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Non-local operators, jump diffusions and Feynman-Kac tranforms

Lidan Wang
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Professor Zhen-Qing Chen
Department of Mathematics

Non-local operators are analytically defined by integrals over the whole space, hence hard
to study certain properties. This thesis studies inverse local times at 0 of one-dimensional
reflected diffusions on [0, 00), and establishes a new comparison principle for inverse local
times. As an application, we obtain the Green function estimates for a class of non-local
operators.

We further study diffusions with jumps, which are associated with the combination of local
and non-local operators. We show that the two-sided heat kernel estimates for a class of
(not necessarily symmetric) diffusions with jumps are stable under non-local Feynman-Kac

perturbations.



TABLE OF CONTENTS

Notation Index . . . . . . . s,

Chapter 1:  Introduction . . . . . . . .. .. .. ...

1.1

Lévy processes, infinitesimal generators . . . . . . . . . .. ... . ... ...

1.2 Local times, inverse local times . . . . . . . .. ... ... ... .. ... .
1.3 Jump diffusions and heat kernel estimates . . . . .. .. ... ... .. ...
1.4 Girsanov and Feynman-Kac transforms . . . . . . . ... .. ... ... ...
Chapter 2:  Inverse local time of one-dimensional diffusions and its comparison the-
o) 0

2.1 Diffusions and subordinate Brownian motions . . . . . . . ... .. ... ..

2.2
2.3

Comparison theorem for inverse local time . . . . . . .. ... ... ... ..

2.4 Properties of non-local operators . . . . .. .. ..o
Chapter 3:  Diffusions with jumps and non-local Feynman-Kac perturbations
3.1 Diffusions with jumps and heat kernel estimates . . . . . . . ... ... ...

3.2
3.3
3.4

Kato classes . . . . . . s
3P inequalities . . . . . . . . ..

Heat kernel estimates . . . . . . . . . . o

Bibliography . . . . . . . .

Page

1

12
15

18
18
21
25
30



aVb
alNb
f~g
=g
Y
fzy

NOTATION INDEX

a ball centered at x with radius r

a ball centered at the origin with radius r
probability, expectation with x as the starting point
Fourier transform of f

P-complete o-field generated by (Xs;s < t)
Green function in an open set D

probability measures

[0, 00)

inverse local time at 0 (unless otherwise stated)
indicator function of a set D

identically distributed

is defined as

max{a, b}

min{a, b}

lim(f/g) =1

there is a constant ¢ > 1 so that g/c < f < g
there is a constant ¢ > 0 so that f < cg

there is a constant ¢ > 0 so that f > cg
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Chapter 1
INTRODUCTION

The first chapter provides the necessary background for this thesis. We will briefly intro-
duce Lévy processes, local times and inverse local times. Then we will introduce diffusions
with jumps, and two-sided heat kernel estimates. Finally, we will give definitions of Girsanov

and Feynman-Kac transforms.
1.1 Lévy processes, infinitesimal generators

In this section, we give definitions of Lévy processes, the Lévy -Khintchine formula, and the

infinitesimal generators.

Definition 1.1.1. We say that X is a Lévy process for (2, F,P) if P(Xo = 0) = 1, and
for any s,t > 0, the increment X, — X is independent of the process {X,,0 < r <t} and
has the same law as Xs. There is Qg € F with P[Qy] = 1 such that, for every w € Qy, X;(w)

is right-continuous in t > 0 and has left limits in t > 0.

By the definition, X; has a characteristic exponent W(¢) given by

Elexp(i(¢, X;))] = exp(—t¥(€)), &€ R?

The characteristic exponent W (§) characterizes the law of the Lévy process in the sense that
two Lévy processes with the same characteristic exponent have the same law. The Lévy
-Khintchine formula gives the expression of W(&) as follows:
. 1 ilx .
V(E) =i{a, &) + 5Q€) + / (1= e i, €)1 )T (d), (1.1.1)
R
where a € RY, Q is a positive semi-definite quaratic form, IT is a measure defined on R?\ {0}

such that [p,(1 A |z|*)II(dz) < oo, and IT is called the Lévy measure of X.



The Lévy process X has an infinitesimal generator L£: for any f € S, where § is the

Schwartz space of rapidly decreasing functions,

ﬁf(il?) = <CL, Vf(ZE)) + % Z Q”aj—axf(x)
+ /Rd(f(l‘ +y) = [(@) = Ly<y(y, V(@) 1(dy). (1.1.2)

Examples 1.1.2. Brownian motion on R? is a Lévy process, with characteristic exponent
V(&) = [£|*/2. The infinitesimal generator of Brownian motion is A/2, in other words, for
any y € R, (t,z2) — p(t,z,y) is a solution of the (Fokker-Planck) equation:

ou(t,z) 1
—— = —Au(t, ). 1.1.3
Brownian motion has nice properties, for example, it is a Gaussian martingale and has strong

Markov property.

It is well known that aside from Brownian motion with constant drift, all other Lévy

processes have discontinuous sample paths. The following example gives one of them.

Examples 1.1.3. One important sub-family of Lévy processes is the class of rotationally
symmetric a-stable processes for a € (0,2). The characteristic exponent of rotationally

symmetric a-stable process X, is given by

Eei&X0) = o~tll” ¢ e RY, (1.1.4)

@/2 i e., the transition density

its infinitesimal generator is the fractional Laplacian —(—A)
p(t,x,y) of X is the fundamental solution of the equation:

ou(t, )

5 = — (=) 2u(t, x). (1.1.5)

Unlike A, the fractional Laplacian operator is non-local. Analytically it can be defined in two

ways:

o For [ :RY = R, (—A)2f(x) = Caap-v. fIRd chix_);‘ﬂi)dy, where Cy, is some normal-

1zation constant;



o For f:R? = R, (—/AF/Qf(é) = [€|* (&), where f represents the Fourier transform of
f.

Examples 1.1.4. A subordinator is a Lévy process that takes values in [0,00) such that
t — X 1s nondecreasing. For subordinators, one can work with the Laplace transform, and

the infinite divisibility of the law of X implies that
Elexp(—AX:)] = exp(—tp(A)), A >0, (1.1.6)

where ¢p(A) : [0,00) — [0,00) is called the Laplace exponent of X;, there exists a unique pair
(a,b) of nonnegative real numbers and a unique measure v on (0, 00) with f(o OO)(l/\:c)V(da:) <
oo such that for every A > 0,
d(\) =a+ b\ + / (1 — e ) v(dr), (1.1.7)
(0,00)
and v is called the Lévy measure of X;.

In particular, when ¢(X) = cA° with s € (0,1), X; is an s-stable subordinator.

Molchanov-Ostrovski [36] realized rotationally symmetric a-stable processes as Brownian
motions on R? time changed by an independent «//2-stable subordinator, in other words, X;
is an «/2-stable subordinator, and B; is a d-dimensional Brownian motion independent of
X4, then the subordinate Brownian motion By, is an a-stable process. This realization can
also be interpreted as traces of diffusion processes in one-dimension higher, details will be
given in Theorem 1.2.12.

Caffarelli-Silvestre [6] rediscovered this result, by an analytic approach, that fractional Lapla-
cian operators can be constructed from an extension problem to the upper half space for a
specific degenerate elliptic PDE. For a function f(z) : RY — R, consider the extension

function u(x,t) : R? x [0, 00) — R that satisfies

u(z,0) = f(z), for v € R% (1.1.8)

A+ —2u, +uy = 0, (1.1.9)



where A, represents Laplacian operator in z € R%. It can be shown that, up to a constant
factor, limy o4 t'~“uy(z,t) = —(—A)*2f(x) for any smooth and bounded function f(z) :
R? — R, then using reflection extensions of u, they obtained a solution to the corresponding
extension problem. By using (local) PDE methods, they gave an alternative proof to Harnack
inequality and boundary Harnack inequality for fractional Laplacian; see Theorem 5.1 and

5.3 in [6].

Theorem 1.1.5. Let f : R — R, and (—=A)*?f =0 in B, := {x € R?: |z| < r}. Then
there is a constant C (depending only on o and d) such that

sup f(z) <C inf f(x).

xEBT‘/Q IEB"'/2

Theorem 1.1.6. Let 2 be a domain such that 02N By is a Lipschitz graph with Lipschitz
constant less than 1. Let f,g : R? — R, such that (—A)*2f = (=A)¥2g = 0 in Q and
f(x)=g(x) =0 for any x € B1\ Q. Then for any xo € 0N2, there is a constant C depending
only on d such that

sup —/—=<C inf —/=,
QNBy/2(x0) (I) QNBy 3(z0) (l‘)

f(@) f(@)
g g
where By2(xo) is a ball centered at xo with radius 1/2.

1.2 Local times, inverse local times

X, is a Lévy process in R? on the probability space (€2, F,P). The construction of local times
is the generalization of the local time of one-dimensional Brownian motions. We denote by

P, E, probability and expectation with x as the starting point, respectively.

Definition 1.2.1. We say that v € R? is regular for itself with respect to X if P, (T, =
0) =1, where T, :=={t > 0: X; = z}.

The local time at x exists if and only if x is regular for itself, and we define the local time

at x of a Lévy process (Xy, P) as follows:



Definition 1.2.2. {LX(w,t,z) : t > 0} is called the local time at x of a Lévy process
(X, P) if LX(t,x) is Fy-measurable for any t and E,L*(t,z) > 0 for some t and y and if
there is Qo € F with Py (Qp) = 1 for every y such that for all w € Qq, the following are
satisfied:

(1) t — LX(w,t,x) is continuous and increasing, and L~ (w,0,z) = 0;

(2) LY (w,s+t,2) = LX(w, s,1) + LX(O,w,t,1) for all s and t, where the shift 0, of sample
function is defined by (Qsw)(t) = w(s +t);

(3) J3° 1pa o (Xi(w))dLX (w, ¢, ) = 0, where the integral is Stieltjes in t.

We write LX (w,t,x) as Ly when there is no confusion.

It is known that there is a property that if {L,} and {L,} are both local times at , then
there is a constant ¢ > 0 such that for all y, P,(L; = cL; for all t) = 1, see [38].
Given a strong Markov process X, if the origin is an accessible point, and it is regular for

itself, the local time at the origin was constructed in [35] that satisfies

E [/ e °dL,
t

where Ty is the first hitting time at the origin for X, and 6; is the time shift operator. It is

E] =E [e | F], (1.2.1)

shown that this construction satisfies the conditions in Definition 1.2.2 with = as the origin,
in other words, the two constructions of local times at the origin are equivalent, see Theorem
2 in [35].

The inverse local time at the origin, denoted by S;, is defined as
Sy :=inf{s > 0, Ls > t},

where L, is the local time at the origin. It is a general fact that the inverse local time of
a Markov process at a point having positive capacity is always a subordinator, that is, a

non-decreasing real-valued Lévy process. Also, the closure of the range of the inverse local



time coincides with the closure of the zero set of X, see regenerative embedding theory in

2]. Fristedt-Pruitt showed that there exists an increasing function g on [0, co)such that
g —m(S[0,t]) =t, (1.2.2)

where the left side represents the Hausdorff measure of the range of S on the time interval
[0, ¢] with respect to the function g. See [30] for details.

An interesting problem is if it is possible to characterize subordinators as inverse local
times at zero of diffusions, equivalently, to realize the family of functions that can arise as
Laplace exponents of inverse local times at zero of diffusions. This question was raised in
It6-Mckean [32], then Knight [33] and Kotani-Watanabe [34] showed independently in 1981-
1982 that if one relaxes R, -valued diffusions to generalized diffusions (a family of Markov

processes having possibly discontinuous trajectories), then the answer is affirmative.

Theorem 1.2.3 (Knight [33]). The class of Lévy measures of inverse local times of reqular

generalized diffusion (the definition will be given later) on [0, 00), reflected at 0, consists of

all
V(dx)—/ooo P u(dz)dx (1.2.3)

with measure p(dz) >0 on (0,00) such that [;° p(dr) <

1+x

The following gives one way to explain the above theorem.

Definition 1.2.4. A function ¢ : (0,00) — R is saide to be completely monotone if ¢ is
C* and
(=1)"¢™(X) > 0 for all n € NU{0} and X > 0. (1.2.4)

The family of all completely monotone functions will be denoted by CM.

The condition (1.2.4) is often referred as Bernstein-Hausdorff-Widder condition, and the

next theorem is known as Bernstein’s theorem.



Theorem 1.2.5. Let ¢ : (0,00) — R be a completely monotone function. Then it is the

Laplace transform of a unique measure p on [0,00), i.e., for all A > 0,

p(N) = /[O )e—”u(dt). (1.2.5)

Conversely, if () is given by (1.2.5) for some measure p on [0,00), A — ¢(\) is a completely

monotone function.

The set CM of completely monotone functions is a convex cone and is closed under
multiplication. The class of Bernstein functions is closely related to the class of completely

monotone funtions, and it’s defined as follows:

Definition 1.2.6. A function ¢ : (0,00) — R is a Bernstein function if ¢ is of class
C*, ¢(A) >0 and
(=1)" 1™ (X) > 0 for alln € N and X > 0. (1.2.6)

The set of all Bernstein functions will be denoted by BJF.

The next theorem is an observation that a non-negative C*°-function ¢ is a Bernstein

function if and only if ¢ is a completely monotone function.

Theorem 1.2.7. A function ¢ : (0,00) — R is a Bernstein function if, and only if, it
admits the representation (1.1.7), where a,b > 0 and v is a measure on (0,00) satisfying

f(O,oo)(l A z)v(dr) < oo.

Definition 1.2.8. A Bernstein function ¢ is said to be a complete Bernstein function
if its Lévy measure v in (1.1.7) has a completely monotone density v(x) with respect to

Lebesgue measure:

d(\) =a+ b\ + / (1 —e)v(z)d. (1.2.7)

(0,00)

We will use CBF to denote the collection of all complete Bernstein functions.

The final crucial tool is Krein’s theory of strings, which is introduced as follows.



Definition 1.2.9. A string is a non-decreasing, right-continuous function m : R — [0, 00)

satisfying
1. m(x) =m(0—) =0 for all x <0,
2. m(zg) < oo for some xg > 0,

3. m(z) >0 for all x > 0.

The family of all strings will be denoted by I .

