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Geometric measure theory provides tools for the study of the geometry of sets that
are rough, in the sense that they are not smooth enough to support the methods of
differential geometry. One approach that has been successfully exploited in this area
is based on the idea that the regularity of a set can be characterized by the behavior
of quantities that capture small-scale geometric properties. An important example
of one such quantity is the notion of density of a set or Radon measure. Originally
introduced by Besicovitch and later developed by several authors, this concept turns
out to be closely tied to the local geometric properties of sets and measures, and has
been a source of research problems in geometric measure theory until the present day.
In this dissertation we study a problem in this direction, which aims to characterize

regularity in terms of a quantitative density condition in a certain anisotropic setting.
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Chapter 1

Introduction

The study of the geometric properties of subsets of Euclidean space is a problem
that spans many different branches of classical and modern mathematics. From the
point of view of analysis, a key question is whether these sets have a structure that is
good enough to support the machinery of calculus. If the set in question is a smooth
manifold, then the full strength of those tools is available within the framework of
differential geometry. However, there are many interesting problems in which sets
arise that are not regular enough to make the tools of differential geometry fully
applicable. For example, this is the case with the Plateau problem, which aims
to find a surface of least area among those surfaces with a prescribed boundary.
Certain solutions to this problem have singular points, in the sense that they admit no
neighborhood where the surface is locally diffeomorphic to a plane. At such points, the
minimizing surface does not have a tangent plane, and therefore different techniques

are needed in order to understand its local structure.

Geometric measure theory provides a framework to study the geometry of such
sets, or more generally, the geometry of Radon measures. Its origins can be traced
back to a 1919 paper of F. Hausdorff, where he introduced a measure that generalized

the notion of length or area captured by Lebesgue measure. Known today as Hausdorff



measure, this tool provided a natural way to capture the size of objects of dimension
smaller than their ambient space without assumptions on their regularity, allowing,
for example, non-smooth surfaces or fractal sets.

In the mid-1900s, A. S. Besicovitch carried out a detailed study of the local geo-
metric properties of sets of finite “linear measure,” which today we call 1-dimensional
Hausdorff measure. His work laid down the foundations of many of the twentieth
century developments of geometric measure theory, including the study of rectifiable
sets, and the notion of sets of finite perimeter introduced by De Giorgi in the 1960’s,
which played a key role in the solution to the Plateau problem in higher dimensions.

An important line of thought was introduced in this context by E. Reifenberg.
Also motivated by the Plateau problem, he introduced a geometric quantity that
captures how well a set can be approximated by planes at small scales. Known today
as Reifenberg’s Topological Disk Theorem, his celebrated result states that if a set
can be suitably approximated by planes, then it is locally a bi-Holder image of a disk.
This result suggested the idea that the regularity of a set can be characterized by
the behavior of quantities that capture small-scale geometric properties, opening up
a line of research that has been fruitfully developing over the last decades (see Figure
. This dissertation considers a particular instance of this line of thought. Namely
the characterization of the regularity of sets, or more generally Radon measures, by
the behavior of their densities, a notion originated in the work of Besicovitch that
has proven to play a key role in the study of rectifiable sets or measures, and also in

higher regularity settings.

1.1 Density and rectifiability

Throughout this work, we let p denote a Radon measure on R"*'. For m € N,
1 <m < n+1, we denote by w,, the m-dimensional Lebesgue measure of the unit

ball in R™, and by B(X,r) the closed ball of radius r and center X € R"*! with



Figure 1.1: Capturing small-scale properties of a set; for a fixed point in the set, a
small ball centered at that point is considered, and some geometric measurement is

performed inside it.

respect to the Euclidean norm,
1/2 n
|Y|:(Z/%+y§++y2+1) ) Y:<y17y27"'7yn+1)€R+1-

Definition 1.1.1 (Density). Let p be a Radon measure on R" ™. Its m-dimensional

density at a point X € R"! is the quantity

0" (1, X) = 1im MEET))

N0 Wy t™ (LL1)

)
whenever the limit exists.

Remark 1. If the limit in ((1.1.1]) does not exist, one can consider the lower and upper
densities of p, ©7(u, ) and ©*"(u, -), obtained by replacing the limit with lim inf or

limsup as r N\ 0, respectively, both of which always exist.

This concept goes back to the foundational work of Besicovitch in [1], [2] and [3],

where he studied the geometry of 1-dimensional sets in R? in terms of the existence



of 1-dimensional densities. Intuitively, since w,,r™ is the m-dimensional Lebesgue
measure of a ball of radius 7 in R™, the quantity ©™(u, X) captures the extent to
which the infinitesimal behavior p at X resembles that of m-dimensional Lebesgue
measure, from the point of view of their action on open balls. Depending on whether
the limit defining ©™ (i, X) exists, and if it does, on how close it is to 1, that similarity
can be more or less accurate, which can be considered a parameter of the regularity
of p around X.

It is worth mentioning that even though ©™(u, X)) can be defined even if m is not
an integer, a result of Marstrand in [19] states that the existence of ©™(u, X') on a set
of positive measure forces m to be an integer. The measures that we consider in this
work shall be assumed to have a density at every point, so we may restrict ourselves
without loss of generality to the case where m € N.

The main model examples considered in this work are constructed using Hausdorff

measure.

Definition 1.1.2 (Hausdorff Measure). The m-dimensional Hausdorff measure of a
set E C R™ is given by

H™(E) =lim HS(E), where H§(E)= ianwm <
i=1

diam(FE;)\"™
SN0 ’

2

and the infimum is taken over all countable collections of sets E; C R i =
1,2,..., such that E C |J2, E; and diam(E;) < 0 for every i, where diam(E;) =

SUPx yeE; X -Y].

Example 1. Suppose P C R""! is an m-dimensional plane (or m-plane), and p =
H™ L P. Here the symbol “ L 7 denotes restriction of a measure. Then for every

XePandr >0,
u(B(X,r)) _ H™(PNB(X,r))

W™ W™

= 1.

In particular, ©™(u, X) = 1. More generally, if 3 is a C'' m-dimensional submanifold



Figure 1.2: Computing the density of p = H™ L P when P is an m-plane; in this
case, P N B(X,r) is an m-dimensional ball of radius r, and H™(P N B(X,r)) is its

m-dimensional Lebesgue measure.

of R"*! and = H™L X, then for every X € 3,

p(B(X,r))

Wy, T™

=14o0(1) asr\,0.
In particular, ©™(u, X) = 1.

This example confirms that sets or measures with nice geometry should have
good density behavior. Surprisingly, however, there exist measures with notoriously
different geometry whose density ratio still behaves optimally, as shown by Preiss in

[25] and Kowalski-Preiss in [14].
Example 2 (Kowalski-Preiss cone). Let
C={(r1,m9,...,7p41) ER"™ 1 2] + 23 + 25 = 27}

If = H"LC, then there exists a constant ¢ > 0 such that for every X € C and r > 0,

p(B(X,r))

WpT™

However, no point with xy = x5 = x3 = x4 = 0 admits a neighborhood where C can

be parametrized by a C'' image of R™ (see Figure .



Figure 1.3: Density at a singular point of the Kowalski-Preiss cone C; even though

its center is a singularity, the density of © = H" L C at that point still behaves nicely.

This example shows that the existence, positivity and finiteness of the density of a
Radon measure does not guarantee that the measure is infinitesimally flat. However,
such a density condition is tied to a weaker, measure-theoretic notion of infinitesimal

flatness:

Definition 1.1.3 (Rectifiable sets and measures). A set E C R"™ is m-rectifiable if
there exist Lipschitz maps f; - R™ — R i =12 ..., such that

H" (E \Uﬁ(Rm)) =0

A Radon measure p on R™" is m-rectifiable if up < H™, i.e. u is absolutely continuous

with respect to H™, and there exists an m-rectifiable Borel set E C R™™! such that
PRNE) = 0.

By Rademacher’s Theorem, Lipschitz mappings are differentiable almost every-

where, so Lipschitz images of R™ have m-dimensional tangent planes H"-almost
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Figure 1.4: The 4-corner Cantor set; a 1-dimensional purely unrectifiable set and a
point in it where density fails to exists due to an oscillatory behavior of the density

ratio.

everywhere. Rectifiable sets enjoy a similar property if one replaces tangent planes
with the weaker, measure theoretic notion of approximate tangent plane (see [21] for

definitions).

A characterization of rectifiable sets and measures was established over the last
century in terms of the existence, positivity and finiteness of densities. The first
results in this direction were produced by Besicovitch ([1], [2], [3]), who showed that if
Y C R? and 0 < H'(X) < oo, then the existence, positivity and finiteness H'—almost
everywhere of ©'(H'L 3, -) on X is equivalent to the 1—rectifiability of ¥ (see Figure
. After several decades, work of various authors including Marstrand [18], Mattila
[20] and Preiss [25] culminated in a deep result of Preiss, stating that given any integer
1 < m < n+1 and any Radon measure 1 on R**!, the yu—almost everywhere existence,
positivity and finiteness of ©™(u, -) is equivalent to the m—rectifiability of u (see also

notes by De Lellis in [16]).



1.2 Density and higher order regularity

Both the existence of a density and the rectifiability of a set or measure are qualitative
conditions, in the sense that they do not contain any quantitative information about
the behavior of the ratio % (e.g. its rate of convergence) or the features of the
individual Lipschitz mappings in the definition of rectifiability (e.g. their Lipschitz
constant, or how big a portion of the set under consideration they cover). It then
becomes natural to ask whether quantitative conditions on the behavior of densities
correspond to quantitative conditions on the geometry of a set or measure, and vice
versa.

A number of authors have worked in this direction over the last few decades.
For example, Tolsa showed in [29] that the so-called weak density condition implies
uniform rectifiability for Ahlfors-David regular measures, extending a result of David
and Semmes ([5], [6]) to arbitrary dimensions. In a slightly different direction, higher
order rectifiability and parametrization results have been obtained by David, Kenig
and Toro [7], Ghinassi [9], Del Nin and Idu [§], Hoffman [10] and Lewis [I7], where
the authors study densities and other geometric quantities, and the mappings under
consideration are C'7 for some v € (0,1), where C'7 denotes the space of vector-
valued functions on Euclidean space with v-Holder continuous first order derivatives.

The main subject of this work is the density behavior of certain measures sup-
ported on C'7 submanifolds of R**!. Recall that the support of a measure p on R**!
is the set

spt(p) = {X € R™™ : u(B(X,r)) >0, for all > 0}.
A Radon measure p is said to be supported on a set 3 C R™™! if spt(u) = X. We

consider the following motivating example:

Example 3. Let f: R — R, f(x) = |z|'*7, where v € (0,1). Let 3 be the graph of
f,ie. theset {(z,y) e R?*:z € R, y = f(x)}. Notice that 3 is a C'"7 submanifold of

dimension 1 of R?. Consider the measure y = H*L Y. We estimate the 1-dimensional



Figure 1.5: Computing density on the graph of f(z) = |z|'*7, z € R. The projection
of XN B((0,0),r) differs from the interval (—r,7) x {0} by a set of H! measure ~ r'*7.

density ratio of p at the origin (see Figure :

W(B((0,0),r)) = / CVTE F@Rde + 0

= / 1+ %xQ'Y + O(x)dx + O(r'™)

=2r + O(r'*).
Thus, since w; = 2,

—1

B0 )<

w1l r

which not only implies that ©'(x, (0,0)) = 1, but also gives information on the rate

at which this limit is attained.

In [7], the authors showed that under an additional mild geometric assumption,
the density behavior in the example above in fact implies the C* regularity of the

support of a Radon measure, possibly upon adjusting v:

Theorem 1.2.1 ([7]). For each o € (0,1) there exists v = y(a) € (0,1) with the
following property: Suppose ¥ = spt(u) C R for some positive Radon measure p,

and that for each compact set K C R"*! there is a constant Cx > 0 such that

’mB(X, QO

WpT™

‘ < Ckr?, (1.2.1)
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for X e XNK and 0 <r < 1. If n > 3, suppose in addition that 3 is Reifenberg-flat

with small constant. Then ¥ is a CY7 n-dimensional submanifold of R™*!,

For details on the meaning of the flatness assumption in Theorem [1.2.1] see Section
. This assumption helps to ensure that > does not have many holes [27], as well as
rule out the existence of singular points of the type described in Example [2]

More generally, it is shown in [7] that Theorem remains valid if is
replaced with a suitable doubling condition, namely, u being a-Holder asymptotically

optimally doubling:

Definition 1.2.1 (Asymptotic optimal doubling). A Radon measure p on R™ ! with
support ¥ is asymptotically optimally doubling of dimension n if for every compact

set K C R

: u(B(X,tr))

llm su —_— Y — tn = 0 1.2.2

™0 XEERK /L(B(X, 7”)) ( )
tel3,1]

Additionally, given a € (0,1), p is a-Holder asymptotically optimally doubling of
dimension n if for every compact set K C R there exist constants Cx > 0 and

rx > 0 such that for every r € (0,7g],

u(B(X, tr))
su 7 i < Crr®. 1.2.3
xewn | p(B(X, 7)) =K (1.23)
tel3.1]

A direct computation shows that condition ([1.2.3]) is weaker than ((1.2.1]). However,
as shown in [7], the validity of implies the existence of a measure that satisfies
and has the same support as p, which explains why assumption can be
relaxed in this way. It is important to mention that Theorem [1.2.1{ and its doubling
counterpart were originally proven in codimension 1. Preiss, Tolsa and Toro later

generalized these results to arbitrary codimension in [26].
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Figure 1.6: An example of a measure with 1-dimensional support and two A-balls

centered on it.

1.3 Main results

In this work we consider measures that satisfy anisotropic analogues of and
, in the sense that the balls used in both conditions are now determined by a
rough Riemannian metric on Euclidean space. This approach is motivated by recent
work of Casey, Goering, Toro and Wilson in [4], where the authors characterize rec-
tifiability of measures in terms of the existence of anisotropic densities and principal
values.

More precisely, we consider a matrix-valued function X — A(X), X € R*"! such
that A(X) is symmetric, positive definite for every X. The corresponding balls, that

we shall refer to as A-balls or ellipses, are given by
Ba(X,r) =X + A(X)B(0,r), r>0. (1.3.1)

Definition 1.3.1 (A-density). Let u be a Radon measure on R™. The m-dimensional
A-density of v is defined as

Ba(X
O (n, X) =l M) 5 i), (13.2)

whenever the limit exists.

Our main goal is to establish the C* regularity of the support of a Radon mea-
sure p under quantitative density and doubling assumptions formulated in terms of

O% (1, -). We focus on the codimension 1 case.
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The statements of some of our main results make reference to a flatness condition
as well, formulated in terms of the n-dimensional bilateral S-numbers bG%(X, ) (see
Section [2.3| for definitions), where 3 = spt(u). Given a compact set K C R™™! and a
radius ro > 0, we denote

bBs (K, 1) = bBs(K,19) = sup sup bFs(X,7).
re(0,ro] XEXNK

The flatness condition we consider is the following:

For every compact set K C R"™ there exists rx > 0 depending on K and A, such

that bfs (K, k) < dk, where dx > 0 is a small number determined by K and A.
(1.3.3)

Note that any set X satisfies if 5 > 1. On the other hand, if 0 < 1, then
gives information on the flatness of > at points in XN K. Condition is a
replacement for the flatness assumption of Theorem and it means that locally, a
certain amount of flatness is required, and this amount is determined only by location
and the mapping A.

Our first main result is the following:

Theorem 1.3.1. Let a, 8 € (0,1). Suppose X — A(X) is locally Holder continuous
on R™™ with exponent B. Let u be a Radon measure on R with support ¥ such
that the following holds: For every compact set K C R with X N K # @ there
exists a constant Cx > 0 such that for every X € XN K and r € (0,1],

p(BA(X, 7))

— 1| < Cgr®. (1.3.4)
Wpr™

Ifn > 3, suppose additionally that ¥ satisfies (1.3.3)). Then X is a C*7 n-dimensional
submanifold of R"™', for some v € (0,1) depending on o and (3.

Remark 2. The Holder continuity condition above and (|1.3.4)) will be often referred to
as the continuity and density assumptions of Theorem [1.3.1] For a precise formulation

of the continuity assumption see Section [2.2]
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We also prove a version of Theorem with a doubling assumption:

Theorem 1.3.2. Let «, 8 € (0,1). Suppose X — A(X) is locally Hélder continuous
on R with exponent 5. Let pu be a Radon measure on R with support & such
that the following holds: For every compact set K C R™ with X N K # & there
exists a constant Cg > 0 such that for every r € (0,1],

IR IERERS)
XeXnK M(BA(X7 T))

te[3,1]

—t" S CKTO{. (135)

Ifn > 3, suppose additionally that ¥ satisfies (1.3.3)). Then ¥ is a C*Y n-dimensional

submanifold of R"™*, for some v € (0,1) depending on a and (3.

These are analogues of the corresponding results in [7]. The main novelty here
is the ability to replace round balls with ellipses that change from point to point.
This type of question lies in the framework of studying densities or other related
analytic quantities determined by norms other than the Euclidean one. In our case,
the associated norm depends on the point, and is given by ||Z]|x = |A(X)"1Z], so
that

Ba(X,r) ={YV e R |V — X||x < r}.

The proof of Theorem [1.3.2]is based on Theorem [1.3.1, On the other hand, the
proof of Theorem uses the following result in [7].

Proposition 1.3.1 ([7] - Proposition 9.1). Let v € (0,1). Suppose ¥ is a Reifenberg-
flat set with vanishing constant of dimension m in R" m < n + 1, and that for

each compact set K C R™"™ there exist constants Ci,rx > 0 such that
Be(X,r) < Ckr7, (1.3.6)

forall X € KNY and r € (0,7k]. Then ¥ is a C™ submanifold of dimension m of
R+,
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Remark 3. Tt can be seen from the proof of this result that > only needs to be assumed

to be Reifenberg-flat with small constant.

By virtue of this result, the proof of Theorem [1.3.1| consists of the following steps:

Step 1. Prove that (1.3.6) holds under the assumptions of Theorem [1.3.1]

Step 2. Show that under the assumptions of Theorem [I.3.1] ¥ is Reifenberg flat with

vanishing constant.

Our last main result describes the case in which ([1.3.5)) is satisfied but no flatness
assumption is made on ¥ = spt(u). This is an anisotropic analogue of [26, Theorem

1.7] in codimension 1:

Theorem 1.3.3. Let a, 8 € (0,1). Suppose X — A(X) is locally Hélder continuous
on R™™ with exponent B. Let u be a Radon measure on R™™ with support ¥ such
that the following holds: For every compact set K C R*"™ with X N K # & there
ezists a constant Cx > 0 such that for every r € (0,1],

oy 1Y)
XerXnK ,U(BA(Xa T))

te[3,1)

— " < Ckr?.

Then > = RUS, where § is a closed set of Hausdorff dimension at most n — 3 if
n>3 orS=0 ifn<2, and R is a C*7 submanifold of dimension n of R"* | for

some v € (0,1) depending on « and 3.

