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Computer Science and Engineering

Various machine learning algorithms can benefit from exploiting the metric structure in-
herent in data and model parameters. Such geometric structure can be a useful prior to
reduce sample complexity, improve generalization, and ensure feasibility of learned models.
We present a range of metric-informed machine learning methods that span probabilistic
graphical models, reinforcement learning, and sampling from probability distributions.

Within the domain of probabilistic graphical models, we use metric structure to
learn feasible quantum-graphical models using geometry-aware optimization. Specifically,
we present an approach to learn hidden quantum Markov models (HQMMs) through Rie-
mannian gradient descent on the Stiefel manifold. Moreover, we establish a hierarchy of
expressiveness relationships between HQMMs and linear sequential systems from various
fields including machine learning, formal language, and quantum information.

Within the domain of sampling based probabilistic inference, we use metric struc-
ture to define geometry-aware similarity measures for sampling in structured data spaces.
Specifically, we adapt the kernel herding algorithm to non-Euclidean spaces using geometry-
aware kernels and Riemannian optimization. We demonstrate through empirical evaluations
that Riemannian kernel herding outperforms various common heuristics and other geometry-
informed approaches.

Within the domain of reinforcement learning (RL), we use metric structure to define

geometry-aware representations of states and policies. Specifically, we introduce Behavioral



Eigenmaps (BeigeMaps) — state representations that preserve the local metric structure
induced by bisimulation metrics through neural eigendecompositions of similarity kernels.
When added as a drop-in modification, BeigeMaps improve the policy performance of prior
behavioral distance-based RL algorithms by highlighting value-based clusters in state spaces.
Moreover, we also introduce a framework for policy composition to aggregate policies learned

in multi-objective RL as policy-centroids in distance spaces where policies are embedded.
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Introduction






1
Methods in Metric Informed Machine Learning

1.1 Introduction

Incorporating structural priors into machine learning algorithms is
a powerful way to improve their generalization and overall perfor-
mance. The central hypothesis of such an approach is that instead
of relying on the algorithm to infer structural constraints from data,
it may be more efficient to inject the structure into the algorithm it-
self. Exploiting the structure of the problem can accelerate learning
by inducing useful inductive biases and regularization, especially in
problems with limited or noisy data. This structure can take a vari-
ety of forms including the physics dictating a system (Raissi et al.,
2019; Wu et al., 2017; Karniadakis et al., 2021), the form of underlying
dynamical systems (Moerland et al., 2023; Rawlings, 2000; Grey-
danus et al., 2019), causal relationships between variables (Scholkopf,
2022), organization of semantic relationships in hierarchies or groups
(Scarselli et al., 2008; Hutsebaut-Buysse et al., 2022; Mikolov et al.,
2013), and so on. We focus on a particular form of structure, namely
metric structure.

A metric, in essence, is simply a way to quantify similarity — or
more precisely dissimilarity — between entities, which in machine
learning generally correspond to data or model parameters®. The * We provide a formal introduction to
choice of the metric induces a metric structure that introduces struc- metrics in Chapter 2
tural constraints such as curvature, symmetry, invariance, and fea-
sibility restrictions for optimization. Thus, choosing the right metric
for a problem and adapting an algorithm to respect this choice pro-
vides a way to inject structural priors. Recently, the field of geometric
learning, and especially geometric deep learning, has not only pro-
duced various approaches to align models with metric constraints
of input spaces, but also provided insight on how many successful
machine learning algorithms can be viewed as instantiations of geo-
metric learning (Bronstein et al., 2021). For instance, the remarkably
powerful class of convolutional neural networks can be understood
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as a specific architecture that ensures the geometric notion of trans-
lational invariance (Bronstein et al., 2021). Insights such as this have
led to the development of many alternatives utilizing a wider range
of invariance and equivariance properties (Cohen and Welling, 2016;
Finzi et al., 2020, 2021; Cohen et al., 2019). Moreover, metric-informed
methods have been foundational in various classical methods in
unsupervised learning including clustering (Von Luxburg, 2007), di-
mensionality reduction (Tenenbaum et al., 2000; Belkin and Niyogi,
2001; Roweis and Saul, 2000), manifold learning (Meild and Zhang,
2024), and so on. Overall, exploiting metric structure has been a pow-
erful and successful approach for integrating structure in machine
learning.

In this dissertation, we essentially tackle the following question:
How can we utilize metric structure in machine learning algorithms to
improve their performance? However, this is admittedly too broad a
question within the scope of the work presented in this dissertation.
Indeed, the entire literature on metric-informed machine learning is
essentially an attempt to answer this question. Limiting the scope of
our objective, we focus on selected problems in machine learning by
making specific choices for the three main components of the ques-
tion: the metric structure, the target algorithm, and the type of im-
provement expected by incorporating the metric structure. Our work
thus builds on the growing body of literature in metric-informed
machine learning, specifically demonstrating its applicability in spe-
cific problems in three domains: probabilistic graphical modeling,
sampling from probability distributions, and reinforcement learning.
We now discuss the role of metrics in these domains, and define the
specific questions we aim to address.

Metric-Informed Probabilistic Modeling Metric structure plays

a crucial role in probabilistic modeling, as the space of probability
distributions itself is endowed with rich geometric properties. This
space, often referred to as the statistical manifold (Amari, 1987), is
formalized in the field of information geometry using tools from
differential geometry (Amari, 2016; Nielsen, 2020). Here, the Fisher
information matrix serves as a canonical Riemannian metric that
defines the properties of the statistical manifold. Beyond intrinsic
metrics, several extrinsic distances between probability distributions
are also fundamental tools in machine learning, offering various ways
to quantify dissimilarity between distributions. Common examples
include the Kullback-Leibler (KL) divergence, total variation distance,
Rényi divergence, Hellinger distance, and chi-squared divergence.
Each of these measures has unique properties that make it suitable
for different tasks, depending on the structure of the data and spe-
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cific needs of the application.

Adding to the toolkit of probability metrics is another rich class of
metrics and distances that leverage the structure of the underlying
data spaces. For instance, the maximum mean discrepancy (MMD)
(Gretton et al., 2012) defines distances between distributions em-
bedded in reproducing kernel Hilbert spaces and has been widely
applied in two-sample testing, generative modeling (Li et al., 2017a),
domain adaptation (Quifionero-Candela et al., 2008), and more. Sim-
ilarly, the Wasserstein distance, which forms the foundation of opti-
mal transport theory (Monge, 1781; Peyré et al., 2019; Kantorovich,
2006), captures geometric discrepancies between distributions and is
extensively used in shape analysis, generative modeling, and struc-
tured prediction. Sinkhorn distances provide computationally effi-
cient approximations to Wasserstein distances, making them prac-
tical for large-scale optimization problems (Cover, 1999; Cuturi and
Doucet, 2014).

In addition to utilizing the geometry of the statistical manifold,
defining probability distributions over structured geometric spaces,
such as Riemannian manifolds, is also crucial for accurately model-
ing data that inherently resides on curved or constrained domains.
Classical Euclidean assumptions can be inadequate for data on non-
Euclidean spaces like spheres (e.g., directions and orientations),
rotation groups (e.g., rigid body transformations), or the space of
symmetric positive definite (SPD) matrices (e.g., covariance matri-
ces in brain imaging or finance). Statistics on manifolds provides
tools for extending notions like means, variances, and distributions
to these spaces, enabling principled learning and inference (Pennec,
2006). The von Mises-Fisher (Fisher, 1953) and Bingham distributions
(Bingham, 1974) are foundational in directional statistics (Mardia
and Jupp, 2009). Riemannian normal distributions on SPD mani-
folds support tasks in robotics (Yilmaz and Shah, 2008; Barfoot, 2024),
finance (Ledoit and Wolf, 2003), diffusion tensor imaging (Pennec
et al., 2006), and so on. In robotics, distributions over the special Eu-
clidean group SE(n) and the Special orthongonal group SO(n) are
used for probabilistic modeling and inference on the space of rigid-
body transformations, rotations, and orientations (Barfoot, 2024).

By accounting for the geometry of the underlying space, these ap-
proaches enable accurate and geometrically consistent models than
their Euclidean counterparts.

Within the domain of probabilistic graphical models, we utilize
metrics to perform geometry-aware optimization that ensures the
feasibility of a specific class of probabilistic graphical models learned
from data. Specifically, we focus on quantum-inspired generaliza-
tions of hidden Markov models (HMMs) known as hidden quantum

27
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Markov models (HQMMs). As we show in subsequent chapters,
HQMMs form a broadly expressive model class for linear stochastic
processes, and the constraints placed on its model parameters en-
sure feasible probabilistic modeling. This is in contrast to some other
classical generalizations of HMMs that suffer from the well-known
negative-probability problem (Wiewiora, 2007), and consequently re-
quire heuristic projections or approximations in learning algorithms.
By characterizing the metric structure of HQMMs as the Stiefel man-
ifold, we present a learning algorithm that exploits this structure via
Riemannian gradient descent. Furthermore, we also develop a hierar-
chy of expressiveness comparing how these constraints differentiate
these models from numerous other linear sequential systems from
the machine learning community (i.e. observable operator models
(Jaeger, 2000), predictive state representations (Singh et al., 2004),
tensor trains (Oseledets, 2011)), formal language community (i.e.,
stochastic weighted automata (Balle et al., 2014a)), and quantum in-
formation (i.e., quantum tensor networks (Biamonte and Bergholm,
2017)). In summary, we tackle the following research question in Part
2 of this dissertation:

Part 2: Metric Informed Quantum Graphical Models:

How can we utilize the Stiefel manifold structure of model pa-
rameters in hidden Quantum Markov models to ensure feasibility
and improve accuracy.

Metric-Informed Sampling Sampling from probability distribu-
tions is a central problem in Bayesian inference, and the information
geometry of the space of probability distributions has been crucial
in analyzing and improving existing sampling algorithms. Viewing
the parameter space of statistical models as a Riemannian mani-
fold, Girolami and Calderhead (2011) have proposed Riemannian
generalizations of Markov chain Monte Carlo (MCMC) algorithms
including the Metropolis adjusted Langevin algorithm and Hamil-
tonian Monte Carlo (Girolami and Calderhead, 2011), which are
particularly useful when target distributions exhibit strong correla-
tions or are defined over high-dimensional data spaces. Another line
of work in particle-based variational inference treats the sampling
problem as transporting a set of samples towards target distributions.
The Stein variational gradient descent (SVGD) algorithm (Liu and
Wang, 2016) is a prototypical example of such an approach, which
simulates the gradient flow of the KL-divergence with respect to a
reproducing kernel Hilbert space (Duncan et al., 2023; Liu, 2017).
Underlying this method is the kernelized Stein discrepancy (KSD)
(Chwialkowski et al., 2016; Gorham and Mackey, 2015), a kernel
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based distance measure between distributions. Alternative methods
utilizing the same geometry and KSD have also been proposed, such
as the Stein points algorithm (Chen et al., 2018, 2019). Both SVGD
and Stein points allow sampling from distributions without requiring
computationally intractable normalizations, and also prevent posi-
tive autocorrelations often observed in MCMC methods. Moreover,
other probability metrics have also been used to design alternative
sampling approaches such as the kernel herding algorithm (Chen

et al., 2010) that minimizes the maximum mean discrepancy between
kernel mean embeddings of distributions (Muandet et al., 2017).

Besides the information geometry of the space of probability dis-
tributions, the geometry of the sample space itself is also of interest
in sampling. When the data space is required to satisfy geometric
constraints, we require generated samples to be feasible with re-
spect to these constraints. There has also been literature dedicated
to extending Markov Chain Monte Carlo (MCMC) methods to Rie-
mannian manifolds (Brubaker et al., 2012; Byrne and Girolami, 2013;
Diaconis et al., 2013). De Bortoli et al. (2022) introduce Riemannian
score-based generative models that expand the original generative
algorithm to Riemannian manifolds. The Riemannian extension of
Stein variational gradient descent (Liu and Zhu, 2018) provides a
particle-based approach to sampling from unnormalized distribu-
tions defiend over Riemannian manifolds.

Within the domain of sampling, we utilize metrics to define
geometry-aware similarities to draw samples on structured data
spaces. Specifically, we present an approach to adapting the kernel-
herding algorithm to Riemannian manifolds. Known for the fast
convergence rate of the 'super samples’ it generates, kernel herding
is an algorithm to draw samples from probability distributions via
their kernel-mean embeddings in a reproducing kernel Hilbert space
(Chen et al., 2010). However, standard applications of the algorithm
do not immediately translate when samples must lie on Riemannian
manifolds. We propose to adapt kernel herding to Riemannian man-
ifolds by using geometry-aware kernels that incorporate the appro-
priate distance metric for the manifold, and Riemannian optimization
to constrain herded samples to lie on the manifold. In summary, we
tackle the following research question in Part 3 of this dissertation:

Part 3: Metric Informed Sampling

How can we utilize the Riemmanian manifold structure of data
spaces in kernel herding to ensure feasibility of samples and im-
prove convergence to target distributions.
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Metric-Informed Reinforcement Learning and Control A central 0r04-02 02 04 0.0
problem in reinforcement learning is to reduce the sample com-
plexity of learning optimal policies (Kakade, 2003; Lattimore et al.,
2013; Zhang et al., 2024). Unlike most supervised and unsupervised
learning algorithms, reinforcement learning algorithms need to incre-
mentally construct datasets through repeated and potentially time-
consuming interactions with an unknown environment. Therefore,

making efficient use of data is particularly important — especially in
environments with high-dimensional observations such as images.
Given the complexity of learning optimal behaviors in changing envi-
ronments in general, data efficiency is similarly important for control
algorithms beyond reinforcement learning as well. Consequently,
there is a rich literature of approaches to improve the efficiency of RL
and control algorithms by exploiting the geometry inherent in vari-
ous components of the underlying problem, including in state spaces,
transition dynamics, policy spaces, and the space of value functions.
When the state space of a control problem exhibits explicit geo-
metric structure, it is clear that the induced geometric constraints
must be satisfied to ensure feasibility. For instance, adapting prob-
abilistic models to the Riemannian geometry of the state-space can
allow design of principled control algorithms (Calinon, 2020; Save-
riano et al., 2023; Zhu, 2014), as well as geometry-aware Bayesian
inference and optimization (Jaquier et al., 2020, 2022). But even when
the state space is ostensibly unstructured, it is still possible to con-

J- -

struct useful state representations that capture the geometry of state

space dynamics. In reinforcement learning, a prototypical example
is that of proto value-functions (PVFs) — state representations corre-
sponding to Fourier eigenfunctions of the Laplace-Beltrami diffusion
operator on the state space manifold (Mahadevan, 2005). For value
Figure 1.1: Proto Value Functions on a
Discrete 4-room Environment The first
of basis functions that are geodesically smooth with respect to the four proto-value functions (PVFs) in a
simple discrete 4-room environment,

. . 5 . . A where each room is connected to its
tended in various directions, including Krylov subspace methods neighbor by a narrow corridor. The

(Petrik, 2007; Ghosh and Bellemare, 2020), singular value decomposi- PVFs provide a basis for the smooth
flow of value in the environment for
arbitrary reward functions, with the
2018; Wang et al., 2021), and action-aware representations (Ren et al., first three encoding flows from left

to right, bottom to top, and diagonal
respectively, while accounting for
also align with the scaled eigenvectors of successor representations bottlenecks from corridors. Higher
(Dayan, 1993; Stachenfeld et al., 2014). The EigenOptions framework order PVFs encode less smooth flows.

(Machado et al., 2017a,b) leverages this relationship for both option

functions corresponding to arbitrary rewards, PVFs provide a set

manifold induced by state-space dynamics. This idea has been ex-

tion techniques (Duan et al., 2019), spectral graph drawing (Wu et al.,

2022), among others (Ghosh and Bellemare, 2020). Notably, PVFs

discovery and representation learning.

Besides exploiting the structure of the state space, various works
also utilize the inherent geometry of the space of policies. The cen-
tral insight behind the popular natural policy gradient algorithm



MIND THE METRIC: METHODS IN METRIC-INFORMED MACHINE LEARNING

(Kakade, 2001) is to define a metric based on the underlying struc-
ture of the policy space — the Fisher metric, which is invariant on the
space of the parameters of probability distributions. The Stein vari-
ational policy gradient algorithm (Liu et al., 2017) utilizes Stein ge-
ometry via SVGD to optimize particles to match policy distributions.
In robotics, Riemannian motion policies allow decomposing a com-
plex robot into multiple constituent controllers which are composed
by translating between their individual Riemannian metrics (Cheng
et al.,, 2021; Li et al., 2021). This framework has also been expanded
further into geometric fabrics utilizing the broader class of Finsler ge-
ometry (Van Wyk et al., 2022). Various policy-composition strategies
in multi-objective reinforcement learning can also be viewed as aver-
ages over distances spaces induced by policies (Adhikary and Boots,
2022).

Rich metric structure also exists within the space of value func-
tions in reinforcement learning problems. Bellemare et al. (2019)
utilize the geometric properties of the space of value functions to for-
mally establish the usefulness of value functions as auxiliary tasks.
Furthermore, the bisimulation (pseudo) metric defines a notion of
behavioral similarity between states that capture their similarities
based on current reward, as well as future transitions under optimal
or arbitrary policies (Ferns et al., 2011; Castro, 2020). These metrics
can be learned from data in conjunction with policies to induce state
representations that reveal natural clusters with respect to the value
function. In high dimensional state spaces such as images, this can
provide a useful prior to make policies robust to irrelevant distractors
and more sample efficient (Zhang et al., 2020; Chen and Pan, 2022;
Adhikary et al., 2024).

Within the domain of reinforcement learning, we utilize metrics
to define geometry-aware representations of states and policies.
Firstly, we devise an algorithm to encode bisimulation metrics into
state space representations that allow long-range metric distortions,
while preserving local metric structure — inducing value-based clus-
ters in the state space. This is in contrast to existing approaches that
attempt to induce globally isometric representations. Our proposed
representations, which we call Behavrioal Eigenmaps (BeigeMaps),
correspond to neural eigenfunctions of similarity kernels induced by
bisimulation metrics. Secondly, we also introduce a framework for
metric-aware policy composition to generate composite-policies in
multi-objective RL as centroids in distance spaces where policies are
embedded. These policy centroids not only encapsulate some exist-
ing RL policy compositions, but also extend them to new problem
settings. In summary, we tackle the following research questions in
Part 4 of this dissertation:

31
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Part 4: Metric Informed Reinforcement Learning

[Chapter 9] How can we utilize bisimulation metrics in behav-
ioral representation learning algorithms in RL to improve policy
performance.

[Chapter 10] How can we utilize policy-induced distance spaces
for policy composition in multi-objective RL to induce desirable
composition properties.

1.2 Contributions and Outline

We now provide an outline of the subsequent chapters, and also
summarize the contributions we provide in each chapter:

Metric Informed Quantum Graphical Models

1. In Chapter 4, we introduce an approach to learning HQMMs via
Riemannian gradient descent, and demonstrate that it enables
learning these models with greater accuracy and speed than the
prior approach (Srinivasan et al., 2018c).

2. In Chapter 5, we introduce Liouvile-HQMMs, a reformulation of
the standard HQMMs that demonstrates that HQMMs are a spe-
cial class of observable operator models (OOMs), and are more

expressive® than both HMMs and norm-observable operator mod- 2 We define a model class as more
els (NOOMs) while still avoiding the negative probability problem. expressive than another if a finite-

( . ) . . & g P . YP dimensional model in the former
To facilitate this proof, we first prove a different relationship of class cannot be exactly modeled by a
independent interest: NOOMSs do not contain HMMs in terms of finite-dimensional model in the latter

class. We provide a formal definition in
Chapter 3

expressiveness, i.e., HMM ¢ NOOMs.

3. In Chapter 6, we introduce Input-Output HQMMSs that append
standard HQMMs with control, and subsume quantum observ-
able Markov decision processes (QOMDPs) (Barry et al., 2014) and
quantum Markov decision processes (QuaMDPs) (Cidre, 2016),
quantum-inspired generalizations of partially observable Markov
decision processes (POMDPs). Using this hierarchy of expressive-
ness, we show that perfect goal state reachability is undecidable

for IO-OOMs, by generalizing known results for QOMDPs.

4. In Chapter 7, we show that uniform matrix product states (uMPS)
are equivalent to OOMs (or PSRs or SWA) in the non-terminating
limit of infinitely long sequences. We show that a specific instance
of uMPS known as uniform Born machine (uBMs), are equiva-
lent to NOOMs (Zhao and Jaeger, 2010b) or quadratic weighted
automata (Bailly, 2011), and cannot model all finite dimensional
HMMs or probabilistic automata. Finally, we demonstrate that
another sub-class of uMPS, called uniform locally purified states
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(uLPS) (Glasser et al., 2019) are equivalent to HQMMs, and thus
subsume HMMs, NOOMs, and uBMs.

The contributions presented in Chapters 4-7 were previously
published as part of the following publications:

¢ Adhikary, S., Srinivasan, S., Gordon, G., and Boots., B.
(2020). Expressiveness and Learning of Hidden Quantum Markov
Models. In Proceedings of the 23rd International Conference
on Artificial Intelligence and Statistics, PMLR.

¢ Adhikary, S., Srinivasan, S., Miller, J., Rabusseau, G., and
Boots, B. (2021). Quantum tensor networks, Stochastic Processes,
and Weighted Automata. In Proceedings of the 24th Interna-
tional Conference on Artificial Intelligence and Statistics,
PMLR.

Metric Informed Sampling

1. In Chapter 8, we introduce an approach to adapt the kernel herd-
ing algorithm (Chen et al., 2010) to sampling over Riemannian
manifolds using (a) geometry-aware kernels that incorporate the
manifold-specific distances, and (b) Riemannian optimization to
constrain generated samples to lie on the manifold.

2. We empirically evaluate our approach on two tasks involving sam-
pling from distributions defined on Riemannian manifolds. First,
we demonstrate improved convergence when drawing resamples
from manifold-supported distributions, outperforming herding
with heuristic projections and importance resampling with opti-
mal transport maps (Wang and Solo, 2020). Second, we apply our
method to kernel recursive approximate Bayesian computation to
estimate simulator model parameters on the symmetric positive-
definite manifold, showing improved accuracy over both heuristic
projections and the widely used Cholesky parameterization.

The contributions presented in Chapter 8 were previously
published as part of the following publications:

e Adhikary, S. and Boots, B. (2022). Sampling over Riemannian
Manifolds using Kernel Herding. IEEE International Confer-
ence on Robotics and Automation (ICRA)
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Metric Informed Reinforcement Learning

1. In Chapter 9, we present Behavioral Eigenmaps (BeigeMaps) as
RL state representations corresponding to neural eigendecompo-
sitions of similarity kernels with respect to bisimulation metrics.
We demonstrate that by focusing on preserving the local metric
structure induced by bisimulation metrics, BeigeMaps improve the
policy performance of prior behavioral distance based RL algo-
rithms as evaluated on the Deep Mind control suite (Tassa et al.,
2018) with image observations.

2. In Chapter 10, we present a new framework for policy composi-
tion in multi-objective reinforcement learning, viewing the prob-
lem as computing centroids in distance spaces where policies are
embedded. We demonstrate through empirical evaluations that
policy centroids not only subsume various existing composition
techniques, but also allow us to define new policy composition
classes with desirable properties.

The contributions presented in Chapter 9 and Chapter 10 were
previously published as part of the following publications:

¢ Adhikary, S., Li. A, and Boots, B. (2024). BeigeMaps: Be-
havioral Eigenmaps for Reinforcement Learning from Images.
International Conference on Machine Learning (ICML).

* Adhikary, S. and Boots, B. (2022). Modular Policy Composi-
tion with Policy Centroids. Multidisciplinary Conference on
Reinforcement Learning and Decision Making (RLDM)

In addition to the papers highlighted above, the work done as
part of this dissertation has also contributed towards the following
publications:

1. Adhikary, S., Thompson, J., and Boots, B., (2021). Sampling
over Riemannian Manifolds with Kernel Herding. Robotics: Sci-
ence and Systems (R:SS 2021) Workshop on Geometry and
Topology in Robotics

2. Srinivasan, S., Adhikary S., Miller, J., Pokharel, B.,
Rabusseau, G. and Boots, B., (2021). Towards a Trace-
Preserving Tensor Network Representation of Quantum Channels.
Second Workshop on Quantum Tensor Networks in Machine
Learning at NeurIPS.

3. Hogan, J., Arenson, M. D., Adhikary, S., Li, K., Zhang, X,
Zhang, R., Valdez, J. N., Lynch, R. ], Sun, J., Adams, A. B, &



MIND THE METRIC: METHODS IN METRIC-INFORMED MACHINE LEARNING 35

Patzer, R. E. (2019). Assessing Predictors of Early and Late Hos-
pital Readmission After Kidney Transplantation. Transplantation
Direct 5(8)

. Valdez ].N., Fu T., Hogan J., Adhikary, S., Arenson M.,
Zhang R., Zhang X., Li K., Adams A.B., Patzer R.E., Sun ].
(2019), Interpretable Post-Transplant Graft Failure Prediction
Using Decision Tree Neural Networks. American Journal of
Transplantation 19

. Hogan J., Arenson M., Adhikary S., Li K., Zhang N., Zhang
R., Valdez J., Sun J., Adams A.B., Patzer R.E. Timing mat-
ters: Improving Prediction of Hospital Readmission Post Kidney
Transplantation, American Journal of Transplantation 19.






2
Metrics: Preliminaries

2.1 Metrics

A metric is simply way of describing a notion of similarity — or more
precisely dissimilarity — between objects. Often these objects are

data points, and we may wish to use metrics to classify or cluster a
dataset. For instance, in clustering, the choice of metric determines
which data points are grouped together, while in generative models,
metrics can influence how closely synthesized data resembles real
samples. In other instances, these objects may be parameters of mod-
els, and we may be interested in quantifying the difference between
two competing models. For instance, parameters of structured proba-
bilistic graphical models tend to satisfy geometric constraints such as
orthogonality to ensure feasibility of probabilistic operations. Com-
paring such models requires metrics that capture these geometric
constraints.

Regardless of what is being compared, the choice of the metric
induces specific geometric structure on the space of objects, which
can be a powerful way to incorporate useful structural priors in
algorithms. In some instances, we may have prior domain knowl-
edge about the geometric structure of a problem, and can induce
this structure in an algorithm by using the appropriate metric. In
other instances, the prior may come in the form of the metric itself
— we may be provided with distances between objects, and must use
it to identify appropriate representations of the underlying object
space. Appropriately utilizing such priors can be crucial in ensuring
feasibility of learned models, improving predictive accuracy and gen-
eralization, and reducing sample complexity when data is scarce or
noisy.

Formally, we define a metric as follows:

Definition 1 (Metric). A metricd : M x M — [0, 00) defined over a
domain M is a map d such that for all x,x',x"" € M
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1. Reflexiveness: x = x' = d(x,x') =0

2. Non-degeneracy: d(x,x') = 0= x=x

3. Symmetry: d(x,x") = d(X',x)

4. Triangle Inequality: d(x,x") < d(x,x') +d(x',x")

If we relax some of the constraints above, we obtain other pseudo-
metrics, which, although not quite true metrics, can still be useful
in many applications. For instance, semi-metrics satisfy all but the
non-degeneracy property. Further relaxation of the constraints gives
us the broader class of distance functions. We define these pseudo-
metrics as follows:

Definition 2. Semi-Metric A semi-metricd : M x M — [0, c0) defined
over a domain M is a map d such that for all x,x', X" € M, it satisfies the
reflexiveness (1), symmetry (3), and the triangle inequality (4) properties in
Definition 1.

Definition 3. Distance A distanced : M x M — [0,00) defined
over a domain M is a map d such that for all x,x' € M, it satisfies the
reflexiveness (1) and symmetry (3) in Definition 1.

Outline In the following sections, we discuss a few specific met-
rics and pseudo-metrics to highlight the variety of metric structures
encountered in machine learning, and how these structures can be
exploited by algorithms. We begin in Section 2.2 with the Rieman-
nian metric, which encapsulates notions of curvature crucial to for-
malizing non-Euclidean curved spaces. In Section 2.3 we discuss
probability metrics that allow incorporating metrics over a space into
metrics comparing distributions defined over the same space. Finally,
in Section 2.4, we discuss the bisimulation metric which defines a
notion of behavioral similarity used to learn representations in rein-
forcement learning. While the limited metrics discussed below only
provide a small sample of the rich variety of metrics used in machine
learning, they illustrate the diversity and utility of metrics. Moreover,
we utilize these metrics throughout this dissertation and, as such, the
following sections also provide background for subsequent chapters.

2.2 Riemannian Metrics

The simplest geometric structure encountered in most applications
is that of a flat Euclidean space. Here, the Euclidean metric is simply
the length of the straight line connecting any two points. However,
we often encounter data and parameter spaces that are better mod-
eled as points on curved non-Euclidean spaces. We can generalize



MIND THE METRIC: METHODS IN METRIC-INFORMED MACHINE LEARNING 39

Euclidean spaces to account for such curvature via manifolds, which
we now describe.

Manifolds An n-dimensional manifold M is a topological® space
that is locally homeomorphic to R”. Intuitively, a manifold is a

space that is similar to Euclidean space within a small neighbor-
hood around any point . If the manifold is additionally differentiable,
we can define tangent spaces along it. For a point x on a differentiable
manifold, the vector space spanned by the tangent vectors of all pos-
sible curves passing through x is called the tangent space 7x. M. Es-
sentially, this tangent space is one way of defining a Euclidean space
that the manifold is similar to within a small neighborhood around

x. Note that the tangent space at x is, in general, different from the
tangent space defined at any other point. The Euclidean manifold is a
special case where all tangent spaces are equivalent.

The Metric Tensor A metric tensor gx at a point x € M is a biliear
form defined on the tangent space at x that maps pairs of tangent
vectors #,v € TxM to real numbers, i.e., gx : TxM x TrM — R.
Given a local coordinate system x = (xl, cee, xk), we obtain a basis
% = (a/axl), . ,a/axk) = (91, ,0x) on the tangent spaces of the
manifold M. The metric tensor gx can then be expressed in this basis
as the local representation of the metric — a positive definite matrix
G(x) = [gij(x)], where g;;(x) = (9;]9;). This local representation
defines an inner product on the tangent space 7xM.

(olw)gn =2"G(X)w Vo,w € oM

Riemannian Manifolds A Riemannian manifold is a differentiable
manifold that exhibits some additional notions of smoothness. Specif-
ically, it is a differentiable manifold with a family of smoothly vary-
ing inner products defined on its tangent spaces. Many data and
parameter spaces commonly encountered in machine learning can
be modeled as Riemannian manifolds. For instance, unit quaternions
used to model orientation in vision and robotics can be modeled as
Ly-normalized vectors of the S3 manifold. The general S” manifold
defines an n-dimensional hypershpere, which for n = 2 can be vi-
sualized as a familiar 3D-sphere as shown in Figure 2.2. Moreover,
the operators that induce rotations that alter orientations can also be
defined as 3 x 3 rotation matrices on the SO(3) manifold. The SPD
manifold of symmetric-positive definite matrices is also routinely
encountered when modeling physical properties such as inertia or
stiffness. In 3-dimensions, the SPD manifold carves out a conical
structure as shown in Figure 2.3

* Intuitively, a topological space is iden-
tified by a notion of a neighborhood
around points. A metric space uses

a specific notion of neighborhoods
defined by a metric function.

Figure 2.1: Illustration of Tangent
Spaces of Riemannian Manifolds: A
Riemannian manifold M is homeomor-
phic to a Euclidean tangent space 7Tx M
at every point x € M.
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Geodesic Curves On a flat Euclidean manifold, the shortest path
between any two points is just the length of the straight line connect-
ing them. But for non-Euclidean manifolds, the path between two
points is a curve 7y along the space. The length of such curves is ob-
tained by integrating its time-derivatives ¥(t) along it, where f tracks
positions along the curve. Specifically, we have

ten(m) = [ lr(0,70)

Note that if M is a Riemannian manifold, we know that there exists
an inner-product (-, )5 that varies smoothly along curves 7.

A geodesic curve on M is one that locally minimizes distances
along it. For any two points on a geodesic curve that are within some
e-ball of one another, following the curve corresponds to the shortest
path between them. However, the geodesic curve may not be the
shortest path? between points on the curve that are far apart; the
geodesic curve only needs to minimize distances locally.

Geodesic Distance Given that there can be multiple geodesic
curves connecting any two points on M, the natural choice to de-
fine a notion of distance on the manifold is the length of the shortest
of these curves. This is defined as the geodesic distance of the manifold

Geodesic Distance: d(x,y) = rrlyin len(y) s.t. v(0) =x,v(1) =y

We can derive closed form formulae for geodesic distances on many
common Riemannian manifolds.

A Riemannian metric of manifold M corresponds to the
geodesic distance defined with respect to a Riemannian met-
ric tensor G which defines a smoothly varying inner-product

{6

Optimization over Riemannian Manifolds Given data that lie on
Riemannian manifolds, a naive approach is to simply ignore the cur-
vature of the space and approximate it as flat Euclidean space. By the
definition of Riemannian manifolds, this approximation breaks down
beyond a neighborhood around any point in the space. Algorithms
that do not take this assumption into account can lead to infeasible or
inaccurate results. This limitation is particularly evident for optimiza-
tion or search algorithms — ignoring the curvature of the underlying
space can lead an optimization routine to land on solutions that do
not satisfy the constraints of the problem. Equipped with notions of
curves, distances, and tangent spaces on Riemannian manifolds, we

Figure 2.2: The 52 manifold: The
hyperspherical manifold S" consists
of n + 1-dimensional L,-normalized
vectors.

2 For instance, we can move from one
point to another on a circle either in
clockwise or anticlockwise direction.
Both of these paths trace out geodesic
curves, and one can be shorter than the
other.

Figure 2.3: The SPD manifold: Illustra-
tion of the SPD manifold of 3 x 3 matri-
ces with elements [[T11, Th2], [T12, T22]]-
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can generalize many Euclidean optimization algorithms to Rieman-
nian manifolds (Absil et al., 2007b; Smith, 1994). In the subsequent
chapters, we will particularly rely on optimizations based on gradient
descent, which we now discuss in detail.

Gradient descent on Euclidean manifolds follows a simple recipe.
We take a step in the direction opposite to the gradient of an objec-
tive function with respect to a parameter by subtracting the gradient
from it. Viewing the Euclidean manifold as a Riemannian mani-
fold, the gradient g(x) of the objective function at a point x is an
element of the tangent space 7xM. Subtracting g(x) from x only
makes sense because the tangent spaces of Euclidean manifolds are
also Euclidean. To perform gradient descent on general Riemannian
manifolds, we need to first map gradients from tangent spaces onto
the manifold using an exponential map Exp, M : ToM — M. For
any point x € M, and a tangent vector g(x) € TxM, there exists a
unique geodesic curve ¥(f) such that 4(0) = x and %7(0 li—0 = g(x).
The exponential map Exp, M applied to ag(x) corresponds to motion
along the geodesic ¥ for a € R>q steps

Exp, M (ag(x)) = ¥(a)

Intuitively, the exponential map defines the curve on the manifold

along which we would move if we were to start at x with velocity
ag(x) and zero acceleration. This exponential map applied to the Figure 2.4: Illustration of Gradient
Descent over Riemannian Manifolds:

negative gradient of the objective function corresponds to gradient The gradient g(x) at a point x on a

descent with step-size a. The inverse of the exponential map, called Riemannian manifold M is a vector on
the logarithmic map Log, M, defines the reverse mapping M — T, M. the tangent space 7M. Stepping along
. . ’ ] . . g(x) would, in general, result in going
We provide an illustration of using exponential maps for gradient off the manifold, whereas stepping
descent in Figure 2.4. along ExpxM (g(x) follows a geodesic

. . on the manifold.
As standard gradient descent can be noisy and slow to converge,

it is generally supplemented with additional optimization techniques
such as the conjugate gradient method (Hestenes and Stiefel, 1952;
Dai and Yuan, 1999), momentum (Polyak, 1964; Qian, 1999a), RM-
Sprop, Adam (Kingma and Ba, 2015), etc. These techniques combine
the current gradient of the objective with gradients computed at
earlier iterations to form of a new descent direction. Note that this
strategy implicitly assumes that gradients computed at different
points are elements of the same vector space, and can thus be com-
bined. This is true for Euclidean manifolds, but not for Riemannian
manifolds in general. To combine gradients computed at different
points on a Riemannian manifold, we can use the parallel transport
map 'y : TxM — TyM, which maps elements from one tangent
space to another while preserving inner products. Intuitively, a par-
allel transport map is a change of reference frame between tangent
spaces that preserves relative distances.



42 SANDESH ADHIKARY

Applications of Riemannian Manifolds Riemannian manifolds
have found widespread use in machine learning due to their ability
to model non-Euclidean structure in data and parameter spaces that
arise naturally in many learning problems. Applications span di-
verse areas including optimization (Boumal, 2023; Absil et al., 2007b;
Smith, 1994; Kochurov et al., 2020; Dreisigmeyer, 2007), representa-
tion learning (Chen et al., 2023; Nickel and Kiela, 2017; Ganea et al.,
2018), statistical analysis (Pennec, 2006; Fletcher et al., 2004; Sommer
et al., 2010; Calinon, 2020), natural language processing (Reisinger
et al., 2010; Tifrea et al., 2018), protein structure modeling (Mardia
et al., 2007), bayesian optimization (Jaquier et al., 2020), robotics and
control (Braun et al., 2024; Zeestraten et al., 2017; Cheng et al., 2021;
Li et al,, 2021) and many more.

In Chapter 4 we use Riemannian gradient descent to learn proba-
bilistic graphical models known as hidden quantum Markov models
(HQMMs), the parameters of which lie on a specific Riemannian
manifold known as the Stiefel manifold. In Chapter 8, we apply
Riemannian gradient descent over a wider range of Riemannian
manifolds as part of the kernel herding algorithm to draw samples
from distributions. In addition to Riemannian optimization, we also
make use of the geodesic distances for these manifolds to formu-
late geometry-aware similarity metrics that inform the quality of the
sampling protocol.

2.3 Probability Metrics

Metrics can be defined not only over data spaces but also over the
space of probability distributions defined on those spaces. These
probability metrics quantify differences between distributions and
play a central role in many areas of machine learning, especially

in optimization and inference. Divergences and distances between
probability distributions are broadly applicable in machine learning.
Divergences such as the Kullback-Leibler (KL) divergence, total vari-
ation distance, Rényi divergence, Hellinger distance, and chi-squared
divergence are widely used in machine learning. These measures
provide different ways to quantify dissimilarity between probability
distributions, with each offering distinct advantages depending on
the structure and requirements of the problem.

In the following sections, we focus on two widely studied proba-
bility metrics which allow us to incorporate a ground metric defined
on a space into the distance between distributions defined over the
same space. We also use these two distances in the subsequent chap-
ters: the Maximum Mean Discrepancy (MMD) (Gretton et al., 2012)
and Wasserstein distances (Peyré et al., 2019).
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2.3.1  Maximum Mean Discrepancy

Kernels In most machine learning applications, data is mapped
from its domain space X onto a feature space ® via a potentially
non-linear feature map ¢ : X — &. In many of these applications,
the actual features themselves, say ¢(x) and ¢(y), are not utilized di-
rectly; instead, the relative similarities between the features are of in-
terest. Such similarities are generally computed via an inner-product,
also known as the kernel: k(x,y) = (¢(x), ¢(y))p = ¢(x)Tp(y) € R>o.
Even though the kernel is equivalent to the inner-product, it may be
possible to evaluate it directly without having to explicitly calculate
the inner-product, which would avoid using, or even storing, the po-
tentially high-dimensional vectors ¢(x) and ¢(y); this is the popular
‘kernel trick’.

In addition to being implicitly defined with respect to a function ¢
over X, the kernel itself can be viewed as a function over X'. Namely,
given a data point x, the function k(x, -) : X — R>( maps datapoints
to non-negative reals, and the kernel itself corresponds to an infinite-
dimensional feature ‘vector’ k.

Reproducing Kernel Hilbert Spaces Instead of inferring the ker-
nel from a feature map, it is generally more convenient to define the
kernel directly. If a kernel is symmetric and positive definite such
that }-; cicjk(x;,x;) > 0 for all x;,x; € X and ¢;,¢; € R, the function
k(x,x") is the inner product of a feature map from X to H, a poten-
tially infinite-dimensional Hilbert space (Aronszajn, 1950; Muandet
et al., 2017). In fact, the function k(x, -) € H itself defines the canonical
features of X’ in H, and the kernel is the canonical feature map i.e,,
k: X — H.

The Hilbert space H associated with SPD kernels has some ad-
ditional structure; it is actually a reproducing kernel Hilbert space
(RKHS) (Aronszajn, 1950) that satisfies the following reproducing

property
f(x) = (k(x,-),f)yy Vf€H and x€ X

We can thus evaluate non-linear functions f representable in the
RKHS through a linear inner product. Moreover, all functions that
can be represented in an RKHS # are bounded such that |f(x)| <
C||f||y for some C > 0. This kernel-specific constant C imposes an
inherent smoothness regularization when computing solutions in #.

Kernel Mean Embeddings Besides embedding individual samples
from X to an RKHS, we can also embed entire distributions defined
over X'. A probability distribution P is embedded in an RKHS as a
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kernel mean embedding pp, corresponding to the expected value of the
kernel function E.pk(x, -). We define pup and its empirical estimate
fip as follows

1 n
- Y k(xi,-) forx; ~ P

o ) =3

The empirical estimate fi, converges to pp at a rate of O(n~1/2)
(Smola et al., 2007).

We can also construct the empirical mean embedding as a weighted
average fi, = Y1 ; wik(x;, ) from points {x;} not necessarily sam-
pled from P. Note that the weights w; can, in general, be negative;
preventing us from using various off-the-shelf sampling techniques.
Given a kernel mean embedding of a distribution, we can calculate
expected values of functions f € H as follows

Exp(f(x)) = (£, pp)y ~ (£ fip)

If the kernel is additionally characteristic, the mapping from P to up
is injective, and pp is the complete, unique description of P (Fuku-
mizu et al., 2007). Popular examples of characteristic kernels over
Euclidean space include the Gaussian and Laplacian kernels (Fuku-
mizu et al., 2007).

Maximum Mean Discrepancy The kernel mean embeddings of dis-
tributions can be used to define a metric for probability distributions.
Essentially, kernel mean embeddings map distributions onto points
on the RKHS #H, and the distance between two distributions can be
defined essentially as the distance between points in this space.

MMDy, [P, Q] = [lup — poll#, = MMDy, = |fp = Rglla,

where MMD corresponds to the empirical estimate of the MMD?3.

In general, the MMD is a semi-metric* as two non-identical dis-
tributions can be mapped to the same kernel mean embeddings.
However, if the kernel k is characteristic, the MMD is a proper metric,
ie, MMD[P,Q]=0< P =Q.

Applications of the MDD The maximum mean discrepancy has
found a wide range of applications, especially in problems that re-
quire comparing distributions without explicit density estimation.
Some exmaples include two-sample testing (Gretton et al., 2012),
domain adaptation (Quifionero-Candela et al., 2008) generative mod-
eling (Li et al., 2017a), causal inference (Shalit et al., 2017), domain
generalization (Muandet et al., 2013), and so on.

3 We can also obtain an unbiased
estimate of the MMD using kernel
evaluations directly without first
estimating the kernel mean embeddings
(Muandet et al., 2017; Borgwardt and
Patterson, 2021).

4 The MMD is actually part of a broader
class of semi-metrics known as integral
probability metrics (IPM) defined as
follows:

sup [Ex~p|f (x)] — Ex~olf(x)]]]

feF

Different IPMs can be constructured
with specific choice of the domain F. In
the case of the MMD, F is set to be the
unit-norm ball of the RKHS H,, induced
by the kernel k (Muandet et al., 2017).
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In Chapter 8, we present a Riemannian adaptation of the kernel
herding algorithm (Chen et al., 2010), which draws samples from ker-
nel mean embeddings of distributions. These samples minimize the
MDD between the target distribution and the empirical distribution
of drawn samples. In Chapter 10, we define MMD-centroids to aggre-
gate policies in multi-objective decision making (Roijers et al., 2013)
problems through actions sampled from individual policies.

2.3.2  Wasserstein Distances

Optimal Transport Given a metric space (M, d), the optimal trans-
port problem is concerned with transporting a distribution P defined
on M to another distribution Q defined on M. Intuitively, a distri-
bution P can be thought of as assigning some probability mass to
points in M, and a transportation plan moves probability mass to
other points to match the distribution Q. The optimal transport plan
is one that achieves this matching with minimal effort, where effort
is measured with respect to the distance d(x, T(x)) that the original
particles x must be moved.

Formally, given amap T : M — M, we can define a pushforward-
map TyP as follows:

TyP(x) = P(T ' (x))

Essentially, the push-forward Ty assigns the probability P(x) to the
transported point T(x). We specifically seek push-forwards that
result in T3P = Q, and even within that set, we want to find a specific
push-forward that minimizes the total cost of moving the particles
with respect to the ground-metric d. This induces the optimal transport
distance between distributions defined as the solution to the following
Monge problem (Monge, 1781; Peyré et al., 2019):
inf [ d(x, T(x))PdP

Linf [ d(x T()7dP(x)

However, the minimizer T* of the above objective does not always

exist> — there may just not be a transport map such that T4P = Q. 5 For instance, consider the case where
P is a dirac distribution centered on

. . . : . a single point x, and Q assigns equal
laxed into the Kantorovich formulation, which essentially allows the probability of 0.5 to two different points

To account for this, the above optimal transport problem can be re-

probability mass at points x to be split into multiple locations (Kan- y and z. The best we can do is move the
probability mass at x to either y or z,

torovich, 2006; Peyré et al., 2019). This relaxed Kantorovich distance, but we can never fully recover Q.

commonly known as Wasserstein distance W), is defined as follows:
1/p
W,(P,Q) = inf / d(x, y)PdJ(x, )
2, = (it [ oyt

where J (P, Q) is the set of all joint distributions of P and Q with
marginals P and Q. Different values of the subscript p correspond to
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different Wasserstein distances; when p = 1, the Wasserstein distance
is also known as the earth mover’s distance.

Empirical Measures Let us now consider the case where instead
of the distributions P and Q, we only have access to their empirical
estimates P and Q defined over samples {x; € M} and {y; € M}
defined as

n m
P:szixi QZZﬁ]y] s.t. Zﬂél‘: HIXH =1& Z[B]: Hﬁ” =1,
i j i j

where a and B are normalized weight vectors.

In this setting, the empirical joint distribution | as well as pair-
wise distances d” (x,y) are encoded in n x m matrices J and D re-
spectively. Computing the Wasserstein distance then corresponds to
a minimization over transportation plans %, also an n x m matrix, as
follows

myin Y 7iDij st yIlu=a oI, =B ¥>0
ij
where D;; = d(x;,y;)? (2.1)

Essentially, the problem is to find a way to move the total probability
mass to define a joint distribution | € J(P, Q) with marginals P
and Q that minimizes the total weighted distance. Formally, this
corresponds to finding the p-th root of the optimum network flow
problem (Cuturi and Doucet, 2014; Peyré et al., 2019).

Calculating Wasserstein distances is in general computationally
expensive — it scales at least in O(n3logn) for empirical distributions
with n samples. In practice, the objective is generally relaxed with
an entropic regularization term, resulting in a family of Sinkhorn

distances® that can be optimized much faster (Cuturi, 2013). 6 Feydy et al. (2019) show that the
family of Sinkhorn divergences can be
used to interpolate between MMD and

Applications of Wasserstein Metrics Wasserstein distances have Wasserstein distances.

served as a powerful tool in machine learning to compare probability
distributions in a geometry-aware manner. It has been widely ap-
plied in generative modeling (Arjovsky et al., 2017; Gulrajani et al,,
2017; Deshpande et al., 2018) , clustering (Ho et al., 2017), domain
adaptation (Courty et al., 2016; Montesuma and Mboula, 2021), varia-
tional inference (Lambert et al., 2022; Tolstikhin et al., 2017), graphics
and shape analysis (Bonneel and Digne, 2023), and so on.

