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The Bayesian Analysis of Data Arising from Complex Sampling Designs

Michelle Ross

Chair of the Supervisory Committee:
Professor Jonathan C. Wakefield
Biostatistics and Statistics

The majority of this thesis concerns the development of Bayesian methods for two-phase
studies. A two-phase study is a study design in which limited information (including out-
come) is known for a large “first-phase” study population, and more extensive information is
known for a “second-phase” subset of these individuals. The two-phase study design we are
considering is one in which a simple random or case-control sample is taken from a popula-
tion at phase I, and is cross-classified with respect to outcome and confounder variables. At
phase II, individuals are sampled within the cells of the cross-classified data, with additional
data collected on exposure variables. Clearly such a design requires specialized methods of
analysis to acknowledge the non-random (outcome-dependent) sampling scheme. The bene-
fit of the two-phase design is that large efficiency gains are possible by judicial choice of the
phase I confounder variables and the phase II sample sizes. A number of likelihood-based
methods have been developed for the analysis of two-phase data, but we describe a Bayesian
approach, which has previously been unavailable. The benefits of a Bayesian approach in-
clude relaxation of the reliance on asymptotic inference, and the potential to model data
with complex dependencies, for example through the introduction of random effects. The
proposed approach uses a log-linear model for the disease-exposure-confounder relationship,
and specifies a multivariate normal prior distribution on a reduced set of main effect and
interaction terms in the log-linear model. We extend the methodology to include random

effects terms in the log-linear model to perform different kinds of smoothing. In particular,






we are interested in the use of two-phase studies in a spatial epidemiological context where
one may wish to account for confounding by location by the introduction of spatial random
effects. We assign independent normal priors on the non-spatial random effects, and an
intrinsic conditional autoregressive (ICAR) prior on the collection of spatial random effects.
Random effects can also be included in the log-linear model to smooth the cell probabilities
in large contingency tables, particularly in the case of sparse data. The Bayesian two-phase
approach is illustrated using data collected on Wilms tumour in children, and data on infant
mortality in North Carolina.

In the last part of the thesis, we consider small area estimation in the context of the
developing world. There is a distinct lack of accurate, timely, full-coverage civil registration
data in the developing world, and as such, vital statistics cannot be obtained from these
countries. This data is needed to formulate good public health programs, develop regional,
national, and global policies and implement and evaluate public health actions. We describe
an integrated data collection and statistical analysis framework for improved mortality
monitoring in areas without comprehensive vital records systems. In particular, we propose
the use of statistically informed sampling to increase the efficiency of sampling and to ensure
that sufficient data is collected on rare populations. To do so, we use existing information
from democratic surveillance system sites to construct a mortality model based on village-
level characteristics. On the basis of this model, we subsequently predict the number of
deaths of interest in each village in the study region, and sample proportionately in each
village. The sampled deaths are then modeled as a function of known demographic factors
and village-level characteristics, and we use spatial smoothing to tune the model to each
village and exploit similarities of risk in neighbouring villages. The method is illustrated
using a simulated data set based on a real democratic surveillance system site in Agincourt,

South Africa.
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Chapter 1

INTRODUCTION

The majority of this thesis concerns the development of Bayesian methods for two-phase
studies. We begin by discussing two-phase studies within the context of other, perhaps more
familiar, epidemiological studies, followed by a brief description of the small area estimation

problem that we also consider.

1.1 An Overview of Case-Control Studies

In a ‘cohort study’, a group of disease-free individuals is selected and exposure levels are
determined. This group is then followed over time to determine which individuals develop
outcomes of interest (for example, binary disease states). This type of study is well suited
to study rare exposures and multiple outcomes. However, cohort studies can be costly and
can take a long time to complete. In a ‘case-control study’, on the other hand, a group of
cases and a group of controls are selected, and their exposure status is measured. This type
of study is useful for studying rare outcomes (such as a rare disease) and multiple exposures,
particularly for diseases that take a long time to develop. However, it can be difficult to
select an appropriate group of controls, as the controls should be selected from the same
underlying population that gives rise to the cases, if selection bias is to be avoided (Breslow
and Day, 1980, Section 1.5).

A ‘matched case-control study’ involves matching cases with a given number of controls
based on a set of covariates (for example, age, gender, race). Frequency matching may
reduce confounding, but the primary potential benefit of matching is a gain in efficiency.
To this same end, multiple controls can be sampled from different strata so that the control
group has roughly the same strata distributions as the cases, as in a ‘stratified case-control
design’. In each of these scenarios, the resulting control group is not a random sample

from the whole population, but a random sample from the subpopulations formed by the



stratification or matching variables (Breslow and Day, 1980, Section 2.8).

As described by Ernster (1994), in a nested case-control study, a defined population is
selected, and we identify cases that have already occurred (as in a ‘retrospective case-control
study’) or as they occur (as in a ‘prospective case-control study’). As in a cohort study, in
nested case-control studies we follow the cohort as it moves through time. For each case, a
given number of controls is selected from among those in the population who are non-cases
by the time of outcome occurrence in the case. Controls should be time-matched to cases
in the sense that they be matched on age, date of entry into the cohort, length of time in
the cohort, or a combination of these measures. This matching allows for control of the
confounding effects of time in the analysis (Wacholder et al., 1992). Further, controls may
eventually become cases and an individual from the cohort may be selected as a control for
more than one case. An advantage of the nested case-control design is that it is often less
expensive and less time-consuming than cohort studies.

A case-cohort study resembles a nested case-control study in that a defined population
is identified, however, in a case-cohort study, all cases in the cohort are selected, along
with a random sample of the entire cohort (termed the ‘subcohort’). Further, in this study
design, cases are not matched to individuals in the comparison group. The case-cohort
design has the advantage that the same subcohort can be used to study multiple outcomes.
As in the nested case-control study, the case-cohort design can be less expensive and less

time-consuming than other study designs.
1.2 Two-Phase Studies

It is often the case that outcome data, along with some exposure and/or confounder infor-
mation is available on an entire study population of interest. Due to high costs, missing
data or feasibility, additional information is only available on a small subset of individuals.
A study design in which limited information (including outcome) is known for a large “first-
phase” study population, and more extensive information is known for a “second-phase”
subset of these individuals is referred to as a ‘two-phase study’. Such a study may be con-
ducted by design in order to increase efficiency. A two-phase study may be thought of as a

generalization of stratified case-control studies nested within a cohort.



In a two-phase study, at phase I, a sample is taken from a population either via simple
random or case-control sampling. In the design we will consider, these phase I data are then
cross-classified with respect to the binary outcome variable, ¥, and to strata of confounder
variables that we label z. The outcome variable is disease status. At phase II, individuals are
randomly sampled within the cells of the cross-classified data, with additional data collected
on exposure variables x. We assume that x is discrete, taking one of m, possible values.
We emphasize that although we refer to z and x as confounder and exposure variables,
respectively, z need not be a confounder and x need not be an exposure variable. For
example, in the Wilms tumour example that we will describe in Section 2.8.1, the phase I
variable z is a mismeasured surrogate for the exposure variable of interest. In general, the
z variable can include any variable available for all subjects at phase I, and the x variable
represents the additional data collected on the phase II individuals.

Due to the sampling scheme of the phase II data, the phase II sample is a non-representative
sample of the entire first-phase study population. Analyzing the second-phase data using
conventional methods therefore leads to biased estimates of the parameters of interest, so
specialized methods of analysis are required. The benefit of the two-phase design is that
large efficiency gains are possible by judicial choice of the phase I confounder variables and
the phase II sample sizes.

A number of likelihood-based methods have been developed for the analysis of two-phase
data, but we describe a Bayesian approach that has previously been unavailable. A Bayesian
approach offers the possibility of improved small sample properties, since the asymptotic
arguments of likelihood-based approaches are not required, and it also offers the possibility
of modeling complex dependencies in the data through the introduction of random effects.
For example, Wakefield and Haneuse (2008) describe the use of two-phase studies in a spatial
epidemiological context, in which one may wish to reduce confounding by location by using

spatial random effects.
1.3 Small Area Estimation

In general, small area estimation tackles the problem of providing reliable estimates of one

or more variables of interest in a set of small geographic areas. The term “small area”



generally refers to any area for which direct estimates of the variables of interest cannot be
produced with adequate precision (Rao, 2003, Section 1.1). Here, we consider small area

estimation in the context of the developing world.

With less than a third of the world’s population covered by accurate data on births and
deaths, the need to commit resources to the registration of births and deaths, and to certify
the causes of death is evident (Horton, 2007; Setel et al., 2007). Adult, child, and maternal
mortality data are critical to formulating good public health programs, developing regional,
national, and global policies, and implementing and evaluating public health actions. Setel
et al. (2007) maintain that “barely a third of countries outside North America and Europe
have the capacity to obtain usable mortality statistics”, leaving most of the world’s poor
as “unseen, uncountable, and hence uncounted”. In 2007, The Lancet published a series
of articles titled “Who Counts?” (AbouZahr et al., 2007; Boerma and Stansfield, 2007;
Hill et al., 2007; Horton, 2007; Mahapatra et al., 2007; Setel et al., 2007), which details
this “scandal of invisibility” resulting from the lack of accurate, timely, full-coverage civil

registration that affects much of the developing world.

Currently, the most common data collection methods include sample surveys and surveil-
lance systems. Sample surveys aim to provide information about a finite population by
observing a representative subset of the population. Sample surveys often collect a vast
amount of information on a large group of individuals, possibly belonging to different sub-
populations of interest, but they generally do not provide any longitudinal information at
the individual level since the same individuals are often not revisited (Sérndal et al., 1992,
Section 1.1-1.2). On the other hand, surveillance systems provide detailed longitudinal data
on individuals or households describing various demographic events (such as births, deaths,
marriages and divorces) on a non-representative group of individuals (Setel et al., 2007).
The monitoring system we propose combines the benefits of both of these data collection
methods to provide useful indicators for large populations over prolonged periods of time,
so that we can monitor change and determine reasons for the observed changes, for example

changes in mortality due to the introduction of an intervention.



1.4 Outline of Thesis

Chapter 2 begins by providing basic notation and describing and critiquing approaches to
the analysis of two-phase data. We go on to describe Bayesian outcome-dependent sampling
methods, Bayesian methods for contingency tables and Bayesian computational techniques.
An overview of spatial modeling and disease mapping methods is also provided. We then
discuss the data collection methods currently in place to monitor health information in the
developing world, in particular sample surveys and surveillance systems, and conclude the
chapter with a discussion of two motivating examples.

Chapter 3 considers the Bayesian analysis of two-phase data for the case of independent
outcomes. We start by describing in detail methods for the simplest case of assessing the
association between a binary outcome variable and a discrete exposure variable. We extend
these methods to the case of assessing the association between a binary outcome variable
and a discrete exposure in the presence of discrete confounder variables.

The methods described in Chapter 3 are extended in Chapter 4 to include random
effects to handle correlated outcomes, for example. In this case, the confounder variables
can represent geographical location and the models incorporate spatial and non-spatial
random effects.

Chapter 5 describes the integrated data collection and statistical analysis framework
that we propose for improved mortality monitoring in regions without comprehensive vital
records systems.

Finally, Chapter 6 provides an overview of the research and a discussion of the issues

that remain to be investigated.



Chapter 2

NOTATION AND STATISTICAL BACKGROUND

In this chapter, we provide background information and a review of previous literature for
the topics considered in the thesis. In Section 2.1, we provide basic notation and in Section
2.2 we outline proposed approaches to the analysis of two-phase data. Section 2.3 reviews
Bayesian approaches to outcome-dependent sampling. This is followed by a discussion of
Bayesian methods for contingency tables in Section 2.4 and Bayesian computation methods
in Section 2.5. An overview of spatial modeling and disease mapping methods is provided
in Section 2.6 and sample survey methodology is discussed in Section 2.7. Motivating and
literature examples are discussed in Section 2.8. The chapter concludes with a brief review

of the small area estimation problem in Section 2.9.

2.1 Notation

Let Ny, denote the number of individuals in the population with outcome y, exposure level
x, and confounder level z. We begin by describing the phase I study in which we observe
the response-confounder margin NV* = {N,.,,y = 0,1,z = 1,...,m.}, where we use the
dot notation to indicate summation over that index. Table 2.1 provides a representation of

the cross-classification of the phase I data.

Table 2.1: Representation of phase I data from a two-phase sampling scheme.

Z=1|2Z=2|-|Z=m,
Y=0| Noi | Noz |-+ | Nom. | No.
Y=1| Nyg | Mg |-+ | Nim, | Ni.
N.i | N Nom. | N



At phase II, sample sizes n,., are decided upon and individuals are drawn at random from
the Ny.. in each of the 2m_ outcome by stratum combinations and the exposure information
is measured for each individual. Note that the n,.. are fixed by design and must be smaller
than the corresponding (random) N,., values. Let n,,, denote the number of individuals in
the phase II sample with outcome y, exposure level x, and confounder level z. At phase II,
we observe the phase II sample sizes n¥” = {n,..,y = 0,1,z = 1,...,m.}, and the phase
IT outcomes n¥** = {ny.,y = 0,1, 2 =1,...,my, 2 =1,...,m,}. Variables super-scripted
with x,y, z will represent vectors throughout. Table 2.2 provides a representation of the

cross-classification of the phase II data.

Table 2.2: Representation of phase II data from a two-phase sampling scheme.

Z=1 Z =2 e Z =m,
Y=0 Y=1|Y=0 Y=1 Y =0 Y =1
X =1 no11 ni11 n012 ni12 | v | MOlm.  Mlm.
X =2 | non n121 n022 n122 | v | Mo2m,  Ni2m,
X =mg | Noma1  Mlmgl | MOme2  Mlme2 | *°° | MOmems  Mmems
nop.1 nia no.2 ni.2 e nNo-m,, N1m, n..

The aim is to estimate the confounder-adjusted association between disease and expo-

sure. We assume a linear logistic disease model of the form

log (1 ﬁx; ) =Wpg, (2.1)

where p,., = pr(Y = 1|X = z,Z = z,03) is the probability of disease in exposure group z
and confounder stratum z. Depending on the context, the design matrix W may contain
terms for both main effects and interactions. Let p denote the dimension of 3. To re-iterate,

the goal is to efficiently estimate the parameter vector 3.



2.2 Two-Phase Studies

Two-phase studies were introduced by Neyman (1938), who described estimation methods
for what he termed “double sampling”. The development of two-phase studies within the
context of epidemiology (where the binary outcome represents disease status) began with
the papers of Walker (1982) and White (1982). White proposes a two-stage approach in
studies of the relationship between a rare disease and a rare exposure in an effort to gain
efficiency of odds ratio estimation over the standard case-control scheme. For binary Y and

X, and discrete Z, Z =1,...,m,, let

pr(yY=1/X=1,Z=2)pr
Y. = pPr(Y=0|X=1,Z=z2)pT

pPr(Z=z|Y=1,X=1)pr
—  pr(Z=z[y=0,X=1)pr

Y=0|X=0,Z=2
Y=1]X=0,2=2
Z=2|Y=0,X=0
Z=2[Y=1,X=0

pr(¥y=1,X=1)pr(¥Y=0,X=0)
pPr(y=0,x=1)pr(y=1,X=0)’

,\,\,\,\
N’ NN N9

denote the odds ratio relating disease and exposure for confounder level z. White shows

that a consistent estimate of v, is

~ (n112/m11.) (1002 /m00.) N11. Noo.
“ " (no1z/n01.)(n102/110.) No1. N1o.

Since the paper of White (1982), the methodology has become more advanced with
weighted likelihood (Flanders and Greenland, 1991; Reilly and Pepe, 1995; Whittemore,
1997), pseudo-likelihood (Breslow and Cain, 1988; Scott and Wild, 1991; Schill, Jockel,
Drescher, and Timm, 1993) and non-parametric maximum likelihood (Breslow and Hol-
ubkov, 1997a,b; Scott and Wild, 1997) approaches being suggested.

The phase I data are available through one of two sampling mechanisms: either case-
control or simple random sampling. In the case-control sampling at phase I scheme, Nj..
cases and Ny.. controls are sampled independently, and the individuals are then classified
with respect to the strata of confounder variables. As detailed in Holubkov (1995), the
complete likelihood for the data from a two-stage sampling scheme has two components:
one from the phase I sample, the other from the phase II sample. At phase I, the ran-
dom quantities are INY?, the response-confounder margin, whereas at phase II the random
quantities are nY”, the phase II sample sizes, and nY**, the phase II observations. For a

given disease status, INY* is Multinomial(N,.., {pr(Z = z|Y = y)}). Hence, the phase I



component of the likelihood is proportional to

1 m.
H H pr(Z = 2|Y = y)Nv=,

y=02z=1
Similarly, the phase II component of the likelihood is given by

m; Mg

1
I I pr(x =212 = 2, = y)me==.

y=02z=1z=1
Assuming the sampling of the phase II individuals does not depend on the parameters

in the model or on the unobserved NY**, the complete likelihood is given by

1 1 m,
H pr(NYZ nY*|NY") H H pr(Z = 2|V = gy)Nv=
y=0 y=0z2=1

mz Mg

1
X H H H pr(X =z|Z =2Y =y)"™==|. (2.2)

y=0z2=1z=1

To determine the form of the likelihood under the logistic model, the likelihood is pa-
rameterized in a particular way. Consider a sampling scheme where individuals are sampled
from the population, with cases being sampled with probability Nj../N... and controls with
probability Ng../N... Let pr! denote probabilities under this first-stage sampling scheme.
Then, we define pr'(Z = 2,Y = y) as the joint disease-confounder distribution conditional

on a subject being sampled at phase I according to the sampling scheme just described:

N,.
pr'(Z=2Y=y) = ~ pr(Z =2V =y),

1
N,,..
=Q. = ) ez =2Y =y),
y=0
where @), is the marginal distribution of Z conditional on having been sampled at phase I,
and where pr denotes probabilities under sampling from the population. Note that pr'(Z =
2|Y =y) = pr(Z = z|Y = 1). Using Bayes theorem, we find

1 1 N...

pr(Z=2Y =y) = pr (Y =ylZ=2)pr (Z=2)7—

Y-
(2.3)
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To formulate pr! in terms of the logistic model, we use (2.3) to obtain

1

pri (Y =11Z = z) Nj. pr(Z =z|Y =1)
1 = 1 — 1
°8 (prl(Y =01Z ==z) °8 No.. +log pr(Z =z|Y =0)
so that
N
. 1 1
logit (pr'(Y =1|Z =2)) = logN—O”+6z,

where §, = log(pr(Z = z|Y = 1)/pr(Z = z|Y = 0)). That is, J, represents the log-odds
ratio of disease comparing levels of Z in the population.

Analogously, for phase II we define the stratum-specific marginal distribution for X
assuming a sampling scheme where cases and controls are sampled within stratum z with
probabilities ny../n.., and ng.,/n..,, respectively. Letting pr? denote probabilities under this
second-stage sampling scheme, this is given as

1

prQ(X:x]Z:z) = Z

y=0

3

Por(X =z|Y =y, Z = 2),
Ny

where pr?(X = x|Z = z) is denoted by q.(x) and pr}(X = z|Y = y,Z = 2) = pr(X =

z|Y =y, Z = z). Using Bayes theorem, we have

pr(X=z|Y =y, Z=2) = pr’(Y=y|X =2,Z =2)pr*(X =z|Z = 2) nz
Ty.z
n..
= pya:(z)(h(x) = (2.4)
Ty.z

To formulate pr? in terms of the logistic model, we use (2.4) to obtain

2

pre(Y =1X =2,Z=2) n..

1 =1 1
°8 (prQ(Y =0X=2,Z=2) °8 +log

so that

logit (pr2(Y =yl X =2,7= z)) _n

where v = 5y — log(pr(Y = 1)/pr(Y = 0)).
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Substituting (2.3) and (2.4) into (2.2), the complete likelihood is proportional to

1
L(B,6,7,Qzq:() = []P(NY* n"|NY")
y=0

1 m, mg

1 m,
x H H(py(z)Qz)Ny'z X H H H(pym(z)Qz(xyzz))nyzz

y=02=1 y=0z=1z=1

- L1(57 Qz) X L2(677a/87QZ(‘))7 (2'5)

where = {01,...,0n,.}. The parameters 9, v, 8, {Q.}, and {g.(x)} are restricted by the
fact that (2.3) and (2.4) are probability densities for y = 0,1 and z = 1,...,m,. These

constraints are referred to as the phase I and phase II constraints and can be written as

Ny = E py(Z)Qz, y=0,1
z=1
n M
z
Y2 = § pyz(x)q,z(x)a y=0,1,z=1, , My
" =1

Breslow and Holubkov (1997a) solve the constrained maximum likelihood estimation prob-
lem using a system of Lagrangian equations. Before we discuss the Lagrangian equations,
we present two simpler approaches.

The simpler of the two approaches is the weighted likelihood approach proposed by
Flanders and Greenland (1991) that has its origins in sampling theory. In this approach, the
logistic regression model (2.1) is fit to the phase II data using the inverse sampling fractions
as prior weights, where the sampling fractions are given by n,../N,.., thereby adjusting for
the outcome-dependent sampling scheme. This is equivalent to solving a weighted score
equation. The resulting estimate has been referred to as the Horvitz-Thompson estimate
(Breslow and Chatterjee, 1999). Note that this method ignores the phase I data except to
provide a weighting scheme for the analysis of the phase II data, and both sets of constraints
are ignored. A more general estimating equation technique was introduced by Reilly and
Pepe (1995) but results in the same estimating equation as Flanders and Greenland (1991)
in the two-phase setting.

The second approach is the pseudo-likelihood approach in which the nuisance parameters

Q. and q,(z),z=1,...,my,z=1,...,m,, of the two-phase likelihood are ignored, and the
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resulting simplified likelihood is maximized. This likelihood is referred to as the pseudo-

likelihood (Besag, 1975):

1
2.8 = (ITIIn" | % ( ITIT I meter

Breslow and Cain (1988) extend the results of White (1982) to incorporate continuous
exposure and confounder variables and use conditional maximum likelihood under a logistic
disease model to obtain parameter estimates. They maximize the phase I component of the
pseudo-likelihood, Lj(d), with respect to §. The resulting estimates, 3, are plugged in to
the phase II component of the pseudo-likelihood, L%(d,~,3), which is then maximized to
find estimates for (,3). Using the results of Hsieh, Manski, and McFadden (1985), they
derive the asymptotic properties of their estimates. Schill et al. (1993) use the same model
as Breslow and Cain (1988), but obtain a slightly different estimator. Their estimate is
obtained by maximizing the pseudo-likelihood jointly with respect to all parameters. In
general, the estimates obtained from either method are not maximum likelihood, as the
phase II constraints are not satisfied. However, if stratum-specific intercepts are included in
the underlying disease model, then both methods yield the same results, and in fact, these
estimates are maximum likelihood since the phase II constraints are satisfied in this case.
The non-parametric maximum likelihood approach offers a solution to the complete two-
phase likelihood (2.5) under the phase I and phase II constraints. Following the notation of
Breslow and Holubkov (1997a), let 8 = (3,8, Q, ¢) and let h” = (hqo, ko1, h10, - - -, hm.0; him.1)

denote the vector of constraints, where
mz
hoy = Ny.—N.> py(2)Q. =0 y=0,1
z=1

My
hay = ny.z—n..ZZpyz(af)qz(ac):O y=0,1;2=1,...,m,.
=1

Let H denote the corresponding matrix of partial derivatives 85%:, and define

AT = (Ao, Aot, A10s - - - Adm.1) to be a vector of Lagrange multipliers, where A represents
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the phase I constraints. The system of equations

810g(L(67 67’77 Q27 qz()))
00

+HN = 0

h =0

involves the p + m,(m, + 4) + 3 original variables 3,4d,v,Q.,q.(:), A, A, and is solved for ¢
and A. Equivalently, a more complex set of equations involving only p + m, + 1 variables
may be solved. These concentrated Lagrangian equations are given by

U1(8,7,6) = ZZ(n— (2 = T2)no 210:p12() )))xkzo,

nQ.zN1.2 — Tz(n0~z - n~-zp(]z(x

Us.(B,7,0) = T.— V- < (n12 — T2)no-zn-2:p12(2)

n — =0, z=1,--+,mg,
p— vz no.zN1.2 — T, (nO-z — N..2P0z (.CC))) ?
where T, = Ny., — N..,p1(z), which can be further simplified into a single estimating equa-
tion:
m m,
A nl-z - Tz)n0~zn-kzplz(k) ~
U(B,~,9) T.Tx0 + (nlk T =0,
Z ‘ Z Z ? no.zN1.2 — Tz (nO-z - npoz(k)) ‘

z=1k=1

where 77 k= (xk, el) for e, the m,-dimensional vector with 1 in the zth location and 0
elsewhere, and 7, 20 = (0,e 7). There are several iterative algorithms that have been proposed
to obtain the corresponding maximum likelihood estimates. One straightforward algorithm
involves setting

0, = log (anNOZ> (2.6)

nO-le-z

as the starting value for J,, and using these as stratum-specific offsets to fit a logistic
regression to the phase II data. This corresponds precisely to the Breslow and Cain pseudo-
likelihood estimator. Hence, by choosing (2.6) as the starting values for §, we are choosing
the Breslow and Cain pseudo-likelihood estimator as the starting value for 3. Let F, denote
the sum of the fitted values in the zth stratum from the resulting logistic fit. Then, J, is

recalculated using

F No. +ny., — F,
5, =log| —=— ) +1o ( = > )
2708 (n - F) S I ——
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The logistic regression of the phase II data is re-fit using these new values of J, as offsets
to obtain the updated 3 vector. This process is iterated until sufficient convergence of the
estimated (3 has been achieved (Breslow and Chatterjee, 1999).

In the case of simple random sampling at phase I, V.., individuals are sampled indepen-
dently from each stratum z and are classified with respect to outcome. Under this sampling
scheme, for a given stratum, NY” is Multinomial(N..., {pr(Y = y|Z = 2)}). Hence, the

complete likelihood is given by

1

m, 1
[TorN¥2 024N o ([T ] pr(y =ylZ = 2)"
y=0 z=1y=0

mz Mg

1
X H H H pr(X =z|Z =2 Y =y)"== |, (2.7)

y=0z=1z=1
as shown in Scott and Wild (1991).
To determine the form of the likelihood under the logistic model, reparametrization is
only required at phase II. Now, letting 67 = log(pr(Y = 1|Z = 2)/pr(Y = 0|Z = z)) and

logit(pj;(2)) = 0%, the complete likelihood is proportional to

1 m, 1 m, mg
L(B.0.7.Qxa-() = [ [TTT @5)™ | > TT I TT @y (2)gs(x)) =
y=02=1 y=0z2=1z=1
= Ll((s*) X LQ(a*vvaﬁqu('))ﬂ (28)

where py.(2) and ¢.(x) are defined as before. Despite the redefined 6, and py(z), the
preceding methodology still applies. Estimates 3; and B* are related to the parameter

estimates ¢, and B assuming case-control sampling via

- ~ Nj.. pr(Y =1)
3 = 5, —log " +1
2 BN TR Ly =0)
~ ~ Nj.. pr(Y =1)
= Bo—1 1
o = Po—log g tlos =y

and B; = AZ?*, i =1,...,p — 1 (Breslow and Chatterjee, 1999). Scott and Wild (1991)
considered simple random sampling at phase I and showed analogous results to those of
Schill et al. (1993) for the pseudo-likelihood approach, while the results of Scott and Wild
(1997) in the case of simple random sampling at phase I are equivalent to those of Breslow

and Holubkov (1997a,b) for the non-parametric maximum likelihood approach .
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2.3 Bayesian Outcome-Dependent Methods

The difficulty with deriving the likelihood for case-control studies is that the random vari-
ables are the exposure variables, X, rather than the outcome variable, Y. In many ap-
plications, the vector of exposure variables will be high-dimensional and may consist of
continuous, discrete or a mixture of continuous and discrete variables. As such, specifying
the joint distribution of exposures given the outcome is difficult (Ghosh, Song, Forster, Mi-
tra, and Mukherjee, 2012). However, this is not such a problem in frequentist analyses since
Prentice and Pyke (1979) proved that the same asymptotic inference is obtained whether
the retrospective (p(X1Y)) or prospective (p(Y'| X)) model is fit. In particular, they showed
that the likelihoods arising from the prospective and retrospective models are identical for
the odds ratios, provided that the underlying distribution of the covariates is unrestricted
(Staicu, 2010; Prentice and Pyke, 1979). The intercept parameter is affected by the repa-
rameterization from the retrospective to the prospective model, however. The intercept is
aliased with a term involving the disease prevalences in the population, which are generally
not known. Hence, applying the prospective model to case-control data generally yields

incorrect estimation (and inference) with respect to the intercept term.

The Bayesian analyses of outcome-dependent data that have previously been proposed
tend to be rather complicated since they involve the use of the retrospective likelihood.
The retrospective likelihood typically involves many nuisance parameters and involves fit-
ting the models using Markov chain Monte Carlo methods, which requires problem-specific
algorithms and computer code (Seaman and Richardson, 2004). Zelen and Parker (1986),
Nurminen and Mutanen (1987), Marshall (1988), and Ashby, Hutton, and McGee (1993)
examined the single binary exposure case. Miiller and Roeder (1997) and Miiller, Parmi-
giani, Schildkraut, and Tardella (1999) consider case-control studies with errors in variables,
allowing for any number of continuous exposure variables. Seaman and Richardson (2001)
generalize the single binary exposure variable method to deal with any number of categori-
cal or discretized continuous exposure variables. Further, the authors adapted the methods
of Miiller and Roeder (1997) to the categorical variables scenario, and showed that it is

equivalent to the approach of Zelen and Parker (1986).
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Seaman and Richardson (2004) showed that the Bayesian analysis of case-control studies
may be performed using the prospective likelihood, as in classical frequentist analysis, by
proving the equivalence of the two posterior distributions assuming specific prior distribu-
tions. Let Y;; denote the number of individuals with disease status 4,7 = 0,1 and exposure
X =zj,j7=1,...,J. Interest lies in estimating the log odds ratio of disease, where this vec-
tor of unknown parameters is denoted by 6. Suppose the Y;; are independently distributed

as Yj; ~ Poi(\;;), where
log \ij = iloga + log B; + iész,

for « the baseline log odds of disease and 3;/ Zgzl Bk the probability of exposure z;. Under
independent improper priors for a and f;, p(a) o a t, p(Bj) o B;-Lj 71, an independent
proper prior for 4, p(d), and suitable regularity conditions, the posterior density of (w,d),
where w = log «v, is given by

J

H (exp(w + 87 z;))v1s
(14 exp(w + 87 z;))vs+%

p(w, 8]y) o< p(d ; (2.9)

and the posterior density of (8,6), where 6; = 3;/ Zi:l Br and @ = (0y,...,0) is given by

1(0; exp(id™ zj))¥ia
p(0,68|y) < p(d He‘lﬂ'_l H ( "5 exl;((zéT )))) ) : (2.10)

They go on to prove that the marginal posterior densities of § obtained from joint
densities (2.9) and (2.10) are the same. In the context of case-control studies, fitting the
prospective model with a uniform prior for w corresponds to (2.9), while (2.10) corresponds
to fitting the retrospective model with the prior  ~ Dir(ay,...,as). Thus, the posterior
marginal distribution for & is the same whether the prospective or retrospective model is
fit. The advantage is that the prospective model can more easily be fitted, and involves
fewer nuisance parameters than the retrospective model. These methods can also be used
for continuous exposure variables by pretending that only exposure values actually observed
may be observed (Gustafson et al., 2002; Seaman and Richardson, 2004).