This dissertation is organized as follows. Chapter [2| contains preliminary defini-
tions and facts that are needed later on in the proofs of the main results. Steps 1 and 2
of the proof of Theorem [I.3.T] are contained in Chapter [3]and Chapter [ respectively.
Finally, Chapter |5 contains the proofs of Theorem and Theorem [1.3.3]
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Chapter 2

Preliminaries

We will adopt the convention that any local constants depending on a compact
set K C R™"! may be denoted by C. Moreover, we may allow C'x to depend on the
matrix-valued function A, and any updates to the value of C'x may be incorporated

without changing notation.

2.1 Measure theoretic background

We start with a summary of some of the properties of uniform and flat measures, as

well as their relevance in our setting via the notion of tangent measure.

Definition 2.1.1 (Uniform measure). Given 0 < m < n+ 1, a Radon measure v on
R™"! is m-uniform if there exists a constant C > 0 such that for all X € spt(v) and
r >0,

v(B(X,r)) =Cr™. (2.1.1)

Uniform measures resemble, in particular, the asymptotic behavior as » — 0
of a measure p that satisfies (1.2.1). As mentioned above, a well-known result of
Marstrand [19] implies that if v is m-uniform, then m is an integer. An important

example of m-uniform measure is when v is flat:
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Definition 2.1.2 (Flat measure). Given m € N, m < n + 1, a Radon measure v on
R™*! s flat of dimension m if there exists an m-plane P and a constant C > 0 such

that v = CH™L P.

Flat measures play a key role in the study of rectifiability (see for example [21]
for a good summary). However, not all uniform measures are flat, as shown by the
Kowalski-Preiss cone in Example[2] Even though a complete classification of uniform
measures is still an open problem, the following results summarize some of the main

facts we need to know about uniform measures in this work:

Theorem 2.1.1 ([25]). Let v be an m-uniform measure on R"™* m € N, m <n+1.

If m <2, then v is flat of dimension m.

Theorem 2.1.2 ([I4]). Let v be an n-uniform measure in R""'. Then after a trans-

lation, rotation and multiplication by a constant, either
v=H"L{(21,...,7041) €E R 2, =0}, (2.1.2)
orn >3 and
v=H"L{(z1,...,2np1) € R" 1 2] + 23 + 25 = 27} (2.1.3)

Theorem [2.1.2| characterizes n-uniform measures in codimension 1. In higher codi-
mension, other families of examples of non-flat 3-uniform measures have been found
by A. Dali Nimer [24], but our arguments will not rely on those directly.

The way in which uniform measures arise in our context is as tangent measures

of a measure that satisfies the assumptions of Theorems [1.3.2] [1.3.1 or [1.3.3l Given

a Radon measure p on R"™ X € spt(u) and r > 0, consider the map T, and the

measure [y, given by

Z-X B L e
e T B )

Tx.(Z2) = (2.1.4)

where Z € R"™ | and T, [y] is the push-forward measure of p via T,
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Definition 2.1.3 (Tangent measure). Let u, v be nonzero Radon measures on R" !,
We say that v is a tangent measure of p at X € spt(u) if pix,r,, — v for some sequence

re > 0 with vy — 0, where “—” denotes weak convergence of Radon measures.

Remark 4. Note that if p is m-uniform and v is a tangent measure of p as defined

above, then v(B(0,1)) = 1.

The following is a standard notion of distance between Radon measures that we
will need later in connection with tangent measures. For r > 0, let £(r) denote the set
of non-negative Lipschitz functions ¢ on R"™! with spt(¢) C B(0,r) and Lip(¢) < 1.

Given Radon measures o, 3 on R let

/(pdy—/godﬂ

As the following result shows (see [25, Proposition 1.12]), these functionals metrize

Fr(v,0) = sup
pEL(r)

. Fwp) =) 27 Fp(v,p). (2.1.5)

k>1

the weak convergence of Radon measures:

Proposition 2.1.1 ([25]). Suppose v, vy, are radon measures on R k € N. Then

the following conditions are equivalent:

(i) v, —= v, (i) lilgn}"(z/k, v) =0, (iii)) For allr > 0, h}gﬂ Fr(vg,v) = 0.

We will also need a result of Preiss based on the notion of tangent measure at

infinity:

Definition 2.1.4 (Tangent measure at infinity). Let pu, v be nonzero Radon measures

on R™Y. Then v is a tangent measure of u at infinity (of dimension m) if for every

X € R,
1

_mTX,T [:U] -V,
r

asr — O0.
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Note that a priori, different sequences of radii may lead to different limits. How-
ever, Preiss showed that this is not the case if p is m-uniform. Recall the notion of

conical measure:

Definition 2.1.5 (Conical measure). An m-uniform measure v is conical if for every
r >0,

1
—To, v =v. (2.1.6)
rm

Theorem 2.1.3 ([25]). Let v be an m-uniform measure in R™™. Then v has a
unique tangent measure v at oo, where v is m-uniform and conical. Moreover, for
every X € spt(v), v has a unique tangent measure at X, which is also m-uniform

and conical.

The question of whether an m-uniform measure is flat, is only relevant when
m > 3, by Theorem [2.1.1] A key result of Preiss in this direction says that for an
m-~uniform measure v, with m > 3, if v is close enough to being flat at infinity, then

it is flat:

Theorem 2.1.4 ([25]). If 3 < m < n+ 1, there exists a constant ¢o > 0 depending
only onn and m such that if v is an m-uniform measure on R"* with v(B(X,1)) =1

for X € spt(v), for which its tangent measure v at oo satisfies

F(7) = min/ dist(X, P)*di(X) < &, (2.1.7)
P JB0,1)

then v is flat. Here, the minimum is taken over all m-planes P in R™* with 0 € P.

De Lellis introduced in [I6, Lemma 6.20] a smooth version of F' that is convenient
to work with. Let ¢ € C>®(R"™) be a radially non-increasing function such that

XB0,1) < ¢ < XB(0,2)- Given a Radon measure v with 0 € spt(v), let

1
F(v) = min

P (B0 1) / p(2)dist(Z, P)*dv(Z2), (2.1.8)

where the minimum is taken over all m-planes P in R"*! with 0 € P. In contrast

with F, F has the property of being continuous with respect to sequential weak
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convergence of Radon measures. Moreover, v(B(0,1))F(v) > F(v) for any Radon

measure v, so Theorem [2.1.4] can be reformulated as follows:

Corollary 2.1.1 ([16]). Let v be an m-uniform measure on R"** with v(B(0,1)) = 1.
If 3 <m < n+1, there exists g > 0, depending only on m and n, such that if
limsup F(vor) < €f, (2.1.9)

R—o00

then v is flat.

2.2 The matrix-valued function A

This section contains all the necessary definitions and basic facts about the mapping

A considered in Theorems|1.3.1} [1.3.2/and |1.3.3] We denote by GL(n+ 1, R) the space

of (n 4+ 1) x (n+ 1) real invertible matrices, endowed with the operator norm

JA| = sup |AV|, A€ GL(n+1,R),
VeRrntl
Vi<1

where | - | denotes the Euclidean norm in R"*!. We consider a mapping A : R"™! —
GL(n+1,R) with the property that A(X) is a symmetric positive definite matrix for
each X € R""!. In particular, all the eigenvalues of A(X) are real and positive. We
also assume that A is locally Holder continuous with exponent § € (0,1), in the sense
that for each compact set K C R™™! there exists a constant Hx > 0 such that for all
XY €K,

JACO) = A(Y)| < HlX =Y. (2:2.1)

Important properties of A will be encoded in the smallest and largest eigenvalues of

A(X) at a given point X, which we will denote by Apin(X) and Apax(X), respectively.
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Lemma 2.2.1 (Regularity of eigenvalues). For all X, Y € R"™ we have
|>\min<X) - )‘mln(Y)| < HA(X) - A(Y)H7
|)\max(X) - )‘max(Y)’ S HA(X) - A<Y)||

These estimates and the continuity assumption imply that the functions
Amin(+) and Apax(+) are locally Holder continuous with exponent S. From this and
from the fact that A(X) is an invertible matrix for every X € R"™! it follows that
Amin(+); Amin(*) ™Y Amax(+) and Apax(-) ™1 are locally bounded from above and below
by positive constants, and Ay, (+) ™! and Ay (-) 7! are also locally Holder continuous

with exponent 5. These considerations will be used in many of our estimates.

Proof of Lemma [2.2.1. For Apax we can write A\ (X) = |[A(X)]], so the second
estimate in the statement follows from triangle inequality. As for A;,, notice that

1/Amin(X) is the largest eigenvalue of A(X)™!, so 1/Anim(X) = [|A(X)7Y||. Therefore

o LA = A
Anin %) = Aoin 0O = | TRy~ TR T A TAR) ]
JAG) ™ = A0 A — ACOAY) )]
S TREIAD T~ A AT
AT ARY) — ACXIAY)
=R A S IAGO =AML

]

The main role of the mapping A in our context is to determine the ellipses By (X, r)
in (1.3.1). In particular, the regularity of A ensures that these ellipses enjoy some

compatibility, as the next lemma shows.

Lemma 2.2.2 (Nested nonconcentric ellipses). Suppose A is Hélder continuous as in
(2.2.1). Let K C R™ be compact. If X, Y € K, r >0 and |X — Y| < Ckr for some
constant C'x > 0 depending on K, then

BAo(X, 1) C BA(Y, 7 + Auin(X) 7HX = Y| + Cgr'™). (2.2.2)
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If in addition | X — Y| < Apin(X)7r/2 and 1 is small enough depending on K and A,
then

7= Amin(X) HX)|X = Y| = Cxr' ™ >0

and

BA(X, 1) D Ba(Y,r — Apin (X)) THX = Y| = Cr'™P). (2.2.3)
Proof. Let Z € By(X,r). Write Z = X + A(X)W, where W € B(0,r). Then
Z=Y+X-Y+AX)W=Y +AY)AY) (X -Y +AX)W)].
Estimating the term in the brackets and keeping in mind the continuity of A, we get

AY)HX =Y + AX)W)] < JAY)THX = Y)| +[AY) AW
< Anin (V) THX =Y+ [(A(Y)THAX) = A(Y)) + DIV
< Amin(Y) X = Y] 4+ Hiedin (V) X = YV [W| + W]
< (X)) ™+ Hg[X = Y|7)|X = Y]
+ Hicduin(Y) X = Y2 |W] + W]
< Anin(X) X = Y| + Cxr' ™8+ W]

< Ain (X)X = Y|+ Cxr' ™8 47,
This implies that
ZeY +AY)B(0,7 + Auin(X) X = Y| + Cgrt™),

which proves (2.2.2)). To prove (2.2.3)), let Z € By(Y, p), with p > 0 to be determined.
Write

Z=Y +AY)W =X + AX)[AX)HY = X + A(Y)IW)],
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where W € B(0, p), and estimate similarly as before
AC) Y = X+ AW < ALY — X))+ JACX)TAY) V|
< ALY = X)|+ A LAY — ACO)] + W]
< Amin (X)X = V] 4+ Hicduin (X)X = VP W |+ W]
< Amin(X) X = Y|+ Crr'*P 4+ p.
(2.2.4)

We would like this upper bound not to exceed r, which can be achieved by choosing
p=7 = Auin( X)X = Y| = Cgr'™P.

Notice that by our assumptions, if r is small enough depending on K and A, we have

p > g —CKTIJFﬁ > 0.

With this choice of p, it follows from (2.2.4) that Z € X + A(X)B(0,r), which

completes the proof of the lemma. O

2.3 Flatness notions

This section contains the necessary definitions and some basic facts concerning bi-
lateral S-numbers and Reifenberg-flat sets. We let D[A, B] denote the Hausdorff

distance between two closed sets A and B, i.e.

DIJA, B] = max {sup dist(X, B), sup dist(Y, A)} ,
XeA YeB
where dist(X, B) = infy¢p |X — Y| and similarly for dist(Y, A).
Definition 2.3.1 (Bilateral S-numbers). Given a closed set ¥ C R"™, the m-

dimensional bilateral B-numbers of 3 are

DO (X.r) = inf {%D[E A B(X,r); PN B(X, r)]} , (2.3.1)
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Figure 2.1: Bilateral S-numbers and the two e-neighborhood inclusions they deter-

mine.

where X € X, r > 0, and the infimum is taken over all m-planes P through X .

Remark 5. Whenever the value of m is clear from the context, we may simplify the
notation and write bfx (X, r). Most of the time, this will occur under the assumption

that m = n.

We denote the closed e-neighborhood of a set E C R"™! by
(E;e) ={Z e R"" : dist(Z, E) < ¢}. (2.3.2)

The numbers 0S5 measures flatness of ¥ in a bilateral way, in the sense that if

P(X,r) is an m-plane attaining the infimum in (2.3.1)), then (see Figure
YNB(X,r) C (P(X,r)NB(X,r); b8 (X, r)r),

and
P(X,r)NB(X,r) C (XN B(X,r); bG8 (X, r)r).

From this point of view, flatness of ¥ is determined by how close bB%(X,r) is to
0. The following notions of flatness based on b8 are standard in the literature (see

[27]), and they play an important role in some of our arguments:
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Definition 2.3.2 (Reifenberg-flat set). A closed set ¥ C R™! is:

1. 6-Reifenberg flat (or Reifenberg flat with constant §) of dimension m, where
§ > 0, if for every compact set K C R with X N K # & there exists rg > 0
such that

bAR(K,rx) = sup sup bAR(X,r) <é.
re(0,rx] XeXNK

2. Reifenberg flat with vanishing constant of dimension m if it is d-Reifenberg flat
of dimension m for all § > 0, or equivalently, for every compact set K C R**!
with YN K # &,

}’1—{% bﬁE (K7 T) =0.

We will also need the following anisotropic version of b33,

bﬁgA(X, r) = iII_ljf {ED[Z N Ba(X,7); PN By(X, r)]} ,

r

where the infimum is again taken over all m-planes P through X. The only difference
between this quantity and bp% (X, r) is that B(X,r) is replaced by By(X,r). The
following lemma provides a way to compare bfs} with b33 . Its statement and many
estimates later on make reference to the following eigenvalue bounds, associated with
any compact set K C R

Amin(K) = Xe?zl}wr}(;l) Amin(X),  Amax(K) = Xe(S;rPK;l) Amax (X)), (2.3.3)
as well as a local notion of eccentricity of A,

/\maX(K)

€A(K) = —)\min(K) .

(2.3.4)

The fact that some of these quantities consider a neighborhood of ¥ N K as opposed

to just X N K will become relevant in later sections.

Lemma 2.3.1 (Euclidean and anisotropic flatness). Let ¥ C R"™! be closed and

let K C R"™ be compact with ¥ N K # @. Then there exists a constant 0 > 0
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depending on K and A with the following property. Let § € (0,0x), X,X € ¥ NK,
r >0, 1" = Apax(K)r, 7" = Auin(K)7, and let P be an m-plane through X, m < n.
Let By(X, X,r) = X + A(X)B(0,r).

1. If
DENB(X,r"); PN B(X,r")] <o, (2.3.5)
then
D[N BA(X, X,7); PN BA(X, X,7))] < (2+ ea(K))or'. (2.3.6)
2. If
D[N BA(X, X,7); PN BA(X, X, 7))] < ér, (2.3.7)
then
D[S N B(X,7"); PN B(X,r")] < 26r. (2.3.8)

Moreover, dx can be taken to be
Ok = min{ Apin(K), ea(K)™ '} (2.3.9)
The following corollary is a direct consequence of this lemma in the case X = X.

Corollary 2.3.1. Let ¥ C R be closed and let K C R™! be compact with N K #
& . Then there exists a constant 0 > 0 depending on K, A and n with the following
property. Let 6 € (0,0k), X € XNK, r >0, 1" = Apax(FK)7, 7" = Auin (K7, and let

P be an m-plane through X, m <n.

1 If
D[E N B(X,r'); PN B(X,r')] < &, (2.3.10)

then
D[YXN BA(X,7); PN BA(X,7))] < (2 + ep(K))or'. (2.3.11)
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2. If
D[E N By(X,7); PN BA(X,7))] < o7, (2.3.12)

then
D[EHB(X,T”);PHB(X,T”)] < 20r. (2.3.13)

Proof of Lemma[2.3.1. The proof makes repeated use of the fact that with X, X, r, 7’

and r” as in the statement, we have
B(X,r") C BA(X,X,r) C B(X,7). (2.3.14)

Let us first prove (2.3.11)) under the assumption that (2.3.10) holds. We proceed in

two steps.

1. First we show that
YN BA(X, X,7r) C (PN BA(X, X,7); (1 + ex(K))dr'). (2.3.15)
Let Y € ¥ N Bay(X, X,r), and write Y = X + Y| + Y., where Y}, and Y] are parallel

and orthogonal, respectively, to P. We consider two cases.

Case (i): X + Y € PN Ba(X,X,r). In this situation, using that Ba(X, X,r) C
B(X,r") and (12.3.10)), we see that

dist(Y, PN Bo(X, X, 7)) = |Y1| = dist(Y, P 1 B(X,r")) < 67,

which implies (2.3.11)).

Case (ii): X +Y] ¢ PNBa(X, X,r), or equivalently, X +Y] ¢ Bs(X, X,r). Now in
addition to |Y |, we also need to control the distance from X + Y| to PN Ba(X, X, 7).
Write

X+Y) =X+ AXOW,
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and notice that X + Y] ¢ Ba(X, X,r) implies [W| = [A(X)7'(Y})| > 7. Let Y’ =
X + AX)W’, where W' = rW/|W|. Note that |A(X)"1(Y' — X)| = [W'| =7, so
Y' € OBA(X, X,r). Moreover, by construction Y’ belongs to the line through X and
X +Y), so in particular Y’ € P. Therefore

dist(X + Y], PN BA(X, X, 7)) < | X + Y, - Y| (2.3.16)
Denote p = | X + Y] — Y’|. Then
W= W' = [AX) X +Y) =Y = Aaax(K) .

Therefore, taking into account that W — W' = <1 — ﬁ) W and W' = ﬁw, so that

both W — W’ and W’ are colinear and point in the same direction, we get

(W] =W =W+ W] =7+ Anax (K) " p.

In particular, we have B(W, Apax(K)p) € R\ B(0,r), and applying X + A(X)(:)
we obtain
X + AX)B(W, Aax (K) ' p) C RN\ BA(X, X, 7). (2.3.17)
Now, notice that
X+ AX)BW, Anax(K) ™' p) = X + AX)W + A(X) B(0, Amax (K) ")
~ )\min(K>
— 3.1

DX—i—A(X)W—i—B(O, /\max<K),0) (2.3.18)

=B (X + Y||,€A(K)_1p) .
Combining (2.3.17) with (2.3.18) we get

B(X +Y),es(K)'p) N BA(X, X, 1) = 2. (2.3.19)
In particular, since Y € Bx(X, X, ), ([2.3.16) and (2.3.19) imply that

Vil = |V = (X +Y))| = ealk)™p = ea(K) " dist(X + ¥, PN Ba(X, X, 1)),
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which gives

dist(X + Y, PN BA(X, X, 7)) < en(K)|YL].
From this estimate and (2.3.10), which ensures that |Y | < 6/, we deduce that
dist(Y, PN BA(X, X, 7)) < Y|+ dist(X + Y}, PN BA(X, X, 7))
< (14 ea(K)IYL| < (14 ea(K))or,

which proves ([2.3.15|) .