In Chapter 8, we use the Wasserstein metric to compare the quality
of samples drawn from target distributions defined over Rieman-
nian manifolds. In Chapter 9, we use another metric known as the
bisimulation metric for reinforcement learning, which is defined with
respect to the Wasserstein distance. We now discuss this metric in
detail.
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2.4 Bisimulation Metrics

In prior sections, we have presented various instances where the
metric structure of data or parameters can inform the design of opti-
mization or modeling algorithms. Namely, when data or parameters
lie on Riemannian manifolds, the geodesic curves of the manifolds
provide paths for curvilinear optimization, and the geodesic dis-
tances provide geometry-aware notions of similarities. Moreover,
such metrics defined on a space can be embedded into metrics over
probability distributions. We now turn to a problem setting where a
problem-specific metric is not provided a priori, but must be learned
from data. These metrics can then be used to learn geometry-aware
data representations. Specifically, we discuss behavioral distances
used to aggregate states leading to similar outcomes.

2.4.1  Reinforcement Learning in Markov Decision Processes

We formalize the problem setting for reinforcement learning as a

Markov decision process (MDP), which is defined as a tuple (X, A,r, P, ).

Here, X and A are continuous state and action spaces with dimen-
sions dim(X) and dim(A), 7 : X x A — R is the reward function,
and 7y € [0,1) is the discount factor. The distribution P? = P(x/|x,a)
encodes transition probabilities from x to x’ under action a. The RL
problem corresponds to training a policy 7w : X — A that maximizes
the expected discounted return Ex [ 2 7/r% |, where 12 = r(x,a),
and H is the (potentially infinite) time horizon. The expectation [E,
is taken over P[, the transition distribution under the policy 7. A
policy’s value V7" (x) = Ex [ LiLo7'r% |xo = X] is the expected return
of following 7 when starting at x.

Behavioral distances define a notion of state dissimilarity in re-
inforcement learning that encodes differences in returns under a
sequence of actions. They are termed "behavioral” precisely because
they capture long-range temporal differences. These distances are
generally variations of the bisimulation metric (Ferns et al., 2011,
2004), which enables learning representations that group states by
their value based behavior, which can be useful for downstream pol-
icy learning.

2.4.2  Bisimulation Equivalence

If the state space of an MDP exhibits sufficient symmetry with re-
spect to the value or policy, representations or state abstractions can
be used to perform state aggregation: assigning equivalent states to
the same latent state, and effectively reducing the effective size of the
MDP’s state space. Instead of such hard aggregation, we might also

We use the notation P§ = P?(x) =
PA(x'|x) and 14 = r*(x) = r(x,a)
interchangeably. The expected values
of these quantities under a policy 7t are
denoted as 1T = 1"(x) = Egur [r(x,a)]
and PJ = P7(x) = Egur [P (X' [x)].
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opt for softer aggregation where states deemed similar are assigned
similar representations.

Both state aggregation and abstraction ultimately hinge on defin-
ing an appropriate notion of equivalence. In the context of MDPs,
stochastic bisimulation has been used extensively to assign equiva-
lence between states based on long term behaviors originating from
them. Originating in concurrency theory (Milner, 1980; Park, 1981),
stochastic bisimulation was introduced as a relationship between two
states that have the same probability of transitioning to classes of
equivalent states.

Givan et al. (2003) adapted the concept of bisimulation relations to
MDPs by incorporating rewards?. In the context of MDPs, stochastic
bisimulation, or simply bisimulation is defined as follows:

Definition 4. Bisimulation Relations (Givan et al., 2003) Given an
MDP (X, A,r,P,7), an equivalence relation R on X is a stochastic bisim-
ulation relation® (or simply a bisimulation relation) if for all x,y € X

r(x) =r(y)
VC € X /R, PY(C) = Py(C) Matching transitions

Ry <= Vac A, Matching reward

where PZ(C) is the probability of transitioning from state x to any state in
the equivalence class C under action a.

Note that one can define multiple bisimulation relations for a
given MDP. Indeed, given a bisimulation relation R, we could define
a coarser or finer equivalence classes and obtain a new relation. Gen-
erally, we are interested in the largest of these bisimulation relations,
which we refer to as bisimilarity:

Definition 5. Bisimilarity ~ (Givan et al., 2003) Given an MDP

(X, A,r,P,v), bisimilarity ~ is the largest stochastic bisimulation rela-
tion (Definition 4) defined on the MDP. The notation x ~ 'y indicates that x
and y are equivalent with respect to ~, i.e., they are bisimilar.

In the sequel, a bisimulation relation will almost always refer to
the bisimilarity relation, unless noted otherwise.

Exact Bisimilarity is Brittle For practical purposes, the notion of
exact bisimilarity tends to be too brittle or unstable to be useful.
Specifically, minor numerical differences in the parameters of two
MDPs can lead to very different state partitions with respect to their
corresponding bisimilarities. Moreover, state aggregations defined
with respect to an exact bisimilarity may be too conservative — two
states cannot be aggregated unless their rewards and equivalence
class transitions match exactly.

7 Givan et al. (2003) consider multiple
notions of equivalence including action-
sequence equivalence (do two states
result in the same reward distributions
under any fixed action-sequence?),

and optimal value equivalence (do two
states have the same optimal value?).
They ultimately recommend stochastic
bisimulation as an appropriate equiva-
lence criteria for MDPs.

8 Given an equivalence relation R de-
fined over a domain X', the notation
xRy implies that x,y € X are equiv-
alent with respect to R. Moreover,

X /% indicates a partition of the space
X with respect to R such that every

C € 5/ is a subset of equivalent states.
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To avoid such instabilities and conservatism, it is useful to general-
ize binary bisimilarities to metrics (Ferns et al., 2004, 2012, 2011) that
allow us to define state similarities as opposed to exact matches.

2.4.3 Bisimulation Metrics

Bisimulation metrics are semi-metrics or pseudo-metrics that essen-
tially provide a notion of soft-equivalence. A semi-metric satisfies all
properties of a metric, except that two non-identical states can have

0 distance between them. It is precisely this property that allow us

to encode non-trivial equivalence relations through semi-metrics.
Namely, every semi-metric induces an equivalence relation defined as
follows:

Definition 6. Equivalence Relation Induced by Semimetrics Let met be
the space of all pseudometrics on a domain X. Every pseudometric d € met
induces an equivalence relation xRy <= d(x,y) =0

Ferns et al. (2012) define the bisimulation metric as a semi-metric
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that induces the bisimilarity equivalence. This metric? is defined as 9 Here, we consider MDPs with poten-

tially infinite state spaces. See Ferns

. . . . . et al. (2004) for the corresponding
acts on a semi-metric and produces another semi-metric, as defined forumation for finite MDPs.

the fixed point of a bisimulation operator F(d) : met — met that

below:

Theorem 1 (Ferns et al. (2012)). Let met be a uniformly bounded set of

lower semi-continuous (Isc) semimetrics™®. Given a scalar ¢ € (0,1), let © A function i : X x X — R is lower

§ : met — met be the bisimulation operator acting on a semi-metric
function d defined as follows h(x,X).

Fd(xy) = max (e = 73] + Wy (PL, Py)) (2.2)

where W{l (P, Py) is the Wasserstein distance between probability dis-
tributions Py and Py. The operator § has a unique fixed point d.., the
bisimulation metric, the induced equivalence of which corresponds to the
bisimilarity, i.e. xRy y = X~y

Here, the 1-Wasserstein distance W¢ (P2, Py) lifts the ground-
distance d between states in X’ to a distance between probability
distributions over &X'. We formally define the bisimulation metric as
follows

Definition 7 (Ferns et al. (2012)). Bisimulation Metric d.. Given

c € (0,1), the bisimulation metric d~. . for an MDP corresponds to the
fixed point of the bisimulation operator defined in Theorem 1. Following
convention, we use d.. (without reference to c) for the common choice of

c=1.

semi-continuous (Isc) if whenever (x,, x},)
tends to (x,x’), then liminf hi(x;, x),) >
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Aggregating States with Bisimulation Metrics Given a bisimula-
tion metric d., we can define a state aggregation scheme where states
that are relatively close together are treated as the same state. The
central idea here is that the aggregated MDP should be simpler to
solve than its original counterpart. For instance, we could partition
an MDP’s state space into a fixed number of clusters, and solve the
resulting finite MDP with simple RL techniques as a proxy for the
original MDP with a potentially high-dimensional state space. Fol-
lowing the formulation in Kemertas and Jepson (2022), we define
state-aggregation formally as follows:

Definition 8 (Kemertas and Jepson (2022)). (€,d)-aggregate MDPs'*
Given an MDP (X, A,r, P,7y), a distance functiond : X x X — [0, 00),
and € > 0, let X be an aggregated state space obtained through the mapping
¢e such that

Pe(x) = ge(y) = d(xy) <2e
Moreover, let By, (x) be the set of neighbors of x in X such that

Bp (x) = {z € X [¢e(x) = ¢e(2)}
Then (X, A,# P, ) is an (e, 6)-aggregated MDP where 7 and P are per-
partition weighted averages. Namely, given an aribtrary measure ¢ that
assigns a positive measure §(By(x)) > 0 to all partitions By(x), these
quantities are defined as

P (p(x)) = =

(By(x)
A _ 1 a
PO = 5,007 / g PEEE)

If we construct an (€,d~ )-aggregated MDP with respect to the

/ )

bisimulation metric d~., we can bound the difference between the
optimal value of this aggregate MDP and that of the original MDP.
Thus, solving the (potentially) simpler aggregated MDP can be an
appropriate proxy to solving the original MDP. Formally, this relation
is decribed by the following'? theorem

Theorem 2. Bounding Values of (e,d..)-aggregate MDPs (Kemertas
and Jepson, 2022; Ferns et al., 2012) Let (X, A,r,P,7) be an MDP with
bisimulation metric d~. and optimal value function V*. Then the optimal
value qu of its (e,d~.)-aggregate MDP satisfies the following bound given
c=y

2e
(1=7)
Thus, the bisimulation metric can essentially be used to transform

IV = e <

an MDP into a simpler MDP where the original states are assigned to
clusters corresponding to values of the original MDP.

" The corresponding definition of
e-aggregated MDPs for finite MDPs
(Kemertas and Jepson, 2022) may
provide more intuition for the general
counterpart presented in the main text.

(¢,d)-aggregate MDP for finite MDPs
Given a finite MDP (X, A, 7, P,v) and
€>0,let ¥ ={C;, ---,C} be asetof K
clusters such that

1. Every x € X is assigned to one
and only one cluster C; through a
clustering function C(s) : X — [1,k].

2. All members of a cluster are no
more than € distance apart: Vx,y €
X,C(x)=C(y) = d(x,y) <e

Then the e-aggregate MDP is defined

as the tuple (X, A, 7, P, ) where the

aggregated rewards and transitions are

averaged over clusters, i.e,

1. 7(G) = & Ixec,; (%)
2. PEC) = & Tee, PA(C)

> The corresponding theorem for finite
MDPs may be beneficial in building
intuition for the general counterpart
presented in the main text:

Lipschitz Continuity of Optimal
Values (Ferns et al., 2012) Given a finite
MDP (X, A,r,P,7), a metric-discount
factor ¢ € (0,1) such that ¢ < ¢, and the
bisimulation metric d.., we have that

V300 = V' (3)] < dexy)

In other words, V* is 11 --Lipschitz

continuous with respect to d...
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Bisimulation Metrics as Optimal Value Functions While the above
properties relate bisimulation metrics to values of a given MDP

(X, A,r,P,v),it turns out that the metric itself can actually be in-
terpreted as the value function of a lifted MDP (Ferns and Precup,
2014). The state space of this lifted MDD, or the self-coupled MDP, is
simply the product space X' x X. The transition dynamics of this
self-coupled MDP is defined as a coupling™3 of P with itself. At state
([x,y]) € & x X, the transition dynamics for action a € A is de-
fined as a joint distribution with marginals Py and Py. We define
self-coupled MDPs formally as follows

Definition 9. Self-Coupled MDP (Ferns and Precup, 2014) Let M be

an MDP (X, A,r,P,v) such thatr : X x A — [0,1] and (X, By) isa
standard Borel space. A self-coupled MDP of M is a tuple (X, A, %, P, )
where

o X is the product space X x X, where (S, B ) is the Borel product space
(X X X, BX X ng)

o 7l X X X — [0,1] is the reward function such that 77 ([x,y]) =
(1=o)[r"(x) = ()|
o P = (P*) e, such that P is a self-coupling A(P?, P*) € A(P?, P?).

Ferns and Precup (2014) provide the following theorem relating
bisimulation metrics with the value of self-coupled MDPs

Theorem 3. Value Bounds for Self-Coupled MDPs (Ferns et al., 2004;
Kemertas and Jepson, 2022) Given an MDP (X, A,r, P, vy) and a bisim-
ulation metric d~. ., let V*(K) be the optimal value of the self-coupled MDP
(X, A, 7, P,v) with P = K. Then

Va € A there exists a P°, such that d.. = V(P?) = min V}(K)

KeA(P,P)

i.e., there exists a self-coupled MDP such that the bisimulation metric d
for the original MDP M corresponds to the optimal value function of the
self-coupled MDP.

While the properties of bisimulation metrics described above pro-
vide connections to the optimal values of an MDP, we are often more
interested in the values of a specific policy; particularly the learned
policy at a given iteration of an RL algorithm. This necessitates an
on-policy version of these metrics (Castro, 2020), which we now dis-
cuss.

2.4.4 On-Policy Bisimulation Metric

Having to enumerate over X makes d™ intractable for continuous
state spaces. Moreover, the maximization over actions makes it overly

3 A coupling A(P1,P,) is a joint-
distribution with marginals P; and
P,, and A denotes the set of all such
couplings.
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pessimistic since bisimulation metrics measure the worst case dis-
tance between states. This is particularly undesirable if large worst
case distances arise simply due to actions rarely executed under a
policy (Castro, 2020), as illustrated in Figure 2.5. The on-policy bisim-
ulation metric d” resolves'# these issues by swapping the maximiza-
tion over actions with expectations over policy-induced transitions
(Castro, 2020). It is the unique fixed point of the following iteration:

A" (x,y) = [En(rx) = En(ry)| + yWi(PS, Py |d7) (2:3)

The on-policy bisimulation metric 4 also essentially retain the
same properties as that for d. above — just with reference to values of
a particular policy 7t (Castro, 2020). Most importantly,

1. The 7rt-bisimulation operator converges, and the d” is its unique
fixed point.

2. Value functions are Lipschitz continuous with respect to d”

V() = Vi(y)l <d%(xy)

2.4.5 Applications of Bisimulation Metrics

Bisimulation metrics have primarily been used in the reinforcement
learning community to obtain value-informed representations to
accelerate policy learning. Since the bisimulation metric bounds dif-
ferences in value functions, it induces value-based clusters in the
representation space which can improve generalization across similar
states. While early applications focused on state aggregation in finite
MDPs (Ferns et al., 2004, 2006), these metrics are also applied on con-
tinuous MDPs (Ferns et al., 2011) in conjunction with modern value
and policy learning algorithms (Kemertas and Jepson, 2022; ?). The
representations induced by bisimulation metrics have been shown

to demonstrate invariance to policy-irrelevant distractors to improve
generalization and safety (Zhang et al., 2020; Wang et al., 2025; Agar-
wal et al., 2021a; Liu et al., 2023). Castro and Precup (2010) propose
bisimulation metric based representation learning as a means of
policy transfer in MDPs. Rezaei-Shoshtari et al. (2024) connect bisim-
ulation metrics to group fairness in RL to learn fair RL policies that
encourage demographic parity fairness.

Recent work in bisimulation metrics has also focused on devis-
ing alternative formulations and empirical estimations of the metric
to improve computational and sample efficiency. In Chapter 9, we
provide an overview of these methods, and also propose a locality-
preserving representation learning algorithm that can be applied

4 Taylor et al. (2008) proposed miti-
gating this pessimism using the lax
bisimulation equivalence (and its cor-
responding metric) that sets states

to be equivalent if the rewards and
transitions for two states match for
potentially different actions. The on-
policy metric by Castro (2020) not only
reduces pessimism, but also provides
a formalism to discuss metrics with
respect to a given policy

State Values
|

)

e @@
Figure 2.5: The Standard Bisimulation
Metric Leads to Pessimistic State
Aggregation Bisimulation metrics allow
state-aggregation with respect to state-
values. Here, the value function (top)
is symmetric around the horizontal,
vertical, and diagonal axes intersecting
at the goal. Even though there are
essentially 4 distinct states (bottom)
in terms of their value, the standard
bisimulation metric fails to capture this
state aggregation. For instance, under
the optimal policy, the bottom-left
cell has exactly the same value as the
top-right cell - just corresponding to
different actions.
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across these existing algorithms. Specifically, we propose learning
representaions as behavioral eigenmaps (BeigeMaps), neural eigen-
functions of the Laplacian induced by bisimulation metrics.
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3
Introduction

3.1 Introduction

Over the years, there has been some interest in ‘quantum-inspired’
probabilistic models that incorporate mathematical formalisms from
quantum mechanics into classical machine learning. Some of the
early quantum-inpsired models proposed in the literature included
quantum graphical models (QGMs) that utilize quantum mechanical
state representations and dynamics for classical Bayesian inference
(Leifer and Poulin, 2008; Yeang, 2010). Hidden quantum Markov
models (HQMMs) are one of the more well-investigated of these
QGMs, and are known to be more expressive than classical hidden
Markov models (Monras et al., 2010; Srinivasan et al., 2018d).

Another popular class of probabilistic models includes quantum
tensor networks known as matrix product states (MPS) (Perez-Garcia
et al., 2006), which are equivalent to tensor-train decompositions (Os-
eledets, 2011). Originally used to represent systems of quantum parti-
cles, MPS have recently been applied to classical sequential modeling
(Stoudenmire and Schwab, 2016; Han et al., 2018). Similar proposals
have also been studied in classical stochastic processes and weighted
automata literature, with little work on formally connecting them.
Namely, observable operator models (Jaeger, 2000) or predictive state
representations (PSRs) (Singh et al., 2004) from the machine learning
community, and stochastic weighted automata (SWA) (Balle et al.,
2014b) from the formal languages community have remarkably sim-
ilar structure to HQMMSs and MPS. While the connections between
PSRs and SWA are well-established, similar formal connections are
yet to be made with MPS and HQMMs.

We use HQMM s as our primary model of interest and focus on
learning these quantum-inspired models from data, and examining
its expressiveness in relation to other seemingly disparate models
from stochastic processes, weighted automata, and quantum tensor
networks. Towards both ends, we will rely on utilizing and analyzing



58 SANDESH ADHIKARY

the metric structure of HQMM states and parameters, illustrating
how this structure can help devise efficient learning algorithms and
better understand this model class.

Outline In this chapter, we provide an introduction to HQMMs,
the quantum inspired generalizations of Hidden Markov Models
(HMMs). In Section 3.5 and Section 3.6, we compare the geometry of
the state spaces (polyhedral cones and spectraplexes) and operator
spaces (multinomial manifolds and Stiefel manifolds) of these model
classes to get a deeper understanding of their differences. Finally,
we turn to the critical question: does the additional complexity in-
troduced by HOMM s actually yield any meaningful improvements
over HMMSs? In Section 3.7, we summarize the positive answer to
this question found in the literature in the context of model expres-
siveness: there exist processes that can be modeled exactly by a finite
dimensional HQMM that cannot be modeled by a finite dimensional
HMM.

Notation We use bold-face capitalized letters for matrix and tensor
operators (e.g. A), bold-face lower case letters for vectors (e.g. x)

and plain non-bold symbols for scalars. Vector-arrows are used to
indicate vectorization (column-first convention) of matrices (e.g.

A). We use R and C to denote the real and complex scalar fields.

We frequently make use of the ones matrix 1 (filled with 1s) and

the identity matrix T, as well as their vectorizations T and T. We use
overhead bars to denote complex conjugates (e.g. A) and 1 for the
conjugate transpose (AT = AT). Note that we also use overhead bars
to denote a sequence of observations (e.g. i) without conjugation.
Finally, Tr(-) denotes the trace operation applied to matrices, and ®
denotes the Kronecker product, and the bra-ket notation (-, -) denotes
an inner-product.

3.2 Hidden Markov Models (HMMs)

Hidden Markov Models (HMMSs) are a well-known class of statis-
tical models of sequential stochastic processes. Developed in the
1960s (Baum and Petrie, 1966; Baum and Eagon, 1967), HMMs pro-
vide an intuitive means of modeling sequential processes under the
Markov assumption: the future is independent of the past given the
current state. Despite — or perhaps because of — its relative simplicity,
HMMs have found wide-ranging applications ranging from speech-
recognition (Rabiner, 1989) to bioinformatics (Li and Stephens, 2003;
Ernst and Kellis, 2012) to optimal control (Doucet et al., 2009). In
these applications, HMMs are used to model sequential processes
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where the internal state of the system is not directly observable, but
must be inferred from sequences of potentially noisy observations.
Given reasonable models of state transitions and observation emis-
sions, HMMs can be learned efficiently from data using various algo-
rithms including the popular Baum-Welch Expectation Maximization
(Baum et al., 1972) algorithm.

Formally, we define a Hidden Markov Model as follows

Definition 10 (HMMs). An n-dimensional Hidden Markov Model with
a set of discrete observations O is a tuple (R", A, C, x¢) where initial state
Xo, transition matrix A, and emission matrix C satisfy the following condi-
tions:

(i) Non-negative parameters: xo € R%,, A € RLy", C € IR|200‘><n/

(ii)) Normalized initial state: ]TTxo =1,

(iii) Column-stochastic operators: 1ITA =17c =17, =10,

entries.
HMM states x are also known as belief states, and are interpretable

as probability distributions over hidden system states; the i-th ele-
ment of the state vector x¢ corresponds to the probability or the “be-
lief" that the system is in the i-th latent state. This explains the need
for non-negativity and normalization constraints on HMM states.

At each time-step, we update the belief state and condition on ob-
servation using the column-stochastic matrices A and C respectively:

. — diag(C(y,:))xg
: T[Tdiag(C(y ))x;’

P’

X; = Ax;_1 (3.1)
where diag(Cy,:) places the y-th row of matrix C in a diagonal ma-
trix. Note that the y-th row of the C corresponds to the y-th observa-
tiony € O.

We can compute the probability of a sequence of observations
7=1y1,...,yt for y; € O from a given belief state x as follows:

P(y) = ]_l)Tdiag(C(yh:))A -+ diag(Cyy, ;) Ax (3-2)

The state updates and probability computations above can be sim-

,1] is a vector with 1 in all

plified to some extent by defining a new set of operators® {T, = * This corresponds to the Observable

diag (C(y,:)A} that combine both A and C operators as follows

Ty x¢—1
Xt = L

===  py =11, --- T
T, x (@) 7 y

1
Zooming out of its specifics, an HMM basically consists of a rep-
resentation of probability distributions (states) and a set of linear
operators that evolve these states over time conditioned on obser-
vations. The interest in using ‘quantum-inspired” graphical models
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Operator Model (OOM) formulation of
HMMs, and {T, } are called observable
operators. We discuss OOMs in detail

X (3.3) in Chapter 5.
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as alternatives to HMM stems from the fact that quantum particles
are modeled as probability distributions over discrete latent states,
which evolve over time in response to measurements (observations)
via linear operators. A natural curiosity thus arises: what if we en-
code classical data into the states of a quantum particle, and assign
quantum-measurement operators as the means of Markovian evo-
lution over time? This is the idea behind Hidden Quantum Markov
(HOMM) models (Monras et al., 2010), which we now discuss in the
next section.

We begin with a brief introduction to quantum states and quan-
tum channels that underlie these models®.

3.3 Quantum Channels

Quantum Wavefunctions The state of a quantum particle is com-
monly encoded as a compledx valued wavefunction3 1, which is
often written as a ket operator# |¢). As with HMMs, the state of a
quantum system encodes the probability distribution over a dis-
crete latent space. For instance, a qubit, the atomic unit of informa-
tion in quantum information, can be measured to be in one of two
states: 0 or 1. The belief over these measurements is encoded as a
2-dimensional wavefunction |¢), where the i-th element encodes the
probability of the qubit being measured to be in the i-th latent state.
However unlike HMMs, this encoding is not simply the identity op-
eration.

Given an n-dimensional wavefunction |i) € C", the probability
that the particle is in the i-th latent state is computed as | |¢) [i]|%.
Consequently, the Ly norm of a valid quantum state must be equal to
one. Specifically,

P(yi) = | l9) [ ) 1 = (. 9) =1

Another consequence of this mapping to probabilities is that the
elements of |¢), known as probability amplitudes, are not restricted to
be positive — in fact, they are complex valued. This seemingly minor
relaxation ends up having profound implications in quantum me-

chanics. The joint state of two quantum states can be formed through

constructive and destructive interference. Constructive interference is
simply the addition of individual probability amplitudes, and is the
only type of interaction possible if all probability amplitudes were
non-negative real numbers. But without the non-negativity restric-

tion, quantum states can also interfere destructively, e.g., the negative

probability amplitudes from one particle can cancel out the proba-
bility amplitude for the corresponding latent-state from a different
quantum particle. While the physical implications of destructive in-

*> For a thorough introduction to these
and other concepts in quantum infor-
mation, we refer the reader to Nielsen
and Chuang (2011). Wood et al. (2015a)
and Miszczak (2011) provide instructive
analyses of quantum channels and their
various representations.

3 Not all quantum states can be repre-
sented by a single wavefunction; the
states that can are known as pure quan-
tum states. We discuss mixed quantum
states in the next section

4 The complex-conjugate of the ket
operator is the bra operator (i|. Inner
products are then denoted as brakets
(1, ). Outer-products are written
similarly as |¢) (¢].
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terference are outside the scope of this thesis, we do note that many
‘non-intuitive’ phenomena in quantum-mechanics ultimately boil
down to interference, and thus non-negative probability amplitudes.

Density Operators Not all quantum states can be neatly repre-
sented by a wavefunction |i). Quantum state that can be encoded
by a single wavefunction are known as pure states. Quantum sys-
tems can also exist as probabilistic mixtures of pure states or mixed
states. To encompass both pure and mixed states, we turn to a more
general formulation of quantum states called density operators. An
n-dimensional density operator p € C"*" is a complex-valued valued
matrix that is positive semi-definite (PSD) and has unit-trace.

Just as the entries of a wavefunction encode the probability am-
plitudes of beliefs over latent states, the i-th diagonal entry of p cor-
responds to the probability of the i-th latent state. Note that unlike
the wavefunction, the diagonals list the actual probabilities, not the
probability amplitudes. Since p is PSD, we know that its diagonals
are always non-negative real-values, and the unit-trace requirement
ensures that these probabilities are normalized.

Quantum Channels Let p denote the state of a quantum system.

If p is a closed> system, the time-evolution of this state can always be 5 An open quantum system is one
that is influenced by the external
environment around it. If the external
N . J_— environment is also incorporated into
p = & (P ) = UpU the system, we obtain a closed system

defined using a unitary operator {U € C"*" : UTU = I} as follows:

where £ denotes a quantum operation.

However, if the quantum system is open, unitary transformations® ¢ Intuitively, a unitary transformation
preserves total probability. But in

. . an open system, some probability
as part of an open quantum system, we can introduce an additional "leaks out" from p to the rest of the

are no longer sufficient to describe the evolution of p. To model p

environment particle p . This environment particle covers every- environment.
thing else in the system that is not encoded in p, hence the composite
system p ® ., forms a closed system.

While the composite closed system p ® g, always undergoes
a unitary transformation, the constituent sub-systems, including p
can undergo non-unitary transformations. The state of an individual
sub-system in such a composite system is obtained by taking a partial
trace with respect to the other particle. Finally, as with any closed
system, the evolution of this composite system is modeled as a uni-
tary transformation U(p ® p,,,)U". Thus, the evolution of an open
quantum system is modeled as

P = E(p) = Treny [U(p 2 po JU'], (3-4)

where Treny is the partial trace with respect to g, -
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In quantum information theory, both open and closed systems can
be described using quantum channels, linear mappings from one valid
quantum state to another (Nielsen and Chuang, 2011). The above
equation is one representation of such a quantum-channel, com-
monly known as the Stinespring representation (Wood et al., 2015b) as
it can be viewed as an application of the Stinespring dilation theorem

(Stinespring, 1955).

Operator-Sum Representation of Quantum Channels The Stine-
spring representation (Equation 3.4) of a quantum channel with
respect to a fictitious environment particle provides a physically
intuitive understanding of quantum dynamics. But an alternate for-
mulation, known as the Kraus-representation or the operator-sum
representation tends to be easier to work with, especially when de-
signing a learning algorithm. Specifically, a quantum channel can be
parameterized by a set of Kraus operators {Ky} (Kraus, 1971). The
state-update in Equation 3.4 can be equivalently expressed using
these operators as follows:

pr=E(p) =Y KupKj, st ) KKy=1I (3.5)

Measurement of Quantum Systems In quantum mechanics, sam-
pling from a belief state corresponds to making a measurement or
an observation of the state. A simple paradigm for quantum mea-
surement is known as Projection Valued Measurement (PVM), under
which, the probability of observing p to be in the y-th state is given
by Tr(P,p), where P, = Pf, is a projection operator that projects p
onto the eigenbasis of the s-th state. A significant drawback of PVMs
is that they can only describe measurements in a closed system, but
not open systems where measurements are performed on a larger
system (e.g. the experiment environment) of which p is a sub-system.
Such measurements can be modeled using a different paradigm
known as Positive Operator Valued Measurements (POVMs), which
utilize the operator-sum-representation of quantum channels.

A POVM is defined by a set of PSD matrices {F,} constrained by
the normalization condition }; F, = I. The probability of observing y
when the system is in state p is computed as

Pr(y | p) = Tr(Fyp)
POVM operators : {Fy| F, is PS.D} suchthat ) F, =1 (3.6)
Yy

It is easy to see that PVMs are a special case of POVMs where F; are
constrained to be projection matrices.

n
Figure 3.1: POVM Operators for an
HQMM: Given a finite observation
space O with s observations, we can
define a set of Kraus operators {Kwy}
for each observation y, here denoted
with matrices of different colors. Each
Kraus operator of the set (indexed by
wy), is an n x n matrix.
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We can further expand POVMs to describe the evolution of a
quantum state following a measurement. As every POVM opera-
tor is PSD, we can decompose it as Fy = Y, K;ﬂ,y Ky,, where wy is a
variable number of operators for every observation y, as visualized in
Figure 3.1. The Kraus matrices {{Ku, } }, describe the state transition
from p to p’ following an observation y as follows

Pr(ylp) = Tr (K;Kyp) = Tr (KypK;)
N KylA’K; _ Kyf’K; (3.7)

- Prllp) T (koK)

where K' is the conjugate-transpose of K. Hidden quantum Markov
models (Monras et al., 2010) were originally formulated using the
above Kraus representation of POVM operators for measurements,
which we now describe.

3.4 Hidden Quantum Markov Models (HQMMs)

We present the original formulation of HOMMs as Kraus-HQMMs
(K-HQMMs) as follows:

Definition 11 (K-HQMMs). An n-dimensional Kraus-Hidden Quan-
tum Markov Model with a set of discrete observations O is a tuple (C"*",
{Ky,w, }yeo,Po, Tr(-)) where initial state py € C"*" and Kraus operators
{Kyw, tyeo,w,ew € C"*" satisfy the following constraints:

(i) py is a Hermitian PSD matrix of arbitrary rank,

(ii) Normalized Initial State: Tr(p,) = 1,

(iii) Normalized marginal over observations: Zy,w K;,wa,w =1L
The state update after observing y is computed as

A t
o Zwy Ky,wy Pt71 Ky,wy
t= ~
Tr (Zwy Ky,wy P K;,wy)

p , (3-8)

and probability of a given sequence is given by:

P(y) =Tr (2 Ky, wy, - <Z Kyl,zu}/lpoK;l,wm) e K;t,w},t> (3.9)
Wyy Wyy
Both HMM and HQMM states satisfy notions of positivity and
normalization. The constraints on states arise since they need to
correspond to probability distributions. The constraints on operators
are needed to ensure that evolution via operators generate new states
that are still valid.

63
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While quantum-states encode the state of quantum particles, they
could just as easily be used to encode the states of classical prob-
abilistic sequential dynamics with discrete state spaces. This is es-
sentially the central motivation behind HQMMSs, particularly when
applied to classical machine learning. Viewed this way, HOMMs
appear as an alternative to traditional HMMs, wherein quantum den-
sity operators replace traditional state vectors, and quantum channels
replace HMM transition and emission operators. This raises the nat-
ural question: what do we gain and lose when swapping classical
HMMs with quantum-inspired HQMMs?

For HQMM s to be considered as useful alternatives to HMMs, we
could reasonably require that HQMMSs should allow us to model
some processes that cannot be modeled by HMMs. If not, they
should at least allow us to model the same processes as HMMs but
more efficiently. Indeed, if HQMMSs do not provide any additional
expressiveness or efficiency, it is difficult to justify the additional
mathematical complexity introduced by quantum dynamical systems.
As we now discuss, this property is, in fact, satisfied: HQMMs form a
superset of HMMs — any process that can be modeled using a finite-
dimensional HMM, can also be modeled using a finite-dimensional
HOQMMs (Monras et al., 2010) but not vice-versa. In fact, empirical
results suggest that HQMMSs tend to require fewer latent dimensions?”
to model the same process (Srinivasan et al., 2018e; Adhikary et al.,
2020).

To analyze the relative expressiveness of HMMs and HQMMs, let
us begin by taking a closer look at the geometric structure of their
state and operator spaces.

3.5 State Space Geometry

HMM State Space Geometry The critical constraint defining the
structure of HMM state spaces is that any HMM state must directly
correspond to a probability distribution. This translates to a non-
negativity constraint (since probabilities cannot be negative) and a
normalization constraint (since probabilities must sum to 1).

For HMMs, the non-negativity constraint on states is enforced in
arguably the strictest way possible — every element of the state vector
is required to be non-negative. The state-normalization constraint
can then be implemented as requiring HMM states to have unit 1-
norm, i.e., its elements must sum to 1. The state space carved out by
these constraints can be viewed as a pointed polyhedral cone (Jaeger,
2000). As shown in Figure 3.2, a polyhedral cone can be viewed as
constructing an approximation of smooth (non-polyhedral) cone by
stitching together multiple triangles that all meet at a common tip.

7 not to be confused with number of
parameters. A lower-dimensional
HQMM can have more parameters than
a higher dimensional-HMM
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The corners where these triangular sections meet form sharp edges
that define the borders of the cone. The number of such sharp edges
is determined by the number latent states. Indeed, with an infinite
number of latent states, we would obtain an exact smooth cone — but
a finite number of states can only provide an approximation.

HQMM State Space Geometry As with HMMs, HOMM states
also satisfy non-negativity and normalization constraints to ensure
that they correspond to valid probability distributions. The non-
negativity constraint is enforced by requiring the state matrix p to
be positive semi-definite. Note that individual elements of the state-
matrix are not required to be non-negative — in fact, they are not even
required to be real-valued. Recall that PSD matrices have real and
non-negative diagonals, and the diagonals of p list the probabilities
of individual latent states. Finally, the normalization constraint is
enforced by requiring p to have unit-trace, i.e., the diagonal entries
must sum to 1.

Similar to HMMs, the state space of HOMMSs consisting of unit-
trace PSD matrices also carve out a pointed convex cone, but with
different goemetric properties. Specifically, Hermitian PSD matrices
form a convex cone, and the intersection of this cone with the linear
affine subspace of trace 1 matrices is a spectrahedron known as a
spectraplex.

The polyhedral cones of HMM states and spectraplexes of HOMMs
define the set of all possible valid states. Technically, these states form
all possible valid initial states, since some states may not be reachable

unless the process starts off that that state. Given an initial state, the Figure 3.2: Illustrations of State Space
portion of the state space that is actually reachable is defined by the Geometrices of HMMs and HQMMs
Non-polyhedral cones (top), Spec-
traplexes (middle), and Polyhedral
HQMMs are constrained, their operators must also be constrained cones (bottom).

operators of the model. Since the state-spaces of both HMMs and

in a way to avoid generating states outside the valid space. We now
discuss these constraints, and how we can visualize them.

3.6  Operator Space Geometry

As with states, HMM and HQMM operators also satisfy non-negativity
and normalization constraints.

HMM Operator Space Geometry For HMMs, the non-negativity
constraint on operators is enforced by requiring all their elements to
be non-negative — the same constraint placed on states. The normal-
ization constraint is satisfied by requiring both transition and emis-
sion operators to be column-stochastic. Note that, again, this is the
same constraint as for HMM states — just imposed over all individual



66 SANDESH ADHIKARY

columns of operators.
Geometrically, the valid space of HMM operators can be character-
ized as a Multinomial manifold:

Multinomial Manifold: {X € R™" : X;; > 0Vi,j X'1,, = 1,}

HQMM Operator Space Geometry Compared to the strict non-
negativity constraints of HMM operators, the definition of HQMMs
in Definition 11 might, at first glace, suggest that there are no non-
negativity constraints enforced on HQMM operators. In contrast,
HQMM operators actually satisfy a relatively strong positivity con-
straint — called complete positivity — but we end up getting this prop-
erty ‘for free’ with the Kraus operators from the operator-sum repre-
sentation of quantum channels.

Specifically, the non-negativity constraint on HOMM operators
are basically designed to ensure that the non-negativity of HOMM
states p is invariant to these operations. In other words, we need
HQMM operators to preserve the positive semi-definiteness of p.
But the quantum-mechanical interpretation of quantum channels
requires more — it must also account for any other auxiliary states.
Specifically, it is not sufficient that the quantum channel £ preserves
the positive semi-definiteness of p — it must also preserve the pos-
itive semi-definiteness of the joint state of p in conjunction with
its environment. Namely, any quantum particle p, can always be
viewed as part of a larger composite-system p & p,, where p, in-
cludes all other particles in the environment. Since the HQMM op-
eration £ should only update p, it can be viewed as the composite
operation & ® I where p, undergoes the identity operation. Now,
we definitely need the quantum channel acting on p to preserve
its positive semi-definiteness, i.e. p = 0 = &(p) > 0. But
we also require that the final composite system also be PSD, i.e.,
p=0p, =0 = (E@I)(p®p,) = 0, forany p, of arbitrary
dimensions.

The set of operators that satisfy the strict positivity required de-
scribed above are known as Completely Positive (CP) operators.
While it is highly non-trivial to define constructive constraints to en-
sure complete-positivity, we actually get it for ‘free’ via the Kraus
operator representation of K-HQMMSs since any operation of the
form ¥, Ky,pK], is guaranteed to be CP. In the next chapter, we will
reformulate HQMMs using a different formulation, and discuss alter-
native means of enforcing this constraint.

In addition to complete positivity, HOMM operators must also en-
sure that they always return Hermitian states, i.e., they must preserve
the Hermitian property p = p' of HQMM states. As with the CP
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constraint, the Kraus operator formulation satisfies this constraint by
design: for any PSD matrix M, we have (Zi A:rMAl-)1L =Y, A?MAi.

The normalization constraint on HQMM-operators or the trace-
preservation (TP) constraint is the only one of the CP-HP-TP constraint-
triple that is not trivially satisfied by K-HQMM operators. The TP
constraint requires that the operators be trace-invariant, i.e., the trace
of the input state p remains unchanged after the operation. This con-
straint can be enforced by requiring that ), ;, K;ley,w = I (Nielsen
and Chuang, 2011).

The TP constraint can be simplified to some extent by introduc-
ing a new operator x formed by vertically stacking the individual
Kraus operators i.e. kT = [leyl |- |mey1 |- Koy, | [ Kaoy, 1o
as visualized in Figure 3.3. The TP constraint is then translated to an
orthonormality constraint on « as follows

k=1 < Y K} Ky, =1
wy
This constraint defines a space of operators x with a specific metric
structure — namely « is an element of a Riemannian manifold known
as the Stiefel manifold. This manifold is essentially the same as the
space of left-unitary matrices, but more general as it includes non-
square matrices, defined more formally as:

Stiefel Manifold:{X € C"™*" : X'X = I}

3.7 Relative Expressiveness of HMMs and HQMMs

Having characterized the geometries of both the state and operator
spaces of HMMs and HQMMs, we now turn to relative expressive-
ness of these models. Specifically, we use the following definition of

relative expressiveness®:

Definition 12 (Relative Expressiveness of Models).

* A C B: A model class B is at least as expressive as model class A, i.e.,
A C B, if all finite-dimensional models in class A can be modeled exactly
by a finite-dimensional model in class B.

e A C B: Moreover, model class B is more expressive than model class A,
ie, A C B,if A C Band there exists a finite-dimensional model in class
B that cannot be modeled exactly by a finite-dimensional model in class
A.

Relative Expressiveness: HMM C HQMM Using the above def-
inition, we can characterize the relative expressiveness of HMMs
and HQMMs by seeking a family of processes that separate the two

K

(K.,
]
(Ko,
N

{Ku,, }

Figure 3.3: Stacked Kraus operators
on the Stiefel manifold The x matrix
formed by vertically stacking all Kraus
operators satisfies x'x = 1

8 Note that this is a binary comparison
between model classes. For example, a
model class would be more expressive
than another even if there exists just
one (potentially esoteric model) that
cannot be modeled exactly by the other
class.
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classes. One such family is that of processes that require oscillations
in the latent space dynamics (Zhao and Jaeger, 2010a).

The state-space trajectories of HMMs are generated through re-
peated applications of linear operators Ty, as shown in Equation 3.3.
Such sequential linear operations can generate oscillatory latent state
trajectories only if the operators have complex-valued eigenvalues.
However, since T, are non-negative, they can only have real eigen-
values. Thus, HMM operators cannot induce oscillations in the latent
state.

As with HMMs, the state updates in HOMMs are also linear with
respect to the state-space, but unlike HMMs they can generate oscil-
latory behavior. This can be seen clearly if we simply vectorize? the
update equations in Definition 11:

vec(p) o« vec(Y Ky, pK} ) « (Y K] ®K,,)vec(p)
w w

2 matrix.

Here, the operator (), K‘yLw ® Ky, ) is now simply a n? xn
Unlike HMM operators, this operator is not restricted to be non-
negative, and can have complex-valued eigenvalues. Thus, it is able
to generate oscillations in the latent state. Such HQMMs cannot be
modeled using a finite-dimensional HMM.

We can illustrate the separation between HMMs and HQMMs
using a concrete example originally devised by Jaeger (2000) — the
probability clock. This is a simple process defined over two observa-
tions O = {a,b} that induces oscillatory behavior in the conditional
probability P(b|a) as shown in Figure 3.5. Jaeger (2000) show that
this requires similar oscillatory behavior in the latent states, and that
finite-dimensional HMMs cannot model this process. It has been
shown (Srinivasan et al., 2018e; Adhikary et al., 2020) that finite-
dimensional HQMM s can, in fact, exactly model processes including
the probability clock; demonstrating that HQMMs are more expres-
sive than HMMs: HMM C HQMM.

From a geometric perspective, Jaeger (2000) identify any stochastic
process, satisfying a specific notion of finiteness'®, can be modeled
by general class of models known as Observable Operator Models
(OOMs). We discuss this general model class in Chapter 5 — indeed,
we will demonstrate that OOMs contain HQMMs as well. For now,
we note that the state-space of general OOMs define non-polyhedral
convex cones, and HMMs are known to be a specific class of OOMs
with polyhedral convex cones. The probability clock is a specific
example of a process that cannot be modeled exactly on a finite-
dimensional polyhedral cone.

Relative Compactness While our definition of relative expressive-
ness in Definition 12 captures whether one class is more expressive-

HQMM

HMM

Figure 3.4: HQMMs are more Expres-
sive than HMMS HMM C HQMM

9 The operators formed through this
vectorization are known as Liouville
operators. We use this vectorized for-
mulation to define Liouville-HQMMSs in
Chapter 5

P(b|aV)

0.6

0.4
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0.0

0 20 40
Time Steps (N)

Figure 3.5: The Probability Clock The
‘probability clock’ process generated
by a finite dimensional OOM. Finite
dimensional HMMs are unable to
model this oscillating behavior exactly.

*° Specifically, Jaeger (2000) showed that
OOMs can model any stochastic process
with a ‘systems-dynamics’ matrix with
finite rank. Note that this does not
restrict the latent dimension to be finite.
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ness than other, it does not include a notion of compactness. Depend-
ing on the application, we may be interested in different notions of
compactness either in the parameter space or the state-space.

From a modeling perspective, it may be desirable to model a pro-
cess using as few latent states as possible. Srinivasan et al. (2018a)
have shown that any n-dimensional HMM can be modeled by an
HQMM with no more than n? dimensions. However, it is not clear
if this is a tight upper-bound. In fact, empirical evaluations have
demonstrated multiple examples where an HQMM is able to model
a process with fewer latent dimensions than an HMM. In Figure 3.6,
we present results from our own experiments on synthetic data corre-
sponding to the Stern-Gerlach experiment, an illustration of a widely
studied quantum mechanical process. As illustrated in the results,
2-dimensional HOMMSs were able to model the data with higher ac-
curacy than even a 6-dimensional HMM. We provide further details
about this experiment, including specifics of learning HQMMs, in the
next chapter.

Figure 3.6: Test Set Performance on the
GS (HQMM) ROSM (HQMM) EM (HMM) Synthetic HQMM Data: The dashed

0.125 line represents the test set performance
of the true model that generated the

0.100 data. The GS and ROSM methods
were used to learn (2,6, 1)-HQMMs,

0.075 while EM was used to learn HMM

models with varying number of hidden
states (). A 6—state HMM model was
needed to match a 2—state HQMM. Full
experimental details are provided in
Section 4.4

0.050
0.025 .
0.000

n= 2 3 4 5 6

Finally, we consider another aspect of compactness that is not
captured in Definition 12 — compactness of the parameter space.
Even if an HQMM is more compact than HMMs in terms of latent
dimensions, it generally requires far more parameters. Specifically,
an n-dimensional HMM with s = |O| observations is modeled via
n?> + ns = n(n + s) learnable parameters. On the other hand, an
n-dimensional HQMM requires )7 (n x 1) x wy. If we set the same
number of operators w, = w for all observations (as we do in our
experiments), we get wsn? learnable parameters. However, as we
have discussed, this increase in parameter space can come with the
additional benefit of increased expressiveness and potentially more
compact latent space. Given the current scale of modern machine
learning computations, the increase in parameter space will likely not
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present a significant hurdle for most applications. However, being
able to train such highly parameterized models requires efficient
learning algorithms, which we now discuss in the next chapter.

3.8 Conclusion

In this chapter, we provided an introduction to HQMMs, illustrating
how they are strictly more expressive than HMMs. In Chapters 5-7
we will establish additional relative expressiveness properties con-
necting HOMMs to other generalizations of HMMs, and establishing
them as a highly expressive model class.

While expressiveness is a theoretically interesting concept, its
practical significant hinges on being able to actually learn these mod-
els from data. The Stiefel manifold parameterization of HQMMs
discussed in this chapter has been crucial in designing learning algo-
rithms for HQMMSs (Srinivasan et al., 2018c). In the next chapter, we
discuss an existing approach that utilizes this Stiefel-parameterization.
We highlight how this approach does not fully utilize the Riemannian
parameterization, and propose an alternate approach that exploits the
metric structure to learn HQMMSs using gradient descent.



4
Learning HQMMSs on the Stiefel Manifold

Abstract Ultilizing the geometric characterization of hidden quantum
Markov model (HQMM) operators as elements of the Stiefel manifold, we
propose training these models using Riemannian gradient descent. Prior to
our approach, the only existing algorithm relied on learning HQMMSs via
iterated Givens rotations, which we refer to as Givens Search (GS) (Srini-
vasan et al., 2018e). We discuss how we overcome some of the shortcomings
of GS, and experimentally demonstrate greater speed and modeling accuracy.
Moreover, we show that our approach does not just provide incremental im-
provements, but, in fact, enables scaling up HQMMs to larger problem classes
that were prohibitively slow to learn using GS.

