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Materials scientists and engineers broadly aim to study materials by analyzing their

structures, performance, properties, and synthesis methods using a variety of charac-

terization techniques. This thesis aims to develop broadly applicable data-driven tech-

niques to advance the study of materials by improving characterization and modeling

of nonlinear materials. Nonlinear materials are generally challenging to understand

because of the difficulty associated with solving the relevant governing differential

equations. Furthermore, many systems in materials science and engineering are gov-

erned by boundary value problems wherein certain conditions are specified at the

points within or boundaries of the system. In this work, we develop two data-driven

modeling approaches for boundary value problems (BVPs) involving nonlinear differ-

ential equations and one characterization technique for time-frequency analysis of a

nonlinear phase evolution system. The data-driven modeling approaches can be used

to understand the underlying physics, enable predictive modeling of the system, and

are broadly applicable to any BVPs. The time-frequency analysis technique improves



the time-frequency resolution of traditional techniques, enables analysis of nonsta-

tionary time series signals, and can be used on any multimodal nonstationary signal.

Further, it is extremely useful for analyzing cantilever-based imaging modalities that

are extremely common in materials science such as atomic force microscopy.
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Chapter 1

INTRODUCTION

Data-driven modeling and analysis have guided the development of mathematical

physics and advanced our understanding of the universe. In the early 1600s, Johannes

Kepler famously took a data-driven approach to fit the planetary orbit of Mars and

developed his eponymous laws of planetary motion. Similarly, Isaac Newton devel-

oped his laws of motion in the late 1600s using data-driven methods. These laws

collectively transformed the worlds of astrophysics and physics, powered by data-

driven techniques. As technology has progressed, the types of systems scientists and

engineers encounter have become significantly more complicated. Wireless commu-

nications, nanoscale mechanics and electronics, interplanetary travel, turbulent fluid

dynamics, and nonlinear materials systems all present challenges to traditional data-

driven modeling approaches. However, recent developments in machine learning and

sensor technology are enabling a new wave of innovation in data-driven modeling.

Machine learning has enabled the automated discovery of governing models for phys-

ical systems, while sensor technology developments have enabled scientists to take

more measurements of their systems than ever previously possible. This dissertation

aims to develop data-driven methods for boundary value problems and dynamical

systems that are relevant to the world of materials science and engineering.

1.1 Motivation

The developments in this dissertation are communicated for the broader scientific

community, although they were all developed with the materials science community
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in mind. Specifically, we develop methods for data-driven modeling of boundary

value problems and time-frequency analysis of nonstationary time series data. Both

BVPs and nonstationary time series signals are ubiquitous in the physical sciences

and engineering [1, 2, 3].

In engineering, linear BVPs are used in design applications to describe heat trans-

fer, elasticity and mechanics, and electromagnetics. Linear BVPs have well-developed

analytical solution methods including eigenvalue-eigenfunction expansions and the

Green’s function impulse response of the operator. However, modern systems have

given rise to more complex BVPs for systems characterized by nonlinearity and para-

metric heterogeneities that are not compatible with traditional analytic solutions.

These modern systems often require numerical approaches for determining solutions

of the system, and traditional data-driven modeling is complicated by the complexity

of the governing system model. In this disseration, we present a technique for iden-

tifying the governing differential operator in a BVP is presented in Chapter 2 that

leverages modern innovations in sparse regression. The method simultaneously allows

for identification of a governing nonlinear or linear differential operator and its spa-

tially varying parametric coefficients. Furthermore, a technique using deep learning

can be employed for linearizing a nonlinear system, as presented in Chapter 3.

Similarly, time-series analysis is critical for a diversity of applications in science and

engineering. It has revolutionized the development of test models for observed natural

phenomena including planetary motion, chemical reactions, meteorological patterns,

and transport phenomena. In a typical scientific workflow, observations are made on

a dynamical system and fit to a time series model. Numerous dynamical systems

take the form of the humble oscillator, making time-frequency analysis of oscillators,

coupled oscillators, nonlinear oscillators, and nonstationary oscillators exceedingly

common. However, time series analysis of nonstationary oscillators is nontrivial and

numerous developments and contributions have been made to the problem in recent

years. Chapter 4 presents a novel data-driven approach to the time-frequency anal-
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ysis of nonstationary multimodal time series signals which combines the strengths of

modern gradient descent algorithms, the Fourier transform, multi-resolution analysis,

and Bayesian spectral analysis. It circumvents many of the shortcomings of classic

approaches, enabling the extraction of signal parameters for nonstationary signals

with discontinuities in their behavior.

In addition to the broad applicability of both BVPs and time series analysis across

the physical sciences and engineering, both have strong applications in materials sci-

ence and engineering specifically. In materials science, BVPs arise in the study of

heat transfer, elasticity, magnetics, electricity, phase transformation, and kinetics.

Additionally, time series analysis has many applications including the data-driven

modeling of dynamical systems and analysis of oscillators. In this work, the devel-

oped methods are applied to mechanical oscillators rather than electronic oscillators

although the technique should work equally well on either type. One common use

for mechanical oscillators is cantilevers used for nanoscale probes in atomic force mi-

croscopy, where deviations from the driving frequency of the oscillator tell a story

about the probed system. The techniques and methods developed in this dissertation

aim to serve both the broader scientific community, with a focus on materials science

and boundary value problems.

1.2 Organization

This dissertation includes three chapters that each introduce a data-driven modeling

approach. Chapter 2 describes a method for differential operator identification in

boundary value problems which identifies linear and nonlinear operators, and their

spatially-varying coefficients, from measurements of forced BVP systems. Chapter 3

presents a deep learning approach for linearizing nonlinear boundary value problems

that uses autoencoders to linearize the nonlinear problem and discovers an invertible

linear operator in the latent space of the autoencoder. Chapter 4 presents a time

series analysis tool for decomposing multimodal nonstationary signals.
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Chapter 2

SINDY-BVP: SPARSE IDENTIFICATION OF
NONLINEAR DYNAMICS FOR BOUNDARY VALUE

PROBLEMS

In this chapter, we develop a data-driven model discovery and system identifica-

tion technique for spatially-dependent boundary value problems (BVPs). Specifically,

we leverage the sparse identification of nonlinear dynamics (SINDy) algorithm and

group sparse regression techniques with a set of forcing functions and corresponding

state variable measurements to yield a parsimonious model of heterogeneous mate-

rial systems. The technique models forced systems governed by linear or nonlinear

operators of the form L[u(x)] = f(x) on a prescribed domain x ∈ [a, b].

Section 2.1 provides an overview of the importance of BVPs in the physical sci-

ences, and identifies similar machine learning algorithms for BVPs. Section 2.2 de-

scribes the classical SINDy algorithm for dynamical systems, and Section 2.3 devel-

ops the modifications made for the SINDy-BVP algorithm and its relationship to the

PDE-FIND algorithm. The algorithm is applied to a variety of one-dimensional test

problems in Section 2.4 with noisy and clean data, including systems governed by

the Sturm-Liouville operator, Poisson’s equation, and the biharmonic operator. The

results are discussed further in Section 2.5.

2.1 Introduction

Boundary value problems are ubiquitous in the engineering and physical sciences [1,

2]. From heat transfer to elasticity, many fundamental technologies developed in the

20th century are formulated as linear BVPs whose solutions are used in engineering
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design. For example, the semi-conductor industry developed many critical technolo-

gies and chip architectures by solving BVPs that characterize the underlying quantum,

thermal, and electromagnetic physics. Modern BVPs of interest often arise in com-

plex systems characterized by nonlinearity and spatial heterogeneity, thus rendering

standard analytic and computational techniques intractable since the governing equa-

tions and spatial variability are often unknown. Indeed, the governing BVPs for many

emerging applications are often unknown and/or their spatial dependencies undeter-

mined. Modern anisotropic material system design provides a canonical example of

the ability to leverage nonlinearity and heterogeneity in order to produce remarkable

new materials. Data-driven methods provide a potential theoretical framework for

characterizing such materials by discovering both the governing BVPs (linear and

nonlinear) and their spatial dependencies through measurements alone. Toward this

goal, we develop a sparse regression framework, previously used for the discovery of

dynamical systems, in order to discover interpretable and parsimonious BVPs and

their spatial dependencies.

The formulation of many canonical problems in physics resulted in the first BVPs.

From as early as 1822, when Fourier formulated and solved the heat equation [7], BVPs

played a central role in electromagnetism, wave propagation, quantum mechanics, and

elasticity. Many of these BVPs resulted from applying a space-time separation of vari-

ables decomposition to a governing partial differential equation (PDE). In different

geometries and dimensions, the solutions to many canonical BVPs became known as

special functions: Bessel, Laguerre, Hermite, Legendre, Chebyshev, spherical harmon-

ics, radial basis, etc. More broadly, these canonical linear equations of mathematical

physics were unified under the aegis of Sturm-Liouville theory. The impact of Sturm-

Liouville theory in the 20th century is difficult to overestimate given its enormous

breadth of applications ranging from the underlying theory of quantum mechanics

to the propagation of electromagnetic energy in waveguides. The BVP theory for

these two applications arise from a separation of variables solution of the Schrödinger
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equation and Maxwell’s equations, respectively.

Linear BVPs are amenable to a number of solution strategies, foremost among

these being eigenfunction expansions [1]. Such a solution technique is highly advanta-

geous given the interpretability of the eigenfunctions (e.g. quantum mechanical states

or propagating waveguide modes) and the many guaranteed mathematical properties

of Sturm-Liouville operators, including an orthonormal and complete basis of real

eigenfunctions with real eigenvalues for representing solutions. In addition to eigen-

function expansions, there are other methods for generating solutions to BVPs. Most

notably is the Green’s function [2], which provides an inverse to the Sturm-Liouville

operator that can be used to evaluate any forcing of the governing BVP through

integration over the so-called fundamental (Green’s function) solution. These two

traditional and ubiquitous mathematical methods rely on a critical property: linear

superposition. Thus any solution can be constructed as a sum of the eigenfunctions

appropriately weighted, or the integral (sum) over the fundamental solution. Non-

linear BVPs cannot be handled with such mathematical techniques. Moreover, the

spatially varying coefficients of either a linear or nonlinear operator typically requires

computational methods to produce solutions. Thus, in many emerging BVPs in the

physical and engineering sciences, classical methods which rely on linearity to produce

interpretable eigenfunctions or fundamental solutions are ineffective for characterizing

the system.

Modern BVPs in science and engineering, which generically take the form L[u(x)] =

f(x) with the state variable u(x) and forcing f(x), are typically characterized by the

operator L which is nonlinear and highly heterogenous in nature, rendering many

of our traditional linear solution strategies ineffectual. This dilemma prohibits de-

velopment of interpretable solutions, such as Green’s functions or eigenfunctions and

eigenvalues. Historically, many approaches to this problem have focused on modifying

linear models to approximate the nonlinear effects of nonlinear systems. For exam-

ple, perturbation theory has been used to effectively model weakly nonlinear systems.
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Perturbation theory has been applied to a wide variety of nonlinear problems includ-

ing, among others, nonlinear anisotropic material modeling. These models generally

focus on the observed macroscopic system response to applied external stimuli and

the agreement between derived theoretical models and experimental data [8, 9, 10,

11, 12]. Entire texts have been written on the subject of anisotropic heterogeneous

materials modeling [13], and research in the area remains active.

In this work, we propose a mathematical framework for identifying the governing

operator L, including its spatially-varying coefficients, to provide an interpretable un-

derstanding of nonlinear and heterogeneous steady-state BVP systems. In many ma-

terials systems, spatially-varying parametric coefficients in the operator L are directly

tied to the properties of materials in the system. In anisotropic and heterogeneous me-

dia, the materials’ properties vary with composition and structure, and the mapping

between spatial position and local material properties (e.g. heat transfer coefficients,

conductivity, diffusivity or porosity) are often not known. Spatially-localized changes

in composition and structure can yield significantly different response to external

stimuli. Although this work focuses on material science applications, which provide

great canonical examples of heterogeneous systems, this mathematical architecture

for BVP discovery is fundamentally domain-agnostic and highly flexible.

We propose the SINDy-BVP framework which utilizes data-driven modeling to

learn BVP operators directly from data. Our sparse regression framework, which is

based upon the sparse identification of nonlinear dynamics (SINDy) [14] algorithm,

gives rise to interpretable and parsimonious models characterizing the BVP. Our

SINDy-BVP framework can identify linear or nonlinear governing equations and/or

spatially-varying parametric coefficients of the system from measurement data alone,

providing a robust model discovery framework for BVPs. Examples are provided for

the Sturm-Liouville operator, a nonlinear modification of the Sturm-Liouville opera-

tor, and two illustrative anisotropic, heterogeneous material systems.

In the case of the materials systems, it is important to note that data-driven
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modeling represents a paradigm shift in materials modeling. The current standard

approach is to model heterogeneous material by their effective macroscopic properties.

In contrast, data-driven modeling aims to map the spatially-local material properties.

To our knowledge, there are no other algorithms that focus on identifying the

governing operator of a boundary value problem and its spatially-varying coefficients

simultaneously from data. In [15, 16], a known conservation law or operator is ap-

plied to a boundary value problem and a data-driven approach is employed to de-

velop a model where spatially-varying parameters match experimental data set. One

approach seeks to find a constitutive relationship between measured variables and

applied external forces, but does not identify differential operators thus preventing

future numerical solutions from being generated [17]. Other approaches utilize a

combination of two separate modules where one module solves the BVP and the

other parameterizes the spatially-varying properties of the system [18, 19, 20, 21, 22,

23]. However, one of the two modules is a neural network in all of these two-module

approaches, thus preventing discovery of a fully interpretable model. The application

of different data-driven modeling approaches for materials modeling has been studied

in [24], thus underscoring the importance of this subject.

The paper is outlined as follows: Section 2.2 gives a short background of the SINDy

algorithm used extensively in this work. Section 2.3 then formulates the SINDy ar-

chitecture with boundary value problems for discovery of governing equations and/or

their spatially dependent variations. The method developed is applied to a broad

range of problems in Section 2.4, including nonlinear boundary value problems. The

paper is concluded in Section 2.5 with an overview of the method and a discussion of

its outlook on modern nonlinear and heterogenous BVPs.

2.2 Background

This work extends the SINDy family [14, 25, 26] of algorithms to learn the differential

operator L in BVPs of the form L[u(x)] = f(x), along with parametric and spatial het-
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erogeneous dependencies. SINDy is a model discovery algorithm originally designed

to discover governing equations for nonlinear dynamical systems. This method uses

a sparse regression framework with a large library of candidate physics models to

determine governing equations for physical systems that are often characterized with

relatively few terms. This makes the governing equation sparse in the space of possi-

ble candidate functions included in the library. SINDy considers dynamical systems

of the form:

u̇ =
d

dt
u(t) = N(u,u2, ..., sin(u), cos(u), ...), (2.1)

where u(t) ∈ Rn represents the measured variables of the system at time t. The

regression is formulated in a discrete matrix formulation where u is measured at

discrete snapshots in time t. The snapshots are used to form the matrices U and

U̇, where U̇ is either directly measured or numerically computed from the snapshots

u(t). If the interval [0, T ] is discretized into m points, the two data matrices are the

snapshot data matrix U:

U =


u1(t1) u2(t1) . . . un(t1)

u1(t2) u2(t2) . . . un(t2)
...

...
...

u1(tm) u2(tm) . . . un(tm)

 ,

and the matrix of corresponding time derivatives, U̇:

U̇ =


u̇1(t1) u̇2(t1) . . . u̇n(t1)

u̇1(t2) u̇2(t2) . . . u̇n(t2)
...

...
...

u̇1(tm) u̇2(tm) . . . u̇n(tm)

 .

