proof sketches of our results. Finally, in Section 4.7, we compare

the Schrodinger bridge based test with other alternatives on both synthetic and real data.
4.2 Schrodinger Bridge and Entropy-Regularized Optimal Transport

We review the Schrodinger problem and its connection to the information projection (or I-
projection). We show that, through the lens of the KL divergence, the Schrodinger problem
and the discrete entropy-regularized optimal transport problem considered by Cuturi (2013)

can be written in a unified framework.



75

4.2.1 Schrodinger bridge in continuum

Given ¢ € R, and a cost function ¢ : R x R — R, we assume that the following Markov

transition density is well-defined:

1
Ze(x)

where Z.(z) is the normalizing constant. For instance, when ¢ is the quadratic cost, this is

p5<l’, y) =

exp |~ 2o

the transition density of Brownian motion with diffusion € considered in Schrodinger’s lazy
gas experiment. Suppose that (W, W7) is a pair of random vectors distributed according to
this Markov transition kernel. Let P and @ be two probability measures on R?. Informally,
the (static) Schrdodinger bridge connecting P and () at temperature ¢ is the joint distribution
of (Wy, W;) conditioned to have Wy ~ P and Wj ~ @. In continuum, when P and () have
densities w.r.t. the Lebesgue measure, it can be made precise as the solution to the following
entropy-regularized optimal transport (EOT) problem (Féllmer, 1988; Léonard, 2012, 2014):

Verﬁl(i}%@) [/ c(x,y)dv(z,y) +cH(v)|, (4.1)

where II( P, ()) is the set of couplings with marginals P and @), and H(v) is the entropy of v
defined as H(v) := [logv(z,y)dv(z,y) if v is a density’ and infinity otherwise. We refer to
(4.1) as the Schrodinger problem.

When ¢ = 0, the Schrédinger problem reduces to the optimal transport (OT) prob-
lem. Whereas the latter usually admits a degenerate solution given by a transport map
with zero-measure support (Santambrogio, 2015, Theorem 1.17), the entropy term in the
former prevents such solutions from existing. Moreover, as € — 0, the minimum of the
Schrodinger problem converges to the one of the OT problem and the minimizer (if exists)
as well (Léonard, 2012, Theorem 3.3). In other words, the Schrédinger problem can be viewed
as a smooth approximation to the OT problem which quantifies how close two distributions

are. As shown in Section 4.4, it can be used to test for homogeneity.

'We follow the standard abuse of keeping the same notation for an absolutely continuous measure and
its density.
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4.2.2  Characterization of the Schrodinger bridge

The Schrédinger problem (4.1) admits an alternative form that are connected to the KL

divergence. With a probability measure R. defined as R.(z,y) := P(x)p:(z,y), we have

1
KL([R) = = [ elog)dvlog) + HO) + [ log Z(2)dP(z) ~ H(P)
for all v € II(P, Q). Thus, the minimizer of the problem (4.1) is the same as the one of

min  KL(v||R.).

vell(P,Q)
Therefore, the Schrodinger bridge has the following geometry interpretation—it is the I-
projection (Csiszar, 1975) of the reference measure R. onto the set of couplings II(P, Q).
Since KL(+||R.) is strictly convex, the Schrodinger problem (4.1) has a unique solution
e (if it exists). Using results on I-projections developed by Csiszar (1975), it can be shown
that, when there exists v € II(P, Q) such that KL(v||R.) < oo, the solution p. exists and
admits the following expression (Riischendorf and Thomsen, 1993, Theorem 3): there exists

two measurable functions a. and b., to be called the Schrodinger potentials, such that

due o 1
AP ®Q) (z,y) =&(z,y) == exp {—g[c(a:, y) — a.(x) — bs(y)]} . (4.2)

Note that u. € II(P, Q). This implies

/f(x,y)dP(x) =1(Q-a.s. and /f(x,y)d@(y) =1 P-a.s. (4.3)

We assume throughout this chapter that the Schrodinger bridge p. exists.

4.2.8  Connection to Cuturi’s entropy-regularized optimal transport

Cuturi (2013) considered a discrete EOT problem between two discrete measures P and @

Verél(ig’@ [/ c(z,y)dv(z,y) + ¢ Ent(v) |, (4.4)

where, for a discrete measure v, Ent(r) is the negative Shannon entropy of v defined as
> acsupp(v) V(@) 1og v(a); see also (Ferradans et al., 2014). This problem was initially intro-

duced as an approximation to the OT problem between two discrete measures which can be
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solved efficiently using the Sinkhorn algorithm (Sinkhorn, 1967). It has now been popular in
machine learning due to other advantages, for instance, it fits into a differentiable program-
ming framework (Genevay et al., 2018; Salimans et al., 2018; Sanjabi et al., 2018). We will
give a thorough discussion on this topic in Chapter 5. Due to its popularity, we refer to (4.4)
as the discrete EOT problem and its solution the discrete EOT plan which also satisfies the
property (4.2).

The discrete EOT problem can be viewed as a discrete counterpart of the Schrodinger

problem through the lens of the KL divergence. Consider the problem

min [/ c(z,y)dv(z,y) + e KL(v|P® Q)| . (4.5)

When P and @) are densities, we have

Jv(z,y)log Pl(’gg()y) dedy = H(v) — H(P) — H(Q) if v has a density

KL(v|[|P® Q) =

00 otherwise.

Consequently, the solution to the Schrédinger problem is the same as the one to (4.5).
Analogously, when P and @) are discrete measures, the solution to the discrete EOT problem
is the same as the one to (4.5). Hence, the problem (4.5) unifies the Schrodinger problem and
the discrete EOT problem. We call it the EOT problem and, for convenience, the solution
to it the Schrodinger bridge even if P and () are not densities. We focus on this problem in

the remainder of this chapter.

4.3 Estimating the Schrodinger Bridge

We propose an empirical estimator of the Schrodinger bridge, called the discrete Schrodinger
bridge, when we have i.i.d. samples from the two marginal distributions P and ). This
estimator is based on a convex combination of all Monge couplings between the two empirical
marginal measures. It recovers Schrodinger’s original discrete set-up as the Schrodinger
bridge connecting the two empirical marginal measures. Finally, we show that it is the
solution to a discrete EOT problem which is slightly different from the one considered by
Cuturi (2013).
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4.3.1 Discrete Schrodinger bridge

Let {X;}" , and {Y;}, be two independent i.i.d. samples from two distributions P and @) on
R? with P, := £ 3" 0, and @, := £ 3" | 4y, being the empirical measures, respectively.
Since the EOT problem (4.5) can be viewed as a smooth approximation to the OT problem
between P and (). It is natural to construct an estimator of the Schrodinger bridge p. by
approximating the optimal transport plan between P, and @,, i.e., the solution to

min ZZ (X, Y)v(X,Y;). (4.6)

eTl(Py,
v nQn —1 j=1

We first recall some results regarding the empirical OT problem (4.6). Let S,, be the
set of permutations on [n] := {1,...,n}. Every 0 = (01,...,0,) € S, can be viewed as a
matching between these two sets of random vectors, i.e., X; is matched to Y,, for each i € [n].
It induces a Monge coupling M, := %Z?:l d(x;.Y,,) Which belongs to II(P,, Q,). Hence, the

empirical OT problem (4.6) is a convex relaxation of the following optimal matching problem:

gxégxi%z o(Xi,Ys) —?élnzz oY) M, (X, Y5). (4.7)

i=1 j=1
According to Peyré and Cuturi (2019, Proposition 2.1), the two problems (4.6) and (4.7)
share the same minimum. Moreover, the problem (4.7) always has a solution o* whose
associated Monge map M« solves the problem (4.6). Thus, a natural way to construct a
smooth approximation to the solution M,« is to consider a convex combination of all Monge
maps, i.e., consider ) s (0)M, for some probability distribution v over S,,.

The empirical estimator we study is based on a particular distribution ~. defined as
follows. For every o € S, its associated cost is given by > " | ¢(X;,Y;,). Since the objec-
tive is to minimize the cost, we assign each permutation o the (random) weight w(o) :=
exp(— > ¢(X;,Y;,,)/e) so that a permutation with a large cost gets an exponentially small
weight. Now we obtain a Gibbs measure on S,,, i.e.,

Ye(o) == w(o) - exp (= 2?21 o(Xi,Y5,)/¢) _ f®(X, Y,)
) Yores, W(T) Y s exp (=2, o(Xy, Vo) /e) Y s E8(X,YL)

(4.8)
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where ¢ is defined in (4.2) and £%(X,Y,) := [, £(X;,Y,,). This leads to the estimator

o MO’ @ X7 Yo’
=) (oM, =™ 12"&3" 5 X ¥o)
0ESh nl desn 5 (X, YO’)

(4.9)

It can be shown that s ,, recovers Schrodinger’s original discrete set-up as the Schrodinger
bridge connecting P, and @), at temperature . To see this, consider a realization X; = x;
and Y; = y; for i € [n]. Then P, and @, are (nonrandom) discrete distributions supported
on n categories. Imagine n independent particles {W*} | starting from positions W¢ = x;,
i € [n], and making jumps according to the Markov transition kernel p.(x;,-), i € [n]. Let
Ly(1) =30, dys be the empirical distribution of their terminal locations and L, (0,1) :=
%ZLI 5(W37W1¢) be the joint empirical distribution at two time points. According to Pal and
Wong (2020, Section 3.2), the law of L, (0,1) given L, (1) = @, is exactly given by p., (with

X; =x; and Y; = y;, i € [n]). In other words, for each permutation o € S,

P (an, =23 G | La1) = %Z%) —2.(0)
=1 =1

We refer to p.,, as the discrete Schrodinger bridge.

4.3.2  Reformulation as a discrete entropy-reqularized optimal transport

It turns out that the discrete Schrodinger bridge p., is the solution to a discrete EOT
problem that is different from the one of Cuturi (2013).

Lemma 4.1. Let My(S,) be the set of probability measures on S,. We have

£
Ve = argmin ZZ oY) vy (X5, YY) + ﬁEnt(y) : (4.10)

YEML(Sn) | = 1 j=1

where vy =% s V(o) M, € II(Py, Qn). In particular, pic, = vs,.

Proof. We claim that minimizing (4.10) is equivalent to minimizing KL(vy||7.) which is
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uniquely minimized at v = ~.. In fact,

KL(7v([v:) = Z v(0) log 7(? = Z v(0) log <7(U) >_res, w(T))

O'ESn "YE( ) O'ESTL w(o—)
) 4o | wte)] ot 1 3 et
TESH oES, O'GSn
:_ZZ 73 j XZ,}/;)+EHt(’Y)+IOngT
i=1 j=1 TES,
and thus the claim follows. O]

Due to Birkhoff (1946), every doubly stochastic matrix can be written as a convex combi-
nation of permutation matrices. As a result, every coupling M € II(P,, Q,) can be expressed
as M =) s ym(0)M, for some vy € Mi(S,). Note that such convex combinations are
generally not unique. Hence, the problem (4.10) without the regularization term admits the

same minimum as the empirical OT problem, i.e.,

n n

RT3 NERTRERTENETIIS 3 PRI AT

i=1 j=1 2—131

This suggests that the problem (4.10) adds an entropy regularization term to the empirical

OT problem in the space of probability measures on permutations.

4.3.8  Relationship to the plug-in estimator
Another estimator one may consider is based on the minimizer of the EOT problem (4.5)
with P, and @, plugged in, i.e.,

min {/ c(z,y)dv(z,y) + e KL(V|| P, @ Qn) | - (4.11)

VETT(Pr,Qn)

We refer to it as the discrete EOT plan. This problem is the discrete EOT problem (4.4)
specialized to the empirical measures P, and (),, which adds an entropy regularization term
in the original space of couplings. Even though there is a rich literature on the statistical

properties of (4.11), they mainly focus on the minimum rather than the minimizer, i.e., the
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discrete EOT plan (Bigot et al., 2019; Genevay et al., 2019; Mena and Weed, 2019). Klatt
et al. (2020) prove a Gaussian limit for the discrete EOT plan but is limited to the case when
P and @ are discrete with finite supports. We will give a thorough discussion on this topic

in Chapter 5.

The relationship between the discrete Schrodinger bridge and the discrete EOT plan re-
mains unclear as of today. However, they are connected through the lens of matrix balancing;
see (Beichl and Sullivan, 1999) and references therein. To see this, we define an n X n matrix
K with (i, j)-th element being K;; = exp(—c(X;,Y;)/e). Let |K| denote the permanent of
K, ie.,

|K| = Z ﬁKwi = Z exp ( zn:c (Xi,Y5,)/ ) :
€S, =1 geSy, =1

which is exactly the denominator in the second expression of . in (4.8). Define a matrix

Agsp € R by, for each 4, 5 € [n],

2o OP(= i o(Xi, Vo) /2)
2es, @P(= 2iny (X, Vo) fe) -

(Aasp)ij = npten (X5, V) = > 7e(0) =
oi0i=]

That is, A4 is the probability matrix associated with the discrete Schrodinger bridge fic
scaled by n. A little bit of algebra omitted here shows that the numerator of (Agsp)i; is
exactly given by exp(—c(X;,Y;)/e) |K%|, where K% is the minor of K obtained by deleting
the i-th row and j-th column. Hence, we have (Agq,)i; = Ky |[K| /| K|. The matrix Aggp, is
doubly stochastic and called the matriz balance of K (Beichl and Sullivan, 1999, Section 3).
In the same spirit, we can define a doubly stochastic matrix associated with the discrete EOT
plan scaled by n. This matrix is known as the Sinkhorn balance of K (Beichl and Sullivan,
1999, Section 4). In Section 4.1, Beichl and Sullivan (1999) shows that the Sinkhorn balance
of a 0-1 matrix approximates the matrix balance of it. However, a more in-depth investigation
on the relationship of these two objects is needed. As an illustration, we visualize the discrete

Schrodinger bridge and the discrete EOT plan as heatmaps in Figure 4.1.
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Figure 4.1: Heatmaps of the discrete Schrodinger bridge (top) and the discrete EOT plan
(bottom) with n = 200 at decreasing values of € (from left to right). The two marginals
are both normal distributions with mean 0 and standard deviation 0.05. The cost function
is chosen as the quadratic cost. The observations are ordered so that the optimal Monge
coupling is the diagonal line.

4.3.4  Relationship to the optimal transport plan

When the regularization parameter is chosen to be € = ¢, = o(1), it is desirable that the
discrete Schrodinger bridge p, := e, », converges to the optimal transport plan. We show
in this section that it is true at rate O(n=%%(logn)*¢). By the Kantorovich duality (Villani,
2009, Theorem 5.10), there exists a pair of functions (¢,1), known as the Kantorovich

potentials, such that
Dly | 2] := ¢(z,y) — ¢(x) — ¢(y) >0, for all z,y € R™. (4.12)

Assumption 4.1. We make the following assumptions.
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(a) There exist o > 2 and v > 0 such that E[exp(v || Z||")] < oo for Z ~ P and Z ~ Q.

(b) ForY ~ @Q, each of its coordinates is sub-Gaussian with parameter K.

(¢) The unique solution to the OT problem is . := (id, T,)§P where T, is a Monge map;
see (Villani, 2009, Theorem 10.38) for sufficient conditions on c.

(d) There exists L, L' > 0 such that, P-a.s.,

Llly = Tu(x)|]* < Dly | ] < L' [ly — Tu(2)|*. (4.13)

Remark 4.1. Due to the existence of the Monge map T, we have D[y | ] = 0 iff y = T, (x).
This implies that T, (x) is the unique minimizer of the function D[- | x]. By Taylor’s theorem,

DI | x] is quadratic in a neighborhood of T, (x), which justifies the quadratic approximation

in (4.13).

The next result shows that s, converges to s, in W2 at rate O(n=%?logn) as n — oo.

The proof is deferred to Appendix C.1.

Proposition 4.2. Let d > 4 and ¢, = n~%/¢. Under Assumption 4.1, it holds for all large
enough n that, with probability at least 1 — 0,
log (1/9) 29 Jogn
2
W3 (i, i) S C (T + n2/d |’

~Y

where C'is a problem-specific constant.

A closely related problem is estimating the optimal transport map T,. Hiitter and Rigollet
(2021) considered this problem in the minimax estimation framework. Assuming that 7} is
a-smooth for some o > 1, they showed that the minimax estimation error measured by
the L2(P) distance is at rate O(n=2%/(2¢=2%+4)) which can be achieved up to a logarithmic
factor. This rate is reminiscent of the standard nonparametric minimax estimation rate. Let
T be the minimax near-optimal estimator constructed in their paper. Since T also defines a

coupling (id, T)4P, it follows that
A A 2 o
W2((id, T)EP, 1) < / HT(x) —T*(x)H dP(z) < n~ 757 log? (n).

Hence, our estimator achieves the same rate with o = 1.
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4.4 Schrodinger Bridge for Homogeneity Testing

We demonstrate how the Schrodinger bridge can be used to test homogeneity of distributions.

4.4.1  Two-sample homogeneity testing

Given two independent i.i.d. samples {X;}" , and {Y;}*, from distributions P and @, re-
spectively, we are interested in determining whether they come from the same distribution.

This can be formulated as a two-sample homogeneity testing problem:

That is, we test the null hypothesis that they come from the same distribution against the
alternative hypothesis that they do not.

A typical procedure for solving such problems consists of the following steps. First, we
choose a functional T : M;(R?) x M;(R?) — R so that T'(P,Q) quantifies the distance
between P and (). Second, we estimate T'(P, @) from the data to obtain a test statistic T,,.
Since the statistic T,, approximates the metric T'(P, @), the larger it is the less likely Hy is
true. Finally, we choose a threshold ¢,, and adopt the decision rule (or test) 1{7}, > t,}, that
is, we reject the null if the test statistic exceeds the threshold. The performance of a test can
be measured by two quantities: the type I error rate P(T, > t, | Hy), i.e., the probability of
rejecting the null given that the null is true, and the statistical power P(T,, > t, | Hy), i.e.,
the probability of rejecting the null given that the null is not true.

4.4.2 Centered Schrodinger bridge cost

Since the Schrédinger bridge p. is a smoothed approximation to the optimal transport plan,
its cost of transport T.(P, Q) := f cdp. can be used to measure the distance between P and
Q. In fact, it is known as the Sinkhorn distance (Cuturi, 2013) when P and @) are discrete

which satisfies all distance axioms except for the coincidence axiom, i.e., T.(P, Q) = 0 iff
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P = Q. Hence, we use the centered version

T.(P,Q) = T.(P.Q) ~ JT.(P.P) - JT.(Q.Q) (1.15)

which we refer to as the centered Schriodinger bridge cost. Note that this centering trick also
appears in (Ramdas et al., 2017, Section 3.3) to relate the EOT cost to the energy distance.
The centered Schrodinger bridge cost is symmetric and equals zero if P = ). Moreover,
it has the following property which justifies its use as a probability metric. The proof is
deferred to Appendix C.2.

Proposition 4.3. The centered Schrédinger bridge cost T-(P, Q) is continuous in € € (0, 00).

Moreover, if ¢ is bounded and continuous, then

T (P,Q) = liTgTa(P,Q) = /cd(P@Q) - %/cd(P@P) - —/cd(Q®Q) (4.16)

Remark 4.2. The limit at € = 0o in (4.16) is half the energy distance w.r.t. ¢ introduced
by Székely and Rizzo (2004) and generalized by Lyons (2013). Moreover, under appropriate
assumptions, the limit at € = 0, i.e., lim. T.(P,Q), is exactly the OT distance between
P and Q; see Léonard (2012, Theorem 3.3) for the continuous case and Peyré and Cuturi
(2019, Proposition 4.1) for the discrete case. Hence, the centered Schrédinger bridge cost

interpolates between the OT distance and the energy distance.

4.4.8 Schrodinger bridge statistic

We show in Section 4.5 that the discrete Schrodinger bridge fi. ,, is a consistent estimator of

[Le, SO it is natural to estimate T.(P, Q) by

Ton = TelPasQu) = T.(Pa @) = 3T(Pus Pa) = 3T@ui @) (41)

where T.(vy, 1) is the transport cost of the discrete Schrodinger bridge connecting 14 and

vy for vy, 1y € {P,,Q,}. For instance,

To(P,, Qn) ;:/cdum =y - Z o(X:, Y, )y(0), (4.18)

UESn i=1
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Algorithm 1 Gibbs sampling for the Schrédinger bridge statistic

1: Input: samples { X}, and {Y;}}_,, functions ¢, burn-in B and number of iterations L.
2: Initialization: 0® « id.

3: fort=20,...,L—1do

4: Randomly select i # j € [n].

5: Compute 7 < exp {[c(X;, YUE”) + (X5, Y ) — (X, Y ) — (X, Yalgt))]/s}.

6: Generate a ~ Bern(r/(1 +r)). J J

7: if a =1 then

8: Obtain oV from ¢ by swapping the entries ai(t) and aj(t).
9: else

10: Set o) < o®),

11: end if

12: end for

13: Output: ﬁ ZtL:B—f—l %C(X, Y. w).

where 7, is defined in (4.8). We refer to T.,, as the centered Schridinger bridge statistic.

Since the space of permutations §,, is prohibitively large, it is infeasible to compute the
Schrodinger bridge statistic exactly. We adopt here a Gibbs sampling approach to sample
from the distribution 7. and estimate the Schrodinger bridge statistic by the empirical average
on the sample. We mention here among many others the monograph by Wakefield (2013,
Chapter 3) for a review on Gibbs sampling. The procedure is summarize in Algorithm 1.

Let 0 be the current sample. We choose the proposal distribution as

ﬁ if o and ¢® differ in exactly two indices
ol ) =

0 otherwise.

®)

In other words, we randomly select i # j € [n] and swap o;” and O'](-t) to obtain a candidate
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oD We then accept the candidate o1 with probability

%<J(t+1))
ri=
'Ya(a(t)) + ’Ya(a

1
(t+1)> = exp {g |:C(Xi, Yol(t)) + C(Xj, Yg](_t)) — C(Xi, YUJ(_t)) — C(Xj, Yggt))} } .
Hence, for all o0 # o', the transition probability reads

2 az(a’)
h(U/ | J) _ ) nn=1) gz(0)+qz(o")

if 0’ and o differ in exactly two indices

0 otherwise.

It satisfies the detailed balance equation h(c’ | o)v.(0) = h(o | 0')v.(¢’), and thus the
samples generated from Algorithm 1 can be used to approximate the distribution 7. as well

as the Schrodinger bridge statistic.
4.5 Asymptotics of the Discrete Schrodinger Bridge

In this section, we summarize asymptotic properties of the discrete Schrodinger bridge fic
in (4.9). Given a probability measure v and an integer p > 1, let LP(v) be the space
of functions that have finite p-th norm under v and Lf(v) be the subset of L?(v) whose
expectation under v is zero. We follow the standard abuse of keeping the same notation for
an absolutely continuous measure and its density.

We express our results in their full generality. Let P and () be two probability measures

on R, Let p € TI(P, Q) such that p has density & w.r.t. P ® Q satisfying

/{(a:,y)dP(m) =1Q-as. and /f(x,y)d@(y) =1 P-as. (4.19)

Given two independent i.i.d. samples {X;}?, and {Y;}!", from P and @, respectively, we

consider the random measure

— % Zaesn % ?:1 6(Xi7Yai)§®(X7 YU) (4 20)

Hn ’
% ZUGSn £®<X7 Ycr)

where {®(X,Y,) =[], &(X;,Ys,). As a special case, when both P and @) are densities

(or discrete measures), the Schrodinger bridge (if exists) u. satisfies (4.19) with &£(z,y) =
exp(—(c(z,y) — a-(z) — b-(y))/e), and p, coincides with the discrete Schrodinger bridge.
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4.5.1 Consistency of the measure

Our first result shows that pu, is a consistent estimator of u. Let us start by defining two

operators on L?(P) and L?(Q) induced by u whose validity follows from Jensen’s inequality.

Definition 4.1. Define a linear operator A : L?(P) — L*(Q) and its adjoint A* : L*(Q) —
L2(P) by

ANW) = [ f@E@n)aPa) and Ao = [ niQw). @2
We call A: (x,y) — &(z,y) the kernel of A and A* : (y,x) — &(x,y) the kernel of A*.

Assumption 4.2. All the results stated below hold under the following assumptions.

(a) £ € L2(P® Q). As a consequence (Bickel et al., 1998, Appendiz A.4), the operator
A is compact. Then the operators A*A and AA* admit eigenvalue decomposition
A*Aay, = sty and AA*By = siBk for all k > 0 with sp = 1, ag = By = 1 and
0 < s, <1 forall k> 0. Moreover, it holds that Aoy, = s30r and A*Br = spay; see
(Gohberg et al., 1990, Chapter 6.1). We call {si}x>o0 the singular values of A and A*,
and call {ag }r>o0 and {5k tr>o the singular functions.

(b) The operators A*A and AA* have positive eigenvalue gap, i.e., s, < s; < 1 for all
k > 1. By Jentzsch’s Theorem (Rugh, 2010, Theorem 7.2), a sufficient condition is
that € is bounded.

Theorem 4.4. Asn — oo, i, converges weakly to u, in probability. That is, for any 6 > 0,
we have P(D(fin, pt) > ) — 0 as n — oo, where D is the Lévy-Prokhorov metric induced by

weak convergence.

Towards the proof of Theorem 4.4, a critical result is the limit law of the denominator in

(4.20) which we denote as D,,. We state it here since it is of independent interest.
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Theorem 4.5. Asn — oo, the denominator in (4.20) has the following limiting distribution:

2
D, =4 D := Uk+Vk) — i Ukvk” (4.22)

1 1 =
VI - exp{ig[

where {Ug i>1 and {Vi}x>1 are independent standard normal random variables.

It is noteworthy that Dy is a two-sample U-statistic of infinite order—a generalization of
classical U-statistics introduced by Halmos (1946) and Hoeffding (1948a), where the kernel
of the U-statistic depends on the sample size. Infinite-order U-statistics were first considered
by Haldsz and Székely (1976) as a special class of elementary symmetric polynomials of
random variables; see also (Méri and Székely, 1982; van Es, 1986; van Es and Helmers, 1988;
Major, 1999) in this line of research. The limiting distribution of general infinite-order U-
statistics was obtained by Dynkin and Mandelbaum (1983, Theorem 1) using randomization
of the sample size and multiple Wiener integrals. Theorem 4.5 extends previous work on

one-sample infinite-order U-statistics to two-sample infinite-order U-statistics.

Another closely related topic is the asymptotics of random permanents; see the mono-
graph (Rempata and Wesotowski, 2007) for a review. An elementary symmetric polynomial
is the permanent of a random matrix with identical rows (Rempata and Wesotowski, 2005,
Page 2). The limiting behavior of general random permanents has been studied in the case of
i.i.d. entries (Rempata and Wesotowski, 1999) as well as independent columns (Rempata and
Wesotowski, 2005), where the limit law is the exponential of a Gaussian distribution. The de-
nominator Dy can be viewed as the permanent of the random matrix (§(X;,Y;))nxn scaled
by N!. Hence, Theorem 4.5 characterizes the asymptotic behavior of the permanent of a

random matrix induced by a bivariate function whose rows and columns are dependent—the

limit law is given by the exponential of a weighted sum of products of Gaussians.
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4.5.2  Central limit theorem of the linear functional

To conduct more refined analysis on the convergence of u,, we let n be any function on

R? x R? integrable under p and investigate the convergence of

ron(X;, Y, )E8(X Y,
T, :=T,(n) = /nd,un = ZUGS” h i1 & ) (4.23)
n! ZO’GSn £® (X7 YO’)
towards 6 := 6(n) := [ndu. A particularly important example is when 1 = ¢ is the cost

function and p = p. is the Schrodinger bridge. In this case 7, is the cost of the discrete
Schrodinger bridge and 6 is the cost of the Schrodinger bridge, which are used for homogeneity
testing in Section 4.4.

The estimator T, is a rather complicated function of the two empirical distributions P,
and @Q,. Our next result shows that it can be well approximated by linear functions of the

two distributions. We further make the following assumptions.

Assumption 4.3. All the results stated below hold under the following additional assump-
tions: N*¢ e LY(P® Q) and né €e LA(P® Q).

We denote by I, : L?(v) — L?(v) the identity operator on L?(v), and, by convention, its
kernel is given by the Dirac delta function. When the context is clear, we will write I for

short. Define
ale) = [ In(e.9) - B¢ 1)4Q0)

(4.24)
Km@wz/muwwwkuwmmm.

Theorem 4.6. It holds that T,, — 0 = L,, + op(l/ﬁ), where

n

Ln = % Z[(I — A A) " (k10 — ATko0) (X5) + (1 = AA) ™ (ko1 — Akiro) (Vi)

=1

We call L,, the first order chaos of T),. In particular, we have \/n(T, —0) —4 N(0,s%), where

¢% = /(I — A" A) (k1 — A'kop) (z)?dP(x) + /U — AA) (Ko — Ak 0)(y)*dQ(y).
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The first order chaos £,, admits a more compact expression using the notion of tensor
product of operators. Let A; € {A, A*, Ip, I} be an operator mapping from L?(v;) to L*(v;)
with kernel A;. And define Ay, Ay similarly. The tensor product A; @ Ay : L% (1) @ vp) —
L2(7; ® 72) is defined by, for all f € L?(1v; ® vy),

(s @ Ag) f (o1, vm) = / / £} 00) Ay (0], 01) gty v) iy (0w (1))

For instance, Ip ® A : L?(P ® P) — L*(P ® Q) is defined by

(Ip ® A) flvn, 02) = / / F (0} 08)60, (0})E (0 1) AP(0]) AP (1)
- / £ (01, W)€ v2)dP(h).

In particular, when f := f; @ f2, we have (A; ® A2)(f1 @ fa)(v1,v2) = Ay fi(v1) + Az fo(vg).
Finally, define the swap operator T by T f(u,v) = f(v,u) for any f on RY x RY. It is clear
that T(Al & ./42) = (./42 0%y A1)T on L2(V1 & 1/2).

Definition 4.2. Define the following operator on the space L?(P ® Q):
B=TAA") =AU A)T.

Remark 4.3. In terms of this new operator B, the first order chaos of T,, can be alternatively

expressed as:
n

1
,Cn = - Z([ + B)il(/‘il’o &) HO,l)(AXi, Y;)

n

i=1
Both expressions come from the following system of linear equations. Assume the first order
chaos in Theorem 4.6 is given by £ 3" [f(X;) + g(Y;)], then f and g are (almost surely)

solutions to:

kio(z) = f(z) + A"g(x) and koa(y) = Af(y) +9(y).

Remark 4.4. When ¢ =0 in Theorem 4.6, we can further obtain the second order chaos of

T,. We give the full derivation in Appendixz C.5.
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4.6 Proof Sketches

We outline the proof strategies of the results in Section 4.5. The complete proofs can be
found in Appendix C. In Section 4.6.1 we prove a novel contiguity result that allows us to
change the model to {(X;,Y;)}", " ;i based on the limiting distribution of the denomi-
nator in Theorem 4.5. This change-of-measure brings in a more natural analysis for u, and
Theorem 4.4 then follows from the martingale convergence theorem. Next in Section 4.6.2
we derive the first order approximation of 7}, and prove Theorem 4.6 by a variance bound
of the remainder. We show that this approximation is the first order chaos of T,, under
the change of measure u. Essentially, we extend the classical Hoeffding decomposition for
U-statistics to the case of paired samples, which, by itself is a new result in the literature.
In Section 4.6.3 we derive the asymptotic distribution of the denominator and the variance
bound of the remainder used in the previous two sections. Both of them are two-sample

U-statistics of infinite order that have not been studied in the literature. We develop novel

techniques for analyzing this type of U-statistics.

4.6.1 Consistency and contiguity

We prove the weak convergence of p,, in Theorem 4.4. By definition, it suffices to show the
convergence of T}, := [ ndu, to 6 := [ndp for any continuous bounded function 1 : R¢ — R.
In fact, the convergence holds for all n that is integrable under pu.

Recall from (4.23) that 7, admits a complicated expression which is difficult to analyze.
Thanks to Proposition 4.8 below, it is a simple conditional expectation under a change of
measure—we assume that {(X;,Y;)}", is an i.i.d. sample from p rather than P ® ). Hence,
it is natural to ask if there is a way to do analysis under the changed measure p and carry
the results over to the original measure P® Q). The contiguity (van der Vaart, 2000, Chapter
6) is exactly a tool for such purposes. When £ # 1, the law of the entire i.i.d. sequence
{(X;,Y:)}, under the two measures P ® @ and p are singular as n — oo. However, since

T, is symmetric under permutations of X;’s and Y;’s separately, it is measurable w.r.t. the
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o-algebra generated by the pair of empirical measures (P,, @,,). Restricted to this o-algebra,
we show that the two measures are mutually contiguous in Theorem 4.7 below.

We first set-up a measure-theoretic framework. We use the term “under the model
7" to indicate that the sample {(X;,Y;)}", v v and use E, to denote the expectation
under this model. When v = P ® ), we write E for short. Let F,, denote the o-algebra
generated by {(X;,Y;)},. Let G, denote the sub-c-algebra of F,, generated by (FP,,Q,).
Let R" := (P ® Q)"|g, and S™ := pu"|g, .

According to Le Cam’s first lemma (van der Vaart, 2000, page 88), the contiguity holds
true if the likelihood ratio dS™/dR™ converges weakly, under R", to a random variable that

is almost surely positive. It turns out that dS™/dR" is precisely D,,, i.e., the denominator

of T;,, whose weak limit is almost surely positive according to Theorem 4.5.

Fact 4.5. The likelihood ratio dS™/dR"™ admits the following expression:

ds”
dR"

1
=Dy 1= — (XY, (4.25)
O’GSn
Proof. Note that the likelihood ratio of p™ and (P ® Q)™ is given by

n

d 0
= d(?g@n - gg(xi,yi), on (R* x RY)". (4.26)

n

Hence, by the property of conditional expectation,

ds™ dp”(g
= - =E n njo
ar AP, e

It follows from exchangeability under P ® @ that E[f, | G,] = E[§®(X,Y,) | G,] for each

o € S,. Hence,

E LS |G = [% > €Y

’ UGSn

gn] = % D B(X,Y,). (4.27)

’ UESn
]
Theorem 4.7. Under Assumption 4.2, the sequences (R",n > 1) and (S™,n > 1) are

mutually contiguous, i.e., R"<>S™. Explicitly, for a sequence of events (A, € Gn,n > 1), we

have lim, o, S™(A,) = 0 iff lim, . R"(A4,) = 0.
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Proof. According to Le Cam’s first lemma (van der Vaart, 2000, page 83), R"<.S™ if and only
if the following statement holds true: if D,,, under P ® @), converges weakly to D, along a
sub-sequence, then P(D > 0) = 1. This statement follows directly from Theorem 4.5 (whose
proof is deferred to Section 4.6.3), so we have R™ <S™. By a standard computation, it can
be shown that E[D] = 1. Hence, it follows from Le Cam’s first lemma again that S™ < R",

that is, R" and S™ are mutually contiguous. O]

With Theorem 4.7 at hand, we can work under the model . The next result rewrites
T,, as a simple conditional expectation and verifies its consistency whose proof is deferred to

Appendix C.2.

Proposition 4.8. Suppose that {(X;,Y;)}", " For any n € L'(u), it holds that

T, =En(X1,Y1) | Gu]. In particular, E[T,] = 0 for all n and lim,,_,., T,, = 6 almost surely.

Proof of Theorem 4.4. As shown in Proposition 4.8, for any n € L'(n), T,, := [ ndp, —as.
0 := [ ndp under the model g In particular, Proposition 4.8 holds for any bounded con-
tinuous function 7. Thus, except for a null set, the convergence in Proposition 4.8 holds for
a countable collection of bounded continuous functions. By separability of R?, almost sure
weak convergence follows (Varadarajan, 1958, Theorem 3.1) by choosing such a countable
collection judiciously. This shows almost sure weak convergence under the model . Weak

convergence in probability under the model P ® () now follows from Theorem 4.7. [

4.6.2  Limit law and chaos decomposition

This subsection is devoted to the limit law of T}, in Theorem 4.4. Following the standard
strategy, our goal is to find the first order approximation £, of 7}, in the form of a sum
of i.i.d. terms. Now, provided that the remainder T, — 6 — L,, = 0,(n"/?), it follows from
the CLT and Slutsky’s lemma that v/N(7}, — ) converges weakly to a normal distribution.
However, there are two main challenges. First, the statistic 7, has a rather complicated
expression involving a ratio of two infinite-order U-statistics. This prevents us from utiliz-

ing the Hoeffding decomposition to derive the first order approximation. Second, due to
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its complicated nature, it is extremely challenging to control the remainder—the variance
computation for classical U-statistics does not apply here.

To address the first challenge, the key observation is that 7, admits a simple expression
under the model p as shown in Proposition 4.8. This allows us to obtain a linear approxi-
mation of T;, under the model u which we call the first order chaos. Due to the contiguity
result in Theorem 4.7, the first order chaos can be viewed as the first order approximation
of T,, under P ® (). As for the second challenge, we develop a novel approach to control
the remainder using the spectral gap of the operators A and A*. Since this approach is also
used to establish the limit law of D,, in Theorem 4.5, we discuss the treatment of D, and

the remainder together in Section 4.6.3.

First order approximation

We first give a informal derivation of the first order approximation £, and prove the asymp-
totic normality of T,. Recall from Proposition 4.8 that 7,, = E,[n(X1,Y7) | G|, where
E.[- | G»] represents the conditional expectation under ;. Hence, in order to obtain the first
order approximation of T}, it is natural to approximate n(X,Y) — 6 by some linear term

F(X)+g(Y) under (X,Y) ~ p and then use

n

ELF(6) + 9(41) | Gl = - A% + 9(%)]

i=1
as the first order approximation of 7,,. A good linear approximation f(X) + ¢(Y’) should
satisfy

E.n(X,Y) =0 | X]=E,[f(X) +9(Y) | X] (4.28)
En(X,Y) =0 | Y] =E,[f(X) +9(Y) | Y],

Recall that g5555 (2, y) = &(2,y) and k1o from (4.24). It holds that

£, 1(X.Y) = 0| X)(2) = [ In(s.9) ~ 012 5)4Q0) = rrala).
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Similarly, we have E,[n(X,Y) — 0 | Y]|(y) = ko1(y). Moreover, by Definition 4.1, we obtain

E,[g(Y) | X](z) = / g€, 1)AQ(y) = (A%)(x) .
4.29
EL[F(X) | Y](y) = / F(@)E(,»)dP() = (Af)(y).
As a result, the condition (4.28) becomes
fro(X) = F(X) + A'g(X) and  ros(Y) = AF(Y) + g(Y). (4.30)

Formally, we can solve the linear system (4.30) to get
f=I-AA) (k19— A'koy) and g= (I — AA*) ko1 — Ar1p).

We will make this rigorous later in this section. This suggests that the first order approxi-

mation of 7,, should be
1 n
S = A (10 — AR0a) (X0) + (1 = AAT) (o — A ) (V)]
i=1

which is exactly the first order chaos £,, in Theorem 4.6. In fact, the next result shows that,
after subtracting £,, from T,, — 6, the variance of the numerator is of order O(n=?).

By some standard algebra, it can be shown that the remainder 7, — 0 — L,, = U,,/D,,
where D, is defined in (4.25) and

1 S
Un = n-nl Z Z H(Xi, YU¢)£®(X7 Yﬂ) <4'31)
T oeS, i=1

with 7(x,y) defined as
n(x,y) —0— (I — A*A) k1o — A'ko1)(x) — (I — AA*) H(koa — Aki10)(y). (4.32)
Proposition 4.9. Under Assumptions 4.2 and /.3, we have E[U?] = O(n™?).
Similar to D,,, the numerator U, is also a two-sample U-statistic of infinite order. We

again defer the proof of Proposition 4.9 to Section 4.6.3. Let us prove the main result.