Hidden Quantum Markov Models (HQMMs) are known to be
more expressiveness than the classical Hidden Markov Models
(HMMs), but their applicability as a probabilistic graphical model
for practical applications depends on being able to learn them from
data. For HMMs, the Baum-Welch expectation maximization algo-
rithm (Baum and Petrie, 1966) has been the algorithm for choice for
decades. Devising a learning algorithm for HQMMSs requires an
efficient means of constraining learned operators to satisfy the re-
quirements defined in Definition 11. As discussed in Section 3.6, all
but the normalization constraints on Kraus operators are already
satisfied by the form of the operator-sum representation — leaving
the trace-preservation constraint as the only constraint that must be
enforced explicitly.

In this chapter, we present an approach to learn valid HOMM
operators utilizing its Stiefel manifold parameterization via Rieman-
nian gradient descent introduced in Adhikary et al. (2020). Prior to
this approach, the only available algorithm, to the best of our knowl-
edge, was that introduced by Srinivasan et al. (2018d) that learns a
sequence of Givens rotations to transform an initial set of HQMM
parameters to ones that best describe the data. However, this ap-
proach, which we refer to as Givens Search, tends to be relatively slow
for reasons we soon discuss. Coupled with the fact that the number
of HQMM parameters increase much faster than HMM parame-
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ters with both latent dimensions and number of observations, the
limited speed of the Givens Search approach made it prohibitively
expensive to experiment with large HOMMSs. Thus, the application
of HOMMSs had been restricted to relatively simple settings that are
not representative of real-world problems. We demonstrate how our
approach that utilizes gradient descent adapted to the Riemannian
Stiefel-manifold structure of HQMM allows us to mitigate this re-
striction, and apply it to problems that were previously impractical
with Givens Search.

Outline We define the problem of learning HOMMSs from data in
Section 4.1, and summarize the Givens Search method that we use
as a baseline — particularly focusing on its limitations. In Section 4.3,
we discuss our approach of learning HOMMSs using retractions on
the Stiefel manifold (ROSM). In Section 4.4, we compare our ap-
proach against Givens Search on multiple synthetic datasets, includ-
ing data from quantum processes, as well as a real-world dataset

of DNA sequences. Through these experiments, we aim to demon-
strate that ROSM provides higher accuracy and speed compared

to Givens Search, and finally enables scaling to more complex real-
world datasets.

Notation We use the same mathematical notation used in the earlier
chapters as described in Section 3.1.

4.1 Learning HQMMs

The Learning Problem Consider a dataset of sequences D = {i;},

where each sequence ; = [y, - ,yr| consists of T observations

yt € O. Following Srinivasan et al. (2018e), we can fit a model to this
dataset by minimizing the following negative log-likelihood objective

L= Z ng = — Z lnP(y'd)
ya€D ya€D
Given an HQMM (C"", {Ky,«, }yc0,Po, Tr(+)) as defined in Defi-
nition 11, can we update the initial state p, conditioned on an initial
observation vy as follows

pl = Z Kyo,wyo Po K;o,wyo
Wy
Here p’ is the unnormalized updated latent state, and the likelihood
of having observed y is simply the sum of likelihoods over all latent
states after the conditional update. This is simply the trace of the
updated p’. To obtain the likelihood of a full sequence, we apply
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the same update sequentially for every observation in the sequence,
before ultimately applying the trace operation. The negative log-
likelihood objective defined over a single sequence § = [yo, - - -, yr] is
thus computed as

* . t,. t _
K= argircnm Ly(x) st K'x=)_ Ky 0, Kyw, =1
Wyy

: 5 1t +
= argimn —InTr (2 Kyrwy, -+ (Z Kyo,wy, Po Kyo,wyo> oo Kyrﬂl%)

Wyr Wy
+ t
st. k' =) Ky, Kyw, =1
Wy, Y

(4.1)

Recall that x is formed by vertically stacking all Kraus opera-
tors {Ky,u, } across all observations, which, as denoted by the con-
straint, is an element of the Stiefel manifold. In the absence of this
constraint, optimizing the objective would be fairly straightforward —
we could simply update the parameters of x using gradient descent.
However, such updates would result in ¥* not being on the Stiefel
manifold, and thus the learned model would not be a valid HQMM.
The learned x* would then need to somehow be heuristically pro-
jected back onto the Stiefel manifold to ensure compliance. Since
such heuristic projections generally do not account for the overall
objective, they do not guarantee an expected decrease in the overall
objective. Indeed, while the x* obtained via gradient descent will, in
expectation, greedily reduce the objective, the intermediate heuris-
tic projections break any guarantees — the objective value may even
increase after the projection.

An alternative approach is to identify an optimization trajectory
over the Stiefel manifold. In Adhikary et al. (2020), we proposed
optimizing the above objective using Riemannian gradient descent,
and present this approach in Section 4.3. But first, we present a ap-
proach that predated ours, and which, at the time, was the first and
only available algorithm to learn HQMMs from data. We use this
algorithm as our baseline, and show how our approach attempts to
overcome its shortcomings.

4.2 Givens Search

To ensure that the Stiefel manifold constraint on x is maintained,
Srinivasan et al. (2018e) note that it is sufficient to enforce that up-
dates made to x are unitarity-invariant. Namely, given an initial x
that lies on the Stiefel manifold, all updates must continue to be on
the Stiefel manifold. One option of such a Stiefel-invariant update is
to restrict ourselves to rotations since rotations preserve unitarity. If

73
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we pick a class of rotation transformations parameterized by some
learnable parameters, we can then use the objective to learn these pa-
rameters. We could then turn the constrained optimization problem
in Equation 4.1 into an unconstrained optimization problem through
reparameterization.

Givens Rotations Srinivasan et al. (2018e) pick the family of com-
plex Givens rotations as the class of parameterized unitary transfor-
mations. A complex Givens rotation matrix H(p, g,6, ¢, 1, ) is simply
the identity matrix I with just the elements corresponding to the p-th
and g-th row and column replaced by elements parameterized by
angles (0, ¢,1,0) as follows:

Hik =1 Yk £ p.q
Hy; =0 k#pqgand! #p,q
Hy . = exp(i¢/2) exp(ip) cos 6 k=p
Hy . = exp(i¢/2) exp(—iyp) cos k=g
Hy, = —exp(i¢p/2) exp(—id)sind p>q
Hy, = exp(i¢p/2) exp(id) sinf p<gq

Note that H(p, g,6, ¢,,9) only affects the p-th and g-th rows of the
matrix to which it is applied — all other elements undergo an identity
transformation. In Figure 4.2, we provide a visual illustration of a
H(1,1,60,¢,9,9).

Givens Search Having parameterized the updates for x, we no
longer need to explicitly enforce the Stiefel constraints on x. We can
thus initialize a complex-valued x on the Stiefel manifold, and itera-
tively apply Givens rotations as follows:

x' =H(p,q,6,¢,¢,6) x

However, we still do need to handle constraints on the parameters
(p,q,0,¢,9,0). Firstly, given a tuple (p,q), the remaining parameters
are all angles that are generally constrained within [0, 7. This is a
fairly common constraint that is easily handled in most learning al-
gorithms. As such, we can choose from a wide range of optimization
algorithms; Srinivasan et al. (2018e) opt to use a gradient-free black-
box optimization algorithm. The tricker constraint to satisfy is that
both p and g must be integers. Srinivasan et al. (2018e) resolve this
issue by picking random integers for (p,q), and then optimizing the
remaining parameters conditioned on these integers. We illustrate the
Givens Search algorithm in Figure 4.2.

-
uoooogn
aoooodn
aoooodn
ooooodn
uoooodn
aoooodn
ooooodn
I
I
—

Figure 4.1: The Givens Search Algo-
rithm for HQMMs: The Givens Search
algorithm repeatedly performs the fol-
lowing iterative updates: (1) begin with
a valid x (2) randomly pick two rows (3)
run a single iteration of an optimization
algorithm to obtain a Givens rotation
for the chosen rows, and (4) apply the
rotation and obtain new «’. This is
repeated until the objective converges,
or a maximum number of iterations is
reached.
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Limitations of Givens Search We note that the above Givens Search
(GS) approach has two crucial limitations. The first limitation is one
of optimality — while the black-box optimization routine provides
optimization guarantees on the learned angles (6,¢,9,6), but since
indices (p,q) are picked at random, this optimization guarantee does
not hold for k. The second limitation is one of speed — at every itera-
tion, a Givens rotation only updates the i-th and j-th row of x. Thus,
most of the parameters of x are not optimized at every iteration. Re-
call that one of the drawbacks of HQMMs compared to HMMs is that
the number of parameters for HQMMs scale quite rapidly compared
to HMMs. Thus, the slowness of Givens Search quickly becomes a
major hurdle as we increase the number of latent dimensions.

4.3 Retractions on the Stiefel Manifold

To overcome the limitations of Givens search highlighted in the ear-
lier section, we propose directly learning x using a gradient-based
algorithm. Note that since £ is a function of complex matrices, the
direction of steepest descent corresponds to the gradient with re-
spect to the complex conjugate of the Kraus operators (Hjerungnes
and Gesbert, 2007). We use the algorithm proposed by Wen and Yin
(2013) to constrain our parameter updates on the Stiefel manifold.

The Wen-Yin Update Scheme Given a gradient G of the loss func-
tion £ with respect to parameters x, we wish to find the trajectory
v(7) for some step size T that corresponds to stepping along the
direction of the gradient while staying on the Stiefel manifold. The
Wen-Yin approach achieves this through retractions that smoothly
map G or any point on a manifold’s tangent bundle onto the mani-
fold itself, while preserving the descent direction at that point (Wen
and Yin, 2013). We can intuitively think of a retraction as wrapping
the direction of G onto the surface of the manifold. This provides us
with a feasible path (7) for curvilinear descent with respect to an
initial feasible solution x:

T -1
7(T) =Ky — TU (]1 + 5V U) Vi, (4.2)

where U = [G | ko], V = [k¢ | — G|, and G is the gradient at k. To
see that y(7) is, in fact, the direction of steepest descent to feasibly
optimize our loss, we can check if two important criteria are met.
First, when T = 0, we should be at the initial point xy with (0)
pointing the same direction as G. This is easily verified since y(0) =
ko and 9/(0) = —G (Wen and Yin, 2013). Second, any point along
7(7) must be feasible. To confirm this, note that Equation 4.2 can be
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equivalently written as the following Crank-Nicolson-like update

y(T) = (]I + %A) o (]I — %A) Ko, (4-3)

where A = Gk} — xoG*. Thus, (1) is actually the Cayley transform
of the skew-symmetric matrix A applied to xg. Using this interpre-
tation, it can be shown (Wen and Yin, 2013) that 7(7)Ty(1) = xlx.
Therefore, as long as the initial point is feasible (xixo = 1), every
point along y(7) will be feasible. While Equation 4.3 is easier to in-
terpret, Equation 4.2 is computationally favorable as it requires the
inversion of a smaller 2n x 2n matrix.

We combine the Wen-Yin update with a simple gradient descent
scheme (Algorithm 1) to learn feasible parameters for HOMMs. In
our experiments with N = |O|w, and for a batch with m sequences
of length I, we compute the loss using Equation 4.1 in O(mlwn?)
time, perform auto-differentiation, and obtain a retraction using
Equation 4.2 in O(|O|wn3) time.

Algorithm 1: Learning HOMMSs with Retractions on the
Stiefel Manifold
Input: Training data Y € INM*¢
Data: M: number of data points, £: number of observed
variables in HOMM
Parameters: 7: learning rate, a: learning rate decay, B: number

of batches, E: number of epochs
Output: {Ki}l‘f‘l"’
1 Initialize complex orthonormal matrix on Stiefel manifold
= @|0|wn><nl.

2 Partition x into Kraus operators {K;} l.f‘lw, with each K; € C"*";
3 for epoch < 1to E do
4 | Partition training data Y into B batches {Y,};

5 forb <+ 1to B do

6 Compute gradients G; < aa% for batch Yy;
T

7 Form G + [Gl G\O\w} ;

8 Construct U« [G |k ]|, V< [k | —G];

9 Update & + x — U (14 3V'U) ' Vix;

10 | Update learning rate: T < at;

11 | Repartition k into Kraus operators {K;};

12 return {K;}

Revisiting Limitations of Givens Search Before delving into exper-
iments, let us define our hypotheses for why we expect Algorithm 1
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to outperform Givens Search by revisiting the two limitations of the
latter discussed earlier. Firstly, unlike Givens Search, there is no need
to resort to randomly selecting co-ordinate directions to optimize
since the retraction based approach removes need for constrained
integer optimization. Thus, we expect Algorithm 1 to find better
optima than Givens Search, i.e., provide a better fit to the data.

Secondly, all parameters of x get updated at every iteration, as
opposed to the slow row updates in Givens Search. Thus, we expect
Algorithm 1 to be much faster than Givens Search. We note that the
slowness of the Givens Search algorithm is not just a minor inconve-
nience, but essentially makes it infeasible to learn large HOMMs with
higher parameters. As we demonstrate, the improved speed provided
by our approach allows us to finally experiment with large HOMM
models, and begin to validate some of their theoretically-established
properties.

4.4 Experiments

To show the superior performance of our apoorach using Retrac-
tions” on the Stiefel manifold (ROSM) over the previous Givens
Search (GS) method in learning HQMMSs, we evaluate their accu-
racy and run-time on three datasets. The first is the synthetic dataset
used by Srinivasan et al. (2018e) that was generated by an HMM. The
second is another synthetic dataset that models a simple quantum
phenomena observed in the Stern-Gerlach experiment. Finally, we
evaluate our algorithm on a real-world dataset, on which the GS ap-
proach is prohibitively slow; demonstrating the scalability of ROSM.

Training For all our HQMMSs, we use the log-likelihood loss func-
tion from Equation 4.1. We initialize the latent state p, as a ran-
dom Hermitian PSD matrix using the QETLAB toolbox (Johnston,
2016), and k as a random orthonormal matrix. Except for very small
models, ROSM is fairly robust to random initializations (see Ap-
pendix 12.1). We compute the gradient of the loss function with
respect to the complex conjugate of the Kraus operators using the
Autograd package (which can handle complex differentiation), and
vertically stack the gradients of the Kraus operators to construct the
gradient G of the matrix x. To smoothen the trajectory we apply
momentum with § = 0.9 (Rumelhart et al., 1986; Qian, 1999b), and
re-normalize the gradient before and after the momentum update,
making the magnitude of updates entirely dependent on step-size.
We refer to HQMM s using the tuple (1,s, w) —HQMM, where # is
the number of hidden states, s is the number of possible outputs (ear-
lier denoted |O|), and w is the number of Kraus operators per output,

*In Adhikary et al. (2020), we had
labeled this approach Constrained Op-
timization on the Stiefel Manifold
(COSM). This was somewhat of a mis-
nomer since retraction based algorithms
are actually considered unconstrained
optimization over manifolds. Here, we
chose to rename the approach to better
align with the literature.
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also referred to as the dimension of the ‘environment’ variable (Srini-
vasan et al., 2018e). Consequently, for an (1, s, w) —-HQMM we have
x € C™"*" We also provide the performance of HMMs trained us-
ing the Expectation-Maximization (EM) algorithm (with 5 random
restarts) for reference. Details of our hyperparameter tuning proce-
dure and computing infrastructure are described in Appendix 12.

Metrics In our experiments, we use a scaled log-likelihood (M. Zhao,
2007; Srinivasan et al., 2018e) independent of sequence length called
description accuracy: DA = f (1 + W), where f(-) squishes
the log-likelihood from (—co,1] to (—1,1) (with f(x) = tanh(x/8) for
x <0,and f(x) = x for x > 0). When DA = 1, the model predicted
the sequence with perfect accuracy, and when DA > 0, the model
performed better than random. The error bars represent one stan-
dard deviation of the DA scores across many test samples. On the
real-world dataset, we report the average accuracy for a classification

problem.

4.4.1  Synthetic HMM Data

For our first experiment, we generated data using the same synthetic
HMM as Srinivasan et al. (2018e), with 6 hidden states and 6 outputs.
We show two things with the experiments on this dataset: 1) ROSM
finds better optima than GS, and 2) ROSM is much faster than GS -
so much so that we could train larger HQMMSs than were previously
possible. We also investigate the effects of increasing model size by
adding latent states (1) versus increasing the Kraus-rank (w).

We used the same 20 training and 10 validation sequences of
length 3000 used by Srinivasan et al. (2018e), splitting up each se-
quence into 300 sequences and use a burn-in of 100. We trained
HQMMs using the ROSM approach for 60 epochs, and evaluated
the model with the highest validation DA score on the test set. The
results for this model are shown in Figure 4.2.

ROSM finds better optima than GS As shown in Figure 4.2,
HQMMs (with w = 1) learned using ROSM achieve better optima
than HQOMM s learned using GS for all n. We also confirm that as
noted in Srinivasan et al. (2018e), small HOMMs (n < 5) can model
this data better than small HMMs, although this doesn’t hold for

n = 6. However, we can take advantage of the additional Kraus-rank
hyperparameter w available to HQMMs to further improve perfor-
mance, as shown in Figure 4.2 for (5,6, w) ~-HQMMs (varying w).
Moreover, note that the number of parameters for an HQMM scales
faster than for an HMM.
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—— GS (HQMM) —— ROSM (HQMM) —— EM (HMM) Figure 4.2: Test Set Performances on
1 the Synthetic HMM Data: The dashed
018 - line represents the test set performance
of the true model (a (6,6)-HMM) that
< 016 generated the data.
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ROSM is much faster than GS In Figure 4.3, we plot the test set
DA versus CPU training time for the smallest and largest models

-
[=2]

Test DA
=

pry
N

trained. To ensure a fair comparison, we train both approaches on
sequences of length 300 and a batch size of 30. Note that we pre-
tune hyperparameters on the validation set, and the graphs show the
changing test DA as the models are trained with these hyperparame-
ters (test DAs were not used to tune hyperparameters).

For all models, we see that ROSM converges much faster than
GS, and the difference in both speed and accuracy is especially pro-
nounced for the larger models; ROSM quickly approaches conver-
gence within a few hundred seconds, while GS yields very poor
solutions even after 2000 seconds. As the GS method can take days
to converge for large models, we did not directly calculate a precise
speedup but provide an estimate in Appendix 12.3.

Srinivasan et al. (2018e) proved that a (6,6,6)-HQMM should
be sufficient to fully model a (6,6)-HMM, but the GS method was
too slow to train this model. With ROSM, we are able to show that
this theoretical guarantee holds in practice. In fact, we find that in
practice a (5,6,3) —HQMM is sufficient to model our (6,6) —HMM.

4.4.2  Experiment on Synthetic HQMM Data

As an additional experiment on a purely quantum mechanical
dataset, we compared the ROSM and GS methods on data gener-
ated using the synthetic HOMM with 2 hidden states and 6 possible
outputs in Srinivasan et al. (2018e). The data generation process is
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inspired by the well known Stern-Gerlach experiment (Gerlach and
Stern, 1922) in quantum mechanics, and at least 4 hidden states are
required to model it. Srinivasan et al. (2018e) demonstrated that
HQMMs learned from such synthetic data showed in practice the
same benefits that held in theory. Our goal is to verify that the ROSM
method performs at least as well as the GS method on a dataset well-
suited to the HQMM model class.

We used the same synthetic dataset used by Srinivasan et al.
(2018e), with 20 training and 10 validation sequences of length 3000.
We further split up each sequence into 300 sequences and use a burn-
in of 100, instead of training on 3000-length sequences with a burn-in
of 1000. This reduced training time without impacting accuracy or
the amount of training data processed. We trained HQMMs using
the ROSM approach for 6o epochs, and saved the model that yielded
the highest DA score on the validation set; we used this model to
evaluate on the test set of 10 sequences of length 3000 (with burn-in
1000). The results for this model are shown in Figure 4.4.2. We see
that the ROSM method achieves slightly better DA compared to the
GS method. We confirm that as seen in Srinivasan et al. (2018e), we
need a 6—state HMM to model this 2—state HQMM.

Figure 4.3: ROSM Learns More Ac-
curate Models Faster than GS: Test
DA versus training time for various
(n,s,w)-HQMMs trained on the syn-
thetic HMM data. ROSM converges to
a better optimum faster than GS for all
models; the dashed line represents the
DA of the true data generating model.
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Figure 4.4: Test Set Performance on the
GS (HQMM) ROSM (HQMM) EM (HMM) Synthetic HOMM Data: The dashed
0.125

1 line represents the test set performance
0.100
0.075
0.050
0.025 . I
0.000
- 5 6

data. The GS and ROSM methods were
used to learn (2,6,1)-HQMMs, while
EM was used to learn HMM models
with varying number of hidden states
(n). A 6—state HMM model was needed
to match a 2—state HQMM.

of the true model that generated the
n= 2 3

4.4.3 Splice Dataset

For our final experiment, we use the real-world splice dataset (Dheeru
and Karra Taniskidou, 2017; Towell et al., 1991) consisting of DNA se-
quences of length 60, each element of which represents one of four
nucleobases: Adenine (A), Cytosine (C), Guanine (G), and Thyamine
(T). A DNA sequence typically consists of information encoded

in sub-sequences (exons), that are separated by superfluous sub-
sequences (introns). The task associated with this dataset is to clas-
sify sequences as having an exon-intron (EI) splice, an intron-exon
(IE) splice, or neither (N), with 762, 765, and 1648 labeled examples
for each label respectively. In addition to A, C, T and G, the raw
dataset also contains some ambiguous characters, which we filter out
prior to training. We demonstrate that ROSM can be used to train
HQMMs on real-world datasets which would have been too slow to
train using GS.

We train a separate model for each of the three labels, and during
test-time, choose the label corresponding to the model that assigned
the highest likelihood to the given sequence. We train HOMM s us-
ing the ROSM method and HMMs with the EM algorithm (with 5
random restarts) for reference. In Figure 4.5, we report the average
classification accuracies across all labels obtained with 5-fold cross
validation. For reference, a random classifier achieves around 33.3%
accuracy.

Note that 5-fold cross-validation is prohibitively time consuming
for GS, even for models with a modest number of parameters. How-
ever, we are able to learn these HQMMs with ROSM. We also see that
(as before) there is a sizable marginal gain in DA when going from
w = 1tow = 2, with the benefits of increasing w further being less
clear. However unlike the previous experiment, we still see persistent
gains by increasing n. Interpreting this in conjunction with the results



82 SANDESH ADHIKARY

wm» ROSM (w=1) @B ROSM (w=4)
@ EM (HMM)
@S ROSM (w=2) @EED ROSM (w = 6)

0.7
06
3 05
Q
<
04
03
2 4 6 8
Latent States (n)
1500
§ 1000
Q
£
o
o II II
o w _«il il ol
2 4 6 8

Latent States (n)

in the previous section suggests that we have to tune both n and w
depending on the dataset. We also find that for a given number of
hidden states, ROSM is able to learn an HQMM that outperforms
the corresponding HMM, although this comes at the cost of a rapid
scaling in the number of parameters.

Alternative Update Schemes on the Stiefel Manifold As discussed
in Section 4.3, we used the Wen-Yin update scheme to obtain retrac-
tions on the Stiefel manifold. This update is one of many options we
could have chosen to define our updates. We now discuss some of
these alternatives.

Algorithms that restrict parameters on the Stiefel manifold are
generally either projection-like (which re-orthogonalize the naive
gradient descent updates) or geodesic-like (which directly gener-
ate updates on the manifold itself). Among geodesic-like updates,
those proposed by Wen and Yin (2013) and Jiang and Dai (2013) were
(at least at the time of our proposal) the current state-of-the-art ap-
proaches. In the regime of tall-and-skinny matrices in our problem,
these two are theoretically equivalent and have the same compu-
tational complexity O(7Nn?), where n is the latent dimension and
N = |O|w. By comparison, the canonical gradient projection algo-
rithm has a slightly lower computational complexity of O(3Nn?).

Figure 4.5: Average 5-fold Test Set
Performance on the Splice Dataset
Test set accuracies (top) and number

of parameters (bottom) for various
HQMMs and HMMs trained using the
ROSM and EM algorithms respectively.
Error bars in the top graph represent
the mean standard deviation across
labels over the 5 folds.
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The exact update schemes and complexity calculations for all three
methods can be found in Jiang and Dai (2013).

We compared these three update schemes by training multiple
HQMMs for both synthetic HOMM and HMM datasets. We present
these results in Appendix 12.4, and note here that all three methods
yielded relatively similar speed and accuracy on our benchmark
datasets. Since the Wen-Yin update was slightly faster, especially
for larger models on the synthetic HOMM data, we used it over the
alternatives.

4.5 Conclusion

By leveraging the Stiefel manifold parameterization of HQMMs, we
proposed an efficient learning method for HOMMSs based on Rieman-
nian gradient descent. This approach addresses key limitations of

the earlier Givens Search method by Srinivasan et al. (2018d), which
relied on a sequential composition of rotations and proved to be com-
putationally expensive — particularly for large HOMMSs. Given that
the number of parameters in HQMMSs grows rapidly with both the
latent state dimension and observation space, this inefficiency sig-
nificantly constrained prior applications to only small examples. By
contrast, our method enables practical training of larger HOMMs,
thereby overcoming prior scalability barriers and making it feasible to
explore HOMMSs in more complex problem domains.
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5
Expressiveness of HOMMs

Abstract We expand our analysis of the expressiveness of HQMMs by
comparing them to other generalizations of HMMSs from classical stochastic
process theory. We find that the ‘quantum-inspired’ modifications introduced
in HQMMs actually fit neatly into a spectrum of models commonly known as
observable operator models (OOMs) (Jaeger, 2000) or predictive state repre-
sentations (PSRs) (Singh et al., 2004). By formulating the quantum-inspired
HQMM as a sub-class of classical OOMs, we discuss how the increased
expressiveness of HQMMs is driven by the relaxation of non-negativity re-
quirements for states and operators. Moreover, the specific metric structure
enforced on HQMM parameters, allows these models to circumvent a critical
problem with general OOMs — the negative probability problem.

Proposed as quantum-inspired generalizations of Hidden Markov
Models (HMMs), Hidden Quantum Markov Models (HQMMSs)
(Monras et al., 2010) were shown to have greater expressiveness as
they can model certain processes with finite dimensions that would
otherwise require infinite-dimensional HMMs. Equipped with the
learning algorithm introduced in Chapter 4, we are also able to learn
them efficiently from data — sometimes providing a more compact
model with fewer latent dimensions than HMMs.

Having established the greater expressiveness of HQMMs over
HMMs, a few natural question arise: what exactly is driving this
increased expressiveness? Is there some innate advantage of using
quantum probabilistic dynamics that cannot be obtained through
classical probability theory? Are there other model classes that also
offer similar expressiveness? In this chapter, we begin to answer these
questions by expanding the comparison of HOMMs to alternative
classical (non-quantum) generalizations of HMMSs known as Ob-
servable Operator Models (OOMs) (Jaeger, 2000) or Predictive State
Representations (PSRs) (Singh et al., 2004).

As we discuss, the key to increased expressiveness of HQMMs is
relaxing non-negativity restrictions on states and operators. Although
we motivated these relaxations as intrinsic properties of quantum
operations underlying HOMM s in Chapter 3, they are not exclusive
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to quantum channels. Indeed, similar ideas have been adopted in the
literature of classical stochastic process. Specifically, OOMs/PSRs,
which have no quantum-mechanical probabilistic underpinnings,
form the most expressive model class for linear stochastic processes.
The relaxation of non-negativity constraints on HQMM states and
parameters make them more expressive than HMMs, and some other
model classes. On the other hand, its PSD/Stiefel metric constraints
limit its expressiveness, but, as we detail, they also provide some
necessary structure that make them well suited for learning from
data.

Outline We begin with some background on linear stochastic pro-
cesses in Section 5.1, and in Section 5.2 discuss the observable opera-
tor model, a general class of sequential system models that can cap-
ture such processes. These models have also been essentially intro-
duced in slightly different context and names as predictive state rep-
resentations (PSRs) and stochastic weighted automata (SWA). In Sec-
tion 5.3 we describe the norm observable operator model (NOOM)
that attempts to circumvent the negative probability problem, but, as
we show, are not expressive enough to capture all finite HMMs. In
Section 5.4, we introduce a new formulation HQMMs as a general-
ization of NOOMs, establishing HOMMs as OOMs. We demonstrate
that HOMMs contain both NOOMs and HMMs as subclasses, and
are thus an attractive model class with relatively high expressiveness
but sufficient constraints to avoid the negative probability problem.

Notation We use the same mathematical notation used in the earlier
Chapters as described in Section 3.1.

5.1 Sequential Systems and Linear Stochastic Processes

In our analysis of HQOMMSs and related models, we are interested

in models that capture stochastic processes that produce sequences
of observations. Particularly, both HQMMSs and HMMs model the
conditional probabilities of such sequences through linear operations.
To contextualize these models with broader model classes, we turn
to the general theory of sequential systems (Schiitzenberger, 1961;
Carlyle and Paz, 1971; Fliess, 1974) — particularly their linear variants
which as eventually show, include HOMM:s.

. . . ' tial syst i L b
Following Thon and Jaeger (2015), we define a sequential system Sequential systems can, in general, be

defined over arbitrary scalar fields K,

as follows: ie,wy € KT e K™ ¢ : K — K.
We have set K = C for simplicity, as it
Definition 13 (Sequential Systems (Thon and Jaeger, 2015)). An n- is covers all models we analyze.

dimensional sequential system" with a set of discrete observations O is
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defined as a tuple S = (0, {T,},wy) consisting of an initial state vector
wo € C", a matrix T, € C"*" for each y € O, and an evaluation functional
c:C"—=C.

Given a sequence of observations j = yo---yr € O%T, let Ty =
Ty -+ - Ty, The state of the sequential system conditioned on  is computed
as

Wy = Ty -+ T1WY,
and the evaluation function fs of the system is defined as follows

fs(¥) = oTgwo

Note that while the evaluation function fs(i7) could be used to
model any arbitrary scalar summary of the sequence 7, it generally
corresponds to the probability P(ij) of observing the sequence.

Within the general class of sequential systems, we will focus on a
particular sub-class of linear sequential systems:

Definition 14 (Linear Sequential System). A d-dimensional linear
sequential system is a sequential system where the the evaluation functional
o corresponds to the inner product with respect to a vector o € C*

fS =0Tywo = 0’+’l'y-CUO

To identify what types of processes can be modeled as a linear
sequential system, we can define a useful construct known as the
Hankel matrix H (Jaeger, 2000; Balle et al., 2014b; Thon and Jaeger,
2015), also known as the system-dynamics matrix (Singh et al., 2004).
The elements of the Hankel matrix correspond to the probability of
observing every possible future sequence of observations ¢ condi-
tioned on having observed a past sequence of observations 7,, where
both the sequences can be of arbitrary length. Specifically, imagine
listing out all possible arbitrary length sequences and enumerat-
ing them from [0, co]. The j-th column of the Hankel matrix, Hj, ]
then lists out the conditional probability of observing the (future)
sequence yj([j) conditioned on all other possible sequences of past
observations yp:

HE: 7 = Py ), Py )s oo 1T

Similarly, the i-th row of H lists the probability of observing all possi-
ble future observation sequences y; conditioned on having observed

the past sequence yg)

Hi, 2| = [P(/lyy), P(ytlyy ) s o]

87
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The Hankel matrix H is thus a bi-infinite matrix with infinite rows
and columns, and as such, is not a particularly useful tool for com-
putations. However, if H has a finite rank r, then we can construct
any column of H using a weighted combination of r linearly inde-
pendent columns of H. Since the Hankel matrix fully characterizes
a stochastic process by listing all possible conditional probabilities
of observations, these r linearly independent columns are sufficient
to predict the probability of any future sequence conditioned on any
past sequence. The rank of the Hankel matrix of a stochastic process,
or sometimes called just the rank of the stochastic process, is directly
related to whether it can be modeled by a linear stochastic sequential
system

Remark 4 ((Thon and Jaeger, 2015)). If the Hankel matrix of a stochastic
process has finite rank d < oo, the process can be exactly modeled by a
d-dimensional linear sequential system.

We thus obtain the general class of stochastic processes that can be
modeled by linear sequential systems for which arbitrary columns of
the Hankel matrix — descriptions of arbitrary futures conditioned on
all possible pasts — can be formed via linear combinations of linearly
independent columns. Specifically, these processes are defined as
follows:

Definition 15 (Linear Stochastic Process). A stochastic process is linear
if it is Hankel matrix has finite rank d < co. These processes can be modeled
exactly by d-dimensional linear stochastic systems.

We now discuss a class of finite-dimensional sequential systems
called observable operator models that can model all linear stochastic
processes.

5.2 Observable Operator Models (OOM:s)

Observable operator models were originally introduced by Jaeger
(1998) as general models of linear stochastic processes (Jaeger, 2000;
Thon and Jaeger, 2015). We present this original formulation of
OOMs as standard OOMs as follows

Definition 16 (Standard OOMs (Jaeger, 2000)). An n-dimensional
standard Observable Operator Model with a set of discrete observations O
is a tuple (R", {Ty },c0, x0) where initial state xo € R" and observable
operators {Ty},co € R"*" satisfy the following constraints:

(i) Normalized initial state: ﬁTxo =1,

(ii) Normalized marginal over observations: 1T ¥ T, = 17,
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(iii) Non-negative probabilities: T[TTyt ... Ty, xo > 0 for all sequences
yi...Yt.

General OOMs The standard OOMs given in Definition 16 follow
the original formulation by Jaeger (2000), which is stricter than neces-
sary. Various equivalent formulations have been proposed, including
quasi-realizations (Vidyasagar, 2011), (uncontrolled) predictive state
representations (PSRs), and stochastic weighted automata (SWA)
(Balle et al., 2014b). Developed from the perspective of sequential
decision making, PSRs share much of the same intuitions behind
finite-rank Hankel matrices discussed in Section 5.1. Singh et al.
(2004) refer to the rows of these independent columns of the Hankel
matrix as predictive states as they are sufficient statistics to predict the
future. Since these models were developed within the context of con-
trolled processes, PSRs are generally defined with additional control
parameters — in this chapter, we restrict ourselves to uncontrolled
process, and discuss models with control in Chapter 6.

Similar to PSRs, SWAs were developed with the same ideas as
OOMs, but from the formal language community to model probabil-
ity distributions over sequences of symbols drawn from an alphabet
describing a formal language. It is worth mentioning that the seman-
tics of the probabilities computed by PSRs and stochastic WAs can
differ: while PSR typically maintain a recursive state and are used
to compute the probability of a given sequence conditioned on some
past sequence, stochastic WA are often used to compute the joint
distributions over the set of all possible finite length sequences. We
refer the reader to Thon and Jaeger (2015) for a unifying perspective
discussing these and other related models.

We consider OOMSs, PSRs and SWAs collectively as instances of
‘general OOMs’. The main difference is that the model parameters
are no longer constrained to be real, and we do not force the state
entries to sum to one; instead the state can be any vector as long as
we can use a linear functional o (which for standard OOMs was fixed
to be T7) to recover the probabilities. While the model parameters
can be defined over arbitrary fields, we define general OOMs over the
complex field as this allows us to eventually recover HQMMs.

Definition 17 (General OOMs (Thon and Jaeger, 2015)). An n-
dimensional general Observable Operator Model with a set of discrete ob-
servations O is a tuple (C", (Ty)yeco, Xo,0) where initial state xo € C",
observable operators {Ty},co € C"*", and a linear evaluation functional
o € C" satisfy the following constraints:

(i) Normalized Initial State: otxy = 1,

89



90 SANDESH ADHIKARY

(ii) Normalized marginal over observations: 0Ty, ... Ty, X0 = Lye0 0 TyTy,
for all sequences y ... Yyt,

(iii) Non-negative probabilities: 0’+Tyt . Ty, X0 € [0,1] for all sequences
Yy1...Yt.

For such a model, the state update after observing y € O and com-

puting the probability of that observation are carried out as follows:
Xt = ‘;Z_);;:l P(y) =o'ty - Ty (5.1)

As shown in Proposition 13 of Thon and Jaeger (2015), every n-
dimensional general OOM has an equivalent standard OOM that
is a similarity transform away, i.e., we can find a similarity transform
S such that (C", (ST,S™1),c0, Swo,0S71) = (C", (Ty)yeo, vo, 17).
Finally, we recall that that finite dimensional OOMs are the most
expressive class of linear models capable of modeling any linear
stochastic process whose ‘system-dynamics’ matrix (Singh et al.,
2004) has finite rank (Zhao and Jaeger, 2010b). Hence these models
are extremely powerful.

State Space Geometry A useful conceptual characterization of a
candidate OOM with parameters {Ty},c( is the convex cone of valid
initial states it admits, i.e., the initial states for which the model will
never assign a negative probability for observations. If there is no
such cone, the model is invalid. Indeed, Jaeger (2000) present the
following alternative to condition (iii):

Proposition 1 (Jaeger (2000)). A tuple (R", (Ty),c0,Xo) satisfying
conditions (i)-(ii) of Definition 16 is an OOM if and only if there exists a
pointed convex cone K such that:

(i) Initial state is in the cone: xg € IC,
(it) K is closed under the operators: Tyx € K forall x € Kandy € O,

(iii) The sum of entries for any point in the cone is non-negative: 1'x > 0
forall x € K.

Conditions (i) and (ii) guarantee that any initial state inside such
a cone will stay inside the cone under action of T, and condition
(iii) guarantees that any state inside the cone will evaluate to a non-
negative probability.

The Negative Probability Problem (NPP) Note that the definition
of OOM:s is non-constructive since it does not tell us what constraints
we could place on model parameters or initial states to satisfy condi-
tion (iii) — this is the cost of relaxing the non-negativity constraint.

< Ty Xo
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In fact, it is undecidable whether a given candidate OOM (IR”,
(Ty)yeco, Xo) satisfying conditions (i)-(ii) will violate condition (iii)
(Wiewiora, 2007). This is the root of the infamous negative proba-
bility problem (NPP) in OOMs, since we cannot identify whether
a learned model will assign negative probabilities to observations.
HMMs avoid the NPP through non-negativity constraints on states
and operators but, as we now discuss, this restricts their expressive-
ness.

HMM C OOM The familiar definition of Hidden Markov Models
(HMMs) in Definition 10 can be reformulated as an OOM

Definition 18. Given an n-dimensional Hidden Markov Model (R", A, C, xq)
as defined in Definition 10, its observable operator T, corresponding to ob-
serving y is defined as T, = diag(C(y,:))A, where the matrix C(, .y is a
diagonal matrix formed from the y-th row of C. The state update is done as

Ty, x;—
y Xt—1
Xt = =

t= 1T

o and the probability of observing sequences of observations is
y Xt-1

computed as P(y1,...,yn) = fTTyN Ty

Jaeger (2000) showed that HMM C OOM using the ‘probability
clock” OOM which requires an infinite-dimensional HMM to model.
Jaeger (2000) note that the non-negativity constraint for HMMs
(Property (i) from Definition 18) forces the largest eigenvalue of ob-
servable operators T, of an HMM to be real (by the Perron-Frobenius
theorem). However, negative entries in OOMs allow the largest eigen-
value to be complex, which allows the latent states (and hence con-
ditional probabilities) to display oscillatory behaviour. Jaeger (2000)
uses this property in their probability clock example.

Since HMMs are decidedly less expressive than OOMs, it may be
surprising that HMMSs remain ubiquitous across multiple applica-
tions requiring sequential probabilistic modeling. Why not just swap
HMMs with the more expressive OOMs? Besides the availability of
efficient learning algorithms, the NPP is a fundamental reason one
might opt for an HMM over OOM:s.

Since the NPP is a strict undecidability result, it is not possible to
devise an algorithm that can learn a general unconstrained OOM that
will reliably only return non-negative probabilities without resorting
to some heuristics. On the contrary, despite its limited expressive-
ness, HMMs do not suffer from the NPP and thus enable the use of
non-heuristic algorithms with strong guarantees. This prompts a nat-
ural line of research — can we devise alternatives to HMMs that are
more expressive, but still avoid the NPP? We now discuss one such
proposal: Norm Observable Operator Models (NOOMs). We will
eventually show that HQMMs can be formulated as general OOMs
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with additional constraints to avoid the NPP, by formulating them as
generalization of NOOM:s.

5.3 Norm Observable Operator Models (NOOMs)

The convex-cone-characterization of OOMs provides a recipe to
develop sub-classes of OOMs that avoid the NPP: select a desired
convex cone of valid initial states and construct operators such that
the cone is closed under their action. The norm observable opera-
tor models introduced by Zhao and Jaeger (2010a) can be viewed as
doing exactly that. Specifically, these models are defined as follows:

Definition 19 (NOOMs (Zhao and Jaeger, 2010b)). An n-dimensional
Norm Observable Operator Model with a set of discrete observations O

is a tuple (R", (¢y)yco, Vo) where initial state vo € R" and observable
operators {@y },co € R"*" satisfy the following constraints:

(i) Normalized initial state: || vo||5 = 1,
(i) Normalized marginal over observations: Yyco ¢y ¢y = 1.

The updated state after observing y € O and the probability of
that observation can be computed as

¢,Vi1

= a4 ol P(7) = 2 .
||¢yt 4’}’1"” (y) H‘Pyt ‘P%V” (5.2)

Vi

Expressiveness of NOOMs Although any linear stochastic pro-
cess can be represented as a NOOM in some inner product space,
this space may be infinite dimensional (Zhao and Jaeger, 2010b).
For practical purposes, we care about the expressiveness of finite-
dimensional NOOMs. Zhao and Jaeger (2010b) showed that NOOM
C OOM, and once again used the ability of a real-valued NOOM
operator to have complex eigenvalues in a NOOM probability clock
to show that there are finite-dimensional NOOMs that cannot be
modeled exactly by finite-dimensional HMMs.

Zhao and Jaeger (2010b) show that NOOMs are equivalent to n%-
dimensional OOMs, and indeed we will build upon this approach to
re-derive HQMMs. Zhao and Jaeger (2010b) use Kronecker product
relationships for the 2-norm (where T is a vectorized identity matrix
that implements a matrix trace operation) to show that sequence
probabilities in a NOOM from Equation 5.2 can also be evaluated as:

P() =10 (¢, @ ¢y,) - (b0, @ by,) (vo ® Vo), (5:3)

Now, if we define 0 = ﬁnz, Ty = ¢y @ ¢y, and the initial state wy € R
aswp = vg ® v, we get a general OOM (C", (Ty)yc0, wo, 0). As
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shown by Zhao and Jaeger (2010b), this is a similarity transform of a
standard OOM, with § = I» + n%inz(aT - Trle). Thus, NOOMs are
not any more expressive than OOMs, i.e., NOOM C OOM.

While NOOMs manage to avoid the NPP without enforcing non-
negative parameters, it is unclear if this necessarily provides greater
expressiveness than HMMs. Zhao and Jaeger (2010b) have shown
that finite HMMSs cannot model all finite NOOMs (NOOM Z HMM),
by constructing a NOOM that can model the probability clock (Fig-
ure 3.5), which cannot be modeled exactly by a finite HMM. How-
ever, the authors leave open the question of whether NOOMs sub-
sume HMMs. In Adhikary et al. (2021a), we show that this is not the
case

Theorem 5 (HMM ¢ NOOM). There exist finite-dimensional hidden
Markov models that have no equivalent finite-dimensional norm-observable
operator model.

The proof relies on the fact that any two equivalent PSRs are re-
lated by a similarity transform (Thon and Jaeger, 2015). However,
we find that any such similarity transform between HMMs and
NOOMs will violate the normalization requirement of NOOM
states.

We first introduce a lemma (Ito et al., 1992; Vidyasagar, 2011;
Thon and Jaeger, 2015) that will help us in our proof. It tells us
that two equivalent PSRs of the same dimension are simply a
similarity transform away from one another.

Lemma 6 (Thon and Jaeger (2015)). Suppose (C",0,{Ty},c0},%0)
and (C",0", {Ty }yeo},Xp) are two equivalent PSR representations,
i.e., they generate the same sequence of probabilities. Then, there exists
some non-singular S € C"*" such that x|, = S 1xp, T, = S‘l‘ryS,

=
and o'T = oTS.

Proof. We construct a class of HMMs for which there are no
equivalent NOOMs and give a proof by contradiction. Let

A = (RP,0,{Ty},c0,X0) be a minimal PSR equivalent to some
hidden Markov model M = (R™, A, C, pp) for which some
future state reachable from the initial state can be written as

a convex combination of some previously reached states, i.e.,

Xy = ax; + px; for some a,f > 0,2+ = 1 and some i, j,k € N
withi < j < kand x; = %
vations Y = y,...,yx (and similarly for x; and x; which truncate

for some sequence of obser-

the observations at y; and y; respectively).
Suppose there exists an equivalent NOOM (represented in
its vectorized form) M’ = (R", T, {#,} ¥o). Let A’ =
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(RP,0",{T} }yc0, %) be a minimal PSR computing the same

distribution as M’.

Then, by Lemma 1, we have some similarity transform S such

that 0’7 = o7, T’y = S_l’l‘yS, and xj = S~ !x. Thon and Jaeger

(2015) show that there are matrices @, I'T that relate the NOOM

to its minimal representation as A’ = TI®TM'PIIT (where +

represents the Moore-Penrose pseudoinverse). This allows us

to relate the NOOM with the minimal PSR representation of its

equivalent HMM as TT®ITTS ! = of, 7, = SIOT ¢ OIITS!,

and Xp = SH@JFIP()

Now, by the NOOM evolution rules, the NOOM state at timestep

k for the sequence Yis ¢, = M and the probability of
Py Py Yo

any given observation at that time-step is P(y|¢py) = ET¢y¢k.

Further, note that the NOOM state must be a vectorized rank-1

matrix whose eigenvector has unit ¢, norm, i.e., P, = vec(tpktplz)

with |||l = 1.

But we can also write NOOM state in terms of its equivalent

PSR-HMM as
P = OIITS 'x;
= QITTS ! (ax; + px))
— ITTS ™! (a (STIO ;) + B (STID ;)
= ap; + pp;

If p; and 9p; are valid NOOM states, we have that ¢ =
wp; + By = avec(ppl) + pvec(pl) = vec(aip! + ! )
However, a®p; + Bip; is not the vectorization of a rank-1 matrix in
general. In particular, ¥, has unit Kraus-rank only if ¢; and 9;
are linearly dependent, which is true only if x; and x; are linearly
dependent. Thus, whenever x; and x; are linearly independent,
) cannot have unit Kraus-rank. But as normalized HMM states,
x; and x; are always linearly independent, unless they are exactly
the same. Hence, a contradiction. Thus, for such an HMM, there
is no equivalent NOOM. O

NOOMs are a restrictive model class The proof above essentially
argues that if an HMM had an equivalent NOOM, then anytime

a reachable HMM state can be written as a convex combination

of some other reachable states, the equivalent NOOM state should
also admit a representation as a convex combination of the NOOM-
equivalent reachable states, but such a representation violates the
condition that NOOM states have unit Kraus-rank, and hence there
cannot be an equivalent NOOM. Here, we provide an example of an
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HMM that can have a state be a linear (here, convex) combination of
two prior linearly independent states

1], _fo2s 0s] _ _fo o -
"= 1ol T lozs o] 27 |0 o5 >4

Then, for the sequence Y = (1,1):

1 0.25 0.7
X [O] X1 [0'75] X2 [0.3] xo + 0.4x1 (5.5)

Since xg and x; are linearly independent, we know that such an
HMM cannot have an equivalent NOOM because of NOOM's state
rank constraints. In this case, we see that if an HMM reaches a state
that lies strictly inside the convex hull of other reachable states, it
rules out a NOOM representation. This constitutes a fairly expansive
class of HMMs, suggesting that NOOMs cannot model a wide variety
of HMMs, making NOOM s a restrictive model class.

As illustrated by the above example, we could devise a model class
more expressive than NOOMs if we simply dispensed with the rank-
1 constraint on NOOM states. We now demonstrate how HQMMs
can be developed as exactly such models.

5.4 Liouville HQMMS

Previous work by Srinivasan et al. (2018e) derived HQMMSs by gener-
alizing HMMs using system-environment interactions (illustrated us-
ing a quantum circuit), and showed that every n-dimensional HMM
can be modeled by an HQMM with no more than an n?-dimensional
hidden states. Here, we take a different approach; we will show how
HQMMs can be defined through a series of natural generalizations
of NOOM:s in such a way that they also end up containing finite-
dimensional HMMs. We do so by allowing parameters to be complex
and expanding the concepts of NOOM states and operators using the
representation in Equation 5.3.