Since u(t) is an n-dimensional vector, then the matrices U and U̇ ∈ Rm×n. The

system identification problem is formulated in matrix form as an over-determined

linear regression problem (Ax = b) for learning the governing equations:

U̇ = Θ(U)Ξ, (2.2)
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Algorithm 1 SINDy

Input: Candidate functions Θ, Time derivatives Ut, Regularizer λ, Threshold ε,

Score function r(x) = ‖x‖2, iters

Output: Candidate function loadings Ξ

1: procedure

2: Ξ← argminΞ′ ‖Ut −ΘΞ′‖2 . Initial Ξ guess

3: for i = 1, ..., iters do

4: terms← {i : r(Ξ(i)) > ε} . Threshold by scored coefficient matrix

5: Θ← Θ[terms]

6: Ξ← argminΞ′ ‖Ut −ΘΞ′‖2 + λ‖Ξ‖2 . Repeat regression

7: end for

8: return Ξ

9: end procedure

where the matrix Θ(U) ∈ Rm×p contains p column vectors, each representing a pos-

sible candidate term in the governing equation to be learned. These columns contain

candidate symbolic functions for characterizing the governing equations N in (2.1) by

numerically evaluating the state-space at m discrete time points. The unknown coeffi-

cient matrix of loadings, Ξ ∈ Rp×n, is learned via sparse regression. Candidate model

terms in Θ can be excluded from the learned governing equation by setting the corre-

sponding coefficient in Ξ to 0, which is naturally implemented by a sparse regression.

The sparse regression minimizes the `2 reconstruction error (i.e. ‖U̇ −ΘΞ‖2) while

enforcing sparsity. Traditional sparse regression uses `1 (i.e. |U̇ −ΘΞ|) regulariza-

tion terms, which approximate the computationally challenging non-convex idealized

`0 (i.e. number of non-zero entries in Ξ) regularization. In the SINDy algorithm,

sparsity is achieved through an iterative thresholding procedure [14] whose conver-

gence properties have been studied under various assumptions [27, 28]. However, this
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problem can be solved using any sparse regression algorithm, such as lasso [29], sparse

relaxed regularized regression (SR3) [27, 30], stepwise sparse regression (SSR) [31],

or Bayesian methods [32, 33, 34]. The iterative thresholding algorithm for SINDy is

outlined in Algorithm 1.

Classical SINDy works well for model discovery and system identification on prob-

lems where the terms in the governing equation can be well-represented in the candi-

date library (Θ) and where the learned terms have constant coefficients with respect

to the independent variable(s) of the system (i.e. time-invariant constant coefficients).

Parametric PDE-FIND was developed as an extension of the SINDy algorithm to ac-

commodate dynamical systems governed by partial differential equations with time-

variant or space-variant coefficients [26]. The PDE-FIND algorithm is modified for the

data-driven modeling of BVPs with SINDy-BVP, with a special emphasis on operator

identification and parametric coefficient estimation.

2.3 Methods

Our proposed method makes two specific innovations. First, the method learns the

differential operator L for BVPs, including spatially varying coefficients. Second, the

method is the first application of SINDy to time-invariant systems; all prior works

focused on dynamical systems.

These innovations require the method to be adapted for use on BVPs. Previous

SINDy methods, including PDE-FIND, were designed for dynamical systems. In

dynamical systems, a system can be sampled indefinitely into the future from its initial

state. This enables the creation of arbitrarily large data sets, sometimes consisting of

thousands or tens of thousands of points. Furthermore, datasets can be easily enriched

by sampling systems with different initial states. Neither of these approaches apply

for BVP systems.

BVP systems are a more constrained environment for deploying the SINDy algo-

rithm compared to dynamical systems. In BVPs, samples are constrained between
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spatial boundaries that specify the domain of the problem, therefore eliminating the

possibility of sampling a system’s dynamics indefinitely into the future. As previously

studied, evaluating a system under a variety of different conditions helps identify the

governing model in SINDy and similar algorithms for dynamical systems and is gen-

erally superior to increasing the number of samples on a single trajectory generated

from one initial condition [35]. This motivates the need to study BVP systems in

SINDy-BVP under a variety of different conditions; SINDy-BVP achieves this by

applying different forcing functions to the system.

In dynamical systems SINDy, the variable u = u(t) represents the dynamical state

variable. In this work, the variable u = u(x) is the state variable for steady-state BVP

systems. SINDy-BVP learns the differential operator of a time-invariant system by

subjecting the system to a collection of known spatially-varying forcing functions and

measuring the system’s response. Each response, uj(x), to a forcing function, fj(x),

is recorded as a trial and each trial is governed by the relationship:

L[uj] = fj

j = 1, 2, · · · ,m

x ∈ [a, b],

(2.3)

where L is the linear or nonlinear differential operator to be discovered, x is the

independent spatial variable, uj(x) is the measured system state variable quantifying

the system’s response when subjected to the force fj(x), and there are m total trials.

The fj(x) are known applied forcing functions, which can be considered as probes

for the system. The variable x is used to denote a single spatial scalar variable

rather than a position vector. The interval x ∈ [a, b] defines the spatial region of

interest, where x = a and x = b are the boundaries of the BVP. Although a variety

of boundary conditions can be realized in physical systems, this work uses Dirichlet

boundary conditions which specify u(x = a) and u(x = b). The general principle of

SINDy-BVP is presented in Figure 2.1 for an operator with two spatially-varying
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parameters, p(x) and q(x).

2.3.1 Problem Statement

To begin, we assume L is a second-order differential operator. This operator order

assumption will be relaxed in later sections (Section 2.4.4). If L is second order,

it is known that L[u] contains the term uxx. If uxx is in the governing equation

L[u(x)] = f(x), we assume it can be represented as some generalized function N

which contains f(x) and other terms in L:

uxx = N(u, u2, u3, ..., ux, ..., f(x)). (2.4)

This is the BVP equivalent to (2.1). The BVP problem (2.4), which is formulated as

a continuous variable over the domain x ∈ [a, b], is discritized into n spatial locations.

We assume these to be equally spaced measurements or discretization locations. The

discretized function u(x) is mapped to the vector u = [u(x1) u(x2) u(x3) · · · u(xn)]T

where x1 = a and xn = b. With the vectorization of the data, we can adopt the

SINDy nomenclature and restate the sparse regression for BVPs as

Uxx = Θ(U,F)Ξ, (2.5)

where Uxx is the second spatial derivative of the discretized vector of the state space

u(x), Θ is a library of candidate basis functions believed to comprise N(·), and Ξ is a

vector of coefficients which prescribe the loadings of the columns of Θ. The coefficient

vector can vary spatially with x, or more precisely, the discretization of x.

This regression uses input data consisting of matrices U ∈ Rm×n and F ∈ Rm timesn

with n discrete sampled spatial positions and m unique trials or forcings. Each trial

is a system response uj to a corresponding forcing function fj governed by the same
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operator L. The input data set U and F have the structure:

U =


u1(x1) u1(x2) . . . u1(xn)

u2(x1) u2(x2) . . . u2(xn)
...

...
...

um(x1) um(x2) . . . um(xn)

 (2.6)

F =


f1(x1) f1(x2) . . . f1(xn)

f2(x1) f2(x2) . . . f2(xn)
...

...
...

fm(x1) fm(x2) . . . fm(xn)

 . (2.7)

Note this is different from dynamical systems SINDy, where m temporal snapshots

of a dynamical system are sampled and the state vector u(t) has n components. In

SINDy-BVP, the U samples the spatial positions x1, x2, · · · , xn for m different trials,

where each trial is forced by a different forcing function. Additionally, the outcome

variable (or left-hand side) in this formulation is a spatial derivative of U, not the

typical Ut seen in dynamical systems SINDy formulations. The spatial derivatives of

U are generated by numerical differentiation to produce Ux, Uxx, and higher order

derivatives as needed. The numerically differentiated data is stacked as a vector and

used as the outcome variable for the SINDy regression (2.5). The stacked vector Uxx
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has the structure:

Uxx =



u1xx(x1)

u2xx(x1)
...

umxx(x1)

u1xx(x2)

u2xx(x2)
...

umxx(x2)

u1xx(xn)

u2xx(xn)
...

umxx(xn)



. (2.8)

The candidate function matrix Θ(U,F) ∈ R(m×n)×(p×n) is constructed as a sparse

block matrix to enable discovery of spatially-varying parametric coefficients. The

library is constructed to allow a separate coefficient to be discovered for each spatial

position, xk. Θ(U,F) contains columns for each of the p symbolic candidate basis

functions, each evaluated at the n spatial coordinates for all of the m trials. The

candidate model functions included in the library Θ(U,F) are further described in

Section 2.3.5. The matrix Θ(U,F) is a diagonal sparse matrix with the structure:

Θ =



Θ(1)

. . .

Θ(k)

. . .

Θ(n)


, (2.9)

where Θ(k) ∈ Rm×p is a symbolic function library with p candidate function columns
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evaluated for each of the m trials at spatial coordinates, xk:

Θ(k) =



u1,k . . . (u1,k)x . . . (u1,k)
2 . . . f1,k

...

uj,k . . . (uj,k)x . . . (uj,k)
2 . . . fj,k

...

um,k . . . (um,k)x . . . (um,k)
2 . . . fm,k


,

where the subscripts j and k refer to the trial number and spatial coordinate, re-

spectively. The library Θ(k) allows discovery of the parametric coefficients at spatial

position xk. This construction requires different forcings for each Θ(k) so that the re-

gression 2.5 is not underdetermined and lacking insufficient constraints. The forcing

functions fj(x) are included in the library because they are known to influence the

observed behavior of the system. Further, as described in Section 2.3.4, they must be

in the learned function N(·), and therefore must be included in the candidate term

library Θ(U,F) to learn an accurate operator.

The problem is formulated as a group regression problem. Candidate model func-

tions are tied together with a set of group indices G. G is a set of tuples of indices,

where there are p tuples in the set G and each tuple contains n indices. Each tuple

identifies related rows in Ξ and columns in Θ that correspond to the same candi-

date function. For example, consider the candidate function u1,k in the library Θ(k).

It is the candidate function in the first of p columns in Θ(k). There is a tuple of

indices that can be constructed which refers to the first column of every matrix in

equation (2.9) (i.e. Θ(1),Θ(k), ...,Θ(n)). This example tuple would contain values

(1, (p + 1), (2p + 1), ..., (n − 1)p + 1). The tuples in set G can be generated by the

relationship G = {gl = l+ (p× k) : k = 1, . . . , n; l = 1, . . . , p} where l counts through

the p candidate functions and k counts through the n discrete spatial positions. Each

tuple gl ∈ G contains column indices of Θ(U,F) and row indices of Ξ corresponding

to a single candidate function at all of the n discrete spatial positions.

Group sparsity is imposed to produce a solution which is sparse in the space of
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possible candidate functions and where the coefficient can vary with spatial position

x. Group sparse regression is performed using the Sequential Grouped Threshold Ridge

Regression (SGTR) algorithm developed by Rudy [26]. An intuitive way of thinking

about this approach is presented in Fig. 2.2. In the figure, a separate sparse regression

is constructed for each of the n spatial coordinates. The regression aggregates data

from m trials and enforces the solution’s sparsity pattern across all of the spatial

positions. As implied by the figure, this allows for inference of the operator L and its

parametric coefficients.

2.3.2 Sequential Grouped Threshold Ridge Regression

SGTR [26] is a group regression technique which accomplishes group-level sparsity

through an iterative thresholding process. This example assumes SINDy-BVP will be

performed with the outcome variable Uxx. Using the construction provided above,

each group in G contains a set of indices which represent columns of a single candidate

term in Θ(U,F) at all spatial positions and its corresponding coefficient in Ξ at all

spatial positions. The algorithm, shown in Algorithm 2, achieves sparsity at the group

level through a combination of ridge regression and iterative thresholding across all

groups.

The iterative thresholding loop in the SGTR algorithm progressively eliminates

groups from Ξ and Θ by setting the columns in Θ to zero. This thresholding imposes

sparsity on the candidate functions in Θ(U,F) based on the candidate function’s

coefficient vector Ξ. The evaluation function r in this work is the `2 norm, which

means SGTR performs ridge regression and thresholds out candidate functions based

on the `2 norm of the coefficient vector (i.e. r(Ξ(g)) = ‖Ξ(gl)‖2). The result is a

parsimonious function for Uxx where the non-zero coefficients are allowed to vary at

each spatial position xk.
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2.3.3 Model Selection

The optimal model is selected from a set of candidate models generated by varying

the thresholding value ε in the SGTR algorithm. A range of tolerance values ε are

computed by:

εmax = max
g∈G
‖Ξ(g)

ridge‖2

εmin = min
g∈G
‖Ξ(g)

ridge‖2

Ξridge = (Θ(U,F)TΘ(U,F) + λI)−1Θ(U,F)TUxx,

where εmax and εmin are the highest and lowest tolerances that affect the sparsity

of the predicted model, and λ is a regularization constant. The ridge regression

regularization constant is held constant at λ = 10−5 for all problems in this work. At

a thresholding value of εmax, all coefficients are set to 0 after the first thresholding

step with SGTR. Conversely, using εmin as the thresholding tolerance would not

eliminate any candidate functions with SGTR. A number of values, typically 50,

spaced logarithmically between εmax and εmax are used to compute the candidate

models.

The optimal model is then selected from the candidate models by choosing the

model which minimizes the PDE-FIND loss function [26]:

L = N ln

(
‖Θ(U,F)Ξ−Uxx‖2

2

N
+ β

)
+ 2k, (2.10)

where k is the number of nonzero coefficients in the identified model (k := ‖Ξ‖0/m),

β is a small constant, and N := m × n is the number of rows in Θ(U,F). The loss

function used to select the model assumes there is error in numerical differentiation

used to compute Uxx, and thus a model that minimizes only mean squared error

(‖Θ(U,F)Ξ−Uxx‖2
2) is likely overfit. Overfit models are balanced by the parameter

β, which allows for some misfit and simultaneously prevents the occurrence of ln(0)

in the loss function. The constant β is fixed in this work as β = 10−6.
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Similar to previous SINDy works, the algorithm exhibits improved performance

when each candidate function is normalized to unit length [14]. When constructing

the block diagonal matrix Θ(U,F), the entries Θ(k) are stacked and each column

is normalized to unit length. More precisely, the matrix Θ̂ ∈ R(m×n)xp which is

assembled as Θ̂
T

= [Θ(1), ...,Θ(k), ...,Θ(n)]. Θ̂ is normalized column-wise over each of

the p columns, each containing a candidate function. Similarly, the outcome variable

vector (e.g. Uxx) is normalized such that ‖Uxx‖ = 1.

2.3.4 Learning the Operator L

In the previous sections, a method was described for learning a function that describes

uxx(x), but without connecting that function to the operator. In this section, we will

show how the operator L can be inferred from the learned function for uxx(x). Using

a simple ansatz that the differential operator is at least second order, it is presumed

the operator contains a uxx(x) term. This means we can define a new function N

such that:

N = Lu(x)− φ(x)uxx(x)

=⇒ Lu(x) = N + φ(x)uxx(x).

If uxx(x) has the spatially-varying coefficient φ(x), then the function N is related to

φ(x) and the operator L by rearrangement of the original problem to:

uxx(x) =
1

φ(x)
(f(x)−N). (2.11)

This formulation shows the parametric coefficient for the term f(x) is 1/φ(x). Be-

cause uxx(x) and the forcing function f(x) are known, and the loadings on the forcing

function (1/φ(x)) are discovered by SINDy-BVP, this relationship allows us to deter-

mine the governing operator L. Note that this specific formulation prohibits discovery

of conservation laws that take the form Lu = 0, as a forcing is required to discover

the loading φ(x) and there would be insufficient information in the regression (2.5)
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to discover spatially-varying coefficients in the operator L. The terms with nonzero

Ξ(g), other than uxx(x), correspond to the function N , and represent additional terms

in the operator L. Each of these coefficients is learned as a vector Ξ(g) ∈ Rn. By

identifying φ(x), we can directly infer the operator L from the learned function for

uxx(x), f(x), φ(x), and N . This method can be extended to differential operators of

any order and form, including fourth order linear operators and nonlinear operators.

There is a simpler formulation with f(x) as the outcome variable (or left-hand

side term) in the regression formulation, which theoretically provides the opportunity

to directly learn the operator L through a regression of the form F = Θ(U,F)Ξ.

However, including a numerically accurate F in the library Θ improves the ability of

SINDy-BVP to handle noise while identifying the operator and its parameters. If F

also contained significant noise, there may not be an advantage to this construction.

2.3.5 Candidate Function Library

The candidate function library, Θ(U,F), contains columns for derivatives of u(x),

nonlinearities of u(x), and forcing functions f(x). In all cases, Θ contains u(x), and

polynomials of u(x) up to fifth order.