2. Next, we show that
PN BA(X, X,7) C (SN BA(X, X,7); (2 + ea(K))dr"). (2.3.20)

Let Y € PN By(X, X,r). We would like to use to obtain a point in ¥ which
is close to Y. However, if we do this directly at Y, the resulting point in > may not
necessarily be contained in By (X, X,7). We compensate for this by adjusting Y in
the following way. Write Y = X + A(X)W, where [W| < 7. Let W' = (1 — p)W,
where p € (0,1) will be chosen later, and let Y’ = X + A(X)W".

We will first find a ball with center Y’ that is contained in B, (X, X,r). To do
this, note that because |W’| < (1 — p)r, we have B(W’, pr) C B(0,r). Therefore
X+ AX)BW!', pr) € X + A(X)B(0,7) = By(X, X, ). (2.3.21)
Now, note that
X +AX)BW', pr) = X + A(X)W' + A(X)B(0, pr)
=Y’ + A(X)B(0, pr) (2.3.22)
DY+ B0, Amin(K)pr).
Combining this with (2.3.21]) gives

B(Y' Auin(K)pr) € Bo(X, X, 7). (2.3.23)
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Next, note that since Y € P N By(X,X,r), by construction we have Y’ € PN

Ba(X, X,r) as well, so in particular,
Y'e PN B(X,r").
We can now use to deduce that there exists @ € ¥ N B(X,r’) such that
Y — Q| < 6. (2.3.24)

We will use ) to approximate Y. We would like to ensure that QQ € B, (X, X,r). To
do this, notice that by (2.3.23)) it suffices to show that

Y — Q| < Amin(K)pr (2.3.25)

But from ([2.3.24]), we see that this holds as long as e (K)d < p. To ensure that this

-1

is the case, we assume that 0x < ep(K)~' and

p € (ea(K)ok,1). (2.3.26)

In this scenario (2.3.25)) holds, which implies that Q € Bx(X, X,7). Moreover, since
Q €%, we have Q € ¥ N By (X, X,r). To conclude, we estimate

QY| <|Q—-Y'|+ Y = Y| < Apax(K)or + [A(X)(W = W)| < &' + pr'.

(2.3.27)
We now assume, in addition to ([2.3.26), that
p < (14 en(K))dk. (2.3.28)

Then ([2.3.27) implies |Q—Y| < (2+ex(K))or’, proving (2.3.20). Now (2.3.11)) follows
from ([2.3.15)) and ([2.3.20)).

Next we assume (2.3.12)) and prove ([2.3.13]). We proceed in two steps as before.

1. First we claim that

PN B(X,r") C (SN0 B(X,r");26r). (2.3.29)
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To prove this, let Y € PN B(X,r"). Consider

J
Y=Y — Y - X).
Amin(K)( )
Notice that Y" € P. Moreover, if 0x < Apnin(K), then since Y € B(X, "),
4
V-X|=(1-—+ )|V - X| <7
VX = (1 g ) IV - X<

so Y’ € B(X,r") as well. Now, since B(X,r") C Bx(X, X,r), by (2.3.12) there exists

7 € ¥ N Bo(X, X, r) such that
Y' — Z] < dr.
This implies
X —Z| <X =Y+ |V - 7]
o
S (l—m) |X—Y|+5T<T/,—5T+(ST‘:T,/,

so Z € XN B(X,r"). Moreover, by (2.3.30) Z satisfies

J

Y-Z| <)Y -Y|+Y -Z| < ———
Y-S Y Y Y - 2] S

This proves (12.3.29)).

2. Now we show that

YN B(X,r")c (PNB(X,r");or).

| X — Y|+ or =26r.

(2.3.30)

(2.3.31)

(2.3.32)

(2.3.33)

Let Y € ¥NB(X,r"). Let Z be the orthogonal projection of Y onto P. Then because

P contains X, we have Z € B(X,r"), so Z € PN B(X,r"). Moreover, using that

B(X,r") € BA(X,X,r) and (2.3.12)), we get

Y — Z| = dist(Y, PN B(X,7")) = dist(Y, PN By (X, X, 7)) < or.

(2.3.34)

This gives (2.3.33). Combining equations (|2.3.29) and (2.3.33|) we obtain (2.3.13)),

which completes the proof of Lemma [2.3.1]

]
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Chapter 3

Density and decay of f—numbers

3.1 Moment estimates

Here we start deriving geometric information about a measure p under the assump-
tion that p and A satisfy the density and continuity conditions of Theorem [1.3.1]
i.e. equations and (no flatness assumption needs to be made at this
point). To accomplish this we consider certain moments, an idea that has already
been successfully exploited in the literature, most notably in the study of uniform
measures (see [25], [14]), as well as in the case of measures that are not necessarily
uniform but rather asymptotically uniform in a sense, such as those satisfying .
A priori, an appropriate notion of moment in our setting would incorporate suitable
A terms. However, we will instead consider a transformation fi of p for which the

standard notion of moment will suffice.

From now on K C R*™! will be a fixed compact set with K NY # &, and X, will
denote an arbitrary point in K N¥. We will study the regularity of ¥ near X, by

considering the following transformation. Let

K=AXy) 'K, X=A(X) '(X)=-spt(fr), (3.1.1)
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= AXo) M), A(Y) = ACX) T AA(Xo)Y), (3.12)
where Y € ¥ N K and A(X,)~![] denotes push-forward via A(Xy)~!. As we will see,
the regularity of ¥ near X, will be determined by that of Y near Yy = A(Xo) 1 Xo.

The main benefits of performing this transformation come from the fact that

A(Yp) = 1d. (3.1.3)

Let us start by using the density assumption on p in Theorem to derive a
corresponding estimate for i. If X € ¥ N K and Y = A(Xy)"'X € ¥ N K (notice

that a generic point of ¥ N K can always be written in this way ), then

p(Ba(X, 7)) = (X + AX)B(0,7))

PA(X)[A(X0) X + A(Xo) T A(X) B(0,7)])

AA(X0) X + AA(Xo) X)) = (B3(A(Xo) ' X, 7)) = (B (Y. 7)).

Thus, (T.3.4) implies that for every Y € N K and r € (0, 1],

i(Bx (Y.
'M - 1‘ < Ogr®. (3.1.4)
WpT™
We will often use this estimate in the form
wyr™ — Crr™™ < (B (Y, 7)) < wpr™ + Crer™te, (3.1.5)

Remark 6. By our assumptions on A, we have for every YV, Y’ € SN K,

IAY) = AY")I| < ea(K)Hi]Y = Y')7,

with Hg asin (2.2.1) and e (K) as in ([2.3.4]). This guarantees that as we work with
fvand A throughout the rest of this section, any local constants that arise from ([3.1.4))
and the continuity of A (including the lemmas in Section |2|) can be taken to depend
on K and A, but not on the particular choice of X (or equivalently K ). This will

become important later on.
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We consider the following moments of i at Yj:

n+ 2 / 9 9 -
b= —— 2 —|Z = Yo|*)(Z = Yo)dp(2), 3.1.6
o [, 12 YOP)Z — Yo)d(2) (3.1.6)
n+2
QY:—/ Y, Z — Yo\ du(2), 3.1.7
W)= [ 0 dji(2) (3.1.7)

as well as the trace of the quadratic form @),

2
S 1zPai2),
WnT" % ) B(Yo,r)

The fact that these quantities are well suited to fi is a consequence of (3.1.3). As in

tr(Q) =

[7], we will use b and @ to show that near Yj, 3 is close to the zero set of a quadratic

polynomial. This is the content of the main result of this section:

Proposition 3.1.1. Suppose A and p satisfy the continuity and density assumptions
of Theorem . Let Xy € SN K, where K C R™! is compact, and let i, A, ¥, K
be as in (3.1.2), and Yy = A(Xo) ' Xo. Then with b and Q as defined in (3.1.6) and
, there exist Cx > 0 and rig > 0 depending only on K, A and n, such that

Itr(Q) — n| < Ckre, (3.1.8)
Y — Y|} .
120, Y —Yy) + QY —Yy) — [Y — Y| < Ok (Q + r2+mm{aﬁ}> . (3.1.9)
r
whenever r € (0,7x] and Y € ¥.N B(Yy,r/2).

Remark 7. Tt will be useful to keep in mind that even though fi, > and K depend on
Xo, the constants C'x and g in this result are independent of the particular choice

of Xo e ¥NK.

Proof of Proposition|3.1.1. Let us assume without loss of generality that Yy = 0, and
record for later use the fact that A(0) = Id. We start by proving (3.1.8). Here and

in what follows we will make repeated use of the following consequence of Fubini’s
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theorem, valid for any measurable set £ and any non-negative measurable function
f o0

[ 1@z = [aize B 12)>
We see that

[ 1zranz = [ izpancz)
B(O,r) B(O,T)

2

:/OT A({Z € BO.r) : |2’ >t})dt:/or A({B(O,\B(0, VD) })dt.

Now by (3.1.5) and because A(0) = Id, we have for 0 < t < 12,
(B0, 1)\B(0, V1)) = wi(r" — t"2)] < Cre ("t 4 tH0/2) < Ot

Therefore,

2

/ \Z[2di(Z) — / (" — 7/?)dt
B(0,r) 0

2

< / "B, I\B(O, VD) — wa(r — £/2)[dt

n+a-+2
S;OKT )

which gives

2
n+2 247 n+2 ' n n/2 «a o
o2 /B(OW)IZ! di(Z) —n| < wnr"+2/0 wy (r" — ) dt — n| + Crr® < Ogr®,
proving (3.1.8).

We now prove ([3.1.9). Assume 0 < r < 1/2, and let Y € ¥ N B(0,7/2). We

consider some ellipses that will help us obtain the necessary estimates. Let
Dy = Bi(Y,r — |Y| — Cgr'*?), Dy = Bi(Y,r),
Dy = B;(0,7) = B(0,7), Dy = B;(Y,r + Y|+ Cgr'™?).

If r is small enough depending on A and K, all four radii above are positive, and

Lemma [2.2.2] ensures that

D,c DyC Dy, DyC D3C Dy (3.1.10)
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Let, for each j € {1,2,3,4},

Notice that (3.1.10f) implies
J1 < Jp < Jy, S < J3 < Jy,

SO

Jo — J5| < Jy— Jy. (3.1.11)

We first estimate the right hand side of this inequality. If Z € D,\D;, we can write
Z =Y + AY)W, where |A(Y)"1(Z —Y)| = |W| satisfies

r—|Y| = Cxgr'™ < |W| <7+ Y|+ Cgr't?.
Using this and the fact that |Y| <r/2 and r < 1/2,

12 = JAY)HZ = Y)P[ = |r = WII(r + W) < (Y] + Crr ) (r + 7+ [Y |+ Crer*7)

L2Yr + Y2+ C|Y|r'tP + Crer®™? < O (r]Y| + r2HP).
Therefore,

Ji— i = / (2 — JA(Y)(Z — Y22l 2)
Di\D; (3.1.12)

< Cx(r[Y |+ )2 i D4\ Ds).
Now, by (3.1.5) we have

i(D\D1) < wy, [(T + Y]+ C’KTH'B)” —(r—10Y| - C’KTHB)”] + Cr(r"re + r"+a+6).
(3.1.13)

To estimate the term in brackets we use the fact that if » > 0 and p < C'r, then

(r+p)" = (r=p"<Cr'p. (3.1.14)
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We use (3.1.14) with 7 as in (3.1.13) and p = |Y| + Cxr'™?. Recall that |Y| < r/2,

so if r is small enough depending on K and A, then p < %r. It follows that
(r+ Y|+ Crr™)" — (r — [Y| = Crr™P)" < Cr™ (|Y] + Cgr'™F),

which we combine with (3.1.13)) to deduce that for r» small depending on K and A,

(DA\Dy) < Cr" Y|V ] + Cgr' ™) 4 Ce (rm e 4 pnrathy, (3.1.15)

Thus, by (3.1.12]),

Jo— Jiy < Cr(r[Y| 4+ 722 [r |V ] 4 Chor™F) 4 (7 4 pntect9)] 5116
3.1.16

< CKrn+1|Y|3 + CKTn+4+min{o¢,6}‘

We now estimate J3. Write

h= [ G- A)NZ - VPPi2)
Bi(Yyr)

:ArmweBmxmwﬂ—mwn%Z—YWV>ﬂMt

:[ﬁquBmxm:MWY%Z—Yﬂ<w%wﬁW%Mt

:[ﬂWMKW—ﬁWNW-
Let h(t) = (r* — v/t)"/2. Equation implies
(B (Y, h(t))) — wah(t)"] < Crh(t)"™™ < Crer™™,

so if we let

then

4

|Jy — I(r)] < CK/ ritedt < Crr e (3.1.17)
0



37

Similarly,
/ (r* = 21?2 d@(Z) — I(r)| < Cer™t*e, (3.1.18)
B(0,r)
Combining (3.1.17) and (3.1.18]), we get
Js —/ (r* - |Z|2)2dﬂ(Z)’ < Crtite, (3.1.19)
B(0,r)
Set now
I=Jy— (r* = |Z*)*di(Z)
P (3.1.20)
= [ PRz - VPR - 02 - 2 2)
B(0,r)
By (3.1.16) and (3.1.19)),
1] < |Jy = Js| 4 Cgrtte
(3.1.21)

< J4 . Jl +C«Krn+4+a < OK(Tn+1|Y|3 _‘_rn+4+min{a,,8})‘
We would now like to replace the term A(Y) in the definition of I with A(0) = Id.
Using that Z € B;(0,7), |Y| < /2 and the continuity of A,
IAY) M Z =Y)P = 1Z = YPI < (AY) N Z = Y)|+|Z = YDIAY) (Z-Y)| - 1Z Y]]
< Cxr|(AY)™' =1d)(Z = Y)| < Cgr*tP.

Therefore

(0 = [AY)HZ = Y)IP)? = (* = 1Z =Y PP < Cur®|A(Y) N Z = Y)P = |Z - Y|

S CKT4+ﬂ.
(3.1.22)
If we now let
P ez YRR 6 - 2P 2),
B(0,r)
then (3.1.22) and (3.1.5)) imply
[I-1"| < / | = AY)(Z = Y))? = (= |Z = Y )’|dj(Z)
B(0,r) (3123)

< CK,&(B(O, T))r4+5 < CK(wnT” + CKTn—‘roc)TzH—ﬁ < CKTn+4+’B.
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The integral I” will help us transition to the following integral, which as we will

see is almost the quadratic polynomial in (3.1.9)),
r :/ [2]Y (2 — |Z12) + 407 — |ZP)NZ,Y) + 4V, 2)7Y dj(Z).  (3.1.24)
B(0,r)
We will show that I and I’ are close using I”. To this end, note that by (3.1.23)),
I =T <|I' = I"| + Crr™™+5. (3.1.25)
Now we need to estimate |I’ — I”|. Notice first that
= [z - YRR - 2 - 12 Pdi)
B(0,r)
_ / 04— 22| 7 — Y| Z = Y =t 22|27 — |24} di(2)
B(0,r)
= / {(=2r%(12)? = 2(Y. 2) + V") + (12" - 2(Y. 2) + [V ]*)?
B(0,r)
+2r°| 27 — |Z]*}di(2)
:/ (42(Y, Z) — 22|V PP + |Z]* + ALY, 202 + |V |
B(0,r)
—A[ZPY, Z) + 2Y PIZ)P = Y XY, Z) — | Z|"}dia(Z)
= [ {2 2P 67 - 1ZP)Y. 2) + 4(Y. 27
B(0,r)
+ Y[ =4y, Z) }dju(Z).

Therefore, recalling the definition of I’ and using that |Y'| < /2 and (3.1.5),

P [ -y P 2 < o.0) (B - avp)
< O™ + Crr™™ )Y Pr < Cr" Y |2 + Cprmtte,
Combining this with we get
I -1 < 9ujn7“"+1|Y|3 + Cpr e f O t4th
2 (3.1.26)

< C’I“n+1|Y|3 + C«Krn+4+min{o¢,6}‘



39

To conclude, we obtain the desired quadratic polynomial from I’. Observe first that

/ (2 — |Z]2)dji(Z) = /0 A({Z € BO,r): 1 — |2]° > t})dt
- /Orz i <B(O, m» dt

= / (wn(rz — )"+ Ck(1* — t)“T“) dt
0

20, "2
— n O n+24«

where |O(r"T2t)|/rnt2te < (Cf. From here it follows, by multiplying by (n +
2)|Y'[?/ (2w, r"*?), that

2
VP gtV E [0t |ZPaz)| < CelY e @)
2&)”7""‘_'—2 B(0,r)
Combining (3.1.27) with (3.1.6)), (3.1.7) and (3.1.24)), we get

(n+2)
4w, rt2

n+2 .
I {-Y P+ 20 Y) + QU = VP = VP [ (- 12P)da()
2&)”7" B(0,r)

S CK|Y|2TQ.

Finally, combining this estimate with (3.1.21]) and (3.1.25)), and keeping in mind that
Y| <r/2, we get

n—+2
4y, rmt2

n+ 2
< W

C’ .
WHI; (Tn+1’Y’3 + rn+4+m1n{a,ﬁ}) + OK,,,2+04

3
< CK <|Y| + r2+min{a,5}) .
T

20, Y) + Q(Y) — [Y|?] < Il + CrlY[Pr®
<|[‘ + CTnJrl’Y’B + CKrn+4+min{a,ﬁ}> + CKT2+a

<

This shows that (3.1.9) holds and completes the proof of Proposition [3.1.1] O
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Figure 3.1: S-numbers capture approximation by planes in a unilateral fashion.

3.2 Estimate on [y

In this section, we continue to assume that 1 and A satisfy the density and continuity
assumptions of Theorem [1.3.1} The main goal here is to obtain an estimate on the
rate of decay of the n-dimensional S-numbers of ¥,

Bs(X,r) = pu(X,r) = inf{ sup w} , (3.2.1)

P | veznB(X,r) r

where X € ¥ = spt(u), r > 0, and the infimum is taken over all n-planes P C R"*!
such that X € P.

The quantity in is a centered version of P. Jones’ S, numbers introduced
in [I1], as the planes in (3.2.1)) all go through X. The numbers fs can be considered
a unilateral version of bfy, in that they capture if ¥ is locally close to a plane, but
not the converse (see Figure [3.1)).

Consider a compact set K C R"! such that XN K # @. We will show that under
an additional flatness condition, the density and continuity assumptions of Theorem
[1.3.1) imply that Ss(-,r) decays as a power of 7 as r — 0, uniformly on ¥ N K. To
prove this, we resort to Proposition and show that as in [7], moment estimates
can be used to control Bx(-,r), provided that ¥ is flat enough.

Before we state the main result of this section, let us recall the quantities Ay, (K),
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Amax (/) and ep (K) defined in (2.3.3) and (2.3.4]), as well as the transformation intro-
duced in (3.1.1) and (3.1.2). Let us notice the following fact, which is a consequence
of the continuity of A: for each compact set K C R™"*!, there exists a number dx > 0

depending only on K and A such that for every Xy € ¥ N K,
AX)(ENK;dg)) C (ENK,1), (3.2.2)

where ¥ and K are as in (3.1.1). In fact, we may take dx = Amax(K) . The main

result of this section is the following:

Proposition 3.2.1. Suppose that pn and A satisfy the density and continuity assump-
tions of Theorem[1.3.1. If n > 3, suppose also that X is Reifenberg-flat with vanishing
constant. Then, for every compact set K C R"™ with YN K # @ there exist Cx > 0
and rg > 0, both depending only on K, A and n, such that for all Xq € ¥ N K and
re (0,rgl,

Ps(Xo, 1) < Cgr7, (3.2.3)

where v € (0,1) depends on o and 3.