Generalizing NOOM States We know from Equation 5.3 that the

initial state w( can viewed as a vectorized rank-1 Hermitian matrix

po ie, wo = vec (vov{) = vec(p,). A natural generalization would

be to let the initial state be a vectorized matrix of arbitrary rank, i.e.,

Py = L pivivj instead. The normalization condition on the initial

state can then be restated® as 1 = o +ﬁO = EZZﬁO =fr (pO) =P 2 We use p to represent the vectorization
As a linear combination of outer products of vectors with them- of p,ie. p = vec(p)

selves, f)o must be Hermitian. We additionally assume that the con-

stituent eigenvectors live in a Hilbert space H, so that g, lives in a Li-

ouville space, i.e., the outer product of two Hilbert spaces. Further, in
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the NOOM, vov{ had a single eigenvalue of 1. If we impose no fur-
ther constraints, we could allow p; to be complex-valued or negative
as long as the normalization condition above was satisfied. However,
this could once again lead to negative probabilities when applying
the evaluation ¢, and hence a non-constructive model. Thus, we im-
pose a positive semi-definiteness constraint on the initial state to
guarantee that p; € Rxq so that tr(p,) is real and non-negative. Es-
sentially, we are now considering a model whose initial states g, are
vectorized arbitrary-rank Hermitian PSD matrices, which constitute
a pointed convex cone. Such matrices are called density matrices in
quantum mechanics (Nielsen and Chuang, 2010), and the imposition
of the PSD constraint on the states is what allows these models to
avoid the NPP.

Generalizing NOOM operators Having defined a convex cone

of valid states, we now derive operators that ensure that the state
always evolves inside the cone. We refer to such operators acting

on our states in Liouville space as Liouville superoperators {Ly},co-
Condition (ii) in Definition 19 ensured that probabilities of obser-
vations computed by the NOOM were normalized, and the equiv-
alent condition in the OOM representation in Equation 5.3 is that

ot (Zyeo Ty) = o'. We impose a similar constraint (trace preser-
vation or TP) on the superoperators to ensure we get a normalized
distribution over observations. In addition to this, we further need
to ensure that the probabilities assigned to observations are real and
non-negative, i.e., the operators must always preserve the Hermitian
PSD condition of the state.

Finding a constructive way to impose the above restrictions on Li-
ouville superoperators is challenging, and it is easier to do so on the
‘reshuffled’ version of it called its Choi matrix (Wood et al., 2015a).
The reshuffle operation involves reshaping the n2—dimensional
columns of the Liouville superoperator into n x n matrices. Go-
ing across the columns of Ly from left to right, we fill up the blocks
of the Choi matrix column-first with these reshaped matrices (Zy-
czkowski and Bengtsson, 2004). In the context of Hermiticity preserv-
ing (HP) maps, there is no elegant way to also impose a simple PSD-
preserving ‘positivity” constraint (Choi, 1975; Pillis, 1967). Therefore,
we must impose a slightly more restrictive complete positivity (CP)
constraint which guarantees that the map L, ® I is PSD-preserving
for identity matrices of any dimension. In fact, Choi (1975) suggest
that a CP map is the natural constructive generalization of “positivity’
for a linear HP map.

We define L-HQMMs as a generalization of NOOMSs with these
constraints:
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Definition 20 (L-HQMM s (Adhikary et al., 2020)). An n?-dimensional
Liouville-Hidden Quantum Markov Model with a set of discrete observa-
tions O is a tuple (C"Z, (Ly)yeo,ﬁoj) where the initial state p, € c”
and Liouville superoperators {Ly},co € Cx with corresponding Choi
matrices {Cy},co satisfy the following constraints:

(i) Py is a vectorized Hermitian PSD matrix of arbitrary rank,
(ii) Normalized initial state: ﬁTﬁO =1,
(iii) CP: Cy > 0 (Choi matrix is PSD).
(iv) TP:T7 (geo Ly) =17,
.C. —ct
(v) HP: C, = C},

For such a model, the state update after observing y € O and
computing the probability of that observation are:

~ Lyp,_ o ~
B, = ﬁ”ﬁ;; P(y) =1"Ly, ... L,,p (5.6)
L-HQMMs are equivalent to K-HQMMSs Prior work on HQMMs
have represented these models in the so-called operator-sum rep-
resentation (Srinivasan et al., 2018e; Monras et al., 2010). While
operations on vectorized matrices are fairly common in quantum
information (and was implicitly used for HOMM s in Srinivasan et al.
(2018b)), L-HQMMs were a novel formulation of HQMMSs introduced
by Adhikary et al. (2020). We can derive the operator-sum repre-
sentation of K-HQMMs from L-HQMMSs, showing that the two are
equivalent.

From Definition 20, we know that any model equivalent to L-
HQMMs must have CP, TP, and HP operators. From Choi’s theorem
(Choi, 1975), we know that any map which can be expressed in the
operator-sum representation K (p) = Y, K, p K}, is guaranteed
to be CP, and will preserve the PSD nature of any input matrix. In
the context of CP maps, the operator matrices Ky, are commonly
called Kraus operators (Kraus, 1971). The quadratic application of
operators preserves the Hermiticity of p. Thus, the operator-sum
representation is particularly appealing because it guarantees the CP
and HP constraints by construction. Note that this representation of
CP maps is merely the inverse vectorization of the Liouville form

w

vec (Z Kw[)KZU> =Y (Kj, ® Ko)p = Lp
w

Thus, the action of a Liouville superoperator L, corresponding to
the observable iy on g can can be equivalently represented by a set
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of Kraus operators {Ky, } acting on the density matrix p, where
the cardinality of this set |wy| is determined by the Schmidt-rank (or
Kraus-rank, as we soon explain) of L,. The Schmidt-rank is analo-
gous to the rank revealed by an SVD, but for a decomposition into a
Kronecker product of two vector spaces.

Uniqueness of L-HQMMs While L-HQMMSs (Definition 20) and
and K-HQMMs (Definition 11) are equivalent representations of
HQMMs, the former has the added benefit of providing a unique
representation of the underlying CP map. Namely, a CP map can be
equivalently defined using Kraus operator sets, which may not even
have the same number of operators. This makes it difficult to directly
compare two K-HQMM models, perhaps to check for equivalency. In
contrast, the Liouville superoperator of a CP-map is unique, and can
be canonically factorized as follows (Wood et al., 2015a; Miszczak,
2011):

r
L=Y K,®Ky = Y 7(K; 9K) (5.7)
w i=1

where {Ky } is a set of arbitrary Kraus operators, {,/7; K;} the set
of canonical Kraus operators defining the CP map, and r the ‘Kraus-
rank’ of the CP map. What we require here is essentially a Kronecker
Product SVD (KPSVD) (Golub and Loan, 1996) of L where the Kro-
necker product factors are restricted to have a special symmetric
form. It is a well known result that these factors can be computed
directly from an SVD of the Choi matrix (the ‘reshuffled” Liouville
matrix); the i-th singular value and vector pair correspond to 7; and
vec(K;) (Wood et al., 2015a; Miszczak, 2011). We illustrate this pro-
cess in Figure 5.1.

The Kraus-rank of a CP map is equal to the rank of the Choi ma-
trix, and is equal to the minimum number of Kraus operators re-
quired to express the operation. Since the Liouville superoperator
(or the Choi matrix) uniquely defines a CP map, we can use this rep-
resentations to compare two L-HQMMSs. This also provides a way
to compare two K-HQMMs by first converting them to their corre-
sponding L-HQMM:s.

HQMMs are OOMs The exact relationship between HQMMSs and
OOMs was previously unknown, but the Liouville formulation of
HQMMs allowed us to state an important result in Adhikary et al.
(2020):

Theorem 7. HOMM C OOM, and the set of valid initial states for
HQMMs is a spectraplex.

Liouville Superoperator Choi Matrix

Lu| Lo Lu| L Ly Ly | L Ls
La| Ln| In| 1, | Reshufle | Iz La | k= La
—_—

Lyi| Loz | Las | Las Ly Ly | Ly Lu

La| Lo| Ly| Lu Ly Li | Ly Ly

ziyiK;A AD

Vriki

Kraus Operators

Figure 5.1: Three equivalent for-
mulations of a CP map: The unique
canonical operator sum representa-
tion of a CP map can be obtained by
performing an SVD of its Choi matrix,
which is obtained by reshuffling its
Liouville superoperator.
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Proof. Settingo = 1T, L-HQMMs satisfy condition (i) of General
OOMs laid out in Definition 17 by construction. Condition (ii)

of Definition 17 is satisfied by the TP constraint on L-HQMMs.
Next, the HP and CP constraints on L-HQMMSs guarantee that
Lyp always yields a vectorized Hermitian PSD matrix. The trace
of this matrix is always real and non-negative, i.e., ﬁTLyﬁ > 0.
We also have ﬁTLyﬁO < 1T (Zyeo Ly> po = 1B, = 1, satisfying
condition (iii) of Definition 17.

The valid initial states of L-HQMMs are Hermitian PSD matrices
with unit trace. Hermitian PSD matrices form a convex cone, and
the intersection of this cone with the linear affine subspace of
trace 1 matrices is a spectrahedron known as a spectraplex.

Using the same similarity transform that we used for NOOMs
S=1I,+ nl—zinz (0T — TZZ), we can transform any n?-dimensional
L-HOQMM into an equivalent standard OOM.

The above proof establishes that HOMM C OOM. Recently,
Fanizza et al. (2024) have shown that there exist linear stochastic
processes that do not admit quantum realization, which allows
us to establish the strict relationship HOMM C OOM. O

State and Operator Space Geometries of NOOMs We have shown
that n-dimensional NOOMs form a subset of n-dimensional HQMMs
through generalization. Prior work by Srinivasan et al. (2018e) used
"HQMMs’" and ‘NOOMSs’ somewhat ambiguously, differentiating
them primarily by the field over which they are defined (R or C). In
Adhikary et al. (2020), we use the original formulation of NOOMs
(Zhao and Jaeger, 2010b) to draw a clearer distinction, whereby
NOOMs are simply HQMMSs with rank-1 vectorized initial states
and Kraus-rank 1 operators. Particularly, for a fixed latent dimension
n? of the vectorized density matrix, an HQMM allows for a greater
diversity of both states and dynamics.

First, note that the valid states of HQMMs are Hermitian PSD
matrices with unit trace, also known as mixed density matrices in
quantum mechanics (Nielsen and Chuang, 2010). By contrast, the
valid states for NOOMs correspond to the set of pure density op-
erators (with rank 1). Since these operators encode the probability
distribution of the latent state, we see that HQMM states can repre-
sent mixture distributions of NOOM states. Geometrically, the set
of rank-1 density matrices are extremal points of the spectraplex de-
fined by arbitrary rank density matrices, i.e., NOOM states define the
shell of the spectralex of HOMM states. This gives us some geometric
intuition for why HQMMSs have a richer state space than NOOMs.

Second, HQMMSs can have an arbitrary number of Kraus operators
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per observable while NOOMs are restricted to one to preserve rank-1
states. This indicates that the evolution associated with individual
observations in an n-dimensional NOOM is restricted to dynam-

ics corresponding to rank-1 Choi matrices. Thus, an n-dimensional
HQMMs with arbitrary Kraus rank can encode richer dynamics than
an n-dimensional NOOM.

NOOM C HQMM  Since we defined L-HQMMs as generaliza-
tions of NOOMs, we would expect that HQMMSs form a superset
of NOOMs. Indeed, as we showed in Adhikary et al. (2021a), this
follows from the results we have already established:

Theorem 8 (NOOM C HQOMM). (Adhikary et al., 2021a) Finite dimen-
sional norm-observable operator models are a strict subset of finite dimen-
sional hidden quantum Markov models.

Proof. We know from Theorem 5 that there exist HMMs that
cannot be modeled by finite-dimensional NOOMs. However,
since all HMMs can be modeled by finite dimensional HOMM:s,
the same HMM s serve as instances of HQMMs that cannot

be modeled by NOOMs. This, combined with the fact that
NOOM C HOMM (Adhikary et al., 2020), give us that NOOM

C HOMM. O

5.5 Conclusion

We analyzed how the increased expressiveness of HQOMMs stems
from relaxing non-negativity constraints on states and operators—an
idea motivated by quantum operations but not limited to them.
Specifically, we demonstrated that HQOMMs are OOMs, which do
not suffer from the negative probability problem. Additionally, we
also established two important relationships about an alternative
model class from the classical stochastic process literature. Specif-
ically, we showed that NOOMs form a relatively restrictive model
class and do not contain HMMs as a subclass — there exist finite
dimensional HMMs that cannot be modeled exactly by finite dimen-
sional NOOMs. However, as we demonstrated, HQMMSs do subsume
both of these classes.

Equipped with the model relationships demonstrated in this chap-
ter, we are able to concisely visualize the hierarchy of expressiveness
between the models we have considered in Figure 5.5. In the gray
box, we list the novel relationships we have established.

In light of the expressiveness hierarchy in Figure 5.5, we see that
HQMMs appear as an attractive model class for linear stochastic
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Figure 5.2: Hierarchy of expressiveness
of linear sequential systems Subset

OOM = PSR relationships denote relative expressive-
ness reltionships from Definition 12.
HOMM C The gray box indicates new relation-
H Q MM Q = OOM ships established in Adhikary et al.

(2020), and summarized in this chapter.

HMM Z NOOM

amm () NooM NOOM C HQMM

processes — one that escapes negative probabilities while retaining
more expressiveness than other alternatives. While OOMs/PSRs are
guaranteed to be expressive enough to model any linear stochastic
process, their application has been limited to some extent due to their
tendency to yield negative probabilities. Some approaches to mitigate
this issue have included heuristics like flipping the sign of negative
probabilities or projecting a learned PSR to the nearest valid HMM
(Balle et al., 2014a; Cohen et al., 2013). However, such heuristics break
convergence guarantees of learning algorithms, and projections nul-
lify the benefit of picking an expressive model class in the first place.
On the other hand, we are able to learn HQMMs reliably without
needing such heuristics, for instance with the learning algorithm
introduced in Chapter 4.






6
HQMMs with Control

Abstract We expand our analysis of the expressiveness of hidden quantum
Markov models (HQMMSs) to controlled stochastic processes, and introduce
Input-Output (10) HQMMSs that include a notion of action or control — es-
tablishing these models as special cases of the larger class of IO-OOMs. Just
as HQMMSs were proposed as quantum-inspired generalization of HMMs,
quantum-inspired variants of controlled HMMs or partially observable
Markov decision processes (POMDPs) have also been proposed in the liter-
ature including quantum obsersavable Markov decision processes (QOMDPs)
(Barry et al., 2014; Ying and Ying, 2014) and quantum Markov decision
processes (QuaMDPs) (Cidre, 2016). We derive a series of expressiveness
relationships to demonstrate how these quantum-inspired models also neatly
fit into the spectrum of IO-OOMs, and specifically are subsumed by 10-
HQMMs. Finally, we use these established subset relationships to prove that
perfect goal state reachability is undecidable for IO-OOMs, by generalizing
the same result proven in the quantum-MDP literature.

In our analysis of models for linear sequential systems in Chap-
ter 3 and Chapter 5, we have restricted ourselves to uncontrolled sys-
tems. In this setting, we assume that we only have passive access
to the stochastic process being modeled via sequences of observa-
tions. In the controlled setting, we add an additional notion of control
via actions that can perturb the process. This addition expands the
scope of the problem setting from probabilistic sequential prediction
to include probabilistic sequential decision making — identifying a
sequence of actions that induces some desired behavior in a stochas-
tic process. Most of the models we have considered thus far have a
controlled counterpart — including HMMs, OOMs, and PSRs. In this
chapter, we propose a controlled counterpart to HQMMs, namely
Input-Output HOMMs, following similar formulations proposed for
OOMs.

Similar to how HQMMSs were proposed as generalizations of
HMMs, there have been similar proposals of quantum-inspired
generalizations of the controlled counterpart of HMMs known as
partially observable Markov decision processes (POMDPs). These
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include quantum observable Markov decision processes (QOMDPs)
Barry et al. (2014); Ying and Ying (2014) and quantum Markov deci-
sion processes (QuaMDPs) proposed by Cidre (2016). Additionally,
Barry et al. (2014) show that QOMDPs are not simply a quantum-
translation of POMDPs, but have interesting new properties. Namely,
Barry et al. (2014) show that while perfect goal state reachability

is undecidable for QOMDPS, even though they are decidable for
POMDPs. By incorporating these models into an expressiveness hier-
archy as in Chapter 5, we are able to establish the same property for
classical liner sequential systems as well.

Outline We begin our analysis in Section 6.1 with background on
POMDPs, which can be viewed as controlled counterpart of HMMs.
In Section 6.2, we summarize input-output OOMs, controlled variants
of general OOMs discussed in Chapter 5. Following this formulation,
we introduce input-output HQMMs in Section 6.3, and demonstrate
how they subsume QOMDPs and QuaMDPs described in Section 6.4.
Finally, in Section 6.5, we demonstrate the undecidabiliy of perfect
planning in I0-OOMs using the expressiveness relationships we have
established.

Notation We use the same mathematical notation used in the earlier
Chapters as described in Section 3.1.

6.1 Partially Observable Markov Decision Processes

Markov decision processes form the central construct in most ap-
plications of probabilistic sequential decision making. An MDP can
be defined as a tuple (X, A, P, R, ), where X and A are discrete’
state and action spaces, R : X x A — R is the reward function, and
v € [0,1) is a discount factor. The distribution P4 = P(x'|x,a) en-
codes the probability of transitioning from state x to x’ under action
a. The RL objective is to train a policy mapping states to a distribu-
tion over actions, that maximizes the expected discounted return
E| Y1, 9'14,], where r4 = R(x,a), and H is the (potentially infinite)
time horizon. The expectation [E; is taken over P[, the transition
distribution under the policy 7. While the reward function and its
induced policy are generally of primary interest in learning control
strategies, we will choose to ignore? these for our analyses, and con-
sider MDPs as tuples (X, A, P). Moreover, given a discrete state and
action spaces, the probabilistic transition model P can be encoded
into a set of transition matrices {A® € RZj"} where A” holds the
transition probabilities Py for action a. -

In formulating MDPs, we have inherently assumed that states

* In general, MDPs can be defined over
continuous state and action spaces. We
restrict ourselves to the discrete setting
as we have done in the controlled case
in Chapter 5

> We ignore the reward function to
draw a clearer comparison with un-
controlled processes. Our analysis can
be equivalently applied with reward
functions.
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X € X can be directly observed. However, this is generally not

the case in most applications — we often only have access to noisy
observations derived from these states3. Thus, besides the transi-

tion model {A”}, we also need to introduce a probabilistic emission
model {C"} defined over an observation space O that encodes proba-
bilities P(y|x,a) of observing y € O conditioned on taking action a at
state x. With this addition, we arrive at partially observable Markov
decision processes, which we define as follows:

Definition 21 (Partially Observable Markov Decision Processes). An
n-dimensional partially observable Markov decision process for sets of dis-
crete actions A and observations O is a tuple (R",{A”},c4, {C" }sea,%0),
where the matrices A* € RZF" and C* € ]RL%‘ “" are non-negative column-
stochastic transition and emission matrices cgrresponding to the action a
such that TTA® = 17C* = 1T, The initial state xg € R, is also
non-negative and satisfies |xg|; = 1. -

As with HMMs, POMDPs can also be defined via observable oper-
ators

Definition 22 (POMDPs as OOMs). Given an n-dimensional partially
observable Markov decision process (R", { A%} e 4, {C* }aca, X0), its ob-
servable operator Ty corresponding to taking action a and observing y is de-
fined as Ty = diag(C?y :))A”, where the matrix C{,  is a diagonal matrix

T; Xt—1
iTT§ Xt—1 ’
The probability of observing y; after taking action ay at each timestep is

formed from the y-th row of C®. The state update is done as x; =
computed as P(aiyy, ..., an,yN) = ]TTTf,i L Tix

6.2 Input-Output OOMs (IO0-OOMs)

By augmenting the uncontrolled OOMs with a notion of control,
Jaeger (1998) developed Input-Output OOMs (I0-OOMs) by es-
sentially defining a separate OOM for each action. As with stan-
dard OOMs in Definition 16, we define these models as standard
I0-OOMs as follows:

Definition 23 (Standard I0-OOMs (Jaeger, 1998)). An n-dimensional

standard input-output observable operator model with sets of discrete actions

A and observations O is a tuple (R", {Ty }yc0,aca,X0) where initial state
xo € R" and observable operators {Ty},co € R"*" satisfy the following
constraints:

(i) Normalized initial state: ﬁTxo =1,

(ii) Normalized marginal over observations for every action: Va € A
T — 7T
I'Yyeo Ty =17,

3 In practice, it is common to essentially
ignore this limitation and treat obser-
vations as states, or stack observations
over multiple prior time steps as the
current state. The idea behind the latter
approach being that the information
contained in the state can often be ex-
tracted from a history of observations.
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(iii) Non-negative probabilities: T[TTyt ... Ty, xo > 0 for all observation-
action sequences {(a1,y1), ..., (ay, yt)}

Similar to the development of general OOMs from standard OOMs
in Section 5.2), Thon and Jaeger (2015) generalize standard I0-OOMs
as generic controlled linear sequential systems. We define these mod-
els as general IO-OOMs as follows:

Definition 24 (General Input-Output OOMs (Thon and Jaeger, 2015)).
An n-dimensional general input-output observable operator model for sets of
discrete actions A and observations O is a tuple (C", {T;}yeo,ae A,X0,0)
where initial state xg € C", observable operators {Ty} € C"*", and a linear
evaluation functional o € C" satisfy the following constraints:

(i) Normalized Initial State: otxy = 1,

(ii) Normalized marginal over observations and actions: O'JrT;i .. T;i X =

Yyeo 0'*1’51’% .. Tyt xo for all observation-action sequences {(a1, 1),

ey ({Ilt,yt)}.
(iii) Non-negative probabilities: oty ... Tyt xo € [0,1] for all observation-
action sequences {(a1,y1), ..., (ay, yt)}.

6.3 Input-Output HQMMs (I0O-HQMMs)

The class of general IO-OOMs developed by Thon and Jaeger (2015)
are equivalent to controlled PSRs, and provide a unified framework
for controlled linear sequential systems. Moreover, just as OOMs are
strictly more expressive than HMMs (HMM C OOM), IO-OOMs are
strictly more expressive than POMDPs (POMDPs C I0-OOM). To
incorporate HQMMs into this hierarchy, we now define input-output
HQMMs as follows

Definition 25 (Input-Output HQMM). An n?-dimensional input-
output hidden quantum Markov model for sets of discrete actions A and
observations O is a controlled stochastic process given by the tuple ( c",
I, {Ly}yco,aca,Po)- The set of operators {Ly},co for every action a form
a set of CP-TP Liouville operators. The initial state g, is a vectorized unit-
trace Hermitian PSD matrix of arbitrary rank.

The state update and probability computations for IO-HQMMs
are done exactly the same as with HQMMs, but now with operators
indexed by both observations and actions at each time step:

az ar =
Ly, ... LyiPg

Paryr-.arye) =T'LY .. Lyigy and p' = ITLy ... Ljip
Yt + o FY1l0

Besides IO-HQMMs, there have been a few other quantum-inspired
probabilistic models for controlled linear stochastic processes. We



MIND THE METRIC: METHODS IN METRIC-INFORMED MACHINE LEARNING

now discuss these models, and show that they are subsumed by 10-
HQMMs in terms of expressiveness.

6.4 Quantum Observable Markov Decision Processes

Barry et al. (2014) developed quantum observable Markov decision
processes (QOMDPs) as a generalization of classical POMDPs, by
swapping the belief state vector x with the density matrix of a quan-
tum state p. Ignoring reward functions, QOMDDPs can be defined as
follows

Definition 26 (QOMDPs (Barry et al., 2014)). An n-dimensional quan-
tum observable Markov decision process for sets of discrete actions A and
observations O is a tuple (C", {Ky }ae 4 yc0,Pg), where the set of oper-
ators {Ky € C"*"},co for each action forms a quantum channel with
Yyeo KT Ky = L The initial state p, is a unit-trace Hermitian PSD
density matrix of arbitrary rank.

The probability of an action-observation sequence ayy1 - - - aryr for
a QOMDP is then taken to be Tr (K% N K;{r e K;f). To
draw connections with HQMMs, we represent the vectorized version
of the QOMDP update equations as follows:

K. KO p KT KT

5~ vee oL K§! KT
Tr (K37 K3 pKE LK)

4T a i a1\ = .

(KyT ®Ky§) (Kyl ® Ky%)P o Lyr . Lyigg

(K eKy).. (Kpekp)s I Lis
Notice that this expression is identical to the update equation for
I0-HQMMs. The only difference is that the QOMDP operators are
restricted to have unit Kraus-rank: Ly = K; ® K. This makes them
somewhat like NOOMs; however, unlike NOOMs, QOMDPs allow
latent states of arbitrary Kraus-ranks —i.e. both mixed and pure
states. We thus arrive at the following theorem characterizing the
expressiveness of QOMDPs

Theorem 9. QOMDPs C I0O-HQMMS C I0-OOMs = PSRs

Proof. We can see that IO-HQMMs C I0-OOMs essentially from
their definitions — the former prescribes a specific instantiation of
the parameters of the latter — and the fact that HOMMs C OOMs.
To show that QOMDPs C I0-HQMMSs, we note that QOMDPs
operators are restricted to have unit Kraus-rank, whereas 10-
HQMMs do not have this restriction. O
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Alternative Quantum MDPs Quantum Markov decision processes
were also studied by Ying and Ying (2014), who arrived at essentially
the same model as QOMDPs. Cidre (2016) proposed an alternate
formulation, called Quantum MDPs (QuaMDPs), along with an as-
sociated point-based value iteration algorithm similar to that used to
learn classical POMDPs (Pineau et al., 2003). Although connections
to QOMDPs were not considered in the original work, QuaMDPs are
a special case of QOMDDPs. The filtering process in IO-HQMMs and
QOMDPs corresponds to positive operator valued measurements,
which are generalizations of the more restrictive projection valued
measurements used in QuaMDPs. One can reduce positive opera-
tor valued measurements to projection based measurements via the
Stinespring dilation theorem (Stinespring, 1955), but this requires the
system interacting with an ancillary sub-system; this is not the case in
QuaMDPs.

6.5 Undecidability of Perfect Planning in I0-OOMs

In moving from POMDPs to QOMDDPs, Barry et al. (2014) find an
apparent classical-quantum separation in the problem of perfect goal
state reachability. They consider particular instances of controlled
processes where certain states are labeled as goals, and are set to be
absorbing — the transition probabilities from these states to any other
state is zero; we will refer to these as goal oriented models. This is a
common way to frame planning problems in the absence of reward
functions. We define such models as below

Definition 27 (Goal Oriented Decision Process). A goal oriented deci-
sion process consists of an absorbing goal state g such that an agent that
reaches it will always stay there.

Given a goal oriented decision processes, the standard problem
one faces is to define or learn a policy that takes an agent from some
initial state to the goal state in a finite number of steps. Prior to find-
ing such a policy, we need to first answer a more fundamental ques-
tion: does such a policy even exist? Formally, the perfect goal state
reachability problem is defined as follows

Definition 28 (Perfect Goal State Reachability). Given a goal oriented
decision process as defined in Definition 27, the perfect goal state reachabil-
ity problem is to determine whether there exists a policy that will take an
agent to the goal state from an arbitrary initial state.

Barry et al. (2014) show that this problem is undecidable for
QOMDPs, even though it is decidable for POMDPs. The undecid-
ability of perfect goal state reachability in QOMDPs is a consequence
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of the undecidability of the quantum measurement occurence prob-
lem (Eisert et al., 2012). Intuitively, Barry et al. (2014) point out that
the decidability of the same problem for POMDPs boils down to its
non-negativity constraints. However, negative parameters are also
present in classical generalizations of POMDPs, namely I0-OOMs

or PSRs, as well as other quantum models including IO-HQMMs.
Thus, we would expect this problem should be undecidable for these
models as well. Indeed, we can show this to be the case using the
subset relationships we have established between these models and
QOMDPs.

Theorem 10 (Perfect Goal State Reachability). Given an initial state
and a goal state, it is undecidable whether there exists a policy that will leave
a goal-oriented 10-HQMM, 10-OOM or PSR in the goal state in a finite
number of steps.

Proof. QOMDPs are contained within the class of IO-HQMMs,
which are, in turn, contained within the class of IO-OOMs or
PSRs. If a problem is undecidable for a model class, it must be
undecidable in general for any other class that contains it as a
subset. Therefore, we immediately see that the undecidability
carries over to these models as well. O

6.6 Conclusion

Figure 6.1: Hierarchy of expressiveness
of controlled linear sequential systems

I0-OOM = PSR Subset relationships denote relative
expressiveness relationships from
I0-HOMM <€ I0-OOM Definition 12. The gray box indicates
I0-HQMM Q new relationships established. The
QO MDP Cc I0-H Q MM orange (shaded) sections represent
Q OMDP - potentially non-strict subsets.
POMDP

We extended the framework of HQMMs to controlled settings by
introducing input-output HOMMs (I0-HQMMs), which parallel the
development of IO-OOMs in the classical literature. The IO-HQMM
model class provided us with a unifying framework that subsumes
some existing quantum-inspired models for controlled stochastic
processes including quantum observable Markov decision processes
(QOMDPs) and Quantum Markov decision processes (QuaMDPs).
Specifically, QuaMDPs are special cases of QOMDPs, and, as we
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demonstrated, QOMDDPs are special cases of IO-HQMMSs where
operators are restricted to have unit Kraus rank.

Equipped with the model relationships demonstrated in this chap-
ter, we are able to concisely visualize the hierarchy of expressiveness
between the models we have considered in Figure 6.1. In the figure,
the gray box indicates new relationships established in this chap-
ter, and the orange shaded regions are potentially non-empty, i.e.,
we have established C relationships as opposed to C. Moreover, by
establishing QOMDP C I0-HQMM, we were also able to translate
a known property of QOMDPs to the general class of IO-OOMs —
perfect goal state reachability is undecidable for IO-OOMs.



7
Uniform Quantum Tensor Networks

Abstract We expand our analysis of the expressiveness of HQMMs be-
yond the literature of stochastic processes by incorporating quantum tensor
networks (QTNs) and weighted automata (WA). The physics community
developed tensor networks known as matrix product states, a tensor-train
decomposition for probabilistic modeling, motivated by the need to tractably
model many-body systems. But similar models have also been studied in the
stochastic processes and weighted automata literature, with little work on how
these bodies of work relate to each other. We address this gap by showing how
stationary or uniform versions of popular quantum tensor network models
have equivalent representations in the stochastic processes and weighted au-
tomata literature, in the limit of infinitely long sequences. We demonstrate
several equivalence results between models used in these three communities:
(i) uniform variants of matrix product states, Born machines and locally pu-
rified states from the quantum tensor networks literature, (ii) predictive state
representations, hidden Markov models, norm-observable operator models
and hidden quantum Markov models from the stochastic process literature,
and (iii) stochastic weighted automata, probabilistic automata and quadratic
automata from the formal languages literature.

Matrix product states (MPS) were first developed by the physics
community as compact representations of often intractable wave
functions of complex quantum systems (Perez-Garcia et al., 2006;
Kltimper et al., 1993; Fannes et al., 1992), in parallel with the equiv-
alent tensor-train decomposition (Oseledets, 2011) developed in ap-
plied mathematics for high-order tensors. These tensor network mod-
els have been gaining popularity in machine learning, especially as
means of compressing highly-parameterized models (Novikov et al.,
2015; Garipov et al., 2016; Yu et al., 2017; Novikov et al., 2014). There
has also been recent interest in directly connecting ideas and meth-
ods from quantum tensor networks to machine learning (Stouden-
mire and Schwab, 2016; Han et al., 2018; Guo et al., 2018; Huggins
et al., 2019). In particular, tensor networks have been used for prob-
abilistic modeling as parameterizations of joint probability tensors
(Glasser et al., 2019; Miller et al., 2021; Stokes and Terilla, 2019). But
the same problem has also been studied from various other per-
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spectives. Notably, the models discussed in Chapter 5 including
observable operator models (OOMs) (Jaeger, 2000) or predictive state
representations (PSRs) (Singh et al., 2004) from the machine learning
literature and stochastic weighted automata (Balle et al., 2014b) from
the formal language literature are approaches to tackle essentially the
same problem.

While Thon and Jaeger (2015) provide an overview discussing
connections between OOMs and stochastic weighted automata, their
connection to MPS has not been extensively explored. At the same
time, there exist many variants of tensor network models related
to MPS that can be used for probabilistic modeling. Glasser et al.
(2019) recently provided a thorough investigation of the relative
expressiveness of various tensor networks for the non-uniform case
(where cores in the tensor decomposition need not be identical). In
Adhikary et al. (2021a), we tackled the uniform case, and established
similar relationships by examining how various quantum tensor
networks relate to aforementioned work in different fields. In this
chapter, we derive a collection of results analyzing the relationships
in expressiveness between uniform MPS and their various subclasses
(Adhikary et al., 2021a).

The uniform case is important to examine for a number of reasons.
The inherent weight sharing in uniform tensor networks leads to
particularly compact models, especially when learning from highly
structured data. This compactness becomes especially useful when
we consider physical implementations of tensor network models in
quantum circuits. For instance, Glasser et al. (2019) draw an equiva-
lence between local quantum circuits and tensor networks; network
parameters define gates that can be implemented on a quantum
computer for probabilistic modeling. Uniform networks have fewer
parameters, corresponding to a smaller set of quantum gates and
greater ease of implementation on resource constrained near-term
quantum computers. Despite the many useful properties of uni-
formity, the tensor-network literature tends to focus more on non-
uniform models. We aim to fill this gap by developing expressiveness
relationships for uniform variants.

We expect that the connections presented here will also open the
door for results and methods in one area to be applied in another.
For instance, one of the proof strategies we adopt is to develop ex-
pressiveness relationships between subclasses of PSRs, and show
how they also carry over to equivalent uniform tensor networks.
Such cross fertilization also takes place at the level of algorithms.

For instance, the learning algorithm for locally purified states (LPS)
employed in Glasser et al. (2019) does not preserve uniformity of
the model across time-steps, or enforce normalization constraints on
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learned operators. With the equivalence between uniform LPS and

hidden quantum Markov models (HQMMs) established in this paper,

the HQMM learning algorithm from Adhikary et al. (2020), based on
optimization over the Stiefel manifold, can be adapted to learn uni-
form LPS while enforcing all appropriate constraints. Similarly, spectral
algorithms that have been developed for stochastic process models
such as hidden Markov models (HMMs) and PSRs (Hsu et al., 2012;
Siddiqi et al., 2010; Bailly et al., 2009) could also be adapted to learn
uniform LPS and uniform MPS models. Spectral algorithms typically
come with consistency guarantees, along with rigorous bounds on
sample complexity. Such formal guarantees are less common in ten-
sor network methods, such as variants of alternating least squares
(Oseledets, 2011) or density matrix renormalization group methods
(White, 1992). On the other hand, tensor network algorithms tend to
be better suited for very high-dimensional data; presenting an op-
portunity to adapt them to scale up algorithms for stochastic process
models.

Finally, one of our key motivations is to simply provide a means
of translating between similar models developed in different fields.
While prior works (Glasser et al., 2019; Kliesch et al., 2014; Critch
and Morton, 2014) have noted similarities between tensor networks,
stochastic processes and weighted automata, many formal and ex-
plicit connections are still lacking, especially in the context of model
expressiveness. It is still difficult for practitioners in one field to ver-
ify that the model classes they have been working with are indeed
used elsewhere, given the differences in nomenclature and domain
of application; simply having a thesaurus to rigorously translate be-
tween fields can be quite valuable. Such a thesaurus is particularly
timely given the growing popularity of tensor networks in machine
learning. We hope that the connections presented here will help
bring together complementary advances occurring in these various
fields.

Outline We begin with background on uniform matrix product
states in Section 7.1, and show that they are equivalent to OOMs in
the non-terminating limit of infinitely long sequences. In Section 7.2,

we summarize known results equating non-terminating non-negative

uniform MPS with HMMs, and in Section 7.3, we show that non-
terminating uniform Born machines are equivalent to NOOM:s. Fi-
nally, in Section 7.4, we similarly demonstrate equivalence between
HQMMs and non-terminating uniform locally purified states.

Notation We use the same mathematical notation used in the earlier

Chapters as described in Section 3.1. Additionally, we use tensor
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Figure 7.1: Matrix Product States and
Uniform Matrix Product States Tensor
network diagrams (top) and illustrative
representations (bottom) of MPS (a) and
uMPS (b).
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network diagrams to illustrate various model classes. We refer the
reader to Biamonte and Bergholm (2017) for an introduction to tensor
network diagrams, and the theory of tensor networks in general.

7.1 Uniform Matrix Product States

Matrix product states (MPS) were developed in the quantum in-
formation literature as compact representations of the joint state of
multi-particle quantum systems (Perez-Garcia et al., 2006; Kliim-
per et al., 1993; Fannes et al., 1992). As discussed in Chapter 3, an
n-dimensional quantum particle is characterized by a belief state enu-
merating the probabilities of it being in one of # basis states. A sys-
tem of N such particles constitutes a joint probability tensor with nV
entries, which scales exponentially with the number of particles. An
MPS representation decomposes this N-mode joint probability ten-
sor into a series of N three-dimensional tensor cores (Figure 7.1(a)),
resulting in O(nN) parameters instead.

The MPS decomposition can also be equivalently applied to joint
distributions over sequences of observations. Given a set of n dis-
crete observations O, an MPS encodes the probability of an N-length
sequence of observations y € O as follows

P(y1,...,yn) < MPSy, .,y = AN AIN=Tyn-a AR Al (5 q)

Here, each Al is a three-mode tensor formed by stacking n matrix
slices Allwi (one for every observation) of dimensions D; 1 x D;;
the maximal value of D; is the bond-dimension of the MPS (Glasser

et al., 2019). We use the convention of open boundary conditions® and * The MPS decomposition with open
boundary conditions is also known as
the tensor-train (TT) decomposition
(Oseledets, 2011). An alternate con-
Uniform Matrix Product States As illustrated in Figure 7.1(a), vention, periodic boundary conditions,
sets Dp = Dy > 1 and evaluates the
product of matrices using the trace

the model must be defined with respect to a fixed sequence length. operation. Such an MPS is equivalent to
a tensor ring decomposition (Mickelin
and Karaman, 2018)

set Dp = Dy =1, i.e., the boundary cores have vector slices.

the tensor cores of an MPS need not be the same, which means that

If we instead restrict all cores of the MPS to be identical, we can
model arbitrarily long sequences simply by repeating the same core
as many times as needed. We restrict our analysis to such stationary
or uniform MPS (uMPS) models (Figure 7.1(b)), which encode the
probability of sequences {y1,...,yn} as follows

P(y1,...,yn) < uMPS,, ., =0 AINAIN-1  AVAVIG)  (7.2)

Note that we have introduced two fixed boundary vectors o and
P, that are independent of observations; a natural choice to ensure
that all observation-dependent cores are identical. We can interpret
these fixed boundaries o' and g, as the evaluation functional and the
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initial latent state of the uMPS respectively. Using this interpretation
of an initial latent state evolving over time, we compute conditional
probabilities of observations by marginalizing all future observations

as follows
Z Jeves P(yN,-..,yt 1']/1‘/%&71,._,‘1/1)
P(ytly1:4-1) = yNZ Yit1 o +
YN - Yt yN/~--,yt,yt_1,...,y1)
N—(t+1) ~ .
v (Zy Ay ) Ay, ... Aqp (7:3)

ot (£, A)) A A

The Non-Terminating Limit

Note that in Equation 7.3, we repeatedly apply the same matrix
Yy Ay, called the transfer operator, to the evaluation functional ot
In the limit where (N — t) — oo, this ‘power iteration’ converges
to an effective evaluation functional o1, namely the top eigenvector

= o*t. In this limit?,
Equation 7.3 can be rewritten as the following simple recursive state

of the transfer operator i.e. o (Zy Ay>

update

Ay .. AP,

—_ P ) = 0.1—» :
oA, ... Aif, (Velyr:—1) g, (7.4)

Pt = Pylyryy =
Generally formulated as dynamical systems, stochastic process mod-
els tend to be described through recursive state updates such as this.
To draw comparison with them, we will thus consider uMPS models
in the earlier limit, which we call the non-terminating limit

Definition 29 (Non-Terminating uMPS). A non-terminating uMPS is
an infinitely long uMPS, and the probability of any sequence P(y1, ..., Yt)
of length t can be computed by marginalizing over infinitely many future
observations, i.e.,

P(yl,. . .,yt) = limN%OO ZyN . 'Zyt+1 P(yl,- s ,yN).

While the recursive state update in Equation 7.4 is valid only in
the non-terminating limit3, it remains valid even outside this limit
in the special case where the evaluation functional ¢ is a priori set
to be the fixed point of the transfer operator, i.e., ot Zy Ay = ot As
we now discuss, such a uMPS is equivalent to observable operator
models (OOMs), equivalently uncontrolled predictive state represen-
tations (PSRs) or stochastic weighted automata®.

Non-Terminating uMPS are OOMs
cussed OOMs or PSRs in some detail. As a reminder, an n-dimensional

In Chapter 5, we have dis-

OOM is a stochastic process defined over a set of discrete observa-
tions O represented by a tuple (C",0, {Ty},c0,X0). The initial state

* Even for finitely long sequences,

the evaluation functional converges

at an exponential rate such that

lor —o.|?> = O(exp %), with a “cor-
relation length” ¢ ~ (1 — |Az|/|A1]) 7!
set by the ratio of the largest and sec-
ond largest eigenvalues of the transfer
operator (Orts, 2014). Transfer opera-
tors with non-degenerate spectra can
always be rescaled to have a unique
fixed point, while those with degen-
erate spectra form a measure zero
subset.

3 The non-terminating limit is analogous
to the common practice of ‘burning-in’
the first few observations in a stochastic
process model to allow the system to
reach a stationary state; here, we apply
a ‘burn-out’ to the end of sequences.

4 A stochastic weighted automata model
is simply any weighted automaton
model that computes a probability
distribution. See Adhikary et al. (2021b)
for further details.
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vector xg € C" is normalized with respect to the linear evaluation
functional o%, i.e.,, 0txy = 1, and the set of observable operators Ty
have normalized marginals over observations o YyTy = o' Fi-
nally, we require that the probability of arbitrary length sequences
Yi,---, YN € O®N, computed as 0’+‘L'yN, .+, Ty; Xo, must always be
non-negative.

Given the constraint over the observable operators, we see that an
OOM is equivalent to a (non-terminating) uMPS where the evalua-
tion functional is defined to be the fixed point of its transfer operator
Y, Ty- We thus obtain the following equivalence result

Theorem 11 (uMPS = OOM in the non-terminating limit). Non-
terminating uniform matrix product states are equivalent to uncontrolled
predictive state representations.

Proof. Consider a uMPS {c, {T,},,p,} defined over sequences

of length N and define the transfer operator T := ), Ty. Say
we want to compute the probability of observing y; at time £,
conditioned on past observations y1.;—1. This requires us to not
only condition on the past observations, but also marginalize
over all possible future sequences y;.n (for example, see Miller

et al. (2021) for the case of uBMs). The probability is calculated as

follows
t N—t =
P _ o Ty, (T]/t—l B 'Tylpo)
(yt | ]/l:t) - t-N—+ =
T T (Tyt—l o 'Ty1P0)
+ _ (7.5)
_ 0Ty (Tyes  TiiPo)
— = 2
0T (Tyt—l o 'Ty1p0)
Here, we have defined the effective evaluation functional
+ . " .
o = (V") o at time t. Intuitively, this represents the evalu-

ation functional after having marginalized over all possibilities
for the remaining N — t time steps. We perform this marginaliza-
tion via the transfer operator T'.

As N — oo for fixed t, the trajectory of the effective evaluation
functional will be strongly determined by the spectral proper-
ties of T. Here, we restrict ourselves to transfer operators where
the magnitudes of the two largest eigenvalues are distinct. Note
that this is not a strong requirement, given that matrices with
degenerate spectra form a measure zero subset of general square
matrices. uMPS which violate this non-degeneracy condition are
associated with “(anti-)ferromagnetic order” in quantum-many
body physics, and can produce periodic behavior in the limit of
non-terminating sequences (Cuevas et al., 2017). Although we
don't give the full details here, such degenerate uMPS can still
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be converted to equivalent OOM by redefining the observation
space to consist of k-tuples of adjacent observations, for k the
periodicity of the uMPS. This procedure is also called ‘blocking’
in the condensed-matter literature (Cirac et al., 2017).

If the top eigenvalue of ¥ is A, = 1, o; will eventually converge
to 0., the corresponding fixed point of !, owing to the second
largest eigenvalue of T satisfying [A;] < 1. The probability
computation in Equation 7.5 then reduces to that of a PSR with
evaluation functional . Note that in a PSRs, the ¢ is chosen
precisely to be the fixed point of the adjoint transfer operator via
the normalization requirement o' = o%, forcing A, = 1.

If Ax # 1 for a uMPS model, we can simply rescale our matrices
T to obtain a properly normalized transfer operator, by replacing
Ty with T,/ A.. Making this substitution in Equation 7.5, we see
that the numerator and denomenator are rescaled by the same
constant AN, leaving the overall probability distribution un-
changed. As before, this new model produces exactly the same
probabilities as a PSR with the evaluation functional o, for o,
the fixed point of T'. O

The Negative Probability Problem for uMPS In Section 5.2, we
discussed that while OOMs are a highly expressive model class,
they suffer from the drawback of the negative probability problem
(NPP). Namely, it is undecidable whether a candidate OOM will
return negative probabilities for some sequence. Since uMPS are
equivalent to OOMs, it is unsurprising that they also suffer from
the same problem. In fact, the NPP has been discovered somewhat
independently within the quantum-information literature in the
context of MPS-like tensor networks; it is undecidable whether a
general matrix product operator describes a valid quantum state
(Kliesch et al., 2014).

We have already seen how HMMs, NOOMs, and HQMMs can be
viewed as constrained variants of general OOMs that avoid the NPP
by design. Similar variants have been proposed in the MPS literature
as well. We now describe these models, and discuss how they relate 5 Non-negative uMPS are equivalent
to corresponding OOM variants. to probabilistic automata (PA) from

formal language theory (Denis and
Esposito, 2008), which are in essence

. weighted automata where transition

/-2 Non-N egatlve uMPS and HMMs matrices need to satisfy stochasticity
constraints. The strict equivalence

A non-negative MPS5 is simply an MPS with non-negative model pa- between probabilistic automata and

. . HMMs i d in D t et al.
rameters. As noted by several authors (Kliesch et al., 2014; Critch and s s proved in Dupont et al. (2005)

Morton, 2014), non-negative MPS are equivalent to hidden Markov
models (HMMs). An n-dimensional HMM is a stochastic process
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generally defined by the tuple (R", A, C,x(), where the initial state
vector xg has unit 1-norm, and the transition and emission matrices A
and C are column stochastic. Starting with a normalized initial state
Xp, we compute the latent state x; conditioned on having observed y;
at time t using the following recursive state update

x| B diag(C(y,:))Axtq . Tyxt,1
Yt deiag(C(y,:))Axt,1 iTTth,1

where diag(C, ) is a diagonal matrix with the y-th row of the emis-

sion matrix C along its diagonal, and T, are observable operators
defined as T, = diag(C,,))A (Jaeger, 2000).

Expressiveness of non-negative uMPS Since non-negative uMPS
are equivalent to HMMs, they share the same expressiveness as
HMMs. Specifically, we have discussed how the set of valid HMM
states defines a polyhedral cone. A clear example of the limited ex-
pressiveness of HMMs is that processes with oscillatory state-space
behavior cannot be modeled exactly with a finite dimensional HMM.
Thus same restriction thus also holds for non-negative uMPS mod-
els. Since the non-negative operators of non-negative uMPS have real
eigenvalues — similar to HMMSs — they cannot induce oscillations in
the latent state. While such oscillatory behavior may not be the only
class of processes that separate these model classes, they are suffi-
cient to demonstrate that these models have limited expressiveness
compared to OOMs.

