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Risk prediction and evaluation of predictions based on longitudinal biomarkers are of interest
in treatment selection, preventive medicine and management of chronic diseases. Methods to
evaluate risk predictions in a longitudinal setting are limited to the area under the receiver
operating characteristic curves and prediction error.

In this dissertation, we evaluate two approaches to risk prediction in the longitudinal
setting: joint modeling and partly conditional modeling. We develop estimation proce-
dures for more flexible and robust partly conditional models, demonstrate their adaptability
and applicability, and provide a smoothing technique to account for measurement error in
marker data. We develop nonparametric estimators of clinically relevant measures of predic-
tion quality in the longitudinal setting under cohort, case-cohort, stratified case-cohort and
nested case-control study designs. We provide resampling-based inference procedures for all
estimators under the four study designs.

We evaluate our methods using simulation studies and illustrate them on the End Stage
Renal Disease Study dataset and a nested case-control study within the HALT-C clinical

trial.
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Chapter 1
INTRODUCTION

In this dissertation we develop methods for risk prediction using longitudinal biomarker
data with time-to-event outcomes, we develop an array of methods for evaluation of such
risk predictions in a cohort study design, as well as case-cohort and nested case-control
study designs. We evaluate our proposed methods with extensive simulation studies, and
illustrate them on a cohort study of end-stage renal disease and a nested case-control study

of hepatocellular carcinoma.

1.1 DMotivation

This work was originally motivated by a problem in a type 1 diabetes (T1D) study. The
data consisted of measurements of levels of anti-idiotypic antibodies (anti-Ids) targeting
antibodies to glutamic acid decarboxylase 65kDa (GADG65), a protein found in the insulin-
producing [-cells of the pancreas. Blood samples of Swedish children at high risk of T1D
were collected every three months from birth to the time of diagnosis with T1D. Since T1D
is a relatively rare disease even among those at high risk, a case-control study was conducted
and anti-Ids were measured only in the blood samples of the individuals in the case-control
study. The question was whether we could accurately predict the timeframe of the onset of
T1D given the longitudinal anti-Id measurements.

We could not answer that question at the time, as the methods to address that problem
did not yet exist. However, we realized that the problem had the necessary components for
a dissertation topic: it was clinically relevant, open and, thanks to several methodological

developments in recent years, feasible to tackle. We divided the problem into three aspects,



which are addressed in separate chapters of this dissertation:

e risk prediction in a longitudinal setting with time-to-event outcomes
e evaluation of risk predictions in a cohort study design setting

e evaluation of risk predictions in a two-phase study design setting

Over the course of this work we became aware that problems similar to our motivating
problem arise quite often in clinical research studies, or the data is already collected and it
is just a matter of querying an existing database. Thus, methods for risk prediction using
longitudinal data with time-to-event outcomes are needed, as are methods to evaluate such
predictions. The need for such methods extends to more efficient sampling designs than
a cohort study design, since measuring longitudinal markers on everyone in the cohort is
not always feasible, and is definitely not cost-effective especially when the outcome is rare,
leading researchers to consider various two-phase sampling designs.

Next, we describe the two datasets that will be used to demonstrate our methods in the

following chapters.
1.2 Illustrative datasets

1.2.1 End-stage renal disease (ESRD)

In the United States (US), chronic kidney disease (CKD) has been estimated to affect nearly
26 million Americans, is the ninth leading cause of death, and costs the federal government
over $56 billion annually. Currently, over one-third of incident patients with ESRD are
enrolled in Medicaid (the US joint federal and state health insurance program for the poor)
or are uninsured at ESRD onset. In many instances, CKD can be slowed or prevented.
Interventions such as blood pressure lowering, use of renin-angiotensin system inhibitors,

and avoidance of nephrotoxins are effective in slowing CKD progression if initiated in earlier



stages of the disease process [Maziarz et al., 2014]. Thus, there is much interest in identifying
biomarkers that can be used to accurately predict the risk of ESRD in a given timeframe.
One such candidate biomarker is the estimated glomerular filtration rate (eGFR), which is

currently the best test for measuring the level of kidney function.

ESRD Study dataset

The dataset we use to demonstrate the performance of our methods in Chapter 3 is the
ESRD study (ESRDS) dataset. The ESRDS is a retrospective cohort of 698 individuals aged
18-60 years with severe non-dialysis requiring chronic kidney disease (CKD) who received
ambulatory care in the Community Health Network (CHN) in San Francisco from January
1, 1996 to February 29, 2008. CKD was defined based on at least two outpatient estimated
glomerular filtration rate (eGFR) measurements < 60 mL/min/1.73% that were separated by
at least three months, of these subjects we identified those with severe CKD defined based
on the baseline eGFR measurement of < 30mL/min/1.73%. The outcome was defined as
time to ESRD (initiation of dialysis or kidney transplantation) or death. The longitudinal
marker of interest was eGFR, a marker of kidney function, estimated using the Modification
of Diet in Renal Disease (MDRD) formula. The MDRD formula estimates kidney function
using a measurement of serum creatinine, adjusting for age, sex and race. The question of
interest was to quantify the ability of eGFR to predict the risk of an event (ESRD or death)
in a given timeframe 73 conditional on information available up to a given time point s,

s < 7p.

1.2.2  Hepatocellular carcinoma

Patients with hepatocellular carcinoma (HCC) often have poor prognosis due to late diag-
nosis. Since cirrhosis of any cause and chronic infection with hepatitis B virus or hepatitis

C virus are the most common risk factors for HCC, surveillance of high-risk population may



detect tumors at an early stage when curative interventions can be implemented. Results of
several studies suggest that HCC surveillance improves survival among patients with HCC,
and guidelines from professional organizations recommend HCC surveillance for at-risk pop-

ulations [Lok et al., 2010].

A major problem with HCC surveillance is the lack of reliable biomarkers. a-Fetoprotein
(AFP) is the most commonly used biomarker for HCC surveillance, however not all HCC
secrete AFP and often the AFP levels are elevated in individuals without HCC. Low sen-
sitivity and specificity of AFP for detecting early HCC led the American Association for
the Study of Liver Diseases (AASLD) Practice Guideline Committee to recommend that
ultrasound alone be used for HCC surveillance. This is not optimal, since interpretation of
the ultrasound is operator dependent and can be difficult in obese subjects or those with
underlying cirrhosis [Lok et al., 2010].

Thus, reliable biomarkers for HCC surveillance and early detection are sought in order to
detect the cancer earlier, when more treatment options are available. One candidate is des-~y
carboxyprothrombin (DCP) which has been widely used in Japan for HCC diagnosis and
surveillance [Lok et al., 2010] and has been shown to have better performance characteristics

compared to AFP [Volk et al., 2007].

Nested case-control study within the HALT-C' clinical trial

The Hepatitis C Antiviral Long-Term Treatment against Cirrhosis (HALT-C) Trial consisted
of 1,002 patients with chronic hepatitis C and bridging fibrosis or cirrhosis, who failed to
respond or to achieve a sustained virologic response to combination therapy. Patients were
followed every 3 months for 3.5 years after randomization. Blood samples were collected at
each visit for subsequent research testing including assays for HCC biomarkers. Ultrasound
examinations were performed 6 months after enrollment and every 12 months thereafter.

Patients with an elevated or rising AFP and those with new lesions on ultrasound were



evaluated further by CT or MRI. One of the goals of the HALT-C Trial was to identify
and validate markers for the surveillance and early diagnosis of HCC. One of the markers of
interest was des-y-carboxyprothrombin (DCP).

A nested case-control study was used to evaluate the accuracy of DCP in the detection
of HCC. For this study, 39 HCC cases diagnosed between randomization and 3.8 years after
randomization were included in the study. For each case, 2 controls without HCC at the
time of diagnosis of the case were selected matching on treatment assignment, presence of
cirrhosis on baseline biopsy and length of followup. One control was later excluded because
of high DCP values due to caumadin (anticoagulant) use, leaving 77 controls. DCP values

played no role in diagnosis of HCC.

1.3 Purpose of this work

The work described in this dissertation aims to provide tools and practical guidance as to
their use for risk prediction in a longitudinal setting, as well as tools for evaluating such risk

predictions in a cohort, case-cohort and nested case-control study designs.

1.4 Scope of the dissertation

In Chapter 2 we review existing methods for risk prediction based on longitudinal data with
time-to-event outcomes, methods for evaluation of predictions using markers measured at
baseline in cohort and case-cohort studies. In Chapter 3 we extend the partly conditional
(PC) model to provide it with more flexibility and accuracy, as well as to demonstrate
the various possible approaches to estimating risk of an event in the next 75 time interval
conditional on information up to time s, R;(7y|s), where s < 75. We compare the PC
models with the joint model, the current gold standard of risk prediction in a longitudinal
setting. We evaluate and compare the models using simulation studies and we illustrate their
performance using the ESRDS dataset. In Chapter 4 we add to the set of existing measures

to evaluate risk predictions in a longitudinal setting under a cohort study design setting. We



develop resampling-based variance estimators for all of the measures discussed in Chapter
4. We evaluate our methods using simulation studies and we apply them in an analysis of
the ESRDS dataset. In Chapter 5 we develop estimators and resampling-based estimators
for all measures described in Chapter 4 under the case-cohort and nested case-control study
designs. We evaluate our methods using simulation studies and illustrate our methods on
the nested case-control study within the HALT-C clinical trial. Concluding remarks and

ideas generated by this work to be addressed in the future are summarized in Chapter 6.



Chapter 2

LITERATURE REVIEW

In this chapter we recount the notable advances that have led to the current approaches to
risk prediction based on longitudinal biomarkers with time-to-event outcomes and survey the
existing methods for evaluation of predictions in cohort, case-cohort and nested case-control

study designs.

Interest in survival models utilizing longitudinal observations, as well as methods to eval-
uate and compare such models has increased in recent years, and there are several reasons
for that. First, methods for risk prediction based on longitudinal data with time-to-event
outcomes have many public health applications. Development of methods to model longitu-
dinal covariates and time-to-event data was motivated by the need to better understand the
progression of diseases such as AIDS and prostate cancer. In the case of AIDS, such models
were used to characterize the association between longitudinal CD4 count profiles and haz-
ard of AIDS [Wang and Taylor, 2001] or time to progression to AIDS among HIV-positive
subjects [Tsiatis and Davidian, 2004]. In the case of prostate cancer, longitudinal measure-
ments of prostate-specific antigen (PSA) were used to predict prostate cancer [Lin et al.,
2002] or recurrence of prostate cancer [Pauler and Finkelstein, 2002, Law et al., 2002, Yu
et al., 2004, Taylor et al., 2005]. Other applications include analysis of data from a clinical
trial evaluating the response to a drug to treat schizophrenia [Xu and Zeger, 2001]. Second,
the necessary data are now more accessible with the increase in the use of digitized patient
charts and databases to store clinical information. Lastly, the methods needed for fitting
survival models with longitudinal observations are often computationally intensive and in-

volve steps such as numerical integration, resampling, maximization by iterating through



complex expectation-maximization steps and so on. Many of these calculations were too
time consuming a decade ago, but have now become feasible.

Methods to analyze longitudinal data with time-to-event outcomes, as well as methods
to predict risk based on that data, are available in some software packages. It is tempting
to think that fitting such models has become a relatively straightforward process from the
perspective of a user. However, the methods behind the ‘black-box’ functions available in
today’s computational packages are far from simple. They are computationally intensive,
but their main drawback is their lack of flexibility in case they need to be adapted to a new
problem. Lastly, methods to evaluate predictions obtained from predictive models utilizing
longitudinal data are lacking and most of such methods have focused on models utilizing
baseline biomarkers [Taylor et al., 2013].

We have divided this review into three main sections. In Section 2.1 we review methods
for risk prediction using longitudinal biomarkers and time-to-event outcomes focusing on
the the joint and the partly conditional modeling approaches. In Section 2.2 we review
existing methods for evaluating risk prediction models in a cohort study design setting. In
the last section we review approaches to evaluate risk predictions in a case-cohort study
design setting. After each section we remark on the shortcomings of these methods and
comment on what methods are lacking, yet needed and comment on how the work on the

three goals of this dissertation is aimed at filling some of those gaps.

2.1 DMethods for risk prediction based on longitudinal data with time-to-event
outcomes

In this section, we review two approaches to risk prediction using longitudinal biomarkers
and time-to-event outcomes — joint models and partly conditional models. For each of these
approaches we briefly review the relevant methods comprising preliminary work leading
up to their development, we give examples of their application and some variations that

have been proposed for specific applications. We then review joint and partly conditional



models in detail: their construction, assumptions, estimation of model parameters, as well
as obtaining risk predictions using each approach. We now introduce some notation that

will be used throughout this chapter; additional notation will be introduced as needed.

2.1.1 Notation

Let T; and C; be random variables with values in R, measuring the time to failure and time
to censoring, respectively, for subject i. We may not observe T; for all subjects, but rather
we observe X; = min(T;,C;) and §; = I(T; < C;). We assume that the survival time is
independent of censoring time. We use Z; denote time-constant covariates such as gender.
The observed longitudinal biomarker on subject i is denoted by Y; = {Yi(si1), - .-, Yi(Sim,)}
measured at times s; = {S;1, ..., Sim;; Sim; < Xi}, @ = 1,...,n, 7 = 1,..., m;, where
Yi(s;;) is the 5" measurement for subject i observed at time si;. The observation times
are assumed to be specified by a study protocol, although deviations from protocol are not
unusual. The observed covariate information for subject ¢ consists of H; = (Z;, Yy, s;).
At time u > 0, the history of the covariate process for subject ¢ is known and equals to
H;(u) = {Z;, Y;(u), s;(u)}, where Y;(u) = {Yi(s;;) : 0 < s;; <w, j=1,...,my, u < X;}
and s;(u) = {s;;:0 <s;; <w, j=1,...,m;, u< X;}. The full data sample is denoted by
D, ={X;, 6, H;, i =1,..., n}. A subscript -, is used to denote data for a new, or future,

individual and any relevant notation applied to such an individual will have o in place of i.

Throughout this document we use a generic term risk to mean the probability of an
event for an individual in a given timeframe, given their survival and covariate information
up to some earlier time, s. We define risk more precisely as the probability of an event for a
specific individual 7 in a given timeframe 7y, given biomarker data up to time s, Y;(s), and
possibly baseline covariate information, Z;, and denote that risk by R;(7y | s) = P(s < T; <
s+10| T > s, Yi(s), s, Z;).
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2.1.2 Joint models

Early methods to analyze longitudinal data with time-to-event outcomes focused on estimat-
ing associations between longitudinal data and survival data. Building on the Cox model
[Cox, 1972], several models to analyze survival data with longitudinal covariates have been
developed, such as a time-varying covariate Cox model [Crowley and Hu, 1977, Andersen
and Gill, 1982]. These models require that covariate measurements be available at every
event time, which is often not the case in practice. One approach to address that is to carry
forward the last available value of the covariate to the current time, but this introduces bias
in the estimation of # [Prentice, 1982, Tsiatis and Davidian, 2001]. More recently, joint mod-
els to jointly model the longitudinal covariate with time-to-event outcomes were developed
[Tsiatis et al., 1995, Faucett and Thomas, 1996, Wulfsohn and Tsiatis, 1997]. By modeling
the longitudinal process, joint models provide a fitted covariate measurement at every fail-
ure time, thus are able to deal with missing covariate data and can potentially account for
random measurement fluctuations due to measurement error [Tsiatis and Davidian, 2004, Ye
et al., 2008]. If the model is correctly specified, joint modeling is also able to account for
informative censoring and missingness in longitudinal data that may depend on observed,
but not on missing, data (missing at random) [Tsiatis and Davidian, 2004, Rizopoulos et al.,

2013).

Two major approaches to estimation of parameters of a joint model are a two-stage
approach [Pawitan, 1993, Tsiatis et al., 1995, Dafni, 1998] and a likelihood-based approach
[Faucett and Thomas, 1996, Henderson et al., 2000, Wang and Taylor, 2001]. The two-stage
approach is comprised of two stages. First, a model is assumed for the marker process and
estimates of missing marker values are imputed for all subjects in each risk set. Next, these
imputed marker values are used to fit a time-dependent Cox proportional hazards model
[Tsiatis et al., 1995, Yu et al., 2004]. This approach is relatively simple, but it has a few

drawbacks. The survival information is not used in modeling the marker process, which may
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result in bias and loss of efficiency [Faucett and Thomas, 1996]. In stage two, the marker
data is treated as fixed, thus uncertainty in the modeling of the marker process stage is
not propagated to stage two [Yu et al., 2004]. In the likelihood-based approach, the marker
data and survival data is modeled jointly and estimation and inference is based on the joint
likelihood [Faucett and Thomas, 1996, Tsiatis and Davidian, 2004, Yu et al., 2004]. Joint
analysis tends to produce estimates that are less biased and more efficient [Faucett and
Thomas, 1996]. We focus our discussion on the likelihood based approach to estimation of

parameters of the joint model.

Joint modeling framework for longitudinal and time-to-event data allows the full repre-
sentation of the joint likelihood given the observed data, D,, [Tsiatis et al., 1995, Faucett
and Thomas, 1996, Wulfsohn and Tsiatis, 1997, Henderson et al., 2000]. It comprises two
linked sub-models, one for the underlying ‘true’ biomarker process as a function of time,
and one linking the failure time 7; to the underlying ‘true’ biomarker process. To model
the biomarker process, a linear mixed effects model [Laird and Ware, 1982] with random
intercepts and slopes is often considered: Y;(s;;) = Wi(si;) +e€i(si;), Wi(si;) = i + 61 f(s45),
where W;(s;;) represents the underlying ‘true’ biomarker for subject i at time s;;, (6;0, 0i1|Z;)
is assumed to be normally distributed with mean (6, 6;) and variance . The measurement
error €;(s;;) is assumed to be distributed N(0,02), cov(e;(si;), ei(sij)) = 0 for j # j'.

The hazard function

1

is typically modeled using a time-varying covariate proportional hazards regression model
Ni(t) = Xo(t) exp(BuWi(t) + BTZ;) [Crowley and Hu, 1977, Wulfsohn and Tsiatis, 1997,
Tsiatis and Davidian, 2004].

The resulting joint likelihood is difficult to maximize, since it involves unobserved quan-

tities and integrals which do not have analytical solutions. The EM algorithm can be used
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to obtain maximum likelihood estimates of the joint model parameters [Wulfsohn and T'si-
atis, 1997, Tsiatis and Davidian, 2004] or they can be obtained by direct maximization [Wu
et al., 2012]. To approximate integrals numerical integration techniques, such as Monte Carlo
or Gauss-Hermite quadrature, have been used in the joint modeling literature [Henderson
et al., 2000, Rizopoulos, 2011], or for high-dimensional random effects problems Laplace

approximations can be used [Ye et al., 2008, Rizopoulos et al., 2009].

2.1.3 Prediction based on a joint model

A natural extension of methods for modeling longitudinal and time-to-event data is to at-
tempt to look into the ‘future’ given the information we have so far. Some examples of early
applications of predictive methods using joint models were applied to prostate cancer. Pauler
and Finkelstein [Pauler and Finkelstein, 2002] used joint modeling to obtain posterior pre-
dictive distributions for time to relapse of prostate cancer. Yu et al. estimated conditional
recurrence probability of prostate cancer using a joint modeling approach via two estimation

methods, a Monte Carlo EM algorithm and a Markov chain Monte Carlo [Yu et al., 2004].

Since then, the interest in prediction based on longitudinal and time-to-event data has
grown [Garre et al., 2008, Song and Wang, 2008, Yu et al., 2008, Proust-Lima and Taylor,
2009, Rizopoulos, 2011, Taylor et al., 2013]. In 2010, Rizopoulos developed an R package JM
for fitting joint models and for obtaining predictions using them [Rizopoulos, 2010]. We now

describe the methods used to obtain risk predictions using joint models.

We are interested in predicting risk of an event in an interval 7y of time from s, R;(7q|s),
for a new subject i given their longitudinal measurements up to time s, Y;(s), using the joint
modeling framework: R;(mo|s) = P(s < T; < s+719|T; > s,Yi(s), Z;, Dy, 0), where 6 denotes
the parameter vector of the joint model. The estimation of this quantity takes advantage

of the conditional independence assumptions used to define the joint model. Rizopoulos

[Rizopoulos, 2011] showed that given the condition p(X;, d;, Y;|b;,0) = p(X;, &b, 0)p(Y;|bi, 0)
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where b; are the random effects, R;(7y|s) can be rewritten as:

Ri(rols) = 1—=P(T;>s+71|T; >s,Yis),Z;,D,,0)
1— / Sl(S + To ’ WZ(S + 70, bl,Q),Q)
Si(s | Wi(sabiae)ve)

p(b| Ty > 5,Yi(s), 0)db

where S;(-) denotes the survival function, W;(+) is the longitudinal history as approximated
by the LMEM and is a function of the random effects and the parameters. The first order
estimate of R;(7|s) was derived by [Rizopoulos, 2011] using the empirical Bayes estimates

for the random effects:

~

§i(s+7'0 | Wi(S—i—To,/b\Es),é\),Q) 1
~ = +0( —
Si(s | Wi(s, 0\, ), 0) ni(s)

ﬁi(ro|s) =1-

where 6 are the maximum likelihood estimates, ZES) is the mode of the conditional distribution
log{p(b; | T; > s,Y;(s), é\)} and n;(s) is the number of longitudinal measurements for subject
i at time s. Rizopoulos [Rizopoulos, 2011] showed that this estimator works well in practice.
Standard errors and confidence intervals can be obtained using Monte Carlo simulation

schemes [Proust-Lima and Taylor, 2009, Rizopoulos, 2011].

2.1.4 Partly conditional and landmark models

In the early 1980’s it became apparent that analysis of survival time in responders vs. non-
responders to a treatment, where the responder group was identified sometime after the start
of the study, was flawed. The non-responder group had advantages, for example to be in the
responder group one had to survive until the time when the response was evaluated. Thus,
there was a survival bias in favor of the responder group which could lead to a significant
difference in survival between the two groups even if there was no such difference in reality
[Anderson et al., 1983]. Landmarking was one of the methods addressing this issue. At the

start of the study a specific time, a landmark time, would be set for evaluation of response.
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The analysis of survival time in responders and non-responders would then proceed with
survival time reset to zero at that landmark time [Ettinger and Lagakos, 1982, Anderson
et al., 1983].

It turns out that a similar approach can be taken to work around a problem in prediction
using longitudinal data. The problem only exists for covariates that are internal, meaning
they can only be observed for individuals that are alive and uncensored. Blood pressure is an
example of an internal covariate. Internal covariates may carry information about the failure
time [Kalbfleisch and Prentice, 2002]. Thus, using an internal covariate measured at time
t~ to predict survival beyond time ¢ is not interesting, since P(T' > t | Y (¢t7)) = 1, where
Y (:) denotes an internal covariate [Fisher and Lin, 1999, Kalbfleisch and Prentice, 2002].
Landmarking (LM) gets around that problem by conditioning on a part of the covariate
trajectory up to a landmark time t* for each individual in the dataset [van Houwelingen,
2007]. Everyone at risk at t* is included in the analysis. Landmark times are chosen in
advance and there can be multiple landmark times. If more than one landmark time is
chosen, individuals enter the analysis multiple times, once per landmark time as long as
they are at risk at that landmark time, and they remain in the analysis until their event
or censoring time. This results in multiple records per individual with tied survival times,
requiring methods accounting for tied events to estimate model parameters [van Houwelingen,
2007].

In 2005, Zheng and Heagerty proposed a class of semiparametric models, called partly
conditional survival models (PC), where the conditional hazard is specified by conditioning
on a part of the marker trajectory [Zheng and Heagerty, 2005]. This approach is related to
landmarking, but there are some notable differences between the two approaches. In the PC
approach the observations are also stacked, but they are stacked with all measurement times
aligned at time zero as opposed to all survival times for a given individual aligned at their
event time in the LM approach. In other words, in the PC approach, the trajectory of a given

individual is cloned and reset to zero at every measurement time for that individual, with the
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original trajectory allowed to continue (Figure 2.1). This results in as many trajectories for a
given individual as they have measurements, each shorter than the previous but all starting
at analysis time equal to zero. The event times for that individual are not tied, as is the case
in the LM approach. Also, the times at which the records are cloned is determined by times
at which measurements were taken in the PC approach, and in the LM approach those times

are arbitrary and decided on a priori [Zheng and Heagerty, 2005, van Houwelingen, 2007].

Example dataset

) )
subject 1 l - - - - . . - - °
subject 2 a2 s T 'a3 0
subject 3 F——————o , '
) ) > t
PC LM1 LM2 (analysis time)

° event c?bsel.'ved """"""" PC conditioning time

(@] censoring time

X marker measurements (all colors) ~  '====== Landmarking times

Joint model
subject 1 - - - = - - °
subject 2 - -~ 3¢ o
subject 3
> t
(analysis time)
Landmark model

subject 1 ¢ ¢ . | L1
subject 2 - = -~
subject 1 ra3 a3 ° |
subject 2 $ 3¢ > O LM2

>t

(analysis time)

Partly conditional model

subject 1
subject 2 O
subject 1
subject 2 0}
subject 1 ®

> t*

(analysis time since measurement)

Figure 2.1: Example of analysis setup for analysis using a joint model, a landmark model
(LM) and a partly conditional (PC) model given the same dataset containing three subjects.
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Due to similarities in these two approaches we will refer to all models conditioning on
a portion of the marker trajectory as partly conditional survival models. Partly conditional
modeling does not require parametric assumptions about the marker process. The PC ap-
proach decouples the analysis time from the observation time. This has interesting implica-
tions for the relationship between the longitudinal measurements and the hazard function.
The main idea is that the marker measurement for a given visit becomes ‘frozen’ in time
and is treated as a baseline measurement in the analysis [Zheng and Heagerty, 2005]. Stan-
dard statistical software can be used to fit some simpler partly conditional models, though
some additional work is required for more elaborate models [Zheng and Heagerty, 2005, van

Houwelingen, 2007].

In the partly conditional survival model the analysis time is the time since measurement
and is denoted by t*. Let T} = T; — s;; (Cf; = C; — s5) be a random variable with
values in Ry measuring the time from measurement j to failure (censoring) for subject i,
j=1,..., m;. Thus, each measurement time j for subject i is associated with an observed

vector O;; = (X7, 0;, Y;j, si;) where X = min (7}

by 7, ;) and we assume that all measurements

of the marker for subject i occur before X;.

The partly conditional hazard function Ai;(¢*) for the derived survival outcomes T7; is

1
Mt Yilss), T 2 0) = limy ZP( ST < 846 T 2 81, Vilsy), T > 0

A regression model for the hazard can take the general form:
Nij (T Yi(sij), 0 < 555 < T;) = g(No(t*, s), B(t*, s)Yi(sij)) where g(A, v) is a link function. The
authors showed examples of models fitting into this framework and how the dependence of

B(t*,s)Yi(s;;) on s can be handled [Zheng and Heagerty, 2005].
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2.1.5 Prediction based on a partly conditional survival model

Methods for obtaining risk predictions based on a longitudinal biomarker using a partly
conditional model stem from methods for obtaining predictions based on a baseline biomarker
using a Cox model. For a simple Cox model, for example \;(t) = Ao(t)exp(SY;) where Y;
is a marker measurement at baseline for subject i, the estimate of risk of an event in the
time interval 75 from baseline given Y; is R;(1o) = 1 — S;(7), where S(7p) = go(m)e"p(ayi),
So(7o) = exp(—Ao(70)), Ao(7o) is the Breslow estimator of the cumulative baseline hazard

and B\ is estimated by maximizing the partial likelihood.

In the case of a longitudinal biomarker, given a partly conditional working model for the
hazard, we can estimate the risk of an event in the time interval 7y past time s, given data up
to time s by: ﬁi(7'0|s) =1- §Z~(TO|S) =1- exp(—/A\(To|s)) where /A\(To|s) denotes the estimate
of the cumulative hazard at time 75 on a ‘time since measurement’ scale given marker data

up to time s [Zheng and Heagerty, 2005]. The details of the estimation of A;(7y|s) follow.

Zheng and Heagerty [Zheng and Heagerty, 2005] described three PC working models for
the hazard: (1) a PC proportional hazards model stratified on measurement time; (2) a PC
varying coefficient hazards model and (3) a PC proportional and varying coefficient hazards
model. However, other models in the general class of PC models could be used as well. For

the moment, let us assume that our working regression model for the hazard is:
Nig (% [ Yi(si5), T > 0) = Aot )exp (B(*)Yi(si) + o { fi(si5) Yozy) (2.1)

where {fx(s)_; = {fi1(s),..., fp(s)} and fi(s;;) represents basis functions for some para-

metric but flexible function of s;;.

Using standard counting process notation for the time-dependent setting, we have IV;; (u*) =

I(X}5 <w*, 6 = 1), Rij(u*) = I(X}5 > u*) denotes the at-risk process and N=>", ZTzl Nij(u*).
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Then the cumulative baseline hazard can be estimated using a Breslow-type estimator

No(t) = /Ot* L@*)

SO (G, u)
where

SO (B, u* ZZRU Jexp(B(t7)Yi(sij) + " { fi(sij) o) (2.2)
Then .

R | Yi(s), 5) = / exp (B()Yi(s) + T {fuls) Y1) dRo(u”) (2.3)

and A(ry | s) = A(t" | Yi(s),s) when ¢* = 75. The estimate of risk R;(ro|s) follows. The
estimation proceeds similarly for different working models for the hazard, in which case
equations 2.1, 2.2 and 2.3 would need to be modified accordingly.

These risk predictions can be estimated using standard software for fitting Cox regression
models for most PC working models. Modifications to the software would be required for

fitting more complex PC models [Zheng and Heagerty, 2005].

2.1.6 Remarks

Joint models (JM) and partly conditional models (PC) can be used to obtain risk predic-
tions based on longitudinal biomarker with time-to-event outcomes. The two approaches
differ substantially in the assumptions required, computational complexity, robustness and
flexibility. If the JM is correctly specified, it can appropriately handle data missing at ran-
dom, and situations where visit times and censoring depends on the observed longitudinal
data. The JM assumes that the underlying, or true, marker process is associated with the
hazard of an event, and that the observed marker data is likely to be contaminated with
measurement error. Thus by modeling the relationship of the underlying process with the
time-to-event outcome, it aims to reduce the impact of measurement error on the model

parameter estimates.
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The PC model does not make any parametric assumptions on the marker process. It
does, however, assume that any missing data is missing completely at random, that visit
times are independent of the longitudinal data and survival time (or are specified in advance
by the study protocol), and that censoring is independent of the observed longitudinal data.

The JM is computationally complex, and is difficult and time consuming to fit. The PC
model can be fit using standard statistical software with possibly small modifications. It is
also more robust compared to the JM. Lastly, the PC approach is very flexible, lending itself
to various types of model modifications, such as incorporation of the measurement time as
a covariate or treating the marker as a time-varying covariate, as well as various estimation
techniques such as kernel smoothing or penalizing the contribution to the partial likelihood.

The predictive performance of JM and PC approaches is likely to differ, but so far little
attention has been given to comparing of the two approaches in terms of their predictive
performance. It would be interesting to compare the predictive performance of those two
approaches in several settings: misspecification to model assumptions about the longitudinal
and event time processes, varying amount of longitudinal information per subject, different
marker trajectories, varying the ratio of measurement error variance to between subject
variability. Rizopoulos et al. made an attempt to address some of these issues in a recent
technical report, but they focused on the comparison between JM and landmarking where
only the last available measurement per subject is used [Rizopoulos et al., 2013]. Thus,
questions of which approach would be more appropriate to use in practice in these different
situations remain.

We address these questions in Chapter 3 of this dissertation. Specifically, we discuss the
modeling choices and evaluate the trade-offs between JM and several extensions of the PC
model. We emphasize the practical importance of such a comparison. Using longitudinal data
with time-to-event outcomes to predict risk of an event in a given timeframe is a difficult
problem, both from a statistical and computational standpoint. However, the ability to

make such predictions accurately has the potential to impact public health decisions on an
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individual and policy levels.
2.2 DMethods for evaluation of predictions in cohort studies

Despite many theoretical developments in methods for risk prediction using longitudinal
biomarkers, development of methods to evaluate the performance of such predictive models
is lagging [Schoop et al., 2008, Taylor et al., 2013]. There has been a lot of work done
on methods to evaluate tests for classification and prediction based on baseline biomarkers
[Pepe, 2003]. More recently, some of these methods have been extended to a time-dependent
setting [Leisenring et al., 1997, Etzioni et al., 1999, Heagerty et al., 2000]. We start our review
with measures to evaluate diagnostic tests, or tests used to classify subjects into those with
and without the outcome of interest. These measures can also be used to evaluate tests for
prediction of disease based on biomarkers measured at baseline. We then review extensions
of some of these measures to a time-dependent setting.

Consider a situation where a binary test is used in screening for a disease. Let D denote
the disease status, with D = 1 for a subject with an outcome of interest (case) and D = D = 0
otherwise (control). Let M, denote the result of a binary medical test, where M, = 1
denotes a positive test result and M, = 0 a negative one. Then the true positive fraction
(TPF) and the false positive fraction (FPF) are defined as TPF = P(M, = 1| D = 1)
and FPF = P(M, = 1| D = 0), respectively. These measures are also used to define the
sensitivity and specificity of a test: Sensitivity = TPF and Specificity = 1 — FPF.