Proof of Theorem 4.6. According to Theorem 4.5 and Proposition 4.9, we have D,, = O,(1)
and U, = 0,(n"1/?). By Slutsky’s Lemma, it holds that T,, — 0 — L,, = U,,/D,, = 0,(n"'/?).
Now, the asymptotic normality follows from the standard Lindeberg CLT (Billingsley, 1995,
Section 27). O
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Chaos decomposition for paired samples

We then derive £, rigorously as the first order chaos of T;,. The key technique used to analyze
U-statistics is the Hoeffding decomposition. Given an independent sample, it decomposes
the statistic into terms of increasing complexity by projecting the statistic onto orthogonal
L2 subspaces spanned by subsets of the sample. However, under the model p, X; and Y;
are dependent for each i € [n]. Moreover, the statistic is not explicit but expressed as a
conditional expectation on G, := o(P,,@,). To address these challenges, we consider what
we call the chaos decomposition where each term in the expansion is a polynomial function
of (P, Q,). This decomposition can be computed using orthogonal projections in L?(u™).
We change throughout this section the measure so that (Xi,Y1),...,(X,,Y,) .
Let Hy C L?(u™) be the subspace spanned by constant functions and H; C L?*(u™) be the

subspace spanned by functions of the type

n

> [fo(X) + foa (V)] (4.33)

i=1
that is orthogonal to Hy. It is clear that the (orthogonal) projection of T, onto Hy is given
by Proj, (T,) = 0. It turns out that £, is the projection of T}, onto H; (see Appendix C.3
for the proof), which we refer to as the first order chaos. Note that the elements in L? spaces
are only defined up to zero-measure sets (or equivalent classes). For two elements f and g

in L2, f = g should be understood as f equals g up to equivalent classes.

Proposition 4.10. Under Assumptions 4.2 and /.3, the first order chaos of the statistic T,

s given by
1
= ﬁ Z I .A* (FLLO — A*K0’1>(Xi) + (I — .AA*>_1(I<L0,1 — AK1,0)<K)].
=1

We then derive a more compact expression of £,, using the operator B in Definition 4.2.
We start by providing an identity regarding A and B in the following lemma. Given a

probability measure v, let L3(v) be the subspace of L?(r) consisting of mean-zero functions.
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Lemma 4.11. Under Assumption 4.2, for any f € LE(P) and g € L(Q), it holds that
(I+B) (fog) =[I-AA)(f-Agle - AA) (g Af)]. (4.34)

Corollary 4.12. Under Assumptions 4.2 and 4.3, the first order chaos of T, admits an
alternative expression L, = % St (L4 B) k10 ® Ko1)(Xi, V).

Remark 4.6. Note that the above expression of L, is permutation symmetric, i.e., > . (I +

B) (k10 ® ko1 )(Xi, V) = >0 (I 4+ B) (ki @ kop)(Xi, Ya,) for all o € S,,.

Remark 4.7. Another way to see this is: due to (4.30), kK10 ® ko1 = f D g+ A*gD Af =
(I +B)(feg).

4.6.3  Analysis of the denominator and the remainder
Recall from Section 4.6.2 that the first order remainder Ry :=T,, — 0 — L,, = U,,/D,,, where

1
n-nl

U, =

DY (X, Y, )E8(X,Y,) and D, = % DX, (4.35)

0€S, i=1 " o€Sy

with 7(z,y) defined in (4.32). We will prove the limit law of D,, in Theorem 4.5 and the
variance bound of U, in Proposition 4.9. The strategy is to decompose D, and U, into
orthogonal pieces using the Hoeffding decomposition, and then bound the higher order terms
using the spectral gap of the operators A and A*. Note that both D,, and U,, can be viewed
as two-sample U-statistics of infinite order. Techniques for U-statistics of fixed order and one-
sample U-statistics of infinite order do not directly apply here. We develop new techniques
for such U-statistics.

We work throughout this section with the original model assuming that {(X;, Yi)}7, £
P ® @ and use E to denote the expectation. We first derive the Hoeffding decomposition of

D,, and U,,. The proof can be found in Appendix C.4.1. We denote & := £ — 1 and h := 7¢.
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Proposition 4.13. The following Hoeffding decompositions hold:

D=1+ Y o Y i)

A,BC[n] " 0€Snioa=Bi€A
|A|=|B|>0
| (4.36)
R S D LA | e
A,BC[n] " 0€Spioa=B icA jeA\{i}
|A|=|B|>0

where o4 := {o; : i € A}. Moreover,

D2—1+ZZE[H§ 3 YEXG, Vo)

r=1 c€S, 7j=1

U2 ngz ,ZZE[ (X, 1) Hs SR Ye) T €0%5,%,)]

oSy i=1 Jelr\{¢}
We then bound the variance of D,, and U,, using the spectral gap of operators A and A*.
Assumption 4.2 guarantees that such spectral gap does exist. We start with a contraction
property; see Appendix C.4.2 for a proof. For v, v, € M;(R?), we let L(Q)vo(yl ® vy) be the

set of functions such that
E[f(Z1,Zy) | Z1)®2 0 and E[f(Z1, %) | Zs] 2 0
where (77, Zs) ~ 11 @ vs.

Lemma 4.14. Recall s, from Assumption 4.2. For any f € L§o(P®P), we have (Ip®A)f €
L3 o(P@Q) and ||[(Ip @ A) fllp2pog) < 51 1 fllLepgpy- Similar results hold for Ip@A*, A®Iq
and A* ® Iq.

According to Proposition 4.13, the key quantity in the variances of D,, and U, is

Xl,Y1H BV Ye) T 6X.Ys) (4.37)
jelm\i}

for some f € L*(P®Q), where f = £ =¢—1for D, and f = h = 7€ for U,. In order to control

it, we decompose a permutation into disjoint cycles. By independence, the expectation then
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equals the product of expectations w.r.t. each cycle. We then simplify each expectation by
iteratively integrating w.r.t. a single variable, while keeping the rest of them being fixed.
This procedure brings about operators in Lemma 4.14. Applying their contraction property

then gives the following bound for (4.37). We defer its proof to Appendix C.4.2.

Lemma 4.15. Let ¢y := ||§||L2(P®Q) and s = [|h|lpe(peg)- Under Assumption 4.2, for any

neN;, 0€S8, and i € [n], we have

WX ) L6 YDRXLYo) T X5, Ys)) )| < s TFIRGH,
=2 jelm\{}

where #o is the number of cycles of the permutation o.
Now we are ready to prove Proposition 4.9.

Proof of Proposition /.9. Recall from Proposition 4.13 that

n_nzZﬂZZE h(Xy, 1) 1_[5 32 Yi) (X, Yo,) H &

o€Sy i=1 j€ln\{i}

By Lemma 4.15, we know

n

E[U?] < 1y 2 r—#o) 2#o=1) 2 (4.38)
— 2 ' ) *
n r=1 T 0ES,
where ¢ := ||é||L2(P®Q), ¢ == [|7€[l2(peg), and #o is the number of cycles of o.

Now, let 0* be a random permutation uniformly sampled from S,. It is well-known (Ar-
ratia et al., 2003, Chapter 1) that the moment generating function of #c* is given by
Elu#"] =[I;_,(1 — 1 + %). Thus,

- Z r#ho) o) _ 2 [Sf(r—#a*)gg(#a*—n] _ TQS%rgO—Q]f[ (1 B % N ;_i) |
o€Sy i=1 1
Let m := [¢3/s? — 1]. Then, for every r > m,

ﬁ (1—1—% > < H 1+m/i) = [, (i +m) _ 1T, ,.(i+m) < (r +m)™

) 7 rl m!
=1
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and thus
n 2 n
r 2(r—#o) 2(#o—1 1 m 27
I L D SISO
r=m oES, r=m 0
converges as n — 0o. It follows from (4.38) that E[U?] = O(N~2). O

With the same proof techniques, a similar result holds for D,. Recall from Proposi-

tion 4.13 that D,, =1+ >_" | D,,, where

D= S Y Tlixv), (4.39)

" |A|=|B|=r 0€ESn:04=B i€ A

Proposition 4.16. Under Assumptions 4.2 and 4.3, we have, for any integer R > 0,

R 2 n
- (Dn —1- Z D"ﬂ") = Z % Z Si(r7#0)§3#07
r=1

r=R+1 ’ O'GST

which can be arbitrarily small as R — oo.

Finally, we establish the limiting distribution of D,,. For any integer R > 1, the finite sum
1+ Zle D,,, is a two-sample U-statistic of order R whose asymptotic distribution, given
by Gaussian chaoses (i.e., Hermite polynomials of independent Gaussians), can be obtained
using standard argument in the literature; see, e.g., (Serfling, 1980a, Chapter 5.5.2). Note
that the variance of the remainder D,, — 1 — Zf;l D,,, can be arbitrarily small as R — oo
by Proposition 4.16. Now Theorem 4.5 follows from expanding D in terms of Hermite

polynomials. The full proof can be found in Appendix C.4.3.
4.7 Experiments

In this section, we apply the (centered) Schrodinger bridge (SCB) statistic to test for ho-
mogeneity on both synthetic and real data. We compare its type I error rate and statistical
power with the centered discrete EOT considered by Ramdas et al. (2017) and the maximum
mean discrepancy (MMD) proposed by Gretton et al. (2012). For comparison purposes, all

the thresholds are determined by permutation test: we 1) randomly permute the pooled
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Figure 4.2: Statistical power versus parameter for a pair of Gaussian distributions. Top:

N(0,1) and N (1, 1); Bottom: N(0,1) and N(0, 0?).

sample (X1,...,X,,Y1,...,Y,) and split them equally into two subsets, 2) compute the test
statistic for the permuted sample, and 3) repeat previous two steps for 500 times and choose
the threshold as the upper 5-percentile of these statistics. This procedure guarantees that
the type I error rates of the three tests are all close to 0.05. The code to reproduce the

experiments is available online (dsb, 2022).

4.7.1 Synthetic data

Settings. We consider 4 different pairs of distributions: 1) N'(0,1) v.s. N(u, 1), 2) N(0,1)
v.s. N(0,0%), 3) VM(0,1) v.s. VM(p, 1), and 4) VM(0,1) v.s. VM(0, ), where VM(u, k) is
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—e— £ =0.01 -m- £=0.1 —= £ =10  seeees € =10.0 —— £ =100.0

Figure 4.3: Statistical power versus parameter for a pair of Gaussian distributions. Top:

VM(0,1) and VM(u, 1); Bottom: VM(0, 1) and VM(0, ).

the von Mises distribution with location p and concentration . For each pair of distributions
(P, @), we independently generate n = 50 i.i.d. observations from each of the distributions.
Then we perform the three tests and store their decisions. For the SCB test and EOT test, we
use the quadratic cost and set e € {0.01,0.1,1,10,100}. For the MMD test, we use the RBF
kernel k(z,2') = exp(— ||z — 2/||” /) and set ¢ € {0.01,0.1,1,10,100}. We repeat the whole
procedure 200 times and compute the rejection frequency. We plot the rejection frequency
as we vary the parameter (e.g., u in the first pair). When P = @, the rejection frequency is

an estimate of the type I error rate; when P # @), it is an estimate of the statistical power.
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—e— £ =0.01 -m- £=0.1 — g =1.0  ereee- € =10.0 —+— & = 100.0

Figure 4.4: Type I error rate versus sample size for digits 3 and 3.

Normal distribution. The results for normal distributions are in Figure 4.2. When the
two distributions differ in mean, the SCB test demonstrates similar performance across
different values of €. The EOT test shows a similar behavior except for ¢ = 0.01: the
statistical power increases in the beginning and then decreases as p increases. This decline
is due to the computational instability of the Sinkhorn algorithm used to compute the EOT
when ¢ is relatively small. As for the MMD test, its performance largely depends on the
parameter in the RBF kernel. The three tests perform analogously with their best parameter.
When the two distributions differ in variance, most of the findings are the same. The
parameter ¢ = 100 gives significantly worse performance and the instability issue in the

EOT test is more prominent.

Von Mises distribution. The results for von Mises distributions are in Figure 4.3. The
SCB test and EOT test performs similarly without the instability issue. The performance of
the MMD test heavily depends on the parameter ¢, and its statistical power with the best
parameter is close to the ones of the SCB test and the EOT test.
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Figure 4.5: Statistical power versus sample size for digits 3 and 5.

4.7.2  Real data

Settings. We compare the three tests on the MNIST dataset (LeCun et al., 1998). Given
two digits m; and mg, we randomly sample n € {5,10,15,20,25,30} images from each of
the two classes. For the SCB test and EOT test, we define the cost on images as follows:
for each image M, we normalize it and view it as a discrete distribution; the cost between
two images is then chosen as the Wasserstein-2 distance between the corresponding discrete
distributions. Again, we set the regularization parameter ¢ € {0.01,0.1, 1,10, 100}. For the
MMD test, we use k(My, Ms) = exp(—c(My, Ms)/e) as the kernel on images, where c is
the cost defined above. We repeat the whole procedure 200 times and plot the rejection

frequency as we vary the sample size.

Results. The results for m; = msy = 3 is shown in Figure 4.4. The type I error rate of all
the tests are close to 0.05 with different parameters. The results for m; = 3 and my = 5 is
presented in Figure 4.5. All the tests performs similarly with the MMD test with ¢ = 0.01
being slightly better. All the tests achieve power 1 with a relatively small sample size, and

their performance is robust to the value of parameters considered in the experiments.
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Chapter 5

OPTIMAL TRANSPORT DISTANCES FOR
MEASURING INDEPENDENCE

5.1 Introduction

Statistical independence measures have been widely used in machine learning and statistics,
ranging from independent component analysis (Bach and Jordan, 2002; Gretton et al., 2005)
to causal inference (Pfister et al., 2018; Chakraborty and Zhang, 2019), and recently in self-
supervised learning (Li et al., 2021) and representation learning (Ozair et al., 2019). Classical
dependence measures such as Pearson’s correlation coefficient, Spearman’s p, and Kendall’s
7 (Hoeffding, 1948b; Kruskal, 1958; Lehmann, 1966) focus on real-valued one dimensional
random variables and thus are not suitable for high dimensional data; see also (Schweizer
and Wolff, 1981; Nikitin, 1995). Modern dependence measures designed for high-dimensional
applications rely heavily on statistical divergences to compare the joint distribution and the

product of marginals.

One popular approach to compare distributions is to embed them into reproducing kernel
Hilbert spaces (Gretton et al., 2007a, 2012), leading to the Hilbert-Schmidt independence
criterion (HSIC) and the associated independence test (Gretton et al., 2005, 2007b). Several
extensions of HSIC are available, such as a relative dependency measure (Bounliphone et al.,
2015) and a joint independence measure among multiple random elements (Pfister et al.,
2018). Another approach is to compare distributions defined on Euclidean spaces via their
characteristic functions or the energy distance (Székely and Rizzo, 2004), leading to the
distance covariance (dCov) of Székely et al. (2007). It was later generalized to metric spaces
of negative type by Lyons (2013). In fact, in their most general form, HSIC and dCov are

equivalent as shown by Sejdinovic et al. (2013). Their corresponding empirical estimators
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all admit a U-statistics expression, and enjoy a convergence rate that is independent of the
dimension. These results can be established using tools from U-statistics theory (see, e.g.,
Serfling, 1980b).

A different line of research explored optimal transport to measure dependence. The
Wasserstein distance naturally defines a dependence measure when it is used to quantify
the dissimilarity between the joint distribution and the product of marginals (see, e.g., Ci-
farelli and Regazzini, 2017). The normalized version—the so-called Wasserstein correlation
coefficient—has recently gained attention in Mordant and Segers (2021); Nies et al. (2021);
Wiesel (2021). Following the classical rank-based tests such as Pearson’s p, optimal trans-
port is also used to define multivariate ranks and the subsequent independence tests (Shi
et al., 2020; Deb and Sen, 2021). However, these tests can suffer from the curse of dimen-
sionality (Dudley, 1969; Fournier and Guillin, 2015; Weed and Bach, 2019; Lei, 2020) or high
computational complexity (Peyré and Cuturi, 2019), limiting their practical usefulness.

A remedy to this challenge is to use the entropy regularized formulation of optimal
transport. This is particularly attractive from both a computational viewpoint (Cuturi, 2013)
and a statistical viewpoint (Rigollet and Weed, 2018). Moreover the empirical counterpart of
entropy regularized optimal transport enjoys as an estimator a parametric rate of convergence
and thus appears to overcome the curse of dimensionality (Genevay et al., 2019; Mena and
Weed, 2019). The centered version, the Sinkhorn divergence (Feydy et al., 2019), defines a
semi-metric on probability measures which metrizes weak convergence. Ramdas et al. (2017)
used it for two-sample testing and Genevay et al. (2018) for generative modeling; see also
Salimans et al. (2018); Sanjabi et al. (2018).

The independence criterion we propose uses entropy regularized optimal transport to
compare the joint distribution and the product of marginals. The empirical counterpart
involves a product of two empirical measures, leading to a two-sample U-process on paired
samples. The resulting U-process requires a sophisticated analysis of its statistical behavior;
common tools from empirical processes are ineffective here. Using the decoupling technique

(Pena and Giné, 1999) and duality theory (Peyré and Cuturi, 2019), we prove a rate of
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convergence roughly O(c3n~'/2), where n is the sample size, d is the ambient dimension,

and o is the sub-Gaussian parameter, recovering previous results for two sample statistics.

The remainder of this chapter is organized as follows. In Section 5.2 we recall several def-
initions preliminary to our results. In Section 5.3 we review the entropy-regularized optimal
transport problem with a focus on its computational aspects. In Section 5.4 we introduce
the entropy-regularized optimal transport independence criterion (ETIC) and discuss its key
properties. We propose the Tensor Sinkhorn algorithm with a random feature approxima-
tion to compute ETIC, which admits a quadratic scaling in time and space. We also show
how to approximate ETIC using random features, and how to differentiate through ETIC in
a framework of differentiable programming. In Section 5.5, we give our main theoretical
results, i.e., non-asymptotic bounds, characterizing the statistical behavior of the empirical
estimator of ETIC under both the null and alternative hypotheses. These results, derived
from U-process theory and optimal transport theory tools, extend previous ones from a single
measure to tensor products of measures. In Section 5.6, we compare the empirical behavior

of ETIC with HSIC on both synthetic and real data.

5.2 Preliminaries

We introduce the independence testing problem and explain its connection to the homo-
geneity testing problem. We then define a few existing independence tests which we use in
our experiments. Finally, we briefly recall the notion of metric entropy from the empirical

process theory which is used in our proofs.

5.2.1 Independence testing

Let Z := (X,Y) be a pair of random vectors from a distribution puyy on Z := X x Y
with marginals ux and py. Given i.i.d. copies {Z; := (X;,Y;)}, of Z, we are interested

in determining whether X and Y are independent or not. This can be formulated as an
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independence testing problem:
Hy: XU1Y+H XYY (5.1)

That is, we test the null hypothesis that X and Y are independent against the alternative
hypothesis that they are not.

The procedure for solving this independence testing problem is essentially the same as
the one for homogeneity testing in Section 4.4.1. The only difference is that, rather than
quantifying the distance between the marginals pux and py, we choose an independence
criterion 7" such that T(X,Y) measures the dependence between X and Y, that is, the
“more dependent” X and Y are, the larger T'(X,Y’) should be. To be more precise, we give

a definition of a valid independence criterion.

Definition 5.1. Let P be a set of distributions on X x ). We say an independence criterion
T is valid if, for any (X,Y) ~ puxy € P, it holds that T(X,Y) > 0 and T(X,Y) = 0 iff
X 1Y.

The independence testing problem (5.1) is closely related to the homogeneity testing
problem. To see this connection, we note that X 1L Y if and only if puxy = pux ® py.

Consequently, we can rewrite the problem (5.1) in its equivalent form:

Hy: pxy = px @ py < Hy: pxy # pix @ py (5.2)

In other words, determining the independence between X and Y is equivalent to determining
the equality between the joint distribution pyxy and the product of marginals px ® py, where
both of them are measures on Z. Now, a natural way to measure the independence between

X and Y is to quantify the distance between pxy and pux ® py.

Remark 5.1. The independence testing problem is not equivalent to the homogeneity testing
problem. In homogeneity testing, we have two independent i.i.d. samples from the two distri-
butions of interest. However, in the equivalent formulation (5.2) of the independence testing

problem, the two distributions of interest are uxy and px @ py with samples {(X;, i)},
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and {(X;,Y;)}izs, respectively. The second sample is not an i.i.d. sample and the two sam-
ples are not independent. This imposes challenges in the statistical analysis as we will see in

Section 5.5.

5.2.2  Kernel based independence criterion

A popular choice of independence criterion in high dimension is the Hilbert-Schmidt indepen-
dence criterion proposed by Gretton et al. (2005) which we recall here. Let k; : X x X — R
and ks : Y x Y — R be two psd kernels. Due to Steinwart and Christmann (2008, Lemma
4.6),

k((x7 y)a (xlv y/)> = kl (ZE, x/)k2(ya y/)
is a psd kernel on the product space X x ). The Hilbert-Schmidt independence criterion

(HSIC) between X and Y is then defined as the MMD between pxy and px ® py with

kernel £, i.e.,
HSIC(X,Y) := HSIC(X, Y )i, 4
i= MMDy(pxy, px ® py) = /kd[(ﬂxy — px ® py) @ (pxy — px ® py )]

Following Smola et al. (2007, Section 2.3), it can be expanded as

HSIC(X,Y) = E[k:(X, X")ko(Y, V)] + E[k1 (X, X")] E[k2(Y, Y")] 5

— 2E[E[k (X, X') | X]Elko(Y,Y") | Y]], .

where (X’,Y’) is an independent copy of (X,Y). When X and ) are compact metric
spaces, it is shown by Gretton et al. (2005, Theorem 6) that HSIC is a valid independence
criterion on M (X x ) when both k; and ks are universal. Here universality is defined by

Steinwart (2001, Definition 4) which we recall below; see also (Steinwart and Christmann,

2008, Chapter 4) for more background materials on universal kernels.

Definition 5.2. A continuous kernel k on a compact metric space X is called universal if
the space of all functions induced by k is dense in C(X), the space of continuous functions

on X, with respect to the infinity norm.
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Given an i.i.d. sample {(X;,Y;)}", from pxy, we can estimate HSIC(X,Y') by

1 n
—5 D (X Xp)ka(Y3,Y)) + Z ki (X, X)) ko (Y, Y7) — Z b (X, X)) ko (Y3, Y5),
ij=1 zjst 1 1,5,6=1
We refer to it as the HSIC statistic. It can be shown that (Gretton et al., 2007b, Theorems
1 and 2) the HSIC statistic converges to HSIC(X,Y) at rate O(n~!) and O(n~'/2) under H,
and Hy, respectively. This suggests that the properly calibrated HSIC-based test has power

converging to one as n — 00.

5.2.8  Distance based independence criterion

Another widely used independence criterion is the distance covariance (dCov) introduced by
Székely and Rizzo (2004) on Euclidean spaces and later generalized to semi-metric spaces of
negative type (Lyons, 2013; Sejdinovic et al., 2013). Let (X, p;) and (Y, p2) be semi-metric
spaces of negative type. The dCov of X and Y is defined to be

dCov(X,Y) := dCov(X,Y),, p, := /mpzd[(MXY — pix @ py) ® (pxy — pix @ py)],

where p1py is viewed as a function on (X x ) x (X x )). While this definition suggests
that the distance covariance and the energy distance are closed related, it is not true that
dCov,, ,(X,Y) equals ED_, ,,(pxy, tx ® py) since —pipe is not a semi-metric. How-
ever, due to Sejdinovic et al. (2013, Corollary 26), there exists a semi-metric p such that
dCov,, »,(X,Y) = EDj(uxy, ptx ® py). When (X, py) and (Y, p2) are metric spaces of
strong negative type, Lyons (2013, Theorem 3.20) shows that the distance covariance is a
valid independence criterion.

The distance covariance and HSIC inherit the equivalence between the energy distance
and MMD. To be more specific, there exist (Sejdinovic et al., 2013, Theorem 24) psd kernels
k1 and ks on X and Y, respectively, such that dCov,, ,,(X,Y) = 4HSICy, 4,(X,Y"). For this

reason, we only consider HSIC in our experiments.
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5.2.4  Sub-Gaussian processes and metric entropy

The presentation of this section mainly follows Wainwright (2019, Section 5). The sub-
Gaussian process is an extension of the sub-Gaussian random variable to stochastic processes.
Intuitively, a sub-Gaussian process is a stochastic process with sub-Gaussian increments. We

give its precise definition here. Let (F, p) be a metric space.

Definition 5.3. Let {Z; : f € F} be a collection of mean-zero random variables. We call it

a sub-Gaussian process with respect to p if
Elexp(A\(Z; — Zp))] < exp[Np*(f, f)/2],  for all A > 0.

A well-known result for sub-Gaussian processes is Dudley’s entropy integral bound. Be-
fore we state it, let us review the notions of covering number and metric entropy. The
covering number of a metric space is the number of balls of a fixed radius 7 > 0 required to

cover it, which provides a way to measure the size of this space.

Definition 5.4. Let {f*,..., fN} Cc F. We call it a T-cover of F w.r.t. p if for each f € F
there exists i € [N] such that p(f, f;) < 7. The T-covering number, denoted by N(7,F,p),

is the cardinality of the smallest T-cover.

Typically, the covering number diverges as 7 — 07, and the growth rate on a logarithmic
scale is of interest to us. This is characterized by log N (7, F, p) which is known as the metric

entropy. Now we are ready to give Dudley’s entropy integral bound.

Theorem 5.1 (Theorem 5.22 in Wainwright (2019)). Let {Z; : f € F} be a mean-zero

sub-Gaussian process w.r.t. p. Then we have

D
E |: sup (Zf — Zf/)} S 32/ V 108;N(7'> fa p)dTa
0

II'eF

where D := sup; ez p(f, f') is the diameter of F.
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5.2.5  Empirical processes

Let {X;}?, be an ii.d. sample from some distribution P on X. Denote P, := 23"  x
the empirical measure. Given a collection F of real-valued measurable functions on X', the

F-indexed empirical process G, is defined as

fG,f :=+vn(P,—P)f IZ

where Qf = [ fdQ for a signed measure Q. Given a function f such that Pf? < oo, it
follows from the LLN and CLT that

Pnf —a.s. Pf and an —d N(O,Varp(f))

The empirical process theory aims to study these two convergences uniformly in f over F

(see, e.g., van der Vaart and Wellner, 1996). The key quantity to control is

Py = Py = sup (5.4)

One of the main approaches towards such results is based on the symmetrization trick

reviewed below. The symmetrized empirical process is defined as
forsaf =t e
n ‘& — &
i
where {g;}", are i.i.d. Rademacher random variables that are independent of {X;}

Lemma 5.2 (Lemma 2.3.1 in van der Vaart and Wellner (1996)). For every non-decreasing

and conver ¢ : R — R, we have

E[®([[P. = Pllz)] < E[®(2][Snll £)].

The symmetrized empirical process is, conditioned on {X;}” ,, a sub-Gaussian process,
and thus Dudley’s entropy integral bound can be applied. Take a realization X; = x; for

i € [n]. We define the mean-zero random variable Xy := \/iﬁ > or & f(x;) and consider the
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stochastic process {X; : f € F}. It can be shown that (Wainwright, 2019, Example 5.24)

this process is sub-Gaussian w.r.t. the metric

n

1

1f = 9llracp,) = - > (@) — glza)]2.
i=1
Moreover, it holds that
Squ,ge]:Hf—gHLz(Pn)
E.sup | X < 24/ o N F ) (5.5)
JeF 0

5.3 Entropy-Regularized Optimal Transport
Recall the EOT problem (4.5) from Section 4.2:

Se(P,Q) ;== min [/ c(z,2)dv(z,2) + e KL(v||P® Q)| . (5.6)

vell(P,Q)

Note that we have changed the notation (z,y) to (z,2’) for the sake of presentation in this

section where z, 2’ € Z. In the following, we will take a closer look at this problem.

5.3.1 Dual formulation

According to Genevay et al. (2016, Proposition 2.1), the EOT problem (5.6) admits a dual

formulation

su z)dP(z 2! e —e [ fEHEN=Neqp(2)dQ(2 :
o, | 1eure+ [oneE) <o [ PR, (57

f,9eC(2

where C(Z) is the set of real-valued continuous functions on Z. Let (f., g.) be a solution pair
to (5.7). Even though it is not unique, their sum f. + g. is unique. Moreover, the coupling
e defined via dpuc(z, 2") = &.(z,2")dP(2)dQ(Z) is the unique solution to the EOT problem,
where &.(z,2") == exp{[c(z,2') — fo(2) — g-(2")]/e} satisfies

/gg(z,zl)dP(z) 1 and /fg(z,z’)dQ(z’) . (5.8)

Note that the coupling p. is exactly the Schrodinger bridge defined in Section 4.2.2.
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5.8.2  Sinkhorn algorithm

t
=1

When P and @ are discrete measures supported on {z;};_, and {2} respectively, we
can efficiently solve the EOT problem (5.6) by the so-called Sinkhorn algorithm. Before we
introduce it, let us give a matrix formulation of the EOT problem between two discrete
measures. Since P and () have finite support, they can be represented by probability vectors
p € Ay and g € Ay, respectively, where Ay := {p € Rf‘; : p'' 1 = 1} is the probability

k-simplex. Moreover, the set of couplings II(P, ()) can be represented by the set of matrices
U(a,b):={M eR> : M1=0a,M"1=0}.
Hence, the matrix formulation of the EOT problem reads

Mg{l}i(ral’b) [(M,C) 4 e Ent(M)], (5.9)

where C' € R**' is the pairwise cost matrix such that Cj; := c(2;,2j) and Ent(M) :=

S, 2321 M;jlog M;;. Due to Peyré and Cuturi (2019, Proposition 4.3), the solution to

(5.9) is unique and has the form
M. = Diag(u) K Diag(v) (5.10)

for two (unknown) scaling variables u € RS and v € RY,, where K € R is the Gram matriz

defined as K;; := e~%i/¢. Since M. € U(a,b), the variables u and v must satisfy
u® (Kv)=a and v® (K u)=0b, (5.11)

where ® represents the element-wise product. It can be solved by the Sinkhorn algorithm
summarized in Algorithm 2, where © represents the element-wise division. Intuitively, this

algorithm iteratively solves the two constraints in (5.11).

Remark 5.2. The problem (5.10) is known as the matriz scaling problem in the literature
of numerical analysis; see Peyré and Cuturi (2019, Chapter 4.2) for a historical perspective

on this topic.
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Algorithm 2 Sinkhorn Algorithm
Input: a, b, and K.

Initialize u < 1, and v < 1,.
while not converge do

u+a® (Kv)and v < b0 (K u).
end while

Output: v and v.

5.3.3 Random feature approximation

There has been a line of work on accelerating the Sinkhorn algorithm. We review here the
random feature technique introduced by Scetbon and Cuturi (2020). On a high level, we
approximate the Gram matrix K by its low-rank approximation ', where ¢ € RY? and
( € R'fp are the matrices of random features. Concretely, let p be a probability measure
on a measurable space WW. Consider a cost function ¢ such that its induced Gibbs kernel

k := e~°/¢ admits the following form:

k() = / bz, W), w)dp(uw),

where ¢ : R? x YW — R,. Note that the Gibbs kernel induced by the quadratic cost admits
this expression (Scetbon and Cuturi, 2020, Lemma 1). For p € N, we first obtain an

i.i.d. sample {w;}!_, from p. We then denote w := (wy,...,w,) and approximate k(z, z’) by
1 p
kw(z,2") = ]—jz o(z,wy) (2, wy).
I=1

In other words, we approximate the Gibbs matrix by £(T where &; := \/Lﬁqb(zi,wl) and
G = \%}(ﬁ(z}, wy) for i € [s], j € [t], and | € [p]. Now, if we replace K by £¢" in Algorithm 2
and compute, e.g., Kv in two steps (i.e., 'v and £({"v)), then we reduce the time complexity
of each Sinkhorn iteration from O(st) to O((s+t)p). According to Scetbon and Cuturi (2020,
Theorem 3.1), it suffices to choose p = O(log (s + t)) to achieve a good accuracy.
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5.8.4  Sinkhorn divergence

Since the EOT objective S in (5.6) is an approximation to the OT cost when ¢ is small, it
is tempting to use it to quantify the distance between probability measures. However, it is
not centered in the sense that S (P, P) is not necessarily zero. One remedy is to center it by

subtracting two diagonal terms:

5.(P.Q) = 5.(P.Q) ~ 35.(P.P) ~ 15.(0.Q). (512)

This centered version is known as the Sinkhorn divergence which first appears in Ramdas
et al. (2017). In a follow-up work, Genevay et al. (2018) applied it to generative modeling.
It is shown by Feydy et al. (2019, Theorem 1) that S. defines a semi-metric (metric without
the triangle inequality) on the space of probability measures with bounded support if the

Gibbs kernel induced by the cost is positive universal.

5.4 Entropy-Regularized Optimal Transport for Independence Testing

We introduce in this section a new independence criterion based on the entropy-regularized
optimal transport. We develop an independence test whose test statistic is the plug-in
estimator of the independence criterion. Finally, we design an efficient algorithm to compute
the test statistic which scales quadratically both in time and space. All the proofs are

deferred to Appendix D.1.

5.4.1  Entropy-reqularized optimal transport independence criterion

Let ¢ : Z x Z — Ry be a continuous cost function satisfying c((z,y), (z',y')) = 0 iff
(x,y) = (2, y'). We introduce the entropy reqularized optimal transport independence crite-

rion (ETIC):
T(X,Y):=T.(X,Y) = S:(xy, ix ® py), (5.13)

where S, is the Sinkhorn divergence defined in (5.12). That is, we use the Sinkhorn divergence

to quantify the distance between pxy and px ®py which measures the independence between
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X and Y.
As we will show later, it is computationally convenient to work with additive cost func-
tions, i.e., c¢((x,y), (¢/,vy")) = ci(z,2") + c2(y,y’). For this type of cost functions, we prove

that the resulting ETIC is a valid independence criterion as long as the induced Gibbs kernels
ki(z, ') = e~ @20/E and  ky(y,y’) = e"c2wv)/e (5.14)
are positive universal.

Proposition 5.3. Let X and Y be compact metric spaces equipped with Lipschitz costs ¢
and ¢y, respectively. Assume that the Gibbs kernels defined in (5.14) are positive universal.
Then ETIC is a valid independence criterion on M1(X xY). Moreover, the claim holds true
for measures with a bounded support on X x Y = R with the costs ci(z,2') = ||z — 2|’ /)

and co(y,y') = |ly — V'||” /A2 for p € {1,2} and for all A, Ay > 0.
A running example we consider in this chapter is the weighted quadratic cost.
Example 5.3 (Weighted quadratic cost). Let A, Ay € (0,00). Consider the cost function
o 1 1112 1 112
((z,y), (@) =z =2 "+ —lly =" (5.15)
A1 A2
This cost induces two universal kernels
bz, 2) = e V=TI and ky(y,y) = eIV IR/,

They play a similar role as the two kernels used in HSIC, and s\ and €)\y serve as two

kernel parameters.

5.4.2 ETIC-based independence test

In order to use ETIC for independence testing, we use the plug-in estimator of T(X,Y) as
the test statistic, that is,

T.(X,Y) :=T..(X,Y) :== S.(ixy, fix ® fiy), (5.16)
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Algorithm 3 Tensor Sinkhorn Algorithm
1: Input: A, B, K;, and K.

2: Initialize U < 1,4n and V < 1,44,.

3: while not converge do

U+ Ao (K\VE]) and V = B (K UK,).

=

5: end while
6: Output: U and V.

where [ixy = %Z?:l d(x,,v;) is the empirical measure of the pairs, and jix := %Z?:l 0x;

and jiy = % >, dy, are the empirical measures of the two samples, respectively. Note that
this is different from the plug-in estimator in the two-sample case since the product measure

px @ py is estimated by n? dependent (rather than independent) pairs {(X;,Y;) It

=1
raises challenges in the analysis of its statistical behavior as elaborated in Section 5.5. The

statistical test (or decision rule) is then defined as
Y(a) = {T,(X,Y) > H,(a)}, (5.17)

where « is a prescribed significance level, e.g., a = 0.05, and H,(«) is a threshold chosen
such that the type I error rate P(¢)(«) = 1 | Hp) is bounded by a.
To avoid tuning the regularization parameter ¢, we also consider an adaptive version of

the test:

Yo(a) =1 {I?&XTn,a(X, Y) > ng(Oé)} : (5.18)

where £ is a finite set of positive numbers selected by the user and T,, (X, Y) := [T, .(X,Y) —
E[T,.-(X,Y)]]/SA(T,,-(X,Y)) is the studentized version of T, .(X,Y’). In practice, the two
quantities E[T,, .(X,Y)] and Sd(7,,.(X,Y)) can be estimated via resampling.

5.4.3  Efficient computation of the ETIC statistic

We then derive an efficient algorithm to compute the test statistic. When pxy admits a

density, fix ® fiy is supported on n? items {X;}"; x {Y;}", almost surely. If we compute
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the ETIC statistic naively using the Sinkhorn algorithm (i.e., Algorithm 2), each iteration
costs O(n*) time and space due to the matrix-vector product of sizes n? x n? and n? x 1. To
speed up its computation, we adopt here a variant of the Sinkhorn algorithm to solve the
EOT problem between two measures supported on the Cartesian product {z;}; x {y;}I,.

Let A and B be two probability measures on {z;}", x {y;}?,, where z; € X and
y; € Y. For convenience, both A and B are represented as matrices, i.e., 4;; = A(z;,y;).
For instance, if we choose A = jixy and B = [ix ® [iy, then, in its matrix form, A = [,/n
and B = 1,,/n? Consider an additive cost function c, e.g., the weighted quadratic cost,
such that c((x,y), (z',y')) = ci(z,2) + oy, y) for 2" € {x;}7; and v,y € {y;}}—,. Let
Cy and Cy be the cost matrices of {;}i; and {y;}}_,, respectively. Define Gibbs matrices
K, = e /¢ and K, := e /¢, where the exponential function is element-wise. We show
in the following proposition that Algorithm 3 can be used to compute S.(A, B), where @
represents element-wise division. We refer to it as the Tensor Sinkhorn algorithm. The proof
can be found in Appendix D.1. Each iteration in the Tensor Sinkhorn algorithm takes O(n?)
time and O(n?) space, thanks to the additive cost function being used. This algorithm can
be generalized to measures supported on the Cartesian product of p > 2 sets, which is also

noted in Peyré and Cuturi (2019, Remark 4.17).

Proposition 5.4. Define some constants ki := max; ki ' (zi, Tyr), ko = max; y k3 ' (y;, ys),
and K3 = maxi7j{ai_j1, bi_jl}. The Tensor Sinkhorn algorithm outputs an T-accurate estimate
of the entropic cost S-(A, B) in O (n®log(kikar3)/T) arithmetic operations.

To further speed up the computation, we apply the random feature technique introduced
in Section 5.3.3. To be more concrete, let p; and ps be two probability measures on measur-

able spaces U and V), respectively. Consider cost functions ¢; and ¢y such that their induced

Gibbs kernels k; := e~“/¢ and ky := e~?/¢ are of the form

kl(fc,x’)z/w(%uw(w’,u)dm(u) and  ka(y,y') Z/ilj(y,v)w(y’,v)dpz(v),

where ¢ : X xU — Ry and ¢ : Y xV — R,. Note that the Gibbs kernels induced by

the weighted quadratic cost admit this expression. For p € N, we obtain two i.i.d. sam-



121

ples {u;}7_, and {v;}}_; from p; and ps, respectively. We denote u := (uq,...,u,) and
approximate ki (x,z’) by

p

Z 90($7 uk>T¢<x/a uk)

k=1

kyu(z,2') =

D=

We denote by K, the Gram matrix of ky ,,. Similarly, we define v, ks ,, and K5 ,. Replacing
K, and K, by their random feature approximations K, and K, in Algorithm 3 leads to
an algorithm with O(pn?) time complexity and O(n?) space complexity in each iteration.
It is clear that this new algorithm is exactly the Sinkhorn algorithm that solves the EOT
problem between A and B with cost cu((2,y), (2',Y)) = cru(z,2") + co0(y,y’), where
Clu = —€logki, and ¢y, = —clogky,. Let S.., (A, B) be the minimum of this EOT
problem and S; (A, B) be the minimum of the same EOT problem with cost ¢. The next

proposition provides a high-probability guarantee for this random feature approximation.

