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Data-adaptive statistical methods can often be used to improve different attributes of es-
timators, such as their asymptotic variance, calibration, and predictive accuracy. In this
dissertation, we (i) describe how careful estimation of the propensity score can be used to
improve the efficiency of a matching estimator; (ii) propose and examine the asymptotic
properties of isotonic calibration in the context of conditional average treatment effect es-
timation; and (iii) implement and assess a SuperLearner for HIV risk prediction that can
be used to improve the precision of treatment effect estimators in HIV prevention trials.
Matching adjusts for confounding by comparing individuals with similar propensity score;
however, it often results in an inefficient estimator. In Chapter 2, we propose mitigating this
inefficiency by including an optimal covariate —estimated via data adaptive methods— in
the propensity score model. Chapter 3 describes how isotonic calibration, paired with flexible
estimation of the pseudo-outcomes, can be used to calibrate a given CATE estimator. We
provide rates of convergence of our method’s calibration and predictive performance. Finally,
in Chapter 4, we propose using flexible data adaptive methods to implement a Super Learner
for HIV prediction and assess its performance when predicting HIV risk based on different

combinations of baseline covariates and varying risk time windows.
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Chapter 1
INTRODUCTION

This dissertation consists of three projects. In the first project, we describe how aug-
mentation of the propensity score model can be used to improve the efficiency of a matching
estimator. In the next project, we propose and examine the asymptotic properties of isotonic
calibration in the context of conditional average treatment effect estimation. In the final part
of this dissertation, we assess the predictive accuracy of a SuperLearner implementation for
predicting HIV risk based on different combinations of baseline covariates and varying risk

time windows. In this chapter, we provide an overview of the contributions for each project.

1.0.1 Enhancing a matching estimator via propensity score augmentation

In causal inference, matching is a popular method used to estimate the causal effect of
a binary exposure in the presence of confounding. To adjust for confounding, matching
compares individuals with similar probability of treatment —known as the propensity score
(PS). In practice, the PS is often estimated via logistic regression. Even when the parametric
model is correctly specified, matching results in an inefficient estimator Abadie and Imbens
(2006). However, estimating the propensity score yields an efficiency gain in the asymptotic
variance of the estimator Abadie and Imbens (2016).

In Chapter 2, we propose to mitigate the inefficiency of the estimator by maximizing the
efficiency gain through an augmentation of the PS model. We derive an optimal covariate
that maximizes the gain in efficiency. Since the optimal augmentation covariate depends on
unknown functions of the predictors, to perform this augmentation, we propose estimating it
using flexible data-adaptive methods. Additionally, we derive the asymptotic distribution of

our proposed method which accounts for estimation of the unknown optimal covariate. Then,



we assess the performance of the proposed method through simulation studies. Finally, we
apply the augmented PS matching estimator to estimate the causal effect of circumcision on

HIV-1 infection incidence.

1.0.2  Calibration of conditional average treatment effect estimators

In the health sciences, conditional average treatment effects (CATESs) are of high importance
to understanding how certain treatments or interventions affect the health of sub-populations
Dahabreh et al. (2016), Lee et al. (2020). However, CATE estimation can be challenging for
many reasons, including that the nuisance parameters involved in its estimation can be highly
non-smooth, high-dimensional, or otherwise difficult to model correctly. The implications
of a biased method can be profound if the estimated CATE is used as a support tool to
guide therapy (Van Calster et al. 2019). Therefore, it is desirable that a method produces
unbiased estimates across all stratums defined by its predicted values. In prediction settings,
this property is commonly known as calibration.

In Chapter 3, we propose a method that improves a given CATE estimator guaranteeing
it is well calibrated while preserving its predictive power. In particular, we provide rates of
convergence of our method’s calibration performance, and show that its mean squared error
is no larger than that of the initial CATE estimator plus an additional term that converges to
0. Additionally, we examine the performance of our method via a suite of simulation studies
that consider a wide scope of scenarios, ranging from relatively simple CATE structures to

more complex scenarios where the CATE is challenging to estimate.

1.0.3 Implementation and assessment of the performance of a SuperLearner in HIV risk

prediction

Risk assessment tools are often used in HIV preventive trials to: improve recruitment strate-
gies, understand site heterogeneity, reduce loss to follow-up bias, and improve precision.
Current HIV-1 risk scores reported in the literature have been fitted via step-wise Cox Pro-

portional Hazards (Cox-PH) models Wand et al. (2018), Balkus et al. (2016). Moreover, the



impact of adding or removing covariates when implementing the risk score models has not
been studied. The latter is particularly relevant to inform variable collection in future HIV-1
prevention trials.

In Chapter 4, we implement an ensemble learning algorithm known as the SuperLearner to
predict HIV-1 risk. Using the AUC as a performance metric, we assess the predictive accuracy
of the SuperLearner when estimating HIV-1 risk across different time points. Finally, to
provide insights on covariate collection in future HIV-1 prevention trials, we assess the impact

of removing specific baseline variables when fitting the SuperLearner.



Chapter 2

PROPENSITY SCORE AUGMENTATION IN
MATCHING-BASED ESTIMATION OF CAUSAL EFFECTS

2.1 Introduction

In many studies, the goal is to estimate the causal effect of a binary exposure, say treatment
versus control, on an outcome of interest. In randomized trials, since by design treatment
level is independent of patient characteristics, treatment effects can often be inferred through
simple, unadjusted comparisons. For example, the average treatment effect can be estimated
by the difference in mean observed outcomes across treatment levels. In contrast, in observa-
tional studies, patients receiving different treatment levels may also differ in baseline charac-
teristics, thereby giving rise to potential confounding of the treatment-outcome relationship.
In order to infer about treatment effects, a lack of balance in patient characteristics across

treatment levels must be addressed using appropriate methods.

Matching methods are commonly used to infer causal effects using data from observa-
tional studies. Such methods outline how to turn the original dataset into a matched dataset
in which the distribution of confounders is appropriately balanced across treatment groups.
Often, this is accomplished by pairing each patient to one (or many) patients with similar con-
founder values in the opposite treatment arm. Once a matched dataset has been constructed,
treatment effects can be estimated similarly as they would had the data been generated from
a randomized trial. Since the conditional treatment probability given baseline covariates
— referred to as the propensity score — is a balancing score, in that treatment level and
baseline covariates are independent conditionally upon the propensity score value, matching
on the propensity score suffices to balance the distribution of confounders between treat-

ment groups (Rosenbaum and Rubin 1983). Propensity score matching has been popular in



practice because it provides a principled means of dimension reduction, allowing pairing of
patients with dissimilar covariate values that may nevertheless have similar propensity score
values. There are many ways to construct a matched set based on propensity score values
— Austin (2011) provides a comprehensive review. Below, we focus on one to several (1:M)
propensity score matching with replacement aimed at targeting the average treatment effect;
throughout this chapter, this scheme is what we refer to as 1: M matching.

Matching estimators are appealing because of their simplicity, the ease with which their
output can be visualized and communicated, and the wide availability of software (Stuart
2010). However, such estimators are generally inefficient, failing to achieve the nonparametric
efficiency bound for the average treatment effect; this fact was formally shown in Abadie and
Imbens (2016), who derived the large-sample properties of the 1: M matching estimator. Since
there exist several alternative methods for estimating the average treatment effect that in
fact do attain this bound (Robins et al. 1994, van der Laan and Rubin 2006), this limitation
may discourage some practitioners from using the 1:M matching estimator. In this work,
we address this limitation by showing that the inefficiency of this estimator can typically
be reduced — sometimes substantially — by augmenting the propensity score model using
a carefully-constructed synthetic covariate. Our proposal is a natural extrapolation of the
fact that, even when the propensity score is known, the asymptotic variance of the matching
estimator can be reduced by instead estimating the propensity score, as shown by Abadie
and Imbens (2016). Here, we characterize the maximal efficiency gain possible through
propensity score model augmentation, and show that this gain can be achieved with a one-
dimensional augmentation. The augmented 1:M estimator we propose specifically leverages
information from available prognostic variables, baseline covariates unrelated to treatment
level but predictive of the outcome, which are often ignored by traditional matching methods
since they do not feature in the propensity score model. Finally, we also show that our results
suggest that certain implementations of the 1:M matching estimator may in fact be (nearly)

nonparametric efficient.

This Chapter is structured as follows. In Section 2.2, we review existing results on the



large-sample behavior of the 1: M matching estimator. In Section 2.3, we study propensity
score model augmentation, establish the maximal efficiency gain possible through augmen-
tation, and use these results to propose a novel augmented 1:M matching estimator of the
average treatment effect. We also establish the large-sample theory of our proposal. In
Section 2.4, we show results from numerical studies conduct to illustrate potential efficiency
gains as well as the behavior of our proposed estimator. Then, in Section 2.5, we illustrate
the use of our method through an application in which we estimate the causal effect of
circumcision on HIV infection using data from a HIV vaccine trial. We conclude with a
discussion of our findings in Section 2.6. All proofs of technical results are provided in the

Supplementary Material.

2.2 Review of results on the 1:M matching estimator

2.2.1 Statistical setup

Suppose that the available data consist of independent observations O1, O,, ..., O, from an
unknown distribution Py. Here, the data unit O; := (V;, A;,Y;) represents the information
gathered on patient 7, with V; € V C R? a vector of baseline covariates, A; € {0,1} the
treatment level received, and Y; € Y C R the outcome of interest. For convenience, we
also define W; := (1,V;")" € W C RP*L. For each covariate level w € W, we denote the
propensity score evaluated at w by mo(w) := Py(A = 1|W = w). Throughout this article,
we assume nonparametric models for the conditional distribution of Y given (A, W) and
of the marginal distribution of W. Furthermore, we assume that the true propensity score
follows a logistic regression model, namely that my = 7y, for some 6, € RP™!, where for each
€ RP*! we define 7y : w — expit(#Tw). We will denote by M this propensity score model.
Relaxation of this modeling assumption is discussed in Section 2.6.

The causal estimand we focus on in this chapter is the average treatment effect. To define
it precisely, we make use of the potential outcomes framework, which allows us to define

treatment effects (Rubin 1974). For a € {0,1}, we denote by Y (a) the potential outcome



under treatment level a. Then, the average treatment effect is given by E[Y (1) — Y (0)],
where E denotes expectation of the true joint distribution of counterfactual outcomes. We
denote the outcome regression and propensity-reduced outcome regression, respectively, as
po(a,w) = Ey(Y|A=a,W =w) and fip(a,p) := Eg{Y |A=a,m(W)=p}. Here and
below, we use the notation Ey, vary and covg to denote, respectively, an expectation, variance
and covariance computed under the true sampling distribution F. Under standard causal

conditions, including;:

1. (no interference) any patient’s treatment level is independent of any other patient’s

outcome;

2. (consistency) the observed outcome is Y = AY (1) + (1 — A)Y(0);
3. (positivity) mo(W) € (0,1) Py-almost surely;

4. (exchangeability) Y (a) and A are independent given W with Py-almost surely for each
a € {0,1};

the average treatment effect can be identified as

Yo := Eo {po(1, W) — p10(0, W)} = Eo {jio(1, mo(W)) — 1o (0, mo(W))},

a summary of the distribution F, of the observed data unit O.

2.2.2  Definition of the 1:M matching estimator

The identification formula above motivates matching on the propensity score instead of the
entire covariate vector. If 7 is the propensity score used to match observations, the m-specific
1: M matching estimator of the average treatment effect can be written as

n n

dulm) = 3 @A 1) [Yim = ST € Il ) |

i=1 j=1



where we denote by Jy (4, 7) the matched set for the i'" observation based on the propensity

Ay =1 A Y H{Ay = 1= AT {|r(W;) — 7(W))| < [w(W) — =(Wi)[} < M}

Writing the number Ky (i) := > 7, I{i € Ju(j,7)} of times observation i occurs as
a match when propensity score 7 is used, the w-specific matching estimator can also be

represented as
n

(7)) = 12(2,41- —1) {1+ KMT’T(Z)}}Q .

n
i=1

Since the true index value 6, of the propensity score my in the logistic regression model

M, is typically unknown, an estimator of 6y must be used instead. Suppose that 6, :=

argmaxg £, (6) is the maximum likelihood estimator of 6y, where ¢,,(0) := > | [A; log mg(W;)) + (1 — A;) log

is the log-likelihood of #. Then, the resulting 1: M matching estimator available for use is

wn = 77Dn(71-0n)-

2.2.8 Large-sample behavior of the 1:M matching estimator

The large-sample properties of 1, and its oracle counterpart v, (m) were carefully estab-
lished in Abadie and Imbens (2016) and Abadie and Imbens (2006), respectively. Here, we
summarize two of their key findings, which our proposal heavily builds upon.

The first finding we focus on provides an asymptotic distributional result for the mo-
specific 1: M matching estimator. Specifically, under some regularity conditions, Abadie and
Imbens (2006) showed that n'/2 {1, (m) — 1} tends to a normal random variable with mean

zero and variance o3, := 0} + 03 ,;, where we define

s o [PV | PN _ ,

01 = EO |: 7T0(W> 1— WO(W> + {NO(LT(O(W)) _M0<077T0(W>> - wO} :| 5

2 —— 1 52(1. 7 71 -7 a2(0. 71 — ™
= g7 B [P 0m) { o = mlW) |+ 20,0 s~ 1w .

and for each a € {0,1} and w € W, 6%(a, mo(w)) := vare{Y | A = a, mo(W) = mo(w)} denotes

the conditional variance of Y given A = a and mo(W) = my(w) computed under Fy. In



particular, this result highlights that, as expected, larger values of M render 1, () relatively
less variable in large samples, but that, irrespective of M, v, (my) is not nonparametric

efficient except in trivial cases.

The second finding central to the developments in this chapter describes the extension
of the above distributional results to the 1:M matching estimator based on an estimated
propensity score index. For technical reasons pertaining to a certain non-smoothness in the
behavior of matching estimators (Andreou and Werker 2012), the estimator studied in Abadie
and Imbens (2016) is based not on the maximum likelihood estimator 6, but rather on a
discretized version 0, of 0, defined as 6, , := [kn'/20,]/(kn'/?), where k is a user-specified
discretization constant and |-] : RPT? — ZPT1 is the component-wise nearest-integer function.
If either k or n is large, 0, is close to 6, in each sample. Under regularity conditions, they

established that

lim lim Py ("2 {4pn(me, ) — Yo} Joms < 2] = @(2) (2.1)
for each z € R, where we define the asymptotic variance o3, = o3, — ¢(6o)"I(6o) " *c(6p)

and the RPtl-valued vector

c(0) = Eq[mo(W) covg {W, o (0, W) | A = 0, mo(W)}]
+ Eo [{1 — (W)} covg {W, pio(1, W) | A = 1, m(W)}].

Here, J(6p) := Eo [mo(W){1 — mo(W)}WW ] is the Fisher information for  at § = 6, in
the logistic regression model, and it is assumed to be invertible. Furthermore, ® denotes the
standard normal distribution function. This result suggests that the 1: M matching estimator
(7, ) based on a (discretization-regularized) estimator of the propensity score is expected
to be more efficient than the 6y-specific 1: M matching estimator 1, (m), with a reduction in
asymptotic variance given by c(6y)"J(0y) 1c(6y) > 0. Despite this fact, as was the case for

Un(mo), (s, ,) also typically does not achieve the nonparametric efficiency bound.
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2.3 Propensity score augmentation for the 1:M matching estimator

2.3.1 Using model augmentation to gain efficiency

Given that estimation of the propensity score increased the asymptotic efficiency of the
1:M matching estimator relative to the (oracle) 1:M matching estimator based on the true
propensity score, it is natural to wonder whether further gains are possible by augmentation
of the propensity score model. To investigate this question, we first make use of the second
result of Abadie and Imbens (2016) stated above to characterize potential gains resulting
from the use of a given augmentation of the propensity score model.

Suppose that q := (q1,¢a, ..., ¢n)' is an arbitrary m-dimensional augmentation function,
with ¢; : W — R satisfying that varo{q;(W)} < oo for each j = 1,2,...,m. We consider the

1: M matching estimator based on a propensity score estimated using the augmented logistic

regression model M(q) := {m 4. : 0 € RP™' ~ € R™} where we define
a0t W expit {0Tw +~"q(w)} .

This corresponds to fitting a regression model not only with covariate vector W but also a
synthetic covariate vector q(WW') created by transformation of W. For any choice of ¢, the
propensity score model M (q) is correctly specified since 7 is recovered by setting ¥ := (6, )
equal to Uy := (6p,0), and indeed, 7,9, = 7o irrespective of ¢. Among regularity conditions
needed for identification in this augmented model, the Fisher information for ¥ in M(q) at

¥ = vy, given by

WWT  WeW)T

J4(60) := Eo | mo(W){1 — mo(W)}
g(WYWT q(W)g(W)T

is assumed to be invertible. We denote by ¥,, := argmaxy ¢, ,(¢) the maximum likelihood
estimator of Uy, where £, (0) := Y1, [Ailog mgo(W;)) + (1 — A;) log{1 — m,9(W;)}] is the
log-likelihood of ¥ based on model M(q) for the propensity score. Using once more the results
of Abadie and Imbens (2016), we find that the (sample size-scaled) asymptotic variance of

the 1:M matching estimator ¥, ¢ := ¥n(7y9,,.,) using an estimated propensity score based



11

on model M(q) and a discretized regularization is given by o7 5, := 03, — gain(g), where for

convenience we define gain(q) := ¢,(0y) "J,(00) "'c,(6p) and write c,(0y) = (c(fo)",E,(00) )"

with

Cy(00) = Eo [mo(W) covy {g(W), 11(0, W) | A = 0,75(W)}]
+ Eo[{1 = mo(W)} covg {g(W), po(1, W) | A = 1, mo(W)}].

This implies, in particular, that there is no loss but only potential gains in terms of asymptotic

variance from augmenting the propensity score model with some covariate vector ¢(V).

2.3.2  Mazximizing the efficiency gain

Given the potential efficiency gains resulting from augmentation by any covariate vector
q(W'), we consider constructing a 1:M matching estimator with a propensity score estimated
using an augmented model M(q). However, as the expression for gain(q) implies, the ef-
ficiency gain possible depends on the choice of g. Thus, many candidates for ¢ could be
considered to increase or even perhaps maximize the efficiency gain. In the following the-
orem, we display an augmented propensity score model through which the efficiency gain
is maximized. Before stating our formal result, we define the transformation hy : W — R

pointwise as

_ Ho(Lw) — fio(L, mo(w))  po(0, w) — fio(0, mo(w))
ho('w) = Wo(w) + 1— Wo(w) .

We also denote by Q the set obtaining by collecting, for each m € {1,2,...}, each augmen-
tation function ¢ : YW — R™ such that Ey{q;(W)?} < oo for each j = 1,2,...,m and J,(6y)

is invertible. The following result describes the efficiency gain resulting from using
M(hg) = {w > expit {0 w + yho(w)} : € RP*! v € R},
the propensity score model augmented with the synthetic covariate ho(W).

Theorem 2.1. The following statements hold true:
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(a) gain(hg) = sup,co, gain(q);

(b) gain(ho) = Eo [mo(W){1 — mo(W)}H{ho(W)}?].

The implications of this result are significant since it indicates that a one-dimensional
augmentation covariate suffices to achieve maximal efficiency gain among all possible aug-
mented propensity score models. Moreover, it indicates that if pg(a,w) = fig(a, mo(w)) for
Py-almost every (a,w) — this occurs, for example, if W is one-dimensional — then there is
no efficiency to be gained, and in fact, the 1: M matching estimator has the same asymptotic
variance irrespective of whether the true propensity score is used or instead estimated. The
optimal gain depends on the unknown distribution Py — we provide some insights on when
larger gains can be expected in Section 2.4.2.

The following corollary provides a comparison between the asymptotic variance of the

augmentation-based 1:M matching estimator and the nonparametric efficiency bound

a2 (L,W)  o*(0,W)
7T0(W) 1 —WQ(W)

where o%(a,w) := vary (Y | A = a,W = w) is the conditional variance of Y given (A, W) =

O-?VP = EO + {Mﬂ(la W) + :U’O(Ov W) - 100}2 )

(a,w).

Corollary 2.1. The difference §y; == 032, — gain(hgy) — 0% p between the asymptotic variance
of the optimally-augmented 1:M matching estimator and the nonparametric efficiency bound

s given by

1 1 )
oM = mEO HW —WO(W)} {o*(L,W) + (1, W)}
gy~ LN 0. + <0} 2 0,
where we define ((a,w) := varg {po(a, W) | mo(W) = mo(w)}.

In particular, this result indicates that the asymptotic inefficiency of the optimally-
augmented 1:M matching estimator — the amount by which its (sample size-scaled) asymp-
totic variance exceeds the nonparametric efficiency bound — can be made arbitrarily small

by choosing a large value of M.
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2.3.8  FEstimating the optimal augmentation covariate

In practice, since the optimal augmentation function hg is unknown, it must be estimated.
In this section, we establish that, under certain regularity conditions, the augmented 1:M
matching estimators using an estimator of kg is asymptotically equivalent to the correspond-
ing estimator using hg itself. We show this in two steps. First, in Proposition 2.1, we consider
the behavior of the 1:M matching estimator resulting from use of the augmented propensity
score model M (hq,), where hoi, hga, ... is a sequence of deterministic functions such that
[ {hon(w) — ho(w)}* dPyo(w) tends to zero. Here, Py denotes the marginal distribution
of W implied by F,y. This result allows accounting for the fact that, in applications, a proxy
of hy would be used instead of hy. It does not however account for the randomness of this
proxy. Thus, in Corollary 2.2, we show that the results of Proposition 2.1 still hold when
the proxy used for hg is a random function h,, constructed on an independent sample such

that [ {h,(w) — ho(w)}* dPwo(w) Py-almost surely.

Our theoretical results establishing the asymptotic normality of our proposed matching
estimator require several regularity conditions, stated in the Supplementary Material. An in-
terpretation of these technical conditions is also provided in the Supplementary Material. We
employ the strategy of Abadie and Imbens (2016) to derive large-sample distributional results
for the 1: M matching estimator based on a discretization-regularized estimate using an aug-
mented propensity score model. As before, given a discretization constant & > 0, we define a
partition of cubes with sides of length (kn'/?)~! in RP*2. For a given augmentation function g,
the discretized estimator ¥ ,, i is set to equal the midpoint of the cube to which ¥, belongs.
In our notation, the discretized estimator is thus defined as ¥y, = [kn'/?9,.,]/(kn'/?),
where, similarly as before, s : |-] : RP™ — ZP™2 is the componentwise nearest-integer func-
tion. The 1:M matching estimator based on a discretization-regularized estimate in the

augmented propensity score model with augmentation functions hg, and h,, respectively,
are then given by wn,h()n,k = 77Z)n(7rh0nﬂ9h0n,n,k) and ¢"7hn7k = ,Ivz)n(ﬂ-hnﬂghn,n,k)‘

Given the sequence hgi, hgo, ... of deterministic functions approximating the optimal
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augmentation function hg, the following proposition states that n'/2 (¢, nx — %) tends to

. . . . . 2 o 2 - .
a mean-zero normal distribution with oracle variance o3, .. := o, — gain(ho).

Proposition 2.1. Suppose that Conditions 1-9 hold. Then, for each z € R, it holds that

lim lim P [n1/2 (Vrhonk — Vo) [Oropt < 2] = ®(2)

kL0 n—so0

The above result gives a large-sample distributional approximation relevant to the match-
ing estimator based on the discretization-regularized propensity score estimator involving
augmentation by hg,. While the involved probability sequence is based on sampling from
the true distribution F, at each sample size n, a stronger result wherein the probability
sequence is based on sampling from certain local perturbations of F, can also be proven, and
is established in the Supplementary Material. This strengthened result ascribes a certain
level of regularity to the matching estimator studied, which is particularly relevant given
the irregularity that may perhaps be expected given how highly non-smooth the matching
operation is. A key distinction between this result and the main result of Abadie and Imbens
(2016) is that the propensity score model used here incorporates a covariate — in our case, an
augmentation covariate — that is changing with n but eventually settles down. Nevertheless,
in practice, it would be the case both that hy is unknown and that a deterministic approx-
imating sequence hg, would not be available, limiting the applicability of the result. The
next result overcomes this limitation by allowing use of a random approximating sequence
h, in the propensity score augmentation step.

To allow consideration of a random estimator h,, of the optimal augmentation function
hgy, we require h,, to be constructed on a different dataset than the resulting (discretized)
maximum likelihood estimator 9y, ,x of 94, ¢ in model M(h,) and matching estimator
Yn.hok- 1D practice, this implies that the original dataset must be partitioned into two
subsets: subset A,, used for estimation of hg, say of size 1 < m,, < n, and subset B,, used for
the remainder of the matching estimation procedure, of size neg := n —m,,, with m,, tending
to infinity with n. We are then able to prove that the same large-sample distributional

result holds for the 1: M matching estimator based on a discretization-based estimate of the
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propensity score model augmented with an estimator of the optimal augmentation function
as with the (oracle) optimal augmentation function itself, except for the loss of effective

sample size resulting for the need to estimate hy on a separate sample.

Corollary 2.2. Suppose that Conditions 1-9 hold, and that [ {h,(w) — ho(w)}2 dPyo(w) —
0 Py-almost surely. Then, for each z € R, it holds that

lim lim P, [nif/f (Do ie — P0) /O rtopt < 2 ) An} — ®(2)

kJ0 n—o0

Py-almost surely.

To estimate the optimal augmentation function Ay, we must first estimate the outcome re-
gression o and the propensity-reduced outcome regression fig. Flexible regression techniques
can be used for this purpose. The nuisance functions po and fig can naturally be estimated
in sequence. First, an estimate of po(a, w) can be obtained by using any regression technique
for learning the mean of outcome Y given W = w within the subset of observations with
A = a. Regression tools used can include parametric, semiparametric, or nonparametric
approaches, or a combination thereof pooled via an ensembling strategy. Then, based on the

fact that
fio(a,p) = Eo{Y | A = a,m(W) = mo(w)} = Eo {po(a, W) | A = a,m(W) = mo(w)},

an estimate of figp(a,p) can be obtained using a mean regression of outcome pu, (A, W) on
(W) within the subset of observations with A = a, where 7, is a model-based estimator
of the propensity score. Here again, a variety of regression tools could be considered. This
nested regression strategy is more likely to result in estimates of py(a,w) and fig(a, mo(w))
that are compatible with each other, and hence may be preferable in finite samples compared
to the use of separate regressions to estimate these nuisance functions. We summarize the
steps involved in constructing the final matching estimator in Algorithm 1.

In practice, the size m,, of A, can be chosen to be relatively small compared to neg

since, while h,, must be consistent in a suitable sense, there is no minimal convergence rate
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. partition data into two subsets A and B of size n, and ng, respectively;

using subset A, of data, obtain A, as follows:

compute MLE 6,, of 6y in M by performing logistic regression of A on W, and set
Ty 1= Ty,

for a € {0,1}, obtain p,(a,-) by regressing Y on W using observations with A = q;

for a € {0,1}, obtain fi,(a, ) by regressing u, (A, W) on m, (W) using observations
with A = a.

define
ot w0 > {pin(1,0) = fin (1, 70 ()} /7 () + {1100, 0) = fin (0, 7 10)}/{1 = 0 ()}

using subset B, of data, compute v, ;, , as follows:

compute MLE #,, of Jq in M(h,,) by performing logistic regression of A on
(W, by (W);

compute 1:M matching estimator ¢, 5, r based on matching using s, 9, . .-

Algorithm 1: Optimally-augmented propensity score 1:M matching with

sample-splitting.

required. In our simulation studies, we selected m, = 0.05 X n to minimize the variance

inflation due to sample-splitting. We note that relatively poor estimation of hgy, due, for

example, to the use of insufficiently flexible regression techniques or an overly small value

of m,, is not expected to be catastrophic since any augmentation of the propensity score

model is expected to possibly help but never hurt the performance of the resulting matching

estimator.
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2.4 Numerical studies

2.4.1 Motwating questions

The theory provided in this chapter suggests that efficiency gains are possible via propensity
score model augmentation, and that a regularization of the resulting 1: M matching estimator
has desirable large-sample properties. Nevertheless, there are critical questions that are best

addressed through numerical studies, including:

1. how substantial can the theoretical efficiency gains derived from augmentation be, and

when can meaningful gains be expected?

2. does the proposed matching estimator achieve predicted efficiency gains in practice,
and is the normal approximation derived useful to describe the finite-sample behavior

of the estimator?

3. does the use of sample-splitting to estimate the optimal augmentation function and
calculate the resulting estimator appear critical to the validity of the derived normal

approximation?

We begin by investigating the first question in the context of a simple data-generating
mechanism for which certain closed-form results can be derived based on our analytic expres-
sions. We then perform simulation studies using a collection of scenarios in order to provide

additional insight on the first question and to address the second and third questions as well.

2.4.2  llustration of predicted gains

The efficiency gain resulting from propensity score model augmentation depends on various
aspects of the data-generating mechanism F,. Based on the form of the optimal augmentation
function, we expect that the gain will tend to be higher when the contrast between the

outcome regression and propensity-reduced outcome regression is large. This occurs, for
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example, when W includes variables that are strongly associated with the outcome but less
so with treatment.

We considered a simple data-generating mechanism based upon which to perform some
analytic and numeric efficiency gain computations. Specifically, we considered a setting
in which W := (W}, Ws) consists of two independent mean-zero normal random variables
with unit variance, A follows a Bernoulli distribution with success probability mo(wq, ws) :=
expit (0 + O1w; + Owsy) conditionally upon W = (wy, ws), and Y is normal random variable

with mean

po(a, w) = a(By + frwr + Pows) + (1 — a) (Yo + nwi + Yws)

and variance o2 conditionally upon W = (w1, w;) and A = a. The average treatment effect
equals By —vp. Furthermore, the propensity-reduced outcome regression jig(a, mo(w)) can be
shown to equal

9111]1 + 9271}2

a {50 + (8101 + Bob-) (W) } +(1—a) {70 + (01 + 7262) (%) } ;
1105 1103

which implies, for example, that

11o(1, w) — fig(1, 7o (w)) = O2(B10s — 5291)?;% j: 2;5261 — ﬁ102)w2‘

A similar expression holds for pug(0,w) — fig(0, mo(w)), replacing Bo, B1, B2 by Yo, 71, Yo,
respectively. Suppose that W5 is a precision variable, in the sense that it has an effect on Y
but not on A; in the context of this data-generating mechanism, this is achieved by setting
0y = 0 but ensuring that either 5y # 0 or 75 # 0. In this case, the difference in outcome
regressions simplify to po(1, w)—fig(1, mo(w)) = Pows and 1o (0, w) — fig(0, mo(w)) = Yows. For
simplicity, we may consider the case in which v, = 5 so that there is no effect modification

by Ws. In this case, we can explicitly calculate the nonparametric efficiency bound to be

ohp =207 {1+ exp(3/2)} + (m — B)°

The asymptotic variances of the 1:M matching estimator based on unaugmented and op-

timally augmented propensity score models are, respectively, Uﬁh = 03, — gain(@) and
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Oiropt = Oar — gain(ho), where we can explicitly compute that
oy = onp + 265 {1+ exp(67/2)} + Sur

with 87 := (0% + B2) {1 + 2exp(02/2)}/(2M), and furthermore, as expected, that

B 5
"~ Eo [mo(W){1 — mo(W)}]

9 1
< BB | SO (V)

= gain(hy) .

gain(9)

Additionally, further simplification yields that gain(hg) = 235 {1 +exp(62/2)}. We thus find
that the relative efficiency of the unaugmented 1:M matching estimator to its augmented

counterpart equals

2{1 + exp(67/2)} — 1/Eq [ro(W){1 — mo(W)}]
2{1 +exp(07/2)} + (51 — P1)? + g7 (1 + B3){1 + 2exp(67/2)} |’

where we have defined the standardized coefficients () := B, /0, By := B2/0 and 7, := v, /0.

relative efficiency = 1+ BS

In Figure 2.4.2, for different choices of M, we display the relative efficiency as a function of
6, for B = 1 and as a function of B, for #; = 1. In these displays, for simplicity, we have
set 51 = 71, corresponding to the absence of effect modification by W;. We observe that
the relative gains in efficiency resulting from the use of augmentation compared to standard
propensity score-based 1:M matching grow with the strength of the associations between Y
and W5 and between A and W7, and that these gains can be substantial even under moderate
associations. If any of these two associations is null, then no gains in efficiency result from
augmentation. We also note that, as expected, the relative efficiency of augmentation grows

with the number M of matches.

2.4.83 Simulation studies with sample-splitting

In order to verify that the proposed estimation procedure behaves as suggested by our the-
oretical results, we ran simulations under each of six different scenarios. In each simulation
scenario, data were generated as follows. First, a covariate vector W := (W3, Ws) was gen-
erated, where W/ is a mean-zero normal random variable with unit variance, and W is a

standard binary random variable. Then, given W = (w;,w,), a Bernoulli random variable
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Figure 2.1: Relative efficiency of 1:M matching estimator with optimal propensity augmen-
tation versus unaugmented propensity in analytic example described in Section 4.1. The left
plot displays the relative efficiency as a function of 6; for 8, = 1. The right plot displays the
relative efficiency as a function of 3, for §; = 1. In both plots, we have set 8, = ¥, = 1, and

show the relative efficiency value for different values of M.
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scenario logit 7o (w) o (1, w) 1o(0, w)
1 0.2 4+ 1.5w; + 0.1wy | 2.2 + 4.5wy + 5.1wy | 2 4 3wy + dSws
2 0.2 4+ 1.5w; — 0.5ws 14 3w, Hwy
3 0.2 4+ 1.5wy 4 4+ wq + 3wy 2 —wy + 4wy
4 —1 + w4+ 2ws 5+ wy + 3ws 2w + wo
5 0.4+ 1.5w; — 1.5ws 24wy + wo wy + Wa
6 1 —w; —wy 4 4+ 3wy + 2w, 24+ wy + wy

Table 2.1: Description of data-generating mechanism for various simulation scenarios con-

sidered.

A with success probability mo(wy,ws) was drawn. Finally, given W = (wq,wy) and A = a,
a normal random variable Y with mean po(a,w) and unit variance was generated. Table
2.1 provides the specific form of 7y(wy,ws) and pg(a,w) defining each simulation scenario
considered. We note that W is an instrument in scenario 2, and W5 is a precision variable in
scenario 3 and is nearly a precision variable in scenario 1. In all other settings, W; and W5
are both confounders. In all settings except for scenario 5, W7 and W5 also serve as effect

modifiers.

To validate numerically our asymptotic theory, we generated 1,000 random datasets of
size 5,000 in each scenario outlined. We implemented a 95/5 sample-splitting scheme. Specif-
ically, we split each dataset randomly into two parts, one with n.g = 4, 750 observations and
the other with m,, = 250. The smaller sample was used to obtain an estimate h,, of the
optimal augmentation function hy, whereas the larger sample was used to compute the 1:1
matching estimator based on propensity score augmentation by h,,. All comparisons between
empirical and theoretical variances were based on sample size neg. To construct h,,, we fit-
ted (correctly-specified) parametric regression models to estimate o and 7y, and estimated

fip using the highly adaptive lasso estimator (?) with 10-fold cross validation to select the
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scenario | efficiency bound theoretical var. | empirical var. | empirical var.
(augm.) (augm.) (unaugm.)
1 11.86 39.52 35.5 41.6
2 9.88 27.96 26.9 27.0
3 14.43 32.76 28.5 35.4
4 9.96 15.03 13.8 13.0
5 11.07 19.27 18.5 14.8
6 12.19 15.91 14.7 14.6

Table 2.2: Theoretical versus empirical variance of the 1:1 matching with augmented propen-
sity score estimator and 95/5 sample-splitting across simulation scenarios at sample size
5,000. The second and third columns provide the variance suggested by theory for a non-
parametric efficient estimator and the optimally augmented matching estimator based on
sample-splitting. The fourth and fifth columns display the empirical Monte Carlo variance
of the augmented (sample-split) matching estimator and the unaugmented matching estima-

tor implemented over 1,000 simulated datasets.

bound on the variation norm.

Results of this simulation are summarized in Table 2.2. Overall, the empirical vari-
ance of the augmented 1:1 matching estimator (fourth column) was close to the theoretical
variance predicted by our theoretical results and adjusted for sample size depletion due to
sample-splitting (third column), though in general the empirical variance was slightly below
the theoretical variance. In these scenarios, none of the estimation procedure considered
achieved nonparametric efficiency. In scenarios 1 and 3, in which W, was a strong precision
variable (either strictly or practically), augmentation led to a significant improvement in
efficiency, even despite the reduction in effective sample size resulting from sample-splitting.

