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- University of Washington
Abstract
Analytical System Dynamics
Richard A. Layton

Chairperson of Supervisory Committee: Professor Brian C. Fabien |
Department of Mechanical Engineering

A unified approach for modeling engineering systems is presented for systems com-

prised of mechanical, electrical, fluid and thermal elements. The method of analysis is

based on the energy metheds of Lagrange, generalized to encompass constrained mul-
tidiscipline systems. The physical systems theory is developed within the framework
established by‘Payﬁter. The result of analysis is a set of differential-algebraic equations
(DAE) systematically formulated for numerical solution, thereby providirig the engineer
with a means of modeling and computation suitable for the analysis of complex engi-
neering systems. |

A new derivation of Lagrange’s equation is given based on a differential-variational

“form of the first law of thermodynamics. Equations of motion are formulated without.

posing the problem as a calculus of variations problem and without invoking Hamil-
ton’s principle. Undetermined multipliers are used, and a Lagrangian DAE of motion is

formulated.

By applying a partial Legendre transform to the Lagfangian DAE, a differential~

| algebraic form of Hamilton's equation is derived. - Complementary forms of the La-

grangian DAE and the Hamiltonian DAE are derived. In all cases a nonlinear model is
formulated for systematic application to a multidiscipline system. Lagrange’s equation
and its dual are given as a set of linearly implicit‘ DAEs in descriptof form. Hamilton’s -
equation and its dual are given as a set of semi-explicit DAEs.

The formulatfon of a model as a DAE avoids some of the drawbacks of conventional
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graphical techniques: a model need not be reduced to a set of independent equations;
‘nonholonomic constraints and system nonlinearities are readily accommodated; and the
primary effort of the analyst is directed at obtaining energy functions and equations of
constraint rathef than drawing a graph to represent the system. A secondéry effort is
directed at manipula‘ting‘these functions in a systématic way to obtain the desired set of
DAEs. This step is ‘readily automated, and prodlices a set of equations that are suitable
for numerical solution. | |
| The proéedures of analysis, function manipulation, numerical solution and automa-
tion are described. This research, emphasizing analysis and model formulation, lays the
foundation for future work in numerical solution and autdmated modeling of complcx

engineering systems.




Chapter 1
INTRODUCTION

Products and systems designed by engineers are comprised often of interacting subsys-

tems, ‘and the design of éach‘subsystem is typically the responsibility of a functional

group organized by engineering discipline. Under this organizational scheme, the ‘con-‘
| tribution of the individual engineer to the design of a product is limited usually fo the

discipline which he or she practices. A drawback of this approach to design is that while

each disciplinefspeciﬁc subsystem may be well-designed, the overall system may not be

as efﬁcierit or robust as a comparable system designed in a unified ‘way. For this rea-
‘ | son, a multidiscipline approach to design is gaining favor in both industry and academe:
This approach to the synthesis of engineering systems requires methods of analysis and
computation suitable for multidiscipline desigri, control and optimization. This research
addresses this need.

The method of analysis déveloped in this research provides a unified approach to the
modeling of engineering systems. The engineering disciplines of interest are mechanical;
eléctrica], fluid and thermal. An illustrative example of such a system is shown in
Fig. 1.1. The basic physics of such systems are described in terms of set of unified
variables — effort, flow, momentum and displacément; — established by Paynter [30].
The purpose of analysis is to obtain a matherriatical model of a system and to solve
the resulting equations of motion. The method of analysis pi'esenied herein is based on
the energy methods of Lagrange, generalized to encompass constrained, multidiscipline
engineering systems, resulting in a set ‘of differential—algebi'aic equaitions suitable for

numerical integration.




E ‘ Ky, K
ﬂ | .

power " ACIDC ‘ DC slider
- supply converter ‘ motor crank

Figure 1.1. An illustrative electromechanical system.

Graphical methods for modeling multidiscipline systems (for example, bond gréphs
and linear graphs) are in widespfead use today. Although graphical methods are sys-
tematic, the graphs can become quite cumbersbme for complex systems. The analytical
method presented herein can reduce that difficulty, primarily through the use of scalar
‘energy functions and the ability to formulate equations of mot‘ion with excess coordi--
- nates and redundant constraints. However, the engineer is not relieved of the necessity
of insight into the physics of the modeled system. Developing this insight is still the
single most important aspect of modeling, for all methods.

Solving the dynamics problem entails more than just formulating equations. A useful
‘ modéling technique should be suitable also.for computer implementation and numerical
solution, if one expects to systematically tackle complicated multidiscipline systems with-
out resorting to ad héc measures. The analytical approach provides a useful framework

from within which such computational issues can be addressed.
1.1 Objectives

The broad objective of this research is to develop techniques for systematically modeling
multidiscipline systems based on the energy methodé of Lagrange. This purpose is

pursued by applying new, geheralized forms of the principles of analytical mechanics to
the problem of multidiscipline system dynamics. |

The first specific objective of this research is to show how a differential-variational



method of aﬁalysis leads to Lagrange’s equation for multidiscipline systems. The second
objective is to examine how the equations of motion are transformed when variablés
other than those used by Lagrange (displacemenp and flow) are chosen to represent the
motion of the system. And the third objective is to develop modeling techniques based on
‘ this‘approach to system dynamics such that the equations of motion for multidiscipline

systems can be systematically formulated for numerical solution in the time domain.

1.2 . Background

The approach to modeling mﬁltidiscipline systems presented herein is based on two fields
of study: analytical mechanics and system dynamics. Because of its origins in these two
fields of study, this unified approach to system dynamics is given the name analytical
.éystem dynamics.

Analytical mechanics or classical dynamics ié a mature discipline having its origins
in the 18th and 19th century work of Lagrangé, Hamilton and Jacobi. Pars’ [29] ex-
cellent‘treatise gives a detailed exposition. Lanczos [22] describes variational principles.
R. M. Rosenberg [35] gives a thorough description of d’Alembert’é principle, constraints
and configuration space. Goldstein [15] reviews classical mechanics. Von Flotow. [44]
examines Kane's equation and its relationship to Lagl‘ange’S‘equation. Haug [19] ex-
amines modern methods of modeling mechanical systems. From this field of study are
téken the concept of a variat;iohal operator, the classification of constraints, the use of
undetermined multipliers and ‘the concept of virtual work.

System dynamics is the étudy of unified methods of modeling multidiscipline en-
gineering systems. A brief chronology of contributbrs shows that such methods have
been in development for at least 50 years: Olson [28]; White and Woodson [49}; Payn-
ter (30); Ogar and D’Azzo‘[27]; Shearer, Murphy and Richardson [39]; Crandall, Karnopp, ‘
Kurtz and Pridmore-Brown [9]; MacFarlane [24]; Wellstead [48]; Karnopp, Margolis and
Rosenberg [21]; and Rowell and Wormley [37]. The methods bropoundéd by these au-




~ thors include the three common methods of an‘alysis: linear gfaphs, bond graphs, and
integralﬁariational methods. From this field of study are taken the concept of reticu-
lated systems, the power postulate, the classification of system elements, and thé use of
é unified set of variables. | |

The idea of a unified approach to multidiscipline systems is so. well established to-
day that a course called Sysfem Dynamics is a staple of the undergraduate engineering
curriculum. However, analytical dynamics for systems is not widely taught. System
dynamics is usual]y‘taught uSing one of the graphica] methods. In industry, model-
_ing is largely discipiine—Speciﬁc and often empirically modified to suit particular system
‘ conﬁgurationé. So even though the analytical approach, particu]afly Lagrange’s equa-
tion, is known to be applicable to the system dynamics problem, current literature does
not include a systematic exposition of the principles of analytical dyhamics applied to

multidiscipline systems. This dissertation fills that gap.

1.3 Signiﬁcaxice of this research

Analytical ‘methods are known to be applicable to the multidiscipline problem. For
example, White and Woodson [49] use Lagrahge’s equ‘a‘.tion‘in fofmulating the equations
of motion for electromechanical devices. Crandall et al. [9] utilize an integral variational
principle to the same end. ‘Gossick [16] examines the application of Hamilton’s principle
to physical ‘systems. ‘Nevertheless, the literature contains no systematic exposition of
t‘he basic principles of analytical dynamics applied to rﬁultidiscipline systems subjecﬁ to
holonomic and nonholonomic constraints. The primary signiﬁcancé of this research is
the contribution of just such a systematic expoéition. |

The second signiﬁ‘cant;‘ aspeét of the analytical method developed here is that it is
based on a differentié.l—variational form of the first law of thermodynamics rather than
the integral approach (Hamilton’s principle) favored by most authors. One advantage of

this approach is that the first law of thermodynamics provides a foundation for a physi-



cal interpretation of the equations of analyticai dynamics that is not provided as clearly

by Hamilton’s principle. Furthermore, the usual physical interpretation of Hamilton’s

~principle — that the equations of motion minimize an action integral — is lost if Hamil-

ton’s principle is extended to admit nonholonomic constraints [25,35). The differential
approach used here admits nonholonomic constraints and the resulting equations of mo-
tien retain physical significance based on the work-energy relationships innerent in the
first law. | | |

Redfield [31] uses the first law in the form of a rate equation as a basis for deriving
Lagrange’s equation. Redﬁeld’s development, while having many features in common
with the development given in this dissertation, is restricted to holonomic systems that
are described in terms of a coordinateset of minimurn dimension (generalized‘ coordi-

nates). The development given here admits nonholonomic constraints as well as excess

coordinates.

- Another attrective feature of the differential approach compared to‘ the integral ap-
proach is that ﬁhe calculus of variations is not invoked. The requisite mathematics for
understanding the theory of the ‘differential‘ approach is appronriate to the senior un-
dergraduate, making this method accessible to the engineer wno may have only casual
knowledge, if any, of analytical‘metnods. So while it is ‘assumed that the reader‘has a

grasp.of engineering fundamentals, the reader is not expected to have a background in

system dynamics or advanced engineering mathematics.

Third, 2 methodical examination of the use of alternate pairs of variables to represent
the motion of a system fills a gap in the literature. Many authors note the existence
of dual or complementary formulations of the equations of motion. Here, these com-

plementary forms are derived from first principles. The result is a new formulation of

. Hamilton’s equation as: well as complementary forms of both Lagrange’s equation and

Hamilton’s equation.

Last, this research offers the engineer a technique of analysis and ‘computation for



[=>]

synthesis of engineering systems that avoids some of the drawbacks of the more conven-
tional graphical techniques. Conventional methods of modeling multidiscipline systems
produce sets of independent ordinary differential eqﬁations (ODE’s). The equations
of motioﬁ developed in'this Work are systematically formulated as sets of differential-
algebraic equations (DAEs).‘ This formulation is eminently suitable for nonlinear syétems
and foregoes the mathematical manipulation of graphical techniques aimed at reducing

a model to a set of independent equations.

1.4 Method

The sys‘temmode‘ls developed through the application of the analytical method presentéd
herein are continuous-time, discrete models with deterministic excitations. Nonholo-
nomic equality constraints and time-varying parameters are accommodated. Nonlinear
equations of motion are formulated in ‘termé of a unified set of variables. These formula-
tions are manipulated to obtain diﬁerentié]—algebraic equations suitable for systematic
abplication‘ to multidiscipline systems. Within this basic framework,‘ the dissertation

proceeds as follows.

Chapter 2 The fundamental concepté of the unified approach to system dynamics are
presented. A unified sét of systerh variables is defined. Discrete s_ystém elements are clas-
sified as energy sources, stores, dissipators and transducers. Stored energy is represented
in tefms of the energy and coenergy state functions. Dissip‘ative state functions are de-
fined. The concepts of configuration space and state space are introduced to represent

the motion of a multidiscipline system in a systematic manner.

Chapter 3 Constraints are classified and the concept of dynamic constraints is intro-
‘duced. Virtual displacements and virtual work' for multidiscipline systems are intro-
duced. Efforts are classified and a multidiscipline form of Lagrange’s principle is intro-

duced to eliminate constraint efforts from the analysis. A geometric interpretation of



constraints in configuration space is given, leading to a visualization of the relationships

among virtual displacements, virtual work, constraint efforts and Lagrange multip]iers.

Chapter 4 The contribution of sources, transformers and transducers to the dynamic
behavior of multidiscipline systems is characterized, based on the constraint concepts

developed in ‘Chapter 3.

Chapter 5 A new derivation of Lagrange’s equation is given based on the ﬁrst law of
thermodynamics in differential-variational form, given by 6 E = §W, where 6E represents
the variation in stored energy and 6W represents the vfrtual work of nonpotential efforts,
Undetermined multipliers are introduced and 'a Lagrangian, linearly implicit DAE in

descriptor form is obtained.

Chapter 6 A new derivation of Hamilton’s equation. is given based on the application
of the Legendre transform to the energy of kinetic stores in the Lagrangiari DAE. A
~ Hamiltonian, semi-explicit DAE is obtained. From this new formulation of Hamilton’s

equation, the canonical form of Hamilton’s equation is derived as a special case.

Chapter :7 Compiementary or dual forms of Lagrange’s equation and Hamilton’s equa- -
tion are derived. Selection of alternate variable pairs to represeht the motion of a syétem
results in the formulation of a complementary Lagrangiém DAE and a complementary
Hamiltonian DAE. In all cases,‘ the set of differential-algebraic equations is formulated

for syStematic application to a multidiscipline system.

Chapter 8 A systematic method of modeling multidiscipline systems is presented. The
process of analysis and function manipulation that resulfs in ‘a‘ DAE of ﬁhe desired form
is described. The process is illustratéd by exmhple. Also presented is an overview of two
numerical methods for solving the DAE — Euler’s method and backward difference for- |
~mula (BDF) methods. Numerical examples are given. A logical structure for automating

the process of formulating and solving the DAE is outlined.



Chapter 9 The basic contributions of this‘ research to the syhthesis of engineering
systems are summarized. Future work that is an extension of this research is outlined.

. Related areas of research are described.



Chapter 2

FUNDAMENTALS OF SYSTEM DYNAMICS

Unified procedures for modeling multidiscipline systems are based on the idea that Sys-

tems are manipulators of energy. Wellstead (48] expresses the idea succinctly:

A physical system can be thought of as operating upon a pair of variables :
whose product is bower. The pﬁysical componénts which make up the ‘sys-
tgm may be‘ thought bf as energy manz‘pulatofs which, depending upon the
way they afe interconnected, process the energy injected into the system ina

characteristic fashion which is observed as the system dynamic response.

‘This brief statement contains all the essential concepts of analytical system dynamics. By
examining the consequences of these concepts, a unified method of analysis is developed

for obtaining the set of differential-algebraic equations that describe the motion of a

multidiscipline system.
2.1 A unified set of system variables -

At the heart of the unified approach to dynamics is the idea that power and energy are
phenomena that have the same meaning in all the engineering disciplines. For example,
the fluid power‘of a river can be converted into the rotational power of turbines, which is
converted into the electrical power of high Voltage distribution lines and transformed to
low voltage power for consumption. This power is then converted .into various forms of
useful ivork by common machines and appliances. One such machine could be a copier,
in which electrical power becomes the rotational power of motors, the thermal power
‘of heating elements and the translational power applied to individual sheets of paper.

Because of inefficiencies, thermal power or heat is dissipated throughout the system. All
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these engineering environments, from the flowing river to the moving sheets of papér,
can be considered conceptually in a un'iﬁed‘fashion if the system elements are thought

of as power and energy manipulators.

2.1.1 Effort and flow

The observable manifestations of power take different forms that depend on the engi-
neering discipline involved, yet power‘i‘tself is an invariant quantity. This invariance is

expressed by way of the power postulate [5].

PosTULATE 1 (Power postulate) Every power term P; in a multidiscipline system is the
product of two power variables, an effort e;(t) and a flow fi(t), such that the total power

of the system is given by !
P() = S R(t) = L ed)fi(t) = (e ). @

The choice of which variable should be called effort and which should be called flow |
differs among the various unified methods of modeling multidiscipline systems. In this
work the following convention is adopted. In mec‘hanical translation, force F” is considered
an effort, velocity v is é. flow and the product Fv is power. In mechanical rotaﬁon, torque
7 is effort, anguiar velocity w is flow and the product 7w is power. In electrical circuits,
‘voltage v'is considered an effort and current i is a flow (corresponding to the traditional
~ force-voltage analogy) and the product vi is power. In fluid systems,‘pressure‘P is effort,
volumetric flow rate @ is flow and the product PQ is power. In thermodynamic systems,
temperature 7T is effort, entropy flow rate S is flow and the product TS is power. The
assignment of effort and flow used in this research is summérized in Table 2.1.
| For fluid systems, both hydraulic (incompressible) ahd pneumatic ‘(compressible)‘

flow may be modeled. In both cases, only constant mass or Lagrangian systems are

'The notation {a,b) rcpresents the inner product between two appropnately dlmenswned vectors a
and b usually written a*b or a Tp,
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Table 2.1. Power variables.

Discipline Effort e Flow .f ‘ ‘ Power ef

translational - force F* velocity v Fy
rotational .torque 7 angular velocity w . Tw
electrical voltage v current 1 vt
fluid pressure P volumetric flow rate Q@ PQ
thermal temperature T entropy flow rate TS

considered. The control volume or Eulerian approach is not considered.?
For thermal systems, heat transfer rate ¢ is cited often as the flow quantity instead
of entropy flow rate § [37,39]. For example, q can be considered a flow quantity in the

Fourier conduction law given by

where AT is the temperature diffe;ence‘acroés a quantity of material, 4 is the surface |
area, L is the distance through which heat flows and & is thermal conductivity. Similarly,
heat traﬁsfer rate q can be considered a flow quantity in the simple convection Iaw‘given
by ‘ | ‘

g =hAAT, S (2.3)
where h is the heat;tx'ansfer ‘c‘oefﬁcient‘;. In‘thesé equations, temperature T is consid-

ered analogous to electrical voltage, heat flow rate § is considered analogous to electrical

~ current, and the terms L/kA and 1/hA represent thermal resistances R;. In this con-

text, these heat equations have the same form as the voltage-current relationship for an

electrical resistor given by

= %v. | (2.4)

This common analogy is based primarily on the algebraic similarity among' these

three equations, even though the analogy is inconsistent with the power postulate. In

2The extension of the analytical method to the Eulerian point of view is left to the future.
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‘the electrical domain, the product of voltage and current vi is power, thus v and i
satisfy the power postulaté. In the thermal domain, the product of temperature and
heat flow rate T'¢ is not power, hence T" and ¢ do not éatisfy the power postulate. To |
distinguish this variable pair from the true power variables, the variables (T §) are called
_the pseudo—thermai variables [21]. | |

The choice of ‘true thermal power variables, indicated in Table 2.1, is justified by
considering ‘the rélationship between internal energy U, entropy S and volume V given
by the Gibbs equation | | | |
o dU = TdS — PV, o (28)

where P is pressure and T is the temperature of a simple compressible substance. Assum-
ing that changes occur slowly enough such that temperature and pressure are uniform

throughout the substancé, (2.5) can be written as a rate equation given by
U=TS-PV, . - (2.6)

in which all the terms représent time rates of change of energy. U is the rate of change
of internal energy, PV is the rate of change of work energy similar to the fluid power
expression in Table‘2.1, and T'S is an éxpréssiori of the rate of change of heat energy.
The rate‘of change of energy is power; thus the product TS is‘power. Consequently, T

is an effort variable and S is a flow variable.

2.1.2° Momentum and displacement

The second pair of unified variables, momentum p(t) and displacement g(t), are defined
through consideration of the cumulative effect of the power variables acting over time.
Momentum and displacement are called cnerjy variables because of the importance of
these two ciuantities in the definition of energy functions. |
Consider an effort acting over time. The cumulative effect of a translational force

acting over time is a change in linear momentum. The cumulative effect of torque acting
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over time is a change in angular momentum. The cumulative effect of voltage acting over
time is a change in flux linkage. These observations are generalized to define a unified
momentum variable p‘(t) as the integrated or cumulative effect of effort actirig over time,

given by3

pt) = [ewar, (27
or in differential form, |

P = e (2.8)

The physical phenomenon described by‘ this equation‘is referred to as the inertial
property of systems. This property is the tendency of a system‘to resist change, and the
resistance is proportional to the appiied effort. The relationship given by (2.8) implies
that an applied effort e is resisted By an equivalent effort p equal to the time derivative
of generalized momentum. This property is called the dynamic requzrement of system
modelmg and the variables (e, p) are called the dynamzc variables.

For example, Newton’s second law states that a particle resists a change in motion
according to the momentum relation F''= p, where a change in F represents a force
imbalance and p represents linear momentum. In rotational motion, a solid body resists

‘a change in applied torque acco_rding to the momentum relation 7 = K , where 7 is

applied torque and H is angular momentum. In fluid systems there exists a form of
dynamic pressure called pressure momentum T that represents an inertial opposition to
pressure changes, such that P = I, where P is pressure. And in the electrical domain,
‘Faraday’s induction la\v‘statés‘that a magnetic field generates a back-emf to oppose a
change in current such ‘thét v = A, where v is voltage and X is flux linkage.

| Consider flows acting over time. The cumulative effect of velocity acting over time is
a change in displacement. The cumulative effect of current acting over time is a change

in accumulated charge. The cumulative effect of fluid. flow ﬁcting over time is a change .

3The symbol % =" denotes a deﬁmuon
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in volume. And the cumulative effect of entropy flow over time is a change in entropy.
These observations are generalized to define a unified displacement. variable g(t) as the

integrated effect of flow acting over time, given by

a® = [roa, ‘ (29)
or in differential form, ‘
i = f A ‘ | (2.10)

The physical: manifestation of this equation is simply that flow is the time rate of
change of displacement, velocity is the tirﬁe rate of change of position, current is the time
rate of change of charge, and so forth. Since these relationships concern the kinematics

rather than the dynamics of a systém, (2.10) is called the kinematic requirement of system‘
modeling and the variables (f, q) are called the kinematic variables.

If 2 model of a dynamic syétem is to accurately predict system behavior, both the
kinematic. and dynamic requiremehts must be satisfied. The remaining requirements
that must be satisfied — the constituitive laws and éonstraints — are the subjects of
subsequent sections. |

Effort, ﬁow,‘r‘nomentur‘n and displacement comprise the unified set of variables for
multidiscipline systems. The physical quantities these variables rcprésent are listed in
Table 2.2. This table corresponds to the “Paynterian framewbrk of physical systems
theory” [5]. ‘

* While most of the variab]es in Téble 2.2 are conventional physical quantities, pres-
sure momentum requires additional explanation. The standard‘variable used in fluid
mechanics to represent the inertial property of fluids is dynamié pressure Fy. Pressure
momentum is a function of dynamic pressure. For example, for inéompressible flow in

a constant diameter pipe of length ! and cross-sectional area A, it can be shown [37,39)

that pressure momentum T is given by

_a |
r=£q, (212)
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Table 2.2. Unified set of variables for multidiscipline systems.

Discipline Effort e Flow f Displacement ¢ Momentum p
translational force F' velocity v - position ¢ linear momentum p
rotational torque 7 angular velocity w ~ angle § ©  angular momentum H
electrical voltage v current 2 : charge q flux linkage X

fluid = pressure P " volumetric flow rate @ volume V pressure momentum I’
thermal temperature T’ entropy flow rate § entropy S (none)

where p is the fluid density and @ is flow rate. Substituting @ = Av where v is the

velocity of the fluid yields
. ‘ Ly o l
I'= pl’U = 2;§pv = 2;Pd, (2.12)

where P; = 1pv? is dynamic pressure.

2.2 Classification of system elements

System elements found in the engineering disciplines are classified according to the man-

ner in which they manipulhte energy.

1. Energy sources supply energy to a system and are generally of two types: sources

of effort or sources of flow. Sources are assumed tc be known functions of time.

2. Energy stores store energy within a system. Stored energy is of two types: kinetic
or potential. Both types of stored energy are state-functions, independent of the

. path taken by the system to attain an'instantaneous state.

3. Energy dissipators release energy to the surroundings of the system. Energy dissi-
pation is a path-dependent function in the general case, although some dissipation

can be modeled using a dissipation state function.

4. Transformers and transducers are system elements that couple two dynamic sub-

systems. Transformers couple subsystems of the same energy domain. Transducers
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couple subsystems of different energy domains. - The coupling property of trans-

formers and transducers imposes constraints on the system variables.

The distinguishing characteristic of each pure element is described by a constituitive law
which specifies the behavior of the element in terms of thé unified set of variables. These

constituitive laws are the subject of this section.

'2.2.1 Sources

Energy sources supply energy to a system and are generally of two types: sources of
effort or sources of flow. Sources are assumed to be known functions of time. Sources
can be thought of as system elements that impose prescribed conditions of effort or flow
~at a system boundary. This ‘prescribed condition is the constituitive law of the source.
| Since either the effort or the flow 6f a source is prescribed, the other power variable
is free to increase as large as the syétem demands. This implies that the pure source
can supply an indefinitely large amount of power, which of course is nop‘ true of réal ‘
devices. Such limits on the performance of real devices are modeled Separately from‘ the
- prescribed effort or flow chafacteristic of the pure source. |
‘In Chapter 4, it is shown t‘hat effort sources are classified ainong the nonpotential
efforts of a system and that flow sources are included among the kinematié constraints
on a system. Examples of real devices that approximate pure sources are shown in

Table 2.3, adapted from Shearer et al. [39].

Table 2.3. Physical systems that approximate pure sources.

‘Syst;em Source medium Type of source
battery electrical voltage effort
melting ice liquid temperature effort
reservoir . pressure ‘ effort
hydraulic pump fluid flow . flow

constant speed motor - angular velocity flow
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2.2.2 Potential stores

Considér energy étorage devices characterized by a relationship between effort ahd dis-
placement such that effort is a function of displacement only, that is, e, = e,{(g), where
the subscript ¢¢ indicates an experimentally determined constitﬁitive law. One such de-
~ vice is a linear spring, characterized by the constituitive law F,(z) = kz, where k is the
spring stiffness constant and F, is the force applied to the spring to obtain displace-
ment . Another example is a linear capacitor, characterized by the constituitive law
U(q) = q/C', where C is capacitance and v, is the voitage applied to obtain chargé q.
Devices characterized by such laws are called potential stores or generalized capacitors.
Constituitive efforts e, are so designated because constituitive laws are usually writ-
ten in terms of efforts applied tb the element, while in the analytical methqd the efforts
of interest are those the element applies to the system. Thus the effort e associated With
an element is the negative of its constituitive effort, that is, e = —e,. |
The constituitive laws of generalized ‘(‘:apacitors need not be linear. TFor example,
spring stiffness may vary with displacement or capécitance rriay vary with charge. This

type of constituitive law is indicated by the nonlinear curve in Fig. 2.1.

€c(g) linear

€ (g) nonlinear

Figure 2.1. Constituitive laws of pure capacitors.

However, many common devices are characterized by linear or ideal constituitive
laws. Such a constituitive law is indicated by the linear curve in Fig. 2.1. Common

" potential stores with ideal constituitive laws are listed in Table 2.4.
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Table 2.4. Constituitive laws of ideal capacitoi‘s.

Pure relation: ez = ey(q)  Proportionality
Ideal relation: ez =¢q/C  constant

* translational spring R, = kz k spring constant
torsional spring 7, =ke0 kg spring constant
electrical capacitor v, =q/C - C capacitance

fluid capacitor . P, =V/Cy Cf fluid capacitance

2.2.3 Kinetic stores

Some energy stores are‘characteri‘zed by a ‘relationship between flow and momentum
such that flow is a function of mdmentum only, that is, f, = f,(p). One such element
is a ma.és, characterized by the constituitive law uy(p) = p/m, where‘ m is maés and
Y is the velocity applied to the mass to obtain momentum p. Another examble is a
linear electrical inductor, characterized by the constituitive law 4, ()\) = A/L, where L is
inductance and i, is the ‘current applied to obtain ﬂuk linkage A. Devices characterized

by such laws are called kinetic stores, inertial elements or generalized inductors.

The constituitive laws of generalized inductors need not be linear. For example,
inductance may vary with flux linkage as in an electromagnetic suspension. Or mass may
vary with momentum at relativistic speeds. This type of constituitive law is indicated

by the nonlinear curve in Figure 2.2.

Je(D) linear

Jee
Jee(p) nonlincar

p

Figure 2.2. Constituitive laws of pure inductors.
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Many common devices are characterized by ideal constituitive laws. Such a consti-
tuitive law is indicated by the linear curve in Figure 2.2. Common kinetic stores with

ideal constituitive laws are listed ih Table 2.5.

Table 2.5. Constituitive laws of ideal inductors.

Pure relation: fee = Ju(p) Proportionality .
Ideal relation: - Ja=p/1 constant

t;fanslating mass .y, =p/m  m mass

rotating mass wy = H/I, I, moment of inertia
electrical inductor 4, =A/L L inductance.

fluid inductor Qy =T/I; I fluid inertance

2.2.4 Dissipators

The pure element that dissipates power is the generalized resz'stér. The generalized
resistor has a constituitive law that relates effort and flow, distinguishing it from the
generalized storage elements which have constituitive laws that are functions of displace-
ment or momentum. In the following discussion, it is convenient to select e, = (/)
rathér than fc; = fq(e) as the form for this constituitive law.

One such device is a linear dafnper, characterized by the constituitive law Fa(v)‘ = bv,
where b is the damping coefficient and F, is the force applied to the damper to‘obtain
velocify v. Another example is a linear resistor, characterized by the constituitive law
U (1) = Ri, where R is résistance and v, is the voltage applied to obtain current i.

The constituitive laws of generalized resistors need not be linear. Fdr example, the
damping in a dashpot may vary with velocity. Or the fluid resistance in a section of pipe
may vary with flow rate. This type of constituitive law is indicated by the nonlinear
éurve in Figure 2.3.

Many common‘devices are characterized by ‘ideal constituitive laws. Such a consti-

tuitive law is indicated by the linear curve in Figure 2.2. Common dissipators with ideal
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ez (f) linear

ec(f) noninear

f

Figure 2.3. Constituitive laws of pure resistors.

constituitive laws are listed in Table 2.6. As with the constituitive laws of generalized
capacitors, the effort of interest is the effort e the element applies to the system while
the constituitive laws are written in terms of an effort e, applied to the element. The

desired effort e and the constituitive effort e, are related by e(f) = ~ex(/f)-

Table 2.6.. Constituitive laws of ideal resistors.

Pure relation: ey = €4(f) Proportionality

Ideal relation: ey = Rf -constant

translational damper F,, = bv b damping coefficient
rotational damper T = bow . bg damping coefficient
electrical resistor vy = Ri R resistance ‘
fluid resistor P, =R;Q Ry fluid resistance

2.2.5 Transformers and transducers

Trahsformers and transducers are system elements that co‘up]e two dynamic sﬁbsystemsL
Tfansformers couple subsystems of the same energy domain. Transducers éoup]e sub-
systems of different énergy domains. The couplihg characteristic of transformers and
transducers is described by a constituitive law that relates the system variables at one
port of the device to the system variables at the second port of the device. For ideal power
transformation or transduction, power coupling is assumed to be perfectly efficient.

The coupling property of transformers and transducers imposes constraints on the
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system variables. A more exhaustive description of these elements and constraints is

given‘ in Chapter 4.
2.2.6 Summary of elemental constituitive laws

The constituitive equations for the ideal energy stores and dissipators are summarized

in Table 2.7.
Table 2.7. Summary of ideal constituitive laws.

Element: Kinetic store Potential store Dissipator
Pure relation: [, = f(p) e = €(9) e = ex(f)
Ideal relation:  f, = p/I ey = q/C e =Rf
translational vy = p/m ‘ Fy, =kz Fy=tv
rotational we = H/L,® Ter = ko0 Top = bow
electrical i =ML Yy =q/C vy, = Ri
fluid Qn =T/I; P,=V/C; B, =RQ

m mass . k spring constant b damping coefficient
Legend I, moment of inertia = ky spring constant bg damping coefficient

L inductance C capacitance R resistance

- Iy fluid inertance  : Gy fluid capacitance Ry fluid resistance

*This relationship is valid for three types of motion: rotation about the center of mass;
rotation about a fixed point; or rotation such that all forces act through the center of mass. A
method of including noncentroidal angular momentum in the equations of motion is presented
in Appendix D. ‘

A convenient mnemonic device for displaying the relationships among the unified set
of variables is given in Fig. 2.4. This figure is adapted from Paynter [30] and called
herein Paynter’s‘ diagram.‘ The vertices of the figure are labeled‘ with‘ the generalized
variables (e, f, p‘, q). The line segments conneéting‘the‘vertices represent the manner in
which the generalized variables are interrelated. Thus the constiﬁuitive law of a potential
store e, (g) relates e and q, phe constituitive law of a dissipator e,(f) relates e and f, and
the constituitive law of a kinetic storé f(p) relates f and p. Furthermore, the two line

segments marked as time integrals represent the time-dependent relationships between
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the kinematic variables g and f and between the dynamic variables p and e.

potential store
e = €e(q)

dissipator
ec‘ =

kinetic store

Jouo= fa(P)

Figure 2.4. Paynter’s diagram, illustrating the relationships among
the generalized variables.

2.3 Work and energy

The basicpostlilate of system dynamics is that power is the physical quantity underlying
“ the unified approach to modeling. All other quantities are derived in terms of the single
axiomatic quantity, power. Consequently energy E(t) is defined as the time integral of

power given by

E(t) := / P(t)dt, (2.13)
or in tefms of the power variables,
Bt = [ews@®dt. (2.14)

This equation impiies that energy is a manifestation of effort and flow acting over time.
A distinguishing characteristic of the energy, effort and flow of this equation is the de-

pendence or independence of these quantities on their time history or path of integration.
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2.3.1 Paths of integration -

The significance of paths of integration can be appreciated by considering the first law

-of thermodynamics. The first law for a closed system can be written

dQ + dW = dE, (2.15)

where dQ is an increment of heat added to a system, dW is an increment of work done

on a system and dF is an incremental change in the energy stored in the system. The

left-hand terms are inexact differentials (denoted by the symbol &) representing energy

- in transition across a system boundary as heat and work. The term dE is an exact

differential representing energy stored within the system [43].

Integrating this equation yields'
/a‘Q+/ aW = E, — E. -~ (2.16)
c c :

Integration of inexact differentials follows the path C. The resulting intégra]s are path-
dependent functions. By (2.14) the existence of path-dependent energy functions implies
the existence of path—dgpendent éfforts and flows. The first law indicates that such
quantities are observed as either heat or work. Dissipated energy, work sources and
nonpotential efforts are generally of this form. |
Integration of exact differentials, on the other hand, depends only on the endpoints
of the path, that is, the state of the system at the initiai and final points. Such integrals

are path-independent functions or state functions that imply the existence of effort,

flow and energy functions that are independent of path. The first law indicates that

such quantities are observed as energy stored within a system. Potential and kinetic
energy are of this form.*

The sign convention adopted here is that power or energy flowing into a system is

~ positive and that power or energy flowing out of a system is negative. This convention

1 Additional commentary on path and point functions is given in Appendix E.



24

is implicit in the manner in which the first law is stated. Note that this convention
differs from some of the discipline-specific sign conventions with which the reader may
be familiar. For example, the usual statement of the first law of thermodynamics is given
by dQ = dW + dE, where positive dW represents work done by the syst‘em,‘ that is,
bositive work is energy leaving the system. Likewise, in electrical network‘theory, when
summing voltages around a loop in accordance with Kirchhoff’s voltage‘law,‘ a voltage
drop (energy sink) is considered a positive‘quantity and a‘ voltage sburce (energy source)
is considered a negati\}e quantity. One of the advantages of a unified method is that such
discip]ine—épeciﬁc sign conventions are foregone in favor of the sufficient and consistent -

sign convention of “positive power in.”

2.3.2 Potential energy

To obtain an expression for the energy stored in a generalized capacitor, the relationship

dg = f dt from the kinematic requirement (2.10) is substituted into (2.14) to obtain

E = /edq, ‘ o (2.17)
or‘in differential‘form, |

dE = edq, (2.18)

| where e is the effort the elemént appliés to the system.

The term edq is a differential of work. It can represent a force F' acting through a
distance da,, a torque 7 acting through an angular displacement df; a voltage v actihg
to displace a charge dg; or a pressure P acting through a volume diﬂ’erentia] dV. Since
‘work is in general a path—debendent function, this type of energy is given in its most
general form by dW =edq.

The constituitive law of the generalized capacitor, e, = e,(q), states that the in-
stantaneous effort of this element depends only on its instantaneous displacement. Such

efforts are independent of the path or displacement history taken by the system to arrive
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at displacement q. It follows‘that, the work done by such efforts is also independent
of path. Thus the work expression dW = edg can be written as an exéct differential

- dW(g) = e(q) dq and integrated to obtain
W(q) = / e(g)dg- | (2.19)
The negative of this quantity is called the potential enérgy V(q), defined by
V(g) =~ [ ee)dg. o (220)

Displacément is designated an energy variable because of this‘re]ationship. ‘

Introducing limits of integration, such that g(t,) - g, and q(t) = g, there exists a
constant of integration V, = V(g,) such that potential energy is given by

V@) =Vo- [ ela)dn (221

Thus the energy of a potential store is defined as the work the element is capable of doing
by virtue of its displacement g if the element was brought from g to the origin of the
coordinate reference frame ¢, plus a reference value. The origin nf the reference frame is
often selected to be a convenient datufn or equilibrium position such as the unextended
position of a spring or the completeiy discharged state of a capacitor. In these cases,
q; =0 and V, can be assigned a zero value.® | | |
| Finally, summing over n potential stores in a system, the potential energy function |

V(q) for a multidiscipline syétem is given by

‘ n g ‘
Vi) =Vo—-)>_ / e;(q) dg;, (2.22)
b =1 o
yielding the differential form, ‘ ‘
- oV ‘ : ‘
- =e: ‘ 2.2;
Bq,- e, (2.23)

5The integral in (2.21) could be written in a less ambiguous fashion using a dummy variable of inte-
gration £, asin f Te(€) de, but dummy variables are not used in this work; Given the number of variables
required by the multidiscipline nature of the work, and given the number of variable transformations
performed, the use of dummy variables detracts from the clanty of the ‘exposition.
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‘where ej = —(eqy);. Efforts satisfying this relationship are called potential efforts e?. In
the linear case, e” = —q/C, where C is generaliied capacitance or compliance. Thus, for
a system containing all linear potential stores, and assuming zero reference conditions,

the potential energy of the system is given by

1 & g A
V(q _EZF' | (2.24)

These definitions are consistent with usual definition of a potential, as follows. If an
n—-dimensional effort e € R™ and a scalar function U(t) satisfy the relationship e = VU
with U continuously differentiable, then e is‘deﬁned as a potential effbrt, U is defined as
a potential, ahd the negative of the potential is defined as potential energy V = —-U. It
follows ‘that‘ e = —VV, which is the vector form of (2.23). |

EXAMPLE 2.1 ‘A linear spring, extended a distance 2 from its unextended equilibrium
position z, = 0, is shown in Figure 2.5. The effort e(q) the spring exerts is given by
F(x) = —kz, where F is the spring force and k is the spring constant. The force opposes

the positive dlsplacement 2.

Figure 2.5. Effort and displacement of a linear spring.
" The definition of potential energy yields

V(z) = / 1"(:1: dx = —/0 —kz da,— 1ka?, ‘ (2.25)

which is the well-—knOwn‘expression for the energy stored in a linear spring. o

Potential energy can be given an area interpretation. Assuming zero initial conditions
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and substituting‘ the relationship e = —e,, into (2.21) yields
‘ ‘ ‘ q ‘
V) = [ el da e

Thus, if the constituitive law e, = €,(q) is plotted as in Figure 2.6, the area under
the curve from 0 to § represents the potential energy V(§) stored in the element. This
graphical interpretation illustrates that potential energy is a scalar function that varies

with the instantaneous displacement of the potential store.

€
ece(q)

V(@)

g q

Figure 2.6. Area representation of potential energy.

2.3.3 Potential coenergy

A complementary energy function, the potential‘coenergyV*, is obtained through ap-
plication of the Légendre transform to the potential energy function.

The Legendre transform operates on a function of a single variable. f (y) such that
the transfqrm of f(y) is a new function g(£), where £ := 8f/8y.5 The transform yields

two results of interest:

f) +9() (2.27)

v, \
9 = [ued. | (228)
In the case of a potential store, the univariate function to be transfdrmed is the

. potential energy function V(q), which is given by

Vig) = - /‘cdq‘f . (2.29)

The nomenclature and basic prihciplgs of the Legendre transform are given in Appendix A.
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An expression for ¢ is found from

£ = 3_1; = | | - (230)

The Legendfe transform of V(g) is the new function V*(e) called the potential coenergy,
defined by.
V*(e) = ~ge — V(g), | (2.31)

yielding the first result of interest, similar to (2.27),‘given‘ by
V(g) +V*(e) = —qe. (2.32)

Summing over n potential stores in a system, the potential energy function and potential

coenergy function satisfy

V(g) +V*e) =~ Zn: ge;. (2.33)
Jj=1

Furthermore, as a qonsequence of (2.28)‘, potential coenergy can also be given by

‘ n e
Vi@ =V -3 [ e de; e
j=1760 ‘ :
This expression yields the differential forim
av? |
——— =g 2,

* where q and e aré related by the constituitive law for the poﬁential store, that is, e =
—e,(q). Displacements satisfying this relationship are called pdtential displacements
g°. In the linear case, q° = —Ce, where C is generalized capaéitance or compliance.
Thus, for a system containing all linear potential stores, and assuming zero reference

conditions, the potential coenergy of the system is given by

V*(e) = 3

n . } .
jo
i= ‘

Cje? o (2.36)
1 .
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"EXAMPLE 2.2 The charge q of a linear electrical capacitor is given by ¢ = —Ce, where
C is capacitance and e is the voltage applied by the capacitor to the network to which

it is connected. The potential coenergy of the capacitor is given by
e e ) .
V*e) = -—‘/ qgle)de = —/ ~Cede=1Ce®. o (2.37)
o } o

This exaniple illustrates a common textbook error. The quantity %C’e2 is almost
always cited as the energy of a linear capacitor. Given the assignment of effort and flow
used in this work, this quantity is defined more rigorously as the coenergy of a capacitor.

The energy of a capacitor is given by

2

.
V=55 (2.38)
Of course for linear capacitors, § = —Ce, and the two representations of energy are
identical quantities, that is,
2 \2 ‘
q (=Ce) 17,2 ra :
-_— p—tg —_ — . 2-39
Vig) =i = T2 = o = V(o) (2:39)

The equivalence of energy and coenergy only holds for elements with linear consti-
tuitive laws. IExpressions for the potential energy and coenergy for the common linear

potential stores‘are listed in Table 2.8.

Table 2.8. Potential energy ahd coenergy of ideal éapacitors. ‘

translational torsional  electrical fluid
spring spring . capacitor capacitor
‘ 2 2
q¢ |%

Energy  V(q). 12 Lkg0? — —_—

2 2 | 2C 26
2 2 ‘ \

Coenergy . V*(e) L I 3Ce? ic,p?

2k 2ko

Energy and coenérgy of a pure potential store can be given the graphical interpreta- .

tion shown in Fig. 2.7. Potential energy can be interpreted as the area under the curve
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of the constituitive law ey(q). Potential coenergy can be interpreted as the difference in
areas given by V* = ge, — V. If e,(q) is linear,‘ the areas representing V and V* are

equal, which is an area representation of (2.39).

Figure 2.7. Area representation of potential energy and coenergy.

Potential energy and coenergy are scalar quantities representing the same consti-
. tuitive law, differing only in the choice of independent variable. Energy varies with
displacement‘. Coenergy varies with effort. And effort and displacement are related

through the constituitive law of the potential store.

2.3.4 Kinetic energy

To obtain an expression for the energy stored in a generalized inductor, the relationship

dp = edt from the dynamic requirement (2.8) is substituted into (2.14) to obtain

E = [ran O (240)
~or in differential form, |

dE (2.41)

I
~
2.
=

where f is the flow of the element..

Again, the right-hand term is.a differential of work, as follows

fdp=f%dt=pfdt=¢dq=a‘w,‘ O (242)

where from Paynter’s diagram p = ¢ and f dt = dg.
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The constituitive law of the generalized inductor, f, = f,(p), states that the instan-‘
taneous flow of this element depends only on its instantaneous momentum. Such ﬂowé
are independent of the path or momentutn history taken by the system to arrive at mo-
mentum p. It follows that the work done by such ﬂowsis alsb independent of path. Thus -
the work expression d‘W = fdp can be written as an exact differential dW(p) = f(p) dp.
The integral of this differential is called the kinetic energy T(p), defined by .

T(p) := / f(p)dp. = “ (2.43)

Momentum is designated an energy variable because of this relationship.
Introducing limits of integration, such that p(t,) = po and p(t) = p, there exists a

constant of integfation To = T(po) such that kinetic energy is given by
) | | ‘
T(p)=To + A f(p) dp. ‘ (2.44)

Thus the energy of a kinetic store is defined as the work necessary to impart momentum p
to an element wit,h referencé to the origin of a inertial reference frame p, plus a reference
value. It is usually conven‘ient to select a reference frame for which p, = 0°and T, = 0,
such as the zero-current state of an electrical inductor or the at-rest state of a mass in
an inertial reference frame. | ‘

Finally, summing over n kinetic stores in a 5ystem, the kinetic energy function T'(p)

for a multidiscipline system is given by

» ‘ | ‘
Tp)=To+). /,, fi(p) dp;, | - (2:45)
j=1"pe ‘ |
yielding the differential form, ‘
orT ‘
- = /i 2.46
8p,- f] ( ‘ )

where f; = (fy);. Flows ‘satisfying‘ this relationship are called kinetic flows f*. In the
linear case, ft = p/I, where 7 is generalized inertance. Thus, for a system containing all

linear kinetic stores, and assuming zero reference conditions, the kinetic energy of the
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system is given by

1 &2
T@p) =53 F (2.47)
=119 |

ExAMPLE 2.3 The flow f(p) in a linear inductor can be written i(A\) = A\/L, where i is .

