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Abstract
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Sareh Nabi-Abdolyousefi

Chair of the Supervisory Committee:

Professor Hamed Mamani

Information System and Operations Management

The objective of this study is to propose novel dynamic pricing mechanisms in the presence

of strategic customers using data-driven approaches. Dynamic pricing is the latest trend in

pricing strategies and allows optimal response to real-time demand and supply information.

Firms often face uncertainties when making pricing decisions. One of the uncertainties often

involved is unknown demand. Therefore, businesses seek to optimize revenue while learning

demand and reducing the uncertainty involved in setting prices. Understanding consumer

decision-making is another crucial aspect of pricing in revenue management. One of the

detrimental effects of dynamic pricing is that it invokes a type of behavior in customers

that is referred to as forward-looking, or strategic, in revenue management literature. The

strategic customer considers future price decreases, and purchases the product if his or her

discounted surplus is higher than the immediate surplus.

In chapters 1 and 2, we study a retailer who is pricing dynamically to maximize his expected

cumulative revenue. We assume that the retailer has no information regarding expected

demand nor the type of customers he is facing, whether they are myopic or strategic in



their shopping behavior. In the problem of dynamic pricing under demand uncertainty,

we face an inherent trade-off between the exploration involved in learning demand and the

exploitation which occurs due to revenue maximization. One way of modeling this trade off

is using the multi-arm bandit modeling approach. Many algorithms have been proposed to

solve stochastic multi-arm bandit problems. Our focus is on the Thompson Sampling (TS)

algorithm which takes a Bayesian approach and was introduced by William R. Thompson.

We propose a pricing mechanism called Strategic Thompson Sampling algorithm which is

built upon the TS algorithm. Our main contribution in these two chapters is to merge the

literature on strategic behavior with the literature on dynamic pricing and demand learning

based on the classical multi-arm bandit modeling approach. In these chapters, the retailer is

applying our proposed Strategic Thompson Sampling algorithm to learn expected demand

in an exploration-versus-exploitation fashion.

We start our analysis with a Bernoulli demand scenario in chapter 1 and extend our work to

a Normal demand scenario in chapter 2. For both Bernoulli and Normal demand scenarios,

we demonstrate numerically that the retailer’s long run price offer decreases as the patience

level of the strategic customer increases. We further show that the retailer can be better off

in terms of his expected cumulative revenue when facing strategic customers. One potential

explanation for this observation is the retailer’s lower exploration of non-optimal arms in the

presence of strategic customers rather than myopic ones. Our intuition is analytically and

numerically confirmed for both Bernoulli and Normal demand scenarios. We further provide

and compare expected regret bounds on the retailer’s expected cumulative revenue for both

types of customers. We conclude that the retailer’s regret is lower when facing strategic

customers as compared to myopic ones.

Our objective in chapter 3 is to improve our starting point by building an informative prior

and more specifically, an empirical Bayes prior for the Bayesian online learning algorithm

that performs binary prediction. The underlying model used in this chapter is a Bayesian



Linear Probit (BLIP) model which performs binary classification on a public data set called

“Census Income Data Set”. Our goal is to build an informative prior using a portion of

the training data set and start the BLIP model with the built-in prior rather than the non-

informative standard Normal distributions. We further compare the prediction accuracies

of the BLIP model with informative and non-informative priors. An empirical Bayes model

(Blip with empirical Bayes prior) has been implemented recently in the production system

of one of the largest online retailers. The web-lab experiment is currently running.
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Chapter 1

DYNAMIC PRICING FOR STRATEGIC CUSTOMERS:
BERNOULLI DEMAND

1.1 Introduction

Pricing goods and services is the fastest and most effective way to influence the profitability

of any business. According to an article in Harvard Business Review [64], a 1% increase in

price generates an 11.1% increase in profit on average assuming demand remains constant.

According to a recent article on Due.com [57], pricing too low can hurt brand reputation and

the perceived quality of products and services. On the other hand, pricing that is too high

can also be detrimental to revenue in the presence of a competitor with a similar, but cheaper,

product. Obtaining the right pricing strategy has therefore been the focus of researchers and

practitioners from the beginning of the revenue management era. Nowadays, more and more

businesses apply revenue management optimization tools to determine optimal price. For

extensive studies on pricing strategies in the revenue management literature, refer to [70]

and [82].

Dynamic pricing is the latest trend in pricing strategies and allows optimal response to

real-time demand and supply information. According to an article in The Economist [75]

in January 2016, the practice of dynamic pricing dates back to the 1980s, when American

Airlines varied prices to compete with low cost airlines of the time such as People’s Express.

Other airlines, hotels, and car rental firms followed suit with price variation in the 1990s. [39]

reported that 90% of the 32 largest online retailers perform price experimentation. Nowadays,

more firms are practicing dynamic pricing. In recent years, according to an article in The
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Wall Street Journal [67] in 2015, more businesses such as Uber, Lyft, and SeaWorld are

adjusting prices based on demand realizations.

Dynamic pricing has given flexibility and new capabilities to revenue management. Especially

with the advent of e-commerce, it has become easier to track customer decisions, monitor

demand, and adjust prices dynamically at negligible costs. According to a recent report

released by the U.S. Commerce Department [68], e-commerce sales in 2016 were estimated

at $394.9B. Total e-commerce sales experienced a growth rate of 15.1%(±1.8%) in 2016,

compared to the previous year’s $341.70B sales estimate. Amazon, Inc., as one of the global e-

commerce giants, makes up a high portion of these online sales by adjusting prices frequently,

sometimes in a matter of minutes. To perform its pricing changes, Amazon incorporates

customers’ purchase behavior, income level, and geographic information. According to an

article in Business.com [49], Walmart changes its product prices about 50000 times a month.

By applying dynamic pricing, Walmart was able to increase global online sales by 30% in

2013.

Firms often face uncertainties when making pricing decisions. One of the uncertainties

often involved is unknown demand. Therefore, businesses seek to optimize revenue while

learning demand and reducing the uncertainty involved in setting prices. This is known as

the problem of “learning and earning” and goes back to the pioneering works by economists

such as [72]. The two primary approaches for learning demand in the economics literature

are model-based and data-driven. In model-based demand learning, a particular functional

form for demand is assumed which has finite unknown parameters. The second approach

is data-driven where demand is learned solely from the customer’s prior purchase history.

For comprehensive surveys on dynamic pricing under uncertainty refer to [28], Cesa-Bianchi

(2012), and [11].

In this work, we focus on the data-driven approach. In the problem of dynamic pricing

under demand uncertainty, we face an inherent trade off between the exploration involved in

learning demand and the exploitation which occurs due to revenue maximization. One way
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of modeling this trade-off is using the multi-armed bandit approach which is the simplest

form of reinforcement learning. The multi-armed bandit (MAB) modeling approach was

originally proposed by [71] and has received extensive attention in the operations manage-

ment literature. Many algorithms have been proposed to solve stochastic MAB problems

([40], [41], [7], [38], [46], [19, chap. 2], ([84]), [47], [3], [47]).

The performance of algorithms proposed for solving MAB problems are measured in terms of

“regret”. Regret measure goes back to the work by [14]. Regret in each period is defined as

the expected loss due to not playing the optimal arm. Regarding theoretical guarantees, [51]

provided an optimal asymptotic lower bound on the expected regret of any bandit algorithm.

Specifically, they showed that as T goes to infinity, expected regret can be of order O(lnT )

and no bandit algorithm can have a better asymptotic performance. This asymptotically

optimal lower bound has been a reference point for comparing theoretical guarantees of

proposed bandit algorithms thereafter.

Our focus is on the Thompson Sampling (TS) algorithm, also known as posterior sampling,

which dates back to 1933 when it was proposed by William R. Thompson ([84]). The Thomp-

son Sampling algorithm is a member of the Probability Matching family of algorithms which

takes a Bayesian approach to solve stochastic multi-arm bandit problems. In each round,

the algorithm selects an arm based on its posterior probability of being the optimal arm.

In traditional Thompson sampling, the reward of each arm follows a Bernoulli distribution

where the expected reward is unknown to the agent. The agent’s objective is to find the

optimal arm that gives the maximum expected cumulative reward. Compared to state-of-

the-art algorithms, Thompson Sampling has demonstrated promising empirical results ([47],

[23], [76]) and significant theoretical guarantees ([60], [47], [2], [3]).

Understanding consumer decision-making is another crucial aspect of pricing in revenue

management. According to an article by [79], about 50% of customers selected price as among

the top three main drivers of their purchase decisions, and 18% of customers chose it as the

most influential factor. This study included approximately 30000 customers across a variety
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of industries in the United States including consumer products, information technology (IT),

healthcare, apparel and financial services. Nowadays, with the quickly growing rate of online

shopping, customers can track prices and detect patterns in price variations easily. One of

the detrimental effects of dynamic pricing is that it invokes a type of behavior in customers

that is referred to as forward-looking, or strategic, in revenue management literature. The

strategic customer considers potential future price decreases, and purchases the product if

his or her discounted surplus is higher than the immediate surplus. The opposite behavior, in

which the customer purchases a product as soon as the price drops below his or her valuation

of the product, is referred to as myopic behavior.

Strategic behavior was first informally introduced by [25] conjecture and later formalized by

[80] and [20]. The Coase conjecture states that a monopolist selling a durable good can not

charge a price higher than the marginal cost in the presence of infinite patient customers. The

existence and prevalence of strategic behavior has been confirmed through recent empirical

studies ([69], [55], [59], [78], etc). For example, [55] built a structural model to estimate the

fraction of strategic customers in the travel industry. They found that 5.2% to 19.2% of the

population exhibits strategic behavior. [81] reports that strategic behavior poses a greater

challenge for companies that practice dynamic pricing rather than applying ad-hoc strategies

to determine their prices. He argues that strategic customers can easily detect regularities

enforced by dynamic pricing, such as markups or markdowns.

It is a common belief that strategic behavior may negatively affect a firm’s revenue. However,

research demonstrates that misidentifying customers who shop strategically can actually lead

to significant revenue loss. [10] reported revenue loss of about 20% if a strategic customer

is misidentified as a myopic one. Moreover, [15] and [53] reported an expected revenue loss

of more than 50% and 20% respectively for mistakenly identifying the strategic customer.

[55] conclude that strategic behavior that exists in the travel industry, against the common

belief, does not necessarily hurt the revenue and actually varies across the market. The

idea that strategic behavior can have either a positive or negative impact on revenue has
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been confirmed theoretically as well (e.g. [81] and [24]). The recent work by [1] sheds new

light on the effects of strategic behavior, not only on firms – which has been the focus of

operations management literature – but also on customers themselves and on the society. By

endogenizing strategic behavior and considering the heterogeneous population of customers,

[1] found that only high-valued customers benefit in the presence of strategic behavior; low-

valued ones are indifferent, while moderate-valued customers are actually worse off. They

also report that social welfare is always higher in the presence of myopic rather than forward-

looking behavior.

A growing number of works in revenue management take the demand learning approach and

perform dynamic pricing in the presence of strategic customers using a variety of rich models.

[54] built an empirical demand model using an adaptation of the Aggregating Algorithm (AA)

solely based on history of sales data. [35] built a multi-product demand prediction model

based on a non-parametric machine learning algorithm (regression trees) for first-exposure

styles of Rue La La, an online fashion retailer. The researchers fed the predicted demand

to a multi-product static price optimization model to maximize revenue and reported an

approximately 10% increase in revenue on the test group based on their field experiment.

Some studies take a dynamic programming approach ([5], [34], [9], etc), or a mechanism

design approach ([32], [37]). Closest to our work are the studies that take the multi-arm

bandit modeling approach in order to learn demand ([13], and [36]).

While consumer behavior is an important issue, we have not, to the best of our knowledge,

seen works that merge strategic behavior, dynamic pricing, and demand learning using the

multi-arm bandit modeling approach. This motivated us to propose the Strategic Thompson

Sampling algorithm to address this shortcoming in the literature. The price offer mechanism

in our Strategic Thompson Sampling algorithm is close to the one described in [3]. A fun-

damental difference between their algorithm and ours is that we added strategic customer

purchase decisions to the algorithm. Another recent work similar to ours in terms of demand

learning approach is the work by [36]. They design and implement an algorithm based on
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Thompson Sampling for a network revenue management setting. The algorithm samples

demand from its posterior distribution and then solves a linear programming (LP) optimiza-

tion problem to incorporate inventory constraints and obtain optimal prices. Even though

the demand learning approach in our work and theirs is similar, as both utilize Thompson

Sampling, the parameters of the two studies are quite different. They assumed finite inven-

tory and no strategic behavior on the customer side; however, in our work, the inventory is

unlimited and the presence of strategic behavior is one of the driving factors in determining

optimal price.

The main contribution of chapters 1 and 2 is to merge the literature on strategic behavior

with the literature on dynamic pricing and demand learning based on the classical multi-

arm bandit modeling approach. We demonstrate numerically that the retailer’s price offer

in the long run decreases as the patience level of the customer increases. This result is

compatible with similar scenarios in the revenue management literature ([15]). We further

compare the retailer’s expected cumulative revenue in the presence of strategic and myopic

customers. Through an extensive parameter domain exploration, we found that the retailer

can be better off in the presence of strategic behavior. This is due to less exploration of

non-optimal arms when facing strategic customers. Finally, we derived upper bounds on the

expected regret for the retailer’s expected cumulative revenue for both strategic and myopic

customers. We conclude that the retailer’s regret is lower on average when facing strategic

customers as compared to myopic ones.

1.2 Literature Review

The three streams of research mainly related to our analysis are (1) dynamic pricing and

demand learning; (2) classical multi-armed bandit modeling approach for dynamic learning;

and (3) strategic consumer behavior. There exists rich literature in each of these aforemen-

tioned areas which we will briefly detail here.
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The first stream of research relevant to our work is demand learning in a dynamic pricing

setting. Some studies in the literature assume that demand follows a functional form with

unknown parameters and estimate the parameters using classical statistical methods such

as maximum likelihood estimation (e.x [17], [48], [30], [18], [45], [44]). Some studies also

take a parametric Bayesian approach to learn unknown demand parameters and maximize

revenue ([45], [5],[26]). As another approach, some works take a non-parametric path to

learn demand when a functional form can not be assumed ([16], [33]). For an overview of

papers in this domain refer to [6] and [29].