The derivatives in the library depend on the outcome variable. Assume the out-

come variable for SINDy-BVP is Uxxxx, the discrete form of dAu(x)/dxAj. In this

case, Θ(U,F) contains derivatives dau(x)/dxa of order a, for integers 0 < a < A.

For example, if Uxxxx is the outcome variable, the library contains columns for the

derivatives ux(x), uxx(x), and uxxx(x). Furthermore, the products of u(x) and non-

linearities in u(x) with the spatial derivatives of u(x) are included in Θ (e.g.uux and

u2uxx). Finally, a column for the forcing functions is included in Θ containing all

data in F.

In general, the constructed candidate basis function library must include the ba-

sis functions in the governing model. If the terms contained in the operator are

not present in the library, the learned governing operator will be inaccurate and/or
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incomplete. These failure modes have been previously discussed in [14].

2.4 Computational Results

2.4.1 Boundary Value Problem Models

The models used in this work are solved on the interval x ∈ [0, 10] using the shooting

method [36] with 1000 grid points. A tolerance of 0.001 is used for the right-side

boundary condition, such that solutions which aim to achieve u(x = 10) = 0 can have

an actual value u(x = 10) ∈ [−0.001, 0.001]. The following subsections describe the

models used for this work.

Linear Sturm-Liouville

Sturm-Liouville form operators are an extremely common class of linear, self-adjoint,

Hermitian operators. Sturm-Liouville theory is especially important in engineering

applications, and its study focuses on operators of the form in Equation 2.12:

L[u] = [−pux]x + qu x ∈ [0, 10], (2.12)

where the state variable u(x) is a function of the spatial variable x, and p(x) and q(x)

are in general functions of the spatial variable. In our example model, the parametric

coefficients are described by the functions:

p(x) = 0.5 sin(x) + 0.1 sin(12x) + 0.25 cos(4x) + 2

q(x) = 0.4 sin(3x) + 0.15 cos(8x) + 1.

The boundary conditions u(0) = 0 and u(10) = 0 are enforced for solutions of this

model. The parametric coefficients in this model, p(x) and q(x), were selected to

provide an example to demonstrate SINDy-BVP on a linear model with rapidly-

changing spatially-varying coefficients.
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Nonlinear Sturm-Liouville

A quadratic nonlinearity can be introduced to the Sturm-Liouville model in the fol-

lowing form:

L[u] = [−pux]x + qu+ αqu2 x ∈ [0, 10], (2.13)

where α controls the extent of nonlinearity in the term αqu2. The value α = 0.4 is

used. The parametric coefficients p(x) and q(x) are described by:

p(x) = 0.5 sin(x) + 0.1 sin(11x) + 0.25 cos(4x) + 3

q(x) = 0.6 sin(x+ 1) + 0.3 sin(2.5x) + 0.2 cos(5x) + 1.5.

Boundary conditions u(0) = 0 and u(10) = 0 are used for this model. Again, the

parametric coefficients in this model, p(x) and q(x), were selected to demonstrate

SINDy-BVP on a nonlinear model with rapidly changing spatially-varying coefficients.

Linear Second Order Poisson

Many simple physical systems are described by Poisson’s equation. These elliptic

differential equations are described by a Laplacian operator subjected to a force:

∆u = f . In our system, a parametric coefficient describing a material property, p(x),

is introduced to the model.

L[u] = [−pux]x x ∈ [0, 10]. (2.14)

Steady-state heat conduction is one example of a system that follows from this model.

The coefficient p(x) could thus be considered as thermal diffusivity (often κ) of the

material and is allowed to vary spatially. The material in this example system is a

two-component composite that is anisotropic along the x coordinate and contains an

exponentially-varying quantity of the two materials along the x direction. The model

for p(x) in this problem is the simple arithmetic average:

p(x) = va(x)pa + vb(x)pb,
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where va(x) and vb(x) are the volume fractions of component a and b respectively,

and vary spatially. The values pa and pb are the material properties for pure a and

b. The components’ material properties hold the value pa = 12 and pb = 3, which do

not change.

Although this model is simple and the arithmetic average often overestimates the

true observed material properties of composites [13], it is instructive to consider the

ability of SINDy-BVP to learn an operator for a system with a spatially varying

anisotropic material property. The volume fraction of component b is described by an

exponential decay function while component a makes up the remainder of the volume:

va(x) = 1− vb(x)

vb(x) = 0.1− 0.7 exp(0.4x)

A steady-state heat conduction problem, where one end has a higher temperature

than the other, is modeled in this problem. Boundary conditions of u(0) = 0.8 and

u(10) = 0 are applied.

Euler-Bernoulli Beam Theory

The Euler-Bernoulli beam theory uses the biharmonic fourth order linear operator

from elasticity theory to describe beam deflections given mechanical properties of the

beam. The operator takes the form:

L[u] = [−EIuxx]xx x ∈ [0, 10], (2.15)

where EI is the flexural rigidity of the material. In our model, the flexural rigidity

varies spatially following a stepwise function as expected for a lamellar, laminate
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composite with the lamella oriented perpendicular to the x coordinate:

EI(x) =



10 0 ≤ x < 2,

2.5 2 ≤ x < 4,

10 4 ≤ x < 6,

5 6 ≤ x < 8,

2.5 8 ≤ x ≤ 10

.

The stepwise function EI(x) is a challenge for SINDy-BVP because of the discontinu-

ities at the jumps in flexural rigidity which occur at x = 2, x = 4, x = 6, and x = 8.

The beam in this problem is considered clamped at both ends such that u(0) = 0 and

u(10) = 0.

Forcing Functions

The forcing functions for all examples are sinusoidal functions of the form a sin(bx)+c.

The amplitude a, frequency b, and positive offset c are selected from a set of values

which varies for each model. This family of functions was selected to enable rapid

generation of a large data set with solutions of similar order of magnitude. The

parameters a, b, and c are selected for each system to produce solutions u(x) where

‖u‖∞ ≈ 1.

The approach for this work is to generate a large library of solutions to the problem

L[uj(x)] = fj(x), and then randomly sub-sample the library of solutions to test

the SINDy-BVP algorithm. Prior works suggest that a variety of different system

conditions must be tested to optimize discovery of the underlying governing equations

of a system [35]. A weak formulation of SINDy also suggests that the optimal test

functions to use for a system would have high values of their derivatives at points

where the highest error in the model exists [37]. However, knowledge of the region

with the highest model error would not be known prior to collecting data for a physical
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test system, as it would require fitting and testing a model. For this reason, we choose

to randomly sample a database of randomly generated functions producing solutions

of similar magnitude.

This approach is physically and experimentally relevant. In real systems, a number

of different conditions could be tested and compiled into a database of forcings F and

corresponding responses U on the discretized spatial vector x.

2.4.2 Operator Identification and Parametric Coefficient Estimation

SINDy-BVP aims to achieve two primary goals: identification of the structure of a

differential operator L and discovery of the parametric coefficients present in L for

a forced system governed by the model L[u(x)] = f(x). The method is applied to

the four models described in Section 2.4.1. Operator identification is only required in

cases where the governing operator is unknown, and so two cases can be considered:

known operator and unknown operator. The data used in this section is noise-free (up

to numerical precision). Derivatives are computed using the finite differences method.

Although this is physically unrealistic since measurements would introduce noise or

rounding errors, this exercise provides insight into the capability of the method.

Fig. 2.3 shows the four models used in this paper, three example trials used for

training the SINDy-BVP models, and a plot of the parametric coefficients learned

by SINDy-BVP compared to the true parameters in the operator L over the interval

x ∈ [0, 10]. The parametric coefficient plots are taken from the case of an “unknown

operator”, where both the operator and the parametric coefficients are learned by

SINDy-BVP.

SINDy-BVP is effective at learning the coefficients p(x) and (if applicable) q(x)

with relatively few trials for numerical precision data. Table 2.1 shows the number of

trials required for SINDy-BVP to estimate the parametric coefficients to within 1%

error for the middle 98% of the interval (i.e.[0.1,9.9]). This metric is used to quan-

tify the accuracy of learned coefficients because the error in the learned coefficients
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Table 2.1: Trials required for estimating spatial parametric coefficients within 1%
error. Error is evaluated in the middle 98% of the problem domain (the interval
x ∈ [0.1, 9.9]) with the expression ‖plearned − ptrue‖2/‖ptrue‖2.

Trials Required Known L Unknown L

Linear Sturm-Liouville 6 25

Nonlinear Sturm-Liouville 6 10

Linear Second Order Poisson 2 8

Euler-Bernoulli Beam Theory1 4 4

happens almost exclusively at the boundaries (inspect Fig. 2.3).

2.4.3 Effects of Noise

The effect of noise is studied separately for the problems of operator identification

and parameter estimation. Noise is introduced to each system by applying Gaussian

white noise to the measurement data in U over each row, Uj. The noise is defined by

a signal-to-noise ratio (SNR) using the relationship SNR = 10 log10(‖u(t)‖2
2/‖(ũ(t)−

u(t)‖2
2). In order to enable differentiation of noisy input data, numerical differentiation

is performed using a windowed Chebychev polynomial interpolation method. In the

windowed interpolation method, a subset of 20 continuous data points is selected are

fit to a fifth order Chebychev polynomial. In the last example with a fourth-order

derivative, 30 points are used in the window with a sixth order polynomial. Derivatives

of the fit polynomial function are used as derivative data for the regression.

Noisy Operator Identification

Operator identification is a challenging task for SINDy-BVP with noise. Prior works

with SINDy have also described challenges in dealing with noise, so this is not a

surprising finding. Fig. 2.4(a) shows the effect of varying the SNR ratio, and 2.4(b)
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shows the effect of increasing the number of trials used in regression at a constant SNR

of 100. The phrase ”spurious terms” in Fig, 2.4 refers to the number of incorrectly

identified monomial basis functions in the operator L, including both erroneous terms

(terms that do not exist in the operator) and missing terms (terms that should be in

the operator, but are not identified by the algorithm). The “erroneous terms” category

is the most common error, where the SGTR algorithm fails to find a parsimonious

model describing the system and includes additional terms to approximate the noisy

training data accurately.

The Sturm-Liouville model shown in the top row of Figure 2.4 show that the

operator identification task succeeds with an SNR=100, but begins to fail at lower

SNR. Furthermore, the operator identification task succeeds with as little as 10 trials

at SNR=100, showing that SINDy-BVP is robust at high SNR. In the case of the

Nonlinear Sturm-Liouville model, over 180 trials are required to routinely identify

the correct model at SNR=100. With a constant 200 trials used, spurious terms

show up in the learned function starting below the threshold of SNR=100. Operator

identification results are shown for the Poisson model in the third row. Similar to the

Linear and Nonlinear Sturm-Liouville models, the Poisson model requires at minimum

a SNR of 100. With an SNR of 100, the operator identification task succeeds for nearly

any number of trials. However, a curious peak happens at 80 and 90 trials where

an extra term is identified in the operator (specifically ’u’ is added to the model).

Despite the added term, the change in the loss value is relatively low, indicating that

the added term makes a small difference in the accuracy of the model. Although

SINDy-BVP identifies the extra term, the identified model is still relatively sparse

and would provide an excellent starting point for parameter estimation. The Euler-

Bernoulli beam, shown in the last row, is prohibitively challenging to identify with

noise in the signal. Although signals with SNR over 200 can successfully identify the

beam model, operator identification fails with any number of trials at SNR of 100.

One common error in model convergence is the inclusion of candidate model terms
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with a few ‘large’ values in its coefficient vector Ξ(g). The large values pass the

thresholding step, which is based on the `2 norm of the entire coefficient vector. This

error effectively includes candidate terms in the final model that have relatively small

influence on the model predictions, but that satisfy errors from noise in the training

data. This error could potentially be mitigated by enforcing `∞ constraints on the

coefficient vectors, or by enforcing local smoothness of the learned coefficient.

In contrast, a term is occasionally excluded from a learned model. For example,

let the differential operator be the linear Sturm-Liouville form L[u] = −p(x)uxx −

px(x)ux + q(x)u = f . If the training data exhibits relatively little contribution from

the term −px(x)ux, SINDy-BVP may exclude the ux candidate term from the learned

model. This results in an inaccurate model of L[u] = −p(x)uxx + q(x)u. Although

this model is missing the ux term, it has relatively low loss function values and may

be selected as the correct model.

These two errors account for the most common forms of error at low noise levels.

At higher noise levels (> 5% noise) the regression begins to add terms to the learned

model to accomodate noise in the measurements, which is a common form of error in

SINDy and other sparse regression algorithms.

Noisy Parameter Estimation

If the operator is known, the focus shifts towards estimating the spatially-dependent

parametric coefficients. Fig. 2.5 shows the effect of noise on parameter estimation

by computing a ”Coefficient Error”. The coefficient error is defined as Ep = ‖p̂ −

p‖2/‖p‖2, where p̂ is the predicted coefficient vector and p is the true coefficient

vector. The task is quantified in a similar way to the operator identification task,

where the SNR of input data and number of trials used for regression are varied. In

Fig. 2.5(a), 200 trials are used as input data and the SNR is modulated between 10

and 1000. In Fig. 2.5(b), the SNR is fixed to 100 and the number of trials is varied

between 10 and 200. For visual clarity in the plots, the coefficient error is capped at
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1, so that min(1, Ep) is plotted.

The parameter estimation task is successful for all four models at SNR greater

than 200. Parameters for the Linear Sturm-Liouville, Nonlinear Sturm-Liouville,

and Poisson models can also be estimated at SNR of 100, and the Sturm-Liouville

models are somewhat successful at SNR=50. With a fixed SNR=100, the parameters

for the Linear Sturm-Liouville, Nonlinear Sturm-Liouville, and Poisson models can

be accurately identified within about 5% for any number of trials over 10 trials.

However, the parameters for the Euler-Bernoulli Beam equation cannot be accurately

identified with even 200 trials at SNR of 100. Similar to the operator identification

task, SINDy-BVP appears to succeed in most cases with SNR greater than 100. These

results indicate that collection of clean data is the most important aspect of using

SINDy-BVP for operator identification in experimental systems. Hyperparameter

tuning and data filtering may improve these results, but aiming for an SNR over 100

is a critical step for practical use of SINDy-BVP.

2.4.4 Model Differential Order Selection

This section addresses the need to identify the derivative order of the model’s left

hand side. In the Euler-Bernoulli beam theory example, for instance, the outcome

variable should be Uxxxx. This example will be used to show that a set of test trials

can be used to determine the best model for a collection of different outcome variables.

Using the methods described in section 2.3.4, the operator L can be identified

from a generalized equation N which describes a given left-hand side term. A se-

ries of SINDy-BVP regressions is used to identify a model operator L for each out-

come variable in a set with increasing differential order (Ux, Uxx, Uxxx, Uxxxx,

etc.). Each of these operators is then evaluated with the test trials for the error

Ltest = 1/T
∑

j=1,...,T‖L[Uj]− Fj‖ for the T test trials.

Fig. 2.6 shows how Ltest compares between data-driven models generated with

different outcome variables. The model which minimizes the test error is the model
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for Uxxxx, indicating this is the correct model to use. This approach emphasizes the

governing relationship, Lu = f . In this example, the test data set contains 45 trials.

2.5 Discussion

SINDy-BVP successfully extends the data-driven modeling approach of SINDy from

dynamical systems to time-invariant, steady-state, spatially-varying BVP systems.

The method is used to identify a differential operator, L, governing forced systems of

the form L[uj(x)] = fj(x), where fj(x) is a known forcing function and uj(x) is the

measured variable which quantifies the system’s response to the forcing. The operator

L can be nonlinear or linear.

Operator identification and parametric coefficient estimation are the two most im-

portant tasks. With numerical precision data, SINDy-BVP is effective at identifying

the operator and the parametric coefficients within 1% error with relatively little

data (see Table 2.1). However, noisy data makes both tasks more difficult. Fig. 2.4

indicates operator identification is challenging with as little as 1% noise. Parameter

estimation can succeed within 15% error with as little as 10-15 trials (fj(x)-uj(x)

pairs) in 1% noise (Fig. 2.5(b)). However, parameter estimation error does not im-

prove significantly unless much larger sets of training data (over 100 trials) are used.