Remark 8. Note that the assumption that 3 is Reifenberg-flat with vanishing constant
when n > 3 is a prior: stronger than the flatness assumption of Theorem [1.3.1]
However, as we will see in Chapter [, the assumptions of Theorem [I.3.1] imply that
Y is in fact Reifenberg flat with vanishing constant. This will make Proposition (3.2.1

applicable in the proof of Theorem [1.3.1}

Proof of Proposition|3.2.1. Let K and Xy be as in the statement. We consider the
transformation fi of y introduced in (3.1.1)) and (3.1.2), as well as Yy = A(Xy) ™ Xo.
It will be important to keep in mind that i depends on Xy. The proof has two main

steps.

Step 1: Bounding £ (Y, 7). This will rely on Proposition and arguments in con-
nection with [7, Proposition 8.6], which proves something similar in the Eu-

clidean case, and whose statement we include below.
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Step 2: Bounding fx(Xo,r). This will be a consequence of our estimate on fs(Yy,r)

from Step 1 and particular features of the transformation p — fi.

Proposition 3.2.2 ([7], Proposition 8.6). Let ji be a Radon measure in R" with
support 3. Assume that for each compact set K C R™ there is a constant Ciz >0

such that
'[L(B (Y,r))

-1 < Crr® 3.2.4
D s (3:2.4)

forallY € KNY and 0 < r < 1. Ifn > 3, assume also that ¥ is Reifenberg-flat

with vanishing constant. Then for each compact set K C R™! there exists rg >0

depending on n, o and K, so that forallY € Kand 0 <r < Tis
Bs(Y,r) < Cgr?, (3.2.5)

where v € (0,1) depends on o and (.

Remark 9. It is worth mentioning, although not necessary for our arguments, that
the proof of this result remains valid if ¥ is only assumed to be Reifenberg-flat with

constant 9, where 9,, > 0 is small enough depending only on n.

It should be noted that the transformation f of 4 from (3.1.1)) and (3.1.2)) does not

satisfy the assumptions on the measure ji in the above proposition. However, we can
still draw a parallel and show that both measures in fact satisfy similar conclusions.

Let us briefly recall the main elements in the transformation u — i

fi=A(Xo)'[ul, AX) =AXo) TAA(X)X), K =AXo) H(K), Z=AXo) (D).

3.2.1 Step 1: Bound for S5 (Y, )

The first observation we need to make is that, as mentioned above, we cannot directly

apply Proposition to the transformation fi of p given by (3.2.6]), the reason being
that such i only satisfies (3.2.4]) at Yy, whereas at other points Y # Y, B(Y,r) needs
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to be replaced with B3 (Y, r). Therefore, instead of applying Proposition |3.2.2 we will
argue that its proof can still be adapted in our setting to obtain a somewhat weaker

conclusion:

There exist C'z > 0 and 7z > 0, both depending on K, and there exists v € (0,1)

depending only on min{«, 5}, such that for every r € (0,rz], Bs(Yo, ) < Crr7.
(3.2.7)

Note that this condition is only different from the conclusion of Proposition |3.2.2
in that the S-number estimate in only holds at Y}, as opposed to an arbitrary
point of ¥ N K. Therefore, what we need to discuss is the extent to which the
arguments in [7] carry over when proving not the full conclusion of Proposition m
in our setting, but rather its validity at Yy. By an inspection of 7], we see that those

arguments rely only on two components:

(i) A density estimate and two moment estimates for i at Yp; and

(ii) 3 being Reifenberg with vanishing or small constant.

We will show that both components are still available in our setting, only with minor

differences that do not interfere with the proof of Proposition from which the
validity of ([3.2.7)) will follow.

(i) Density and moment estimates. These are inequalities whose corresponding
analogues have been established in the previous section. We first recollect them for

the sake of convenience. By (3.1.4) and because A(Yy) = Id, we have for all r € (0, 1],

(B (Y
‘M - 1‘ < Cpr®. (3.2.8)
Wpr™
Also, by Proposition we know that with b and @ as defined in (3.1.6]) and (3.1.7)),

we have

[tr(Q) — n| < Ckre, (3.2.9)
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and

Y — Y

3
IV =% = 200.¥ = Yo} - QY ~ ¥l < e pred) (3210

r

for all Y € ¥ N B(Yy,r/2) and r € (0,7]. These estimates are very similar to the
ones required in the argument of [7] for the proof of Proposition [3.2.2, There are only

a few differences, but we can see why none of them interfere with their argument.

e The first difference is that the exponent on the last term in (3.2.10|) is min{«, 8},
as opposed to « as in [7]. This is not a problem, since we can adjust all three

estimates above by replacing o with min{a, 8}.

e The second one is that, as mentioned above, implies that holds
at Y = Yy, but not necessarily at other points Y. However, an inspection of
the arguments in [7] shows that the validity of at points Y # Y} is only
needed in order to ensure that two moment estimates analogous to and
hold. In our case, the validity of both moment estimates has already
been established in Section 3.1l

e The third difference is that while (3.2.9)) and (3.2.10]) hold with constants C'x and

rx that do not depend on X, the analogous moment estimates for i needed in
[7] hold with constants that depend on K, and therefore also on Xj (see (3.2.6)).
This is also not a problem, since it only means that the constants in and
(3.2.10) enjoy extra uniformity.

e The fourth one is that the analogues of (3.2.9) and (3.2.10)) in [7] hold with
r € (0,1/2], as opposed to r € (0,7k]| as in our setting. But this is also not a
problem since the threshold radius in (3.2.7) can be adjusted accordingly.

e The last one is that the constant C'x in (3.2.10) multiplies the entire right hand

side, as opposed to just the last term as in [7]. However, an inspection of their
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argument shows that this does not interfere either, since the only difference is

that some of the absolute constants that arise in their setting will now depend

on K.

(ii) Flatness of ¥. The statement of Proposition assumes that 3 is Reifenberg
flat with vanishing or small constant. However, all that the proof of Proposition [3.2.2

in [7] requires is that this condition holds near K, in the following sense:

There exist dz > 0 and ¢z > 0 such that for all 7 € (0,tz] and Y € £ N (K;d),
bBs(Y,7) < 6, (3.2.11)

where 6§, > 0 is small enough, depending only on n. We will show that this holds in
our setting as a consequence of 3 being Reifenberg flat with vanishing constant. To
see this, let € > 0 and take dy = di, with dx as in (3.2.2), let Y € YN (K;dg),
and write Y = A(X,) ' X for some X € ¥ N (K,1). Since X is Reifenberg flat with

vanishing constant, there exists rx > 0 such that if 0 < r < rg, then
bBs(X,r) <e. (3.2.12)

Let tgr = TkAmax(K)™' and suppose 0 < r < tg. Assume also that ¢ is small
enough so that the assumptions of Lemma [2.3.1] are satisfied. Let P be an n-plane

through X that attains the infimum in the definition of bfs (X, Apnax(K)r), and denote

P = A(X,)"'P. Then, by Lemma and (3.2.12)),

D|SnBY,r); PN B(Y, 7")] < Awin(X0) 1D [2 N A(Xo)B(Y,r); A(Xo)(P N B(Y,r))
< M (K)"'D[2 0 {X + A(Xo)B(0,7)}; PO {X + A(X0)B(0,7)}]
< Amin(K) 712 + ea(K)) Amax (K )er < Cker.

Since € > 0 is arbitrary, this shows that (3.2.11f) holds with ¢z = tx, and in fact Y is

Reifenberg flat with vanishing constant too.
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Remark 10. It will be important to notice that the value of ¢z found above depends

on K, but not on the particular choice of Xj, so it enjoys extra uniformity.

This completes our justification that the proof of Proposition |3.2.2] is applicable
to i at Yy, and as a consequence, (3.2.7)) holds, concluding step 1.

3.2.2 Step 2: Bound for [y (X, 1)

We now use and translate it into a estimate for fx(Xy,-). The main aspect
we need to deal with is the fact that the constants Cz and r; in depend a
priori on K, and therefore on the choice of X, € ¥ N K. However, as some of the
above arguments suggest, these constants should in fact depend on K, but not on
the particular choice of X,. We will justify that this is the case, and then use this

information to estimate Sy, as follows:

(i) Cf can be taken to be independent of Xo;

(ii) rz can be taken to be independent of Xj;

(i) Py satisfies (3.2.3).

(i) C is independent of Xo € ¥NK. An examination of the proof of Proposition
shows that the constant C'; in (3.2.7) comes from its occurrence in the density
and moment estimates discussed in Step 1 (i) above, and subsequent multiplication
by various absolute constants. However, as noted before, the constants in these den-

sity and moment estimates can be taken to depend on K only. Therefore, the same

applies to C; in (3.2.7), and we may write Cy = Ck.

(ii) 7 ts independent of Xy € ¥ N K. First note that the way the threshold
of equation ([3.2.5) is chosen in [7] (ry in their notation), is as rz = it};ﬁ, 7€ (0,1),
where ¢ is a threshold radius for which (3.2.11)) holds. But as noted in Remark
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such threshold can be taken to be independent of Xy, so the same is true about 7.

Thus we may write r; = rg.

(iii) Decay of Px(Xo, 7). To estimate fx (X, r), first notice that by points (i) and
(ii), the estimate in (3.2.7)) becomes

Bs (Yo, r) < Cgr?, (3.2.13)

for all » € (0,7k], where Cx > 0 and rx > 0 depend only on K, A and n. Let
r € (0,7k] and let P be an n-plane through Y; attaining the infimum in the definition
of B5(Yy,r). As before, we can write P = A(X,)~'P, where P is an n-plane through
Xo. We will estimate [s(Xo, Amin(K)r). Notice that

B(X0, Anin(K)7) C B(Xo, Amin(X0)7) € Ba(Xo,7) = A(Xo)B(Yo, 7). (3.2.14)

Thus given any W € ¥ N B(Xo, Amin(K)7), we can write W = A(X,)Z, with Z €
>N B(Yy, r). Then by (8.2.13),

dist (W, P) = dist(A(Xo)Z, A(Xo)P) < Amax(K)dist(Z, P) < Crer'™.
This implies that Bs(Xo, Amin(K)7r) < Cgr?, for all r € (0,7k], or equivalently,
Bs(Xo,7) < O (Amin(K) ') < Cr?, (3.2.15)

for all 7 € (0, Amin(K)rk]. This shows that (3.2.3)) holds and completes the proof of
Proposition [3.2.1] O



48

Chapter 4

Vanishing flatness condition and

proof of Theorem [1.3.1

4.1 A-pseudo tangents of ;1 and proof of Theorem
1.3.1]

In order to prove Theorem it is essentially enough to combine Proposition [3.2.]]

and the following result.

Proposition 4.1.1 ([7] - Proposition 9.1). Let v € (0, 1]. Suppose X is a Reifenberg-
flat set with vanishing constant of dimension m in R*™', m < n + 1, and that for

each compact set K C R"™ with ¥ N K # @ there is a constant Cx > 0 such that
Bg(Xa T) S CKTW7 (411)

forall X € KNY andr € (0,7k]. Then ¥ is a CY7 submanifold of dimension m of
Rn—i—l_

The caveat is that the assumption that 3 is Reifenberg-flat with vanishing constant
is stronger than the flatness assumption in Theorem However, the following

result ensures that the assumptions of the latter suffice.
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Proposition 4.1.2. Suppose u and A satisfy the density and continuity assumptions
of Theorem and let ¥ = spt(p). If n > 3, suppose also that p satisfies (|1.3.3)),

i.e. for every compact set K C R"™! there exists rix > 0 such that

bBs(K,rk) = sup sup bOR(X,r) < i, (4.1.2)
re(0,rg] XeXnNK

where o > 0 is small enough depending on K and A. Then ¥ is Reifenberg-flat with

vanishing constant.

The assumptions of this proposition are just those of Theorem |1.3.1} we choose to
write them down explicitly to keep them handy. We first use this result to complete
the proof of Theorem [1.3.1}

Proof of Theorem[1.3.1. Let u and A be as in the assumptions of Theorem [1.3.1] By
Proposition Y is Reifenberg-flat with vanishing constant. Therefore, Proposi-

tion ensures that (4.1.1]) holds, and the conclusion of Theorem follows from

Proposition [£.1.1]
[l

To prove Proposition we follow an approach based on that of [13] in the

Euclidean setting, with two main steps:

Step 1. Show that all A-pseudo tangent measures of y are uniform (see Definition 4.1.1));

and

Step 2. Prove, via Theorem [2.1.2] that (4.1.2)) implies that those A-pseudo tangents are

flat, and use this to conclude.

This section is devoted to the first step, which happens to be independent of the
smallness of 0. We first consider some relevant definitions and facts that will be

needed later.
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A
Ba(xo,7) Toowr B(0,1)

AL T

Figure 4.1: The blow-up maps TA send A-balls to Euclidean balls.

4.1.1 A-pseudo tangent measures

Given a point X € ¥ and a radius r > 0, consider the mapping

Z—-X
r

Tg,(Z)=AX)™" ( ) , ZeR" (4.1.3)

and the measure

HXr = me,r (1. (4.1.4)

Here T ,[-] denotes push-forward via T, so for E C R"*!,

W(X +rA(X)E)

o) = LB )

Definition 4.1.1 (A-pseudo tangent measure). A measure v # 0 is a A-pseudo
tangent measure of pu at () € X if there exists a sequence of points QQ; € X and radit

pi > 0 with Q; — Q and p; — 0 as 1 — oo, such that

HQpi — V-
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Here the symbol — denotes weak convergence of Radon measures. In particular,

if O,C c R™! are open and compact, respectively, then
V(O) < hm inf /’LinPi(O)
71— 00

and
v(C) > limsup fiq; 5, (C).
i—00
Additionally, if f € C.(R"!), then
[ 10 =tim [ s = im [ 7 (50072 - @) du(2).

When the points @); in Definition satisfy Q; = @ for all 7, the resulting measure
v is a A-tangent measure of p (see [4]). If A(Q;) = Id, then v is a (pseudo) tangent
measure of u (see [13]). The following are well-known facts about tangent measures

in the Euclidean setting (see [21]).

Lemma 4.1.1 (Existence of A-pseudo tangent measures). Let 1 be a Radon measure
with support ¥ C R, such that for each compact set K C R"™ with XN K # @,

wp HBAX.20)

o<r<1 p(Ba(X,7))
Xe¥XnK

Then every sequence of numbers r; > 0 with r; \, 0 and points QQ; € ¥ contains a
subsequence r;,, ()i, such that the measures 1Q,,r, converge to a A-pseudo tangent

measure of i at X.

Proof. Let K be a compact set with (); € K for all ¢, and denote by ¢ the supremum

in the statement of the lemma. Then for every £ € N we have
1
lim sup 1, . (B(0,2%)) = lim sup ——————T5 , [1](B(0, 2
i—00 @i (B( ) isoo M Ba(Qi74)) @i ’[ I(B( )
: 1(Ba(Qi, 2%r4))
= lim sup
ivoo H(Ba(Qi,74))

It follows that the sequence pg,,,(F) is bounded for every compact set F C R"™

(4.1.5)
< & < .

and the conclusion of the lemma follows by a standard compactness result for Radon

measures (see [21, Theorem 1.23]). O
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Lemma 4.1.2. If y satisfies the assumptions of Theorem and v is a A-pseudo

tangent measure of p, then 0 € spt(v) .

Proof. Recall that under the assumptions of Theorem for every X € XN K and

r € (0, 1] we have
W™ — Crr™™* < p(Ba(X, 7)) < wpr™ + Crer™te. (4.1.6)

Thus, if R > 0, X € ¥ N K and r > 0 is small enough,

pBAX.TR) (PR = Ci(rRy™e _ R"

B pu—
/"LXJ‘( (07 R)) HI(BA(Xa ’f’)) rn 4 C’KTTH»a 2

(4.1.7)

Now, since v is a A-pseudo tangent measure of p, we have up, ,, — v for some

P, € YN K, where K C R"™ is a compact set, p; > 0 and p; — 0. Therefore,
applying (4.1.7) with X = P; and r = p;, we get

v(B(0,2R)) > v(B(0, R)) > limsup e, (B0, B))

1—>00
Rn
> limsup pp,, (B(0, R)) > - > 0,
17— 00
from which the desired conclusion follows. O

One of the main results in this section states that if A and p satisfy the continuity
and density assumptions of Theorem then all A-pseudo tangent measures of p
are n-uniform. We will state this result in a more general form by considering a more

relaxed assumption on p.

Definition 4.1.2. A Radon measure pu in R with support ¥ is called A-asymptotically

optimally doubling of dimension n if for every compact set K C R**1 |

. ,U(BA(X’ TT))
hm su —_— — Tn = 0 4:]_8
r™\0 XezﬁK p(Ba(X,7)) ( )

Te[ivl]
Compare this notion with (1.2.2)). We summarize a couple of facts about this
condition and its connection with measures that satisfy the density condition (|1.3.4))

in Theorem [L.3.1]
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Proposition 4.1.3. Let 1 be a Radon measure with support ¥ in R* 1,

1. If u satisfies ((1.3.4]), then it also satisfies (4.1.8)).

2. If p satisfies (4.1.8), then for every K C R™! compact,

Ba(X,t
lim sup (B, tr))

=0 xesni | (Ba(X, 7))
te(0,1)

—t" = 0. (4.1.9)

Proof. For the proof of the first statement, note that by (1.3.4)), if » > 0 is small
enough then

Therefore,

< imm (") * e )

‘M(BA(Xa )
:U’(BA<X7 T’))

S 7_n {CK(TT)a + CKT’(X} S C«Kana S OKTO[.

(4.1.10)

This gives (4.1.8). For the second statement, (4.1.8]) implies that given € > 0, there
exists R > 0 so that for r € (0,R), X € XN K and 7 € [%, 1],

[(BA(X, 7)) = 7" u(Ba (X, 7)) < epu(Ba(X, 7). (4.1.11)

Let ¢ € (0,1], and let j > 1 be such that & <t < 3, so that 7 := ¢'/9 € [L, \%)
Then by (4.1.11)), we have for X ¢ ¥ N K, r € (0, R) and k > 1,

(BA(X, 7)) = 7"u(Ba(X, 7°7r)| < ep(Ba(X, 7).
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Therefore,
[H(BACX, 1)) — 1"(BA(X, )] < Zz_;wwmx, ) — (B (X, 7))
< ep(BA(X, 7)) gT”k
< eu(BAX, ) S0 = Cep(BA(X. 1),

where C' > 0 depends only on n. This implies

By(X,t
p(Ba(X,7))
for all r € (0, R), from which the desired conclusion follows. O

The following is the main result of this section.

Proposition 4.1.4. Suppose that A satisfies the continuity assumption of Theorem
and 1 is A-asymptotically optimally doubling of dimension m in R*, m < n.
Ifv is a A-pseudo tangent measure of u, then v is m-uniform. Moreover, holds
with C' = 1.

To prove this we start with a description of the support of any given A-pseudo

tangent measure of p.