The purpose of a medical test is to aid in clinical decision-making and such decisions
are almost always binary. Medical providers must decide whether their patient has a given
disease or not, whether they should perform a medical procedure or not, whether the patient
is responding to treatment or not. Thus, tests on a continuous scale are usually dichotomized
given some threshold value. The test can be based on a marker value for some continuous
marker Y, it can also be based on risk predicted using a risk prediction model (using marker

measured at baseline), R. Such a prediction model is essentially a mapping from the range
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of Y to (0,1). In order to emphasize the fact that tools to evaluate medical tests can be
applied to either, the raw data or some function of it, we use a generic M to denote the
result of a medical test, where M could represent the marker value or predicted risk, or
possibly some other continuous quantity summarizing the test result. The threshold, m,
used to dichotomize the continuous test result is assumed to have the same range as M. We
also assume that a larger M is more indicative of disease.

A binary test based on a continuous test result is defined as positive if M > m and
negative if M < m. The true and false positive fractions depend on the threshold m and are
defined as TPF(m) = P(M > m | D = 1) and FPF(m) = P(M > m | D = 0). Definitions of
sensitivity and specificity of continuous tests follow [Pepe, 2003].

Comparison of true and false positive fractions for a binary test is simple, since each
test has one TPF and one FPF associated with it. When the test is based on a continuous
test result, there are as many TPF and FPF as there are thresholds, making comparisons
between tests using TPF and FPF difficult and threshold-dependent. The receiver oper-
ating characteristic (ROC) curve represents the entire set of true and false positive frac-
tions obtained by dichotomizing a continuous test at all possible thresholds [Pepe, 1998].
The ROC curve was introduced to the field of medical diagnostic testing in the 1960’s
and since then it has become the best-developed statistical tool for describing the perfor-
mance of tests with results on a continuous scale [Pepe, 2003]. The ROC is defined as
ROC(-) = {TPF(FPF!(u)), u € (—o0,00)}. One of the advantages of the ROC curve is
that it can be used to compare the discriminatory capacity of different markers and provides
a valid approach to comparing markers even when they are measured on different scales
[Heagerty et al., 2000].

The most widely used single-number summary of the ability of a diagnostic tool to dis-
criminate between cases and controls is the area under the ROC curve (AUC). The AUC
is defined as AUC = fol ROC(u)du. For a perfect test the AUC = 1.0 and it is 0.5 for an

uninformative test. The AUC measure can be interpreted as the probability that a randomly
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chosen case subject will have a higher test result than a randomly chosen control subject:
P(Mp > Mp). The ROC, and consequently the AUC, is likely to be most useful in the
development phase of a diagnostic test. Issues of cost, disease prevalence, as well as conse-
quences of misdiagnosis will likely be considered when evaluating the usefulness of the test

in practice [Pepe, 2000].

The AUC has been criticized for having little relevance to clinical practice, since clinicians
are not usually attempting to determine which of two patients in a case-control pair is the
case [Kerr et al., 2011, Pepe et al., 2013]. The use of the AUC to evaluate models that
predict future risk or stratify individuals into risk categories has also been criticized. In this
setting, calibration of the model plays an equally important role in the accurate assessment
of risk [Cook, 2007]. Lastly, the AUC may be dominated by differences in risk distributions
that are clinically irrelevant and thus may be insensitive to differences in risk distributions
over more clinically relevant ranges [Pepe and Janes, 2013]. Pepe points out that practical
irrelevance and insensitivity to clinically important differences in distributions apply not
only to the AUC but to any measure of distance between case and control risk distributions

[Pepe and Janes, 2013].

In the early 2000’s, papers incorporating the time dimension into the methods to evaluate
predictive biomarkers using ROC first appeared in the literature. Etzioni et al. [Etzioni
et al., 1999] proposed two methods to model time-specific ROC curves using a biomarker
measured longitudinally. The disease status was fixed, since these methods were motivated
by a matched case-control study to evaluate the ability of PSA to predict prostate cancer at
various times prior to diagnosis of the cases. Heagerty, Lumley and Pepe [Heagerty et al.,
2000] tackled the complementary aspect of time-dependent ROC estimation. They proposed
two estimators of time-dependent ROC for a continuous marker measured at baseline, but

allowing the disease status to change over time. Sensitivity and specificity were defined in
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terms of the marker threshold, ¢, and time at which disease status was ascertained, t:
sens(c,t) = P(Y; > ¢| D;(t) = 1) spec(c,t) = P(Y; < c¢| D;(t) =0)

where Y; is the marker value at baseline and D;(t) denotes disease status of subject i at
time t. Using these definitions of sensitivity and specificity, they were able to define the
corresponding ROC curve for any time ¢, ROC(t) [Heagerty et al., 2000]. The concept of
sensitivity and specificity in this study was further explored by Heagerty and Zheng [Heagerty
and Zheng, 2005]. They defined cumulative and incident sensitivity, and static and dynamic

specificity as:

sens®(c,t) = P(Y; > ¢ |T; < t) spec”(c,t) = P(Y; < c|T; > t¥)

sens’(c,t) = P(Y; > c| T} = t) spec?(c,t) = P(Y; < c|T; > t)

where T; denotes the event time of subject 7 and t* is a fixed follow-up time, so T; > t* denotes
a long-term survivor. Focusing on incident/dynamic (I/D) ROC curves, they developed
estimators under proportional and non-proportional hazards, and showed that these can be

obtained from standard Cox regression output [Heagerty and Zheng, 2005].

Time-dependent ROC estimation for a longitudinal marker and time-dependent disease
status was developed by Zheng and Heagerty [Zheng and Heagerty, 2004]. They focused on
incident ROC curves using sensitivity and specificity extended to recognize explicitly the
timing of the marker measurement and the timing of the disease. Sensitivity and specificity

were defined as:

sens(s,c|t,Z;) = P(Xi(s)>c|T;=tT; > s,Z;)

spec(s,c|t,Z;) = P(Xi(s) <c|T; > 1T, > 5,Zy)
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where s is the marker measurement time and Z; denotes a vector of baseline covariates. In
2007 they extended the estimation procedure of the time-dependent ROC to account for
censoring [Zheng and Heagerty, 2007].

Another interesting measure for evaluating the calibration of predictive models has its
beginnings in weather prediction in the 1950’s. The Brier score [Brier, 1950] measures the
deviation of the predicted event probability from the observed event status and it is defined
as the average of squared differences between the prediction and the observed outcome. The
Brier score utilizes a square loss function, though other loss functions could potentially be
used. Four decades later, the Brier score was adapted to the survival setting [Korn and
Simon, 1990, Graf et al., 1999, Gerds and Schumacher, 2006] and it became known as the
prediction error. Soon after, it was adapted to a longitudinal setting where its definition
was now conditional on being at risk at the time of prediction, thus it was referred to as
conditional prediction error [Schoop et al., 2008, Schoop et al., 2011]. An average of the
prediction error over the time period for which predictions are made was proposed as a
summary measure of prediction error over time [Schoop et al., 2008].

In 2011, Pfeiffer and Gail proposed two measures for evaluating the ability of a predictive
model to discriminate between cases and controls that are geared towards use in a clinical
setting, providing intuition and clinically relevant interpretation [Pfeiffer and Gail, 2011].
The two measures proposed were: the proportion of cases followed (PCF) and the propor-
tion of the population needed to be followed (PNF). The PCF(q) represents the estimated
proportion of cases that would be captured if we followed proportion g of the population
at highest risk. Larger values of PCF(q) indicate better performance. PNF(p) represents
the estimated proportion of the population at highest risk that would need to be followed
in order to capture proportion p of the cases. Smaller values of PNF(p) indicate better
performance. To define PCF, let v, denote a risk threshold such that P(R > 1,) = ¢, where
R denotes predicted risk. Then PCF(q) = P(R > ¢, | T < t,), where ¢, denotes the time
for which the risk prediction is made. To define PNF, let 1, denote a risk threshold such
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that P(R > v, | T <t,) = p, then PNF(¢) = P(R > v,). The advantages of these measures
include their ease of interpretation and their relevance in a clinical setting. They provide
information that is relevant not only for comparing biomarkers or predictive models, but
also in study design and feasibility studies [Pfeiffer and Gail, 2011]. Methods for estimation

of these measures in a longitudinal setting have not yet been developed.

2.2.1 Remarks

Predictive biomarkers differ from diagnostic biomarker in that they are associated with
the disease in the early stages of its progression. Often, as is the case with prostate-specific
antigen (PSA), a single biomarker can serve as a predictive and diagnostic biomarker, though
the analysis differs between the two applications.

We focus on methods to evaluate biomarkers that can be used to predict the onset of
disease. There are many applications for such methods. Predictive biomarkers have great
potential for guiding treatment decisions for slowly progressing diseases, such as AIDS, heart
disease or some types of cancer. They can also be used in guiding preventive treatment for
diseases such as end stage renal disease (ESRD), diabetes or heart disease. For many of
these diseases, it is the longitudinal trend of a marker associated with the disease process

that is most informative about where in the disease process the subject currently is.

The most studied measures to evaluate the predictive capacity of a biomarker are the ROC
and its related measures: the sensitivity and specificity of a test, as well as the area under
the ROC curve (AUC). Methods to estimate these measures in a typical setting (baseline
biomarker and fixed disease status), a time-dependent setting (baseline biomarker and time-
dependent disease status) and the longitudinal setting (longitudinal biomarker and time-
dependent disease status) have been developed. Though these measures are immensely
useful, they provide information about discrimination, or how accurately does the biomarker

(or a predictive model based on it) classify subjects into future cases and controls. Though
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discrimination ability is a greatly important attribute of a biomarker (predictive model),
there are other aspects of the performance of a predictive biomarker (predictive model) that
we would like to be able to quantify.

Two measures that we believe have enormous potential for public health applications
are the proportion of cases followed (PCF) and the proportion of the population needed to be
followed (PNF). These measures are very useful in feasibility studies and are directly relevant
to public health decisions. In short, the PNF estimates the proportion of the population that
would need to be followed in order to capture a given proportion of the cases. Alternatively,
the PCF estimates the proportion of cases that would be captured if a given proportion
of the population at highest risk for a given disease were to be followed. From a public
health standpoint, these are very useful when making decisions about resource allocation or
feasibility of large scale preventive interventions.

Methods to estimate PCF and PNF in a time-dependent setting (time-dependent disease
status) or based on a longitudinal marker, or both, do not exist. Such methods are not only
needed, but are highly applicable to public health. Though these measures are relatively
new, proposed only in 2011, we anticipate their popularity growing as was the case with the
ROC in the early 1980’s.

In the second part of the dissertation (Chapter 4) we develop estimators of these measures
in a longitudinal setting with a time-dependent disease status, as well as provide resampling-
based procedures for making statistical inference. We evaluate their performance using

extensive simulation studies and illustrate their performance on the ESRDS dataset.
2.3 DMethods for prediction and evaluation of predictions in two-phase studies

The term case-cohort study design for survival analysis was coined by Ross Prentice in 1986
[Prentice, 1986]. It is a type of a two-phase study design, where the sampling of the study
subjects is performed in two phases. In the first phase, a cohort is defined and inexpensive

exposure information is collected for everyone in the cohort. In the second phase a subset of
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the cohort is sampled and full covariate histories, such as expensive to measure biomarkers,
are obtained only for the subjects in the subcohort. Another widely used two-phase study
design is a nested case-control study [Thomas, 1977]. The main motivation behind two-phase
study designs is their cost effectiveness. Large cohort studies are expensive and produce
information that is largely redundant, especially when the outcome is rare [Self and Prentice,
1988]. By reducing the redundancy, the financial, computational and logistical burdens can
be substantially reduced.

The sampling for the case-cohort (CCH) and the nested case-control (NCC) study designs
are as follows. In the CCH study, a sub-cohort of a desired size is randomly selected from
the full cohort, then the subjects who experienced the event of interest (cases) at any point
during the study are added to the analysis group. In the NCC study, one or more control
subjects are randomly selected from the risk set of each case at the time of failure of that
case, thus the analysis group comprises all cases and their control sets.

The main advantage of the CCH over the NCC study design is that the same set of
controls can be used in analysis of multiple outcomes and the analysis can be performed on
different time scales. It also lends itself very well to prevention trials, since the sub-cohort
is identified at the start of the study and the achievement of the intervention goals can be
monitored in the sub-cohort [Self and Prentice, 1988, Barlow et al., 1999]. The disadvantage
of CCH design is that the variance estimation is more complex compared to that for the
NCC design. In the CCH design, the individual contributions to the pseudolikelihood are
not independent due to sampling and therefore special procedures are needed for estimation
and inference. In the NCC design, estimation and inference can be made based on partial
likelihood or, equivalently, conditional logistic regression models [Prentice, 1986, Barlow
et al., 1999].

Estimation procedures focus on estimation of the proportional hazards regression pa-
rameters, as well as their variance. Prentice [Prentice, 1986] proposed estimators of 3 as

well as the cumulative baseline hazard and informally showed that they are consistent and
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asymptotically normal. This was indeed the case and was proven shortly after by Self and
Prentice in 1988, with a slight modification of the pseudolikelihood proposed by Prentice
[Prentice, 1986]. Their proofs utilized martingale and finite sample convergence results [Self
and Prentice, 1988]. The form of the Self and Prentice variance estimator was difficult to
use in practice [Barlow et al., 1999, Therneau and Li, 1999] and in 1994 Barlow proposed a
robust variance estimator for the CCH study design [Barlow, 1994]. Barlow’s robust variance
estimator used a jackknife estimate of the variance of the individual influence function and
was shown to be equivalent to a robust variance estimator proposed by Lin and Wei [Lin
and Wei, 1989] for the standard Cox model [Barlow, 1994].

With the availability of statistical software that supports offsets, or weighting of subjects,
dfbeta residuals and the start and stop notation, obtaining parameter estimates and their
variances in a CCH setting is as easy as it is in a NCC setting [Barlow et al., 1999, Therneau
and Li, 1999]. With the theoretical and computational advances, the drawback related to
the complex variance estimation in CCH studies has lost its significance over the years.
However, one of the remaining major drawbacks of these methods was that they ignored the
information on cohort members not samples as cases or controls [Breslow et al., 2009].

In 2000, Borgan et al. [Borgan et al., 2000] proposed a study design where the subcohort
is selected by stratified random sampling, stratified on a correlate of exposure of interest that
is available for all cohort members. Referred to as exposure stratified case-cohort design, this
method provides improved efficiency compared to a case-cohort study design by sampling
the cohort to over-represent more highly exposed subjects [Borgan et al., 2000], information
that could potentially be used to improve the efficiency of estimation in CCH studies.

Over the next several years, considerable attention was given to improving the efficiency
of estimators for two-phase designs by using the first-phase data [Kulich and Lin, 2004],
relaxing assumptions that are likely to be unrealistic in practice [Chen, 2002, Nan, 2004]
and using time-dependent sampling weights [Borgan et al., 2000, Kulich and Lin, 2004].

More general two-phase sampling was considered by Lin with focus on survey sampling
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[Lin, 2000], and Breslow and Wellner for both finite and Bernoulli sampling [Breslow and
Wellner, 2007, Breslow and Wellner, 2008]. The authors weighted each subject’s contribution
to the score function and the Breslow estimator of the baseline cumulative hazard by inverse
probability of selection into the cohort, and derived consistent and asymptotically normal
estimators of the regression coefficients and the cumulative baseline hazard for the Cox model
[Lin, 2000, Breslow and Wellner, 2007, Lin, 2007, Breslow and Wellner, 2008]. Breslow and
Wellner developed a theory of weighted likelihood estimation in semiparametric models that
is general, encompasses previous results such as those of Lin [Lin, 2000] and Borgan et al.
[Borgan et al., 2000], and provides a foundation for development of further applications

[Breslow and Wellner, 2007].

To date, most CCH literature has focused on the estimation of the Cox model regression
parameters, while estimation of summary measures to evaluate biomarkers or predictive
models in the CCH setting remained an open problem. In 2012, Liu et al. [Liu et al., 2012]
developed statistical methods to evaluate the accuracy and predictiveness of a risk prediction
biomarker measured at baseline, with censored time-to-event outcome under stratified case-
cohort sampling. The authors cast the problem of estimation of predictive summary measures
into a missing data framework and used the inverse probability weighting (IPW) approach
to account for the outcome dependent missingness induced by the CCH design. Liu et al.
proposed a class of estimators based on IPW estimators for several measures commonly used
in biomarker validation studies. They established consistency and asymptotic normality of
their estimators by relying on the results of Breslow and Wellner [Breslow and Wellner,
2007, Breslow and Wellner, 2008] and standard empirical process theory [Pollard, 1990, Liu
et al., 2012].
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2.3.1 Remarks

Most studies utilizing the case-cohort study design have focused on estimating the association
between exposure covariate and time-to-event outcomes and thus, on estimation of model
parameters. The main advantage of a case-cohort design is its cost effectiveness with little,
of any, loss of efficiency. This advantage extends beyond estimation of model parameters and
into methods to evaluate risk prediction biomarkers and models. The need for such methods
is substantial in practice. Many diseases that develop slowly, over the course of several years

or decades, are rare. Examples include end-stage renal disease and type 1 diabetes.

Studying biomarkers that could be used to predict the risk of rare diseases is, if not
infeasible, highly impractical using the cohort study design. In addition, it is often the
longitudinal trajectory of the biomarker that is informative about where in the disease pro-
cess the subject currently is. That, together with possibly other covariates, can be used to
determine the subject’s risk of the disease. Thus, methods to evaluate longitudinal predic-
tive biomarkers in a case-cohort study design setting would be applicable in practice, but
none exist at this time. Thanks to several methodological developments in recent years,

development of such methods is now feasible.

In the third part of the dissertation (Chapter 5) we develop estimators of PE, TPF,
FPF, AUC, PCF and PNF (prediction error, true positive fraction, false positive fraction,
the area under the receiver operating characteristic curve, proportion of cases followed and
proportion of the population to follow, respectively) in a longitudinal setting with a time-
dependent disease status under case-cohort and nested case-control study designs. We de-
velop resampling-based variance estimators of these estimators. We evaluate their perfor-
mance using simulation studies and illustrate their performance on a nested case-control

study of hepatocellular carcinoma within the HALT-C clinical trial.
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2.4 Perturbation: a resampling-based variance estimation method

Perturbation is a resampling-based variance estimation method [Rao and Zhao, 1992, Parzen
et al., 1994, Jin et al., 2001] originally developed as an alternative to the bootstrap [Efron,
1979]. It was studied as early as the 1980’s under names such as Bayesian bootstrap, random

weighting method or randomly weighted bootstrap [Rao and Zhao, 1992].

In general, resampling-based variance estimation approaches are useful when the esti-
mate of a quantity of interest can be obtained, but an analytical expression for the variance
is difficult to estimate, for example when the estimating function for a vector of parameters
is not smooth [Tian et al., 2004]. Variance estimation using perturbation involves weight-
ing, or perturbing, the estimand directly with weights that are independent and identically
distributed random variables from a known distribution. Conditional on the data, the only
random quantities in the perturbed estimand are the perturbation weights [Rao and Zhao,

1992, Jin et al., 2001, Jin et al., 2003].

Perturbation has been used to estimate variance in a wide variety of problems: Rao and
Zhao approximated the distribution of M-estimates in linear models using perturbation [Rao
and Zhao, 1992], and Parzen, Wei and Ying used it for making inference for a parameter
estimated using non-smooth pivotal estimating equations [Parzen et al., 1994]. Jin, Ying
and Wei addressed the problem of variance estimation for a vector of parameters in a semi-
parametric setting where the parameters are estimated by optimizing an objective function
with a U-process structure [Jin et al., 2001]. Specifically, they addressed situations where the
estimating function is not continuous and solving the estimating function requires numerical
methods, which can be challenging if the parameter vector is large [Jin et al., 2001]. Jin et
al. used a perturbed convex loss function to approximate the distributions of rank-based
estimators in an accelerated failure time (AFT) model with censoring [Jin et al., 2003].
Park and Wei, and Cai, Tian and Wei studied variations of that problem and additionally

provided methods for estimating pointwise confidence intervals for the predicted survival
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function based on the AFT model with censoring [Park and Wei, 2003, Cai et al., 2005].
Uno et al. considered the problem of evaluating prediction rules based on baseline
biomarkers, censored time-to-event outcomes and general working models of the type P(T" <
t|Z) = g(8'Z) where g(-) is a known, strictly increasing, differentiable function, /5 is a p-
dimensional vector of unknown parameters and Z is a set of baseline predictors [Uno et al.,
2007]. They used IPW to account for censoring in the estimation of the model param-
eters. The evaluation measure considered was the overall misclassification rate (OMR),
which is defined as D,(c) = E|I(T, < t) — I(g(B’ZO) > ¢)| where the expectation is
taken over {(X;, Z;, A;)} and (7., Z,), and o represents data for a new individual. Sup-
pose that as n — oo, 3 converges to a constant vector Sy, then D,(c) — D(c), where
D(c) =E|[(T, <t)—1(g9(B,Z5) > c)|. The authors provided an IPW estimator for D(c):

~ 1 & w; ~
D(c) = — A—ZIXZSt—IgB/Zl >c
(©) n;G(X,-/\t)H ) = 1(g(B'Zi) > o)
where w; = (T; ANt < C;) = 1I(X; < )A; +1(X; > t) and @() is the Kaplan-Meier estimator
of G(-). Perturbing that estimator, they provided D*(c), a perturbed version of D(c):

~, 1 & w;
50 = 3 3V (g 106 £~ 65) > <)
where {V;,i = 1,...,n} represent n independent positive random variables V; from a known
distribution with mean and variance equal to 1, @*() and E * are the corresponding perturbed
versions of G(-) and J.

To construct G*(-), [Uno et al., 2007] et al. used the martingale representation for-
mula for the Kaplan-Meier estimate [Fleming and Harrington, 1991]. Specifically, for ¢ > 0,
the unconditional distribution of CAJ( t) — G(t) can be approximated by the conditional dis-
tribution (given the data) of —G(¢)> 1Vf0 (> o HXG > s))fld]\//ji(s) where ]\//_E(t) =
I(X; <t,A; =0)— fo I(X; > s)dA(s) and A(-) is the standard Nelson-Aalen estimator
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of the cumulative hazard function for the censoring variable C. Then, G*(t) = G(t) —

Gt Y, Vi fy (01X, > 5)) " dMi(s).

A perturbed B, B*, can be estimated by solving ﬁ*(ﬂ) = %ZLI le (I(XZ- <t)-—

9(8'Z;))V; = 0. The authors note that because U(/3) is a differentiable function in 3, (E* —3)
could also be obtained by perturbing the first-order expansion of \/E(B — Bo)-

Uno et al. show that a standardized transformation of 13(5)
Vit (log(~log(D(@))) — log(~ log(Dy))) (2.4)
is asymptotically equivalent to
(D(@10g(D(@)) W

where W = /n(D(¢) — Dy), D(cy) = Dy, ¢y is a minimizer of D(c) and € is a minimizer of

D(c), 0 < ¢ < 1. Using arguments in [Park and Wei, 2003, Cai et al., 2005], Uno et al. show

that the distribution of 2.4 can be approximated by the conditional distribution of
(D@ log(D(@)) "' W*

given the data, where W* = \/n (ZA)*(E) - ﬁ(ﬁ)) In practice, the distribution of W can be

approximated by generating a large number P of random samples W

Uno et al. used similar arguments to show that perturbation inference procedures provide
valid variance estimates for other measures of predictive accuracy, such as sensitivity and
specificity. Specifically, for the prediction rule I(g(g’Z) > ¢), the sensitivity is SE(c) =
P(g(ByZ,) > ¢ | T, < t) and the specificity is SP(c) = P(g(5,Z,) < ¢ | T, > t).
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These conditional probabilities can be estimated consistently by

S/E(c) = Z?:1 Ail(Q(B/Zi) >c, X; < t)/@(XZ)
Y AL < 1)/G(X)

and R
S 1(g(B'Zi) < e, Xi > t)
Do I(Xi > t)

Processes v/n(SE(c) — SE(c)) and v/n(SP(c) — SP(c)) converge weakly to a mean-0 Gaus-

SP(c) =

sian process ([Uno et al., 2007] Appendix D).
Suppose that a threshold ¢* is chosen such that SE(c*) = . Uno et al. show that when
P(T < t|ByZ = y) is positive for y in the support of 5;Z, ¢ is unique between 0 and 1.
Let ¢* be a solution to S/E(c) =y, then ¢ is consistent for ¢*. Furthermore, S/E(c+) —
SE(ct). Uno et al. use perturbation to obtain the estimated standard error of @(5*), or

its transformation. Specifically, the perturbed S/E(c) is

S (o) = Zim AO(ZFY) > 6 Xi < OV/G'(X)
S AL, < OV;/GH(X)

The perturbed 9/;1\3(0), 9/;1\3*(0), can be obtained similarly.

Now, let ¢* be a solution to the equation S/I\E*(’c"‘) = 7. Following similar arguments
as those given for the OMR and the weak convergence of the process ﬁ(S/E(C) — SE(¢)),
Uno et al. show that when n is large, the distribution of /n(SE(¢*) — SE(c*)) can be well
approximated by the conditional distribution \/n(SE (¢*)—SE(¢*)) given the data. Similarly
for \/n(SP(2*) — SP(c¢")).

Finally, Uno et al. argue that any reasonable summary of prediction precision con-
structed from SE(c) and SP(c), for example area under the ROC, can be estimated consis-
tently through STE(C) and 9/,1\3(0) and a large-sample approximation can be obtained based
on @*(c) and @*(c) [Uno et al., 2007]. These results paved the way for development of in-
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ference procedures for semiparametric and nonparametric time-dependent predictive values
of prognostic biomarkers with time-to-event outcomes [Zheng et al., 2008]. Also, this is the
approach that we base our inference procedures on for making inference under longitudinal
cohort studies (Chapter 4).

Recently, Cai and Zheng used perturbation to estimate the variance of accuracy measures
estimated nonparametrically under nested case-control (NCC) sampling [Cai and Zheng,
2013]. Finite sampling in the second phase of two-phase sampling induces a correlation
between the &;’s, the sampling indicators, where & = 1 if individual ¢ was sampled into the
second phase of the study. This poses a challenge for resampling-based variance estimation
methods such as the bootstrap, which is unable to account for this induced dependence
[Cai and Zheng, 2013]. Recently, Saegusa proposed a weighted bootstrap that involves
weighting the bootstrap samples by a product of two weights that correspond to randomness
from each sampling phase and each stratum [Saegusa, 2014]. The results are applicable
to exposure stratified case-control studies and stratified case-cohort (sCCH) studies, but
not NCC studies. NCC sampling is performed repeatedly from a risk set at each event
time, thus it induces a much more complex dependence structure in the data [Cai and
Zheng, 2013] than does stratified case-cohort sampling. Cai and Zheng showed that using
perturbation for variance estimation we can recover the correct variance of IPW estimators
based on two-phase samples under finite sampling, including NCC studies [Cai and Zheng,
2013]. This provides the theoretical justification for our proposed perturbation methods

under longitudinal two-phase studies (Chapter 5).
2.5 Summary

The vast majority of research on evaluation of biomarkers deals with diagnostic markers and
tests, where both the marker and the outcome are ascertained at the same, single time point.
Interest in evaluation of predictive markers let to research not only on risk prediction but

also in evaluation of predictions. Thus, methods to evaluate predictive markers measured
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at baseline, where the outcome was ascertained at some later time began to appear in the
literature in the early 2000’s. Interest in evaluation of predictiveness of markers measured
longitudinally to inform about events in the future is even more recent, and that is the
setting we are interested in.

Table 2.1 summarizes the literature describing the progress made recently in the area of
evaluation of predictive biomarkers measured at baseline, or at a later time s, and highlights
the areas or research which we aim to make progress in though the work described in this
dissertation, as indicated by * in Table 2.1.

We tackle various aspects of the longitudinal prediction and evaluation, starting with
the development of flexible and robust models for longitudinal predictions (Chapter 3),
evaluation of longitudinal risk predictions in a cohort setting (Chapter 4) and case-cohort
and nested case-control study designs (Chapter 5). Conclusions, remarks and questions
generated by the work described in the following chapters to be addressed in the future
constitute Chapter 6.
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Table 2.1: Summary table of recent literature on evaluation of predictive biomarkers measured
at baseline or longitudinally, under cohort, case-cohort and nested case-control study designs. PE
= prediction error, TPF = true positive fraction, FPF = false positive fraction, ROC = receiver
operating characteristic curve, AUC = area under the ROC curve, PCF = proportion of cases
followed, PNF = proportion of the population followed. We denote the areas that we address in

this dissertation with *.

Cohort

Marker measured at baseline
(Time-dependent setting)

Marker measured up to time s
(Longitudinal setting)

Measure Estimation Inference Estimation Inference
PE [Schoop et al., 2008] - [Schoop et al., 2008] *
[Schoop et al., 2011] - [Schoop et al., 2011] *
[Heagerty et al., 2000] - [Cai et al., 2006]*
TPF/FPF/ROC/AUC [Zheng and Heagerty, 2004] [Zheng and Heagerty, 2007
[Heagerty and Zheng, 2005]  [Uno et al., 2007] * *
PCF/PNF - - * *
Case-cohort
Time-dependent setting Longitudinal setting
Measure Estimation Inference Estimation Inference
PE - _ *
TPF/FPF/ROC/AUC [Liu et al., 2012] -
PCF/PNF - -
Nested case-control
Time-dependent setting Longitudinal setting
Measure Estimation Inference Estimation Inference
PE - - *
TPF/FPF/ROC/AUC [Cai and Zheng, 2011, Cai and Zheng, 2013| *
PCF/PNF - _ *

®evaluation of markers measured at the prediction time, Y (s), without incorporating any other

covariate information.
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Chapter 3

PREDICTION BASED ON LONGITUDINAL AND
TIME-TO-EVENT DATA: MODELING CHOICES AND
EVALUATION

In this chapter we develop flexible and robust estimation for partly conditional survival
models for longitudinal data with time-to-event outcomes. We evaluate risk predictions
obtained using these models with the current gold standard, the joint model, using simulation

studies and illustrate their performance on the ESRDS dataset.
3.1 Introduction

Long term follow-up is common in many medical investigations where the interest lies in
predicting patients’ risks for a future adverse outcome using biomarkers repeatedly measured
over time. Serial measurements provide information on the marker level and its changes over
time, thus are often more informative regarding the occurrence of an outcome of interest at a
future time, compared with prediction based only on information collected at baseline. A key
quantity of risk prediction in longitudinal setting is the probability of developing an adverse
outcome in the next 7 time interval given survival up to time s and covariate information

available up to time s:
R(mo|s,H(s)) =P(T < s+ |T > s,H(s)),

where T is the time to the outcome of interest and H(s) contains both time-constant and
longitudinal covariate history up to time s. Such information can be used to identify subjects

at high risk who can be targeted for preventive strategy or treatment plan. Similarly, less



39

frequent follow-up may be recommended to low risk individuals. The primary inferential
objective is to identify predictive algorithms for risk of an adverse outcome at a future time
based on relevant longitudinal processes up to the time of prediction, and to assess the utility
of such an algorithm for use in aiding medical decisions regarding disease monitoring plan
and treatment choices.

The use of repeated biomarkers presents some unique challenges in outcome prediction
analysis. The effects of biomarkers often vary with time. Variation due to measurement
error in biomarkers often leads to attenuated estimates of the relative risk parameter in a
Cox model that is biased towards zero [Prentice, 1982]. Little is known about how such bias
affects the predictions of future risk. In survivorship analysis, serial markers are typically
incorporated in a time-varying covariate Cox regression model [Crowley and Hu, 1977|. Since
the marker is usually measured only at discrete time points, time-specific measurements for
the marker may not be available for members in the risk set when a failure occurs. To address
such difficulties, joint modeling (JM) for both the marker process and survival data have
been developed in recent years [Tsiatis et al., 1995, Faucett and Thomas, 1996, Wulfsohn
and Tsiatis, 1997]. Estimation of the parameters can be done through a two-stage approach
[Pawitan, 1993, Bycott and Taylor, 1998] or a full likelihood-based approach [De Gruttola and
Tu, 1994, Faucett and Thomas, 1996, Henderson et al., 2000, Wang and Taylor, 2001]. Both
approaches involve specifying the longitudinal marker process via a random effect submodel
or a latent class submodel, and then linking the failure time process via a time-varying
covariate hazard submodel of the latent biomarker values without measurement error.

The main focus in the joint modeling literature has been on inferring how biomarkers
change over time and the estimation of coefficients of the association between the marker and
the disease, such as the hazard ratio, of a clinical outcome based on biomarkers. Adopting
the joint modeling approach for prediction of disease progression has recently been consid-
ered in the literature [Proust-Lima and Taylor, 2009, Rizopoulos, 2011, Taylor et al., 2013].

However the calculation of updated risks, R(7 | s, H(s)), in this setting is not straightfor-
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ward and involves fairly complicated model specification and a computational procedure
that requires integration over the marker process, and the computational burden increases
drastically when multiple biomarkers are under consideration. Furthermore, valid prediction
depends critically on the correct specification of both submodels within the JM framework.
Methodology that is computationally simple yet sufficiently flexible to capture updated risks
over time is appealing from a practical standpoint. A reliable procedure is also needed for
calculating the updated accuracy summaries.

In order to develop a survival model that directly facilitates the estimation of R(7 |
s, H(s)) for any specific pair of (s, 1), Zheng and Heagerty (2005) proposed a class of semi-
parametric models, called ‘partly conditional survival models’ (PC), where the conditional
hazard of failure is specified by conditioning on only a part of the marker trajectory at
select ‘landmark’ times. Specifically, a marker measured at time s, Y'(s), generates a data
record with time origin for 7" reset to s, i.e., the time scale is now in terms of ‘time since
measurement’. The marker measurement at time s can now be regarded as a baseline or
‘external’ measure. As a result, there can be multiple derived event times for each individual
corresponding to her/his repeatedly measured marker values. Thus, the PC approach casts
the problem of using longitudinal marker values for predicting survival within the general
framework of multivariate survival models, and avoids using a time-varying covariate Cox
model for risk prediction. The PC approach does not require a modeling specification re-
garding the event time as a function of the entire marker process. Implementation of the
partly conditional model is relatively simple using slightly modified standard statistical soft-
ware [Zheng and Heagerty, 2005]. A similar approach based on the idea of a landmark time
was considered by [van Houwelingen, 2007]. A thorough investigation of different approaches
to prediction using longitudinal markers is needed in order to provide practical guidance to
researchers in terms of the choice of estimation methods.

