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University of Washington
Abstract
Flotation Deinking of Toner-Printed Papers
by Da!e C. Schmidt

Chairperson of the Supervisory Committee: Professor John C. Berg
Department of Chemical Engineering

The role of electrostatic properties and particle shape on toner flotation is
investigated. Toner electrostatic properties, as measured by the zeta potential, are found to
have little correlation on floatability due to the strong hydrophobicity of the toner surface.
Flotation experiments in a Hallimond tube and in a single bubble flotation tube show that
model toner spheres and are more readily floated than similar volume disks. High-speed
motion pictures of particle/bubble interactions in a flowtube show differences in disk and
sphere behavior. Spheres are deflected away from the bubble by flow but usually attach if
they contact the bubble surface. Disks often collide with the bubble edge-on but
immediately bounce off, seldom attaching to the bubble due to the very short contact time.
Alternatively, disks (particularly small disk fragments) turn to the side as they approach the
bubble but seldom attach due to a large thin-film drainage area.

To describe the motion of large disks around a bubble, a simple hydrodynamic
model is constructed and used to conduct a parametric study of the effect of disk size and
initial orientation on the efficiency of collision, E,, attachment, E,, and collection, E=E E,,
and to compare these results with those computed for spheres. Initial disk orientation is
shown to significantly aftect collision and attachment efficiencies, and a mean value of each

is calculated by taking the average over a range of equally spaced initial disk orientations



assumed to be equally probable. Large disk-to-bubble radius ratios (> 0.1) are found
always to yield greater collision efficiencies than those for equivalent spherical particles.
An equivalent sphere is one with an equal disk volume, computed on the basis of a
diameter-to-thickness aspect ratio of 40. Attachment efficiencies of large disks, on the
other hand, are always lower than the values obtained for equivalent spheres. The decrease
in E, is always greater than the increase in E,, so that the predicted collection efficiency E
for disks is always less than that for spheres. These predictions for disks vs. spheres are

in qualitative agreement with experimental observations.
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CHAPTER 1

Introduction

1.1 The Problem

The continuing reduction in landfill space and the political unpopularity of
incinerators is leading to increased costs for the elimination of pulp and paper waste. This,
along with the growth of the environmental movement, has led to an increase in demand,
often through legislation, for more recycled content in pulp and paper products. But while
the demand for more recycled fibers in paper products has increased, consumer
expectations of paper quality have remained the same. This means that recovered post
consumer waste cannot be used for paper making unless the recycled fibers can meet the
high standards of brightness, cleanliness, and fiber strength that consumers expect. This
generally requires the almost complete removal of ink and other contaminants from the
recycled paper.

One method that has for proven effective in removing ink and other contaminants is
flotation deinking. Similar to mineral flotation, it involves adding collector chemicals
(usually a surfactant) to the recycled pulp to make the ink surface hydrophobic. When air
bubbles are passed through the paper siurry, the hydrophobic particles attach to the
bubbles, float with the bubbles to the surface, and are removed with the resulting froth.
This method has been used successfully with newsprint for many years.

One the fastest growing sources of recycled fiber is office waste paper from laser
writers and copy machines which print using a polymeric toner. Unfortunately, flotation
has not been as successful at removing the toner from repulped paper slurries as it has been
in removing conventional inks from rlewsprint.l'3 It has been poorly understood why
deinking ﬂotatioﬁ has not been completely effective because toners are already hydrophobic

and should therefore easily attach themselves to the bubbles. A better understanding of



flotation as it applies to toners is required so that improved approaches towards ink removal

can be developed.

1.2 Summary of this Work

The approach of this work has been to investigate fundamentally the reasons why
toners are difficult to float. A literature review of the principles of flotation and how they
relate to the flotation of toners is cove-2d in Chapter 2. There are many variables that can

affect flotation, but we have limited ourselves to the following areas:

» Toner electrostatic properties. Electrostatics will affect the repulsion between a toner
particle and bubble and the attraction or repulsion between a functional group of a
surfactant and the toner surface. A variety of toners were quantitatively characterized
according to their electrostatic properties by méasuring the zeta potential and the results
were compared to flotation experiments. It was found that electrostatics actually plays a
minor role in toner flotation, in part because toners are generally hydrophobic before

the addition of collectors and should thus, in theory, already be floatable. This work is

contained in Chapter 3.

« Experimental study on the effect of particle shape on flotation. Since toners were found

to be already hydrophobic, it suggested that an additional mechanism was interfering
with flotation. This led to an experimental investigation into the effect that the flat,
plate-like shape of repulped toner particles has on flotation. It was found that disk-
shaped toner particles have lower flotation rates than comparable size spheres. The
reason for this, as observed using high-speed cinematography, was that disks either

collide edge-on with a bubble, bouncing off due to the short contact time, or they rotate



to the side and fail to attach due to the large liquid drainage area separating the disk and
bubble surfaces. Details of this research are covered in Chapter 4.

Model study of the effect of particle shape and size on flotation. In the experimental

studies, the disposition of the disk as it contacts the bubble was seen to be dependent
upon disk size as well as the initial disk position and orientation. To investigate this
further, a simple hydrodynamic model was developed to describe the motion of large
disks in the vicinity of a bubble in flotation. The model was used to conduct a
parametric study of the influence of disk size and initial orientation on the efficiency of
collision, E., attachment, E,, and collection, E=E_.E,. Initial disk orientation was
shown to significantly affect collision efficiency, and a mean value of E, was calculated
by taking the average over a range of equally spaced initial disk orientations assumed to
be equally probable. Large disk-to-bubble radius ratios (> 0.1) were found always to
yield greater collision efficiencies than those for equivalent spherical particles, where an
equivalent sphere is one with an equal disk volume, computed on the basis of a
diameter-to-thickness aspect ratio of 40. Computed attachment efficiencies for initial-
orientation-averaged large disks, on the other hand, were always lower than the values
obtained for equivalent spheres. The decrease in E,; was found to be always greater
than the increase in E;, so that the predicted collection efficiency E for disks was
always less than that for spheres. All three of these predictions for disks vs. spheres
were in qualitative agreement with experimental observations reported in Chapter 4.

This work is explained in Chapter 5.



CHAPTER 2

Literature Review and Background

2.1 Introduction

Flotation was first applied to the separation of mineral ores in the late 19th century,
and by the early 20th century it had became the primary method of recovery for a large
variety of minerals.* * It was first applied to the problem of removing ink particles from
repulped slurries in the 1930's, but it was not until the 1950's that flotation deinking began
to have widespread use.® Flotation deinking has been especially effective in the treatment
of newsprint, but the invention of new inks and new printing processes has led to waste
papers that contain inks that are difficult to remove by conventional flotation methods.> In
particular, the widespread use of photocopy machines and laser printers, which print using
a thermoplastic polymer called toner, has led to a large supply of toner-printed waste-
papers that are difficult to deink by flotation. 1-3 Reasons for the poor flotation lie in the

differences between toners and conventional printing inks, such as those in newsprint.

2.2 Differences Between Toners and Newsprint

Traditional newsprint inks consist of a pigment, i.e., carbon black, dispersed in a
hydrocarbon carrier, such as vegetable oil.> The ink carrier physically adsorbs onto the
paper surface during the printing process. Before the ink can be removed by flotation, it
must be separated from the paper fiber during the pulping phase. To accomplish this,
caustic is added to help swell the fiber and hydrolyze the ink carrier, and a surfactant
(classically oleic acid) is added to lift the ink from the fiber and emulsify it, similar to a
laundering process. The oil-based ink, originally hydrophobic, is now hydrophilic from
the addition of surfactant. Calcium, added as a collector, reacts with the oleic acid and

makes the ink surface again hydrophobic. The small ink droplets agglomerate together and



these spherical, hydrophobic agglomerates stick to the bubbles and are removed with the
froth.5?

Toners differ from conventional inks in that, instead of having an oil- or water-
based carrier, they are composed primarily of a thermoplastic resin, typically a
styrene/acrylate or styrene/butadiene copolymcr.z‘ 10 They generally contain 5-10 wt%
dispersed carbon black as a pigment and small amounts of charge carrier and dry
lubricants. Some toners also contain a large amount of iron oxide, added to give the toner
magnetic properties.

In the printing process, toner powder is electrostatically transferred to the paper
where, under heat and pressure, the powder is fused to itself and to the paper fibers to form
large, flat particles on the page. The toner is removed from the fibers during pulping by
adding caustic which swells the paper fibers, causing the toner to break up into flat flakes
of sizes varying from 10 microns up to a millimeter.> ! 12 Unlike the small spherical ink
droplets of newsprint, the large flakes are plate-shaped with abrupt edges, as shown

schematically in Fig. 2.1.

(a) (b)

Figure 2.1 Relative shape and size of (a) a toner particle and (b) an agglomeration of
newsprint ink particles.



Once the toner is separated from the fiber, it should still be hydrophobic. The
flotation of toners should thus be quite similar to the flotation of naturally hydrophobic
minerals such as talc, graphite, paraffin, molybdenite, sulfur, and high-rank unoxidized
coal. These minerals do not require a collector for separation by flotation unless there is
contamination by polar species on the particle surface such that the surface becomes
hydrophilic. 13 What is primarily needed in these systems is an adequate frother that does
not destroy the hydrophobicity of the particle surface. Thus, unlike the flotation of
newsprint, the flotation of toners should depend less on collector chemistry and more on
the choice of an effective frother.? '* To understand why toners do not float satisfactorily,

one first needs to understand some basic principles of the flotation process.

2.3 The Flotation Process
2.3.1 Modeling the Flotation Process
Flotation is often considered as a series of separate but consecutive events or steps
of particle-bubble interactions. They are generally identified as: 15-18
1) the approach of a particle to a bubble in the flow field surrounding the bubble;
2) the formation of a thin liquid film between the particle and the bubhle, the rupture of
this film and the formation of a dynamic three-phase contact;
3) the stabilization of the particle/bubble aggregate against all detachment forces existing in
the environment; and
4) the transfer of the particle/bubble aggregate into the froth and being retained by the froth
until removed from the system.
It is common practice to assume that each step has a probability of taking place and
that the total probability of a particle being collected will be the product of these separate

probabilities. The probability of a collision between a single particle and a bubble during

the first sten is the collision efficiency, E.. After collision, the probability of a particle
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attaching to a bubble in the second step is the attachment efficiency, E;. The probability
that subsequent detachment will not cccur in step three is the stability efficiency of the
particle/bubble aggregate, E. Lastly, the efficiency of particle transfer to the froth is Ef.

The overali collection efficiency, E, is the product of these efficiencies:

E=E.E,EE, 2.1

The overall collection efficiency can be included in a kinetic equation to describe the

total removal of particles from a given cell volume:

dn
T:& = —zen,mE E,E.E; 2.2)

where ¢ is time, z. is the number of collisions per unit time if effects of the flow field are
ignored, n, is the number of particles, and np is the number of bubbles. The four steps in

flotation will be discussed in more detail in the following sections.

2.3.2 Collision Efficiency

The collision efficiency is commonly defined as the probability that a random
particle, whose center lies within the volume swept out by a rising bubble, will collide with
that bubble. If we call the center of the rising bubble's path the bubble centerline, only
particles that are initially within a critical radial distance, r., from the centerline will make
contact with the bubble surface. The collision efficiency is defined as the area within the

critical radius divided by the cross sectional area of the bubble:

arr (r 2
E =—% =| =< 2.3
© nR} (Rb] @3

For large particles, it is possible that r. will be greater than the bubble radius, Rj.

Thus, E, as defined in this manner, is not a true efficiency because it is possible to obtain



values greater than one. However, it is the most commonly used definition because of the
relative ease of incorporating it into kinetic equations that describe the flotation rate (as will
be seen in Chapter 4).

Collision efficiency is strongly dependent upon the flow field around the bubble. A
number of studies have been conducted which examine the collision process of spherical
particles in flotation from hydrodynamic principles.4' 15.17-24 The flow field is highly
dependent upon the bubble Reynolds number:

Re, = ~Xe4Ps1 (2.4)

n
where up is bubble velocity, py is fluid density, and 7 is fluid viscosity. The flow field
also depends upon the degree of retardation on the bubble surface due the adsorption of
surfactants.

Assuming Stokes flow (Rep << 1) with completely rigid bubbles and spherical
particles, Gaudin® has shown that:

R2
—2 (2.5)

E. = Rg

W

where R), is the particle radius. For potential flow (Rep >> 500) and completely
unretarded, free movable bubble surfaces, Sutherland!® has shown that:

R
E. =32 (2.6)

b
The details of the flow field around a bubble are not modeled well by either the
Stokes or the potential flow assumption because rising air bubbles in water typically have a
Reynolds number of the order of 100-400. Flint and Howarth?’ and later Reay and

Ratcliff!® numerically solved the Navier-Stokes equations to determine the probability of



collision for intermediate Reynolds numbers. Weber and Paddock?? obtained a quantitative
expression for collision efficiency by using a curve-fit solution to the numerical solution of
the Navier-Stokes equation for spherical particles and rigid spherical bubbles:

2
3 3/16)Re, | R
E.==[1+ (3/16) b 2.7
2| 1+0.249Rep™® \ R,

Nguyen-Van and Kmet?6- 27 recently modified this equation to more accurately apply to
higher density particles.

Yoon and Luttrell? determined particle trajectories for Reynolds numbers up to 100
by deriving an empirical stream function by curve-fitting streamline patterns available in the
literature.2® The resulting equation for collision efficiency is:

07127 R.\2
EC_-.{.L.&_J(_P] 2.8
2 15 |\R

Their expression was found to closely agree with E, values determined experimentally from
the flotation of very hydrophobic coal samples (where E,; was assumed to be unity). This

equation has been suggested for ink and sticky particle sizes up to 100 mm in size.?

At the University of Maine, Pan, Paulsen, Johnson, Bousfield, and Thompson24'
30-32 developed a hydrodynamic model of the motion of one or more spherical particles
around bubbles using Stokesian dynamjcs.33 Stokesian dynamics assumes that the only
interaction between the bubble and the particle is through lubrication or viscous forces.
The equations are applicable when the particle is close to the bubble and when the particle
Reynolds number is in the Stokes regime. The computer model calculates the net force and
torque on every particle at every point in time and then updates a given particle's velocity,

angular velocity, and position. When the particle and bubble approach to within a critical

gap distance, attachment is assumed to take place, and the particle is considered captured by
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the bubble. This model was used to study the effects of flotation time, particle size, and
bubble capture radius on flotation efficiency.

The models above assume that the particles to be removed by flotation are spherical
in shape. Models to describe the flotation of disk-shaped particles have not been treated in
the literature, perhaps because particles often encountered in flotation are quasi-spherical
and because of the additional complications in accounting for orientation effects. A
preliminary hydrodynamic mode! to calculate collision efficiency for disk-shaped particles

is presented in Chapter 5.

2.3.3 Attachment Efficiency

Once a particle contacts the bubble surface, the thin liquid film separating them must
thin, rupture, and recede to form a strong, three-phase contact, or else attachment will not
take place. The interactions at contact can be classified as two types18 (Fig. 2.2):

1) collision or impact interactions, in which the bubble surface is strongly deformed and,
unless the three-phase contact is formed quickly, the particle will rebound from the
bubble surface;

2) sliding interactions, where the particle slides along the bubble surface, with only a very
weak deformation of the bubble surface.

Impact interactions should predominate when the particles are large, the particle
velocities are high relative to the bubble, and the particles are directed radially towards the
bubble surface.!® If the particle does not immediately attach at impact, it will rebound,
possibly several times, until kinetic energy is sufficiently dissipated so that a sliding
interaction can predominate. A common assumption in the literature is that the more
forcefully a particle impacts a bubble, the more likely is the attachment, as the particles will

literally pierce through the bubble surface.!> However, it has also been suggested that with
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Figure 2.2 Particle collision and particle sliding at a bubble surface.

increasing particle and bﬁbble size and with increasing particle density, the probability of
attachment will decrease due to particles rebounding from the surface.3* The second
assumption is supported the by experimental results of Stechemesser and Weber, as
reported by Schuize,!8 that show that even extremely hydrophobic, spherical particles do
not attach during the first collision. Observations by this author (see Chapter 4) give
further support to the conclusion that strong collisions do not immediately result in

attachment.
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For the most part, attachment is assumed to occur during the sliding interaction.
For attachment to take place, the thin liquid-film that separates the particle and the bubble
must thin and rupture, and a three-phase contact line must be formed. The time for this to
happen is known as the induction time,35 t;. Attachment will occur only if the time that the
sliding particle is in contact with the bubble, ¢y, is greater than the induction time. This
means that the particle must travel a finite distance along the bubble surface before
attachment takes place. The distance traveled will depend upon the angle of incidence, 6;,
at which the particle strikes the bubble.?? It is often assumed that if 0; is less than a
limiting angle 6,, than 5 will be greater than ¢; and attachment will occur. From Fig. 2.2,
E, can be defined as the area inscribed by the limiting radius, R,, to the area inscribed by
the sum of all bubble and particle radii (Rp + Rp) or

E, = (’1{1%)_2 =sin?#, 2.9)

The sliding time can be determined from the incident angle and the sliding velocity

of the particle as determined by the tangential velocity of the streamline, v;, by the

following integration:
0n Ry + R,
ty = je,, " do (2.10)

where 6, is the position at which the streamline will move a particle away from the bubble
surface. For potential flow it is equal to 7/2. For intermediate Reynolds numbers it is
significantly less, as shown by Dobby and Finch® 37 and Nguyen Van.38

The first derivation of sliding time by Sutherland in 194813 assumed potential flow
and a completely unretarded bubble surface. Sutherland's model, as corrected by Dobby

and Finch, 3 is:
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2R, +R.) . '
ty = AL 1n(cot—6‘-) @.11)
R
2+ —2 +2
“b[ (R,,+Rp] ] Vs

where up is the bubble velocity and vy is the particle settling velocity.

Flint and Howarth,?* from photographic results, observed that potential flow
theory was valid for particles only up until they approached within one or two particle
diameters from the bubble surface, at which point large discrepancies from theory were
observed. To better describe particle beha;lior close to bubbles under flotation conditions,
Dobby and Finch36' 37 derived an equation for completely retarded bubbles (bubbles
whose rate of rise is slowed due to adsorption of surfactant at the air/water interface) and
for medium values of Reynolds number:

_6.\7(R, +R
:,,:("m ‘9‘)”( bt 5p) 2.12)
180 v

where vy is the average tangential velocity of the particle at the surface found by using an

average dimensionless surface vorticity and an average value of the sine function.

Yoon and Luttrell*2 used an empirical stream function to calculate sliding time for

intermediate Reynolds numbers up to 100:

Rb + Rp ( 0. )
ty = In| cot—=+ (2.13)
47 R,(45+8Re®™) 2
u
5 30R,

Their model does not account for particle sedimentation, but is still applicable for particles

with low density, such as in coal flotation. 38
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Nguyen Van3® proposed a mode! that includes the effect of centrifugal force for
Reynolds numbers up to 400 and for particle size to bubble size ratios (Rp/Rp) up t0 0.1.

For inertialess particles, an analytical expression results:

R, + R tan—% ind,
=b—P,— alnj—2- +Bln|(a+8cos€,_,_,)sm6,| fora# B

t
7 u(a?+BY) % |(a+ Bcos 6;)sin 6, |
O
R,+R, | [@n7" 1 1
ty = Inf—7-4—{+ - fora=B 2.14
47 ua 8 | l+cosf, l+cos§; 4 (2.14)

2

where u; is the slip bubble (bubble-liquid relative) velocity and the parameters a and B are
calculated by a numerical solution to the Navier-Stokes equations.

Hewitt, Fornasiero, and Ralston® reported that their experimental results followed
trends of E; with bubble and particle size similar to that predicted by Dobby and Finch, 36
37 Yoon and Luttrell,2? and Li er al.*® Results were closest to those predicted by the
approach by Schulze,! which allows for bubble surfaces of different degrees of
retardation

Since sliding time is primarily controlled by the hydrodynamics of flow around the
bubble, improvements in attachment efficiency by the addition of surfactants generally
come about because of a decrease in the induction time. Measuring the induction time in
flotation is difficult. If other steps, including the collision efficiency, are known or can be
accurately predicted, then the induction time can be backed out from the flotation results. 3
Another approach is to measure the drainage rate of a thin liquid film between a bubble and
a flat surface*? or between a bubble and a bed of particles43 and qualitatively relating that to

induction time. Measurements with these methods always result in calculated induction
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times much higher than true flotation values due to the differences between the static
measurement and the dynamic encounter event in actual flotation. %

The induction time depends upon the stability of the thin film. Thin-film stability is
an area with a well developed literature, and many good reviews on this subject and its
application to flotation can be found elsewhere.! 447 Only a few salient features will be
dealt with here.

Most of the time of induction is taken up by film drainage. Two limiting cases for
film drainage can be considered as first approximations: 18 Reynolds' equation for the case
of a plane-parallel thin film of radius Ry given by

2
3'7R[

2.15
4h2, Fk @15)

I'er =

and Taylor's equation for a solid sphere approaching a rigid wall with "point contact":

67nR;
T =—¢ ”1nh—c;L' (2.16)
where herj; is the critical film thickness of film rupture, F is the driving force of approach,
and the factor  is 4 for completely unretarded bubbles and 1 if they are completely
retarded.
The critical film thickness is the thickness of the film when the "disjoining
pressure" drops to zero. The disjoining pressure,48 P(h), is a function of film thickness

and represents the difference between the préssure within the bubble and the pressure in the

bulk liquid adjacent to the solid particle surface. It is thought to have three sources:

P(h) = Pelec + Pvdw + Psteric (2.17)
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where Pee. is the electrostatic or Coulombic forces which arise when the ionic atmospheres
on the two surfaces of the wetting film overlap, P,gw is the van der Waals forces that result
from the molecular interactions of the molecules of the film with the particle and with each
other, and Pg,ric is the steric forces resulting from the formation of polymolecular layers
with specific properties on the surface of the particle.l6' 4.9 14 general, Pgjec and Pgeric
are repulsive and Pyqw is attractive. It has recently been recognized that there exists
another attractive force, sometimes termed a hydrophobic interaction, which has been
shown to increase with increasing surface hydrophobicity.so' 31

It is generally very difficult to calculate h.; from interparticle interaction energies.
Often an experimental critical rupture thickness of a thin film separating a bubble and a flat
sample plate is measured and assumed to be related to A in the real flotation attachment
process.sz's5 Schulze and Bizer’® have also developed an empirical correlation of A to

surface tension, 0, and advancing contact angle 6,

0.16

herip = 23.3[0(1 - cos 6, )] (2.18)

Paulsen, Pan, Bousfield, and Thompson57 have recently developed a model for
disjoining film rupture in which they consider viscous, surface tension, London-van der
Waals dispersion, and hydrophobic attraction forces. Film drainage times were calculated
in terms of the magnitude of the hydrophobic attraction and the characteristic wavelength
which was assumed to be associated with particle dimension. The model predicted that
intermediate size particles would be preferentially floated, which is consistent with flotation
experiments.

It has been experimentally shown by Anfruns and Kitchener® that particles with
angular or rough surfaces will more easily rupture the thin film, thus increasing their
likelihood of being removed by flotation. Some models have been proposed to account for

the existence of tips of edges, but there are not enough experimental results to confirm the
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model assumptions. 18 Because of this and the difficulties in understanding the interparticle

interactions, no successful model for induction time has yet been developed.38: 39

2.3.4 Stability of Attachment

Once the particle is fully attached to the bubble, the capillary attachment force must
be great enough to withstand all of the detachment forces or the particle will be stripped
from the bubble before it can be caught up in the foam. Nutt>® was the first to investigate
the adhesion of a spherical particle to a liquid-air interface. In reference to Fig. 2.3, he

found that the capillary force for a spherical particle on a flat liquid-air surface was:

F., =27R,0sin ¢sin(6 - ¢) (2.19)

where 6 is the liquid-solid advancing contact angle.