In scenarios 2, 4 and 6, the augmented and unaugmented estimators had a similar variance.
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In scenario 5, augmentation resulted in a small inflation in variance.

2.4.4  Simulation studies without sample-splitting

The requirement for sample-splitting in our proposed augmentation method can be prob-
lematic for at least two reasons. First, it results in a loss in effective sample size. Second,
it requires specification of the proportion of the data to use for estimation of the optimal
augmentation function, which serves as a tuning parameter for the entire procedure. This
observation makes it natural to consider foregoing sample-splitting altogether.

Through a simulation study, we examined the extent to which the behavior of the aug-
mented propensity score 1:1 matching estimator differs when sample-splitting is used versus
not. While our theoretical results for the augmented 1:M matching estimator have only
been shown to be valid when sample-splitting is used, as highlighted above, it is of great
practical interest to explore whether this is necessary or merely sufficient for the sake of our
technical arguments. In this simulation study, we considered the same six data-generating
mechanisms previously described. For each scenario, we evaluated the performance of the
augmented matching estimator without sample-splitting to the unaugmented matching es-
timator. The implementation of the augmented estimator was the same as described in the
previous subsection except for the use of the full sample for estimation of both the optimal
augmentation function and the average treatment effect.

Results are summarized in Table 2.3. Once more, the Monte Carlo variance of the aug-
mented matching estimator was relatively close to the variance predicted by our theoretical
results, with some under-dispersion seen in certain settings. In contrast to results shown
in Table 2.2, and likely in view of the larger effective sample size, the (sample size-scaled)
variance of the augmented matching estimator was never larger and in several cases substan-
tially lower than its unaugmented counterpart. While bias is not explicitly reported on in
this table, we found all estimators to have negligible bias, and the percent reduction in empir-
ical variance reported in Table 2.3 was essentially equal to the percent reduction in empirical

mean squared error in these simulations. In Figure 2.2, the empirical percent change in (sam-
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|| theoretical var. | empirical var. | empirical var. | empirical change
scenario
(augm.) (augm.) (unaugm.) in var.
1 37.55 30.7 41.6 —26%
2 26.57 22.7 27.0 -16%
3 31.12 27.8 35.4 -21%
4 14.28 12.8 13.0 2%
5 18.31 14.8 14.8 +0%
6 15.12 14.8 14.6 +1%

Table 2.3: Theoretical versus empirical (sample size-scaled) variance of the 1:1 matching with
augmented propensity score estimator and no sample-splitting across simulation scenarios
at sample size 5,000. The second column provide the variance suggested by theory for an
optimally augmented matching estimator based on the known augmentation function. The
third and fourth columns display the empirical Monte Carlo variance of the augmented
matching estimator (without sample-splitting) and the unaugmented matching estimator
implemented over 1,000 simulated datasets. The fifth column shows the percent change in

variance between the augmented and unaugmented estimators.

ple size-scaled) variance and mean squared error resulting from augmentation is displayed
not only for sample size n = 5000 but also for smaller sample sizes n € {500, 1000,2500}. In
most scenarios considered, Wald-type confidence intervals for the average treatment effect
based on the augmented 1:1 matching estimator (without sample-splitting) and on estimates
of the theoretical variance suffered from moderate undercoverage in smaller sample sizes
considered, and slight overcoverage at sample size n = 5000. The overcoverage seen in large
samples mirrors the fact that the empirical variance of the estimator was somewhat smaller

than predicted by theory.
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Figure 2.2: Percent reduction in (sample size-scaled) variance and mean squared error com-
paring the augmented 1:1 matching estimator (without sample-splitting) and its unaug-
mented counterpart across scenarios and sample sizes. A positive relative reduction indicates

improvements resulting from augmentation.
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2.5 Analyzing the effect of circumcision on risk of HIV infection

We have employed our proposed propensity score augmentation matching method to estimate
the causal effect of circumcision on risk of HIV-1 infection. To do so, we analyzed data
from the Step Study, a randomized trial conducted by the HIV Vaccine Trials Network to
assess the efficacy of a recombinant adenovirus type-5 (Ad5) HIV vaccine. The trial enrolled
seronegative men between 18 and 46 years of age at 27 different sites in North America, the
Caribbean, South America, and Australia. More details on the study design can be found

in Duerr et al. (2012).

Exposure, outcome of interest, and measured potential confounders were defined as fol-
lows. Circumcision, the exposure of interest, was self-reported initially but reassessed by
clinicians through physical exam in the subsequent follow-up study. The outcome consid-
ered is HIV-1 infection occurring within the first two years since enrollment. Potential
confounders recorded at baseline were participant age (< 30 or > 30), region (North Amer-
ica + Australia, or Other), ethnicity (Black, Hispanic, Mestizo/Mestiza, White, or Other),
attenuated Ad5 titer, evidence of sexually transmitted disease, and sexual risk factors, in-
cluding number of male partners (0, < 4, or > 4), unprotected insertive anal sex (yes or no),

and unprotected receptive anal sex (yes or no) in the last three months before enrollment.

To estimate the causal effect of circumcision on risk of HIV-1 infection, we conducted
1:1 propensity score matching, and first estimated the propensity score through logistic re-
gression with all measured potential confounders as main terms. We compared the results
obtained to matching with the augmented propensity score, which included the same main
terms and the estimated optimal augmentation covariate. We estimated jy using the Super
Learner algorithm (van der Laan et al. 2007), and iy using the nested procedure and the uni-
variable highly adaptive lasso algorithm (Benkeser and van der Laan 2016). In our analysis,
sample-splitting was not implemented. Point estimates were obtained using the Matching
package in R (Sekhon 2008). The variance of resulting matching estimators were estimated

by subtracting from the estimator of 0%, provided by the Matching package an empirical
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plug-in estimator of gain(hgy) based on fi,, fi, and m,.

A total of 1,488 study participants were followed for at least two years and provided
complete covariate information. Of these participants, 828 were circumcised, and the other
660 were not. In all, 109 participants developed an HIV-1 infection in the first two years of
follow-up, 63 of which were circumcised and the other 46 were not. The average treatment
effect was estimated to be -0.01 using the standard 1:1 propensity score-based matching
estimator, with estimated standard error 0.028, and -0.04 using the augmented 1:1 propensity

score-based matching estimator, with estimated standard error 0.025.
2.6 Discussion

Our findings suggest that 1: M matching using a propensity score estimated through the aug-
mented model M (hy) may yield substantial efficiency gains. Brookhart et al. (2006) found
that including precision variables in propensity score regression and sub-classification meth-
ods increased their precision. This is also true for matching estimators, and the resulting
gain in efficiency from including precision variables is even larger when the optimal augmen-
tation covariate is included. Thus, we recommend including any precision variable available
into the augmentation covariate. Interestingly, a slight modification of Theorem 2.1 shows
that there is no need to include any precision variable in the propensity score model, since
doing so or not leads to the same asymptotic variance after optimal augmentation. Thus, if
researchers have at their disposal several precision variables, they can extract all the relevant
information they contain by including them all in the augmentation covariate, without any
need to increase the number of parameters in the propensity score model beyond the single
augmentation covariate. This result can be practically advantageous in settings in which the
number of precision variables is large and sample size is limited. (Brookhart et al. 2006)
also found that including instruments in propensity score regression and sub-classification
methods can be detrimental to their performance. This result aligns with our findings in
Section 2.4.2, where we showed that the variance of the matching estimator increased as the

strength of the instrument increased. The use of the optimal augmentation covariate did
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attenuate this loss in precision. Nevertheless, we recommend excluding instruments in both

the propensity score model and the augmentation covariate.

Nearest-neighbor matching estimators were recently shown to be nonparametric efficient
under certain regularity conditions, provided M suitably tends to infinity with n (Lin et al.
2021). This is not true of the unaugmented propensity score-based matching estimator,
for which inefficiency typically persists even for large M. However, our theoretical findings
suggest that the (sample size-scaled) asymptotic variance of the 1: M matching estimator with
an optimally-augmented propensity score estimator can be arbitrarily close to the efficiency
bound if M is large enough. As such, optimal augmentation appears to recover the ‘large
M’ nonparametric efficiency enjoyed by nearest-neighbor but not propensity score-based
matching. Currently, we consider M to be fixed and chosen a priori by a practitioner.
However, it would be interesting to explore the use of empirical performance criteria to
select M in a data-driven fashion. This would require extending our theory to deal with a
sample-dependent choice M = M,,. It is worth noting that, while other methods (Robins
et al. (1994), van der Laan and Rubin (2006)) have been shown to achieve the efficiency bound
without complicated tuning, we expect the optimally-augmented 1:M matching estimator
to be appealing to practitioners since it may be able to recover statistical efficiency while
retaining many of the desirable properties of matching estimation.

While our proposed approach provides a means of performing propensity score matching
with greater statistical efficiency, it does suffer from three potential limitations. First, our
approach builds upon correct specification of the logistic regression model for the propensity
score. Nevertheless, because any propensity score can be approximated by a logistic regres-
sion model based on covariate transformations, our methodology could be implemented with
W replaced by the evaluation of a rich collection of basis functions on W. Alternatively, as in
Abadie and Imbens (2016), it appears possible to extend our theoretical results to arbitrary
parametric regression models for the propensity score. Second, the need for sample-splitting
in order to estimate hg in our procedure results in a reduced effective sample size. Never-

theless, our simulation results suggest that using the complete sample to build an estimator
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of hy and then to estimate 1)y does not invalidate the asymptotic distributional approxima-
tion provided in our theory. Whether sample-splitting is fundamentally necessary or only
an artifact of our technical proofs remains to be formally studied. Third, similarly as in the
work of Abadie and Imbens (2016), our theoretical results only pertain to the augmented
1: M matching estimator incorporating a discretization regularization, but not to its unreg-
ularized counterpart, even though our simulation studies suggest that this is perhaps not a
significant issue for practical purposes. Here again, it is of interest to determine whether our
results can also be established for the unregularized augmentated 1:M matching estimator.

While we have focused on the average treatment effect in this work, the same ideas used
here could be explored in the context of the average treatment effect among the treated.
Abadie and Imbens (2016) showed that when estimating the latter causal contrast, estimation
of the propensity score may or may not result in efficiency improvements. Identifying the
optimal augmentation covariate and elucidating its impact on efficiency remains an open

question.
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APPENDIX

2.A Preliminaries

2.A.1 Corresponding notation in relation to main text

In this Appendix, we will use different notation to the one presented in the main text of
Chapter 1. We describe the most important modifications in this section. In subsequent sec-
tions, all relevant definitions will be explicitly stated, making the notation in this Appendix
self-contained.

First, the true parameter of the propensity score model is denoted by 6*, where 6* is
a p + 1 dimensional real valued vector. In contrast, it was defined as 6 in the main text.
Additionally, we let 7y« be the propensity score evaluated at 6*, whereas previously it was
denoted as my. Augmentation of the propensity score model will be denoted in a different way
too. Previously, for an augmentation covariate ¢ : W — R™, we let the augmented model
be equal to M(q) = {740.;0 € RPT1 v € R™}, where 7,9, : w — expit{0 w + v q(w)}.

In this section, we will use M? := {logit[r}(w)] = 7 ¢(w);# € RP*™ 1} to denote the same

4

5 1s the augmented propensity score, and 6 is a real valued

augmentation model, where 7
vector of appropriate dimensions. In the main text we defined ¥ = (6,7) to be the vector
that conformed the parameters of the augmented model. In this section we do not append
the parameters, but rather include a bar on top of the parameter 6 to denote augmentation.

Additionally, we will denote the vector of true parameters by 9_:‘71, whereas previously it
was denoted by 9y. Next, we will denote the MLE of §*, based on a dataset D,, by 9~n7q(Dn).
Previously, this estimator was denoted by 9, ,,. For a discretization constant k, the discretized
versions of the aforementioned MLEs are denoted by 5;,:,”,,1 (D,,) and VY, k, respectively. The
matching estimator based on augmentation covariate ¢ and discretized MLE 9:k7n7q(Dn), will

be denoted by %(§k7n,q(Dn), q). In the main text, this estimator was defined as 1, (7,

q,n,k)'
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Additionally, the sequence of deterministic functions {hg,}>>, will be denoted by {4,}22 .

Finally, in this section, the true ATE is defined as 7, whereas in the main text is was denoted

by .

2.A.2 Notation

Fix a sequence of natural numbers {m,};>, for which lim, , ™ = 0. In our upcoming
arguments, we will generally condition on the iid sequence S := {(W_;; A_;,Y_;)}2, from
P. The first m,, observations of this sequence are used to obtain the estimate h,, of £*. Some
of our arguments will also rely on deterministic sequences in H that satisfy certain properties.
As we will show later on, when the random sequence (h, )22, satisfies these properties with
probability one, the conclusions of these arguments will also hold with probability one. We

always denote deterministic sequences via (#,)5°

% |, whereas (h,)°; denotes the (random)

sequence of estimators of A*.

Let P denote the distribution of each of the n + m,, iid copies of (W, A,Y’) that were
observed. Let W,) be the support of W and Y, respectively. We follow the convention
that all vectors are column vectors and we let v, denote the k-th entry of a vector v. By

assumption there exists some 6* € RP*! such that
logit P(A = 1|W) = (§*)"W.

Hereafter we let 6* := (6%,0), m(w) := P(A = 1|W = w), and p(z) := Lexpit(z) = ﬁ
For any 6§ € RP*2 and £ : RP™! — R, rg(w) == (w, Alw)), g s(w) := expit[d rz(w)], and let
Py 4 denote the distribution for which

l1—a

Pus  maalw (L= maalu)
2P Y = T w)]

(2.2)

We write Ey; to denote the expectation operator under Py ;. Unless otherwise stated, FJ:
will be used to denote Ej. .[-]. Note that P = Fj. ;, regardless of the chosen function
h. Moreover, under sampling (W, A,Y) from P4, W has the same marginal distribution

as it would under sampling from P, and Y | A,W has the same conditional distribution
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as it would under sampling from P. The two distributions only differ in the conditional
distribution of A | W. In particular, Py ;(A = 1| W = w) is equal to my 4(w), rather than to
m(w).

Fix g € RP*2 and let Py ; denote the marginal distribution of (W, A) under sampling from
Py Let 6, = 0% + g/+/n. In the following definitions, we let # and 6" be generic elements
of RP™2 £ be a RP*1 — R function, z := (w, a) denote a realization of a covariate-treatment
tuple, Z its support, and d, := {z;}_; denote a dataset consisting of n such tuples. We let
(4(0; z) denote the log-likelihood for § € RP*2 that would arise under sampling from P,
Us(0; z) :== Z(4(0; z) denote the score function for 6, and Ip; = Ep[Us(6; Z)Us(6; Z)"] be
the information matrix for #. In our arguments, we will use that the aforementioned score

function takes the following form:
Ui(0; z) = aVglogmg s(w) + (1 — a)Vglog{l — my 4s(w)}. (2.3)

Additionally, define the following function to denote the Jacobian of the score function:

Kin(0;2) = %Uﬁ(@; z). (2.4)

In a slight abuse of notation, we also define (4(0;d,) = >_©, 0i(0;z) and Ug(0;d,) =
Sor U0 2:), Kip(0;dy) = >0 Ki(0; 2:). Finally, welet Ag(0,0';d,,) == £4(0;d,)—05(6; dy,).
Finally, let Py := dPp;/dP, where P is the marginal distribution of (W, A) under sam-
pling from P. Additionally, let Py denote the marginal distribution of W under P. Note
that, by (2.2), pgs(w,a) = mpz(w)*[1 — e 4(w)]' = /{7 (w)*[1 — m(w)]'~}.
The following section outlines the sufficient conditions for the proofs of the results in our

work to hold.

2.A.83 Conditions

Condition 1. Identifiability: (i) consistency: for each observation Y = AY(A) + (1 —
A)Y (1 — A); (i) for a = 0,1 Y(a)lLA|W; (iii) no interference: the random wvariables
Y (1),Y(0) and A are such that for every i # j, we have that Y;(0)LA;, and Y;(1)LA;.
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Condition 2. Positivity: for some constants u and | such that 0 <l < u < 1, we have that

| < mge e (W) < u almost surely.
Condition 3. Boundedness: W is a uniformly bounded subset of RP.

Condition 4. Conditions on H: (i) H is a collection of bounded VW — R functions, so that
SUDP4eqy SUPwew |A(w)| < 0o. (i) The class of functions H is totally bounded in L*(Py). (iii)
The class of functions H is such that for every h € H, E(ry(W)ry(W)T) is positive definite.

Condition 5. Consistency: 0* is identifiable, in the sense that for two observations {a;, w;}

and {a;,w;}, we have that if § # 0*, then Py (a;, w;) # Py z(a;, w;).

Condition 6. The evaluation of the propensity score mg. 4 at W is continuously distributed,

with continuous density.

Condition 7. There exists an € > 0 such that, for all a € {0,1} and 0 € {6 € RP*2: ||9 —
0*|| < &}, both of the following hold: E; YA = a,m;,,(W) = p| is L-Lipschitz continuous in
p and uniformly bounded over 0, f, and p; and there exists a & > 0 such that Eé,ﬁ[‘Y‘2+S|A =
a,m54(W) = p| is uniformly bounded over 0, h, and p.

Condition 8. For every sequence of vectors (0,)°°, such that 6, = 0* + g/\/n for some

g € RP™ and every sequence of functions (h,)22, such that || h, — A*||1,py — 0, we have that,

Py, 4, (

Above X\, and \* are as defined in Equations 2.50 and 2.51, which can be found in the proof
of Lemma 2.11.

for every e > 0,

%—1‘%)"*—%"0. (2.5)

Condition 9. Given d,,0, and 0', let A;(0,0';d,) = C4(0;d,) — £4(0'; dy,) be the log-likelihood
ratio. Then, for any 0,,0., sequence of vectors in RP*2 contiguous to 0* such that §, =

Vn(0, —0%) and &' = /n(0' — 0*) are bounded sequences in RPY2, there exists a sequence of
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processes {Ag, (0) : 0 € RPT2}22, such that

/ / N* 1 / !
Aﬁ«n(enwn> = <5n - 5n)TAﬁn(9 + 5n/\/ﬁ) - 5(571 - 5H)TIH_*,H* (5n - 571) + Opg*’ﬁ* (1)

_ 1
= (0, = 0n) "8, (07 + 0,/ V) + 5 (8, = 0n) L o (5, = Bn) + 0y . (1)

Moreover, the sequence Ay, (0,,) is asymptotically normally distributed with zero mean and

variance Ig. g under Py, 5, asn — oo.

2.A.4 Interpretation of conditions

In the first part of our proof, we show a uniform version of Theorem 7.2 in van der Vaart
(2000) over probability models indexed by 6 and £ € H, where H is a function class. Specif-
ically, the uniformity is over the function class H. In order to show uniform quadratic mean
differentiability we require Conditions 3 and 4, which impose restrictions on W and H, re-
spectively. Next, in Condition 5, we require that the probability model is identifiable for the
maximum likelihood estimator to be consistent. Conditions 6 to 8 are used to show joint
asymptotic normality of a martingale whose definition is based on the score function at 6,,,
and 7(0,, hon), where 0,, = 0* + g/+/n, for some g € RP*2. Specifically, Condition 6 pertains
to the distribution of the propensity score evaluated at W and is required to leverage the
results shown in Abadie and Imbens (2016). Condition 7, which is similar to Assumption 4
in Abadie and Imbens (2016), imposes restrictions on the conditional mean of Y given the
propensity score and treatment value a. Condition 8 helps us control the asymptotic variance
of the aforementioned martingale. Based on the asymptotic normality of the martingale, we
then show joint asymptotic normality of the matching estimator, the maximum likelihood
estimator, and the log likelihood ratio between §* and its shift 6,,. Finally, in order to obtain
the marginal distribution of the matching estimator, we use the discretization technique from

Andreou and Werker (2012), which requires Condition 9.
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2.B Supporting lemmas

As a first step, we want to show that model { Py z; 0 € RP*2 £ € H} is uniformly differentiable
in quadratic mean (UDQM) at every 6 € ©, where © is an open subset of RP*2. By UDQM,

we mean that

heH

_ - 1 - 2
Sup/ {\/PGJrg,ﬁ(Z) - \/Pe,ﬁ(z) — 5gtUﬁ(Q; z) pg’ﬁ(z)} dp(z) _ 0(||g||2), g—0
Before we do this, we establish quadratic mean differentiability for each fixed 4.

Lemma 2.1. Assume Conditions 2, 3, and 4 hold, then for each h € H, { P ;0 € RPT?} is

quadratic mean differentiable.

Proof of Lemma 2.1. Fix A € H. In what follows, we will show that the conditions of
Lemma 7.6 in van der Vaart (2000) are satisfied, which will give the result.

Let sg,s := /Do,s. We first show that, for each 2, 6 — s¢ 4(2) is continuously differentiable.
Fix z, noting that mp ;(w) = expit[0 " rs(w)], we see that 6 — 7y 4(w) is the composition of
two continuously differentiable functions, namely expit(:) and 6 + 07r;(w), and so is itself
continuously differentiable. Next, let pg s(2) := Vgpgs(2). It can be shown that

(—1)*Vomga(w) _ (=1)*p(0rs(w))ry(w)
m(w)el —a(w)'=*  w(w)e[l —mw(w)]'~

Pe,ﬁ(z) =

Hence, 6 — pg4(2) is continuous in #. Finally, let sy 4(2) := Vgsps(2) be the gradient of

0 — sg.s(z). Noting that py4(z) > 0 for all 6, we see that

50,i(2) == Vosno(2) = Vor/Doi(2) = Po.i(2)/ [250,4(2)] .

Noting that 6 — pps(2) is a strictly positive, continuous function and that = — /z and

~1/2 ig continuous. Hence,

x — 1/ are continuous on (0,00), we see that 6 — pps(2)
z + $94(2) is continuous, and so the map 6 — sy, is continuously differentiable.

We now show that the elements of the matrix Ip s = [ (po,s/Do.4)(Pg.5/Do,s)Po,sdps are well
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defined and continuous in 6. Recalling that py4(z) = (_ﬂl(if,ffl?;g)ﬁfigw), we see that

) D D) = ! TrwrwrﬁwT Trﬁw
(50/P0a) 4/ ) = T (07 ) rs()r() (0T

(T r(w)y
o4 () (1 — mo4(w))4

Below we use Ep,, to denote the expectation operator under Py,. We have that

QTﬁ(w)Tﬁ(w)T

Iy = /(Po,ﬁ/ﬁe,ﬁ)(P;;r,ﬁ/ﬁe,ﬁ)dpo,ﬁ

:/VV Z P(@ ’I“ﬁ(w)) ( )Tﬁ< ) [7706( )a(l—ﬂgyﬁ(w))lia] de

ae{1,0} [70,4(w)* (1 — 79 5(w)) 1]

_ p(O (W) ra()ra(w)’ | o
R /W ooy Toi(w)e (L — moi(w)) 1= hw
Priwraw)’ 5

:/ p(0r(w
w Toa(w)(1 —mga(w))

) {(QTW( ))2ra(W)rg(W) T
L s (W) (1= mo (W) ]

the third equality uses that 1/t + 1/(1 —t) = 1/[t(1 — t)]. By assumption, £(-) is bounded.

A\_/

Hence, there exists a finite constant C', such that

P07 r4(w))?
0= (@)1 — (@)

Combining the bound on £(-) with the fact that W is bounded shows that the entries of the

< (O, forall we W, and all § € RP™2,

T

matrix r;(w)rs(w) ' are also bounded in w. Therefore, Iy, is well-defined and finite. Next,

note that the entries of the matrix

T Pe,ﬁ(w)

mo,5(w)?(1 = mg 5 (w))

correspond to the composition of continuous functions in # and, as such, are also continuous in

ri(w)rg(w)

6 for each w. Therefore, for every w and every RP*2-valued sequence {6,}°° ; that converges
to 6, we have that

p(0, ri(w))?
7, (w) (1 = 7o, 4 (w))

LG
To,i(w) (1 — o 4(w))

Tﬁ(w)rﬁ(w)T

— ri(w)rg(w)
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p(0,) T4 (w))?
Mo, i(w)(1=mg,, (w)

Because each entry of r;(w)rs;(w) 5 is bounded by a constant, the Dominated

Convergence Theorem implies that

PO, (W) *ra(W)re(W) | (0" ra(W))*ra(W)rs(W) "

PP |y V) (T — 79,4 (7)) ] — B [ o (W)(1 — mg (W)

Therefore. Iy, is continuous in 6.
By Lemma 7.6 in van der Vaart (2000), the model {Pp ;60 € RP*2} is quadratic mean
differentiable. O

Lemma 2.2. If the conditions of Lemma 2.1 hold, then {Py ;0 € RP*2 £ € H} is uniformly

differentiable in quadratic mean.

Before proving the above result, we establish the following useful lemma. Concisely
stating this lemma requires a slight abuse of notation. We first fix an open, bounded, convex
set H that contains the image of £. For each np € H, we then define my ,,(w) := expit(6" (w,n)),
Fon(2) = ()2 (1 = 7o,y (w))1= [{m(w)*(1 — m(w))'=0}, and Uy (0; ) = a} log ma,(w) +
(1 — a)Zlog{l — my,(w)}. For each 6,g € RP** and z € Z, define the following H — R

function:

2

1
fo,9-(n) = 139+g,17(2)1/2 — ﬁe,n(z)lﬂ — EgtUn(H; Z)ﬁe,n(2)1/2 . (2.6)

Lemma 2.3. Fiz 6 € RP™ and a bounded neighborhood N* C RP*2 of zero. If the conditions
of Lemma 2.1 hold, there exists an L > 0 such that, for all g € N and z € Z, fo,.(-) is
L-Lipschitz.

Proof of Lemma 2.5. Fix 6§ € RP*? and a bounded neighborhood A of zero. Though not

indicated in the notation, all constants displayed in this proof may depend on the choice of

0 and N'. We show that |8%f9,g,z('r])‘ is uniformly bounded over g e N, n € H, and z € Z.
For each v € RP™2 € H, and 2z = (w,a) € Z, let g,,(z) = [a%ﬁvm(z)]/[ﬁw(z)l/z]. It

can be shown that

| { (=)' (w)[1 = Ty () }UW, (2.7)

Qun(2) = {m(w)o[l — w(w)] e }1/? {mw(w)a[l - 7TU7n(w)]1—a}1/2



39

Further,

S5 Un(852) = 5 {0V 108 {0y} + (1~ ) Vilog{1 = 7y (w1}
0

= o {(w,n)(a —mg(w))}
= (07 (0,7))pra(a, 7 — [ — T ()

For each v € RP*2 p € H, 2 € Z, and g € N, let Bogn. = Dorgn(2)Y? — Pon(2)Y? —
197U, (0; 2)Po.n(2)"/2. We have that

S faa) = 23

d d d .1
= 20,g.1,2 {%ﬁﬂg,n('z)lm - %ﬁ&n(z)lﬂ - d_n[ﬁgtUn(eé 2)139,77('2)1/2]}

98, a%ﬁﬂgm(z) _ 8%]59,,,(2)
19512 22504_977](2)1/2 2]79,T]<Z)1/2

1 ) ) 1 2 po.n(2)
- §9T a—nUn(ﬁ; 2)) Pon(2)'/? — ggTUn(e; z) <M> }

2139,71(2)1/2

d = 9 = d =
aDo+gn(2)  5:Don(2) 0 _ 1 5rDon(2)
= Bogo { e e (8—nw;z>) Pon(2)* = 59T Un0:2) | 2

p0+g,n<z)1/2 Pon(2) pe,n(z)l/Q

0 1
= Onane {100(2) = 00 (2) = 07 (o0 (652) ) o) = STV 052D

= Gnane {rs20l®) ~ 0(2) — 87 (5002 ) ) + 2]

= Bo.gn,» {QG+g,n(2) - qe,n(z) + p(QT (w, n))9p+:ng (w,n —[a— WG,n(w)])[ﬁé,n(z)l/Q + qe,n(z)]} :

Because all A € H are bounded functions, the domain of fy, ., namely H, is bounded.
Moreover, because W is bounded, we see that sup,,cyy gep |(0+9) " (w,n)| < oo, and so there

exists a d > 0 so that

6 < inf < <1-04. 2.9
> we%l,ge/\/ﬁﬁg’n(w) > wels/\l){EENWHgm(w) > (2.9)

Plugging this observation and a similar observation about the propensity 7 into (2.7) shows

that there exist finite constants Cp,Cy such that, for all ¢ € N, n € H, and z € Z,
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1@049.0(2)] < C1(|0ps2] + |gpr2]) < C1l0p12] + Ca, where the latter inequality used that N is
bounded. Let C := C1|0,12| + Cs.
Next, note that there exists an M < oo such that sup,ep e .cz 9" (W, n—[a—mg(w)])| <

M. Moreover, because p(z) < 1 for all 2 € R such that

sup  |p(07 (w,0))0pr29" (w,n — [a — 7o (w)])] < M|fps].
geEN neH 2€Z

Lastly, by the aforementioned arguments, there exists a D < oo such that sup e p,em ez Porgn(2) <
D. Therefore, for all g e N, ne€ H, and z € Z,
Go+9:0(2) = don(2) + p(07 (w,1))0p129" (w0, — @ = 79, (w)]) Doy (2) 2 + g0, (2)]
< go1gm(2)] + 1900 (2) + (0T (w,7))0ps29 " (w, 1 — [a = 7 (w)])|[Po.n(2)"* + gon(2)]
< 20 + |0,49|M(DY? + O,
and also
1
Be,g,n,z = ‘ﬁ@-}—g,n(z)lm - ﬁ@,r](z)l/Q - §gTUn(97 Z)ﬁ@,n(z)l/Qy S 2D1/2 + ‘0p+2’MD1/2-
Combining the above bounds with the display in equation 2.8, we have that
0
sup —

Jo.g.2(n
9N meH,ze2 | ON b ()
Hence, fp,..(-) is L-Lipschitz for all g € N and z € Z. O

< (2DY? 416, 2| MDV?)[2C + |0,2| M(DY? + )] =: L.

Proof of Lemma 2.2. Fix 6 € RP™2. We show that

Sup/ (\/pgﬂyﬁ(z) - \/ﬁe’ﬁ(Z) — %gtUﬁ(é; 2) pgvﬁ(z)>2d]52(z) —0as g — 0.

fEH
For g € N and A, iy € H, define

WA@@>:LﬂﬁWo@@o—hwo@mmﬁwa

By two applications of Jensen’s inequality and Lemma 2.3, the following holds for all g € N
and Ay, by € H:

%%Jﬁs/mwomm—nwommu&@

< I, / () — () | dPor (1) < Lol — hisll gy, (2.10)
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where || - || z2(p,) denotes the L*(Py) norm, defined as || f||r2py) = [f f(w)*dPy (w)]"/2.
Because (H, L?(Py)) is totally bounded, for every ¢ > 0, there exists a finite §-cover of H.
Now, fix € > 0. By (2.10), ||fx — fo|lr2(py) < €/Lg implies Vy(h, hy) < €. Let H, be a
minimal €/ Lg-cover of H with finite cardinality. We then define a H — H,. map H, so that,
for all # € H, H.(k) is such that || — H.(A)|r2(p,) < €/Lo, and note that, by the above
U, (h,H(h)) < eforall £ € H. Combining this with the triangle inequality and the fact that
fo.9,- 1s a nonnegative function shows that

Ogsup/fggz w)dPy(z <Sup/fegz () (w)dPy(z)

heEH heH

/ g 0 (W) = fog o Ho(R)(w)] dPy(2)

~ sup / Fae 0 Ho(R)(w)dPy(2) + sup W, (f, H.())
hEH h

+ sup
heH

< sup/fg,g’z o H.(h)(w)dPy(z) + ¢

heH

= Sup/f@gz dPZ( )

hEH
By Lemma 2.1, for each A € H, [ fo4.0h(w)dPz(z) — 0 as g — 0. Thus, the supremum on
the right-hand side above, which is a supremum over a finite set, converges to zero. Hence,
Sup/fegz w)dPy(z) <
=
As e > 0 was arbitrary, the LHS of the above equation converges to 0. Recalling the definition
of fp 4. from (2.6) gives the result. O

Lemma 2.4. Assume that the conditions of Lemma 2.1 hold. Let g € RP™2 and 0, =

0*+g/v/n. Then, for all k € H, Eg*ﬁ[Uﬁ(é*; z)] =0, and Iy ; exists. Furthermore, for every

e>0asn— o0

Ai(0,0%; Dy) — gTiUﬁ(é*; D,) + EQTIE?* w9
vn 27

Proof. Let & € H. By assumption, Fy. ; is quadratic mean differentiable. Then, by Theorem

7.2 in van der Vaart (2000) Ej. ;[U(6*;2)] = 0 and 5. ; exists.

sup Py« 4 <
heH

> e) 0 (2.11)
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Now we show equation 2.11. First, we introduce some notation: let p, s(2) := Pg- g/ /ns(2)
and s;(z) == g"Us(0*, z). Note that, since we use Pz as a dominating measure, pg. ;(z) = 1.

Now, define the random variable T,; s := 2[\/Pn.s(Z;) — 1] and note that

.
1
sup F {Z This — n~1/2 Z si(Z;) + ZPS%}
ieH P

<§2£var (ZTmﬁ—n 1/2 Z )+ Psﬁ
ZTmﬁ—n 1/2255 )+ Psﬁ

2

+sup £
hEH

We show these two quantities converge to 0. First, by properties of variances and Lemma

2.2:

0 < sup var (Z Thii — n~1/? Z si(Z;) + Psﬁ>

hEH
—1/2 _ —1/2 A
= sup var E Thip—n E si(Z sup E var Thin—n si(Z;
hEH ( ) EH ( ))

= sup var (n /2 To1s — Sﬁ(Zl)) <supFE [(n /2 Toas— Sﬁ(Zl))2:|
= fieH

zzig/n (,/ﬁn,ﬁ(z) — B a(2) — %\g/—;Uf,(é*,z) ﬁg*,ﬁ(z)>2dPZ(z) 0. (2.12)

Next, note that

2 2

n

sup K Thi—n —1/2 Z;) + Ps =sup K This+ — Ps
fieH Z ' ; 5i(Z) 4" feH Z Py
. _ 1_,\?
=sup (2n [ [\/Dni(z) — 1]dPz(2) + ZPsﬁ
hEH

= sup (—n / an,ﬁu)—m,ﬁ(z)] APy(2) + 7Ps

2
h

).
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where for a fixed £ we have that

/ {\/pn,ﬁ —\/ps4(2) z} dPy(z)

-/ anyﬁ(z)_\/m—*,ﬁ(z] aPe() - [ anﬁ ) oo s(2) — 02 s4(2) C4PA(=) + o)
_ _pil Psi+2 / {\/pnﬁ \/pe-*,ﬁ(z)] {n_l/zésﬁ(z)} dPy(2) + o(n™")

_ —n_liPsi + n_lé / s5(2)2dPy(2)

2 / [\/pn,ﬁ(z> — () - n—I/Q%sﬁ(z)} [n—l/%sﬁ(z)} dPy(x) +o(n™")  (213)

1
—= n_l—

4

Ps; +o(n™),

where the integral in (2.13) is o(n™!) by Cauchy-Schwarz and Lemma 2.2. By the UQMD
property of {Py; : 6 € RP™2 i € H}, the o(n™') terms above are uniform over the choice of
h € H. Therefore,

2

sup £ — 0. (2.14)

heEH

ZTmﬁ—n 1/2235 )+ Psﬁ

By (2.12), (2.14), and Markov’s inequality, we have that, for every € > 0,

sup P nih — M —1/2 si(Zi) + = Ps

: Z ﬁ

< €2 iu}{) E {ZT”M — /2 Z si(Z;) + ZPS%} 0. (2.15)
€ i=1 i=1

Next, we express A4(,,0% d,) through a Taylor expansion of the logarithm. Define the

(—2,00) — oo function

1og(1+§)2—z/2+x2/s if 2 £ 0
22/4 ] ]

0, otherwise.