To make a comparison among longitudinal prediction tools, it is important to gauge model

performance based on their intended clinical utilities. The evaluation of the performance of a
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medical test has been based on receiver operating characteristic (ROC) curves and calculation
of time-dependent ROC curves to evaluate a longitudinal marker has been considered in
[Zheng and Heagerty, 2004]. More recently other metrics have been proposed for risk model
evaluation with a binary outcome (e.g., [Pencina et al., 2008, Gu and Pepe, 2009, Pfeiffer and
Gail, 2011]). In this manuscript we will compare the performance of updated prediction rules
developed based on either a JM or various PC approaches, adopting metrics for assessing the
performance of prediction algorithms to the setting with longitudinal markers and survival

outcomes.

The goals of this chapter are to provide flexible tools for calculating updated risk for
patients under medical monitoring over time, and to investigate the performance of predic-
tive algorithms derived from either the joint modeling or the partly conditional modeling
approaches. In particular, we propose two simple, yet flexible, modeling methods within
the partly conditional modeling framework. The methods have the advantage of ease of
implementation and are robust to violations in modeling assumptions. To provide practi-
cal guidance in the choice among the proposed methods, we conduct extensive numerical
studies to compare prediction rules derived from the different approaches using an array of
summary measures of predictive performance. We introduce general models in Section 3.2.
We describe estimation and inference procedures of proposed methods in Section 3.3 and 3.4.
Measures of predictiveness for model comparison are presented in section 3.5.4. The results
of numerical studies of finite sample performance of our proposed procedures and predictive
performance comparison are presented in Section 3.5. We illustrate the performance of our
methods on the End Stage Renal Disease Study (ESRDS) conducted at the Community
Health Network in San Francisco in Section 3.6, and provide a summary in the final section.
We refer to the notation introduced in section 2.1.1, and introduce additional notation as

needed.
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3.2 Modeling longitudinal data with time-to-event outcomes

3.2.1 Joint model

Joint modeling framework for longitudinal and time-to-event data [Tsiatis et al., 1995,
Faucett and Thomas, 1996, Wulfsohn and Tsiatis, 1997, Henderson et al., 2000] allows the
full representation of the joint likelihood given the observed data, D,, [Tsiatis and Davidian,
2004]. Tt comprises two linked sub-models, one for the underlying ‘true’ biomarker process
as a function of time, and one linking the failure time 7; to the underlying ‘true’ biomarker
process.

To model the biomarker process, a mixed effects model is often considered: Y; =Y/ +e;,
where Y = U,;3 + W;b; is a vector of the underlying ‘true’ biomarker values for subject 1,
(B denotes a (p x 1) vector of fixed effects, b; is a (¢ x 1) vector of the random effects assumed
to be normally distributed with mean 0 and variance ¥, U; is a (m; X p) matrix of covariates
and W, is a (m; X ¢) matrix of covariate data for individual 7. The measurement error e; =
{ei(si1), ..., €i(sim,)} and e;(s;;) is assumed to be distributed N (0, 02), cov(e;(si;), €i(sij)) =
0 for j # j/, and is independent of b;.

The failure time process is usually modeled using a time-varying covariate proportional
hazards model [Cox, 1972] with hazard function

MY (). Z) = 5o i P ST <14 0| T, > 1, Y/ (1), )
typically modeled by a proportional hazards regression model \;(t) = A\o(t) exp(Y:*(t)n+Z;~)
[Wulfsohn and Tsiatis, 1997, Tsiatis and Davidian, 2004]. Since both model specifications
involve unknown quantities, fitting involves iteration between the linear mixed effects sub-
model and the survival submodel.

For a future individual with H(s) = Ho(s) = [Z., Yo(s),s.(s)] and event free at time s,
one may predict R(7o|s, Ho(s)) as R™(mp|s, Ho(s)) = P(s < T, < s+ 1| T, > s, H(s) =
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H,(s),D,,0), with 6 denoting the parameter vector of the joint model. [Rizopoulos, 2011]

showed that R™ (my|s, H,(s)) can be rewritten as:

R™(1pls,Ho(s)) = 1—=P(T>s+1|T > s H(s) = Hy(s),D,,0)
_ 1_ / So(s+ 70 | Yi(10+ ), Zo; 0)

S5 [Y:(5) Zo)  POIT > o H(s) = Ho(s):0)db

where S,(+) = exp ( fo (u|Y ¥ (u), Zo; 9)du>. Point and interval estimates can be obtained
using Monte Carlo simulations [Proust-Lima and Taylor, 2009, Rizopoulos, 2011], thus pre-

diction for an individual requires complex computation.

3.2.2 PC models

In a partly conditional survival model framework, at time s, we are interested in predicting
the residual lifetime 7, = T — s | T; > 0 using covariate history up to s based on H(s).
To directly model such an updated risks, the analysis time of a PC model is such that the
measurement time becomes the baseline time and estimation is based on the derived failure
times calculated from each measurement time. Specifically, at s;;, the observed data vector
for subject i is O;; = {Xj,9;, H(si;)}, where X;; = X; — s;;. A PC model then specifies
the relationship between 7;; = T; — s;; and H(s;;) without having to specify the full marker
process. One advantage of such an approach is its robustness, since we only need to specify a
working model for the residual lifetime as a function of s;; and H(s;;). Computationally it is
also much easier to implement compared to a JM model. Below we introduce two estimating

procedures for PC models that vary in efficiency and flexibility.
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3.3 Two estimating approaches for PC models

3.3.1 Partly conditional Coz-type model (PCcyy)

To make a prediction about an event within 7; < 7y for a given 7y, one approach considered

in [Zheng and Heagerty, 2005] is to assume
AT[Hi(sij)) = Xo(T)exp(a'B(syj) +'Zi + (1) h(Yi(si5))) (3.1)

where Ag(+) is an unknown baseline hazard, B(s) is a spline basis function of s which captures
the potentially non-linear effect of measurement time s;; on the risk. n(7) allows the marker
effect to vary over 7, the time since measurement. h(Y;(s;;)) is a functional of Y,(s;;), for
example it can be simply Y;(s;;), or a predicted response profile approximating Y;*(s;;) at
s;; based on LMEM estimates of fixed and random effects, their variance components and
observed data up to time s;; for individual 7. A kernel-based estimating procedure [Cai
and Sun, 2003] can be used to obtain estimators in model (3.1). To further reduce the

computational burden in fitting the model, we consider instead a similar model:

AT[Hi(sij)) = Ao(r)exp(a'B(sy;) +'Zi + n'B(r)h(Yi(si;))) (3.2)

= Ao(T)exp(Oo HY (557, 7))

where Ocox = [, ¥, 0/|p,y and HP (si, 7) = [B(sy;)', Zi, B(r)h(Yi(si;))]"
Estimators of the model parameters, O¢.y, can be obtained by maximizing the following

marginal log partial likelihood:

n n  myg
L(Ocox) = Z Z/ <OCOXHB sij, Xij) — log Z Z (X > Xij) exp (G’COXHf(Skl, Xij))] ) dNjj(u)
i=1 j=1 k=11=1

(3.3)
where Nm(u) = 1(52 = 1,X1‘j < u)
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For a new subject with covariate history H,(s) up to time s, our key predictive probability

within time 7y from s can be estimated as
RCOX<TO ‘ S, HO(S)7 GCOX) =1- eXp(_K<TO | S, HO(8)7 000){))7

with

eXp( COXHB(S”LJ7 U)) AN ('U,)
ij )

A 000 =3 [
i= 1 j=1 Zk 12 ' I<Xkl > XZJ) eXp(QICOXHkB(Skhu))

3.3.2  Partly conditional generalized linear model (PCgru)

The above model based on a Cox-type partly conditional model can be further relaxed to
allow effect of measurement time to vary with prediction time 7. To this end, we propose
to approximate R(7y | s, H;(s)) through a working marginal partly conditional generalized

linear model with a binary outcome (PCgqry),

P(Ti; < molsij, Hi(si;), Ty > 0) = g(a'B(si;) + 7' Zi +1'h(Yi(si5))) (3.4)

= 9( /GLMHzB(Sij))v

where T;; = T; — si5, and HP(s;;) = [B(sy;), Z., h(Yi(si5))"]', g(+) is a link function such as
anti-logit, and OgLm = [@, 7,1 ]py;. We may also include possible interactions between
B(s;;) and the other predictors to allow for time-varying effects of the predictors. In the
presence of censoring, we propose to estimate Oy by solving a weighted estimating equa-

tion:

() 906 HP (si))) N i o
) = ZZ SO P 5)) (1 9@ o) 0 < )~ OaaH ).

(3.5)



46

where
: 99(0gnHY (si5))
g( IGLMHiB(Sij>) = Ggg ’
GLM
and
~ 1 1
U}Z(JC) = (SZI(E S Sij + T(]>A— + I(XZ > Sij + T())A—
G(ﬂ) G(Sij + T())

accounts for censoring and G(-) is the Kaplan-Meier estimate of G(-), the survival function
of C. Such time-specific logistic model has been previously studied, for example, by [Zheng
et al., 2006] and [Uno et al., 2007] with baseline covariates.

In both PC models, If the dimension of O,y or g is not small relative to the number
of events, we will maximize a penalized log-likelihood L£(6) — A 2522 P(10;]), where P(-) is
a pre-specified penalty function such as the L; and Ly penalty. The tuning parameter A > 0
controls the amount of penalty and can be selected via standard procedures such as the AIC,

BIC or the cross-validation [Hastie et al., 2003].

Let é\GLM denote the final estimator of 8. Then for a future subject with covariate history
up time s, Hy(s), the probability of an event within 7 time from s, P(7; < 79| 7s > 0, Ho(s))

can be estimated as
RES(mo | 5, Ha(s), Oarn) = g (O HE(s))

3.8.3  Nowvel two-stage PC models

Biomarkers are often, if not always, measured with error. When the error term is nontrivial,
using observed values at the time of prediction, Y;(s;;), often leads to attenuated effects and
naturally it might impact the risk prediction as well. In the longitudinal setting, replacing
Yi(s;;) with an estimated quantity that is less prone to error may result in better approxi-
mation of the true underlying risk. We therefore propose a two-stage procedure, where in

the first stage we model the longitudinal process and calculate a fitted }A/Z(SU) based on the
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best linear unbiased predictor (BLUP) estimator. Specifically, under the following model for

Yii

€ N(OaOQI)a szN(OvD(¢))7 YzNN(XuB721)>

where Ui, xp) and Wi, g are matrices of covariates, which are subsets of (Z;, s;) for
individual i, ¢ = (¢1,...,¢,) denotes the parameter vector of the variance components of

the random effects and ¥; = 01 + W;D(¢)W!. Therefore the BLUP estimator is

Y: = Ui+ W:D(¢)W;(%,) " (Y; - U;B). (3.6)

OBLUF and

In the second stage, we obtain BLUP-based estimators of risk model parameters ¢,

é\gﬂ\}f by replacing h(Y;(s;;)) with h(?z(sm)) in Equation 3.3 or Equation 3.5, respectively.

For a new subject with H,(s) observed up to time s,;, the predicted random effect is
bo|se; = D() W (50)(G°L + Wo(s0))D () Wi (505)) ™ (Yo (505) — Usl(s05)B),

where Y, (s0;), Us(so;) and W (s,;) denotes the covariate data available up to time s,; for

the new subject ‘o’. Then the fitted marker value is
Yo(505) = Uo(805)8 + Wa(s0;) (bo | 50;). (3.7)

Replacing Ho(s) with Ho(s) = [Zo, Yo(s), So(s)] in RES (10 | Ho(s)) or RES,, (10 | Ha(s)) we

(0).¢

can obtain BLUP-based predicted risk estimators RBLUP (7 | Ho(s)) or RBLUP (7 | Ho(s))
for the new subject. Note that such a two-stage approach is different from the two-stage
estimation procedure in the classic joint modeling literature, in that a PC model rather than

a time-varying covariate survival model is considered here for prediction. Furthermore, we
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provide inference procedure in the following sections to account for the variations generated

across all stages.

3.4 Inference for PC models

It is important to note that PC models are ‘working” models that are used to approximate risk
as a function of a given covariate. Likely, they are not correctly specified. On the other hand,
under mild regularity conditions, the standard maximum likelihood (or partial likelihood)
estimators of model parameters converge to a constant vector, as n — oo (Hjort, 1992).
This stability feature is essential for developing the large sample properties of estimators for

Ro(10 | 5,00, Hs(s)), where 6y is the true parameter value.

3.4.1 Inference for ordinary PC models

C

o (10 ] 8, Ho(s), é\Cox)a we note that the process for some fixed 7 is

To make inference on R,

OX

Wir) = nb (RES(mo | 5,800 Ho(s)) = RES(mo | 5,60, Hals)))

= 07333 Gy(m0, 5,80, Ha(s)) + 0,(1)
=1 j=1
where
T0 OIHB dMZ]
(70,5, 00, Ho(s)) = (1—R£§<ro|eo,Ho<s>>)[ / = °g<°o>(<séf 2) .

o0

+ V(GO,TO)'I_I(GO)/O (HF (sij,u) — (6o, u))dM;;(u) |,
Viewn) = - [ (gt ) aswi ),

w) - [ (w—aeo,u)@?) AE(Nyg(u))
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where

S (Bp, u) = E(I(u < X/ HE (515, 1) exp (65HP (5,5, u)))

o)
and £(0y,u) = % for any vector a, a®® = 1, a®! = a and a®? = aa’ and

Ms(t) = Nyg(t) — /O (X > u)dA (8, u).

It can be shown that W(ry) converges weakly to a Gaussian process.

To approximate the distribution of W(7y), we propose a resampling-based method via
stochastic perturbation [Parzen et al., 1994, Jin et al., 2001, Uno et al., 2007]. Let Vo) =
{Vl(b), cee Vn(b)} be independent random variables from the exponential distribution with
mean and variance equal to 1, then for b = 1, ... B, one may obtain the perturbed estimates

=1

W(*b)<7_0) _ Z (1 _ ‘/i(b)) 2 gij(T(J, 3,00, Ho(5))
j=1

With a large number of realizations of W (7o), one may obtain the variance of RPC (7o), 6, H,(s))

~2 _ _ 1

as 0" = 5 fﬁl W(b)(TO), where W(b)<7'0) is obtained by replacing all the unknown param-

eters in W, (7o) by their estimated counterparts.

To make inference on ]SLEEM(TO\S, H,(s), §GLM), one may first obtain the perturbed esti-

mates ég’iM as the solution to

n (b) A( )(©b) B
®) V 9(0crnH; (545))
1G] ZZg O P (5) (1 — 9(8un P (5,)) 39
X (I(Xy5 < 70) — 9(OcmHT (545))) (3.9)

where

1 1
~(C)(b) X
W, ; :51'IT%<SZ“+T — +1 i > S tT))=——""—"—
J ( J 0) G(b)(Ti) ( J )G(b)(sij + 7o)
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and @(b)(-) corresponds to G(-) estimated with weights V®. The variance for
EEEM(TO | s,Ho(s),BAGLM) can be calculated as the variance from the B, realizations of

}A%EEM (7'0 | S, Ho(5)7 é\(cfiM) .

3.4.2 Inference for BLUP-based PC Models

For two-stage based approaches, additional steps are needed to account for the variation
in Y, ?o(s) due to variation in 8 and ZI\)((HQ)M) = (02,4, qgflxl)’. We can again consider
the perturbation approach. Specifically, we first obtain the b perturbed estimators as:

3221 = E-i— (U'sU0)"US w0 with Uy, = (UY,..., U,

> 0 --- 0 . R
Vi’ (Y, —U.B)
0 B - o .
YNxN = . ) lI’le = :
o . 0 ®) ~
o 0 --- 3%,
sy = o2l + WiD((Z)WZ-, n denotes the number of subjects and N = " | m; is the
number of observations. @E?Lq)xl - —|—]I;,}I,Qg:), where [ is a (1+¢) X (1+¢) information

matrix for the variance components from a restricted or a regular maximum likelihood,
L(B,®), and Qg) is the corresponding perturbed score equation. With a restricted maximum

likelihood,

b b
oy~ 0
b _ O
QEII:) _ Q‘Pz _ Q¢1
(b) (b)
<I>1+f1 - Q¢q .
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]Lplqpl = 1[0202 ]Lplq>2 = ]102¢1 s ]Iq)lq)lJrq = H02¢q
I - H‘%‘Dl = H¢102 ]L192<I>2 - ]I¢1¢1 o ]L1>2<I>1+q = H¢1<f>q
¢¢ - . . .
i H¢1+q<1>1 = H¢q02 H<I>1+q’1>2 = H¢q¢1 T H‘I’1+q‘1’1+q = H¢q¢q i
QY = —Ltr[PO%/0%,)] + 5 S, V(Y — UB)SH0%,/09,)S (Y, — UB), k =
L...,(14+q). Ip,e, = —3tr[P(0X/0®,)P(0X/0P;)] with i = (1,...,(1 4+ ¢)) and j =

(1,...,(14+¢q), P =271 -2'UU'E'U)"U'S"!. Plugging in 8% and ®® in Equation
3.6 and 3.7, respectively, yields perturbed ?Z@ and ?gb)(s).

To obtain confidence intervals for RBXUP (7 | H,(s)), we note that

BLUP
W(TU ) Cox

1
= n2

M\»—‘

1
1 n3
= n

oo

(RELYP (70 | s, Ha(s)) = REXP (ro | 5, Ho(s)) )
n# (RELVP (o | 5, Ha(s), 685, Bo, o) — RELUP (o | 5, Ho(s), 60, Bo. ®0))

(RE&UP<TO|S,HO<3> BELT, B, ®) — RELVP(ry | 5, H(s), 6E5", B0, @0,)) + 0,(1)

7% Z ZZ Cij(Tov S,Ho(3)7 0071807 QO)

i=1 j=1

(Rg{lUP(To | 5,Ho(s), 00, B, ®) — RELVP (19 | 5, Ho(5), 80, Bo, ‘I’o)) +0p(1)

The distribution of W(79)ELF can be approximated with B, random variates with its

bth component as:

n

i=

1 j=1

v (R

where 0

BLUP(b

Z i Gij (10,8, Ho(s), 80, Bo, o) (1 — Vi(b))

7o |5, HY (s), Oy B, 87) — RELVP (g | 5, Ha(s), 6857 B, @)

Cox

is obtained by replacing Y;(s;;) in Equation 3.3 with \A{'Eb)(sij).
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HBLUP(b

To make inference on RBEVP (75 | Hy(s), OBEUP | B, @), we first estimate 8ory ™ by re-

placing Y;(s;;) in Equation 3.8 with ?gb)(szj). Then, the variance for

B (| 5. HL(s), 624F . B, ®)

GLM

can be calculated as the variance of the B, realizations of

RBLUP (7_0 | s, Hgb)(S) ABLUP ,B(b) )

GLM
3.5 Simulations

Our simulations addressed two goals: to evaluate the finite sample performance of PC model-
based estimation and inference procedures proposed in Sections 3.3 and 3.4; and to compare
the prediction performance of the proposed PC models with that of the JM in terms of

accuracy and discrimination.

3.5.1 Data generation

The longitudinal marker data was generated following the general setup used in the JM
literature (e.g., [Tsiatis et al., 1995]). We assume a linear mixed effects model with mea-
surement error: Y;(u) = Wi(u) + e;(u) = g + o f(u) + e;(u) where f(u) = log(u/v),
with a Weibull baseline hazard: A\g(u) = v/vs(u/v5)°"! and vy = 30, scale vy = 15, shape

= 1.4. The random components «; = (ag;, ;) were generated as a bivariate normal
0.832  —0.005

—0.005 0.13?
The measurement error e;(u) ~guq N(0,0%), i = 1,...n, j = 1,...,m; and o, = 0.1 and

with mean (pay, flay )T = (0.6, —0.1)7 and the covariance matrix X, =

1.0, representing small and large measurement errors. Figure 3.1 shows the biomarker tra-
jectories for subjects under the two simulated measurement error settings. Failure time

was assumed to depend on the covariate (without error) through a proportional hazards
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0 10 20 30 40 50 0 10 20 30 40 50
Measurement time (months) Measurement time (months)
Figure 3.1: Example simulated dataset with u,, = —0.1 and standard deviation of the

measurement error o, = 0.1 (left panel) and o, = 1.0 (right panel).

relationship: A\;(u) = Ao(u) exp(BW;(u)), where § = —1.5. Censoring time was generated
from a uniform distribution ¢; ~ U(0,300), resulting in about 30% censoring. There were
up to 10 measurements per subject taken at 6 month intervals and n = 500. We were
interested in predicting the risk of an event at time s + 79 given biomarker data up to
time s: Ri(ro|s) = P(T; < s+ 7| T; > s,Yi(s)). All simulations were run in R (www.r-

project.org). The joint model was fit using the JM package [Rizopoulos, 2010].

3.5.2 Models

In all simulations we used five models to estimate the conditional survival probability: a
partly conditional Cox-type model (PCcox) (section 3.3.1), partly conditional generalized
linear model with a logit link function (PCgrum) (section 3.3.2), two-stage PCqox model

(PCcox BLUP) and a two-stage PCqrym model (PCgpy BLUP) (section 3.3.3) and a joint
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model with a linear mixed effects submodel with random intercepts and slopes (JM) (sec-
tion 3.2.1). For the joint model fitting we used a function provided in the R package JM
[Rizopoulos, 2010] with the weibull-PH-GH option, which fits a relative risk model with a
Weibull baseline risk function and uses the Gauss-Hermite integration rule to approximate
the integrals. Note that in all simulations considered, JMs were fit with specifications that

corresponded to the true models.

3.5.83 Longitudinal prediction and inference

Longitudinal prediction and inference for PCgryv and PCceox: simulation setup.
In the first set of simulations we investigated the point and variance estimates of predicted
partly conditional risk (PCR) as derived by PCqry and PCeox. For PCopy and PCeoy we
compare the R(7|s, Ho(s)) for an individual with Y, = 0 or Y, = 1 (Figures 3.2 and 3.3) at
time s, for four sets of s and 7, the time of prediction and length of the prediction window,
respectively, for small and large magnitudes of the measurement error (o, = {0.1,1.0}). For
PCqrm and PCeox the true values of R(7mpls,Y, = 0) and R(7p]s,Y, = 1) were obtained
empirically, by simulating a large dataset (n = 5,000,000) without censoring and empirically
estimating the proportion of survivors at s+ 7y given survival up to time s, for subjects with

marker values close to 0, (0 £0.05) and 1, (1 £ 0.05).

Longitudinal prediction and inference for PCgin and PCceox: results.  As seen
in Tables 3.1 and 3.2, both PCqry and PCeey, even though they are ‘working’” models and
only approximating the true model, produce PCR that are quite close to the truth, and the
perturbation based asymptotic standard error (ASE) estimators approximate the empirical
standard errors (ESD) closely. PCqry tends to have smaller bias, however PCc,y tends to

have a smaller mean squared error (MSE). The performance of the two models is similar for

0. = 0.1 (Table 3.1) and o, = 1.0 (Table 3.2).
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Figure 3.2: Density of marker values from a simulated dataset (n = 5000) with o, = 0.1 and
la, = —0.1. Proportions of individuals with marker values below 0 and 1 for different con-
ditioning times s are show in the top right of each panel, with the four panels corresponding
to s = {0, 12,24, 48} months.
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Figure 3.3: Density of marker values from a simulated dataset (n = 5000) with o, = 1.0 and
la, = —0.1. Proportions of individuals with marker values below 0 and 1 for different con-
ditioning times s are show in the top right of each panel, with the four panels corresponding

to s = {0, 12,24, 48} months.
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Longitudinal prediction and inference for two-stage PCgrym (BLUP) model: sim-
ulation setup. We then evaluated the point and interval estimates of PCR based on a
two-stage PCgrym (BLUP) model. For PCgpyv BLUP we estimated R, (7p]s) for two randomly
selected subjects with marker trajectories up to s = 12 and s = 24 months, and 6 < 75 < 36
months. Based on the individual’s observed values up to s = 12 and 24, we obtained the
BLUP marker values and made risk predictions for each individual based on those. To ap-
proximate true values, we estimated PCRs for the two subjects based on their trajectories
up to s using a joint model specified according to the true underlying model and used a

sample size of n=10,000.

Longitudinal prediction and inference for two-stage PCqrm (BLUP) model: re-
sults. The PCRs are quite close to the ‘truth’ and the perturbation-based point-wise Cls
trace the empirical Cls estimated over 500 simulated datasets quite well. This adds confi-
dence that the proposed variance estimation procedure can be used in practice for making

inference regarding patient’s risk at the personal level (Figure 3.4).

3.5.4  Comparison and evaluation of predictive performance

In this section we compare the predictive performance of five longitudinal models for estimat-
ing the conditional survival probability (PCcox, PCarm, PCcox BLUP, PCqrm BLUP and a
joint model), using measures of predictive accuracy and discrimination. We first introduce

the evaluation measures used in our simulations, the simulation setup and results follow.

The development of the accuracy and discrimination measures will be described in detail
in Chapter 4. We now briefly introduce the measures that will be used in the simulations
described in this section and refer the reader to Chapter 4 for more details on their devel-

opment.
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Measures of prediction calibration Prediction error (PE) is a measure of calibra-
tion of a risk prediction model, that is it quantifies the distance between risk predictions and
the true risk. In a longitudinal setting, it is defined as the expected quadratic loss between
the predicted probability of an event in a 7y time interval past s and the observed event in
that timeframe conditional on being at risk at time s [Schoop et al., 2008, Schoop et al.,

2011]. The estimator of PE is defined as:

n

PE(r|5) = e 3 (Is < Xi < 54 70) (1= Rilro| )2 @5(m0 | 9)
S B (7| 5) 4

+ I(X; > s+ 1) (Ei(m | 3))2@5(70 | 3))

where

+I(XZ' > S+T0)AG¢
G(S + 7'0)

wi(mo]s) =0;1(s < X; < s+ 7) G(s)

G(X))
is the inverse probability weight (IPW) to account for censoring and G (+) is the Kaplan-Meier

estimate of G(-), the censoring distribution.

Measures of prediction discrimination In clinical practice, a decision at time s is
often made based on a subject’s risk of experiencing an event in the next time interval 7
based on Hy(s), R(70, s, Ho(s)), rather than on specific values of the multivariate Ho(s). Key
summary indices for characterizing the performance of a risk prediction model are therefore

dependent on specifying a risk threshold 1 for a positive test, and are defined as

TPF(ro|s,¢) = P(Ri(ro|s) >0 ]s<T; <s+m)

FPF(ry|s,¢) = P(Ri(ro|s) >4 |T; > s+m).
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When estimated over the full range of risk thresholds, these can be displayed using an ROC
curve: ROC(7y | s,+) = {TPF(7o | s, FPF (7o | 5,4)), ¥ € (0,1)}. When no specific risk
thresholds are of key interest, a measure such as the area under the ROC curve (AUC)

provides a summary of the ability of the risk prediction model to discriminate between cases

and non-cases across the full range of risk thresholds: AUC(7 | s) = fol ROC(1y | s,)d.

For a robust evaluation of various longitudinal risk prediction rules, we consider estima-
tors

TP | s,0) = it lBilro|s) > v]s < T < s+ m) Bi(no] 5
01 S 6 (s < T; < s+ 1) (70 | 5) 7

_ S I(Ri(ro ] 8) > ¢ | Xy > s+ 1)
FPF = 1=
(10 s,%) SIXG > s+ 70) ’

and AUC(ry | s) = [i ROC(7y | 5,)di.

Comparison and evaluation of predictive performance: simulation setup. In the
second set of simulations we compare the predictive performance of five longitudinal models
for estimating the conditional survival probability (PCcox, PCarm, PCcox BLUP, PCarm
BLUP and a joint model), using measures of predictive accuracy and discrimination: PE(7 |
s), TPF(1|s,v) and FPF (79| s, ) for ¢ = 0.25, AUC(7p | s). For the joint model fitting we
used a function provided in the R package JM [Rizopoulos, 2010]. Note that in all simulations
considered, JMs were fit with specifications that corresponded to the true model.

We varied the magnitude of the measurement error (o, = {0.1,1.0}), and the predictions
were made for four sets of s and 7y with s = {24,48} and 7, = {12,24}. All simulations
used n = 500 and the estimates were obtained from 500 replications.

For each simulation run, all models were fit to a training dataset. A validation dataset
was generated with the same parameters as the corresponding training dataset. PCRs were

predicted for individuals in the validation set who were are risk at time s. We used the last
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available marker value (marker at time s) for prediction in the PC models, and used all the
marker information up to time s in prediction using the two stage PC¢ox BLUP model and
the JM. Accuracy performance metrics were calculated nonparametrically conditioning on

time s.

Comparison and evaluation of predictive performance: results. In the scenario
where measurement error is small, 0 = 0.1, the predictive performance of all models is com-
parable (Table 3.3). In the case of a large measurement error, o = 1.0, JM using individual
trajectories up to time s performed better in terms of both calibration and discrimination
compared to the PCqrm, PCaox, PCarym BLUP and PCq,, BLUP models. However, we
observed a substantial improvement in predictive performance of the PCgry BLUP and
PCqox BLUP over PCqrv and PCgoy. The performance of the PCqry BLUP and PCeoy
BLUP models was often comparable to that of the JM, and was achieved with much simpler

computational steps at model fitting and risk prediction stages (Table 3.4).

3.5.5  Summary of simulation results

In our simulation studies we evaluated the accuracy of risk predictions with the true risks
when possible (PCgpym or PCeoy), as well as an example comparing risk predictions obtained
using the PCgry BLUP and the current gold standard, the joint model, which is also the data
generating model in our simulations (JM). The predicted risks are close to the true risks (or
the gold standard) and the estimated standard errors are very close to the empirical standard
€rrors.

Further evaluation of predicted risks in terms of their calibration and discrimination
suggests that when measurement error is small, the performance of all models is compara-
ble (Table 3.3). When measurement error is large (Table 3.4), an improvement in model
calibration (reduction in prediction error (PE)) and improvement in performance of the dis-

crimination rule based on predicted risk (larger area under the ROC (AUC)) can be achieved
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by using the two-stage PC models when a fitted marker value at time s incorporating prior
information is used for prediction. The fitted value is obtained using marker values up to
time s for a new subject and estimates from a linear mixed effects model fitted to a full
cohort, not including the new subject. The performance of the two-stage models as evalu-
ated by PE and AUC is comparable to JM. We note that the improvement in performance
of PCgrm BLUP and PCq, BLUP hinges on the assumption that the longitudinal marker

data is modeled correctly. This same assumption is required by the JM.

The values of the true and false positive fractions (TPF and FPF) for fixed risk thresholds
differ slightly between the models, suggesting that the distributions of conditional risk differ
between those with and those without events in the 75 time frame from s. However, the
integrated difference between TPF and FPF over all possible risk thresholds is quite stable
even if TPF and FPF for a single threshold differ (for example, see PCqry BLUP, PCeoyx
BLUP and JM for s = 40 and 79 = 12, Table 3.3). This suggests that the risk distributions
obtained from the different models for those with (D) and without events (D) are slightly
shifted, but the area of overlap of the distributions of D and D is largely unaffected, since
the AUC is stable between the models. Thus, though we see some small differences in the
distributions of predicted risks from the different models, the models are comparable in their

ability to discriminate between D and D.

Based on these results, we conclude that PC models are adequate for use in practice.
We recommend using PCgry BLUP or PCeoy BLUP models when the biomarkers under
consideration have large measurement errors and when the marker trajectory can be modeled
well. When there is no strong variation observed over time, we expect the simpler approach

of PCqrm or PCeox to perform well.
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Figure 3.4: Simulation results for individual partly conditional survival probability predic-
tions using two-stage BLUP estimator (PCgrm BLUP) for two randomly selected example
subjects from a simulated dataset.
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Table 3.1: (0. = 0.1) The conditional predicted risk, R(7 | s), for four sets of s and 7 for
subjects with marker = {0, 1} estimated using the partly conditional generalized linear model
with the logit link function (PCgry) and the partly conditional Cox-type model (PCeyy).
The true risks were obtained empirically. Empirical standard errors (ESD), asymptotic
standard errors (ASE) and mean-squared errors (x1000) (MSE) are also provided. Data
simulated with standard deviation of the measurement error o, = 0.1, replications = 500, n
= 500 at baseline.