The second stream of research related to our work is the classical multi-arm bandit modeling

approach originally proposed by Robbins (1952). Since then, many algorithms and heuristics

have been introduced to solve MAB problems. One of the initial approaches introduced are

index allocation strategies originally proposed by [40]. Gittins index and potentially other

index policies face an incomplete learning issue ([41]). One of the popular ad-hoc strate-

gies introduced to solve stochastic multi-armed bandit problems are the Upper Confidence

Bound (UCB) family of algorithms, which take a frequentist approach to find the optimal

arm. Essentially, these algorithms compute the upper confidence bounds on the unknown

parameters and select arms with the higher upper bounds ([7], [38], [46], and [58]). For an

overview of the UCB family of algorithms, refer to [19, chap. 2].

The Probability Matching family of algorithms, on the other hand, take a Bayesian approach

to tackle stochastic multi-arm bandit problems. The Thompson Sampling algorithm ([84]),

as a member of this family of algorithms, has demonstrated promising empirical results.

[76] reveals that Thompson Sampling performs reasonably well compared to the state of

the art algorithms. [23] show empirically that expected regret for Thompson Sampling is

comparable to the lower bound of [51]. Moreover, they showed in their experiments that

Thompson Sampling is more robust to delayed or batched feedback. For the first time, [47]

provide numerical experiments that demonstrate Thompson Sampling outperforms optimal

policies introduced in the literature. Specifically, they compare Thompson Sampling with
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the best version of the UCB family of algorithms and show that Thompson Sampling has the

lowest expected regret in the long run (see [43], [42], and [61] for more references). Thompson

Sampling has received considerable attention in industry as well (e.g. [76], [42], and [83]).

While the Thompson Sampling algorithm is easy to implement and numerically attractive,

significant theoretical guarantees have been proposed recently. [60] showed asymptotic con-

vergence of Thompson Sampling. [47] provided asymptotic optimality of Thompson Sam-

pling. The work by [2] proves a logarithmic expected regret bound for this algorithm. [3]

also introduced a novel martingale-based technique to perform regret analysis. More pre-

cisely, they provided optimal problem-dependent and near optimal problem-independent

regret bounds on the Thompson Sampling algorithm with Beta and Gaussian priors. [47] re-

fined the analysis of Thompson Sampling and presented its optimality for Bernoulli bandits.

Moreover, [50] extended this algorithm to one-dimensional exponential family distributions.

[73] provided an information based analysis of Thompson Sampling and obtained expected

regret bounds using Bayesian risk.

The third stream of research that relates to our analysis is the impact of customers’ strategic

behavior in operations management. Rich literature has studied firms’ optimal decisions on

issues such as pricing ([12], [53], [52], [8], [32], [10], [81]), inventory ([56]), supply chain design

([21]) in the presence of strategic behavior. For an extensive review of these works refer to

[66]. The presence of strategic behavior has been confirmed through empirical studies ([69],

[55], [59], [78]). In the case of unlimited inventory, strategic customers only consider the

likelihood of future price reduction in their purchase decision today ([15]). On the other

side, with limited product supply, the strategic customer takes into account not only the

price reduction, but also the likelihood of the product going out of stock ([27], [32], [10],

[81]).

Strategic behavior has been studied in a variety of rich models. As one of the pioneer works,

[15] characterize a subgame-perfect Nash equilibrium for a monopolist selling an unlimited

inventory of a new product and demonstrate that a decreasing price strategy is optimal.
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Assuming finite inventory, [81] study the interplay between firms’ pricing strategy and a

forward-looking customer’s purchase decisions in a game theoretic model. He concludes

that the heterogeneity in consumer population in both the valuation of the product and the

patience level derives the optimal pricing strategy. [10]and [27] study a two-periods dynamic

pricing problem of a seller facing finite inventory in the presence of strategic consumer

behavior. [10] analyze two selling strategies, contingent-discounting and announced fixed-

discount strategies and characterize a unique subgame-perfect Nash equilibrium consisting of

threshold policies. [27] propose a class of pre-announced pricing policies and characterize the

equilibrium in the game between the seller and strategic customers using a novel approach

based on ordinary differential equations.

In contrast to other studies, [1] endogenize strategic behavior by adapting the model of

“rational ignorance” from the economics literature (Downs 1957). They are mainly interested

in understanding whether customers choose to behave strategically if given the choice. They

report that any price or inventory commitment mechanism that reduces forward-looking

behavior increases social welfare and benefits society as a whole. Moreover, effective selling

strategies such as price commitment ([10], [62]) and inventory commitment ([81], [56], [53])

are introduced in the literature to increase firms’ profit by reducing strategic waiting. For

an overview of consumer choice and strategic behavior models in revenue management, refer

to [77].

1.3 Model Description

In our setting, a retailer is selling an unlimited inventory of a single product to customers

who behave strategically; i.e., customers who may wait to get a better deal in the next

period. For simplicity, we refer to the retailer as a male, and to the customer as a female.

The set of admissible prices that the retailer chooses from in each period is a finite discrete

set denoted by {p1, p2, ..., pN}. This convention is widely used in the literature, see [82].

Customer’s patience level (valuation discounted factor) is denoted by δ which varies in [0, 1].
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δ = 1 represents a pure strategic customer and δ = 0 denotes a pure myopic one. Values

of δ between 0 and 1 show a mixture of strategic and myopic behavior. As δ increases, the

customer becomes more strategic and is willing to wait more in order to obtain a better deal.

We are modeling this scenario as a stochastic multi-armed bandit problem. There are N

arms, indexed by i = 1, ..., N and T periods. Price pi is assigned to arm i,∀ i ∈ {1, 2, ..., N}.

Pulling arm i is used interchangeably with selecting price pi by the retailer. The true expected

demand under price pi is denoted by di for a myopic customer (δ = 0), and d̃i for a strategic

customer with patience level δ. The retailer does not know the expected demand associated

with each price nor the type of customer he is facing in advance.

The stream of actions in each period are as follows. First, the retailer offers a price pi

among the admissible set of prices, {p1, p2, ..., pN}. The retailer’s price offer decision follows

a Bayesian framework. He assumes a prior distribution on the unknown expected demand

(or revenue) parameter. He then offers a price in each period that maximizes his expected

empirical revenue based on sample draws from demand’s (revenue’s) posterior distributions.

Then, a strategic customer with patience level δ observes the offered price and decides

whether not to purchase, purchase immediately, or wait. The customer’s decision is based

on her valuation of the product and her utility comparison between the current and the next

period. Then, the retailer observes the customer’s purchase decision and updates his belief

according to the expected demand (revenue) parameter associated with the price offered.

We start our analysis with the Bernoulli demand case explained in detail in Sections 1.3

to 1.6 and extend it to the Normal demand scenario in Chapter 2. We assume that the

customer’s valuation of the product under price pi, vi, follows a Bernoulli distribution, vi ∼

Bernoulli(di). Myopic and strategic customers have the same valuation of the product.

The only difference is that the strategic customer may delay her purchase. Furthermore,

we assume that a population is present at the beginning of each period. This assumption

is consistent with the work by [15]. The population is homogeneous in terms of customer’s

patience level, δ. The size of the population and prices are normalized to one. A summary
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Ni,t Number of times arm i is chosen up to time t

Ri,t Number of success of arm i up to time t

di Myopic customer’s expected demand under price pi

d̃i Strategic customer’s expected demand under price pi

vi Myopic/Strategic Customer’s valuation

under price pi

rt Revenue observed at time t

w̄i,t Weighted average of price pi offers up to time t

pest Customer’s estimation of next period price

δ Customer’s patience level (valuation discounted factor), δ ∈ [0, 1]

Table 1.1: Summary of notations

of our notations is presented in Table 1.1.

1.3.1 Expected Demand and Customer Type

In this subsection, we derive the relation between expected demand under price pi for myopic

customers (di) and strategic customers (d̃i) for the Bernoulli demand scenario. Assuming

price pi is proposed by the retailer, the customer’s purchase probability (expected demand)

with patience level δ is given by

pr(purchase) = pr(purchase|vi = 1) pr(vi = 1) + pr(purchase|vi = 0) pr(vi = 0) (1.1)

Since

pr(purchase|vi = 0) = 0, pr(vi = 1) = di,
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we obtain

pr(purchase|vi = 1) = pr(1− pi ≥ δ(1− pest))

= pr(p
est ≥ 1− 1− pi

δ
).

The first equality comes from the strategic behavior modeling assumption in the operations

management literature. They assume that the strategic customers’ purchase decision is based

on the following utility maximization problem:

max {0, vi − pi, δ(vi − pest)}. (1.2)

In equation (1.2), vi denotes the customer’s valuation of the product under price pi, δ repre-

sents the customer’s patience level, and pest is the customer’s estimation of the next period

price. Hence, by applying equations (1.1) and (1.2), we obtain the following relation between

di and d̃i:

d̃i = di ∗ pr(p
est ≥ 1− 1− pi

δ
). (1.3)

The strategic customer with patience level δ computes the probability term in equation (1.3)

based on the observed weighted average of prices. More specifically,

pr(p
est ≥ 1− 1− pi

δ
) =

∑
j

w̄j, ∀j s.t. pj ≥ 1− 1− pi
δ

.

Here, w̄j represents the current weighted average of price pj offers. Note that the computation

of the probability term is based on the revealed prices rather than the admissible set of prices

from which the retailer can potentially offer. For the specific values of δ = 0, and δ = 1,

expected demand is reduced to

If δ = 0 → d̃i = di

If δ = 1 → d̃i = di ∗ pr(p
est ≥ pi)

Under the current proposed price pi, the expected demand for a fully strategic customer

(δ = 1) is the myopic customer’s expected demand (di) multiplied by the probability that

the next period price is higher than the current offered price.
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1.3.2 Modeling Customer Returns

As mentioned above, customers make purchase decisions based on their utility maximization

given in (1.2). Assume price pt is offered at time t to customers with patience level δ. If the

customer’s valuation of the product is zero at time t, then the customer leaves the system

which occurs with probability 1− dt. On the other hand, if the customer’s valuation of the

product at time t is one which occurs with probability dt, the customer either purchases the

product or waits for the next period with the following probabilities:

pr(purchase at time t) = dt pr(p
est
t ≥ 1− 1− pt

δ
)

pr(wait at time t) = dt
[
1− pr(pestt ≥ 1− 1− pt

δ
)
]
.

The pr(wait at time t) presents the proportion of the population at time t who decided to

postpone their purchase for the next period. We further assume that β fraction of the waited

population from time t− 1 stays in the system until time t. Therefore, assuming price pt−1

is being offered at time t − 1, the proportion of population from time t − 1 being added to

time t is

β dt−1

[
1− pr(pestt−1 ≥ 1− 1− pt−1

δ
)
]
.

Here, the β coefficient varies in [0, 1]. If β = 0, then no one from the waited population in

time t − 1 stays in the system. On the other hand, if β = 1, all population who decided to

wait will remain in the system. The underlying assumption for our customer return model is

that we have a population arrival of size one at the beginning of each period. Furthermore,

we only consider waiting time of one period. The empirical expected revenue obtained in

period t is computed as

revenue = pr(purchase at time t) pt + β pr(wait at time t− 1) dt pt.

The first term is the revenue collected from the arrival population at time t. Moreover, the

second term is the revenue obtained from the fraction of the population that waited from

time t− 1.
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1.4 Strategic Thompson Sampling: Bernoulli Demand

In this section, we first present the traditional Thompson Sampling algorithm introduced

to solve a stochastic multi-armed bandit problem. We then propose a Strategic Thompson

Sampling algorithm that takes into account the customer’s strategic behavior.

1.4.1 Traditional Thompson Sampling

The Thompson Sampling algorithm (TS) was proposed by [84] to solve the stochastic multi-

armed bandit problem. In a traditional problem setting, the reward under each arm follows

a Bernoulli distribution with unknown expected reward. The agent’s objective is to play

arms sequentially in order to find the optimal arm that gives the maximum expected reward.

Traditional Thompson Sampling

Let Sk = 0, Fk = 0 for all arms k = 1, ..., N .

Repeat the following steps for all t = 1, ..., T .

1. Sample Reward: Draw θk according to the posterior distribution Beta(Sk + 1, Fk + 1).

2. Arm Selection: Pull arm i where i = arg maxk θk and observe the reward.

3. Update: If reward = 1, Si = Si−1 + 1; otherwise, Fi = Fi−1 + 1.

The Thompson Sampling algorithm takes a Bayesian approach and applies Beta priors on the

unknown expected reward of each arm. The algorithm then updates the posterior probability

in every round based on the observed reward (see Appendix B.1). Thompson Sampling is

a member of the probability matching family of algorithms. This is due to the fact that, in

every round, it selects the arm based on its posterior probability of being the optimal arm.
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1.4.2 Strategic Thompson Sampling: Bernoulli Demand

In this section, we are proposing an updated version of the traditional Thompson Sampling

algorithm that is improved in that it takes into account the customer’s strategic behavior.

We call this algorithm Strategic Thompson Sampling and present it as follows.

Strategic Thompson Sampling: Bernoulli Demand

Let Ni,0 = 0, and Ri,0 = 0 for all arms i = 1, ..., N . Repeat the following steps for all

t = 1, ..., T :

1. Retailer Price Offer Decision

• For each arm i, sample θi(t) from Beta(1+Ri,(t−1), 1+Ni,t−1−Ri,t−1) distribution.

• The retailer offers a price pi(t) that maximizes his expected empirical revenue

pi(t) = argmax
i

pi θi(t).

2. Customer Purchase Decision

• The strategic customer with patience level δ makes her purchase decision based

on a Bernoulli draw with the following success probability. Given price pi(t) is

offered in this period,

Pr(success) = di(t) ∗ pr

(
pest ≥ 1−

1− pi(t)
δ

)
,

where pr(p
est ≥ 1 − 1−pi(t)

δ
) =

∑
i w̄i for all i where price pi is revealed and

pi ≥ 1− 1−pi(t)
δ

.

– If the result of the Bernoulli draw is one, the customer purchases the product.