‘currént, A is the flux linkage, and L is i‘nduct;ance.‘ The definition of kinetic enefgy yields
A d“ A - A2
T() = /0 i) dA = /O Sdr=2, (2.48)

which is the usual flux-linkage form of the energy stored in a linear inductor. ¢

Kinetic energy T'(p) can be interpreted as the area under the constituitive law f =
f(p) as shown in Figure 2.8. This graphical interpretation illustrates that kinetic energy

is a scalar function that varies with the instantaneous momentum of the kinetic store.

o
Jee (P)

T(@)

P p

Figdre 2.8. Area representation of kinetic energy.

2.3.5 Kinetic coenergy

A complementary energy funcfion, the kinetic coenergy T‘; is obtained through appli-
cation of the Legendre transform to the kinetic energy function T'(p). The details of the
- transform parallel the transform of potential energy given in a previous section and 50
are not repeated here.‘ |

The Legendre transform of T'(p) is the new function T(f) called the kinetic cbenergy,
defined by |

THf) = bf = T(p), | (2.49)
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yielding the first result of interést, similar to (2.27); given by‘
T(p)+T*(f) =pf. (2.50)

Summing over n kinetic stores in a system, the kinetic energy function and kinetic

coenergy function satisfy
‘ n ‘

T(p) + T*(f) = X_pifi- ‘ (2.51)
=1 ‘

Furthermore, as a consequence of (2.28), kinetic coenergy can also be given by
* s & f
TN =T+ [ pi(n) (2.52)
‘ i

This expression yields the differential form

B =P (253
where p = p,(f) is the inverse of the constituitive l‘aw for the kinetic store. Momenta
satisfying this relationship are called kinetic momenta p®. In the linear case, p“ = If,
where [ is genefalized inertance. Thus, for a system containing all linear kinetic stores,

and assuming zero reference conditions, the kinetic coenergy of the system is given by

(=S LR | (2.54)
2>

EXAMPLE 2.4 A mass m tranS]ates with velocity v. The linear momentum of the mass

“is given by p = mv. The kinetic coenergy of the mass is given by
v v : .
T*(v) =/ p(v) dv =/ mudv = mv?. o (2.55)
o o ‘

This example illustrates another common textbook error. The quantity %va is
traditionally called the kinetic energy of a mass. As shown above, this quantity is more

rigorously defined as the kinetic coenefgy. Kinetic energy is given by

P’ o |
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Of course for nonrelativistic motion, p = mv,‘ and the two representations of energy are
identical quantities, that is, =
2 ‘ : ‘
T(p) = 2 = S = im? =T*(f). (2.57)
This equivalence of energy and coenergy only holds for elements with linear constituitive
laws.

The distinétion between energy and coenergy is important. Kinetic energy T'(p) is
the proper ex‘pression for stored energy when applying the first law of thermodynamics,
such that the total stored energy is given by £ := T'(p) + V(q). The correct definition
of the Hamiltonian ‘func‘tion H used in Hamiltonian dynamics also is given by T(p) +
V(q); Furthermore, the common expression for the Ldgrangian L used in most texts on
Lagrangian dynamics, given by T — V, is misleading. The proper deﬁnition of the the
Dagrangian is L:=T*(f) - Vg). |

Expressions for the kinetic energy and coenergy for the common linear kinetic stores

are given in Table 2.9.

Table 2.9. Kinetic energy and coénergy of ideal inductors.

translating rotating c¢lectrical fluid
mass mass  inductor = inductor
‘ 2 2 2 2
i P H A r
Energy . T(p) 2m 2, 2L 207
Coenergy T*(f)  imo? 3Tow? $Li? $Q?

Energy and coenérgy of a pure kinetic store can be given the graphical interpretation
~ shown in Fig. 2.9. Kinetic energy can be interpreted as the area under the curve df the
constituitive law f,(p). Kinetic coenergy can be interpr‘eted‘ as the difference in‘ areas
given by T = pfe —T. I fi(p) is linear, the areas representing T and T™ are equal,

which is an area interpretation of (2.57).
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Figure 2.9. Area representation of kinetic energy and coenergy.

Kinetic‘ener‘gy and coenergy are scalar quantities representing the same constituitive
law, differing only in the choice of independent variable. Energy varies with momentum.
Coenergy varies with flow. And flow and momentum are related through the constituitive

law of the kinetic store.
2.3.6 Dissipa‘ted‘ energy

Dissipated energy is in general a path-dependent function. The path or time-history of
a dissipative element must be accounted for in a model. Dissipated power is given by

P(t) :=e(t)f(t). The dissipated‘ energy Ep is the time integral of power given by
Ep(l) = / P(t) dt. | (2.58)

Unlike kinetic and potential energy, dissipated energy can not be interpreted as the
area under the curve of a constituitive‘equation‘. However,‘ dissipated energy can be given
an area interpretation in terms of diésipated power. If dissipated power P, is plotted as
a function of time as in Fig. 2;10, dissipated energy at time { is represented by the area
- under the curve. | | |

This graphical interpretation illustrates that dissipated energy is a function that is
both path-dependent and nondecreasing, as follews. The abscissa, time, always increases.
Dissipated power P, is nonnegative becéuseenerg‘y in a dissipator can be lost but not
gained. (Energy gained is modeled with a source.) So the area representing dissipated

energy Ep isa function that cannot decrease with time. And since the arca depends on
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B (t) = ea(t) ()

Bp()

t ot
Figure 2.10. Area representation of dissipated energy.

the path or total time history of power on the time interval [t,, t], dissipated energy is a
path-dependent function. From the first iaw of thermodynamics (2.16) path-dependent
energy in a sysﬁem is expected to occur in the form Qf either heat or work. Lastly, by
the sign convention of “positive pdwer in,” ‘dissipatec‘l energy is by definition a negative

quantity.
EXAMPLE 2.5 The power dissipated in an electrical resistor given by
P=ef =uvi ‘ - (2.59)

If the resistor has resistance R and a linear constituitive equation given by Ohm’s law

Uz = iR = —v, then the dissipated energy is given by
t | .
ED=/Pm=/ma=—/ﬂRw | (2.60)
to |

Since E‘b depends on the path or time history of the current i(t), the dissipated energy

is a path-dependent function. In this case, the energy is‘dissipated as heat. o

Not all dissipated energy can be characterized by a constituitive law of the form
ey = ey(f). Dissipation due to dry friction is an example. In such cases, the basic

definition (2.58) must be used to account for energy losses.

ExaMmpPLE 2.6 Consider a mass sliding on a surface along a general trajectory C' with

velocity v. The force or effort e acting on the mass due to dry friction is —pN, where p -
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is the friction coefficient, and N is the normal force acting on the mass due to gravity

and the geometry of the surface. The power dissipated is given by
P=ef= —isz. | - (2.61)
Dissipated ener@ is the integral of powei~ given by |
Ep= / Pdt=— / UNvd, (2.62)

This is a valid expression describing dissipated energy, but it cannot be characterized
in terms of the resistive constituitive relation e, = e,(f) since effort e = —uN is not a
function of flow, nor is flow v a function of effort.

If ds is an infinitesimal element of C, where C is the path followed during the time
interval [t,, t], then instantaneous velecity is given by v = ds/dt, and dissipated energy
can be written ‘ ‘

‘ t  ds :
Bp=~ [ uN—dt= —/ uN ds. ‘ (2.63)
‘ to dt C ‘
Since Ep depends on path C, it is clearly a path-dependent function, and since the
~ right-hand term pN ds has the form of the work différential edq, dissipation in this case
represents work done by the element. The‘minus sign indicates that element does indeed

dissipate energy. o

As illustrated By these examples, dissipated energy is generally path-dependent,
~ distinguishing it from potential and kinetic energy, which are path~independent. The
importance of this distinction is that‘ in modeling an element chafacterized by a path-
dependent energy function, the path or time history of the energy must be accounted for
in the model. On the other hend,‘ clements that are characterized by state-determined
- energy functions de not require a knowledge of past states. This distinction determines
the‘ method by which dissipative elements are modeled. | | |

| In some cases, it is possible to account for dissipation independent of path. It is shown

below that such dissipative terms are included in a state function D(f) constructed for
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the purpose.. In other cases, dissipation must be accounted for as a path function,

expressed in terms of the nonpotential efforts or flows of a system.

2.3.7 Content

The dissipation state function is a multidiscipline form of Rayleigh’s dissipation function,
and is constructed as follows.

The effort of an ideal resistor is a function of flow e(f) = —eu(f). The negative
integral of this effort with respect to flow is the dissipation function or content D(f)

defined by ‘ ‘
p(f)i=- [en)d. o (2.64)

Introducing limits of integration, such that f(to) = fo and [ (t) = f, there exists a

constant of integration D, = D(f,) such that the content is given by

oot
D(f) = Do [ el o 6)

Summing over n generalized resistors in a system, the dissipation state function or con-

tent D(f) for a multidiscipline system is given by

n f ‘ ‘
DY) =Do=3 /, e;(f) dfs, (2.66)

j=1"1 |

yielding the differential form
‘ ‘ oD

——— =gy 2.67
af] e]’ ) | ( )
- where e; = —(ey);. Efforts satisfying this i'elatibnship are called dissipation efforts e
In the linear case, e = —R f, where R is generaliZGd resistance. Thus, for a system

containing all linear dissipators, and assuming zero reference conditions, the content of
the system is given by

D(f) =5 3 Rif}: )
Zi=1 )
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EXAMPLE 2.7 The voltage e(f) in a linear resistor can be written e(i) = —Ri, where i

is current aﬁd R is resistance. The definition of content yields
‘ i i ‘
D) = — / e(i) di = — / —Ridi = 1Ri2. (2.69)
0 0 ‘
This expression is identical to one-half the dissipated power; which is typical of the
relationship between content and power. o ’

Content D(f) can be interpreted as the area under the c‘onst‘ituitive law e, = e,(f)
as shown in Fig. 2.11. This graphical interpretation illustrates that ‘content is a scalar -
function that varies with the instantaneous flow of the ideal resistor. |

€
ea(f)

D(f)

~

ff

Figure 2.11. Area representation of content.

‘2.3.8 Co-content

A complementary dissipation function, the co-content G, is obtained through applicatioﬁ
of the Legendre transform to thé content D( [). The details of the transform parallel the
transform of potential energy given in a previous section and so are not repeated here.
The Legendre transform of D(f) is the new function G(e) called the co;con,tent,
" defined by | | |
Gle) i= —fe— D(f), (2.70)

yielding the first result of interest, similar to (2.27), given by

DN +Gle)=~fe. - en
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Summing over n dissipators ina system, the content and co-content satisfy

D) +CE) = -3 fre5.  (am)

i=1

Furthermore, as a consequence of (2.28), co-content can also be given by

. n e
Gle)=Go—Y, | file)de;. (2.73)
. j=1 €o .
This expression yields the differential form
9G ‘
~Fe; ~ i (2.74)
where f = —f,(e) is the inverse of the constituitive law for the‘dissipator. Flows sat- .
isfying this relationship are called dissipative flows f¢. In the linear case, /¢ = —¢/R,

where R'is generalized resistance. Thus, for a system containing all linear resistors, and

assuming zero reference conditions, the co—content of the system is given by

G(e) = Zn: -9-2—. ‘ o {2.75)
st 2R : ‘
EXAMPLE 2.8 A linear damper with damping coefficient b translates with velocity v.
The force the damper exerts on the systems is given by F' = —bv. The co-content, of the
damper is gi‘ven by |

Fro F f 2
wr)dF=- [ Lap=E (2.76)

G(F);—/ o b 2

0
Expressions for the content and co-content for the common linear resistors are given

in Table 2.10. | |
~ Content and‘co—cbntent of a pure resistor éan be given the graphical iritel*pretapion
shown in Fig. 2.12. Content can be interpreted as the area under the curve of the
~constituitive law e, (f).  Co-content caﬁ be interpreted as the ‘diffex;ence in areas given
by G = fe, — D. If e,(f) is linear, the areas representing D and G are equal. |
Content and co-content are scalar quahtities representing the same constituitive law,

differing only in the choice of independent variable. Content varies with flow. Co-content
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Table 2.10. Content and co-content of ideal resistors.

translational torsional electrical fluid

damper = damper  resistor  resistor

Content D(f) = iw?  lhu? iRi®?  LiR,Q?
. F2 T2 62 P2
Co—content  G(e) % | ‘ -270 by Eﬁ}'

_ e (f) |

Figure 2.12. Area representation of content and co-content.

varies with effort. And effort and flow are related through the constituitive law of the

ideal dissipator.
2.3.9 Paynter’s diagram

To summarize the energy relationships developed in this section, Paynter’s diagram is
labeled with the energy functions as shown in Fig. 2.13. The vertices of the figure are
labeled with the generalized variables (e, f,p,q) and the line ségments connecting the
vertices i'epresent the manner in which the generalized variables are in;errelated. Thus
the energy functions of a botential store V(q) and V*(e) relate ¢ and e, the energy
functions of a dissipator D(f) and G(e) relate f and e, and the energy functions of a
kinetic store T(p) and T*(f) relate p and f. Again‘the time integrals represent the
| time-dependent relationships between' the kinematic variables g and f and betxveen the
dynamic variab]eé p and e. Chc‘)osing the propér form of energy function to represent

potential stores, kinetic stores and dissipators in a model depends on the sysLém variables
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selected by the analyst to represent the motion of the systém. ‘

e

p = / edt V@ V')
¥4 q
T), T() g = / fai

Figure 2.13. Paynter’s diagram and the energy state ‘funcl‘:ions. ‘

2.4 Representation of motion

Unified methods of modeling ‘multidisci‘pline systems are distinguished in part by the
choice of variable pairs used to represent the motion of ‘a system. In this section is
‘ preéented an overview of the implications of the éhoice of representational variable pairs.
Fufthermore, in multidiscipline systems both vector and scalar quantities are required
to describe the physfcal quantities ‘l‘ept'esented by‘the generalized variables effort, flow,
momentum and displacement. The concepts of configuration space and state space

proVide a unified approach to manipulating these different quantities.

2.4.1 = Variable pairs

The relationships indicated on‘ Paynter's diagram imp]y that a pair of variables from the
set of generalized variables (e, f,p,q) is sufﬁcienf to represent. the motion of a system.
Using the variable pair (e, f) for example, potential stores are represented by V*(e), di‘s-
sipators can be represented by either G(e) or D(f) and kinetic stores are represented by
T (f). Or using the variable pair (p, ¢), potential stores are x'epresenﬁed by V(q), dissi-

pators are represented by D(¢) and kinetic stores are represented by T'(p). The selection
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of a particular pair of variables to represent the motion of a systém is a distinguishing

characteristic of the various unified methods of modeling multidiscipline systems.

For example, the bohd graph technique uti‘lizes effort and flow (e, f) as represen-“
tational variables‘(an‘implementation of the traditional force-voltage analogy). Linear
graph techniques also utilize effort and flow, but in the form of through and. across vari-
ables (the force—current analogy). In Lagrangian d‘ynar‘nics displacement and flow (g, f) |
are used (see Chapter 5); In Hamiltonian dynamics momentum and displacement (p, g)
are used (see Chapter 6). And in the dual to the Lagrangian formulation, the pair‘ (e,p)

is used (see Chapter 7).

- The remaining variable-pair combinations (e, q) and (/, p) are not commonly used in
multidiscipline dynamics. Consider, for‘exar‘nple,‘the selection of the variable pair (e, g)
to represent the motion of a system. The energy of kinetic stores cannot be directly
expressed in terms of e and ¢ Since kinetic energy and coenergy depend on p and f
respectively. Thus the use of the variable pair (‘e, q). is reasonable only for systems
containing no kinetic stores. Similarly, selecting the variable pair ( f,p) implies that
the energy of potential stores cavr‘mot be directly expressed since potential energy and
coenergy depend on q and e re‘s.pectively.‘ Thus the use of the variable pair (f,p) is
reasonable only for systems containing no‘ potential stores. These variable pairs may be
usefql in these special cases and merit consideration for the purpose of rounding out the
theory of the analytical method. However, these variable pairs are not applicable in the

- general multidiscipline case and so are not examined in this work.

Following the precedent set by Lagrange, displacement and flow (g, f) are selected as
the representational pair of variables in terms of which Lagrange's equation is derived.
The energy functions having the desired form are potentia‘l‘energy V(q), the dissipation
~ function D(f ), and the kinetic coenergy function T'( [). Paynter’s diagram in Figure 2.14

summarizes the relationships among the generalized variables in Lagrangian form.
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Figure 2.14. Paynter’s diagram in Lagrangian form. Relationships
-are given in terms of displacement and flow.

2.4.2 Conﬁgdration space and state space

The position of a particle P in a system can be denoted by an ordered tuple of scalar
coefficients (2, ¥, z) in a Cartesian coordinate frafne. For a system of N, particles, there
are N, of these tuples. These tuples can be assembled into an ordered set Sy of dimension
3N,, that is,

Su= (T, Y1, 21,22, U2, 22, -« BN YNps 2Np) - (2.77)

The members of S“ are renémed u; to obtain a‘scalar set u of dimension 3Np, that is,
u=(Up,..., U3N,)-

Electrical elements in a system have displacement variables of charge q. For a system
with- N eiectrical cdordinates there is an ordered set of charges q = ‘(ql, .1 qn.). The
~ elements of this set are designated Ui, where i = 3Np + 1,...,3Np + 1 4 Ne, and this set
is appended to the set u. A similar proce‘dure‘ is followed for the i‘otational, fluid and
thermal codrdinates in the system. All co‘mponents of displacement are appended to the
set u. | |

Let N be‘the total number of displacement components in a system. "‘I‘hen the

set of scalars or coordinates u = (uy,...,un) uniquely defines the configuration of the
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system. The u; are called configuration coordinates. At an instént, u can be considered
a point in an N-dimensional configuration space. Over time, u describes a trajectory in
configuration space. | | |

Each component of ﬂdw in a system is represented by the scalar 1;. An ordered set
of displacement and flow variables is constructed which uniquely defines the state of the
system, given by |

(u,a)=(u1,...,uN,111,...,;lN). ‘ | (2.78)

The elements of this set are the state variables of the systefn. At an instant, (u, %) can -
be considered a point in a 2N-dimensional state space. Over time, (u, ) describes a
traj‘ectory in state spacé. ‘

| The results of this change in nomenclature are summarized on Paynter’s diagram,
Fig. 2.15. All variables are expressed in‘componen‘t form, and the Lagrangian choice of
state variables (u, @) is implicit in the derivatives éhown. The component form indicated

here is the form in which Lagrange’s equatibn for multidiscipline systems is derived.

Figure 2.15. Paynter’s diagram in component form.

ExaMPLE 2.9 To illustrate the concepts of configuration space and state space, coordi-
nates are assigned to the electromechanical system in Fig. 2.16..

Diode currents are assigned the flow variables % and 5. The capacitor, resistor
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Figure 2.16. Assignment of configuration coordinates in an electromechanical system.

-and inductor currents are assigned the flow variables 3 through 45. The angular dis-
placement of the crank is assigned the displacement variable us, and the translational
displacement of the mass is assigned the variable u7. The cqnﬁguration of the system is

given ‘by

v = (un,...,u7), ‘ (2.79)

and the state of the system is given by

(U,U) = (Ul,...,’ll.’],’lll,...,'ll’])- ° (2'80)

This example illustrates that the choice of displacemerit and flow as the representa-
 tional pair of system variables does not imply that the components of the sét of state
variables are mutually independent. In the previotis example for instance, the connec-
tions among the elerhents impose on the state variables two conditions described by
Kirchhoff’s current. law, namely, @4 = s and 4 + G2 = U3 + U These relationships
. constrain the flow coordinates, consequently not all the state variables are independent.‘
Thus, while ﬁhe set of state variables (u, d) is sufficient to describe the motion of a sys-
tem, the set may be overdetermined. In such a case the set of configuration coordinates
is said to contain ezcess coordinates.

Similar to the component rebresentation of displacement, the components of mo-

mentum p can be represented by the set ¢ = (o1,...,0n), defining a complement to
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the configuration space of a system. If each component of effort is represented by the
~ scalar ¢;, then an ordered set (e,0) = (01,...,0N,01,...,0N) can be constructed which

uniquely defines a complement to the state space.

EXAMPLE 2.10 Assignment of components of displacement u; to a slider-crank mecha-
nism is shown in Fig. 2.17(a). The corresponding components of momenta p; are shown
in Fig. 2.17(b). In both cases, the coordinates are assigned to the lumped masses m;

and my, and planar motion is assumed. ¢

uq o4
crank ] crank l
\ us ) \ o3

. Up 02 ‘

me I ma l

ul a1

L1 ‘ L

slider—”" ™1 S stider—" ™

(a) Components of displacement ‘ ‘ ~ (b) Components of momenta

Figure 2.17.. Displacement and momentum in component form for a slider—crank mechanism.

2.4.3 Reduced-order coordinates

‘ When a system is constrained, the elements of (u, ) or (g, g) or b‘oth are not independent.
In such a case, a coordinate set of reduced dimension 7 exists (n < N) that is sufficient
to define the configuration of the system. Such a set is not necessarily unique, nor is it
necessarily of minimum dimension. These coordinates, represented by the disp]acemént ‘
vector q = (q1,...,qn) are called herein the reduced-order cohﬁgu‘ration coordinates.

The term generalized coordinates or Lagrange coordinates is reserved for the reduced—

order coordinatq set of minimum dimension. The associated momentum vector is given

by p = (p1,...,pn).

Reduced-order coordinates are related to the configuration coordinates through N
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~ transformation equations having the form u; = ui(q1,. .., gn, t),‘where i=1,...,N. The
time derivative of the coordinate transformation equations is given by N flow transfor-

mation equations as follows

" Bu; . . Oui . |
Yo hta  sheeN e

U =

- Since the coefficients given by du;/8q; are functions of ¢, the flow transformation equa-

tions have the general form ; = u;(4y, . . : Gnyq1y -+ -, Gnst).

ExAMPLE 2.11 The pendulum shown in Fig. 2.18 is used. to illustrate the concept of
reduced-order coordinates. The configuration coordinates of the mass m at the end of
a rod of fixed length [ is given by u = (u1,u2,u3). Assuming planar motion such that

uz = 0, the angle ¢ is sufficient to describe the motion of the system.

uz

w
Figure 2.18. Reduced-order coordinates for a simple pendulum.

The configuration Space has dimension N = 3. The set of three transformation

equations is given by |
| w(e) = leosg

us(q) = lIsing ‘ (2.82)
‘ ‘us(q) = 0. ‘
The time derivatives of these equations are given by
u1(d,q) = —lgsing
ua2(d,q) = lgcosg S (2.83)
i3 = .0, ‘ ‘

Since the angle g is the reduced-order coordinate set of minimum dimension, g is a

Lagrange or generalized coordinate for the system. o |




Chapter 3 |
'CONSTRAINTS

The manner in which a system processes energy depends on the chafacteristics of the
elements of the system as well as the way in whlch the system elements are intercon-
nected. The concept of constramt is a means of systematically modeling the contrlbutlon
of energy sources, transformers and transducers, as well as the contribution of system

interconnections or geometry, to the dynamic behavior of a system.

A constraint is defined as an algebraic condition imposed on a system due to system
geometry or interconnectivity, or due to thé constituitive relations of system elements
that are not subsumed under the energy state functions. Constraints are divided into
two broad classifications. Kinematic constraints are described by relationships mvolvmg
displacements or flows. Dynamic constraints are described by relatlonshlps mvolvmg ‘
efforts or momenta. Additional characteristics that dlstmgulsh the two basic types of

constramt are presented in due course.

The concept of constraint is central to analytical dynamlcs The types of constraints
in a system have broad consequences regarding the tractability of a modeling ploblem
Constraints are used to define the concepts of virtual displacements and virtual work,
. both of which are important to the development of the equations of motion. Censtraints
also are a fundamental idea underlying Lagrange’s‘ principle, which allows constraint
efforts to be neglected in the analysis of multidiscipline systems. And it'is the ubiquitous
presence of constraints in multidiscipline systems that underlies one of the primai‘y goals
of this work — to systematically formulate the equations of motion as a set of differential-

algebraic equations.
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3.1 Kinematic constraints

Kinematic constraints impose conditions on displaceinent or flow. These conditions may
take several forms. Kinematic coﬁstraints in" holonomic form place conditions on u or ‘
possibly 1, where u = (u1,...,un) represents the components of system displaceménts
‘in configuration space. ‘Kinemat‘ic constraints that are nonholonomic aré not as easily

characterized, but in general nonholonomic constraints impose conditions on differentials

of u.
3.1.1 Holonomic constraints

A holonomic constraint is an algebraic condition imposed on a system that can be ex-
pressed as, or is reducible to, a function of displacement and possibly time having the

general form

é(u,t) = 0. ‘ (3.1)
A set of such constraints & € R™ is given in vector form by
¢1(’LL, t)
d(u,t) = P | =0, . (3:2)
¢m(u1 t)

where u = (uy,...,un).

The effect of a set of holonomic constraints on the motion of a System is to render
certain states impossible to attain. Such states, called inadmissible statcs; can be thought
of in geometric terms as regions of the State space that the system inay not .occupy.

The various conditions which give rise to holonomic constraints are best .illustrated by

example,

EXAMPLE 3.1 In the slider-crank mechanism shown in Fig. 3.1, the translational dis-
placement 2 of mass m and the angular displacement 0 of crank J are constrained by

the rod of fixed length . The displacement constraint ¢ is given by

é(z,0) := (z — rcos 0)2 + (rsin@)? - 12 = 0. ‘ (3.3)




51

Configurations (x, ) that are inconsistent with this constraint are inadmissible. o |

Figure 3.1. A slider-crank mechanism.

EXAMPLE 3.2 ‘A wheel of radius r rolls without slipping ‘on a horizontal surface, as
shown in Fig. 3.2.  The wheel is attached to a larger cylinder such that the combined
rotating element has mass mo ahd mass moment of inertia J. The wheel is wrapped
with an inextensible cable connected to mass m,. The initial displacement of m{ is 21,

and the initial displacement of mg is zo,.

J

Figure 3.2, Mechanical displacement constraints,
The inextensible cable imposes‘ a constraint ¢, given by
$1(21,22,0) == (21 — 21,) — (T2 - wzo) ~ (6 —0‘0) =0. (3.4)
The no-slip condition imposes a constraint ¢s given‘ by
a0 = @-a) 1 0-0)=0. @9

Configurations (21,22, 0) that are inconsistent with these constraints are inadmissible. o
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Flow constraints

Constraints on displacement often imply corresponding constraints on flow. For instance,

the time derivative of the holonomic constraint in the slider—crank example is given by
(&, 0,2,0) := (& — rcos )i + (rzsin )4 = 0. - (3.6)

States (z, 0,:1‘:,0') that are inc‘onsistent‘ with eithér this constraint or the displacement
~ constraint given by (3.3) are inadmissible states.

“The constraint in (3.6) is representative of a class of constraints called flow continuity
relations or simply ﬂow constraints 1. Flow constraints that can be integrated, such
that the holonomic form given by ¢(u,t) = 0 can be obtained, are called holonomic or

integrable flow constraints.

EXAMPLE 3.3 Referring again to the wheel and mass example shown in Fig. 3.2, the

flow constraints of the system are given by

Vi(dy, £0,0) = By —do—10 = O

’g/)g(.’i:l,.’i,‘z,o.) = (1',‘2‘—7'0.‘= 0. (3.7

Integrating these functions with respect to time yields a pair of equations identical to
“the displacement constraints given in Ex. 3.2. The flow constraints in this example are

integrable, hence the constraints are holonomic. o

Holonomic constraints are not always perceived‘ fundamentally as conditions on dis-
placement, even though they may be cast in that form through integration. For instance,
the no-slip condition in‘the previous example is usually written in terms of flow as in
(3.7) rather than in terms of displacement as in (3.5). Kirchhoff 's current law and the

fluid continuity equation are flow constraints also of this type.
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ExXAMPLE 3.4 By Kirchhoff’s law the currents at node a in the circuit shown in Fig. 3.3
satisfy the flow constraint given by |

Y(i) ;=141 — iz —i3 = 0. : (3.8)
This equation can be integrated with respect to time to obtain

$(@)=q-q—g+Co=0, ' (3.9)

where C, represents an appropriate sum of initial charges gi,. o

i3

i1 =1g + 13

Figure 3.3. A simple electrical flow constraint.

The electrical‘displacement variable q does not necessarily repfesent a physical ac;
cufnulat;ion of charge-carrying particles. For example, g3 in (3.9) does not represent
an accumulation of charge in the inductor L. By definition, the displacement ¢ of an
element is the integral of the flow of that element. In the electrical case, displacement -
is given by q = Jidt. Thus an inductor, for example, does not accumulate chdrge g but
does undergo a displacement q. It is in this sense that a flow constraint equation like

(3.8) is integrable.

ExAaMPLE 3.5 The inlet fluid flow rate @), the rate of change of storage @, and outlet

flow rate @3 shown in Figure 3.4 are related by the flow c‘onstraint‘ given by

¥UQ) == Q1 - Q2 — Qs =0. A1)
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Letting C, represents the sum of initial volume conditions V;,, this expression can be

integrated to obtain the holonomic form

(V) =Vi—Vo—=V3+Co=0. o o (3.11)

~

[Q1 0, |

— .0

Q1 =Q24+Qs3

Figure 3.4." A simple fluid flow constraint.

These examplés illustrate that although a constraint may be coriveniently expressed
in terms of flow, it is hblonpmic if and only if it can be integrated to obtain the form given
by (3.1). It is preferable in some cases to model holonomic constraints in flow constraint
form. Such cases typically arise when equations of motion contain a component of flow .
4; but do not.explicitly contéin the displacement variable u; corresponding to that flow.
Such displacement variables are called in traditional nomenclature ignorable coordinates.
The significance of ignbrable coordinates here is that holonomic constraints involving only
ignorable coordinates need not be integrated in form‘ulati‘ng the differential-algebraic

“equations of motion.! There are numerical advantages to leaving such constraints in

flow variable form.
Unstated constraints

Another type of constraint is the unstated constraint which, like the flow constraint, is -

often holonomic. Such constraints are commonly part of the assumptions associated with

YPhe traditional utility of ignorable coordinates is to reduce the dimension of a problem, which is not
a primary concern in this work, ‘ ‘
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a particular problem, and often go unstated.

ExAMPLE 3.6 To describe the motion of the slider—crank in Ex. ‘3.1, only a single di-
rection of translation z and a single direction of rotation ¢ are indicated. The system
must be constrained in an unstated fashion such that no displacement takes place in
any other direction. If the figure is redrawn with the thrée-dimensional componeﬁts of
displacement u; explicitly shown, as.in Figure 3.5, the unstated constraints are readily
obtained. With motion admissible only in the translational direction of u; and the ro-
tational difecti(m of ug, it follows that us = u3 = u4 = us = 0. This expression contains

four constraint equations in holonomic form. ¢

Figure 3.5. Unstated constraints in mechanical motion due to the.
assumption. of one-dimensional translation and rotation.

ExAMPLE 3.7 The assumption of one-dimensional fluid flow also illustrates the idea
of an unstated éonstraint. In Figure 3.6, a typical velocity profile is shown for an in-
com‘pressible ffuid flowing in a cirdular pipe. This idealized ve]oéity profile implies that
the flow is nc‘)n—radial‘and irrotational. If the motion is described in terms of éylin-
drical coordinates (r,0,2) and the components of fluid displacement are the‘volufnetric
displacement terms (u),uz,u3) = (V,, Vs, I/;,),‘ then the non-radial constraint is written

uy =0 and the irrotational constraint is written uz = 0. o
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V. velocity profile
L A ‘

A

Figure 3.6. Unstated constraints in fluid motion due to the as-
sumption of non-radial and irrotational flow.

Holonomic constraints in Pfaffian form

To conclude this section on holonomic constraints, consider a system having m holonomic

constraints of the form ¢g(u,t) = 0 where k=1,...,mu= (ug,-..,un); and m < N,
that is, the number of constraints is less than dimension of the configuration space. The

differential of each constraint ¢ is given by

dbw(u t)=)N:9?-’“(u ) dus + 225 (u, 1) dt = 0 k=1,...,m (3.12)
kW, | i__:laui ) 1 ET) ) | poeeay Moo .
Dividing (3.12) by dt yields the holonomic constraint equation in rate form given by‘
N ‘ : : ‘
Ok . Oy _ o a1
Za—ui(u,t)u,f = (u,t) =0 | k=1,...,m. (3.13)

i=1

In vector form, these two equations are given by

b du+d,dt =0

d i +d, =0, (3.14)

where ®; := 8®/0t € R™, and &, is the Jacobian matrix 0®/8u € R™*N, given by

| Buy dun
8% . . S
il o | (3.15)
Om | O¢m |
| Ouy dun |
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These representations of holonomic constraints are in Pfaffian form. The general

Pfaffian form is given by

N ‘
> ai(u, t)du; + ar(u, t)dt =0 k=1,...,m, (3.16)
i=1

or in vector form,

Adu+adt = 0, | 3.1
where |
A(u,t) := matrix{ay} € R™*N
a(u,‘t) = vector{ax} € R™. (3.18)

Dividing by‘dt yields the Pfaffian flow constraint equation giVen by

N ‘ ‘
Zaki(uy t)is + ak(u,t) =0 k=1,...,m, (3.19)

i=1 ‘

or in vector form,

Ad+a=0. ‘ (3.20)

For a set of holonomic constraints, the coefficients of the Pfafian form are given

by ay; := O¢y/Ou; and ay = Odr/0t, or in vector form A := <I>u‘ and a := ®;. The
Pfaffian form expresses holonomic constraints as a set of restrictions on the infinitesimal

quantities (du, dt) instead of as a set of réscrictions on the finite quantities (u,t). How-

ever, holonomic constraints are not inherently conditions on differentials. The Pfaffian

form in this case is.simply the differential representation of constraints that restrict the |

" finite quantities u;. Holonomic constraints in Pfaffian form ai‘e integrable, though in
practice the integration may be intractable. One of the useful‘properties of the Pfaffian
form is that it permits the representation of holonomic constraints without reducing the

constraints to the form ¢(u, t).
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ExAMPLE 3.8 As shown in Fig. 3.7, the motion of mass m at the end of a rod of fixed
length [ is constrained such that the distance from the mass to the pivot is constant. In

holonomic form, this constraint is given by

$(u) = ul4ud-12=0. (3.21)
u2
! 2 2 2
uf +up =1
m
uy

- Figure 3.7. A ‘holonomic constraint for a simple pendulum.

The differential of this constraint yields the Pfaffian form, as follows.

_o = 004 004, O -
dp = 0 = 6u1d’lL1“+ auszQ-l- i dt (3.22)
= 2ujdu; + 2ug dus (3:23)
= u duy ‘+ up dus. ‘ (3.24)

Dividing by dt yields the flow-constraint form given by |
Yo, u) i=wi +ugtiy =0, | (3.25)
which is a special case of the general form ‘

Y(u,u, t) = an(, )i + a2y, t)ﬁz +ay(u,t) =0, (3.26)

which was.to be shown. ¢

The Pfaffian form of a holonomic constraint does not contain as much information as
the gencral form ¢(u, t) = 0. For example, if the differential form of the pendulum con-

sti‘ainp is integrated, the resulting equation contains an unknown constant of integration



59

which can be evaluated only if additional information is known about. the physical sys-
tem. In general, such information is found from initial conditions, boundary conditions,

‘or the geometry of the system.

3.1.2 Nonholonomic constraints

Kinematic constraints that are not holonomic are called nonholonomic. Nonholonomic
constraints are more difficult to characterize than holonomic constraints. As Rosen-

berg [35] states,

One will readily understand that it is not bossible to give a general discussion
of nonholonomic constraints such as caﬁ be done for holonomic ones because

- the latter is a narrowly circumscribed class while the former is not. (Thus,
bananas are feadily discussed, while nonbananas are not.) Nevertheless, some

classification of frequently encountered nonholonomic constraints is possible.

The classification of nonholonomic constraints given in this section generally follows
Rosenberg’s development in analytical mechanics, though the material is expanded to

account for the multidiscipline nature of system dynamics.

Impenetrability constraints

The first type of nonholonomic constraint to be considered is the impenetrability con-
straint. Consider a mass moving moving on an impenetrable surface, with spatial coor- .
dinates (z,y) tangent and normal to the surface, as shown in Figure 3.8(a). Since the
mass may not, pehetrate the surface, motion normal to the surface is restricted such that
y > 0; this inequality represents a physical condition that constrains the mass such that

motion below the surface is inadmissible. In differential form, this constraint is written

dy >0.2

%It is common practice to express inequality constraints in the form of a [unction ¢ such that ¢ < 0.
Inequahty constraints can be multiplied by -1, if necessary, to obtain the standard form.
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L.,
dy >0 do >0
m ‘
(a) mass on a surface ‘ (b) ratchet

! ‘ 0
~d dg>0 — dvV 20
L1 N

(c) diode ‘ (d) check valyc

(e) expansion valve

Figure 3.8 Impenetrability constraints having the form du > 0: (a) trans-
lational; (b) rotational; (c) electrical; (d) fluid; and (e) thermal.
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The same type of constraint occurs in the motion of a ratchet ‘and pawl, shown in
Figure 3.8(b). Rotation is constrained to occur in one direction only, that is, § > 0, or

in differential form, dé > 0. Négative angular displacements are inadmissible.

An electrical example of an impenetrability constraint is the effect a diode imposes
on current, illustraﬁed in Figure 3.8(c).? Currenf; is constrained to flow in one direction
only, that is, ¢ > 0, and since ¢ = dg/dt, the constraint can be written dg > 0. Thus
negative displacements of charge are inadmissible. In one-dimensional fluid flow, a check
valve imposes the same type of co‘nst;rai‘nt, illustrated in Figure 3.8(d), such that fluid

flow @ moves in one direction only, and since @ = dV/dt, the constraint can be written

~ dV > 0. Thus negative displacements of volume are inadmissible. .

An expansion valve as used in a refrigeration cycle is an example of this type of

constraint in thermal terms, as shown in Figure 3.8(e). The second law of thermody-

‘namics applied to the expansion valve states that T'ds > dg, where g is heat. The ideal

expémsioh valve is assumed to be adiabatic, so. dg = 0 and Tds > 0. Thermodynamic
temperéture or absolute temperature is always positive, ifnplying that ds > 0, which is-a
constraint stating that the thermal d‘isplacement, entropy, can only increase across an ex-
pansion valve. Negative displacements of entropy are inadmissible. On the Ts-diagram,

inadmissible states are those to the left of the line s = sy.
The constraints shown in Figure 3.8 are special cases of const‘r‘aints on either finite
displacements u or infinitesimal displacements du given by

d(u,t) <0

#(du,dt) < 0. (3.27)

Stch constraints are prevalent in physical systems, yet there exists no systematic method

of accountihg for such constraints in a model. No such method is offered in this work.

3The impenetrabiliiy model of a diode is an elementafy view of diode characteristics. It is shown in.
a subsequent section how an equivalent-circuit model of a diode is used in the analytical method.
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Nonholonomic équality constraints

The second type of nonholonomic constraint to be considered is the equalitg) constraint.
The nonholonomic equality cdnstraints considered in this work are those that are re-
ducible to Pfaffian form. The distinguishing characteristic of the Pfaffian form is that
. it ifnposes restrictions on the infinitesimal quahtities du;. Such cénstraints are incor-
po‘rated‘ in the equations of motion through the use of Lagrange multipliers, which are
introduced. in a subsequent section. | |

The general Pfaffian form (from p. 57) is given by

iaki(u, t‘)du,-\-i- ak(u, tydt =0 k=1,...,m, | (3.28)
i=1 ‘
or in vector form,
Adutadt = 0, o (3.29)
where
- A(u,t) = matrix{ag;} € R™N
a(u, t). := vector{ar} € R™. ‘ - (3.30)

In this form, the conditions imposed on du are explicitly shown. Dividing by dt yields

the flow rate form of the nonholonomic equality‘constrain‘t,

N : ‘
Z aki(”a t)ut + ak(u9 t) =0 k=1,...,m, ‘ ‘ (331)

i=1
or in vector form,
At +a=0. | | (3.32)
In contradistinction to the Pfaffian form of the holonomié constraints, the Pfaffian form
of a nonholonomic constraint is not an exact differential, nor is it integrable to obtain
the holonomic form o(u,t) = 0.
The rate form of these equations is linear in flow @. Such constraints can be holonomic

- as illustrated by (3.25), or nonholonomic as illustrated by the example below. Thus the
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Pfaffian form has the useful properties that 1) it can represent both holonomic and
nonholonomic constraints, and 2) that these constraints can be represented as linear in

flow.

ExaMPLE 3.9 Consider the motion of a boat in a plane.* Assuming that the roll, pitch
and heave motions of the boat are negligible, the position and orientation of the boat

are given by the coordinates u= (z,y,0) as shown in Fig. 3.9.

0
: (z,y)

Figure 3.9. Motion of a boat in a plane.

The constraint is that at any instant the center of mass of the boat must move in

the direction of its heading. This constraint is expressed by the equation

dy _ |
pet tan@. ‘ | (3.33)

Rearranging yields a constraint on (dz, dy, df) given by‘
‘(‘tan 0) dz - dy = 0,‘ (3.34)

which is in Pfaffian form and the coefficient of df is zero. This constraint can be shown

to be nonintegrable and therefore nonholonomic.5 The flow-constraint form is given by

(tan@)i —g =0, : (3.35)

*This is a common example used to illustrate a nonholonomic constraint. This particular case is taken
from D'Souza and Garg [11]. ‘

“5See Appendix A.
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which is a special case of the general form

i=1

3 ‘
Y(w,u,t) == a1y, )i + a1y, t) =0, - (3.36)

‘which was to be shown. o

3.2 Dynamic constraints:

Dynamic constraints involve at least one of the dynamic variables and possibly a kine-
matic variable or time. Dynamic constraints arise primarily because of the presence
of elements whose contribution to the dynamic behavior of the system cannot be sub-
sumed under any of the energy ‘functi‘ons. ThefolloWing examples illustrate the type of

conditions that give rise to dynamic constraints.

EXAMPLE 3.10 In the simplest model of a DC motor, shown in Fig. 3.10, torque 7 is
proportional to current ¢, and speed w is proportional to voltage e. These relationships

are modeled as two dynamic constraints 7; and < given by

(i) = T+ Kii =0 (3.37)

yle,w):= e—Kyw =0. ¢

+

o
7

[+]
-

Figure 3.10. A DC motor.

The efforts (,€) are not subsumed under any of the energy functions. Such efforts
arise due to the presence: of dynamic constraints. In general, the dynamic constraints
v =0 are implicit equations with respect to these efforts. Hence, these efforts are

‘ designated z’mplz’cit efforts e”.
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ExaMpLE 3.11 The current-voltage relationship of an _*. ‘
ideal diode may be written as i = i; (e*” — 1), where i —
o

is current, v is voltage and i, and o are known param-
eters. If the voltage is large and negative, the current Figure 3.11. Effort and
. L flow of a diode. .
approaches —i,, which is usually referred to as the sat-
uration current of the diode [17]. |
The voltage v is an effort that is not subsumed under any of the energy functions
T,V or D, nor is it a known function of time. Therefore, this v~i relationship imposes

‘a dynamic constraint given by
Y(v,5) i=i =g (e* —1) =0, (3.38)
where voltage v is an implicit effort; o

This example illustrates a constraint equation implicit:in v. This equation‘ could be.
solved explicitly for v to obtain

v=21In (,1 + 1) , (3.39)
: (81 1s .

which could be included in the equations of motion among the generalized nonpotential
efforts. But the implic‘it form given by (3.38) is more tractable nﬁmerical]y than the
explicit form given by (3.39).5 Hence the implicit form of the dynarhic constraint is
retained and the implicit effort e” is afl additional unknown for which a solution is

sought in solving the equations of motion.

EXAMPLE 3.12 A mass slides with dry friction on a horizontal surface in the zy-plane.

A friction force with magnitude umg opposes the motion. From Newton’s second law,

SDAEs containing the diode equatiori in implicit form have been successfully solved numerically.
The solver does not converge, however, for the same DAE containing the diode equation in explicit, .
logarithmic form. Such numerical issues are not examined in this work.
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the equations of motion are given in component form by

m:z: = Fy(t) — e} (3.40)
mij = Fy(t) - ez, ‘ ‘
where F; and Fy are known components of a force source acting on the mass, and €]
and e] are unknown components of the force due to to friction.

In the absence of the friction: force, the twé differential equations would be sufficient
for solving for the f.wo unknowns z,y. By including the friction force, however, two -
- additional unknowﬁs (e7,ej) have been added to the problem. In order to solve for
these two additional unknowns, two a‘dditional‘equations are requiréd. These additional
equations are the dynamic constraints. | |

The first dynamic constraint relates the implicit efforts to the total magnitude umg

- of the friction force. This constraint is given by
1 = (e))® + (e])* - (umg)® = 0. (3.41)

The second dynamic constraint arises from the geometric relationship between the two
‘comp‘onents of implicit effort. The friction force opposes the instantaneous motion of
the mass. Thus the components of the friction force are in the same proportion as the

components of velocity, that is, eJ/e7 = /%, or
Y2 i= ge) — de] = 0. (3.42)

These relationships are illustrated in Fig. 3.12. o

This example illustrates that in adding implicit efforts to the solution space of a
pfoblem, the number of unknowns is increased by the“number of implicit efforts. The
additional equations required to determine a solution are the dynamic constraint equa-
tions. | ‘ |

In summary, a dyndmz'c‘const‘raz'nt is an algebraic condition imposed on a system that

is expressed as a function of implicit efforts, state: variables, and possibly time, having
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Figure 3.12. Dry friction modeled as a dynamic constraiht.

the form
y(e, u,u,t) =0, . k=1,...,m.
A set of such constraints is denoted by the vector I' such that

m(e?, %, u,t)

(e, u,u,t) =

I
I

Ym (€7, 1, u, t)

3.3 Classification of displacements
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- (3.43)

(3.44)

In analytical dynamics, three types of displacement arise: actual, possible and virtual

displacements. This nomenclature, as well as the direct quotations below, are adapted

for multidiscipline use from Rosenberg [35].

Actual displacements, as the name implies, give the actual motion. The class of finite

quantities u;(t) that satisfy the dynamic and kinematic requirements of the model as well

as the constraint equations is called the class of actual displacements. Actual diép]acc-

ments satisfy the differential-algebraic equations of motion. Solving for trajectories of

actual displacements is often the explicit purpose of rriodeling.