T0 = 12 To = 24
s =24 s =48 s =24 s =48

=0 y=1 y=0 y=1 y=0 y=1 y=0 y=1
True 0.332 0.089 0.319 0.088 0.565 0.174 0.549 0.171
PCcLm
EST 0.334 0.089 0.330 0.087 0.552 0.178 0.543 0.173
ESD 0.029 0.011 0.038 0.014 0.037 0.021 0.045 0.024
ASE 0.029 0.011 0.039 0.014 0.036 0.021 0.046 0.025
MSE(x1000) 0.859 0.119 1.636 0.187 1.497 0.449 2.189 0.605
PCCox
EST 0.319 0.090 0.307 0.086 0.545 0.179 0.528 0.171
ESD 0.019 0.008 0.018 0.007 0.030 0.015 0.029 0.013
ASE 0.018 0.008 0.017 0.007 0.029 0.015 0.028 0.013

MSE(x1000) 0.489 0.066 0.447 0.055 1.185 0.257 1.230 0.177

3.6 Real data example: ESRDS dataset

3.6.1 Study design and participants

The ESRDS is a retrospective cohort of 698 individuals aged 18-60 years with severe non-
dialysis requiring chronic kidney disease (CKD) who received ambulatory care in the Com-
munity Health Network (CHN) in San Francisco from January 1, 1996 to February 29,
2008. CKD was defined based on at least two outpatient estimated glomerular filtration rate

(eGFR) measurements < 60mL/min/1.73% that were separated by at least three months,
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Table 3.2: (0, = 1.0) The conditional predicted risk, R(7p | s), for four sets of s and 7
for subjects with marker = {0, 1} estimated using the partly conditional generalized linear
model with the logit link function (PCgpym) and the partly conditional Cox-type model
(PCcox). The true conditional risks (True) were obtained empirically. Empirical standard
errors (ESD), asymptotic standard errors (ASE) and mean-squared errors (x1000) (MSE) are
also provided. Data simulated with standard deviation of the measurement error o, = 1.0,
500 replications, n = 500 at baseline.

To = 12 To = 24
s =24 s =48 s =24 s =48

True 0.189 0.131 0.157 0.109 0.333 0.237 0.280 0.207
PCarm

EST 0.190 0.123 0.166 0.107 0.334 0.230 0.298 0.201
ESD 0.017 0.013 0.021 0.016 0.026 0.021 0.031 0.025
ASE 0.017 0.012 0.021 0.015 0.026 0.021 0.032 0.025
MSE(x1000) 0.289 0.210 0.538 0.23 0.671 0.497 1.323 0.658
PCCOX

EST 0.191 0.125 0.171 0.111 0.332 0.229 0.301 0.206
ESD 0.011 0.009 0.009 0.007 0.019 0.015 0.016 0.013
ASE 0.011 0.008 0.009 0.007 0.018 0.015 0.015 0.013

MSE(x1000) 0.116 0.113 0.287 0.055 0.317 0.292 0.662 0.163

of these subjects we identified those with severe CKD defined based on the baseline eGFR
measurement of < 30mL/min/1.73%. The outcome of interest was time to ESRD (initiation
of dialysis or kidney transplantation) or death. The longitudinal marker of interest was
eGFR and was recorded at least once in every 6-month time interval from study entry until
an event or censoring. Other covariates available were demographic (age, sex, ethnicity) and

comorbidities at baseline (diabetes, hypertension, chronic viral disease, substance abuse).
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3.6.2  Analysis methods

We were interested in predicting the conditional probability of progression to ESRD or death
within a given timeframe, 7y, given event-free survival and covariate information up to time
s, Ri(to|s) = P(T; < s+7|T; > s,H;(s)). We used clinically relevant prediction timeframes,
To, of 1 and 3 years basing our predictions on data available for the last 1 or 2 years. A
subject found to be at high risk of ESRD in a 1-year timeframe would likely be recommended
to meet with their healthcare team in order to start preparing for dialysis. A three-year
timeframe would provide a subject at high risk with preventive treatment options, starting
with controlling comorbid conditions such as hypertension and diabetes, lifestyle changes,

among others.

In order to make risk predictions for every subject in our dataset, but avoid overfitting
by training and validating our models on the same data, we used cross-validation. We split
the dataset into five subsets using stratified sampling stratifying on baseline eGFR level (][0,
15], (15, 30]), with the five subsets being mutually exclusive. Each of the five subsets was

treated as a validation set, with the remaining 4/5 of the data used as a training set.

We fit the five models introduced in sections 3.2 and 3.3. The first model was a partly
conditional generalized linear model with the logit link function with eGFR as the main
predictor and measurement time modeled with a natural cubic spline with df = 3 (PCgry).
Our second model was a partly conditional Cox-type model with measurement time modeled
with a natural cubic spline with df = 3 and eGFR as the main predictor (PCcey). The third
model was the two-stage PCcox BLUP model: for each individual in the validation set,
fitted marker values were obtained via the empirical BLUP (best linear unbiased predictor)
from the given individual’s data up to time s and REML (restricted maximum likelihood)
estimates of covariance parameters from the LMEM fit to the training set. The observed
marker trajectories were non-linear with a tendency to increase shortly after entry into the

cohort and stabilizing after about 0.5 years (Figure 3.5). To model that we fit a linear spline
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with a knot at 0.5 years for the fixed and random effects in the LME model. This approach
provided smoothing to individual marker data while ‘shrinking’ each individual’s marker
trajectory towards the population-averaged mean marker trajectory. For each prediction
time s, the empirical BLUP of the random effect was updated to take into account any
additional data that has become available since the previous prediction time (PCgox BLUP).
The fourth model was a two-stage PCqry model (PCgpy BLUP). The fifth model was a
joint model, where the LMEM sub-model was as that used for PC¢, BLUP, in two-stage
PC models for modeling eGFR as a linear spline with a knot at 0.5 years for both the fixed
and random effects (JM).

For each training set we fit each of the four models and obtained risk predictions based
on the corresponding validation set. Repeating this process for each of the five training-
validation pairs, we obtained risk predictions for every individual in our dataset for a given
s and 7. From these, using the estimators of prediction evaluation measures in section 4, we
estimated the prediction error (PE), the true positive fraction (TPF) at a risk threshold of
0.25, the false positive fraction (FPF) at a risk threshold of 0.25 and the area under the ROC
curve (AUC). The standard errors were estimated empirically by perturbing the risk vector
with weights ~ exp(1) 200 times. To estimate the time-dependent ROC, we estimated the
time-dependent TPF and FPF using the predicted risks for all individuals for a given s and

To using each individual’s risk as a threshold.

3.6.3 Results

The characteristics of the ESRDS dataset are summarized in Table 3.7. The mean (sd)
eGFR among the subjects in the study cohort was 19.6 (7.6) mL/min/1.732 mean age was
45.7 (9.4) years, with a quarter of subjects under the age of 40 years at study entry, 64%
male, 38% were black, and more than 26% of the subjects presented with at least one of

the risk factors for ESRD (hypertension substance abuse, chronic viral disease). During the
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Individual observed eGFR trajectories, stratified by eGFR and age at baseline
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Figure 3.5: Observed individual trajectories of eGFR over time, stratified by eGFR groups
at baseline ([0,15], (15,20], (20,25], (25,30] mL/min/1.73m?) and age groups at baseline ((16,
401, (40, 50], (50, 60] years). Trajectories for subjects with 3 or more observations are plotted.

study, there were 321 (46%) composite events observed (220 (31.5%) ESRD events and 101
(14.5%) deaths without prior ESRD diagnosis). The average follow-up time was 6.2 years
(max = 14.3 years) with the average time to event of 2.8 years. Composite event counts

and ESRD event counts stratified by baseline eGFR and age are summarized in Table 3.5.
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The composite events of ESRD or death were dominated by ESRD events in all eGFR and
age strata. Composite event counts in the relevant prediction timeframes are summarized in
Table 3.6.

The number of eGFR measurements available for a given individual ranged from 1-24,
and were taken at approximately 6-month time intervals, with over 50% of the individuals
providing four or more measurements. A description of the characteristics of the dataset are
summarized in Table 3.7.

The estimates of the prediction capacity measures were summarized in Table 3.8. The
prediction errors for the three year timeframe were twice those for predictions for one year,
with PCgox and PCqoc BLUP achieving the lowest prediction errors of the five methods
(Table 3.8), but the confidence intervals of PE for all methods for a given s and 7y overlapped.
TPF and FPF at the risk threshold of 0.25 were considerably different between the methods,
suggesting that the risk distributions of those with events and those without events differed
between the methods. Despite these differences in risk distributions, the ability of the models
to discriminate between the two groups of subjects was relatively comparable.

The AUC estimates ranged from 0.65 (PCgpy BLUP, s = 1, 79 = 3) to 0.86 (PCcox,
s = 2, 1o = 1). Overall, the best discrimination between those with and without events
betwen s and s 4 79, given being at risk at time s, was achieved for s = 2 and 7y = 1 with
the AUC of 0.71 for the JM and between 0.78 and 0.86 for the PC models. The PC models
fit to the observed data (PCcox and PCgrym) performed better in terms of calibration and
discrimination compared to the two-stage models (PCcox BLUP and PCgpy BLUP) and the
JM.

Figure 3.6 shows that the time-dependent ROC curves estimated using PC Cox-type
models are very similar across s and 7y pairs, which is consistent with the AUC estimates
in Table 3.8. The best prediction performance for eGFR was achieved with PC¢,y for s = 2
and 70 = 1 with AUC of 0.86 (95% CI: (0.78, 0.94)). Both the PCgry BLUP and the
JM performed poorly compared to other models, especially for 7o = 1. PCgrm BLUP was
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outperformed by all others for s = 1 and 7y = 3. The shape of the ROC curve for JM
at s = 2 and 7y = 1 suggests that though the model does appear to assign higher risk to
those with events than those without events overall, about 5% of the subjects with highest

predicted risks did not, in fact, experience events in that timeframe. We note a similar trend

with PCgpv BLUP for s = 1 and 79 = 3 (Figure 3.6, Table 3.6).

The plots of predicted risk for one example individual (Figure 3.7) with predictions up
to 9 years based on marker data for 2, 4 and 6 years showed that, in general, the PC models
behaved similarly to one another. With two years of data, the BLUP predicted response
profile resulted in a value very close to the observed value at s = 2. The resulting predictions
from 2.5 to 9 years increase slowly over time, with prediction curves from different models are
almost parallel. At s = 4, the BLUP marker value and the observed value differ substantially,
and this results in a larger spread of predictions between different models. Risk curves again
increase over time, except for those corresponding to PCgry and PCqry BLUP which level
off at around 6.5 years and start to slowly decrease after that. For s = 6, prediction paths for
all the PC models are very similar and increasing, the trend for the JM is similar, but about
0.2 lower on the risk scale throughout. This patient experienced an event at 11.4 years after
study entry, thus the higher predicted risks are likely to be closer to the true risk for this
particular individual (Figure 3.7). The trends seen in this plot were consistent with results

summarized in Table 3.8.

3.6.4 Remarks on the ESRD analysis and results

The estimated glomerular filtration rate (eGFR) trajectories proved to be quite challenging
to model. We chose the linear mixed effects (LME) model with a linear spline with a knot
at 0.5 years after exploring several models with linear and natural cubic splines. Our goal
was to find a parsimonious model that accounted for the sharp change in marker trajectory

observed for most subjects in the dataset. Parsimony was important because achieving
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Figure 3.6: (ESRD Study) Time-dependent ROC curves for predicted risk of a composite
outcome of end stage renal disease (ESRD) and death in the ESRD Study from the Com-
munity Health Network in San Francisco. The risk was predicted using five models: the
partly conditional generalized linear model with the logit link function (PC GLM), partly
conditional Cox-type model (PC Cox), two-stage PC models (PC Cox BLUP and PC GLM
BLUP) and the joint model (JM). The rows represent s = 1 and 2 years, the columns refer

to 79 = 1 and 3 years.
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Figure 3.7: (ESRD study) Individual risk predictions for subject 531 from the ESRD Study.
We fit five models to the ESRDS dataset excluding subject 531, and obtained risk predictions
at 0.5 year increments starting at time s = 2, 4 and 6 years (rows) with maximum prediction
time of 9 years. The curves on the left show the observed data the predicted response profiles
of eGFR the risk prediction curves shown on the right were based on. The five models fit
were the partly conditional logistic model(PC GLM), partly conditional Cox-type model (PC
Cox), two-stage PC models (PC Cox BLUP and PC GLM BLUP) and the joint model (JM).



72

convergence when fitting the JM with a complex LME model is challenging. We opted to
use the same LME model for the two-stage PC models and the JM in order to compare
them in as similar a situation as possible. However, using a more complex model for the
longitudinal trajectories would not pose a challenge for the two-stage PC models. We expect
that the improvement, had we used a better fitting LME model in the two-stage PC models,
would result in some improvement in the results, though it is difficult to speculate on the
magnitude of the expected improvement.

Overall, the eGFR is a good predictor of risk of ESRD or death. It performed especially
well in our analysis for the 1 year prediction timeframe (79 = 1) for subjects still at risk at
2 years (s = 2) with the PCgox model, which does not require any assumptions about the

marker process.

3.7 Summary

Updated predictions of risk using accumulated information among patients under active
surveillance are important for disease management. Development of dynamic prediction
rules is often challenging, requiring the consideration of both longitudinal process of the
predictors and their relationship with disease outcome that can change over time. Statistical
methods focusing on longitudinal prediction have appeared in the literature in recent years,
however, much work is still needed.

In this chapter we developed flexible approaches that can accommodate complex practical
settings, and evaluated modeling choices in order to provide practical guidance for using the
available methods in outcome prediction research. Specifically, we proposed estimation and
inference procedures for estimating partly conditional risk, R(7 | s,H(s)), based on the
covariate history H(s) up to time s. When large within-individual variability is observed
for longitudinal covariates, it is assumed to be non-systematic and the marker trajectories
can be modeled well, the BLUP approach to obtain predicted response profiles is a nice tool

for smoothing the marker data in an attempt to reduce noise in the marker trajectories.
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In that situation, the predictions based on the two-stage PCgry BLUP and PCq,, BLUP
models can achieve better prediction performance compared to those obtained from PCqrm
and PCoox.

The partly conditional models provide a versatile, flexible and robust framework for
longitudinal risk prediction and are a practical alternative to joint models. One of the
strengths of the PC models is that they are computationally relatively simple, and can be
easily extended to more complex situations as dictated by the applied problem at hand.
For example, multiple longitudinal biomarkers can be easily incorporated without having
to resort to multi-level integration and strong modeling assumptions, as can markers with
complex longitudinal trajectories that cannot be modeled adequately with simple linear
mixed effects models.

In the next chapter (Chapter 4) we focus our attention on estimation and inference
for measures of calibration and discrimination in cohort studies. Some of these measures
have been briefly introduced in order to carry out some of the evaluations presented in this
chapter. The full treatment of why these measures were chosen, their definitions, estimation,

inference and evaluation follows in Chapter 4.
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Table 3.3: (0. = 0.1) Estimates (EST) and empirical standard errors (ESD) of measures
of predictive capacity summarizing predictions based on the partly conditional generalized
linear model with the logit link function (PCgry), partly conditional Cox-type model using
observed data (PCcox) and smoothed marker values (PCcox (BLUP)), and the joint model
(JM). The estimates were obtained for four sets of s and 7y for small measurement error (o,
= 0.1), n = 500 at baseline, 500 replications.

0 =12 To = 24
s=24 s =48 s =24 s =48
EST (ESD) EST (ESD) EST (ESD)  EST (ESD)

PCcrLm

PE 0.178 (0.014) 0.171 (0.022) 0.198 (0.014) 0.212 (0.022)
TPF(0.25) 0.791 (0.059) 0.706 (0.117) 0.936 (0.030)  0.903 (0.056)
FPF(0.25) 0.422 (0.063) 0.366 (0.090) 0.663 (0.067)  0.632 (0.100)
AUC 0.760 (0.034) 0.730 (0.059) 0.789 (0.029)  0.749 (0.048)
PCCOX

PE 0.179 (0.014) 0.172 (0.024) 0.197 (0.013)  0.212 (0.021)
TPF(0.25) 0.764 (0.057) 0.615 (0.114) 0.948 (0.026)  0.911 (0.050)
FPF(0.25) 0.385 (0.056) 0.274 (0.067) 0.701 (0.061) 0.645 (0.087)
AUC 0.760 (0.034) 0.730 (0.059) 0.789 (0.029)  0.749 (0.048)
PCqry (BLUP)

PE 0.177 (0.014) 0.170 (0.022) 0.197 (0.014) 0.211 (0.022)
TPF(0.25) 0.793 (0.058) 0.710 (0.117) 0.936 (0.030)  0.906 (0.056)
FPF(0.25) 0.420 (0.063) 0.364 (0.089) 0.661 (0.067)  0.632 (0.098)
AUC 0.763 (0.034) 0.733 (0.059) 0.792 (0.029)  0.752 (0.048)
PCcox (BLUP)

PE 0.178 (0.014) 0.171 (0.024) 0.196 (0.013)  0.210 (0.020)
TPF(0.25) 0.768 (0.057) 0.623 (0.114) 0.948 (0.025) 0.914 (0.050)
FPF(0.25) 0.386 (0.056) 0.276 (0.065) 0.701 (0.062)  0.647 (0.087)
AUC 0.763 (0.034) 0.733 (0.059) 0.792 (0.029)  0.752 (0.048)
JM

PE 0.176 (0.014) 0.170 (0.021) 0.196 (0.014)  0.209 (0.020)
TPF(0.25) 0.789 (0.056) 0.708 (0.090) 0.944 (0.024)  0.918 (0.046)
FPF(0.25) 0.409 (0.047) 0.350 (0.070) 0.682 (0.057)  0.648 (0.081)
AUC 0.765 (0.034) 0.737 (0.052) 0.791 (0.031)  0.755 (0.047)

PE = prediction error, TPF(0.25) = true positive fraction at R(7o | s) = 0.25, FPF(0.25) = false
positive fraction at R(7o | s) = 0.25, AUC = area under the ROC curve
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Table 3.4: (0. = 1.0) Estimates (EST) and empirical standard errors (ESD) of measures
of predictive capacity summarizing predictions based on the partly conditional generalized
linear model (PCgLm), partly conditional Cox-type model (PCcoyx) using observed data and
smoothed marker values (PCgry BLUP, PCco BLUP), and the joint model (JM). The
estimates were obtained for four sets of s and 7y for large measurement error (o, = 1.0), n
= 500 at baseline, 500 replications.

0 =12 To =24
s =24 s =48 s =24 s =48
EST (ESD) EST (ESD) EST (ESD)  EST (ESD)

PCarm

PE 0.209 (0.014) 0.196 (0.023) 0.248 (0.012)  0.254 (0.018)
TPF(0.25) 0.759 (0.085) 0.608 (0.150) 0.975 (0.023)  0.945 (0.046)
FPF(0.25) 0.572 (0.089) 0.443 (0.129) 0.918 (0.045)  0.859 (0.083)
AUC 0.639 (0.042) 0.614 (0.063) 0.651 (0.039)  0.623 (0.056)
PCCOX

PE 0.209 (0.014) 0.193 (0.023) 0.248 (0.011)  0.253 (0.017)
TPF(0.25) 0.717 (0.074) 0.543 (0.117) 0.985 (0.015)  0.960 (0.036)
FPF(0.25) 0.527 (0.073) 0.384 (0.086) 0.941 (0.037)  0.892 (0.065)
AUC 0.636 (0.041) 0.609 (0.064) 0.650 (0.037)  0.619 (0.057)
PCqrm BLUP

PE 0.194 (0.014) 0.183 (0.022) 0.224 (0.013)  0.228 (0.020)
TPF(O.25) 0.782 (0.071) 0.679 (0.124) 0.956 (0.028) 0.927 (0.054)
FPF(0.25) 0.491 (0.074) 0.394 (0.103) 0.802 (0.069)  0.734 (0.099)
AUC 0.709 (0.038) 0.693 (0.056) 0.727 (0.034)  0.709 (0.053)
PCecox BLUP

PE 0.195 (0.013) 0.180 (0.022) 0.223 (0.012) 0.229 (0.018)
TPF(0.25) 0.762 (0.065) 0.629 (0.122) 0.972 (0.020)  0.947 (0.042)
FPF(0.25) 0.466 (0.065) 0.344 (0.078) 0.852 (0.061)  0.788 (0.082)
AUC 0.708 (0.038) 0.692 (0.060) 0.729 (0.033)  0.705 (0.053)
JM

PE 0.192 (0.014 0.183 (0.020 0.223 (0.014 0.227 (0.019

(0.014) (0.020) (0.014) (0.019)
TPF(0.25) 0.794 (0.057) 0.715 (0.094) 0.961 (0.020)  0.938 (0.039)
FPF(0.25) 0.506 (0.053) 0.430 (0.073) 0.813 (0.054)  0.759 (0.073)
AUC 0.710 (0.039) 0.694 (0.059) 0.728 (0.037)  0.710 (0.053)

PE = prediction error, TPF(0.25) = true positive fraction at R(7g | s) = 0.25, FPF(0.25) = false
positive fraction at R(7o | s) = 0.25, AUC = area under the ROC curve
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Table 3.5: Distribution of composite event counts and ESRD events stratified by eGFR and
age categories. Numbers of subjects who did not experience an event during the study are

summarized as non-events.

End Stage Renal Disease Study

eGFR Non-events ESRD or death ESRD
category n % n % n %
[0,5] 9 24 27 8.4 26 11.8
(5,15] 75 19.9 84 26.2 60 27.3
(15,20] 58 154 65 20.2 47 214
(20,25] 91 241 75 23.4 47 214
(25,30] 144 38.2 70 218 40 182
Age Non-events ESRD or death ESRD
category n % n % n %
(16, 40] 104 27.6 73 22.7 56  25.5
(40, 50] 140 37.1 113 352 75 34.1
(50, 60] 133 35.3 135 42.1 89 40.5

Table 3.6: Number of composite (ESRD or death) events observed within followup-time
intervals of interest (in years).

End Stage Renal Disease Study

Prediction timeframe

Conditioning time =1 To=3
s=1 55 114
s =2 31 7
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Table 3.7: Baseline characteristics of the severe chronic kidney disease (CKD) Community
Health Network (CHN) subcohort defined based on age and eGFR at baseline (age <60 and

eGFR <30mL/min/1.73m2) (n = 698).

End Stage Renal Disease Study, CHN severe CKD subcohort (n = 698)

Age (years) (n, %)

— (16, 40] 177 25.4
(40, 50] 253 36.2
— (50, 60] 268 38.4
Male (n, %) 449 64.3
Ethnicity (n, %)

— White 193 27.7
— Black 269 38.5
— Hispanic 127 18.2
— Asian 96 13.8
— Other ethnicity 13 1.9
eGFR mL/min/1.73m? (mean, sd) 19.6 7.6
eGFR mL/min/1.73m? (n, %)

—[0,5] 36 5.2
— (5,15] 159 22.8
— (15,20] 123 17.6
— (20,25 166 23.8
— (25,30] 214 30.7
Homeless status (n, %) 84 12.0
Diabetes (n, %) 98 14.0
Hypertension (n, %) 188 26.9
Cardiovascular disease (n, %) 54 7.7
Substance abuse (n, %) 229 32.8
Chronic viral disease (n, %) 244 35.0
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Table 3.8: Estimates (EST) and standard errors (ESD) of measures of predictive capacity summa-
rizing predictions of a composite outcome (death or ESRD) based on eGFR and a partly conditional
logistic model with the logit link function (PCgrm), partly conditional Cox-type model using ob-
served data (PCcex), smoothed marker values obtained using predicted random effects based on
estimates from a linear mixed effects model and individual’s data up to time s (PCgrm BLUP,
PCgox BLUP) and the joint model (JM). The estimates were obtained for four sets of s and 7.
The number of events between s and s+ 7y, and the number of subjects at risk at time s are denoted
by ne and n, respectively.

End Stage Renal Disease Study

70 = 1 year To = 3 years
s =1 year s = 2 years s = 1 year s = 2 years
(ne/m =55/574)  (ne/n =31/519) (ne/n = 114/574) (n./n = 77/519)

EST (ESD) EST (ESD) EST (ESD) EST (ESD)
PCarm
PE 0.082 (0.015) 0.062 (0.016) 0.152 (0.033) 0.150 (0.037)
TPF(0.25) 0.745 (0.062) 0.742 (0.080) 0.736 (0.041) 0.695 (0.049)
FPF(0.25) 0.249 (0.013) 0.205 (0.014) 0.366 (0.016) 0.350 (0.017)
AUC 0.791 (0.024) 0.838 (0.029) 0.749 (0.022) 0.703 (0.027)
PCCox
PE 0.075 (0.009) 0.053 (0.011) 0.132 (0.024) 0.128 (0.031)
TPF(0.25) 0.582 (0.060) 0.710 (0.085) 0.719 (0.043) 0.694 (0.050)
FPF(0.25) 0.135 (0.012) 0.135 (0.013) 0.333 (0.018) 0.355 (0.020)
AUC 0.791 (0.033) 0.861 (0.041) 0.771 (0.024) 0.731 (0.029)
PCqrm BLUP
PE 0.100 (0.016) 0.076 (0.018) 0.179 (0.033) 0.165 (0.038)
TPF(0.25) 0.691 (0.061) 0.645 (0.088) 0.816 (0.046) 0.777 (0.049)
FPF(0.25) 0.312 (0.016) 0.264 (0.016) 0.600 (0.021) 0.502 (0.022)
AUC 0.714 (0.034) 0.782 (0.039) 0.650 (0.027) 0.682 (0.030)
PCcox BLUP
PE 0.078 (0.006) 0.057 (0.011) 0.139 (0.017) 0.130 (0.028)
TPF(0.25) 0.436 (0.058) 0.645 (0.090) 0.719 (0.046) 0.707 (0.052)
FPF(0.25) 0.064 (0.013) 0.121 (0.015) 0.366 (0.021) 0.374 (0.023)
AUC 0.777 (0.039) 0.851 (0.047) 0.756 (0.028) 0.731 (0.032)
JM
PE 0.086 (0.007) 0.069 (0.011) 0.147 (0.020) 0.139 (0.023)
TPF(0.25) 0.218 (0.060) 0.323 (0.084) 0.728 (0.044) 0.635 (0.047)
FPF(0.25) 0.096 (0.015) 0.201 (0.016) 0.386 (0.021) 0.350 (0.020)
AUC 0.706 (0.038) 0.708 (0.048) 0.727 (0.027) 0.691 (0.031)

PE = prediction error, TPF(0.25) = true positive fraction at R(7o | s) = 0.25, FPF(0.25) = false positive
fraction at R(19|s) = 0.25, AUC = area under the ROC curve
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Chapter 4

ASSESSING PREDICTION PERFORMANCE UNDER
LONGITUDINAL COHORT STUDIES

4.1 Introduction

In the previous chapter we tackled the problem of predicting risk of an event in the next 7
time interval from s for a new subject given their covariate information up to time s. The
quality of such predictions depends on the predictiveness of the longitudinal marker, on how
well the model relating the longitudinal marker to the event of interest approximates their
true relationship, and in the case of the joint model and the two-stage models discussed in
the previous chapter, longitudinal biomarker data.

Each of these aspects needs to be carefully evaluated before deciding on the marker and
the model. In most situations, as in both our illustrative datasets, the marker to be evaluated
has already been selected, but modeling options remain. Practical guidance as to how to
evaluate these modeling options was discussed in Chapter 3. We now turn our attention to
methods for evaluating the quality of risk predictions obtained from an arbitrary longitudinal
marker and an arbitrary predictive model.

Our choice of evaluation measures was driven by their clinical utility and clinically mean-
ingful interpretation. In this chapter we focus on evaluation of predictions in a cohort setting,
while keeping in mind their potential utility in evaluating risk predictions under two-phase
study designs. This was one of the motivations for our choice of inference procedures. In
other words, the inference procedures developed in this chapter can be extended and applied
to variance estimation of risk prediction evaluation measures in two-phase studies.

In this chapter we develop estimators of measures of calibration and discrimination to
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evaluate risk predictions in a longitudinal setting with time-to-event outcomes. We develop
resampling-based inference procedures for variance estimation of the estimators of the eval-
uation measures. We evaluate the performance of our estimators using simulations and
illustrate them on the ESRDS dataset.

In the next section we discuss the reasons behind our choice of measures to evaluate
risk predictions in a longitudinal setting, their definitions follow in section 4.3, estimation
procedures are presented in section 4.4, inference in section 4.5. Simulation studies (section
4.6), results (section 4.6.5) and an illustration of our methods on the ESRD study dataset

is presented in section 4.7. The summary section (4.8) concludes the chapter.

4.2 Choice of measures to evaluate predictive capacity in a longitudinal set-
ting

True and false positive fractions (TPF and FPF) are standard measures for eval-
uating tests, diagnostic or predictive. They also commonly appear in other areas of study,
under possibly different names [Pepe, 2003]. They are widely used in practice, where TPF
quantifies the sensitivity of a test, and 1-FPF the specificity of a test. These measures
serve as building blocks for various other measures in wide clinical use, such as the receiver
operating characteristic (ROC) curves and the area under the ROC (AUC) (section 2.2).
TPF and FPF have also been used as a basis for developing measures such as net benefit,
which additionally incorporates the disease prevalence into the calculation and is used to
quantify the utility of risk predictions to guide treatment on a population level [Vickers and
Elkin, 2006, Pepe et al., 2013]. Therefore, TPF and FPF, and thus ROC and AUC, are
fundamental for work on measures for evaluation of any tests, including predictive tests in

a longitudinal setting.

Proportion of cases followed and proportion of the population to follow (PCF and

PNF) are risk prediction summaries recently proposed by Pfeiffer and Gail [Pfeiffer and
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Gail, 2011]. They are also based on TPF and FPF, respectively, and additionally require
estimation of a risk threshold for a given quantile of risk in a population. The PCF(q)
represents the estimated proportion of cases that would be captured if we followed proportion
q of the population at highest risk, and PNF(p) represents the estimated proportion of the
population at highest risk that would need to be followed in order to capture proportion p
of the cases (section 2.2). We chose them because of their clinically relevant interpretation
and potential for use in evaluating the feasibility of preventive interventions on a health care

system level.

Prediction error (PE) is a measure of model calibration rooted in the 1950’s [Brier,
1950]. It has a structure that is intuitive, comparing the predicted risks with the observed
outcomes. We chose the definition which uses the squared loss function, which provides a
proper scoring rule and ensures that PE attains its minimum at the true underlying risk,

which may not be the case with other loss functions [Schoop et al., 2011].
4.3 Definitions of measures of predictive capacity in a longitudinal setting

The clinical utility of biomarkers has traditionally been quantified with a receiver operating
characteristic (ROC) curve and the area under the ROC (AUC) estimated using markers
at baseline or, in a longitudinal setting, using marker value at time s [Heagerty et al.,
2000, Zheng and Heagerty, 2004]. In our approach, our goal is to incorporate all informa-
tion available up to time s in making the prediction at s. Such information may include
baseline covariates, longitudinal covariates, as well as multiple longitudinal markers. More
formally, we want to have the ability to make a decision at time s based on a subject’s risk
of experiencing an event in the next time interval 7o, R;(7o | s) = R(7o | 5, H;(s)) = P(s <
T, <s+1|T; > s, Hi(s)), given their covariate information up to time s, rather than on
specific values of the longitudinal covariate of subject i at time s, Y;(s). Therefore, we define

a test based on risk at time s, which can be thought of as a summary of various covariate
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information available up to time s.

Definition of a test A test is said to be positive if R(7y | s,H;(s)) > ¢, ¥ € (0,1), and

negative otherwise.

Definition of an event A subject ¢ is said to have experienced an event if s < T; < s+ 7y
and not experienced an event if T; > s + 19. We make a distinction between cases and
subjects who have experienced an event. A subject who has experienced an event at some
point during the entire study will be referred to as a case. A subject who has experienced
an event between s and s + 75 will be referred to as a subject who has experienced an event
in a given timeframe. This distinction will become especially important in the next chapter

where we deal with two-phase sampling designs.

Definitions of the true and false positive fractions (TFP and FPF) The true
positive and false positive fractions are just that, fractions of positive tests among subjects
with and without events, respectively. Depending on the setting, diagnostic or predictive,
time-dependent or longitudinal, the definition of a test and event in a given setting determines
the definition of these fractions. In the longitudinal setting, [Zheng and Heagerty, 2007
defined the TPF(7 | s) and FPF(7y | s) as

TPF(1 | s,v) = P(Y(s) >c|s<T <s+m) and

FPF(r|s,¢) = P(Y(s)>c|T > s+ ).

Thus, they considered the marker value at time s in defining the test. This definition allows
for the estimate of TPF and FPF to be reevaluated when new information becomes available,
but it does not use biomarker information prior to s, nor does it allow for adjustment for
baseline covariates. Lastly, it allows for evaluation of a single biomarker at a time. Building

on that definition with the goal of addressing the above shortcomings, we define our test in
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terms of risk at time s, where any number of longitudinal markers and baseline covariates

can be used to estimate that risk.

We define the true and false positive fractions in a longitudinal setting as:

TPF(1|s,v) = P(R(ro|s)>v¢|s<T <s+m) and
FPF(ro|s,¢) = P(R(ro|s) > ¢ [T > s+ )

Definitions of the ROC and the area under to ROC (AUC) The longitudinal
definitions of the receiver operating characteristic curve, ROC(7y | s,-), and the area under

the receiver operating characteristic curve, AUC(m | s), follow:

ROC(ry|s,") = {TPF(m|s,FPF (7| s,¢)), ¥ € (0,1)} and
AUC(ro | 5) = / ROC(70 | , 1))

Definitions of proportion of cases followed (PCF) and proportion of population
needed to be followed (PNF) In the longitudinal setting, we define the proportion of
cases followed, (PCF(7 | s,¢)), as the proportion of subjects who experience an event in time
To from s, conditional on being at risk at time s, if we follow a proportion ¢ of individuals
at highest conditional risk, R(7 | s), in the population (Figure 4.1). Let v, denote a risk
threshold such that P(R(7 | s) > ¢,) = ¢. Then

PCF (70| s,q) = P(R(1o|8) > ¢y | s <T < s+ 1)

A related measure, the proportion of the population needed to be followed, PNF(7q | s, p),
denotes the proportion of the population at highest conditional risk that needs to be followed

in order to capture a proportion p of cases (Figure 4.1). Let ¢, denote a risk threshold such
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Then

P(R(ro|s) >y |s<T <s+m)=p

PNF(7y | s,p) = P(R(1o|s) > ¢, | T > s)

Proportion of the population
needed to be followed
PNF(q = 0.58) = 0.30

total sample

controls cases

risk —>

Proportion of cases
captured
PCF(p = 0.30) = 0.58
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Figure 4.1: The relationship between the proportion of cases followed (PCF) and the pro-
portion of population to be followed (PNF).