– If the result of the Bernoulli draw is zero, the customer does not purchase the

product.
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3. Update: The Beta parameters for the retailer are updated based on the retailer price

offer and the customers’ purchase decisions. If price pi(t) has been offered at time t,

then

• Ni(t),t ← Ni(t),(t−1) + 1, Nj,t = Nj,(t−1) , ∀j 6= i

• If the customer purchases immediately under price pi(t), then Ri(t),t ← Ri(t),(t−1) +

1, otherwise Ri(t),t ← Ri(t),(t−1).

1.5 Numerical Results: Bernoulli Demand

In this section, we present our numerical results when the demand follows a Bernoulli dis-

tribution. In subsection 1.5.1, we plot posterior densities of expected demands for both

strategic and myopic customers. We then analyze the retailer’s long run price offer as cus-

tomers become more and more strategic. This analysis is provided in section 1.5.2. We

further numerically explore and compare the retailer’s expected cumulative revenue in the

presence of both myopic and strategic customers. Through extensive parameter exploration,

we found a parameter setting where the retailer by applying Strategic Thompson Sampling

algorithm can be better off in the presence of strategic customers. These results are pre-

sented in subsection 1.5.3. More specifically, we compare expected cumulative revenue and

worst-case cumulative revenue for both types of customers in subsection 1.5.3.

1.5.1 Posterior Distributions: Bernoulli Demand

The posterior distribution of expected demand in the Strategic Thompson Sampling algo-

rithm follows a Beta distribution in the case of Bernoulli demand. Figure 1.1 presents the

density of the expected demands’ posterior distributions under each price p1 = 0.4, p2 = 0.7,

and p3 = 0.9 when T = 1000 for both strategic and myopic customers. The true expected

demand for myopic customers are d1 = 0.8, d2 = 0.6, and d3 = 0.5; for strategic customers,

the true expected demand values are d̃1 = 0.8, d̃2 = 0.6, and d̃3 = 0.3. As we observe, the
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posterior density approaches the corresponding true expected demands under each price for

both types of customers.
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Figure 1.1: This plot represents the Beta posterior densities of the expected demands under
three prices p1 = 0.4, p2 = 0.7, and p3 = 0.9 when T = 1000. The retailer is facing myopic
customers in the top-plot and strategic customers with patience level δ = 0.4 in the bottom-
plot. The true expected demand for myopic customers are d1 = 0.8, d2 = 0.6, and d3 = 0.5
and for strategic customers are d̃1 = 0.8, d̃2 = 0.6, and d̃3 = 0.3. The retailer’s long-run
price offers approach to p3 = 0.9 in the presence of myopic customers and to p2 = 0.7 for
strategic customers. The green dashed-lines show the true expected demands. We averaged
Beta distribution parameters over 5000 simulations.

1.5.2 Long-run Price Convergence Analysis

Our numerical results show that the convergence of the retailer price offer in the long-run

depends on the value of δ, the customer’s patience level. As mentioned before, the value

of δ varies from 0 to 1. Customers are highly strategic for values of δ close to 1. On the

other hand, for smaller values of δ, customers show less strategic and more myopic behavior.

When δ = 0, the customer is considered purely myopic. Figure 1.2 shows the retailer price
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offer in the long-run (T=10000 periods) as δ varies from 0 to 1 in increments of 0.1. In this

figure, N = 3, the price set is {p1 = 0.4, p2 = 0.7, p3 = 0.9}, and the true expected demands

for these prices are respectively, d1 = 0.8, d2 = 0.6, and d3 = 0.5 for myopic customers.

As we observe from Figure 1.2, for highly myopic customers (δ ' 0), the retailer’s price

offer converges to the highest price p3 = 0.9. We observe this behavior for our parameter

initialization when 0 ≤ δ ≤ 0.2. As δ increases, the retailer price offer decreases so that for

more strategic customers (less myopic), the retailer-offered price converges to p2 = 0.7. We

observe this behavior for values of 0.3 ≤ δ ≤ 0.5. For highly strategic customers (δ ' 1),

the retailer price offer in the long-run converges to the lowest price p1 = 0.4. We observe

this behavior for values of 0.6 ≤ δ ≤ 1 in our set of parameter initializations. This result is

consistent with the work by [15] which shows that optimal pricing strategy decreases over

time in the presence of strategic customers.
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Figure 1.2: This plot presents the retailer’s price offer in the long-run forN = 3 and T=10000.
Prices for each arm are p1 = 0.4, p2 = 0.7, and p3 = 0.9. The true expected demands under
these prices are d1 = 0.8, d2 = 0.6, and d3 = 0.5, respectively, in the presence of myopic
customers.
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1.5.3 Cumulative Revenue Analysis: Bernoulli Demand

In this section, the goal is to explore and compare the retailer’s expected cumulative revenue

in the presence of both myopic and strategic customers. We present a parameter initialization

setting where the retailer can be better off with strategic customers if prices are offered based

on the Strategic Thompson Sampling algorithm. We investigated both expected cumulative

revenue and worst-case cumulative revenue scenarios. The parameter initialization for our

graphs in this section are as follows. The number of arms is N = 3, and the length of time

horizon is T = 200. Prices belong to the set p1 = 0.5, p2 = 0.6, p3 = 0.9, and the expected

demands in the presence of myopic customers are d1 = 0.9, d2 = 0.5, d3 = 0.3. The strategic

customers have a patience level of δ = 1. The simulations are averaged over 10,000 iterations.
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Figure 1.3: Expected cumulative revenue for both strategic and myopic customers. The
retailer is better off with strategic customers after t ≥ 77. Here, N = 3, T = 200, δ = 1.
The price set is p1 = 0.5, p2 = 0.6, p3 = 0.9 and the expected cumulative demands are
d1 = 0.9, d2 = 0.5 and d3 = 0.3 in the presence of myopic customers.

Figure 1.3 shows the retailer’s expected cumulative revenue. As we observe from this plot,
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Figure 1.4: Expected cumulative revenue difference in percentages. In the long-run, the
retailer’s expected cumulative revenue is about 1.01% higher with strategic customers as
compared to myopic ones. Here, N = 3, T = 200, δ = 1. The price set is p1 = 0.5, p2 =
0.6, p3 = 0.9 and the expected cumulative revenues are p1d1 = 0.45, p2d2 = 0.30, and
p3d3 = 0.27 in the presence of myopic customers.

the retailer is better off initially with myopic customers. The retailer’s expected cumulative

revenue is higher in the presence of strategic customers after t ≥ 77. Figure 1.4 shows the

expected cumulative revenue difference in percentages. For our set of parameter initializa-

tions, we observe that in the long run, the retailer’s expected cumulative revenue is about

1.01% higher in the presence of strategic customers rather than myopic ones. Our intuition

is that this behavior is due to the retailer’s higher exploration of non-optimal arms in the

presence of myopic customers as compared to the strategic ones. We have confirmed our

intuition in Figure 1.5.

Figure 1.5 shows the average frequencies of prices offered by applying the Strategic Thompson

Sampling algorithm. The average frequencies for prices p1 = 0.5, p2 = 0.6, p3 = 0.9 are

81.1%, 7.8%, 11.2%, respectively, for myopic customers and 91.9%, 2.6%, 5.6%, respectively,

for strategic customers. The long run price for both myopic and strategic customers is

p1 = 0.5. As we observe from this figure, the retailer chooses non-optimal arms more often
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Figure 1.5: Average frequency of prices offered in T=200 periods. The average frequencies for
prices p1 = 0.5, p2 = 0.6, p3 = 0.9 are respectively 81.1%, 7.8%, 11.2% for myopic customers
and 91.9%, 2.6%, 5.6% for strategic customers. The optimal price is p1 = 0.5. The retailer
chooses non-optimal arms more often in the presence of myopic customers. Simulations are
averaged over 10,000 iterations.

in the presence of myopic customers as compared to the strategic ones. Here, the average

frequencies are computed over 10,000 iterations.

For the rest of this section, we compute the retailer’s worst-case cumulative revenue for both

myopic and strategic customers for the same set of parameter initializations. Figure 1.6 shows

the retailer’s worst-case cumulative revenue averaged over 100,000 simulations. Figure 1.7

shows the retailer’s worst-case cumulative revenue difference in percentages. As we observe

from these figures, in the long run, the retailer’s worst-case cumulative revenue is about

33.2% higher in the presence of strategic customers as compared to myopic ones.

1.6 Optimality of Thompson Sampling: Bernoulli Demand

Regret is defined as the expected loss due to not playing the optimal arm. In our setting,

regret is the difference between optimal revenue and the revenue achieved by choosing a

non-optimal price. We denote ri = pidi (r̃i = pid̃i) as the expected revenue under arm i
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Figure 1.6: Worst-case cumulative revenue for strategic and myopic customers. The retailer
is better off with strategic customers after t > 97. Here, N = 3, T = 200, δ = 1. The
price set is p1 = 0.5, p2 = 0.6, p3 = 0.9 and the expected cumulative revenues are p1d1 =
0.45, p2d2 = 0.30, and p3d3 = 0.27 in the presence of myopic customers.
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Figure 1.7: Worst-case cumulative revenue difference in percentages. In the long run, the
retailer’s worst case cumulative revenue is about 33.2% higher in the presence of strategic
customers as compared to myopic ones.

for myopic (strategic) customers. With no loss of generality, we assume that the first arm

is the optimal arm, i.e. r1 = r∗ = maxi pidi in the presence of myopic customers and

r̃1 = r̃∗ = maxi pid̃i in the presence of strategic customers. We also assume that arm one is

the unique optimal arm. Expected regret will be lower in the case of multiple optimal arms;
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see [3]. We use superscript (̃) to denote the strategic customer setting.

Formally, expected regret at time T is defined as

E[Rmyp
T ] = E

[ T∑
t=1

(r∗ − ri(t))
]

=
∑
i

∆i E[Nmyp
i,T ] (1.4)

for myopic customers and

E[Rstr
T ] = E

[ T∑
t=1

(r̃∗ − r̃i(t))
]

=
∑
i

∆̃i E[N str
i,T ] (1.5)

for strategic customers. Where, i(t) denotes the arm played at time t, ∆i = p1d1− pidi, and

∆̃i = p1d̃1 − pid̃i. Moreover, Nmyp
i,T , and N str

i,T denote the number of plays of arm i at time T

for myopic and strategic customers respectively. Equations 1.4 and 1.5 suggest that in order

to bound the retailer’s expected regret, we have to find an upper bound on the expected

number of plays of any sub-optimal arm i, i.e., E[Nmyp
i,T ] and E[N str

i,T ]. These upper bounds

are stated in Theorem 1 for both types of customers. We conclude in proposition 1 that on

average the retailer plays a sub-optimal arm less often in the presence of a strategic customer

as compared to a myopic one. We have confirmed the result of proposition 1 empirically, as

well, by looking into the average prices observed by time T ; refer to Section 1.5.3, Figure 1.5.

1.6.1 Optimality of Strategic Thompson Sampling: Bernoulli Demand

In this subsection, we present our theoretical results for the Bernoulli demand scenario. More

specifically, we provide upper bounds on the number of sub-optimal arm draws and compare

them against both types of customers in Theorem 1 and Proposition 1, respectively. Upper

bounds on the expected regret for the Strategic Thompson Sampling algorithm is presented

in Proposition 2. We conclude in Proposition 3 that the retailer’s expected regret is lower

on average when he faces strategic customers as compared to myopic ones. We adopted the

proof techniques from [3] in the Bernoulli demand scenario.

Theorem 1. [Adapted from [3], Theorem 1.] Following the Strategic Thompson

Sampling algorithm, the expected number of plays of a sub-optimal arm i at time T is upper
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bounded by

E[Nmyp
i,T ] = O(1) + (1 + ε)2 lnT

KL(di, d1)
+O(

1

ε2
),

in the presence of myopic customers and by

E[N str
i,T ] = O(1) + (1 + ε̃)2 lnT

KL(d̃i, d̃1)
+O(

1

ε̃2
),

in the presence of strategic customers for some 0 < ε ≤ 1 and 0 < ε̃ ≤ 1. Here, KL(di, d1)

is the KL-divergence between di, and d1, i.e. KL(di, d1) = di ln
di
d1

+ (1 − di) ln( 1−di
1−d1

). The

KL-divergence between d̃i, and d̃1, i.e. KL(d̃i, d̃1) is defined in a similar fashion. Moreover,

the value for ε is selected such that

(1 + ε)2 ln(T )

KL(di, d1)
=

ln(T )

KL(xi, yi)
,

where xi ∈ (di, d1) and yi ∈ (xi, d1) are selected such that the following equations hold

KL(xi, d1) =
KL(di, d1)

1 + ε
, KL(xi, yi) =

KL(xi, d1)

1 + ε
.

The value of ε̃ is chosen in a similar fashion.

Proof. With no loss of generality, we assume that arm one is the unique optimal arm for

both strategic and myopic customers. We set xi and yi to be thresholds corresponding to

arm i where di < xi < yi < d1 holds for myopic customers and d̃i < xi < yi < d̃1 holds for

strategic customers. We define event Eµ
i (t) as

Ri,t−1

Ni,t−1+1
≤ xi where Ni,t−1 and Ri,t−1 denote

the number of plays of arm i and its number of successes up to time t − 1. Event Eθ
i (t) is

also defined as θi(t) ≤ yi. These events show that the empirical mean and sample draw from

the Beta distribution corresponding to arm i respectively are not too far from the true mean

di (d̃i). After some point in time, these events hold with high probability. Let Li(T ) = lnT
d(xi,yi)

.

Also, let Ft−1 denote the history of the retailer’s price offers and the customer’s purchase

decisions up to time t− 1. Define,

pi,t = pr(p1θ1(t) > piyi|Ft−1)
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and event Mi(t) as

piθi(t) ≥ pjθj(t), ∀j 6= 1

The expected number of plays a sub-optimal arm i at time T can be written as

E[Ni,T ] =
T∑
t=1

pr(i(t) = i)

=
T∑
t=1

pr

(
i(t) = i, Eµ

i (t), Eθ
i (t)
)

+
T∑
t=1

pr

(
i(t) = i, Eµ

i (t), Eθ
i (t)
)

+
T∑
t=1

pr

(
i(t) = i, Eµ

i (t)
)
.