The other forces that will be acting on the spherical particle include the force of
gravity, the static buoyancy force of the immersed part of the particle, the hydrostatic
pressure, the capillary pressure in the gas bubble which acts on the contact area of the
attached particle, and detaching forces resulting from acceleration in an external field of

flow 17, 41

If 6 << 90° and the particle diameter is smaller than 300 mm, the hydrostatic force

can be neglected and the contacting angle at the maximum attachment force, ¢y, can be

approximated as:
0
¢m = E (220)

and the maximum capillary attachment force will be:>?

Fea, max = 7R,0(1 - cos6) (2.21)
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Particle

Figure 2.3 Spherical particle at flat gas-liquid interface.

When the hydrostatic force cannot neglected, Baichenko and Listovnichii%® have

shown the following to be applicable if Ry/Rp << | and R,,z/a2 <<

6 1R 6 R, .
Om si-g;%smi—-z—é—sme (2.22)
where
1
a=(-°—)2 2.23)
Pri8

For non-spherical particles, the situation is more complex. Ellipsoidal
geometries”' 61 a5 well as cylindrical and prismatic shapes on liquid interfacesS? have been
modeled. The adhesive force of irregularly shaped particles has been estimated by

assuming an approximate average value of R), of the particles.63
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Janczuk®* 65 has looked at the attachment of a bubble to a flat solid surface with

small area and has derived the following:

_ R,osin’ @ 4

F
i 2 |2+3Va-sin? 0 - (4 -sin? e)%

(2.24)

Janczuk found equation (2.24) to be in good agreement with experimentally measured
detachment forces of bubbles in water on sulfur and graphite surfaces.5 The relationship
was also found to hold with Teflon surfaces although there were greater differences
between measured and calculated values.5

Stratton5 assumed a simple geometry of a bubble adhering to a flat solid surface,

and making some geometric assumptions, derived the force of capillary adhesion to be:

F., = 27R,0(1 - cos’ 0) (2.25)

Stratton experimentally found a correlation between equation (2.25) and the flotation of hot

melts and laser printed toners.

To find the stability of attachment from the above equations, it is usually assumed

that Ej is exponentially distributed*! such that:

E; =1~ exp( Fy=F ) (2.26)
Fy

where F is the sum of all detachment forces.
2.3.5 Efficiency of Froth Retention

Most flotation modeling assumes that the probability of the particle being retained in

the froth is unity so very little information about modeling Efis available in the literature.
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However, changing frother type or even flotation conditions may increase selectivity by
allowing material to drain from the froth back into the slurry.67 In the 50's, Wrobel8: 6
reported that froth selectivity decreases with an increase in the molecular weight of the
nonpolar group of the frother and decreases with an increase of the molecular weight of the
polar group. The carrying power of the frother was shown to havz an opposite trend,
increasing with the molecular weight of the nonpolar hydrocarbon chain and increasing
markedly with an increase in the molecular weight of the polar group, in particular with the
number of carbon atoms. |

Frothers come in two general categories: those that also act as collectors such as
long-chain fatty acids, and those that don't. Frothers whose purpose is solely to create a
froth are most commonly nonionic surfactants, and they can be divided into three main
groups: alcohols, alkoxys, and polyglycols.70

Alcohol frothers generally have 4 to 10 carbon atoms arranged in a linear,
branched, cyclical, or aromatic form. They show less tenacity, lower water retention, and
more brittle froths than most other frother groups.71 They are most effective for fine to
medium size particles such as the floatation of smaller sized coal particles in the range of 75
to 250 mm.”2

The alkoxy group, such as 1,1,3-triethoxybutane, is rather new and has not seen
much industrial use.”! It has frother properties similar to alcohols.”

The polyglycol group is most typically represented by the polypropylene glycol
methyl ethers: CH3-(0O-C3Hg)n-OH and the polypropylene glycols: H-(O-C3Hg)p-OH
where n for both is commonly 3 to 7. These compounds generally form froths consisting
of fine, tightly knit bubbles that are more persistent than froths from assuciated alcohols.
The larger molecular polyglycols are more effective at floating larger size particles but have
less selectivity than corresponding alcohols.”! For example, they are effective in removing

coal particles in the size range of 150 to 500 mm.”?
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In the last decade, research towards improving recovery of larger particles has led
to a new group of polyglycol frothers given by the formula ROHen alkylene oxide units,
where R varies form four to six aliphatic carbon atoms.”® The most successful of these
have come from the reaction of propylene oxide (PO) and/or butylene oxide (BO) with
aliphatic alcohols. For two known examples, Hexanol2 PO and Hexanol*BO, larger
copper sulfide particles (up to 300 mm) were recovered than with hexanol (up to 110 mm)
or the corresponding polyglycol (up to 150 mm).”! However, this increase in coarse
particle recovery comes at the expense of lower fine particle recovery.

The choice of frother type and concentration may affect Efto some degree, but it
should only be responsible for small differences in removal or selectivity. It is reasonable
to assume that, in general, Erhas a value that is fairly high and that major differences in

flotation are due to processes which happen in earlier steps.

2.4 The Influence of Particle Size

Next to particle hydrophobicity, particle size is the most significant parameter in
flotation. Particles generally have difficulty floating if they are either too large (coarse) or
to small (fine). Trahar’? suggests explaining the behavior of different sizes in terms of a
trade off between E. and E4°E;. E, is known to be directly related to particle size and not
related to surface hydrophobicity. Ej is inversely related to induction time, so it will be
directly related to hydrophobicity and inversely related to particle size. Ej is dependent on
the adhesion force between particle and bubble, which is also directly related to the
hydrophobicity and inversely related to the particle size. Thus fine particles, which are
assumed to have short induction times and strong forces of attachment (Eg*E; close to one)
primarily do not float because they do not collide with the bubbles (E. << 1). Coarse
particles, which are assumed almost always to collide with the bubble (E, about 1), have

shorter induction times and must endure stronger detachment forces (Eg*E; << 1), but are
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also sensitive to increases in hydrophobicity (E4*E; increases) such that the larger the
particle size, the greater the hydrophobicity required for successful flotation.

If we can assume that the advancing contact angle is a sufficient measurement of the
hydrophobicity of the particle surface, then for each particle size there is a critical advancing
contact angle below which flotation does not occur.”* Several attempts have been made to
model maximum flotation size as a function of contact angle and other parameters,”' 75 but

application of these models to experiments has been difficult.”* 74

2.5 Why Toners are Difficult to Float

In toner flotation, it is most important to remove the larger particles since they cause
large ink specks in the recycled product. As discussed above, large particles do not float
because either 1) they do not attach to the bubble after collision because they either are
deflected from the bubble surface or the contact time is too short for the thin film to rupture;
or 2) the particle initially attaches to the bubble but is not retained because the detachment
forces from gravity and the surrounding flow are greater than the attachment forces. When
poor flotation is due to the failure of a particle to either attach initially or remain attached to
the bubble, the primary method of increasing flotation is to increase the hydrophobicity of
the particle. It has also been shown that the poor flotation of repulped toners may be due
largely to the continued presence of paper fiber still attached to toner particle surfaces.”8
The study suggested that as many as 65% of toner particles greater than 100 um which
exist the repulper may retain some amount of fiber.

A third possibility exists with toners. Since they are plate-shaped, they may change
orientation as they flow around the bubble. This could cause changes in the probability of
collision as well as the likelihood of attachment as will be discussed in Chapters 4 and 5.

An understanding of which mechanism is most important in hindering toner

flotation, as well as the relationship between the important variables in this mechanism, will
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aid in predicting the flotation response under given conditions. This may also lead to
strategies towards improving flotation effectiveness either through the addition of more
effective flotation reagents, improving the design of the mechanical flotation cell, or better

controlling the size and shape of the toner particles in the pulping process.



CHAPTER 3

The Effect of Toner Electrostatic Properties on Flotation

3.1 Introduction

The objective of this study was to characterize quantitatively a variety of
representative toners according to their electrostatic properties and to investigate how these
relate to flotation. Toners contain known ionic surfactant constituents, such as charge
carrying compounds and small amounts of metallic sfearates, and changes in electrostatic
properties, as characterized by the zeta potential,"7 can significantly affect the flotation
efficiency, as has been shown in many mineral flotation processes.4' 13.78 Zeta potential
is generally a strong function of pH and commonly varies from a strongly negative to a
strongly positive value over a large pH range. The pH at which the zeta potential is zero is
known as the isoelectric point (IEP) and it is at this point that flotation is most effective. !

The zeta potential also aids in predicting how surfactants acting as collectors will
adsorb onto a surface. For example, the head group of a cationic surfactant will more
strongly adsorb to a negatively charged surface. The exposed hydrophobic tail of the
adsorbed surfactant lowers the particle's surface energy, which in turn increases the
adhesive strength between the particle and the bubble. Sometimes, the introduction of an
anionic or cationic surfactant can lead to a high like charge on both the toner and the air
bubble resulting in an electrostatic repulsion between them.

A better understanding of the electrostatics of toner systems might lead to a more
effective choice of a collector. In this study, we sought to investigate the zeta-potential of
toners and examine its effect of the hydrophobicity of the toner surface, as measured by

contact angles, and on toner flotation in model flotation environments.
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3.2 Materials and Methods

Eight toners representing six manufacturers, two laser printers, and both low- and
high-capacity copy machines were selected. The compositions were obtained from Material
Safety Data Sheets. Toners were used in the powder form as received from the
manufacturers before printing. Densities were measured by a Micromeritics AccuPyc 1330
V2.01 pycnometer. Particle size was measured using the Horiba Model CAPA-500
Centrifugal Particle Size Analyzer.

Zeta potentials were measured by a Rank Brothers Mark II Particle Micro-
electrophoresis apparatus. Attempts were made to duplicate the zeta-potential results using
a Matec ESA-8000 and a Malvern Zetasizer 2c, but these failed because the particle size of
the toner powder, about 10 um in diameter, exceeded the upper size limits of both
machines. Due to the strong hydrophobicity of the powder, toners were first dispersed in a
2.5 g/l solution of Triton™ X-100 in deionized water. The zeta-potentials of freshly
prepared dispersions were found typically to have a time-dependence on a scale of hours,
so dispersions were allowed to sit overnight before the experiment and come to
equilibrium.

The pH was adjusted just before measurement by addition of HCI or NaOH.
Conductivity was adjusted by adding NaCl. Conductivity was kept constant at about 120
pS/cm for midrange pH values. Hydrochloric acid was added to lower the pH to about 2.8
and this raised the conductivity to about 850 uS/cm. Likewise, additions of sodium
hydroxide increased conductivity to about 550 uS/cm for toner solutions tested at pH 11.2.
The pH and conductivity were measured with a Radiometer PHM 84 and CDM 83
immediately before measurement of zeta potential. To investigate the effect of multivalent
cations, experiments at three pH values were repeated using Ca(OH)2 and CaCl; to adjust
pH and conductivity. Experiments at a pH 4.2 were also performed with Al(OH)3 and
AlCl3.
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To measure contact angles on toners, the powdered toners were melted in a sand
bath and thin fibers of perimeter 0.65-0.9 mm were drawn out with a glass stirring rod.
Advancing and receding contact angles of the fibers were measured with a dynamic contact
angle balance as described by Berg.79 The pH and conductivity of probe solutions were
adjusted so that the solutions were identical to those used in zeta potential measurements.

Flotation experiments were carried out with a modified Hallimond tube as described
by Fuerstenau et al.80 and Larsson et al.” and with a 2.5 liter Wemco flotation cell. The
modified Hallimond tube, shown in Fig. 3.1, worked best with model ink system, that is,
ink solutions with no paper fiber present. It allowed for accurate control of gas flow,
flotation time, and cell agitation so that changes in flotation efficiency were only attributable
to toner type, pH, or chemical reagents.

Hallimond-tube flotation experiments were carried out for the eight toners in three
different solutions: 1) a control solution containing 100 mg/1 of Triton™ X-100 |
(octylphenoxy polyethoxyethanol with 9-10 ethoxy units, technical grade from Sigma
Corp.) in deionized water; 2) 100 mg/l sodium n-dodecyl sulphate (SDS, technical grade
from Fisher Scientific Co.) and 100 mg/l Triton™ X-100 in deionized water; and 3) 100
mg/1 n-hexadecyltrimethyl-ammonium bromide (HT AB, reagent grade from Fluka) and 100
mg/] Triton™ X-100 in deionized water. No salts or pH conditioners were added but pH
was measured and found always to be between 5 and 6.

The procedure for Hallimond tube tests was as follows. Between 30 and 40 mg of
non-magnetic toner or between 40 and 60 mg of magnetic toner was measured into a 10 ml
beaker. Approximately 5 ml of surfactant solution was added. Toner was dispersed by
vigorous stirring with a stirbar for at least 20 minutes after which the dispersion was added
to the bottom flask of the Hallimond tube along with a magnetic stirbar. The magnetic
stirrer was turned on and kept at a constant setting for all experiments. The top section of

the Hallimond tube was attached and approximately 65 ml of surfactant solution was added
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Figure 3.1 Schematic of the Hallimond tube used for flotation experiments.

until the liquid level was just barely above the top of the recovery tube. Nitrogen flow was
introduced at a controlled rate of 4C ml/min. Any foam coming out of the top of the
Hallimond tube was caught in a 250 ml beaker.

After ten minutes, nitrogen flow was shut off and floated toner was collected from
the recovery tube into the 250 ml beaker. The dispersion remaining in the bottom flask of
the Hallimond tube was collected into a second 250 ml beaker. Both dispersions were
diluted to 50 ml by addition of deionized water. The toner content of the three fractions
was determined by U/V/VIS spectrometry at 580 nm with a Bausch & Lomb Spectronic 20
instrument. Absorption was found to increase linearly with toner concentration. Recovery
was defined as:

(absorption of floated dispersion)

- ~————— X 100% 3.1
(abs. of floated disp. )(abs. of remaining disp.)
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Flotation in the Wemco cell was performed on paper printed with one of the eight
toners. About 13 g of printed paper was added to 2 liters of one of three solutions: 1) 5
mg/l of Triton™ X-100 in deionized water; 2) 5 mg/l SDS, 5 mg/1 Triton™ X-100 in
deionized water; or 3) 5 mg/l HTAB, 5 mg/l Triton™ X-100 in deionized water. All
surfactant solutions included 0.00325 M NaOH yielding a pH of between 11 and 12. The
mixture was repulped in a Messmer Instruments Disintegrator MarkIIIC for 75,000 cycles
(25 min.). The slurry was transferred to the Wemco cell and flotation was begun. One-
half to one liter of additional deionized water was added during flotation to maintain the
liquid level. Flotation runs lasted two minutes and the temperature was about 24° C.

After flotation, a single, 16 cm-diameter handsheet was made from the slurry.
After drying, the handsheet was analyzed on both sides with image analysis. Total dirt was
measured on eight randomly chosen areas on the handsheet. This was compared to the
total dirt measured on a control handsheet, prepared by the came procedure but omitting the

flotation step, to give the percentage toner removal.

3.3 Results and Discussion
3.3.1 Toner Characterization

A description of the eight toners tested is given in Table 3.1. Toners are classified
as either one or two-component toners. Both types of toner are made up of primarily
carbon black dispersed in a thermoset copolymer such as styrene/butadiene or
styrene/acrylate, but the two-component or magnetic toners also contain varying amounts
of iron oxide in the form of magnetite, making them significantly denser and subject to a
magnetic field, as shown in the table. Both toners also contain charge carrying
compounds, such as quaternary ammonium salt or chromium chelate, and small amounts of

metallic stearates which act as dry lubricants in the printing process.81



Table 3.1 Toner descriptions.
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Toner Source Resin Additives Magnetic? | Density
(g/cm>)
A |Canon NP-115 Copier| Unknown Unknown yes 1.55
B Pitney Bowes 750A Unknown Dye no 1.17
C | Heathtek Laser Writer | Unknown Unknown yes 1.49
D Xerox 5042 Styrene/acryl |Amorphous silica, no 1.17
copolymer zinc stearate
E Xerox 5065 Styrene/buta- Rosin acid, slightly 1.27
diene copolymer|  quaternary
ammonium salt
F Xerox 1090 Styrene/acryl Quatemary no 1.14
copolymer ammonium salt
G Sharp 8570 Styrene/acryl Quaternary no 1.14
copolymer ammonijum salt
M Apple Laser Writer | Styrene/acryl Salicylic acid yes 1.52
copolymer | chromium chelate

All toners were found to be nearly monodispersed, with an average particle

diameter of 8 to 12 microns. This falls well within the reported values of 8 to 15

microns.!? These results were confirmed by observations under a light field microscope as

well as by scanning electron micrographs of all tested toners.

81

The size of toner particles after printing is more complex. The spherical toner

particles fuse during printing to form large, flat layers against the paper. Upon repulping,

these layers break up to form smaller, plate-shaped particles of toner. Observed under a

light field microscope, these toner particles typically range in size from 10 up to 350

microns in diameter but are only about 10 to 30 microns in thickness. Results with imagine

analysis also show that a few particles can be as big as 1000 microns in diameter.
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3.3.2 Zeta Potential Measurements

Zeta potentials of the toners were measured over a pH range of 3 to 11. The data
are displayed in Fig. 3.2. Magnetic toners are represented by filled symbols.

As seen in Fig. 3.2, all of the toners tested were found to be anionic above a pH of
4, becoming more negative with increasing pH. Early experiments had indicated that
toners dispersed in water could be either cationic or anionic, but contrary to our
expectations, no cationic toners were found. Also, there was no difference between the
zeta potential curves of magnetic and non-magnetic toners. Although it appears from the
figure that a maximum negative zeta potential is being observed at a pH of around 8, it must
be noted that the higher conductivity at the highest and lowest pH measurements will
compress the double layer, resulting in a lower zeta potential than would otherwise have
been observed. It is expected that if constant conductivity could have been achieved, the

most negative zeta potential would have been seen at the highest pH.
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Figure 3.2 Zeta potential of toners versus pH. Filled symbols are magnetic toners.
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Contact angle measurements are shown in Fig. 3.3 and 3.4. Both the advancing
and receding contact angles are large, indicating a high degree of hydrophobicity across the
pH range. There is little dependence upon pH, except perhaps for toners A and B which
both have low receding contact angles at high pH. The receding contact angle is most
sensitive to hydrophilic regions on the surface, 52 so this may be indicative of polar
functional groups in the toner polymer coming to the surface. Since the functional groups
are probably ionized and increase the negative zeta potential, this also explains why toner A
and B have the most negative zeta potentials at high pH.

Calcium is commoniy present in industrial deinking plants, and it was speculated
that the divalent calcium ion might specifically adsorb onto the toner surface, changing the
zeta potential from negative to positive. To investigate this possibility, the experiments

were repeated for all eight toners at pH values of 5.5, 9, and 11 using calcium hydroxide
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Figure 3.3 Advancing contact angle of toners versus pH. Filled symbols are magnetic
toners.
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Figure 3.4 Receding contact angle of toners versus pH. Filled symbols are magnetic
toners.
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and calcium chloride to adjust the pH and conductivity. The results of these experiments
are shown in Figs. 3.5-3.7.

The calcium solutions followed the same trend as the sodium solutions with respect
to pH, i.e., the zeta potential became more negative at higher pH. Calcium reduced the
magnitude of the zeta potential compared to sodium, probably because of a greater collapse
of the electrostatic double-layer due to the divalency of the calcium cation (as would be
predicted from the DLVO theory77).

The zeta potentials of the toners in an AICI3 solution were also measured. Because
Al+3 jons are only present below a pH of about 5, measurements were taken only at a pH
of 4.2. The results are compared with the sodium and calcium solutions in Fig. 3.8.
Similar to the calcium solution, the magnitude of the zeta potential was even lower,
probably due to the trivalent aluminum cation continuing to shrink the double-layer. Toner
A did show a positive zeta potential, but this may be due to the low pH since earlier

measurements with sodium showed the zeta potential becoming positive below a pH of 4.
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Figure 3.8 Zeta potential in Na, Ca, and Al solutions.
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It was concluded that multivalent cations do not adsorb to the toner surface in
significant amounts. One surprising result was that toner F sometimes exhibited cationic
properties. We found that the zeta potential of toner F exhibited a time dependent behavior
of the order of hours. The zeta potential of F would often start slightly positive and then
quickly drop until, after several hours, it eventually reached a stable negative value. For
consistent results, a standardized procedure was thereafter followed in which the toner

dispersions are stored for a set time before measuring the zeta-potentials.

3.3.3 Hallimond Tube Flotation

Hallimond tube experiments were originally attempted at 5 mg/1 for all surfactants
so as to better compare with the Wemco flotation experiments. However, it was almost
impossible to disperse the toner at such a low surfactant concentration. To insure good
dispersion, 100 mg/l was chosen as the surfactant concentration.

To determine repeatability, six Hallimond tube flotation experiments were
conducted consecutively with toner B. The average flotation of toner was 46% and the 95
percent confidence limit was calculated to be 4.6%. This leads to the conclusion that
differences in recovery of less than 5% should not be seen as statistically significant.

Figure 3.9 shows a graph of zeta potential versus Hallimond tube flotation of toner
in the nonionic control surfactant (Triton™ X-100), the control plus an anionic surfactant
(SDS), and the control plus a cationic surfactant (HTAB). As can be seen from the scatter
of control data, there is no relationship between zeta potential and removal of toner.
However, the two toners with the highest zeta potential, B and M, have as high or higher
toner removal with the addition of HTAB versus just the control alone. In order to see how
significant this might be, the flotation data of Fig. 3.9 were normalized with respect to the
control solution by dividing the percent removal of a given solution by the percent removal

of the control. The results are shown in Fig. 3.10.
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Figure 3.9 Zeta potential versus Hallimond tube flotation in a nonionic control surfactant

(100 mg/l Triton™ X-100), the control plus an anionic surfactant (100 mg/l SDS), and the
control plus a cationic surfactant (100 mg/l HTAB).

Figure 3.10 shows a possible relationship between zeta potential and toner removal
with a cationic surfactant. The first six toners on the graph suggest a trend in which the
more negative zeta potentials have a higher recovery rate when a cationic surfactant is added
to the dispersion. This could be explained by the cationic surfactant adsorbing to the toner
with the charged polar head-group facing down, leaving the hydrophobic tail sticking out
and thus making the toner surface more hydrophobic and more likely to adhere to a bubble.
However, the trend fail with toners A and F, the toners with the lowest zeta potential, and

thus we cannot conclude that this trend is valid for all toners.
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Figure 3.10 Zeta potential versus normalized Hallimond tube flotation (percent
removal divided by percent removal of control).

3.3.4 Wemco Cell Flotation

The modified Hallimond tube gives reproducible results that are sensitive to
changes in toner surface chemistry and solution chemistry. However, the results do not
always correlate well with those obtained from an industrial flotation cell due to differences
in attachment mechanism, suspension, and bubble size.8> Because of this, it is important
to compare Hallimond tube experiments with flotation experiments conducted in larger lab
top flotation cells or even pilot plant flotation cells if possible before making definite
conclusions regarding flotation.

Hallimond-tube flotation results are compared to results in a benchscale Wemco
flotation cell in Fig. 3.11. Instead of a direct correlation, an almost inverse correlation is

observed. In particular, toners A, C, and M are generally easiest to remove with the
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Figure 3.11 Hallimond tube versus Wemco cell flotation for eight toners.

Hallimond tube, but the hardest to remove using the Wemco cell. This may be because
these toners are magnetic. The unprinted toners are all the same size, about 10 microns in
diameter, but the three magnetic toners have a higher density than the non-magnetic toners,
1.5 g/ml vs. 1.15 g/ml. In the Hallimond tube, being dense is an advantage to removal.
The dense toners have greater momentum and are more likely to collide with a bubble rather
than follow the stream lines around it. The dense toners also settle to the bottom of the tube
faster, where they have greater chance of contacting the bubbles.