Definition of prediction error Definition of prediction error (PE) based on risk in a

longitudinal setting and its estimation in a cohort setting was developed by Schoop et al.

[Schoop et al., 2008, Schoop et al., 2011]. We emphasize that it is their definition and

estimator of PE that we present in this chapter, and we chose to introduce it here for clarity

of presentation. Prediction error is a measure of calibration that we would like to make

available for evaluating model calibration in two-phase studies. We introduce all measures

that we provide estimators for under two-phase study designs in this chapter, as we only

present the estimation of additional weights that are needed to account for sampling bias
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in the next chapter. Thus, the presentation of the estimators in this chapter is general in
the sense that the form of the estimators is the same under two-phase sampling; only the
estimation of the weights is different in two-phase studies. In the cohort, the weights only
account for censoring, whereas in two-phase studies the weights account for censoring and

sampling bias. The latter is the focus of Chapter 5.
PE(7 | s), as defined by [Schoop et al., 2008, Schoop et al., 2011], is

PE(ro|s) = E(I(s < T < s+ 1) — R(ro | 8))* | T > s)

4.4 Estimation of prediction performance measures under longitudinal cohort
studies

In this section we describe nonparametric estimation procedures of our performance mea-
sures. Previous work done on TPF and FPF in a longitudinal setting used semiparametric
estimation methods [Zheng and Heagerty, 2004, Zheng and Heagerty, 2007]. We opted for
nonparametric estimation as a way to increase robustness and require fewer assumptions.
We assume that censoring time is independent of covariates and event time. That as-
sumption is required since we use Kaplan-Meier to estimate the censoring distribution, which
we then use to estimate the inverse probability weights to account for censoring. The as-
sumption of independence between the censoring time and covariates can be relaxed if the
censoring distribution were to be estimated with a method allowing for covariate adjustment,

such as Cox regression.

Estimation of the true and false positive fractions

e~ e I(Ri(1o | 8) > ) (s < X; < 5+ 70) Ws(70 | 5)
TPF(7o | s,¢) = 1 ST (s < X, <5 0 B 5] (4.1)

= (R I(X; 70) @i (7
FPF(ry | s,0) = 2=l z(ﬂ(]l'f().xj ;b)s Er TO;;(J;O |Oi) (70| 5) (4.2)
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where

wi(ro | s) = W™ (7o |s)
= §l(s< X; <s+m) AG<S) +I(X¢>s+70)ﬂ (4.3)
G(XJ G(S + 7'0)

is the inverse probability weight (IPW) to account for censoring and G (+) is the Kaplan-Meier

estimate of G(-), the censoring distribution.

Estimation of the area under the ROC curve (AUC) The AUC(1|s) is estimated
by

1 < — o
AUC (1o)5) = 5 > { TPF(7ols, ¥s))+TPE (7|5, ¥y n)))- (FPE(7ols, ¥s))—FPF (03, Y1)
=1
(4.4)
where ;) is the i ordered risk E(i) (10]5), Yoy =0, Y1) = 1, @(Tg | 5,%()) =0 and

TPF(TO | S,i/}(n+1)) =1.

Estimation of the proportion of cases followed (PCF) proportion of population
needed to be followed (PNF) To estimate the PCF(ry | s,-) we first sort the data ac-

cording to decreasing risk, }/é (70| s). We find the largest k satisfying the following inequality:

Y I(X > s) %-(To s) ., (4.5)

> i (X > s) Wi(7o | 5)

Then the estimator of PCF(7 | s,-) is defined as

w;(7o | 8)
W,

i(70| 5)

Zf 11(8<X¢§S+7’0)

PCF
(o] 5,q) = Yo s < X; <s+m1)

(4.6)

To estimate the PNF(ry | s, -) we sort the data by decreasing risk, R.(7 | s), and we find
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the largest k satisfying the following inequality:

k ~
Zilzl I(S < Xz S S+ 7'0) ”l/iii(’ro | S) S » (47)
Yo s < X < s+ 1) Wi | )
then the PNF(7 | s, +) is estimated by
=T S I(X > 8) @il | 5)
PNF = == — 4.8
(TU | S7p) Z?:l I(XZ > 8) wi(TO ’ S) ( )

Estimation of prediction error The estimator of the prediction error, PE(7 | ), is

n

151\'3(7'0 |s) = - ,\1 Z I(s<X;<s+m)(1— Ri(ro | S))ZQ/U\Z'(TO | s)
i WiTo | 8) 4

+1(X; > s+ 1) (Ri(70] 8))” @i(mo | s)) (4.9)

4.4.1  Estimation of prediction performance measures under longitudinal cohort studies when

measurement times vary

When measurement times vary substantially from those specified in the study protocol, but
can still be assumed to be independent of censoring and event times, estimation procedures
incorporating last-value-carried-forward (LVCF) can be improved upon with the Best Linear
Unbiased Predictor (BLUP) approach. Let s denote the time of interest. In the LVCF
approach, the last available measurement before time s is carried forward and imputed for
any missing observations at time s. This approach can cause bias in the estimation of model
parameters [Tsiatis and Davidian, 2004]. This bias is likely to be substantial in settings
where the slope of the marker trajectory is steep, or negligible if the marker trajectories are

relatively stable.

The BLUP approach developed in section 3.3.3 uses the marker trajectory information

in the full cohort to inform about the marker trajectory of a new subject at some future
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time point s+ 7y given information up to s (equation 3.7). Thus, in settings where the slope
of the marker trajectory is nonzero, and when the marker trajectory can be modeled well,
using BLUP to impute the observations at time s can lead to reduced bias in the estimation

of model parameters.

4.5 Inference for estimators of prediction performance measures under lon-
gitudinal cohort studies

The bootstrap was introduced in 1979 as a resampling-based method for estimating the stan-
dard error of arbitrarily mathematically complicated estimators [Efron, 1979, Efron and
Tibshirani, 1993]. It has been widely used in practice to estimate standard errors of estima-
tors that themselves can be estimated using standard methods, but for which the derivation
of an explicit expression for the variance is difficult or not feasible.

In the bootstrap, the sampling is done with replacement. The weights have a multinomial
distribution with parameters n and (1/n,...,1/n), where n is the sample size. Thus, for a
given bootstrap sample, some individuals may not be sampled at all, others may be sampled
up to n times. The estimation of the quantity of interest, (), proceeds in the usual way
using the data in the bootstrapped sample. Repeating this procedure B times results in B
estimates @b, b=1,...,B, and the empirical variance of those is the variance of @

A different approach, which is referred to in the literature as perturbation or simply a
resampling method for variance estimation, was originally developed as an alternative to
the bootstrap [Rao and Zhao, 1992, Parzen et al., 1994, Jin et al., 2001]. Similarly to
the bootstrap, perturbation is a resampling-based variance estimation method. Intuitively,
perturbation adds error of known magnitude to the estimation of a quantity of interest, @,
and estimates the magnitude of the variability in @ that the perturbation resulted in. In
perturbation, the weights are continuous, positive random variables with expectation and
variance equal to 1. Thus, for a given iteration of the perturbation, each individual’s data

has a continuos weight associated with it and though a given individual’s contribution to
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the estimation may be up- or down-weighted, it is always there.

Either the bootstrap or the perturbation could be used for variance estimation of esti-
mators developed in this chapter, where the estimation is based on a cohort. Thus, in the
early phase of the project we considered using the bootstrap for this part of the project. As
the project matured, we decided to use perturbation for two reasons. One, our estimators
are nonparametric, thus not likely to be smooth. There appears to be some emphasis in
the literature on the fact that perturbation works well even for non-smooth estimators. We
note, however, that the bootstrap tends to work quite well in practice in such situations
as well. The second reason, and this was the driving one, was that the bootstrap does not
provide valid inference in two-phase studies sampled under finite sampling, whereas pertur-
bation does [Cai and Zheng, 2013]. Thus, since we wanted to develop inference procedures
that could be used in a wide variety of settings, we opted for perturbation as the variance
estimation method for all parts of this work.

Next, we describe one general approach to the perturbation. This was the basis for the
perturbation procedures used for variance estimation in our work, and was based on the
work of [Uno et al., 2007]. There are other approaches to using perturbation to estimate the
variance of a quantity of interest, see section 2.4 for additional details.

In general, the placement of the weights can be thought of as recursive. Consider the
following simple example (adapted from [Uno et al., 2007]) where we explain how to estimate
a perturbed overall misclassification rate (OMR). For a working model P(T < t|Z) = g(8%2),
where g(-) is a known, strictly increasing, differentiable function, 7" denotes the event time
without censoring (only for the purposes of this example), Z denotes a baseline covariate and

[ is an unknown parameter. S can be estimated by solving the following equation:
1 n
Up)=— Z; ((T; <t)—g(BZ;)) =0
(8) nZ (UT; < 1)~ 9(82)

To obtain a perturbed estimate of 3, we would generate V;,, « = 1,...,n, from a known
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distribution with expectation and variance equal to 1, for example V; ~ exponential(1).

Then, we can estimate the p** perturbed S, B;, p=1,..., P, by solving
* 1 .
Us(B) = ﬁzvip(zi (T <t) - 9(6Z:))) =0
i=1

In recursion terms, this estimating equation would be our baseline, since it only uses
the observed data and the perturbation weights in the estimation. Next, we will use B; in

estimation of the perturbed OMR. Uno et al. define OMR as
D(c) = E[(T, < t) — I(g(BZs) > ¢)|

where -, denotes a future individual. For some threshold ¢, D(c) can be estimated as
~ ] — ~
D(e) = - > IUT; < 1) = Ug(BZ) > c)
i=1

To estimate the p!* perturbed l/i(c)7 5;(0), we will use the perturbed estimate of BI’; from

the earlier step and perturb each individual’s contribution to the estimation of ﬁ;(c) Thus
A* 1 . A*
Di(e) = = S Vi II(T: < )~ 1(9(5;20) > )]
i=1

This concludes our example. Estimation for more complex scenarios proceeds in a similar
fashion, starting with estimation based on the data and perturbation weights, and possibly

using those estimates as part of the estimator of more complex quantities.

Uno et al. [Uno et al., 2007] provided theoretical justification for perturbation and used
it to estimate standard errors of nonparametric estimators of true and false positive fractions
in a time-dependent setting for a marker measured at baseline. The authors dealt with a

situation where the marker is measured at baseline, event status is time-dependent and they
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used inverse probability weighting (IPW) to account for censoring in estimation [Uno et al.,

2007].

A general inference procedure for performance measures estimated under longi-
tudinal cohort studies The variance of each of our performance measures can be esti-

mated as follows:

1. Generate n x P independent and identically distributed random variables V;, from
a known distribution with E(V,) = 1 and Var(V;,) = 1, and V,xp = {Vj, i =
1,...,n, p=1,..., P}

2. Use V,«p to obtain P perturbed estimates of

(a) the censoring distribution @;()

(b) the IPW conditional on s to account for censoring, @y, (7 | s). We can then

estimate
(c) the perturbed conditional risk, }A%;‘p(TO | s) and

(d) the evaluation measures l\A/[;(TO | s), where M denotes any of {TPF, FPF, AUC,
PCF, PNF, PE} and * denotes a perturbed estimate.

3. The empirical variance of the P estimates 1\7[;(7'0 | s), p=1,..., P, is the estimated

variance of M(7, | s), M = {TPF, FPF, AUC, PCF, PNF, PE}.

The details of estimation for each iteration p =1,..., P in step 2 are described next.
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Inference for the true positive fraction (TPF) and false positive fraction (FPF)

The p'* perturbed estimator of TPF(7q | s,%) and FPF(rg | s,9) is

. "R > ) I(s < X; < s+ 719) W

TOF ([ 5.0) = > I( Zp(nfo |s) > ) I(s <s 70) W, (70 | 5) (4.10)
P Yo I(s < X; < s+ 70) Wi, (70 | 5)

S IR (10 | 8) > ) I(X; > s+ 10) W70 | 8)

2y I(Xi > s+ 70) W, (10 | )

FPF, (10| s, )

where fifp(m | s) denotes the p™ perturbed risk estimate for individual i conditional on data

available up to time s and

A~k CEMS

@fp(m |s) = wy, (10 ] s) (4.12)

G* O
= Y ((M(S <Xi<s+7)= »() +1(X; > s +TO)A>
GZ’(XZ G;(S + Tg)

is the p'* perturbed estimated inverse probability weight (IPW) to account for censoring and
CAJ;() is the p perturbed Kaplan-Meier estimate of G(-), the censoring distribution. For

details on estimation of ﬁ;‘p(ﬁ) | s), see Chapter 3.

Inference for the area under the ROC curve (AUC) The p™ perturbed estimator
of AUC(1y | s) is

n

AUC (10 ]s) = {(TPFP(TO | s,%@) + TPF (10| 5, ¢+1)))

DO | —

=1

x (FPF (10 | 5,4)) — FPF, (10 | 8,¢1))) (4.13)

where 9)(;) is the it" ordered p* perturbed risk IA%E;.)p(TO |5), %) =0, Vi1 = 1, F/P\F;(Tg | 5,%0)) =0
and TPFP(TO ’ S, w(n—‘rl)) = 1.
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Inference for the proportion of cases followed (PCF) and the proportion of pop-
ulation needed to be followed (PNF) To estimate the p"* perturbed PCF(r | s,-),
?C\F;(TO | s,-), we sort the data according to decreasing perturbed risk, fifkp(To | s). We find

the largest k satisfying the following inequality:

S I > s) W, (o | 5)

D = <q (4.14)
> i I(Xi > 5) W5, (7o | 5)

Then the p* perturbed estimator of PCF(r | s, ) is

Zle I(s < Xi < s+70) Wi, (70| 5)

PCF. = o
p(TO ’ S, Q) Z?:l I(S < X@ < s+ 7'0) w;'kp(TO ‘ 8)

(4.15)

To estimate the p'* perturbed PNF(7 | s,-), P/N\F;(Tg | s,-), we sort the data according to

decreasing perturbed risk, ]%f*p(To |s), and find the largest k satisfying the following inequality:

Zle I(s < Xi < s+7) w},(70 | 5)
S ls < X; <s+7) wy, (7o | 5)

<p (4.16)

then the p'* perturbed estimator of PNF(7 | s,-) is

Zle I(XZ > S) @?p(To ‘ 8)

PNF. (1 | 5,p) = =& _ 417
o) = S TR s @0 e
Prediction error The p'* perturbed estimator of PE(7, |s) is
o~ % 1 i = 2~
PE - _ I(s < X; < 1- R *
019 = o (1 < XS 0w (1= Ry 9)

FI(X > s+ 10) (R (10| 8)) @70 | 5)) (4.18)
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4.6 Simulation studies

4.6.1 Data Generation

The longitudinal marker data was generated following the general setup used in the JM
literature ([Tsiatis et al., 1995, Wulfsohn and Tsiatis, 1997]). We assumed a linear mixed
effects model with measurement error: Y;(u) = W;(u) + e;(u) = ap; + aq; f (u) + e;(u) where
f(u) = log(u/vy), vi = 30, with a Weibull baseline hazard: \o(u) = v/va(u/vs)?"t, scale
ve = 20 and shape v = 1.4. The random components «; = (ag;, @1;) were generated as a

bivariate normal with mean (g, fta;)” = (0.6, —0.1)T, or (ptay, tay)T = (0.6, —1.0)T, and a

, , 0.832  —0.005
covariance matrix 3, = . The measurement error e;(u) ~;q N(0,02),

—0.005 0.132
i1=1,...,n,7=1,...,m; and o, = 0.1 and 1.0, representing two scenarios: small measurement

errors and large measurement errors. Figure 4.2 shows the biomarker trajectories for subjects
under the simulation settings varying measurement error o, and the slope of the marker
trajectory fi,,. Failure time was assumed to depend on the covariate (without error) through
a proportional hazards relationship: A;(u) = Ao(u) exp{SW;(u)}, where § = —1.5. Censoring
time was generated from an exponential distribution (rate = 0.01), with administrative
censoring at 180 months. There were up to 10 measurements per subject taken at 6-month
intervals (scenario 1) or at 6-month intervals £ u;; (scenario 2) (Figure 4.3), where U;; ~
Unif(0,3), ¢ = 1,...,n, j = 2,...,m; ensuring that min(T;,C;) > (s;; + u;;). We were
interested in predicting the risk of an event at time s + 7y given biomarker data up to
time s: Ry(1o|s) = P(T; < s+ 7| Ti >s5,Y(s)). All simulations were run in R (www.1-

project.org).

4.6.2  True values

The true values were estimated as follows: we generated two datasets of size n = 500,000,

without censoring. One served as a training set and the other as a validation set. We fit
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Figure 4.2: Example simulated datasets with p,, = —0.1 and standard deviation of the

measurement error o, = 0.1 (top left panel), u,, = —0.1 and o, = 1.0 (top right), g, = —1.0
and o, = 0.1 (bottom left), po, = —1.0 and o, = 1.0 (bottom right).
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the partly conditional logistic (4.19) model to the training set. Using the estimates from
the model, observed marker values and the true event status from the validation set we
estimated the true values for each of the measures of prediction quality for four sets of
(s,70) = {(24,12),(48,12),(24,24), (48,24)} for every combination of o, = {0.1,1.0} and
foy = {—0.1,—1.0} (Figure 4.2).

Scenario 1 Scenario 2

400 500
| |
400 500
| |

Subject ID
300
L

200
L
Subject ID

100
|
100
|

20 30 40 50

Measurment time Measurment time

Figure 4.3: Example datasets showing simulated visit times in simulation scenarios 1 and 2.
In scenario 1, all subjects have visits and marker measurements at 6-month time intervals as
specified in the study protocol (left panel). In scenario 2, all subjects have a baseline visit
and a measurement at time zero, but the following visits take place at random times and
may occur up to 3 months before or after the scheduled visit (right panel). The visit times
are assumed to be independent of the event time, censoring time and covariates, measured
or unmeasured. The black dots indicate visits, the grey lines follow each subject until their
event time or censoring time.

4.6.3  Fvaluation of bias and variance

In this set of simulations we evaluated the performance of the estimation procedures to

estimate measures of prediction quality, as well as the variance estimation procedures. We
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report the bias, empirical variance, perturbation variance and coverage probability for the
true positive fraction at a risk threshold of 0.4 (TPF(0.4)), the false positive fraction at 0.3
risk threshold (FPF(0.3)), the area under the receiver operating characteristic curve (AUC),
the proportion of cases followed in the top 20% of subjects at highest risk (PCF(0.20)) and
the proportion of the population needed to be followed in order to capture 80% of the cases

(PCF(0.80)).

The simulations were run as follows. The data was generated according to scenario 1,
where all measurements are taken at equally spaced time intervals. For each iteration, k,
of the simulation, we generated two datasets, a training and a validation set with the same

simulation parameters and both with censored data. We fit the following model
P(Tij < 10| 815, Hi(si5), Tij > 0) = g(e/'B(sy) + BYi(s4)) (4.19)

where B(s) is a natural spline of measurement time with df = 3, to the full training set, and
predicted the risk of an event for each individual in the validation set using their data at
time s and the model parameter estimates. We then estimated the measures of prediction
quality using the predicted risk and event status of individuals in the validation set at time

s (censored) using estimators described in section 4.4.

To estimate the variance of our estimators, we generated P perturbation weights, V;, i =
1,---, P, for each individual in the validation set, where V; ~ exp(1). We then estimated
P measures of prediction quality using the weighted estimators as described in section 4.5.
The variance of a given estimator is then the sample variance of the P perturbed estimators.
We ran the following sets of simulations: n = {500, 1000, 2000, 4000}, K = 1000, P =
500, (s,70) = {(24,12),(48,12),(24,24),(48,24)}, 0. = {0.1,1.0} and po, = {—0.1,—1.0}.
In this set of simulations we report the true value of each measure (True), the estimate
(Est), percent bias (Bias %) calculated as ((True-Est)/Truex100), empirical standard errors

(SEemp), average of the estimated perturbed standard errors (SE,e) and the empirical cov-
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erage probability of the true values by the 95% confidence intervals (x 100) constructed as
Est +1.96 x SEpert (CP %).

4.6.4  FEwvaluation of bias when measurement times vary

In this set of simulations we generated data according to scenario 2, where the marker
is measured at baseline (time = 0) and then at 6-month intervals =+ u,;; months, where
U;; ~ Uniform(0,3), i = 1,...,n, j = 2,...,m;, ensuring that min(T;,C;) > (s;; + wi;).
Thus, the measurement time does not depend on any measured or unmeasured covariates,
survival time nor censoring time. One approach to deal with irregular measurement times
is last value carried forward (LVCF), where the last value observed before the conditioning
time, time s, or the time at which the prediction is made, is “carried forward” to time
s. We proposed another approach that uses the best linear unbiased predictor (BLUP),
where the marker trajectory is modeled and the marker value is predicted from the fitted
model and the new individual’s data up to time s. The predicted marker value is used
for risk prediction, rather than the observed marker value carried forward to time s. We
expected there to be most bias when measurement error is small and the marker slope is
large, and based on preliminary simulation results that, in fact, is the case. Hence, we
focused our simulations on such a scenario and considered o, = 0.1 and the following slopes
to, = {—0.1,—-1.0,—2.0,—3.0} (see Figure 4.4). In this set of simulations we report the
true value of each measure (True), the estimate (Est), percent bias (Bias %) calculated as

((True-Est)/Truex100), empirical standard errors (SEepp)-

Variable measurement times, LVCF

For each iteration, k, of the simulation, we generated two datasets, a training and a val-
idation set with the same simulation parameters and both with censored data accord-

ing to measurement spacing described in scenario 2. We fit model 4.19 to the observed



99

marker values in the full training set. The predicted risk of an event for each individ-
ual in the validation set was based on their last observed marker value before time s and
the model parameter estimates. Measures of prediction quality and their variance were
estimated as described in section 4.6.3. We ran the following sets of simulations: n =
2000, K = 1000, P = 500, (s,79) = {(24,12), (48,12), (24,24), (48,24)}, 0. = {0.1,1.0} and
toy, = {—0.1,—1.0, 2.0, —3.0}.

Variable measurement times, BLUP

For each iteration, k, of the simulation, we generated two datasets, a training and a vali-
dation set with the same simulation parameters and both with censored data according to

measurement spacing described in scenario 2. We fit the following linear mixed effects model:

}/ij = Bo + 61l09(8¢j + 1) -+ bgi + bulOg(Sij + 1) + eij (420)

and obtained predicted marker values for all individuals in the training set at regularly
spaced 6-month time intervals (BLUP training set). For individuals in the validation set, we
used parameter estimates from model 4.20 fit to the training dataset, and individual data
up to time s to obtain predicted marker values at time s (BLUP validation set). We then
fit the PCgry model 4.19 to the BLUP training set. The predicted risk of an event for each
individual in the BLUP validation set was based on their BLUP marker value at time s and
the PCqry model parameter estimates. Measures of prediction quality and their variance
were estimated as described in section 4.6.3. We ran the following sets of simulations: n =
2000, K = 1000, P = 500, (s,70) = {(24,12), (48,12),(24,24), (48,24)}, 0. = {0.1,1.0} and
to, = {—0.1,—1.0, 2.0, —3.0}.



100

Mo, ==0.1 Mo, ==1

15
|

15
|

Marker
Marker

0 10 20 30 40 50 0 10 20 30 40 50
Measurement time (months) Measurement time (months)
U, = —2 U, = =3

15
|

15
|

10
|

10
|

Marker
Marker

0 10 20 30 40 50 0 10 20 30 40 50

Measurement time (months) Measurement time (months)

Figure 4.4: Simulated datasets showing the effect of p,, on the shape of the trajectory of
the marker. The parameters used to generate the data are: n = 500, 5 = -1.5, po, = 0.6,
Oay = 0.83, 04, = 0.13, cov(ap, a1) = -0.005, o, = 0.1. Maximum number of visits is 10,
with visit times every 6 months. For clarity of presentation, all trajectories are plotted in
gray, with trajectories of a random sample of 10% of subjects plotted in black.
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4.6.5  Simulation results

Simulation results: evaluation of bias and variance For the small error, o, = 0.1,
and marker slope of p,, = —0.1, the coverage probability (CP) ranged from 93.2-96.4%
for all measures and all four sets of (s,7p). The bias was < 1.4% for all measures and the
perturbation standard error estimates (SEpe) were very close to the empirical standard
errors (SEemp) (Table 4.1). In the simulation with o, = 1.0 and p,, = —0.1, the bias in
all measures was < 1.3%, SE e were very close to SEen, and the CP ranged from 92.4-
96.4% (Table 4.2). For the simulation with o, = 0.1 and p,, = —1.0 the bias was < 1.4%
for all measures and the CP ranged from 93.8-96.5% (Table 4.3). In the setting with a
large measurement error, o, = 1.0, and marker slope of p,, = —1.0 the estimates were
within 1.3% of the truth and the SE, .+ were very close to SEep,. The CP for FPF(0.3) at
(s,70) = (48,24) was low at 90.1%, despite the fact that bias was 0.3% (est = 0.965, truth =
0.968), SEpert = 0.024 and SEen, = 0.023. This is likely due to the estimate being close to
one, and the confidence intervals truncated at one. The CP’s for all other measures in this

simulation ranged from 92.6-96.1% (Table 4.4).

We also present the results for (s,79) = (48,24), 0. = 0.1 and p,, = —1.0, for four
sample sizes at baseline: n = {500, 1000, 2000,4000}. This setting, with small variance of
the measurement error and mean marker slope of -1.0 seemed to be the most challenging with
more variability than other simulation settings. For n = 500 at baseline, the effective sample
size at s = 48 was relatively small, with 58 events on average in the 24-month timeframe,
28 subjects were still at risk at the end of the 24 months and 14 subjects were censored.
For that sample size, we noted up to 3.7% bias and CP’s ranged from 92.9 to 98.0%. As
the sample size increased, bias decreased, CP’s stabilized around 95%. The performance of
the estimators was already much better for n = 1000 (at baseline), and for n = 4000 (at
baseline) the SE et = SEem,, for all measures, up to three significant digits, and CP’s ranged

from 93.5-95.5 (Table 4.5).
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Simulation results: evaluation of bias when measurement times vary In this
simulation we compared the estimates of the measures and their empirical standard errors
for two approaches for imputing missing data at time s, last value carried forward (LVCF)
and best linear unbiased predictor (BLUP) when marker measurements deviate from those
specified in the protocol by up to 3 months (scenario 2, Figure 4.3). We considered a scenario
where the marker slope is large (uq, = {2.0,3.0}, Figure 4.4), measurement error is small
(0. = 0.1). The LVCF was highly biased, especially in the timeframes when the marker
trajectory was steepest, which was early on ((s,79) = (24,12)). Bias in LVCF during those
timeframes ranged from 2.3% to 53.4%, with the direction of the bias consistent with poorer
prediction quality: PE increased, AUC decreased, PCF(0.2) decreased, PNF(0.8) increased
(Table 4.6). Bias in BLUP for those timeframes ranged from 0-2.5%. For the timeframes
corresponding to the leveling off of the marker trajectories, such as (s,79) = (48,12), the

bias in the LVCF was smaller, but still considerably larger than that for BLUP.

4.6.6  Remarks on the simulation setup and results

We considered a wide range of scenarios in our simulations, with varying marker trajectories,
varying magnitudes of measurement error, conditioning times and prediction timeframes.
Overall, our estimators performed well, especially when effective sample sizes were not small
(Tables 4.1 — 4.4). However, even for small sample sizes (Table 4.5) with n = 500 at baseline
and the effective sample size of 100 at s = 48, the bias ranged from 0.9-3.7% and coverage
probability (CP) ranged from 92.9-98.0%. The performance of the estimation quickly im-
proved, and for n = 1000 at baseline, and effective sample size of 198, the maximum bias
observed was 1.8% and CP ranged from 93.2-96.2%. Thus, even for small sample sizes, the
performance is quite good. We saw similar trends in all simulation scenarios for n = 500
through n = 4000 at baseline (data not shown). We chose to present the trends in estimation

as sample size increases for this particular set of o., 1., and (s,7) because our estimators
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seemed to perform least well in this setting. That is likely due to the fact that at s = 48
the effective sample size is much smaller than at s = 24, and for 7, = 24 the number of
non-events conditional on s = 48 is usually small (Table 4.5).

In another set of simulations in which we compared the performance of last value carried
forward (LVCF) and best linear unbiased predictor (BLUP) for dealing with missing data
when measurement times deviate from those specified in the protocol (Table 4.6). This
simulation showed one, possibly extreme, example of the potential bias in the estimation
when a naive approach (LVCF) is used to impute measurements at specified times. Our
simulation suggests that it might be advantageous to try to do better than LVCF, and
BLUP is one example of an approach that can do better. We note that in our simulation we
only considered a scenario where the BLUP response profiles are predicted using the true
model. That is an advantage that is not likely to be available in practice. However, even if the
true model is not known, in the prediction setting there is no penalty for considering several
models and different imputation approaches. The one that results in the best prediction
performance as measured by one’s performance measures of choice should be selected.

We note that one needs to be careful not to use future information in the modeling, and
thus prediction. It is easy to make that mistake by using some of the naive approaches to
imputation. BLUP is an approach that ensures that only past information is used to obtain
each point on the predicted marker profile of each individual. Though the BLUP approach
is more complex to apply than LVCF, it is likely to offer better prediction performance than
LVCF in a variety of settings, while ensuring that the prediction evaluation does not rely on
future information. Based on our simulations, those presented in Table 4.6 and others (not
shown), we anticipate BLUP outperforming LVCF in situations where nonsystematic noise
in the data is high, while the trajectories can be modeled relatively well with a linear mixed
effects model.

The number of simulation iterations and perturbations was arrived at by experimenta-

tion. The results were very similar with a much larger number of iterations and/or pertur-
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bations, suggesting that the simulation results are already stable at 1000 iterations and 500

perturbations.
4.7 Real data example: ESRDS dataset

Study design and analysis FEnd Stage Renal Disease Study (ESRDS) dataset was used
to illustrate the methods developed in this chapter. The dataset description was presented
in section 3.6.1. To obtain risk predictions we fit a PCqry model (3.3.2) with a binary
outcome of having an event between s and s + 7y vs. not, with observed marker values
as the main predictor, adjusting for measurement time modeled as a spline with df = 3.
Procedures described in section 4.4 were used for estimation and those described in section

4.5 for inference.

Results Some of the results in section 3.6.3, specifically table 3.8, were estimated using
the methods presented in this chapter. In table 4.7 we present the estimates for the full set
of measures discussed in this chapter, thus these results include PCF(0.2) and PNF(0.8) in
addition to those presented earlier.

We observed the best overall prediction performance of estimated glomerular filtration
rate (eGFR) in predicting death or end stage renal disease (ESRD) in a 79 = 1 year time-
frame given up to s = 2 years of biomarker information (Table 4.7). For that (s, ) the
AUC was 0.84, PE = 0.06, PCF(0.2) = 0.71 and PNF(0.8) = 0.29. All of these indicate
better prediction performance than the corresponding estimates obtained for the other three
timeframes (s, 1) = {(1,1),(1,3),(2,3)}. We observed 31 events in 7y = 1 year conditional
on being at risk at s = 2 years. This is the lowest number of events observed in any of
the (s,7p) timeframes considered (Table 4.7), thus the standard errors of the estimates are
highest for (s,79) = (2,1) compared to those in other timeframes.

The prediction performance results for eGFR were also very good for (s,7) = (1,1)

year timeframe, with a small PE (0.08) and a high AUC and PCF(0.2), 0.79 and 0.66,
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respectively, showing only a small decrease in prediction performance from the (s, 79) = (2, 1)
year timeframe. The PNF(0.8) value was 0.29 at s = 2 and deteriorated to 0.51 at s = 1,
in a 79 = 1 timeframe. Otherwise the estimates showed moderate transitions between the
different (s, 7y) timeframes. The prediction performance degraded when we considered the
7o = 3 prediction timeframe, with the worst overall predictions observed in (s,79) = (3,2)

years.

Remarks on the ESRDS analysis and results The effective samples sizes for the dif-
ferent s and 7y timeframes were relatively small. Based on our simulations, the estimates
can be biased by a few percent for small sample sizes, and the standard errors overestimated.
This was not always the case, however, and we found it to depend on the amount of noise
in the data. For example, in one of our simulations (results not shown) with a small mea-
surement error, o, = 0.1, and p,, = —0.1, (s,79) = (4, 1) years, with 99 subjects at risk at
time s and 21 events observed between s and s + 79, we observed 2.8% bias in the estimate
of PCF(0.8) and its SE overestimated by 7%. However, other measures were well estimated,
as were their standard errors. Thus, we expect the estimates in the ESRDS analysis to be

within a few percent of their true values, and their standard errors to be conservative.
4.8 Summary

In this chapter we extended the definitions of several measures of predictive capacity to
the longitudinal setting and provided estimation and inference procedures for them. We
evaluated their performance using extensive simulation studies and illustrated their use in
an analysis of the End Stage Renal Disease Study dataset.

The methods described in this chapter are not only of practical importance, but they
are the foundation for the work on estimation and inference for evaluation measures in two-
phase studies presented in the next chapter. We attempted to evaluate our methods in

simulations that mimic various practical scenarios with varying magnitudes of measurement
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error, different marker trajectories and sample sizes. Our estimation and inference methods
performed very well in our simulations, providing evidence that they are likely to perform
well in practice.