We can further provide upper bounds on each of the above terms. For comprehensive details

on how to obtain these upper bounds, refer to Theorem 1 in [3].

Proposition 1. The expected number of plays of a sub-optimal arm i at time T for the

Strategic Thompson Sampling algorithm is lower in the presence of a strategic customer as

compared to a myopic one,

E[N str
i,T ] < E[Nmyp

i,T ].

Proof. We know that KL(di, d1) is decreasing in di and d̃i < di for any arm i. By Theorem

1, the expression for E[Ni,T ] is given as

E[Ni,T ] = O(1) + (1 + ε)2 lnT

KL(di, d1)
+O(

1

ε2
).

Taking the derivative with respect to di gives

∂KL(di, d1)

∂di
= ln

di
d1

+ 1− ln
1− di
1− d1

− 1

= ln
di(1− d1)

d1(1− di)
.

Since di(1−d1)
d1(1−di) < 1, then ∂KL(di,d1)

∂di
< 0 and KL(di, d1) is decreasing in di. On the other hand,

for the offered price pi(t) at time t, we have d̃i(t) = di(t) ∗ pr(pest ≥ 1− 1−pi(t)
δ

), i.e., d̃i(t) < di(t).

This concludes the result in proposition 1.
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Proposition 2. The Strategic Thompson algorithm provides an expected regret bound

E[Rmyp
T ] ≤ (1 + ε)

N∑
i=2

lnT

KL(di, d1)
∆i +O(

N

ε2
)

in the presence of myopic customers and

E[Rstr
T ] ≤ (1 + ε)

N∑
i=2

lnT

KL(d̃i, d̃1)
∆̃i +O(

N

ε2
)

in the presence of strategic customers at time T and for the N -armed stochastic bandit

problem.

Proof. The proof of this proposition is easily concluded from Theorem 1.

Proposition 3. The retailer’s expected regret is lower in the presence of strategic customers

as compared to myopic ones when prices are offered according to the Strategic Thompson

Sampling algorithm,

E[Rstr
T ] < E[Rstr

T ].

Proof. Define f(di) = ∆i

KL(di,d1)
. Taking the derivative of f(di) with respect to di gives

∂f(di)

di
= ln

[(d1(1− di)
di(1− d1)

)di
∗ 1− d1

1− di

]
+ ln

[(di(1− d1)

d1(1− di)

)di−d1
]

After a few steps of algebraic simplification, we get

∂f(di)

di
= ln

[(d1(1− di)
di(1− d1)

)d1

∗ 1− d1

1− di

]
The argument of the natural logarithm is greater than one due to the fact thatKL(d1, di) > 0.

Therefore, f(di) is increasing in di. This combined with the regret expression given in

Proposition 2 concludes the result in proposition 3.
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Chapter 2

DYNAMIC PRICING FOR STRATEGIC CUSTOMERS:
NORMAL DEMAND

In this chapter, we extend our model by assuming that demand follows a Normal distribu-

tion rather than the Bernoulli distribution that we analyzed in the previous chapter. We

further propose and present a variation of the Strategic Thompson Sampling algorithm for

the Normal demand scenario.

Similar to our Bernoulli demand model, price pi is assigned to arm i where the expected

demand and therefore expected revenue is unknown for each arm i ∈ {1, 2, ...N}. In order to

learn the expected revenue, we apply a Bayesian framework with Gaussian prior and Gaus-

sian likelihood as in the work by [3] with the difference that we incorporate the customer’s

strategic behavior and purchase decision into the model. The posterior distribution on the

expected revenue for each arm is Gaussian assuming Gaussian prior and likelihood; refer to

Appendix B.2. At each time t, the retailer maximizes his expected empirical revenue based

on sample draws from its Gaussian posterior distribution. Then, a strategic customer with

patience level δ observes the offered price and makes her purchase decision based on her

utility maximization described in detail in Subsection 2.0.2. Finally, the retailer updates

parameters of the posterior distribution for the selected arm.
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2.0.2 Customer Purchase Decision: Normal Demand

Similar to the Bernoulli case, mentioned in Section 1.3.1, customers maximize their utility

in order to make their purchase decision at time t as

max {0, vi(t) − pi(t), δ(vi(t) − pest)}. (2.1)

Where vi(t) denotes a customer’s valuation of the product under price pi(t). We assume that

vi ∼ uniform[0, 1] for all prices pi. δ measures customer’s patience level, and pest is the

customer’s estimation of the next period price. Therefore, the probability of purchase for a

strategic customer with patience level δ is:

pr(purchase) = pr(vi(t) − pi(t) > 0 , vi(t) − pi(t) > δ(vi(t) − pest))

= pr(vi(t) > pi(t) , vi(t) >
pi(t) − δp̄t

1− δ
)

= pr(vi(t) > max{ pi(t) ,
pi(t) − δp̄t

1− δ
})

= 1−max{ pi(t) ,
pi(t) − δp̄t

1− δ
}. (2.2)

We assume that customers estimate the next period price, pest, as the current weighted

average of observed prices, p̄t. We obtain the revenue at time t, i.e. rt, as a random

draw from a Normal distribution with mean [pr(purchase) ∗ pi(t)] and variance σ2
i(t). Where

pr(purchase) is given in equation (2.2) and σ2
i(t) is the true variance of revenue distribution

under arm i(t) selected at time t. Furthermore, we know that for a myopic customer with

patience level δ = 0, equation (2.2) turns into di(t) = p(vi(t) > pi(t)). Since customer’s

valuation follows a uniform distribution on [0, 1] for all arms and both types of customers,

di = 1− pi should hold for all arms i ∈ {1, ..., N}.

2.0.3 Strategic Thompson Sampling: Normal Demand

In the following, we present a Strategic Thompson Sampling algorithm for the Normal de-

mand scenario.
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Let Ni,1 = 0 and µ̃i,1 = 0 for all arms i = 1, ..., N at time t = 1.

Repeat the following steps for all t = 1, ..., T :

1. Retailer Price Offer Decision

• Sample Revenue: For each arm i, sample θi(t) from the N (µ̃i(t),
1

Ni,t+1
) distribu-

tion.

• The retailer offers a price pi(t) that maximizes his expected empirical revenue,

pi(t) = argmax
i

θi(t).

2. Customer Purchase Decision

• The purchase probability for a strategic customer with patience level δ is

pr(purchase) = 1−max{ pi(t) ,
pi(t) − δp̄t

1− δ
},

where p̄t is the average price observed by time t.

• Revenue rt is drawn from N(pr(purchase) ∗ pi(t), σ2
i(t)) where σ2

i(t) is the true vari-

ance for revenue under arm i(t).

3. Update: The retailer observes revenue rt and updates the posterior parameters of arm

i(t) as

µ̃i(t),(t+1) =
µ̃i(t),t Ni(t),t + rt

Ni(t),t + 1
, Ni(t),(t+1) = Ni(t),t + 1.

2.1 Numerical Results: Normal Demand

In this subsection, we present numerical results for the Normal demand scenario. In our

simulations, we set N = 3 and T = 4000. The price set is p1 = 0.5, p2 = 0.8, p3 = 0.9 and

expected demands are d1 = 0.5, d2 = 0.2, and d3 = 0.1, respectively, in the presence of

myopic customers. Figure 2.1 presents the Normal posterior distribution. Figure 2.2 shows

the retailer’s expected cumulative revenue and Figure 2.3 shows the retailer’s revenue for
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20 periods. Figure 2.4 shows the expected cumulative revenue difference, both in absolute

values and in percentages. As we observe from these plots, the retailer’s expected cumulative

revenue is higher in the presence of strategic customers (δ = 0.99) after t ≥ 831. For our set of

parameter initializations, we observe that in the long run, the retailer’s expected cumulative

revenue is about 1.8% higher in the presence of strategic customers rather than myopic ones.

Our intuition is that this behavior is due to the retailer’s higher exploration of non-optimal

arms in the presence of myopic customers as compared to the strategic customers. We have

confirmed our intuition in Figure 2.5.
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Figure 2.1: This plot represents the Gaussian posterior densities of the expected revenues at
three price levels p1 = 0.5, p2 = 0.8, and p3 = 0.9, when T = 4000. In the top plot, the retailer
is facing myopic customers; in the bottom plot, the retailer faces strategic customers with
patience level δ = 0.99. The true expected revenues for myopic customers at the different
price levels d1p1 = 0.25, p2d2 = 0.16, and p3d3 = 0.09. The retailer’s long run price offers
approaches p1 = 0.5 in the presence of both myopic and strategic customers. The green
dashed lines show the true expected revenues. We averaged Normal distribution parameters
over 1000 simulations.

The average frequencies of prices offered by applying a Strategic Thompson Sampling algo-

rithm is shown in Figure 2.5. The average frequencies for prices p1 = 0.5, p2 = 0.8, p3 = 0.9
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Figure 2.2: Expected cumulative revenue for both strategic and myopic customers. The
retailer is better off with strategic customers after t ≥ 831. Here, N = 3, T = 4000, δ = 0.99.
The price set is p1 = 0.5, p2 = 0.8, p3 = 0.9 and the expected demands are d1 = 0.5, d2 = 0.2
and d3 = 0.1 in the presence of myopic customers.
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Figure 2.3: Revenue at each period shown only for 20 periods for both strategic and myopic
customers. As observed in this plot, the retailer is better off with strategic customers around
t ≥ 430. Revenue at each time is averaged over 1000 iterations. Here, N = 3, T =
4000, δ = 0.99. The price set is p1 = 0.5, p2 = 0.8, p3 = 0.9 and the expected demands are
d1 = 0.5, d2 = 0.2 and d3 = 0.1 in the presence of myopic customers.
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Figure 2.4: Expected cumulative revenue difference in absolute values (strategic-myopic) and
in percentages are shown on the left and right plots respectively. The retailer is better off
with strategic customers for t ≥ 831. In the long run, the retailer’s expected cumulative
revenue is about 1.8% higher with strategic customers as compared to myopic ones. Here,
N = 3, T = 4000, δ = 0.99. The price set is p1 = 0.5, p2 = 0.8, p3 = 0.9 and the expected
cumulative revenues are p1d1 = 0.25, p2d2 = 0.16, and p3d3 = 0.09 in the presence of myopic
customers.

are respectively 85.1%, 10.2%, 4.8% for myopic customers and 94.5%, 2.8%, 2.7% for strategic

customers. The long run price for both myopic and strategic customers is p1 = 0.5. As we

observe from this figure, the retailer chooses non-optimal arms more often in the presence

of myopic customers as compared to the strategic ones. Here, the average frequencies are

computed over 1000 iterations.

We also performed worst-case cumulative revenue analysis for both strategic and myopic

customers. The numerical results are very similar to the expected cumulative revenue simu-

lation results. Therefore, they are not reported here. We learned that the retailer is better off

with strategic customers after t > 1015. Moreover, in the long run, the retailer’s worst case

cumulative revenue is about 2.6% higher in the presence of strategic customers as compared

to myopic ones.
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Figure 2.5: Average frequency of prices offered in T=4000 periods. The average frequen-
cies for prices p1 = 0.5, p2 = 0.8, p3 = 0.9 are respectively 85.1%, 10.2%, 4.8% for myopic
customers and 94.5%, 2.8%, 2.7% for strategic customers with patience level δ = 0.99. The
optimal price is p1 = 0.5 for both strategic and myopic customers. The retailer chooses
non-optimal arms more often in the presence of myopic customers. Simulations are averaged
over 1000 iterations.

2.2 Optimality of Strategic Thompson Sampling: Normal Demand

In this section, we provide analytical results for the Normal demand scenario. Specifically,

in Theorem 1, we provide an upper bound on the expected number of times a suboptimal

arm is drawn. Our upper bound is within a constant factor of the optimal rate based on the

result provided by [51].

Theorem 1. The expected number of sub-optimal arm draws is upper bounded by

E[Na,T ] ≤ 32∆−2
a lnT +O(1). (2.3)

where Na,T denotes the number of draws of arm a by horizon time T , and ∆a = µ1 − µa.

Proof of Theorem 1: We use the following notation in our proof: µ̃i,t =
∑t−1
w=1:i(w)=i

ri(t)

Ni,t+1
where

µ̃i,t denotes the posterior mean for arm i at time t, and ri(t) denotes the revenue observed

under offered price, pi(t). Moreover, Ni,t denotes the number of times arm i is played up to
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time t− 1. By assuming a Gaussian prior distribution on the expected rewards of arm i at

time t as N(µ̃i,t,
1

1+Ni,t
) and a true Gaussian likelihood of N(µi, 1), we derive the posterior

distribution as N(µ̃i,t+1,
1

1+Ni,t+1
). At each time step, the Strategic Thompson Sampling

algorithm with Gaussian prior draws independently from the posterior distributions of each

arm, and then pulls the arm with the maximum random draw. In our proof, θi,t denotes the

random draw from the Gaussian posterior distribution of arm i at time t. In this subsection,

we determine an upper bound on the expected number of plays of a sub-optimal arm and

the expected regret of strategic Thompson Sampling algorithm with Gaussian priors.

Let E[Na,T ] denote the average number of plays of a sub-optimal arm a up to horizon time

T . In the following, we present the derivation of an upper bound on E[Na,T ]. The sample

draw from the optimal arm is either underestimated or concentrated around its true mean,

whenever a sub-optimal arm is being selected. We bound E[Na,T ] by obtaining upper bounds

on these events.

E[Na,T ] =
T∑
t=1

pr[θ1(t) ≤ µ1−

√
β ln t

1 +N1,t

, A(t) = a]+
T∑
t=1

pr[θ1(t) > µ1−

√
β ln t

1 +N1,t

, A(t) = a]

(2.4)

where β is constant and its value will be determined throughout the proof. In the following

two subsections, we find upper bounds for the first term and second term in equation (2.4)

respectively. Throughout the proof, we apply the following tail bound for a Gaussian random

variable Z ∼ N(µ, σ2), pr( Z − µ ≤ −
√

2σ2x ) ≤ e−x.