Lemma 4.1.3. Suppose p is a A-asymptotically optimally doubling measure of di-
mension m in R with support 3, m < n. Let p; > 0 and Q; € ¥ be such that
pi = 0, Qi = Q € X and pg,,, — v as i — oo, where v is a A-pseudo tangent
measure of . ]fTC/Q\i,pi is defined as in (4.1.3) and X € R""! then X € spt(v) if and
only if there exist X; € Té\m(E) such that X; — X as i — oo.

Proof of Lemmal[{.1.5. For the forward direction, let X € spt(r). Suppose for a

contradiction that there exist ¢y > 0 and i, € N with ¢, — oo, and for every i

dist(X, 75, ,, () > eo. (4.1.12)
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If o € C.(R™) and X p(x,2/4) < ¢ < XB(xX,20/2)» by (4.1.12)) we have ¢ (TA o (Y)) =
0 for every Y € 3. Therefore,
1
W(B(X.20/1)) < [ pdv = Jim [ o (78, 000) dutv) =0,
’ k—o0 M(BA(Qlkv plk)) ) Qi i

which contradicts the assumption that X € spt(v).

To prove the converse, let X; € TA 0..p; Pe such that X; — X as ¢ — oo, and write

X; = AQy)™ (Zi ; Qi)  die k.
Given r > 07
(P AN Qi)B(X, 1) + Q)
1Qip(B(X, 1)) = w(Ba(Qs, pi))
P Q) (B(O,1) + X) + Q)

1(Ba(Qi: pi)
_ M(A(QZ)B(O sz) + Qi + p; (QZ)X)
(BA(Q27 pl))
p(BA(Qi + piA(Q:) X, Tpi))
p(Ba(Qs, pi)) '

To get a lower bound, we need to shift the center @Q; + p;A(Q;)X in the numerator to

(4.1.13)

a point in ¥ so that we can use the doubling assumption. Notice that

(Qi + piMQi)X) — Zi| = [(Qi + piM(Q:) X ) — (Qi + piA(Q4) X;)]
= pi|A(Qi)(X - Xi>|7

(4.1.14)

so by Lemma [2.2.2]
BA(Qi+piMQi) X, 7pi) D Ba(Zi, pi—Amin(Qi+piMQ:) X) ™' i) AMQy) (X —X3) | —Cic ;) 7).
Assuming i is large enough depending on r, K and A, we have

Amin (@i + piM(Q:) X) HA(Q:)(X — X;)| < Ci(rp)'*’ <

r
1

A~ =
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It follows from the last inclusion above that for all i large enough,
BA(Qi + piM(Qi) X, rpi) D Ba(Zi,pi/4).
From this and (4.1.13]) we get

pa (B(X, 1)) > MBAZT0/4)

M(BA(Qz',Pz'))

Next, we proceed similarly as above to change the center once more, so that both

(4.1.15)

centers coincide. Note that
Qi — Zi| = pil AMQi) Xi| < Ckps,

where C'x > 0 is a constant depending on X, K and A. Thus by an application of
Lemma [2.2.2 equation (2.2.2)), we get

Ba(Qi, pi) C Ba(Zi, pi + )\min(Qi)71P¢|A(Qi)Xi| + CKP3+B) C Ba(Zi, Ckpi).

Combining this with (4.1.15)) and using the doubling assumption on p, if ¢ is large

enough depending on r and Cl,

HQi,p; (B(Xa T)) >

Therefore, since pg, ,, — v,

ABOX.20) 2 (B ) 2 s o (BOXD) 2 5 (15 )

This implies that v(B(X,r)) > 0 for every r > 0, which in turn shows that X € spt(v)
as desired. [

4.1.2 Proof of Proposition 4.1.4

Proof. Let v be a A-pseudo tangent of u, and let ); € X and p; > 0 be such that
Qi — Q, pi =~ 0and g, ,, — vasi— oo. By Lemmam, there exist X; € T3, , (2)
such that X; — X as i — oco. Write

Zi — Q;

i

X =AQy)™! ( ) . Z;eX.
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Let r > 0. We need to get lower and upper bounds for

/L(BA(QZ' + PzA(Qz)X)a Tpi)
M(BA<Q1, Pz)) '

We start with an upper bound. Let ¢ > 0. As in the proof of Lemma [£.1.3] by
@11d),

HQi,p; (B<X7 7")) =

[(Qi + piMQi) X) — Zi| = pi A(Qi) (X — X5).
So an application of Lemma , equation , gives
Ba(Qi+piMQ:) X, mps) C Ba(Zs, rpi‘i‘)\min(Qi‘i‘PiA(Qi)X)ilpi’A(Qi)(X_Xi)’+CK(rpi)1+B)'
If 7 is large enough depending on r, X, K and A, we can guarantee that
Amin(Qi + piMQ) X) ' pi MQ) (X = X5)| <erpi, Cr(rp)™F <erp;.
It then follows from the inclusion above that for such i,
Bx(Qi + piNQi) X, rp;) C Ba(Zi,rpi(1 4 2¢)), (4.1.16)

and consequently,

p(Ba(Zi, rpi(1 + 2¢)))

MQi7Pi<B(X7 T)) < M(BA(Qi,,Oi)) (4.1.17)
Write
pBAZi (1 +29)) | p(BalZirp(1+2)  p(Ba(@urn(1+29) (11 1o
1(Ba(Qi, pi)) 1(Ba(Qi rpi(1 + 2¢))) w(Ba(Qispi))

Assume without loss of generality that Q; € XNB(Q, 1). If i is large enough depending

on r, ¢ and A, then by the doubling assumption on p, the second factor above satisfies

p(Ba(Qi, rpi(1 + 2¢)))
p(Ba(Qis pi))

To deal with the first factor, we would like to move the center ); to Z;. However,

< (1+¢)[r(1+42¢)™. (4.1.19)

doing so directly would introduce an error comparable to p;, which is a larger order
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of magnitude than what we can allow if r is small. The following estimate avoids this

obstacle. Let k > 0 be a large constant to be determined. Then for ¢ large depending

on k and &€,
p(Ba(Zirpi(1+€))  _ pw(Ba(Zi rpi(l+2¢)))  p(Ba(Zi, srpi(1 + 2€)))
p(Ba(Qi, rpi(1 + 2¢))) wW(BA(Zi, krpi(1+2¢)))  pu(Ba(Qi, krpi(1 4 2¢)))

(Ba(Qi, krpi(1 + 2¢)))
p(Ba(Qi,rpi(1 + 2¢)))

p(Ba(Zi, krpi(1 4+ 2¢)))
p(BA(Qs, krpi(1 4 2¢)))

< (1+¢)*-
(4.1.20)

We can now make the centers coincide. Recall that
Qi — Zi| = pi A(Q:) Xi| < Ckpi,
where Cxg > 0 is a constant that depends on X, K and A. Therefore, by Lemma
222
Ba(Z;, krpi(1 4 2¢)) C Ba(Qi, krpi(1 4 2¢)) + )\min(Zi)’lpﬂA(Qi)Xi] + Ck (krp;(1 + 28))1+ﬁ>
C Ba(Qqi, krpi(1 4 2¢) + Ckp; + Cr (krp; (1 + 25))1+5)
C
C By (Qz, KT p; [1 + 2 + -2 4 Cr(krps)P (1 + 25)1“3}) .
KT
(4.1.21)

We now take x to be sufficiently large, depending on X, K, A, r and ¢, so that
i—f < ¢. In addition, we assume that i is sufficiently large, depending on X, K, A, r
and ¢, so that

Cr(rrp)P (14 2e)'HF < e
In this scenario, (4.1.21)) implies

BA(Zi, /ﬁ}’l“pi(l + 25)) C BA(Qia HTpi(l + 46))
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It follows from this inclusion and the doubling assumption on p,

(Ba(Qi, rpi(1 + 4¢)))

p(Ba(Zi, krpi(1 +2¢))) _ p(Ba(
p(Ba(Qi, krpi(1 + 2¢)))
f(Ba(

(

p(Ba(Qi, krpi(1 + 2¢)))

<

< (BA(Qi, krpi(1 4 4e)))
— u(Ba(Qis krpi))

Combining this with (4.1.20) we get

w(Ba(Zi,rpi(1+¢)))
w(Ba(Qi, rpi(1 + 2¢)))

Putting this together with (4.1.19)) and coming back to (4.1.17]), we obtain

< (I4¢)(1+4e)™.

< (1+¢e)*(1+4e)™ (4.1.22)

Qi (B(X,7)) < (14 €)°(1+4e)™ (1 +€)[r(1+ 2)]™ < 7™ (1 + 4e)*™*,

for all 7 large depending on X, K, A, r and €. This shows that

lim sup pq, p,(B(X,r)) <™. (4.1.23)
1—00
A similar argument gives
liminf pg, p,(B(X, 7)) > r™. (4.1.24)
1—00

We just outline the corresponding estimates in this case. We first apply Lemma [2.2.2]

equation ([2.2.3)), to obtain

Ba(Qi + piM@Qi) X, 7p1) D Ba(Zi,rpi = Muin(Qs + pilM Q) X) T AQi) (X = Xi)| = Cie(rpi) ™)
D) BA(ZZ,Tpl(l — 25)),

and

u(Ba(Zi,rpi(1 — 2¢)))
1(Ba(Qi, pi)) '

We then decompose the right hand side of this estimate as in . The corre-

luQi,PiB(X? 7”) >

(4.1.25)

sponding estimate for the second factor in the decomposition is

p(Ba(Qs,mpi(1 + 2¢)))
M(BA<Qi>pi)>

> (1—e)[r(1 — 2¢)™. (4.1.26)
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The estimate for the first factor now becomes
M(BA(ZMTIOl(l - 6))) > (1 N 5)2 M(BA(ZM ’ﬂﬂpi(l - 28)))
p(BA(Qi, rpi(1 —2¢))) — 1(Ba(Qs, krpi(1 — 2¢)))
Then by Lemma [2.2.2] equation ({2.2.3)),

(4.1.27)

C
Ba(Z;, krpi(1 — 2¢€)) D By (Q,, KT p; {1 — 2 — & — Cr(krp)’ (1 — 25)“6}) :
KT
giving

Bx(Z;, krpi(1 — 2¢)) D Ba(Qi, krpi(1 — 4e)).

Therefore

p(BA(Z, krpi(1 = 2¢))) _ p(Ba(Qs, krpi(1 — 42)))

p(Ba(Qi, wrpi(1 —2€))) = p(Ba(Qs, krpi(1 = 2€)))
> p(Ba(Qi, krpi(1 — 4e)))
B 1(Ba(Qi, krp;)

> (1—¢)(1—4e)™,

and combining this with (4.1.25)), (4.1.26) and (4.1.27) we obtain

MQiaPi(‘B(X? T)) > Tm(l - 48)2m+47

for all ¢ large enough, which shows that (4.1.24]) holds as desired.

Combining (4.1.23]) and (4.1.24)) we can show that v satisfies the desired conclu-

sion. In fact, using that uq,,, — v we get
v(B(X,r)) <liminf pg, ,,(B(X,r)) <r™, (4.1.28)
11— 00

and given any ¢ € (0,1),

V(B(X,7)) = W(B(X, (1 —2)r) = limsup ig, (BOX, (1 — 1)
e (4.1.29)
> limsup pg, p,(B(X, (1 —¢)r)) > [(1 —e)r]™.
1—00
Since this holds for every € > 0, we conclude from (4.1.28]) and (4.1.29)) that
v(B(X,r))=r",

completing the proof of Proposition [4.1.4] O
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4.2 Flatness of measures with uniform A-pseudo

tangents

In this section we complete Step 2 of the proof of Proposition [4.1.2l We do this by
proving the more general statement that if all A-pseudo tangent measures of y are
n-uniform, and if ¥ = spt(u) satisfies flatness condition when n > 3, then
) is Reifenberg flat with vanishing constant. This does not require density estimate
to be satisfied. However, when proving Theorem , the fact that all A-
pseudo tangent measures of p are n-uniform will be a consequence of , as
discussed in the previous section.

Except for dg, all other local constants that arise will eventually be denoted by
Ck as before. It may be convenient to recall the quantities associated with A and
any compact set K C R™™ A1 (K), Apax(K) and ep(K), introduced in and
. We will also consider the quantity

My = 2+ ep(K)) Amax (K. (4.2.1)

Proposition 4.2.1. Let i be a Radon measure on R™™ such that all its A-pseudo

tangent measures are n-uniform, where A satisfies the continuity assumption of The-
orem and let K C R™ be compact with XN K # @. If n > 3, suppose also

that there exists rg > 0 such that

bPs(K,rx) = sup sup bOR(X,r) <k, (4.2.2)

re(0,rg] XeXnK

where is 0 > 0 is small enough depending on K and A. Then
}{% bfs(K,r) = 0.

In particular, if n <2, orn >3 and (4.2.2) holds for every compact K C R""! with
YN K # @, then 3 is Reifenberg-flat with vanishing constant.
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Assuming this result momentarily, the proof of Proposition is short.

Proof of Proposition[4.1.3. By Proposition[d.1.3] p is A-asymptotically optimally dou-
bling of dimension n, so by Proposition [4.1.4] all its A-pseudo tangent measures are
n-uniform. Proposition then implies that ¥ is Reifenberg-flat with vanishing

constant. O

At the core of the proof of Proposition is Theorem [2.1.2] In our case, the
measure v in that theorem will be a suitable A-pseudo tangent measure of u that
captures how flat p is. The key point is that the cone in is not d-Reifenberg
flat if for example 6 < 1/4/2. This implies that if v inherits , then by Theorem
v must be flat. Such information can then be used to show that X is Reifenberg
flat with vanishing constant. This approach follows ideas developed by Kenig and
Toro in [13] in the Euclidean setting.

Remark 11. Before proceeding with the proof, we record for later use the following
compactness property of Hausdorff distance: if I'; € R™*! contains the origin for all

i € N, then there exists a subsequence i;, and a set I' C R"*! such that

r, —1T,

i
with respect to Hausdorff distance, uniformly on compact subsets of R+,
Proof of Proposition[{.2.1 Let K C R"™! be compact. Consider
¢ =1lim bPx (K
T{% 62( 77-)7

where bfs (K, 7) is as in (4.2.2). We will show that £ = 0. Let 7, > 0 be such that
7 \¢ 0 and bfx (K, 1;) — £. Let Q; € ¥ N K be points for which

bBs(Qi, i) — L. (4.2.3)

Since ¥ N K is compact, we may assume without loss of generality that Q; — @ €

YN K. We will need to work with the auxiliary scales

Pi = )\min(K)_l’Ti. (424)
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Recall the map

TSivPi<X) = A<Qi)71 (X ; Ql) , X € R+

Notice first that 0 Té\i, p;(2) for all 4. Thus, by Remark |11 we may assume modulo

passing to a subsequence that there exists Y., C R*™! such that
A
TQi,p¢(2> — Yoo, (4.2.5)

with respect to Hausdorff distance D, uniformly on compact sets. We may also assume
upon taking a further subsequence that g, ,, — v, where g, ,, is as in and v
is a A-pseudo tangent measure of u. Moreover, we know by Proposition that v
is n-uniform, and we may assume without loss of generality, upon multiplying v by a

suitable constant, that (2.1.1)) is satisfied with with C' = w,,, so that the assumptions
of Theorem are satisfied. Note that by Lemma and (4.2.5)), we have

spt(v) = Y.

Thus, by Theorem [2.1.2) we know that Y., must be an n-plane or a light cone as in

@.1.3).

We will now use the fact that T i~ Yoo With respect to D and (4.2.2) to rule
out the case in which X, is a light cone. Let X € ¥. By Lemma 4.1.3] there exist
points Z; € ¥ such that if

then X; — X as i — oco. Notice that this implies |Z; — @;| — 0. Assume without
loss of generality that | X — X;| < 1/2,|Q — @Q;| < 1/2 and |Q; — Z;| < 1/2. Observe
that then Z; € (XN K;1). We consider two auxiliary radii that will help us compare
Y with Y,

ri=pi(l+[X = Xi]),  si=pi(1 - |X = Xi]).
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We start with a compatibility statement about minimizing planes for bfs(Z;, -) at

certain scales. For each 7, let

7= Amax(K)7i, 8t = Amax (K)s;.

)

i st < rg if i is large enough depending

on K and A, where rg is as in the statement of Proposition First, by (4.2.2)
there are n-planes P(Z;,1}), P(Z;, s;) such that

Since p; — 0 as ¢ — 0o, we can assume that r

Note that by ([4.2.6), (4.2.7) and Corollary [2.3.1} if 0x < min{Anm(K),ea(K)7t},

then
D[E N BA(Zi; T’Z), P(ZZ, T;) N BA(Zia T‘Z)] S MK5Kria (428)

Claim: if 6x < Amin(K)Mz"/3, then
P(Z“’I“;) N BA(ZZ‘, Si) C (P(ZZ, 8;) N BA(ZZ', Si); O'K(SK(Si + 27”1')), (4210)
where o > 0 depends only on K and A.

Proof of the claim. The proof of this is analogue to the one in [I3] for round balls.
Given Y € P(Z;,r}) N Bx(Z;, si), write Y = Z; + A(Z;)W, where |W| < s;. Consider

V:ZiJrA(Zl-)({l—%}W).

7

Using that r}/s; < 3 and our assumption on df, we see that for all i

MK(SKTg
)\min(K>S,'

)

1— > 0. (4.2.11)
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Next, since (1 — ;Zﬁ?ﬁ;é,)|W| < |W| < s;, we have

Y € Ba(Z;,s:) C Ba(Zs, 1),

and

Mg

15 Mok}
A(Z, 1 Y -Y) = L < — - -
AZ)TH(Y = V)] Wl < S0

Noin (K5 (W] < i (K) ™' Micdgerin (4.2.12)

Moreover, Y € P(Z;,r}) implies that Y € P(Z;,r}) as well, by construction. Combin-
ing this with (4.2.12)) and recalling that Ay, (K) ! Mgdr < 1/3, we see that

Y € P(Z;, 7)) N Ba(Zi, ;).
Thus we can apply (4.2.8)) to obtain a point Z € ¥ N Ba(Z;, r;) such that
|Z — Y| < Mgbgr;. (4.2.13)
Using (#.2.13) and the definition of Y,
INZ)NZ = Z)| < IMZ) N Z =Y)| + |MZ) (Y = Z))]
< Ain(K)NZ = Y[ + 8 — Auin(K) ™ MO
S Amin(-[()_1-]\41('51(702' + S; — )\min(K)_lMK(SKTi = Si,

so Z € Ba(Z;,s;). But we also know Z € ¥, so Z € ¥ N Ba(Z;,s;). Therefore, by
(4.2.9) there exists Y € P(Z;, s:) N By(Z;, s;) such that

Combining (4.2.12)), (4.2.13)) and (4.2.14]), we obtain

Y —Y'| <)Y -Y|+|Y - Z|+|Z-Y|
S eA(K)MKéKm + MKéKTZ‘ —+ MKéKSi S O'KéK(Si -+ 27“1'),

where o = Mg max{e(K),1}. This completes the proof of the claim. O
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As a next step, we want to unravel (4.2.5)) into estimates that capture how closely
> can be approximated by an affine copy of ¥ near ). Let ¢ > 0. Equation (4.2.5]

guarantees that if ¢ is large enough depending on € and K, then
D[S NB(X,1),T5 , (X)NB(X,1)] <e. (4.2.16)

We will use this estimate to obtain inclusions in two directions.