For any m € 9M,, let r := sup{z : m(z) < oo} and E,, := supp m N [0,7). Let
BT = (B}, P.)1>00<z<r be a reflected Brownian motion on [0, 0o) which is killed upon hitting
the point r, after being killed, the process goes to the cemetery 0 which we adjoin to the state
space [0,7) as an isolated point. Let L = (L(t,)):>00<z<r be the jointly continuous local
time of BT normalized such that for all Borel functions g : [0,00) — [0,00), the following

occupation time formula holds:

t
/ g(BH)ds :/ g(z)L(t, x)dx, t>0.
0 [0,r)

Now define a positive continuous additive functional C' = (C});>¢ of the process Bt by

Cy = / L(t, x)m(dz),
[0,7)

with the Revuz measure m. Let 7; be the right-continuous inverse 7, := inf{s > 0, Cs > t},
then X; := B} is an m-symmetric Hunt process on E,,, and it is called a generalized
diffusion on [0, 7).

Schilling-Song-Vondracek restated Theorem 1.2.3 in terms of strings theory.

Theorem 1.2.10. Let X be a generalized diffusion corresponding to m € MM and let S¥ be
its inverse local time at zero. Then the Laplace exponent f of S belongs to CBF. Conversely,
giwen any function f € CBJF, there exists a generalized diffusion such that f is the Laplace

exponent of its inverse local time at zero.



Now define for A > 0 the A-potential operator of X as follows:

Grg(z) = E, /OOO e Mg(X,)dt, (1.2.8)

where x € E,, and g is a non-negative Borel function. The generalized diffusion X admits
the local time process at z, L = (L*(t,));>0.4¢E,,, Which can be realized as a time-change
of the local time of a reflected Brownian motion. For any bounded measurable function g,

one can have
| oot = [ @)X (s, apm(do)
0 [0,r)

Thus, by Fubini’s theorem, the A\-potential can be rewritten as

Grg(r) =E, /0 T e < /0 s g(Xt)dt) ds
=E, /O T e < /[0 . g(y)LX(say)m(dy)) ds

_ /[0 } E, < /[0 - e‘ASLX(ds,y)) g9(y)m(dy)

We could define the kernel of the A-potential operator GG as

Gi(z,y) :=E, (/ e_’\SLX(ds,y)> : x,y € B, (1.2.9)
[0,00)

Correspondingly, for any bounded measurable function g,

Grole) = [ Catovlatomin)
0,r
Thus, we can have the following result,

Proposition 1.2.11. Suppose X is a one-dimensional generalized diffusion corresponding
tom € M., it holds that

1
P(\)’

where ¢(N) is the Laplace component of the inverse local time at zero.

GA(0,0) =
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Proof. From (1.2.9), and denote by L¥(¢,0), S¥(t) the local time and inverse local time at

Zero,

GA(0,0) =, / e MLX(dt,0) = K, / et gy
[0,00) 0

= / T Eo(e S )t = / et gy
0 0
1

(A)
O

Applying the above Propostion, we can explicitly realize stable subordinators as inverse local

times of diffusions, this is also Theorem 1 and 2 in [36].

Theorem 1.2.12. Let X; be a Bessel process with index 0 < a < 1 that is generated by

1 d? 1—2a d

Lo= oot
2d:p2+ 2¢ dx

Xo=1>0. (1.2.10)

By Proposition 1.7.2 in [1], 0 is a reflection boundary. Denote by S; the inverse local time
at x = 0, then S; is an a-stable subordinator.
Consider the d+ 1-dimensional process Zy = (By, Xy), where By is a d-dimensional Brownian

motion independent of X;. Then, the process Z; = Bg, is a symmetric 2a-stable process.

Proof. Bessel process is a diffusion process, from [36] we have the transition density for X;

as
1 z? + y? Ty

tia,y) = o (ay)” - I_q (—) ; 1.2.11

p(tiz.y) = 5 (zy) eXp( o , ( )

where I,(z) =327, m(:ﬂﬂ)m“. Since the I,(x) converges near 0 for all —1 < a <

0, we get
p(t;0,0) = lm ‘p(t;z,y)
Ty ! (z)""
- I _
Hégio Xp ( 2t ) Z m!l'(m — o + 1) (2t)2m—ot!

_
D) (2t) 7
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By the definition of G(z,y) and dominated convergence theorem,

GA(0,0) = lim Gy(zr,y)= lim e Mp(t; x, y)dt

z—0,y—0 z—0,y—0 0

o o 1
—/ e_’\tp(t;0,0)dt—/ e M~ ooy
0 0 I(

1—a)
27(1701) 00 1
— / efsAlfasafl_ds
) Jo A

[l -«
27T (),
 I(1-a)

By Proposition 1.2.11, we can get the Laplace exponent of inverse local time

11—« .
L _ 270 —a) . (1.2.12)

MM:GMW) T(a)

It is exactly the Laplace exponent of a-stable subordinator .5;.

Now take a Brownian motion B; (let it run at twice the usual speed) independent of the
above Bessel process, and consider the new process Z; = Bg,, we can get a 2a-stable process
by looking through the characteristic function,

M%@:/‘M&e@mﬂwﬁz/ P{S; € ds}e "
0 0

O

Generally speaking, The class of subordinate Brownian motions that can be realized as
boundary traces of diffusion processes in upper half space of one-dimensional higher is in
one-to-one correspondence with the class of subordinators that can be realized as the inverse
local time at 0 of some reflected diffusions on the half line [0, 00), the latter is known as
Krein representation problem.

In Chapter 2, we will get the comparison theorem for inverse local times at 0 of reflected
diffusions, under certain conditions. Then we can study a class of subordinate Brownian
motions, whose infinitesimal generators are non-local, and get Green function estimates for

them. The main results are shown in Section 2.1.
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1.3 Jump diffusions and heat kernel estimates

There is an intimate interplay between self-adjoint pseudo-diffentiable operators on R? and
symmetric Markov processes on R%. By a theorem of Ph. Courrége [23], given a class of
self-adjoint pseudo-differential operators £ on R? that has positive maximum property, that
is, for each function ¢ in the domain of £ which attains its nonnegative maximum in a point
ro € R? we have Lp(rg) < 0, there exists a jump diffusion X on R? such that £ is the
infinitesimal generator of X, and vice versa.

Suppose X is a Markov process on R? with transition density p(¢,x,y) and infinitesimal
generator £, an important connection between the generator £ and X is as follows: the
transition density function of X, or heat kernel, is the fundamental solution of O,p(t, x,y) =
Lp(t,-,y)(z). The following two examples are typical classes of continuous and purely dis-

continuous processes.

Examples 1.3.1. Consider the local operator

d

L= Z Or,(aij(2) 0, ),

ij=1
where (a;;())1<ij<a 15 a measurable d x d matriz-valued function on R? that is uniformly
elliptic and bounded. There exists a symmetric diffusion X having L as its L*-infinitesimal
generator, and L has a jointly continuous heat kernel p(t,z,y) with respect to the Lebesgue
measure on RY that enjoys the Aronson’s estimate: there are constants ¢, > 0, k=1,...,4

so that
arle,(tx —y) < p(t,z,y) < csle, (B2 — ),
where To(t; 1) = =42 exp(—c|r|/t).
Aronson’s estimate also holds for non-divergence form elliptic operators, L = Z?,j:l aij(x)ﬁixj,

with Hélder continuous coefficients.

Examples 1.3.2. Consider the non-local operator

£(x) = lim () — fla) 228y,

— qld+a
€20 J{yerd:|y—z|>c} |l’ y|
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where c(z,y) is a symmetric function bounded between two positive constants and o € (0,2),
L is a symmetric stable-like operator. Chen-Kumagai showed in [16] that it admits a jointly
Hélder continuous heat kernel p(t,x,y) with respect to the Lebesque measure, which satisfies

t t

c! <pt,zr,y <C ,
@t o=yl = P00 S O e

fort >0 and x,y € RY. C depends only on the bounds of c(x,y) and d, c.
Similar estimate holds on fized time intervals for non-symmetric stable-like operator in

the form of
K(z, 2)
|2|dta

Lu(z) = lim (u(z + 2) — u(x))
£l0 {zeR:|z|>e}

where a € (0,2), and k(z,2) is a measurable function symmetric in z and bounded between

two positive constants, uniformly Holder continuous in x. Check [22] for details.

A generic strong Markov process may have both the continuous (diffusive) part and the
purely discontinuous (jumping) part. We end this section by giving two classes of diffusions

with jumps and their heat kernel estimates.

Examples 1.3.3 (Chen-Kumagai, [17]). Consider the following type of non-local operator L

on R%:
1N 9 )
Lu(r) = 5;:1 oz (az’j(x)a_xj) + 151151 |x7y|>6(U(y) —u(x))J (z,y)dy, (1.3.1)

where A(z) = (ai;(x))1<ij<a 18 a measurable d x d matriz-valued function on R? that is
uniformly elliptic and bounded, and J is a symmetric non-negative measurable kernel on

R x R? that satisfies

1
T = e =) 132

for two positive functions f and g, notation f =< g means that there is a constant ¢ > 1 so

that g/c < f < cg, and ¢ is a strictly increasing continuous function defined on [0, 00) with

#(0) =0, ¢(1) = 1 and there exist constants ¢ > 1,0 < B < B2 < 2 such that

B1 B2
ct (%) < i((f)) <c (?) for any 0 <r < R < 0. (1.3.3)
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It is shown in [17] that there is a Feller process X having strong Feller property associated
with L, and that X has a jointly continuous transition density function p(t,z,y) with the
following two-sided estimates hold: there exist positive constants ¢, k = 1,2,3,4 such that

for every t >0 and z,y € R,

a(t™ A (1)) A Lotz —y) + P (E e —y])

<pltoay) et AT ) ) A Ttz —y) + P (t o —yl)), (1.3.4)

where

Pt = (070 A ).

and for a,b € R, a Ab:= min{a,b} and a V b := max{a,b}.
Examples 1.3.4 (Chen-Hu-Xie-Zhang, [13]). For d > 2, there are ezistence, uniqueness,
and estimates of fundamental solutions of time-dependent version of nonsymmetric diffusion

operator with jumps, L, in the following form:

L) =5 3 alt )RS (@) + Y blt, 2000 2)
+ /Rd(f(if +2) — f(x) = Lp<y 2 - Vf(x))%dz, (1.3.5)

where a(t,x) = (a;;(t,x))1<ij<a s a d X d-symmetric positive definite matriz-valued measur-
able function on [0,00) x R, b(t,x) : [0,00) x R? — R? and k(t,z, 2) : [0,00) x RE x RY — R
are measurable functions, and o € (0,2).

Chen-Hu-Xie-Zhang showed in [12] that under certain conditions for a,k,b, for every
T > 0, there are positive constants C,\ > 1 such that for (t,x,y) € (0,T] x R? x R4,

CHIx+mun)(s —tiy — ) < p(t,a;s,y) < O+ ||6llaon)(s —t;y —2),  (1.3.6)

where

. Py— t
n(t; ) = (172 1 [a])d+a

Remark 1.3.5. When ¢(r) = r® in Example 1.5.3, on fized time intervals, (1.3.4) can be

rewritten into similar estimates as in (1.3.6). See details in Lemma 3.1.1.
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1.4 Girsanov and Feynman-Kac transforms

Girsanov transform describes how Brownian motion, or more generally, local martingales
behave under changes of the underlying probability measure. Let {W;} be a standard Brow-
nian motion under the probability measure P, and {F};>¢ is the associated filtration. Let

{&s} be a real valued adapted process on (9, F;,P), we define

t t
7, = exp (/ ¢.dW, — %/ ggds> .
0 0

Novikov showed that if for each ¢ > 0, E[exp(} [7[¢,[2ds)] < oo, then Z; is a martingale
under the probability P. Define
dQ

~_ g
dP t’]:ta

this gives a new probability measure on (€2, F). Girsanov’s theorem describes the distribution

of the stochastic process {W;} under the new probabilty measure as
t
W, =W, —/ §sds,
0

and under the new probability measure Q, {Wt} is a standard Wiener process as well.
Feynman-Kac transform is one of the most important transforms for Markov processes.
Suppose that E is a Lusin space, which is a space that is homeomorphic to a Borel subset
of a compact metric space. Denote by B(FE) the Borel o-algebra on E. Let m be a Borel
o-finite measure on E with full support, and X on (£, F,P) is a m-symmetric irreducible
Borel standard process on E with lifetime ¢, with £ as the L*-infinitesimal generator. For a

function ¢, one can define Feynman-Kac semigroup:
T, () = By [eh 7% (X))

under certain condition on ¢ (see details in [21]), the L2-infinitesmal generator of {T};¢ > 0}
is L+ q(x).
More generally, one can define the Feynman-Kac transform for a continuous additive func-

tional A* of X having finite variations,

T.f(z) = EJe® f(Xy)],  t>0,
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where A} is defined in a similar way that is analogous to u(dz) = q(z)m(dx). Tt’s well-known
that, under suitable Kato class condition on u, {T3;t > 0} forms a strongly continuous
symmetric semigroup on LP(E;m) for 1 < p < oo and its L?-infinitesimal generator is
L* = L + p in distributional sense.

For discontinuous process X, there are many discontinuous addtive functionals. Let F
be a symmetric function on £ x E vanishing along the diagonal. We can also extend it to be
zero off Ex E. Then ) o ., F(X,, X,), whenever it is summable, is an additive functional

of X. Therefore, one can perform a non-local Feynman-Kac transform

Tt“Ff(:B) =E,

exp (Af; + Z F(XS_,XS)> f(Xt)] , t > 0.

