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Abstract

Contributions to Physics-Based Aeroservoelastic Uncertainty Analysis

Sang Wu

Chair of the Supervisory Committee:
Professor Eli Livne
The William E. Boeing Department of Aeronautics and Astronautics

The thesis presents the development of a new fully-integrated, MATLAB based simulation
capability for aeroservoelastic (ASE) uncertainty analysis that accounts for uncertainties in all
disciplines as well as discipline interactions. This new capability allows probabilistic studies of
complex configuration at a scope and with depth not known before. Several statistical tools and
methods have been integrated into the capability to guide the tasks such as parameter
prioritization, uncertainty reduction, and risk mitigation.

The first task of the thesis focuses on aeroservoelastic uncertainty assessment considering
control component uncertainty. The simulation has shown that attention has to be paid, if notch

filters are used in the aeroservoelastic loop, to the variability and uncertainties of the aircraft



involved. The second task introduces two innovative methodologies to characterize the unsteady
aerodynamic uncertainty. One is a physically based aerodynamic influence coefficients element
by element correction uncertainty scheme and the other is an alternative approach focusing on
rational function approximation matrix uncertainties to evaluate the relative impact of
uncertainty in aerodynamic stiffness, damping, inertia, or lag terms. Finally, the capability has
been applied to obtain the gust load response statistics accounting for uncertainties in both
aircraft and gust profiles. The gust response analysis shows a significant increase of the critical
loads when system’s uncertainties are included.

The work is expected to make a contribution to the understanding of the propagation of
uncertainty and the resulting reliability of realistic integrated aeroservoelastic system inherent in
real modern aircraft. This work will motivate more research in the aeroservoelastic uncertainty
area regarding both methods development in general and reliability studies of different
configurations of interest. The mathematical derivations which serve as the foundation of the

capability are also well documented.
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Chapter 1. INTRODUCTION

1.1 BACKGROUND AND CHALLENGES

Aeroelasticity is the branch of physics and engineering which studies the interactions between
inertial, elastic and aerodynamic forces. It was defined by Collar in 1947 as “the study of the
mutual interaction that takes place within the triangle of the inertial, elastic, and aerodynamic
forces (Fig. 1.1) acting on structural members exposed to an airstream, and the influence of this
study on design.”

The science of aeroservoelasticity (ASE) extends the aeroelastic interactions between
aerodynamic forces and a flexible structure to include a control system. The classic Collar
triangle can be extended to form the aeroservoelastic pyramid (Fig. 1.1), where there are now

forces resulting from the control system as well as the aerodynamic, elastic and inertial forces.

Control

Structures

The Aeroelastic
Triangle

Dynamics

Aerodynamics

Figure 1.1. Aeroelastic / Aeroservoelastic Triangle and Pyramid
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Key features of aeroservoelastic systems include dynamics, structural dynamics,

aerodynamics (steady & unsteady), actuator, sensing, control and the mutual interaction between

them. (Fig. 1.2). Some typical system parameters and behavior measures for the aeroservoelastic

system are listed below.

1.

Structures:

General: element topology, shape and sizing.

Composites: material properties, fiber directions, stacking order, skin, spar and rib web
thickness.

Mass distribution: non-structural and structural mass distribution.

Aerodynamics:

Geometry, topology, surface properties.

Atmospheric properties, flight conditions such as Mach number, Reynolds numbers and

reduced frequency.

3.

Control:

Actuators: In the case of electro-hydraulic actuators: inertias of parts, hydraulic fluid
properties, inner & outer geometry, command valve parts properties (mechanical &
electrical), actuator closed loop control structure, and actuator - airframe attachments.

Sensors: properties of parts (mechanical, electrical, optical) and inner structure, sensor -
airframe attachments.

External inputs:

Gust excitation, landing impact, sudden mass changes (external stores ejection), pilot
commands to vehicle control effectors, other environmental effects (such as temperature,

moisture absorption, etc. affecting structure, actuators, and sensors).



5. System’s behavior:

Stability (as quantified using various measures)

Dynamic response to external excitation (rigid body motions, elastic deformations, vibration
levels, internal dynamic loads, internal stresses, activity level of actuators, dynamics of actuator
supporting hydraulic and electrical systems)

The ASE systems Inputs - Outputs information flow is shown in Fig. 1.2. The inner box
shows the simulations of the dynamics of ASE systems where parameters that describe the
structure dynamics, unsteady aerodynamics, control law as well as mesh interpolation are
defined. The interaction between structure dynamics and aerodynamics are coupled by system
equations of motion. The outer box defines, depending on the specific simulation and task, the

input and output of the system.

Inputs Simulation of System Dynamics Outputs
. Flight
conditions
Impulsive ) — ,,,,,7, —
| Structural | Theory used; Model geometry & Natural frequencies,
structural | oynamics | Mesh fineness. |7 topology; | Modeshapes,  |——— “Rigid
= T | Materials properties; Modal damping.
Changes Sizing (thickness, T ‘ El bOdy
cross section areas); - ”
Non-structural masses; motions
Damping.
‘ : Equations
Gust inputs Aerodynamics ¥ Theory used; || Model geometry; | Generalized Rational .
T | Meshfineness. | Aerodynamic JAerodvnami( ot Iumonu‘n ‘ Of — | Elastic
[ | Approximation . 3
e ey ||l | Motion > Deformations &
Downwash; y accelerations
pressure distributions;
Flight Conditions.
| Discipline \ iTheorv used; |
[ interfaces [ interpolation | Stresses /
Controlled |Interiace | der F -

h o I ' _ > Internal
shape |_Jlsensors& | [Modelorder; | [Physical [Transter | | loads
changes | Actuators || Detaillevel. | | Location & attachment. [| State space models.

Stability
Controlled

Engine Actuator /

changes Power system
Dynamics &
effort

Note: the engine in the diagram above is treated as another actuator.

Figure 1.2. ASE systems Inputs / Outputs flow
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ASE simulations, wind tunnel tests, and flight tests technology has been developed from the
1960s (even earlier) and has reached a level of maturity that allows actual airplane application.
However, the technology implementation is not complete and requires more development in
areas such as: nonlinear structures, structural damping modeling, aerodynamic nonlinearities,
ground and flight testing, etc.

The importance of uncertainty in aeroelastic and aeroservoelastic simulations has been
recognized for a long time and addressed traditionally by the designers and developers of new
aircraft through comprehensive parametric studies covering the range of expected variation of
key structural and aerodynamic parameters. The emergence of powerful computers capable of
running multiple aeroservoelastic simulations within practical time and computer resource
limitation has led to a growing number of efforts to develop new methods for addressing the
aeroservoelastic uncertainty problem. Reviews of uncertainty evaluation approaches in
aeroelasticity can be found in [1,2] and recently in [3].

With the help of high performance computing direct Monte Carlo simulations have been
used to find the probability of flutter failure with consideration of structural uncertainty due to
manufacturing [4-6], aerodynamics uncertainty via correction factor techniques [7], as well as
uncertainty quantification combined with damage tolerant composite structure design [8]. To
overcome the challenge posed by the need to carry out many computationally expensive
aeroelastic simulations, reduced order or surrogate modeling methods have been proposed, such
as response surface methods, perturbation methods, and first or second order reliability methods
(FORM or SORM) that would allow speeding up the simulation process. Representative works
in this area are reported in [9-12]. Approaching the problem from another perspective — that of

Robust Control Theory and it derivative methods - another set of publications addressing



5)
aeroelastic and aeroservoelastic uncertainty use a non-probabilistic approach, e.g. robust flutter
analysis [13-18], the -k method [16] and . -p method [17].

The current challenges in the existing research on aeroelastic uncertainty can be classified

into
1. Uncertainty Approaches:

(1) FORM and SORM - challenge: approximation may miss nonlinear effects such as mode
switching, etc.

(2) Response surface or surrogate models followed by Monte Carlo Simulations —
Challenges: computational cost of creating surrogate models when many variables are
involved. The potential of missing mode switching and other nonlinear effects.

(3) Robust control based approaches — Challenges: computational cost, form of source of
uncertainty requirement, may be over conservative.

(4) Direct Monte Carlo approaches — Challenges: Computational cost for high confidence
and low error.

2. Aeroelastic uncertainty modeling

(1) Structural uncertainty — stiffness and inertia variation, structural damping variation.

(2) Unsteady aerodynamic — the power and limitation of linear theories, correction factors,
CFD and the CFD challenges: separation and other nonlinear mechanisms, turbulence
modeling, shock and boundary layer interaction, the huge computational costs. The
limitations of reduced order models (ROMs)

(3) Flight conditions uncertainty

3. Very limited work done on uncertainty and system identification (ID) in ground vibration

testing and flutter flight testing.
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4. Aeroservoelastic uncertainty and reliability (the added complexity with the addition of active

5.

control):

Past work mainly within the Robust Control approach and focused on robust controller

design. Very limited work has shown that control component modeling accuracy can have a

major impact on ASE simulation results, but no thorough uncertainty / reliability work has

been reported that also covers actuator uncertainty.

Aeroservoelastic ASE simulation capabilities for real aircraft applications:

(1) NASTRAN (with limited ASE capability and no built in coupling with modern control)

(2) ZAERO and ZEUS (coupling with modern control, but no seamlessly integrated
structural part. Depends on NASTRAN and other FE tools)

(3) The commercial codes are expensive, especially when run using parallel processing,
which is a must for Monte Carlo simulations.

(4) Other capabilities in the US and Europe (NASA DYLOFLEX, Karpel’s DYNRESP,
NASA STARS, etc.) — none allows access to all elements of the ASE model and none
was built for uncertainty simulations.

Based on the above discussion, this research has been focused on developing a self-

contained industry-appropriate (in terms of complexity and realism) aeroservoelastic analysis

simulation tool to perform reliability analyses covering all aspects of system uncertainty. The

simulation capability is tailored for efficient Monte Carlo simulations using the state of the art

parallel computing of realistic ASE systems.



1.2 THE NEEDS AND GOALS

While commercial codes such as NASTRAN and ZAERO, and similar capabilities developed by
aircraft companies, universities, and government organizations for their own use exist, they are
either expensive to license and difficult to modify for special needs, or not available to the
public. Because of the need in this project to run massive Monte Carlo simulations of
aeroservoelastic systems, covering variations in the structural, aerodynamic and control
characteristics of airplanes as well as the flight conditions and the environment in which they
operate, and because of the need to allow numerical experiments with unusual modeling
approaches and numerical details that are not available with the commercial codes, it was
decided to develop, in parallel with reliance on commercially available tools such as NASTRAN
and ZAERO, an independent self-contained aeroservoelastic modeling capability.

The development of such a comprehensive aeroservoelastic capability was a major effort
that was challenging to complete. Nevertheless, the need for a capability that would make it
possible to fully access all its modules and parts for code adjustments and adaptations to allow
the study of different research questions was important enough to justify such a development.

The aeroservoelastic MATLAB capability developed includes the following features:

For the structural dynamic modeling part three-dimensional beams, springs, and composite
plate element form the core of the structural dynamic modeling capability. The elements and
associated analysis methods were carefully selected to allow modeling accuracy and complexity
that are industry standard.

For the unsteady aerodynamic part a Doublet Lattice modeling capability was developed,

together with the necessary mesh to mesh spline. Based on an Aerodynamic Influence
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Coefficients (AIC) approach, the new capability can accept CFD-based AICs from a variety of
CFD codes.

The aeroelastic and aeroservoelastic modeling part include frequency domain and state
space stability analysis options, together with frequency domain and time domain gust response
simulation options. Modeling of complete aeroservoelastic systems is allowed, including the
modeling of sensors and actuators at different levels of fidelity and complexity as well as the
incorporation of control laws of various types.

The creation of such a capability can be viewed as a design and construction of an
experimental apparatus and a set up for tests that had not been possible before. A detailed review
of the development of this capability is summarized in Chapter 2.

Topics that have been developed and performed using the capability developed are listed
below:

1. The effect of control component uncertainty on coupled ASE behavior. (Chapter 3)
2. Adding to the body of knowledge on flutter (ASE stability) uncertainty. (Chapter 3)
3. Testing of several alternative methods for representing aerodynamic uncertainties and

studying their effects. (Chapter 4)

4. Adding to the body of knowledge on gust response uncertainty. (Chapter 5)



Chapter 2. TOOL DEVELOPMENT

2.1 THE MATLAB BASED FEM CAPABILITY

Important finite elements used in the FE modeling of wing structures are membrane and plate
elements (used to model skins and webs), truss rod elements (used to model; spar and rib caps),
and beam as well as rigid bar elements (used to model local reinforcements and attachment areas
or link masses to the nodes they should be attached to). Beam elements are often used to model
complete wings, in what is called “the stick model”, where in the case of high aspect ratio wings
a detailed finite element model of the structures can be replaced by an equivalent stick model
with resulting simplicity and computational efficiency.

When composite materials are used to construct airframe structures their anisotropic
properties, representing the different directions of layers making the laminates used for skins,
webs, and caps, must be modeled properly for both stiffness simulation and the prediction of
stress related failure.

The aeroelastic simulation capability developed in the project is based on a finite element
(FE) model in Matlab using four key elements: a truss element for modeling spar and rib caps, a
composite triangular shell element for skins and webs, beam element for stick model and mass
element for lumped mass. The flat triangular shell element from P. Mohan [18] was selected
because of demonstrated good performance in linear and nonlinear cases and the availability of a
detailed presentation of its development and key equations.

In order to use a finite element code (FE) correctly and efficiently, especially when
optimization is involved, it is important to understand the assumptions and mathematical

derivations used to develop the finite elements used in the modeling of the structures involved.
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Such insight into the properties of the finite elements involved would lead to efficient modeling,
efficient sensitivity analysis, efficient approximation, and efficient parametrization for
optimization.

The triangular element used in this study is obtained by combining the Discrete Kirchhoff
Theory (DKT) Plate bending element of Batoz et al. and a membrane element with drilling
degrees of freedom derived from the well-known Linear Strain Triangular (LST) element [18]. A
more detailed derivation of this element can be found in Appendix A.

A comparison was performed to verify the accuracy of the FEM capability. A simple FEM
modal analysis was taken from the ZAERO application manual for comparison. Fig. 2.1 plots the

FEM model which is using plate elements only. The element properties are
E =9.24x10° psi, v=0.33, t=0.041in, p=2.52x10"slinch/in’
Where E is Young’s modulus of the material, v is the Poisson’s ratio, t is the plate thickness and

p is the material density. slinch is the inch version of slug and equal to 1 Ib-s? /in or 12 slugs.

N

o0 1 2 3 4 5

inches

Figure 2.1. FEM model of the 15 deg backswept wing

The FEM modal analysis is illustrated in Table 2.1.
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Table 2.1. Comparison of results from modal analysis

Mode | Frequency (UW Code) | Frequency (NASTRAN) | Error
NO. Hz Hz
1 40.52 40.26 0.64%
2 216.04 210.2 2.78%
3 261.68 258.0 1.43%
4 649.19 629.9 3.06%
5 177.22 751.2 3.46%

In these modal analyses, the results agree with those of NASTRAN. The finite element code
has been validated using other cases and was found suitable for the aeroelastic analyses that

would follow.

2.2 UNSTEADY AERODYNAMICS — THE DOUBLET LATTICE METHOD

Aerodynamic compressibility is an important factor in the flutter of high speed air vehicles. It is
impossible to solve the unsteady aerodynamic equations without the help of high speed
computers. The kernel-function and doublet-lattice method (DLM), for linearized subsonic
flows, were developed to take advantage of improvements in digital computer technology.
During the past two decades, the simulation of flow around more complicated shapes of objects
has been becoming more tractable by CFD. However, the high cost and technical complications
associated with non-linear CFD as well as the proven success of DLM (and equivalent methods
such as ZAERO) leads to it still being used heavily for the subsonic flutter clearance of airplanes
being designed today.

Since the research focus here is on the system’s reliability and uncertainty propagation of
aeroservoelastic parameters, it was necessary to develop an open source code which would allow
access to all aerodynamic terms and parameters. Current commercial codes are packaged as

black boxes, which makes it difficult to add uncertainty effects to all unsteady aerodynamic
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terms. For this reason we developed our own unsteady aerodynamic code based on doublet

lattice method.

A detailed derivation of the mathematics of the doublet lattice method and calculation of

generalized aerodynamic forces can be found in Appendix B.

Similar to the finite element code, the doublet lattice code was validated using published

aerodynamic results before it was applied to aeroelasticity simulation problems.

b=1 ——»

v

o]

39

1.614

QUILI2IUD

1.144

Figure 2.2. Sketch of the swept and tapered wing
One example used is taken from Max Blair [19]. It is a non-dimensional swept and tapered
wing with aspect ratio 1.45. The right half of the wing is depicted in Fig. 2.2. The flow is at
Mach 0.8. In all cases, the lift due to wing pitch is calculated. For the steady case, we calculated
the lift curve slop. For unsteady case, the wing is pitched about the y axis at k=1.4 where Kk is the

reduced frequency and calculated as k = wb/V .

The results are compared with the report [19] and summarized Table 2.2.
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Table 2.2. Unsteady aerodynamics comparison

H7WC
k=0 k=1.4
Panel Density REAL ABSOLUTE PHASE((deq)
5*5 2.32 7.26 77.20
10*10 2.23 7.40 73.95
LATIS
k=0 k=1.4
Panel Density REAL ABSOLUTE PHASE((deq)
57*5 2.3259 7.2748 77.9600
10*10 2.2330 7.7201 79.8095
UW Unsteady Aerodynamic Code
k=0 k=1.4
Panel Density REAL ABSOLUTE PHASE(deq)
57*5 2.3263 7.2577 77.4929
10*10 2.2334 7.3652 74.3525

Both the H7WC code and LATIS code required some steady state correction. The
comparison indicates that the DLM code for the project captured the published results well. The
new DLM capability developed for this research was thoroughly validated, using “pure”
aerodynamic runs as well as aeroelastic cases. Its full potential would become evident in the

studies of methods for accounting for aerodynamic modeling uncertainties.

2.3 THE AEROSERVOELASTIC STATE-SPACE MODEL

A complete aeroservoelastic (ASE) model includes the aeroelastic plant, a sensor block, an
actuator block, a control law, and a gust filter. The aeroelastic plant includes flexible aircraft
structural dynamics, unsteady aerodynamics, and gust response. The closed loop ASE system
[20-23] is shown in the block diagram of Fig. 2.3.

A detailed derivation of the state-space model can be found in Appendix C. The simulation
capability allows access (regarding parameter variations, model fidelity/complexity changes,

uncertainty modeling, and any approximation concept techniques) to all elements/components of
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the integrated coupled ASE system at all levels of detail. A summary of the key equations is
presented here.

The state-space form of the sub-system equations of motion are shown as

Aeroelastic Plant

s{%e § =[ A J{%o } +[Bc J{uc } +[Bs {ue } (2.1)
e} =[Co]{% } +[Dc J{uc } +[Ds J{us | (2.2)

Actuators
S{XACT} :[AACT]{XACT}+[BACT]{UACT} (2-3)
{yACT } = [CACT ]{XACT } (2.4)
Sensors

{ SEN } [ASEN ]{ SEN } [ SEN ]{USEN } (2.5)
{ySEN } = [CSEN ]{XSEN } (2-6)
Control Laws
${Xcon } =[ Acon [{Xcon } +[Boon [{Ucon | +[Beor {Upiior | 2.7)
{ycor\n } [ CON ]{XCON } [ CON ]{UCON } + [DPILOT ]{UPILOT} (2.8)

The control law formulation can be adapted to cases of Multiple-Input Multiple-Output
(MIMO) control laws in transfer function form, or directly in state space form, including linear-
quadratic regulator (LQR) or Linear-Quadratic-Gaussian (LQG).

After linking the subsystems together, the closed loop aeroservoelastic system can be written

in the state-space form as:



Gust External
uG FEXT
Y Y
H )
Yaier HUc Vp Usgy
Actuator Airplane » Sensor
F 3
u
ACT J’,SE-’\"
-} }C ON HCON

A

Control Law

b

uPH_ or

Pilot

Figure 2.3. Closed loop flow chart of ASE system

{ SYS} [ASYS]{ SYS} [BGSYS]{UG}+[BPILOTSYS]{UPILOT}

where:

{XSYS }T - {{XP }T {XSEN }T {XACT }T {XCON }T }
- [A] ] BJCa] [0
[Asvs ] = [BSEN ][CP] [ASEN ] [BSEN ][Dc ][CACT [0]

[0] [ ACT ][DCON ][CSEN ] [AACT ] [BACT ][CCON ]
N SEN ] [O] [ACON ]

[0

i
[ GSYS [ BSEN DG
0
0]

[BplLOTSYS ] - [BACT ] [ Doior ]
[BPILOT ]

15

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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_ [CACT ]
[CACT ] =l [Cucr ][Aner] (2.14)

[CACT ][AACT ][AACT ]
Realizing that the airplane’s input {uc} requires displacement, velocity and acceleration of

the control surfaces, | C,. | is defined to transformation the actuator output {y,,} to {uc}. A

detailed derivation can be seen in Appendix C.

Equation (2.9) can cover both time domain simulation and frequency domain simulation of
coupled aeroservoelastic systems accounting for all their sub-systems and components.

The resulting aeroservoelastic simulation capability, including the aeroservoelastic
formulation, the structural finite element method (FEM), Doublet Lattice Method (DLM)
unsteady aerodynamics, and Fluid-Structures Interaction (FSI) equations, has been created in the

MATLAB environment. It is an independent simulation tool that leads to the reliability analysis.

2.4  AEROELASTIC SYSTEM WITH GUST EXCITATION

A block diagram of an integrated aeroservoelastic system with gust input and loads output is
shown in Fig. 2.4. The detailed derivation of the state-space model with gust excitation can be
found in Appendix C.

The mathematical model for closed loop aeroservoelastic plant, sensors, actuators and
control law are same as those defined in Chapter 2.3 with Equation (2.1) — Equation (2.14).

A detailed discussion of the definition of gust profile can be found in Chapter 5. A state
space gust input model can be used to convert a white-noise input to a gust input of desired
power spectral density characteristics. The subscript G is used for the state space model of gust
inputs in such a case. Similarly, control laws can be modeled using a dynamic state space model

using subscript CONT.
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Gust External
uG I:EXT
v v Displacement
Yact Ue| Y » Velocity
Actuator > Airplane Acceleration
A
uACT *—o©o
Yeen | MD - Section
y Control Law <u Sensor [¢— ™ SOF » Force &
CON - CON Ugen Moment
uPILOT
*MD - Mode Displacement
Pilot SOF - Summation of Forces

Figure 2.4. Block diagram of aeroelastic / aeroservoelastic system

Using the subscript SYS, the integrated system, including aeroelastic plant, actuators, and

sensors, for the open-loop case (no closed-loop via control laws), and with gust inputs is

modeled by:

S{sts} :[ASYS]{XSYS}+[BGSYS]{UG}

where the states of the integrated system

are:

{sts }T = {{XP }T {XSEN }T {XACT }T }

Key system matrices are:

A [0]
[Asvs]: [BSEN][CP] [ASEN]

[O] [BACT ][DCON ][CSEN ]

[B:]
[BGSYS] = [BSEN ][DG]
(0]
3 [CACT]
[CACT } = [CACT ] [AACT ]
[CACT ][AACT ][AACT ]

[ Bc ] [CACT
[ By ] [ De ][CACT

[

A

ACT

]

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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And the vector of gust speeds and accelerations is:

{ug)={wg g} (2.20)
Similar as Eq(2.9), [C,q | is defined to transformation the actuator output {Y,.} to

airplane’s input {ug } .

Outputs provided by the state space model of the integrated system can include
displacements, velocities, and accelerations at points on the airframe, as well as internal stresses
or internal cross-sectional forces and moments along wings and fuselages.

The output of the aeroelastic system can be written as

O ={F M @ @) =[Cum ol [Oumitel 5
where{F} {M,},{M;} are forces, bending moments, and torsional moments, respectively.
{d},{v},{a}are the displacements, velocities, and accelerations at specific locations,

respectively. The matrices| C,,,, | and | D, | are determined by either mode displacement

(MD) or summation of forces (SOF) method for dynamic loads recovery. Detailed discussions of

MD and SOF methods can be found in [26-28].

2.5 PROBABILISTIC AEROSERVOELASTIC ANALYSIS

The aeroservoelastic (ASE) simulation capability is used by a Monte Carlo (MC) “case driver” to
produce response results for ASE systems of varying parameters and inputs, covering
uncertainties in the structure, aerodynamics, actuators and sensors, gust and pilot inputs, and
flight conditions. Responses, whose variation due to uncertainties in all parameters are generated

by the ASE simulation capability, include ASE poles, flutter speeds, modal response to gust and
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pilot inputs, physical response to gust and pilot inputs in the form of accelerations, deformations,
and loads in the structure, as well as levels of activity of control surfaces and actuators.

The Monte Carlo “case driver” code prepares input sets to be sent to the ASE simulation
capability for analysis and it receives the results and processes them to generate the statistical
information desired (Figure 2.5).

Therefore, in the following chapters, the aeroservoelastic uncertainty simulation will be

separately considered as topics.