In the Wemco cell, particle size is determined by the pulping process, and not all
toners will break up the same way. The magnetic toners may break up as larger flakes than

the non-magnetic making them more difficult to remove. Also, the heavier flakes of
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magnetic toners may not remain attached to a bubble as readily as the lighter, non-magnetic

toners and thus may not float as effectively.

3.4 Conclusion

All eight toners tested were found to be anionic in solutions of neutral pH and
above, and all were hydrophobic over a pH range of 4-12. It was found that zeta potential
does not play a major role in flotation. This was not surprising considering the

1.84 showed that no relation

hydrophobicity of the toner surfaces. Work by Arbiter et a
existed between zeta potential and contact angle or floatability for many hydrophobic

solids, including molybdenite, graphite, and paraffin wax. For most hydrophobic solids,
the composition and potential of the interface is determined only by the aqueous phase.
Contributions by the solid phase are generally due to charged hydrophilic sites on
anisotropic surfaces. Because toner surfaces have few charged hydrophilic sites, zeta
potential has little correlation with floatability.

It was also observed that flotation of unprinted toner powder in a Hallimond tube
did not predict the flotation of printed toners in a flotation cell. However, the Hallimond
tube is still useful to compare qualitatively the flotation of a single type of unprinted toner in
different surfactant solutions because the toner size is always controlled, and thus
differences in removal will be due only to changes in toner surface properties.

Work in this area led to a further investigation into the effect of surfactant
concentration on zeta potential and contact angles of toners, in which it was demonstrated
that the surface chemical concept of hemi-micellization, familiar in mineral flotation, was
also applicable to polymeric toners in surfactant solutions. 14 Further experiments with

toner flotation in the Hallimond tube also led to an investigation into the effect of froth

stability and wettability on toner flotation, as detailed elsewhere.%



CHAPTER 4
The Effect of Particle Shape on Flotation®%

4.1 Introduction

81 it was found that eight random toners

In Chapter 3 and in an earlier investigation,
were all hydrophobic over a pH range of 4-12. In general, toners are naturally
hydrophobic particles and should theoretically be easily removed with only the addition of a
frother. > ' It has been shown that the poor flotation of repulped toners may be due
largely to the continued presence of paper fiber still attached to as many as 65% of the toner
particles exiting the repulper.76 However, the shape of the toner after repulping may also
play a role in the effectiveness of flotation.

In the paper repulping process, the toner breaks up into large, flat, plate-shaped
particles that differ significantly from the smaller, spherical particles of conventional inks.>
1112 These plate-shaped particles could interfere with the particle/bubble attachment
process and hinder flotation. The objective of the present research was to investigate the
role of toner particle shape in the flotation process. The first task was the creation of model
toner disks and spheres of the same toner, particle volume, and density. Differences in the

flotation performance between these particles were examined using flotation experiments

and by observing single particle/bubble interactions.

4.2 Theory

In a batch flotation cell, the fractional removal of particles, R, is commonly

modeled as a first order rate process:

Ei—Ii=k(l—R) 4.1)
d:
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where ¢ is time and k is a rate constant. R is defined as:

_C,-C
C.

[

R

4.2)

where C is the number of particles per unit volume or particle concentration and C, is
particle concentration at t = 0. Thus, at any given time, C = N/V, where N is the total
number of particles present in the cell and V, is the reference cell volume.

The total number of particles collected by one bubble (Np) rising through a well-

mixed suspension of particles is:
2
N, = E[%’—L—)C (4.3)

where Dy, is bubble diameter, L is the path length through which the bubble rises through
the suspension, and E, the overall collection efficiency introduced in Chapter 2, represents
the probability that a particle whose center is within the path of a rising bubble will be
removed by that bubble. This relationship holds true when the bubble is large (= 1 mm
diameter) and the particles are not excessively large.87 Theoretically, particles up to 2 mm
in diameter can be floated,!” but in industrial practice, flotation effectiveness begins to fall
off for particle sizes greater than around 300 um.ss

For a given gas volumetric flow rate, G, at a fixed pressure, the number of

bubbles formed per unit time, Bygre, is:

B, =—t

=—t 4.4
™ D} /6 @4

In this equation, D is the average bubble diameter and should take into account the

size distribution of bubbles formed as well as any changes in size due to the decrease in
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local pressure as the bubble rises in the flotation cell. The total rate of removal of particles,
N, from a flotation cell can be given by:

dN G, DL 3G,EL
-—= E—==C|==—L—C :
dt (n’Dj/GJ( 4 J 2 D, *3)

Since C = N/V,,

_4¢ _3G,EL
dr 2DV

r

c (4.6)

or in terms of removal;

dR_3G,EL

TRV (1-R) 4.7)

By comparison of equations (4.1) and (4.7), the rate constant can now be shown to be:

_3G,EL
2D,Y,

k (4.8)

The rate constant is thus dependent upon gas flow rate, average bubble size, length
of bubble rise (which is approximately the cell height), cell volume, and most critically,
upon the overall collection efficiency.

As explained in Chapter 2, it is common practice to break down the flotation
process into four steps that must occur in sequence for a particle to be removed. First, the
particle must collide with the bubble. Second, the thin liquid film separating the particle
and bubble must drain and rupture for true contact or attachment to be established. Third,
the particle must remain attached to the bubble as it rises to the surface, and finally the
particle must be successfully transferred to the froth. The overall collection efficiency can

be expressed as the product of the efficiency of these steps:



43
E = EEqEEf 4.9)

where E. is the collision efficiency, Ej is the attachment efficiency, E; is the stability
efficiency of the particle/bubble aggregate, and Efis the efficiency of particle transfer to the
froth.

For medium-sized particles (= 100 um) and larger, the smallest of these four factors
is generally the attachment efficiency of the particle to the bubble. For attachment to take
place, the time required for the thin film to drain and rupture, the induction time, must be
less than the time of contact. Induction time will depend upon several factors including the
hydrophobicity of the particle and the size of the drainage area. Optimum attachment of a
hydrophobic particle to a bubble will take place when there is a small drainage area linked
with a prolonged contact time.

The path that an element of fluid takes as it flows around a bubble is the streamline
of flow. Our initial hypothesis was that as a flat-shaped particle, shown on the left side of
Fig. 4.1 as a disk, approaches a bubble, it turns due to the streamlines of flow around the
bubble such that its large side becomes parallel to the bubble surface. This produces a
greater drainage area compared to the case of a similar volume sphere. The larger contact

area requires greater time for film drainage and rupture, and thus lowers the probability of

disk attachment.

4.3 Experimental

Model toner disks were created by printing solid black circles with either a Pitney
Bowes 750A photocopier (toner B from Chapter 3) or an Apple Laser Writer (toner M from
Chapter 3) onto a transparency coated with a 2 wt% solution(water) of poly(vinyl alcohol)
(PVA). The PVA was 99+% hydrolyzed, of molecular weight 85,000 tc 146,000, .
obtained from Aldrich Chemical Company, Inc. The PVA solution was applied using a
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Figure 4.1 Predicted interactions of a disk and sphere as they approach a
bubble.

#30 wire wound rod which rested on both ends on Scotch® 3M tape attached at each long
edge of the transparency.

After printing, the transparency was cut into strips and soaked for about 10 minutes
in 60°C deionized water. The PVA dissolved and the toner disks floated off the
transparency and were recovered. Disks were washed twice in 60°C deionized water to
insure removal of any residual PVA. Toner disks from both the laser printer and the
photocopier were 650 to 850 um in diameter and 10 to 20 um in thickness. Average disk

diameter was 730 um which was well within the floatable range of the laboratory flotation
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cells. The Apple Laser Writer toner contained iron oxide and thus those disks had a higher
density than the photocopier disks (1.52 g/cm3 versus 1.17 g/cm3).

So far, we have only been able to create toner spheres with the photocopier toner,
so only photocopier disks were used in comparisons with spheres. Toner spheres were
created by dissolving 1.5 grams of the Pitney Bowes photocopier toner into 6 grams of
ethyl acetate and, with a syringe, injecting small droplets of the mixture into a tall bath of
deionized water. The droplets had a density slightly less than water. As the droplets rose,
ethyl acetate diffused out of the toner and into the water, eventually leaving solid spheres
behind. Toner spheres, being more dense ;han water, settled to the bottom. Spheres were
collected and stored in deionized water at 60°C overnight to drive off remaining solvent.
Sphere sizes ranged from 50 pm to 300 pm in diameter so a 65 mesh sieve was used to
collect spheres of size 200 um to 300 um, corresponding to the same volume as that of the
disks. Disks and spheres were stored in deionized water and refrigerated to inhibit bacterial
growth.

Because the methods of creating toner spheres and disks are very different, it is
necessary to measure the surface properties of each to ensure that differences in flotation
are not simply due to differences in hydrophobicity between the two particles. The contact
angle, a convenient measurement of surface hydrophobicity, cannot be easily measured on
small particles, so methods were sought to create similar surfaces on more convenient
shapes. At the same time that the spheres were created, several 0.10 cm-diameter, copper-
wire rods were immersed in deionized water and coated with toner by passing one end of
the rod through a drop of the toner-ethyl acetate mixture formed at the end of the syringe.
The rods were stored in deionized water at 60°C overnight to drive off any remaining ethyl
acetate and were subsequently stored in the same container as the spheres.

To mimic the surface of a disk, photocopier-toner powder was melted onto copper-

wire rods in an oven at 90°C. The melted-toner rods were then placed into a small beaker
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of deionized water, heated to 60°C, and allowed to cool. The rods were stored in the same
manner as the disks. Advancing and receding contact angle for all rods were determined
with a dynamic contact angle balance as described by Berg.79

Flotation experiments were conducted using both a Hallimond tube and a single
bubble flotation tube. The Hallimond tube was constructed as described by Fuerstenau et
al.20 and Larsson et al.” and is shown schematically in Fig. 3.1. A known number of
toner disks or spheres were placed for 5 minutes in 10 mi of a 0.4 mM solution of 1-
hexanol (added as a frother) so that any adsorption of the surfactant onto the toner surface
could have time to reach equilibrium. The particles were then added to the right-hand tube
and the entire assembly was filled with the 0.4 mM 1-hexanol solution. Nitrogen was
flowed at 20 ml/min for two minutes. Floated particles were removed via the left side tube,
counted, and compared to the number of particles not floated to determine the fraction
removed by flotation.

The single bubble flotation tube was adapted from a design by Anfruns and
Kitchener® and is shown schematically in Fig. 4.2. A known concentration of disks or
spheres was conditioned in a 0.4 mM 1-hexanol solution. By manipulating two 3-way
stopcocks, the suspended particles were brought into a known length of tubing by vacuum.
A single bubble was formed and allowed to rise through the particles and into a collecting
cell at the top, where the bubble was captured, bubble size measured, and the number of
particles attached to the bubble counted.

Finally, to observe particle movement around a bubble, a flowtube apparatus was
built as shown schematically in Fig. 4.3. A bubble was affixed to the end of a 24-gauge
Teflon tube. Water flows down the flowtube at a constant, adjustable velocity to mimic the
hydrodynamics of a free bubble rising in water. Particles enter through a feed tube that is

centered just above the bubble. A Plexiglas box full of water surrounds the viewing area to
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Figure 4.2 Schematic of the single bubble flotation tube.
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minimize distortion. A 0.4 mM 1-hexanol solution was used in the flowtube so that the
solution chemistry would be the same as that in the flotation experiments.

Particles colliding and interacting with bubbles have been observed before with
high-speed motion photography by Spedden and Hannan® and Whelan and Brown,?
with a stroboscopic method by Schulze and Gottschalk,?! and with high-speed video by
Batchelder and Li,%2 but all of these observations were with spherical or roughly spherical
particles. This is the first study we are aware of that looks at the interaction of plate-shaped
particles with a bubble.

Particle/bubble interactions were recorded with a Photosonics 1-B 16 mm high-
speed motion picture camera running at 700-800 frames per second. High-speed pictures
were necessary because the events of collision and attachment are very rapid, of the order
of milliseconds. To obtain a three-dimensional representation of particle movement, a
mirror set-up, as shown in Fig. 4.4, was used to record two orthogonal images of the
bubble and particle at the same time, on the same frame of 16 mm film. Size and position
of particles and bubbles were determined by image analysis of the film with a Vanguard

Motion Analyzer.
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Figure 4.4 Mirror and camera set-up around the flowtube used to obtain two
perpendicular views of the object on one frame of film.
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4.4 Results and Discussion

Contact angle measurements on the toner coated rods are shown in Table 4.1.
There was no significant difference between either the advancing or receding contact
angles, indicating that the hydrophobicity of the disk and sphere surfaces are similar.

Flotation results are summarized in Fig. 4.5. Hallimond tube removal is the percent
of particles floated in two minutes. Single bubble collection is the total sum of particles
attached to 15 separate bubbles that were allowed to rise through the tube. For both
apparatuses, there was a dramatic difference in the flotation of disks and spheres. Only
32% to 36% of the disks were floated in the Hallimond tube, compared to 75% to 80%
flotation for spheres. After letting 15 bubbles rise through the single bubble apparatus,
only 6 disks were captured versus 36 spheres for the same conditions.

From equation (4.3), E for the single bubble collection apparatus can be shown to

(4.10)

Using this relationship, E' for the flotation of disks and spheres was calculated.
The results are shown in the first column of Table 4.2. E for the flotation of disks and

spheres in the Hallimond tube was also determined by measuring flotation at five different

Table 4.1 Advancing and receding coniact angles measured on toner coated rods in
deionized water.

Bl' OCESS: to:

Toner coating Surface similar | Advancing contact angle | Receding contact angle

Melting Disk 18+7 38+ 8

Ethyl Acetate Sphere 754 40+6
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Figure 4.5 Disk and sphere flotation in the Hallimond tube and in the single bubble
flotation tube.

times, calculating from this data a rate constant, &, and then using k in equation (8) to
calculate E. The resulting Hallimond tube collection efficiencies showed similar trends to
the single bubble flotation results, as shown in Table 4.2. |

Although they are of the same volume, disks have a much larger longest particle
dimension than spheres. It is not always clear how this will affect flotation, since it will
both increase collision efficiency and decrease the stability efficiency of the particle/bubble
aggregate. We assumed the decrease in the stability efficiency in our apparatuses was

negligible and tried to account for changes in collision efficiency as explained later.
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Table 4.2 Overall collection efficiencies for disks and spheres in the single bubble
flotation apparatus and in the Hallimond Tube.

Particles E Single Bubble E Hallimond Tube
Disks 0.07 £ 0.03 0.06 £ 0.01
Spheres 04 +£0.1 0.14 * 0.02

Figure 4.6(a) shows two spheres which attached to a bubble after collision. The
trajectory of a captured sphere is shown in Fig. 4.7 on the left where the path of the particle
is oriented such that it is within the plane of the figure. The sphere that misses contacting
the bubble, shown on the right, is included here for comparison. Both spheres and bubble
are drawn to scale and each drawn sphere represents the movement in one frame of film.

It was observed that as the spheres approach the bubble they were deflected. If a
sphere was already several hundred microns away from the bubble centerline as it
approached the bubble, as with the outside sphere in Fig. 4.7, it would usually fail to
contact the bubble and attach. However, if a sphere did contact the bubble, it had a good
probability of attaching and remaining stuck to the bubble. This behavior of the spheres is
qualitatively similar to that predicted by a flotation model developed by Pan, Paulsen,
Johnson, Bousfield, and Thompson.24' 30, 32

The results for the disks colliding with the bubble were unexpected. Figure 4.6(b)-
(d) shows a typical picture of a disk approaching, colliding, and flowing around a bubble
as taken from three separate frames of a 16 mm film sequence. The two perpendicular
views on one frame allows the three-dimensional position and orientation of the disk to be
determined by image analysis. As the disk approached a bubble, it was not strongly
deflected before collision, neither did it turn, but collided edge-on. The entire trajectory of

a typical disk/bubble interaction is shown in Fig. 4.8. Here it can be seen that the disk



(a)

(©) Y

Figure 4.6 Toner particles and bubbles photographed from two directions at right-angles
to each other. Each picture is taken from one frame of a 16 mm film sequence. Atthe
center is the bubble affixed atop a 1.02 mm diameter Teflon tube. The light spot in the
middle of the bubble is due to the lighting. The bottom of the feedtube can be seen at the
top of the picture. (a) Spheres attached to a 2.6 mm diameter bubble. The three spheres
shown in the left view are in front of and behind the bubble in the right view and thus
cannot be seen. (b) A 700 um diameter toner disk approaching a 2.5 mm diameter
bubble. (¢) The same disk S frames or 7.0 ms later than (b) as it first collides with the
bubble. (d) The same disk 6 frames or 8.5 ms later than (c) after it has bounced and
turned to its side. The disk is not seen on the right because it is behind the bubble. (The
full video tape of the 16 mm film is on file at the Department of Chemical Engineering at the
University of Washington.)
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Figure 4.7 Trajectory of two spheres, drawn to scale, flowing around a bubble with one
sphere attaching to the bubble. Each drawn sphere represents one frame of film or 1.4 ms.
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Figure 4.8 Disk, drawn to scale, colliding with a bubble, bouncing off, turning, and
flowing around the bubble.
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bounced, and then flipped over to its side and flowed around the bubble without
attachment. The bounce occurred in less than a millisecond, and after turning to its side,
the disk usually never came into contaét with the bubble again. Occasionally a disk would
bounce away from the bubble without flipping over. An example of such a trajectory is
shown in Fig. 4.9, where the disk is oriented parallel to the page.

The initial collision in both of these cases is so rapid that the thin film separating the
particle and bubble does not have time to drain and rupture, despite the very small contact
area. This seems to contradict the commonly-held belief that particles colliding with a
sufficiently high momentum should be able to pierce the surface of the bubble. 13
Experiments with the toner disks created by the Apple Laser Writer which have a higher
density than the photocopier disks (1.52 g/cm3 versus 1.17 g/cm3) did not lead to any
disks piercing the bubble surface. In fact, the two different disks appeared to behave
identically with respect to their interactions with the bubble.

After the initial collision, it was very rare for a disk to contact the bubble surface
again. Once bouncing and flipping to the side, they flow around the bubble as shown in
Fig. 4.6(d). This lack of contact during flow around the bubble may be due to the large
drainage area that is set up between the bubble surface and the flat side of the disk,
preventing the disk from getting too close to the bubble during the time it circles the bubble.
Thus attachment of disks to a bubble in the flowtube apparatus happened much less
frequently than the attachment of spheres.

From Figs. 4.9 and 4.10, it appears that the disks are not being deflected by the
streamlines of flow around the bubble as were the spheres. However, this is not the case.
The disks are being deflected, but because they are such wide particles, they collide with
the bubble while the degree of deflection is still small. This suggests that there might be
more disk deflection and reorientation before collision for disks of smaller size. We did see

evidence that our hypothesis of disks turning before collision may dominate for the smaller
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sizes. Figure 4.10 shows a small disk fragment interacting with a bubble. The fragment
turned as it approached the bubble, as originally assumed, and the resulting large drainage
area between it and the bubble surface hindered attachment.

A drawback of the flowtube apparatus was that disks exiting from the feed tube
were always oriented vertically due to the hydrodynamics of flow within the circular feed
tube. Thus, no observations of disks approaching the bubble with a horizontal orientation
were made. Initial orientation is obviously an important factor in how a disk will interact
with a bubble, and we would anticipate that horizontally-oriented disks might be deflected
as are spheres. Disks in a typical flotation cell will have random orientations although it is
possible that certain céll geometries could favor one orientation due to the hydrodynamics
of the flow.

From image analysis of the flowtube observations, we were able to calculate
approximate values for the collision efficiency as shown in the third column of Table 4.3.
For disks, the collision efficiency was computed to be approximately 0.8, significantly
greater than the range of 0.15 to 0.35 estimated for the spheres. This is because spheres
are more likely to be deflected by the streamlines of flow around the bubble before they can
make contact with the bubble surface. |

In the single-bubble flotation apparatus, a froth is unnecessary, and turbulence is
negligible. Therefore, flotation can be assumed to depend only upon the efficiency of

collision and the efficiency of attachment. By dividing the overall collection efficiency, £

Table 4.3 Collision and attachment efficiencies for disks and spheres in the single bubble
flotation tube.

E Single Bubble Ec _ Eq

Disks 0.07 £ 0.03 0.8 0.09

Spheres 0.4 +0.1 0.15-0.35 =1.0
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by E., the attachment efficiency, Eg, can be calculated. The result, shown in Table 4.3,
was almost the reverse of that of the collision efficiencies. Almost all sphere collisions
resulted in attachment, whereas only 5% of the disks attached after collision. The
attachment efficiency can never be greater than one, so the collision efficiency range
estimated for the spheres may be low.

Because collision and attachment efficiencies are strongly affected by even very
small changes in flotation chemistry or flotation cell geometry, it is not expected that the
above values will be directly applicable to other types of flotation cells. However, the
qualitative behavior observed in these experiments is expected to be applicable to flotation

in general.

4.5 Conclusions

Disks or plate-shaped particles do not float as well as spheres because they cannot
meet the required conditions for optimum particle/bubble attachment, viz. a small drainage
area linked with a prolonged contact time. Either they collide with bubbles edge-on, giving
a small contact area, but also a short contact time, resulting in the particle bouncing off
before attachment can occur, or they flip to the side before contact, giving a long contact
time but a large drainage area which takes too long to drain and rupture for attachment to
take place. This may help to explain why the flotation of toner particles from repulped

slurries is often difficult to accomplish.



CHAPTER §
A Preliminary Hydrodynamic Modeling of the Flotation
of Disk-Shaped Particles’?

S.1 Introduction

In Chapter 4, we experimentally investigated the difference in flotation of toner
disks and spheres. It was found that although disks had a higher collision efficiency with
the bubble than similar-size spheres, they had a lower probability of attaching to the bubble
after contact had taken place. Low attachment efficiency was due to two types of behavior:
1) disks either collided with the bubble edge-on and bounced off, failing to attach due to the
very short contact time, or 2) disks rotated to the side before collision and had difficulty
attaching due the large drainage area separating the disk and bubble surfaces. Disk
behavior was observed to relate closely to size, with the larger disks usually exhibiting the
first behavior and smaller disks and fragments the second.

The objective of the research of this chapter was to investigate computationally the
role of particle shape (i.e., disk vs. sphere) and size in flotation by developing a simple
hydrodynamic model of disk movement around a bubble. Disks were modeled as circular
and infinitely thin. The model, in the form of a computer program, was used to conduct a
parametric study of the effect of disk size and initial orientation on the efficiency of
collision, attachment, and collection, and to compare these results with those computed for

spheres.

5.2 Review of Theory and Literature
Of particular interest in the investigation of particle/bubble interactions is the critical
initial displacement distance from the vertical bubble centerline, r., at which the particle and

bubble will just make contact as the particle flows around the bubble. This is shown
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schematically for the case of a sphere in Fig. 5.1. The initial distance between the particle

and bubble in the y direction must be large enough such that any particle movement away

from the centerline before reaching this starting point is negligible.

y

¢ Sphere

Z

Figure 5.1 Determination of ., for a sphere flowing around a bubble.