Ghosh, Zhang, and Mukherjee (2006) extend the work of Seaman and Richardson (2004)

to stratified case-control studies, where some of the exposure variables could be missing
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completely at random. In particular, they prove that a Bayesian analysis of stratified case-
control data that uses the prospective likelihood and assumes a uniform prior for the log odds
that an individual with baseline exposure is diseased, is exactly equivalent to an analysis that
uses the retrospective likelihood and assumes a uniform prior distribution for the exposure
probabilities in the control group (Ghosh et al., 2006). Staicu (2010) extends the result of
posterior equivalence of retrospective and prospective models established in Seaman and
Richardson (2004) for a particular class of priors, to a more general class of priors. In
particular, a prior distribution is assumed for the retrospective model parameters, and an
induced prior on the prospective model parameters can be determined so that identical
marginal posterior densities for the log odds ratio parameter can be obtained by fitting a
prospective model as by fitting the retrospective model. Byrne and Dawid (2012) also extend
the posterior equivalence of retrospective and prospective models established in Seaman and
Richardson (2004) for a particular class of priors, to a more general class of priors and arrive
at the same general class of priors as Staicu (2010). Byrne and Dawid (2012) also describe
the extension to stratified case-control designs. Ghosh et al. (2012) extend the results of
Ghosh et al. (2006) and Seaman and Richardson (2004) to the case of multiple, possibly

ordered, disease states that accommodates general link functions (such as the probit link).
2.4 Bayesian Methods for Contingency Tables

Consider data in the form of a contingency table representing the cross-classification of N
individuals, where the cell counts in the table follow a multinomial distribution and as-
sume the cell probabilities are modeled according to a hierarchical log-linear model. We use
the term hierarchical model to denote a model such that whenever higher order effects are
included, all lower order effects are also included in the model. The Bayesian analysis of
contingency tables using log-linear models has a long history beginning with early papers
of Good (1956) and Lindley (1964), who describe the selection of prior distributions for
the log-linear parameters and cell probabilities of multinomial data, respectively. Lindley
(1964) used a Dirichlet prior distribution for multinomial probabilities and showed that
the posterior distributions of differences of log probabilities (such as the log odds ratio)

are approximately joint normal (Theorem 1 of Lindley (1964)). Good (1965) described an
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alternative (hierarchical) approach to specifying the parameters of a Dirichlet prior dis-
tribution. In particular, the approach treats the Dirichlet parameters as unknown, and
specifies a second-stage prior distribution for them. However, this hierarchical approach
does not produce a conjugate Dirichlet form for the posterior distribution (Agresti, 2010,
Section 11.2.6). An important subclass of the class of hierarchical log-linear models is the
class of discrete graphical models (Massam, Liu, and Dobra, 2009). For graphical models,
the cell probabilities can be expressed in terms of marginal and conditional probabilities.
Independent Dirichlet prior distributions can be assigned to these probabilities which in-
duce independent Dirichlet posterior distributions (Agresti and Hitchcock, 2005). Dawid
and Lauritzen (1993) describe a ‘hyper Dirichlet’ distribution that is conjugate for multi-
nomial sampling. Under this prior, the cliques of a decomposable graphical model have
marginal Dirichlet distributions (Madigan et al., 1995). The hyper Dirichlet has been used
in several studies. For example, Madigan, York, and Allard (1995) use the hyper Dirichet
prior distribution to perform a Bayesian graphical model analysis of data on spina bifida
in the United States from 1970-1973. The use of the hyper Dirichlet prior is limited to de-
composable models, however. The decomposable models have corresponding graphs which
are chordal, meaning the graph contains no cycles of length > 4 without a chord (Madigan
et al., 1995). Also in their 1995 paper, Madigan et al. used Dirichlet priors to perform a
Bayesian graphical model analysis on double sampling data of Down’s syndrome in new-
borns from Norway, where the available data consist of two binary test results and maternal
age. In particular, they perform graphical model comparison and construct posterior dis-
tributions for parameters of interest by averaging over relevant models. The full details of
the analysis are provided in York et al. (1995). Massam et al. (2009) propose a flexible
family of conjugate priors (termed the ‘Diaconis-Ylvisaker’ conjugate priors) for the class
of hierarchical log-linear models, which includes the class of discrete graphical models. The
Diaconis-Ylvisaker priors they describe are a generalization of the hyper Dirichlet prior to
nondecomposable graphical and hierarchical log-linear models.

Although the Dirichlet prior distribution for the cell probabilities of multinomial data is
a computationally convenient choice, it does not allow sufficient structure to be imposed on

the probabilities (Knuiman and Speed, 1988). An alternative approach is to specify multi-
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variate normal prior distributions for the log-linear parameters. Good (1956) used a normal
prior distribution for the interaction parameters of a two-way table to obtain smoothed es-
timates of the probabilities for cells that had small observed frequencies. Similarly, Leonard
(1975) assigned independent normal prior distributions for the individual main effect and
interaction terms to smooth estimates in sparse two-way tables, and used a uniform hy-
perprior for the means and inverse chi-squared hyperpriors for the variance parameters.
More recently, Knuiman and Speed (1988) proposed assigning structured multivariate nor-
mal prior distributions on collections of the log-linear parameters in order to incorporate
constraints on main effects and interaction parameters of the log-linear model directly into
the prior distribution. This approach was later refined by Dellaportas and Forster (1999).
King and Brooks (2001) specify a general multivariate normal prior distribution on the log-
linear parameters to induce a multivariate log-normal prior on the corresponding expected
cell counts of a contingency table.

Care should be taken when assigning priors to the log-linear parameters since the form
for the induced prior of the cell probabilities is not of convenient form and hence it is
not straightforward to determine the implications for the probabilities. This is especially
true in the case of so-called uninformative prior distributions (for example, normal prior
distributions with zero mean and large variances). Assigning uninformative priors for the
log-linear parameters can induce informative priors on the cell probabilities, where most of
the prior mass may be placed on the boundary values of 0 and 1. Evans and Jang (2011)
provide examples to illustrate this phenomenon in logistic regression models. We provide
an illustrated example in Figure 2.1. Uninformative priors can be especially problematic
when the sample size is small, and hence should not be used in sparse data situations
(Galindo-Garre et al., 2004). A common approach in contingency tables with zero counts is
to add small counts to each cell of the table and analyse the adjusted data. This procedure
is essentially equivalent to prior information being incorporated into the analysis, which
leads to a Bayesian approach. Good was among the first to consider such an approach
and describes specifying a hierarchical prior on the cell probabilities in Good (1967). The
approach assigns a Dirichlet prior to the cell probabilities and a log Cauchy hyperprior

distribution is specified for the Dirichlet parameter. Gelman, Jakulin, Pittau, and Su (2008)
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also highlight the advantages of a Bayesian approach in sparse data situations and describe
a proper, yet vague, prior distribution based on the Student-f distribution. Another prior
that can be used in the analysis of contingency table data with zero counts is a normal
distribution with moderate variances (rather than using a normal distribution with large
variance), for example, as is done by Weiss et al. (1999) in the analysis of death penalty

charging data from 1990 to 1994 for Los Angeles County.

1.5

1.0

0.5
|

0.0

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.1: Induced prior distribution on p for the logistic regression model logit(p) = 3,
where 8 ~ N(0,100).

2.5 Bayes Computation

There are several methods available for evaluating the integrals that arise in Bayesian anal-
yses. Typically, we are interested in reporting summaries of the posterior distribution such
as the posterior mean or median, or the 100 x ¢% quantile, 0 < ¢ < 1. For a posterior

distribution p(f]y), the posterior mean is given by

E(fly) = /@ 6p(0]y)do,
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while the 100 x ¢% quantile, denoted by 6(q), is the solution to

0(q)
/ p(6ly)de,

— 00

for 6 univariate. We follow the presentation in Wakefield (2012).

2.5.1 Conjugacy

In conjugate situations, the prior and the likelihood are chosen such that the posterior
distribution belongs to the same family as the prior distribution. Analytical evaluation of
the posterior is more straightforward in this case as the posterior is available in closed-form.
Likelihoods belonging to an exponential family have natural conjugate prior distributions
(Gelman et al., 2004). Let T(Y) denote a sufficient statistic of fixed dimension for a
particular likelihood p(-|@). Then, we have

p(@ly) = p(O[t) o< p(t|0)p(6).

Consider an exponential family of the form

p(yil0) = f(y:)g(0) exp(A(0) " u(y:)),

where A(0) and u(y;) generally have the same dimension as @ and (@) is the natural

parameter. Define the conjugate prior density as
p(8) = c(n,v) x g(6)" exp(A(8)"v),
for a priori specified n and v. Then, the resulting posterior distribution is given by
p(6ly) = c(n+n, v +1t) x g(6)"" exp(A(9)" (v + t(y))),
where t(y) = > ", u(y;), demonstrating conjugacy. Note that 7 can be viewed as a prior
sample size yielding a sufficient statistic v.
2.5.2  Analytical Approzimations

Analytical approximations can be used to evaluate integrals of interest, and these methods

include the use of Laplace approximations. Suppose that

[ / " exp(nh(0))d8

—00
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is the integral of interest for a scalar 8. Using a Taylor series expansion about the mode of

h(-), denoted by 6, we can rewrite I as

I = /_ exp(nz i h(k 0)>d9

oo nh®@ _
exp(nh(9)) / exp< }‘2 (9)(9—0)2) de,

Q

— 00

ignoring the higher order terms in the Taylor series, using h(l)(g) = 0 and where h(*)(6)
denotes the k-th derivative of h evaluated at 6. Letting 7 = —1/h®)(6), we have

T = exp(nh()) (27 /2)/?

as an estimate for I, which is known as the Laplace approximation. For multivariate 6 of

dimension p, the Laplace approximation is given by
I = exp(nh(0))(2r/n)"?|5|'/?,

where 6 is the mode of h and ¥ is the p X p matrix with (4, j)-th element

92h
00,00; |5

In a Bayesian context, these methods can be used to approximate the posterior expectation
of a positive function of interest. In practice, the accuracy of the approximation is unknown
since it is difficult to perform error assessment. Another difficulty of this method is the

evaluation of the derivatives of h.

2.5.8 Quadrature

Numerical integration rules exist for evaluating integrals of the form

I:/f(t)dt

using the weighted sum

f: Zwif(tz)
=1
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where the points t; and the weights w; define the integration rule. Gauss rules are optimal

rules in the sense that
> wiplt) = [wip(t)ds
i=1

for a polynomial, p(t), of degree 2m — 1. Gauss-Hermite rules correspond to the weight

function w(t) = e~* and are accurate for evaluating integrals of the form

I:/f(t)e_t2dt

provided f(t) can be well approximated by a polynomial of degree 2m — 1. For a two-

dimensional parameter 8, the integral

I:/f(O)dG://f(Hl,HQ)degdel:/f*(el)del,

for f*(61) = [ f(61,62)db2, can be approximated by

mip ma

= Z Z wiwg f (01, 625)

i=1 j=1

since

3

1
I= w; f*(614),
1

-.
Il

where f* (015) = E;njl u; f(015,62;). This is known as the Cartesian rule. In general, the
points of the rule need to be located and scaled appropriately, where p denotes the location
parameter and o denotes the scale parameter, however these are unknown in practice. An
adaptive Gauss-Hermite rule is one in which p and o are estimated followed by estimation
of I. These rules can provide accurate integration, however they suffer from the curse of
dimensionality as mP points are required for p parameters, assuming m points for each

parameter.

2.5.4 Integrated Nested Laplace Approximations

The integrated nested Laplace approximations (INLA) computational approach combines

Laplace approximations and numerical integration (Rue, Martino, and Chopin, 2009). We
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consider a model where 6; denotes parameters assigned N¢ (0, X)) priors and @9 denotes the
remainder of the parameters, where the dimension of 81 is G, the dimension of €5 is V and

) depends on elements in @5. The posterior distribution is given by

n

w(01,02y) o< 7(01]62)7(02) | [ p(vil61,62)

i=1
1 n
x 7(02) |27 exp <_201T292 + Zlogp(yiwl,eg)) . (2.11)
i=1
where interest lies in the posterior marginal distributions 7 (614ly), ¢ = 1,...,G, and
m(02]y), v = 1,...,V. Numerical integration techniques are applied to €3, while ana-

lytical approximations are used for 8; (applied to the exponent of (2.11), conditioning on

particular values of 63). We can evaluate

(bhgly) = /71'(01|02,y) x m(02]y)dOs

using the approximation

WOuly) = [ 70102 y) x F(6aly)i6:

Q

K
Zﬂ- ng‘OQ )y X 7T( gk)b’) X Ak‘v
k=1

where Laplace approximations are applied to evaluate 7(014|02,y). The mode of 7(62|y) is
obtained and the Hessian is approximated in order to produce the grid of points {Hgk), k=

1,..., K}, with associated weights Ay, used for the numerical integration.

The INLA approach provides highly accurate results with a low computational cost
providing results in seconds or minutes (Rue et al., 2009). The approach gives easy access
to posterior marginal distributions, Bayes factors, various prediction measures and DIC. One
disadvantage of this approach is that its computational cost is exponential with respect to
the number of hyperparameters. This may not be such a problem in practice, however, as

the number of hyperparameters is usually small (Rue et al., 2009).

We now address several sampling-based approaches for evaluating integrals.



2.5.5 Importance Sampling Monte Carlo

Suppose we want to evaluate the integral

g / £(6)do.

We can trivially rewrite I to achieve an approximately constant function,

- | ;Ez;g(ﬁ)dﬁ —F, <£Ez§> ,

which we can estimate using

where 0®) ~,;, g(+), and

~

Vm(Iy —I) =4 N(0,var(f/g)),

for var(f/g) = E((f/g)?)—I?, which can be estimated by var(f/g) = £ >1", (
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-7

m*

This approach provides both an estimate of I and a measure of uncertainty, which allows us

to construct confidence intervals. The choice of g(-) should be such that it closely mimics

f, so that the Monte Carlo estimator has low variance.

Finding a suitable function g(-) is critical to efficient use of importance sampling. In

particular, when the support of # is infinite, ¢ must dominate in the tails, otherwise the

variance will be infinite (resulting in an estimate which will not be useful in practice). In

addition, g(-) should be computationally inexpensive to sample from.

2.5.6  Direct Sampling using the Rejection Algorithm

Suppose we want to sample from

 rw
1) = Ty

and we have a proposal distribution g(-) such that

AL
M= xp g(x)

< o0

The rejection algorithm
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1. Generate U ~ U(0,1) and, independently, X ~ g(-).

2. Accept X if

otherwise return to 1,

produces accepted points with distribution f(x). They have acceptance probability

J f*(@)dx
Pa = -
M
This algorithm is easily implemented to sample from the posterior distribution, however
a proper prior distribution is required. The efficiency of the algorithm depends on the
correspondence between the likelihood and the prior distribution. As the likelihood becomes
increasingly concentrated, prior points are less likely to be accepted and so the algorithm

will become less efficient.

2.5.7 Markov Chain Monte Carlo

The goal of Markov Chain Monte Carlo (MCMC) is to create a Markov chain over the
parameter space, where the stationary distribution corresponds to the posterior distribution
of interest. For a 2-dimensional parameter vector (61, 62), suppose we are interested in the

following posterior distribution:
p(bh,02]y) o< £(61,62) x (61, 62).

The Gibbs sampler proceeds as follows. Since direct sampling from the posterior may be
difficult, the conditional distributions p(61|02,y) and p(62|01,y) are used for sampling. For
(Hgt), Gét)) the current point at iteration ¢, Gibbs sampling proceeds by alternately generating

from the distributions

o~ p(6116Y )

05~ (0216 y),
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which produces the sample (950), 950)), (9%1), 951)), A (9@, Hét)), .... While this algorithm is
not sampling directly from the posterior, the limiting stationary distribution is the posterior
distribution. The generated points can therefore be used to calculate quantities of interest.
This method is easily applied to a more general @ = (61,...,0;). In this case, the Gibbs

sampling algorithm is given by
o)~ po,16s",...,6" y)
00~ po6 0, ... 60 y)
0"~ p(6eltY, ... 0" y),

where 0,7 = 1,...,k, may be univariate or multivariate.
A more general approach is the Metropolis-Hastings algorithm (Tierney, 1994). Let o)
denote the current point at iteration ¢. To generate the new point, G(tﬂ), the Metropolis-

Hastings algorithm proceeds as follows:

e Sample a proposal value, * from a proposal distribution, g(-|@®).

e Calculate the acceptance probability,

s
p(@D]y) "~ g(6*10W)

e Set

g(t+1) 0"  with probability min(r,1)

01 otherwise.

If the proposal distribution is symmetric in the sense that g(6*|0®) = ¢(6®)|6*), then the
acceptance probability, r, simplifies to
_ p(07y)
p(6V]y)
An initial number of iterations may be removed as “burn-in”, and inference can be based

on the remaining samples, say 81, ..., 8™ Expectations of functions ¢(0), u = E(g(8)),
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with respect to the posterior distribution can be approximated using fi,, = % Yo g(B(t),
and an associated 95% credible interval can be obtained by using the 2.5% and 97.5%
quantiles of g(O(t)). It is important to ensure that the chain has converged to its limiting
stationary distribution and that m is sufficiently large (depends on the dependence in the
chain) in order to obtain reliable Monte Carlo estimates.

Auxiliary data methods for computing posteriors were introduced in an early paper by
Tanner and Wong (1987). Using auxiliary data z, the posterior distribution for a parameter

of interest 8 can be written as

p(Bly) = /p B, zly)dz
/

p(Blz,y)p(z|y)dz=.

The idea is to introduce augmented ‘data’ such that it is more straightforward to sample
from p(B|z,y) than from p(S|y). Ideally, one would be able to sample from p(S|z, y) directly.
A Gibbs sampler can easily be extended to include an extra full conditional for z (Damien,
Wakefield, and Walker, 1999). Auxiliary data methods can also easily be incorporated into
an MCMC algorithm by including a Gibbs or Metropolis-Hastings step for sampling the
auxiliary variables z to the Gibbs or Metropolis-Hastings step for sampling the parameters
B (Besag and Green, 1993).

We can instead view the introduction of auxiliary variables as a missing data problem.
We present one approach based on count data. Suppose we wish to sample from within
an I x J contingency table, conditioning on known row and column totals. It is possible
to sample directly from the full conditional distribution, which requires enumerating all
possible tables with the given row and column totals. However, this can be computationally
expensive as the summation will generally be over a vast space. Instead, we can use the
MCMC approach proposed by Diaconis and Sturmfels (1998). For an I x J table, we
randomly select a pair of rows and a pair of columns, and the table is modified in the four
intersecting cells. Following the notation of Wakefield, Haneuse, Dobra, and Teeple (2011),
let n = (n11,n12,n21,n22) denote the entries in the resulting 2 x 2 table with known row

totals, (n;.)1<i<2, and column totals, (n.;)1<j<2, and let S denote the set of tables with the
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same row and column totals,
!/ / / !/ / /
S ={n' = (njjh<ij<2 1 1. = n1,nh. = ng,nly = na,nly = nat.

Consider all possible pairwise differences of tables in S, denoted by M = {n’ —n" : n/,n” €
S}, where the elements of M are called moves. We want to define moves so that all tables
in S can be visited. Any two tables, n’ and n”, in S can be connected through the move
n” —n' € M. However, not all moves in M are required to connect any two tables in S.
By removing moves from M such that the remaining moves still connect S, we obtain a
Markov basis. A Markov basis for S allows construction of a Markov chain to move around
S.

Diaconis and Sturmfels (1998) prove that a Markov basis associated with an I x J
contingency table is the simplest Markov basis, that is, one containing two entries equal to
one, two entries equal to minus one and the remaining entries equal to zero. For a 2 x 2
table, let g = (1,—1,—1,1). Then, M = {g, —¢g} is a Markov basis for S.

Let n/ denote the current table. A Markov chain proceeds by drawing a move ¢’ from
the uniform distribution on M and the proposed table is n* = n’ + ¢’. If n* contains

negative entries, we stay at the current table, n/. If not, then n* € S and we accept n* with

(5

This method provides reliable results in a reasonable amount of time. The Markov basis

probability

method analysis takes a fraction of the time to run compared to the full enumeration method
(as found in Wakefield et al. (2011) as well as for the examples considered in this thesis).
The difference in speed of the algorithms is especially apparent for large row and column

totals, since the full enumeration method requires summation over a vast space.

2.6 Bayesian Spatial Data Methods

Suppose we wish to study the risk of health outcomes in a particular study region consisting

of n non-overlapping areas. Let p; denote the risk in area ¢, ¢ = 1,...,n. For Y; the number
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of cases in area 7, we can use the model

where NN; is the number of individuals at risk in area ¢. The maximum likelihood estimates
for the area-specific risks, p; = Y;/N;, can be highly unstable in the case of sparse data
(Elliott et al., 2000, Section 7.2). Hence, global and/or local smoothing of the risks can be
used to achieve more reliable estimates using hierarchical models. The smoothing can be
carried out by incorporating spatial and non-spatial random effects in models that specify
how we believe the p; vary across the study region. However, we begin by describing models

that do not use spatial information.

2.6.1 Non-spatial Models

We begin by describing the Beta-Binomial model, which is given by

Yilpi ~ina  Bin (N;, pi)

pile, B ~iia  Beta(o, B), 1=1,...,n.

The marginal distribution of Y;|a, 8 is Beta-Binomial with mean and variance given by

N;
EVile, g = =
- N,
Var(Yﬂa,ﬂ) _ Nzaﬂ(oH-ﬂ—i-Nz)

(a+B)2(a+B+1)

N;
= Nl -p) (aa—:—ﬂﬂ—:-l )

ie. overdispersion of the data relative to a pure Binomial distribution (Williams, 1975).
To fit the model, we may use a fully Bayesian approach, where prior distributions must be
specified on all parameters. Alternatively, an empirical Bayes approach can be used where
estimates & and B are first obtained (through maximum likelihood estimation, for example)
and inference is then based on the posterior mean resulting from the plug-in prior p;|@, 3 .

~

The posterior mean is then given by a weighted combination of the prior mean, a/(a + f3),
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and the sample mean, Y;/N;:

~

. Y+«
Ni+a+8

i _
Wi X ~5 4 (1 — w;) X <AO‘A),
N; a-+p

where w; = Nﬁngrﬁ (Wakefield, 2007). Unfortunately, this approach cannot be easily ex-

tended to incorporate spatial dependence.

We may also specify a Binomial logistic-normal model, which is given by

Yilpi ~ina  Bin (N;,ps)

log< Pi > = 27B+V (2.12)
L —p;

Viloy  ~ia N(0,07),
where x; is a vector of area-level covariates, 3 = (fo, f1, - .., ) is a vector of fixed effects,
and V;,i =1,...,n, are area-specific random effects that capture the residual log-odds ratios

in area ¢ and do not display a spatial pattern. One benefit of using a Binomial logistic-
normal model is that (2.12) naturally extends to allow for the addition of spatially structured
random effects (Elliott et al., 2000, Section 7.2;Wakefield, 2007). Empirical Bayes is not a
convenient approach for this model (Wakefield, 2007). Hence, to fit this model, we use a

fully Bayesian approach and specify prior distributions on all parameters.

2.6.2 Prior Choices for Non-Spatial Models

We need to specify prior distributions for 3 and o2. An improper prior, 7(3) o 1, is often
used, however this can result in an improper posterior distribution. An ‘uninformative
prior’, which corresponds to placing a normal distribution with mean zero and large variance
to each B;,7 = 0,...,J, can also be used. More informative prior distributions will be
beneficial in situations where there are many covariates, or when there is high dependence
among the elements of x (Wakefield, 2007). In such cases, we can assign lognormal prior
distributions to exp(/3;). The lognormal distribution is a convenient choice as two quantiles

of the distribution can be specified and we can use the following relationships to solve for
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w and o, the two parameters of the lognormal distribution:

log(61) (“) — log(62) (Zq)
R — Rqu Rgx — Rqu
log(61) — log(602)

g1~ g2

=
I

(2.13)

where 6; and 0, are the ¢; and ¢o quantiles of the lognormal distribution, respectively, and
24 is the gth quantile of a standard normal distribution (Wakefield, 2007).

We focus on assigning priors to the precision variable 7, = o, 2 for conjugacy reasons.
A Gamma(a, b) distribution is a convenient choice as it yields the marginal distribution
for V; in closed form. (An equivalent prior for o2 is the inverse Gamma distribution.).
In particular, with this choice of prior, the marginal distribution of Vj is t2,(0,b/a), the
Student’s t-distribution with 2a degrees of freedom, location zero, and scale b/a. As outlined
in Wakefield (2007), a and b can be determined by specifying the degrees of freedom, d, and
the range, exp(+£R), within which the residual relative risks lie with probability ¢ and then

using the relationship
d
j:tq/Q\/b/ ==4R,

where tgl is the gth quantile of a Student’s t-distribution with d degrees of freedom. From

this, we obtain

a = d/2
y _ (2.14)
o2t )%

As noted in Wakefield (2007), the prior distribution that is chosen must allow all rea-
sonable levels of variability in the residual relative risks, and particularly, must not exclude
small values. The prior distributions 7, ~ Gamma(1,0.0260) and 7, ~ Gamma(0.5, 0.0005)
will often be suitable in a disease mapping context, though priors should be considered on
a case-by-case basis. The Gamma(1,0.0260) distribution, for example, arises by assuming
a priori the residual log-relative risks follow a Student’s t-distribution with 2 degrees of
freedom, where 95% of these risks fall in the interval (0.5, 2.0). Using this prior, we obtain
a 0.01 quantile of 0.075 for o,, while we obtain a 0.01 quantile of 0.012 for o, using a
Gamma(0.5,0.0005) prior distribution on 7,. The Gamma(0.001,0.001) prior distribution
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that had previously been suggested, however, results in a 0.01 quantile of 6.42 for o, and,
hence, should be avoided (Kelsall and Wakefield, 1999).
2.6.8 Spatial Models
Consider the model
Yilpi ~ima Bin(N;,p;)

log< b ) = zB+9(Suv)+Ui+V; (2.15)

Vilo2 ~ia N(0,02),

where x; is a vector of area-level covariates, 3 = (81,...,07) is a vector of fixed effects,
Si = (Si1, Si2) denotes spatial location (centroid of area i), g(S;,7y) is a regression model
that may be included to capture large-scale spatial trend, V; denote non-spatial random
effects and U; denote spatially structured area-specific random effects. The goal is to model
U = (Uy,...,U,) allowing for dependence between U; and U; for i # j. Since we expect
areas that are close together to have more similar residual odds, or log odds, of disease
than those that are not close, we want our model to exploit this information to obtain more
reliable relative risk estimates in each area. One approach would be to specify the joint
distribution of U. Alternatively, we may specify the univariate conditional distributions
UilUj,j #i,i=1,...,n (Elliott et al., 2000, Section 7.2;Wakefield, 2007).

Let U ~ N,(0,,02%) where X is an n x n positive definite symmetric matrix. Let

Q = X7'. Then,
Ui’Uj :Uj,j #iNN ZWZ']'U]',O'ZDZ'Z' y (2.16)
j=1

where Wy; = 0, Wi; = —Qi;/Qii, (i # j) and Dy = Qi_il (Besag and Kooperberg, 1995;
Elliott et al., 2000, Section 7.2). Since Q is symmetric, we have that

Hence, in the specification of the joint distribution of U, we either need to directly specify

the elements of the covariance matrix X, or we need to specify the weights W;; and D;; in
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(2.16) in the conditional approach. Let D be an n x n diagonal matrix with elements D;;
and W a matrix of weights with elements W;;,4,7 = 1,...,n. Then, we can relate the joint

and conditional approaches using @ = D~1(I — W) (Elliott et al., 2000, Section 7.2).

Conditional Models

A common model to assign to the spatial random effects is the intrinsic conditional autore-
gressive (ICAR) distribution considered by Besag, York, and Mollié (1991). This model
specifies a distribution for U; conditional on knowing the spatial effects for its neighbouring
areas, Uj:

w2

”{) : (2.17)

Ui‘Uj,j S (51' ~ N <UZ‘,
(]

where §; is the set of neighbours of area i, m; is the number of neighbours of area i, U;

is the mean of the spatial effects of the neighbours, and w? is the conditional variance

1 and

which determines the amount of spatial variation. In this model, we have D;; = m,
Wi; = ml-_1 for neighbouring areas and W;; = 0 otherwise. Under this specification, Q is
singular as each row sums to 0, meaning ) has rank n — 1. This model is a limiting form
of (2.16).

The joint specification for U corresponding to (2.17) is given by:

p(U|r,) Tlg"_l)ﬂexp <7%UTKU)

—1)/2 T 2
= T”L(Ln )/ exp *%Z(Ui*Uj) , (2,18)
invj
where 7, = w;2, i ~ j denotes all pairs of neighbouring areas i and j, and K is an

n X n matrix representing the neighbourhood structure of the areas in which the (4, 7)th off-
diagonal element is -1 if areas ¢ and j are neighbours and 0 otherwise, and the ith diagonal
element is m; (Besag et al., 1991). This prior distribution is improper as the rank of @ is
n—1. In addition, the “density” only contains differences of U; and so if the same constant is
added to each U;, the exact same density is obtained. Hence, the overall level of the model is
unspecified (Knorr-Held and Rue, 2002). Since the U; are not centered, if an intercept term

is included in (2.15), we must impose an additional constraint on (2.18) for identifiability.
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We can do so by placing an improper flat prior on the intercept and imposing a sum-to-zero
constraint on U by centering the U; about their mean (Besag and Kooperberg, 1995).

With this conditional model, a rule for determining neighbours must be specified and
there are many possible definitions that could be used. One possibility is defining neighbours
based on contiguity, meaning that we define two areas as neighbours if they share a common
border. This definition has been used by several authors such as Besag et al. (1991),
Clayton and Kaldor (1987), Richardson et al. (1995), Bernardinelli et al. (1997), and Waller
et al. (1996). This is a reasonable definition to use if all the areas are of similar size and
arranged in a regular pattern, however it is less appealing otherwise (Elliott et al., 2000,
Section 7.2;Wakefield, 2007). Another possibility is to allow the neighbourhood structure
to depend on the distance between area centroids. Using this definition, some others have
suggested that the distance within which areas are considered neighbours can be determined
using an exploratory analysis (Cressie and Chan, 1989).

Rather than defining K using a neighbourhood scheme, we can use distance-based
weights with weights decreasing with increasing distances between area centroids (Elliott
et al., 2000, Section 7.2). For example, Best et al. (1999) use distance-based weights defined
as wij = wj; = exp(—d;;j/0), where d;; is the distance between the geographic centroids of
areas 7 and j, and J is a constant chosen to achieve particular weights for areas a given
distance apart. In their example, Best et al. (1999) use 6 = 33 to give a relative weight of
1% (w;; = 0.01) for area centroids that lie 152 km apart, which corresponds to the mean
distance between area centroids for their study region.

An alternative choice for modeling the conditional distribution of U; is the Laplace

distribution:

Ui‘Uj,jE(siO(TueXp _TuZ‘Ui_Uj‘ ,
JES;
where ¢§; is the set of neighbors of area i (Besag et al., 1991; Best et al., 1999). This
distribution is centered at the median of the spatial effects of the neighbours of area 7,
rather than the mean as in (2.17). As discussed in Besag et al. (1991), this distribution may

be a more appropriate choice when we expect discontinuities in disease rates between areas
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(perhaps due to differing environmental policies, land-use boundaries, or physical features

such as lakes or mountains (Best et al., 1999)).

Joint Models

We use a multivariate Normal distribution to model the joint distribution of U
U ~ N(0,,02%), (2.19)

where 0,, denotes a vector of zeros of length n and X is an n x n positive definite correlation
matrix with off-diagonal elements, ¥;;, describing the correlation between U; and Uj.

There are several structured forms for 3 that may be assumed. One common choice is
to assume that the dependence is a function of the distance between area centroids. Letting
d;j represent the distance between area centroids i and j, ¥;; = f(dij, ¢), where ¢ > 0
determines the extent of the correlation (Elliott et al., 2000, Section 7.2). One possible
choice for f(di;, @) is

f(dij, ¢) = exp(—¢dij).

Note that this model assumes the correlation is the same in all spatial directions. A more

general choice for f(d;j,¢) is the powered exponential family:
f(dij, ) = exp (— (¢di;)")

where k € (0,2]. There are some theoretical difficulties associated with using this family,
such as a nearly singular covariance matrix when x = 2, and abrupt changes in continuity
properties (see comments by Handcock, Kent, Stein and Webster to the discussion of Diggle
et al. (1998)). As suggested in the discussion of Diggle et al. (1998) and Handock and Stein
(1993), the Matérn class may be a more preferable choice of family since a broader range of
continuity behavior can be obtained (Matérn, 1986). Using this family, we have
f(dij, ¢) = %_11% (¢'di)" B (¢'dyj) ,
where ¢/ = 2¢y/k and B = (+) is the modified Bessel function of order k.

By including a non-spatial random effect along with the ICAR spatial random effect in

(2.15), we can determine the strength of the spatial dependence by examining the relative
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contributions of U; and V; to the posterior distribution (Besag et al., 1991). If the majority
of the variability was non-spatial and we failed to include a non-spatial random effect,
we may erroneously conclude that spatial dependence was present (Leroux et al., 1999;
Wakefield, 2007). Hence, it is strongly recommended that a non-spatial random effects
term be included along with the spatial random effect in (2.15) when modeling the U; using
an ICAR model. It is not necessary to include a separate non-spatial random effect term
when using the joint model (2.19), however, since the strength of spatial dependence is

captured by ¢, where ¢ — 0 implies no spatial dependence.

2.6.4 Prior Choices for Spatial Models

2

It is important to note that w;

is a conditional variance whose magnitude determines the
amount of spatial variation (Wakefield, 2007). The variance parameters o2 and w2 are not
directly comparable as they are on different scales. The amount of spatial variation can
be estimated using the empirical variance, var(U;), however. Because of the conditional

interpretation of w2, care must be taken when a specifying prior distribution.

We may specify a Gamma(a, b) prior distribution for 7, = w2, as described in Section
2.6.2 (Elliott et al., 2000, Section 7.2). However, different candidate prior distributions
should be examined using simulations to evaluate whether the realizations conform to our
prior expectations. That is, realizations from the candidate prior distributions must exhibit
the required amount of smoothing (Fong, Rue, and Wakefield, 2010). Since (2.18) is not
a proper density, we cannot directly simulate from this prior. However, as described in
Fong et al. (2010), samples can easily be generated using Algorithm 3.1 of Rue and Held
(2005). This algorithm is reproduced as Algorithm 1 below using our notation, where d;
h h

represents the jt eigenvalue and e; represents the jt eigenvector. The marginal variances

are available as the diagonal elements of the matrix 5j_leje?

In the joint model, a Gamma(a, b) prior distribution for ;2 can be used (Elliott et al.,
2000, Section 7.2). In the case where ¥ is the identity matrix in (2.19), we may prefer to
specify priors for the total precision, 77 = (02 + ¢2)~!, and the proportion of the total

residual variation that is spatial, p = 02/(02 + 02) (Wakefield, 2007). In this case, the
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Algorithm 1 Sampling from an improper GMRF with mean zero.
for j =2 tom, do

wj ~ N(0,671)

end for

return U = wiii1€p41 + Wiyo€kio + - + W €m,

U4V is lognormal with parameters 0 and 02+c2. Hence, by specifying

residual relative risk, e
priors to 7p and p, the amount of total residual variability can be controlled (Wakefield,
2007). A Gamma(a, b) prior distribution can be specified for 7, while a Beta(c, d) can be

specified on p. Then, (77, p) can be transformed to (02, 02) using

oy = (L—p7p'=(1-p)(o}+o02)
on = prp =plos +ou).