Additionally, we compared the estimation performance of last value carry forward (LVCF)
and the best linear unbiased predictor (BLUP) when measurement times deviate from pro-
tocol, but the deviations can be assumed to be independent of survival and censoring times,
as well as covariates. The BLUP outperformed LVCF substantially in our simulations, and
even if the improvement is not as large in practice, we believe that the BLUP is a great
approach for using the available information, while ensuring that future information is not
used in the estimation, to improve prediction performance.

In the next chapter we build on the work presented in this chapter to develop estimation
and inference procedures to under case-cohort, stratified case-cohort and nested case-control

study designs.
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Table 4.1: Cohort, n = 2000, iterations = 1000, perturbations = 500, 0. = 0.1 and p,, = -0.1.
Effective sample sizes used to estimate the performance measures are summarized in the table as
ne/nz/ne, where n, denotes the number of events observed in a 7y timeframe from s, nz denotes the
number of subjects still at risk at time s + 7 and n. is the number of subjects who were censored
between s and s + 7.

Cohort (n = 2000), iterations = 1000, perturbations = 500, o, = 0.1, p4, = -0.1
s =24, 1o = 12, ne/ne/n. = 215/591/88

True Est Bias % SEemp SEpert CP %
PE 0.155 0.155 0.5 0.007 0.007 95.1
TPF(O.4) 0.464 0.464 0.1 0.045 0.044 94.7
FPF(O.?)) 0.248 0.247 0.6 0.027 0.027 94.5
AUC 0.768 0.768 0.0 0.018 0.019 95.7
PCF(0.2) 0.440 0.443 0.7 0.027 0.028 95.5
PNF(0.8) 0.521 0.519 0.4 0.032 0.034 94.5

s =48, 190 = 12, ne/ne/n. = 84/274/40

True Est Bias % SEemp SEpert CP %
PE 0.150 0.149 0.4 0.011 0.011 95.1
TPF(0.4) 0.334 0.336 0.6 0.067 0.068 94.4
FPF(0.3) 0.206 0.204 0.9 0.037 0.039 94.8
AUC 0.740 0.742 0.3 0.031 0.030 93.2
PCF(0.2) 0.422 0.427 1.3 0.045 0.047 96.4
PNF(0.8) 0.544 0.538 1.0 0.052 0.056 94.1

s =24, 1o = 24, ne/ne/n. = 349/398/145

True Est Bias % SEemp SEpert CP %
PE 0.183 0.183 0.1 0.007 0.007 94.5
TPF(O.4) 0.768 0.771 0.4 0.030 0.031 94.7
FPF(0.3) 0.494 0.498 0.7 0.039 0.038 94.6
AUC 0.792 0.792 0.1 0.016 0.016 95.0
PCF(0.2) 0.377 0.379 0.5 0.016 0.017 96.0
PNF(0.8) 0.566 0.565 0.1 0.024 0.024 94.3

s =48, 1o = 24, n./ns/n. = 138/192/68

True Est Bias % SEemp SEpert CP %
PE 0.188 0.189 0.9 0.010 0.010 95.7
TPF(0.4) 0.697 0.695 0.3 0.052 0.054 96.1
FPF(0.3) 0.464 0.471 1.4 0.053 0.055 94.6
AUC 0.767 0.760 0.9 0.026 0.027 95.0
PCF(O.Q) 0.379 0.380 0.1 0.029 0.030 94.9
PNF(0.8) 0.572 0.578 1.0 0.038 0.040 94.5

PE = prediction error, TPF(0.4) = true positive fraction at R(7g | s) = 0.4, FPF(0.3) = false positive fraction at R(7g | s) = 0.3,
AUC = area under the ROC curve, PCF(0.2) = the proportion of events in 7¢ timeframe from s captured if 20% of the population
at risk at time s were followed, and PNF(0.8) = the proportion of the population at risk at time s that would need to be followed in
order to capture 80% of the events in the timeframe 7 from s.
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Table 4.2: Cohort, n = 2000, iterations = 1000, perturbations = 500, o, = 1.0 and p,, =
-0.1. Effective sample sizes used to estimate the performance measures are summarized in
the table as n./nz/n., where n, denotes the number of events observed in a 7y timeframe
from s, nz denotes the number of subjects still at risk at time s + 75 and n. is the number
of subjects who were censored between s and s + 7.

Cohort (n = 2000), iterations = 1000, perturbations = 500, o, = 1.0, fq, = -0.1
s =24, 1o = 12, n./ne/n. = 215/591/88

True Est Bias % SEemp SEpert CP %
PE 0.180 0.180 0.1 0.007 0.007 94.9
TPF(0.4) 0.192 0.190 0.8 0.041 0.041 93.1
FPF(0.3) 0.261 0.260 0.7 0.037 0.038 94.5
AUC 0.649 0.648 0.1 0.022 0.022 93.7
PCF(0.2) 0.319 0.319 0.1 0.026 0.027 95.0
PNF(0.8) 0.661 0.661 0.0 0.032 0.032 93.8

s =48, 190 = 12, n/ne/n. = 84/274/40

True Est Bias % SEemp SEpert CP %
PE 0.168 0.168 0.1 0.011 0.012 95.9
TPF(0.4) 0.102 0.102 0.5 0.043 0.046 93.7
FPF(0.3) 0.179 0.179 0.0 0.046 0.047 92.8
AUC 0.623 0.624 0.1 0.033 0.034 95.6
PCF(0.2) 0.302 0.306 1.3 0.041 0.045 96.4
PNF(0.8) 0.684 0.679 0.8 0.049 0.052 94.6

s =24, 1o = 24, ne/ne/n. = 349/398/145

True Est Bias % SEemp SEpert CP %
PE 0.227 0.227 0.0 0.005 0.005 94.1
TPF(0.4) 0.698 0.703 0.7 0.047 0.046 93.3
FPF(0.3) 0.738 0.739 0.1 0.046 0.045 92.4
AUC 0.660 0.659 0.1 0.020 0.020 94.6
PCF(0.2) 0.291 0.292 0.5 0.017 0.017 95.3
PNF(0.8) 0.686 0.686 0.0 0.023 0.023 93.6

s =48, 190 = 24, n./ne/n. = 138/192/68

True Est Bias % SEemp SEpert CP %
PE 0.225 0.226 0.5 0.009 0.009 94.6
TPF(0.4) 0.561 0.564 0.6 0.076 0.077 94.0
FPF(0.3) 0.647 0.652 0.8 0.071 0.070 92.6
AUC 0.635 0.630 0.8 0.031 0.031 95.4
PCF(0.2) 0.284 0.284 0.2 0.029 0.030 95.7
PNF(0.8) 0.699 0.701 0.4 0.035 0.037 94.2
PE = prediction error, TPF(0.4) = true positive fraction at R(7g | s) = 0.4, FPF(0.3) = false positive fraction at R(7g | s) = 0.3,
AUC = area under the ROC curve, PCF(0.2) = the proportion of events in 7o timeframe from s captured if 20% of the population

at risk at time s were followed, and PNF(0.8) = the proportion of the population at risk at time s that would need to be followed in
order to capture 80% of the events in the timeframe 7o from s.
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Table 4.3: Cohort, n = 2000, iterations = 1000, perturbations = 500, 0. = 0.1 and p,, = -1.0.
Effective sample sizes used to estimate the performance measures are summarized in the table as
ne/nz/ne, where n, denotes the number of events observed in a 7y timeframe from s, nz denotes the
number of subjects still at risk at time s + 7 and n. is the number of subjects who were censored
between s and s + 7.

Cohort (n = 2000), iterations = 1000, perturbations = 500, o. = 0.1, 14, = -1.0
s =24, 1o = 12, n./ne/n. = 357/716/113

True Est Bias % SEemp SEpert CP %
PE 0.164 0.164 0.3 0.006 0.006 95.2
TPF(O.4) 0.609 0.615 1.0 0.031 0.032 94.5
FPF(O.?)) 0.318 0.318 0.0 0.026 0.025 94.2
AUC 0.794 0.794 0.0 0.014 0.014 94.9
PCF(0.2) 0.436 0.439 0.5 0.020 0.020 94.8
PNF(0.8) 0.515 0.514 0.3 0.024 0.025 95.4
s =48, 10 = 12, n./ns/n. = 148/213/36
True Est Bias % SEemp SEpert CP %
PE 0.190 0.190 0.2 0.009 0.009 95.2
TPF(0.4) 0.707 0.706 0.2 0.046 0.049 95.8
FPF(0.3) 0.496 0.492 0.7 0.048 0.049 95.0
AUC 0.765 0.763 0.4 0.024 0.025 95.6
PCF(O.Q) 0.372 0.376 1.0 0.027 0.028 96.3
PNF(0.8) 0.578 0.578 0.1 0.035 0.038 95.5
s =24, 1o = 24, n/ne/n. = 611/397/178
True Est Bias % SEemp SEpert CP %
PE 0.167 0.167 0.2 0.006 0.006 95.8
TPF(O.4) 0.888 0.890 0.3 0.017 0.017 93.8
FPF(0.3) 0.623 0.627 0.6 0.036 0.036 94.6
AUC 0.831 0.828 0.3 0.012 0.013 95.2
PCF(0.2) 0.331 0.332 0.3 0.009 0.009 96.1
PNF(0.8) 0.595 0.595 0.1 0.016 0.016 95.2
s =48, 10 = 24, n./ne/n. = 231/112/54
True Est Bias % SEemp SEpert CP %
PE 0.168 0.170 1.0 0.010 0.010 95.9
TPF(0.4) 0.936 0.932 0.4 0.021 0.022 95.5
FPF(0.3) 0.777 0.770 0.8 0.049 0.052 95.3
AUC 0.813 0.801 1.4 0.024 0.025 94.2
PCF(O.Q) 0.297 0.299 0.6 0.013 0.014 96.5
PNF(0.8) 0.640 0.644 0.6 0.024 0.026 95.1

PE = prediction error, TPF(0.4) = true positive fraction at R(7g | s) = 0.4, FPF(0.3) = false positive fraction at R(7g | s) = 0.3,
AUC = area under the ROC curve, PCF(0.2) = the proportion of events in 7¢ timeframe from s captured if 20% of the population
at risk at time s were followed, and PNF(0.8) = the proportion of the population at risk at time s that would need to be followed in
order to capture 80% of the events in the timeframe 7 from s.
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Table 4.4: Cohort, n = 2000, iterations = 1000, perturbations = 500, 0. = 1.0 and p,, = -1.0.
Effective sample sizes used to estimate the performance measures are summarized in the table as
ne/nz/ne, where n, denotes the number of events observed in a 7y timeframe from s, nz denotes the
number of subjects still at risk at time s + 7 and n. is the number of subjects who were censored
between s and s + 7.

Cohort (n = 2000), iterations = 1000, perturbations = 500, o. = 1.0, p1q, = -1.0
s =24, 1o = 12, n./ne/n. = 357/716/113

True Est Bias % SEemp SEpert CP %
PE 0.201 0.200 0.4 0.006 0.006 92.8
TPF(O.4) 0.395 0.398 0.9 0.041 0.042 95.1
FPF(O.?)) 0.434 0.434 0.0 0.037 0.037 94.5
AUC 0.670 0.670 0.0 0.017 0.017 94.9
PCF(0.2) 0.323 0.324 0.4 0.018 0.019 95.9
PNF(0.8) 0.653 0.652 0.2 0.024 0.025 94.4
s =48, 10 = 12, n./ns/n. = 148/213/36
True Est Bias % SEemp SEpert CP %
PE 0.227 0.227 0.1 0.008 0.008 96.1
TPF(0.4) 0.587 0.584 0.5 0.065 0.067 94.4
FPF(0.3) 0.683 0.677 0.9 0.057 0.060 94.8
AUC 0.634 0.632 0.3 0.028 0.029 96.1
PCF(O.Q) 0.280 0.284 1.3 0.026 0.028 96.1
PNF(0.8) 0.701 0.700 0.2 0.033 0.035 93.9
s =24, 1o = 24, n/ne/n. = 611/397/178
True Est Bias % SEemp SEpert CP %
PE 0.218 0.218 0.2 0.005 0.005 94.2
TPF(O.4) 0.914 0.915 0.2 0.019 0.020 93.0
FPF(0.3) 0.905 0.904 0.0 0.025 0.025 93.3
AUC 0.692 0.689 0.4 0.017 0.017 92.6
PCF(0.2) 0.277 0.278 0.2 0.010 0.010 95.9
PNF(0.8) 0.695 0.697 0.3 0.016 0.015 93.5
s =48, 10 = 24, n./ne/n. = 231/112/54
True Est Bias % SEemp SEpert CP %
PE 0.214 0.214 0.4 0.009 0.010 95.8
TPF(0.4) 0.965 0.960 0.5 0.019 0.020 94.1
FPF(0.3) 0.968 0.965 0.3 0.023 0.024 90.1
AUC 0.658 0.653 0.8 0.031 0.031 94.4
PCF(O.Q) 0.252 0.254 0.8 0.015 0.016 96.4
PNF(0.8) 0.729 0.731 0.3 0.022 0.023 95.4

PE = prediction error, TPF(0.4) = true positive fraction at R(7g | s) = 0.4, FPF(0.3) = false positive fraction at R(7g | s) = 0.3,
AUC = area under the ROC curve, PCF(0.2) = the proportion of events in 7¢ timeframe from s captured if 20% of the population
at risk at time s were followed, and PNF(0.8) = the proportion of the population at risk at time s that would need to be followed in
order to capture 80% of the events in the timeframe 7 from s.



111

Table 4.5: Cohort, n = 500, 1000, 2000, 4000, iterations = 1000, perturbations = 500, o, = 0.1
and pq, = -1.0. Effective sample sizes used to estimate the performance measures are summarized
in the table as ne/ng/n., where n. denotes the number of events observed in a 7y timeframe from
s, ng denotes the number of subjects still at risk at time s + 7y and n. is the number of subjects
who were censored between s and s + 7.

Cohort, iterations = 1000, perturbations = 500, 0. = 0.1, po, = -1.0
n = 500, s = 48, 79 = 24, n./ns/n. = 58/28/14

True Est Bias % SEemp SEpert CP %
PE 0.168 0.170 1.3 0.020 0.021 95.3
TPF(0.4) 0.936 0.929 0.7 0.043 0.046 92.9
FPF(O.?)) 0.777 0.757 2.5 0.103 0.105 93.6
AUC 0.813 0.782 3.7 0.049 0.055 95.1
PCF(0.2) 0.297 0.305 2.7 0.028 0.033 98.0
PNF(0.8) 0.640 0.646 0.9 0.049 0.054 95.4

n = 1000, s = 48, 7 = 24, n./ne/ne = 115/56/27

True Est Bias % SEemp SEpert CP %
PE 0.168 0.170 0.8 0.014 0.015 95.4
TPF(0.4) 0.936 0.930 0.5 0.031 0.032 94.2
FPF(0.3) 0.777 0.763 1.8 0.074 0.074 93.2
AUC 0.813 0.796 2.0 0.034 0.036 95.2
PCF(O.Q) 0.297 0.302 1.5 0.019 0.021 96.2
PNF(O.S) 0.640 0.645 0.7 0.035 0.037 94.7

n = 2000, s = 48, 70 = 24, ne /ne/ne = 231/112/54

True Est Bias % SEemp SEpert CP %
PE 0.168 0.170 1.0 0.010 0.010 95.9
TPF(O.4) 0.936 0.932 0.4 0.021 0.022 95.5
FPF(O.S) 0.777 0.770 0.8 0.049 0.052 95.3
AUC 0.813 0.801 1.4 0.024 0.025 94.2
PCF(0.2) 0.297 0.299 0.6 0.013 0.014 96.5
PNF(0.8) 0.640 0.644 0.6 0.024 0.026 95.1

n = 4000, s = 48, 70 = 24, n./ng/n. = 461/224/108

True Est Bias % SEemp SEpert CP %
PE 0.168 0.169 0.4 0.007 0.007 95.5
TPF(0.4) 0.936 0.932 0.4 0.015 0.015 93.5
FPF(0.3) 0.777 0.767 1.3 0.037 0.037 93.8
AUC 0.813 0.807 0.7 0.017 0.017 94.5
PCF(O.Q) 0.297 0.298 0.3 0.009 0.009 95.1
PNF(O.S) 0.640 0.642 0.2 0.018 0.018 94.7

PE = prediction error, TPF(0.4) = true positive fraction at R(7g | s) = 0.4, FPF(0.3) = false positive fraction at R(7g | s) = 0.3,
AUC = area under the ROC curve, PCF(0.2) = the proportion of events in 7¢ timeframe from s captured if 20% of the population
at risk at time s were followed, and PNF(0.8) = the proportion of the population at risk at time s that would need to be followed in
order to capture 80% of the events in the timeframe 7 from s.
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Table 4.6: Cohort, n = 2000, iterations = 1000, perturbations = 500, ¢, = 0.1. Comparison
of LVCF and BLUP approaches in dealing with measurement times that deviate from protocol.
Effective sample sizes used to estimate the performance measures are summarized in the table as
Ne/Ng/Ne, where ne denotes the number of events observed in a 7y timeframe from s, nz denotes the
number of subjects still at risk at time s 4+ 7y and n. is the number of subjects who were censored
between s and s + 7.

Cohort (n = 2000), iterations = 1000, perturbations = 500, o = 0.1

s =24, 790 = 12, ne/ne/ne = 463/763/127

Pay = -2 LVCF BLUP

True Est Bias % SEemp Est Bias % SEemp
PE 0.166 0.183 10.0 0.007 0.165 0.3 0.005
TPF(0.4) 0.698 0.501 28.2 0.028 0.694 0.6 0.025
FPF(0.3) 0.366 0.209 42.9 0.020 0.357 2.5 0.023
AUC 0.810 0.792 2.3 0.013 0.811 0.1 0.012
PCF(0.2) 0.429 0.414 3.4 0.016 0.431 0.4 0.015
PNF(0.8) 0.517 0.538 4.1 0.020 0.515 0.3 0.020

s =48, 710 = 12, ne/ne/ne = 184/114/24

Pay = -2 LVCF BLUP

True Est Bias % SEemp Est Bias % SEemp
PE 0.180 0.186 3.4 0.010 0.179 0.5 0.010
TPF(0.4) 0.916 0.858 6.4 0.033 0.925 0.9 0.022
FPF(0.3) 0.758 0.662 12.7 0.056 0.771 1.7 0.045
AUC 0.795 0.782 1.7 0.026 0.792 0.4 0.026
PCF(0.2) 0.307 0.308 0.4 0.016 0.311 1.4 0.016
PNF(0.8) 0.636 0.642 1.0 0.028 0.634 0.2 0.028

s =24, 70 = 12, ne/ne/ne = 539/769/134

foy = -3 LVCF BLUP

True Est Bias % SEemp Est Bias % SEemp
PE 0.166 0.202 21.4 0.008 0.166 0.2 0.005
TPF(0.4) 0.744 0.472 36.6 0.026 0.748 0.5 0.022
FPF(0.3) 0.390 0.182 53.4 0.018 0.392 0.4 0.024
AUC 0.821 0.784 4.5 0.013 0.821 0.0 0.012
PCF(0.2) 0.417 0.394 5.6 0.014 0.419 0.5 0.013
PNF(0.8) 0.521 0.563 7.9 0.020 0.520 0.2 0.019

s =48, 1o = 12, ’I’Le/ng/nc = 171/44/14

Hoy = -3 LVCF BLUP

True Est Bias % SEemp Est Bias % SEemp
PE 0.128 0.137 6.8 0.012 0.127 1.1 0.014
TPF(0.4) 0.984 0.948 3.6 0.022 0.983 0.1 0.011
FPF(0.3) 0.911 0.803 11.8 0.071 0.903 0.8 0.050
AUC 0.835 0.803 3.9 0.034 0.821 1.8 0.032
PCF(0.2) 0.254 0.255 0.4 0.010 0.257 1.1 0.010
PNF(0.8) 0.692 0.701 1.4 0.023 0.693 0.2 0.023
PE = prediction error, TPF(0.4) = true positive fraction at R(mg | s) = 0.4, FPF(0.3) = false positive fraction at
R(1p | s) = 0.3, AUC = area under the ROC curve, PCF(0.2) = the proportion of events in 79 timeframe from s

captured if 20% of the population at risk at time s were followed, and PNF(0.8) = the proportion of the population
at risk at time s that would need to be followed in order to capture 80% of the events in the timeframe 7o from s.
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Table 4.7: Estimates (EST) and standard errors (ESD) of measures of predictive capacity
summarizing predictions of a composite outcome (death or ESRD) based on eGFR and a
partly conditional logistic model with the logit link function (PCgpry). The estimates were
obtained for four sets of s and 75. The number of events between s and s + 7y, and the
number of subjects at risk at time s are denoted by n. and n, respectively.

End Stage Renal Disease Study

7o = 1 year To = 3 years
s = 1 years s = 2 years s = 1 years s = 2 years
(ne/n = 55/574) (ne/n = 31/519) (ne/n = 114/574) (ne/n = 77/519)
EST (ESD) EST (ESD) EST (ESD) EST (ESD)
PE 0.082 (0.015) 0.062 (0.016) 0.152 (0.033) 0.150 (0.037)
TPF(0.25) 0.745 (0.062) 0.742 (0.080) 0.736 (0.041) 0.695 (0.049)
FPF(0.25) 0.249 (0.013) 0.205 (0.014) 0.366 (0.016) 0.350 (0.017)
AUC 0.791 (0.024) 0.838 (0.029) 0.749 (0.022) 0.703 (0.027)
PCF(0.20) 0.655 (0.057) 0.710 (0.075) 0.482 (0.032) 0.435 (0.042)
PNF(0.80) 0.509 (0.058) 0.291 (0.067) 0.536 (0.044) 0.567 (0.058)

PE = prediction error, TPF(0.25) = true positive fraction at R(7o | s) = 0.25, FPF(0.25) = false positive fraction
at R(7o|s) = 0.25, AUC = area under the ROC curve, PCF(0.2) = the proportion of events in 79 timeframe from s
captured if 20% of the population at risk at time s were followed, and PNF(0.8) = the proportion of the population
at risk at time s that would need to be followed in order to capture 80% of the events in the timeframe 7y from s.
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Chapter 5

ASSESSING PREDICTION PERFORMANCE UNDER
LONGITUDINAL TWO-PHASE STUDIES

5.1 Introduction

Before a novel biomarker is introduced into clinical practice, its predictive capacity of fu-
ture disease status needs to be evaluated. Studies to evaluate longitudinal biomarkers are
expensive and, when possible, researches will opt out for more efficient study designs such
as case-cohort or nested case-control study designs. If the disease is rare, measuring the
marker on everyone in the cohort is not only cost-inefficient, but often infeasible. Case-
cohort and nested case-control studies allow investigators to evaluate biomarkers rigorously
and at reduced cost, with only a small loss in precision.

In this chapter we develop double inverse probability weighted (DIPW) estimators of
measures to evaluate risk predictions under case-cohort (CCH), stratified case-cohort (sCCH)
and nested case-control (NCC) study designs (section 5.2), and we develop resampling based
variance estimators of those that account for sampling bias and censoring (section 5.3).
We evaluate the performance of our estimators using simulations studies (section 5.4) and

illustrate them on a nested case-control study within the HALT-C clinical trial (section 5.5).

5.2 Estimation of prediction performance measures under longitudinal two-
phase studies

In the estimation of the predictive performance measures we account for the bias introduced
by sampling in the second phase of two-phase studies by inverse probability weighting. In

the next sections we describe the development of the weights for case-cohort, stratified case-
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cohort and nested case-control study designs.

Unless otherwise noted, the notation used in this chapter was introduced in section 2.1.1.

5.2.1 Case-cohort (CCH)

Let & be a binary indicator of whether (§ = 1) or not (& = 0) the "™ subject is sampled
at phase two and let m; = P(& = 1) be the probability of such sampling. The estimation of
prediction performance measures in the case-cohort study design setting proceeds as in the
cohort setting (equations 4.1 — 4.9), replacing w; (7o | s) with @S (7, | s), which includes an

additional IPW to account for case-cohort sampling.

The double inverse probability weight (DIPW) in the CCH setting can be estimated as

@M (o | 5) = @ (o | ) x N
where
wCCH o fz
7 - ﬂ_iCCH
REOH = (g = 1)
> it Sk Ok 2 i1 Sk (1 — 6)
Zk:l 61@ ) Zk=1(1 - 5k>
Zzzl gk I<5k = 52)
> ket 10k = 0;)
and
NCCH ~NCCH
/\icensCCH<7_0 | S) — (SZI<S <X;<s ‘I‘T()) AG—(S> +I(X7, >S5 +7_O) ACTY_(S)
GOCH(X;) GCCH (s 4 19)

is the estimated IPW accounting for censoring and GecoH (+) is the Kaplan-Meier estimate of

G(-), the censoring distribution, estimated using data in the CCH sample with IPW weights,
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wfH | accounting for sampling bias.

5.2.2  Stratified case-cohort (sCCH)

If covariate information available for all individuals in the cohort is used to stratify the
second phase sampling, the true sampling weights need to be calculated separately for each

strata.

Let g = 1...G denote strata of the stratification covariate U, ;. Estimation of prediction
evaluation measures under a stratified case-cohort study design setting proceeds as in the
cohort setting (equations 4.1 - 4.9), replacing (7 | s) with @w;““H (g | s), which includes an

additional IPW to account for stratified case-cohort sampling.

This DIPW accounting for censoring and biased sampling in a stratified case-cohort study

can be estimated as

@M (1 | 5) = @ (1 | 8) x Wi
where
wsCCH o 51
i - 7T$CCH
scor _ 2 & 100k = 8)1(Uy = Ui)
' D et 10 = 0:)(Ux = Us)
and
s (GsCCH (isCCH
Afens CCH<T0 | S) = 51 I(S < Xl S S+ T()) A—<S) + I(Xz > S+ 7'0) = (S)
GSCCH(XZ‘) GSCC’H(S + 7-0)

is the estimated IPW accounting for censoring and GsCoH (+) is the Kaplan-Meier estimate

of G(+), the censoring distribution, estimated using data in the sCCH sample with [PW

sCCH

weights, w; , accounting for sampling bias.
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5.2.3 Nested case-control (NCC)

Samuelsen [Samuelsen, 1997] derives the conditional probability that an individual will ever
be chosen as a control in a nested case-control (NCC) study. We incorporate this sampling
probability estimator with the estimator of being censored to obtain double inverse proba-
bility weights (DIPW) that account for censoring and sampling in estimation of measures of
prediction quality. In sampling of the controls we follow a typical nested case-control study
design where the cohort is followed prospectively, with respect to membership in the cohort
and with respect to occurrence of disease. Thus, the risk sets at the time (X;) of each event
(0;) are known. We note that, unlike matched case-control studies in which the matched
sets are disjoint, in the NCC study controls may appear in more than one risk set [Thomas,

1977, Goldstein and Langholz, 1992].

For each X; with §;, a set Q;0 = {qi1,--.,qm} of m controls are sampled without re-
placement from the risk set at time X, excluding the case. The sets QQ;9 are assumed to be
independent [Samuelsen, 1997]. We note that a subject who becomes a case at X; may be

sampled as a control for any case j with X; < X,.

Conditionally on D,,, the probability that individual 7 is ever sampled as a control in the

nested case-control study is given by

=1 1l (1 - ﬂi))

JX; <X, J

since the probability of being selected at time X; is % if X; < X; and the sampled
J

nR

control sets Qo are independent [Samuelsen, 1997]. The cases are included with probability
1. Thus, the inverse probability (of sampling) weight for subject i is
whee — S 54 (1— 51-)i

i = _NCC NCC
T To;
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where V¢ = §; + (1 — ;)7 is the probability of subject i being sampled into the NCC.

The probability of sampling could also be estimated. It has been shown that in two-
phase stratified studies sampled using Bernoulli sampling, better efficiency is achieved when

estimated sampling weights rather than true weights are used in variance estimation [Breslow

and Wellner, 2007, Nan et al., 2009, Cai and Zheng, 2011].

One approach which is a good candidate for modeling the sampling probabilities is a
generalized additive model (GAM) [Hastie and Tibshirani, 1986]. GAMs are flexible non-
parametric models that can be used to identify and characterize nonlinear regression effects
[Hastie et al., 2003], such as the relationship between time and selection into the nested

case-control study. GAMs take the form:
EY |Cy,...,Cc) =a+ fi(Cy) + ...+ f(C)

where Y is the outcome, C1,...,C. are the covariates and f;(-)’s are unspecified smooth
nonparametric functions, such as locally weighted polynomials, smoothing splines, kernel

smoothers, among others [Chambers and Hastie, 1992].

The sampling probability can be modeled using a GAM by fitting the following model to

subjects without observed events (A = 0):
(X, ClA=0)=g(a+ fo(X)+ fi(C1) + ...+ f(Co)) (5.1)

where ¢(-) is an anti-logit link function, X is the event time, C = {C4,...,C.} are the
stratifying covariates used in sampling to phase two, and 7(X,C|A = 0) = P({ = 1|
X, C, A = 0) is the probability of being sampled as a control into phase two and 7(X, C|A =
1) =1.

Then, the DIPW accounting for censoring and sampling in a nested case-control study
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can be estimated as

@Yy | s) = @ (o | 5) x @Y
where
~NCC _ i
Wi~ = =NcC
with 7VCC estimated using a generalized additive model as in equation 5.1 and
R GNco GNcC
wicenchc(To | S) = 51 I(S < Xl S S+ To) A—(S) + I(XZ > 8+ To) A—(S)
GNCC<Xi) GNCC(S + T())

is the estimated IPW accounting for censoring and G~ ©C(.) is the Kaplan-Meier estimate
of G(-), the censoring distribution, estimated using data in the NCC sample with IPW
weights, WNCC | accounting for sampling bias. We note that the censoring weights could also
be estimated from the phase one sample, since all the information used in the estimation of
the censoring weights in the NCC study is collected on the full cohort. Then W% (7| s) =

w;(1o | 8), where w; (7 | s) is estimated as described in equation 4.3.

5.3 Inference for estimators of prediction performance measures under lon-
gitudinal two-phase studies

The bootstrap [Efron, 1979], a widely used resampling-based variance estimation method, is
not expected to perform well in two-phase studies due to bias in the sample, as well as in-
duced correlation between sampled individuals in the case of finite sampling [Cai and Zheng,
2011, Cai and Zheng, 2013, Saegusa, 2014]. Recently, Saegusa [Saegusa, 2014] published a
document online on bootstrapping in two-phase samples. The author proposed a weighted
bootstrap that involves weighting the bootstrap samples by a product of two weights that
correspond to randomness from each sampling phase and each stratum. Though it does
appear like progress is being made in adapting bootstrap for use in two-phase samples, those

approaches are very complex both conceptually and computationally.
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Thus, we opted for perturbation [Rao and Zhao, 1992, Parzen et al., 1994, Jin et al.,
2001], which also involves resampling, but does not require independence between sampled
individuals. Hence, it can be used for variance estimation when observations are weakly
correlated, such as in two-phase samples under finite sampling. This approach has been
shown to produce valid inference in nested case-control studies under finite sampling [Cai
and Zheng, 2011, Cai and Zheng, 2013]. Cai et al. [Cai and Zheng, 2011] used perturbation
to estimate standard errors of estimates of marker evaluation measures based on markers
measured at baseline in a nested case-control study. The authors used double inverse prob-
ability weighting (DIPW) to account for censoring and sampling,.

Our situation differs from this previous work in two ways. First, we evaluate prediction
rules based on predicted risk of an event at 7y time interval from time s, conditional on being
at risk at time s; whereas previous work in two-phase studies evaluated the predictiveness of
markers measured at baseline. Second, we are interested in approximating the distribution
of \/ﬁ(l\A/I(TO | s) — M(79 | 5)), rather than \/ﬁ(l\A/[(TO) — M(7p)) as was the done in [Cai and
Zheng, 2011], where M = {TPF, FPF, AUC, PCF, PNF, PE}.

A general inference procedure for performance measures estimated under lon-

gitudinal two-phase studies The variance of each of our performance measures under

longitudinal CCH, sCCH or NCC can be estimated as follows:

1. Generate n x P independent and identically distributed random variables V;, from
a known distribution with E(V;,) = 1 and Var(V;,) = 1, and V,xp = {V}, i =
1,...,n, p=1,..., P}

2. Use V,«p to obtain P perturbed estimates of:

(a) the sampling weights @;‘;CH, @j;CCH or @ijCC, depending on the study design

(b) the censoring distribution @;() weighted by the perturbed sampling weights
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(c) the censoring weights, accounting for sampling, @f;ens (10| )

(d) the perturbed DIPW accounting for censoring, conditional on s, and sampling:

where s = {CCH,sCCH, NCC'}

Bylr0]9) = 0 (| 5) x 0
(e) the risk of an event between s and s+ 7, conditional on being at risk at s, ﬁjp(To |s)

and

(f) the evaluation measures 1\7[;(7'0 | s), where M denotes any of {TPF, FPF, AUC,
PCF, PNF, PE}

3. The empirical variance of the P estimates 1\7[;(70 | s), p=1,..., P, is the estimated
variance of M(TO |s), M = {TPF, FPF, AUC, PCF, PNF, PE} under a given two-phase

sampling design.

The details of estimation for each iteration p =1,..., P in step 2 are described next.