Note that log(1+xz) = x— 52°+2*R(2x). Moreover, by a Taylor expansion of 2 — log(1+z)



44

about 0, it can be shown that R(z) — 0 as © — 0. Then, for a given A € H we have that

Ap(0,, 0% d,) = 2 Zlog (1 + 5T ﬁ) ZTM P— = Z EAPNE % ST T2 R(Thi). (2.16)
=1

We have already shown uniform convergence of the first term of the right hand side of the
above, in the sense described in (2.15). We now show that Y, 772 ; — Psj in an analogous
uniform sense. To do this, we will show that both terms of the right hand side in the equation

below converge to 0,

E : 2
ni,h Psﬁ

2
sup £ {Z ik Ps%} <supvar{z wih Psﬁ}+supE

heH heH heEH

(2.17)

Let T, 4(2) := 2[\/Pn.s(2) — 1], and note that T, s = T, 4(Z;). We begin by showing that the

variance term converges to 0 uniformly. To do this, we first upper bound it as follows:

supvar{z i }—supvar{z mﬁ} —suvaar{ T2 i} <nsup/ 4(2)1dPy(2)

heH heEH

< n< sup Tn,ﬁ(z)2> sup / T, o(2)2dPy(2).

heH,zeZ hEH

Now, by Lemma 2.5, Supscy ez T,i(2)> — 0 as n — oo, and because of the argu-
ments in (2.13) from Lemma 2.4, we have that sup;eqy [ Tns(2)?dPz(z) = O(n™'). Hence,

supgey var {1 T2 . — Psi} — 0. For the second term in (2.17), note that

2

0<supk
hEH

2
=sup (nE[T} ] — Ps;)”.
hieH

2 2
nzﬁ Psﬁ

Note that by the arguments from (2.13) in Lemma 2.5,

|7’LE[ ni, /i] PS%' =
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uniformly over the choice of . Hence, sup;eq (nE[T72 ;] — Ps%)2 — 0. Combining the two
preceding arguments we have that

supvar{z ik Ps%}—)O.

hEH

Hence, by Markov’s inequality and the aforementioned arguments, we have that for every

e>0

2
— Ps;

nzﬁ

> e) 0. (2.18)

E}TH—%OO.

< ZE HTgi,ﬁR(Tni,ﬁ)H <n sup R(Tn.(2)E [Tiz ﬂ] (2.19)

sup P
heM

Next, we show that for any € > 0

Z T3 R(Tois)| >

sup Pg*’ p
heH Py

First, note that,

> T2 R(This)
i=1

We now argue that sup,cz zeq B(Th,4(2)) — 0 as n — oo. We first note that R is continuous

z2€EZ,hEH

and nondecreasing. Also, because W and H are bounded, sup, ¢ z 43, R(T5,4(2)) < oo. Hence,
s RTa() =1 (5w Toulo)).
2€ZheH 2€ZheH

By Lemma 2.5, Sup;cy ez Tns(2)*> — 0, which implies that supcy .cz Tns(2) = 0. By the
above, this implies that sup,cz zeq R(Th,5(2)) — 0 as n — oo. Next, because the arguments

outlined in Lemma 2.4 and (2.13), we have that sup,cs E[T? ;] = O(n™'). Combining the

ni,h
preceding arguments with (2.19) and applying Markov’s inequality, we have that, for any

e >0,

T2, i R(This) )| =30. (2.20)

Z zﬁR nzﬁ

<elsupFE
hEH

sup Pg*7 6 {
eH
Combining the identity in (2.16) with the results shown in (2.15), (2.18), and (2.20), and by

the triangle inequality, we have that for every € > 0, so

T
)+ g )* 1 T

sup Py« A (0,07, D,) — ==U4(0"; D,) + =g I

ﬁeg 0%,k (‘ ﬁ( ) \/ﬁ ﬁ( ) 29 0*,69

n—oo
> e) — 0.
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Lemma 2.5. Fiz 0, g € RP2. If the conditions of Lemma 2.4 hold, then

sup Tns(2)* — 0.
hEH,zEZ

Proof. Fix 2 € Z and f € H and define the RP*2 — R function v, 4(6) := pgs(2)"/2. We
show that v is Lipschitz continuous in 6 for all # € H and z € Z. We do so by showing that

its derivative is uniformly upper bounded entrywise. First, note that

a 1—a1 0 _ _a arr ey I mop(w) if a =1
[m(w)* (1 = m(w))™] gPo(z) = 55 {mos(w)" (1= mos(w)) ™} = — B mg(w) ifa=0,

and because &g z(w) = r4(w)p(6Tw), we have that,

2

[W(w)a<1 _ W(w))l_“} 1/2 M

1w (1 — 7(w)) e 1/22— S)1/2
(w1 = w(w))' =] pna(2) BT

06

ra(w)p(0 g (w))
{mo.s(w)e[1 — 7T€,ﬁ<w>]1_a}1/2

I (VAL ) |
{704 (w)e[1 — 7g 4(w)] 10}/

By the definition of p, we know that p(6'r;(w)) < 1 regardless of the value of w and #. Be-
cause of the boundedness of YW and H, there exists a finite vector C; and a finite constant Cs
such that sup,, [rs(w)p(0 " rs(w))| < Cy entrywise and sup, ; {mg 5(w)*[1 — T@yﬁ(w)]l_a}_l/Q <
(5. Finally, by the positivity assumption, there exists a § > 0 such that w(w) > § for all
w € W. Hence, sup, ; | Zpgq(2)"? < 5_1/201021/2, which implies that v, ; is Lipschitz for
all z € Z and £ € H with Lipschitz constant 5~/ 201021/ ?. Therefore,

0 < sup Ty (=) = sup [, i(2)"* = Poa(2)) = sup [v:,5(0 + 9/v/n) = v s (O))

<620+ g/vm) — Ol = 67200 g2/ v S 0,
which is the desired result. O

Before stating the next Lemma, we state the definition of contiguity of the measures
Py, s, and Py ;.. We say that the sequence of measures P, 4, is contiguous to Fy. ;. if

Pj. 4+ (Ayn) — 0 implies that Py, 4, (A,) — 0 for every sequence of measurable sets A,. Recall
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that we treat f, as an element of the deterministic sequence of functions {f,}:> . If Py, 4.
is contiguous to Fj. 4 and Py, 4, (A,) — 0 implies that Pj. ;.(A,) — 0 for every sequence of
measurable sets A,,, then we say that the sequence of measures Py, 4, is mutually contiguous

tO Pe_*,ﬁ*.

We also introduce additional notation. First, let || - ||z1(p) denote the L'(P) norm and

||| denote the L*(P) norm. Moreover, for a given measurable function f, let || f||z1(p,. ,.) :=

Ep,. .| f(W,A,Y)|. Finally, for a given matrix M, we let (M), denote the value in its k-th

column and [-th row.

Lemma 2.6. Fiz g € RP*? and let 0, = 0* 4 g/\/n. Assume that the conditions of Lemma

2.1 hold and ||k, — A*||11(p,. ..y — 0. Then, for every e >0,

%)

= 1 1
POn,ﬁn (‘Aﬁn(e 79n; Dn) + gT%Uﬁn(Hn; Dn) + §gTIg*,ﬁ*g

> e) 20, (2.21)

Proof. First, note that Pj. ;- = Py ; and that, by Lemma 2.1, {Py; : 0 € RP*2 £ € H} is
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uniformly differentiable in quadratic mean. By the triangle inequality,
_ 1 1
PG_*,/L* ( Aﬁ'n(e 7971; Dn) + gT%Uﬁn(en; Dn) + EQTIO_*,H*Q > 6)

_ 1 1
Ay (0,07 D,) — gTﬁUﬁn(en; D,) — §gT[§*7ﬁ*g > e)

N* 1 N* ]'
( Aﬁn(enye ,Dn) - gTﬁUﬁﬂ(Q ,Dn) + §gTI§*’ﬁﬂg > 6)
T 1 O T 1 L+ L+
—=Us, (0" Dn) — 9 —=Us, (003 Dn) — 59 Ig- 4,9 — 59 g 49
n 2 2

v NG )
> €

N* 1 N* 1
Aﬁn (Qm 0 ;Dn) - gT%Uﬁn (0 ;Dn) + 597_]9*,%9

)

1 . 1
1
+1 {5 ‘ngg*ﬁng — ngg*’,i*g > e}
N T 1 )% 1 T
< supFye g | [Aa(On, 0% D) — g —=Ui(0"; D) + =g 15 49| > €
feH n 2 7

1 _ 1
+ sup P T —U/0*:D,) — g" —=U;(0n: D,,) — g Ig. s >€)
ﬁege,ﬁ('g NG i )—g NG i ) =g Igesg

1
+1 {5 ‘gTIg*vﬁng — ngg*’,i*g > e} : (2.22)

By Lemmas 2.7 and 2.4, the first two terms in the last inequality converge to 0 as n — oo.

For the third term, one can use that 5; 1o = 0, and therefore m4. , = 7. 4., to show that

(

0 [<p kE<p

0*’% - 9*’5* l,k =
E (W (W) = £ (W) mge e V) (L= e (W)} k= p+2, 1< p+1

\E {[ﬁfl(W) — B2 (W)]mge e (W)(1 — Wg*,ﬁ*(W))} k=p+2, l=p+2,
where W, is the k —th covariate. By similar arguments to those in Lemma 2.7, and because
Ty« g (w) is uniformly bounded, there exists a finite constant M that does not depend on n
and is such that

1

519 55,9 = 9" I o9

< MIE (W) = £ (W)]| < M|[fy, — B[ 1Py o)
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By the above display and because ||A, — £*|[11(p,. ,.) — 0, we have that

o0

>e}n—>0.

1
I {5 9" Ig- 4,9 — 9" Ige g

Therefore, for every e > 0,

1 n 0
(0,; D) + §gT[§*,ﬁ*g > e) =30.

_ 1
Pg*,ﬁ* (’Aﬁn(e 79n;Dn) +9T%Uﬁn

)o°, are mutually

Because of Lemma 2.8 the sequence of measures (P , )72, and (Pé”*ﬁ*

contiguous. The latter implies that

_ 1 1 n—00
Py, 4, (‘Aﬁﬂ(e 03 D) +9T%Uﬁﬂ(9n;pn) + 59%—%9‘ > e) =0,
which is the desired result. O
Lemma 2.7. Under the conditions of Lemma 2.6, for every e > 0,
sup Pjs —gTLUﬁ(G : D )+gTiUﬁ(9—*'D )—g' Iz 9| >€) =0
0* .,k \/ﬁ ny ~'n \/ﬁ y ~n 0*,h

ieH
Proof. Fix £ € H and g € RP™2. A Taylor expansion of the function 6 f/—%Uﬁ(G; d,) around

0* yields
T T T
g _ g_ n*. g_ .
DU ) = LU o) + 2 (Kﬁw,dn)
9" . 5 9"

where Rj;(0,,0% d,) is the remainder term of the Taylor expansion, and K;(6;d,) is the

0=0*

) (00— 0) + Re(6,.0%. d,)

) g + Rﬁ<0n7 g*a dn)a

0=0*

Jacobian of U;(6;d,,). First, we will show that

0

— ]9*4 g‘ > e) 0.

1
sup Py. ('QT |:EKH(9§ D)
0=0*

heEH

Note that, for a given d,,,

= Z {’Fﬁ(wi)Tﬁ(wz‘)T[Wé*,ﬁ(wi)(l - Wé*yﬁ(wi))]} -

0=0" =1

Kﬁ<6; dn)
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Now, for a fixed w € W, define the H — R function

fug(B) = g" [ra(w)ra(w) " [mg. o(w)(1 = mge 4(w))] = Ig- 4lg.

We will show that there exists a finite constant () such that for A, fiy € H

E ([ fug () — Fug(r)]] < 2Q / 1y (1) — y(w)|dBoy (w).

Given a matrix M, let (M), its value in row k and column [, and note that

(

0 [<p, k<p

[7“ (w)r (w>T_T (w)T (w)T] y Wk [ﬁ1(w)—ﬁ2(w)] l=p+2 1<k<p+1

wy [l(w) — (w)] k=p+2, 1<I<p+1

h(w)? — p(w)?  k=p+2, l=p+2,

\
where w; is the j-th covariate. Given the above, and because g € RP*? W has bounded
support, and H is bounded, we have that there exists a constant K < oo such that, for

ﬁl, ﬂz eEH
9" Ira (W)rs (w) " =g, (w)rg (w) g < K| (w) — fp(w)].

Additionally, using that W is bounded and the positivity assumption, we have that for all
w e W T g (w)(1 — 75 4, (w)) < C for some C' < co. Note also that 74 5 (w) = 75 4, (w)

since 5;; 1o = 0. Combining the preceding arguments, we have that

9" [rs (w)rs (w) ' [7g g (W)(1 = 7o g, ()] = [rs, (W)rs, (W) T [7ge s, () (1 = 7o g, (w))]g
= [ () (1 = g s, (w))]g " [, (w)rs, (w) " = 75, (W) (w) ' ]g

< (K x C)|fu(w) — ha(w)].

Because Ij. ; = E [rg(W)ri(W) mg. s(W)(1 — m5. ;(W))] and by the aforementioned argu-
ments, we have that, for A, i € H

9" g+ 5, — Lge )9 < K x C[f1(w) — ha(w)]| p1(p)-



o1

Therefore, letting () = K x C' we have that,

Ellfwg(h) = fwg(h)[] < 262/ |1 (w) — hy(w)|d Py (w).

Next, because W and H are bounded, ’gT[rﬁ(W)rﬁ(W>T[ﬂ-é*ﬁ(W)(l — ﬂg*,ﬁ(W))]g} < 00.
Hence, by the Weak Law of Large Numbers, for all A € H,

Pé*(

Fix 6 > 0 and let H;s be a minimal §/Q-cover of H with respect to the L'(P) pseudometric

n

! Z {97 [raWi)rs(W;) " [mge s(Wi) (1 — mge o(Wi))] — I 4] 9}

n <
=1

> e> 0. (2.23)

— this cover has finite cardinality since H; is totally bounded in L?(P) and the L*(P) norm
is stronger than the L'(P) norm. Define a H — Hs map H; so that, for all A € H, Hs(k)
is such that ||A — Hs(#)|/11(p,) < 6/Q. Hence, by the triangle inequality and Markov’s

)

1
< sup P (| fu,g(h) = fuwgo H(R)| > €) + sup Py 4 (‘gT {_Kﬁ(ﬁ; D,)
hEH hEH s n

inequality, we have that

1
0 < sup Pj- <’gT |:_Kﬁ<0;Dn) g
n

heH

T Ié*,ﬁ
6=06*

— Ig*vﬁ] g‘ > e>
6=0*

- Ig_*7ﬁ‘| g‘ > E)
0=0*
_ 1
< eV sup@ [ 1A(w) — H.(R)(w)|dPw(w) + sup Py, ('g {—Kﬁw; p)| - 19—*4 g] > )
hEH hEHs n 9=~
> e)

Taking a limit superior as n — oo, Equation 2.23 and the fact that H;s has finite cardinality

_ 1
<) [ Ufug8) = fug @ H D] APy () + sup Py (\g [—Kﬁw; D,)
hEH hEHs n

1
< 6/e+ sup Py (‘gT [EKH(Q; D,) g

hEH

T Ié*,ﬁ
6=0*

show that

1
0 < lim sup sup Py« <‘gT |:_Kﬁ(9;Dn)
n

n—oo heH

o Ie‘*,ﬁ] g
0=0*

> e) < d/e.
Since 0 > 0 was arbitrary, the limit superior above is zero. Next, we show that

sup Py ; (| Ra(0, 6%, Dy,)| > €) 0. (2.24)
fieH
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Fix A € H and d,, € Z". Let B, (x) denote a p+2-dimensional open ball of radius 7 centered
at x. Writing U(0;d,,); to denote the j-th entry of U(f;d,), we note that, for each j, the
function 0 — U(0;d,); is twice differentiable with continuous Hessian on Bp, (6*), where
R, = 2g/y/n. Moreover, for arbitrary j,k € {1,,...p + 2} and letting w; ; denote the value

of the j-th covariate of the i-th observation, it can be shown that

aefgej {%Uﬁ(e; dn)} - \% 2:; {wz:a'wz‘m(wi)p(eTTﬁ(wi)) 1 liﬁigzzﬁgm } '

Because g € R, W and ‘H are bounded, and [1 — exp(z)]/[(1 + exp(z)] < 1 for all z € R,

there exists a finite constant M such that

89(2:99 {\’;—U (6;d )} \jyﬁn: M/m.

Hence, the second partial derivatives of the function 6 — ¢' /y/nU;(0;d,) can be bounded

(up to y/n) by a finite constant M which does not depend on £ or d,,. By Taylor’s Theorem

we have that

2
~ M M
Ri(0,.0%,d,)| < I =Mz e < SM gy o
|[Ba(0n, 0", dn)| < = 2l lglly < V/p+ 25 gl
where || - ||; denotes the ¢; norm and, as throughout, || - || denotes the ¢, norm. Taking a

supremum on both sides yields
M e IMIE
Sup | Ry(0n, 0", dn)| < /p+ 250 2lg])*
heH
Therefore, for any £ € H,
M
s (sup | Re 00,0 > ) < 1 { Vo F Zgn gl > e}
#eH
Taking a supremum over A € H and a limit as n — co then shows that
_ M
sup Py. 4 (sup |Rw(0,,6%, Dy)| > e> < I{ p+2—n"?|g|? > e} — 0.
heH | \WeH 21"
Combining this with the fact that
sup Py« 4 (|Tﬁ<€n,6_*,Dn)‘ > (—:) < sup P 4 (sup |Rﬁ/ 0,,0%, D )| )
ieH ieH eM
establishes (2.24). O
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Lemma 2.8. Assume that the conditions of Lemma 2.1 hold and that the H-valued sequence

(R)52, is such that ||h, — A*|12p,. ) — 0 asn — oo. Let g € RPY2 and 6, = 0* +

n=1

o0

g/v/n. Then, the sequences of probability measures (Py. ; )o°, and (P P )2, are mutually

contiguous, where, for a distribution @), Q™ denotes the n-fold product measure of Q.

Proof. Fix a sequence (£);%; that is such that [|f, — A||z2(p,. ,.) — 0. We show that the

ratio of the log-likelihoods, namely log {H?Zl z Z"Z”((g)) }, is asymptotically normal under

P« 4. Recall that, because 5;; 1o = 0, it holds that Py 5« = Fy. ;. A Taylor expansion of the

log-likelihood ratio thus gives that, for some intermediate value ¢'(D,,) between §* and 6,

log {H Do, b, } = Z {log (po,.i,(Z;)) — log (Pg*ﬁ(Zi))}

i=1 Do+ ﬁ* i=1
= Z {log (po,. 4, (Z;)) — log (pe_*,ﬁﬂ(Zi))}
(6, — %) {Z Us, (0% Z } + %(en -7 {En: K, (0'(Dy); Zz-)} (6 — )

i=1

=n2(0, —6%)T {n_1/2 > U (6% Zi)} (2.25)
+ %nl/Q(en — )T {n—l ; Ky, (6/(D,); ZZ-)} n/2(, — 0%)

where K (0, z) is the Jacobian of the score function evaluated at (6, z) as defined in (2.4).

We analyze the two sums in Equation 2.25 as follows. For the first sum, we have that

n'’?(0, — 6*)7 {n1/2 > U (6% Zi)} =n'26, - 0" {n1/2 > U (67 Zﬁ}
i=1 =1
+nt2(0, — 697 {n_1/2 Z {U (6% Z;) — U (67 Zi)}} :
=1

Next, note that for all z = (w, a),

_*‘Z =7, (W a_ﬂé*’ﬁ"(w)
Us, (0% 2) = 74, ( >7Té*,ﬁn(w> (1 = mge 5, (w)
—7T§*7ﬁ*(w)
e s (W) (1 = 7 4= (w))

) p(O" 1, (w))

= 74, () (O e (w)).
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The latter implies

Ui, (0% 2) — U (0% 2) = 0

(n(u0) = () s 0T ()

7T9‘*7ﬁ* (w)(l—ﬂ'g*ﬁ* (w

Then, because /n(6,, — 0*) = g, we have that

n*?(, — 6" (n1/2 i {U (0% Z) — U (67 Zi)}> = (2.26)

= gpran 2 {[ﬂn(Wz‘) — £ (W;)]

=1

A—mp W) o
— (Wl) (1 e (Wl)) p(9 Tpx (VV’L»} )

The expectation of each element in the above sum is

A — Tge 4u g
E[%OW—%WWNWWJW“f;gZQW»MWTMWW]
A — g (W)

[ (W) — £(W)]

_ T r.
N {E e (W) (1—7r9-*7ﬁ*(W))p(9 (W))‘W”

:EF@mo—mmmmmwan
7T9‘*7ﬁ*(W) (1 - Wg*’ﬁ*(W))

E[A - 75 4 (W)|W] } =0.

Therefore, the expectation of (2.26) is equal to 0. Next, the variance of the right-hand side
in Equation 2.26 is equal to

e A — mge i (W) _
var <9p+2n / ; {WWJ - h(Wi)]Wé*’h_*(Wi) - Wg*ﬁ,gwi))p(e Trﬁ*(Wi))}) (2.27)

A — '/Tg_*’ﬁ* (W)
7T6_*7ﬁ* (W) (1 - Wé*,ﬁ* (W)

= Gpial {[ﬁn(W) — h(W))* ( )p(é*Tm*(W))>

We show that the above variance converges to 0 as n — oo. Because WV is bounded and

functions in H are uniformly bounded, and since 0 < m4. ;(w) < 1 for all w € W, the quantity

2
( o= Tge i () ))p(é*Trﬁ* (w))) can be uniformly bounded by a constant M < co. Next,

ﬂ—é*,ﬁ* (w)(l—ﬂ'é*yﬁ* (w
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by assumption, ||f, — A*||L2(p,. ,.) — 0. Hence, the variance in (2.27) can be upper bounded
by a term that converges to 0, therefore it also converges to 0. Because the mean of (2.26) is

equal to 0 and its variance converges to 0, Chebyshev’s inequality shows that, for any € > 0,

Pé*,ﬁ* ( > 5)

_ n Ai—ﬂ"* f* (W»L) )%
ar (a2 S {6 00) = OV 5T i)
62

=30, (2.28)

n'2(6, — 6%)" {”/ Z (U4, (075 Z;) — Uge (0% Z)] }

=1

<

Next, by the central limit theorem, under Fp. 4.,

n~1/? zn: Uy (6% Z:) ~ N (()’, Ig*> . (2.29)

i=1

By continuous mapping theorem,

26, —6°)" {n1/2 Z Uy~ (6% Zl)} ~ N (0,9 Ige 4o9) -
i=1

Combining the arguments shown in (2.28) and (2.29), we have that, under Py 4.,

(0, — 0%) {Z Uy, (6% Z; }w N (0,9 Ige 4-9) - (2.30)

This concludes the study of the leading term in (2.25). Now, the second term in (2.25) can

be reexpressed as

%nl/Q(en B é*)T {n—l Z Kﬁﬂ (9/(Dn>’ Zz)} n1/2(9n B é*)
_ %n1/2(9 { 12}(5* 7 Z) } n2(0, — 6% (2.31)

+=n'2(0, — 097 [n7t Z (K3 (0% Z:) — K4 (0% Z) } | n'/2(0, — 67)

+ l711/2(9” — 0_*)T n_l Z { K4, (0/(Dn); Zi) — K, (0% Z:) }
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By the weak law of large numbers, n=* 3" | K4 (0% Z;) — —Ige4 in probability under

Py« 4. Therefore, by the continuous mapping theorem,

1 . - . e ] n—c0
Pje 4 ( §n1/2(6’n -7 {n_l Z K (07 Zz)} n*2(0, — 6*) + agT]g*,ﬁ*g > z—:) 20
i=1
(2.32)

Next, note that for all z,

K4, (075 2) = [0 5, (W)I[1 = 7 g, (w)]rs, (w)rs, (w)

= [1ge o (W)][1 = 7o = ()]s, (w)r, (w) T

Y

where we have used that 5; 4o = 0 implies that mg. ; = 7. 4« for any £ € H. Hence,

1 )* — - )* N* N*
§n1/2(6n -7 [n L ; (K, (0% Z) — K (0% Z,)} | n'/%(0,, — 6°) =
gT

=5 ["_1 Z (ra Wi)rs, (Wi) T = 1 (Wi)rge (W) T) [ e (W) (1 — Wo*,ﬁ*(Wi))]] g

We now show that the above term converges to 0 in probability by showing that the expected

value of each entry of the matrix

! Z (o (W), (W) T = e (wi)ras (wi) 1) [0 e (Wi) (1 = 75 g (W)

) ‘
i=1

converges to 0, where | - | denotes the entrywise absolute value. First, note that for a given

T

w, the matrix rj, (w)ry, (w)" — re (w)re(w) " consists of the following entries:

;

0 [<p, k<p

ﬁn w ﬁn w iﬁ* w )ﬁ* w 9

fin(0)* — £*(w)? k=p+2 l=p+2

\

where wj; is the j — th observed covariate. For those entries that are different from 0, we
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apply Cauchy-Schwartz inequality:

E

(6 (W) (W) = 1 (W) ()T, [ () (1 = e (W)

< B{ (e, W) ()T = 1 Wi ()2 Y B g ) (1 = 3o (0]

1/2

Because ||, — A*|r2(p,. ..y — 0 and functions in H are uniformly bounded, we have that

%)
E{[f,(W)? — B*(W)*]?} = BE{[f,(W) + £ (W)P[h(W) — £*(W)]*} =5 0. Additionally,
because W is bounded, E{[W;(f,(W) — #*(W))]>} =3 0 for all I € {1,...,p+1}. The latter
statements combined with the fact that that E { [T 4 (W)(1 — 7T§*7ﬁ*(W))}2} < 1 imply

that

2

E [(T%(W)%(W)T - rﬁ*(W)rﬁ*(W)T)l,k] T { (75 (W)(1 = We*,ﬁ*(W))]z}m =0.

Let 0(p+2)x (p+2) denote a (p+2) x (p+ 2) matrix of 0’s. Then, the above limit and Markov’s
inequality imply that

0 (e, (Wi)ra, (W) T = 1 (W) (W) ) [0 e (W3) (1 = 7 e (W2))] =5 Ops2yxpr2)
=1

in probability under Fj. ;.. By the continuous mapping theorem,

1 ot | v 5 j-
§n1/2(9n -7 ln 1;{Kﬁn(9 1 Zi) — K (075 Z:) }

n'?(6, — 6%) = op,. .(1). (2.33)

Finally, we show that the last term in Equation 2.31 converges to 0 in probability. First note

that this term is equal to

%nm(en -7 [n_l Z { K, (0'(Dy); Z;) — K, (0% Z) }

n1/2<0n . 0*)

n

=2 [n_l > i Wira, (W) T ([700u).n (Wi) (X = T (0.5 (Wi))] = [0 4, (W3) (1 = 750 5, (W))]) | -

i=1
Fix w € W and f € H and define the RP*? — R function vy, 4(6) := mp4(w;)(1 — 7o 4(w;)).

We show that v is Lipschitz continuous in # uniformly over A € H and w € W. We do so
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by showing that its derivative is uniformly upper bounded entry-wise. The absolute value of

the derivative is

‘%vw,ﬁ(e)' = ‘%WQ&(W) — %77-9’5(71))2 = ‘p(@Trﬁ(w))rﬁ(w) — 27T9,ﬁ(w)p(0Trﬁ(w))rﬁ(w)‘

= [p(OTra(w))r(w)[1 — 2mp 4(w)]|

By definition |p(6"rs(w))| < 1 for all w € W and £ € H. Next, because w € W and A € H
are bounded, we can upper bound each entry of r;(w) by a finite constant L that depends
neither on w nor #£. Finally, because 0 < mp4(w) < 1 regardless of w or #, we have that
|1 — 2w s(w)| < 1. Hence, for all 6,

sup
wEW, hEH

0
— <
8191)10’&(‘9)‘ S L,

which implies that vy, 4(-) is L-Lipschitz uniformly over w € W and £ € ‘H. Combining the

preceding arguments,

-
g
B2
2

n! Z%(W})%(Wi)T ([T (D) W) (1 = Tor(D, ). (W) = [0 5, (Wi (1 = Wé*,mL(Wi))D] g
< L?||g|PE [||0'(Dy) — 07]]] -

By Markov’s inequality and the above display,

1
Pi* *
6,& (2

—n'/%(6, — )" [n_l Z {K;,(0(D,); Z;) — K, (0% Z;) } n2(6, — 6%)

o)

(2.34)

3

< U2 PE [|0/(D,) — 0] < e ERllg P16, — 7)) = et 22l e g
NG
Therefore, by Equations 2.31, 2.32, 2.33, and 2.34, we have that
By Lav2(g, — g7 dn 1S Ko (0/(D); 20 L nt2(0, — 8) + Lo =20
o= | |57 (0 ) qn Z i (0'(Dn); Z3) ¢ 07" (0n )+29 g9 > €| —
=1

(2.35)
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Combining the equality in 2.25 along with the results stated in Equations 2.30 and 2.35,

T Do, (Zi 1
log {H ﬂ} ~ N (__QTIG*,ﬁ*g7gTIG*,ﬁ*g)

i1 Pé*,ﬁ*(Zz‘) 2

under Py ;. Hence, by Le Cam’s first lemma — see Example 6.5 in van der Vaart (2000)

implies that

for an appropriate version — (P! , )o2, and (Pg. ..)p2, are mutually contiguous. O

The following lemmas describe the asymptotic behavior of the maximum likelihood esti-
mator of §* along the sequence of models { Py, : 0 € RP*2}2 . Recall that ¢; (0;d,) is the

log-likelihood function given d,, and f, € (£)32

n=1»

n

i (0;d,) = % > " lailog mo g, (wi) + (1 — a;) log(1 — o4, (w;))] - (2.36)

=1

Then, the maximum likelihood estimator of 6 based on d,, and £, is defined as

O, (dy) = argmax ¥, (0;d,,),
0

where this maximizer exists and is unique with probability one under our conditions. Finally,

let L(0, #) denote the expectation of ¢,(0, f, D,,),
L(0, k) := E[Alog me (W) + (1 — A)log(1 — me,s(W))].
The following lemma shows that 6, 4, (D,) is consistent for 6*.

Lemma 2.9. Assume that the H-valued sequence (fy)>, is such that ||f, — £*||2(p,, .y — 0

asn — oo and that the conditions of Proposition 2.2 hold. Let 8, (D,) = argmax, ¢, (0; D,,)

be the mazimum likelihood estimator of 0*. Then, for every e > 0,
Poe g (1165, (D) = 0[] = €) "5 0. (2.37)

Proof. Let D,, be a dataset arising as n iid draws from Pj. ;.. It can be shown that, under
the conditions of this lemma, it is true that (i) L(-, £*) is uniquely maximized at 6*, (ii)
s, (-, D,) is concave almost surely, (iii) ¢4, (0, D,) — L(6, £*) in probability for all § € RP+?
— details are omitted here for brevity. Hence, Theorem 2.7 in Newey and McFadden (1994)

gives the desired result. O
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One can also show that the maximum likelihood estimator based on £*, O, 4(D,), is
consistent for #*. We omit the proof for brevity, and because it is very similar to the one
shown Lemma 2.9. Next, the following lemma shows that the maximum likelihood estimator
én%(Dn) is asymptotically linear. For brevity, in the remaining of this supplement we omit

the dependency on d,, by writing 9~n7ﬁ rather than émﬁ(dn).

Lemma 2.10. Assume that the H-valued sequence (hy, )52, is such that || h, —A*||r2(p,. .y — 0
as n — oo and that the conditions of Proposition 2.2 hold. Let énﬂﬂ = argmax, (;, (0;d,)
be the mazimum likelihood estimator of 0%, g € RP*2 and 0, = 0* + g/\/n. Then, under

sampling from Py .

Vil s, = 0n] = 17, \/_ in (003 D) 4 0,(1).

Proof. We first show that, under Pj. 4., the following holds:

\/ﬁ[énﬁn 0] = I@*lﬁ* \/ﬁUﬁ*(e_*; D,) + OP@*,h*(l)‘

Let Zo(0, k) == ZL(0, ), O = argmax, {4 (0;d,) be the maximum likelihood estimator
when £* is known, and Z,(0, h) := U;(0,d,,). Applying Triangle Inequality and by definition
of the MLE’s we have that
120 (O s ) = Zn(Bries )| = 11 20O B7) = Zi (O o) |
<N 2O s B°) = Zo(Ornns £°) + Zo(Onns in) = Zn (O fn) |
+ 11200 s £7) = Zo(Or s i) I (2.38)

We begin by showing that, for every € > 0,
P (120G 57) = Zo(Brs ) 20O ) = ZaOr )| > 7%) "= 0. (2:39)

By consistency of én% and the assumption on (4,)%; we know that there exists a sequence
0, that converges to zero sufficiently slowly so that Py ;. {Hénﬁn — 0" > 5n} — 0 and
|, — A*|| < 6,. Thus, it suffices to show that

9€D5n

e (S“p 1200, 6°) = Zo(0, 6°) + Zo(6, ) — Zu(0, )| > Y ) =g
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where Ds = {0 € RP*2 . |0 — 0*|| < §}. Now, because
S 12,(0,8) — 20(0,) + 200, ) — Zu(0, )]
€Ds,,

— Sup [ Za(6, 6) — Zo0,6°) + [Z,(0% B) = Zu(G, 6] + Zo(6, i) — Z0 (0, )

9€D5n

< sup || Zau(0, B*) — Zn, (0%, 8*) — Zo(0, K*))|| + sup || Z.(0%, %) — Z,(0, hn) + Zo(0, k)|

9€D5n 96D5n
and since #* € Hs;,, we can instead show that
SO < sup (| Z,(0, k) — Z,(0%, ) — Zo(0, h)|| > n_1/2€> =30. (2.40)
heHs, 0€Ds,,

Fix & € Hs, and let

p(0ri(w))
WQ’H(UJ)

0T p0Trew)
rﬁ(w)—i_(a 1)1_7_‘_97&(“)) ﬁ( ) 7_{_(}*’ﬁ*(u}) ﬁ( ) ( 1)

p(0* "1 (w))

1— N (w) " (w)

foi(z) =a

Additionally, let (fys(2))r denote the k-th entry of the function fy,(-) and (M) denote the
k-th column of a matrix M. Further, we also define the class of functions Fj; = {z —
foi(2) 10 € RP*2 0 € Ds}, and let Ny(e, Fyis, Lo(P)) denote its bracketing number of radius
e with respect to the Ly(P) norm. We will show that E| SUPserr Gnf|] — 0 as n — oo.
Fix z € Z and k € {1,...,p+ 2} and let v}, : 0 — (fp4(2))x be a function that maps 6 to
the k-th entry of fy4(2). Note that each entry of the derivative

‘% = [(p(0"ra(w))ra(w)ra(w) i

can be uniformly bounded by a finite constant C' > 0 because both W and H are bounded.

Therefore, the function V’“’ﬁ(ﬁ) is Lipschitz in 6. Hence, for 6,,60, € Ds, we have that

|f5,.4(2) = fo.s(2)| < Cllfh — o] < 209, (2.41)

Then, by Example 19.7 in van der Vaart (2000), we have that there exists a constant K that

depends on p and such that

25 p+2
Ny(eC, Fs , Lo(P)) < K (—") , for every 0 < € < 26,.

€
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Next, note that if § = 6%, then falfﬁ = 0. Applying the bound in Equation 2.41 with 6, = 6%,
we have that |f} .(2)] < C||y — 6*|| < C6,. Because the previous bound is irrespective
of #; and £, we have that for every z € Z, sup,cy SUPf erk, SUD, |fi(2)] < C6é,. Then,
let F¥*(z) = C6, be the envelope function of the function class .7-",’; 5.~ Therefore, for every

0 < e < 2, the bracketing integral is finite because it can be upper bounded as follows,

1 1 2
/ \/1 + log Ny (€Cd,,, FFs , Lo(P))de < / \/1 +log K + (p+2)log <—> de = K' < 0.
0 o 0 €

By Theorem 2.14.2 in van der Vaart and Wellner (1996), Efsupsczr G, f| < K'C6, % 0.
Because the index k was arbitrary and the upper bound K’'C$§, does not depend on A, we

can establish that (2.40) holds via Markov’s inequality. Next, we show that

1Z0(0n s 57) = Zo(Orfns i) | = 05 (|0, — 67])- (2.42)

Using similar notation for multivariate functions as before, we will let Z¥(6, £) denote the

k-th value of one of its outputs. First note that,
Zg(én,ﬁ«L’ ﬁ*) - Zg(én,ﬂna ’[Ln) = Zg(én,ﬁna ﬁ*) - Z(I)C(é*a ﬁ*) + Zg(é*v ’[Ln) - Z(l)ﬁ(én,ﬁm ﬁn)

since Z¥(0*, h*) = ZF(0*, h,) = 0. Next, by the fundamental theorem of calculus, we have
that, for any #, 6,

k k ( p* ”6_9_*” a k [ p* 9 — 0_*
ZO(G, ﬁ>—Z0(9 ,ﬁ): %ZO 0 +(Sm,fl dE.