Assumption 5.1. There exists a constant C > 0 such that, for all x,2" € {z;}I,, v,y €
{y;}i=1, w €U, and v €V, it holds that

oz, u)p(a’,u) [k (2, 2") <C and  Y(y,v) (Y, v)/ka(y,y') < C.

Proposition 5.5. Let 6 > 0, 7 > 0, and p = () <€—2210g %) Under Assumption 5.1, with
probability at least 1 — 9, it holds that

‘Sezcu,v (A7 B) - SE,C(A7 B)‘ S T.

Remark 5.4. If one applies the random feature technique directly to the original Sinkhorn
algorithm, then the resulting algorithm would have the same O(pn?) time complexity but

O(pn?) space complexity.

For large-scale applications, the O(n?) space complexity can sometimes be infeasible.
Therefore, we also provide a memory-efficient implementation of the ETIC computation

using symbolic matrices (Feydy et al., 2020). The key idea is that: when constructing the
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Table 5.1: Comparison of complexities, in time and in space, of Sinkhorn, Tensor Sinkhorn
(TS), and large-scale Tensor Sinkhorn (LS) algorithms, exact or with random features ap-

proximation.

Sinkhorn TS LS

Exact RF Exact RF Exact RF

Time O(n*) O(pn?) | O(n®) O(pn?) | O(n®) O(pn?)

Space O(n*) O(pn?) | O(n?)  OM?) | O(dn) O(pn)

Gibbs matrix K = (ki(X;, Xj))7'j—;, instead of storing K as a full matrix, we store it as
a symbolic matrix linked by the kernel k; and data {X;} ,. Moreover, we only evaluate
the symbolic link if the matrix K; is involved in a reduction operation such as Kjv. This
implementation improves the space complexity of the Tensor Sinkhorn algorithm from O(n?)
to O(np) or O(nd) depending on whether the random feature approximation is used or not.
We call it the large-scale Tensor Sinkhorn algorithm. We summarize the time and space
complexities of different implementations of ETIC in Table 5.1. We also compare the runtime

and memory of variants of the Tensor Sinkhorn algorithm in Figure 5.1. As expected, the

large-scale Tensor Sinkhorn algorithm outperforms others both in time and memory.

5.4.4  Gradient backpropagation through ETIC

We describe here how ETIC can fit into a differentiable programming framework, i.e., how
one can run the reverse mode automatic differentiation through statistical quantities based
on ETIC. Recently, Li et al. (2021) proposed a self-supervised learning approach using HSIC
which we summarize below. Let (W,Y) be a pair of image and its identity. Given an

iid. sample {(W;,Y;)}7,, the goal is to learn a feature embedding model ¢y such that the
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Figure 5.1: Runtime and memory comparison of Tensor Sinkhorn (T'S), Tensor Sinkhorn with
random feature (TS-RF), and large-scale Tensor Sinkhorn with random feature (LS-RF). The

number of random features is set to O(logn).

dependence between the image feature X := ¢»(1V) and its identity Y is maximized, i.e.,
maxgee HSIC,, (¢g(WW),Y). Similarly, one could also maximize the dependence measured by
ETIC instead. This boils down to gradient backpropagation through T, (¢s(W),Y). We
use the strategy in Peyré and Cuturi (2019, Section 9.1.3) and illustrate it on the entropy
regularized OT S.(fixy, fix ® fiy) defined in (5.6). For the forward pass, we construct
the computational graph via the following steps. Firstly, we run Algorithm 3 (or its ran-
dom feature variant) with A = I,/n, B = 1,.,/n% Ki = (ki(¢e(W;), ¢o(W;)))

Ky = (k(Y3,Y)) for L iterations to get U and V(F). Secondly, we obtain the associated
1)) nxn

ny and
Schrodinger potentials F) := glogU®) and G := elogV(®). Thirdly, we approximate
Se(fixy, fix ® fiy) by Sg(L)(Q) = (F) A)p + (GP) B), where (-, -)p is the Frobenius inner
product. For the backward pass, we call the reverse mode automatic differentiation to eval-
uate V@SE(L)<9). Since computing St (0) only requires simple operations between matrices,
the time complexity of the above procedure is of the same order as the one of Algorithm 3

for the computation of Sg(L)(Q).
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5.5 Finite-Sample Analysis

We characterize the statistical behavior of the ETIC test by providing non-asymptotic
bounds. We present the main results and their proof sketches here. We use C' to denote a
constant whose value may change from line to line, where subscripts are used to emphasize
the dependency on other quantities. For instance, Cy represents a constant depending only

on the dimension d. The detailed proofs are deferred to Appendix D.

5.5.1 Consistency

We first show that the ETIC statistic is a consistent estimator of its population counterpart

under both the null and alternative.

Assumption 5.2. We make the following assumptions:
(Z) X X y: Rd1 X Rd2 and d := d1+d2.
(i) c is chosen as the quadratic cost.

(iii) px and py are subG(o?).

The quadratic cost is chosen for the sake of concision. We extend the results to weighted

quadratic cost in Appendix D.
Theorem 5.6. Under Assumption 5.2, we have

olBd/2146N .
ET,(X,Y) — T(X,Y)| < C (1 n )

T )
The bound in Theorem 5.6 coincides with the one obtained by Mena and Weed (2019) in
the two-sample case. In terms of the sample size, it scales as O(n~/2) which is the standard
parametric rate of convergence. As for the dimension, it contains two dimension-dependent
terms. The first term Cy is a constant that only depends on the dimension. The second one
involving 02 and ¢ has exponential dependency on the dimension. If we choose € = o2, the

bound simplifies to Cy0?/y/n which only depends on the dimension via the constant Cy.
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We then outline the proof ideas of this theorem. Given a probability measure p on RY

and a set of real-valued functions F on R?, we denote

il = sup | [ 1.
feFr
We start by upper bounding the above L' loss E [T,,(X,Y) — T'(X,Y)| by the supremum of

an empirical process and a U-process

2
Fs

% and  ix ® iy — px @ py|

lixy — pxy|

respectively, where F* is the set of real-valued functions satisfying

(@ y)l < Coa(l+ (2, y)I") and  [D*f(z,y)| < Coall +[l(@,9)]™),

for any multi-index a with 1 < |a| < s. Mena and Weed (2019) used a similar strategy in
their proofs. Empirical process theory has a long history in statistics and there are well-
established tools to control them (see, e.g., van der Vaart and Wellner, 1996). However, the
theory of U-processes is much less well-developed. Moreover, many of the previous works
focus on one-sample U-processes (see, e.g., Pena and Giné, 1999). The second U-process
here is a two-sample U-process on a paired sample, bringing about additional challenges in
its analysis compared to the first empirical process. In order to control it, we develop the
following results.

The first result is a metric entropy bound for degenerate two-sample U-processes. The
main challenge comes from the dependence among the summands in Z? = f (X;,Y;). We
get around that using the decoupling technique presented in Pena and Giné (1999). Given

a function f : R?Y — R, we say it is degenerate under px @ py if
Euxeny [f(X,Y) | X] P20 and Euxouw [f(X,Y) Y] 2,

Proposition 5.7. Let F be a class of real-valued functions that are degenerate under px®py .

Under Assumption 5.2, we have

o c (" —— i
E||MX®MY—NX®MY||3T§EE(/ \/10gN(T,]:,L2(MX®MY))dT> ,
0

where B is any measurable upper bound of 2max e r Hf”L2(,1X®;1Y)~
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Remark 5.5. In classical two-sample U-statistics literature, it is usually assumed that the
two samples are independent, i.e., X is independent of Y. However, Proposition 5.7 allows

the sample to be paired since (X,Y) ~ pxy .

With Proposition 5.7 at hand, we can control the U-process ||fix ® fiy — fix ® py||%s by

upper bounding its covering number N (7, F*, L?(fix ® fiy)). The proof is inspired by Mena
and Weed (2019) and relies on a result in van der Vaart and Wellner (1996, Chapter 2.7) to

control the covering number of a class of smooth functions.

Proposition 5.8. Under Assumption 5.2, there exists a random variable L > 1 depending

on the samples {(X;,Y;) i, with E[L] < 2 such that, for any s > 2,
log N (7, F*, L2(jix @ fiy)) < Cyqm¥*LY?*(1 4 ¢*9)
and

max
feFs

2
f||L2(ﬂX®ﬂY) < Coa(l+ LJ4)’
In particular, when s > d/2, we have

1
.27-‘5 S Os,d(l + 0-2d+4)ﬁ.

Ellix ® fiy — px @ pyl

5.5.2  Exponential tail bound

We also prove an exponential tail bound for the ETIC statistic. It follows from Theorem 5.6

and the McDiarmid inequality.

Theorem 5.9. Let ¢ be the quadratic cost. Assume that pux and py are supported on a

bounded domain of radius R. Then we have, with probability at least 1 — ¢,
R5d+16 6) c

NG

£5d/2+8 log <

T, (X,)Y)-T(X,Y)| < Cy4 (1+ 5

Under Hy, we have T(X,Y’) = 0, so Theorem 5.9 implies that

R5d+16 6 c
|Tn(X,Y)| >Cd 1+55d/—2+8 logg %
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with probability at most §. It gives an estimate of the tail behavior of T, (X,Y’) which
suggests that the critical value H, () in (5.17) should be of order O(n~'/?). Under Hj,

Theorem 5.9 implies that

5d+16 6 c

with probability at least 1 —¢d. When T'(X,Y") > 0, it is clear that the right hand side in the
above inequality exceeds the threshold H,(«a) for large n. Hence, the ETIC test has power

converging to 1 as n — oo.
5.6 Experiments

We examine the empirical behavior of the proposed ETIC test for independence testing on
both synthetic and real data. The code to reproduce the experiments is available online
(etic, 2022).

We focus on the weighted quadratic cost
1 2 1 2
c((@,y), (@) = —lle =2+ —lly = ¥II"-
A A2

For convenience, we absorb the regularization parameter ¢ in ETIC into the weights {)\;}2_,

and set € = 1. It then induces two Gibbs kernels

with \; being the parameter of kernel k; for i € {1,2}. To select the weights, we apply the
median heuristic (Gretton et al., 2007b) widely used for HSIC, i.e.,

)\1 = TlMx and )\2 = TQMy

with r; and ry ranging from 0.25 to 4, where M, and M, are the medians of the quadratic
costs {||X; — Xj||2}§-fj:1 and {||Y; — Y3”2}?J=17 respectively. We also examine its random
feature variant, which we call ETIC-RF, discussed in Section 5.4.3, where the number of

random features is set to be 100 unless otherwise stated. We compare them with the HSIC
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Figure 5.2: Power versus dimension in the linear dependency model (5.19).

statistic with kernels k; and ky. For a fair comparison, we calibrate these tests by a Monte
Carlo resampling technique (Feuerverger, 1993) with 200 permutations. For each of the
experiment, we repeat the whole procedure 200 times and report the rejection frequency as
either the type I error rate (when the null is true) or power (when the null is not true). Note
that, even though we are using the same A; and A\; in the cost and kernels, that does not
mean we should compare ETIC and HSIC under the same hyper-parameters. Our goal is
to explore their performance over a range of values of the hyper-parameters controlling the

regularization penalties.

Our main findings are: 1) Both ETIC and ETIC-RF are consistent in power as the
sample size approaches infinity. 2) In some scenarios, ETIC and ETIC-RF outperforms
HSIC significantly; in the linear dependency model in particular, their power is much more
robust than HSIC to the value of the hyper-parameters. 3) ETIC-RF performs reasonably
good compared to ETIC with a moderate number (i.e., 100) of random features. 4) All three
tests benefit from large hyper-parameters in detecting simple linear dependency, but smaller

values lead to higher power when the dependency is more complicated.
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Figure 5.3: Power versus sample size in the Gaussian sign model (5.20).

5.0.1 Synthetic data

We first compare the performance of ETIC and ETIC-RF with HSIC on synthetic data. We
consider synthetic benchmarks from Gretton et al. (2007b), Jitkrittum et al. (2017), and
Zhang et al. (2018). To facilitate the comparison, we set 1, = ry = r € {0.25,0.5,1,2,4} in

this section.

Linear dependency. We begin with a simple linear dependency model. Concretely,
X ~Ny(0,1;) and Y =X+ Z, (5.19)

where X is the first coordinate of X, and Z ~ N (0, 1) is independent with X. We fix n = 50
and plot the power versus d € [1,10] in Figure 5.2. All the tests have decaying power as the
dimension increases. This is as expected since larger dimension results in weaker dependency
between X and Y. It is clear that the power of both ETIC and HSIC increases as r increases,
with the former more robust than the latter. While the performance of HSIC is similar to
ETIC when r is large, it is much worse than ETIC when r is small. As for ETIC-RF, it has

similar power curves as ETIC.
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Figure 5.4: Power versus parameter in the subspace dependency model.

Gaussian sign. We then consider a Gaussian sign model, i.e.,
d
X ~Ny(0,I) and Y = |Z| ][ sen(X), (5.20)
i=1

where sgn(-) is the sign function and Z ~ AN(0, 1) is independent with X. This problem is
challenging since Y is independent with any strict subset of {X3,..., Xy}. We fix d = 3 and
plot the power versus n € [100,500] in Figure 5.3. All the tests have improved power as the
sample size increases. Additionally, they all benefit from a small regularization parameter,

with HSIC performs the best and the other two perform similarly in this particular example.

Subspace dependency. One important application of independence testing is indepen-
dent component analysis (Gretton et al., 2005), which involves separating random vari-
ables from their linear mixtures. The next example mimics this application. We construct
our data by i) generating n i.i.d. copies of two random variables following independently
0.5M/(0.98,0.04) + 0.5N (—0.98,0.04), ii) mixing the two random variables by a rotation ma-
trix parameterized by 6 € [0,7/4] (larger 6 leads to stronger dependency), iii) appending
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Figure 5.5: Heatmap of power on the bilingual data. The z-axis is for r; and y-axis is for 5.
The indices from 0 to 11 correspond to equally spaced values from 0.25 to 4. Lighter color

indicates larger power.

Na_1(0, 14 1) to each of the two mixtures, and iv) multiplying each vector by an indepen-
dent random d-dimensional orthogonal matrix. We refer to it as the subspace dependency
model. We fix n = 64, d = 2, and plot the power versus 6 € [0,7/4] in Figure 5.4. As
expected, the power of all three tests improves as 6 becomes closer to /4. Moreover, they
all have improved power as r decreases. ETIC and ETIC-RF performs similarly, and they
are outperformed by HSIC in this example.

5.6.2  Dependency between bilingual text

Inspired by Gretton et al. (2007b), we now investigate the performance of the proposed tests
on bilingual data using recent developments in natural language processing. Our dataset is
taken from the parallel European Parliament corpus (Koehn, 2005) which consists of a large
number of documents of the same content in different languages. For the hyper-parameters,

we consider different values of r; and ry ranging from 0.25 to 4.

Settings. To be more specific, we randomly select n = 64 English documents and a para-

graph in each document from the corpus. We then pair each paragraph with a random
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Figure 5.6: Heatmap of power for ETIC-RF with p random features and d" PCs on the
bilingual data (top: p = 700; bottom: d’ = 10). The z-axis is for r; and y-axis is for rs.
The indices from 0 to 11 correspond to equally spaced values from 0.25 to 4. Lighter color

indicates larger power.

paragraph in the same document in French to form the sample. This sample is partially
dependent in the sense that the two paragraphs, even though not correspond to the same
paragraph, are in the same document. Finally, we use LaBSE (Feng et al., 2020) to embed
all the paragraphs into a common feature embedding space of dimension 768 and perform in-
dependence testing on these feature vectors. LaBSE is a state-of-the-art, language agnostic,
sentence embedding model based on Bidirectional Encoder Representations from Transform-
ers. This allows us to revisit the idea of Gretton et al. (2007b) yet with modern feature

embeddings.
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Results. The results for ETIC and HSIC are shown in Figure 5.5. ETIC performs better
than HSIC when one of r; and ry is large; while HSIC has larger power when r; or ry is
small. Overall ETIC appears to perform better than HSIC for large amounts of regularization
parameters.

As for ETIC-RF, the high-dimensional nature ofthe feature embeddings imposes chal-
lenges on the random feature approximation. For its performance to be comparable, we
first use dimension reduction (principal component analysis) on the English embeddings and
French embeddings separately to reduce the dimension to d’ < 768, and then perform ETIC-
RF on the low-dimensional embeddings. Since the dimension reduction step does not utilize
information about the joint distribution uxy, it will not violate the level consistency of the
test.

As shown in the first row of Figure 5.6, The number of PCs d’ has an interesting effect
on the power. Intuitively, the larger d' is the less information we lose, and thus the larger
power the test has. This can be seen at the lower right corner where both r; and r, are large.
However, larger d' also means the random feature approximation is harder, especially when
r1 and ro are small. This is reflected at the upper left corner where the power decreases as
d' increases. We then investigate the effect of p—the number of random features. As shown
in the second row of Figure 5.6, the power increases with the number of random features.
Overall, the random feature approximation demonstrates similar performance as the exact

ETIC with enough random features.
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Chapter 6

CONCLUSION

In this dissertation, we addressed some challenges of statistical divergences arising from
complex and high-dimensional data in modern applications including parameter estima-
tion, generative models comparison, and the Schrodinger bridge problem. There are several

promising venues for future work.

In Chapter 2 we studied the minimum KL divergence estimator in a non-asymptotic fash-
ion using the notion of self-concordance. In a related work (Liu et al., 2022a), the techniques
were utilized to obtain excess risk bound on double machine learning/orthogonal statistical
learning (DML/OSL) estimators for semi-parametric models. Relying on the Neyman or-
thogonality, we can achieve a parametric rate of convergence even if the non-parametric part
is estimated less accurately, i.e., at rate O(n~'/%). However, in some cases such as the case of
a partially linear model with non-Gaussian residual, the DML /OSL estimator can still suffer
from a large bias. To address this challenge, Mackey et al. (2018) considered the notion of k-
orthogonality, recovering the Neyman orthogonality at & = 1, and allowed the non-parametric
part to be estimated at rate O(n~'/(2+2)) However, their analysis is asymptotic and it would
be interesting to explore this direction with our techniques from a non-asymptotic viewpoint,

e.g., a risk bound for the DML/OSL estimator under k-orthogonality.

In Chapter 3 we investigated the divergence frontiers for comparing generative models and
established sample complexities for its two-step estimation procedure taken by practitioners.
In the first quantization step, we showed the existence of an oracle quantization whose
quantization error scales linearly with the inverse of the quantization level. However, it is
common in practice to use data-dependent quantization schemes with deep neural networks

(see, e.g., Sablayrolles et al., 2019; Hamél&inen et al., 2020) whose statistical behavior is to



135

date unclear. Provided new theoretical results on this line of research, it would be interesting
to specialize our bounds to such quantization schemes. Furthermore, while our results hold
for a large class of f-divergences, it is also interesting to go beyond f-divergences and extend
them to, e.g., f-divergences—a class of statistical divergences that is known to be robust
against outliers (Samek et al., 2013).

In Chapter 4 we characterized the asymptotic behavior of the discrete Schrodinger bridge
by developing novel theoretical tools such as the chaos decomposition and variance analy-
sis of infinite-order U-statistics. Note that the standard two-sample first-order U-statistic
with kernel n is 75 7 3% 17(X;,Y;) which can be rewritten as a conditional expecta-
tion Epgg[n(X1,Y1) | Gu], and the statistic 7}, also admits a conditional expectation form
E.[n(X1,Y1) | Gu]. Hence, we can view the statistic T, as a first-order U-statistic for paired
samples. It would be interesting to extend our results to high-order U-statistics for paired
samples such as E,[n(X7, X5,Y1,Y2) | G,]. Another interesting direction for future work is
the regime when ¢ = ¢,, = o(1) as n — co. We proved preliminary results in Section 4.3.4
showing the convergence of the discrete Schrédinger bridge towards the OT plan. It is in-
teresting to conduct a more refined analysis by imposing smoothness conditions on the OT
plan in the same spirit as Hiitter and Rigollet (2021).

In Chapter 5 we proposed an independence test based on the entropy-regularized optimal
transport and established finite-sample bounds for its empirical estimator. One promising
venue to explore is the extension to joint independence testing, that is, testing joint indepen-
dence of d random elements. Existing works have generalized distance covariance (dCov) and
Hilbert-Schmidt independence criterion (HSIC) to this setting, e.g., the dCov-based measure
of mutual dependence (Jin and Matteson, 2018), the distance multivariance (Bottcher et al.,
2019), the joint dCov (Chakraborty and Zhang, 2019), and the d-variable HSIC (Pfister
et al., 2018). It would be interesting to generalize ETIC to this setting and compare it with
these methods. Another direction that is worth exploring is to compare our test with other
independence tests and identify the family of alternatives under which our test performs the

best. One framework for this purpose is the asymptotic efficiency (see, e.g., Nikitin, 1995).
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Appendix A
APPENDIX TO CHAPTER 2

A.1 Proof of Main Results

Our proofs are inspired by Ostrovskii and Bach (2021). However, there are two key dif-
ferences. First, since they focus on loss functions of the form ¢(Y,07X), the Hessian is
C'(YV,0T X)X XT where ¢"(y,y) = d%((y,y)/dy*>. As a result, they can control the de-
viation of the empirical Hessian using inequalities for sample second-moment matrices of
sub-Gaussian random vectors (Ostrovskii and Bach, 2021, Thm. A.2). In contrast, we use
matrix Bernstein inequality which allows us to work with a larger class of loss functions.
Second, we extend their localization result from pseudo self-concordant losses to generalized
self-concordant losses (Proposition 2.10). This is enabled by a new property on the existence
of a unique minimizer for generalized self-concordant functions (Proposition 2.3). We also
establish the concentration of the effective dimension.

In the remainder of this section, we first prove the localization result Proposition 2.10 and
the score bound Proposition 2.11 in Appendix A.1.1. It not only guarantees the existence
and uniqueness of 6, but also localizes it. We then, in Appendix A.1.2, control the empirical
Hessian at 6, as in Proposition 2.12 using a covering number argument. Finally, we prove
Theorem 2.6, Theorem 2.7, and Proposition 2.8.

We write G, := G(0,) and H, := H(0,) for short. We use the notation C' to denote a
constant which may change from line to line, where subscripts are used to emphasize the

dependency on other quantities. For instance, Cy represents a quantity depending only on

d.
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A.1.1 Localization
We start by showing that the empirical risk L,, is generalized self-concordant.

Lemma A.1. Under Assumption 2.2, the empirical risk L, is (n"/* 'R, v)-generalized self-

concordant.

Proof. By Assumption 2.2, the loss ¢(-; Z;) is (R, v)-generalized self-concordant for every
i € [n]:={1,...,n}. Note that L, is the empirical average of {¢(-; Z;)}_,. Hence, it follows

from Proposition 2.2 that L, is (n*/>~'R, v)-generalized self-concordant O

Applying Proposition 2.3 to L,, leads to the localization result. Let A\, 4 := Amin(Hn(6))
and N5 1= A\pin(H,(0,)). Recall K, from Proposition 2.3. Define

(
AR =2
Ry, =1 (/2= DAY 22 1R if e (2,3] (A.1)
(/2 — 1)(A)W=32p2=1Rif 1 > 3,

\

We can then prove Proposition 2.10.

Proposition 2.10. Under Assumption 2.2, whenever Ry, , [|Sn(04)| g-1,) < Ko, the esti-

mator 0, uniquely exists and satisfies

16 — 6,]

a0 < 4180120,
Proof. The claim follows directly from Lemma A.1 and Proposition 2.3. O

Proposition 2.10 implies that the ERM 6, uniquely exists if [[S,(6,)y-1(,) is small.
Hence, it remains to bound .S, (6.) | -1, ), which can be achieved by controlling |5, (6, )| -1
and H,(0,). Let Q(0) := G(0)2H(9)"'G(0)*/? and Q, = Q(6,) Recall from Definition 2.6
that d, = Tr(Qy).

Lemma A.2. Under Assumption 2.3, it holds that, with probability at least 1 — ¢,

d. [oN]
IS0(8:) 50 < 2+ O log (e/8) =212
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Proof. By the first order optimality condition, we have S(6,) = 0. As a result,
X = /nG12(0,)S,(0,; Z)

is an isotropic random vector. Moreover, it follows from Lemma A.11 that || X|],, < Ki.

Define J := Gy/*H;'G3/*/n. Then we have
158 17+ = 1X 115
Invoking Theorem 2.4 yields the claim. O]

The next result characterizes the concentration of H,(6,). Let

2
20%;

t, :=1t,(0) := )
©) —Ks + /K3 + 20%n/log (4d/))

(A.2)

Note that it decays to 0 at rate O(n~'/2) as n — oo.
Lemma A.3. Under Assumption 2./ with r = 0, it holds that, with probability at least 1 —4,
(1 —t,)H, X H,(6,) = (1+t,)H,.

Furthermore, if n > 4(Ky + 20%) log (2d/5), we have t, < 1/2 and thus

1 3

—-H, X H,(0,) 2 =H,.

27T (6.) 2
Proof. Due to Assumption 2.4, the standardized Hessian at 6,

H'PHO,;2)H YV — 1,
satisfies a Bernstein condition with parameter K. It then follows from Theorem 2.5 that
P(||[H 2 H,(0)H? — 14|, > t) < 2dexp 1
* * 2=/~ 2(0% + Kot)

As a result, it holds that, with probability at least 1 — 4, (1 —¢,,)[; < Hfl/an(G*)HII/Q <

(14 t,)1,, or equivalently,
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Hence, whenever n > 4(K, + 20%) log (2d/§), we have

1

DO o

We then prove Proposition 2.11. Recall ¢,, from (A.2).

Proposition 2.11. Under Assumptions 2.5 and 2./ with r = 0, if n > 4(Ky +
20%)log (4d/d), then we have t,, < 1/2 and, with probability at least 1 — 4,

€21

d
< 2 S L1 R
10 (01 6,) < +CKy log (6/5)n(1 )

n(l—t,)

Proof. Define two events

Q,
{HS HH 1 < d—+C’K210g(2e/(5)H HZ}

n

={(1 —t,)H, < H,(0,) = (1 +t,)H,}.

According to Lemmas A.2 and A.3, we have P(A) > 1 —§/2 and P(B) > 1 — §/2. On the

event AB, we have

2 €2,
+ CK;j log (2@/6)n(1 i

1500 0y < = 18a(0]31 <

_d
n(l—t,)
Since P(AB) > 1 — P(A°) — P(B°) > 1 — 6, we have, with probability at least 1 — ¢,

_ e
n(l—t,)
If n > 4(Ky + 20%) log (4d/d), then t, < 1/2 and thus

Q,
+ CK?log (6/5)&

1800320, < Al

2, 2],

n

150 (0 71z 0.y < i log (¢/9)
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A.1.2  Proof of the main theorems

Before we prove the main theorem, we control the empirical Hessian as in Proposition 2.12.
A naive approach is to invoke Lemma A.3 to bound H,(#) by H,(0,). However, this would
not work since the generalized self-concordance parameter of L,,, i.e., n*/?> 'R, is diverging
as n — oo. Hence, we use a covering number argument: 1) we take a covering with radius
O(n'="/?); 2) we bound H,,(0) by H,(7(0)) where 7(f) is the projection of # onto the covering.

v/2=1 in the generalized self-

The factor n'=/? in the radius will cancel out with the factor n
concordance parameter; 3) we bound H,(m(0)) by H(w(0)) using matrix concentration; 4)
we bound H(7w(0)) by H(0,) where the generalized self-concordance parameter of L is R.
Recall ¢, from (A.2), Ay := Apin(Hy) and N\ = A\pax(Hy). Let wy(7) := €™ if v = 2 and
(1—7)"2/=2if y > 2.

¢

PR ity =2

Ry =9qw/2-1\"PR  ifve (23] (A-3)

(v/2 = D)(A\)32R if v > 3.

\
Proposition 2.12. Fiz ¢ € (0,K,] and let s, = t,(37[1.5w,(e)n]?7/D§/2).  Under
Assumptions 2.2 and 2.4 with r = K,/ R}, it holds that, with probability at least 1 — 0,

]_ 1 — on
<= < HL(0) < (14 s)wi(e) H, <

DO | W

wi(e)H,, for all§ € ©,/p:(6,),
whenever n > 4(K, + 20%) {log (4d/8) + dlog [3(1.5w, ()n)"/*~1]}.

Proof. We prove the result in the following steps.
Step 1. Take a T-covering and relate H,(0) to H,(0) for some 0 in the covering. Let
T :=¢/R}[1.5w,(e)n]*/?7. Take an 7-covering N, of O p; (6,) w.r.t. |-, and let 7(6) be
the projection of 6 onto N.. Let
ny/2_1R|’62—91H2 frv=2

dn,u(elv 92) = 5 )
(l//2 - l)n(”/Q_l)R HQQ - 91||2_V ||¢92 - 91”?{;(01) otherwise.
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By Lemma A.1 and Proposition 2.1, we have, for all § € O,/ (0,),

1
ol (@). 8y (7 (0)) 2 Hn(0) = (i (m(6), 6)) Ha(m(0)). (A4)

where it holds if d,, ,(7(#),0) < 1 for the case v > 2.

Step 2. Relate H,(0) to H, for all 0 in the covering. Fix an arbitrary 6 € N,. Following

the same argument as Lemma A.3, we have, with probability at least 1 — ¢,

It follows from Assumption 2.2 and Lemma A.7 that

1
wy (B 10 = 64l r,)

H* j H(e) j WV(R; ||9 - Q*HH*)HM (A6)

since Ry, || — 0,]|;, <e < K, < 1. By the monotonicity of w,, we get

@ H, = H(0) X w,(e)H,,

and thus, with probability at least 1 — ¢,

1—t,(5/2)

o) S HAO) S+ 66/ D] () H..

Let s, :=t,((TR};/3¢)6/2) and

1—s,
A= { e H, < H,(m(0)) = (14 s,)w,(e)H,, for all 6 € @5/35(9*)} :

Since |N;| < (3e/7R%)? (Ostrovskii and Bach, 2021), by a union bound, we have P(A) > 1—4.
Step 3. Combine the previous two steps. On the event A, we have H,(w(0)) < (1 +
sy )wy(e)H, for all § € ©,/g:(6,). A similar argument as Lemma A.7 shows that

(

M Y2Rr if =2

o (7(0),0) < § (v/2 = DAL+ 5,)w, ()] 0=2202 1Ry if v € (2,3]

(/2 — DA V=3I2[(1 + 5,)w,(e)]¥"2/2n"/2"1RT  otherwise,

\
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which is equal to [(1 + s, )w,(€)]*/?>"'n*/> ' R*7. When
n > 4(Ky + 20%) {log (4d/0) + dlog [3(1-5%(5)71)”/2*1]} ’

we have s, < 1/2, and thus substituting 7 gives d,, ,(7(0),0) < ¢ < K, < 1. Hence, by
(A.4), we obtain

=
A
=
=
A

(1+ sp)wi(e)Hy, for all 0 € O, )5« (0,).
on the event A. 0

We give below the precise version of Theorem 2.6. Recall K, and R} from Corollary A.9
and (A.3).

Theorem 2.6. Let v € [2,3). Under Assumptions 2.2 to 2./ with r = 0, we have, whenever

(R%)2K2d, log (6/@] ”(3")}
K2 ’

14

n > max {4(K2 + 20%) log (4d/6),C

the empirical risk minimizer 0, uniquely exists and satisfies, with probability at least 1 — ¢,

16d,

€|
16 = 0., < og (e/0)——==.

Proof. Similar to the proof of Proposition 2.11, we define two events

* Q* 1
= {Hsn(e*)nz*l < %+ CK?2log (ze/a)w} and B = {21{ < H,(0,) <

l\DIOJ

m}.

In the following, we let

n % max {4<K2 +207%) log (4d/9), [(R*) Kid, log (6/6)] e V)} .

K2

v

Following the same argument as Proposition 2.11, we have P(AB) > 1 — § and

(e/é)” Ll < COKZ?log (e /5)—

||Sn(9*)||§{;1(9 ) =

Now, it suffices to prove, on the event AB,

Gd IOg(G/CS)” *||2

2
16 = Oull, <
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Recall Ry, and R} from (A.1) and (A.3). It is straightforward to check that Ry , <
V2n¥? 1 R* for all v € [2,3]. Consequently, it holds that

R 100 g0, S Ron =2 K log (e/)d. < K,

since n®" > (R:)*K?log (e/d)d,/K? As a result, by Proposition 2.10, we have that 6,

uniquely exists and satisfies

”en - H*HHn(e*) <4 HSn(e*)HH;l(e*) )

and thus, using the event B,

16d,,

n

€21,
.

160 = 0:l1%, < 2000 = 0.1 < — + CKZ log (e/0)

We give below the precise version of Theorem 2.7.

Theorem 2.7. Letv € [2,3) andr, := \/CK}log (e/8)d,/n. Suppose the same assumptions
in Theorem 2.6 hold true. Furthermore, suppose that Assumption 2.4 holds with r = K,/ R;.
Let

d. R
Cn(0) = {0 € 0 1|60 = Ollr ,) < 24w (ra )~ + CK{wp (1 ;) og (e/0) ” ”2} .

n

Then we have P(0, € C,()) > 1 — § whenever n satisfies

*\2 172 og (e 1/(3—v)
n > C'max {(K2 +0%) [log(2d/8) + dlog (w, (K,)n)], [(Ry) Kid, log ( /5)] } .

KQ

v

Here C' is an absolute constant which may change from line to line.
Proof. We start by defining some events:

A= {||Sn(9*)|’i;*—1 < % +CK?log (36/5)@}

B:{;LjHMngm} (A7)

C: H, < H,(0) < gw?,(ran*,)H*, for all 6 @Tn(é’*)} :

1
{ 2w (rnfty)
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In the following, we let

2124 loe (¢/8) 1B
n> Cmax {<K2 ) Hog(24/0) + dlog (o, (K )] |2 OB L)) } |

v

It then follows that r, R} < K,. According to Lemma A.2, Lemma A.3, and Proposition 2.12
(with € = r, R}), it holds that P(A) > 1 —46/3, P(B) > 1 —6/3, and P(C) > 1 —§/3. This
implies that P(ABC) > 1 — 4. Now, it suffices to prove, on the event ABC,

d, Q,
16, = 0% 6,y < 242 B2) 2 OB ) o (e 0) .

Following the same argument as Theorem 2.6, we obtain

16d,

Q,
16, 0%, <200, — 6.1 0y < 2% 1 ORrog (e/0) el < 2

Therefore, using the event C, we have

dy Q,
B BE) 10— 041, < 242 B2) % CBRR(r 7)o (e/0)

2
||9n - 9*|’Hn(9n) < n

[\OJ GV

which completes the proof. O]

A.1.8 Consistency of d,

Now we are ready to prove Proposition 2.8. Recall t,, from (A.2) and r,, from Theorem 2.7.

Proposition 2.8. Let v € [2,3) and s, == CMr, + CK?(1 + Mr,)(d/n)log (Mnr,/§).
Under Assumptions 2.2, 2.3°, 2.4, and 2.5 with r = K,/ R}, it holds that, with probability at
least 1 — 0,

_ 2 *
1—t, <d < (1 +tp)wi(r,Ry)
wirpRy)(1+s,) ~ = 7 7

d,
1—s,

whenever n satisfies
n > C'max {(Kz + oF + K7) [log (2d/8) + dlog (w, (K,)n/d)],

(M + R:/K,)2K2d, log (e/6)] /™) }
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Proof. Let 7 := 6/(Mn). Take a 7-covering of N; of ©,,(0,) w.r.t. |||, , and let 7(6) be

the projection of 6 onto N,. For simplicity of the notation, we define
|Ally = || B2 ABY?)|

for a symmetric matrix A and a psd matrix B. We start by defining some events. Let

A= LIS, (0) s  A o (5e/0)d

B:={(1—-t,)H, = H,(0,) = (1 +t,)H,}

1t
= — « 3 n = n > n > * r *
¢ {wﬁ(rnR;)H < H,(0) < (1+t,)w)(raR))H,, for all § € ©,,(6 )}
D= { sup  [|Gn(0) — Gu(m(0)) -2 < 5MT/5}
0€Or, (6x)
£ = { sup |G (m(0)) — G(7(0)) || 1
0€6,,(0.)

< K214 Mro)h (dlog (367, /7) —I—log(10/5)) }

n

where h(t) ;= max{t? t}. In the following, we let

n > Cmax {(f@ + 02 + K2) [log (2d/8) + dlog (w, (K, )n/5)], (A.8)

(M + Ry/K,)2K2d, log (e/6)] /™) }

It then follows that ¢, < 1/2, r, < K,/R} = r and s, < 1. According to Lemma A.2
Lemma A.3, and Proposition 2.12, it holds that P(A) > 1 —4§/5, P(B) > 1 — §/5, and
P(C) > 1 —0/5. In the following, we prove the claim in three steps.

Step 1. Control the probability of D. By Markov’s inequality, it holds that

P(D°) < E su G,0) — G, (7(6 1
(D)< g B | s 16.0) = Gl >>HG*]

su G(0) — G(m(0 1.
= 966“11?9*)” (0) — G(7(0))]l -

Jensen’s
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According to Assumption 2.5, we have
M [0y — Os|ly, > E[||G(01;Z) — G(09; Z)]| 1], for all 01,0, € ©,(0,). (A.9)
It follows from Jensen’s inequality that
M0y — Oslly, > |G(01) — G(02)| g1, for all 01,0, € ©,(0.). (A.10)
As a result,
P(D) < o 0~ 7(0)], < &

Step 2. Control the probability of £. According to Vershynin (2018, Exercise 4.4.3), we

have

|G (7(0)) = G(x(6)) TG Gu(n(9)) — G(r(9)))GL P

. (A1)

v€V1/4

where V4 is a 1/4-covering of the unit ball in R%. Note that

VTG A(GAm(9)) — Glr(0)GT 0 = - S~ EW,

=1

where W, := [T GZ 2S(w(8); Z;)]2. Let v := G(w(8))/2G5*v. By Assumption 2.3,

|07 G 2S5(x(60); 20|, = |07 Gx(6)) S (x(0); 2,

< ||oll, Ky < [|G(x ()G 12| K.
Since 7(0) € ©,. (0,) C O,(6,), it follows from (A.10) that
|GG (m(0)) G2 = Ly|| < M ||7(0) = 0.y, < M.
and thus

[o" G128 (n(0); Zi)|,, < V1 + Mr, K.
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This implies, by Vershynin (2018, Lemma 2.7.6), W; is sub-Exponential with [[Wi[[,, <
K3?(1+ Mr,). Tt then follows from the Bernstein inequality that

¢ t
P t| <2exp(—cmi .
( ~ > = eXp( Cmm{K{‘(lJern)?’ Kf(1+Mfrn)})

Since |N;| < (3r,/7)% and V4 < 124, by a union bound, we get

S - e

2 yco,, (6.) veVy 4

P (l sup  sup |UTG:1/2[Gn(7r(«9)) - G(W(@))]G:l/%} > t>

At2 2t
< 2|N- —cmi ’
< 2N |Vija| exp ( Cmm{[(f@ + Mr,)?" K} 1+ Mr,) }>

4t2 2t
< 2(36r, /7)¢ —cmi |
< 206/ (~emin i e e )

Hence, it follows from (A.11) that P(£¢) < 4/5.