Low level uncertainty: High level uncertainty:
thicknesses, material frequency and modal
properties, damping, etc damping uncertainty, etc
Structural Theory used; | | Modelgeometry & || Natural frequendes;
Dynarmcs Mesh fineness topology: Mode shapes;
I\-_Igteri:als_pmperdes_: Modal danping Flutter velocity
Sizing (thickness, —» & frequency
cross section area) distribution
Non-structural masses; GAF uncertainty;
Damping Correction factor
AIC uncertainty; uncertainty
Flight condition uncertainty r ASE stahility &
] system pole
Aerodynarmics )_. Theory used; Model geometry; Generalized Rational distribution
Mesh fineness | | AIC: ™ Aerodvnamic e Fimction [ »
Downwash& pressure Forces Approximation
distribution;
Cust & mrb'u]enc.e i Flisht Condition t T — i Lt.)ads.
parameter uncertainty Distribution
T RFA uncertainty;
Aerodynamic
Gust Gust profile; stiffness, damping,
Discrete or etc uncertainty
Twbulence Statistical
— sensitivity
Disciplne | 'Iheor_v_used_: analysis
Interfaces Interpolation order Transferfunction
uncertainty
Subsystem’s component N
parameter uncertainty _l
r
Sensor & | | Model order; | .l Physical parameter; Transfer function;
Actuator Detail level Location & attachment State-Space Model

Figure 2.5. Uncertainty propagation in integrated aeroservoelastic models

Chapter 3 focuses on the aeroservoelastic simulation with the control system component

uncertainty. The classic notch-filter control design which used to solve the control — structural
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interaction problem is challenged by considering the system components uncertainty. The
uncertainties are included in the detailed model parameters of the control actuator, material
properties and modeling of the control surface, as well as the aerodynamic uncertainty via the
rational function approximation. All the test cases show that the notch filter can fail to stabilize
the aircraft. Statistical global sensitivity analysis is introduced in this chapter and used to rank
the influence of the uncertain parameter to the system’s output of interest. Several statistical
tools are used to guide the redesign process to enhance the robustness of the notch filter control
law including Bayesian updating theory and auxiliary variable method.

Chapter 4 reviews several methodologies that cover the unsteady aerodynamic uncertainty in
the flutter analysis. A new way that considers the aerodynamic uncertainty by emphasizing the
physical significance and averaging the differences between several unsteady aerodynamic
models is developed. The results also compared with the aerodynamic uncertainty approach
demonstrated in Chapter 3 using Roger approximation method uncertainty scheme. Structural
uncertainties are included through both detailed level (thickness and density) and higher level
(natural frequency and modal damping) structural dynamics. Global sensitivity analysis is used
in ranking the relative effects of uncertainty parameter to the variance of the output flutter
velocity and frequency both aerodynamically and structurally.

Chapter 5 considers the effects to the dynamic loads due to structural and gust profile
uncertainty. Both the discrete gust and turbulence models are considered in time and frequency
domain with and without uncertainty. Structural uncertainties are considered in the modeling of

the stick model aircraft.
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Chapter 3. PROBABILISTIC AEROSERVOELASTIC RELIABILITY
ASSESSMENT CONSIDERING CONTROL
SYSTEM COMPONENT UNCERTAINTY

3.1 OVERVIEW

The complex nature of uncertainty propagation in aeroservoelastic systems, which are inherently
multidisciplinary, makes Monte Carlo simulation methods desirable tools for statistical analysis.
With the growing efficiency of analysis methods coupled with growing computing power, such
Monte Carlo methods, which were computationally impractical in the past, can now be used to
simulate real flight vehicles at industry level of complexity and accuracy and allow statistical
analysis of aeroservoelastic behavior on a scope and with depth not possible before. This chapter
describes the development of a new fully-integrated computational capability for Monte Carlo
simulations of uncertain aeroservoelastic systems and presents results that add important insights
regarding their reliability and overall uncertainty. The new capability allows selection of
uncertain variables at all levels of details of modeling in all disciplines involved. As an important
example, the focus of the work described here is to evaluate the robustness of the “notch-filter”
approach, commonly used to decouple aeroelastic and structural dynamic behavior and stabilize
unfavorable aeroservoelastic interactions in cases where such interactions lead to instability. It is
shown that attention has to be paid, if notch filters are used in the aeroservoelastic loop, to the
variability and uncertainties of the aircraft involved. Uncertain parameter prioritization and risk

mitigation are proposed through sensitivity analysis and Bayesian updating.

+Content of this chapter is published in [25], [119]
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3.2 INTRODUCTION

The importance of uncertainty in aeroelastic and aeroservoelastic simulations has been
recognized for a long time and addressed traditionally by the designers and developers of new
aircraft by using comprehensive parametric studies covering the range of expected variation of
key structural and aerodynamic parameters. The emergence of powerful computers capable of
running multiple aeroservoelastic simulations within practical time and computer resources has
led to a growing number of efforts to develop new methods for addressing the aeroelastic
uncertainty problem.

In previous aeroelastic uncertainty studies available in the literature, the number and detail
of treatment of the uncertain aeroservoelastic problems have been quite limited. Structural and
aerodynamic sources of uncertainty have been addressed in different ways, but have not include
the treatment of uncertainties due to variations in parameters of system actuators and other
elements of the control system. While transfer functions of control system elements, such as
actuators, can be measured more easily than structural and aerodynamic characteristics, such
elements may change dynamic behavior after hours of operation due to environmental effects,
maintenance, and wear. Because of the computational difficulty of accounting for numerous
uncertain variables simultaneously, uncertainty in aeroservoelastic models has been often
assigned to “high-level” variables such as natural frequencies and mode shapes, or generalized
aerodynamic loads, or the frequency domain transfer functions of actuators, and not to the
physical parameters which characterize detailed local action. In addition, when used within the
framework of Robust Control Theory, models of the variation of system parameters and

equations had to be cast in a form suitable for Robust Control.
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The purpose of the work reported in this chapter is to explore the effects of uncertainty in
detailed models of the operation of control system elements on the stability of the entire
aeroservoelastic system through expanding the work presented in [6]. Once identified the
circumstances that would cause variations of control element dynamic behavior to lead to
aeroservoelastic instability problem, a feasible methodology for aeroservoelastic risk reduction
would be proposed.

A brief derivation of an integrated actuators, aeroelastic plant, sensors and control laws
state-space model of an aeroservoelastic system is presented in this chapter, followed by a
detailed description of a typical aviation servo-hydraulic actuator used for aeroservoelastic
control. It is well known that parameters such as fluid bulk modulus, viscous friction, and
leakage can vary with the change of operating temperature, manufacture processes, as well as the
aircraft aging. Uncertainty in the actuator’s dynamics model is addressed by modeling
uncertainties in those physical parameters that are known to be sensitive to change. In addition to
the control element uncertainty, both structural and aerodynamic uncertainties are fully covered
by the aeroservoelastic simulation.

To study the effects of such uncertainties, a representative roll rate control system designed
for the Advance Fighter Aircraft (AFA) model presented in [19] is used. In this case a notch
filter had been designed and utilized in the aircraft flight control system to avoid certain flutter
problems induced by control - structural interaction. This has been common practice for years in
decoupling aeroelastic behavior from high authority flight control systems [20], although
disadvantages had led over the years to alternative solutions [21]. The study will show, however,
that due to uncertainty in the system, including uncertainty in the dynamics of its actuators, a

notch filter (or any pre-set control system) may be ineffective and that there is probability that it
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would not be able to prevent system failure. The results should influence the way notch filters
are designed for aeroservoelastic applications or to the adoption of other control techniques such
as adaptive control as suggested in [22].

In addition, a methodology is proposed for reduction of the probability of system failure due
to control element uncertainty. A statistical global sensitivity analysis is used to quantitatively
rank the relative importance of uncertain control system parameters to the stability of the overall
aeroservoelastic system. Based on the results of the sensitivity analysis, a rapid way of updating
probability evaluation is presented by using the Bayesian theorem and auxiliary variable method

with the suggested uncertain parameter modification.

3.3 MODEL DERIVATION

3.3.1  The Aeroservoelastic State-Space Model

A complete aeroservoelastic (ASE) model includes the aeroelastic plant, a sensor block, an
actuator block, a control law, and a gust filter. A summary of the derivation of the closed loop

system is shown in Chapter 2.3 and the detailed derivation can be referred to Appendix C.

3.3.2  Model of Electrohydraulic Servo Actuator

Electrohydraulic servo actuators are widely used on modern aircraft [29]. Detailed mathematical
models of servo-hydraulic actuators were created and tested in the past, e.g. [30-34]. For
demonstration study purposes, a servo-hydraulic actuator with a simple position control system
is selected here, Fig. 3.1. This system is made of an electrohydraulic servo valve for directing
fluid to a cylinder / piston system by applying to the electrical coils of the valve a voltage which

is directly proportional to the error between desired position and actual position at any instant.
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The servo valve voltage input is zero for the reference position of the actuator. A change in the
demand voltage coming from a control computer initiates a voltage difference applied to the
coils of the servo valve, thereby causing the displacement of the valve spool. The resulting flow
of fluid through the valve would cause the piston to move, which, in turn, alters the voltage from
the output potentiometer. This voltage is subtracted from the demand voltage and reduces the
voltage difference. The valve stops and ceases the motion of piston once the two voltages are
equal again.

The relationship between actuator piston displacement &, and valve spool displacement X,

may be written as [29]:

6, K,/ A
Xo (Uaf)s®+(2¢1@,)s+1 (3.2)
where

45 A?

wﬁ:—ﬂ— (3.2)
V, M

é’: |_C+KC+M l M_'B (33)

48M A\ V,

p is the fluid bulk modulus, A is the piston cross section area, V, is the total cylinder
volume, M is the mass, L, is the leakage coefficient, K, is the valve pressure-flow coefficient
and f_ is the fluid friction factor.

Neglecting the dynamics of the servovalve (its dynamic response can be an order of

magnitude faster than that of the actuator), the servo valve displacement x,will be directly

proportional to the control current flowing into the valve coil (X, = K,1,) and Equation (3.1) is

rewritten as
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Figure 3.1. Schematic representation of proportional position control actuator loop

g: KK /A y
I, (Ua})s’+(2¢ /1 a,)s+1 (34)

The proportional control means that the control signal will be a voltage proportional to the

measured error and equals to K, (6, —6,). The voltage may be also amplified by a coefficient

denoted as K . If the servo-valve coil has an electric resistance of K, the control current I, in
Equation (3.4) can be written as

Ic = KRKeKd (el _Ho) (35)
Using Equation (3.5) in Equation (3.4):

6,  KiKKKK/A
-6, (at)s*+(2¢/m,)s+1

The transfer function of the actuator is defined as the ratio between the desired output 6,

(3.6)

provided by the control computer, and the actual piston position 6,. Derived from Equation

(3.6), the actuator transfer function may be written as

2
K
F=- C;)h 2 2 3.7)
S+ 20w, s + s+ K
where
K =(KKK KK, )/ A (3.8)

A general expression for an actuator transfer function can be written as:
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_ by
s*+d,s*+d,;s+d,
Equation (3.7, 3.9) and the equations for their parameters provide a direct and clear link

TF (3.9)

between physical parameters and the resulting transfer function coefficients. Such a model
allows identification, through Monte Carlo simulations, of the effects of physical parameters on
the statistical distribution of aeroservoelastic (ASE) results rather than physically meaningless
transfer function coefficients, and thus it will be used extensively in the study reported here.
With the capability to run large-scale Monte Carlo simulations of realistic aeroservoelastic
systems, the reliability of the closed-loop ASE system can be evaluated by calculating the
corresponding probability of failure (POF). In order to reduce the POF, several methodologies
can be proposed. The next section presents a brief review of statistical methods, such as
sensitivity analysis, the Bayesian theorem and the auxiliary variable method. Using Monte Carlo
simulations, these methods can be utilized to improve the robustness of the integrated

aeroservoelastic system.

3.4 PROCEDURE OF UNCERTAINTY MITIGATION

3.4.1  Parameter Prioritization with Statistical Sensitivity Analysis

In order to reduce the probability of failure (POF) of the closed loop ASE system, a factor
prioritization, often named sensitivity analysis, can be used to determine which factor, or set of
factors, will lead to the greatest reduction in output uncertainty. A variety of approaches can be
utilized to perform statistical sensitivity analysis [35-37]. In this chapter, the global sensitivity
analysis of [35], which uses the variance as a measurement of uncertainty, is selected to evaluate

the factor prioritization.
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In variance-based global sensitivity analysis, variability in a model’s output is assessed by

examining contributions from each of the factors and their interaction. A detailed derivation can

be found in [35] and [36]. Some key equations of the global sensitivity analysis are summarized
below for clarity of presentation.

Consider a general mathematical representation of the output of a model of interest,

Y =1f(A) (3.10)
where
A=Ay Ay AT (3.11)

and A, is the i th set of random variables of the model input.
Based on Sobol’s approach [35], the sensitivity index for factor A, can be computed as

5 =28 (3.12)

where S; and S, are the single-factor partial variances and function variance, respectively,

and are calculated as

s, =E(Y2)—[E(Y)T:%ZN:1°(A”’)2— £ (3.13)

-5 " A A inm T (3.14)
:NZ f (I:){l )---lﬂi |--.;A1( ] )X f (|:ﬂ>1 ;-.-,ﬂfl ,...,ﬂk :I )_ f02
m=1
where A" and A" are the different samples of factor A, and
1 N
fOZNmZ_;f(A ) (3.15)

The random input parameters of a model can then be ranked by calculating the sensitivity
index S, in a prioritization setting to determine the parameter (or set of parameters) which, if the
variance of the distribution is reduced, would result in the greatest expected reduction in output

variability that is indicated by the largest value of S, .
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3.4.2  Bayesian Update and Risk Reduction

Once the parameter (or the set of parameters) that will result in the greatest expected reduction in
output variability is found by global sensitivity analysis, a redesign process can be enforced on
this particular parameter to increase the reliability of the overall system. With limited number of
measurements, either provided by the manufacturer or measured by the user, of the new designed
parameter available, it is difficult to estimate the distribution coefficients such as standard
deviation, with a high degree of confidence, and, thus, these coefficients are also treated as
random variables.

To clarify the terms used in this context, the word “coefficient” is exclusively used in this
chapter to represent the parameter that defines the shape of the distribution, such as mean value
and variance, while “parameter” represent the physically input variable such as Young’s
modulus, thickness and cross section, etc.

Bayesian updating provides a useful statistical tool for reevaluating probability distributions
and reducing uncertainty when new test data become available [38, 39]. In Bayesian updating,
the coefficients that define the distribution shape in a particular probability model are themselves
treated as random variables, with their own probability distributions. New modified and
measured test data points are used to reduce the variance of the parameter distributions.

According to the Bayesian Theorem, the probability density function of the posterior
distribution of the coefficients that define the distribution of a redesigned parameter is
proportional to the product of a likelihood function and the prior distribution. The terms ‘prior”
and “posterior” are used here to denote the distributions before and after new information
becomes available.

posterior o likelihood x prior (3.16)



30

For real-valued random variables with limited available measurements whose distributions

are not known, the normal distribution as well as the distributions which can be converted to

normal (for example, log-normal distribution) may be used for fitting the new measured data. It

is also plausible to assume, based on the redesign and modification process, that the prior and
posterior distributions have a known mean (parameter’s nominal value) but unknown variance.

The likelihood function for a vector y of n iid (independent and identically distributed) new

measurements of a redesigned parameter with known mean x and unknown variance o is

. n
L(y|02):a exp(—?‘zvj (3.17)
where
1 n
V=" (%) (3.18)
i=1

According to [40], with limited number of new measurements, the use of non-informative
prior distribution can overcome the challenge of adding additional information by the assumption
of prior distribution. Thus the non-informative prior distribution for the variance is selected and

given by ([41], p.67)

p(c?) :% (3.19)

The posterior distribution of variance & then can be calculated as ([41], p.53)

p(o?|y)e(o? )(}1] exp(—%v} oc Inv-z° (n,v) (3.20)

Since the coefficients that define the parameter distribution are also treated as random
variables. A traditional reliability analysis approach using Monte Carlo, FORM or SORM,
requires coefficients that define the distribution shape, such as variance, to be sampled in the
outer loop first, followed by the values of the system input parameter sampled in the inner loop

within each sampled distribution coefficient. This double loop process becomes impractical


http://en.wikipedia.org/wiki/Random_variable
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when the simulation is either complex or time consuming. The reader is referred to [40] and [42]
for detailed presentation of the concept of adding an auxiliary variable to help replace the family
of distributions with an equivalent single probability distribution. A brief review of the method is
given in the following.
Let an auxiliary variable r be defined as

r=F (1122 =0%)=]" f,(w|=?=0%)dw (3.21)

where & is a sample of the distribution coefficient * calculated from Equation (3.20) and

w is a dummy variable used for integration. The function F,(4|%*=0") is the cumulative

distribution function (CDF) of the system input variable A for a realization of &*. Since F,
range from O to 1, the auxiliary variable r follows a uniform distribution between 0 and 1. [40]
also shows that the auxiliary variable R is statistically independent of the coefficient of
distribution, in this particular case=?. The independency of r and »? allows the generation of

samples of r and o simultaneously. After generating the sample of r ando?, respectively, one

sample of A is obtained by

A=F(r|o%) (3.22)
A distribution for A can be then obtained by repeating the above procedure to generate

multiple samples of A. The fundamental difference between traditional reliability analysis and
using the auxiliary variable approach is that the latter replaces the double loop simulation which
generates samples of the physical distribution A by first generating distribution coefficient o2,
with generating 4 and o’simultaneously. The computational cost is, thus, reduced from

O(N 2)to O(N), where N is the size of Monte Carlo process.
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3.5 NUMERICAL AEROSERVOELASTIC RELIABILITY ANALYSIS

3.5.1  The Nominal (Baseline) Case

The Advanced Fighter Aircraft model (AFA) [43], representative of the complex nature and size
of aeroservoelastic models of actual aircraft, is available in the open literature and is widely used
for validation and comparison in the areas of loads, flutter, and aeroservoelastic control law
design. The finite element model of the aircraft is shown in Fig. 3.2 and the aerodynamic model
is shown in Fig. 3.3. The structural finite-element model includes 1200 nodes while the
aerodynamic model has 300 DLM (Doublet Lattice Method) panels. The two models are coupled
by interpolation using the infinite surface spline method.

The AFA model has five independent control surfaces. Two of them, the inboard and
outboard elevons, are used for lateral flight dynamics in the test case studied here and are
coupled with aeroservoelastic analysis. The case covered here thus, involves evaluation of
aeroelastic lateral stability coupled with roll control.

The first 3 nominal natural frequencies and mode shapes plus the one rigid body roll with
zero frequency of the fighter aircraft are shown in Fig. 3.4 to Fig. 3.7. Required by the
formulating of the closed loop system function, two independent control modes are also

calculated and shown in Fig. 3.8 and Fig. 3.9.
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Figure 3.3. The Matlab Doublet Lattice Aerodynamic model of AFA

Figure 3.4. Rigid body roll mode Figure 3.5. First structural mode
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Figure 3.6. Second structural mode

#

‘{Pi'

Figure 3.8. Control mode one Figure 3.9. Control mode two

In the exploratory simulations reported here the aircraft is flown at a Mach number of 0.9
and the baseline (nominal) system stability is first evaluated by varying the flight altitude to seek
a matched flutter solution. A detailed control system is provided in [43], to obtain a required
aircraft roll rate performance subjected to control surface deflection limits and low frequency
stability requirements. The nominal control block diagram for the AFA aircraft is shown in Fig.
3.10.

An eigenvalue sweep is used to find the stability of the baseline closed loop system, and the

resulting root locus plot is shown in Fig. 3.11. Aeroservoelastic stability analysis has shown that
flutter occurs at g =6.3429 psi (43,732.76 Pa) with a frequency of 8.42 Hz. The ASE system is

unstable at the baseline flight conditions point. A notch filter (taken from [43]) is added in order

to solve the ASE instability problem by reducing the response around 52.9 rad/s (8.42 Hz). The
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notch filter is located between the output of the sensor and the input of the control system, as
shown in Fig. 3.12.

The Root Locus result of the baseline closed loop ASE system with notch filter is shown in
Fig. 3.13 and indicates that no flutter occurs in the range of dynamic pressures covered.

A Nyquist diagram (Fig. 3.14) shown that the closed loop system has a minimum phase
margin of 30 degree and a minimum gain margin of 9.26dB. A magnified view of the third
quadrant of the Nyquist plot is shown on Fig. 3.14(b). Two branches cut the unit circle, one at a
frequency of 7.5 Hz and the other at 12.8 Hz, corresponding to two potential flutter mechanisms.
It also indicates a possible flutter mode switch when system’s parameters change.

The robustness of the system, in general, can be evaluated using common control design
robustness evaluation by studying its sensitivity function and complementary sensitivity function
[44]. The singular values of these two functions with respect to frequency are shown in Fig. 3.15.

The singular value of sensitivity function (Fig. 3.15a) indicates that when process is subject

to additive uncertainty (P, =P+A) or disturbance, the system may have stability problem

around frequency 8.23Hz and 6.23Hz with its singular values equal to 17.4 (maximum) and 2.24
respectively.
Fig. 3.15b plots the singular value of the complementary sensitivity function of the closed

loop AFA aeroservoelastic system. It can be seen, with noise or multiplicative uncertainties
(P, :(1+A)P), at low frequencies, T ~1 and therefore the allowable multiplicative
perturbations can be as large as the original process. The complementary sensitivity function

reaches its maximum 17.1 at frequency 8.23 Hz which is approximately equal to the flutter

frequency without notch filter. Hence, this gives the minimum allowable multiplicative process

uncertainty less than 5% (|5 (iw)| <1/|T (iw)|). Finally, at high frequencies, T — 0 and thus the
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relative allowable bound can get very large. Other robustness requirements and characteristics
with sensitivity function can be found in [44], pp. 115.

Since not all the system’s parameter uncertainty can be categorized into either additive,
disturbance, noise or multiplicative, with the help of general understanding of the robustness of
the system, assess the ASE system robustness, determine the probability of control system design
failure and what parameter’s variation in the mathematical model of the system would have the
largest effects on its stability. Beginning with a gradual approach, in which uncertainty in
parameters representing different disciplines is systematically added up to study the resulting
effect. The chapter later presents an approach by which uncertainty sources are covered by the
Monte Carlo simulations, with global sensitivity analysis then used to identify those selected

element uncertainties that are most important.
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Figure 3.10. Nominal roll rate control block for AFA
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Figure 3.11. Root locus plot of the ASE system without notch filter
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Figure 3.12. Roll rate control block with notch filter
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Figure 3.13. Root locus plot of the ASE system with notch filter
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Table 3.1. Nominal (baseline) values of actuator physical parameters

Parameter Value Parameter Value
A (in?) 4.71 f, 0.0162
Vi (in*) 20.63 L 0.0017

M (slinch) 31.31 K, *K, (in°/s/A) 2642
B (psi) 481,626 K. *Kgy (V/in) 7.9

K, 0.00108 Kg (A/V) 0.02303
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3.5.2  Uncertainty in the Actuator of the Outboard Elevon

For an exploratory uncertainty study, a controls notch filter reliability analysis is performed first
at Mach 0.9 and static pressure of 14.7 psi (sea level), with the uncertainty assigned to the
physical parameters of the outboard elevon actuator. The nominal (baseline) values of the
parameters of the outboard elevon actuator are listed in Table 3.1. The purpose of the reliability
analysis is to evaluate the robustness of the notch filter and discover the probability and
circumstances when the notch filter may become ineffective due to system’s flutter frequency
and associated flutter velocity moving out of the range of frequencies where the notch filter is
effective.

Analysis has shown that no flutter will occur with the baseline notch filter at Mach 0.9 and a
static pressure of 14.7 psi. Because of expected intricate dependency of notch filter effectiveness
and flutter speeds on the variations in system parameters, and in order to avoid uncertainties
introduced by approximate probabilistic analysis methods such as FORM and SORM techniques
or other response surface based methods [45], the Monte Carlo simulation technique is used here.
The motivation is to capture highly nonlinear system-parameter-to-output behavior such as
critical aeroservoelastic mode switching and multi-modal probability distribution [6].

In order to increase computational efficiency, the approach selected here is as follows:
Instead of calculating matched flutter velocities for each variation in parameters and studying the
resulting flutter speed distributions, system stability with the notch filter is evaluated at the flight
condition at which the system is unstable without a notch filter and at which the notch filter is
effective. The approach to aeroservoelastic stability here is focused on stability or instability of
aeroservoelastic poles at selected flight conditions [22,23,46,47,48]. When used for certification

purposes, an aeroservoelastic poles-focused approach would cover, by simulations, flight
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conditions throughout the flight envelope and on its boundaries, including flight conditions
dictated by safety margins required to make sure that all aeroservoelastic poles are stable
throughout the flight envelope and its boundaries [47,48].

The number of simulations for which the notch filter is effective and the system is stable are
counted as well as the number for which the system with the notch filter is unstable. The
reliability of the notch filter and the control system is measured by the probability of failure
calculated as the number of unstable runs divided by the total number of simulation runs.

The Monte Carlo simulations are carried out using the following rules.

1. The bulk modulus of the hydraulic fluid is a thermodynamic quantity. Experience has
shown that the bulk modulus for fluid could change significantly with operating temperature.
Therefore, for an exploratory study, 10% and 30% of nominal value as standard deviation are
modeled as distribution of bulk modulus.

2. Viscous friction between piston and cylinder and fluid leakage of the actuator can vary
with manufacturing process and aircraft maintenance practices. However, with proper scheduled
inspection, the variation of these parameters can be controlled within certain magnitude. Thus,
the friction and leakage are assumed to have distributions with the nominal value as mean and
10% or 30% of mean value as standard deviation.

3. The convergence rate of the Monte Carlo analysis does not depend on the number of
uncertain quantities or their variance [49]. The sample size of the estimation is calculated by
Equation 38 below to ensure a less than 5% error of the system’s probability of failure. Since the
probability of failure of the system is not known in advance, a trial-and-error approach (Fig.

3.16) is used to determine the required number of MC simulations.


http://en.wikipedia.org/wiki/Thermodynamic

Table 3.2. Monte Carlo simulation results for the actuator-only uncertainty case

Coefficient of Variation (COV)
Actuator Bulk Modulus 0.3 0 0 0.1 0.2 0.3
Friction 0 0.3 0 0.1 0.2 0.3
Fluid Leakage 0 0 0.3 0.1 0.2 0.3
POF with Nominal Mode - * *
(>95% Confidence) 0.0453 0.0 0.0 0.0 0.0073 | 0.0515
POF with Fictitious Mass - * *
Mode (>95% Confidence) 0.0516 0.0 0.0 0.0 0.0065 | 0.0493
Assume a POF,.
with required ¢,
v
Determine the size of
sample N by Eq (3.23)
A 4
Run MC simulation
with size=N
A 4
Calculate POF,,
Call Eq (3.23) with
POF,, and N, find ¢,
NO
gest < greq
POF, .« =POF
YES
POF, ,=POF,

Figure 3.16. Flow chart of ‘trial and error’ procedure
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4. The three actuator model random variables are assumed to be normally distributed but the

distribution is truncated at +3standard deviations to represent maintenance impact and rule out

the unrealistic values. Other distributions can easily be handled by the capability described here.
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The selected distribution is for demonstration of the capabilities of the uncertainty analysis
system described here.