In the joint model, we also need to specify a prior for ¢. As described in Wakefield
(2007), a prior distribution can be specified for the distance at which the correlations fall

to a half:

d1/2 = —10g2/¢

We assign a lognormal prior distribution to dy /5 using the method described by (2.13).
2.7 Sample Survey Methodology

In survey samples, a population is specified whose data values are unknown but regarded as
fixed. The observed sample is random, however, since it depends on the random selection
of individuals from this fixed population (Lumley, 2010, Section 1.1). The analysis of
survey samples is generally design-based, where the goal is to estimate features of the
fixed population. As described in Lumley (2010), the procedure for taking samples from a

population (the sampling method) must have the following properties:

e Every individual in the population must have a non-zero probability of ending up in

the sample (denoted ; for individual 7);
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e The probability m; must be known for every individual who does end up in the sample;

e Every pair of individuals in the sample must have a non-zero probability of both

ending up in the sample (denoted 7;; for the pair of individuals (i, j));

e The probability 7;; must be known for every pair that does end up in the sample,

where the first two properties are needed to get valid population estimates and the last two
are needed to estimate the accuracy of the estimates. It is helpful to think of an individual
sampled with probability m; representing 1/m; individuals in the population, where 1/m; is
the sampling weight.

For some variable of interest X, let X; denote the measurement of X on individual <.

Then, we denote the weighted observation X; by

. 1

Uy
Then, for a sample of size n, the Horvitz-Thompson estimator, TX, for the population total,

Ty, of X is
N 1 .
Tx =Y —X;=)Y X, (2.20)

with variance estimate

(Horvitz and Thompson, 1952; Lumley, 2010, Section 1.1).

2.7.1 Simple Random Sampling

For a simple random sample without replacement of size n from a population of size NN,
each possible subset of n individuals is equally likely to be sampled. Hence, all the sampling
weights are equal to N/n (Korn and Graubard, 1999, Section 2.2; Lumley, 2010, Section 2.1).

From (2.20), we have that the Horvtiz-Thompson estimator of the population total is

) n 5 N n
Tx=) Xi=—> X
=1 =1
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with variance given by
2

V&Lr(TX) = <1—%) ><N2><S—,
n

where 1 —n/N is the finite population correction factor and S? is the variance of X, which
can be estimated using the sample variance. For samples in which n is much smaller than
N, the finite population correction factor can often be ignored (Korn and Graubard, 1999,
Section 2.2; Lumley, 2010, Section 2.1).

The population mean can also be estimated by dividing the estimated total by the

population size N:
1< 1<
=Y Xi=tyx
i=1 =1
which is simply the sample average, with estimated variance
2

o~ ~ n S
i = (1- 1)

where s? is the sample variance of X (Korn and Graubard, 1999, Section 2.2; Lumley, 2010,
Section 2.1).

2.7.2 Stratified Sampling

Compared to simple random sampling, the precision of estimates can be increased using
stratified sampling, where the population is divided into disjoint strata and simple random
samples are drawn independently from each strata. Hence, a prespecified number of obser-
vations from each stratum end up in the sample, resulting in a less variable sample, and
thus more precise estimates (Lumley, 2010, Section 2.2). To employ stratified sampling, the
stratum membership must be known for every individual in the population.

Suppose the population is divided into L strata, where N;,l = 1,..., L, is the known
population size of stratum [, and a sample of size n; is taken from the Ith stratum. Then,

the Horvitz-Thompson estimator of the population total is

. LNl n;
ngm;&
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which is simply the sum of the estimated totals in each stratum. Its variance is given by
L 2
~ nl Sl
var (T ) = N2 (1—— =
(1x) =3 (1-3) 3

where S12 is the variance of X in stratum [ and can be estimated using the sample variance
of X in stratum [ (Lumley, 2010, Section 2.2).
The population mean is estimated by dividing the estimated population total by the

population size, N:

1 &N
~ j: l}:
g 1=

with estimated variance
L 2
1 ng S
var (flx) = — NE(1——=)2%
var (fix) N2; l < Nl) n’
where 512 is the sample variance in stratum ! (Korn and Graubard, 1999, Section 2.2; Lumley,

2010, Section 2.2).

Note that the stratified mean given in (2.21) is an example of a weighted mean
(2.22)

where w; = 1/m; is the sample weight associated with the ith individual (Korn and Graubard,
1999, Secion 2.2). A general principal of sampling theory is that one obtains unbiased or ap-
proximately unbiased estimators of parameters by using weighted estimators, with weights

the inverse of the inclusion probabilities, m; (Korn and Graubard, 1999, Section 2.2).

2.7.8  Probability- Proportional-to-Size Sampling

In probability-proportion-to-size sampling, some information is known for each individual
in the population, and this information is taken to be a continuous “size” variable, Z. The

inclusion probabilities are then taken to be proportional to Z:
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Under this sampling scheme, there are two estimates for the population mean. One is given
by the weighted mean in (2.22) with weights w; = 1/7;, and the other is the Horvitz-
Thompson estimator given by % > iy Xi/m;, which is not equal to m Yoy Xi/m.
To calculate the variance of the Horvitz-Thompson estimator, both the inclusion proba-
bilities, ;, and the joint inclusion probabilities, m;;, need to be known. Then, the variance

is

1— — T
var (jix) = +5 E X? Tt
N 7rZ7r]
i=1 i=1 j>1
which can be estimated using
1-— — T
var (lix) = 5 g X? —
N 7rZ7r]7rU
i=1 =1 5>

Gains in efficiency can be obtained if the size variable is correlated with the variable of
interest (Korn and Graubard, 1999, Section 2.2). As described in Cochran (1977, Sec-
tion 9A.4,p.255), using previously obtained values of X; as the measures of size may be a

good strategy.

2.7.4 Multistage Sampling

In multistage sampling, groups of individuals, called clusters, are sampled at the first stage
and are called “Primary Sampling Units” (PSUs). Then, at the second and subsequent
stages, subsamples are drawn from within the PSUs. It is important to note that every
individual in the population must be in only one PSU, and the subsampling probabilities
for any given PSU must not depend on which other PSUs were sampled (Lumley, 2010, Sec-
tion 3.1). In this case, the inclusion probabilities are the products of the PSU-level inclusion
probabilities from the first stage of sampling times the conditional inclusion probabilities

from the later stages of sampling (Korn and Graubard, 1999, Section 2.3).

Simple Random Sampling of PSUs

Suppose the population consists of K PSUs of sizes Ni,..., Nk, and a simple random
sample of k£ PSUs is taken. In the second stage of sampling, a simple random sample of

n; = TN; is drawn from the ith sampled PSU, where the proportion sampled, 7, is the
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same regardless of its size. The inclusion probability is the same for all individuals in the
population, m; = 7k/K (Korn and Graubard, 1999, Section 2.3). Then, assuming the finite
population correction factors are negligible, the population mean can be estimated using a

weighted estimator:

k .
m Zz 1 ZJ  wii X >z Z?zzl Xij
X = = )

k
Y Doty wij Dim1 M

and a variance estimator is
k
var (iix) = S > oni(Xi —fix)’
n?k(k —1) — ’

where 1 = Zle ni/k and X; is the mean of the n; sampled observations from the ith PSU.

Stratified Probability- Proportional-to-Size Sampling of PSUs

Suppose that the population is divided into L strata containing K; PSUs in the [th stratum.
From the Ith stratum, k; PSUs are sampled with probability-proportional-to-size sampling
for some PSU-level size variable with inclusion probabilities denoted by 1, mpo,. .., my,.
The additional sampling stages within PSUs can be quite complicated, involving multiple
additional stages and further stratification, for example (Korn and Graubard, 1999, Sec-
tion 2.3). Let ny; denote the number of individuals sampled from the ith sampled PSU
from stratum [ and wy;; denote the sample weights for j = 1,...,ny; after the sampling is

complete. Then, the estimator for the population mean is the weighted estimator

k
Gy = Zlel Din1 ;ml Wiij Xiij
- L k
Doie1 2o j:l Wiij

9

with estimated variance given by
_ _ 2
St T (Wi - fix) = S8 Wi (i — ix) )
2
(Elel Zflzl VVZZ)

where Xj; is the weighted mean of the observations in the ith sampled PSU in the [th

~

var (fix) =

Y

stratum, and Wy, is the sum of the sample weights of these sampled observations (Korn and
Graubard, 1999, Section 2.3).
Although this cluster sampling decreases precision for a specified sample size, it can

increase sample size and precision for a specified cost (Lumley, 2010, Section 3.1).
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2.8 DMotivating Data

We describe two data sets that will be used to illustrate the proposed methods.

2.8.1 US National Wilms Tumour Study

Wilms tumour is an embryonal cancer of the kidney primarily affecting children. The
National Wilms Tumour Study (NWTS) began in 1969 and five clinical trials have been
subsequently performed. We consider data from the third and fourth clinical trials, follow-
ing Breslow and Chatterjee (1999). There are two Wilms tumour histologies, favourable
(FH) and unfavourable (UH), so named due to their respective prognoses. The definitive
histologic diagnosis (termed central histology) for each child’s tumour is performed by the
individual pathologist who initially defined the FH and UH subtypes. During the study, a
histologic diagnosis is also made by the pathologist on duty at the time of treatment (termed
institutional histology). As in Breslow and Chatterjee (1999), we view institutional histol-
ogy as a surrogate measure of clinical histology. The population data consist of a total of
4,088 children diagnosed with Wilms tumour. The full data is provided in Table 2.3.
These data are ideal for methods evaluation since analysis of these complete data provide
a benchmark with which analyses based on subsets of the data may be compared. As in
Breslow and Chatterjee (1999), we take the phase I data as the bottom line of Table 2.3,
so that the confounder is the binary (favourable/unfavourable) institutional histologic (IH)
diagnosis. This variable is available on all children. At phase II, we assume that additional
data (cancer stage and central histology) are collected on 316 non-cases and 415 cases with
a favourable IH, and 255 non-cases and 156 cases with an unfavourable IH. The phase II
data is provided in Table 2.4 and reveal that we have only sampled approximately 10% of
the largest favourable IH non-case group. (In fact, stage was also known for all patients and
could have been used to further stratify the phase I data to obtain more efficient estimates
(Breslow and Chatterjee, 1999).) The aim is to estimate the association between relapse and
the two covariates cancer stage and central histology. We return to these data in Section

3.5.1.
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Table 2.3: Number of Wilms tumour non-cases and cases by institutional histology (IH),
central histology (CH) and stage of disease: full data.

Favourable TH Unfavourable TH

Non-cases Cases Non-cases Cases

Stage 1 1363 91 15 1
Favourable  Stage II 816 117 11 2
CH Stage 111 693 100 18 3
Stage IV 307 60 23 3
Stage I 37 9 64 16
Unfavorable Stage II 25 14 51 33
CH Stage 111 14 15 60 57
Stage IV 7 9 13 41
Total 3262 415 255 156

Table 2.4: Number of Wilms tumour non-cases and cases by institutional histology (IH),
central histology (CH) and stage of disease: phase II data. The two-phase design we analyze
takes all of the unfavourable IH non-cases and cases and all of the favourable IH cases, but
takes a sample of 316 of the available 3,262 favourable IH non-cases.

Favourable IH Unfavourable TH

Non-cases Cases Non-cases Cases

Stage 1 115 91 15 1
Favourable  Stage II 86 117 11 2
CH Stage 111 79 100 18 3
Stage IV 27 60 23 3
Stage 1 2 9 64 16
Unfavorable Stage II 3 14 51 33
CH Stage 111 3 15 60 57
Stage IV 1 9 13 41

Total 316 415 255 156
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2.8.2 North Carolina Infant Mortality Data

Northern Northern Northern Northern
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Figure 2.2: Grouping the 100 counties of North Carolina into 10 regions.

Vital statistics are collected annually for all North Carolina residents by the North Car-
olina State Center for Health Services (SCHS). Infant mortality data from all 100 counties
in North Carolina for the years 2000-2004 was considered, where 699,035 infants were born
and 5,854 died over these 5 years. An infant’s race, gender and low birth weight status was
also collected, where low birth weight is defined to be a birth weight of less than 2,500 g.
These data are provided in Table 2.5, collapsed across counties. The goal is to estimate
the association between infant mortality and birth weight, controlling for gender and race.
In particular, we are interested in the potential effect modification by race of the infant
mortality-birth weight association.

The spatial component makes this data set ideal for illustrating the Bayesian random
effects models (Wakefield and Haneuse, 2008).

Due to the relatively small number of cases in some counties, the counties of North
Carolina were grouped into 10 regions based on contiguous counties. These regions are
shown in Figure 2.2. The complete data cross-classified by race, gender, birth weight and
region is given in Table 2.6. We assume that, at phase I, we have observed the infant

mortality by region counts so that the confounder is region. At phase II, we assume that
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additional data are collected on an infant’s race, gender and birth weight on 200 non-cases
and 50 cases from each region. The phase II data is provided in Table 2.7. We return to
these data in Section 4.4.2.

Table 2.5: Numbers of births, deaths and probability of infant mortality (x100) by race,
gender and low birth weight status for North Carolina, 2000-2004: full data

Whites Non-Whites

Birth weight and No. of No. of Prob. of infant No. of No. of Prob. of infant
gender deaths births mortality (x100) deaths births mortality (x100)

Normal birth weight
Female 425 226,103 0.19 229 82,713 0.28
Male 609 240,581 0.25 302 87,313 0.35
Low birth weight
Female 892 19,047 4.7 995 13,748 7.2
Male 1,175 17,360 6.8 1,227 12,170 10.1

2.9 Small Area Estimation

In small area estimation, we wish to estimate characteristics of interest, such as counts or
mean number of individuals with a particular outcome of interest, for small areas where
only small samples are available. Often, data arising from sample surveys are used for
estimation in such cases. For a binary outcome and covariates x; for an area i,i=1,...,1,
suppose we want to estimate the population total in area i, T;. Let N; be the total number
of individuals, 7; be the number of sampled outcomes and n; be the number of sampled

individuals in area ¢. If we assume the logistic regression model
logit(p(zi)) = 3,
then we can estimate T; using

T; = yi + (N; — ;) x plas), (2.23)
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where logit(p(x;)) = x;3 for B the maximum likelihood estimate for 3 (Royall, 1970).
Standard model-based approaches are subject to potentially large biases, however (Rao,
2003, Section 2.1). Alternatively, a design-based approach could be used. In this case, the
sampling weights w; need to be known, and the methods described in Section 2.7 can be
applied to obtain p(«;). In fact, the design-based estimate for 7; would still be given by
(2.23) (Rao, 2003, Section 2.5).

However, since only small samples are generally available, the two estimators just de-
scribed lead to unacceptably large standard errors (Rao, 2003, Section 4.1). Random effects
terms may be included in the logistic regression model to borrow strength across areas to
obtain more precise estimates. Fay and Herriot (1979) proposed such a model using inde-
pendent and identically distributed random effects. In the case of a binary outcome, this

model can be expressed as
logit(p(x;)) = =B + Vi, (2.24)

where E(V;) = 0 and var(V;) = o2. Normality of the V; is often assumed. The random
effects can be estimated using linear mixed effects models (Singh, Shukla, and Kundu, 2005).
The Fay-Herriot model can be extended to allow for spatial correlation between areas. In
this approach, a spatial random effect term, U;, is added to (2.24) and either the joint or
conditional models described in Section 2.6.3 can easily be assumed as prior distributions
(Best et al., 2005). For example, Singh et al. (2005) illustrate various random effects (both
spatial and non-spatial) models using data from the National Sample Survey Organisation
(NSSO) of the Ministry of Statistics and Programme Implementation (Government of India).

Sampling weights are rarely included in these types of smoothing models, which are
crucial when data arise from complex surveys. Congdon and Lloyd (2010) offer one ap-
proach. The authors incorporate spatial random effects into a weighted likelihood to derive
small area prevalence estimates for diabetes. Chen, Lumley, and Wakefield (2011) develop
a method to incorporate sampling weights for binary data, and consider empirical Bayes
beta-binomial models, and also normal hierarchical models in which spatial random effects

can be included.



49

9¥ 8¢ v €¢ 9 8 6 6
¢y L1€ 94V Vi€ GL6C 8Gcy 6.6¢C ¥80¥
22 0¢ 12 9¢ €1 GG 2 6
784 €LG a2 ¢89 17ev 0¢%6 ¢l1vy 1868
12 68 0¢ ¢l GG 159% 9 143
799 ¢4et ar8 eovt L¢LG 8GT8I LLGG 68TLIT
€1¢ 8¢l €61 18 9¢ LG 9y 1€
LV8T 0LGT GeT1e €8LT 66871 9¢LEC  BLIVI L0¢¢e
PASS 20¢ €LC 24! 98 20T 0L €8
86T€ €ITe L69€ 616¢€ GIEGC  VELTS  VC6EC  LTI8Y
4iré 91¢ LGT L8T gg V1T 8¢ L.
G891 090€ CL8T 0L€€ 09G¢T  L8V¢y  €C6T1 j2850U%
1ve ¢LC ¢81 91¢ €L €aT 9¢ GOt
09¢¢ 868¢€ ¥69¢ Sy 0CG8T  L898G  GCELl €487¢
L 5 ¥ 6% (4 0¥ 4 13
00T €48 01T ¢66 LV8 CCITI 6. 9.701
¢l 96 61 6G 2 0G i g€
291 6¢cT 891 16¢T1 9T€¢T 6741 86TT 0SP1
i 53 (4 6 (4 ar ! 6
6C 0ce 43 9¢€ V14 88LY €Ly LCVV

peaq
oIy
peaq
oAl
peaq
oIy
peaq
oAl
peaq
oAIlY
peaq
oAITY
peaq
oAITY
peaq
oAITY
peaq
oAITY
peaq
oIy

1800)) TIAIION

15000 [RIJUS))

puR[}IROH WIDYLION

1800)) WISINOY

PUR[IIes] UISYINOG

S[[TY300,] WIOYIION

S[[TY300,] UISYINOG

SUTRIUNOTA WISYJ)ION

SUTRIUNOTA [RIJUI)

SUTRJUNOTN UISYINOG

ONUM-TON OYYA\ OIYM-TION OHYAY OHUM-TUON OHYA\ OHYM-UON OHYA
aTeIN orewa | aTeIN arewa g

TSOAN YU MO TSOAN I [RULION]

“RIRD [[NJ :SNJRIS JYSTOM [[III( MO[ PUR XOS ‘90RI ‘UOLIDI RUI[OIR)) IION AQ SIURJUI PRSP PUR OAI[ JO IoqUINN :9°g 9[qR],



50

Table 2.7: Number of live and dead infants by North Carolina region, race, sex and low birth weight status: phase II data.

Normal Birth Weight Low Birth Weight
Female Male Female Male

White Non-white White Non-white White Non-white White Non-white

Southern Mountains Alive 92 3 79 6 9 2 9 0
Dead 6 0 9 1 7 2 23 2

Central Mountains Alive 84 5 89 9 7 3 3 0
Dead 6 1 10 0 7 3 20 3

Northern Mountains Alive 86 6 87 3 11 0 7 0
Dead 12 0 14 1 9 0 14 0

Southern Foothills Alive 64 30 68 28 3 0 4 3
Dead 1 5 8 2 9 6 6 13

Northern Foothills Alive 67 25 69 16 9 5 6 3
Dead 4 2 7 3 9 8 9 8

Southern Heartland Alive 53 30 71 28 5 5 5 3
Dead 4 2 7 4 3 17 2 11

Southern Coast  Alive 49 38 65 35 4 2 3 4
Dead 1 3 4 2 5 13 8 14

Northern Heartland Alive 70 18 87 15 2 5 2 1
Dead 4 2 4 2 8 5 11 14

Central Coast Alive 73 26 54 26 11 4 2 4
Dead 1 1 3 4 10 9 11 11

Northern Coast ~ Alive 51 43 52 36 5 5 6 2
Dead 4 2 3 2 8 13 6 12
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Chapter 3

BAYESITAN ANALYSIS OF TWO-PHASE DATA FOR
INDEPENDENT DATA

In this chapter, we consider the Bayesian analysis of two-phase data in the case of
independent data with simple random or case-control sampling of the first phase data. In
Section 3.1, we describe in detail methods for the simplest case of assessing the association
between a binary outcome variable and a single discrete exposure variable. In Section 3.2,
we describe the extension of these methods to the case of assessing the association between
a binary outcome variable and a discrete exposure in the presence of discrete confounder
variables. In Section 3.4, the methods are compared with existing approaches using a
simulation study and the sparse data situation is illustrated using simulated data. We
conclude the chapter by applying the methods to several different data sets including the
Wilms tumour data set described in Chapter 2.

3.1 Discrete Exposure Variables

We begin with the case where there is no confounder variable z, and hence the z index
is dropped to simplify notation. This example does not represent a situation of practical
interest, but it does provide an easy introduction to the methods that appear in the next
section.

Let y denote disease status, with y = 1 denoting a case, and y = 0 denoting a non-case,
and let « denote exposure status, with = 1,...,m;. Let N, denote the (unobserved)
number of individuals with disease status y, and exposure status x. At phase I, we observe
the response margin NV = {N,.,y = 0,1} obtained via simple random or case-control
sampling. At phase II, n,. individuals are randomly sampled from N,., y = 0,1, and their
exposure status is measured. At phase II, we observe the phase II sample sizes n¥" =
{ny.,y = 0,1} and the phase II outcomes n¥* = {ny,,y = 0,1, = 1,...,my}. Table 3.1
displays the two-phase study design.
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Table 3.1: Two-phase study design for a single discrete exposure: the observed data are
Ny. at phase I, and n,. and n,; at phase II; the Ny, entries are unobserved in a two-phase
study, denoted by [-].

Phase I Data Phase II Data
Y=0 V=1 Y=0 V=1
X=1 [Na| [Nu] X =1 no1 ni
X =2 [Np| [Ng] X =2 np n12
X =mgy  [Nom,] [Nim,] X=my nNom, Nim,
Ny N 1o ni

8.1.1 The Likelihood

We specify a joint log-linear model for the binary random variable y and the univariate
discrete random variable z to cover both phase I sampling mechanisms. Consider p,, =
E[Ny, | A], the mean of the disease-exposure count in cell (y,x) of the 2 x m, contingency

table, y = 0,1;z =1, ..., my. We specify a saturated model given by:
l0g(ya) = 4 Ay + A3 + A" (3.1)

with identifiability gained through the sum-to-zero constraints

DA =D A =0,
Y T
> e =D Mg =0,

Yy x
On the way to deriving the likelihood, we first consider the distribution of the phase
I data. Under simple random sampling at phase I, the joint probabilities are denoted
ryz = pr(Y =y, X = 2 | A), while for case-control sampling we denote r,), = pr(X = z |

Y = y,A). Under simple random sampling, the intercept p cancels when calculating the
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probabilities

S
Y Zu Zv My
exp(p + )\Z,/ + )\f + A;;X)
D w2 @XP(p AL + A+ ATY)
exp()\?j + )\f + A;;X)
Do 2w eXPAY A+ ALY

(3.2)

Y

y » cancel

Under case-control sampling, both the intercept p and main effect term for Y, A

when calculating the probabilities

Hya
D DR
exp(p+ Ay + A5 +A0Y)
2ouexp(u+ A + AT+ ALY)
exp(A\} +A)5Y)
> 2w exp(AY +AYE)

(3.3)

Under simple random sampling at phase I, we condition on the grand total N.. since it

is fixed by design and the likelihood is given by

pr(NY, n", ™[N, A) o« [[pr(Y =)™ x [T [[pr(X ==y = y)™=
y=0 y=0z=1

= pr(NY|N.,A) x pr(n**|n?" A). (3.4)
The first term in (3.4) is the likelihood corresponding to
NY|N.,A~Bin(N.,pr(Y =1)),
and the second term of (3.4) is the likelihood corresponding to

n”*|nY", A ~ing Multinomial (ny., {pr(X =z|Y = y)}a=1,.m.), y=0,1,

where pr(X =z|Y =y) = znf;”r . In the case where the exposure variable x is binary, the
v=1"Yv

second term of (3.4) is given by independent binomial distributions:

,nyx|ny-’ A ~ing Bin (ny.,pr(X = 1|Y = y)) ) y=0,1.
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Similarly, under case-control sampling at phase I, we condition on Ny. and Nj., which

are fixed by design, and the likelihood is

1 mg
pr(NY , n¥" n¥*|No., Ni., A) H H pr(X = x|y = y)""
y=02z=1
~ina  Multinomial (ny., {pr(X = z|Y = y) }a=1,...m,) ¥ = 0,1,

= pr(n”*n¥,N). (3.5)

As in the simple random sampling at phase I situation, a special case occurs when the expo-

sure z is a binary variable. In this case, (3.5) is given by independent binomial distributions:
Y |nY A ~ing Bin (ny.,pr(X =1Y =y)), y=0,1.

In many situations, we are interested in the coefficients from the linear logistic disease

model

= Bo+Pollx =2+ + B, 1z = my] (3.6)

= W5,

where W is the m, x m, design matrix. This disease model can be equivalently expressed

using the log-linear model in (3.1), if we rewrite the left hand side of (3.6) as

[pr(Yzllew)]

(¥ =0 X =) A+ AT +A5) = g + 45 +A0,7)

= (=M =A%) = (AT +A5Y)
= 2\ —aarx

In terms of model (3.6), the intercept, Sy, is the log odds of disease given x = 1, so that all

the indicator terms 1[x = 2],..., 1[x = m,] are zero. Hence,
Bo = —2(A + A7)

For the zth main effect term, 3, is the log odds ratio comparing individuals with exposure

level x to individuals with exposure level x = 1:
pr(Y =1| X =x) pr(Y =1| X =1)
= 1 —1
bo ©8 pr(Y =0 X =x) °8 = =
= =200 + %) + 2008 + A5

= 20\ —Aoi ),
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forx=2,...,m,.
With respect to (3.1), let A =AY, AX = (A, AN ) and A = (WX, N ).
Then, we have )\YX = - 27-71‘”_1 AyX using the sum-to-zero constraints on A. Hence, we see

that B8 only depends on the subset of A, AY = (AY, AY%) and we describe the relationship

via
Bo -2 -2 0 0 - 0 A
Bo 0o 2 -2 0 --- 0 PR
- 0 , (3.7)
0
0 2 0 0 -2

i.e. 3= CAY, where C is an my xm,, invertible matrix. Due to the sum-to-zero constraints,

for B,,, we have

mae—1
YX YX
= —2<— Z Ao = Aot >
=1
mg—1

= 2 ) NS AN
=2

We perform computation for A and then transform to 3 using C'. In the phase I case-control
situation, we can no longer estimate the intercept 5y since )\Z cancels in the calculation of
T4y due to the conditioning on disease status. In the frequentist development, an intercept
is present but is not interpretable unless information is available on the sampling frequencies
of the cases and controls. Thus, in the phase I case-control situation, AY = (AY¥) and the

first row and column of C' are removed.

3.1.2  Prior Specification

We specify prior distributions on the reduced sets of parameters AY, AX .and AY*. Under

a log-linear specification, a convenient choice of prior for A is the Dirichlet, but this choice
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is restrictive since there are insufficient free parameters. Specifically, there is a single pa-
rameter only to control the precision for all elements. We suppose there is simple random

sampling at phase I. The prior we adopt assumes
AT, A AV = AV, AY Oz ().

Since B depends on AY, these parameters have special status as parameters of interest.
The prior distribution we place on AY induces a prior on 3, and hence should be care-
fully chosen. We focus on assigning priors to 3. We assume a multivariate normal prior

distribution for 3

ﬁNN(“HE)y

where p is a vector of length m, and 3 is a square matrix of order m,, with g and ¥ chosen
based on the context. The induced multivariate normal prior for AY has mean C~'y and
variance-covariance matrix C '3 (C_l)T.

For AX, we adapt the specification proposed by Knuiman and Speed (1988), and refined
by Dellaportas and Forster (1999). This specification allows us to incorporate the sum-
to-zero constraints we have imposed on AX directly into its prior distribution by using
a structured multivariate normal prior rather than using univariate normal priors on the

elements of AX. We let AX ~ N0y, —1, ozZVa) where 0,,,_1 is a vector of zeros of length

1
Va - <Imx—1 - me—1> ’
m

mg; — 1, and

T

where I,, _; is the (m; — 1) x (m, — 1) identity matrix and J,,,—1 is the (m, — 1) x

(mg — 1) matrix containing all ones. Dellaportas and Forster (1999) discuss the choice of

2

2 with an invariance argument suggesting a2 = k x m,. We adopt a value of k = 1,

o
corresponding closely to a unit information prior (Kass and Wasserman, 1995); see Section
3.4 of Dellaportas and Forster (1999). Since we often will not have any prior information
on A~ using a data driven prior is pragmatic.

We assign the same prior distributions in the phase I case-control situation, however we

need only specify priors for A% and A¥¥ as AY cannot be estimated in this setting since

we condition on disease status.
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3.1.83 Computation

The likelihoods given by (3.4) and (3.5) are complicated functions of A with no closed form
expressions. We therefore use a Metropolis-Hastings algorithm to compute the posterior for
A, sampling the complete A vector via a single Metropolis-Hastings step using a multivariate
random walk based on a normal proposal.

Sampling the complete A vector via a multivariate normal proposal requires a covariance
matrix that closely mimics the dependence within the posterior distribution. Again, we
suppose we have simple random sampling at phase I and a saturated log-linear model.
(Case-control sampling follows in a straightforward fashion). The phase IT data n¥* provide
information on the y x x table, but these data are not a representative sample due to
the phase I sampling. However, we can correct for the bias by creating expected counts

N}, = E[Ny,] = N. x pr(Y =y, X = z), with

Br(Y =y, X =2) = pi(X=x|Y =y)xp(Y =)
MX&
Ny N..

to give N, = nyeNy./ny. A saturated log-linear model is fitted to the Ny, data using
maximum likelihood estimation, and the variance-covariance matrix of the proposal for A
is taken as a constant, ¢, times the asymptotic variance-covariance matrix of the maximum
likelihood estimate. The constant is chosen to achieve acceptance rates of approximately

25-30% (Roberts et al., 1997). This results in small step sizes for A.
3.2 Discrete Exposure and Confounder Variables

We extend the case of a discrete exposure variable to include discrete confounder variables,
z, that take on finitely many values. As we will see in Chapter 4 when we consider dependent

data, z may represent geographic area.

3.2.1 The Likelithood

As described in Section 3.1, we consider both simple random and case-control sampling

at phase I and specify a joint log-linear model for the binary random variable y and the
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univariate discrete random variables  and z to cover both sampling mechanisms. We
emphasize that in the simple random sampling at phase I scheme, we assume that N...
individuals are sampled and then cross-classified with respect to the outcome variable y and
to the strata of confounder variables, z. In the case-control sampling at phase I scheme,
we assume ;.. cases and Ny.. controls are sampled independently, and the individuals are
then classified with respect to the strata of confounder variables, z.

Let ptyz. = E[Nyz. | A] denote the mean of the disease-exposure-confounder count in cell
(y, z, z) of the 2 x m, x m, contingency table, y =0,1;2 =1,...,mg; 2 = 1,...,m,. We begin
by specifying a saturated model, however this is not always desirable, a point to which we

return in Section 3.6. The saturated log-linear model is:

10g(iyes) = 4+ Ay + A7 + A7+ A+ A7+ 207 + AL (3.8)

YTz

with identifiability gained through the sum-to-zero constraints

YD IR D)
DS S

S =S =0

ZyAiiZ = szAsz =0,

S = S = S =0

We first consider the distribution of the phase I data. Under simple random sampling at

phase I, the joint probabilities are given by ry,. = pr(Y =y, X = 2,72 = z | X), where

Hyxz

T =
e Zu Zv Zu) Huvw

exp(u+ Ay + A5 + A7+ AN A7+ A7+ A

Yyxrz
You e > exp(p A+ AY +AX + A7+ AVX + AV 2+ AEZ 4+ A X2

B exp(A) + A5 + A2+ N X+ N+ A7+ N2 .
T LS Y e AT P AT ALY T A7 A a3

The intercept p cancels when the r,,. probabilities are calculated. Under case-control
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sampling, we have r,|, = pr(X = 2,7 =z | Y =y, A), where

Hyxz

LD SN DT
exp(u+ A + A5 + A2 + XX + N2+ A+ A D)
Do 2w XD A AY F NS+ AL+ AV + AV Z A2+ NV X7
exp(AYX + A2 + N+ N7+ A7+ A

Don 2w XPAX + MG+ AVX £ NVZ L AXZ 4 AV XZ)

Hence, under case-control sampling, the intercept 1 and main effect term for Y, )\5, cancel
when the r,|, probabilities are calculated.