With and without noise in the data, SINDy-BVP often incurs error in both opera-

tor identification and parameter estimation near the boundaries of the system. The

boundary error is likely a result of the ill-conditioned inverse problem near the bound-

aries. The problem is ill-conditioned because the boundary conditions are identical in

all trials. Specifically, the Dirichlet boundary conditions used in this work stipulate

the boundary values uj(a) and uj(b) are the same in all trials.

There are three primary challenges facing SINDy-BVP. First, model identifica-

tion relies on having the correct terms in the regression basis function library. If

the library is missing one of the basis functions in the operator, the regression will

attempt to approximate the missing term using remaining basis functions in the li-
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brary [14]. The difference between an incomplete learned operator and true operator

is beyond the scope of the present work. The second challenge for SINDy-BVP is

its susceptibility to noise. Noise can result in both extra added terms and missing

excluded terms, both contributing error to the learned model. Noise is often am-

plified by numerical differentiation methods, so one promising approach to reducing

noise is integral-based formulations of SINDy which were shown to improve noise-

handling[38]. Alternatively, improved differentiation methods could be developed or

black-box interpolation methods (e.g. neural networks) could be used to build ’clean’

signals Uj from noisy data. Finally, judicious selection of training data is critically

important. This is true for any data-driven modeling approach. In the case of SINDy-

BVP, the data must exhibit relatively equal contribution to the system behavior from

each of the terms in the governing operator for the algorithm to learn the complete

and correct operator.

The block matrix regression in Equation 2.9 empowers SINDy-BVP to learn para-

metric coefficients described by nontrivial functions including multimodal sinusoidal

and piecewise functions. However, it also imparts minor drawbacks. The discovered

parametric coefficients are learned as a vector Ξ(g) ∈ Rn, where each value of the

coefficient is mapped to a measured spatial position xk. This explicitly ties the res-

olution of the learned parameters to the measurement grid. If it is reasonable to

expect the parametric coefficients to be described by a set of basis functions, it is

plausible to use the learned coefficient vectors as part of a sparse symbolic regression

problem akin to SINDy where the coefficients are described by a sparse combination

of basis functions. Although this approach could reduce the number of measurement

points required to learn the parametric coefficients, it implicitly depends on project-

ing the functions describing the coefficients into a (known) sparse function basis. If

SINDy-BVP was applied to higher-dimensional systems (2D or 3D), the regression

(2.9) grows exponentially with each dimension. For example, a 2D model on a grid

with n samples in each dimension requires a regression 2.9 with n2 matrices Θ(k)
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comprising the block diagonal matrix Θ. However, a recent work shows promising re-

sults on handling higher-dimensional systems with tensor-based SINDy methods [39].

Applying SINDy-BVP to higher-dimensional systems is a subject for future work.

A variety of other adaptations to the SINDy-BVP architecture could also be made

which may improve model convergence for operator identification and the accuracy of

parametric coefficient estimation. Noise handling may be improved by implementing

`∞ norm constraints on the coefficient vectors Ξ(g). Additionally, physics-informed

constraints could be imposed on the optimization. For example, in the case of known

Sturm-Liouville form operators, constraints could be added to the optimization that

directly relate p(x) to its derivative px(x). Conservation laws can also be included in

the optimization to provide additional constraints, for example, on the energy within

the system.

One important consideration is the practical applications of SINDy-BVP to real

physical systems. Logistically, SINDy-BVP requires input data {U,F}, which are

paired matrices of measurements of the system (U) and different forcing functions

applied to the system (F). The matrix U can be constructed using a grid of sensors

measuring the desired state variable (u(x)). In order to apply a variety of forcings, a

system-specific testing jig would likely need to be constructed in which a forcing could

be applied and measured simultaneously. For example, suppose the goal is to measure

the thermal properties of a composite bar. A measurement jig could be constructed

using an array of evenly spaced thermocouples along the bar, while the forcings could

be applied to the bar using thermoelectric heaters.

The SINDy-BVP method proposed in this work successfully enables simultaneous

discovery of the governing linear or nonlinear operator L of a BVP and the parametric

coefficients in the operator. It extends the SINDy methodology from dynamical sys-

tems to time-invariant BVPs, and is demonstrated to work on systems with piecewise

and multimodal sinusoidal parametric coefficients commonly found in heterogeneous

materials systems.
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Figure 2.1: SINDy-BVP studies steady-state systems subjected to a forcing function.
One simple example system is a beam clamped at both ends subjected to a static
load (a). The beam deflects (b) in response to the load, and the forcing function and
deflection are used for data-driven modeling via SINDy-BVP to learn the parametric
coefficients (c) in the governing operator. The coefficients p(x) and q(x) vary spatially.
The coefficients are directly related to the beam’s spatially-varying mechanical prop-
erties. The grey boxes in (d) indicate that error can occur in the learned coefficients
near the boundaries.
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Figure 2.2: Overview of constructing the data sets and regression for each discrete
spatial point in the data set. Part (a) shows a collection of trials, where different
forcings (fj(x)) are applied to a system yielding different responses (uj(x)). A matrix
containing a library of candidate terms Θ(U,F) is produced for each trial, where the
rows are each a spatial point xk and each column contains a candidate function, as
seen in part (b). A sliding procedure is used to select rows of a single xk from the
libraries in part (b) to produce an aggregated library Θ(k) for each xk in the data set.
In (c), the regression is performed for each xk to produce a vector of the parametric
coefficients p(x) and q(x) at each xk. The regression in (c) is a Ridge regression
algorithm. However, a sparsity constraint is applied by an iterative thresholding and
grouping mechanism of the algorithm.
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Algorithm 2 Sequential Grouped Threshold Ridge Regression

Input: Candidate functions Θ, Derivatives Uxx, Groups G, Regularizer λ,

Threshold ε, Score function r(x) = ‖x‖2, iters

Output: Candidate function coefficients Ξ

1: procedure

2: Ξ← argminΞ′ ‖Uxx −ΘΞ′‖2 . Initial Ξ guess

3: for i = 1, ..., iters do

4: P ← {gl ∈ G : r(Ξ(gl)) < ε} . Select groups below threshold

5: Ξ(P ) ← 0 . Set to zero

6: Ξ← argminΞ′ ‖Uxx −ΘΞ′‖2 + λ‖Ξ‖2 . Repeat regression

7: end for

8: Ξ(G) ← argminΞ′ ‖Uxx −Θ(G)Ξ′(G)‖2 . Final fit by ordinary least squares

9: return Ξ

10: end procedure
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Figure 2.3: Summary of the models and operators studied with SINDy-BVP. The cen-
ter column shows three example trials from the training data set (u1(x), u2(x), and
u3(x)). The solutions are all of O(1). The final column shows the parametric coeffi-
cients in the operator, as well as the inferred parameters for clean data. Coefficients
p(x) and q(x) are plotted with an offset, with markers every 30 points.
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Figure 2.4: SINDy-BVP succeeds at operator identification in signals with high SNR.
A collection of trials with varying SNR is used for data-driven operator identifica-
tion. The plots in (a) and (b), from top to bottom, are the Linear Sturm-Liouville,
Nonlinear Sturm-Liouville, Poisson, and Euler-Bernoulli beam models. Relative loss
(Equation 2.10) and a count of spurious terms in the identified model are quantified.
In (a), 200 trials are used for regression and the SNR is varied. In (b), the number of
trials is varied while holding a constant SNR of 100.
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Figure 2.5: Parametric coefficient estimation in noisy data. With a known operator
L, SINDy-BVP can estimate the parametric coefficients. Coefficient error is used to
compare the effect of varying SNR (a) and the number of trials used as input data
(b). In (a), the number of trials used as input data are held constant at 200 and
in (b) the SNR is fixed at 100. The plots in (a) and (b), from top to bottom, are
the Linear Sturm-Liouville, Nonlinear Sturm-Liouville, Poisson, and Euler-Bernoulli
beam models.
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Figure 2.6: Determination of correct order equation to use for building the data-
driven model. This example is the Euler-Bernoulli beam theory, which should use
the left hand side term d4u(x)/dx4 to build the correct model. The model which
best captures the relationship Lu(x) = f(x) is determined from the validation error
‖L[Uj] − Fj‖2 from a test data set. The fourth order model (d4u(x)/dx4) exhibits
the lowest error.
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Chapter 3

DEEPGREEN: DEEP LEARNING OF GREEN’S
FUNCTIONS

FOR NONLINEAR BOUNDARY VALUE PROBLEMS

The fundamental solution, or Green’s function, is a leading method for solving

linear BVPs that enables facile computation of new solutions to systems under any

external forcing. However, fundamental Green’s function solutions for nonlinear BVPs

are not feasible since linear superposition no longer holds. In this chapter, we describe

a flexible deep learning approach to solve nonlinear BVPs using a dual-autoencoder

architecture. The autoencoders discover an invertible coordinate transform that lin-

earizes the nonlinear BVP and identifies both a linear operator L and Green’s function

G which can be used to solve new nonlinear BVPs. The method merges the strengths

of the universal approximation capabilities of deep learning with the physics knowl-

edge of Green’s functions to yield a flexible tool for identifying fundamental solutions

to a variety of nonlinear systems.

In Section 3.1, different approaches to similar problems are described; many of

the approaches apply specifically to linearizing dynamical systems rather than time-

invariant problems like the examples in this chapter. The section also describes the

utility of a Green’s function for solving BVPs, which is the fundamental rationale for

linearizing a nonlinear BVP. Section 3.2 works through the details of the proposed

technique, and describes the loss functions and network architecture. We demonstrate

in Section 3.3 that the method succeeds on a variety of nonlinear systems including

nonlinear Helmholtz and Sturm–Liouville problems, nonlinear elasticity, and a 2D

nonlinear Poisson equation. Further discussion on the results is provided in Section
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3.4.

3.1 Introduction

Boundary value problems (BVPs) are ubiquitous in the sciences [1]. From elasticity to

quantum electronics, BVPs have been fundamental in the development and engineer-

ing design of numerous transformative technologies of the 20th century. Historically,

the formulation of many canonical problems in physics and engineering result in lin-

ear BVPs: from Fourier formulating the heat equation in 1822 [7] to more modern

applications such as designing chip architectures in the semi-conductor industry [40,

41]. Much of our theoretical understanding of BVPs comes from the construction of

the fundamental solution of the BVP, commonly known as the Green’s function [2].

The Green’s function solution relies on a common property of many BVPs: linear-

ity. Specifically, general solutions rely on linear superposition to hold, thus limiting

their usefulness in many modern applications where BVPs are often heterogeneous

and nonlinear. By leveraging modern deep learning, we are able to learn linearizing

transformations of BVPs that render nonlinear BVPs linear so that we can construct

the Green’s function solution. Our deep learning of Green’s functions, DeepGreen,

provides a transformative architecture for modern solutions of nonlinear BVPs.

DeepGreen is inspired by recent works which use deep neural networks (DNNs) to

discover advantageous coordinate transformations for dynamical systems [42, 43, 44,

45, 46, 47, 48, 49, 50, 51]. The universal approximation properties of DNNs [52, 53]

are ideal for learning coordinate transformations that linearize nonlinear BVPs, ODEs

and PDEs. Specifically, such linearizing transforms fall broadly under the umbrella of

Koopman operator theory [54], which has a modern interpretation in terms of dynam-

ical systems theory [55, 56, 57, 58]. There are only limited cases in which Koopman

operators can only be constructed explicitly [59]. However Dynamic Mode Decompo-

sition (DMD) [60] provides a numerical algorithm for approximating the Koopman



43

operator [61], with many recent extensions that improve on the DMD approxima-

tion [62]. More recently, neural networks have been used to construct Koopman

embeddings [42, 44, 45, 46, 47, 48, 49, 51]. This is an alternative to enriching the

observables of DMD [63, 64, 65, 66, 67, 68, 69]. Thus, neural networks have emerged

as a highly effective mathematical tool for approximating complex data [70, 71] with

a linear model. DNNs have been used in this context to discover time-stepping algo-

rithms for complex systems [72, 73, 74, 75, 76]. Moreover, DNNs have been used to

approximate constitutive models of BVPs [17].

DeepGreen leverages the success of DNNs for dynamical systems to discover co-

ordinate transformations that linearize nonlinear BVPs so that the Green’s function

solution can be recovered. This allows for the discovery of the fundamental solutions

for nonlinear BVPs, opening many opportunities for the engineering and physical sci-

ences. DeepGreen exploits physics-informed learning by using autoenconders (AEs)

to take data from the original high-dimensional input space to the new coordinates at

the intrinsic rank of the underlying physics [42, 77, 43]. The architecture also lever-

ages the success of Deep Residual Networks (DRN) [78] which enables our approach

to efficiently handle near-identity coordinate transformations [51].

The Green’s function constructs the solution to a BVP for any given forcing by

superposition. Specifically, consider the classical linear BVP [2]

L[v(x)] = f(x) (3.1)

where L is a linear differential operator, f is a forcing, x ∈ Ω is the spatial coordinate,

and Ω is an open set. The boundary conditions Bv(x) = 0 are imposed on ∂Ω with a

linear operator B. The fundamental solution is constructed by considering the adjoint

equation

L†[G(x, ξ)] = δ(x− ξ) (3.2)

where L† is the adjoint operator (along with its associated boundary conditions) and

δ(x − ξ) is the Dirac delta function. Taking the inner product of (3.1) with respect
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to the Green’s function gives the fundamental solution

v(x) = (f(ξ), G(ξ,x)) =

∫
Ω

G(ξ,x)f(ξ)dξ, (3.3)

which is valid for any forcing f(x). Thus once the Green’s function is computed, the

solution for arbitrary forcing functions can be easily extracted from integration. This

integration represents a superposition of a continuum of delta function forcings that

are used to represent f(x).

In many modern applications, nonlinearity plays a fundamental role so that the

BVP is of the form

N [u(x)] = F (x) (3.4)

where N [·] is a nonlinear differential operator. For this case, the principle of linear

superposition no longer holds and the notion of a fundamental solution is lost. How-

ever, modern deep learning algorithms allow us the flexibility of learning a coordinate

transformation (and their inverses) of the form

v = ψ(u), (3.5a)

f = φ(F ), (3.5b)

such that v and f satisfy the linear BVP (3.1) for which we generated the fundamental

solution (3.3). This gives a nonlinear fundamental solution through use of this deep

learning transformation.

DeepGreen is a supervised learning algorithm which is ultimately a high-dimensional

interpolation problem [79] for learning the coordinate transformations ψ(u) and φ(F ).

DeepGreen is enabled by a physics-informed deep autoencoder coordinate transfor-

mation which establishes superposition for nonlinear BVPs, thus enabling a Koopman

BVP framework. The learned Green’s function enables accurate construction of so-

lutions with new forcing functions in the same way as a linear BVP. We demonstrate

the DeepGreen method on a variety of nonlinear boundary value problems, includ-

ing a nonlinear 2D Poisson problem, showing that such an architecture can be used
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Figure 3.1: DeepGreen solves nonlinear BVPs by identifying the Green’s Function
of the nonlinear problem using a deep learning approach with a dual autoencoder
architecture. An nonhomogenous linear BVP can be solved using the Green’s function
approach, but a nonlinear BVP cannot. DeepGreen transforms a nonlinear BVP to a
linear BVP, solves the linearized BVP, and then inverse transforms the linear solution
to solve the nonlinear BVP.

in many modern and diverse applications in aerospace, electromagnetics, elasticity,

materials, and chemical reactors.