Given the limited expressiveness of non-negative uMPS, it is de-
sirable to search for alternative constraints on uMPS that are less
stringent than non-negativity. We now discuss a few proposals which
allow negative (or complex valued) parameters but compute proba-
bilities via quadratic functions, forcing them to be non-negative. We
will show that these models are equivalent to the similarly motivated
NOOMs, and that they unfortunately fail to capture all HMMs.

7.3 Uniform Born Machines & NOOMs

Uniform Born Machines Born Machines (Han et al., 2018) are a
popular class of quantum tensor networks that propose a simple so-
lution to the NPP - simply wrap the MPS inside a quadratic function
to compute probabilities. This is, in fact, one of the key postulates

of quantum mechanics, called the Born rule, used to compute the
probabilities of quantum measurements (Nielsen and Chuang, 2011).
As with uMPS, we focus on uniform Born machines (uBMs), which
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compute sequence probabilities as follows

2
P(y1,...,yn) < uBMy, .y = |€TAYN ... AVw,
=at AN AV wl (AT (AN Ty (7.6)

_ + =
=0 TyN Tylpo

where T, = AV ® AY, p, = @y ® wp, and ¢ = & ® . It is clear
that uBMs are a special kind of uMPS/OOM with the additional
constraint that the observable operators T, the evaluation functional
0, and the initial state g, all have unit Kraus-rank °.

Non-Terminating uBMs are NOOMs We recall that the notion

of using quadratic evaluations to avoid negative probabilities was
also the central idea behind formulating NOOMs” (Zhao and Jaeger,
2010b). Recall that an n-dimensional NOOM defined over a set of
discrete observations O is characterized by a tuple (C", {¢y},c0,%o)-
The initial state g € C" has unit 2-norm, i.e., ||[po]|3 = 1, and the
operators ¢, € C"*" satisfy ), ¢;¢y = I. Sequence probabilities are
computed as follows

P(yl""’yN) = NOOM%,~~-/}’N = H¢yN 4’1/14’0”;
tr(@yy - Sy pod(dy) - (@y)")

=1"7,, - 1y, By

We see that NOOMs, like uBMs, are also a kind of PSR/uMPs
with observable operators T, = ¢, ® ¢y, initial state , = vec(poyg) =
%, ® o, and evaluation functional I”

Similar to uBMs, the operators and the initial state of NOOMSs
have unit Kraus-rank, but the evaluation functional T! has full Kraus-
rank since it the vectorization of the full rank identity matrix. How-
ever, as we discussed in Section 7.1, the exact choice of the evaluation
functional does not matter in the non-terminating limit; for infinitely
long sequences, it will converge to the fixed point of its transfer
operator. It can be shown that whatever the fixed point of a non-
terminating uBM may be, we can always find a similarity transform
to an equivalent model where the transfer operator has the NOOM
evaluation functional as its fixed point (Adhikary et al., 2021b). This
leads us to the following theorem

Theorem 12 (NOOMs = uBMs in the non-terminating limit). Non-
terminating uniform Born machines are equivalent to norm observable
operator models.

© An operator has Kraus rank r if it
has a Schmidt decomposition T =
Yi_1 Xi ® X; with no more than r terms.

7?NOOMs are known as quadratic
weighted automata (QWA) in the
formal languages literature (Bailly,
2011).
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Figure 7.2: Tensor network diagram of
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Figure 7.3: Tensor network diagram of
a NOOM
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Proof. Note that uniform Born machines and norm observable
operator models differ only in their evaluation functionals,

and that NOOM transfer operators are required to be trace-
preserving. While uBMs can have an arbitrary Kraus-rank 1
evaluation functional, NOOMs are restricted to the higher-rank
identity evaluation functional I. Both models have operators

of the formt, = ¢, ® ¢,, which are completely positive with
Kraus-rank 1. Therefore, we need to show that an arbitrary uBM
is equivalent to one where the transfer operatort =}, Ty is
trace-preserving, which is the same as its adjoint " being unital,
i.e. having the identity T as a fixed point (Nielsen and Chuang,
2011). With this fact demonstrated, the same argument used in
the proof of Theorem 11 to prove convergence of the effective
functional of a uMPS to the fixed point ot can be applied here.
This has the effect of replacing the original Kraus-rank 1 func-
tional of the uBM by the identity I in the non-terminating limit,
completing the conversion from uBM to NOOM.

If the uBM transfer operator T is already trace-preserving then
we are done, so assume it is not. We make the generic assump-
tion that the two eigenvalues of T with greatest magnitude, A+
and Ay, satisfy [A«| > |Az|. This is similar to the assumption
made in proving Theorem 11, and is valid everywhere outside

of a measure-zero subset of uBMs. In the case of degenerate
eigenvalues, the conversion from uBMs to NOOMs can still be
achieved given a slight redefinition of the observation space to
combine together k adjacent observations.

By replacing all operators ¢, by ¢, /+/A., we convert the uBM
into one whose transfer operator T has leading eigenvalue of
magnitude 1, a rescaling which leaves the joint probability distri-
butions unchanged. In this case, the quantum Perron-Frobenius
theorem (Evans and Heegh-Krohn, 1977) then ensures that

A« = 1,and that T has a unique fixed-point operator ¢ which
is the vectorization of a full-rank (and consequently, invertible)
positive definite matrix .

A similarity transformation of S = 0}/? can then be applied to
the uBM matrices, replacing ¢, with rp’y = StpyS’l. This sim-
ilarity transformation ensures the new transfer operator 7/ is
trace-preserving, as demonstrated by the following;:
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In the equations above, we have used the facts that (a) o, il %
q
and o /% are Hermitian, so that complex conjugation acts as

o2 = (@7, (b) (ZT®X) Y = Wwith W = XYZ, for any
matrices X,Y, Z, and (c) tto, = 0,.

We have demonstrated that the similarity-transformed uBM now
possesses a trace-preserving transfer operator, which by the argu-
ments above ensures it is a valid NOOM in the non-terminating
sequence limit. O

Expressiveness of uBMs By equating non-terminating uBMS to
NOOMs, we can now use the expressiveness relationships established
for NOOMs in Section 5.3 directly to analyze the expressiveness of
uBMS. Specifically, does the quadratic evaluation strategy of uBMS
provide greater expressiveness than non-negative uMPS? Glasser

et al. (2019) tackle this question for the non-uniform case, showing
that there exist finite non-uniform BMs that cannot be modeled by
finite non-uniform HMMs; they conjecture that the reverse is also
true. We are able to confirm this conjecture for the uniform case as
follows:

Theorem 13 (uBM € HMM ; HMM ¢ uBM). There exist finite-
dimensional non-terminating uniform Born machines that have no equiva-
lent finite-dimensional hidden Markov models, and vice-versa.

Proof. For the first relationship uBM g HMM, note that we
already know that NOOM ¢ HMM. Zhao and Jaeger (2010b)
demonstrate this by designing the NOOM probability clock
model, where the latent state (and therefore conditional probabil-
ities) exhibit oscillatory behavior. The negative entries in NOOM
operators allow their top eigenvalues to be complex valued,
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which allow for such oscillatory behavior. On the other hand,
HMMs with non-negative operators with real eigenvalues cannot
produce such oscillations. From Theorem 12, we know that a
non-terminating uBM with the same operators as the probability
clock NOOM will generate identical probabilities, and thus pro-
duce the same dynamics as the probability clock NOOM. These
are then instances of uBMs that cannot be modeled by a finite
dimensional HMM.

For the second relationship HMM ¢ uBM, note that Theorem 5
in Chapter 5 tells us that there exist HMMs that cannot be mod-
eled by finite dimensional NOOMs. The same HMMSs cannot be
modeled by non-terminating finite dimensional uBMs, as these
are equivalent to NOOMs. O

Thus, the quadratic evaluation trick of NOOMs and uBMs results
in a relatively restrictive model class that cannot model all finite uMPS
HMMs. We now look an alternative set of tensor network model Y, Y, Y2 W
constraints that provide additional expressiveness.

7.4 Locally Purified States & HQMMs

Locally purified states (LPS) were originally proposed as tensor-

network models for quantum simulation, and were designed with
the explicit intention of avoiding negative probabilities. They also
have a direct correspondence to local quantum circuits with ancil-

lary qubits (Glasser et al., 2019), and can thus be used to implement

probabilistic models directly on quantum computers. Glasser et al.
Figure 7.4: Tensor network diagrams of

(2019) showed that non-uniform LPS are strictly more expressive than
uLPS and uMPS

non-uniform HMMs. As with all other tensor networks, we instead
focus on uniform LPS or uLPS.

Compared to the general uMPS, a uLPS introduces an addi-
tional mode for each tensor core, called the “purification dimension”
(Glasser et al., 2019). As illustrated in Figure 7.4, we can view uLPS
as a decomposition of a uMPS along this purification dimension.
Sequence probabilities are computed as follows

P(y1,...,yn) < ulLPSy .\

7T — —
= YK @KL | [ Kuyy @ Kayy Y Kur @ Ky g
w w w

. [Zleyl @ Ka,yy
w
(7.7)

where ¥, Ky, ® Ky, y, are matrx slices of the tensor-cores,

=T . . . — .
Yo Kyr ® KzTU 1, is the evaluation functional, and )}, Ky r ® Ky g is
the initial state vector. The sum over the w indices contracts over the
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purification-dimension, and the number of summands corresponds to
the model’s ‘puri-rank’ (Glasser et al., 2019). We now show that uLPS
tensor-networks are equivalent to HQMMs.

Non-terminating uLPS are HQMMs Recall the Liouville represen-
tation HQMMSs in Definition 20 from Chapter 5: the initial state g, is
a vectorized unit-trace Hermitian PSD matrix of arbitrary rank. The
operators L, satisfy trace preservation (TP), i.e, g (Zyeo) L, =17,
and their corresponding Choi matrices are HP and CP such that
{Cy}yco satisfy C, = 0and Cy = C;. State updates and probabilities
of sequences are computed as follows

_ Lyp,_ = .
Pily = —»Tyiil P(ya,...,yt) = ]ITLyt -+ LyPo (7.8)
'Lyp; 4

We can recover the original Kraus matrix formulation from L-HQMMs
via a simple (inverse) vectorization as shown below

t t
P(ylr' . "yN) =tr (2 Kw,yN o 'ZKW,mpKw,yl T 'Kw,yN>
w w

=17 <2Kw,yw ® Kw,yw) o <2Kw,y1 ® Kw,m) Po
w w

Ly

N Ly

Note that this is identical to the probability computation for a uLPS
in Equation 7.7, with the only exception that an HQMM has a fixed
evaluation functional T”. But recall that this difference at the bound-
ary does not matter in the non-terminating limit. Following essen-
tially the same proof strategy as with NOOMs-uBMs, we obtain the
following result

Theorem 14 (uLPS = HQOMM). Non-terminating uniform locally purified
states are equivalent to hidden quantum Markov models.

Proof. We follow the same approach as in Theorem 12. Uniform
LPS models and HQMMs differ only in their evaluation func-
tionals, and that HOMMSs operators are trace-preserving. While
uLPSs can have an arbitrary evaluation functional, HQOMMs are
restricted to the identity evaluation functional I. Both models
have operators of the form 7, = Zy fy ® Ky, which are com-
pletely positive operators.

As discussed in Theorem 12, the transfer operator T can be
rescaled and similarity transformed into one that is trace-
preserving. In the limit of non-terminating sequences, the evalua-
tion functional of this transformed model will then converge to T,
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the fixed point of 1. Therefore, this similarity transform allows
us to map a non-terminating uLPS to an HOMM, proving that
non-terminating uLPSs are equivalent to HQMMs. O

7.5 Tensor Networks with Control

The expressiveness relationships established in this chapter also
translate to the controlled setting. Just as we defined IO0-HQMMs
from HQMMs, we can define input-output uLPSs and input-output
uMPSs. The non-terminating variants of these models would then
being equivalent to IO-HQMMSs and 10-OOMs/PSRs respectively.
When viewed as a tensor network in Figure 7.5, we also note that
IO-HQMMs and uniform IO-LPSs have the same structure as matrix
product operators (Chan et al., 2016; Murg et al., 2008) which can be
viewed as MPSs with an additional open index at each core.

Yn AN YN-1a5- Yo @y Y @ Ynan Ynaana Y2 @2 Y @
YN Ay Yn-14n. Yo @y Y1 @ Yn an Yn-1an4 Y242 Y1
uniform IO - LPS 10 - HQMM

7.6 Conclusion

We established formal connections between various probabilistic
models of stochastic linear processes proposed in machine learn-

ing, quantum tensor networks, and formal language theory. While
various expressiveness relationships had been established for non-
uniform quantum tensor networks, the same were not available for
the uniform case where parameters are shared across time steps. We
focused on this uniform setting and derived new expressiveness rela-
tionships between MPS and its variants including non-negative MPS
and Born machines, and linear sequential systems including observ-
able operator models or predictive state representations, and hidden
quantum Markov models. Using these equivalence relationships,

we are able to concisely visualize the hierarchy of expressiveness
between the models we have considered in Figure 7.6. These relation-
ships can also be qualitatively inferred by viewing these models as
tensor networks as in Figure 7.6.

Figure 7.5: Tensor network diagrams
for IO-HQMM and uniform IO-LPS
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uMPS = uncontrolled PSR = SWA
YN YN Y2 1
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uBM uLPS

YNYN-1 Y2 Wi
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OOM = PSR HQMM =  uLPS

SuMPS = SWA NOOM =  uBM
HQMM = uLPS

UBM ¢ HMM
NOOM
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B =QWA

NOOM C HQMM

We anticipate that the equivalences we have developed will serve
as a thesaurus to be able to translate between similar models pro-
posed in different communities, and enable the transfer of insights
and algorithms across these domains.

Figure 7.6: All Models Considered
Tensor network diagrams for the
models considered.

Figure 7.7: Hierarchy of expressiveness
of quantum tensor networks, linear
sequential systems, and weighted
automata Relative expressiveness of
various models considered in this
chapter. The gray box indicates new
relationships established.
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8
Kernel Herding over Riemannian Manifolds

Abstract Kernel herding is a deterministic sampling algorithm designed
to draw ‘super samples’ from probability distributions when provided with
their kernel mean embeddings in a reproducing kernel Hilbert space (RKHS).
Empirical expectations of functions in the RKHS formed using these super
samples tend to converge even faster than random sampling from the true
distribution itself. Standard implementations of kernel herding have been
restricted to sampling over flat Euclidean spaces, which is not ideal for appli-
cations such as robotics where more general Riemannian manifolds may be
appropriate. We propose to adapt kernel herding to Riemannian manifolds by
(1) using geometry-aware kernels that incorporate the appropriate distance
metric for the manifold and (2) using Riemannian optimization to constrain
herded samples to lie on the manifold.

We evaluate our approach on problems involving various manifolds com-
monly used in robotics including the SO(3) manifold of rotation matrices,
the spherical manifold used to encode unit quaternions, and the manifold
of symmetric positive definite matrices. We demonstrate that our approach
outperforms existing alternatives on the task of resampling from empirical
distributions of weighted particles, a problem encountered in applications such
as particle filtering. We also demonstrate how Riemannian kernel herding can
be used as part of the kernel recursive approximate Bayesian computation al-
gorithm to estimate parameters of black-box simulators that lie on Riemannian
manifolds, including inertia matrices of an Adroit robot hand simulator. Our
results confirm that exploiting geometric information through our approach to
kernel herding yields better results than alternatives including standard kernel
herding with heuristic projections.

8.1 Introduction

Kernel Herding Kernel mean embeddings are powerful statisti-

cal tools that enable learning and inference in potentially infinite-
dimensional feature spaces. By representing probability distributions
as elements of reproducing kernel Hilbert spaces (RKHS), kernel
mean embeddings allow us to apply various kernel-based algorithms
directly on distributions (Song et al., 2013; Muandet et al., 2017).
While there are many tools available to sample from probability
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density functions, they are not directly applicable to kernel mean em-
beddings. Kernel herding is a deterministic algorithm that allows us to
draw samples from distributions when they are represented as kernel
mean embeddings (Chen et al., 2010). This is particularly useful for
methods that operate in an RKHS, including many algorithms de-
signed for robotics problems such as filtering (Kanagawa et al., 2016;
Lacoste-Julien et al., 2015), simulator parameter estimation (Kajihara
et al., 2018; Kisamori et al., 2020), and likelihood-free Bayesian infer-
ence (Hsu and Ramos, 2019; Kajihara et al., 2018). Adapting kernel
herding to Riemannian manifolds also extends the applicability of
these algorithms to problems defined over Riemannian manifolds.

Kernel herding also provides an efficient means to summarize
large datasets using a smaller, weighted subset that preserves distri-
butional properties in an RKHS. Most kernel based algorithms where
one might encounter kernel mean embeddings tend to decouple algo-
rithmic and sample complexities from the dimensionality of feature
spaces; instead of scaling with feature dimensions, these methods
generally scale with the number of data points. This highlights the
utility of being able to sample a smaller set of representative data
points — also called a core-set — instead of evaluating kernels on the
entire dataset. In the absence of access to the data generating distri-
bution, kernel herding can be useful to draw a core-set of samples
from the empirical distribution of the existing dataset, reducing both
the memory footprint and computational time of the underlying
algorithms.

Riemannian Manifolds Current applications of kernel herding
have been restricted to sampling over flat Euclidean spaces (Chen

et al., 2010; Kanagawa et al., 2016; Kajihara et al., 2018; Chen et al.,,
2018), and the standard kernel herding algorithm does not directly
translate to general Riemannian manifolds encountered in many
applications. For example, in robotics, quantities like stiffness and
inertia are represented by symmetric positive definite (SPD) matrices,
which form Riemannian manifolds when equipped with a Rieman-
nian metric. The special orthogonal group SO(3) of rotation matrices
is used to represent robot orientations and rotations. The spherical
manifold of unit-vectors can also be used to encode orientations and
rotations as unit quaternions. The spherical manifold is also foun-
dational in directional statistics (Mardia and Jupp, 2009; Sra, 2018)
and has a wide range of applications including topic modeling in
natural language processing (Reisinger et al., 2010), protein structure
modeling (Mardia et al., 2007), speaker clustering from audio data
(Tang et al., 2009), etc. Exploiting the Riemannian structure of data
spaces has proven to be useful in numerous applications in robotics
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including model predictive control (Calinon, 2020), imitation learn-
ing (Zeestraten et al., 2017), Bayesian optimization (Jaquier et al.,
2020), and so on. Our aim is to similarly incorporate the Rieman-
nian structure of data spaces for the task of sampling from empirical
distributions and kernel mean embeddings.

Kernel Herding on Riemannian Manifolds We propose to adapt
kernel herding to Riemannian manifolds by (1) using geometry-
aware kernels that incorporate the appropriate distance metric for the
manifold, and (2) using Riemannian optimization to ensure that we
only generate feasible samples that lie on the manifold. Geometry-
aware kernels have been successfully applied to many problems

on Riemannian manifolds including Bayesian optimization (Jaquier
et al., 2020; Oh et al., 2018), spectral image classification (Honeine
and Richard, 2010) and object recognition (Jayasumana et al., 2013a).
Our approach is similar in spirit to that of Jaquier et al. (2020), which
applies a combination of geometry-aware kernels and Riemannian
optimization to Bayesian optimization. We focus on a different prob-
lem of sampling over Riemannian manifolds.

While sampling from distributions over Riemannian manifolds
has been tackled in various contexts, the problem of sampling from
kernel mean embeddings over Riemannian manifolds is yet to be
addressed. There is significant literature dedicated to extending
Markov chain Monte Carlo MCMC) methods to Riemannian man-
ifolds (Girolami and Calderhead, 2011; Brubaker et al., 2012; Byrne
and Girolami, 2013; Diaconis et al., 2013). Utilizing the Riemannian
kernelized Stein discrepancy (Liu and Zhu, 2018; Barp et al., 2022),
the Riemannian Stein variational gradient descent algorithm provides
a particle-based alternative that mitigates unwanted positive sam-
ple correlations observed in MCMC methods (Liu and Zhu, 2018).
The same discrepancy measure may also allow a similar extension
of other sampling algorithms such as Stein points (Chen et al., 2018).
However, all of these methods rely on having access to (potentially
unnormalized) probability density functions. In contrast, we focus on
a different access model where samples are to be drawn from distri-
butions embedded in an RKHS or empirical distributions defined via
sets of weighted particles.

Outline We begin with an introduction to the standard kernel herd-
ing algorithm in Section 8.2, and then in Section 8.3, we describe our
proposal of extending it to Riemannian manifolds. In Section 8.4, we
evaluate our approach in drawing resamples from empirical distribu-
tions over Riemannian manifolds. Finally, in Section 8.5 we evaluate
the efficacy of using Riemannian kernel herding as part of the Kernel
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Recursive Approximate Bayesian Computation (KR-ABC) to estimate
simulator parameters defined over Riemannian manifolds.

Notation We use bold-face capitalized letters for matrix operators
(e.g. A), bold-face lower case letters for vectors (e.g. x) and plain
non-bold symbols for scalars. We use R and C to denote the real
and complex scalar fields. We use [E to denote expectations, and

7 denotes the indicator function. The inner-product defined over

a vector space V is represented as (v1,v,), for all v;,v, € V, and
we denote the norm defined with respect to this inner-product as
llvlly = (v,0)y, forallv € V.

Let X denote a data-space (or pre-image space) consisting of data
points x € X. These data points are mapped onto a feature space ®
(or image space) via a feature map ¢ : X — &. Unless otherwise
stated, we assume that X has finite dimensions, while ® is infinite-
dimensional. Given a probability distribution P defined over a space
S, we uses ~ P to indicate that s € S was sampled from the dis-
tribution P. Feature maps ¢ can themselves be viewed as elements
of infinite-dimensional spaces, regardless of the dimensionality of
@. When viewing a feature map ¢ as such an infinite-dimensional
vector, we will use the bold-face ¢. We reserve H to denote a specific
class of feature spaces known as a Hilbert space, which essentially
corresponds to a feature space equipped with an inner-product.

8.2 Kernel Herding

Let up be the kernel-mean embedding encoding the distribution P
from which we wish to draw samples. Recall’ that a kernel mean
embedding up is the representation of a probability distribution P
embedded in a reproducing kernel Hilbert space (RKHS) via a kernel
function k, and corresponds to the expected value of the kernel func-
tion Eypk(x, -). Given a kernel function k and this target embed-
ding up, kernel herding sequentially constructs a new set of samples
{&+}}_; by solving the following optimization problem n times (Chen
et al., 2010):

X; = argmin Li(x, pp, {x; f;} )
X

-1
= argmin — (k(x,-), pp) +Z(t>1) ) %k(x, X;) (8.1)
X j:]

where, Z(t > 1) is the indicator function ensuring that the second
component of the objective is not applied when generating the first
sample xj.

* We provide background on kernel
mean embeddings and the maximum
mean discrepancy in Section 2.3
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Minimizing the first component — (k(x, -), pp) of the objective in
Equation 8.1 pushes the kernel mean embedding of the generated
samples k(x;, -) towards the target embedding p,. After the first sam-
ple x; has been generated, the second component of the objective
applies a repulsive force pushing new samples to be dissimilar to
those already generated in prior iterations. The measure of dissim-
ilarity defining this repulsion in the second component, as with the
similarity defining the attraction in the first component, is dictated by
the kernel k.

In most practical applications, we do not have access to the actual
kernel mean embedding up, but instead have an estimate ji, of it in
the form of a set of samples {x;} and corresponding weights {w; >
0} s.t. Y;w; = 1. This estimated embedding is evaluated as jI, =
Y. wik(x, x;), giving rise to the following kernel herding objective:

1

n f—
- . 1 -
X; = argmin — Zwik(x, x;)+Z(t>1) ?k(x, X;) (8.2)
x i=1 j=1
Note that the samples in the dataset {x;} do not themselves have to * For example, if all the data points

x; are the same, we cannot accurately
o o ) . ) ] o approximate any distribution other than
the empirical distribution is a good approximation of the true distri- the delta distribution at x;.

have been drawn from P — we can adjust the weights {w;} so that

bution P. Of course, the degree to which the empirical distribution
matches P will depend on the data points?.

Kernel Herding Generates Super Samples As shown in Chen et al.
(2010), if k(x,x) = R > 0 for all x € X, kernel herding generates
samples that minimize the maximum mean discrepaency (MMD)
(Gretton et al., 2012) defined as follows

2

1 n
Lyvmp = || fip — - Y k(xt,-)
=1

H

For bounded kernels, kernel herding decreases Lynvp at a rate of
O(n~1/2), and under additional assumptions (only guaranteed for
finite-dimensional #), this convergence rate improves to O(n~1).
Since this is faster than random sampling from P itself (Bach et al.,
2012; Chen et al., 2010), herded samples are also called ‘super sam-
ples’. While H is generally not finite dimensional, we still tend to get
fast convergence in practice, even when Equation 8.2 is only solved
approximately (Chen et al., 2010).

As discussed earlier, the second component in Equation 8.2 cor-
responds to a repulsive force that penalizes x that are similar — as
determined by the kernel — to those already herded in prior itera-
tions. The fast convergence of kernel herding is often attributed to
this repulsive force that can induce negative auto-correlation between
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the herded samples (Chen et al., 2010). Positive auto-correlation be-
tween generated samples can cause them to be tightly clustered for
small n, as observed in various MCMC methods (Geyer, 2011). Other
kernel-based sampling methods such as Stein variational gradient
descent (Liu and Wang, 2016) and Stein points (Chen et al., 2018)
also employ a similar repulsive force. The kernel herding updates

in Equation 8.2 can also be interpreted as a special case of the Frank
Wolfe algorithm (Bach et al., 2012).

The Need for Kernel Herding in Riemannian Manifolds Current
applications of kernel herding have been restricted to sampling over
flat Euclidean spaces (Chen et al., 2010; Kanagawa et al., 2016; Kaji-
hara et al., 2018; Chen et al., 2018), and the standard kernel herding
algorithm does not directly translate to general Riemannian mani-
folds encountered in many applications. For example, in robotics,
quantities like stiffness and inertia are represented by symmetric
positive definite (SPD) matrices, which form Riemannian manifolds
when equipped with a Riemannian metric. The special orthogonal
group SO(3) of rotation matrices is used to represent robot orienta-
tions and rotations. The spherical manifold of unit-vectors can also
be used to encode orientations and rotations as unit quaternions. The
spherical manifold is also foundational to directional statistics (Mar-
dia and Jupp, 2009; Sra, 2018) and has a wide range of applications
including topic modeling in natural language processing (Reisinger
et al., 2010), protein structure modeling (Mardia et al., 2007), speaker
clustering from audio data (Tang et al., 2009), etc.

Exploiting the Riemannian structure of data spaces has proven
to be useful in numerous applications in robotics including model
predictive control (Calinon, 2020), imitation learning (Zeestraten
et al., 2017), Bayesian optimization (Jaquier et al., 2020), and so on.
Adapting kernel herding to Riemannian manifolds also extends the
applicability of these algorithms to problems defined over Rieman-
nian manifolds.

We now discuss our approach to incorporate the Riemannian
structure of data spaces for the task of sampling from empirical dis-
tributions and kernel mean embeddings via kernel herding.

8.3 Kernel Herding over Riemannian Manifolds

Adapting Kernel Herding to Riemannian Manifolds We identify
two attributes of kernel herding that make it particularly amenable
to be adapted to general Riemannian manifolds. Firstly, the use of
kernels offers flexibility in incorporating new manifolds by swap-
ping out the kernel. Secondly, the updates in Equation 8.2 do not
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require a specific optimization approach — allowing us to easily inject
Riemannian optimization techniques.

Since the kernel herding algorithm accesses data exclusively
through kernel evaluations, geometric structure of the data space can
be injected by picking an appropriate kernel. Such geometry-aware
kernels take into account the curvature of the underlying manifold
when assigning similarities between data points. Thus a kernel based
approach such as kernel herding is attractive in its flexibility — we
should ideally be able to swap out the kernel and keep the rest of the
algorithm intact. As we now discuss, it turns out that we do need to
take some additional care in ensuring the optimization used to solve
Equation 8.2 is also valid for Riemannian manifolds.

Finally, the herding algorithm does not prescribe a particular
method to solve Equation 8.2; it has been been solved using ap-
proaches including gradient descent (Chen et al., 2010), black-box op-
timization (Chen et al., 2018), and exhaustive search over a restricted
search-space (Kanagawa et al., 2016). Over the years, Riemannian
counterparts have been developed for many such optimization rou-
tines that optimize directly on the manifold of interest (Absil et al.,
2007b; Boumal, 2023).

Thus, our approach to kernel herding over Riemannian manifolds
is to (1) use kernels that incorporate the correct notion of distance
for the manifold, and (2) use Riemannian optimization techniques to
restrict herded samples on desired manifolds. Since the theoretical
properties of kernel herding are agnostic to these two adjustments,
convergence guarantees of the original algorithm carry over to our
Riemannian adaptation. We now summarize the two components of
our proposal to adapt kernel herding to non-Euclidean Riemannian
manifolds.

Geodesic Exponential Kernels The first component in our Rie-
mannian kernel herding scheme is to use geometry-aware kernels
that assign similarity based on the curvature of the data manifold.
Various geometry-aware kernels have been specifically designed

for manifolds such as the Grassmann manifold (Hamm and Lee,
2008a,b), symmetric positive definite matrices (Jayasumana et al.,
2013b), cylinders (Oh et al., 2018), etc. As a simpler alternative to de-
signing problem specific kernels, we explore the use of generic kernels
that are applicable across a wide range of domains. One such kernel
is the exponential kernel defined as follows

k(x,y) =exp(=Ad(x,y)?) A, g>0 (83)

where A is the bandwidth, and d(x,y) is a distance function raised to
the g-th power. When d(x,y) = ||x — y||2, we obtain the well-known
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Euclidean Laplacian (g = 1) and Gaussian (g = 2) kernels.

Positive Definiteness of Geodesic Exponential Kernels A natu-
ral way to adapt these kernels to a general Riemannian manifold M
is to simply set the distance function d(x, y) to be its geodesic dis-
tance d \¢(x,y) (Jayasumana et al., 2015, 2013b; Jaquier et al., 2020).
However, the positivity of the kernel evaluation in Equation 8.3 does
not guarantee a positive definite kernel; we require that the kernel
always results in positive semi-definite kernel matrices (Muandet

et al.,, 2017). Indeed, geodesic exponential kernels are, in general, not
SPD (Feragen et al., 2015) and thus may not define a valid RKHS.
The geodesic Gaussian kernel is SPD for all bandwidths only if the
manifold is isomorphic to Euclidean space (Feragen et al., 2015). The
geodesic Laplacian kernel is slightly more flexible and is SPD for all
bandwidths if the geodesic distance is a conditionally negative def-
inite metric, which is the case for manifolds including spheres and
hyperbolic spaces (Feragen et al., 2015).

While geodesic exponential kernels may not be SPD for all band-
widths, they tend to be SPD with very high probability for band-
widths above some threshold Aj;.s; Wwhen evaluated on finite datasets
(Feragen and Hauberg, 2016). As the kernel bandwidth goes to infin-
ity, the kernel matrix approaches the identity, which is SPD with
non-negative eigenvalues. Since the minimum eigenvalue function
is continuous, there exists some threshold bandwidth A, beyond
which the kernel is always SPD. Prior works (Feragen and Hauberg,
2016; Jaquier et al., 2020) have estimated this bandwidth threshold by
checking how often the kernel matrix is positive definite when evalu-
ated on random sub-samples of data for different bandwidths. If this
threshold is too large, the kernel matrix could degenerate into the
identity, assigning zero similarity to non-identical samples. However,
empirical results (Feragen and Hauberg, 2016; Jaquier et al., 2020),
including our own, suggest that threshold bandwidths for geodesic
exponential kernels tend to be small enough for the kernel to remain
sufficiently discriminative. For example, in Figure 8.1, we present
results of such an empirical evaluation for the SPD manifold.

From a practical standpoint, geodesic exponential kernels are very
flexible. All we need to apply them on a manifold is its geodesic dis-
tance, and the empirically calculated bandwidth threshold. In our
experiments, we opt for geodesic Laplacian kernels (7 = 1 in Equa-
tion 8.3). We found this kernel to outperform the Gaussian kernel on
resampling experiments over various manifolds. Moreover, the Lapla-
cian kernel is provably SPD for the spherical manifold, an impor-
tant manifold routinely encountered in many practical applications.
Recently, kernels with g greater than but still close to 1 have been

Proportion of PD Kernel Matrices
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Figure 8.1: Empirically estimating SPD
threshold bandwidth for geodesic ex-
ponential kernels For a dataset of SPD
matrices drawn from a target distribu-
tion, we computed geodesic Laplacian
kernels with varying bandwidths on
random subsets of the data. We plot the
proportion of these kernel matrices that
were SPD. Beyond Ayyesnh = 1 kernel
matrices were almost always SPD (pro-
portion. ~ 1.)
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shown to work well for a different problem setting over the spherical
manifold of unit quaternions (Birdal et al., 2020); the authors chose to
avoid the exact Laplacian kernel due to gradient instabilities in their
optimization problem.

Optimization over Riemannian Manifolds The second com-
ponent in our Riemannian kernel herding scheme is to swap Eu-
clidean optimization methods used to solve Equation 8.2 with their
Riemannian generalizations. Many Euclidean optimization algo-
rithms have been generalized to Riemannian manifolds (Absil et al.,
2007b; Boumal, 2023) including first-order gradient based methods
like steepest descent and conjugate gradient methods (Smith, 1994),
second-order methods like Newton’s method and trust-region meth-
ods (Absil et al., 2007a; Smith, 1994), and black-box optimization
methods such as the Nelder-Mead algorithm (Dreisigmeyer, 2007).
The key insight in these generalizations is to translate motion along a
straight line in flat spaces to motion along curves. For instance, con-
sider the case of Riemannian gradient descent, which we use in our
experiments. Gradient descent follows a simple recipe: step along the
direction opposite to the gradient g(x) of the objective until we ar-
rive at an optima. In Euclidean space, this is done simply by adding
—ug(x) to our current estimate x, where « is the step-size.

However, in non-Euclidean spaces, we cannot add the gradient
g(x) € TxM to points on the manifold, which is generally not

. . . N Figure 8.2: Illustration of Retractions
isomorphic to Tx M. Thus, we must first map motion along the over Riemannian Manifolds: The gra-

gradient direction onto a smooth curve on the manifold — obtain- dient g(x) at a point x on a Riemannian
manifold M is a vector on the tangent

space TxM. Stepping along the vector

ing a curve of steepest descent. This is achieved using a retraction

map Rx : TxM — M, which corresponds to moving along a g(x) would, in general, result in going
smooth curve y(t) on the manifold such that we start at our cur- off the manifold, whereas stepping

. . . . along its retraction R (g(x) follows a
rent estimate (7(0) = x) pointed towards the negative gradient geodesic on the manifold.

(7/(0) = —g(x)). The gradient update step is then simply computed
as x; = Rx, ;(—ag(x;—1)). Retraction maps can be derived in closed-
form for many commonly used Riemannian manifolds3.

Since gradient descent can be slow to converge, it is generally ? For example, we used a specific
retraction map for the Stiefel manifold
in our learning algorithm for HOMMs

conjugate gradient method (Hestenes and Stiefel, 1952; Dai and Yuan, in Chapter 4

supplemented with additional optimization techniques such as the

1999), momentum (Polyak, 1964; Qian, 1999a), RMSprop, Adam
(Kingma and Ba, 2015), etc. These adaptive strategies combine the
current gradient of the objective with gradients computed at prior
iterations to form averaged descent directions. In Euclidean space,
this is done simply as a weighted linear combination since all gradi-
ents are elements of the same tangent space. For general Riemannian
manifolds, we must first map all gradients to be combined into a
common tangent space. This is done using the manifold’s parallel
transport map I'x_y : Tx M — Ty M, which maps elements from one
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tangent space to another while preserving inner products. Bécigneul
and Ganea (2019) have developed Riemannian counterparts of var-
ious adaptive gradient descent schemes including the Riemannian
Adam, which is the optimization algorithm used in our experiments
unless noted otherwise. This optimization scheme provides com-
putational benefits over various second-order methods (Absil et al.,
2007a; Smith, 1994), and tends to outperform vanilla gradient descent
through adaptive gradient updates. Indeed, the traditional Euclidean
Adam (Kingma and Ba, 2015) optimizer has been a staple across
machine learning applications, and is also used in our Euclidean
baseline comparisons.

We evaluate our proposal for Riemannian kernel herding on two
tasks: resampling from empirical distributions and estimating param-
eters of black-box simulators. We now discuss these experiments in
detail, beginning with the resampling task.

8.4 Resampling from Empirical Distributions

Given a closed-form expression of a probability distribution — or,
more precisely, its score function in most cases — there are a multi-
tude of options of algorithms that we can use to draw samples. How-
ever, in many applications, we may not have access to the actual dis-
tribution, but just a set of samples drawn from it. For instance, if we
wish to generate additional data points to append a dataset, we will
likely not have access to the density function for the data-generating
distribution. Instead, we would need to somehow draw samples from
the empirical distribution implicitly defined by the dataset.

The problem of resampling from empirical distributions can be
stated as follows: given a set of non-uniformly weighted samples
{w;, x;}X |, we wish to generate uniformly weighted samples {x;}Y ;
that match the distribution of the original set. The weights {w;} such
that Y; w; = 1 define an empirical distribution 7(x) = YN | w;Z(x —
x;), where Z is the indicator function.

8.4.1 Baseline Method: Optimal Transport

The baseline method for resampling over Riemannian manifolds
against which we compare our approach builds off of the ideas of
sampling importance-resampling. Wang and Solo (2020) propose an
algorithm for particle filtering over Lie groups, using methods from
optimal transport (OT) theory to draw resamples from a weighted
set of particles from Lie groups#* including SO(3). While the origi-
nal resampling approach in Wang and Solo (2020) was specifically
designed for Lie groups, we adapt the general strategy to Rieman-

+ A Lie group is a differentiable mani-
fold with additional group structure.



MIND THE METRIC: METHODS IN METRIC-INFORMED MACHINE LEARNING

nian manifolds with known geodesic distance functions. Specifically,
the particle filter outlined by Wang and Solo (2020) consists of two
components: a method of simulating stochastic differential equations
on Lie groups via the Cayley transform, and a resampling technique
to overcome particle degenerancy. We focus on the latter resam-
pling algorithm as it relates directly to our approach. We refer to this
approach as the OT Resampling technique, and describe it in detail
below.

Since the OT technique builds off of the standard particle filtering
algorithm, we begin with an introduction to particle filters. We refer
the reader to Doucet et al. (2009) for a detailed review of the topics
covered here.

Particle Filtering Particle filtering, also known as Sequential Monte
Carlo (SMCQ), is a powerful class of algorithms used in the analysis
and control of dynamical systems. These algorithms solve the filtering
problem of estimating the posterior distribution of the latent state

of state-space models such as HMMs, from a history of noisy and
partial observations. Particle filters have found significant application
in fields such as robotics (Thrun et al., 2005), where they are used

for tasks like robot localization and simultaneous localization and
mapping (SLAM); signal processing (Arulampalam et al., 2002),
particularly for target tracking and object recognition, and for time-
varying sequential estimation problems in domains such as finance
(Johannes and Polson, 2010).

In the context of particle filtering, the objective is to estimate the
latent state at time ¢ given the sequence of observations thus far.
More precisely, we wish to estimate a posterior belief over the latent
states, i.e., a probability distribution calculated as

— P(ye|xe) P(xt|y1:4-1)
P(Xth/l:t) B P(ytlynH)

Computing the above requires calculations of integrals, the analytic
solutions for which can be prohibitively expensive to compute or
even estimate without making some simplifying assumptions on the
distributions. For instance, if we make the familiar assumption that
the underlying distributions are Gaussian, the integral calculations
simplify and an analytic solution is within reach. Particle filters allow
us to avoid such simplifying assumptions on the models, by estimat-
ing the posterior distribution via samples or particles.

Namely, if we assume that samples {x; } have been drawn from
the posterior P(x¢|y1.t), we can estimate the posterior as the following
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empirical distribution:

1N ,
P(xt|y1) = NZI(’“ = X})
1

where 7 is the indicator function. However, we do not actually have
access to P(x¢|y1.¢); indeed, that is what we are trying to estimate in
the first place. Instead, we can draw samples from a known distribu-
tion g and set importance weights w! as follows

i P(xtlyie)  P(xe|xe—1,y8) P(X¢—1|y1:6-1)
w} o« =
q(xelyre)  q(xelxe—1,y1)q(x¢-1ly1:4-1)
_ P(x¢|x¢—1,y1)
- 7?’{%71
q(xe|xi—1,yt)
P(yt|xt)P(Xt|Xt—1)wi

o qlulxeny) !
Here, the numerator consists of two models assumed to be known:
the emission model P(y¢|x;) and the transition model P(x¢|x;_1).
Given some choice of p(x¢|x;_1,y:) such as a simple Gaussian, we can

then compute the weights recursively5. 5 For example, one common option is
to set g(x¢|x¢—1,y¢) = P(x¢|x;—1) itself,
] i . which further simplifies the weights
P(xt[y1.) by (1) drawing samples from g(xi[x!_,y)), (2) updating wpdate o a1 o DAl .

the weights using the recursion above, and (3) estimating the poste-

In summary, particle-filters perform sequential state-estimation of

rior P(x¢|y1.t) via the weighted samples.

Particle Degeneracy Vanilla particle filters suffer from the well-
known problem called particle degeneracy. Namely, after a few itera-
tions, the particle weights begin to accumulate on a small number of
particles, i.e., the weights for most particles go towards zero, while
that for a few particles go towards one. As one might expect, this
has a detrimental effect on how well the posterior is approximated
by the samples — in the limit of only a single particle having all the
weight, we are essentially trying to approximate a distribution with
a single point, which is bound to not be accurate. This is captured
by the notion of effective sample size (ESS) ¥;(w!)?, which goes to 1
as the distribution of weights converges to a dirac-delta over a single
sample. Intuitively, estimating the posterior based on N weighted
samples is somewhat equivalent to estimating the same using ESS
number of samples from the true posterior.

Importance Resampling To mitigate particle degeneracy, we need
to draw new resamples from the posterior P(x|y1.t), and reset the
weights to be uniform across all resamples. However, we only have
access to the weighted samples {(w!,x})} we already have. The sim-
plest solution is to just draw resamples from this set based on the
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weights. This method known as sampling-importance-resampling
(SIR), suffers from a different problem: particle impoverishment.
Specifically, as the weights accumulate on a few particles, the new
set of resamples drawn proportional to weights will be dominated
by these few samples. As with particle degeneracy, the reduction
in particle diversity also has negative effects on the accuracy of the
sample-based posterior estimation.

The OT Method Wang and Solo (2020) propose a particle filter-
ing algorithm for Lie groups, with a particular focus on mitigating
particle degeneracy and particle impoverishment through a special-
ized resampling algorithm. Given a set of weighted samples, the
OT resampling approach proceeds in two steps. First, we draw new
samples with standard sampling-importance resampling (SIR), i.e.,
we pick samples (with replacement) from the original set of parti-
cles according to their weights. To combat particle impoverishment,
the second step of the OT approach computes a transportation map®
from the empirical distribution of the original particles to that of the
SIR resamples using the manifold’s geodesic distance as the ground
metric. The final output is a fresh set of samples matching the distri-
bution of the SIR resamples but with higher particle diversity.
Concretely, the OT resampling problem consists of a set of parti-
cles {x;}, and a different set of particles {%;} obtained with standard
SIR. The goal is to obtain a new set of particles {X;} that matches the
empirical distribution of the SIR resamples {%;}. We obtain this new
set {X;} by applying a transportation map T to the original samples
{x;}. The transportation map T defines a mapping from the distribu-
tion of the original samples to the empirical distribution of the SIR
resamples, and is computed in two steps. First, we solve the a Kan-
torovich relaxation of the optimal transport problem between #(x)
and v(%X). Given a cost matrix C of pairwise distances between sam-
ples {x;} and {X;}, we minimize the following entropy regularized
Sinkhorn distance objective (Cuturi, 2013):

v = argmin < v,C >p —eH(y) st qyl1=75,91=v, (8.4)

v€J(1,v)

where () is the Frobenius dot-product, J(#,v) is the space of all joint
distributions y with marginals # and v, H(7) is the entropy of v, and
€ controls the level of entropy regularization?.

In our experiments, we solve Equation 8.4 using the Sinkhorn-
Knopp matrix scaling algorithm as implemented in the POT: Python
Optimal Transport package (Flamary and Courty, 2017). We populate
the cost matrix C using geodesic distances for manifolds listed in
Table 8.1. For all manifolds used in our experiments, we empirically

¢ We provide background on optimal
transport theory and transportation
maps in Section 2.3.2.

7 Recall the convention that bold-
faced v, 7, and <y denote vector-
representations — here, of the corre-
sponding empirical distributions.
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evaluated the threshold for Ay, e above which kernel matrices were
observed to be SPD, and list them in Table 8.1.

Table 8.1: Geodesic distances for

Manifold Geodesic Distance d v (X, Y) Athresh Riemannian Manifolds used in Experi-
3 T ments. logm is the matrix log operation.
S Hypersphere arccos (X Y) Always SPD The Ayjesy values are computed empiri-
(2" 0 2) 1/2 cally for geodesic Laplacian kernels
. . k=1
SO(3) Rotation matrices k 0.4

{ei%} are eigenvalues of x"y

SPD matrices Hlogm (x_%yx_%) HP 1.0

Once the optimal joint distribution 7y has been computed, the
new resamples X; are obtained by solving the following weighted
Riemannian centroid problem

N

%, =T(x;) = arg)r(nin 'yi,]-d2(x, X;), (8.5)
j=1

where d(x, X;) is the geodesic distance between x and %;, and ele-

ments of the joint distribution 7; ; serve as the weights. Thus, the

original samples x; get transported to the weighted centroid of SIR

resamples.

For resampling over Lie groups such as SO(3), Wang and Solo
(2020) provide a simple iterative algorithm to compute this Rieman-
nian centroid using the Cayley transform and the Cayley lifting map.
Computing the Riemannian centroid is not a trivial problem in gen-
eral, but we can obtain estimates through optimizers such as gradient
descent, with the caveat that we may be stuck at local optima. In our
experiments, we solve this Riemannian centroid problem in general
using Riemannian gradient descent, and for experiments on SO(3),
we also use the approach in Wang and Solo (2020), which we refer to
as the “Cayley centroid” method.

Cayley Centroids Wang and Solo (2020) propose to compute the
Riemannian weighted centroid by using the Cayley transform and the
Cayley lifting map where Cay, and Cayy ! are the Cayley transform
and the Cayley lifting map at point x. We refere the reader to Wang
and Solo (2020) for additional details and references on the use of
Cayley transforms, and their use to estimate the Riemannian centroid
for Lie groups. The full algorithm for the OT approach as used in our
experiments in provided in Algorithm 2.
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Algorithm 2: Resampling using the OT Method

=)

[ NS L B ) N

N}

10

11
12
13
14
15
16

17

Data: A set of weighted samples {w;, x; }
{&;} < SIR-Resampling({w;, x;})
if use_cayley_method then
# Cost matrix with Cayley lifting map as geodesic dist.
Cjj + llcayy' (%)IIF
# Solve OT problem
7ij < SolveSinkhonObjective(C,v,€)
# Solve for Centroid with Cayley Lifting & Transport Maps
while |[%;|F > € do
Si ¢ Z]'I\il ’Yi,jCaY{il(*j)
X; < Cayx,(s)

else

# Cost matrix with geodesic dists. from Table 8.1

Cij — d/\/l (Xl', )’Z])

# Solve OT problem

Yij SolveSinkhonObjective(C,v,€)

# Solve for Centroid with Riemannian Gradient Descent
%; + argmin, YN, 7;C;

Algorithm 3: Resampling using Kernel Herding

10

11

12

13

Data: Set of samples {x;} & geodesic distance function d  for
the manifold.
if use_riemannian_herding then
# Geodesic Laplacian kernel with d 5, in Table 8.1
k(xy) = exp(=Adp(xy))
Opt = RiemannianOptimizer
else
# Euclidean Laplacian kernel
k(xy) = exp(=Alx —yll2)
Opt = EuclideanOptimizer
for t € [0,T] do
X;
Opt (argminx — Y wik(x,x;) +Z(t > 1) Z]t;% Tk(x, i]))
if not use_riemannian_herding then
# Project with projections in Algorithm 4
L X = Project y((X¢)
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8.4.2  Experiments

We compare our approach for Riemannian kernel herding against

the OT Resampling method, as well as standard Euclidean herding
followed by a projection onto the relevant manifold. We test® all three
methods on the task of resampling from an empirical distribution
over two Riemannian manifolds that are commonly used to parame-
terize rotation matrices: the SO(3) manifold of rotation matrices and
the S manifold of unit-quaternions.