0 d=¢
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Hence,

Zg(én,ﬁnv ﬁ*) - Z(I;(e_*v ﬁ*) + 25(5*7 ﬁﬂ) - Z(l;(én,ﬁnv ﬁﬂ)

[ . i ) T
=/ 9 Zk (9*+5M,ﬁ*) —zk (9*+59~”’f””79,ﬁn)] de
0 90 10,5, — 0%l 10,5, — 0]l e
[ . i b . i
g/ 9 A5 <G*+5M,ﬁ*> A (0*+5M,ﬁﬂ>] de
0 99 10,5, — 0% 105, — 0% e

<[, — 0 sup |

e€[0,1]

_ 0 . — 0] _ N _
Zk o + 5[3"%7_, ﬁ*) — ZK (0% + 6[0,,.4, — 0], hn ]
’ ( 1 — 1 d )

d=e¢

0 ] [énﬁn — 9_*]

= ||0ns, — 0| sup |-=—"—— [ el - g5 — Lgrreld . —gvpn }
|| fin ” celo] Hen,ﬁn _ G*H ( 0% +e[0,, 5, —0*],hn 0*+€[0r, 4, —0* ], )k

< Sl[épl] 10nt — O W Tges5, o~ — L5166 )5
ec|0,

- ”0n,ﬁn - é*” sup ”(]0_*+6[§nﬁ,n—9_*],ﬁn - ](;7*-1—6[5" ﬁn_é*]ﬁ*)k”
€€[0,1] ’ ’

< N0 — 017 s (Tger5, .~ — Loe1e6, o 565
€€[0,1] ’ ’

By similar arguments outlined in Lemma 2.6, one can show that there exists a neighborhood
of 6* in which £ — Iy 4 is Lipschitz with constant M, where M does not depend on the value

of A. Hence,
ZE O ) — ZE(O ) + ZE(O" ) — ZE (O ) < M |0, — 07|11 o — A7 |11y (2.43)

implies Equation 2.42 by Markov’s inequality. The inequality in Equation 2.38, along with
the results from Equations 2.39 and 2.42 imply that

1Z0(Brts £) = Zu(Or e, £ | = 0py. . (16, — 67| +07Y2). (2.44)

Next, note that by the boundedness of Z and H, E|||Z(0, #,)||*] < co. Moreover, by Lemma
2.4 along with regularity conditions of the model {Py; : 6 € RP*? f € H} the mapping
0 — E[Us-(0,2)] is differentiable at 6* with derivative matrix —Ig. ;., which is invertible by

assumption. These properties, along with the Lipschitz result shown in equation (2.40) and
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the consistency of én i, imply that the conditions in Theorem 5.21 in van der Vaart (2000) are
satisfied, with the exception that our rate in Equation 2.44 is not necessarily op,, . (n=1/2),

10,4, — 0*|| + n~'/?). However, by inspecting the proof of Theorem 5.21

but instead 0p§*7ﬁ*(
in that reference, it is clear that — in the notation of that work — this result holds under
our condition that P,1; = op(||6, — || +n~1/2), which holds in our setting. Therefore, we
have that

. _ 1

\/ﬁ[en,ﬁﬂ - 9*] = _Ié*’ﬁ*ﬁ

By the results shown in Lemma 2.8 (particularly the identity in Equation 2.26 and the

Ui (0%; Dy) + 0p,. . (1). (2.45)

convergence result in Equation 2.28), it is true that

1 )% 1 )%
%Uﬁ*(ﬁ 7Dn) = %Uﬁﬂ<0 ,Dn) + OP@*,A* (1),

and so, by the continuous mapping theorem,

1 . 4 1 —
[0 T fUﬁ*(e ) = [9* i —nUﬁﬂ(e ,Dn) + Opg*,ﬁ*(l). (246)

Combining Equations 2.45 and 2.46, and because 6,, = 6* 4+ g/+/n, it follows that

~ _ 1 .
VO s, — 0] = I, ﬁ*%Uﬁn(@ i Dy) — g+ op,. . (1).

Using very similar techniques as those that show Lemma 2.7 and the fact that Iy. , — g« 4,

it can be shown that

1 1 =
%Uﬁn(en; Dn) - %Uﬁﬂ(e ;Dn> + ]é*,ﬁ*g = OPg*’ﬁ*(l%

which implies that

U, (0 D Us, (On; Dn) + 0p;. . (1).

\/—05* n) = 9= \/—0/1'*

Hence,

_ 1
\/ﬁ[en,ﬁn - 0 ] = I‘g*lﬁ* \/ﬁ

Lemma 2.8 shows that (Fj . )52, is contiguous with respect to (Fj. ..

Us, (0 Dp) + 05y . (1)

)2, and applying this
to the above yields the desired result. u
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The following lemmas pertain to the asymptotic distribution of the matching estimator.
Given § € RP*2 £ € H, and a sample D,, drawn from Py ; and consisting of n iid observations,

the matching estimator 7(0, £) is defined as

n <
=1

72(‘9’ ﬁ) = l Z(Qai - 1) (yi - % ZI(] € jM(iaev ﬁ))QJ) ) (247)

where J (7,0, £) is the matched set of observation i based on the propensity score g 4(-):

Tn(i,0,h) = {j ta;=1—a;, Y Ia;=1—a)I (|mos(w;) — mos(ws)| < |mos(wi) — mo,a(wi)]) < M} .
k=1
If we let Kps94(7) denote the number of times observation 7 is used as a match,

Kuoa(i)=>_I(i € J(5,0, ),

j=1

then the matching estimator can be represented as

n <
=1

70, k) = 1 > (24— 1) (1 + %ﬁ(% Yi.

Let figs(a,p) := Eg4lY|A = a,mp (W) = p| denote the conditional expectation — under
Py — of Y given a and propensity score p, and let pgs(a, w) := Ep4Y|A = a,W = w)]
denote the conditional mean of Y under treatment a and covariates w. Similarly, we let
o?(a,w) := var(Y|W = w, A = a) be the conditional mean and variance of ¥ given treatment
level @ and covariates w, and 62(a,p) = var(Y|A = a,m (W) = p) be the conditional
mean and variance of Y given treatment level a and propensity score value p. Finally,
let 7:= E[E(Y|A =1,W) — E(Y|A = 0,W)], which under our assumptions also equals
EEY|A=1,ms(W)=p)— E(Y|A=0,m:(W) = p)|, where expectations are under Pp.

Following Abadie and Imbens (2016), the root-n scaled matching estimator can be ex-

pressed as the sum of two terms, namely B, and R, as follows:

Ja[F(0,h) — 7] = By (0, h) + Ru(6, 5),
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where

n

%\H

=1

{,ueﬁ (1, 7m,5(w3)) — fig,s (0, g 5(w;)) — 7
+ (2a; — 1) (1 + %ﬁ(z)) (Y; — pos (@i, mo,a(w;))) },

1
R, (0, k) \/— Z (2a; — fig.i (1 — ai, mo s(w;)) — i Z fioi (1 — ai, mo 5 (w;))

The following lemma shows that R,, converges to 0 in probability under sampling from Py, 4.,
and that B, and n='/2U; (0,, D,) are jointly asymptotically normal where the covariance of

their asymptotic distribution will depend on the following quantities:
Coe e = Eige {COV[W* (W), g - (A, W) | (W)(W), Al pge g (W)

(m;*,ivv)? - ;g;jvv»?) }

02, = Eje po [(M(,* (1, 7 (W) (0 Tgese (W) —7)2}

1 1
E_* * 1 - 0% f* W
+ 0* .4 |:O— y o+ N Tge (779_*7/1* (Tﬁ*(W)) g NG ( ))):| )

+ Eé*,ﬁ*

) 1 - Wé*’ﬁ*(W)
1

1
+ 2M (1 — Tge e (1 (W) ~{- Wé*’ﬁ*(W»)) ] |

Lemma 2.11. Assume that the H-valued sequence (f,);, is such that ||, —h*||12(p,, .y — 0

asn — oo and that the conditions of Proposition 2.2 hold. Let g € RP*2, and 6, = 0*+g/\/n.

Then, under sampling from Py, ;. ,

Bn 8717 0 0-2 Cox g+
(0 h) - N N (2.48)
ﬁUﬁn (en; DTL) 0 00_*76* Ie_*’ﬁ*

and Ry,(0,,, k) — 0 in probability.
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Proof. Fix g € RP™2. Let z; € R, 2 € RP™2, and define the linear combination C,, :=

21 B (0, b)) + z;ﬁUﬁﬂ(On; D,,). Note that

1 n
Co(On, ) = a7 > Al b0 (70,5, (W) = fio (0 70,6 (W) = 7}
=1

- 21% Zz: {(QAz' —-1) (1 + KMG#W) X [Y; = [, 6, (Ais To,,,6, (Wi))]}

T 1 3 r : A — 7o, 5, (W5) '
e vn l_zl { ﬁn(WZ)Wen,ﬁ% (Wi) (1 — 0, 4, (W) P (WZ)} '

Furthermore, C,,(0,, k,) can be re-expressed as C,, (0, f,) = Zi’;l Enk (0, hy) where for 1 <
k <n,

En ke (Ons Ain) = 21% {16, 5, (1,70, 4, (W) — i, 4, (0,70, 4, (Wi)) — 7}

Ay — 7o, 5, (Wi)
70,6 (W) (1 — 7o, ., (W)

+ %ZQTE 7 (W) | 7o, 5, (W]

forn+1 <k <2n,

P, (Wk)] ,

En e (Ons i) (T (Whn) = E 15, (Wi—n) | 70, 5, Wi—n)])

Ak_n — Ty, b (Wk—n) :|
nyn W .
T0n,fin (Wk—n) (1 — T, hn (Wk_n))pen’ﬁ“ ( k )

1 K 9,,5,(k —n)

16,0 i (Ak—ris W) = 6,y (A T, 5, (W),

1
_ z;%

and, for 2n + 1 < k < 3n,

6sl00 o) = 51 (2, = 1) (1 ;

Now, it can be shown that

KMﬂn,fbn (k — 2’/2,)
M

> (Yk—2n - /LQn,ﬁn<<Ak—2n7 Wk—Qn))-

j=1



68

is a martingale difference sequence with respect to the filtrations:

(

Fe = 0{ A1, Ag, 01, (W), oy 05, (W), (B5)7—, ), for 1 <k <,

]:n,k - U{rﬁn(Wl)a ~-'7rﬁn(Wk—n)aA17 -"Anaer—lz_rﬁn(wl)a 70;Tﬁfn(Wn>7 (ﬁj>;‘t:1}7 forn+1<k< 2n,

Fog = 005, (W), oo, (Wh), Ay o Ay Y, Yo, (B5)2 ) for 2n4+1 <k < 3n;
\

Next, let
3n
A=Y Egy i [6n k(O )| Frga], and (2.50)
k=1
N 1= 270%, + 29 Ige 22 + 225 Cgo o 21 (2.51)

By assumption, for every € > 0,

Py, 4, (

Additionally, by Lemma 2.12, under P, 4., for each € > 0,

)\’I’L n O
F—1‘>e> =20. (2.52)

ZE% )20k O i) T ([0 (O, )| > €)] — 0. (2.53)

Hence, for an € > 0 by Markov’s inequality and the preceding result we have that

nll—g)lo P@ sfin <Z Eon (A*)_l/an,k(Qm ﬁn)2](|§n,k(0m ﬁﬂ)| > 6>|‘ank_1} ~ E)

k=1
< i Bout (OS50 B [ O (B )| > €l Fri)]
T n—oo P
= lim (A*)_1/2E9n»ﬁn [é‘n,k(ena ﬁﬂ)21<|€n,k(0m ﬁn)‘ > 6)] — 0
n—oo €

Therefore, the conditions stated in Theorem 2 from Gaenssler and Haeusler (1986) hold.

Hence, under Fy, 4,,

> )21 (O ) ~ N(0, 1)
k=1
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By the Cramer-Wold device,

Bn(0n7 ﬁn) - N O 0'12\4 Cé*’ﬁ*

n_1/2Uﬁﬂ (Qn, Dn) O Cé*,ﬁ* ]é*,ﬁ*

which shows Equation 2.48. Next, we show that, for all € > 0
Py, 4 (|Rn(0n, f)| > €) =3 0. (2.54)

Let

2a — 1 ~ 1 _
Roaltrn ) = P S i (0= amn)) Y a1 - am ()
{i:ai:a} JEIM (iﬂen’ﬁﬂ)

Then R, (0n, fn) = Rui(On, fn) + Ryo(On, bn). We show that R, 1(0,, k) = op, , (1), the
proof for R, (0, hn) = op, , (1) is analogous. Fix A € H, 0 € RP*2 and let n, be the
number of observations in treatment arm a. Note that ng is lower and upper bounded by
M < ny <n— M, and that n; = n — ng. Without loss of generality, assume that the
observations are ordered such that the observations with values a; = 1 are first. Then, the
expectation of R, 1(6, f) conditional on the event Ny = ny can be bounded as follows:

Ey 5 [| B (8, £)||No = o]

- 1
< N ZEe,ﬁ fio,i (0, o (W) — u Z fig 5 (0, 704 (W) | |No = ng
=1 L JGJ]W (laevﬁ)
1 iE : > {700, (Wh)) — fig.4(0, 79,5(W;))}| [No = m
= M T i)) — , T , =
NGE s ' fig,i(0, 79 5 fio.5(0, o 5 (W; 0 0
=1 GETM (3,0,K)

1 )1 ) )
< = > i > Eosllios(0,70,4(W;)) = figs(0, w0, (W;))| | No = no
i=1 JEITM (3,0,h)

L <1
< % Z 8 Z Eo s [|mo,s(W3) — mos(W;)| [No = no) p
i=1 JEIM (1,0,h)

where the final inequality follows by the assumption that figs(a,p) is L-Lipschitz in p. Let
Ungni,i(m) be the mth order statistic of {|mps(W;) — mgs(W;)|: A; =0}. Then, the last
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expression, up to the constant L, is equal to

Z ZEGH nlnoz )] EOH

z az—l

5 3 2t

ira;=1

By our assumptions and Lemmas S.1 and S.2 in Abadie and Imbens (2016), there exists a
finite constant r that depends exclusively on the support of YW and the boundedness of H
such that

_ 1
nng/ 4
Moreover, |n, 3/ 4J n®/4, néw +1/2 exp(—né/ 4), r, and M are bounded. Therefore, there is a

constant K such that

n M
1 , K ([ nyn3*
Z gUnl,no,iO)] < n1/4_ (Z—ngﬂ .

zA—l j=1

Note that because r does not depend on € nor £, neither does K. Combining the previous

results, we have that

LK [ nyn®
By i [|Rni (0, £)||No = no] < (_1 3/4) :

n/i\ n ng

By the tower property and and because n;/n < 1, we have that

()]

By Lemma S.3 in Abadie and Imbens (2016), there exists a constant C' that does not depend

LK

nl/A

Eon[|Rn1(0,0)]] < Iy

on 6 nor A such that

Therefore,

LK
Eo s [|Rna (0, 8)]] < =7 C.

nl/a
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n—oo

Because the above uppper bound is uniform over ¢ and £, we have that sup, ; Eg  [|Rn,1 (0, £)]] —
0. Similarly, supy ; Eg 4[| Rno(0, £)]] =% 0. Applying Markov’s inequality followed by the
triangle inequality to Py, 4, (|Rn(6n, fn)| > €) along with the latter convergence result shows

Equation 2.54. |

Lemma 2.12. Let
{Zgn,j(gna ﬁn)afn,ial S { S 3”}
j=1

be the martingale difference sequence defined in Lemma 2.11, Equation 2.49. Assume that

the conditions in Lemma 2.11 hold. Then, for every ¢ > 0

> Epy i [k Oy )T (€ (O, ) > €])] — 0 (2.55)

k=1

Proof. Instead of showing Equation 2.55 directly, we show Lyapunov’s condition instead,

which implies the desired result. That is, we show that

3n
lim Z Ep, iy [|En,1(0n, ﬁn)|2+5] =0, for some ¢ > 0.
n—o0

k=1

First, let € be as defined in Condition 7. Define the following upper bounds: let w denote the
p-+2-dimensional such that @ = sup,,cyy seq 75(w) entry-wise, [p,p] be the upper and lower
bounds of 7y z(w) for all w € W that are uniform over A € H and € belonging to the ball
D: = {0 € RP*?: ||0 — 0%|| < €}, and let Ci = SUD,c(0.1.0en, ien Ho,i(a, Tos(w)). Note that
Cy < 0o by Condition 7. Further, recall that 0 < py(r4(w)) < 1 for all § € RP*2 £ € H, and
w e W.

Fix 0 € D, h € H. Let 6 be some positive real number such that there exists a
Cs < oo such that Eg[|Y[*"°|A = a,m (W) = p] is uniformly bounded by C5 — such
a 0 is guaranteed to exist by Condition 7. In the following equations all expectations are
taken with respect to Py .

We divide 32" | E [[£,1(0, A)[*T°] into three separate sums and show that each converge
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to 0. For the first sum, we have that

n n

E[|&ur(0, )] <> E Zl%(ﬂe,ﬁ(lﬂe,ﬁ(wk)) — f0,4(0, T4 (W) — 7) ]
+ EH (%z; E[rﬁ<wk)m,ﬁ(wk)]>

( Ap — 7 (Wi)) 2%
To.a(Wi)(1 — m94(Wy))

2+§:|
1220C5 + 21 |7[)PH0 & J
< E —2, F, 4% 1%
= o2 +k§:1: TR 0.4 (1 (W) 70,6 (W)

A — moa(Wy) 2+
(m,ﬁwm(l - 7re,ﬁ<wk>>”9(”(w’“”> ]
(2.56)

- |2Z10ﬂ+21|7_||2+6 N |Z2Tw|2+6 < 1 >2+5
= no/? w2 \pl-p))

(1))

where the first inequality holds due to the triangle inequality. Note that the latter upper
bound converges to 0 as n — co. To bound the second sum, first let Ay 4(a, w,7) := E[Y|A =
a,W = w| — E[Y|A = a,ms(W) = mps(w)]. Then, E [| Ags(A, W, ) [** |mp4(W), A] can

be bounded as follows:

E [|80,4(A, W, )PP mo (W), A] < E [|E(Y|A, W) |15, A] + E [|E(Y|A, wo.s(W))|*|70,4(W), A
< E[E(YPT|AW)|mos(W), Al + E[[Y[** |9 4(W), A]
= 2E[|Y "*|mo (W) = p, A]] < 2C5

Let Ca := 2Cs where, by assumption, Cx does not depend on €, nor A, nor p. Then, we
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have that
k%mgn (0, 5] ZE{ T W) = Bl Wi ras(Wic)|

{ Ap—n — o s(Wi—p)
7o, (Wi—n) (1 — mo,s(Wi—n))

2+5}

(i)

2n 2+6
K _
+ Z E{ i(2Ak—n —1) (1 + W) Ao (A, Wi, To5) }
k=n+1 n
2n 246
1 Apn — 1o s(Wi_p) >
< El |z —(ri(Wi_, ( ’ ri(Wi_n
k:;_l { 2 n( ﬁ( k >> WG,H(Wk—n>(1 _7T€,H<Wk—n>) P&( ﬁ( k ))
2n
1 Apn — 1o s(Wi—p)
EX |z —(FE . n , Y
+ k:znﬂ { 2 \/ﬁ( [rs(Wi—n)|7o,6(Wi—n)]) <7r9,ﬁ(Wk—n)(1 LAY Po(ri(Wi—y))
2n 248
21 KMg ﬁ(k? — n)
+ Z E{ —(2A4—p, — 1) (1 + ————— | Dp (A Wi, To.5)
k=n+1 \/ﬁ M
T (246 246
<2 E 7;)|2 1 _
nd/2 |p(1—p)
Kros(k — 240
+ Z { (24— — 1) (1 + W) Ay i(Ak—ns Wi—n, To.4) } ,
k=n+1

where the first and second inequalities are due to the triangle inequality and the third is
due to the boundedness of W and H, and the fact that § € D;. Next, let A™ denote the
treatment values for all n observations. Similarly, let 7, denote all the propensity score
values for all n observations. Note that, when conditioning on A" and y ,, each Ky, 4(i)

term is constant for all i € {n + 1,...,2n}. Hence,

246 }

2n 244
K k —
Z FE { i(214]€_n - 1) (1 + M) A@,ﬁ(Ak—na Wk—n77r0,ﬁ) }
n M
k= n+1
K b — 246
Z FE { 2Ak n — ) (1 + W) AG,H(Ak—na Wk—n7 7r0,ﬁ) An)ﬂg,ﬁ}]
k=n+1
K 0, (k? - n) 2+ n _n
n1+5/2 Z E ’(QAk_n - 1) (1 + %) E{Ngs(Ag_p, Wi—n, m9,4)2 0| A 77T9,ﬁ}
k= n+1 L

246

CAzl Kyroi(k —n)
<o Z E ‘(QAk_n —1) (1 T
k=n+1
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Nearly identical arguments to those used to prove Lemma S.8 in Abadie and Imbens (2016)
show that E[K ][\/2[;5;( )| A; = a] is uniformly bounded in n by a finite constant that neither
depends on € nor A — we denote this constant by L. Moreover, because Ky 4(7) is a
positive integer, we have that E[Kﬁgﬁ(iﬂAi =a] < E[Kﬁgdﬁ( )|A; = a], where [ - | denotes

the ceiling function. Therefore,

2n

LCAZ?
> Ellns(0, AP < =552, (2.57)
k=n+1

and recall that neither L nor Ca depend on 6 or f. The last sum can be bounded as follows:

3n

> E[l&nr(0, )]

k=2n+1

3n B 2+6
1 K k—2n
E E||lz1—=(24k-2, — 1) | 1 + M0 ) X (Yi—on — p(Ak—2n, Wik—2n))
NG M
k=2n+1
2+6]

3n i 246
1 K k —2n
< 3 bl Ltea. - (1 , Koo >) Vi) ]
Similar arguments as those employed to show Equation 2.56 (broadly, conditioning on A™

k=2n+1 \/ﬁ M

+ZE

k=2n+1

M > N(Ak—2n7 Wk:—2n)

K k-2
2 = (24420 — )(1+ 300, (k= 21)

and 7y, followed by bounding the terms in the sum) can be used to show that

on oos|  22M;
Ell D s AP < =52, (2.58)
k=2n+1

where My depends on neither 6 nor £.

By the triangle inequality and since the bounds on Equations 2.55, 2.56, 2.57, and 2.58
are uniform over  and 4, we have that supyep. sep £ [Zfﬁl &1 (00, ) |*T] — 0. Finally,
because Py, 4, (0, & D:) "= 0,

ZEen (1606, ) PH0] = 0.
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2.C Proof of Proposition 1

Similar to the results in Abadie and Imbens (2016), our main asymptotic normality theo-
rem provides guarantees for the discretized version of the maximum likelihood estimator.
That is, we employ the same result from Andreou and Werker (2012) that allows us to
show the asymptotic distribution of the matching estimator when using the following trans-
formation of én’ﬁ(dn) to match. Let k > 0 be the discretization constant that we use to
define a grid of cubes in RP*2 of sides of length k/y/n. Informally, the discretized estima-
tor ,,4(d,) is obtained by taking the midpoint of the cube énV/i(dn) belongs to. Formally,
if r : RP*2 — 7ZP+? is a function that rounds each entry of a vector to its nearest integer,
then 5k,n,ﬁ(dn) .= kr(y/nb, 4(d,)/k)//n. The following proposition shows that asymptotic
distribution of the matching estimator when carrying matching via the discretized estimator
§k7n7ﬁn(dn) is asymptotically normal under a set of conditions. It is worth noting that our
asymptotic result is based on taking the limit with respect to the probability measure based
on the shifted discretized version of the truth defined as 07 , := kr(y/nf*/k)//n+ g/v/n,

where g € RPF2,

Proposition 2.2. Suppose that Conditions 1-9 hold. Let (#,)S>, be an H— wvalued se-

n=1

quence such that ||fn, — K*||2(p, ) — 0, and let g € RPT2. Additionally, let: On.s (D) =

A
argmaxy l;, (0; D,,) be the maximum likelihood estimator based on observations D,, = {A;, Wi, h, (W)},
and sznﬁn(Dn) denote its discretized version with discretization constant k. Let gz’n =

kr(y/n0*/k)/\/n+ g//n be the shifted discretized version of 6*. Then,

lim lim Py, (ﬁ(aif - cg*’ﬁ*]g*’ﬁ*cé*vﬁ*)—lﬂ(%(ék’n,ﬁn(Dn), hy) —7) < z) = ®(2).

kl0 n—oo

where ® is the cumulative distribution function of a standard normal random variable.
Proof. Let 0, = 0* + g/+/n. By Lemma 2.11, we have that, under Py, , ,

Bn<9n7 ﬁn,) - N 0 0.]2\4 Cp*

%U[m(en,Dn) O Cpx Ié*vﬁ*
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Moreover, also because of Lemma 2.11, we have that R,(0,,#,) — 0 in probability. By

Slutsky’s Theorem, under Py, 4,

>0, hy) — 0 2 .
VA, ) =) N N . (2.59)
%Uﬁﬂ(en, Dn) 0 Cp* Ie_*ﬁ*

Applying the continuous mapping theorem to (3.26) with the bivariate function f(x,y) =

(z, 1y, —g"y — g 13-9/2), we have that under Py, ,,

VT (Ons ) — T) 0 ot el —clg
Ié—*lﬁUﬁn(@n;Dn) ~ N 0 , Ig_*%ﬁ*cﬁ* [e_:fﬁ* —g
—9" 75U (0n; Dn) = 9" I5.9/2 g Iy ie9/2) \—gTci —g7 g g seg

By Slutsky’s theorem, Lemma 2.6, and Lemma 2.10, we have that under Fy, 4,

V(#(0n, h) — 7) 0 o I, —chg
\/ﬁ <6n,ﬁn(Dn) - 9n) ~ N 0 ; Ié_*Tﬁ*Cﬁ* 16_;%/2* —g
A (616) ~9" I+ 49/2 —gTci —g" 9 Mg g

Therefore, Condition AN in Andreou and Werker (2012) is satisfied. Next, because we
assumed that Condition 9 is true, the (ULAN) condition in Andreou and Werker (2012)
applies in our setting.

Now, recalling the definition of r : RP*2 — ZP*2 as a function that rounds each entry of a
vector to their nearest integer, let 65 , = kr(y/nf*/k)/\/n+ g/+/n be the shifted discretized

version of #*. Then, we have that,

lim lim Py. (\/ﬁ(a@ — c(;’,l.*Ig*}ﬁ*cg*’ﬁ*)—l/z(f(ék,n,ﬁn(Dn), hin) —7) < z) = O(2).

kl0 n—o0

2.D Proof of Corollary 2.3

In the following corollary we show the convergence statement from Proposition 2.2 when

the sequence of H- valued functions is random and obtained from a dataset S = {O_;}2,
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consisting of infinitely many iid draws from Py. ;.. Let {H,};2, denote a sequence of oper-
ators that take as input a realization s of the independent dataset and output an estimate

H,(s) € H of A*. We mostly have in mind the case where H,(S) is an estimate of A*

—mn,
i=—1

)
n=1

based on the first m,, < co observations {O_; in S, where (m,)5, is some increasing
sequence, though our specification of { H,,}°° | enables consideration of more general specifi-
cations of the functions H,,. We will establish the convergence in probability of the sequence
of matching estimators, assuming that [|H,,(S) — A*[|r2(p;. ,.) — 0 holds almost surely under
sampling of S. Hereafter we will denote H,(S) as h,. As in Proposition 2.2, we will estab-
lish a distributional result regarding the sequence of matching estimators under sampling
from a discretized distribution, namely the distribution indexed by the unshifted discretized
parameter 0}, := kr(y/nf*/k)/y/n. Since the final entry of * is zero by assumption, the
final entry of 6_}’;71 is zero as well. Hence, the value of Pé?é,n’h does not depend on the value of
h € H. Hereafter we shall write Pg}:yn, rather than Pg;n’h, to make this clear.

Our distributional result will hold conditional on S. Before showing the Corollary, we
clarify what we mean by this notion of convergence. For each n, let F,, denote a random
D" — R function that is measurable with respect to the o-field generated by S, D :=
RP™ x {0,1} x R contain the support of each Py, and D,, denote a random dataset of n
iid draws from sz)n, where this dataset is independent of S. We say that, under szyn and
conditionally on S, F,,(D,,) converges to a random variable Z if

Pp g« <1im lim Pr(F,(D,) <z|S)= GZ(Z)> =1,

kl0 n—o0

where Gz is the cumulative distribution function of Z and Pr(- | S) denotes the conditional
distribution of (D, S) given S. Note that the display above depends on the the probability

measure Fy. through D;, which is an iid sample from Py .

Corollary 2.3. Suppose that the conditions in Proposition 2.2 hold. Suppose that ||h, —

i*||L2(py. o) — O almost surely. Let Onp, (D) = argmax, 0y, (6; D,) be the mazimum likeli-

hood estimator based on observations D,, = {A;, Wi, h,(W;)}_;, and sz’n,hn(Dn) = kr(y/nOpp, (Dn)/k) /1
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denote its discretized version with discretization constant k. Then, under sz and condi-

tionally on S,

V(s = cge g 15 e i) P (F Ok (D), b)) = 7)
converges to a standard normal random variable.

Proof. Let ® denote the cumulative distribution function of a standard normal random
variable. By Proposition 2.2, taking the shift g in that result to be equal to zero, we have
that

lim lim Py, (Vi(03s = . o Iy e ) (PO (Da), i) = 7) < 2) = @(2),

k{0 n—o0

for every H-valued deterministic sequence {4y} such that ||, — A*||z2(p,, 4+) — 0. Hence,
{s €8 lim [[Ha(s) — £l 12py. ., = o}
n—,oo ’

C {s € S :lim lim P@*n <\/ﬁ(0M Cge ﬁ*]e*lﬁ*ce*’ﬁ*)—1/2(%(0:,67”7H7L(5)(Dn),Hn(s)) —7) < z) = @(z)} '

k0 n—o0
By assumption, the event {s € S : limy, o | Hn(s) — £ 12(p,. 4+) — 0} has probability one
under sampling the variates in S independently from Fj. ;.. Hence, the event on the right-
hand side also has probability one. Finally, Because S is independent of D,,, the probability

in the event on the right-hand side is equal to

Pr (\/5(01%4 b i Iyt ence i) (F O, (D) 1) = 7) < 2 ‘ 5) .

2.E Proof of Theorem 2.2

The following theorem and its corollary pertain to the efficiency gain term in the asymptotic
variance of the matching estimator. Before stating the theorem, we introduce additional
notation and definitions as well as remind the reader of previous definitions.

Let g(w) := (q1(w), ..., gp+k+1(w)) denote a p + k + 1-dimensional vector that consists of
the evaluations of p + k + 1 real-valued that belong to the L?(Py) space at w, and are such
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that the first p + 1 functions are a mapping to the covariate with the same index, that is,
q;(w) = w;.
We let Wg(w) := expit[f " g(w)], where § € R¥*PF1 In the special case where k = 1 and

qp+2 = h, it holds that 71‘3: = 754 Recall that p(z) := “Lexpit(z) = (1+ez ey let ,09( w) =
&0 T a(w)

W Additionally, we will let 6 be a vector of dimension k + p + 1, where its first

p—+ 1 entries of have the same values as those of 6*, and the remaining k are 0. Let Pg denote

the distribution for which

dP? Uy o ay) = T3 (w)[1 — wd(w)]
dP m(w)e[l — 7T(w)]1

Let fif(a,p) == EI[Y|A = a,73(W) = p] denote the conditional expectation under PJ of ¥
given a and the propensity score evaluated at p, and let pl(a,w) = EI[Y|A = a,W = w)]
denote the conditional mean of Y given treatment a and covariates w, also under Pg .

Given augmentation covariates q(w), we will denote the corresponding model of the

propensity score by

M = {logit[rI(w)] = 67 q(w) : € RP* p k€N,

q(w) = (@ (w), ..., g1 (w)), g;(w) =w; Vj € {1,...,p+1},
¢ € L*(Py), Ig* is invertible},
k

where Ie—q = Eg[wg(W)(l — Wg(W))q'(W)cj(W)T] denotes the information matrix for 6. Let
(IZ)~* be equal to the inverse of the information matrix.
k

Then, by Abadie and Imbens (2016), Eff (M7) is equal to ch(Iq )t 9*, where

] ) ) i B A 1-A
¢g. = Ej, | Covlg(W), . (A, W5, (W), Al (W) <7r e = sz(W)P) ]

D

Finally, recall that A* is defined as

B (w) = ——— [ge o (1, w) — (L, 750 e (w))]

—c" s [ (0.0) = 0. 7).

1 - Wé*’ﬁ* (w
(2.60)

Note that Conditions 2, 3, and 7 imply that £* € L?(Py).
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Theorem 2.2. Let

Qp = {q(w) = (W), ... Gperrr(w)) : gj(w) =w; Yw € Wand j € {I,....p+1},

g € L*(Pw), 12, is invertible, p, k € N},

o

Then, Eff(My) = E [(\/Wg*,ﬁ*(vv)u - 7r9-*,ﬁ*(W)>ﬁ*(W))2}, and

sup Eff(M7) = Eff(M).

GgeQp

Proof. Fix § € Qp. By Abadie and Imbens (2016), Eff(MY) is given by cg:*TI gf lcg*, where
k k k
- . - _ _ 1
1 = B [5(V)(1 = 7. (W)a(W)g¥)T] ™, and

q q A —A
E [COV(QI(W>7/L32(A7 W)Wg;(W)aA)Pg;(W) (ﬂg (W)2 + (1—7132(W)2)}

*)
IR
%
I

B | Covmema ),y (4. WG 0. A, ) (s + 2 )|

a(i-nT () (1-a)rL, (w) o ] ]
E i—. Note that conditioning on a, and 77, (w), g%, (a,w)
k

q R _ _
Let gg.(a,w) = —r) 1=Z (w)
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is fixed. Then, for an arbitrary ¢; we have that

£ { o ) i ) 0910 00 (s s ) |

i k W) (1= rL (W))?
E{C (g, (W), 1. (A, W) (W), A) (A(l W) ¢ _A)W%?(W))}
ov(q; Hg 779_,: ) Wzk( ) (1- W;IZ(W))
=B { Cov(q;(W), 1, (A, W)|d. (W), A)gh. (4, W) |
:E{E [qj(W)Ng (A, W)|m5. (W) A)} 95.(A,W)

—E { B |q(W)ug. (A, W)g5.(A, W)=,

w),
_ {q](W) (A W) (A W) = q;(W)ig. (A, . (W) g (A, W)}

DIQ|
= *
A

A] = B [0, (A, (V) (4. W) 78, 7] }

= {4 (W) gl (A, W) (1, (A, W) = i (A, . (W))) }
=B {4 (W)g (1, W) (1, (1, W) = i, (1,78, (W) g - (W) }
+ B { (W) | g5 (0. W) (s (0, W) = i (0,75, (W) (1 = - (W))] }
=B { (W) [, (1, W) = i, (1,78 (W) (L = e (W) + (1 (0, W) = . (0, 72 (W) e (W) }
(2.62)

Next, note that by definition of £* in (2.60), and because ﬂ'g* (w)) = T e (w) for all w € W,

k
we have that

2

(g, (1, w) = fig. (1, g (w)) (1 = mge - (w) + (15 (0, w) — fig (0, 75, (w))) g - (w) = [s5. (w)]” " (w),

where sg:*(w) = \/ﬁ‘z* (w)(1 — ﬂg*(w)). Therefore, the left-hand side of (2.62) is equal to

k k

E {[s§.(W)a;(W)][sg. (W) (W)] }.
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q

The above identity implies that the vector c;. can be re-expressed as
k

B |a(W)i(W)]
= : (2.63)
B |Gy (W)R(W)|

)
DI
kT
|

where, for each i € {1,...,p+k+1} and w € W, Gi(w) = sZ (w)g;(w), and hA(w) == LA (w).
Next, let g(w) := (¢1(w), ...Gp+r+1(w)) denote the p+ k+ 1 real valued-vector, where for each
i€ {l,....,p+ k+ 1}, each entry is equal to the corresponding ¢; function evaluated at w.
Finally, note that Igz can be re-expressed as E [G(W)g(W)T].