. Displacements that satiSfy the constraints but not necessarily the differential equa-

tions of motion are called possible displacements. Possible displacements are the class of
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infinitesimal quantities du; that satisfy

N | .
> oki(u,tydug + ax(u, t)dt =0 - k=1,...,m, (3.45)

i=1
where m is the total number of kinematic constraints. This class of conétraints includes
holonomic constraints and nonholonomic equality constraints — all constraints, in other
words, that can be expressed in Pfaffian form. Thus the vector of possible displacements

du = (duy, . ..,duy) satisfies.
A(u, t) du + a(u, t) dt = 0, (3.46)

where A and a are the matrix coefficients of the Pfaffian form, previously given by (3.17)
and (3.29). In geometric terms, this definition states that “every vector of infinitesimal
length which lies in the tangent plane defined by the constraint equations is a possible
displacement vector.” Possible ‘displacements can be thought of as true inﬁnitesima]
displacements.

The third class of displacements are the “virtual” displacemehts which are so impor- .
tant to aﬁalytical dynamics. From a given configuration at an instant, each displacerhent
variable u; may be imagined to vary an infinitesimal amount to a neighboring config-
uration that the system might have had at that instant. By definition this variation
does not violate the constraints and time is not varied. Such variations frdm the actual
configuration are cd]led‘by Crandall et al. [9] admissible variations, or.in traditional
nomenclature virtual displacements. Virtual displacements are the c‘lass‘of infinitesimal

quantities du; satisfying

N ‘ ‘ ‘

> aki(u,t)ui =0  k=1,...,m (3.47)

i=1 ' , .
This equation is obtained from the Pfaffian form of the constraint equation by substitut-
ing 6u for du and with di = 0. The vector of virtual displacements fu = (5ui, o, BuN)
satisﬁes

Alu,)su=0. “ (3.48)
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In geometric terms this definition states that “every vector of infinitesimal length which
lies in the tangent plane defined by (3.47) is a virtual displacement véctor;”

The variational operator § introduced here is consistent with the variational operator
used in the calculus of variations and has properties similar to those of the differéntial
operator d. The definition of the § operator from a variational calculﬁs standpoint as
well as a summéry of its properties are provided in Appendix A. However, the basic
variational priﬁciple from classical dynamics‘ — that the variatibn of a certain integral
vanishes — is not invoked in this work. Indeed, equations of rhotion for nonholonomic
systems are not derivable from such a principle [22].

To illustrate the different classes‘ of displacements, a bead that is free to slide on a
rotating rod as shown in Figure 3.13 is a commonly cited example. In this instance, fhe

example is taken from D’Souza and Garg [11].

EXAMPLE 3.13 A bead is free to slide along a rod which rotates about the origin in the
zy-plane with a‘constant‘ angular vélocity wo.: At time ¢, the bead has position (2o, ¥o)
and a velocity v given by (2., 7o). In Figure 3.13(a), the state of the system is shown at .
| time i,. |
Finite actual displacements (Az, Ay) resulting from the actual motion of the bead
along frajectory C on the finite time interval [to,t] are indicated in (b). Infinitesimal
possible displacements (dx, dy)‘ associated wi‘th the infinitesimal time interval dt are ex-
emplified in (c). Note that possible displacements are consistent with the constraints but.
do not necessarily follow the trajectory C since possible displacements do not hecessarily
satisfy the equations of motion. Infinitesimal virtual displacements which are imagined to
occur without a corre‘sponding‘ variation ih time, that is, 6t = 0, are indicated in (d). The
displacemént of the bead in (d) lies along the line of the rod since virtual displacements -

may not violate the constraints at the instant the variation is considered. o

The figure illustrates that virtual displacements and possible displacements are not
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!
! :
actual position at

!
I
time ¢, + At

(b) actual

(d) virtual

‘ (c) possible
Figure 3.13. Classification of displacements: (a) state of the system at time ¢,; (b) actual ‘

displacement; (c) possible displacement; and (d) virtual displacement.
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identical quantities. This follows from the definitions, since a single set of infinitesimal

quantities is unlikely to satisfy both.(3.45) and (3.47).

EXAMPLE 3.14 Consider again the bead and rod from the previous example. The system

is constrained such that the coordinates (z,y) of the bead and the angle 6 of the rod

must satisfy

tang = L5, (3.49)

Since 6 = w,t, the constraint can be written as
¢(m, y;t) :=ztanwet —y +c¢ =0, - (3.50)
which is a holonomic éonstraint in standard form. The Pfaffian form is given by - |
(tanwot) da — dy + (on sec? wot) dt = 0. | | (3.51)

Displacements (dz, dy) satisfying this equation are possible displacements. Virtual dis-

placements (6z, 6y), on the other hand, satisfy
(tanw,t) 6z ~ 6y = 0. (3.52)

The only condition for which the two sets of displacements are identical is wo = 0. In

that case, @ is constant and (dz, dy) satisfies
(tan ) da — dy = 0, (3.53)

and (éz, 8y) satisfies
| (tan0) 6z — Sy =0. o | (3.54)

This example‘ illustrates that virtual and possible displacements are identical only

for a system having constraints that are not explicit functions of time. Such systems

are called catastatic. Systems with constraints that are explicit functions of time are

- called acatastatic. For acatastatic systems the set of possible displacements and the set

of virtual displacements have no elements in common except the null set.
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In summary, a possible displacement du implies a small change in the variable u(t)
that depends on a small change in time df. A virtual displacement éu, on the other
hand, is a deliberately introduced variation in the variable u independent of time. Both

du and du satisfy the constraint equations.
3.4 Virtual work

Work is a path-dependent function given in differential form by dW = edq, where dq is
an infinitesimal increment of the path. In terms of configuration coordinates, the work
of a system is given by ctW = Y e;du;. If the infinitesimal displacements are virtual
‘displacem‘ents du; rather than possible displacements du;, fhen work is given by
N
§W = e; bu, (3.55)
i=1
which is deﬁned‘as virtual work. In general, virtual work is not the variation of a work
function W, that is; the 6 symbol in this expression does not répresent the variatidnal ‘
~ operator. The term 6W simply repreéents the summation shown in (3.55). The sum-
mation over all the elements in a multidiscipline system‘is possible because work, like
energy, is a‘quantity with a consistent meaning among t:he engineering disciplines, even
‘though the physical manifestations of work vary.

It is shown in (2.42) that substituting p = e and dg = fdt from Paynter’s‘ diagram.
into the definition of dW yields an alternate work expression given by dW = fdp. In
component form, this expression of work is given by dW = Y f; dg;. If the infinitesimal
momenta are variational quantities dp; raﬁher than differential quantities dg;, then virtual

work is given by

N |
§W = fiboi. | (3.56)

i=1

The infinitesimal quantity &g is called virtual momentum, defined as a variation of
momentum consistent with constraints and independent of time. Virtual momentum is

an admissible variation in the same sense as is a virtual displacement. Moreover, the two
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quantities are not independent.  IFrom the equivalence of the differential work expressions

dW =edg=f dp is inferred the eq‘uivalence of the virtual work expressions
| N o N |
-~ ‘ Ze,- fu; = Zf, 60;. (3.57)
Ci=1 i=1 : : ‘

Virtual momentum &p is defined as the infinitesimal quantity that satisfies this relation-

ship with virtual displacement §u.”

The equivalent forms of virtual work among the engineering disciplines are shown in

Table 3.1.
Table 3.1. Virtual work equivalents.
Effort ¢  Displ. 6u Work eéu  Flow f ‘ Momentum 6o Work fép .
force F position 6z Féz velocity v lin. mom'n. &p | vép
torque 7 angle 60 760 ang. velocity w  ang. mom’n. 6H wbéH
voltage v = charge 6q véq current 4 . flux linkage 6\ i6)
press. P volume 6§V P&V vol. rate @ press. mom’n. éI° Qér

temp. T entropy 65 . T6S  entropy rate §  (none) —

3.5 Lagrange’s principle

| Cpnstraints give.rise to efforts that; alter the motioh of a system. In effect, constraint
efforts force the configuration of a system into compliance with the constraints. Ldgrange
used this concept to formulate what is now called Lagrange's principle, as fo]]dws.

D’Alembert’s principle in mechanics states that the totality of constraint forces in
a system of particles does not contribute ‘to the motion of the system‘ [34]. Thus the
constraint efforts comprisé a set of forces in ecjuilibrium.

Johann Berhoulli’s virtual work principle ‘states that static equilibrium:may be char-
‘acterized through requiring that the work done by forces in equilibrium, during a small.

displacement from equilibrium, should vanish [41]. Lagrange inferred from d’Alembert’s

‘ 7 An interpretation of virtual momentum is given in Appendix C.
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principle and Bernoulli’s principle of virtual work that mechanical constraint forces in
their totality, being a system of forces in equilibfium, do no virtual work. This principle
is called Lagrange’s pfinciple.

Being a condition on work, Lagrange’é principle is readily applied to a multidiscipli‘ne ;

system. The new principle may be statéd:

PRINCIPLE 1 (Lagrange’s principle) At each instant in the motion of a multidiscipline

system, the virtual work of the constraint efforts in their totality vanishes.

Let all efforts acting on the elements of a multidiscipline system be represénted in
- component form by the effort vector e = (ey, ..., en) and the vector of virtual displace-
ments be given by éu = (6uy,...,0up). Then the virtual work of the system is given by

§W = (e, 6u). By Principle 1, all efforts e? satisfying
W@ = (e®,6u) = 0 ~ (3.58) -

" are called constraint efforts. All other efforts are called given efforts e9. The effort
vector e can therefore be expressed as the sum of the given efforts and constraint efforts,

that is,
all efforts e := e® + 9. (3.59)

- EXaMPLE 3.15 Consider the efforts acting on a mass sliding down an inclined surface as
shown in Figure 3.14. Mass m rhoves with velocity & down an incline at angle 0 subject
to the given force F(t), the force due to gravity mg, a normal constraint force N and a

friction force uN.
‘A virtual displacement 62 must comply with the constraint, thus da is collinear with

2. The normal force and a virtual displacement are therefore orthogonal and
(N,éz) =0. (3.60)

Thus the virtual work of the constraint force N vanishes. ¢
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Figure 3.14. A mechanical illustration of Lagrange’s principle.

This example has other notable features. From Newton’s second law, the equation
of motion is given by |

mi = F +mgsind — uN. (3.61)

The constraint force N does not itself contribute to the motion of the mass, that is, there
is no combonerit of motion collinear with N. The friction force uN does appear, how-
-ever, illustrating an important distinction between constréint efforts and given efforts.
- Constraint efforts satisfy (3.58) but efforts‘ that are functions of constraints, such as the
force due to dry. friction, are cldssiﬁed among the given efforts. |
Lagrange’s principle states that the virtual work of the constraint efforts ‘in their |
totality vanishes. This implies that the virtual work of individual constraint efforts need

not vanish. Such a condition is illustrated by the foll‘owing example.

Figure 3.15. An elcctrica] illustration of Lagrange's principle.

EXAMPLE 3.16 The electrical transformer shown in Fig. 3.15 is represented in idealized

~form as a power-conserving, two-port device. The power variables associated with the
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two ports are the two voltage-current pairs (e1,%1) and (e2,i2). The conservation of
power requires that |

eyt + ezipg = 0. | ‘ (3.62)

The transformer imposes two constraints on the system to which it is connécted. The

first is a kinematic constraint given by
Bi1+1i2 =0, (3.63)

where 8 is the turn ratio Nj/N,. This is a holonomic flow constraint that can be
integrated to obtain

Bar+q2=0, ~ (3.64)

assuming zero initial conditions for q. The second constraint is a dynamic constraint of

the form

ey — Bez = 0. | (3.65)
Consider the virtual work of the voltages (el, ez), given By
W =e16q1 +e26qz. (3.66)
Solving (3.65) fo‘r‘ e; and substituting into ‘the virtual work equation yields
oW = #2(5 5q1 + 6q2). ‘ ‘ (3.67)
‘By definition, the virtual displacements satisfy the kinematic cdnstraint, that is,
8501 + 60 = 0. R

Thus the parenthetical term in (3.67) is zero and the virtual work 6W vanishes. It follows

that ‘
W =e 6q) + ex6qq = 0, ‘ | (3.69)

and the voltages (e1, e2) are constraint efforts e? since, in their totality, they do no virtual

work. o
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Figure 3.16. A fluid illustration of Lagrange’s principle.

EXAMPLE 3.17 A quantity of incom‘pressible‘ﬂuid flows at rate Q in a pipe, subject to
the pressure of the pipe walls P,, inlet pressure P;, outlet pressure P; and atmospheric
pressure P, as indicated in Figure 3.16. ‘Flow is aséumed to be irrotational and nonradial.

The wall pressure P, constrains thé motion of the fluid. The inlet and outlet pressures
affect the dynamic characteristics of the fiuid. And the atmospheric pressure acts equally
at all points. In the event that atmospheric pressure must be accounted for in a pfoblem,
-only that component of P, acting in the line of motion need be coﬁsidered. All other
components of P, are normal to the line of motion. ‘Lett‘;ing Py represent the totality
of the normal comporients of P, plus wall pressure Py, and letting 6V represent an

admissible variation of volumetric displacement, the virtual work of Py is given by
W = (Py,6V) =0, | (3.70)

since Py and 6V are everywhere orthogonal. Hence the wall pressure and normal com-

ponents of atmospheric pressure are constraint efforts. o

The basic classification of efforts in analytical dynamics as either constraint efforts
or given efforts has the result that constraint efforts can be neglected in the analysis of
a system since the virtual work of the constraint efforts vanishes. While it may seem

inappropriate to disregard‘constraint efforts, which are clearly important to the dynamic
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behavior of a system, the reader may find the idea more agreeable after considering an
analogous situétion in the mechanics of Newton.

A distinguishing characteristic of Newtonian mechanics is the basic classification of
forces as either internal forces dr external forces. Newton’s third law of motion is the

postulate that allows the class of internal forces to be neglected in the analysis of dynamic

systems.

A similar classification exists in analytical dynamics. A distinguishing characteristic
of ‘analy‘tical dynamics is the basic classification of efforts as either constraint efforts or
given efforts. The generalized form of Lagrange’s principle is the postulate that allows

the class of constraint efforts to be neglected in the aﬁalysis of multidiscipline systems.
3.6 Classification of efforts

For convenience, the basic classification of efforts as constraint efforts and given efforts

is restated. All efforts e® satisfying‘
SW® = (¢, 6u) =0, (3.71)

are called constraint efforts. All other efforts are called given efforts e?. Thus the effort

vector e can be expressed ‘as the sum given by
all efforts e := ¢? + ¢7. : | (3.72)

Given efforts are subclassified as either potential eflorts e? or nonpotential efforts e™
such that e? = e” 4 ¢™. Potential efforts satisfy the definition of potential energy V, that
is,
e =-22, o am)
All given efforts that are not potential efforts are called nonpotential efforts. Thus the

effort vector e can be expressed as the sum given by

e:=e® +eP +em (3.74)
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Nonpotential efforts are subclassified as source efforts e®, dissipation efforts e? and
implicit efforts €7 such that e® = e* + e? + 7. Source efforts arise from source elements
and are assumed to be known functions of time. Dissipation efforts Satisfy the definition

of the dissipétion function D, that is,

et = ———. - | (3.75)

All honpotent,ial efforts that are neither source éfforts nor dissipation efforts ére called
implicit efforts e”. Thus the effort vector‘e can be eﬁcpressed as the sum giveh by

e:= e¢ + & e el e, | (3.76)

The appearance of implicit efforts in the equations of motion implies the presence of

~ dynamic constraints.

Comment

The classification of efforts presented above, in conjunction with the concept of virtual
‘work, permits‘a final characterization by which dynamic constraints are distinguished

' from kinematic constraints, as follows.

The efforts associated with kinematic constraints are constraint efforts e® that in

their totality do no virtual wofk, that is,
W) = (e, 6u) = 0. (3.77)

The efforts associated with dynamic constraints are implicit efforts €7 that do nonzero

virtual work, that is, ‘ ‘
W = (e?,6u) #0. (3.78)

3.7 The geometry of constraints

In this section is presented a geometric interpretation of the constraint concepts intro-

duced in this chapter.
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3.7.1 Geometric interpretation of holonomic constraints

An m—vector of kinematic constraints is given by ®(u,t) = d, where u = (uy, ..., un).
This function describes a surface in N—dimensional conﬁguration‘ space. From calculus,
all vectors T tangent to this surface satisfy &, 7 = 0, where ®, is the Jacobian matrix
8%®/08u, given by (3.15). | |
‘By definition, virtual displacements satisfy (3.48), which for a holonomic system is
given by ‘ |
By(u,t)u=0. = | (3.79)

Thus éu, € 7, and the virtual displacement‘ vector éu can be interpreted geometrically
as a variation of éonﬁguration that is instantaneously tangent to the constraint surface
& (u,t) for all u(t). | |
By Lagrange’s principle, constraint efforts satisfy (e®,6u) = 0. Thus e? and du are
orthogonal, and since éu is tangerit to the constraint surface, e® must be normal to the
constraint surface. Hence thé constraint effort vector e? can be interpreted geometrically
as an effort that is instanténeously normal to the constraint surface ®(u, t) for al‘l u(t).
| Lastly, the k" column of ®7 is identical to the gradient of the k" constraint, that
is, ‘ |
Ve = %f_.%%? | (3.80)
These gradients V¢ are normal to the cbnstraint surface, and if the gradients are in-
dependent; they form a basis for the normal space. Since constraint efforts lie in the

normal space, they can be expressed as a linear combination of these basis vectors. This

linear combination can be written as .
= — (MG + -+ An V), (3.81)

or in vector form,

e#=—al), O (3.82)
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where /\ = (A1, .., Am) is a vector of undetermined coefficients, or Lagrange multipliers.®
The geometric interpretation of virtual displacements and constraint efforts is illus-
trated in Fig. 3.17. A two-dimensional conﬁguration space is shown subject tb a single
constraint ¢(up,us,t) = 0. The configuration of the system at time f is represented by
the point u(£). The line tangent to ¢ at u(f) defines the line of action of su. This is the
line of admissible variations. The line normal to ¢ at u(f) defines the line of action of |
e?, where e? is a scalar multiple of the gradient V. The undetermined scalar rhultiplier‘

is called a Lagrange multiplier A.

«— line of Vugb attime {

" \w— constraint surface ¢(u,t)

w(t)

Figure 3.17. The geometry of constraints in a 2-dimensional configuration space.

EXAMPLE 3.18 Consider again a mass sliding down an inclined surface. A free-body

diagram is given in Fig. 3.18. The geometry of this example illustrates the geometric

interpretation outlined in this section.

First, the virtual displacement 6z is tangential to the literal constraint surface defined
by the inclined plane. Second, the constraint force /V is normal to the constraint surface
and satisfies Lagrange’s principle, that is, (N, éz) = 0. Third, the constraint force at 2

is collinear with the gradient of the constraint surface at z. And last, the forces normal

‘to the constraint surface form a set of forces in equilibrium, that is, N —mgcos¢ = 0.

Components of effort that lie in the plane normal to the constraint surface do th

8Multipliers are presented in more detail in Chapter 5.
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line tangent to ) ~a
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’

Figure 3.18. Free-body diagram of a mass on a plane,

contribute to the motion of the system. Conversely, only those components of effort
that lie in the plane tangential to the constraint surfaée do cont‘ribu‘te to the motion of
the system. For example, the component of the force due to gravity (mgcos0) that is
normal to the constraint surface does not contribute to the motion of the mass, and the
component of the force due to gravity (mgsin @) that is tangent to the constraint surface

does contribute to the motion of the mass. ¢
3.7.2 Geometric interpretation of ndnhqlonomic constraints

It has been shown that holonomic constraints define at an instant a constraint surface
®(u,t) = 0, and that the virtual displacement vector du satisfies ®y(u,t)éu =0 and
therefore lies in a space that is tangent to the constraint surface.

Nonholonomic constraints impose additional requirements ‘on the virtual displace-
ment ve‘ctor‘\vithi‘n the tangent spacé. These additional resfrictions on du are given
by A(u,t)éu = 0. The geometric ihterpretation of this relationship is that each non-
holonomic constraint reduces by one the number of possible directions available to a
System at an instant. Thus while holonomic constraints make certain portions of the.
configuration space inaccessi‘ble to the systém for all possible trajectories, nonholoriomic
constraints limit the possible directions of trajectory from any given point. Holonomic
cdnstraint‘s‘deﬁne the tangent space in which the virtual displacements lie, and nonholo-

‘nomic constraints reduce the dimension of that tangent space.
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3.7.3 Geometric interpretation of dynamic constraints

In adding implicit efforts to the solution space of a problem, the number of unknowns
is increased by the number of implicit efforts. The additional equations required to

determine a solution are the dynamic constraint equations. The geometric interpretation

of this procedure is that édding implicit efforts to a model increases the dimensi‘on of the

~ solution space, and that the dynamic constraints reduce the dimension of the solution

space to the same degree by defining constraint surfaces in the enlarged solution space

on which thé solution must lie.

3.8 Summary
Kinematic constraints
1. Kinematic constraints are associated with constraint efforts e? that do no virtual

work, that is,
W) = (%, 6u) = 0. o (383

2. Kinematic constraints arise from system geometry and from constituitive laws in-

volving displacement and flow that are not subsumed under the energy functions.

3. Kinematic constraints may be subclassified as either holonomic or nonholonomic.

Nonholonomic constraints may be further subclassified as either equality or in-

equality constraints.

" 4. Holonomic constraints reduce the dimension of the configuration space. Nonholo-

nomic constraints reduce the size of the space tangent to the configuration space.

Dynamic constraints

1. Dynamic constraints are associated with the implicit efforts e? that do nonzero

virtual woi'k, that is,
W = (e7, 6u) # 0. | (3.84)
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2. Dynamic constraints arise from constituitive laws involving momentum and effort

that are not subsumed under the energy functions.

3. Each implicit effort adds a dimension to the solution space, and each dynamic
constraint reduces the dimension of the solution space to the same degree.
Differentiability

The requirement that kinematic constraints be expressible in Pfaffian form is tantamount

to requiring that constraints be continuously differentiable on the time interval of interest,

that is, ¢,% € C} [to, ty]:



Chapter 4

SOURCES, TRANSFORMERS AND TRANSDUCERS

Having established the fundamentals of analytical system dynamics in previous chapters, -

the contributions of transformers; transducers and sources to the dynamic behavior of a

system are readily classified.
4.1 Sources

Power or energy sources can be thought of as system elements that impose certain bound- |
ary conditions on a system [30]. In most cases, sources are assumed to be known functions
of time, although in some problems these boundary conditions are not‘known a priori.
The optimal control problem is typinal of this class of problems, where control inputs to
‘a system can be thdught of as sources of effort and flow that are to be determined.. For |
the purpnses of this research, however, sources are assumed to Be known.

In accordance with the power principle, sources are generally of two types, effort
sources and flow sources. -As shown in Chapter 3, effort sources e$ are classified among
the nonpotentia] efforts of a system. Hence, when formulating the equations of motion,

. the known effort—snurce functions are included among the nonpotential effort terms.
Common examples of such functions are the sinusoidal voltage at a wall outlet, the force
due to gravity, or the pressure output of a conétant presSure pump. |

The following example illustrates the manner in which effort sources abpear in the

equations of motion. The method by which these equations are obtained is the subject

- of Chapter 5.

ExAMPLE 4.1 For the electrical circuit shown in Fig. 4.1 displacement variables q; and

gs can be selected as independent variables. It can be shown that the equations of motion
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for this circuit are given by

Ll(fil—fja)-*-g-l' = €'(t)

C ‘ ‘ ‘
R @)

—Li(¢1 — ('1'3) + Lags + c
2

This is a set of two differential equations with unknowns (g1,g3). The voltage source

e*(t) is a nonpotential effort acting in the direction of the ¢ displacement. o

c Co
il Il
(1] "
+ q @
et |0 gL
: q2 q4 ‘

Figure 4.1. An effort source as a nonpotehtial‘eﬂort;‘.

Flow sources, on the other hand, impose c‘ondit‘ions on flow variables. By definition
such conditions impose kinematic constraints on a system. If the source function is
integrable, it can be written as a constraint on displac‘ement and is therefore holonomic.
[f the source funcﬁon is not integrable, it is written as a nonholonomic constraint. In
either case, the ﬂbw or displacement source is included among the‘kinerhat;ic constraints
of the system model. Common examples of flow sources include an electrical current
source, a constant flow pump, and a mechanical shaker with a prescribed velocity profile.

The following example iilustrates the manner in which flow sources appear in the

equations of motion

ExXAMPLE 4.2 A simple fluid system is shown in Fig. 4.2 consisting of a flow source
Q*(t), a storage tank with capacitance Cy and an outlet pipe with resistance R;. The

equationé of motion for this system are given by
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Rpia+A = 0 (4.2)
u +ip —~Q%(t) = 0,
where (u1, ug) represents the configuration of the system and ) is a Lagrange multiplier.

This is a set of three equations (two differential and one algebraic) with unknowns

(u1,u2, A). The flow source is incorporated in the algebraic flow constraint equation. o

~

20 ;,

1y

‘ Figure 4.2, A flow source as a constraint..

4.2 Introduction to transformers and transducers

Tran‘sformérs and transducers are system elements that couple two dynamic subsystems.

Transformers couple subsystems of the same energy domain. Transducers couple sub-

systems of different energy domains.‘ An ‘over‘view of the types of transformation and

transduction among the energy domains is shown in Fig. 4.3.

The efficiency of power coﬁpling is often important. For example, motors and trans- |

- missions .are designed to transmit power efﬁciently. In such devices, sometimes called
pou)er transformers and trarisducers, power coupling is assumed to be perfectly efﬁcient;

Sensors, on the other hand, are designed toextréct as little power as possible from

the system they measure. These devices are often called signal transducers. In either

‘case, energy storage or dissipation in a real device is modeled externally to the ideal

 transforming or transducing properties [21].
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lever

bimetallic ) ‘
thermal ~———— translational
losses ‘

thermoelectric,
losses

piston

clectrical : electro- motor, ‘ y gear
transformer C magnetic generator rotational pair

g
g
boiler,
fluid i thermal
U : osses
fluid
transformer

Figure 4.3. Energy transformation. and transduction. Energy domains are shown at the vertices
of the figure, For clarity, thermal energy is shown twice. Transformers are represented by semi-
circles and transducers are represented by straight lines. (Adapted from [30] and {37].)
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The couplin‘g characteristic of these devices requires that their constituitive laws
relaté the system variables (ej, f1,71,q1) at one port of the device to the system variables
(e2, fa,p2,q2) at the other port bf the deVice. " These constituitive laws are classified
according to the manner in which the variables at the two pofts are related.

The first type of consfituitive law is comprised of a pair of functions. The first
function represents a kinematic constraints given by ¢(q1,g2) = 0 or ¥(fi1, f2) =0. The
‘second function represents a dynamic constraint given by v(e1,e2) = 0. The second‘type‘
of constituitive law is comprised of a function or a pair of functions that represents a
dynamic constrai‘nt having the form v(q1; €2) =0or v(f1,e2) =0.

In all cases, these constituitive relationships are algebraic, niot differential, In this
sense, pufe transformers and transducers are static devices. =Furthermore, for those

- devices fbr which perfect efficiency is assumed, the net instantaneous power at the two

ports sums to zero, that is
P+ P = e1f1 + eafo =0. (4.3)

- Presented in the following sections are descriptions of common transformers and trans-

ducers. Constituitive laws are presented, and the constraints associated with the devices

are described.

4.3 Transformers

- The lever, shown in Fig. 4.4, fs represented in idealized form as a power transformer. The
poiver variables associated with the two ports of this device are the two force-velocity
pairs (F1,2;) and (F3,22). The lever is rigid and massless, and the pivot is frictionless.

For small displacements, this device imposes the relationship a2/lp = —2/l; on the
subsystems to which it is connected. This relatiohship is a constituitive law of the first’

type, #(q1,g2) = 0, and imposes on a system the following kinematic constraint:

d(z) == ;—Tml +29=0. | ‘ (4.4)




90
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Figure 4.4. A lever represented as a transformer for small displacements z.

- The ratio lo/!; is called the transformation ratio or modulus 8 of the transformer. Thus,

the constraint is given by

¢(z) = Pz1 + 22 =0.. ‘ - (4.5)
The conservation of power requires that |
Rz, + Foge = 0. (4.6)

Assuming a constant modulus 8, the time derivative of the kinematic constraint equation

(4.4) yields &2 = —f%1, which is substituted into the power ‘equation to obtain -
Fy - BF, = 0. | (4.7)
This equatioﬁ has the form vy(ey, ég) = 0. The time derivative of the kinematic constraint,
Bi1 + @2 = 0, has the form ¥(f1, f2) = 0. Together, this pair of equations is sometimes
called the ideal transformer law, which is given in generalized form by |
W(f) = Bfi+fa=0
v(e) = e1—Pea=0. (4.8)
In the context of analytical dynamics, (e) can be neglected as follows. The virtual
work of the forces Fy and F, over small displacements is given by

‘5W = F1é6x1 + Fadxs. ‘ ‘ (4.9)

Substituting for Fy from (4.7) yields

104 BFhéz, + Fadxe

Fy (B6x) + 6x2) . ‘ (4.10)
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By deﬁnition, virtual displacements satisfy the constraint, that is, 8éx1 + dz2 = 0. Thus

the parenthetical term in (4.10) vanishes and tlie virtual work 6W is zero. Consequently,
§W = Fy 6z + Fy 622 = 0. \ (4.11)

By‘deﬁnition,‘ efforts satisfying the relationship W = 0 are constraint efforts e that
can be neglected in the analysis of the system. Thus the constituitive law v(e) is also
neglected. Only the kinematic constraint equation ¢(q) or ¥(f) is required in the system
model. o

The constitui‘ti\‘/e law v(e) 1‘epresents a special class of dynarnic constraint. Dynamic
constraints in general involve efforts that do virtual work. The constraint 7y(e) involves
efforts that do no virtual work. Hence the dynamic constraint equation y(e) = 0 for
transformers is a special case of Lagrange’s principle.

In this example, the virtual work of the individual constraint efforts does not vanish,
that is, F16z) # 0 and Fyéxy # 0, since these forces are collinear with their respective
virtual displacements. Nevertheless, the‘virtusl work of the totality of the constraint
efforts does vanish, as required by Lagrange’s principle.

A gear pair, an electrical transformer and a fluid differentiel transformer are power
transformers also. Ideal models are described by the linear transformer law given in
(4.8). Analysis similar to that used in the case of the lever shows that in the case of
each transformer, the constituitive function w(f) represents a kinematic constraint, and
the dynamic constraint v(e) may be negiected because the efforts in vy(e) are constraint
‘efforis e® that do no virtual work. The moduli and constituitive relations. for these

transformers are summarized in Fig. 4.5.
4.4 ‘Transducers

Some power transducers have constituitive laws similar to those of the transformers

described above. In these cases, one of the pair of constituitive relations imposes a
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D() 1= By +E2 =0
AF) = Fy - BF, =0

lever ratio f_z =4
1

(a) lever

(i) = Bir +ip =0
yw) i=vy - Bvy =0

. Ny
turn ratio — =
Ny A

(¢) electrical transformer

W(8) := B0y + 02 =0
1) =7 —Bra=0

gear ra.t;fo n =0
T2 '
(b) gear pair

\ ::/“Pz

=
)

J

lily]

:
IlI

~
AL
: Py

Y(Q):=Q1+Q2=0
YP):= (P~ P) - (P - P,)=0
area ratio -42 =0
Ay

‘ (d) fluid differential transformer

‘Figure 4.5. Ideal power transformers: (a) translational; (b) rotational; (c) electrical;
(d) fluid. For each transformer the modulus 8 and the pair of equations ¥(f) = 0
and y(e) = 0 which comprise the ideal transformer law are given.




93

kinematic éonstraint #(q) or ¥(f) on a system and the other relétionship is a dynarhic :
constraint -y(e) involving workless constraint efforts only. A power transducer of this
typé is called a transforming transducer. A rack and pinfon, a pump, and a piston are
transducers of this type. '

A Second type of bower transducers impose dynamic constraints (e, f) ‘that‘are not
workless. -A power ﬁransducer of this type is called a gyrating transducer or a gyraior. ‘
The implicit efforts e? in thése constituitive relations are among the unknown variables
for which a séluti‘on is Sought. Motors and genefators are power transducers of this type,
as are many signal transducers such'as bimetallic sensors and thermocouples. Examples

of these types of transducers are presented in this section.

4.4.1 Transforming transducers

A rack and binion, shown in Fig. 4.6, is representative of the type of transducer having

a constituitive law similar to that of tra‘nsformer.‘ The power variables associated with

the two ports of this device are the two effort—flow pairs (F, i) and (7,6). The device is
rigid, massless and frictionless. ‘

‘The‘rack and. pinion imposes the relationship 2 = —rf on the subsystems to which

it is connected. . The modulus [3 of this ‘t‘ransduce‘r is the pinion radius 7, yielding the

kinematic constraint eqqation:
¢(z,0) :=p0+2=0. | S (4.12)
The conservatiop of power requires that
0+ Fi=0. . (4.13)

- For a constant modulus 3, the time derivative of the constraint equation yields 2 = -0,

which is substituted into the power equation to obtain

T—BF=0. S @
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~ This equation has the form y(e) = 0, and with the time derivative of the constraint,
W(f) = B0+ & = 0, forms a constituitive law similar to the ideal transformer law. The

efforts in y(e) are constraint efforts e® which do no virtual work in their totality, that s,
6W =160+ Féz=0. (4.15)

Thus only the kinematic constraint equation is required to model the energy transduction
of transducers of this type. Energy storage or dissipation in a real device is modeled
separately. The moduli and constituitive relations for common ideal power transducers

of the transformer type are summarized in Fig. 4.0.

4.4.2 = Gyrators

A DC motor, shown in Fig. 4.7, is an example of the type of energy transducer that
imposes dynamic constraints on a system that are not workless. In su‘ch a case, the
efforts associated the device are.implicit efforts e”. The power variables associated with
the two ports of this device are the two effort—flow pairs (7,w) and (i), i). . The constituitive

relations of the DC motor are given by

T = —I{ti

v = Kyw. ‘ - (4.16)

These equations have the form (e, f;), that‘is, they relate effort at one port to flow at
the other port. The induced torque 7 and the back-emf v are implicit efforts that can
be designated €] and e] respectively. The modulus § of this transducer is the motor

constant Ky = K;.! The dynamic constraints are given in general form by

(e f) = el +Bf=0

(e, f) = e-B/1=0. (4.17)

"This equality holds for SI units but not for EES (English Engineering Systém) units.
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o
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Y(f) 1= A6 +5 =0 Y(f) :=Pv+Q =0
v(e):=7~08F =0 ‘ v(e)=F-p8(P-P,)=0
pinion radius r:= g3 ' ‘ ‘ piston area A ;= (
(a) rack and pinion ‘ (b) rmfx—cylindcr
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w
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reservoir
Y(f)=Pu+Q=0

y(e)=7—-6P =0
pump displacement D := 3

(c) positive displacement pump
Figure 4.6, Ideal power transducers of the transforming type. For each transducer

the modulus # and the pair of equations ¥(f) = 0 and ~(€) = 0 which comprise the
ideal transforming transduction law are given.
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VoW

T Ee—

1(e", f)=pi+7=0 71(e7,f) =P+ Iy =0

Y2(e", f) :=e - fw =0 vo(e?, f) = Fy — By =0
motor constant K, =8 gyrator modulus 3

(a) DC motor : (b) mechanical gyrator

1" f):=PBi+e=0
(", f)i=F-Bi=0
current constant K, := 8

(c) voice coil

Figure 4.7. Ideal gyrators. For each gyrating transducer the modulus 8 and the pair
of dynamic constraints v;(e?, f) = 0 which comprise the ideal gyrating transduction
law are given. ‘

A gyroscope is another common device that obeys a gyrating transduction law. Over
a restricted range of speeds‘ and forces a gyroscope is approximately a gyrator and gives
the gyrator its name [21]. A gyrating transduction law also describes the simplesi; model
of a voice-coil. The‘moduli and constituitive relations‘ for these common ideal gyrators

~ are summarized in Fig. 4.7.
4.4.3 Signal transducers

Signal transducers are the final category of transducers presented herein. For signal
transducei‘s, power transfer from one energy domain to another is assumed to be ineffi-

. cient, that is, the transducer draws very little energy from the subsystems to which it



97

is connected. Unless the dynamic behavior of the transducer ltself is of interest, s1gna]

transducers are t;yplcally represented by a single constituitive relationship.

For example, the behavior of a piezoelectric transducer is usually described by a
kinematic relationship between displacement 2 and charge g, as shown in Fig. 4.8, that

is,

o(q) := q- Kua=0 | | (4.18)

This kinematic relationship is sufficient to describe the transduction property of the
ﬁransducer. However, if charge is related to voltage e by g = Ce, where C is capacitance,
then the constituitive relation might be given by Ce — K,z = 0 which is in the form
of a dynamic constraint 'y(é, g) = 0. Either of these two relationships is sufficient to
describe the constraint the element imposes oh a system, but the kinematic constraint
describes strictly the transduction property while the dynamic constramt descnbes an

energy storage property

Figure 4.8. A piezoelecf;ric transducer.

In contrast to the constituitive law ¢(q) = 0 of the piezoelectric transdticer, temper-

‘ature sensors are signal transducers characterized by relationships among efforts. [For

- example, both a thermocouple and a resistance temperature detector (RTD) generate

a potential in response to temperature. Both temperature and voltage are eflorts. The

relationship between these efforts is a dynamic constraint of the form v(e1, e2) = 0.
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4.5 Transactors ‘

A final category of two-port device is the transactor. Such devices include current-

controlled voltage sources, current—controlled current sources, and so on. These devices |
are characterized by constituitive laws similar to thosé of transformers Y:Hi—Bfa=0
or transducers v ‘:‘ e1~fBf2 = 0. However, unlike ideal transformers and transducers, the
ideal transactor is not poWer—conserving. Therefore the transactor effort does virtual

work and must be included among the nonpotential effoirts of the system. A detailed

development of transactors is given in [38].



‘Chapter 5
THE LAGRANGIAN DAE OF MOTION

In this chapter the fundamental concepts of analytical system dynamics are used to.ob- -
tain a multidiscipline form of Lagrange’s equation from the first law of thermodynamics.

* Undetermined multipliers are introduced and a Lagrangian DAE is formulated.

5; 1 A variational form of the first law

The first law of thermodynamics is an apprbpriate starting point from which to derive
a multidiscipline form of Lagrange’s equation, since both the first law and Lagrange’s
equation are based on considerations of work and energy. |

The first law for a closed system is given in differential form by

dE = dW +dQ. | (5.1)

This law describes an inﬁnitesimé.l change‘i‘n a system that takes place over an infinites-
imal interval of time. Energy E is a state function ;vhile work W :and heat ¢ are both
path functions. (See Chabter 2)

To consider the energy of a system at an instant in time, the first law may bé written

| using the variational operator é rather than the differential operator d to obtain
6E = 6W +6Q. S | (5.2)

Applied to the sfate function E, the § operator signiﬁes a variation, or a contemporaneous
perturbation, in the stofed energy of the system. In the case of the path—dépendent |
functions however, 6W represents virtual work and 6@ represents virtual heat. This
distinction between two types of quantities, where §E is a variation and §W and 6Q
are not variations, is parallel to the distinction made in (5.1) in which dE is an exact

differential and dW and 4@ are inexact differentials.
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~ Let the class of 'systems under consideration be restricted to those having thermal
elements that can be modeled with temperature T as an effort acting through an entropy
displacement §S. Then virtual heat, given by 6Q = T'8S, is a form of virtual work

§W := ebq and 6Q € §W. With these considerations, the first law is given by
6F = §W. (6.3)
5.2 Derivation of Lagrange’s équation

Stored energy is defined herein as the sum of the energies of kinetic and potential stores,
that is, £ := T + V, where both T and V are state functions. The variation of stored
energy is given by

6E = 6T + 6V. Co (5.4)

The total virtual work in a system is given in component form by
‘ N |
6Wt‘otal = Zei 6Ui. ‘ (55)
‘ i=1

Efforts are classified as constraint efforts e, potential efforts e?, and nonpotential efforts
em. Tt follows that
N . ) .
Wiotal = Y_(€f +ef +e}') Sus. | - (56)

i=1 :
The work of potential efforts e? is invested in the potential energy stored in the system,
that is, 3 eP du = —4V. There‘fore. the virtual work in the first law is:the work only of

nonpotential efforts e™ and constraint efforts e® acting on the system through a virtual

displacement, that is,
‘ 6W(7l¢) = Z (e:‘ + 6?) bu;. ‘ (57)
: i=1 i

Thus, the first law in differential-variational form is given by

6T+6V=i(e?+cf’) Sui. (5.8)

i=]
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Applying the § operator to the energy functions T'(g) and V'(u) yields

N N N ‘
orT v P
;5569,' +§6_u,»6ui = E(e?-{-e,-) Su;. (5.9)
= ‘ = i=1 ‘
. In Lagrange’s equation, the variable pair (u, ) is selected to represent the motion of
the syétem. This choice requires that the term involving &g in the first law be replacéd
with an equivalent expression in terms of §u. To this end, the work of kinetic stores is

considered in its two equivalent forms, namely, .
| N N
D fibei =) eibus. (5.10)
. ‘ i=1 i=1 '
Substituting f; = 0T /dg; and e; = §; yields

N aT '
Z Zg, ;. -~ (5.11)

Kinetic momenta satlsfy g, = 8T‘/6u, Substltutmg this expression in (5 11) ylelds

‘ d BT" ‘
Z ag, Z di D (5.12)
Substituting this term into the first law (5.9) and collectmg terms yields |
daor* ov _ . : .
Z (dt 7t o e,-) Su; —;ei bui. | (5.13)

By Lagrange’s prinmple, the virtual work of the constraint efforts vanishes. Thus the

right-hand side of (5.13) is zero, yielding

N ' .
dor oV N\, ]
;(Ef E +-a—u—i- —ei)éu;—-O. ‘ : | (0.14)‘

If the virtual displacements &u; are independent, then the parenth‘etical term in ‘(5.14)

must vanish, yielding what Payhter [30] calls the classical form of Lagrange's equation,

given by ‘
: dort oV -, , ‘
——t— = i=1,...,N. : 5.15
&t Ba; T ou O ' ! (5.15)
It is assumed that the nonpotential efforts are known functions of time. This equation
is:given in vector form by

ILT* + Y,V =™ | (5.16)
d ‘
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Comment on virtual displacements

Tb paraphrase Rosenberg [34], one of the properties of virtual displacements is that they
are said to take place in “zero time.” The science of dynamics is concerned with motion
in time, that is, with the sequence of configurations of system elements relative to a
reference frame, as time prbgresses. How is it possible to deduce results, useful in this
science, frqm the intrbduction of virtual displécements dccurring in zero time?

The justification ‘for using virtual diéplacements in dynamics rests altogether in.La-
grange’s principle, which is applied to (5.13) to obtain (5.14). The work of the con-
straint efforts in possible displacements does not vanish,‘ that is, dW®) = T e du # 0.
It is the work of the constraint efforts in virtual displacements that vanishes, that is,
SW®) =Y ¢% 6u = 0. Lagrange’s equation is a direct consequence of the application of
this principle. | |

Since Lagrange’s equation in virtual work form (5.14) holds for each instant ¢ in which
a virtual displacement 6u; is considered, it holds for all time ¢ € [to, ts]. Thus Lagrange’s
equation (5.15), which is a useful result concemed with motion over an interval in time,

is deduced through the use of virtual displacements occurring in zero time.

5.2.1 Kinetic effort

The usual form of Lagrange’s equation, given by

%%—Z—% %:e;‘ i=1,...,N, (5.17)
| differs from (5.15) by the term 8T* /0u;. For reasons that are presented in this section
and in the following section, the term 87" /9u; is classified as a kinetic effort. There are
two means by which kinetic efforts arise in the equations of rhotion. First, kinetic efforts
have a physical basis in multidiscipline systems in which the energy of a kinetic‘store T
| is also a function of displacément uj, that is, T3 = T;' (1, u5), where 1 # j. Aﬁ example

of this type of kinetic effort is presented in this section.
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Second, the kinetic effort term 87*/dg; arises through a coordinate transformation |
from configuration coordinates ¢ to reduced-order coordinates g. This means by which

kinetic efforts arise in. the equations of motion is the subject of Section 5.2.2.

ExaMPLE 5.1 The kinetic coenergy T™ of a solenoid is a function of the velocity @ of
the iron core and the current § of the coil. Since the coil inductance L(m) depends on the’

displacement of the core, T* depends also on :v‘.‘ The coordinates are shown in Fig. 5.1.

iron core

Figure 5.1. A simple model of a solenoid.

It is assumed that the inductance of the solenoid is at 2 maximum when the iron core
is centered and drops off symmetrically as the core is removed from either end [9]. This
function is sketched in Fig. 5.2. A possible expressioﬁ for such a function is the Gaussian

distribution function given by

L) = 7o [—% € ;‘”0)2] , (5.18)

where A is an amplitude coefficient, ¢ is a standard deviation and 2. is the value of z

at the magnetic center.

The kinetic coenergy of the solenoid is given by

T*

/ mé d + / L{x)ddg
= Ime+ L@
= T%(2,4,2), ‘ (6.19)
which is a specia] case of the general form | |

T = T*(iu,0), | | (5.20)
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L(z) magnetic center

Ze
Figure 5.2. Inductance function for a solenoid.