We summarize our approach to resampling using Riemannian ker-
nel herding in Algorithm 3. For all manifolds, we use the geodesic
Laplacian kernel, defined as k(x,y) = exp (—A d(x,y)), where d 4
is the geodesic distance for the manifold. As these kernels tend to be
SPD only above some threshold bandwidth for non-Euclidean man-
ifolds, we empirically calculate this threshold via the protocol used
in Feragen and Hauberg (2016) and Jaquier et al. (2020). Specifically,
we draw 100 uniformly distributed random samples for the manifold,
and compute the geodesic Laplacian kernel matrix over a range of
50 bandwidths and empirically estimate the bandwidth above which
kernel matrices are SPD with probability ~1. For each bandwidth,
we repeat this process 10 times and calculate the proportion of the
resulting kernel matrices that are positive semi-definite, i.e., have
non-negative eigenvalues. When tuning kernel parameters, we only
search over bandwidths above this empirical threshold. Note that this
step is not required for the spherical manifold, for which the geodesic
Laplacian kernel is always SPD.

Resampling on SO(3) In Figure 8.3, we compare the OT approach
against Riemannian kernel herding on the task of resampling from a
set of 750 SO(3) matrices with normally distributed positive weights.
We created 6 such datasets, using the first one to tune model param-
eters, and the remaining 5 to evaluate them. For kernel herding, we
performed a random hyperparameter search over kernel bandwidths
and learning rates for Adam. For the OT approach, we similarly
tuned its entropy regularization.

We evaluate the resamples via their average sampling errors on test
sets, i.e., the first Wasserstein distance? to the weighted targets using
the manifold’s geodesic distance as the ground metric. As shown
in Figure 8.3, we experiment with computing the Riemannian cen-
troid required for the OT approach using the iterative Cayley maps
proposed in Wang and Solo (2020) (labeled OT + Cayley Centroid) as
well as using gradient descent (labeled OT). We find that Riemannian
kernel herding is able to match the final sampling error from the OT
approaches with about 500 fewer samples. We also present results

8 Experiment Infrastructure: All our
experiments were performed on a
desktop with 16 Intel Core i9-9900K
3.60GHz CPUs, and 34.4 GB RAM. We
used the Riemannian Adam algorithm
from the Geoopt package (Kochurov

et al., 2020; Bécigneul and Ganea, 2019)
for optimization on all manifolds,
except for the SO(3) manifold since this
was not supported in Geoopt at the
time of the experiments. For SO(3), we
use the conjugate gradient method with
adaptive line-search from the Pymanopt
package (Townsend et al., 2016).

9 See Section 2.3.2 for background on
Wasserstein distances
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Algorithm 4: Project: Projections onto Manifolds

N U s W )

N

10

11

12
13
14
15
16
17
18

19

Data: Sample x and the manifold M onto which it should be
projected

if M = SO(3) then

# Project onto orthogonal matrices with determinant +1

s < 1 if Determinant(x) > 0 else —1

D, U < SymmetricEigenDecomposition(xx)

# Sort descending by eigenvalues: Ay > Ay > A3

D, U « SortByEigVvals(D,U)

D = D'/2 xdiag([1.0,1.0,5])

| Xproj = x (UDUT)

if M = 53 then

# Normalize

| Xproj x/ x|l

if M = SPD then

# Following procedure from Higham (1988)

A+ F(x+xT)

D,U « SVD(A)

H « Udiag(s)UT

V+ LA+H)

Xproj < %(B + BT)

return Xproj
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for Euclidean kernel herding, where we use the Euclidean Laplacian
kernel and Euclidean gradient descent (with Adam) but heuristically
project the generated samples onto the SO(3) manifold. Riemannian
kernel herding is able to match the final sampling error of this Eu-
clidean approach with around 200 fewer resamples.

Resampling on S3 Besides matrices on SO(3), rotations can also be
parameterized by unit-quaternions, which are elements of the spheri-
cal manifold S3. In fact, quaternions are often preferred over rotation
matrices as they use fewer parameters, and are more computationally
efficient. We repeat the earlier experiment for the S> manifold and
report results in Figure 8.3. As before, we find that Riemannian ker-
nel herding outperforms both the OT approach as well as Euclidean

kernel herding.
0.67 |\ B Riemannian Herding 0.204 B Riemannian Herding
B Euclidean Herding B Euclidean Herding
" 0.5 . mm OT n s OT
o mmmm OT + Cayley Centroid 5 0.15
5 0.4 5
g g
%_0 3 = 0.10
IS 1S
&5 0.21 8
0.051
0.14
0.0-— " " " " " " " 0.00— " " . " . " "
0 100 200 300 400 500 600 700 0 100 200 300 400 500 600 700

Number of resamples

Comparing Algorithms The faster convergence of Riemannian
kernel herding over the OT approach is likely due to negative sam-
ple auto-correlations induced by Equation 8.2 (Chen et al., 2010).
This conjecture is supported by the fact that Euclidean and Rieman-
nian herding, both of which induce negative auto-correlations, out-
performed the OT methods. Furthermore, while the OT approach
transports particles towards the distribution of SIR resamples, kernel
herding draws samples directly from the original weighted empirical
distribution.

However, the OT approach does have the advantage of being com-
putationally faster and highly parallelizable across samples, while
kernel herding tends to be slower and is inherently sequential. Thus,
in practice, Riemannian kernel herding is likely to provide an ad-
vantage over the OT approach when it is worth spending additional

Number of resamples

Figure 8.3: Resampling from empirical
distributions over rotations Error

bars represent standard deviation

of the mean error over 5 test sets.

(Left) Resampling on SO(3) (rotation
matrices). (Right) Resampling on S°
hyperspheres (quaternions). Error bars
represent one standard deviation of the
mean error over 5 test sets.
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computation to produce high quality resamples. This may be the
case, for instance, in particle filters with computationally expensive
transition or observation models.

As a final comparison between the two approaches, we note that
Riemannian kernel herding provides greater flexibility by allowing
the weights on target samples to be negative. In traditional particle
filtering problems, negative weights is generally not an issue. Indeed,
if weights are meant to be discrete approximations of probabilities,
negative weights are not even conceptually valid. However, negative
weights routinely rise in methods operating directly with kernel
mean embeddings. We now focus on one such method for simulator
parameter estimation where negative weights prevent us from using
the OT approach.

8.5 Simulator Parameter Estimation

In our second set of experiments, we demonstrate how adapting
kernel herding to Riemannian manifolds allows us to do the same for
other algorithms reliant on it. Specifically, we focus on the problem
of estimating the parameters of simulators using the kernel recursive
approximate Bayesian computation (KR-ABC) algorithm (Kajihara

et al., 2018).

8.5.1  Kernel Recursive Approximate Bayesian Computation

Simulator Parameter Estimation Estimating the parameters of
simulators is a ubiquitous problem, and is a central task in domains
where real-world systems are complex, inaccessible or fragile. Sim-
ulators provide a safe and cost-effective means of experimentation
in many domains including climate modeling (e.g., Palmer, 2012),
epidemiology (e.g., Ferguson et al., 2020), engineering design (e.g.,
Bendspe & Sigmund, 2003), and so on. In robotics, it is very common
to first train policies on simulations of actual robots, choosing from
a wide range of physics simulators such as MuJoCo (Todorov et al.,
2012), Isaac Gym/Sim (Makoviychuk et al., 2021), Bullet (Coumans
and Bai, 2016), and so on.

As a concrete example of model parameter estimation, consider
the task of training a controller or a policy for robots, e.g., grasping an
object using a robotic hand. Since training policies on real robots can
be expensive, time-consuming, and prone to accidents, generally such
policies are trained on a simulation of the robot, and then transferred
to the real robot. The quality of this transfer can be very sensitive
to how well the simulated robot matches the real one. Often robot
simulations will allow users to tune its parameters, e.g. the moments
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of inertia of the robot hand. But the tricky part is knowing what
values to set since we may not know the corresponding values for the
real robot. For instance, even if the robot’s manual provides values
for its moments of inertia, they may not be accurate after wear-and-
tear or if we modify the robot with additional weights. Thus, there is
a need to estimate these parameters from data collected on the real
robot, so we can accurately calibrate the simulated robot.

For certain parameters, it may be possible to make direct measure-
ments, e.g. mass of an object. But this may not always be possible,
might require specialized equipment, or require substantial effort. A
more general approach would be to adjust the parameters of the sim-
ulated robot so that for a set of fixed controls, it generates the same
observations as the real robot. For instance, the moment of inertia
of the palm of a robotic hand will affect how it moves in respond to
fixed torque commands. We could thus tune the inertia parameters
so that the simulated hand results in the same trajectory as the real
hand under identical toque commands. We now discuss how kernel
recursive approximate Bayesian computation allows us to do this
without resorting to brute force grid search in the parameter space.

Kernel Recursive Approximate Bayesian Computation Consider

a black-box™® simulator that takes as input a parameter 8, and pro- " The simulator is "black-box" since we
do not assume knowing its underlying

. . ) . model — we simply need to be able to
tion y*, our goal is to find parameters that are likely to have gener- run it with a specific parameter choice.

ated it.
In KR-ABC, we begin by initializing a set of n parameters {6;}" ,,

duces observations y conditioned on it. Given some target observa-

and query the simulator to obtain corresponding observations
{yi}!,. Given kernels kg and k, for the parameters and observa-
tions respectively, we estimate the kernel mean embedding of the
distribution Py () of parameters likely to have produced y* as fol-
lows

n
#r,.0) = ) wike(-,0;)
i=1
where [wy, ..., wy])" = (G + ndl) 'k, (y*)

Here, k(y*) = [ky(y1,y"), - -ky(yn,y*)]T, G = [ky(yi, Yj)]?,j:y I
is the identity matrix and § > 0 is a regularization constant. The

(8.6)

calculation of the (potentially negative) weights above corresponds
to a kernel-ridge regression (Kajihara et al., 2018). At each iteration,
kernel herding is used to draw samples from p P, (6) which are then
applied to the simulator to generate observations for the next iter-
ation. After the final iteration, we return the first herded sample as
our estimated parameter.

The above KR-ABC algorithm works well when the parameter 6
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lies on a Euclidean manifold. However, this is often not the case —
since simulators are generally designed to match physical phenom-
ena, their underlying models are informed by physical constraints,
which are often encoded as Riemannian manifolds. In our experi-
ments, we consider scenarios where 0 lies on a specific Riemannian
manifold - the SPD™ manifold - and evaluate the efficacy of our pro-
posed Riemannian kernel herding as the means of drawing samples
from kernel mean embeddings. We compare our approach against a
few alternative baselines, which we now discuss.

Baselines: Projections and Decompositions While our proposal

for Riemannian kernel herding explicitly integrates the geometry

of manifolds into the sampling process, there are some alternative
options that are both conceptually and computationally simpler.

We use two such approaches as baselines for comparison. The first

of these is the heuristic approach of simply using Euclidean kernel
herding, and projecting the solution onto the required manifold using
the projections defined in Algorithm 4. The second is the widely used
approach of parameterizing 6 using a known decomposition for the
required manifold.

As an alternative to heuristic projections, we can simply parame-
terize 0 in a way that ensures it always lies on the manifold. While
this is not possible for all Riemannian manifolds, the SPD manifold
can be conveniently parameterized using the Cholesky decompo-
sition, i.e, any SPD matrix can be written as the product of lower-
triangular matrices L as follows:

Cholesky Decomposition 6 = LL'

Instead of sampling the full § matrix directly, we can sample the
elements of the lower-triangular L and construct the SPD 6. For 6
with n x n values, the lower triangular L can be parameterized with
n(n —1)/2 values, which, importantly, do not need to be constrained.

8.5.2  Experiments

Estimating the Covariance of Gaussian Distributions In our first
experiment, we set the simulator to be a 3D zero-mean Gaussian
distribution, and our goal is to estimate its SPD covariance matrix
using samples drawn from it. For this experiment, we created 10
datasets, each consisting of 1000 samples from the target distribution
as observations; we use the first dataset to tune hyperparameters, and
the rest to evaluate models.

For all methods, we set the number of herded samples n = 100,
and tune the regularizer J, the learning rate for Adam, and the band-

1 KR-ABC with Riemannian kernel
herding is agnostic to the choice of the
manifold. We picked the SPD manifold
since it allowed us to examine two com-
mon scenarios — estimating covariances
and inertia matrices. Moreover, since
SPD matrices admit the Cholesky de-
composition, it provided an alternative
baseline besides heuristic projections.
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Algorithm 5: Simulator Parameter Estimation with KR-ABC

Data: Target observations y*; kernels kg and k,; a simulator

Simulator(f) and a set of n random initial parameters
{91} for it

1 while not converged do

2
3
4
5
6
7

10
11

12

13
14

15

# Simulate observations for set of parameters
{yi} « {Simulator(6;)}
# Get weights from kernel ridge regression
k(y*) < [ky(y1,¥"), - ky(yn y9)]"
G« [ky(yi yj)I} i1
[w1, ..., wa)T (G +ndl) " 'ky(y*)
# Build kernel mean embedding
Hp,.(0) < Limi wike(-, ;)
# Draw new set of parameters
if use_riemannian_herding then
t {0;} «+ RiemannianKernelHerding(;tpy* ©))

else

{oi} — KernelHerding(HPy* (0)
{6,} = {Project((6,)})

# Return the first herded sample from last round

return 6,
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widths for kg and k, (a Euclidean Laplacian kernel) through a ran-
domized hyperparameter search. We fix the number of epochs for
Adam at 100 and run KR-ABC for 20 iterations.

0.7 ! True Dist.
Random
0.6 mmmm Riemannian
[ Cholesky
205 B Euclidean
w
0.4 i
£
a
£ 0.3
©
0.2 )
0.1
0.0

In Figure 8.4, we compare the different approaches in terms of
their sampling errors, i.e., the first Wasserstein distance between
the target samples and those generated from the estimated covari-
ance matrices. For comparison, we also plot the sampling errors
of iid samples drawn from the true distribution (labeled True Dist)
and samples drawn from a random uniform distribution (labeled
Random). We find that Riemannian KR-ABC outperforms all other
methods, yielding sampling errors much lower than that for random
uniform samples and only slightly higher than that for iid samples
from the true distribution.
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Estimating the Inertia Matrix of a Simulated Robot Hand Finally,
we return to the motivating application for simulator parameter
estimation that we laid our earlier. Namely, given a simulator of a
robot-hand, we wish to tune its dynamics to match the behavior of a
real robot to ensure that policies learned on the simulator transfer to
the real-robot. In our experiments, we make a slight modification for
experimental ease — instead of collecting data from a real robot, we
collect data from a different simulator.

Figure 8.4: Covariance Matrix Estima-
tion for Gaussian Distributions. Error
bars denote one standard deviation
around the mean error across 9 sets of
test observations.

Figure 8.5: Trajectory of Angular
Positions of Two Wrist Joints of a
Simulated Adroit Robot Hand. Our
observations are the concatenation

of these two 32-step trajectories. The
shaded region denotes the standard de-
viation within the different trajectories.

Figure 8.6: The Adroit Robot Hand
Simulator. We estimate the inertia
matrix of its palm, highlighted in red.
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We apply Riemannian KR-ABC with Riemannian kernel herding to
the task of estimating the 3D inertia matrix of the palm of an Adroit
robotic hand simulator'? (Figure 8.6). We use as observations the
concatenated trajectories of angular positions of its two wrist joints

under a fixed control sequence for 32 steps, i.e., a 64 dimensional 2 Environments obtained from https:
//9ithub.com/vikashplus/mj_envs

observation (Figure 8.5). Our goal is to learn an inertia matrix that ,
(Rajeswaran et al., 2018)

produces trajectories similar to the target observations.

We generated 6 distinct trajectories of observations by applying
different sequences of controls; we use the first one to tune hyperpa-
rameters and the remaining to evaluate models. When evaluating a
model’s performance, we compute its simulation error, i.e., the aver-
age norm of the difference between the true observations and those
simulated from the estimated parameters using the same controls.

Riemannian Cholesky Euclidean Figure 8.7: Inertia Matrix Estimation
Number of Simulations for the Adroit Robot Hand Simulator.
100 200 300 400 Error bars denote standard grror in the
mean over 5 sets of observations.
0.4
n
-
e
=03
c
.©
® 0.2
g
=0.1

5 10 15 20
Number of herded samples

In Figure 8.7, we show that Riemannian KR-ABC with Riemannian
kernel herding outperforms both Euclidean KR-ABC with heuristic
projections and the Cholesky parameterized variant without projec-
tions. The gains from the Riemannian approach appear to be larger
for smaller number of parameter samples, which directly translates
to the number of simulator queries at each iteration of the KR-ABC
algorithm. Thus, Riemannian KR-ABC was able to obtain better es-
timates of the inertia matrix with fewer simulator queries than the
other methods.

8.6 Conclusion

We presented an approach to adapting kernel herding to Riemannian
manifolds by using (1) geometry-aware kernels that incorporate the
correct distance metric for the manifold, and (2) Riemannian opti-
mization to constrain generated samples to lie on the manifold. We
demonstrated that our approach outperforms various alternatives on
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experiments involving resampling from empirical distributions, and
estimating parameters of black-box simulators. Our approach pro-
vides an intuitive and effective way of incorporating geometric infor-
mation into the task of sampling from kernel mean embeddings. Pos-
sible directions for future work may be to apply a similar approach to
related sampling techniques such as the Stein points algorithm (Chen
et al., 2018) which also uses herding. Another direction could be to
identify other algorithms that could benefit from using herding as

an intermediate step. Additionally, in this paper, we chose to focus
on geodesic exponential kernels due to their generality. For specific
applications, it would be pertinent to explore kernels customized

or learned for the task at hand, as well as kernels that are provably
characteristic. Applications that benefit from incorporating kernel
herding are likely to be those that require computing expectations

of functions with minimal sample evaluations. One such application
may be problems requiring evaluations of implicit stochastic policies
in robotic control and reinforcement learning.
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BeigeMaps: Behavioral Eigenmaps

Abstract Training reinforcement learning (RL) agents directly from high-
dimensional observations such as images continues to be a challenging prob-
lem. Recent line of work on behavioral distances proposes to learn representa-
tions that encode behavioral similarities quantified by the bisimulation metric.
By learning an isometric mapping to a lower dimensional space that preserves
this metric, such methods attempt to learn representations that group together
functionally similar states. However, such an isometric mapping may not
exist, making the learning objective ill-defined. We propose an alternative
objective that allows distortions in long-range distances, while preserving local
metric structure — inducing representations that highlight natural clusters in
the state space. This leads to new representations, which we term Behavioral
Eigenmaps (BeigeMaps), corresponding to the eigenfunctions of similarity ker-
nels induced by behavioral distances. We empirically demonstrate that when
added as a drop-in modification, BeigeMaps improve the policy performance of
prior behavioral distance based RL algorithms.

9.1 Introduction

Reinforcement learning (RL) from image observations holds great
promise as it enables learning control policies for domains where
obtaining low-dimensional state information is expensive or in-
tractable (Yarats et al., 2019; Yen-Chen et al., 2020). However, image
observations are typically high-dimensional and contain redundant
or task-irrelevant information. Directly applying RL on image obser-
vations often results in poor sample efficiency and weak generaliza-
tion capability (Laskin et al., 2020a; Zhang et al., 2020).

Central to this challenge is the problem of representation learn-
ing (Jaderberg et al., 2016; Laskin et al., 2020b; Zhang et al., 2020;
Stooke et al., 2021). The goal of representation learning is to map
high-dimensional image observations to low-dimensional represen-
tations, facilitating the learning of downstream policies and/or value
functions. The representation can be learned a priori (Lange and
Riedmiller, 2010; Lange et al., 2012) or jointly with the policy (Yarats
et al., 2019; Zhang et al., 2020; Lee et al., 2020).
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Recently, a set of representation learning approaches have been
proposed using behavioral distances (Zhang et al., 2020; Castro et al.,
2021; Kemertas and Aumentado-Armstrong, 2021; Castro et al., 2023;
Chen and Pan, 2022). These behavioral distances are variants and
relaxations of the bisimulation metric (Ferns et al., 2011; Castro, 2020)
and capture state-differences based on expected returns under cer-
tain policies. These representation learning approaches not only
encourage the low-dimension representation to extract task-relevant
information (Zhang et al., 2020), but also shape the representation
space such that its metric structure aligns with task-relevant val-
ues (Castro, 2020; Castro et al., 2021). It has been shown that value
function learning can benefit from the metric structure of the repre-
sentation space, as states with similar values are grouped together in
the representation space (Castro et al., 2021, 2023).

Although prior approaches have proposed different behavioral
distances, with considerations for computation complexity (Castro
et al., 2021), training stability (Kemertas and Aumentado-Armstrong,
2021), approximation error (Chen and Pan, 2022), etc., they follow the
same recipe when encoding the behavior metric structure into rep-
resentation space. Specifically, these methods learn a representation
mapping such that the low-dimensional Euclidean representation
space is isometric, i.e., globally distance preserving, to the space de-
fined by corresponding behavioral distances.

Unfortunately, such an objective can be ill-defined — there may
not exist a low-dimensional Euclidean space such that distance in
the Euclidean space is equal to the behavioral distance. This issue
may undermine the quality of the learned representation and induce
instability in training since the behavior distances are computed
through bootstrapping (Van Hasselt et al., 2018).

When exact isometry to a low-dimensional Euclidean space is
not possible, we can still obtain approximate embeddings, but these
necessarily come at the cost of metric distortions. This raises a nat-
ural question: if isometry is ill-defined without distortions, is there
a certain fype of acceptable distortion that still preserves important
geometric structure defined by the behavior distance?

We hypothesize that a good trade-off is to allow distortion in long-
range distances while preserving the local geometric structure given
by states that are closer together in terms of behavioral distance.
This proposal is further motivated by the fact that locality preserv-
ing maps are known to emphasize natural clusters in data (Belkin
and Niyogi, 2001). Since a key motivation for behavioral distances is
value-based state aggregation (Castro et al., 2021), it may be benefi-
cial to use locality preserving embeddings that are inherently better
suited for this purpose.
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We propose representations corresponding to the top* eigenfunc- * We use top and bottom eigenfunctions
to refer to those corresponding to

. . . . the largest and smallest non-zero
we refer to as Behavioral Eigenmaps (BeigeMaps). These eigen- cigenvalues respectively.

tions of kernels defined with respect to behavioral distances, which

maps correspond to the simultaneous optimal solution for locality
preservation (Belkin and Niyogi, 2001) and state space partitioning
(Von Luxburg, 2007). We demonstrate that BeigeMaps can be used
as a drop-in modification of existing behavioral distance algorithms,
and it improves performance for all algorithms when evaluated on
the Deep Mind for Control (DMC) benchmark (Tassa et al., 2018).

Representation Learning for RL Despite early success of RL with
image input (Mnih et al., 2015), learning visual policies only rely-

ing on the RL objective, i.e., return maximization, is challenging in
domains with less structured visual input (Zhang et al., 2020; Lamb
et al., 2022). Representation learning for RL seeks to improve sample
efficiency (Laskin et al., 2020a; Yarats et al., 2021a), robustness (Zhang
et al., 2020; Lamb et al., 2022), and generalization capability (Zhang
et al., 2020; Laskin et al., 2020a) by learning a good, often low dimen-
sional, representation for control.

A group of representation learning for RL approaches follow
largely from self-supervised learning on visual tasks. Representa-
tions are shaped through auxiliary tasks such as reconstructing image
observations (Lange and Riedmiller, 2010; Lange et al., 2012; Hafner
et al., 2019a,b; Lee et al., 2020; Yarats et al., 2019), minimizing con-
trastive losses (Oord et al., 2018; Laskin et al., 2020b; Stooke et al.,
2021; Zhang et al., 2022), clustering (Yarats et al., 2021b; Liu et al,,
2023), and encouraging consistency under data augmentation (Laskin
et al., 2020a; Yarats et al., 2021a). These approaches, however, may
suffer when image observations contain complex distractor signals
that are irrelevant to reward and/or control (Zhang et al., 2020; Fu
et al., 2021; Wang et al., 2022; Lamb et al., 2022).

Fu et al. (2021) and Wang et al. (2022) propose to explicit model
distractor signals and factor such signals out for control. Another
idea is to learn representations through one-step (Pathak et al., 2017;
Badia et al., 2020; Baker et al., 2022) or multi-step (Efroni et al., 2021;
Lamb et al., 2022) action prediction. Although these approaches re-
duce irrelevant information, they do not explicitly induce structure in
the representation space which directly helps policy learning (Zhang
et al., 2020). Jaderberg et al. (2016) learn representation through
many pseudo-reward functions, though the relevance of pseudo-
rewards may be domain specific. Our work follows more closely
the line of work on learning representations based on behavior dis-
tances (Givan et al., 2003; Ferns et al., 2011), which we summarize
below.
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Representation Learning based on Behavioral Distances The be-
havioral distance between two states describes how “behaviorally”
different they are, either under arbitrary policies (Givan et al., 2003;
Ferns et al., 2011) or a fixed policy (Castro, 2020). One well-established
example is the bisimulation metric (Ferns et al., 2004, 2011), which is
recursively defined based on both the difference between immedi-
ate reward and the distance between the distribution of next states
(given by the bisimulation metrics). Zhang et al. (2020) connect the
bisimulation metric with representation learning. They propose to
learn a low-dimensional representation such that the L; distance in
the representation space approximates a behavior distance similar
to the bisimulation metric. The induced metric structure facilitates
reinforcement learning, as the bisimulation metric provides an up-
per bound on the difference of values (Ferns et al., 2011; Ferns and
Precup, 2014). New behavior distances have since been proposed for
representation learning to simplify calculation (Castro et al., 2021),
improve training stability (Kemertas and Aumentado-Armstrong,
2021), and reduce distance approximation errors (Chen and Pan,
2022). Castro et al. (2023) introduces a kernel interpretation of be-
havior distances which yields a new avenue for theoretical analysis.
We discuss and compare the technical details of these approaches in
Section 9.9.

A key limitation of these existing approaches is that the behavior
distance to be modeled may not be realizable by the distance in the
low-dimensional representation space (Castro et al., 2023). When
combined with bootstrapping and the use of function approxima-
tors, this realizability issue may undermine the quality of the learned
representation and induce instability in training. In this chapter, we
propose to mitigate this challenge by focusing on preserving local
metric structure, while allowing long-range distortion. We construct
such representations through the eigenfunctions of graph Laplacians
defined with respect to behavioral distances. Such locality-preserving
representations are well-known in the dimensionality reduction and
manifold learning literature (Belkin and Niyogi, 2001). In the context
of behavioral distance based RL, we show that these representations
outperform existing approaches which try to preserve global met-
ric structure (Zhang et al., 2020; Castro et al., 2023; Kemertas and
Aumentado-Armstrong, 2021; Chen and Pan, 2022).

Laplacian Eigenmaps for Reinforcement Learning Given the ubig-
uity of spectral decompositions and their intimate relationship to
dimensionality reduction, it is not surprising that spectral methods
have been used widely in reinforcement learning. Much of this line
of work can be traced back to proto value functions (PVFs) (Mahade-
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van and Maggioni, 2007), reward-agnostic basis functions derived
from the eigenspectrum of the Laplacian encoding the transition dy-
namics of a Markov decision process (MDP). Subsequent works have
expanded these ideas, including using Krylov subspace methods
(Petrik, 2007; Ghosh and Bellemare, 2020) and singular value decom-
positions (Duan et al., 2019). Ghosh and Bellemare (2020) provide an
analysis of many such algorithms in terms of their accuracy, stability,
and ease of estimation.

Other notable extensions include incorporating actions in such
representations that traditionally only encode state information
(Ren et al., 2022), and extensions to continuous state spaces Wu
et al. (2018). Moreover, while spectral representations traditionally
only encoded the metric structure of transition dynamics, various
works have found advantages in incorporating rewards as well. Our
proposed BeigeMaps also follow in this tradition of reward-aware
spectral representations, and is most closely aligned with the method
from Comanici and Precup (2011), which we describe below.

Comanici and Precup (2011) propose to incorporate rewards into
PVFs by defining graph Laplacians with respect to bisimulation met-
rics. Our proposed BeigeMaps also build on the same premise, and
can even be viewed as extending the work in Comanici and Precup
(2011) along three axes. Firstly, Comanici and Precup (2011) study
the use of Laplacian eigenmaps for policy evaluation, i.e., estimat-
ing the value of a known policy. Moreover, the bisimulation metric
is also either assumed to be known, or is computed a priori. As we
discuss in Section 9.4, the high computational cost of estimating this
metric makes it infeasible to compute it to convergence — the com-
putation is likely better spent simply learning the policy directly. We
propose estimating Laplacian eigenfunctions within an end-to-end
learning algorithm where both the metric and the policy are learned
simultaneously. Secondly, Comanici and Precup (2011) assume a
tabular setting, which allows for exact matrix decompositions that
scale poorly with the size of the state space. We use neural Lapla-
cian eigenmaps to learn representations for continuous state spaces,
and swap expensive matrix computations for neural approximations
(Deng et al., 2022a). Finally, while Comanici and Precup (2011) study
the bisimulation metric, we use the on-policy variant that resolves
inherent pessimism in the former (Castro, 2020).

Notation We formalize the reinforcement learning problem setting

as a Markov decision process (MDP) defined by the tuple (X, A, 7, P, ).
Here, X and A are continuous state and action spaces with dimen-
sions dim(X) and dim(A), 7 : X x A — R is the reward function,

and v € [0,1) is the discount factor. The distribution P = P(x'|x, a)

161
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encodes transition probabilities from x to x’ under action a.

The RL problem corresponds to training a policy 7 : X — A
that maximizes the expected discounted return E [ 26{ 'ytrf(t] , where
rv = r(x,a), and H is the (potentially infinite) time horizon. The
expectation [E; is taken over P[, the transition distribution under
the policy 7r. A policy’s value V™ (x) = Ex [T |x0 = x]
is the expected return of following 7t when starting at x. We use
the notation P? = P?(x) = P?(X'|x) and 7l = r?(x) = r(x,a)
interchangeably. The expected values of these quantities under a
policy 7t are denoted as df = d™(x) = Eswr[r(x,a)] and PJ =
PT(x) = Eamr [P (X'|x)].

Even though we use the MDP formalism, the environments we
use in our experiments actually have partial observability. Instead
of formulating the problem explicitly as a partially observable MDP,
we follow the commonly used practice of treating multiple stacked
image observations as an approximation of state.

9.2 Behavioral Distances

Behavioral distances? define a notion of state dissimilarity that en- > We provide background on the bisim-
ulation metric underlying behavioral

” . " . distances in Section 2.4, including dis-
termed “behavioral" precisely because they capture long-range tem- cussion on their connections to value

codes differences in returns under a sequence of actions. They are

poral differences. These distances use a particular notion of dissimi- functions.
larity, the bisimulation metric (Ferns et al., 2004, 2011), that forms an

upper bound over state-value differences. This enables learning rep-

resentations that group states by their value based similarities, which

can be useful for downstream policy learning.

The Bisimulation (Pseudo) Metric The bisimulation metric d(x,y)
between two states x,y € & is small if they yield similar immediate
rewards, and transition to similar states (Ferns et al., 2004, 2011). It is
defined as the unique fixed point of the following recursion

d~(xy) = max[ |rg = rg| + Wi (P, Py ld~) |- (9.1)

Here, the 1-Wasserstein distance Wi (-|d~.) lifts the ground distance
d~ (defined on X’) onto a distance between probability distributions
(Peyré et al., 2019). Despite its name, d.. is actually a pseudo-metric
since non-identical states can still have zero distance (Ferns et al.,
2011).

On-Policy Bisimulation Metric Having to enumerate over X makes
d~ intractable for continuous state spaces. Moreover, the maximiza-
tion over actions makes it overly pessimistic — large distances may
arise due to actions rarely executed under a policy (Castro, 2020).
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The on-policy bisimulation metric d” resolves these issues by swap-
ping the maximization over actions with expectations over policy-
induced transitions (Castro, 2020). It is the unique fixed point of the
following iteration:

d"(x,y) = [Ex(rx) — Ex(ry)| + YW1 (P, Py |d7). (9-2)

The distances d-. and 4 define upper bounds on the differences in
optimal values |V*(x) — V*(y)| < d~(x,y) and the given policy’s
values |V (x) — V7 (y)| < d™(x,y) respectively (Ferns et al., 2011;
Castro, 2020). It is this connection to values that makes bisimulation
metrics particularly useful for representation learning. If states are
embedded in a space where their distances match d” or d., states
with similar value based behaviors should be grouped together.

Summarizing Key Properties of Bisimulation Metrics Our motiva-
tion in utilizing the theory of bisimulation metrics above is to induce
useful representations for policy learning. Let us summarize some

of the main properties3 of d.. discussed thus far as they pertain to 3 See Section 2.4 for a detailed back-
ground on the properties listed here,
including theorems on convergence and

.. . . . . bounds (Ferns et al., 2004, 2011; Castro,
1. Bisimulation Operator Iterations Converge Repeated applications of 2020; Kemertas and Jepson, 2022)

representation learning in RL.

the bisimulation iteration in Equation 9.1 on an arbitrary semi-
metric d converges to a fixed point d., the bisimulation metric as
noted in Theorem 1. In practice, this gives us a constructive (albeit
expensive) method of estimating the bisimulation metric from
data.

2. Aggregated MDP Values Approximate True Values Using the bisimu-

lation metric, we can aggregate states of an MDP by constructing
n (€,d-~ )-aggregated MDP, where all states with d.(x,y) < 2e for

a small € > 0 are mapped onto a single aggregate state. Such an
aggregation allows us to bound the gap between the optimal val-
ues of the aggregated and original MDPs. Consequently, solving
the (potentially simpler) aggregated MDP can serve as a reliable
approximation for solving the original MDP.

3. Optimal Values are Lipschitz Continuous with respect to d.. The bisim-
ulation metric d. forms an upper bound on the difference in opti-
mal values V* for a pair of states. This connection to values makes
bisimulation metric particularly attractive for representation learn-
ing and state aggregation — two states that are close together with
respect to d~, will also have similar values. Thus, state aggregation
or representation learning with d.. can reveal value-based clusters
in X.
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4. Bisimulation Metrics are Optimal Value Functions of Self-Coupled
MDPs The interpretation of bisimulation metrics as optimal value
functions of self-coupled MDPs provides further insight into their
close connection ton value functions.

The on-policy bisimulation metric 4" also essentially retain the
same properties as that for d.. above — just with reference to values of
a particular policy 7t (Castro, 2020). Most importantly,

1. The rr-bisimulation operator converges, and d” is its unique fixed
point.

2. Value functions are Lipschitz continuous with respect to d”

[VE(x) = VE(y)| <d™(xy)

In the sequel, ‘bisimulation metric’ or ‘bisimulation distance’
will refer to the on-policy variant 47, unless specified other-
wise.

Generalized Behavioral Distances Various modifications to the on-
policy d”" have been proposed to improve computation and sample-
based estimation, resulting in new behavioral distances (Zhang et al.,
2020; Castro et al., 2021, 2023; Kemertas and Aumentado-Armstrong,
2021; Chen and Pan, 2022) that still retain the same form in Equa-
tion 9.2:

d"(x,y) = dr(xy) + vd7 (P, Py [ d7). (9:3)

Here, the first component df measures immediate reward-differences
between states, while d7 measures differences in terms of their transi-
tion distributions.

Offering a kernelized perspective, Castro et al. (2023) swap dis-
tances in Equation 9.3 for kernel functions k(x,y) that measure
similarities between states x and y. Kernels are often defined with
respect to a distance; for instance, the Gaussian kernel k(x,y) =
exp(—7||x — y||3) with bandwidth 77 > 0 uses the L, distance. Ker-
nels can also be defined without direct reference to a distance, as is
the case in Castro et al. (2023). Despite the changes, the similarity
measure given by Castro et al. (2023) still retains the form as Equa-
tion 9.3: kK (x,y) = kg(x,y) + vkr(PZ, Py | k™). Since much of
the literature uses the distance perspective, we follow the same and
discuss the kernel interpretation in Section 9.10.

Behavioral Distances for Representation Learning While most
properties of 4. and d” suggest their usefulness to developing
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value-informed representations for RL, their interpretation as opti-
mal values of self-coupled MDPs raises some potential questions.
For instance, it would seem to imply that an algorithm that learns
the bisimulation metric over a state space would need to essentially
solve a larger MDP to find good representations for a smaller MDP.
Would it be computationally beneficial then to simply avoid repre-
sentation learning altogether and just solve the original MDP? To
answer this question, we now discuss the computational complexity
of computing bisimulation metrics, and how it informs the design of
representation learning algorithms for RL.

9.2.1  Computational Complexity of the Bisimulation Metric

While bisimulation metrics have useful properties that make them
attractive for representation learning in RL, their applicability hinges
on how easily we can compute an estimate for the metric. To obtain
some intuition, let us take a look at the complexity of computing
these metrics for finite MDPs.

A single application of the bisimulation recursion requires
O(|A||X|°log|X]|) steps. For the on-policy variant, replacing the
maximization over actions with expectations gives us savings of
a factor of |A|. To converge to d~. or d”™ with an accuracy of J, we
require % steps. Thus, the overall complexity of estimating the

log &
logc

bisimulation metric is O (\X °log | X |
Table 9.1.
If we compare the cost of estimating bisimulation metrics with the

), which we summarize in

cost of simply learning the optimal value via policy iteration, we run

into a somewhat disappointing result. For a finite MDP, exact pol-
| A|

1—y
which for large state spaces is cheaper than computing bisimulation

icy iteration converges in O ( log ﬁ) steps (Scherrer, 2013),
metrics by a factor of |X'|3. This is not surprising given that bisimula-
tion metrics correspond to optimal values of self-coupled MDPs with
a quadratically larger state-space*. These complexity results lead us
to two observations about using bisimulation metrics for representa-
tion learning in RL:

1. Need for Joint Policy-Metric Training When learning represen-
tations based on bisimulation metrics, the approach of first esti-
mating the bisimulation metric and then using it to find a represen-
tation to aid downstream policy learning may not be particularly
useful. We might be better off simply training the policy directly,
without introducing an expensive pre-training phase to learn a
representation®. Instead of waiting for the metric to converge, the
information in early metric estimates could already be helpful in

Table 9.1: Time Complexities of
Computing the Bisimulation Met-

ric Ny = logd/ logc is the number of
iterations required to estimate bisimula-
tion metrics with accuracy 4. Here, W,

and W,g are the p-Wasserstein distance
and the parameterized Sinkhorn dis-
tance. See Kemertas and Jepson (2022)
for details on bisimulation metrics with
respect to generalized Sinkhorn dis-
tances.

Complexity

Policy Iteration | O (% log ﬁ)

d~ (with W) |X|°|A|log | X |NT

4™ (with W) | |X[°| Al log | X N7

d. (with W) | |X[*|Allog | X|Nr

d™ (with W) |X|* log | X| Nt
Wp O (X log(| X))
Wi O (| log|¥|)

4 Since self-coupled MDPs have a state
space of size |X'|2, we should expect
estimating this metric to be slower than
policy iteration at least by a factor | X|;
the remaining factor of |X'|® comes
from the cost of estimating Wasserstein
distances.

> The complexities discussed here

are for finite MDPs. With continuous
MDPs, the use of function approxi-
mators change the analysis since fixed
point iterations are replaced by gradi-
ent updates. But it is pertinent to use
results from discrete MDPs to guide our
expectations in the continuous case.
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training the downstream policy. In fact, this is exactly how mod-
ern representation learning algorithms use bisimulation metrics
(Zhang et al., 2020; Castro, 2020; Kemertas and Jepson, 2022), as
we now discuss.

2. Need for Alternatives to VV; The cost of computing bisimulation
metrics is dominated by the cost of computing Wasserstein dis-
tances. Specifically, each step of the bisimulation operator incurs
the worst-case cost of O (|X|*log |X|) in estimating the Wasser-
stein distance (Orlin, 1988). Thus, strategies that speed up the
Wasserstein distance computation can significantly speed up esti-
mation of bisimulation metrics. Indeed, much of recent efforts in
the literature have been dedicated to finding approximations and
alternatives to the Wasserstein distance while still retaining useful

properties of bisimulation metrics (Ferns and Precup, 2014; Castro,

2020; Zhang et al., 2020; Castro et al., 2021; Chen and Pan, 2022;

Castro et al., 2023; Kemertas and Jepson, 2022). Recently, Kemertas

and Jepson (2022) have formulated bisimulation metrics that swap
W for the broader family of Sinkhorn distances, many of which
can be computed faster and with greater parallelization®

We now discuss approaches to tackle the two issues identified
above. In Section 9.9, we discuss how various existing approaches
have attempted to replace the expensive WV, computations with
simpler alternatives, which can be encapsulated by a generalized
formualtion of d”. But first, we discuss how the metric and the pol-
icy can be trained jointly without having to wait for the former to
converge.

9.3 Approximate Policy Iteration with rt-bisimulation

An obvious concern with jointly learning the bisimulation metric
with the policy is whether the training iterations actually converge,
or if the intermittent changes in estimates of the metric cause pol-
icy learning to diverge. To illustrate the viability of this approach,
we now describe frameworks for training RL agents using bisimu-
lation metrics by interleaving metric and policy training. First, we

discuss the formulation from Kemertas and Jepson (2022) for approx-

imate policy iteration with 7r-bisimulation. This formulation uses
fixed point iterations to estimate d™ and use it to define an (e,d”)-
aggregated MDP7, which is then supplied to policy improvement
module. This formulation yields useful convergence results. In prac-
tice, gradient-updates are used in lieu of fixed point iterations to
update d”, which is then used to train a state representation, instead
of performing hard state-aggregation.

¢ Sinkhorn distances bound Wasserstein
distances, and define a spectrum of
distances which can be traversed by
setting appropriate hyperparameters.
Sinkhorn distances can not only be
computed faster (O (|X|*log|X|)
using the Sinkhorn-Knopp algorithm
(Altschuler et al., 2017; Dvurechensky
et al., 2018)) but can also be parallelized
across multiple GPUs.

7 See Section 2.4 for details on (€,d~)-
aggregated MDPs, where all states with
d-(x,y) < 2¢ forasmall e > 0 are
mapped onto a single aggregate state
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Approximate Policy Iteration with r7-bisimulation Kemertas and
Jepson (2022) study properties of approximate policy iteration (API)
coupled with hard state aggregation via on-policy bisimulation met-
rics. As shown in the pseudocode in Algorithm 6, the algorithm
essentially consists of three steps. First, given an initial policy 7T, we
apply its corresponding rr-bisimulation operator §” to a an initial
distance function for m iterations. While this fixed point iteration

is not run to convergence, larger values of m will lead to better ap-
proximations of the true d” for the current policy. Second, we use the
current estimate of d” to perform a hard state-aggregation, to obtain
a (e,d’)-aggregate MDP with state space X' from the current state
space X. Finally, we perform a policy evaluation step to estimate V7
for 7 evaluated on the aggregated state space X'. We then obtain an
improved policy 71 via a policy improvement step. In the final step,
7t is updated as a linear combination of itself with 7ry, with a con-
trolling the degree to which 7 is allowed to change at every iteration.

Algorithm 6: Approximate Policy Iteration with 7r-
bisimulation (Kemertas and Jepson, 2022)

Data: ¢ = 1, initial distance function d”, initial policy 7, hard
state-aggregation tolerance €, num. bisim operator
iterations m

1 fori=1to--- do

2 # Estimate rt-bisimulation metric

3 fori=1tomdo

o | | dT ()

5 # Obtain New State Space

6 X < HardAggregation(X,d™,e)
7 # Update Policy

8 V7 < PolicyEvaluation(X, r)

9 | g < PolicyImprovement(X, V™)
w0 | T (1—a)m+amg

Value Convergence for API with rr-bisimulation For Algorithm
6, Kemertas and Jepson (2022) present the following result® on the
convergence of the estimated value V" to the optimal value V* for
the MDP:

Theorem 15 (Kemertas and Jepson (2022)). Value Convergence of API

with rt-bisimulation In Algorithm 6, if m > log (%) / log(7y) and we

8 Kemertas and Jepson (2022) also
provide convergence results for a
simpler algorithm where (1) we do
not warm start the 7r-bisimulation
fixed-point iterations with the current
estimate for d”¥, but the initial dy,
and (2) we set &« = 0. With these
assumptions, Kemertas and Jepson
(2022) show that
(a) If the learned policy converges to a
policy 7

_ [ 29(2
IV Vi < g0+ T2 )
(=)

S g

(b) 1If the learned policy does not
converge, then the policy 7y at the
k-th iteration satisfies

lim sup ||V — V¥l <
k—co0

é 2v(2e +¢,)
(1= Q=77
Thus, while the policy may oscillate, the

deviation of the value function from the
optimal value function is bounded.
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use Wy as the probability metric in the rt-bisimulation operator F", then

) 29(2e + @cy)
S a-aP
where Tty is the learned policy at the k-th iteration, V* is the optimal value
of the MDP, ¢ is the tolerance for the policy improvement step such that
[Tr,V — TV||eo < 6 where Tr, is the Bellman operator with respect to g
and TV = sup_ TV, 7 is the MDP’s discount factor, € is the threshold for
the hard-aggregation step, c;y = Y™ /(1 — ), & = (&(1 — (1 + v)cm) (1 —
7)/2)P.

lim sup ||V — V*||o
k—oc0

Controlling Policy Updates in API with 7-bisimulation In Al-
gorithm 6, we use the parameter & to control how much the current
policy 7t can change every iteration. This parameter is important
since we do not run the bisimulation metric estimation step to con-
vergence and warm start each iteration with estimates from the prior
iteration. Thus, drastic changes in the policy may cause the distance
estimation step to diverge since the target distance is changing every
iteration. Kemertas and Jepson (2022) show that the differences in
d” of two policies can be bounded by the total variational distance
of the policies. Thus, small changes to the policy should incur small
changes to distances, suggesting that the training should be stable
with a small enough a. Formally, Kemertas and Jepson (2022) present
the following result

Theorem 16 (Kemertas and Jepson (2022)). Changes in d”™ with
Changing Policies Let 71, 77’ be two policies with corresponding 7t-
bisimulation metrics d” and dZ/, computed with Wy with p € [1,00) as
the probability metric. Then

1/p
/ 2CR /
[d" —d7 || < -———5 |sup Drv(7(s), (s)")
(1_CT)2 56/}3

where Dy (71, 7)) is the total variation distance between 7t and 7t'.

While Kemertas and Jepson (2022) provide intuitive and important
convergence results for API with rr-bisimulation, representation
learning algorithms used in practice differ in a few critical ways.
Firstly, since the m-step iterations with §" requires enumerating
over the entire state space, it is infeasible in practice. Similarly, the
HardAggregation is also difficult to translate to large state space,
especially continuous state spaces. In practice, algorithms generally
learn a representation of the state (e.g. as a neural network encoder)
such that the metric structure of the representation conforms to 4”.

Using the generalized formulation of 4™ in Equation 9.3, we now
describe how existing approaches implement the approximate policy
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iteration in Algorithm 6 using gradient based optimization, and
without hard state aggregation.

9.4 Behavioral Representation Learning

In representation learning, we seek a mapping ¢ : X — & onto a fea-
ture space ® C RP, ideally with D < dim(X’). In the context of be-
havioral distance learning algorithms, we aim to encode the structure
of the metric space (X', d™) on to the representation space (®,dy),
where d is a distance function in ®. We achieve this by ensuring that
distances dy between representations match the behavioral distances
d’ of their pre-images in X. Since similarly valued states are close-
together in A with respect to d”*, reproducing this metric structure
should generate similar value-based clusters in ®.