Let Ig; = E [¢(W)q(W)T]. Because ngt is invertible, the covariates {Gi(w), . .., Gprt+1(w)}
must be linearly independent. Thus, we can construct an orthonormal basis of the space
spanned by the functions in {qi,...,¢pk+1} as follows. Let B be a matrix such that
B? = ([g*)_l. Then, for every i € {1,...,p+ k + 1}, let a; be a W — R function de-
fined as a;(w) := Z?jﬂ B;;G;(w), and, for a given w, let a(w) = (a;(w), . .. apyrr1(w)). By
construction, the functions {ai, ...ap1r4+1} are an orthonormal basis of the space spanned by
the functions {qi, ..., @p+k+1} with Gram matrix Ig*. Additionally, note that

p+k+1

Ela(W)AW) = ) ByE[g;(W)A(W)). (2.64)
j=1
Before proceeding further, we introduce some notation. For fi,..., f; € L*(Py), let span{fi, ...

denote the linear span of fi,..., f;. For a subspace S of L?(Py), let S* denote the or-
thogonal complement of S in L?*(Py) and let II(f|S) denote the L?*( Py )-projection of
f onto S. When § is a one-dimensional space spanned by the function a;, we write
II(f | a;) to mean II(f | span{a;}). Given this notation, we can decompose i as h =

T(klspan{ay, ..., apipir }5) + 2P 1I(ha;). Then, letting
E {al(wﬁi(vv)}
Cge i= : : (2.65)
E [aerkH(W);i(W)}
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and by Equations 3.13 and 3.14, Eff (M%) can be upper bounded as follows:

Eff (M%) = cgj(lg*)’lcq* = 2Ty c- = chBBc = cgjcg
k

) kiirl BRla(W k§1E2 [az T1(A|a;) (W )] (2.66)
gkflE[af(W)] [ (la:)( ] kflE[H (Rla)*( )] gE[?(W)}.

Now, consider the sub-model that contains £* as an augmentation covariate:
M = {logit(m} (w)) = 0w + 6" (w) : 6; € R p e N, 0y € R, Ij. ;. is invertible}.

For g(w) = (wy,ws,. .., wyi1, A*(w)) it holds that Mz = MI. Applying (2.66) for this
particular choice of ¢ and then using Parseval’s identity shows that

p+2

ZE2 [al T1(A|a:) (W )] :E[H(ﬁ|span{a1,...,ap+2}>(W)2 .

Because §,42 = A*, it holds that ho= H(ﬁ | span{ay,...,ap12}). Hence, the above yields
that Eff(My.) = E[A2(W)], which shows that the inequality in (2.66) is saturated for this

particular choice of ¢.

2.F Proof of Corollary 2.4

In the statement and proof of the next corollary, we let 7(a|w) = mg. 4 (w)*[1 —7ge 4 ()]
We also write 71 (W) to mean 7(1|w). Additionally, for notational brevity, and because all
expectations are taken with respect to FPp. ., we will drop the subscripts 0*, i* from our
notation. For instance, we will use the notation y(a, w) and fi(a, m (w)) to denote jig. 4 (a, w)

and fig- 4+ (a, 1 (w)), respectively.

Corollary 2.4. Let 7. be the efficient asymptotic estimator of the average treatment effect,

with influence function (w,a,y) — ;&E) (Y — pu(a,w)) + (u(1,w) — p(0,w) — 7), and let o2
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denote its asymptotic variance. It holds that
o3, — Eff (M) = 0 + gur, (2.67)
where, for ¥(a,w) = Var[u(a, W)|m (W) = 71 (w)],

=537 Z " { [ﬁ<a1|w>

Proof. Let v(w) = p(l,w) — pu(0,w), and y(w) = p(l,w) — @(0,w). Now, let sy, be a

—w(a|W)| [0*(a, W) + Z(a, W)] } : (2.68)

(0,1) — R function defined as

su(p) ==p '+ (2M)" (p~' —p).

We write sy o T(alw) to mean sy, (7(a|w)). Then, o2, can be expressed as
oy =E [(7( +ZE (a,T1(W))spr o T(a|W)] .

Next, note that the variance of an asymptotically efficient estimator is equal to

I 2
W)
2_p _z o%(a,
7 Za:o 7(a[W)

e

+ F [(7(W) — 7)2} )

24 —1 2
(W(Y (AW + (W) ﬂ)

oy —o=E[(3W) -7+ Z E [6°(a,T1(W))sa o T(a|W)]

—{E Z% +E[<7<W)—T)2}}
= E[(3(W) - 7)?] - E[(«( +ZE[ (a, 7 ( )sMoﬁ(a|W)—";((Z|’V‘§/)> .

Let I'(w) := Var(y(W)|m (W) = 7 (w)). Noting that 7 = E[y(W)] = E[y(W)] and
Ey(W)|m (W)] = (W) almost surely, it is not difficult to show that F[(3(W) — 7)%] —
E[(v(W) — 7)%] = —E[['(W)]. Hence, the above rewrites as follows:

o?(a, W)

o3 — 02 = —l—ZE[ (a, 7 ( )sMoﬁ(a|W)—W

(2.69)
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We now begin to study the latter term above. By the law of total variance, the following
holds for P-almost all w:

1

Z w))syr o 7(alw)] :Z [E{c*(a,W)|T1(W) = 71(w) } sa o 7(alw) + S(a, w)sy o T(alw)] .

a=0 a=0
Integrating w on both sides against the marginal distribution under P and applying the law
of total expectation then shows that

> E[0%(a,m(W))sy o w(a|W)] =Y E[0%(a,W)sa o 7(a|W) + E(a, W)sy o 7(alW)] .

a=0 a=0

Plugging this into the latter term in (2.69) and simplifying, we find that

21:]3 l&Q(a,ﬁl(W))sM o 7 (alIV) — M} _ 21:]3 [E(“’W)} +onr.

HaW) |~ & | Fa@w)
Hence,
o3 —02=—ETW)]+ ZE [%] + gum- (2.70)

Let A(a,w) := p(a,w) — f(a, 7 (w)). Now, because

Eff(M;.) = E [<\/7r9-*7ﬁ*(W)(1 - 7T§*7ﬁ*(W))ﬁ*(W))2] (2.71)
we have that Eff (M) is equal to

1 —7(alW)

Bt (M) =E [71(W)7o(W)A™=(W ZE{ (a|W)

A*(a, W)] + 2B [A(1L,W)A((0, W)].
a=0
Next, note that for a given a € {0, 1}, and for P-almost all w, X(a,w) = E [A%(a, W) |71 (W) = 71 (w)].
Applying the law of total expectation on the right-hand side above and plugging this in yields
that

1

fF(M;) :Z Kw @l 1) zm,m} +2E {A(1, W)A(0, W)} .
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Now, let £(w) := Cov (u(1, W), (0, W)|71(W) = 71 (w)), and note that T'(w) = 3t _ ¥(a,w)—
2¢(w) for P-almost all w. Plugging this into the above yields that

Eff(M;.) = —E[D(W)] — 2E [(W)] + Z { aIW } +2E AL, WA, W)]. (2.72)

By the tower property, E [p(a, W)i(1 — a, 7 (W))] = E [a(a, 7 (W)ia(l — a, 7, (W))] for a €
{0,1}. Hence,

ETALW)AQ,W)] = E[u(1, W)u(0,W)] = E{n(0, 7 (W))a(1,7:(W))}. (2.73)
Moreover, the definition of conditional covariance and the tower property imply that
E[¢(W)] =E[u(1, W)u(0,W)] — B {(1, 7,(W)(0, 71 (W)} . (2.74)

Combining Equations 2.72, 2.73, and 2.74, we have that

! [E(a, W)} |

Equation 2.70 and the above identity show that

o3, — o2 = Eff(Mg) + gur.
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Chapter 3
CAUSAL ISOTONIC CALIBRATION

3.1 Introduction

Estimation of causal effects via both randomized experiments and observational studies is
critical to understanding the effect of interventions and to improve decision making. More-
over, it is often the case that understanding treatment effect heterogeneity can provide more
insights than overall population effects (Obermeyer and Emanuel 2016, Athey 2017). For
instance, treatment effect heterogeneity can help elucidate how the mechanism of an interven-
tion is acting at a more granular level, may help design policies targeted to sub-populations
who can be most benefited to them (Imbens and Wooldridge 2009), and can also be used
to investigate whether interventions can be implemented in populations that have different
characteristics than the ones for which they were developed. These necessities have arisen in
a wide range of fields, such as marketing (Devriendt et al. 2018), the social sciences (Imbens
and Wooldridge 2009), and the health sciences (Kent et al. 2018).

In the health sciences, heterogeneous treatment effects (HTEs) are of high importance
to understanding and quantifying how certain exposures or interventions affect the health
of various sub-populations (Dahabreh et al. 2016, Lee et al. 2020). For instance, it can be
beneficial to prioritize treatment to certain sub-populations when treatment resources are
scarce, or to individualize treatment assignments when the treatment can have no effect
(or even be harmful) in certain sub-populations (Dahabreh et al. 2016). As an example,
treatment assignment based on risk scores has been used to provide clinical guidance in
cardiovascular disease prevention (Lloyd-Jones et al. 2019), and to improve decision-making
in oncology (Cucchiara et al. 2018, Collins and Varmus 2015). More recently, Q-learning has

been developed to formulate treatment decision rules in personalized medicine (Clifton and
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Laber 2020, Murphy 2003). Broadly, Q-learning can be used to derive optimal treatment
strategies by maximizing a utility function. Implementation of Q-learning relies on estimation
of regret functions based on HTEs. Therefore, accurate estimation of HTEs is of vital

importance to enhance decision making and improving the delivery of precision medicine.

A wide range of statistical methods are available for assessing HTEs; recent examples
include Wager and Athey (2018), Carnegie et al. (2019), Lee et al. (2020) and Nie and Wager
(2021), among others. In particular, many methods scrutinize HTEs via conditional average
treatment effects (CATEs); this is the case, for example, in Imbens and Wooldridge (2009)
and Dominici et al. (2020). Under causal identification conditions, the CATE is the difference
in the conditional mean of the counterfactual outcome corresponding to treatment versus
control given covariates, which can be defined at a group or individual level. When interest
lies in predicting treatment effect, the CATE can be viewed as the oracle predictor of the
individual treatment effect that can still feasibly learned from data. Optimal treatment rules
have been derived based on the sign of the CATE estimator (Murphy 2003, Robins 2004),
with more recent works incorporating the use of data-adaptive CATE estimators (Luedtke
and Van Der Laan 2016). Thus, due to its wide applicability and scientific relevance, CATE

estimation has been of great interest in statistics and data science.

CATE estimation can be challenging for many reasons, including that the nuisance pa-
rameters involved in its estimation can be highly non-smooth, high-dimensional, or otherwise
difficult to model correctly. Usually, CATE estimators (often referred to as learners) build
upon estimators of the conditional mean outcome given covariates and treatment level, of the

propensity score, or both. For instance, plug-in estimators such as those studied in Kiinzel

et al. (2019) —also known as T-learners— are obtained by taking the difference between
estimators of the conditional mean outcome given covariates and treatment level obtained
separately for each treatment level. Potential pitfalls of plug-in estimators is that they rely
on estimation of nuisance parameters that are at least as non-smooth or high-dimensional
as the CATE, and are prone to the misspecification of the involved outcome regression mod-

els; these issues can result in the slow convergence or inconsistency of the CATE estimator.
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Recently, doubly-robust (DR) methods have been developed as a means of preserving consis-
tency under potentially inconsistent estimation of either the outcome regression or propensity
score Kennedy (2020). Other available non-parametric nearest-neighbor methods, such as
matching (Crump et al. 2008), may fail to handle a large number of covariates in practice
(Wager and Athey 2018).

Even when estimation strategies are robust enough to avoid model misspecification, or
if the smoothness conditions hold, these can often fail to produce useful predictions. For
instance, it has been found that flexible statistical methods often produce biased predictions
that overestimate (or underestimate) the true CATE in the extremes of the predicted values
(van Klaveren et al. 2019). Additionally, due to the high variability in the tails of the
estimated effects, an individuals or groups predicted risk could be severely overestimated or
underestimated.

The implications of a biased method in the tails of the predicted values are profound if
the CATE is used as a support tool to guide therapy, and range from harmful application
of treatment to unfair algorithms (Van Calster et al. 2019). For example, it has been found
that the pooled cohort equations (Goff et al. 2014) risk model used to predict cardiovascular
disease tends to underpredict observed events in samples with lower socioeconomic status
or with chronic inflammatory diseases (Lloyd-Jones et al. 2019). On the other end of the
spectrum, if the CATE is overestimated, physicians may be overconfident and assign unnec-
essary treatment with the idea that the strength of the estimated CATE is sufficient evidence
to provide treatment. Therefore, it is desirable that a method produces unbiased estimates
across all stratums defined by its predicted values. In prediction settings, this property is
commonly known as calibration.

Informally, a well-calibrated predictor guarantees that the average predicted value within
a fixed bin is approximately equal to the conditional mean of the outcome given that the
predictor lies inside the bin. In the machine learning literature, calibration has been widely
used to enhance prediction models (Bella et al. 2010). In our context, if a CATE estimator

is well calibrated, then for arbitrary subpopulations defined by quantiles of the estimated
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CATE, we would observe that the true average treatment effect on those patients will be
close to their average fitted values. That is, if well calibrated, CATE predictors can provide
informative scores and treatment-assignments which, when utilized in decision-making, can
lead to improved rewards over the status-quo. It is thus important to develop statistical
methods for developing treatment-effect predictors that can provide useful treatment rules
implied by the predictor under minimal assumptions. Hence, there is a need to develop
statistical methods that can leverage the predictive power of data adaptive methods that

estimate the CATE as well as provide useful decision rules under weak assumptions.

While calibration has been widely studied in predictive analytic settings, to our knowl-
edge little work has been done specifically for calibrating CATE estimators. Recently, Leng
and Dimmery (2021) proposed a calibration method for the CATE via maximum likelihood
estimation. However, their calibration method relies on availability of experimental random-
ized data, which is often not the case. This gap in the literature is important to address
because, regardless of whether an initial treatment effect score is a moderate or accurate
approximation of the true CATE, its predictions can be of use if they are well calibrated. In
this work, we propose to fill this gap by proposing a method that improves a given CATE
estimator guaranteeing it is well calibrated while preserving its predictive power. In par-
ticular, we propose using cross-fitting with pseudo-outcomes to carry the calibration step,

which, as far as we know, has also not been previously considered.

This work is structured as follows. In Section 3.2, we introduce general notation, for-
mally define calibration and its measure. In Section 3.3 we provide an overview of current
calibration methods, and, more specifically, describe isotonic regression, a commonly used
calibration method which we use in our method. In Section 3.4 we outline our proposed

method, causal isotonic calibration, and, in Section 3.5, state its theoretical properties in

large and finite samples. Specifically, we show the convergence rate of the calibration measure
and provide a bound of its predictive accuracy. In Section 3.6 we examine the performance
of our method via a suite of simulation studies that consider a wide scope of scenarios, rang-

ing from relatively simple CATE structures to more complex scenarios where the CATE is
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challenging to estimate. We conclude with a discussion of our findings and provide guidance

for applying our method in Section 3.7.

3.2 Statistical Setup

3.2.1 Notation & Definitions

Suppose we observe n independent identically distributed (iid) realizations of observations
O = {W, A, Y} drawn from a distribution P, where W € W C R? is a vector of baseline
covariates, A € {0,1} is a binary indicator of treatment, and Y € ) C R is a numerical
outcome variable. For instance, W can consist of demographic characteristics as well as
medical history of an individual, A can denote the indicator that takes the value 1 if an
individual is treated and 0 otherwise, and Y could be a binary indicator that encodes whether
the treatment is successful. Let D,, := {(W;, A;,Y;)}!, denote the observed dataset. Based
on the potential outcomes framework (Rubin 1974), we denote by (Yp, Y1) the potential
outcomes that would have been observed in the counterfactual case where treatment A = 0
and A = 1 were assigned, respectively.

Let 7 : W — R be a function that maps a realization w of the random variable W to a
treatment-effect score 7(w). For now, we treat 7 as a fixed function. Later, we will provide
describe how 7 could be obtained via sample splitting.

Let the individual treatment effect be equal to Y; — Yy. Without loss of generality we
assume that higher values of Y; — Yj correspond to better outcomes. We denote the true
CATE by 7o(w) := E[Y1 — Yy | W = w]. Next, we let mo(w) := P(A = 1|W = w) denote
the probability of treatment for a fixed covariate w. Additionally, and given treatment
level a € {0,1} and covariate w € W, we let po(a,w) := E[Y|A = a,W = w] denote the
conditional mean of Y given a and w. Finally, we let vo(7,w) := E[Y) — Yo|T(W) = 7(w)]
denote the conditional mean of the individual treatment effect given that the treatment-
effect score is equal to 7(w). Note that, by the tower property, vo(7,w) is also equal to

E[ro(W)|7(W) = 7(w)]. Assuch, integrals that only involve (7, w) and additional functions
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of w € W can be taken with respect the marginal distribution of W, which we denote by
Py .

3.2.2  Measuring Calibration and the Calibration-Distortion Decomposition

Various definitions of calibration of risk predictors have been proposed in the literature —
we refer the reader to Gupta and Ramdas (2021) and Gupta et al. (2020a) for a review.
As such, there are different ways to assess how well calibrated a risk predictor is. In this
section, we outline our definition of calibration as well as our rationale for our choice. Given
a treatment effect score 7(w), the best predictor of the individual treatment effect in terms of
mean-squared error is vo(7, w) := E[Y; — Yo|7(W) = 7(w)]. By the law of total expectation,

the function 7o(7, w) has the property that, for a given interval [a, b),
Elro(W)I(v(m, W) € [a,b))] = E[yo(m, W)I(70(7, W) € [a,]))]. (3.1)

Then, given new observations S = {W;, A;,Y;}, drawn from P, (7, w) will satisfy
1 & 1 &
" > n(Wi)I(a < 3l Wi) < b) & - > vo(r, Wi I(a < (7, Wi) < ).
i=1 =1

Thus, (7, w) is approximately unbiased within bins of predictions [a,b) when evaluated in
the independent data set S.

The above property in Equation 3.1 shows that ~o(7, -) is perfectly calibrated in the
interval [a,b). Therefore, when a given risk predictor 7 is such that 7(W) = ~o(7, W) with
P-probability one, it is said that 7 is perfectly calibrated Gupta et al. (2020b).

In general, perfect calibration is an unrealistic property for a treatment-effect predictor to
have. It thus desirable that 7(w) is as close to 7o(7, w) as possible, motivating our definition

of calibration. This leads us to define the following calibration measure of 7:

CAL(T) :== / [yo(T, w) — 7(w)]* dPy (w). (3.2)

The above calibration measure is known as the /y-expected calibration error for predictors of

treatment heterogeneity Xu and Yadlowsky (2022) in treatment-effect settings, or as the the
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(y-expected calibration error Gupta et al. (2020b) in prediction settings. Observe that the
calibration measure in Equation 3.2 is 0 if 7 is perfectly calibrated. Additionally, note that in
Equation 3.2 our choice of measure is Py ; however, we could have used a different measure
other than Py. Such cases can occur, for instance, when there is a change of population
that results in covariate shift and we are interested in measuring how well 7 is calibrated in
the new population.

Interestingly, the above calibration measure plays a role in the mean squared error de-

composition between the treatment predictor and the true CATE. In particular,
[ ) = 7@ dPw(w) = [ 1rw) = ot 0 P () + [ () = 2ol w) P (w)
= CAL(7)+ DIS(r), (3.3)

where DIS(7) := E [Var{rg(W)|r(W)}]. We refer to the above as the calibration-distortion

decomposition of the mean-squared error. The first term on the right-hand side measures
the calibration of the treatment effect predictor. To interpret the second term, we envision a
scenario where a distorted message is passed between two parties. The goal is for the second
party to discern the value of 75(w), where the value of w € W is only known to the first party.
The first party transmits w, which is then distorted through a function 7 and received by the
second party. The second party knows the functions 7 and 7y, and may use this information
to try to discern 7o(w). If 7 is one-to-one, then 7o(w) can be discerned by simply applying
700 7! to the received message 7(w). More generally, if there exists a function f such that
7o = f o7, then the second party can recover the value of 7o(w). For example, f may be the
identity function so that 7 = 7. If no such function f exists, then it may not be possible
for the second party to recover the value of 7o(w). Instead, they may predict 7o(w) based
on 7(w) via yo(7,w). Averaged across W ~ Py, the mean-squared error of this approach is
equal to E [Var{r(W)|r(W)}], which corresponds to DIS(7). Given this analogy to this
distorted message scenario, we refer to the second term as a distortion term.

The calibration-distortion decomposition shows that, at a given level of distortion, better-

calibrated treatment effect predictors will have lower mean-squared error for the true CATE
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function. We will explore this fact later in this work when showing that, in addition to
improving calibration, our proposed calibration procedure can improve the mean-squared

error of many treatment effect predictors.
3.3 Review of Calibration Methods and Objective of this Work

A common approach to improving the calibration measure of 7 is to apply an additional
function 0 : R — R, such that 6 o 7(w) is a mapping of the original predictions with the aim
that CAL(6o7) is smaller than CAL(7). Such a function @ is known as a calibrator, because
its goal is to calibrate 7. Calibration methods use the dataset D,, and the known treatment
effect predictor 7 to construct a calibrator 6, .

Currently, among the most common calibration methods used in practice — see Huang
et al. (2020) for an in-depth overview — are Platt’s scaling (Platt et al. 1999), histogram
binning Zadrozny and Elkan (2001), Bayesian binning into quantiles (Naeini et al. 2015),
and isotonic calibration (Barlow and Brunk 1972). The aforementioned methods have been
developed in standard regression problems , but not in the context of CATE calibration.

Depending on the setting, the aforementioned calibration methods have their strengths
and limitations. Broadly, Platt’s scaling is designed for binary outcomes and uses the es-
timated values of the treatment effect predictor to fit a parametric regression model of the
form logitP(Y = 1|7(W) =t) = a+ ft for o, 5 € R. An advantage of Platt’s scaling method
is its straightforward implementation and familiarity. A disadvantage is that the parametric
model may not be representative of the true distribution of the data. Histogram binning, also
known as quantile binning, is also designed for binary data and consists in dividing the sorted
values of the treatment effect predictor into a fixed number of bins. Given a prediction value,
the method finds the bin containing the prediction and returns the empirical mean of the
observed outcome. A major limitation of histogram binning is that it requires specification
of the number of bins a priori. Bayesian binning into quantiles improves upon histogram
binning by considering multiple binning models and their combinations. A drawback of this

approach is that it requires pre-specification of the total number of binning models that are



95

combined as well as the prior distribution of each of the binning models. Finally, isotonic
calibration consists in finding a monotone nondecreasing function that minimizes the empir-
ical mean squared error of the observed outcome and the calibrated estimates. As such, it is
also non-parametric and does not require any additional specification of tuning parameters.
While the monotonicity assumption may be restrictive, it is not an unreasonable transfor-
mation of any risk predictor as one expects that the relationship between the predicted and
true values is approximately monotone.

In this work, we describe and study isotonic calibration of treatment effect predictors,
which to our knowledge has not previously been examined. We have selected this approach
to leverage its theoretical properties, which we outline in the next sections and are shown
in more in detail in the Appendix. Finally, it is worth noting that aside from its theoret-
ical guarantees, isotonic calibration has the advantage of not requiring additional tuning

parameters, facilitating its use when applying the method in practice.

3.4 Causal Isotonic Calibration of treatment effect predictors

In this section, we define our method, causal isotonic calibration, and, in Section 3.5, we

show its theoretical properties. In order to provide more context of why these properties
are important, we first outline general notions of what a treatment effect calibrator should

satisfy.

3.4.1 Desiderata of treatment-effect calibrators

Let #,, denote a calibrator of 7 constructed based on a sample of size n. Naturally, the goal
of the calibrator 6, is that CAL(0,, o 7) shrinks to 0 at a fast rate as sample size increases,
but it is also desirable that 6,, o 7 is as predictive as the initial treatment-effect score 7. That

is, we want that 6, to satisfy both of the following:

Property 1. The rate d,, at which CAL(0,, o 7) converges to zero is sufficiently fast.
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Property 2. The calibrated treatment-effect predictor 6,, o7 should be comparably predictive

for the treatment effect 7y as the initial predictor 7.

The “sufficient” rate in Property 1 will depend on the application of interest. Property
2 requires that the calibrator does not destroy the predictive-power of the initial predictor
in the process of attaining Property 1, which would occur if the calibration term in the
decomposition in (3.3) were made small at the cost of a dramatic inflation of the distortion
term. It is worth noting that there exist cases where a calibrated risk score can be a poor
predictor of the risk score. For instance, an estimator of the average treatment effect (ATE)

has a very fast calibration rate, but poor predictive performance.

Example It is known that the marginal average treatment-effect (ATE) ¢ = E[Y; — Y]

~1/2 using, for instance, an augmented inverse propensity

can be estimated at a rate of n
weighted estimator (Robins et al. 1995) or a targeted maximum likelihood estimator (Van der
Laan et al. 2011). Consider a calibrator #,, that completely ignores the initial predictor 7

—1/2_consistent estimator

and outputs 7,, where 7,, is a constant function that equals a n
for the ATE computed from the dataset D,. Since 7, is a constant function, we have

Yo(Tn, w) = E[Y] — Yp] is exactly the ATE. Thus, by design,
CAL(m) = [ Borw) = m@)F dPw) = [ (BN = %] = 7)) aP(w) = Op(a™),

The calibrator 7,, attains a very fast calibration rate of n=! and satisfies Property 1. How-
ever, the calibrated predictor is constant and thus has caused the distortion term to take
its maximal possible value, namely Var|[r(WW)]. Therefore, estimators of the ATE can be

calibrators that can satisfy Property 1, but violate Property 2.

3.4.2  Causal isotonic calibration

Inspired by isotonic calibration from the machine learning literature, we propose a calibra-

tion method for treatment effects which we refer to as causal isotonic calibration. In this
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subsection, we define the method and, in the following section, we detail the sense in which
it satisfies the two desiderata described earlier.

First, let Fis be the space of real-valued monotone non-decreasing functions, that is,
Fiso == {0 : R — R; 0 is monotone non-decreasing}. Broadly, isotonic regression is a
univariate regression method whose solution is a function that belongs to F;s, and is such
that it minimizes the empirical risk based on a mean squared error loss. Section 77 in the
Appendix describes isotonic regression in more detail, and shows an interesting theoretical
property that is used in our results.

Then, let 7 be a given treatment-effect predictor, and D,, = {(W;, A;,Y;)}, the calibra-

tion data. Additionally, for an observation o, let

a 1—a

Dofo) = (L) = a(0,0) + ) b= salo,w).

mo(w) 1 — mo(w)
We refer to Dg(0) as the pseudo-outcome. The pseudo-outcome is serves as a surrogate
for the CATE and has been used in previous methods that estimate 7 (see for instance,
Kennedy 2020, Athey and Wager 2021, Luedtke and Van Der Laan 2016)

Using the dataset D,,, our proposed method consists in calibrating 7 with the pseudo-
outcomes {Dy(0;)}?_, as the outcomes of the isotonic regression, and {7(W;)}?, as the
covariates. However, Dg(O) depends on my and pg, which are usually unknown. Hence,
they need to be estimated prior to the calibration step. Estimation of both functions can be
carried via flexible data-adaptive methods. Letting D,, denote the estimated pseudo-outcome
function derived from D,,, then, one could fit the calibrator #,, by finding the minimizer

0 € F;so of the empirical risk function

%ZW o 7(W3) — Du(0). (3.4)

However, minimizing Equation 3.4 with D,, will require us to use D,, twice: once for obtaining
the pseudo-outcomes D,,, and a second time to carry the calibration step. Using D,, twice
has two main potential drawbacks. First, it could lead to over-fitting because the empirical

risk function in Equation 3.4 can be a biased estimate of the population risk E[{fo7(W) —
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Dy(0)}?]; second, the empirical risk in (3.4) is challenging to study theoretically because of
the simultaneous, and dependent, randomness of O; and D,,.

There are two commonly-used approaches that one could take in order to avoid the
aforementioned drawbacks. These approaches allow us to obtain an empirical risk function
that is nearly unbiased for the population risk of interest. The first method consists in
carrying sample splitting by randomly dividing the data D,, into mutually exclusive sets.
The first set is used to estimate po and 7y, and the second to carry the calibration step.
Drawbacks of sample splitting include that the sample sizes of each data set need to be
selected, and that the whole sample is not used for calibration. The second approach is
commonly known as cross-fitting and has the advantage that it uses the complete data to
estimate pp and 7y as well as carry the calibration step. Due to these advantages, we propose
to use cross-fitting, which we detail in what follows.

In order to carry cross-fitting in our setting, we first randomly divide the sample D,
into k£ mutually exclusive data sets of approximately equal size. For simplicity we suppose
that n is divisible by k& and that all of these sets are chosen to be of size exactly n/k. Let
s € {1,...,k}, and denote by T; each of the k disjoint data sets, and T their complement.
Additionally, let j : {1,..n} — {1, ..., k} denote a function that maps each index i € {1,...n}
to a given s, where s is such that o; € T;. Then, for each s, we obtain an estimate of D
using 7, and denote it by D;. Then, given observation o; € T, we let Dﬂ(i)(oi) denote its

evaluation, namely

L 1— i L L
Di(0) = | —g— = ——— | [y — 1w (a,w)] + O (1, w) — (0, w),
o (w) 1 —m " (w)
where uj @ and 72 are the estimates of 1o and 7y derived from 7;C(i)’ respectively. We repeat

the estimation procedure k times in order to obtain the evaluations {Dfl(i)(oi) » . for each
observation in the sample.
After obtaining the cross-fitted estimates of Dy, we compute the risk function to carry

the calibration step. For a fixed 0 € Fi,,, let the empirical risk function based on D,,, be
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equal to

n

> (DI0;) — 0 0 7(w;)). (3.5)

i=1

R, .(0) :=

1
’ n
Letting 0 € argming.r_ R, .(0), the causal isotonic calibrator is defined as 7;; := 67 o 7.
We note that the solution to Equation 3.5 is usually not unique. This is because once can
fit an infinite number of monotone increasing functions that interpolate between the jump
points of the resulting step function. To simplify our analysis, we assume that the solution
is given by a step function whose jump points are contained in the set {7(w;)}" ;. With this
simplifying assumption, the solution to the isotonic regression is unique.
Thus, the causal isotonic calibrator 7,7 can be obtained by performing the isotonic regres-
sion of the outcomes {Dﬂ(i)(oi) ", on covariates {7(w;)}", and can be done with widely-
available software. Algorithm 2 in the Appendix outlines the steps to carry the causal isotonic

calibration method.

3.4.83  Sample splitting when 7 is unavailable

Throughout this work we have assumed that an initial CATE estimator 7 is known. However,
it may be the case that 7 is unavailable. In such cases, we propose to carry sample splitting
as an alternative. Specifically, given a data set, we can split into two mutually exclusive
and exhaustive sets. The first is used to obtain an estimate of 7y, and the second is used
to calibrate this estimate. We refer to the calibrated estimate of 75 as 7,;,. The sample
splitting approach implies a trade-off between the sample size allocated to derive the initial
estimator of 79 and both the predictive accuracy of 7,; ; and how small CAL(7;) is. To better
understand the relationship between the proportions of the sample allocated to obtain an
initial estimate of 75 and to calibrate this estimate, we conducted a suite of simulation studies

detailed in Section 3.6.
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3.5 Theoretical properties of the causal isotonic calibrator

3.5.1 Large sample properties

In this section, we show that the causal isotonic calibration asymptotically satisfies the
desired Properties 1 and 2. First, to ease notation and simplify our theoretical proofs, we
assume that an additional data set D,, of size m is available to estimate po and my. This data
set could be obtained through sample splitting the original set of observations, for instance.
Additionally, we denote by D, the data set of size n., that is used for calibration. Then,

we let

a 1—a

Din(0) == (

the estimated pseudo-outcome evaluated at o, where p,, and 7, are the estimated conditional

Tm(w) 1 wm(w)) [y — pm (@, 0)] + pn (1, w) = pin (0, w),

means and propensity score obtained through D,,. After obtaining the function D,,, we use
the observations {D,,(O;), 7(W;)}i<4 to carry isotonic regression and obtain 7°. Finally, it
is worth noting that all of our theoretical results can be generalized to the cross-fitting case.

Our theoretical results will hold under 5 conditions. Specifically, two conditions are
related to the data generating mechanism, two pertain to the estimators of g and 7, and the
last assumption is related to the function class F;s,. The conditions on the data generating
mechanism are common in causal inference settings and require that the counterfactual
outcomes as well as the propensity score are bounded almost surely. The conditions on the
estimators can be satisfied by bounding the estimated regression functions and if we used
sample splitting to calibrate.

Before stating the conditions we introduce additional definitions and notation, Let F; =
{vw(@or,w): W — R;0 € Fis} denote the set of functions defined by the conditional mean
of the treatment effect conditioning on 6 o 7(WW) where 6 is an arbitrary isotonic calibrator.
For a family of functions F, let N(e, F, Lo(P)) denote its e- covering number (van der Vaart

and Wellner 1996) and define the entropy integral of F by

0

4
.F L) = [ sup o N(el[Fllga. 7. Ln(@)de.
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where F' is an arbitrary, measurable envelope function for the class F. The conditions we

require for our results to hold are as follows:
Condition 10. Boundedness: Y —the support of Y — is a uniformly bounded subset of R.

Condition 11. Positivity: There exist constants u and | such that 0 < | < u < 1, we have

that | < mo(W) < w almost surely when W ~ P.
Condition 12. Independence of m,, and ji,: no data from D.y was used to fit w, and fi,.

Condition 13. Bounded range of m,, and p,: there exist finite constants n > 0 and a such

that, for everyn € N, 1 —n > 7, (W) >n and a > |, (W)| with P-probability one.

Condition 14. Bounded entropy integral of F1: The entropy integral of F, exists and there
exists a universal constant w > 0 such that, for all § >0, J (8, Fi, L) < uJ (8, Fiso, L2).

Condition 10 holds trivially when outcomes are binary, and in the case of continuous
outcomes this assumption is not unreasonable because in practice outcomes of interest often
satisfy known bounds. Condition 11 is standard in causal inference and requires that all
individuals have a positive probability of being assigned to either treatment or control.
Condition 12 follows as a direct consequence of the sample splitting approach, because the
estimators are obtained from an independent sample from the data that is used to carry
the calibration step. Condition 13 requires that the estimators of the conditional mean of
the outcome and the propensity score are bounded. A bounded range of the estimators is
not unreasonable, and can be enforced by imposing a threshold when fitting the estimators.
Finally, Condition 14 requires that the size of the family of functions F; is not much larger
than Fjg,.

The following theorem establishes the calibration rate for a calibrated predictor using the

proposed causal isotonic calibration method.

Theorem 3.1 (7 is well-calibrated). Suppose Conditions 10 to 14 hold. Then,

CAL(7;) = Op (nea™) + Op ([E |[(7m = 7o) (e — 10) %)
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Note that the calibration rate attained by the causal isotonic regression method can

/3. Our method can satisfy Property 1 at a rate of nc_fl/ 5

/3

be of the order of nc_fl as long

2
I

is of the order of ”c_an , which requires that one or both of

as E || (mpn — o) (bm — ko)
mo and g is estimated well in an appropriate sense. We now turn to establishing that
isotonic calibration satisfies Property 2, namely that it maintains the predictive accuracy of
the initial predictor 7. In what follows predictive accuracy is quantified in terms of mean-
squared error. At first glance, the calibration-distortion decomposition appears to raise
some concerns that isotonic calibration may distort 7 so much that the ultimate predictive
accuracy of 7 may worsen the predictive performance of 7. This possibility seems especially
concerning given that isotonic regression tends to return a step function, so that there could
be many w,w’ € W such that 7(w) # 7(w’) but 7(w) = 7(w’). The following theorem
alleviates this concern by establishing that the root-mean-squared error is, up to a remainder
term that decays with sample size, no larger than the root-mean-squared error of the initial

treatment effect predictor 7. A consequence of this theorem is that isotonic calibration does

not distort 7 so much as to destroy its predictive performance.

Theorem 3.2 (Isotonic calibration does not inflate mean-squared error too much). Suppose

Conditions 10 to 14 hold. Let 7§ = argming, .gc 7,

150

|To — 0 o 7|, be the best meta-isotonic

approzimation of the CATE given the initial predictor T. Then,
I = 7511 = O (nz®) + O (B (7 — 70)tn — o)1)
As a consequence,
7 = 70ll < 7 = 7ol + Op (nea’®) + Op (Bl (7n = 7o) (1 — o)1)

It is worth noting that the big-oh in probability terms on the right-hand sides of the
displays above are of the same form as the big-oh in probability bound on the square root

of CAL(7}) implied by Theorem 3.1.
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3.5.2  Finite sample properties of the isotonic calibrated estimator

Based on the properties of isotonic regression outlined in the Appendix, the resulting isotonic

calibrated predictor 7, has the property that for every function r,

1 Ncal

Y (o (W) [Dn(0;) = i (Wi)] = 0 (3.6)

Neal i—1

P-almost surely. This property implies that the empirical errors {D,,(O;) — 7:(W;)}!"_| are

n

empirically uncorrelated with all transformations of the predictions {75(0;)}?_,. Two in-

teresting consequences can be derived from this property. First, choosing r» = 1, we find

that
1 Necal 1 Ncal
T:; I/VZ = — Dm Oz
LS -3 o)

P-almost surely. Noting that the right hand side is the AIPW estimator for the marginal
ATE, we can conclude that the empirical average of 77 is an efficient estimator for the
marginal ATE, regardless of the value of 7. Second, taking r o7 = 1(7;* = 7’) for some level

7/, we find

1 Neal 1 Ncal

Neal i—1 Necal i—1
which implies that
Ep, [Dn(0) | 7a(Wy) =7 = 1"

The above can be viewed as a form of finite sample exact calibration. Finally, taking r o

75 (w) = 7 (w), we have that

1 zca:T*(VVi)[Dm(Oi) — (W) =0

n
Neal i—1

which implies that the estimated regression function is empirically uncorrelated with the

residuals.