The electromechanical coupling of the solenoid producés a force F that acts on the

mass such that the equation of motion for the mass, by Newton's second law, is given by

mié = F, (5.21)
where F is given by
| poo T _ oL
~ .9z  08Ldox ‘ |
A (z—xg) . (w—mc>2
= T exp [—3 p . (5.22)

Kinetic coenergy T* in this examplé is a function of the displacement coordinate z, and

the applied force F' is a function of T* that acts in the z—direction. ¢

This example illustrates two concepts. First, kinetic coenergy T* can be a function
of displacement u. Second, the dependence of T* on a particular coordinate u; implies
the presence of a nonpotential éffort givén by 8T"*/8u; that acts in the direction of u;.!
Efforts of .this type are called kinetic efforts et’, and are defined by

e, 0T

g, = . 2
e; = 5w (5.23)

Kinetic efforts are a subset of nonpotential efforts, that is, ¢!’ € e®. Thus the classical

form of Lagrange’s equation can be written

doTr* oV . , ‘ ‘
Et'au1+-a-lz=€?+6: 'L=1,...,N, | (524)

'In a similar manner, the dependence of the potential energy function V on a particular coordinate
u; implies the presence of a potential effort ef given by —dV/du; that acts in the direction of u;.
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where e" represénts all nonpotential efforts that are not of kinetic origin. Substituting
for et* and rearranging yields Lagrange’s equation in configuration-space form, given by

doTt _oT" OV _ .,

.El_%t—i—aui Bu; z=1,...,N, ‘ {5:25)

which is suitable for obtaining the equations of motion for systems described in terms of

independent configuration coordinates u. This equation is given in vector form by
AT — T + ViV =¢™ | (5.26)

To apply this equation, it is assumed that the nonpotential efforts are known functions

of time. The following example from [9] illustrates such a system.

EXAMPLE 5.2 A model of a door chimé, shown in Fig. 5.3, consists of a solenpid driven

- by a voltage source. A striker of mass m is connected to a return spring k.

4
7 .
striker || %
7o)
7.
chime
Figure 5.3. A model of a door chime.
The energy functions are given by
T = ima?+1L(2)¢?
Vo= ika? - (5.27)

where L(z) is given by (5.18). Nonpotential efforts e} that are not of kinetic origin act

in the electrical domain only, that is,

e = 0 (5.28)
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eg = e°(t)—Rq.

Lagrange’s equation is given by

dore_ort oV _
dt 0z or Oz
dor+ ort ov. .,
E‘:W - W + 53 = €&, ‘ | (5.29)
yielding the equations of motion ‘ |

mi — 34°Ly + kz = 0

Li+ Ly = e —Rq, (5.30)
where
0L = Az -—uw) WZETAUE :
Lei= gy =~ e |4 (5 J|oo ew

'5.2.2 Reduced—order coordinates

A second means by which the kinetic effort term appears in Lagrange’s equation is
through the transformation of the set of configuration cbordinateé u to a set of reduced-
order coordinates g. Due to ﬁhis changé in coordinates, the displacement coordinate q
and ‘possibly time -appear in‘the energy functions of the kinetic stores, ‘that ‘is, kinetic
coenergy is given by T;(q, g,t) and kinetic energy is given by T(p,q,t). As shown in this
section, is the use of these forms of kinetic energy and coenergy that give rise to the
kinetic effort term in Lagrangé’s equati‘on.2 |

If the set of configuration coordinates u = (ui, cooyuN) is transformed via a set.ofl N
~ transformation equatiohs to obt;ain a reduced-order set of coordinates qg=1(q1,..,qn)
then u; = ui(q, t) and 1; = 'ai(d,q,t). Cénsequently the kinetic coenergy function has

the general forrxi T* =T*(u) = T*(4,q,t), as illustrated by the following example.

2In mechanics, this is the usual means by which kinetic efforts appear in the equations of motion.
See, for instance, Meirovitch [25)] or Wells [47). ‘
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EXAMPLE 5.3 A two-link robot arm is shown in Fig. 5.4. The mass of the robot is
lumpéd in two locations m; and my and the links are considered rigid and massless. The
robot moves in the zy-plane, and given forces act on both masses as shown. Rotational

coordinates (1, 62) are measured from the horizontal.

Fyn
F,

v I (-'13213/2) sz

FI] 2 mo

(z1,91) ‘ 02
n/ ™
0,

x

Figure 5.4. A two-link robot arm.

The kinetic coehergy function is given by

T* = ymu(a} +9f) + yma(df +95). (5.32)

The rotational coordinates (0, 02) are a set of independent coordinates. Since these
coordinates are of minimum dimension for describing the motion of this system, they

are a set of generalized or Lagrange coordinates. Coordinate transformation equations .

between Cartesian coordinates (z,y) and generalized coordinates (01, 0;) are given by:

T

= cdsGl
Y1 = lisinf, - (5.33)
Xy = l1c0501+‘12c0302
p]

The time derivatives of the tr

B =

= I;sin8) +1lzsinfs.
ansformation equations yield

~l]01 sin 0[




108

THEE llél cos'dy ‘ (5.34)
2 = —liél sinf, - lzég Sin 02 |
v2 = 116 cos 61 + la6 cos‘02, ‘

and kinetic coenergy is given by

T = %mll'f’af + %Tnz [l%a% + l§0§ + 2l112é192 CQS(91 - 92)] : (5.35)
= T (0, 0))
which is a special case of the general form

T = T“(da a,t), . (5:36)
which was to be shown. o

In this example the kinetic coenergy in configuration-coordinate form (5.32) is a
function of flow only, that is, T* = T'(i,y), hence a kinetic effort BT*/B::: or 8T /By
would not appear in the equations of motion. In terms of reduced-order coordinates
however, kinetic coenergy (5.35) is a function of flow and displacement, that is, T* =
T*(0,0). In this case a kinetic effort 87*/80 does appear in the equations of motion.
This is‘ not to say that physical efforts in a system appear or disappear based on tﬁe
selection of a coordinate system. The actual motion of a physical system is not‘affected
‘by the ch‘oice of variables by which that motion is répresented. The represehtation of

| that motion, however, does depend on the coordinates selected.

The selection of a particular set of coordinates imposes the restriction on a model
that the motion of a system be resolved int‘o components which act in the direction
of the selected coordinates.  Thus in the fwo—link robot arm example,‘ selecting the

~ coordinate set g = (01,02) to represenf the motion of the system requires that all efforts
and momenta in the system be resolved into two components: a sum of efforts e that act
in the direction of 0:, and a sum of efforts ez that act in the direction of #2. Kinetic efforts

are an outcome of this resolution of the system motion into these two components. Since
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the coordinates in this case are angular displacements, the efforts must be expressions

of torqué.

EXAMPLE 5.4 The kinetic efforts of the two-link robot arm are given by

ar* .
601 = —-‘m,zlllzolez sin (01 - 02)
zT— = malilz610; sin (61— 62). (5.37)
00, ‘ : ‘
Dimensional analysis yields
: *
units of

= (kg)(m®)(sec™?) = Nm = torque, (5.38)

which is the effort appropriate to the coordinates selected to represent the motion of this

system. o

5.2.3 Kinetic energy

. The dependence of kinetic coenergy T* on displacement g implies the dependence of
kinetic energy T on displacement g, that is, T* = T*(4, q,t) implies T = T(p, q,t). This

dependence is illustrated by the following example.

EXAMPLE 5.5 For the two-link robot arm, components of momenta (g, g2, 03, ¢4) cor-
responding to the original configuration coordinates are shown in Fig. 5.5. The reduced-
order components of momentum corresponding to the Lagrange coordinates (01, 02) are

designated (p;,p2) and satisfy

or*
Di = — 5.39
bi 30,'" ( )
yielding‘ |
| * » .
o= = 12(my +m2)0) +malila cos(0y ~ 020z,
1 ‘
P2 =

Z:g - = m‘zl§0'2 + malilp COS(01 - 02)01. : (5.40) |
2 ' .
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4]
6y

Oz

Figure 5.5. Momentum coordinates for a two-link robot arm.

Using Cramer’s rule, these two equations can be solved for flows 61 and 62, resulting

in
. - Tnzl% m2l112 [o{0})] (01 - 02) .
: malylo cos (6 — 6 my + mp)l?
6y _mzhly (6, 2)p1+( 1 2)1p2 (5.41)
| A A ‘
where
A = mg(my +ma)i2i3sin? (0) — 0s). o (5.42)
Both flow expressions have the form-
0 = 6(p1,p2,01,00). (5.43)
Kinetic energy is given by .
T = [ipod Co (5.44)
= T(p,0), |
\thch is a special case of the general form

T = T(pat), | (5.49)

which was to be shown. o
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In summary, the transformatioh of configuration coordinates u to a sef of reduced-
order coordinates ¢ results in a kinetic coenergy function given by T* = T*(&) =
- T*(d,q,t). This representation of kinetic coenergy implies a transformation of momen-
tum coordinates g to a reduced-order set of coordinates p such that the kinetic energy
is is given by T' = T'(g) = T(p, a,t). Given these forms of kinetic energy and coenergy,

‘the derivation of the generalized—coordinate form of Lagrange’s equation can be given.
5.2.4 Lagrange’s equation in generalized—coordinate form

The total ehergy stored in a system is given by E(p,q,t) := T(p,q,1) + V(g,t). The
variational form of the first law 6E = W™ yields |

n ! .
}:  57; T o5 + Z 6q] + Z 5q, > el 6g;. (5.47)
, ‘ Jj=1

A term like OE/0t does not appear since time ¢ is not varied. Constraint efforts e? do
not appear on the right-hand side since they do no virtual work. |
As in (5.12), the work equivalence }" edg = Z f 6p for kinetic stores yields
dor . | | |
‘ 5.48
Z 6‘pJ Z dt 8g; (5.48)
This expression is to be substituted‘for the first term in (5.47). |
Kinetic energy and coenergy satisfy T(p,q,t) + T*(f,q,t) = > pf. Applying the
variational operator to both sides of this equation yields | ‘
. x. ‘n . n ‘ n’ . ‘
Z 5191 + Z 5!1; + Z 57 06+ Y64 =) fipi+ D piéfi (549
1 Op; Ji =1 Ba; =t j=1
Co]lecting terms yields

£ o5

J=1

aT  orT* o
8f;i + ~— ] 6g; = 0. 5.50
) i Z <an o ) qj ( )
By definition, first two parenthetic terms vanish, yielding

n[oT OT‘ | |
Z < an ) 8qj =0, (5.51)

=1 B4
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which is an energy equation of the form (e,6q) = 0, implying that the partial derivative
terms do indeed represent components of effort acting on a system. These efforts are

designated kinetic efforts e* and e'" such that

n

> (c‘ + e") 6g; = 0. - (5.52)
=1 T
It follows that
‘ BT 6T* ‘
Z 5qj = — Z | : (5.53)
1 0g; ‘ |

‘This expression is to be substituted for the second term in (5.47).

From the definition of nonpotential efforts e® = e° + ¢ + e, where dissipative efforts

satisfy
oD
d
= 5.54
7 04 554
The remaining nonpotential efforts are designated @ such that -
Qj=ej+e]. ‘ ‘ (5.55)

Ih mechanics, the Q; are\usual‘ly called generalized forces. Here the @; are generalized
efforts representing t‘he resolution of all source efforts and implicit efforts into components
which act in the direction of the reduced-order coordinates g. A definition of generalized
effort is obtained as follows.

The virtual work of the source efforts and implicit efforts in terms of cbnﬁguration

coordinates is given by

WM = E (ef +e]) bui. - (5.56)
The transformation equations relating u to ¢ have the form u; = ui(q,...,qn,t), where
i=1,...,N. Applying the variational operator to each tran‘sformation equation yields

the following relationship between virtual displacements du; and 6q;

b = ): Ou; by (5.57)
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Substituting for éu; in (5.56) yields

SWED = S (ef +¢]) Xn: Gui
~ ] (] - an J
i= J=1
n N g N
Ou; Ou
= e=—+> el— |6
]Z=:1 ,};1 B4; ,; “og; |
N N i’
e; e'].y
n
=5 (eji + e]) 5q;
=1 ‘ |
= > Qjbq;. (5.58)
J=1 ,
‘Thus the virtual work of the nonpotential efforts is given by
| | n n 8D\ . |
W =3 erbg; = (Q,- - T) 645, (5.59)
i=1 i=1 % o

which is to be substituted for the right—hand side of (5.47).
Making the aforementioned substitutions into (5.47) and collecting terms yields the
reduced-order, virtual-work form of Lagrange’s equation, given by

Ly
=1

aol” orr ov ol - 5q: = o0. 5.60
dt 63; 9q; Oq;  0g; Q’) 4 (5:60)

J

If the virtual displacements éq; are iﬁdependent, then the coefficients of 6g; in (5.60)
‘must vanish. In such a case the coordinates (ql, ..., Qn) are generalized coordinates, that’
is, a coofdinate set of minimum dimension. The vanishing of the coefficients of 8q yields
the gcneralizcd—coordinate form of Lagrange’s equation, given by

doT* 8Tt av . aD o ‘
—_— L= f=1,...,1n. - (5.61)
dt dg;  Oq;  Og; - Og; @ g ‘ ( ‘ )

“This form of Lagrange’s equation is suitable for obtaining the equations of motion for
* holonomic systerﬁs in terms of a set of generalized or Lagrange coordinates. If the

nonpotential effort @ contains ms unknown implicit efforts €7, then constraint equations

(€, d,q,t) =0 k=1,...,ms, o (5.62)
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are required to solve the‘ equations of motion. Lagrange’s differential equations plus these
algebraic constraint equations form a set of differential-algebraic equations (DAE). In
vector form the set of constraints is given by |
1(e",4,4,2)
I(e,4,q,t) := : , (5.63)
Yms (€7, 4, q,1)

and the DAE is given in vector form by

AT -GT' +YD+YY = Q

I = 0 (5.64)

EXAMPLE 5.6 The kinetic coenergy of the two-link robot arm system is given in generalized-

coordinate form by (5.35) which is repeated here
T = %mlz%éf‘+ %niz [z’f’éf + 12603 + 20115010, cos(f1 ~ 02)] : | (5.65)‘
The virtual work of the force soﬁrces acting on‘ the masses is given by
oW = Fy, bz + Fy, 61 + Fr, 622 + Fy, 6. (5.66)

This work expression is to be rewritten in terms of the generalized coordinates (61, 02)
using the coordinate transformation equations. Applying the variational operator to

these transformation‘equations‘ yields

6z1 = §(lycosth) = ~lysinf; 66,

6y = 6(lisinfy) =1 cosb, 60,

dza = 6(licosb +‘ l2 cos 02) o (5.67)
= é-llsin 0,60, —‘12 sin 0, 607

by = 6(l1sinf; + lasindy)

= lycosf 60; + 1o COs G, 605.
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Substituting these relationships into the virtual work equation (5.66) and collecting
terms yields the virtual work expression in terms of the generalized coordinates.. In the
resulting equation, gi‘ven by
W, = [(Fyl + Fy,) licos by — (Fpy + Fip) ly sin()l] 66,
+ [l2 (Fy, cos s — Fyp, sin 92)] 60s, (5.68)

the coefficient of 66, is the generalized effort Qg, and the coefficient of 50, is the gener-

alized effort Qp,. Lagrange’s equation for this example is given by
EVT - T =Qo (5.69)
yielding the unconstrained equations of motion:

lf(ml + mz)él + malylz cos(6h — 02)52 + mzlllzég sin(0y — 62) = Qe,

- malily cos(6, - 02)&1 + ‘m:zl%éz - mzlllzé% sin(6; — 6) = Qg,, (5.70)
where the Qo; are giveh by

Qo, = (Iy, + Fy,)licos0y — (Fy, + Fy,) lisindy

Qo, = lo(F,,cos6y — Fy,sinfl). o | o (51
5.2.5 Lagrange multipliers
The form of Lagfange’s equation obtained in the previous section depends on the as-
sumption of independent virtual displacements. To use this equation, therefore, the
energy functions and nonpotential efforts must be expressed in terms of a set of indepen-
dent coordinates. For complex multidiscipiine systems, selecting a set of independent
coordinates can be a daunting task. In such cases, it is preferable to ut‘ilize‘the method
of undetermined multipliers, devised by Lagrange, which admits the use of dependent

coordinates in formulating the dynamic equations of motion.?

3This introduction to the application and theory of Lagrange multipliers is adapted from Haug [19]
and.is sufficient for the purposes of this work. Multipliers have a significant role to play in-the calculus
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THEOREM 1 (Lagrange multipliers) Given a matriz A € R™*", let s € R™ represent all
vectors that satisfy As = 0. If, for these vectors s, it is also true that sTb = 0 for a given ‘

vector b € R™, then there ezists a vector A € R™ such that

sTb+ sTATA =0 | (5.72)
for all s € R™. . The vector A is called the vector of Lagrange multipliers. If A has full
row rank, then A is unique. |

For holonomic systems, the multiplier theorem is‘applied as follows. ‘It follows from
(3.47) that for systems subject to a set of holonomic constraints ®(g,¢) = 0, the vector

of virtual displacements §q € R™ satisfies
¢, 6g =0, : (5.73)

where ® € R™ is a vector of holonomic constraint equations and ®, € RMXT ig jts

Jacobian. Let the parenthetical expression in‘(5.6‘0) be denoted by the effort vector £,

that is,
daeTr* 9T 98D OV ‘ ‘
e ] — — ) o 5-74
%= o5 o tog T oy Y (74
Then (5.60) is given by |
‘ n ‘
S &isgi=0, \ (5.75)
which can be written as the inner product
& ‘
[ éqi -+ &gn ] P =0 (5.76)
&En ‘
or
sgTE=0. (5.77)

of variations, optimization theory and game theory, where they known also as Karush-KKuhn-Tucker
(KKT) multipliers. Conditions for the rigorous application, of multiplier theory, known as the KKT
conditions, can be found in texts on optimization. Gill et al. [14] give a conventional treatment, while
Rockafellar [33] gives a contemporary treatment, ‘ : ‘
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Given these relationships among 6q, £ and ®,, the multiplier theorem states that a
multiplier vector kK € R™ exists such that |

- 6qTE + 6qT<I)g‘n =0. ‘ ‘ (5.78)
This can be rearranged to obtain

8q" (£ + k) =0. | (5.79)

By the theorem, this équality holds for all g € R™. In other words, the independence
or dependence 6f the virtual displacements is no longer an issue. The v1rtual work
expression (5. 79) is satisfied for arbitrary displacements 6q. It follows that the term in .

the parentheses is identically zero, that is,
E+dTu=0. o (5.80)

With the matrix elements explicitly shown, this equation is given by

6] [0 O ] o
‘ oq Oqy M
+| : =], (5.81)
' 6(]51 . a¢m1 Kom |
L én J L BQn aQn. J ™ | 0 i

from \vhich is obtained the scalar formulation

O

s,+Z—-M_0 j=1,...,n. \ (5.82)
Substituting for &£; yields
doT  oT oD , oV ‘ |
C—— e —— + = iy 5.83
| dt 0g; By o ; 0q, @ (553
~forj =1,...,n. This is Lagrange’s equation for holonomic systems with excess coordi-

nates. This is a set of n equations in n4+mj;+ms unknowns (g, &, e?). The displacement

constraint equations

B@t)=0  k=L..m, (5.84)
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and the implicit effort constraint equations
e dat)=0 = k=1,..,ms (5.85)

- provide .the additional equations necessary to solve for the unknowns. The vector of

displacement constraints is given by

‘ ¢I(Q)t) ‘
Bgt):=| |, | (5.86)
‘¢m1(Qat)

and the DAE is given in vector form by

#%T -VT+%V +ViD+ &k = Q
| ® =0 (5.87)

r =0
where I is the vector of dynamic constraints given by (5.63).

ExAMPLE 5.7 For the two-link robot arm, let the displacement vector be defined as

u = (z1,y1,22,y2). Then the kinetic coenergy function (5.32) is given by
T* = dm (4} + 43) + gma(af + 43).  (5.88)

Two holonomic constraints are given by

Il

Wrui-1t=0

-
¢o = (uz—ur)?+ (ug—ug)? — 12 =0. (5.89)

The virtual work of the force sources (5.66) is given by

SW = Fyy uy + Fu, Sug + Fy; 6us + Fu, 6ua. (5.90)
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The coefficients of §u are the generalized efforts Q.4

Lagrange’s equation for this example is given ‘by

ST +0Tk = Qu
@ = 0 | (5.91)

which yields the following set of differential—algebraic equations of motion

[ m1‘i],1‘ 1 T 2wy 2(u1 —u3) T 3 Fu1 ]
myiia 2up  2(uz - uq) K1 Fy,
+ =
moils 0 2(U3 - ul) Ko Fua
R mgil4 ] L 0 2(U4 - ‘U.2) 1 L Fu4 ]
[ u? +ud — 12 | : ‘
‘ : ‘ = 0. (5.92)
| (us ~w1)? 4+ (ug —u2)® -1 |

This is'a set‘of six equations with unknowns (u1, ug, u3, u4, K1, k2). This set of equations
is substantially simpler in form than the set of equations writtén in. generalized coor-
dinate form, illustrating one of the adVantages of the multiplief form compared to the
genéralized coordinate form.‘ Using the multiplier form, ﬁhe analyst need not perform
arithmetic manipulatidns aimed at reducing the set of équations to a set of minimum

dimension. o
5.2.6 Nonholonomic constraints

It is shown in Chapter 3 that a system of constraints in Pfaffian form can include non-
holonomic equality constraints as well as 'holonomic flow constraints which the analyst
decides to leave in flow-constraint form. Such constraints are accommodated in La-

grange's equation through the use of Lagrange multipliers in much the same manner as

4Since this expression is already written in terms of the coordinates used to represent the motion of
the system, no further manipulation of the virtual work expression is required. If the force sources were
replaced . with torque sources, the virtual work expression would initially be given in terms of angular
virtual displacements 60;. In this event the virtual work expression would have to be manipulated to
obtain an expression written in terms of the translational virtual displacements &u;.
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holonomlc constraints are accommodated. The only restrlctlon on these constraints is

that they must be expressed m, or be reducible to, the general Pfaffian form given by
Zaki(u, t) dui + ax(u,t) dt = 0 k=1,...,m. (5.93)
i=1 ‘

To express this set of equations in terms of reduced-order coordinates, the differential

of u, given by |

du; = Zau' ; at‘dt‘ i=1,...,N, (5.94)

is substituted into the Pfaffian constraint equation to obtain

Zak‘ < gut q- % dt) +ardt = Q, | ‘ (5.95)
“which can be rearranged to obtain | | |
n N O
Z Z ak, : dg; + E aki— + ak dt.= 0. (5.96)
j=1 ‘
br; ‘ ‘ b

Denoting the parenthetical terms bx; and b respectively, this system of constraints is
given by |

n |
> bij(g,t) dgj + be(g, t)dt = 0 k=1,...,ma. (5.97)
j=i

Thus, a set of constraints in Pfaffian form remain in Pfafﬁan fotm after tlansfmmatlon‘

. toa 1educed—order set of coordmates Deﬁmng

B(g,t) := matrix{b;} € R™*"

b(g,t)

vector{by} € R™?, ‘ (5.98)
the Pfaffian constraint is given in vector form by

Bdg +bdt =0, ‘ (5.99)
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These constraints are expressed in rate form by dividing by dt. It is convenient to denote

| the resulting flow constraints, which are linear in flow ¢, by the symbol 1 such that
‘ ) 1 ‘
Ye(d, 9,8) == j_zlbkj(‘b t)d; +bi(g,t) =0 k=1,...,ma. (5.100)
The set of flow constraints is represented by the vector ¥ given by
Y1(d, 9, t) |
WGgt) =] =Bj+b=0. (5.101)
Yma (4, 1)
Since ¥ is linear in flow, the Jacobian of ¥ with respect to flow is given by ¥4 = B(q,t).
It follows from the reduced-order form of the nonholonomlc constramt equation
Bdg +bdt =0, that this class of constraints imposes on the virtual dlsplacement vector
6q € R™ the condition
Bég =0. | (5.102)

The virtual displacement vector,: from (5.79), also satisfies
sTé=0, o O (5.108)
where |
E=E+ k. | (5.104)
By the ‘multiplier theorem, a mﬁltiplier vector, L ER™ exisps such that
6q7 (é + BTu) =0, | o (5.105)

Substituting for £ , and writing the equation in component form yields the virtual work

expression given by

. (dort or* BV oD Oy ‘
Z (Ez—a'a;- - a—q]— "' an + kz—: 2. Kk + ZbLJ/‘k - Qj 6q] =0, (5.106)
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where j = 1,...,n. By the multiplier theorem, thié equation is rendered true for all
8q; € R™. Thus the coefficient of each dg; must vanish, yieldihg

dars oT* 8V aD B ‘ ‘
Et-a—qj——a-a]—-*- 6 an +kz f'\'k'*‘zbk]ﬂk "Q]; (5107) :

whefe j = 1,...,n. This is the multiplier form of Lagrange’s equation for systems
subject to both holonomic and nonholonomic constraints. This is a set of n equations
with n+m1+m2+m3 unknowns (g, &, &, €7).

The displacement constramts, the Pfaffian ﬂow constraints and the 1mpllclt effort
constraints provide the addltlonal equations necessary to determine the motion of a
system. The kinematié constraint equations ¢ = 0:and 3 =.0 are added to the equa-
tions of motion to solve for the unknown multipliefs & and y. The dynamic constraint
equations v = 0 are added to the equafions of motion to solve for the implicit efforts
e” € (. Lagrange’s equation, an ordinary differential equation (ODE); plus the algebraic -

‘ constrainf equations comprise an n+m;+maq-+mg3 set of differential-algebraic equations -

called hérein the Lagrangian DAE. The Lagrangian DAE is given by

dor 8T oV aD - S
3G 5 oy g b= I L
 gk(gyt) = 0 k=1,...,m (5.108)

wk(da%t) = 0 k"'_"]-,'

’7k(e’7){jaQ)t) = 0 k=1,...,ms
Let the multipliers « and u be adjoined into a single vector of multipliers A such that
‘ K(t) ‘ ‘ ‘ ‘ .
At) := € R™e, (5.109)
‘ 1(t)
and let the kinematic constraints ® and ¥ be adjoined into a single vector C such that

®(q, - |
C(g,q,t) = [ ‘p(;qqt)t) ] € R™, ‘ (5.110)
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where the index m,, =mj + mq is the total number of kinematic constraints. Then thé

constraint Jacobian C,, is defined as

‘(I)‘I((Ia t)

€ RMe*™, ‘ | (5.111)
B(q, 1) ] ‘

‘ C’l(‘]) t) = [
and the Lagrangiah DAE is given by

IGT* - VT + %V +VD+CIA = @
C =0 (5.112)

I = 0.
5.3 Descriptor form

Carrying out the time derivative in Lagrange’s equation and rearranging terms yields
‘ ging

VET* i+ CTA = Q — (VT*), 4 + (%T"), + VGT* — GV - D, (5.113)
N s N . -~ v .

Introducing M(q,q,t) € R™*™ to represent the Hessian matrix V,fT‘ and Yo(e,4,q,t) €
R™ to represent the summation of efforts on the right-hand sidé, the Lagrangian DAE

is given by

Mi+CiA = o |
c =0 o (5114)

r =0

This formulation is called Lagrangé ’s equation of the first kind. It is characterized by
second-order differential equations in terms of a single differential variable, displacement
q. Matrix M is so called since in mechanics it représents a mass matrix. Here, M
‘ représent:s a matrix of inertial ‘coefﬁcients. In the generél multidiécipline case, this matrix

may be singular or zero.
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Letting ¢ = f the Lagrangian DAE is given in descriptor form® by

¢ =f
Mf+CTN = 1, ‘ (5.115)
C =0

r =0

This is a set of 2n+mo+m3 equations in the same number of unknowns (g, f, A\, €7) with

state variables g(t) and f@2). | |

| The descriptor form of Lagrange’s equation is characterized by first-order differen-
| tial equations in terms of two differential variables displacement and flow (q, f). The

descriptor form of theLagréngian DAE is used hencéforward as the basis of a systematic

approach to modeling multidiscipline systems.

'EXAMPLE 5.8 The two-link robot arm is used here to illustrate the descriptor form.

The descriptor form for this example is given by

g = f
Mf+®TA = To \  (5.116)
® = 0.

From the multiplier form of the equations of motion (5.92) the following set of equations

is readily obtained

‘ : | i@ =17r
[ M1 0 ] [ 21 2(q1 —q3) ] T Fy
my . 2q2 2(q2 — ) Iy,
f+ A o= (5.117)
me 0 2(g3—q) Iy,
[ 0 - ma L 0 2(q4 - q2) LRy

SThis nomenclature is from Brenan et al. [6].
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d+a-5
(g3 — @)+ (Q4 —q)? -1 |

The terms M, @f, Yo and @ in (5.116) correspond to the bracketed matrix expressions

= 0

in (5.117). o
EXAMPLE 5.9 The‘electrical circuit in Fig. 5.6 contains a nonlinear resistor R, charac-
terized by a constitutive law given by

ex(i) = klild. (5.118)

Thus the nonlinear resistance R, is given by k |i|. Since the resistance R, is nonlinear,

- the dissipation function of this element does not have the usual quadratic form, that is,

D(g1) # tR1gt.

0O lro sml

q3

Figure 5.6. Nonlinear electrical circuit

One approach to modeling the contribution of this element to the dynamics of the
circuit:is to pose the constitutive law of the element as a dynamic constraint. In this
cases, the implicit effort e? is assigned to the element as shown in Fig. 5.7, and the
dynainic constraint is given by

yi=e"+klq1]g1 =0. | (5.119)
With this formulation and with the sign convention indicated, the effort €7 always op-

poses the flow of current ;.
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—_—7

—_—
Figure 5.7. Voltage drop as an implicit effort.

“The‘energy functions are given by:

T = iL¢

D = 1Ry} (5.120)
_ 8
TN

The electrical node imposes a holonomic flow constraint given ¥ by
Yi=Gqi—g2—G3=0 (5.121)

Since this constraint involves the variable g2 which represents a physical displacement

(the chérge of the capacitor), the constraint must be integrated to obtain the holonomic
form given by

= —q—q3+q0 =0 (5.122)

The virtual work of source efforts and implicit efforts is given by

W = ¢ bg1 + €7 éq

(e° + €) 6. (5.123)
Thus Qq, = e + € and Qg, = Qy; = 0. Lagrange’s equation is given by

LGT - GT' +GD+ GV +9TA = @
® = 0 C (s.a24)

r =09



* yielding
Ly 0 0 q°2 1
0 |=fOo]+] 0 [+|F|+]|-1|r =
0 0 Rads 0 -1
[fh —q2—qs3 +t12o] =

[67 +k|q'1|(hJ |

Letting ¢ = f, the descriptor form of the DAE is given
¢ = f
L _ 1
0 f+1-1]|A =
0 -1

[QI_Q2—q3+q2oJ =0

[e"+k|f1|f1

by‘

e’ + e
qz2

| C
— Rafs
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(5.125)

(5.126)

EXAMPLE 5.10 ‘An electromagnetic suspension is shown in Fig. 5.8. The voltage source

e%(t) can be modulated in response to the disturbance force F*(t) such that a desired

‘air gap w; can be maintained. Coil inductance L is a function of the air gap given by

) = 5

(5.127)

where 7, and -, are known parameters. Coordinates (u1,us,u3) are assigned as shown

in Fig. 5.8.

The energy functions are given by

« 1,2 lro2 1,52
T = §mul+§Lu2—§mu,+‘

D = lRuj




128

|

(1)

Figure 5.8. An electromagnetic suspension.
The single constraint is a holonomic flow constraint given by
=g —1Ug =0 (5.129)

It is not necessary to integrate this flow constraint equation to impose a constraint
on displacements (ué,ug) since neither of these two displacements represent a physical ‘

accumulation of chérge. The virtual work of the source efforts is given by
W = FI(t) buy + e*(t) bua, (5.130)

hence @) = F*(t), Q2 = 0 and @3 = e*(t). The Lagrangian DAE is given by

‘ i |
.. YolUs s
miiy + —22 = (g
TCRT R | “
Yoli2 ToU1Uz =0 (5.131)

mAu (71 Fu)? :
Ruz -\ = é€*(t)

ig—tg = 0.
- Letting g = u and f = 1, the equations of motion are given in descriptor form by

g = f
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F S '70f22 ]
" '3 ’ ‘ ° i 2(n + @1)?
o . .
01 f+| 1} = _Yofife (5.132)
M+ Q1 1‘ ('71 +Q1)2 ‘ | ‘
0 0o o0 - ‘ | e — ‘Rf3‘ ]
0= fo—/fs

This is: a set of seven equationé with unknowns (ql,qz,qa,fl,fz,‘fa,/\). This DAE is
comprised of six ODE’s and a single algebraic constraint equation. The first three ODE’s

are explicit. The second three ODE’s are linearly implicit in the derivative f. The

coefficient of f is the inertial coefficient matrix M, which in this case is singular. o

5.4 Underlying ODE

A disadvantage of the descriptor formulation is that a numerical solution may be difﬁchlt; ‘

to obtain. The relevant measure of this difficulty is called the inder of the DAES

Generally, the higher the index, the more difficult the problem is numerically. The

Lagrangian DAE is typically index-3 or higher. Index-1 and index—-0 DAEs are generally
simpler to solve than DAEs with a higher index [6]. In this section is presented a method

of reducing the Lagrangian equations of motion to a set of ODE’s, which are index-0 by

~ definition.

If the system constraints are such that an explicit solution can be obtained for the
multipliers A and for the implicit efforts e”, and assuming that the inertial matrix M is

invertible, then the equations of motion can be reduced to the form

i=f | |
fo= Flat), | (5.133)

where F is a nonlinear function of the state variables, time and the parameters of the

SIndex is defined in-Appendix A.
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system. In this section, the procedure for obtaining this ODE from the Lagrangian DAE

is dem;jnstrated for a holonomic system. -

To eliminate the multipliers from the equations of motion, the constraints are differ- .
entiated twice with respect to time. Let the vector of holonomic constraints be given by

®(g,t) = 0. The first time derivative is given by

d 00 . 0%
9 = aq’(q,t) = B_qq-*--é?
= O, f+ (5.134)
The second time derivative is given by | |
d?
0 = —50(q,t) = F(@f+®)
= (Dqf +@u); [+ (Dgf +Dr), 4+ (Bq [ + D1),
= B f+ (B f+®0), [+ (Bgf +B1),, -~ (5.135)
yielding ‘ |
o f = —(2q.f +Pt), [~ (2 f +P1),
: ‘ Tl(f’(b t) ‘
B, f = Ty S -~ (5.136)

From the descriptor form of the Légrangian DAE (5.115) is obtained
M f+@®Txh =1,, (5.137)
which can be solved for f, assufning the inverse of M exists, to obtain
f=M! (ro ~oTA). ‘ (5.138)
| | This expfession for f is substituted into (5.136) to obtain
DM (ro — TN =T, (5.139)
which can be solved for A, assuming the inverse of o, M -1(1,3‘ exists, 'to obtain.

,\=(«1>,,1V1*‘<I>,,T)"l (®M~ o -11). ~ (5.140)
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Sﬁbstituting this expression for A into (5.138)‘ yields
f=M1 [‘ro ~ o7 (2M~'2]) " (2,M Yo - rl)] . (5.141)
Letting F denote the expression on the right, the equations of motion are given by

g = f
f = Frat), - \  (5.142)

which was to be shown.
This set of explicit, first-order, nonlinear ODE's is called Lagrange’s equation of
the second kind, or the underlying ODE. Given some initial conditions for (g, f), these

equations are readily solved using‘standard ODE numerical solvers. Depending on the

~ size of the system, a numerical solution may be obtained more qﬁickly using this approach

than is obtained using a direct approach based on the descriptor form of the DAE.

One drawback of the underlying—~ODE formulation is that the inverse of the inertia

matrix M and the inverse of the matrix ®; M ~!®T must exist and be well-conditioned.

In electrical netwotks with no inductors, for example, the inertia matrix M = 0.
A second drawback of the underlying-ODE formulation is that only the derivatives of
the constraint equation are guaranteed to be satisfied by the solution. The disp]aéement

constraint equation ¢ = 0 is not guaranteed to be satisfied. In such cases the numerical

solution for displacements may drift from the true displacement trajectories. This is

particularly noticeable for systems having closed kinematic chains, such as a four-bar
mechanism or a slider-crank mechanism. - |

For these reasons, the undérlying ODE formulatioﬁ of the équations of motion is
eschewed in favor of the desériptor form of the DAE, which is used henceforward as
the basis for systematically formulating and numeucal]y solving the equations of mo-

tion of multldlsmp]me systems Stmtegles for mtegmtmg index-3 DAEs are outhned in

Chapter 8.
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5.5 Problem formulation

To obtain the equatior)s of motion using the descriptor ferm of the Lagrangiah D‘AE,‘it
is necessary for the analyst to assign coordinates (g, f) to system elements. Expressions
are developed in terms of these coordinates for the energy functions T*, V' and D, for the
independent constraints ¢, ¥ and v, and for the virtual work of the source efforts e® and
implicit efforts e. The terms M C, Cp, I" and Ty are then generated by manlpulatmg
these expressmns according to the definitions associated with the descrlptor form. This

procedureis illustrated by the previous examples.
5.6 Interpretation of Lagrange’s equation

Rearrarlging the terms of (5.106) yields

| i(d@T‘) . i(aT*__al_a_D
i \dt 8 -1\ 94 Og; 64
Odx
-3 So-hk = Zbk,,uk +Qj 6q, (5.143)
k q]

This formulation lends some insight into the physical meaning of each term. The left-
hand. parenthetical term is the time rate of change of ‘momentum. The product of ‘this
quantity with a displacement §q represents a variation in the energy‘ of motion.

Each term on the right-hand side represents a component of effort acting over a
virtual displacement 4q. The first parenthetical term represents kinetic efforts. The
second term on the right represents potential efforts. The third term represent dissipative :
_efforts. The two terms involving multipliers represent efforts imposed on the system due |
* to the presence of constraints. And @ represents all nonpotential efforts net already
accounted for. Tlre product of all these efforts with a displacement g represents virtual
work. -

Thus the physical interpretation of this form of Lagrange’s equ‘ation is simply the

equivalence of work and energy. This is not a surprising result, given that Lagrange’s
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equation is derivable from thé first law of thermodynamics. Conceptually (5.143) is a

statement of the following equivalence
S pég =Y edq, | | (5.144)

which is a work-energy -form of the dynamic requirement p = e. This work-energy
equation, written for mechanical systems, is the‘ traditional starting poirlt from which
Lagrange's equatlon is derived. Pars [29] gives a detailed derivation from this perspective.

By the multiplier theorem (5.143) is true for arbitrary &g, hence Lagrange s equation

is reduced to an equivalence of efforts represented by
pj=e; j=1,...,n. | (5.145)‘

Redfield [31] explmts this interpretation in formulating: bond graphs to represent La-

grange s equatlon for holonomlc mechanical systems.




Chapter 6

THE HAMILTONIAN DAE OF MOTION

In this chapter is presented a formulation of the DAE using an alternate or non-
Lagrangian pair of variables to describe the motion of a systém. This is the first of
three alternate variable‘ pairs examined in this research. | |

In the Lagrangian formulation of the equations of motion for a multidiscipline sys-
tem, the motion of the system describes a trajectory in state space, where the state
variables are dfsplacement; and flow. Through a transformation of variables the motion
can be described instead as a trajectory in phase space, where the phase variablés are
displacement and momentum. | |

The transformation is accomplished using the Legendre transform, in which t‘he
‘ﬂows associated with kinetic. stores are transformed into momenta. When applied to
Lagrange;s equation this transformation yields Hamilton’s equation, without loss of in-

formation content‘regarding the dynamic behavior (jf the system.

6.1 The Legendre transform

Consider a mli]tidiscipline system with a reduced-order configuration space of dimen-
sion n. In the Lagrangian formulation,‘the motion of a system is described by a trajéctory
ina 2n—diménsiohal state space, comprised of n displacements q(t)‘ and n flows ¢(t). Let
the number of these flows associated with kinetic stores be denoted by s < n. Thus flows ‘
are divided into two categories: kinetic flows G* = (qy,...,qs) that are associated with
kinetic stores, and all other flows ¢" := (gs+1,. . .,qn) Where the index r := n—s. Hamil-
ton’s eqhation is obtained from Lagrange’s equation by applying the Legendre transform

to the“kinetic coenergy function T*(¢*) such that these s kinetic flow variables ¢j are
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transformed‘into s moment‘um variables pj- Nonkinetic flows ¢" are not affected by the
variable transformation. |

The Légendre transform operates on a function of m variables ¥ (2, ...,2,,) such
that the kth Legendre transform of y() is the new function y(*) (T I mk+i, vy Tm)
where £ is defined as the partial derivative of the original function with respect to the
trénsformed variables, that is, f;- = Oyl°) Jox; ! |

Us‘ing this nomenclature, the kinetic coenergy function T* is the function ‘g‘/("), the
kinetic flows (qy,...,qs) are the first s variables (®1,...,25) to be transformed, and
the momenta (py,...,p,) are the transformed variables (£, ...,&;). The untransformed
variables are displacements ¢ and time ¢, as well as the nonkinetic flows, which by

definition do not appear in T*. In overview, the transformation proceeds as shown in

Fig. 6.1.
kinetic time and
flows displacements
T":T‘(qla'“adsa q1 ERRES Qn7t)
1 1ol l
¥ =y, e Terty - Bnkst)
! L l
y(s) "_"y(s)(EI g see afs IXUTYN PR awn+s+l)
Lo !
T=T(pla""psa q1 EERERE) Qn,t)
[ S —
transformed untransformed
" variables . variables

- Figure 6.1. Overview of the Legendre transform for kinetic flows.

The definition of &; for the transformed variables yields

N

= = =p  i=1,...,s. \ 1
Sl el el i s (6.1)

'The nbmenclnture and basic principles of the Legendre transform are given in Appendix A.
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Thus the new variables £; are components of momentum p;. This relationShip accords

with the definition of the momenta of kinetic storés. The definition of ¥ is given ‘by
" s ' ‘ i
y(9) = ylo) > &, (6.2)
i=1
yielding

‘ s
Y = T*d) — ) pids
. i=1 k

= T(q) +T(p) - ilh ¢: =T(p)
. i=1 5

=0
= —‘T(p). ) (6'3)

Thus the sth tfansform‘of the kinetic coenergy function T*(q; .. .,qs) is the negative of
the kinetic energy function T'(p; .. .,ps). For the untransformed variables, the transfor-

mation yields the general result that

oy gylo)

= i=s+1,...,n+s+1, - (6.4)
which yie‘lds |
or 8T* or or ‘
—_——— = —_———— T e— 1 =3 PN B .5
ot ot and 0g;  Og; t=biem (65)

And finally, for the transformed variables, the transform gives the general result that

(s) - ‘
agg_ = —; i=1,...,s, (6.6)
yielding
q,.=cj)£p i=1,...,s ()

This equation accords with the definition of the flows of kinetic stores.
Equations (6.1), (6.5) and (6.7) are the desired results of the Legendre transform

that are used to transform Lagrange’s equatiori into Hamilton’s equation.
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6.2 Derivation

Consider Lagrange’s equation in multiplier form, given by .

R S ) B¢ '

— b = 6.8

g og  og; T o5 +,CZ ”"+Z kit = Qs (62
where j = 1,...,n. Among these n equations are s equations corresponding. to the
kinetic flow coordinates ¢° = (g, ..., qs). For these s equations, direct substitution from

(6.1) and (6.5) into Lagrange's equation yields

4 0T 0V 8D D |
+ =+ — =Kk + D brjik = Qj, 6.9
5% 50 oe; T 04 ,CZl Z e = (©9)
where j = 1,...,s. For the r nonkinetic flow variables " = (ds41,-..,4¢n) a kinetic

momentum variable p; is not defined since these flows are not transformed. Hence for
the 7 equatlons correspondmg to the nonkmetlc flows ¢" of a system, the result of the

- variable transformation is identical to (6.9) excludmg the first term, that is,

8T , 8V 8D T4 ag: ‘
=t + =Kk + ) b = Q; ‘ 6.10
dg; ~ Og; 3‘11 ,cZ 0g; kz_: ! ? (6.10)
where j=s + 1,...,n. These two equations comprise a set of n equations with s+n

state variables, that is, p € Rf and g € R™. An additional set of equations is given by
(6.7). Together with the algebraic constralnt equations, these transformed dlffelenual
equations comprise the dlffelentlal—algebralc form of Hamilton’s equation called‘herem

the Hamiltonian DAE, given by

i =L ois
| | ] o5 S
p or ov 8D d ‘ .
+6q + - +Z ¢kﬂk+zbk1ﬂk = Q; Jj=1...,8
‘] .7 ' .

oT 8V  aD O . |

g Tog oyt :.Z ’ik'*‘Ekaﬂk = Qi j=s+l,...,n (6.11)
¢k((],t) =0 k=1,...,m|
1/’k(d,l],t) = 0 k=1,...,mp |

7’0(67:@‘7"")‘ =0 ‘k=l,...,m3.
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" Using the following definitions, these equations can be written in vector form. The

displacement vector g is partitioned into inertial displacements g = (q1,.-.iqs) and
noninertial displacements " := (gs+1,-,gn) Such that ‘
a°(t)
t) = . 6.12
q(t) [ 7 () | ( )
Let the multiplier vector X and the constraint vector C' be given by
w(t) | o[ @@y ] |
Alt) = C(g,q,t) := . . 6.13
o=[] ot i (613

Let C; be the Jacobian of the kinematic constraint vector C with respect to the inertial
state variables (¢°, ¢°), and C; be the Jacobian of C' with respect to the noninertial state
variables (¢", ¢") given by

S ®1(0, 1) | Bty ]
Cs(g,t) :i=| 730 Cr(g,t):=] T30 2|, - (6.14
5(q,t) [ Wy (g, t) r(a,t) Ugr(qyt) ( )
Then the Hamiltonian DAE is given in vector form by

¢ = BT

P4+ VpT +VpV+VpD+CTA = @°

VT +VeV+VpD+CIA = Q@ - (6.15)
C =0 |
T = 0

The Hamiltonian DAE is characterized by first-order differential equations in terms
©of momentum and displacement variables (p, g). The differential equations are not neces-
sarily explicit because of the‘dissipatio‘n term V;D. Consequently the Hamiltonian' DAE
given by (6.15) is not in a convenient form for systematic formulation and numerical

solution of the equations of motion.