3.2 Deep Autoencoders for Linearizing BVPs

Deep AEs have been used to linearize dynamical systems, which are initial value

problems. We extend this idea to BVPs. To be precise, we consider BVPs of the form
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N [u(x)] = F (x), x ∈ Ω, (3.6a)

B[u(x)] = 0, x ∈ ∂Ω, (3.6b)

where Ω is a simply connected open set in Rn with boundary ∂Ω, N is a nonlinear

differential operator, F (x) is the nonhomogeneous forcing function, B is a boundary

condition, and u(x) is the solution to the BVP. We wish to find a pair of coordinate

transformations of the form (3.5) such that v and f satisfy a linear BVP

L[v(x̂)] = f(x̂), x̂ ∈ Ω̂, (3.7a)

B̂[v(x̂)] = 0, x̂ ∈ ∂Ω̂, (3.7b)

where L is a linear differential operator, x̂ is the spatial coordinate in the transformed

domain Ω̂ with boundary ∂Ω̂. Because L is linear, there is a Green’s function G(x̂, ξ)

such that the solution v to the BVP (3.7) can be obtained through convolution of the

Green’s function and transformed forcing function

v(x̂) =

∫
Ω̂

G(ξ, x̂)f(ξ)dξ. (3.8)

The coordinate transformation along with the Green’s function of the linearized BVP

provide the analog of a Green’s function for the nonlinear BVP (3.6). In particular, for

a forcing function F (x), the transformed forcing function is f = φ(F ). The solution to

the linearized BVP can be obtained using the Green’s function v =
∫
G(ξ, x̂)f(ξ)dξ.

Then the solution to the nonlinear BVP (3.6) is obtained by inverting the coordinate

transformation u = ψ−1(v) to obtain the solution to the nonlinear BVP, u(x).

The question that remains is how to discover the appropriate coordinate trans-

formations ψ and φ. We leverage the universal approximation properties of neural

networks in order to learn these transformations. In order to use neural networks, we

first need to discretize the BVP. Let u be a spatial discretization of u(x) and F be a
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discretization of F (x). Then the discretized version of the BVP (3.6) is

N[u] = F, (3.9a)

B[u] = 0. (3.9b)

Neural networks ψu and φF are used to transform u and F to the latent space vectors

v and f

v = ψu(u), (3.10a)

f = φF (F), (3.10b)

where v and f satisfy the linear equation

Lv = f , (3.11)

for some matrix L, which is also learned. In order to learn invertible transforms ψu

and φF , we construct the problem as a pair of autoencoder networks.

In this construction, the transforms ψu and φF are the encoders and the transform

inverses are the decoders. The network architecture and loss functions are shown in

Figure 3.2. The neural network is trained using numerous and diverse solutions to

the nonlinear BVP (3.9), which can be obtained with many different forcings Fk.

Consider a dataset comprised of pairs of discretized solutions and forcing functions

{uk,Fk}Nk=1. The loss function for training the network is the sum of six losses, each

of which enforces a desired condition. The loss functions can be split into three

categories:

1. Autoencoder losses: We wish to learn invertible coordinate transformations

given by equations (3.10a) and (3.10b). In order to do so, we use two autoen-

coders. The autoencoder for u consists of an encoder ψu which performs the

transformation (3.10a) and a decoder ψ−1
u which inverts the transformation. In
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Figure 3.2: DeepGreen architecture. Two autoencoders learn invertible coordinate
transformations that linearize a nonlinear boundary value problem. The latent space
is constrained to exhibit properties of a linear system, including linear superposition,
which enables discovery of a Green’s function for nonlinear boundary value problems.

order to enforce that the encoder and decoder are inverses, we use the autoen-

coder loss

L1 =
1

N

N∑
k=1

∥∥uk −ψ−1
u ◦ψu(uk)

∥∥2

2

‖uk‖2
2

. (3.12)

Similarly, there is an autoencoder for F where the encoder φF performs the

transformation (3.10b). This transformation also has an inverse enforced by the

associated autoencoder loss function

L2 =
1

N

N∑
k=1

∥∥Fk − φ−1
F ◦ φF (Fk)

∥∥2

2

‖Fk‖2
2

. (3.13)

2. Linearity losses: In the transformed coordinate system, we wish for the BVP
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to be linear so that the operator can be represented by a matrix L. The matrix L

and the encoded vectors v and f should satisfy equation (3.11). This is enforced

with the linear operator loss

L3 =
1

N

N∑
k=1

‖fk − Lvk‖2
2

‖fk‖2
2

. (3.14)

The major advantage of working with a linear operator is that linear superpo-

sition holds. We use a linear superposition loss in order to further enforce the

linearity of the operator in the latent space

L4 =
1

N2

N∑
j=1

N∑
i=1

‖(fi + fj)− L(vi + vj)‖2
2

‖fi + fj‖2
2

. (3.15)

3. Cross-mapping losses: The losses described above are theoretically sufficient

to find coordinate transformations for u and F as well as a linear operator L.

However, in practice the two autoencoders were not capable of generating the

Green’s function solution. To rectify this, we add two “cross-mapping” loss

functions that incorporate parts of both autoencoders. The first cross-mapping

loss enforces the following mapping from u to F. First, one of the solutions

from the dataset uk is encoded with ψu. This is an approximation for vk. This

is then multiplied by the matrix L, giving an approximation of fk. Then the

result is decoded with φ−1
F . This gives an approximation of Fk. The u to F

cross-mapping loss is given by the formula

L5 =
1

N

N∑
k=1

∥∥Fk − φ−1
F ◦ L ◦ψu(uk)

∥∥2

2

‖Fk‖2
2

. (3.16)

We can similarly define a cross-mapping from F to u. For a forcing function

Fk from the dataset, it is encoded with φF , multiplied by the Green’s function

(G = L−1), and then decoded with ψ−1
u to give an approximation of uk. The

F to u cross-mapping loss is

L6 =
1

N

N∑
k=1

∥∥uk −ψ−1
u ◦ L−1 ◦ φF (Fk)

∥∥2

2

‖uk‖2
2

. (3.17)
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Note that this final loss function gives the best indication of the performance of the

network to solve the nonlinear BVP (3.9) using the Green’s function. The strategy for

solving (3.9) for a given discrete forcing function F is to encode the forcing function

to obtain f = φF (F), apply the Green’s function as in equation (3.8) to obtain v,

and then decode this function to get the solution u = ψ−1
u (v). The discrete version

of the convolution with the Green’s function given in equation (3.8) is multiplication

by the matrix L−1.

For the encoders φ and ψ and decoders φ−1 and ψ−1, we use a residual neural

network (ResNet) architecture [78]. The ResNet architecture has been successful in

learning coordinate transformations for physical systems [51] and is motivated by

near-identity transformations in physics. The linear operator L is constrained to be

a real symmetric matrix and therefore is self-adjoint. Additionally, L is initialized as

the identity matrix. Therefore, L is strictly diagonally dominant for at least the early

parts of training which guarantees L is invertible and well-conditioned.

3.3 Results

The DeepGreen architecture, which is highlighted in Fig. 3.2 and whose detailed loss

functions are discussed in the last section, is demonstrated on a number of canonical

nonlinear BVPs. The first three BVPs are one-dimensional systems and the final one

is a two-dimensional system. The nonlinearities in these problems do not allow for a

fundamental solution, thus recourse is typically made to numerical computations to

achieve a solution. DeepGreen, however, can produce a fundamental solution which

can then be used for any new forcing of the BVP.

3.3.1 Cubic Helmholtz

The architecture and methodology is best illustrated using a basic example problem.

The example problem uses a nonhomogeneous second-order nonlinear Sturm–Liouville

model with constant coefficients and a cubic nonlinearity, thus making it a cubic
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Figure 3.3: Learning curve. This is a typical learning curve for the DeepGreen archi-
tecture. The vertical dashed line indicates where the training procedure transitions
from autoencoders-only (only L1 and L2) to a full-network training procedure (all
losses).

Helmholtz equation. The differential equation is given by

u′′ + αu+ εu3 = F (x), (3.18a)

u(0) = u(2π) = 0, (3.18b)

where u = u(x) is the solution when the system is forced with F (x) with x ∈ (0, 2π),

α = −1 and ε = −0.3. The notation u′′ denotes d2

dx2
u(x). The dataset contains

discretized solutions and forcings, {uk,Fk}Nk=1. The data is divided into three groups:

training, validation, and test. The training and validation sets are used for training

the model. The test set is used to evaluate the results. The training set contains

Ntrain = 8906 vector pairs uk and Fk. The validation set contains Nvalidation = 2227

and test set contains Ntest = 1238.

Training the Model

The autoencoders used in this example are constructed with fully connected layers.

In both autoencoders, a ResNet-like identity skip connection connects the input layer
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Figure 3.4: Latent space representations vk and fk. The autoencoder transformation
ψu encodes uk to the latent space, producing the vector vk (orange). The forcing
vector Fk is transformed by ψF to the encoded vector fv (blue).

Figure 3.5: Visualized operator and Green’s function. Discovered Green’s function
G = L−1 and corresponding linear operator L.

to the layer before dimension reduction in the encoder, and the first full-dimension

layer in the decoder with the final output layer (see Figure ??).

The model is trained in a two-step procedure. First, the autoencoders are trained,

without connection in the latent space, to condition the networks as autoencoders. In

this first phase, only the autoencoder loss functions listed in Figure 3.2 are active (L1

and L2). After a set number of epochs, the latent spaces are connected by an invertible

matrix operator, L, and the remaining 4 loss functions in Figure 3.2 become active

(L3–L6). In the final phase of training, the autoencoder learns to encode a latent
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space representation of the system where properties associated with linear systems

hold true, such as linear superposition.

Figure 3.3 shows a typical training loss curve. The vertical dashed line indicates

the transition between the two training phases. The models in this work are trained

for 75 epochs in the first autoencoder-only phase and 2750 epochs in the final phase.

The first-phase epoch count was tuned empirically based on final model performance.

The final phase epoch count was selected for practical reasons; the training curve

tended to flatten around 2750 epochs in all of our tested systems. The autoencoder

latent spaces are critically important. The latent space is the transformed vector

space where linear properties (e.g. superposition) are enforced which enables the

solution of nonlinear problems. In the one-dimensional problems, the latent spaces

vectors v and f are in R20.

The latent spaces did not have any obvious physical interpretation, and qualita-

tively appeared similar to the representations shown in Figure 3.4. We trained 100

models to check the consistency in the learned model and latent space representa-

tions, but discovered the latent spaces varied considerably. This implies the existence

of an infinity of solutions to the coordinate transform problem, which indicates further

constraints could be placed on the model.

Despite lacking obvious physical interpretations, the latent space enables discovery

of an invertible operator L which described the linear system L[vk] = fk. The operator

matrix L can be inverted to yield the Green’s function matrix G, which allows compu-

tation of solutions to the linearized system vk = G[fk]. An example of the operator L

and its inverse G are shown in Figure 3.5. The operator and Green’s function shown

in Figure 3.5 display an important prominent feature seen in all of the results: a

diagonally-dominant structure. We initialize the operator as an identity matrix, but

the initialization had little impact on the diagonally-dominant form of the learned

operator and Green’s function matrices. The diagonally-dominant operators indicate

that the deep learning network tends to discover a coordinate transform yielding a
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Figure 3.6: Model predictions on test data. The top row shows the true solution uk(x)
and the solution predicted by the network given the forcing Fk(x) using the Green’s
function G. The bottom row shows the true forcing function Fk(x) compared to the
forcing computed by applying the operator L to the solution uk. Three columns show
the best, mean, and worst case samples as evaluated by the sum of normalized `2
reconstruction errors.

nearly-orthonormal basis, which mirrors the common approach of diagonalization in

spectral theory for Hermitian operators. Furthermore, diagonally-dominant matrices

guarantee favorable properties for this application such as being well-conditioned and

non-singular.

We emphasize that training parameters and model construction choices used in

this work were not extensively optimized. We expect the model performance can be

improved in a myriad of ways including extending training times, optimizing model

architecture, modifying the size of the latent spaces, restricting the form of the oper-

ator, and applying additional constraints to the model. However, these topics are not

the main scope of the present work; our focus is to illustrate the use of autoencoders

as a coordinate transform for finding solutions to nonlinear BVPs.
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Evaluating the Model

The goal for this model is to find a Green’s function G for computing solutions uk

to a nonlinear BVP governed by (3.6) for a given forcing function Fk. Similarly, we

can estimate the forcing term, Fk, given the solution uk. The model is consequently

evaluated by its ability to use the learned Green’s function and operator for predicting

solutions and forcings, respectively, for new problems from a withheld test data set.

Recall the original model is trained on data where the forcing function is a cosine

or Gaussian function. As shown in Figure 3.6, the model performs well on withheld

test data where the forcing functions are cosine or Gaussian functions, producing a

cumulative loss around 10−4. The solutions uk and forcing Fk are depicted for the

best, mean, and worst samples scored by cumulative loss.

It’s important to note the test data used in Figure 3.6 is similar to the training and

validation data. Because ML models typically work extremely well in interpolation

problems, it is reasonable to expect the model to perform well on this test data set.

As an interesting test to demonstrate the ability of the model to extrapolate, we

prepared a separate set of test data {uk,Fk}Nk=1 containing solutions where Fk are

cubic polynomial forcing functions. This type of data was not present in training, and

provides some insight into the generality of the learned linear operator and Green’s

function matrices. Figure 3.7 shows examples of how the model performs on these

cubic polynomial-type forcing functions. Similar to Figure 3.6, the best, mean, and

worst samples are shown as graded by overall loss. Figures 3.6 and 3.7 provide some

qualitative insight into the model’s performance on specific instances selected from

the pool of evaluated data. A quantitative perspective of the model’s performance is

presented in Figure 3.8. This box plot shows statistics (median value, Q1, Q3, and

range) for four of the loss functions evaluated on the similar (cosine and Gaussian)

test data. Note the superposition loss function is not scored in this plot because the

superposition loss function can only be evaluated within a single batch, and the loss
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Figure 3.7: Model predictions on cubic Helmholtz forced system. The top row shows
the true solution uk(x) and the solution predicted by the network given the forcing
Fk(x) using the Green’s function G. The bottom row shows the true forcing function
Fk(x) compared to the forcing computed by applying the operator L to the solution
uk. Three columns show the best, mean, and worst case samples as evaluated by the
sum of normalized `2 reconstruction errors.

depends on batch size and composition.

In conclusion, the DeepGreen architecture enables discovery of invertible, lineariz-

ing transformations that facilitate identification of a linear operator and Green’s func-

tion to solve nonlinear BVPs. It is tested on data similar and dissimilar to the training

data, and evaluated on the loss functions that guide the training procedure. The dis-

covered operator and Green’s function take on a surprisingly diagonally-dominant

structure, which hints at the model’s preference to learn an optimal basis. The model

appears to extrapolate beyond the test data, suggesting that the learned operator is

somewhat general to the system.
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Figure 3.8: Model performance summary. Distribution of loss values are shown for
every sample in the test data set. Model loss functions are minimized during training,
making them a natural metric to use for summarizing performance.

3.3.2 Nonlinear Sturm–Liouville and Biharmonic Operators

In addition to the example system described above, the approach was applied to two

other one-dimensional systems. We used the same training procedure and forcing

functions that were described in Section 3.3.1. The first is a system governed by the

nonlinear Sturm–Liouville equation

[−p(x)u′]′ + q(x)(u+ εu3) = F (x),

u(0) = u(2π) = 0,

where ε = 0.4 controls the extent of nonlinearity, and p(x) and q(x) are spatially-

varying coefficients

p(x) = 0.5 sin(x)− 3,

q(x) = 0.6 sin(x)− 2,
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with x ∈ [0, 2π]. The final one-dimensional system is a biharmonic operator with an

added cubic nonlinearity

[−pu′′]′′ + q(u+ εu3) = F (x),

u(0) = u(2π) = u′(0) = u′(2π) = 0,

where p = −4 and q = 2 are the coefficients and ε = 0.4 controls the nonlinearity.

As in the prior example, the forcing functions in the training data are cosine and

Gaussian functions.

Results for all the one-dimensional models, including the cubic Helmholtz example

from Section 3.3.1, are presented in Table 3.1. Model performance is quantitatively

summarized by box plots and the Green’s function matrix is shown for each model.

Importantly, the learned Green’s function matrices consistently exhibit diagonally-

dominant structure. The losses for the nonlinear cubic Helmholtz equation and the

nonlinear Sturm–Liouville equation are similar which indicates that spatially-varying

coefficients do not make the problem significantly more difficult for the DeepGreen

architecture. In contrast, the loss for the nonlinear biharmonic equation are about

an order of magnitude higher than the other two systems. This result implies the

fourth-order problem is more difficult than the second-order problems. Also of note

is that the linear operator loss L3 is consistently the highest loss across all models.