The simulation was performed using the University of Washington’s William E. Boeing
Department of Aeronautics and Astronautics ‘Cerberus’ high performance cluster with 12 cores
for the parallel computing runs. It takes approximately 0.24 second for a single sample run.
Table 3.2 shows the probability of failure calculated for the case of control actuator uncertainties
with no other uncertainties.

Following ([45] p.135) the error (defined as the confidence interval of the estimated
probability of failure into which the actual POF will fall with 95% chance) in the MC based

probability of failure estimate can be found from

1-P,

X

€% =

x 200% (3.23)
f
where

P, is the probability of failure

N is the total number of Monte Carlo runs.

The inverse form of Equation (3.23) reveals that the number of runs required for MC
simulation with pre-selected level of error increases dramatically with smaller POF. For the
results of the exploratory Monte Carlo simulation process presented here the maximum number
of runs is constrained to be up to 200,000 even though the new capability described here can be
used to run millions of simulations on widely available clusters in practical clock-times. Sample
runs in which no unstable poles are found, or cases when the number of samples is found to be
too low to satisfy the designated confidence level in the case investigated are marked with an

asterisk “*” in Table 3.2 and subsequent tables.
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While a “variable modes” approach that requires solving the full order structural eigenvalue
problem during each sampling can be used with the capability described here, a “fixed-modes”
approach [46, 50] is used for the results presented here. In a “fixed-modes” approach a carefully-
selected fixed set of modes is used and new modes do not need to be provided with every
structural variation. The key to the success of a fixed modes approach in ASE simulations
requiring repetitive analyses, whether in uncertainty analysis or design optimization, is the
capacity of the mode shapes basis used to capture local effects in areas where design variables or
uncertain system properties vary. The ASE simulations with actuator uncertainty are run again
using, instead of a subset of low-frequency modes of the airframe a set of low frequency
“fictitious mass” modes [51], generated to emphasize local action at the elevon to airframe
actuator attachment region. Fictitious Mass modes, properly selected, are used as a set of fixed
modes in all studies reported here. Results based on Fictitious Mass modes are also shown in
Table 3.2.

Overall, the results clearly show that the notch filter in the example AFA case fails due to a
combination of uncertainties in the actuator which can decrease the flutter velocity significantly.
Similar reliability problems with notch filter performance as a cure to aeroelastic plant / flight
control system coupling can be expected due to uncertainties in the structural and aerodynamic

models of the aeroelastic plant.

3.5.3 Uncertainty in the Actuator of the Outboard Elevon and the Structure

Results of Monte Carlo simulation runs accounting for both structural and actuator variations are
shown in Table 3.3. The uncertain structural parameters are selected to represent the mass of the
elevon as well as thickness and Young’s modulus of its skins. Mass elements represent the total

mass distribution in the elevon, and are modeled as lumped masses, based on the AFA model.
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Each lumped mass has its own distribution, but it is correlated with nearby mass elements. Skin
thickness and Skin panel’s Young’s Modulus are also modeled as uncertain and are correlated
with nearby panel elements [6]. Statistical independence is assumed between upper and lower
surface. The uncertain lumped mass, skin thickness and skin panel’s Young’s Modulus are all
normally distributed with mean value equal to their corresponding nominal value and are
truncated at +3standard deviations to represent maintenance impact and rule out the unrealistic
values.

The stiffness of the hinge attachment is also treated as a random variable. The ASE
reliability capability presented here allows local updates of the structural FEM’s mass and
stiffness to account only for the uncertainties affecting the elements involved. With commercial
FE codes used for massive simulations in an automated input/output mode the whole mass and
stiffness matrices would be calculated with every change in the structure.

It is interesting to learn from the results (Table 3.3) of the cases studied here, which are by
no means general and are limited to the configuration and assumptions used, that the probability
of failure due to structural uncertainties with COVs up to 30% with the notch filter in the loop is
relatively low. Once actuator uncertainties are introduced, the probability of failure became more

significant.

3.5.4  Added Unsteady Aerodynamic Uncertainty

Both actuator and structural dynamic uncertainties can be evaluated by ground testing of the
systems involved and can be reduced, although not eliminated, using proper updating of actuator
and structural dynamic math models. Unsteady aerodynamic uncertainties are much more
difficult to assess. Wind tunnel tests suffer from significant limitations on adequate scaling of the

physical mechanisms involved as well the range of static and dynamic motions possible, not to
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mention interference with walls and balance mounts. Accurate unsteady aerodynamic flight test
data are even more difficult to obtain. It is not surprising, thus, that significant attention has been
paid over the years to the issue of modeling and quantifying unsteady aerodynamic uncertainty
for comprehensive aeroservoelastic uncertainty evaluation [2, 3, 7, 11, 13, 14, 15, 52, 53]. The
ASE uncertainty evaluation capability developed and used for the work described here allows for
a number of unsteady aerodynamic uncertainty modeling approaches, including uncertainty of
the Aerodynamic Influence Coefficients (AICs), uncertainty in generalized aerodynamic
influence coefficients (in a fixed-base modal approach), uncertainty in flight conditions, and
additional approached that are beyond the scope of the present results.

To obtain exploratory results for the studies reported here, unsteady aerodynamic
uncertainty is accounted for by making uncertain the elements of the [P] matrices independently
in the Roger approximation [48,54] of the unsteady generalized forces associated with the modal

basis used:

Jk
K+,

Jk
JK+7,

[Q(iK)]=[R ]+ K[R]+(IK)*[R]+ [R,]+ [P]+.... (3.24)
Treating elements of the Roger [P] matrices as uncertain variables allows separate
accounting for uncertainty in the aerodynamic stiffness, damping, and inertia, as well as the

contributions by aerodynamic time lag behavior. Uncertainty of the [P] matrices also covered

the combined effects of aerodynamic uncertainties in the theory and model geometry and
discretizations used, the effect of interpolation uncertainty, and the uncertainties introduced by
the conversion of unsteady aerodynamic loads from the frequency to the time domain (The
Roger series fitting process). The uncertainty due to Mach number effects and variations is also

included.
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Table 3.4 presents the Monte Carlo simulation results with aerodynamic uncertainty only.
The significant effects of aerodynamic stiffness and lag terms are evident in this case. Note the
significant probability of failure of the AFA system stabilized by the notch filter to lag term
uncertainty of only 0.002 COV. It is interesting that in this particular case the effect of
uncertainty in aerodynamic damping terms is small. This, of course, should not be taken to be a
general phenomenon. Unsteady aerodynamic damping can play a significant role in flutter
mechanisms in many cases and uncertainty in its modeling would lead in such cases to
uncertainty in the resultant ASE behavior.

Representative results of Monte Carlo ASE stability simulations covering uncertainty in all
types of elements of the system, including structure, aerodynamics, and control system hardware,
for the closed-loop ASE system with the notch filter at the reference flight conditions are shown
in Table 3.5. All probability distribution functions for actuator and elevon structural properties
are taken to be Gaussian and truncated within the +3orange. Following [7], a uniform
distribution is selected for the uncertain aerodynamic parameters. Generally, to emphasize it
again, the ASE uncertainty capability developed and used for the studies reported here can
accommodate any probability density function (PDF) for each of the uncertain variables in any
particular uncertainty analysis case.

Not surprisingly, in the AFA cases studied here the major contributor to aeroservoelastic
stability uncertainty is the unsteady aerodynamic uncertainty, although, the actuator uncertainty
is important too.

Histograms for the unstable poles in all ASE stability runs and the associated frequencies are
shown in Fig. 3.17 and Fig. 3.18. Fig. 3.17 shows the existence of more than one flutter

mechanism. Uncertainties in the system studied here can lead to flutter mechanism switching,
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similar to the results of the study presented in [6]. Depending on how system responses are
defined, instability mechanism switching may be a challenge to commonly used FORM and
SORM methods.

Although a relatively high probability of failure (POF) has been shown in the studies
reported here when uncertainties in all involved disciplines interact and combine to lead the
overall uncertainty, overall aeroservoelastic uncertainty in actual aircraft is lower, since
uncertainty reduction via Ground Vibration Tests (fine tuning the structural dynamic models),
wind tunnel tests (fine tuning aerodynamic models), and flight tests (reducing uncertainty in the
integrated ASE model), as well as actuator tests, is used in any certification process. However,
uncertainty would always exist, and would be affected by service life and maintenance

processes. The simulation tools developed here can be used to analyze uncertainty due to all

sources and in the presence of all test procedures and uncertainty reduction processes.

Table 3.3. Monte Carlo simulation results with structural and actuator variations

Coefficient of Variation (COV)
Actuator Bulk Modulus 0 0 0.2 0.3
Friction 0 0 0.2 0.3
Fluid Leakage 0 0 0.2 0.3
Mass 0.2 0.3 0.2 0.3
Young’s Modulus 0.2 0.3 0.2 0.3
Thickness 0.2 0.3 0.2 0.3
Hinge Spring Stiffness 0.2 0.3 0.2 0.3
| POF (>95% Confidence) | 0.0* | 3.8x10* | 0.0067 | 0.0503 |

Table 3.4. Monte Carlo simulation results with unsteady aerodynamic uncertainty

Coefficient of Variation (COV)
Aerodynamic Stiffness [P, ] 0.1 0 0 0 0.1
Aerodynamic Damping [R,] 0 0.1 0 0 0.1
Aerodynamic Mass [P, | 0 0 0.1 0 0.1
[P] ,[a]...[P(NM] 0 0 0 0.002 | 0.001
POF (>95% Confidence) | 00128 | 00 | 00 | 0.0967 | 0.0356 |




Table 3.5. Monte Carlo simulation results with variations of actuator, structural, and

aerodynamic parameters.
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Coefficient of Variation (COV)

Aerodynamic Stiffness [P,] 0.1
Aerodynamic Damping [P ] 0.1
Aerodynamic Mass [P, ] 0.1
Aerodynamic Coefficient Matrices[P,],[P,]... [P(NN)} 0.001
Aileron Structure Young’s Modulus (E) 0.3
Aileron Structure Skin Thickness 0.3
Aileron Structure Mass Distribution 0.3
Aileron Structure Hinge Spring Stiffness 0.3
Actuator Fluid Bulk Modulus 0.3
Actuator Fluid Friction 0.3
Actuator Fluid Leakage 0.3

| POF (>95% Confidence) 0.1138
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3.6 APPLICATION OF UNCERTAINTY MITIGATION

Monte Carlo simulation has shown in the case investigated here that there is a considerable
probability that the notch filter would fail to stabilize the AFA configuration in some cases due
to actuator uncertainty, which in turn causes the failure of control law. Structural uncertainty and
unsteady aerodynamic uncertainties aggravate the situation. Once sources of the uncertainty and
their respective impacts are identified, as has been done by the Monte Carlo simulation, the
system probability of failure of the system can be reduced in a number of ways. The structural
dynamic uncertainty can be reduced with the help of ground vibration test (GVT) [55,56,57].
Unsteady aerodynamic uncertainty can be reduced by using high order computational methods,
such as advanced CFD, as well as flight tests [58]. And, of course, more robust control laws may
be developed ([59] for example) in consideration of possible tradeoffs between the level of
conservatism in the controls design and the resulting cost, weight, and performance. This
research, for an example of one reliability improvement approach, focuses on control actuator
parameters to show how statistical sensitivity analysis together with Bayesian updating can be

used to reduce failure risks.

3.6.1 Parameter Prioritization

Consider the closed loop aeroservoelastic stability problem with control actuator parameter
uncertainty. The design parameters with uncertainty of the system are actuator bulk modulus,
friction and fluid leakage with the nominal value of 481,626 psi (3,320,690,863.5 Pa), 0.0162
and 0.0017 respectively. As stated earlier, the three uncertain design parameters are normally
distributed with COVs of 15% respectively. The output of the system, in global sensitivity

analysis, is defined as the maximum real part of the system’s eigenvalues.
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As a summary, the random variables are defined as A,~N (481626,72243.9)psi, A,~

N (0.0162, 0.00243) and A,~N (0.0017, 2.55><10_4) to represent the distributions of actuator’s

fluid bulk modulus, friction and fluid leakage. The output is denoted as

Y = (AL A, A)= max(real {eig[ Ay (Al,AZ,AS)J}) (3.25)

where Ay is calculated using equation (2.11).

The global sensitivity index of the ASE system is calculated by Equation (3.12) with 50,000

runs of Monte Carlo simulation and is plotted in Fig. 3.19. The pie chart shows that the fluid

bulk modulus A, dominates (92.7%) the variance of the output Y while the fluid leakage A,

contributes to around 7% of the variance. The friction A, has almost no influence on the

variation of output.

The global sensitivity analysis confirms the inference based on Table 3.2. However, the
global sensitivity analysis identifies and quantitatively ranks the priority of the uncertain design
parameters, while the reliability results above are generated by adding uncertainty contributions
of different elements of the aeroservoelastic uncertainty “puzzle” by isolating and then
combining them. For this particular example, the sensitivity analysis guides us to focus a
redesign process that would increase reliability of the system on the fluid bulk modulus of the

control actuator, as will be shown in the next section.

3.6.2 Risk Reduction

The risk reduction technique used here to increase reliability with improvement in actuator
properties modeling can be broken into steps as follows:
Step 1. Find the most influential system parameter from statistical sensitivity analysis - In

this particular case: the actuator bulk modulus £ .
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Step 2. A redesign process is used for the parameter identified in Step 1 and n iid new
measurements of this redesigned parameter are either provided by the manufacturer of the new
component or performed by the user (Fig. 3.20). A Bayesian update procedure is then used to
estimate the distributions of the coefficients that define the distribution-shape of the redesigned
parameter.
Step 3. The likelihood function is calculated by Equation (3.17). The posterior distribution
of variance o can be calculated by Equation (3.20).

Step 4. Using the auxiliary variable method, r is randomly selected from a uniform
distribution % (0,1) and the variance o is randomly generated from the posterior distribution
calculated in Step 3. For each pair of r and o, use Equation (3.22) to calculate the sample f3..

Repeat until the required number of samples is satisfied.

Step 5. Run Monte Carlo simulation with samples generated from step 4 and calculate the
probability of failure.

Fig. 3.21 shows the updated actuator fluid bulk modulus distribution compared to the
original design. It can be observed that using the measurements in Fig. 3.20 the variance of the
distribution is reduced. Since the nominal value (equals to the mean value of the distribution) is
used in the notch filter design, it is expected that the probability of failure of the notch filter
control law would be reduced with a reduction of variance. This, indeed, is shown by a new
Monte Carlo simulation, Table 3.6. The updated actuator bulk modulus has reduced the POF of

the system by about 75%.
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Figure 3.19. Results of the analysis of system sensitivity to servo-actuator parameters
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Figure 3.21. Comparison of original and updated actuator fluid bulk modulus

Table 3.6. POF of ASE stability between old and updated actuator design
Coefficient of Variation (COV)

Actuator Bulk Modulus 0.3 Updated by Eq (34)
Friction 0 0

Fluid Leakage 0 0
Probability of Failure 0.0453 0.0111
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The computational cost for the parameter distribution modification plus the Monte Carlo
simulations (100,000 sample size) is 6.71 hours, with 4.8 minutes on the cluster described above
to generate the random variable using the auxiliary variable method. The use of global sensitivity
analysis and Bayesian statistical tools provides a mechanism for identification of parameters of
importance and the estimation of their distributions using directed new measurements during the
design and certification process for reducing the level of uncertainty as well as the risk

associated with the closed loop ASE system.

3.7 SUMMARY

An exploratory aeroelastic / aeroservoelastic reliability analysis using a mathematical model of a
realistic aircraft configuration is performed by considering uncertainties of a control system
actuator as well as structural dynamic and unsteady aerodynamic uncertainties. Detailed
modeling of the electrohydraulic servo actuator made it possible to associate uncertainty with the
actuator’s physical parameters and gain insight about their effects. Aerodynamic uncertainty
modeling allowed the evaluation of the effects of uncertainty in aerodynamic stiffness, damping,
inertia, and lag contributions.

A roll rate control law design of a widely used AFA model with a notch filter is evaluated,
accounting for the variability of hydraulic fluid bulk modulus, viscous friction, and fluid leakage
of the outboard elevon actuator. Thus, assessment of the effects of uncertainty in each of the
parameters representing physical detail of the dynamics of the actuator became possible.

Monte Carlo simulations have shown that in the particular case studied here, with the
measures of uncertainty assumed for the parameters involved, there is a considerable probability
that the notch filter would fail to stabilize the configuration in some cases due to actuator

uncertainty, which in turn causes the failure of control law. Unsteady aerodynamic uncertainties
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aggravate the situation. It becomes clear, therefore, that in addition to structural and aerodynamic
uncertainties, uncertainties in the dynamics of key control system components and the
uncertainty in the associated physical parameters must be considered in any aeroservoelastic
reliability analysis together with already considered structural dynamics, aerodynamics, and
flight conditions parameters.

To demonstrate a reliability improvement procedure and reduce the system’s probability of
failure, statistical global sensitivity analysis is performed with respect to actuator uncertainties to
identify quantitatively the actuator parameter with the highest effect on overall system stability.
The same parameter, the actuator fluid bulk modulus, was earlier identified by a gradual
uncertainty parameter build-up approach in which the effects of various parameters, according to
the disciplines and physical phenomena they represent, were added systematically. A redesign
process is performed with new measurements added with a focus on the fluid bulk modulus, and
by using Bayesian updating together with the auxiliary variable method, flutter failure reduction
is achieved in a practical efficient way.

The example case studies investigated here are limited and the results are case dependent,
though the case studied here is important because of its central role in validating aeroservoelastic
codes and its capture of the issues raised by notch-filter design for aeroservoelastic purposes.
What is general is that Aeroservoelastic stability depends on the structural, aerodynamic, flight,
and control parameters that affect it in a complex and highly nonlinear way, and that the ASE
uncertainty analysis simulation capability described here, which is developed to tackle general
problems of aeroservoelastic uncertainty in real flight vehicles, demonstrates that with current
ASE modeling methods as well as current and emerging computer hardware, a general Monte

Carlo ASE simulation approach is becoming rapidly practical as a tool that would allow studies
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of particular configurations as well as general theories and modeling techniques. New insights

based on studies made possible by this new capability will be reported in future publications.
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Chapter 4. ALTERNATIVE AERODYNAMIC UNCERTAINTY
MODELING APPROACHES FOR FLUTTER
RELIABILITY ANALYSIS®

4.1 OVERVIEW

A newly developed Monte Carlo simulation based computational capability for uncertain
aeroelastic and aeroservoelastic systems is used to study flutter prediction statistics accounting
for aerodynamic and structural uncertainties. In the aerodynamic area a physically based
aerodynamic influence coefficients element by element correction uncertainty scheme is
introduced and applied to the historical AGARD 445.6 wing test configurations at a sequence of
transonic Mach numbers. The relative importance to the flutter velocity and frequency
uncertainties of contribution of uncertainties associated with defined Mach number zones on the
wing is ranked by using global sensitivity analysis. An alternative approach to aerodynamic
uncertainty modeling, focusing on rational function approximation matrix uncertainties, allows
examination of the relative impact of uncertainty in aerodynamic stiffness, damping, inertia, or
lag terms. With the inclusion of structural uncertainties, the contributions of structural and

aerodynamic variation to the uncertainty of system’s outputs are compared and ranked.

4.2 INTRODUCTION

The importance of accounting for the variations in system characteristics and the uncertainty in
aeroservoelastic design and certification has long been widely recognized [2]. Numerous basic-
research papers, focused on simple, representative, problems of low computational costs have
added to the understanding and insight in this area. Reliability and uncertainty analysis of full-

scale aircraft, represented by industry-level mathematical models is more demanding and

8Content of this chapter is published in [120], [121]
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difficult due to the modeling challenges and computational costs involved. Common practice in
such cases, regarding the analysis required, has been to cover uncertainty and configuration
variations by well-planned parametric studies that drive a large but manageable number of
computer simulations [60,61]. The growing power in recent years of computer hardware and
parallel-processing plus advancements in aeroservoelastic modeling and order reduction
techniques have made comprehensive probabilistic approaches to the reliability / uncertainty
evaluation of real aeroservoelastic systems more within reach. References [6,25,62] describe new
aeroservoelastic simulation capabilities for full-scale systems of industry complexity and scale
and for the associated reliability and uncertainty analyses that they make possible.

Significant work to date has been dedicated to the accounting in aeroelastic uncertainty
analysis of uncertainty in the structural dynamic modeling of the system: stiffness and inertia
variations due to manufacturing uncertainties, degradation during service, maintenance quality
and procedures, damage and repair, etc. [6]. The difficulty in modeling structural damping and
its possible variation with time and motion is still a challenge, although the effect depends on the
type of flutter mechanisms present, whether explosive or mild (also known as hard and soft
flutter, [63] p. 177-178). Similar difficulties are encountered when structural nonlinearities are
present.

But structural dynamic uncertainty in the models can be reduced via ground vibration tests
and static loads tests. Aerodynamic uncertainty, on the other side, and in particular unsteady
aerodynamic uncertainty, more difficult to capture by analysis or mitigated by testing in the wind
tunnel or in flight, is still extremely important and a major challenge. Recent efforts to harness
Computational Fluid Dynamic (CFD) modeling technology or flight flutter test results for the

task of evaluating unsteady aerodynamic uncertainties and their effects on aeroelastic instability
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are described in [7,11,64-70]. Although major progress has been made on CFD-based unsteady
aerodynamic order reduction, CFD based aerodynamic uncertainty quantification still faces
major challenges due to the substantial computational efforts needed and difficulties of state of
the art CFD modeling methods in capturing accurately unsteady flow behavior such as shock
induced separation, shock - boundary layer interaction, and, in the case of separated flows,
separation and vortex dynamics and burst. Modern CFD technology, while significantly ahead of
the linear panel methods [71-79] that have been the backbone of aeroelastic analysis, design, and
certification for years in its capability to capture nonlinear flow mechanisms (especially in the
transonic regime), still encounters uncertainty due to its own limitations [49,80].

The results of attempts to adapt methods for robust design developed by the controls
community have been reported in [13-14,15-17,52,53]. The work reported in this chapter,
adopting the approach to aeroelastic and aeroservoelastic reliability reported in [6, 25, 81], is
probabilistic and Monte Carlo simulation based.

A common practice in aeroelastic analysis and certification is to linearize the equations of
motion relative to key steady state conditions. Linear unsteady aerodynamic panel methods have
proven themselves to be reliable and quite accurate for aircraft in the low angle-of-attack (AOA)
subsonic and supersonic flow regimes where theory based on linear potential aerodynamics
works well. To account for deviations from linear unsteady aerodynamic theory, due to viscous
effects or transonic compressibility effects, correction factors [65] are commonly used, based on
wind tunnel loads measurements and CFD analysis, to fine-tune the predictions of the linear
theory. When linearized CFD results are the basis for the unsteady aerodynamic math modeling,

they are used to calculate matrices of generalized aerodynamic forces corresponding to selected
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reduced bases (in the form of structural mode shapes). Uncertainty may be assigned to the
elements of the generalized force matrices.

Whether unsteady aerodynamic loads in linear aeroelastic analysis are CFD-based, or panel-
code based, corrected by CFD or by wind tunnel and flight tests, it is desirable from an
engineering perspective, when uncertainties have to be accounted for, to assign uncertainties to
entities of some clear physical meaning.

CFD-based unsteady aerodynamic modeling may address uncertainty in a physically-
meaningful way by calculating unsteady aerodynamic loads for configurations with uncertain
surface shapes. Uncertainty, in such a case, would cover 3D surface shape uncertainty plus
uncertainty, possibly, in the capacity of any reduced structural bases to capture actual structural
motion. Variation in Mach number, viscosity, turbulence models, and reduced frequency can be
added — all representing physically-meaningful entities well. But the creation of uncertain CFD-
based unsteady aerodynamic models this way is still prohibitive computationally, given current
computing power, and even if all these effects are covered by the uncertain CFD analysis used,
still uncertainty due to inherent deficiencies in CFD models that may miss important physical
behavior would require careful attention.

Aerodynamic panel models are based on covering the surface of a configuration with small
panels and establishing aerodynamic influence coefficients (AICs): Boundary conditions
(upwash) and pressures (loads) relations between all pairs of panels. When uncertainties are
assigned to elements of the AIC matrix, they can be considered “pure” aerodynamic
uncertainties, since AICs are functions of the configuration, Mach number, and reduced

frequency, but not the structural mode shapes that would be used for aeroelastic analysis.
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On the other hand, unsteady aerodynamic effects never act alone in aeroelasticity since it is
their integrated effect, weighted by structural motions, that determines aeroelastic behavior.
Resulting generalized aerodynamic forces also have a certain physical meaning when the effects
of their aerodynamic inertia, damping, stiffness, or lag terms are examined.

The goal of the present chapter is to contribute to uncertainty modeling of unsteady
aerodynamic forces in the context of aeroelastic and aeroservoelastic uncertainty analysis by
studying ways that would link uncertainties to mathematical entities of physical significance
using current panel and CFD modeling methods. Assigning uncertainties to such physical entities
may allow the engineer to have more insight regarding the relative importance, in reliability
analysis, of key physical parameters, and the interactions of uncertainties in such physical

parameters as they propagate through the aeroelastic system.