6.3 . Semi—explicit form

- For systematic formulation and numerical solution of the equations of motion, it is useful

to formulate the Hamiltonian DAL such that the differential equations are explicit in
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(P, 4), and that the constraints are strictly algebraic, that is, free of derivatives altogether.
Such a formulation is presented in this sectlon The resulting equations are semz—ezplzczt

nonlmear DAEs, which have the general form

Fi (2(t), 2(2), t)
F2 ((lf(t), Z(t), t) . ‘ ‘ (6.16)

#(t)
0

. The distinguishing characteristic of this DAE is the the differential equations are explicit
in £ and that z does. not appear. Equations wriﬂten in this form “have propertieé
which may be exploited by some numerical algorithms” [6]. Moreover, the semi-explicit
form of the Harﬁiltonian DAE has the added property that it is suitable for systematic
‘formulatio‘n of the equations of motion. | |

Let ¢ = f, where flows f are partitioned into inertial flows f* := (fl,..;,fs) and

noninertial flows. 7= (fs41,.-+, fn) such that

[ ()
t) = . 6.17
10 [f,(t) | (6.17)
" The Hamiltonian DAE is given by
G = [y i=1,....n
. orT 6V BD < 8 .
p.7+a af]+z: ¢Lnk+zbk1“k = Q] J;lv"'as
or BV oD L9 ‘ ;
dg; +5q_,+6_f,+ d’k~k+2wk =@ j=s+1,...,n
= j=1,...,8
Ji ' Opj g |
¢k(q)t) = 0 k=1,...,m
"/}k(f,q’t) =0 k=1,...,mg
7k(e'lyaf)(1at) =0 k=1a"'am3' (6'18)

Let the multiplier vector A, the constraint vector C, and the Jacobians Cs and C, be
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given by |
Mﬂ:[“ﬂ] | Q@ﬁ::[QMmU]
p(t) Uya(gst) |
‘ ‘ ‘ ‘ ‘ (6.19)
C(f,a.1) = [ @(g,1) ] G = [ Dqr(g, 1) ] ‘. ‘
L ¥(fiat) Uyr(g,1)
Then the Hamiltonian DAE is given in vector form by
g = f
p‘+ VT +VpuV + VD +CTA = @°
Ul + VeV +VeD+CTA = @ (6.20)
[= %T
C =0
= 0

The first n+s equations are ODE’s explicit in (3, §) and the remaining n+m,+ms equa-
tions are algebraic in (p, g, f, A,e7). Collecting the differential equations and algebraic

equations into two groups yields

HE! Y
1ol @ -%T-%V-VeD-CI) ]
[ Q" — VT — V= Vr D= CTX ] (6.21)
0 = VT - f*
c
L F -

This DAE is in semi-explicit form, that is,

3‘: =" Fi(z,2,1)
0 = Fuz,zt), (6.22)-

where
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o) = [o0) o))"
€)= [0 20 o], 6

and F; and F; are given by the vectors on the right-hand Side of (6.21)." This DAE
is comprise‘d of 2n+s+mo+m3 equations in the same number of unknowns, namely
(@, f,p, A e?). | |

Like the déscriptor form of the Lagrangian DAE, the semi-explicit form of the Hamil-‘
tonian DAE ‘is suitable for systematic formulafion of the equations of ‘motion for mul-
tidiscipline systems. However, this DAE too is generally index-3 or higher. The same
strategies outlined in Chapter 8 for integrating an index-3 Lagrangian DAE can be used

to integrate an index-3 Hamiltonian DAE.

EXAMELE 6.1 A two-link robot arm is shown in Fig. 6.2 with displacement coordinates
q and momentum coordinates p assigned for a Hamiltonian formulation of the equations

of motion.

JoX P2 L I — 43,P3
l L—erpl 2 m——*l"s

Fy
my
h

Figure 6.2. A two-link robot arm using a Hamiltonian formulation.

The energy functions are given by

pi+ps PR+
2m, 2ms

D=V =0 | o (624)
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Two holonomic constraints are given by

b = drd-f=o
2 = (@a—q)?+(u-q)2-E=0 ‘ | (6.25)‘

The virtual work of the force sources is given by

W = F] o6q1 + F> 6q2 4 F36q3 + Fy 8q4, (6.26)

hence Q) = F}, Q2 = F2, Q3 = F3 and Q4 = Fy. The Hamiltonian DAE for this example

is given by
¢ = 4T
p+dTk = Qu (6.27)
® = 0

which yields the following set of differential-algebraic equations of motion

(g1l [ pi/mi ]
g2 p2/miy
3 p3/ma
[ g L pa/ma |
[21] [2¢ 2(n—-ga)] [ F1 ]
D2 202 2(q2 — q4) K1 | | R - :
+ = (6.28)
Ps 0 2(g3—aq) Ko | F; |
el L0 2a—aq)l | Fy
G +ad -0 ]
: ‘ = 0.
L (@ = @)? 4 (- q2)* - 13 ]

It happens that this DAE is semi-explicit. Nevertheless, for the sake of consisténcy with

- the'idea of a systematic formulation of the equations of motion, the state variable f = ¢
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is introduced to obtain

g = f ‘ :
[ F1 — 2q161 + 2(g3 ~ q1) K2 ]
‘ Fy - 2q261 + 2(q4 — q2) K2 ‘

p = ‘ ‘ (6.29)
F342(q1 — q3)ke

Fa +2(q4 — q2)52 1

f1 —Pl/ml‘
fa — p2/my
0 = f3—p3/m2
fa = pa/ma

ad+a-0

| (3 —q)*+ (g4 - 0)* - 13 |
This is a set of 14 equations in semi~explicit form with unknowns ‘(q, fyp,6). This DAE

is comprised of eight expl‘icit ODE's and six algebraic equations. o

- EXAMPLE 6.2 An electromagnetic suspension is shown in Fig. 6.3.. The voltage source
e*(t) can be modulated in response to the disturbance force F*(t) such that a desired

air gap u; can be maintained. Coil inductance L is a function of the air gap given by

‘ " Y : ‘ ‘ .
L{uy) = , : 6.30
@)=ty (030)

where v, and -, are known parameters. Coordinates (u;,ug,us, 01, 02) are assigned as
shown in Fig. 6.3.

The energy functions are given by

T G 8_d mtu,
om 2L 2m ' 2y, 2 ‘ ‘
= LR} (6.31)

= 0.
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Fo(t)

Figure 6.3. An electromagnetic suspension using a Hamiltonian formulation.
The single constraint is a holonomic flow constraint given by
Y=g —us=0. (6.32)

It is not necessary to integrate this flow constraint equation to impdse a constraint
on displacements (ug, u3) since neither of these two displacements represent a physical

accumulation of charge. The virtual work of the source efforts is given by -
W = F3(1) 6u) + e5(t) bus, (6.33)

hence @; = F“(t), Q2 =0 and Q3 = €*(t). The Hamiltohian DAE is given by

o

U =
m
. +u
Yo
AL R (6.34)
N B | .
Ty T |
g+ = 0

Ris—A = e(t)

Ug — U3 = 0.

Lettingg=u, p = ¢ and f =1, the equations of motion are given in semi-explicit form
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by
i = f
2
. p3
= ps_ 12
n 270
P2 = —=A
0 = eS—Rfs+ A (6:35)
= f_P
0= n-2
+
0 = [T,
. o‘
0 = fa—fa

This is a set of nine equations with unknowns (91,92, 93, f1, f2, f3,P1, P2, A). This DAE

is comprised of five ODE’s and four algebraic equations. o
6.4 Underlying ODE and the canonical form

If the system constraints are such that an explicit solution can be obtained for the
multipliers X ‘and fhe imp]iéit efforts e?, and assuming that the inertial coordinates
 (p,q°) are sufficient to descfibe the motion of the system, then all a]gébraic equations
can be eliminated from the DAE. The resulting differential equations are in implicit
form, that is,

F(z,2,1) =0, | (6.36)

where

o(t) = [ pt) )], | G

and F is a nonlinear function of the state varia‘bles, time and the parameters of the.
system. In this section, a procedure for obtaining this ODE from the Hamiltonian DAE
is demonstrated for a holonomic system.

The holonomic constraint equation ®(g, t) = 0 is twice differentiated with respect to
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time to obtain (5.136), répeated here

&, f = T, (6.38)
where |

Ti(f,0:8) = —(Bgf+Pe)g f— (Do f +P),. (6‘.39)‘

Assuming that the vector of constituitive laws of the kinetic stores has the general form

f= J(b, q,t), then f is given by
f‘=Jpﬁ+Jqq+Jt,‘ | o “ (6.40) -

| which is substituted in (6.38) to obtain
| Oy (ppt T+ ) =Tr. (6.41)

Rearranging yields

‘I)quﬁ = :rl - ‘I’q (Jq q+ Jtz
‘ ‘ ?2
CPWp = Ty, | |  (6.42)

where W := J, takes the pléce here of M fl in the Lagrangian‘ underlying ODE. From
the Hamiltonian DAE, ‘

P+ A = Q-VT-VV-VD. | (6.43)
Ts

Premultiplying by ®,W ‘yields

DeW p+ BWETA = & WT;. ‘ (6.44)
Substituting for ®,Wp from (6.42) yields

Lo+ RWEIA = WYy (6.45)
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Rearranging and assuming the inverse of (I>qW<I>qT exists, this equation can be solved for

A to obtain

A= (2,WaT) " (@WTs-Ta). (6.46)

Substituting this expression for ) into (6.43) yields the differential equations of motion

given by

i-%T = 0

p+ 7 (8, Wa]) ™ (@,WTs—Ta) =5 = 0. (6.47)

This‘equation, which is the Hamiltonian analogue to the Lagrangian underlying ODE, is
called herein the Hamiltonian underlying ODE. Letting 2 = (p, q), this set of equations
is an implicit‘ODE of the form ‘
| | Fla2,1) =0, . (648)

which was to be shown.

In the special case that an independent set of inertial coordinates (p, q) can be selected

to represent the motion of the system, the underlying ODE reduces to

i = BT

p Q—-VT -VV -V,;D. \ ‘ (6.49)

Let the general nonpotential effort Q™ represent the efforts of sources and dissipators such
that Q" = @ — V;D. Defining the Hamiltonian energy function H(p,q,t) := T(p,q,t) +
V(g,t), the underlying ODE is given by

p = -ViH+Q" . (6.50)

In this form, Hamilton’s equation is widely used in the study of control and stability of

dynamic systems. In the absence of nonpotential efforts, that is, @™ = 0, this equation
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is reduced to

§ = GH
p = -VH, | | (6.51)

which .is Hamilton’s equation in canonical form [25]. For modeling and simulation of
multidiscipline systems, this form of the equations of motion has limited utility, since the
selection of coordinates is limited to an independent set of displacements and momenta
among the kiﬁetic stores only, and nonpotential‘ efforts are excluded. For these reasons,

modeling procedures based on the canonical form are not in common use.

6.5 . Problem formulation

“To obtain the equations of motion using the semi-explicit form of the Hamiltonian DAE,
it is necessary for the analyst to assign coordinates (p*, g%, f°) to inertial elements and
coordinates (q", f7) td noninertial elements. Expressions‘ are devel‘oped‘in terms of these
coordinates for the energy functions T, V and D, for the indépendent constraints C
and T, and for‘ the virtual work of the nonpotential efforts Q. ’f‘hrough manipulation of
these expressions, the semi-explicit form (6.22) is obtained. The examples given in this

chapter illustrate the process. ‘

6.6 Comparison of two formulations

- Both the Lagrangian DAE and the Hamiltonian DAE have the same information content
regardi‘ng the dynamic behavior of a multidiscipline engineering system. The Hamilto-
nian DAE in serﬁi—explicit; form has s more equations and unknowns than the Lagrangian
DAE in descriptor form. But the Hamiltonian DAE contains fewer differential equations |
to be solved — Hamilton’s equation comprises n+s ODE's compared to the 2n ODE’s
of Lagrahge’s equation — and in Hamilton’s equation, all the ODE’s are explicit‘since
the Hamiltonian DAE contains no M matrix to be inverted in the course of a numeri-

cal solution as does the Lagrangian DAE. These characteristics of the two formulations
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| suggest-that the Hamiltonian DAE méy be more suitable than the Lagrangian DAE for

numerical implementation. To paraphrase Troutman [41] regarding the canonical form,

In general, Hamilton's equations cannot have more than one solution (q(t), p(t))
with (Qo, Po) - prescribed, so. that with any given Hamiltonian, the solution .
curves in (q,p) space cannot intersect.  This makes them much more sta-

ble with respect to numerical integration schemes than those of Ldgrange.

One disadvantage of the Hamiltonian approach is that the analyst must distinguish
between inertial and noninertial state variables, adding an additional bit of bookkeeping
to the analyst’s tasks. No ‘such distinction is.required in the Lagfangian formulation.
A second disadvantage of the Hamiltonian form is that thé set of state variables in-
cludes generalized momentum. It is likely that most engineers have less experience using
morhentum trajectbries to describe the motion of a System than they have with flow
traject;ories to describe the motion of a system. Hence the analyst is faced with the
difficulty of assigning momentum coofdinates and interpreting the numgrical result. The
analyst is less likely to trust his or her assessment of whether or not a solution “‘makes
sensé” using the Hamiltonian formulation compared to the Lagrangian formula‘tion.

Nevertheless, the assignment of momentum coordinates and interpretation of numer-
ical results is a skill that improves with practice. The structure of the Hémiltonian DAE
may prove to be sufficiently advantageous with respect to its numericai properties com-
pared to the Lagrangian DAE that the inconvenience of unfamiliar coordinates is more
- than compensated for by improved numerical performance. A conclusive assessment can

be made‘ only after continued experience with the two formulations and robust numerical
algorithms. | ‘ | |

Lastly, it is noted by comparing the Lagrangian DAE (5.112) and the Hamiltonian
DAE (6.15) that the two formulations are identicai in the case of a system with no kinétic ‘

stores. In such a case, both DAEs reduce to a set of first-order differential equations in
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g given by
VW4+GD+CIN = Q
C =0 | (6.52)
r =0
EXAMPLE 6.3 (Comparison of Lagrangian and Hamiltonian DAEs) The equations of

motion for an electromagnetic suspension are obtained in Lagrangian form in Ex. 5.10

and again‘ in Hamiltonian form Ex. 6.2. The Lagfangian DAE is given by

i = _
‘ [ s _ Yof3
" : ° o F 2(m1 + q1)?
(] .
U 1l r = Yof1/2
nm+a 1 ‘ (’71 +(71)‘2
-0 | 0 0 - | e — Rfs
0 = f2"’f3,
and the Hamiltonian DAE is given by
g =/
2
. ] Pa
= f9_ 12
P 2%
P = —A

0 = e’ —Rfs+ A

. P
0 = f -2
N —
+
0 = f-BT0,
} (]
0 = fo—f3.

Compared to the Lagrangian formulation, the Hamiltonian formulation contains two

more equations and two more unknowns, but one less differential equation. ' Moreover,
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the differential equations in the Hamiltonian formulation are all explfcit. As a result,
there is no M matrik to ‘invert in the course of a numerical solution. ‘Furthermore, the
nonlinearities in the Hamiltonian formulation have a simpler form. |

This example also illustrates the drawbacks of the Hamiltonian formulation. First, it
is necessary to distinguish between inertial and rioninertiai flows, adding an additional bit
of bookkeeping to the analyst's tasks. No such distinction is required in the Lagrangian

formulation. Second, the solution of the Hamiltonian DAE includes trajectories of mo-

mentum. o



Chapter 7
COMPLEMENTARY FORMS OF THE DAE OF MOTION

In this chapter are presented formulations of the DAE using two alternate or non-
Lagrangian pairs of variables to describe the motion of a system. The co—Lagrangfan
DAE is formulated in terms of effort and momentum and the co-Hamiltonian DAE, like |
the Hamiltonian DAE, is formulated in terms of momentum and displacement. Thesé

formulations are duals to the Lagrangian and Hamiltonian DAEs.

7.1 The Co-Lagrangian DAE

7.1.1 Derivation

In this section, the complementary form of Lagrange’s equation for multidiscipline sys-
tems is‘derived from the ﬁfst law of thermodyhamics. The variational form of the first
law is given by o
5E = 6W, S ay
where E(g,u) = T(p) + V(u) and virtual work is given by Y e" 6u, or equivalently
> f"6p. Applying the § operator to T and V and utilizing the flow representation of

virtual work yields the following differential-variational form of the first law,
N . N N
ar ov n ‘
= 00 - 0ui = i 00i. 2
:2;8& 6Q;+i=zlaui bu i;f o | (7.2)

In the complementary form of Lagrange’s equation, the variable pair (g, 9) is selected
to repfesent the mot‘i‘on of the system. This choice requires that the term involving éu
in the first law be replaced with an equivalent expression in terms of §p. To this end,

the work of the potential stores is considered in its two equivalent forms, namely

N N : .
Z f;' (5@{ = Z e 5u,~. : (7.3)
i=1 i=1
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Substituting f,-‘= 4; and e; = —9V/0u; yields

N N : ‘
Db =— ZB—V_ bu. \ (7.4)

Potential displacements satisfy u; = —8V*/de;. Substituting this expression in (7.4)

yields
N ‘N ‘ ‘
‘ d av* v
_;‘a—ta_e; op; = fhzla—mfsuu ‘ | (7'5)
orsince g; = e;, ‘
N PN ‘
dov* )% : ‘
> G o 0% = 2 gy o (76)

‘Substitut‘i‘ng the left-hand term term into the first law and collecting terms yields

M ‘
dov* or - ‘

> (i5a * 5 =) =0 D

If the virtual momenta &p; are independent, ‘then the coefficients vanish,  yielding the

‘comp‘lement (or dual) of the classical form of Lagrange’s equation given by

dav* oT . |
i ST ikl i =1,...,N. .
& o5 T og ' - (78
It is assumed that the nonpotential ﬂows‘ are known functions of time. This equation is

given in vector form by

E%V + YT = (7.9)
 7.1.2 Reduced—-order coordinates

If the set of coﬁﬁguratiori coordinates 0= (o1, --‘.,QN) is transformed via a set of N
transformation equations to obtain a reduced—order set of coordinates p = (py,...,pn), -
‘then 0i = 0i(p,t) and ¢; = g:(p, p,t). Consequently the potential coenergy function has
the genéral form V* = V*(g) = V*(p,p, t). The dependence of potential coenergy V*
on momentum p implies the dependence of potential energy V on momentum p, that is,

V* =V*(p,p,t) implies V = V(q,p,t). .
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The total energy stored in a system is given by E(p, q,t) := T(p, t) + V(p, q, t) The
variational form of the first law 6E = §W™ yields

Z Bp 5PJ + Z 5 5171 +Z 5‘]] an‘SPj' (7.10)
7 Pj j=1

A term like OE /8t does not appear since time ¢ is not varied. As in (7.6), the work

‘equivalence Y. edqg =Y. f ép for potential stores yields
| n dov . o
Z an E 5 ap, (7.11)
This éxpression‘is to be substituted for the third term in (7.10).
Potential energy and coenérgy satisfy V(q,p,t) + V*(e,p,t) = — ¥ eq. Applying the

~ variational operator.to both sides of this equation yields -

n

BV* ov* =
Zaq,6 +Z 6 +Z Z 6p, Zlejb'q] Zq, 6e, (7.12)
| o

1

Collecting terms yields | |
n oV A fav JR |
j; (.BTJ + 6]’) 6q; +]Z=:1 <06 > be;j + Z <apJ ) op; =0. (7.13)

By deﬁnition, first two parenthetic terms vanish, yielding
. (oV  av* ‘
Z(a,,j a,,j> P (119

which is an energy equation of the form ( f,‘ 6p) = 0, implying that the partial derivative
terms represent components of flow. These flows are designated potential flows f? and
F¥" such that . |
| S (/47 )6ps =0, (7.15).

j=1

It follows that
ov*

ap,!. | - (7.16)

Z ap, Z

This expression is to be substltuted for the second term in (7.10).
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Nonpotential flows can be classified as source flows f* which are assumed to be known

functions of time, dissipative flows f% which satisfy the definition of co-content, that is,

G o
f,‘-’=—£_, | (1.17)

and all other nonpotential flows, called implicit flows f7, such that f* = f* + S+ fe.

Let the jth—COmponent of the sum of flows f* + f7 be designated P;, that is,
Pp=fi+f]. | (7.18)

The v‘ecto‘r P is a generalized flow vector in the same sénse as @ is a generalized effort

vector in Lagrange’s equation. Then the virtual work of the nor‘lpotential‘ﬂows is given

by | |
L L oG

SWM =3 frepi=3 <Pj - 55;) 8pjy (7.19)

J=1 j=1
which is to be substituted for the right-hand side of (7.10).

Making the aforementioned substitutions into (7.10) and collecting terms yields the

reduced-order, virtual-work form of the complement of Lagrange’s equation, given by '

4

~(dov _ovt or oG _
i \dtdp; Op;  Op; OB

P,-) 6p; = 0. (7.20)

j
If the virtual momenta 6pj‘are independent, then the coefficients of dp; in (7.20) must
“vanish. In such a case the coordinates (py,...,pn) are generalizéd coordinates, that is, a
co‘ordinate set of minimum dimension. The vanishing of the coefficients of 8p yields thé
generalized?coordinate form of the complement of Lagrange’s equation, given by
d ov* * ‘
E%—;—g—‘;+%+g—§;=l’j j=1...,n (?.21)
This equation is suitable for obtainiﬁg the equations of motion of unconstréined sys-
tems. If the nonpotential flow P contéins m3 unknown implicit flows f7, then constraint
equations |
WULBBY =0 k=1...,ms (22)
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are required to solve the equations of motion. These equations are dual to the implicit

effort constraints v of Lagrange’s equation. In vector form the set of constraints is given

by
'71(57;15’@ t)

f‘(f‘y,ﬁ,p, t) = ‘ J | (723)
Fma (f7, 5,1 t) | |

and the DAE is given in vector form by

LGV -GV +GT+%G = B,

r = 0.

7.1.3  Multipliers

For systems subject to constraints on momentum p given by
$r(p,t) =0 k=1,...,m, (7.24)

and constraints on effort p given by.
n

(D, P, t) Z ki(Py ) ) pj + bi(p, t) =0 k=1,...,ma. (7.25)

the virtual momenta are not independent The momentum constraints ¢ = 0 are dual
to the Lagrangian holonomic constraints and the effort constraints 1/ = 0 are dual to the

Pfaffian flow constraints. These constramts are given in vector form by

¢1(P, t)
®(p,t) = : =0 (7.26)
| | Py (1, 8)
[ 1(p,p,t) | |
CB(pp,t) = ﬁBmB‘:o.‘ (7.27)
| G (511 1) | |
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The virtual momenta are required to comply with these constraints, that is,
&,6p=0  and Bép=0. ‘ - (7.28)

1nvoking the multiplier theorem, the éonstraints are appended to the complement of
Lagrange’s equation to obtain |
& (davt av* T odr
—_ —_— - P; = .29
,Z=:1 (dt o5 " oo om; + o%; +k§_: nk+Zbk,uk ;| ép; =0, (7 )

where j = 1,...,n. By the multiplier theorem, this equation is rendered true for all

dp; € R™. Thus the coefficient of each §p; must vanish, yielding

dav* av* 8T a¢k ‘
——.———+——-+—+ o beitte = P;, 7.30
dt dp;  op;  Op; O ¢ ,; ki =13 (7:30)
where j = 1,...,n. This is the multiplier form of the complement of Légrange’s equation

for constrained systems. This is a set of n equations with n+mi+me+ma unknowns
(s 5, 11, ) | | | |
The momentum constraints, the Pfaffian effort constraints and the implicit flow con-
strainfs prdvide the additional equations necessary to determine the motion of a system.
The éonstraint equations ¢ = 0 and ¥ = 0 are added to the equations of motion to
solve for the unknown multipliers & and u. The implicit flow constraint equations ¥ =0
are added to the equations of motion to solve for the implicit ﬁows [T € P. The
comp]ément of Lagrange’s equation plus the algebraic constraint equations comprise an
n+m1+m2+m3 set of differential-algebraic equations called herein the co-Lagrangian

DAE, given by

dov' ov' or 0 . |

_— — - + — + b = P, q= 1,‘. on

dt BpJ Bpj ap] apj Z ap] kz_; k]/ik 3 j

| oty = 0  k=1,...,m (7.31)

"/;k(ﬁ»p)t) =0 k=1a'~-,m2

"7k(f7)i7»p,t) = k=l,...‘,m3.
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Let the multipliers x and p be adjbined into a single vector of multipliers A such that

‘ » ‘
A(t) = [ (t) J €R™e, (7.32)
| p(t) -
and let the dynamic coﬁstraints ) and“il be adjoined into a single vector € such that
- [ ey ‘
C,pt) =] - € R™e ‘ 7.33
B [ww,p,t)] 1

where the index my = my + my is the _total number of dynamic constraints. Then the

constraint Jacobian C,, is defined as

By (p, t |
P(p )] eRmaxn’ (734)

Cn(Pa t) = [ B(p )

and the co-Lagrangian DAE is given by

AGV -GV + BT +V%G+CIN = P
C =0 (7.35)

L 1]
o
=

7.1.4 Descriptor form

Carfying out the time derivative in the co-Lagrangian DAE and rearranging terms yields

VV'i+CIA=P— (%Vf)pﬁ - %V, +%T -GV -G (7.36)
N, o’ ~ . ~ s
A R

Introducing A(p,p,t) € R™" to represent the Hessian matrix V,,ZV‘ and To(f”’,zi,p, l) e

R to represent the summation of flows on the right-hand side, the co-Lagrangian DAE
is given by
Ap+CTA = T
¢ =0 . a

=
Il
o
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This fdrmulation is the complement of Lagrange’s equation of the first kind, chafac-
terized by second-order differentiél equations in terms of a single differential variéble,
momentum p. Matrix A is so called since in mechanics it represents a flexibility or com-
pliance matrix. Here it represents a matrix of compliance coefﬁéients. In‘the‘general
multidiscipline case, this matrix méy be singular. | |

Letting p = e, the co-Lagrangian DAE is given in descriptor form by

p = e

Ae+CTN = T, - (7.38)
6 =0
I = o,

This is-a set‘of 2n+m,}+m3 equations in the same number of unknowns (p, e, A, f7). The
descriptor form of the co-Lagrangian DAE is characterized by first-order differential

equations with state variables p(t) and e(t).

ExaMPLE 7.1 (Electrical circuit, co-Lagrangian formulation) The circuit shown in Fig. 7.1
is comprised of linear‘e]ements and two current sources f7(t) and f§(£). This problem,
from [24], is formulated as a co-Lagrangian DAE in terms of independent momentum

(flux-linkage) coordinates (p1,p2,P3)-

plw_i_ P2 D
fi(t) SR ¢ %Lz Ry Rj IHO

L, L3

Figure 7.1. An electrical circuit with coordinates assigned for a
co-Lagrangian formulation.

The state variables for the system are given by (py, pa, ps, p1, P2, p3) where the p; = ¢;
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represent node voltages. Analysis yields

vt = iCiR |
‘ .2 .2 9
_ N D3 D3
G . = SR, + SR, +‘ 2R, (7.39)
v o= ®miop) o (e —pa)

2L 2L, 2L3
W= [0 6p+ [0 6.

Since the éoordinatés are independent, there are no constraint equations and multipliers

are not used. The co-Lagrangian equations of motion for this problem are given by
AV + VG + VT = P, \ | (7.40)

yielding the unconstrained equations of motion given by

ErEER = o

‘ Ry Ly
. P2 pP1—=p2 D2 DP2—DP3
P2 _ProP2 P2 P2-Ps 41
Cita Ry Ly Ly Ly 0 (7.41)

D3 _P2—P3 _ s

‘Letting p = e, the equations of motion are given in descriptor form by

e |
Aé = Yo, L (142)
that is, |
p=c )
5 _ _
¢ 0 ¢ = —R—22+”‘L—1”2—§—z—-’-’-2—t—3£3 ] (7.43)
et

This is a set of six equations with unknowns (p1, p2, ps, €1, €2, e3). The compliance matrix

A'in this case is singular. The first three ODEs are explicit and the second‘three ODEs
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are .linearly implicit in the derivative é. Thus the co—Lagrangian formulation has a

structure similar to the Lagrangian fopmulation. See, for eXample, Ex. 5.10. o

EXAMPLE 7.2 The mass—spring—damper system shown in Fig. 7.2 is excited by a vé]ocity
source f*(t). This problerri, from [9], is formulated‘as a co—Lagrahgian DAE. The state
variables for the system are given by (p1,p2,p3,P1,P2,P3) where the p; = e; represent
forces. The interconnections of the elements impose the constraints that the force acting

~ on the mass, the spring force and the force of the damper are all equal.

‘P1 P2 P3
-
i) » ==

- Figure 7.2. A mass-spring-damper system with coordinates as-
signed for a co-Lagrangian formulation.

Analysis yields

v = g—g

T, = 2”—; (7.44)
$i = PL—PatpaL=0

G2 = p2—ps+pso=0

W= f(t)épr.

The co-Lagrangian equations of motion for this problem are givén by

%%V‘+V,;G+V,,T‘+C’$A = P o (745)
| G = o |
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yielding the co-Lagrangian DAE given by

p1

FEM = )
P2 _

| A +f\2 = 0

3 _ ‘

m M =0 (7.46)

PL—P3s+p3a = 0

P2—DP3+Dp3 = 0.

Letting p = e, the equations of motion are given in descriptor form by

D = €
. s _ &1
0 Lo =3
1
k -1 =1
0 _m
‘ m

Il
o

p1— P3+ Pao
[ P2 — P3 + P3o J
This is a set of eight equations with unknowns (py, p2, p3, €1, €2, €3, A1, A2). Thié DAEis
- comprised of six ODE's and two algebraic constraint equations. The first three ODE’s

are explicit and the second three ODE’s are linearly implicit in the derivative é. The

compliance matri‘x A is singular.
The co-Lagrangian formulation can be interpreted ‘in physicél terms as follows. In
this example, an ex‘plicit‘ solution for the multipliérs is readily obtained, yielding |
Moo= - n
a o= B2 (7.48)
and from the constraints is obtained

pp = p1 = pa ‘ (7.49)

Letting p = p3 represent the momentum of the mass and eliminating the multipliers from
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- the DAE yields a single second—order ODE given by

PLBLP_4s
k+b+m £ - (750)
The physical interpretation of this equation is that the velbcity of the mass p/m is the

resultant of the velocity of the source less the velocities of the spring and damper.o

EXAMPLE 7.3 The fluid system shown in Fig. 7.3 is comprised of fluid capacitors C'l and
Ca, fluid inertance I and resistance R. All elements have linear constituitive laws and
the fluid is incompressible. The pump provides a'prescribed flow rate and is modeled as
a flow source f*(t). This problem, from [48], is formulated as a co-Lagrangian DAE. The
state variables for the system are given by (p1, p2, p3, pa, D1, P2, B3, p3) where the p; = e;

represent pressures. .

Figure 7.3. A fluid system with coordinates assigned for a co-
Lagrangian formulation.

The energy functions are given by

Vo= Lo+ ACops

pi | | \
T = E{%_

2’
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: The pressure drop e3 is constrained such that ez = e; —ey, that is to say, ps = ﬁl —p2. The
variable p3 represents bressure momentum I’ since it is the coordinate assigned to a ﬂuid
kinetic store. Hence j)a isa physically—baSed momentum variable and the rate constraint -
involving p3 must be modeled in integrated form. Assﬁming zero initial conditions, this

constraint is given by

¢=p1=po ~ps=0. (7.52)
The second constraint, givén by
P ==. p2—ps=0, o (7.53).
- can remain a ‘rate“equation since neither py nor p4 répresents physical pressure momen-
tum. Virtual work of the flow sburce is given by
SW = f3(t) ép1. | (7.54)
The co-Lagrangian equations of motion for fhis problém are given by
NV + G+ T +CIN = P | L (7.55)
| ¢ = o,
yielding thé co—Lagfangian DAE given by
| 0 01 [ 1

Cii 0 0 | 0 - f*
Cajia -1 1 Al _ .0
o | 1? + p73 2 o] = o (7.56)
0 <] 0 -1 0
‘ R 0 .
PL—P2=P3 | _ g
P2 — Pa
Letting p = e, the equations of motion are given in descriptor form by
p=ce
fS
Ci 1 0 0
Cy R B | 1 _ P3
0 e+ -1 0 A= | _T (757)
‘ 1 €4
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[pl —Pp2—pa J —

ex— ey
This is a set of ten equations with unknowns (p1, p2, pa, p4,el,eg,e3,e4,)\1,/\2). This
DAE is gOmprised of eight ODE’s and two algebraic constraint equations. The first four
ODE’s are explicit and the second four ODE’s are linearly implicit in the derivative é.

The compliance matrix A is singular. o
7.1.5° Underlying ODE

If the system constraints are such that an explicit solution can be obtained for the'
multipliers A and for the implicit flows f7, and assuming that the compliance matrix A

is invertible, then the equations of motion can be reduced to the form

p = e

¢ = Flpet), | | . (758)

where F is 2 nonlinear function of the state variables, time and the paraméters of the
system. This set of équations ié the underlying ODE of the co—Légrangian DAE.

The procedure for obtaining the underlying ODE is sifnilar to the procedure used
to obtain the underlying ODE of the Lagrangian DAE. (See Section 5.4.) The inverse
of A and the inverse of @pA"'@g must exist. The constraints are differentiated twice,
hence a numerical sqlution is not guaranteed' to satisfy the momentum constraints ¢3k
or the effort constraints k. For these reasons, the underlying ODE formulation of the
equations of motion is eschewéd in favor of the descriptor form of the DAE for systematic

formulation and numerical solution the equations of motion.
7.1.6 Problerh formulation

To obtain the equations of motion using the descriptor form of the co-Lagrangian DAL,
it is necessary for the analyst to assign coordinates (p, €) Lo system elements. Expressions

- are developed in terms of these coordinates for the energy functions V*, T and G, for the
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independent constraints ¢, and %, and for the virtual work of the source flows f° and
~ implicit flows f7. The terms A, €, C,, I and. T are then generated by manipulating
these expressions according to the definitions associated with the descriptor form. This

procedure is illustrated by the previous examples.

7.2, The Co—Hamiltonian DAE

7.2.1 The Legendre transform -

In the co-Lagrangian formulation, the motion of a system is described by a trajectory in
a 2n~-dimensional state space, comprised of n momenta p(t) and n efforts p(t). Let the
‘number of these efforts associated with potential stores be denoted by s < 'ri, dividing
efforts into two categdries: potential efforts 5° = (p;...,Ps) that are associated with
potential stores, and all other éfforts = (;is+1 ++yDn), where the index r :=n —s.
The complementary form of Hamilton’s equation is obtained from the complementary
‘form‘of Lagrange’s equation by applying the Legendre transformation the potential co-
energy function V*(p) such that these s potential effort variables p; are transformed
into s displacement variables gj. Nonpotentiai efforts are not affected by the variable
transformation. | |

Using the nomenclature of the Legendre transform,! the potential coenergy func-
~tion V* is the function y©), the poténtia] efforts (py,...,Ps) are the first s variables
(z1,...,25) to be transformed, and the displacements (q,...,qs) are the transformed
variables (£i,...,&s). The untransfdrmed variables are momenta p and time ¢, ‘as well
as the nonpotential efforfs, which by definition do not appear in V*. In overview, the
transformation proceeds as shown in Fig. 7.4. | |

The definition of &; for the transformed variables yields

= = o=y i=1,...,s (7.59)

!'See Appendix A.
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variables variables

Figure 7.4. Overview of the Legendre transform for potential efforts.

Thus the new variables ¢; are negative components of displacement —q;. This relationship
accords with the definition of the displacement of potential stores. The definition of y(*)
is given by |

; s '
v =y =S gy, | ~ (7.60)
: i=1 !

yielding
v = v+
=1

= V‘(ﬁ)+V(q)+zs:qiﬁi4V(q)

i=1

[

~

=0 ‘
= -V(g). \ S (7.61)

Thus the st transform of the potential coenergy function V*(p, G Ps) is the nega-
tive of the potential energy function V(qy...,q;). For the untransformed variables, the

transformation yields the general result that

ay® gyl

ox; ox;

i=s+1,...,n4+s+1, (7.62)
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which yields

vV av* oV av+ ) ‘
-3 = B and ‘—a—pt_api‘ i=1,...,n. (7.63)

And finally, for the transformed variables, the transform gives the general result that

(s) | | ‘ |
aayé‘ = —; 4= 1, ey 8y . ) (7‘64)
f ‘
yielding‘ ‘
| m=_g_; i=1,...5 (7.65)

This equation accords with the definition of the efforts of potential stores.
Equations (7.59), (7.63) and (7.65) are the desired results of the Legendre transform
that are used to transform the complementary form of Lagrangé’s equation into the

complementary form of Hamilton’s equation.
7.2.2 Derivation

The complementary form of Lagrange’s equation with multipliers is given by

aovr ov* oT BG Oy

e = P; + (7.66

&t o5;  op; op; T o5 ,:Z T Zb’”“k b (168
where j = 1,...,n. Among these n equations are s equations corresponding to the
potential effort coordinates p* = (zil, ..+, Ps). For these s equations, direct substitution

from (7.59) and (7.63) into the co—Lagrange’s equation yields

_..+6_v+6T+294_'"‘ 0
b Op; = Op; aPJ 1 9pj

Kk + Z bijik = PJ, ‘ (7.67)
where j = 1,...,s. For the » nonpotential effort variables p" = (Ps+41,- - -, Pn) @ potential
displacement variable g; is not defined since these efforts are not transformed. Hence
for the » equations corresponding to the nonpotential efforts p" of a system, the result

of the variable transformation is identical to (7.67)‘ excluding the first term, that is,

BV OT 0G| T4 0§ |
v 9% o+ Bk = P, 7.68
dp;. " Op;  Op; =t Op; ,cz_: kit = 13 (7.68)
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where j = s+1,...,n. These two equations compfise a set of n equations with s+n state
variables, that is, q‘ € R? and p € R™. An additional set of s equations is given by (7‘.65).‘
Together with the a]gebraic constraint equations, these transformed differential equations
comprise the dlfferentlal—algebralc form of the complement of Hamilton’s equatlon called

herein the co~Hamiltonian DAE, glven by

P = __B_Z ‘ j;l s

J an )"',‘
| 8V 9T | 0G A Oy _ N
QJ+'67+8 +%+ 6Jnk+k¥bk1uk = P; j=1,...,8

ov . aT  8G "“a¢,c‘ ,

op; " op; 95 T At O ""*Zb’”“k = 5 J=s+1,
¢k(p,t) =0  k=L...m

@Zk(ﬁap’t) =0 k= ]‘-a'--‘:m2 ‘

Ww(f",B,p,t) = 0 k=1,...,ma.(7.69)

Using the following deﬁnitions, these equations can be written in vector form. The

- momentum vector p is partitioned into potential momenta p* = (p1,...,ps) and nonpo-

tential momenta p" := (ps+1,.. ., pn) such that |

‘ pi(t)

t) = . 7.70

p(t) [ p(t). (7.70) ;

Let the multiplier vector A and t_he constraint yector‘C' be given by
s o) | |
At) = Cp == ‘ 7.71

Let C; be the Jacobian of the constraint vector ¢ with respect to the potential state
variables (p°, p°), and C, be the Jacobian of ¢ with respect to the nonpotential state
variables (p",p") given by

Culp, ) = [3”'&:3] é,<p,t>:=[§;j§§;j”, - am




170

Then the Hamiltonian DAE is given in vector form by

o=
~G+ VeV T + G+ CTN =
Vprv-{-%rT-i-VprG-l-CT/\ =

¢ =

Lo |}
I

(7.73)

The co-Hamiltonian DAE is characterized by first-order differential equations in

terms of momentum and displacement variables (p,q). The differential equations are

not necessarily explicit because of the dissipation term VsG. Consequently the co-

Hamiltonian DAE given by (7.73) is not in a convenient form for systematic formulation

and numerical solution of the equations of motion.

7.2.3 Semi—explicit form

. Let p = e, where efforts e are partitioned into potential efforts e*

noﬁpotential efforts e” := (€s+1,...,en) such that?

dﬂ=[§8]-

The co-Hamiltonian DAE is given by

Bi = €

oV oaTr oG 0
—Gj + 57— +—- Z ¢knk+2bk]uk = PFj

Op; De;

eV aT 8G T 84y .
apj+0pj+ae, Z nk+l_;>;lbk]uk = P

e; =

&k(p, t) = 0

= (e1,...,€s) and

(7.74)

j=s+1,...,n

?Here e” represents a vector of efforts associated with potential stores, not an effort source.
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"Zk(eap)t) =0 k=1,...,mg

'7k(f7)eap: t) =0 k=1,. ..o, Mma3. (775)

Let the multipliér vector ), the constraint vector €, and the Jacobians €, and G, be

+ given by ‘
| K(t L [ ®pe(p,t
A = [ ()] Guprt) = [-”")]
n(t) \ | Ve (p, t)
~ ‘ : _ (7.76)
. | ®(p,t - &, (p, t
Cle,p,t) := [-()J Cr(p,t) = [f()].
: Ve, p,t) Wer(p,t) | -
- Then the co-Hamiltonian DAE is given in vector form by
| p o= e
G+ VeV + VT + VG +CTA = P
%V A+l +VieG+CTA = P (7.77)
| e = -GV
C =0
I =0

The first n-+s equations are ODE’s explicit in (p, ¢) and the remaining n+m0+m3 equa-
tions are algebraié in (p,q,e, A, f7). Collecting the differential equé,tions and algebraic

equations into two groups yields

pl [ e :
[d] T | =P+ YV o+ VT + VG + CTA
- ‘ r ‘ r AT
(:P+%m+%T+%G+QA (7.78)
0 = Vi,V +ef
X r

This DAE is in semi-explicit form, that is,

& = .7'-1(32,Z,t)‘
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0 = Foz;zt), ‘ | (7.79)
where | |
o0 = [ o) ] | |
z(t) = [e A) f‘f(t)] , - (180)

and F1 and F are given by the vectors on the right-hand side of (7.78). 'This DAE
is comprised of 2n+s+mo+ms equations in the same number of unknowns, namely
(.., /7). | S

Like the descriptor form of the co-Lagrangian DAE, the semi-explicit form of the
| co—Hamiltonian DAE is suitable for systematic formulation of the equations‘of motion
for multidiscipline systems. However, this DAE too is generally index—3 or higher. The
same strategies outliﬁed in Chapter 8 for integrating an index-3 Lagrangian DAE can

be used to integrate an index-3 co-Hamiltonian DAE.

 EXAMPLE 7.4 The mass-spring-damper system of Ex. 7.2 is used to illustrate the co-
Hamiltonian formulation. The same three momenta coordinates as in the co-Lagrangian
formulation are assigned here and an additional coordinate ¢ is assigned to the spring,

a potential store. See Fig. 7.5.

P1 P2 q2 P3

e e I
@) b ‘ T

Figure 7.5. A mass-spring-damper system with coordinates as-
signed for a co-Hamiltonian formulation.

Analysis yields
= ke

T = pi/2m
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G = pi/2b o (7.81)
$1 = pL—ps+p=0
$2 = pa—p3+pa=0
SW o= f5(t)ép. |

The constraint matrix is given by

G.= | P1—P3+D30 |  (r89)
[ P2 = P3 + P30 : (7.82)
The constraint Jacobian is given by
s [to 1]
ae[toa] -

from which are obtained the potential Jacobian C; and nonpotential Jacobian C, given

in transpose form by
T = [ 01 ]
A 1 0 |
cr = [ 1 .1 ] (7.84)

The cd—Hamiltonian DAE for this example is given in semi-explicit form by

p = e

G = —P°+ VoV + VT + VG +CTA

0 = =P 4GV + VT +%GC+CTA (7.85)
0 = V,,V-{‘-es |

0 = C.

The equations of motion are

pl _ [e

g2 | A2 -
[ fs —61/b— /\1 :
—p3/m + A1 + A2 : ‘
0 = . kga+eg ‘ ‘ (7.86)

P1 = P3 + P3o
L P2 — D3+ Dso
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This is a set of nine equations‘with unknowns (p1,p2, Ps, €1, €2, €3, g2, A1, A2). This DAE

is comprised of four explicit ODE’s and five algeBraic constraint equations. ¢
7.2.4 Complementary canonical form

If the 'system constré.ints are Such that an explicit solutioﬁ can be obtained for the
multipliers A and the implicit flows f7, and assuming that the potential coordinates
(g,p°) are sufficient to describe the motion of the system, then all algebraic equations
| can be eliminated from the DAE. The resulting differential equations are in implicii
form, that is, |

- Fld,z,t) =0, o (7.87)
where | ‘

2(t) = [ a®) 2], sy
and F is a honlinear funcfion of the state variables, time and the parameters of the
system. ‘ |

The procedure for obtainihg the underlying ODE is similar to the procedure used to
" obtain the underlying ODE of the Hamiltonian DAE. (See Section 6.4.) The inverse of
&),,W&)Z' muSt exist. The constraints are differentiated twice, hence a numerical solution
is not guarénteed to satisfy the momentum constraints ér or the effort constraints 9.
In the special case that an independent set of po‘tent‘ial co‘ordi‘nates (p,q) can be -

selected to represent the motion of the system, the uhderlying ODE reduces to
P o= -W%V
i = =P+W%V+VT+VG. - (7.89)

Let the general nonpotential flow P" represent the flows of sources and dissipators such
that P* = P — V;G. Defining the Hamiltonian energy function H := T + V, the
underlying ODE is given by ‘

p = -VH
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g = V,H-P™ (7.90)
In the absence of nonpotential flows, that is, P™ = 0, this equatidn is.reduced to

p = —VH

i = BH | (7.91)

This equation, called herein the co-canonical form, is the complement of Hamilton’s
equation iﬁ canonical form. For modeling and simulation of multidisci‘pline systems, this

‘ forrﬁ of the equations of motion has limited utility, since the selection of coordinates is
limited to an independent set of displacements and momenta among the potential stores
only, and nohpotential flows are excluded; For thesé reasons, modeling procedures based

on the canonical form are not in common use.

- 7.2.5 Problem formulation

To obtain the equations of motion using the semi-explicit form of the co-Hamiltonian
DAE, it is necessary for the analyst to assign coordinates (qs‘, p*,e°) to potential energy
stores and coordinates (p",e") to nonpotential elements. Expressions are developed in
terms of these coordinates for the energy functions T, V and G, for the independent
' constraints C‘ and T, and for the virtual work of the nonpotential flows P.‘ Through

manipulation of these expressions, the semi—ekplicit form of (7.79) is obtained.