The observed data consist of three vectors of counts: the response-confounder margin
observed at phase I, NV* = {N,..,y = 0,1;z = 1,...,m.}, the phase II sample sizes
n¥? = {ny..,y =0,1;2 =1,...,m.} and the phase II outcomes n¥** = {ny,.,y =0,1;2 =
1,...;mg;2z = 1,...,m;}. Under simple random sampling at phase I, we condition on the
grand total N... only, which is fixed by design. Using analogous arguments from Proposition
1 of Holubkov (1995), the derivation of the likelihood proceeds as follows. We begin by

yXZ

introducing NY** as auxiliary variables to facilitate the procedure:

pr(NYZ*,n?” n™|N.,X) = > pr(N NY* n'” n"™|N.,X), (3.10)
NY*% € Sy,
where Sy, represents all possible configurations of the internal cells, NY**, such that the

column totals, NV and the phase II outcomes, nY**, are respected:

Mz z—1
Syxz = {Nyxz : nyaﬂz S Nyxz S Ny~z - Z Nyvz - Z nyv’ac} (311)
v=r+1 v'=1

y=0,1;2<z<mz—1;1<z<m,
and Sym, > = {Nyaz : Nyzz < Nygz < Ny, — va:’”fl Ny }. The right-hand side of (3.10) can
be decomposed into 3 parts:
pr(NV* NY* n¥* n¥*|N.,X) = pr(NY?|N.,A) x pr(NY*|NY* N..,\)
xpr(ny?|NY* NY? N..,\)
Xxpr(n?™ | NY* NY? n¥? N.., A)
= pr(NY | N.,A) x pr(n??|NY** NY* X)

Xpr(ny**|NY** n¥? X). (3.12)
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The first term on the right hand side of (3.12) is the likelihood corresponding to
NY* X\ ~ Multinomiala s, xm., (NV..., 7977,
where r¥*% is the vector of probabilities with entries
Tyar =Pr(Y =y, X =2,7 = 2)

defined by the log-linear model (3.9).

The second term of (3.12) is determined by the investigator, though n,.. < N,.. and the
latter are random, so that technically the n,., are random variables also (Schill et al., 1993).
However, since this term does not depend on A, it need not be considered for inference on
A

The third term in (3.12) is the likelihood corresponding to independent multivariate

hypergeometric distributions, and does not depend on A:

M Nyxz
Hm:l
XZ XZ *Z nyxz
n”| NV ¥ ~ing y=0,11<z<m,.
N,..

Ny
Hence, we can rewrite the likelihood as
pr(NYZ nY? n*|N.,A) Z pr(NY** | N..,A) x pr(n”™*|NY** n¥?)

Mg Mz Nyzz

o< D | M 'HHHZ\?;;,

NY¥ € S, y=0z=12—=1
1 m, Nylz! Nymxz!
> H H ny1z! (Ny1z=ny12)! """ nymg ! (Nymgz—nymg2)!
Ny..!
y=02=1 Ny.z!(Ny.2—ny.z)!
1 m, Mg (Twa)Nym_nym
Ty.z
N SR 1§ ()
NY% e Sy, \ y=02=1 =1 yrz yzz):

1
HH(HrZ%?) Sl (3.13)

y=02=1
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where ry., = > " Tyz.. We can interchange the summation and multiplication in the
first term of (3.13) since the bounds on N, in the summation are separate for each (y, z)

combination. Therefore, we have

(313) = H H (H <7‘yw>”y> Ny

Ty-
y=0z=1 Y-z

Tuzw

il v o ﬁ( |

—n :
u=0w=1 \ N"“" € 5,.,. Nuyzw uzw)

) Nugw—Nuzw

. (3.14)

In the second term on the right-hand side of (3.14), each summation is the sum of all possible

realizations of a Multinomial( Ny, — My, :jufg) distribution. Hence, the entire term is equal

to 1. Therefore, the likelihood is given by

pr(NY* n¥ n¥*|N.., H H pr(Y =y, Z = z)"v>
y=02=1
m, Mg
xHHHpr =2x|Z = 2,Y = y) v
y=0z2=1z=1
= pr(NY?|N..,A) X pr(n”**n¥* X). (3.15)

The first term in (3.15) is the likelihood corresponding to is
NYZ?|N...; A ~ Multinomialoym, (N...,{pr(Y =y, Z = 2) }y=0,1:1<2<m. ) »

where pr(Y = y,Z = z) = > """ Tyz.. The second term of (3.15) is the likelihood corre-

sponding to

n"nY” X ~ipg Multinomial,, (ny.., {pr(X = z|Z = 2,Y = y) hi<e<m. ) »

y=0,11<z<mg,

where pr(X = z|Z = 2,Y = y) = 2&7’6; In the case where the exposure variable z is
1yv

binary, the second term of (3.15) is given by independent binomial distributions:

n N X ~ipg Bin (ny..,pr(X =1|Z =2Y =v)),y=0,1;1 < 2z <m,.
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Under case-control sampling at phase I, we condition on Ny.. and Nj.., which are fixed

by design, and the likelihood is

1 m,
pr(NY? n¥? n¥**|Ny.., N1..,A) H H pr(Z = 2|V = y)Nv=
y=0 z=1

mz Mg

1
XHIIIhMXZMZzayzw%u

y=0z2=1z=1
= pr(NY?|Ni., No..,A) x pr(n”?n¥? A), (3.16)

using Proposition 1 of Holubkov (1995). The first term of (3.16) is the likelihood corre-

sponding to
NY?|Ni.., No.., A ~ing Multinomial,,, (Ny.., {pr(Z = 2|Y = y) hi<z<m. ),y = 0,1,

where pr(Z = 2|Y = y) = > 7% 74,y The second term of (3.16) is the likelihood corre-

sponding to

n Ny X ~ipg Multinomialy,, (ny.., {pr(X = z|Z = 2,Y = y) hi<e<m.)

y=0,11<2z<m,,

where pr(X =z|Z =2,V =y) = En:% When the confounder variable z is binary, the

v=1 Tvz|y

first term of (3.16) is given by independent binomial distributions:
NYZ?|Ni.., No.., XA ~ing Bin (Ny..,pr(Z =1|Y =y)),y =0, 1,

however the second term remains the same. Additionally, as in the simple random sampling
at phase I situation, if the exposure variable x is binary, the second term of (3.16) is the

likelihood corresponding to
NN X ~ipg Bin (ny..,pr(X =112 =2Y =9)),y=0,1;1 <z <m..

We would like to use the coefficients of the log-linear model to make inference about
odds ratios, which can be done by relating the A parameters from the log-linear model in

(3.8) to the coefficients from fitting the linear logistic disease model

prlY =1|X=2,Z=2)
prlY =0 | X =2,Z =2)

= Wg, (3.17)
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as described in Section 3.1.1. Depending on the context, the design matrix W may contain

terms for both main effects and interactions. Note that if interactions are not included then

)\;;)g Z is zero in the log-linear model. As in (3.7), there is a direct correspondence between

A and (:

Bo = -2\ + 01+ Aoin 7

e = 2@6“5 Ao ) — 20007 = Aoit )

B = 2007 = A7) — 20027 — A7)
Boz = —2(A é’éz Aot 7 = Agiz 7+ Aoit 7).

forx =2,...,m, and z = 2,...,m,. With respect to (3.8), let

Y Y
A = )\0,
X _
A = 1)
Z  _
A= (M —1)s
YX _ \YX
A = ( 01 y e Omz 1)
Yz _ \YZ
A = ( 01 y oo Omz 1)
Xz _ XZ
A = ( 11 3o Amz—lm _1) and
A\YXZ  _ (\ \YXZ \YXZ )
- 011 > Omx—l,mz—l .
Then, we have
me—1
Yx }: YX
)‘Omz - )‘Oi
i=1
my—1
)‘Omz = = E , )‘03 )
mzfl
YXZ _ YXZ
)‘Omxl = - E Aot s
my—1
YXZ _ YXZ
Aotm, = — E Aot~ and

1—1 my—1

YXZ _ § : § : YXZ
AOmzmz - )‘OU

i=1 j=1
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using the sum-to-zero constraints on A. Analogous to the case of no confounder variable z
in Section 3.1 , @ depends only on the subset of A, AY = (AY, AYX AYZ A\YXZ) and we
describe the relationship via 3 = CAY, where C denotes the invertible (m, —1)(m, —1) +
(mg—1)+ (m;—1)+1 square transformation matrix. For example, let m, = 3 and m, = 3.

Y _ (\Y \YX \YX \YZ \YZ \YXZ \YXZ \YXZ \YXZ

-2 -2 0 -2 0 -2 0 0 0
0 2 -2 0 0 2 -2 0 0
0 4 2 0 0 4 2 0 0
0o 0 0 2 -2 2 0 -2 0
C= 0O 0 0 4 2 4 0 2 0
o 0 0 0 0 -2 2 2 -2
0 0 0 0 0 —4 —2 4 2
0o 0 0 0 0 —4 4 -2 2
0O 0 0 O 0 -4 0 0 2

We perform computation for A and then transform to 3 using C'. In the phase I case-control
situation, we can no longer estimate the intercept [y since )\Z cancels in the calculation of

— (AYX,AYZ,AYXZ)

Tzz|y due to the conditioning on disease status. In this case, AY and

the first row and column of C are removed.

3.2.2  Prior Specification

We suppose there is simple random sampling at phase I. We specify prior distributions on
the reduced sets of parameters XY, XX, A%, AV, AYZ AXZ and AYXZ. The prior we

adopt assumes
TV A ANZ AYX AYZ Z\XZ Z\YXZ) _
Y AYX AYZ AYXZ) X (0D )r(AXD),
Since B depends on AY = (AY, AYX AYZ \YXZ) these parameters have special status as

parameters of interest. The prior distribution we place on AY induces a prior on B, and

hence should be carefully chosen. We assume a multivariate normal prior distribution for 3
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with mean p and variance-covariance matrix 3, where p is a vector of length (mg, —1)(m, —
1)+ (mgy — 1)+ (m, — 1) + 1 and X is a square matrix of order (mgz; — 1)(m, — 1) + (mg —
1)+ (m, —1) + 1, with g and ¥ chosen based on the context. (Specific examples are given
later in this chapter). The induced multivariate normal prior for AY has mean C~'p and
variance-covariance matrix C '3 (C_l)T. We may assign ¢ = 0 and ¥ a diagonal matrix
with large variances if uninformative priors are desired. In other situations, for example
when we have sparse data, more informative choices will be desirable.

We propose a slightly different approach for placing priors on AY, A% and A*?, which
will usually be nuisance parameters. For these parameters, we use the specification proposed
by Knuiman and Speed (1988), and refined by Dellaportas and Forster (1999), in which
independent multivariate normal priors are placed on the collections of main effects and
interactions. For a € {X,Z, XZ}, let A> ~ N(0g4,,a2V,) where d, = |A4|, Og4, is a vector
of zeros of length d,, and

1 1

z vEa

where I, is the set of levels of factor v, Iz | is the |I,| x |I,] identity matrix and J|; | is
the |I,| x |I,| matrix containing all ones. As in the case with no confounding variables, we
use a2 = mgym,.

In the phase I case-control situation, we specify prior distributions for the parameters
A N2 AYX A2 Z\XZ \YXZ only. We assign the same prior distributions for these pa-
rameters as in the phase I simple random sampling situation described above. We need not

specify a prior distribution for AY as this parameter is eliminated in this setting since we

condition on disease status.

3.2.8  Computation

As in the case where no confounder variables are present, the likelihoods given by (3.15)
and (3.16) are complicated functions of A with no closed form expressions. As detailed in
Section 3.2.4, we have experimented with an auxiliary variable scheme in which the full
data Ny,. are introduced into this model. This leads to simplified conditional forms within

a Markov chain Monte Carlo scheme, but at the expense of requiring the simulation of
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additional variables. As an alternative, we may use a Metropolis-Hastings algorithm for A
only. To obtain a Markov chain with good mixing properties, we sample the complete A
vector via a single Metropolis-Hastings step using a multivariate random walk based on a

normal proposal.

Sampling the complete A vector via a multivariate normal proposal requires a covariance
matrix that closely mimics the dependence within the posterior distribution. Again, we
suppose we have simple random sampling at phase I and a saturated log-linear model.
(Case-control sampling and/or non-saturated models follow in a straightforward manner.)
The phase II data nY** provide information on the y x x X z table, but these data are biased
due to the phase I sampling. However, we can correct for the bias by creating expected

counts Ny, = E[Nyz.] = N.. x pi(Y =y, X = 2,7 = z), with

Y=y X=2,Z2=2) = pp(X=z|Y=yZ=2)xpr(Y =y,Z=2)
ny.thNy'z
Ny.z N...

to give N, = nyz>Ny../ny... A saturated log-linear model is fitted to the N, . data using
maximum likelihood estimation, and the variance-covariance matrix of the proposal for A
is taken as a constant, ¢, times the asymptotic variance-covariance matrix of the maximum
likelihood estimate. The constant is chosen to achieve acceptance rates of approximately

25-30% (Roberts et al., 1997). The above scheme captures the dependence in the posterior

and has proved to be well-behaved Markov chains in the examples we have worked on.

3.2.4  Auxiliary Variable Sampling Scheme

For either phase I sampling scheme, the posterior may be explicitly calculated, up to pro-
portionality, but would require a summation over all possible realizations of INY**, which
in usual applications will be a vast space. However, the NY** may be introduced as aux-
iliary variables within a Markov chain Monte Carlo scheme. We describe such a scheme

for simple random sampling at phase I. A Markov chain is constructed which cycles, with
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Metropolis-Hastings steps (Section 2.5.7), between the conditional distributions:

PAINYZ n¥) o pr(NY|N.., ANV € S,p.) x 7(A)
pr(NY|NYZ p¥ n¥” X) o pr(NYINI(NY € S,,.)

xpr(ny*|NY** n¥?). (3.18)

The conditional distribution, (3.18), can be normalized so that direct sampling could be
performed, but this will rarely be computationally feasible because of the large sample
space which must be enumerated to normalize the distribution. Hence, we use a technique
adapted from Diaconis and Sturmfels (1998) and described in Section 2.5.7. Given the
sampling scheme in which the N,., margin is fixed, we sample within the columns of the
phase I data (with the data laid out as in Table 2.2). For each value of y and z (i.e. for each
column), two distinct values of z are randomly sampled from 1, ...,m,, denoted by 2’ and
z". Then, the proposal N differs from NY* in only two entries, with Ny;ﬂ 2= Nygr, — 1
and Nyxuz = Ny, +t and t sampled at random from {1,2,...,7} for fixed T" > 0.
This proposal clearly respects the column margin, but we must ensure that the constraints
encoded in (3.11) are satisfied. If Ny,. ¢ Syq., we immediately reject the proposed values,
and retain the current value. The acceptance probability is the minimum of 1 and the ratio
of (3.18) evaluated at the proposed point, /vaxz, to the current point, NY**. The integer T
is chosen according to the size of the population, and may vary according to the size of the
marginal for each y and z. All values of T retain irreducibility of the Markov chain, but
efficiency will depend on a choice that produces both movement around the sample space,

and acceptance probabilities that are not too small.

In the examples considered in this thesis, the direct sampling scheme described in Section
3.2.3 proved more efficient, so that is the method we adopt in the examples described below.
In Appendix A.3, we provide results from analyzing the Wilms tumour data using the
auxiliary variable sampling scheme to detail the superiority of the direct sampling scheme

approach.
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3.3 Equivalence of Bayesian Two-phase Approaches Under Case-control and
Simple Random Sampling at Phase I

We want to show that the Bayesian two-phase approach under case-control sampling at
phase I is equivalent to the Bayesian two-phase approach under simple random sampling
at phase I. We can approach this in two ways. Omne avenue is to extend the results of
Seaman and Richardson (2004) and show the equivalence of the marginal 3 posterior distri-
butions using carefully chosen prior distributions. Our idea was assigning Dirichlet priors
to the exposure-confounder probabilities (or gamma priors on the exposure-confounder A
parameters) such that these parameters could then be integrated from the model. Seaman
and Richardson (2004) considered the case where only exposure variables were observed for
each subject in their approach and the proof of the result requires integrating out nuisance
parameters. On the way to proving the result for the two-phase design, we first attempted
to extend the main result of their paper to the case where exposure and confounder vari-
ables are observed for each subject. We were only able to integrate out one set of nuisance
parameters, rather than both that would be needed in the proof of the equivalence result.
However, this showed that we were able to at least reduce the dimensionality of the problem,
and indicated that in the extension to the two-phase design, perhaps one of x or z could be

integrated from the model.

Another possibility is to prove an equivalent result to that shown in Breslow and Hol-
ubkov (1997a) and show that the inference for the logistic regression parameters are the
same whether case-control or simple random sampling is assumed at phase I. To prove this
result, we need to show that the conditional distributions for 8 are equivalent under the
two sampling schemes. When we attempted to show this, the conditional distribution for 3
under case-control sampling at phase I is the same as that under simple random sampling
at phase I, except that it contains an additional term that arises due to the conditioning
on the number of cases and controls, Ni.. and Ny.., respectively. To date, we have been
unsuccessful proving the equivalence using either approach, and no obvious counterexample
exists. As we discuss in Chapter 6, we plan to pursue these proofs further and we also plan

to consider prospective sampling at phase I.
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3.4 Simulated Data

3.4.1 A Simulation Study

In this section, we compare our proposed method with NPML using simulated data and
simple random sampling at phase I. There are clearly many possible scenarios to investigate
and we choose to consider binary x and z, with a fixed phase I sample size. We generated
the data in the same spirit as the Wilms tumour data set, but for simplicity ignored stage
information while retaining central (x) and institutional (z) histology. The observed pro-
portions of individuals with unfavourable central and institutional histology, as well as the
odds ratio characterizing the dependence between x and z, were used to simulate the data.
The parameters used in the simulation were: 5y = —2.16, 8, = 1.59, 8, = 0.15, 8., = 0.17,
pr(X = 1) = 0.11,pr(Z = 1) = 0.1, with an zz odds ratio of 120. The total number of
subjects in the phase I population for the simulation study is 5000. Table 3.2 displays the
full data from which the phase II data are sampled. Fitting a saturated logistic regres-
sion model to the full data gives the estimates gy = —2.21,8, = 1.37,5, = —0.03, and
Bz = 0.64, which we use to compare different estimators. We report three simulations
with varying phase II sample sizes, denoted by “small”, “medium” and “large”. For the
“small” scenario, we fix the phase II sample sizes as 125 each of favourable and unfavourable
institutional histology non-cases, and 50 each of favourable and unfavourable institutional
histology cases for a total of 350 individuals. For the “medium” scenario, we fix the phase
IT sample sizes as 250 each of favourable and unfavourable institutional histology non-cases,
and 100 each of favourable and unfavourable institutional histology cases totaling 700 indi-
viduals, whereas for the “large” scenario, we fix the phase II sample sizes as 500 favourable
institutional histology non-cases, 200 favourable institutional histology cases, and all un-
favourable institutional histology individuals for a total of 1,184 individuals.

Two different sets of prior distributions for 8 were evaluated. The first used a normal
prior distribution with a large variance for By, and more informative but realistic priors
for B, 8., and B.,. Specifically, we assigned independent normal prior distributions with
variance log(5)/1.96, which corresponds to a 95% prior interval of (—5,5) for each of the

log odds ratios, i.e. (0.01,148) for the odds ratios. The second set of priors were normal
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Table 3.2: Number of Wilms tumour cases and non-cases by institutional histology (IH)
and central histology (CH) for the simulation study: complete data from which the phase
IT data are sampled for the simulation study. In a two-phase design, the internal cells are
unobserved.

Favourable IH Unfavourable TH

Non-cases Cases | Non-cases Cases

Favourable CH 3930 430 94 10
Unfavourable CH 109 47 212 168
Total 4039 477 306 178 | 5000

distributions with large variance for each of the 3 parameters (“flat priors”). For the
remainder of the A nuisance parameters, we followed the procedure outlined in Section
3.2.2. We ran the chains for a total of 450,000 iterations, where the first 50,000 were used

for tuning.

In each simulation, individuals were randomly sampled from the population to obtain
the phase II data, and a total of 500 data sets were generated. For each sampled data
set, we analysed the data using weighted and non-parametric maximum likelihood, as well
as the Bayesian two-phase method. Since we are fitting a saturated logistic regression
model, the pseudo- and non-parametric maximum likelihood estimates are identical, as
shown in Breslow and Holubkov (1997a). In the event of a zero count in the phase II data,
the maximum likelihood estimates converge to boundary values at oo so that the fitted
probabilities can equal zero. The bias of these estimators is not a well-defined quantity,
hence estimation of it is similarly not well-defined. In these situations, we remove the
infinite estimates to obtain empirical estimates of bias and only fit the Bayesian method
to the data. In the case of “small” phase II sample sizes, there were 30 such data sets.
The bias, variance and mean squared error (MSE) were calculated for each method and are
shown in Appendix A.1. In addition, Figure 3.1 shows violin plots comparing the results
from NPML and the two Bayesian two-phase analyses using small, medium and large phase

IT sample sizes.
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Figure 3.1: Simulation study results: violin plots comparing NPML and two Bayesian two-
phase analyses using small, medium and large phase II sample sizes with informative (B
Inf) and flat priors (B Flat). The blue lines indicate the true value of the parameters.
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For the small sample sizes, there are two sets of Bayesian results, including and excluding
the 30 data sets with zero counts. For the weighted likelihood method, there were an
additional 47 data sets where the MLE estimates converge to boundary values at 00, and
so these were also removed in the calculation of the MSE and its decomposition into the bias
and variance. Not surprisingly, when the zero count cases are included, the Bayes results
with flat priors perform far more poorly than the Bayes results with informative priors,
particularly for (.., in terms of the precision. (We emphasize that we do not recommend
the use of flat priors in practice for small phase II counts.) Even including the 30 zero count
cases, the Bayes approach with informative priors outperforms the likelihood approaches
(in terms of MSE) for all parameters but §,.,. When the zero count cases are excluded,
both Bayes approaches have lower MSE than the likelihood approaches (apart from gy for
the flat prior case), with the informative priors case being far superior (2 to 3 times smaller

for By, B and B, and roughly 10 times smaller for 53, ).

Turning to the medium sample sizes, the informative priors approach has the smallest
MSE for all parameters, with the flat priors approach being the next smallest for all pa-
rameters but [y, though the flat priors results are close to those of the three likelihood

approaches.

Finally, for the large sample sizes, the three likelihood approaches have slightly lower
MSE than the Bayes flat prior results, with the Bayes informative priors analysis giving the

lowest MSE for all parameters but j,.

For all three sample sizes, the Bayesian analysis with informative priors has lower vari-
ance than the flat priors case, however the pattern is less clear in terms of bias. For 8,
and [, the flat priors approach has lower bias, while for 5y and (.., the informative priors
approach has lower bias. Compared to the likelihood approaches, the Bayes estimates were
slightly more biased, however the variances were generally much smaller, resulting in smaller

MSEs.
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3.4.2  Sparse Data Example

To illustrate the potential advantages of the Bayesian approach, we present an analysis of
a single dataset for which the NPML approach fails. The population data were generated
in the same way as for the population of the simulation study described in Section 3.4.1,
where the total number of subjects in the phase I population for the simulation is 1500.
Table 3.3 displays the unobserved population data, while Table 3.4 displays the phase II
data. All favourable IH cases and samples of the favourable IH non-cases and unfavourable
IH cases and non-cases were used as the phase II sample. We picked a realization of the
data in which a zero count resulted in the phase II data. Due to the zero count in the upper
right corner of this table, the NPML estimate is not available, although since we are fitting
a saturated logistic regression model, the pseudo- and non-parametric maximum likelihood

estimates are identical, as in the simulation study of Section 3.4.1.

Table 3.3: Number of Wilms tumour cases and non-cases by institutional histology (IH)
and central histology (CH) in the simulated data: full data.

Favourable TH Unfavourable TH

Non-cases Cases | Non-cases Cases

Favourable CH 1171 128 25 3
Unfavourable CH 24 19 75 55
Total 1195 147 100 58 1500

A normal prior distribution with a large variance was used for 5y, while more informative
but realistic priors were used for (.,05, and B,,. Specifically, we assigned independent
normal prior distributions with variance log(5)/1.96, which corresponds to a 95% prior
interval of (—5,5) for each of the log odds ratios. We ran the chain for a total of 200,000
iterations, where the first 50,000 were used to tune the Markov chain, with a constant of
¢ = 0.77 giving an acceptance rate of approximately 30%. This analysis took 9 minutes to
run on a 2 GHz Intel Core Duo processor with 2 GB of 667 MHz DDR2 SDRAM.

Results from the complete data given in Table 3.3 are shown in the second column of
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Table 3.4: Number of Wilms tumour cases and non-cases by institutional histology (IH)
and central histology (CH) in the simulated data: phase II data.

Favourable TH Unfavourable TH

Non-cases Cases | Non-cases Cases

Favourable CH 295 128 11 0
Unfavourable CH 5 19 39 50
Total 300 147 50 50 547

Table 3.5, while results from fitting the phase II data alone are shown in the third column.
The parameter estimates and 95% credible intervals for the Bayesian two-phase approach are
displayed in column 6 of Table 3.5. Analysis of the phase II data only yields spurious results
for 5, and (.., due to the zero count. Further, there is not much of an improvement in
these estimates when the weighted likelihood or pseudo-likelihood approach is used (results
displayed in columns 4 and 5 of Table 3.5). In all three cases, the MLE estimates converge
to boundary values at +00, however because of machine precision limitations, they appear
to converge to large finite values. Appendix A.2 displays the trace plots for this example,
with the posterior samples thinned by 100. Based on 75,000 samples from the posterior
distribution, the effective number of independent samples is between 2,000 and 5,000 for
the seven A parameters. Convergence was assessed through visual inspection of trace plots

by running three chains with different starting values.

We compare the results of the Bayesian two-phase analysis to those with fitting a logistic
regression model to the complete data. The posterior means and 95% credible intervals
obtained from the Bayesian analysis for the log odds parameters, 3, and the nuisance log-
linear parameters, AX, A% and A%, are displayed in Figure 3.2, along with summaries from
fitting a logistic model to the full phase I data. The Bayes results agree well with the
full data estimates, with the exception of 3, and S;.. Figure 3.3 displays some aspects of
the dependence in the posterior via scatterplot representations of the bivariate posterior

marginal distributions, which shows strong negative dependence between 3, and S,.. The
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Table 3.5: Estimates and 95% intervals from five analyses of the sparse data example.
NPML results are unavailable due to the zero count in the phase Il data. True values:
Bo = —2.16, B, = 1.59, B8, = 0.15, B, = 0.17.

Complete Data Phase II Sample WL PL Bayesian Two-Phase

Bo -2.21 -0.83 -2.22 -2.21 -2.21

(-2.40, -2.03) (-1.04, -0.63)  (-2.40,-2.03) (-2.39, -2.03) (-2.39, -2.03)
B 1.98 2.17 2.17 2.17 1.76

(1.35, 2.61) (1.16, 3.18)  (1.16,3.18)  (1.16,3.18) (1.02, 2.55)
Bz 0.09 -14.7 -9.69 -9.89 -0.33

(-1.12, 1.30)  (-874.8, 845.3) (-9.96,-9.41) (-126.3,106.5) (-1.39, 0.67)
Bz -0.17 13.6 9.44 9.64 0.45

(-1.57, 1.23)  (-846.4, 873.7) (8.34,10.54) (-106.8,126.0) (-0.69, 1.59)

zero entry is modeled by exp(5,) and so the latter estimate is low, while the “large” entry
of 50 in the phase II data (see Table 3.4) is modeled by exp(f; + z-) and so the interaction
parameter, 3,,, is correspondingly overestimated. In general, the Bayesian credible intervals
are wide but contain the true values of each parameter. Hence, Bayesian inference is reliable

in this example and may be useful in other sparse data situations.

3.5 Examples

3.5.1 Wilms Tumour Data

We return to the Wilms tumour data introduced in Section 2.8.1 in which simple random
sampling is assumed at phase I. Recall that the phase I data was obtained by selecting all the
Wilms tumour cases, all unfavourable institutional histology non-cases and approximately
10% of the favourable institutional histology non-cases. The full population and phase IT
data are provided in Tables 2.3 and 2.4. Using a disease model that includes main effects
for stage and unfavourable central histology, as well as their interaction, we compare the

NPML approach with the Bayesian two-phase approach.
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Figure 3.2: Comparison of estimates and 95% intervals of log odds ratios 3 and log-linear
parameters A, for the sparse data example.

The Bayesian approach assigned independent zero mean normal prior distributions on
B with large variances and the approach outlined in Section 3.2.2 for the remaining A
parameters; the details are contained in Appendix A.3.

The first 100,000 iterations were used to tune the Markov chain, with a constant of
¢ = 0.32 giving an acceptance rate of approximately 30%. We then ran the chain for a
further 500,000 iterations (though convergence was achieved at around 200,000 iterations).
The 600,000 iterations took 50 minutes to run on a 2 GHz Intel Core Duo processor with
2 GB of 667 MHz DDR2 SDRAM. Appendix A.3 displays the trace plots for the 8 and A
parameters, which displayed no obvious convergence problems. The effective sample sizes
for the 23 A parameters are between 1,600 and 5,300, based on 300,000 samples from the
posterior distribution. Convergence was assessed through visual inspection of trace plots
by running three chains with different starting values.

Results from the complete data are shown in the second column of Table 3.6. The pa-

rameter estimates and 95% intervals for the NPML and Bayesian approaches are displayed
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Figure 3.3: Scatterplots of three bivariate posterior distributions in the simulated data
example.
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Table 3.6: Disease model point and 95% interval estimates for the Wilms tumour relapse
data for various methods.

Complete Data  Phase II Sample NPML Bayesian Two-Phase
Bo -2.71 (-2.92, -2.50) -0.35 (-0.61, -0.08) -2.58 (-2.83, -2.32) -2.58 (-2.84, -2.34)
Stage II 0.77 (0.48, 1.05)  0.55 (0.17, 0.93)  0.55 (0.17, 0.94) 0.56 (0.17, 0.95)
Stage 111 0.77 (0.48, 1.07)  0.41 (0.02, 0.79)  0.49 (0.09, 0.88) 0.49 (0.10, 0.88)
Stage IV 1.05 (0.71, 1.39)  0.58 (0.12, 1.03)  0.96 (0.47, 1.46) 0.99 (0.50, 1.47)
UH* 1.31 (0.82, 1.80) -0.63 (-1.16,-0.09) 1.26 (0.70, 1.82)  1.25 (0.67, 1.80)
Stage ILUH  0.15 (-0.49, 0.78)  0.28 (-0.43, 0.99)  0.29 (-0.47, 1.05)  0.30 (-0.45, 1.09)
Stage IIILUH 0.59 (-0.03, 1.21)  0.70 (0.01, 1.39)  0.73 (0.01, 1.46) 0.74 (0.01, 1.50)
Stage IV:UH 1.26 (0.50, 2.02)  1.67 (0.79, 2.55)  1.43 (0.51, 2.36) 1.42 (0.49, 2.39)

*: Unfavourable central histology

in columns 4 and 5 of Table 3.6. The NPML and Bayesian two-phase results are in accor-
dance with the Bayesian credible intervals tending to be very slightly narrower. Compared
to the results using the full data, the NPML and Bayesian two-phase approaches slightly
underestimate the main effects, while slightly overestimating the interaction terms. Analy-
sis of the phase II data only (column 2) results in extreme bias due to the biased sampling.
In particular, the unfavourable central histology parameter estimate from an analysis of the
phase II data only results in a negative estimate of —0.63(—1.16, —0.09) compared to an
estimate of 1.31(0.82,1.80) from the full data analysis. In addition, there is a large loss
of precision, as we would expect. In this example, the NPML and Bayes approach give

essentially identical inference.

3.5.2  Case-Control Sampling at Phase I Example

As outlined in Section 3.2, the log-linear framework that we use allows for simple random
or case-control sampling at phase I. In this section, we provide an example in which case-
control sampling was carried out. The data consist of preliminary information on age, sex,

smoking and disease status from a case-control study of residential exposure to radon and
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lung cancer (Wacholder and Weinberg, 1994). Random digit dialing was used to identify
controls younger than 65 years, while those over 65 were sampled at random from Health
Care Financing Administration lists. All cases and a subset of controls were selected for
a telephone interview. The controls were selected using a randomized recruitment process
where the probabilities of recruitment varied by age and sex. Individuals were classified
into one of four smoking categories, depending on their smoking behaviour 10 years prior to
the interview: never smoker, ex-smoker, light smoker (fewer than 20 cigarettes per day), or
heavy smoker (20 or more cigarettes per day). Age and sex data were available for 12,695
individuals, which comprises the phase I data, shown in Table 3.7. Smoking status was only
known for a much smaller subsample of 4,423 individuals, which gives the phase II data

shown in Table 3.8.

Table 3.7: Phase I data, N,.., for the case-control example.

Age Category Female Male
(years) Controls Cases Controls Cases
40-59 2738 67 2589 100
60-64 468 45 437 97
65-69 1147 74 1010 123
70-74 1119 95 903 131
75-79 838 40 637 7

Following Wacholder and Weinberg (1994), the disease model included main effects for
age and smoking. We performed four analyses of these data: weighted likelihood, pseudo-
likelihood, non-parametric maximum likelihood (NPML) and a Bayesian two-phase analysis.

In our notation, y is an indicator variable for lung cancer, z is a categorical variable with
levels corresponding to the age-by-sex groups and x is a categorical variable representing
smoking behavior. For illustration, we fit a log-linear model using all two-way interactions
between age, sex and smoking. We specified independent zero mean normal distributions

with large variances for 3. For the remainder of the A nuisance parameters, we followed the
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Table 3.8: Phase II data, ny,., for the case-control example.