0<s<t

Let (N(z,dy), H;) be a Lévy system of X, the infinitesimal generator for {T7/*";t > 0} is
L= L+ uyF + p,

where py is the Revuz measure of the positive continuous additive functional H and

() = [ (€ = ) )N ) ) ),

An important question related to Feynman-Kac transforms is the stability of various prop-
erties. For instance, for Brownian motion, under Feynman-Kac perturbation, one can get a
Schrodinger operator A/2 4 p and Schrodinger semigroup (exp((A/2 + p)t))i=o. Blanchard
and Ma [3] showed in 1988 that when d > 3, p is a signed Radon measure in generalized
Kato class, which satisfies

1
imsup [ () = o
™0 Lerd B(zx,r) ’.CC - y’d_2

the Schrodinger semigroup admits a jointly continuous symmetric integral kernel ¢(t, z,y)

with the following two-sided estimates:

C_le_ﬁtra (t7 T — y) S Q(ta xz, y) S Ceﬁtrm (t? T — y)
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In [37], sharp two-sided estimates on the densities of (local) Feynman-Kac semigroups of
killed Brownian motions in C*! domains were established. Non-local Feynman-Kac semi-
groups for symmetric stable processes and their associated quadratic forms were studied in
[41, 42]. More generally, stability of heat kernel estimates for purely discontinuous Markov
processes under non-local Feynman-Kac perturbations have been studied in [15, 44]. We also
mention that the stability of Martin boundary under non-local Feynman-Kac perturbation
is addressed in [14].

In Chapter 3, we will study a class of jump diffusions having a jointly continuous transi-
tion density with two-sided estimates (1.3.6), in particular, it contains both continuous and
pure jump components. We obtain the stability of heat kernel estimates under non-local

Feynman-Kac perturbations. The main theorem is shown in Section 3.1.
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Chapter 2

INVERSE LOCAL TIME OF ONE-DIMENSIONAL
DIFFUSIONS AND ITS COMPARISON THEOREM

2.1 Diffusions and subordinate Brownian motions

It is well known that the trace of Brownian motion in R (or reflected Brownian motion in
the upper half space R4 := {z = (21,...,74,2441) € R : 24, > 0}) on the hyperplane
{z4+1 = 0} is a d-dimensional Cauchy process, which is also a Brownian motion time changed
by an independent Cauchy subordinator. Another type of subordinate Brownian motions
is Brownian motion time-changed by an independent a-stable subordinator, which has the
same distribution as a rotationally symmetric stable process.

Moreover, relativistic Cauchy process in R? (also called relativistic Brownian motion in
the study of relativistic Hamiltonian system in physics [7]) is a subordinate Brownian motion
X, characterized by

Eeif'(Xt—XO) — et(f_ \V m+\§|2>7 5 c ]Rd7

where m > 0 stands for the mass of the particle. The infinitesimal generator of X, is
vm —v/m —A. It is not hard to see that the inverse local time at 0 of the reflected
Brownian motion with downward constant drift v/2m on [0, 00) is a subordinator S; with

So =0 and
Ee— St — et(\/ﬁ—\/m-&-/\)? A>0.

Hence the relativisitc Cauchy process on R? can be regarded as the boundary trace on
{z441 = 0} in the upper half space of R where the vertical motion in the x4, direction is a
Brownian motion with downward constant drift while the horizontal motion is an independent
Brownian motion in R?. However for general o # 1/2, relativistic a-stable processes can not

be simply realized, by analogy with rotationally symmetric stable processes, as a diffusion in
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the upper half space of one-dimensional high whose vertical motion is a Bessel process with
constant drift.

By using Esscher transform, Martin and Yor[26] showed that relativistic a-subordinator
for 0 < a < 1 is in fact the inverse local time at 0 of the reflected diffusion on [0, c0)
determined by generator

g L& (1-%  R(B)\ d

2 dx? 2x Ko(vV2ma) /) dz’

where K (2) = 2K, (z) and K, () is the modified Bessel function of the second kind defined
in (2.4.4).

(2.1.1)

Realizing non-local operators as boundary trace of some differential operators is a pow-
erful way to study non-local operators from analytic point of view as one can employ many
well developed techniques and ideas from partial differential equations (PDE). It is a natural
and interesting question to investigate the scope of non-local operators that can be realized
as the boundary trace of differential operators.

In this chapter, we set out a modest goal to investigate properties of the inverse local

time at 0 of reflected diffusions on [0, co) with infinitesimal generator of the form

1 d? 1—2a d
L=—-—— — — 2.1.2
2de? T ( 2z f(x)) dr’ ( )
where f > 0 is a function on (0, 00), and the corresponding subordinate Brownian motions.

For two functions f and g, notation f < g means there is a constant ¢ > 0 so that f < cg.

The following are the main results of this chapter.

Theorem 2.1.1. Let Y; be the reflected diffusion process on [0,00) determined by the local
generator of the form (2.1.2) with

0< f(z) S(1Az)* on(0,00).

Let S; be the inverse local time of Y; at 0. Then there is a constant m > 0 so that stochastically
St(a’m) <5 < St(a) for allt > 0, where St(a) and Séa’m) are the a-stable subordinator and

relativistic a-stable subordinator with mass m, respectively.
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In order to achieve the above result, we have obtained the comparison theorem for inverse
local times at 0 of reflected diffusions. We would like to mention that in general one can not
conclude that the inverse local time at 0 of one diffusion is dominated by that of another.
Indeed, there is no monotonicity between a-stable and [(-stable subordinators, as there is
no monotonicity between their Laplace exponents. However, in Section 2.3, we get a key
comparison result for the inverse local times at 0 for reflected diffusion processes on [0, co) and
their corresponding Lévy measures. Hausdorff measure of zero sets and Girsanov transform
are the main tools to get this result. Regenerative embedding theory for subordinators are
also used.

As an application, we have the following Green function estimates for the trace processes
of diffusion processes in R¥™! whose vertical x4, ;-coordinate is a reflected diffusion on [0, o)
with infinitesimal generator (2.1.2), and the horizontal direction is an independent Brownian

motion in R%.

Theorem 2.1.2. Under the setting of Theorem 2.1.1, let By be a d-dimensional Brownian
motion independent of Y; with variance 2t, and p(x) be the density of the Lévy measure of
trace process Bg,. Denote the density of the Lévy measure of symmetric 2a-stable process
by @ (x). Then j(x) := p*(z) — p(z) > 0, and there exists a constant C such that for
|z <1,

j(w) < Claf?~27e.

Let D C R? be a bounded connected Lipschitz open set. Denote Green functions of the trace
process Bg, in D by Gp(x,y). Then there exists a constant Cy, = Cy(d, o, D, C) such that

Cr'G0 (2,y) < Gp(x,y) < LGV (x,y) for z,y € D,

where Gga) is the Green function of rotationally symmetric (2a)-stable process, or equiva-

lently of the fractional Laplacian A%, in D.

The rest of this chapter is organized as follows. Esscher transform (an Economics termi-

nology) and Girsanov transform for reflected diffusions on [0, 00) are discussed in Section 2.2.
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This extends and refines the corresponding part of Martin-Yor [26] with a more complete and
rigorous proof. In Section 2.3, we present the comparison theorem for inverse local times.
With the comparison result obtained in Section 2.3, Theorem 2.1.1 and 2.1.2 are established

in Section 2.4.
2.2 Esscher transforms

Recall that the Laplace exponent and Lévy measure for a-stable subordinator, where 0 <
a < 1, are ¢((\) = c,\* and v\Y(dz) 1= cor 1"z, where ¢, = a/T'(1 — a); while that for
relativisitic a-stable subordinator with mass m > 0 are ¢®™(\) = c,[(m + \)® — m?] and
V@M (dx) == cor™ "% dx.

Fix 0 < a < 1. Let (2, F,P) be a probability space on which a reflected Bessel process
Y; on [0, 00) with generator (2.1.2) is defined. The filtration generated by Y; will be denoted
as {Fi;t > 0}. Let L; be the local time of Y at 0, and

Sy :=inf{s >0: Ls > t},

the inverse of L, which is a stopping time with respect to the filtration {F;;¢ > 0}. We know
that S; is an a-stable subordinator. We can define a new probability measure Q on (2, F)

by
Q(dx) e~me

_ _ o _ , 92.2.1
P(dz) ~ Eoloxp(—mS] exp(tc,m® —mazx)  on Fg, ( )

This change of measure is called Esscher transform in literature (see Chapter VII, 3c, [28]).

Note that under the new probability measure Q,

E%[exp(—\S;] = exp(tcam®)EF [exp(— (X + m)S]
= exp(tcam® — t DA™
= exp(—td @™ (X)). (2.2.2)
In other words, under Q, {S;;t > 0} is a relativistic a-stable subordinator with mass m.

We now extend the above Esscher transform to general one-dimensional diffusions.
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Theorem 2.2.1. Suppose that X; is a reflected diffusion process on [0,00) defined on a
probability space (2, F,P), determined locally by the generator

d? d

L =a(x) o

Let Ly be the local time of X; at 0, and S; = inf{s : Ly > t} its inverse local time at 0, which

is a subordinator. Denote by ¢(\) the Laplace exponent of {Si;t > 0}. Define

dQ _ exp(—m.S;)
dP ~ Elexp(—mSy)]

on Fs,, t > 0. (2.2.3)

Then

(i) (2.2.3) defines a new measure Q on Fu, in a consistent way;

(i) Under Q, the original diffusion X, write as X for emphasis, is a reflected diffusion

on [0,00) having generator

d
—, x>0
de x Y

~—

m(2

m(x

)

LM = £ 4 2a(x)

s
~—r

where py,(x) := E,[exp(—mTp)| and Tj is the first hitting time of 0 by the process X.

(iii) Denote by St(m) the inverse local time of Xt(m) at 0 and ¢ ()\) the Laplace exponent

for subordinator St(m). Then we have

$(N) = p(A+m) — ¢(m).

Proof. The definition (2.2.3) gives

_dQ _ Elexp(=mS;)|Fons,]
My = R 7y (2.2.4)
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To see the consistency, we observe for r < t, since S; is a subordinator,

dQ _dQ _ Elexp(=mS;)|Fsns, ns,]
dP FsnSy P FsnsrASy ]E[exp(—mSt)]
_E[GXP(_mSt)U:sAST]
Elexp(—mS;)]

_ Elexp(—m.5;) exp(—=m(S; — 5))[Fsns, |
E[exp(—mS,) exp(—m(S; — S,)]

_ Efexp(=m(S; — 5,))[E[exp(=mS,)[Fons, ]
Elexp(—m(S; — Sy))]Elexp(=mS5,)]

_ Elexp(=mS;)| Fons,]
Elexp(—mS,)]

To see uniform integrability, we first have the decomposition of the inverse local time at 0,

since Sy = Ty,

Sy under P =inf{s: Ly >t with Xy, = z}
=inf{s:s=To+r, Ly, + L, o0y, >t with Xy =z}
=To +inf{r : L, o Oy, >t with Xy =z}
=Ty + inf{r : L, > t with X, =0}

=Tb + S; under Py (2.2.5)
With the decomposition,

Elexp(—m.S;)] =E[e ™| Eo[e™™%]
=Bl

=pm(7) exp[—te(m)] (2.2.6)

Similarly,

1<sEle ™| Fy] =1(,<s,Ele ™| Fy]

:1{S§St}e_mSEX5 [eXp(_mSt_T)] |T:L5
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The last equation holds because on {s < S;},
Sy =inf{r +s: L,s>t}=s+inf{r: Ly+ L. 00, >t}
=s+inf{r: L,of, >t — L.}
=s+ S, 004|=p..
Now using (2.2.6), we have

Ex, [exp(—=mSi—)]|r=r, =pm(Xs)Eo[exp(—mS;_)]|r-L,
=pm(Xs) exp(—(t — r)p(m))|=L.
=pm(Xs) exp(—(t — Ls)p(m)).

Thus, restricted to Fsng,,

dQ Elexp(—m.Sy)|F]

_aQ 1 exp(—m.Sy)
Py, U Elep(-mS)] VEfexp(—mS))]

e” " pp(Xs) exp(—(t — Ls)p(m)) exp(—msS})
pm(2) exp(—tp(m))
pm(Xs>

=1r5<g, exp(—ms + Lsp(m)) + Ligss,
sz P 2 el (m)) + 1

M

+ 1{8>St

=l<sy

Ast — oo, My, — M;, a.s. and

P (Xs)
Pm ()
It’s obvious that M, € F,. Also, from the original definition of M, in (2.2.4), for any s, t,

M, = exp(—ms + Lsp(m)).

EM;, <1, so by Fatou’s lemma,
EM; <liminf EM,, < 1.

Thus, M, € L', and on the other hand, with F,,s, C F,

E[M;|Fsps,] =E p;;f()i;) exp(—ms + Lgp(m)) fsAgtl
:1{S§St}pp”:n<—()§)> exp(—ms + Lyp(m)) + 1{S>St}£:—<g exp(—msS, + t(m)])
_ pm(Xs) exp(—msS})
_1{S§St}pm—(x) exp(—ms + Lgp(m)) + 1{S>St}E(exp(—mSt))

ERA)
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the second to the last equality comes from p,,(0) = 1 and (2.2.6). Thus {M,; = E[M,|Fsns,] }>0
is uniformly integrable. Taking ¢t — oo yields

@ _ pm(Xs)
dP Fs P ()

The above is a combination of Doob’s h-transform and a Feynman-Kac transform by local

exp(—ms + Lsp(m)). (2.2.7)

time L;. It follows that for x > 0,

L f () =p (@) (L = m)(pm - [)(x)

L) + 2@(%)%]"(%) ol @)L — m) (o) (@) ()

Since pp,(x) satisfies (£ —m)p,,(z) = 0, under the new measure Q, the diffusion process X;

is a reflected diffusion on [0, 00) with generator

/
d
£m = r 4 2a(:v)£2§3%, for = > 0.
By (2.2.3), for every A > 0,
]Eef()\er)St
EQe ™t = —  — exp{—t(d(\+m) — d(m))}.
o = P{ OO m) = ()}
This proves that the Laplace exponent of S{™ is Om(A) = ¢(A+m) — ¢(m). O

Remark 2.2.2. By Feymann-Kac transformation, p,,(x) = El[exp(—mTp)] is the unique

solution to

(L —=m)pp = 0;

Pm(0) =1, pp(o0) = 0.
2.3 Comparison theorem for inverse local time

Let X; and Y; be reflected diffusion processes on [0,00) defined on a probability space

(Q, F,P) and driven by a common Brownian motion, whose generators are

d? d
X _ .
LY = a(:n)dac2 + b(:v)dx,
d? d

LY =a(z)-—— + B(x)

dz? dz’
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Denote by Z¥ and Z¥ the zero sets for X and Y respectively; that is,
7% ={te0,00): X, =0} and Z¥:={tc[0,00):Y;, =0}

These are random closed subsets of [0,00), and are regenerate (also called Markov) sets in

the sense of Maisonneuve (cf [2]).