It is common practice to define the collision efficiency, or probability of collision,

as the area within this critical displacement radius divided by the cross sectional area of the
bubble:

,
mrt _(r
E =—¢ | ¢ 5.1
¢ nR [RbJ G-

Because 7. always increases with increasing particle size, it is possible for rc to become

greater than the bubble radius, R;, for large particles. Thus, E, is not a true efficiency

because it is possible to obtain a value greater than one.
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A number of studies have beeﬂ conducted which examine the collision of spherical
particles with bubbles in flotation from hydrodynamic principles. !5 17.19-24 14 the case
where inertial effects and gravity are ignored, r. for a sphere in a known flow field
generally depends only upon the ratio of the sphere radius, a, to the bubble radius, Rp.
The resulting expression for r. can be substituted into equation (1) to yield an equation for
collision efficiency. For example, assuming there exists a potential flow field around a
bubble and that the center of a sphere will exactly follow the streamlines of flow, the

collision efficiency equation for a sphere is: 15

a
E . =3— 52
e = R, (5.2)
For a disk, r. is affected by an additional variable, viz. initial disk orientation.
Models to describe the flotation of disk-shaped particles have not been treated in the
literature, perhaps because particles often encountered in flotation are quasi-spherical and

because of the additional complications in accounting for orientation effects.

5.3 Development of Model
5.3.1 Model Assumptions

For this initial treatment, a number of simplifying assumptions are made. Bubbles
are assumed to be spherical, which should hold true for rising air bubbles up to about 1
mm diameter, after which their shape begins to become flattened, i.e. oblate.?* Initially,
flow around the bubble was approximated as potential flow, which is a reasonable
approximation for Reynolds numbers above 1000.%° Rising bubbles typically have a
Reynolds number value of the order of several hundred, but Flint and Howarth,? from
photographic results, observed that particles still followed potential flow theory until they

approached close to the bubble surface, after which large discrepancies from theory were
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observed. To observe how a different flow field would affect the results, the flow around
the bubble in later runs was approximated by using an empirical stream function developed

122

by Yoon and Luttrell®” for a Reynolds number of 100, hereafter referred to as "intermediate

flow".

Although flow around the bubble is easy to approximate, the flow in the immediate
vicinity of a disk requires solving the Navier-Stokes equations for a particle in a non-linear
flow field. Solutions to the equations of motion exist only for the simplified case of an
ellipsoidal particle in linear one-dimensional irrotational flow, as given by Jeffery,96 or
two-dimensional irrotational flow, as given by van de Ven.?’ To model disk motion for
our system, further simplifications were required. It was assumed that the particle density
was effectively the same as that of the water, a reasonable approximation for non-magnetic
toner particles, which have a density of approximately 1.15 g/cm3. Particle density
neutrality implies that 1) disks do not settle due to gravity, and 2) there are no inertial

effects. Thus, the model used assumed an invicid flow, with the flow in the fluid perfectly

transferred to the disk.

5.3.2 Development of General Equations

From the above suppositions, the force exerted on any point of a rigid, 2-
dimensional disk is directly proportional to the difference between the velocity of that point,
u, and the velocity that the fluid would have at that point if that disk were not present, v.

The total force experienced by the disk is the summation of all forces across the disk

surface:

F=jk(v-u)dA (5.3)

where k is an arbitrary constant with units of mass per unit time. The torque about the

origin is similarly approximated as:
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T=J'rxk(v—u)dA (5.4)

where r is a position vector that describes the distance and direction of a point from the disk
origin. The velocity of a point on the disk is defined by the disk velocity at the origin, U,

and the angular velocity about the origin, m:
u=U+w0xr (5.5)

Because inertial effects are ignored, the disk instantaneously assumes a translational

and angular velocity such that the force and torque go to zero. From equations (5.3) -

(5.9):
F=[k(v-U-w0xr)da=0 (5.6)
T=jrxk(v-U-mxr)dA=o (5.7)
Expanding equation (5.7):

kj(rxv-er—rx(coxr))dA
=kf(rxv—er—m(r-r)+r(r-m))dA=0 (5.8)

By symmetry arguments, r x U and r(r-®) cancel out in the integral. Because  is a
constant, it is moved in front of the integral. Dividing by k, separating and rearranging

results in:

B jrxvdA

0= f——— (5.9
Ir-rdA

Expanding equation (5.6), dividing out k, and moving U out of the integral yields:
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_I(v—wxr)dA
v= [da

(5.10)

Solving the integrals contained in equations (5.9) and (5.10) is simplified if the variables

are expressed in a convenient coordinate system, such as polar coordinates.

§8.3.3 Disk in Particle-Fixed Coordinates

A disk in particle-fixed coordinates (x", y°, 2, is defined as

'x12+y12 =a2’ '=0 (5.11)

&

where a is the disk radius and the disk center is at the axis origin. Any point on the disk

can also be easily described in polar coordinates, r and 6, and the transformation from

polar to Cartesian particle-fixed coordinates is
x’=rcosf, y=rsin@, 2’=0 (5.12)

where 0<r<agand 0<0<2r.

5.3.4 Disk in Fixed-Space Coordinates

The position of a disk in space is described by the location of its origin, O, which
has three components, Oy, Oy, and O,. The orientation of a disk is described by the
rotation of the particle-fixed coordinate system from the fixed-space system. This is
represented by the orientation of the axis of revolution, 2, which is described by two polar
angles, a and 8, where a is the angle formed between z° and the fixed-space z axis, and B
is the angle formed between the projection of z” onto the fixed-space xy plane and the
fixed-space x axis, as shown in Fig. 5.2. For a given disk position and orientation, any

point on the disk can be described by the polar coordinate variables, r and 6, the position of
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the disk origin, Oy, Oy, and O, and the two rotation angles, &z and 8. The transformation

into fixed-space coordinates, (x,y,z), results in:%7
x =rcos@cosacosf ~rsinfsinf + O, (5.13)
y =rcos@cosasinf +rsinfcosf +0, (5.14)
z=-rcosfsina+0, (5.15)

Z

Figure 5.2 The orientation of the axis of revolution, z*, is described by two polar angles,

o and B, where « is the angle formed between z” and the fixed-space z axis, and
is the angle formed between the projection of z“onto the fixed-space xy plane and
the fixed-space x axis.

5.3.5 Equations for Angular Velocity
Solving equation (5.9) in terms of polar coordinates and breaking it up into @y, @y,

and @y, results in the following:
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(ryv: —rzvy)rdrdO (5.16)
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The fluid velocity, v, is defined by the potential flow equations for flow around a sphere,

where the sphere, (i.e. bubble) is centered at the axis origin.

Ve = VuR) — 3;“ 75 (5.19)
2(x +y +2 )
2_.2_ 2
v, =—v,|1- B2 X 02 (5.20)

v, =V R} 3%y (5.21)

In these equations, v is the undisturbed fluid velocity far away from the bubble surface.
Substituting equations (5.13) - (5.15) into equations (5.19) - (5.21) gives the fluid velocity
in terms of polar coordinates. The position vector, r, of any point on the disk can also be

expressed in polar coordinates.

r. =x—0, =rcos@cosacosf —rsin@sinp (5.22)

r, =y=0, =rcos@cosasinf +rsinfcosf (5.23)

r.=z-0,=-rcosfsinc (5.24)
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Substitution of equations (5.19) - (5.24) into equations (5.16) - (5.18) results in integrals
which can be numerically solved given constant values for a, 8, O, Oy, Oy, Rp, Vo,

and a.

5.3.6 Equations for Translational Velocity
From equation (5.10), U can also be expressed in terms of polar coordinates and
broken up into Uy, Uy, and U, :

2r

_l
Ug=—7

- I ( -Q,r,+w.r, )rd rd@ (5.25)
0

(vy ~ @, +@,r,)rdrde (5.26)

=
I
ql-
{
o)

(v - @,r, + @yr, Jrdrde (5.27)

=
I
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N
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O e )

The variables within the integral are defined in equations (5.16) - (5.24) and these integrals
can also be solved numerically if ¢, B, Ox, Oy, Oz, Rp, Vo, and a are known. The
integrals above and the integrals for angular velocity were solved using a Romberg

integration algorithm and Simpson's rule,”8 as explained in Appendix A.

5.3.7 Solving the Ordinary Differential Equations

The purpose of the model was to follow the change in disk position (O, Oy, and
O_) and orientation (¢ and f) with respect to time (f) given an initial position (Oxo, Oyo,
and 0,,) and orientation (o and Bo) and known values for a, Rp, and V. The five

dependent variables can be expressed as linked ordinary differential equations:

do, _
dr

(5.28)
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do
2=y
=Y, (5.29)
do.
oy .
T-=U; (5.30)
Eld—?-=wycosﬂ—w,,sin,6 (5.31)
Q=w _ @, cosf+a,sinf (5.32)
e ¢ tana )

These equations were solved with a Fortran computer program using the classical fourth-
order Runge-Kutta method.”® The Fortran code and a description of the program are found

in Appendix A.

5.4 Results and Comparison to Experiment

Using the potential flow equations, the model predicted the same general disk
behavior as observed experimentally. Figure 5.3 compares the movement of an actual disk
to movement as predicted from the model for disks with the same starting position, starting
orientation, and size. Similar to the experimental run, the model predicted only a small
deflection before the disk collided edge-on with the bubble.

More difficult to model was the case in which the disk turned to its side as it
approached the bubble. A comparison of the predicted movement using the potential flow
equations compared to actual observed motion is shown in Fig. 5.4. The model
underestimates the degree of disk turning and deflection. This is probably due to two
reasons: 1) the failure of the potential flow equations to accurately predict the flow streams
close to the bubble surface, and 2) the model's neglect of lubrication forces that come into

play as the disk closely approaches the bubble surface.?® However, the general motion
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Figure 5.3 Movement of a large disk as observed from an experimental run and as
predicted by the current model using the potential flow equations.
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Figure 5.4 Disk movement as observed from an experimental run and as predicted by the
current model using the potential flow equations.
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Figure 5.5 Predicted disk movement using the potential flow equations compared
to using the intermediate flow equations.
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predicted by the model is qualitatively similar to experiment, and thus the use of the model
to conduct a parametric study of disk behavior should be valid.

Whereas the fluid velocity at the bubble surface in potential flow is at a maximum,
the empirical stream function for intermediate flow guarantees that the surface velocity will
be zero. How this affected disk motion is illustrated in Fig. 5.5. The disk in intermediate
flow has a greater deflection from the bubble centerline and undergoes more clockwise
rotation than the disk in potential flow. The greater deflection decreases collision
efficiency, while the increased rotation leads to more collisions along the disk side than was
seen in potential flow. .

Surprisingly, the potential flow equations predicted movement closer to what was
seen experimentally for large disks than the intermediate stream function. This may be
because the disk inertia, unaccounted for in the model, balances out with the no-slip
boundary condition that exists near the bubble surface and which is partially taken into
account with the intermediate flow equations. It is expected that the intermediate stream

function will be more accurate for smaller disk sizes.

5.4.1 The Effect of Initial Orientation on Collision Efficiency

Because the flow is cylindrically symmetric around the bubble, it was necessary
only to examine disk motion in one plane that intersects the vertical bubble centerline. The
xy plane was chosen for convenience, so for all disks, the initial values of 0,, i.e., Oy,
were taken to be zero.

There are three principal disk orientations. The first is when the plane of the disk
passes through the vertical bubble centerline (or y axis) as shown in Fig. 5.6. In the xy
plane, this is the case when = 0°. The second orientation is when the disk is parallel to
the flow, and its normal is perpendicular to the vertical bubble centerline as shown in Fig.

5.7. In the xy plane, this corresponds to & = 90°, =0°. In the third orientation, the plane
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of the disk is perpendicular to the direction of flow, as shown in Fig. 5.8. In this case, a
=90°, B=90°.

As mentioned previously, the initial orientation of a disk-shaped particle greatly
affects the critical initial displacement distance, r.. Figure 5.9 shows how r, varies with
changes in initial orientation for a fixed disk and bubble size ratio using the equations for
potential flow. The largest r./Rp value, 0.95, is observed when ¢y = 0° while the smallest
ro/Rp value, 0.38, is observed when ag = 90°, f, = 0°.

Similar trends were predicted for the same disk/bubble radius ratio using the
equations for intermediate flow as shown in Fig. 5.10. The largest r/R) value, 0.69, is
again observed when a, = 0°. However, the maximum and minimum peaks for oy > 0°
have shifted to the right, and now the minimum ro/Rp value is closer to the orientation of

0= 90°, Bo=45°.



Figure 5.7 Disk orientation in xy plane for o= 90°, 8= 0°.
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Figure 5.8 Disk orientation in xy plane for = 90°, §=90°.
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Figure 5.9 Dependence of r on initial disk orientation for a disk/bubble radius ratio of
0.3 as predicted using equations for potential flow.
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Figure 5.10 Dependence of r. on initial disk orientation for a disk/bubble radius ratio of

0.3 as predicted using equations for intermediate flow.

The efficiency of collision at a given initial disk orientation for a given disk-to-
bubble radius ratio is obtained by squaring r./Rp. It was assumed that disks have an equal
probability of beginning at any given initial orientation, a good assumption for flotation
where particles are constantly being mixed. The net efficiency of collision, E, of the disk
was calculated by averaging the collision efficiencies over a range of equally spaced
orientations for the same disk-to-bubble radius ratio. Similar to the sphere E,, the disk E,
was dependent only upon the size of the disk, the size of the bubble, and the flow profile
assumed to exist around the bubble.

Figures 5.11 and 5.12 compare the collision efficiencies of a sphere and a disk
using the potential flow and intermediate flow equations. In comparing spheres and disks

of the same radius, the sphere always has a higher collision efficiency than the disk.



80

However, the reverse is usually true when comparing disks and spheres of similar volume.
Volume comparisons are highly dependent upon the disk aspect ratio, defined as the
diameter divided by the thickness. An equivalent sphere was defined as one with the same
volume as a disk computed on the basis of an aspect ratio of 40, which was a typical value
for the experimental runs.

Both graphs are consistent with experimental results: large disks always have a
higher probability of collision than equivalent spheres. For example, assuming potential
flow, a disk of radius 300 um and width 15 um approaching a | mm-radius bubble will
have a collision efficiency of 0.6, about twice the collision efficiency of a similar volume,
100 pm-radius sphere. Assuming intermediate flow, the same size disk will have a
collision efficiency of 0.19, 2.7 times as large as the collision efficiency of 0.070 for the
sphere.

Calculations using the curve fits of collision efficiency for potential flow, as plotted
in Fig. 5.11, show that even very small disks have a higher collision efficiency than
equivalent spheres. However, similar calculations for intermediate flow show that disks
only have a higher collision efficiency when the disk-to-bubble radius ratio is greater than

0.14. It is expected that the intermediate flow prediction is more realistic.
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5.4.2 The Effect of Initial Orientation on Attachment Efficiency

Attachment of a particle to a bubble after collision depends upon the time of contact
between the particle and bubble surface and the time for film drainage and rupture, also
called induction time. In Chapter 4, it was observed that disk-shaped toner particles that
collide at high velocity bounce off the bubble surface and have little chance of attaching.
Such an effect has been observed with more spherically-shaped particles in other
experimental observations,3*%! but while spherical particles tend to contact the bubble
several times after the initial collision, disks almost never contact the bubble a second time
due to rotation of the disk during the bounce. Such an inverse relationship between
velocity and attachment efficiency is not uncommon, having also been seen for the
collection of solid particles with liquid drops.loo

Although the model cannot predict disk motion after contact, disk velocities at the
time of contact can be calculated and comparisons made. The velocity of the particle at the
point of contact can be broken up into radial and tangential components. Of particular
interest is the contact radial velocity. The higher the contact radial velocity, the more likely
the particle will bounce off the bubble, and the lower the probability of attachment.

For a sphere, the contact radial velocity depends upon the magnitude of the ratio of
the sphere radius to the bubble radius, the initial position of the sphere, and the velocity of
the undisturbed fluid flow. For a disk, the contact radial velocity also depends upon the
initial orientation. For all of the following results, the velocity of the undisturbed flow was
taken as 200 mm/s, which is the bubble rise velocity of a bubble 1 to 2 mm in diameter. '0!

Figure 5.13 shows how the contact radial velocity (-Uy.) varies with initial position
and disk size for a disk in potential flow and with an initial orientation corresponding to &

= (0°. Because of the symmetry of the flow, the disk maintains the & = 0° orientation until

contact with the bubble. This gives the disk an almost identical behavior to that of a
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similar-radius sphere, and so results for a disk with this orientation were also taken to be
the expected movement of a sphere under similar flow conditions.

Similar trends for this orientation were seen when using the equations for
intermediate flow as shown in Fig. 5.14. In both cases, -U,. decreases as /R, increases
although in the intermediate flow the rate of -Uy, decrease is faster. The decrease in -U,,
with decreasing disk size is also greater in intermediate flow.

Figures 5.15 and 5.16 compare the potential flow and intermediate flow cases for
an initial disk orientation of ¢ = 90°, B, = 0°. Both show a decrease in -Uy as r/Rp,
increases for the larger disk sizes. For smaller disks in potential flow, a minimum in -U,,
is observed, which corresponds to where the contact point shifts from the front edge of the
disk to the back edge. Thus, at the minimum point, the disk is contacting the bubble along

the disk side.
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Figure 5.13 Contact radial velocity of a disk in potential flow with an initial orientation
of ap =0° and an undisturbed fluid velocity of 200 mm/s.
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Figures 5.17 and 5.18 compare the potential flow and intermediate flow cases for
an initial disk orientation of ap = 90°, Bp = 90°. They follow similar trends, but the contact
radial velocity predicted for intermediate flow at this orientation is an order of magnitude
less than that predicted for potential flow. Although the contact radial velocity is very low,
it is difficult to say whether the adhesion efficiency will be close to 100% for the
intermediate flow case. This is because almost all collisions at this orientation in
intermediate flow are against the disk side rather than at the disk edge. This will resultin a
larger drainage area which may increase the induction time and interfere with flotation.

Other orientations tend to be a combination of what was seen for the three primary
orientations. For example, Fig. 5.19 shows a disk with an initial orientation of ap =

40.368°, By = 45° in potential flow.
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Figure 5.17 Contact radial velocity of a disk in potential flow with an initial orientation
of oo =90°, Bp=90°, and an undisturbed fluid velocity of 200 mmy/s.
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As noted above, it can be assumed that the radial contact velocity of a sphere will be
described by Fig. 5.13 for potential flow. Using the results of this graph, a collision
efficiency for a given range of contact radial velocities can be calculated. For example, the
sphere collision efficiency for an r/R;, ratio of 0.1 that will result in a contact radial velocity

between 20 and 40 mm/s would be:

2 2
E = [-’-C—) -(-’LJ =0.153 (5.33)
Ry ) -U,e=20 Ry ) -U,.=40

Calculations were performed for a variety of points and the results are plotted in Fig. 5.20.
As expected, larger spheres are seen to have a higher probability of colliding with the
bubble at higher contact radial velocities.

A similar graph was constructed for a disk by averaging the collision efficiency for
a given -Uy, range over a large number of equally spaced orientations. The result for
potential flow is shown in Fig. 5.21.

The exact contact radial velocity required for adhesion is not known, but it is
known from experimental observation that higher velocities result in no attachment.
Consider the 300 pm-radius, 15 um-width disk that earlier was found to have a much
higher collision efficiency than a similar-size, 100 pum-radius sphere when approaching a 1
mm-radius bubble. The collision efficiency numbers for different -U,. ranges are
summarized in Table 5.1. If we assume that only particles with a -U,. below an arbitrary
value will result in attachment, then the disk will always have a lower attachment efficiency
than the sphere. For example, if it is assumed that only particles that collide with a -Uy,

value of less than 40 mm/s will attach to the bubble, than the attachment efficiency will be:

£ (Ec)oc-u, <20 * (Ec)aoe-u <s0 (5.34)

a

Ec total
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Figure 5.20 Sphere collision efficiencies in potential flow for different ranges of contact
radial velocities. Undisturbed fluid velocity = 200 mm/s.
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Figure 5.21 Disk collision efficiencies in potential flow for different ranges of contact
radial velocities. Undisturbed fluid velocity = 200 mm/s.
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Table 5.1 Collision efficiencies at different contact radial velocity ranges in potential
flow for a similar size disk and sphere.

Sphere - rc/Rp = 0.1 Disk - rc/Rp = 0.3
0 mm/s < -Upe <20 mmy/s 0.056 0.025
20 mnv/s < -Uye <40 mmy/s 0.153 0.132
40 mnv/s < -Uye < 60 mny/s 0.091 0.201
60 mm/s < -U,. < 80 mm/s 0 0.138
-Urpe >80 mm/s 0 0.099
E¢ Total 0.300 0.595

This results in an attachment efficiency of 0.70 for the sphere, but only 0.26 for the disk.
The total collection efficiency for the sphere, E = E.E,4, will be 0.21, one-third greater than
the collection efficiency of 0.16 for the disk.

For smaller disks, differences in attachment efficiency between disks and spheres
decrease and collision efficiency becomes the predominant step. This leads to smaller
differences in flotation behavior, as has been experimentally observed.

This approach towards attachment efficiency ignores the effect of the contact
tangential velocity, which should also favor attachment of spheres over disks. It also
ignores effects from the size of the contact area between the particle and bubble, which
should favor attachment of disks over spheres. However, the effect from the size of the
contact area is of lesser magnitude than the effect from the contact radial velocity, as

observed experimentally in Chapter 4.

5.5 Conclusions
The hydrodynamic model predicted that disks, or flat, plate-shaped particles in

general, behave differently in flotation than more spherically-shaped particles because of
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the large effect that orientation has on the particle/bubble interactions. Large disk-to-bubble
radius ratios (> 0.1) were found always to yield greater collision efficiencies than those for
equivalent spherical particles, where an equivalent sphere was defined as one with the same
volume as a disk computed on the basis of an aspect ratio of 40 (a typical value for
experimental runs). This was in qualitative agreement with the experimental observations
reported earlier. Smaller disk sizes may result in lower collision efficiencies than
equivalent spheres depending upon the flow assumed to exist around the bubble. Potential
flow predicted that even very small disks will have a higher collision efficiency than
equivalent spheres. However, the intermediate flow prediction, which found that disks
only have a higher collision efficiency when the disk-to-bubble radius ratio is greater than
0.14, may be more realistic.

The opposite trend was seen for attachment efficiency. Large disks were found to
always have a much lower probability of attachment than equivalent spheres due to the
higher tendency of disks to bounce off the bubble surface after collision, as was also
observed in experimental observations. For smaller disks, differences in attachment
efficiency and flotation behavior between disks and spheres decreased and collision
efficiency became the predominant step. The decrease in E, for large disks was greater
than the increase in E, leading to a decrease in the overall collection efficiency for disks vs.
spheres, in agreement with experiment.

As disk size becomes very small with respect to bubble size, it is expected that the
approach of this work will be less applicable as viscous and lubrication forces become
dominant. For very small disk particles, a different approach such as Stokesian dynamics

may be more useful. 24 33



CHAPTER 6

Summary, Conclusions and Future Work

6.1 Summary and Conclusions

The objective of this research was to investigate fundamentally the reasons why
toners are difficult to remove from repulped slurries by flotation. The study was limited to
an investigation of toner electrostatic properties, an experimental study on the effect of
particle shape on flotation, and a model study of the effect of particle shape and size on

flotation. The preceding experiments and modelling support the following conclusions:

* Electrostatic properties of toner particles, as measured by the zeta potential, do not play
a major role in toner flotation. This is because the toner surface is already hydrophobic
before the addition of surfactants. The potential at the surface of a hydrophobic solid is
primarily controlled by the aqueous phase and any contributions by the solid phase are
generally due to charged hydrophilic sites. Because toner surfaces have few charged

hydrophilic sites, zeta potential has little correlation with floatability.

* Disk-shaped toner particles have lower flotation rates than comparable size spheres.
The reason for this, as observed using high-speed cinematography, is that disks either
collide edge-on with a bubble, bouncing off due to the short contact time, or they rotate
to the side and fail to attach due to the large liquid drainage area separating the disk and

bubble surfaces.

* Disks, or flat, plate-shaped particles in general, behave differently in flotation than
more spherically-shaped particles because of the large effect that orientation has on the

particle/bubble interactions. Initial disk orientation will strongly affect both the
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probability of particle/bubble collision (collision efficiency) and the probability of

particle/bubble attachment after collision (attachment efficiency).