Smoking Status
Never Ex-smoker Light Heavy
Sex  Age Category Control Case Control Case Control Case Control Case
40-59 320 7 26 3 31 15 37 34

60-64 135 6 10 0 11 10 17 22

Female 65-69 228 7 26 6 12 12 18 34
70-74 214 6 18 3 12 11 16 28

7579 156 8 11 7 11 8 0 7

40-59 385 6 127 2 47 6 121 73

60-64 210 2 99 7 22 7 67 65

Male 65-69 240 7 136 18 31 10 75 63
70-74 289 8 164 25 26 16 62 54

75-79 195 7 119 17 11 11 25 25

procedure outlined in Section 3.2.2, based on the Knuiman and Speed (1988) and Dellaportas
and Forster (1999) formulation. Recall that since we are in the case-control sampling at

phase I situation, we cannot estimate )\5.

Table 3.9 gives the results from the four analyses. For the Bayesian analysis, 150,000
iterations were run, where the first 50,000 were used to tune the Markov chain with a
constant of ¢ = 0.20 giving an acceptance rate of approximately 30%. The 150, 000 iterations
took 57 minutes to run on a 2 GHz Intel Core Duo processor with 2 GB of 667 MHz DDR2
SDRAM. Appendix A.4 contains trace plots for the 8 and A parameters. Convergence
appears to be achieved at around 50,000 iterations. Based on 50,000 samples from the
posterior distribution, the effective number of independent samples is between 200 and 700
for the 34 A\ parameters. Convergence was assessed through visual inspection of trace plots

by running three chains with different starting values.

As expected, for these data with large counts and the use of non-informative priors,
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Table 3.9: Estimates and 95% intervals from four analyses of the case-control example
investigating the association between lung cancer and smoking; WL = weighted likelihood,
PL = pseudo-likelihood, NPML = non-parametric maximum likelihood.

WL PL NPML Bayesian Two-Phase

Intercept -5.69 (-6.00, -5.38) -5.71 (-6.02, -5.41) -5.73 (-6.03, -5.42) -

Age 60-64 1.61 (1.32, 1.89)  1.65 (1.37,1.93)  1.65 (1.36, 1.93) 1.63 (1.35, 1.91)
Age 65-69 1.24 (0.98, 1.50)  1.25 (0.99, 1.51)  1.25 (0.99, 1.51) 1.23 (0.98, 1.49)
Age 70-74 1.41 (1.14, 1.68)  1.46 (1.19, 1.73)  1.47 (1.20, 1.73) 1.43 (1.18, 1.70)
Age 75-79 1.70 (1.39, 2.01)  1.72 (1.41,2.02)  1.72 (1.41, 2.03) 1.66 (1.37, 1.96)
Ex-smoking 1.76 (1.43,2.09)  1.75 (1.41, 2.08)  1.77 (1.43, 2.10) 1.76 (1.43, 2.09)
Light smoking  3.04 (2.68, 3.39)  3.06 (2.71, 3.41)  3.07 (2.72, 3.42) 3.07 (2.73, 3.41)
Heavy smoking 3.86 (3.57, 4.16)  3.88 (3.59, 4.17)  3.90 (3.61, 4.19) 3.90 (3.62, 4.20)

there is strong agreement between the likelihood-based and Bayesian analyses, with the
Bayesian credible intervals tending to be slightly narrower. Hence, this example provides
an instance where the Bayesian method provides reliable estimates and 95% intervals in the

phase I case-control sampling situation.

3.5.8 2x2x2x3xT7 Contingency Table

One criticism of our approach is that the number of parameters required to fit the log-linear
model (3.8) explodes when m, or m, is large, and hence may affect the performance of the
Bayesian approach. This example concerns a higher-order table to illustrate the performance
of the method under a larger parameter space with respect to A, which demonstrates the
method’s ability to cope in such situations.

The data come from a 1981 survey of employees of a large national corporation and
have previously been analyzed by Fowlkes, Freeny, and Landwehr (1988). The aim of
the survey was to relate job satisfaction to simple demographic variables as well as to
variables that measure job characteristics, such as perceived stress. Table A.5 shows the
number of craft employees cross-classified by age, gender, race and region. There are a

total of 9,949 individuals in the data set. We artificially create a two-phase data set and
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at phase I, we assume we have information on employees’ job satisfaction (y = 0/1 for not
satisfied /satisfied) and region (z = 1,...,7). The phase I counts are displayed in Table 3.10.
At phase II, 100 controls and 200 cases were sampled from each region and information on
age, race, and sex were obtained. The phase II data are shown in Table A.6.

As described in Fowlkes et al. (1988), the disease model fit to these data had main
effects for age, race, sex and region, as well as an interaction between sex and race; hence,
the disease model has 12 parameters. For illustration, we fit the model using all two-way
interactions between age, race, sex and region, which gives an additional 39 coefficients. Let
A represent age, R race, S sex and Z region. Again, a multivariate normal prior with large
variances was assigned for 8 and the Dellaportas and Forster (1999) prescription described
in Section 3.2.2 was used for the remaining A nuisance parameters.

In Table 3.11, we report the estimates for 3 based on the complete data, and NPML and
the Bayesian approach applied to the two-phase data. In the Bayesian approach, the first
50,000 iterations were used to tune the Markov chain, with a constant of ¢ = 0.17 giving
an acceptance rate of approximately 30%. We then ran the chain for a further 200,000
iterations. The 250,000 iterations took 138 minutes to run on a 2 GHz Intel Core Duo
processor with 2 GB of 667 MHz DDR2 SDRAM. Trace plots for the 8 and A parameters are
contained in Appendix A.5. Convergence appears to be acheived around 100, 000 iterations.
There are four A parameters which converge less well than the others, namely the two
A4 and the two A4° parameters. The effective sample sizes for these four A parameters
are between 45 and 80, based on 100,000 samples from the posterior. For the remaining
47 X parameters, the effective number of independent samples is between 200 and 1, 300.
Convergence was assessed through visual inspection of trace plots by running three chains
with different starting values.

Again, we see strong correspondence between the NPML and Bayesian approaches, il-
lustrating that the Bayesian method is able to cope with the relatively high dimension of
the A parameter space. While the Bayesian credible intervals tended to be slightly narrower
than the NPML confidence intervals, both procedures provide essentially identical inference
in this example. Further, we see that inference based on the two-phase data is quite close

to that based on the complete data, showing the efficiency of the two-phase design.
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Table 3.10: Phase I Data, V.., for the 2 x 2 x 2 x 3 x 7 dimensional table example.

Northwest Mid-Atlantic Southern Midwest Northwest Southwest Pacific
(Z=1) (Z=2) (Z=3) (Z=4) (Z=5) (Z-6) (Z=T)

Satisfied 1161 406 916 1240 1221 971 462
Not satisfied 738 166 514 749 711 482 209

Table 3.11: Estimates and 95% intervals for 2 x 2 x 2 x 3 x 7 dimensional table example.

Complete Data NPML Bayesian Two-Phase
Bo -0.01 (-0.18, 0.17)  -0.02
Age 35— 44 0.13 (0.03, 0.23 0.20

(-0.36, 0.32)  -0.02 (-0.38, 0.32)

) (-0.02,0.43)  0.20 (-0.02, 0.42)

0.26, 0.46)  0.42 (0.19, 0.65 0.42 (0.20, 0.65)
) (

) (

Age > 44 0.36 ) (
0.23,0.64) 042 (0.21,0.62)  0.42 (0.22, 0.62)
) (

Region Mid-Atlantic  0.44

Region Southern 0.18 (0.03, 0.32 0.19 (0.04, 0.34 0.19 (0.03, 0.34)

0.04,0.22)  0.06 (-0.07,0.20)  0.06 (-0.07, 0.20)
)

(

(

(

(

Region Midwest 0.09 (-
Region Northwest 0.12 (-0.01, 0.26)  0.13 (-0.01, 0.28

(

(

(

(

(-

0.13 (-0.01, 0.27)

Region Southwest 0.29 (0.14, 0.43 0.27 (0.12, 0.42) 0.28 (0.12, 0.43)

) (
Region Pacific 0.41 (0.22,0.60)  0.42 (0.23,0.62) 0.4 (0.24, 0.63)
Male 0.49 (0.27, 0.71)

)

0.04, 0.39

0.37 (-0.09, 0.83)  0.31 (-0.16, 0.77)
0.10 (-0.29, 0.48) 11 (-0.31, 0.51)
0.62,-0.14) -0.12 (-0.63, 0.40)  -0.06 (-0.58, 0.44)

White Race 0.21
Male:White Race -0.38
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3.6 Summary

In this chapter, we have described a Bayesian approach to the analysis of data arising
from two-phase study designs. The proposed approach uses a log-linear model to model
the disease-exposure-confounder relationship, and introduces the unobserved population
disease-exposure-confounder counts as auxiliary variables to facilitate the derivation of the
posterior distribution following Holubkov (1995). Due to the potentially large dimensional-
ity of the confounder/exposure space, we follow the specification proposed by Knuiman and
Speed (1988), and refined by Dellaportas and Forster (1999), where multivariate normal
prior distributions are assigned to the collections of main effect and interaction terms in
the log-linear model. Sampling from the posterior distribution proceeds via a Markov chain
Monte Carlo scheme in which the complete vector of parameters from the log-linear model
is updated via a single Metropolis-Hastings step using a multivariate random walk based

on a normal proposal.

The data examples of Section 3.5 compare the Bayesian approach to the NPML approach
proposed by Breslow and Holubkov (1997a), where the results agree reasonably well in all
cases. Additionally, the results of the simulation study of Section 3.4 suggest that the
Bayesian parameter estimates have lower mean squared error than those obtained from the

likelihood approaches, however they also tend to have some finite-sample biases.

The Bayesian approach we have outlined requires a far greater level of model specifica-
tion than the NPML approach, namely an exposure-confounder model. This is a potentially
major drawback and in situations in which the data are numerous and there are no depen-
dencies that need to be modeled (via the use of random effects, for example), we would
recommend the NPML approach. However, for the situation in which the covariates are all
discrete and the data are sparse, the Bayesian approach is beneficial. The 2 x 2 x 2 x 3 x 7
contingency table example from Section 3.5 provided an example in which the dimension-
ality of the covariate space was quite large. If the log-linear model had been fit using all
interactions between age, race, sex and region, 82 additional coefficients would have been
required rather than the 39 required using only two-way interactions. In this example, we

saw that the Bayesian method was able to handle the relatively high dimension of the A
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parameter space, and gave essentially identical inference as the NPML approach. Hence,
in situations in which x and/or z take on many values, it may be beneficial to avoid the
saturated log-linear model (3.8), which will contain many parameters, in favour of a simpler
form. Random effects models can also be used, as we demonstrate in the next chapter.
Despite the complexities associated with the full probability modeling approach de-
scribed here, a motivation for this approach is that random effects may be introduced to

account for dependencies in the data, which we describe in Chapter 4.
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Chapter 4
BAYESIAN RANDOM EFFECTS ANALYSIS OF TWO-PHASE DATA

In Chapter 3, we described a Bayesian approach to the analysis of data arising from
two-phase studies. One benefit of the Bayesian approach is that random effects may be
easily introduced, and that is the extension we describe in this chapter. There are two ways
in which we might approach the addition of random effects into our model. The first is
modeling the exposure-confounder relationship using random effects to smooth the fitted
cell probabilities in large contingency tables, particularly in the case of sparse data. We
describe this approach in Section 4.2. We can also include random effects into the disease
model to smooth across geographic areas, for example. This is discussed in Section 4.3.
These methods are illustrated using the North Carolina infant mortality data example,

described in Section 4.4.

4.1 The Likelihood

For both simple random and case-control sampling at phase I, the likelihood in the random
effects case is of the same form as in the fixed effects case. Recall from Section 3.2.1 that

in the case of simple random sampling at phase I, the likelihood is
pr(NYZ nY? n?*|N..,A) o pr(INV?N..,A) x pr(n”**n¥?% A),
where
NY?IN.., A ~ Multinomialo s, (N...,{pr(Y =y, Z = 2) }y=0.1;1<2<m. ) s
and

n N X ~ipg Multinomial,,, (ny.., {pr(X = z|Z = 2,Y = y) hi<e<m.)

y=0,1;1<z<m,,

forpr(Y =y, Z =2)=> " 1y and pr(X = 2|2 = 2,Y = y) = <>

2l Tyvs
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In the case-control sampling at phase I situation, the likelihood is
pr(NYZ n’* n¥* Ny..,N1.,A) o pr(NY? Niy., No.,A) x pr(n”**|n¥?* \),
where
NYZ#|Ni.., No.., A ~ing Multinomial,,, (Ny.., {pr(Z = 2|Y = y) hi<z<m,),y = 0,1,
and

n"nY? X ~ipg Multinomial,, (ny.., {pr(X =z|Z = 2,Y = y) hi<e<m. )

y=0,11<z<m.,

Tezly
~mz .. -
Zu:1 Tvz|y

The probabilities 7y, and r,), are calculated using the log-linear model that we specity,

for pr(Z = z|Y =y) =", Tyzly and pr(X = x| Z =2Y =y) =

defined in terms of jiy,., the mean of the disease-exposure-confounder count in cell (y, z, 2)

of the 2 X m, X m, contingency table:

Hyzz

T, =
v Zu Zv Zw Huvw

Hyzz

r = =
wely 2w 2w Pyow

As described below, the particular form of the log-linear model changes depending on the

kind of smoothing we would like to perform. We now discuss smoothing across the cells of

the contingency table.

4.2 Random Exposure-Confounder Relationship

As discussed in Chapter 3, using a saturated log-linear model is not always desirable, par-
ticularly in situations in which = and/or z take on many values. For example, in the
large contingency table example considered in Section 3.5.3, we fit a log-linear model us-
ing all two-way interactions between the exposure and confounder variables rather than a
saturated exposure-confounder model. We may sometimes wish to model the z—z margin

using random effects for smoothing purposes. Hence, another alternative to the saturated
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exposure-confounder model is to introduce random effects into the log-linear model by mod-

eling the exposure-confounder relationship using random effects:
log(fyez) = 4+ A} + A8 + X7+ N5 + N7+ Vi (4.1)

with the usual sum-to-zero constraints imposed for identifiability. We use the notation VX%
to denote the random AXZ terms. (Note that in addition to AXZ, X%, AZ and/or AY X%
can be modeled as random effects in an analogous manner.) The VX% z =1,...,m, —
1,z = 1,...,m, — 1 are assigned independent normal distributions with mean zero and
variance O'i. Note that since we place proper prior distributions on VX% imposing the
sum-to-zero constraints is not strictly necessary. The sum-to-zero constraints are imposed
on both margins of VX% 5o that the interpretations of the parameters are the same as in
the frequentist analysis. This also improves convergence of the Markov chains. Letting

™ = 0;2 denote the precision, we adopt a conjugate gamma hyperprior distribution with

shape parameter a) and rate parameter by for 7y:

Vi ~ NO,7,h

Tx ~ G(ay,by),

where a) and by are suitably chosen constants based on the context. The choice of the
gamma distribution as the hyperprior for the precision variable is convenient as the marginal
distribution of VfZZ is a Student’s t-distribution with 2a) degrees of freedom, location zero,
and scale by /ay. Further, by specifying the degrees of freedom and the range within which
the VfZZ lie with probability ¢, we can easily compute the corresponding values for a) and
by according to (2.14). Details are provided in Section 2.6.2. As we will see in Section 4.4.4,
the particular choice of ay and by makes little difference on the posterior estimates for A
when the phase II sample sizes are large enough. However, with small phase IT sample sizes,
the posterior estimates for A can be quite sensitive to the choice of hyperprior distribution
parameters, and hence they should be chosen with care.

Including uncorrelated random effects in a log-linear model as in (4.1) does not affect
the correspondence between AY = ()\Y, AVX Y2 ) and 3. However, the prior we assign to

VX% does imply a certain correlation structure for the exposure-confounder log odds ratios
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(Coull and Agresti, 2003). Let d(,),. denote the exposure-confounder odds ratio for disease
status y, and let §@XZ = (04225 - - s O(yymym.)- Then, in terms of the log-linear model

(4.1),

- Hyxz Myl
log 5(3/)962’ B log (/’%}xl/{ylz)

_ XZ XZ XZ XZ
- szz +Vv11 _Vacl _Vlz

forx=2,...,m;,z=2,...,m,, where
me—1
XZ _ Z Xz
Vmwz - V;:z
r=1
my—1

Xz Xz
mez == Z sz :
z=1
Then, we have §%% = BVXZ where B is an (mg — 1)(m, — 1) square transformation
matrix. The independent normal priors on VX7 induce a multivariate normal distribution

)Xz

on 0 with mean zero and variance-covariance matrix 7, !BBT. For example, let

my = 3 and m, = 3. Then, VX7 = (VY2 V{2, V5% VA Z) and

1 -1 -1 1
2 1 -2 1
B =
2 -2 11
4 2 21
Then, the induced multivariate normal distribution on sWXZ ig
0 4 4 4 1
SOXZ L N, 0 77_;1 4 10 1 7
0 4 1 10 7
0 17 7 25

As in the case of fixed AXZ terms, we would like to base our inference on the 8 parameters
from the disease model (3.17). We can assign a multivariate normal prior distribution for 8
with mean p and variance-covariance matrix 3, which induces a multivariate normal prior
on AY with mean C ™'y and variance-covariance matrix C~'% (Cil)T. As discussed in
Section 3.2.2, p and 3 are chosen based on the context. We assign A¥ and AZ multivariate

normal priors following the Dellaportas and Forster (1999) prescription.
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4.2.1  Computation

The VX% vector can be updated together with the A = (AY, MY, AZ AYX AYZ) vector, or
in a separate Metropolis-Hastings step via a multivariate random walk. In the former case,

the Markov chain cycles between the conditional distributions
PN VEZIN ) o pr(NY% nY™ n¥™|N.., A, VXZ) x T (A)m(VX7|1)
(m 1)(m mm 1m,—1
XZ z z XZ
oIV >huc(@+ 2 DWNE ),Mﬂ

and in the latter case, the chain iterates between

pAIVXZ N ) o pr(NYZnY% nY N A\, VX)) x 1(X)

p(VXZ\)\, N.) o« pr(NYZ n’* n¥* N.. A, VXZ) X TF(VXZ|T)\)

me—1my—1
w_l Z_ xT z
(VALY o @ (aAjL (m )(m b,\+ Z Z (V%) )

2
r=1 z=1

In the examples considered in this thesis, we found that updating A and VXZ separately
allowed for better control of acceptance probabilities and movement around the sample
space for both parameters.

We take the proposal distribution for VX# as normal, centered at the current value with
variance-covariance matrix a constant, cy, times a diagonal matrix with entries 7, 1 Sam-
pling the A vector proceeds exactly as described in Section 3.2.2. As before, the constants
are chosen to achieve acceptance rates of approximately 30% (Roberts et al., 1997).

We now discuss the inclusion of random effects into the disease model.

4.3 Random Disease Model

Assume that the confounding variable z now represents areas, of which there are m,. We

begin by describing a non-spatial random effects disease model.

4.8.1 Non-spatial Random Effects

The disease model (3.17) can be extended to include independent random intercept terms

for area via
pr(Y =1|X=2x,7Z=
pr(Y =0| X =2,Z==2)

N
~—

log

—WB+ V.,
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where V, are random effects without spatial structure. Without loss of generality, we sup-
pose there is simple random sampling of the phase I data. (The scenario of case-control
sampling at phase I follows in a straightforward fashion.) In terms of the log-linear param-

eterization, we have
log(fyez) = 4+ Ay + A5 + A7+ A5+ N7+ A7 (4.3)
with the set of constraints
YBEVEED P L)
Yy x z
IREES WL
Yy T
YZ _
> =0
Y
=Y =0
X z

where we place no constraint on ) _, )\;;Z . As for VX% imposing the sum-to-zero constraints
is not strictly necessary since we assign proper priors on A2 We impose the sum-to-zero
constraints on the y margin of A¥Z only so that the interpretations of the parameters are
the same as in the frequentist analysis. As before, this improves the convergence of the

Markov chains.

As described in Section 3.1.1, the B and A parameters are directly related:

Bo = =200 +Xo1)
B = =200 = Ag)
forx =2,...,m, and
YZ
‘/Z == _2)\02 5
for z = 1,...,m,. Hence, we have the same relationship between 8 and A as in the case

of no confounder variables, where 8 = CAY, for AY = (AY, AYX) and C the m, x m,
invertible matrix given in (3.7). As in the independent data case, we perform computations

for A first, and then transform to 8 using C.
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Prior Specification

We specify prior distributions for AY, A¥, AZ, AX? vV = (V4,...,V,,.) and 7, the precision

of the random effects, where we assume
T(AY AN A2 V) = n(A) (AN n(AF) (A )m(Vm).

As described in Chapter 3, we assume a multivariate normal prior distribution for 3 with
mean p and variance-covariance matrix 3, where p and 3 are chosen based on the context.
Then, the induced multivariate normal prior for AY has mean C !y and variance-covariance
matrix C~!'3 (C_l)T.

Depending on the context, we may want to consider AX? as fixed or random. If we
view A, AZ, and AXZ as fixed effects, then we can follow the approach of Dellaportas
and Forster (1999) as described in Section 3.2.2. However, for those situations where we
view A%XZ as random, we follow the procedure outlined in Section 4.2 and assign AX%
independent normal prior distributions with gamma hyperpriors, and denote them V*Z.
In this case, AX and A? would be assigned the usual multivariate normal prior distributions
of Dellaportas and Forster (1999).

For V, we adopt a similar strategy as described for VX% in Section 4.2. We place

1

independent normal prior distributions with zero mean and variance 7,7 on each V, z =

1,...,m,, and assign a gamma hyperprior distribution with shape parameter a, and rate

parameter b, on the precision 7,:

Vi ~ N(O,Tv_l)

To ~ G(ay,by),
where, again, a, and b, are suitably chosen constants based on the context.

Computation

We construct a Markov chain and update the parameters using separate Metropolis-Hastings

steps for A = (AY, A, A%, AYX AX%) and V, and a Gibbs step for 7,. The Markov chain
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cycles between the conditional distributions:

p(AlV,N.) o pr(NY* n¥* n**N. A\ V) xm(A) (4.4)

p(VIAN 7o, N.) o pr(NY*, nY? nV*|N.., A\ V) x 7(V|r)

m, 1 & 9
p(,|V) ~ @ (av + 7,bv + Q;Vi ) : (4.5)

For A*? fixed, we follow the procedure described in Section 3.2.3, where the Metropolis-
Hastings step for A is a multivariate normal random walk based on a normal proposal. When
we consider AX% to be random, we propose values for VX% using a normal distribution
centered on the current value with variance-covariance matrix diagonal with entries cy7y L
As described in Section 4.2, the VX% parameters can also be updated simultaneously with
A

The Metropolis-Hastings step for V' is performed via block updating (that is, updating
all parameters at the same time), using a random walk based on a multivariate normal
proposal centered around the current value of V' with variance-covariance matrix taken to
be a constant, ¢,, times a diagonal matrix ¥ with entries 7, !. The constants cy and ¢, are
chosen to achieve acceptance rates of approximately 30% (Roberts et al., 1997). We sample
7, from its full conditional distribution (4.5). If AXZ is treated as random, 7y is sampled
from its full conditional distribution (4.2).

We now discuss the disease model in which we supplement the independent random

effects with spatial terms.

4.3.2  Spatial Random Effects

In the extension to spatial random effects, the disease model (3.17) now includes two different

random effect terms:

pr(Y =1|X=2,7Z=z2)
pr(Y =0| X =2,Z=z)

:Wﬂ"i'Uz"i“/m

where U, and V, are random effects with and without spatial structure, respectively. In
terms of the log-linear parameterization, we would fit the same model with an identical set

of constraints as in the non-spatial model, given in (4.3). The correspondence between (3
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and A will remain the same, however and we now have
U, +V, = -2\ 7,

for z=1,...,m,.

The prior distributions for A and V are unchanged from the non-spatial model, and are as
given in Section 4.3.1. Let U = (Uy,...,Up,,). We assume that U and V are independent.
We adopt the intrinsic conditional autoregression (ICAR) model for U introduced by Besag
et al. (1991) and described in Section 2.6:

w(U 7)o nm T ep |- TS (- 1)

i~j

_ o me/2 g <_%“UKU> ,

u

where i ~ j denotes all pairs of neighbouring areas ¢ and j, and K denotes the matrix
representing the neighbourhood structure of areas z. The definition of neighbours that we
adopt is that based on contiguity. For the precision parameter 7,,, we adopt the conjugate
gamma prior Gamma(a,, b, ), where a,, and b, are suitably chosen constants based on the
context.

The updating of the parameters proceeds via a Markov chain, which cycles between the

conditional distributions:

p(A|V,U,N.) o« pr(NY*n"* n"*|N. . AV, ,U) x w(A)

(
I‘(Ny.z, ny~z’ nyXZ’N“_’ A’ V’ U) X 7T(V|Tv)
(

p(VIAU, 7, N.|) o p
p(UANV, 7y, N.) o pr(NY* n¥* n"*|N., A\ V,U)x n(U|r,)
m, 1A,
p(r|V) ~ G (av+27bv+2;% ) (4.6)
(lU) ~ G lawt 2t b+ 25 W - Uy (4.7)
P(Ty Ay 9 Ou g < i j .

using Metropolis-Hastings steps for p(A|V, U, N ), p(V|A\, U, 1,,N._)and p(U|X\, V,7,, N.)
(Tierney, 1994), and Gibbs steps for p(7,|V') and p(7,|U).

Updating the parameters A and V proceeds exactly as described in Section 4.3.1, where

AXZ

we can, again, view as fixed or random. Since single-site updating can have poor
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convergence and mixing properties in spatial models, the Metropolis-Hastings step for U is
performed via block-updating (Knorr-Held and Rue, 2002). We use an improper Gaussian
Markov random field (GMRF') with mean the current value of U and precision matrix ¢, Q as
our proposal distribution, where Q = 7, K and the tuning parameter c, is selected to achieve
acceptance rates of approximately 30% (Roberts et al., 1997). As described in Section 2.6.4,
sampling from an improper GMRF is relatively straightforward using Algorithm 3.1 of Rue
and Held (2005) for sampling from an improper GMRF with mean zero. Finally, we sample
7, and 7, from their full conditional distributions, given in (4.6) and (4.7), respectively. In
the case where A7 is treated as random, 7 is sampled from its full conditional distribution
(4.2).

As we will see in the next chapter, there are situations where we may want to predict
the population counts in each disease-exposure-confounder group. The predictions can be
done within the MCMC scheme. Once the chains have achieved convergence, the updated
vector of A, V and U parameters are used to calculate the disease-exposure-confounder
cell probabilities, and the INY* are sampled from a multinomial distribution using the
calculated cell probabilities. We can evaluate the predictions using the bias, variance and

mean squared error (MSE). For S draws from the posterior distribution, we have

yaczv

IIMm

Biasyxz = ( yz’z) ) yxz -
S _
. \J 2
Variance,,, = § E ym — Nyz2)* |,
s=1

1 mg m
MSE = Z Z Z Bias,. + Variancey,) .
=1 2=1

Estimates with small MSE will be generally preferred.
4.4 Examples

4.4.1 2x2x2x3x7 Contingency Table Example

We revisit the 2 x 2 x 2 x 3 X 7 contingency table example described in Section 3.5.3. Recall

that the outcome of interest is job satisfaction, the confounder variable is region and the
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exposure variables are age, race and sex. Because of the high-dimensionality of the =z X z
parameter space, we model the AX% as random. As before, we fit a disease model with
main effects for age, race, sex and region, as well as an interaction between sex and race.
Let A denote the 3 age categories, R race, S sex and Z region. We assigned independent
mean zero normal priors with large variances for 5, and we used the Dellaportas and Forster
(1999) formulation for A4, A% A AZ AAR AAS ARS and AARS. Details can be found in
Appendix B.2.

For VX% we assigned each of the m, elements a normal prior distribution with mean
zero and precision 7y, where we assigned 7, a gamma hyperprior with shape parameter 0.5
and rate parameter 0.0005. Using this hyperprior, the (0.025, 0.975) quantiles for o) are
(0.014, 1.01). There were 66 V*Z parameters to consider.

Table 4.1: Estimates and 95% intervals of the 3 parameters from three analyses of the
2 x 2 x 2 x 3 x 7 contingency table example.

Complete Data NPML Bayesian Two-Phase

Bo -0.01 (-0.18, 0.17) -0.02 (-0.36, 0.32)  -0.01 (-0.35, 0.34)
Age 35-44 0.13 (0.03, 0.23)  0.20 (-0.02, 0.43) 0.20 (-0.02, 0.43)
Age > 44 0.36 (0.26, 0.46)  0.42 (0.19, 0.65) 0.42 (0.19, 0.65)
White Race 0.21 (0.04, 0.39)  0.10 (-0.29, 0.48) 0.11 (-0.28, 0.50)
Male 0.49 (0.27, 0.71)  0.37 (-0.09, 0.83) 0.36 (-0.10, 0.81)
Mid-Atlantic 0.44 (0.23, 0.64) 0.42 (0.21, 0.62) 0.43 (0.22, 0.63)
Southern 0.18 (0.03, 0.32)  0.19 (0.04, 0.34) 0.16 (0.01, 0.31)
Midwest 0.09 (-0.04, 0.22)  0.06 (-0.07, 0.20) 0.06 (-0.08, 0.19)
Northwest 0.12 (-0.01, 0.26)  0.13 (-0.01, 0.28) 0.12 (-0.02, 0.25)
Southwest 0.29 (0.14, 0.43)  0.27 (0.12, 0.42) 0.26 (0.12, 0.41)
Pacific 0.41 (0.22, 0.60) 0.42 (0.23, 0.62) 0.41 (0.22, 0.61)
Male:White Race -0.38 (-0.62, -0.14) -0.12 (-0.63, 0.40) -0.11 (-0.62, 0.40)

Table 4.1 displays the estimates and 95% intervals for 3 based on the complete data,
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and NPML and the Bayesian random effects approach applied to the two-phase data. In the
Bayesian approach, we ran 300, 000 iterations, using the first 50,000 to tune the chain. The
300,000 iterations took 250 minutes to run on an AMD Opteron 2350 2GHz (four cores)
processor with 4GB RAM. With constants ¢ = 0.24 and ¢, = 0.018, we observed acceptance
rates of 31% and 34% for A and VX%, respectively. Figures B.9 - B.19 display the trace
plots for the B, A\, VX% and 7, parameters. In each case, the samples are thinned by 100.
Convergence was assessed through visual inspection of trace plots by running two chains
with different starting values.

We see very strong agreement between the Bayesian and NPML approaches, with the
Bayesian intervals tending to be very slightly narrower. Recall that in the fixed effects
Bayesian approach, we fit a log-linear model which included all two-way interactions be-
tween age, race, sex and region. In the random effects Bayesian approach, however, the
log-linear model included all two-way, three-way and four-way interactions between age,
race, sex and region. (Note that the random effects Bayesian approach is not directly com-
parable to the fixed effects Bayesian approach because we have included higher order fixed
effects interaction terms in the log-linear model of the random effects approach.) The re-
sults of the Bayesian random effects analysis have very good agreement with the NPML
approach. Figure 4.1 compares the estimated A*Z to the estimates from the full data
analysis (indicated by red crosses). In general, the Bayesian estimates agree well with the
true values, where most of the 95% credible intervals contain the full data estimates. We
also analyzed the data assuming a Gamma(1,0.026) prior for 7). Figure B.8 compares the
prior and posterior median and 95% intervals for o) under the two assumed priors for 7).
Given that the posterior median is located in the left tail of the Gamma (1, 0.026) prior
distribution, the Gamma(0.5, 0.0005) prior on 7y, which places more mass near zero, is the
more appropriate prior for this analysis.

This example demonstrates that the Bayesian random effects approach can handle the
high-dimensionality of the z x z parameter space, producing results that agree well with
the NPML approach. Hence, this Bayesian hierarchical method offers another, more flex-
ible, alternative to modeling a saturated log-linear model, while being only slightly more

computationally demanding.
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Figure 4.1: Comparing A*XZ to the estimates from the full data analysis in the random
contingency table example. Red crosses indicate the true values.

effects analysis of the 2 x 2 x2x 3 x 7



99

4.4.2  North Carolina Infant Mortality Example

We return to the North Carolina infant mortality data set described in Section 2.8.2. Recall
that in this example, we are interested in estimating the association between infant mortality
and birth weight, adjusting for race and gender, with particular interest in the possible effect
modification by race on the infant mortality-birth weight association. The phase II data
were obtained by sampling 200 non-cases and 50 cases from each of the 10 regions. The
full population and the phase II data are provided in Tables 2.6 and 2.7, respectively. We
perform a spatial analysis using a disease model that includes main effects for gender, race,
low birth weight status, and an interaction term between race and low birth weight and we

compare the Bayesian two-phase approach with the full individual-level data analysis.

In the Bayesian approach, the log-linear model used included all two-way interactions
between race, sex, birth weight and region. Let R denote race, S sex, W birth weight
and Z region. We assigned independent zero mean normal prior distributions with large
variances on 3 and the approach outlined in Section 4.3.2 for the remaining A, V' and U

parameters, where we have assumed the AX%

are fixed. Appendix B.3 provides the details.
We assigned 7, and 7, gamma hyperprior distributions with shape parameter 1 and rate

parameter 0.026.

In the Bayesian approach, we ran a total of 1,000, 000 iterations, where the first 50,000
were used to tune the chain, and constants ¢ = 0.15, ¢, = 0.002 and ¢, = 220 gave
acceptance rates of 53%, 33%, and 30% for A, V and U, respectively. The 1,000,000
iterations took 824 minutes to run on a AMD Opteron 2350 2GHz (four cores) processor
with 4GB RAM. Figures B.20 - B.26 display the trace plots for all parameters in the model.
In all cases, the samples have been thinned by 100. Convergence was assessed through

visual inspection of trace plots by running two chains with different starting values.