Lemma 2.3.1. Let S and S} be inverse local times at 0 for X;,Y;, whose Laplace exponents
are denoted by ¢X(X), ¢ (N), respectively. Suppose that b(x) < B(z) for all x. Then ¢* /¢

15 a completely monotone function.

Proof. If X, < Yj, then by the comparison theorem for one-dimensional diffusions (see,

e.g., [1, Theorem 1.6.2]), we have, almost surely, X; <Y, for all ¢ > 0. Consequently,
7Y c 7%, P-as. (2.3.1)

Note that S and SY are the subordinators associated with the regenerative sets Z* and
ZY | respectively. It follows from the regenerative embedding theorem due to Bertoin (see [2,

Theorem 1]) that ¢¥ /¢ is a completely monotone function. U

Examples 2.3.2. Consider two reflected Bessel processes on [0, 00): Xt(a), Xt(ﬁ ) , determined
by local generators:

poy L& 1-20d
 2da? 2¢  dx’
1 1-284d

2 dz? 2¢ dx’

L6 —

where 0 < f < o < 1 and X(()a) < X(()ﬁ). Denote by St(a), St(ﬁ) the inverse local times at 0,

and ¢, $(®) their Laplace exponents.

1—2«
2x

Since < % for x > 0, apply the classic comparison theorem for one-dimensional
SDE and Lemma 2.3.1, ¢(?) /¢(®) is completely monotone.

On the other hand, as we know from [36], St(a), St(ﬁ ) are a- and [-stable subordinators,
respectively. Since ¢ (A) = e, A, @O (N) = cs\%, ¢ (N) /D (N) = (c5/ca) VP~ is indeed

completely monotone in A.
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In general one can not conclude that the inverse local time at 0 of Y is dominated by
that of X. Indeed, there is no monotonicity between a-stable and g-stable subordinators, as
there is no monotonicity between their Laplace exponents. However we have the following

comparison theorem for inverse local times.

Theorem 2.3.3. Suppose X; and Y; defined on a probability space (Q0, F,P) are reflected

diffusions on [0,00), determined by the local generator

1 d? d
x _ La a
L= 2 dzx? +b($)dx’
1 d? d
Y —_— —
£ 2 dx? +B(x)dx'

Let S and SY be the corresponding inverse local times at 0, respectively. Suppose f(x) =

B(z) — b(z) > 0 satisfies the condition

T
sup E, {/ |f(X,)]Pdt| < oo, for any fized time T > 0. (2.3.2)
0

x>0

Then stochastically, S;* < SY for all t > 0.

Proof. We first define a Girsanov transform between X; and Y;,

dQ t T 1
=ex Xs)dBs — = Xs)ds]|.
= | [renin - [ pon

Note that due to condition (2.3.2), by [11, Theorem 3.2|, the right hand side of the above is

dP

a uniformly integrable martingale. Thus with ZX, Z¥ as zero sets, we have the relations
(X, Q) £ (Y, P) = (2%,Q) £ (2", P). (2.3.3)

In other words, under @, X; can be viewed as Y;. This leads to the same properties for zero
sets of X, and Y,.

Now let L;¥ be a choice of the local time for X; at 0 such that L;¥ satisfies (cf. Theorem

X.2. in [35)])
EI{ / e *dLY¥
t

E] = E,[e % F], (2.3.4)
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where T, is the first hitting time at 0 for X,. We claim that M, = {e~To 1{Togt}—f0t e*Sde; t >

0} is a P-martingale with respect to the filtration {F;;¢ > 0}. This is because for every ¢t > r,

r t
Ez[MtLFT} :M’I‘ + Ex e_Tl{r<T§t} _/ e_Sde

7]

r t o]
=M, +E, e_Tl{KTSt} — / e_Sde }",n} + E, {e_%et — / e_Sde
L r t

7]

=M, +E, [e T —/ e SdLY¥

]—"T}
:Mr>

where the last equality is due to (2.3.4). This proves the claim that {M}; is a martingale

with respect to {F;}q>0y. Clearly, it is purely discontinuous martingale of finite variation.
Applying the same Girsanov transform to M;, M; — [M, fo f(Xs)dBsl; is a Q-martingale.

Since M, is a purely discontinuous martingale of finite variation and f(f f(Xs)dBg is contin-

uous, [M, [ f(X,)dB;]y = 0, M, is a Q-martingale as well. Thus,
t
Efle ™ 1ir,<p] = ES[/ edef]
0
By letting ¢ — oo, one can have
El[e~T0] = Eg{ / e_Sde].
0

Thus, we get the relation that (L, Q) < (LY, P).

Fristedt-Pruitt showed in [30] there exists an increasing function g such that
g-m(S¥[0,1]) =t,

where the left hand side represents the Hausdorff measure of the range of SX on the time
interval [0,t] with respect to the function g. Since the closure of the range for S is Z¥ it

follows that g-m(Z* N[0,t]) = L;*, P-a.s. and

(g-m(Z2¥ N [0,));Q) = (LX,Q) £ (LY, P).
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Also, by the classic comparison theorem, X; < Y; almost surely for all ¢, we have ZX > ZV,

P-a.s. Together with (2.3.3),

(L1, P) = (g-m(Z% N [0,1]): Q) =(g-m(Z" N [0,¢]); )

<(g-m(Z* N [0,t]);P)

(L, P)
The conclusion of the theorem now follows. |

Denote by ux and py the Lévy measure for the subordinators S and S}, respectively.

The following is a comparison theorem on Lévy measures.

Theorem 2.3.4. Suppose X; and Y; are reflected diffusions on [0,00) as in Theorem 2.3.3,
&% and ¢¥ are the Laplace exponents of inverse local times, respectively. Then ¢¥ — ¢X >0

15 completely monotone and, consequently, pux < jy.

Proof. Applying Theorem 2.3.3, we have S¥ < SY, P-a.s. and so 0 < ¢X < @Y.
On the other hand, since b(z) < B(z), by Lemma 2.3.1, ¢* /¢¥ is completely monotone.
Combining the two facts, we see that

¢Y

¢_X — 1 > 0 is completely monotone.
Since completely monotone relation is preserved under multiplication (check details in Chap-
ter 1, [39]), we would have

Y X _ ¢¥ b's .
o —¢" = ¢—X — 1) ¢" >0 is completely monotone.

This says that ¢* — ¢~ is the Laplace exponent of some subordinator Z. Hence S¥ has the
same distribution as the independent sum of two subordinators S* and Z. Denote by v the

Lévy measure for Z. It follows then puy — pux =v > 0. 0



30

2.4 Properties of non-local operators

We use the same notations as in Example 2.3.2. For 0 < o < 1, let Xt(o‘) is a reflected Bessel

process on [0, 00) with the local generator

p@_1d 1-2ad

2 dz2 + 2¢  dx

As we noted earlier, the inverse local time St(a) is an a-stable subordinator, with the Laplace
exponent

P (N) = A (2.4.1)

We know from Theorem 2.2.1 that under the new probability measure QQ defined by (2.2.3),
the inverse local time of the Girsanov transformed diffusion, Xt(a’m), is a relativistic a-stable

subordinator, with the Laplace exponent
@™ (A) = ¢ (A +m) — ¢ (m) = co (A +m)* —m®). (2.4.2)

The new reflected diffusion X *™ on [0, c0) has generator

1 d? 1—2a pl(2)\ d
plam _ 1 4 mlT)) @y 0 2.4.3
2d:1:2+< 52 +pm(:c))d:c’ or z > U, ( )

where p,, (1) := E, [exp(—mTy)] with Ty being the first hitting time of 0 by X®. By Remark

2.2.2, py(z) is the unique solution to

It is know from ODE,
P () = CaKo(V2mz),

where ¢, is a normalizing constant depending on « only, K, = ©*K, and

ml_o(2) — La(z)

2 sin(an)

Ko(r) =

(2.4.4)

Y
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where
o0

La(e) = ; n!T'(n —i a+1) <g>2n+a'

The function I, is a solution to the following modified Bessel’s equation

2" (z) + 2u'(z) — (2* + o®)u = 0.

Clearly, K, also satisfies the above equation, and is called a modified Bessel function of the

second kind.

Examples 2.4.1. Suppose @ = 0.5. Note that

TS G eI
(3 )2" (2)2n+1
\/—Z [n‘F (0.5+n) nlT(1. 5+")1

x2n+1 :|

" Vo ; [F(O.5)(2n)! T I(05)(2n + 1)

TT(05)V2r
Thus for a« = 0.5,
exp(—Vv2mz).

pm(l‘) =

1'(0.5)v/2

Consequently, we have the perturbation part as

Hence if Xt(o'5’m) is a reflected process on [0, 00) with the local generator

1 d? d
(0.5,m) _ - -
£ 2 d? 2m dz’

then its inverse local time at 0 is a relativistic Cauchy subordinator with the Laplace exponent

$09 (2) = (VX — V).
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Examples 2.4.2. Now if we operate another Girsanov transform on L™ that is

C(l) _ £(o¢,m) + q;(-fﬁ)i

qn(x) dz

I

where q,(x) is the unique solution to

(£ = m)ga(w) = O
0(0) = 1, ga(00) = 0.

Then the inverse local time at 0, Sp), of the new reflected diffusion generated by the above

generator, has the Laplace exponent
dW ) = g™ (A +n) — @™ (n) = co (A +m +n)* — (m +n)*).

It can also be viewed as the Laplace exponent of a relativistic a-stable subordinator with mass
m + n, which is obtained as the inverse local time at 0 for a reflected diffusion determined

locally by @
d
Llemtn) — oo Pm4n\T) &
Pmtn(T) dz

The two generators should be the same, so we get the relation

Pn(®) | @n(®) _ Prin(@)
Pm(T) () Pmin()

Remark 2.4.3. 5. Watanabe [43] has defined a conservative diffusion process X, on [0, 00),
determined by the local generator in the same form

~ 1 d? 1—2a  pl(z)\ d
[=-% AT} 4
* ( 2x + pc(x)> dz’

but with p.(x) as the unique solution to
(L —c)p(z) = 0;
p(0) =1, p'(0) =

Thus, the generator can be written as

@:iw@—m%mmx
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(a,0)

and this yiels an explicit expression of the transition density for X,

e_mtp(a) (t’ x? y)
pe()pe(y)

5(75,1‘:9): xayZO»

(a)

where p\®(t,z,y) is the transition density of the Bessel process X, with respect to the

measure m'® (dz) = x'~2*dx.

(a,m)

We continue to discuss the reflected diffusions, X, ", which is locally determined by the

generator (2.4.3). Consider the drift term Zm because K (z) = —2K,(z) — Ko1(2)

K/ (vV2mz)

pm(@) TR me)

St @—ﬁwgz_; ;@_xmx)
L

We will focus on the asymptotic behaviors of z :8; near 0 and oo and have the following

(2.4.5)

lemma:

Lemma 2.4.4. Form >0,0< a <1,

m*P(1—a)

Pn(®) _ g Bt (VM) | = T es e O
m—m—— ~
pm () Ko(V2ma) —V2m as x — 00,

(2.4.6)

where ~ means the ratio between two sides approaches 1 as x goes to 0+ or oo.

Proof. When z — 0+ and v ¢ Z, K, (z) has the following series expansion:

R (@) oc %(W(%)_”(l * 4(195_ 2 301 —i)(z T )

+ren(3) (1 4(yx+ ot 32(u+:§)(y+2) +>)




34

Since 0 < a <1, 0,a—1¢ Zin (2.4.5), as x — 0+,

o) T (Y)
pun() P(a) (422
o %ﬁay (2.4.7)

When = — oo, K,(z) can be described as the following formula:

Ko (2) o \/ge\/; <1+0(£)>.

The asymptotic behavior near oo is independent of the index v. Thus, as x — oo

/

Pnl®) o
e V2m. (2.4.8)

We are now in the position to present the proof for Theorem 2.1.1.

Proof of Theorem 2.1.1. Y, is a reflected diffusion process, determined by the local

generator

1 d? 1 — 2« d
£:_7+( o7 _f(x)>%7

and there exists a constant ¢; such that
0< f(z) <e(TAx)*™

Now we check the condition (2.3.2) in Theorem 2.3.3, f(z) is bounded when 1/2 < a < 1, so
the condition is naturally satisfied. When 0 < a < 1/2, for a fixed T' > 0, with p(®(¢, z, y)

representing the transition density of a Bessel process of index a with respect to the measure
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m(®(dx) = 22'~*dx,

T T
sup]Ez{/ |f(Xt(a))|2dt} <c sup/ (/ t x y)(l\/y4a 2)dt) O‘)(dy)
x>0 0 x>0

p

0

T .0, 3a—1 2 2
<cT + ¢y su / ? y exp _rty ]_OC(ﬁ)dt dy
> 0 0 2t t

© Lo 3a 1 2 2
=T + ¢, Sup/ / exp ( w) I_.(s)dsdy
0

x>0 2y/T 2xy

<caT+ ¢ Sup/ o 30 1(/ ¢ ]_a(s)ds)dy,
x>0 ay/T S

where I_,(s) is the modified Bessel function of the first kind. Then

1 s e s2 st .
T(1—a) <§> (1 T T eioee T ')7 s = 0;

\/6;78<1+O(§>), s — 00.

Since we have 0 < y < 1, by the above asymptotic behavior

I o(s) x

/ ‘ I_,(s)ds is dominated by C,T%(zy) ™ as & — 0+; by C,TY?(zy)~"/? as © — oo.
xy/T S

We would then get for 0 < a < 1/2

supE, [/T ]f(Xt(a))|2dt] < 00.
0

x>0
Thus, one can set up a Girsanov transform between X, and Xt(a), or, X; and Xt(a) are
absolutely continuous to each other. Applying Theorem 2.3.3, we have S; < St(o‘), P-a.s.
For any 0 < a < 1, from the asymptotic behaviors of ZIZ—E;C; near 0 and oo shown in (2.4.6),

we can always choose a proper value of m such that

mT(1 — «)
<V2mN\ ————=
A= VAR T (a)

consequently,

/
0< f(z) < _pm(x)’ m depends on ¢;.