4.3 AICsBY LINEAR PANEL METHODS

Aerodynamic influence coefficients in an aerodynamic panel method establish relations
between normal-wash on a panel and the corresponding loads on all other panels. In a typical

lifting surface panel method, for example, a lifting surface is placed in its local (x,y) plane and

divided into trapezoidal boxes. Each box has an areas;, an upwash point (xDi, yDi)and a load
point(XLi,yLi) (Fig. 4.1). A pressure differential (lower surface pressure minus upper surface
pressure) Ap(g,7)at point (g,77)on the lifting surface is associated with upwash w(X, y)at

point (X, y)according to:

W(x,y):iKKX—g Y=17 \ m )Ap(g,n) (4.1)
U 87 b " b ") g |

o0
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whereU_,q, are the flight speed and dynamic pressure, respectively.k = S)—b is the reduced

0

frequency, b is a reference semi-chord, and M is the Mach number of the incoming flow.

The integral equation relating upwash to pressures over the lifting surface can be written as

1
4ol

w(x,y)= JIK((x=&).(y=n))ap(&,m)dédn (4.2)

(x=¢) (y=n)
b b

The kernel function of the integral equation K( ,k,ij determines

upwash/pressure relations for all pairs of panels over the lifting surface. Extension to
configurations made of lifting surfaces in 3D and interacting with one another is straightforward.
Discretization of the integral equation in a panel method leads to a set of linear algebraic

equations relating pressures at all boxes to upwash at all boxes in the matrix form:

{w} =[A]{Ap] (43)
where {w}={w, w, .. w, }T is the vector of upwash values at the upwash points of all boxes
and{Ap}z{Ap1 Ap, .. Apn}T is the vector of pressures differences (lower surface minus

upper surface at each box) located at the load point.

If a relationship between upwash at boxes at their upwash points and lift forces at boxes, L, ,

is desired with the lift forces acting at the load point of each box,

{Ap}=[AT" {w} (4.4)
Then the lift force can be written as
L1 Sl Sl
L, S, S, 1
L=y.= . [lani= A (45)
L S S
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Figure 4.1. DLM mesh definition of upwash and load points

The entries S; in Eq. 4.5 are the areas of the boxes. The formulation above assumes constant

pressures over panels, but can be generalized, using integration matrices, to represent higher
order approximations of downwash and pressure distributions over panels. A general Boundary
Element approach to unsteady aerodynamic modeling would lead to normal-wash / load relations
among all nodes used to define elements on the surface of the configuration.

Depending on the way selected, the aerodynamic influence coefficient (AICs) matrix may be

defined by:

{Ap} =[AIC]{w} (4.6)
Or, in non-dimensional form, by:

2]

Or, relating normal-wash to loads:
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{L}=[AIC]{w} (4.8)

which , in non-dimensional form, leads to:

el

For linear or linearized small-perturbation flow the AICs are purely aerodynamic, dependent

on flight conditions and on configuration reference shape but not its small-perturbation motions.

[AIC]=[AIC(M,,k, Re, ReferenceShape)| (4.10)
For the whole configuration at the same angle of attack (adopting Eq. 4.7)

1
A : 4.11
{Acp}={—p}=[AIC] (@} +]ita (4-11)
D
1
Where the {«,} vector contains local geometric angles of attack of different panels when the
AOA of the configuration, «, is zero. Each column j of the AIC matrix is, thus, the pressure
distributions due to unit total AOA at a box j with total AOAs at all other boxes being zero. For a

unit total AOA at box j and zero total AOA at all other boxes the pressure distribution over the

wing is

%
An examination of AICs at given reduced frequency, Mach, and Reynolds (Re) numbers can

{Ac,} :{&} = {column j of [AIC]} (4.12)

be insightful regarding the way different aerodynamic boxes “communicate” with each other. In
supersonic flow, for example, aerodynamic boxes affect only the boxes within their Mach cones
([82], for example). Uncertainty in flight Mach number and in local Mach numbers can
determine whether boxes on the boundary of a certain Mach cone may move in or out of it, thus

affecting or not affecting other boxes or being or not being affected by other boxes.
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In addition to the spatial inter-connections of AIC elements and the way each single box is
related to all others, the frequency dependency of AICs can provide important insight. In general
AICs are transcendental functions of the reduced frequency. But when rational function
approximations are used to convert unsteady aerodynamic AICs or generalized forces from the
frequency to the Laplace and time domains (in the form of Roger, [54], and Minimum State
approximations, [83] and [84], for example), their distinct aerodynamic stiffness, damping,
inertia, and time lag contributions can be identified and the effects of uncertainties in each of
those can be studied.
In the case of using a Roger Approximation to express the dependency of generalized
aerodynamic forces (or full AICs) on reduced frequency:

Jk
K+,

JKk

[Q1=[R]+k[R]+(K) [P,]+ Jk+7,

[R]+

Finding the relative contributions to aeroelastic uncertainty by the different [P,]matrices

[P]+.... (4.13)

may provide useful insights regarding the relative effects of aerodynamic inertia, damping,
stiffness, and time-lag on both the physical behavior and the quality of the fitting expressed by
Eqg. 4.13. Different flutter mechanisms may be sensitive in different ways to uncertainties in
aerodynamic inertia, damping, stiffness, and lag, as aeroservoelastic uncertainty studies of such
effects using fixed-base generalized aerodynamic matrices have shown in [25]. A particular
flutter mechanism may be more sensitive to aerodynamic damping or aerodynamic stiffness or
aerodynamic lag. Insight regarding such sensitivity can guide unsteady aerodynamic modeling

and related uncertainty analysis.
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4.4  ACCOUNTING FOR THE AERODYNAMIC UNCERTAINTY

The availability of AICs obtained directly from CFD after linearization — another way of
obtaining AICs in cases where linear panel based AICs do not work well — offers an opportunity
for evaluation of modeling errors and uncertainty at the local, panel by panel mesh.

Considering the uncertainty of numerical simulation only (both methods used and numerical
capture of the geometry studied), one possibility is to calculate CFD-based AICs using different
CFD codes and different CFD models (mesh size, turbulence models, etc.) and to use differences
in the AICs between different simulations to guide assignment of uncertainty to the AICs relating
different mesh points or aerodynamic boxes. Such comparison of box to box aerodynamic
communication by different mathematical models can be expected to identify areas on the
configurations to which AICs are more sensitive regarding simulation accuracy: regions of large
pressure gradients, separation, boundaries between subsonic and supersonic flows, etc.

For the exploratory studies reported here the field-panel approach to AIC generation based
on CFD simulations has been used in its ZTRAN implementation [85], which can generate CFD-
based AICs on an aerodynamic panel method mesh. ZTRAN is based on small disturbance
transonic flow theory and full reference steady state CFD solutions and it leads to AICs that
capture transonic effects such as shocks. More advanced CFD-based simulation capabilities can
be used to generate AICs. Conceivably, similar to the many simulations using different CFD
capabilities for the same configurations in aerodynamic prediction workshops [66-68], enough
different CFD simulations of the unsteady aerodynamic load distributions as well as linear
predictions on a configuration of interest can be produced to guide the assignment of uncertainty

to the various elements of the resulting AlCs.
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Comparison of ZTRAN AICs calculated by using a number of CFD models as bases and
assigning uncertainties based on these AICs can account the uncertainties due to different CFD
modeling techniques, discretization and convergence criteria, etc. Similarly, comparing the CFD
based AICs with AICs created by a compressible subsonic method such as the Doublet Lattice
Method (DLM, [71-72]), Doublet Point Method [76-77] and ZAERO [78-79] can teach us where
differences between potential flow based theory and theory based on nonlinear CFD are more
pronounced and guide uncertainty modeling of the related AICs.

One possible approach to the AICs uncertainty problem, when wind tunnel or flight test
results, are available, is to select from among the unsteady aerodynamic simulations used
(including the case where AIC matrices had been already corrected by steady or unsteady
aerodynamic information using correction factors, [65]) a simulation that leads to predictions
that are close to the measured flutter results. This unsteady aerodynamic simulation then
becomes the baseline simulation used as a reference against which all other aerodynamic
predictions would be measured. A column to column comparison can now be made between the
baseline AICs and all the other AICs (on the same panel model) at a reduced frequency close to
the predicted baseline flutter reduced frequency calculated by different CFD simulations and/or
linear panel methods.

Eq (4.14) defines ratios of elements of the AIC matrices to the baseline AIC simulation
using MATLAB notation,

[ ¢ D)]=[AIC, ()] /[AICk (- 1)] (4.14)

where [AICn (:, J)] is the jth column of AIC that calculated by nth method / model

[AICbase (:, J)] is the jth column of AIC that calculated by the baseline method / model

./ represent column element by element division.
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For each element i in the jth column comparison, uncertainties can be established by

comparison of the ratios [z (i, j)].[&,(i,])]..-..[ & (i, ])]. Development of a probability
distribution, denoted as [E(l j):l can be then guided by using the mean and variance of the set
[gl(i, j)],[gz(i, j)],...,[gn(i, J)] A uniform distribution of [é(l j)] converting the mean

and variance to the upper and lower bounds, would represent a conservative approach to

aeroelastic uncertainty analysis. When an element i,j of the [AIC,,,, | matrix is close to zero an
additional check is performed on the corresponding i,j element in the [AIC | matrix. If the i,]

element in both [AIC,..] and [AIC,] matrices are close to zero, no uncertainty is associated

base
with this element and [gn (i, j)] =1.

If element i,j is very close to zero in the baseline AICs but not in some of the AIC matrices
obtained by other aerodynamic simulations, a distribution for that element is determined by the
I,j elements directly or by ratios with respect to the mean of the sample of i,j elements.

In the absence of test results the baseline AIC matrix can be selected to be the mean of all
AIC matrices or an AIC matrix produced by experience-based analysis processes used by an
organization for flutter analysis. If multiple flutter mechanisms are involved, added samples of
AICs created by different simulation models at a number of reduced frequencies close to the
predicted flutter reduced frequencies can be used.

Physically, note that uncertainty assigned to a whole column reflects, depending on the
Mach number at the associated box, accuracy regarding the way that motion of that box is
aerodynamically “communicated” to all other boxes in the form of pressures or forces at those

boxes. Uncertainty assigned to a whole row accounts for the accuracy in modeling of the
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capacity, in the math model, of the associated box to aerodynamically “respond” accurately to
motions of all other boxes. The assignment of uncertainty to different elements of the AIC matrix
described above is based on physical interpretation of the differences between different CFD-
predicted AICs or panel code-predicted and CFD-predicted AICs on the same aerodynamic box
mesh. Availability of steady and unsteady aerodynamic loads distributions from wind tunnel or
flight tests would enrich the sample space of AICs used in aeroelastic uncertainty analysis. Also
note, that the distributions of AIC elements from different CFD simulations can be taken as
starting points and guides for the distributions that would actually be used in the ASE
simulations, where those AIC element uncertainty distributions may have shifted means and
larger spreads relative to the distributions from the CFD samples.

Schematically, the Monte Carlo simulations of flutter speed and frequency uncertainty (if
flutter prediction is the focus on the aeroelastic uncertainty analysis) proceed as follows:

For any given Mach number, carry out flutter analysis using frequency domain tabulated
AIC matrices and corresponding generalized aerodynamic matrices based on as rich a selection
of different linear-panel and linearized CFD-based unsteady aerodynamic simulations and
aerodynamic tests as possible. Select a tabulated reduced frequency close to the flutter reduced
frequency. If flutter test results are available, select the unsteady aerodynamic AICs that lead to
flutter predictions close to the measured result and make them the baseline AICs. Otherwise,
select the baseline AICs based on engineering experience.

Next, for the reduced frequency selected, sweep over all AIC matrices available, find the
relative differences between different AIC prediction methods column by column and assign
uncertainty Probability Distribution Functions (PDFs) for both real and imaginary parts of the

elements in this column of the AIC matrix. If flutter mechanisms involving more than one
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reduced frequency are present, add samples of the AIC matrices at those reduced frequencies to
the AIC sample based on which the AIC PDFS are created.

Using the AIC PDFs and the baseline AICs tabulated matrices, now proceed to run Monte
Carlo flutter-solution simulations, accounting for unsteady aerodynamic uncertainty in both real
and imaginary parts (with added structural uncertainties, when both aerodynamic and structural
uncertainty is accounted for). Use the resulting samples of flutter speed and flutter frequency to
study uncertainty in flutter prediction.

Results produced by the proposed methodology will be presented in the next section for one
of the most well known transonic aeroelastic systems — the AGARD 445.6 wing [86, 87], for

which wind tunnel flutter test results are available.

4.5 NUMERICAL EXAMPLE

The AGARD 445.6 weakened wing [86-87] is considered here for subsonic and transonic
flutter simulation. The structural finite element method (FEM) model and aerodynamic panel
model are shown in Fig. 4.2 and 4.3. The structure FEM of the wing is made of composite plate
elements with varied thickness. The FE model has 200 elements and the first five structural mode
shapes (Fig. 4.4-4.8) are used in the flutter analysis.

The aerodynamic model has 100 panels. A reference chord of 22.0 inches is used with a 30
inches semi-span length. Unsteady aerodynamic analysis is performed at reduced frequencies
ranging from 0.0 to 0.8. Three Mach numbers, 0.678, 0.901 and 0.954, are selected for numerical
studies. Linear subsonic panel methods cannot capture the physics of the flow deep into the
transonic regime with geometries that lead to transonic effects that cannot be neglected. CFD

based panel-field simulations are used here to capture transonic effects because of their built-in



70
capability to convert CFD results to aerodynamic AICs on a panel grid. More advanced CFD

methods would, of course, capture more of the flow physics involved.
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Figure 4.2. Structure FEM model Figure 4.3. Aerodynamic panel model
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f, =119.3Hz

Figure 4.8. Structure mode 5

45.1  Nominal Flutter Analysis

A flutter analysis is performed first with the baseline model without uncertainties using a
University of Washington developed aeroservoelastic simulation capability [25]. Four unsteady
aerodynamic calculation techniques are used to calculate the flutter velocity index

U / (ba)a Jr ) (4.15)

and flutter frequency ratio w/®, . Where Jz =m/ pv is the mass fraction, m is the mass of wing,
p is the density of the fluid, v is the volume of the wing, b is the half chord at the wing root and
o, is the nature frequency of the first uncoupled torsional mode.

The Doublet Lattice Method (DLM, [71-73]) and ZAERO (ZONA 6, [78, 79, 88]) are linear
panel based unsteady aerodynamic codes which solve the small disturbance potential equation,
while ZTRAN [85] is an unsteady field—panel method that solves the linearized transonic small
disturbance equations using steady background flow from the high-fidelity CFD simulations.
Two CFD steady states solutions are used for ZTRAN: CFL3D, a NASA code that solves the
Navier- Stokes equations [89] and ZEUS [90-91] that solves the Euler equations with interactive

boundary layer simulation. Those are denoted in the following: ZTRAN-CFL3D and ZTRAN-
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ZEUS. As stated in the previous section, all the four methods used here can generate AIC
matrices on the same aerodynamic panel mesh.

The nominal flutter index and flutter frequency ratio are calculated first without
consideration of uncertainty. The numerical results are shown in Table 4.1 together with the
experimental results. Figures 4.9-4.11 are the V-g and V- plots for the nominal cases using a
DLM unsteady aerodynamic model. They offer insight about the type and severity of the flutter
mechanisms. It can be seen from the V-g plot that at M = 0.678 (Fig. 4.9) the flutter mechanism
is more moderate than those at M=0.901 (Fig. 4.10) and 0.954 (Fig. 4.11). The flutter behavior at
M=0.901 and 0.954 are relatively mild and that may make the flutter index / velocity more
sensitive to model uncertainty. Figures 4.12 and 4.13 show correlation of the flutter predictions
by the various methods used here with experimental results and differences between the various
predictions. Recent papers on the subject report thorough correlation studies between analysis
and tests using different aerodynamic simulation methods, [87] and [92]. The following brief
discussion of AGARD 445.6 flutter predictions results by the methods used here is aimed at
highlighting major features of the flutter behavior of this system that would guide and help

interpret the uncertainty analysis presented here.

Table 4.1. Summary of flutter solutions with difference unsteady aerodynamic models

M=0.678 M=0.901 M=0.954

Aerodynamic Model = 2 = 2 = .

erodaynamic ivioae ba)a«/; o, ba)a«/; o, ba)a\/; o,
Experiment 0.4174 0.4722 0.3700 0.4225 0.3059 0.3807
Doublet Lattice
Method (DLM) 0.4305 0.5516 0.3693 0.4408 0.3357 0.3989
ZONA 6 0.4279 0.5494 0.3655 0.4374 0.3317 0.3956
ZTRAN - CFL3D 0.4251 0.5468 0.3535 0.4252 0.2942 0.3628
ZTRAN - ZEUS 0.4254 0.5472 0.3549 0.4265 0.2972 0.3656




w 3. Flutterindex

73

£ Y5, Flutterindex
T T

Flutterindes

Figure 4.11. v-g and v- @ plots at M = 0.954

Flutterindex

0.05 . . . . . 0.75 . y . | T : :
0f- a
07+ 4
-0.05 - s
065 B
RN 4
y
2 06 4
E]
o5l i
0.55 - B
-2k 4
Rl 1 05 T
03 i 1 i i | i | 045 i | i i 1 i |
7405 041 0415 042 0428 043 0438 044 0445 ‘6405 041 0415 o4z 0425 043 0.435 044 0445
Flutterindex Flutterindes
Figure 4.9. v-g and v- @ plots at M = 0.567
E ¥5. Flutterindex w ¥ 5. Flutterindex
0.02 T T T T T T 0.9 T T T T T T
ol i 065 - _
0.02 d D& 4
075 - 4
004 | E
0.7+ 4
<006 - 4
u
2 065 -
El
-0.08 - B
06 L. =
01 b N
0.55 - =
012 e sl i
DAd b i 045 L i
- ]JE i | L n i 0 i L L i | i
366 0.367 0.368 0.369 0.37 0.371 0372 0373 0.5366 0.367 0.368 0.369 0.37 0.371 0.372 0.373
Flutter index: Flutterindesx
Figure 4.10. v-g and v- @ plots at M = 0.901
£ VS, Flutterindex w Y5, Flutterndesx
0.02 T T T T T T T 1 T T T T T T T
i} 0.9 - ~
002 — 0.8 |- 4
0| . 07 1
v
E
El
<006 - B 06 4
<008 B 0 4
-0tk = 04 -
o i 1 i i i i | i 1 i i | i |
332 0.353 0.334 0.335 0.356 0.337 0.338 0.339 0.34 0.332 0.333 0.334 0.335 0.336 0.337 0.338 0.339 0.34




74

04

—#F— Expetiment ‘ ‘ ' ' ' —#— Experiment
O DM O DLM
< IOMNAG 055+ g < ZONAG
0451 w  ITRAN-CFL3D ®  TTRAN-CFL3D
+  ZTRAN-ZEUS +  ZTRAN-IEUS

0s5r
04r

0451

035

Flutter Welocity Index
Flutter Frequency Ratio
Lo

04F =}

o3 * nast

02 03

I 1 I 1 I 1 I L L . . L L L
0.5 0.6 0.7 0. 09 1 1.1 12 0s 0.6 0.7 0.8 0.9 1 11 12
Mach Mumber Mach Mumber

Figure 4.12. Mach number vs. flutter velocity ~ Figure 4.13. Mach number vs flutter frequency
index ratio

Comparing the numerical simulation with the experiment measurements at Mach = 0.678, it
can be seen that although all of the methods predict the flutter index / velocity and flutter
frequency higher than the experiment results, all predict flutter index reasonably well (<4%
difference). However, for flutter frequency, at least 15% difference is observed. Comparing the
numerical simulations with the four unsteady aerodynamic modeling to one another, all these
simulations show very close results for both flutter velocity and flutter frequency. Since the flow
is expected to be fully subsonic, it is not surprising that all these four numerical methods show
similar results. These four unsteady aerodynamic modeling techniques are all well-studied and
validated in the subsonic flow regime. The large differences between predicted and experimental
flutter frequency are puzzling and may indicate other nonlinear effects (See, for example, [87],
Figure 4.5).

When the Mach number increases to 0.901 all four unsteady aerodynamic modeling methods
still show a reasonably good correlation with the experiment results, with difference of less than
5% for both flutter velocity and flutter frequency. The subsonic panel methods, DLM and
ZONAG, show better correlation with experiment than transonic panel method in terms of flutter

index / velocity. The two transonic unsteady aerodynamic models predict the flutter frequency
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better than DLM and ZONAG. It seems that when the Mach number is 0.901 the nonlinear
transonic effects, to the extent that they exist, on the flutter boundary are still not significant.

A large difference between DLM and ZONAG predictions and experimental results can be
seen when the Mach number increases further to 0.954. Differences of about 10% are observed
with both DLM and ZONAG aerodynamic model. The two transonic aerodynamic panel models,
ZTRAN-CFL3D and ZTRAN-ZEUS, show good correlation with experiment results with
differences of less than 4%. All four aerodynamic models predict a less than 5% difference in
flutter frequency relative to experiment.

Note that the two field-panels aerodynamic models used here to represent CFD-based
unsteady aerodynamic prediction use steady state “background flow” CFD results [85] to
develop AICs, and, therefore, it is possible that they do not benefit from the full dynamic
response simulation available from time domain or linearized frequency-domain CFD field
simulation codes. AICs based on such codes may better capture the unsteadiness of the flow over
the range of reduced-frequencies of interest, and, when AICs based on such codes would be
included in the AICs samples reflecting the results of many simulation methods, such samples
would contain more statistical information regarding the uncertainty of the AICs.

It can be seen, as expected, that aerodynamic modeling techniques can play a significant role
in accurately predicting the flutter behavior, especially in the deep transonic region. In the
following section the system predicted uncertainty, especially due to numerical unsteady
aerodynamic uncertainty, will be considered and several statistical aeroelastic simulations will be

performed and compared with the deterministic simulations and test results.
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45.2  Aeroelastic Simulation Subject to Aerodynamic Uncertainty

Following the steps in the approach presented earlier, the unsteady aerodynamic AIC uncertainty

is modeled using uniformly distributed multipliers [§(| J):I The baseline model is selected to

be the ZTRAN-ZEUS model since this model predicts the flutter index / velocity and flutter
frequency reasonably well in both the subsonic and transonic flow regions. For exploratory
studies, ZONA6 and ZTRAN-CFL3D unsteady aerodynamic models are also selected and
compared with the ZTRAN-ZEUS model to guide the uncertainty estimation. The Monte Carlo
simulations are performed on the William E. Boeing Department of Aeronautics and

Astronautics computer cluster at University of Washington with 16 cores for parallel computing.

452.1 Mach=0.678

Following the method introduced in section 4.4, a Monte Carlo simulation with 10,000 runs were
performed at Mach = 0.678 first. The histograms of the distributions of the flutter velocity and
flutter frequency are shown in Fig. 4.14 and Fig. 4.15. Although the aerodynamic uncertainties
are assumed uniformly distributed multipliers, the distributions of flutter velocity and flutter
frequency show a normal distributions trend. The mean value of the distributed flutter index /
velocity is 0.4258 with Coefficient of Variation (COV) equal to 0.0004 while for flutter
frequency ratio the mean value is 0.5476 and COV= 0.00038. The distributions also reveal that at
subsonic flow field, the COV of the resulting flutter velocity and flutter frequency based on the
proposed approach presented here are extremely small. However, this observation is expected
since the nominal flutter simulation at M=0.678 shows that all the three unsteady aerodynamic
models predict relatively close flutter results. As noted earlier, additional CFD based AIC

unsteady aerodynamic models can be added to the sample of unsteady aerodynamic methods to
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capture the uncertainty levels better. Or, inversely, based on the resulting uncertainty

distributions here and the experimental results, other sources of uncertainties, such as structural

or experimental, may be found to have a more significant effect on flutter behavior.

00

Mean=0.4358
COV=4.0e-4

-

=]

=
T

@

9

a
T

i

=]

=
T

400

w

=]

=
T

Murnber of Occurrence

[

=]

=
T

Q
a
T

0
0425 04252 04254 04256 04258 0426 04262 04264 04266
Flutter Welocity Index

Figure 4.14. Histogram of Vf index with
M=0.678

BOO

Mean=0.3573
COV=0.0024

Murnber of Occurrence

0
0354 0355 0356 0357 0358 0359 036 0381 0382
Flutter Welocity Index

Figure 4.16. Histogram of Vf index with
M=0.901

700
Mean=0.5476
e00 | COV=3.8e-4

Murmber of Occumrence

D L
05466 05465 0.547 0.5472 0.5474 05476 05475 0543 05482 0.5454
Flutter Frequency Ratio

Figure 4.15. Histogram of freq ratio with
M=0.678

00 T T T
Mean=0.4283
sl COV=0.003

Murnber of Occurrence
L
=
(=)

1o

a
0.422 0.424 0.426 0.428 0.43 0.432 0.434
Flutter Freguency Ratio

Figure 4.17. Histogram of freq ratio with
M=0.901



78

700 T T T T T 600
Mean=0.3026 Mean=0.3687
COV=0.0408 1 sn| COV=0.0331

Mumber of Occurrence
Murnber of Occurrence
ol
=
o

0
024 025 028 027 028 029 03 031 032 033 034

0
Flutter Velacity Index 032 033 034 035 036 037 033 038 04 041 042

Flutter Frequency Ratio

Figure 4.18. Histogram of Vf index with Figure 4.19. Histogram of freq ratio with
M=0.954 M=0.954

45.2.2 Mach =0.901

The Mach number of the simulation is increased to 0.901, where some transonic and supersonic
effects are expected. With the same set up as in Mach = 0.678 case, a Monte Carlo simulation
with 10,000 runs is performed with the uncertainties defined in section Il1I.

The histograms of the distribution of the flutter index and frequency ratio in the Mach =
0.901 case are shown in Fig. 4.16 and Fig. 4.17. Distributions similar to normal are again
observed. The mean value of the distributed flutter index is 0.3573 with COV equal to 0.0024
while for flutter frequency the mean value is 0.4283 with COV=0.003. Similar to the
Mach=0.678 case, since all these three aerodynamic models predict very close nominal flutter

index and flutter frequency ratio, the COVs of the distributed results are small again.