7.2.6 Comparison of two forrhulations

The‘co—Lagrangiaﬁ formulation and the co-Hamiltonian formulation have the same at-
tributes with respect to one another as the Lagrangian and Hamiltonian formulations
have with respect to one another. The co-Hamiltonian DAE in semi-explicit form has‘ s
more equations and unknowns‘than the co—Légrangian DAE in descriptor form. But the
co-Hamiltonian DAE containé fewer differential equations to be solved and all the ODE's

~ are explicit since the co-Hamiltonian DAE contains no A matrix to be inverted as does
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the co—Lagrangian DAE. Thus, like the Hamiltonian formulation, the co-Hamiltonian
- formulation may be more suitable than thé co—Lagrangiém DAE for numerical imple-
mentation. | | ‘

Lastly, it is noted by comparing the co—Lagrangién DAE (7.35) and the co-Hamiltonian
DAE (7.73) that the two formulations are identical in the case of a system with no poten- |
tial stores. In such a case, both DAEs reduce to a set of ﬁ:st-order differential equations
in p given by |

W +VG+CTA = P
C =0 ‘ (1.92)

Lo |}
il
o



Chapter 8
MODELING AND SIMULATION

One of the primary goals of this reseafch is to develop a systematic method of model-
ing multidiscipline systems. In this chaptér is presented“a process of anélysis, function
manipulation, numerical solution and automation that‘ meets thfs goal. To make the
modeling procedure systematically applicable to the general multidiscipliné systém, La-
grange’s équation and its dual are formulated as a set of linearly impiicit DAEs in
descriptor form and Hamilton’s equation and its dual are formulated as a set of semi-
explicit DAEs. These forms are the basis of an automated modeling and simulation

algorithm. |
8.1 Analysis

The following outline compr‘ises the extent of analysis using the analytical method. The
brevity and clarity of these steps is one of the attractive features of the this approach.

Following the outline is a brief explanation of each step illustrated by example..

8.1.1 Outline of the analytical method
1. Obtain a system schematic.
2. Select coordinates to represent the motion of the system.

Select a suitable formulation, that is, Lagrangian, Hamiltonian, éo—Lagrangian or
co-Hamiltonian.

e

Write expressions for the energy functions.

Write eXpressions for the system constraints.

Write éxpressions for the virtual work of sources and implicit efforts or flows.
Determine a set of initial conditions consistent with the constraints.

Select numerical values for system parameters.

Sl R B <2 T <

Solve the differential-algebraic equations of motion.
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8.1.2 Obtain a schematic

To begin the analysis of a multidiscipline system, a schematic of the system must be ob-
tained. The schematic must be of sufficient detail to identify the necessary sﬁate variables
and to illustrate the interconnections among system elements. Any method of signif‘ying‘
'~ the elements‘ and interconnections that is adequate for this purpose‘is acceptable. ‘Thus
a variety of discipline-specific conventions may be used in constructing such a schematic.
No formal schematic-building algorithm is required as in thé conventional linear graph
or bond graph modeling techniques. Often the energy functions, constraint equations
and virtual work expression may be written from inépection of the system schematic.
The schematic of the system used in this example is shown in Fig. 8.1.

Uy Ly

—

é S g . ‘

wal==c " Lg |us ;
f‘es(’)‘ E 1 K Ky |
- |

u2

power AC/DC ‘ DC slider
supply converter motor crank

Figure 8.1. An ‘electromechanical system.

8.1.3 Assign coordinates

It is neceséary for coordinates to ‘be assigned to system elements. For the Lagrangian
- DAE, these coordinates are the state variables (u,%). These coordinates need not be
independent, nor must they necessarily cnmprise a set of minimum dimension.. This
accommodation of redundant coordinates is one of the features ‘of this approach that
eases the mathematical burden on the analyst, since it is not imperative thaf the analyst
manipulate equations to reduce a coordinate set to minimum dimension. Nor is it nec-.

essary that the analyst carefully or cle‘verly‘ choose a“particular set of independent state
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variables in order to improve the efficiency of the solutlon algorithm. For the example

at hand the coordinates are assigned as shown in Fig. 8. 1

8.1.4 Select a formulation

In this example the Lagrangian formulation is used. The Hamiltonian, co-Hamiltonian
or co-Lagrangian formulations may be used as well, as‘ long as the formulation is suitable
for ﬁhe state variables selected by the analyst to repreeent the motion of the system. Thus
the analyst is given the freedom to ‘choose the representation of motion best suited for
the preblem at hand, and then select the DAE that can be solved most readily for this -
set of variables. For example, for a system with a significant number of kinetic stores the
'Hamiltonian DAE may be better suited than the Lagrangian DAE for efficient numerical
solution. ‘

" In this research, a set of guidelines or “recipe” for selecting a suitable formulation is
not given. A conclusive essessment can be made only after continued experiehce with
the the four formulations and robust numerical algorithms. The development of such
guidelines is left to the ‘future. However, some general ins‘ights‘ into formﬁlation selection
follow. | |

The differences among the four formulations arise from the different variable pairs
used to rebresent; the motion of a‘system. The Lagrangian DAE, which represents the
* motion of a system‘ in terms of displacemen‘t g and flow f, is the formulation most familiar
to dynamiciéts. Since displacement and flow constreints are common in engineering sys-
tems, solutions in terms of these variables are readf]y checked for constraint compliance.
The ena]yst can quickly assess the reasonableness of a solution.

Ih constrast, the co-Lagrangian DAE fepresents the motion of a system in terms
of momentum p and effort e. Constraints in terms of these variables usually are not
discerned as readily as displacement and flow constraints, particularly fqr mechanical

systems with cdmplex geometries. Hence the type of constraints present in a system and
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the ease with which they afe discerned and formulated bears signiﬁcantly on the choice
of formulation. |

The Hamiltonian DAE represents the motion of a system in‘termé of displacement g
and momentum p, where the momenta are of kinetic stores only. The Hamiltonian DAE
is in semi-explicit forrﬁ, which may pfove to be better suited to numerical solution in the
general case than the descriptof form of the Lagrangian DAE. Moreover, the constraints
of the Hamiltonian DAE are formulated in the same manner as in the Lagrangian DAE,
~ retaining the ease of constraint formulation and solution assesément. One drawback of
the I-Iarﬁiltonian solutibn is the average analyst’s unfamiliarity with assigning momentum
variablés to a syétems and then assessing solufions posed in terms vof momentum coér—
dinates. This is not a serious difficulty, however, since facile interpretation of numerical
results is-a skill that improves with préctice.

Like the Hamiltonian DAE, the co-Hamiltonian DAE represents the motion of a
syétem in terms of displacement q and rhomentum p, but here the displacements are
of potentia1 stores only. Constraints aré formulated in the same manner as in the co-
Lagrangian DAE, that is, in terms of momentum and effort. Thus the same reservations
expressed about constraints in co-Lagrangian form apply to the co-Hamiltonian form.
Yet, like the Hamiltonian, the co~Hamiltonian is a semi-explicit DAE, and so may have

superior numerical properties to the co-Lagrangian in descriptor form.

Clearly, the type of ‘elements and the type of constraints present in a system are

| important guides to choosing the formulation best suited to that system.

8.1.5. Energy functions

Expressions for the energy state functions are written. Often these can be obtained by
inspection of the system schematic. In other cases, the analyst may have to resort to the

definitions of these functions. For the example at hand the energy functions are given
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by
T = LLid + §Jud + fmud
= = | | (8.1)
D = 1Ru}+ bl

Since the descriptor form of the Lagrangian DAE is to be used in formulating this model, -
a change in coordinates is made to conform to this formulation. The displacement
variable u is renamed ¢ and the flow variable @ is renamed f. The energy functions are

given in this nomenclature by |

T = LLf2+3Jf2+imff

q? o
v o= 3% (8.2)
D = LiRf}+Llof2.

8.1.6  Kinematic constraints

‘The slider-crank mechanism imposes a holonomic constraint given by
d1(u) = (ur — cosug)? + (rsinug)? — [2 =0, (8.3)
and the electrical nodes impose holonomic flow constraints given by

(i) = U+l —Uz—1TUg =0

Yol = 1 — g =0. (8.4)

Since the flow constraint 4, involves a capacitor, which acéumulates physical charge,
this flow constraint must be integrated to obtain a holbnomic displacément constraint.
Including this displacement constraint in the DAE ensures that the constraint on the
charge of the capacitof is satisfied. The second flow constraint )2 involves a l'eSisth'
and inductor, which do not accumulate charge, hence this constraint can remain in flow

variable form. The numerical solution need not ensure that the integral of this constraint
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is satisfied. Thus, with a change in nomenclature, the kinematic constraint equations

are given in final form by

$1(u) = (gqr—rcosqs)® + (rsings)® — 12 =0
$2(u) = @ +q—gs—qu+gs, =0 - (89)
= fi—fs=0.

i(f)

8.1.7 Dynamié constraints

Each diode has a constituitive law giVen by i = is(q"‘”— 1), where ¢ is current, v is voltage,
and ¢; and o are known parameters. Voltage v is an implicit effort e?, and the diode
‘constituitive law irhposes the dynamic constraint given by 7 := i — ig(e®®” = 1) = 0.
Denoting the implicit efforts for the two diodes e] and ‘eg respectively, two dynamic

constraints are given by

ne f) = fx —ig (g"‘"? —‘1) =0

72(€”, f) Jfa—1is (e‘“’; - 1) —0. ‘ (8.6)

Denoting the DC motor torque with ¢] and its back-emf with €], the two dynamic

constraints imposed by the DC motor are given by

(e’ f) = e3+ K fs=0

(e, f) = el —Kyfs=0. | - (87

Lastly, the phase-inverting transformer is modeled as a device that acts as‘ a dual volt-
age source, as showh in. Iig. 8.2. Voltage source e® acts in the u; direction such that
e} = Be’(t) and simultaneously acts as a voltage source in the ug direction such that
e5 = —fe*(t). These relationships could be formulated as two dynamic constraints, but
they are just as-easily embedded in the virtual work equation without introducing two

additional unknown implicit efforts.
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+ u
+ el
e’(t) -
€2

Figure 8.2. A phase—inverting transformer modeled as a voltage source.

8.1.8 Virtual work

A virtual work expression is written to account for the contribution of all source efforts
and implicit efforts. In this example; the implicit efforts are the diode voltages e] and
e3, the motor torque e] and back-emf e, and the two phase-inverted sources ef and e;.

The virtual work of these efforts is given by
§W = —e] buy — €] Sug + ] Sug + €] Sus + € 6u; + €3 bus, (8.8)

where the signs indicate whether the effort acts in the direction of or in o‘pposition‘ to the
assigned coordinate direction. Substituting e{ = Be*(t) and e§ = —fe*(t) accounts for
the contribution of the AC voltage source and eliminates ej and ej from the equations.

Collecting terms and changing nomenclature yiélds :
W = (Be® —e]) 6q1 — (Be* +¢€3) 6q2 + €] 6gs + eg 6qe. | | (8.9)
The coefﬁcient‘s‘of tﬁe oq; are‘t‘;he Q: of Lagrange’s equation;
8.1.9 Determine initial ‘conditions
The system‘unknowns are the set of variables given by
2= Qs G0y f1y - S AL - Aay€], v €]), - (8.10)

‘where A € R3 since there are three kinematic constraints. For a numerical solver to
proceed; initial conditions 2, := 2(t,) must be determined ‘that are consistent with

the constraints. This is not always a simple task. ‘Some numerical algorithms contain
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subroutines that automate the selection of initial conditions. A set of initial conditions
are not required to symbolically formulate the DAE, but they are required to obtain a

numerical solution.
8.1.10 Select parameters

Numerical constants 6r time—dependent functions are assigned to fhe parameters of the
system. These include constituitive parameters such as méss, moments of inertia, ca-
‘pacitances, and other coefficients as weil as functions such as sources. Any of these
parameters may be nonlineér, time—-dependent or state—dependent. Like the initial con-
ditions,‘ parémeter selection is not required to formulate the DAE but is required for
numerical integration. | ‘

This concludes the analysis of this éystem. The rémaining steps of formulating and
solving the equations of motion are steps that are readily automated. The time and
effort of the analyst is devoted to developing an understanding of the ‘physical systefn
that is sufficient to perform the modeling steps outlined above.’ The set of eq‘uations

from which a model is obtained is given‘ by

T = L +3JfE+gmff
2
_ 4
2C
D= 3Rfi+3b/7
$1 = (g7 —rcosgs)’ + (rsings)® — ¥ =0
$2 = Q+G@-q=qi+3g, =0
b= fi-Js=0 ‘ | (8.11)
m o= fi-ig (e -1) =0
n = fa—is (e -1) =0
v3 = ey + K fs=0

o= e =Ky fo=0
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W = (Be’ - e,) 5q1 — (Be® + e]) 6qo + €] 6gs +e3 6s.
8.2 Function manipulation

From the results of the above analysis, the quantities M , C’,“Cn, I’ and Yo of the La-
grengian DAE are formed. Prior to the advent of symbolic software capable of performing
these manipulations, this was the step that, except for the simplest systems, modelers
found most intimidating. With the advent of such software, however, the burden of.
these manipulations can be put where it belongs — on the computer — freeing the
analyst from the drudgery of equation manipnlation. waever, for the simple example
c‘onsidered‘ here, the manipulations are done manually to illnstrate the method.

The M matrix is defined as the Hessian of the kinetic coenergy given by
M := VFT* = diag{0 000 L J m}. (8.12)

The vector C is defined as the vector of all kinematic constraints given by

® q? — 2rqrcosge + 12 — 2
C"‘[\I,}= Qn+gp—-gp—-qut+ag, |. - (813)
‘ Ji—fs ‘

The matrix C,, is deﬁned as the Jacobian of C with 1espect to the state variables given
by

0 000 0 0 2rgrsings 2(g7 —rcosgs) ‘ |
] 11 -1 -1 0 0 ‘ 0 . (8.14)

Cn:=[$q
I S 00 0 1 -1 0 0

The vector T' is defined as the vector of all dynamic constraints given by

it (e -1

Po= | f2—is(eo2 -1
ey +Kefs -
e:{_l{vfﬁ

And the vector To is defined as the collection of efforts given by

(8.15)

To=Q = (YT, + (YT"), +%T" = GV = D, (8.16)
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For this example Ty is given by

Bes(t) — e

—Be’(t) — €3
| -a/C

To= | *Rf4

(8.17)

Having these matrix expressions, determining a consistent set of initial conditions

m(to) = (q101 e -aQ7;,fl.,, v )‘f7u) ’\lo) e -,/\30,€YO, cee )GZO)!

(8.18)

~ and selecting system parameters (L, J,m, 1, 1, is, &, K¢, Ky, 8, C, R, b) concludes the mod-

eling procedure. The model is given by

g
[0 ] [ 0 1 0]
0 0 1 (1
0 0 -1 0
0 [+ 0 -1 1] A
L 0 0 -1
J | 2rqrsingg 0 0
i m | | 2(g7 —rcosgs) 0 0|

[ g% — 2rqrcosgs + 12 — 12
q1+q2—@q3—qa+qs,
fa—=[s

f1—=1s eae'{ -1
fa—1is eag; -1
ey + Ki fs
3:17 - K, f6

The first 14 equations of this DAE are linearly implicit ODE’s

equations are algebraic. The unknowns are (g, f, A, €7).

Bes(t) —e] ]
~ Be*(t) — e]
- —q3/C
—Rfi
ey
el
- bfy

(8.19)

and the remaining 7
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8.3 Numerical methods

Two algorithms are in common use for the direct solution of a DAE: Euler’s method and
backward-differentiation formula (BDF)‘ methods. In both methbds an approximation
is made of the derivatives in the DAE,‘turning the DAE at each time step into a set of
nonlinear algebraic‘equations of the form F = 0. This set of equations is solved at each
time step. |

To illust‘rate‘the basic concepts underlying this approach to numerically solving the
DAE, Euler’s method is presented below followed by an outline of the BDF‘ method. For
illustration purposes, the descriptor form of the Lagrangian DAE is used. A pgralle]‘
development can be made‘for solving the Hamiltonian DAE and the complementary

forms of Lagrange’s and Hamilton’s equations.
8.3.1 Euler’s method

The Lagrangian DAE is given by

g = f

Mf+CTA = T | (8.20)
C =0
r = o0,

whére :
¢ = (q,...0n)
Fo= (e f) (8.21)
A= (A dm),

and the solu‘tion‘space also includes |

e’ = (ef,...,eh,). (8.22)

The model is comprised of 2n+m,+m3 equations in the same number of unknowns.
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In Euler’s method the derivatives ¢ and f are replaced by ﬁnite—differer‘lces.‘ The
approxifnation of a time derivative & at time step t**! is given by

B+ — z(t¥)

(VY |
BtV =~ s wTa (8.23)
‘where v indicates a discrete time step. A shorthand notation is given by
v+l v : ‘
:v" ~ _’-;;:T_, . } . (8.24)

where pV1! = v+l — t¥ is the current time step of the numerical integration.: Euler’s

method uses a fixed time step A. -
Applying this method of approximation to the derivatives in the Lagrangian DAE

yields the function F' given by

| - h—l (qu+1 _qu) _ fu+1 -

- v v v U+l v 13
ro= | M= f7) + (CF) ’\H‘" T 0. (8.25)
ot ‘
vl

Let 2 be the Qector of unknowns given by a :=(q, f, A,e7). Knowing the value of 2 at
time step t¥, ‘this set of equations can be solved for the unknown values of 2 at time step
vl I‘n other words, knowing 2”, F = 0 can be solved for .’L“" +1. The solution method
most. ‘often used for solving this type of nonlinear algebraic eq‘uation set is Newton's
method. - | | | |
Newton’s method requires knowledge of the Jacobian of I at each time step, given
by JVt! := 9F/9a¥+!. In ‘generél this Jacobian can be determined either analytically 61‘
numerically. In the case of the descriptor form of the DAE, determining the Jacobi‘an
‘ analytically can be a daunting task. Hence in the systematic approach given here, it is

suggested that the Jacobian be determined numerically at each time step through the use
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of ﬁnite—differences. This approach has been successfully implemented for classroom-

style problems (13].
8.3.2 BDF method

Backward—differentiation formula methods for solving DAES are présented in great detail
iﬁ the literature. See for example. {4,6,42]. The basic features of these methods are
outlined in this section. |

Backward-differentiation formula methods for solving DAEs are conceptually similar
to Euler's method. In both methods thé derivatives in the DAE are replaced with
approximations and the resultiﬁg set of algebraic equations is solved at each time step
for the system unknowns at the next time step. The BDF methods differ ‘from Euler’s
method in the manher in which the derivatives are approximated and in the selec‘tion‘
of step size. BDF methods use polynomial approximations of the derivatives and vary
the step size depending on error estimates. BDF methods also incdrporate error control

schemes. These differences between Euler’s method and BDF methods are outlined in

Table 8.1.
Table 8:1. Comparison of Euler’s method and BDF methods.
Characteristic " Euler "BDF
derivative approximation finite-difference : polynornial
order of approximation I8t variable, usually 1% to 5t
time step ‘ ‘ fixed ‘ variable
error control none yes

The advantages of a BDF method compared to Euler’s me‘t‘hod are that BDF methods
are typically faster at solving the DAE beéause the algorithm adjusts the step Size :
‘depending on error estimate information. For a region of a system’s trajectory for which
' the system is not dynamically stiff, thé error estimates become small and the algorithm

increases the step size. This reduces the overall time taken to solve the DAE. For stiff
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regions, that is, regioné of the tréject.ory subjegt to rapidly changing dyhamics, the step
size is feduced. | | |
| | The fixed step size of Euler’s method, on the othef hand, must be fixed at a value
small endugh t‘o successfully integrate the worst—case or stiffest‘region of the trajectory.
This caﬁses a much longer ‘solution time than ‘is necessary for accurate results in the
nonstiff regions of a trajectory. | |

| Second, the polynomial approximations to thé derivative of the BDF method are
.usually more accurate than the fitst~order apprdximation‘of Euler’s method. And the
- error-control schemes of the BDF‘ methods allow the analyst to extract information frorﬁ
a simulation regarding the ﬁumerical behavior of the algorithm. This capability is lacking
in Euler’s method. ‘ |

Nevertheless, the BDF methods have one serious drawback compared to Euler's

method. Most BDF algorithms contain heuristically-determined parameters that must
be specified by the user to obtain the best numerical performance‘ from the algorithm.
These parameters amc‘mnt‘ to “rules-of-thumb” that may require extensive ekperience on
the user's part to manipulate successfully. In contrast, Euler’s method is straightforward
‘to implement and, given a small enough step size, usﬁally‘ Successful; As computers be-
come faster, the slower progress of Euler’s method bécomes less significant a drawback.
(Of course as computers become faster, analysts tend to tackle more difficult problems.

C’est la le diable.)

8.4 Numerical examples

In' this. section aré presented the results of numerical sirhulations of several simple sys-
téms.: The‘purpose of this section is to demonstrate the steps by which a Lagrangian

DAE and 2 Hamiltonian DAE are solved using Euler’s method or a BDF method. In all |
cases, the numerical algorithms are impleménted modularly and are suitable for system-

atié application to the DAE of motion. Numerical sblutions are implemented in Matlab
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ExAMPLE 8.1 (Simple pendulum, Lagrangian DAE) The configuration of the simple

pendulum shown in Fig. 8.3‘is given by the coordinate pair (u;,uz). The rod of ‘ﬁxed“

length ! imposes a single kinematic holonomic constraint. The effort source acting on

the mass is the force due to gravity. This problem is formulated as a Lagrangian DAE.

The numerical solver is an implementation of Euler’s method called int_dae1, based on

a Matlab script by Fabien [13]. The script file is listed in Appendix F.

%]

uy

Figure 8.3. A sirﬁple pendulum.

Analysis yields D = V =0 and

T = gm (6 + i)
¢ = w4+ui-12=0 ‘ (8.26)
W = —mgbus.

Letting v = 1, the Lagrangian DAE for this e;{ample is given by

"
Mo+ CTA
c

v

Yo | ‘ (8.27)
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yielding

U = v

U+ A= ‘ ‘ (8.28)
0 m 2ug ‘ - mg

[ uf + ug - 12 ] = 0.
Initial conditions, consistent with the constraint, are given by
[w, s, v, v, |=]lsin(r/20) —lcos(r/20) 0 © . (8.29)

The system parameters are given in terms of consistent units by [ = 2.34, m = 1.13 and
g=981. |

To implement Euler’s method using the int_dael solver, a driver function is created
to initialize the algorithm and invoke the solver. In the driver the initial conditions are
stated, a fixed time stép and the time dor‘nain‘ of the simulatioh are denbted, the number
of configuration coordinates and the number of constréints are stated‘, and the solver is
invoked. The driver is a brief section of code writteh by the user. The driver for this
example is written for‘imple‘mentation in Matlab, as‘ shown in Fig. 8.4. This script file
illustrates the simplicity of ‘setting up a problem for numerical solution once an adequate
numerical engine (in this case int_daelj is developed.
 Asshown in Fig: 8.4, the first argumént passed in the call to the solver is the filename
pend_func. This file, aléo written by the user, contains the problem-specific components
of the descriptor formﬁ]ation, némely, the matrices M and C,, the veétors C and Ty,
and the system parameteré. This functiqn file is invoked by the solver at each time step,

hence the current value of time ¢¥, displacement u” and flow v” are input arguments. The

“quantities described in this function file are in general dependent on the state variables

and time. The function file for the pendulum example is shown in Fig. 8.5. CQmpal'-

ison of this file with the equations of motion (8.28) illustrates that the file contains



% filename: pend_driver.m
h == initial conditions
YO = [2.34*sin(pi/20);-2.34*cos(pi/20);0;0);

h ——--- set numerical parameters

h = 1.0e-3; ¥ time increment

nstep = 4000; % number of time steps

n_disp = 2; % number of displacement coordinates
n_con = 1; Y number of kinematic constraints

h =———— invoke the solver. Outpuf Y = [uv] and T is time.
[T,Y] = int_dael(‘pend_func’,Y0,h,nstep,n_disp,n_con);

h ——— save results for plotting
save pend_results
% endfile

Figure 8.4. A driver file for the Lagrangian DAE solver int_dael.

% filename: pend_func.m
‘function(M,C,C_n,Ups_0) = pend_func(u,v,t)

m=1,13;

L = 2.34;

g = 9.81;

M= [m,0;0,m];

C = [u(1)"2 + u(2)~2 - L"2];

C.n = [2%u(1), 2*u(2)];
Ups_0 = [0;-m*gl;
% endfile

Figure 8.5. A function evaluation file for the Lagrangian‘DAE
called by the int_dael solver,

193
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-2.0 1
0.8
-2.2 ‘ 1 g
e
£ EOS
5 S 04
-2.4 g0
' >
0.2
-26 . . 0
0.2 0 0.2 ‘
ut (m) : . Time (sec)
(a) Displacement trajectory ' {b) Magnitude of velocity
108
15

Time (sec)
() Error in constraint

Figure 8.6.: Simulation results for a pendulum modecled using a
Lagrangian DAE. ‘

straightforward representations of the system functions. This script file too illustrates
the simplicity of setting up a problem for numerical solution using the descriptor form
of the equations of motion. |

- The numerical solution of the DAE is obtained by executing the driver file. The out-
put of the simulation is a time response of each of the four state variables (u), u2,v1. v2).
From these time responses are obtained three results of interest shown in Fig. 8.6. The °

plot of uz vs. u; in (a) indicates that the trajectory of the mass does indeed describe

a circular arc. The magnitude of the:velocity of the pendulum, given by \/v# + vZ and
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plotted in (b), shows the expected periodic behavior of the pendulum as it oscillates be-
~ tween positions of zero velocity and positions of maximum velocity. The constraint error |
in (c) is a plot of the function ¢‘ given by u? + u3 — (2. In this example the numerical
solver has satlsﬁed the constraint to within 10~4% of the max1mum displacement. A
small constramt error is a necessary condition of accurate numerlcal results, although in
the general case it is not a sufficient condition. The constraint error can be small even

for a numerical solution that drifts from the true solution. o

ExAMPLE 8.2 (Slider-crank mechanism, Lagrangién DAE) The slider-crank model shown
in Fig. 8.7 consists of two point masses and two rigid, massless rods. Rod l‘l pivots about
the origin and the mass m; is constrained to move only in the ug direction, that is, u4 = 0. |
This problem is formulated as a‘ Lagrangién DAE in terms of coordinates (ul,ué,U3).

The effort source F* is assumed to act in a line perpendicular to link [;.

FS

A7

L1
slider—/ m2

Figure 8.7. A slider-crank mechanism,

Analysis yields D=V =0 and

T = dm (4 +0F) + fmauf

¢1 w+ui-02=0 (8.30)

b : (ug —w)? +ud —1f = o
W = =P eu + P TR bu.

I L
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Letting v = 1, the Lagrangian DAE for this example is given by

T o= v
‘ ! U2
m 0 0] [2uw 2(u —us) ~Fr
0 my O |9+]|2u  2up A o= Fs% | (8.31)
‘ : 1
0 0 me ‘ 0 2(1.1,3 - ul) 0 ‘
u? +ud -1
‘ = 0
(us —u1)? +u3 - 2 ‘
Initial conditions, consistent with the constraints, are given by
[uo vo];[113000]. (8.32)

The system parameters are given in terms of consistent units by m; = 2.26; mg = 1.13,
I =3, Iy = v/5 and F* = 10. |

A driver file and a function file similar to those given in the prévious example are
written ‘to obtain a numerical solution using the int_dael solver. The time responses
of the state variables (uj,uo,us, v, v, v3) aré used to obtain the following results of
interest. The trajectory of the point mass m describes a circular trajectory as shown
in Fig. 8.8(a). The position of the slider is shown in (b), which clearly depicts the
transient response as the system starts from rest. The error in the first constraint,
given by u? + u — 13, is plotted in (c) and the error in the second constraint, given By
(us —u1)? +uf — 3, is plotted in (d). These errors are negligible, indicating at least that

‘a necessary condition for an accurate simulation is satisfied.o

EXAMPLE 8.3 (Lead-filter, Lagrangian DAE) The lead—filter model shown in Fig. 8.9
is a simple electrical circuit containing a capacitor and two resistors driven by a voltage
source e*(t). The system variable of interest is the output voltage e°(t). This problem

is formulated as a Lagrangian DAE in terms of coordinates (1,42, ¢s) and a numerical
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Figure 8.8. Simulation results for aslider-crank modeled using a
Lagrangian DAE. ‘

solution is obtained. Since there is no inductor in. this circuit the kinetic coenergy

function is zero and the inertial matrix M is singular.

Analysis yields T* = 0 and

2
= 9
V' =3 | |
D = JRiG}+ LRads (8.33)

¢ = m+g-qp=0
W = e6gs.
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voltage +C Al voltage
input e’(t)_ P ‘ 72 ‘ l §R2‘ (%) ouput

Figure 8.9. A lead-filter.

Here the kinematic constraint must be expressed in holonomic form since the constraint
includes g2 which represents a physical accumulati;jn of displacement or charge of the

capacitor. Letting f = ¢, the Lagrangian DAE for this example is given by

g = f
-Ryfi
000] 1 o \
00 0| f+| 1]r= -5 (8.34)
0 00 -1 ‘
e’ —Rafs

n+a—q = 0.
Initial conditions, consistent with the constraint, are given by
[% n]:[oo 00 00]. (8.35)

The‘syst‘em parameters are given in terms of consistent units by Ry = R; = C = 0.5
and es(t) = sin 81r£. |

A driver file and a fuhction file are written to obtain a numerical solutioﬁ using
the int_dael solver. The time resbonsés of the ‘s‘tate variables\(q;,qz,qa, f1, fa, f3) are
‘used‘ to obtain the following results of interest. The desired output variable e?(t) is the

~ difference between the effort source and the voltage drop across the parallel resistor and




199

x10
1 4
\
\ .
0.5 2r
e 5
% <
9 of A 50 4t ,l 4
] g0 i ‘
9% ‘
-0.5 2.
-1 ‘ -4
0 05 1 .0 0.5 1
Time (sec) . Tlme (sec)
(a) Input and output voltage ‘ * (b) Constraint error

Figure 8.10. Simulation results for a lead-filter modeled usihg a
Lagrangian DAE. :

capacitor given by

() =e'(t) - Rufult). C(8.36)

In Fig. 8.10(a) the voltage output e°(?) is plotted with the input voltage e*(t) shown for
reference. The figure shows that the output voltage, for the given system parameters,‘ has
a small phase-shift and a small reduction in amplit;tide compared to the input voltage.
This result is identical to the time response obtained from the lead-filter transfer function

G(s) given by

| Ts+1
Cl) =ao vt (8:37).
where ‘
0= i and T:=RC (8.38)
" Ry + Ry ' o : '

subject to the input‘function e’(t)

The error in the constraint, given by q; + ¢2 — q3 and‘plotted in (b); is negligible.
The spikes in the constraint error trajectory arise due to changing numerical ‘properties
of the constraint Jacobian at each time step in the Simulation. In particular, at a given

time step certain columns of the Jacobian matrix are independent. At the next time
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step certain other columns, not necessarily the same ‘ones, are independent. The spikes

in the constraint trajectory are associated with this‘phenomenon. °

ExaMPLE 8.4 (Fluid lead-filter, Lagrangian DAE) The fluid system shown in Fig. 8.11
is structurally similar to the electrical lead-filter of the prévious example. The tank in
this system ié modeled as a fluid capacitor and the two valves are modeled as nonlin-
ear resistors.This problem is formulated as a Lagrangian DAE in terms of coordinates

(uy, ug, u3) and a numerical solution is obtained.

e'(t)

pump

ﬁa] valve 2 ‘ ] l valve 1

reservoir

Figure 8.11. A fluid lead-filter.
The fluid is incompressible. The tank has fluid capacitance Cy given by
Cf = : (839)

where 4, is the tank cross-sectional area, p is the fluid density and g is the acceleration

due to gravity. The two valves have constituitive laws given by

\/E| ‘ . (840)

ey(i) = Cri
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where e, is the pressure drop across the valve, C is a resistance coefficient and # is the

flow through the valve. The pressure source is given by

e*(t) = 10° log(t + 1). | (841
Analysis yields T* = 0 and
: 2
v = 22 ‘
Vo= % |
D = ‘—Z/ej‘-(u)daj = Z/ew-(&) dii;
J o |
= /C'rlﬁl '\/1-£_1l diiy +/C'r2113|\/1z’ di (8.42)
¢ = w+uz—us—(u1, +uz —us,) =0 |

oW = e°dus.

Here the kinematic constraint must be expressgd in holonomic form since the constraint
includés ug which represents a physical accumulation of displacement or volume of the
éapacitor. The dissipation function integrals need not be evaluated since it is ‘t‘he inte-
,‘grands, that is, the partial derivatives 8D/81;, which are used in Lagrange's equation.
Letting v = 1 and assuming u;, = uz, = 0 the Lagrangian DAE for this example is given

by

o= v ‘
| ~Criut |V/or |
0 00 up ‘
00 0] v+ 11 A = Cr (8.43)
0 00 : - ‘
e ~ Cravs | /U3 |
up+uzx —uz ~—ug, = 0

Initial conditions, consistent with the constraint equation, are given by

[ w]=[050 ‘1‘ -1 0], (8.44)
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The system parameters, in consistent units, are given by p = 500, g = 9.81, C,j = 100

and Cy; is given by

=P
Cra2 = 2C2 A2’ ‘ (8.45)

 where Cy = 0.62 is a discharge coefficient and A, is an orifice area based on a diameter
d, = 0.1. Thé tank diameter A; is based on a tank diameter d; = i7 7. |

A driver file and é. function file are written to obtain a numefical solution using the
int_dael solver. In Fig. 8.12(a) is shown ‘the time‘respdnse of the tank volume uj.
From an initial positive value, the volume decreases initially due to the initial flow rate
| conditions. As the pressure output of the pump incréases, the flow rate 43 increases and
the tank is refilled and approaches é steady-state value. The flow rates (1, ug, %3) are
shown in (b). The error in the constraint, given by u; +up —us — ug, and plotted in (c),

is negligible.o

EXAMPLE 8.5 (Pendulum with spring, Hamiltonian DAE) The pendulum shown ‘in
Fig. 8.13 is free to pivot about point O at the end of a rod attached to a spring cbn—
strained to move in the ‘vertical direction only. The spring has stiffness %, thé vertical
rod is subject to damping b and péndulum has mass m. The rods are rigid and massless.
The effort source is the force due to gravity.

This problerh is formulated as a Hamiltonian DAE in terms of inertial coordinates
(21,22, p1,p2) and a noninertial displacement coordinate 3. The numérical solver is
an implementation‘ of Euler’s method based on int_dael that is modified to solve th

Hamiltonian DAE. A listing of the Hamiltonian solver inﬁ_daeh is listed in Appendix I*.

Analysis yields

]
2m  2m
D = jbif

V = lka} \ (8.46)
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Figure 8.12. Simulation results for a fluid lead-filter modeled using
a Lagrangian DAE. ‘
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l__’ml’pl

T2, P2

Figure 8.13. A pendulum and spring.

¢ = (mg—w3)2+wf-¥l2=0

W = mgéx,.

Letting v = &, the Hamiltonian DAE for this example is given by

T = v
pHCTN = 7,

Ctrx = 71, S (847)

5 = %I
c =0,

yielding

o [ v
) = ()
i3 U3

D | 201 | N 0 ‘
.t A =
[m}+[z<m2_m3>] _mg]




205

2(zs —22)] A = [—kzs — bus] (8.48) -

123

N _ m
["2] |2
‘ m

[(.'122‘— 23)° + —‘12] = 0
Initial conditions,‘consistent with the constraint, are given by
[ 21, 22, v, v, P, P2 2, vs, |=[3 500000 0] (849

The system parameters are given in terms of consistent units by [ = V34, m = 5 and
g =981, k =100 and b = 50. |

To implément Euler’s method using the int_daeh sol\}er, a driver function is created
td initialize the algorithm and invoke the solver. The driver for this example is written
for implementation in Matlab, as shown in Fig. 8.14. This script file illustrates the

‘simp‘]icity of Setting up a problem for numerical solution once an adequate numerica}
~ engine (in this case int_daeh) is developed.

As shown in Iig. 8.4, the first argument passed ih the call to thé solver is the filename
ham_func. This file, also written by‘ the user, contains the problem-specific components
of the Hamiltonian formulatfon, namely, the matrices Cs and C, the vectors c, T,
T, and V,T, and the system parametérs. The function file for the pendulum examble is
shown in Fig. 8.15. Comparison of this file with the equations of motion (8.48) illustrates
that the file contains étraightforward representations of the system functions. This script
file too illustraﬁes the simplicity of setting up a problem for numerical‘solution using the

| Hamiltonian DAE. | | |

The numerical solution of the DAE is obtained by executing the driver file. The out-
pﬁt of the simula‘tion‘ is a time response of the state variables (21, 22, 23, v1, v, v3, p1, D2).

From these time responses are obtained three results of interest showh in Fig. 8.16.
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% filename: ham_driver.m

h ————- nomenclature

inertial displacements
inertial flows

inertial momenta
noninertial displacements
noninertial flows

% 1am multipliers

% egam: implicit efforts

=
N!:"U":N

h - initial conditions [xO,yO,pO w0,z0,1am0,egam0]
YO= [3 5;0;0;0;0; 0 0;0];

o= ' set numerical parameters

h = 1; ) step size

nstep = 10; % number of time steps

s = 2; Y, number of inertial coordinates

r = 1; % number of non--inertial coordinates
m0 = 1; / number of kinematic constraints

m3 = 0; % number of dynamic constraints

% ——--= invoke the solver. Output Y = [x y p w 2] and T is time.
{T,Y) = int_daeh(‘ham_func’,Y0,h,nstep,s,r,m0,m3);

h - save results for plotting
save ham_results

Figure 8.14. A driver file for the Hamiltonian DAE solver int_daeh.



207

% filename: ham_func
function [C_s,C_r,Ups_s,Ups_r,grad_T,C,Gamma] e
= ham_func(x,y,p,w,z,egam,t)
= 8qrt(34); % length of pendulum
= 5; ) mass of pendulum
= 9.81; J gravity
= 100; % spring. constant
= 50; J damping constant
_s = [2%x(1) 2% (x(2)-w(1))];
C_r = [2%(w(1)-x(2))];
Ups_s = [O;m*g];
Ups_r = [-k*w(1)-b*z(1)];
grad_T = [1/m*p(1);1/m*p(2)];
C = [(x(2)-w(1))"2+x(1)"2-1"2];
Camma = []; % null vector in this case
% endfile

Qo M B
[]

Figure 8.15. ‘A function evaluation file for the Hamiltonian DAE
called by the int_daeh solver. ‘
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Figure 8.16. Simulation results for a pendulum and spring modeled
using a Hamiltonian DAE.

The plot of 23 vs. ) in (a) indicates that the trajectory of the mass describes an arc

that also has a vertical component due to the spring. The magnitude of the momentum

sof the mass, given by Vot + p3 and plotted in (b), shows the e‘(pected perlodlc behavior

of the pendulum as it oscillates between positions of minimum momentum and positions

of maximum momentum. Because of the motion due to the spring, the mass does not

return to a state of zero momentum in the time interval shown. The constraint error in

(c) is negligible. o
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This example illustrates also that the use Qf momentum coordinates need not;‘be an
impediment to obtaining physically recognizable results. The mass of the pendulum‘ is
constant, hence the momentum trajectory divided by m yields the vélocity trajectory.
The numerical result is more quickly assessed for reasohableness when expressed in terms
of velocity than when expressed in terms of momentum. This éxample is simple, but the

concept is applicable to the general problem.

EXAMPLE 8.6 (Lead filter, BDF method) In Ex. 8.3 an electrical lead-filter is modeled
using a Lagrangian formulation and the numerical simulation is based on Eulér’s method
as implemented in int_dael. In this example the same Lagrangian formulation is solved
using a BDF method as implemented in the solver called int_bdf1. This solver is based
on the DASSL algorithm by Petzold [6]. The Matlab implementation of this solver is
listed in Appendix F. The driver file and function file for ihvoking int_bdf1 are modules

similar to those used for invoking int_dae1. .

The state variables (q1,92,43,G1,¢2, d3) in this example represent electrical displace-
ment and flow. The numerical result obtainéd using the BDF method is identical to the,
result obtained using Euler’s method (see for examplé Fig. 8.10) exéept for the variable
g1 which is the displacement or integrated current 6f the resi‘st;or“Rl. For this variable
the BDF solution is inconsistenf with the Euler solufion. This inconsistency‘is correlated

‘to the maximum step size used in the integration.

The basic BDF algorithm varies the integration stép size h based on error estimates.
The purpose of varying h is to improve the speed of the Simu]ation. In theory the lower
limit to h is machine epsilon and no upper limit is requ‘ired. In p‘racti‘ce an upper limit
is desirable to control drift in the so]utidn. As shown in Fig. 8.17, as the maximum / in

the BDF method is reduced from 10! to 10-3, the solution for q approaches the Euler’

result obtained with a fixed step size of 10~5,
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Figure 8.17. Drift in numerical result using the BDF method. The solution for .
the state variable q; of the electrical lead filter example is plotted for different
maximum step sizes. The Euler-method result is shown for comparison. ‘

This figure illustrates both an advantage and a disadvantage of the BDF method
compared to Eulér’s method. The advantage of the BDI" method is that a solution
nearly idenfical to an Euler’s-method solution is obtained with a maximum step size
two orders of magnitude larger than the fixed step size of Euler’s method. Thus the
BDF simulation runs much. faster than the Euler simulation. ‘The‘disadvantage of the
BDF method is that the selection of a maximum step sizé for a given problem is entirely
arbitrary. The analyst must choose a maximum step size based on experience \vith the

algor‘i‘thm‘ and the class of problem to be solved.

This “rule-of-thumb” aspect. to selecting a step size is representative of numerous
aspects of available numerical codes that implement BDF algorithms. These codes are
efficient, but are rife with ad hoc parameters aimed at improving efﬁciency or gauging

accuracy. - The analyst must understand and adjust these numerical parameters to use
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“these codes with confidence. ¢
8.5 Automated modeling and simulation

The automation of the system modeling and simulation‘ procedure can be accomplished
by combining a set of existing software tools. This section brieﬂy explains how such an
‘ aut;dmated modeling and simulation package can be implemented on a ‘computer“that‘
uses a Unix based operating system.! The basic philosophy is to break the modeling and
simulation procedure into'a set of subtasks. Each ‘subt‘;ask is sol‘ved by calling its own
specialized‘ routine. ‘A]l these specialized routines are in turn coordinated by a driver
program. This appfoach has been recently applied to the solution of finite time optimal
control problems [12]. | |

: HaVing pérformed the analysis previously outlined, the analyst will have available all
the eqhations necessary to evaluate the dynamic behavior of the system. An example of
such a set of equations is given by (8.11). From these equaﬁions an automated software
package can be used to symbolically formulate and solve the Lagfangian DAE given

appropriate initial conditions.
8.5.1  Formulation of the Lagrangian DAE |

The construction of the Lagfangian DAE involves the computation of séveral partial
derivatives. A criticism of the Lagrangian approach to modeling mechanical systefns is
that these partial derivatives are tedious to compute and provide opportuniﬁes for the
ahalyst to make errors. Recently however, a variety of softwafe tools have bécome avail-
able for the efficient and accurate computation of these partfal derivatives. 1n particular,
~ symbolic manipulation tools such as Maple or Matheinatica can be ‘easily programmed
to.formulate the Lagrangian DAE [7,50]. |

Alternatively, the partial derivatives can be computed using Fortran or C callable

YThis section is based on material provided by B. C. Fabien.
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subroutines such as ADIFOR (1], Odyssée [36], ADIC [2] and ADOL-C [8,18]. These
subroutines are particularly well suited for integration into a paékage for modeling and
‘simulation since most are in the public domain ahd unlike Maple and Mathematica are
available at no cost. Also, the source code for these subroutines can be modified to

accommodate the formulation of the Lagfangian DAEs.

8.5.2 Solution of the Lagrangian DAE

The Lagrangian DAE is typically indéx—B. The numerical solution of an index~3 DAE
can be accomplished By integrating the DAE directly or by reducing the index of the
DAE. The first épproach‘ is a current area of research and only experimental software
such as int_dael [13] is available.

Differentiating’ the displacemént constraints with respect to time will give a flow
coﬁstraint and reduce the DAE from index-3 to index-2. If the system is a mechanicél
system then the‘ index-2 DAE can be integrated using the subroutine MEXX [23] ‘or ‘
HEMS [3].: MEXX uses an extrapolation technique to solve the indéx—2 DAE arising

- from a constrained mechanical system, whereas HEMS5 uses a hélf—explicit Runge-Kutta
method to solve these systems. The use of MEXX and HEM5 for the integration of
DAEs arising from multidiscipline systemé has not been explored: ‘

The index-3 DAE can be reduced to an index-1 DAE by differentiating the displace-
ment constraints twice and the flow constraints once with respect to time. There are
a number of subroutines that can be used to solve the resultant index-1 DAE. These
include DASSL [6], LSODI [20], and LIMEX [10]. DASSL solves a fully implicit index-1
DAE‘using a BDF method. LSODI‘ solves a linearly implicit index—1 DAE also using a
BDF. LIMEX solveé a linearly implicit index-1 DAE using the extrapolation method.
All of these cddes are in the public domain and are available at no cost.