Thus, by the classic Comparison theorem,

X <y, < X Pas. (2.4.9)
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By Theorem 2.2.1, X/* and X “™ are absolutely continuous to each other. Thus, Y; and
Xt(a’m) are absolutely continuous to each other, i.e., there exists a Girsanov transform between

them. Applying Theorem 2.3.3 again, St(a’m) < S;, P-as. U

To prove Theorem 2.1.2, we first recall the following result from Grzywny-Ryznar [31]

(with slightly different notation here).

Theorem 2.4.5. [31, Theorem 1.1] Let D C R? be a bounded Lipschitz open set. Suppose
that Yy is a symmetric Lévy process on R with Lévy measure v(z)dx. Denote by v(¥)(z)
the Lévy density for the isotropic a-stable process Z on R%. Denote by Gp and GS‘) the
Green functions of Y and Z in D, respectively. Assume that j(z) = v (z) — v(z) > 0
on RY, and that j(z) < c|z|P~¢ for |z| < 1, where ¢,p > 0. Then there exists a constant

C=C(d,a,D,p,c), such that

C’ng‘)(x,y) < Gp(z,y) < CG(S)(x,y) for all x,y € D.

Proof of Theorem 2.1.2. Denote the Laplace exponents of S;, S, S*™ by ¢()N),
P (N), @™ (N), respectively. Now applying Theorem 2.3.4,

d(N) — ™ (X)) and ¢ (\) — ¢(\) are completely monotone.

(wm) 1, (@) a5 Lévy measures of inverse local times respectively, then

Denote v
@y > 0; v— plam) >

and forany 0 < a < 1,1t > 0,

1 — —mt
0< (W —v)(t) < (W@ — pEm)(#) <

< e (2.4.10)

Thus, for |z| < 1, the difference between Lévy measures of trace processes, Bg,, B (@, would
t
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be

() =cq /0 " (t) 265 () ) ()t

Iaflz 1 _ e—mt

_ = -2, G- =
_ca/o (4mt)~%<e s dt

00 o2 "
<ca / (drt) =25 gy
0

ta—i—l

00
:Caﬂm_d/24a_1|l‘|_d+2_2a / Sd/2+o¢—26—sd8
0

§C|$’_d+2_2a

)

where C' = C(a,m,d, c,). The second to the last equality is obtained by doing change of
variables s = |z|?/(4t). From the proof of Theorem 2.1.1, m is fixed once given a f(x).

Applying Theorem 2.4.5 with p = 2 — 2a > 0, we conclude that there exists a constant
Cy =C(d,a, D,C) such that

CrIG% (z,y) < Gp(z,y) < CLGEY (x,y)

for all z,y € D. 0
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Chapter 3

DIFFUSIONS WITH JUMPS AND NON-LOCAL
FEYNMAN-KAC PERTURBATIONS

3.1 Diffusions with jumps and heat kernel estimates

In this chapter, we start with a Hunt process X on R? that has a jointly continuous transition
density function p(t,x,y) that enjoys two-sided estimates, there exist positive constants ¢,

1 < k < 4, such that for every ¢t > 0 and z,y € R¢,

—_ 2 t
e (1402 p iy p (1 ep (—E YN et
1 ( ) P t + |£B _ y|d+a

< p(t,z,y)

—ul? t
< ey (Y2 A=) A (td/2exp (—M) + e W) . (3.11)
Tr—y|ere

on (0,7] x R? x RY. Example 1.3.3 and 1.3.4 are two typical classes of jump processes that
enjoy these heat kernel estimates.

Under this assumption, the Hunt process X has a Lévy system (N(z,dy),dt) with

N(z,dy) = |xc ;f{la dy for some measurable function c¢(z,y) bounded between two positive
constants; see (3.3.7) below. That is, for every non-negative function ¢(z,y) on R? x R¢ that
vanishes along the diagonal,
Ex[z (X, ,X U/ X,,y)N(X,,dy)ds|, zeR% t>0.
0<s<t Re

Here we use the convention that we extend the definition of functions to cemetery point 0
by setting 0 value there; for example ¢(z,9) = 0. For convenience, we take "= 1. We will
study the stability of heat kernel estimates under non-local Feynman-Kac transform:

Tof (o) = B exp (4f + 30 F(X,, X)) (X))

s<t
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where A" is a continuous additive functional of X of finite variations having signed Revuz
measure p and F(z,y) is a bounded measurable function vanishing on the diagonals. We
point out that in this chapter we do not require F' to be symmetric. Informally, the semigroup

(T/*":t > 0) has generator

Af(x) = (L + ) () + / ("9 1) f(y)N (e, dy). (3.1.2)

Rd

where L is the infinitesimal generator of X; see [18, Remark 1 on p.53] for a calculation.

Throughout this chapter, we assume that X is a Hunt process on R? having a jointly
continuous transition density function p(t,z,y) with respect to the Lebesgue measure on R?
and that the two-sided estimates (3.1.1) holds for p(t,z,y) on (0,00) x R x R%. Since we
are concerned with heat kernel estimates of (3.1.1) on fixed time intervals, it is desirable to
rewrite the estimates in the following equivalent but more compact form. This equivalent

form (3.1.3) is given in [13]. For reader’s convenience, we give a proof here.

Lemma 3.1.1. Two-sided estimates (3.1.1) for p(t,z,y) on (0,1] x R? x R? is equivalent to
the following. There exist constants C' > 1 such that for 0 <t <1 and z,y € RY,

C Ttz —y)+ 0tz —y) <plt,z,y) <C Ttz —y) +nltz—y),  (3.1.3)

where

t

o e p—d/2 —Nal2/t )
Ca(t;x) :=t"%%e and n(t;z) = G T )

(3.1.4)

Proof. Note that t=%2 < =%« for t € (0, 1], and

1
5(@/\b+a/\c)§a/\(b+c)Sa/\b+a/\c for a,b,c > 0.
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Thus, for A > 0 and ¢ € (0, 1],

Ar? t
—d/2 —d/a —d/2 —d/a
(t 2 At /)/\(t /exp(—T)th //\rdm)

)\ 2
= ¥ 2exp (—TT) + 72 NN

rdJra

(
4/ 2exp (—ATZ) A2 A < e 2exp (—ATQ> g > 2 (211,

Q22N L < 2 if th/e < < t1/2,
R AN A S if 0 <r<tto(<t/?)
\
Ar? t
~ 7d/2 - -
= exp( ; >+(t1/2—|—r)d+°"
where the last line is due to the fact that for 0 < r < /2, W < rold+e)/2 < y=d/2
This establishes the lemma. ]

We now consider two conditions on signed measures and functions used in non-local
Feynman-Kac perturbation. For a o-finite signed measure u, we use u* and = to denote
its positive and negative part in its Jordan decomposition, and its total variation measure is

given by |u| := p™ + p~. We require that p satisfies the following condition:

/

limsup [ oyl ) =0 d= 1
™0 peRrd B(z,r)
1
lim sup/ In —|u|(dy) =0 d=2; 3.1.5
0 L cRrd B(z,r) ‘.T — y\ ( ( )
fimswp [ oyl =0 dzs
\ 0 pcrd B(z,r)

where B(z,r) is a ball centered at x with radius .

For a function F(z,y) defined on RY x R? that vanishes along the diagonal, we require

( F F
lim Sup/ ly — 2|(+e)/3 (/ |z, w)] | (w’z)|dw) dz=0 d=1;
B(y,r) R4

™0 yeRrd |z — wl|dte
1 F F
{ lim sup / In (/ Pz w)| + \d+(w, ZHdw) dz=0 d=2; (3.1.6)
0 yeR® J B(y,r) |y - Z| R4 |Z - w| @

F F
lim sup / ly — 2> (/ Pz w)| + | (w’z)’dw) dz=0 d > 3;
B(y,r) R4

L rl0 yeRd |Z _ w|d+a
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With p, F' satisfying the above conditions, we can define an additive function of X by
AP = A+ Y F(X,X),
0<s<t
where A} is a continuous additive functional of X having u as its Revuz measure. It is easy
to check that A" is well defined and is of finite variations on compact time intervals. We

can then define the following non-local Feynman-Kac semigroup of X by

T f(x) = By lexp(APT) F(X)],  t>0,2 e R% (3.1.7)

The goal of this chapter is to study the stability of heat kernel estimates under the above
non-local Feynman-Kac transform. We show that if ;1 and F' satisfy certain conditions, or
equivalently, are in certain Kato classes of X, the non-local Feynman-Kac semigroup {7;;t >
0} has a heat kernel ¢(t, z,y) and q(¢, x,y) has two-sided estimates (3.1.1) on (0, 1] x R? x R?
but with a set of possible different constants ¢, 1 < k < 4. Comparing with [15, 44, 5],
the novelty of our study is that X has both the diffusive and jumping components, and that
the Gaussian bounds in (3.1.1) have different constants ¢, and ¢4 in the exponents for the
upper and lower bound estimates. These features made the perturbation estimates more

challenging.

Theorem 3.1.2. Suppose X is a Hunt process on R? that has a jointly continuous transition
density function p(t, x,y) with respect to the Lebesque measure and that the two-sided heat ker-
nel estimates (3.1.1) holds for p(t,x,y) on (0,1]xR4xR?. Let u satisfies condtion (3.1.5) and
F(z,y) be a measurable function so that Fy = e" —1 satisfies condtion (3.1.6). Then the non-
local Feynman-Kac semigroup (T/";t > 0) has a jointly continuous kernel q(t,z,y) so that
Tt’”’Ff(w) = Jeaa(t,z,y) f(y)dy for every bounded Borel measurable function f on R?. More-
over, there exist positive constants ¢z, K that depend on (d,a, c3,ca, || F1|loos N, Np™),
where N3, N are defined in (3.2.1) and (3.2.2), so that for any t > 0 and z,y € R?,

using the notations in (3.1.4), we have

q(t,z,y) < &e"" (Toey stz —y) +n(t;z —y)) .
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If in addition, F' satisfies condtion (3.1.6), then there exist positive constants ¢1, A1 and K,
that depend on (d, o, ¢y, ca, 3, Ca, || Fl|oo, N, N so that for any t > 0 and x,y € R?,

q(t,x,y) > cre” M (D, (e —y) +n(tiz —y)) .

The rest of this chapter is organized as follows. Section 3.2 gives the definition of Kato
classes and the properties that are related to conditions (3.1.5), (3.1.6), Green function esti-
mates are also given in this section. In Section 3.3, we establish various 3P type inequalities
that are needed to study non-local Feynman-Kac perturbations. Proof of the main results,
the two-sided estimates for the heat kernel of the Feynman-Kac semigroup, is given in Section

3.4.
3.2 Kato classes

In this section, we first introduce Kato classes for signed measures p and for functions F,
then discuss their relations with conditions (3.1.5) and (3.1.6).
For a signed measure p on R?, using the notations in (3.1.4), we define

NeA = sup / / (Da(s = ) + (s 7 — ) [l (dy)ds. (3.2.1)

r€R4
For a function F(z,y) defined on R? x R? that vanishes along the diagonal, we define

F F
= sup/ / (Ca(ssy — 2) +n(s;y — 2)) Fzw) + |d+iw’z)|dwdzds. (3.2.2)
Re xRd |z — wl

y€ERd

Two Kato classes can be defined accordingly as follows:

Definition 3.2.1. (i) A signed measure p on R is said to be in the Kato class K, if
limy o NE’)‘(t) =0 for some and hence for all A > 0. A measurable function f on R? is

said to be in Kato class K, if | f(x)|pu(dr) € K,.

(ii) A bounded measurable function F on R? x R? vanishing on the diagonal, is said to be

Kato class J,, if limy, NI‘;"’\(t) =0 for some and hence for all X > 0.
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Clearly, by definition, if F,G € J, and a € R, then so are aF, e — 1, F + G and FG.
We first have the following property of K,

Proposition 3.2.2. i is a o-finite signed measure on R, if (3.1.5) holds for p, then p € K.

In particular, when d > 2, K is independent of .

Proof. By the definition (3.2.1),

oA sup/ / ( —d/2g=le=yl/t 4 g=d/2 \ p )|u|(dy)ds. (3.2.3)
wE€Rd Rd |z — | “

lim N" A =0 if and only if
t10

lim sup / / 2e~le=vl/t| | (dy)ds = 0; (3.2.4)
R4

0 Lcra

lim sup/ /d —4/2 |d+a\u|(dy) = 0. (3.2.5)
R

0 pcrd

By Theorem 3.6 in [22], (3.2.4) is the COl’ldthH of Kato class for Brownian motion and it is

equivalent to the condtion (3.1.5) for d > 2; when d = 1, (3.2.4) is equivalent to

lim sup / |z — y||p|(dy) = 0. (3.2.6)
™0 pcRrd B(z,r)
Now we consider (3.2.5), when ¢ is small enough, let U := {|z — y|[*T® < t'+%/2} then

/ / A |d+a|u|(dy)
/ / —d/2 ’d+ ’M| dy ds—l—/ /C
|z —y|2(d+e)/(d+2) .
s~ ds| | (dy) / / —————ds|u|(d
//m y\2(d+a>/<d+2> ml(dy) |z — yldto || (dy)

+/ WMK y)

y‘dmlu!( y)ds

,
[ 1=yl ay) i=1;
U
S /hl\x—y\l\u!(dy) d=2;
U
[ Jo =gl )
\JU
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Thus, when d > 2, if (3.1.5) holds for p,

1 d = 0.
T

When d = 1, as |z — y| < |z — y|(1FT)/3, 1}&1 Ng"’\ = 0 holds if u satisfies the corresponding
condition in (3.1.5). O

Observe that

F
Nt sup/ / (Ca(s;y — 2) +n(s;y — 2)) (/ 7 (z,w)|+|d <w7z)|dw) dzds,
yeRd Rd |z — w|dte

Thus, F' € J, is equivalent to

F
[ elwal, o,
Rd |Z_w|d+oz

we can easily get the following property of J, as the corollary of Proposition 3.2.2,

Corollary 3.2.3. F is a bounded measurable function on R? x R? vanishing on the diagonal,

if € J,, then (3.1.6) holds for F'.