Parameter estimates and 95% intervals for the fixed effects disease model parameters
are shown in Table 4.2. We compare the Bayesian random effects two-phase approach to
the NPML approach using region as a fixed effect in the disease model since random effects
are not available. (Breslow and Chatterjee did not make this available in the software

provided to analyze two-phase data.) We notice fairly good agreement between the NPML
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(a) Posterior mean estimates for V' from the complete data analysis.
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(b) Posterior mean estimates for U from the complete data analysis.

Figure 4.2: Posterior mean estimates of the log residual relative risks from the spatial
analysis of the full North Carolina infant mortality data.



[-0.07,~0.04)
[-0.04,0)
[0,0.03)
[0.03,0.06)
[0.06,0.09]

EEEDOO

(a) Posterior mean estimates for V.

[-0.07,-0.04)
[-0.04,0)
[0,0.03)
[0.03,0.06)
[0.06,0.09]

BEEDOO

(b) Posterior mean estimates for U.
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Figure 4.3: Posterior mean estimates of the log residual relative risks from the Bayesian

two-phase random effects analysis of the North Carolina infant mortality data.
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Table 4.2: Fixed effects estimates and 95% intervals from three analyses of the North
Carolina infant mortality data example.

Full Data NPML Bayesian Two-Phase
Bo -6.28 (-6.38, -6.18) -6.39 (-6.78, -5.99)  -6.24 (-6.49, -6.01)
Sex 0.35 (0.29, 0.40) 0.50 (0.25, 0.76) 0.50 (0.26, 0.74)
Race 0.35 (0.24, 0.46) 0.28 (-0.11, 0.68) 0.25 (-0.13, 0.64)
LBW 3.31 (3.24, 3.39) 3.08 (2.77, 3.39) 3.09 (2.79, 3.37)

Race:LBW  0.10 (-0.02, 0.23)  0.53 (-0.02, 1.08)  0.55 (0.002, 1.11)

Ty 115.5 (36.3, 263.2) - 76.7 (19.0, 197.9)
Tu 81.3 (20.0, 208.9) - 61.0 (10.0, 170.3)
Ou 0.025 - 0.088 (0.037, 0.175)

and Bayesian approaches with the exception of the intercept. Since we include region as
a fixed effect in the NPML approach, the interpretation of the intercept in this model
is the log odds of infant mortality among normal birth weight female infants of white
race for the baseline Southern mountains region. In the Bayesian and full data analyses,
however, the interpretation of the intercept is the log odds of infant mortality among normal
birth weight female infants of white race for a typical region. Compared to the full data
analysis, the Bayesian approach slightly underestimates the main effects for race and low
birth weight, while slightly overestimating the main effect for gender and the interaction
term. In addition, the 95% interval of the main effect for race contains zero, though the

corresponding interval for the interaction excludes zero.

Figure 4.2 displays two maps for the complete data analysis, one for the unstructured
random effects V, and the other for the spatially structured random effects U,. Figure 4.3
is the corresponding figure for the two-phase analysis. The scale is the same on all four
plots. Comparing the four maps, the Bayesian spatial and non-spatial residual relative risk

maps are comparable to the spatial and non-spatial residual relative risk maps from the full



103

data analysis, respectively. In particular, the posterior mean estimates for the unstructured
and spatially structured random effects are close to zero for both analyses, indicating that
there is not a great deal of residual variability in relative risk. The two-phase posterior
mean estimates for o, and w,, are 0.11 (0.07, 0.23) and 0.13 (0.08, 0.32), respectively. These
estimates are not directly comparable however, as w, must be interpreted conditionally.
We can obtain an unconditional estimate, however, by empirically calculating the standard
deviation of the spatial random effect estimates, denoted by o, which is 0.09 (0.04, 0.17).
The values for o, and o, are comparable, consistent with what we observed in Figure 4.3.
Compared to the full data analysis, the Bayesian two-phase analysis slightly overestimates
the spatial and non-spatial standard deviations. Table B.4 displays the complete results for

the random effects terms from the complete data and the Bayesian random effects analyses.

4.4.8  Simulated Data with Strong Spatial Dependence Example

To illustrate the potential benefits of fitting a spatial model over the simpler non-spatial
model, we simulated a data set with strong spatial dependence. We generated the data using
the geography of the North Carolina infant mortality data, and used low birth weight status
as our exposure variable. We calculated the cell probabilities using the A values from fitting
a log-linear model to the full North Carolina data, and simulated non-spatial random effects
from a normal distribution with mean zero and variance 02 = 0.472, and spatial random
effects from an ICAR model with zero mean and conditional variance w? = 0.692. The total
population size is 500,000 and is displayed in Table B.5. The phase II data were obtained
by sampling 30 deaths and 170 non-deaths from each region, and are shown in Table 4.3.
Figure 4.4 displays the log residual relative risks from a spatial analysis of the complete
data. From the maps, we notice the strong spatial component of the data, with the risks

being especially high in the Southern foothills and the Southern heartland.

The two-phase data was analyzed using two different Bayesian approaches. The first
approach used a non-spatial random effects disease model, while the second approach used
a spatial random effects disease model. We compared the Bayesian approaches to the

NPML approach using fixed effects for low birth weight status and region (as random
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(a) Posterior mean estimates for V' from the complete data analysis.
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(b) Posterior mean estimates for U from the complete data analysis.

Figure 4.4: Posterior mean estimates for the log residual relative risks from the spatial
analysis of the complete simulated data with strong spatial dependence. Note the difference
in scale between the two maps.



105

Table 4.3: Number of live and dead infants by North Carolina region, and low birth weight
status in the simulated data example with strong spatial dependence: phase II data.

Normal Birth Weight Low Birth Weight

Southern Mountains  Alive 156 14
Dead 11 19

Central Mountains  Alive 158 12
Dead 4 26

Northern Mountains Alive 162 8
Dead 7 23

Southern Foothills  Alive 153 17
Dead 4 26

Northern Foothills  Alive 161 9
Dead 9 21

Southern Heartland Alive 158 12
Dead 10 20

Southern Coast Alive 148 22
Dead 7 23

Northern Heartland  Alive 156 14
Dead 8 22

Central Coast Alive 156 14
Dead 6 24

Northern Coast Alive 160 10
Dead 5 25

effects are unavailable with this approach), as well as to a spatial analysis of the complete
data. Further, for each of the Bayesian two-phase analyses, the resulting estimates are used
to predict INY**, and we evaluate the accuracy of the predictions using the bias, variance

and mean squared error (MSE).

For each of the Bayesian analyses, we follow the prior specification procedure outlined
in Sections 4.3.1 and 4.3.2, respectively, where we treat A*Z as fixed. The B8 parameters
were assigned independent mean zero normal prior distributions with large variances, and

the Dellaportas and Forster (1999) formulation described in Section 3.2.2 was used for
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the remainder of the A nuisance parameters. We assigned 7, and 7, gamma hyperprior
distributions with shape parameter 1 and rate parameter 0.026.

For the Bayesian non-spatial analysis, 50, 000 iterations were run to tune the chain, with
constants ¢ = 0.20 and ¢, = 5.0 x 1079 giving acceptance rates of 47% and 80% for A and
V', respectively. The chain was run for a further 450, 000 iterations, and the total 500,000
iterations took 145 minutes to run on a AMD Opteron 2350 2GHz (four cores) processor
with 4GB RAM. For the Bayesian spatial analysis, 500, 000 iterations were run, where the
first 50,000 were used for tuning. Constants ¢ = 0.20, ¢, = 5.0 x 1076 and ¢, = 1000 gave
acceptance rates of 48%, 79% and 11% for A, V' and U, respectively, where the 500,000
iterations took 102 minutes to run on a AMD Opteron 2350 2GHz (four cores) processor

with 4GB RAM.

Table 4.4: Fixed effects estimates and 95% intervals for four analyses of the simulated data
example with strong spatial dependence.

Full Data NPML Bayesian Two-Phase
Non-Spatial Spatial

Bo  -6.08 (-6.74,-5.41) -7.62 (-8.11,-7.13) -6.12 (-6.41, -5.81) -6.20 (-6.41, -5.97)
LBW  3.44 (3.38, 3.49) 3.69 (3.37, 4.02) 3.72 (3.41, 4.05) 3.71 (3.37, 4.03)

7, 35.0 (2.14, 127.1) - 1.06 (0.38, 2.11)  30.2 (7.1, 81.4)
7o 0.45 (0.16, 0.95) - - 0.36 (0.12, 0.74)
ou 1.06 - - 1.14 (1.04, 1.26)

Table 4.4 displays the estimates and 95% intervals for the 3 parameters. The 3 param-
eter estimate associated with low birth weight agrees well between the NPML and Bayesian
approaches, which are slightly larger than the full data estimate. We notice that the NPML
estimate for the intercept is quite different than that in the other approaches. As in the
North Carolina infant mortality data example, this is because the interpretation of the in-
tercept is different in this approach. Since we include region as a fixed effect in the NPML

approach, the interpretation of the intercept in this model is the log odds of infant mortal-
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ity among normal birth weight infants for the baseline Southern mountains region. In the
Bayesian and full data analyses, however, the interpretation of the intercept is the log odds
of infant mortality among normal birth weight infants for a typical region.

Figure 4.5 displays the posterior mean estimates of the log residual relative risks. The
posterior mean estimate for o, decreases drastically from 0.97 (0.69, 1.62) to 0.18 (0.11,
0.38) when the spatial random effect is added. As in the analysis of the full data, we see
strong spatial dependence in the data, with the risks being particularly high in the Southern
foothills and in the Southern heartland. We estimate that roughly 97.8% (97.4%, 98.2%)
of the residual variability is spatial in nature. The posterior mean estimate for o, is 1.67
(1.16, 2.89), though this value is not directly comparable to o,. The empirical estimate for
the standard deviation of the spatial random effects is 1.14 (1.04, 1.26). Table B.6 contains
the full results for the random effects parameters.

YXZ

Table 4.5: Comparing bias, variance and mean squared error (MSE) for the predicted N
values from the non-spatial and spatial Bayesian two-phase analyses of the simulated data
example with strong spatial dependence.

Bias (x103) Variance (x10%) MSE (x10°)
Non-Spatial 5.7 15.0 47.1
Spatial 5.2 16.7 43.3

Figure B.27 displays the predicted NY** values with 95% intervals compared to the
true population values (shown in red crosses) from the non-spatial Bayesian random effects
analysis. In most cases, the predicted values are close to the truth and the 95% intervals
contained the true values in all but four cases. The predicted INY** values from the spatial
Bayesian random effects analysis are displayed in Figure B.28 along with the 95% intervals,
where the true population values are indicated by red crosses. As in the non-spatial analysis,
the predicted values are close to the true values, where only four intervals did not contain
the true values. Table 4.5 comapres the bias, variance and MSE for these predictions from
the spatial and non-spatial analyses. We emphasize that the MSE decomposition in this

example is not over simulations, but over draws from the posterior distribution. The spatial
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(b) Posterior mean estimates for V' from the Bayesian spatial random effects analysis.
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(c) Posterior mean estimates for U from the Bayesian spatial random effects analysis.

Figure 4.5: Posterior mean estimates for the log residual relative risks in the Bayesian two-
phase random effects analysis of the simulated data with strong spatial dependence. Note
the difference in scales between the three maps.
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method produces slightly less biased estimates though the variance is slightly larger than for
the non-spatial analysis, thus yielding a smaller MSE. Hence, analyzing the data using the
slightly more complex Bayesian spatial approach yields better estimates than the non-spatial

approach (measured in terms of the MSE).

Figures B.29 — B.32 display the trace plots for the 8, A, V', and 7, parameters for the
non-spatial analysis, while Figures B.33 — B.37 display the trace plots for the 3, A\, V, U,
T, and 7, parameters for the spatial analysis. In all cases, the samples have been thinned
by 100. Convergence was assessed through visual inspection of trace plots by running two

chains with different starting values.

4.4.4  Simulated Data with Strong Ezxposure-Confounder Relationship

The purpose of this example is to explore the effects on prediction of different treatments
of the AX? variable in a data set that has a strong exposure-confounder association. In

)\XZ

particular, we perform three analyses of the data where we omit the variable from the

log-linear model, treat AXZ as fixed and treat AX% as random in the log-linear model.

We simulated a population using the North Carolina geography with 10 regions and low
birth weight status as the exposure variable. We used the AV X A% and AYX values
from fitting a log-linear model to the full North Carolina infant mortality data, where the
A*Z values were multiplied by 10 to create stronger (and statistically significant) exposure-
confounder effects. The U, and V, values were taken to be the estimates from fitting a
spatial model to the full data. The A, V and U values were used to calculate the cell
probabilities of the y x x x z table, and the data set was generated from sampling from
a multinomial distribution with population size 500,000. Table B.7 displays the full data.
Three different phase II sample sizes were used (denoted “small”, “medium” and “large”).
To obtain the phase II data, we sample 10 deaths and 10 non-deaths from each region in
the “small” case, all deaths and an equal number of non-deaths from each region in the
“medium” case, and all deaths and 2000 non-deaths in the “large” case. Table 4.6 displays

the phase II data for all three cases.

The two-phase data were analyzed using three different Bayesian random effects ap-
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proaches, each using a random disease model with both spatial and non-spatial random
effects. The first omits AX% from the log-linear model, the second treats AX? as a fixed
effect, and the third treats AX? as a random effect. For the first two analyses, we follow
the prior specification procedure described in Section 3.2.2, whereas for the random effects
analysis, we follow the procedure outlined in Section 4.2, in assigning prior distributions
to AXZ. In each analysis, the 3 parameters were assigned independent mean zero normal
prior distributions with large variances, and the Dellaportas and Forster (1999) formula-
tion described in Section 3.2.2 was used for AX and AZ. Further, 7, and 7, were assigned
gamma hyperprior distributions with shape parameter 1 and rate parameter 0.026, as in
the examples considered in Sections 4.4.2 and 4.4.3.

In the analysis in which A7 is considered fixed, we followed the Dellaportas and Forster
(1999) prescription. For the scenario where we treat A*Z as random, we assign each com-

A*Z a normal distribution with mean zero and precision 75 and we explore five

ponent of
different hyperprior distributions for 7, to examine the sensitivity of the results to the prior
distributions. We assume a priori that the AXZ follow a Student’s t-distribution with d
degrees of freedom, where the AX? fall within +R with 95% probability. We can then
use equation (2.14) to obtain ay and by. The first hyperprior distribution we consider is
a Gamma(1,0.026), which corresponds to d = 2 and R = log2. Given the wide range of
the true values for A%, we also considered ranges of 1.5 and 2.0. For R = 1.5, we used
d = 1,2 which corresponds to a Gamma(0.5,0.0139) and Gamma(1,0.1215) hyperprior,
respectively. For R = 2.0, we also considered d = 1,2, which yields hyperprior distribu-
tions Gamma(0.5,0.0248) and Gamma(1,0.216), respectively. In the analyses where A%
is omitted and is considered fixed, we ran the chains for 500,000 iterations, where the first

A*Z is treated as random, we ran

50,000 were used for tuning. In the analysis in which
the chains for 1,000,000 iterations, with the first 50,000 used for tuning.

We evaluate the performance of the Bayesian approaches by predicting the NY** values
using the resulting estimates, and compare the results using the MSE and its decomposition
into bias and variance. Table 4.7 compares the predictions from the five hyperprior distri-

butions under the three different phase II sample sizes. For the medium and large phase 11

sample sizes, we notice that the results are fairly robust to the choice of hyperprior distri-
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bution as the bias, variance and MSE are quite similar. This point is further illustrated in
Figures B.39 and B.40, which shows the similarity between the posterior medians and 95%
intervals for o) under the five assumed prior distributions. For the small sample size case,
however, we notice a substantial difference in both the bias and the variance between the
different hyperprior distributions. We notice that the Gamma(1,0.216) hyperprior yields the
smallest MSE, even though it produces nearly the most variable estimates, which is likely due
to the wide prior range of £2 for AXZ. A close second is the Gamma(1,0.1215) hyperprior,
which assumes a slightly narrower prior on the random effects. This prior sacrifices some
bias for much smaller variance. The remaining hyperpriors produce predicted values which
have substantial bias and/or variance, resulting in large MSEs. The Gamma(0.5,0.0139),
Gamma(1,0.216) and Gamma(0.5,0.0248) hyperpriors have the widest 95% intervals of the
five priors, which perhaps explains the large variance estimates associated with their results.
Figure B.38 compares the medians and 95% intervals for o) under the five assumed prior
distributions in the small sample size case. We notice the similarity in the posterior medians
and intervals for the Gamma(1,0.1215) and Gamma(1,0.216) hyperpriors.

Figure 4.6 displays the posterior mean estimates for the VX% under the five hyperprior
distributions, as well as the true values, and confirms the results of the table. The resulting
posterior means for the hyperpriors where we assumed d = 1 often appear over smoothed. In
general, the posterior means of AXZ under the Gamma(0.5,0.0139) and Gamma(0.5, 0.0248)
hyperpriors are much closer to zero than those from the remaining hyperpriors distributions,
and consequently, are further from the true values. A similar pattern is seen for the posterior
means from the Gamma(1,0.026) hyperprior, which is perhaps not too surprising given the
restricted range assumed a priori.

Table 4.8 compares the predictions from the three Bayesian analyses in terms of the bias,
variance and MSE. We use the results from the Bayesian random effects analysis assuming
a Gamma(1,0.216) hyperprior distribution for 7. For all three phase II sample sizes, the

AXZ

analysis omitting the parameters results in highly biased, high variance predictions.

In the large phase II sample size case, the random AXZ analysis outperforms the fixed AX%
in terms of bias, variance and MSE. While the biases are comparable, the random effects

analysis produces estimates with far smaller variance. In the medium phase II sample size
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Figure 4.6: Comparing AXZ for the Bayesian two-phase random effects analyses using the five different hyperprior distributions
with small phase II sample sizes for the simulated data example with strong exposure-confounder relationship. Black points
indicate X = 0 and red points indicate X = 1.
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scenario, the fixed and random AX%

analyses perform comparably, with the random effects
analysis having slightly less bias, and slightly more variance than the fixed analysis. Finally,
in the small phase II sample size case, the fixed analysis outperforms the random effects
analysis with lower bias and variance, and consequently, MSE.

Figures B.41 - B.44 display some representative trace plots for the parameters in the

AXZ is considered random with hyperprior Gamma(1, 0.1215). The trace

scenario where
plots for all analyses in the small phase Il samples sizes case appear similar. Parameters
converged without difficulty for the analyses involving the medium and large phase II sample
sizes. Convergence was assessed through visual inspection of trace plots by running two

chains with different starting values.
4.5 Summary

In this chapter, we have extended the work of Chapter 3 to allow for the inclusion of
random effects. We described how spatial random effects along with independent normal
random effects can be incorporated into the log-linear models of the previous chapter to
control for residual spatial confounding. We adopted the spatial model introduced by Be-
sag et al. (1991), which imposes non-parametric smoothing by assuming that the spatial
effect in a particular area is similar to the mean of the spatial effects in close-by areas, with
the strength of the similarity determined by the number of neighbours. In addition, we de-
scribed how terms in the log-linear model, particularly the exposure-confounder terms AXZ,
can be modeled as random effects by treating the variance-covariance matrix of its prior
distribution as unknown, and assigning it a conjugate hyperprior distribution. Sampling
from the posterior distribution proceeded via a Markov chain Monte Carlo scheme using
separate Metropolis-Hastings steps for each set of parameters.

We illustrated the methods of the chapter using the 2 x 2 x 2 x 3 X 7 contingency
table example first presented in Section 3.5.3, the North Carolina infant mortality data,
and two simulated data examples. Since there are no other methods that incorporate
random effects when analysing two-phase data, we compared the results from the Bayesian
random effects analyses to analyses of the complete data. For the examples considered, the

results appeared reasonable. Further, the simulated data examples provides one scenario
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highlighting the potential benefits of the Bayesian random effects analysis over the simpler
fixed effects analysis described in Chapter 3. The inclusion of random effects into the log-
linear model allowed for greater modeling flexibility than the fixed effects approach, and in
general resulted in estimates with smaller MSE. This flexibility comes at the cost of longer
computing times. Given the additional parameters to estimate, along with more iterations
to converge, the computing times for the random effects models were noticeably longer than
those for similar fixed effects models.

In Chapter 5, we retain the theme of predicting population counts, but we leave the two-
phase study design scenario and move on to small area estimation in a developing world

context.
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Table 4.6: Number of live and dead infants by North Carolina region, and low birth weight
status in the simulated data example with strong exposure-confounder relationship: phase

IT data. NBW=Normal birth weight, LBW=low birth weight.

Southern Mountains

Central Mountains

Northern Mountains

Southern Foothills

Northern Foothills

Southern Heartland

Southern Coast
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Central Coast

Northern Coast
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Dead
Alive
Dead
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Alive
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Medium Large
NBW LBW NBW LBW NBW LBW
56 0 1984 14
47 9 47 9
187 9 1889 111
56 140 56 140
120 8 1872 128
45 83 45 83
847 59 1869 131
274 632 274 632
660 80 1781 219
139 601 139 601
880 70 1838 162
256 694 256 694
582 125 1632 368
256 694 256 694
254 18 1867 133
107 165 107 165
198 32 1689 311
38 192 38 192
155 52 1359 641
13 194 13 194
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Table 4.7: Comparing the bias, variance and mean squared error (MSE) for predicting INY**
using the five different hyperprior distributions for VXZ in the Bayesian two-phase analysis
of the simulated data with strong exposure-confounder relationship under three different
phase II sample sizes.

Bias (x103) Variance (x10%) MSE (x10°)

Gamma(1,0.026) 17.4 423.7 306.4
Gamma(1,0.1215) 10.1 1751.3 120.1
Small Gamma(0.5,0.0139) 12.6 3177.3 189.4
Gamma(1,0.216) 7.9 3802.3 100.1
Gamma(0.5,0.0248) 10.0 5036.0 151.0
Gamma(1,0.026) 2.2 304.5 7.9
Gamma(1,0.1215) 1.9 297.0 6.6
Medium Gamma(0.5,0.0139) 2.0 286.4 6.9
Gamma(1,0.216) 1.9 206.2 6.7
Gamma(0.5,0.0248) 2.0 297.1 7.0

Gamma(1,0.026) 0.9 179.0 2.6
Gamma(1,0.1215) 0.9 189.0 2.7
Large Gamma(0.5,0.0139) 0.9 175.1 2.5
Gamma(1,0.216) 0.8 172.5 2.4
Gamma(0.5,0.0248) 0.9 184.1 2.6
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Table 4.8: Comparing the bias, variance and mean squared error (MSE) for predicting
INY* for the three Bayesian two-phase analyses of the simulated data with strong exposure-
confounder relationship under three different phase II sample sizes.

Bias (x10%) Variance (x10%) MSE (x10°)

No A\X4 12.7 1477.2 176.3
Small Fixed A¥% 5.0 2528.8 50.1
Random AX?4 7.9 3802.3 100.1
No A\X4 10.0 209.0 101.8
Medium Fixed A\X% 2.0 277.1 6.8
Random AX4 1.9 296.2 6.7
No \X% 11.5 50.1 132.7
Large Fixed AX% 0.9 195.5 2.7

Random A4 0.8 172.5 2.4
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Chapter 5

SMALL AREA ESTIMATION

In this chapter, we describe the integrated data collection and statistical analysis frame-
work that we propose for improved mortality monitoring in areas without comprehensive vi-
tal records systems. In 2007, The Lancet published a series of articles titled “Who Counts?”
(AbouZahr et al., 2007; Boerma and Stansfield, 2007; Hill et al., 2007; Horton, 2007; Ma-
hapatra et al., 2007; Setel et al., 2007), which details the “scandal of invisibility” resulting
from the lack of accurate, timely, full-coverage civil registration that affects much of the de-
veloping world. Civil registration systems are critical to providing vital statistics including
birth rates by age of mother, mortality rates by sex, age and other demographic charac-
teristics, and causes of death. This type of information is important for formulating good
public health programs, developing regional, national, and global policies and implementing
and evaluating public health actions. However, few countries can actually maintain ongoing
civil registration systems and most countries in the developing world have little to no data
from civil registration (Mathers et al., 2005). Hence, it is not possible to obtain useful vital
statistics from these countries. The authors from The Lancet special series identify a need
for representative data describing sex-, age-, and cause-specific mortality through time in

small enough areas to be meaningful for local governance and health institutions.

On the way to full civil registration, AbouZahr et al. (2007) propose using censuses
and survey-based approaches to obtain broad population data, as well as health and demo-
graphic surveillance systems (HDSS) sites coupled with verbal autopsy to obtain stratified
mortality rates and causes of death. (Verbal autopsy is a term used to describe postmortem
caregiver or family member interviews (Setel, 2011).) Surveillance systems provide detailed
longitudinal information on a non-representative group of people. While this type of infor-
mation is useful for studying changes in mortality over time, the non-representative nature

of the data makes it difficult to generalize findings to the entire population. On the other
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hand, survey samples provide representative data on a variety of population and health
outcomes. However, most sample surveys do not revisit the same individuals, and hence
cannot provide any longitudinal information making it difficult to measure the impacts of
interventions on mortality. Hence, a monitoring system that combines the benefits of both
of these data collection methods would provide useful indicators for large populations over
prolonged periods of time, so that changes can be monitored and related to possible deter-
minants, including interventions. On the way to such a monitoring system, we propose a
sampling procedure which considers a snapshot of the population in which we do not include
measurements taken over time. The general procedure is to use data from HDSS sites to
inform survey sample sizes taken in neighbouring areas. Data from the HDSS sites and
surrounding areas can then be used to obtain mortality predictions for the entire region.
We begin by introducing the adopted notation in Section 5.1, followed by a description of
the informed sampling procedure we are proposing in Section 5.2. We detail the analysis of

the sampling data in Section 5.3 and conclude the chapter with a detailed simulation study.

5.1 Notation

Suppose the region we are interested in studying consists of I areas, where we assume that
at least one area in this region is a HDSS site. Let k& denote the number of HDSS sites, where
1 < k < I. For convenience, areas i = 1,...,k will denote HDSS areas, and i = k+1,...,1
will denote non-HDSS areas. Let x; denote area-specific covariates such as socio-economic
status (SES), ¢ = 1,...,1, and let j index the levels of demographic variables of interest,
Jj=1,...,J. Our outcome of interest is denoted Y;;, the unobserved number of deaths in
area ¢ and stratum j, and the number of individuals in area ¢ and stratum j is denoted by
N;;. We assume that both N;; and x; are known quantities. The probability of death over
a 5-year period in area 7 and stratum j is p;j, and an estimate of this probability will be
used to estimate Yj;. Note that the exact time frame for the probability of death is not

important for our purposes.

The survey sample corresponds to choosing n;; individuals from area ¢ and stratum j, of

which y;; are recorded as dying. We begin by describing the informed sampling procedure.
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5.2 Informed Sampling

The goal of the informed sampling procedure is to obtain accurate and precise measurements
for mortality rates to best predict the number of deaths in each area. All individuals from
the HDSS sites are used to predict the number of deaths in the non-HDSS areas. Since we
have information on all individuals living in the HDSS areas, we do not make any predictions
for these areas. A total of n.. individuals are randomly sampled from the non-HDSS areas,
where the sampling can proceed in several ways. For example, the areas and populations
which have the highest predicted mortality rate can be oversampled to obtain as many
events as possible, or we can oversample the areas with lowest predicted mortality rates
to obtain more reliable estimates for those areas with fewer deaths. There are potential
benefits to both schemes, but we chose to proceed with the former. Hence, the number of
individuals sampled from each non-HDSS area is proportional to the predicted number of
deaths based on the analysis of the HDSS data.

We fit a logistic regression model containing main effect terms for the area-specific

covariates and demographic variables to the HDSS data only:

logit pi; = =8 + v,

fort=1,...,kand j=1,...,J. Let B* and %* be the maximum likelihood estimates for 3

and v;, respectively, from the HDSS data. Then, the fitted probabilities are calculated via

~% Y
 explaB 4 AY)
1+ exp(z;B + ;) 7

Py

fori=k+1,...,1 and j =1,...,J. The predicted numbers of deaths in the surrounding
areas is Zj = Njj xj)\lfj,i =k+1,...,1
The sample sizes n;; are selected proportionately to ffij so that areas and strata with

more predicted deaths are sampled more heavily. In particular, we take
TLZJ =nN. X =—,

fori =k+1,...,1,7 = 1,...,J, where Y. = ZfzkHZ}]:lffij is the total number of
predicted deaths in the non-HDSS areas.
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Let W;; denote the observed number of deaths in area ¢ and strata j, where W;; = Y;;
fori=1,...,k, and W;; = y;; for i = k+1,...,1. As described in the next section, we
model the W;; as a function of the known demographic factors and area-level variables and

use spatial smoothing to exploit similarities in risk among nearby areas.

5.3 Analysis

We assume a logistic regression model which includes main effect terms for the area-specific
covariates and stratum effects, as well as random effects to account for unmeasured area-

level covariates:

logit Dij = x;(3 + v + Vi + U, (5.1)
where V; and U; are non-spatial and spatial random effects, respectively, for ¢ = 1,...,1
and j = 1,...,J. Analogous to our approach in Chapter 4, we place independent normal

prior distributions with zero mean and variance o2 on each V;, while we adopt the ICAR

model described in Section 2.6.3 for U;:
_ w2
i
where 0; is the set of neighbours of area ¢ and m; is the number of such neighbours.

We assign normal prior distributions to 8 and ~;;

B ~ N (ug Xp)

v~ N(pg, %),

where pg, pj, ¥g and Xj, j =1,...,J, are chosen based on the context. We assign gamma
hyperprior distributions with shape parameters a,,a, and rate parameters b,,b, to the

—2
u

precision variables 7, = o, 2 and 7, = w respectively. The a,,a, and b,, b, parameters
should be considered on a case-by-case basis.

Model (5.1) can be fitted in a straightforward manner using the integrated nested Laplace
approximations approach of Rue et al. (2009), which is implemented in the inla package

in R. Once we obtain estimates B, i ‘71', and I/J\'Z-, we can calculate the fitted probabilities

ﬁ]_ew@ﬁ+%+@+@)
] — = __ = =~
7 L+ exp(iB+A; + Vi + Uy)
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which in turn can be used to estimate Y;;:
Yij = yij + (Nij — nij) X Dij., (5.2)

where N;; — n;; is the number of unsampled individuals in village ¢ and stratum j.
We now provide a detailed discussion of a simulation study performed to compare and

contrast various sampling designs and models.

5.4 Simulation Study

The study region that we create is based on the Agincourt HDSS site in South Africa (Kahn
et al., 2007). We take 20 of the Agincourt villages for which we know the area centroids,
shown in Figure 5.1(a). Because most of the villages are relatively isolated and do not share
boundaries with nearby villages, it is not straightforward to define village neighbours for
this region. There are several possible definitions of neighbours that we could use, including
defining villages to be neighbours if their centroids fall within a certain distance of each
other. We form a Dirichlet tesselation, which creates a set of tiles each associated with an
area centroid. The tiles are the set of points that are closer to that area centroid than any
other (Denison and Holmes, 2001). We then define neighbours as those villages whose tiles
share an edge. Figure 5.1(b) shows the Dirichlet tesselation of the 20 villages in our study
region.

We wish to estimate sex-by-age specific mortality rates in children under 5 years of age.
We dichotomize age into less than 1 year, and 1-4 years old. Hence, j = 1,...,4 indexes
the four sex and age categories. We assume a population of size N = 28,000, where an
equal number are assigned to each village. Hence, there are N; = 1,400 children in each
village, of which 700 are girls and 700 are boys, with 150 of each sex being less than 1
years old, and 550 of each sex being 1-4 years old. We assume there are two area level
covariates, socioeconomic status (SES) denoted by z1; and population density denoted by
x9;, 1 = 1,...,20, and they are generated independently from a Unif(0,1) distribution. The
non-spatial random effects are generated from a normal distribution with mean zero and
variance o2 = 0.22, while the spatial random effects were generated from an ICAR model

with zero mean and conditional variance w2 = 0.48. Figure 5.2 maps the simulated spatial
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Figure 5.1: (a) Map of the 20 village centroids used in the simulation study within the Ag-
incourt region outline. (b) The 20 villages of the simulation study, with Dirichlet tesselation
defining neighbourhood structure.
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Figure 5.2: Maps of the simulated log residual relative risks for the Agincourt simulation

study: (a) V5, (b) U;.

and non-spatial random effects. The spatial dependence is apparent, with higher risk in the

eastern villages, and much lower risk in the western villages.

Based loosely on the real values from the Agincourt HDSS site, we assume the probability

of death for young girls (i.e. less than 1 years old) is 0.050, for young boys is 0.105, for

older girls (i.e. 1-4 years old) is 0.031, and for older boys is 0.066. We also assume that

the odds of death is reduced by two-thirds for a one unit increase in SES, while the odds

of death doubles for a one unit increase in population density. Hence, we use the following

parameter values in the simulation:

"Moo=
Y2 =
V3 =
Y4 =
B =

logit(0.050

)
logit(0.105)
0.031)

)

(
logit(
logit(0.066

—-1.1



125

B2 = 0.7.

Combining all elements of the model, we generate deaths, Y;;, from village ¢ and stratum

j by randomly drawing from a Binomial distribution with probabilities given by
logit(pij) = frx1; + Baxa; + v + Vi + Us.