Assuming a random initial orientation, collision efficiencies for disks with large disk-
to-bubble radius ratios (> 0.1) are always greater than those for equivalent spherical
particles, where an equivalent sphere is defined as one with the same volume as a disk
computed on the basis of a diameter-to-thickness aspect ratio of 40. This was
qualitatively confirmed in experimental observations. Smaller disk sizes may result in
lower collision efficiencies than equivalent spheres depending upon the flow assumed
to exist around the bubble. For example, potential flow predicts that even very small
disks will have a higher collision efficiency than equivalent spheres. However, using
an empirical stream function for intermediate Reynolds numbers more realistically
predicts that disks only have a higher collision efficiency when the disk-to-bubble

radius ratio is greater than 0.14.

Attachment efficiency exhibits a trend opposite to that described above. Assuming a
random initial orientation, large disks always have a much lower probability of
attachment than equivalent spheres due to the higher tendency of disks to bounce off the

bubble surface after collision, as was also observed in experimental observations.

The decrease in attachment efficiency for large disks is greater than the increase in
collision efficiency so that the overall collection efficiency for disks is less than for

spheres, in agreement with flotation experiments.
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¢ Finally, for smaller disks, differences in attachment efficiency and flotation behavior
between disks and spheres decreases, and collision efficiency becomes the controlling

step.

In a practical sense, this research implies that just as much attention needs to be
given to the size and shape of toner particles exiting the pulping stage as is now given to the
effect of collector surfactants on toner hydrophobicity in the flotation stage. This also has
application to flotation in general. Whenever particles of a flat or oblate shape prove

unexpectedly difficult to recover by flotation, it may be the result of their topology.

6.2 Recommendations for Future Work

Although the model developed in this work qualitatively agrees with experimental
results for large disks, the assumptions of the model become invalid as disk size decreases.
As disk size becomes very small with respect to bubble size, it is expected that the approach
of this work will be less applicable as viscous and lubrication forces become dominant.
For very small disk particles, a different approach, such as Stokesian dynamics, might be
useful in observing how shape and size affect flotation.

Also, the adverse effects of particle shape may be partly compensated by changing
the surface chemistry of the system and thereby increasing the attachment efficiency. The
attachment efficiency is dependent upon the stability of the thin-film separating the particle
and bubble. How soon this film will drain and rupture depends upon the attractive and
repulsive forces existing between the particle and bubble surfaces at small distances. These
forces can now be measured using the atomic force microscope (AFM) and measurement
on the forces acting between a toner particle and an air-water interface in different solution

chemistries could be beneficial towards predicting flotation performance.
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APPENDIX A
Fortran Code of Model

A.1 Introduction
The computer model consists of three different computer programs. The first
program, HMODP, solves the equations of Chapter 5 to calculate the trajectory and
changes in orientation of a disk of given size, initial orientation, and initial position as it
approaches a bubble. The second program, COLMOD, determines the critical initial
displacement distance from the bubble centerline at which a disk of a given size and initial
orientation will just make contact with the bubble. Finally, VRCMOD calculates the initial
displacement distance from the bubble centerline at which a disk of given size and initial
orientation will collide with the bubble with a given contact radial velocity.
The equations of Chapter 5 are solved in all three programs in the following
manner:
e Equations (5.13) - (5.15) and (5.19) - (5.24) are solved in subroutine VARBLS.
* The integrals in equations (5.16) - (5.18) are numerically solved using Romberg
integration and Simpson's rule in subroutines WDTH, RIWDR, and WDR.
e The integrals in equations (5.25) - (5.27) are numerically solved using Romberg
integration and Simpson's rule in subroutines UDTH, RIUDR, and UDR.
* The differential equations (5.28) - (5.32) are numerically solved using the 4th order
Runge-Kutta method in subroutines RK4C and RINTEG.
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A.2 HMODP Program
A.2.1 Fortran Code

PROGRAM HMODP

[of
C This program determines the movement and orientation of a disk as it
C approacnes and flows around a bubble. It is a simple hydrodynamic model
C which uses the potential flow equations for flow around a sphere to
C approximate the flow around the bubble. The assumption of particle density
C neutrality is made. Flow is in the negative y direction. The bubble is
C centered at the origin. The center of the disk in x, y., 2z coordinates is
C Ox, Oy, and Oz. The orientation of the disk is described by two angles.
C Alpha is the angle between the z-axis and a line drawn perpendicular
C to the disk at the disk center. Beta is the angle between the x-axis
C and the projection of the perpendicular line is the x-y plane.
[of
INTEGER QUITPR, TRUE, FALSE, PCOUNT, PRINTI, CONTCT, CONTYP
DOUBLE PRECISION T,Y,H,RDISK,RBUB,VINF,A,Yl,Y2,PI,MISBUB, SEPMIN,
& XP,YP, THETA
DIMENSION Y (5)
(o4
OPEN(UNIT=1,FILE='hin',STATUS="'OLD"'}
OPEN(UNIT=2,FILE="'hout', STATUS="NEW')
c
C Initialized variables NEQ (number of equations), T (time in seconds),
C CONTCT (tracks whether contact between particle and bubble has been
C made), CONTYP (type of contact between particle and bubble - 0 is miss,
C 1 is contact on edge, 2 is contact on side, 3 is when the max. number of
C iterations, MAXSTP, has been exceeded), QUITPR (flag for when to end
C program), ISTEP (# of iterations), PCOUNT (print counter), and PI.
(o
NEQ = 5
T = 0d0
FALSE = 0
TRUE =1
COMNTCT = FALSE
CONTYP = 0
QUITPR = FALSE
ISTEP = 0
PCOUNT = 0
SEPMIN = 10.0D0
PI = 3.141592653589793D0
(o
C Call datain subroutine to input data: alpha (Y(l1)), beta (Y(2), Ox
C (Y(3)), Oy (Y(4)), Oz (¥(5)), disk radius (RDISK), bubble radius (RBUB),
C the velocity of the undisturbed flow (VINF), the step size (H), the
C maximum number of iterations (MAXSTP), and the interval at which to
C output the data (PRINTI).
(o

CALL DATAIN (Y,RDISK,RBUB,VINF,H,MAXSTP, PRINTI)

The disk is assumed to miss bubble if disk center drops below the bubble

center.
MISBUB = 0.0D0

nNnNnaon

Calculate new position and orientation at each timestep by calling a
fourth-order runha-kutta subroutine. Update timestep. Repeat until
either QUITPR is true or ISTEP exceeds MAXSTP.

nnNnonNnn
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10 CONTINUE
CALL RK4C (NEQ,T,Y,H,RDISK,RBUB, VINF)

T=T+H
(o]
C Check if disk has made contact with bubble and calculate minimum
C separation distance (SEPMIN)
(o
CALL CHRCON (Y,RDISK,RBUB,CONTCT,CONTYP,A, SEPMIN, XP,YP)
[of
C If contact with bubble has been made or Oy is less than zero then quit
C program.
(o
IF (CONTCT.EQ.TRUE) QUITPR = TRUE
IF (Y(4) .LE.MISBUB) QUITPR = TRUE
(o
C Advance iterations step counter (ISTEP) and print counter (PCOUNT) by 1.
C If PCOUNT is greater than PRINTI, write disk orientation and position to
C output file.
ISTEP = ISTEP + 1
PCOUNT = PCOUNT + 1
IF {PCOUNT.GE.PRINTI) THEN
¥l = ¥(1)*180.0D0/PI
¥2 = Y(2)*180.0D0/PI
WRITE(2,100) T,Y1l,Y¥2,(Y(I),I=3,5)
PCOUNT = 0
ENDIF
IF ((QUITPR.EQ.FALSE).AND. (ISTEP.LT.MAXSTP)) GOTO 10
[
IF (ISTEP.GE.MAXSTP) CONTYP = 3
c
C Call subroutine to print out final results.
(o
CALL DATOUT (T,Y,CONTCT,CONTYP, ISTEP,MAXSTP,A, SEPMIN, XP,YP,
& RDISK,RBUB, VINF, THETA)
(o4
100 FORMAT (1X,E12.5,F10.5,F10.5,F10.5,F10.5,F10.5)
c
END
SUBROUTINE CHKCON (Y,RDISK,RBUB,CONTCT,CONTYP,A, SEPMIN, XP,YP)
C This subroutine checks if the disk has made contact with the bubble.
C If contact has been made, it determines whether the contact is on the
C side or the edge. Subroutine also keeps track of the minimum
C separation distance between the bubble and disk (SEPMIN) and returns the
C values of XP and YP which are used later in the datout subroutine to
C determine exact point of contact.
[
INTEGER QUITPR, TRUE, FALSE,CONTCT, CONTYP
DOUBLE PRECISION Y,RDISK,RBUB, A, KX, KY, K, SEPMIN, SEP, XP, YP
DIMENSION Y(5)
c
FALSE = 0
TRUE = 1
C These equation determine the radial distance, A, at which the distance
C between the disk and the bubble surface is at a minimum.
[

KX = DCOS({Y{1})*DCOS(Y(2)}*Y(3)
& + DCOS(Y (1)) *DSIN{Y(2))*Y(4) - DSIN(Y(1))*Y(5)
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KY = DCOS(Y(2))*Y(4) - DSIN(Y(2))*Y(3)

K = DSQRT(KX**2 + KY**2)
A =K
[of
C The equations above allow for an infinitely large disk, so if A is
C greater than the actual disk radius, than A become RDISK.
(o
IF (A.GT.RDISK) A=RDISK
XP = -KX*A/K
YP = -KY*A/K
C
C R is the distance between a point on A and the bubble center. If R is
C less than the bubble radius, than a disk/bubble collision has taken
C place. 1If this is true and A is less than the bubble radius, than the
C contact has taken place along the disk side, rather than the disk edge.
[of
R = SQRT(A*A - 2*A*K + Y(3)*"2 + Y(4)*"2 + Y(5)**2)
SEP = R - RBUB
IF (SEP.LT.SEPMIN) SEPMIN = SEP
IF (R.LE.RBUB) THEN
CONTCT = TRUE
IF (A.LT.RDISK) THEN
CONTYP = 2
ELSE
CONTYP = 1
ENDIF
ENDIF .
[of
RETJRN
END
SUBROUTINE DATAIN{(Y,RDISK,RBUB,VINF, H, MAXSTP,PRINTI)
C This subroutine intputs starting disk position and orientation (Y), disk
C radius (RDISK), bubble radius (RBUB), the velocity at infinity (VINF),
C the step size for the runga-kutta method (H), the maximum number of
C iterations that will be performed before the program stops (MAXSTP), and
C the interval at which data will be written to out data file (PRINTI).
C Initial data is also written to the output file.
(o4
INTEGER PRINTI
CHARACTER*12 LABEL{11l)
CHARACTER"*SS TITLE
DOUBLE PRECISION Y.,RDISK,RBUB,VINF,H,PI
DIMENSION Y (5)
(o4
READ(1,5) ?ITLE
5 FORMAT (ASS5)
READ(1,*) (LABEL(I),I=l,S)
READ(1,*) (Y(I),I=1,5)
READ(1,*)
READ(1,*) (LABEL(I),I=6,11)
READ(1,*) RDISK,RBUB, VINF,H,MAXSTP, PRINTI
C

WRITE(2,*) TITLE

WRITE(2,*) °* Initial Data‘
WRITE(2,10) LABEL(1l),Y{l},LABEL(6),RDISK
WPITE{2,10) LABEL(2),Y(2),LABEL(7),RBUB

WEITE(2,10) LABEL(3),Y(3),LABEL(8),VINF
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WRITE(2,20} LABEL(4),Y(4),LABEL(9),H
WRITE(2,30) LABEL(S),Y(S5),LABEL(10),MAXSTP
WRITE(2,40) LABEL(11),PRINTI

WRITE(2,*)

WRITE(2,50)

WRITE(2,60)
c

PI = 3.141592653589793D0

¥il) = ¥(1)/180.0D0*PI

Y(2) = Y(2)/180.0D0*PI
c
10 FORMAT (1X,A6,': ',F10.5,4X,A,': *,F10.5)
20 FORMAT (1X,A6,': ',F10.5,4X,A,': ',E12.5)
30 FORMAT (1X,A6,': ' ,F10.5,4X,A,': ',I7)
40 FORMAT (1X,22X,A,': ',I4)

50 FORMAT (6X,'Time’,7X, 'Alpha’',5X, 'Beta',7X,'Ox"',8X,'0Oy’',8X,'02")
60 FCRMAT (3X,' (seconds) ', 3X, ' (degrees) ', 1X, ' (degrees) ', 3X,’ (mm)°’, 6X,
& *{mm) ', 6X, " (mm)"*)

RETURN
END

SUBROUTINE DATOUT(T,Y,CONTCT,CONTYP, ISTEP, MAXSTP, A, SEPMIN,

& XP,YP,RDISK,RBUB, VINF,THETA)
This subroutine writes to the output file the final disk position and
orientation and whether the disk contacted the bubble. Contact
information is determined by the value of CONTYP. It also computes
and writes the disk velocities, the velocity of the point of the disk
contacting the bubble, and the angle between the plane containing the
disk and the plane tangent to the bubble at the point of contact
(THETA) .

NDOOOOOOO0N

INTEGER CONTCT, CONTYP

DOUSLE PRECISION T,Y,PI,SEPMIN,A,XP,YP,Y1l,Y2,RDISK,RBUB, VINF,
& WX,WY,WZ2,UX,UY,UZ,XC,¥YC,2C, XD, ¥YD,2D, TOP, BOT, THETA, UTH, UR,
& UXC,UYC,UZC, UTHC, URC, TH, THC, PHI, PHIC, UPHI, UPHIC

DIMENSION Y(5)

PI = 3.141592653589793D0

00

Convert angles from radians to degrees.
Yl = Y(1)*180.0D0/PI
¥2 = Y(2)*180.0D0/PBI

WERITE(2,")

WRITE(2,*) ' Final Disk Position’

WRIT=(2,10) T,Y1,Y2,(¥Y(I),I=3,5)

WRITE(2,*)

WRITE(2,20) ISTEP

WRITE{2,25) SEPMIN

WRITE(2,*)

IF (CONTYP.EQ.0) WRITE(2,30)

IF (CONTYP.EQ.1) WRITE(2,40)

F (CONTYP.EQ.2) WRITE(2,50) A

IF (CONTYP.EQ.3) WRITE(2,60) MAXSTP

IF (CONTYP.EQ.1.OR.CONTYP.EQ.2} THEN
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Calculate the pointe at which the bubble and disk contact (XC, YC, and
ZC) frem values of XP and YP (values of X and Y in particle fixed
coordinates, calculated in subroutine chkcon) and alpha (Y(l)}), beta,
(Y(2)), Ox (Y(3)), Oy (Y(4)), and 0z (Y(S)).

Xc DCOS(Y(1))*DCOS(Y(2)) *XP ~ DSIN(Y(2))*YP + Y(3)

YC DCOS(Y (1)) *DSIN(Y(2))*XP + DCOS(Y(2))*YP + Y(4)

zc -DSIN(Y (1)) *XP + Y({(5)

Calculate coordinates of a unit vector normal to the disk (XD,YD,2ZD).

XD = DSIN(Y(1))*DCOS(Y(2))
YD = DSIN(Y(1))*DSIN(Y(2))
ZD = DCOS{Y(1})

The incident angle of collision (THETA) is the dot product of the disk
vector and the vector to the point of collision (which vector defines a
plane tangent to the bubble at the point of contact).

TOP = XC*XD + YC*YD +2C*2D

TOP = DABS(TOP)
BOT = DSQRT(XC*"2 + YC**2 + ZC**2)
THETA = DACOS (TOP/BOT)
THETA = THETA*180.0D0/PI
Subroutine RINTEG2 calculates translational (UX,. UY, UZ) and angular
velocities (WX, WY, WZ) of the disk at the time of contact.

CALL RINTEG2 (Y,RDISK,RBUB,VINF,WX,WY,WZ,UX,UY, U2)

Calculate the disk velocity in thz R and theta directions (UR and UTH).
TH = DATAN( DSQRT(Y(3)**2 + Y(5)**2) / Y{(4) )
PHI = DATAN(Y(5)/Y(3))
IF (PHI.LT.C.0DQ.AND.Y{(3).LT.0.0D0) PHI = PHI + PI

UTH = -DSIN(TH)*UY + DCOS(TH)* (SIN(PHI)*UZ + COS(PHI)*UX)
UR = DCOS(TH)*UY + DSIN(TH)*(SIN(PHI)*UZ + COS(PHI)*UX)
UPHI = -DSIN(PHI)*UX +DCOS(PHI)*UZ
Calculate the velocity of the edge or side of disk contacting the bubble
(UXC, UYC, UZC) including the velocity in the R and theta directions
(URC, UTHC).
UXC = UX + WY*(2C - Y(S5)) - W2*(YC - Y(4))
UYC = UY + WZ*(XC - Y(3)}) - WX*(Z2C - Y(5))
UZC = UZ + WX*(YC - Y(4)) - WY*(XC - Y(3))
THC = DATAN( DSQRT(XC**2 + 2C+**2) / ¥C )
PHIC = DATAN(2C/XC)
IF (PHIC.LT.0.0D0.AND.XC.LT.0.0D0) PHIC = PHIC + PI
UTHC = -DSIN(THC) *UYC + DCOS(THC)* (SIN(PHIC) *UZC +
& COS (PHIC) *UXC)
URC = DCOS{THC)*UYC + DSIN(THC)*(SIN(PHIC)*UZC +
& COS (PHIC) "UXC)
UPHIC = -DSIN(PHIC) *UXC +DCOS(PHIC) *UZC
Write informaticn to file

WRITE(2,110) THETA

WRITE(2,")

WRITE{2,100}) XC, YC, ZC
wWRITE(2,120) UX, UY, UZ
WRITE(2,130) WX, WY, W2
WRITE(2,140) UTH, UR, UPHI
WRITE(2,150) UXC, UYC, UZC
WRITE(2,160) UTHC, URC, UPHIC



10 FORMAT (1X,El12.5,F10.5,F10.5,F10.5,F10.5,F10.5)
20 FORMAT (1X, 'Number of iterations = ',I§)
25 FORMAT (1X, 'Minimum separation distance:
30 FORMAT (1X, 'Disk has missed contacting bubble.’)
40 FORMAT (1X, '‘Disk has contacted bubble on the disk edge.')
50 FORMAT (1X, 'Disk has contacted bubble on the disk side.
& F10.5)
60 FORMAT (1X,'Maximum number of iterations exceeded! Max. steps =
& I6)
100 FORMAT (' Contact Point x:',F10.5," y
& F10.5)
110 FOPMAT (‘' Incident angle of disk with bubble
120 FORMAT (' Disk Velocity Ux:',F10.5," Uy
& F10.5)
130 FORMAT (' Angular Vel. Wx:',F10.5," Wy
& F10.5)
14¢ FORMAT (' Disk Velocity Uth:*',F10.5,' Ur
& F10.5)
150 FORMAT (' Point Vel. Uxc:*',F10.5," Uyc
& F10.5)
160 FORMAT (' Point Vel. Uthec:',F10.5," Urc
& F10.5)
c
RETURN
END
SUBROUTINE RINTEG (Y,RDISK,RBUB,VINF,F)
(o]
C This subroutine calls the subroutines WDTH and UDTH to solve the double
C integrals which define the rotational velocities (wx, wy, wz) and the
C translational velocities (Ux, Uy, and Uz) of the disk.
C alpha and beta with respect to time are dependent upon WX, WY, and WZ as
C shown below in the definition of F(1l) and F(2).
c

', F9.6)

:*,F10.5,

surface:
:',F10.5,

:*,F10.5,
:*,F10.5,
:',F10.5,

:*,F10.5,

A=,

. z:',

',F10.5)
' uz:',

wz:',
* Uphi:°,
' uze: ',

' Uphic:',

DOUBLE PRECISION Y,RDISK,RBUB, VINF,F,WX,WY,WZ,UX,UY,U2

CHARACTER*
DIMENSION

EQN = ‘WX’
CALL WDTH
EQN = 'WY'
CALL WDTH
EQN = 'WZ°
CALL WDTH

EQN = 'UX’
CALL UDTH
EQN = 'UY"*
CALL UDTH
EQN = 'U2Z"
CALL UDTH

F(l;

= WY*DCOS(Y(2))

2 EQN

Y(5), F(5)

(Y.RDISK, RBUB, VINF, WX, EQN)
(Y,RDISK, RBUB, VINF, WY, EQN)

(Y,RDISK,RBUB, VINF, WZ, EQN)

(Y,RDISK, RBUB, VINF, WX, WY, WZ, UX, EQN)
L)

(Y,RDISK,RBUB, VINF, WX, WY, WZ, UY, EQN)

(Y,RDISX,RBUB, VINF, WX, WY, WZ, UZ, EQN)

- WX*DSIN(Y(2))

IF (DABS(DTAM(Y(1))).LT.(1.0D-2)) THEN
IF (DTAN(Y(1)).LT.(0.0DC)) THEN

F(2) =

ELSE

WZ + (WX*DCOS(Y(2))

+ WY*DSIN(Y(2))

/ 1.0D-2

.
v

The change of
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F(2) = WZ - (WX*DCOS(Y(2)) + WY*DSIN(Y(2))) / 1.0D-2

ENDIF
ELSE
F(2) = WZ - (WX*DCOS(Y(2)) + WY*DSIN(Y(2))) / DTAN(Y(1))

ENDIF
[od

F{3) = UX

F{(4) = UY

F(S) = U2
(o

RETURN

END

SUBROUTINE RINTEG2 (Y,RDISK,RBUB,VINF,WX,WY,WZ,UX,UY,UZ)
o
C This subroutine calls the subroutines WDTH and UDTH to solve the double
C integrals which define the rotational velocities (wx, wy, wz) and the
C translational velocities (Ux, Uy, and Uz) of the disk.
o4

DOUBLE PRECISION Y.RDISK,RBUB,VINF,WX,WY,WZ,UX,UY,U2

CHARACTER"2 EQN

DIMENSION Y(5)
C

EQN = ‘WX’

CALL WDTH (Y,RDISK,RBUB, VINF, WX, EQN)

EQN = ‘WY’

CALL WDTH (Y,RDISK,RBUB,VINF,WY,EQN)

EQN = 'WZ'

CALL WDTH (Y,RDISK,RBUB,VINF,WZ,EQN)
C

EQN = 'UX’

CALL UDTH (Y,RDISK,RBUB,VINF,WX,WY,WZ,UX, EQN)

EQMN = 'UY"’

CALL UDTH (Y,RDISK,RBUB,VINF,WX,WY,WZ,UY,EQN)

EQN = 'UZ'

CALL UDTH (Y,RDISK,RBUB,VINF,WX,WY,WZ,UZ,EQN)
C

RETURN

END

SUBROUTINE RIUDR (Y,TH,RDISK, RBUB,VINF,WX,WY,WZ, UTH, EQN)
[od
C This subroutine uses Romberg integration to calculate the integral in
C Ux, Uy, or Uz with respect te dr (thus theta (TH) is held constant) to
C within a given error value (ERRMAX). The integral being solved (wx,
C Uy, or Uz) is defined by the string value of EQN. The integration
C depends upon the values of theta (TH),alpha (Y{1)), beta (Y(2)), Ox
C (Y(3)), Oy (Y(4)), 0z (Y(5)), disk radius (RDISK}, bubble radius
C (RBUB), and the velocity of the undisturbed flow (VINF).
o

(ol p]

DOUBLE PRECISION Y,TH,RDISK,RBUB,VINF,WX,WY,WZ,UR, UTH, G. ERROR, ERRMAX
CHARACTER*2 EQN
DIMENSION Y(5),G(6,6)

Set iteration number (I), number of steps (N) to 1, maximum number of



C iterations (MAXIT) and the maximum allowed error (ERRMAX),
I=0
N=1
MAXIT=S
ERRMAX = 1.0D-6

(o]
C Subroutine udr calculates the value of the integral (UR) using the
C trapazoidal rule for a given number of steps (N).
CALL UDR (N,Y,TH,RDISK, RBUB, VINF,WX,WY,WZ,UR, EQN)
[of
C Romberg integration takes two estimates of the integrdl and
C calculates a third, more accurate estimate. We begun by taking two
C calculations of the integral with different step sizes, G(1,1) and G(2,1),
C and calculate a third value, G(2,1). We continue to do this for a larger
C number step sizes in an iterative process until the calculated error is
C within an accepatable value.
(o)
G(l,1) = UR
(o]
10 CONTINUE
I = 1+1
N = 2**I

CALL UDR (N, Y, TH,RDISK, RBUB,VINF,WX, WY, W2, UR, EQN}
G(I+l,1) = UR

C
DO 20 K=2,I+l
J = 2+1I-K
G(J,K) = (4**(K-1)*G(J+1,K-1) - G(J.K-1})/(4**(K-1) - 1)
20 CONTINUE
C

C Calculate error and compare to maxiumum allow error.
ERROR = ABS((G(J,I+l) - G(J,I))/G(J,I+1))
IF ((ERROR.GT.ERRMAX) .AND. (I.LT.MAXIT)) GOTOQO 10

[od
C If ERROR has not dropped below ERRMAX within the allowed number of
C iterations, assume Romberg integration will not converge and assign UTH
C as the last value obtained with the trapezcidal rule in subroutine UDR.
C Otherwise, set UTH to the integraion estimate form the Romberg method.