Although these suBroutines are efficient at solving the reduced index-1 DAE, there

is no guarantee that the displaéement and flow constraints will be satisfied at each time
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step. To ensure that the displacemenﬁ and‘ flow constraints are satisfied at each time
step the solutions produced by the subroutines must be ‘projected‘onto the constraint
surface [23]. This prdjection step can be most easily accomplished by modifying the
existing subroutines. |

In an automated appfoach to modeling and simulation the user wpuld produce a text
. file that describes the system in terms of the displacement, flows, energies, constraints
and applied efforts. The coordinating program will then call the differentiat;ion routine
(Maple, ADOL-C, efc.) in order to formulate the Lagrangian DAE. The DAE can
then be written in a form that is appropriate for the nﬁmerical solver ‘(DASSL, LIMEX,
“ete.). On computers that use a Unix based operating system such coordinating programs
are simple to construct [12]. The overall strucﬁure of such an approach to automated

modeling and simulation is outlined in the flow chart in Fig. 8.18.
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( declare state variables [q1,...,qn, f1,- -+, fn)
declare implicit efforts [e],...,e},,]
consistent initial conditions [go, fo] |
time interval [to,¢/]
‘ kinetic coenergy T*(f,q,t)
xg‘gllciﬁgltﬁsﬁlaen < ‘ potential energy V/(q,t)
‘ : content D(f,q,t)
displacement constraints ¢;(q,t)
flow constraints " ¥;(f, q,¢)
effort constraints ;(e”, f, q,t)
virtual work 6W(e?, f, q,t)

( inertia matrix M(f,q,t)"

Symbolic software ~ constraint matrix C(f,q,t)
creates file with < constraint Jacobian Cy,(q,t)
elements of the DAE effort constraint vector [(e?, f, g, 1)

right-hand side 7To(e, £, q,t)

[

DAE solver
l ' displacements [q1(2), ..., gn(t)]
Results are written | flows [f1(2),..., fa(t)]
to an output file implicit efforts {e](¢),..., e}, (t)]
| t)]

multipliers  [A1(2), ..., Am, (t)

Figure 8.18. An approach to automated modeling and simulation. The variables indicated are
for a Lagrangian DAE formulation.




Chapter 9

CONCLUSION

The method ‘of aﬁalysis presented in this work reSults“in continuous-time, discrete—
element maﬁhematical models of multidiscipline systems subject to deterministic exci-
tations. Nonholonomic equélity conStraints and time-varying parameters are accommo-
dated. Nqnlinear equations of ‘mot‘ion are formulated in terms of a unified set of variables.
System elements are classified according to the rxiannet' in which they manipulate energy,‘
and energy functions are represented by the complementary forms designéted energy and
coenergy. Lagrange’s equation is derived for multidiscipline systems, undetermined mul-
tipliers are introduced and Lagrange’s equation is ‘formulated as a differential—algebraic
~equation (DAE). Through application of a partial Legendre‘ transform, Hamilton’s equa-
tion is riewly formulated as a DAE. Complementary or dual forms of the Lagrangian
DAE and the Hamilto‘nian DAE are derived.

The basic cohtribution of this work to the study of dynamic systems is the systematic
éxposition of the princip‘les of analytical dynamics applied to the prob]em of modeling
multidiscipline engineering systems in the time domain. The resulting modeling iech-
niqhe, combined with methods of solving DAEs numerically, eases the task of modeling
cdmplex multidiscipline systems. This result is accomplished by focusing the analyst’s ef-
fort on the energy transactions and system geometry that underlie the dynamic behavior
of a system. With the recent advent of computer software capable of reliable manipula-
‘ tion of symbolic equations, the ﬁask of systematically obtaining equations of motion is
readily automated. The numerical solution of ‘the resulting differential-algebraic equﬁ-
tions of motion is an area of ongoing research.

In addition to this primary result of simplifying the task of modeling complex systems, -

this research has other features of interest. The éoncept of dynamic constraints is intro-
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‘duced, augmenting the traditiona] constraint classifications frorn analytical dynamics. A

new derivation of Lagrange’s equation is given, starting ‘from a diﬁ'erential—variationail
form of the first law of thermodynaniics. The derivation fills a gé.p in the literature by
producing a generai, multidiscipline form of ‘Lagrenge?s equation that is less restrictive
than forms traditionally presented in the literature. In the traditional derivation it is
common to assume 1) consiant inertial coefficients, 2) quadratic kinetic coenergy, 3)
catastai;ic energy funci;ions (that is, energy functions that are not explicit functions of
time) end 4) catastatic, holonomic constraints. These assumptions are not invoked in
i;his derivation, nor does their absence complicate the exposition.

Another feature of interest of the new derivation is that even though the variational
operator 6 is used, neither the calculus of variations frorn which the operator arises, nor
its usual handmaiden in r‘nechenics‘ — Hamilton’s principle — is invoked in this work.
Consequent;ly, the equations of motion retain their physical significance as embodiments

- of the work-energy equivalence of the first law of thermodynamics. Ii also happens that
the requisite mathematics of this approach is anpropriate to the senior undergraduate,
making the new approach‘accessible to the engineer who haé only casual knowledge, if
any, of analytical methods. |

A primary objective of this research is to examine the censequences of selecting
different variable pairs to represent the motion of a multidiscipline system. The result
is 'a quartet of DAE formulations of the equations of motion: the Lagrangian DAE,
the Hamiltonian DAE, the co—Lagrangian DAE and the co-Hamiltonian DAE. In spite
of their differences, these fofmulaiions have two properties in common. First, cach '
formulation is intended to be applicable to the general multidiscipline problem. Second,
each fofmulation is structured for numerical solution.

To satisfy the first requirement, the equatiens of motion are formulated such that the
class of systems to which the rnethod can be applied (continuous-time, discrete elements, |

etc.) is subjected to as few. restrictions as possible. Consequently, it is sometimes the



217

case that the DAE could be manipulated further to obtain a set of equations having a
different form favored by a particular analyst. This possibility is especially likeiy when
the system is a single-discipline system to which the mechanical engineer, electrical |
~ engineer, hydraulic engineer or thermodynamicist is predisposed to apply his or her‘
customary set of analytical tools in formulating and solving the differential equations of
motion. However, research in systerﬁ dynamics is motiveted in part by a strong desire to
simplify multidiscipline analysis through the development of unified methods to augment,
~ if not replace, the patchwork of sing]e—diseipline methods in common use. The DAE
structures used in this work are consistent with this concept,of general multidiscipline
applicability. | |

Suitability for numerical solution is the second consideration used in selecting -the
structure of the DAE. ’fhe descriptor form of the Lagrangian DAE and its dual and the
semi-explicit forrﬁ of the Hamiltonian DAE and its dual are the forms best suited for
numerical solution given the gerieral applicability requirement. Using these formulations
the DAE rhay be index—3 or higher, but the numerical solution of higher-index DAEs
is a current research topic. Progress is being made in obtaining consistent, meaningful
results using algorithms tailored for the descriptor form. The serﬁi—explicit‘ form too
has a structure that can be exploited when developing a numerical solution algorithrri.
The continued development of numerical methods that reliably solve these DAEs, an
important area of research in its own right, is necessary for the beneﬁts of this analytical

method to be fully realized. This is an important topic for future research.

The basic differences among the four formulations are due to the different variable
pairs used to represent motion. The Lagrangian DAE, which rep‘resen‘ts the mo‘tion‘of
a system in terms of displacement and flow, is the formulation most familiar to dy-
namicists. Displacement and flow variables are usually easy to assign to a system,
displacement and ﬁow‘constraints are usually more readily discerned than ‘eﬂ"ort and

momentum constraints, and numerical solutions in terms of displacement and flow are
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readily checked for constraint compliance as well as physical significance. . The analyst
can quickly assess the reasonableness of a solution to the Lagrangian DAE. |

In contrast, with the co-Lagrangian DAE the motion of éystem is represented in
terms of momentum and effort variables. Cdordinate assighment, constraint formulation,
and solution assessment in terms of ﬁhese variables are likely to be tasks that are both
unfamiliar and difficult for the analyst, particularly‘ for systems with complex spatial ge-
ometries. With ‘pract‘ice, the drawback of unfamiliarity can be overcome. But for systems
subject to kinematic constraints for which the corresponding momentum constraints are
not easily diséemed, the co-Lagrangian DAE is not an appropriate formulation.

The Hamiltonian DAE 1'eprésents the motion of a system in terms of displacement
and the mo‘mént;‘a of kinetic stores. The Hamiltonian DAE is in semi-explicit form, which
may ‘prove to have superior numerical properties compared to the descriptor form of the
: Lagréngién DAE. And since the constraints of the Hamiltonian DAE are formulated in
the same manner as in the Lagrangian DAE, the Hamiltonian formulation retains the
ease of constraint formulation and solution assessment that charact;erizés the Lagrangian
formulation. One drawback of the Hamiltonian solution is the average analyét’s uhfa-
miliarity with assigning coordinates, expressing ehergy functions and interpreting results
" in terms of momentum coordinafes. This difﬁctﬂty too, however, can be overcome with
practice. |

The co-Hamiltonian DAE représents the motion of a system in terms of momentum
and the displacemeﬁts of potential Stores. Constraints are formulated in the same mafmel‘
as in the co-Lagrangian DAE, that is, in‘ terms of momentum and effort. Thus the
same reservations expressed about constraints in co-Lagrangian form apply to the co-
Hamiltonian form. Yet, unlike the co-Lagrangian, the co-Hamiltonian is a semi-explicit

DAE, and may‘ prove to.have superior numerical‘ properties compared to the descriptor
‘form of the co-Lagrangian DAE. |

Considering these general characteristics of the four DAE formulations, it is apparent
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that the typ‘e of elements and the type of constraints present in a particular system, and
the ease with which they are discerned and formulated, bear significantly on the cho‘ice ‘
of an appropriate formulation for modeling the system. System elements 'detefmine the
energy modes in a system. Constraints descfibe the interconnections amohg the elements.
That these are the important factors to consider in cﬁoosing a' formulation is not a

surprising conclusion, since the basic premise of system dynamics is that the dynamic

response of a system is the observable manifestation of a system’s energy transactions.

And energy, by the first law, is both a function of the state of the system elements
and a fﬁnction of the path between successive states, where the path is determined in
part by the‘const‘raining relationships. Future work in pfescribing a set of guidelines for
matching a system to an‘app‘r‘opriate formulation should be based on this fundamental
relationship between energy and dynamic behavior. |

‘The“utility of ‘an energy—-baséd approach to multidiscipline dynamics does not end
wfth the selection of a DAE formulation. There are two areas of research in particu-
lar, important in the analysis of dynamic systems, that are possibly tractable from the .

foundation developed in this research. The first topic is inequality constraints and the

“second topic is stability.

- Inequality constraints as a class of nonho]onomic constraints are Brieﬂy described
in this work, but no technique is Offered for accounting for them in‘the equations of
motion. Yet inéqua]ity constraints abound in the bhysical world, Common exarﬁples are
dry friction and the more complicated phenomenon called sticfion. Both are nonlinear
functions with discontinuitiés that can be represented in part using i‘nequélities. The sys-
tematic inclusion of such constraints in the DAE would have far-reaching cOnsequences
for modeling in genefal. : | | |

The possibility that the ehergy method developed in this work may make inequ‘ality‘
constraints tractable rests on the demonstrable relationships among energy functions,

multiplier theory and optimization theory. It is known that s‘atisfying Lagrange'’s equa-
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tion (for holonomic systems only) is a neces‘sary,“though net sufficient, cendition for
finding a function that makes stationary an integral fuhctional. This is the fundamen-
tal problem in the calculus of variations. Equality and inequality constraints specify a
certain subset of function spacesin which a solution may lie. “The method of undeter-
mined multipliers is used to incorporate both equality and inequality constraints in this
optimization problem, thdugh the conditions of applying the multiplier theory are more
complex than those cited in this work. |

The problem to be overceme in making the transition from the optimization problem
to the general multidisciplirie dynamics problem is that the trajectory of a nonholonomic
system does not satisfy a stationarity requirement or, as it is usually called, a least action
principle. Henee the solution to the Lagrangian DAE, for example, does not necessar-
ily make stationary any particular integral. To bring the advanced analytical tools of
contemporary variational calculus to bear on the problem of inequality constraints in
multidiscipline systems, a rigorous connection must be made betWeen optimizatien the-

ory and the DAEs of motion. This is a significant and difficult problem.

The second topic of importance related to this w()rk is stability. Stability theoi‘y is
well-developed for linear cai:astatic (or autonomous) systems, but the DAEs developed
in ‘this‘work are generally neither linear nor autonomous. Th‘e basic methods for inves-
tigation of ‘stability of dynamic systems are the indirect met‘hod‘of liriearizing a system
about equilibrium point;si and examining small perturbations, and the direct methed of
Liapunov. Since Liapunov functions. for nonautonomous systems are difficult to con-
struct, such systems are usually‘linearized. Hence, a useful area of research concerning
the stability of systems described by DAEs is the development of a systematic method
of linearizing the DAE and formul;‘iting‘stability criteria specifically for such systems.

The Liapunov epproach is appropriate for ekamining the stability of nonlinear sys-
tems, though‘ there is no systematic way of producing a Liapunov function for a general

dynamic system: Since much of the work in Liapunov’s method concerns the stability of
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canonioal Hamiltonian systems, extending this work to the non-canonical Hamiltonian
I‘)AE‘ is a natural starting point from which new stability criteria could be developed.
Furthermore, the Liapunov approach can be sometimes interpretedin torms‘of energy
functions, and the DAE is an energy-based representation of dynamics.‘ Once again the
concept of energy is a unifying theme. And, as‘ in the case of inequality constraints, the
problem of stability for the general multidiscipline system is a significant and difficult
problem.‘ | | | |

‘The stability problem leads naturally to the‘control prob]em. As in the case of sta-
bility, control theory is well-developed for linéar catastatic systems and a large body
of work exists concerning oanonical Hamiltonian control. Again, the extension of linear
control theory and Hamiltonian control theory to accommodate DAE representations
of systems are likely starting points from which control désign methodologies could be
developed. Interestingly, Hamiltonian control theory is closely tied to optimization the-
ory, which has already been mentioned in conjunction with inequality. constraints. Tlie
unifying theme is energy.

Other areas of research that will extend the work presonted here are briefly outlined |
below. These topics are somewhat less significant than the issues of inequalities and sta-
bility, yet are important to the problem of modeling multidiscipliné systems nonetheless.
The first of these secondary topics is the extension of the analytical method to lhe Eu-
lerian or control volumo point of view. This extension would be particulai;ly effective in
bringing the benefits of energy-based analysis to a broad class of thermo-f{luid problems.
This area of research is of ongoing intorest in the bond—graph commnnity, indicating that
an unmet need exists to simplify the unified analysis of systéms with control volumes.

The next secondary topic is the extension of this \i/ork to the study of distributed—
' parameter systems.‘ Much work has been done in this area too, but a systematic exposi-

- tion of the basic principles underlying the analytical approach to distributed—parameter,

multidiscipline systems has not been developed. The en‘ergy‘ functions for such systems
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would have to be developed along the lines of Timoshenko’s beam modél, and the cal-
culus of variations would have to be invoked ‘to détermine boundary conditions. This
approach leads naturally to partial differential eqﬁations (PDEs), and so the prospect
is raised of PDEs of motion subject to algebraié constraihts. ‘Happily, the numerical
‘ methods used to solve DAEs are also appropriate for the solution of ceftain classes of

PDEs.

Another topic of secondary interest is thé specialization of the analytical method
for multibody mechanical systems. The practical utility of Lagrange’s equation for me-
chanical systems is sometimes disputed, even though it was precisely such systems that
Lagrange analyzed. The simplicity of analysis required to obtain the Lagrangian DAE
(assuming that function rrianipulations are automated) and the prospect of robust nu-
merical solution of multibody problems supports the idea of a fresh examination‘ of
analytical‘ mechanics. A related topic is the relationship between Lagrange’s equaﬁon
and Kane’s equation. It is‘kno‘wn that the two formulations‘are functionally related,
which raise‘s‘the possibility of a Kane's DAE as well as a complimentary form of Kane’s
equation. Unfortunately, the advantages of Kane’s formulation are only realized through
the careful seleCtion of particular coordinates to répresent the motion of the system. The

~formulations presented in this work offer the ar;a]yst more freedom in the selection of

representational variables than any other modeling method of which the author is aware.

A final exten‘sion‘of this work is ‘the incorporation of feedback and control laws within
the structure Qf the DAE. Since the equationé of mbt;ion already contain both differential -
- and algebraic equations, any feedback and control law that can be expressed as a set of
differential and algebrdic eq‘uations is easily accommodated within the formulation and
numerical solution structure prdposed herein. Future work in systematically formulating
cbmmon control structures for the DAE formulation would not necessarily break new

ground conceptually, but would certainly bé useful for simulation purposes.

In this chapter is presented a summary of the major findings of this research as
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well as an overview of significant and secondary research topics that will extend this
wbrk. The utility of the energy—based analytical approach to system dynamics is clearly
demonstrated, both by the scope of the‘ text and by the wide range of Systems, dynamics
and control issues‘that can be examined in terms of the fundamental concepts presénted

~ in this dissertation.
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Appendix A
MATHEMATICAL TECHNIQUES

Presented in this appendix are details of some of the mathematical concepts used in the

dissertation. The sections are entitled as follows: ‘

. Th‘e‘variational operator

. Integrability of the Pfaffian form‘
o The Legendre transform

e Cramer’s rule -

Index of a DAE

A.1 The variational operator

This section is based on Rockafellar [32] and Wan [45). The fundamental problem in the
calculus of variations is to find a function y(z) € R¥ for 2 € [a, b] which minimizes the
definite integral

o | o
W) = [ f(@y(@)@) de, (A1)

where the function f is continuously differentiable, and y is subject to end-point con-
strainﬁs. In the search for this minimizing function, certain perturbations of J are exam-
ined. These perturbations are the variations &y. |

In obtaining the equations of ‘mot‘ion of dynamiq systems, the variable 2 represents
time ¢. If the function y represents a displacement trajectory u(t), then 3’ 1'épresents a
flow trajectory u(t). Let i(t) € RN represent the actual (aﬁd unknown) displacement
trajectory of a system on fhe time interval [to; tr]. A trajectory u(t) that varies from the

‘true trajectory without violating the constraints is given by

ult) 1= a(t) + en(d), (A2)
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where §u := en(t) is called the variation of 4. The function 7(t) is smooth on the given
time interval, and ¢ is a small parameter. The function n(t) is arbitrary except that it
conforms to the constraints. A one-dimensional representation of 4(t) and u(t) is shown

in Fig. A.1.

u S (ts,u(ts))

&;a) =en(t)

actual trajectory (t) —\
varied trajectory

(torulto)) u(t) =4(t) +en(t)

Figure A.1. Graphical interpretation of a variation.

This ﬁghre illustrates the distinction between the variation éu and the differential
du. The variation du is a small change in the entire trajectory @ on the inierval [torts].
‘The differential du is a small change in the value of 4 at an instant due to a small
change in time di. Furthermore, the variation affects i, not t Thus at any instant in
the trajectory of u, time is not varied. T‘his give rise to the common statement that a
virtual displacement éu occurs with timé fixed, or in zero time. That time is not varied

is a more accurate statement.
All ‘Properties of the variational operator

[n this research, the basic dynamics problem for multidiscipline systems is not posed as a
calculus of variations prob]em. In other words, the trajectory 7(t) which is the solution

to the dynamics problem does not necessarily minimize some particular definite integral.
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Nevertheless, it is from the basic definitions of variational calculus that the properties
of § derive.

By definition, §u; = en;. From the following, |

W= g(u) = F(i+en) =d+en, (A.3)
it is seeh that |
61 = em. (A4

Since ¢ is not varied, two operators § and d/dt are interchangeable, as follows,

K (%) =6 =¢n= %(en) = %(611). (A.5)

Similarly, the two operators § and d ére i‘nterchangeab]e,
8(du) = 6(da +edn) =edn=d(Su). - (A.6)
In a similar mémner, it can be shown that the variations of sums, products, quotieﬁts,
| powers, etc., are completely ‘anal‘ogous to the corresponding laws of differentiation. For
example, |
Sa+b) = 6a+ 8, | (A7)
8(ab) = adb+béa.  (A8)

"A.1.2 Variation of a function

Suppose a scalar function exists f = f(t,u, %) with u eRM. At a ‘particular time ¢, the
change in f alohg the varied péth compared to f zilong the actual path is given by

Af = fyaried ~ factual ‘
St a+en, i+ en) — f(82,10). | (A9)

Expanding the first term on the right in a Taylor series about € = 0 yields

: N
N 2 . . A o0
[atkeniren) = 60,8+ @+ em— ) gr
. ) . 1

i=1 ! ('&v{.‘)

+0(2).  (A10)

1,4t

+§: (ﬁi"*' €n; — uz) ﬂ

i=1 au.- (
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Then Af is given‘ by
Af = Z 617,+>:6—€m+0(52) (A.11) -

SubStituting bu; = em; and §u; = e7; into the expression for Af and neglecting the

higher-order terms, the first-order terms are deﬁned as the variation of f, that is,

6f = Z 5 +Z (A.12)

‘Compared to the differential df of this same function, given by

df = Zafd +Zafd +6fdt |  (A13)

it is seen that the variation of f contains no term that looks like -5{-&, since ¢ is not

varied.

A.2 Integrabi‘lity of the Pfaffian form

Methods are presented for determining whether or not 2 constraint is holonomic or, ex-
pressed differently, whether or not there exists integrals in holonomic form for constraints

. given in Pfaffian form.
A.2.1 A demonstration

In this section a demonstration is presented of a common method for determining if a
constraint if Pfaffian form is an exact differential.

Consider the constraint on (dz,dy) from Ex. 3.9 given by
(tan8) dz — dy = 0. : (A.14)

If this equation represented a differential form of a holonomic constraint f, then f would

have the general form f(¢,2,y,0) =0, and the differential of f would be given‘ by

of fd + =

— af af
A i= G b+ gt 5o dy + 25 do. (A.15)

00
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For this example, it follows that

of _o Of _ OF_ O _, ‘
at—O, am—tane, By = 1, 60_0' (A.16)

If (A.14) is an exact differential, then from 8f/8z ='tan§, it follows that f must have
the form o | -
f= (tana)m + g(t, Y, 9), ‘ (A17)
where g(t,y,0) # g(z) is an undetermined function.

Taking the derivative of f with respect to 6 yields

af 0., =
%8 = pgteni+o)
dg
— 2 ZJ
= wmsec”d + %0
= 0, by (A.16). | - (A.18)
This is true if and only if
o9 _. 2 ‘
50 — zsec”d. | (A.19)

Since g = g(t,y,0), the derivative 8g/86 cannot be a function of 2. Hence the last
equation is false and (A.14) is not an exact differential. The constraint is nonintegrable

and therefore nonholonomic.
A.2.2 Integrability conditions

This section is based on Rosenberg [35]. As shown in the previous section, determining
that ‘a Pfaffian conétraint is not an exact differential is sufficient to demonstrate -non-
| integrability. This condition, however, is not a necessary condition for nonintegrability.
The neéessafy condition is as follows.

For a single constraint vector in Pfaffian form given by

Adx+ Bdy+Cdz=0, . ‘ (A.20)
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to be integrable, it is necessary and sufficient that the following equation be satisfied

identically:

6B oC 18C BA 0A OB ‘ :
A(a—z-a—y)”(%‘a)*"(a"%)—“ (A.21)

For a single constraint equation in N variables, that is,

N ' . )
> As(ur, ... un) dus =0, -~ (A.22)
i=1 ,

" the necessary and sufficient condition for the existence of an integral of this constraint

having the form

(e un) =0, | (A.23)

is that the set of equations given by

0Ap 0Aa 0A, : OA 0A 0Ag

A —_— e ekt 4 _— P = 24)
7<6ua 6u5> +Aﬁ(3u7 6ua) +4a <6Ug 6u7) O (4.24)
where a,ﬂ, v=1,...,N, are simultaneous]y and identically satisfied.

A.3 The Legendre transform

Two forms of tHe Legendre transform are présented, differing by a sign convention only.
‘This difference in sign is described briefly for a univariate function, followed by a more |
~ detailed exposition of the nomenclature and principle results of the transform for both
uriivariéte and multivariate functions. | |
Given a function f(y), a new variable & := 8f/8y is introduced. T‘he Legendre

transform of f is a new function g(¢) given by
9(€) == y& ~ f(u). . (A.25)

This is thg traditional form of the transform used in mathematics.

The second form of the transform, pdpular with thermodynamicists, is the new func-
tion §(¢) given by | | | ‘ ‘
§&) :==f(y) - vé. | (A.26)
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This transform ‘is simply the negative of the first, that is §(¢) = —g(¢).
The utility of the second form of the transform is that it permits the transform to |
. be interpreted geometrically. For each point zy), f(9) is a point in the trajectory of the
fuhction, £ is the tangent to the trajectory at that‘point and §(€) can be considered the
intercept of the tangent at that instant. In these terms the transform can be written for
all y |
) = €y +3§(6), | (A.27)

which is an equation in slope-intercept form describing the tangent line to the trajectory.
In the multivariate case, therefore, the Legendre transform has a geometric interpretation
as a collection of intercepts corresponding to a family of slopes. The transforfn results
in a new function in which one or more independent variables is replaced by its slope.
In the first section below, the transform g(¢) is described for the univari‘ate case in
terms of the traditional mathematical form. In the subsequent section,‘ the multivariate
case is given in terms of the second form §(¢). A ‘change of nomenclature is introduced
in the multivariate case, in which the original function is denoted (@ and the transform

is denoted 3.
A.3.1 Transform of a univariate function

The Legendre transform, applied tb a function of a single variable, proceeds as follows.

Given a univariate function f(y), the differential of [ is given by

_ of
d = 5

= dy, ‘ (A.28)
where £ := 9f/8y. The Legendre transform consists of defining a new function g(£)

given by ‘
9(€) ==y - f(y). - (A.29)
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The differential of g is given by -

dg = d(yé) —df
= ydE+Edy—£dy
= yde. o (A.30)

This transformation yields two results of interest. From (A.29) is obtained the rela-
tionship ‘
f() +9(8) = ¥, ‘ - (A.31)

~ and integrating (A.30) yields | :
o 90 = [ v de. (A32)

A.3.2 Transform of multivariate functions

The nomenclature and development in this section is from Modell and Reid [26]. Consider
a function of m indepéndent variables () (z,. .. ,a‘:m).‘ For k € m, the kth Legendre

transform of this function is the new function y(*) given by -

. ok . )
y(k) = y(O) _ Z&. zi, ‘ (A.33)
i=1 ‘
where ‘
ay(o) '
i 1= . A' 4
3:1:,' ( 3 )

The transformation from 3 to y*) can be considered as a replacement of the first &
‘variables by their slopes, that is, -

y(b) = y(o)(ml: vy Ly Thetdy - - -amm)

| Vil | (A.35)
y(k) = y(k)(fl Yo '1€kamk+la vy a/'m)-
Fach variable 2; and its transform 5} form a congjugate pair. The variables (241, - - -, Zm)

are unaffected by the transformation. .
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The differential of the original function is given by

dy©) = Z

i=z]

da:, Zf, dx;. ~ (A306)
The differential of the new function is given by
‘ k ‘
dy®) = dy(@ —g (Z & -'L‘i) ) ‘ ‘ (A.37)
‘ i=1
Substituting for dy() and expanding the differential term on the right yields.
| : m k k ‘
dy® = Z&' dai — Z&' dzi — Z-’L‘i dé;

= —Zl;d£;+ Z Etdalt | (A'38)

‘l—k+l

transformed untransformed
variables variables

Thus, for the transformed variables, it follows that-

(k) ‘
ags =g i=1,...,k (A.39)
t
and for the untransformed variables ‘
| Sy ‘
é_:&. |  (Ad0)

Since &; = 9y(°)/d; by definition, it follows that for the untransformed variables

Yk gylo)

ax,- _ Bac,-‘

i%k+L“qm. o (A.41)

A.4 Cramer’s rule

This section is from Strang [40]. For vectors z,b € R™ such that Az = b, where A €

R™™ the jth component of

z=A"1b ‘ (A.42)
is ‘ ‘
2= detB,-
77 detA’

(A.43)
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where
: ai; aiz - b -+ am

Bj:=| t : S . (A44)
anl a‘ﬁQ bn. ann '

- EXAMPLE A.1 (frdm Strang) The solution of

zy+3x2. = 0
2z1+423 = 6 (A:45)
is
0 3
6 4
-1
Ty = = 28 =.9
‘ 1.3 -
2 4
1 0 :
Ty = 26 = % =-3. o (A46)
1 3 ‘
24

A.5 Index of a DAE
This section is from Brenan et al. [6]. Given the general nonlinear DAE
F(t) Y, yl) =0, : ‘ (A47) |

the minimum number of times that all or part of the DAE must be differentiated with
respect to ¢ in order to determine y' as a continuous function of (y, t); is the indez of
the DAE.

Consider the special case of a semi-explicit DAE

z’ f(z,y,t)
0 = g(=yt) | (A.48)
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Differentiating the constraint equation g = 0 with respect to ¢ yields

g = f(m:y)‘t)
gz(z,y,t) 2’ + gy(z, 9, 8)y = —gelz,pnt). 0 (A49)

If g, is nonsingular, this system of equations is an implicit ODE. Since a single differen-
tiation was performed, the original DAE is said fo have index one. |

If this is not the case, supposé that after a change in coordinates and some algebraié
manipulation, (A.49) is written as a semi-explicit ODE in terms of the new coordinates.
The new constraint equation is différentiated. If an implicit ODE results, the original
problém has index two. If the new system is not an implicit ODE, the process is repeated.
The‘number of differentiation steps in this procedure is the index.

‘Brenan states that a seﬁes of differentiations and coordinate changes is ‘not recom-
mended as a general solution procedure for DAE’s. Rather “the number of such differ-
éntiation steps that would be required in theory turns out to be an important quantity

in understanding the behavior of numerical methods.”

EXAMPLE A.2 For a planar pendulum shown in Fig A.2, the Lagrangian DAE is giveh

by

m'ii;+2u1/\‘ = 0

mila + 2ugA = -mg . ~ (A.50)
w+ud-12 = 0.
Letting @ ='v yields
i = v
Uy = vy
mip = —2uy A (A.51)

miy = =2uxd-mg
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Figure A.2. A pendulum as an index-3 system.
0 = ultul—i2

This set of equations is index-3 since three differentiations are required to pose the
problem as an implicit ODE, as follows. Differentiating the displacement constraint

with respect to time yields

w1V + ugve = 0. ‘ | (A.52)

Differéntiating a second time yields
v 4+ v 4wyl + Ut = 0. (A.53)

Solving (A.51) for 9; and ¥ and substituting in the differentiated constraint equation

yields -
0 = mv%+mv§'—2/\(u%+u§) — mguy
N’
2

— 2 2 _ o2

= muy +muy — 2°A — mgu,. (A.54)
Differentiating a third time yields

muiy + muats — PA = %mgvg. | (A‘.55)‘

The complete set of equations is given by

iL1=U1
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Uz = V2
mi = =2y | ‘ | (A.56)
miy = -2ush—myg
mwn0y + mvéz’zz -2y = %mgvg,

which is an implicit ODE in (u,v, A). Since three differentiations were required to obtain

this implicit ODE,‘the original DAE is index-3. o




Appendix B
ALTERNATE DERIVATIONS OF LAGRANGE’S EQUATION

In this appendix are presented two derivations of Lagrange’s equation based on prinéiples
other than the first law of thermodynamics. The first derivation is. based on‘ what
Meirovitch [25] calls the extended form of Hamilton’s princible. The second derivation
is based on what Pars [29] calls the fundamental equation. The second derivation closely

follows the method used by Lagrange, generalized for the multidiscipline case.
B.1 F‘rorﬁ Hamilton"s‘ principle
The extended form of Hamilton’s principle is given by
/ | (6T* + 6W) dt = 0. (B
- Kinetic energy and coenergy satisfy | |
T"+T=Y fp (B.2)
The variation of this equation is given By
§T*+6T =Y fép+ > pbf. - (B.3)
This equatibn can be solvéd for 6T* as follows, where T = T(p,q,t), |

T = Y [ép+ Y psf - 6T
Zf6p+2p6f—-(zg—§6p+zaa—r§6q)

S (r-%5;) to+ Loér -5 6

— |

Zpaq-z%aq. | @




The fime ‘derivative‘of the quantiﬁy poq is g‘iven by
% (n6q) %ﬁéq +p&g.
Solving this equation for p‘6q yields
| péi= g (psq) —péq.
© Substituting this éxpression into (B.4) yields
= & (péq) — pég - Eaa—Téq
Substituting
=%%§- cand _2%6(]___2687‘_(1*@
yields |
‘—a-(pﬁq) Zdt 57 " 5q +Z—6q
Virtual work is given by
SW =3 edq _ > (ef -Fe"’) 8q.
By Lagrange’s principle, constraint efforts e? do no virt‘ual work, hence
W = Z ed bgq. |
| Substituting the expressions for §7* and 6W in Hamilton’s principle yié]ds
/ [Za%(pa Zdt 5 +Z 5q+ze95q] dt = 0.
Rearranging yields ‘
/ [Z (;La;;* B aa:lc’l* > 5(]] i = Z/ d(péq)
Tﬁe right—hand ‘s‘ide of this equation vanishes,

Z/ dpéq) . (péq

6q(tf)
= O,
§q(to)
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(B.5)
(B.6)
(B.7)

(B8

(B.9)
(B.l‘O)
(B.11)
(B.12)
(B.13)

(B.14)
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since the condition is imposed from the calculus of variations that éq vanishes at the
beginning and end of its tr‘aject‘ory, that is, given the time interval ¢ € [t,, 1], 6q(to) =
6q(ts) = 0. Thus from (B.13) is obtained

/ [E (%63—7;— %’"} - eg) 5q] dt =0. (B.15)
For this equation to hold for arbitrary t, ‘the integrand must vanish. This concept is
often called the fundamental lemma of the calculué of vériations [46]. The vaniéhing of
the integrand yields | |

A A ,

Given efforts e? are classified such that e? = eP 4 ™ = eP +e% +e° + ¢7. ‘Potential efforts

eP and. dissipation efforts e? satisfy

eP = -‘--5-— and et = ——. (B.17)
Let the generalized effort @ represent the sum ¢® + €. Substiﬁution yields

2

aor* or* o8V aD ‘

This is the virtual work form of Lagrange’s equ‘ation‘. If the 6q are independent. the "
parenthetical term vanishes, yield‘ing Lagrange’s equation

doTT art 8v- aD
- b 4 —0Q;=0 j=1,...,n. B.19
dt 8G;  dq; ' Bq; ' Od; ‘Q’ g (B19)

If the‘éq are dependent, Lagrange multipliers are introduced to produce the multiplier
form of Lagrange's equation, which together with the constraint equations, comprise the

Lagrangian DAE, given in vector form by
4T ~ V(,T+VqV+%D+C,TA = Q
C =0 | (B.20)

' =0
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B.2 From the fundamental equation

. The generalized dynamic requirefnent for a system with an N-dimensional configuration

space is written in component form as

Pi = e i=1,‘...,‘N. (B21)

Efforts are classified as given efforts eg‘ and constraint efforts e? such that e; = ef + e?.
Thus the dynamic requirement ié given by | |

pi=el +ef S i=1..,N. - (B.22)

"These efforts, including the momentum term, can be imagined to act at an instant

through a virtual displacemént ou.
 pidui = (ef +ef) bus i=1,...,N. (B.23)

The products in this equation represent virtual work. By the equivalence of work among
the engineering disciplines, the increments of virtual work can be summed over the entire

configuration of the system to obtain

N : N N ‘ ‘
Sopidus o= Sefou  + D efoun (B.24)
i=1 i=1 ' i=1 . .
: " v .
virtual work of the virtual work of the virtual work of the
inertial efforts given efforts constraint efforts

By Lagrange’s principle the virtual work of the constraint éfforts vanishes. The remaining

terms of this equation are rearranged to -obtain
| N - ‘ ‘
So(pi—el)bui=0. - (B.25)
i=] ‘ .

This equatioh is called (using Pars’ nomenclature) the Jundamental equation of ana-
lytical system dynamics, though in mechanics it is also known as “Lagrange’s form

of d’Alembert’s principle.” This equation is fundamental because it is the starting
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point from which many analytical techniques for modeling dynamic systems are de-
rived, including Hamilton’s equation, the Boltzman-Hamel equations, Kane’s equation,
the Gibbs-Appel equation, and of course Lagrange’s equation. Only Lagrange’s equation

is considered here.
B.2.1 Reduced—-order coordinafes

In the general case, each displacement component u; is a function of the reduced-order .

coordinates g and possibly time u = u(g,t). The differentials du; and dg; are related by

o Oui L O

dy, j=laqjdq,+atdt i=1,...,N, ‘ (B.26)

and the virtual displacements §u; and 6g; are related by

. n ] !
bu; = 2%5%‘ i=1,...,N. (B.27)
=194 |

B.2.2  Two equalities

It is convenient at this point to establish two mathematical relationships. Starting with

the equation u; = ui(g;, . .., ¢n, t), the time derivative of u; is given by
. Ou, Ou; , - Ouy :
PR TR T Wit el B.28
= g 4 o, + 3 (B.28)

The derivative of this equation with respect to ¢; is taken to obtain

. Ol d (Bui . Ou; . 3ui)
e = oy e
dg; B6; \ o1 " o " T Bt
au,- :
_ , B.29
5% (B.29)

which is the first of the desired equalities. Taking the derivative of (B.‘28) with respect
to g; yields |

% 15] <6u,-, % Bui)
0q; 9q;




8 [0u; 8 [o6u;) .
= A+ =) g+
B (qu) @ Ogn (6(1,-) 4

= 4 (%
T odt dqi |’
which is the second of the desired equalities.

B.2.3  Derivation

The fundamental equation is restated

N .
Z(p; —e])6u; = 0.
i=] '
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(B.30)

(B.31)

Substituting the generalized coordinate form of the virtual displacement &u; from (B.27)

yields

E(p, —eﬂ)Za"'aq,- -
= Ou;  40u; o
Z{E( “Bg; _e"a_qf>}5q’ -

Jj=1

Consider the time derivative of p; du;/dg;

d Su; ;.Bui d [Ou;
a \"ag; ) ~Pag, Y Pw\ag )

Substituting the two equalities (B.29) and (B.30) yields

At K 'Laqj ‘Laqj)‘

which can be rearranged to obtain

ou _d( ow\ O

Substituting this expression for p; dui/dg; into (B.33) yields

z{ﬁ[i(p?_ _ Qi _ 6ut”5q.=o
=5 dt ‘ 1aq.] laqj ;a J .

(B.32)

(B.3;)
(B.34)
(B.3‘5)
(B.36)

(B.37) |
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Given efforts are classified as potential efforts e? and nonpotential efforts e™ such that
ed = eP + e™. Substituting these efforts yields
n N . ‘ .
d au,- au," paui au, . .
Y 2 T ‘=0, B.

The remainder of the derivation consists of showing that. the following identities hold."

or* X oau;. ov X Lou
94 _;?'3%’ " g ; 'afb (B.39)
o & ok, 9D _ & .ou
8g;  ="0a; 7 04 " 0g

Kinetic coenergy

Each component of flow ; is a function of the reduced-order coordinates, their deriva-
. tives, and time, that is, @ = u{4, g, t). It follows, therefore, that kmetlc coenergy has the

form T* = T*(u(q, g,t)), and the differential of kmetlc coenergy dT‘ is given by |

Z ey (Z D% g5 + 2 2“ daj + o dt) (B.40)

94y
By definition, the initial multipliel‘ oT* /du; is the ith~component of momentum p;,
| yielding ‘ ‘ o |
S (B a0 Ba).
Since energy is a state function (that is, not a path-dependent function) it can be inte-
grated along an arbitrary path. The p‘ath C is selected to occur at an instant in time.
 An initial state (go,go) = (0,0)‘is chosen, corresponding to the origin of the i‘nertial
reference frame. Holding G = 0, all displacements are brought to their ﬁnal values q for

the instant ¢t. Then holding q fixed, all flows are brought to their final values ¢ for the

‘same instant. This procedure is expressed

/dT“
C
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N 1 By 51
2 (/sz‘ - %+/ E:Pz u‘d +/ pia t). (B.42)

§=0 ‘ q fixed g gzzg
t fixed t fixed

The last term vanishes since time is fixed. The remaining terms can be rearranged to

n N N ‘
o, o1
r =3 | [ (Sng) an+ / (Crl)w]. @
Jj=1

Taking the partial derivatives of this equation with respect to ¢; and g; respectively

‘obtain

yields the following equalities

o Y g o
- = E . .=1,...,7'L : B.44
- 94; P04, ! ( :
oT* N o ‘
= E = i=1,...,n, B.45
3‘]1’ 3‘11 7 ( )

w‘hich‘are two of the desired terms ‘noted in (B.39).
Potential energy

" Each component of displacement ; is a function of the reduced—order coordmates q and

time, hence the total differential of potential energy V(u(q,t)) is given by

aU1 au; '
dv = Z 7 (Z dt) -  (B.46)
By definition, the initial multiplier 8V/8u; is the negative of the ith—component of
potential effort, —ef, yie]diﬁg

—dv = Z (}:a“‘ 6u’dt) - | (B.47)

i=1

Integratmg along path C, as before, yields

vV o= /dV \ o
N e O Ou;

-V = / eP— dg / Pt dt B.48
Zl ( 0 Jg ta] + 1 3! ) ( )

ﬂed
t fixed 71

The right-most term vanishes, leaving
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Z A Ze, S 4o | (B.49)

and the partial derivative of both sides of this equation is taken with respect to g; to
obtain ‘
ov ,,au,

—— =3¢ i=1,...,n B.50

which is the third term noted in (B.39).
Generalized effort

The virtual work of the nonpotential efforts can be written
‘ ‘ ‘ n N
Ou;
W) = n— | 6q;. B.51
g (.— €; aqj q] ) ( )
Jj=1 \i=l ‘
Nonpotential efforts are subclassified as source efforts, implicit efforts and dissipative
efforts such that e® = e® + €7 + e%, where dissipative efforts satisfy the definition of the

dissipation function, that is,
d oD’

Making this substitution yields
n au, aD au,
W =3 E(e + 7) Za 50 | 69 (B.53)
=1 Li= ui 9gj ‘ ‘

Making use of the equality du;/0¢; = dui/dq;, the dissipation term is givén by
opow Mopow -
Z e 50 Z 26 04, ‘ (B.54)
Restricting the definition of the dissipation function to flows % = 1(g) such that D =
D(u) = D(d((})), this last expression is identical to &D/d¢. Making this substitution

. and denoting.the summation of source efforts and implicit efforts by Q; yields

Bu1 c")Dé)u1 ‘
¥ g5
oW = E E (e +e ) E 8u an (B.55)
Q]‘ : aD
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Therefore, the jth—cbmponent of nonpotential effort is given by

8D &, . o6u |
98 Ot B.56
| Q] aq] p an ( )
which is the last. of the desired terms noted in (B.39).
Lagrange5s equation
Making the substitutions noted in (B.39) yields
> [daT* o8T* 8V - 8D :
j§ (dt o;  dq; ~ Bg¢;  Ogj ’) a (537

This is the virtual work form of Lagrange’s equation. If the dg are independent, the

parenthetical term vanishes, yielding Lagrange’s equation

doT" oI oV oD

4dor” 99 0. =0 i=1,...,n. (B.S8
&t 33 5a; 9 84; Qj | J ‘ ( )

If the g are dependent, Lagrahge multipliers are introduced to produce the multiplier
form of Lagrange’s equation, which together with the constraint equations, comprise the

Lagrangién DAE, given‘ in vector form by
IGT* - GT+VV+VD+CIA = @
‘ C =0 | (B.59) -

r = ..



Appendix C |
- VIRTUAL MOMENTUM

In this section, virtual' momentum is shown to be the infinitesimal quantity 6o that

- satisfies the folloWing relationship with virtual displacement du.
‘ ‘ . | v ‘
D owibo; = o bus.
i=1 i=1
C.1 The general case

The variational form of the first law
6FE = W,

in terms of configuration coordinates, is given by

N N . N
LN T
i=1 6_& 69‘ * i=1 —87; 6ui B i=1 “ 6”"

For £ :=T(g) + V(u), and 6W := 3 € bus,

0E or oE oV
—=— and — =_—.

do; Ooi Ou;i  Ouj
Substituting these terms into the first law and rearranging yields

N ‘N
or ov
—b0; = (e? - —) bu;.
| ,};':1 doi ; - Ouy
Substituting the following terms
or_, o
doi 7t ou; ~

into the first law yields yields
‘ N

N |
> fiber = (e} +el) bus
=

i=1

(C.1)

(C.2)

(C.3)

(C.5)

(C.6)
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= Y efou; (C8)
i=1 ‘ :
N :
= (ef +e ) Su; (C.9)
i=1
N : ‘
= Ze,-&u,-, : (C.10)
i=1 : ‘

where use has been made of the following: €™ + eP := e%; €9 + e? =g and the virtual
work of the constraint efforts vanishes, that is SWe = Ze? éu; = 0. From Paynter’s

diagram, f; =i and e; = g;. It follows that

N N . ‘
Zﬂi bpo; = Zg, ou;, ‘ ‘ (C.ll)
i=1 i=1 ‘ ‘

or in vector form

which was to be shown.

ExAMPLE C.1 Consider the second-order, linear mass-spring-damper system shown in -

Fig. C.1. The energy stored in this system is given by

/”dp ko dg

E = T(p)+V(q)

I

= — ‘ C.13

2mp +3 l»a | (C.13)
. k‘ —9q
bl Sy

Figure C.1. A simple translational system.