45.2.3 Mach = 0.954

The Mach number of the simulation is increased to 0.954 where more transonic and supersonic

flow can be seen.
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The histograms of the distribution of the flutter index and flutter frequency ratio at Mach =
0.954 are shown in Fig. 4.18 and Fig. 4.19. The mean value of the distributed flutter index is
0.3026 with COV equal to 0.0408, while for flutter frequency the mean value is 0.3687 with
COV= 0.0331. Since the subsonic ZONAG6 unsteady aerodynamic model shows significant
deviation from the experiment and transonic aerodynamic model predicted flutter behavior in the
nominal flutter simulation, the COV of the flutter index and flutter frequency in the statistical
uncertainty simulation increased significantly (almost 100 times comparing with M=0.678 case).

Comparing the two subsonic cases with the deep transonic case at M=0.956, it can be seen
that when transonic and supersonic effects became more dominant the probabilistic variations of
the flutter velocity and flutter frequency become larger. When basing flutter analysis on
ZTRAN-ZEUS transonic aerodynamic model, uncertainties due to areas on the wing in which
linear theory does not apply and CFD analysis may face challenges can be identified and
modeled and their effects on the distribution of flutter results may provide important insights.

Figure 4.20 and Fig. 4.21 show results of the uncertainty aeroelastic simulations at all three
Mach numbers compared with the experimental and nominal results that have been showed in
Fig. 4.12 and Fig. 4.13.

It is interesting, in any flutter uncertainty studies, to account, in addition to the uncertainty
captured by uncertain flutter analysis, also for the uncertainty in experimental values, which is
affected by uncertainty in flutter speed and frequency determination due to uncertainties in test
flight conditions, wind tunnel flight or turbulence levels, and extrapolated flutter conditions
based on subcritical testing. Refs. [58] and [93], among others, address this issue. Ref. [93]
analyzed the uncertainty behavior of several flutter interpolation methodologies to determine the

stochastic characteristic of experimental flutter velocity and flutter frequency determination and
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showed that the COV of flutter velocity due to experimental data uncertainty can be as large as
0.047. Figures 4.22 and 4.23 (using the higher value of the COV for experimental uncertainty
based on [93]) show the flutter index and flutter frequency distributions obtained by the Monte
Carlo simulations alongside possible experimental flutter speed and frequency distributions
plotted in the left side. Note the relative high overlap between the Monte Carlo based
computational simulation and the assumed distributions, based on [93], of the experimental
results except for the case of the flutter frequency at Mach=0.678. A better assignment of
probability density functions to the real and imaginary parts of the AICs (using additional CFD-
based AICs from additional CFD simulations) or the addition to the uncertainty modeling of
uncertainty in structural dynamic parameters may better capture the uncertainty in flutter
predictions in this case. This will be discussed in the following sections. In any case the results
presented here, based on the limited CFD-based AICs samples used for this exploratory work,

provide interesting insights.
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45.3  Wing Section Prioritization with Statistical Sensitivity Analysis

A factor prioritization, often named sensitivity analysis, can be used to identify and
quantitatively rank the importance of uncertain design parameters in affecting the flutter results.
A variety of approaches can be utilized to perform statistical sensitivity analysis. In this work,
the global sensitivity analysis of [35], which uses the variance as a measurement of uncertainty,
was used.

When working with AICs on a panel aerodynamic mesh, and not with generalized AICs as
in [94], insight regarding pure aerodynamic behavior and not aerodynamic behavior weighted by
modal motions, may be gained. It was suggested in the early 1970s that accounting for Mach
zones and local Mach numbers on a configuration might be used, heuristically, in some way to
improve lifting surface predictions [95]. With CFD-based AICs, available in the cases studied
here from a field-panel method, it is tempting to use stochastic sensitivity analysis in order to
understand the relative importance (and contribution to aeroelastic uncertainty) of the
aerodynamic “communication” between aerodynamic boxes as affected by the local Mach
numbers involved. The flutter analysis and associated unsteady aerodynamics and AlICs used for

the present study are based on linearization with respect to a steady reference state.
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In general a configuration panel model can be divided into surface zones in any selected way

in order to study, by sensitivity analysis, the relative importance of uncertainty in the
aerodynamic communication inside and among zones on the resulting aeroelastic uncertainty.
Intrigued by the ideas presented in [95], a Mach zone surface division is studied in this work
where the wing is divided into a number of zones based on CFD predicted surface Mach number
distributions. For exploratory studies the sensitivity analysis is performed using the uncertainty
scheme introduced above with 10,000 samples. The Sobol’s [35] sequence of sampling is used to

increase the rate of convergence.

453.1 Mach=0.678

Fig.4.24 shows the division of the wing into zones based on the distribution of local upper-
surface Mach numbers in the steady reference background flow for this case. Since the resulting
variance of the flutter index and flutter frequency with the proposed aerodynamic uncertainty
scheme are relatively small (Fig. 4.14, 4.15), the global sensitivity analysis here (which is based
on comparison of variances) had convergence difficulty in this case. In order to examine the
relative zone priority in affecting overall flutter uncertainty, the COV of the input aerodynamic
uncertainties were amplified 10 times to obtain the results of the global sensitivity analysis for
the flutter index / velocity and flutter frequency ratio as shown in the pie charts in Fig. 4.25.

The pie chart in this particular example shows that the aerodynamic uncertainties near the
leading edge and mid wing section of the outer span area, represented in ZONE 1, ZONE2 and
ZONE3, dominate the output variances for flutter velocity. This is not surprising given the
thinness of the airfoil and the fact that most twisting and bending deformation in the case studied
here are in the outboard area. The mid sections of the wing, in particular ZONE 4 and ZONES5,

have more influence to the flutter frequency ratio than flutter index.
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45.3.2 Mach =0.901

The division of the wing surface into Mach zones in the Mach=0.901 case based on the steady
background reference flow is shown in Fig. 4.26. It is interesting to see that even at M=0.901 at a
zero angle of attack the flow is still subsonic on the entire test wing — a result of the thinness of
the wing. The result of the global sensitivity analysis with respect to the AICs in the different
Mach number zones is shown in Fig. 4.27. The pie chart indicates that the uncertainty in ZONE3
dominates more than 50% of the uncertainty in flutter behavior. Since the leading edge of the
mid span area and middle section of the outer span area display the largest modal deformations
in the modes contributing to flutter, it is not surprising to see again that these areas have the
highest influence on the flutter behavior. A certain impact of the mode shapes involved —
structural — on the uncertainty effects of AIC zones is inevitable when flutter results are studied,
since it is the generalized force matrix that determines the aerodynamic contribution.
Nevertheless, the zone-sensitivities identified here for the AGARD 445.6 wing case are not
trivial and the approach may guide in other cases zone by zone instrumentation of wind tunnel
and flight test articles and study of CFD results in ways that would lead to less uncertainty of

aerodynamic prediction.

4.5.3.3 Mach =0.954

Fig. 4.28 shows the discretization of wing at M=0.954. Now most of the area of the upper
surface of the wing in the reference steady background flow “sees” supersonic flow mixed with
the subsonic flow. The sensitivity analysis, shown in Fig. 4.29, indicates that the uncertainty in
the supersonic region, mainly included in ZONE 5, now has more influence than uncertainty in

the area that has the largest deformation on both the variation of flutter velocity and flutter
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frequency. Since the supersonic region shows more influence on the flutter behavior, the
sensitivity analysis also helps to explain the fact that two transonic unsteady aerodynamic
models, ZTRAN-CFL3D and ZTRAN-ZEUS, matched the experimental flutter behavior better
than subsonic models.

In conclusion, different aerodynamic models can be expected to lead to AIC element
prediction differences that would be larger in areas involving shock wave fronts and mixed
supersonic transonic flows. The effect of modal deformation in the critical modes would add
relative weights to the different aerodynamic uncertainty contributions. The M=0.678 and
M=0.901 cases have shown that the area that encounter the most deformation has the largest
effect on the variance of the flutter index and flutter frequency. However, in the deeper transonic
M=0.954 case, the contribution of aerodynamic transonic effects exceeds the structural modal

motion effects on the overall uncertainty of flutter behavior.
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Figure 4.25. Flutter index and frequency sensitivity to zone discretization for the M=0.678 case
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Figure 4.28. Surface zone definition at the M=0.954 case
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Figure 4.29. Flutter index and frequency sensitivity to zone discretization for the M=0.954 case

454  Aerodynamic Uncertainty via Rational Function Approximation

Assigning uncertainty distributions to the real and imaginary parts of frequency domain AICs (or
generalized force matrices) is one way to model unsteady aerodynamic uncertainty in aeroelastic
analysis. Another way is to examine the effects of uncertainties in rational function matrices used
to model unsteady aerodynamic AIC matrices or generalized force matrices in the Laplace or

time domains. Ref. [25] introduced an approach to aeroelastic unsteady aerodynamic uncertainty
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in which the elements of the [Pl] matrices in the Roger approximation (Eq. 4.13) of the unsteady

generalized forces associated with the modal basis used are taken to be uncertain. The fixed-

modes approach used in Ref. 5 is, practically, a generalized AIC approach. Treating elements of
the Roger [Pl] matrices as uncertain variables allows separate accounting for uncertainty in the

aerodynamic stiffness, damping, and inertia, as well as the contributions by aerodynamic time
lag terms — another way to gain insight regarding the aerodynamic uncertainty and how it affects
different systems with different flutter mechanisms. This can also direct refining and improving

unsteady aerodynamic modeling in a way that would improve flutter boundary predictions.
Uncertainty of the generalized-AIC [P|] matrices also covers the combined effects of

aerodynamic uncertainties in the theory and model geometry and discretization used, the effect
of interpolation uncertainty, and the uncertainties introduced by the conversion of unsteady
aerodynamic loads from the frequency to the time domain (The Roger series fitting process). The

uncertainty due to Mach number effects and variations is also included.

The uncertainty is added to the Roger [P|] matrices here by defining a sequence of diagonal

correction matrices that multiply the [P|] matrices. For the exploratory studies presented here

each element of the correction matrices is a separate uniformly distributed random variable with
mean value equal to 1.0 and COV equal to 0.05. A Monte Carlo simulation with 10,000 runs was
performed for the Mach = 0.954. The histograms of flutter index / velocity and flutter frequency
are shown in Fig. 4.30 and Fig. 4.31.

Global sensitivity analysis is preformed with the Roger matrices uncertainty scheme to rank
the relative importance of generalized aerodynamic stiffness, aerodynamic mass, aerodynamic

damping and aerodynamic lags effect. The pie chart in Fig. 4.32 shows that the aerodynamic
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damping has the largest influence to the variance of the flutter index and flutter frequency. This
makes sense since the V-g plot for the nominal flutter simulation at M=0.954 (Fig. 4.11) shows
that the flutter mechanism is relatively mild and thus the aerodynamic damping, that can shift
g.vs.V branches up and down slightly, can affect the flutter speed significantly. The aerodynamic
stiffness is ranked as the second parameter of importance influencing the flutter index, followed
by the lag terms. In the flutter frequency case the aerodynamic lags ranked as the second
parameter of influence. The pie charts for flutter index and flutter frequency both show that the

aerodynamic mass has a very small influence in the AGARD 445.6 wing case.
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455  The Addition of Structural Uncertainty

With the Monte Carlo aeroelastic and aeroservoelastic simulation capability developed at the
University of Washington, the final study that this chapter presents includes structural
uncertainties in the flutter Monte Carlo simulations together with aerodynamic uncertainties
modeled by the proposed AIC uncertainty approach.

The structural uncertainties here are first modeled at the fine level of detail: the plate
thickness and material density spatial distributions that model the wing FEM are assumed to be
normally distributed with COV equal to 0.2. A complete new FEM eigenvalue analysis was
performed with each Monte Carlo run in order to obtain the most accurate structural behavior.
For exploratory studies the transonic flow condition Mach=0.954 case is selected.

The histograms of the distribution of the flutter velocity and flutter frequency due to
uncertainties in both structure and aerodynamic are shown in Fig. 4.33 and Fig. 4.34. The mean
value of the distributed flutter index / velocity is 0.3029 with COV equal to 0.0411 while for
flutter frequency, the mean value is 0.3691 with COV=0.0334. Comparing this with the
aerodynamic-uncertainty-only cases, for which the COV equals to 0.0408 for flutter index and
0.0331 for flutter frequency, the structural uncertainty in this case has insignificant influence.

Following the modeling of structural uncertainty at the element by element detailed level, a
structural dynamic uncertainty modeling approach in which the system’s natural frequencies are
treated as uncertain variables is tested [56]. A fixed-modes approach is used and the number of
modes in the fixed-modes basis used are increased to 20 from 5. The uncertainties are added to
the first five natural frequencies and modal damping ratios with the nominal values taken to be
the mean and with 0.5 COV assumed. The histograms of the distribution of the flutter velocity

and flutter frequency due to uncertainties in both structure and aerodynamic are shown in Fig.
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4.35 and Fig. 4.36. It is also shows that the effects of structural dynamic uncertainty on the
flutter behavior in the case here are very low.

The effects of structural damping uncertainty on the flutter index / velocity and flutter
frequency ratio are also evaluated. The M=0.954 case is selected, again, since the v-g plot (Fig.
4.11) shows the flutter mechanism is relatively mild and the damping may have a large effect on
the flutter behavior. The structural damping is added mode by mode, uniformly distributed
between 0 and 0.08, and represented by a generalized diagonal damping matrix. As in the
nominal analysis, five modes are included in the numerical simulations and, thus, five damping
ratios are used. The distribution of flutter index and flutter ratio are shown in Fig. 4.35 and Fig.
4.36. It can be seen that, the influence of the structural modal damping on the flutter boundary
behavior is still relatively small (COV=0.0014 and 0.001) compared with the influence of
aerodynamic uncertainty (COV=0.0408 and 0.0331). Although the structural modal damping has
insignificant influence on the flutter behavior in our case when the flutter mechanism is mild, the
aerodynamic damping affects it dramatically (Fig. 4.30). The distribution shape of flutter index
and frequency is found to be a uniform distribution rather than the normal distribution shown in
the aerodynamic uncertainty cases. However, these results are limited and case dependent.

A global sensitivity analysis is performed with the structural modal damping uncertainty to
find the most influential structural modes regarding flutter index and frequency. The pie chart in
Fig. 4.39 shows that mode 1 completely dominates the flutter index and flutter frequency. All the
other modes, as well as modal interactions, have total influence of less than 2%. The results
indicate that the first structural mode is the primary mode that contributes to the flutter

mechanism.
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Figure 4.39. Flutter index and frequency sensitivity to structural modal damping for the M=0.954
case

46 CONCLUSION

Two aerodynamic uncertainty modeling approaches for flutter analysis are described. In one,
differences between CFD-based and linear unsteady aerodynamic based AIC elements, or
difference between several CFD-based AICs using different steady CFD models, guide the
assignment of uncertainty to all AIC matrix elements column by column. The approach can be
automated, based on the magnitude of such differences or the corrections needed to transform
linear-theory AIC matrices to CFD-based AIC matrices. When modeling uncertainties are
applied at AIC matrix element levels on panel aerodynamic meshes they are purely aerodynamic
and, thus, the structural uncertainties and aerodynamic uncertainties in flutter prediction can be
separated. In a second approach to unsteady aerodynamic uncertainty modeling, the rational
function approximation aerodynamic stiffness, damping, inertia, and lag matrices are treated as
uncertain. Insights regarding the relative importance of such aerodynamic uncertainty effects can
be gained. Identification of AIC elements or AIC surface zones to whose influence the

uncertainty of flutter boundary predictions is more sensitive, or the more important among the
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aerodynamic stiffness, damping, inertia, and lag effects can guide improved modeling and testing
that would lead to reduced flutter prediction uncertainty.

In the exploratory studies reported here the effect on the flutter boundary prediction of AIC
uncertainty in the case of the historical AGARD 445.6 weakened wing model was evaluated as a
function of Mach number. The results suggest that the largest uncertainty in flutter velocity and
frequency predictions exists in the transonic flow domain where the difference between subsonic
and transonic aerodynamic simulation methods and between different CFD-based simulations
can be significant. While the approach is just one of a number of approaches to the modeling of
aerodynamic uncertainties in flutter calculations, it offers physical insights that add to other
insights and perspectives that other approaches offer. When aerodynamic uncertainty was
accounted for by variation of Roger matrices, global sensitivity analysis showed that in the
AGARD 445.6 case the aerodynamic damping uncertainty dominates the uncertainty in flutter
predictions. A case involving both structural uncertainty and aerodynamic uncertainties was
presented at transonic M=0.954 in which, limited to this case, structural uncertainties were found
to be much less important than aerodynamic AIC uncertainties. This is interesting because of the
capability of the suggested approach to separate contributions of aerodynamic and structural
terms into pure structural and pure aerodynamic terms compared with approaches that assign
uncertainty to terms of generalized aerodynamic matrices which reflect structural and
aerodynamic contributions, coupled in the expression of generalized aerodynamic terms, which
are not separable.

No matter how unsteady aerodynamic uncertainty or structural uncertainty are modeled
(AIC or rational function approximation matrices in the aerodynamic case, and detailed element

by element modeling or modal characteristics uncertainty modeling in the structural dynamics
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case), global sensitivity analysis can be used with the Monte Carlo simulations possible now to
identify the most important aerodynamic and structural dynamic uncertainty contributions to the
uncertainty of the predicted flutter boundary and to direct more careful mathematical modeling
and tests to improve modeling accuracy and reduce modeling uncertainty.

The work is expected to make a contribution to the understanding of the propagation of
aerodynamic uncertainty and the resulting reliability of realistic integrated aeroservoelastic

system models of the detail and complexity that allow modeling real modern aircraft.
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Chapter 5. PROBABILISTIC GUST LOADS ANALYSIS
ACCOUNTING FOR AEROSERVOELASTIC
SYSTEM UNCERTAINTY?*

5.1 OVERVIEW

A newly developed computational capability for Monte-Carlo simulations of uncertain
aeroelastic and aeroservoelastic systems is used to obtain gust response statistics accounting for
uncertainties in both aircraft aeroservoelastic model and the discrete & continuous gusts exciting
it. Gust response is evaluated in both the frequency and time domains. Root-mean-square values
based on power spectral density analysis as well as maximum and minimum loads predicted by
time domain analyses are selected for study and compared with common gust loads prediction
approaches. Statistical sensitivity analysis is performed to rank the relative importance of the
parameter to the system output of interests. A numerical example of the gust response of a
generic transport aircraft model shows a significant increase of the critical loads when
uncertainty in system’s parameters is accounted for and leads to a quantitative evaluation of

probability distributions of all output quantities of interest.

5.2 INTRODUCTION

The accuracy and reliability of calculating unsteady loads, especially gust loads, play a
significant role in the design, analysis, and certification of aircraft. These loads determine
extreme stresses as well as stress time histories that influence the strength, fatigue, and passenger
comfort characteristics of aircraft. The way dynamic loads due to atmospheric gusts have to be
accounted for in the design and certification of commercial aircraft has been specified in federal

regulations, such as FAR-25, for large commercial transports. Two main complementary

1 Content of this chapter is published in [81]
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approaches are used: In the time domain the response to gusts of given profiles is analyzed in a
way that would cover a range of gust amplitudes and durations that would ensure capturing worst
case scenarios, regarding aeroelastic and aeroservoelastic dynamic response; In the frequency
domain a Power Spectral Density (PSD) approach may be used, based on frequency-domain
statistics of atmospheric turbulence collected and analyzed over many years of research and
flight operations for all atmospheric weather conditions. Key information on the subject of
aeroelastic and aeroservoelastic gust response and the methods used for gust loads certification
can be found in [61, 63, 96-112].

Atmospheric gusts are naturally random. Therefore, in any discrete-gust response analysis
subject to gust inputs of pre-set shapes (such as the commonly used 1-cosine gust profile), large
numbers of gust inputs are required in analysis to make sure that all aeroelastic frequencies and
modes of behavior would be excited in the most critical way (within certain probabilities). This
may mean, in an industry setting focused on an aircraft model of given aeroelastic
characteristics, tens of thousands if not hundreds of thousands of time domain gust response
simulations [113]. Meanwhile, in the continuous-turbulence approach, atmospheric turbulence
statistics can be captured effectively by power spectral density analysis. The approach has certain
limitations, however, including cases involving aeroservoelastic nonlinearities.

In both cases variations of aircraft characteristics must be covered by any design and
certification process. This is usually done by parametric studies in which critical configurations
are selected for analysis, e.g. full-fuel wing, empty wing, different fuel and payload weights and
weight distributions, etc. Addressing variations in flight vehicle dynamic characteristics we
should distinguish between those variations that are planned and known (such as mass and flight

condition variations) and those due the uncertain nature of the system, its elements, and its
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operation. The emergence of powerful computers capable of running multiple aeroservoelastic
simulations within practical time and computer resource limitation has led to a growing number
of efforts to develop new methods for addressing the aeroelastic uncertainty problem. A brief list
of publications on aeroelastic and aeroservoelastic uncertainty can be found in [6] and [25]. The
focus to date seems to have been on aeroelastic and aeroservoelastic stability. In most aeroelastic
and aeroservoelastic uncertainty studies published so far, adding the uncertainty in systems
parameters to the uncertainty in gust inputs has been quite limited, if present at all.

Following the work presented in [25, 119, 120, 121], and expanding it, the purpose of the
work reported here is to explore the effects of uncertainty in aeroelastic and aeroservoelastic
system characteristics, when combined with the uncertainty of atmospheric gust inputs, on the
resulting uncertainty of internal gust loads. The relative importance of system parameters to the
overall system’s output of interest is ranked by using global sensitivity analysis [35].

A brief introduction to the models for dynamic loads in integrated aeroelastic plant / sensors
/ actuators / control laws systems excited by gust inputs is presented first in this chapter. Random
aeroservoelastic gust response models are considered and evaluated in both frequency and time
domains, accounting for, in addition to the intensity and dynamics of gust inputs, also
uncertainties in the airframe. A representative Generic Transport Aircraft (GTA) model is
selected for the studies described here using the new MATLAB based Monte Carlo
aeroservoelastic simulation capabilities developed at the University of Washington for such

studies.
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5.3 MODEL DERIVATION

5.3.1  Aeroelastic System with Gust Excitation

A complete aeroservoelastic (ASE) mathematical model includes the aeroelastic plant, a sensor
block, an actuator block, control laws, and a gust dynamic model. The aeroelastic plant includes
flexible aircraft structural dynamics, unsteady aerodynamics, and gust input dynamics. The focus
of the study here is on aeroservoelastic systems simulated by linear time invariant state space
models for small perturbation motions relative to steady equilibrium flight conditions. Noise in
all channels can be introduced following common practices in control systems theory, including
uncertainty in excitation when gust response or other dynamic response phenomena are
simulated. A summary of the key equations that model the aeroservoelastic gust response model

can be found in Chapter 2.4.

5.3.2  Gust Input Uncertainty in the Time Domain

Discrete one-dimensional gusts are commonly represented for design purposes by a so-called ‘1-
cosine’ gust, where the variation in the velocity of the air normal to the path of the aircraft is
shown in Fig. 5.1.

The spatial mathematical expression of the ‘1-cosine’ gust profile is defined as

0 t<00rt>27|_|
t)= .
We () _2H (5.1)

where W is the magnitude of gust velocity, H is the gust gradient and V is the airplane’s flight

velocity.
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Figure 5.2. “1-cosine’ gust profiles with combination of gust velocity and gradient

A common practice for addressing gust profile uncertainty while finding the most critical
internal loads induced in the airframe is to define a family of gust profiles with a random
combination of the gust velocity magnitude and gradient (Fig. 5.2). One of the particular

interests of the discrete gust response is the gust gradient H that produces the maximum and
minimum response of particular outputs {y} in Equation (2.27). At particular wing and fuselage
cross sections internal stresses would be associated with internal sectional loads, and the most
critical combinations of internal loads (or different stresses for particular elements) must be

covered by the design process. Such correlated responses can be plotted against each other to

create hulls in 2D or 3D spaces (depending on the number of interacting loads and stresses).
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“Extreme” points on such hulls are used to define the critical load cases ([61], Chapter 6, [117]).

Such plots are usually referred to as “potato’ plots.

5.3.3  Gust Input Uncertainty in the Frequency Domain

Atmospheric turbulence is continuous and irregular. It can be represented by a random variation
in velocity of the air normal or parallel to the flight path of the aircraft. Although not fully
Gaussian, it has been common in the simulation of the response of flexible aircraft to gust inputs
to use zero-mean Gaussian distributions described mainly by two Power Spectral Density (PSD)
functions: the Dryden continuous gust model and the von-Karman model ([61]).

For the vertical gust velocity Dryden model the PSD function is

o2l 1+3(wLNV )’
™ |:1+(a)L/V)2T

D, (@)= (5.2)

Effect of L on P30 Curvelrms=1 ft/s) Effect of rims on PSD Curve(L=2500f)
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o radis w,radis

Figure 5.3. PSD of the Dryden model with Figure 5.4. PSD of Dryden model with
different scales L different rms value
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The von-Karman turbulence PSD function is
o2l 1+3(1.3390LN )’

™ 141339 0LV ) ]we

where o, is the root-mean-square (rms) gust velocity, L is the “scale of turbulence” ([61], p. 42-

D, (@)= (5.3)

51), and V is the flight velocity.

The rms value can be calculated from the PSD of the gust input by:

ol = j:d)w (o)dw (5.4)

Based on a significant data collection and analysis efforts over years, [61] shows that the
parameter L in the PSD functions varies over a considerable range from one turbulence patch to
another in the atmosphere (Fig. 5.3). Gust input rms values also vary significantly in the
atmosphere and as functions of weather conditions (Fig. 5.4). These two parameters should be
considered, therefore, as random variables in both the Dryden and von-Karman PSD turbulence
models, especially if the low frequency gust responses are of interest.