IF (ERROR.GT.ERRMAX) THEN

UTH = UR
ELSE
UTH = G(J,I+1)

ENDIF
[«

RETURN

END

SUBROUTINE RIWDR , (Y,TH,RDISK,RBUB,VINF,WTH, EQN)
(o4
C This subroutine uses Romberg integration to calculate the integral in
C wx, Wy, or wz with respect to dr (thus theta (TH) is held constant) to
C within a given error value (ERRMAX). The integral being solved (wx,
C wy, or wz) is defined by the string value of EQN. The integration
C depends upon the values of theta (TH),alpha (¥(1)), beta (Y(2)), Ox
C (Y(3)), Oy (Y(4)), Oz (¥(5)), disk radius (RDISK), bubble radius
C (RBUB), and the velocity of the undisturbed flow (VINF).
C

DOUBLE PRECISION Y,TH,RDISK,RBUB,VINF,%R,WTH,G, ERROR, ERRMAX
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CHARACTER*2 EQN
DIMENSION Y(S),G(6,6)

[od
C Set iteration number (I), number of steps (N) to 1, maximum number of
C iterations (MAXIT) and the maximum allowed error (ERRMAX).

I=0

N=1

MAXIT=5

ERRMAX = 1.0D-6

C
C Subroutine wdr calculates the value of the integral (WR) using the
C trapazoidal rule for a given number of steps (N).
CALL WDR (N,Y,TH,RDISK,RBUB, VINF,WR, EQN)
C
C Romberg integration takes two estimates of the integral and
C calculates a third, more accurate estimate. We begun by taking two
C calculations of the integral with different step sizes, G(1,1) and G(2.1),
C and calculate a third value, G(2,1). We continue to do this for a larger
C number step sizes in an iterative process until the calculated error is
C within an accepatable value.
[of
G(l,1) = WR
[of
10 CONTINUE
I = I+l
N = 2**I

CALL WDR (N,Y,TH,RDISK,RBUB,VINF,WR, EQN)
G(I+l, 1) = WR

[
DO 20 K=2,I+1
J = 2+I-K
G(J,K) = (4**(K-1)*G(J+1,K-1) - G(J,K-1))/(4**(K-1) - 1)
(o
20 CONTINUE
c

C Calculate error and compare to maxiumum allow error.
ERROR = ABS{(G(J,I+1l) - G{(J,I))/G(J,.I+1))
IF ((ERROR.GT.ERPMAX).AND.(I.LT.MAXIT})) GOTC 10

c
C If ERROR has not dropped below ERRMAX within the allowed number of
C icerations, assume Romberg integration will not converge and assign WTH
C as the last value obtained with the trapezoidal rule in subroutine WDR.
C Otherwise, set WTH to the integraion estimate form the Romberg method.
IF (ERROR.GT.ERRMAX) THEN
WTH = WR
ELSE
WTH = G(J,I+1)
ENDIF
[
RETURN
END

SUBROUTINE RR4C (NEQ.,T.Y.H.RDISK,RBUB,VINF)
This subroutine sclves the differential equations by using the 4th
order Runga-Kutta method. RINTEG subroutine is called to solve the double
integrals. The variables used in the integrations include alpha (Y(1)),
beta (Y(2)), Ox (Y{(3)), Oy {(Y(4)), Oz (Y(5)), disk radius (RDISK),
bubble radius (RBUB), and the velocity of the undisturbed flow (VINF).

nonNnon
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C H is the step size, T is the independent variable time, and K1 - K4 are

C variables used in the Runga-Kutta method.
(o]
DOUBLE PRECISION T,TN,Y, YN, H,RDISK, RBUB, VINF, K1, K2,K3,K4
DIMENSION Y (NEQ),YN{(NEQ), K1 (NEQ),K2 (NEQ},K3 (NEQ),K4 (NEQ)
(o
C Calculate Kl for all equations.
DO 10 I=1,NEQ
YN(I) = Y(I)
10 CONTINUE
™ =T
CALL RINTEG (YN,RDISK,RBUB,VINF,Kl)
[of
C Calculate K2 for all equations.
DO 20 I=1,NEQ
YN(I} = Y(I) + 0.5DO*H*K1l(I)
20 CONTINUE
TN = T + 0.5D0"H
CALL RINTEG (YN,RDISK,RBUB,VINF,6K2)
C
C Calculate K3 for all equations.
DO 30 I=1,NEQ
YN(I) = Y(I) + 0.5D0*H*K2(I)
30 CONTINUE
T =T + 0.5D0*H
CALL RINTEG (YN,RDISK,RBUB,VINF,X3)
C
C Calculate K4 for all equations.
DO 40 I=i,NEQ
YN(I) = Y(I) + H*K3(I)
40 CONTINUE
T™ =T + H
CALL RINTEG (YN,RDISK,RBUB,VINF,bK4)
(o
C Update the value of Y at time (T+H)
DO 50 I=1,NEQ
Y(I) = Y(I) » H/6.0D0 * (K1{I)+2.0D0*X2(I)+2.0D0*K3(I)+K4(I})
S50 CONTINUE
C
RETURN
END

SUBROUTINE UDR (N,Y,TH,RDISK,RBUB,VINF,WX,WY,WZ,UR,EQN)
This subroutine uses the trapazoidal rule to solve the integral for
solved (Ux, Uy, or Uz) is defined by the string value of EQN. The
integration depends vpon the number of steps, N, and the values of
disk radius (RDISK), bubble radius (RBUB), the velocity of the

undisturbed flow (VINF), and the x, y, and z components of the disk
angular velocity (WX, WY, W2).

NOOOOOOOOOO0

DOUBLE PRECISION A,B,H,R,Y,TH,RDISK, RBUS, VINF,WX,WY,WZ,RX,RY,R2Z,
& VX,VY,VZ,UR,SUM,F

CHARACTER*2 EQN

DIMENSION Y(5)

disk translational velocities (Ux, Uy, or Uz) with respect to dr at a
constant theta (TH) for a given number of steps (N). The integral being

theta (TH),alpha (Y(1)), beta (¥(2)), Ox (7{3)), Oy (Y(4)), 0z (Y(5)),
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C
C Set integration limits, A and B, to 0.0 and RDISK respectively
(o4
A = 0,0D0
B = RDISK
(o
C H is the step size used in the integration
(o
H=(B-A) /N
R=A
CALL VARBLS (Y,TH,R,RBUB,VINF,RX,RY,RZ,VX,VY,VZ)
[od
C F is the value of the function within the integral for a given value of R.
C The equation used to determine F depend upon the string value of EQN
C where EQN will be either 'UX', 'UY', or 'UZ'.
[of
IF (EQN.EQ.'UX') THEN
F = (VK - (WY*RZ - WZ*RY)) * R
ELSEIF (EQN.EQ.'UY') THEN
F = (VY - (WZ2'RX - WX*"RZ)) * R
ELSEIF (EQN.EQ.'UZ') THEN
F = (VZ - (WX*RY - WY*RX)) * R
ELSE
PRINT", 'EQN not defined correctly in subroutine udr!’
STOP
ENDIF
(o
SUM = F
o]
DO 10 I=1, N-1
R = R+H
CALL VARBLS (Y,TH,R,RBUB,VINF,RX,RY,RZ,VX,VY,VZ)
(o4
IF (EQN.EQ.'UX{') THEN
F = (VX - (WY'RZ - WZ*RY)) * R
ELSEIF (EQN.EQ.'UY') THEN
F = (VY - (WZ'RX - WX*RZ)) * R
ELSEIF (EQN.EQ.'UZ') THEN
F = (VZ - (WX*RY - WY*RX)) * R
ENDIF
c

SUM = SUM + 2.0D0°F
10 CONTINUE

(o
R=B
CALL VARBLS (Y,TH,R,RBUB,VINF,RX,RY,RZ,VX,VY,6V2)
[«
IF (EQN.EQ.'UX') THEN
F = (VXK -.(WY*RZ - WZ*RY)) * R
ELSEIF (EQN.EQ.'UY') THEN
F = (VY - (WZ'RX - WX*RZ)) * R
ELSEIF (EQN.EQ.'UZ') THEN
F = (VZ - (WX*RY - WY*RX)) * R
ENDIF
c
SUM = SUM + F
[
UR = (B-A) * SUM/(2°N)
[of

RETURN
END.
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SUBROUTINE UDTH (Y,RDISK,RBUB,VINF,WX,WY,WZ,6U, EQN)

OO0 O0O0O0O0O0

Nnnao

This subroutine uses Simpson's rule to solve the integral for
disk translational velocities (Ux, Uy, or Uz) for a given number of steps
(N) with respect to theta (TH). (Solving the second integral with
respect to r is done in the later subroutine udr). The integral being
solved (Ux, Uy, or Uz) is defined by the string value of EQN. The
integration depends upon the number of steps, N, and the values of
alpha (Y(1)), beta (Y(2)), Ox (Y(3)), Oy (Y{4)), Oz (¥(S)), disk radius
(RDISK), bubble radius (RBUB), the velocity of the undisturbed flow
(VINF), and the X, y, and z components of the disk angular velocity
(WX, WY, WZ).

DOUBLE PRECISION A,B,H,Y,TH,RDISK,RBUB,VINF, WX, WY, WZ,U, SUM,UTH, PI

CHARACTER*2 EQN

DIMENSION Y(S)
Set integration limits, A and B, to 0.0 and 2*pi respectively

PI = 3.141592653589793D0

A = 0.0D0

B = 2.0D0*PI

N = 32
H is the step size used in the integration

H = (B-A)/N

TH = A

CALL RIUDR (Y, TH,RDISK,RBUB,VINF,WX,WY,WZ, UTH, EQN)

SUM = UTH

TH = A - H

DO 10 I=1, N-1, 2
TH = TH + 2.0D0*H
CALL RIUDR (Y,TH.,RDISK,RBUB,VINF,WX,WY,WZ,UTH, EQN)
SUM = SUM + 4.0D0*UTH
10 CONTINUE

TH = A

DO 20 I=1, N-2, 2
TH = TH + 2.0D0*H
CALL RIUDR (Y,TH,RDISK,RBUB,VINF,WX,WY,WZ,UTH, EQN)
SUM = SUM + 2.0D0*UTH
20 CONTINUE

TH = B .
CALL RIUDR (Y, TH,RDISK,RBUB,VINF,WX,WY,WZ,UTH, EQN)
SUM = SUM + UTH

U = 1.0D0/(PI*RDISK"*2) * (B-A) * SUM/(3*N)

RETURN
END
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SUBROUTINE VARBLS (Y,TH,R,RBUB,VINF,RX,RY,RZ,VX,VY,VZ)

This subroutine calculates the value of rx, ry, rz, Vx, Vy, and Vz from
the variables theta (TH), alpha (Y(l)), beta (Y(2)), Ox (Y(3)), oy
(Y(4)). Oz (Y{5)), r (R), bubble radius (RBUB), and the velocity of
undisturbed flow (VINF).
DOUBLE PRECISION Y,TH,R, RBUB, VINF,RX,RY,RZ,VX,VY,VZ, XX, YY, 22,B0T
DIMENSION Y(5)

Calculate rx, ry, rz, the three components of the position vector which
points from the disk origin to the point defined by r (R) and theta
(TH). 3Since rx, ry, and rz are in space-fixed coordinates and r and
theta are in particle-fixed coordinates, the two disk rotation

angles, alpha (Y(l)) and beta (Y(2)), are also required.

RX= R*DCOS{TH; *DCOS(Y (1)) *DCOS(Y(2)) - R*DSIN(TH)*DSIN(Y(2))
RY= R*DCOS{TH)}*DCOS(Y(1))*DSIN(Y(2)) + R*DSIN(TH)*DCOS(Y(2))
2=-R*DCOS(TH) *DSIN(Y (1))

Calculate fluid velocities Vx, Vy. Vz by using the equations for
potential flow around a sphere.
XX RX+Y(3)
Yy RY+Y (4)
2z RZ+Y(5)
BOT= 2.0D0 * (XX"*2+YY*"2+22""2)**2.5D0

VX = 3.0D0 * VINF * RBUB**3 * XX * YY / BOT
VY =-VINF * (1.0D0 - RBUB**3 * (2.0D0*YY**2 - XX**2 - 2Z**2)/BOT)
= 3.0D0 * VINF * RBUB**3 * 22 * YY /BOT

OO0O0OOONDONOON

nNnnon

Nnonoon

SUBROUTINE WDR (N,Y,TH,RDISK, RBUB, VINF, WR, EQN)

This subroutine uses the trapazoidal rule to solve the integral for
disk rotational velocities (wx, wy, or wz) with respect to dr at a
constant theta (TH) for a given number of steps (N). The integral being
solved (wx, wy, or wz) is defined by the string value of EQN. The
integration depends upon the number of steps, N, and the values of
theta (TH),alpha (Y(1l)), beta (¥(2)), Ox (Y(3)), Oy (Y(4)), Oz (¥(S)),
disk radius (RDISK), bubble radius (RBUB), and the velocity of the
undisturbed flow (VINF).

DOUSLE PRECISION A,B,H,R,Y,TH,RDISK, RBUB, VINF,RX,RY,RZ,VX,VY,VZ,WR,
& SUM,F

CEARACTER*2 EQN

DIMZNSION Y(5)

Set integration limits, A and B, to 0.0 and RDISK respectively

A 0.0D0
B = RDISK

H is the step size used in the integration

H={3-A) /N
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R=A

CALL VARBLS (Y,TH,R,RBUB,VINF,RX,RY,RZ,VX,VY,VZ)

F is the value of the function within the integral for a given value of R.
The equation used to determine F depend upon the scrxng value of EQN
where EQN will be either 'WX',

IF (EQN.EQ.'WX') THEN
F = (RY*VZ - RZ*VY) * R
ELSEIF (EQN.EQ.'WY') THEN
F = (RZ*VX - RX*VZ) * R
ELSEIF (EQN.EQ.'WZ') THEN
F = (RX*VY - RY*'VX) * R
EL3E

PRINT®, 'EQN not defined correctly in subroutine wdr!‘

STOP
ENDIF

SUM = F

DO 10 I=1, N-1
R = R+H

CALL VARBLS (Y, TH,R,RBUB,VINF,RX,RY,RZ,VX,VY,VZ)

IF (EQN.EQ.'WX') THEN

F = (RY*VZ - RZ*VY) * R
ELSEIF (EQN.EQ.'WY') THEN
F = (RZ*VX - RX*VZ) * R
ELSEIF (EQN.EQ.'WZ') THEN
F = (RX"VY - RY*VX}) * R

ENDIF

SUM = SUM + 2.0DO0°F
CONTINUE

R=3

CALL VARBLS (Y,TH,R.RBUB,VINF,RX,RY,RZ,VX,VY,VZ)

IF (EQN.EQ.'WX') THEN
F = (RY*VZ - RZ*VY) * R
ELSEIF (EQN.EQ.'WY') THEN
F = (RZ*VX - RX*VZ) * R
ELSEIF (EQN.EQ.'WZ') THEN
F = (RX*VY - RY*"VX) * R
ENDIF

SUM = SUM + F
WR = (B-A) * SUM/{2*N)}

RETURN
END
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SUBROUTINE WDTH (Y,RDISK,RBUB,VINF,W,EQN)

NOO0OONOOOOON0N

This subroutine uses Simpson's rule to solve the integral for
disk rotational velocities (wx, wy, or wz} for a given number of steps
(N) with respect to theta (TH). (Solving the second integral with
respect to r is done in the later subroutine wdr). The integral being
solved (wx, wy, or wz) is defined by the string value of EQN. The
integration depends upon the number of steps, N, and the values of
alpha (Y(l)), beta (Y(2)), Ox (Y(3)), Oy (Y(4)), Oz (¥(5)), disk radius
(RDISK), bubble radius (RBUB), and the velocity of the undisturbed flow
(VINF) .

DOUBLE PRECISION A,B,H,Y,TH,RDISK, RBUB,VINF,W,SUM,WTH, PI

CHARACTER"2 EQN

DIMENSION Y(5)
Set integration limits, A and B, to 0.0 and 2*pi respectively

PI = 3,141592653589793D0

A = 0.0D0

B = 2.0D0*PI

N = 32
H is the step size used in the integration

H = (B-A)/N

TH = A

CALL RIWDR (Y,TH,RCISK,RBUB,VINF,WTH, EQN)

SUM = WTH

TH = A - H

DO 10 I=1, N-1, 2
TH = TH + 2.0D0*H
CALL RIWDR (Y,TH,RDISK,RBUB, VINF,WTH, EQN)
SUM = SUM + 4.0D0"WTH
10 CONTINUE

TH = A

DO 20 I=1, N-2, 2
TH = TH + 2.0D0*H
CALL RIWDR (Y,TH,RDISK, RBUB,VINF,WTH, EQN)
SUM = SUM + 2.0DO0*WTH
20 CONTINUE

TH = B

CALL RIWDR (Y,TH,RDISK,RBUB,VINF,WTH, EQN)
SUM = SUM + WTH

W = 2.0D0/(PI*RDISK**4) * (B-A)*SUM/(3*N)

RETURN
END




A.2.2 Sample Input File

The following is the input file HIN used with HMODP to calculate the disk

trajectory for the disk in potential flow shown in Fig. 5.5:

Hmodp run. Sample disk in potential flow.

alpha beta
90.0 0.0

Ox

0.28

Oy
3.

0z
000 0.

Disk-radius Bub-radius V-infinity H
200.

.20 1.00

A.2.3 Sample Output File

The output file HOUT after running HMODP with the input file above:

0.00005

Hmodp run. Sample disk in potential flow.
Initial Data

alpha : 90.00000 Disk-radius .20000

beta : .00000 Bub-radius 1.00000

Ox : .28000 V-infinity 200.00000

Oy : 3.00000 H .50000E-04

0oz : .00000 Max-steps 2500

Print-int 20
Time Alpha Beta Ox Oy
(seconds) (degrees) (degrees) (mm) {mm}
.10000E-02 90.00000 .04589 .28117 2.80799
.200G0E~-02 90.00000 .11089 .28271 2.61775
.30000E-02 90.00000 .20510 .28478 2.42981
.40000E-02 90.00000 .34516 .28760  2.24491
.50000E-02 50.00000 .55924 .29155 2.06404
.60000E~-02 90.00000 .89628 .29717 1.88855
.70000E-02 90.00000 1.44334 .30837 1.72026
.80000E-02 90.00000 2.35672 .31760 1.56147
.90000E-02 90.00000 3.91220 .33612 1.41480
.10000E-01 90.00000 6.55714 .36436 1.28241
.11000E-01 90.00000 10.84577 .40697 1.16446
.12000E-01 90.00000 16.92854 .46919 1.05676
Final Disk Position

.12550E-01 90.00000 20.65198 .51328 .99846

Number of iterations = 251

Minimum separation distance: -.000462

Disk has contacted bubble on the disk edge.

Incident angle of disk with bubble surface: 33.60954

Contact Point x: .58382 y: .81132 2:

Disk Velocity Ux: 86.86842 Uy:-107.28297 uz:

Angular Vel. Wx: .00000 Wy: .00000 Wz:

Disk Velocity Uth: 126.30709 Ur: -55.69809 Uphi:

Point Vel. Uxc: 108.70639 Uyc: -99.05200 Uzc:

Point Vel. Uthc: 146.09098 Urc: -16.90572 Uphic:

000

Max-steps Print-int

2500

20

oz

{mm}

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

.00600

. 00000
.00000
116.68822
. 00000
.0C000
.0coo00
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A.3 COLMOD Program
AJ3.1 Fortran Code

PROGRAM COLMOD
C This program uses the secant method and the hmodp subroutine to
C determine the initial Ox position at which the disk just barely hits
C bubble surface. See the hmodp subroutine for a description of how it
C works as well as definition of variables.

INTEGER PRINTI

DOUBLE PRECISION Y,YI,H,RDISK,RBUB,VINF, SEPMIN, THETA

DIMENSION Y(5),YI(S)

CHARACTER"12 LABEL(1l)

CHARACTER"SS TITLE

[of
FEN(UNIT=1,FILE="'cin',STATUS='OLD"')
CFEN(UNIT=2,FILE="hout', STATUS='NEW')
OPEN(UNIT=3,FILE='cout ', STATUS='NEW"')
[of
C Call subroutine CDATIN to input data
CALL CDATIN(Y,RDISK,RBUB,VINF,H,MAXSTP, PRINTI, LABEL, SEPMAX,NMAX,
& TITLE, X1)
C
C Set iritial values of Y
cC 10 I=1,5
YI(I) = Y(I)
10 CONTINUE

C
C Write title info to hout file
WRITE(2,*) TITLE
WRITE(Z,*)
WRITE(2,") 'Individual runs:’
WPITE(2,*)
C
C Set initial value of X2 for secant method equation, calculate minimum

C separation distance (SEPMIN) for that value by calling HMODP subroutine.
C Set initial value of S2 as SEPMIN

X2 = YI(3)
CALL HMODP (Y,RDISK,RBUB,VINF,H,MAXSTP, PRINTI,LABEL, SEPMIN, THETA)
SZ = SEPMIN
C
C Reset Y to initial values
CC 20 I=1,5

Y(I) = YI(I)
20 CCNTINUE
C Set ¥:3) to X1 and find SEPMIN. Set initial value of Sl1.