This resulted in a total of 1,230 deaths. Figure 5.3 displays the predicted probabilities of
death in the 20 villages for each age-sex stratum. We see clearly the higher probabilities of
death in boys, and for young children. The total number of deaths ranged from 6 to 191
across villages.

Three villages are selected to be HDSS sites, within which extensive information is col-
lected. The choice of villages is determined by the values of the two area-level covariates to
ensure variation in these values for the HDSS sites, so the effects of these variables are not
estimated to be zero. We selected the villages with both large SES and large population den-
sity, small SES and small population density, followed by a randomly sampled third village.
We assign independent normal prior distributions with large variances for 1, y2, 3, V4, 51
and (2, and a Gamma(1,0.140) hyperprior distribution is used for the precision parameter
7, while a Gamma(1,0.20/0.42) hyperprior is used for 7,,. We provide details on the choice
of priors in Appendix C.1.

We compare four different sampling methods to show the informed sampling method we
propose samples more events and produces better predictions for the number of deaths in
each area stratified by age and sex (measured in terms of the mean squared error). The
total sample size for each sampling design is 5,200 children. This number was chosen to

ensure that all sampling methods described below sample the same number of children.

1. One-stage sampling from five villages: Individuals are randomly sampled from a
small number of villages. In particular, we sample five villages at random and sample

1,040 children from each village.

2. One-stage sampling from all villages: We sample an equal number of children

from all 20 villages (260 from each village).
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Figure 5.3: Probabilities of death for the simulated data by region in: (a) young girls, (b)
older girls, (¢) young boys, and (d) older boys. Note the difference in scale for each of the
maps.
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HDSS with random sampling: We select all children from the HDSS villages, and
a random sample of 1,000 children from the 17 remaining non-HDSS villages, which

results in 59 children being sampled from each remaining village.

. HDSS with informative sampling: We employ the informative sampling procedure

where all children from the HDSS villages are sampled, and a total of 1,000 children
are sampled from the remaining non-HDSS villages in the manner described in Section

5.2.

Within each of these sampling schemes, various models may be fitted to the data to

obtain the predicted village-age-sex specific death counts, }A/U We fit three additional mod-

els to model (5.1) to show that the spatial random effects model provides more reliable

estimates.

|

II

II1

Naive Model: The baseline model estimates a single probability as the overall em-
pirical risk, p = y../n... The predicted number of deaths in each village and age-sex

stratum is then (5.2) with p;; =pfori=1,...,20,j=1,...,4.

Age & Sex Model: The age and sex model estimates four probabilities as the
empirical risks, and assumes the risk is the same in all villages, p; = v.;/n.j. The
predicted number of deaths in each village and age-sex strata is then (5.2) with p;; = p;

fori=1,...,20.

Logistic Regression Covariate Model: We fit a logistic regression model to all

villages sampled and estimate stratum and village effects:

logit Pij = xliﬁl + 3;‘22‘,32 + 5, (5.3)
where i =1,...,20,7 =1,...,4. Once we have estimates 7, Bl and BQ, we can obtain
the fitted probabilities:

- exp(x1;81 + 22i82 +7;)

ij — > 2 =0
1+ exp(z1;,81 + x2:8 +7;)

which may be used in (5.2).
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IV Logistic Regression Random Effects Covariate Model: The logistic regression
random effects model requires all villages to have sampled data and estimates stra-
tum and village-level effects as in (5.3) and in addition, introduces random effects to
account for unmeasured village-level covariates. Specifically, we assume model (5.1)

and proceed as described in Section 5.3.

For s =1,...,S simulations, we subsample from our generated population using each of

the four sampling designs described, and fit models I — IV to the sampled data. We denote
the estimated number of deaths in survey village 7 and stratum j at simulation s by Y. (s)

f/( Y= Z/l(]s) + (Nij — nyz) ¥ 131(-]5-),

where the ]’55) are obtained from fitting models I-IV. Then, the mean squared error (MSE)
is given by
_ 1 (5)\2
wse = 355 (43057
=1 j=1 s=1
20 4 20 4 /1S _
- SN F 3y (30T
i=1 j—l i=1 j=1 s=1
= Z Z <B1as 24 Var(f/ ))
=1 j=1
where

z] SZA(S

is the mean of the predicted counts over simulations in village 7 and stratum j. For interpre-
tation of the results, we also evaluate the MSE associated with estimating the probabilities
pi; of death in village 7 and stratum j.

Table 5.1 displays the bias, variance and MSE, as well as the number of sampled deaths,
based on 100 simulations for each combination of sampling strategy and analytical model.
It is clear that the informed sampling design combined with a spatial logistic regression
model outperforms all other combinations, when performance is measured in terms of the
MSE for Y. Additionally, the informative sampling design captures more actual deaths

than any of the other sampling schemes. The one-stage sampling schemes capture the
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Table 5.1: Results from 100 simulations; 1,230 deaths. Model I=Naive model; Model
[T=Age & sex model; Model ITI=Logistic regression covariate model; Model IV=Logistic
regression covariate model with non-spatial and spatial random effects. It is not possible to
fit the spatial model to the one-stage sampling from five villages plan since there are data
from 5 villages only.

Sampling Design | Model | # Deaths| Y Based Estimates p Based Estimates
Bias Variance MSE | Bias Variance MSE
One-stage 1 229 126.1 5179.8 21069.2|0.467 0.019 0.237
Sampling from |II 229 117.2 4854.3 18585.9(0.427 0.028 0.211
Five Villages 111 229 103.4 41508.2 52192.70.340 0.316 0.432
v 229 — - - - - -
One-stage 1 226 154.5 217.3 24093.4]0.468 0.0003 0.219
Sampling from |11 226 158.9 1723.4 26961.2]10.533 0.045 0.329
All Villages 111 226 140.9 466.9 20330.6]0.343 0.005 0.123
v 226 127.3 1046.4 17239.9]/0.110 0.014 0.026
HDSS with 1 479 219.6  45.3  48253.7/0.593 0.0001 0.352
Random 11 479 271.1 1159 73584.7|1.224 0.002 1.500
Sampling 111 479 175.7  84.6  30964.9]0.541 0.0003 0.293
v 479 31.8  2649.1 3663.2 [0.128 0.023 0.039
HDSS with 1 492 228.8 52,9  52422.8|0.607 0.0001 0.369
Informative 11 492 264.3 120.0 69955.9|1.114 0.002 1.242
Sampling 111 492 169.4 105.3 28791.210.519 0.001 0.270
v 492 27.9 21354 2913.2 |0.127 0.018 0.034

least amount of deaths, where the scheme sampling from five randomly sampled villages
captured 229 deaths and the scheme sampling from all villages captured 226 deaths. The
sampling schemes that sample all individuals from the HDSS villages plus a sample from the
remaining villages capture more than double the number of deaths from either of the one-
stage sampling designs. They capture 447 deaths from the HDSS sites, plus an additional
32 deaths for random sampling and 45 deaths for informative sampling for a total of 479
and 492 deaths, respectively. In addition, when we increase the size of the survey sample
to 5,000 for the HDSS plus survey sample schemes (so the total sample size is 9,200), the
MSE based on the probabilities of death p;; are the smallest for the informative sampling



130

Village 1
A Model |
o Model 1l
X Model IV
o Truth
N
<]
w
s -
=
g |
(]
k)
a o
o X
S (] (] (] (]
x |
i x
v %
o
3 o ]
457 x
o I
o
o
T T T T
Females, 0-1 yrs Females, 1-5 yrs Males, 0-1 yrs Males, 1-5 yrs

Figure 5.4: Comparing the bias and variance for models I, IIT and IV in village 1 for the
informed sampling design across 100 simulations. Model I=Naive model; Model [T=Age &
sex model; Model ITI=Logistic regression covariate model; Model IV=Logistic regression
covariate model with non-spatial and spatial random effects.

using a spatial logistic regression model. The results are provided in Appendix C.1.

The sampling scheme which samples from five randomly sampled villages produces es-
timates which have both high bias and high variance, resulting in large MSEs for each of
the analytical models. In addition, we notice that the three models which do not include
random effects terms for village produce highly biased estimates, resulting in worse perfor-
mance than the spatial model (measured in terms of the MSE) for each of the remaining
sampling schemes. In addition, the sampling schemes involving sampling all individuals
from the HDSS villages plus a sample from the remaining villages combined with fitting a
spatial model to the data results in MSEs that are an order of magnitude less than any of
the other combinations.

Figure 5.4 compares the bias and the variance for the informed sampling design for the

naive model, the logistic regression model and the logistic regression model including spatial
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and non-spatial random effects in village 1. While the estimates from the random effects
model clearly have more variance, they also have much less bias, resulting in smaller MSEs.

Part of the success of the informed sampling design reflects the careful choice of the
HDSS villages so that they contain substantial variation in terms of the two village-level
covariates. In fact, the HDSS villages selected happened to include the two villages with the
greatest number of deaths. When we randomly select three villages to be the HDSS sites,
the results still favour the informed sampling approach combined with fitting the sampled
data with a spatial logistic regression model. We still see more deaths sampled using the
informed sampling design, as well as estimates with far less bias and smallest MSE when
fitting the sampled data using a spatial logistic regression model. Results are shown in
Appendix C.1. In practice, the choice of HDSS villages may be made due to feasibility
and cost of setting up a HDSS site, or HDSS sites may already be set up in a region (for

example, as in Agincourt, South Africa).
5.5 Summary

We have proposed a mortality monitoring system, which combines highly informative data,
such as that produced by HDSS sites, and survey sampling data from surrounding sites to
obtain more sampled deaths, as well as more reliable estimates of counts of deaths. The
informed sampling design that we propose fits a mortality model to data from HDSS sites
only, which becomes the basis for predicting the number of deaths in the surrounding areas.
We use these predictions to inform the survey sample of the remaining villages and we sample
more heavily from populations with higher predicted counts of death. The sampled deaths
are then modeled as functions of known demographic factors, area-level characteristics, and
spatial smoothing is used in order to tune the model to each area.

We simulated a data set based loosely on data from the Agincourt HDSS site in South
Africa, using 20 villages from that region as our study area. Using this data set, we evalu-
ated the performance of four different sampling schemes and four different analytical models
in terms of the number of deaths sampled, bias, variance, and MSE. The informed sampling
scheme which fits the sampled data with a logistic regression model including spatial ran-

dom effects resulted in estimated counts of death with the lowest MSE. Moreover, of the
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four different sampling schemes, the informed sampling design captured substantially more
deaths than the other three sampling schemes. Verbal autopsy methods can be applied to
all or a fraction of these deaths to assign cause, which can be used to construct cause-specific
distributions of deaths. Monitoring these distributions over time provides insight into the
impact of interventions on specific causes of death. In addition, sampling more deaths allows
for more accurate estimates of cause-specific mortality rates. This simulation study showed
the benefits of the proposed informed sampling scheme combined with a spatial logistic re-
gression model. Therefore, there is reason to further pursue the informed sampling design.
However, as we discuss in the next chapter, more realistic simulations studies will need to

be done to approximate real life situations more faithfully.
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Chapter 6

DISCUSSION

6.1 Conclusions

In this thesis, we described an alternative approach to the current frequentist methods
for the analysis of data arising from two-phase studies. The Bayesian method that we
proposed uses a log-linear model to model the disease-exposure-confounder relationship,
and assigns prior distributions to reduced sets of main effect and interaction terms in the
log-linear model. A Markov chain Monte Carlo scheme was used for sampling from the
posterior distribution using a single Metropolis-Hastings step. In the examples considered,
the Bayesian and non-parametric maximum likelihood (NPML) approaches gave nearly
identical inference. A simulated data example demonstrated the superiority of the Bayesian
approach over NPML in the case of sparse data. Further, a simulation study showed that the
Bayesian parameter estimates resulted in smaller mean squared errors than those obtained
from the weighted, pseudo- and non-parametric maximum likelihood approaches.

We extended this model to include random effects in the log-linear model to perform
various types of smoothing. In the first instance, random effects can be included in the
log-linear model to smooth the cell probabilities in large contingency tables, particularly in
the case of sparse data. In this case, we instead modeled the exposure-confounder interac-
tion terms using independent mean zero normal prior distributions, and assigned a gamma
hyperprior distribution to the precision parameter. A simulated example demonstrated the
potential benefits of a random effects log-linear model over a fixed effects log-linear model.

In the second instance, we include spatial and non-spatial random effects in the log-linear
model to control for residual spatial confounding. An intrinsic conditional autoregressive
prior is assigned for the spatial random effects, which smooths spatial effects to the mean of
the spatial effects in close-by areas. With this model, the nature of the spatial dependency

is defined by the neighbourhood structure. The neighbour definition that we adopted is
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that based on contiguity. We analysed the North Carolina infant mortality data using
spatial and non-spatial random effects and found that the results agreed well with those
from performing a similar analysis on the individual-level data. A simulated example was
used to illustrate the improved reliability of estimates from the spatial random effects model
(over the simpler non-spatial random effects model) in the case of spatially correlated data.

A major drawback of the Bayesian approach we have outlined is that it requires a
joint exposure-confounder model. Hence, in situations where the data are numerous and
there is no desire to include random effects in the model, we would recommend the NPML
approach. However, the Bayesian approach is beneficial in sparse data situations in which
the covariates are all discrete, where the NPML methodology breaks down. In this case,
informative priors must be used in practice.

The use of the log-linear model is another potential limitation of the Bayesian approach
since it will contain many parameters in situations where = and/or z take on many values.
In this case, it may be preferable to use an unsaturated or random effects log-linear model.
The ability to include random effects into the log-linear model in the Bayesian approach
allows for much greater modeling flexibility than the current frequentist approaches.

Another limitation of the Bayesian approach arises when we are attempting to fit the
wrong model. Although not explored in the thesis, the results of Scott and Wild (2002)
provide insight into how the Bayesian approach might perform when the logistic or logistic-
normal models that we use do not hold. Scott and Wild (1986) compared the robustness
under model misspecification of survey weighted and semi-parametric maximum likelihood
(ML) approaches to fitting logistic regression models with case-control data. The authors
concluded that although semi-parametric ML estimation is more efficient when the model is
true, survey weighting is more robust since it is the only approach that leads to consistent
estimates in the presence of model misspecification. More recently, however, Scott and Wild
(2002) argued that this view is not always justified. In their paper, the authors compared the
performance of semi-parametric and survey weighted ML approaches fitting a linear logistic
model when the true underlying model is quadratic, and found that the survey weighted ML
approach gave a better approximation to the true slope only for those individuals at higher

risk, whereas the semi-parametric ML approach was better for individuals at moderate risk
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(which comprised roughly 95% of the population in their example). In particular, Scott
and Wild (2002) suggest using the survey weighted method in situations where interest
lies particularly in high risk individuals; when interest lies in more typical individuals from
the population, the semi-parametric ML method will have smaller bias and will be more
efficient. These results suggest that the Bayesian approach may produce reliable results in
situations where we are interested in individuals at moderate risk. In those situations where
we are interested in high risk individuals, the results from the Bayesian approach should be
interpreted with caution.

In our approach to small area estimation in the context of the developing world, we
proposed a mortality monitoring system, which combines detailed data from health and
demographic surveillance systems (HDSS) sites with sample survey data from surrounding
areas. The proposed approach provides a stepping stone to methods that incorporate the
longitudinal data available from the HDSS sites. A preliminary simulation study illustrated
the ability of the informed sampling design to capture more deaths compared to one-stage
random sampling designs. Further, it showed that the informed sampling design combined

with a spatial analysis of the sampled data results in estimates with the lowest MSE.

6.2 Future Work

The equivalence of the Bayesian approaches in the case of simple random and case-control
sampling at phase I will continue to be explored. In particular, since the simple random
sampling approach considered by Scott and Wild (1991, 1997) is actually a prospective
sample (where individuals are sampled within the strata of the confounder variable), we
hope to show the equivalence of the Bayesian approach under prospective sampling and
case-control sampling at phase I, as was done in the frequentist paradigm. Furthermore, we
hope to continue exploration of possible prior distributions that can be assigned in such a
way that the exposure-confounder model can be integrated out asymptotically, as is done
in Seaman and Richardson (2004) in a case-control setting. We also plan to conduct a
simulation study to numerically compare the posterior distributions under case-control and
simple random sampling at phase I.

In addition, we aim to reduce the computational intensity of the Bayesian approaches,
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particularly the random effects approach, as the current computing times can be excessive.
One possible approach is to use the hyperblock updating approach described in Knorr-Held
and Rue (2002) in which all parameters and hyperparameters are updated in a single block.
The authors demonstrated superior mixing and thus smaller simulation error for parameter
estimates in the hyperblock approach.

Our approach only considers the case when the covariates are all discrete. The extension
to the continuous or the mixed continuous and discrete covariates situations is not straight-
forward, though the approaches of Sinha, Mukherjee, and Ghosh (2004) and Dunson and
Xing (2009) offer possible avenues for addressing this deficiency. In particular, the authors
suggest assuming a Dirichlet process with support on the distribution of the continuous
covariates. Normal prior distributions can be used on the other covariates, as is done in
Sinha et al. (2004). In either case, the estimation of all parameters can still be done via a
Markov chain Monte Carlo scheme.

We would like to extend the Bayesian approach to the analysis of two-phase data to
a related design, the aggregate data design. Prentice and Sheppard (1995) consider a
design in which detailed exposure and confounding factor data are available on a random
sample of individuals from each area. The analysis method they propose involves the use
of estimating equations for relative rate parameters. As we saw with two-phase studies,
the current approach suffers from poor performance in small sub-samples (Guthrie and
Sheppard, 2001) and difficulties in incorporating random effects. Hence, there is strong
motivation for a non-GEE Bayesian approach.

For the small area estimation problem, we wish to extend the methodology to include
time-varying covariates in the logistic model fit to the HDSS data to get the full benefit
of the data from the HDSS sites. Hence, additional simulation studies will need to be
performed to further assess the performance of the proposed informed sampling design.
These should approximate a wider variety of real situations using additional covariates,
different geographies and varying mortality rates. In addition, various spatial dependencies,
and perhaps neighbour definitions, could be explored. These simulation studies can be
informed using other existing HDSS sites in low- and middle-income countries, as well as

historical datasets at the national level. Also, it may be worth exploring a survey sampling
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scheme in which areas with the lowest predicted mortality rates are oversampled to obtain
more reliable estimates for those areas with fewer deaths. Furthermore, a mixture of both
sampling schemes could be explored (that is, a survey sampling scheme which combines
oversampling areas with the highest predicted mortality rates and oversampling areas with
lowest predicted mortality rates) to combine the benefits of both sampling schemes. The
performances of these proposed schemes could be compared to that of the currently adopted

scheme.
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Appendix A
SUPPLEMENTARY MATERIALS FOR CHAPTER 3

A.1 Details on the Simulation Study

As described in Section 3.3.1, two different prior distributions for 3 were evaluated. The

induced multivariate normal prior distribution for AY = A A AL S M%) has mean

. . . _ _I\T .
zero and variance-covariance matrix A = C7'3; (C 1) ,t =1,2, where

-2 -2 -2 -2
0 4 0 4
Cc = (A.1)
0 0 4 4
0O 0 0 -8
1002 0 0 0
log(5)
0 0 0
¥ = 1.96 A2
1 o ok o o
0 0 0 5
1002 0 0 0
0 1002 0 0
22 - 2 )
0 0 100 0

0 0 0 1002

where X1 corresponds to the informative priors, and 3o corresponds to the flat priors. For

the remainder of the A nuisance parameters, we assigned the following prior distributions:
AX ~ N(0,1)
M~ N(0,1)
M2~ N(0,1/4).

Tables A.1-A.3 display the bias, variance and MSE for the five analyses of 500 simulated

data sets and for each of the three phase II sample sizes.
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Table A.1: Bias, variance and mean squared error (MSE) from five analyses of 500 simulated
data sets using a small phase II sample size. There were 30 phase II data sets which
contained a zero count.

Method Parameter Bias Variance MSE
Bo —7.76 x 1074 2.01 x 1073 2.01 x 1073
Weighted Ba —1.59 x 1072 4.88 x 107! 4.88 x 107!
Likelihood* B —7.84x 1072 2.73x 107! 279 x 107!
B 9.29 x 1072 811 x 107! 819 x 107!
Bo —3.27x 1073 215 x107% 2.16 x 1073
Maximum Ba 4.37x 1072 5.67x 107! 5.69 x 107!
Likelihood** B —7.44x1072 276 x 107! 2.81 x 107!
Bz 3.13x 1072 9.00x 10! 9.01 x 107!
Bayesian Bo 5.75x 1073 8.64 x 107* 8.97 x 1074
Two-phase, Ba —2.71x 107" 1.06 x 107" 1.79 x 10~*
Informative B 243 x 107" 568 x1072 1.16 x 107!
Priors Bz —4.91 x 1073 9.56 x 1072 9.57 x 1072
Bayesian Bo —1.41x1072 224x1073 244 x 1073
Two-phase, Ba 1.00 x 107! 6.45x 1071  6.55 x 10!
Flat B —3.88x 1072 3.12x107' 3.13x 107!
Priors Bz —5.41x1072  1.02x10°  1.03 x 10°
Bayesian Bo 5.82x 1073 8.69 x 107* 9.03 x 1074
Two-phase, Be —2.88x 107! 995x1072 1.82x 107!
Informative B 2.63x 107" 4.85x 1072 1.18 x 107!
Priors* B —9.51 x 107 8.77x 1072 8.78 x 1072
Bayesian Bo —1.37x1072 224x1073 242x1073
Two-phase, B 427 %1072 514 x 107! 515 x 107!
Flat B 2.04x 1072 210x 1071 211 x 10!
Priors* Bz —5.83x 1072 7.76 x 107! 7.79 x 107!

*: Excludes 77 data sets where complete separation occurs.

**. Excludes 30 data sets with zero count.
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Table A.2: Bias, variance and mean squared error (MSE) from five analyses of 500 simulated
data sets using a medium phase II sample size.

Method Parameter Bias Variance MSE
Bo —1.52x107% 9.78 x10™* 9.80 x 10~*
Weighted Ba 3.38x 1072 2.61x107' 2.62x 107!
Likelihood B. —2.80 x 1072 877 x 1072 8.85x 1072
Bz —3.82x 1073 358 x 107" 3.58 x 107!
Bo —1.52x107% 9.78 x10™* 9.80 x 10~
Maximum B 3.38x 1072 261 x107' 2.62x 107!
Likelihood B —2.80x 1072 8.77x1072 8.85x 1072
B —3.82x 1073 3.58x 107! 3.58 x 10!
Bayesian Bo —3.91x107% 547x107* 5.63 x107*
Two-phase, Ba —1.71x 107! 862x1072 1.15x 107!
Informative B 1.46 x 1071 2,96 x 1072  5.09 x 102
Priors Bz 5.96 x 1073 7.99 x 1072 7.99 x 1072
Bayesian Bo —7.33x 1073 1.00x 1073 1.06 x 1073
Two-phase, Ba 3.62x 1072 252x107! 253 x 107!
Flat B 8.73x 1073 7.84x1072 7.85x 1072
Priors Bz —4.07x 1072 340x 10! 3.42x 107!
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Table A.3: Bias, variance and mean squared error (MSE) from five analyses of 500 simulated

data sets using a large phase Il sample size.

Method Parameter Bias Variance MSE
Bo —9.97x107* 3.75x10~* 3.76 x 10~*
Weighted Bz 3.53x 1072 1.05x 107! 1.06 x 107!
Likelihood B 9.97x107% 3.75x 107* 3.76 x 1074
Bz —3.53x1072 1.05x 107! 1.06 x 101
Bo —9.97x107% 3.75x107* 3.76 x 1074
Maximum B 3.53x 1072 1.05x 107! 1.06 x 107!
Likelihood 8. 9.97 x 10~* 3.75x10~* 3.76 x 10~*
Bz —3.53 %1072 1.05x 10! 1.06 x 10!
Bayesian Bo 2.08x 1073 258 x107% 2.64 x 107*
Two-phase, Ba —8.17x 1072 555 x 1072 6.21 x 1072
Informative B 8.96 x 1072 2.22x10"* 8.25x 1073
Priors Bz —1.93x 1072 4.35x 1072 4.39 x 1072
Bayesian Bo —4.50 x 1072 3.78 x10™* 3.98 x 10~*
Two-phase, Be 3.81 x 1072 1.04x 107! 1.05x 107!
Flat B 1.79 x 1072 3.72x10* 6.92x10~*
Priors Bz —5.27x 1072 1.04x 107! 1.07 x 107!
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A.2 Sparse Data Example

In the sparse data example of Section 3.4.2, the informative prior distribution on 8 induces
a multivariate normal prior distribution on AY = AN AL A6 #) that has mean
zero and variance-covariance matrix C 13 (Cil)T, where C and ¥ are given by (A.1) and
(A.2), respectively.

Figures A.1 and A.2 give the trace plots for 8 and A, where every 100th sample has

been taken in all cases.
A.3 Wilms Tumour Example

For the Wilms tumour example described in Section 3.5.1, the uninformative prior on 3 in-
duces a multivariate normal distribution on AY = (AY, A\Y¥) with mean zero and variance-

covariance matrix C 1% (C_l)T, where C' and 3 are the 8 x 8 matrices given by

-2 -2 0 0 -~ 0
0 2 -2 0 --- 0
c — 0
: 0
0 2 0 0 —2
0 4 2 2 2
1002 0
T = .
0 1002
For A = (A%, ..., 08, A7 = (\8) and A7 = (A7, ..., %), we assigned:
0 7 —1
AY ~ N, ,
-1 7
A~ >
55 -9
)\XZ 7
-9 55

following the Dellaportas and Forster (1999) prescription.
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Figure A.1: Trace plots for the 3 parameters in the sparse data example.
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Figure A.2: Trace plots for the A parameters in the sparse data example.
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Figures A.3—A.5 give trace plots (with every 100th sample being taken) of the 3 and A
parameters.

Table A.4 displays the estimates and 95% intervals for the Bayesian two-phase analysis of
the Wilms tumour data using the auxiliary variable sampling scheme described in Section
3.2.4. We ran the chain for 500,000 iterations, which took 79 minutes to run on a 2
GHz Intel Core Duo processor with 2 GB of 667 MHz DDR2 SDRAM. This is 29 minutes
longer than the direct sampling scheme approach run for the same number of iterations
on the same machine. The results generally agree quite well with the results from the
direct sampling approach, however the estimates are more biased than those from the direct
sampling approach. The estimates and 95% intervals from the two methods coincide after
running 4,000,000 iterations in each case, where the point estimates are identical to the

results from the direct scheme shown in Table A.4.

Table A.4: Disease model point and interval estimates for the Wilms tumour relapse data
comparing the auxiliary variable sampling scheme to the direct sampling scheme.

Complete Data Direct Scheme Auxiliary Variable Scheme
Bo -2.71 (-2.92, -2.50) -2.56 (-2.81, -2.33) -2.58 (-2.84, -2.34)
Stage 11 0.77 (0.48, 1.05) 0.52 (0.18, 0.86) 0.56 (0.17, 0.95)
Stage 111 0.77 (0.48, 1.07) 0.46 (0.08, 0.83) 0.49 (0.10, 0.88)
Stage IV 1.05 (0.71, 1.39) 0.95 (0.48, 1.41) 0.99 (0.50, 1.47)
UH* 1.31 (0.82, 1.80) 1.22 (0.66, 1.79) 1.25 (0.67, 1.80)

Stage ILUH  0.15 (-0.49, 0.78)  0.34 (-0.41, 1.11) 0.30 (-0.45, 1.09)
Stage II:UH ~ 0.59 (-0.03, 1.21)  0.78 (0.06, 1.50) 0.74 (0.01, 1.50)
Stage IV:UH  1.26 (0.50, 2.02)  1.46 (0.55, 2.37) 1.42 (0.49, 2.39)

*: Unfavorable central histology

Figures A.6—A.8 give trace plots of the 3 and A parameters from the auxiliary variable
sampling scheme, where the samples have been thinned by 100 in all cases. While the
A parameters seem to have converged, the convergence of the INY** is less apparent after
500, 000 iterations. The difficulty in getting the INY** to converge affect the entire MCMC

algorithm, which makes the auxiliary variable sampling scheme less efficient than the direct
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Figure A.3: Trace plots for the 3 parameters in the Wilms tumour data example.
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scheme.

A.4 Case-Control Example

For the case-control example described in Section 3.5.2, the following prior distributions

were assigned

0
1
Aqa ~ Ny : ,5<I4—5J4>
0
As ~ N(0,1)
0 1
Ax ~ Nj 0 ,4<I3—4J3>
0
0
5 1 1
Aas 4 : 72<4 5J4><4 5J4>
0
0
A N- : 5[—1J ®I—1J 4I—1J ®I—1J
AX 12 S I 4= g 3= /s 4= g 3= /3 ;
0
0
1 1
Asx ~ Nj 0 ,2<13—4J3> <13—4J3>
0

A = AvaAvx) ~ Nz (0,c7'z(C7))

2 -2 0 0 0 0
2 0 -2 00 0 0
2 0 0 -20 0 0
Cc = 4 2 2 20 0 0
0 0 0 02 -2 0
0 0 0 02 0 -2
0 0 0 04 2 2
100° 0
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example.
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where I, is an n X n identity matrix, and J, is an n X n matrix of ones.
Trace plots for the 3 parameters are given in Figure A.9, while trace plots for the 34 A
parameters are given in Figures A.10-A.12. In each case, we have taken every 100th sample

from the Markov chain.

A.5 2x2x2x3x7 Contingency Table Example

Table A.5 displays the full data for the large contingency table example of Section 3.5.3,
while Table A.6 displays the phase II data.
We assigned a multivariate normal prior with large variances for 8, which induces the

following multivariate normal prior for AY:

(AY,AYA AYR 2\YS \YZ \YES) | N, (07042 (Cfl)T)

1002 0
> =
0 1002
-2 -2 0 -2 -2 -2 0 0 0 0 0 -2
0O 2 -2 0 0 0 0 0 0O 0 0 O
0O 4 2 0 0 0 0 0O O 0O 0 O
0o 0 0 4 0 0O 0 O O 0 0 4
o 0 0 O 4 0 0 O O 0 0 4
c o 0 0 O 0O 2 -2 0 0 0 0 O
o 0 0 0O 0O 2 0 -2 0 0 0 o]
o 0 0 0O 0 2 0 0 -2 0 0 0
o 0 0 O O 2 0 0 0 -2 0 0
o 0 0 O O 2 0 0 0 0 -2 0
0o 0 0 O 0 4 2 2 2 2 2 0
o 0 0 0O O O 0 O O 0 0 -8

and, following the Dellaportas and Forster (1999) prescription, we used the following prior

distributions for the remaining A parameters:

0 2 -1
() ()
Ar ~ N(0,1)

As ~ N(0,1)
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Figure A.9: Trace plots for the 3 parameters in the case-control example.
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Figure A.10: Trace plots for the A parameters in the case-control example.
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Figure A.11: Trace plots for the A parameters in the case-control example (continued).
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Figure A.12: Trace plots for the A parameters in the case-control example (continued).
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Table A.6: Phase II Data, ny,., for for 2 x 2 x 2 x 3 x 7 dimensional table example.

White Other
<35 35 —44 > 44 < 35 35 —44 > 44

Region Male Female Male Female Male Female Male Female Male Female Male Female
Northeast

Satisfied 47 14 35 8 64 9 4 4 7 4 1 3

Not satisfied 32 7 20 3 17 3 3 8 2 2 1 2
Mid-Atlantic

Satisfied 44 7 46 4 65 8 12 8 4 0 2 0

Not satisfied 26 10 23 5 22 2 4 2 1 2 2 1
Southern

Satisfied 58 20 40 6 31 13 9 13 2 5 1 2

Not satisfied 21 14 18 8 17 7 5 6 0 2 2 0
Midwest

Satisfied 39 17 43 6 63 10 5 5 4 6 2 0

Not satisfied 24 16 20 2 19 3 3 10 2 1 0 0
Northwest

Satisfied 46 31 35 11 41 15 6 5 1 4 4 1

Not satisfied 29 20 16 5 19 6 1 0 1 0 0 3
Southwest

Satisfied 46 19 39 9 48 9 11 8 6 2 3 0

Not satisfied 20 11 16 3 21 8 10 8 2 0 1 0
Pacific

Satisfied 48 26 22 8 37 11 21 8 7 4 5 3

Not satisfied 28 17 8 4 9 5 8 8 6 4 2 1
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where I, is an n X n identity matrix, and J, is an n X n matrix of ones.

Figure A.13 displays the trace plots for the 12 3 parameters, while Figures A.14-A.17

display the trace plots for the 51 A parameters. In each case, the samples are thinned by

100.
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Figure A.13: Trace plots for the B parameters in the 2 x 2 x 2 x 3 x 7 contingency table
example.
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Figure A.14: Trace plots for the A parameters in the 2 x 2 x 2 x 3 x 7 contingency table
example.
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Figure A.15: Trace plots for the A parameters in the 2 x 2 x 2 X 3 x 7 contingency table
example (continued).