2.2.1 Upper bound on the first term

In this subsection, we find an upper bound on the first term in equation (2.4) where θ1,t

follows a Normal distribution, θ1,t ∼ N(µ̃1,t, σ̃
2
1,t) with σ̃2

1,t = 1
1+N1,t

.

pr[θ1,t ≤ µ1 −

√
β ln t

1 +N1,t

, A(t) = a] = pr[(θ1,t − µ̃1,t) ≤ (µ1 − µ̃1,t)−

√
β ln t

1 +N1,t

, A(t) = a]
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Define random variable U := µ1 − µ̃1,t, and constant b :=
√

β ln t
1+N1,T

. The above probability

can be written as

pr(θ1,t − µ̃1,t ≤ U − b) = EU∼u [pr(θ1,t − µ̃1,t ≤ −(b− u)|U = u)]

≤ EU∼u [e− 1+N1,t
2

(b−u)2

I{b− u ≥
√

2 ln tγ

1 +N1,t

}+ I{b− u <
√

2 ln tγ

1 +N1,t

}]
≤ t−γ + pr[

√
β ln t

1 +N1,t

− (µ1 − µ̃1,t) <

√
2 ln tγ

1 +N1,t

]

≤ t−γ + pr[µ1 − µ̃1,t >

√
β ln t

1 +N1,t

−

√
2 ln tγ

1 +N1,t

]

≤ t−γ + pr[µ1 − µ̃1,t >
1

2

β ln t
1+N1,t

− 2 ln tγ

1+N1,t√
2 ln tγ

1+N1,t

] (2.5)

The last inequality follows from Taylor series expansion of
√
x around a,

√
x−
√
a >

1

2

x− a√
a
, ∀x > a.

After some algebraic simplification, (2.5) becomes

pr(θ1,t − µ̃1,t ≤ U − b) ≤ t−γ + pr(µ1 − µ̃1,t >
1

2

1√
1 +N1,t

ln tβ−2γ(ln t2γ)−
1
2 )

= t−γ + pr(µ̃1,t − µ1 < −
√

2σ̃2
1,tX)

where
√
X := 1

2
√

2
ln tβ−2γ(ln t2γ)

−1
2 , X = (β−2γ)2

16γ
ln t, and σ̃2

1,t = 1
1+N1,t

. By applying Gaussian

tail bound, we obtain

pr[θ1,t ≤ µ1 −

√
β ln t

1 +N1,t

, A(t) = a] ≤ t−γ + t−
(β−2γ)2

16γ

Summing over all times t gives

T∑
t=1

pr[θ1,t ≤ µ1 −

√
β ln t

1 +N1,t

, A(t) = a] ≤
T∑
t=1

t−γ +
T∑
t=1

t−
(β−2γ)2

16γ (2.6)

For the two sum terms in equation (2.6) to be convergent and of order of one, we need:

γ > 1,
(β − 2γ)2

16γ
> 1 ⇒ γ > 1, β > 2γ + 4 ⇒ γ > 1, β > 6
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Set γ = 1 + ε, and β = 6(1 + ε) where ε > 0 is an arbitrary small number,

T∑
t=1

pr[θ1(t) ≤ µ1 −

√
β ln t

1 +N1,t

, A(t) = a] ≤ 2
T∑
t=1

t−(1+ε) = O(1).

To conclude, the first term in equation (2.4) is of constant order,

T∑
t=1

pr[θ1(t) ≤ µ1 −

√
β ln t

1 +N1,t

, A(t) = a] = O(1). (2.7)

2.2.2 Upper bound on the second term

The next step is to provide an upper bound for the second term in equation (2.4). We first

condition on the event that the optimal arm is selected enough number of times. Specifically,

whether N1,t > α∆−2
a ln t− 1 where ∆a = µ1 − µa and α is a constant number which will be

determined towards the end of the proof.

T∑
t=1

pr[θ1,t > µ1 −

√
β ln t

1 +N1,t

, A(t) = a]

≤
T∑
t=1

pr[θa,t > µ1 −

√
β ln t

1 +N1,t

, A(t) = a,N1,t ≥ α∆−2
a ln t− 1]

+
T∑
t=1

pr[N1,t < α∆−2
a ln t− 1]

≤
T∑
t=1

pr[θa,t > µ1 −
√
β

α
∆a, A(t) = a]+

T∑
t=1

E[I{N1,t < α∆−2
a ln t− 1}]

≤
T∑
t=1

pr[θa,t > µ1 −
√
β

α
∆a, A(t) = a]+ E[

T∑
t=1

I{N1,t < α∆−2
a lnT}]

≤
T∑
t=1

pr[θa,t > µ1 −
√
β

α
∆a, A(t) = a]+ α∆−2

a lnT

In the second inequality, we apply the fact that θa,t > θ1,t since arm a is being pulled at time

t. Here, we set parameter α, and β such that

µ1 −
√
β

α
∆a >

µ1 + µa
2

⇒ 1

2
∆a >

√
β

α
∆a ⇒ α > 4β.
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Therefore,

T∑
t=1

pr[θ1,t > µ1 −

√
β ln t

1 +N1,t

, A(t) = a]

≤
T∑
t=1

pr[θa,t > µ1 + µa
2

, A(t) = a]+ α∆−2
a lnT

≤
T∑
t=1

pr[θa,t − µa > ∆a

2
, A(t) = a]+ α∆−2

a lnT

≤
T∑
t=1

E[e− 1
2

∆2
a

4

Na,t+1

2 I{Na,t ≥ 16∆−2
a lnT}]

+
T∑
t=1

pr(Na,t < 16∆−2
a lnT, θa,t >

µ1 + µa
2

)+ α∆−2
a lnT

≤ 1 +
T∑
t=1

pr(θa,t > µ1 + µa
2
|Na,t < 16∆−2

a lnT)

× E[I{Na,t < 16∆−2
a lnT}]+ α∆−2

a lnT

≤ 1 +
1

2
E[

T∑
t=1

I{Na,t < 16∆−2
a lnT}]+ α∆−2

a lnT

≤ 1 + 8∆−2
a lnT + α∆−2

a lnT.

To summarize, for α > 4β, the second term in equation (2.4) is upper bounded by

T∑
t=1

pr[θ1,t > µ1 −

√
β ln t

1 +N1,t

, A(t) = a] ≤ 1 + (8 + α)∆−2
a lnT. (2.8)

To conclude, by setting α = 24, and applying the upper bounds for the first and second

terms in equations (2.7), and (2.8) respectively, we obtain

E[Na,T ] ≤ 32∆−2
a lnT +O(1). (2.9)

This completes our proof of theorem 1.
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2.2.3 Lower bound on the second term

Our objective for this subsection is to investigate the lower bound on the second term in

equation (2.4) by assuming that arm one is selected an infinite number of times. We further

prove asymptotic optimal rate for the lower bound term.

T∑
t=1

pr[θ1(t) > µ1, A(t) = a] <
T∑
t=1

pr[θ1(t) > µ1 −

√
6 ln t

1 +N1,t

, A(t) = a]. (2.10)

In the following, we derive an upper bound on the left-hand side term in equation (2.10).

T∑
t=1

pr(θ1,t > µ1, A(t) = a) ≤
T∑
t=1

pr(θa,t > µ1, Na,T ≥ sT ) +
T∑
t=1

pr(θa,t > µ1, Na,T < sT )

(2.11)

The first term in (2.11) is upper bounded by:

T∑
t=1

pr(θa,t > µ1, Na,T ≥ sT ) ≤
T∑
t=1

pr(θa,t > µ1|Na,T ≥ sT ) pr(Na,T ≥ sT )

≤
T∑
t=1

pr(θa,t > µa + µ1 − µa|Na,T ≥ sT )

≤
T∑
t=1

e−
(µ1−µa)2

4
sT

By setting sT := 4(µ1 − µa)−2 log(T ), we get

T∑
t=1

pr(θa,t > µ1, Na,T ≥ sT ) ≤ 1.

The second term in (2.11) is upper bounded by

T∑
t=1

pr(θa,t > µ1, Na,T < sT ) =
T∑
t=1

pr(Na,T < sT |θa,t > µ1) pr(θa,t > µ1)

=
T∑
t=1

E
[
I{Na,T < sT |θa,t > µ1}

]
pr(θa,t > µ1)

≤ 1

2
E
[ T∑
t=1

I{Na,T < sT |θa,t > µ1}
]

≤ 1

2
sT .
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In the second to last inequality, we use pr(θa,t > µ1) < 1
2
. This is due to the fact that θa,t

follows a Gaussian distribution with mean and median equal to µa,t which are less than µ1.

Therefore,

T∑
t=1

pr(θ1,t > µ1, A(t) = a) ≤ 1 + 2(µ1 − µa)−2 ln(T ) = 1 +
ln(T )

KL(µ1, µa)
. (2.12)

The bound given above is asymptotically optimal based on the result in [51].

2.3 Retailer’s Performance Comparison: Myopic vs Strategic

Following the Strategic Thompson Sampling algorithm and applying the results in Theorem

1, the expected number of plays of a sub-optimal arm i at time T is upper bounded by

E[Nmyp
i,T ] ≤ 32 lnT

(µ1 − µi)2
+O(1), (2.13)

in the presence of myopic customers and by

E[N str
i,T ] ≤ 32 lnT

(µ̃1 − µ̃i)2
+O(1), (2.14)

in the presence of strategic customers. Here, 1
KL(µi,µ1)

= 2
(µ1−µi)2 , and 1

KL(µ̃i,µ̃1)
= 2

(µ̃1−µ̃i)2

due to Pinsker’s inequality for the case of equal variances (see Appendix A).

Proposition 1. For the case of equal optimal arms for both types of customers, the expected

number of plays of a sub-optimal arm i at time T for the Strategic Thompson Sampling

algorithm is lower in the presence of strategic customers as compared to myopic ones,

E[N str
i,T ] < E[Nmyp

i,T ].

Proof. For the offered price pi at time t, we have

d̃i = 1−max{pi,
pi − δp̄t
1− δ

}

= di I{pi < p̄t}+ (di −
δ(pi − p̄t)

1− δ
) I{pi > p̄t}

≤ di
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Therefore, µ̃i = pid̃i < µi = pidi for all the suboptimal arms. Therefore, for the case of

µ1 = µ̃1, 1
(µ̃1−µ̃i)2 <

1
(µ1−µi)2 . This along with the asymptotically optimal expressions for the

average number of sub-optimal arms’ draws conclude the result in this proposition.

Proposition 2. The Strategic Thompson algorithm provides an expected regret bound

E[Rmyp
T ] ≤

N∑
i=2

32 lnT

(µ1 − µi)
+O(N)

in the presence of myopic customers and

E[Rstr
T ] ≤

N∑
i=2

32 lnT

(µ̃1 − µ̃i)
+O(N)

in the presence of strategic customers at time T and for the N -arm stochastic bandit problem.

Proof. The proof of this theorem is easily adapted from theorem 1. Since the expected

regret for one play of sub-optimal arm i, is µ1 − µi for the myopic customer and µ̃1 − µ̃i for

the strategic customer.

Proposition 3. For the case of equal optimal arms for both types of customers, the retailer’s

expected regret is lower in the presence of strategic customers as compared to myopic ones

when prices are offered according to the Strategic Thompson Sampling algorithm,

E[Rstr
T ] < E[Rmyp

T ].

Proof. This result follows from the regret expression given in Proposition 2 and the relation

between µ̃i and µi where µ̃i < µi for any sub-optimal price pi.
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Chapter 3

BAYESIAN ONLINE LEARNING WITH EMPIRICAL BAYES
PRIOR

3.1 Introduction

Sponsored search advertising helps providers to bring traffic from search engines to content

provider websites. The majority of search engines’ revenues come from this advertising busi-

ness model. The overall search ad revenue in the US was $36.69 billion dollars in 2017; this

number is expected to grow by 24% in 2019 according to an article in Search Engine Land

1. Initially, all the interested advertisers introduce keywords along with their corresponding

bids for them. Every time a search query is requested by the user, the search engine has to

fill out a fixed number of slots available for advertisements that are relevant to the users’

search query. Before rendering the search results, the search engine plays an auction referred

to as a keyword auction to select the most profitable and relevant advertisements for the ad

slots. Then, advertisers pay the search engine, but only if the user clicks on the ad (this

payment scheme is referred to as “pay-per-click”).

Therefore, obtaining an accurate click-through-rate (CTR) prediction is crucial to the search

engine, since it can generate higher revenue and a better search engine user experience. [42]

built a Bayesian linear probit model to predict click-through-rate. They assumed factorizing

normal prior distribution on feature weights. They approximated the posterior distributions

using an expectation propagation algorithm ([63]). They then provided closed-form update

equations for the parameters of the posterior distributions (mean and variance of the Gaus-

sians). The algorithm initially starts with a standard Normal distribution as the prior belief,

1The article can be found here: https://searchengineland.com/google-search-ad-revenues-271188
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and computes updated posterior parameters for the first training sample. Thereafter, they

use the computed posterior as the prior for the next training data point and iterate.

Our objective in this chapter is to build an informative prior – and more specifically, an

empirical Bayes prior – for the Bayesian online learning algorithm that performs binary pre-

diction. The underlying model used in this chapter is the same as the one in [42] with a

difference that we are applying the Bayesian Linear Probit (BLIP) model to binary classifi-

cation problem on a public data set called “Census Income Data Set”. The output variable

denotes whether a particular person earns more than $50,000 or not. Our main objective

is to build an informative prior using a portion of the training data set and start the BLIP

model with the built-in prior rather than the non-informative standard Normal distributions.

We further compare the prediction accuracies of the BLIP model with informative and non-

informative priors. An empirical Bayes model (BLIP with empirical Bayes prior) has been

implemented recently in the production system of one of the largest online retailers. The

web-lab experiment is currently running.

The rest of this chapter is structured as follows. In Section 3.2, we briefly describe the BLIP

model. We explain Empirical Bayes methodology in details and derive the empirical Bayes

prior variance in Section 3.3. Detailed description of our data set is included in Section 3.4.

We report empirical Bayes variance simulations in Section 3.5. Prediction accuracies of BLIP

model with and without informative priors are reported in Section 3.6. More simulations

are presented in Section 3.7. We conclude this chapter with potential future directions in

Section 3.8.