Step 8. Prove the bound on the event ABCDE. Following the same argument as Theo-

rem 2.6, we obtain

160 = Oullg, < 160 = Ol 0.y S Y2\ K log (€/0)d, = 1o (A12)

Using the event C, we have

1 w2(r, RY)
[+ (g 10

and thus
de < (L+to)w2(rn ) Tr (H,(0,) 2 GLH,(6,) )

1—t, (A.13)

>_- m -1/2 -1/2)
d, > 2R Tr (Hn(é’n) G.H,(0,) )

Now it remains to control
HGn(en) - G*HG:1 < HG(Hn) - G*HGjl + ||Gn(9n) - G(Qn)HG:l :
We first control [|G(6,) — G,[|g-1. 1t follows from (A.10) and (A.12) that

1G(6n) = Gullgr < M |6 = Oull g, S M.
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We then control ||G,(0,) — G(0,)]|g-1- By (A.12), we have

1Gn(On) = GOn)ll;r < sup  [[Gn(0) — G(O) |1 -
Qeern(e*)
It then follows from the triangle inequality that
sup [|Gn(0) — G(0)]|g-1 < Ar + Az + A3,
GEGM(G*)

where

Api= sup  [|G(n(0)) = G(O)llg

0€0Or, (0x)

Ay = sup ||Gn(7(0)) — G(W(e))HG:l
0€0O., (04)

Az = sup |[|Gn(0) — Gu(m(0)) [l -
0€0O., (04)

To control Ay, note that, for all 6 € ©,, (6,),
(A.10)
1G(7(0) = GO)llgrr < M|7(0) =0, < M.

Consequently, we obtain A; < M. To control As, we use the event £ to obtain

dlog (367,,/7) + log (10/5)) _

n

Ay S K1+ Mry)h (
To control Az, we use the event D to obtain A3 < 5M7/§. Therefore,

HGn<‘9n) - G*HG;1

< CMr, + Mt +5MT1/0 + CK12(1 + Mr,)h (dlog (36T”/77>l+ 10g(10/5)>

dlog (36 Mnr,/d) + log (10/5))

n

= CMr, + 510 + CK} (14 Mr,)h (

n

This yields that
(1 —5,)G 2 Gr(0,) 2 (14 s,)G,,

and thus
_ 2 *
]_ tn < d < (1 + tn)wy(ran/)

n * d,.
WE(TnRi)(l + 371) N

1—s,
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A.2 Examples and Applications

A.2.1 FEzxamples

Example A.1 (Generalized linear models). Let Z := (X,Y) be a pair of input and output,
where X € X CR" andY € Y CR. Lett: X x) — R? and p be a measure on Y. Consider

the statistical model

_exp((0,t(z,y)))
ply | z) Jexp((0, t(z,5)))du(y)

with |[t(z,Y)||, < M a.s. under p(y | x) for all x. It induces the loss function

dp(y)

0(6;2) := = (0, t(z,y)) +log/eXp(w,t(x,ﬂ)>)du(§)-

We first verify Assumption 2.2, i.e., show that it is generalized self-concordant for
v =2 and R = 2M. We denote by Ey|, the ewpectation w.r.t. p(y | x). Note that
log [ (0, t(x,y))du(y) is the cumulant generating function. It follows from some computation

that
Dgl(0; z)[u] = —(u, t(x,y)) + Eyje (u, t(z,Y))
Djt(0; 2)[u, u] = Eyia[(u, t(z,Y))’] = [Eyye (u, (2, Y)))?
Dg’é(e, z2)[u,u,v] = EY|$[<U7 t(z, Y)>2<U’ t(z,Y)] - EY|Z[<ua t(x, Y)>2] Evie (v, (2, Y))
— 2E[(u, t(z,Y)) (v, t(x, Y E[{u, t(x,Y))] — 2[E (u, t(x, Y ))]* E (v, t(z,Y)).

As a result,

| D30(6; 2)[u, u, ]|
_ ]Em { [, t(2,Y)) — Eypa (u, t(z, V)] [(0, £z, Y)) — Eyjo (v, t(, V)] }]
< 2M ||oll, Evpe { [(1, (2, V)) = Eypo (st Y]} by (2 V), < M

= 2M |jv]l, DE(0; 2)[u,ul,

which completes the proof.
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We then verify Assumption 2.3 and Assumption 2.3°. By Lemma A.10, it suffices to show
that ||S(0x; Z)||, is a.s. bounded. In fact,

S(bx;2) = —t(x,y) + EPG*(Y\@ t(z,Y)].

Since [t(X,Y)], a.g& M, we get |S(6,; 2)], aﬁs' 2M and thus the claim follows. Assump-
tion 2.3 can be verified similarly.

Next, we verify Assumption 2.4. According to Lemma A.12, it is enough to prove that
|H(0;2)|, is a.s. bounded. In fact,

H(0;2) = Eypo[t(z, Y)t(z,Y) "] — Eyu[t(z, V)] Eyie[t(z, V)] .

Since |[t(X, V) (X, Y)T|, < [#(X, V)2 < M2, it follows that ||H(6, Z)||, < M2
Finally, we  wverify  Assumption — 2.5. It suffices to show  that
|G(01;Z) — G(0s; Z) ||/ |01 — 62]|, is a.s. bounded. Note that
= EP01 (Ylx) [t(I’ Y)] Epel (Y|z) [t(ZL‘, Y)]T - EPQQ(Ylﬂ«“) [t(:[, Y)] EpQQ(Y\x) [t<x> Y)]T

— 2t(z,y) {Epel(le) [t(z,Y)] — Epe, (v12) [t(z, y)]}T.

For the second term, we have

H_2t(:c, v) {Ep01 i) (2, Y] = By, (via [, Y)]}T 2

< 2t(x, y)ly || Epp, v [E(z, Y)] = Epy (v [E(2, V)]

2

Note that

Epo, i [6(2, V)] = By, (v [E(2, Y]

_ St y) exp((0, t(x,)))duly) [tz y) exp((0, t(x, y)))dp(y)
[ exp({(61,t(x, y)))du(y) Jexp((02, t(z,9)))dpy)
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Since |(0,t(X, Y )V < (10 = Oully + 10 )M < A2 + |6.]],]M for all 6 € ©,(8,), it holds
that [ exp((0,t(X,y)))du(y) aZS ¢ for some ¢ > 0 and 0 € {0,605}. Now it remains to control

A= | [ tog) o6, 1) duty) [ exp((6a,tle,)dnty)
= [ty expl(6a.ta )ty [ expl(61, e )duts)

By the triangle inequality, we get A1 < By + By where
By = H Ut(%y) exp((bh, t(z, y)))du(y) — /t(:v,y) exp(<927t(:v>y)>)du(y)}

/exp((92>t(f’5>y)>)dﬂ(y)

2

By = H [/exp(<92,t($,y)>)du(y) —/eXp((el,t(ﬂc,y»)du(y)}

/ bz, y) exp({6. 1z, ) )dpu(y)

2

Since |(02,t(X,Y))| and d is a.s. bounded,

Remark. As a special case, the negative log-likelihood of the softmax regression with
X C{z eR :|jz|| < M} and Y ={1,..., K} is generalized self-concordant with v = 2 and
R =2M. In fact, the statistical model of the softmax regression is

exp (wg, )

2 jm1 exp (wy, )

ply="Fk|x)~

Define 0" := (w/,...,wg) and t(z,y)" := (0,...,27,...,0]) whose elements from (y —
1)T + 1 to y7 are given by 2" and 0 elsewhere. Then we have

=k|z)~ exp {0, t{x, k)) .
p(y | ) 25:1 exp <9, t(557 y>>

The claim then follows from the example above and ||t(z,Y)|, = ||z, < M.

Remark. The conditional random fields (Lafferty et al., 2001) also fall into the category of

generalized linear models. For simplicity, we consider a conditional random field on a chain,
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ie., for x = (ft)?:l and y = (yt)tT:p

T-1 T
p(y | z) ox exp {Z Aefe(@, ye, Yre1) + Z;utgt(xv Z/t)} :
t=1 t=1

Define 0" := (\y,..., A\p_1, ft1, ..., pr) and

t(*T?y)T = (f1($7y1,y2), SR fT—l(xvyT—layT>7gl(‘r7y1>7 s 7gT(x7yT)) :

Then we have

€Xp <‘9> t(xa y)>
Jexp (0, t(z,9))dy

Example A.2 (Score matching with exponential families). Assume that Z = RP. Consider

py | z)~

an exponential family on R? with densities
log po(2) = 0" t(2) + h(z) — A(9).

The non-normalized density qg then reads logqe(z) = 0t(2) + h(2). As a result, the score

matching loss becomes

P 2
?t(z)  h(z) 1 ot(z)  Oh(z)
0(0;2) = 0" (6" ¢
(0; 2) Z 922 + 922 +2( 92 + &zk) + cons
k=1
1
= QQTA(Z)Q —b(2)"0 + c(z) + const,
where A(2) = Y5, G2 (3D is psd, b(=) = Yhoy |5+ FDUO| and ofz) =

- [%Z?) + (86h—z(:))2]. Therefore, the score matching loss £(6; z) is convex. Moreover,
since the third derivatives of ((-;z) is zero, the score matching loss is generalized self-
concordant for all v > 2 and R > 0. When the true distribution P is supported on the
non-negative orthant RE., the score matching loss does not apply. Fortunately, a generalized
score matching (Hyvdrinen, 2007; Yu et al., 2019) loss can be used to address this issue.
Let wy,...,w, : Ry — Ry be functions that are absolutely continuous in every bounded
sub-interval of R.. Then the generalized score matching loss reads

0(0; z) = Z {w}(zj)(?j log q(2) + w;(2;)9;;log ¢(2) + %wj(zj)((?j log q(2))?| + const, (A.14)

Jj=1
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which consists of a weighted version of the original score matching loss with weights
{w;(x;) Y-, (the last two terms in (A.14)) and an additional term (the first term in (A.14)).
According to (Yu et al., 2019, Theorem 5), the loss (A.14) admits a quadratic form:

0(z,Q) = %QTA(Z)Q —b(2)"0 + &(2) + const,

where A(z) is p.s.d. Hence, it is generalized self-concordant. Note that a particular example

is the pairwise graphical models studies in (Yu et al., 2016, 2020).

Example A.3 (Generalized score matching with exponential families). When the true dis-
tribution P is supported on the non-negative orthant, Ri, the Hyvarinen score does not apply.
Hyvarinen (Hyvdrinen, 2007) proposed the non-negative score matching to address this issue,
which is later generalized in (Yu et al., 2019, Section 2.2). Let hy,..., hy, : Ry — Ry be
positive functions that are absolutely continuous in every bounded sub-interval of Ry.. Then
the generalized Hyvarinen score reads

U(2,Q) = Z [h}(zj)aj log q(2) + hj(2;)0;;log q(2) + %hj(zj)(aj log q(2))|, (A.15)

J=1
which is a weighted version of the original Hyvirinen score with weights {h;(x;)}}_, (the last

two terms in (A.15)) with an additional term (the first term in (A.15)).

We then consider an exponential family on Ri with densities
log qo(2) = 07 t(2) — S(0) + b(2).
According to (Yu et al., 2019, Theorem 5), the score (A.15) admits the quadratic form:
(2Q0) = 50T(2)0 — 9(=)T0 4 C,

where I'(z) is p.s.d. Hence, this score is self-concordant. Note that a particular example is

the pairwise graphical models studies in (Yu et al., 2016, 2020).
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A.2.2  Applications to goodness-of-fit testing

Before we start, we note that a simple modification to the confidence bound in Theorem 2.7

leads to the following risk bound that can be utilized to analyze the likelihood ratio test.

Corollary A.4. Under the same assumptions in Theorem 2.7, we have, with probability at

least 1 — 0,
2 2 dy
L(6n) — L(0.) S Kiw,(€)log (¢/0) =
whenever n satisfies (2.8).

Proof. By Taylor’s expansion, we have

1
L) = L(6,) = S(6.)" (6 = 0,) + 5 |6 — 0., 5

for some 6,, € Conv{6,,0,} C O./r:(6+). By S(6,) = 0 and Theorem 2.7, we get
L(6,) — D(6.) £ K3 (e) o (/)
n
O

We begin with the type I error rates of Rao’s score test, the likelihood ratio test, and the
Wald test. Note that d, = d under Hy.

Proposition 2.13. Suppose that Assumptions 2.3 and 2.4 with r = 0 hold true. Under Hy,
we have, with probability at least 1 — 9,

TRao N

~

K?10g (¢/5)"

whenever n > 4(Ky + 20%)log (4d/6). Furthermore, if Assumptions 2.2 and 2. with r =
K,/ R} hold true, we have, with probability at least 1 — 6,

d
Trr, Twaa S Kiwy(€)log (6/5)5

whenever n satisfies (2.8).
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Proof. Under Hy, we have 6, = 6. It then follows from Proposition 2.11 that, with proba-
bility at least 1 — 9,

K?log (e/8)d

SENS

TRao = HS71<90)||§{;1(90) 5

whenever n > 4(K, + 20%) log (4d/4).
By Taylor’s theorem, there exists 6,, € Conv{6,,0,} such that

Tir = 28, (6n) (60 — 0,) + [160 — gn”i{n(én) = |00 — ‘9n||§{n(én) :

Following a similar argument as Theorem 2.7, we obtain, with probability at least 1 — 4,

d

Tir S Kiw,(e)log (e/d)—
n

whenever n satisfies (2.8). The statement for Ty,q follows directly from Theorem 2.7. [

We then prove the result for statistical power given in Proposition 2.14.

Proposition 2.14 (Statistical power). Let 0, # 6y that may depend on n. The following

statements are true for sufficiently large n.

(a) Suppose that S(6y) # 0, H(0y) = 0, and Assumptions 2.2 to 2.4 hold true with r = 0.
When 0, — 0y = O(n=Y%) and 7, := t,(a)/4 — HS(QO)H?LI(@O),I — Tr(2(6))/n > 0, we

have

P(TRao > tn(a))

< 2dexp (_+> +exp | —emin{ — e
= A(K; + 20%) K2(|Q(60) |12 K1 12000) | | )

When 6, — 0,, = w(n='?), we have

P(Trao > ta())

o9 ( n ) . . n72 NTy,
_ > e — — ex —C1nin ) ’
= P\ UK, 1 202) P K2 (19(00)[1% K1 12000)

where 7, = [||5(90)||H(90),1 — /3t.(a) /4}2 —TH(Q(6)) /.
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(b) Suppose that the assumptions in Theorem 2.7 hold true. When 0, — 60y = O(n~"/?) and

(c)

7 =1t,(cv)/384 — ||6, — 90”?[(9*) /64 —d/n >0, we have

nZ (T/ )2 nTl 527?/3_”
P(Tpr > t,(a)) < exp [ —cmin . , Z + exp (—c—) .
Tkn > tn() ( {K% 120608 T Hﬂ(enuoo}) (7;)PK7d

When 0, — 0,, = w(n=?), we have

P(TLR > tn(Oé>>

>1 exp cmin nQ(%;L)z n,ﬂl exp ( C 52713_1/ >
Z 1 —ex - , — ex —C—— |,
K7 (126,115 K0 [19206.) 1] (Ry)*Kid

where

7= (16 = ol /8~ Vinla)/4] /.

Suppose that the assumptions in Theorem 2.7 hold true. When 0, — 6y = O(n™/?) and
7h =1, () /384 — ||0, — 00||§{(9*) /64 —d/n >0, we have

P(T > t,(a)) < exp | —cmin ()" " + exp ( c etn’
Wald > In < - : ——
K7 (20615 B ll900.)l (Ry)*Kid

When 0, — 0,y = w(n~?), we have

P(Twaid > tn(a))

>1—exp | —cmin n2(i]b>2 nﬁb — exp (_cﬂ)
N K2 19200,)ll; K1 1240 (Ry)2Kid)’

where

= 16~ Boll ey /8~ Venla) /4] — dfm.

Proof of Proposition 2.14. We are mostly interested in local alternatives, i.e., 8, — 6, as

n — o00.
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Rao’s score test. Define four events

A= {TRao > ()}

1 3
B:= {51'-[(90) = H,(6) = iH(QO)}

C = {41150(80) = S(00) 31001 > ta(e) = 41S(60) 3y 1 }
D = {119:(60) = SO0l 1)+ < 150000y — V/3u(@)/4}
Note that
S(60) = S(60) — S(6.) = H(6)(6, — 6.),
where § € Conv{fp,6,}. Due to Assumption 2.2, we have

e "ol pr(00) < m(9) = "Il b 5y). (A.16)

Therefore, we conclude that, as n — oo,

S(0y) = H(0)(0p — 0) = O(0, — 0p). (A.17)
We first consider the case when 6, — 6y = O(n~'/2). On the event B, it holds that
Thao < 21150 (00) g+ < 41150 (B) = S(00) s+ + 411500 0y -
This implies AB C AC and thus
P(A) = P(AB) + P(AB°) < P(AC) + P(B°) < P(C) + P(5°)
It follows from Theorem 2.5 that, when n is large enough,

c n
H

Moreover, note that C = {||5,,(6y) — 5(90)]\2,1(90) — Tr(2(60))/n > 7,}, where

Tn = (@) /4 = |15 (60) 51(g0)-1 — Tr(€2(60)) /.
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By Theorem 2.4, we have, whenever 7,, > 0,

n’r; nr,
P(C) < exp | —cmin . i :
( {Kf 12(60) 15 K ||Q(90)||oo}>

Consequently, it holds that, whenever 7,, > 0 and n is large enough,

n n272 nT,
P(A) <2d T 1oy )T —cmi PATER 0 '
(A) < 2dexp ( A(Ky + 20?{)) o ( o {Kf 1€2(60) 115 K1 1€2(60) 1o })

Note that, for large enough n, it holds that Tr(€2(6y)) — d and thus t,(a) > Tr(Q(6y))/n.

Hence, it follows from (A.17) that, as long as 6, — 6y = o(n~'/?), 7, > 0 for sufficiently large
n.

We then consider the case when 6, — 6y = w(n~/?). On the event B, it holds that

Trao 2 2 1n(80) 177651 /3 = 415 B0) 1)1 — 15n(80) — S(00) | 19y 1 /3.

By Theorem 2.4, it holds that [|S,,(6) — S(00)]| (g1 = O(n='/?). By (A.17), we know that
15(00) | 79y -1 = w(n™"/?) and thus, for sufficiently large 7,

15(00) || £105)-1 > [150(B0) — S(00)| )1 + V().
This implies that BD C AB and hence
P(A) > P(AB) > P(BD) > 1 — P(B°) — P(D°).

Following a similar argument as above, we have, whenever n is large enough,

n n72 nT,
P(A) > 1 —2dexp (——) —exp [ —cmin TR . ,
4(Ky + 20%) K2(19060))127 K1 122(60) |

where

= 100 oy — VBE(@)A] — Te(Q60)) /.
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The Wald test. Notice that d, = d since the model is well-specified. Fix € = ¢, so that

2n37u

wy(e) < 2. Let § :=exp (—C(E

RﬁTde)' Define the following events

n

d
Am {Hsn(e*)ui,l(@*) < CK?1og (¢/9) }

B:= {%H(Q*) < H,(0,) = ;H((A)}

C— { QM;@H@) < Hy(6) < SWH(6.), foral 6 € @E/R;w*)}
D = {Twaua > tn(a)}

£ .= {”Sn(e*)H?{(@*)*l >t () /384 — ||6, — 90”?{(9*) /64}

F o= {1800 B+ < 10— Bollry /8 — VVinla)/4}

Following the proof of Theorem 2.7, we get P(ABC) > 1 — ¢ and, on the event ABC, we

(A.18)

have, for sufficiently large n,

and
Hen - Q*HH(G*) < 4\/5 HSn(Q*)HHn(Q*)*l <38 ||5n(9*)||H(e*)—1 : (A.19)
We first consider the case 0, — 6y = O(n"'/2). On the event ABC, it holds that

2 2 2 2
16n = 0ol 1,0,y < 31100 — Oollzz6,) < 61160 — Oullrq,) + 6 110 — Oollre,

< 384 [S5(0:) 151, 0,y-1 + 6 116+ = boll7s,
This implies that ABCD C ABCE and thus
P(D) = P(ABCD) + P((ABC)°D) < P(€) + P((ABC)°).
Moreover, note that & = {||5,,(6) — 5(90)\&_1(90) —d/n > 7]}, where

n

7, = tn(@) /384 — (|6, — Ol 7y, /64 — d/n.
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By Theorem 2.4, we have, whenever 7/, > 0,

| way n
P(E) < exp (_Cmm { RZ [0 K0 }> |

2n37u

3}
(R;)?K7d

n?(r!)? ! 223V
P(D) < exp [ —cmin n , n + exp (—c—) _
) ( {K% 192062 7o Hﬂwum}) (Re)?K7d

We then consider the case 6, — 6y = w(n~'/?). On the event ABC, we get

Since P((ABC)°) < § = exp <—c ), it holds that

16, — 90||§{n(on) > 1|6, — 90”?{(9*) /42> [0 = 6ol 110,y — 100 — Oull 10,1 /4

According to (A.19) and the event A, we have [|6, — 0.y, = O(n™1) and thus
10 = Oull o,y < 164 — bol| (g, for sufficiently large n. As a result, it holds that

2
10— 00l ) 2 (102~ ol — 8150y ] /4.
This implies that ABCF C ABCD and thus

P(D) > P(ABCD) > P(ABCF) > 1 — P((ABC)) — P(F°).

Let
2
7= 16 = ol o,y /8 = VEa(@)/4]” = d/n.
It is positive for sufficiently large n since 6, — 6y = w(n~/?). By Theorem 2.4 and

P((ABC)¢) < 4, it holds that

n2(7)? 7 £2p3v
P(D) > 1 —exp [ —cmin n , n — exp (—c—) _
) ( {K% 12002 K 120 }) (Re)PK7d

The likelihood ratio test. Note that

Ca(B0) = (0) = 116 — boll3, 5

for some 6 € Conv{6,,6y}. The claim can be proved with the same argument as the one for

the Wald test. O
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A.3 Technical Tools

In this section, we first recall and prove some key properties of generalized self-concordant
functions. We then review some key results regarding the concentration of random vectors

and matrices.

A.3.1 Properties of generalized self-concordant functions

Throughout this section, we let f : R? — R be (R, v)-generalized self-concordant as in

Definition 2.1, where R > 0 and v > 2. For simplicity of the notation, we denote |||, =

[ lg2p(q)- Let

Rlly —z|| if v =2
dy(,y) = ’ (A.20)

(/2= DRy — a3y 27 ifv>2

and

(1—7)"2=2 if y > 2
wy(7) = (A.21)
e’ itv=2
with dom(w,) =R if ¥ = 2 and dom(w,) = (—o00,1) if v > 2.

The next proposition gives bounds for the Hessian of f.

Proposition A.5 (Sun and Tran-Dinh (2019), Prop. 8). For any z,y € dom(f), we have

o
wy (dy(2,9))

where it holds if d,(z,y) < 1 for the case v > 2.

Vif(2) 2 V2 (y) 2w (do(@,y)) Vi (@),

We then give the bounds for function values. Define two functions

(

(e —1) if v=2

w,(7) = /0 wy(tr)dt = ¢ —711og (1—71) fr=14 (A.22)

1_(1_7)('/—4)/(1’—2)

T

v=2 otherwise
v—4

\
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and
(
72" —7—1) ify=29
_ 1 —772[1 +log (1 — 7)] ifvr=23
wy(7) = / to, (tT)dt = (A.23)
0 72[(1 = 7)log (1 —7) + 7] ifv=4
L Z—:i% [2(5:3)7 ((1 — 7)2B-)/C=v) _ 1) — 1] otherwise.

Proposition A.6 (Sun and Tran-Dinh (2019), Prop. 10). For any x,y € dom(f), we have

O (=d(, ) ly = 23 < fy) = (@) = (Vf(2),y = 2) < B(do(2,9)) lly — I, ,
where it holds if d,(x,y) < 1 for the case v > 2.

In the following, we fix x € dom(f) and assume V2f(z) = 0. We denote Ay, :=
Amin(V2f (7)) and Apax := Amax(V2f(x)). The next lemma bounds d,(x,y) with the local

norm ||y — z||,. Let

;

AR if v =2
R, =4 (v/2 - DAYIPR it e (2,3] (A.24)

/2 - DAYPR it v > 3.

\

Lemma A.7. For any v > 2 and y € dom(f), we have
dlw,y) < R lly — ol (A.25)

Moreover, it holds that

1
wy(Ry |y — x|,.)
where it holds if R, ||y — z||, <1 for the case v > 2.

Vif(@) 2 VAf(y) 2 wo(Ry [ly — =ll,) V2 (@),

Proof. Recall the definition of d, in (A.20). If v = 2, then, by the Cauchy-Schwarz inequality,

dy(z,y) = Ry — zll, < |[[V2F (@), Ry — zll, < Al Rly — =], -

The case v > 2 can be proved similarly. O]
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We then prove some useful properties for the function w.

Lemma A.8. For any v > 2, the following statements hold true:

(a) The function o(1) := w,(—7) is strictly decreasing on [0,00) with (0) = 1/2 and
o(1) >0 for all T > 0.
(b) The function (1) := @, (—7)7 is strictly increasing on [0, 00) with ¥ (0) = 0.

Proof. (a). By definition, w, is strictly increasing on (—oo,1). As a result, for any 7 €

(—OO, 1)a
1
w(T) = / tw! (tT)dt > 0.
0
It then follows that, for any 7 > 0,
1
o)== (-71) = —/ 2! (—t)dt < 0,
0

and thus ¢ is strictly decreasing on [0,00). Note that w,(0) = 1 and w,(7) > 0 for all
T € (—o0,1). It is straightforward to check that ¢(0) = 1/2 and ¢(7) > 0 for all 7 > 0.
(b) Due to (A.22), it is clear that 7 +— 7w, (—7) is strictly increasing on [0, 00) and equals

0 at 7 = 0. Note that, for any 7 > 0,

W(r) = /0 1 by (—t7)dt = © /O "1y (—t)dt,

-
We get
! 1 2 - ! —
(1) = = [7’ @, (—7) —/ twl,(—t)dt} .
T 0
By the monotonicity of 7 — 7w, (—7), it follows that ¢/(7) > 0. O

Corollary A.9. Let 7 > 0. For any v > 2, there exists K,, € (0,1/2] such that
O (—T)T <K, =7<14+1{v =2} and 0, (—71) > 1/4.

In particular, K, =1/2 ifv =2 and K, = 1/4 if v = 3.
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Proof. The existence of K, follows directly from the strict monotonicity of ¢ and v shown

in Lemma A.8. For v = 2,

_ - -1
Wy (—7)T = e fr-] <1l/2=71<2.
T
As a result, we have w,(—7) > 1/4. The case for v = 3 can be proved similarly. O

Now we are ready to prove Proposition 2.3.

Proof of Proposition 2.3. Consider the level set
Ly(f(x) ={yeX: fly) < flz)}#0
Take an arbitrary y € L¢(f(z)). According to Proposition A.6, we have
02 f(y) = flo) 2 (Vf(2),y —2) + Dy (~du(z.) lly — ]
By the Cauchy-Schwarz inequality and Lemmas A.7 and A.8, we get
O (=R lly = zl,) Iy =2z < IV F@) g1 ly = 2,
This implies
(=R ly = zll) By ly — ll, < Ry [[Vf ()l 10y < Ko
Due to Corollary A.9, it holds that R, ||y — z||, < 1+1{r =2} and W, (—R, ||y — z||,) > 1/4.
It follows that d,(z,y) < 1+ 1{r = 2} and
ly —=ll, < 4IVF(@)lv2p@- -
Hence, the level set L;(f(z)) is compact so that f has a minimizer . Moreover, by Propo-
sition A.5 and V2f(x) = 0, we obtain V2f(y) = 0 for all y € L;(f(z)). This yields that z is
the unique minimizer of f and it satisfies
12 — 2|, <4V F(@)llg2pm)-1 -
O

Remark A.4. A similar result also appears in (Ostrovskii and Bach, 2021, Prop. B.4). We

extend their result from v € {2,3} to v > 2.
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A.3.2  Concentration of random vectors and matrices

Recall the definition of sub-Gaussian random vectors from Definition 2.3.

Remark A.5. Let S be a sub-Gaussian random vector. When S is not mean-zero, we have

IS ~E[S]ll,, = sup (S~ E[S]s)l,, = sup [|sTS ~Els™S

Isll,=1 l[sll;=1

..

According to Vershynin (2018, Lemma 2.6.8), we obtain

IS —E[S]ll,, <C sup |57 S]], = ClSll, .

lls[lo=1

where C is an absolute constant.

It follows from Vershynin (2018, Eq. (2.17)) that a bounded random vector is sub-

Gaussian.

Lemma A.10. Let S be a random vector such that ||S||, < M for some constant M > 0.
Then X is sub-Gaussian with || X{|,,, < M/+/log?2.

As a direct consequence of Vershynin (2018, Prop. 2.6.1), the sum of i.i.d. sub-Gaussian

random vectors is also sub-Gaussian.

Lemma A.11. Let Si,...,S, be i.i.d. random vectors, then we have ||>_ Si||12 S
2
Z?:l HSZ'HwQ-

Recall the definition of the matrix Bernstein condition from Definition 2.4. The next
lemma, which follows from Wainwright (2019, Eq. (6.30)), shows that a matrix with bounded

spectral norm satisfies the matrix Bernstein condition.

Lemma A.12. Let H be a zero-mean random matriz such that ||[H||, < M for some constant
M > 0. Then H satisfies the matriz Bernstein condition with b = M and o% = ||Var(H)|,.

Moreover, o2 < 2M?>.
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Appendix B
APPENDIX TO CHAPTER 3

B.1 f-Divergence: Review and Examples

We review the definition of f-divergences and give a few examples.

Let f : (0,00) — R be a convex function with f(1) = 0. Let P,Q € M;(X) be
dominated by some measure p € M;(X) with densities p and ¢, respectively. The f-
divergence generated by f is

Dy(PlQ) = [

X

(@)1 (55 o).

q(7)
with the convention that f(0) := lim, o+ f(¢) and 0f(p/0) = pf*(0), where f*(0) =
lim, o+ zf(1/x) € [0,00]. Hence, D¢(P||Q) can be rewritten as

DAP1Q) = [ ot (25 ) auta) + 1@ Pla =0,

g q()
with the agreement that the last term is zero if Plg = 0] = 0 no matter what value f*(0)
takes (which could be infinity). For any ¢ € R, it holds that Dy, (P||Q) = D;(P||Q) where
fe(t) = f(t) + c(t — 1). Hence, we also assume, w.l.o.g., that f(¢) > 0 for all ¢t € (0,00). To
summarize, f is convex and nonnegative with f(1) = 0. As a result, f is non-increasing on
(0, 1] and non-decreasing on [1, 00).

The conjugate generator to f is the function f*: (0,00) — [0, 00) defined by'

JH(6) = tf(1/t),

where again we define f*(0) = limy_,q+ f*(¢). Since f* can be constructed by the perspective

transform of f, it is also convex. We can verify that f*(1) = 0 and f*(¢) > 0 for all t € (0, 00),

! The conjugacy between f and f* is unrelated to the usual Fenchel or Lagrange duality in convex
analysis, but is related to the perspective transform.
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so it defines another divergence Dy~. We call this the conjugate divergence to Dy since
Dy (Pl|Q) = D(Q P) .

The divergence Dy is symmetric if and only if f = f*, and we write it as D¢(P, Q) to

emphasize the symmetry.

Example B.1. We illustrate a number of examples.
(a) KL divergence: It is an f-divergence generated by fxp(t) = tlogt —t + 1.
(b) Interpolated KL divergence: For A € (0,1), the interpolated KL divergence is defined
as

KLA(P[|Q) = KL(([P)[AP + (1 = M)@),

which is a f-divergence generated by

i = tlog (=5 ) ~ (L= V= 1.

(c) Jensen-Shannon divergence: The Jensen-Shannon Divergence is defined as
1 1
Dis(P,Q) = §KL1/2(PHQ) + §KL1/2(QHP)-

More generally, we have the \-skew Jensen-Shannon Divergence Nielsen and Bhatia
(2013), which is defined for A € (0,1) as Dys ) = AKL\(P||Q) + (1 — MKL;_A(Q|| P).

This is an f-divergence generated by

t 1
fJS7)\(t) =\ log (m) + (1 — )\) log (m) .

Note that this is the linearized cost defined in (3.4)

(d) Frontier Integral: From Property 3.1, F1 is an f-divergence generated by

t+1 t

fult) ===~

logt.

e) Interpolated x? divergence: Similar to the interpolated KL divergence, we can define
X g )
the interpolated x* divergence D, and the corresponding convex generator f,2y for
X2, X2,
A€ (0,1) as

(t—1)*

Dy2A(P||Q) = Dy2(P|AP + (1 = N)Q), and, fen(t) = Nl
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The usual Neyman and Pearson x? divergences are respectively obtained in the limits
A—=1and A = 0.
(f) Squared Le Cam distance: The squared Le Cam distance is, up to scaling, a special

case of the interpolated x* divergence with A = 1/2:

1
DLC(P7Q) = ZDX2,1/2(P||Q) :
(9) Squared Hellinger Distance: It is an f-divergence generated by fu(t) = (1 — /1)
B.2 Regularity Assumptions

In this section, we discuss the regularity assumptions in Assumption 3.1 required for the
statistical error bounds. Throughout, we assume that X" is a finite set (for instance, on
the quantized space). We upper bound the expected error of the empirical f-divergences
estimated from data.

We use the convention that all higher order derivatives of f and f* at 0 are defined as

the corresponding limits as 2z — 07 (if they exist). Further, we use the notation
U(p.q) = af(p/q) = pf*(a/p), (B.1)
so that Dy(P||Q) = > cx ¥(P(a),Q(a)).

B.2.1  FEzamples satisfying the assumptions

We now consider the examples in Example B.1. The constants are summarized in Table B.1.

KL divergence. We have
fxn(t) =tlogt —t+1 and fi(t)=—logt+t—1.

We have f(0) = 1 but f*(0) = oco. Therefore, the KL divergence does not satisfy our

assumptions. Indeed, this is because the KL divergence can be unbounded.
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Table B.1: Examples of f-divergences and whether they satisfy Assumptions (A1)-(A3).
Here, A € (0,1) is a parameter of the interpolated or skew divergences, and we define

Ai=1-—\

f-divergence Satisfies o oo G G
Assumptions?

KL No 1 o0

Interpolated KL Yes A log% —) 1 ’\—)\2 % %

JS Yes % log 2 % log 2 % % i %1

Skew JS Yes Mlog T Alogs A A 2 %

Frontier integral Yes 3 : 4 4 . !

LeCam Yes 5 % 2 2 2% 2;“7

Interpolated x? Yes 3 3 L L S i

Hellinger No 1 1 00 00

Interpolated KL Divergence. Let A € (0,1) be a parameter and denote A = 1 — X\. We

have

fxrn(t) = tlog <)\t i )\) —A(t—1) and ferom (t) = —log(At + \) + A(t — 1).

The corresponding derivatives are

5\ t 3 * 3\ A
ff(L(,\\A)(t) = —)\t Y + log ()\t T )\) — A (fKL(,||A))’(t) =)\— NN
" N " —/_\2
frron (@) = ma (frLgn) () = ESER

Proposition B.1. The interpolated KL divergence generated by fyi( ) satisfies Assump-
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tion 3.1 with

1 1—\)2 1 11—\
Co=1-), nglogx—l%—)\, Cy =1, Cf=< )\), 0225, Cy=—-

Proof. First, Cy, C§ can be computed directly. Second, it is clear that

1 - PO 1 o 1
—f{<L(7HA)(t)zlogg—l—log()\t—i-)\)— )\t+5\+)\§logg+log1—)\+)\:logz

for all z € (0,1). Moreover, since f is convex and fiy 1y (1) = 0, it holds that fi; ) (z) <0
for all z € (0,1), and thus Cy = 1. Next, we note that |(fgy, ) (2)] < A%/ holds uniformly

on (0,1) (or equivalently that f; ) is Lipschitz); this gives C7. Next, we have
Cy = sup {lthIéL( 1) (t)} < : )
>0 (2 ’ 2
since the function inside the sup is monotonic decreasing on (0, 00). Finally, we have
C; = Sup {%t(fh(,ux))”(t)} = 8%\ ;
since the term inside the sup is maximized at t = A/ ]

Skew Jensen-Shannon Divergence. Let A\ € (0,1) be a parameter and A = 1 — \. We

have,

t - 1
t) = A\tl — Al — | = ¥ t).
frsa(t) 0g ()\t—i— A) + Alog ()\t—i— A) fisa-a(t)

Its derivatives are

t A
s (t) = A1 = d fig,(t) = ——.

Proposition B.2. The \-skew JS divergence generated by fis above satisfies Assump-
tion 3.1 with

1 1 A 1—-A
COI<1—)\>IOgm, Cg:)\lng, 01:)\, Cikzl—)\, C2:§, C;:—
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Proof. For C', we have
/ 1 - 1

for z € (0,1). Next, we have

Frontier integral. We have

t+1 t
2 t—1

fer(t) = logt = fr(t).

Its derivatives are

(1-t)(3—1)+2logt
2(1 — t)?

_ 2tlogt —t* +1

fﬁ‘I(t) = and flgl(t) - t(]_ . t)g

Proposition B.3. The frontier integral satisfies Assumption 5.1 with

1 1
Co===C;, Ci=1=C], Cy=-=0C5.
2 2
Proof. We get Cy by calculating the limit as t — 0 using L’Hopital’s rule. For Cy, we note

that the term inside the sup below is decreasing in ¢ to get

O — s 2tlogt —t*+1 1
= Su = — .
? t>103 (1—1)3 2

By definition,
1
fer(t) = 2 / Froa()dA,
0

so that, by Proposition B.2,

! ! 1 1
—fri(t) = —2/ Frsat)dr < 2/ Mog ~d\ = log .
0 0
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Interpolated 2 divergence. Let A € (0,1) be a parameter and denote A = 1 — A\. We
have,
(t—1)° )
feat) = Nl Fraaa(t).
Its derivatives are
-1+ A+1) Y 2
— d o\ () = ————.
(At + X)2 and fie A1) (At + X)2

f;(?,,\(t) =

Proposition B.4. For A\ € (0,1), the interpolated x*-divergence satisfies Assumption 3.1

with
1 , 1 2 .2
Co=7x =3 01_(1—)\)2’ “=%
4 4
Ch=—o—e O}

T2TAI = A2 2T 2T (1=

Proof. Note that 0 > f7, ,(0) = —(1+A)/A* > —2/A% is bounded. Since f, , is monotonic

increasing with f» (1) = 0, this gives the bound on Cj. Next, we bound

C S t 4
_— u — = —
2 ) 2T

since the supremeum is attained at t = \/(2)). O

Squared Hellinger distance. We have,

1 1
" (t) _ _t73/2 )

v 0=

The squared Hellinger divergence does not satisfy our assumptions since for ¢ < 1, | f;;(z)] =

fu(t) = (L=V1)* = fi(t), fu(t)=1-

1/+/t diverges faster than the log 1/t rate required by Assumption (A2).

B.2.2  Properties and useful lemmas

We state here some useful properties and lemmas that we use throughout the paper.
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First, we express the derivatives of ¥(p, q) = ¢f(p/q) in terms of the derivatives of f:

g—j@, Q)= (g) —f (g) - %(f*)’ (]%) (B.2a)

D =r(2)-Lr (2) =y (Y) (320
= (2) = L (£) 20 (B.2)
S =S (2) =y (1) 20 (B2
e ==L (L) =~y (1) <o (B2
pdg q q p p

where the inequalities f”, (f*)” > 0 followed from convexity of f and f* respectively.
The next lemma shows that the function v is nearly Lipschitz, up to a log factor. This
lemma can be leveraged to directly obtain a bound on statistical error of the f-divergence in

terms of the expected total variation distance, provided the probabilities are not too small.