175

Age 35-44:Female Age >44:Female Age 35-44:Region Northeast
_ N .
< ° . °
S o °
m S ] ]
o~ ~ ™
o o - S
T T T T T ! T T T T T T T T T T
0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000
Iteration Iteration Iteration
Age 35-44:Region Mid-Atlantic Age 35-44:Region Southern Age 35-44:Region Midwest
— ™
- 7 S
= ] - oA
S ] ? c 7
~ ] ] _
S < ~ 7
! T T T T T ? - T T T T T ? T T T T T
0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000
Iteration Iteration Iteration
Age 35-44:Region Northwest Age 35-44:Region Southwest Age >44:Region Northeast
~ - 2
c | S ] ? n
2] S < ]
[ T T T T o T T T T T T T T T
0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000
Iteration Iteration Iteration
Age >44:Region Mid-Atlantic Age >44:Region Southern Age >44:Region Midwest
~ ] i _
" S 27
- 1 - =
5 - N ]
? S %
T T T T T ! T T T T T T T T T T
0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000
Iteration Iteration Iteration
Age >44:Region Northwest Age >44:Region Southwest
3 ] pa g
< o
(S} o 7
o .
S @ ]
T T T T T QT T T T T
0 500 1000 1500 2000 0 500 1000 1500 2000
Iteration Iteration

Figure A.16: Trace plots for the A parameters in the 2 x 2 x 2 x 3 x 7 contingency table
example (continued).
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Figure A.17: Trace plots for the A parameters in the 2 x 2 x 2 X 3 x 7 contingency table
example (continued).
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Appendix B
SUPPLEMENTARY MATERIALS FOR CHAPTER 4

B.1 Verifying the Bayesian Spatial Analysis of Two-Phase Data

Since there are no frequentist methods which analyse two-phase data including random
effects terms, we cannot compare the results obtained from the Bayesian two-phase anal-
ysis to those obtained from other methods. To verify that the method works, we instead
artificially create a two-phase study using large phase Il sample sizes so that a two-phase
analysis will approximate an analysis on the full population. The full population data was
given in Table 2.6, while the phase II data is given in Table B.1. Using a disease model
that includes main effect terms for sex, race, and low birth weight status, as well as an
interaction term between race and low birth weight, we compare the Bayesian two-phase
approach with fitting a spatial model to the full data.

The log-linear model used included all two-way interactions between race, sex, birth
weight and region. Let R denote race, S sex, W birth weight and Z region. The Bayesian
approach assigned zero mean normal prior distributions on 3 with large variances and the

AXZ

approach outlined in Section 4.3.2, where we have assumed the are fixed. In particular,

the induced multivariate normal prior on AY = ()\Y, AV AYE \YW )\YRW) has mean zero
. . . — _N\T . .
and variance-covariance matrix C 1% (C’ 1) , where C and 3 are the 5 x 5 matrices given

by

-2 -2 -2 -2 =2

0 4 0 0 0
Cc = 0 0 4 0 4
0 0 0 4 4
0 0 0 0 -8
1002 0
> = .
0 1002
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For the remaining A nuisance parameters, we assigned

XS~ N(0,1)
AR~ N(0,1)
AW~ N(0,1)

A\~ No <0, 10( 9 — Jg))

1
A2~ N (0, <19—J9> (Ig—m,]g>>
AWz No (0.5 (10— 20 (15— 2
9 ) 9 10 9 9 10 9 y

where I, is an n X n identity matrix and .J,, is an n X n matrix of ones. We assigned 7, and
T, gamma hyperprior distributions with shape parameter 1 and rate parameter 0.026.

The estimates for 3, U, V, 7, and 7, based on the complete data and the Bayesian
approach are displayed in Tables B.2 and B.3. In the Bayesian approach, we ran a total
of 500,000 iterations, where the first 50,000 were used to tune the chain, and constants

= 0.05, ¢, = 0.002 and ¢, = 190 gave acceptance rates of 45%, 41%, and 32% for
A, V and U, respectively. The 500,000 iterations took 231 minutes to run on a 2 GHz
Intel Core Duo processor with 2 GB of 667 MHz DDR2 SDRAM. We see very strong
agreement between the Bayesian method and complete data analysis confirming the results
of the Bayesian analysis. Figure B.1 displays the trace plots for the 3, log 7, and log,
parameters, while Figures B.2 - B.5 display the trace plots for the A parameters. Figures
B.6 and B.6 display the trace plots for the V' and U parameters, respectively. In each case,

the samples are thinned by 100.
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Figure B.1: Trace plots for the 3 parameters, log 7, and log 7, in the North Carolina infant

mortality data example with large phase II sample sizes.
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Figure B.2: Trace plots for the A parameters in the North Carolina infant mortality data
example with large phase II sample sizes (continued).
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Figure B.3: Trace plots for the A parameters in the North Carolina infant mortality data
example with large phase II sample sizes (continued).
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0.01

-0.01

0.56 0.58 0.60 0.62

-0.050 -0.035

-0.065

-0.08

|

-0.10

Sex:Region 9

T T T
0 1000 3000 5000

Iteration

Race:Region 2

T T T
0 1000 3000 5000

Iteration

Race:Region 5

T T T
0 1000 3000 5000

Iteration

Race:Region 8

T T T
0 1000 3000 5000

Iteration



-0.28 -0.26

-0.30

-0.04

-0.08

0.04

0.02

0.00

-0.04

Race:Region 9

0 1000 3000 5000
Iteration
LBW:Region 3

0 1000 3000 5000
Iteration
LBW:Region 6

0 1000 3000 5000
Iteration
LBW:Region 9

T T T T T T
0 1000 3000 5000

Iteration

0.00 0.04 0.08 0.12

0.01 0.03

-0.01

0.01 0.03

-0.01

-0.01 0.01

-0.04

LBW:Region 1

0 1000 3000 5000
Iteration
LBW:Region 4

0 1000 3000 5000
Iteration
LBW:Region 7

T T T
0 1000 3000 5000

Iteration

Y:Race:LBW

T T T
0 1000 3000 5000

Iteration

-0.05 -0.02

-0.08

-0.01

-0.03

-0.02 0.00 0.02

LBW:Region 2

0 1000 3000 5000

Iteration

LBW:Region 5

0 1000 3000 5000
Iteration
LBW:Region 8

T T T T T T
0 1000 3000 5000

Iteration

183

Figure B.5: Trace plots for the A parameters in the North Carolina infant mortality data
example with large phase II sample sizes (continued).
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Figure B.6: Trace plots for the V' parameters in the North Carolina infant mortality data
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Figure B.7: Trace plots for the V' parameters in the North Carolina infant mortality data
example with large phase II sample sizes.
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Table B.1: Number of live and dead infants by North Carolina region, race, sex and low birth weight status: phase Il data.

Normal Birth Weight Low Birth Weight
Female Male Female Male
White Non-white White Non-white White Non-white White Non-white
Southern Mountains Alive 4040 440 4379 469 322 29 295 26
Dead 9 1 15 2 9 2 35 4
Central Mountains Alive 14379 1188 15312 1302 1277 165 1211 166
Dead 35 4 50 7 59 19 96 12
Northern Mountains Alive 10365 780 10986 839 983 107 841 99
Dead 35 2 40 2 49 4 54 7
Southern Foothills Alive 54633 17251 58436 18436 4431 2684 3878 2251
Dead 105 56 153 73 216 182 272 241
Northern Foothills Alive 40230 11896 42393 12531 3361 1868 3044 1677
Dead 77 28 114 35 187 157 216 202
Southern Heartland Alive 48589 23906 51696 25295 3513 3696 3110 3195
Dead 83 70 107 86 154 273 207 357
Southern Coast  Alive 22123 14120 23627 14829 1777 2129 1561 1834
Dead 31 46 57 56 87 193 128 213
Northern Heartland Alive 16923 5492 17858 5634 1384 834 1227 648
Dead 32 6 43 22 72 50 89 71
Central Coast Alive 8828 4038 9330 4268 672 734 560 570
Dead 9 7 22 13 36 71 50 74
Northern Coast Alive 3884 2833 4044 2811 304 438 300 386
Dead 9 9 8 6 23 44 28 46
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Table B.2: 3 estimates and 95% intervals for the North Carolina infant mortality data with
large phase II sample sizes.

Complete Data Bayesian Two-Phase

Bo -6.28 (-6.38, -6.18)  -6.28 (-6.39, -6.18)
Sex 0.35 (0.29, 0.40) 0.35 (0.29, 0.40)
Race 0.35 (0.24, 0.46) 0.35 (0.24, 0.45)
LBW 3.31 (3.24, 3.39) 3.32 (3.24, 3.39)

Race:LBW  0.10 (-0.02, 0.23)  0.10 (-0.02, 0.22)
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Table B.3: Random effects estimates and 95% intervals for the North Carolina infant mor-

tality data with large phase II sample sizes.

Complete Data

Bayesian Two-Phase

Vi
Vo
V3
Vi
Vs
Ve
Va
Vs
Vo
Vio

Ur
Us
Us
Uy
Us
Us
Uz
Us
Uyg
Uio

Ty

Tu

0.02 (-0.14, 0.19)

0.04 (-0.10, 0.19)

0.01 (-0.15, 0.17)

-0.02 (-0.15, 0.10)

0.001 (-0.12, 0.12)
(_

0.01 (-0.13, 0.15)
-0.05 (-0.19, 0.08)
0.02 (

(

(
-0.05 (-0.18, 0.09)
(

0.12, 0.16

0.02 (-0.15, 0.19

)
)
0.02 (-0.11, 0.16)
0.01 (-0.11, 0.13)
0.02 (-0.12, 0.16)
-0.03 (-0.13, 0.07)
0.01 (-0.09, 0.10)
-0.04 (-0.16, 0.07)
0.01 (-0.10, 0.13)
-0.03 (-0.15, 0.07)
-0.002 (-0.11, 0.10)

0.03 (-0.13, 0.21)

115.5 (36.3, 263.2)
81.3 (20.0, 208.9)

0.04 (-0.15, 0.23)
0.05 (-0.10, 0.20)
0.02 (-0.12, 0.24)
-0.02 (-0.15, 0.09)
0.01 (-0.13, 0.14)
-0.04 (-0.18, 0.12)
0.02 (-0.12, 0.20)
-0.06 (-0.24, 0.09)
0.02 (-0.12, 0.18)
0.0002 (-0.23, 0.23)

0.005 (-0.13, 0.13)
0.02 (-0.10, 0.16)
-0.002 (-0.19, 0.13)
-0.02 (-0.13, 0.07)
0.003 (-0.12, 0.13)
-0.04 (-0.16, 0.08)
0.005 (-0.14, 0.13)
-0.03 (-0.15, 0.10)
-0.004 (-0.11, 0.09)

0.07 (-0.11, 0.31)

106.2 (27.1, 247.2)
76.0 (18.2, 195.5)
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B.2 2x2x2x3x7 Contingency Table Example

In the random effects analysis of the 2 x 2 x 2 x 3 X 7 contingency table example of Chapter

4, the uninformative 3 prior induces the following prior on AY:

(WY, AYA AYR Z\YS \YZ \YRS) | N, (0’ Cc-'s (C_l)T)

1002 0
Y = .
0 1002
-2 -2 0 -2 -2 -2 0 0 0 0 0 -2
0 2 -2 0 0 0 0 0 0 0 0 0
0 4 2 0 0 0 0 0 0 0 0 0
0o 0 0 4 0 0 0 0 0 0 0 4
0o 0 0 0O 4 0 0 0 0 0 0 4
c 0O 0 0 0 0 2 -2 0 0 0 0 0
o 0 0 0O 0O 2 0 -2 0 0 0 o]
0o 0 0 0 0 2 0 0 -2 0 0 0
0O 0 0 0 0O 2 0 0 0 -2 0 0
0O 0 0 0 0 2 0 0 0 0 -2 0
0O 0 0 0 0 4 2 2 2 2 2 0
o 0 0 0 0O 0O 0 0 0 0 0 -8

and, following the Dellaportas and Forster (1999) prescription, for the remaining fixed A

nuisance parameters, we assigned:

0 2 -1
() ()
Ar ~ N(0,1)

As ~ N(0,1)

o
(

Aas ~ N
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1

)\RS ~ N <0, Z

0 3 1 1 1
A ~ N — (L2 — = J Is — - J I — - J
e (0 (b (-30) (- 10)

where I, is an n x n identity matrix, and J, is an n X n matrix of ones.
Figure B.8 compares the prior and posterior median and 95% intervals for o) under the

two assumed priors for 7.

Median and 95% Cls for G,

— Prior
—— Posterior
Ga(0.2,0.005) %
Ga(1,0.026) %
T T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0

Figure B.8: Comparing the median and 95% intervals for o) in the prior and the posterior
distributions for two different priors of 7 in the random effects analysis of the 2x2x2x3x7
contingency table.

Figures B.9 - B.19 display the trace plots for the 8, X\, VX% and 7, parameters. In each

case, the samples are thinned by 100.
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Figure B.9: Trace plots for the 8 parameters in the random effects analysis of the 2 x 2 x
2 x 3 x 7 contingency table.
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2 x 3 x 7 contingency table.
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Figure B.13: Trace plots for the VX% parameters in the random effects analysis of the
2 x 2 x 2 x 3 x 7 contingency table.
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Figure B.15: Trace plots for the VX% parameters in the random effects analysis of the
2 X 2 X 2 x 3 x 7 contingency table (continued).



198

N
=]

0.0

-0.1 0.1 0.2
| | | |

0.1

0.2

0.0

0.0 0.1 0.2

-0.2 0.0
1 1 1 1

0.2

Age 35-44:0ther Race:Northeast

T T T
500 1500 2500

o

Iteration

Age 35-44:0ther Race:Midwest

.
S 4
|
T T T T T T T
0 500 1500 2500
Iteration
Age >44:0ther Race:Northeast
N
S
T T T T T T T
0 500 1500 2500
Iteration
Age >44:0ther Race:Midwest

T T T T T T
0 500 1500 2500

Iteration

Age 35-44:0ther Race:Mid—Atlantic

T T T
500 1500 2500

o

Iteration

Age 35-44:0ther Race:Northwest

—

pug

—

d —

|

™

d -

T T T T T T T T

0 500 1500 2500
Iteration

Age >44:0ther Race:Mid—Atlantic

b —

o

b

s -

[

™

d —

T T T T T T T T

0 500 1500 2500
Iteration

Age >44:0ther Race:Northwest

T T T
500 1500 2500

o

Iteration

Age 35-44:0ther Race:Southern

0.1 0.2

-0.1

T T T
500 1500 2500

o

Iteration

Age 35-44:0ther Race:Southwest

«
o

0.1

-0.1

0.0 0.2

-0.2

0.0 0.1

0.2

T T T
500 1500 2500

o

Iteration

Age >44:0ther Race:Southern

T T T
500 1500 2500

o

Iteration

Age >44:0ther Race:Southwest

T T T
500 1500 2500

o

Iteration

Figure B.16: Trace plots for the VX% parameters in the random effects analysis of the
2 X 2 X 2 x 3 x 7 contingency table (continued).
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Figure B.17: Trace plots for the VX% parameters in the random effects analysis of the
2 X 2 X 2 x 3 x 7 contingency table (continued).
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Figure B.18: Trace plots for the VX% parameters in the random effects analysis of the
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Figure B.19: Trace plots for log 7y in the random effects analysis of the 2 x 2 x 2 x 3 x 7
contingency table.
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B.3 North Carolina Infant Mortality Data Example

For the North Carolina infant mortality data examined in Chapter 4 of the dissertation,
we assigned zero mean normal prior distribution on B with large variances, which induces
(AY )\YS AYR AYW )\YRW)

a multivariate normal prior on AY = that has mean zero and

variance-covariance matrix C 13 (C’ 71) , where C' and 3 are the 5 x 5 matrices given by

-2 -2 -2 -2 =2

0 4 0 0 0
C = 0 0 4 0 4
0 0 0 4 4
0 0 0 0 -8
1002 0
y = .
0 1002

For the remaining A nuisance parameters, we assigned

XS~ N(0,1)
>‘R ~ (7 )
AW~ N(0,1)

1
A~ No(0,10(Iy— —

1
AR N0 =
(01)
AW N o1
"4

ASZ ~ N9(0,5<9—J9><9—J9>)
AW ON 01
"4

o = o) (-0
o (o o) (s )

where I, is an n X n identity matrix and J, is an n X n matrix of ones.
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Table B.4 displays the estimates and 95% intervals for the random effects terms from

the complete data and the Bayesian random effects analyses.

Table B.4: Random effects estimates and 95% intervals for the North Carolina infant mor-

tality data example.

Full Data

Bayesian Two-Phase

Vi
Va

Vi
Vs
Ve
V7

Vo
Vio

Ur
Us
Us
Uy
Us
Us
Uz
Us
Uy
Uio

0.02 (-0.14, 0.19)
0.04 (-0.10, 0.19)
0.01 (-0.15, 0.17)
-0.02 (-0.15, 0.10)
0.001 (-0.12, 0.12)
-0.05 (-0.18, 0.09)
0.01 (-0.13, 0.15)
-0.05 (-0.19, 0.08)
0.02 (-0.12, 0.16)
0.02 (-0.15, 0.19)

0.02 (-0.11, 0.16)
0.01 (-0.11, 0.13)
0.02 (-0.12, 0.16)
-0.03 (-0.13, 0.07)
0.01 (-0.09, 0.10)
-0.04 (-0.16, 0.07)
0.01 (-0.10, 0.13)
-0.03 (-0.15, 0.07)
-0.002 (-0.11, 0.10)
0.03 (-0.13, 0.21)

-0.04 (-0.22, 0.15)
0.06 (-0.16, 0.30)
0.09 (-0.12, 0.34)
0.05 (-0.16, 0.30)
-0.02

(-0.19, 0.13
-0.01 (
(
(

- )

-0.24, 0.22)
-0.01 (-0.24, 0.22)
-0.03 (-0.28, 0.19)
-0.07 (0.3, 0.11)
0.01 (-0.22, 0.22)

-0.02 (-0.21, 0.13)
0.03 (-0.14, 0.22)
0.06 (-0.11, 0.27)
0.002 (-0.14, 0.21)
-0.04 (-0.18, 0.08)
-0.002 (-0.14, 0.12)
-0.02 (-0.21, 0.17)
-0.004 (-0.15, 0.14)
-0.04 (-0.18, 0.09)
0.04 (-0.17, 0.29)

Figures B.20 - B.26 display the trace plots for all parameters in the model. In all cases,

the samples have been thinned by 100.
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Figure B.20: Trace plots for the 8 parameters, log 7, and log 7, in the North Carolina infant

mortality data example.
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Figure B.21: Trace plots for the A parameters in the North Carolina infant mortality data
example (continued).
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Figure B.23: Trace plots for the A parameters in the North Carolina infant mortality data
example (continued).
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Figure B.24: Trace plots for the A parameters in the North Carolina infant mortality data

example (continued).
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Figure B.25: Trace plots for the V' parameters in the North Carolina infant mortality data
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B.4 Simulated Data with Strong Spatial Dependence Example

Table B.5 displays the full data for the simulated data example with strong spatial depen-

dence discussed in Chapter 4.

Table B.5: Number of live and dead infants by North Carolina region, and low birth weight
status in the simulated data example with strong spatial dependence: full data.

Normal Birth Weight Low Birth Weight

Southern Mountains Alive 19499 1386 20885
Dead 12 24 36

Central Mountains  Alive 35769 3107 38876
Dead 50 154 204

Northern Mountains Alive 15488 1299 16787
Dead 54 149 203

Southern Foothills  Alive 53226 4674 57900
Dead 735 2050 2785

Northern Foothills  Alive 66526 6193 72719
Dead 279 898 1177

Southern Heartland Alive 73871 6665 80536
Dead 518 1386 1904

Southern Coast Alive 93387 9506 102893
Dead 113 319 432

Northern Heartland Alive 44083 3955 48038
Dead 84 214 298

Central Coast Alive 17921 1798 19719
Dead 80 208 288

Northern Coast Alive 30925 3345 34270
Dead 9 41 50

The non-informative prior distribution on 8 implies a multivariate normal prior with
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mean zero and variance-covariance matrix C 1% (C_I)T for AY = (AY, AYX) where
-2 -2
C =
0 4
1 2
s _ 00 0 .
0 100

and assigned

AX ~ N(0,1)

1
7
~ N 10 ( Iy — —
A 9<0,0<9 10,]9))
A2~ Ng(0,5 Ig—iJg Ig—ijg )
’ 10 10

Table B.6 displays the estimates and 95% intervals for the random effects parameters
V.,U,r, and 7.

Figures B.27 and B.28 display the predicted N¥*# values with 95% intervals compared
to the true population values (shown in red crosses) for the non-spatial and spatial Bayesian
random effects analyses.

Figures B.29-B.32 display the trace plots for the 8, A, V', and 7, parameters for the
non-spatial analysis, while figures B.33-B.37 display the trace plots for the 8, A, V, U, 7,
and 7, parameters for the spatial analysis. In each case, the samples have been thinned by

100.
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Figure B.27: Comparing the predicted Ny, . values from the non-spatial Bayesian two-phase
analysis to the true values (shown in red crosses) for the simulated data example with strong
spatial dependence.
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Table B.6: Random effects estimates and 95% intervals for three analyses of the simulated
data example with strong spatial dependence.

Full Data Bayesian Two-Phase
Non-Spatial Spatial
Vi -0.11 (-0.77,0.28) -1.40 (-1.87,-0.96)  0.01 (-0.40, 0.20)
Vo -0.01 (-0.51, 0.46) -0.64 (-1.01, -0.33) -0.07 (-0.24, 0.23)
Vs 0.04 (-0.41, 0.59) 0.47 (0.14, 0.76)  -0.08 (-0.24, 0.09)
Vi 012 (-0.25,0.80)  1.44 (0.96,1.86)  0.11 (-0.10, 0.34)
Vs 0.06 (-0.33, 0.61) 0.79 (0.44, 1.10) 0.05 (-0.24, 0.25)
Ve 0.05 (-0.36, 0.62) 1.14 (0.89, 1.38)  -0.21 (-0.62, 0.49)
Vz  -0.05 (-0.62, 0.37) -1.09 (-1.45,-0.85)  0.19 (0.02, 0.42)
Vs -0.08 (-0.68, 0.30)  -0.33 (-0.74, 0.04)  0.03 (-0.29, 0.28)
Vo 0.02 (-0.43, 0.51) 0.36 (0.11, 0.69)  -0.11 (-0.28, 0.08)
Vio -0.04 (-0.62, 0.41) -1.72 (-2.12, -1.16) -0.09 (-0.74, 0.37)
U;  -1.23 (-1.71, -0.58) - -1.35 (-1.91, -0.73)
Us -0.39 (-0.84, 0.08) - -0.40 (-0.76, -0.10)
Us 0.41 (-0.12, 0.84) - 0.59 (0.14, 0.87)
Us  1.68 (1.03, 2.05) - 1.47 (1.19, 1.76)
Us 0.62 (0.10, 0.99) - 0.85 (0.57, 1.24)
Us 1.03 (0.49, 1.42) - 1.34 (0.89, 1.66)
U; -0.67 (-1.07, -0.13) - -1.19 (-1.40, -1.00)
Ug -0.16 (-0.54, 0.41) - -0.43 (-0.82, -0.08)
Uy  0.51 (0.04, 0.94) - 0.62 (0.26, 0.82)
Ui -1.78 (-2.27, -1.20) - -1.52 (-2.11, -0.82)
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Figure B.29: Trace plots for the B parameters and log 7, in the non-spatial analysis of the
simulated data example with strong spatial dependence.
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Figure B.30: Trace plots for the A parameters in the non-spatial analysis of the simulated

data example with strong spatial dependence.
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Figure B.31: Trace plots for the A parameters in the non-spatial analysis of the simulated
data example with strong spatial dependence (continued).
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Figure B.32: Trace plots for the V' parameters in the non-spatial analysis of the simulated
data example with strong spatial dependence (continued).
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Figure B.34: Trace plots for the A parameters in the spatial analysis of the simulated data
example with strong spatial dependence.
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example with strong spatial dependence (continued).
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Figure B.36: Trace plots for the V' parameters in the spatial analysis of the simulated data
example with strong spatial dependence (continued).
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Figure B.37: Trace plots for the U parameters in the spatial analysis of the simulated data
example with strong spatial dependence (continued).
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B.5 Simulated Data with Strong Exposure-Confounder Relationship Example

Table B.7 displays the full data for the simulated data with strong exposure-confounder

relationship discussed in Section 4.4.4.

Table B.7: Number of live and dead infants by North Carolina region, and low birth weight
status in the simulated data example with strong exposure-confounder relationship: full

data.

Normal Birth Weight

Low Birth Weight

Southern Mountains

Central Mountains

Northern Mountains

Southern Foothills

Northern Foothills

Southern Heartland

Southern Coast

Northern Heartland

Central Coast

Northern Coast

Alive
Dead
Alive
Dead
Alive
Dead
Alive
Dead
Alive
Dead
Alive
Dead
Alive
Dead
Alive
Dead
Alive
Dead
Alive
Dead

20749
47
27686
56
20331
45
119320
274
66371
139
107611
256
34071
95
37646
107
13248
38
4475
13

182
9
1653
140
1256
83
8536
632
8062
601
9498
694
7437
612
2842
165
2451
192
2183
194

20931
56
29339
196
21587
128
127856
906
74433
740
117109
950
41508
707
40488
272
15699
230
6658
207

The non-informative prior distribution on B implies a multivariate

normal prior with
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mean zero and variance-covariance matrix C 1% (C_I)T to AY = (AY, AYX) where
-2 -2
C =
0 4
1 2
s 00 0 .
0 100
and assigned

AX ~ N(0,1)

1
Z —_——
A Ny (O, 10 (Ig 10J9)> .

is considered fixed, we assigned

1 1
A2 O Ng (0,5 Ig— — Iy — — .

Figures B.38, B.39 and B.40 compare the prior and posterior medians and 95% intervals

In the analysis where AX%

for oy under the five assumed priors for 7, assuming small, medium and large phase II
sample sizes, respectively.

Figures B.41 - B.44 display the trace plots for all parameters in the scenario where AX%
is considered random with hyperprior Gamma(1, 0.1215). The trace plots for all analyses

in the small phase II samples sizes case appear similar. Parameters converged without

difficulty for the analyses involving the medium and large phase II sample sizes.
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Figure B.38: Prior and posterior medians and 95% intervals for o) under the five assumed

priors for 7), assuming small phase II sample sizes.
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Figure B.39: Prior and posterior medians and 95% intervals for o) under the five assumed
priors for 7, assuming medium phase II sample sizes.
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Figure B.41: Trace plots for the 3 parameters, as well as log7,, log 7, and log Ty in the
spatial analysis of the simulated data with strong exposure-confounder relationship treating
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Figure B.42: Trace plots for the A parameters in the spatial analysis of the simulated data
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Figure B.43: Trace plots for the A parameters in the spatial analysis of the simulated data
with strong exposure-confounder relationship treating AX# as random for small phase II
sample sizes.
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Figure B.44: Trace plots for the V' parameters in the spatial analysis of the simulated data
with strong exposure-confounder relationship treating A*? as random for small phase II

sample sizes.
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Figure B.45: Trace plots for the U parameters in the spatial analysis of the simulated data
with strong exposure-confounder relationship treating AX# as random for small phase II
sample sizes.
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Appendix C
SUPPLEMENTARY MATERIALS FOR CHAPTER 5

C.1 Simulation Study

For the simulation study described in Section 5.4, we discuss the choice of hyperprior distri-
butions for 7, and 7,,. We follow the procedure outlined in Fong et al. (2010). We assume
a priori that the residual relative risks lie in the interval (0.2,5) with probability 0.95 and
assume d = 2 to give the Gamma(1,0.140) prior distribution for 7,, using equation (2.14).

For 7,, we begin by plotting the marginal variances assuming w2 = 1, shown in Fig-
ure C.1(a). The mean of the marginal variances is 0.42, while the median of the in-
verse Gamma(1,0.140) assumed for 7, is 0.20. Hence, we take the prior for 7, to be
Gamma(1,0.20/0.42). Figure C.1(b) displays the marginal variances under this prior. We
notice that the variances are larger under this prior compared to assuming w? = 1, as de-
sired. Figure C.2 maps simulations from the prior distributions of V' and U for 7, and 7,
set at the median of the prior distribution, and for 7, and 7, set at the 5% quantile of the
prior distribution.

Table C.1 displays the bias, variance and MSE, as well as the number of sampled deaths,
based on 100 simulations for each combination of sampling strategy and analytical model
using larger survey sample sizes. In this case, we sample a total of 9,200 individuals from

each sampling design as follows:

1. One-stage sampling from seven villages: Individuals are randomly sampled from

a seven randomly sampled villages and 1,314 children are sampled from each village.

2. One-stage sampling from all villages: We sample an equal number of children

from all 20 villages (460 from each village).

3. HDSS with random sampling: We select all children from the HDSS villages, and
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Figure C.1: Marginal standard deviations from an ICAR model with: (a) w2 =1, (b) 7, ~
Gamma(1,0.20/0.42).

a random sample of 5,000 children from the 17 remaining non-HDSS villages, which

results in 294 children being sampled from each remaining village.

4. HDSS with informative sampling: We employ the informative sampling procedure
where all children from the HDSS villages are sampled, and a total of 5,000 children
are sampled from the remaining non-HDSS villages in the manner described in Section

5.2.

We sample far more deaths with the sampling schemes that sample all individuals from the
HDSS villages plus a sample from the remaining villages than the one-stage sampling meth-
ods. Again, the MSE from the informed sampling design using a spatial logistic regression
model produces results with substantially smaller MSE than any other sampling design and
analytical model combination. In addition, the MSE based on the probabilities of death are
also the smallest for the informative sampling using a spatial logistic regression model.
Table C.2 displays the bias, variance and MSE, as well as the number of sampled deaths,

based on 100 simulations for each combination of sampling strategy and analytical model
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Figure C.2: Simulations from the prior for: (a) V; with 7, set at the median of the prior,
(b) V; with 7, set at the 5% quantile of the prior, (¢) U; with 7, set at the median of the
prior, (d) U; with 7, set at the 5% quantile of the prior.
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Table C.1: Results from 100 simulations; 1,230 deaths.
[I=Age & sex model; Model III=Logistic regression covariate model; Model IV=Logistic
regression covariate model with non-spatial and spatial random effects. It is not possible to
fit the spatial model to the one-stage sampling from five villages plan since there are data

from 5 villages only.

Model I=Naive model; Model

Sampling Design | Model | # Deaths| Y Based Estimates p Based Estimates
Bias Variance MSE | Bias Variance MSE
One-Stage I 385 107.1 6082.0 17554.6[0.470 0.012 0.233
Sampling from |II 385 100.6 5481.1 15598.3]0.427 0.018 0.200
Seven Villages |III 385 88.4 14005.4 21828.7/0.331 0.109 0.219
v 385 - - - - - -
One-Stage I 405 100.9 281.0 10454.0]0.467 0.000 0.218
Sampling from |II 405 102.7  602.3 11151.3]0.531 0.012 0.294
All Villages 11 405 75.1 4444  6087.0 |0.344 0.002 0.121
v 405 18.4  926.0 1265.1 |0.101 0.007 0.018
HDSS with I 611 124.8 154.0 15726.0]0.485 0.000 0.235
Random II 611 162.6 2714 26700.4]0.903 0.003 0.818
Sampling 11 611 98.5 216.0 9912.5 |0.379 0.001 0.145
v 611 18.8  823.6  1175.8 |0.095 0.006 0.015
HDSS with I 672 144.9 152.7 21146.1]0.505 0.000 0.255
Informative II 672 152.8 237.3 23583.2]0.729 0.002 0.534
Sampling 11 672 84.6 201.9 7356.1 |0.378 0.001 0.144
v 672 17.3  637.2 935.9 |0.102 0.005 0.015

using randomly selected villages as the HDSS villages. In this case, we again sample far
more deaths with the sampling schemes that sample all individuals from the HDSS villages
plus a sample from the remaining villages than the one-stage sampling methods. Again, the
MSE from the informed sampling design using a spatial logistic regression model produces

results with substantially smaller MSE than any other sampling design and analytical model

combination.
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Table C.2: Results from 100 simulations; 1,230 deaths. Model I=Naive model; Model
[T=Age & sex model; Model ITI=Logistic regression covariate model; Model IV=Logistic
regression covariate model with non-spatial and spatial random effects. It is not possible to
fit the spatial model to the one-stage sampling from five villages plan since there are data
from 5 villages only.

Sampling Design | Model | # Deaths| Y Based Estimates p Based Estimates
Bias Variance MSE | Bias Variance MSE
One-Stage 1 229 126.1 5179.8 21069.2|0.467 0.019 0.237
Sampling from |II 229 117.2 4854.3 18585.9(0.427 0.028 0.211
Five Villages 111 229 103.4 41508.2 52192.70.340 0.316 0.432
v 229 — - — - - -
One-Stage 1 226 154.5 217.3 24093.4]0.468 0.0003 0.219
Sampling from | II 226 158.9 1723.4 26961.2|10.533 0.045 0.329
All Villages 11T 226 140.9 466.9 20330.6]0.343 0.005 0.123
v 226 127.3 1046.4 17239.9/0.110 0.014 0.026
HDSS with 1 282 129.7  60.6  16895.1]0.465 0.0001 0.216
Random 11 282 119.3 2090.9 16319.0]0.464 0.041 0.256
Sampling 111 282 123.2 4154 15595.80.393 0.003 0.158
v 282 49.1  3249.6 5657.2 [0.170 0.028 0.057
HDSS with 1 306 135.9 70.3  18541.4]0.469 0.0001 0.220
Informative 11 306 117.2  652.1 14384.5]0.429 0.012 0.196
Sampling 11T 306 112.2 2185 12806.5]0.375 0.001 0.142
v 306 58.6 2026.6 5464.1 |0.206 0.017 0.059
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