A different way to view the relation between (3.1.5), (3.1.6) and Kato classes is using
Green function estimates for X in small balls (see Theorem 1 in [46]) when d > 2, we first

obtain Green function estimates for X;.

Proposition 3.2.4. For d > 2, denote the Green function of X; by G(z,y), then

(1\/111 )/\]a:— 072 d=2;

=
2 —y|* Az —y|*? d> 3.

Gz, y) < (3.2.7)

Proof. We define
L —d/2 —d/a —d/2 _—r? —d/« 4
p(t,r) = (" At /)/\<t e/t 4yl /\W)’
and g(r) == [~ (t,r)dt for r > 0. When ¢ € (0,1),

R —d)2 —r2t | —dja T
o(t,r) =t== A <t e +t /\—rd+a)

—p—d/2 _—r%/t —d/2
=t e +1 AN _rd+a'
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When t € (1, 00),

_—d/a —d)2 12/t | ,—dja , b
o(t,r) =t A (t e +t /\Td+a>

xt—d/a /\ t—d/Qe—T‘2/t + t—d/Oc /\ d_
rato

We first consider for small 7, when ¢ > 1, t=%* < ¢ /r®+e for r < 1/2. Thus, we have

1 1 0
t
g(r) X/ tid/2eir2/tdt + / tid/2 A mdt + / tid/adt
0 0 1

,
1 Pt /@) L
2
x/ =42 /tdt+/ y dt+/ =42t
0 0 rita 2(atd)/(2+d)
4
In %, if d=2;

)

p2=d 4 p@=d)(atd)/2+d)  if > 3,
\
(

ln%, if d = 2;

r2=d ifd > 3.

\

Now we consider for large 7, when ¢ < 1, t/r¢*® < t=42 for r > 1. We have
1 Iy -
g(r) x/ t= et +/ ——dt
o o

[ee) re t (%)
+ / (t_d/o‘At_d/2e_T2/t> dt + / ——dt + / e qt
1 p o rite ra

x/ 2=t gy 4 pomd  pad,
0

Since ¢(r) is decreasing in 7, we can get Green function estimates as shown in (3.2.7) O

Remark 3.2.5. By Theorem 1 in [46], we can re-prove Proposition 3.2.2 for d > 2. Since

w € K, is equivalent to

lim sup E, { / g (X)dAM | =0,
0

™0 LeRrd



which can also be written as

i sup [ L G lal) =0

™0 peRrd

Now applying Proposition 3.2.4, when r — 0,

Thus, (3.1.5) holds for u when d > 2.

3.3 3P inequalities

46

In this section we will establish various 3P type inequalities, which are key ingredients in

the proof of Theorem 3.1.2. Lemma 3.3.1, Lemma 3.3.3, Lemma 3.3.4, and Lemma 3.3.5 are
dealing with I'.(t; x — y) and n(t; x — y) as defined in (3.1.4). Theorem 3.3.2 and Theorem

3.3.6 are the main results of this section.

Lemma 3.3.1. For 0 < s <t, and z,y,z € R?,

(i) There ezists a constant C; = Cy(d, ) such that

n(t—siz—2)n(siz—y) <Citiz —y)(n(t —s;z — 2) +n(s;2 —y)).

(3.3.1)

(ii) For 0 < a < b, there ezists a constant Coy = Cy(d, a,b) such that for any measure i on

Rd

/ /Rd sx — 2)0h(s32 — y)|p|(dz)ds

< Colu(t;r —y sup// o(s;2 —y)|pul(dy)ds
zcRd R4

where ¢ = (b—a) A §.

(3.3.2)
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(iii) There exists a constant Cs = C3(d, o, a) such that for any measure u on RY,

[ [ rte = s = ot = =l @=pas
scg( (tx—y jélﬂ{i// s — )| ul(dy)ds
Fatiz—y 555/ /R (5.2 — )|l (dy)d ) (3.3.3)

Proof. (i) For 0 < s <t and z,y, 2 € RY, we have

n(t —s;x —2)n(s;z —y)
n(t;z —y)

_(t—s9)s Y2 + |z —y| o
ot (“ﬁ—$”L+W—ZD@””+V—yD)

(L =)+ )2 4 o — 2| + |2 =y \*
< (t=s)A S)(((t — )2 1 |z — 2|)(sV2 + |z — y\))

d+a ! !
< 24t 1) (G g * G =)

<2M(n(t — s;0 — 2) +n(s; 2 — y)).

(ii) The proof for this part is similar to that for Lemma 3.1 in [45]. We first write

J(t,x,y) = / / Tuft = s — 2Ty (s: 7 — y)lpl(d=)ds
_ / ' / Tult = s~ 2ol 2 — y)lpl(d=)ds

t
+ / / Lo(t —s;2 — 2)Th(s; 2 — y)|ul(dz)ds
pt JRA

Applying the elementary inequality

e O EE

> , for 0 < s < t, (3.3.4)
t—s S



one can obtain

/ /Rd v — 2)0y(s3 2 —y)|pl(dz)ds

— |2 ]2
)25 /exp<—a|xt i )exp<—bu>|u|(dz)ds
—s s

2

/pt/w
/ /Rd ) /26 /exp<—a(|xt:z|2+|Z_Sy|2)>exp<—(b—a)‘Z_Ty')]M(dz)ds
<[ [

2 2
- /2g-d/2 |z =yl PN Ll
exp( o )exp( (b a)—s >|u|(dz)ds
pt
S=p Pt —y) [ [ Toalsiz = nlul(a)is
Rd
For the other term, by defining U := {|z — y| > |z — y|(a/b)'/?}, we have
/ / sx— 2)h(s; 2 — y)|ul(dz)ds
pt JRd
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= / / Co(t —s;2— 2)Th(s; 2 — y)|ul(dz)ds + /p: / La(t — s;2 — 2)To(s; 2 — y)|pl(dz)ds

a|\r — 2 alr —z 2
< (pt) d/2eXp alz —yl* y| / / dmexp( _ %S')M(dz)ds

t
£ (ot / [ = s =L pazyas
On U¢, we have the inequality,
22| > o=yl — |y — 2| > ¢ — yl(1 = (a/8)""?),

thus,

/pt /Rd 12— 2)[(s3 2 = y)lul(dz)ds

t
< Tyt — ) / To(t — si2 — )|l (d2)ds

(o) d/z/ / d/zexp<_alx_—3\2)exp(_a(l—(a/b)1/2)2!x—y!2>|u|(dz)ds

2(t — s) 2(t — s)

_p_d/QFa(t,x—y)/ Lo(t — s;2 — 2)|ul(dz)ds

pt

+ (pt)‘d/zexp< (1 — (Zé?im |x — y|2 / / d/2€XP( azl(i—_ZFNM(dZ)
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by selecting p such that 2(1 — p) = (1 — (a/b)l/z)z, we achieve the estimate in (3.3.2), with
c=(b—a) A%, and C; depends on d, a, b.

(iii) For 0 < s < t, if |z — y| < t'/2, we have
Lot — sz — 2) < 242742 < 24267 (t: 2 — ), for s € (0,t/2];
n(s; 2 —y) <A™t x —y), for s € (t/2,1).

If |z —y| > tY/2, consider on V := {|y — 2| > |z —y|/2}, one have n(s; z —y) < 29+ (t;z —y)
for all 0 < s < t.

OnVe |z —z|> |z —y|— |y — 2z > |x —y|/2, we have T',(t — s;2 — z) < AT (2 — y),
where v depends on a, d.

The estimate (3.3.3) directly follows from the above discussion. 0

Recall the definition of N$* from (3.2.1). We next derive an integral 3P type inequality
for p(t,x,y) in small time, by using two-sided heat kernel estimates in Lemma 3.1.1. For

notational convenience, let A = ¢4, where ¢4 is the positive constant in (3.1.1).

Theorem 3.3.2. For any p that satisfies (3.1.5), and any (t,z,y) € (0,1] x RY x R?, there

exists a constant My depending on d, o, C, X such that
/ /Rd — 8, %, 2)pans3(s, 2, y) | pul(dz)ds < Mipaxs(t, v, y) Ny A/3( t), (3.3.5)
where paxss(t, x,y) == Torss(tix —y) +n(t;z —y)..
Proof. By Lemma 3.1.1, we have
pt,z,y) < C(Ca(tz —y) +n(t;e —y))  for t € (0,1].
Thus for (t,z,y) € (0,1] x R? x R?,

/ [ bt =522tz ) lul(d2)ds

R

< C(/ / Ca(t — s52 — 2)Tonys(s: 2 — y)|pl(dy) ds—l—/ n(t —s;x — 2)n(s; z —y)|pl(dz)ds
R¢ Rd

//Rdnt—sx—z) (5: 2 — y)|pl(d2) ds+/ Adn(t—sx—z)FgA/g(sz— )|M|(dz)ds)
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Applying Lemma 3.3.1, we have

[ [ pte=s.x. st =l @=pas
R4
< C(OQF2)\/3 (t,x —y SUP/ /d Cas(s; e —y)|pl(dy)ds
R

zeR
+2C1n(te —vy sup// s;x —y)|pl(dy)ds
z€R4
203 st — ) sup / / 52— y)lpl(dy)ds
z€eR?
+2Cn(t;e —y su%// Lonss(s; o —y)|p|(dy)d )
zeR

where C, Cy, C3 depend on d, o, C; \. Altogether, let M; = C(2C, vV Cy V 2C}3), we have

/ /Rd —8,T,2 p2,\/3(8 2,y)|u|(dz)ds
< My (Donja(t,z —y) +n(t; o — Sup/ /Rd Coa(s:2 — ) (s — )l (dy)ds

zC€R4

= Mipayss(t, @, y)Nﬁ’/\/S(t)-

We will use the following notations: for any (z,y) € R% x R?,
Ve = {(z,0) € RYx RY: |z —y| > 4(ly — w| Az — )}
Upy 1= V;y.
First, similar as the discussion in [15] (see Theorem 2.7), we get the generalized integral 3P
inequality for n(t;z — y).
Lemma 3.3.3. There exists a constant Cy = Cy(«, d) such that for any non-negative bounded

function F(x,y) on R? x R?, the followings are true for (t,z,y) € (0,00) x R? x R,

) 1f |r — o] < 12, then
t
F
/ / n(t —s;x — z)n(s;w — y)ﬂdzdwds
Ré xR “

|z—w|d+
t F(z,w)
<Otz — [T — cw — YY) —————dzdwds.
=~ 477( y L y)/ov /Rded(n(syx Z)+77(87w y))|z—w|d+°‘ cawas
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(ii) If |x — y| > tY/2, then

F
// (t—s;2—2)n(s;w — y)| G, |d1adzdwds
ny

F(z,w)

< tyr — ;T — sw—y))————d .
= 0477( 3L y)/(] /Uz’y(n(s,x Z) +77(87UJ y))’Z—'LU’d+a zdwds

(iii) If |z — y| > t'/2, then

¢ F(z,w
/ / n(t —s;x— z)n(s;w — y)(—wladzdwds < Cy||F|loon(t; z — y),
v

|z —w
where || F ||« denotes the L>-norm of F on R? x R,
Now we proceed to get the generalized integral 3P inequality for I'.(t; 2z — y).

Lemma 3.3.4. For 0 < a < b, there exists a constant Cs = Cs(a,b,d) such that for any

non-negative bounded function F(x,y) on RY x R?, the followings are true for (t,z,y) €

(0,00) x R? x R,

(i) If lv —y| < t'/2, then

//Rded (t = siw = 2)ly(s3w — y)|z_( |d1 dzdwds
P

< CTy(to — Ty (s:2 — 2) + Tyls:w — dzdwds.
<cnitir—y) [ [ (@i + T =) L daduds
(i) If |x — y| > tY/2, then
¢ F(z,w)
Lo(t —s;x — 2)Ty(s;w — y) ———"—dzdwd
/O/Uw (t —s;x— 2)[h(s;w y)|z_w’d+azws
¢
F
< Csly(t;x — y)/ / (Co(s;z —2) + Top(s;w — y))(z—’uﬁadzdwds.
0 JUsy |z — w|

(iii) If |z — y| > t'/2, then

t F(z,w
/ / Co(t —s52 — 2)Th(s;w — y)%dgdwds < Cs||Flloon(t; z — y).
Vi -
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Proof. (i) If |z — y| < t'/2, we have Ty(t — s;2 — 2) < 2%2e"Ty(t; 2 — ) when s € (0,/2];
Dy(s;w —y) < 2%2eTy(t; 2 — y) when s € (¢/2,t). Then (i) follows naturally.
(ii) If |o — y| > t/2) we let
U= {(z,w) €R" xR : |y —w| > 47 |z —yl, |y —w| > |z — 2};
Uy = {(z,w) €ER xR : |z — 2| > 47 |z — y|}.
Note that ['y(s;w — y) < »Ip(t; 2 —y) on Uy for s € (0,t); To(t — 552 — 2) < ol (t;x —y)
on U, for s € (0,t), where 71 := 71(b, d) and 2 := 12(a,d). Since U, , = Uy U Us, (ii) follows

directly.
(iii) On ny, —w| > 27z — y|. Hence
F(z,w)
— 2 (s;w — y) ——————dzdwd
t
< 2d+°‘|x - y|_(d+°‘)||F||oo/ / Lo(t —s;2 — 2)Ty(s;w — y)dzdwds
0 JVi,
1 t
< —n(t;x—y)HFHOO/ (/ Fa(t—s;z)dz></ Fb(s;w)dw>ds
t 0 Rd R4
SEVIGEESD] 1Yl
This completes the proof of the lemma. O

We next establish a generalized integral 3P inequality involving both T'.(¢;z — y) and
n(tz —y).
Lemma 3.3.5. There ezists a constant Cs = Cg(c,a,d) such that for any non-negative
bounded function F(x,y) on R? x R?, the followings are true for (t,z,y) € (0,1] x R% x R%.