3.2 Model Description

3.2.1 Bayesian Linear Probit Model

In this subsection, we first provide a brief summary of Bayesian Linear Probit (BLIP) model

([42]) which is used throughout this chapter. We assume that the true probability distribution
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is given as

p(y|x,w) = Φ(
y.wTx

β
)

where Φ(.) is the CDF of the standard Gaussian distribution (inverse link function) and β

scales its steepness. Here, y ∈ {1,−1} denotes the click/non-click label, where 1 represents a

click and −1 a non-click. Moreover, x denotes the vector of various types of features including

ad, query, and context that are used to predict the click rate for an ad impression. In this

study, we have N categorical features, where feature i can take Mi values. We represent x

as a sparse binary feature vector

x = (xT1 , ..., x
T
N)T , xTi = (xi,1, ..., xi,Mi

),

Mi∑
j=1

xi,j = 1.

In order to learn the weights “w” in a Bayesian framework, we assume a factorizing Gaussian

prior distribution as

p(w) =
N∏
i=1

Mi∏
j=1

N(wi,j;µi,j, σ
2
i,j)

where wi,j denotes the weight for feature i-th with j-th value. The posterior distribution

using the likelihood and prior distribution is given as

p(w|x, y) ∝ p(y|x,w)p(w).

Approximation of the posterior can be obtained using approximate message passing since

there is no closed form solution for it. For more details refer to [42] and the expectation

propagation algorithm introduced in [63]. Assume that the vector of mean and variances are

give as

µ := (µ1,1, ..., µN,MN
)T , σ2 := (σ2

1,1, ..., σ
2
N,MN

)T

The posterior parameter update equations are

µ̃ij = µij + yxij
σ2
ij

Σ
v(
y.xTµ

Σ
)

σ̃2
ij = σ2

ij[1− xij
σ2
ij

Σ
w(
y.xTµ

Σ
)]

where v(t) := N(t;0,1)
φ(t;0,1)

and w(t) := v(t)(v(t) + t).
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3.3 Empirical Bayes: BlipBayes Model

One potential approach for building an informative prior is to apply empirical Bayes method-

ology (see [31]). In a hierarchical Bayesian setting, applying empirical Bayes means estimat-

ing hyper-parameters using all/portion of the available data. In this subsection, we explain

the steps for deriving an empirical Bayes prior variance formula. Assume we have N features

of the same order (either all first order features or interaction terms). Categorical feature

i can have at most Mi categories. Furthermore, wij denotes the average weight for feature

ith, in jth category. As an example in Census Income Data Set, occupation is a categorical

feature with 14 categories such as Sale, Prof-specialty, Exec-managerial, etc.

Our objective is to have a Bayesian framework to learn the average weight µij. We assume

that the unknown distribution on all weights in a particular order (1st or 2nd) follows a

Normal distribution with unknown parameters, mean µ and variance τ 2,

µij ∼ N(µ, τ 2) ∀i, j.

We set the mean µ to zero to ensure the model is invariant to contextual sign changes. The

question is to come up with a formula to estimate τ 2, empirical Bayes prior variance. After

time t = 1, we can obtain an estimate of µ1
ij as follows:

µ1
ij|µij ∼ N(µij, σ

2
ij)

By having

E[µ1
ij|µij] = µij, V ar[µ

1
ij|µij] = σ2

ij, E[µ1
ij] = µ

V ar[µ1
ij] = E[V ar[µ1

ij|µij] + V ar(E(µ1
ij|µij))

=
Σijσ

2
ij

N
+ τ 2

The second equation comes from the variance decomposition. On the other side, by running

a BLIP model starting from N(0, 1) prior distribution after t = 1, we get the posterior
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distributions on µij as N(µ̂ij, σ̂
2
ij) which in turn can give us another estimate for V ar(µ1

ij) as

V ar(µ1
ij) '

∑
ij(µ̂ij − µ)2

N
=

∑
ij µ̂

2
ij

N
.

The last equality comes from setting µ = 0 as mentioned above. By comparing the last two

equations we obtain

τ 2 '
∑

ij(µ̂ij − µ)2

N
−
∑

ij σ̂
2
ij

N
=

∑
ij[(µ̂ij − µ)2 − σ̂2

ij]

N
=

∑
ij[µ̂

2
ij − σ̂2

ij]

N
(3.1)

3.4 Data Set Description

The data set used in this study is known as “Adult Data Set” or “Census Income Data Set”

which is publicly available 2. The objective is to predict whether income exceeds $50,000 per

year based on census data. The train data set has 30,162 observations, and the test data set

has 15,060 observations after removing rows with empty feature values. We have, in total,

13 first order categorical features. We are also adding all the interaction terms (total of 78)

to the data set in order to compute two empirical Bayes variances for first and second order

features.

Figure 3.1 shows the distribution of four categorical features: work class, education, occupa-

tion, and marital status in the train data set. The following table gives summary statistics

of the data.

3.5 Empirical Bayes Variance Simulations

Including all first and second order features gave negative τ 2 values for both feature orders.

After training the BLIP model for the first day, we got almost all of the Gaussian posterior

weights with mean and variance close to zero. This was such that the σ2 of the Gaussian

posterior was larger than its µ2 for almost all weights. Based on the empirical Bayes variance

2Link to data set: “https://archive.ics.uci.edu/ml/datasets/adult”.
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Figure 3.1: The distribution of four categorical features work class, education, occupation,
and marital status in the train data set.

formula given in equation (3.1), this results in a negative value for τ 2. This section reports

simulation ideas and their numerical values for empirical Bayes prior variances τ 2
1 and τ 2

2 for

first and second order features respectively.

3.5.1 Feature selection

The first idea was to perform feature selection. We ran regularized linear regression with

lasso, adaptive lasso, and elastic net using the “glmnet” package in R-language. We applied

10−fold cross validation to choose the shrinkage parameter. We then ran BLIP model for

the first day and computed empirical Bayes variances in two scenarios, one with selected

features and one with all first-order features and only the selected second-order ones. These
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Feature numCat Feature numCat

occupation 14 workclass 7

education 16 education-num 10

relationship 6 marital status 7

gender 2 race 5

hours-per-week 12 native-country 41

capital gain 3 capital loss 2

age 20

Table 3.1: This table lists all first order categorical features along with their numbers of
categories observed.

simulations returned a negative value for τ 2. The objective functions for our feature selection

methodologies lasso, adaptive lasso, and elastic net are given as

Ŵ (lasso) = arg min
w

||y −XW ||2 + λ
∑
i,j

|wi,j|

Ŵ (adaptive lasso) = arg min
w

||y −XW ||2 + λ
∑
i,j

τ̂i,j|wi,j|

Ŵ (elastic net) = arg min
w

||y −XW ||2 + λ1

∑
i,j

|wi,j|+ λ2

∑
i,j

w2
i,j

where λ is the shrinkage parameter estimated using 10-fold cross validation. wi,j is the

weight coefficient for i-th feature in j-th category. τ̂ in the last equation is the adaptive

weight vector. It is defined as τ̂i,j = 1
(ŵinii,j )γ

where ŵinii,j is an initial estimate of wi,j coefficient.

We obtained these initial estimates by performing ridge regression first. Moreover, γ is a

positive constant that adjusts the adaptive lasso weight vector and takes values 0.5, 1, and 2.

We set γ = 1 in our simulations. Based on τ̂i,j formula, coefficients with low initial estimates

get penalized more by adaptive lasso.
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3.5.2 Linear regression per feature

As another approach to estimate empirical Bayes variances, we ran linear regression per

feature and used the coefficient estimate and the square of its standard error as estimates

for the mean and variance in τ 2 formula given in (3.1). We iterated this process over all

features to compute τ 2. We also explored the feature selection approach first, and then ran

linear regression per each selected feature to compute τ 2. The numerical values for empirical

Bayes variances τ 2
1 and τ 2

2 are summarized below. In all scenarios, we obtained small positive

values for empirical Bayes variances of both first and second order features.

For a train data set of 5000 samples, we first performed feature selection by applying lasso,

adaptive lasso or elastic net and then ran linear regression per each selected feature. We

obtained empirical Bayes variances τ 2
1 = 0.03037648 an dτ 2

2 = 0.02936641 in the case of lasso,

and τ 2
1 = 0.069 and τ 2

2 = 0.029 with adaptive lasso. For elastic net with α = 0.5, we obtained

τ 2
1 = 0.027, and τ 2

2 = 0.029 and with α = 0.8, we obtained τ 2
1 = 0.029 and τ 2

2 = 0.024. When

we did not perform any feature selection and only ran linear regression per each feature and

iterated over all of them, on the same 5000 samples, we obtained τ 2
1 = 0.048, and τ 2

2 = 0.030.

3.5.3 Bootstrap and replication approach

We know that the value of τ 2
1 and τ 2

2 increases as the number of sample points increases due to

reduction in variance of Gaussian posteriors. Based on this observation, we ran simulations

where we replicated or bootstrapped the first 5000 samples in order to generate more data

points. Tables 3.2, 3.3, 3.4 and 3.5 summarize the values of τ 2
1 and τ 2

2 in various scenarios

where we replicated or bootstrapped 5000 samples in order to generate 20k, 40k, 60k and

80k data points. Each table contains empirical Bayes variances in 7 scenarios mentioned in

details below.

1. “adlasso (all 1st) or (selected 1st)” refers to performing adaptive lasso and keeping all

first order features or only the selected ones.
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20k-replication τ 2
1 τ 2

2

adlasso (all 1st) 0.553 -0.266

adlasso (selected 1st) 0.323 -0.111

elastic net (all 1st) -0.150 -0.588

elastic net (selected 1st) -0.154 -0.586

lasso (all 1st) -0.121 -0.598

lasso (selected 1st) -0.154 -0.591

no feature selection -0.173 -0.614

40k-replication τ 2
1 τ 2

2

adlasso (all 1st) 0.843 0.230

adlasso (selected 1st) 0.650 0.448

elastic net (all 1st) 0.011 -0.257

elastic net (selected 1st) 0.009 -0.256

lasso (all 1st) 0.042 -0.276

lasso (selected 1st) 0.009 -0.267

no feature selection -0.012 -0.306

Table 3.2: 20k and 40k replication scenarios. Here “adlasso” refers to adaptive lasso.

2. “elastic net (all 1st) vs (selected 1st)” refers to performing elastic net and keeping all

first order features or only the selected ones.

3. “lasso (all 1st) vs (selected 1st)” refers to performing lasso and keeping all first order

features or only the selected ones.

4. “no feature selection”: We replicate or bootstrap the data and run BLIP on the gen-

erated data set. We do not perform any feature selection.

In all of these cases, whenever we performed feature selection, we replicated/bootstrapped

the data first and only used the selected second order features. We then ran BLIP on the

generated data set. The empirical Bayes variances reported in these tables reveal that not

having a convergent model can have a big effect on both τ 2
1 and τ 2

2 values. A model is called

convergent if the Gaussian posterior distributions of the average weights have sufficiently

small variances.

The objective for the next experiment was to investigate the effect of extra samples in

computing empirical Bayes variances. A summary of our results are given in Table 3.6 and

Table 3.7. We included the following in the experiment.
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60k-replication τ 2
1 τ 2

2

adlasso (all 1st) 1.038 0.694

adlasso (selected 1st) 0.875 0.943

elastic net (all 1st) 0.114 0.050

elastic net (selected 1st) 0.113 0.052

lasso (all 1st) 0.145 0.021

lasso (selected 1st) 0.113 0.031

no feature selection 0.092 -0.021

80k-replication τ 2
1 τ 2

2

adlasso (all 1st) 1.19 1.13

adlasso (selected 1st) 1.04 1.39

elastic net (all 1st) 0.190 0.336

elastic net (selected 1st) 0.190 0.338

lasso (all 1st) 0.220 0.298

lasso (selected 1st) 0.189 0.306

no feature selection 0.169 0.245

Table 3.3: 60k, and 80k replication scenarios. Here “adlasso” refers to adapative lasso.

20k-bootstrapping τ 2
1 τ 2

2

adlasso (all 1st) 0.551 -0.324

adlasso (selected 1st) 0.214 -0.168

elastic net (all 1st) -0.099 -0.587

elastic net (selected 1st) -0.102 -0.586

lasso (all 1st) -0.073 -0.570

lasso (selected 1st) -0.093 -0.563

no feature selection -0.159 -0.602

40k-bootstrapping τ 2
1 τ 2

2

adlasso (all 1st) 0.852 0.241

adlasso (selected 1st) 0.714 0.460

elastic net (all 1st) 0.032 -0.250

elastic net (selected 1st) 0.027 -0.248

lasso (all 1st) 0.110 -0.241

lasso (selected 1st) 0.075 -0.235

no feature selection -0.012 -0.297

Table 3.4: 20k, and 40k bootstrapping scenarios. Here “adlasso” refers to adaptive lasso.
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60k-bootstrapping τ 2
1 τ 2

2

adlasso (all 1st) 1.04 0.759

adlasso (selected 1st) 0.875 1.01

elastic net (all 1st) 0.104 0.043

elastic net (selected 1st) 0.102 0.045

lasso (all 1st) 0.144 0.044

lasso (selected 1st) 0.141 0.046

no feature selection 0.092 -0.010

80k-bootstrapping τ 2
1 τ 2

2

adlasso (all 1st) 1.16 1.17

adlasso (selected 1st) 1.04 1.42

elastic net (all 1st) 0.199 0.328

elastic net (selected 1st) 0.197 0.330

lasso (all 1st) 0.261 0.368

lasso (selected 1st) 0.257 0.370

no feature selection 0.179 0.263

Table 3.5: 60k, and 80k bootstrapping scenarios. Here “adlasso” refers to adaptive lasso.

1. We performed adaptive lasso with the full data set of 30,162 samples. We kept all the

first order features and only the selected second order ones. We then ran BLIP on

these features and calculated τ 2 values.