The power spectral density of the response for a linear single-input / single-output dynamic

system due to random excitation can be written as

PSD,, () =[H(je)|" PSD, () (55)
where H(jw), a function of frequency, is the transfer function between the input and output of

the dynamic system.

As was stated earlier, the new integrated aeroservoelastic simulation capability used for the
present work can be used for gust response analysis in either the frequency domain or the time
domain. Beginning with the frequency domain power spectral density (PSD) approach to gust
response, the effects of random variations in the physical parameters of the system are studies in

addition to the effects of uncertainty of the gust inputs.
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The state space model for a flexible airplane can be presented in the multi-input / multi-
output (MIMO) transfer function form by:
. . -1 .
{y( JCU)} = {[Coutput:H: Ja)[ I ] _[ASYS ]] [BGSYS]+[Doutput }{UG (JCO)} (56)
In the case of a single gust velocity input, perpendicular to the flight path (vertical or

lateral):

{UG(Jw)}={ e jo) }={ y }WG(Jw) (5.7)

jow; (jo) jo
The transfer function of the plant system becomes:

1(10)~{[ e il T80 ] B [Puc ]} 1 59

By introducing variations in structure, aerodynamics, and control system components we

can generate samples of [Ays] and [Bgss] matrices subject to uncertainty. The uncertain

transfer function H (Ja)) can then be evaluated over a range of frequencies of interest. Together

with the Power Spectral Density of gust velocity inputs (which in itself have uncertain
parameters such as the scale of turbulence and the rms) we can now find the sample of PSD
functions for the uncertain aeroelastic system output affected by the uncertain gust field it flies

through.

5.34  The Addition of a Gust “Filter” to the Math Model of the System

To take advantage of mathematical and computational techniques for the analysis and simulation
of the response of dynamic systems to white noise, integrated aeroservoelastic models are
usually augmented by adding a dynamic model of gust inputs as a filter (a dedicated dynamic
system) that converts white noise inputs to the gust inputs of the desired intensity and frequency

content that excite the structure.
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The transfer function of a filter that produces the Dryden turbulence PSD can be obtained
exactly [61]:

%m\ﬁ L+ 3rs 59
n 7 (1+7s)

The filter that would describe the von-Karman model can be approximated by a rational

function that would lead to a linear time-invariant state-space model. An excellent approximation

[61] is available in the range 0 < zew < 200

Wy \/? (1+2.18775)(1+0.18337s)(1+0.021rs) (5.10)
w T ( "

n 1+1.33975)(1+1.1187s)(1+0.12775)(1+0.014675)
wherer is a white-noise input magnitude with constant unit PSD over the frequency range of

interest, s, is the Laplace variable, andz =L/V .

Converting the rational gust input transfer functions to state space form leads to:

s{xe ) =[As [\ ) +[Bs ]{m} (5.11)

{¥e} =[Ce]{xs}+[Ds {n} (5.12)
where the input to the gust filter is a white noise of given RMS value and the output

(Yo} ={us) ={w, Vi, } is the gust velocity and acceleration inputs that excite the structure.

With the assumption that the control actuator’s transfer function has denominator that are
higher in order than the numerator by least 2, combining Equation (5.11) and Equation (5.12)
with Equation (2.21) and Equation (2.27), a complete aeroelastic model with an atmospheric

turbulence filter can be presented by:

s{{{xxs:}}} {[/EBY]S] [BGS[Y;i []cG ]H{{xxs:}}H[BGs[gl []DG]} . -

{Y } - [[COUtput } I: Doutput :I [CG ]:I {{{X;:}}} + I: Dyuiput :I [ Ds ] {77} (5.14)
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When uncertainties affect both aeroelastic system (structure, aerodynamics, actuators,
sensors) and gust model, the statistical distribution of loads and any other outputs of interest can
be evaluated by using Equation 5.13 and 5.14 through Monte Carlo simulations.

Revisiting an issue already mentioned briefly earlier: A distinction can be made between
parametric studies (modeling variations that we may denote as “large”) of gust response that
account for large, but mainly well modeled, system variations, such as major configuration mass
/ shape / flight conditions changes together with major gust intensity changes due to different
weather conditions, and the analysis of the effect of “small” uncertainties in such different
configuration and flight operation cases. The terms “large” and “small” are used here only
qualitatively, of course.

In essence all variations in system parameters can be accounted for by the Monte Carlo
simulation capabilities described here, including (subject to their probability distributions)
“large” variations due to the way the aircraft is operated and “small” variations due to inherent
uncertainty in modeled aircraft dynamics whatever the configuration and flight condition is. The
nature of the probability distributions involved in the “large” and “small” variation cases is
different, with the “large” variations reflecting operation procedures and uncertainties and the
“small” wvariations representing uncertainties due to manufacturing, environmental, and
maintenance procedure effects as well as uncertainties due to aircraft not being operated
precisely in the way they are planned to be. Uncertainty due to damage can fall into the “small”
or “large” variation categories. The number of cases required for Monte Carlo simulations that
would cover all types of system variations is very large but still practical, we believe, using the

capability described here on current high power computing hardware.
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Still, with the vast experience today regarding configuration and operation variations over

the service-life of different families of aircraft, it is more practical to address the gust response
uncertainty problem by combining critical pre-selected configuration and flight condition
combinations and carry out Monte Carlo simulations only for uncertainty in system dynamics
and its inputs with respect to such configurations. The study case selected here, to demonstrate
the new capability and gain insight regarding the impact of uncertainties on gust response, is

focused on a given configuration and flight operation case.

5.4  NUMERICAL EXAMPLE OF GUST RESPONSE WITH UNCERTAINTY

The Generic Transport Aircraft model (GTA, [28]) is available in the open literature and is
widely used for the validation of analysis methods and for studies in the areas of loads, flutter,
and gust alleviation control law design. The weight of the model is 7203.7 kg. The wing span is
19.0 m and the chord length is uniformly equal to 2.3 m. The length and height of the aircraft are
22.0 m and 6.0 m, respectively. Since the aircraft and gust condition are symmetric in this
research, half of the airplane was modeled to speed up the simulation. The structural stick finite
element model of the aircraft is shown in Fig. 5.5 and the aerodynamic model is shown in Figure
5.6. The FE model includes 93 nodes and 158 structural elements while the aerodynamic model
has 155 Double Lattice Method (DLM) panels. The two models are coupled by interpolation
using the infinite surface spline method. All modeling was done using the University of
Washington developed integrated aeroservoelastic simulation capability which covers all
disciplines involved at all levels of detail.

The nominal discrete and continuous gust response analysis of the GTA model is performed

at Mach number 0.3 and altitude equals to 5000 m. A first check shows there is no flutter at the
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flight conditions of interest, Fig. 5.7. Simulations based on a cantilevered model are presented

first. The new capability can simulate aircraft in free-free motion too [118].

5.4.1  Discrete Gust Response with System Uncertainty

The profile of the discrete gust is described in Equation (5.14). The flight velocity corresponding

to the Mach number at which the model is evaluated is V= 96.2 m/s. The magnitude of gust

vertical velocity is Wg =30.48 m/s and the gust gradient H equals to 15 m.
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Figure 5.5. FE model of CSTA aircraft Figure 5.6. DLM aerodynamic model
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Figure 5.7. V-g plot of nominal GTA model



107

Nominal discrete gust response analysis was performed first and the maximum / minimum
wing tip acceleration, wing root shear force, and wing root bending moment were captured via
time domain simulation.

Following the nominal case, the gust properties, magnitude of gust velocity and gradient,
together with flight velocity are treated as random variables. Uniform distribution is assumed.
With the structural properties such as mass and stiffness matrices kept fixed, this simulates the
tuning of gust input parameters — the process commonly carried out as part of the gust load
evaluation process for aircraft ([61], p. 16-18 and [100]).

In order to evaluate the effects of aircraft’s plant variation on the maximum load
distribution, the Monte Carlo simulations were carried out with additional uncertainties in the FE
model. Randomly-varied structural parameters were selected to represent the mass and stiffness
uncertainties of the stick FE model. Mass elements represent the mass distribution in the aircraft,
and are modeled as lumped masses in the GTA model. Each lumped mass and stick / beam
stiffness has its own statistical distribution of properties, assumed as normally distributed, and
correlated with nearby elements.

The new capability used here allows for any statistical variation of gust input parameters
(correlated or independent) together with variations in system parameters. In general the
simulation capability here can be used with any probability distribution for any of the physical
system parameters involved.

While hundreds of thousands of ASE simulations can be run efficiently with the capability
used here [25], 50,000 simulations with 15% COV of its nominal value were preformed to find
the critical gust loads with both fixed and varied / uncertain aircraft structural model with ‘1-

cosine’ gust whose parameters are also subject to variation. The structure random parameters,
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mass and stiffness, are distributed using truncated normal distributions while the gust properties
are uniformly distributed which will give the maximum entropy. The comparisons of histograms
of the maximum and minimum wing tip acceleration and root shear force together with the
nominal values (shown in box) are plotted in Fig. 5.8, Fig. 5.9. Since the wing root bending
moment and torsion moment have a similar trend as wing root shear force, they are not listed and
plotted in the report. It can be seen that, when uncertainty exists, the most critical loads can
significantly increase compared to the nominal loads. This is routinely addressed by parametric
studies during the design and certification of aircraft to make sure the worst-case gust inputs and
resulting loads are captured. It can be also visualized that in the present case structural
uncertainties play relatively insignificant role, with the assumed level of uncertainty studied here,
in determining the most critical combination of the gust loads when compared with the case of
the fixed structural model. The relative importance of uncertainty in gust and speed inputs and
structural parameters depends, of course, on the relative magnitude of uncertainty in such
parameters.

A statistical sensitivity analysis was performed to rank the relative importance of random
input parameters to the system’s overall outputs of interest. A variety of approaches can be
utilized to perform the sensitivity analysis. However, in the work reported here, the global
sensitivity analysis [35] method using the variance as a measurement of uncertainty was selected
to evaluate factor prioritization.

The global sensitivity indices of these system two outputs are calculated with another 50,000
runs of simulation and are plotted in Fig. 5.10 and Fig. 5.11. The pie charts show that the w;, H

and flight velocity variables dominate the variance of the output. The structural mass and

stiffness have the least influence on the variation of output in the cases studied here. Only the
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first order indices [35] of the sensitivity function were necessary and been calculated to rank the
relative importance of the random parameter and, thus, the higher order indices and numerical
error effects are shown in the pie chart with the term ‘other and interaction’.

As expected from Fig. 5.8 and Fig. 5.9, the maximum wing tip acceleration and wing root
bending moment may increase by small amounts when the structure is subjected to variation.
The sensitivity indices show the significant effect of flight velocity uncertainty on gust loads
relative to any structural uncertainties of the same relative magnitude. When structural reliability
of flight vehicles is considered for a vehicle of the type considered here, the way airplanes are
actually operated [6], thus, is as important, if not more important, than the uncertainty of their

airframes.
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Figure 5.10. Sensitivity indices of max (left) and min (right) wing tip acceleration in pie chart
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Figure 5.11. Sensitivity indices of max (left) and min (right) wing root shear force in pie chart

5.4.2  Frequency Domain Gust Response Accounting for System Uncertainty

To study gust response uncertainty from the PSD analysis perspective, PSD analysis of the
Generic Transport Aircraft Model subject to Dryden turbulence inputs was performed for the
exploratory studies presented here. According to [28], the measurement error in the coefficient
of variation (COV) for gust spectrum parameters is at least 10%. Thus, to be conservative, a 15%
turbulence model uncertainty is assumed in this exploratory study at given weather conditions.
For the numerical example, the mean value of the scale of turbulence L is 761.5m (2500ft) and

the rms value of the turbulence velocities is 30.4 m/s (100 ft/s). While the simulation capability
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developed here can assign any probability distribution to any of the system’s parameters, the
statistical distributions of both are taken, for the results shown here, to be uniform. Structural
uncertainties here are the same as in the discrete gust analysis. PSD based gust response
simulations are carried out and compared with and without structural uncertainties.

50,000 simulations were performed to find the PSD of the loads when the turbulence
mathematical model is subject to uncertainty. The root-mean-square (rms) value of wing tip
acceleration and wing root shear force are calculated in the Monte Carlo simulations and are
plotted in histogram form in Fig. 5.12, 5.13 (nominal value is shown in box), excluding and
including structural uncertainty. It can be observed that whether uncertainty in the structure is
modeled or not, the distributions of the rms value of the wing root shear force are similar.
However, the simulations show that when uncertainty in the structure is modeled (in addition to
uncertainty in the gust inputs and flight speed only), the mean value of the rms wing tip
accelerations is reduced from 7855.7 to 7318.2 while the variance is doubled. This would
increase the probability of wing tip acceleration reaching extreme values significantly.

Statistical sensitivity analysis was performed to rank the relative importance of system
random variable to the system’s output variance. The pie chart of the sensitivity indices is shown
in Fig. 5.14. As expected, based on Fig. 5.12 and 5.13, the uncertainty of structural mass and
stiffness have a very small influence, in the case here, on the wing root shear force. The wing tip
acceleration, however, is much more affected by structural uncertainties. Fig. 5.14 supports the
conclusion that regardless of structural properties the dynamic gust loads in conventional aircraft
are not very sensitive, within the bounds and details of the cases studied here, to the turbulence
scale. This statistical-based result is in agreement with the experimental conclusion stated in [61]

p. 46-50.
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Still, the present capability allows for the introduction of uncertainty that would include the

scale of turbulence as one uncertain parameter among any other selection of parameters defining

any continuous turbulence excitation model. The effect of statistical variation of the scale of

turbulence on dynamic gust loads can, thus, be evaluated for any flexible aircraft at any flight

conditions modeled by the state space models used here, and this should be useful for the

analysis and design of new unconventional configurations.
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5.4.3  Time Domain Turbulence Response with System Uncertainty

There are two main differences between time domain and frequency domain gust response
simulations. First, frequency domain turbulence simulation is based on the power distribution of
the gust and airplane’s response. In contrast, time domain simulation emphasizes the peak value
and time evolution of the response and, therefore, a combination of critical gust-excited loads as
well as structural damage tolerance or fatigue characteristic can be sought. Secondly, PSD
functions in the frequency domain do not contain phase information, which indeed is a random
variable in describing the response to atmospheric turbulence. The phase information may also
play a significant role in controller design such as gust alleviation.

The statistical results of Monte Carlo simulations based on a discrete-gust (1-cosine) time
domain approach to the gust response problem were presented earlier in the 5.4.1. To study the
statistics of time domain responses to random gust inputs in the time domain, frequency domain
gust models can be used to generate random gust input time series of desired statistical and PSD
characteristics. The equations of motion of the deformable airplane can then be integrated in time
to simulate the aeroelastic time response to such stochastic time series inputs.

In a way similar to the case of the previous examples, 15% coefficient of variation (COV)
for both structure and gust spectrum parameters uncertainty were assumed. The structure random
parameters were normally distributed while the gust properties were uniformly distributed. Fig.
5.15 to 5.16 show the histogram of the maximum and minimum wing tip acceleration, wing root
shear force and their nominal values (shown in boxes) in the cases with and without structural
uncertainty. Note that the PSD frequency domain results above are studied using their rms values
while the results of the time domain responses stochastic PSD-shaped time domain inputs are

studied here using their max and min response values.
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The results of the sensitivity analysis are similar to those based on the PSD frequency
domain turbulence response. The uncertain airframe structural mass and stiffness have small
effects on the wing root shear force and wing root bending moment. However, for wing tip
acceleration, both the mean value and variance accounting for an uncertain structure are larger
than the fixed-structural cases and the maximum wing tip accelerations are doubled.

Statistical sensitivity analysis was performed. The pie chart of the sensitivity indices are
plotted in Fig. 5.17 and 5.18. As observed before, the magnitude of rms of turbulence plays the
most significant role in the variance of the system’s outputs, followed by the flight velocity and
scale of turbulence. The structural mass and stiffness, in the cases studied here, have only small
effects on shear force, but larger effects on acceleration levels.

A relatively large portion denoted “interaction and other” (shown in orange) is observed in
the pie chart. See [35] for discussion of first order and higher order sensitivity indices. In the
case here “interaction and other” effects may also include the uncertainty in generating the time

domain equivalent of a signal of desired PSD function.
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Exploratory aeroelastic gust response Monte Carlo simulations using a mathematical model of a
realistic transport airplane configuration were performed by considering uncertainties of discrete
gust inputs, frequency and time domain atmospheric turbulence models, and airframe structural

dynamic parameters. A University of Washington developed aeroelastic and aeroservoelastic
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simulation capability for reliability analysis that allows accounting for uncertainties in all
disciplines and discipline interactions affecting aeroservoelastic behavior is described and used.

Monte Carlo gust-load simulation results were obtained, using common procedures aimed at
capturing worst-case load cases, with both fixed or given airframe and statistically-uncertain
airframe structural dynamic properties, in simulations where the parameters that define the
profile of the gust and turbulence model as well as flight speed are randomly distributed. All
simulations show, in the particular case studied here, that, compared with a nominal analysis, the
most critical loads are increased significantly when uncertainties are accounted for. Wing tip
accelerations, on the other hand, could be doubled when structural dynamic uncertainties were
included using the PSD gust loads approach. Such an increment has not been observed in the
time-domain discrete 1-cosine gust analysis case.

Global sensitivity analyses are performed to rank the relative importance of input random
variables to the variance of the system’s output. As expected, the parameters that define the
discrete gust profile have the largest influence on the internal wing-root loads, while in the case
studied here — the combination of airframe type and amount of uncertainty in it - the structural
uncertainty’s effects are small. The structural dynamic uncertainty plays a more important role
when the focus is on the wing tip acceleration in this case.

The case studies investigated here are limited and the results are not general.
Aeroservoelastic response depends on the structural and aerodynamic properties of flight
vehicles and external inputs that excite them in a complex and highly nonlinear way. The
aeroservoelastic uncertainty analysis simulation capability described here, which was developed

to tackle general problems of aeroservoelastic uncertainty in real flight vehicles, is a tool that
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would allow studies of particular configurations as well as general theories and modeling

techniques.
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Chapter 6. CONCLUSION

The thesis presents the development of a self-contained, MATLAB based ASE simulation
capability for aeroservoelastic uncertainty analysis that includes accounting for uncertainties in
all disciplines and discipline interactions affecting aeroservoelastic behavior. This new
capability, which can complete hundreds of thousands of aeroservoelastic Monte Carlo
simulations of real aircraft within hours on commonly used, not particularly large, computer
clusters, now allows probabilistic studies of such complex configuration at a scope and with
depth not known before. Several statistical tools and methods have been utilized and integrated
into the capability to guide the tasks such as parameter prioritization and risk mitigation. The
mathematical derivations of parts of the capability are summarized in Chapter 2.

By using this capability, many innovative, novel and industrial complex aeroelasticity and
aeroservoelasticity uncertainty problems have been evaluated and reported.

Chapter 3 describes a simulation-based approach to analyze the effects of uncertain
component variables, emphasized on control components, on predictions of aeroservoelastic
stability. The work considered the specific example of analyzing the robustness of the notch-
filter aeroservoelastic approach. It showed that the component uncertainties can have
considerable impact on the system stability. To demonstrate a reliability improvement procedure
and reduce the system’s probability of failure, statistical global sensitivity analysis was
performed with respect to actuator uncertainties to identify quantitatively the actuator parameter
with the highest effect on overall system stability. A redesign process was performed with new
measurements added with a focus on the fluid bulk modulus, and by using Bayesian updating
together with the auxiliary variable method, flutter failure reduction was achieved in a practical

efficient way.



119

Chapter 4 introduced two aerodynamic uncertainty modeling approaches for flutter analysis:
one by averaging the differences between several AIC based unsteady aerodynamic models to
guide the assignment of uncertainty via the elements of the baseline AIC matrices and the other
considers the flutter behavior statistics in terms of the effects of generalized aerodynamic mass,
damping, stiffness and time lag uncertainty. A zonal approach, together with the global
sensitivity analysis, was used to identify and rank the AIC elements that contribute to the
randomness of the flutter behavior. The relative importance among the generalized aerodynamic
stiffness, damping, inertia, and lag effects was also ranked.

Chapter 5 extended the reliability assessment to consider the aeroservoelastic gust response.
Time domain gust response, frequency and time domain atmospheric turbulence response were
included by considering the uncertainty in both gust profile and air frame. All simulations
showed, in the particular case studied here that, compared with a nominal analysis the most
critical loads were increased significantly when uncertainties were accounted for. Global
sensitivity analyses were also performed to rank the importance of input random variable to the
variance of the system’s output.

The example cases investigated here were limited and the results are case dependent. What
is general is the ASE uncertainty analysis simulation capability described here, which was
developed to tackle general problems of aeroservoelastic uncertainty in real flight vehicles. It
demonstrated that with current ASE modeling methods as well as current and emerging
computer hardware, a general Monte Carlo ASE simulation approach is becoming rapidly
practical as a tool that would allow studies of particular configurations as well as general theories
and modeling techniques. The work is expected to make a contribution to the understanding of

the propagation of uncertainty and the resulting reliability of realistic integrated aeroservoelastic
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system models of the detail and complexity that allow modeling real modern aircraft. This work
will, hopefully, motivate more research in the aeroservoelastic uncertainty area regarding both
methods development in general and uncertainty and reliability studies of different

configurations of interest.
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APPENDIX A. THE FINITE ELEMENT FORMULATION

Important finite elements used in the FE modeling of wing structures are membrane and plate
elements (used to model skins and webs), truss Rod elements (used to model; spar and rib caps),
and beam as well as rigid bar elements (used to model local reinforcements and attachment areas
or link masses to the nodes they should be attached to). Beam elements are often used to model
complete wings, in what is called “the stick model”, where in the case of high aspect ratio wings
a detailed finite element model of the structures can be replaced by an equivalent stick model
with resulting simplicity and computational efficiency.

When composite materials are used to construct airframe structures their anisotropic
properties, representing the different directions of layers making the laminates used for skins,
webs, and caps, must be modeled properly for both stiffness simulation and the prediction of
stress related failure.

The aeroelastic simulation capability developed in this project is based on a finite element
(FE) model in Matlab using three key elements: a truss element for modeling spar and rib caps, a
composite triangular shell element for skins and webs and beam element for stick model. The flat
triangular shell element of [18] was selected because of demonstrated good performance in linear
and nonlinear cases and the availability of a detailed presentation of its development and key
equations.

In order to use a finite element code (FE) correctly and efficiently, especially when
optimization is involved, it is important to understand the assumptions and mathematical
derivations used to develop the finite elements used in the modeling of the structures involved.

Such insight into the properties of the finite elements involved would lead to efficient modeling,
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efficient sensitivity analysis, efficient approximation, and efficient parametrization for
optimization.

The triangular element used in this study [18] is obtained by combining the Discrete
Kirchhoff Theory (DKT) Plate bending element of Batoz et al. and a membrane element with
drilling degrees of freedom derived from the well known Linear Strain Triangular (LST)
element. The derivation of the stiffness matrices in explicit form is not presented here and the
reader should refer to [18] and the papers they are based on. A brief description of the LST and
DKT elements is given first. Then the flat shell formulation for a general laminated structure is
presented in detail, leading to a code that would cover deformation as well as the stress analysis
for composite structures. The Mohan / Kapania element was derived for the nonlinear analysis of
structures based on the updated Lagrangian formulation. This will allow extending the code in

future research efforts to cover nonlinear analysis.

A.1 MEMBRANE FORMULATION

In the case of the LST element (Figure A.1), the in-plane displacement fields u and v along the
local x and y axes, respectively, are represented by the standard quadratic basis in area

coordinates as follows

6
u=>Pu v=Y PRy, (A1)
, _

where u; and v, are the nodal values of the in-plane displacements and P are the standard

quadratic shape functions in area coordinates ¢ and n given by
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20-¢-n)(0.5-&-n)
£(2¢-1)
n(2n-1)
pl = .
L (A2
4¢n
4n(l-En)

The local x-axis is taken along the side 1-2 of the element with the origin at node 1. The

local y-axis is perpendicular to the local x-axis and lies in the plane passing through the three

nodes. The shape functions in {P} are arranged in such an order that the nodes 4, 5 and 6 are at

the mid point of the sides 1-2, 2-3 and 3-1, respectively.

Local y axis

- X global

Figure A.1. The Linear Strain Triangle (LST) in local and global axes.

The normal and tangential displacements u and u,along a typical element side 1-2 for

example

U, (s) = (1—&)% +iun2 +§(1_i)(‘”2 —@) (A3)

U, = (1_Lli)ut1 + Lliutz (A.4)

2 2
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where s is the coordinate along edge 1-2, L, is the length of the edge 1-2, u,, u,, u,,, U,, are
the normal and tangential edge displacements at the nodes 1 and 2, respectively, o, and @, are

the drilling degrees of freedom at nodes 1 and 2, respectively. The drilling degree of freedom w
is not exactly the true inplane rotation, but can be treated as the variation of the edge normal

displacement u_ with respect to the edge coordinate s or in other words @w=0u, /0s. The true
inplane rotation about the normal to the plane of the element is given by

Q:%(avlax—aulay) (A.5)

Using straightforward algebra, it can be shown that O and « are related by
3
Q-Q, = Z(a). — ) (A.6)
where Q, are the true rotations at the vertices, Q, is the average value of the true nodal
rotations, and @,and @, are the corresponding values of the drilling degree of freedom. The edge

normal and tangential displacements u_ and u, can be expressed as

U, =ucos(y,) +vsin(y,) (A7)
U, =—Usin(y;,) +vcos(yy,) (A.8)
where y,, is the angle between the outward normal to the edge 1-2 and the positive direction of

the local x-axis given by

€os(71,) = (Y, =Y/ Ly, sin(,) = (% —%,) /L, (A.9)
The mi-side displacements u, and v, can now be expressed in terms of the corner

displacements and rotations as

1 1
u4:§u1+§u2+(Y1_y2)(w1_a)2)/8 (A.10)

1 1
V4:EV1+§V2+(X2_X1)(CU1_C’)2)/8 (A.11)
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Similar expressions can be obtained for the mid-side displacements of the other two edges.