¥'3) = X1
CALL HMODP (Y,RDISK,RBUB,VINF,H,MAXSTP, PRINTI, LABEL, SEPMIN, THETA)
S1 = SEPMIN
(o
C Set NSTEP to 2 (NSTEP is how many time HMODP has been called)
NSTEP = 2
[«

C Beginning of loop. Calculate new value of Y(3) (XNEW) using Secant
C methcd. Reset Y values and set Y(3) to XNEW. Calculate SEPMIN. If
C SEPMI if less than SEPMAX, repeat loop.
30 CCONTINUE

AMEW = X2 - (S2 * (X1 - X2})/(S1 - S82)
C



DO 40 I=1.5
Y(I) = YI(I)
40 CONTINUE

Y(3) = XNEW
CALL HMODP (Y, RDISK, RBUB,VINF,H,MAXSTP, PRINTI, LABEL, SEPMIN,
& THETA)

X1l = X2
X2 = XNEW
S1 = S2
S2 = SEPMIN
NSTEP = NSTEP + 1
IF ((ABS(SEPMIN) .GT.SEPMAX) .AND. (NSTEP.LT.NMAX)) GOTO 30
c
C Write results cto file cout
WRITE(3,100) XNEW
WRITE(3,110) SEPMIN
WRITE(3,120) NSTEP

100 FORMAT (1x,'Critical value of Ox:',F8.5)
110 FORMAT (1x,'Separation distance: ',F9.6)
120 FORMAT (1X, 'Number of iterations: ',I2)

END

SUBROUTINE CDATIN(Y,RDISK,RBUB,VINF,H, MAXSTP, PRINTI, LABEL, SEPMAX,

& NMAX, TITLE, X1)

Initial data is also written to the output file.

onNononOoOnNon

INTEGER PRINTI

CHARACTER*12 LABEL(11)

CHARACTER*14 LABEL2,LABEL3,LABEL4
CHARACTER*SS TITLE

DOUBLE PRECISION Y,RDISK,RBUB,VINF,H,PI
DIMENSION Y(5)

READ(1,5) TITLE
5 FORMAT (ASS)
READ(1,*) (LABEL(I),I=1,5)
READ(1.*) (Y(I),I=1,5)
READ(1,*)
READ(1,*) (LABEL(I),I=6,11)
READ(1,*) RDISK,RBUB,VINF,H,MAXSTP, PRINTI
READ(1,*)
READ(1,*) LABEL2,LABEL3, LABEL4
READ(1,*) NMAX, SEPMAX, X1

WRITE(3,*) TITLE

WRITE(3,*)

WRITE(3,*) ° Initial Data’
WRITE(3,10) LABEL(l),Y{(l),LABEL(6),RDISK

This subroutine intputs starting disk position and orientation (Y), disk
radius (RDISK), bubble radius (RBUB), the velocity at infinity (VINF),
the step size for the runga-kutta method (H), the maximum number of
iterations that will be performed before the program stops (MAXSTP), and
the interval at which data will be written to out data file (PRINTI).
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WRITE(3,10) LABEL(2),Y(2),LABEL(7),RBUB
WRITE(3,10) LABEL(3),Y(3),LABEL(8),VINF
WRITZ(3,20) LABEL(4),Y(4),LABEL(9) ,H
WRITE(3,30) LABEL(S),Y(S),LABEL(10),MAXSTP
WRITE(3,40) LABEL(11l),PRINTI

WRITE(3,50) LABEL2,NMAX,LABEL3, SEPMAX
WRITE(3,60) LABEL4,X1

WRITE(3,*)
C
10 FORMAT (1X,A6,': ',F10.5,4X,A,': ',F10.5)
20 FORMAT (1X.,A6,': ',F10.5,4X,A,': ',El12.5)
30 FOPMAT (1X,A6,': ',F10.5,4X,A,': ',I7)
40 FORMAT (1X,22X.A,': ',I4)
S0 FORMAT (1X,Al2,':',I4,4x,A,': ',F9.6)
60 FORMAT (1X,Al2,':',F8.4)
C
RETURN
END
SUBROUTINE DATAIN(Y,RDISK,RBUB,VINF,H,MAXSTP,PRINTI, LABEL)
C This subroutine prints starting disk position and orientation (Y), disk
C radius (RDISK), bubble radius (RBUB}, the velocity at intinity (VINF),
C the step size for the runga-kutta method (H), the maximum number of
C iterations that will be performed before the program stops (MAXSTP), and
C the interval at which data will be written to out data file (PRINTI).
C Initial data is written to the output file hout.
[of
INTEGER PRINTI
CHARACTER"12 LABEL(1ll)
DOUBLE PRECISION Y,RDISK,RBUB,VINF,H,PI
DIMENSIONM Y(S)
[of
WRITE(2,*) °* Initial Data’
WRITE(2,10) LABEL(1l),Y(1l),LABEL(6),RDISK
WRITE(2,10) LABEL(2),Y(2),LABEL(7}),RBUB
WRITE(2,10) LABEL(3),Y(3),LABEL(8),VINF
WRITE!(2,20) LABEL(4),Y(4),LABEL(9).H
WRITE(2,30) LABEL(S),Y¥(S),LABEL{10),MAXSTP
WRITE(2,40) LABEL(11l),PRINTI
WRITE(2,*)
WRITE(2,50)
WRITE(2,60)
(o}
PI = 3.141592653589793D0
¥{1l) = ¥(1)/180.0D0*PI
Y(2) = ¥(2)/180.0D0*PI
[of
10 FORMAT (1X,A6,': *‘,F10.5,4X,A,': ',F10.5)
20 FORMAT (1X,A6,°': ',F10.5,4X,A,': ',E12.95)
30 FORMAT (1X,A6,': *,F10.5.,4X,a,': ',I7)
40 FORMAT (1X,22X,A,': ',I4)
50 FORMAT (6X, ‘Time*,7X, 'Alpha',6SX, 'Beta‘,7X,'Ox',8%,'Qy"',8X, '02"*)
60 FORMAT (3X, ' (seconds) ', 3X, ' (degrees)'.1X, ' (degrees)"’, 3X, ' (mm) "', 6X,
& *{mm) *,6X, " (mm)"')
C

RETURN
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SUBROUTINE DATOUT(T,Y,CONTCT.CONTYP, ISTEP,MAXSTP, A, SEPMIN, XP, YP,

& RDISK,RBUB, VINF, THETA)
This subroutine writes to the output file the final disk position and
orientation and whether the disk contacted the bubble. Contact
information is determined by the value of CONTYP. It also computes
and writes the disk velocities, the velocity of the point of the disk
contacting the bubble, and the angle between the plane containing the
disk and the plane tangent to the bubble at the point of contact
(THETA) .

INTEGER CONTCT, CONTYP

DOUBLE PRECISION T,Y,PI,SEPMIN,A,6XP,YP, Y1, Y2, RDISK, RBUB, VINF,
& WX,WY,WZ,UX,UY,UZ,XC,YC,2C,XD, YD, 2D, TOP, BOT, THETA, UTH, UR,
& UXC,UYC,UZC, UTHC, URC, TH, THC, PHI, PHIC, UPHI, UPHIC

DIMENSION Y(5)

PI = 3.141592653589793D0

Convert angles from radians to degrees.
Yl = ¥(1)*180.0DO/PI

Y2 ¥{(2)*180.0D0/PI

WRITE(2,")

WRITE(2,*) ' Final Disk Position'’
WRITE(2,10) T,Y¥1l,¥2,(Y(I),I=3,5)

WRITE(2,")

WRITE(2,20) ISTEP
WRITE(2,25) SEPMIN
WRITE(2,*)

IF (CONTYP.EQ.OQ) WRITE(2,30)
IF (CONTYP.EQ.l) WRITE(2,40)
IF (CONTYP.EQ.2) WRITE(2,50) A
IF (CONTYP.EQ.3) THEN
WRITE(2,60) MAXSTP
STOP
ENDIF

IF (CONTYP.EQ.1.OR.CONTYP.EQ.2) THEN
Calculate the pointe at which the bubble and disk contact (XC, YC, and
2C) from values of XP and YP (values of X and Y in particle fixed
coordinates, calculated in subroutine chkcon) and alpha (Y(1)), beta,
(Y(2)}, Ox (Y(3)), Oy (Y(4)), and 0z (Y(5)).

XC = DCOS(Y(1))*DCOS(Y(2))*XP - DSIN(Y(2))*YP + Y(3)
YC = DCOS(Y(1))*DSIN(Y(2))*XP + DCOS(Y(2))*YP + Y(4)
2C = -DSIN(Y(1))*XP + Y(5)

Calculate coordinates of a unit vector normal to the disk (XD,YD,2D).
XD = DSIN(Y(1l))*DCOS(Y(2))
YD = DSIN(Y(1))*DSIN(Y(2))
2D = DCOS(Y(1l))

The incident angle of collision (THETA) is the dot product of the disk
vector and the vector to the point of collision (which vector defines a
plane tangent to the bubble at the point of contact).
TOP = XC*XD + YC*YD +ZC*2ZD
TOP = DABS(TOP)
BOT = DSQRT(XC**2 + YC**2 + 2C**2)
THETA = DACOS (TOP/BOT)
THETA = THETA*180.0D0/PI
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C Subroutine RINTEG2 calculates translational (UX, UY, UZ) and angular
C velocities (WX, WY, WZ) of the disk at the time of contact.
CALL RINTEG2 (Y,RDISK,RBUB,VINF,WX,WY,KWZ,6UX,UY,U2Z)
(o4
C Calculate the disk velocity in the R and theta directions (UR and UTH).
TH = DATAN( DSQRT(Y(3)**2 + Y(S)**2) / Y(4)} )
PHI = DATAN(Y(5)/Y(3))
IF (PHI.LT.0.0DO.AND.Y(3).LT.0.0D0) PHI = PHI + PI
UTH = -DSIN(TH)*UY + DCOS(TH)*(SIN(PHI)*UZ + COS(PHI) *UX)
UR = DCOS{TH)*UY + DSIN(TH)*(SIN(PHI)*UZ + COS(PHI)*UX)
UPHI = -DSIN(PHI)*UX +DCOS(PHI) *UZ
C .
C Calculate the velocity of the edge or side of disk contacting the bubble
C (UXC, UYC, UZC) including the velocity in the R and theta directions
C (URC, UTHC).
UXC = UX + WY*(2C - Y(S)) -~ WZ*(YC - Y(4Q))
UYC = UY + WZ*(XC - Y(3)) wX* (2C Y(5)}
UZC = UZ + WX*"(YC - Y(4)) WY* (XC ¥Y(3))
THC = DATAN( DSQRT(XC**2 + 2C**2} / ¥C )
PHIC = DATAN(ZC/XC)
IF (PHIC.LT.0.0D0.3ND.XC.LT.0.0D0) PHIC = PHIC + PI
UTHC = -DSIN(THC)*UYC + DCOS(THC) *(SIN(PHIC)*UZC +

& COS (PHIC) *UXC)
URC = DCOS(THC)*UYC + DSIN(TEC) * (SIN(PHIC)*UZC +
& COS (PHIC) "UXC)

UPHIC = -DSIN(PHIC)*UXC +DCOS (PHIC) *UZC
[o4
C Write information to file
WRITE(2,110) THETA
WRITE(2,*)
WRITE(2,100) XC, YC, 2ZC
WRITE(2,120) UX, UY, UZ
WRITE(2,130) WX, Y, W2
WRITE(2,140) UTH, UR, UPHI
WRITE(2,150) UXC, UYC, UZC
WRITE(2,160) UTHC, URC, UPHIC

Cc

ENDIF
[of

WRITE(2,*)

WRITE(2,%) '~~-m=m-e-mcceecccccccocceammacoaans '
(of
10 FORMAT (1X,E12.5,F10.5,F10.5,F10.5,F10.5,F10.5)
20 FORMAT (1X, 'Number of iterations = ', 16)
25 FORMAT (1X,'Minimum separation distance: ',F9.6)

30 FORMAT (1X,'Disk has missed contacting bubble.')
40 FORMAT (1X,'Disk has contacted bubble on the disk edge.')
50 FORMAT (1X,'Disk has contacted bubble on the disk side. A = ',

& F10.5)

60 FORMAT (1X, 'Maximum number of iterations exceeded! Max. steps = ',
& I6)

100 FORMAT (' Contact Peint x:*,F10.5," y:',F10.5," 2:',
& F10.5)

110 FORMAT (' Incident angle of disk with bubble surface:',F10.5)

120 FORMAT (' Disk Velocity Ux:',F10.5," Uy:*,F10.5," Uz:*,
& F10.5)

130 FORMAT (' Angular Vel. Wx:*,F10.5," Wy:',F10.5," wWz:',
& F10.5)

140 FORMAT (' Disk Velocity Uth:',Fi10.5,' Ur:*,F10.5,' Uphi:*,
& F10.9)

150 FORMAT (' Point Vel. Uxc:* ,F12.5," Uyc:*,F10.5,"' Uzc:',



124

& F10.5)
160 FORMAT (' Point Vel. Uthe: ' ,F10.5,° Urc:',F10.5,* Uphic:',
& F10.5)
(o]
RETURN
END

SUBROUTINE HMODP(Y,RDISK, RBUB,VINF,6H,MAXSTP, PRINTI, LABEL,
& SEPMIN, THETA}

This subroutine determines the movement and orientation of a disk as it
apporaches and flows around a bubble. It is a simple hydrodynamic model
which uses the potential flow equations for flow around a sphere to
approximate the flow around the bubble. The assumption of particle density
neutrality is made. Flow is in the negative y direction. The bubble
center of axis origin. The center of the disk in x, y, 2z coordinates is
Ox, Oy, and Oz. The orientation of the disk is described by two angles.
Alpha is the angle between the z-axis and a line drawn perpendicular

to the disk at the disk center. Beta is the angle between the x-axis

and the projection of the perpendicular line is the x-y plane.

0ONO0OO0O00N0ONN

CHARACTER"12 LABEL(1ll)

INTEGER QUITPR, TRUE, FALSE, PCOUNT, PRINTI, CONTCT, CONTYP

DOUBLE PRECISION T,Y,H,RDISK,RBUB,VINF,A, Y1, Y2, PI,MISBUB, SEPMIN,
& XP,YP, THETA

DIMENSION Y(S)

C
C Initialized variables NEQ (number of equations), T (time in seconds),
C CONTCT (tracks whether contact between particle and bubble has been
C made), CONTYP (type of contact between particle and bubble - 0 is miss,
C 1 is contact on edge, 2 is contact on side, 3 is when the max. number of
C iterations, MAXSTP, has been exceeded), QUITPR (flag for when to end
C program), ISTEP (# of iterations), PCOUNT (print counter), and PI.
(o4
NEQ = S
T = 0d0
FALSE = 0
TRUE = 1
CONTCT = FALSE
CONTYP = 0
QUITPR = FALSE
ISTEP = 0
PCCUNT = 0
SEPMIN = 10.0D0
PI = 3.141592653589793D0
C
C Call datain subroutine to input data: alpha (Y(1l)), beta (Y(2), Ox
C (Y(3)), Oy (Y(4)), Oz (Y(S)), disk radius (RDISK), bubble radius (RBUB),
C the velocity of the undisturbed flow (VINF), the step size (H), the
C maximum number of iterations (MAXSTP), and the interval at which to
C output the data (PRINTI}.
[od

CALL DATAIN (Y, RDISK,RBUB,VINF,H,MAXSTP, PRINTI, LABEL)

The disk is assumed to miss bubble if disk center drops below the bubble

center.
MISBUB = 0.0DO

NnNnNnon
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C Calculate new position and orientation at each timestep by calling a
C fourth-order runha-kutta subroutine. Update timestep. Repeat until
C either QUITPR is true or ISTEP exceeds MAXSTP.
(o]
10 CONTINUE

CALL RK4C (NEQ,T,Y,H,RDISK, RBUB, VINF)

T=T+H
Cc
C Check if disk has made contact with bubble and calculate minimum
C separation distance (SEPMIN)
Cc
CALL CHKCON (Y,RDISK,RBUB,CONTCT,CONTYP,A, SEPMIN,XP, YP)
C
C If Oy is less than zero then quit program.
(o4
IF (Y(4).LE.MISBUB) QUITPR = TRUE
C
C Advance iterations step counter (ISTEP) and print counter (PCOUNT) by 1.
C If PCOUNT is greater than PRINTI, write disk orientation and position to
C output file.
ISTEP = ISTEP + 1
PCOUNT = PCOUNT + 1
IF (PCOUNT.GE.PRINTI) THEN
Yl = ¥(1)*180.0D0/PI
Y2 = ¥(2)*180.0D0/PI
WRITE(2,100) T,Y1,Y2,(Y(I}),6I=3,5)
PCOUNT = 0
ENDIF
IF {(QUITPR,EQ.FALSE) .AND.(ISTEP.LT.MAXSTP)) GOTO 10
C
IF (ISTEP.GE.MAXSTP) CONTYP = 3
[of
C Call subroutine to print out final results.
(o4
CALL DATOUT (T,Y,CONTCT,CONTYP, ISTEP,MAXSTP, A, SEPMIN, XP,YP,
& RDISK,RBUB, VINF, THETA)
(o
100 FORMAT (1X,E12.5,F10.5,F10.5,F10.5,F10.5,F10.5)
(o
RETURN
END

The following subroutines of COLMOD are identical to those in the HMODP
program and can be found in Section A.2.1: CHKCON, RINTEG, RINTEG?2, RIUDR,
RIWDR, RK4C, UDR, UDTH, VARBLS, WDR, and WDTH.



A.3.2 Sample Input File

The sample input file CIN:
Colmod directory. Sample Colmod Run 9/20/96
alpha beta ox oy 0z
90.0 0.0 0.25 3.000 0.000
Disk-radius Bub-radius V-infinity H Max~steps Print-int
.200 1.00 200. 0.00005 800 20
N-Maximum Max-Separation 2nd-0x-guess
8 0.0002 0.40

A.3.3 Sample Output File
The output file COUT after running COLMOD with the above input file:

Colmod directory. Sample Colmod Run 9/20/96

Initial Data

alpha : 90.00000 Disk-radius : .20000

beta : .00000 Bub-radius : 1.00000

ox : .25000 V-infinicy : 200.00000

Oy : 3.00000 H : .S0000E-04

0z : .00000 Max-steps : 800
Print-int : 20

N-Maximum : 8 Max-Separation: .000200

2nd-0Ox-guess: .4000

Critical value of Ox: .30750

Separation distance: -.000108

Number of iterations: 3
The output file HOUT after running COLMOD with the above input file:

Colmod directory. Sample Colmod Run 9/20/96
Individual runs:

Initial Data

alpha : 90.00000 Disk-radius : .20000

beta : .00000 Bub-radius : 1.00000

ox : . .25000 V-infinity : 200.00000

oy : 3.00000 H : .50000E-04

Oz : .00000 Max-steps : 800

Print-int : 20
Time Alpha Beta ox Cy 0oz

{seconds) (degrees) (degrees) {mm) (mm) (mm)
.10000E-02 90.00000 .04126 .25105 2.80803 .00000
.20000E-02 90.00000 .09978 .25243 2.61786 .00000
.30000E-02 90.00000 .18472 .25429  2.43001 .00000
.40000E-02 90.00000 .31123 .25683 2.24525% .00000
.50000E-02 90.00000 .50504 .26038 2.06458 .00000

.60000E-02 90.00000 .81115 .26546 1.88940 .00000
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.70000E-02
.80000E-02
.90000E-02
.10000E-01
.11000E-01
.12000E-01
.13060E-01
.14000E-01
.15000E-01
.16000E-01
.17000E-01
.18000E-01

.18050E-01

Number of it
Minimum sepa

€0.00000 1.31020
90.00000 2.14877
90.00000 3.59087
90.00000 6.08209
90.00000 10.23079
90.00000 16.38354
90.00000 23.54811
90.00000 29.02415
90.00000 30.34061
90.00000 26.97910
30.00000 20.17509
90.00000 12.34614

Final Disk Position
90.00000 11.98394

erations = 361
ration distance: -.

Disk has contacted bubble on the disk edge.
Incident angle of disk with bubble surface:

Contact Point X:
Disk Velocity Ux:

Angular Vel.

.96579
.35523
Wx: .Qo000

Disk Vvelocity Uth:-292.71708

Point tel.
Point Vel.

Uxc: 24.89055
Uthc: 286.94889

alpha : 90
beta

Oox :

oy : 3
Oz

Time
(seconds)
.100C020E-02
.200C0E-02
.30000E-02
.40000E-02
.50000E-02
.60030E-02
.70000E-02
.800C0E-02
.90000E-02
.10000E-01
.11000E-01
.12000E-01
.13000E-01
.140CCE-01
.15000E-01
.160G0E-01

.16843E-01

Number of it

Initial Data
.00000 Disk-radiu
.00000 Bub-radius
.40000 V-infinicy
.00000 H
.00000 Max-steps

Print-int

Alpha Beta
(degrees) (degrees
90.00000 .06320
90.00000 .15222
90.00000 .28032
90.00000 .46903
90.00000 .75405
90.09000 .19577
90.00000 .89731
90.00000 .03289
90.00000 .87990
90.00000 .80515
90.00000 12.04607
90.00000 17.10052
90.00000 21.22233
90.00000 22.28055
90.00000 19.39365
90.00000 13.45015

~ W e

Final Disk Position
90.00000 7.94971

erations = 336

.27287 1.72160 .00000
.28396 1.56361 .00000
.30082 1.41825 .00000
.32666 1.28804 ,00000
.36597 1.17369 .00000
.42398 1.07176 .00000
.50507 .97299 .00000
.61036 .86278 .00000
. 73492 .72298 .00000
.86294 .53538 .00000
.96498 .29194 .00000
1.00720 .00790 .00000
1.00731 -.00673 .00000
017933
.91656
y: .18891 z: .00000
Uy:-292.72599 vz: .00000
Wy: .00000 Wz:-125.40980
Ur: -2.31160 Uphi: .00000
Uyc:-287.51804 Uze: .00000
Urc: -30.76524 Uphic: .00000
s : .20000
1.00000
200.00000
.50000E-04
800
20
ox Oy 0z
) {mm) (mm) {mm)
.40163 2.80776 .00000
.40378 2.61720 .00000
.40663 2.42881 .00000
.41052 2.24324 .00009
.41591 2.06137 .00000
.42353 1.88435 .00000
.43453 1.71368 .00000
.45069 1.55109 .00000
.47471 1.39826 .00000
.51040 1.25593 .00000
.56246 1.12219 .00000
.63499 .99044 .00000
.72878 .84839 .00000
.83750 .67972 .00000
.94382 .46948 .00000
1.01982 .21462 .00000
1.04020 -.00986C .00000
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Minimum separation distance:

Disk has missed contacting bubble.

Initial Data

Time
(secends)
.10000E-02
.20000E-02
.30000E-02
.40000E-02
.S50000E-02
.60000E-02
.70000E-02
.80000E-02
.900C0E-02
.10000E-01
.11000E-01
.12000E-01
.13000E-01
.14002E-01
.15000E-01
.160G0E-0QL
.17000E-01

.175¢0E-01

Number 2f iterations =

Minimum separation distance:

.028845

Disk has contacted bubble on the disk side. A
Incident angle of disk with bubble surface:

Contact Point
Disk Velocity

Angular Vel.

Disk Velocity Uth:-289.

Poiat Vel.
Point Vel.

FE
Ux: -1
Wx:

Uxc: 21.
Uthe: 284.