Therefore, it is easier for DeepGreen to find invertible transformations for the solutions

and forcing functions than it is to find a linear operator that connects the two latent

spaces.
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Nonlinear

cubic Helmholtz

(constant coefficients)

u′′ + αu+ εu3 = F

u(0) = u(L) = 0

Nonlinear

Sturm–Liouville

(varying p(x), q(x))

[−pu′]′+qu+αqu3 =F

u(0) = u(L) = 0

Nonlinear

Biharmonic operator

(constant coefficients)

−pu′′′′+qu+αqu3 =F

u(0) = u(L) = 0

Table 3.1: Summary of results for three one-dimensional models. The models are
provided with the Green’s function learned by DeepGreen. A summary box plot
shows the relative losses L1, L2, L3, L5, and L6 for all three model systems.

3.3.3 Nonlinear Poisson Equation

We also tested our method on a two-dimensional system. The two-dimensional model

is a nonlinear version of the Poisson equation with Dirichlet boundary conditions

−∇ ·
[
(1 + u2)∇u

]
= F (x), x ∈ Ω, (3.19a)

u = 0, x ∈ ∂Ω, (3.19b)
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where Ω := (0, 2π) × (0, 2π). Similar to the one-dimensional models, the forcing

functions used to train the model are cosine and Gaussian functions. The sizes of the

data sets are also similar to the one-dimensional data sets. The training data contains

Ntrain = 9806 vector pairs uk and Fk, the validation data contains Nvalidation = 2452,

and the test data contains Ntest = 1363.

The network architecture of the encoders and decoders for the two-dimensional

example differs from the one-dimensional examples. Instead of fully connected layers,

convolutional layers were used in the encoders and decoders. However, we still use a

ResNet architecture. Additionally, the latent space vectors are in R200. Note that the

method proposed for discovering Green’s functions allows for any network architecture

to be used for the encoders and decoders. For the one-dimensional example, similar

results were obtained using fully connected and convolutional layers. However, the

convolutional architecture was better in the two-layer case and also allowed for a

more manageable number of parameters for the wider network that resulted from

discretizing the two-dimensional space.

The operator and Green’s function for the two-dimensional model are similar

to those displayed in shown in Figure 3.5. The diagonal dominance is even more

prevalent in this case than the one-dimensional example. The model was evaluated

on test data containing cosine and Gaussian forcing functions. Figure 3.9a shows the

true solution u(x) and forcing function F(x) as well as the network predictions for the

example from the test data for which the model performed the best (i.e. the smallest

value of the loss). The difference between the true and predicted functions is shown in

the right column of Figure 3.9a and is scaled by the infinity norm of the true solution

or forcing functions. Figure 3.9b shows similar results but for the worst example from

the test data. In both cases, the model gives a qualitatively correct solution for both

u(x) and F(x). Unsurprisingly, the network struggles most on highly localized forcing

functions and has the highest error in the region where the forcing occurs.

The model was also evaluated on test data that has cubic polynomial forcing
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functions, a type of forcing function not found in the training data. The best and

worst examples are shown in Figure 3.10. Although the model does not perform as

well for test data which is not similar to the training data, the qualitative features of

the predicted solutions are still consistent with the true solutions. Figure 3.11 shows

a box plot of the model’s performance on the similar (cosine and Gaussian forcing

test data). The results are similar to the one-dimensional results, and, in fact, better

than the biharmonic operator model.

3.4 Conclusion

We have leveraged the expressive capabilities of deep learning to discover linearizing

coordinates for nonlinear BVPs, thus allowing for the construction of the fundamental

solution or nonlinear Green’s function. Much like the Koopman operator for time-

dependent problems, the linearizing transformation provides a framework whereby

the fundamental solution of the linear operator can be constructed and used for any

arbitrary forcing. This provides a broadly applicable mathematical architecture for

constructing solutions for nonlinear BVPs, which typically rely on numerical methods

to achieve solutions. Our DeepGreen architecture can achieve solutions for arbitrary

forcings by simply computing the convolution of the forcing with the Green’s function

in the linearized coordinates.

Given the critical role that BVPs play in the mathematical analysis of constrained

physical systems subjected to external forces, the DeepGreen architecture can be

broadly applied in nearly every engineering discipline since BVPs are prevalent in di-

verse problem domains including fluid mechanics, electromagnetics, quantum mechan-

ics, and elasticity. Importantly, DeepGreen provides a bridge between a classic and

widely used solution technique to nonlinear BVP problems which generically do not

have principled techniques for achieving solutions aside from brute-force computation.

DeepGreen establishes this bridge by providing a transformation which allows linear

superposition to hold. DeepGreen is a flexible, data-driven, deep learning approach to
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solving nonlinear boundary value problems (BVPs) using a dual-autoencoder architec-

ture. The autoencoders discover an invertible coordinate transform that linearizes the

nonlinear BVP and identifies both a linear operator L and Green’s function G which

can be used to solve new nonlinear BVPs. We demonstrated that the method succeeds

on a variety of nonlinear systems including nonlinear Helmholtz and Sturm–Liouville

problems, nonlinear elasticity, and a 2D nonlinear Poisson equation. The method

merges the strengths of the universal approximation capabilities of deep learning

with the physics knowledge of Green’s functions to yield a flexible tool for identifying

fundamental solutions to a variety of nonlinear systems.
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Figure 3.9: Model predictions for the (a) best and (b) worst examples from test data
with Gaussian and cosine forcings. In both (a) and (b), the top row shows the true
solution u(x), the predicted solution using the Green’s function, and the difference
between the true and predicted solution. The bottom row shows the true forcing
function F(x), the predicted forcing function, and the difference between the true
and predicted forces. In order to account for the difference in scale between u(x) and
F(x), the differences are scaled by the infinity norm of the true solution or forcing
function (Difference = (True− Predicted)/||True||∞).
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Figure 3.10: Model predictions for the (a) best and (b) worst examples from test
data with cubic polynomial forcings. In both (a) and (b), the top row shows the true
solution u(x), the predicted solution using the Green’s function, and the difference
between the true and predicted solution. The bottom row shows the true forcing
function F(x), the predicted forcing function, and the difference between the true
and predicted forces. In order to account for the difference in scale between u(x) and
F(x), the differences are scaled by the infinity norm of the true solution or forcing
function (Difference = (True− Predicted)/||True||∞).
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Figure 3.11: Two-dimensional Poisson model performance summary. Distribution of
loss values are shown for every sample in the test data set. Model loss functions
are minimized during training, making them a natural metric to use for summarizing
performance.
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Chapter 4

EXTRACTION OF INSTANTANEOUS FREQUENCIES
AND AMPLITUDES IN NONSTATIONARY

TIME-SERIES DATA

Time-series analysis is critical for a diversity of applications in science and en-

gineering. By leveraging the strengths of modern gradient descent algorithms, the

Fourier transform, multi-resolution analysis, and Bayesian spectral analysis, we pro-

pose a data-driven approach to time-frequency analysis that circumvents many of

the shortcomings of classic approaches, including the extraction of instantaneous pa-

rameters in nonstationary signals with discontinuities in their behavior. The method

introduced is equivalent to a nonstationary Fourier mode decomposition (NFMD) for

nonstationary and nonlinear temporal signals, allowing for the accurate identification

of instantaneous frequencies and amplitudes of oscillatory modes in the data.

In Section 4.1, historical and modern related works in time-frequency analysis are

discussed. Section 4.2 provides details on the algorithm, including the computation

of instantaneous parameters from the outputs of the decomposition. The method is

demonstrated on a diversity of time-series data, including synthetic test systems and

experimental data from cantilever-based electrostatic force microscopy, in Section 4.3.

Concluding remarks are provided in Section 4.4.

4.1 Introduction

Time series data analysis is ubiquitous and foundational in scientific analysis and

engineering model design [3]. Indeed, it has revolutionized nearly every scientific dis-

cipline by enabling the development of test models for observed natural phenomena
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in diverse applications that include planetary motion, chemical reactions, meteorolog-

ical patterns, and transport phenomena. In a typical scientific workflow, observations

are made on a system and fit to a time series model, which can include classical

methods from statistics, such as ARIMA (autoregressive integrated moving average)

and its variants [3], or more recent neural network based approaches [71, 80], such as

LSTM [81] (long-term, short-term memory), GRU (gated recurrent units) [82], and

echo-state networks [83]. These diverse mathematical strategies regress to models

fit to historical training data, often making assumptions that the data is generated

from a stationary process with Gaussian distributed statistics. However, this work-

flow is often complicated by observations with non-Guassian noise, the existence of

nonstationary processes, and/or nonlinear system dynamics. These challenges make

forecasting exceptionally difficult, requiring the re-training of models as new data be-

comes available. By integrating elements of modern gradient descent algorithms, the

Fourier transform, multi-resolution analysis, and Bayesian spectral analysis [84], we

can train an interpretable Fourier mode-based model for analyzing nonstationary sig-

nals with periodic components, thus circumventing the challenges normally associated

with nonstationary processes and allowing for accurate identification of instantaneous

frequencies and their amplitudes.

Joseph Fourier revolutionized time series analysis with the introduction of his

eponymous transform in 1822, which he developed while studying heat conduction [7].

The transform empowered an understanding of the frequency-energy spectrum of

time-series signals and spurred the development of Fourier transform-powered time-

frequency analyses [85]. These spectrum-based analysis tools have been extensively

applied in systems exhibiting periodic and quasi-periodic behaviors, including oscilla-

tors and waves. So extensive are the applications that the field of harmonic analysis

has emerged as a consequence. Harmonic analysis has been applied to a diverse range

of problems spanning many size and time scales, including mechanical vibrations and

machine health monitoring [86], speech and music recognition [87, 88], oceanographic
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tide modeling [89], telecommunications and power systems [90], and quantum me-

chanics [91].

Despite its widespread use and generality, the Fourier transform has a number

of restrictions that limit its utility in analyzing nonlinear and nonstationary pro-

cesses [92]. This was recognized by Denis Gabor in considering radar technologies

of the mid-20th century [93]. Indeed, Gabor suggested circumventing these issues in

part by using short-time, or windowed, Fourier transforms. This led to improvements

in time-frequency analysis and eventually to the development of wavelet theory [94].

Gabor and wavelet transforms provide rich visualizations of time-frequency represen-

tations with spectrograms and scalograms respectively [36]. More recently, the Fourier

transform has inspired a new class of time-frequency methods, detailed below, that

complement traditional Fourier transform-based approaches[95, 96, 97, 98, 99, 100].

Among them, the Hilbert-Huang transform (HHT) [92] has become a common tool for

understanding nonstationary processes [101, 102, 103]. The HHT combines empirical

mode decomposition (EMD), which separates a multi-component signal into simpler

periodic modes called intrinsic mode functions (IMFs), with Hilbert spectral analy-

sis. Hilbert spectral analysis leverages the Hilbert transform to compute the analytic

signal of each periodic mode identified by EMD. In turn, the analytic signal can be

leveraged to compute the instantaneous phase, instantaneous frequency, and instan-

taneous amplitude of the input signal. A significant theoretical framework has been

developed around applying the Hilbert transform to vibrational problems [104, 105,

106]. However, the algorithm behind the EMD is empirical, thus lacking a broader

theoretical underpinning.

Our method is complementary with a newer generation of time-frequency anal-

ysis algorithms that address specific shortcomings of classic approaches. The Ty-

coon method was introduced to handle signals with extremely fast changing frequen-

cies [98], but focuses on signals that are (relatively) stationary. The variational mode

decomposition (VMD) aims to simultaneously identify periodic modes with time-
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dependent non-linear phase functions by maximizing the smoothness of the amplitude

of the periodic modes [95]. VMD has been successfully applied to a broad array of

problems, though the importance placed on smooth amplitude functions limits its ap-

plications for situations with discontinuities in modes’ phase or amplitude functions.

A wide array of approaches have been built on the VMD and extend it to different

types of signals and multichannel measurements [107, 96, 86]. A different Fourier

mode-based algorithm has also been developed which uses an approach similar to

basis pursuit [97]. Other approaches focus on decomposition of specific models, such

as harmonic oscillators, and the parameters that describe them. These approaches

include both Hilbert vibrational decomposition and Kalman filter-based approaches

[108, 109, 110, 102] along with sparsity-promoting decompositions [99, 100]. Wigner

distribution-based approaches show great promise for decomposing multicomponent

signals with modes that have crossover between frequencies [111].

In this work, we develop a method for extracting the instantaneous frequencies

and amplitudes from time-series data. The methods is equivalent to a nonstationary

Fourier mode decomposition (NFMD) for nonstationary and nonlinear temporal sig-

nals. Importantly, it produces interpretable signal decompositions that can handle

signals with multiple periodic components, non-linear phase functions, and sharp dis-

continuities in the phase function or periodic mode amplitudes. Adopting the work

of Lange et al [75], which employed a similar architecture for future state prediction

rather than interpretable time-frequency analysis, the proposed method leverages

modern gradient descent optimization to fit temporally-local linear Fourier modes.

The approach resembles the short time Fourier transform (STFT) wherein smaller

temporal segments of the signal are analyzed independently, and the resulting anal-

yses are combined to provide a full time-frequency representation of the signal. The

NFMD fits Fourier modes to each signal segment, and computes the mode frequency

and amplitude for each signal segment through a gradient descent optimization with

a nonlinear Fourier basis objective function. The method results in a superior time-
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frequency analysis to the HHT for nonstationary signals, and improves both temporal

and spatial resolutions compared to the STFT. The NFMD can be applied to sys-

tems with fast-changing frequencies and abrupt changes in the signal mean, such as

machine health monitoring [112], seismology [113], vibration-based imaging modali-

ties [114, 101], neurochemical and biochemical signals [115], and photonic sensing [116,

117].

4.2 Methods

The NFMD analysis proposed combines elements of modern gradient descent algo-

rithms, the Fourier transform, Bayesian spectral analysis, and an algorithm similar to

STFT to learn an interpretable Fourier mode-based model for analyzing nonstationary

signals with periodic components. In general, we aim to fit a model yt to a measured

signal zt. We begin by framing the Fourier mode decomposition approach for an entire

time series signal. The subsequent section shows how the method is combined with a

segment-by-segment analysis, reminiscent of STFT, to propose a full time-frequency

analysis. Finally, the instantaneous signal parameters and nonstationary part of the

signal are addressed. We present a simple algorithm for computing the nonstationary

signal component from the learned Fourier mode representations.

4.2.1 Fourier Mode Decomposition

Consider the time series data zt = {z(t1), z(t2), · · · , z(tn)} sampled at n discrete

evenly-spaced times in t ∈ R+. The signal is assumed to be periodic or quasi-periodic.

The most common frequency-domain signal analysis method is the Fourier transform,

which allows the input signal zt to be represented as a Fourier series. The series

representation is a sum of sines and cosines that provides insight into the frequency-

energy spectrum of the signal.

The Fourier transform, typically implemented as the Fast Fourier Transform (FFT),

assumes a periodic input signal that satisfies the relationship z(ti) = z(ti +P ), where
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Algorithm 3 Fourier mode signal decomposition (FMD)

Input: Signal zt, Initial frequency guess ω, Error tolerance tol

Output: Learned frequency ω, Learned amplitude A, Residual error E(A,ω)

1: procedure

2: A← zt(Ω(ωt))−1 . Amplitude from initial frequency guess

3: while E(A,ω) > tol do . Use gradient descent to optimize frequency vector

ω

4: ω ← argminω∗ E(A,ω∗)

5: A← zt(Ω(ωt))−1

6: Update E(A,ω)

7: end while

8: return ω, A, E(A,ω)

9: end procedure

P is the period of the periodic data. This periodicity assumption imparts a limited

frequency resolution, Fs/P , that scales linearly with the sampling frequency of the

signal, Fs, and inversely with the period P . Note the period P is typically set to the

total time (tn − t1) of the discrete input signal.