Lemma B.5. Suppose that f satisfies Assumption 3.1. Consider ¢ : [0,1] x [0,1] — [0, 00)
given by (p,q) = qf(p/q). We have, for all p,p',q,q" € [0,1] withpVp' >0, ¢V ¢ >0, that

W, q) —¢(p, q)| < (01 max {1, log

o beava) -y

[W(p,q") —¢(p,q)| < (Ci‘ maX{l,log }+Co\/05> lq—4q'].

qVv{

Proof. We only prove the first inequality. The second one is identical with the use of f*
rather than f. Suppose p’ > p. From the fact that 1 is convex in p together with a Taylor

expansion of ¢(+, ¢) around p’, we get,

oY 1 [P O%)
< _ / o . / - / —— - _
0<v(p,q) =@, q) —(p p)ap . q) 2), o (5,9)(p — s)ds
I L7 oy
= -3 | o (s,q)ds + 2 ), 88p2 (s,q)ds

§O+02(p/_p)7
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where we used 0%*)/0p* is non-negative due to convexity and, by (B.2c) and Assump-

tion (A3),

2
8%(879) = gf” (s/q) <2C;.
This yields
0 0
—(p' - p)a—ﬁ(p’, q) <Y(p,q) =@, q) < =0 - p)%(p’, q) + Ca(p' —p).

We consider two cases based on the sign of g—z(p', q) = f'(p/q) (cf. Eq. (B.2a)).

Case 1. g—f(p’, q) > 0. Since g — f'(p/q) is decreasing in ¢, we have

0<(p — p)g—;ﬁ(p’, q) =@ —p)f'p/a) < }Zig(l)(p’ -p)f'(p/e) = @ —p)f(0),

where we used f'(oc0) = f*(0) from Lemma B.6. From Assumption (A1), we get the bound
[W(p, @) — (0 @)l < (C5 Vv Co)(p' —p).

Case 2. %(p’,q) < 0. By Assumption (A2), it holds that

0| < € max(1 o0/} < Cy max{1,Tog(1/3),
and thus
1
60~ 008, < (Comax {1tog b4 c2) (=),
O
With the above lemma, the estimation error of the empirical f-divergence can be upper

bounded by the total variation distance between the empirical measure and its population

counterpart up to a logarithmic factor, where:

1P = Pllpy = Y [Pula) = P(a)]. (B.3)

aeX

Next, we state and prove a technical lemma.

Lemma B.6. Suppose the generator f satisfies Assumptions (A1) and (A2). Then,

lim f/(t) = £(0), and lim (f*)(t) = £(0).

t—o0 t—o0
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Proof. We start by observing that
limt|f'(t)| < Cilimt V¢l ! =0
i 17(6)] < CuJi v thog 3 = 0.
Next, a direct calculation gives

(f)'(A/t) = f(&) = tf'(1)

so that taking the limit ¢ — 0 gives

lim (/°)(t) = £(0) — lim ¢'() = J(0).

t—00 t—0

The proof of the other part is identical. n
B.3 Plug-in Estimator: Statistical Error

In this section, we prove the high probability concentration bound for the plug-in estimator.
There are two keys steps: bounding the statistical error and giving a deviation bound.
Throughout this section, we assume that P and @ are discrete. Let {X;}i., and {Y;}7,
be two independent i.i.d. samples from P and @, respectively. We consider the plug-in
estimator of the f-divergences, i.e., Df(P,||@y,). The main results are (a) an upper bound
for its statistical error, and (b) a high probability concentration bound. They all hold for
the linearized cost £)(F,, @) and the frontier integral FI(P,, @,,) due to Proposition B.2

and Proposition B.3.

B.3.1 Statistical error

Proposition B.7. Suppose that f satisfies Assumption 3.1 and k = |Supp(P)|V |Supp(Q)| €
NU{oo}. Let n,m > 3. Let c; = Cy + Cf and co = Cy V C§ + C5 V Cy. We have,

E|Dy(P(IQ) = Dy(Pal|Qm)] < (Cilogn + Cj v Ca)an(P) + (Cilogm + Co V C5) am(Q)
+(C1+ G5V C) Bu(P) + (C7 + Co vV C3) Bn(Q),  (B4)
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where an(P) = Y cx /1 'P(a) and B,(P) = E [Za:Pn(a):O P(a) max {1,log (1/P(a))} .

Furthermore, if k < oo, then

EM%@MD—DA&W%MS(QMMnAmeﬁ<anm+nfm>- (85

The proof relies on two key lemmas—the approximate Lipschitz lemma (Lemma B.5)

and the missing mass lemma (Lemma B.9). The argument breaks into two cases in P (and
analogously for @) for each atom a € X

(a) P,(a) > 0: Since P, is an empirical measure, we have that P,(a) > 1/n. In this case
the approximate Lipschitz lemma gives us the Lipschitzness in ||P — P,||; up to a
factor of logn.

(b) P,(a) = 0: In this case, the mass corresponding to P(a) is missing in the empirical
measure and we directly bound its expectation following similar arguments as in the
missing mass literature; see, e.g., Berend and Kontorovich (2012); McAllester and Ortiz
(2003).

For the first part, we further upper bound the expected total variation distance of the
plug-in estimator, which is

1P = Pllpy = Y [Pula) — P(a)].

aeX

Lemma B.8. Assume that P is discrete. For any n > 1, it holds that
ElP. = Pllpy < an(P).

Furthermore, if k = |Supp(P)| < oo, then

k
E|1Pa = Pllry < an(P) </~
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Proof. Using Jensen’s inequality, we have,

E Y |P@-Pa)l< Y VEPR(a)-Pla))?

a€Supp(P) a€Supp(P)

-y PO

n =

a€Supp(P)

If k < oo, then it follows from Jensen’s inequality applied to the concave function ¢ — v/t

that

Hence, o, (P) < y/k/n and it completes the proof. O
For the second part, we treat the missing mass directly.

Lemma B.9 (Missing Mass). Assume that k = |Supp(P)| < oo. Then, for any n > 3,

E [Z 1{P,(a) =0}P(a)| < % (B.6)
B,(P) :=E [Z]I{Pn(a) — 0} P(a) <1 V log P(a)) < kl‘;g” , (B.7)

where a V b := max{a, b}.

Proof. We prove the second inequality. The first one is identical. Note that E[1{P,(a) =
0}] = P(P.(a) = 0) = (1 — P(a))". Therefore, the left hand side (LHS) of the second

inequality is

LHS =) (1 - P(a))"P(a) max{1, —log P(a)}

acX
1 logn klogn
< — —
- Z n v n n
aceX
where we used Lemma B.19 and Lemma B.20. O

Remark B.2. According to (Berend and Kontorovich, 2012, Prop. 3), the bound k/n in
(B.6) is tight up to a constant factor.



202

Now, we are ready to prove Proposition B.7.

Proof of Proposition B.7. Define A, ,(a) == |¢(P(a),Q(a)) — 1 (Pa(a), Qm(a))|. We have
from the triangle inequality that

Anm(a) < [¥(P(a), Q(a)) — ¥ (Pa(a), Q(a))| + [¢(Pala), Q(a)) — ¥ (Pu(a), Qu(a))] -

N J/

—Ti(a) —Ta(a)
Since P,(a) =0 or P,(a) > 1/n, the approximate Lipschitz lemma (Lemma B.5) gives

Tila) < P(a) (Cymax{1,log(1/P(a))} + C5 V Cy) , if Py(a) =0,

|P(a) — Pu(a)| (Cilogn+ Cj Vv Cs), else.

Consequently, Lemma B.8 yields

Y E[T] <) E[{Pu(a) = 0}P(a) (Cr max{1,log(1/P(a))} + C§ V Cs)]

aeX a€eX

+ Y E[|Pu(a) — P(a)[] (Cilogn + Cy v Cs)

aceX

< (Cy+ Cy vV C) Bu(P) + (Crlogn + Cf V Cs) i (P) .

Since ¥(p,q) = qf(p/q) = pf*(q/p), an analogous bound holds for 75 with the appropriate
adjustment of constants. Hence, the inequality (B.4) holds. Moreover, when k& < oo, the

inequality (B.5) follows by invoking again Lemma B.9 and Lemma B.8. O

Invoking Proposition B.1 and Proposition B.7 for the interpolated KL divergence leads

to the following result.

Proposition B.10. Assume that k = |Supp(P)| V |Supp(Q)| < oo. For any A € (0,1), it
holds that

< KH@) log(n/\m)—l—<log§—1+)\>\/%+(l—)\)\/

" k L k
VaoAm nAm/

1—A
8A
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Moreover, for any \pm € (0,1/2),

E [ sup  A{[KLA(P[|Qm) — KLA(P@Q)] + [KL1 A (@[ Pn) — KL A (QI[P)]}

)\E[An,mylf)\n,m]

1 1 1 k k
§2((1—|—1/)\n,m)logn+log)\ v§+1v8)\ ) (,/n/\ern/\m) .

Proof. We only prove the second inequality. The first one is a direct consequence of Propo-

sition B.1 and Proposition B.7. From the proof of Proposition B.7 we have

[KLA (P || @) — KLA(P|Q)]
<> 1{Pu(a) = 0} P(a) (Cy max{1,log(1/P(a))} + Cy V Cs)

aeX

+ ) 1{Qm(a) = 0} Q(a) (C} max{1,1og(1/Q(a))} + Co V Cj)
acX

+ 37 |[Pa) — Pa(a)| (Crlogn + Cy v o) + Y |Q(a) — Quula)| (Cf logm + Cy v C)
acX aEX

Note that, for the interpolated KL divergence, we have

1
Co=1—-X<1, C’S:logx—l—l—)\élog

(1= M) 1
C,=1 Cr= <
1 ) 1 )\ _)\n,m
1—\ 1
Cy=1/2, Cf = <
2=1/2, G 8A = 8Aum

forall A € [Aym, 1 —An ). The claim then follows from the same steps of Proposition B.7. [

B.3.2 Concentration bound

We now state and prove the concentration bound for general f-divergences which satisfy our

regularity assumptions. We start by considering concentration around the expectation.

Proposition B.11. Consider the f-divergence Dy where f satisfies Assumptions (A1)-
(A3). For anyt > 0 and any discrete distributions P, Q, we have,

(n Am)e? ) 7

2(c1log (n Am) + ¢o)?

P (1D5(Pul|Qu) — EID(Pal[@u)]| > <) < 2exp (
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where ¢y = Cy + C and co = Cy V Cj + C5 V Cy.

Proof. We first establish that Dy satisfies the bounded deviation property and then invoke
McDiarmid’s inequality:.

We start with some notation. As before, define ¢ (p,q) = qf(p/q). Without loss of
generality, let X = Supp(P) U Supp(Q). Define the function ® : X"*™ — R so that

(I)<X17"' 7Xn7}/17"' 7Ym) :Df(PnHQm)

We show the bounded deviation property of ®. Fix some T = (1, ,Zp, Y1, ,Ym) €
X" and let T = (2, -+ 20,44, -+ ,yl,) € X" be such that T and 7" differ only on
x; = a # d = z,. Suppose the number of occurrences of a in the z-component of 7" is [
and of @’ is I, while their corresponding y-components are mq and mgq’ respectively. We now

have

()=o) = o () < v (Sa) w0 (TEL ) <o (5.0)
(2l ) (54

2
< E(C’llogn—i-Cg v Cy) =: By,

where we used the triangle inequality first and then invoked Lemma B.5. Likewise, if A and

A’ differ only in y; and y., an analogous argument gives

1B(T") — ®(T)| < —(C logm + Co v C3) =: B

2
m
With this we can use McDiarmid’s inequality (cf. Theorem B.18) to bound

P(IDs (Pl @Qm) = EID; (Pl @m)]| > &) < h(e),

where

2¢? (n A m)e? ) ‘

. <2exp -
(6) eXp( Y B?+Z?*$1<B:>2> } exp( 2(crlog (n A m) + ca)?
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Hence, the concentration bound around the population f-divergence follows directly from

Proposition B.7 and Proposition B.11.
Theorem B.12. Assume that P and Q) are discrete and let k = |Supp(P)| V |Supp(Q)| €
N U {oco}. For any § € (0,1), it holds that, with probability at least 1 — 9,

IDAPIQn) — Dy(PIQ)] < (e log (n Am) + ) —— log 5

+ (Cilogn + C§ V Cs)an(P) + (Cylogm + Cy V C3) i (Q)
+ (O + G5 V Ca) Bu(P) + (Cf 4+ Co V C3) (@) -

Furthermore, if k < oo, then, with probability at least 1 —

1Ds(PallQu) — D(PlIQ)] < (exlog (n Am) + c2) (\/ log NoaAm n/\m> ’

Proof of Theorem B.12. We only prove the second inequality. The first one follows from a

similar argument. According to Proposition B.7, we have

1Dy (Bl Q) — E[Df(Fol| Q)|
> [Dy(Pul|Qm) — Dy (PlQ)| — [E[Ds (Pl Q)] — Ds(PlIQ)]

2U%GM@@—DAH@N—@ﬂ%WAm*“ﬂ< T )'

By Proposition B.11, it holds that

P (]Df(PnHQm) — D(P||Q)| > e+ (cl log (n Am) + 62) ( i + i )) < h(e),

nAm nAm

where

(n Am)e? ) ‘

c1log (n Am) 4+ ¢y)?

h(e) = 2 exp <_2<

The claim then follows from setting h(e) = ¢ and solving for e. O
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B.4 Add-Constant Smoothing: Statistical Error

In this section, we apply add-constant smoothing to estimate the f-divergences and study
its statistical error. All the results hold for the linearized cost Ly(FP,,Q,,) and the frontier
integral FI(P,, Q,,) due to Proposition B.2 and Proposition B.3.

For notational simplicity, we assume that P and () are supported on a common finite
alphabet with size k < oco. Without loss of generality, let X be the support. Consider
P e M;(X) and an i.i.d. sample {X;}? ; ~ P. The add-constant estimator of P is defined
by

N, +b

@) =2

for all a € A,

where b > 0 is a constant and N, = [{i € [n] : X; = a}| is the number of times the symbol
a appears in the sample. In practice, b = b, could be different depending on the value of
N,, but we use the same constant b for simplicity. Similarly, We define @,,, with M, =
[{i € [m] : Y; = a}|. The goal is to upper bound the statistical error

E|D;(PIQ) = Dy(Pupl|@mp)l (B-8)

under Assumption 3.1.

Compared to the statistical error of the plug-in estimator, a key difference is that each
entry in the add-constant estimator is at least (n + kb)™' A (m + kb)~'. Hence, we can
directly apply the approximate Lipschitz lemma without the need to control the missing
mass part. Another difference is that the total variation distance is now between the add-

constant estimator and its population counterpart, which can be bounded as follows.

Lemma B.13. Assume that k = Supp(P) < oco. Then, for any b >0,

E:EH%AQ_J%@‘SE:Vumx1—Pm»+wkumn—1mj<\@%+2Mk_1x

n + kb - n + kb

aceX a€eX

Proof. Note that

L&A@—Pmﬂsz_nmw bﬂ—kﬂww§V%—nm@

ni kb nikb n+ b

Va—kpmnw
n+ kb
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Using Jensen’s inequality, we have

[ VAP@A=P@)  bk|1/k— Pla)
- ; e T ek

We claim that

If this is true, we have

Vin + 2b(k — 1)

n+ kb

9

Y ElPus(a) = Pla)| <

aeX

since Y,/ P(a)(1 — P(a)) < Vk Tt then remains to prove the claim. Take ay,ay € X
such that P(a;) > k™' > P(ay). It is clear that

1 1 1 1
P(ay) — |+ |P(as) — —| < |P(ay1) + P(ag) — —| + |P(ag) — P(ag) — —
k k k k
= P(ay) + P(az)
Repeating this argument gives
1 1 k=1 2k-1)
_ <1z —
2 [Pl k‘ shor T k:

[]

The next proposition gives the upper bound for the statistical error of the add-constant

estimator.

Proposition B.14. Suppose that f satisfies Assumption 3.1 and k = |X| < oo. We have,
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for any n,m > 3,

E|DH(PIQ) — Dy(Pusl|Qu)| < [”‘“”(” y AP)} (Crlog(n/b+ k) + G5 v Cy)

n+kb "
+ [M + vm,k(Q)} (Cllog(m/b+ k) + Co v G5)

m + kb

Vin + 2b(k — 1)
n + kb
VEm + 2b(k — 1)

m + kb

< (Cilog(n/b+ k) + Cj v ()

+ (Cflog(m/b+ k) + Cy vV C3) :

where Yy, 1 (P) = (n + bk) "0k o |P(a) — 1/k|.

Proof. Following the proof of Proposition B.7, we define

Anm(a) = |(P(a),Qa)) = (P p(a), Qmp(a))] -

We have from the triangle inequality that

w(anb(a)a Qm,b(a)) ’ .

J/

Bum(a) < [$(P(), Q(0)) = ¥ (Pus(a), Q(a))| + [¢(Pas(a), Q(a))

=:T1(a) ::}Qr(a)

Since P, p(a) > b/(n + kb), the approximate Lipschitz lemma (Lemma B.5) gives
Ti(a) < [P(a) = Pop(a)| (Cilog(n/b+ k) + Cg Vv Cy)

By Lemma B.13, it holds that
2acx E[T1(a)] <y nP(a)  bk|1/k = Pla)l| _ now(P)
Cilog(n/b+ k) +C§V Cy TS ntkb n + kb n+ kb

< Vkn+2b(k — 1)
n + kb ’

+ Vn,k(P)

Since ¥ (p,q) = qf(p/q) = pf*(q/p), an analogous bound holds for T3(a) with the appropriate
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adjustment of constants and the sample size. Putting these together, we get,

> 1Ax(a)l

E[Ds(PQ) — Dy(Puyl|@ms)| <E

acX
naoy, (P) y
< |22t b 0P| (Catoptufo+ )+ G v )

+{M

< (Crlog(nfb+ k) + C5 v ) Yt 20k = 1)

n + kb
1 (C; log(m/b+ k) + Co v C3) %;jbgg -1
O
The concentration bound for the add-constant estimator can be proved similarly.
B.5 Quantization Error
In this section, we study the quantization error of f-divergences, i.e.,
inf |Dp(P[Q) — Ds(Fs[|Qs)], (B.9)

SI<k
where the infimum is over all partitions of X of size no larger than k, and Ps and ()s are
the quantized versions of P and () according to &, respectively. Note that we do not assume
X to be discrete in this section. All the results hold for the linearized cost L£)(P,, Q,,) and
the frontier integral FI(P,, @,,) due to Proposition B.2 and Proposition B.3.
Our analysis is inspired by the following result, which shows that the f-divergence can

be approximated by its quantized counterpart; see, e.g., (Gyorfi and Nemetz, 1978, Theorem
6).

Theorem B.15. For any P,Q € M;(X), it holds that
Dy(P||Q) = Sup Dy (Ps|Qs), (B.10)

where the supremum is over all finite partitions of X .
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The next theorem holds for general f-divergences without the requirement of Assump-

tion 3.1.

Theorem B.16. For any k > 1, we have

sup nf |Dy(PQ) — Dy(Pol@s)| < 1L
P,Q |S|<2k

Proof. Assume f(0)+ f*(0) < co. Otherwise, there is nothing to prove. Fix two distributions

P, Q) over X. Partition the measurable space X into

Xlz{lL‘EX jg()gl}, and, XQZ{ZL‘EX jg()>1},

so that
dp e
pPIo) = [ 1 (o) 0w+ [ (G5 ) dPe) = DiPIQ) + D @IP).
a0 W) \ap
We quantize A} and X, separately, starting with X;. Define sets Sy,--- ,S; as
f(0)(m —1) dp f(O)m
= X < — ~
Sm {l’ S 1 k' = f dQ (.I') < k )
where the last set Sy is also extended to include {z € &} : f((dP/dQ)(z)) = f(0)}. Since
[ is non-increasing on (0, 1], it follows that sup,cy, f((dP/dQ)(x)) < f(0). As a result, the
collection & = {S4,---, Sk} is a partition of A;. This gives
10) 10 §
LREA | < D+ P||Q) < =—= B.11
: mZZI Q) < = Z (B.11)
Further, since f is non-increasing on (0, 1], we also have

=< g 1) < () 1 (o B = 2

Hence, it follows that

UUS Tt <Di(Psles) < MUY mals,]. (B12)

m=1 m=1
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Putting (B.11) and (B.12) together gives

0) & 0
it |DFPIQ) - Di (P 0s)] < 123 sl < L2 (B.13)

m=1
since 2:1=1 Q[Sn] = Q[X1] < 1. Repeating the same argument with P and @ interchanged
and replacing f by f* gives

f*(0)
-

inf [DF.(QIIP) - Df.(Qs, ]| Ps,)| <

B.14
S2| <k ( )

To complete the proof, we upper bound the infimum of § over all partitions of X with
|S| = k by the infimum over § = S§; U Sy with partitions &; of X; and Sy of X5, and
|S1| = |Sz| = k. Now, under this partitioning, we have, D} (Ps||Qs) = D} (Ps,||@s,) and
D7.(Qs||Ps) = D;.(Qs, || Ps,). Putting this together with the triangle inequality, we get,

uf | Dy(PIIQ) — Dy(Ps|Qs)|

< _inf_{|D}(PIQ) - D} (Psl|Qs)| + | D}.(QIIP) - D} (@slIFs)}

= int [DF(PIQ) ~ Df (Ps|Qs))| + inf, |DF:(QIIP) — D7 (Qs,l| Ps,)|
£(0) + 17(0)

<
- k

]

Now, combining Proposition B.7 and Theorem B.16 leads to an upper bound for the

overall estimation error.

Theorem B.17. Let Sy be a partition of X such that |S| = k > 2 and its quantization error
satisfies the bound in Theorem B.16, i.e.,

£(0) + £°(0)

|Ds(P||Q) — D¢(Ps, [|Qs,,)| < p
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Then, for any n,m > 3,

E | Dy(Psnl|@s.m) = Dr(PIIQ)|
< (Crlogn + Cy V Cy)an(P) + (Crlogm + Co V C5) an (Q)

+(Cr+ GGV Ca) Bu(P) + (CT + Co V C3) Bn(Q) + w

< (cllog(nAm)+c2) <1ln/]fm +n/lfm> + f(o)—;f*(o)7

where ¢y = C1 + C and co = Cy V Cj + C5 V Cy.

According to Theorem B.17, a good choice of quantization level k is of order ©(n'/?)

which balances between the two types of errors.

B.6 Technical Lemmas

We state here some technical results used in the paper.

Theorem B.18 (McDiarmid’s Inequality). Let X1, - -+ , X, be independent random variables

such that X; has range X;. Let ® : X} X --- X X,, = R be any function which satisfies the

bounded difference property. That is, there exist constants By,---, B, > 0 such that for
/

every i = 1,--- ,n and (x1,--- ,1,), (2}, -+ ,2) € X1 x -+ X, which differ only on the i

rn

coordinate (i.e., xj = ; for j # 1), we have,

D(xy,- -, x,) — P2, -+ ,2)| < By.
1

) n -

Then, for any t > 0, we have,

P(®(Xy, -, X,) —E[®(Xy, -, X,)]| > 1) < 2exp (—%) .

Property B.3. Suppose f : (0,00) — [0,00) is conver and continuously differentiable with

f(1)=0= f'(1). Then, f'(z) <0 for allz € (0,1) and f'(x) >0 for all x € (1, 00).

Proof. Monotonicity of f’ means that we have for any z € (0,1) and y € (1,00) that
fl2) < f(1)=0< fly). =
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Lemma B.19. For all z € (0,1) and n > 3, we have

1 1
0<(l—2x)"zlog— < o8
x n

Proof. Let h(x) = (1 — z)"xlog(1/x) be defined on (0, 1). Since lim,_,oh(z) =0 < h(1/n),
the global supremum does not occur as + — 0. We first argue that h obtains its global

maximum in (0, 1/n]. We calculate

1 1 1
R'(z) = (1—z)"* (—nw log — + (1 — ) (log - — 1)) <(1—2)"'1—nz)log —.
x x x
Note that h/(z) < 0 for x > 1/n, so h is strictly decreasing on (1/n,1). Therefore, it must

obtain its global maximum on (0,1/n]. On this interval, we have,

1 1 1
(1 —z)"zlog— < xlog— < ogn,
x x n

since x log(1/x) is increasing on (0, exp(—1)). O
The next lemma comes from (Berend and Kontorovich, 2012, Theorem 1).

Lemma B.20. For all x € (0,1) and n > 1, we have

0<(1—a)"z<exp(—1)/(n+1)<1/n.
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Appendix C
APPENDIX TO CHAPTER 4

C.1 From the Schriodinger Bridge to the Optimal Transport Plan

In this section, we show that the discrete Schrodinger bridge converges to the optimal trans-
port plan with a decaying ¢ := ¢, as n — oo. We denote by ¢ and C' absolute constants

which may change from line to line. We start by proving two useful lemmas.

Lemma C.1. Let Z be a random vector in R whose coordinates are sub-Gaussian with

parameter K. Let {Z;}'_, be i.i.d. copies of Z. Then we have

i (% D_1ZI° ~Ell 2]} > Cdi*h <w>> <3,

where h(t) := max{\/t,t}.

Proof. According to Vershynin (2018, Lemma 2.7.6), we know that the k-th coordinate Z®*)
is sub-exponential with parameter K for each k € [d]. Since the sub-exponential norm |||,

is a norm, by the triangle inequality, it holds that
d

Sy

k=1

21y, =

d
< Z ”(Z(k))2”w1 < dK2.
1 k=1

By Vershynin (2018, Exercise 2.7.10), we get || Z||> — E[||Z||’] is sub-exponential with param-

eter CdK?. Now the claim follows from the Bernstein inequality. O

Lemma C.2. Let Z ~ v on R? with d > 4 such that E[exp(y || Z]|")] < oo for some a > 2
and v > 0. Let {Z;}_, be i.i.d. copies of Z and v, be the empirical measure. Fiz 6 € (0,1).

For sufficiently large n, we have
P (wg(yn, V) > Cn~¥/10g? (1 /5)) <,

where C' and ¢ only depend on d, o, v, v.
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Proof. Due to Fournier and Guillin (2015, Theorem 2), for all n > 1 and ¢ > 0, we have
P (W3 (v, v) >t) < Cexp(—ent”?)1{t < 1} + C exp(—ent®*)1{t > 1},

where C' and ¢ only depend on d,a,v,v. Let t = [log (C/d)/(en)]??. For sufficiently large

n, we have t < 1 and thus
P (wg(yn, V) > Cn~Y410g?/" (1/5)) <
m

Now we are ready to prove Proposition 4.2. The argument is inspired by Pal and Wong

(2020, Theorem 10).

Proof of Proposition /.2. Recall that T, is the optimal transport map from P to () and pu,, is
the discrete Schrodinger bridge defined in (4.9). For each random sample X;, let X* = T'(X;)

be the image of X; under 7'. For each n, let u! denote the empirical distribution
1 n
= — O(X:.X*)-
Since Ws is a metric, so, by the triangle inequality,

W3 (hins fia) < 2W3 (pam, p17,) + 2W3 (). (C.1)

Note that {(X;, X;}) is an i.i.d. sample of p,. Define the following events

{%ﬁimw2samwﬂ+cﬂﬁh<g%¥ﬁ>}

Z X212 < E[IY]2) + CdK2h (M)}

n
=1

E =

[l

&

[\

&= {WA(Q,,, Q) < Cn~¥"10g?/"(1/5)}

W3 (14, 1) < Cn2log?/?(1/5)}

Es = {Wg(@n,Q) < Cn~ %4 log2/d(1/5)}
{
Es = {
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where @, :=n"'Y_" | dy, and @), :=n"' 3" dx+. By Lemmas C.1 and C.2, each of these
events holds with probability at least 1 —¢/5. Therefore, it suffices to prove the upper bound
on the event £, E,E3E4E5 which boils down to an upper bound for W3 (u,,, 1l,) since we already
have an upper bound for W3(p/,, 11,) on the event Es.
Step 1. Ezpress the weights v.(o) in terms of the divergence D in (4.12). Fix ¢ > 0.
Recall that
exp [—1 300, ¢(Xi, Y5,)]
D ores, XP [~ 20, ¢ (X, Yr)]
_exp -1 [e (X3, Vo) — 0(X0) — (Ve )] (©2)
> res, XD [—1 30 [0 (X, Yay) — 0(X5) — ¢(Y2,)]]
exp [—2 3iL, DIY,, | Xi]
Dores, exp [—1 200, DYy [ Xi]

We denote by w(o) = exp{—c > " | D[Y,, | X;]} for each o € S,..

Ye(o) :=

Step 2. Bound w(co). Since empirical measures do not depend on the labeling of indices,

we will relabel {Y;,i € [n]} such that
liny—x*nzzmmliny =X =W (C.3)
n — 1 ) cES, T — (e} (3 * n: :

That is, after the relabeling, the identity permutation id minimizes the L2-matching distance
in (C.3).
We now use the quadratic approxmation of D from Assumption 4.1. Note that, for any

o # id we have

n

ZD[Ym‘ |X%] > LZ ||YUi _Xi*Hza

=1 =1

giving us

1 < 1< )
w(o) = exp [—EZD[YW | Xi]] < exp <_ELZ 1Yo, — X] HQ) :
i=1 =1

On the other hand, by a similar argument, we can get a lower bound for the identity
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permutation:

w(id) = exp [—é ZD[Yi | Xi

=1

1 n
> exp [—;L'Z Y — Xz*||2] , by Assumption 4.1

i=1
= exp (—%L’an) , by (C.3).

Therefore, for any o € S,,, we have

w(o) 1 — 2 Lo,
< ——L E Y, — X —L'nW . 4

Step 3. Bound W3(pu,, pt,). Let {d,}n>1 be a positive decreasing sequence, to be chosen
later, such that lim,_,..d, = 0. Partition S, into two disjoint subsets based on the LZ2-
matching distance:

1 n
= :—g Y, — XI|* < n= :
gn {O’GSn n H g; 1H —671}7 gn Sn\gn

=1

Consider o € G, and the probability measures M, and y, on R? x R%. There is a coupling
between them that couples the atom (X, Y,,) of M, with the atom (X;, X}) of u!/, with mass
1/n. The squared Euclidean distance (in R??) between these two atoms is exactly ||Y,, — X/|?,

which implies that
W3 (Mg, piy,) <™ Z 1Yo, = X7? < 6, — 0.

i=1
For o ¢ G,, we have the bound

W3 (M, i) < g | X5+ = E |Y;]|>, by the triangle inequality
log (1/0
<C [E[HYH?] + dK?h (M)] . by the events & and &
n

=: fn
Since p,, is the mixture of {M,} with weights {7.(c)}, the natural mixture coupling, i.e.,
couples the atom (X;,Y,,) of u, with the atom (X;, X7) of y!, with mass v.(o)/n gives

W2 (i, i) < 30 229 Znym XEP <60 Y (o) + B Y 2elo)

aESn O'Gg'n UGQC (C5)

< OntBn Y 7e(0)

oc€egs



218

We then control ) ;. 7:(0).
To this end, note that from (C.2), we have

3 o) = e

Z i) + 20 2 (0)

IA
(]
E g
==

1< 1
<) exp (—ELE Yo, — X7+ EL’nw,f) . by (C.4) (C.6)
=1

0€egs

1 1
< nlexp {—L’nWﬁ - —Lndn} ,
£ £

where the last inequality uses the crude estimate |G¢| < |S,| = n! as well as the fact that,

for o € G¢,

D IYs, = X;IP > né.

i=1
Step 4. Bound W2 in (C.3). We now let ¢ = ¢, depend on n. By the trivial bound

n! < n", we can bound (C.6) above by

1 1
exp [—L'an — —Lnd, +nlogn| . (C.7)

n 877/
We will choose 9,, and ¢,, suitably such that (C.7) tends to zero exponentially fast as n — oo.

Before that, let us obtain a bound for 2. By the triangle inequality, we have
W2 < 2[W3(Qn, Q) + W5(Q,, Q)] < Cn~*/"10g? (1/5). (C.8)

where the last inequality follows from the events £ and £,. Combining everything, it follows

from (C.5) that

+nlogn| . (C.9)

CL'n <log (1/5))2/61 _ Lnd,

Wg(una /‘L'In) < 0, + Bpexp l -

En n

Step 5. Choose 6,, and €,. For €, = n=%/%, we now choose 6, so that the upper bound in

(C.9) is minimized. For this choice of €, the exponent in the upper bound reads

CL'n(log (1/8))¥? — Ln**?/45, 4+ nlogn.
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For this term to be negative, we choose 8, = 3n"?/?logn/L. Therefore, for all large enough
n?

CL'n(log (1/6))¥® — Ln**45, + nlogn > —nlogn,

and thus
W2 (i, i) < 3n~2Nogn/L 4 Bpe ™" < Cpax.on” 24 logn. (C.10)

O
C.2 Properties of the Schrodinger Bridge Statistic

We prove in this section two propositions regarding the Schrodinger bridge statistic—the
continuity in Proposition 4.3 and the conditional expectation expression in Proposition 4.8.
To prove Proposition 4.3, we first establish the continuity for the Schrodinger bridge cost.

In fact, Proposition 4.3 is a direct consequence of the following Lemma C.3.

Lemma C.3. The Schridinger bridge cost T.(P,Q) is increasing and continuous in € on

(0,00). Moreover, if ¢ is bounded and continuous, then
To(P,Q) := lng T.(P,Q) = /c d(P® Q). (C.11)
Proof. Take any 0 < ¢ < & < co. By the optimality, we have
[ oo + KL P o @) < [ oo (r.p) + KL P Q),

and thus

T(P,Q) ~ T.(P.Q) > ¢ [KL(1.||P© Q) — KL(uu| P Q)].
Similarly, we obtain

T (P,Q) — T:(P,Q) < &' [KL(pe || P ® Q) — KL(pe || P ® Q)]

Combining these two inequalities implies

SDE,E’ < Te’(P> Q) - Ta(P> Q) < 5/Da,a’, (C.12)



220

where D, o := [KL(p.||P ® Q) — KL(pe || P ® @Q)]. It then follows from € < ¢’ that D, . > 0,

or equivalently,
KL(pe || P ® Q) < KL(pe|| P @ Q). (C.13)

This yields T.(P, Q) < T.(P,Q) and thus T.(P, Q) is increasing in €.

To prove the continuity, it suffices to show that ¢'D. . —eD.. — 0 as ¢’ — ¢ for any
e € (0,00). Fix ¢ € (0,00) and consider a neighborhood of ¢ so that |¢' —¢| < ¢/2. Note
that

‘5/D6,€’ - 5D6,€” = ‘(5/ - E)DE,E/‘ < ‘5/ — g max{KL(u||P ® Q), KL(ue || P ® Q)}

< J¢' — e| KL(pepp|P © Q). by (C.13).

Now the claim follows from the fact that KL (.|| P ® Q) < oo.
We then study the limit of 7. as ¢ — oco. Let C' := sup,eppq) [ edv < oo since ¢ is
bounded. Note that

sup

vell(PQ) | €

1 C
- /cdu + KL(v|[|P® Q) — KL(v|[|P® Q)| < - < 0.
It follows that

1
inf |- [ cdv+ KL(v||P — inf KL(v||P =0 — 0.
et L/c v+ KL(v| ®Q)} et WIP®Q)=0, ase— oo

Furthermore, the problem on the LHS has a unique minimizer . and the one one the RHS
has a unique minimizer p., := P ® (). Due to the tightness of II( P, Q) (Santambrogio, 2015,
Theorem 1.7) and Prokhorov’s theorem, every sequence of measures in {u.} has a weakly
converging subsequence whose limit must be u.,. Hence, the equality (C.11) follows from

the definition of weak convergence. m
We then prove Proposition 4.8.

Proof of Proposition 4.8. For simplicity of the notation, let 7(X,Y,) := %Z?:l (X, Ys,)
for each ¢ € S,. By exchangeability of {(X;,Y;)},, it holds that E,[n(X;,Y;) | F,.| =
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E.[n(X;,Y;) | F] for all 1 <4, j < n which implies that E,[n(X1,Y1) | F.] = E.[7(X, Y1) |
F,] where I is the identity permutation. Since 7(X,Y]) is F,-measurable, it follows that
E.[n(X1, Y1) | Fu] = n(X,Y7). By the tower property of conditional expectations,

hn = By (X1, Y1) [ Gn] = By [B (X0, V1) [ Fo] | Gnl = B [0(X, Y1) | Gl

By definition, the last expression is the a.s. unique G,-measurable function such that for any

bounded G,-measurable ¢, it holds that E,[7(X, Y1)¢] = E,[h,¢]. By (4.26), we have

E, [1(X, Y1)¢] = E [£un(X, Yi)¢] = E [E [£u7(X, Y1) | Gu] 4]

_E, {jf; E [fui(X,Y) | G ¢] ,

which implies that h,, = %2 E[f,7(X,Y]) | G,). Similar to (4.27), we have

E[fun(X, Y1) | Gi] = ,Z (X,Y,)E%(X, Y,)
€S,
Now, according to Fact 4.5,

11

= — = N (X, Y,)E2(X,Y,) =T,
h‘n Dnn' 77( ) 0')5( ? 0') n

O’GSn

Hence, the unbiasedness of 7,, under p follows by the tower property of conditional
expectations. Now consider the reverse o-algebra G, = o (G,, (X;,Y;), i > N +1). Since
{(X;,Y;)}isnt1 are independent of {(X;,Y;)}",, we have T}, = E, [n(X1,Y1) | G,]. Thus,

(Ty1, Gn)n>1 is a reverse martingale and 7T}, converges almost surely to E.n(X,Y1)]=0. O
C.3 First Order Chaos

We verify in this section the first order chaos given in Proposition 4.10. Before that, we give
some useful properties for the operators A and A*. We denote by E,, the expectation under

the model p.

Lemma C.4. Let (X,Y) ~ p. Under Assumption 4.2, the following statements hold true:
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(a) For any f € L(P) and g € T2(Q), it holds E,[f(X) | Y)(y) = Af(y) and E,fg(Y) |
X](z) = A*g(z). In particular, Af € L*(Q) and A*g € L*(P).

(b) The largest eigenvalue of A and A* is 1, and A1 = A*1 = 1.

(¢) The operator A maps LE(P) to L3(Q), and A* maps L3(Q) to LE(P).

(d) The operators (I — A*A)~! : LA(P) — L(P) and (I — AA*)™!: L3(Q) — Li(Q) are
well-defined.

(e) It holds that A(I — A*A)~' = (I — AA*) ' A and A*(I — AA*) ™ = (I — A*A)~ LA
on their domains defined above. Moreover, for any f € L3(P) and g € L3(Q), we have

E, [ = AA)H(f - A")(X) + (I = AA) (g — AN(Y) | X] = f(X)
E, [(I— AA) T (f = A%g)(X) + (I = AA) g — Af)(Y) | X] = g(Y).

(C.14)

Proof. (a) According to (4.29), it holds that Af(y) = E,[f(X) | Y](y) and thus, by Jensen’s

inequality,

IS l22g) = Eul(AS)* (V)] = EuEulF(X) | Y] S ELlF2(X)] = I fllgagpy < 00, (C.15)

which implies Af € L*(Q). A similar argument holds for A*g.
(b) Since p € (P, Q), we get, for any y € RY,

A1) = [ 1@ )P = 1.

This implies (1,1) is a (eigenvalue, eigenvector) pair of A. It then follows from (C.15) that
1 is the largest eigenvalue of A.

(¢) For any f € L3(P), it holds

[ Arwaaw) = [ daw) [ f@éenare) = [ fa)ape —o

It then follows that Af € L3(Q).
(d) From (b) and (c) we know A*A maps from L3(P) to LZ(P) with the largest eigenvalue
being 1. Recall that we assume A*A has positive eigenvalue gap, in other words, 1 is the

only eigenfunction corresponds to the eigenvalue 1. Given f,g € L3(P), if (I — A*A)f =
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(I — A*A)g, then f — g = c1 for some constant c. Since f — g € L2(P) is orthogonal to 1,
it holds that f = g and thus I — A*A is injective on L3(P). Moreover, for every f € L3(P),

=

I+ Z(A*A)’“] f

converges in L?(P) and (I —A*A)f = f. Tt follows that I — A*A is also surjective. Therefore,
(I — A*A)~f is well-defined and is equal to f.
(e) From (d) we get, for any f € Li(P),

A = AA)Tf=AT+)) (A A

k>1

f=

I+ Z(AA*)’“] Af = (I — AA")LAS.

k>1

This implies A(I — A*A)™! = (I — AA*)"'A. The other identity can be proved analogously.