5.3.1 Case-cohort (CCH)

The p!" perturbed estimate of the DIPW accounting for censoring and sampling in a longi-

tudinal case-cohort study is:

~4CCH

(7_0 | S) — ﬁ};«pcensCCH (7_0 | S) % @;pCCH

where
~4CCH Vip &
ip = X.CCH
ip
%TCCH _ ZZ:l gk I((sk - 5i>vkp
v > et L0k = 0:) Vi
and
o cen @; COH (g) @; COH (g)

To|8)=01(s< X; <s+1) =————+I1(X; >s4+7) =
(ro | 8) = 6. I( ) ey ) Fcmtn o)

ip
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is the estimated p™* perturbed IPW accounting for censoring and @;CCH (+) is the p** per-
turbed Kaplan-Meier estimate of G (-), the censoring distribution, estimated using data in
the CCH sample with p™ set of perturbed IPW weights, ﬁ?;kpCCH , accounting for sampling
bias.

The variance of M(7 | s), where M = {TPF, FPF, AUC, PCF, PNF, PE} under a case-
cohort study design can be estimated by replacing wj, (7o | s) with @ijCH (70 | ) in equations

4.10 - 4.18 and step (3) of the algorithm described in section 5.3.

5.3.2  Stratified case-cohort (sCCH)

The p'* perturbed estimate of the DIPW accounting for censoring and sampling in a stratified

case-cohort study is

@;{;CCH (7_0 | S) _ @;kpc(:"l’bsSCCH (7_0 | S) « @:;CCH
where
~xSCCH ‘/;;p 57]
ip — XsCCH

ip

%%scCH _ ZZ:1 &k I(5k = 5i)I(Uk = Ui)Vk’p
P Y et WOk = 6:) LUy, = Ui)Vigp

where U,,; denotes a stratification covariate and

S (i sOCH (¢ (*sCCH (¢
e M (| s) = 6, 1(s < Xi < 5+ 1) S ) +I(X; > s+ 79) =— o)
G;sCCH(Xi) G;SCCH(S + 7—0)

is the estimated p™ perturbed IPW accounting for censoring and @;SCCH (+) is the p™ per-
turbed Kaplan-Meier estimate of G (+), the censoring distribution, estimated using data in
the sCCH sample with p'* set of perturbed IPW weights, {&fp“"CCH , accounting for sampling

bias.
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The variance of M(7 | s), where M = {TPF, FPF, AUC, PCF, PNF, PE} under a
stratified case-cohort study design can be estimated by replacing wy,(7o|s) with @;‘;OCH (T0]$)

in equations 4.10 - 4.18 and step (3) of the algorithm described in section 5.3.

5.3.8 Nested case-control

The p™ perturbed estimate of the DIPW accounting for censoring and sampling in a nested

case-control study is

ﬂ};pzvcc (7_0 | S) _ @;kpcenchC (7'0 | S) % @ijcc
where
_Ncc \Z f fo' Vi
Wy = =woo = 0 Vip + (1= 6) Z5ee
Tip Toip

where %a‘g)cc denotes the p™ perturbed estimate of the probability of being sampled as a
control into the NCC subset, %;‘;NCC is the p'" perturbed estimate of the probability of being
sampled into the NCC subset and

@*NCC s @*NCC s
B (| 8) = (s < X0 < 54 m) 22 15 ) e
GNCO(X,) GxNCC(s 4 7p)

is the estimated p** perturbed IPW accounting for censoring and @;N “C(.) is the p'" per-
turbed Kaplan-Meier estimate of G, (+), the censoring distribution, estimated using data in
the NCC sample with p™* set of perturbed IPW weights, @pr €0 accounting for sampling
bias. We note that the censoring weights could also be estimated from the phase one sample,
since all the information used in the estimation of the censoring weights in the NCC study
is collected on the full cohort. Then @;N¢C (1| s) = @;(70 | s), where @;(7 | s) is estimated
as described in equation 4.12.

We can estimate W;“pNCC using a weighted generalized additive model as in 5.1, but now

weighted with the p* set of the perturbation weights. The perturbation weights are incor-
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porated into in the final iteration of the local scoring algorithm in the fitting process [Hastie

et al., 2003].

5.4 Simulation studies

5.4.1  Simulation setup

The cohort data used in the following simulations was simulated as described in sections
4.6.1 - 4.6.3 under scenario 1, where measurements are taken at 6-month intervals. The
true values were obtained as described in section 4.6.2 and were the same as for the sim-
ulations in the full cohort. We designed the simulations to be as comparable as possible
to those in the full cohort, thus we considered the same set of measurement error mag-
nitudes, o, = {0.1,1.0}, marker slopes, p,, = {—0.1,—1.0}, and timeframes, (s,79) =
{(24,12), (48,12), (24, 24), (48,24) } months. The additional details and sampling schemes in
the second phase of case-cohort and nested case-control studies are described in the following

sections.

Simulation setup: case-cohort We simulated a large cohort in phase one, with n =
10000 for n““H = {250,500}, n = 15000 for n““H = 1000 and n = 20000 for n““H = 2000,
where n““H denotes the sample size of cases sampled into the case-cohort. We sampled an
equal number of cases and controls without replacement (finite sampling) from the full cohort
for n¢“H = {250, 500, 1000, 2000}. We refer to subjects who experienced an event at any
point in the study as cases, and those who did not as controls. The sample sizes were chosen
to correspond to those in the full cohort simulations as much as possible. Risk predictions
were obtained using a weighted PCgry model with a binary outcome (1 if an event between
s and s+ 7y was observed, 0 if still at risk at time s+ 79), with marker as the main predictor,
adjusting for measurement time modeled as a spline with df = 3. The weights used in model

fitting were WS “H (1 | s) for estimation, and @Z?;CCH(TO |s), p=1,..., P, for inference. The
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estimates of the prediction evaluaton measures were obtained using methods described in

section 5.2.1, and variance estimates as described in sections 5.3 and 5.3.1.

Simulation setup: nested case-control We simulated cohorts of size

n = {500, 1000, 2000, 4000} as phase 1 samples with administrative censoring of 100 months
in order to reduce the number of cases in the full cohort, since we sampled all subjects who
experienced an event throughout the study into the second phase sample. We then sampled
all the cases into the second phase sample, and for each case we sampled one control from
the risk set at the time of the event of the case, stratifying on a dichotomized value of the
marker at baseline. The marker at baseline was dichotomized as high or low at marker =
0.7, corresponding to about 60% of subjects in the high group at baseline. Risk predictions
were obtained using a weighted PCgry model with a binary outcome (1 if an event between
s and s+ 7 was observed, 0 if still at risk at time s+ 7), with marker as the main predictor,
adjusting for measurement time modeled as a spline with df = 3. The weights used in model
fitting were wN“C (7, | s) for estimation, and @;;NCC (10| $8), p=1,..., P, for inference. The
estimates of the prediction evaluaton measures were obtained using methods described in

section 5.2.3, and variance estimates as described in sections 5.3 and 5.3.3.

5.4.2  Simulation results

Simulation results: case-cohort Overall, prediction error estimates (PE) performed
well, with small bias and the estimated standard errors (SE,:) close to the empirical stan-
dard errors (SEemp) and the coverage probability (CP) ranged from 94.9-96.3%. The es-
timates true positive fraction evaluated at 0.4 risk threshold (TPF(0.4)) performed well,
showing little bias with some overestimation of the standard errors in smaller samples. The
CP ranged from 93.1-95.5% with two exceptions where CP was 92.0 and 92.2%. In those
cases the estimate was close to one, the upper boundary of the range of possible values

for TPF. The false positive fraction evaluated at 0.3 risk threshold (FPF(0.3)) performed
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well overall, with CP ranging from 92.4-95.6% in all simulations and in most cases it was
> 94%, the largest bias observed was 1.5%. The area under the receiver operating character-
istic curve (AUC) performed well, with CP ranging from 93.6-96.2% in all simulations. For
the proportion of cases captured if 20% of the subjects at highest risk were to be followed
(PCF(0.2)) there was up to 1.4% bias in scenarios with small effective sample sizes, and
the CP ranged from 95.5-97.4%. For proportion needed to be followed in order to capture
20% of the cases (PNF(0.2)), the performance of the estimators was good overall, with CP
93.8-96.6% in all simulations, and maximum bias of 0.8% (Tables 5.1- 5.4).

Table 5.5 summarizes the performance of measures in the most challenging simulation
scenario ((s,70) = (48,24), 0. = 0.1, j1a, = —1.0) as sample size increases from n®“H = 250

CH — 2000 per group. We note that those are sample sizes at baseline, and

per group to n®
the effective sample sizes at s = 48 are substantially smaller. Up to 4% bias seen in the small
sample size simulation (n““H = 250), SE, ¢ tended to be overestimated with CP ranging
from 92.2-99.1%. As the sample size increased to n®“# = 2000, the SEpert converged to
within 0.001 of those estimated empirically (SEemp), and the CP ranged from 94.6-96.3%

(Table 5.5).

Simulation results: nested case-control Over all simulation scenarios where the phase
one sample size at baseline was n = 2000, the performance of estimators and variance
estimators of all measures performed very well (Tables 5.6 — 5.9). PE showed < 1% bias
with CP ranging from 93.2 to 96.8%. The TPF(0.4) was 0.9% biased in the worst case (Table
5.9) and achieved 92.4-96.1% CP, with the low 92.4% CP likely due to the estimate being
close to the boundary, since the estimate was unbiased and the SEjery = SEemp in that case
(Table 5.8). FPF(0.3) was estimated with up to 1.5% bias (Table 5.6) with coverage ranging
from 91.7-95.4%, where the low coverage was in a situation where the estimate was close to
one, bias was 0.2%, SEenp, = 0.022 and SE,¢ = 0.024 (Table 5.9). The AUC was estimated
with up to 1.2% bias, with CP ranging from 92.6-95.4%. PCF(0.2) was estimated with up
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to 0.7% bias and CP ranging from 94.2-96.9%. Lastly, the PNF(0.8) was estimated with up
to 0.7% bias and CP ranging from 92.6-95.7% (Tables 5.6 — 5.9).

In the simulations comparing the bias and variance estimation in the most challenging
simulation scenario ((s,79) = (48,24), 0. = 0.1, u,, = —1.0) as sample size increases from n
= 500 to 4000 (in phase one at baseline). In the simulation with the smallest sample size, n
= 500, the effective sample size at s = 48 is 96, including 58 events and 27 non-events still
at risk at s + 79 = 72, the bias reaches 4.1% (AUC) and CP ranges from 91.2-98.0% for the
different measures. When the sample size in phase one at baseline is n = 4000, the effective

sample size at s = 48 is 766, and the estimators converge to within 0.6% of their true values

and the CP ranges from 94.1-96.4% (Table 5.10).

5.5 Real data example: HALT-C nested case-control study

5.5.1 Description of the HALT-C dataset

The Hepatitis C Antiviral Long-Term Treatment against Cirrhosis (HALT-C) Trial con-
sisted of 1002 patients with chronic hepatitis C and bridging fibrosis or cirrhosis, who failed
to respond or to achieve a sustained virologic response to 20 weeks of combination therapy.
Those patients were randomized at 24 weeks to treatment with peginterferon-a-2a or control
(no treatment) and were followed every 3 months for 3.5 years after randomization. Blood
samples were collected at each visit for subsequent research testing including assays for hep-
atocellular carcinoma (HCC) biomarkers. To ascertain HCC, ultrasound examinations were
performed 6 months after enrollment and every 12 months thereafter. Patients with an ele-
vated or rising a-fetoprotein (AFP), the currently most commonly used marker for detecting
HCC, and those with new lesions on ultrasound were evaluated further by CT or MRI. One
of the goals of the HALT-C Trial was to identify and validate markers for the surveillance
and early diagnosis of HCC. The marker of interest was des-y-carboxyprothrombin (DCP).

A nested case-control study was used to evaluate the accuracy of DCP in the detection
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of HCC. For this study, 39 HCC cases diagnosed between randomization and 3.8 years after
randomization were included in the study. For each case, 2 controls without HCC at the
time of diagnosis of the case were selected matching on treatment assignment, presence of
cirrhosis on baseline biopsy and length of followup. One control was later excluded because
of high DCP values due to caumadin (anticoagulant) use, leaving 77 controls. DCP values

played no role in diagnosis of HCC.

5.5.2  Analysis of the HALT-C' dataset

To estimate the nested case-control (NCC) sampling weights, we fit a generalized additive
model (GAM) with a logit link function to the full trial data at baseline (n = 1002) with
a binary inclusion in the NCC indicator as the outcome, a smoothing spline function of
the event time (df = 4), adjusting for event status and the stratifying selection covariates:
cirrhosis (binary) and treatment group assignment (binary). The inverse probability weights
of sampling into the NCC were estimated as the inverse of the fitted values from the GAM

(e

). The perturbed NCC sampling weights, ﬁ?;“chc, were estimated using the above
GAM, but weighted with perturbation weights generated from exp(1) distribution, with
P = 500 perturbation weights generated for each individual.

~censNC

The censoring weights, w§ C(TO | ), were then estimated using a weighted Kaplan-
Meier estimator of the censoring distribution, accounting for sampling weights in the es-
timation of censoring weights. For inference, the perturbed NCC sampling weights were

used in estimation of the censoring distribution to estimate perturbed censoring weights,

Skcens
w

NCC
ip (

70| s).

We then fit a weighted PCgry model (section 3.3.2) with a binary outcome (1 if hep-
atocellular carcinoma was diagnosed between s and s + 7, 0 if still at risk at s 4+ 7, with
individuals censored between s and s 4+ 7y excluded from estimation), with the marker as

the predictor and measurement time modeled as a spline (df = 3). The weights used in the
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~NCC ~cens

fitting were w;' ““ (79 | s) = W§ ;'

T | 8) x @]

CC_ We then used procedures described in

sections 4.4 and 5.2.3 to estimate the evaluation measures.

“Skcens

For inference, we refit the PCgpym model described above with @;‘chc (To]s) = w;; MY

o
s) X {prNcc for p=1,...,P, and P = 500. For each p, the p'" perturbed set of measures
was estimated using procedures described in sections 4.5 and 5.3.3. The standard errors of
the estimates of the measures were estimated by the square root of the empirical variance of
the corresponding P = 500 perturbed estimates.

We obtained and evaluated the predictions for conditioning times s = {6, 12,24, 36} and

prediction timeframes 7o = {6, 12} months.

5.5.8  Results of analysis of the HALT-C nested-case control study dataset

There were 1002 subjects enrolled in the HALT-C clinical trial, with 39 subjects with events
and 77 controls selected into the nested case-control (NCC) study. The baseline character-
istics of all subjects in the trial and in the NCC study are summarized in Table 5.11. The
mean age of the subjects selected into the NCC study was 51.7 years, 22% were female, 60%
were white and 57% of the subjects had cirrhosis of the liver. The data in the NCC study
is summarized in Figures 5.1 and 5.2. In Figure 5.1 we show the attended visits (circles),
event times (filled circles) and censoring times (filled triangles). The subjects are grouped
by their risk set with each color corresponding to a given risk set. The inverse probability
weights estimated using the generalized additive model are shown to the right of the event
or censoring indicators for each individual. In Figure 5.2 we show the marker trajectories for
all individuals in the NCC study, stratified by event status (diagnosed with hepatocellular
carcinoma during the study vs. not), cirrhosis of the liver and treatment group assignment.

The prediction evaluation results are summarized in Table 5.12. The prediction perfor-
mance of des-y-carboxyprothrombin (DCP) in predicting the timeframe of diagnosis with

hepatocellular carcinoma (HCC) was good overall. The prediction estimates were especially
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notable for s = 2 and 79 = 1 year prediction timeframe, during which 11 events were ob-
served. The AUC was estimated (standard error) at 0.86 (0.07), with 82% of the events
estimated to be captured if 20% of subjects at highest risk were to be followed. That means
that we estimate that 9 subjects who would progress to HCC within 1 year would be cap-
tured if we followed 21 subjects with highest estimated risks who are still at risk of HCC at
2 years after randomization. For s = 3 years and 79 = 1 year, we observed 17 events, with
the AUC estimated at 0.75 (0.08), PCF(0.2) = 0.65 (0.12) and PNF(0.8) was 0.52 (0.19).
Thus, the results deteriorated somewhat by conditioning on s = 3 vs. s = 2 years, and the
prediction error doubled.

The best prediction performance was observed for s = 2 years and 79 = 6 months. The
AUC was estimated at 0.95 (SE = 0.03), however, these estimates are based on 3 events, thus
are not likely to be close to the underlying truth. However, these results can be compared
with those for the other s and 7y timeframes to evaluate trends in the estimates and standard
errors of the evaluation measures.

For s = 1 year only 1 event was observed in the following 6 months. The results for that
s and 7y are included in the table for completeness, but are not likely to be meaningful, thus

are greyed out.

5.5.4  Remarks on the analysis and results of the HALT-C' NCC study dataset

The fitting and prediction was done on the same dataset. Cross-validation was not a good
option here due to a small number of events. However, overfitting is not likely to have been
an issue in this analysis because the number of data points was much larger than the number
of parameters in the models.

The dates of visits were not available, only the dates of scheduled visits. According to
the records, the actual visits took place up to 3 weeks before or after the scheduled visit.

Overall, the des-y-carboxyprothrombin (DCP) biomarker seems to be performing well in



131

120
1

(33

> b >

»

>

o

153
153

80

[ A L T

(33

> b >

60

Subject

>

40

153
153

154
54

20

153
55

L A N A S

>

Time from randomization (years)

Figure 5.1: An overview of the nested case-control subset of the HALT-C clinical trial. The
visits where des-y-carboxyprothrombin marker was measured are shown as empty circles, the
event times are shown as filled circles, and non-events (censoring times) as filled triangles.
The subjects are grouped according to their matching in the nested case-control study, with
subjects with the same color belonging to the same risk set. The estimated nested case-
control inverse probability sampling weights are shown to the right of each event time for
the cases, and censoring time for the non-events.
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Figure 5.2: The des-vy-carboxyprothrombin (DCP) marker observations in nested case-control
subset of the HALT-C clinical trial, stratified by cirrhosis and treatment assignment. The
DCP values were truncated at 2000 units and logs transformed.
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predicting the timeframe of diagnosis with hepatocellular carcinoma (HCC). The numbers
of events our estimates were based on were generally small, but these results are promising
and warrant further investigation into the evaluation of DCP as a biomarker for predicting

hepatocellular carcinoma.
5.6 Summary

In this chapter we presented nonparametric estimation and inference under two-phase study
designs for several measures of prediction performance. We evaluated the performance of our
estimators using extensive simulation studies and illustrated them on a nested case-control
study within the HALT-C clinical trial. Our estimators perform well overall, showing little
or no bias and achieving nominal coverage probabilities for reasonable sample sizes. In very
small samples we noted some bias and conservative standard errors.

The development of the estimation and inference procedures under two-phase studies built
on those developed under the cohort study design. It was our intention to present them in
a way that makes that “layering” of estimation procedures clear. Estimators constructed in
this way are, we hope, intuitive and elegant. Thus, they lend themselves to further extensions
to other, possibly more complex, study designs and applications.

Finally, the methods presented in this chapter can be used in combination with the
risk prediction methods presented in chapter 3, thus providing an arsenal of elegant, robust
and flexible methods for risk prediction and evaluation of predictions in a wide variety of

applications.
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Table 5.1: Case-cohort, phase one cohort n = 15000, iterations = 1000, perturbations = 500, CCH
(n events/n non-events = 1000/1000), o, = 0.1 and pu,, = -0.1. Effective sample sizes used to
estimate the performance measures are summarized in the table as n./nz/n., where n. denotes the
number of events observed in a 7y timeframe from s, ngz denotes the number of subjects still at risk
at time s + 79 and n. is the number of subjects who were censored between s and s + 9.

CCH (n./nz = 1000/1000), iterations = 1000, perturbations = 500, o, = 0.1, o, = -0.1
s = 24, 19 = 12, no/ne/ne = 149/683/128

True Est Bias % SEemp SEpert CP %
PE 0.155 0.155 0.4 0.008 0.008 95.2
TPF(0.4) 0.464 0.468 0.8 0.048 0.051 95.5
FPF(0.3) 0.248 0.247 0.5 0.029 0.030 95.3
AUC 0.768 0.770 0.2 0.020 0.021 96.1
PCF(0.2) 0.440 0.445 1.0 0.030 0.032 95.5
PNF(0.8) 0.521 0.519 0.5 0.037 0.040 94.7

s =48, 1o = 12, n./ns/n. = 62/293/63

True Est Bias % SEemp SEpert CP %
PE 0.150 0.150 0.5 0.012 0.013 95.1
TPF(0.4) 0.334 0.335 0.1 0.075 0.078 95.0
FPF(0.3) 0.206 0.205 0.7 0.043 0.043 94.3
AUC 0.740 0.742 0.2 0.034 0.034 94.4
PCF(0.2) 0.422 0.426 0.9 0.051 0.054 96.2
PNF(0.8) 0.544 0.543 0.1 0.059 0.065 94.8

s = 24, 19 = 24, ne/ne/ne = 256/417/232

True Est Bias % SEemp SEpert CP %
PE 0.183 0.183 0.2 0.007 0.008 96.0
TPF(0.4) 0.768 0.767 0.0 0.034 0.036 95.2
FPF(0.3) 0.494 0.495 0.2 0.040 0.042 95.2
AUC 0.792 0.791 0.2 0.018 0.018 96.2
PCF(0.2) 0.377 0.378 0.3 0.017 0.019 97.7
PNF(0.8) 0.566 0.567 0.3 0.025 0.027 96.3

s = 48, 19 = 24, n./ns/n. = 101/209/107

True Est Bias % SEemp SEpert CP %
PE 0.188 0.188 0.5 0.011 0.012 96.2
TPF(0.4) 0.697 0.695 0.2 0.060 0.062 94.3
FPF(0.3) 0.464 0.468 0.7 0.056 0.059 95.6
AUC 0.767 0.764 0.4 0.029 0.030 95.8
PCF(0.2) 0.379 0.382 0.8 0.032 0.034 96.6
PNF(0.8) 0.572 0.577 0.8 0.042 0.046 95.0

PE = prediction error, TPF(0.4) = true positive fraction at R(7g | s) = 0.4, FPF(0.3) = false positive fraction at R(7g | s) = 0.3,
AUC = area under the ROC curve, PCF(0.2) = the proportion of events in 7o timeframe from s captured if 20% of the population
at risk at time s were followed, and PNF(0.8) = the proportion of the population at risk at time s that would need to be followed in
order to capture 80% of the events in the timeframe 7o from s.



135

Table 5.2: Case-cohort, phase one cohort n = 15000, iterations = 1000, perturbations = 500, CCH
(n events/n non-events (ne/nz) = 1000/1000), o, = 1.0 and po, = -0.1. Effective sample sizes used
to estimate the performance measures are summarized in the table as n./nz/n., where n. denotes
the number of events observed in a 7y timeframe from s, nz denotes the number of subjects still at
risk at time s 4+ 79 and n. is the number of subjects who were censored between s and s + 7.

CCH (n./ns = 1000/1000), iterations = 1000, perturbations = 500, o, = 1.0, 4, = -0.1
s =24, 1o = 12, n./ne/n. = 158/608,/138

True Est Bias % SEemp SEpert CP %
PE 0.180 0.180 0.1 0.008 0.008 94.9
TPF(0.4) 0.192 0.191 0.4 0.046 0.047 94.2
FPF(0.3) 0.261 0.259 0.9 0.040 0.042 94.2
AUC 0.649 0.649 0.1 0.023 0.025 96.3
PCF(0.2) 0.319 0.321 0.5 0.028 0.031 95.9
PNF(0.8) 0.661 0.660 0.2 0.035 0.037 94.9

s =48, 1o = 12, n./ns/n. = 62/293/63

True Est Bias % SEemp SEpert CP %
PE 0.168 0.169 0.9 0.013 0.013 95.0
TPF(0.4) 0.102 0.103 1.0 0.049 0.054 93.1
FPF(0.3) 0.179 0.180 0.6 0.050 0.052 95.0
AUC 0.623 0.623 0.1 0.038 0.039 94.8
PCF(0.2) 0.302 0.304 0.5 0.048 0.051 96.0
PNF(0.8) 0.684 0.682 0.3 0.055 0.060 95.2

s = 24, 19 = 24, ne/ne/ne = 256/417/232

True Est Bias % SEemp SEpert CP %
PE 0.227 0.227 0.3 0.006 0.006 95.1
TPF(0.4) 0.698 0.697 0.2 0.050 0.053 94.8
FPF(0.3) 0.738 0.734 0.4 0.046 0.049 95.6
AUC 0.660 0.659 0.2 0.023 0.022 94.0
PCF(0.2) 0.291 0.291 0.1 0.019 0.020 95.7
PNF(0.8) 0.686 0.686 0.0 0.024 0.025 95.5

s = 48, 19 = 24, n./ns/n. = 101/209/107

True Est Bias % SEemp SEpert CP %
PE 0.225 0.226 0.2 0.009 0.010 95.0
TPF(0.4) 0.561 0.566 1.0 0.085 0.086 94.2
FPF(0.3) 0.647 0.651 0.5 0.073 0.076 94.4
AUC 0.635 0.633 0.3 0.034 0.034 94.7
PCF(0.2) 0.284 0.286 0.9 0.032 0.034 96.1
PNF(0.8) 0.699 0.699 0.0 0.039 0.042 95.7

PE = prediction error, TPF(0.4) = true positive fraction at R(7g | s) = 0.4, FPF(0.3) = false positive fraction at R(7g | s) = 0.3,
AUC = area under the ROC curve, PCF(0.2) = the proportion of events in 7o timeframe from s captured if 20% of the population
at risk at time s were followed, and PNF(0.8) = the proportion of the population at risk at time s that would need to be followed in
order to capture 80% of the events in the timeframe 7o from s.
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Table 5.3: Case-cohort, phase one cohort n = 15000, iterations = 1000, perturbations = 500, CCH
(n events/n non-events (ne/nz) = 1000/1000), o, = 0.1 and po, = -1.0. Effective sample sizes used
to estimate the performance measures are summarized in the table as n./nz/n., where n. denotes
the number of events observed in a 7y timeframe from s, nz denotes the number of subjects still at
risk at time s 4+ 79 and n. is the number of subjects who were censored between s and s + 7.

CCH (n./nz = 1000/1000), iterations = 1000, perturbations = 500, o, = 0.1, pto, = -1.0
s = 24, 19 = 12, no/ne/ne = 265/643/173

True Est Bias % SEemp SEpert CP %
PE 0.164 0.164 0.3 0.007 0.007 94.9
TPF(0.4) 0.609 0.615 1.0 0.038 0.037 93.7
FPF(0.3) 0.318 0.319 0.3 0.028 0.028 94.2
AUC 0.794 0.795 0.1 0.017 0.016 93.6
PCF(0.2) 0.436 0.439 0.5 0.022 0.023 95.8
PNF(0.8) 0.515 0.513 0.5 0.027 0.029 93.8
s =48, 10 = 12, n./ne/n. = 111/190/54
True Est Bias % SEemp SEpert CP %
PE 0.190 0.190 0.0 0.010 0.011 95.4
TPF(0.4) 0.707 0.705 0.3 0.054 0.056 94.0
FPF(0.3) 0.496 0.492 0.7 0.055 0.055 93.5
AUC 0.765 0.763 0.3 0.028 0.029 94.9
PCF(0.2) 0.372 0.378 14 0.031 0.032 96.1
PNF(0.8) 0.578 0.579 0.2 0.041 0.044 94.2
s = 24, 7 = 24, ne/ne/n. = 453/355/273
True Est Bias % SEemp SEpert CP %
PE 0.167 0.168 0.4 0.007 0.007 95.4
TPF(0.4) 0.888 0.889 0.1 0.019 0.020 94.2
FPF(0.3) 0.623 0.626 0.4 0.040 0.040 95.1
AUC 0.831 0.828 0.3 0.015 0.015 95.6
PCF(0.2) 0.331 0.332 0.5 0.010 0.011 95.5
PNF(0.8) 0.595 0.596 0.2 0.018 0.019 94.2
s =48, 1o = 24, n./ns/n. = 171/101/83
True Est Bias % SEemp SEpert CP %
PE 0.168 0.169 0.8 0.011 0.012 96.3
TPF(0.4) 0.936 0.931 0.5 0.024 0.025 94.7
FPF(0.3) 0.777 0.765 1.5 0.055 0.057 95.4
AUC 0.813 0.805 1.0 0.026 0.028 95.7
PCF(0.2) 0.297 0.300 0.9 0.014 0.016 97.4
PNF(0.8) 0.640 0.643 0.4 0.027 0.029 96.6

PE = prediction error, TPF(0.4) = true positive fraction at R(7g | s) = 0.4, FPF(0.3) = false positive fraction at R(7g | s) = 0.3,
AUC = area under the ROC curve, PCF(0.2) = the proportion of events in 7o timeframe from s captured if 20% of the population
at risk at time s were followed, and PNF(0.8) = the proportion of the population at risk at time s that would need to be followed in
order to capture 80% of the events in the timeframe 7o from s.
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Table 5.4: Case-cohort, phase one cohort n = 15000, iterations = 1000, perturbations = 500, CCH
(n events/n non-events (ne/ng) = 1000/1000), 0. = 1 and o, = -1. Effective sample sizes used
to estimate the performance measures are summarized in the table as n./nz/n., where n. denotes
the number of events observed in a 7y timeframe from s, nz denotes the number of subjects still at
risk at time s 4+ 79 and n. is the number of subjects who were censored between s and s + 7.

CCH (n./nz = 1000/1000), iterations = 1000, perturbations = 500, o, = 1.0, o, = -1.0
s = 24, 19 = 12, no/ne/ne = 265/643/173

True Est Bias % SEemp SEpert CP %
PE 0.201 0.200 0.5 0.006 0.006 95.1
TPF(0.4) 0.395 0.399 1.1 0.048 0.048 93.8
FPF(0.3) 0.434 0.433 0.2 0.041 0.041 94.6
AUC 0.670 0.671 0.2 0.020 0.020 94.3
PCF(0.2) 0.323 0.326 0.9 0.021 0.022 94.8
PNF(0.8) 0.653 0.650 0.5 0.027 0.028 93.9
s =48, 10 = 12, n./ne/n. = 111/190/54
True Est Bias % SEemp SEpert CP %
PE 0.227 0.227 0.0 0.009 0.009 94.9
TPF(0.4) 0.587 0.588 0.2 0.073 0.076 94.9
FPF(0.3) 0.683 0.677 0.8 0.067 0.066 93.1
AUC 0.634 0.634 0.0 0.034 0.034 94.2
PCF(0.2) 0.280 0.284 1.4 0.030 0.032 96.3
PNF(0.8) 0.701 0.701 0.1 0.038 0.041 94.6
s = 24, 7 = 24, ne/ne/n. = 453/355/273
True Est Bias % SEemp SEpert CP %
PE 0.218 0.218 0.3 0.005 0.006 95.2
TPF(0.4) 0.914 0.913 0.0 0.021 0.023 94.8
FPF(0.3) 0.905 0.903 0.2 0.026 0.027 94.2
AUC 0.692 0.688 0.5 0.019 0.019 95.7
PCF(0.2) 0.277 0.278 0.2 0.011 0.012 95.8
PNF(0.8) 0.695 0.698 0.5 0.017 0.017 94.5
s =48, 1o = 24, n./ns/n. = 171/101/83
True Est Bias % SEemp SEpert CP %
PE 0.214 0.214 0.2 0.011 0.011 95.5
TPF(0.4) 0.965 0.961 0.5 0.021 0.024 93.8
FPF(0.3) 0.968 0.965 0.3 0.022 0.027 92.4
AUC 0.658 0.655 0.5 0.034 0.035 95.8
PCF(0.2) 0.252 0.255 1.3 0.017 0.018 96.6
PNF(0.8) 0.729 0.730 0.1 0.024 0.026 94.7

PE = prediction error, TPF(0.4) = true positive fraction at R(7g | s) = 0.4, FPF(0.3) = false positive fraction at R(7g | s) = 0.3,
AUC = area under the ROC curve, PCF(0.2) = the proportion of events in 7o timeframe from s captured if 20% of the population
at risk at time s were followed, and PNF(0.8) = the proportion of the population at risk at time s that would need to be followed in
order to capture 80% of the events in the timeframe 7o from s.
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Table 5.5: Case-cohort n events/n non-events (n./ng) are shown in table headings, iterations =
1000, perturbations = 500, o. = 0.1 and pu,, = -1. Effective sample sizes used to estimate the
performance measures are summarized in the table as n./nz/n., where n. denotes the number of
events observed in a 79 timeframe from s, nz denotes the number of subjects still at risk at time
s + 19 and n. is the number of subjects who were censored between s and s + 7.