In the updated Lagrangian formulation discussed later in this section, the in-plane strain-
displacement relations are first obtained in terms of the degrees of freedom of the LST element,
using the shape functions of the LST element and are expressed in terms of the degrees of the
Allman element by eliminating the mid-side displacements using the expressions shown above.
The triangular membrane element with drilling degrees of freedom is based on the LST element,
where the displacements at the mid-nodes are eliminated and replaced by drilling rotations at the

three vertices. The in-plane strain-displacement relations are presented later in this section.

A.2 PLATE BENDING FORMULATION

The formulation of the DKT plate bending element proceeds first by assuming that the transverse
shear deformations are present. In other words the normal to the un-deformed middle surface of
the element remains straight after deformation, but is not necessarily normal to the deformed
middle surface. With this assumption and considering that the rotations of the normal are small,
the displacement components u, v, w of any point x, y, z in a local coordinate system can be

expressed as

U=2B,(Y), V=25,(xY), W=w(x,y) (A12)
where S, and g, are the rotations of the normal to the undeformed middle surface in the x-z and

y-z planes, respectively. The bending strains (varying linearly through the thickness) can be

expressed as

{6} =2{x} (A.13)
where {K} is the vector of curvatures given by
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ﬂx,x
{K} - By, (A.14)
Byy+ By

The transverse shear energy is neglected and the strain energy consisting only of the bending
energy is expressed as
u =1j ()" [D]{x}dA (A.15)
27A '
where A is the area of the undeformed middle surface of the element and [D] is the standard
matrix of elastic constants. Since the strain energy involves only the first derivatives of the
normal rotations, the shape functions used to represent the normal rotations need to satisfy only

C° continuity. Hence the normal rotations can be represented using the standard quadratic shape

functions in area coordinates as

B, = Zﬂ P (A.16)
By =2 5R (A.17)

where g and g, are the values of the normal rotations at the corners and mid-point of element

edges. The nodal degrees of freedom of the Kirchhoff plate elements in general are the transverse

displacement w and the slopes 6 =w and 6, =—w, . In order to derive the discrete equations of
equilibrium in terms of the unknown nodal degrees of freedom of the element, the unknowns g,
and g, should be expressed in terms of the nodal degrees of freedom w,, 6,;andé, ;. The 12

equations that relate the normal rotations at the corners and mid-sides to the degrees of freedom
of the element are obtained by applying the discrete Kirchhoff assumptions which are explained

in detail by Batozet al. After applying the discrete Kirchhoff constraints, the normal rotations g,

and g, can be expressed as
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1 1
B =5 HEm 2w By =55 H Em [au} (A.18)

where {a,.} is the vector of nodal degrees of freedom of the DKT element given by
T
{ag) ={w.6,.0,.w,,0,,0,,w,6,,0,}, and [H,Jand[H, | are the vectors of shape

functions. These shape functions have been reordered such that the nodes 4, 5 and 6 are at the
midpoints of the sides 1-2, 2-3 and 3-1, respectively. This reordering has been done in order to

match the order of the nodes with that of the LST element to avoid confusion while coding.

The shape functions [Hx]and[Hy] after reordering are given by

1_5(a4P4 _aepe) 1-5(d4P4 _depe)
b,P, + by P, -P, +¢,P, +¢,R,
Pl_C4P4_CeP6 _b4p4_bepe
1.5(a;R, —a,P,) 1.5(d;R, —-d,P,)
H, =4 bR +b,P, H,=<-F+e&R +¢,P, (A.19)
R—-cR-cP, —b;F, —b,F,
1.5(a,P, —a.P.) 1.5(dgP; — dsFs)
b P, + b P, —P, +¢,P, +e.P,
|31—C6P6—C4P4 _bepe_bsps
where
a, =—x; /I
b, :%Xij Yij /Iij?
C = %Xu? _%Yi?)/li,?
=%/, (A.20)
€ = (% yijz' _%Xu?)/li?
I =5 +Yy
Xij = Xj =X
Yi=VY; Vi

where k = 4, 5, 6 corresponding to the sides ij = 1-2, 2-3, 3-1, respectively, and x., y, are the

nodal coordinates in the local coordinate system. As mentioned before, the derivation of the
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stiffness matrix in explicit form is not presented here. Only the shape functions of the LST and
DKT elements are required to derive the governing non-linear equations of equilibrium of a

generally laminated shell structure, which is presented in the next section.

A.3 STATIC ANALYSIS

The equations of equilibrium governing the static response of a generally laminated structure are
derived by applying the Principle of Virtual Work for a typical element using a local coordinate
system as mentioned in section A.1. The Principle of Virtual Work can be expressed for a single
element as follows:

oW, = oW, (A.21)
where oW, is the virtual work done by external forces and oW, is the virtual work done by

internal forces. The internal virtual work is given by

OW, = jq(s{g}T {sldv (A.22)
where V is the volume of the element in C, {g} is the vector of incremental Green-Lagrange
strains {s} is the vector of Second Piola-Kirchhoff (PK2) stresses. The PK2 stresses at any time
t, <t <t,and during the solution process can be decomposed as

ts}={oj+{as} (A.23)
where {o} is the vector of Cauchy stresses in C, at time t=t, and {As} is the vector of

incremental PK2 stresses. The basic difference between the Cauchy stresses and the PK2 stresses
is that the Cauchy stresses are measured in the current configuration, whereas the PK2 stresses
are measured in the reference configuration. The term “current configuration” is used to denote

any configuration between C, and C, obtained during the solution process. The incremental
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Green-Lagrange strains and PK2 stresses in any layer k of a laminated structure are related by the
constitutive equations given by
{as}=[Q J{e) (A.24)
where [QJ Is the standard matrix of elastic constants transformed to the local element
coordinate system and is given by

¢ s -2s |[g, @, O]c* s —2cs

[Q]=|s* ¢ 2s |lg, g, O] ¢ 2 (A.25)
cs —cs c*—s’|| 0 0 gglcs —cs c’-s’

where q, =E, /(1-vp,vy), Oy =B, [ A=vipvy) s G =B, 1 (1=vi,vy), Gy =G, c=cos(6),
s=sin(@)and E,, E,, v,,G,, are the properties in the principal material directions of the k"
layer and @ is the angle which the E, direction of the k™ layer makes with the local x-axis,

measured counter clock wise from the local x-axis.
Assuming that the thickness of the structure and the incremental rotations are moderate, the

variation of strain through the thickness can be expressed as

{e}={ej+z{x] (A.26)
where {e} and {K} are the vectors of incremental membrane strains and bending strains and are
given by

u, +1/2(u +v2 +w2)

e} =1 v, +1/2(u% +V3 +w)) (A.27)
U,+V,+Uu U +VV +WW,
;
iy ={Bu Bry Puythyx) (A.28)

where u,v,w are the incremental displacements of the mid-plane of the element, g, and g, are

the incremental rotations of the normal to the undeformed mid-plane in the local x—zand y — z

planes, respectively. The internal virtual work can now be expressed as
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oW, = [ 5{e} {shav =] (s{e}" {N}+5{x}" {M})dA (A-29)

where A is the area of the mid-plane of the element in C,, and {N} and {M} are the force and

moment resultants, respectively:
{N}={N,}+{aN"} (A.30)
{M}={M,}+{am"} (A31)

where {N,}, {M,} are the force and moment resultants in C, at time t=t,, {AN”‘}, {AM”‘} are

the incremental force and moment resultants due to mechanical stresses:

h
2

(N, M,} = j

{anm} = [ [Q.]({e} + 2 k) oz = A e} +[B] x) (A39)
{am™} = [ [Q.](fe}-+2{K})2dz = [B]{e} +[D]{x] (A31)

where [A], [B], [D] are the standard matrices of elastic constants. In the present study all the

{o} (1, 2)dz (A.32)

area integrals are evaluated using a 3 point integration scheme in area coordinates. The integral
over the thickness is computed by summing the contribution from each layer of the laminate. The

first variation of the membrane strains can be expressed as

ou, +U ou, +V oV, +W oW,

{oe} = SV, +U U, +V OV, +W W, (A35)
ou,+ov, +u . du, +U ou, +Vv, 6V +V OV, +W,0W, +W oW
The above equation can be rearranged as
(se}=[G,){ou, ou, ov, ov, ow, ow,) (A.36)
where
1+u, O V., 0 w, O
[G]=| O u, 0 1+v, 0 w, (A.37)
u, 1+u, l+v, v, w,2ow,
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The in-plane displacements u and v can be expressed in terms of the nodal quantities as

T gl

Where{a,st} is the vector of nodal degrees of freedom of the LST element given by
{ag}={u, u, u; u, u; u; v, v, v; v, Vi Vs} and {P} is the vector of quadratic

shape functions in area co-ordinates given by above. The derivatives of the in-plane

displacements are given by

L R0

u]X {Ry}T 0

v (= r [Ma{a} =[Bu]{a} (A39)
0 Ry

V,y _ 0 {Ry}T_

where {P,} and {P, } are the vectors of derivatives of the shape functions with respect to the

local x and y co-ordinates, respectively, and are given by
(Pl =5 A (P} {R)}) (40
1
(Pt =oa(c{Pralr})

where 2A=b,c,—-ch,, b,=y,-y,, b=y, —VY,, C,=X —X;, C; =X, —X%. The matrix [T,] is

(A.41)

used to express the nodal degrees of the LST element [a_] in terms of the nodal degrees of

Ist

freedom of the shell element {a} as {a,} =[T]{a}, where

{a}:{ul V1 W1 0X1 9)’1 921 u2 V2 WZ QXZ (9)’2 922 U3 V3 W3 (9)(3 0y3 (923} (A42)

The transformation matrix [T, ]is given by
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0000 0 0 0000 0 0000 O
0000 0 1 0000 0 0000 O
0000 0 0 0000 1 0000 0
05 0 000 b/8 05 0 000 -b/8 0 0 000 O
0 0000 0 050 000 bh/8 05 0 00 0 -b/8
[T]:0.50000—b2/80 0000 0 050 000 b/8
“lo 1000 0 0 0000 O 0 0000 O (A.43)
0 0000 0 0 1000 0O 0 0000 0
0 0000 0 0 0000 O 0 1000 0
0 05000 ¢/8 0 05000 /8 0 0000 0
0 0000 0 0 05000 ¢/8 0 05000 —/8
10 05000 -,/8 0 0000 0 0 05000 c/8]

In the case of the DKT element the transverse displacement w is not defined explicitly over

the interior of the element. In area coordinates, w is expressed as

W(&,77) =(1-& —n)w, +Ew, + 77w, from which the derivatives can be obtained as

WX 1 _bz_bs b2 b3
K _ 1 T B
{Wy} 2A{—cz—c3 e o [ME=Bla (A44)
where[T, ] is used to express{w, W, WS}T in terms of {a} as {w, w, WS}T _[T.]{al. The

transformation matrix [T, ] is made of zeroes and ones, the determination of which is

straightforward. The first variation of the membrane strains can be expressed as

{oe} =[G.][G,]{sa} (A.45)
where[G, ]is a matrix of size 6x18 with the first 4 rows made of [B,,] and the last 2 rows made

of [BW] . The first variation of the bending strains can now be expressed as

. b,Hy. +bH}
T T
{oK} = 24 CZH?SE +c3H¥’,7 T [Ti]{6a} =[By.]{5a} (A46)
c,H, . +CH,, +b,H, . +bH
where H ., H , H, ., H, are the derivatives of the shape functions with respect to the area

coordinates.
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The matrix [T, | which is used to expresses [ay,] in terms of [a] as[ay, |=[T,]{a}, is

made up of zeroes and ones.

The external virtual work can be expressed as

oW, ={sa)" {f} (A47)
where {f} is the element external force vector. The equations of equilibrium at the element level

can be expressed as

{gf={aj-{f}=0 (A.48)

where {q} is the element internal force vector given by
ay=[_ ([T [6.] {N}+[By] {M})dA (A49)
The element internal and external force vectors thus obtained in the element local co-
ordinates are converted to the global co-ordinates using the standard coordinate transformation
and are assembled to obtain the global internal force vector q and external force vector f. The
non-linear governing equations of equilibrium of the entire finite element model in the global
Cartesian co-ordinate system at any time t can be written as g, =g, — f, =0, where g is the
residue or the imbalance between the internal and external forces.
The non-linear equations of equilibrium can be solved using the Newton-Raphson method,
an iterative or step-by-step process in which a linearized form of the equilibrium equations is

solved in each step. Assuming that a known equilibrium configuration exists at some time t,, the
equations of equilibrium at some time t, + At can be linearized using the truncated Taylor series

expansion about the known configuration at time t, as

0
Oyiar =0 + (a_gj da- ft1+At =0, +[K]5a - ft1+At =0 (A.50)
4
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where [K] is the global tangent stiffness matrix which is obtained by transforming the local
element stiffness matrices [k] and assembling them in the standard way. The derivatives of {N}

and {M} with respect to {a} can be readily obtained as

o{N}

o =[A][G,][G,]+[B][Bq.]
oM (A51)
m:[B][Gl][GZ]-F[D][Bdkt]
The variation of the product [G, ]T [Gl]T {N} is given by
s([G] [a] {N})=[G.] (s[G.] J{N}+[G.] [G.] 5{N} (A52)

Using the special property of the matrix [G, ], the product (5[61]T ){N} can be expressed as

o Z2 o
o O

N
(s[&.] ){N}=| 0 [G,]6{a} (A53)
0

2>

where n

X!

~ |n o n
_ X Xy
n, and n,, are the components of {N} and N = [n }

Xy ny

The element tangent stiffness matrix [k] can now be expressed as

[K1=]. (&.] [G.] [Al[G][G:)+[Bu [P)[Buc ]+ (B [BIG.][C.D
N 0 0
+[G,] [G.] [B][Bu]+[GC.] |0 N 0|[G,]dA
0 0 N

(A.54)

Since the derivation for the truss element FEM formulation can be found in all the

fundamental finite element books, this report does not include the derivation of such element.
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APPENDIX B. UNSTEADY AERODYNAMICS — THE DOUBLET
LATTICE METHOD

Aerodynamic compressibility is an important factor in the flutter of high speed air vehicle. It is
impossible to solve these equations without the help of high speed computer. The kernel-function
and doublet-lattice method (DLM) were developed along with improvements in digital computer
technology. During the past two decades, the flow around more complicated shape of objects has
been becoming tractable by CFD. However, the high cost and technical complications associated
with non-linear CFD as well as the proven success of the doublet-lattice method plus deep
understanding of the limitations of DLM, leads to DLM is still being used almost exclusively for
the subsonic flutter clearance of airplanes being designed today.

Since the research focus on the reliability and variability of the parameter, it was necessary
to develop an open source code which would allow access to all aerodynamic terms and
parameters. Current commercial codes are packaged as black boxes, which makes it almost
impractical to add uncertainty effects to all unsteady aerodynamic terms. For this research we

developed our own unsteady aerodynamic code based on doublet lattice method.

B.1 LINEARIZED SMALL DISTURBANCE EQUATION

We start from the linearized small disturbance equation that read

(1-M?)D, +D +, —Z[M}Dxt —[%Jcbn =0 (B.1)
a, a,
where
M is the free stream Mach number

@ is the total velocity potential

a, Is the steady speed of sound
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We also denote S = (1— M 2) , it will be used widely in the following derivation.

The unknown @, is divided into two component, a steady part (bar) and small disturbance

part (tilde) which is time dependent.

D(x,y,2,t) =4 (%Y, 2)+(x,y,2,t) (B.2)
Similarly, air pressure and density can be written as
P(xy,2,t)=p(x Y, 2)+p(X Y, Z1) (B.3)
p(Xy,2,t)=p(X Y, 2)+p(X Y, 2,t) (B.4)
The speed of sound is assumed time invariant in the linearization process
a(x,y,z,t)=a(xy,z)=a, (B.5)
Plug Eq(B.2)-Eq(B.5) into Eq(B.1), we can get the unsteady linearized small disturbance
equation
. M ) -~ 1)~
(1_M2)¢xx+¢yy+¢zz_2[gj¢xt_[¥J¢tt =0 (BG)
Introducing the Bernoulli’s equation
2
%+q—+.[d—p=0 (B.7)
o 2 Yo,

the relationship between pressure and velocity potential can be shown as

(P-po)=-p (4 +Ug,) (B.8)
where U is x axis velocity components, p, is the pressure at the far field. Eq (B.8) can be solved

by using method of characteristics. The desired result can be written as

~ 1 f X—A1
(X, y,z,t):pU j{p[i,y,z,t—T}—po}di (B.9)

0~ —wo

The reader should realize that 4 is the dummy variable of integration.

B.2 UNSTEADY BOUNDARY CONDITION
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It can be shown that the solution to the linearized small disturbance equation is unique when
given the appropriate boundary conditions. A time variant surface in three space can be

described by the

F(xy,zt)=0 (B.10)
The inviscid fluid flow boundary condition requires the flow to be tangential only to a

moving body at all times. In other words, all the flow normal to the surface should be zeros.
Mathematically, this is described by

%+\7-VF =0 (B.11)

The function describing of the surface of the wing is written asF =F,(x,y,zt), this
function is now constrained to two uncoupled components, the deformation of midplane h_and

the thickness envelope h, about the undeformed midplane. The F can be defined as

F.(x.y.z,t)=z—h (xy,t)£h(xy,t)=0 (B.12)
The aerodynamic velocity vector is described as

V =(U +u)i +vj +wk (B.13)
Substitute Eq(12) and (13) into Eq(11) and drop the nonlinear terms

w=d, g (B.14)
ot OX

where h=h_=*h.

B.3 SOLUTION TO THE LINEARIZED SMALL DISTURBANCE EQUATION

Blair has shown that although the fundamental source solution can be used as an elementary
solution to the aerodynamic potential equation, it turns out, that a single source sheet cannot

generate a potential difference across the (x,y) plane. Therefore, no pressure or lift can be
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generated. Instead of using source sheet, the source doublet was utilized to solve the velocity
potential equation.

Without derivation, the fundamental source solution to Eq(B.6) is given by the following

simple formula.
1
¢ (% y,2,m,4.1) :[E} f(t-7) (B.15)
This is the formula for the potential at coordinate (x,y,z) due to single point source at

coordinate (£,7,¢). Where f (t—7) is the strength of the source pulse, 7 is the time delay and

R is the radial measure and defined as

ﬁZ[(X—é)zhﬁz(y—n)z+ﬂ2(z—é’)2}m (B.16)

Although it can be shown that a source doublet can solve the velocity potential with input of
wing deformation h, the pressure p need to be computed later in a second step. It is common to
avoid the intermediate step of the solving for the velocity potential and solve for pressure
directly with the introduction of the pressure potential and subsequently the acceleration

potential. Therefore, we skip the further explanation of the source doublet which was utilized to

solve the velocity potential equation.

B.4 THE ACCELERATION POTENTIAL

We now start at the small disturbance equation in Eq(B.6), which can be also written as

. U)- 1)~
ﬂ2¢xx +¢yy +¢zz _2(¥j¢xt _[gjﬂt =0 (Bl?)
Differentiate with respect to t and then x, multiply by p, and p,U respectively and add

them together we arrive at the equation
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,32,00(& +U¢Zx)xx+p0(&t +U5X)W+p0(¢;t +U¢5X)zz

2U - 1 L (B.18)
_|:?:|po (¢t +U¢x)xt _[g}po (¢t +U¢X)n =
Substitute Eq(B.8) into Eq(B.18), the pressure potential equation can be expressed as
U 1
ﬁz Py + pyy + Py _2[¥J Pt _[gj Pe = 0 (Blg)

The form of Eq(B.19) is identical to the form of Eq(B.17) mathematically. Therefore, the
elementary solution to small disturbance equation (Eq B.15) is also the solution to Eq(B.19). The

elementary pressure source equation is

3 :[%} f(t-1) (8.20)

MODIR R (xog) +p (y-n) + 47 (1<) |

af’

where 7 =

Since we have restricted to harmonics in time, variable time dependency is then replaced by

a constant frequency dependency. Thus, Eq(B.20) for a pressure source p,with strength A takes

the complex form p.e.

A {2 o
P, (X Y,2)= Aﬁm=§exp{a|;)2(M(x—§)—F?)} (B.22)

Differentiate Eq(B.21) with respect to z in order to obtain the definition for the pressure

doublet, it will be called the acceleration potential y . Define the relation between pressure p and
v as
P =P (B.23)

oo 2| 2p)- 2 2mIe | 2 pixm e B24

Po £o
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where
0 oA 12) —
X,Y,Z P.|l=—| =exp| — (M (x-¢&)—-R .
v(xy.z)=—[n.]= GZ{R pLﬂz( (x=¢) )ﬂ (B.25)
Eq(B.25) is now an elementary solution to Eq(B.19).

By taking the derivative with respect to z in Eq(B.25)

05 _F(2=¢) (B.26)
oz R
ﬁ(lj - M (B.27)
az\ R R? '

Eq(B.25) can be rewritten as

7 (% y.2)= AB*(z —g){;—?—%}exp{;; (M (x=¢)- ﬁ)} (B.28)

This formula describe the pressure y at coordinate (x,y,z) due to a pressure doublet at

coordinate(f,n,g”), integrate Eq(B.28) to get the total pressure due to a continuum of doublets.

P 00.0)= 2] e 2~ [ M (x-0)-R) e ©29

By using the fact A= 4A—p , Eq(B.29) can be further reduced to
7

Y Sy P

Combining Eq(B.8) and Eq(B.23), we can get the relation between acceleration potential

and velocity potential.

(%Y, 2)=-Ug,(xy,2)—iwp(x,Yy,2) (B.31)
Inverse Eq(B.31)

& (X, y,z)—Uexp{ 'wXMexp{ /q (a,y,z)da (B.32)
Substitute Eq(B.32) into Eq(B.30)
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— -1 —iwx | oA | _
é (X, y,z):Uexp{T}Lexp{T}w(a, y,z)da (B.33)
Substitute Eq(B.25) into Eq(B.33),
— -A —iwx | | iwl]o]| 1 12 —
§(yz)= o] 1) ! EXp{T}E{EeXpLﬂZ M (X‘Cf)‘R)ﬂ ©34)
Take derivative of ¢ (x, Y, z) with respect to z, the downwash w can be computed as
_ ~A & —io(x=&)'"F1 _|. (2 MA R
W(X,y,2)=——| exp| ———= —exp|io| —+ - d
(¥.2)=5 azz[ p{ U £R SR Y (B.35)

Similar as Eq(B.29), the downwash due to a continuous sheet of doublets in the identical

sense can be finally written as

W(x, y,Z){ﬁhﬂw((X—é),(y—n),Z)dé‘dn (B.36)
where
K (Xo: Yo Zo ) :eXp(_iSXOJa%Di%eXpB; (2- Mﬁ)}dz} (B.37)

Eq(37) is known as the Kernel Function.

B.5 KERNEL FUNCTION
Similarly as previous section, we skip the detailed derivation, only listing the key equations. For

the kernel function for a nonplanar surface in the form

K =e ") (KT, +K,T,)/r? (B.38)
where

T,=cos[y(s)-7(o)] (B.39)

Tz={%COSD(S)J—yrfsin[7(8)]}x{zr—f608[7(a)]—y7fsin[7(6)]} (8.40)
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L=(Yo+20) X=X=&,Yo=y-7,2,=2-C
The coordinate of system is illustrated in Figure B.1

z{

A

\ e

§ " ELEMENT
[

/ )
' .

Figure B.1. Kernel function coordinate definition

Landahl has simplified the forms of K, and K,where

K :_Il_[l\/lrl} exp(—ik,u,)
1
R (1+u12)1/2
: 2,2 i
+Ikll\élzr1 exp( lkf§)+
(1+uf)
2.2 i
m{(l—uﬁ)ﬂRg +2+M;ul}e(xp( :l}gzl)
1+u;

K, =3l,

where
= exp(—iku)
I :J.”l—(1+u2);/2 du

= exp (—ik
I, = Ll %du

U, =(MR—%,)/ %, k =t /U, B=(1-M?)",
R=(xt+ /7))
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(B.41)

(B.42)

(B.43)

(B.44)
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The integrals I, and I, cannot be expressed in terms of known functions but their numerical

evaluation should pose no difficult problems. The commonly used method, proposed by
Laschka, is the 11-term exponential polynomial. However, Desmarais used more terms and
reduced the maximum error by two orders of magnitude as compared to Laschka’s

approximation.

B.6 DOUBLET LATTICE METHOD

The doublet lattice method is an empirical device which simplifies the integration of Eq(B.35).
The doublet filament is placed at the ¥ chord of each box. The downwash w is evaluated at the %

chord midspan of each box. The downwash and load points are shown in Figure B.2

TR

x L.INE OF
/ DOUBLETS

DOWNWASH
COLLOCATICN POINT
Figure B.2. DLM mesh definition of downwash and load points

Let n be the number of boxes, i denote the index of the downwash collocation point and j

denote the index of line of doublets. The Eq(B.35) can be simplified as

% =Y AR, (8.45)
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A = (éjAXJ cos 4, L; K (%.8,.%; (1).8; (1), .M )d (B.46)

where

AX; is the jth box average chord
A; is the sweep angle of the doublet line
If D; are the elements of the inversion of A, the lifting pressure coefficients can be

approximate as

P, = D,W, (B.47)
j=1

Now we consider the downwash induced at a receiving point R =(XR, yR,zR)by a doublet
line segment with midpoint S, =(X,,Yn.Z,) inboard point S, =(x;,Y;,z )and outboard point
S, =(X,, Y1 Z,). Let x=r’K and denote

k,=x(R,S,), x5 =x(R,S;),x, =x(R,S,)
Define the coordinate system

1 =YCOSy, +ZSiny, (B.48)
¢ =-ysiny,+zcosy, (B.49)

where y, is the dihedral angle of the local doublet line. The integration in Eq(B.46) can be

approximated by

1y = [ K (%8, % (1).5, (1), .M )cos ,d p
<[ LT BueC oy, (B.50)
* (720 _’7)2 +4y
where
e=3l;cos A,
1 =(Yr — Y )OS 7, +(25 —2,,)Sin 7,
Co=—(Yr—Ym)siny, +(zz — 2, )cos 7,
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A:(K‘i—ZK‘m-i-K‘O) B:(K‘O—K‘i)
2¢? 2 C=x,

The result of the integration is

-1 1 2 0
i =[(7702_4/02)A+7708+CJ|§0| tan (rlze|_§ez|j+
(B.51)

Finally, Rodden found it necessary to subtract the steady part from x before applying the

proceeding formulas, and then to add the effect from vortex lattice method.