Finally, we prove the first equation in (C.14). In fact,

E. [(I - AA)(f = A"g)(X) + (I = AA) g — Af)(Y) | X]
= (I - AA)T(f - Ag)(X) + A(I - AAL) (g — Af)(X)
= (I - AA)(f-AgX)+ (I - AA) A (g - AN)(X) = f(X),
where the last equality follows from a simple algebra. ]

Now we are ready to give the first order chaos of T5,, i.e., Projy, (7).

Proof of Proposition /.10. By the definition of orthogonal projection, it suffices to show that,

for any i € [n],
E T, —0—L,| Xi]=0 and ELT,—60—L,]|Y]=0

almost surely. We will prove it for X, and the rest of them can be proved similarly. Note
that r19 € L3(P) and ko1 € LE(Q). By (¢) and (d) in Lemma C.4, we know, for every

i€ [nl,

Eu[(1 — A*A) (k10 — A'R0.)(X3) + (T — AA") H(kop — Ak o) (Yi)] = 0.
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It then follows from (C.14) that E,[£,, | Xi] is equal to

1 K1,0(X
—E, [(I = A" A) (k10 — Ako1)(X1) + (I = AA") (ko — Ari0) (V1) | Xi] = 1707(1 03
We only need to show E, [T, — 0 | X;] = L5k 0(X1). Let h(z) := E,[T, — 0 | Xi](x). Since
T, — 0 is invariant to a permutation on {X;}! ,, we get E,[T,, — 0 | X;](z) = h(x) for all

i € [n]. As a result, for any ¢ € L*(P), it holds that

(T, =) > o(X

Recall from Proposition 4.8 that T,, = E,[n(X,Y7) | G,]. Since > | ¢(X;) is G, measurable,

- Z E.[(T, — 0)p(X;)] = nE,L[h(X1)d(X1)].

by the tower property of conditional expectation, we get

Z¢ ] [( (X1, Y1) —0) Zéb )| = Eulk10(X1)o(X1)].

i=1
It follows that E,[r10(X1)¢(X1)] = NE,[h(X1)$(X1)]. Hence, we have h(X;) = £r1,0(X7).
[

We then prove some properties for the operator B, including the identity in Lemma 4.11.

Lemma C.5. Under Assumption 4.2, the following statements hold true:
(a) Let (X1,Y1),(Xs,Ys) &0 p. It holds that E,[f(X1,Y) | Xa,Vil(z,y) = Bf(x,y) for
any f € LA(P® Q). In particular, Bf € L*(P ® Q).
(b) The operator B maps LE(P ® Q) to Li(P ® Q).
(c) For any f ® g € L*(P ® Q), we have B(f ® g) = A*g ® Af.
(d) The operator (I + B)™' is well-defined on LE(P ® Q).

(e) For any f € L3(P) and g € LE(Q), it holds that
(I+B) (fog) =[I-AA(f-Aglal-AA)(g-Af)].  (C.16)
Proof. (a) Let f € L*(P ® Q). By the definition of B, we have

Bf(x,y) = // f@' )@ y)§(x, y)dP(@)dQ(Y) = ELlf (X1, Ya) | Xa, Yi](2, ).
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By Jensen's incquality, [B/2xpoq) = EuEalf(X0,Y2) | Xa¥il?] < E,[f2(X0,Ya)] < oo,
and thus Bf € L*(P ® Q).
(b) Take any f € L3(P ® @), we have, by (a),

Eu[Bf(X,Y)] = E[Bf (X5, Y1)] = Eu[EL[f (X1, Y2) | Xo, Vi]] = Bu[f (X0, Y2)] = 0,

and thus Bf € L3(P ® Q).
(c) Recall B=T(A® A*). Take any f @& g € L*(P ® Q), we have

B(f®g)(z,y) = (A A")(f @ g)(y,2) = Af(y) + A"g(z) = (A"g © Af)(z,y).

(d) Recall from Assumption 4.3 that A admits a singular value decomposition: Acqy =
skPr and A*fB = sgay for all k£ > 0 with sp = 1 and o = Sy = 1, where {ay} and {5} are
orthonormal bases of L?(P) and L*(Q), respectively. Take any f € L3(P ® Q). According
to (Berezansky and Kondratiev, 2013, Page 90), {a; ® f;}i ;>0 forms an orthonormal basis
of L2(P ® Q). As a result, we get that f has an expansion

f= Z Yij (i @ By),
§,j>0,i45>0

where )

9 )
(5050 Yij < 00 Define a function

f= Y (s

§,j>0,i45>0
Since s;, > 0 for all k > 0, it holds that f € L2(P®Q). Furthermore, we have (P®Q)[f] = 0
as o; € LZ(P) and 3 € L3(Q) for all i > 0. This implies f € LZ(P ® Q). Moreover, we have

+B)f= > e+ Y. —osswmeps)=f (C17)

§,j>0,i45>0 L+ sis; i,j>0,i+5>0 L+ sis;
and thus I + B : LA(P® Q) — Li(P ® Q) is a surjective. On the other hand, if (I +B)f =0
for some f € L3(P ® Q), then we must have (B, f)L%(P@Q) = — Hf||L3(P®Q). However, we
also know (Bf, f)Lg(P@)Q) = D i i0,i4i>0 sisj;; > 0. Consequently, it holds f = 0 and thus
I+ B is also an injective. Hence, the inverse operator (I +B)~! is well-defined on L(P ® Q).
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(e) Take any f @ g € L3(P ® Q), it follows from (d) that (I + B)~!(f & g) exists. It then

suffices to verify
IT+B)[(I-AA(f-Agal-AA)(g-AN]=feyg
By (c), we know
B[(I-AA)(f-Ag) @ (I - AA) (g — Af)]
= A1 - AA) g — Af) @ AT = A A)7H(f — A'g)
= - AA) A (g - Af) @ (I - AA)TTA(f - A'g),
where the last equality follows from (e) in Lemma C.4. Consequently,

(I+B)[(I - AA)(f-Ag)@ (I - AL) (g Af)] = fag.

C.4 The Denominator and the Remainder

C.4.1 Hoeffding decomposition under the product measure

Definition C.1. Given A, B C [n], we denote by Hap the subspace of L*((P®Q)") spanned
by functions of the form f(Xa,Ys) such that

E[f(X4,YB) | Xe,Yp] 20, forallC C A,DC B and |C|+|D| < |A] +|B|. (C.18)

We say such an f(Xa,Yp) is completely degenerate. In particular, when |A| = |B| =1, we
write f € L (P ® Q). By definition, for distinct choices of the pair (A, B), the subspaces
Hap are orthogonal. Take an arbitrary mean-zero statistic T € L3((P ® Q)"). If T can be
decomposed as

T= Y Tap, with Tap € Hap, (C.19)

A,BC|n]
then we call it the Hoeffding decomposition of T' (van der Vaart, 2000, Chapter 11). Its

variance can then be computed as E[T?] =37, g, E[T4p].
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For example, both £(X1,Y7) := £(X1,Y1) — 1 and h(X4,Y7) = 7(Xy, Y1)E(X, ;) are

completely degenerate according to the following lemma.

Lemma C.6. Assume that £, n¢ € L2 (P ® Q), then &, 7€ € Lio(P®Q).

Proof. The claim § € L2 (P ® Q) follows from E[¢(X;,Y;) | X;] = E[¢(X,,Y;) | V;] 2= 1 for
all 4,5 € [n] since p:=¢-(P®Q) € II(P, Q). To prove the other claim, note that, by (C.14),
K10(z) = / (1 = A" A) " (ko — A'ko ) () + (1 — AA") " (koa — Ak o) () [€(2, y)dQ(y).

By definition, r10(z) = [[n(z,y) — 0¢(z,y)dQ(y). This yields [ij(z,y)(x,y)dQy) = 0.
Similarly, [7(z,y)¢(x,y)dP(z) = 0 and thus 7€ € L§ (P ® Q). O

We then derive the Hoeffding decompositions of D,, and U,, as in Proposition 4.13. We

start with two useful lemmas.

Lemma C.7. Let Ay, As, B1,Bs C [n] be such that Ay N Ay = By N By = (). Assume
Ty = fi(Xa,,Ys) € L2 (P ®Q)") and Ty := fo(X4,,Y,) € L2((P @ Q)") are completely
degenerate. Then TyTy € L?((P ® Q)") is also completely degenerate.

Proof. Take any A’ C AjUA; and B’ C B;UBjy such that |A'|+|B'| < |A;|+|As|+|Bi|+]|Bs.
Let A} == A'N Ay, Ay .= ANA,y, B := B NB;and B := B'N By. Then A" = A} U A4}
and B’ = B{ U B). Furthermore, without loss of generality, we may assume |A}| 4 |B]| <

|A;| 4 |B1|. By independence, we have
E[NTy | Xa, Y] = E[T1 | Xa, Y| E[Ty | X4y, Yp] =0,
since E[Ty | X7, Yp| = 0. O

Lemma C.8. Let A C [n] be a subset. For any o € S,,, the following identity holds:

[Texvo) => [[ex.Ya), (C.20)
icA CcAieC
where Hiewg(Xi,Yai) = 1. Moreover, (C.20) gives the Hoeffding decomposition of

HieA S(XZ’ YGz‘)'
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Proof. By Lemma C.7, [[.. 3 (Xi,Ys,) is completely degenerate for each C' C A. It then
suffices to prove the identity (C.20). Without loss of generality, we prove it for A = [n] by
induction. For n = 1, the identity reduces to £(Xy,Y;) = 14 £(X1,Y;). Assume the identity

holds for n — 1. Consequently,

n

[Texuve) = > J[eXY0) x &(X0, Yo,

=1 CCln—1]i€C
= > MMexeve)+ > Jleeeye) = ) [lex ).
CcC[n],neC ieC CcCln—1]ieC CccC[n]i€C
Thus, the identity holds for n. m

Proof of Proposition 4.15. We only prove the results for U,. The proof for D, is similar. By

definition,

U = nn,ZZhXZ,YQ I «x.v)

geS, i=1 jem\{i}
1 - -
o Z Zh(Xi7YUi) Z Hg(Xj,ng), by Lemma C.8.
ceS, i=1 ccln]\{i} jeC

Take A, B C [n] such that |A] = |B| > 0. We will write U,, as a sum of terms that only
contain X4 = (X;)iea and Y := (Yi)iep. The terms corresponding to X4 in the above

decomposition are

o ZZh Xi.Y.) ] €.

o€S, €A JjeA\{i}

Consequently, the terms corresponding to (X4, Yp) are

1 1
——Uap = — D> XY, ] XY

o€ESp:0Aa=B i€cA JjeA\{:}

Hence, the identity (4.36) follows. Moreover, since h € Lg,o(P ® Q), we get, by Lemma C.7,
that

WX, Y,,) [] €(X;,Ys,) € Hap, foranyi€ Aando €S, such that 04 = B.
jEA\(i}
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This implies Uap € Hap, and thus (4.36) is the Hoeffding decomposition of U,.
Let us compute E[U?]. For any A, B C [n] such that |A| = |B| = r > 0, we get, by the
exchangeability X, and Y},; under the measure (P ® Q)", E[U3] = E[UZ ). Furthermore,

since there are (n — r)! permutations that map [r] to [r], we get

E[UZ] = (n—7) ZZ}«LX“Y(,Z [T ¢x;.v,)

o€S, i=1 Je[r\{7}

2

As a result, E[U71] is equal to

(n—r)!QZiE hX,Yr) [ €XeY7) xZih(Xi,Ym 1] éx5.v2)

TE€S, i=1 ke[r]\{1} o€S; i=1 Jelr\{i}

By symmetry, the contribution from every 7 is the same, so E[U, [%] [T]] is equal to

(n—r)?rlE Zth, I] éXeve) ZZhX,,YUI IT ¢x.v2)

1=1 ke[r\{} 0€S, i=1 Jelr\{i}

It then follows from the exchangeability of {(X;, Y;)}icp that

E[U2] = (n = r)PrirE | (X1, Y7) Hka,Yk Y Xy, [ x5V

k=2 oES, i€EA jeA\{:}
As a result,
1 "L /n\? 9
E[ UAB = Q(n!)g r E[U[r][r}]

r=1 |A|=|Bl=r r=1

ZT.ZZE ] é(Xk,Ywh(Xi,Ym) ] XY

0€S, i=1 s}

C.4.2 Variance bound

We then bound the variance of D, and U, using the spectral gap of operators A and A*.
Assumption 4.2 guarantees that such spectral gap does exist. We first prove the contraction

property in Lemma 4.14.
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Proof of Lemma 4.14. Take f € L§y(P ® P). By definition, we have (Ip ® A)f(z,y) =
[ fz,2")¢(2’, y)dP(2'), and thus

El(re @ A 06,10 | 0 = [ 10602 | [ e acnn | are)
/f X,,2)dP(2") 2 0.

Similarly, E[(Ip ® A)f(X1,Y1) | 1] = 0. Consequently, (Ip ® A)f € L (P ® Q). Now,
by Berezansky and Kondratiev (2013, Page 90), {o; ® B;}i j>0 forms an orthonormal basis
of L*(P ® @), and thus f admits the following expansion f = Zz‘d‘zl Vijo & o where
> is1 i < 00. Tt then follows that

2

H([P ® A)fHLQ (P&Q) Z 71] J < Sl HfHL2 (P®P) -

L2(PQ) Izt

Z YijSic & Bj

3,71

[]

In order to control the expectation in Lemma 4.15, we decompose a permutation into
disjoint cycles. By independence, the expectation then equals the product of expectations

with respect to each cycle. We first give a simple example to illustrate the idea.

Example C.1. Consider the case when r = 3, i = 3, and o is given by o1 = 2, 0o = 1 and

o3 = 3. We are interested in bounding the following expectation:
E[A(X1, Y1)§(Xa, Y2)& (X5, Ya)A(Xs, Y3)E (X0, Ya)€(Xa, V1)), (C21)

By construction, o contains two cycles, 1 — 2 — 1 and 3 — 3, and the above expectation

reads
E[h(X1, Y1)E(Xa, Y2)E(X1, Ya)E( X, Y1)] - E[A(X5, Y3)E( X3, Y3)).

by the Cauchy-Schwarz
L2(PRQ)

inequality. It then suffices to bound the first expectation. We simplify this expectation by

The second expectation is upper bounded by [|h]|1z2 pgq) Hﬁ)
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iteratively integrating with respect to a single variable, while keeping the rest being fized. We

first integrate with respect to Xy given Xo,Y1,Ys. This gives us

E[h(Xl,Yl)g(Xl,Yﬂ | X5, Y1, Y5 'g(XmYé)é(X%Yl)

= (A® Ig)h(Ya, Y1) - £(Xa, Y2)E(Xo, V1),

where we have used E[h(X1,Y1)E(X1,Ys) | X5, V1, Ys] = E[A(X1, Y1)E(X,Ys) | Y1, Y] =
(A® Ig)h(Y2,Y1). We then integrate with respect to Ya given Xo and Yy. This yields

E[(A® Ig)h(Ys, Y1)E(Xa, Ya) | Xo, V1] - £(Xo, V1) = (A" @ Ig)(A® Ig)h(Xs, Y1) - £(Xo, 1),
By the Cauchy-Schwarz inequality and Lemma /.14, its expectation is upper bounded by

[(A" © I)(A® Ihhllyapsg) €

2 .
. < 81 12l 2(pog) H£HP®Q

Hence, the expectation in (C.21) is upper bounded by s? ||h||L2 (P&Q) ||§||L2(P®Q)

The following lemma generalizes this example to an arbitrary cycle ky — ky — -+ —

k‘l — kl.

Lemma C.9. Suppose Assumption 4.2 holds and f,g € L§ ,(P®Q). Define gy := 12 (peo)

and g = ||gll12(pgg)- For any I > 0 and I distinct indices {ki,...,k} C [n], we have, for
all t,¢ € [I],
E | f (X Ye)9(Xa, Vi) T T 6Kk Ye) TT €KX, Vi) < 51 Vs, (C.22)
it A

Proof. There are two cases to consider: ¢t = t' and t # t'. The proofs are similar so we only
prove it for ¢ = t’. By exchangeability, it suffices to consider ¢ = ¢’ = 1. The strategy is
again to iteratively take expectation with respective to one variable, while keeping the rest

being fixed. Note that

E[f(XIﬂ? Ykl)é(XkH Yk1) ‘ Xkl ) sz]

= E[f(Xku }/kl)g(Xkl? Ykl) | XkuXk’l] = (IP X A*)f(Xkla Xkl)~
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Taking expectation with respect to Y, in (C.22), while keeping others being fixed, we get

l -1
E [E[f(an Ykz1)€(Xkla Yk1) | Xk1 ) sz Xk‘n Yk’z H Xk‘ Yk g(an Yki+1)
1=2

1=2 =
! -1
=E |(Ip @ A") f(Xky, Xi)9(Xy Vi) [ [ €KX, Vi) H Vi)
=2 =
Now taking expectation with respect to Xj,, while keeping others being fixed, we get
-1
E [E[(IP Q@ A") f( Xy s X )E( Xy, Yi) | Xy Yie |9( Xy, Ya) H E( Xy, Yi, )6 (X, Yaiyr)
=2
-1 )
=E (IP ® A*A*)f(Xklv Ykl)g(Xklv Yk2> Hg(ka Ykz)g(ka Yki+1) ’
i=2
since

E[(IP ® A*)f(X/ﬂ’ sz)é(‘xkz: Ykz) | Xk?l’ Y}cz]
= E[(]P ® A*)f<Xk17sz)§(Xkl7Ykz) | Xk17Ykl] - E[(]P ® A*)f<Xk17sz) | Xkl]
= (IP ® A'A*)f(an Ykl)'

Keep repeating this argument, we ultimately get
l

E f(Xk’n Y/ﬁ)g(an Yk‘z) H é(ka Yk’b)g(an Y;€i+l)

1=2

ol 2(1—1
< H(IP ® AAY)! 1fHL2(P®Q) HQHL2(P®Q) < 51( )gfgg-

Now we are ready to prove Lemma 4.15.

Proof of Lemma 4.15. We first consider the case when ¢ # 1. It is well-known that every
permutation can be decomposed as disjoint cycles. Take a cycle ky — ky — -+ — k; — ky
of o. If it contains both 1 and 7, then we assume, w.l.o.g., k; = 1 and ks = i. Consequently,

all the terms that involve X ki and Y, y are

l
h(Xla}/l X’L7Y H ij) H é(XkﬁijJrl)'
j=2 Jell\{2}
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Using Lemma C.9 with f = h and g = h, it holds that

l
E [h(X0 YO)R(X: Vo) [T6X, Ye) [T €Kk Vi) | < 87Vt

J=2 JelN{2}

If this cycle only contains 1, then a similar argument gives

E [h(Xl,Yl)Hg(Xk H Yiy0)

7j=2 7j=1

-1
<sl( )§h§0-

If this cycle only contains ¢, with k; = 7, then we have

l

l
[ (X, Vo) T 16K, Vi) [T €K Y, )
7j=1

Jj=2

2(1-1
< 81( )<h<o-

Finally, if this cycle does not contain either 1 or 4, then it holds

-1
= 51( )§§-

l
: [Haxk,.,ykj)ém Vi) <

Jj=1

Here we are invoking Lemma C.9 with f = g = £ — 1. Putting all together, we obtain

X17}/1 H Js J )(z;YVo'z H g s 0'3 <81( #U)§2 2(#o— 1)‘
jeln]\{i}

When 7 # 1, we can invoke Lemma C.9 to get the same bound, since we allow ¢ = t' in this

lemma. O

C.4.8 Limit Law of the Denominator

Finally, we prove Theorem 4.5 regarding the limiting distribution of D,,. According to the

singular value decomposition in Assumption 4.2, it holds that
Ew,y) = 14 sran(@)Be(y), inLA(P®Q),
k=1

where 0 < s; < 1 is decreasing in k. Hence, we start by considering a truncated version of

£ e, 8z y) =1+ Zszl sray(x) Py (y) for some integer K and derive the limit law of

D = L ST x Vi)

ceSy, i=1
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Note that all the results in Sections C.4.1 and C.4.2 hold for UX with ¢ being replaced by
&x.
Proposition C.10. Under Assumption 4.2, it holds that

K
1 1 2 2
DE —, DI = exp —§ [——Skz(U,§+Vk2)+ SkQUka} , (C.23)
M- (Zimt bos b

where {U M, and {Vi.}-_, are independent standard normal random variables.

Proof. We will prove the convergence using characteristic functions, i.e., E[e/Pn | — E[¢/P"].
Step 1. Truncation. Recall from (4.39) that D, = 1+ >."_ D,,. Applying it to DX
yields D =1+3"" | DY where DX is D, ,. We further truncate D} so that it becomes
a two-sample U-statistic of fixed order R > 0, that is, we consider DX := 1 + Zle DX
We then truncate the limit D¥. By the multi-linear Mehler formula (see, e.g., Foata, 1981),
we have
K sP
D= > ] - H,, (Ux) Hy, (Vi) (C.24)
>0 k=1 PR
P1,--PKZ

where {H,},>0 are the Hermite polynomials satisfying
/Hp(:v)Hp(x)erQda: = V2mpll{p = q}. (C.25)

Therefore, it is natural to define
ey Y H )V Hy, (V2.
r=1 p1+-+pg=r k= 1
By the triangle inequality, )E[e”Dﬁ( ] — Ele ”DK]‘ < C1 4 Cy + C3 where

. DK’R

C = ‘E[e”Di{ — e ]

We fix some arbitrary ¢ > 0 and show that C, Cy, C3 < ¢ for sufficiently large N and R.

Gy 1= [E[ePR — (0

, Oy = ‘E[eitDK’R — eitDK]‘ )

Step 2. Control Cy and Cs. Using the inequality |e* — 1| < |z], we get

. . N 2
Oy < E|ePr —e“foR‘ < [t|E|DE — DRI < |t| \/E‘fo - fo’R‘ .
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Invoking Proposition 4.16 for DX implies that, for sufficiently large R, we have C; < 6.
Similarly, it holds that C5 < |¢| \/E |DE:E — DE|? where

E|DXR — DE|* =

IBSNDS HS’“H ) Hy (Vi)

r=R+1p1+-+pr=r k= 1

Z Z H e < Z s, since s;, < 5.

r=R+1p1+-+prg=r k=1 r=R+1

Here the two equations follow from (C.24) and (C.25), respectively. Since s; < 1, we have
C3 < 9 for sufficiently large R.
Step 3. Control Cy. It suffices to show that D,If’R —q¢ DR as n — oo for any R > 0.

Note that
(n—r)!
a2 2 ey === > )| GRS
|A| |Bl=r o4=BicA ’ 1<i1 < <ip<n 0E€S, t=1
1<, < <jr<n
(n—r) (n—r)
T Z 1_[S i Yji) = rn! Z Z Hsktakt i) Pr.(Ye)
i1 iy t=1 17 iy k1, k=1 t=1
nF e Fr F e F i
1 K T (n—r)‘ r r
> (H) - [ 5 Hakxxz-t)] L 5 Hamxjt)].
" ppeke=1 \t=1 ’ i1 iy =1 1 gy t=1

The last term above can be rewritten as follows. Take an arbitrary sequence (k;)j_, C
[K]". For each k € [K], let py be the number of times k appears among (k;),_,, then,
for any permutation symmetric f : [K]" — R, we have lel _____ oo S k1, k) =
Zp1+~-~+pK:r mf(ll, ..., 1), where [y, ..., [, is an arbitrary sequence such that k appears

exactly pg times for all £ € [K]. Moreover, it follows from (van der Vaart, 2000, Theorem
12.10) that

\/ Y Hﬁkt H H, (GY)y) + 0,(1),

‘717é #]rt 1
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where G 1= \/Lﬁ Yo a(X;) and GY) 3 similarly. As a result,

D, = % H%H 6X ) Hy (G 8) + 0,(1),

p1++pPr=r k= 1

and thus DIR = 1+ 30, 5 T 1, (680w H,, (615 + 0,(1). Ace
cording to the multivariate CLT (Billingsley, 1995, Section 29), the random vector
(G, G B,) K, converges in distribution to \ox (0, Jox) by the orthonormality of {ay }<,

and {B} . Tt then follows from the continuous mapping theorem that,

DER 5, 1+Z > Hp| )H,, (Vi) = D,

r=1 p1+-+pr=r k=1

which completes the proof. O

Proof of Theorem J.5. We again prove the convergence using the characteristic functions.

Step 0. Verify the validity of the limit. We first show 1/ [[;~,(1 — s3) < co. In fact,

;—exp Zlog < exp i at <eXp{Zklsk}<oo
Hil(l o k=1 1— Sz B - 81 ’

(C.26)

where the first inequality follows from log (1 + z) > 1= for all # > —1 and the last inequality
follows from the square summability of {sj }r>1. It suffices to show that D € L?(P® Q). For
any k > 1, let
Zy = ;e p{ S—z(U,§+Vk2)+S—kUka}. (C.27)
V1—s2 2(1 — s2) 1—s7
Then {Z;}>1 are mutually independent and D = [[;~, Z;. By a standard computation, we
get E[Z7] = 1/(1 — s}). Therefore, by (C.26), E[D?] = [[,,E[Z}] =1/ [[,=,(1 — s3) < oo.
Step 1. Control the difference between the characteristic functions. Recall DX and DX be
from Proposition C.10. By the triangle inequality, we have |E[¢"P»] — E[¢'P]| < C1+C,+Cj

where

Cy := |E[e"Pr] — E[e"*Pr]

7 2 — ‘E ztDK E[eitDK]

L Cy = ’E[e“DK] - E[e“’D]‘ .
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Fix 6 > 0. By Proposition C.10, C5 < ¢ for sufficiently large n. It then remains to control
C4 and Cs.
Step 2. Control C. By construction, it holds that

D S DD 9N | (e A

r= 1 \A| |B|=r ca=BicA
where (% := ¢ —¢F € L§ (P ® Q) and ¢ = (P ® Q)[((%)?] = Zk>K+1 s2. Invoking
Proposition 4.16 for £, we obtain E[(D, — DF)?] < Y &% o sHr#o) 2o por
sufficiently large K, since ¢ can be arbitrarily small, we have C; < [¢|E[(D,, — DX)?] <.
Step 3. Control Cs. Again, it suffices to control E[(D® — D)?]. Recall Z in (C.27). B

independence,

E[(DX — D)’ =E (ﬁ Zy — ﬁ Zk> (1 - 11 Zk>

1 1 ' B
— Hszl(l — Si) [HkZK+1(1 _ Si) - 1] , since E[Zk] =1.

It follows from (C.26) that [[r_,(1 — s2)~! < co and

K
=E(][ %
k=1

1 1
1< < exp si — 1, as K — oc.
[lizka (1= st) {1 — st k;l }
Hence, we have E[(DX — D)?] — 0 as K — oo, which completes the proof. O]

C.5 Second Order Chaos

We derive in this section the second order chaos of T},. Before that, we define the operator

C which appears in the second order chaos.

Definition C.2. Define the operator C on L?(P ® Q) b
C=I-AA) (I —-AA").

We will prove later that the operator C is well-defined.



238

Assumption C.1. We make the additional assumptions that ¢ € L¥(P® Q) and C1(1€) €
L¥/¢=2(P ® Q) for some' p € [2, ).

Let koo := —(Ip @ A*)CTH(1E), Koo := —(A® Io)C (7€), and k11 := (I + B)C (7).
Theorem C.11. Assume, for some n € L*(u), ¢*> = 0 in Theorem 4.6. Let 01y =
ff /fl,l’(xv y)dﬂ(l’,y) Then

011 1 -
Tn —0 + L1 = Z (K/Q,O(Xi, X]) + /€072(Y;, Y;)) + Z Hl’ll(Xi, Y;) + Op<n71).

n n(n —1) = Py

Furthermore, suppose that the function (n — 0)¢ has a spectral ezpansion in L*(P ® Q) with
respect to the orthonormal basis {ay, ® Bi}ki>0 of L2(P ® Q) with coefficients (Y, k,1 > 0),
ie., (n—0)§ =2 150l @ B). Then, as n — oo, the sequence of random variables

n(T, —6) + 611 converges in law to the mean-zero random variable

Z (1— S;;k(ll —7 {UNV + sesiUVie — si(UpUp — 1{k = 1}) — s (ViVi — 1{k = 1})},
E,l>1 k l

where {Ug }r>1 and {V,}i>1 are independent i.i.d. standard normal random variables.

C.5.1 Second order chaos
We first prove that the operator C is well-defined. Given a measure v on R? x RY, let
Lio(v) ={f e L’(v) :E[f(X,Y) | Y] = E[f(X,Y) | X] = 0 for all (X,Y) ~v}. (C.28)

For f € L§,(v), we say f is degenerate with respect to v. For example, we will show in the

next lemma that the function 7 defined in (4.32),
(@, y) = n(z,y) =0 — (I = AA) (k1o — A'ko) () — (I — AA") " (koa — Aki0) (1),

belongs to L§ ;(x4), and then, by Assumption 4.3, 7€ € L o(P ® Q).

"When p = 2, we assume ¢ € LY(P ® Q) and C~1(né) € L*(P ® Q); when p = oo, we only assume
e L>®(P®Q), ie., & is bounded.
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Lemma C.12. Under Assumption 4.3, the inverse operator C™' : L o(P®Q) — L§ ((P®Q)
is well-defined. Moreover, it is equal to (I — A*A)™' @ (I — AA*)™'. In particular, 1§ €
L3 o(P ® Q) so that C™1(7€) is well-defined.

Proof of Lemma C.12. We will prove that C : L§ o(P ® Q) — L§ (P ® Q) is bijective. On
the one hand, take any f € L(2),0(P ® @), since {a; @ B;}i >0 forms an orthonormal basis of
L?(P ® Q), we know f must admit the following expansion:
f= Z Yiju ® B,  where Z Ve < 0.
i,j>1 i,j2>1

Recall from Assumption 4.2 that s, < 1 for all £ > 1. Define

F= 2 aoaa—a s

ij>1
then, similar to (C.17), we have Cf = f and f € Ljo(P ® Q). Hence, C is surjective. On
the other hand, if Cf = 0, then Cf = 37, .o, (1 — s7)(1 — s7)7i(a; ® 8;) = 0. Tt follows that
vij = 0 for all ¢,7 > 1, and thus C is injective.

By (C.14) we get

E# [(I - A*A)_l(lil’o — A*Ii()’l)(Xl) + (] — AA*)_1<I€071 — AKLL())(Y&) | Xl] = l€170(X1).

By definition, r10(X1) = [[n(X1,y) — 0]£(X1,y)dQ(y) = E,[n(X1,Y1) — 0 | X;]. This yields
E.[7(X1,Y1) | X1] = 0. Similarly, E,[7(X1,Y1) | 1] = 0. We obtain 7 € L o(x), and then,
by Assumption 4.3, 7€ € L o(P ® Q) since

0= E,[i(X1, Y1) | X1](2) = / (e, y)E(x, )dQ(y)
0 — E,[i(X0, V1) | il(y) = / (2, 9)€(x, y)AP ().
]

From Lemma C.12 we know C preserves the degeneracy with respect to P ® ). The

following lemma verifies similar properties for other operators under consideration.
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Lemma C.13. Let A, € {A, A*, Ip, I} be an operator mapping from L*(vy) to L2(vy,) for
ke {1,2}. Then Ay ® Ay maps L (11 @ v2) to Lgo(v] @ v4). In particular, the operator B
maps L o(P ® Q) to L§ (P ® Q).

Proof. We prove the claim for A; = A : L?(P) — L*(Q) and A, = A* : L*(Q) — L*(P).
The rest follows similarly. Take any f € L§y(P ® Q), we know (A ® A*)f(Y1,Xs) =
E.[f(X1,Y2) | Xo,Y1]. Hence, by the tower property, it holds that

Eul(A® A" f(Y1,X2) | Xo] = Eu[f(X1,V2) | Xa] = B [Bulf(X1,Y2) | X3, V2] | Xo] = 0.

Analogously, E,[(A® A*)f(Y1,X,) | Yi] = 0. This implies (A ® A*)f(Y1,X3) € L§,(Q ®
P), and the claim follows. Now, observe that (A ® A*)f(Y1, Xz) € L (Q ® P) yields
TA®A)f(Xe, Y1) € Lio(P® Q) and B = T(A® A*), we get B maps L§ (P ® Q) to
Ljo(P ® Q). O

Unlike the first order chaos, we will give an approximation to the second order chaos,
i.e., the projection onto Hs, of T,,. According to Lemma C.12, we know 7né € L(Q)’O(P ® Q)
and C71(7¢) is well-defined. We define

1 n n
Qn = m {Z[HQ,O(Xqu) + ro2(Y3, Yj)] + Z k11(Xi, Yj) — Zﬁl,l/(Xi,Y;)} ’
i#£]j 1,j=1 =1
(C.29)
where £ 1/(X1,Y7) is an affine function such that ki1 — €11/ € Lg,o(ﬂ)- We will show in the

next lemma that ;11 € L2(u), so {11 can be derived the same way we obtain 7. Note that

Q,, is permutation symmetric due to the affineness of ¢, ;..

Lemma C.14. The functions kap, ko2 and k11 are degenerate, i.e., Koo € Lgyo(P ® P),
ko2 € L§o(Q ® Q) and ki € Lgo(P ® Q). Under Assumption C.1, the function k11 also
belongs to L?(p), and thus Q, € Hy. Moreover, the following identities hold:
(I + T) [Iiz,o + (.A* & A*>K/O’2 + (IP & A*)Hl,l’] =0
([ + T)[(A & A)KAQ’O + Ro,2 + (./4 &® [Q)/‘ﬁ’y] =0

(Ip @A) + T)kop+ (A" @ Ig) I+ T)koz + (I + B)k11r = 7€.
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Proof. Since né € L&O(P ® @), we know from Lemma C.12 and Lemma C.13 that koo €
Lio(P ® P), ko2 € Lio(Q ® Q) and k11 € L§o(P ® Q). Let f := C7'(7€). Recall from
Assumption C.1 that ¢ € L*(P® Q) and f € L*(P ® Q). As a result,

Holder

u (7] Uf2°'xydP( )dQ(y ] {/spxydm 4Q(y >} <oo. (C30)

Furthermore,

/(Bf)Qq(w,y)dP( )dQ(y /fo Y ), y)é(x,y)P(x )Q(y’)dl"dy’} dP(z)dQ(y)
g / / £ e )€, o )AP()AQ(y ) AP (£)AQ(y)
o / 129y )AP()dQ(y) < oo

where (i) follows from [ &(2/,y)dQ(y) = [&(x,y')dP(z) = 1. Similar to (C.30), it then
holds that

ul(BF)) < [ / (Bf)Qq(x,y)dP(w)dQ(y)F [ [ ewnarwiew)|” <o

This yields that k11 := (I + B)f € L?(u). Now, by the degeneracy (C.28) of Ky, o2 and
K141, we obtain Q,, € H’OL NnH f It then follows from the permutation symmetry of Q,, that
9, € H,.

Notice that (A* ® A*)kgs = —(A*A® A*)C1(7€) and

(Ip ® A1y = ((Ip ® A7) + (Ip © ANB)CTH(776) &~z + T(A" @ Ip)(A® A)C (7€)
= —kopo+ T(A*A® A)C(7E),
where we have used B =T (A® A*) in (i). It then follows that
(I + T)lk20 + (A" @ Aoz + (Ip @ A)kaw] = (I + T)T = DA A® A)C (7€) =0,

since [ +T)WT —1)=T —1+TT —7T =0. Similarly, (I +7)[(A® A)kap + ko2 + (A®
IQ)Hl,l’] = 0.
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Let us verify the last identity in the statement of Lemma C.14. Note that

(Ip @ A)I + Tk = [(Ip @ A) + T(A® Ip)]kap = —[(Ip @ AA") + T(A® AC (7€)
—[(Ip ® AA™) + BIC™' (7€),

Analogously, (A* @ Ig)(I + T ko2 = —[(A*A® Ig) + B]C~ (7€) and
(I+B)kiy =T +B)([I+B)C 7€) =[I+2B+ (A @ A)TT(A® A)C (7).
Hence,

(Ip @A)+ T)koo+ (A" ® IQ)(I + T)liog + (I + B)/ﬁ,y
=[I-Ip® AA*) — (A AR Ig) + (A" AR AA)C (7€) = 7€,

where the last equality follows from C := (I — A*A)@ ([ —AA*) =1 —-Ip @ AA* — A*A®
Io+ AAA® AA*. o

The next proposition shows that Q,, is equal to the second order chaos of T, up to an
0p(n1) term.

i.4.d.

Proposition C.15. Suppose Assumption C.1 holds and {(X;,Y;)}y "~ u. Let the second

order chaos of T, be Projy, (T,,). Then we have Projy, (T,) = Q, + 0p(n71).

Proof. Define
~ 1

Q= ) g[oc X;) + koa(Yi, V) + ki (Xi, Y5)]. (C.31)

It follows from LLN that Q, — Q, = 0,(n!). It then suffices to show O, — Projy, (T},) =
op(n~1). According to the degeneracy in Lemma C.14, we know E,[Q,] = 0 and E,[Q, |
X;] = E,[Q, | Yi] = 0 for all i € [n], which implies Q,, € Hg N Hi-. Note that 9, is
not permutation symmetric since it lacks the diagonal terms x4 1/(X;,Y;), so it is not in Hy.

Moreover, we have

E Q.| X;,Y;] =0, forallien] (C.32)
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Step 1. We show Projy, (T,) = ProjHQ(Tn), where

Z (X3, Y;) =0 — L, = 1277()(1»,3@). (C.33)

3I>—‘

In fact, since § | H, and L£,, 1 H,, we have, for any U € H,,

Eu[(Tn —T,)U] = E. [(% zn:n(XuY;) - Tn> Ul.

By exchangeability of {(X;, Y;)}iep, it holds that E, [X 1 n(X;, Y;)U] = E,.[n(X1,Y1)U],
and thus

E[(Tn = To)U] = Euln(Xy, Y1)U] = B, [T,U]

CE,[n(X:, V1)U — E,[Euln(X1, YU | Ga]] =0,

=

where (i) follows from the tower property. Hence, T, — T;, € Hy and thus the claim follows.

Moreover, since 7 € L2 (1), we have T,, € Hg- N H{,

n(X;,Y;), forallie [n], (C.34)

§I>—‘

E.T, | X, Y] = ZE (X5, Vi) | X3, Vi) =

and
E T, | Xi, X;] =Eu[T, | Vi, Y;] =E.[T, | X;,Y;] =0, foralli#j. (C.35)

Step 2. We show Projy, (T,) = Projy, (9,). By Step 1, it suffices to prove T),— Q,, € Hy .
We will prove E,[(T,, — 9,)U] = 0 for every
U= ZfQO Xi, Xj) + foo (Y3, Y] +Zf11 i Y) € L2(uh).
1<j 4,j=1

We first compute E, [T, — Q, | X1, Xy]. Since g € Ljo(P ® P), so it holds

EM [Z /4'2,0(Xian) ‘ Xl,X2] = EM Z /43270(Xi7Xj) ‘ X17X2 (036)
i#j {iy={1,2}

= (I + T)ka0(X1, Xz). (C.37)
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Since Koy € Lio(Q ® Q) and E,[f(Y1,Ys) | X1, Xo] = (A* ® A")f(X1,X,) for any f €
L2(Q ® Q), we get
[Z Iiog % ] ‘ XlaX2] = (-[ + T)(A* &® A*)K/O’Q(Xl,XQ). (038)
i#]
Furthermore, since E,[f(X1,¥3) | X1, Xa] = (Tp © A%) f(X, X5), we have
" [Z k11(Xi, Y ’ X17X2] = +T)Ip @A)k (X1, Xa). (C.39)
i#]
Putting (C.36), (C.38) and (C.39) together, we get E,[Q, | X1, X3] = 0 by the first identity
in Lemma C.14. Consequently, by (C.35),

E T, — O, | X1, Xo] = E,[T), | X1, X5] = 0.