Case-cohort, iterations = 1000, perturbations = 500, o, = 0.1, o, = -1.0
n = 250/250, s = 48, 19 = 24, n./ns/n. = 43/25/21

True Est Bias % SEemp SEpert CP %
PE 0.168 0.171 1.9 0.025 0.025 95.3
TPF(0.4) 0.936 0.929 0.7 0.050 0.054 92.2
FPF(O.S) 0.777 0.764 1.6 0.109 0.114 93.0
AUC 0.813 0.787 3.1 0.056 0.059 94.5
PCF(0.2) 0.297 0.309 4.0 0.030 0.040 99.1
PNF(0.8) 0.640 0.647 1.1 0.055 0.064 96.0

n = 500/500, s = 48, 19 = 24, n./ns/n. = 85/50/42

True Est Bias % SEemp SEpert CP %
PE 0.168 0.170 1.1 0.017 0.017 95.8
TPF(0.4) 0.936 0.931 0.5 0.035 0.037 92.0
FPF(0.3) 0.777 0.766 1.4 0.078 0.081 94.6
AUC 0.813 0.799 1.7 0.039 0.040 95.1
PCF(O.Q) 0.297 0.303 1.9 0.021 0.025 97.1
PNF(O.S) 0.640 0.645 0.8 0.039 0.042 95.5

1 = 1000/1000, s = 48, 70 = 24, n,/ne/n. = 171/101/83

True Est Bias % SEemp SEpert CP %
PE 0.168 0.169 0.8 0.011 0.012 96.3
TPF(0.4) 0.936 0.931 0.5 0.024 0.025 94.7
FPF(0.3) 0.777 0.765 1.5 0.055 0.057 95.4
AUC 0.813 0.805 1.0 0.026 0.028 95.7
PCF(0.2) 0.297 0.300 0.9 0.014 0.016 97.4
PNF(0.8) 0.640 0.643 0.4 0.027 0.029 96.6

1 = 2000/2000, s = 48, 1o = 24, N /ne/ne = 342/200,/166

True Est Bias % SEemp SEpert CP %
PE 0.168 0.169 0.3 0.008 0.008 96.3
TPF(0.4) 0.936 0.932 0.4 0.018 0.018 94.6
FPF(0.3) 0.777 0.765 1.6 0.039 0.040 95.6
AUC 0.813 0.808 0.5 0.018 0.019 96.1
PCF(O.Q) 0.297 0.298 0.3 0.010 0.011 96.3
PNF(O.S) 0.640 0.642 0.2 0.019 0.020 96.2

PE = prediction error, TPF(0.4) = true positive fraction at R(7g | s) = 0.4, FPF(0.3) = false positive fraction at R(7g | s) = 0.3,
AUC = area under the ROC curve, PCF(0.2) = the proportion of events in 7o timeframe from s captured if 20% of the population
at risk at time s were followed, and PNF(0.8) = the proportion of the population at risk at time s that would need to be followed in
order to capture 80% of the events in the timeframe 7o from s.



139

Table 5.6: Nested case-control study simulation results. Total number of subjects at baseline =
2000, simulation iterations = 1000, perturbations = 500, g, = 0.1 and p,, = -0.1. Effective sample
sizes used to estimate the performance measures are summarized in the table as n./nz/n., where
n. denotes the number of events observed in a 79 timeframe from s, ng denotes the number of
subjects still at risk at time s + 79 and n, is the number of subjects who were censored between s
and s+ 7.

NCC sampled from n = 2000, iterations = 1000, perturbations = 500, 0, = 0.1, fio, = -0.1
s =24, 1o = 12, n./ns/n. = 216/509/35

True Est Bias % SEemp SEpert CP %
PE 0.155 0.156 0.3 0.007 0.007 96.4
TPF(O.4) 0.464 0.466 0.6 0.044 0.044 96.1
FPF(0.3) 0.248 0.250 0.6 0.028 0.028 95.4
AUC 0.768 0.767 0.2 0.019 0.019 95.4
PCF(O.2) 0.440 0.440 0.1 0.026 0.028 96.6
PNF(O.S) 0.521 0.520 0.2 0.033 0.034 94.6
s =48, 19 = 12, n./ns/n. = 85/239/23
True Est Bias % SEemp SEpert CP %
PE 0.150 0.151 0.6 0.011 0.011 93.2
TPF(0.4) 0.334 0.337 0.6 0.066 0.068 95.1
FPF(0.3) 0.206 0.207 0.3 0.039 0.040 94.4
AUC 0.740 0.740 0.1 0.032 0.031 93.8
PCF(0.2) 0.422 0.425 0.8 0.045 0.047 94.8
PNF(0.8) 0.544 0.542 0.4 0.056 0.057 93.4
s =24, 1o = 24, n./ns/n. = 350/347/64
True Est Bias % SEemp SEpert CP %
PE 0.183 0.183 0.1 0.007 0.007 96.3
TPF(0.4) 0.768 0.771 0.4 0.031 0.031 94.5
FPF(0.3) 0.494 0.499 1.0 0.039 0.040 94.1
AUC 0.792 0.790 0.3 0.016 0.017 95.1
PCF(O.Q) 0.377 0.378 0.2 0.016 0.017 95.8
PNF(0.8) 0.566 0.567 0.3 0.024 0.025 95.6
s = 48, 1y = 24, ne /e /n. = 138/166/42
True Est Bias % SEemp SEpert CP %
PE 0.188 0.189 0.7 0.011 0.011 94.3
TPF(O.4) 0.697 0.697 0.0 0.053 0.055 95.2
FPF(O.3) 0.464 0.471 1.5 0.056 0.057 93.7
AUC 0.767 0.760 0.9 0.027 0.027 93.8
PCF(0.2) 0.379 0.379 0.1 0.028 0.030 96.1
PNF(O.S) 0.572 0.576 0.7 0.039 0.041 95.0

PE = prediction error, TPF(0.4) = true positive fraction at R(7g | s) = 0.4, FPF(0.3) = false positive fraction at R(7g | s) = 0.3,
AUC = area under the ROC curve, PCF(0.2) = the proportion of events in 7¢ timeframe from s captured if 20% of the population
at risk at time s were followed, and PNF(0.8) = the proportion of the population at risk at time s that would need to be followed in
order to capture 80% of the events in the timeframe 7o from s.
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Table 5.7: Nested case-control study simulation results. Total number of subjects at baseline =
2000, simulation iterations = 1000, perturbations = 500, g, = 1.0 and p,, = -0.1. Effective sample
sizes used to estimate the performance measures are summarized in the table as n./nz/n., where
n. denotes the number of events observed in a 79 timeframe from s, ng denotes the number of
subjects still at risk at time s + 79 and n, is the number of subjects who were censored between s
and s+ 7.

NCC sampled from n = 2000, iterations = 1000, perturbations = 500, . = 1.0, pio, = -0.1
s =24, 1o = 12, n./ne/n. = 216/521/40

True Est Bias % SEemp SEpert CP %
PE 0.180 0.181 0.5 0.007 0.007 95.6
TPF(0.4) 0.192 0.191 0.4 0.040 0.042 94.4
FPF(0.3) 0.261 0.262 0.3 0.039 0.039 94.3
AUC 0.649 0.647 0.3 0.023 0.022 92.6
PCF(0.2) 0.319 0.318 0.2 0.028 0.027 94.2
PNF(0.8) 0.661 0.661 0.1 0.033 0.033 92.9
s = 48, 7 = 12, ne/ne/ne = 85/244/26
True Est Bias % SEemp SEpert CP %
PE 0.168 0.169 1.0 0.011 0.012 94.9
TPF(0.4) 0.102 0.102 0.5 0.043 0.047 94.1
FPF(0.3) 0.179 0.180 0.5 0.047 0.048 93.9
AUC 0.623 0.622 0.1 0.035 0.035 94.5
PCF(0.2) 0.302 0.304 0.6 0.043 0.045 95.4
PNF(0.8) 0.684 0.680 0.7 0.049 0.053 92.6
s =24, 79 = 24, ne/ne/n. = 350/355/73
True Est Bias % SEemp SEpert CP %
PE 0.227 0.227 0.2 0.005 0.005 95.4
TPF(0.4) 0.698 0.703 0.7 0.047 0.046 93.5
FPF(0.3) 0.738 0.741 0.5 0.046 0.046 93.5
AUC 0.660 0.657 0.4 0.021 0.020 93.6
PCF(0.2) 0.291 0.292 0.4 0.017 0.018 95.5
PNF(0.8) 0.686 0.688 0.2 0.023 0.023 94.4
s =48, 1o = 24, n./ns/n. = 138/170/46
True Est Bias % SEemp SEpert CP %
PE 0.225 0.226 0.4 0.009 0.009 96.8
TPF(0.4) 0.561 0.565 0.7 0.075 0.077 94.6
FPF(0.3) 0.647 0.652 0.7 0.072 0.071 92.7
AUC 0.635 0.630 0.9 0.031 0.032 95.0
PCF(0.2) 0.284 0.283 0.0 0.029 0.031 95.8
PNF(0.8) 0.699 0.698 0.1 0.036 0.038 95.7

PE = prediction error, TPF(0.4) = true positive fraction at R(7g | s) = 0.4, FPF(0.3) = false positive fraction at R(to | s) = 0.3,
AUC = area under the ROC curve, PCF(0.2) = the proportion of events in 7o timeframe from s captured if 20% of the population
at risk at time s were followed, and PNF(0.8) = the proportion of the population at risk at time s that would need to be followed in
order to capture 80% of the events in the timeframe 7o from s.
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Table 5.8: Nested case-control study simulation results. Total number of subjects at baseline =
2000, simulation iterations = 1000, perturbations = 500, g, = 0.1 and p,, = -1.0. Effective sample
sizes used to estimate the performance measures are summarized in the table as n./nz/n., where
n. denotes the number of events observed in a 79 timeframe from s, ng denotes the number of
subjects still at risk at time s + 79 and n, is the number of subjects who were censored between s
and s+ 7.

NCC sampled from n = 2000, iterations = 1000, perturbations = 500, o, = 0.1, pq, = -1.0
s =24, 1o = 12, ne/ne/n. = 357/674/40

True Est Bias % SEemp SEpert CP %
PE 0.164 0.164 0.1 0.006 0.006 95.9
TPF(0.4) 0.609 0.609 0.1 0.033 0.032 94.0
FPF(0.3) 0.318 0.316 0.6 0.026 0.026 94.8
AUC 0.794 0.794 0.1 0.014 0.015 94.3
PCF(O.Q) 0.436 0.438 0.4 0.019 0.020 95.8
PNF(O.S) 0.515 0.515 0.0 0.025 0.026 94.4
s = 48, 70 = 12, ne/ne/ne = 150/207/26
True Est Bias % SEemp SEpert CP %
PE 0.190 0.190 0.1 0.009 0.009 95.6
TPF(0.4) 0.707 0.708 0.2 0.048 0.049 94.4
FPF(O.S) 0.496 0.496 0.1 0.048 0.049 95.2
AUC 0.765 0.762 0.4 0.025 0.025 94.8
PCF(0.2) 0.372 0.374 0.6 0.027 0.028 95.3
PNF(0.8) 0.578 0.578 0.0 0.035 0.038 95.3
s =24, 1o = 24, ne/ne/n. = 612/383/78
True Est Bias % SEemp SEpert CP %
PE 0.167 0.167 0.2 0.006 0.006 95.3
TPF(0.4) 0.888 0.889 0.1 0.017 0.018 93.7
FPF(0.3) 0.623 0.628 0.7 0.036 0.037 94.4
AUC 0.831 0.828 0.3 0.013 0.013 94.3
PCF(0.2) 0.331 0.332 0.3 0.009 0.009 95.3
PNF(O.S) 0.595 0.596 0.2 0.016 0.016 94.5
s = 48, 1o = 24, ne /ne/ne = 231/109/42
True Est Bias % SEemp SEpert CP %
PE 0.168 0.169 0.5 0.010 0.010 94.2
TPF(0.4) 0.936 0.935 0.0 0.021 0.021 92.4
FPF(0.3) 0.777 0.777 0.1 0.051 0.052 94.8
AUC 0.813 0.803 1.2 0.025 0.025 94.5
PCF(0.2) 0.297 0.298 0.3 0.013 0.014 95.8
PNF(0.8) 0.640 0.643 0.5 0.024 0.026 94.8

PE = prediction error, TPF(0.4) = true positive fraction at R(7g | s) = 0.4, FPF(0.3) = false positive fraction at R(7g | s) = 0.3,
AUC = area under the ROC curve, PCF(0.2) = the proportion of events in 7o timeframe from s captured if 20% of the population
at risk at time s were followed, and PNF(0.8) = the proportion of the population at risk at time s that would need to be followed in
order to capture 80% of the events in the timeframe 7¢ from s.
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Table 5.9: Nested case-control study simulation results. Total number of subjects at baseline =
2000, simulation iterations = 1000, perturbations = 500, g, = 1.0 and p,, = -1.0. Effective sample
sizes used to estimate the performance measures are summarized in the table as n./nz/n., where
n. denotes the number of events observed in a 79 timeframe from s, ng denotes the number of
subjects still at risk at time s + 79 and n, is the number of subjects who were censored between s
and s+ 7.

NCC sampled from n = 2000, iterations = 1000, perturbations = 500, o, = 1.0, pq, =-1.0
s =24, 1o = 12, n./ns/n. = 358/673/40

True Est Bias % SEemp SEpert CP %
PE 0.201 0.201 0.3 0.005 0.006 95.8
TPF(0.4) 0.395 0.398 0.9 0.041 0.041 94.5
FPF(0.3) 0.434 0.434 0.1 0.036 0.037 95.4
AUC 0.670 0.670 0.0 0.018 0.018 94.1
PCF(0.2) 0.323 0.325 0.7 0.019 0.020 95.5
PNF(0.8) 0.653 0.653 0.0 0.024 0.025 94.3
s =48, 19 = 12, n./ne/n. = 150/207/26
True Est Bias % SEemp SEpert CP %
PE 0.227 0.228 0.3 0.008 0.008 94.6
TPF(0.4) 0.587 0.587 0.0 0.065 0.067 93.8
FPF(0.3) 0.683 0.681 0.3 0.059 0.060 93.6
AUC 0.634 0.631 0.5 0.031 0.030 93.2
PCF(0.2) 0.280 0.281 0.4 0.027 0.028 96.0
PNF(0.8) 0.701 0.702 0.1 0.034 0.035 94.3
s =24, 1o = 24, n./ns/n. = 611/383/78
True Est Bias % SEemp SEpert CP %
PE 0.218 0.218 0.2 0.005 0.005 95.4
TPF(0.4) 0.914 0.914 0.1 0.019 0.020 94.0
FPF(0.3) 0.905 0.905 0.1 0.025 0.025 92.2
AUC 0.692 0.689 0.4 0.017 0.017 94.6
PCF(0.2) 0.277 0.278 0.3 0.010 0.010 95.5
PNF(0.8) 0.695 0.697 0.4 0.015 0.016 93.9
s = 48, 1y = 24, ne /ne/ne = 232/110/42
True Est Bias % SEemp SEpert CP %
PE 0.214 0.214 0.1 0.009 0.010 95.4
TPF(0.4) 0.965 0.961 0.4 0.019 0.021 94.7
FPF(0.3) 0.968 0.966 0.2 0.022 0.024 91.7
AUC 0.658 0.653 0.8 0.031 0.032 95.1
PCF(0.2) 0.252 0.254 0.7 0.014 0.016 96.9
PNF(0.8) 0.729 0.732 0.3 0.021 0.023 95.4

PE = prediction error, TPF(0.4) = true positive fraction at R(7g | s) = 0.4, FPF(0.3) = false positive fraction at R(7g | s) = 0.3,
AUC = area under the ROC curve, PCF(0.2) = the proportion of events in 7¢ timeframe from s captured if 20% of the population
at risk at time s were followed, and PNF(0.8) = the proportion of the population at risk at time s that would need to be followed in
order to capture 80% of the events in the timeframe 7o from s.
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Table 5.10: Nested case-control study simulation results showing convergence with increasing
sample size, iterations = 1000, perturbations = 500, o, = 0.1 and p,, = -1. Effective sample sizes
used to estimate the performance measures are summarized in the table as n./nz/n., where n.
denotes the number of events observed in a 7y timeframe from s, nz denotes the number of subjects
still at risk at time s+ 79 and n. is the number of subjects who were censored between s and s+ 7p.

Nested case-control, iterations = 1000, perturbations = 500, o, = 0.1, pq, =-1.0
Sampled from n = 500, s = 48, 79 = 24, ne/ns/n. = 58/27/11

True Est Bias % SEemp SEpert CP %
PE 0.168 0.171 1.6 0.021 0.021 95.5
TPF(0.4) 0.936 0.929 0.7 0.044 0.046 91.2
FPF(0.3) 0.777 0.767 1.2 0.107 0.105 91.2
AUC 0.813 0.780 4.1 0.050 0.055 95.2
PCF(0.2) 0.297 0.306 2.8 0.026 0.032 98.0
PNF(0.8) 0.640 0.650 1.6 0.051 0.055 94.1
Sampled from n = 1000, s = 48, 79 = 24, n./ns/n. = 116/55/21
True Est Bias % SEemp SEpert CP %
PE 0.168 0.169 0.6 0.015 0.015 94.3
TPF(0.4) 0.936 0.931 0.4 0.031 0.031 92.1
FPF(0.3) 0.777 0.768 1.0 0.075 0.075 93.3
AUC 0.813 0.796 2.0 0.034 0.037 95.5
PCF(0.2) 0.297 0.301 1.3 0.019 0.021 97.0
PNF(0.8) 0.640 0.645 0.7 0.034 0.037 96.6
Sampled from n = 2000, s = 48, 79 = 24, ne/ns/n. = 231/109/42
True Est Bias % SEemp SEpert CP %
PE 0.168 0.169 0.5 0.010 0.010 94.2
TPF(0.4) 0.936 0.935 0.0 0.021 0.021 92.4
FPF(0.3) 0.777 0.777 0.1 0.051 0.052 94.8
AUC 0.813 0.803 1.2 0.025 0.025 94.5
PCF(0.2) 0.297 0.298 0.3 0.013 0.014 95.8
PNF(0.8) 0.640 0.643 0.5 0.024 0.026 94.8
Sampled from n = 4000, s = 48, 79 = 24, n./ns/n. = 462/219/85
True Est Bias % SEemp SEpert CP %
PE 0.168 0.169 0.6 0.007 0.007 96.4
TPF(0.4) 0.936 0.935 0.1 0.015 0.015 94.1
FPF(0.3) 0.777 0.777 0.0 0.037 0.037 94.2
AUC 0.813 0.806 0.8 0.017 0.017 95.7
PCF(0.2) 0.297 0.298 0.2 0.009 0.009 94.8
PNF(0.8) 0.640 0.642 0.3 0.017 0.018 94.6

PE = prediction error, TPF(0.4) = true positive fraction at R(7g | s) = 0.4, FPF(0.3) = false positive fraction at R(7g | s) = 0.3,
AUC = area under the ROC curve, PCF(0.2) = the proportion of events in 7o timeframe from s captured if 20% of the population
at risk at time s were followed, and PNF(0.8) = the proportion of the population at risk at time s that would need to be followed in
order to capture 80% of the events in the timeframe 7o from s.
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Table 5.11: Baseline characteristics of patients randomized into the HALT-C clinical trial,
and those of selected into the nested case-control study (NCC) at 3.8 years after randomiza-

tion.

Baseline characteristics of patients in the HALT-C clinical trial

Age at randomization (mean, sd)
Female (n, %)

Race/ethnicity (n, %)

— White

— Black

— Hispanic

— Other

Drinks (per week) (mean, sd)
DCP (log2) (mean, sd)

Cirrhosis present (n, %)
Randomized to treatment (n, %)
HCC diagnosed (n, %)

HALT-C HALT-C NCC
(n = 1002) (n = 116)
50.2 7.2 51.7 7.5
289 28.8 26 224
717 71.6 70 60.3
183  18.3 36 31.0
79 7.9 7 6.0
23 2.3 3 2.6
9.6 164 9.5 14.5
49 0.9 4.9 1.0
408  40.7 66 56.9
207  50.6 29 20.9
39 3.9 39 33.6
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Table 5.12: Estimates (EST) and standard errors (ESD) of measures of predictive capacity sum-
marizing predictions of hepatocellular carcinoma based on des-y-carboxyprothrombin biomarker
and a partly conditional logistic model with the logit link function (PCgry). The estimates were
obtained s = {6,12,24,36} and 79 = {6, 12} months. The number of events between s and s + 79,
and the number of subjects with no-events before s + 7y, are denoted by n. and ng, respectively.
The standard errors were estimated with 500 perturbations.

HALT-C NCC study prediction evaluation results

70 = 6 months

s = 6 months s = 1 year s = 2 years s = 3 years

(ne/nz = 3/110) (ne/ne = 3/102)  (n./nz = 8/85)
EST (ESD) EST (ESD) EST (ESD) EST (ESD)
PE(x10) 0.032 (0.018) 0.028 (0.015) 0.101 (0.032)
AUC 0.757 (0.147) 0.952 (0.030) 0.806 (0.087)
PCF(0.2) 0.667 (0.237) 1.000 (0.000) 0.748 (0.146)
PNF(0.8) 0.637 (0.294) 0.096 (0.048) 0.523 (0.240)

70 = 1 year

s = 6 months s = 1 year s = 2 years s = 3 years

(ne/ne = 4/109)  (ne/ne = 5/105)  (ne/ne = 11/94)  (ne/ne = 17/76)
EST (ESD) EST (ESD) EST (ESD) EST (ESD)
PE(x10) 0.042 (0.021) 0.055 (0.024) 0.107 (0.035) 0.214 (0.056)
AUC 0.709 (0.125) 0.782 (0.121) 0.858 (0.067) 0.748 (0.077)
PCF(0.2) 0.500 (0.223) 0.600 (0.207) 0.818 (0.112) 0.646 (0.120)
PNF(0.8) 0.637 (0.197) 0.747 (0.285) 0.147 (0.210) 0.523 (0.192)

PE(x10) = prediction error x 10, AUC = area under the ROC curve, PCF(0.2) = the proportion of events
in 79 timeframe from s captured if 20% of the population at risk at time s were followed, and PNF(0.8) =
the proportion of the population at risk at time s that would need to be followed in order to capture 80%
of the events in the timeframe 79 from s.
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Chapter 6

CONCLUSIONS AND FUTURE RESEARCH

Summary and conclusions The work described in this dissertation was motivated by
a problem of evaluation of the utility of an anti-idiotypic antibody, suspected to play a
role in development of type 1 diabetes, in predicting the onset of type 1 diabetes based
on longitudinal measurements of that anti-idiotypic antibody in a case-control study. At
the time, methods to address that problem were not available. However, with the tools
developed in this dissertation, we are now able to evaluate that marker in terms of its ability
to discriminate between those who will and those who will not progress to type 1 diabetes

in a given time frame.

We developed estimation techniques for flexible and robust models for risk prediction in
a longitudinal setting that are rooted in the partly conditional modeling framework [Zheng
and Heagerty, 2005]. The models are robust, requiring no modeling assumptions between
event time history and the full marker process, and only model a function of a part of the
marker trajectory up to s. They are flexible, because they accommodate multiple covariates

in a rich way and are easy to modify and adapt to a given problem.

In the first model, the partly conditional Cox-type model (PCcyy), we modeled the mea-
surement time non-linearly using splines, and the marker effect using a time-dependent
coefficient. This model is very flexible, allowing for adjustment for baseline covariates as
well as incorporation of additional longitudinal covariates or biomarkers. In the partly con-
ditional generalized linear model (PCgpy), all parameters are effectively time-dependent,
since the model is fit to each specific prediction timeframe separately. Again, the measure-

ment time can be modeled in a non-linear fashion using, for example, a spline and covariates



147

can include baseline covariates as well as longitudinal ones. Thus, the models are robust,
making no assumptions as to the marker trajectory and modeling the marker effect with a
time-varying coefficient, and flexible in their adaptability to a problem at hand. They can
be used to model observed marker data, or some function of the marker trajectory up to a
given time point.

In their simplest form, both of these models relate the observed marker information at
a given time to the outcome. However, some function of all the available information up
to a given time point can be incorporated into the model. This could be as simple as the
average of the last two measurements, or could be much more involved. Modeling a function
of marker information up to the time s, rather than the observed marker values, is especially
desirable when the signal to noise ratio in marker measurements is low. In other words, when
marker measurements include non-systematic noise, or measurement error, we might want
to mitigate its impact by increasing signal to noise ration and thus, improve the quality of
risk predictions.

We suggest one approach to address this issue, the BLUP. In this approach, an LME
model is fit to the marker trajectories of the full cohort in order to learn the trends in the
relationship between the marker and time. Then, given the estimates from the LME model
and the marker data for a new subject, we iterate through their observations conditioning on
the time of a given measurement s and obtain a BLUP marker value at that time, or any time
point u, u < s. This method “shrinks” the new individual’s marker trajectory towards the
mean trajectory and as estimated from the full cohort. The shrinking is desirable, because
it reduces the variability in the new individual’s trajectory over time, but it does that in a
“supervised” fashion. In other words, if the marker data in the full cohort at some time w is
highly variable, that variability will be carried through to the BLUP marker values for the
new individual, and little information from the cohort will be incorporated into the BLUP
marker value. If, on the other hand, there is very little variability in the marker values in

the cohort, the BLUP marker values for the new individual will be “shrunk” more towards
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the mean estimated from the cohort. We emphasize that the BLUP marker values are only
based on the past data of the new individual. That is not always the case in some, more
naive, approaches aimed at reducing the noise, or nonsystematic measurement error, levels
in the data. The BLUP marker values can then be used in place of observed marker values
in the PCcox and PCqry models, a method we refer to as two-stage modeling.

In our evaluation of the models via simulations, we compared the risk predicted by PCcox
and PCgpv with the true risk estimated empirically, and we compared the PCgo, BLUP
and PCgprm BLUP with predictions and their standard errors with those obtained from the
current gold standard approach to risk prediction in a longitudinal setting, the joint model
(JM). The reason for that latter was that in the case of PCgo BLUP or PCqry BLUP, it is
very challenging to obtain an empirical truth, as the predictions depend on the whole marker
trajectory up to the prediction time, as well as marker trajectories in the cohort. We also
evaluated the models in terms of their ability to discriminate between subjects who will or
will not experience an event in a given timeframe using several measures of discrimination
and calibration.

The PC models performed well in terms of the accuracy of risk predictions, as compared to
the empirically obtained true risks (PCcox, PCqrym) and compared to the JM (PCqox BLUP,
PCcrym BLUP). The PCcox BLUP and PCgry BLUP models, just like the JM, provide
an advantage over PCcgo and PCgry models when the marker measurements are highly
variable, with that variability believed to be nonsystematic, and the marker trajectories can
be modeled well. If the marker trajectories are complex and difficult to model with an LME
model, the two-stage models, as the JM, may perform poorly. In that situation, the PCgox
and PCqry models should perform better. That is, in fact, what we observed in the analysis
of the End Stage Renal Disease Study (ESRDS) dataset.

The PC models have several advantages over the JM. They are simpler to use in practice,
easier to modify and fit. Incorporating multiple longitudinal markers into the PC framework

(PCeox and PCqrnm) is straightforward, whereas it is a practical impossibility for the JM, as
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well as the PCcox BLUP and PCgry BLUP in their current form. In our simulations, the
performance of the PCco BLUP and PCqry BLUP was comparable to that of the JM in
terms of discrimination and calibration. This was a promising finding, as the two-stage PC
models are much easier to work with in practice than the JM. Using the JM package in R
[Rizopoulos, 2010], we found the JM difficult to fit, often failing to converge, especially for
LME models with more than one random effect.

Thus, the PC models add to the arsenal of tools available to us for risk prediction in a
longitudinal setting. They offer significant advantages in situations where few assumptions
about the longitudinal marker trajectory can be reasonably made (PCcoy, PCqrm), as well
as in situations with considerable non-systematic error in the marker measurements when
the marker trajectories can be modeled well, possibly with a complex LME model (PCgox
BLUP, PCgrm BLUP).

Next, we turned our attention to evaluating risk predictions and predictive tests based on
risk. Our goal in the second part of the dissertation was to develop nonparametric methods
for evaluation of risk predictions in a longitudinal setting under a cohort study design. We
selected measures of discrimination that were well established in the diagnostic testing (true
and false positive fractions (TPF, FPF)) [Pepe, 2003], as well as measures that are based
on TPF and FPF but have a more clinically relevant interpretation, which we view to have
potential for use in feasibility studies of preventive interventions (PCF, PNF) [Pfeiffer and
Gail, 2011]. Until now, in the prediction setting, these measures were used mainly for
evaluation of predictive markers measured at baseline, although some have been extended
to the longitudinal setting (TPF, FPF) [Zheng and Heagerty, 2007]. There, the estimators
were semiparametric, and used the marker value at the conditioning time to define a test
to be evaluated. Our estimators are nonparametric, and we used risk estimated from data
up to the conditioning time, s, to define a test. We decided on nonparametric estimation
methods to maximize robustness of our estimators by limiting their reliance on modeling

assumptions.
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We extended the definitions of selected measures to the longitudinal setting. We ac-
counted for censoring using inverse probability weighting (IPW) with the weights estimated
nonparametrically. In this setting, all the estimators were conditional on s, meaning the
data available up to time s and survival up to time s. We also provided inference procedures
for our estimators using a resampling-based approach referred to as perturbation [Parzen
et al., 1994, Jin et al., 2001]. It is an elegant approach to variance estimation, and though
bootstrap would have been appropriate to use for the estimation in the full cohort as well,
we chose perturbation as it can be more easily, and elegantly, applied to variance estimation
in two-phase samples.

One of the practical challenges in risk prediction in the longitudinal setting is that longi-
tudinal observations are not available at all times, and often the measurement time deviates
substantially from the time specified in the study protocol. One way to address that prob-
lem is to carry the last available measurement forward to the time of interest and impute
it at that time. This can lead to substantial bias [Tsiatis and Davidian, 2004], especially
if the slope of the marker trajectories is steep. If the marker trajectories could be modeled
reasonably well with an LME model, then using the BLUP approach to impute the marker
measurements at specific times using past information can reduce bias in the estimation of
risks and thus, the evaluation measures.

We evaluated our estimators under a cohort study design with censoring by comparing
them to the true, estimated empirically from an uncensored large cohort, values of the
measures. Our estimators, as well as their variance estimators, performed well achieving
nominal coverage probabilities even in settings with effective samples sizes as low as n = 100.
We also noted a reduction in bias in estimation of evaluation measures when BLUP is used
to impute missing data, compared to the LVCF approach. However, the bias in the LVCF
is mainly an issue when marker trajectories have steep slopes.

In the third part of the dissertation we extended the estimation procedures discussed

in the second part to the two-phase sampling designs. Specifically, we considered case-
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cohort, stratified case-cohort and nested case-control study designs, but we note that our
estimation procedures could also be used as a guide and be adopted to other, possibly
more complex, sampling designs. In this setting we also opted for robust, nonparametric
estimation procedures. In addition to accounting for censoring, we account for bias due
to sampling by an additional inverse probability weight, which is estimated differently for
each study design. Variance estimation using resampling-based approaches poses a challenge
in two-phase studies sampled using finite sampling in the second phase, due to correlation
induced by sampling between the sampled individuals. Thus, standard approaches such
as bootstrap are not appropriate. Perturbation, however, can be used to account for that
induced correlation.

We evaluated our estimators and variance estimation procedures with extensive simula-
tion studies. We show that the double inverse probability weighting (DIPW) accounts for
censoring and sampling bias in CCH and NCC study designs, with our estimators showing
no evidence of meaningful bias and falling within a desirable range of the nominal coverage
probability of 95%. We illustrated our methods on ESRDS (cohort) and HALT-C (NCC)
studies.

The missing data at specific measurement times is also often an issue in two-phase studies,
but it cannot be addressed using the BLUP approach. To the best of our knowledge, methods
to estimate parameters on LME models in two-phase samples are not available at this time.

In summary, we developed estimation procedures for flexible and robust partly conditional
models that can be used for risk prediction in a longitudinal setting with time-to-event
outcomes. We evaluated our models and compared their performance to the current gold
standard, the joint model, and offered practical guidance as to the situations in which the
different approaches are likely to be most appropriate.

Predictive models and predictive biomarkers have little utility until risk predictions based
on them are evaluated and validated. The same evaluation methods can serve to evaluate

risk prediction models, as well as the longitudinal predictive markers. In development of our
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evaluation methods we considered measures of calibration (PE(7 | s)) and discrimination
(TPF(7 | s,-), FPF(70 | s,-), AUC(79 | s), PCF (70| s,-), PNF(19 | s,-)). We provided non-
parametric estimators of these measures as well as perturbation-based variance estimators,
using IPW to account for censoring. We evaluated the performance of our estimators using
simulation studies and illustrated them in the analysis of the ESRDS dataset.

It was important to us that our methods be applicable in a wide range of study designs.
Thus, we considered case-cohort, stratified case-cohort and nested case-control study designs,
which are all commonly used in clinical studies to evaluate biomarkers. We used IPW to
account for sampling, in addition to the IPW accounting for censoring, resulting in DIPW
estimators. We also provided valid inference procedures for our estimators under the three
study designs. We evaluated our methods in simulation studies and illustrated them on a
nested case-control study within a HALT-C clinical trial dataset. Our inference procedures
are elegant and intuitive and it was our intention to present them in a way that facilitates

their extension to other, possibly more complex, study designs.

Future work The work described in this dissertation generated many ideas, some of which
we plan to pursue in the near future.

Two-phase sampling can be thought of as a missing data problem. Some study designs,
such as case-cohort and nested case-control have been studied extensively and are well un-
derstood. In those sampling designs, the units being sampled are individuals, since in most
studies each individual would provide one observation. This is not the case in longitudinal
studies, as one individual can provide several observations. We are interested in exploring
sampling designs where the sampling units are observations, or sets of observations, rather
than individuals. Could such sampling offer cost reduction without compromising efficiency?

We plan to explore the adaptability of the perturbation variance estimation approach to
these different sampling designs. We expect it to be a nice, relatively easily adaptable tool

to use in a wide variety of settings.
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In our evaluation we demonstrated that the BLUP is an appropriate, well performing
and practical approach to imputing missing data at specified time points in situations where
measurement times deviate from the protocol. It uses an LME model to model the rela-
tionship between time and marker. Thus, it is currently only available under the cohort
study design. Adapting it to two-phase sample designs would be of great interest and of
practical consequence. There are two ways in which that could be achieved: one would be
to develop a weighted LME, where sampling weights could be incorporated into the fitting
of the model. The other would be to explore other modeling options that could be incorpo-
rated into the BLUP imputation method instead of the LME, but for which the fitting with

sampling weights is already available.
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