1. On one hand, implies
T(f?\i’pi(E) NB(X;,1—-1X —-X;]) C Té\“pi(ﬁ) NB(X,1) C (X NB(X,1);¢).
Applying (T, ,)7'(-) = Qi + piA(Qi)(+), we get
N[Qi + pih(Qi)B(Xi, 1 = |X — Xil)] € (T4, 5,) " [Boo N B(X, )] Anax (Qi) pi€)
C (T4, ;) [Boo N B(X, 1)); Amax (K) pie).
(4.2.17)

We would like to adjust the left hand side in a way that it looks like the intersection

of ¥ with a suitable ellipse. We proceed as follows,

Bx(Ziy8:) = Zi + piN(Z;) B(0,1 — | X — X;])
C Zi + piM(Q:)B(0,1 — |[X — Xi|) + pi(A(Z;) — A(Q:))B(0, 1 — [X — Xj])
C Qi + piMQ)Xi + piM(Q:)B(0,1 — [X — Xi[) + B(0,epi(1 — [ X — Xi[))
= Qi + piMQ:)B
C (Qi + piMQ:)B(Xi, 1 — [X = Xif);epi(1 — [X — X)),

(Xi, 1 =X — X;|) + B(0,epi(1 — | X — X;]))

where the third line holds for all 7 large enough, depending on K and A, by continuity
of A. Combining this with (4.2.17)) and recalling that p;(1 — | X — X;|) = s;, we get

(4.2.18)
C (T3,) ™ S0 N BX, Vs, + Auan(K)pi).
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2. The other inclusion we can extract from (4.2.16)) is
Yo NB(X,1) C (T5,,,(3) N B(X,1);¢) C (15, ,,(3) N B(X;,1 4 |X — Xj]); ).
Applying (T4, ,.)""(-) as before, this inclusion gives
(T5,.) oo N BX,1)] € (EN{Qs + pih(Q) B(Xi, 1+ |X = Xi)} 5 Amax(K) pic).
(4.2.19)

Proceeding similarly as above, we can make the right hand side look like the inter-

section of ¥ with a suitable ellipse. Namely, if i is large enough depending on K and
A,
Qi+piM(Qi)(B(X;, 1+ [X — X))
= Z; + pA(Qi)B(0,1 + | X — X;|)

C Zi+ pA(Z)B(0.1+ X = Xi|) + pi(A(Qs) — A(Z)B(0, 1 + X — Xi])
)+

= BA(ZZ,’I“Z pz(A( ) —A(ZZ))B(O,l—{— |X—Xl|) C (BA(Zi,’I“i);ETi).
This and (4.2.19) give
(TS ,) B N B(X,1)] C (3N BalZi, 12); Amax(K) pig + €73). (4.2.20)

We would now like to use (4.2.18) and (4.2.20) along with assumption l} to
show that ¥, must be a plane. Recall the planes P(Z;, %), P(Z;,s.) from (4 and

(4.2.9). On one hand, using (4.2.10)), (4.2.9) and (4.2.18), and keeping in mind that
pi — si = pi| X — Xi|, i < pi and r; < 2p;, we see that

P(Z“T'/L) M BA(Zi7 101) (Zla Tz) N BA<ZZJ i ) )\max( )pl|X - Xl‘)

P(Zl, 81) N BA<ZZ, S; ) CKpZ’X — Xl‘ -+ O’KdK(Si -+ 27%))

( )_1 [Eoo N B(X, 1)]; O (pil X — Xi| + 55 + 21 + 5 pi) + €(8i + Amax(
( )71 [EOOQB(X, 1)];CKpi(|X—Xi|+(5K+€>>.
(4.2.21)

(P
C(
C (2N Ba(Zi,8:); Cx(pil X — Xi| + s; + 2r;) + Mgdks;)
-
-
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Similarly, from (4.2.20)), (4.2.8) and (4.2.10]) we get

(75, )" [Boo N B(X,1)] € (X0 Ba(Zi,71); €A (K)pi + 71)

C (P(Z;,7}) N Ba(Zy,1:); £(Crepy + 1) + M)
(

(

)
P(Z;, 1) N\ Ba(Zi, pi);€(Crepi + 1i) + CrOkpi + Amax (K)pi] X — X;|)
)

C

- P(Z“TZ N BA(ZZ', pi); Csz(lX - Xz| + 0k + 8))
(4.2.22)

We now want to apply Té‘ ,;(+) on (4.2.21)) and (4.2.22). Notice that
1 BalZi, pi) — Qs
0 (Ba(Zp) = Q) (PE2I 21
7 0.
—a@) (Z29) ra@iazso) @22

= Xi + AQ:) " A(Z)B(0, 1).

We would like to compare this set with B(X;, 1). Notice that by continuity of A and

because |Z; — Q;| — 0, if i is large enough depending on K and A, we have

IMQi)A(Zy) —1d|| < e, [IA(Z)"A(Q) —1d]| <.

We claim that this implies

B(0,1—¢) C A(Q:)*A(Z;)B(0,1) € B(0,1 +¢). (4.2.24)

To see this, note that on one hand,

AQi)T'A(Z:)B(0,1) € (AQi)'A(Z;) — 1)B(0,1) + B(0,1)
C B(0,&)+ B(0,1) = B(0.1+¢).
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On the other hand,
B(0,1—¢) C (I —AQ:)A(Z))B(0,1—¢)+ A(Q;) *A(Z;)B(0,1 —¢)
C B(0,g(1 —¢)) + A(Q:) 'A(Z)B(0,1 — ¢)
C AMQ)'AZ) [(MZ) 7' MQi) = 1)B(0,2(1 — €)) + B(0,(1 — ¢))]
+ AQ)A(Z)B(0,1 —¢)

C MQy)'A(Z) [B(0,€%) + B(0,e(1 —€))] + A(Q;)'A(Z;)B(0,1 — ¢)
C AQ:)'A(Z;)B(0,1).

These inclusions prove (4.2.24).

Now, combining and we obtain

B(X;,1—¢) C Ty, ,,(Ba(Zi, pi)) C B(Xi,1+¢). (4.2.25)
Denote by P; the plane T&,pi(P(ZZ-, 1)), and notice that X; € P,. Applying Té\i’pi on
(.2.21)) and (4.2.22)), we obtain
P,NTY, . (Ba(Zi, pi)) C (0o N B(X,1); Ck (|1 X — Xi| + 0k + €)),
Yoo NB(X,1) C (P,NTS, . (Ba(Zi, p:)); Cx (|1 X = Xi| + 0k + €)).
Taking now (4.2.25)) into account, the last two inclusions above give, respectively,
P,NB(X;,1) C (PN B(X;,1—¢);e) C (PNTY, . (Ba(Zi, pi));e)
C (Xo N B(X, 1); Ok (|1 X = Xif + 0 +€)),
and
Yoo NB(X,1) C(P,NTS , (Ba(Zi, pi)); Ck(|X — Xi| + 6k +¢))
C(PNB(X;,14¢);Cr(|X — X;| + 0k +¢))
C(PNB(X;,1);Cr(|X — Xi| +dx +€)).

These inclusions show that

D[E. N B(X,1); P, N B(X;,1)] < Cx(|X — Xi| + 65 +2). (4.2.26)
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To conclude, we want to replace X; with X in this estimate and use it to rule
out the case in which X is a cone. Let P/ = P, — X; + X. Since X; € P;, we have
X € P/. Also, note that

D[P/NnB(X,1); ,NB(X;,1)] <X — X;].
Combining this with (4.2.26)), we get
DX NB(X,1); PPN B(X,1)] < C(|X — X;i| 4+ 0k + ). (4.2.27)

By compactness of the space of n-planes through X in R**! we can assume upon
passing to a subsequence, that there is an n-plane Px through X such that P/ — Px
with respect to D, uniformly on compact sets. By (4.2.27)), Px satisfies

D[So N B(X,1): Px N B(X,1)] < Cx(6x + ). (4.2.28)

Now, by Theorem if Y is not an n-plane, then n > 3 and there exist
Xo € Yo and a rotation R of R™™ such that R(X., — X ) is the light cone

C = {(‘/El?... 7l'n+1> e Rn+1 N xi fy I‘% +x%+x§}

In such scenario, applying (4.2.28|) with X = X, and denoting by L the plane
R(Px.. — Xo0), we get

D[CN B(0,1); LN B(0,1)] = D[S N B(Xoo,1); Px. N B(Xo,1)] < Cx (05 + 2).

Notice that since Py__ contains X, L must contain the origin. Then if 6 < C’l}l / V2

and ¢ is small enough,

DIC A B(0,1); LN B(0,1)] < % (4.2.20)

However, a quick calculation shows that this inequality fails for every plane L through

the origin. It follows that ¥, must be an n-plane. Moreover, since ¥, = spt(v) and
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v is a A-pseudo tangent measure of i, we have 0 € ¥, by Remark £.1.2] So we can
use ([4.2.16|) with X = 0 to get

D[Es N B(0,1); T3, ,.(3) N B(0,1)] <e.
Applying T5 () = Qi + piA(Q:)(+), we obtain
D[Z(()Q N Ba(Qs, p1); 2N Ba(Qs, pi)] < Amax(K) pie, (4.2.30)
where 2% = T4, ,.(3s). Notice that 2¥ is an n-plane containing @Q;. Now recall

that p; = A\ (K)~'7;, so if we combine (4.2.30)) with Corollary [2.3.1], we get

D[ESQ NB(Q:,7:); XN B(Q4, Ti)] < 2 max(K)pie

= 2ep(K)Te.

Combining this with (4.2.3)), we deduce that

1 )
hH(l) bBs (K, 1) = lim bl (Q;, ) < limsup —D[Egg NB(Q:,7:); XN B(Qi, )] < 2ep(K)e.
T—> 71— 00 1—00 ’T,L'

Since this holds for every € > 0, we conclude that
11_% bl (K, T) =0,

completing the proof of Proposition 4.2.1] n
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Chapter 5

Doubling measures

5.1 Proof of Theorem [1.3.2

We recall the statement of Theorem [1.3.2] here for convenience.

Theorem 5.1.1. Let o, € (0,1). Suppose X — A(X) is locally Holder continuous
on R"™ with exponent B. Let u be a Radon measure on R with support ¥ such
that the following holds: For every compact set K C R"" with X N K # & there

exists a constant Cx > 0 such that for every r € (0,1],

. [HBACY. 1)
XerXnK ,U(BA (X, 7"))

te[$,1]

Ifn > 3, suppose additionally that 33 satisfies (1.3.3)). Then ¥ is a C*7 n-dimensional

—t" < Ckr*.

submanifold of R™ ™, for some v € (0,1) depending on a and .

The key idea of the proof is that can be used to obtain information about
the density ©(y, X) introduced in (1.3.2). More specifically, the assumptions of
Theorem imply that holds when f is replaced with a certain measure
which has the same support as u and « is replaced with a number that depends on «
and [, making Theorem applicable. These ideas are contained in the following

lemma.
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Lemma 5.1.1. Let A and p be as in the assumptions of Theorem[1.5.3. Then
0 < Op(p, X) < o0, (5.1.1)

for every X € ¥ = spt(p). Also, for every compact set K C R there exists a
constant C'xg > 0 depending on K and A, such that

11og O4(X) — log O, (V)| < Cx|X — Y|, (5.1.2)

whenever X, Y € YNK and | X =Y | < Ak, where A > 0 is small enough depending

on K and A, and v = min{«, f}. Moreover, the measure

1

dMO(X> = @A(Nyx)

du(X)

is a Radon measure with spt(pg) = 3, with the property that for every compact set
K C R there exist ri > 0 and Cx > 0 such that for every X € K NY and

re (O7TK];
W — 1| < Cgr, (5.1.3)

min{a,8}
1+a

where v =

Proof. The proof is similar to that of [7, Proposition 6.1]. Let K be as in the statement
andlet X € XN K. Forr, =27% k>0, let

Ba(X,r
Dk(X):w, li, = log Dy(X),
T

and for any t € [3,1], let

p(BA(X, tr))

Ry(X,r) = AN
Xr) = B (o)
Notice that
Dy11(X) 2" (B (X, re41))
L 1= — 1= 2"Ryn(X, ).
D (X) W(Ba(X, 1) y2(X,me)

By (1.3.5), we have
2" Ry o (X, rg) < Ox27F, (5.1.4)
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Thus, if kg is large enough and k& > ko,

Dk+1 (X)
Dy(X)

This implies that the sequence {l;} is Cauchy, so [ := limg_, [y exists and is finite,

\l+1 — | = |log

‘ < C2 ke, (5.1.5)

and we have

lim Dy (X) = e, (5.1.6)

k—o0

It also follows from ({5.1.5)) that if kg is large enough,
e — loo| < Cre27F. (5.1.7)
We will show that
Onlp, X) = el=. (5.1.8)

Let r € (0,1), and write r = ¢ry, for some ¢ € [%,1] and some k > 0. Then

p(Ba(X,7)) _ p(Ba(X, try))

wpr™ Wpt™ry
_ plBa(X, try))
tu(Ba(X, 1))

Letting 7 — 0, we have r, — 0, Ri(X,r,) — 0 by (1.3.5), and Dy(X) — el= by
(5.1.6)). Thus, 9) yields (5.1.8), and in particular

(5.1.9)

Di(X) = £ (Ri(X, ) + ") Dy(X).

0< @A<,U,X> < Q.

We will now prove . Let us denote 6 = log(1 + ¢t "Ry(X,rx)). By (1.3.5), and
keeping in mind that t > 1 / 2 and rp < 2r, if r is small enough depending on K and

A, we have
|(5| < IOg(l + t_nOKT/{Za) < CK’I“O[. (5110)

Notice that if r is small enough, then by (5.1.7)), (5.1.9) and (5.1.10)),

— — log ©x(p, X)| < [0] + [log Dy(X) — log Oa(p, X)|
WnT (5.1.11)

= 10|+ |lx — loo| < Cgr,
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where we have used that 277 = r® < 2902 We will show that (5.1.2) holds when
|X — Y| is small, depending on K and A. Suppose |X — Y\l%a < Tky, With kg as in

(5.1.5) and (5.1.7). Let k > ko be such that
Tka1 < |X—Y|1+% < Tg.

Choosing kj large enough depending on K and A, we have

Tk
37

where Apin(K) is as in (2.3.3). In particular, we can apply Lemma to ensure
that

|X - Y| S ,r.li-‘rOé S )\min(K)

Ba(Y, 7 — Amin (X)X = Y| = Crrp?) € Ba(X, ).

Now, using again that | X — Y| < r, ™, setting v = min{a, 3} we obtain

"k — Amin(X) X = Y| = Crry ™ > 1 = Cre(rit +7177) > 1 (1 = Ckr))
=rp(1 — Cxriy,) > (1 — Cg|X — Y|5).
(5.1.12)

Denoting p = rk(l—C’K]X—Y\l%a), we see that (5.1.12)) implies BA(Y, p) C Ba(X, %),
and thus

By (Y. Ba(X N
1(Ba(Y, p)) < #(Ba(X, 7)) = "k p(x).
Wpp" Wn p" p"
Therefore,
By (Y.
log <M) < nlogr—k + 1, < nlog Tk 4 loo + Cx27H
W P P p

= lyo + Cxr? —nlog 2
Tk

<o+ Cx|X = Y|™ —nlog (1 ~Ox|X _Yyl%a>
<o + O] X = Y|5 + Cg|X — V|5 <l + Cx|X — V|75,
(5.1.13)
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On the other hand, we know by ([5.1.11)) that

Bp(Y, a
tog “BM0) 00 0, (4, ¥)| < Crep® < CrlX — YT

WP

Thus, combining ([5.1.8)), (5.1.13]) and ([5.1.14)) we obtain

10g Op(11,Y) < loo + Cx|X — Y|Ta =log Oy (p, X) + Cx|X — Y| Ts.

An analog argument can be used to show that
log Oa (s, X) < logOp(,Y) + Cx|X — Y |73,

from which ([5.1.2)) follows.

(5.1.14)

Now we continue with the measure p defined in the statement of Lemma [5.1.1

From ({5.1.1)) and ([5.1.2)), it follows that ©4(u, -) is locally bounded above and below by

positive constants. This implies that po is a Radon measure with support spt(ug) =
spt(p) = X. We will show that (5.1.3) holds. Let X € K N X, and suppose that
0 <7 < Anax(K) 77 and rg < 1. Then every Y € By (X, r) satisfies | X — Y| < rx

and Y € ¥ N (K; 1), so applying (5.1.2)) to the compact set (K1),

ni= sup |logOa(s, X) —logOn(1,Y)| < Ceriva,
Y EZNBA (X,r)

From the definition of 7, it follows that for every Y € ¥ N By (X, r),

e < Or(Y) < e,
Oa (1, X)

If we integrate this inequality with respect to dug(Y) over Bo(X,r), we get

,U(BA(Xa T))

MO(BA(X7T))6_7] < ®A(HI>X)

< puo(Ba(X, 7))e",

or equivalently,
On (i, X)po(Ba(X, 7)) < o
n(Ba(X,r)) -

e 1<

(5.1.15)
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This implies that
‘log fo(Ba (X, T‘))' _ ‘log <@A(X, r)po(Ba(X,r))  p(Ba(X,r)) )‘

Wt p(Ba(X,7)) O (1, X)wnr”
(5.1.16)
Ba(X
<t log MBAET)) log@Am,X)’ .
It then follows from ((5.1.11)), (5.1.15)) and (5.1.16) that
Ba(X
‘logw‘ < Cg(rma 4+ 1) < Cgrive,
WpT™
or equivalently
e—CK’I"y/ S ILLO(BA(X7 T)) S eCK’!”yl,
W™
where ' = H—La Thus, for all » > 0 small enough depending on K and A,
/ By(X /
1= O’ < BT (5.1.17)
W™
completing the proof of the lemma. O

We are now ready to prove Theorem [1.3.2]

Proof of Theorem[1.3.3. Let u be as in the assumptions of the Theorem and g as

in Lemma [5.1.1] Lemma implies that 3 = spt(u) = spt(uo), and by (5.1.3)), o
satisfies the density condition (1.3.4)) with « replaced by %0;@ Thus, by Theorem

j
1.3.1, ¥ is a C''7 submanifold of dimension n of R"™ where v € (0,1) depends on «
and 3. m

5.2 Proof of theorem [1.3.3: the regular set

We define the regular set of ¥ = spt(u) as
R ={X € ¥ : limsupbfs(X,r) =0}, (5.2.1)
™\0

and the singular set as § = X\'R. In this section we study R. The techniques used

here are based on ideas developed in [26] in the Euclidean setting.
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Proposition 5.2.1 (The regular set). Under the assumptions of Theorem the
set R defined in (5.2.1)) is a C*Y submanifold of dimension n of R*™'. In particular,
R is an open subset of 3.