By the exchangeability of {(X;, Y;)}%,, we obtain E,[T, — Q, | X;, X;] = 0 for all i # ;.
Similarly, E [ -9, | Y;,Y;] =0 for all i # j. Hence, we only need to prove

Qn Zfll s ] =

For that purpose, we will compute E,[Q, | X;,Y;]. We have shown in (C.32) that E,[Q,, |
X;, Y] =0 for all i € [n]. For (i,7) = (1,2), it holds that

E, [Z Ko0(Xi Xj) | X1, Yo | = (Ip @ A)(I + T)kao(X1, Y2)
i#] ]

[ZHO2 i) ] Xla}/2 :(A*®IQ)(I+T)HO72(X1,}/2)
1#£] |

[Z R1, 1’ 17 ] X17}/2 = (‘[ + B)Iil,ll(XlaXQ)'
i#£j |

It then follows from the third identity in Lemma C.14 that

1

E.[On | X1,Y2] = n(n—1)

ﬁ(le §/2>£(X1, Yé)
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By the exchangeability of {(X;, Y;)}1, again, we get

Eu [an,fl,l( I3 j

ij=1

ZE anll i j)] [(X1>Y2)£(X17Y2)f1,1(X17Y2)]
i#£]

=E, [n(X1, Y1) f1..(X1, 1)),

since § is the Radon-Nikodym derivative of p with respect to P ® @ under E,,. On the other
hand, we also have, by (C.34) and (C.35),

Zfll 9 ]

i,7=1

= nEu [T fra (X1, Y1)] = Eu[i(X1, Y1) fra (X0, V).

Hence, E, [(Tn - Q,) > i (X J)} = 0 and the claim follows.
Step 3. We control the variance of Projy, (15,) — Q,,. From Step 2 we know Proj H, (On )=
Projy,(T,). By the definition of L? projection, it holds

E[(Projp, (Th) — Qu)’) = E[(Projy,(Qn) — Qu)*] = min E,[(Qn — V)’ < Eul(Qn — Qu)?l,

VeEH,

since Q,, € H,. Note that

n

~ 1
Qu = Qn= i) ;[m,y(xi,m — (X5, V7).

By independence, we get

n

N 1 _
E.[(Qn— Qn)7] = 2= 1) ; Eul(k11 (X, Y) — 61 (X3, Y7))?] = O(n™?).
It follows that Q,, = Projy, (T5,) + 0,(n™Y). O

C.5.2 Variance bound for the second order remainder

Npte that the second order remainder is Ry : =1, — 0 — L, — Q,, = (U, — Q. D,,)/D,,, where

1
Qn ZIW{Z[KZ‘,O(Xian)JF“O? Y +Z“11/ i-Y5) 2611/ X“YZ}

1#£j 1,j=1
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is an approximate second order chaos of T, by Proposition C.15. We will decom-
pose 9, D, into manageable pieces. Let Kag(x,2',y,y") = kapo(x, 2 )E(z,y)E(2’,y") and
Koa(z,2',y,y') = ko2(y,y){(x, y)€(2",y'). Then we have

> k20(X;, X;)D ‘Z Y Koo(Xi, XY, Y,) [ XY, (C.40)

i#j 1#£j 0E€ESH ke[n]\{i,j}
ZKOQ iy j Z Z KJOQ 3 ] *17E>§(ngluyj) H S(X}WYO']C)
ij " i#j 0€S, keln\{o; Loy '}
= EZ Z K0,2(Xi7Xj7Y0i7Y0j) H g(Xkayffk)‘ (041)
" itj o€Sn ke[n]\{.5}

Furthermore, let K1/ (z, 2", y,y') = k11 (2, ¥)E(z, y)€(2', y'), then

n| Z Zﬁl 1’ za j €®(X7YO')

1,=10;7#j
1 n
- E Z Z Z Kl’ll(Xi’Xj/’YUi’Y‘Tj’) H g(X/mYO'k)
Cig=1 J'en\{i} oy =3 ken)\{i,j'}

= %Z Y KX, X, Yo Yo,) [ 6 Y. (C.42)

i) 0€Sn ke[n\{i.5'}
Note that > 1 ¢11/(X;,Y;) = >0, 011(X;,Ys,) by affineness, and
LS R ) - 13T )
i,j=10;=J ' i=1 0eSy,
It follows that

n,ZZm (X3, Y;)6% (X, Y5) mez,Yz

i,j=10;=j

- % D0 ma = n](Xs, Yo )65 (X, Y5).

T oEeS, i=1

Repeating the argument in Proposition 4.9 for 7 replaced by x1 1/ — ¢11/ € L%}O(u) gives

SEE) ,ZZm (X3, Y))ER(X,Y,) = Y (X3, Yi) Dy = O(n7?). (C.43)

1,7=10;=j =1
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Here we say a random variable ¢,, = O(n™?) if Var(¢,) = O(n™*). Putting (C.40), (C.41),
(C.42) and (C.43) together, we know that Q,,D,, is equal to

1 1
n(n——l)ﬁ Z Z(K2,0+K0,2+K1,1’)<Xian7YaiaYaj) H g(X]WYO'k) +O(n_2)'
L 0ES, i#j ke[n]\{i,j}

In the following, we further decompose K+ K2+ K; 1 into second, third and fourth order
terms using Hoeffding decomposition, and show that the second order terms cancel out U,
and the rest of the terms are negligible.

The following lemma gives the second order terms of Ky, Koo and K y/.

Lemma C.16. Let

koo(x, 2", y,y') = roo(z,2") + (A® A)rao(y,y') + (Ip @ A)kao(z,y)
+ (Ip @ A)T kap(2',y)
ko2 (z, 7y, y) = (A" ® A" koo (x,2") + ffo,2(y7?/) + (A" ® IQ)I‘JO,Q(L?/)
+ (A* @ Ig) T ko2(2',y)
ki (z 2 y,y') = (Ip @ Ak (x,2") + T(A® Ig)ki1 (v, Y) + ki (x,y) + Briy (2, y).
For any i # ' and j # j', the function Kr(X;, Xy,Y;,Yy) = (K5 — k1) (X, Xo, Y5, Yyr) is
2-degenerate for every I = {2,0},{0,2},{1,1'}.

Proof. We only prove the claim for I = {2,0}. The rest of them can be proved similarly.
Recall that Kog(x,2',y,y) := Kooz, 2)E(z,y)E(2',y'). Conditioning on X;, X, we have

E[K2,O(Xi7 Xi’7 }/j7 E') | Xi7 Xz’]
= Hz,o(Xi,Xi') E[S(Xi,y}) ’ Xi] E[S(Xi’,y}') ’ Xi/] = HQ,O(Xi,Xi/)-
It then follows from degeneracy that E[(K2o — k20)(Xi, Xi, Y, Yy) | Xi, Xir] = 0. Condi-
tioning on X;,Y}, we have
E[KQ,O(Xia Xi’7 Y}a Y]’) ’ X’ia Y]]

= S(X Y) E['%Q,O(X%Xi’) | Xlayv]] =0= E[kZ,O(Xini’a}/;'yy}’) | XZaY]

iy Ly
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Conditioning on X;, Y}/, we have

E[KQ,O(Xiv X’i’) 3/]'7 Y]’) | Xi7 }/]’] = E[/{ZO(XZ') Xi’)f(‘X’i’? }/]/) | Xi’ Yj/] - (IP ® A)/{Q,O(Xi, Yj/)
= E[k2,0(XiaXi’7)/j7Y}’> | Xi,Yj’]-

The rest follows analogously. O

Now, we get

Q.Dy, =W, +V,, +0(n?), (C.44)
where
1 1 _ - =
Wn = mﬁ Z Z(KQ,O + KO,Q + Kl,l’)(X’h X]a YO'N YUJ') H g(Xk" Yo'k) (045)
oESy i) ke[n]\{,5}
1 1
Vn = —n(n — 1) m Z Z(k’gp + kog + kl,l’)<Xia Xja Yam YO’j) H 5(‘)(k’ Yak)' (046)
o€S, i#j ken]\{i,j}

We will show that E[(U, — V,,)?] = O(n™*) and E[W?] = O(n™*). As a result, E[(U, —
9,D,)% = O(n™*), which implies Ry := Ry — Q,, = 0,(n™").

Lemma C.17. The following algebraic identity holds:

R TIPS CBALC RN | I A ARG

i.j=10i#j kefn)\{io; '}
Moreover, under Assumptions 4.2 and 4.3, E[(U, — V,)*] = O(n™).

Proof. We consider the terms involving (X;, Xj;) and (Y5,,Y5)) in >, (koo + Koz +
k11)(Xi, X;,Y5,,Y,,). By Lemma C.14, we get

Z[/{ZO(X“ X]) + (A* ® A*)I{072(Xi, XJ) + (]p &® A*)IiLl/(Xi, X])] =0
i#]
Z[(A ® A)I{/Q,O(YO}‘? Yaj) + K’O,Q<Y0i7 YO']') + (A ® ]Q)lil,l’ (Yaia YO’j)] = O
i#]



We then consider the terms involving (X;,Y5,) and (X}, Y, ). Notice that

SN Ir @ Aroo(XiYs) [ 6 Ya,)

i£j o€Sn ken]\{i,5}

=Y DY Ur@ Amo(XeYy) [ 6Xi o)

1#j j'=10j=j' kemn\{:,j}

= Z Z(]P@)A)RQ,O(X%}G’) H S(Xkyyak)'

i,5'=1 0;#j' ke[n]\{i7aj71}

A similar argument gives

Yo Tr@ A)Troo(X;,Ys) [ Xk Ya,)

i#j 0€Sn ke[n\{i,j}
= Z Z(IP@A)TKQ,O(X]‘,YZ‘/) H f(leYak)-
i j=1o;# ken\{jo;, '}

Hence

DD Up @ A)ra(Xi, Yo,) + (Ip @ A Troo(X;, Vo)l [ €(Xk Vo)

i#j 0€Sn ken\{4.7}
=3 D Ir@ AT+ Troo(X:, ;) [ Xk Ya).
i,j=10;#j ke[n\{i,o; '}
Analogously,

ST IA @ Tghmoa(Xi Ya,) + (A © I) Thoa(X;, V)] [ 60X Vi)

i#j o€Sn ken]\{i,j}
=Y YA @I+ Troa(XYy) [ &K Ya),
ij=1 0] ken)\{io; '}

and

DD (X Vo) + B (X, Y5 [ €05 Vo)

i#j 0ESn ken]\{i.j}

=Y Y 1+Brmr(XY) [ € Ya).

=1 0s#j keln)\{i,o; '}

249

(C.48)

(C.49)

(C.50)
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Hence, the identity (C.47) follows from the third identity in Lemma C.14.
Let us compute E[(U,, — V;,)?]. Denote h := 7j¢. Recall from (4.35) that

U, = mz ZnXZ,Y )E2(X,Y,) nnZZh DY) I € vs,)

ceS, =1 i,j=10;=j ke[n]\{:}

By Lemma C.8, we get

T n.ZZh i»Yj) Z H (Xk,Y,,) —1]. (C.51)

tj=1loi=j AC[n]\{i} k€A

Similarly,

Va = n_ln,ZZth,YJ) > IMEeva) -1, (©52)

iJ=10i#j ACln)\{i,07 '} keA

Define the set of sequences of length r to be
Snr i =A{(ki)i_y - ki € [n], |{k1, ...,k }| =71}, forren].

Take r € [n] and (k;)I_,, (k})i_; € Sy, Let us count the number of times the term

T

WXy, Yig) [ [I6 (K., Yig) = 1) (C.53)

s=2
appears in (C.51) and (C.52), respectively. In order to get this term, we must have i = £y,
j=k, A={ks, ... k.} and o, = k. for all s € {2,...,7r}. Note that o; = j in (C.51), so
there are (n — r)! such terms in (C.51). Similarly, there are (n — r)(n — r)! such terms in
(C.52). Hence, the coefficient of this term in U,, — V}, is

(n—r)! (h—r)(n—r) _ r—1(m-—r)
n-n! n(n—1)-n! n—1 n-n! "~

Cn,r ==

We claim that

Uy — V= n—ln'zr_l oY Y Xy, T s - 1.

|A|=|B|=r 0€8n:04=B icA JEA\{i}

(C.54)
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To see this, we only need to prove that the coefficient of the term (C.53) on the right hand
side of (C.54) is exactly C,,,. In other words, it appears (n —r)! times in the following sum:
o> Yoy, ] €Y., - 1.
|A|=|B|=r 0€8n:04=B icA JEA\{i}

To get this term, we must have A = {ky,...,k.}, B = {k,...,k.}, i = ky and oy, = k.
for all s € [r]. There are (n — r)! permutations satisfy this condition, and thus it appears
(n —r)! times.

A derivation analogous to the one for Proposition 4.13 implies that E[(U,, — V;,)?] equals

r

e S S | [0 -1

r=1 oeS, i=1 j=2

h(Xi7Y0'i) H [g(Xj7YJj>_1] .
Jem\{i}

Repeating the argument in Proposition 4.9, we know E[(U,, — V)] = O(n™*). O

Before we bound E[W?], let us give a result similar to Lemma C.9 for functions with 3 and
4 arguments. Let ¢ € LA(PRP®Q®Q) and ¢ € L*(P® P® Q) such that ¢(X;, Xy, Y1, Ys)
and ¥ (X1, Xo,Y)) are completely degenerate under the measure (P ® Q)".

Lemma C.18. Assume (|9[l12(pypogeg) < 0 and [[¥|l12pypeg) < 00- Under Assump-

tions 4.2, 4.3 and C.1, there exists a constant C' such that, for any o € S, and i # j € [n],

n

E | o(X1, Xo, Y2, Va) [ [I6(X0, Ya) = Vo (X, X5,V Vo) [ 16Kk Vo) — 1]
k=3 ken]\{,5}

S S?(N_#U_Q) C#J

n

E (X1, X, V) [T Ye) = 10X, X5, o) [T 60X Yo,) = 1]
k=3 ken]\{i,5}

S S?(N_#U_m Cﬁvf)ﬁa7

where #o0 is the number of cycles of o € S,,.
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The proof of Lemma C.18 is similar to Lemma C.9—we iteratively take expectation with
respect to a single variable, while keeping the rest being fixed. In consideration of the space,

we only give an example here.

Example C.2. Consider n =4, i =2, j = 3 and o given by 0, = i+ 1 for i € [3]. By
construction, o only has one cycle 1 — 2 — 3 — 4 — 1. The expectation of interest then

reads

E [6(X1, X2, Y3, Y2)[€(X3, Y3) — 1)[6(Xy, Ya) — 1]
O( X2, X3, Vs, YO)[E(X1, Vo) — 1][€(X4, Y1) — 1]].

Let Ay be a shorthand notation for Ip @ Ip @ Ig @ A, and A} similarly. Taking expectation
with respect to Yy, while keeping others being fized, we get

E[o(X1, X2, Y1, Y2)[6(X5, Y3) — 1](Af9)(Xa, X, Y3, Xa)[€(X4, Ya) — 1][€( X4, Y1) — 1]],

E[o(X2, X3,Y3, Yo)[E(Xy, Ya) — 1] | Xo, X5, Xy, V5] (C.55)
=E [¢(X2,X3,3%,1@)£(X4,1@) ’ X27X37X47Y:‘5]
= AZ¢(X2>X37}/37X4)- (C56)

Now taking expectation with respect to X4, while keeping others being fixed, we get
E [¢(X17 X27 1/17 }/2)[5()(37 §/3> - 1] (A4AZ¢)(X27 X37 }/’37 YI)[&(X17 }/2) - 1]]

Now, both Xy and Yy in £(X1,Y2) — 1 appears in ¢(X1, Xo,Y1,Ys), and both X3 and Ys
in £(X3,Y3) — 1 appears in ¢(Xo, X3,Y3,Yy), so we stop here and use the Cauchy-Schwarz

imequality to get an upper bound

VE[(AuA[9)? (Xo, X3, Y3, V1)[E(X0, Y2) — 1] X E[02(X1, Xo, V1, Y2) [€(X5, Y3) — 17

= ||(A4AD¢||L2(P®P®Q®Q) ||¢||L2(P®P®Q®Q) ||§ - 1||i2(P®Q) , by independence. (C-57)
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Let C = ||¢||iQ(P®P®Q®Q) € — 1||i2(P®Q). Then (C.57) can be further bounded above by C's?.

For the expectation associated with 1, we view ¢ as a function with four arqguments such
that it is constant in its fourth argument and then repeat the argument for ¢. It only makes
a difference at places where we apply Ay or A} to ¢—instead of applying this operator, the
expectation is exactly zero, and thus the bound holds trivially. To be more specific, in the

first step of the above example, where we take expectation with respect to Yy, we should have,

in (C.56), that
E (X, X, YA)IE(X0, Vi) = 11 | Xo. Xa, X, Ya] = (Xe, X, ¥5) E[E(X4,Yi) = 1] X4 2 0.

Recall from (C.45) that

1 1 _ _ _
Wn = mm Z Z(KQ,O + K072 + Kl,l’)(Xi7Xja YO'W YO’j) H ' g(Xk’a Yak)
oESy i#£j ke[n]\{i,j}

To prove E[W2] = O(n™*), we again use Hoeffding decomposition. From Lemma C.16 we
know (Koo + Koo + Kl,lf)(Xi,Xj,Yoi,ng) is 2-degenerate, so each term in its Hoeffding
decomposition should contain at least 3 variables. We assume it is given by the following

form:
¢(Xian>Ya¢7YUj) + wO(Xian:Yoi) + wl(XhXj?YO'j) + ¢2<Xi7YUi7YUj> + wg(Xj7Y0'¢7Y0'j)'

Define

Wr? = ﬁ% Z Z¢(Xi7X17YUi7YUj) H £(Xk7YUk)

€Sy i#£j ke[n]\{i,5}
1 1
vo . &~ = . .
W= g X S 6 T )
€Sy i#£] ken]\{4,j}

and WY, W¥2 and W3, similarly. Consequently, W,, = W¢ + WY¥o + W¥t 4 W2 + Wys,
It then suffices to show E[(W?)?] = O(n™*) and E[(W¥)?] = O(n™%) for i € {0,1,2,3}. The

strategy here is the same as Proposition 4.9.
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Corollary C.19. Suppose the same assumptions in Lemma C.18 hold. Then

SIEAS P L e i ST
" T n?(n—1)2 s r! = !

. 1 " r2(r —1)2 b ,
wz 2 (7’ #U 2) #0’
E[(W/)?] < e z:: . > st c*o. forie{0,1,2,3}

oES,

In particular, E[(W?)?] = O(n=*) and E[(WY)?] = O(n™*) fori € {0,1,2,3}.

Proof. We only prove the bound for E[(W?)?]. Notice that, using Lemma C.8 for A =

n]\{4,j}, we have er[n]\{i,j}g(Xk7YUk) = ZCC[n]\{i,j} [Tccl€(Xk, Yo,) — 1] for every pair
1 # 7. As a result,

Wq(f = n' Z Z¢ XzaXmYazaYUJ) Z H[f(Xk:»Yak) - 1] (C58)
o€S, i#£] Cccn]\{i,j} keC

Because ¢(X;, X}, Y;,, Ys,) is completely degenerate, an argument similar to the one in Propo-

sition 4.13 shows that the Hoeffding decomposition of W is given by

¢ .
wWo .= (n_ = > Wi
|A| |B|>1
where
Wig= > Y o(Xi X, Y,) [ [EXYs) -1
€S :oa=B i#£jEA ke A\{i,j}
Consequently,

B[V = =1 n,QZ S EE)?

=2 |A1=|B|=r
" n2(n—1)2 nv2Z( ) [(WE)? (C.59)

where the last equality follows from exchangeability. Using a derivation similar to the one
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for Proposition 4.9,

€Sy 1<i#£j<r ke[r\{i,j}

E[(W,)7 = ((n—7) {Z > (X, XYY, ] [S(Xk,Y(,k)—l]]

T

$( X1, Xo, Y1, Ya) [ [16(Xk, Vi) = 1]

k=3

:((n—r 7“'7“7‘—12 Z

0€S, 1<i#j<r

(X, X, Yo Ye) ] [f(Xk,Yag—lJ]
kel[r]\ {45}

<((n—r) r'r (r—1) Z Z “#720# by Lemma C.18.  (C.60)

€Sy 1<i#£j<r

Now, putting (C.59) and (C.60) together, we get

2 1 "L /n)\ 2 D
E[(W;f) ] < n2<n_1)2(n!)22(r> ((n—r r'rr_l Z Z —#0—2) v

r=2 c€Sy 1<i#j<r

1 — r?(r — 1) 2r—Ho—2) o
- n2(n —1)2 Z rl Z 51 cre.

r=2 ’ O'EST

Proposition C.20. Under Assumptions 4.2, 4.3 and C.1, the second order remainder Ry =

op(n71).
Proof. Let f:=C71(5¢). Recall p and q from Assumption C.1. Note that
EL (X, X = [0 A (0P
2q
=[] st anaeu)| ap@ar)
Jensen
=[] e 19Qu)aPE)aPE),

Since [&(2',y)dP(z') %2 1, integrating with respect to 2’ in the above upper bound gives

/ £, )AQY)AP(x) = E[f*(X,, 11)] < o0



256

As a result,

=E [Hg,o(Xh X2)52(X1> Yl)fQ(X% Y2ﬂ

Holder

< E[RF (X1, X,)]7 E[E% (X1, V1)EP (X, Vo))

2
HBQDHL%P®P®Q®Q)

= E[s3%(X1, X2)]1 E[€(X,, Y1)]? < o0,

Analogously, we have || K|y < 00 and [|[K1vli2pepyoeg) < 00 As discussed

(POPRQ®Q)
before Corollary C.19, we can then decompose (K2,0+K0,2 —I—I_(Ll/)(Xi, X, Yy, YUJ.) into third
and fourth order terms using Hoeffding decomposition and invoke Corollary C.19 to show
E[W?] = O(n™). Recall from (C.44) that E[(Q,D, — W, — V,,)?] = O(n™*). Hence, by

Lemma C.17,
E[(Un - QnDn)Z] <3 {E[(Un - Vn)g] + E[Wr%] + E[(QnDn - Vn - Wn)Q]} = O(n_4)-

It then follows from Theorem 4.5 that Ry = o,(n1). O

C.5.83 Proof of Theorem C.11

Proof of Theorem C.11. By the assumption that ¢ = 0, we know the first order chaos £,, = 0
almost surely. According to Proposition C.20, it holds that T,, — 8 — Q,, = 0,(n™'). Recall
from (C.29) that

1

Q= m {Z[HQ,O(XDXJ') + ko2 (Yi, J ]+ Z (X, J Zﬁl (X, Y5) } ’
i#] =1

affine

where ¢, 1/ is an affine function such that r; 1 — ¢y 1 € Lg,o(#)- This implies (P®Q)[¢11/] =
plli1] = pr11] = 011 By LLN, we know %Z?:l 0 1(X;,Y;) = 011 + 0p(1). Therefore,

01 1/ 1 _
Tn—9+ L1 = {Z[ligo(Xi,Xj)‘f’HOQ [ j +Z/{11’ %9 ] }+Op(n 1)'

n n(n—1) oy byt

We then prove the limit law of the second order chaos. Recall from (C.14) that ry 1 €
Ljo(P ® Q), so it holds that — 1) S ki (X5, Y;) = o,(n') by LLN. Hence, we will

ignore this term in the followmg derlvatlon.
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To begin with, we show the limiting distribution is well-defined. Since ¢ = 0 in Theo-

rem 4.6, we know
(I —A*A) (k19— Ako1)(z) 20 and (I — AA*) H(kos — Ak10)(y) =0,
which implies

i(z,y) = n(z,y) — 0 — (I — A"A) (k10 — A'kon)(x) — (I — AA") Koy — Ak10)(y)

a.

o

77(357 y) — 0.

Consequently, (n — 0)¢ € L%yO(P ® @) and thus it has expansion

n—0=> mlx®p), nLA(PeQ), (C.61)

kI>1

where Zk,lzl 7,3, < 00. Recall from Assumption 4.2 that 0 < s, < s; < 1 forall £k > 1, we
have

2

71{1
. C.62
= (1—sk)(1—sl ZZ: (1—s?)* ( )

k,

Let {Ug},{Vi} be independent sequences of i.i.d. standard normal random variables. We

define

Z = Z 1= sgk(ll =57 {UVe+ sisiUlVi — si(UpUp — 1{k = 1}) — s (ViVi = 1{k = 1})}
ki>1
1

= (1 — S%)(l _ 8l2) {(7]’»‘[ + SkSl’Ylk)Uk‘/l
k,>1

— s(UpU — 1k =1}) — spya(ViVi — 1{k = 1}) },

where the sum converges in L?2. We will show Z, := nQ, —4 Z by using characteristic

functions, i.e., by showing that, for each t € R,
Elexp(itZ,)] — Elexp(itZ)], asn — oo.

The following proof is inspired by Serfling (1980a, Chapter 5.5.2).
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Step 1. We expand Z,, on {ay ® B}k >0. For k> 1, we denote
—(I-AA apy=1—-s)"ay and fi = — AA) 6 = (1 — s2)71 6.

By Lemma C.12 it holds that C™ (o ® ) = ay ® 3, and then we get

CHn—0)E = > ml@®p) =) = 851@(11 7 (o ® Br).

— S
ki>1 kl>1 l)

It follows that

Kl,l’(XwY;) <[+B> (776)( (2 J)

=Y A D) + sk X))

ki>1 W) (L —s7)
0210 Y;) = (A B IQ)CT ()Y, 1) = 3 i (YDA().

Hence, Z, admits the following expansion:

7 _ Bi(Y;) + sksiou(Xs) Br(Y;) — s10(Xi)au(X;) — 58k (Ya) Bi(Y5)]
"1 e (1= s5)(1— )
_ (’Ykl + SkSl’nk)&k(Xi)ﬁl(Yj) - Sz’)’klOék(Xi)al(Xj) - Sk’Yklﬁk(Y%)ﬁl(Yj)
1224 =D —) |

Step 2. We truncate the inner infinite sum. Fix an arbitrary integer K > 0. Let

i (’Ykl + Sksl’Ylk)ak(Xi)ﬁz(Yj) - Sz’YklOlk(Xi)al(Xj) - Sk'}/klﬁk(n)ﬁl(yj)
et L (1—sf)(1—s})
i#j k=1

7K . i (Yt + sks17x) Ui Vi — sy (Un Uy — T{k = 1}) — sy (ViVi — 1{k = l})]
k=1 (1—sp)(1—=s7)

By triangle inequality, we have

‘E[eith] o E[eitZH < ’E[eith] o E[eitsz] E[ez‘tsz] . E[eitZK]’ i ‘E[eitzK] B E[eitZ]

= A+B+C (C.63)
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Fix arbitrary t € R and ¢ > 0, it now suffices to show that A, B,C' < ¢ for all sufficiently

large n with an appropriate choice of K.

Step 3. We bound A and C. Using the inequality |e”* — 1] < |z], we get

itZn _ itZl| < [E(Z, — Z5)?)\/2. (C.64)

n

A<Ele

We rewrite Z, — Z as 15 7. (g% P(X,Y;) — g8(Xi, X;) — gl (Y3, Y;)], where

g (zy) =) ( ks Sksﬂlkg a(z)Bi(y)

ki>K 1- Si)(l - Sl)

o) = 3 ¢ W ()au()

ki>K 1- Sk)(l - Sl)

9l y) = i e Bu(y)Bu(Y).

2 T )
By the orthogonality of {ay}r>0 and {8k }r>0, we know Efoy(X;)B1(Y;)our (X3)6r(Y;)] = 0
for all k,0 > 1 and i # j. This implies ¢%°(X;,Y;) and ¢5*(X;, X;) are uncorrelated.
Analogously, we have g7 (X;,Y;), ¢¢(X;, X;) and ¢o’(Y;,Y;) are mutually uncorrelated for
all i # j. As a result, E[(Z, — ZK)?] reads

E[(Zy - Z,)’] (C.65)

2
= [Zg“ﬁ Xo V)| 4+ (Do e (Xu X)) | + [ D gl (YY)

i#] i#] i#]
Notice that E[ay(X1)5(Ys) | Xi] = Elaw(X1)B1(Ya) | Yo] = 0 for all k,1 > 1, then

(C.66)

E[Q?f(XbYQ) | Xl] = E[g?(B(XhYQ ’ Y2] =0.

As a result,
2 n 2
s B B 0 Ykl T SkSIik
[Zg (X:,Y))| =N(n—1)E[g(X1,Y2)* =N(n—-1) > [(1_%)(1_3;)}
vy kI>K

Let § > 0 be such that |t| § < e. It then follows from (C.62) that, for all sufficiently large K,

we have

1 af
(n—1)2 E [Z (X, Y)

i#]

2

S

2
Z { Yl + SkSiVik } < n 52
e (1-s3)(1—-s¥)] ~6(n—1)
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The same bound for the rest of the two terms in (C.65) can be shown using similar arguments.

Therefore, by (C.64),

A< |t|[E(Z, — ZE))V2 <, /ﬁ t|6 <e, foralln>2.

Repeating the above argument for ZX and Z gives C' < ¢ for all n > 2.
Step 4. We bound B by proving ZX —; Z% as n — oco. Consider W,, := (W], WBT) with

_ % <Z ak(Xi)> and Wp:= % (Z 5k(Y;)>

k=1 k=1
According to the multivariate CLT (Billingsley, 1995, Section 29), it holds W, —4
Nok (0, I ), where the covariance matrix Iox follows from the orthonormality of {ay }r>1

and {Bx}x>1. We then rewrite fo as a quadratic form of W,,. Notice that

—ZZ

(Yrt + sksivw)aw(Xe) Bi(Y5)
— 57)

z;é] k= 1 _sk
1 (Ve + SkSs171) g g

== § S B | =D an(X)A(Y;
nkl | 1_Sk 1_81 { ak ][ ﬁl( i=1 ak( >Bl( >}

— 2WTEQ'BW Z ’Ykl + Sksl%k Z Oék
k= 1 Si)

where X% = W is the (k,[)-element in the matrix ¥. Similarly, it holds that
1

:I>—‘

ZZ - (1_8)5zak(X)az(X)
25 kil ) I

ao VEiLSI
= Wy EWe Z (1-s2)(1—-sH)n Zak

k=1
;];1 1 Sk )Skﬁk(Yi)ﬁz(Y})
K
Vil
_ WBTE’BBW[; _ Z (1 — S:l k Zﬁk

k=1
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where X0 = —(1757313[(?—512) and Eflﬁ = —(17525)1(81{5?)' Hence,
n —yoa  yob nooe 1 1 —
Zf = VVnT W, — —
n—1 [De8]T %88 n—1 kJZI (1-=s2)(1—sHn ZZI [

(Ve + swesevin) aw(Xa) Bi(Yi) — siymeu (Xi)au(X;) — Sk’Yklﬁk(Y;)ﬁl(Y;’)]-

Since Elay(X;)5,(Y:)] = 0 and E[ag(X;)aq(X;)] = E[Be(Y:) 51(Y;)] = 1{k =1} for all k,1 > 1
and ¢ € [n], we know from LLN that

% Z (v + sesivi) o (X)) Bi(Y7) — sioue(X)au(Xs) — s8(Y3) Bi(Y7)]
sy —sil{k =1} — s 1{k = I}.

By Slutsky’s lemma, it holds ZX —; Z% and thus we have B < ¢ for all sufficiently large
N. Now, by (C.63), we get |E[e"#"] — E[¢"4]| < 3¢ for all sufficiently large n. Since € is

arbitrary, this completes the proof. O
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Appendix D
APPENDIX TO CHAPTER 5

D.1 Properties of Entropy-Regularized Optimal Transport Independence Cri-
terion

In this section, we prove the properties of ETIC discussed in Section 5.4. For the sake of
generality, we state the problem for general notations P and () while keeping in mind that
P,Q € {uxy, ix @y} in our case. Let P € M;(R% x R%) and Px and Py be the marginals
on R4 and R%, respectively. Define @, Qx, and @y similarly. We are interested in the EOT

cost between P and () under the cost function c:

S.(P,Q):= inf U cd7+5KL(7||P®Q)]. (D.1)

YEI(P,Q)
When ¢ = 0, So(P, Q) is the optimal transport cost between P and ). When ¢ > 0, it

admits a dual representation:

S:(P,Q) = sup [/ fdP + /ng +e— 5/ei[f(z)+g(z,)C(Z’Z')]dP(z)dQ(z’) .
f,9€C(R%1 xR92)

(D.2)

The Schrédinger bridge potentials ( fe, g.) satisfy the optimality conditions:

/ LG 0 (el g () 22 ¢

(D.3)
/ eIt g ()

wn

1.

We first prove the validity of ETIC as a dependence measure as stated in Proposition 5.3.

Proof of Proposition 5.3. Due to Blanchard et al. (2011, Lemma 5.2), the Gibbs kernel

ko(z,2) = e =) = |y (2, 2 ko (y, o))
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is universal since both k, and k, are. It is also clear that k. is positive since both k, and
k, are. Consequently, the Sinkhorn divergence S. defines a semi-metric on M;(X x )
according to Feydy et al. (2019, Theorem 1). Hence, if puyy, pux ® py € M;(X x Y), then
To(X,Y) := Sc(pxy, px @ py) = 0 iff pixy = px ® py- O

Next, we analyze the computational complexity of the Tensor Sinkhorn algorithm for

additive cost functions, i.e.,
c(z,2') == c1(x, 2') + ey, y), (D.4)

where z = (z,y) and 2’ = (2/,¢').

Let {;}i-, and {y;}}_; be two sets of atoms. Note that the two sets are assumed to be of
the same size for convenience. Let A and B be two probability measures on {; }i_; x {y;}j_;.
For convenience, both A and B are represented as a matrix, i.e., A;; = A(z;,y;). For instance,
if we choose A = [ixy and B = [ix®/iy, then, in its matrix form, A = I,,/n and B = 1,,,,,/n®.
Denote C; and C; as the cost matrices of {z;}, and {y;}}_,, respectively. Define Gibbs
matrices K, := e ¢/ and K, := e~ /¢, where the exponential function is applied element-
wisely. Let K := Ko ® K, € R *"* he the Gibbs matrix associated with the cost matrix on

the pairs {(x1,11), (x2,y1), - ., (Tn,yn)}, where ® is the Kronecker product.

Proof of Proposition 5.4. Let a := Vect(A) € R” and b := Vect(B) € R” be the probability
vectors corresponding to A and B, respectively. Denote u := Vect(U) € R and v :=

Vect(V) € R”’. The Sinkhorn algorithm to solve S.(a, b) has the following two update steps:
u=a@Kv and v=00 K u.

By the identity Vect(MNL) = (LT ®M) Vect(N) for matrices M, N, and L of compatible

dimensions, we obtain
Vect(K,\ VK, ) = (IK; ® K;) Vect(V) = K.

Thus, the update U = A @ (K,VK,) is equivalent to u = a @ Kv. Similarly, the up-
dated V = B 0 (K| UK,) is equivalent to v = b @ K 'u. Due to Dvurechensky et al.
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(2018, Theorem 1), the Tensor Sinkhorn algorithm therefore outputs an 7-accurate estimate
in O(log(k1kaks)/T) iterations. Since each iteration costs O(n?) time, it has overall time

complexity O(n?log(k1kak3)/T). O

Remark D.1. A direct application of the Sinkhorn algorithm leads to O(n*log(k1kaks3)/T)

time complezity, which is n times slower than the Tensor Sinkhorn algorithm.

We then characterize the convergence of the Tensor Sinkhorn algorithm with the random

feature approximation as presented in Proposition 5.5.

Proof of Proposition 5.5. The proof is heavily inspired by Scetbon and Cuturi (2020, Proof
of Theorem 3.1). In consideration of the space, we only present the part that is significantly
different from theirs, i.e., a counterpart of Scetbon and Cuturi (2020, Proposition 3.1).
This proposition gives a uniform tail bound for the ratio between the approximated kernel
and the original kernel. In our case, we are approximating the kernel K := Ky ® K; by
Ky = Ko ® Ky 4. Hence, it suffices to bound

kl,u(x7 x/)kQ,v(ya yl)

—1|.
kl ("L‘a J,’/)k’g (y7 y,)

sup
za'e{zi} P, yy €y,

Note that

b ) _ L o) ol )
kl(xa l’l) p k=1 kl(l‘7x/)

is a sum of nonnegative i.i.d. random variables with mean 1. Due to Assumption 5.1, they

are also bounded. It follows from the Hoeffding inequality that

ki oz, 2 pt?
P(M—l‘Zt) SQQXP(—E)-

ki(x,x")
The same inequality holds for the ratio ks, (y,vy')/k2(y,y’). Since

k(2 )haw(y,y) 1’
ki (@, 2)ka(y, y)
kiu(z,2) 1‘ koo(y,y') 1‘ kiu(z,2) 1' N koo(y,y') 1‘
| Rz, 2) ka(y,y') ky(z, ') ka(y,y') ’
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it follows that

(e | ces)
= (s = gn{fans -11=1)
ko (Y, ¥')

ML W N
ka(y,y') ‘_ )

o

Equivalently,

(et 1|2 ) saee (PEETE)

A uniform bound yields

P sup
z' €{xi} gy €{yi iy

k’l,u(x; l‘l>k2,'v(ya y/) . 1‘ >t < 4”4 exp <_p( V t+ 1-— 1)2) .
kl(x7x,)k2(y’y/> N N 02

]

Remark D.2. Let Sg,cu,v(A, B) be the cost computed from Algorithm 3.  Follow-

ing Dvurechensky et al. (2018, Theorem 1), we can get that

A

SE,Cu,v <A7 B) - SEaCu,v (A7 B) S T
in O (pn®log(k1kaks)/T) arithmetic operations, where ry = max;y ki, (zi,Tv), Ky =

-1 L -1 ;-1
max; j kg, (Yj, yjr), and k3 == max; j{a;, by }.

Finally, we derive the limit of ETIC as ¢ — 0 and ¢ — oc.

Proposition D.1. Let ¢ be a continuous cost function. If either c is bounded or P and ()

have compact support, it holds that

0 ifc=c1 Do
T.(X,)Y) — as € — 00. (D.5)
—3HSIC,, ,(X)Y) ifc=c1®c,

Moreover, if both P and Q) are densities (or discrete measures), then

T.(X,Y) = So(pxy, pbx ® py), ase— 0. (D.6)
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Proof. To show (D.5), we claim that, for all P,Q € M;(R?),

SO(PvQ) S Sa(P7Q) S (P® Q)[C]v (D7)
and
lim S.(P,Q) = (P& Q)[c]. (D.8)

In fact, for any €; < &9, we have
/cdfy +ea KLO||P®Q) < /cd”y + e KL(y[[P®Q), forall vy € II(P, Q).
This yields that
Se, (P,Q) < S, (P,Q), forall e <ey,

and thus (D.7) follows.

We then study the limit of S as ¢ — co. By the assumption that ¢ is bounded or P and
® have compact support, there exists M > 0 such that sup,enp ) [edy <M < o0. As a
result,
M

! / cdy + KL ® Q) - KL(/| P& Q)| < —,

£

sup
Y€EI(P,Q)

which implies that

761iqr(lng) E /cdv + KL(vy||P ® Q)} — 761iqr(lng) KLy|P® Q) =0, ase— oo.
By the strict convexity of KL, the problem on the LHS has a unique minimizer ~. and the
problem on the RHS has a unique minimizer v, = P ® ). Now, by the tightness of II(P, Q)
(e.g., (Santambrogio, 2015, Theorem. 1.7)), every sequence of {v.} has a weakly converging

subsequence whose limit must be 7,.. Therefore, the claim (D.8) holds true.