To overcome these limitations of the FFT, we adapt the Fourier series represen-

tation and exploit some of its mathematical properties to enable the NFMD time

series analysis. First, the Fourier series model is framed in a more general context

which uses a finite number of modes and flexible mode frequencies which need to be

determined. The model

yt(t) = yt =
K∑
k=1

Fk(t) =
K∑
k=1

ak cos(ωkt) + bk sin(ωkt)

is used, where Fk(t) is the general Fourier mode function, the coefficients ak and bk

are the weights for the cosine and sine components of each mode, respectively, ωk is
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the frequency of mode k, and K modes are considered. In matrix form, the model is

yt(t) = AΩ(ωt) =
[
a1 . . . aK b1 . . . bK

]


cos(ω1t)
...

cos(ωKt)

sin(ω1t)
...

sin(ωKt)


, (4.1)

where A ∈ R2×K is a vector of the coefficients, and Ω(ωt) ∈ R2×K is a vector of

cosines and sines with frequency ω ∈ RK . The vector A is determined as the optimal

coefficient vector given a frequency vector ω∗, by fitting to the time-series data zt,

using the computation

A = zt(Ω(ω∗t))−1.

This is a common approach for discovering component amplitudes in Bayesian spectral

analysis [84]. The vector ω = [ω1, . . . , ωK ] is determined by the optimization

minimize E(A,ω) =
∑

t∈[t1,tn]

(zt −AΩ(ωt))2. (4.2)

This method has been previously demonstrated, including the theory behind the opti-

mization [75]. This approach does not appear to be a convex optimization objective,

given the nonlinear objective with cosine and sine functions in Ω(·), and therefore

should not yield globally optimal solutions. Although this objective does lack global

convexity, this pitfall is avoided by using initial guesses near the optimal solutions by

leveraging the FFT for an initial guess. The initial guess frames this problem on an

error surface that is locally convex, and therefore allows for highly accurate frequency

estimation by gradient descent. Ultimately, this allows our input signal to be fit to a

model that is a superposition of Fourier modes with superior frequency resolution to

traditional Fourier transforms. The Fourier mode decomposition (FMD) algorithm for

decomposing a full time series signal zt is presented in Algorithm 3. This algorithm

enables the time-frequency analysis framework described in the next section.
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4.2.2 Nonstationary Fourier Mode Decomposition

The NFMD algorithm builds upon the Fourier mode decompositions to create a de-

scriptive time-frequency analysis (TFA) framework that exhibits improved frequency

resolution compared to traditional TFA techniques. The NFMD is similar in principle

to one of the most common traditional techniques for TFA, the STFT. The STFT

determines the frequency-domain energy spectrum of temporally local intervals of a

signal. Although effective, the reliance on the traditional Fourier transform technique

limits the frequency resolution of the STFT and has limited interpretability for under-

standing the signal components. Figure 4.1 presents a graphical comparison between

the time-frequency analysis approach of the STFT and the NFMD algorithm. In the

STFT, the original signal is multiplied by a set of windowing functions, such as a

Gaussian, that is progressively applied to subsets of the signal. The signal subsets are

then analyzed by the FFT. In the NFMD, signal segments are sliced and analyzed

individually; the resultant Fourier modes are then fit by the FMD algorithm described

in Section 4.2.1, thereby enabling a time-frequency analysis.

Specifically, NFMD subsamples segments of the time series of length ξ. These

segments take the form χi = {z(ti), z(ti+1)..., z(ti+ξ/2)}. There are n − ξ segments

considered for an input signal of length n. The set of all segments in the signal is

the set X = {χ1,χ2, ...,χi, ...,χn−ξ}. The NFMD algorithm then applies the Fourier

mode decomposition to each segment in X. The NFMD algorithm is presented in

Algorithm 4.

The NFMD algorithm takes in a set, X, of window segments, χi, and for each

χi ∈ X learns a coefficient vector Ai and frequency vector ωi using FMD (Algorithm

3). Importantly, the learned frequency vector from each segment is used as the initial

guess to the subsequent segment. This significantly increased the speed of the algo-

rithm, by allowing each segment to start with a good initial guess for the frequency



74

Figure 4.1: Comparison between STFT and NFMD methods. The top row
shows an input signal, the second row shows a windowing function, and the third row
shows the windowed signal. The fourth row provides the output of the decomposition.
STFT computes the Fourier transform of a convolution of the windowed function,
Ψ(t). The example shown uses a Gaussian windowing function, which is commonly
referred to as the Gabor transform. The bottom panel for STFT shows the FFT of
the signal with real and imaginary components of the Fourier transform. The NFMD
analyzes a segment of the signal, and fits a finite number of Fourier modes to the
signal segment. The bottom panel for NFMD shows the two modes fit to the signal
segment.

vector ωi. The learned vectors from all of the segments are stored in matrices

Â =



− A1 −
...

− Ai −
...

− An−ξ −


, (4.3)
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Algorithm 4 Nonstationary Fourier Mode Decomposition

Input: Signal segments X, Window size ξ, tolerance tol

Output: Frequency matrix, ω̂, Coefficients matrix Â, residual error vector Ê

1: procedure

2: ω−1 ← maxima(FFT(χ1)) . Initial guess for frequencies using the FFT

3: for χi ∈ X do

4: Ai, ωi, Ei = FMD(χi, ω−1, tol) . Learn Fourier modes for segment χi

5: ω−1 ← ωi

6: end for

7: Â = [AT
1 , · · · ,AT

i , · · · ,AT
n−ξ]

T . Coefficients matrix

8: ω̂ = [ωT1 , · · · ,ωTi , · · · ,ωTn−ξ]T . Frequencies matrix

9: Ê = [E1, · · · , Ei, · · · , En−ξ] . Residual errors vector

10: return Â, ω̂, Ê

11: end procedure

and

ω̂ =



− ω1 −
...

− ωi −
...

− ωn−ξ −


. (4.4)

The learned frequency vectors, ωi = [ω1,i, ..., ωk,i, ...ωK,i], and coefficient vectors, Ai =

[A1,i, ..., Ak,i, ..., AK,i], contain the frequencies and coefficients for the K Fourier modes

of each signal segment χi ∈ X.

4.2.3 Instantaneous Frequency and Amplitude

The NFMD decomposes nonstationary, nonlinear signals by fitting a set of Fourier

modes to a set X of signal segments, as previously described. Importantly, for each
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signal segment χi the algorithm yields a frequencies vector ωi and coefficients vector

Ai. For each Fourier mode k, a vector of instantaneous frequencies can be constructed

by collecting the learned Fourier mode frequency ωk,i for each of the signal segments

χi for a given mode k. The instantaneous frequency vector takes the form

ωk = [ωk,1, ..., ωk,i, ..., ωk,n−ξ].

The instantaneous amplitude of a Fourier mode can be computed from its coefficients

ak,i and bk,i with the relationship

φk,i =
√

(ak,i)2 + (bk,i)2.

Similar to the instantaneous frequency vector, an instantaneous amplitude vector can

be constructed for each mode k with one element corresponding to each segment χ,

φk = [φk,1, ..., φk,i, ..., φk,n−ξ].

These metrics are useful for comparing the time-frequency analysis from NFMD to

other existing time-frequency analysis methods that report instantaneous amplitude

and instantaneous frequency of an input time series signal.

4.2.4 Nonstationary Signals

NFMD can provide insight into nonstationary signals of the form

z(t) = µ(t) +
L∑
l=1

Al(t) exp(iφl(t)), (4.5)

where µ(t) is an unknown, non-periodic function describing the nonstationary part

of the signal and there are L periodic modes with the amplitude function Al(t) and

instantaneous phase function φl(t). The term µ(t) is only assumed to be continuous.

We will call the function µ(t) the signal’s instantaneous mean. The concept of an

instantaneous mean will prove useful in the analysis of nonstationary signals where

the signal mean drifts or trends away from zero.
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The frequency and coefficient vectors allow computation of individual Fourier

modes Fk,i = ak,i cos(ωk,it) + bk,i cos(ωk,it) for each of the modes k ∈ [1, K] and

signal segments χi. In signals that exhibit a moving mean, there is a mode that

will account for the nonstationary part of the signal. The instantaneous mean of the

signal, µ(t), can be estimated from the Fourier modes Fk,i corresponding to the mode

that accounts for the nonstationary part of the signal. Many interpolation strategies

can be implemented to compute the instantaneous mean. We implement a simple

strategy of concatenating the value of the Fourier mode Fk at the median time from

each time segment χi. To visualize this implementation, imagine we construct the

matrix

M =



− Fk,1 −
...

− Fk,i −
...

− Fk,n−ξ −


=



Fk,1(t1) . . . Fk,1(t1+ξ/2) . . . Fk,1(t1+ξ)
...

...
...

Fk,i(ti) . . . Fk,i(ti+ξ/2) . . . Fk,i(ti+ξ)
...

...
...

Fk,n−ξ(tn−ξ) . . . Fk,n−ξ(tn−ξ/2) . . . Fk,n−ξ(tn)


.

The approach is to use the center column of the matrixM as the instantaneous mean.

This mean is defined as

µ = [Fk,1(t1+ξ/2), ..., Fk,i(ti+ξ/2), ..., Fk,n−ξ(tn−ξ/2)].

The mode representing the mean can be challenging to identify, and generally requires

inspection of each of the modes identified by NFMD. In this work, the instantaneous

mean is always the lowest-frequency mode.

4.3 Results

We benchmark the NFMD against the Hilbert-Huang Transform for time-frequency

analysis of a series of nonstationary multi-component signals. The two methods are

compared with and without noise, and on signals with abrupt changes in instantaneous

frequency and instantaneous amplitude. After comparing NFMD with the HHT, a
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pair of oscillator examples are provided to demonstrate how the NFMD and the

discovered instantaneous mean can provide insight into the forcing function applied

to the oscillator. Finally, the method is applied to simulated and experimental data for

a real-world oscillator-based microscopy method. The instantaneous mean is proven

to be effective in an experimental data set by validating the form of the discovered

instantaneous mean against experimental control data with known forcing functions.

4.3.1 Synthetic Test Signals

Consider a basic multi-component signal with a non-periodic mean:

z(t) = z1(t) + z2(t) + µ(t)

z1(t) = A1(t) cos(2πω1(t)t)

z2(t) = A2(t) cos(2πω2(t)t),

with amplitude, phase, and instantaneous mean functions

A1(t) = 1 + 0.5 exp(−t/3)

ω1(t) = 360− 10 exp(−t/0.5)

A2(t) = 8− 0.5 exp(−t)

ω2(t) = 80− 2t

µ(t) = 1.5 + 2.5 exp(−x/1.5),

where z(t) is the signal, z1(t) and z2(t) are the periodic components in z(t), and

µ(t) is the slow-moving non-periodic mean. Figure 4.2 shows a traditional STFT

spectrogram and PSD analysis of the signal, and Figure 4.3 shows the true periodic

modes, with instantaneous parameters, and the mean µ(t). The signal is generated

over one second with sampling interval ∆t = 2× 10−4 s.

Signal decomposition is performed with both the NFMD and HHT. The HHT

employs the EMD to identify a set of empirical modes. The EMD takes a number of
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Figure 4.2: Example signal for demonstrating NFMD. The true signal is pre-
sented with the short time Fourier transform and the power spectral density (PSD).
The signal has three maxima that appear in the PSD and STFT, indicating that there
are likely three modes to be considered.

hyperparameters which adjust the outputs, including the number of identified modes.

The HHT used in this work used θ1 = 0.05, θ2 = 0.5, α = 0.05, and identified

four modes in the signal. The two most important hyperparameters for the NFMD

are the window size (similar to STFT) and the number of modes to fit to the data.

For this data, three modes are fit to a window size of 250 points (or 0.05 seconds).

Figure 4.4 shows the decomposed signal for both HHT and NFMD, where NFMD

does a significantly better job of identifying both the instantaneous frequency and

instantaneous amplitude of the signal. Adding noise to the signal significantly affects

the HHT’s decomposition when compared to the NFMD, as demonstrated in Figure

4.5. Noise in the signal is added at a signal-to-noise ratio (SNR) of 35. The SNR in

this work is defined as SNR = 10 log10(‖u(t)‖2
2/‖(ũ(t)− u(t)‖2

2).

NFMD enables signal decomposition even for noisy signals where the HHT begins

to have difficulty identifying intrinsic mode functions. The NFMD propagates the
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Figure 4.3: Instantaneous mean, amplitude, and frequency of the example
signal. Only part of the signal, from t = 0 to t = 0.1 is shown. The instantaneous
frequency, ω(t), and amplitude, A(t), are presented for the two periodic modes. The
mean, µ(t) of the signal is denoted on the signal itself.

noise from the signal through the decomposition process, showing some noise-like

error in the estimated instantaneous frequency vectors, amplitude vectors, and mean.

However, the NFMD provides clearly superior decomposition of the signal. It is worth

noting the NFMD makes an error early in its estimation of the first periodic mode

in Figures 4.4 and 4.5. The error simultaneously underestimates the amplitude and

overestimates the frequency of the first mode. We attribute this edge effect to applying

the algorithm to an incomplete period in the initial time step which is corrected in

subsequent time steps.

One particular advantage of NFMD is the ability to correctly identify sharply-

changing instantaneous frequency in periodic modes or abrupt changes in the in-

stantaneous mean of an input signal. This is an advantage against other modern

optimization-based methods built on VMD, because VMD prioritizes finding solutions

with smooth amplitude functions [95, 86]. However, the NFMD has no preference for
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Figure 4.4: Decomposition of example signal by NFMD and HHT without
noise. The estimated instantaneous mean mode is shown for both the HHT and
NFMD decomposition methods. The instantaneous frequency and amplitude of the
two periodic components is also shown for both decomposition approaches.

smooth amplitudes and can accurately decompose these types of signals with abrupt

changes in the instantaneous frequency, instantaneous amplitude, or mean. For ex-

ample, consider a signal with an abrupt change in the instantaneous frequency of one

of its modes at t = 0.5. The model for this example is

z(t) = z1(t) + z2(t) + µ(t)

z1(t) = A1(t) cos(2πω1(t)t)

z2(t) = A2(t) cos(2πω2(t)t),
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Figure 4.5: Decomposition of example signal with added noise (SNR=35).
The NFMD correctly identifies the instantaneous frequency, amplitude, and mean of
the signal, although it does propagate noise in the system. The HHT begins to show
erratic behavior in its estimates of all instantaneous parameters.

with amplitude, phase, and instantaneous mean functions

A1(t) = 2 + exp(−t/4)

ω1(t) = 400 + 10H(0.5)(1− exp((t− 0.5)/0.1)

A2(t) = 2t+ 2

ω2(t) = 60− t

µ(t) = 1.5 + 2.5 exp(−x/1.5),

where H(0.5) is the Heaviside function centered at t = 0.5s. Noise is added to

the signal at an SNR ratio of 25 and decomposed by both HHT and NFMD. The

decomposed signal is shown in Figure 4.6. The NFMD correctly identifies the sharp

transition in frequency, and consequently obtains qualitatively good estimates on the

amplitude of both periodic modes. Results from the HHT are presented, but it is

important to note that in cases like this example, the HHT often yields extra intrinsic
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Figure 4.6: Decomposition of signal with discontinuity in instantaneous fre-
quency of a periodic mode. Data contains additive white noise with SNR=25.
The NFMD correctly identifies the three modes, including the instantaneous mean
and the frequencies and amplitudes of the periodic modes. The HHT fails to iden-
tify the correct number of modes and assigns extra modes to the data. The periodic
modes uncovered by HHT do not qualitatively match any of the correct signal modes.

mode functions. It is challenging to assign which of the HHT modes are intended to

represent which periodi‘c mode, so the presented results were quantitatively closest

to the ’true’ mode by comparing both instantaneous frequency and instantaneous

amplitude vectors. Additionally, all of the remaining modes from HHT are summed

together to estimate the instantaneous mean. Although the HHT yields a reasonable

looking instantaneous mean, neither of the periodic modes are correctly decomposed

in this example.

As another example, we consider a situation where the instantaneous mean of the

signal changes abruptly in the middle of the signal (t = 0.5 seconds). The input signal
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Figure 4.7: Decomposition of signal with discontinuity in instantaneous
mean. Data contains additive white noise with SNR=20. The NFMD correctly
identifies the periodic mode instantaneous frequency and amplitude, and the instan-
taneous mean of the signal. The HHT fails to identify either the mean or the periodic
component.

uses the model

z(t) = z1(t) + µ(t)

z1(t) = A1(t) cos(2πω1(t)t)

with amplitude, phase, and instantaneous mean functions

A1(t) = 5− 0.5 exp(−t/3)

ω1(t) = 245 + 10t2

µ(t) =

 sin (2t) t ≤ 0.25

−2.5 cos (t) t > 0.25.