B.7 GENERALIZED AERODYNAMIC

The integral equation relating downwash to pressures over the lifting surface

-1
W(x,y,z2)=|—— [||APK ((x—=&),(y—n),z)d&d ,
(x.y,2) LﬂpUM pK ((x=¢&).(y—n),z)d&dn (B.52)
Discretization of the integral equation in the Doublet Lattice Method leads to a set of

equations relating pressures at all boxes to downwash at all boxes in the matrix form:

{w}=[A]{Ap} (B.53)

where
(wh={w, w, .. w,} is the vector of downwash values at the downwash points of all
boxes, and {Ap}={Ap, Ap, .. Apn}T is the vector of pressure differences (lower surface

minus upper surface at each box, located at the load point).

If a relationship between downwash at boxes (at their downwash points) and lift forces at

boxes, L, is desired (with the lift forces acting at the load point of each box), then:

{wj =[AIC]{L} =[AIC[{L} (B.54)
where
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{Li=1.(= . |{ae) (B.55)

L S

n n

The entries S, in Eq. (B.55) above are the areas of the boxes. [AIC] represents what is

known as the Aerodynamic Influence Coefficients (which may be normalized in different ways).
Now we look at the downwash. Let the lifting surface move up as a function of space
(location of x,y points on the surface) and time in a superposition of mode shapes and

generalized displacements:

h(x, y,t) = hy(x, y)q, () +h, (X, ¥) G, (1) +...hy (x, y)ay (1) = Zhj (%, y)q;(t) (B.56)

Note the separation of variables. Each shape is a function of space (x,y), and its contribution

as a function of time is determined by the time dependence of its generalized displacementq; (t) .

Recall Eq(B.54), the

w=, o (B.57)
ot OX

For simple harmonic motion at reduced frequency k =S)—band we switch from dependence

on time to dependence on reduced frequency:

w(x,y,t) _Jewh éh_, h oh (B.58)
U U o b o

Note that J =+/—1 is used here to denote the pure imaginary number, while elsewhere the

index j is used to denote a mode shape number.
The generalized aerodynamic forces can now be derived.

The motion of the surface (Eq B.56):

h(x, y,t) = hy (%, y)q, () +h, (X, ¥) G, (1) +-..hy (X, y)ay (1) = Zhj (% y)q;(t)
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This motion h determines the downwash over the surface at all downwash points on the

discretized aerodynamic mesh. The result (from the integral equation) is the pressure distribution
Ap over the surface (at all load points on the discretized aerodynamic mesh).

The virtual work done by these pressures when the surface moves through a virtual

deformation Sh(x, y) isoW = j j Sh(X, Y)Ap(x, y)dxdy .

Now,
N
Sh(x,y,t) = h,(x, )56, (1) +...+ hy (x, )50, (1) = D h (x, ¥)5G; (1) (B.59)
i=1
Also the motion of Eq.(B.56) leads to the following downwash over the surface:
w(x,y,k) éh h oh, ,(x y)
—— L=+t Jk—= + Jk Jk B.60
U = Kb ,Z' $(JK) (B.60)

The downwash, then, is a linear superposition of contributions, mode by mode, of the mode
shapes used for the deformation approximation. And so, because of the linearity of the system,
we may view the pressure distribution (the solution of the integral equation) as made of

contributions, mode by mode, of the modes of motion used:
N
AP(X, Y, K) = Ap, (%, ¥, )ty +..Apy (X, ¥, K)ay = D" Ap; (%, ¥, k)q, (B.61)
j=1
Each Ap,;(x,y,k) in Eq(B.61) is a solution of the integral equation with downwash
contributed only by mode j with a generalized displacement q; =1. That is, Ap;(x,y,k) is the

pressure distribution due to motion in mode j only of unit generalized displacement:

oh; hj(x )
qjlzuw(a vk j {mw}”ApK —n).2)d¢ (B.62)

Then the virtual work is:

w; (, y)‘

oW =3 [[oah (x y)ap(x, yydxdy =3 5 [ B (x, ) 3 Ap; (x, y)acely (B.63)
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Or:

N N N
W =356, [ h (x, y)ap; (x, y)dxdya; = >"Qdq (B.64)
i=1 j=1 i=1
where the generalized force associated with Lagrange equation of motion i in the set of N

Lagrange equations for motions in N modes:

d{dT ) oT ouU
| = |- +Z= =0 B.65
dt [aqi J og,  og, ° (869
Is:
N
Q =[x y)ap; (x, y)dxdy -, (B.66)
j=1
When we write the N Lagrange equations for a linear aeroelastic system based on Eq(B.65):
[M{g} +[K]{a} ={Q} (B.67)
Because, for linear structural dynamics, the kinetic energy is:
1, .7 .
T =40} [M{a) (8:68)
And the elastic energy is:
1, .7
U=>fa)" [K]{a) (869

Finally, the aerodynamic generalized forces can be written as

{Q} =0, [Al{a} (B.70)

Any term A, in the generalized aerodynamic force matrix of Eq(B.70) is the work done by

motion in mode shape h; when the pressure distribution is due to downwash of mode shape j: Ap,
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APPENDIX C. DERIVATION OF AEROSERVOELASTIC
STATE-SPACE MODEL

The formulation of the aeroservoelastic (ASE) model begins with derivation of the state-space
models for the plant, the sensor block, the actuator block, the control law and gust filter. The
plant includes a flexible aircraft structure, unsteady aerodynamics, and gust response. The closed

loop ASE system was shown in the following block diagram.

Gust External Forces
UG I:EXT
A A 4
yACT uC . yP uSEN
Actuator > Airplane > Sensor
A
Unct Ysen
Yeon ~ Ucon
Control Law [*
A
uPILOT
Pilot

Figure C.1. Closed loop flow chart of ASE system

Before deriving the equations, we define the following terms.

N St o Number of DOF in full order structural model
ng Number of structural mode
n, Number of control mode

N, Number of distinct actuator input loads
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N, Number of lag terms used in aerodynamic fitting
NE Number of lag terms used in gust fitting

Ny Number of displacements measured by sensor

n, Number of velocities measured by sensor

n, Number of accelerations measured by sensor

Nt Number of actuators

Neer Number of sensors

C.1 AIRCRAFT PLANT MODEL

The aircraft plant model is based on the linear equations of motion of a flexible aircraft structure
subjected to unsteady aerodynamics, external load, gust loads and internal loads caused by the
activation of conventional actuators. The equations of motion of the self-induced full order FE

model in Laplace domain are

(IM]s* +[C]s+[K]-a, [A(s)]){ure}

(C.1)
= 2P (9)}Wo (5)+{Fec
where
[M].[C].[K]----- Full order structural mass, damping and stiffness matrices

[A(s) ] Unsteady aerodynamic matrix in Laplace domain

{Ugg }=---- FEM Nodal displacements

q_D{FG (5)IWg () ------ Gust input
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Now we transform the full order equation of motion to a reduced order system and add the

conventional actuators system. Model order reduction is carried out by pre- and post-multiplying
the full order system by a reduction basis [®]. The basis [®] includes a selection of the lowest
natural frequency modes of the structural plus a selection of modes where actuators are activated
(defined as “control modes”). The control modes represent the rigid body control surface
deflections.

In detail, the model order reduction is carried out as follows:

R ORI 2

where {q} is named as modal coordinate. We farther partition the mode shapes and modal
coordinate into structural terms @, g, and control terms @_,q. .
([e] M][@]s” +[@] [C][@]s+[] [K][@]-a, [@] [A(s)][®]){a}

) S_Z[CD]T {FG (S)}WG (S) + [(D]T {FEXT } + { Fhinge}

Realize that by introducing the actuators into the plant, the hinge moment applied by the

(C.3)

actuators must be included by adding {Fhinge}to the right hand side of the equation. This can be

proved by considering the virtual work done by &q., which lead the generalized force due to

control surface deflection non-zero. Therefore

0
{Fuge | = {Hc} (C4)

@I 4444444444444444444444444444 (C.5)

T o! [[M][@,] [@! [[M][®,
{qns}w][ ([, [@]Jm][e.] {MM}
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_%_[K][@S o= EEEE]S%EE} _ {EE} cn
o oG 2 e
oo ) o

It can be easily shown that the cross terms C ,C,,. , K., K and K are equal to zero.

cs ! sc ! sc? Cs

Plug Eq(C.4)-Eq(C.9) in Eq(C.3), the equations of motion of the plant in model coordinate

can be written as

Msngsc 2 o8 Css 0 as Kss 0 as
Mcngccs qc+0Cccch+00 ¢

_a {2828} {g} _ S_Z {'EEEZ;}WG (s)+ {:C} N {EE:}

Here we make an assumption that all the actuators can be considered as irreversible and the

(C.10)

inputs g, can be controlled directly. Therefore we move the terms with respect to g, to the right
hand side of the equations of motion and partition Eq(C.10) into two equations.
M ]s*{a}+[Cu]s{a +[K J{af —as [A () ]{a } =
(M1 {0} + Qo [A O]} + (> {Fou (5)}We (5)+{Focr
[MCS]SZ {qs} —O [A:s (S)]{qs} =
(M1 +[CoJs =0 [A O}~ (> {Foc ()W (5)+ {Forre} +{H.}

Eq(C.11) will be used to form the state-space equation while the hinge moment {Hc} can be

(C.11)

(C.12)

solved by Eq(C.12). The size of the terms shown in Eq(C.11) are summarized as follows:

[MSS] [CSS] [KSS] [&s(s)] n, xng
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M..]

[ Ms)] n, xn,
{FGS (s
{

[M

N
——

>

X

(I

] [%(S)] n,xn,

In order to make the derivation neat and clean, we assume the {F.,; } equals to zero. Once

there is external load applied, it can be added in either Eq(C.11) and Eq(C.12) or the state-space

form.
The unsteady aerodynamic and gust terms, [A, ()], [A.(s)] and {F,(s)} respectively, in

Eq(C.11) are already in generalized coordinates. There is variety of methods employed to

produce these approximations. However, the method selected for this work is the Roger Method.

(A (5)]= [Pl [Pl 5* [Paal [Pl Pavyn (13)
[A:(s)] =] SCO]+S[P501]+SZ[PSCZ]_'-S%ﬂl[PSﬁ]_'_”'+ﬁ[Psc(Nﬁ+2):| (C.14)
{Fes(s)}:{Peso}+5{PGsl} S+ﬂ1 —— P} +s+ﬂ { Gs(N,f+2)} (C.15)

Plug Eq(C.13)-Eq(C.15) into Eq(C.11) and define the followmg terms

(M. ]=[M.]-0[P.] (C.16)
[C.]=[C]- o [Pu] (c.17)
[Ke]=I K] o [Puo] (C.18)
(M, ]=[M]-05[Pe.] (C.19)
[C.]= qo[ Pe] (C.20)
[ Ky | =05 [Peo] (C.21)

The equations of motion can be written as
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Q.

Wss]sz{qs}+[Qs]8{qs}+[*§s]{qs}—qo%ﬂl[aﬁ pscs]{qf}_...

Cc

—Up ﬁ[&s(mﬁz) Psc(Nﬁz)J{g?} = _[Msc]SZ {qc} _|:C_sc:|s{qc} —[Ksc]{qc} (C.22)

4o S S
+ = P(350+PGsls+—GPGS3+”'+—GP . W (S)
Gs(NG +2 G
U S-i-ﬂ1 S+ﬂN§ s(Nj +2)

0

Now we define the states of the equations of motion for state-space form.

{x}=1a,} n,x1 (C.23)
{%.} ={sq,} n,x1 (C.24)
{r} _ S [P ‘P ] qs n x1 (C 25)
1y = S+,Bl ss3 i ' sc3 qc s .
fr, =——[P Payen ] * n, x1 (C.26)
Ny S+ﬂN/} SS(N/ﬁ—Z) : sc(Nﬁ+2) qc S .
s
= s+ ° We (S) 1x1 (C.27)
o S
s =57 g0, e (s) 1x1 (C.28)
N

Then the following relationship can be derived

s{xf=1%} n,x1 (C.29)
s{f} =4 () +[Psc]{*} +[Pec]s{a} n,x1 (C.30)
5 : (C.31)
s{rNﬂ} ==p\, {rNﬁ } +[PSS(Nﬂ+2)}{x2} +[F’50(Nﬂ+2)]s{qc} n, x1

s == +sWg (s) 1x1 (C.32)
Shee =By lie +5Ws () 1x1 (C.33)

The complete state vector for the aircraft plant (structural motions, control motions,

aerodynamic lags and gust lags) is

ol ={x)” ful 5 )

e rGG} (C.34)
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Plug Eq(C.29)-Eq(C.33) into Eq(C.22) and collect the states terms, the state-space equations

of motion of the plant can be written as the form of

s{% } =[AJ{Xe} +[Bc J{uc } +[Bs {us |

where
] ] o - [ o - (0
DI T] LI T wl] - ] B0 Rl 0] R
U Pl A - [ oo o
AE Paa] O - 800 o - (0
o oy o - - 0
(o o (o 0 +
- [0] [0] [o] ]
M. ] [Ke] -[M.][C] ~[M.] [M,]
[0] [Pec] [0]
- : : :
Bl Pryos ] ]
{0_}T {O}T {0}T
o {of {o}' o |
{0} {0}
UM (Pl G2 IVLT P
{0} {0}
[BG]: :
{0} {0}
0 1
0 1

To make the derivation more clear, the size of the sub-matrix are indicated as

(C.35)

(C.36)

(C.37)

(C.38)
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[noxn, noxno noxng onoxn noxLoe nox1]
ngxn, noxno noxng - noxne o noxloeonox1
noxng noxne noxne - noxno noxl - noxl ( )
A n,(2+N,)+Ng
[A]= (C.39)
NgxNg NgxNe NgxNg - NeXNg nsxl nsxl X(ns(2+Nﬂ)+N;)
Ixn,  Ixn,  1Ixng - Ixng Ix1 - Ix1
| Ixng Ixng  Ixno - Ixng Ix1 e 1x1
n,xn. n xn, nxn|
n xn, N xn, ng xn
n,xn, Noxn, noxn,
. . . o
[B.]- (n,(2+N,)+Ng)=3n (C.40)
n,xn, N xn, N xn
Ixn, 1xn, 1xn,
| Ixn,  Ixn.  1xn, |
[n x1 n x1]
ngx1 ngx1
nx1 ngx1
. . o
[B.]- (n,(2+N,)+Ng)x2 (C.41)
ngx1 ngx1
1x1 1x1
| Ix1  1x1 |

Now we derive the observation equation. Since the displacement, velocity and acceleration
can only be measured by sensors or equipments, the actual motion have to be written in a series
of summation of modal coordinate. Recall Eq(C.2), the displacements of location i,j,k can be

defined as

u, $10q + A0+ i U, $ o S (A ] [wio
Uj =Bl + Bl + b O (=| P B [} 1 1 =|Wio 10 =[Po {0} (C.42)
Uy Bala + Golss + 7+ B Ui, ba 0 b |G 20

Similarly, the velocity and acceleration can be written as



vy =[]s{a.}
{a}=[¥,]s*{a.}

The observation matrix can be described as

{yp} =[‘¥}1:|{XP}+|:I¥,2]S{XP}

where

{yp}z{ul U e VA ana}T

(] o] [o]

[, ]=| [0] [¥.] [0]
[0] [0]

o) [0 o

[‘P2:|= %O] [O] [0%

Again, similar as before, we indicate the size of the sub-matrix.

fyo) = fixn, 1xn, 1Xna}T (ng +n,+n,)x1
Ny XN, Ny <N ndx(nsNﬂ+N;) (n +n +n)

—_ _ G ‘ ! :

T L 71 R AR Y
n,xn, N, xn nax(nsNﬂ+Nﬂ)

G
ngxng ngxng ngx(nNy+Ng) (n, +n, +1,)
— ’ ’ '
- G
[\PZ:I_ n,xng n,xn, nVX(nSNﬂ+Nﬂ) x(n (2+N )-I-NG)
s B s
G
n,xng, n,xng nax(nSNﬁ+Nﬁ)

Now plug Eq(C.35) into Eq(C.44)

{¥e} :[\?1]{XP}+[@2]{[AP]{XP}+[BC]{uc}+[BG]{UG}}
:([‘?1]+[\?2][AP]){XP}+[\?2][BC]{UC}+[\?2][BG]{UG}
=[Co ]{%} +[Dc {uc } +[Dg |{ue }

Therefore Eq(C.35) and Eq(C.51) are the state-space form of the plant.
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(C.43)

(C.44)

(C.45)

(C.46)

(C.47)

(C.48)

(C.49)

(C.50)

(C.51)
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C.2 AIRCRAFT ACTUATOR

The actuator system in an airplane can be modeled as a block of elements; each element may be

either SISO or MIMO actuator.

Actuator 1
{UACT } Actuator 2 {y AT }
Actuator n

Figure C.2. System actuator block

Each actuator set in the aircraft is assigned a strictly proper transfer function in the form:

. b s +---+bs+h
yactl — - n-1 — bl 0 (C52)
Ui S +a,4,S +---+aS+q,

Note that in the actuators sets, it is often required that the transfer function numerator is at

least two orders of magnitude less than the denominator. But here we start from the general case
and will show the necessity to make the denominator with higher order.
First, state-space realizations of each actuator set’s transfer function are created in either the

observer form:

__an 1 1 O_ n-1
-a, 01 -0 b,
[Aacti]= {Bacti}: :
4 00 1 b (C.53)
L & 00 N bo
{Cacti} = {1 0 0 O} D.i =0

or the controller form:
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0 1 0 0
0 1 - 0 0
[Aal=| 0 88 (Bui} =1
0 0 0 .. 1 (C.54)
|~ & —a, - T8 1
{Cacti } = {bO bl T bn—2 bn—l} actl = O
Therefore the state-space form or actuator i can be written as
{ actl} [Aactl]{ actl} {Bacti}{uacti} (C55)

{ Yacii } = {Cacti } {Xacti }

It can be shown that{C,.;}{B..;} =D

nN—.

., therefore, if the numerator is at least two orders of

magnitude less than the denominator

{Cacti }1Baei } =0 (C.56)
This will further simplify the equation in the following section.

For a block of actuators, the system state-space form of equation is

${Xcr } =[Aucr ]{Xucr } +[Bacr {Uer }

Wacr § =[Cacr [{Xacr | “0

where

{XACT }T = {{ Xact1 }T {Xactz }T o {Xactnau }T }

{ Yacr }T - {{ yactl}T { Yact2 }T o { Yacn,, }T }
[Ac] |

(Al

nCT - (C.58)

_ [Aen. ]

{Bucaf

[ Bacr ] = { Bath}

{ Bacmact }_



{Coct}

[CACT ] = {Cath}

{Cactnaa }_

C.3 AIRCRAFT SENSOR

plant, therefore

{ySEN}:{yP}
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The sensor can be modeled either as prefect sensor or non-perfect sensor based on the user’s

selection. As for the prefect sensor, the output of the sensor is exact same as the output of the

(C.59)

There is a transfer function applied to non-prefect sensor. Similarly as aircraft actuator,

individual sensor i can be also modeled as

n-1
yseni — bn—ls +"'+b15+b0
u,, s"+a _s"'+---+as+a,

seni

The state-space form of Eq(C.59) is

{ seni } [A§em ]{ seni } {Bseni } {useni}
{yseni} = { seni } {Xseni}

For a block of sensors, the system state-space form is

S{Xsen | = Asen J{Xsen | +[ Boen {Usen |
Vsen b =[Coen ] {Xsen |

where

N O e L
O A T A

(C.60)

(C.61)

(C.62)

(C.63)
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[Acn] |
[Aen]= )
- [A%ennsen l_
{Ba}
Bl {(Boc)
- {Bsennsen}‘_
{Coent}
[Coen]= ()
_ {Carm,

C.4 CONTROL LAW

The control law can be either optimum control or classic control.

For classic control, similarly as aircraft actuator, individual control law i can be also

modeled as

Yoo DuS"+Db, 8"+ +bs+by
U,, S"+a _s""+--+as+a,
The state-space form of Eq(C.64) can be realized as

{ conl} [A:onl ]{ conl} {Bconi } <{uconi}
{yconi} B {Cconi }{ coni } + Dcom { com}

Realize that sinceb, #0, D, #0.

coni

(C.64)

(C.65)

Adding the pilot command, a series of control system state-space form is

S{XCON :[A:o ]{ N} [Bco ]{ co }+[BPILOT]{UPILOT}

{Yeon } =[Ceon [{%con } +[Peon [{Ucon } +[ Peror [{Ueior |
where

(C.66)



(oo} ={{Xom)" o]

T

{ Ycon }

[A:ON]:

[BCON ] =

[CCON ] =

[DCON ] =

C.5 CLOSED-LOOP SYSTEM EQUATIONS OF MOTION

= {{ yconl}T { Yeon2 }T
[Aun]

(Auc]

{ Bconl}

{Cconl}

conl

con2

| [ A, ||
(Bunk

()
(Can

{CconnCon }

) {Xconncm }T }
: {yconnCon }T }

coNNgy,
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(C.67)

Before we move to the closed loop, the set of equations are recollected to give the readers a clear

and neat view.

Plant

st =[A
e} =[G

Actuator

S{Xacr | =
{yACT}:[

1%} +[Bc {ue f +[Bs J{us |

J{%e ) +[Be Hue

N

[Ascr
r ]{Xuer }

]{ ACT } +[BACT]{UACT}

(C.68)
(C.69)

(C.70)
(C.71)
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Sensor

S{XSEN}:[ASEN]{XSEN}+[BSEN]{USEN} (C.72)
{ySEN } = [CSEN ]{XSEN } (C.73)
Control Law

S {XCON } = [ACON ]{XCON } + [BCON ]{UCON } +[BPILOT ] {UPILOT } (C.74)
{yCON } = [CCON ]{XCON } + [ Deon ]{UCON } + [DPILOT ]{UPILOT } (C.75)

Then from Eq(C.69), the general form of plant input {uc} depends on displacement, velocity

and acceleration of the control surfaces.

{a.} {Vacr}
{us =4 s{a.} p=1 {Yncr} (C.76)
s {d )] (8" {Vaer)
Now we take the first and second derivative of Eq(C.71) to finds{y,; } ands®{y,c; }

S{yACT} :[CACT]S{XACT} (C.77)
Plug Eq(C.70) into Eq(C.77)

S { Yact } = [CACT ][AACT ]{XACT } + [CACT ] [ Bacr ]{UACT } (C.78)
s* {yACT } = [CACT ][AACT ] S {XACT } + [CACT ] [ Bocr ] S {UACT } (C.79)

Plug Eq(C.70) into Eq(C.79)

Sz {yACT } = [CACT ][AACT ][AACT ]{XACT } + [CACT ][AACT ][BACT ]{UACT } + [CACT ][BACT ]S {uACT } (C-80)
Recall Eq(C.56), with the assumption that the numerator of the actuator is at least two orders

of magnitude less than the denominator, Eq(C.80) can be reduced to

s° Wacr = [Cacr [[Ancr J[Aucr 1{Xacr | (C.81)
Plug Eq(C.71), Eq(C.77), Eq(C.81) into Eq(C.76)

{9} [Cacr]
{Uc} =33 {qc} = [CACT ][AACT ] {XACT } = [CACT ] {XACT } (C-82)
s {0} L[Cacr [ Aner [ Auer ]
Plug Eq(C.82) into Eq(C.68) and Eq(C.69)
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{ } [ ]{ }+[BC][C_:ACT:I{XACT}+[BG]{UG} (C.83)

e} =[Co]{%:} [DC][CACT]{XACT}+[DG]{UG} (C.84)
Realize that{ug, } ={y,} . plug Eq(C.84) into Eq(C.72)

{ SEN } [A‘SEN ]{XSEN } [ SEN ][CP]{ } +[BSEN ] [CACT :| ACT [ SEN ][DG ]{uG } (C85)
Also realize that {Ugoy } ={Ysey |- PIUg Eq(C.73) into Eq(C.74) and Eq(C.75)

S{Xcon } =[ Acon [{%con § +[Boon ][ Csen [{ Xsen | +[Beror [{Upior | (C.86)
{yCON } [CCON ]{XCON } [ CON ][CSEN ]{XSEN } + [ DPILOT ]{UPILOT } (C87)
Since {Uncr } ={Ycon | » Plug Eq(C.87) into Eq(C.70)

S{ ACT} [AACT]{ ACT}+[BACT][CCON]{XCON}

+ [ BACT ][DCON ][CSEN ]{XSEN } + [ BACT ] [ DPILOT ]{UPILOT}
Therefore, combine Eq(C.83), Eq(C.85), Eq(C.86) and Eq(C.88). The closed loop system

(C.88)

can be written in the state-space form of

${%svs § =[Avss J{Xsvs } +[Bosvs [{Uo } [ Bororsys | {Upiior | (C.89)
where
{sts }T = {{XP }T {XSEN }T {XACT }T {XCON }T }
| [Ap] [0] I:CACT :I [O]
[ASYS ] — [BSEN ][CP] [ASEN ] [ SEN ][ ]|:CACT :I [O]
[0]  [Bact J[Doon ][Ceen ] [Ascr ] [Bacr ][Ceon ]
[0] [Beon ][ Cen ] [0] [Acon ]
S 0
Ben || Ds _ 0
[BGSYS ] = [O] [BPILOTSYS ] = [BACT ][DPILOT ]

[0] [BPILOT ]
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