(i) If |z =yl < t'/2, then

t
F
/ / Lot —s;2— 2)n(s;w — y)%dzdwds
Rd xR4 ’

|z —w

F(zw)
< dzdwd
Cﬁ( // (50 =) s deduds
F(zw)
(t;z — — dzdwd
e // (57 = A s
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(ii) If |x — y| > tY/2, then

t
F
/ / Lot —s;2 — 2)n(s;w — y)Lw)adzdwds
Us,

|Z _ wld-i-

F
<6’6( (t,x—y // (s;w — y‘ (= |dJ)r dzdwds
UM
F(z,w)
tyx — Lo(s;x — 2)————dzdwds |.
+n(tx y)/O/UM (s;x z)|z_w|d+azws>

(iii) If |z — y| > t'/2, then

t F(z,w
/ /V Lot —s;x — 2)n(s;w — y)%dzdwds < Gol| Fllson(t; 2 — y).

Proof. (i) If |z — y| < tY/2, we have I'.(t — s;2 — z) < 2¥2e°T'.(t; 2 — y) when s € (0,/2];
n(s;w —y) < 44 ep(t; 2 — y) when s € (¢/2,t]. Thus, we have (i) hold naturally.

(i) If |z — y| > t¥/2, we continue to use the decomposition U, , = U; U U, in the proof of
Lemma 3.3.4, and observe that I.(t — s;x — z) < 3.(t; 2 —y) on U, for s € (0,t), where 3

depends on d, c. Thus, we first have

t
F
/ / Lot —s;2 — 2)n(s;w — y)|(z—’w>dzdwds
Uz

z w|d+a

< yle(t;z—vy // S;w — y ( |d1ddwds
Uz

Also, observe that n(s;w —y) < 49T°n(t;x — y) when s € (0,¢) and (z,w) € U;. Thus,

t
F
/ / Lot —s;2 — 2)n(s;w — y)%dzdwds
U1 |Z ’
F
< 4%t — / / (2, w) —————dzdwds.
Ui

|Z _ w|d+

Altogether, (ii) holds directly.

(iii) Note that on V., |z — w| > 27!z — y|. Also, there exists 7, depending on d, ¢, «
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such that [p, Te(t; 2 —y)dy < v4 and [, n(t; oz — y)dy < A t?=9)/2 Thus,
t
F
/0 /vz,y Lot —s;x—2)n(s;w — y)%dzdwds

t
< 2 — || |, / 22520 2
0

< PR F el — y| B2

)

for t <1 and |z — y| > t'/2, there exists C depending on d, v, ¢ such that

v — w‘dJra

t
F
/ / Lot —s;2 — 2)n(s;w — y)’(ﬂdzdwds < Col| Flloon(t; z — y).
0 JViy

O

Recall that the definition of N&*(¢) from (3.2.2). Note that a Hunt process X, admits
a Lévy system (N(z,dy), H;), where N(z,dy) is a kernel and H; is a positive continuous
additive functional of X;; that is, for any € R?, any stopping time 7" and any non-negative

measurable function ¢ on [0, 00) x R? x R?, vanishing on the diagonal,

B [ et XX =B [ [0 [ s xenN ] 330

s<T

Since X; has transition density function p(t,z,y) with respect to the Lebesgue measure,
it follows that the Revuz measure ugy of H is absolutely continuous with respect to the
Lebesgue measure. So we can take pg(dr) = dzx, in other words, we can take H, = t. By
two-sided heat kernel estimates (3.1.1) for the Hunt process X and the fact that N(z,dy) is
the weak limit of p(¢,z,y)dy/t as t — 0, we have

c(,y)

Ht =1 and N(.’L’,dy) = m

dy (3.3.7)

for some measurable function c(z,y) on R¢ x R? that is bounded between two positive

constants.
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Theorem 3.3.6. Suppose F(x,y) is a measurable function so that Fy = ef — 1 satisfies
(3.1.6). There is a constant My > 0 so that for any (t,z,y) € (0,1] x R? x R?,

' [F1|(2, w)
t— ———dzdwd
/(; /RdXde( S’x’z)pQ)‘/3<s’w’y)|Z_w|d+a cawas
< M parjs(t 2, 9) (N2 () + 1 Filoe ooy ) (3.3.8)
In particular, on U, = {(z,w) € R X R : |z — y| > 4(|ly — w| A |z — 2|)}°,
¢ Fi|(z,w a,
/ / p(t — 5,2, 2)pars3(s, w y)%dzdwds < My poyys(t, z,y) N )‘/3(t). (3.3.9)
U
Proof. By Lemma 3.1.1,
¢
F
/ / p(t — 5,2, 2)pars3(s, w y)Mdzdwds
R xRd | ’
' |Fi[(z, w)
<C Lyt —s;x—2)T cw — y) ——————dzdwd
< (/ /Rded At = s;2 — 2)Tans(s;w y)|z_w|d+azws
F
/ / n(t — s,z —2)n(s;w —y) il ::)r)adzdwds
Rde’i | |
F
/ / At —s;x— z2)n(s;w —y) Al ;i) dzdwds
RIxR4 | |

F
/ / Nt —s;x — 2)lans(ssw —y)T—— Fil(z w) dzdwds).
RdXR‘i

|z — w|dte
Applying (i) and (i) in Lemma 3.3.3, 3.3.4 and 3.3.5, we first have for |z —y| < t!/2, and for

{|ZL‘ - y| > t1/2} N Uac,ya

t
F a,
/ / p(t — 5,2, 2)parss(s, w y)||1|(—|d+)dzdwds < panys(t, @, y)Np ’\/3(75).
U

This establishes (3.3.9). For |z —y| > t'/2 and (2,w) € V,,, we apply (iii) in Lemma 3.3.3,
3.3.4 and 3.3.5 to deduce

Fil(z,w
/ / — 5,2, 2)par/3(s, w y)%dzdwds Stz — y) || Fil|so-
sz -

Hence inequality (3.3.8) holds. O
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Lemma 3.3.7. For everyt € (0,2) and z,y € RY, the following ineqality holds:
/d p2)\/3(t/27 z, Z)pZ/\/S(t/27 z,y)dz N p2)\/3(ta fE,?/)- (3-3-10)
R

Proof. It follows from the 3P inequality for 7 in Lemma 3.3.1, we have

/d Paxs3(t/2, 2, 2)pars3(t)2, 2z, y)dz
R

IN

/Rd Donss(t/2;0 — 2)Dans(t/2;2 — y dz+/Rd77 t/2;x — 2)n(t/2;z — y)dz
+AdF2A/3(t/2;x—z) (t/2: —y dz+/ Tons(t/2: 2 — y)(t)2: 0 — 2)d=

S Tastz—y) +nte—y) + /Rd Dona(t/250 — 2)n(t/2;2 — y)dz

+ [ Taalt/2iz = pnte/20 = 2)a,

for the second to the last term, when |z — 2| > v/2|x —y|/2, Dar3(t/2; 2 —2) < 24/2Tgy 5(t; 2 —

y); when |z — z| < V2|2 —y|/2, then |y — 2| > |z —y| — |z — 2| > (1 - ‘/75) |z — y|, we have
d+a

n(t/22 —y) < (2/(2=V2))" n(t;x —y). Thus

/d Donsa(t/2;2 — 2)n(t/2; 2 — y)dz S paxys(t, 2, y).
R

With similar discussion for the last term, we conclude that (3.3.10) holds. O]

3.4 Heat kernel estimates

In the study of non-local Feynman-Kac perturbation, it is convenient to use Stieltjes expo-
nential rather than the standard exponential. Recall that if K; is a right continuous function
with left limits on R, with Ky =1 and AK,; := K; — K;_ > —1 for every t > 0, and if K; is
of finite variation on each compact time interval, then the Stieltjes exponential Exp(K); of

K, is the unique solution Z; of

Z, =1 +/ Z, dK,, t>0.
(0.4]
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It is known that

Exp(K), = "t ] (1+AK,),

0<s<t
where K denotes the continuous part of K;. The above formula gives a one-to-one corre-
spondence between Stieltjes exponential and the natural exponential. The reason of Exp(K),
being called the Stieltjes exponential of K is that, by [25, p. 184], Exp(K); can be expressed

as the following infinite sum of Lebesgue-Stieltjes integrals:

EXP(K>,§ =1 + Z/ szn / dKSn—l . / szl' (341)
n=1 [O,t} [078’!L) [0,82)

The advantage of using the Stieltjes exponential Exp(K); over the usual exponential Exp(K;)
is the identity (3.4.1), which allows one to apply the Markov property of X.

3.4.1  Upper bound estimate

Throughout this subsection, p satisfies (3.1.5) and F' is a measurable function so that Fj :=
ef’ — 1 satisfies (3.1.6). By Proposition 3.2.2 and Corollary 3.2.3, u € K., F| € J,. We will
adopt the approach of [15] to construct and derive its upper bound estimate for the heat

kernel of the non-local Feynman-Kac semigroup. Define

NEA () = NOAt) + NpA(t)

w,F1

and let

K= A+ R(X,,X,). (3.4.2)

s<t

Then exp(A} + )., F(Xs—, X,)) = Exp(K);. So it follows from (3.4.1) that

T f(z) = Pof(x +Ex[ X, 3 dK,, dK, - szl]. 3.4.3
f(@) = Puf (@) + E, | >Z/H /[) /[) (3.4.3)

In view of Theorem 3.3.2 and Theorem 3.3.6, we can interchange the order of the expectation

and the unfinite sum (see the proof of Theorem 3.4.3 for details). Using the Markov property
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of X and setting hi(s) :==1, h,_1(s) := f[o o A, - f[o o) A5, , we have

TP f(2) =Pf(2) + 3 B | (X)) / ik, / iK, - / szl}
n=1 L [Out] [07571) [0752)

=P f(x)+ > K, / P, f(X,,)dK,, / dK, - / szl]
L [Ovt] [Ovsn) [0752)

:Ptf(x) + ZEJ: / (/ Pt—snf(Xsn)hn—l(sn—l)szn_l)szn:|
L J/[0,t] [0,8n)

=Ptf(as>+Ex{ / (EX%_I [ / Py (X,)E,
[O,t) (O,t—sn,ﬂ

X / dKs, ,-- / dK51>dK5n_1] . (3.4.4)
[0,5n—1) [0,52)

For any bounded measurable g > 0 on [0, 00) x R?xR?, by Lévy system of X in (3.3.6)-(3.3.7),

E. [/ g(s—, XT)dKT} =E, [/ g(s —r, X, )dA! + Zg(s —r, X)) 1 (X, XT)]
(0,s] (0,s]

r<s

:/OS /de(r,x,y)g(s —r,y)p(dy)dr

+E, {/0 </Rdg(8 -, y)Fl(Xr,y)%d@dr}

:/OS /de(r,:c,y)g(s — 1, y)pu(dy)dr

+/05 Adp(r,x,y)(AdQ(S _T’y)Fl(Z’y)%dy)dzdr,
(3.4.5)

t
_ (k—1)
+/0 ( P s (s e y) = w|ira dzdw)ds. (3.4.6)

Let

q(t,z,y) := Zp(k)(t,m,y), (3.4.7)
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which will be shown in the proof of Theorem 3.4.3 to be absolutely convergent under the
assumption that p and Fj satisfy (3.1.5), (3.1.6), respectively. Then it follows from (3.4.4)
and (3.4.5) that

T fz) = /Rd q(t,=,y) f(y)dy. (3.4.8)

So q(t,z,y) is the heat kernel for the Feynman-Kac semigroup {7} o> 0}. We will derive
upper bound estimate of ¢(¢,z,y) by estimating each p® (¢, z, y).

Lemma 3.4.1. There are constants Cy > 1 and M > 1 such that for every k > 0 and
(t,z) € (0,1] x RY,
/d M (t, z,y)|dy < Co( No(t )) : (3.4.9)
R

Proof. We prove this lemma by induction. When £ = 0, by Lemma 3.1.1, we have the
inequality hold naturally by selecting Cy > 1 such that

Co> | C(@T,(t;x) +n(t;z))dx.

R4

Suppose that (3.4.9) is true for £ — 1. By (3.4.6),

t
p® (2, y)ldy < / ( / plt = s,2,2)( / pw-n(s,z,y)dy)|u1(dz>>d3
Rk 0 R4 R4
t ez w)AlEw) ([ g
+/ (/RdXde(t_S %,7) |z — w|dta (/de (vavy)dy>dzdw)ds
k 1
Co (MN; () //" =) l(d2)ds
R4

k 1 F
+CO< MN (t // p(t —s,x )(Z’w)‘ 1|(Z’w)dzdwds
Rded

uFl |z_w|d+a

IN

< CoC(1 + |leflo) M* (N“()) <Co (M N‘“()) ,

w,F1 1

For the last inequality, we increase the value of M if necessary so that M > C(1 + ||¢||o0)-
Here C' > 1 is the constant in Lemma 3.1.1. The Lemma is proved. OJ
Lemma 3.4.2. For any k > 0 and (t,7,y) € (0,1] x R x R?,

P 2,9) < Conlt, ) (MNZRO) + R FllM NP 0)) - (3410

w
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where C' > 1 and M > 1 are the constants in Lemma 3.1.1 and Lemma 3.4.1, respectively.

Proof. Inequality holds trivially for £ = 0. Suppose it is true for £k — 1 > 0, then if

|z — y| < t'/2, using the induction hypothesis and applying Theorem 3.3.2 and Theorem
3.3.6,

PP (t,2,y)| <

s~

(Ad = 5,0,2)p*" @zwmme
/0 ( w7 Pl !P(’”)(s,w,y)\dzdw>ds

|Z _ w’d+a

<(M a)\/3 k— 1_|_( —1)|]F1||00M(MN§?1/3)]€72)

wF1

X(A( = s gl 2 )l ) ) s

(2, w) (2, w)
t— dzdw |d
[ (L purtt=ommntonn e i)

Cpaa(t, 2. y) ((MN“ o (e 1)||F1||ooM(MN,jf?{3)’f—2> MN23(8),

w1 1

IN
Q

VAN

we increase the value of M if necessary so that M > M; V M,, where M;, M, are constants

in Theorem 3.3.2 and Theorem 3.3.6.
If |z — y| > t'/2, we have

t

p® (L, z,y)| < (/ p(t—&LZ)IP"“‘”(&z,y)llul(d2)>d8
]Rd

0

' F
-l—/ </ p(t — s, , Z)C(Z’ w)l 1||d(fozw> I (s, w, y)|dzdw> ds
0 Usy

7 |z —w
t c(z,w)|Fi|(z, w)
—i—/ (/ p(t —s,x,2)— —|p s, w,y dzdw)d
(] pte =m0 )

- J1+J2—|—J3.
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Applying Theorem 3.3.2 to J; and Theorem 3.3.6 to Js,

wF1

(/ /Rd — 5,2, 2)parsa(t, T, y)|p|(dz)ds

/0 (/UMW 8,2, 2)paxya (s, w y)c(z|’fz|il|t(f;w)dzdw> ds)

< Comyalt.z,y) (INZR 4 (k= DIF M MNER®)2) MNP

w, 1 w1

B dy < O ((MNZEY 4 (k= DALMY 2)

For J3, use the fact that |z — w| > 27!|x — y| and Lemma 3.4.1,

2d+a||F1||OO t (E—1)
J3 < To = gt ) dp(t—s,x,z)|p (s,w,y)|dzdw )ds
0 RIxR

t
< 2| Al —————C3 (M N
= || 1” ‘x_y‘d+a O( MFl)
< M| Fflowpansst, o, y) (MNP
This completes the proof. 0

The following result gives the existence and the desired upper bound estimates of the
heat kernel for the non-local Feynman-Kac semigroup {7} o> 0}, as stated in Theorem

3.1.2.