Learning Representations Behavioral distance learning algorithms
follow a common framework that can be categorized along three
axes. The first is the choice of the representational distance function dy,
the parameterized Euclidean distance in ®. The second axis is the
choice for the reward and transition distances d; an d7. At every
iteration, we compute target distances d* between state pairs, using
dg(x,y) and d7 (P, Pyf|dg). In this target distance update step, we
bootstrap the current representational distance dy as the ground
distance for d7. Finally, the parameters of ¢ are updated in the third
embedding update step to minimize an objective £? measuring errors
in approximating d* with dy. In Algorithm 7, we summarize the basic
framework of behavioral distance algorithms, with an additional
policy update step to simultaneously train a policy 7.

Algorithm 7: Behavioral Distance Representation Learning

Data: Replay buffer D, learning rates a; and a, neural
network ¢ with weights W,
1 # Define parameterized representation distance
rep_dist(x,y) : return dg(x,y)
fori=1to--- do
{(x ay, Ty, xX'), (v, ay, Ty, y')} ~ Dauffer
# Target distance update
d*[x,y] < dg(rx, ry) + vd7 (P, Pyf|rep_dist)
# Embedding update via distance loss
8 W(/J — W(P - ‘deW¢ Zx,y ‘C(P(d*(x/ Y)/ d¢(x/ Y))
9 | # Additional embedding update via policy loss
w0 | Wp <+ Wy —arVy,Policyloss(¢)

N

a U s W

The three axes of behavioral distance
algorithms:

1.

2.

How is dj parameterized?

How is the target distance d* com-
puted?

What objective £ is used to update
embeddings ¢?
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Joint Distance-Policy Learning We can interpret Algorithm 7 as a
generic deep RL algorithm with an additional representation update
step (Lines 6-8) being interleaved between the usual policy updates.
However, it is worth thinking about how this addition affects the
algorithm’s stability and convergence.

Since d™ depends on 7, the policy updates after each iteration
(Line 10) could theoretically cause bisimulation distance estimation
(Line 6) to diverge. Zhang et al. (2020) show that if the policy 77 im-
proves monotonically over iterations, estimates of d” will converge
to 7 using the fixed point iterations in Equation 2.3. However,
monotonic policy improvement may not be guaranteed (Kemertas
and Aumentado-Armstrong, 2021), and the use of dy to boostrap es-
timates of introduce further complications. Moreover, as we have
discussed in Section 9.3, the distance ||dT — ar |lo between policies
7t and 77’ can be bounded by their total variational distance. Since
small updates to the policy should then result in small changes to d™,
we can expect distance estimation in Algorithm 7 to remain stable
as long as the policy does not change too much between iterations.
Such conservative policy updates are already commonly used in
RL literature, for instance in TRPO (Schulman et al., 2015) and PPO
(Schulman et al., 2017).

In summary, the potential instabilities of jointly training d™ and 7t
can be mitigated through conservative policy updates. Moreover, in
the tabular setting, such joint training does indeed converge to the
optimal value. While Algorithm 7 introduces many elements that
differ from the ideal tabular setting, these changes can generally be
viewed as relaxations of their tabular counterparts.

Having discussed computational aspects of interleaving represen-
tation learning in Algorithm 7, let us now take a closer look at the
representation learning objective in the algorithm. As we discuss in
the subsequent section, our proposal for BeigeMaps simply replaces
an existing global isometry objective with an alternative locality-
preserving one.

9.5 From Global Isometry to Locality Preservation

9.5.1  The IsoMap Objective

While behavioral distance algorithms have experimented with dif-
ferent representational distances and target update steps, they all
essentially share the same embedding update step. Namely, the loss
L? corresponds to finding an isometric mapping from the distance
space (X,d"™) to (®,dy). Drawing connections to the dimensionality
reduction algorithm Isomap (Tenenbaum et al., 2000), we refer to this
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as the isomap objective? defined below as an expectation over the data
D in a replay buffer:

‘Cfc,oMap (d*’ d‘P) = ]EX,YND [(d* (Xl Y) - d4; (X/ Y))2] . (94)

The isomap objective forms the basis of many dimensionality re-
duction algorithms (Borg and Groenen, 2005), and has been tackled
using various methods including gradient based optimization as in
Algorithm 7 (Kruskal, 1964). However, the objective is technically ill-
defined for arbitrary distances — there may not exist a D-dimensional
Euclidean space @ where all pairwise distances d* can be mapped
exactly.

Approximate Embeddings with Distortion Even if an exact iso-
metric embedding does not exist, we can still find an approximate
embedding if we are willing to accept some distortion in the metric.
Indeed, we know from Bourgain’s theorem that any metric space
(X,d) defined on N points can be embedded in (]RIOg2 N, L,) with
distorion O (log N) for every p > 1. In the context of behavioral
metrics, Castro et al. (2023) tackled this question of embeddability
for the reduced MICO distance, and showed that an isometric em-
bedding is possible with the squared Euclidean distance in RP with
D < dim(X'). However, this upper-bound is much too loose for prac-
tical purposes where we require D < dim(&X’). In this context, Castro
et al. (2023) show'® that a lower dimensional isometric embedding
with D < dim(X’) is possible if one accepts a certain degree of distor-
tion in the original metric.

Since some degree of metric distortion is necessary to find low-
dimensional representations via Equation 9.4, we pose the following
natural question:

If isometry is ill-defined without some distortion, is there a cer-
tain type of acceptable distortion that still preserves important
metric structure of the state space?

We hypothesize that a good trade-off is to allow distortion in long-
range distances while preserving the local metric structure of (X, d").
We now present our proposal to use Laplacian eigenmaps as locality-
preserving representations, and argue why they can be promising
representations for RL.

9.6  Laplacian Eigenmaps for Locality Preservation

We motivate Laplacian eigenmaps from the perspective of locality-
preservation on manifolds. As in manifold learning, we assume

9 This objective is often called 'stress’
(Kruskal, 1964) and is the loss min-
imized by various isometric embed-
ding algorithms including Isomap
(Tenenbaum et al., 2000), metric multi-
dimensional scaling (Borg and Groenen,
2005) , SMACOF, etc. We use the term
IsoMap to stress the isometric nature of
this objective.

1 Specifically, for any € € (0,1), there
exists an approximate embedding

¢ : X — R" such that (1 — €)d™ g <
[9() = @(3)I3 < (14 €)7o, where
A7 ksme is the specific distance proposed
in Castro et al. (2023). The required
dimension of ®, m, scales as O (62)
with the distortion €
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that even though the state space is nominally high-dimensional, we
can approximate it with a lower dimensional manifold M. In the
case of behavioral distances, we assume that M is one where the
bisimulation distances d” define geodesic distances. Building upon
the intuitions and results from Belkin and Niyogi (2003), we now
establish Laplacian eigenmaps as an appropriate locality-preserving
non-liner dimensionality reduction algorithm.

A Bisimulation Manifold Let M be a manifold such that its
geodesic distance is approximated by the bisimulation metric 47.
While we do not have access to points on the manifold x € M, we
have observations x € X obtained from some observation function
P(xp1) = x. Moreover, we also have access to a distance function
d”™ for pairs of points in &' that approximates the geodesic distance
between their pre-images on M:

distp(xa, ym) = d™(x,y) where x = (xp) and y = Pp(ym)
9:5)

We define the notion of a local neighborhood around points x4 € M
with respect to a threshold € as follows

Byp(xam) = {ym € M | dista(xa, ym) = d™(x,y) < €}

Let kx(-) = k(xpq, ) : M — R correspond to a non-negative
measure associated with B (x ). For instance, a simple option
would be to set ky(yrq) = 1/vol(Bag(xpq)) if yar € Bag(xpq), and O
otherwise.

Our desiderata from a locality-preserving representation ¢ :
M — @ is that a state x should have a similar representation to
other states in its neighborhood B (x ). However, since we only
have access to observations x = (x(), we are actually interested in
a function ¢ that acts on observed states x € & such that ¢ = ¢ o ¢.
In other wrods, the observation function ¢ is implicitly defined — it
has already been applied to the dataset — and we need to find ¢ that
act on observed states. For notational simplicity, we will overload the
function ¢ to refer to both ¢, and ¢ depending on its argument, i.e,

POxm) = dmxa) = (o 9) (xm) = ¢(x)

One Dimensional Locality Preserving Representations Let us first
formulate the notion of a one dimensional locality preserving map
M — . Essentially, for any point sp; € M, we would like ¢(s ()
to be mapped close to all its neighbors in B (sy), i-e., [¢(sp) —
¢(yrr)| should be small for all y s € Bag(spg). In other words, the
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gradient of ¢ at x v, [V ¢(xq)]  should be minimized i.e.,

XM=S,

¢ = argmin [ [V p0x)], g, ks (xa),
peF M M
where F defines an appropriate hypothesis class for ¢ that excludes
trivial solutions. For instance, setting ¢ to be constant over all points
trivially minimizes the objective, but results in a non-informative and
useless solution. The integral of the gradient operator above can be
expressed in terms of the Laplace-Beltrami operator Ly as follows if
we set the kernel to be the heat kernel k'

[ IVelR= [ Lug= [ @00 -9k, 66

In the second equality above, we have used the fact the Laplace-
Beltrami operator measures the average difference between ¢(sy)
and its neighbors ¢(x ) for all x,y € Bag(srq) with respect to the
heat kernel k. Note that the heat kernel k is the solution to the
heat-equation on M defined with respect to L 4.

In Equation 9.6, information about the manifold M is provided
exclusively by the kernel k' — specifically information about the local
neighborhoods in M. In our setting, this information is encoded
by the bisimulation distance d”, which approximates the geodesic
distance disty on M. Ideally, we would like to encode this distance
information into k. It turns out that k! can, in fact, be expressed as
a Gaussian kernel with respect to the geodesic distance dist 4 from
Varadhan’s formula as follows:

1 1
H 1 g 2\ &1 _tm 2
k (XMIYM)—}H%eXp< 4td15tM(xMrYM)) }m%eXp( 7 ) )

where we have replaced disty ~ d” as per Equation 9.5.
Putting everything together, we obtain the following locality
preservation objective

¢ = argmin [, 00 = @lsa0] exp (—ndistar (sa4 x4 )?)

= argmin / Lo
peF M
Equivalently, we can express this objective in terms of the states x,s €
& and the bisimulation distance as follows
P = argmin/ [p(x) fgb(s)]exp( nd™(s,x)?) ~ argmm/ Ly
geFr A peF
(97)

Here, the optimal solution ¢* essentially tries to push all points in
X close together, but the degree to which a pair of points should be

173



174 SANDESH ADHIKARY

pushed together is weighted by the heat kernel. Since the heat kernel
encodes similarities with respect to d” =~ disty, this objective thus
ensures that points that are close together with respect to d” on X (or
equivalently disty on M), will be pushed close together in & = R
with respect to the Euclidean distance.

While the first equality in Equation 9.7 is more intuitive, the sec-
ond equality gives us a recipe to solve the optimization problem.
Namely, the solutions correspond to the eigenfunctions of L .

[Lam¢] (xpm) = A [Lm] (xaq)

Since eigenfunctions are orthonormal, we have the following function
class for our objective:

F=(¢:||¢lo=1and ¢ L ¢ V¢’ € F)

Finally, we require some way to exclude the trivial constant func-
tion solution to our optimization problem. To do so, we note that a
constant function would have zero gradient everywhere so

For ¢ € F /M||V4>||2:0 — /MLM¢:/MA¢:0 — A=0

Thus, excluding the trivial constant function simply amounts to
excluding eigenfunctions with zero eigenvalues. The number of

zero eigenvalues is determined by the connectivity of M — for a fully
connected manifold, we have 0 = Ay < Ay < Ay ---. Thus, the
optimal locality preserving function ¢* is the second eigenfunction of
L.

Higher Dimensional Representations To obtain a D-dimensional
representation such that the representation space ® = RP, we can
solve D successive optimization problems to obtain the D entries

of ¢. As discussed, the first entry of ¢ should be the second eigen-
function of L. Now, to compute the second entry of ¢, we simply
require that the solution be different from the first one, i.e., it should
be orthogonal to the second eigenfunction of L. Thus, finding the
optimal D-dimensional locality-preserving representation ¢ corre-
sponds to finding the D bottom eigenfunctions of L 4 with non-zero
eigenvalues.

Sample Based Approximation: From Manifolds to Graphs When
solving the objective in practice, we generally do not have access

to the true Laplace-Beltrami operator Ly, but instead must ap-
proximate it using samples from M. Given a dataset of N samples

D = {xu}}, drawn uniformly'* from M, the following graph Lapla- 1 We assume a uniform distribution
here for simplicity, but we could also
draw samples from an arbitrary dis-

L=D—-K where K[i, ]] _ kH(xMir xMj) and D[i,j] _ ZK[i/ ]] tribution over M. Belkin and Niyogi
j

cian L is the sample-estimate of L

(2005) provide convergence rates for
this case as well
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where K € RV*N be the matrix of kernel evaluations defined as

K[i, j] = k" (xpi, X)) = exp(—rdistag (xpr, ym) = exp(—n7d" (x,y))

Finally, note that the sample-estimate graph Laplacian L converges
to the true Lyq as N — oo, but we obtain a faster convergence rate
for the following normalized graph Laplacian, which is generally the
operator used in practical algorithms,

K=D 'K and L=T-K

In the sequel, we will often use ‘Laplacian’ to refer to the nor-
malized Laplacian, either using the normalization described
above or an alternative normalization based on context.

The Laplacian Eigenmap Objective Using the above sample esti-
mates, the Laplacian eigenmap objective can be expressed as follows

N

¢ﬁapEig = arg;ninz ”4)()(1) - ¢(X])||% K(Xi/ X]) s.t. CDT]DCD =1
L]

(9-8)

where ® € RN*D s the solution matrix, the i-th row of which
corresponds to the D-dimensional embedding of the i-th data point
x;. The constraint & D® encodes the orthonormality requirement of
the eigenmaps. Under these constraints, the columns of the optimal
@ matrix correspond to the bottom D eigenvectors of the normalized
graph Laplacian L =1 — K.

Note that the spectrum of the normalized kernel matrix K and that
of L are related. Specifically,

Lp=Ap — D 'Kp=Kp=(1-7A)¢

Thus the optimal solutions to Equation 9.8 can also be found by
taking the top D eigenvectors of K. This can be the better approach
for eigenvector estimation algorithms that are designed to find the
top eigenvectors as opposed to the bottom. This is the case for the
NeuralEF algorithm that we use, and now describe in the following
section.

9.6.1 Neuralizing Eigen Decompositions

While matrix decompositions enable a closed form solution for
PLapEig, these methods scale poorly with the number of samples N
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and feature map dimension D, and do not allow out-of-sample gen-
eralization to unseen states. While we assumed a fixed set of N data
points in Equation 9.8, in practice, we need to generalize the rep-
resentation to arbitrary states not covered in the dataset. We now
describe the NeuralEF algorithm (Deng et al., 2022b), which approx-
imates kernel eigenmaps through neural networks, enabling out-of-
sample generalization without expensive matrix decompositions.

The NeuralEF Algorithm Moving beyond matrix decompositions,
we can generalize the notion of eigenvectors of kernel matrices to
eigenfunctions of kernel functions. Given a kernel function k(x, y), its
eigenfunctions ¢ are characterized by the integral eigenvalue equa-
tion [, k(x,y)¢p(y)p(y)dy = A¢(x) for some probability measure
p(x), where A > 0 are eigenvalues. The Neural Eigenfunctions algo-
rithm (NeuralEF) approximates these eigenfunctions ¢ by minimizing
the following objective derived from the kernel function’s eigende-
composition (Deng et al., 2022b):

j—1

d
S argmm = (/3 Y ¥ Chij”? 2 Clj.j ) (9:9)

j=1i=1

¢.d
‘CNEF

s.t.E[po¢] =1, C=®K®and € = $K'$,

where f is a positive coefficient, © is the Hadamard product (element
wise-multiplication), 1 is the all-ones vector, and A corresponds to

a matrix A computed with stop-gradients. The batch kernel matrix

K € RB*B consists of pair-wise evaluations of k(x,y) over a batch

of B states. The orthogonality constraint in Equation 9.8 has been
slacked as a penalty in the first term scaled by p. To enforce the nor-
malization constraint E[p ® ¢] = 1, Deng et al. (2022b) apply L, batch
normalization after the last layer of ¢. While the NeuralEF algorithm
does assume a positive definite kernel, it can also recover the top
eigenfunctions of indefinite kernels as long as it has at least D — 1
positive eigenfunctions (Deng et al., 2022a).

Alternative Eigenfunction Solvers NeuralEFs are not the only
approach to learning eigenfunctions capable of out-of-sample gen-
eralization. Random Fourier Features (RFFs) (Rahimi and Recht,
2007) and the Nystrom method (Nystrom, 1930; Williams and Seeger,
2000) are some classic approaches. RFFs are not ideal for non shift-
invariant kernels and generally require feature maps with large di-
mensionality D. The Nystrom method relies on explicit matrix eigen-
decomposition, which can be prohibitively expensive for large N.
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More recent approaches include Spectral Inference Networks (SpIN)
(Pfau et al., 2018) and SpectralNets (Shaham et al., 2018) . Both of
these methods rely on Cholesky decompositions, which is compu-
tationally expensive and tends to introduce instabilities. We opted

for NeuralEFs since they do not suffer from the drawbacks described
here, as well as the fact the NeuralEFs are shown to be applicable to
indefinite kernels as well (as long as the kernl has more than D — 1
positive eigenvalues). Theoretically, BeigeMaps could be learned with
any of these or other eigenfunction learning approaches.

9.7 Locality-Preservation over Global Isometry

Having established Laplacian eigenmaps as an appropriate represen-
tation for locality-preservation, we now discuss why this approach is
particularly suitable for representation learning through behavioral
metrics.

Behavioral Distances are Upper Bounds on Value Differences
Since d”* forms an upper bound on value differences, local distance
information is much more informative than long-range distances.
Specifically, if two states x,y € X have d"(x,y) = €, we know that
for small values for €, the corresponding values must also be similar,
ie. |[VT(x) = V™ (y)| < e. If e = 0, they could even be aggregated
into the same representation without loss of value-relevant informa-
tion. However, for large €, we do not obtain much information about
the states’ relative values. They could have very different values or
even identical values, and the bound would still be satisfied. Thus,
preserving the structure of local state neighborhoods may be more
important in describing the valued-based cluster structure in X, as
we now further describe.

Locality Preservation Reveals Cluster Structure The central mo-
tivation behind representations based on bisimulation metrics is to
organize states into value-based clusters, which may be beneficial
for downstream value or policy learning. Locality-preserving repre-
sentations, specifically the Laplacian eigenfunctions we propose to
use in the next section, are well-suited for revealing natural clusters
in data (Belkin and Niyogi, 2001). In fact, Laplacian eigenfunctions
are a fundamental component of spectral clustering algorithms since
they correspond to the optimal solutions to a relaxed Ncut problem
of partitioning a graph into balanced clusters (Von Luxburg, 2007).
The central idea behind these algorithms is to use encode data using
these locality-preserving embeddings so that even a simple clustering
algorithm (e.g. kmeans) can detect clusters in the embedding space.
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Thus, prioritizing locality preservation at the cost of preserving long-
range distances may be beneficial in revealing value-based cluster
information in the state space.

Preventing Representation Explosions and Collapses We defined
the Laplacian eigenmap objective by relaxing the strict isometric
objective. However, the orthonormality condition in Equation 9.8 in-
troduces new constraints as well. So one may ask if these constraints
introduce unwanted biases. Interestingly, they actually resolve known
issues identified in existing behavioral distance algorithms.

Specifically, Kemertas and Aumentado-Armstrong (2021) find that
some existing behavioral distance algorithms are prone to feature
map explosion, where the norm of the embeddings grows beyond
a required bound, and feature map collapse, where all embeddings
collapse onto a single point in ®. With Laplacian eigenmaps, the nor-
malization constraint ensures that E(||¢||3) = D, which prevents fea-
ture map explosion. On the other hand, the orthogonality constraint
ensures that dim(®) = D, preventing collapse to a sub-space with
dimension less than D. These are well-known properties of Laplacian
eigenmaps, and are verified in Appendix 14.1. Thus, the new con-
straints introduced by Laplacian eigenmaps are actually beneficial for
behavioral distance based representation learning.

The above properties motivate us to seek representations that pre-
serve local structure in behavioral distance learning algorithms. We
now formulate our proposed locality preserving objective, which sim-
ply corresponds to Laplacian eigenmaps with respect to behavioral
distances, i.e., Behavioral Eigenmaps or BeigeMaps.

9.8 BeigeMaps: Behavioral Eigenmaps

We propose Behavioral Eigenmaps (BeigeMaps) as an alternative
behavioral distance based representation for RL. This representation
simply corresponds swapping out the Lisomap (Equation 9.4) with
that in Equation 9.9, the NeuralEF objective corresponding to the top
eigenfunctions of the heat-kernel based on behavioral distances.

We now describe BeigeMaps in terms of the three axes™ defined
in Section 9.2.

Representational Distance We use the L, distance in ® as the rep-
resentational distance for BeigeMaps, i.e., dg(x,y) = [|¢(x) — ¢(y)||2.
This is because Equation 9.8 encodes (the inverse of) kernel similar-
ities k(x,y) into the L, norm in & — states close together in X with
respect to d are mapped close in ® with respect to the L, distance.
We thus use the L, distance on ® as a proxy for the bisimulation

12 Recall that the three axes of behav-
ioral distance algorithms are:

1.

2.

How is dy parameterized?

How is the target distance 4* com-
puted?

What objective £ is used to update
embeddings ¢?
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metric, as is the norm in behavioral distance algorithms.

Target Distance Update When computing target distances d*, we
simply kernelize a base behavioral distance. Specifically, given a
batch of state pairs {(x,y)}? and their corresponding target dis-
tances d*(x, y), we compute the batch kernel matrix K% (x,y) =
exp(—nd*(x,y)?), where 7 > 0 is the kernel’s bandwidth. As dis-
cussed in Section 9.6, this choice of the kernel corresponds to an
approximation of the heat kernel.

Instead of using the kernel directly, we normalize it via the batch
degree matrix D = }; K;; and supply it as the target for the Neu-
ralEF objective in Equation 9.9. There are multiple choices for how
the kernel matrix is normalized in the dimensionality reduction and
spectral clustering literature. We consider two of the most common
variants of the normalized kernel: Ksy;, = D 1/2KkpD~1/2 (symmet-
ric) and K,, = DK (random-walk), following the nomenclature
in Von Luxburg (2007). In our experiments (Appendix 14.5), models
with Ky, outperformed those with Kj,, so we report results using

Ksym-

Embedding Update Finally, we compute the eigenfunctions of the
new target kernel k% (x,y) using the NeuralEF algorithm (Equa-

tion 9.9). The resulting embeddings are approximations of the Lapla-
cian eigenmaps (Equation 9.8) with respect to d*, i.e., PpeigeMap =

J* e d* ¢ At
PNEF N (PLapEig and £ BeigeMap — L NEF*

The overall objective for BeigeMaps can thus be written as

. 1 = &,
(PgeigeMap = arg;;nln E (.B Z C[Z, ]]2 - Z C[]/ ]])
i=1 j=1

C =K ®and € = HK* &,
(9.10)

d
L
j=1
I,

s.t. Elp@¢] =

where d* is the target behavioral distance computed at every
iteration in Algorithm 7 and K is the normalized Gaussian
kernel matrix with respect to the distance d*.

We have proposed BeigeMaps as a drop-in replacement for the
isometric embedding objective in behavioral distance based RL al-
gorithms. As such, BeigeMaps complement these algorithms by pro-
viding an alternate means of learning representations from existing
behavioral distances. We now discuss how BeigeMaps can be incor-
porated into various behavioral distances proposed in the literature.
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9.9 BeigeMap Algorithms

Behavioral distance based RL algorithms jointly learn a policy 7
along with a representation ¢ induced by learned distances d”.

As shown in Algorithm 7, training repeatedly iterates through 1)
representation updates with respect to the behavioral distances,

and 2) policy updates from the underlying policy learning algo-
rithm, as well as 3) updates to any additional components such as a
learned dynamics model or a reward prediction model. While behav-
ioral distance learning is agnostic to the underlying policy learning
method, much of prior work uses the Soft Actor Critic (SAC) algo-
rithm (Haarnoja et al., 2018). In Figure 9.1, we illustrate their general
framework, where blue (dark) boxes correspond to vanilla SAC com-
ponents, and dashed boxes indicate various auxilliary components.
The distance based representation learning components for BeigeMap
algorithms are shown in yellow (light). The corresponding illustra-
tion for the baseline algorithms without BeigeMaps would simply

remove the Kg’ly*m component, and replace ’CgeigeMap with ﬁipsoMap.

/:,qb

BeigeMap
A
Lsac ngim (z,7) Lsac
A A A

d (=, y)

A A

Critic Actor Actor Critic

Dynamics
Model

Reward
Model

T Tgp-

¢ (y ) <::/

Ty Y

Dynamics
Model

4+ > Reward

Model

We now discuss behavioral distance algorithms in the literature,
and their BeigeMap variants. Table 9.2 summarizes the represen-
tational distance dy and target distance updates for all algorithms.
We also present normalized returns averaged (interquartile median)
across 7 Deep Mind control environments in Figure 9.2 for reference.
Experimental details and further analysis are provided in the next
section.

DBC The Deep Bisimulation for Control (DBC) algorithm was the
first gradient-based method to jointly learn a policy with a behav-
ioral distance based representation for non-deterministic MDPs
(Zhang et al., 2020). To compute the distance targets d4*, DBC sets

Figure 9.1: Schematic of Behavioral
Distances Based SAC Algorithms
The blue boxes are components of
the underlying SAC policy learning
model, dashed boxes are auxilliary
components, and yellow boxes are
BeigeMap components.
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the reward-based distance df to the absolute difference in rewards,
and the transition distance d7 to the 2-Wasserstein distance W, as
an approximation of W in Equation 2.3. While bisimulation metrics
were originally formulated with W/;, Kemertas and Jepson (2022)
have shown that these metrics can be derived with alternative proba-
bility metrics in the family of Sinkhorn distances (Peyré et al., 2019),
which includes W,.

Algorithm Distance Update d* = d + ydf Representational Distance dy(x,y) Loss: L?
DBC | Irx—ryl+7 (gt — Moy 1B + IZ52) —Zh2 I3) lp(x) —¢(y)I3 Lhionap
RobustDBC |rX - "y| +7 (H.ugb(x) — Ho(y) H% + qulb(i) - ZK;) H123> ||¢(X) - ¢(Y) H% [’%()Map
MICO I —ryl +7dp (x,y) 2le(15+ 3ll9()I3 + BO@X), 9(3) | Lisomap
RAP I =1y = a2(3) = () + 1y (mgpu o) | 2100013+ 3100313 + 00, 9(3)) | Liontap
X+BeigeMap Same as algorithm X lp(x) — ¢(y) I3 LgengMap
Algorithm Kernel Update k* = k7 + k7 | Representational Kernel ky(x,y) | Loss: £?
KSME 1— 7 kg (xy) ¢(x)"¢(y) E(k*(xy) —kp(xy))
KSME+Beigemap Same as KSME exp (—nllo(x) — ¢(y)|3) E(geigeMap

Table 9.2: Behavioral Distances The
three components of behavioral dis-
tance (top) and similarity (bottom)
dynamics model parameterized as a Gaussian N ( Ho(x)r Zg(x)), With based algorithms.

To further simplify W, computations, DBC trains an approximate

mean iy () and covariance Y y), as well as a reward model predict-
ing rewards from the next latent states. With this approximate Gaus-
sian dynamics model, the W, distances are calculated in closed-form
as the L, distance between the means jiy and the Frobenius norm dis-
tance between the square-root of covariances Z;{ i) as shown in Table
9.2. While simplifying computation, this approximation introduces a
mismatch (Kemertas and Aumentado-Armstrong, 2021). As shown in
Figure 9.2, DBC+BeigeMaps significantly outperforms DBC in terms
of returns averaged over all environments.

R-DBC The Robust DBC (R-DBC) (Kemertas and Aumentado-

Armstrong, 2021) algorithm corrects some training instabilities that

can arise with DBC. Specifically, DBC training can diverge due to em-

bedding explosion and embedding collapse. Embedding explosions

are characterized by embedding norms growing beyond the thresh-

old"3 %, a stability bound derived by the authors. Embedding 13 Kemertas and Aumentado-Armstrong

2(1— . ‘
collapse, on the other hand, can occur for environments with sparse (2021) use a generalized version of
the bisimulation metric leading to the

or near-constant rewards. In such environments, the representation b R ("max—"min)

) ) ound (s forcy € 0,1),¢cr €
¢ can prematurely collapse onto a single point ¢(x) = ¢p Vx € X [0,00). For d™ in Equation 2.3, this
since the model initially observes all states to essentially have zero corresponds to setting cr = 7, ¢cg = 1.

behavioral distance (Kemertas and Aumentado-Armstrong, 2021).
While retaining the basic behavioral distance in DBC (but fixing
distances to L), R-DBC proposes a few algorithmic changes. To pre-
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( 0.2 ).4 6 8 (
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DBC ]
DBC
DBC-+BeigeMap ]
R-DBC ]
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R-DBC+BeigeMap 1
KSME (]
KSME
KSME-+BeigeMap ]
RAP 1
RAP
RAP-+BeigeMap L]
0.0 0.2 0.4 0.8 1.0

Normalized Returns (IQM)

vent embedding explosion, R-DBC clips the embedding norms so
they remain under the required threshold. To prevent embedding
collapse, R-DBC learn an additional inverse dynamics model in the
latent space predicting actions from latent state transitions, and adds
a curiosity-driven intrinsic reward to the original rewards. This in-
trinsic reward is set proportional to errors between the predicted
next latent state from the learned dynamics model and the actual
next latent state, encouraging exploration to states where dynamics
modeling needs improvement.

In Figure 9.2, we see that the proposed changes do indeed improve
performance over DBC. But we note that both R-DBC+BeigeMaps
and, interestingly, DBC+BeigeMaps outperform R-DBC. This is likely
because of embedding explosion and collapse, the two issues that
R-DBC solves, are both inherently mitigated by BeigeMap’s orthonor-
mality constraints as discussed in Section 9.7. Specifically, the nor-
malization constraint encourages ||¢||3 ~ D, and the orthogonality
penalty encourages dim(®) ~ D. In Figure 9.3, we see that ||¢|| con-
verges to v/D for R-DBC+BeigeMap, while it continues to grow for
R-DBC.

KSME Castro et al. (2023) take a kernelized approach to behav-
ioral distances, defining state similarilaties through kernel functions as
opposed to differences. However, KSME still follows the same frame-
work we have been using with certain kernel based modifications. In-
stead of representational distances dy, KSME defines representational
similarities encoded as the inner-product k¢ (x,y) = ¢(x)¢(y). The
target distance update step is then replaced by a target kernel update

Figure 9.2: Comparing Average Nor-
malized Returns on DM Control
Environments Interquartile median

of normalized returns of all models
averaged over 30 random seeds over the
7 DMC environments. Shaded regions
denote 95%-CL

1$()]l2

R-DBC

25 1 R-DBC-+BeigeMap

20

10-

0.0 0.2 0.4 0.6
Steps (10°)

Figure 9.3: BeiegeMaps Prevent Fea-
ture Map Explosions Mean norm (and
shaded standard deviation) of embed-
dings during training, averaged over
all environments. The dashed line indi-

cates \@ =450~ 7.1.

0.8
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step k*(x,y) = kg(x,y) + vkr (P, Py | kg). Corresponding to the re-
ward differences d% in other methods, KSME uses the similarity ker-
nel k¥ (x,y) =1 — rmra’;%:y The transition-based similarities are en-
coded in the lifted kernelmlénT(Pf, Pylky) = E(kp(x,y)), where the ex-
pectation is taken over x ~ P and y ~ Py. Finally, KSME optimizes
the kernel equivalent of the isomap objective E(k*(x,y) — k¢(x,y)),
where we try to match all pair wise similarities.

Castro et al. (2023) demonstrate that KSME can be interpreted to
induce a behavioral distance that is equivalent to the MICO (Match-
ing under Independent Couplings) distance, which approximates the
W, under independent couplings of distributions (Castro et al., 2021).
Moreover, the policies trained using KSME were shown to be empiri-
cally equivalent to those trained using MICO. Thus, we use KSME as
a substitute for MICO in our experiments.

To define the BeigeMap variant of KSME, we set the representa-
tional kernel k¢ (x,y) to be the Gaussian kernel'# as shown in Table
9.2. We also replace the kernel matching objective with the NeuralEF
objective defined over the normalized kernel obtained from KSME’s
target kernel updates.

RAP The Reducing Approximation Gap (RAP) distance attempts to
mitigate various approximation errors in existing behavioral distance
algorithms (Chen and Pan, 2022). Firstly, RAP replaces the W, dis-

4 Recall that our choice of using the
geodesic Gaussian kernel is motivated
by the heat kernel. While alternate
kernels, including the linear KSME
kernel could also be used, we stick

to the Gaussian kernel to maintain
consistency across all models.

tance in DBC with a sample based divergence Eq,~,a,~7(dg(E(X'), E(y'))),

where E(x') = E,/ _pox is an expectation over next states. This is mo-
tivated by the fact that the theoretical guarantees for the bisimulation
metric derived with respect to W; may not hold for W,. To estimate
this new distributional distance, RAP trains an approximate Gaussian
dynamics model with mean (), and sets E(x') = Hp(x)- The repre-
sentational distance dy is 3 [|¢(x)[13 + 3[1¢(y) |3 + BO(¢(x), where 6(-)
is the angle between vectors.

Secondly, RAP approximates the reward-based distance when
computing the target d* as d%(x,y) = |Eg~nty* — ]anmnr;y|,
whereas existing algorithms simply use |ry* — r?,y |. This is esti-
mated through the covariances o, of a learned Gaussian reward
model model NV (j;,07) as shown in Table 9.2. Finally, RAP uses a
slightly modified objective Lrap = Ep|[(dgp — ')/d7ST(x,y))2 —d??] to
avoid square roots. Despite this algebriac change, the new objective
still corresponds to finding an isometric mapping ¢.

9.10 Experiments

To evaluate the effectiveness of our proposal, we augment the algo-
rithms in Section 9.9 with BeigeMaps and demonstrate improvements
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in policy learning over all baseline behavioral distance algorithms.

DM Control Environment We train and evaluate all algorithms

on the Deep Mind for Control (DMC) suite (Tassa et al., 2018),

a set of continuous control tasks that has been a benchmark for

all prior behavioral distance algorithms. We picked the follow-

ing 7 environments from the suite to maximize overlap with prior
work: finger_spin, walker_stand, walker_walk, cheetah_run,
cartpole_swingup, cartpole_balance, and ball_in_cup_catch. We
use RGB pixel observations of size (3,88,88), and stack 3 consecutive
frames to account for partial observability. All environments are trun-
cated at 1000 steps and have dense rewards bounded between [0, 1],
except for ball_in_cup_catch which has sparse binary rewards. We
normalize the default episodic returns within [0, 1000] to [0, 1] to
standardize all results. Further details on environment parameters
are provided in the Appendix 14.2.

Model Architectures We use the Soft Actor Critic (SAC) algorithm
as the underlying RL model for all algorithms (Figure 9.1). All algo-
rithms also learn a Gaussian latent dynamics model, parameterized
by an MLP. DBC, R-DBC, and RAP algorithms also learn a latent
reward prediction model parameterized by an MLP. We fixed all hy-
perparameters to match those used by Zhang et al. (2020), which
has been a common baseline for all other prior works. Due to com-
putational constraints, we reduced the replay buffer size from 1M
to 100,000. For BeigeMap algorithms, we set the kernel bandwidth
using the median-heuristic (Garreau et al., 2017). We list all model
hyperparameters and network architecture details in Appendix 14.3.

9.10.1 Results

We compare the performance of all baseline and BeigeMap algo-
rithms using multiple robust evaluation metrics recommended by
Agarwal et al. (2021b). For each algorithm, we used the model pa-
rameters that resulted in the highest return during training, and
obtained the normalized returns from the corresponding policies for
30 random seeds. For comparison, we also present results for the
vanilla SAC algorithm. In all plots, the shaded error bars correspond
to 95% confidence intervals obtained through stratified bootstraping
over 10,000 samples with replacement computed using the rliable
library (Agarwal et al., 2021b). While we report on aggregate met-
rics in the main text, we also provide individual learning curves in
Appendix 14.4.
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Interquartile Medians Figure 9.2 shows the interquartile median
(IQM) normalized returns for all models averaged over all environ-
ments and evaluation trials. The BeigeMap variants (yellow) consid-
erably outperform their respective baselines (blue) for DBC, R-DBC,
and KSME. The RAP+BeigeMap variant does obtain higher average
returns than RAP, but with some confidence-intervals overlap. Fi-
nally, the variations between the different BeigeMap models is lower
than that between the baselines. The worst performing BeigeMap
model (R-DBC + BeigeMap) still outperforms an average baseline
model.

Performance Profiles Point estimates such as the IQM may not be
best suited to reveal performance variability across tasks (Agarwal
et al., 2021b). Thus, in Figure 9.4, we present performance profiles
that tend to better capture these differences. For each model, we cal-
culate the proportion of trials (across all environments) where the
model’s returns exceeded various thresholds 7. A model is said to
stochastically dominate another if its curve is strictly above the lat-

ter (Agarwal et al., 2021b). BeigeMap variants clearly stochastically
dominate their counter parts for DBC, R-DBC, and KSME. Moreover,
the RAP+BeigeMap curve is strictly above RAP except for a small
range of thresholds T € (0.5,0.7). This provides additional context to
the IQM comparisons earlier, suggesting that BeigeMap+RAP is the
strictly better option for most performance thresholds.

SAC Figure 9.5: Probabilities of Improve-
DBC R-DBC KSME RAP ment for Experiments on the Deep
Mind Control Suite Likelihoods of
= BeigeMap algorithms outperforming
their baselines.

Prob. of Improvement
P(Beigemap > X)
1
1
1
1

Probability of Improvement In Figure 9.5, we plot the average
probability of BeigeMap algorithms improving upon their baseline
counterparts. Here, the probabilities of improvements correspond to
the fraction of trials where one model obtained higher returns than
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the other. Thus, this measure does not consider the magnitude of
differences, but illustrates the robustness of improvement from one
algorithm over another (Agarwal et al., 2021b). Improvements are
considered significant if their confidence intervals do not contain

0.5. As shown in Figure 9.5, all models consistently lie above the 0.5
threshold, with the only exception of RAP+BeigeMaps, whose con-
fidence interval crosses the 0.5 threshold by a small margin of 0.01.
Overall, these results indicate that the addition of BeigeMaps is likely
to improve the performance of current distance based representation
learning.

9.11  Conclusion

We outlined our proposal for Behavioral Eigenmaps (BeigeMaps)
for behavioral distance based representation learning in RL. While
existing approaches train representations with respect to a poten-
tially ill-defined isometry objective, we proposed an alternative
locality-preserving objective. The resulting representations corre-
spond to Laplacian eigenmaps with respect to behavioral distances,
which we propose to adapt to RL problems with continuous state
spaces via neural eigenfunctions. Our experiments showed that using
BeigeMaps as a drop-in component in existing behavioral distance
learning algorithms yieled better performing policies.

We identify two limitations of our current formulation of BeigeMaps,
and discuss plans for future research directed at resolving them.

Controlling the Level of Distortion We motivated locality-preservation
over the IsoMap objective by noting that the latter may be ill-defined
without admitting some metric distortion. We then proposed Lapla-
cian eigenmaps as a way to up-weight the penalty of distortions in
local neighborhoods, while allowing greater distortion in long-range
distances. While our analysis and experiments do show advantages
of this approach, it is unclear whether Laplacian eigenmaps result in
lower overall distortion than optimizing the IsoMap objective.

Practically, the level of induced distortion can be controlled by in-
creasing the size D of the representation space. While the IsoMap ob-
jective does not provide a principled way to estimate an appropriate
value for D, BeigeMaps offer some possibilities. As in most spectral
decomposition methods, the eigenvalues can often inform this deci-
sion, or at least provide a measure of estimating the marginal benefit
of increasing dimensionality. In future work, we plan on identifying
means of quantifying the level of distortion induced by BeigeMaps,
and seeking methods of controlling it through the learned eigenval-
ues.
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Distractor Invariance Prior works have demonstrated benefits of
behavioral distance based representations in terms of robustness to
task-irrelevant distractors in observations (Zhang et al., 2020; Kemer-
tas and Aumentado-Armstrong, 2021; Chen and Pan, 2022). Thus far,
we have focused on demonstrating the effectiveness of BeigeMaps in
RL from images in general.

Potential directions of future work on BeigeMaps include analyz-
ing the effectiveness of BeigeMaps in inducing distractoor invariance
for better generalization. Once again, a promising approach in this
direction may also come from the learned eigenvalues of the Lapla-
cian. The spectrum of kernels can be used to design efficient regu-
larization operators that bias solutions towards functions that exhibit
minimal variance within clusters (Smola and Kondor, 2003). Specifi-
cally, a regularization operator that penalizes weights associated with
larger Laplacian eigenvalues could be used to design a principled
approach for generalization and distractor invariance.

187






10
Modular Policy Composition with Policy Centroids

Abstract We consider the task of aggregating policies in multi-objective
decision making problems where multiple policies are trained to accomplish
potentially conflicting tasks. While policy composition is a crucial component
of multi-objective problems, commonly used techniques are restricted to simple
averages that do not adhere to or exploit the structure of policy spaces. We
present a new framework for policy composition viewing the problem as com-
puting centroids in distance spaces where policies are embedded. These policy
centroids not only subsume various existing composition techniques, but

also provide a new means of inducing useful properties in composite policies
through judicious choices of embedding spaces and distances. Additionally, we
introduce policy centroids that extend existing compositions to new problem
settings. For deterministic policies, we use distances between state-action
value functions to define utility centroids that can be tuned to adjust the
intensity of individual policy preferences. For stochastic policies, we intro-
duce policy centroids based on statistical distances including the maximum
mean discrepancy, which are particularly useful when policies are accessible
only through samples. We evaluate our proposed policy centroids on various
illustrative examples that highlight their benefits over existing approaches.

10.1 Introduction

As we continue to expand the scale and complexity of sequential de-
cision problems tackled by automated agents, it becomes increasingly
difficult to quantify all desired objectives into a single monolithic
goal. We are routinely faced with tasks with multiple competing ob-
jectives but no concrete notion of the composite goal. Autonomous
vehicles must quickly reach their destinations while avoiding crashes;
economic policy should bolster growth but also minimize inequal-
ity; financial investment strategies need to maximize returns while

maintaining a diverse portfolio. * As formulated by Sutton, the reward
hypothesis states that: "all of what we
mean by goals and purposes can be well
difficult to learn a policy to accomplish it. Indeed, one of the cen- thought of as maximization of the expected

tral dogmas of reinforcement learning is the reward hypothesis* — value of the cumulative sum of a received
scalar signal (reward)”.

Even when we can define a composite objective, it may still be

that the optimal policy for any objective can be found by maximiz-
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ing a scalar reward. Moreover, it has been proposed that a scalar
reward is enough to induce behaviors needed to model natural and
artificial intelligence (Silver et al., 2021). However, condensing in-
herently multi-objective problems into a single scalar reward, even
when theoretically possible, may be inefficient and limiting (Vam-
plew et al., 2022). Even if an optimal scalar reward may theoretically
exist, designing such a scalar can still be a highly non-trivial task for
a practitioner. As demonstrated by various works in multi-objective
reinforcement learning (MORL), it is generally useful to decompose
complex reward signals into multiple rewards and train separate
simpler policies (Hayes et al., 2021; Singh, 1992; Sprague and Bal-
lard, 2003; van Seijen et al., 2017). In robotics, it is often convenient
to break down a complex robot into multiple sub-agents, each with
its own local policy reacting to changes in its local environment.
(Brooks, 1986; Tham and Prager, 1994; Cheng et al., 2021; Li et al,,
2021; Van Wyk et al., 2022). Even when tackling a single objective, it
can be beneficial to train an ensemble of policies trained using differ-
ent algorithms (Wiering and Van Hasselt, 2008; Laroche and Feraud,
2017; Song et al., 2023). In general, it is useful to develop modular
policies that represent a ‘separation of concerns’ along different as-
pects of the overall composite objective (van Seijen et al., 2016).

While it is often easy to break down a problem into modules,
building a cohesive solution from multiple alternatives can be much
trickier. The problem of modular policy composition has been tack-
led in various contexts, with numerous proposed solutions including
additive and multiplicative mixtures of experts (Hinton, 2002; Urain
et al., 2021), voting based ranking (Wiering and Van Hasselt, 2008),
winner-take-all approaches (Humphrys, 1995), compositions of utili-
ties or potential fields (Karlsson, 1997; Koren et al., 2000; Urain et al.,
2021), and so on. The central idea behind these compositions is to
form an average policy from a set of recommendations. However,
existing approaches tend to use fairly limited notions of averages,
generally restricted to power means such as arithmetic means, geo-
metric means, maxima and minima. While these simple averages are
easy to implement and understand, it may be desirable to customize
the averaging protocol based on the properties of the problem, and
desired behavior of the composite policy

In this chapter, we consider the task of averaging policies in its
full generality as computing centroids over arbitrary distance spaces.
Specifically, we propose embedding individual policies onto task-
specific distance spaces where we compute policy centroids that min-
imize distances to individual policies. Naturally, this perspective
encapsulates many existing policy compositions. But more impor-
tantly, it can serve as a principled framework to design novel compo-
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sitions by picking appropriate embedding spaces and corresponding
distances. As opposed to averaging policies in their original repre-
sentations, we can choose to embed them onto spaces that capture
important properties of the policies or objectives. Moreover, we also
have the flexibility to design distances that utilize the inherent struc-
ture of this space, or promote desirable behavior in the composite
policy. By choosing an appropriate distance space, or different dis-
tance spaces for each objective, policy centroids can extend policy
composition beyond simple averages and offer greater control over
the process.

10.2  Multi Objective Reinforcement Learning

We tackle policy composition as finding a single-policy solution® to
multi-objective Markov decision processes (MOMDPs), which are
multi-objective generalizations of Markov Decision Processes (MDPs).
MDPs provide a general framework for modeling sequential decision
making, and form the foundation of many approaches to policy
learning, including reinforcement learning (RL). While we mainly
focus on multi-objective reinforcement learning (MORL) approaches,
much of our analysis should carry over to non-RL approaches as
well. Ultimately, we are interested in composing individual policies
corresponding to separate objectives into a single composite policy;
for the most part, this is agnostic to the algorithms used to learn the
individual policies.

We begin with an overview of MOMDDPs, the problem setting for
MORL, and two classes of policy composition strategies in MORL.
Eventually, we will show that our proposed approach of policy cen-
troids subsume these classes, and allow developing new alternatives.

Multi Objective Markov Decision Processes A MOMDP is a tuple
(X, A, T,v,R) of state space X, action space A, transition function
T:XxAxA — [0,1], discount factor y € [0,1], and a vector-
valued reward function R : S x A x X — RN. The components 7;

of the rewards vector r are the individual rewards for the N separate
objectives. A policy 7t determines the action executed at a given state;
a deterministic policy 7(x) : X — A returns a single action, and a
stochastic policy 7(alx) : A — [0,1] is a distribution over A. For a
state-action pair (x,a), Q;(alx) = Ex, (X520 ([rilt) [xo = x,a0 = a)
denotes the state-action value function under the policy 7; for the i-th
objective, where [r;]; is the i-th reward obtained at the t-th timestep.

Single Policy MORL Single-policy approaches to the MORL prob-
lem involve finding a single policy 77(x) that incorporates all objec-

*> There are also various approaches
that learn multi-policy solutions, e.g.,
finding policies that cover the pareto-
front with respect to a set of policies.
We refer the reader to Hayes et al.
(2021) and Roijers et al. (2013) for
further details on such methods.
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tives defined by the N reward functions {r;}. Note that this is not a
well-defined problem with additional context. It may not be possible
to find a single policy that simultaneously maximizes the long-term
discounted rewards for all objectives. Indeed, for most interesting
real-world problems, these objectives will likely be in opposition

to one another where maximizing one reward decreases another.