3.6 Simulation studies

We carried a suite of simulation studies in order to assess the performance and applicability

of the asymptotic properties of the causal isotonic calibrator in finite samples.
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3.6.1 Data Generating Mechanisms

We simulated data from eight different data generating mechanisms that varied the type of
outcome, the complexity of the true CATE, and the number of covariates. In four scenarios
the outcome was binary, and in the remaining four the outcome was continuous. Within
each of the outcome types, we examined the case with 4 confounders (‘low dimensional’),
and a case with 100 confounders (‘high dimensional’), where only 20 were confounders and
the remaining 80 were noise. Within the low dimensional and the high dimensional cases,
we considered a setting where the mean outcome —with the appropriate link function—
is linear on covariates and contains interactions between treatment and covariates, and a
more complicated model that involved nonlinear transformations of the covariates as well
as interactions between treatment and covariates. The logit of the propensity score was
always linear on covariates and included 4 or 20 confounders in the low dimensional and
high dimensional settings, respectively. In all scenarios, the confounders were independent
and uniformly distributed between -1 and 1. The total sample sizes —including the sample

size allocated for calibration— we examined were 1,000, 2,000, 5,000, and 10,000.

In the binary outcome scenarios, we set logit|ug(a, w)] = g(a,w) and allowed for g to
include interactions between the treatment indicator and the confounders. The setting with
nonlinear transformations of W included terms with absolute values, squared-root transfor-
mations, and indicator functions with a fixed threshold. To simulate treatment assignment,
we considered the case where the logit of the propensity score was linear on covariates and in
all cases we included the same confounders used on the outcome model. Coefficients of the
propensity score were selected such that the probabilities of treatment were bounded with
values that ranged between 0.05 and 0.95 in the low dimensional cases and between 0.01
and 0.99 in the high dimensional settings. The continuous scenarios were analogous to the

binary settings, except for the link function, where we used o = g.

We will refer to the eight scenarios considered as scenarios 1 through 8. Scenario 1

denotes the low dimensional setting that considers a binary outcome whose mean does not
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include nonlinear transformations of the covariates. Scenario 2 is similar to scenario 1, with
the exception that it includes nonlinear transformations. Scenarios 3 and 4 correspond to the
high dimensional binary outcome settings, where scenario 3 does not have nonlinearities and
scenario 4 does. Scenarios 5 to 8 consider continuous outcomes. Scenarios 5 and 6 are low
dimensional, the first does not nonlinearities whereas the second one does. Finally, scenarios
7 and 8 consider high dimensional settings with and without nonlinear transformations of
the covariates, respectively. More details regarding the analytical form of the outcome mean

functions and the propensity scores can be found in Section 3.D.1 of the Appendix.

3.6.2  Treatment effect estimators under consideration

We considered different initial CATE estimators that depended on the data generating mech-
anism. In the low dimensional settings, we fitted gradient boosted regression trees (Chen and
Guestrin 2016) with different maximum depths ranging from 2 to 8, random forests (Breiman
2001), generalized linear model with elastic net regularization (Friedman et al. 2010), gener-
alized additive models (Wood 2017), and multivariate adaptive regression splines (Friedman
1991). In the high dimensional settings, we considered two CATE estimators: generalized
linear model with elastic net regularization, and a combination of variable screening with
elastic net regularization followed by regression trees with gradient boosting with a max-
imum depth obtained via cross-validation. In all cases we defined the loss functions and
mean models according to whether the outcome was continuous or binary. We used the sI3
R package (Coyle et al. 2021) to implement each of the CATE estimators. More detailed

information on the CATE estimators can be found in Table 3.D.5.

3.6.3 Implementation of the causal isotonic calibrator

In our simulation study, we used the sample splitting approach outlined in Section 3.4.3 to
estimate 7y and then subsequently calibrate this estimate. To analyze the impact of sample
splitting, we examined different proportions of the data set to fit the initial CATE estimator.
These proportions ranged from 0.2 to 0.8 by increments of 0.1. After estimating each of the



106

treatment effect predictors, we used cross-fitting to obtain the pseudo-outcomes. Following
Algorithm 2, we carried isotonic regression of the estimated values of the CATE estimator
as covariates and the cross-fitted pseudo-outcomes as the outcome. We used the R function
isoreg() to carry out the isotonic regression step (R Core Team 2013).

During the cross-fitting procedure we estimated the two unknowns, p(a, w) and mo(w), of
the pseudo-outcomes using super learner (van der Laan et al. 2007) in the low dimensional
case and elastic net penalty regression in the high dimensional case. Super learner is an
ensemble learning approach that uses cross-validation to select a convex combination of a
library of candidate prediction methods. We included the following models in the libraries
of the propensity score as well as the outcome model: generalized linear model, generalized
linear model with elastic net penalty, boosted random forest trees with depths of 2,4, and 6,
and generalized additive models. In the high dimensional scenario, we directly estimated the
mean model and the propensity score via a logistic regression (or linear when the outcome was
continuous) with elastic net penalty. Note that all of our models for the outcome regression
were misspecified in those scenarios with nonlinearities in the outcome model. However,
across all scenarios, the propensity score estimator was a consistent estimator of the true
propensity score. We imposed a threshold on the estimated propensity scores such that it
took values between 0.01 and 0.99. More details on the candidate learners can be found on
Table 3.D.5. As with the CATE estimators, we used the sI3 R package (Coyle et al. 2021)

to estimate o and 7.

3.6.4 Performance assessment of the causal isotonic calibrator

We compared the causal isotonic calibrator to its uncalibrated version via three metrics. To
ensure a fair comparison, the uncalibrated estimators were fitted using the complete data
set, rather than on a subset as was done for the CATE estimator that was calibrated using
sample splitting.

We computed the following performance metrics: the calibration measure defined in

Equation 3.1, the bias of our method within bins defined by extreme values of the predictions,
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and the mean squared error compared to the true CATE. Given our theoretical results,
compared to uncalibrated CATE estimators, we expected to see that our proposed method
had a smaller calibration measure, comparable mean squared error, and lower bias within
bins of predictions. The bias within bins defined by extreme predictions of the CATE is a
particularly relevant measure because predictions in the extremes tend to produce confidence
when assigning treatment. Moreover, because the calibration measure in (3.2) is based on
an average over the complete distribution of W, it can tend to assign little weight to regions
where the magnitude of the predicted CATE is particularly large. As such, it could in
principle be that a treatment effect predictor is uncalibrated in the tails of its predictions,

but well calibrated overall compared to its calibrated counterpart.

We estimated the calibration measure, the bias within bins of extreme predictions, and
the mean squared error with an independent sample V of size ny = 10%. Finally, in order to
account, for the randomness of 7, we repeated each simulation 300 times and reported the

average of the estimated metrics. We estimated the performance metrics as follows.

With some abuse of notation, let 7 denote an arbitrary estimated treatment effect pre-
dictor, or its calibrated version. For each fitted 7 in the simulations, we computed its mean
squared error by taking the empirical mean of the squared difference between the fitted values

of the CATE estimators and 7q:

MSE(#) =Y [#(w;) — ro(w)]*

w; €V

Next, we obtained the estimated calibration measure in two steps. In the first step, we
estimated 7o(7, w) using an independent data set of 100,000 observations and fitted gradient
boosted regression trees with the fitted values of the treatment effect predictors as covariates
and the true CATE as the outcome. For each simulation setting and CATE estimator, the
depths of each of the regression trees were obtained using cross-validation in a separate

simulation. Let 4p(7,w) denote the estimated function. In the second step, we used the
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sample V to estimate the calibration measure as

CAL(r) == Y [ro(ws) = 7(wi)] [Fo(F, ws) — 7(w)]
Pw; EV
The above measure has the advantage of having less bias with respect to CAL(7) than the
plug-in estimator ). oy, [Yo(7, wi) — #(w;)]* (Xu and Yadlowsky 2022).

In the case where 7 was obtained via isotonic calibration, we validated the aforementioned
approach of estimating C AL(7). Because the isotonic calibrated estimator is a step function,
it is possible to estimate 7o(7,w) computed the empirical mean of 7y at each interval defined
by the jump points of 7. Using the aforementioned approach and a large data set of 100,000
observations, we estimated (7, w). We computed the difference of the estimated calibration
measures via gradient boosted regression trees and the empirical mean approach. The results
of this validation study in scenarios 1 and 5 are reported in Figure 3.D.1, which shows that
the calibration measure using the empirical mean approach versus our estimated calibration

measure are close to 0. Similar results were attained in the remaining scenarios.

The third measure we computed to assess the performance of the estimators was to
compare the average estimated values within bins of predictions against the true CATE.

That is, for fixed interval [a,b), we computed

> m(wi)I(a < F(w) <b),and Y F(w)I(a < F(w) <b),
{i:w; €V} {i:w; €V}
using the external validation set V. We chose two intervals [a,b) based on the observed
predictions {7(w;)}w,ep. The first interval was defined as the values between the minimum
and the 10th percentile of the predictions, and the second interval consisted of the of the 90th
percentile and maximum. We standardized the above sums by dividing by the total number
of observations in the corresponding intervals. We contrasted the two resulting averages by
computing the difference. In the continuous scenarios, we reported the relative difference

dividing by the average of the true CATE within the bins of predictions.
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3.6.5 Simulation results
Overview of results

The overall improvement and performance with regard to the calibration measure depended
mostly on the initial CATE estimators and the proportion allocated to conduct the calibra-
tion step. However, the general trend across all settings was that gradient boosted regression
trees and random forests were outperformed by our method in terms of the calibration mea-
sure, but these regression methods generally had better performance than their calibrated
counterparts in terms of mean squared error. The rest of the CATE estimators (glm, glm-
net, gam, and splines) performed similarly calibration-wise, and mostly outperformed our
approach in terms of mean squared error. Finally, regarding the proportion allocated to cal-
ibrate, we saw that, generally, the best performance of our method was achieved by splitting
the data in half to fit the initial estimator and using the remaining 50% to calibrate. As
we will see in the following sections, the performance of our method when allocating 80% or
20% of the sample to fit the initial CATE depended on the specific scenario.

In terms of the bias within bins of predictions, our method generally outperformed the
uncalibrated methods in large sample sizes, and, depending on the scenario, performed sim-
ilarly or better when sample size was small. In order to summarize our results, we reported
the difference in the average predictions only when using 50% of the sample to calibrate
because we saw that our method had the best overall performance using that proportion.
Additionally, we only report the performance of three CATE estimators: glmnet, splines,
and random forests. We focus on these methods for two reasons. First, these methods vary
in their level of flexibility, with random forests being the most flexible and glmnet the least.

Second, these methods performed relatively well with respect to our calibration measure.

Binary outcome scenario results

In the low dimensional settings, the results varied depending on whether nonlinear terms

were present or not. For instance, causal isotonic calibration was overall better calibrated
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than most methods when no nonlinearities were present, but had similar or slightly worse
calibration when nonlinearities were present (Figures 3.D.2; 3.D.3, and 3.D.4), except for
boosted trees whose calibration was worse than their calibrated counterparts (Figure 3.D.5).
Overall, our method had the lowest calibration measure when sample size was large and the
proportion to calibrate was 0.5. In small sample sizes, our method’s calibration performance
improved as the proportion allocated to calibrate was higher. However, when sample size
was low, our proposed method has a similar or worse calibration compared to most of the
other methods. This also held when comparing the bias within bins of predictions, where it
is visibly higher in our method in small sample sizes, and decreases to outperforms most of
the methods when sample size is large (Table 3.D.1). Regarding the predictive performance
of our method, we observed that, in the absence of nonlinearities, the causal isotonic cal-
ibrator performed similarly to most of the non-calibrated methods in mean squared error,
and slightly worse when the proportion to fit the CATE estimator was 0.8 (Figures 3.D.6
and 3.D.7). On the other hand, in presence of nonlinearities, using 80% of the sample to fit
the CATE estimator yielded the best mean squared error performance (Figures 3.D.8 and

3.D.9); however, our method was generally outperformed by the non-calibrated methods.

In the high dimensional settings, when no nonlinearities were present, penalized regression
outperformed our method in mean squared error, was better calibrated in small samples,
and similarly calibrated when sample size was large (Figures 3.D.10 and 3.D.11). On the
contrary, using penalized regression to select variables followed by boosted trees was overall
less calibrated compared to our method. We observed the same result when contrasting
the bias within bins of predictions (Table 3.D.2). When nonlinearities were present, our
method had similar or better calibration than glmnet in large sample sizes and when the
proportion to calibrate was 80% or 50%. Additionally, the bias within bins of predictions
between glmnet and our method was very similar. Boosted trees were less calibrated overall
and had higher bias, but had lower mean squared error than the calibrated version, (Figures

3.D.12 and 3.D.13, Table 3.D.2).
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Continuous outcome scenario results

In the low dimensional settings, as the proportion to fit the initial CATE estimator decreased,
the calibration of our method improved. Generally, the causal isotonic method was generally
better calibrated than tree-based methods (Figures 3.D.14 and 3.D.15). On the other hand,
the uncalibrated methods that were not tree-based were better calibrated when sample size
was small, and had similar or worse performance as sample size increased (Figures 3.D.16
and 3.D.17). Our method achieved its best predictive performance when the proportion to
fit the CATE estimator was 0.5. With this proportion and in the absence of nonlinearities,
as sample size increased our method performed similarly to or outperformed the majority of
the methods (Figures 3.D.18 and 3.D.19). When nonlinear terms were present, the difference
in mean squared error converged to 0, except with splines and tree based methods, which
had better overall predictive performance (Figures 3.D.20 and 3.D.21). Finally, contrasting
the average within bins of predictions we saw that our method outperformed most of the
methods in the absence of nonlinearities, but when nonlinear terms were present our method

performed slightly worse in small sample sizes and better in larger samples (Table 3.D.3).

In the large-dimensional scenarios the results did not vary greatly depending on whether
nonlinearities were included in the model. In both high dimensional settings, our method
had substantially better calibration compared to gradient boosted trees with prior variable
screening from glmnet (Figures 3.D.22 and 3.D.23). In contrast, glmnet had had better or
very similar calibration compared to its isotonic calibrated version. Additionally, in moderate
to large sample sizes, our method outperformed the uncalibrated methods when comparing
the bias within bins of predictions (Table 3.D.4). Finally, the predictive performance of
glmnet and our method was similar, and boosted trees had better performance when non-
linearities were present, but worse performance when no nonlinearities were present and in

large samples (Figures 3.D.24 and 3.D.25).
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3.7 Discussion

In this work, we propose causal isotonic calibration to calibrate any CATE estimator 7.
Our proposed method guarantees that, under minimal assumptions, the calibration measure
defined in Equation 3.2 converges to 0. This property holds regardless of whether 7 is a good
approximation of the CATE function. Additionally, our method does not lose the initial
predictive power of 7 because its mean squared error is upper bounded by mean squared
error of 7 plus additional terms that converge to zero at an n~/? rate. To our knowledge,
our method is the first in the literature to calibrate CATE estimators without requiring trial

data, which was needed by the method in Leng and Dimmery (2021).

While our method guarantees that the calibration measure converges to zero, it does rely
on the assumption that pg(a,w) or mo(w) are consistently estimated. However, if flexible
data-adaptive estimators are used, this condition can often be met. Additionally, if calibrat-
ing treatment effect predictors based on trial data, the assumption on the consistency of the
estimators is met directly because 7y is known. Hence, our method can be readily applied to
calibrate treatment effect predictors and better understand treatment effect heterogeneity in

clinical trials.

Simulation results showed that the causal isotonic calibrator loses some predictive power
overall, but it is in general better or as calibrated as its counterparts. We believe that
the main drawback that causes this performance is due to the sample splitting. A way to
circumvent this disadvantage would be to split the data in half, and use one half to estimate
the CATE and the other to calibrate it, then repeat this procedure inverting the roles of
the data. Then, the final isotonic calibrator will be an average of the two fitted calibrators.
By Jensen’s inequality, this approach will necessarily yield an estimator with lower mean-
squared error than either of the two calibrated sample splitting based estimators used to
define it. However, at this point it is unclear whether the resulting estimator would in fact

be calibrated.

Aside from the overall assessment of our method in the simulations, we found two inter-
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esting results through these studies. The first is that the tree-based methods were generally
poorly calibrated. We found that our method generally improved the calibration of these
partitioning methods without a major loss in predictive power. This is of particular high
relevance because recent methods to estimate the CATE have relied on regression trees be-
cause of their flexibility (Athey and Imbens 2016) and interpretability (Lee et al. 2020).
Particularly, because of the monotonicity constraint, our calibration method will not change
the ordering of the treatment rules originally derived from tree-based methods, but rather
will provide a more calibrated estimate of the CATE in the corresponding terminal nodes
(leaves). A second interesting finding was that glmnet was very well calibrated in the high
dimensional settings, even when the model was misspecificied due to the nonlinearities in
the outcome model. While the simulations were constructed differently than in van Klaveren
et al. (2019), authors of that study also found that penalized regression were well calibrated
— which was measured in the same way as in our study— and suggest that researchers
should fit penalized methods in the presence of treatment-covariate interactions. On the
other hand, Leng and Dimmery (2021) suggest that regularization induced bias and model
misspecification can worsen the regularized method’s calibration in linear settings. However,
Leng and Dimmery (2021) did not report the same measures of calibration as we do, so
our results are not directly comparable. More research should be carried to investigate the

calibration properties of penalized regression methods.
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APPENDIX

3.A Algorithms

Input: Input data set D,,, k£ = number of splits for cross-fitting, initial 7
1: Partition D,, into 71, ... T, data sets.
2: fors =1,...k do
3:  Let j(i) = s foralli e Ty
4:  Using 7,°, obtain an estimate D; pseudo-outcome function D
5:  Obtain the fitted pseudo-outcomes {D%(i)(oi)}iefrk
6: end for
7: For each observation in D,, obtain predictions from 7
8: With D, obtain 7} = 6 o 7 where ¢}, € argming. =+ S DA (05) = 0 0 7(w;)])?

2

Output: 7
Algorithm 2: Causal isotonic calibration

3.B Calibration via isotonic regression

For simplicity and because calibration has been developed mostly for prediction settings, in
this section we assume we are working on a standard regression problem where an iid sample
consisting of feature-outcome pairs (WW,Y) is observed and we want to estimate ¢ : w
E[Y|W = w] regression setting and that we are calibrating a fixed function g : W — R that
is an estimate of q.

Based on a realization of the data set D,, = {w;,y;};, isotonic calibration consists in
finding a real-valued function 6 such that it minimizes an empirical loss function * 3" [fo

g(w;) — y;]* with the restriction that the 6 is a monotone non-decreasing function. The
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isotonic calibrator is such that

n

0% = argmin 1 Z[Q o g(w;) — yi]?. (3.7)

0€Fiso n i=1

Recall that the solution is unique because of our simplifying assumption that the jump points
can only take values {g(w;)}?_,. Then, it can be shown that 6 is a monotone non-decreasing
function that is piecewise constant. That is, for a given w € W, 07 o g(w) can be expressed
as 0% o g(w) = ag + Z}]:1 a;1(g(w) > u;) for coefficients {a;}7_, and jump-points {u;}7_;.
The following lemma outlines important properties of 8 that will allow us to show the

theoretical results of our proposed method.

Lemma 3.1. Let g denote a W +— R function , D, the observed calibration data, and let 07,
be its isotonic calibrator defined by

n

0% = argmin 1 Z[G o g(w;) — yi]*. (3.8)

0€Fiso n i=1

Then, for any real-valued function r, we have that
1 - * *
- Y Iro ;o g(w)]0; 0 g(w:) —y:] =0. (3.9)
i=1

Moreover, letting {uj}jzl denote the jump points of 07 it is also true that

n <

1 & . 1< §
- > I(uy <050 g(ws) < ui)[0 0 glw)] == I(u; < 050 g(w;) < ujr)ys.  (3.10)
i=1 =1

Proof. To simplify notation, let 0% : w — 6 o g(w) denote the mapping from W to its
corresponding value of the calibrated g through 6. Additionally, let R,(6) := £ 3" [fo
g(wi) — yi?.

It is known that n}(w) = ag + Z}]=1 a;1(g(w) > u;), where ag € R, {a;}/_, are positive
coefficients, and jump points {u;}7_,. Fix an arbitrary jump point @;, and let &, : R* — R
denote the function &, (e,h) = 0} (h) + €1(h > u;). Note that 6 > 0 can be chosen to

be sufficiently small that, for all || < §, h +— &,(g,h) is non-decreasing — for instance
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if 6 = min{aj}jzl, then the desired property holds. In a slight abuse of notation, we let

Rn(fn(f‘:)) = %Z?:l[gn(f‘:)g(wi)) - yi]2 and Rn(fn(_g)) = %Z?:dgn(_&g(wi)) - yi]2-

Now, because 7 (w) is a risk minimizer, for all € > 0, both of the following hold:

Rn(£n(€)) - Rn(n;) >0,

Moreover, when ¢ = 0, R, (£,(0)) — R,.(n}) = 0. Therefore, if ¢ is sufficiently close to 0, the
derivative with respect to € of R, (&,(¢)) — R,(n}) must be non-negative, and R, (§,(—¢)) —
R, (n) must be non-positive. Hence, both of the following hold:

T Ra(60(6)) — Ra(60)]
d

7z Fn(n(=€)) = Ra(6n)]

e=0

This in turn implies that both of the following hold:

% > Uglws) > @) [y (ws) = 9] >0,

23" gtw) 2 55) i ) — 1] 0
Hence,

% > Ug(ws) > @) [ (wi) — ] = 0

Because the jump point @; was arbitrary, we have that for all functions of the form s(w) =

bo + 23‘7:1 b;j1(g(w) > uj;) with coefficients {b;}7_,, one can show that

> sluw) i) — i) = 0

by taking linear combinations of 1(g(w) > u;) and noting that the score equations are linear.

Then, for any real-valued function r and letting s,, = 7 o7}, we have that

%Zr o 1 (ws) [ (w;) — i] = 0,

i=1
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which shows the main result of this lemma. Finally, noting that

n

. Z )5 0(u) <) o) ] = 3 1) 2 ) )~

_ = Z g(wi) > wjgr) [y (wi) — yil ,

implies that, for consecutive jump-points u; < w41,

n Z i < g(wi) < ujr) [y (wi) —yi] = 0.

3.C Proofs of Theorems 3.1 and 3.2

In this section we provide proofs of the theoretical results stated in the main paper. First,
we provide an overview of the notation and definitions used in the sections, then, we outline

the conditions that the theorems rely on, and, finally, we show the corresponding proofs.

Review of notation & additional definitions

Let O = (W, A,Y) be a random variable with distribution P and support O, where W €
W C R? is a vector of baseline covariates, A € {0,1} is a binary indicator of treatment, and
Y € Y C R is a numerical outcome variable. All expectations are taken with respect to the
measure P. Recall that (Yp, Y;) denote the potential outcomes that would have been observed
in the counterfactual case where treatment A = 0 and A = 1 were assigned, respectively.

We denote the true CATE by 79(w) = E[Y; — Y, | W = w]. Next, we let mo(w) = P(A =
1|W = w) denote the probability of treatment for a fixed covariate w. Additionally, and
given treatment level a € {0, 1} and covariate w € W, we let po(a,w) = E[Y]|A = a, W = w]
denote the conditional mean of Y given (A, W) = (a,w). Let 7 : W — R be a function
that maps a realization w of the random variable W to a treatment-effect prediction 7(w).
Finally, recall that ~o(7,w) = E[Y; — Yo|7(W) = 7(w)] denotes the conditional mean of the
ITE given that the treatment-effect prediction is equal to 7(w).
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In our upcoming arguments we will generally condition on the data set D,,, := {A;, W;, Y} ,.
To streamline presentation, we will make this conditioning implicit in the notation. The m
observations of this sequence will be used to obtain p,, and m,,, which are estimates of py
and 7y, respectively.

For a given observation o, recall that the pseudo-outcome is defined as

a 1—a

zmm:m@w—mwwn( )W—m@wy (3.11)

mo(w) 1 —mo(w)

Note that E[Dy(O)|W] = 79(w). Next, denote by

Din(0) = (

Additionally, let D,y = (W;, A;, i)™, the sample of n iid observations that will be used to

a 1—a

T (W) 1= Wm(w)) [y = pm (@, w)] + pn (L, w0) = pan (0, w).

derive the causal isotonic calibrator, which we denote by 7, .

Recall that F;s, = {# : R — R; 6 is monotone non-decreasing} is defined as the family
of bounded monotone non-decreasing functions, and F; = {y (6 om,w) : W — R;0 € Fis}
is the family of functions defined as the conditional expectation of the difference of the
potential outcomes conditioning on the event {6 o 7(W) = 0 o 7(w)}. Additionally, let
Fo:={0o1: W = R;0 € Fis,} denote the family of functions defined by the composition
of a given function in 6 and 7, and let Fs , := {[72 — 71|[Dyy — 2] : O = Ry 1y € F1, 72 € Fa}
denote the family of functions given by the product of [ro(w) — 7 (w)] and [D,,(0) — To(w)],
where 7, € Fi, 11 € Fo, and D,, is the estimated pseudo-outcome. Finally, for a family of
functions F, let N(e, F, Ly(P)) denote its e- covering number (van der Vaart and Wellner
1996) and define the entropy integral of F by

1)
FG.F L) i= [ sup o Nel Fllga, 7, La(Q)de

0

where F' is an arbitrary, measurable envelope function for the class F.

In the results below, we will use the following empirical process notation, for a P—measurable
function f we denote [ f(0)dP(o0) by Pf and, letting P, denote the empirical distribution,
we let P, f be equal to %Z?:l f(O;), where each O; is an observation from D.,. Addition-

ally, we let || f||% = Pf2, for notational simplicity we omit the dependency in P and use || f|*
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instead of || f||%. The following section restates the sufficient conditions for the proofs of the

results in our work to hold.

Conditions
Condition 1. Boundedness: )Y —the support of Y — is a uniformly bounded subset of R.

Condition 2. Positivity: There exist constants uw and | such that 0 <l < u < 1, we have

that | < mo(W) < u almost surely when W ~ P.
Condition 3. Independence of m,, and pi,: no data from D.y was used to fit w, and f,,.

Condition 4. Bounded range of m,, and p,,: there exist finite constants n > 0 and a such

that, for everyn € N, 1 —n > 7, (W) >n and a > |, (W)| with P-probability one.

Condition 5. Bounded entropy integral of Fy: The entropy integral of F, exists and there
exists a universal constant w > 0 such that, for all § >0, J (8, F1, La) < uJ (8, Fiso, L2).

Before outlining our theoretical results, we briefly describe how Conditions 1,2, and 4
imply that the function classes Fis,, F1, F2, and F3 ,,, are bounded.

First, note that the isotonic calibrator is given by 6 = argmingger = > " [0 o 7(w;) —
D,n(0;)]?. Because of Conditions 1, 2, and 4, we know that D,,(0) is bounded uniformly
over all observations o € (0. That is, there exists a finite constant B such that B :=
SUP, e 0co0 Dm(0) . Hence, we can redefine Fi,, to be equal to Fiy, := {6 : R — R; 6 is bounded monotone n
and the resulting calibrator would remain the same. Thus, by construction, all functions that
belong to Fi,, can be bounded by a constant C' := sup,cg ge7,., 0(x). Moreover, because Fjs,
is bounded, it directly implies F5 is bounded. Next, because of Condition 1, there exists
a constant M which does not depend on € nor 7 and is such that M > E[Y; — Yy|0 o 7],
implying that F; is bounded. Finally, because Fi, F3, D,,, and the potential outcomes are
uniformly bounded, the function class F3,, is also uniformly bounded.

Finally, for two quantities = and y, we use the expression x < y to denote that x is

upper bounded by y times a constant that does not depend on any specific parameter that
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is indexing = nor y. For instance, Condition 5 implies that for all § > 0, J (9, F1, La) S
T (0, Fiso, L2).
Proof of Theorem 3.1
Theorem 3.1. Suppose Conditions 1 to 5 hold. Then,
CAL(7y) = Op (n7%%) + Op ([E || (7 — m0) (1t — 10) II") -
Proof. First, note that

E{o(r, W) = 7 (W)][Do(O) = 7, (W]} = E{E {[n0(75, W) = 7, (W)] [Do(0) — 7, (W)[W]}}

=E {07, W) = 7o (W)l [ro(W) = (W]} = E{E {[no(77, W) = 7 (W)] [ro(W) = 7 (W)] [ 75, (W

=E {17, W) = (W) [ro (75, W) = (W]} = E {Iyol(ms, W) = 7 (W)}
The above equality implies that
/ {07, w) = 7 (w)} dP(w / {70(75, w) = 7 (w)} {Do(0) — 75 (w)} dP(0).
Adding and subtracting D,,(0) to the above expression gives
/ {70(75,w) = 7 (w)} {Do(0) = D (0)} dP(0) / {30(75,w) = 7 ()} { Dy (0) = 72 (w)} dP(0).

(3.12)
Note that by Lemma 3.1, 7' has the property that it satisfies the score equations of the form,

1 . * *
=~ (7 (W) [Dn(02) = 7 (Wi)] = 0
i=1
for all real-valued functions r. Setting r(7') = E[Y; =Yy | 7/(W) = 7/] — 7/, we conclude that

[ Gulriw) = 7@} Do) = 7w} dP,0) =0
Subtracting the above score equation from the second term in Equation 3.12, we obtain the

basic inequality (which is an equality),
/{%(Tiaw) — 75 (w)}* dP(w) < /{%(T w) = 7, (w)} {Do(0) — Dy (0)} dP(0)
+ [ ulriw) = 7@} {Dalo) = 2w} A(P = Pu)(o)

)3}
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Rewriting the above basic inequality using norm and empirical process notation yields:

(73 = 7l < PA0(ri,) = 72} {Do = Dl + (P = P) {0(7i, ) = 72} {Dm = 72},

v~

M) (1)
(3.13)

In order to show the desired result, we will find bounds for both of the above terms. We can
bound term (I) using the law of iterated conditional expectations and the Cauchy-Schwartz

inequality. First, note that
P {yo(r) — 75} {Do — Dy} = / (o) — 72 (w)} {E[Dy | W = w] — E[Dy | W = ]} dP(w)
< Iro(r,) = 72 I ELDo | W] — E[Dy | W]l (3.14)

Next, we express || E[Dy | W] — E[D,, | W]|| in terms of ||, — mo|| and ||gm — pol|- Recalling
that E[Dy(O) | W = w] = 19(w), we have that

E[Dn(0) | W = w] = E[Do(O) | W = w]

= Mm(lvw) - M0(17w> - [:um(O?w) - N()(va)]

# 2 o1 0) = (1 0)] = =2 0, 0) = 0, 0]
N [”O(wzm_(;;n(w) [10(1, w) = pm (1, w)]
M=o R

By Assumption 2, P(1 —n > m,,(W) > n) = 1 for some 7. The latter assumption combined
with Cauchy-Schwartz gives
IE[Do | W] = E[Dy, | WI|| S [|[7m(W) = mo(W)][110(0, W) — 11 (0, W)]]]

+ ([l (W) = mo] o (1, W) — i (1, W] -

We also have by Assumption 2, that for any P-measurable function A : W — R,

[ 1P 1,0) = (1P G0) = [ 301 0) = g (102X )

7T0<w>

- / hw (0. 10) = o o.0) s dPla,w) < : / h(w)*[(10(a, w) — (@, w))PdP(a, w).
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The same argument and bound works for [ h(w)?[10(0, w)— (0, w)|*dP(w). Setting h(w) =

[T (w) — mo(w)], we conclude
|E[Dpn | W] = E[Do | WI| £ [(m(W) = 70 (W) (10(A, W) — pun (A, W))II. (3.15)
Combining Equations 3.13, 3.14 and 3.15 yield the following bound for term (I),

P{r(7;,) = a3 {Do = Dm} = o(73, ) = 7l I{7m — 7o} {10 — g ] - (3.16)

Next, we upper bound the empirical process of term (II). First, recalling our definition of
the constants B = sup,,cy,co Dm(0) and C = sup,cg pe 7., 0(7), let K := B+ C. Set
On = ||70(7r,-) — 7|, which is a random rate. For a given rate J, let
Sn(6) = Sup (P = Pa){vo(b2o7,:) —b1o7}{Dy —br1o7}
01,02E€Fiso:||v0 (0207, )—0107|| <K

= sup (P—P,)f
feF3m:IfII<OK

Note that 77 = 6% o 7 for some 0 € F5,. As a consequence, we have the following upper
bound,
(P = Po) {(7, W) = 7 H{ Dy — 75} < Si().- (3.17)

Due to the randomness in ¢,,, the above cannot be further upper-bounded immediately. To
bound the term above we will take a deterministic §, and upper bound the modulus of
continuity ¢,(0) := E{S,(d)}. Upper bounding ¢,(d) for a fixed ¢ suffices to obtain a rate
of convergence for ||y (7, ) — 75||. To bound the above term, we will use empirical process
techniques based on the function classes Fis,, Fi1, Fa2, and Fs,,. First, recall our definitions
of the function classes: Fis, = {0 : R — R;# is bounded monotone non-decreasing}, F; =
{EY1 = Yl0o1] : W — R0 € Fiso}, Fo := {lo7: W = R;0 € Fiso}, and Fs,, =
{[re — 1][Dm — 2] : O — R; 7y € Fi, 5 € Fo}. Note that since p,, and 7, are by assumption
obtained from a independent data set D,,,, F3,, is a deterministic function class conditional
on D,,.

We now aim to determine the uniform entropy integral J (9, F) = f[f supg 1/ N (e, F | - [lg)de

for each of the above function classes. Note that, because D,, is fixed, F3,, is a multivariate
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Lipschitz transformation of F; and JF5, and therefore by Theorem 2.10.20 in van der Vaart
and Wellner (1996), we have J (0, Fsm) & J (6, F1) + T (0, F2). Additionally, by Assumption
5, J(0,F1) S J(0, Fiso). The same upper bound holds for F» by noting that

0 1)
J(6, F :/ sup +/ N (e, Fa, || - dez/ sup /N (€, Fisos || * | gor—1)de = T (9, Fiso),
0,72 = | sup [N Pl lg)de = | 5up \ /N, Fio |l gur-1)de = T (5 Fi)

1is the push forward probability measure for the random variable 7(W). We

where Q) o 7~
are now ready to bound ¢,(0). Applying Theorem 2.10.20 in van der Vaart and Wellner

(1996), we obtain

- \7(57 F3 m)
E| s (P=P)fSu| 20 2T (6, Fom (1+—’>
fEFS,m:IIfIIStSK( ) (& Faum) Vné?
<276 7 (14 L0,

Because the right hand side of the above bound is not random, taking a second expectation

yields

¢n(5) =F sup (P - Pn)f

feFsm:||fI<6K

(3.18)

< V27 (6, Fiso) (1 + T Fu0) Eso)) .