The variation in stored energy is given by

6F = %Eé +%D—6q——6p+kq6q (C.14)
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The virtual work of the nonpotential efforts is given by
oW =e"6qg = (F - bg) 6q, ‘ (C.15)

Setting 6F = 6W yields |
‘ % &p = (F = bd — kq) 6q. (C.16).
For this example, p/m‘ = ¢, and by Newton’s second law, the sum of forces on the

right-hand side of the équation is the time rate of change of linear momentum p. Thus
G 6p = péq, | (C.17)
which was to be shown. o
C.2 A geometric interpretation
For the mass-spring-damper éxample (C.17) is given in vector form by
. oq | _ | o

[p —q] [5;0] =0. (C.18)
This vector equaﬁion can be interpreted geometrically with motion of the system de-
scribed in two-dimensional (g, p) space, or phase space. Assuming undamped oscillatory
motion of the mass, the trajectory of the system in phase space is elliptical as shown in
Fig. ‘C.2.‘ Examination of one quadrant of this trajectory is instructive. The three pbints
A, B and C are of interest. -

The phase-space coordinates at ‘A are given by (q,p) = (gez,0), where the subscript
ez indicates an extreme value for a variable £ such that [€(t)| < ez In this example at
A, ¢g=0 and p = per # 0. For (C.18) to be true dg must vanish. In other words,

. 1
[ fez 0] [517} =0 (C.19)
implies that |

s = 0. (C.20).



p(t) trajectory of motion
R -»-----/—
e - ~— - B
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III \\‘
! %
\ ! q(t)
\\\ /
\\ ’l,
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Figure C.2. Phase-space representation of steady-stat;e oscillation

The perturbation in momentum &p is arbitrary, but the phase—space perturbatlon vector
[0 ép] IS not arbltrary Let vectors r4 and 84 be defined as follows -

| rq = [ Pez O ]T and §q:= [ 0 ép ]T, (C.21)
then

(ra,64) =0.
The two vectors are orthogonal as shown in Fig. C.3

©22)

1 f acti f 613, sloj
inc of action of &3, slope P
. TB \‘\ l—1line of action of &4
. Y
trajectory of molion—/ \[6a4
A
TA | oq(t)
] .
!
’

/

Figure C.3. A phase-space interpretation of §p

At B, (g,p,4,p) # 0. In this case (C.17) yields the following expression for &p,

_Q' _dp/dt d_p
op = q.éq = —dq/dtéq = dqéq,

(C.23)
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indicating not only that ép is ‘proportiqnal to &g, but fhat the proportion‘ality ratio is
the instantaneous slope ‘dp/dq. Thus the perturbation vector at B, 6 = [6g 6p]7, lies
on a line with slope dp/dg tangent to the trajectory of motion at B. Letrg = [p —g|7,
then | | ‘
(r3,88) =0, | | (C.24)

as shown in Fig. C.3.
At C, (¢,7) = (0,pes), p = 0, and § = ez # 0. For (C.17) to hold, 6p must vanish.

In other words,

RN ‘ s
[ 0 —Gex ] [6;] = 0, (0'25)
implies that

dp = 0. ‘ - (C.206)
Let 7o = [0 — gec]” and 6¢ = [6g 0]7, then -
(TC,‘SC) = Oa (027) ‘

as shown in Fig. C.3. ‘ |

CItis concluded from Fig. C.3 that the general perturbation vector § = [6q Sp]T‘always
lies on a line tangent to the phase-space trajectory of motion. Furthermore, the vector
r=[p —q)T is essentially an effort-flow vector [é — f]T that lies on a line normal to
~ the trajectory of motion. | | |

‘This geometric interpretation can be extended to thé general system having .a con-
figuration space of dimension N, where p‘ € RN and u € RN. The trajectory of motion
is described in a phaée space of dimension 2N, the perturbation vector [§u &p]T lies in
a plane tangent to the trajec‘tory‘of motion, and the effort-flow vector [p — @] ]iés in
. a plane normal to the trajectory. of motion.
The‘ significance of this interpretation of &p is that the means by which virtual mo-

mentum is constrained becomes clear. The trajectory of motion in phase space defines
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a téngent space ét each instant in which the perturbation vector [fu op)T lies. This
trajectory o‘ccurs in the pfesence of kinematic constraints which impose cpnditions on
u only. Thus the kinematic constraints and the motion of the system jointly impose |
conditions on 8p. Therefore, in the sense that kinematic constraints statically iméose
conditions on éu, it can be said that the system motion dynamically imposes conditions

on &p.



‘ Appendix D
NONCENTROIDAL ANGULAR MOMENTUM

The angu]‘ar momentum of a system element that rotates about its center of mass, that
rotates about a ﬁxed point, or that rotates such that all forces act through its center
of mass is accounted for in the equations of motion through the constituitive law of a
kinetic store. See Table 2.7. The implicit effort and dynamic constraint concepts are
used to account for the angular momeﬁta of system élements that do not meet these
criteria, as follows. |

The angular momentum of a rigid body about -an arbitrary point b is the sum of
the centroidél angular morhentum vector H, plus the moment of the linear momentum

vector P with respect to b when P is considered to act at the centroid,

where 7'; is the position vector from b to thé mass center ¢ of the system. The relationship

between torque about b and angular momentum is given by

dH,
" Tb ‘= 7 i : ‘
_ dH. (. _dP -
= ) (b2)

Rearranging, and designating the cross product as an implicit effort 77 yields

dH. _ i dP ‘ ‘ ‘
@ C Tp = (7c X E)’ | ‘ (D.3)
[V ‘
‘ p

which has the form

p = & +e. - (D.4)
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‘Thus, in the equations of motion the centroidal angular momentum H; contributes to

the kinetic coenergy T*(w) of the element through the constituitive law given by
Hy(w) = Tw, : . (D.5)

the torque 7, is a source effort and cross product term 77 is an implicit effort. The

- expression which defines 77 is expressed as a dynamic constraint given by

A(r"w,6,8) =17 + (Tc X %) =0. (D-6)




Appehdix‘E
POINT AND PATH FUNCTIONS

In this appendik are given additional comments on the differences between point or state
functions émd path functions. In this section, Van Wylen and Sonntag [43] are qutoed
ext;énsivély. |

Consider a sys‘tem‘ comprised of the gas contained in a cylinder and piston of cross—
sectional area A. Let the piston move upward some distance dL. The initial ‘étate of
the gas is state 1 and the final state of the gas is state 2. The states through which
‘ the‘syster‘n progresses in the course of the process are assumed to be equilibrium states,
hence the process is called a quasiequilibrium process. The work‘done by the system
during this process is given by | | ‘
dW = Pay, | (E.1)
‘where P is pressure and dV is the change in the volume of the gas given ‘by AdL.
The work done at the moving boundary given a quasieduilibrium process is found by
integrating (E.1), yielding ‘ - |

| 1W2=/l2d‘W=/12PdV, - (E.2)
where the symbol | W5 represents the work done during the process from state 1 to state
2. On a P -~V diagram this work would be represénted by the area under the curve
from a point representing state 1 to a point representing state 2.

Van Wylen énd Sonntag state, “It is possible to go frdm state 1 to state 2 along
many different equilibrium paths. Sincé the area under each curve r‘epresents‘the work
for each process, it s evident that the amount of work involved in each case is a function
| not only of the end states of the‘process, but in addition is dependent on the path that
is followed 'in going from one state to another. For this reason work is called a path

function or, in mathematical parlance, dW is an inexact differential.
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This leads to a brief consideration of point and path functions or, to use another
term, exact and inexact differentials. Thermodynamic properties are point functions, a
name that arises from the fact that for a given point on a dlagram ora surface, the state
is fixed, and thus there is a definite value of each property correspondmg to this point.

The differentials of a point functions are exact dlfferentlals, and the mtegratlon‘ls simply
2 ‘
/ AV = Vs — Vi. | (E3)
1

Thus we can speak of the volurhe in state 2 and the volume in state 1, and the change
ih volume depends only on thé initial and final states.

Work,‘on the other hénd, is a path function for, as has been indicated, the work done
- in a quasiequilibrium process between two given states depends on the path followed.
The differentials of path functions are inexact differentials.”

In this work, the symbol d is used to designate inexact differentials (in contrast to d

for exact differentials). Thus for work we could write
.
/ AW = W, (E.4)
1 ‘ ‘

“Implied in this notation is that the process bétween states 1 and 2 has been specified.
It should be noted that we never speak about the work in the system in state 1 or state
2, and thus we would never write W2 -

The energy of kinetic and potential stores, as defined herein, are point" functions.
These energy functions depénd only on the state at each particular point in the trajectory
of the system, and the change in energy depends only on the initial and final states. Work
is a path function, and depends on both the path and the endpoints. Thus the distinction -

between types of differentials embodied in the first law
dE = dW, : : (E.5)

‘i‘n which dE is an exact differential and dW is an inexact differential, is maintained in
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the variational form of the first law
§E =6§W,  (E6)

in' which 6F is a variation of a state or point function, and W is not. Virtual work
6W — defined as the work done by efforts acting through a virtual displacement 6g —
maintains the path-dependent character of work, even though the displacements in this

case are virtual, not actual.



Appendix F |
COMPUTER CODE FOR NUMERICAL EXAMPLES

In this appendix are listed the Matlab script files used to solve the numerical examples
given in this dissertation. The appendix is organized as follows.
o A solver based on Euler’s method for problems formulated as Lagrangiaﬁ DAE’s

e A solver based on Euler's method for problems formulated as Hamiltonian DAE's

e A solver based on a BDF 'method for problems formulated as Lagrangian DAE's

Each example includes a driver file,; a function file and a plotting file. At the end of each

section is given the code for the numerical solver and its subroutines.

F.1 Euler’s method and the Lagrangian formulation '

F.1.1° Pendulum |

For the driver file and function file for the pendulum example, see Figs. 8.4 and 8.5. The
plotting file is given below. .

% pend_plot.m
load pend_results 4 T, Y

t=T;

x1 = Y(1,:);

x2 = Y(2,:);

vl = Y(3,:);

v2 = Y(4,:);

% ====- compute constraint and velocity magnitude

Lierr = sqrt(x1."2+x2,72) ~ 2.34%ones(size(t),1);
= sqrt(vl. "2+v2.72);

subplot(221) ,plot(x1,x2,’b’)
xlabel(’ul (m)’), ylabel(’u2 (m)’), axis(’equal’)
title(’ (a) Displacement trajectory’)

subplot(222) ,plot(t,veloc,’b’) ‘
xlabel(’Time (sec)’), ylabel(’Velocity (m/sec)’), axis([0 4 0 1])
title(’ (b) Magnitude of velocity’) ‘
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subplot(223),plot(t,Lierr,’b’),
xlabel(’Time (sec)’), ylabel(’Error (m)’), axis([0 4 -5e-8 15e-8])
title(’(c) Error in constraint’)

% endfile

F.1.2 Slider—crank mechanism

% filename: slider_driver.m

clear

Y0=[1;1;3;0;0;0]; %initial condition

h =5.0e-3; '/ time increment

nstep = 800;% number of time steps

n_disp = 3; ) number of coordinates

n_con = 2; Y number of constraints
[T,Y)=int_dael(’slider_func’,Y0,h,nstep,n_disp,n_con);
save, slider_results

% endfile

% filename: slider_func.m

function [M,Phi,Phi_x,Psi_1] = slider_func(x,v,t)

massl = 2.26;

mass2 = 1.13;

L1 = .1.41421356237310;

L2 = 2.23606797749979;

f =10.0;

. M={mass1,0,0;
0O,mass1,0;
0,0,mass2];

Psi_1=[-£f*x(2)/L1;

£*x(1)/L1; .

ol; -

Phi = [x(1)"2+x(2)"2-L1"2; .

(x(3)-x(1))~2+x(2)~2-L2"2];
Phi_x = [2*x(1),2%x(2),0;

=2+ (x(3)-x(1)) ,2%x(2), 2% (x(3)-x(1))];
% endfile

% filename: slider_plot.m
load slider_results

t =T;

ul = Y(:,1);
u2 = Y(:,2);
ud = Y(:,3);
vi=Y(:,4);
v2 = Y(:,5);
v3 = Y(:,6);

errl = ul."2 + 12,72 - 2;
err2 = (u3-ul)."2 + u2,"2 - 5;
subplot(221), plot(ul,u?)




xlabel(’ul (m)’), ylabel(’u2 (m)’),axis(’equal’)
title(’(a) Crank position’)

subplot (222), plot(t,u3) ‘

- xlabel(’Time. (sec)’), ylabel(’u3 (m)’)
title(’ (b) Slider position’)

subplot (223), plot(t,errl)

xlabel(’Time (sec)’), ylabel(’Error (m)’),axis([0 4 -le-7 3e-7])

title(’ (c) Constraint error 1’)
subplot(224), plot(t;err2)

xlabel(’Time (sec)?’), ylabel (’Error (m)’),axié([o 4 -le-7 33-7])

‘title(’ (d) Comstraint error 2’)
% endfile .

F.1.3 Electrical lead—filter

% filename: lead_driver.m

clear ‘ ‘ ‘

Y0=[0;0;0;0;0;0];

h =1.0e-3; . / time increment

nstep ‘= 1000;% number of time steps

n_disp = 3; Y number of coordinates

n_con = 1; Y% number of constraints
+[T,Y)=int_dael(’lead_func’,Y0,h,nstep,n_disp,n_con);
save lead_results ‘

% endfile

% filename: lead_func.m
function (M,Phi,Phi_x,Psi_1] = lead_func(x,v,t)
M=zeros(3,3);

rl = 0.5;
r2 = 0.5;
cl = 0.5;

vin = sin(8#pi*t);

Psi_i=[-ri*v(1);
-x(2)/c1;
~r2*v(3)+vin];

Phi = [x(1)+x(2)-x(3)];

Phi_x = [1, 1, -1]; ‘

% endfile ‘

% filename: lead_plot.m
load lead_results

rl = 0.5;
t=T;

ql = Y(:,1);
q2 = Y(:,2);
g3 = Y(:,3);
£f1 = Y(:,4);

C f2 = Y(:,5);
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= Y(:,5);

err = qlt+q2-q3;

ein = sin(B*pixt);

.eout = ein - rixfl;

subplot(221), plot(t,err)

‘ xlabel(’Time’), ylabel(’Error’)

subplot(222), plot(t,ein,t,eout)
xlabel(’Time?’), ylabel(’Eln and Eout’)

% endfile -

F.1.4 Fluid lead—filter

% filename: fluid_lead_driver.m
clear, formax short e, format compact
Y0=[0;5;0;1;-1;0];

h = Se-1; J time increment

tf = 60; % final time

nstep. = tf/h; ) number of time steps
n_disp = 3; J number of coordinates
n_con = 1; % number of comstraints
[T,Yl=int_dael(’fluid_lead_func’,YO0,h ,nstep,n_disp,n con)
save fluid_lead_results

% endfile

% filename: fluid_lead_func.m
function [M,Phi,Phi_x,Psi_1] = fluid_lead_func(u,v,t)
rho= 500; J density
g = 9.81; ) gravity
Cd = 0.62; / discharge coefficient
do = 0.1; J, orifice diameter
dt = 17.7; % capacitive tank diameter
Ao = pi*do~2/4; '/ orifice area :
At = pixdt~2/4; J, tank area
Cf = At/(rho*g); ' tank capacitance
Cri = 100; J, resistance coefficient
Cr2 = 0.5*%(rho/(Cd"2%A0"2)); % resistance coefficient
~Ps = 1le+6*log(t+1); %‘pressure source
M = zeros(3,3);
Phi = [u(1)+u(2)-u(3) 5];
Phi_x = [1,1,-1]; |
Psi_1 = [ ~Cri*v(1)*sqrt(abs(v(1)));
-u(2)/ctf;
Ps-Cr2%v(3)*sqrt (abs(v(3)))];
% endfile

it

% filename: fluid_lead_plot.m
load fluid_lead_results 9/, contains T, Y

t=T;




ul = Y(:,1);

u2 = Y(:,2);
u3 = Y(:,3);
vi = Y(:,4);
v2 = Y(:,8);
v3 = Y(:,6);

' err = ul+u2-u3-5¥ones(size(vl)); ) compute constraint, should equal zero

figure(1),clg
subplot(221), plot(t,u2,’b?)
~ xlabel(’Time (sec)’), ylabel(’u2 (m"3)’)

. title(’(a) Tank volume’) ‘

subplot (222), plot(t,vl,’b’,t,v2,’b’,t,v3,’b?)
xlabel("Time (sec)’),ylabel(’vi, v2, v3 (m"3/sec)’)
title(’ (b) Flow rates’)

subplot(223), plot(t,err,’b’)
xlabel(’Time (sec)’), ylabel(’Error (m~3)’)
title(’ (c) Constraint error’)

% endfile

F.1.‘5 Solver int_dael and subroutines

% filename: int_dael.m

function [Time,YOUT] = int_dael(user_fun,int_con,h,nstep,n,m)

'/. .

% Integrate index 1 implicit DAE using Euler approximation
% This is a very inefficient way to solve this problem

4 but it works most of the time

y ‘

% B. Fabien and R. Layton 2/17/95

v o ‘ ‘

Max_itt. = 10;

Max_j = 15;
eps = 1.0e-6;
t = 0;

nu = zeros(m,1);
yl=[int_con;nu];
'y0=y1;
YOUT=zeros (nstep+1,2*n);
¢ Time=zeros(nstep+1,1);
Time(1) = 0.0;
YOUT(1,:)= int_con’;
for t_itt = 1l:nstep

t = h*t_itt;

Time(t_itt+1l) = t;

%

% Newton’s Iteration

265
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%
for n_itt = 1:Max_itt

F = eval_F1(user_fun,yl,y0,t,h,n, m)

nF = norm(F);

if( oF < eps )

break;

end; ‘

dF = eval_dF1(user_fun,y1,y0,t,h,n,m);
" dy = -dF\F;

ndy = norm(dy);

v ‘

% Damped correction

0 ‘ ‘

alpha = 1.0;

for j = 1:Max_j

yn = yl+alpha*dy;
F1 = eval_Fi(user_fun,yn,y0,t,h,n,m);
nF1 = norm(F1);

if( nF1 < nF )

'yl = yn;
break;

else
alpha = alpha*0.5;
end;
" end;
if( j >= Max_j)

error(’Too many damped corrections, ...

(1) check constralnts and I.C. (2) make h smaller’);

‘end; ‘
end;
if( n_itt >= Max_itt )

error(’Too many Newton iterationms,

(1) check constralnts and I.C. (2) make h smaller’);
end; ‘
YOUT(t_itt+1,:)=y1(1:2%n)"’;
yo =

end;
% endfile

% filename: eval_Fi.m

. function F = eval_F1(u_Fun,yl,y0,t,h,n,m)
x0=y0(1:n);

v0=y0(n+1:2+%n) ;

lamO=y0 (2*n+1:2*n+m) ;

x1=y1(1:n);

vi=yl(n+1:2+n);

lami=y1(2#n+1:2%n+m) ;

[M,Phi,Phi_x,Psi_1])= feval(u Fun,x1,vl,t);
if lami == []
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F=[(x1-x0)./h-v1;
M*(v1i-v0)./h~Psi_1];

else :

F=[(x1-x0)./h-v1;
M*(v1i-v0)./h+Phi_x’*lami-Psi_1;

Phil; ‘

end;

% endfile

% filename: eval_dFi.m

function dF = eval_dF1(u_Fun,y1,y0,t,h,n,m)
% | ‘

% Evaluate dF by finite difference

% :

dtol: = 1.0e-8;

dF = zeros(2%n+m,2*n+m);

FO = eval_Fi1(u_Fun,yl1,y0,t,h,n,m);

for i = 1:2%n+m ‘

ydl = yi1;

if( abs(yd1(i)) < dtol )
dy = dtol;

else :
dy = dtol#*ydi(i);

end;

yd1(i) = ydi(i) + dy;
F1 = eval_Fi(u_Fun,yd1,y0,t;h,n,m);
dF(:,i)=(F1-F0)./dy;

end; ‘

% endfile

F.2 Euler’s method and the Hamiltonian formulation

F.2.1 Pendulum and spring

For the driver file and function file for the pendulum and spring example, see
Figs. 8.14 and 8.15.

% filename: ham_plot_exam.m
4 : ‘ ‘
% This plot subroutine plots the time response of the pendulum

% an dspring example modeled using a Hamiltonian DAE simulation.
% .

load ham_results

x1 = Y(:,1);
x2 = Y(:,2);
yl =‘Y(::3);

y2 = Y(:,4);
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pl = Y(:,5);
p2 = Y(:,6);
wi=Y(,7);
zl = Y(:,8);

lamt = Y(:,9);

const = (x2-w1)."2 + x1.°2-34; Y% constraint
p = sqrt(pl.”2 + p2.72);
v = sqrt(yl.”2 + y2,°2);

subplot (221), plot(x1,-x2)
xlabel(’x1 (m)’), ylabel(’-x2 (m)’) axls(’equal’)
title(’(a) Mass displacement trajectory’)
subplot(222), plot(T,p) ‘
xlabel ('Time (sec)’), ylabel(’|p| (kg-m/s)?’),
title(’ (b) Momentum’) ‘ ‘
subplot(223), plot(T,const)
xlabel (°Time (sec)’), ylabel(’Error m)?),
title(’ (¢) Constraint error’) :
% endfile

F.2.2 Solver int_daeh and subroutines

‘This solver is a version of the Lagrangian DAE solver int.dael modified for the Hamil-
tonian formulation. No attempt 'is made in this solver to take advantage of the semi-
explicit form of the Hamiltonian DAE. Like the Lagranglan solver, int_daeh is set up
for equations in descriptor: form.

% filename: int_daeﬁ.m
é Thié program integrates impliéit Hamiltonian DAEs using
4 Euler. approximation,

é T. Anderson and R. Layton 7/27/95

ﬁunction [Time,YOUT] = int_daeh(user_fun,int_con,h,ﬁstep,s,r.mO,ﬁS)

Max_itt = 10; % maximum iterations allowed
Max_j = ‘

_eps = 1.0e-6; % smallest time step allowed
t = 0;

Yi= [1nt con]; % All initial condltlons are to be set by the user
YO=Y1;

YOUT—zeros(nstep+1 3%s+2%r+m0+m3);
Time=zeros (nstep+1,1);

Time(1) =

YOUT(1,:)= int_con’;

‘for t_itt = 1:nstep
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t = h*t_itt;
Time(t_itt+1) =

Ch mmm——— Newton’s Iteration
for n_itt = 1:Max_itt
F = eval_Fh(user_ fun Y1,Y0,t,h,s,r,n0,m3);
nF = norm(F);
" if( oF < eps )
break;
end;
dF = eval_dFh{user_fun,Y1,Y0,t,h,s,r,m0 m3)
%cond_number_dF = cond(dF)
dY = -dF\F;
ndY = norm(dY);
h
. % Damped correction
% :
alpha = 1.0;
for j = 1:Max_j
Yn = Yi+alpha*dY;
F1 = eval_Fh(user_fun,Yn,Y0,t,h,s,r,m0 m3)
nF1 = norm(F1);
if( nF1 < nF )
Y1 = Yn;
break;
else
alpha = alpha*0.5;
‘end;
end;
if( j >= Max_j)
error(’Too many damped corrections, (1) check constraints ...
and I.C. (2) make h smaller’);
end; ‘
end;
if( n_itt >= Max_itt )
. error (’Too many Newton iterations, (1) check constraints ...
and I.C. (2) make h smaller’);
end; ‘
YOUT(t_itt+1,:)=Y1(1:3*s+2*r+m0+m3)’;
YO = Y1, : ‘ :
% The following command is not required. It displays each time interval
% on the screen 'if the user desires to track progress of simulation.
disp([’t = ’ num2str(t) ’in ’ num2str(n_itt) ’ iterations’]), end;
" end;
% endfile

% fllename eval_Fh.m
% ‘ ‘
% This subroutine is called by the program int_daeh.m.




270

% It defines the injtial conditions and the matrix analysis
% for the Hamiltonian DAE.

o :
h T/27/98

) ‘

function F = eval_Fh(u_Fun,Y1,Y0,t,h,s,r,m0,m3)

% Terms x0, yO, p0, w0, z0, lamQ, and egam0 all represent
% the initial conditions of the individual terms.

% If one of the given terms is non-existent for a

‘% given simulation, the program will compensate.

% The position of the I.C. in the input vector are

% defined below. ‘ :

%  The vector of initial conditions is YO, and the vector
% of current conditions is Y1.

'/' : .

x0=Y0(1:s);
x1=Y1(1:s8);

yo0=YO(s+1:2%s);
yi=Y1(s+1:2%8);

p0=Y0(2*s+1:3*s);
pl=Y1(2#s+1:3*s);

wO=Y0 (3*s+1:3*s+xr) ;
wi=Y1(3#s5+1:3*g+r);

z0=Y0 (3#s+r+1:3%s+2%x);
z1=Y1 (3*s+r+1:3%5+2%r);

if mO==
lam0=(];
lami=(];
"else
1lamO0=Y0 (3*s+2#*r+1: 3*g+2%r+m0) ;
lam1=Y1(3%s+2%r+1:3%g+2+r+m0);
end;

if m3==
egam0=[] ;
egaml=[];
. else ‘
egam0=Y0 (3*s+2+r+m0+1: 3*5+2+r+m0+m3) ;
egaml=Y1(3%s+2%r+m0+1: 3*s+2*r+m0+m3);
end;
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h - matrix analysis of the Hamiltonian DAE. ‘
{C_s,C_r,Ups_1,Ups_2,Ups_3,C,Gamma) =feval(u_Fun,x1,y1,pl,wl,z1 egaml t)

if lami == [];

F = [(x1-x0)./h~yl;
(w1-w0)./h-21;
(p1-p0). /h-Ups 1;
-Ups_2;
y1-Ups_3];

else

F=: [(x1-x0)./h~y1;
(wi-w0)./h-2z1;
(p1-p0)./h+C_s’*lami-Ups_1;
C_r’*lami-Ups_2;
y1-Ups_3;
cl;

end;

if egaml == []
F=[F];
else
F=[F;
Gamma] ;
end;
% endfile

% filename: eval_dFh.m.
% ‘
<% T/27/95
o . |
% This 'is the evaluation 'subroutine for solving the
%  Hamiltonian DAE. ' This subroutine is called by
% eval_Fh.m which, in turn, is called by int_daeh.m.
% ‘ ‘ ‘
% This evaluation of dF is done using a finite difference
% method.
% ‘
' function dF = eval_dFh(u_Fun,Y1,Y0,t,h,s,r,m0,m3)
dtol = 1.0e-8;
dF = zeros(3*g+24r+m0+m3,3*s+2*r+m0+m3) ;
FO = eval_Fh(u_Fun,Y1,Y0,t,h,s,r,m0,m3);
for i = 1:3*s+2*r+m0+m3
Ydl = Yi1;
if( abs(Yd1(i)) < dtol )
dY = dtol;
else
dY = dtol*Yd1(i);
end;. ‘
Ydi(i) = Yd1(i) + 4dY;
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F1 = eval_Fh(u_Fun,Y¥d1,Y0,t,h,s,r,m0,m3);
dF(:,i)=(F1~F0)./dY;

end;

% endfile

F.3 BDF method and the Lagrangian formulation

F.3.1 Electrical lead filter

% filename: lead_driver2.m’
clear,clc,format compact,format short e

h ----= integration parameters

t0 = 0; 7 initial time

tf = 0.5; % final time

hmin = le-5; ’ smallest integration time step allowed
hmax = 1e-0; ¥ largest‘integration time step allowed
epsl = le-5; tolerance for close to zero, solving F =

h m———- problem-specific parameters

user_fun =’lead_func2’; ) user- function, computes [M,Phi,Phi_u,Psi]
data_fname ‘=’lead_data2’; ¥, user-provided name for data file

n = 3; Y number of coordinates ‘

m=1; % number of kinematic constraints

yo = zeros(2*n+m 1); % initial conditions (must be con51stent)

h ————- initialization

N = 2#n+m; ), number of unknowns

index = [n m N]; 7 vector for passing to subroutines

T = t0; % recent time values, most recent at bottom

Y = yO’ % recent solutions, row-wise, most recent at bottom

4 Set up data file for accumulating solutlon iterates
precision = ’float64’ :

fid = fopen(data_fname,’w’); /) delete contents of data file, if any

% initial cqnditions:‘first row of data file

....... furite(fid, (t0 y0’],precision);

% open file for appending data as solution proceeds

fid = fopen(daﬁa_fname,?a’);

ho—-==- invoke solver
‘int_bdfi(to,tf,hmin,hmax,epsi,user_fun,data_fname,n,m,yO,N; e
: index,T,Y,precision,fid);

% endfile

% filename: lead_func2

function [M,Phi,Phi_u,Psi] = lead_func2(t,u,v)
Rl = 0.5;

R2 = 0.5;




C=1.0;

es = sin(8*pixt);

M. = zeros(3,3);

Phi =. [u{1)+u(2)-u(3)];

Phi_u = [1,1,-1];

Psi = [ ~Ri*v(1);
-1/C*u(2);
es-R2+v(3)];

% endfile

% filename: plot_lead2.m
nvar = 8; ‘
data_f_name = )lead_data2’;

fid = fopen(data_f_name,’r’);
A = fread(fid,inf,’float64’);
nrow = floor(length(A)/nvar);

fid = fopen(data_f_name,5r’);
A= fread(fid,[nvar,nrow],’float64’)’;

fclose(fid);

t = A(:,1);
ul = A(:,2);
u2 = A(:,3);
u3d = A(:,4);
vl = A(:,5);
v2 = A(:,6);
v3 = A(:,7);
lami = A(:,8);

‘errl = ul+u2-u3; J, compute constraint

figure(1),clg

subplot(221), plot(t,ul),xlabel(’Time’), ylabel(’ul’),grid
subplot(222), plot(t,u2),xlabel(’Time’), ylabel(’u2’),grid
subplot (223), plot(t,u3),xlabel(’Time’), ylabel(’u3’),grid

figure(2),clg

subplot(221), plot(t,vl),xlabel(’Time’), ylabel(’v1’),grid
subplot (222), plot(t,v2),xlabel(’Time’), ylabel(’v2’),grid

subplot (223), plot(t,v3),xlabel(’Time’), ylabel(’v3’),grid:

figure(3),clg

subplot(221), plot(t,laml) ,xlabel( "Time’), ylabel(’laml’),grid
subplot(222),plot(t,errl),xlabel(’Timef), ylabel(’Error in constraint 1’)

% endfile

F.3.2 Solver int_bdf1 and subroutines

Vi
14

% filename int_bdfi.m

Richard A. Laytpn
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% 6/1/95

h ‘

% Solving DAE systems using. implicit BDF (similar to DASSL).

% Based on Brenan, Campbell, Petzold (1989). .

h

% The set of DAE’s to be solved is

% du/dt = v :

% Mxdv/dt + Phi_u ’ * lam = Psi

% Phi =0 ‘

v ‘ :

% where the column vector of unknowns y = (u,v,lam) has length 2+%n+m

% u := generalized displacements vector of length n

% v := generalized velocities vector of length n

% lam := Lagrange multipliérs vector of length m

h

h ‘

function int_bdf1(t0,tf,hmin,hmax,epsl,user_fun,data_fname,n,m,
yO,N,index,T,Y,precision,fid)

fprintf(1,’ %s\n’, [’ it ' k roe h r r ?
! t °1); % labels for screen output

% First step:

k = 0; % k is the order of the interpolating polynomial

h = hmin; } ‘start with smallest time interval

t = t0 + h; ‘

psi_n = [];

psi_nl = [h];

as = -1;

yp = y0; % predicted solution y(tn+1)
ypp = zeros(N,1); ) predicted slope at y(tn+l)

[y,it_Nj = newton(usér_fun,t,yp,ypp,index,k;h,as,epsi);

T = [T;t]; ‘ ‘

Y= [¥;y);

furite(fid, [t y’ k],precision); ¥ finish first step, psi(n+1) is 1-D
fprintf(1,’%6i %6i %11.5f Z6.2f %7.3f\n’ ,[it_N k h 1 t]); % screen display

% 2nd thru 4th step, increase order k each step

for j = 2:4,
k= j-1;

h = hmin;

t =1t + h;

psi_n = psi_ni;

psi_ni= [h;h*ones(size(psi_n))+psi_n];

[alph,phi,sig,as,ao,yp ypp] = updatel(k,h,N,psi_n1,psi_n,T,Y);
{y,it_NJ = newton(user_fun,t,yp,ypp,index, k,h,as,epsl);

T = [T;t];
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Y=[Yy])

furite(fid, [t y’ k],precision); ‘
fprintf(1,’%6i %6i %11. 5f %6.2f 7. 3f\n’,[1t Nk h1t]); 4 screen display
end

% 5th thru 8th step

% Stay at 3rd-order while bulldlng T&Y. At the end of the 8th step, T and Y
% have 9 rows each. For error control at kth-order, k+3 rows are required

% returning from DT subroutine which requires k+4 rows in T&Y. Therefore,

% for k=5 (max) need 9 rows in T&Y. Also requires 7 elements each in psi(n)
% and psi(n+1). for j =.5:8, :

k = 3;

h = hmin;

t =t + h;

. psi_n = psi_ni; % note: still building up psl(n) and psi(n+1) at this point
© psi_nl = [h;h*ones(size(psi_n))+psi_n];

{alph,phi,sig,as,ao,yp ypp] = updatel(k,h,N,psi_ ni,ps1 n,T,Y);

[y,it_N] = newton(user_fum,t,yp,ypp,index,k,h,as,epsl);

T = [T;t]; : ‘

Y = [V;y'];

furite(fid, [t y’ k],precision);

fprintf(1,’/6i 761 %11 5f #6.2f %7.3f\n’, [1t N k. h 1 t]); /| screen display
end

% ‘Set‘up for standard iteration with error control: and variable step-size and,
% order. T&Y have been built up to their permanent dimension of 9 rows.
% Psi is built large enough for its permanent dimension of 7.

k = 3; % this is the last time k and h are preset
h = hmin; ‘

psi_n = psi: n(1:7);

psi_nl= psi_n1(1:7);

psi_nl_last = psi_nl; % suffix ’-last’ means ’last accepted’
t_last = t; , ‘
h_last = h;

nsch = 8; / no. of steps at constant stepsize h

no_rejects = 0;

term = 0;

while term == 0, J
t = t_last + h;
psi_n.= psi_nil_last;

psi_nl = h*ones(7,1)+[0;psi_n(1:6)];

[alph,phi,sig,as,ab,yp ypp) = update2(k,h,N,psi_ni,psi_n,T,Y);
[y,it_N] = newton(user_fun,t,yp,ypp,index,k,h,as,epsi);

% Step size écceptance
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M = max(alph(k+1),abs(alph(k+1)+as-ao));
ERR = M#*norm(y- yp)
if ERR <= 1| h == hmin,
accept_h = 1; ') step is accepted if error is small or if h=hmin
else
~ accept_ h 0; % otherwise step is rejected, compute new step
end ‘ :
if accept_h == 1, compute nsch for use by order-selection routine
if h == h_last,
nsch = nsch + 1;

else

. nsch = 0; % reset if current accepted step is not equal to
“end % last accepted step
end

% Select order of. interpolating polynomial, regardless of step acceptance
% uses nsch and no_rejects, returns value of k and TERK

accept_k = ‘ ‘

while accept_k == 0,

if no_rejects >= 3, .

" TERK = norm((k+1)*51g(k+1)*ph1(k+2 S
elseif k =

TERKM1 = norm(k*s;g(k)*ph1(k+1 1))

TERK = norm( (k+1)*sig(k+1)*phi(k+2,:));

TERKP1 = norm((k+2)*sig(k+2)*phi (k+3,:));

seq = [TERKM1;TERK;TERKP1];

if seq(1l) > seq(2) & seq(2) > seq(3) & mnsch >= k+1,
k = min(k+1,3);

end ‘

‘accept_k =1;

else
TERKM2 = norm((k-1)*sig(k-1)*phi(k,:));
TERKM1 = norm(k*sig(k)#*phi(k+1,:));

TERK = norm((k+1)*sig(k+1)*phi(k+2,:));
TERKP1 = norm((k+2)*sig(k+2)*phi(k+3,:));
seq = [TERKM2;TERKM1; TERK; TERKP1] ;
if seq(l) > seq(2) & seq(2) > seq(3),
accept_k = 1;
if nsch >= k+1 & seq(3) > seq(4),
k = min(k+1,3);
end
else
k = max(1,k-1);
end
if k ==
accept_k = 1;
end ‘
end




277

“end % while |

% Compute next step size for either accepted or rejected
EST = TERK;
r = (2«EST)"(-1/(k+1));

if accept_h == 1,) step just used was successful, or accepted
no_rejects = 0; % reset ‘
T = [T(2:9);t]; % update ’window’ on time sequence
Y = [Y(2:9,:);y’); % update most recent solutions ‘
furite(fid, [t y’ k),precision); J, store accepted data

~h_last = h; /4 set n=n+l1 for next step
t_last = t; :
psi_nl_last = psi_ni;

if r >= 2, step is accepted, choose multiplier r for next step
r = 2; J, increase only if h can be doubled, then double it
elseif r>=1,
r=1;
elseif r >= 0.9,
r=20.9; % decrease h by factor of r, where 0.5 <='r <= 0.9
else
r = max(0.5,r);
end ‘
else ), step was unsuccessful since ERR > 1 and h > hmin
no_rejects = no_rejects + 1; ‘

if no_rejects == 1,% first failure since last successful step
r'= 0,.9%r; ), start with a reduced value of r
if r »>= 0.9, :
r = 0.9; ) decrease h by factor of r, where 0.25 <= r <= 0.9
else
r = max(0.25,r);
end :

else ), after second and subsequent failures
r = 0.25; J since last .successful step

end’ : :

end

if accept_h == 0,
 fprintf(1,’%6i %6i %11.5f %6.2f\n’,[it_N k h r]);
else ‘ ‘ ‘
fprintf(1,’%6i %6i %11.5f %6.2f %7.3f\n’,[it_N k h r t]);
end ‘

h = r+h;
if h >= hmax,
h = hmax;



278

else ‘
h = max(hmin,h);
end
 h - adjust final h such that final h + t -> tf

if t+h>tf, h=tf - t; end

if 't >= tf, term = 1; break, end }, break while loop
end ‘

% endfile

% filename: plot_bdfl.m
nvar = 8;
data_f_name = ’bdf_datal’;

fid = fopen(data_f_néme,’r’);
A = fread(fid,inf,’float64’);
nrow = floor(length(A)/nvar);

fid = fopen(data_f_name,’r’);
A = fread(fid, [nvar,nrow],’float64’)’;

fclose(fid) ;-
t = AC:,1);
utl = A(:,2);
u2 = A(:,3);
u3 = A(:,4);
vl = A(:,5);
v2 = A(:,6);
v3 = A(:,7);
laml = A(:,8);

% compute constraint
errl = ul+u2-u3;

figure(1),clg ‘ ‘ ‘
subplot (221), plot(t,ul),xlabel(’Time’), ylabel(’ul’},grid
subplot (222), plot(t,u2),xlabel(’Time’), ylabel(’u2’),grid
subplot(223), plot(t,u3),xlabel(’Time’), ylabel(’u3’),grid

figure(2),clg ‘
subplot(221), plot(t,v1),xlabel(’Time’), ylabel(’vl’),grid
subplot(222), plot(t,v2),xlabel(’Time’), ylabel(’v2’),grid
subplot (223), plot(t,v3),xlabel(’Time’), ylabel(’v3’),grid

figure(3),clg ‘

' subplot(221), plot(t,laml),xlabel(’Time’); ylabel(’laml’)},grid
subplot (222) ,plot(t,errl),xlabel(’Time’), ylabel(’Error in constraint 1’)

% endfile ‘ ‘ :

% filename: eval _F2.m ‘
function F = eval_FZ(usér_fun,t,y,yp,Ypp,index,h,as)



n = index(1); m = index(2); N = index(3);

y(1:n);
y(n+1:2%n);
lam = y(2*n+1:N);

< e
ion

up = yp(i:n);
vp = yp(n+1:2%n);

upp = ypp(l:n);
vpp = ypp(n+1:2%n);

F = zeros(N,1);
[M,Phi,Phi_u,Psi] = feval(user_fun,t,u,v);

F = [upp-as/h*(u-up)-v;

. M+ (vpp-as/h*(v-vp))+Phi_u’*lam-Psi;
Phi);

% endfile

% filename: eval_dF2.m
function dF = eval_dF2(user_fun,t,y,yp,ypp,index,h,as)
h ‘
% Evaluate dF by finite difference
%
dtol = 1e-8;
N = index(3); ‘
dF = zeros{(N,N); ‘
FO = eval_F2(user_fun,t,y,yp,ypp,index,h,as);
for i = 1:N :
yd = y;
if( abs(yd(i)) < dtol )
'dy = dtol;
else ‘
dy = dtol*yd(i);
end; ‘
Cyd(i) = yd(i) + dy;
F1 = eval _F2(user_fun,t,yd,yp,ypp,index,h,as);
dF(:,1i)=(F1-F0)./dy;
end;
% endfile

% filename: updatel.m

function [alph,phi,sig,as,ao,yp,ypp] = updatei(k,h,N,psi_ni,psi_n,T,Y)

alph = h*psi_nl."(-1);

279
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nn = length(psi_nl); :
beta = ones(nn,1); Y% beta(l)=1

for j = 2:mn, ‘

beta(j) = beta(j-1)*psi_ni1(j-1)/psi_n(j-1);
- end ‘ :

m = k;

phi = zeros(m+1,N); % result: col(phi(l),...,phi(k+3))

% Compute ‘divided difference table DT. DT has m rows and m*N columns.

% We use only the mth row of DT
DT = div_dif(T,Y,m,N);
[nrow,ncol] = size(Y); :

" phi(1,:) = Y(nrow,:); % phi(1) = yn’ = last row of Y
for j = 2:m+1, ‘
phi(j,:) = prod(psi_n(1:j-1))*DT(m, (j-2)*N+1:(j-1)*N);
end ‘ ‘

phi_star = zeros (k+1,N) ;

for j = 1:k+1,
phi_star(j,:) = beta(j)*phi(j,:);
end ‘
sig = ones(k+1,1); % sig(1)=1 % result: cdl(sig(i),...

intgr = [1 2 3:4 5 6]; .

for j = 2:k+1,

sig(j) = h~j*prod(intgr(1:j-1))/prod(psi_ni(1:j));
“end : ‘

gam = zeros(k+1,1); % gam(1)=0
for j = 2:k+i,
gam(j) = sum(alph(1:j=1))/h;
end

inv_intgr = [1/1 1/2‘1/3‘1/4 1/5 1/6];
as = -sum(inv_intgr(1:k));
ao = -sum(alph(1:k));

yp (sum(phi_star))’; % sum of columns of phi_star
ypp = phi_star’*gam; ‘
- % endfile

% filename: update2.m

ysig(k+2))

function [alph,phi,sig,as,a0,yp,ypp] = update2(k,h,N,psi_nl,psi_n,T,Y)

alph = h*psi_nl."(~1);:

nn = length(psi_nl);
beta = ones(nn,1); % beta(l)=1



for j = 2:mn,
beta(j) = beta(j-1)*psi_ni1(j-1)/psi_n(j-1);
end

m = k+2;

phi = zeros(m+1,N); % result: col(phi(1),...,phi(k+3))

% Compute divided difference table DT. DT has:m rows and m*N columns.

% We use only the mth row of DT

DT = div_dif(T,Y,m,N);

[nrow,ncol] = size(Y); : ‘

phi(1,:) = Y(nrow,:); % phi(1) = yn’ = last row of Y
for j = 2:m+1,

phi(j,:) = prod(psi_n(1:j-1))*DT(m, (j-2)*N+1:(j-1)*N);
end

phi_star = zeros(k+i,N);
for j = 1:k+1,
phi_star(j,:) = beta(j)*phi(j,:);
end ‘

sig = ones(k+2,1); % sig(1)=1 % result: col(sig(1),...

intgr = [1.2 3 4 5 6];

for j = 2:k+2,

sig(j) = h™j*prod(intgr(1:j-1))/prod(psi_n1(1:j));
end . ‘

gam = zeros(k+1,1); % gam(1)=0
for j = 2:k+1,
gam(j). = sum(alph(1:j-1))/h;
end :

inv_intgr = (1/1 1/2 1/3:1/4 1/5 1/6];
as = -sum(inv_intgr(1:k));
ao = -sum(alph(1:k));

yp = (sum(phi_star))’; % sum of columns of phi_star
ypp = phi_star’#*gam; ‘ :
~ h endfile

% filename: newton.m

,8ig(k+2))

function [y,it_N] = newton(user_fun,t,yp,ypp,index,k,h,as,epsl)

max_if_N = 10; % max iterations each Newton’s method
max_it_ss = 15; J| max iterations step size

term_N = 0;  termination flag.
it N = 0; / no. of Newton iterations

y = yp; % first guess at a solution y that satisfies the‘DAE
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while (term_N == 0), J while Newton termination criteria not met
it_N = it_N +1; :
if it_N > max_it_N, term_N = 1; break; end; ! too many Newton iterations

% only y changes during Newton iterations
F = eval_F2(user_fun,t,y,yp,ypp,index,h,as);
oF = norm(F);
if (nF < epsi), ¥ solved F = 0 at the present value of y
term_N = 2; break
end

dF = eval dF2(user fun,t,y,yp,yPP, 1ndex h,as);

dy = -dF\F;
alpha = 1; % Step size selection
it_ss = 0;

vhile (it_ss <= max_it_ss),
it_ss = it_ss + 1; ‘
if it_ss > max.it_ss, term_N = 3; break; end; % too many damped corrections
yn = y+alpha*dy;
F1 = eval_F2(user_fun t,yn,yp ypp,index,h, as)
1f( norm(F1) < nF ),
= yn; J, yn gives a new |F| < old |F|
break;
end
alpha = alpha*0.5;
end % of step size selection
end % while for Newtcn iteration

% Newton iteration termination statements
if term_N==1 ‘

errér(’Erro: due to ==> too many Newton iterations’), end;
if term_N== ‘

disp([’t = ' num2str(t) ’in .’ num2str(it_N) ’ iteratioms; ...

ki= "’ num2str(k) ’;'h = ’ num2str(h)]), end;
if term_N==3, error(’Error due to ==> too many damped corrections’), end;
% endfile

% filename: div_dif.m
function DT = div_dif(T,Y,k,N)

A Input T is a col vector (time) with at least k+1 elements given by
% (...,tn-k,...,tn-1,tn)

% Y is a matrix with N columns and at least k+1 rows given by

% (...,yn-k,...,yn-1,yn)

'% k is the desired dimension of the dlfference table

4 N is the length of one y vector ‘

'/. . .
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4 Output DT is a lower triangular matrix with the lower-most divided

% differences in the bottom row. For use in the interpolating

% 'polynomials, the bottom row of DT contains k row vectors of length. N
% containing ([yn,yn-11,[yn,yn-1,yn-2],...,[yn,yn-1,...,yn-k+1])

DT
dT
ay

zeros(k,k*N); % initialize
diff(T); ) create first set of time differences
diff(Y); ) create first set of y differences

% create first N columns of DT one row at a time

for j = 1:k, ‘
DT(j,1:N) = dY(j,:)./dT(j);
end

% create successive N columns of DT one row at a time
for i = 1:k-1,

dY = diff (DT(:,(i-1)*N+1:i*N));

for j .= i+1:k,
DT(j,i*N+1: (i+1)*N) = dY(j-1,:)./(T(j+1)-T(j-i));
end : : :
end
% endfile
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