The signal has added Gaussian noise with SNR= 20. As shown in Figure 4.7, the

NFMD accurately estimates instantaneous signal mean and identifies the correct pe-

riodic mode. The HHT fails to find the instantaneous frequency of the periodic mode,
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Figure 4.8: Harmonic oscillator solutions with various forcings. The left
column shows the applied forcing, and the right column shows the solution to the
harmonic oscillator assuming it starts from rest. The top row shows a periodic driving
force, the middle row shows a non-periodic perturbation, and the bottom row shows
a superposition of the two forcings.

and errantly suggests a low-frequency wave as the instantaneous mean.

Having demonstrated that NFMD offers material advantages over HHT methods

for TFA, both in terms of mode extraction in noisy signals and for reacting to sharp

changes in instantaneous parameters, we next discuss applications to realistic systems.

4.3.2 Applications

The example synthetic test signals above illustrate the power of NFMD to decompose

signals with abruptly changing instantaneous parameters and accurately estimate the

instantaneous mean of noisy signals. One application of the instantaneous mean is

estimating the non-periodic forces applied to an oscillatory system. Consider the

ubiquitous harmonic oscillator

ẍ+ 2βω0ẋ+ ω2
0 = F (t)/m,
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Figure 4.9: The signal mean (dashed) of the perturbed, periodically driven
oscillator matches the solution of the perturbation-only oscillator (orange).
This enables NFMD to directly probe non-oscillatory driving forces applied to oscil-
lators by accurately recovering the signal mean of a nonstationary signal.

where x is the position of the oscillator, β is a damping factor, ω0 is the resonant

frequency of the oscillator, F (t) is an applied forcing, and m is the mass of the

oscillator. We consider the solution to this oscillator for three types of applied forcing

functions: a periodic driving force, Fd(t), and a non-periodic perturbation forcing,

Fp(t), and a combination of periodic and perturbation forcing functions, Fd(t)+Fp(t).

The driving force Fd(t) is of the form αeiωt, where ω is the frequency and α is

the amplitude of the driving force. The perturbation forcing function has the general

form

Fp(t) = +H(t− t′)γ(1− e−(t−t′)/τ ), (4.6)

where H is the Heaviside function, t′ is a perturbation onset time, and τ is a charac-

teristic relaxation time constant. An oscillator with this forcing function will have a

solution of the form

xp(t) ∝ φeiωt + ψe−(t−t′)/τ , (4.7)
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Figure 4.10: Decomposition of forced oscillator signal by NFMD. The NFMD
decomposes a harmonic oscillator forced with a periodic forcing function and non-
periodic perturbation. The instantaneous mean of the signal, µ(t), is directly corre-
lated to the non-periodic forcing.

where φ is a prefactor determined by the parameters in the governing equation. Forc-

ing functions and solutions for an oscillator forced by Fd(t), Fp(t), and Fp(t) + Fd(t)

are presented in Figure 4.8.

The solution to the combined case (F (t) = Fd(t) + Fp(t)) has an instantaneous

mean that is nearly identical to the solution for the perturbation-only (F (t) = Fp(t))

case. This enables the NFMD signal decomposition to provide insight into the form

of the non-periodic forcing applied to an oscillator by estimating the instantaneous

mean of the signal. The instantaneous mean and the perturbed solution are plotted

on top of the solution to the driven, perturbed solution in Figure 4.9.

We confirm this approach works by using a series of numerical simulations. The

same periodic driving force, Fd(t), is used for all simulations while a set of different

perturbation forces, Fp(t), is applied to each oscillator. The perturbation forces have

different relaxation times, τ in equation 4.6. The relaxation times vary from 10−7 to
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Figure 4.11: Model fit comparison between instantaneous mean from NFMD
and true parameters from non-periodic forcing. The simulated oscillator is
subjected to a perturbation at t = 0.001 seconds (left panel). A model is fit to the
discovered instantaneous mean mode µ(t). The time constant τ in the fit model is
compared to the time constant of the perturbation force Fp(t) (right panel).

10−3 s. The simulated oscillators are all subjected to the combined driving force and

perturbation force. The signals have added white noise with SNR= 100.

Figure 4.10 shows the decomposition of a single simulated oscillator. Note the

time-varying mean of the signal correlates directly to the non-periodic forcing func-

tion. Figure 4.11 shows the signal means discovered with the NFMD and models fit

to the instantaneous means. The model H(t− t′)α(1− exp ((t− t′)/τ) is fit to each of

the instantaneous means. This model makes it possible to identify the relaxation time

τ in the perturbation function. Below approximately 1µs, the estimated τ begins to

flatten out. This is a result of the window size (ξ) used for model fitting, which is

approximately a 1µs window width.

In this proposed harmonic oscillator application, the NFMD can identify the in-
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Figure 4.12: NFMD decomposition of experimental trEFM control data
with controlled perturbation time constants. A model is fit which contains the
time constant τ and compared with truth values.

stantaneous mean of a signal. The instantaneous mean of the signal is then fit to a

model, which can provide insight to the form of the non-periodic perturbation applied

to the system.

4.3.3 Experimental Application

We test this application on a real-world cantilever based imaging modality termed

time-resolved electrostatic force microscopy (trEFM), which is an electrical modifi-

cation applied to the nanoscale imaging technique of atomic force microscopy [118,

103, 119, 101, 120]. In trEFM, a periodically driven metallic cantilever is brought

into close proximity to a surface. An electric field generated by an accumulation of

electrical charge on the surface imparts a force on the metallic cantilever, as well as

an electrostatic force gradient [121]. The electrostatic force is typically triggered by

an external stimulus, such as a voltage signal or photogenerated charge via an optical



90

excitation source. Such methods are useful for extracting dynamic information in

nanoscale measurements of photovoltaic or ionic conducting systems via the effect of

the force on the cantilever’s resonance frequency. In a typical trEFM experiment,

the desired outcome is extracting an unknown characteristic time constant τ , usually

describing the time-dependent change in the electrostatic force gradient [118, 122,

114, 123]. As a test case for NFMD, we apply a series of perturbation forces to the

cantilever of the form (4.6). In this experiment, the relaxation time τ is controlled

in the applied forcing, providing a set of experimental data with different, known

relaxation times.

The NFMD is used to decompose the experimentally-measured cantilever signal

into a single periodic mode (with instantaneous frequency near the periodic driving

force) and an instantaneous mean. The instantaneous mean can then be fit to a model

for the forcing term. The model we used is

µ(t) = H(t− t′)α exp (−λ(t− t′))(1− exp ((t− t′)/τ),

where H(t − t′) is the Heaviside function centered at t − t′, t is the time, t′ is the

perturbation onset time, α is an amplitude constant, λ is a decay constant, and τ

is the relaxation time. The term with the decay constant λ was included in this

model to fit a recurring pattern in the data that is likely a constant related to the

cantilever. Five different versions of this model were fit to the data: one with a fixed

perturbation time t′ = 0.168µs, one with a fixed decay constant λ = 1080, one with

both parameters fixed, one with λ set to zero, and one with all parameters fit by

the model. Figure 4.12 shows the result of fitting these models to the instantaneous

means of the experimental data.

Most of the models perform similarly, though the model with the decay constant

λ set to zero tends to underestimate the correct relaxation time. Similar to the

simulation results, the same trend occurs around τ = 1µs, where the model no longer

fits the truth line and the predicted τ flattens out. Unfortunately, the size of the
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window is limited by the frequency of the periodic components of the input signal.

In both cases, the 1µs window was the minimum window size where the NFMD

decomposition successfully decomposes the signal.

It is important to compare this approach with the existing methods for trEFM time

constant estimation [120]. One current method is using the instantaneous frequency

vector [124], ωk(t), of the periodic mode and estimating the time between the pertur-

bation onset and the next local minima in the instantaneous frequency curve. Prior

research showed an empirical correlation between this time interval and the relaxation

time of the perturbation [101, 124]. To define the particular experiment, a calibration

curve is used to estimate a relaxation time given the instantaneous frequency vector.

This approach is effective, and enables identification of sub-microsecond relaxation

time constant [101]. However, the main drawback of the method in [124] is that the

correlation is indirect. Therefore, the external perturbation (namely, τ) is not directly

learned, and the calibration curve will change based on experimental variables such as

the cantilever being used with a different set of physical parameters like quality factor

and spring constant. For more complicated systems where the relevant timescales are

more than single exponential (modern photovoltaic systems with ionic transport and

dielectric relaxation in battery materials), the lack of a defined model in this calibra-

tion curve can prove limiting [125, 114]. A chief advantage of the proposed NFMD

approach is that the forcing function can be detected directly from experimental data

via the instantaneous mean.

4.4 Conclusion

Time-frequency analysis methods are critically important in science and engineering.

In this work, we develop a data-driven approach to time-frequency analysis that helps

address shortcomings of classic approaches, including the extraction of nonstationary

signals with discontinuities in their behavior. By integrating elements of modern

gradient descent algorithms, the Fourier transform, multi-resolution analysis, and
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Bayesian spectral analysis, we can learn an interpretable Fourier mode-based model

for analyzing nonstationary signals with periodic components, thus circumventing the

deleterious effects normally associated with nonstationary processes and allowing for

accurate identification of instantaneous frequencies and their amplitudes. Indeed, our

method is equivalent to a nonstationary Fourier mode decomposition (NFMD) for

nonstationary and nonlinear temporal signals. Importantly, it produces interpretable

signal decompositions that can handle signals with multiple periodic components,

nonlinear phase functions, and sharp discontinuities in the phase function or periodic

mode amplitudes. The method results in a superior time-frequency analysis to the

HHT for nonstationary signals, and improves both temporal and spatial resolutions

compared to the STFT, thus providing a viable and broadly applicable architecture

for integration into a diverse number of scientific processes.
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Chapter 5

CONCLUSION

This thesis presents three innovations in data-driven modeling relevant to the

domain of materials science and engineering. First, a technique for data-driven mod-

elings of boundary value problems was developed. The method can identify the dif-

ferential operator governing boundary value problems, including spatially varying

parametric coefficients in the operator. It builds on previous works in systems iden-

tification and sparse regression to identify a parsimonious, data-driven model of the

system. Next, we present a data-driven approach for linearizing nonlinear boundary

value problems enabled by deep neural network autoencoders. Autoencoders trans-

form the nonlinear problem to a latent space where linear properties hold, which

allows the discovery of an invertible linear operator that governs the system. Finally,

we describe a time-frequency analysis algorithm powered by gradient descent and

Bayesian spectral analysis that enables decomposition of nonstationary multimodal

time series signals. The algorithm uses a sliding window to analyze segments of

the signal, enabling a high-resolution time-frequency analysis superior to traditional

techniques.

Sparse identification of nonlinear and linear operators in boundary value
problems

Chapter 2 presents an algorithm for identifying the nonlinear (or linear) differential

operator of a boundary value problem via sparse regression. It is compatible with

systems containing spatial heterogeneity and depends on spatial measurements of

steady-state, time-invariant systems. The method extends existing literature that
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uses sparse regression for system identification, and specifically extends literature

regarding the Sparse Identification of Nonlinear Dynamics (SINDy) lineage [14, 126,

25, 26]. It is the first algorithm in the SINDy family to be applied to time invariant

problems, and established an approach for identifying spatially-varying coefficients

and parsimonious operators simultaneously. We demonstrated the approach on four

model systems, including those governed by the Sturm-Liouville operator, the Laplace

operator, and the biharmonic operator commonly seen in the Euler-Bernoulli beam

equation. The method was shown to have some resilience to noise, though fails

to succeed in high-noise environments. The algorithm relies on a group regression

strategy and a variety of different trials, where each trial presents a unique system

configuration governed by the operator and the applied forcing functions. Each trial

uses a different forcing function to get a different system configuration.

Discovery of linearizing transforms for nonlinear boundary value prob-
lems

Chapter 3 develops a deep learning method that utilizes a dual-autoencoder architec-

ture to linearize nonlinear boundary value problems. The method depends on neural

networks, which are commonly known as excellent generic function approximators,

to learn a pair of linearizing transforms to project a nonlinear problem into a lin-

ear space. The linear space occurs in the latent space of the autoencoders. The

method leverages the linear space to learn a linear invertible operator, enabling the

use of the Green’s function solution approach to compute new solutions to the system.

The method is most closely related to the single-autoencoder architecture designed

for dynamical nonlinear initial value problems [51]. The method in Chapter 3 was

demonstrated on nonlinear one-dimensional Sturm-Liouville and biharmonic systems

and a two-dimensional Poisson’s equation. In every case, the learned operator and

Green’s function enabled prediction of the solution of new systems given a forcing

function, even with forcing functions in different functional families than those used



95

for training (e.g. periodic and gaussian forcings in training but polynomials in test-

ing). Furthermore, it was proven to be compatible with systems with spatially-varying

parametric coefficients.

Time-frequency analysis of nonstationary time series data

Chapter 4 introduces a novel time-frequency analysis algorithm that enables high

resolution in both frequency and time for nonstationary multimodal signals (i.e. sig-

nals with non-zero and changing mean and multiple oscillatory modes). The method

combines the short-time Fourier transform, Bayesian spectral analysis, modern gradi-

ent descent algorithms, and multiresolution analysis to fit a finite number of Fourier

modes to the data. The fit Fourier modes can have arbitrary frequency precision, un-

like the discrete Fourier transform, and leverages Bayesian spectral analysis methods

for estimating the amplitude of each Fourier mode. The algorithm identifies instan-

taneous frequency and amplitude of the oscillatory modes present in the data and

can estimate the instantaneous mean of the signal. The algorithm extends a previous

algorithm aimed at fitting Fourier modes to an entire data set, which enables high-

resolution frequency estimation but does not provide a time-frequency analysis [75].

We prove the method works on a variety of example systems including noisy systems

and real experimental data. The decomposition provides new insights for an experi-

mental data set and enables discovery of the form of the forcing function applied to

the experimental system.

Future directions

Sparse identification of nonlinear and linear operators in boundary value problems

The “SINDy-BVP” method explored the application of the SINDy algorithm to time-

invariant boundary value problems. It developed a new way for discovering spatially-

varying parametric coefficients through use of different trials. However, the biggest



96

drawback to the algorithm is how it fails in systems with high measurement noise. The

noise problem might be addressed in a variety of ways including denoising procedures,

such as filtering procedures or neural networks for estimating “true” system data

given noisy system data. Alternative approaches that may indirectly help with the

problems arising from noise include using a weak formulations of SINDy and imparting

additional constraints on the spatially varying coefficients. Weak formulations of

SINDy should reduce the effects of noise on the regression by convolution of the noisy

data with clean test functions. Imparting additional constraints, such as regularizing

against rapidly changing coefficient values, may also reduce the effects of noise and

improve discovery of smooth coefficient vectors in noisy data.

Discovery of linearizing transforms for nonlinear boundary value problems

The DeepGreen method in Chapter 3 utilizes deep neural network autoencoders for

learning a transformation that linearizes nonlinear boundary value problems. Al-

though the method shows great utility and enables prediction of solutions for new

system conditions, it fails to find unique linear representations of the system and

yields different linear operators each time the networks are trained. This makes inter-

pretation of the discovered operator and Green’s function challenging. Future work

should aim to place additional constraints on the learned operator and Green’s func-

tion, and ideally learn unique operators for a given system. Additionally, it may be

interesting to study how the architecture responds to nonlinear systems with non-

unique solutions.

Time-frequency analysis of nonstationary time series data

The time-frequency analysis algorithm shown in Chapter 4 provides a high resolu-

tion signal decomposition for estimating both frequency and amplitude of oscillatory

modes in nonstationary multimodal signals. This data-driven approach uses a single

signal segment length for estimating the signal parameters for all oscillatory modes
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simultaneously. However, empirical evidence suggests the algorithm performs best

when using “optimal” segment lengths, where an optimal segment length contains

approximately full periods of the oscillatory modes. This presents a challenge for

modes that are significantly out of phase, and causes error in the time-frequency

analysis of nonstationary signals. Future work may aim to use different segment

lengths for different periodic modes to optimize the accuracy of the decomposition

algorithm.
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