2. We replicated or bootstrapped the first 5000 samples to generate 30,162 data points.

We then followed the process in number one to get τ 2 values.
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Replication (30,162) τ 2
1 τ 2

2

adaptive lasso (all 1st) 0.726 -0.005

adaptive lasso (selected 1st) 0.529 0.189

elastic net (all 1st) -0.059 -0.427

elastic net (selected 1st) -0.061 -0.425

lasso (all 1st) -0.014 -0.429

lasso (selected 1st) -0.043 -0.422

Bootstrap (30,162) τ 2
1 τ 2

2

adaptive lasso (all 1st) 0.722 0.012

adaptive lasso (selected 1st) 0.537 0.202

elastic net (all 1st) 0.015 -0.419

elastic net (selected 1st) 0.258 -0.414

lasso (all 1st) 0.021 -0.412

lasso (selected 1st) 0.231 -0.403

Table 3.6: Empirical Bayes variances, τ 2
1 and τ 2

2 , based on replication/bootstrapping of 5k
samples to obtain 30,162 artificial data points (size of train data set). We then perform
feature selection (adaptive lasso, elastic net and lasso) on the artificial data set, and fed it
to BlipBayes to get τ 2 values.

Original data set (30,162) τ 2
1 τ 2

2

adaptive lasso (all 1st) 0.636 -0.340

adaptive lasso (selected 1st) 1.21 -0.210

elastic net (all 1st) -0.073 -0.712

elastic net (selected 1st) -0.079 -0.709

lasso (all 1st) 0.030 -0.706

lasso (selected 1st) -0.146 -0.689

Table 3.7: Empirical Bayes variances, τ 2
1 and τ 2

2 , on all the original train data set of size
30,162 samples. We used the whole train data set and performed feature selection (adaptive
lasso, elastic net, and lasso). We then fed the new data set to BlipBayes to obtain τ 2 values.
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3.6 Prediction Accuracy

In this section, we report prediction accuracies for six experiments. We first describe the

three scenarios compared in subsection 3.6.1. We then go over metrics used in reporting our

prediction accuracies and report the results of our 6 experiments in subsection 3.6.2.

3.6.1 Scenarios Description

We are comparing three scenarios which are different only for the training on the first day

as described below.

• Blip: We start with the traditional prior distribution as N(0, 1) for all first and second

order features and train the model on the first 5k samples.

• BlipBayes: In this scenario, we train the BLIP model on artificially built samples

(based on bootstrapping of the first 5k samples) and compute τ 2
1 and τ 2

2 . We then

reset the prior for first-order features to N(0, τ 2
1 ) and for the second-order features to

N(0, τ 2
2 ). We then run Blip on the first 5k samples using empirical Bayes priors.

• BlipTwice: Here, we run the BLIP model with a N(0, 1) prior distribution on the same

artificially generated samples as in the BlipBayes scenario. We then saved the model

and trained it further on the first 5k samples.

We ran Blip, BlipBayes, and BlipTwice for 6 days and compared their prediction accuracies

at the end of each day. We performed multiple experiments as reported in subsection 3.6.2

and section 3.7. The size of the train data on each day is 5027 samples. The reason we

included BlipTwice was to make sure the comparison among Blip and BlipBayes was fair

and consistent with the amount of data we fed into each model.

The metrics used to compare prediction accuracies for the aforementioned three scenarios

are log loss and classification loss using a threshold value at 0.5. The log loss formula for



54

binary classification for N data points is given as

logloss = − 1

N

N∑
i=1

[yi ln pi + (1− yi) ln(1− pi)].

3.6.2 Experiments: prediction accuracies

Experiments Description

First Experiment: In this experiment, we took 5k samples and bootstrapped the samples

to obtain a 40k artificial data set and then performed regularized linear regression with

adaptive lasso. We kept all first order features (13 of them) and only the selected second order

features. The values of τ 2 as reported in Table 3.4 are τ 2
1 = 0.852 and τ 2

2 = 0.241. Figure 3.2

demonstrates the results of adaptive lasso feature selection. Log loss and classification loss

(threshold at 0.5 level) values are plotted in Figure 3.3 and reported in Table 3.8.

Second Experiment: In this experiment, we took 5k samples and bootstrapped the samples

to obtain a 60k artificial data set and then performed regularized linear regression with

adaptive lasso. We kept all first order features (13 of them) and only the selected second

order features. The τ 2 values as reported in Table 3.5, are τ 2
1 = 1.04 and τ 2

2 = 0.759. Log loss

and classification loss (threshold at 0.5 level) values are plotted in Figure 3.4 and reported

in Table 3.9.

Third Experiment: In this experiment, we took 5k samples and bootstrapped the samples

to obtain an 80k artificial data set and then performed regularized linear regression with

adaptive lasso. We kept all first order features (13 of them) and only the selected second

order features (12 of them). The τ 2 values as reported in Table 3.5 are τ 2
1 = 1.16 and

τ 2
2 = 1.17. Log loss and classification loss (threshold at 0.5 level) values are plotted in

Figure 3.5 and reported in Table 3.10.

Fourth Experiment: In this experiment, we took 5k samples and bootstrapped the samples

to obtain a 40k artificial data set and then performed regularized linear regression with
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adaptive lasso. We kept only selected features for both first and second order features. The

number of selected first and second order features are 7 and 11 respectively. The τ 2 values

as reported in Table 3.4 are τ 2
1 = 0.714 and τ 2

2 = 0.460. Log loss and classification loss

(threshold at 0.5 level) values are plotted in Figure 3.6 and reported in Table 3.11.

Fifth Experiment: In this experiment, we took 5k samples and bootstrapped the samples

to obtain a 60k artificial data set and then performed regularized linear regression with

adaptive lasso. We kept only the selected features for both first and second order features.

The number of selected first order features is 8 and the number of selected second order

features is 12. The τ 2 values as reported in Table 3.5 are τ 2
1 = 0.875 and τ 2

2 = 1.01. Log loss

and classification loss (threshold at 0.5 level) values are plotted in Figure 3.7 and reported

in Table 3.12.

Sixth Experiment: In this experiment, we took 5k samples and bootstrapped them to ob-

tain an 80k artificial data set and then performed regularized linear regression with adaptive

lasso. We kept selected features for both first and second order features. The number of

selected first order features is 8 and the number of selected second order features is 12. The

τ 2 values as reported in Table 3.5 are τ 2
1 = 1.04 and τ 2

2 = 1.42. Log loss and classification

loss (threshold at 0.5 level) values are plotted in Figure 3.8 and reported in Table 3.13.
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Figure 3.2: First Experiment: MSE and coefficients selected by adaptive lasso on a 40k built
data set by bootstrapping of first 5k samples. We keep all 13 of the first order features, and
the number of selected second order features by adaptive lasso is 11. The two dashed lines
denote the log of λmin = −4.5378 and λ1se = −4.1657 obtained by 10-fold cross validation.
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Figure 3.3: First Experiment: Log loss and 0/1 classification for Blip, BlipBayes, and
BlipTwice. The empirical Bayes variances for first and second order features are τ 2

1 = 0.852
and τ 2

2 = 0.241 respectively.

Loss/Day Log loss Classification loss

Model/Day Blip BlipBayes BlipTwice Blip BlipBayes BlipTwice

Day 1 0.3240 0.3206 0.3312 0.1487 0.1478 0.1513

Day 2 0.3199 0.3174 0.3267 0.1483 0.1467 0.1501

Day 3 0.3193 0.3174 0.3245 0.1475 0.1467 0.1486

Day 4 0.3171 0.3157 0.3223 0.1471 0.1451 0.1474

Day 5 0.3173 0.3158 0.3215 0.1480 0.1477 0.1489

Day 6 0.3165 0.3152 0.3198 0.1483 0.1467 0.1474

Table 3.8: First Experiment: Log loss and classification loss values for three scenarios; Blip,
BlipBayes and BlipTwice. The features included in the data are based on adaptive lasso
feature selection on a 40k artificially built data set (bootstrapped on 5k samples); keeping
all 13 first-order features and only the selected second order features (11 of them). The
empirical Bayes variances for first and second order features are τ 2

1 = 0.852 and τ 2
2 = 0.241

respectively. Size of the test set is 15060.
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Figure 3.4: Second Experiment: Log loss and 0/1 classification loss (threshold at 0.5) for
Blip, BlipBayes, and BlipTwice. The empirical Bayes variances for first and second order
features are τ 2

1 = 1.04 and τ 2
2 = 0.759 respectively.

Loss/Day Log loss Classification loss

Model/Day Blip BlipBayes BlipTwice Blip BlipBayes BlipTwice

Day 1 0.3244 0.3234 0.3337 0.1482 0.1483 0.1516

Day 2 0.3200 0.3193 0.3299 0.1485 0.1478 0.1505

Day 3 0.3195 0.3190 0.3275 0.1480 0.1478 0.1503

Day 4 0.3172 0.3168 0.3251 0.1471 0.1467 0.1489

Day 5 0.3174 0.3170 0.3241 0.1478 0.1481 0.1499

Day 6 0.3166 0.3162 0.3221 0.1478 0.1479 0.1486

Table 3.9: Second Experiment: Log loss and classification loss values for three scenarios;
BLip, BlipBayes and BlipTwice. The features included in the data are based on adaptive
lasso feature selection on a 60k artificially built data set (bootstrapped on 5k samples). We
kept all 13 first order features and only the selected second order features (12 of them). The
empirical Bayes variances for first and second order features are τ 2

1 = 1.04 and τ 2
2 = 0.759

respectively. Size of the test set is 15060.
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Figure 3.5: Third Experiment: Log loss and 0/1 classification loss for Blip, BlipBayes, and
BlipTwice. The empirical Bayes variances for first and second order features are τ 2

1 = 1.16
and τ 2

2 = 1.17 respectively.

Loss/Day Log loss Classification loss

Model/Day Blip BlipBayes BlipTwice Blip BlipBayes BlipTwice

Day 1 0.3244 0.3254 0.3360 0.1482 0.1489 0.1521

Day 2 0.3200 0.3205 0.3326 0.1485 0.1490 0.1513

Day 3 0.3195 0.3198 0.3302 0.1480 0.1483 0.1503

Day 4 0.3172 0.3175 0.3279 0.1471 0.1475 0.1491

Day 5 0.3174 0.3177 0.3267 0.1478 0.1478 0.1501

Day 6 0.3166 0.3168 0.3248 0.1478 0.1480 0.1481

Table 3.10: Third Experiment: Log loss and classification loss values for three different
scenarios; BLip, BlipBayes and BlipTwice. The features included in the data are based
on adaptive lasso feature selection on an 80k artificially built data set (bootstrapped of 5k
samples). We kept all 13 first order features and only the selected second order features (12
of them). The empirical Bayes variances for first and second order features respectively are
τ 2

1 = 1.16 and τ 2
2 = 1.17. Size of the test set is 15060.
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Figure 3.6: Fourth Experiment: Log loss and 0/1 classification loss for Blip, BlipBayes, and
BlipTwice. The empirical Bayes variances for first and second order features are τ 2

1 = 0.714
and τ 2

2 = 0.460 respectively. We keep only the selected features for both first (7 of them)
and second order ones (11 of them).

Loss/Day Log loss Classification loss

Model/Day Blip BlipBayes BlipTwice Blip BlipBayes BlipTwice

Day 1 0.3246 0.3237 0.3318 0.1497 0.1508 0.1517

Day 2 0.3206 0.3199 0.3277 0.1476 0.1467 0.1509

Day 3 0.3196 0.3192 0.3255 0.1469 0.1467 0.1500

Day 4 0.3175 0.3171 0.3235 0.1455 0.1448 0.1479

Day 5 0.3178 0.3174 0.3227 0.1473 0.1466 0.1491

Day 6 0.3172 0.3168 0.3211 0.1466 0.1465 0.1485

Table 3.11: Fourth Experiment: Log loss and classification loss values for three different
scenarios BLip, BlipBayes, and BlipTwice. The features included in the data are based
on adaptive lasso feature selection on a 40k artificially built data set (bootstrapped on 5k
samples). We only keep the selected features for both first (7 features) and second order
features (11 features). The size of the test set is 15,060. The empirical Bayes variances for
both first and second order features are τ 2

1 = 0.714 and τ 2
2 = 0.460 respectively.
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Figure 3.7: Fifth Experiment: Log loss and 0/1 classification loss (threshold at 0.5 level) for
Blip, BlipBayes, and BlipTwice. The empirical Bayes variances for first and second order
features are τ 2

1 = 0.875 and τ 2
2 = 1.01 respectively. The number of selected first order

features is 8 and the number of selected second order features is 12.

Loss/Day Log loss Classification loss

Model/Day Blip BlipBayes BlipTwice Blip BlipBayes BlipTwice

Day 1 0.3258 0.3257 0.3347 0.1505 0.1504 0.1525

Day 2 0.3210 0.3209 0.3309 0.1483 0.1479 0.1521

Day 3 0.3199 0.3199 0.3286 0.1464 0.1464 0.1514

Day 4 0.3176 0.3176 0.3264 0.1456 0.1456 0.1508

Day 5 0.3180 0.3180 0.3254 0.1474 0.1476 0.1508

Day 6 0.3173 0.3173 0.3236 0.1471 0.1471 0.1497

Table 3.12: Fifth Experiment: Log loss and classification loss (threshold at 0.5 level) values
for three different scenarios BLip, BlipBayes and BlipTwice. The features included in the
data are also based on adaptive lasso feature selection on a 60k artificially built data set
(bootstrapped on 5k samples). We only keep the selected features for both first and second
order features. The number of selected first order features is 8 and for second order features
is 12. The empirical Bayes variances for first and second order features are τ 2

1 = 0.875 and
τ 2

2 = 1.01 respectively. The size of the test set is 15,060.
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Figure 3.8: Sixth Experiment: Log loss and 0/1 classification loss (threshold at 0.5 level) for
Blip, BlipBayes, and BlipTwice. The empirical Bayes variances for first and second order
features are τ 2

1 = 1.04 and τ 2
2 = 1.42 respectively.