\/no?
We are now ready to proceed with the main argument that gives a rate of convergence for
dn = ||v0(7), ) — 7%]|. First, note that combining Equations 3.13, 3.16 and 3.17 imply that

the event

* %12 * *
{Iho(rs: ) = all” < lvo(mos ) = ol 1(mm — m0) (i — po) | + S0 (80) }
occurs with probability one. Next, we proceed with a standard peeling argument. Let
g, be some deterministic sequence to be chosen later, and let A, be equal to the event
{25t e, > |07k, ) — 7|| > 2%, }. Then, we have that

P (lo(r,) = mall 2 2%,) = > P (2 e > [lo(7, ) — 7ol = 2%2) ZP
s=S

Z A () =l < () = Tl (o — 0) (1 — p10) | + S (62)) - (3.19)
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Note that because 6, = ||70(7;,) — 7|, in all the events in the above sum we have that

Sn(d,) < S, (2°*e,). Next, manipulating the inequalities in the above events, one can show

that

{As o) = 7l* < Dol ) = Tl (T = 70) (b — p0) | + Su(8a) }
{As o) = 7al® < lvo(mss ) = Tl 1 (T — 70) (i — p0)l| + S(2en) } ©
{26 < llw(m, ) = mall” < 2 en (T — o) (i — po)ll + Sa(2en) } C

{228631 < 28+16n ||(7Tm - 7TO)(:um - NO)” + Sn(25+16n)}

which implies that the sum in Equation 3.19 is upper bounded by

> P (268 < 2 et — )i — )]+ 852" e) )

s=S

Applying Markov’s inequality and Equation 3.18, we find

WE

P(228572z < 28+15n ||(7Tm - 7TO)(lum - /fJO)H + Sn(ZS—HGn))
s=S

ey EA{||(mm — m0) (tm — 10) |} + 0 (25T en)
22s¢2

E{l(mn = 7o) i — i)}, T2 e Fiso) (1+ L0
23_1€n 225\/55%

IN

QN

> °
s=S
o
s=S
By well-known bounds on the uniform entropy integral for the class of isotonic functions, we

have that J(2+'e,, Fis,) = 2°/%71/2, /£,. Using this fact, it can be shown that

j(28+15n7«7;@'so) < 1 j(snwr;'so)
22s/ne2 N 25\ /ne2

It follows that

T e, Fioo) (14 28] Tlen Fioo) (14 L5720
225/ne2 N '
We now choose &, such that both J (e, Fiso) S vne2 and E ||(mm — 70) (tm — o) || < €ns by

setting

S27°

en = max {n 3 E||(mm — m0) (ttm — po)]|} -
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Then we have

o0

1

P * ) — 7 > 2%,) < —
(Io(s,-) = el = 2%¢,) £ <2 Soroc

As a consequence of the above, for every ¢ > 0, we can find a constant 2° sufficiently
large such that P (||[yo(75,) — 7] > 2%,) < e. In other words, we have shown that
v0(7s5,+) = 7]l = Op(ey) for our choice of €, = max {n="3, ||(m, — 7o) (1m — o) }. Noting
that, CAL(7)/? = ||y0(7,-) — 77||, this shows that CAL(7*)Y/? = Op(e,) or, equivalently,

that CAL(7}) = Op(e2). O

Proof of Theorem 3.2

Theorem 3.2. Suppose Conditions 1 to 5 hold. Let 7 = argming, .pcr. |70 — 8o 7| be the

50

best isotonic approximation of the CATE given the initial predictor T. Then,
175 = 7all = Op (n72%) + Op (E [|(m — 70) (ttm — 10)[1) -
As a consequence,
170 = 7l < ll7o = 7l + Op (n77%) + Op (B || (7. — 70) (1t — p0) 1))

Proof. We may write 7,, = 0 o 7 for some 0 € Fi;,. We know that ¢ is the minimizer in

Fiso of the empirical risk function

n

Ro(0): 0> % > (Dn(0) — 007 (W))*

Consider the one-sided path ¢ — 60} + (60 — 67) : € € [0, 1] through 6} for 6 € Fis,. Note

that Fjs, is a convex space. Then, we have that

>0 (3.20)

25~ e o) 1 Bl (0= ) — R (6)
= 0= 8)oT(W)Dn(0) =810 (W:) = lig :

for all 6 € Fis. Let 0y = argming.z,_ |0 o T — 75|, be the population level isotonic risk

minimizer. Taking 6 = 6, in Equation (3.20), we obtain the inequality,

> {8 = 07) 0 T(WHD(0) = 0 0 (W)} <0 (3:21)
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Rearranging terms and adding and subtracting P, {6} o 7} Dy in the above inequality implies
that
Po{(00 = 67,) o 7H{Dim — Do} < P {(60 — 07) o 7} {0, 07 — Do} .
Adding and subtracting P {(0y — 6%) o 7} {0 o7 — Dy} yields
Po{(00 — 07,) o 73{ D — Do} = (P — P){(6 — 07) o 7} {0, 07 — Do} < P{(6 — 0;) o7} {6}, 07 — Do} .
(3.22)

Next, adding and subtracting P {6y o 7} {(6p — %) o 7} we have that
P{(00 —0,) o7}{0, o7 — Do} = P{(60 — 0) o 7} {0, o 7 — E[Do(O) | W]}
=P{(lp—06)o7}{0; 0T — 70}
= P{(00 —0,) o} {(0, —00) o7} + P{(6 — 0}) o T} {bp 0T — 70}

( Jor|*+ P{(6o—0;) 07} {bgoT -7},

(3.23)

6o — 0,

n

where in the first to second equality we used the fact that E[Dy | W = w] = 75(w). Next, note

that 6y is the risk minimizer of the population risk function 6 + Ep {1o(W) — 6 o 7(W)}”

over Fis,. As a consequence, the same argument used to derive Equation 3.21 establishes

the analagous inequality:
P{(@—0p) ot} {10 —0yo7} <0
for any 6 € Fis,. Taking 6 = 0, we find
P{(0p—0:)oT}{bpoT — 71} <O. (3.24)
Combining Equations 3.23 and 3.24, we find
P{(6o—6;) o7}{0; 07 — Do} < —|l(6o — ;) o 7[5 - (3.25)
Finally, combining Equations 3.22 and 3.25, we obtain the following inequality

160 = 6;) o 7llp < —Pu{(80 — 6;) © T} { D = Do} + (P — P) {(60 — 0;,) 0 7} {6} o 7 — Dy}
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Adding and subtracting, P {(6p — 6%) o7} {D,, — Dy} we finally obtain the key basic in-
equality,

100 = 6;) o 7II* < P{(60 — ;) 0 7} {Do — D} + (P = Pu) {(60 — 0,) © 7} { Dy — Do}
+ (P, = P){(6p— 02) o7} {6: 07 — Dy} (3.26)

The above basic inequality is very similar to the key basic inequality given in Equation 3.13
in the proof of Theorem 3.1. Thus, we employ similar techniques to show its convergence
rate.

First, using a similar approach to derive (3.16), one can upper bound the first term of

the RHS in Equation 3.26 as
P{(00 —07,) o7} {Do — D} < [[(60 = 07) o 7|l || {m — 70} {tam — p0} |-

The second term in the RHS of (3.26) can be examined as follows. Recall the definitions
of Fiso = {0 : R — R; 6 is monotone non-decreasing and bounded}, 5 = {# o 7;0 € Fis},
and that B := sup,,cyco Dm(0). Further, let Fy,, := {(11 — 72)(Dm — Do); 71,72 € Fa},
and let @ := sup,cp Do(0) — which exists because of Conditions 1 and 2. Additionally, let
R := @ + B. Next, define for a fixed § € R,

Z1,n(0) = sup (P = Po){(61 — 02) o 7} { D, — Do}
01,02€ Fiso:|| (81 —62)oT|| <R

= sup (P—P,)f.
feFam:||fI<6R

Let 81, :=||(0o — 6%) o ||, then, we have that
(P — Pn) {(90 — 9,:;) o) 7'} {Dm - D[)} S Zl,n((slm).

Finally, let ¢4 ,(6) :== E{Z1,,(0)} be its corresponding modulus of continuity. Then, noting
that F4 ., is a Lipschitz transformation of the function classes F; and F,, we have by Theorem
2.10.20 in van der Vaart and Wellner (1996) and the results outlined in Theorem 3.1 that,
for every § € R,

b1a0) £ 107270, Fi) (14 L0 )

Vné?
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Finally, the third term in Equation 3.26 can be studied as follows. Let F5 := {(71 — 72) (72 —
Dy); 71,72 € Fa}, and for a given 0, let
Z27n(§) = sup (P — Pn) {(91 — 92> e} 7'} {92 — DO}
015026]:2'301”(01_02)07—“S6G

— s (P—PR)f.
FeFs:|IfIIS6G

where G := Q + C, and ¢, := E[Zy,]. Note that F; is a Lipschitz transformation of F,
which has the same entropy number as F;. Hence, by Condition 5 and Theorem 2.10.20 in
van der Vaart and Wellner (1996), we have that

02000) S 1702700, Fo) (14 7070,

Vné?

Then, using a similar peeling argument as in Theorem 3.1, one can show that

. - — 27 e B {]|(mm — m0) (1m — p10) 1} + @10 (27 €0) + 620 (27 e0)
P (“70(7—717 ) = nH > 25571) < Z 9252
s=S n
> stle, T u)
< 50 A = ) =)}, T2 e Fio) (1+ 22
fifr: 2 len 22\/ne2

Then, by the same arguments used in Theorem 3.1 and a similar choice of €, we can establish

that
160 — 6;) o 7ll = Op (n™"*) + Op (E ||(m0m — 70) (1t — p0) 1) -

By the triangle inequality and the fact that 75 = argming,,.yc 7

is0

|70 — 0 o 7| implies ||7o — 75| <

7o — 7|, we find
I70 = 7all < ll7o = 751l + ll7g — 7l < ll7o = 7/l + [[76 — 7l -
Combining this with the main bound gives

I = 72ll < 7o = 7l + Op (n71%) + Op (E ||(Tn — 70) (bt — 1)) -

3.D Tables and Figures
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Total Sample Size 1000 2000 5000 10000
CATE Lower Upper | Lower Upper | Lower Upper | Lower Upper
Scenario Cal

estimator Quantile Decile | Quantile Decile | Quantile Decile | Quantile Decile
yes -0.09 0.08 -0.06 0.05 -0.02 0.02 -0.01 0.01

splines
no -0.03 -0.03 -0.03 0.01 -0.01 0.00 0.02 -0.01
yes -0.08 0.1 -0.06 0.06 -0.02 0.04 -0.02 0.03

1 glmnet
no -0.02 -0.05 0.05 -0.09 0.02 -0.06 0.02 -0.07
random  yes -0.08 0.09 -0.05 0.04 -0.02 0.03 -0.01 0.01
forest no 0.14 -0.1 0.06 0.00 0.01 0.01 0.02 0.01
yes -0.07 0.1 -0.05 0.06 -0.03 0.04 -0.02 0.01

splines
no -0.04 0.00 -0.08 0.01 -0.04 -0.05 -0.02 -0.02
yes -0.1 0.1 -0.06 0.06 -0.04 0.04 -0.02 0.02

2 glmnet
no 0.03 0.02 0.01 -0.04 0.00 -0.03 0.02 -0.04
random  yes -0.08 0.09 -0.05 0.06 -0.03 0.04 -0.02 0.02
forest no -0.04 0.00 -0.1 0.02 -0.09 0.03 -0.1 0.04

Table 3.D.1: Difference between the average of the causal isotonic calibrator’s predictions
and the true CATE values within bins defined by predictions. The results correspond to
the low dimensional with binary outcome scenarios. Scenario 1 has no nonlinearities in the
outcome model whereas scenario 2 does. The average predictions are taken in observations
whose predicted values lie within specific deciles. Values in the lower decile column show the
results when the interval is defined by the minimum and the 10% percentile of the predictions,
and the upper decile columns display the results when the interval is defined between the 90%
percentile and the maximum. The column Cal indicates whether the method is calibrated
or not. From left to right, each column shows the differences of the average predictions as
sample size increases. We see that the differences between the causal isotonic method and
the true CATE are closer to 0 as sample size increases, indicating a good performance in

large samples. The uncalibrated methods also improve, but not as substantially.
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Total Sample Size 1000 2000 5000 10000
~ CATE Lower Upper | Lower Upper | Lower Upper Lower Upper
Scenario Cal
estimator Decile Decile | Decile Decile | Decile Quantile | Quantile Decile
yes | -0.06  0.11 | -0.03  0.08 | -0.01 0.06 -0.01 0.04
glmnet
no | 0.02 -0.02 | 0.03 -0.01 0.01 0.02 0.02 0.02
3
glmnet + yes | -0.06  0.09 | -0.03  0.05 | -0.01 0.02 0.00 0.01
btrees no | 0.07 -0.12 | 0.12  -0.09 | 0.17 -0.14 0.2 -0.15
yes | -0.06  0.06 | -0.03  0.05 | -0.02 0.03 -0.01 0.02
glmnet
A no | 0.00 -0.03 | 0.00 -0.03 | -0.01 0.02 -0.01 0.02
glmnet + yes | -0.08  0.06 | -0.04 0.04 | -0.02 0.01 -0.01 0.00
btrees no | -0.09  0.03 0.01 0.00 0.06 -0.05 0.1 -0.08

Table 3.D.2: Difference between the average of the causal isotonic calibrator’s predictions and
the true CATE values within bins defined by predictions. These results correspond to the high
dimensional with binary outcome scenarios. Scenario 3 has no nonlinearities in the outcome model
whereas scenario 4 does. The average predictions are taken in observations whose predicted values
lie within specific deciles. Values in the lower decile column show the results when the interval is
defined by the minimum and the 10% percentile of the predictions, and the upper decile columns
display the results when the interval is defined between the 90% percentile and the maximum. The
column Cal indicates whether the method is calibrated or not. From left to right, each column
shows the differences of the average predictions as sample size increases. Differences between the
causal isotonic method and the true CATE decrease as sample size increases. On the contrary, the
boosted trees approach does not improve as sample size increases. Glmnet performes well overall.
Abbreviations: glmnet: generlaized linear model with elastic net penalty, btrees: gradient boosted

trees.
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Total Sample Size 1000 2000 5000 10000
~ CATE Lower Upper Lower Upper Lower Upper Lower Upper
Scenario CAL
Estimator Decile Quantile | Decile Quantile | Decile Quantile | Decile Quantile
yes 0.05 0.05 0.03 0.03 0.02 0.02 0.01 0.01
splines
no -0.1 -0.02 0.01 0.02 -0.02 0.00 -0.03 0.02
yes | -0.07 0.05 -0.06 0.02 -0.02 0.01 -0.03 0.01
) glmnet
no 0.07 0.09 0.07 0.07 0.05 0.05 0.09 0.1
random yes 0.05 0.04 0.03 0.03 0.01 0.01 0.01 0.01
forest no | -0.46 -0.21 -0.27 -0.11 -0.12 -0.07 -0.06 -0.05
yes 0.03 -0.09 0.02 -0.08 0.01 -0.03 0.01 -0.03
splines
no 0.02 0.06 0.01 0.08 0.00 -0.01 0.01 -0.02
yes 0.03 -0.04 0.02 -0.02 0.01 -0.01 0.01 -0.01
6 glmnet
no 0.00 0.00 -0.01 -0.01 -0.02 -0.02 -0.02 -0.02
random yes 0.04 -0.09 0.03 -0.07 0.01 -0.03 0.01 -0.03
forest no 0.00 0.08 0.03 -0.02 0.03 -0.05 0.04 -0.07

Table 3.D.3: Relative difference between the average of the causal isotonic calibrator’s predictions
and the true CATE values within bins defined by predictions. These results correspond to the low
dimensional with continuous outcome scenarios. Scenario 5 has no nonlinearities in the outcome
model whereas scenario 6 does. The average predictions are taken in observations whose predicted
values lie within specific deciles. Values in the lower decile column show the results when the
interval is defined by the minimum and the 10% percentile of the predictions, and the upper
decile columns display the results when the interval is defined between the 90% percentile and the
maximum. The column Cal indicates whether the method is calibrated or not. From left to right,
each column shows the relative differences of the average predictions as sample size increases.
When sample size is large, see that the relative differences between the causal isotonic method
and the true CATE are lower then the uncalibrated methods. However, when sample size is lower,

our method performed similarly or worse.
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Total Sample Size 1000 2000 5000 10000
~ CATE Lower Upper | Lower Upper | Lower Upper Lower Upper
Scenario al
estimator Decile Decile | Decile Decile | Decile Quantile | Quantile Decile
yes | -0.2 0.11 | -0.17  0.06 | -0.09 0.04 -0.05 0.01
glmnet
no 0.14 0.15 0.09 0.09 0.17 0.15 0.21 0.2
7
glmnet + yes | 0.31 0.05 0.00 0.02 0.02 -0.01 -0.02 -0.01
btrees no | -043 -0.22 | -043 -0.21 | -0.35 -0.16 -0.33 -0.15
yes | -0.15  0.07 | -0.09  0.05 | -0.04 0.03 -0.02 0.02
glmnet
no | -0.22 -0.23 -0.2 -0.19 | -0.19 -0.19 -0.18 -0.18
8
glmnet + yes | 4.69 0.05 0.26 0.02 0.04 0.00 0.02 -0.01
btrees no | -0.14 -0.12 | -0.23 -0.14 | -0.33 -0.13 -0.35 -0.12

Table 3.D.4: Relative difference between the average of the causal isotonic calibrator’s predictions

and the true CATE values within bins defined by predictions.. These results correspond to the

high dimensional with continuous outcome scenarios.

Scenario 7 has no nonlinearities in the

outcome model whereas scenario 8 does. The average predictions are taken in observations whose

predicted values lie within specific deciles. Values in the lower decile column show the results when

the interval is defined by the minimum and the 10% percentile of the predictions, and the upper

decile columns display the results when the interval is defined between the 90% percentile and the

maximum. The column Cal indicates whether the method is calibrated or not. From left to right,

each column shows the relative differences of the average predictions as sample size increases. In

moderate to large sample sizes, we see that our method generally outperforms its uncalibrated

counterparts. Abbreviations: glmnet: generalized linear model with elastic net penalty, btrees:

gradient boosted trees.
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3.D.1 Data generating distribution in simulation studies

Below are the formulas for each of the simulated data sets. The only difference between the

continuous and binary settings are the link functions of the outcome model.

Binary outcome
e Scenario 1:
— logit(P(Y = 1|A = a,W = w)) = 1.5 + 1.5a + 3aw; — 2.5(1 — a)wy + 2.5aw; +
1.5(1 — a)wy

— logit(mo(w)) = —0.25 — wy + 5wy — w3 + 0.5wy

e Scenario 2:
— logit(P(Y = 1|A = a,W = w)) = —1.5 + 1.5a + 2a|w;||wz| — 2.5(1 — a)|ws|ws +
2.5w3 + 2.5(1 — a)\/|ws| — 1.5al(wy < .5) + 1.5(1 — a)I(wy < 0)

— logit(mo(w)) = —0.25 — wy + Hwy — w3 + 0.5wy

e Scenario 3:

— logit(P(Y = 1|A = a,W = w)) = —0.5 + 3.5a + 3aw; + 6.5(1 — a)ws + 1.5aws +
4(1 — a)wy + 2.5aw; — 6(1 — a)wg + laws + 4.5(1 — a)ws + awg + 2.5(1 — a)wyp +
1.511)11 — 2.511)12 + w13 — 1.51014 + 3w15 — 2w16 + 371)17 — W18 + 1.5w19 — 2w20

— logit(mo(w)) = .2 — 5wy — 0.5wy — Hws + .bwy — Hws + 0.5bwg — Hw; — .Hwg —

.511)9 — .271)10 + .521)11 — Wi + W13 — 1.5w14 + Wi — Wi + 2w17 —wig + 1.521)19 — Wy0

e Scenario 4:

— logit(P(Y = 1|A=a, W =w)) = 1.5+ 1.5a—2.5(1 — a)|w;| — 3.5(1 — a) |ws||ws| —
2.5(1 — a)|ws| + 2(1 — a) — 2|wy] + 3.5(1 — a)l(ws < 0.5) + 3(1 — a)l(wg >
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0.5)|w7|+1.5awr+3.5al (wg > 0.5)+2.5awg+2al (wyg < .2)+1.5a|wy; | —2.5aw,2+

w13 — 15\w14| + 2.5@[(1015 > 2)|’U)14| — 2a|w16]w17 + 3wy7 — wig + 1.5w19 — wog

— logit(mo(w)) = .2 — 4wy +0.4ws — 4wz + 5wy — .5ws +0.4weg — .4wy; + .Hwg — .Hwg +
.4’LU10 — .4’LU11 + .5w12 — .5’LU13-|- .4w14 — .4w15 -{-0.5’(1)16 — .5w17+0.4w18 —O.4w19+0.5w20
Continuous outcome
e Scenario 5:

— ElY|A=a,W =w] =15+ 1.5a + 3aw; — 2.5(1 — a)wy + 2.5awz + 1.5(1 — a)w,

— logit(mo(w)) = —0.25 — wy + .Hwy — w3 + 0.5wy
e Scenario 6:

— ElY|A = a,W = w] == —1.5 + 1.5a + 2a|w; ||wy| — 2.5(1 — a)|we|ws + 2.5w3 +
2.5(1 — a)\/|ws| — 1.5al(we < .5) + 1.5(1 — a)I(wy < 0)

— logit(mo(w)) = —0.25 — wy + Hwy — w3 + 0.5wy
e Scenario 7:

— ElY|A=a,W =w] =—-0.5+3.5a+ 3aw; + 6.5(1 — a)ws + 1.5aws + 4(1 — a)w, +
2.5aws —6(1 — a)ws + lawr +4.5(1 — a)ws + awg +2.5(1 — a)wyg + 1.5wy; —2.5wi9+

W13 — 1.5’(1)14 + 3w15 - 2w16 + 3’[1)17 — w18 + 1.5w19 - 2’[1)20

— logit(mo(w)) = .2 — 5wy, — 0.5bwy — Bws + .bwy — Hws + 0.5bwg — Hw; — .Hwg —

.511)9 — .211)10 + .5?1)11 — W12 + w13 — 1.5’[1)14 + W15 — Wie + 2w17 — W18 + 1.5’11)19 — W0

e Scenario 8:

— ElY|A=a,W =w] =154 1.5a — 2.5(1 — a)|w;| — 3.5(1 — a)|ws||ws] — 2.5(1 —
a)|ws| + 2(1 — a) — 2Jwy| + 3.5(1 — a)I(ws < 0.5) + 3(1 — a)I(wg > 0.5)|w;| +
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L.5awy; + 3.5al (wg > 0.5) + 2.5awg + 2al (wyy < .2) + 1.5a|wyy| — 2.5aw;,2 + w3 —

1.5|w14| + 2.5&](’[1)15 > .2)|w14| — 2a|w16|w17 + 3wy — wig + 1.5wq9 — wog

— logit(mo(w)) = .2 — 4wy +0.4wy — .4ws + 5wy — Hws + 0.4wg — .4w; + .Hwg — .Hwg +
.4w10—.4w11+.5w12—.5w13—|—.4w14—.4w15—|—0.5w16—.5w17+0.4w18—O.4w19—|—0.5w20



0.0024

0.001 4

0.000 1

-0.001 4

-0.0024

Diffference between calibration measures

0.0021

0.001 4

0.000 1

—-0.001 4

—-0.002 4

0.0021

0.0014

0.000 1

-0.0014

-0.0024

Scenario 1

Scenario 5

25‘00

50‘00

75‘00

10000
Total Sample Size

25‘00

50‘00 75‘00 10600

CATE estimator

——

——

LB B B B K

GAM

Random Forest
Splines

Glm

Glmnet

Glmnet +
Boosted Trees

Boosted Trees 2
Boosted Trees 3
Boosted Trees 5

Boosted Trees 6

138

Figure 3.D.1: Difference in calibration measured between our gradient boosted approach and

taking empirical means to estimate vy(7,w). The panels on the left and right indicate the

difference in scenarios 1 and 5, respectively. Each row indicates a proportion of sample size

used to derive the initial CATE estimator. The absolute difference between the calibration

measures is no larger than 0.002. The numbers in the legend indicate the maximum depth

of the gradient boosted trees. Abbreviations: GAM: Generalized Additive Models, Glm:

Generalized Linear Model, Glmnet: Generalized linear model with elastic net penalty.
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Scenario 1 : Proportion of sample used to fit inital CATE estimator: 0.2

Causal Isotonic calibrator Uncalibrated method
()
5 0.010+
(72}
©
@
£
c
2
T 0.005- \
2
© \
° &’Q
>
[ e e i et 1 S e e
1000 2000 5000 10000 1000 2000 5000 10000
Sample Size
Scenario 1 : Proportion of sample used to fit inital CATE estimator: 0.5
Causal Isotonic calibrator Uncalibrated method
0.020 4
° .
5 0.0154 CATE estimator
8 ~e— Splines
o)
€ -~ GAM
c 0.0104
_2 -~ Glm
[
2 ~e— Glmnet
8 0.005+ ~o— Random Forest
[V R e e e S e e
1000 2000 5000 10000 1000 2000 5000 10000
Sample Size
Scenario 1 : Proportion of sample used to fit inital CATE estimator: 0.8
Causal Isotonic calibrator Uncalibrated method
0.06 -
e
>
(%2}
©
o]
£ 0.04-
c
i<
E
5 0.024
[&]
— \r\ 1
0.00 == W S S & e g
1000 2000 5000 10000 1000 2000 5000 10000

Sample Size

Figure 3.D.2: Calibration measures in scenario 1 across different proportions to divide the
data between fitting the CATE estimator and carrying calibration. The panel on the left
shows the calibration measure using our method, and the panel on the right shows the
same measure using the uncalibrated estimator. Abbreviations: GAM: Generalized Additive
Models, Glm: Generalized Linear Model, Glmnet: Generalized linear model with elastic net

penalty.
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Scenario 1 : Proportion of sample used to fit inital CATE estimator: 0.2
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Figure 3.D.3: Calibration measures in scenario 1 across different proportions to divide the
data between fitting the CATE estimator and carrying calibration. The panel on the left
shows the calibration measure using our method, and the panel on the right shows the same
measure using the uncalibrated estimator. The numbers in the legend indicate the maximum

depth of the gradient boosted trees.
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Scenario 2 : Proportion of sample used to fit inital CATE estimator: 0.2
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Figure 3.D.4: Calibration measures in scenario 2 across different proportions to divide the
data between fitting the CATE estimator and carrying calibration. The panel on the left
shows the calibration measure using our method, and the panel on the right shows the
same measure using the uncalibrated estimator. Abbreviations: GAM: Generalized Additive
Models, Glm: Generalized Linear Model, Glmnet: Generalized linear model with elastic net

penalty.



142

Scenario 2 : Proportion of sample used to fit inital CATE estimator: 0.2
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Figure 3.D.5: Calibration measures in scenario 2 across different proportions to divide the
data between fitting the CATE estimator and carrying calibration. The panel on the left
shows the calibration measure using our method, and the panel on the right shows the same
measure using the uncalibrated estimator. The numbers in the legend indicate the maximum

depth of the gradient boosted trees.
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Mean Squared Error Difference

Scenario 1 : Proportion of sample used to fit inital CATE estimator: 0.2
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Figure 3.D.6: Difference in mean squared error between the calibrated (denoted by MSE(cal))
and uncalibrated predictors (denoted by MSE(uncal)) in Scenario 1. A mean squared error
difference above 0 (shown by the dotted red line) indicates a worse performance of the causal
isotonic calibrator. Abbreviations: GAM: Generalized Additive Models, Glm: Generalized

Linear Model, Glmnet: Generalized linear model with elastic net penalty.
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Mean Squared Error Difference
Scenario 1 : Proportion of sample used to fit inital CATE estimator: 0.2
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Figure 3.D.7: Difference in mean squared error between the calibrated (denoted by MSE(cal))
and uncalibrated predictors (denoted by MSE(uncal)) in scenario 1. A mean squared error
difference above 0 (shown by the dotted red line) indicates a worse performance of the causal
isotonic calibrator. The numbers in the legend indicate the maximum depth of the gradient

boosted trees.
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Figure 3.D.8: Difference in mean squared error between the calibrated (denoted by MSE(cal))

and uncalibrated predictors (denoted by MSE(uncal)) in scenario 2. A mean squared error

difference above 0 (shown by the dotted red line) indicates a worse performance of the causal

isotonic calibrator. Abbreviations: GAM: Generalized Additive Models, Glm: Generalized

Linear Model, Glmnet: Generalized linear model with elastic net penalty.
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Mean Squared Error Difference
Scenario 2 : Proportion of sample used to fit inital CATE estimator: 0.2
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Figure 3.D.9: Difference in mean squared error between the calibrated (denoted by MSE(cal))
and uncalibrated predictors (denoted by MSE(uncal)) in scenario 2. A mean squared error
difference above 0 (shown by the dotted red line) indicates a worse performance of the causal
isotonic calibrator. The numbers in the legend indicate the maximum depth of the gradient

boosted trees.
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Scenario 3 : Proportion of sample used to fit inital CATE estimator: 0.2
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Figure 3.D.10:  Calibration measures in scenario 3 across different proportions to divide
the data between fitting the CATE estimator and carrying calibration. The panel on the
left shows the calibration measure using our method, and the panel on the right shows the
same measure using the uncalibrated estimator. Abbreviations: GAM: Generalized Additive
Models, Glm: Generalized Linear Model, Glmnet: Generalized linear model with elastic net

penalty.
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Mean Squared Error Difference

Scenario 3 : Proportion of sample used to fit inital CATE estimator: 0.2
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Figure 3.D.11:  Difference in mean squared error between the calibrated (denoted by

MSE(cal)) and uncalibrated predictors (denoted by MSE(uncal)) in scenario 3. A mean
squared error difference above 0 (shown by the dotted red line) indicates a worse perfor-
mance of the causal isotonic calibrator. Abbreviations: Glmnet: Generalized linear model

with elastic net penalty.
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Scenario 4 : Proportion of sample used to fit inital CATE estimator: 0.2
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Figure 3.D.12:  Calibration measures in scenario 4 across different proportions to divide
the data between fitting the CATE estimator and carrying calibration. The panel on the
left shows the calibration measure using our method, and the panel on the right shows the
same measure using the uncalibrated estimator. Abbreviations: Glmnet: Generalized linear

model with elastic net penalty.
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Mean Squared Error Difference

Scenario 4 : Proportion of sample used to fit inital CATE estimator: 0.2
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Figure 3.D.13:  Difference in mean squared error between the calibrated (denoted by
MSE(cal)) and uncalibrated predictors (denoted by MSE(uncal)) in scenario 4. A mean
squared error difference above 0 (shown by the dotted red line) indicates a worse perfor-
mance of the causal isotonic calibrator. Abbreviations: Glmnet: Generalized linear model

with elastic net penalty.
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Scenario 5 : Proportion of sample used to fit inital CATE estimator: 0.2
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Figure 3.D.14:  Calibration measures in scenario 5 across different proportions to divide the
data between fitting the CATE estimator and carrying calibration. The panel on the left
shows the calibration measure using our method, and the panel on the right shows the same
measure using the uncalibrated estimator. The numbers in the legend indicate the maximum

depth of the gradient boosted trees.
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Scenario 6 : Proportion of sample used to fit inital CATE estimator: 0.2
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Figure 3.D.15:  Calibration measures in scenario 6 across different proportions to divide the
data between fitting the CATE estimator and carrying calibration. The panel on the left
shows the calibration measure using our method, and the panel on the right shows the same
measure using the uncalibrated estimator. The numbers in the legend indicate the maximum

depth of the gradient boosted trees.
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Scenario 5 : Proportion of sample used to fit inital CATE estimator: 0.2
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Figure 3.D.16:  Calibration measures in scenario 5 across different proportions to divide
the data between fitting the CATE estimator and carrying calibration. The panel on the
left shows the calibration measure using our method, and the panel on the right shows the
same measure using the uncalibrated estimator. Abbreviations: GAM: Generalized Additive
Models, Glm: Generalized Linear Model, Glmnet: Generalized linear model with elastic net

penalty.
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Figure 3.D.18:  Difference in mean squared error between the calibrated (denoted by
MSE(cal)) and uncalibrated predictors (denoted by MSE(uncal)) in scenario 5. A mean
squared error difference above 0 (shown by the dotted red line) indicates a worse perfor-
mance of the causal isotonic calibrator. Abbreviations: GAM: Generalized Additive Models,

Glm: Generalized Linear Model, Glmnet: Generalized linear model with elastic net penalty
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Figure 3.D.19:  Difference in mean squared error between the calibrated (denoted by
MSE(cal)) and uncalibrated predictors (denoted by MSE(uncal)) in scenario 5. A mean
squared error difference above 0 (shown by the dotted red line) indicates a worse perfor-
mance of the causal isotonic calibrator. The numbers in the legend indicate the maximum

depth of the gradient boosted trees.
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Figure 3.D.20:  Difference in mean squared error between the calibrated (denoted by
MSE(cal)) and uncalibrated predictors (denoted by MSE(uncal)) in scenario 6. A mean
squared error difference above 0 (shown by the dotted red line) indicates a worse perfor-
mance of the causal isotonic calibrator. Abbreviations: GAM: Generalized Additive Models,

Glm: Generalized Linear Model, Glmnet: Generalized linear model with elastic net penalty.
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Figure 3.D.21:  Difference in mean squared error between the calibrated (denoted by

MSE(cal)) and uncalibrated predictors (denoted by MSE(uncal)) in scenario 6. A mean
squared error difference above 0 (shown by the dotted red line) indicates a worse perfor-
mance of the causal isotonic calibrator. The numbers in the legend indicate the maximum

depth of the gradient boosted trees.
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Scenario 7 : Proportion of sample used to fit inital CATE estimator: 0.2
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Figure 3.D.22:  Calibration measures in scenario 7 across different proportions to divide
the data between fitting the CATE estimator and carrying calibration. The panel on the
left shows the calibration measure using our method, and the panel on the right shows the
same measure using the uncalibrated estimator. Abbreviations: GAM: Generalized Additive
Models, Glm: Generalized Linear Model, Glmnet: Generalized linear model with elastic net

penalty.
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Scenario 8 : Proportion of sample used to fit inital CATE estimator: 0.2
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Figure 3.D.23:  Calibration measures in scenario 8 across different proportions to divide
the data between fitting the CATE estimator and carrying calibration. The panel on the
left shows the calibration measure using our method, and the panel on the right shows the
same measure using the uncalibrated estimator. Abbreviations: GAM: Generalized Additive
Models, Glm: Generalized Linear Model, Glmnet: Generalized linear model with elastic net

penalty.
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Figure 3.D.24:  Difference in mean squared error between the calibrated (denoted by
MSE(cal)) and uncalibrated predictors (denoted by MSE(uncal)) in scenario 7. A mean
squared error difference above 0 (shown by the dotted red line) indicates a worse perfor-
mance of the causal isotonic calibrator. Abbreviations: Glmnet: Generalized linear model

with elastic net penalty.
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Figure 3.D.25:  Difference in mean squared error between the calibrated (denoted by
MSE(cal)) and uncalibrated predictors (denoted by MSE(uncal)) in scenario 8. A mean
squared error difference above 0 (shown by the dotted red line) indicates a worse perfor-
mance of the causal isotonic calibrator. Abbreviations: Glmnet: Generalized linear model

with elastic net penalty.
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Chapter 4

HIV-1 RISK PREDICTION IN KWAZULU-NATAL VIA
SUPER LEARNER

4.1 Introduction

The HIV-1 epidemic in South Africa has shown a decreasing trend with an estimated decline
in incidence from 3.94 to 2.25 events per 100 person-years between 2012 and 2017 (Vandor-
mael et al. 2019). However, compared to other Sub-Saharan regions, Eastern and Southern
Africa remain most heavily affected by HIV-1 (UNAIDS 2021). Specifically, HIV-1 prevalence
in South Africa is estimated to be 12.8% (7.1 million seroconversions) (Commission 2017),
with variation across provinces and demographic characteristics. In particular, among all
provinces, KwaZulu-Natal has the highest prevalence estimated at 18% (Commission 2017).
Additionally, women in the country experience a higher risk of HIV-1 than men, with women
aged between 15 and 24 years experiencing the highest HIV-1 incidence of any age or sex
cohort (Vandormael et al. 2019). Therefore, there is a need to keep expanding and improving

evidence-based HIV-1 interventions targeted to key populations in the region.

Interventions to prevent and combat HIV-1 are more effective when leveraging informa-
tion of individuals at increased risk of infection (Alistar et al. 2014, WHO, Ayton et al.
2020a, Cohen et al. 2016, Baral et al. 2019, Gilkey et al. 2019). For example, offering high-
risk individuals different HIV-1 treatment or preventive services has been shown to be more
cost-effective than uniform approaches (Alistar et al. 2014, Anderson et al. 2014). Moreover,
clinical guidelines for HIV-1 pre-exposure prophylaxis (PrEP) include risk prediction tools
to identify appropriate candidates (Gilkey et al. 2019). In research settings, information on
HIV-1 risk acquisition can be used as a screening tool to improve recruitment (Balkus et al.

2016). Additionally, when information on the propensity of HIV-1 risk acquisition can be
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obtained through a risk prediction model, the score can be used as an additional covariate to:
improve the precision of the estimated intervention effect (Colantuoni and Rosenblum 2015,
Benkeser et al. 2020, Steingrimsson et al. 2017); reduce bias due to informative follow-up
(Benkeser et al. 2019); or better understand treatment effect heterogeneity (Gabriel et al.
2020). Hence, identifying individuals at high risk can be instrumental to the delivery and
enhancement of HIV-1 prevention strategies.