5.2.1 Technical results and proof of Proposition [5.2.1

Suppose p and A satisfy the assumptions of Theorem [1.3.3] By Lemmal5.1.1] we may
assume without loss of generality that p satisfies (5.1.3)). Note for later use that if

Xy € XN K, where K C R"™ is compact, and 7 > 0 is small enough depending on

K and A, then (j5.1.3) implies
C’I}lr" < u(B(Xg,r)) < Cgr™. (5.2.2)

For example, the upper bound in can be obtained by noting that B(Xg,r) C
BA(Xo, Amin (K)7'7), and applying to Ba(Xo, Amin(K)7!r). The lower bound
can be obtained similarly.

As in [26], we need a smooth version of the fy-numbers of u, which are in turn
an L? version of the S-numbers considered in Section . Let p € C°(R™!) be a
radially non-increasing function such that xp2) < ¢ < xp(0,3)- For Xo € ¥ = spt(u)
and B = B(Xy,r), let

. N _ 1/2
Bou(B) = B u(Xo, 1) = m}in (rnl+2 /(p (M) dist (X, P)Qd,u(X)) ,
(5.2.3)

where the minimum is taken over all n-planes P in R"™!. Note that if P is a minimizing

n-plane for bfx (X, 3r) and r is small, then by (5.2.2)),

BQ,H<X07 T) S H}Ji/n <

< %D[E N B(Xo,3r); P N B(x,3r)] = Cxbpfs(Xo, 3r),

1/2
1+ D[X N B(Xy, 3r); P' N B(xo, 3r)]* u(B(Xo, 3r))>
(5.2.4)

Tn2

for some constant C'x > 0 depending only on K and A, where D denotes Hausdorff

distance as before.
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It is also convenient to observe that the coefficients BQ,M enjoy some regularity: if
Xo, Xy € ¥NK, B= B(Xo,r), B =B(X{,r"), B C BC K, and r" > cr, then there

exists a constant C'x > 0 depending on ¢, K and A such that

Bou(B') < C P u(B). (5.2.5)

In the same spirit as Lemma [2.3.1], we need to establish a comparison between the
quantity on the right-hand side of (5.2.3)) and the corresponding quantity obtained
when the term |X — Xy|/r is replaced with an anisotropic rescaling determined by

A. Recall the numbers Apax(K) and Apin(K) associated with any compact set K,
introduced in (2.3.3]).

Lemma 5.2.1. Let r > 0 and suppose K C R™ is compact. Denote 1’ = \pax(K)r
and r" = Amin(K)r, where A satisfies the assumptions of Theorem[1.5.3 If P is any
n-plane in R"™ and p is a Radon measure in R™™ with support X, then for every

Xo,Z €XNK,

A(Z) (X = Xo) ist(X, P)’du(X) < M ist (X, P)*dp(X),
/@( - )thP dMX</¢( _ )thP d(;;;)

B0\ i pan(x) < [ o (O X =500 o )
B e

Remark 12. The statement remains true if A(-) is replaced with A(-)™!, as long as
r" and " are adjusted accordingly. More specifically, since the smallest and largest
eigenvalues of A(+)™! are Apax(+) ™! and A (+) 71, respectively, the lemma applies with
A(-)7! in place of A(:) if the scales r' and r” are taken to be r’ = Ay (K)~!r and
7" = Apax (K) 7.

Proof of Lemma |[5.2.1. With K, X, and Z as in the assumptions, we have for any

r >0,
1 1 X —-X
LA X = X012 1) (- X = R

,rJ
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so (5.2.6]) follows because ¢ is radially non-increasing. Equation ((5.2.7]) follows for

the same reason, by observing that

%|A(Z)—1(X - Xo)| < %’)\min(K)_l<X - Xo)| = M.

7/.//

[]

The proof of Theorem [1.3.3|relies on the following two results, which are analogues
of Theorem 4.2 and Theorem 4.3 in [26]. It is worth noticing that even though we
state both results in codimension 1, the statements remain true in any codimension.

Recall the notion of a A-asymptotically optimally doubling measure (see Definition

11.2).

Theorem 5.2.1. Let p be a A-asymptotically optimally doubling measure of dimen-

sion n on R™™ with support ¥. Let K C R™™ be a compact set, and suppose that
Clr™ < u(B(X,r)) < Ogr™, (5.2.8)

for X e XN K, 0<r <diam(K). For any n > 0, there exists § > 0 depending only
onmn, n, i, K and A such that if B is a ball contained in K and centered at ¥ N K
with Ba,(B) < 8, then By, (B') <1 for any ball B' C B centered at ¥ N :B.

Theorem 5.2.2. Let p be a A-asymptotically optimally doubling measure of dimen-
sion n on R"™ with support ¥. Assume that 0 € X. Let K C R"" be a com-
pact set such that B(0,2) C K, and suppose that holds for X € ¥ N K,
0 <r <diam(K). Given e > 0, there exists § € (0,eq), depending only on e, n, u, K
and A such that if B%u(B) < § for every ball B contained in B(0,2) and centered at
Y. N K, then there exists R > 0 such that bfs(X,r) < e for all X € ¥ N B(0,1) and
r € (0,R).

We will use these results combined in the form of the following corollary.



81

Corollary 5.2.1. Let p be a A-asymptotically optimally doubling measure in R™H1
with support ¥. Let K C R™ ! be compact, and suppose that holds for X €
YNK,0<r <dam(K). Givene > 0, there ezists § € (0,gq) depending only on €, n,
1, K and A such that if By, (B(Xo,4R0)) < 6, where Xy € ¥ and B(Xy,4R,) C K,
then there exists R > 0 such that bBx(X,r) < e for all X € ¥ N B(Xy, Ry) and
r € (0,R). In particular, ¥ N B(Xy, Ry) is e-Reifenberg flat.

Before proving Theorem [5.2.1 and Theorem [5.2.2] we use Corollary to derive
Proposition [5.2.1]

Proof of Proposition[5.2.1. Let p be as in the assumptions of Theorem [1.3.3] As
before, by Lemma [5.1.1] we may assume without loss of generality that p satisfies
, so that holds. By Proposition we know that p is A-asymptotically
optimally doubling. Let X, € R and ¢ > 0. By definition of R, there exists Ry > 0
such that bfs(Xo,r) < 0 whenever 0 < r < 12R,. Let K = B(X,,4R,). By (G-2.4),

we have

Bou(B(Xo,4R0)) < Co, (5.2.9)

where C'x > 0 depends only on K and A. Let us assume without loss of generality
that Ry is small enough so that and hold for every X € ¥ N K and
r < 8Ry = diam(K), ensuring that the assumptions of Corollary are satisfied.

Given any ¢ > 0, let § € (0,2¢) be as in the conclusion of Corollary [5.2.1] If o is
small enough so that Cxo < J, then by we have Bzyu(B(Xo,élRo)) < 0, and
Corollary [5.2.1]implies that $NB(Xo, Ro) is e-Reifenberg flat. We can assume without
loss of generality that € < dx, where K = B(X, Ry) and d is as in Proposition .
Then, by Proposition [£.2.1]

li{r(l) bBs(K,r) =0.

This and (5.1.3) ensure that p L B(Xo, Ry) satisfies the assumptions of Theorem
1.3.1, Therefore, > N B(Xy, Ry) is a C'7-submanifold of R"*! of dimension n for
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some v € (0,1) depending on a and . This also implies that R is an open subset of
Y, as desired. O

5.2.2 Proof of technical results

We now turn to the proofs of Theorem [5.2.1|and Theorem [5.2.2] The main ingredient
is the following lemma, where for any ball B = B(X,r) and any positive number

¢ > 0, we denote r(B) =r and ¢B = B(X, cr).

Lemma 5.2.2. Let o be a A-asymptotically optimally doubling measure of dimension
n on R Let K C R™ be compact, and let 5y be any positive constant. Suppose
that holds for X € XN K, 0 <r < diam(K). Then there exists some constant
g1 depending on g and Cy, but not on dy, and there exists an integer N > 0 depending

only on pu, K, A and &y, such that if B is a ball centered at ¥ with 2B C K and
BQ,M(QICB) Sel) k € {17"'7N}7 (5210)

then
B2,u(B) < dy.

Proof of Lemma[5.2.4. Suppose, for contradiction, that such an N does not exist.
Then there is a sequence of points {X;} C ¥ N K and balls B; = B(Xj, ;) such that
2/B; C K and

Bou(28B)) < ey, ke {l,...j}, (5.2.11)

but fa,(B;) > d. Note that since K is bounded and 2/B; C K, we have r; — 0 as
J — o0. For each j > 1, let

1 A

1 = mem [1].

Upon taking a subsequence, we may assume without loss of generality that pu; — v,

where v is a A-pseudo tangent of p, which we know is n-uniform by Proposition [4.1.4]
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We will show that
o (B(0, 2"\ max (K) 1)) < Cier, k> 1, (5.2.12)
and
B (B(0, Awin (K) 1)) > Cc . (5.2.13)

To prove (5.2.12)), fix k > 1. Let L} be a minimizing plane for 527M(2kBj), and let

1 - *
L;= ;A(Xj) YLy - X;).
J

Upon taking a subsequence, we may assume that L; — L with respect to D, uniformly
on compact sets, where L is an n-plane. Note that this implies that dist(-,L;) —
dist(+, L) uniformly on compact subsets of R"*!. Combining this with the fact that
the function ¢ in the definition of 527. is continuous, |¢| < 1 and p; — v, it follows

that
‘/ ( miﬂ RE )dlst(X L;)?du(X) — /cp <ﬁ(|l()‘l) dist (X, L)QdV(X)‘

< 13 (B(0,3 - 25 Amax () ™) [[dist (-, L;)* — dist(-, L)?[| oo (50,25 A (56)-1))

' / (mm’:f | >dlst(X L)%dp;(X) — / . (%&Q_J dist( X, L)Qdu(X)‘

(5.2.14)

as j — oo. On the other hand, by Remark [I2] an application of Lemma [5.2.1],
equation ((5.2.7) with A(-)™! in place of A(-) gives
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1 [X] . 2
2k(n+2) /SO (QkAmax(K)l) dlSt(X’ Lj) dluj (X)

1 AX)X )
= W/90 (%) dist (X, L;)* dye; (X)

Cic /(p (M) dist (A(Xj)l(X — Xj)aLj)zdu(X)-

<
- Qk(”+2)M(BA(Xj, Tj)) 2k7“j T

(5.2.15)

By the definition of L;,

dist (A(Xj)_l(X — Xj),Lj) — dist (A(Xj)_l(X - X;) AX;) L - Xa‘))

)
7’]' 7’]' T’j

C
< —Edist(X, LY).
Tj

Combining this with ((5.2.15)) and (5.2.11)) we obtain

1 RY . 2
W/QD (m)dlSt(X, LJ) d,LL](X>

< 2k(n+2)r;z+2 /90( 2k—7”j dlSt(X, LJ) dlu(X)

= CxP2,u(2B;) < Ciey.
(5.2.16)

This estimate and (5.2.14]) with a choice of j large enough give

1 X ‘
(252 <K>1>n+2/ “”(—m | <|K‘>1)dlst<X’L>2dv<X>s0Ksl,

from which ((5.2.12)) follows.
To prove (5.2.13)), let L be any n-plane. Using Lemma applied to A(-)71,
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along with the definition of y;,

B, (0, Aeain () 71) > CK/go (%) dist (X, L)?dp;(X)

> Cic [ ACG)X)dist (X, L)dgs ()

O () (AR

p(Ba(X,7; rj T
C X -X;
> S [ (B e, x4 Ao L)
J J

> CKBQ’“(BJ') > CKéo,

by our assumption on Bg#(Bj). This proves (5.2.13)).

We are now ready to complete the proof of the lemma. We claim that e is small

enough, then (5.2.11)) implies that the tangent measure v at oo of v satisfies

min / dist(X, P)?di(X) < &, (5.2.17)
P JB,)

where the minimum is taken over all n-planes P C R""!. To show this, notice first
that by arguments similar to those leading up to (5.2.16|) and by definition of 7, we

have

B2.5(0,3) < Cr B (0, 2 A max (K) ),

for k large. Also by the estimates leading up to (5.2.16)), we have
B2 (0, 2\ max (K) 1) < Cca (2" Bj) < Ccer.

It follows that if j and k € {1,..., 7} are large enough, then BQJ;(O, 3) < Ckeq, which
gives by choosing ; small enough depending on K, A and gy, and observing
that the left hand side of is upper bounded by 52,,;(0, 3).

To conclude, we combine (5.2.17) with Theorem to deduce that v is flat,
which contradicts , completing the proof of the lemma. O
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With this lemma in hand, we can prove Theorems and essentially in

the same way as [20].

Proof of Theorem[5.2.1. Let n > 0, let £, and N be as in Lemma [5.2.2] and set
do = min{ey, n}. Let 6 > 0 be a small number to be determined, and suppose B is a
ball of radius r(B) contained in K and centered at ¥ N K with 3, ,(B) < 6. If § is
small enough depending on 1, n and N, and B’ is any ball contained in B, centered

at X N B, with radius r(B’) > 27¥"1r(B), then by (5.2.9)),
Ba,u(B') < min{ey, n}. (5.2.18)

Let now B’ be any ball centered at XN 1B with 27V"2(B) < r(B') < 27V "1r(B).
Then 2V B’ is centered at ©NiB and 7(2¥B') < r(B) /2,50 2V B’ C Band $,,(2"B') <
ey for every k € {1,..., N}. Therefore, we can apply Lemma to B’ and deduce
that B’ satisfies . From this and the arguments above it follows that if B’
is any ball centered on ¥ N $B with radius r(B') > 27¥7?r(B), then B’ satisfies
(5.2.18)). Iterating this procedure, we deduce that for any j > 2, if B’ is a ball cen-
tered at X N %B with r(B’) > 27777 then B’ satisfies , which completes the
proof.

]

Proof of Theorem[5.2.4. Suppose, for contradiction, that there exists &1 > 0 such
that for each ¢ > iy for some iy > 1, and for each ball B C B(0,2) centered at XN K,
we have

Bau(B) <270 < &,

but there are X; € ¥ N B(0,1) and r; N\, 0 such that b8s(X;,r;)) > ;. Write
7i = Amin(K)7;. Fix ¢ > 1 momentarily, and let P be a minimizing plane for bfs, (0, 1).

Write

P:lA(Xiyl(p—Xi),

Ti
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for some n-plane P. Consider ¥; = LA(X;)"H(E - X;), as well as the measures

1
= —— T8 4.
2 ,U(BA(Xz;Tz)) Xl,n[ﬂ’]

Note that 3; = spt(y;). By Corollary [2.3.1]

bBs,(0,1) = D[¥; N B(0,1); PN B(0,1)]

C -
> fD[E N Ba(Xi, 7:); P N Ba(Xi, 7)) (5.2.19)
> CKD[Z N B(Xiﬂ"i);]sﬂ B(Xi, )] > CrbPs(Xy, 1) > €1

T
Note that this estimate holds for every i > 1. We also know that upon passing to
a subsequence, we have p; — v, where v is an n-uniform A-pseudo tangent of u, and

Y = Yo = spt(v) with respect to D, uniformly on compact sets, as before. This,

combined with (5.2.19) implies that
bBs_(0,1) > e1/2. (5.2.20)

On the other hand, similarly as in , we have for every r > 0, BQ,“(O,r) —
BQ,,,(O, r). But our initial assumptions imply that for every r > 0 there exists i, > 1
such that if ¢ > 4, then BZ,M(O, r) < 27% Tt then follows that BZ,,(O, r) = 0 for every
r > 0, which implies that >, is contained in an n-plane. This contradicts
and completes the proof. O

5.3 Proof of Theorem [1.3.3: the singular set

Our arguments involve several different measures along with their singular sets, so
to avoid confusion we denote the singular set of any Radon measure v, as defined in
the previous section, by S,. We also let dimy denote Hausdorff dimension, and we
continue to denote ¥ = spt(u), with p as in the assumptions of Theorem or
Proposition below. To complete the proof of Theorem it is enough to show
the following.
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Proposition 5.3.1 (The singular set). Suppose p is a A-asymptotically optimally
doubling measure of dimension m on R", 1 <m <n+ 1. Then either m < 2 and
S, =@, orm>3 and

dimy(S,) <m — 3. (5.3.1)

The Euclidean analogue of this result was proven by Nimer [23] under the as-
sumption that p be uniformly asymptotically doubling. In our setting, an anisotropic
analogue of such notion would go beyond the scope of this paper, so we only con-
sider the particular case in which u is A-asymptotically optimally doubling. It is still
worth mentioning that a detailed analysis shows that the proofs are very similar in
both cases. We also point out that even though we prove Proposition [5.3.1] in any
codimension, Theorem [1.3.3| only relies on its validity in codimension 1.

The dimension bound of Proposition [5.3.1] can be motivated by the case where
g is n-uniform in R™™. In that scenario, it follows from Theorem that S,
is either empty or, up to a rotation and translation, an (n — 3)-dimensional plane.
More generally, Nimer showed in [22] that in any codimension, the dimension of the
singular set of an m-uniform measure p is at most m — 3. Since the measure p in
the assumptions of Theorem behaves asymptotically as r — 0 as an n-uniform
measure in a certain sense, it is natural to expect that the same dimension bound

should be preserved.

5.3.1 Technical results and proof of Proposition [5.3.1

Our arguments rely crucially on a dimension reduction result, and a statement about
the singular set of conical 3-uniform measures in arbitrary codimension, both proven

by Nimer.

Lemma 5.3.1 (Dimension reduction [23]). Let v be an m-uniform, conical measure

on R 1 <m<n+1. Let X €spt(v), X #0, and let X be the tangent measure
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of v at X (normalized so that \(B(0,1)) = 1). Then, up to rotation,
A=cH™L (R x A),
where ¢ > 0 is a constant and A C R™ is the support of an (m — 1)-uniform measure.

Theorem 5.3.1 (Regularity of conical 3-uniform measures [22]). Let v be a conical
3-uniform measure on R"*'. Then there exists v > 0 such that spt(v)\{0} is a C7

submanifold of dimension 3 of R**1.

Recall, for X € ¥ and r > 0, the mappings T’x, and Tf}yr defined in (2.1.4) and
(4.1.3)), as well as the corresponding re-scalings of a Radon measure v,

P 1 A 1 AT,
= By M e = Sy e

We will need the following technical results, whose Euclidean analogues are in [23].

Lemma 5.3.2 (Connectedness property). Suppose i is a A-asymptotically optimally

doubling measure of dimension m in R"" 1 <m <n+1. Let X € spt(u) NB(0,1)

be such that X, — X as k — oco. Let also 1, > o > 0 be such that 1,0, — 0 and
A A
MXk,Tk - O[, /"LXk,O'k - 57
as k — oo, where a and [ are non-zero Radon measures. If a is flat, then [ is flat.

Lemma 5.3.3 (A-tangents at a singular point). Suppose p is a A-asymptotically

optimally doubling measure of dimension m in R"* 1 <m <n+1. Then:

1. If X € S, then p has no flat A-tangent measures at X.

2. If i has a A-tangent measure at X which is not flat, then X € S,.

One of the key insights of Nimer [23] in the Euclidean setting is that if a measure is
regular enough, then its singularities are “preserved” under blow-ups. The following

is the corresponding anisotropic version of this statement.
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Proposition 5.3.2 (Conservation of singularities). Suppose p is a A-asymptotically
optimally doubling measure of dimension m on R"™ 1 <m <n+1. Let X € spt(u)
and ri, > 0 be such that r, — 0 and ,ug}’m — v as k — oo, where v is a nonzero

Radon measure. If Xj, € S, and Y}, = A(X)™* (M> — Y for someY € R"™! as

Tk
k— oo, thenY € S,.