In light of potentially conflicting objectives, one strategy to obtain
single-policy solutions is to prioritize the objectives by the relative
importance, i.e., weights {w;(x) > 0} such that }_; w;(x) = 1. Here,
w(x) can be state-dependent, and can either be provided a priori or
learned from data. We now discuss two classes of approaches that
use these weights to obtain a single policy that incorporates multiple
objectives.

Utility Fusion In value-based reinforcement learning, we generally
have access to the set of Q-values {Q;(a|x)} that encode the long-
term discounted rewards of executing action a at state s with respect
to the reward r;. Thus, the i-th Q-value Q; defines a utility function
that should be maximized by a policy aiming to fulfill the i-th objec-
tive. Given relative importance weights {w;}, a reasonable approach
to MORL is to maximize the weighted average of these Q-values.
Unsurprisingly, a popular composition strategy in MORL, known as
utility fusion (Russell and Zimdars, 2003), treats the weighted arith-
metic average of Q-values as the composite Q-value. Formally, the
optimal composite policy 7t* is defined as follows

" (x) = argmax ) _w;(x)Q; (77(x)) (10.1)

m(x) i

Multiple variants of utility fusion have been proposed in the liter-
ature over the years. The GRACIAS algorithm trains the composite-
agent as an RL agent maximizing a global reward function (Gupta
et al., 2021). This composite-agent learns the weights w;(x) as its ac-
tions. The Distributed Architecture for Mobile Navigation (DAMN)
architecture (Rosenblatt, 1997) also uses utility fusion. The hybrid-
reward architecture tackles large complex RL problems by (ad-
ditively) decomposing the overall reward into a sum of rewards
(Van Seijen et al., 2017). The authors train separate Q-networks for
the constituent rewards, and treat the sum of these constituent Q-
functions as the overall Q-function. The constituent Q-functions also
share some representation as they are defined as the multi-heads of a
neural net, i.e., they share the same lower layers.

While utility fusion is quite intuitive, it is prone to some well-
known problems. Firstly, since the arithmetic mean of a set of num-
bers is naturally sensitive to large outliers, utility fusion can be bi-
ased towards objectives with larger Q-values. Secondly, it may also
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be problematic in the opposite situation where the disadvantages
incurred by one agent are outweighed by the advantages of the ma-
jority. Such a tyranny of the majority may be undesirable if the disad-
vantage suffered by the objective in the minority is much larger than
advantage gained by individual objectives in the majority. In both
issues raised thus far, we see that utility fusion can result in compos-
ite policies that may be unfair to certain objectives (Siddique et al.,
2020). Finally, when the different Q-functions are trained in isolation
without access to the composite Q-function, the composed policy can
cause the agent to be stuck in attractors. Under such an egocentric
training paradigm (Laroche et al., 2017), the composite Q-functions
from utility fusion overestimate the value of states where the policies
disagree on the optimal action. For large discount factors, such states
can become attractors that prevent the agent from making progress
towards any objective (Laroche et al., 2017).

Policy Fusion While utility fusion assumes access to utility func-
tions for each objective, often we may instead have access to indi-
vidual policies instead. In a sense, this represents a more restrictive
access model — the utility function holds information about all pos-
sible policies as opposed to just the optimal policy. However, this
restriction makes the access model more general since the individual
policies could be obtained from RL methods that are not value-based,
or even non-RL methods from other fields of control theory. We re-
fer to the general class of MORL algorithms that compose multiple
policies into a single one as weighted averages as policy fusion.

In the setting of deterministic policies, the individual policies sim-
ply return actions 7(x) : X — A. Thus, policy fusion corresponds
to defining a composite action as a weighted average of the actions
proposed by individual policies. However, such an approach suffers
from two critical drawbacks. Firstly, it assumes that A is a vector
space that is closed under weighted addition, or whatever aggrega-
tion is used to define weighted averages. If this assumption is not
satisfied, the fused-policy may not be feasible3. Secondly, even if the 3 For example, if the action space is

action space is closed with respect to addition, it is generally not the ! i ST
of actions might result in diagonal
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A = {1,1,+,—}, weighted averages

case that the weighted averages of actions with high utility also has directions, which cannot be executed by

high utility. Thus, while the individual policies themselves may result the agent.
in high long-term discounted rewards, the average action may not. In
light of these drawbacks of deterministic policy fusion, MORL algo-
rithms generally focus on fusion of stochastic policies where 71; are
probability distributions over A.
Given a set of stochastic policies {7;} for individual objectives,
the composite policy obtained from stochastic policy fusion gener-
ally corresponds to a sum-of-experts or a product-of-experts model
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defined as follows

Sum of Experts (SoE): T o Zwi(x)ni(a|s) (10.2)
i

Product of Experts (PoE): T o Hw,-(x)m(a|s). (10.3)
i

While not always described in such terms, these compositions are
equivalent to element-wise arithmetic and geometric means of the
individual policies, which are special cases generalized f-means, also
called Kolmogorov or quasi-arithmetic means (Bullen, 2013).

A common strategy in prior work has been to train individual
policies {7;} in isolation and train weights {w;} as a meta-controller
or a composite agent. Prior works have treated this composite agent
as an RL agent learning to pick between the sub-policies (Lin, 1993;
Simpkins and Isbell, 2019). Simpkins and Isbell (2019) use this ap-
proach to develop the Arbi-Q policy-composition algorithm that
is robust against mismatched rewards scales between the various
sub-agents. These approaches can be interpreted as minimizing the
policy-fusion loss function where the vector of weights (w;) only has
one non-zero entry. Recently, Qureshi et al. (2019) presented an al-

gorithm where stochastic sub-policies are represented as Gaussian
distributions N (y;, 0;), and the overall policy is their weighted com-
bination }; wN (13, o).

The various instantiations of utility fusion and policy fusion we
have described can be understood as performing some form of arith-
metic or geometric mean of utilities or policies. We now define policy
centroids as our proposed framework that includes both utility fusion
and policy fusion as sub-classes. Additionally, we demonstrate how

policy centroids allow us to expand the scope of these composition
Figure 10.1: Visualizing Policy Cen-

troids Policy centroids correspond to
the weighted centroid of multiple poli-
cies, where the distance with respect to

classes, and also introduce additional policy composition strategies.

10.3 Pol icy Centroids a policy (blue) is computed in its own
distance space. Other policies (orange)
Consider a set {7;}}, of N policies, such that each policy 7; has are mapped onto this distance space via

. licy-specifi bedding functions.
been formulated separately based only on the i-th component of the poTicymspectiic embecding Thcions

reward function. These policies must now be combined into a single
composite policy 77, without assuming access to a composite reward
function or a known decomposition of the composite objective into

individual objectives. Let (M;, d;) be distance spaces* where 71; can + A distance space (M, d) is a set
M equipped with a non-negative,

. . . . . symmetric, and reflexive distance
onto these spaces using policy embeddings y;(7r). Finally, given a function d(x,x) for x,x' € M.

be compared with alternatives via distances d;. Policies are mapped

set of optional non-negative weights {w;}L; with Y, w; = 1, the
composite policy 7T or the policy centroid is defined as follows

T = argminzwidi(ﬂi(ﬂi)f pi(7)). (10.4)
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To design a policy centroid, we pick (1) embedding functions y;

that capture important features of policies, and (2) distances d; that
account for meaningful differences between them. The weights w; are
linear relative importances of the T objectives. composite objective or
learned with respect to a composite reward; otherwise, they are set to
be uniformly distributed.

Policy centroids provide additional means of affecting properties
of the composite policy through the choice of the distance spaces
(M, d;). In the following sections, we show how various existing
compositions can be interpreted as policy centroids. Moreover, we
provide examples where different choices of embeddings y; and
distances d; can lead to composite policies with useful properties,
and extend existing compositions to new problem settings.

10.4 Policy Centroids for Utility Fusion

Utility Centroids Given a set of Q-functions from different policies,
the objective function for utility fusion in Equation 10.1 maximizes
the total (equivalently average) utility over all objectives. We can re-
cast this optimization as a policy centroid in Equation 10.4 as follows

Utility Fusion: 7 = argminEwi (Qi(aj|x) — Qj(alx)) (10.5)
a

where af = argmax, Q;(x,a) is the recommended action for the i-th
objective. Here, task-specific embeddings are simply the Q-values
ui(alx) = Q;(alx), and the distance function is just the difference in

Q-values>. 5 This distance is non-negative since
We can generalize Equation 10.6 to some extent by introducing 8"(“;"‘) > Qi(alx) by the definition of
values.

a new parameter B > 0 that provides addition control® over the
composition, resulting in the following utility centroids

¢ The optional offset +1 simply sets
the domain of the exponential to R>1,
avoiding the inverse behavior of the
exponent for (0,1).

Utility Centroids: 4 = argmin ) _ w;(Q;(a;|s) — Q;i(a[x) + 1)f (10.6)
a i

where, the distances are defined as d;(Q;(a1]x), Q;(a2|x)) = (|Q;(a1|x) —
Qi(a2]x)| + 1) — 1. Equation 10.6 minimizes the average disadvan-
tage or opportunity cost (Q;(a;|x) — Q;i(a|x) + 1)P of picking a over

the preferred a; = argmax, Q;(a|x). Note that with B = 1, the result-
ing policy is the same as that for utility fusion in Equation 10.1 and
Equation 10.5.

As illustrated in Figure 10.2,the exponent p plays a similar role to
weights w; ; while w; stretch or squeeze distances between policies
linearly, B magnifies or minimizes distances between policies expo-
nentially. Setting B > 1 (resp. B < 1) magnifies (resp. minimizes)
differences in disadvantages leading to sharper (resp. flatter) dis-
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advantage curves. However, unlike weights w;, we can set the same
exponent 5 across all policies and still affect relative distances.

In Figure 10.3, filled-circles of the same color correspond to the
recommended actions from four policies for a given choice of B.
When B = 1 (green), the policy recommending action a4 has a
slightly lower disadvantage, pushing the centroid closer to as. With
B > 1 (orange) differences in disadvantages are magnified, push-
ing the centroid further towards a4. With § < 1 (purple), the small
difference in disadvantages is minimized, and the centroid is not bi-
ased towards any one policies. With 8 = 1, Equation 10.6 reduces to
standard utility fusion. Thus, § can serve as a useful hyperparame-
ter, especially in the absence of non-uniform weights w;. As we now
discuss, adjusting B can alleviate some known problems with utility
fusion in such settings.

Preventing Attractors When the Q-values of multiple policies are
trained egocentrically (without taking into account the composite Q-
value), utility fusion with uniform weights w; overestimates the value
of states where policies disagree on the optimal action (Laroche et al.,
2017). For large discount factors vy, these states can become attractors
where the agent gets stuck; restricting us to myopic sub-optimal
policies with low discount factors.

In Equation 10.6, reducing  essentially minimizes disagreement
between policies and can help us escape attractors. To demonstrate,
we consider the two examples from Laroche et al. (2017) illustrat-
ing attractors in utility fusion. In the first example (Figure 10.4), we
consider a 3 state deterministic MOMDP where the agent in state xg
can stay in place with action ag, or move to one of two terminating
goal states x; and xp with actions 41 and a, respectively. We define
separate objectives with reward r > 0 for reaching x; and x, respec-
tively, and no reward for staying in place. In the second example in
Figure 10.5, the PacBoy agent is equidistant from a reward in either
of the three directions {1, -, —} in a simple deterministic MOMDP;
choosing | keeps it in place. In both examples, egocentric utility fu-
sion with uniform weights w; gets stuck when v > 0.5 (Laroche et al.,
2017).

In Figures 10.6(a) and 10.6(b), we plot the combinations of 7y and j
for which the policy centroid in Equation 10.6 is stuck (shaded black)
and for which it reaches one of the two goal states (shaded white).
As we decrease §, we can allow larger discount factors while still
avoiding getting stuck. However, using too small a § may also lead
to undesirable behavior where the relative preferences of policies are
ignored.
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Figure 10.2: Varying f in Utility
Centroids Visualizing the effect of
varying f in Equation 10.6.
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Figure 10.3: Illustration of Utility
Centroids with Varying j Visualizing
the effect of varying B in Equation 10.6.

Figure 10.4: Illustrations of MDPs
with attractor states. The MDP defined
in Laroche et al. (2017) exhibiting
attractors.

o S O

Figure 10.5: The PacBoy Example The
PacBoy agent (yellow) surrounded by
equidistant goals (green).
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Preventing the tyranny of the majority Utility fusion can also suf-
fer from a tyranny of the majority, where an objective dominated

by a large number of competing objectives may never be fulfilled. If
the minority objective is safety critical, it may be desirable to forego
the other goals to prevent an accident. If the objectives involve hu-
man stakeholders, this majority bias can be unfair — the minority
stakeholder may lose confidence in the system if their objectives are
consistently ignored in service of the majority.

As an illustration, consider a set of N objectives {ON}Z.I\L ; defined
over a MOMDP with two actions {a1,a,}; Oy corresponds to avoid-
ing accidents, while the others correspond to reaching various goals.
At some state, O; identifies action a; as unsafe with a disadvantage
of d. In contrast, a, is slightly favorable over a; for the goal-seeking
objectives, assigning disadvantage € < d for a;. With only two tasks
{01, 03}, utility fusion opts for the safe action ay as it has lower
disadvantage. However, as we add other objectives to the mix, the
unsafe action a5 is picked when n > d/e. With the utility centroid in
Equation 10.6, we can increase § to intensify individual preferences,
leading to a larger threshold. In Figure 10.4, we plot various com-
binations of 8 and n for which the agent picks the unsafe action a,
(shaded black) and the safe action a; (shaded white) when € = 0.14,
i.e., each goal-seeking agent only favors the unsafe action by a small
margin of 10%. However, as B becomes very large, the minority may
exert too much influence, preventing the agent from ever achieving
its other goals. Thus B will likely have to be tuned to balance these
effects.

10.5 Policy Centroids for Stochastic Policy Fusion

We now turn to the problem of composing stochastic policies repre-
sented as probability distributions 7t(a|x) over actions. Such policies
can arise, for instance, due to exploration or as solutions to partially
observable MDPs or adversarial games.

Figure 10.6: Utility centroids to escape
attractors. The blue lines are reference
markers for utility fusion, or equiva-
lently utility centroids (8 = 1).

Figure 10.7: Utility centroids to prevent
the tyranny of the majority. The blue
lines are reference markers for utility
fusion, or equivalently utility centroids

B=1.
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Generalized Means of Experts As discussed in Section 10.2, two
common approaches of composing stochastic policies is via sums
(Equation 10.2) and products (Equation 10.3) of experts. While not
always described as such, these compositions are equivalent to
element-wise arithmetic and geometric means, which are special
cases of generalized f-means, which, in turn, are instances of Fréchet
centroids (Bullen, 2013). We can thus formulate policy centroids
corresponding to generalized-means-of-experts (GMoE) through a
monotonic, continuous and invertible function f as follows:

T « argmin }_d?(m;, )
T

where () = ¥ If(x(ap) — (@B
a
This centroid defines the well-known class of generalized f-means.
With f(x) = xP (for B # 0), we get the family of power means, which
includes sum-of-experts (arithmetic mean for § = 1) and product-of-
experts (geometric mean for § — 0), as well as a spectrum of other
means.

10.5.1 Implicit Stochastic Policy Fusion

While GMoEs are intuitive and ubiquitous, they may not always be
ideal, for instance, when composing implicit stochastic policies. Im-
plicit policies 7 are distributions without a known density function,
but allow sampling. Such policies can be useful, for instance, to in-
corporate unknown noise distributions or as a flexible policy class for
complex action distributions (Tang and Agrawal, 2018). Given sets of
actions {a](-i) ~ 7t;} drawn from a set of implicit policies {7;}, we now
wish to generate new actions {a,,} from the composite policy 7.

As a concrete example, consider the following sum-of-experts
composition problem where we wish to evaluate the expected value
of some function g(a) under the distribution of the composite pol-
icy. Assuming that both the function g and individual policies are
computationally expensive to query, we seek a good estimate of
Ez g(a) with minimal samples from individual policies as well as
the composite policy. SoEs are not directly applicable since they re-
quire the policies’ probability densities. We would thus need some
form of density estimation, which can be sample intensive for high-
dimensional actions. With policy centroids, we can extend sum-
of-experts to this new problem setting. Specifically, we can embed
implicit policies onto reproducing kernel Hilbert spaces, and use the
maximum mean discrepency between distributions as our distance
function.



MIND THE METRIC: METHODS IN METRIC-INFORMED MACHINE LEARNING 199

MMD Policy Centroids The maximum mean discrepancy (MMD)
is an integral probability (pseudo) metric (IPM) between probability
measures that captures the maximal difference between expectations
of functions (Gretton et al., 2012). For a set of functions G, the IPM
between distributions 7t and 7’ is the supremum of the difference in
expectations E;(g) — E,#(g) over all ¢ € G. We obtain the MMD
when @ is the unit-ball in a reproducing kernel Hilbert space (RKHS)
(Gretton et al., 2012).

For any symmetric positive-definite kernel k(+, -) on a domain
A x A, there exists a corresponding RKHS H; and k is the canonical
feature mapping to Hj. Additionally, we can use the kernel to also
map probability distributions 7= defined over A. These embedded
distributions p, € Hy, known as kernel mean embeddings, are defined

aspr = [k(a,-)dm(a). The empirical estimates of these embed-
1

7w L1
O(n~1/2) (Gretton et al., 2012), which is independent of the dimen-

dings i, = k(a; ~ 7,-) converge in MMD to p at a rate of

sionality of A (in contrast to the curse of dimensionality for density

estimation) (Gretton et al., 2012). The MMD?7 between two kernel 7 Additionally, if the kernel is char-
acteristic (e.g. Gaussian, Laplace),
the MMD is a metric such that
MMD(r, ') = 0 & 7 = 7’ (Gret-
MMD(ﬁ; ﬁ/) = || ﬁn _ﬁH’HHk ton et al., 2012).

mean embeddings is the H-norm of their difference:

Given a kernel k, we define MMD policy centroids that compare empir-
ical policies with respect to the MMD as follows:

MMD Policy Centroid @ ~ 77 = argmin ) _w;MMD(#;, ) = argmin ) _w;||ft; — fi| \%{k
7t i n i

Note that the above objective is essentially what is optimized by the

kernel herding algorithm (Chen et al., 2010) that draws samples from

a kernel mean embedding; here, the target is instead the weighted

sum }_; w;f;. Using kernel herding, we can draw the t-th sample a;

from 7T as follows

. t—1
7 = argzninZ—Zwik(a](l),a) +I0>1 L %k(ﬁm,a) (10.8)
i, m=

where Z(t > 1) is the indicator function. While the first term in the
objective encourages d; to be similar to the set of samples {a](.l) ~ 7},

the second term encourages it to be dissimilar to samples {ﬁm}fnjl
generated in prior iterations. This latter repulsive force improves
sample diversity by inducing negative autocorrelations. For bounded
kernels corresponding to finite dimensional H, the herded super
samples converge in MMD at a rate of O(n™!) to the target distribu-
tion — faster than O(n~'/2) for iid sampling from the true distribu-
tion (Chen et al., 2010). Even though H is generally not finite, we
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still tend to get fast convergence in practice — even if Equation 10.8 is
only solved approximately (Chen et al., 2010).

Since the fast convergence of also carries over to expectations of
functions Exg(a) = i LM | ¢(@m), MMD centroids are well-suited
for our purposes — to compute sample based expectations over poli-
cies using minimal samples. Firstly, using the herded super samples,
we should require fewer evaluations of ¢ before Ez(g) converges.
Secondly, since we bypass an explicit density estimation, we should
need fewer samples from individual policies as well. Moreover, since
the convergence rate of the implicit density estimation fi ~ y is inde-
pendent of the dimensions of A, MMD centroids should scale better
to high-dimensional action spaces.

To demonstrate the advantages of MMD centroids, we consider
a set of 3 Gaussian policies {7; = N(a;,0.11)} with mean actions
a; € R? Assuming uniform policy weights w;, the composite
distribution for the true weighted sum-of-expert policy is simply
Y N (a;,0.11). Our goal is to generate M samples {a, }M_, from the
composite policy (only using samples from ;) and use them to com-
pute expected values of functions. Here, we fix the target function to
be the first moment (mean action) of the composite policy, which is
simply %ai.

We compare estimation errors for traditional sum-of-expert, MMD
centroids, and iid samples from the true composite policy. For MMD
centroids, we use the Gaussian kernel with its bandwidth set using
the median-trick heuristic, and generate samples via kernel herding.
Since the true composite policy is generally unknown, we avoid tun-
ing hyperparameters for the optimization in Equation 10.8 by opting
for a brute force search within a random subset of M action samples
drawn from individual policies. For the sum-of-expert composition
(Equation 10.2), we draw samples from the kernel density estimate of
the composite policy using a Gaussian kernel (with the median-trick
bandwidth).

We present the results of our experiments in Figure 10.8, Fig-
ure 10.9 and Figure 10.10, where we fix (d = 32, M = 250), (M =
250, N = 32) and (d = 32, N = 32) respectively and plot errors with
respect to varying N (samples from individual policies), d (dimen-
sionality of actions), and M (samples from the composite policy). As
the results demonstrate, MMD centroids offered better scaling with
respect to all three parameters tested. Thus, using the policy cen-
troid framework, we are able to adapt the traditional sum-of-expert
composition strategy to implicit stochastic policies.
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Figure 10.8: Errors for MMD centroids
and sum-of-expert composition as a
function of dimensionality of A. Error
bars are standard deviations across 3
random seeds
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10.5.2 Riemannian Motion Policies

We have thus far focused on two policy compositions often encoun-
tered in multi-objective RL. We now turn our attention to a different
setting within the framework of Riemannian motion policies (RMPs)
from robotics, designed to combine multiple acceleration based poli-
cies for cohesive motion generation (Cheng et al., 2021). As described
below, policy centroids share the intuition behind RMP-composition
in using task-specific distance spaces, and can also extend RMP-
composition to the setting of stochastic controllers.

RMP Composition While a robot’s complete state is defined on

a configuration space Q, its various objectives can be defined on
separate task spaces ;. Configuration space states q are mapped
onto task-space states x; via task-maps ¢; : Q — Aj. Using J;, the
Jacobians of the task-maps ¢;, we can also map configuration space
velocities and accelerations into their task-space counterparts as

xi =J;q and X; =J;§+Jiq

A task-space RMP over A; is a tuple (f;, M;) indicating a recom-
mended force f; = M;X; given a positive semi-definite inertia matrix
M;.

The general idea behind the RMP framework is to combine task-
space RMPs defining desired accelerations %; into a composite RMP
in the configuration space. Given a set of task-space RMPs {(f;, M;)},
the composite configuration-space RMP (f, M) is computed by
pulling-back the task-space forces into the configuration space as

pullback(f;) = JI (f; — Mifiq;) and pullback(M;) = J/M,J;

The composite force and inertia matrices are then computed by
adding up the pulled-back forces f = Y_! pullback(f;) and inertia
matrices M = }; pullback(M;). The composite control or accelera-
tion § = M™f is the solution to the following objective function

R A )
argmin >3 [[J:4+7Jiq — %34, = argmin 5 2 llwid) - pi(%) I,
4 i=1 4 i=1
(10.9)

In the second equality above, we have rewritten the RMP composi-
tion objective similar to a policy centroid with u;(§) = J:q + Ji4,
where y;(X;) = ¥;. Each term in this objective can be interpreted as
a task-specific distance (defined via M;) between p;(q) and desired
task-controls X;. Thus, policy centroids share RMP’s underlying idea

of employing task-specific mappings and computing centroids with

201
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respect to task-specific distances. However, policy centroids extend
this idea beyond acceleration-based controls to generic settings in-
cluding, for instance, discrete action spaces. Moreover, as we now
discuss, the policy centroid perspective allows us to extend RMP
composition to the case of stochastic controllers.

Wasserstein Policy Centroids The RMP framework assumes de-
terministic controls X; or f; and is not directly applicable when these
controls are stochastic. Incorporating stochasticity into RMPs can

be useful, for instance, when individual controllers are learned via
RL with exploration, or to escape local stationary points where com-
peting controls cancel each other out. To compose such stochastic
RMP controllers, we can collect samples of desired controls from each
individual RMP and pull them back onto the configuration space.

As in Equation 10.9, the composite metric M defines a distance
measure for pulled-back acceleration controls. In the deterministic
setting with only one sample per RMP, we would essentially obtain
the composite control formed via the metric-weighted averaging in
Equation 10.9. But in the stochastic setting, we need to perform an
average both in the space of controls (as in deterministic RMPs), but
also in terms of probability masses spread across controls. Essen-
tially, we require some form of stochastic averaging that can take
into account the ground distance between controls in the pulled-back
space, while also performing a probabilistic average. The family of
Wasserstein distances between distributions is exactly such a statisti-
cal distance.

The p-th Wasserstein distance W), (7, r’; d) between two distribu-
tions 7t and 7’ defined with respect to a ground metric d(-, -) repre-
sents the cost of transforming 7 into 77/ by moving probability mass
in the ground space of samples; the cost of moving probability mass
is measured using d. Using a Wasserstein distance as our statistical
distance between policies, we can define Wasserstein policy centroids
for RMPs with stochastic controllers as the Wasserstein barycenter of
the individual pulled-back control distributions. Similar to how RMP
composition computes sums or metric-weighted averages of controls,
the Wasserstein policy centroids would allow us to average entire
distributions over controls.

7t ocargminy_ Wi (7, 7; di(-)) (10.10)
T

10.6 Conclusion

We presented a framework for modular policy composition, viewing
the problem as computing centroids over distance spaces. Besides
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subsuming various commonly used composition strategies, policy
centroids also provide a principled way to develop new composi-
tions by identifying appropriate policy embeddings and metrics.

As an illustration, we developed utility centroids and MMD cen-
troids, and demonstrated their advantages over existing approaches.
Moreover, we can idenfity various avenues of future research to ex-
tend the present work. For instance, we have thus far ignored any
relationships between state and action spaces of objectices. As with
RMPs, we can organize such interrelated objectives via hierarchical
network structures. It may be valuable to incorporate this structure
into the composition framework as well. Furthermore, instead of
hand-crafting metrics, we could potentially learn them directly from
data. This would essentially generalize current approaches that learn
importance weights for policies. Instead of learning weights that lin-
early scale distances between policies, we may be able to learn more
sophisticated transformations of policy spaces.
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11
Conclusion

In this thesis we have presented multiple methods of that incorporate
metric-structure into specific machine learning problems spanning
various domains. Specifically, we tackled the problems of learning
quantum-inspired probabilistic models, drawing samples over Rie-
mannian manifolds using kernel herding, learning locality-preserving
representations in reinforcement learning, and composing policies in
multi-objective reinforcement learning. For each of these problems,
we identified specific metric structures in data or parameter spaces,
and presented our proposal of exploiting this structure to improve
existing algorithms. We now return to the original research question
we laid out at the beginning of this thesis: how can we utilize metric
structure in machine learning algorithms to improve their performance? We
now evaluate how the contributions provided in this thesis answer
this question within specific problem domains.

Metric Informed Quantum Graphical Models

How can we utilize the Stiefel manifold structure of model pa-
rameters in hidden Quantum Markov models to ensure feasibility
and improve accuracy.

By leveraging the Stiefel manifold parameterization of hidden
quantum Markov models (HQMMs), we proposed an efficient learn-
ing method for HQMMSs based on Riemannian gradient descent (Ad-
hikary et al., 2020). While prior work had also identified this Rieman-
nian parameterization, it relied on optimization through sequential
composition of Givens rotations, utilizing the invariance of orthonor-
mality with respect to rotations (Srinivasan et al., 2018c). Although
this approach ensured feasibility of learned parameters, it was com-
putationally expensive and prohibitively slow for large HOMMs.
This restricted prior applications of HQMMs to relatively small prob-
lems since the the number of parameters in HQOMMs grows rapidly
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with both the latent state dimension and observation space. We im-
proved upon this approach by employing retractions on the Stiefel
manifold, to constrain optimization paths to geodesics on the mani-
fold (Algorithm 1). Through evaluations on both synthetic and real
world data, we demonstrated that our approach is not only faster, but
also provides greater predictive accuracy.

In addition to providing a learning algorithm for HOMMs, we also
extensively analyzed the expressiveness of these models. While prior
results had established HQMMs as more expressive than HMMs, we
expanded this analysis to include other classical generalizations of
HMMs from machine learning including observable operator models
(OOMs), predictive state representations (PSRs), norm-observable
operator models (NOOMs), stochastic weighted automata (SWA),
as well as uniform variants of multiple tensor network models from
quantum information including locally purified states (LPS) and Born
machines (BMs). Through a series of novel expressiveness relation-
ships, we established a hierarchy of linear sequential systems with
respect to HQOMMSs, and established HQMMs as the most expressive
model class within those considered that can relaibly avoid the neg-
ative probability problem (Figure 7.6). We also established a similar
hierarchy of models in the controlled setting, and demonstrated how
HQMMSs subsume various quantum generalizations of controlled
linear sequential systems (Figure 6.1).

Metric Informed Sampling

How can we utilize the Riemmanian manifold structure of data
spaces in kernel herding to ensure feasibility of samples and im-
prove convergence to target distributions.

We introduced a method for extending kernel herding to Rie-
mannian manifolds by leveraging (1) geometry-aware kernels that
respect the intrinsic distance of the manifold, and (2) Riemannian
optimization to ensure that sampled points remain on the manifold.
We evaluated our approach on two tasks involving sampling from
distributions supported on Riemannian manifolds. In the first task,
we showed improved convergence when resampling from manifold-
supported distributions, outperforming both heuristic projection-
based herding and importance resampling using optimal transport
maps. In the second task, we integrated our method into kernel re-
cursive approximate Bayesian computation to estimate parameters
of simulators defined on the symmetric positive-definite manifold,
achieving higher accuracy than both heuristic projection methods and
the commonly used Cholesky decomposition parameterization. The
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results on these experiments support our hypothesis that explicitly
incorporating Riemannian geodesic distances into kernel herding re-
sults in improved sample convergence to manifold-supported target
distributions.

Metric Informed Reinforcement Learning: BeigeMaps

How can we utilize bisimulation metrics in behavioral representa-
tion learning algorithms in RL improve policy performance.

We introduced an approach to learning novel representations
based on behavioral metrics that allow distortions in long-range
distances, while preserving local metric structure — inducing represen-
tations that highlight natural value-based clusters in the state space.
These new representations, called behavioral eigenmaps (BeigeMaps),
correspond to learned neural eigenfunctions of Laplacian eigen-
maps with respect to behavioral distances. We evaluated the utility
of BeigeMaps by jointly learning representations with policies on the
Deep Mind control benchmark (Tassa et al., 2018) with high dimen-
sional image observations. Our experiments demonstrated that incor-
porating BeigeMaps as a drop-in component into existing behavioral
distance learning algorithms led to improved policy performance.

Metric Informed Reinforcement Learning: Policy Centroids

How can we utilize policy-induced distance spaces for policy com-
position in multi-objective RL to induce desirable composition
properties.

We presented a framework for modular policy composition, view-
ing the problem as computing centroids over policy-induced distance
spaces. Besides subsuming various commonly used composition
strategies, policy centroids also provide a principled way to develop
new compositions by identifying appropriate policy embeddings and
metrics. With utility centroids, we incorporated existing utility fusion
approaches as policy centroids, with additional parameters that can
be tuned to mitigate known problems such as the formation of at-
tractors, and undesirable behaviors corresponding to “the tyranny of
the majority". For implicit stochastic policies, we introduced MMD-
policy-centroids with the maximum mean discrepancy (MMD) as the
underlying metric. We demonstrated that MMD centroids can offer
faster convergence to the target composite policy than existing sum-
of-expert compositions. Finally, we demonstrated how Riemannian
motion policies (RMPs) can also be viewed as policy centroids, and
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how they can be expanded to the setting of implicit stochastic poli-
cies via Wasserstein policy centroids. Overall, we demonstrated how
policy centroids provide a flexible framework for geometry-aware
policy composition that can not only subsume various existing com-
position techniques, but also provide a new means of inducing useful
properties in composite policies.
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Appendix: Metric Informed Quantum Graphical Models

12.1  Random Initialization

The ROSM algorithm begins with an initial guess of the optimal
parameters x and a random intial density matrix p. By ‘burning-in’
a reasonable number of initial entries in sequences, we minimize

the effect of randomly initializing p. To investigate the sensitivity

of ROSM to initializations of x, we trained models on the synthetic
HOMM and HMM datasets over 3 random seeds. As shown in the
results in Figure 12.1, ROSM is sensitive to random initializations
for the smallest (2,6,1) model, but the variance in DA scores quickly
decrease with an increase in model size, both as a function of n and
w. We observe even lower variance across different initializations for
the synthetic HMM data in Figure 12.1.

12.2  Hyperparameter Selection

To facilitate a clear comparison with GS, we used the same batch size
as in Srinivasan et al. (2018e), and tuned the step-size T and decay
rate « for all HOMM models. We started by manually tuning models,
and identified that all models tended to converge to good solutions
with the following hyperparameters: T = 0.75 and & = 0.92 for the
synthetic datasets, and T = 0.8 and a = 0.9 for the splice dataset. We
trained baseline models using these parameters, and then randomly
searched for better configurations around these values.

For the synthetic datasets, we fixed the batch size at 20 and ran-
domly sampled T between 0.55 and 0.95, and « between 0.9 and 0.99.
As we wanted to explore many hyperparameter settings, we only
trained on 3 random batches in every epoch. For the splice dataset,
we fixed the batch size at 200 and randomly sampled T between 0.7
and 0.9 and « between 0.88 and 0.92. Since each splice model re-
quired learning three separate HQMMSs across multiple folds, we
tested fewer hyperparameter settings across a smaller search space.
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Figure 12.1: ROSM'’s Sensitivity to
Random Initializations of x Validation
set accuracies obtained across 10 epochs
for HQMMs trained on 3 different
random initializations on the synthetic
HQMM dataset (a) and synthetic HMM
dataset (b). ROSM is sensitive to
initialization for the smallest models,
but is fairly robust for larger models.
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Dataset ni|s|w T « Table 12.1: Hyperparameter Selection
. The best performing step sizes (7)
SynthenC HQMM | 2 16 1 075 | 9-92 and decay rates (a) for various ROSM
26| 1095|099 models. For models not listed here, the
61 6 | o. 0.06 default hyperparameters (7 = 0.75,0 =
. 4 95 9 0.92) and (7 = 0.8,« = 0.9) yielded the
Synthetic HMM 56| 1055096 best results for the synthetic datasets
5|6 2095|098 and the splice dataset respectively.
5|66 | 095|099
24| 1| o070 0.90
24| 2|085]| 092
24| 6 |085]| 092
Splice 4|41 1] 090|092
4141 4| 090|090
6| 4| 4 | 070 | 0.90
84| 1] 090|090

We also trained on a single random batch every epoch across 2 folds.

Given the large number of models that we needed to evaluate,
we used the Hyperband scheduling technique (Li et al., 2017b) to
quickly sample through many hyperparameter configurations. For
each model, we began by running 3 epochs for each of the k ran-
domly selected configurations, and removed k/3 of them with the
lowest validation DA scores. In the next round, we ran the remaining
configurations for a larger number of iterations, and again removed
the bottom third of the configurations with the lowest scores. We
repeated this strategy until only one configuration remained, and
saved the one with the highest validation DA throughout the tuning
protocol. We searched across 27 and 9 random configurations for
the synthetic and the splice datasets respectively. As an example, for
the synthetic datasets we trained 27 models for 3 epochs, followed
by the 9 best models for 9 epochs, followed by the 3 best models for
9 epochs, and the final best model for 27 epochs. In Table 12.2, we
report the hyperparameters obtained through Hyperband that out-
performed the default configuration. For models not listed in the
table, the default configuration resulted in the best performance.

All our experiments were performed on a desktop with 8 Intel
Core i7-7700K 4.20 GHz CPUs, and 31.3 GB RAM. All models are
trained in MATLAB, but the gradient computation is done in Python.

12.3 Estimating Speedup

Since the GS method can take days to converge to the final solu-
tion for large models such as (6, 6,6)-HQMMV, it was not feasible
to compute a direct speed up comparing its convergence time to
ROSM across most models. Thus, we estimate the speed-up offered
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by ROSM by fitting a linear model to the DA trajectory of models
learned by the GS method. Specifically, for a given HOMM model,
we train both ROSM and GS on the synthetic HMM data until one of
them converges within a tolerance of 107> in DA scores. Since ROSM
always converges first, we take the DA scores achieved by GS in its
last 10 steps and fit a linear model to it. We then extrapolate this lin-
ear model to estimate the time it would take for GS to reach some
fraction of the solution DA reached by ROSM. Note that a linear fit

is an optimistic assumption of GS convergence time, meaning we

are going to understate how much faster ROSM is compared to GS.
Finally, we estimate the speed up offered by ROSM as the ratio of the
(estimated) convergence time for GS and the actual convergence time
for ROSM. In Figure 12.3, we plot this estimated speed up with vary-
ing number of parameters (both as functions of # and w) for different
solution fractions. For a solution fraction of 1, we record speedups
greater than 150 x for the largest HQMMs trained. Furthermore,
ROSM offers comparable increase in speed up as parameters grow
either by virtue of increasing n or w.

12.4 Alternative Optimizations on the Stiefel Manifold

In Figure 12.4, we compare learning HQMMSs via various update
schemes to constraint learned parameters on the Stiefel manifold on
the synthetic HMM and synthetic HOMM datasets. All approaches
yielded fairly similar results, with the Wen-Yin updates being slightly
faster, especially for larger models on the synthetic HOMM data.
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13
Appendix: Metric Informed Sampling

13.1  Experiment Hyperparameters

Manifold Model Hyperparameter | Search Range | Selected Hyperparameter
Riemannian learning rate 1e-4 to 1e-2 0.1
kernel herding bandwidth 1e-4 to 100 10
3 Euclidean learning rate 1e-4 to 1e-2 0.1
kernel herding bandwidth 1€e-4 to 100 1€-4
OT learning rate 1e-4 to 1e-2 0.1
regularization 1e-4 to 100 0.1
Riemannian learning rate 1e-4 to 1e-2 0.1
kernel herding bandwidth 1€e-4 to 100 5
S0(3) . Euclidean learning rate 1e-4 to 1e-2 0.001
ernel herding bandwidth 1e-4 to 100 1.0
OT learning rate 1€-4 to 1e-2 0.1
regularization 1e-4 to 100 0.1
OT + Cayley Centroid | regularization 1e-4 to 100 0.05

Table 13.1: Hyperparameter Selection
for Resampling Experiments: Hy-
perparameters used for resampling
experiments in Section 8.4.2
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Experiment Model Hyperparameter Search Range Selected Hyperparameter
learning rate 1e-4 to 1e-2 0.1
Riemannian | param. bandwidth | 1e-3 to 10 + median trick 0.01
kernel herding obs. bandwidth 1e-3 to 10 + median trick 0.1
regularization 1e-9 to 10 1e-9
i learning rate 1e-4 to 1e-2 1e-3
Gaussian Euclidean aram. bandwidth | 1e-3 to 10 + median trick median trick
Covariance . p 3
Estimation | Kernel herding obs. bandwidth 1e-3 to 10 + median trick 0.1
regularization 1e-9 to 10 1.0
. learning rate 1e-4 to 1e-2 1e-3
kefricllfei?jrilng param. bandwidth | 1e-3 to 10 + median trick median trick
+ Cholesky obs. bandwidth 1e-3 to 10 + median trick 0.1
regularization 1e-9 to 10 1.0
learning rate 1e-4 to 1e-2 0.1
Riemannian param. bandwidth | 1e-3 to 10 + median trick 0.001
kernel herding obs. bandwidth 1e-3 to 10 + median trick median trick
regularization 1e-9 to 10 1e-9
. learning rate 1e-4 to 1e-2 0.1
ﬁgg;i Euclidean param. bandwidth | 1e-3 to 10 + median trick 10
Estimation | Kernel herding obs. bandwidth 1e-3 to 10 + median trick median trick
regularization 1e-9 to 10 1e-6
Fuclidean learning ratfz 1e-4 to 1e—.2 . 0.01
kernel herding | Param- bandwidth | 1e-3 to 10 + median trick 1.0
+ Cholesky obs. bandwidth 1e-3 to 10 + median trick median trick

regularization

1e-9 to 10

1e-9

Table 13.2: Hyperparameter Selection
for Simulator Parameter Estimation
Experiments: Hyperparameters used
for Simulator Parameter Estimation

Experiments in Section 8.5.2
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Appendix: Metric Informed Reinforcement Learning

14.1  Preventing Feature Map Collapse and Explosion

Normalization Constraints Prevent Feature Map Explosion The
normalization constraints of BeigeMaps constrain the expected value
of the squared Ly norm of the feature maps to be equal to the feature-
dimension. Since BeigeMaps naturally enforce this constraint, addi-
tional heuristic clipping is not required.

This follows from standard properties of the normalization con-
straint of Laplacian eigenmaps. This constraint is enforced by the
NeuralEF algorithm used in BeigeMaps as E(¢ © ¢) = 1, where ¢,
is the learned eigenmap for state x, 1 is the all-ones vector, and © is
the element-wise product. Let us now consider the expected value of
E(||¢(x;)||3) for a batch of B embeddings ¢(x;) € RP

E(loIR) = 5 T o013

= 5 Z T o) o))

A/ W
S|~

=1

=

R

=

R
~

E(¢(xi) © ¢(xi))[1]

|
O ~-M= ~-M= -~ M=

1[i] from the constraint

Hence, E(|¢(x)||3) = D. Empirically, this normalization constraint is
enforced by the L — 2 batch normalization layer applied after the last
layer of the encoder ¢. We also confirm the above result experimen-
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tally, as shown in Figure 9.3.

Orthogonality Constraints Prevent Feature Map Collapse Feature
map collapse is prevented by the orthogonality constraint of Lapla-
cian eigenmaps ®ID® = I, where ® € RE*P is the matrix of feature
maps for D states, where the i-th row is the feature map for the i-th
state x;. Here, ID is the diagonal degree matrix consisting column
sums of the kernel. Since ID is a positive definite matrix, we can write
the orthogonality constraint as

®TDVZDV2P =1
(]Dl/Zq))T(]Dl/Zq)) =1

Thus, the matrix IDY/2® has full-column rank. This implies that ®
has rank D by using the property that rank(AB) = rank(A) if C is

an B x D matrix of rank D. Since the rank of ® (i.e. the dimension

of the sub-space spanned by the feature map) is constrained to be

D, Laplacian eigenmaps naturally prevent feature map collapse.
Similar arguments discussing the dimensionality of ® can also be
found in Belkin and Niyogi (2003). The NeuralEF algorithm used in
BeigeMaps applies this orthogonlization constraint as a penalty in the
overall objective.

14.2  Deep Mind Control Environments

In Table 14.1, we provide the environment parameters for the Deep
Mind Control suite environments used in our experiments. The
choice of action repeats for various environments has been noted
as important, but can vary across implementations in the literature.
We use the action repeats that were shown to work well in Yarats
et al. (2019), which are also listed in Table 14.1.

14.3 Model Hyperparameters

We use the same model architecture as in Zhang et al. (2020), and at-
tempt to match their implementation and hyperparameters as closely
as possible. In Table 14.2, we list all model hyperparameter choices —
the only difference from Zhang et al. (2020) is that we use a smaller
replay buffer size (100,000 instead of 1M) due to computational con-
straints. To enforce the normalization constraints for BeigeMaps in
Equation 9.9, we apply an L, normalization layer at the end of the
encoder following Deng et al. (2022b).
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Parameter Value Table 14.1: DMC environment Parame-
ters Parameters used for all Deep Mind
control experiments

Image Dimension 3 x 88 x 88

Stacked Frames 3

Observation Dimension | 9 x 88 x 88
Episode Length 1000
Action Repeats

Finger Spin
Walker Walk
Walker Stand
Cheetah Run

Cartpole Swingup

Cartpole Balance
Ball in Cup Catch

S ||~ N|N|N

14.4 Learning Curves

In Figure 14.1, we present normalized returns obtained from all mod-
els during training. As in the main text, the returns (which are within
[0,1000]) are normalized to be within [0,1]. The curves correspond to
the mean normalized returns of models during training when evalu-
ated on evaluation environments with 5 separate random seeds. The
curved regions correspond to the standard deviation in these mean
estimates.

14.5 Kernel Normalization

As discussed in the main text, the literature on spectral clustering
and dimensionality tend to use a few variations on how the Lapla-
cian matrix (or in our case, the kernel matrix) is normalized. While
different, all normalizations are intimately related, and share similar
interpretations with respect to locality preservation and clustering.
We consider two of the most popular alternatives: the symmetric
normalization Ksym = D~ 1/2KID~1/2 and the random-walk normal-
ization K = DK, following the nomenclature from Von Luxburg
(2007). The relationship between these normalization choices is de-
scribed in Proposition 3 in Von Luxburg (2007), which we summarize
here.

The Laplacian eigenmaps corroesponding to the locality preserv-
ing objective in Equation 9.8 correspond to bottom solutions of the
generalized eigenvalue problem L¢ = AID¢ (Belkin and Niyogi, 2003).
If (A, ¢) is an eigenvalue-eigenvector pair for the genralized eigen-
value problem, it is also an eigenpairs of the random-walk Laplacian
L = DK, i.e.Lywp = A¢. Moreover, if (A, ¢) is an eigenpair of
Lyw, then (A, D1/2¢) is an eigenpair of Lsym = D~/2KID~1/2, Thus
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Hyperparameter Value Table 14.2: Model Hyperparameters for
Replay buffer capacity 100,000 I]?Iehavioral Distance based Algorifhms
yperparameters and model archi:
Batch Size 128 tecture of models used in Deep Mind
Discount 7 0.99 control experiments
Critic learning rate 107°
Critic target update frequency 2
Critic Q-function soft-update rate 7g 0.005
Critic encoder soft-update rate 7, 0.005
Actor learning rate 105
Actor update frequency 2
Actor log stddev bounds [-5,2]
Decoder learning rate 10-°
Temperature learning rate 1074
Temperature Adam’s 4 0.9
Init Temperature 0.1
Dynamics hidden dimension 512
Encoder
. Encoder feature dimension 50
Encoder learning rate 10-°
Number of convolutional layers 4
Num filters per convolution 32
Kernel size 3X3
Stride 2 for first, 1 for rest
Actor
Actor MLP num layers 2
Actor MLP hidden dimension 256
Critic
Critic MLP layers 2
Critic MLP hidden dimension 256
Gaussian Dynamics Model
MLP num layers 1
MLP hidden dimension 512
Reward Prediction Modell
MLP num layers 1
MLP hidden dimension 512
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the eigenspectrum of L, and Ly, only differ by a factor of D2,
Note that the bottom eigenvectors of either normalized Laplacian
corresponds to the top eigenvector of the corresponding normalized
Kernel. When computing BeigeMaps, we use the normalized kernel
instead of the normalized Laplacian.

In Figure 14.2, we compare two options for normalized ker-
nels used in BeigeMaps: the symmetric (Sym) normalization K =
D~1/2KID~1/2 and K = D~!K. In the main text, we present results
for the symmetric normalization as it generally outperformed the
random-walk normalization for all distances evaluated.

o o o4 e o o Figure 14.2: Comparing Symmetric
SAC : SAC and Random Walk Normalizations
DBC: BeigeMap (Sym) : for Kernels Fnterquartile medi.an of
DBC BeigeMap (RW) . DB( total gormahz.ed returns of Be%geMap
algorithms using the symmetric (Sym)
R-DBC-BeigeMap (Sym) 1 normahzahoj} K =D 1/2KD. 2
R-DBC BeigeMap (RW) : R-DR( and.K = D7 K. The symmetric nor-
¢ malization outperformed the random
KSME+BeigeMap (Sym) : walk varia1.1t for al'l behavioral d.is—
KSME + BeigeMap (RW) ‘ KSME tances, Whld"l motlvat(?s our choice of
the symmetric normalization for our
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