.98
.84
.00

77
28
96

438
227
000
985
511
340

y: .17544
Uy:-289.78192
Wy: .00000
Ur: -2.14302

Uyc:-285.66015

Urc:

-29.16569

. 00000 Disk-radius .20000

.00000 Bub-radius 1.00000

.30750 Vv-infinity 200.00000

.00000 H .50000E-04

.00000 Max-steps 800

Print-int 20
Alpha Beta ox Oy 0z

(degrees) (degrees) {mm) {mm) {mm)
90.00000 .05003 .30878 2.80794 .00000
90.00000 .12082 .31047 2.61764 .00000
90.00000 .22327 .31272 2.42961 .00000
90.00000 .37531 .31580 2.24457 .00000
90.00000 .60713 .32009 2.06350 .00000
90.00000 .97095 .32620 1.88770 .00000
30.00000 1.55887 .33510  1.71892 .00000
90.00000 2.53422 . 34832 1.55934 .00000
90.00000 4.17933 .36827 1.41137 .00000
90.00000 6.93409 . 39852 1.27685 .00000
90.00000 11.28972 .44383 1.15545 .00000
90.00000 17.22125 .50931 1.04230 .00000
90.00000 23.25534 .59819 .92660 .00000
90.00000 26.76703 .70895 .79235 .00000
90.00000 25.98125 .83137 .62111 .00000
90.00000 21.07015 .94248 .3991s .00000
90.00000 13.78837 1.00974 .13012 .00000

Final Disk Position
90.00000 10.10516 1.01814 ~.01400 .00000

350
-.000108

= .19242
.00000
Z: .00000
Uz: .00000
Wz2:-122.08323
Upni: .00000
Uzc: .00000
Uphic: .00000
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A4 VRCMOD Program
AA4d.1 Fortran Code

PROGRAM VRCMOD
This program uses the false-position method and the hmodp subroutine to
determine the initial Ox position at which the the point of the disk in
contact with the bubble when the disk and bubble first make contact has
a given radial velocity (RVEL). See the hmodp subroutine for a
description of how it works as well as definition of variables.
INTEGER PRINTI
DOUBLE PRECISION Y,YI,H,RDISK, RBUB, VINF, SEPMIN, URC, UTHC, THETA,
& S, SN, SP, XN, XP, XNEW, RVEL, SEPMAX
DIMENSION Y(S),YI(5)
CEARACTER*12 LABEL(11)
CHARACTER*S5 TITLE

(el o Mol s Ne]

C
OFEN(UNIT=1,FILE='vrin',K STATUS='QOLD")
QFEN(UNIT=2,FILE="hout’',STATUS='NEW')
OFSN(UNIT=3,FILE='vrout',6 STATUS='NEW')

[of

C Call subroutine ADATIN to input data
CALL ADATIN(Y,RDISK,RBUB,VINF,H, MAXSTP, PRINTI, LABEL, SEPMAX,6 NMAX,

& TITLE, XP, RVEL)

[of

C Set initial values of Y
o 10 I=1,5

TI(I) = Y(I)

10 CONTINUE

C
C Write =izle info to hout file
WEITE(2,*) TITLE

WRITE(2,*)
WRITE(2,*) ‘*Individual runs:'
WRITE(2, ")
C
C Set in:tial value of x-negative (XN) for false-position equation,
C calculate contact point radial velocity (URC) for XN value by calling
C HMODP, subroutine. Set initial value of SN as URC minus desired radial
C velocizy (RVEL).
Cc
XN o= YI(3)
CALL HMODP (Y,RDISK, RBUB,VINF,H,MAXSTP, PRINTI, LABEL, SEPMIN, URC,
& UTHC, THETA)
IF (SEPMIN.GT.(0.0DO) THEN
SN = -RVEL - 10.0D0
ELZE
SN = URC - RVEL
ENCIF
C
IF {SN.GT.0.0D0) THEN
WRITE(3,*) 'Initial guess is too large!’
WRITE(3,*) 'Simulation stopped!’
“RITE(3,*) * URC = *',URC
“RITE(3,+~) ‘'RVEL = ',RVEL
STOP
ENZIF
C

C Reset 7 to initial values
oC 20 I=1,5
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Y(I) = YI(I)
20 CONTINUE
C Set Y(3) to XP and find URC. Set initial value of SP.
Y(3) = XP
CALL HMODP (Y,RDISK,RBUB,VINF,H,MAXSTP, PRINTI, LABEL, SEPMIN, URC,
& UTHC, THETA)
S§? = URC - RVEL
IF (SP.LT.0.0D0) THEN
WRITE(3,*) 'XP guess is too small!’
WRITE(3,*) 'Simulation stopped!’
WRITE(3,*) ' URC = ',URC
WRITE(3,*) 'RVEL = ',RVEL
STOP
ENDIF

(o
C Set NSTEP to 2 (NSTEP is how many time HMODP has been called)
NSTEP = 2

Beginning of loop. Calculate new value of Y(3) (XNEW) using
false-position method. Reset Y values and set Y(3) to XNEW. Calculate
URC. If URC minus RVEL (also called S) is less than SEPMAX, repeat
loop.

wLNNOOOO

0 CONTINUE
ANEW = XP -~ (SP * (XN - XP))}/(SN - SP)

0

20 40 1=1,5
Y(I) = YI(I)
40 CONTINUE

Y(3) = XNEW

CALL HMODP (Y,RDISK,RBUB,VINF,H,MAXSTP, PRINTI, LABEL, SEPMIN,
& URC,UTHC, THETA)

S = URC - RVEL

IF (S.GT.0.0D0) THEN
SP S
Xp ANEW

ZLSE
SN
XN

ENDIF

NSTEP = NSTEP + 1

IF ((ABS(S).GT.SEPMAX) .AND. (NSTEP.LT.NMAX)) GOTO 30

S
XNEW

c

C Wrice results to file cout
WRITE(3,100) XNEW
WRITE(3,110) URC
WRITE(3,120) RVEL
WRITE(3,130) UTHC
WRITE(3,140) THETA
WRITE(3,150) NSTEP

190 FCAPMAT (1lx, 'Critical value of Ox: ',F8.5)

110 FORMAT (1x, 'Contact point radial velocity: ',F10.4)
120 FOCRMAT (1lx, ‘Desired radial velocity: *',F10.4)

130 FORMAT (1X, 'Contact point angular velocity: °*',F10.4)
140 FORMAT (1X, 'Incident disk/bubble angle: *,F9.4)

150 FORMAT (1X, 'Number of iterations: ',12)
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END

NOOODOODNOONOON

10
20
30
40
50
60

SUBROUTINE ADATIN(Y,RDISK,RBUB,VINF,H,MAXSTP, PRINTI, LABEL, SEPMAX,
& NMAX, TITLE, XP,RVEL)

This subroutine intputs starting disk position and orientation (Y), disk
radius (RDISK), bubble radius (RBUB), the velocity at infinity (VINF),
the step size for the runga-kutta method (H), the maximum number of
iterations that will be performed in subroutine HMODP before the
program stops (MAXSTP), the interval at which data will be written to
out data file (PRINTI), the maximum difference allowed between actual
angle and desired angle (SEPMAX), the maximum number of iteration for
the main angmod program (NMAX), a data title (TITLE), the second initial
guess for x (XP), and the desired disk contact point radial
veloc:ity (RVEL). Initial data is also written to the output file.

INTEGER PRINTI

CHARACTER"12 LABEL(1l1)

CHARACTER®14 LABEL2(4)

CHARACTER®SS TITLE

DCUBLE PRECISION Y,RDISK,RBUB,VINF,H, PI, SEPMAX, XP, RVEL
DIMENSION Y(5)

ZxD(1,5) TITLE
FCRMAT (ASS)
READ(1,*) (LABEL(I),I=l,5)
ZAD(1. ") (¥Y(I}),I=1,9)
RZAD(1,*)
RE-D(1,*) (LABEL(I),I=6,11)
\Z:D(1,*) RDISK,RBUB,VINF,H, MAXSTP, PRINTI
RZAD(1,*)
RZ~D(1,*) (LABEL2(I),I=1.,4)
READ(1,*) NMAX, SEPMAX,XP,RVEL

WEITE(3,*) TITLE

WRITE(3,")

WRITE(3,*) ' Initial Data’
vFITE(3,10) LABEL(1),Y(1l),LABEL(6).RDISK
WRITE{3,10) LABEL(2),Y(2),LABEL(7),RBUB
WRITE(3,10) LABEL(3),Y(3),LABEL(8),VINF
WRITE(3,20) LABEL(4),Y(4),LABEL(9).H
WRITE(3,30) LABEL(S),Y(5),LABEL(10),MAXSTP
WFITE(3,40) LABEL(11l),PRINTI

2 LABEL2 (1) ,NMAX, LABEL2(2), SEPMAX
LABEL2(3), XP,LABEL2(4) ,RVEL

WRITE(3,")

FCRMAT (1X,A6,': ',F10.5,4X,A,': ',F10.5)
FORMAT (1X,A6,': ',F10.5,4X.,A,': ',El12.95)
FORMAT (1X,A6,': *,F10.5,4X,a,': ',1I7)
FCFMAT (1X,22X.A,': ',I4)

FORMAT (1X,Al2,°: ',I4,4x.A,': ',F9.6)
FCRMAT (1X,Al2,': ',F8.5,4X,A,': ',F10.4)
PETURN

EID
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SUBROUTINE DATOUT(T,Y,CONTCT,CONTYP,ISTEP.MAXSTP,A,SEPHIN,XP,YP,

& RDISK,RBUB, VINF, URC, UTHC, THETA)
This subroutine writes to the output file the final disk posidion and
orientation and whether the disk contacted the bubble. Contact
information is determined by the value of CONTYP. It also computes
and writes the disk velocities, the velocity of the point of the disk
contacting the bubble, and the angle between the plane containing the
disk and the plane tangent to the bubble at the point of contact
(THETA) .

INTEGER CONTCT,CONTYP

DOUBLE PRECISION T,Y, PI,SEPMIN,A, XP, YP, Y1, Y2,RDISK, RBUB, VINF,
& WX,WY,WZ,UX,UY,UZ,XC, YC,2C, XD, YD, 2D, TOP, BOT, THETA, UTH, UR,
& UXC,UYC,UzZC, UTHC, URC, TH, THC, PHI, PHIC, UPKI, UPHIC

DIMENSION Y(5)

PI = 3.141592653589793D0
Convert angles from radians to degrees.

¥l = Y(1)*180.0D0/PI
¥2 = Y(2)*180.0D0/PI

WRITE(2,*)

WRITE(2,") ° Final Disk Position'
WRITE(2,10) T,Y1,Y2,(Y(I),I=3,5)

WRITE(2,*)

WRITE(2,20) ISTEP
WRITE(2,25) SEPMIN
WRITE(2,*)

IF (CONTYP.EQ.0) WRITE(Z2,30)
IF (CONTYP.EQ.1l) WRITE(2,40)
IF (CONTYP.EQ.2) WRITE(2,50) A
IF (CONTYP.EQ.3) THEN
VWRITE(2,60) MAXSTP
STOP
ENDIF

IF (CONTYP.EQ.1.OR.CONTYP.EQ.2) THEN
Calculate the pointe at which the bubble and disk contact (XC, YC, and
2C) from values of XP and YP (values of X and Y in particle fixed
coordinates, calculated in subroutine chkcon) and alpha (Y(1)), beta,
(Y(2)), Ox (Y(3)), Oy (Y(4)), and Oz (Y(5)).

XC = DCOS(Y(1))*DCOS(Y(2))*XP - DSIN(Y(2))"YP + Y(3)
YC = DCOS{Y(1))*DSIN(Y(2))*XP + DCOS(Y(2))*YP + Y(4)
2C = -DSIN(Y(1l))*XP + Y({5)

Calculate coordinates of a unit vector normal to the disk (XD,YD,2D).

XD = DSIN{Y(1)}*DCOS(Y(2))
¥D = DSIN(Y(1))*DSIN(Y(2))
2D = DCOS(Y(1l))

The incident angle of collision (THETA) is the dot product of the disk
vector and the vector to the point of collision (which vector defines a
plane tangent to the bubble at the point of contact).

TOP = XC*XD + YC*YD +2C*2D
TOP = DABS(TOP)

BOT DSQRT(XC**2 + YC**2 + 2C**2)
THETA = DACOS(TOP/BOT)
THETA = THETA*180.0D0/PI
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(o]
C Subroutine PINTEG2 calculates translational (UX, UY, UZ) and anqular
C velocities (WX, WY, W2) of the disk at the time of contact.

CALL RINTEG2 (Y,RDISK,RBUB,VINF,WX,WY,WZ,UX,UY,UZ)

00

Calculate the disk velocity in the R and theta directions (UR and UTH).
TH = DATAN( DSQRT(Y(3)**2 + Y(S)**2) / Y{(4) )
PHI = DATAM(Y(S5)/Y(3))
IF (PHI.LT.0.0DO.AND.Y(3).LT.0.0D0) PHI = PHI + PI

UTH = -DSIN(TH)*UY + DCOS(TH) *(SIN(PHI)*UZ + COS(PHI)*UX)

UR DCOS(TH) *UY + DSIN(TH) *(SIN(PHI)*UZ + COS(PHI)*UX)
UPHI = -DSIN(PHI)*UX +DCOS(PHI)*UZ
(o
C Calculate the velocity of the edge or side of disk contacting the bubble
C (UXC, UYC, UZC) including the velocity in the R and theta directions
C (URC, UTHC).
UXC = UX + WY*(Z2C - Y(5)) - WZ*(YC - Y(4))
UYC = UY + WZ*(XC - Y(3)) - WX*(2C - Y{(S))
U2C = UZ + WX*(YC - Y{(4)) - WY*(XC - Y(3))
THC = DATAN{ DSQRT(XC**2 + 2C**2) / YC )
PHIC = DATAN(ZC/XC)
IF (PHIC.LT.0.0DO.AND.XC.LT.0.0DQ) PHIC = PHIC + PI
UTHC = -DSIN(THC)*UYC + DCOS(THC)*(SIN(PHIC)*UZC +
& COS (PHIC) *UXC)
URC = DCOS(THC)*UYC + DSIN(THC)*(SIN(PHIC)*UZC +
& COS (PHIC) *UXC)
UPHIC = -DSIN(PHIC) *UXC +DCOS(PHIC)*UZC
(o
C Write information to file

WRITE(2,110) THETA

WRITE(2,*)

WRITE(2,100) XC, YC, 2C
WRITE(2,120) UX, UY, UZ
WRITE(2,130) WX, WY, W2
WRITE(2,140) UTH, UR, UPHI
WRITE(2,150) UXC, UYC, UZC
WRITE(2,160) UTHC, URC, UPHIC

¢
ENDIF
c
WRITE(2,*)
WRITE(2, %) '=-=-mmmmmmmceccccecceceeoconeooo. .
c

10 FORMAT (1X,El2.5,F10.5,F10.5,F10.5,F10.5,F10.5)

20 FORMAT (1X, 'Number of iterations = ',b16)

25 FORMAT (1X, 'Minimum separation distance: ',F9.6)

30 FORMAT (1X, 'Disk has missed contacting bubble.')

40 FORMAT (1X, 'Disk has contacted bubble on the disk edge.')

50 FORMAT (1X, 'Disk has contacted bubble on the disk side. A = °,

& F10.5"

60 FORMAT (1X, 'Maximum number of iterations exceeded! Max. steps = ',
& 16)

100 FORMAT (' Contact Point x:',F10.5," y:',F10.5," z:',
& F10.5)

110 FOPMAT (' Incident angle of disk with bubble surface:*',F10.5)

120 FORMAT (' Disk Velocity Ux:',F10.5," Uy:*,F10.5," uz::,
& F10.5)

130 FORMAT (' Angular vel. Wx:',F10.5," Wy:',F10.5," wz:',
& F10.5)

140 FORMAT (' Disk Velocity Uth:',F10.%,° Ur:',F10.5,' Uphi:‘*,

& F10.5)
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150 FORMAT (' Point Vel. Uxc:',F10.5," Uyc:',F10.5," Uzc:',
& F10.5)
160 FORMAT (' Point Vel. uthe:',F10.5," Urc:',Fl10.5,' Uphic:"',
& F10.5)
(of
RETURN
END

0ON0OOOOO0ODONNONNN
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SUBROUTINE HMODP(Y, RDISK, RBUB,VINF,H,MAXSTP, PRINTI, LABEL,
& SEPMIN, URC, UTHC, THETA)

This subroutine determines the movement and orientation of a disk as it
apporaches and flows around a bubble. It is a simple hydrodynamic model
which uses the potential flow equations for flow around a sphere to
approximate the flow around the bubble. The assumption of particle density
neutrality is made. Flow is in the negative y direction. The bubble
center of axis origin. The center of the disk in X, y, 2 ccordinates is
Ox, Oy, and O0z. The orientation of the disk is described by two angles.
Alpha is the angle between the z-axis and a line drawn perpendicular

to the disk at the disk center. Beta is the angle between the x-axis

and the projection of the perpendicular line is the x-y plane.

CHARACTER"12 LABEL(11)

INTEGER QUITPR, TRUE, FALSE, PCOUNT, PRINTI, CONTCT, CONTYP

DOUBLE PRECISION T,Y,H,RDISK,RBUB,VINF,A,Y1,Y2,PI,MISBUB, SEPMIN,
& XP,YP,URC, UTHC, THETA

DIMENSION Y(5)

Initialized variables NEQ (number of equations), T (time in seconds),
CONTCT (tracks wnether contact between particle and bubble has been
made), CONTYP (type of contact between particle and bubble - 0 is miss,
1 is contact on edge, 2 is contact on side, 3 is when the max. number of
iterations, MAXSTP, has been exceeded), QUITPR (flag for when to end
program), ISTEP (# of iterations), PCOUNT (print counter), and PI.

NEQ = S

T = 0d0

FALSE = 0

TRUE = 1
CONTCT = FALSE
CONTYP = 0
QUITPR = FALSE
ISTEP = 0
PCOUNT = 0
SEPMIN = 10.0D0

PI = 3.141592653589793D0

Call datain subroutine to input data: alpha (Y(1)), beta (Y(2), Ox
(Y(3)), Oy (¥(4)), Oz (Y(5)), disk radius (RDISK), bubble radius (RBUB),
the velocity of the undisturbed flow (VINF), the step size (H), the
maximum number of iterations (MAXSTP), and the interval at which to
output the data (PRINTI).

CALL DATAIN (Y.RDISK, RBUB,VINF,H,MAXSTP, PRINTI, LABEL)
The disk is assumed to miss bubble if disk center drops below tha bubble

center.
MISBUB = 0.0D0
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[of
C Calculate new position and orientation at each timestep by calling a
C fourth-order runha-kutta subroutine. Update timestep. Repeat until
C either QUITPR is true or ISTEP exceeds MAXSTP.
(o
10 CONTINUE
CALL RK4C (NEQ,T,Y,H,RDISK,RBUB,VINF)
T=T+ H
(o
C Check if disk has made contact with bubble and calculate minimum
C separation distance (SEPMIN)
[
CALL CHKCON (Y,RDISK,RBUB,CONTCT,CONTYP,A, SEPMIN, XP,YP)

C
C If Oy is less than zero then quit program.
c

TRUE
TRUE

IF (Y(4) .LE.MISBUB) QUITPR
IF (CONTCT.EQ.TRUE) QUITPR

(o4
C Advance iterations step counter (ISTEP) and print counter (PCOUNT) by 1.
C Tf PCOUNT is greater than PRINTI, write disk orientation and position to
C output file.
ISTEP = ISTEP + 1
PCOUNT = PCOUNT + 1
IF (PCOUNT.GE.PRINTI) THEN
¥l = Y(1)*180.0D0/PI
Y2 = ¥(2)*180.0D0/PI
WRITE(2,100) T,71,¥2,(Y(I},I=3,5)

PCOUNT = 0
ENDIF
IF ((QUITPR.EQ.FALSE).AND. (ISTE?.LT.MAXSTP}) GOTO 10
c .
IF (ISTEP.GE.MAXSTP) CONTYP = 3
c
C Call subroutine to print out final results.
C
CALL DATOUT (T,Y,CONTCT,CONTYP, ISTEP,MAXSTP,A,SEPMIN, XP,YP,
& RDISK, RBUB, VINF, URC, UTHC, THETA)
C
100 FORMAT (1X,E12.5,F10.5,F10.5,F10.5,F10.5,F10.5)
o

RETURN
END

The following subroutines of COLMOD are identical to those in the HMODP
program and can be found in Section A.2.1: CHKCON, RINTEG, RINTEG?2, RIUDR,
RIWDR, RK4C, UDR, UDTH, VARBLS, WDR, and WDTH. The subroutine DATAIN
in VRCMOD is identical to DATAIN in COLMOD and can be found in Section A.3.1.
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A.4.2 Sample Input File

A sample input file for VRIN:
vremod run in vrmod directory. 6/10/96
alpha beta 0x Qy Oz
90. 0. 0.10 3.000 0.000
Disk-radius Bub-radius V-infinity H Max-steps Print-int
.300 1.00 200. 0.00005 2500 20
N-Maximum Max-Difference 2nd-Ox-guess R-Velocity
8 0.25 0.38 -50.

A.4.3 Sample Output File
The output file VROUT after running VRCMOD with the above input file:

vremod run in vrmed directory. 6/10/96

Initial Data

alpha : 90.00000 Disk-radius : .30000
beta : .00000 Bub-radius : 1.00000
ox : .10000 V-infinity : 200.00000
oy : 3.00000 H : .50000E-04
0z : .00000 Max-steps : 2500
Print-int : 20
N-Maximum : 8 Max-Difference: .250000
2nd-0Ox-guess: .38000 R-Velocity : -50.0000
Critical value of Ox: .31512
Contac: point radial velocity: -49.8856
Desired radial velocity: -50.0000

Number of iterations: 6

The output file HOUT is identical in format to HOUT from the COLMOD program,

found in section A.4.3.

A.5 Modification of Programs for Intermediate Flow
When using the assumption of intermediate Reynolds number flow rather than
potential flow, the only change made in all three programs is the definition of the fluid flow

velocities, Vx, Vy, and V,, within the subroutine VARBLS. The modified subroutine is

given below.
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SUBROUTINE VARBLS {(Y,TH,R,RBUB, VINF,RX,RY,RZ, VX, VY, VZ)

This subroutine calculates the value of rx, ry, rz, Vx, Vy, and Vz from
the variables theta (TH), alpha (Y(l)), beta (Y(2)}), Ox (Y(3)), Oy
(¥(4)), 0z (Y(5)), r (R), bubble radius (RBUB), and the velocity of
undisturbed flow (VINF).
DOUBLE PRECISION Y,TH,R,RBUB, VINF,RX,RY,RZ,VX,VY,VZ, XX, YY,22Z,
& REY,RR
DIMENSION Y(5)
REY = 100D0

Calculate rx, ry, rz, the three components of the position vector which
points from the disk origin to the point defined by r (R} and theta
(TH). Since rx, ry, and rz are in space-fixed coordinates and r and
theta are in particle-fixed coordinates., the two disk rotation

angles, aipha (Y(l)) and beta (Y(2)), are also required.

RX= R*DCOS(TH) *DCOS(Y(1))}*DCOS{Y(2}) - R*DSIN(TH) *DSIN(Y(2})
RY= R*DCOS(TH}*DCOS(Y(1l))*DSIN(Y(2}) + R*DSIN(TH) *DCOS(Y(2))
RZ=-R*DCOS(TH) *DSIN(Y(1))

Calculate fluid velocities Vvx, Vy, Vz by using the equations for
intermediate flow around a sphere.

XX = RX+Y(3)

YT = RY+Y(4)

2T = RZ+Y(5)

RF. = (XX**2 + YY**2 + 22°**2)**0.5D0

VX = VINF*XX*YY*(3D0/4DO*RBUB/RR**3*(1D0 - (RBUB/RR)**2) -
& REY**0.72D0/15D0 * (4DO*RBUB**4/RR"*6 -

& 3DO*RBUB**3/RR"*S - 2D0"RBUB**2/RR**4 + RBUB/RR""*3))
VY =-VINF*(1D0 - 3D0/4DO*RBUB/RR**3*(YY**2 + RR""2) +

& RBUB**3/4DO/RR**5*(3D0*YY*"2 - RR*"2) +

& REY**(0.72D0/15D0 * (2DO*RBUB**4/RR*"6*(2D0"YY**2 - RR""*2)
& - RBUB**3/RR**5"(3D0*YY*"2 - RR"*2) +

& RBUB/RR**3* (YY**2 + RR"*2) - 2D0"RBUB**2/RR*"4"YY*"2})

VZ = VINF*22°*YY*(3D0/4D0*RBUB/RR**3*(1D0 - (RBUB/RR)**2) -

& REY**0.72D0/15D0 * (4DO*RBUB*"*4/RR"*6 -
& 3DO*RBUB**3/RR**S - 2DO*RBUB**2/RR**4 + RBUB/RR**3))
RETJRN

END
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