Risk score prediction models help identify individuals at high risk by leveraging available
information from different sources, such as demographic registries (Balzer et al. 2020), elec-
tronic health record data (Krakower et al. 2019), or participant information obtained from
HIV-1 prevention trials (Balkus et al. 2016, Kahle et al. 2013, Wand et al. 2018). Lever-
aging individual-level information, risk prediction methods have been developed for various
high-risk groups including: serodiscordant couples (Kahle et al. 2013), men-who-have-sex-
with-men (Wahome et al. 2018), and Sub-Saharan women (Balkus et al. 2016, Balzer et al.
2020, Kahle et al. 2013, Wand et al. 2018). Specifically, Balkus et al. (2016) developed a
model in South Africa, Uganda and Zimbabwe, and Wand et al. (2018) developed a risk

predictor for women in KwaZulu-Natal, South Africa.

While previous risk scores for women in Sub-Saharan Africa have had good predictive
performance (Balkus et al. 2018), open questions remain regarding their performance and
potential for improvement. For instance, risk predictors from Wand et al. (2018) and Balkus
et al. (2016) were fit to predict the risk of seroconversion at one year and have not been
assessed across different time windows. Additionally, the benefit of incorporating machine
learning tools in HIV-1 risk prediction models has not been fully explored, yet its potential
benefit is promising (Balzer et al. 2020). Moreover, there has only been limited study as to
whether there are covariates that are particularly predictive of HIV-1 risk. To address these
gaps, we combined data from six HIV-1 trials conducted in Kwazulu-Natal to implement and
assess the performance of an ensemble risk prediction method known as the super learner
(van der Laan et al. 2007). Additionally, we estimated its predictive accuracy across different

time windows while accounting for censoring of HIV-1 diagnosis times. Finally, we examined
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the impact on the predictive accuracy of the model across different sets of baseline variables.

4.2 Methods

4.2.1 Trial information and primary objectives

We combined information from women who were randomized to the control and treatment
arms in the following five phase II/III HIV-1 prevention trials conducted in Kwazulu-Natal:
MDP301 (McCormack et al. 2010), HPTN035 (Karim et al. 2011), Carraguard (Skoler-
Karpoff et al. 2008), MIRA (Padian et al. 2007), VOICE (Marrazzo et al. 2015), and from
women who participated in ASPIRE (Baeten et al. 2016). Enrollment criteria were broadly
similar across trials: women older than 18 years old, HIV-1 negative at enrollment, sexually
active, not pregnant and with intention to maintain this status, and residing in or around
the study area for a minimum of 1 year. In all trials, participants were screened for HIV-1
and sexually transmitted diseases at enrollment.

Study analyses were prespecified before commencement of data analysis (see supplemen-
tary Statistical Analysis Plan). Our primary objectives consisted in developing and assessing
a risk score prediction model based on the super learner approach. We implemented the super
learner to predict risk of HIV-1 infection across varying time windows since trial enrollment.
Specifically, we predicted the risk of HIV-1 infection within 6, 12, 18, and 24 months of
enrollment, and also the risk of HIV-1 infection within 24 months of enrollment conditional

on being HIV-1 seronegative at month 12.

4.2.2  Fitting and assessing the risk model

Super learner is an ensemble learning approach that uses cross-validation to select a weighted
combination of a library of candidate prediction methods (van der Laan et al. 2007). The
candidate prediction methods considered may be parametric, such as an accelerated failure
time model (Wei 1992), semiparametric, such as a Cox model (Cox 1972), or more flexible,

such as a survival forest (Ishwaran et al. 2008). Table S3 in the Supplement lists the library
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of candidate prediction methods that we used. The convex combination selected by super
learner has been shown to perform about as well or better than the best candidate prediction
method in the library using theoretical arguments (van der Laan et al. 2007), simulation
studies (Polley et al. 2011), and cross-validated performance on real datasets (Balzer et al.

2020, Petersen et al. 2015).

To avoid overly optimistic assessments of risk score performance, we assessed the su-
per learner via internal validation (cross-validation) as well as external validation. These
assessments involved evaluating the performance of super learner risk scores on data that
were neither used to fit the candidate algorithms included in the super learner nor to learn
an optimal weighted combination of these algorithms. We used the VOICE trial data for
internal validation and the ASPIRE trial data for external validation. More specifically, for
our cross-validated assessments of performance we divided the VOICE trial into 10 folds,
and a total of ten different super learner risk scores were fit, with each fit corresponding to
a different choice of validation fold. For each fit, data from the 9 non-validation VOICE
folds, along with the data from all trials except ASPIRE, were used as data to fit the super
learner risk score. Predicted survival probabilities were then computed for each VOICE trial
participant in the validation fold. These predictions were then compared to these partici-
pants’ actual HIV-1 infection outcomes to estimate the cross-validated area under the curve
(AUC) performance metric. The computed AUC metric accounted for the fact that some
participants had insufficient follow-up to assess HIV-1 infection status through certain times
(see Supplementary Appendix 4.A.3 for details). The 10 fold-specific performance estimates
were then averaged to compute the final cross-validated AUC measure, and corresponding
standard errors were obtained. For external validation, we combined VOICE with the train-
ing data to fit the super learner once and to predict the survival probabilities of interest for
each ASPIRE trial participant. These predictions were then compared to the actual AS-
PIRE HIV-1 infection outcomes to compute the estimate the AUC of the super learner risk
score. The main rationale behind choosing VOICE and ASPIRE for internal and external

validation, respectively, was that these trials were conducted more recently compared to the
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others. Section 4.A.2 in the supplementary materials contains detailed information on how
we fit the super learner risk score and assessed its performance.

Finally, we carried two post-hoc analyses with the goals of assessing the predictive per-
formance outside the AUC measure, and to obtain more accurate comparisons with previous
HIV-1 risk prediction models. First, we computed the sensitivity and specificity values for
different cutoffs of the estimated risks of HIV-1 infection within 12 and 24 months of en-
rollment. The cutoffs were fixed in order to attain specific sensitivity values based on the
validation data. The resulting cutoff values were then used to compute the estimated sen-
sitivity and specificity on the test data. Second, to have a more accurate comparison of
our approach to previously reported risk scores, we assessed the performance of a forward
step-wise Cox regression model. We chose this model because it is similar or has been used

in previous studies whose scope is similar to ours (Balkus et al. 2016, Balzer et al. 2020,

Wand et al. 2018).

4.2.8  Variable selection

Variable collection was not uniform across trials. To avoid the need for imputation methods
to account for systematic missingness when validating our learned risk scores, we predicted
HIV-1 risk based on the covariates that were measured in both our internal and external
validation trials, namely VOICE and ASPIRE. This resulted in a total of 14 variables being
included as predictors. These 14 variables were: age, education level, married, married or
cohabiting, parity, number of set acts in the last 7 days, number of sex partners in the last 3
months, condom in last sex encounter, family planning method, partner’s circumcision status,
syphilis, gonorrhea, chlamydia status, and any sexually transmitted infection. Variables
excluded from the super learner were: cohabiting, partner’s age, partner has another partner,
number of sex acts in the last 14 days, and trichomonas. Missing predictors were imputed
with the missForest R package (Stekhoven and Bhlmann 2011), which relies on fitting
random forests on the observed data to predict the missing values. As alluded to earlier,

some variables that were measured in VOICE and ASPIRE were not measured in some of
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the other trials. Therefore, these covariates had to be imputed for all individuals in these
other trials, not just those with happenstance missingness. Note that because the variables
used to validate the super learner are available in both the external and internal validation
sets, our assessment of the performance of the super learner is not contingent on our choice
of imputation method. Table S1 in the Supplement contains further information on the 14
variables used to develop the risk scores and indicates which of those variables were not

measured in some of the trials.

To complement our primary objectives, we examined the impact of removing baseline
variables when fitting the super learner. The variables we chose to remove were motivated
by variables that were unmeasured in three recently completed HIV-1 prevention trials.
Specifically, we restricted our variable set to the subset of those from our primary analyses
that were also collected in several recent trials, namely (i) HVTN 702 (Gray et al. 2021)
and HVTN 705 (Laher et al. 2020), and (ii) HVTN 703 (Corey et al. 2021). For instance,
HVTN 703 did not measure contraceptive method, so we assessed the impact of excluding
that variable when fitting the risk prediction model. Because HVTN 702 and HVTN 705
collected the same information that was obtainable in our trial data, we combined the two
variable sets. Hereafter, we refer to these two variable sets as HVTN 702/705 and HVTN 703.
To match the variables collected in HVTN 702/705, we excluded family planning method.
To match the variables collected in HVTN 703, we further excluded married, married or
cohabiting, parity, number of sex acts in the last 7 days, and partner’s circumcision status.
Finally, to obtain information on the marginal importance of the available baseline variables,
we compared the predictive accuracy of a univariate Cox model adjusting for age versus

bivariate Cox models that included age plus an additional covariate.
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4.3 Results

4.3.1 Population

Baseline characteristics of the trial participants in the training (Carraguard, HPTNO035,
MDP302, and MIRA), internal (VOICE) and external validation (ASPIRE) are shown in
Table 4.1. Across the three different datasets, most women were between 20 and 29 years
old (>50%), reported having received no education or primary education at most (>70%),
and were not married nor cohabiting (>46%). Additionally, the majority of the participants
reported having more than one sex act in the prior 7 days from enrollment (between 69% to
87%). Information on sex partners was missing in a substantial part of the training data. In
the internal and external validation data, the majority of participants (>80%) self-reported

one sex partner in the last 3 months.

The training data consisted of 6,286 trial participants, from which 517 (8%) seroconver-
sions occurred during 7,974 person-years of follow-up. The internal validation set from the
VOICE trial consisted of 2,726 participants, where 241 (9%) seroconversions were observed
in 2,973 person-years of follow up. In the ASPIRE external validation set, we observed
797 individuals where 87 (11%) seroconversions were measured during 1,432 person-years of

follow-up.

Participant follow-up was heterogeneous across trials. The average follow-up was 1.27,
1.09, and 1.79 person-years on the training, internal validation, and external validation,
respectively. The trials in the training data had a follow-up that ranged from 23% to 92%
(0% to 41%) of participants with complete follow-up information at 12 months (24 months).
VOICE and ASPIRE trial data had 58% and 77% (2% and 59%) of their observations with
complete follow-up at 12 months (24 months), respectively. Table S2 in the Supplement

provides further information on participant follow-up through different time points.
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4.3.2  Predictive performance of the super learner risk score

The estimated internal validation AUC when predicting HIV-1 infection at 24 months was
0.57 (95% CI: 0.51-0.64), and the external validation AUC at 24 months was 0.67 (0.61-
0.73). Restricting to variables available in HVTN 702/705 yielded similar estimated AUCs,
and the super learner based on variables collected in the HVTN 703 trial had a slightly
higher internal validation AUC of 0.60 (0.55-0.65) and a similar external validation AUC of
0.66 (0.59-0.71). Figure 4.1 shows the estimated AUCs across the different variable sets.

When predicting HIV-1 infection between 0 to 6, 12, and 18 months, the estimated in-
ternal validation AUC ranged between 0.62 and 0.66 depending on the time point, and the
estimated external validation AUC remained close to 0.67 (Figure 4.2). The internal valida-
tion AUC was higher when predicting risk prior to 6, 12, or 18 months than when predicting
risk to 24 months. Similar predictive performance was obtained when using all variables,

HVTN 703 variables, or HVTN 702/705 variables (see Figure S1 in the Supplement).

The AUC of the super learner when conditioning on seronegative status at 12 months
to predict HIV-1 infection at 24 months was 0.50 (0.41-0.64) in the internal validation set,
suggesting predictive performance no better than that obtainable by random chance. Per-
formance improved noticeably in the external validation set, with an estimated AUC of 0.66
(0.60-0.72). Using variables exclusively from the HVTN 703 trial increased the AUC to 0.58
(0.49-0.68) and 0.64 (0.54 -0.73) in the internal and external validation set, respectively. Sim-
ilarly, the risk score based on variables from the HVTN 702/705 trial yielded an estimated
AUC of 0.59 (0.51-0.67) and 0.65 (0.53-0.75).

Sensitivity and specificity values at different cutoffs are reported on table S4 in the Sup-
plement. Cutoffs selected to attain high sensitivity values chosen from the internal validation
tend to yield a higher sensitivity in the test set. For instance, the cutoff obtained to achieve
80% sensitivity in VOICE resulted in 90% sensitivity in the ASPIRE data. The opposite
occurred with low sensitivity values. Overall, high cut-points produced high sensitivity but

resulted in low specificity in both the VOICE and ASPIRE data. For example, in the valida-
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tion data, predicting HIV-1 before 24 months with 80% sensitivity resulted in 33% specificity.
It is worth noting that to estimate the sensitivity and specificity we used a similar approach
to the one used to estimate the AUC. Hence, our sensitivity and specificity estimates account
for the right censoring of the data.

In our last exploratory analysis, we estimated that the AUC in the univariate model with
age was 0.61 (0.54-0.70) in the internal validation set, and 0.57 (0.52-0.63) in the external
validation set. The variable married/cohabiting had the largest increase when included
jointly with age with an internal validation AUC of 0.63 (0.57-0.72) and an external validation
AUC of 0.58 (0.52-0.63).

To better understand which candidate prediction methods contributed most to the final
risk score, we inspected the weighted combination used by super learner. Across all our
objectives, we observed that the Cox proportional hazards and elastic net methods tended
to have higher weights both in internal validation and external validation (Supplementary
Figures S2 and S3). Of these methods, the most weight tended to be given to elastic net with
main terms and Cox proportional hazards with stepwise forward regression. Of the more
flexible approaches, namely survival forest and the generalized additive model, the survival
forest tended to be given more weight. Moreover, averaging across folds, Cox proportional
hazards forward stepwise model and glmnet with main terms had the highest weights. We
observed similar results when fitting the super learner on the training data and validation

data combined to predict on the test data (Supplementary Figure S3).
4.4 Discussion

In this work, we fitted and assessed the super learner based on information from women
who enrolled in six HIV-1 prevention trials carried out in KwaZulu-Natal, South Africa. We
obtained estimates of the AUC across different risk time windows, while accounting for right
censoring. Additionally, we examined the impact of removing specific variables, which may
help elucidate their utility to predict risk of seroconversion.

Our findings showed modest predictive performance of the super learner, with estimated
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AUCs ranging between 0.57 to 0.68 depending on the time window and variable set. Overall,
the predictive accuracy as well as estimated sentivity and specificity of the super learner is
comparable to previous risk predictors reported in the literature (Balkus et al. 2016, Balzer
et al. 2020, Wand et al. 2018). While the performance of the Cox model was similar, super
learner has the added value that it can have good predictive performance even in cases where
the true data generating mechanism is not well approximated by a Cox model, but is well
approximated by another model in the library. The modest AUC in previous HIV risk scores
and that of the super learner suggests a fundamental limit on risk scores based on baseline

covariates used so far.

The internal validation AUC based on the VOICE trial was consistently lower than the
external validation AUC obtained from the ASPIRE trial data (Figure 4.2). This difference
could be partly explained by the fact that we used slightly more information to fit the
super learner on ASPIRE. Across different time points, we found little variation in the AUC,
however there was a decrease in the validation AUC at 24 months. Several factors could be
attributed to the observed difference in the validation and test AUCs at 24 months. First,
there is a lower amount of participants with follow-up information (2% at 24 months) in the
VOICE trial (see Table S2) compared to the ASPIRE trial (59% at 24 months). Second,
VOICE participants have different demographic and sex behavioral variables compared to
women in ASPIRE and the training data. Specifically, on Table S1, we see that participants
in the VOICE trial had different frequencies in married or lives with partner, condom use in
the last sex encounter, and parity. To further investigate this difference, we carried a principal
component analysis (PCA) with the variables that were measured across all trials. Based
on the first two components of the PCA analysis, we did not find any substantial separation
across participants in the three data sets, but rather that participants in ASPIRE set are
located in a sub-region of the training and validation data (Figure S4 in the Supplement).
Hence, while our results suggest that participants in VOICE could have different behaviors
associated to HIV risk acquisition at 2 years, our PCA analysis was not able to uncover

any substantial difference in their baseline characteristics compared to the population from
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ASPIRE.

Results of the super learner across the different variable sets were insufficient to detect
meaningful differences on its performance. While fitting the super learner with different
variables changed the point estimates of the AUC, the confidence intervals overlapped (Figure
S1 in the Supplement). In terms of point estimates, we found that the HVTN 703 variable
set performed slightly better compared to using all the variables. Bivariate analyses showed
that information on cohabiting yielded the largest increase in AUC when adjusting for age.
This result is comparable to the finding in Wand et al. (2018) that single or cohabiting
information was the most important factor for HIV-1 seroconversion. Thus, we believe
that researchers should continue to incorporate cohabiting information when developing risk
prediction models, as it is relatively easy to collect and less sensitive to subject reported biases
as other risk behavior variables. Additionally, future work to examine variable importance
using inferential techniques can provide more evidence on this matter, such as that proposed
in Williamson et al. (2020).

One limitation of the risk score we developed is its generalizability to populations other
than the one used to fit the risk score. While we fitted the super learner with information
from 6 trials, its performance is questionable outside KwaZulu-Natal, which is the province
in South Africa that gave rise to all of the data used in our analyses.

Moreover, because the number of adolescents in VOICE and ASPIRE is low (9% and
8%, respectively — Table 4.1), it is also unclear whether the learned risk score will perform
well in these populations. To better understand its applicability and limitations outside trial
populations, future work — along the lines of that done in Ayton et al. (2020b)— should
be carried out to evaluate and develop risk scores for broader high-risk populations, such as
adolescent women between 15 and 19 years (Ayton et al. 2020a). Finally, incorporating vari-
ables that were not available in our datasets such as socioeconomic information or partner’s
HIV-1 status could also help improve the performance of our risk score.

Although improvements in relation to those detailed above are possible, our risk score has

the benefit of having already been fit on a large database of existing trial data and validated
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on data from two separate trials which were carried out in a region with high HIV-1 risk,
where efforts for prevention work are of high importance. Hence, this risk score can be
readily applied to clinical research to support trial recruitment or target HIV-1 prevention

strategies.

Tables and Figures

t0=0,t11=24
all VOICE 0.57 L]
703 VOICE 0.6 L]
702/705 VOICE 0.57 L]
all ASPIRE 0.67 [ ]
703 ASPIRE 0.66 L
702/705 ASPIRE  0.68 L]
T T T T T 1
0.5 0.6 0.7 0.8 0.9 1
Estimated AUC

Figure 4.1: Estimated AUC in the internal (VOICE) and external (ASPIRE) validation data
for to = 0, t; = 24 months and different sets of variables that were used to train the super
learner. For each of the internal and external validation data, the 95% confidence intervals

for the AUC across the variable sets overlap.
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Figure 4.2: Internal (VOICE) and external (ASPIRE) validation AUC across different time
points. The internal validation AUC ranges between 0.62 and 0.66, declining to 0.57 at 24
months. The external validation AUC has less variability across time, and was consistently

higher than the internal validation set, with values close to 0.67.



Variable measured

Training Set

Internal Validation

External Validation

Category
at baseline N = 6,286 N = 2,726 N =797
<20 688 (11%) 240 (9%) 63 (8%)
20-29 3,084 (49%) 1,940 (71%) 544 (68%)
Age (years) N
30-39 1,636 (26%) 534 (20%) 146 (18%)
40+ 878 (14%) 12 (<1%) 44 (6%)
None 2,780 (44%) 1,287 (47%) 390 (49%)
Primary 1,863 (30%) 1,247 (46%) 373 (47%)

Education level

Secondary or higher 149 (2%) 191 (7%) 34 (4%)

(Missing) 1,494 (24%) 1 (<1%) 0 (0%)

No 2,867 (46%) 2,167 (79%) 741 (93%)
Married or lives

Yes 1,105 (18%) 559 (21%) 55 (T%)
with partner

(Missing) 2,314 (37%) 0 (0%) 1 (<1%)

None 435 (%) 396 (15%) 8 (1%)

1 Children 1,544 (25%) 1,344 (49%) 373 (47%)

Parity

2+ Children

2,004 (32%)

986 (36%)

321 (40%)

(Missing) 2,303 (37%) 0 (0%) 95 (12%)
0 816 (13%) 576 (21%) 244 (31%)
Number of vaginal 1 1,530 (24%) 447 (16%) 227 (28%)
sex encounters in - 2 1,443 (23%) 584 (21%) 150 (19%)
the past 7 days 3+ 2,132 (34%) 876 (32%) 165 (21%)
(Missing) 365 (6%) 243 (9%) 11 (1%)
Number of sex 0 3 (<1%) 0 (0%) 0 (0%)
1 2,352 (37%) 2155 (79%) 660 (83%)
partners in the
et 3 ot 2+ 135 (2%) 564 (21%) 137 (17%)
(Missing) 3,828 (61%) 7 (<1%) 0 (0%)
Used condom Yes 3,594 (57%) 2,202 (81%) 531 (67%)
in last sex No 2,682 (43%) 296 (11%) 266 (33%)
encounter (Missing) 10 (<1%) 228 (8%) 0 (0%)
None 1,312 (21%) 0 (0%) 0 (0%)
Male/Female condom 1,456 (23%) 0 (0%) 0 (0%)
Family planning TUD or Sterilization 608 (10%) 115 (4%) 39 (5%)
method Oral Contraceptive 381 (6%) 511 (19%) 155 (19%)
Injectables 2,520 (40%) 2,100 (77%) 601 (75%)
(Missing) 0 (0%) 0 (0%) 2 (<1%)
Yes 345 (5%) 730 (27%) 304 (38%)
Primary partner No 746 (12%) 1,617 (59%) 430 (54%)
circumcised Don’t know 358 (6%) 375 (14%) 61 (8%)
(Missing) 4,837 (T7%) 4 (<1%) 2 (<1%)
Positive 552 (9%) 407 (15%) 129 (16%)
Chlamydia Negative 5,695 (91%) 2,316 (85%) 668 (84%)
(Missing) 39 (1%) 3 (<1%) 0 (0%)
Positive 148 2%) 34 (1%) 5 (1%)
Syphillis Negative 4,542 (T2%) 2,692 (99%) 792 (99%)
(Missing) 1,596 (25%) 0 (0%) 0 (0%)
Positive 138 (2%) 89 (3%) 32 (4%)
Gonnorhea Negative 6,100 (97%) 2,635 (97%) 765 (96%)
(Missing) 39 (1%) 2 (<1%) 0 (0%)
Yes 1,001 (16%) 478 (18%) 189 (24%)
Any curable STI § No 5,271 (84%) 2,248 (82%) 608 (76%)
(Missing) 14 (<1%) 0 (0%) 0 (0%)
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Table 4.1: Demographic information in the training, internal and external validation sets. f

Diagnosed with at least one STI of: chlamydia, gonorrhoea or syphilis
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APPENDIX
4.A Further Methodological Details

4.A.1 Notation and Assumptions

Throughout we use T' to denote the time of HIV-1 diagnosis relative to enrollment, C' to
denote the earlier of loss to follow-up or trial termination, and W to denote measured base-
line covariates. The risk scores studied in this work aim to estimate functions of the form
Po(W) == By(T <ty | T > to, W), where t, and t; are fixed times. For instance, when
estimating HIV-1 risk at ¢; = 24 months if seronegative at ty = 12 months, our target of
inference is Yo(W) = Po(T <24 | T > 12,W).

In practice, for each participant we observe Z := (L, W,Y,A) with support Z, where
Y = min{7,C}, A = I[{Y = T}, and L denotes trial and site indicators that are not
included in the baseline covariates W. We assume that we observe n i.i.d. observations
Zy. .., Zy drawn from Fy. Further, in order to identify ¢y(W) via the distribution of the
observed data, we require that the censoring time is conditionally independent of the HIV-1

diagnosis time given baseline covariates, that is,
cCLT|W, (4.1)

and also that there is a nonzero probability of being censored through the end of the obser-

vation period, that is,

P{C > t; | W} > 0 with probability one over W ~ F. (4.2)

4.A.2  Super Learner Risk Score Model

Using the notation introduced in Supplementary Appendix 4.A.1, we now provide a more

detailed description of the super learner algorithm introduced in the main text. Super learner
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estimates the conditional probability of HIV-1 infection through a convex combination of
each candidate models. Letting @/31, ...,@@K be the fitted risks from each of the K models,
the risk predicted by the super learner can be expressed as Zszl akvf)k(w) where {ay,...ax}
are obtained to minimize a given loss function. For this study, we minimized the risk of the
cross-entropy loss function. We decided to use the cross-entropy loss because HIV-1 infection
is a rare outcome, and the minimum squared error loss may not perform well. Given ¢, and

t1, the cross-entropy loss function for participant i is defined as

K K
(Wi, T;) = —I{T; € (to, t1]} log [Z akiﬁk,s(z‘)(Wz’)] — I{T; >t} log [1 - Zakiﬁk,s(i)(Wz’)] -
]

k=1
Because the survival outcomes are not observed in all trial participants, we did not use the
above loss directly. However, the risk function corresponding to the above loss is estimable

using existing methods. In particular, one can estimate the risk function given by

H{T > t;}{—log (1 - Zakl/;k(w)) }]

k=1

E\I{T € (to,t1]}{—log (Z Oék@/;k(W)>} + LB

(4.3)

= E[I{T € (to, t;]} wgt® (W) + E[I{T > t,} wgt P (W)],

where wgt® (w) : W + —log (Zszl akzﬂk(w)>, and wgt® (w) : W — —log (1 -3 F akzﬂk(w))
The above risk function represents a sum of two weighted survival probabilities, where the
weights depend on covariates W. These weighted survival probabilities are estimable using

the observed data as follows.

First, note the expression in Equation 4.3 can be re-expressed as
E[I{T <t} wgtP(W)] — E [I{T < to} wetD(W)] + B [I{T > t,} wgt® (W)]

Estimation for each quantity in the above sum is very similar, so we outline our approach for
the first term. Before proceeding it is also worth noting that, because of the cross-validation
approach, we can condition on the training set used to obtain the £ learners {ﬁj }?:1 and treat

them as fixed functions. To ease notation, we will condition on these data sets implicitly.
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We can express the parameter of interest as a mapping of a given distribution P:
U : P Ep [Ep[I{T < t;}W]wgtM(W)] = Ep [fp(w) wet™ (W)]

where, fp(w) := Ep[I{T < t;}]W = w]. Our goal is to estimate ¥(P,). We do so in
two steps. First, we apply the survtmle R package to carry Targeted Maximum Likelihood
Estimation Van der Laan et al. (2011), Benkeser et al. (2018) of the cumulative incidence
U(Fy), where

U P Ep[Ep[{T < t;}[W}]] = Ep[fp(W)].

Then, we alter the resulting estimated influence function to obtain our final estimate of U. It
is worth noting that because of the assumptions outlined in Section 4.A.1, both parameters
are identifiable using the observed data (Benkeser et al. 2018, Luedtke et al. 2017).

Letting Dp : Z — R be equal to the efficient influence function of ¥ at P relative
to a nonparametric model, it can be shown that the efficient influence function of U at P
relative to this same model is equal to Dp(z) : z — wgt® (w)[D(z) + ¥(P)] — ¥(P). Via
this relationship, we can obtain the estimated marginal probability of W(F,) (denoted by
U(P?)), and the evaluation of the estimated efficient influence function at each observation

{bp;{(Zl')}?zl, where P’ is estimate of P, returned by TMLE. We use a one-step estimator
of W(P,), which is given by

= v W) Drs (7) + ()

With the estimated survival probabilities and the fit from the candidate learners, we
obtained the optimal weights that minimize the empirical risk function via the nloptr R
package (Ypma et al. 2020). Each time we fit the super learner, we carried 10-fold cross-
validation to obtain the optimal « weights for each model in the super learner — a detailed
description of this process can be found in Algorithm 3. After fitting the super learner,
we obtained the fitted survival probability for each participant in the hold-out dataset.
Performing 10-fold cross-validation allowed us to obtain independent predictions for each

participant in the VOICE dataset without overfitting. Similarly, for external validation, we



180

combined the VOICE trial data with the training data to obtain the optimal o weights via 10-
fold cross-validation. Afterwards, we predicted the survival probabilities for each ASPIRE
trial participant. Finally, it is worth noting that the estimated marginal probabilities of
survival to obtain the o weights were obtained separately from each training fold, to avoid
over-fitting. Similarly, variable imputation was also carried out within each training fold. In
the HVTN 702/705 and HVTN 703 variable analyses, we restricted the imputation procedure

to use the same variables to fit the super learner.

4.A.3 Area Under the Curve

We used the AUC to assess the performance of the super learner. For given tq and ¢; and

independent observations Z; and Zs, the AUC is defined as

E [I{&(Wl) > (Wa)} + 0.5I{h(Wy) = (W)}

E [1{T1 € (to, t1|}I{Ty > t1} (z{zﬁ(vm > h(Wa)} + 0.51{ (W) = 1/3(W2>})]
B Pty <Ty < t1)P(Ty > t) . (44)

T, € (t07t1],T2 > t1i|

We estimated the AUC in a similar fashion as the risk function, that is, by plugging the esti-
mated quantities into the empirical mean based on Equation 4.4. To estimate the numerator,
we used the survtmle R package to obtain the estimated the weighted probabilities. The
denominator consists of marginal probabilities which were also obtained using TMLE via the
same package the survtmle R package. Finally, we derived the 95% confidence intervals (CI)
for the AUC using 1,000 bootstrapped samples. Specifically, we re-sampled the predictions
from the validation and test sets and computed the estimated AUC. Algorithms 4 and 5
outline the steps we carried out to fit the super learner and obtain the estimated AUC in

the internal and external validation sets.

4.A.4  Algorithms

Let T = Training Data, V = VOICE Data, E =T UV, and A = ASPIRE data. Addition-

ally, for a given observation Z;, let Dz(l) and DZ@) be equal to the sum of the point estimate
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of the marginal survival probability, respectively either P(T € (to,t1]) or P(T > t1), plus the

corresponding individual i-specific efficient influence function estimate output by survtmle.

Input: Input dataset B, K algorithms to fit the super learner

1:

2:

3:

10:

11:

12:

13:

14:

Use B to impute B via missForest Package
With B use survtmle to obtain Dl(l) and DZ@),Vi €B
Partition B into By, ...B;jo datasets.
for s =1,...,10 do
for k =1,..., K do
* Fit algorithm k on B_g, call this 1&,{,5
Let s(i) = s for all i € B_
end for
end for
Using {zﬂkﬁs(i)(VVi), ZADEI), 152(2) i€ B, k=1{1,2,...,K}} obtain optimal & using the
nolptr package
Repeat steps 2 to 11 five times to obtain a* = %Zle Q;
for k =1,... K do
* Fit algorithm k£ on B to obtain lﬁk

end for

Output: w +— Zszl a,*;@@k(w),a*
Algorithm 3: Super Learner Algorithm. Steps marked with x may require another layer

of CV for data adaptive algorithms, e.g. glmnet
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Input: V, T
1: With V' use survtmle package to obtain ZA)Z(I) and ZA)Z@),VZ' eV
2: Partition V into Vi, ...V datasets
3: fors =1,...,10 do
4:  Use {T,V_4} to obtain 1, using super learner
5. Let s(i) = s for all i € Vj
6: end for
7. Compute AUC using (s (Wh), DY DP ievy

Output: AUC for V
Algorithm 4: Internal Validation

Input: E=TUV, A
1: With A use survtmle package to obtain ﬁgl) and ﬁZ@,Vz’ € {4}
2: Use E obtain "(,ZAJ using super learner
3: Compute AUC using {¢(W;), ﬁ§1)7 D? e A}

Output: AUC for A
Algorithm 5: External Validation

4.B Tables and Figures

Carraguard HPTNO035 MDP301 MIRA VOICE ASPIRE

N = 1485 1054 2392 1485 2750 803

(15%) (11%) (24%)  (15%)  (28%) (8%)
Age v v v v v v
Education Level v v v v v
Married v v v v v
Married or Cohabiting v v v v v
Parity v v v v v
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Num Sex Acts: 7 days v v v v v v
Num-SexAets—4-days v

Num Sex Partners: 3 mo. v v v v
Condom, Last Encounter v v v v v v
Age-at-Sexual-Debut v

Contraceptive v v v v v v
Gohabitating v v v

Age-of Partner v v

Partner circumcised v v v
Partnerhas-other Partner v v
Sereening—Trichomeonas v v v v
Screening: Syphilis v v v v v
Screening: Gonorrhea v v v v v v
Screening: Chlamydia v v v v v v
Screening: Any STI* v v v v v v

Table S1: Summary of baseline covariate availability by
trial. For validation purposes, we only consider baseline
covariates available in both VOICE and ASPIRE in our
prediction models — variables not available in both of
these trials are denoted with a strikethreugh.

* Chlamydia, Gonorrhea or Syphilis, except Syphilis for

Carraguard.
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Internal External

Training Validation Validation

Carraguard HPTNO035 MDP301 MIRA VOICE ASPIRE

Trial N =148 N=1054 N=2392 N=148 N=2726 N =797

(15%) (11%)  (23%) (15%) (28%) (8%)
Month 6 0.88 0.95 0.84 0.97 0.91 0.92
Month 12 0.65 0.92 0.23 0.89 0.58 0.77
Month 18 0.38 0.65 0.00 0.48 0.18 0.65
Month 24 0.07 0.41 0.00 0.24 0.02 0.59

Table S2: Proportion of individuals with follow-up through months 6, 12, 18, and 24.

Method R function
Cox Model, Main Terms (Cox 1972) coxph
“Classical” algorithms
Cox Model, Main Terms, Forward Stepwise  (Peduzzi et al. 1980) stepAIC
Cox Model, Interactions, Forward Stepwise  (Peduzzi et al. 1980) stepAIC
Acelerated Failure Time Model, Main Terms (Wei 1992) survreg
Acelerated Failure Time Model, Interactions (Wei 1992) survreg
Cox Model, Elastic Net Penalty (Tibshirani 1997) glmnet
Data adaptive algorithms
Cox Model, Interactions, Elastic Net Penalty (Tibshirani 1997) glmnet
Survival Forest (Ishwaran et al. 2008) rsfc
Generalized Additive Model, Cox (Hastie and Tibshirani 1995) | gam

Table S3: Candidate prediction methods used in the super-learner library. Interactions

denotes the inclusion of all interaction terms in the model.
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Figure S1: Internal (left panel, VOICE) and external validation (right panel, ASPIRE) AUC
as we fix tp = 0 and vary ¢; by 6 month increments and across different variable sets. The
AUCs at t = 18 and t = 6 months are slightly higher than the rest in the validation and test
set, respectively. However, the confidence intervals at these times typically overlap, across
all variable sets. In VOICE, the AUC is lowest when t¢; is equal to 24 months, and there is no
clear trend in which variable set yields the highest AUC. In ASPIRE, except when ¢; = 18,
the AUC with highest values are those from the super learner fitted with variables from
the HVTN 702/705 trials, and the lowest AUCs are those from the HVTN 703 variables.

Additionally, for a fixed variable set, the AUC does not seem to vary as t; varies.
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Figure S2: a-weights assigned by the super learner on each training fold during internal
validation. Each panel shows the weights depending on the window (t0,t1) of months over

which risk prediction is performed. Main terms refer to those models that adjust for all

available covariates and all interactions adjust for all possible interactions. Abbreviations:

PH, proportional hazards; Glmnet: Generalized linear model with elastic net penalty; AFT,

accelerated failure time; SF, survival forest; GAM, generalized additive model.
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Figure S3: Average of a-weights assigned by the super learner across cross validation folds
and when fitting the super learner on all the validation and training data. Each panel
shows the weights depending on the window (t0,t1) of months over which risk prediction
is performed. Main terms refer to those models that adjust for all available covariates and

all interactions adjust for all possible interactions. Abbreviations: CV, cross validation;

PH, proportional hazards; Glmnet: Generalized linear model with elastic net penalty; AFT,

accelerated failure time; SF, survival forest; GAM, generalized additive model.
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PCA values of trial participants Difference in PCA densities between ASPIRE and VOICE
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Figure S4: Principal Component Analysis plots of all trial participants using variables mea-
sured across all trials (age, condom use in last sex encounter, any curable STI, gonnorhea,
chlamydia, family planning method, number of vaginal sex encounters in the past 7 days).
On the left panel, we see all participants clustered in four groups and that there is substantial
overlap between VOICE and ASPIRE observations. On the right panel, we see the difference
between PCA densities between ASPIRE and VOICE. The most notable difference lies in
the lower left region of the plot, where the density of VOICE participants is higher. This

difference is mainly driven by family planning method and condom use in last sex encounter.
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