Theorem 3.4.3. The series > oo 0™ (t,2,y) converges absolutely to a jointly continuous
function q(t,x,y) on (0,00) x R x RL.  The function q(t,z,y) is the integral kernel (or,
heat kernel) for the Feynman-Kac semigroup {Tt"’F;t > 0}, and there exist constants ¢z, K

depending on d, o, || F1||oo, Nyp and the constants C' and X := ¢4 in Lemma 3.1.1 such that

q(t,z,y) < E3eKtp2,\/3(t,x,y) for every (t,z,y) € (0,00) x R? x R%. (3.4.11)

Proof. Let p®(t,x,y) be defined as in (3.4.6) but with |u| and |Fy| in place of y and Fi;
that is, p((¢, z,y) = p(t, x, %), and for k > 1,

501z y) = /Ot (/de(t s, (s, 2, y)|u|(dz))ds

' F
+/ (/ p(t—s,x,z)ﬁ(k_l)(s,w,y)c(z’w)| 1|d<z’w)dzdw)ds. (3.4.12)
0 \ Jrixre |z — w|dte
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Clearly, [p®(t,z,y)| < p™(t,z,y). Since Fy satisfies (3.1.6), by Corollary 3.2.3, F| € J,,

there is t; € (0, 1] so that Nzﬁ/g(tl) < (2M)~!. Now it follows from Lemma 3.4.2 that

ey = Y ()
k=0
< Coavalts,y) + Coavjalt2,9) D (MNP (0)* + bl Rl MNP (1))
k=1
< Cpars(t,z,y) + Cparys(t, z,y) (14 4] Fil|ooM)
< CRAAYF oo M)porss(t, z,y) =: yiparss(t, z,y). (3.4.13)

This in particular implies that g(¢, x, ) is jointly continuous on (0,#;] x R? x R%. Repeating
the procedure (3.4.3), (3.4.4) and (3.4.5) with |ul|, |F1| in place of u, Fy. and by Fubini’s

theorem, we have for any bounded function f > 0 on R? and ¢ € (0, ],
13 f(e) = B[ f(X) exp (4% + S IRIX X)) | = [ dltnpsdy. (3.41)
s<- R

Note that TyoTy = Ty, for any ¢, s > 0. Extend the definition of (¢, z,y) to (0, 2¢;] x R? x R?
by

i+ 5,0 = [t i)
for s,t € (0,t;]. The above is well defined and, in view of (3.4.13) and Lemma 3.3.7,
q(t, z,y) is jointly continuous on [0, 2¢;] x R? x R? and there is constant ~, so that q(t, z,y) <

nygpgA/g(t,x,y) on (0,2t;] x R? x R4, Clearly,

1) = [ atte) iy

for every f > 0 on R? and (¢,z) € (0,2t;] x R%. Repeat the above procedure, we can extend
q(t,z,y) to be a jointly continuous function on (0,00) x R% x R? so that (3.4.14) holds for
every f > 0 on R? and (¢,2) € (0,00) x R? and that there exist constants ¢z, K > 0

depending on d, o, C, A, HF1||OO,N3’1§1/3 so that for any ¢t > 0 and z,y € R?
Z]\(ta xz, y) < 636Ktp2)\/3<t) z, y)

This proves the theorem as (¢, x,y) < q(t,x,y). O
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3.4.2  Lower bound estimate

In this subsection, we assume in addition F satisfies (3.1.6), then by Corollary 3.2.3, F' € J,.
Clearly, F} := el — 1 € J,. Due to the presence of the Gaussian component in (3.1.1), the
approach in [15] of obtaining lower bound estimates for ¢(t, z,y) is not applicable here. We
will employ a probabilistic approach from [20, 21] to get the desired lower bound estimates.

Let pV (¢, z,y) be defined as in (3.4.12) but with |F| in place of |F}|. Thus by (3.4.13),

there is a constant v > 0 so that
ﬁ(l)@?xa y) < ’VPQ)\/?)(t?xa y) for (ta :L‘yy) < (07 1] x Rd X Rd‘

In particular, there is a constant K; > 0 so that p'(t,z,y) < Kit=%2 for t € (0,1] and
|z — y| < +/t. On the other hand, it follows from (3.1.3) that there exists a constant C>1
so that

C1+2 < p(t,z,y) < Ct=¥?  for every t € (0,1] and |z — y| < NG

Let £ > 2 be an integer so that k > 2K,C. Then for every t € (0,1] and x,y € R? with

Iz —y| < V4,

1 1 1
~(1) —d/2
plt,x,y) ——p(t,x,y) > —=t > —plt,z,y). 3.4.15

( ) ) 2C 2C? ( ) ( )

Note that
E. [AF70] = [ 30 sw)dy

Rd
Using the elementary inequality that

L= APk < exp(= A k) < exp(AfT k),

we have for any ball B(z,r) centered at z with radius 7 and any (¢,y) € (0,1] x R?,
_ ! g [(1 — AP )1 T)<Xt>] < LB, [exp(A7 1) Lpan (X0)] .
|B(x,r)| ’ = |B(a,r)| ’

Hence by (3.4.15) and Holder’s inequality, we have for 0 < ¢+ < 1 and |z — y| < V/%,

11
202 B(z, 1)

< (ﬁﬁy[expmwﬂm,m<Xt>])W e rtd)

B Lot (X0) € 7 Bexm(4F /K)o (X0)

1-1/k
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Thus

11 1
———E,[lpn (X)) € ———
G BT y[1B@r) (X)) Blor)

By taking r | 0, we conclude from above as well as Lemma 3.1.1 that

E, [exp(A") 1p(,) (X))

q(t,z,y) > 27°CFp(t, z,y) = tY? for every t € (0,1] and |z —y| < Vt.  (3.4.16)

By a standard chaining argument (see, e.g., [29]), it follows that there exist constants

K5, A1 > 0 so that
q(t,x,y) > KTy, (t;x —y) for (t,z,y) € (0,1] x R x R%. (3.4.17)

To get the jumping component in the lower bound estimate for ¢(t,z,y), we consider a

sub-Markovian semigroup {Qy;t > 0} defined by

exp (—A# -3 rF|<Xs,Xs>> f(Xt)] .

s<t

Qtf(x) =E,

Since |u| € K, and |F| € J,, we know that {Q;; ¢t > 0} has a jointly continuous transition
kernel p(t, z,y). Clearly, q(t,z,y) > p(t, z,y) for every t > 0 and x,y € R% Since {Qy;t > 0}
forms a Feller semigroup, there exists a Feller process Y = {Y;,P,,z € R? (¥} such that
Q:if(x) = E,[f(Y;)]. We will derive a lower bound estimate on ¢(t¢,x,y) through the Feller
process Y.

It follows from the definition of i € K, and F' € J,, that sup,cra E, [Allu I"F‘] < 0o. Thus

by Jensen’s inequality,

inf E, [exp(A_lM’_‘F‘)l} > exp (— sup E, [A'f‘"F]) =: 7 > 0. (3.4.18)

z€RY R4
Let 7 be the random time whose distribution is determined by P, (¢ > t) = E, [exp(A~F-=IF1),].
We can couple the processes X and Y in such a way that on {n > t}, Y, = X, for every
s < t.
We define the first hitting time and exit time of a Borel set D C R? by X; and Y; as

follows;
op =inf{s >0, X, € D}, = inf{s > 0, X, ¢ D};

o), :=inf{s > 0,Y, € D}, 7} =inf{s >0,Y, ¢ D}.
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Lemma 3.4.4. Let vy € (0,1) be the constant in (3.4.18). There exists a constant ko € (0, 1)

depending on d,C, \, a,, g such that for any 0 <r <1,

sup P, (Tf;(
rER4

ey < Kor?) < 70/2. (3.4.19)
Consequently, for every x € R and r € (0,1],

P, (Thier) > Kor?) > 70/2- (3.4.20)

Proof. First note that by (3.1.1), for every s <t <1, z € R and r > 0,

/ p(s,x,y)dy <c </ e—c4|2\2dz + 87"_a> <ec <€—c4r2/8t + t’l”_a> ‘
B(z,r)° B(0,r/2y/3)¢

Let ko > 0 be sufficiently small so that ¢ (6_04/8’“‘0 + Iio) < 70/4. Then by taking t = kqr?,

we have from the above that for every € R? and r € (0, 1],

sup / (s, z,y)dy < vo/4. (3.4.21)
B(z,r/2)c

s€(0,k072]

For simplicity, denote Tg(x v by 7. We have by the strong Markov property of X; and
(3.4.21) that

Po(t < kor?) < P (7 < kor?s X2 € B(w,7/2)) + Py (X2 ¢ Blx,7/2))
< Py (Px, (| Xigr2—r — Xo| > 7/2); 7 < k1)) + %
Y Y% _ 7o
< N _
S Uty T

Hence

P, (T}B/(_,E’T) > IioT2) > (77 > kor? and Tg(m) > /{01“2)

v

P,
P, (77 > /@'07”2) - P, (ng((x,r) < f<607”2) > 70/2,

where in the last inequality, we used (3.4.18). O
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Lemma 3.4.5. Let 0 < kg < 1 be the constant in Lemma 5.4.4. There exists a constant
71 > 0 so that for any r > 0 and xg,yo € R with |yo — zo| > 3r,

’l“d+2

P, (ag(yw) < kor?) >m (3.4.22)

lyo — woldte

Proof. Define f(z,y) = 15z (2)1B(or)(y). Then

tA(kor?)
= > fXS L X)) / f( X, y)N(X,, dy)ds, t>0,

s<EN( mﬂ

is a martingale additive functional of X that is uniformly integrable under P, for every
r € R% Let
A, A|H|\F\ AW ZFXS X,), t>0,

s<t

which is a non-increasing additive functional of X. By stochastic integration by parts for-

mula,

A M, = /AdM+/Ms_de +) (e Y(M, — M,_).

s<t
For 7 := 75, » A (kor?), M; = t/\('w ) F(X,, y)N(X,, dy)ds < 0 for ¢ € [0,7). It follows
that
e M, > / es=dM, + (et — ) M.
0
Thus

E., [e"M;] > E,, / e=dM, = 0.
0

This together with (3.3.7) implies that

K, [eAP 1B(y077’)(XT)] > Ky

A(kor?)
A / / N (X, dy)ds
B(yo,r)

Cli()T‘ 7" X
—E |:€ “0’“2'7' > Kol :|
- d » ' B(zo,r 0
|x0 P y(]’ +a ( )
d+2
C Kor
S G ——")
d z0 \! B(zg,r) = ™0
C%FGOTCHQ

2|xg — yo|d+e’
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where the last inequality is due to (3.4.20). Consequently,

P, (Ug(yo,r) < H0r2) > P, <T§(:1:0,r) < Kor? and Y;.g(zw) € B(yo, 7“))
Eq, [eATB(yOJ)(XT)}

e~ I1Fllso E., [6AT7 1B(y0,7") (XT)}
d+2

v

C€7HFH°° YoKoT
2|zo — yolte

v

The lemma is proved. 0

We now derive lower bound heat kernel estimate for the heat kernel ¢(t,z,y) of the

Feynman-Kac semigroup {77";t > 0}.

Theorem 3.4.6. Suppose p satisfies (3.1.5) and F is a measurable function satisfying
(3.1.6). Then there exist positive constants K > 1 and \; > 0 depending on d, , Ngj;;“, | F'| o
and the constants in (3.1.1) such that

K'py, (tz,y) < qlt.2,y) < K payss(t, . y) (3.4.23)

for (t,z,y) € (0,1] x R? x RZ.

Proof. The upper bound estimates follows from Theorem 3.4.3 so it remains to establish
the lower bound estimate for q(¢,z,y). If |z — y| < /¢, the desired lower bound heat kernel
estimate follows from (3.4.17). So it suffices to consider the case that |z — y| > v/t. Set
r =+/t/3. Tt follows from Lemma 3.4.4 and Lemma 3.4.5 that

P, (Yo, € B(y,2r)) > P, (0}5(%,,) < kor?;  sup Y, —Y,| < 7’)

s€[o,o+kor?]

= E, [ny,( sup Y=Y, < 7’);0’ < HQ?”2i|

s€lo,0+Kor3?]

Z Px (Tg(ar,’r) > KQTQ) ]P)x (O—g(%r) < HOT2)
> Yo rd+? '
- 2 ‘iL‘ _ y‘dJra
Thus
d+2
Toir
q(2k0r%, 1, 2)dz > P, (Yor,2 € B(y,2r)) > .
‘Amm ’ 2|z — yld+e



Since |y — z| < 2r < v/t — 2kK¢r?, one has by (3.4.16) that

q(t,z,y) >

v

A%

/ q(2k07?, 2, 2)q(t — 2K07%, 2,y)d2
B(y,2r)

d+2
. Yo T
inf t—2kor2, 1y, 2) ——
2€B(y,2r) al oY )2|x — y|dta
Kze_’\lt_d/2 RIS

2|ZL‘ _y|d+a

- Jom
K26 A 9. 3d+277(t§ T — y)
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This together with (3.4.17) establishes the lower bound estimate for ¢(t, z,y) in (3.4.23). O
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