Let ¢ = ¢; @ ¢y. According to (D.8), we have

Eh_{glo Sc(xy, px @ py) = (pxy @ px @ py)[c] = (ux @ px)[c1] + (py @ py)[ea).
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Similarly, it holds that

ellrgo Se(pxy, pxy) = (px ® px)ler] + (py @ py)|ca
lim Se(px @ oy, prx @ py) = (px @ px)c] + (py ® py)[ca].

Consequently, lim. ., 7:(X,Y) = 0. An analogous argument implies that, when ¢ = ¢; ® ¢y

lim TE(X7 Y) = E,uXY [EMX [Cl(X7 Xl) | X] EMY [CQ(K Y,) | YH

£—00
1 1 1
) Eugcy e (X, X/)02<Y> Y/)] ) E(MX®MY)2 [e1 (X, X/)CQ(Yv Y,)] = D) HSIC, , (X,Y).
Note that

lim (P, Q) = So(P, Q)

when both P and @) are densities (Léonard, 2012) and when both of them are discrete mea-
sures (Peyré and Cuturi, 2019, Proposition 4.1). The statement (D.6) follows immediately
from the fact that So(P, P) = 0 for all P. O

D.2 Consistency of the Test Statistic

In this section, we prove the main results in Section 5.5. For the sake of generality, we start

by considering the formulation in (D.1). We focus on the weighted quadratic cost function
/ 112 1112
c(z,2) = wi |z = 2"+ w2 ly =",

where z = (x,y), 2 = (2/,vy') and wy,wy € Ry. Denote w := max{w;,ws}. Due to

Lemma D.17, we assume, w.l.o.g., that ¢ = 1 and write S(P, Q) := S1(P, Q).

D.2.1 Smoothness Properties of the Schrodinger Potentials

We start by deriving some smoothness properties of the Schrodinger potentials. Our proofs
are deeply inspired by Mena and Weed (2019). Our results generalize theirs to weighted

quadratic cost functions.
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Assumption D.1. We assume that Px, Py, Qx, and Qy are all subG(c?).

Proposition D.2. Under Assumption D.1. there exist smooth Schridinger potentials (f,g)
for S(P,Q) such that the optimality conditions (D.3) hold for all z,z' € RY. Moreover, we

have
£(2) 2 —do® | 2wy + 2wy + 4w (/210 + |lal))? + 4ud(v/2do0 + yl)?] -1
f(2) S wi(llz]l + v2d10)* + wa(lly]| + v/2d20)?,

and for g similarly.

Proof. Let (fo,go) be a pair of Schrodinger potentials. Since (fy + C, go — C) is also a pair
of Schrédinger potentials for any constant C' € R, we assume, w.l.o.g., that P[fo] = Qlgo] =
15(P,Q) > 0. Define

f(z) = —log/690(2,)_C(Z’Zl)dQ(z’) and g(2') = —log/ef(z)_c(z’zl)dP(z). (D.9)

We claim that the pair (f,g) satisfies the requirements.
Since (fo, go) is a pair of Schrédinger potentials, it holds that

go(2') = —log / el P (2) < —P[fy] + w1 Ep [|| X — 2/)|*] + w2 Ep, [|Y — ¢/'|I),

by Jensen’s inequality. Note that P[fo] > 0 and, by Lemma D.11, Ep, [|| X||°] < 2dy02. It
follows that

gol#) = el2,2) < wy [2010% + 2|2/ (210 + |z ])| + ws 2420 + 2yl (2dao + 1))
and thus
/ ego(z’)fc(z,z’)dQ(Z/>

1/2
< 2wnditwsd)o? { / Aol |V 4l g (1) / e4w2||y’(«/%0+lly)dQY(y,)]

< 262(w1d1+w2d2)a264d102w%(\/2d10+||x||)2+4d202w§(\/2d20+||yH)2 < o0, by Lemma D.11.
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Hence, f(z) is well-defined for all z € RY. Moreover, we have the lower bound

[(2) 2 ~di0® |20 + 403 (v/210 + al])?] = door® |2us + u(v/2do0 + [ly])?] - 1

> —do? [4@0 + 4w?(\/2dyo + ||z]|)? + w3 (/2dy0 + ||y||)2] -1

For the upper bound, by Jensen’s inequality, it holds that

f(2) £ =Qlgo] + i Eqy lr = X'|” + w2 Eqy y — Y|

< wi(|Jz]] + v/2d10)? + wa([ly]l + v/ 2dr0)?.

Similar arguments prove the claim for g. Now, it remains to show that (f,g) satisfies the

optimality conditions (D.3) for all z, z € R%. By definition, it is clear that
/ef(ZHg(Z/)_C(z’Z/)dP(z) =1 and /ef(zHgo(z/)_C(Z’Z/)dQ(z’) =1, Vz,2 €R%
Since (fo, go) is a pair of Schrodinger potentials, we also have
/efo(z)-l—go(z')—c(z,z’)dp(z)dQ(Z/) -1
Consequently, by Jensen’s inequality
[t =P+ [(g-md

> —log/efo_fdP—log/ego_ng

~ log / 0@ +90() =) g P()d (') — log / eGP0 =<=) 4 P()d O (<)

=0.

Since both (fo, go) and (f, g) are Schrodinger potentials, the above equality holds true. This
implies that [(go — ¢)dQ = log [ €979dQ, and thus g = go + C Q-almost surely by the strict

concavity of log. Therefore, we have
/ eGP =e=2) 4O () = / SO0 g0 () = €, V2,2 € R

Taking integrals with respect to P implies that C' = 0, which completes the proof. n



270

The next proposition shows that there exist Schrodinger potentials satisfying Holder-type

conditions.

Definition D.1. For any o € Ry, d € N4, and w = (w1, ws) € RY, let F, := Fpq. be the

set of smooth functions such that, for any k € Ny and any multi-index o with |o| = k,

(14 0%) if k=0
1D* (f(a,y) — wn |2 = w2 |ylI*) | < Chaw (D.10)
o®(1+ o)k otherwise,

if 2]l < Vo, and

1+ (1402 |Jz||” f k=0
D% (F(ar) — wn el = ws lyl)] < Choa 4 1 0TI (D.11)

b (\/ollz|| + o ||z|)* otherwise,

if ||2|| > Vdo, where Cyq. is a constant depending on k, d, and w.

Proposition D.3. Under Assumption D.1, there exist Schréodinger potentials (f,g) such
that the optimality conditions (D.3) hold for all z,2' € R and f,g € F,.

Proof. Let (f,g) be a pair of Schrodinger potentials satisfying the requirements in Proposi-
tion D.2. Denote f(z,y) := f(z,y) —wi ||z]|* — w2 ||y||*>. Note that

F(z) = —loge 7@ — _1og / gl rwalyl +o(=)—e(=2) g (1)
— _log / 9w/ I —wally |42 ) 4202 0') g0 ()

The desired inequalities for £ = 0 follow directly from Proposition D.2. We focus on k > 0.

According to the multivariate Fad di Bruno formula (Constantine and Savits, 1996), we have

k
Df(z) = > Conon [ M
A= i=1
where
apy = L e {9) w2 w1+ 2wl ) 4 2wty )} Q)

Jexp {g(z') — wy [|2/]|* — wo |y ||* + 2wi (z,2") + 2wa(y, y') } dQ(2)
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Here 2 = (2uya’; 2wqy/) and 2* = ], 2. By Lemma D.4 below, it holds that

i=1%i
o®(1 + o*) if ||z]| <Vdo
oMo |z + Vo lleD* if |z > Vo,

which proves the claim. O

‘Da]?(zﬂ < Chrdw

Lemma D.4. Recall My in (D.12). Under Assumption D.1, for |A\| > 0, we have

oo + o2 if [|2]) < Vdo
(o [zl + FTDY i 2l > Vo

Proof. We first bound the denominator. By the optimality conditions (D.3), it holds that

| M| < Cprjdyw

-1

([ exp o) = w11 = s 1+ 20y + 20ty } 22 )

_ oSy —wlel® ~wallyl®  pwi(2di10°+2v2d10]|z])+w2(2d20°+2v/2d20 |yl])
— Y

where the last inequality follows from Proposition D.2. To bound the numerator, we use the
truncation technique. Let A := {(2/, /) : ||[2un2’|| < K, ||2wqy'|| < K} for some constant K

to be determined later. On the set A, it is clear that (3)* < ||Z'|" < K, and thus

JaE) exp {g(2') — wn o'|I* — wo [ly/|I* + 2wi (2, 2') + 2wa{y, ¢/ } dQ() _ P
Jexp{g(z) —wi[l2|I* = we [y |I* + 2wi(e, 2') + 2way, ) } dQ(=)  —

On the set A°, we proceed as follows. According to Proposition D.2, we have

(@) —will! P —wally'|* < jwi(2d10°+2v2d10 |2’ ||)+wa (2d20?+2v/2dz0]ly' )
which yields
@ exp {g() = w1 = e |17 + 201 ) + 2l ')} Q=)

< s [ [ @paqe) [

1/2
2o lle! |zl + 2dlo>+2w2y'||<y|+mo>dQ(Z/>} _

c
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For any 2’ € A°, we have either ||2w,2'|| > K or ||2wey'|| > K. If the former is true, then
|12

K2 ||2wy = 2
(2/)2)‘dQ<Z/) < e 16widio? ;16widio? (Z/)Q)‘dQ(Z,) < C) dw@_m02|)\|7
‘ |7 )

where w = max{wy,ws}. The same bound holds if the latter is true. Furthermore, by the

Cauchy-Schwartz inequality and Lemma D.11 in Appendix D.4, we have

/ c2willz’ [ (l[zll+v2dio)+2waly' [ (llylI+ 2d2‘7)dQ(z') < etwidio?(|lzll+v2dio)* +4widao® (|lyll+v2d20)?

Putting all together, we get

Jae G exp {g(2") = wi [|2/]]* = wa [Jy/||* + 2wn (. 2') + 2ws(y, /) } dQ(2)
Jexp {g(=) = wi [|2/]* = ws [|y'|I* + 2wz, ') + 2wa(y. y') } dQ(2')

2widio? (||z]|+v2d10)? +2wid2o? (||y]|+v/2d20)? S|l

2
< C|)\|,d,w6_ 32w2do2 e

__ K2 27 .2 2 2
< Ciapawe” Buast ¢20 4o lall+v2dr P+ (lyl+v2d0)*] 5

When ||z|| < Vdo, it holds that |lz|] < v2do and |jy|| < v2do. Hence, if we choose

K? = C|>\\,d,w(04 + 09) for some sufficiently large constant C\x,dw, then we have
|M)\| S C|)\\,d,w0-|)\|(0- + UQ)I)‘l.
When ||z|| > V/do, if we choose K2 = Cjyqu(0? ||2]|> + o ||2]|), then we have

Al
M < Cayawo™ (o 121+ VT
O

When P and @) have bounded support, we can further show that the Schrodinger poten-

tials can be chosen to be bounded.

Proposition D.5. Assume that P and Q) are supported on a bounded domain of radius D.
Then there exist Schrédinger potentials (f,g) such that 1) the optimality conditions (D.3)
hold for all z,y € R? and 2) || f|l,, < 8wD?* and |g|,, < 8wD?.
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Proof. Let (f,g) the Schrodinger potentials defined in (D.9). By the proof of Proposition D.2,

they satisfy (D.3) everywhere. Moreover, we have
f(2) SwiEqy [lo = X'|I* + ws Eq, [ly = Y'|* < 8wD?

and g similarly. ]

D.2.2  Controlling the Empirical Process and the U-Process

We then upper bound the L' loss E|T,,(X,Y) — T(X,Y)| by empirical processes and U-

processes.

Proposition D.6 (Corollary 2 (Mena and Weed, 2019)). Let P,Q,P',Q" € M;(R?) be
subG(a?). Then we have

|S(P', Q) = S(P,Q)| < sup

JE€Fs

/f (dP' — dP)' + sup

geFo

[ sta - i),
where F, is defined in Definition D.1.

To simply the function class F,, we show in Lemma D.15 in Appendix D.4 that (1 +
o3~V F, C F*® for F° defined below. Consequently, we can separate the sub-Gaussian

parameter o from the function class F,.

Definition D.2. For any s > 2, d € Ny, and w = (w1, ws) € R%, let F* := F> be the set

of functions satisfying

1£(2)] < Cyanw(l+|2]%)
1D°f(2)] < Coaw(l+[|2]*), V1< |al <s,

where Cs g4, 15 a constant depending on s, d, and w.

In order to handle the U-process, we also need a variant function class of F° which we

also define below.
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Definition D.3. For any 0 € Ry, s > 2, d € Ny, and w = (w1, w;) € R3, let Fi = Fodw

be the set of functions satisfying

f(2)] < Coau(l +max{]z]*,0%})

ID°f(2)] < Caau(l+max{||z]*,a"}), VI <|a] <s,
where Cs g4, 15 a constant depending on s, d, and w.

Let us control the complexity of F° and F?, which is achieved by the following covering
number bound.

Proposition D.7. Let P € M;(R?) be subG(c?). Let {Z;}", “%" P and P, be the empirical

measure. There exists a random variable L > 1 depending on the sample {Z;}, with

E[L] <2 such that

log N (7, F*,L2(P,)) < Cygut *LY*(1 + 0*!) and max
e S

f”i?(pn) < Cygw(1+ Lot).
Moreover, the same bounds hold for F3.

Proof of Proposition D.7. Define L := 3" | el Zill*/2d5* > 1 By the sub-Gaussianity of P,
we have E[L] < 2. In order to apply (van der Vaart and Wellner, 1996, Corollary 2.7.4), we
partition R? into U;>; B; where By := [—0,0]? and B, := [—jo, jo|\[-(j — 1)o, (j — 1)o]?
for j > 2. Since Bj is not convexr for j > 2, we further partition it into disjoint hypercubes

{Bjx}il, eg.,
Bj1 = [(j — 1o, jo] x [—jo, jo]"".
Take any j > 2 and k € [2d]. Firstly, it holds that
Mz d(z,Bjx) < 1} < (0 +2)(2j0 +2)*' < Cy(1 + %%,

where A is the Lebesgue measure. Secondly, the mass that P, assigns to B can be bounded

as follows:

Pu(Z € Byy) < B (121 > do*(j — 1) < B, [elIF200%] mG0%2 = e G2 (D 13)
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Finally, we prove that F° C C,(Bj) with M = C4.,(1 + j°0®), where C3,(B; ) is the set

of continuous functions satisfying

171l = max sup D f(= )|+‘maX sup [Df(z) — D*f(w)| < M.

S 2€Bj i al=s 2,wEB; i,

In fact, for any f € F*, we have

max sup [D°f(2)] < Cyg sup (14 [2]°) < Col1 + j0%),

la|<s zeB; 2€B;
and
max sup |D%f(z) — D%f(w)| < 2max sup |D*f(2)] < Csq(1+ jc°).
|or|= =8 z,weB;j i la|= =S5 2€B 1

Note that the same argument holds for any f € F? since we can simply replace 1 + ||z||” by
1+ max{||z]|”,0*}. Now, applying (van der Vaart and Wellner, 1996, Corollary 2.7.4) with
r=2and V = d/s leads to

log N (7, F?, L2(Pn))

d+2s

fe'e) 9 2s
< CsauT —d/s [ d/2s (1+ZZ + jdo? d+§s(1+j803)%6_d(;+212 )

7=2 k=1

d+2s

. \2 2
< Coaqwt LY?(1 + 0™ <2dz jiths g~ s >
Y

< Cygut *LY*(1 4 0° by the summability.
To verify the second inequality, we obtain

max
feFs

ez, = = max ,[|f(Z )’ < CogwPal(L+ 1 Z]1): (D.14)

Note that || Z]|* < CyelZI7/2d7° 54 Tt follows that P,[||Z]|"] < CyLo®, and thus

max

max fHL2 Py < Csaw(l+ Lo%).

Again, the same argument hold for F$ by replacing || Z||* with max{[|Z|"*, o*}. O
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With this covering number bound at hand, we can control the empirical process by the

metric entropy.

Proposition D.8. Let P € M;(R%) be subG(0?). Let {Z;}", "% P and P, be the empirical

measure. Then,

1
E|IPy = Pl < Coau(l+0**) =~ forall s > d/2.

Moreover, the same bound holds for F;.

Proof. Define the symmetrized version of || P, — P)|

F+ by

LS e

where {g;}", are i.i.d. Rademacher random variables that are independent with {Z;}! ,

S.l| = sup , (D.15)

e feFs

According to (Wainwright, 2019, Proposition 4.11), it holds that

E||P, — P|% <

Conditioning on {Z;},, the random variable Z(f) := f Y or i eif(Z;) is a linear combina-
tion of independent Rademacher random variables. Hence, Z(f) is a sub-Gaussian process

(see Definition 5.3) with respect to

1 = 9l = 1| = DLF(Z) = 9(Z))

=1

It then follows from Proposition D.9 below that

, Qma.)(fe}'SHfHL2(Pn) 2
e, up 2P <C / Viog N (7, F>, L2(P,))dr
eFs 0

Cy.aV/I+Lo™ 2
< Csdw </ T2 pdlAs, /1 4 02dd7'> , by Proposition D.7
0

= Cs (1 + LY (1 + Lo*) =42 by s > d/2

S Os,d,w(l + U2d+4)L, by L 2 1.
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Z(f)|>. Consequently, we have

1
=n Esupfe].—s

1
E||Py — P[5 < Cogu(l + 0?4~ (D.16)
n
The same argument holds for F; since Proposition D.7 holds true for F;. [

The following proposition controls the L? norm of the supremum of a sub-Gaussian
process. It can be obtained from Giné and Nickl (2015, Exercise 2.3.1). We give its proof

here for self-completeness.

Proposition D.9. Let {Z(0)}gco be a sub-Gaussian process with respect to a metric p in ©

such that fooo V0og N(1,0, p)dr < oo. Then it holds that, for any separable version of Z,

D
< 2@l + C [ VIosN (7.6, pldr (D.17)
0

where Oy € © s arbitrary and D s the p-diameter of ©.

sup | Z(0)]
=)

L2

Proof. Due to the separability, it suffices to prove

< |1Z(6)||1.2 —I—C/ V1og N(7,0, p)dr (D.18)
L2

for any finite © C ©. When the diameter D = 0, the claim holds trivially and thus we

sup |Z(6))|
0ce’

only need to focus on the case when |©'| > 2. By considering (Z(0) — Z(6y))/(1 + §)D and
p/(1+0)D instead of Z(#) and p for some any small 6 > 0, we may assume that Z(6y) =0
and D € (1/2,1). Our proof relies on the classical chaining argument.

Step 1. Construct a chain of projections. Let r1 € N be such that, for any € € ©, the ball
B(6,27") centered at 6 of radius 27" contains at most 1 element in ©'. Denote ©,, := ©'
and ©g := {0y}. For each 1 < r < rq, we take a 27" covering of © and let O, be the collection
of these centers. By definition, we get [©,] < N(277,0,p) forall 0 < r < r;. Foreach § € @',
we construct a chain (7, (0), 7., _1(0),...,m(0)) such that 7,.(0) € ©, as follows. For r = ry,
we let m.(f) = 6. For any 0 < r < r1, we define 7,(f) to be a point in ©, for which the
ball B(7,.(6),27") contains m,.,1(f). Note that there may be multiple points satisfying this

requirement, but we select the same one for 6 and 0 as long as 7,,1(6) = m.41(6").
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Step 2. Telescoping. By the triangle inequality, we have

max|Z(6)]| | = {lmax |2(r,(6)) = Z(mo(O))| <Z max |2(m,(6)) — Z(ma O]
Note that

{(m(0), m1(0)) : 0 € O} = [{m:(0) : 0 € O} < [6,] < N (277, 6, p).

According to (Giné and Nickl, 2015, Lemma 2.3.3), we obtain

ggg{ |Z(7(0)) — Z(7,—1(6))]

< C'\/log N(Q—r’ @, ,0) Iefé%},( ||Z(7T7“(0)) - Z(Trr—l(e))”

L2

< 27" /log N(2-7, 0, p).

Consequently, it holds that

< r+1 r < \/—
Iété%},dz y 022 VIog N(2-7,0, p) C’/ log N(1,0, p)dr,
which completes the proof. O

D.2.3  Proofs of Main Results

We now prove the main consistency results in Section 5.5. For simplicity of the notation,
we focus on the quadratic cost function, i.e., w; = wy = 1, and drop the dependency on w
(e.g., we write Csq = Cs 4. The proofs can be adapted to weighted quadratic costs with
minor modifications. Let py € M;(R%) and py € M;(R®) with d := d; + d,. Suppose that
{(X;,Y:)}7, is an i.i.d. sample from some joint distribution pxy with marginals px and gy,
where pxy may or may not equal ux ® puy. Let P, and @), be the empirical measures of

{X;}™, and {Y;}",, respectively.

Proof of Proposition 5.7. Step 1. Decoupling. Due to the degeneracy, it suffices to bound

Zf

2,7=1

2

(D.19)

E|lix ® iy |5 =E PR
eF
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We prove in the following that it boils down to control (D.19) under the product measure
x Q@ py. When pxy = px ® py, the claim holds trivially. When puxy # pux ® py, we use the
decoupling technique (Pena and Giné, 1999). Note that, by the Cauchy-Schwarz inequality,

nQZf Zf

4,7=1
Note that the second term on the RHS is a lower order term and can be taken care

2 2 2

< CE |sup|—
fer

sup
feF

+ sup
feF

1 n
5> J(.Y)
=1

of by Proposition D.8. Hence, it suffices to upper bound the first term. Let {g;},
be ii.d. Rademacher random variables and {(X/,Y/)}’, be an independent copy of
{(X;,Y;)} . Define

A = and B;:=

For any functional F' : F — Ry, let ®(F) := sup;cr F(f)*. For instance, we define

Uxy(f) = =5 > iz [(Xi,Yj)|. It is clear that @ is convex and increasing, and the tar-
get reads
E[(I)(UX,Y>] (nQZE 17 J+f( i) ])+f( ) ])+f( ) ])‘Z}>
i#£]

where Z := {(X;,Y;)},. Since, for any i # j,
X Y5) + FXLY)) + f(XG,Y)) + f(XGY]) =4E[f(A, By) | 2, 2],
it follows from the convexity and the monotonicity of ¢ that
E[®(Ux,y) <E[®(4UaB)]-

Finally, the joint distribution of (Xi,...,X,,Y{,...,Y)) is the same as the one of
(A1,...,A,, By,...,By,), so we have

E[®(Uxy)] <E[®(4Uxy)].
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Adding back the diagonal terms proves the claim since (X;, YY) ~ ux @ py.

Step 2. Randomization. We work under the measure puxy = ux ® py. Note that

2
1 n
E |sup|— f(X,,Y;
feF |n? ;;1 (X5, %)
2
= EyEx s Ly Sy EXI[Z ||| by (D23)
=1 Lj=1 j=1
1 n n n 2_
< Ey Exx’ |sup —22 [Zf(XZ,Y])— f(X1Y)) , by Jensen’s inequality
fer V5T U= j=1

TIEDE [zf oY) — 3 L)

2§§5z Z)j

, by the Cauchy-Schwarz inequality.

2 2

<CE sup—Zesf i Y5)
feF 521

L3 rxy)

<CE sup—Zsef i Y5) ,
feF 521

where the last inequality follows from the Cauchy-Schwarz inequality and Jensen’s inequality.

Hence, it suffices to bound

Zssf i Y5)

2,7=1

=Esup|—
feF

Step 3. Metric entropy. Define the process Z(f) := nd/Q Z” €€ f(X, Y;) for any

f € F. We claim that it is a sub-Gaussian process with respect to

n

15 = dllgamoan = | 25 2L (X0 Y5) = g(X0, P2 (D.20)

ij=1
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To prove it, let us control the moment generating function of the increment Z(f) — Z(g).

Denote a; := > e [f(X;,Y;) — g(X;,Y;)]. Conditioning on {X;,Y;, i},

j=1%j iy Lj 1y 4g

1 n
Z(f)—Z(g) = 32 Zaﬂi
i=1
is a linear combination of independent Rademacher random variables. Consequently,

£ o () - 20} < e { S 5514 (D.21)

Note that, by the Cauchy-Schwarz inequality,

a; < 12(5;)2] [Z[f(Xi Y;) — (X, Y)))

J=1 J=1

:nb]ﬂ&iﬁ—ﬂ&JNQ

j=1

This yields that

E.exp {AZ(f) - Z(9)]} Sexp{)\ Zm[f@;??)—g(&,if»] }

2
{)\2 If = gHL?(Pn@Qn) }
= exp B )

and thus the claim follows. Therefore, the conclusion in Proposition 5.7 holds true due to

Proposition D.9. O

Proof of Proposition 5.8. The proof of the first part is similar to Proposition D.7. Define
Ly = fix[elX1°/245%) > 1 and L, := iy [el¥I7/2d*] > 1. By the sub-Gaussian assumption, it
is clear that E[L1] < 2 and E[Ly] < 2. There are two places in the proof of Proposition D.7

where the measure is involved. The first place is (D.13), where we replace it by

(fix @ iy {(X,Y) € Bjr}

< (fix ® fiy) {1 X|° + |Y]]? > do?(j — 1)*}

X1+ 1]
b 4do?

— Ly Lye~ 014,

< (fix ® fiy) 6_(j_1)2/4, by the Chernoff bound
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The second place is (D.14), where we replace it by
max | fllTe oy opy) = max(fix ® fiy)[| F(X, V)] < Coaliix @ o) [T+ | X[1* + Y.

Note that || Z||* < CyellI7/247* 54 Tt follows that (fix @ oy )[|X||* + [V ||'] < Ca(Ly + Lo)o?
Hence, the claim holds true for L := (L + Ly)/2.
For the second part, we define 0 := E, g, [f(X,Y)],

fl,O(X> = EHX@#Y [f(X7 Y) | X] and fO,l(Y> = E#X@#Y [f<X7 Y) ’ Y] (D22)

for each f € F*. As aresult, f(x,y) :== f(z,y) — fro(z) — fo1(y) + 0 satisfies

Eppcony [F(X,Y) [ X]= 0= Epyan [f(X,Y) | Y], (D.23)
Note that
Ellix ® py —
2
el Z XiY) = 0r)

2

< CE |sup (X, + sup
fers Z l j fers

2 2

+ sup
feFs

1 n
- 21 fr0(Xi) — 0

1 n
- 2]00,1(3@) — 05

i,7=1

2

SCE sup f 79 + /:L — U
sup Z Vi)l +lliax — pxl

, by Lemma D.16.

2 ~
Fs + HNY -

i,7=1

(D.24)
Since the last two terms above can be controlled by Proposition D.8, it remains to consider
the first term. Analogous to the proof of Proposition D.8, we obtain, by Proposition 5.7 and
the first part, that

1
S Cs7d(1 +0_2d+4)_
n

Therefore, by (D.24), we have

1
. ; 1 2d+4
]—' <Csa(l+o >n
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Now we are ready to prove Theorem 5.6.

Proof of Theorem 5.6. We prove the statement for € = 1 and write S := S;. The result for
general ¢ > 0 follows immediately from Lemma D.17. By the triangle inequality, it holds
that

< |S(ixy, itx ® fly) — S(uxy, px @ py )| + 3 |S(uxy,uxy) S(pxy txy)|
1 . P .
+§|5(MX®MY;MX®MY)—S(MX®MY7MX®MY)|- (D.25)

We begin with deriving the bound for the first term

A= |S(ixy, fix @ fiy) — S(pxy, ix @ py)]| - (D.26)

Step 1. Upper bound via empirical processes. According to Lemma D.12 and Lemma D.13,

the joint distribution pxy is subG(20?), and thus there exist a zero-measure set S, ., C

XY

Q and a random variable o> such that jixy(w) and pxy are subG(o7,  (w)) for every

KXY
w € 5y, - Similarly, by Lemma D.14, there exist a zero-measure set S, ., C £ and a
random variable o2 such that fix(w) ® iy (w) and px ®@ py are subG(op(w)) for every

wesy, .- Take S:= S NS, and 52 := max{o?

wxy [P0y py }. Tt follows that jixy (w),

XY’ HXH

fx(W)@fy (W), pxy, and px@uy are subG(a%(w)) for every w € S. Now, by Proposition D.6,

1S (fxy (W), fix (w) ® oy (w)) — Spxy, px @ pry)]
< sup /f diixy(w) —dpxy)| + sup /g(dﬂx(w) ® fy(w) —dux @ py)|, Yw e S.
fEfo'(w) ge}—é'(w)
Note that P(S) = P(S;, ., NSy, ., ) = 1. This implies, almost surely,
A < sup /f(d/lxy —duxy)| + sup /g(dﬂX ® fly — dpx @ py)| . (D.27)
feFs5 gEFs5

According to Lemma D.15, we have
E[A] <E[(1+0%) [lixy — pxy]

E[(1+0%)? {\/E lAaxy — pxy|

Fo] HE[(1+0%) [lix © iy —

s]

2+ VE lix @ iy
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Step 2. Control empirical processes via metric entropy. Let s = [d/2] + 1. Since the
joint probability Pxy is subG(20?), it follows from Proposition D.8 that

1
~ 2 d+2
VElixy = v B < Cull +0%%) (D.28)

The same bound holds for \/E liix @ fiy — pix @ py || % by Proposition 5.7. Note that

E[(1+6%)’] <CA+Ec*”) <C(1+Eo,, +Eo} p) < Ci(l+0%),

Pxy

where the last inequality follows from Lemma D.12 and Lemma D.14. Recall that we have
chosen s = [d/2] + 1. As a result, E[A] < Cy(1 + olP¥/2146)n=1/2 A similar argument shows
that the same bound hold for the second and third term in (D.25). Hence,

E|T.(X,Y)| < Cy(1 + oP4/21+6) (D.29)

Bl

O
D.3 Exponential Tail Bounds

We now prove the exponential tail bound in Theorem 5.9. For simplicity of the notation,
we focus on the quadratic cost function, i.e., w; = wy = 1, and drop the dependency on w
(e.g., we write Csq = Cs 4. The proofs can be adapted to weighted quadratic costs with
minor modifications. Let py € M;(R%) and py € M;(R®) with d := d; + dy. Suppose that
{(X;,Y:)}7, is an i.i.d. sample from some joint distribution pxy with marginals px and gy,
where pxy may or may not equal uyxy ® uy. Let fix and fiy be the empirical measures of

{X;}, and {Y;}I, respectively.

Proposition D.10. For any b-uniformly bounded class of functions F, we have

. . . . nt?
P{llix ® ity — px @ py |l — Ellfix ® fiy — px @ py|[z >t} < exp 2 )

for any t > 0.
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Proof. For any function f defined on R?, we define f(z,y) = f(z,y) — (ux ® puy)[f]. As a
nz Z” 1f( is ])

Consider the func-

results, we have [|jix ® fiy — px @ py||z = sup;cx

tion

: (D.30)

where z; = (z;,v;) € R%. We claim that F satisfies the bounded difference property required
in the McDiarmid inequality. Since F' is permutation invariant, it suffices to verify the

property for the first coordinate. Let 2| # z; and 2/ = z; for all ¢ # 1. It holds that

> Ty

1 -
ﬁZf(xi,yj) F(z),...,20) < nQfo“yj
=1 ij=1 ij=1
1 ; : 4b
<= Y @) - Fahyh] < =

1=1 or j=1
where the last inequality uses the boundedness of f. Taking the supremum over
F yields that F(zy,...,2,) — F(z],...,2,) < 4b/n. By symmetry, it follows that

|F(z1,...,20) — F(2],...,2)] < 4b/n. Note that {Z; := (X;,Y;)}, is an ii.d. sample.
According to the McDiarmid inequality, it holds that, for any ¢ > 0,

. . . . nt?
P{llix ® oty — px @ py |l — Ellix ® fiy — px @ py||z >t} < exp 92 )

[]

Proof of Theorem 5.9. We prove the statement for ¢ = 1 and write S := S;. The result for
general € > 0 follows immediately from Lemma D.17. By the bounded support assumption,
it holds that px and py are both subG(D?/d). According to the proof of Lemma D.12; we
have {jix }n>1, {fy }n>1, fx, and py are uniformly subG(72?) for 72 := D2%e'/?/d < 2D?/d.
Moreover, it follows from Lemma D.13 that {/ixy }n>1 and pxy are uniformly subG(27?).

As a result, we obtain, by Proposition D.6,

A= |S(xy, fix @ fiy) — S(pxy, pix @ py)|

/f(dﬂxy - dMXY)

< sup
fe«FQT

+ sup
QEFQT

/g(dﬂx ® fiy — dpx @ py)| -



286

Fix s = [d/2] + 1. According to Lemma D.15, we have

A < Cy(1 + D*2) [l ixy — pxy]

7ot llix @ fiy — px @ py | £ (D.31)

where we have used 7% < C;D3*+'2_ Proposition D.5 shows that we can further constraint
the function class F* to Fy := {f € F*: ||f|l, < b} for b = 2D?. Hence, by (Wainwright,
2019, Theorem 4.10), it holds that

nt?
Fs > t} < exp (—@) , forany t > 0.

P {llxy = vl 55 = E iy = pxv]

It is clear from Proposition D.8 that

1
N

o S Cd(l —|—D2d+4)

Elliixy — pxvy| F S Ellixy — pxvy|

Consequently, we get

1 nt?
P {Hﬂxy — /LX)/H]_—Z? >t -+ Cd(l -+ D2d+4)ﬁ} S exp (—2—1)2> s for any t 2 0.

Similarly, using Proposition 5.7 and Proposition D.10, we obtain

1 t?
Fe>tF Ca(1+ D2d+4)—} < exp (_n ) , foranyt>0.

P y — P
{HMXY fxy| Jn 302

Now it follows from (D.31) that

1 t?
P {A > Cy(1 + D3*12) {t +(1+ D2d+4)—] } < 2exp <—g—> , forany t > 0.
n

Analogously, we have, for any ¢ > 0

P {B > Cy(1 + D3*12) {t +(1+ D2d+4)—] } < 2exp (——>
/ 3d+12 2dtay L nt?
P{B' >Cy41+ D JIt+ 1+ D) —| ¢ <2exp | —=5 |,
where B = |S(ﬂxy,ﬂxy) — S(Mxy,ﬂxy” and

B' = |S(fix ® fiy, fix ® fiy) — S(px @ py, px @ py)] .
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Since |T,(X,Y) - T(X,Y)| <A+ L+ %,, it holds that

P {ITn(X, Y) =T (X,Y)| > Cy(1 + D***?) [t +(1+ D2d+4)i] } < Gexp (—”—252> .

Therefore, we have, with probability at least 1 — ¢,

D3d+14

NG

IT.(X,Y) - T(X,Y)| < Cy (1 + D*2, [log g)

D.4 Technical Lemmas

In this section, we give several technical lemmas used to prove the main results. We use C'

to denote a constant whose value may change from line to line.
Lemma D.11. If P € M;(RY) is subG(c?), then, for any k € N,
Ep[|1Z]™] < (2do®)*k!.
Moreover, for any v € R%, it holds that
Epelv?) < EpelliZl < 9pd0”|[v]*/2. (D.33)

Proof. By Taylor’s expansion, we have

2k
€||Z||2/2d02 1> 1Z]]
~ (2do?)kE!

Taking the expectation on both sides gives
Er[l|Z]1*] < (2do®)"k!.

The inequalities (D.33) follows from the Cauchy-Schwarz inequality and the sub-gaussianity
of P. O
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Lemma D.12. Let P € M;(R%) be subG(c?) and P, be the empirical measure. There exist
a zero-measure set Sp C 2 and a random variable 0% depending on the sample {Z;}"_, such

that P,(w) and P are subG(c%(w)) for any w € S%, and, for any k € N,
Eal%k < 2kFa?k,

Proof. By the strong law of large numbers, there exists a zero-measure set Sp C () such that,

for all w € Sp,
Po(w) [ellzll2/2da2] . p [6\\2\\2/2@2} <92 asn— . (D.34)

Let 72 := sup,, P, |:€”Z”2/2d02]. It follows from (D.34) that 7%(w) is finite for all w € Sp.
Since 72(w) > 1, by Jensen’s inequality, we obtain, for all w € Sp

1/72(w)

Po(w) [ellz\\g/ng%?(w)} < (Pn(w) [e||Z||2/2da2D _ (Tg(w))yﬁ(w) _

As a result, P,(w) is subG(c?7?(w)). Moreover, P is also subG(c?72(w)) since 7%(w) > 1.

eHZ|‘2/2kd"2] implies that P,(w) and P are

Applying the same argument to 77 := sup,, P, [

both subG(ko?72(w)). Define 0% := miny>; ko?72. Then we have, for each k > 1,

Eplo®] < Ep [pn [/{;k(;?ke\\ZHZ/zdﬁH — 1k o2k EP[6\|ZH2/2d02] < kP2,

The sub-Gaussianity of two marginals implies the sub-Gaussianity of the joint.

Lemma D.13. If pux and py are subG(c?), then uxy is subG(20?) for any pxy €

I(px, pry ).

Proof. By the Cauchy-Schwarz inequality,

E.., lIZ11? /4do” _ E.., [GHXIIZ/MJ"’eHYH2/4d02] < \/EMX (eI X1?/2d0%) B, [ellYI?/2d0%).

Since pux and py are subG(c?), it follows that E,, ., ellZI? /4do® < 2 and thus pxy is subG(20?).
]
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The next result is for the uniform sub-Gaussianity of the product of two empirical mea-

sures.

Lemma D.14. If uyx and py are subG(c?), then there exist a zero-measure set S, cQ

XHMY

and a random variable o7, , =~ depending on the sample {(X;,Y;)}iy such that fix(w)® fiy (w)

and px @ py are subG(oy |, (w)) for any w € S and, for any k € N,

HX 1y ?

2% k+17.k 2k
Eaux,uy < 2VTREF o,

Proof. Similar to Lemma D.12. O]

The sub-Gaussian processes play an central role in our analysis. We give its definition

here; see, e.g., (Wainwright, 2019, Section 5.3).

Definition D.4 (Sub-Gaussian process). Let {Z(0) : 0 € ©} be a collection of mean-zero

random variables. We call it a sub-Gaussian process with respect to a metric p in © if
E[eMZO=2O] < exp [Np*(6,0)/2] .

To facilitate the analysis of F, defined in Definition D.1, it is convenient to separate
the sub-Gaussian parameter from the function class by the following lemma. Note that this

result is used in (Mena and Weed, 2019) without proof.

Lemma D.15. For any o > 0 and s > 2. we have —L_F. C F5, where F* := F>4v is

14038
defined in Definition D.2.

Proof. Take any f € F,, it suffices to show f/(1+ 03%) € F*. According to Proposition D.3,
it holds that

T 1 e 9 g g 9
(1+0%) if [)2]| < Vo

< Chrdw
[L+ (14 0?)||2[]"] if ||z]| > v/do.
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Consequently,
‘ f(2) if [)2]| < Vo
3s — k,d,w
L+o LD i 2 > Vdo

Since s > 2, it is clear that 111534 < C and 11:;323 < C, and thus

f()
1+ 03

< Chraw(d+12]%).

The other inequality can be proved analogously. O

Lemma D.16. Let P € M(R%) and Q € M (R®) be subG(c?). Denote d := dy + dy. For
any s > 1 and f € F°, there exist constants Cs 4., such that f1o € F; and fo1 € F;, where
F? is defined in Definition D.3,

o

frol) = / F(e,9)dQ() and  for(y) = / f( y)dP(2).
Proof. We only prove it for f;,. By Jensen’s inequality, it holds that
o) < [ 1701 4Q) < o (1 el + [ ||y||2d@<y>)
< Csaw(l+ rna,x{||x||2 ,02}),

where the last inequality follows from Lemma D.11. The inequality for |D®f; o(x)| can be

verified similarly. O
The next lemma suggests that it is enough to consider the case ¢ = 1 for S..

Lemma D.17. Let € > 0. For any P,Q € M;(R?), it holds that
SE(P7 Q) = ES(P€7 Q€)7
where P5 and QF are the pushforwards of P and Q under the map x — £~ Y2z, respectively.

Proof. By a change of variable argument. O
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