An important corollary of the Euclidean version of this proposition is the following

result.

Corollary 5.3.1 (Singularities of 3-uniform measures [23]). Let v be a 3-uniform
measure in R" . Then for every compact set K C R"" S, N K is finite. In

particular, dimy(S,) = 0.

Before we proceed with the proofs of these results we use them to prove Proposition

B3Il

Proof of Proposition|5.53.1. First consider the case m < 2. Suppose that there exists
X € §,. By Lemma i has a A-tangent measure v at X that is not flat.
By Lemma [4.1.4] we know that v is 2-uniform, so by Theorem [2.1.1| we obtain a
contradiction. This implies that S, = @.

Next we handle the case m > 3 by induction. For the base case, consider m = 3
and suppose, for contradiction, that there exists s > 0 such that #*(S,) > 0. We

first find a point X € S, and a A-tangent measure v of p at X, such that

H%(S, N B(0,1)) > 0. (5.3.2)

The assumption that H*(S,,) > 0 implies that HZ (S,) > 0 (by the arguments in
the proof of Lemma 2.1 in [I5], for example). By sub-additivity of H?_, there exists
a compact set K C R"™ such that H: (S, N K) > 0. Let S,(K) =S, N K. Then,
according to the proof of Theorem 2.7 in [I5], for H*-almost every X € S,(K) we

have

0> (12, LS, (K), X) > 27°.
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Fix any such X. Then there exists a sequence of radii r; > 0 such that r, — 0, and

Sy = AX)! (W) satisfies
He, (sk N B0, 1)) > oo, (5.3.3)

for all k, where C'x > 0 depends only on K and A. In particular, X is a limit point of
S,,, and since S, is closed by Proposition (5 , it follows that X € S,(K), or 0 € S
for all k. Thus, upon passing to a subsequence, we may find a closed set F' C R"*!
such that

S, — F, (5.3.4)

with respect to Hausdorff distance, uniformly on compact sets.

Upon passing to a further subsequence, we may also assume ué\wk — v, where v
is m-uniform with v(B(0,1)) = 1 by Proposition [1.1.4. We claim that ¥ C S,. In
fact, if Y € I, we can find Y, € S, such that Y, — Y. By definition of S;, we have
Y, = A(X)™! (ka ) for some X € S;n so Proposition [5.3.2| implies that Y € S,,

proving the claim. This, combined with (5.3.4)), implies that for any £ > 0 and k large

enough,

SN B(0,1) C (S,;2)NB0,1) C (S, N B(0,1); ¢). (5.3.5)

We use this information to estimate HZ (S, N B(0,1)). Let 6 > 0, S,(B) =
S, N B(0,1), and let {Ey} be a cover of S, (B) such that

> T (L)

By incorporating small open neighborhoods of the sets F; if necessary we may assume
that each Ej is open. By Proposition 1} S, is closed, so S, (B) is compact, and we
may assume that S, (B) C £y U---U Ep for some L < co. Therefore, by (5.3.5)), if k
is large enough we have Si(B) := S, N B(0,1) C £y U---U Ep, which implies
L . s
d E
i) < Y () <cwsm) o
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With this and (/5.3.3) we obtain

H2(Su(B)) = limsup HZ, (Sk(B)) > 0,

k—o0

which implies . However, we know that v is 3-uniform, so by Corollary
S, is at most countable, which contradicts . This implies that s = 0, and
completes the proof of the base case.

For the inductive step, assume that m > 4, and suppose that the theorem holds
for measures of dimension m — 1. Let s > 0 be such that H*(S,) > 0. By the
procedure described above, we can find a point X € S, and a A-tangent measure v

of pat X, such that (5.3.2)) holds. Now, by (5.3.2)), we can apply the same procedure

again with A(X)™! replaced by Id, to obtain a tangent measure v/ of v at a point
X' € 8,nB(0,1), such that H*(S,, N B(0,1)) > 0. We know that v is m-uniform,
so by Theorem [2.1.4] ¢/ is m-uniform and conical, and in particular it satisfies the
assumptions of Lemma [5.3.1, Moreover, since #*(S,» N B(0,1)) > 0 and s > 0, we
have that for some p > 0 small enough, H*(S,, N B(0,1)\B(0, p)) > 0. Thus, we can
apply the above procedure once more to obtain a point X” € S,,, X” # 0, and a

tangent measure v’ of v’ at X" such that

'HS(SV// N B(O, 1)) > 0. (536)

By Lemma upon a rotation, 3" := spt(v”) satisfies ¥’ = R x A, where

A C R"™ is the support of an (m — 1)-uniform measure v{. In particular, we have

Syr C R x 8y, which implies

(l)/
Since vy is (m—1)-uniform, our induction hypothesis implies that dimy(S,y) < m—4,
so (5.3.7) gives dimy(S,») < m — 3. Combining this with (5.3.6) we obtain
S S dimH(SV//) S m — 3.
Since H*(S,) > 0 by assumption, it then follows that dimy(S,) < m — 3, completing
the inductive step and the proof of Proposition [5.3.1} n
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5.3.2 Proof of technical results

Now we turn to the proofs of Lemma Lemma|5.3.3|and Proposition [5.3.2] Some

of the arguments below rely on the following fact.

Lemma 5.3.4 (Scaling before and after blow-up). Ifv, ' are nonzero Radon measures
on R" v is A-asymptotically optimally doubling of dimension m, 1 < m < n+1,

Xk, X €spt(v), R, R, >0, Ry = R, . — 0 and Vﬁ‘(”k — v as k — oo, then

VR R — Vo R (5.3.8)

Proof. Let ¢ € C.(R™1). Tt suffices to show that

A _ 1 A 1 o /
/deXk,Rm = V?ck,rk(B(O, Re)) /wd(To,Rk [I/ka]) — —I/(B(O,R)) /w To.rdr'.
(5.3.9)

Note that by the doubling property of v, v/ is m-uniform, so for any p > 0,
V' (0B(0, p)) = 0, which implies v , (B(0,p)) — /(B(0,p)). We first show that

V3, (B(0, Ry)) = V' (B(0, R)). (5.3.10)

We write

V% (B(0, Ry,)) = V/(B(0, R))]
< VR (B(0, Ry)) = vy, (B(0, R))| + [y, (B(0, R)) — V'(B(0, R))].
(5.3.11)

The last term goes to 0 by the above observation. For the first term, let € € (0, R)

and suppose that k is large enough so that |Ry — R| < e. Then

— V' (B(0,R+¢)\B(0,R—¢)) < CeR™ !,
(5.3.12)
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as k — o0o. Since this holds for every € € (0, R), (5.3.10) now follows from ([5.3.11)).

Next we show that

[ odTon i) = [ 0o Tundid,,, > [0 oTumdv. (5.3.13)

Note that ¢ o Ty g, — ¥ o Ty g uniformly. Let M > 0 be such that spt(i o To g, ) C

B(0,M) for all k. Since vy, , converges weakly, the sequence vy, . (B(0,M)) is

XksTk

bounded, so

‘/w o Ty g, dvy, ,, — /w o Ty rdvy, . | < Cllth o Tog, — 1 0 Togllec — 0, (5.3.14)

as k — 0o. On the other hand, since ¥4 = — v/ we have

XkoTk

/w o TO’Rduﬁwk — /1/) o To rdr/.

Combining this with ([5.3.14]) we obtain (5.3.13]), and from ([5.3.10)) and ([5.3.13|) we

obtain (5.3.9)).
O

Proof of Lemmal[5.3.9. Recall the functional F defined in (2.1.8). Since p is A-
asymptotically optimally doubling of dimension m, we know that o and 8 are m-

uniform. Suppose « is flat, but 8 is not. Then F(«) = 0, but by Corollary [2.1.9] for
every R > 0 we can find Ry > R such that F(3y g,) > €3, with ¢ > 0 as in (2.1.9).

In particular, since p§ . — a, we have py p. — Bor, by Lemma [5.3.4) so by
continuity of F' with respect to weak convergence, it follows that for some « € (0, 2)

and for all k£ large enough,

We will first show that

Tk/Uk — 00, (5316)
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as k — oo. Assume, by contradiction, that this is not the case. Since 7, > oy by
assumption, upon passing to a subsequence we have vy, := 7, /oy — 7, for some v > 1.

This implies

1 1
TA = TA
/L(BA(Xk,Uk)) Xkﬂ'k[lu] /’L(BA(Xkyo-k)) Xk Y0k

(1] = To4[6]. (5.3.17)

On the other hand, since 7, /o, — 7, (4.1.9)) implies that pu(B(Xg, 7%))/1(B(Xk, o)) —

y" as k — 0o. Therefore,

1 - 1(Ba(Xi, 7)) Tr ] RN
p(Ba(X, 0p)) " T ((Ba( Xk, 01)) u(Ba(Xk, 7)) 7

which contradicts ([5.3.17)) because y"« is flat but 1j 3] is not. This proves (5.3.16).

In particular, if k is large enough, we have Ryop < 7%.

Note that for each k, the function r — F (NQW) is continuous away from r = 0,
by continuity of F. Therefore, implies that there exist &, € [Ryoy, 7] such
that F(u%, s ) = # and

F(p,,) <k, (5.3.18)

for every r € [0k, 7k (take 8, = max{r € [Rooy, 7] : F(u, ,) > £}). By the doubling
property of 1, we may assume upon passing to a subsequence that Mé(k,ék — v, where
v is an m-uniform A-pseudo tangent measure of p. Note that by continuity of F', we
have

F(v) = k. (5.3.19)

We will now show that v is flat, which will contradict and complete
the proof. Note that since F(,ué\(mk) = Kk > 0 for all k£ large, the same proof that
T, /0, — 00 can be applied to show that 7,/d; — co. Let R > 1, and suppose k is
large enough so that Rd, < 7. By we have F(uly, ps,) < & for all k large.
But we also have p% ps — Tor[v]. Therefore, by continuity of F, it follows that
F(vo.r) < k, and letting R — oo we get

limsup F (v r) < K < €.
R—00
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By Corollary this implies that v is flat, as desired. O

Proof of Lemma[5.3.3. Let us denote ¥ = spt(u). For the proof of 1, applying Lemma
[.3.2) with X}, = X for all k, we see that it suffices to show that u has at least one
A-tangent measure at X that is not flat. Since X € §,,, there exists a sequence r;, > 0,

k € N, with r, (0 as k — o0, such that
bBE (X, 1) > ¢, (5.3.20)

for all k. Let X = Ty, (X). Then by (5.3.20) and an argument as in Step 2 of
Section , we have for py = Apin(X) 71,

bﬁzk (0, p()) > ClbﬁE(X, ’l“k) > cy > 0, (5321)

where ¢; and ¢; depend on X. Since 0 € X, for all k, we have as in Section [4.2) that
upon passing to a subsequence, there exists a closed set X, C R™™! such that 0 € X

and X, — Y as k — oo with respect to Hausdorff distance, uniformly on compact

sets. Note that (5.3.21) implies that
bBs. (0, po) > /2. (5.3.22)

Let now pu = ué\wk. Since p is A-asymptotically optimally doubling, we may
assume by Lemma that upon passing to a further subsequence, we have p — v,
where v is a A-tangent measure of u. Moreover, since ¥ — Y. with respect to
Hausdorff distance, Lemma[4.1.3)implies that spt(v) = Y. But implies that
Yo cannot be a plane, so v is not flat, as desired.

For the proof of 2, suppose uﬁ‘wk — v, where v is not flat. Then by a similar
argument as above we may assume upon passing to a subsequence, that ¥, = H/)\(ﬂ"k
satisfies ¥, — Y, for some Y., C R""! with respect to Hausdorff distance, and
Yoo = spt(v). Since v is not flat, we have bfSx__(0,1) > 0, so for k large enough and
P1 = Amax(X) 7,

b52<X? plrk) > C2bﬁzk (07 1) 2 CQb/BZoo (07 1) > Oa
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which implies that X € §,,. O
Proof of Proposition[5.53.3. Note first that since Y, — Y, we have
’Xk — X’ < )\max(X)rk’Yk‘ — 0,

as k — oo, so Xy — X. We start by constructing a sequence of radii o5 > 0 such

(00

that op — 0, ry/o, — o0, and Mﬁk,ak — (%) as k — oo, where (™) satisfies

lim sup F(V(()OE)) > g5 /2. (5.3.23)

R—o0 ’
Since p is A-asymptotically optimally doubling, we can construct inductively a family
of sequences {sg-k) }ien, where {sg-l)} is a subsequence of {r;}, {S§~k+1)} is a subsequence

of {sg-k)} for k> 1, and for every k,

A N (k)
1%
,u k,sgk) 9

as j — oo, where v*) is an m-uniform A-tangent measure of z at X}, with v®®)(B(0,1)) =

1 by Proposition 4.1.4] For each k, note that s§k) — 0 as j — 00, and since X € S,

Lemma implies that v® is not flat. Therefore, by Corollary for each

R > 0 we can find R’ > R, depending on k, such that
(k) 2
F(vo r) > €0 (5.3.24)

Let R;, be any such R'. Note that by uniformity of v*®, for every r > 0 we have

K _ v(BO,rRy))
Vé,l)%k(B(Oﬂr)) = V(;g)(B<O7 Rk)) =T,

. k
SO upon passing to a subsequence we may assume that 1/(() })%k — ™) as kb — oo,

for some Radon measure (). We will show that ©(>) satisfies (5.3.23)). Recall the

functionals F, and F introduced in (2.1.5). Note first that u; e V(()k;zk as
ko fiES; ’
(%)

J

j — 00, so by Proposition [2.1.1| and because s;” — 0 as 7 — oo, we can find 7 = ji

large enough so that

k - k
f(#§k73ks§z>, Vé’}%k) <27F o= Rks§k) <7z (5.3.25)
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Since I/(()i)%k — () (5.3.25)) implies that uﬁ‘(k’gk — () 50 () is a A-pseudo tangent
of uat X. Notethat;—ZZi%ooaSk—)oo.

We now show that holds. Suppose, for contradiction, that F' (Vé‘;’)) <&2/2
for all R > 1 large enough. For each such R, let P be a minimizing plane in the

definition of F (Vé?o)). Then with ¢ as in the definition of F', and keeping in mind

that v pp, (B(0,1)) = 1 by Proposition {1.1.4]

F%%m§/¢wmmﬂfﬂ%%aﬂ

= / o(Z)dist(Z, P)*dvhp (Z) — / p(Z)dist(Z, PY’ A7) (2) + F(uiR)

2
k 9] €
< CR(Voam o) + -

(5.3.26)

Now, by (5.3.8) we have Véfcl)mk - Véi)}? as k — 00, so by Proposition [2.1.1]and ([5.3.26))
it follows that for all k£ large enough, F’ (V(()ﬁ)mk) < 2. This contradicts (5.3.24)), proving

that (5.3.23) holds. This implies that (> is not flat.

Next, let v, Y, and Y be as in the statement of the proposition. We know by Lemma

and Proposition that Y € spt(r) and v is m-uniform with v(B(0,1)) = 1.
We show that

/'L%kﬂ”k — Vy;. (5.3.27)

Note first that

TA

XksTk

=Ty, 0 AM(Xp) "o A(X) o Ty, .

Therefore, if ¢ € C.(R™™) and A = A(X}) ™' o A(X), then

/gpdu%mk = m/@d(ﬂ}km[#])

= m / poTy, 10 Ad(Ty,, 1) (5.3.28)
_ W(Ba(X, i)

- T, Apdp
,u(BA<Xk77’k))/(po Vil © LRCHX e
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By an argument as the one leading up to (4.1.22)), we have u(Ba (X, 7x))/pu(Ba( Xk, 7)) —
1 as k — oco. On the other hand, since Ay — Id and Ty, ; — Ty, uniformly on com-
pact sets as k — oo, it follows that poTy, ; 0 Ay — @oTy; uniformly as k — oo. Let
M > 0 be such that spt(¢ o Ty, 1 0 Ay) C B(0, M) for all k. The fact that pf, — v

as k — oo implies that the sequence p% . (B(0, M)) is bounded. Therefore, for € > 0,

if k is large enough,

‘/(p 0] TYk,l e} Akd[ﬁé\(;"k — /(pdl/y;

S ‘/ (p O TYk,l o Ak:dﬂ’/)\(,rk - /80 o TY,ldluA/)\(,rk

+ ‘/SOOTyyldlué\(,rk - /SOOTYJdV

< etk (B(0, M) + & < Ce.
(5.3.29)
Thus
/gp oTy, 10 Akd,u%ﬁg — /gpdum,
as k — 00, and it then follows from that [ @duk . — [y as k — oo,
proving .

Finally, we use () to show that v has a tangent measure at Y that is not flat,

so that by Lemma [5.3.3
Yes,. (5.3.30)

Let py = ok /7K, and note that p, — 0 as shown above. We know that v is m-uniform,
SO we may assume upon passing to a subsequence that vy, — «, where a is a tangent
measure of v at Y with «(B(0,1)) = 1. We will prove that « is not flat. By (/5.3.27)

and since pr — 0, for every k£ we can find ¢ such that if £ >/, then

Filt pva) < Eovva (BO.p). - i< . (5.3.31)

We may assume without loss of generality that ¢, ; < ¢ for all k > 1. Let 7, = 7y, pr
and Xk = Xy,. We claim that

(5.3.32)

E )

FrWS, 7 vvi) <
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1 oo — L ,
< ‘u(BA(X'k,%k))) /wd(Txk,ﬁc[u]) VYA(B(O’M))/(pd(TM[ )
p(Ba(Xi, re,)) N )
< M(BA(Xk’%k)))/de(TO,pk[/‘LXk %D l/y,l(B(O,pk))/@d(TO’pk[ v1])
< L+ I,
(5.3.33)

where
(1(Ba(Xg,74,)) B 1 \
n(Ba(Xi. 7)) wa(B(O, o)) ‘ / Pd(Topilrz, o, )

L= g | ATl ) - [ el

By the doubling property of u, we have

/’L(BA(Xk7TZk>) 1

I =

:U'(BA<X’€7T€1€)) Ty,

u(Ba(Xi, 7)) vva(B(0, pr)) w(Ba(Xi, 7)) T

as k — oo. Moreover, since ¢ € L(R), we have |p o T, | < CR for some C' > 0, and

— 0,

since ¢ o T} ,, is continuous and supported in B(0, R) for k large, we have

/ ed(Top 1k, ,, 1) = / 00 Top i, .,

is bounded, so I; — 0 as k — co. On the other hand, using (5.3.31) we have for all
k large enough,

I, <
2= prvya(B(0, pr))

1
-FRPk ('LLAXk»Wk ) VY,l) <

Fu(p <
~ pevy1(B(0, pr)) 1(//Jng,rek7VY,1) <

1
k_?
(5.3.

34)

ot

so Is — 0 as well.

. . . N A N
Thus, (5.3.33)) implies (5.3.32), and since vy, — «, we deduce that Wy s —

But we also know that ,u‘}(wk — () and v(*) is not flat. Therefore, by Lemma

a cannot be flat, which implies (5.3.30) and completes the proof. O
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