Loss/Day Log loss Classification loss

Model/Day Blip BlipBayes BlipTwice Blip BlipBayes BlipTwice

Day 1 0.3258 0.3270 0.3369 0.1505 0.1497 0.1524

Day 2 0.3210 0.3217 0.3335 0.1483 0.1489 0.1522

Day 3 0.3199 0.3204 0.3312 0.1464 0.1476 0.1511

Day 4 0.3176 0.3180 0.3290 0.1456 0.1461 0.1507

Day 5 0.3180 0.3184 0.3278 0.1474 0.1474 0.1517

Day 6 0.3173 0.3176 0.3260 0.1471 0.1476 0.1496

Table 3.13: Sixth Experiment: Log loss and classification loss (threshold at 0.5 level) val-
ues for three different scenarios BLip, BlipBayes and BlipTwice. The features included in
the data are based on adaptive lasso feature selection on an 80k artificially built data set
(bootstrapped on 5k samples). We keep the selected features for both first and second order
features. The number of selected first order features is 8 and for second order features is 12.
The empirical Bayes variances for first and second order features are τ 2

1 = 1.04 and τ 2
2 = 1.42

respectively. The size of the test set is 15060.
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3.7 More Experiments

In this section, we compare prediction accuracies for Blip, BlipBayes, and BlipTwice in

new scenarios. Specifically, in subsection 3.7.1 we reset the prior on the third day and in

subsection 3.7.2 we perform experiments on 30 days and compute prediction accuracies.

3.7.1 Empirical Bayes Reset on 3rd Day

In this experiment, we divide the train data set into six chunks, each having 5,027 samples.

We train the Blip model for three days (on about 15k samples) and compute empirical Bayes

variances at the end of third day. We then reset the Gaussian weights to the empirical Bayes

prior and re-train on all six chunks as in Blip. The prediction accuracies on days 3, 4, 5,

and 6 for Blip and BlipBayes with prior reset after the first day and after the third day are

plotted in Figure 3.9 and the values are reported in Table 3.14. Moreover, the empirical

Bayes data set is the bootstrapped version of the first 15k samples after running adaptive

lasso on it (keeping all first order features and only selected second order features). The

values of the empirical Bayes variances are τ 2
1 = 0.862 and τ 2

1 = 0.414.

3.7.2 Empirical Bayes performance on 30 Days

In this subsection, we report the results of three experiments. In all, we generate data by

bootstrapping the first 1000 samples, performing adaptive lasso on the generated data set,

keeping all first order features and only the selected second order ones. We then run BLIP on

the first day (1000 samples) and compute empirical Bayes variances and reset the prior for

BlipBayes. In experiment 8, 9, and 10, we generated 40k, 15k, and 12k samples. Figures 3.10,

3.12, and 3.14 demonstrate the results of adaptive lasso feature selection. The log loss and

classification loss values for experiments 8, 9, and 10 are presented in Figures 3.11, 3.13, and

3.15.
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Figure 3.9: Prior Reset Experiment: Log loss and classification loss values after prior re-
set on day 1 (blue curve) and on day 3 (grren curve). The values of the empirical Bayes
variances are τ 2

1 = 0.862 and τ 2
2 = 0.414 computed after the third day. The number of first

order features included is 13 and the count of selected second order features is 11.

Loss/Day Log loss Classification loss

Model/Day Blip BlipBayes Blip BlipBayes

Day 3 0.3186 0.3172 0.1476 0.1470

Day 4 0.3162 0.3151 0.1469 0.1464

Day 5 0.3164 0.3153 0.1475 0.1473

Day 6 0.3161 0.3150 0.1471 0.1464

Table 3.14: Prior Reset Experiment: Log loss and classification loss (threshold at 0.5 level)
values for BLip and BlipBayes. The empirical Bayes data set is the bootstrapped version
of the first 15k samples after running adaptive lasso on it (keeping all first order features
and only selected second order features). The values of the empirical Bayes variances are
τ 2

1 = 0.862 and τ 2
1 = 0.414 computed on the third day of training. The size of the test set is

15,060.
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Figure 3.10: Experiment 8: MSE and coefficients selected by adaptive lasso on 40k built
data set by bootstrapping of the first 1000 samples. Here we keep all 13 of the first order
features and the number of selected second order features by adaptive lasso is 21. The two
dashed lines denote the log of λmin = −5.1862 and λ1se = −4.9071 obtained by 10-fold cross
validation.
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Figure 3.11: Experiment 8: Log loss and 0/1 classification for Blip, BlipBayes, and
BlipTwice. The empirical Bayes variance for the first and second order features respectively
are τ 2

1 = 1.84 and τ 2
2 = 1.78.
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Figure 3.12: Experiment 9: MSE and coefficients selected by adaptive lasso on a 15k built
data set by bootstrapping of the first 1000 samples. Here we keep all 13 of the first order
features and the number of selected second order features by adaptive lasso is 20. The two
dashed lines denote the log of λmin = −5.0204 and λ1se = −4.7413 obtained by 10-fold cross
validation. The values of empirical Bayes variance are τ 2

1 = 0.939 and τ 2
2 = 0.410.
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Figure 3.13: Experiment 9: Log loss and 0/1 classification for Blip, BlipBayes, and
BlipTwice. The empirical Bayes variance for first and second order features respectively
are τ 2

1 = 0.939 and τ 2
2 = 0.402.
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Figure 3.14: Experiment 10: MSE and coefficients selected by adaptive lasso on a 12k built
data set by bootstrapping of the first 1000 samples. Here we keep all 13 of the first order
features and the number of selected second order features by adaptive lasso is 21. The two
dashed lines denote the log of λmin = −5.3047 and λ1se = −4.9325 obtained by 10-fold cross
validation. The values of the empirical Bayes variances are τ 2

1 = 0.799 and τ 2
2 = 0.132.
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Figure 3.15: Experiment 10: Log loss and 0/1 classification for Blip, BlipBayes, and
BlipTwice. The empirical Bayes variance for first and second order features respectively
are τ 2

1 = 0.799 and τ 2
2 = 0.132.
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3.7.3 3 Days experiment

In this subsection, we present experiment 11 which was performed over three days. We

bootstrap 60k samples based on the first 10k data points and perform adaptive lasso; keeping

all first order features and only the selected second order features. Empirical Bayes variances

for first and second order features are τ 2
1 = 0.719 and τ 2

2 = 0.275 respectively. Figure 3.16

present log loss and classification loss and Table 3.15 report loss values.
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Figure 3.16: Experiment 11: Log loss and 0/1 classification loss for Blip, BlipBayes, and
BlipTwice. Empirical Bayes variances for first and second order features are τ 2

1 = 0.719 and
τ 2

2 = 0.275 respectively.

3.7.4 Extreme Runs

The objective of this subsection is to analyze the empirical Bayes performance in the case of

non-optimal empirical Bayes prior variances. In the following experiments, we are taking 40k

bootstrapped of the first 5k samples and then set the empirical Bayes prior to non-optimal
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Loss/Day Log loss Classification loss

Model/Day Blip BlipBayes BlipTwice Blip BlipBayes BlipTwice

Day 1 0.3208 0.3177 0.3256 0.1483 0.1468 0.1487

Day 2 0.3170 0.3154 0.3212 0.1477 0.1459 0.1467

Day 3 0.3169 0.3153 0.3192 0.1475 0.1468 0.1470

Table 3.15: Experiment 11: Log loss and classification loss for 3 days. Each day has about
10k samples and we bootstrap 60k samples based on the first 10k samples to compute τ 2

which are τ 2
1 = 0.719 and τ 2

2 = 0.275.

values. More specifically, we set the empirical Bayes variances to τ 2
1 = 5.0 and τ 2

2 = 5.0 in

Figure 3.17, to τ 2
1 = 0.01 and τ 2

2 = 0.01 in Figure 3.18, and to τ 2
1 = 0.1 and τ 2

2 = 0.1 in

Figure 3.19. The optimal empirical Bayes variances for first and second order features are

τ 2
1 = 0.852 and τ 2

2 = 0.241 respectively. Figure 3.20 puts all the aforementioned figures in

the same plot along with loss values for optimal empirical Bayes prior variances.
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Figure 3.17: Log loss and 0/1 classification loss for Blip, BlipBayes, and BlipTwice. We set
the empirical Bayes prior variances for first and second order features to their non-optimal
values τ 2

1 = 5.0 and τ 2
2 = 5.0.
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Figure 3.18: Log loss and 0/1 classification loss for Blip, BlipBayes, and BlipTwice. We set
the empirical Bayes variances for first and second order features to their non-optimal values
τ 2

1 = 0.01 and τ 2
2 = 0.01.
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Figure 3.19: Log loss and 0/1 classification loss for Blip, BlipBayes, and BlipTwice. We set
the empirical Bayes variances for first and second order features to their non-optimal values
τ 2

1 = 0.1 and τ 2
2 = 0.1.
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Figure 3.20: Log loss values for Blip and BlipBayes with different values of prior variances.
The optimal empirical Bayes variances for first and second order features are τ 2

1 = 0.852
and τ 2

2 = 0.241 respectively. We also present log loss values for non-optimal empirical Bayes
prior variances τ 2

1 = τ 2
2 ∈ {0.01, 0.1, 5}.
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3.8 Future Directions

1. The BLIP model with the empirical Bayes prior is currently running in the production

system of one of the largest retailers. The next step is to further understand/improve

the BLIP Bayes model (BLIP with the empirical Bayes prior) on a much larger scale.

2. The idea of the empirical Bayes prior can be applied in transfer learning scenarios

where a prior can be learned using a high volume of data, and be applied to scenarios

where not enough data is available.

3. In the BLIP model and the parameter’s update equations, independence between fea-

tures is assumed (i.e. diagonal covariance matrix). As a future direction, we can in-

vestigate new parameter update equations using message passing where the covariance

matrix is assumed to be non-diagonal.
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Appendix A

KNOWN FORMULAS APPLIED

Fact 1. Chernoff-Hoeffding bounds

Let X1, ..., Xn be random variables with common range [0,1] with the property that

E[Xt|X1, ..., Xt−1] = µ. Let Sn = X1 + ...+Xn. Then, for all a ≥ 0,

Pr(Sn ≥ nµ+ a) ≤ e
−2a2

n ,

Pr(Sn ≤ nµ− a) ≤ e
−2a2

n .

Fact 2. Pinsker’s Inequality

KL(p, q) ≥ 2(p− q)2.

where KL(p, q), denotes the KL-divergence between two distributions p, and q.

For two Bernoulli distributions, p ∼ Bernoulli(µ1), and q ∼ Bernoulli(µ2),

KL(p, q) = µ1 ln
µ1

µ2

+ (1− µ1) ln
1− µ1

1− µ2

and for two Gaussian distributions p ∼ (µ1, σ
2
1), and q ∼ (µ2, σ

2
2),

KL(p, q) = ln
σ2

σ1

+
σ2

1 + (µ1 − µ2)2

2σ2
2

− 1

2
.

In the case of two Gaussian distributions with equal variances,

KL(p, q) =
(µ1 − µ2)2

2
.
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Appendix B

POSTERIOR DISTRIBUTION

B.1 Beta Posterior

In this appendix, we give more details of the Beta distribution, and the Bayesian framework

for prior and posterior distributions. In the Bayesian framework, the problem is to infer a

distribution for a parameter θ given observed data x. In Bayesian statistics, they first assume

a prior distribution p(θ) on parameter θ. Then they calculate the likelihood function p(x|θ)

using observed data x. Finally, the posterior distribution of parameter θ is computed as:

p(θ|x) =
p(x|θ)p(θ)∫
p(x|θ)p(θ)dθ

If the posterior distribution (p(θ|x)) is in the same family as the prior distribution (p(θ)),

then the prior and posterior distributions are called conjugate distributions. The prior is

called conjugate prior for the likelihood function. All distributions from the exponential

family have conjugate priors.

In our setting, the retailer assumes a prior distribution on dk ∼ Beta(α, β) where dk is

the true customer purchase probability under price pk which is unknown to the retailer.

Also, suppose after t − 1 periods, price pk is offered Nk,(t−1) times. Out of all these, the

retailer observes Rk,(t−1) customer purchases under price pk. Therefore, the likelihood of this

observation is given as

p(Rk,(t−1), Nk,(t−1)|dk = x) = CRk,(t−1),Nk,(t−1)
xRk,(t−1) (1− x)Nk,(t−1)−Rk,(t−1) (B.1)
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We also have the Beta prior on dk, therefore,

p(dk = x) =
xα−1(1− x)β−1

B(α, β)
(B.2)

where

B(α, β) =

∫ 1

0

tα−1(1− t)β−1 dt

=
Γ(α)Γ(β)

Γ(α + β)
.

B(α, β) is called the Beta function. By applying the Bayesian framework, we derive the

posterior distribution of dk as

p(dk = x|Rk, Nk) =
p(Rk, Nk|dk = x)p(dk = x)∫ 1

0
p(Rk, Nk|dk = x)p(dk = x) dx

=
xRk+α−1(1− x)Nk−Rk+β−1

B(α +Rk, β +Nk −Rk)

∼ Beta(α +Rk, β +Nk −Rk)

B.2 Gaussian Posterior

Here, we prove that given prior µ̃ ∼ N(µ̂(t), v2B−1
i (t)), the posterior distribution follows

µ̃ ∼ N(µ̂(t+ 1), v2B−1
i (t+ 1)). Here are the underline assumptions:

• ri(t)|pi, µ ∼ N(piµi, v
2)

• demand under price pi has N(µi, (
v
pi

)2)

• ri(t) is Gaussians.

Assume at time t, arm i is pulled and revenue ri(t) is observed. The update steps of our

proposed algorithm give

Bi(t+ 1) = Bi(t) + p2
i , fi = fi + ri(t), µ̂(t) = B−1

i (t)fi

We know that

pr(µ̃|ri(t)) ∝ pr(ri(t)|µ̃)pr(µ̃)
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Since ri(t)|µ̃ ∼ N(piµ̃, v
2), and µ̃ ∼ N(µ̂(t), v2B−1

i (t)), we get

pr(µ̃|ri(t)) ∝ exp
{−1

2v2
(ri(t)− piµ̃)2 +

−1

2v2B−1
i (t)

(µ̃− µ̂i(t))2
}

∝ exp
{−1

2v2

[
ri(t)

2 − 2ri(t)piµ̃+ p2
i µ̃

2 +Bi(t)µ̃
2 − 2µ̃µ̂i(t)Bi(t) +Bi(t)µ̂i(t)

2
]}


